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Abstract

Estimating correlates of protection – the relationship between an immune marker and

risk of infection – is an key task of vaccine research. Standard models to estimate a

correlate of protection do not account for the decay of antibody levels over time. We

demonstrate that when differing background infection rates cause the timing of cases to

vary between trials, the estimated correlate of protection curve will not be consistent.

This inconsistency is caused by antibody decay between immune marker measurement

and infection. Therefore, methods are required which estimate the relationship between

antibody levels at the time of exposure and subsequent protection, sometimes known as

“exposure-proximal” correlates of protection. We develop a joint model of waning antibody

levels and subsequent COVID-19 infection. We apply the model to data from a COVID-19

vaccine trial, to estimate correlates of protection at exposure, antibody decay, and waning

vaccine efficacy. The model uses a two-stage multiple imputation approach, and pools the

results via an approximate Bayesian pooling scheme. We extend our multiple imputation

pooling method to other scenarios, and explore how our approach compares to Rubin’s

pooling rules mathematically. We compare Rubin’s rules and Bayesian inference with our

approach in a simulation study, and in real data examples. The proposed approximate

Bayesian pooling method is able to account for skewness in the missing-data posterior,

whereas Rubin’s rules assumes the distribution is symmetric.
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Chapter 1

Introduction

Establishing a correlate of protection, that is, an immune marker associated with protec-

tion against a disease outcome, is an important part of vaccine research. This may allow

new vaccines to be licensed based on immunological data alone in scenarios where large

efficacy trials are not feasible, since vaccine efficacy may be predicted from immune marker

values alone. Modelling correlates of protection may further inform biological understand-

ing of immune protection mechanisms, and allow individual dynamic predictions of risk

to be made. Where correlates of protection are estimated from vaccine efficacy trials,

biomarker values are commonly sampled around the time of peak response, and compared

to the disease outcome in a regression model. However, this common approach may be

biased, as it does not account for measurement error in the biomarker assays [1, 2]. It may

also give results which do not generalise well. In a pandemic scenario, vaccine trials will be

run in multiple countries, and begin at different times, meaning infection waves will hit the

study populations in each trial at a different time since vaccination. Since antibody levels

and vaccine efficacy decay after vaccination, this will lead to estimated protection being

higher in one trial than another at the same level of antibody, even if the true protective

effect of antibodies is the same. Hence models are required which relate antibody levels

at the time of exposure to the risk of infection, sometimes known as “exposure-proximal”

correlates of protection.
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1.1 Thesis contribution

This thesis is motivated by data from an Oxford-AstraZeneca COVID-19 vaccine trial

(COV002) [3, 4, 5]. A previous analysis compared observed antibody levels at the time of

peak response with subsequent risk of infection [5]. We develop a joint model to estimate

how antibody levels at the time of exposure relate to the risk of infection. Our joint model

allows for two notions of time - the baseline hazard varies with calendar time, whereas

the longitudinal antibody trajectory and subsequent effect on risk of infection vary with

time-since-vaccination. We also include a link function between the longitudinal and time-

to-event components, such that the exponential of the current value of the longitudinal

trajectory is a covariate in the proportional hazards model.

We encountered convergence issues when trying to fit the Bayesian joint model in Stan

[6]. This led us to develop a multiple imputation approach, where we impute the missing

values of the true longitudinal trajectory as a covariate in the time-to-event component.

The maximum likelihood estimates calculated on the different imputed datasets were not

approximately Gaussian distributed. This assumption is required for the validity of Ru-

bin’s rules for pooling estimates after multiple imputation [7]. Therefore, we developed

an approximate Bayesian pooling scheme, by sampling from the asymptotic distribution

of the maximum likelihood estimator.

1.1.1 Thesis structure

In the rest of this chapter, we provide a literature review of statistical methods to estimate

correlates of protection, and joint models of longitudinal and time-to-event data.

In Chapter 2, we develop the theoretical background for the approximate Bayesian pooling

scheme for multiple imputation. We calculate the error in Rubin’s pooling rules when key

assumptions do not hold, and derive an approximate Bayesian pooling rule, which makes

fewer assumptions. We compare our approximate Bayesian pooling rule with Rubin’s rules

and a Bayesian analysis, on simulated data and on three real datasets.

In Chapter 3, we review previous methods for estimating correlates of protection. We

demonstrate mathematically and via simulations, that relating observed antibody levels

at a fixed time after vaccination to risk of infection, may give inconsistent results between
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trials where the background risk of infection only differs between the trials. We compare

the results from the multiple imputation joint model developed in Chapter 4 to the ex-

trapolation approach and a time-fixed correlates of protection method on COV002 data.

In Chapter 4, we outline a multiple imputation joint model for antibody decay and risk of

infection after COVID-19 vaccination. We apply the model to COV002 data, to estimate

antibody decay, correlates of protection, and vaccine efficacy waning.

Finally, we discuss the implications of this research, and possible future work in Chapter

5.

1.2 Background

1.2.1 Correlates of protection

Background and definition

The notion of a correlate of protection relates to early work on surrogate endpoints. Pren-

tice (1989) considered the notion of a surrogate endpoint, which fully captures all the

information of the true endpoint, so can be used as a substitute for it [8]. Surrogate

endpoints can rarely be found in practice. A more realistic aim is an auxiliary endpoint,

which strengthens the true endpoint analysis, by providing additional information [9].

Multiple different terms and definitions related to correlates of protection have been pro-

posed in the literature [10, 11, 12]. In this thesis, we follow the definition given by Gilbert

et al. (2024) [13], defining a correlate of protection to be “an immune marker measured

in vaccine, and possibly also placebo, recipients that can be analysed to infer vaccine effi-

cacy”. Correlates of protection are used as a substitute for the true endpoint, for example,

in decisions around licensing new vaccines. Unlike surrogate endpoints they only capture

partial information about the true endpoint, since the correlation is not perfect.

Historically, a correlate of protection analysis would estimate a threshold or cut-off for

immune marker levels, above which an individual would be assumed to be protected,

and below which unprotected. This simple approach rarely captures the true relation-

ship between immune marker levels and protection. In this thesis we focus on methods

which estimate a continuous protection curve, where the probability of an individual being

3



protected depends on their immune marker levels.

Estimating correlates of protection

Various approaches have been suggested to estimate correlates of protection, using im-

mune marker data available at a single timepoint, soon after vaccination. Dunning [14]

proposed a logistic model to estimate the risk of infection, by estimating the risk of ex-

posure and multiplying this by the probability that an individual is not protected by the

vaccine, which depends on the immune marker values. This ensures vaccine efficacy is

bounded between 0 and 100%. The model was extended [15] to consider other parametric

forms of the correlates of protection curve, and to fit to a simple case-cohort sampling

scenario. However, this extension did not include the general case-cohort scenario, where

the probability of immune marker availability varies between individuals, and is unknown,

but can be estimated from the data. Effects due to covariates other than the immune

marker are also not included. Coudeville et al. (2010) extended the model to perform a

Bayesian meta-analysis [16], pooling results from multiple studies of influenza to estimate

correlates of protection. Khoury et al. (2021) applied a meta-analysis extension of the

Dunning model to estimate COVID-19 correlates of protection using studies of different

vaccines [17].

Causal methods for correlates of protection

Others have considered causal inference approaches to estimate correlates of protection.

Gilbert et al. (2024) summarise the following four different causal methods for assessing

correlates of protection [13]. The principal surrogate approach [18] measures vaccine ef-

ficacy in subgroups containing individuals whose potential immune marker would be a

certain value, if they were vaccinated. Gilbert et al. (2023) [19] present a controlled ef-

fects approach. This estimates the vaccine efficacy that would be observed by comparing

(i) a hypothetical intervention where all participants are vaccinated and have immune

marker levels set to the same value, to (ii) all participants being assigned to placebo. The

mediation approach [20] estimates the natural direct effect (or non-marker mediated vac-

cine efficacy) i.e. the effect due to vaccination only and not the immune marker; and the

natural indirect effect (or marker-mediated vaccine efficacy) i.e. the effect of the immune
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marker only and not other effects of the vaccine. This approach does not give a correlates

of protection curve showing vaccine efficacy at different marker levels, but can be used

to estimate the proportion of vaccine efficacy which is due to the immune marker. The

stochastic interventional approach estimates the vaccine efficacy that would be observed if

the immune markers were shifted by a constant value for all vaccinated participants [21].

All of the above methods assume no unmeasured confounding is present, that is, there

is no unmeasured variable which is a common cause of both the immune marker levels,

and also protection levels. This is a strong assumption, and is required for the estimated

effect to be a true causal effect. In the controlled effects framework, Gilbert et al. (2023)

[19] use E-values to estimate what level of unmeasured confounding would be required to

explain away any causal effect completely, and to create conservative estimates given some

plausible level of confounding.

Issues with the standard correlates of protection approach

More crucially, all of the above correlates of protection methods assume that the observed

antibody levels soon after vaccination cause subsequent protection. This assumption may

introduce bias for two reasons. Firstly, the observed antibody levels are measured with

error, and protection depends instead on the true antibody levels. Failing to account for

error in the antibody measurements may lead to bias [1, 2]. Secondly, these methods do

not account for immune marker waning over time. The true causal effect is due to immune

marker levels at exposure, rather than at a visit soon after vaccination. If different vaccine

trials are of different lengths, immune marker levels will wane by different amounts in the

two trials, giving different results. So the above methods will give different results in

different trials, even when the true causal effect is the same. Hence, methods are needed

which relate the antibody level at exposure to risk of infection. This is sometimes known

as “exposure-proximal” correlates of protection. Accounting for measurement error will

also reduce bias in the estimates.
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1.2.2 Joint modelling of longitudinal and time-to-event data

Joint models

To estimate exposure-proximal correlates of protection, the immune marker levels at the

time of exposure must be estimated, and compared to the risk of subsequent infection.

Joint models of longitudinal data (e.g. immune markers) and time-to-event data (e.g.

time-to-infection) are a commonly used method for such problems. Joint modelling has

been widely applied in medical trials across a range of diseases, including HIV [22], cancer

[23, 24], cystic fibrosis [25], Alzheimer’s disease [26], schizophrenia [27, 28] and others.

Ibrahim, Chu and Chen (2010) [29] provide an introductory review. Gould et al. (2015)

[30] give a review focussing on Bayesian joint models, with more detail on implementation

methods and packages. A more recent review by Papageorgiou et al. (2019) [31] explores

different shapes for the longitudinal trajectory, different functional forms of the relation-

ship between the longitudinal variable and subsequent risk, and dynamic predictions of

the future trajectory and risk. Joint modelling has been shown to reduce bias in esti-

mates of the relationship between a longitudinal biomarker and clinical event, compared

to using the last observed biomarker value [29]. Further, when estimating the biomarker

trajectory over time, joint models reduce bias by accounting for the informative censoring

of biomarker observations at event times [32, 33].

The standard joint model uses a hierarchical linear model (or mixed effects model) for

the longitudinal component, and a proportional hazards model [34] for the time-to-event

component. This has been extended in various ways, including to include left-censored lon-

gitudinal observations [35], multiple longitudinal markers [24], competing risks (multiple

event outcomes) [33], cure fractions [23], robust models using t-distributed measurement

error [36], flexible longitudinal trajectories [37], and an accelerated failure time model for

the time-to-event component [38]. Joint models can further be used to make dynamic pre-

dictions of future event probabilities [39]. Various other extensions have been developed

in the literature.

Various packages have been developed to fit joint models. JMbayes2 is a flexible package

using Bayesian methods to fit a wide range of joint model specifications [40]. INLAjoint

uses integrated nested Laplace approximations to approximate the joint model, reducing
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computation time [41, 42]. Variational inference is another approximation method which

has been applied to speed up computation time in joint models [43], although no package

has yet been developed.

Two-stage joint models

In full joint models, the longitudinal model and time-to-event (survival) model are fitted

concurrently, and parameters in one model are allowed to affect estimation in the other.

A simpler approach is a two-stage joint model, where the longitudinal model is fitted

first, and the output is then included in the time-to-event model, preventing feedback

from the second model to the first. In a simple (or “näıve”) two-stage approach, the mean

estimate of the longitudinal trajectory is used as a predictor in the time-to-event model. By

fitting the models separately, computation time may be reduced [44]. However, the simple

two-stage approach does not propagate the uncertainty in estimating the longitudinal

trajectory into the survival model, nor accounts for the time-to-event in the longitudinal

model, and so may be biased [44]. Mauff et al. (2020), and Alvares and Leiva-Yamaguchi

(2023) suggested two alternate approaches which reduce the bias from fitting a two-stage

model, while also benefitting from reduced computation times [45, 44]. Moreno-Bentancur

et al. (2018) [46] developed a multiple imputation joint model, imputing the true value

of the longitudinal trajectory at each event time in the survival model. They account

for the time-to-event data in the longitudinal model, and propagate the uncertainty in

the longitudinal trajectories via multiple imputation. Their approach outperformed the

simple two-stage approach in scenarios with multiple longitudinal trajectories which are

weakly correlated [46].

1.2.3 Exposure-proximal correlates of protection

Some methods have been proposed and applied to estimate “exposure-proximal” correlates

of protection from a vaccine trial. Follmann et al. (2023) [47] use an external dataset to

estimate the immune marker decay rate, applying it to a measurement soon after vacci-

nation, in order to estimate antibody levels at exposure. They then compare estimated

levels at exposure to subsequent infection in an inverse probability weighted Cox model.

This approach does not account for antibody measurement error. White et al. (2014,
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2015) apply a simple two-stage joint model for antibody decay and risk of infection in a

malaria vaccine trial [48, 49]. Their model includes bi-phasic exponential antibody decay,

and a maximum value of vaccine efficacy, estimated from the data. However the model

does not account for uncertainty in the antibody predictions when estimating vaccine ef-

ficacy, so may be biased [44]. Fu and Gilbert (2017) [50] develop an inverse probability

weighted joint model for longitudinal and survival data from vaccine trials. Their model

estimates the immune trajectory for each individual nonparametrically, requiring the im-

mune marker to be more densely sampled. Seekircher et al. (2024) [51] fit a joint model

for COVID-19 antibody decay and subsequent infection using JMbayes2 [40]. However,

their model does not account for time since last vaccination/prior infection. Papadopoulos

et al. (2025) fit a joint model for antibody levels and risk of infection after a COVID-19

booster dose [52], also using JMbayes2 [40]. Their model does not account for changing

rates of infection over calendar time. Huang and Follmann (2025) [53] develop a two-

stage joint model to estimate exposure-proximal correlates of protection, allowing for a

time-changing direct effect, and both peak and exposure-proximal immune marker effects.

They compare estimated hazard between individuals in a partial likelihood method, which

outperforms a simple two-stage approach. Their model shows minimal bias, although they

do not consider performance in terms of coverage in their simulation study.
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Chapter 2

Pooling after multiple imputation

under posterior skewness: Rubin’s

rules and an approximate

Bayesian method
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Abstract

Multiple imputation (MI) is a popular method to deal with missing data. Statistical in-

ference after MI is typically combined using a pooling method known as Rubin’s rules.

Statistical analysis of some datasets with missing data produces skewed posterior distri-

butions, whereas Rubin’s rules assume the observed-data posterior is symmetric, which

may lead to biased inference. We consider the robustness of Rubin’s pooling rules under

posterior skewness.

We present an approximate Bayesian pooling scheme (ABpool) that allows for posterior

skewness, while requiring substantially lower computational cost than full Bayesian in-

ference after MI. Specifically, we sample once from a t or Gaussian approximation of the

completed-data posterior distribution for each imputed dataset, and pool the samples. We

mathematically derive the error in applying Rubin’s rules where key assumptions do not

hold.

We compare the pooling methods in a simulation study with skewed data. Results from

Rubin’s rules and ABpool tend to converge as the sample size increases. ABpool gives

higher power for logistic regression with a skewed covariate. For linear and Cox regression,

ABpool gives higher power to detect an effect in small samples when the proportion of

missing data is low, but lower power when the proportion of missing data is high and sam-

ple size is moderate. We apply both pooling methods to three medical datasets, including

to fit a two-stage joint model for antibody decay and COVID-19 vaccine efficacy. Rubin’s

rules are unable to account for skewness when applied to the medical datasets, whereas

ABpool recreates the results from Bayesian inference after MI. Posterior asymmetry can

be detected by examining a normal QQ-plot of the maximum likelihood estimates for the

multiply imputed datasets. When applied to medical data, ABpool is able to account for

posterior skewness which Rubin’s rules cannot.
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2.1 Introduction

Multiple imputation (MI) is a popular method to deal with the problem of missing data in

statistical analyses. Missing values are filled in m times with samples from their posterior

predictive distribution, to generate m completed datasets. Each imputed dataset is then

analysed separately using methods for complete datasets. The results are then pooled

together using a simple method known as Rubin’s rules [54, 7].

Multiple imputation was originally designed as a method allowing organisations to release

public datasets, which different users can subsequently analyse using complete-data meth-

ods, while still obtaining valid inferences [7]. Hence a small value of m was preferred,

to reduce storage costs and computational requirements. Storage and computational ca-

pacity available to individuals and organisations have since increased considerably. The

method is now widely applied outside of this setting, and is a standard approach wherever

missing data occurs [55].

The combining rules developed by Rubin [7], later updated for small-samples by Barnard

and Rubin [54], rely on a few key assumptions. Firstly, they assume the complete-data

posterior is t- or Gaussian-distributed. Asymptotic theory suggests this should be a rea-

sonable approximation in large enough samples. When this assumption appears inappro-

priate, a transformation may be applied to make the assumption more reasonable [56, 57].

In practice, researchers applying Rubin’s rules rarely report whether or not they applied

a transformation [56]. Zhou and Reiter [58] outline how to perform Bayesian inference

after multiple imputation, which is valid even when the complete-data posterior is not

well approximated by the t-distribution. This approach has not been as widely adopted

in practice as Rubin’s rules. This is likely due in part to the need for a method such as

Markov Chain Monte Carlo (MCMC) to sample from the posterior distribution, which

may require additional computational power and training for some applied researchers.

Rubin’s rules also relies on additional assumptions, which mean that the observed-data

posterior is also t-distributed. One way to avoid these assumptions, is to combine multiple

imputation with bootstrapping. Brand et al. [59] found that making a single imputation

within each bootstrap sample outperformed Rubin’s rules without bootstrapping, in sim-

ulation studies considering skewed datasets. Another way to relax these assumptions is
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by approximating the marginal posterior with a mixture of estimated complete-data pos-

terior distributions [60]. This approach was proposed by Steele, Wang and Raftery [60],

who assumed the complete-data posterior to be Gaussian. This was adapted by Rashid,

Mitra and Steele [61] who assumed the complete-data posterior to be t-distributed, and

chose the degrees of freedom such that the posterior variance equalled the variance given

by Rubin’s rules [7]. Both papers consider the case where the number of imputations m

is small. Rashid et al. found that both methods give under-coverage for small m, but

coverage rates tend towards the nominal coverage given by Rubin’s rules as m increases

[61].

We propose an Approximate Bayesian pooling scheme, which approximates the method

of Zhou and Reiter [58]. Our method is closely related to the mixture approach above,

but differs in that we choose m to be large, and pool together samples from the mixture

of complete-data posterior distributions, instead of pooling the distributions themselves.

Our method relaxes the assumptions made by Rubin’s rules, giving a simple pooling rule

which does not suffer from the under-coverage of the previous mixture approaches due to

small m.

Much research has been undertaken into different methods to generate appropriate impu-

tations. This paper focuses on methods for pooling the results after the analysis has been

performed on multiple imputed data, so we do not discuss methods for imputing the data

here.

Section 2.2 introduces multiple imputation, pooling via Rubin’s rules and Bayesian in-

ference after multiple imputation. Section 2.3 details our approximate Bayesian pooling

scheme, both in the general case, and for the Cox model. In Section 2.4, we approximate

the error due to applying Rubin’s rules inappropriately. We compare Rubin’s rules with

our Approximate Bayesian sampling scheme and a Bayesian approach in Sections 2.5 and

2.6, on simulated and real datasets respectively. We provide a discussion in Section 2.7.

2.2 Multiple imputation

A theoretical introduction to multiple imputation is given by Rubin (1987) [7], and a

more practical introduction by Van Buuren (2012) [55]. We write the complete data as
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D = (Dobs, Dmis), with Dobs the observed data, and Dmis the missing data. Let θ be

the quantity of interest, which is usually a parameter in a statistical model for data D.

Multiple imputation is motivated by the following, which is given as result 3.1 in Rubin

(1987) [7],

P (θ |Dobs) =

∫
P (θ |Dobs, Dmis)P (Dmis |Dobs) dDmis (2.1)

That is, the posterior distribution for θ given the observed data Dobs, is the average of the

complete-data posterior distributions for θ given the completed data D = (Dobs, Dmis),

over imputations of the missing data Dmis. The imputations should be drawn from the

posterior predictive distribution of Dmis given Dobs.

Hence to approximate the posterior distribution for θ given the observed data Dobs, we

impute m times from the posterior for Dmis given Dobs. Let the lth imputed full dataset

be D(l) =
(
Dobs, D

(l)
mis

)
, for l = 1, . . . ,m. We then run the inference procedure for

θ̂∗(l) = θ̂(D(l)) on the lth imputed dataset, and pool the results from each of the m im-

puted datasets to approximate the posterior distribution for θ.

Various methods and software for drawing imputations have been presented in the litera-

ture; a popular method is multiple imputation using chained equations (MICE) [57, 55],

which is implemented in the R package mice [62]. This paper focuses on methods for

pooling the results after the imputations have been made, so we will not discuss methods

for imputing the data in detail.

2.2.1 Multiple imputation and Rubin’s rules

In the original formulation of Rubin’s rules [7], it is assumed that with complete data,

inferences for θ would be performed based on the statement

θ − θ̂ ∼ N(0, U) (2.2)

where θ̂ is an estimate for θ, with associated sampling variance estimated by U , and

N(µ, σ2) denotes the Gaussian distribution with mean µ and variance σ2. For some anal-

yses, such as logistic or Poisson regression, the sampling variance is a function of θ (given
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by the Fisher information), and can be estimated by substituting in θ̂.

However in most scenarios the sampling variance U additionally depends on an unknown

dispersion parameter, which needs to be estimated from the data. Replacing U by its esti-

mate introduces further uncertainty to the distribution of θ− θ̂. Therefore a t-distribution

may be more appropriate than a Gaussian.

In this vein, Barnard and Rubin (1999) [54] assume that, with complete data, inferences

for θ would be performed based on the statement

θ − θ̂ ∼ tνcom(0, U) (2.3)

where tνcom(0, U) is the t-distribution with location 0, squared scale U and νcom degrees

of freedom. νcom is often given by νcom = n− p, where there are n individuals present in

the data, and p parameters estimated by the model. Using a t approximation gives more

robust and conservative variance estimates than the normal approximation.

Both formulations of Rubin’s rules further assume that the posterior distribution of θ

given the observed data Dobs only – marginalised over the missing data – is also from

a t-distribution [7, 54]. We present in this paper a method which avoids making this

assumption.

Let θ̂∗(1), . . . , θ̂∗(m) and U∗(1), . . . , U∗(m) be the values of θ̂ and U calculated for each of

the m imputed complete datasets. The pooled estimate for θ and associated variance U

are calculated by Rubin’s rules as follows.

Rubin’s rules to estimate θ̂ and U

The multiple imputation estimate for θ is derived in Rubin (1987) [7], and given by

θ̄m =
1

m

m∑
l=1

θ̂∗(l) (2.4)

with θ̂∗(l) the estimate calculated from the lth imputed dataset. The estimate for the

associated sampling variance Vm is then given by

Vm = Um +

(
m+ 1

m

)
Bm (2.5)
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where

Um =
1

m

m∑
l=1

U∗(l) (2.6)

is the within-imputation variance – the average of the estimated variances for each impu-

tation, and

Bm =
1

m− 1

m∑
l=1

(
θ̂∗(l) − θ̄m

)(
θ̂∗(l) − θ̄m

)T
(2.7)

is the between-imputation variance – the variance of the estimates θ̂∗(l) across imputations.

t approximation

Confidence intervals and hypothesis testing can then be performed based on an approxi-

mation using the t-distribution

θ − θ̄m ∼ tν̃m (0, Vm) (2.8)

with degrees of freedom ν̃m derived in Barnard and Rubin [54]. An alternative degrees of

freedom is given by Rubin (1987) which relies on Eq (2.2) instead of Eq (2.3), however the

method given by Barnard and Rubin is generally preferred. Throughout this paper, we

refer to Barnard and Rubin’s pooling rule [54] as Rubin t, and Rubin’s original pooling

rule [7] as Rubin norm, since they assume a t- and Gaussian-distributed complete-data

posterior respectively.

2.2.2 Bayesian inference after multiple imputation

When Bayesian inference is performed after multiple imputation, we see from Equation

(2.1) that we can sample from the posterior P (θ |Dobs) by first imputing the missing

data D
(l)
mis ∼ P (Dmis |Dobs) then sampling from the posterior distribution for θ given the

imputed complete data θ
∗(l)
j ∼ P (θ |Dobs, D

(l)
mis), for j = 1, . . . , J . The resulting samples

θ
∗(l)
j , l = 1, . . . ,m, j = 1, . . . , J are simply pooled across imputations to form a sample

from the posterior distribution [58]. Posterior quantities such as means, medians, quantiles

and credible intervals (CrIs) can be calculated from these samples.
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Note when applying Rubin’s rules (Section 2.2.1), as few as m = 10 imputations may

suffice. However with Bayesian inference after multiple imputation many more imputations

are needed, similar to other sampling methods such as MCMC, withm at least 100 [58]. No

assumption is made on the form of the complete-data posterior when performing Bayesian

inference after multiple imputation.

2.3 Approximate Bayesian pooling for multiple imputation

As well as the assumption of a t- or Gaussian-distributed complete-data posterior, Ru-

bin’s rules relies on two additional assumptions. Firstly, the distribution of the maximum

likelihood estimators (MLEs) for θ across imputed datasets, θ̂∗, follows a Gaussian distri-

bution (Eq. 3.3.2, Rubin (1987) [7]). Secondly,
√

Var(U∗) ≪ B = Var(θ̂∗), that is, the

distribution of the asymptotic variance U∗ has lower-order variability than the MLE θ̂∗

(Eq. 3.3.3, Rubin (1987) [7]). Arguments given in Rubin (1987) rely on both these as-

sumptions to give rise to the t approximation for the marginal posterior distribution given

the observed data only [7]. Both of these assumptions are testable. The first assumption

can be tested by calculating θ̂∗(l) for l = 1, . . . ,m, and comparing the quantiles of the

samples θ̂∗(l) with the quantiles of a standard Gaussian in a Q–Q plot. When the plot is

non-linear, indicating a Gaussian approximation is not reasonable, this assumption does

not hold. The second assumption can be tested by comparing the sample variance of U∗

with Bm, the sample variance of θ̂∗. If the sample variance of U∗ is non-negligible com-

pared to Bm, the second assumption is violated. A large enough m is required for both

tests to give a clear result. When either of these assumptions do not hold, Rubin’s rules

give a poor approximation. Bayesian inference after multiple imputation (Section 2.2.2)

is a viable alternative. However, some data analysts may already be familiar with existing

likelihood-based estimation procedures and software, such as linear regression or logistic

regression, but not familiar with their Bayesian equivalents. In other cases a specific model

may be preferred which fits more naturally with a likelihood-based estimation method.

One example is the Cox model for survival analysis [34], which we expand on in Section

2.3.2. In some cases running a frequentist analysis on each multiply imputed dataset may

be faster than running a Bayesian method such as Markov Chain Monte-Carlo (MCMC)
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or Hamiltonian Monte Carlo (HMC) on each dataset, which may be prohibitive when a

large m is required. We present an alternative Approximate Bayesian pooling method

to combine maximum likelihood inference for θ on the completed datasets after multiple

imputation, without requiring these two additional assumptions.

2.3.1 Pooling via approximate Bayesian sampling after multiple impu-

tation

Similar to equations (2.2) and (2.3), we may approximate the completed-data posterior

distribution with a Gaussian or t approximation. First consider a Gaussian approximation,

with mean at the posterior mode, and variance given by the inverse of the observed

information matrix, evaluated at the posterior mode (See Gelman et al. (1995), Chapter

4) [63]. By the Bernstein-von Mises theorem, the posterior is asymptotically Gaussian

in the limit as the sample size n tends to infinity, under regularity conditions given by

Gelman et al. (1995) [63]. Further, the likelihood dominates the prior distribution, and so

the posterior mode converges to the mode of the likelihood function, namely, the maximum

likelihood estimator (MLE). The observed information matrix will also converge to the

(Fisher) expected information matrix, by the Law of Large Numbers. HenceN(θ̂∗(l), U∗(l)),

the asymptotic distribution of the MLE given the imputed data D(l), is also the limit of the

posterior distribution as n→ ∞. So the asymptotic distribution of the MLE approximates

the posterior, given the imputed data:

P (θ |Dobs, D
(l)
mis) ≈ N(θ̂∗(l), U∗(l)) . (2.9)

For finite n, the approximation relies on two assumptions. Firstly, that the posterior

distribution is proportional to the likelihood, and so independent of the prior distribution.

Choosing an improper prior distribution π(θ) ∼ 1 will guarantee this holds, as long as

the resulting posterior is proper. The assumption will also hold approximately if the

prior distribution is non- or weakly-informative, or n is large enough for the likelihood to

dominate the posterior. Secondly, the likelihood function is approximately Gaussian. This

will generally hold for large n but, much like the asymptotic Gaussian approximation which

all likelihood-based frequentist inference relies upon, may not be a good approximation

17



for small n.

As discussed earlier, a t approximation may be a better fit to the completed-data posterior

distribution – especially in small samples, and where a dispersion parameter is present

which must be marginalised over. In most scenarios, we expect the t approximation will

be more appropriate, and give more robust inferences:

P (θ |Dobs, D
(l)
mis) ≈ tνcom(θ̂

∗(l), U∗(l)) . (2.10)

where the complete-data degrees of freedom νcom is given by n−p in most cases, for sample

size n, when estimating p parameters.

We may then closely follow the method of Zhou and Reiter [58], performing approximate

Bayesian inference after multiple imputation, which allows for skewness in the observed-

data posterior. We apply the above asymptotic approximations to the complete-data pos-

terior, to reduce the computational requirement for full Bayesian inference. This suggests

the following algorithm: For l = 1, . . . ,m, we impute the missing data from the observed

data D
(l)
mis ∼ P (Dmis |Dobs), and then estimate θ̂∗(l) and U∗(l) from D(l) = (Dobs, D

(l)
mis) as

before. We then draw J samples either from a t-distribution θ
∗(l)
j ∼ tνcom(θ̂

∗(l), U∗(l)), or al-

ternatively a Gaussian θ
∗(l)
j ∼ N(θ̂∗(l), U∗(l)) for j = 1, . . . , J . Finally, we pool together the

samples θ
∗(l)
j , l = 1, . . . ,m, j = 1, . . . , J , to form a sample approximately drawn from the

posterior distribution of θ given the observed data P (θ |Dobs). Posterior quantities such

as means, medians, quantiles and credible intervals can be calculated from these samples.

We refer to this method as Approximate Bayesian pooling (ABpool), with ABpool t and

ABpool norm denoting the method assuming a t- and Gaussian-distributed complete-data

posterior respectively. As with Bayesian inference after multiple imputation, the required

number of imputations m is much larger than the required m when Rubin’s rules are used.

We expect the method to perform best when m is itself large, in which case J = 1 will

suffice, so we assume this for the rest of this paper. This can be viewed as taking a finite

sample m from an infinite mixture of complete-data posteriors, defined by Eq. (2.1), where

the complete-data posterior is approximated by (2.9) or (2.10).

Note that by equation (2.1), if the Gaussian or t approximation (2.9, 2.10) holds exactly,

and the imputation scheme is proper [7], then this sampling scheme will draw samples
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from the marginal posterior distribution itself.

2.3.2 Approximate Bayesian pooling for the Cox model after multiple

imputation

An example where a frequentist estimation approach may be preferred over a Bayesian

method post imputation is the Cox proportional hazards model [34], which is widely used

in medical research for time-to-event data. We will apply Approximate Bayesian pooling

to an analysis using this model in Chapter 4, which is also given as a real data example in

Section 2.6 of this chapter. Since the Cox model maximises the partial likelihood instead

of the full likelihood, we must demonstrate why Approximate Bayesian pooling can be

applied to this model. We first outline the model below.

The Cox model

For individual i = 1, . . . , n, let Ti be the time until an event of interest or censoring.

Let δi be the event indicator, that is δi is 1 if Ti represents the time of occurrence of

the event of interest, and 0 if Ti is a censoring time. Let Xi be a vector of associated

covariates which predict the event time, and λ0(t) an unknown baseline hazard function.

Let Ri = {j : Tj ≥ Ti} be the set of individuals at risk at time Ti. Then the hazard

function at time t for individual i is given by

λi(t) = λ0(t) exp(X
T
i θ) (2.11)

and the partial likelihood is given by

LP (θ |T, δ,X) =

n∏
i=1

exp(XT
i θ)∑

j∈Ri
exp(XT

j θ)
. (2.12)

The MLE can be shown to be equal to the value of θ which maximises the partial likelihood,

θ̂ = argmaxθ LP (θ |T, δ,X).

Cox’s partial likelihood method uses a non-parametric approach to marginalise over the

baseline hazard, which allows the parameter estimate to be calculated independently from

the baseline hazard. The method is widely used, and standard software is available. By
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comparison, alternative Bayesian methods are less well-known by applied researchers, and

require specification of a functional form for the baseline hazard function λ0(t).

Where missing values are present in a dataset to be analysed by the Cox model, multiple

imputation may be applied to account for the missingness. White and Royston (2009)

discuss multiple imputation of missing covariate values for the Cox model [64]. They

recommend accounting for the event time in the imputation model by including the event

indicator and the Nelson–Aalen (N–A) estimate of cumulative hazard as predictors of the

missing covariate.

Approximate Bayesian pooling after multiple imputation for the Cox model

In order to apply approximate Bayesian pooling after multiple imputation to the Cox

model, we must first justify the use of the maximum partial likelihood estimator and

associated variance to approximate an appropriate Bayesian posterior. Sinha, Chen and

Ibrahim (2003) [65] show that the posterior derived using the partial likelihood is an

approximation of the posterior derived from the full likelihood, when using a diffuse gamma

process prior on the cumulative hazard function. Then following our arguments in Section

2.3.1, approximate Bayesian pooling can be applied, to approximate Bayesian inference

with a diffuse gamma process prior after multiple imputation.

2.4 Approximating the error from Rubin’s rules

In this section we treat the observed data Dobs as fixed, and consider the distribution of

the parameters (and missing data) given the observed data, from a Bayesian perspective.

Hence we are conditioning on the observed data Dobs in all that follows, though we will

not always write the conditioning explicitly, for the sake of brevity. Recall equation (2.1),

namely

π (θ |Dobs) =

∫
π (θ |D) π (Dmis |Dobs) dDmis

Suppose the complete-data posterior t approximation (2.10) holds exactly. Note this as-

sumption is made both by our approximate Bayesian pooling method, and by Rubin’s

rules. We will then consider the error in approximating the incomplete-data posterior dis-
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tribution by a t-distribution using Rubin’s rules. Rubin’s rules assumes the complete

data MLEs θ̂∗ are drawn from a Gaussian distribution given the observed data, and√
Var(U∗) ≪ B = Var(θ̂∗). We now calculate the error in the first four standardised

moments of the posterior approximation given by Rubin’s rules when these assumptions

do not hold, and approximate the resulting error in an uncertainty interval.

2.4.1 t-distributed complete-data posterior

Consider the t-distributed case, where, following Barnard and Rubin (1999) [54], we as-

sume a complete-data analysis would be based on the statement that

θ − θ̂(D) ∼ tνcom(0, U(D)) (2.13)

where the complete-data degrees of freedom νcom > 4.

Let θ̂∗ and U∗ be random variables generated by first imputing the missing data from

π (Dmis |Dobs), then estimating the MLE θ̂∗(D) = θ̂ (Dmis, Dobs), and associated asymp-

totic variance U∗(D).

We now consider the approximation

π (θ |D) ≈ tνcom(θ̂
∗(D), U∗(D)) (2.14)

Note Rashid et al. (2015) use a t-approximation for the completed-data posteriors in the

same way, except with a different degrees of freedom [61]. While this approximation is

unlikely to fit well for all possible completed-datasets D, it may fit well for most imputa-

tions in analyses where equation (2.13) holds.

Assume the approximation (2.14) holds exactly. We can therefore write

θ = θ̂∗ + ψ
√
U∗ (2.15)

where ψ ∼ tνcom(0, 1) independent of θ̂
∗ and also of U∗.

Treating the observed data as fixed and taking expectations over the distribution of the

missing data given the observed data, let θ̄∞ = E
[
θ̂∗ |Dobs

]
be the expected value of

the MLE θ̂∗ given observed data Dobs. Similarly let B = Var
[
θ̂∗ |Dobs

]
be the between-

21



imputation variance, and U∞ = E
[
U∗ |Dobs

]
be the expected value of the asymptotic

variance U∗ given observed data Dobs. For a random variable X with mean µ and variance

σ2, let γ1(X) = E

[(
X−µ
σ

)3]
be the skewness of X, and γ2(X) = E

[(
X−µ
σ

)4]
− 3 be

the excess kurtosis of X. Let ν := νcom, and λν = B
B+( ν

ν−2
)U∞

. Then, conditioning on the

observed data Dobs on both sides of the following equations, we find that

E[θ |Dobs] = θ̄∞ (2.16)

Var
[
θ |Dobs

]
= B +

(
ν

ν − 2

)
U∞ (2.17)

γ1(θ |Dobs) = γ1(θ̂
∗ |Dobs)λ

3/2
ν + 3

(
ν

ν−2

)
Cov

(
θ̂∗, U∗ |Dobs

)
(
B + U∞( ν

ν−2)
)3/2 (2.18)

γ2 (θ |Dobs) = γ2(θ̂
∗ |Dobs)λ

2
ν +

6

ν − 4
(1− λν)

2

+ 3

( ν2

(ν−2)(ν−4)Var(U
∗ |Dobs) + 2 ν

ν−2Cov
(
(θ̂∗ − θ̄∞)2, U∗ |Dobs

)
(
B + ( ν

ν−2)U∞

)2
)

(2.19)

Derivations of the skewness and kurtosis are given in Lemmas 1 and 2 in Appendix A.1,

and a discussion of the implications is given later in 2.4.3.

Now in the limit as the number of imputations m → ∞, Rubin’s rules [54] approximates

the posterior by a tν∞(θ̄∞, U∞ +B) distribution, where

ν∞ := ν
(ν + 1

ν + 3

)( U∞

U∞ +B

)
= ν

(ν + 1

ν + 3

)
(1− λ) (2.20)

for λ = B/(U∞ +B).

Hence letting θRubin be a draw from the approximation to the posterior given by Rubin’s

rules,

E[θRubin |Dobs] = θ̄∞ (2.21)

Var
[
θRubin |Dobs

]
=
(
U∞ +B

)( ν∞
ν∞ − 2

)
(2.22)

γ1(θRubin |Dobs) = 0 (2.23)

γ2(θRubin |Dobs) =

(
6

ν∞ − 4

)
(2.24)
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2.4.2 Gaussian complete-data posterior

In the limit as νcom → ∞, we recover the Gaussian-distributed case. In this case, following

Rubin (1987) [7], we assume a complete-data analysis would be based on the statement

that

θ − θ̂(D) ∼ N(0, U(D)) (2.25)

We now consider the approximation

π (θ |D) ≈ N
(
θ̂∗(D), U∗(D)

)
(2.26)

Steele et al. (2010) also use the same Gaussian approximation for the completed-data

posteriors [60]. While this approximation is unlikely to fit well for all possible completed-

datasets D, it may fit well for most imputations in analyses where equation (2.25) holds.

We assume the error from the approximation (2.26) to be negligible, and drop the depen-

dency on D in the notation for simplicity. Assuming the approximation to be exact, we

can therefore write

θ = θ̂∗ + ψ
√
U∗ (2.27)

where ψ ∼ N(0, 1) independent of θ̂∗ and also of U∗.

Recalling that λ = B/(U∞ +B), we see

E[θ |Dobs] = θ̄∞ (2.28)

Var
[
θ |Dobs

]
= B + U∞ (2.29)

γ1 (θ |Dobs) = γ1(θ̂
∗ |Dobs)λ

3/2 + 3

Cov
(
θ̂∗, U∗ |Dobs

)
(
B + U∞

)3/2
 (2.30)

γ2 (θ |Dobs) = γ2(θ̂
∗ |Dobs)λ

2 + 3

(
Var(U∗ |Dobs) + 2Cov

(
(θ̂∗ − θ̄∞)2, U∗ |Dobs

)
(
B + U∞

)2
)

(2.31)

Now as νcom = ∞, then as m → ∞, Rubin’s rules will estimate the distribution of θ to

be N(θ̄∞, U∞ + B). This is because the degrees of freedom in Rubin’s t-approximation
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[7, 54] tends to infinity as m→ ∞.

E[θRubin |Dobs] = θ̄∞ (2.32)

Var
[
θRubin |Dobs

]
= U∞ +B (2.33)

γ1(θRubin |Dobs) = γ2(θRubin |Dobs) = 0 (2.34)

2.4.3 Discussion

All lemmas mentioned in this section are stated and proved in in Appendix A.1.

We observe that Rubin’s rules gives a consistent estimate of the posterior mean.

Barnard and Rubin’s pooling rule [54] will always overestimate the posterior variance for

finite νcom > 3, while the variance estimate is correct in the Gaussian case, i.e. the limit

νcom → ∞ (Lemmas 3 and 4). This may lead to overly conservative inference, when νcom

is small. The difference between the variance estimated by Rubin’s rules and the true

posterior variance is bounded by (U∞+B)
(

ν∞
ν∞−2 − 1

)
(Lemma 5). No such bound exists

in terms of ν, as the variance given by Rubin’s rules diverges as λ grows such that ν∞

approaches 2. In practice such a large value of λ is unlikely to occur. See Appendix A for

proofs.

We now consider how the two additional assumptions made by Rubin’s rules (Eq. 3.3.2 &

3.3.3 Rubin [7]) relate to the skewness and kurtosis in the above calculations. When θ̂∗

is Gaussian distributed (Eq. 3.3.2, Rubin [7]), γ1(θ̂
∗) and γ2(θ̂

∗) are both equal to zero.

Further when
√

Var(U∗ |Dobs) is negligible compared to B (Eq. 3.3.3, Rubin [7]), we show

in Lemma 7 that the final terms in the skewness and excess kurtosis are also negligible.

All that remains in this case, is the second term in the excess kurtosis equation (Eq. 2.19).

We prove in Lemma 6 that the excess kurtosis given by Barnard and Rubin’s pooling

rule (Eq. 2.24) will always be larger than the second term in the posterior excess kurtosis

equation (Eq. 2.19), while both terms tend to 0 in the limit as ν → ∞. That is, when

both additional assumptions hold, Barnard and Rubin’s pooling rule will overestimate

the excess kurtosis, and correctly estimate the skewness to be 0. This means when these

assumptions hold, Rubin’s rules give confidence intervals (CIs) which are conservative for
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finite ν, and nominal in the limit as ν → ∞.

When these assumptions do not hold, posterior skewness and excess kurtosis will be in-

troduced, which Rubin’s rules does not account for. This may firstly be due to skewness

and excess kurtosis of θ̂∗, when λν is not too small (first terms, Eq. 2.18 - 2.19).

Secondly, skewness may be introduced due to correlation between θ̂∗ and U∗. Two im-

portant examples of this is are Poisson and logistic regression, estimated on the log and

logit scale respectively. For the simplest case of intercept-only regression, the plug-in

estimator for the asymptotic variance is a deterministic function of the MLE, given by

U∗ = e−θ̂∗/n for Poisson and U∗ =
(
eθ̂

∗
+ 2 + e−θ̂∗

)
/n for logistic regression. This tends

to lead to strong negative correlation between the MLE and the asymptotic variance for

intercept-only Poisson regression. For logistic regression, if the true proportion is far from

1/2 (i.e. the log proportion θ is far from 0), then the MLE and asymptotic variance will

be highly correlated. Correlation may also be present in multi-parameter Poisson or lo-

gistic regression, depending on the design matrix and the true parameter values. When

this correlation is non-negligible compared to
(
B + θ̄∞

)3/2
, skewness will be introduced to

the missing-data posterior. Thus posterior skewness may be induced by skewness in the

MLEs, or by a high correlation between U∗ and θ̂∗ given the observed data.

Additional excess kurtosis not accounted for by Rubin’s rules may also be introduced, if

Var(U∗ |Dobs) or Cov((θ̂∗ − θ̄∞)2, U∗ |Dobs) is large compared to (B + U∞)2 (last term,

Eq. 2.19).

2.4.4 Cornish-Fisher approximation to estimate error in the confidence

interval

We will estimate the error of the quantiles given by the approximation from Rubin’s

rules using a Cornish-Fisher expansion [66, 67]. Kolassa and Kuffner (2020) proved that

the formal Edgeworth expansion is valid for the posterior distribution of a parameter θ,

assuming certain regularity conditions hold [68]. In a missing-data scenario, we require the

missingness to be ignorable. It follows that the Cornish-Fisher expansion should also hold,

since this is the inverse of the Edgeworth expansion [66, 67]. Therefore the α-quantile of

θ, Qθ(α), can be expressed in terms of the α-quantile of a standard normal variable zα,
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given by

Qθ(α) = µ+ σ

[
zα +

γ1(θ)

6
(z2α − 1) +

γ2(θ)

24
(z3α − 3zα)−

γ1(θ)
2

36
(2z3α − 5zα)

]
+O(n−3/2)

(2.35)

where µ is the mean of θ, σ the standard deviation of θ, γ1(θ) the skewness, γ2(θ) the

excess kurtosis, and n is the sample size.

t-distributed case

Let σ2θ = Var[θ |Dobs] and σ2R = Var[θRubin |Dobs] and condition on the observed data

Dobs. We may then apply the Cornish-Fisher expansion (Eq. 2.35, [66]) to the quantiles

of the true posterior (Eq 2.16 - 2.19), and to the t approximation given by Rubin’s rules

(Eq 2.21 - 2.24), to give an approximation of the quantiles for each of these distributions

in terms of zα. Subtracting them from each other, we see

Qθ(α)−QRubin
θ (α) = (σθ − σR)zα +

1

6
γ1(θ)σθ (z

2
α − 1)

+
1

24

(
σθγ2(θ)− σR

(
6

ν∞ − 4

))
(z3α − 3zα)

− 1

36
γ1(θ)

2σθ (2z
3
α − 5zα) +O(n−3/2) (2.36)

where all quantities are conditioned on the observed data Dobs. The error in estimating

quantiles will translate into an error in estimating the bounds of the confidence interval

generated by Rubin’s rules.

Gaussian case

This equation simplifies in the Gaussian-distributed case, which is the limit as νcom → ∞.

Let V = U∞ +B. Then, by the Cornish-Fisher expansion (Eq. 2.35, [66]) and Eq (2.28 -

2.31), we have that

Qθ(α)−QRubin
θ (α) =

√
V

{
γ1(θ)

6
(z2α − 1) +

γ2(θ)

24
(z3α − 3zα)−

γ1(θ)
2

36
(2z3α − 5zα) +O(n−3/2)

}
(2.37)
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Figure 2.1: Approximate error in confidence bounds due to posterior skewness
or kurtosis
The error in the confidence bounds estimated by Rubin’s rules with infinite complete-data
degrees of freedom and an infinite number of imputations. The blue lines show the error
due to posterior skewness, when the excess kurtosis is zero. The orange lines show the
error due to posterior excess kurtosis, when the skewness is zero. The solid lines show the
error in the 2.5% quantile, and the dotted lines in the 97.5% quantile, that is, the lower
and upper bound of a 95% confidence interval respectively. Error is relative to the width
of the confidence interval.

where all quantities are conditioned on the observed data Dobs. Figure 2.1 shows the

error given by equation 2.37 when V is chosen such that Rubin’s Gaussian approximate

confidence interval will have a width of 1. We see that posterior skewness may cause large

errors in the confidence interval bounds, whereas posterior kurtosis has a much smaller

effect. Hence we suggest more concern is required when the MLEs θ̂∗ are highly skewed and

λν is small, or when the MLEs θ̂∗ and their asymptotic variances U∗ are highly correlated,

than in the scenarios where posterior kurtosis may occur.

It is worth noting that throughout the above section we have assumed that the complete-

data posterior distribution is correctly assumed to be t- or Gaussian-distributed by both

Rubin’s rules and Approximate Bayesian pooling. When this holds exactly, Approximate

Bayesian pooling will perfectly approximate the posterior distribution. When this does not
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hold exactly, additional error will be present for both Rubin’s rules and for Approximate

Bayesian pooling.

2.5 Simulations

2.5.1 Generating simulated data

We generated simulated data to compare the performance of various multiple imputation

pooling methods, including Rubin’s rules and approximate Bayesian pooling. We sim-

ulated data from three widely-used statistical regression models. For each model, and

for a given n, we generated a binary covariate Zi to be 0 for the first half of entries

(i = 1, . . . , ⌊(n + 1)/2⌋) and 1 for the remaining entries. We then generated the main

covariate X and the outcome Y for each setting:

(i) Linear regression: Xi ∼ N(0, 1), Yi ∼ N(β0 + βXXi + βZZi, 1)

(ii) Linear regression - lognormal covariate: log(Xi) ∼ N(0, 1), Yi ∼ N(β0 + βXXi +

βZZi, 1)

(iii) Logistic regression: Xi ∼ N(0, 1), ηi = β0+βXXi+βZZi, Yi ∼ Bernoulli(logit−1(ηi))

(iv) Cox regression: Xi ∼ N(0, 1), Yi ∼ Exponential(h0 exp(βXXi + βZZi)) for h0 = 1.

For all settings we set βZ = 0.2 and β0 = 0. We set Xi to be missing for i = 1, . . . , nmis,

so the data are missing completely at random (MCAR).

We simulated Xi from a Gaussian distribution in 3 of the 4 settings, in order to compare

the pooling methods in a simple setting, where Rubin’s rules seem appropriate, for a given

n. We further considered a lognormal covariate Xi in linear regression (setting ii) to eval-

uate how the method performs when the data is skewed.

The distribution of the MLE β̂X under the imputation scheme depends on the marginal

distribution of Xmis via a non-linear transformation. In the simple case of linear regression

with low levels of missingness in one covariateX, the transformation may be approximately

linear. Hence the distribution of β̂X may resemble the marginal posterior predictive dis-

tribution of Xmis given the observed Xobs, Y and Z. In general this cannot be expected to

hold. Note also that the marginal distribution of Xmis given the observed data is not equal

to the generative distribution of X. We might suggest that in small samples, skewness

in the generative distribution of X may lead to skewness in the marginal distribution of
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Xmis, and hence skewness in the distribution of β̂X under the imputation scheme. In gen-

eral, even if the generative distribution of X is symmetric, marginalising may introduce

skewness. Similarly, even if the marginal distribution of X is symmetric, the non-linear

transformation defining β̂X given X may introduce skewness to the distribution of the

MLEs under the imputation scheme. The presence of skewness in the MLEs β̂X under

repeated imputations may lead to error in the approximation performed by Rubin’s rules.

Choice of βX , n and nobs

For each setting, we simulated data from up to 25 different scenarios. We varied the num-

ber of fully observed data points nobs = n − nmis, choosing nobs = 10, 20, 50, 100, 200. In

doing this we considered small samples of fully observed data, as we expect the assump-

tions for Rubin’s rules are more likely to be violated when n is small.

For each value of nobs, we chose 5 different values of the total number of observations,

n. For nobs = 10, we set n = 11, 14, 20, 35, 100, and for nobs = 20, 50, 100, 200 we set n

to be 2, 5, 10 and 20 times these values respectively. This corresponds to a proportion

of missing X (prop mis) of 9%, 29%, 50%, 71% and 90% respectively. With 5 choices of

nobs and 5 corresponding choices of n for each, this gives us 25 different scenarios for each

setting. We chose a positive value of βX for each value of nobs such that a complete-case

analysis using the corresponding model will have roughly 80% power to detect a non-zero

effect (Supplementary Table A.1). Note this means for any given nobs, we would expect

the power to detect a non-zero effect to increase with n for the multiple imputation and

Bayesian methods. This is because the number of complete observations is constant, while

the number of partially missing observations is increasing, so, loosely speaking, the total

information available to the model is increasing. We simulated 5000 datasets for each

scenario, and compared the performance of the pooling methods in terms of power and

coverage for βX . We do not present results for Cox regression with nobs = 10 or logistic

regression with nobs = 10, 20 due to the models not converging in a high proportion of

these simulations, leaving just 20 and 15 scenarios for these settings respectively.

29



Imputing the missing data

We imputed the missing data from a Bayesian posterior which mirrors the data generating

process. We assumed that Xi (or log(Xi)) was known to be simulated from N(0, 1). We

used this strong assumption with the aim to ensure any poor performance of the pooling

rules is not due to inappropriate imputations. For the Cox scenario we also assumed that

the data-generating model was exponential in the Bayesian imputation model. We set

weakly-informative priors on the model parameters (including the error variance in linear

regression, and log baseline hazard in the exponential model), given in Appendix A.2.1.

These were intended to restrict the prior distribution to reasonable parameter values and

improve stability. We then ran a model in Stan [6, 69], to sample from the observed-data

posterior for each model. From this, we drew imputations for the missing Xi values from

the first 10,000 iterations after warm up. We also generated 10,000 draws from the poste-

rior for βX in order to compare the pooling methods with a Bayesian approach (Bayes).

We compared this with approximate Bayesian pooling, where the complete-data poste-

rior is assumed to follow each of a t-distribution (ABpool t) and a Gaussian distribution

(ABpool norm). We further compared with Rubin’s rules where the complete-data pos-

terior is assumed to follow a t-distribution (Rubin t) [54], and a Gaussian distribution

(Rubin norm) [7]. We used 1000 imputations for Rubin’s rules, thinning the Stan draws

to ensure imputations are approximately independent. Due to constraints in time and

computational power we did not include Bayesian inference after multiple imputation in

our comparisons. Note however that for a certain choice of prior distributions, Bayesian

inference after multiple imputation will generate draws from the same posterior as the

above fully Bayesian approach (Bayes). We also compared with a complete-case analysis

(CC), which is unbiased in these simple MCAR simulations, but in general may be biased.

2.5.2 Results

The coverage and power of the methods across the four settings are shown in Figures 2.2

and 2.3. We have displayed the results in groups of 5 scenarios with the same value of

complete observations nobs and βX , separated by dotted vertical lines. Within each group,

we display the results with n = nobs × (1.1, 1.4, 2, 3.5, 10) from left to right. As expected,
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the power often increases within each group from left to right, as the total sample size

increases.

The pooling methods appear to converge towards giving the same power and coverage as n

becomes larger, except when the proportion of missing X values (prop mis) is large with a

lognormal covariate. We would expect the results to converge, because for large values of

n and a small proportion of missing data, the posterior distribution will be approximately

Gaussian, where all methods should give the same result. A method with true coverage

of 95% will have nominal coverage (which we define as observed coverage over 94.38%)

for 97.5% of scenarios (83 out of 85 scenarios). Bayes, Rubin t, ABpool t, Rubin norm

and ABpool norm show nominal coverage for 80, 85, 84, 75, and 77 of the 85 scenarios

respectively. Hence Rubin t and ABpool t show appropriate coverage overall in the study,

whereas the other methods give undercoverage. Some methods, Rubin t in particular, give

overcoverage in some scenarios, especially where the number of fully-observed samples is

small.

Consider the results for linear regression with a Gaussian covariate (top left, Fig. 2.2 and

2.3). Rubin norm and ABpool norm show clear undercoverage for small nobs = 10 and

prop mis ≤ 29% (scen. 1 & 2), since these methods assume a Gaussian complete-data

posterior, whereas the true complete-data posterior is t-distributed. In these scenarios

ABpool t, and more so Bayes, show slightly higher power than Rubin t, which displays

over-coverage. This difference is due to Rubin’s rules over-estimating the posterior vari-

ance and kurtosis, thus giving wider confidence intervals, hence lower power and higher

coverage than the other methods. We notice that the Bayesian model is biased towards

smaller values of βX , especially when nobs is small. When prop mis is very large (≥ 71%),

this also causes a notable bias in the multiple imputation (MI) methods. We also observe

posterior skewness, which Rubin’s rules does not account for, shifting the confidence in-

tervals from Rubin’s rules by roughly the same magnitude towards larger values. In these

scenarios, Rubin t gives over-coverage and higher power than the sampling methods. The

higher power appears to be due to these two effects cancelling out. Rubin norm gives the

higher power of the two, and Rubin t the higher coverage. As nobs increases, the results

from the different methods converge.

For linear regression with a log-normal covariate (top right, Fig. 2.2 & 2.3) we see that
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the Bayesian method, followed by ABpool t, perform best when nobs ≤ 20 is small. These

methods give nominal coverage in at least 24 of 25 scenarios, and higher power than CC

or Rubin t, which again shows over-coverage. When n and prop mis large (scenarios 15,

20, 25), both of Rubin’s methods outperform ABpool and Bayes, giving nominal coverage

and higher power. Much like large values of prop mis with a Gaussian covariate above,

this is caused by the shift due to not accounting for skewness negating the bias from the

imputations.

Now consider logistic regression with a Gaussian covariate (bottom left, Fig. 2.2 & 2.3).

The complete-case analysis shows slight under-coverage for small nobs = 50, 100. No other

methods appear to suffer from under-coverage. Bayes shows higher power for low prop mis

≤ 29% and small nobs = 50, followed by the ABpool methods. Bayes and the ABpool

methods converge as prop mis increases. Rubin t shows over-coverage throughout, and

both Rubin methods show lower power, especially for small values of nobs. The difference

between ABpool and Rubin seems to be due to positive posterior skewness. For smaller

values of prop mis this is primarily caused by correlation between MLEs θ̂∗ and their

asymptotic variances U∗, and for larger values by skewness in θ̂∗ (second and first term

of Eq. 2.18 respectively). This biases the CIs from Rubin’s rules towards smaller βX val-

ues, decreasing power. Rubin t rules also slightly overestimates the variance and kurtosis,

which explains the higher coverage.

Finally consider Cox regression with a Gaussian covariate (bottom right, Fig. 2.2 & 2.3).

All methods show nominal coverage in at least 18 of the 20 scenarios. When nobs = 20

and prop mis ≤ 29%, Bayes gives the highest power, followed by ABpool norm and Ru-

bin norm giving similar, then CC, ABpool t, and Rubin t the lowest. Bayes likely gives the

highest power because we included knowledge of a Weibull baseline hazard in the posterior,

whereas the MI methods make no assumption about the baseline hazard. ABpool norm

outperforms Rubin norm, due to a small positive posterior skewness caused by correla-

tion between θ̂∗ and U∗ (second term of Eq 2.18), which pushes the CI for Rubin norm

towards smaller values, decreasing power. Rubin t is overly conservative, overestimating

the variance and kurtosis, causing higher coverage and lower power, especially for smaller

values of nobs and prop mis. For nobs ≤ 100 and large prop mis = 90%, Rubin norm gives

slightly higher power than Bayes and the ABpool methods. This is caused by a small neg-
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ative posterior skewness due to skewness of θ̂∗ (first term of Eq 2.18), which pushes the CI

for Rubin norm towards larger values, and only occurs in simulations where the estimate

is lower than the true value, thus increasing power. ABpool norm and Rubin norm give

higher (or equal) power throughout than their t counterparts, while showing nominal or

over-coverage.

Finally, we consider the required number of imputations m for each method. Supplemen-

tary Table A.2 shows the average power and coverage across all simulation settings and

scenarios for each method, with different values of m. We see for Rubin t that reducing

m from 1000 to 100, 20 or 5 results in a loss of power of 0.3%, 2.1% or 10.1% respectively,

and a slight loss of coverage, but not below nominal levels. For ABpool t, reducing m

from 10000 to 1000 or 100 results in a loss of coverage of 0.2% or 1.8% respectively, the

latter giving under-coverage. A small increase in power is also observed. Similar losses

in coverage and gains in power are observed for ABpool norm and Bayes as m decreases.

Hence we suggest roughly m = 1000 or more imputations may be required for ABpool

and Bayes, and around m = 100 or more imputations may be required for Rubin’s rules

in these scenarios.
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Figure 2.2: Coverage for the pooling methods in each simulation scenario
Coverage for a 95% uncertainty interval from the four settings: linear regression with a lognormal covariate (top right), and linear, logistic
and Cox regression, each with a Gaussian covariate. For any value of n obs, the 5 scenarios show a proportion of missing X values (prop mis)
of 9%, 29%, 50%, 71%, 90% from left to right. CC = complete-case analysis, Bayes = Bayesian analysis, ABpool = Approximate Bayesian
pooling, and t and norm denote assuming a t- and Gaussian-distributed complete-data posterior respectively. The black horizontal line
shows the nominal coverage level of 0.95. A method with nominal coverage level of 95% will lie between the dotted horizontal lines at 0.9438
and 0.956 for 95% of the scenarios on average.
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Figure 2.3: Power for the pooling methods in each simulation scenario
Power for a 95% uncertainty interval from the four settings: linear regression with a lognormal covariate (top right), and linear, logistic and
Cox regression, each with a Gaussian covariate. For any value of n obs, the 5 scenarios show a proportion of missing X values (prop mis)
of 9%, 29%, 50%, 71%, 90% from left to right. CC = complete-case analysis, Bayes = Bayesian analysis, ABpool = Approximate Bayesian
pooling, and t and norm denote assuming a t- and Gaussian-distributed complete-data posterior respectively. Regression coefficients were
chosen so that a complete-case analysis will have power of roughly 0.8 – denoted by the black horizontal line.
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2.6 Real data

We include real data examples from three datasets, of which the first two are publicly

available. The purpose of including these analyses is to give examples of real scenarios

where the assumptions for Rubin’s rules may be violated, and to compare the fit given

by Rubin’s rules, approximate Bayesian pooling, and Bayesian inference after multiple

imputation in these scenarios.

2.6.1 HPV and cervical cancer correlation

Maucort-Boulch et al. (2008) investigated the correlation between human papillomavirus

(HPV) prevalence and cervical cancer incidence in women across different age groups and

countries [70]. The oldest age group (55-64 years) was then reanalysed by Plummer (2015)

[71]. The data is available in the supplementary material of Plummer (2015) [71]. We

reproduced the analysis of Plummer, considering women aged 55-64 years in 13 different

countries.

We follow the notation used in Plummer [71]. In country i = 1, . . . , 13, the outcome Yi is

the number of cervical cancer cases arising from Ti woman-years of follow up, and Zi is

the number of women infected with high-risk HPV in a sample size of Ni from the same

country. The 13 observed values of Ni range from 37 to 696, Zi range from 0 to 35, and

Yi from 16 to 710. Assume

Zi ∼ Binomial(Ni, φi) (2.38)

Yi ∼ Poisson(µi) (2.39)

µi = λiTi (2.40)

Further assume that the cervical cancer incidence λi relates to the high-risk HPV preva-

lence φi by

log(λi) = θ1 + θ2φi (2.41)

We then focus on the slope parameter θ2, which denotes the strength of association between

HPV prevalence and cervical cancer incidence. Because the dose-response relationship is

36



speculative, a cut model approach (also known as modular inference) was used by Plum-

mer [71]. The cut model prevents feedback from the cancer incidence data which may

bias the estimates for the HPV prevalence parameters φ. We follow the cut method of

Plummer, by first estimating the HPV prevalence φi using the HPV data alone, and then

using the prevalence estimates in the model for cancer incidence Yi [71]. We draw multi-

ple imputations for the unknown HPV prevalences φi, which are treated as missing data

[71]. We compare inference for θ2 using Rubin’s rules, approximate Bayesian pooling, and

Bayesian inference after multiple imputation.

We draw imputations from a Bayesian binomial model (Eq. 2.38) in Stan [6, 69], drawing

m = 10, 000 imputations from the posterior distribution for φ. We then run a Poisson

generalised linear model (GLM) regression (Eq. 2.39-2.41) given each imputation, and

pool the results via Rubin’s rules and approximate Bayesian pooling. Finally, we estimate

via Bayesian inference after multiple imputation (MI Bayes), sampling once from the cut

posterior distribution for each of the 10,000 imputed datasets (Eq. 2.39-2.41). For each

imputed dataset, we target the cut posterior in Stan for 200 warmup iterations, and take

the following iteration as the sample. We pool samples across the imputed datasets, giving

10,000 samples in total.

Note though we consider both Rubin norm and Rubin t, Rubin norm is more appropriate

in this case, since inference on the parameters in a Poisson GLM would be based on a

Gaussian approximation. However, when running the pool function in the R package mice

[62], the default pooling method is Rubin t with n− p degrees of freedom, for sample size

n when estimating p parameters (n − p = 11 in this case), unless the user specifies oth-

erwise. Therefore although we would expect Rubin norm to be preferred, corresponding

to infinite degrees of freedom, we also include Rubin t with 11 degrees of freedom in our

comparisons. Q–Q plots of the MLEs for θ1 and θ2 after imputation indicate that the

normal assumption made by Rubin’s rules does not hold (Supplementary Figure A.1).

Figure 2.4 shows the results for the slope θ2 under each pooling method. Given 10,000

imputations, we see that the approximate Bayesian pooling method (ABpool) gives re-

sults indistinguishable from Bayesian inference after multiple imputation (MI Bayes), up

to Monte-Carlo error. Generating the imputations took 11 seconds of runtime, after 1min

16sec to compile. ABpool took just 28 seconds to run, considerably faster than MI Bayes,
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Table 2.1: Credible intervals for slope parameter θ2

Posterior mean 2.5% 97.5%

MI Bayes 13.73 9.53 19.47
ABpool t 13.76 9.58 19.47

ABpool norm 13.76 9.56 19.41
Rubin t 13.76 -7892469.49 7892497.00

Rubin norm 13.76 8.78 18.73

which took 1min 13s to compile and an additional 6min 36s to run. Rubin’s rules does not

match the cut posterior distribution given by MI Bayes, as the posterior has positive skew

(0.62), whereas Rubin’s rules assumes a symmetric distribution. Rubin t [54] – which is

widely recommended over Rubin norm – performs especially badly. The estimated degrees

of freedom for Barnard and Rubin’s t-distribution is extremely small at 0.18. This is due

to very small complete-data degrees of freedom (11), and an extremely high fraction of

missing information (0.99), which in combination make the degrees of freedom for Rubin t

extremely small. This gives the Rubin t distribution extremely heavy tails, with both

variance and excess kurtosis undefined.

The above differences can be observed in the credible intervals given by each method

(Table 2.1). The Approximate Bayesian pooling methods give similar results to Bayesian

inference after multiple imputation (MI Bayes), whereas Rubin norm produces a biased

credible interval, and Rubin t gives an extremely wide and completely uninformative cred-

ible interval.

By calculating each term from Eq. 2.30 & 2.37, we see that the posterior skewness (0.60)

comes from skewness in the MLEs θ̂∗, and is the cause of the difference between Ru-

bin norm and the ABpool methods, pushing both ends of the Rubin norm confidence

interval towards higher values. Excess kurtosis and skewness due to correlation between

θ̂∗ and U∗ have a minimal effect.

Similar results, while slightly less extreme, are observed for θ1, which is negatively skewed.
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Figure 2.4: The distribution of θ2 estimated by Rubin’s rules, approximate
Bayesian pooling and Bayesian inference after multiple imputation.
The posterior distribution for the slope θ2. The black, orange and blue lines denote the pos-
terior distribution estimated by Bayesian inference after multiple imputation (MI Bayes),
approximate Bayesian pooling (ABpool) and Rubin’s rules (Rubin) respectively. For ap-
proximate Bayesian pooling and Rubin’s rules, the solid line denotes the method assuming
a t-distribution given complete data, and the dashed line denotes the method assuming a
Gaussian distribution given complete data.
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2.6.2 SUPPORT

We now consider data from the SUPPORT study, which aimed to improve end-of-life deci-

sion making and quality of life for dying patients [72]. A prognostic model was developed

from the study to predict the risk of death in seriously ill hospitalised patients [73]. We

use the support dataset which is publicly available in the Hmisc package [74], which is

a random sample of 1000 patients from phases I & II of SUPPORT, of whom 668 died

during follow-up. Our analysis is only intended to be used to compare multiple imputation

pooling methods, not to provide clinical insight. The prognostic model used a Cox model

for time-to-death including restricted cubic splines allowing non-linear effects, interaction

terms, and stratification [73]. We use a simpler approach, analysing the time-to-death

using the standard Cox model, including each variable untransformed as a linear predic-

tor. The authors recommend replacing missing values with a single imputation “within

the normal range” [73], imputing the same value for all individuals [75]. However, this

may introduce bias, as it does not account for the added uncertainty due to the missing

data [7]. We selected the variables in our model by starting with a Cox regression model

containing many singly-imputed candidate variables, and performed backward deletion to

include only those with a significant effect at the 5% level. Four covariates in our final

model had missing values, with missingness rates of 37.8% for albumin (alb), 29.7% for

bilirubin (bili), 25.3% for PaO2/FiO2 ratio (pafi), 0.3% for creatinine (crea). We generated

multiple imputations by chained equations using the mice package in R [62, 76]. Since the

covariates with missing values exhibited skewness, we generated multiple imputations of

the missing values using type-1 predictive mean matching [77] with 5 candidate donors,

based on an underlying linear regression model. The imputation model included all co-

variates present in the Cox analysis model, as well as the Nelson-Aalen estimator and

event indicator, to account for the time-to-death [64]. We generated a large number of

imputations (m = 100,000) to allow us to detect small differences between the approaches.

We present results for the effects due to the four covariates with missing values, as they

are likely to be most impacted by the imputations and choice of pooling scheme.

Q–Q plots from as few as 200 imputations indicate that the MLEs for bili and crea are not

approximately Gaussian distributed (Supp. Fig. A.3 & A.4), hence there may be posterior
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skewness present, which could introduce bias to Rubin’s rules for these parameters. Esti-

mating moments from the full 100,000 imputations, we see the MLEs for the effects due to

bili and crea have skewness of −0.79 and −0.95, and kurtosis of 0.63 and 1.09 respectively.

This is likely due to the covariates being non-Gaussian themselves, with skewness of 4.48

and 2.81, and kurtosis of 28.25 and 11.91 respectively. However the Q–Q plots for the

posterior samples using Approximate Bayesian pooling with a t assumption show no clear

deviation from the Gaussian distribution (Supp. Fig. A.3 & A.5). Both bili and crea effects

show no noticeable kurtosis (0.03 and 0.01), nor crea a noticeable skew (-0.04), however

the posterior for bili does show a slight skew (-0.15). This can be observed in the posterior

density plots (Fig. 2.5). The marginal posteriors for the alb, crea and pafi effects all show

a clear difference between the results given by single imputation and multiple imputa-

tion, but no noticeable difference between the ABpool methods and Rubin’s rules (except

that due to Monte-Carlo error). For the bili effect however, there is a slight, but notice-

able negative skew in the approximate ABpool posterior, caused by the skew in the MLEs,

which Rubin’s rules is unable to account for (Fig. 2.5). Posterior means, medians and 95%

credible intervals for these 4 variables under each method are given in Table 2.2. We com-

pare the single imputation method recommended by the SUPPORT authors (Single imp)

with Rubin’s rules using a Gaussian and t assumption (Rubin norm [7] and Rubin t [54]),

and approximate Bayesian pooling with a Gaussian and t assumption (ABpool norm and

ABpool t). The results show that the use of multiple imputation changes the parameter

estimates slightly compared to the single imputation method suggested by the SUPPORT

authors. Further, while differences are very small, the slight skewness we observe in the

bili effect (Fig. 2.5) leads to the 95% credible interval using Approximate Bayesian pooling

being shifted slightly towards smaller values than the credible interval given by Rubin’s

rules, and the posterior median being slightly larger than the posterior mean. Similarly, a

negative skewness in the MLEs and causes a slight skewness in the posterior for the crea

effect, which leads to the Rubin t CI giving slightly higher values than ABpool. For the

alb effect, Rubin t rules estimates the variance and excess kurtosis to be slightly larger

than ABpool t, causing a fractionally wider confidence interval. The pafi effect shows

smaller differences, which may be simply due to randomness in the Approximate Bayesian

sampling.
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Table 2.2: Posterior summaries for SUPPORT

Method Mean Median 2.5% 97.5%

alb Single imp -0.1778 -0.1778 -0.3077 -0.0479
Rubin t -0.1945 -0.1945 -0.3446 -0.0444

Rubin norm -0.1945 -0.1945 -0.3442 -0.0449
ABpool t -0.1944 -0.1943 -0.3437 -0.0451

ABpool norm -0.1945 -0.1944 -0.3450 -0.0446

bili Single imp 0.0496 0.0496 0.0325 0.0668
Rubin t 0.0473 0.0473 0.0275 0.0672

Rubin norm 0.0473 0.0473 0.0276 0.0671
ABpool t 0.0474 0.0476 0.0268 0.0664

ABpool norm 0.0473 0.0477 0.0266 0.0663

pafi Single imp -0.0015 -0.0015 -0.0023 -0.0006
Rubin t -0.0012 -0.0012 -0.0021 -0.0003

Rubin norm -0.0012 -0.0012 -0.0021 -0.0003
ABpool t -0.0012 -0.0012 -0.0021 -0.0003

ABpool norm -0.0012 -0.0012 -0.0021 -0.0003

crea Single imp 0.1024 0.1024 0.0594 0.1453
Rubin t 0.1008 0.1008 0.0550 0.1466

Rubin norm 0.1008 0.1008 0.0551 0.1465
ABpool t 0.1007 0.1008 0.0547 0.1458

ABpool norm 0.1008 0.1009 0.0545 0.1460

Posterior mean, median and 95% credible interval for four of the parameters in the Cox
model on the SUPPORT dataset. We compare the single imputation model
recommended by the authors (Single imp) with multiple imputation pooled by Rubin’s
rules and Approximate Bayesian pooling (ABpool), each with a Gaussian (norm) and t
assumption.
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Figure 2.5: The posterior distribution of the SUPPORT parameters.
The posterior distribution for the alb, bili, pafi and crea parameters. The grey, orange and blue lines denote the posterior distribution estimated
by single imputation, approximate Bayesian pooling and Rubin’s rules respectively. Solid lines denote methods assuming a t-distribution given
complete data, and dashed lines denote methods assuming a Gaussian distribution given complete data.
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2.6.3 COVID-19 vaccine efficacy

Method

Our final example, which was the motivating example for our Approximate Bayesian pool-

ing method, comes from an analysis of the COV002 trial [4]. The analysis is presented in

detail in Chapter 4. We aimed to evaluate how COVID-19 vaccine efficacy relates to the

vaccine-induced antibody level present at the time of exposure to the disease.

The data included 4605 individuals vaccinated with the ChAdOx1 nCoV-19 vaccine (vac-

cine arm) and 4423 control individuals. In the vaccine and control arms respectively, 71

(1.5%) and 217 (4.9%) individuals developed primary symptomatic COVID-19, the event

of interest. We assumed antibody levels in the control arm were 0, and modelled anti-

body levels in the vaccine arm over time, imputing the estimated true antibody levels into

a model for the risk of infection. A fully Bayesian approach would not converge, likely

due to the model including many random effects, and non-linear transformations, and

the sparse availability of antibody data. Therefore we employed multiple imputation to

overcome this. Briefly, we assumed antibody levels decayed exponentially, and developed

a Bayesian hierarchical model to predict the intercept and slope of the log-antibody levels

for each individual. For each posterior draw of the log-antibody intercepts and slopes, we

then derived the predicted antibody levels at each event time. Doing this across 60,000

posterior draws gave us 60,000 multiply imputed datasets.

In the post-imputation analysis, we included the predicted vaccine-induced antibody lev-

els as a time-varying covariate in a Cox proportional hazards model (effect parameter γ),

where the outcome was the time until primary symptomatic COVID-19 infection. We in-

cluded COVID-19 vaccination (effect parameter ζ) and other covariates in the Cox model

which may affect time-to-infection, and stratified by study site. The estimated vaccine

efficacy at antibody level A was then given by

VE(A) = 1− exp(γA+ ζ) (2.42)

for slope γ and intercept ζ of the effect due to vaccine-induced antibodies. We derived

estimates and uncertainty intervals for γA+ ζ at each value of A, which were then trans-
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formed into estimates and intervals for VE(A) (Eq. 2.42), as this scale is likely to be better

approximated by a Gaussian [57, 56]. We compared uncertainty intervals generated using

Rubin’s rules and Approximate Bayesian pooling. We did not attempt Bayesian inference

after multiple imputation due to computational constraints, and the comparative sim-

plicity of the Cox model. The imputation and analysis methods are explained in greater

detail in Chapter 4. These references give results from the Approximate Bayesian pooling

method assuming a Gaussian complete-data posterior (ABpool norm) only.

Results

Supplementary Figure A.8 shows that the MLEs and approximate posterior draws for

both γ and ζ are non-Gaussian, showing negative and positive skew respectively.

Results are given in Supplementary Table A.3. Figure 2.6 shows the relationship between

the estimated vaccine efficacy and the antibody level at the time of exposure. At antibody

levels around or above 100 BAU/mL, the pooling methods give different credible intervals.

The approximate Bayesian pooling methods give a tighter credible interval, concentrating

on higher estimates of vaccine efficacy. Rubin’s rules gives much a wider credible interval,

including the possibility of vaccine efficacy being much lower.

The posterior distribution for γ estimated by Approximate Bayesian pooling shows a

strong negative skew (-0.93), which Rubin’s rules is unable to account for (Supp. Fig.

A.9). The posterior skewness is caused by skewness in the MLE, and covariance between

the MLE and asymptotic variance, contributing -0.65 and -0.28 respectively. There is

also a noticeable posterior excess kurtosis, caused by kurtosis in the MLE, and covariance

between the squared deviation of the MLE from its mean, and the asymptotic variance,

contributing 0.97 and 0.55 respectively to the kurtosis of 1.55. The effect of the posterior

skewness on the credible interval is 4 times larger than the effect due to the posterior

excess kurtosis, biasing Rubin’s CI towards larger values of γ. Similar results of opposite

sign (i.e. with positive skewness instead of negative), are observed for ζ, and the results

for vaccine efficacy interpolate the two.
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Figure 2.6: Vaccine efficacy against primary symptomatic COVID-19 infection,
plotted against antibody level at time of exposure
Vaccine efficacy (VE) (%) plotted against anti-spike IgG antibody levels (BAU/mL) at
time of exposure on a log scale. Solid curves denote posterior estimates, dotted lines denote
95% credible regions. For the ABpool approaches, the posterior median is plotted as a
solid line, and the posterior mean as a long-dashed line. The orange and red curves show
the results given by Approximate Bayesian pooling assuming a t and Gaussian (norm)
complete-data posterior respectively. These two methods give indistinguishable results.
The light and dark blue curves show results given by Rubin’s rules assuming a t and
Gaussian (norm) complete-data posterior respectively. For vaccine efficacy at large anti-
body levels, Rubin’s rules shows far greater uncertainty as to the lower bound of the 95%
credible interval.
The vertical dotted line shows the lower limit of quantification (LLOQ), 0.21 BAU/mL.
We included histograms to show the distribution of antibody levels in the study. The blue
histogram shows the distribution of the predicted anti-spike IgG antibody levels in the
study at 28 days since the second dose, and the green histogram at 182 days post second
dose. The two histograms overlap. The heights of the histograms are not to scale.
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2.7 Discussion

In this chapter we calculated the error in confidence intervals derived by Rubin’s rules,

when certain key assumptions do not apply. Most problematically, the presence of poste-

rior skewness may cause Rubin’s rules to lose power and/or coverage. We presented an

Approximate Bayesian pooling (ABpool) method which uses the MLEs θ̂∗ and their vari-

ances U∗ to approximate the Bayesian posterior, while making weaker assumptions than

Rubin’s rules, and allowing the observed-data posterior to exhibit skewness. We compared

the performance of Rubin’s rules with ABpool, and with a fully Bayesian approach, on

both simulated data and example datasets.

The derivation of Rubin’s pooling rules relies on the assumption that the distribution of

the maximum likelihood estimators (MLEs) θ̂∗ over imputations given the observed data

are Gaussian, and that the asymptotic variance estimates U∗ have negligible variability

compared to B, the variance of the MLEs θ̂∗. These assumptions lead to a t-distributed

approximation to the observed-data posterior. Our theory suggests this may be a poor

approximation when the observed-data posterior is skewed. Posterior skewness may be

caused by the distribution of the MLEs θ̂∗ exhibiting skewness, or by correlation between

the MLEs θ̂∗ and asymptotic variances U∗. The MLEs θ̂∗ are more likely to be skewed

when the data itself is skewed, and in small samples. In some other cases transforming

the analysis to an appropriate scale may help.

For the simulation scenarios with the smallest sample sizes n, we observe that a Bayesian

approach outperforms our ABpool t, which itself outperforms Rubin t. All three methods

give valid coverage. In these scenarios Rubin t tends to give overly conservative CIs, ex-

hibiting over-coverage and a loss of power. We recommend a Bayesian approach in such

scenarios. Where a user may choose not to apply a Bayesian method, ABpool t performs

best for linear regression, especially in the presence of skewed data. ABpool norm and

Rubin norm perform best for logistic and Cox regression, although these pooling methods

give under-coverage for linear regression.

Peculiarly, we observed that in some linear regression scenarios with a high proportion of

missing data, Rubin’s rules tended to give higher power than the ABpool and Bayesian

approaches. Similarly in some Cox regression scenarios with large prop mis, Rubin norm
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outperformed the other approaches. This was due to the Bayesian imputation method

giving biased estimates for the parameter βX , leading to bias in the MLEs, which was

nullified by an opposite bias in the CI from Rubin’s rules due to posterior skewness. This

appears to be a fortunate coincidence in favour of Rubin’s rules. However it is unclear

whether this is due to a deeper reason, and may be expected to occur in other scenarios

too.

In the small-sample HPV and cervical cancer correlation example, Rubin t gives an ex-

tremely wide, therefore completely uninformative confidence interval, whereas the ABpool

methods and Rubin norm give results which rule out a null effect. Rubin norm gives a

biased result since it does not account for posterior skewness, so ABpool t or Bayesian

inference after multiple imputation (MI Bayes) is preferred. ABpool t gives a very similar

result to MI Bayes, while requiring a much shorter runtime.

Even in large-sample real data examples, we observe differences between the methods.

When the data is extremely skewed, and the proportion of missing values is high, differ-

ences may still occur. In both the SUPPORT example (n = 1000), and the COVID-19

vaccine example (n = 9028), we observe a bias in the CI given by Rubin’s rules. This is

due to highly skewed data causing a skew in the posterior distribution, introducing bias

to the Rubin t confidence interval. The shift for the bili effect in the SUPPORT example

is very small, however the shift for the antibody effect in the COVID-19 example is large

– shifts of around 1% and 10% of the width of the confidence intervals in the two exam-

ples respectively. The SUPPORT example is a classic situation for multiple imputation,

imputing missing values in a dataset. In both the HPV cancer correlation and COVID-19

vaccine examples, we impute an unknown latent true value, using observed levels to inform

the imputations. The imputations are skewed in both cases, and the subsequent analysis

has a large fraction of missing information. In the COVID-19 example, this led to a large

skew in the posterior distribution for the antibody effect and vaccine efficacy. Applying

Rubin’s rules gives a biased CI for the antibody effect γ, which also shifted the CI for

vaccine efficacy towards lower values.

An alternative method to deal with skewness in multiple imputation is combining MI with

the bootstrap. Brand et al. (2018) compared bootstrap and multiple imputation meth-

ods to analyse skewed cost-effectiveness data [59]. They found making a single imputa-
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tion (with appropriate uncertainty) within a bootstrap performed best in their simulation

study. They suggest the standard application of Rubin’s rules without a bootstrap was

relatively robust and an acceptable alternative. Imputing within a bootstrap is a suitable

alternative method when posterior skewness is present.

Both Rubin’s rules and the Approximate Bayesian pooling method rely on the assump-

tion that the complete-data posterior is t-distributed (or Gaussian). This is a weaker as-

sumption than assuming the observed-data posterior is t-distributed (or Gaussian), which

Rubin’s rules also assumes, but Approximate Bayesian pooling does not. The observed-

data posterior is generated by marginalising over the missing values in the complete-data

posterior, which may introduce skewness not present in the complete-data posterior. How-

ever, there may be some small-sample cases where the complete-data posterior may also

exhibit skewness. In these cases both methods may be susceptible to bias, and a Bayesian

approach should be employed.

In our simulation study and real-data examples, Rubin t was observed to be relatively

robust, although not in all cases. In our simulation studies, Rubin t still always gave

appropriate coverage, even when key assumptions did not apply, for example due to skew-

ness in the MLEs θ̂∗ in small-sample cases. Here Rubin t was overly-conservative and lost

power, due to small degrees of freedom. This meant despite the bias due to skewness,

nominal coverage was still achieved. However, in the COVID-19 example and SUPPORT

example, posterior skewness meant that the CI generated by Rubin t did not cover the

CrI generated by ABpool t.

It is worth noting that issues with the imputation model will affect the post-imputation

results. In an earlier version of the simulation study (not reported), we used predictive

mean matching to impute the missing values, which is not appropriate in small samples

[55]. This meant all MI methods gave dramatic undercoverage. Since Rubin t is the most

conservative, it gave the least pronounced undercoverage. Examples such as this suggest

some analysts may prefer Rubin t in general since it tends to give more conservative CIs

than other methods in problematic scenarios. However, we suggest a better approach

would be to fix the issue with the imputation model, and then use whichever pooling

method is most appropriate. In our simulation study we similarly observed a bias in the

imputation model, which led to Rubin’s rules outperforming ABpool in some scenarios.
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We suggest analysts consider running a small simulation study to check the performance

of their imputation model and subsequent pooling when analysing data which may be

problematic – in situations such as skewness, small sample size, a high proportion of miss-

ing values, imputing a latent variable, or a novel analysis method.

We have implicitly assumed throughout this chapter that the imputer and the analyst are

the same person. When this is not the case, issues of uncongeniality may arise. Loosely

speaking, the analysis procedure is uncongenial to the imputation model, if they differ in

their assumptions about the data generating process. Meng (1994) [78] and subsequent

papers have explored this issue, and noted that Rubin’s rules may give invalid inference

under uncongeniality. We expect approximate Bayesian pooling to have similar limitations

in this case.

The main disadvantage of Approximate Bayesian pooling and Bayesian inference after

multiple imputation compared to Rubin’s rules is the need to generate a larger number

of imputations. Previous studies have suggested Rubin’s rules may require more than

m = 100 imputations when the fraction of missing information (fmi) is very large [79, 80],

although around m = 20 may suffice when the fmi is small. Gelman et al. [63] suggest

around 100 to 2000 independent draws are required for most Bayesian posterior summaries,

so a similar m may be required for ABpool and MI Bayes. Our simulation study suggested

around m = 1000 samples may be required for ABpool and Bayes, whereas m = 100 im-

putations may be required for Rubin’s rules. Hence the number of imputations required

for the sampling methods may be around 10 times that needed for Rubin’s rules. Where

multiply imputed datasets are shared publicly for use by many different analysts, the re-

quirement for larger numbers of imputations when applying ABpool and MI Bayes may

be undesirable, due to the need to share many more imputed datasets. In this paper we

only considered the case where J = 1 sample is drawn from each complete-data posterior

distribution. Drawing more samples J from each posterior may allow fewer imputations m

to be generated – Zhou et al. use m = 100, J = 10000 [58] – however further simulations

would be required to verify this. Notably the under-coverage observed by Rashid et al.

suggest that using a very small m would be unwise.

Where imputations are costly to generate or store, e.g. due to computational constraints,

Rubin t may be preferred in well-behaved scenarios – since fewer imputations are required,
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and all methods will give near-identical results. In scenarios where Rubin t may be bi-

ased, or overly conservative and lose power, a sampling approach may be used. Where

a fully Bayesian approach can be applied, we would recommend this over an Approxi-

mate Bayesian pooling scheme. However Bayesian methods tend to require the analyst

to code an appropriate MCMC or HMC based sampler, which may be computationally

prohibitive for some applied researchers. Both Rubin’s rules and Approximate Bayesian

pooling allow the post-imputation analysis to be performed using maximum likelihood for

completed datasets, which are familiar to many applied researchers. There are many well

maintained packages for applying Rubin’s rules, such as mice in R [62, 76]. For ABpool,

the pooling step can be implemented by running a simple function, independent of the

analysis method. In cases where Rubin’s rules may give overly conservative or biased

inferences, Approximate Bayesian pooling is a suitable alternative.
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Chapter 3

Correlates of protection models

and the need to account for

antibody decay
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Abstract

Establishing a correlate of protection, that is, an immune marker which is associated with

the risk of a disease outcome, is crucial to vaccine development. This allows future vaccines

to be licensed based on immunological data alone, avoiding the need for large, expensive,

and impractical phase 3 efficacy trials. In order to be useful, such a relationship must be

consistent across different vaccine trials.

Standard methods to estimate correlates of protection relate immune maker levels at

a fixed date after vaccination to subsequent infection, in order to understand how the

peak immune response protects against infection. We consider different trials of the same

vaccine, where induced antibody levels and subsequent protection over time are the same

in each trial, but the timing of cases differ, for example due to different timings of an

infection wave in a pandemic. When estimating using a standard method, the results may

not be consistent across vaccine trials. We mathematically derive the difference in the

estimated correlate of protection curve between trials in a simplified scenario.

We further test whether the standard method gives consistent results between trials in a

simulation study. We consider two scenarios: a pandemic setting where waves of infection

vary in time across different trials, and an endemic setting where attack rates in the control

group vary between trials, and the correlates of protection analysis is run once a certain

number of cases is reached. In both settings, estimates of the correlate of protection curve

for the same vaccine were inconsistent between trials. Estimated levels of protection at the

same initial antibody response were lower in trials where cases occurred later on average.

To overcome this problem, antibody decay should be accounted for in the model. We

compare three methods to estimate correlates of protection, using data from a COVID-

19 vaccine efficacy trial. The multiple imputation joint model, which accounted for both

antibody decay and measurement error, estimated the largest difference between protection

levels at different antibody responses. This method is later presented in Chapter 4.
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3.1 Introduction

Establishing a correlate of protection, that is, an immune marker which is associated with

clinical risk of a disease outcome, is a crucial part of vaccine research. In order to approve

a new vaccine, large phase 3 trials are often run to measure vaccine efficacy against a clin-

ical outcome. However, due to low prevalence of many diseases, these often require very

large sample sizes and a long period of follow up, making such trials very expensive and

time consuming. Further, once a vaccine has been approved for use, placebo-controlled

phase 3 trials may be impractical, and considered unethical. Establishing a correlate of

protection may allow new vaccines to be licensed based on immunological data alone, when

large efficacy trials are not feasible. Immunological trials require a much smaller sample

size and, in some cases, shorter length of follow up. The relationship between the immune

marker and clinical risk can be established in one or more phase 3 trials by comparing

immune marker values with occurrence of the disease outcome. Where possible, a causal

relationship should be established, which is demonstrated across different trials in different

populations. This can then be used to predict efficacy of a new candidate vaccine based

on the induced immune marker levels.

When establishing correlates of protection from a phase 3 trial, observed immune marker

values measured at a study visit around the time of peak immune response are compared

with subsequent occurrence of the disease outcome. However, the results from this method

may lack generalisability. In a pandemic, such as the COVID-19 pandemic, the timing

of infection waves varied in different populations, causing the timings of cases to vary

between trials. Similarly different trials may be of different lengths, either by design, or

since different infection rates mean the threshold to run the analysis will be reached at

different times. This too will cause the timings of cases to vary between trials. Since

antibody levels, and thus protection, decay between the time of peak antibody response

and the time of exposure, trials with later cases will observe lower vaccine efficacy at the

same initial antibody level. Hence the estimated relationship may vary in different trials

performed at different times or locations, due to differing background rates of infection,

and the results may not be generalisable. Relating observed antibody levels to risk of

infection may be subject to further bias, as it fails to account for antibody measurement
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error [1, 2]. If the outcome of interest is the relationship between antibody levels at the

time of exposure and protection, then failing to account for waning antibody levels may

introduce further bias [29].

Some studies have related clinical risk to immune marker levels at the time of exposure.

To estimate COVID-19 correlates of protection, Wei et al. (2022, 2023) related a recent

antibody measurement to the risk of returning a positive COVID-19 test [81, 82]. How-

ever, they did not account for measurement error, or for decay of antibody levels between

the antibody measurement and COVID-19 test. Follmann et al. (2023) applied estimates

of antibody decay rates to antibody measurements at peak response, extrapolating to

predict the level of antibody present at exposure [47]. However, they did not account for

measurement error, or for differences in the rate of decay between individuals. Seekircher

et al. (2024) use a joint model for longitudinal and time-to-event data to relate modelled

COVID-19 antibody levels at the time of exposure to risk of infection [51], using the R

package JMBayes2 [40]. They do not account for time-since-vaccination in the model, only

calendar time. Papadopoulos et al. (2025) [52] use JMBayes2 [40] to fit a joint model to

post-booster antibody levels and risk of COVID-19 infection. Their model does not ac-

count for changing background rates of risk of COVID-19 infection with calendar time, nor

does the trial contain a control group, which would be needed to estimate vaccine efficacy.

White et al. (2014, 2015) use a two-stage joint model to estimate correlates of protection

for a malaria vaccine [48, 49]. Their model relates the mean estimate of antibody levels

over time to risk of infection, and without accounting for uncertainty in the estimated

antibody levels. Such simple (or “näıve”) two-stage approaches have been shown to give

biased estimates [44]. Fu and Gilbert (2017) develop a joint model for longitudinal and

time-to-event data under case-cohort sampling using inverse probability weights [50], ap-

plied to a HIV vaccine trial. Their model requires denser samples of the immune marker,

as it estimates the trajectory for each individual nonparametrically. Huang and Follmann

(2025) [53] develop a two-stage joint model to estimate COVID-19 exposure-proximal cor-

relates of protection. Their method outperforms a simple two-stage approach, and shows

minimal bias, although they do not consider performance in terms of coverage in their sim-

ulation study. Their model does not account for informative censoring of immune marker

data at infection when estimating the immune marker trajectories.
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There are multiple challenges presented by vaccine trial data which should ideally all be

accounted for in a correlates of protection model: (i) measurement error in the longitu-

dinal variable, (ii) changes in the longitudinal variable over time, (iii) the uncertainty in

estimating the true values of the longitudinal variable over time, (iv) informative censor-

ing of the longitudinal data at infection, (v) two different time scales (baseline hazard

varies with calendar times and antibody levels vary with time-since-vaccination). Failing

to account for any of these challenges may lead to bias.

In this chapter we consider the impact of antibody waning and vaccine efficacy decay on

the estimated correlates of protection curve. We show that where cases occur at different

times since vaccination on average between different trials, the estimated correlate of pro-

tection curve will be inconsistent, if antibody waning is not accounted for in the model.

In section 3.2 we outline previous methods to estimate correlates of protection, including

both methods which do not account for antibody decay and methods which do. In section

3.3 we examine the properties of different functional forms for the antibody effect. We

then calculate the impact of later events in a trial on the estimated correlate of protection

curve in a simplified example, when antibody decay is not accounted for. In section 3.4

we perform a simulation study to test whether standard correlates of protection methods

give consistent results in trials with different baseline risk of infection. We compare the

results from three correlates of protection methods on a COVID-19 vaccine trial in section

3.5, comparing a method which accounts for antibody decay and measurement error to

previous approaches. We discuss our findings in section 3.6.

3.2 Previous methods

Here we consider methods which have been proposed to estimate correlates of protection

from a randomised phase 3 vaccine efficacy trial, such as the recent phase 3 trials of

COVID-19 vaccines. In these trials, individuals were randomised to a control arm and

a vaccine arm, and followed up to observe the time until infection. Blood samples were

taken from participants at various study visits, including a visit around the time of peak

antibody response after vaccination (which we refer to as the peak visit), and possibly also

subsequent visits. At the end of the study, blood from the peak visit (and possibly also

56



later visits) was analysed to measure immune marker levels, for those participants who

were later infected in the study, and from a random sample of uninfected participants.

In this case-cohort design, the probability of immune marker data availability depends on

whether the individual was later infected. These studies aimed to relate vaccine-induced

immune marker levels to the risk of subsequent infection. Since infection will likely cause

an increase in immune marker levels, measurements of immune markers after the event of

interest (infection) are discounted. If trajectories of immune markers are estimated, these

are censored at the time of infection or dropout.

3.2.1 Time-fixed approach

One common approach is to use two-phase sampling regression to estimate covariate-

adjusted vaccine efficacy, using immune marker data from the peak visit only.

First, the probability of immune marker (antibody) availability for each individual at the

peak visit is estimated in a logistic regression model. This model includes the indicator of

infection during the study as a binary covariate, and any other covariates which may relate

to the probability that an individual’s peak visit blood sample is selected for laboratory

measurement of immune markers.

Second, a fixed time of interest t0 is chosen, and a logistic or Cox regression model is used

to estimate the risk of each individual experiencing the clinical outcome before t0, where

the model is weighted by the inverse probability of antibody availability, and adjusted for

the observed marker value, and covariates. A separate model may be used to estimate

the same risk in the control arm. Vaccine efficacy at antibody level A is then estimated

as one minus the relative risk, where the relative risk is the average predicted risk in the

vaccinated arm with the antibody levels all set to A, divided by the average predicted

risk in the control arm. This whole process is bootstrapped, in order to account for the

uncertainty in estimated inverse probability weights, as well as parameter estimates.

To formulate this mathematically, let Zi = 1 if individual i is assigned to the vaccine arm,

and Zi = 0 if individual i is assigned to the control arm. First draw a bootstrap sample

b = 1, . . . , B of the dataset. Order the bootstrap dataset such that Zi = 1 for i = 1, . . . , n

and Zj = 0 for j = n+1, . . . , N . Then run a logistic regression to estimate the probability

of antibody availability for each individual in the vaccine arm. Next, run a (Cox or
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logistic) regression model for the risk of infection, including observed antibody levels as

a predictor, and weighting by the estimated inverse probability of antibody availability.

Let r̂(Xi, z, A) be the predicted probability of experiencing the event before time t0 for

an individual with covariates Xi, assigned to treatment z, with antibody response A. For

a vaccine trial where the control participants have no prior exposure to the pathogen of

interest and hence have no antibodies present, the risk in the control arm r̂(Xi, 0, 0) may

be estimated using a separate regression model. Alternatively, the model for the risk of

infection may include both the control arm and the vaccine arm, with antibody levels set

to 0 and inverse probability weights of 1 in the control arm, and a direct effect due to

vaccination. Vaccine efficacy at antibody level A is then estimated by

VE(A) = 1−
1
n

∑n
i=1 r̂(Xi, 1, A)

1
N−n

∑N
j=n+1 r̂(Xj , 0, 0)

(3.1)

The mean estimate for vaccine efficacy can be calculated on the original (non-bootstrapped)

dataset, and bootstrap confidence intervals can be generated from the bootstrap estimates.

This method has been widely used to estimate correlates of protection for COVID-19 vac-

cine trials. Feng et al. (2021) [5] use this method with a logistic regression model on the

COV002 data, and multiple COVID-19 vaccine trials [83, 84, 85, 86, 87] have used the

same method with a Cox model.

3.2.2 Extrapolation approach

Another approach extrapolates the observed antibody levels at the peak visit to predict

their values at the time of exposure. The decay trajectory is estimated on an antibody de-

cay dataset, which may be an external dataset, or a subset of the dataset of interest which

has immune data available at multiple timepoints. We assume here that log-transformed

antibodies decay linearly, although the method can also be applied to other decay trajec-

tories.

For the antibody decay dataset, a Bayesian hierarchical linear model is first fit to the log

antibody levels over time, including a random intercept for the peak antibody response,

while assuming the same slope for all individuals. Let πD(d) be the resulting posterior

distribution for the decay rate d, where the decay rate is the magnitude of the slope in the
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linear model for log antibody decay. Then for individual i in the correlates of protection

dataset with observed antibody level of Ai(ti) at time-since-vaccination ti, the antibody

level Ai(t) at time-since-vaccination t is estimated as follows. First draw a bootstrap sam-

ple b = 1, . . . , B of the main dataset, draw d(b) ∼ πD(d) and estimate the extrapolated

antibody levels over time for each individual A
(b)
i (t) = Ai(ti) exp

(
−(t− ti) d

(b)
)
in the

bootstrapped dataset. The antibody trajectories can then be included in an inverse prob-

ability weighted (IPW) Cox model as a time-varying covariate. The Cox model should use

calendar time as the time scale, with individuals being considered at risk at a time after

vaccination which is consistent with the efficacy study (e.g. 28 days after vaccination),

and predicted antibody levels included at each event time in the dataset, calculated by the

earlier method. Bootstrapped mean estimates and confidence intervals can be calculated

from means and percentiles of the estimates for the Cox coefficients in each bootstrap

sample.

Follmann et al. (2023) [47] applied this method to estimate COVID-19 correlates of pro-

tection, estimating decay rates from a separate dataset. Zhang et al. (2024) [87] also

applied the approach in their paper, using a subset of the correlates of protection dataset

to estimate antibody decay rates.

3.2.3 Simple two-stage approach

In a simple two-stage (STS) joint model, a Bayesian linear hierarchical model (or mixed-

effects model) is fit to the longitudinal antibody component. The mean estimated antibody

trajectory for each individual is then included as a time-varying covariate in a time-to-

infection model, usually a Cox model. This does not propagate the uncertainty in the

estimated antibody trajectories, and has been shown to lead to bias in the time-to-event

parameters [44]. The estimation of the antibody trajectories does not account for infor-

mative censoring at infection times, which may cause bias in the estimated antibody levels

[32]. One benefit of a STS joint model is reduced computation time compared to the full

joint model [44]. Improvements on the STS approach have been suggested which reduce

the bias, while still requiring less computation time than the full joint model [44, 45].

White et al. (2014, 2015) used a STS approach to estimate correlates of protection, an-

tibody kinetics and vaccine efficacy against malaria [48, 49]. They assumed a bi-phasic
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exponential decay model for antibody levels, and vaccine efficacy which ranged between

a maximum value estimated from the data at high antibody levels, and zero efficacy at

antibody level 0.

3.2.4 Other two-stage approaches to fit a joint model

Huang and Follmann (2025) [53] develop a two-stage joint model to estimate COVID-

19 exposure-proximal correlates of protection, allowing for a time-changing direct effect,

and both peak and exposure-proximal immune marker effects. They compare estimated

hazard between individuals in a partial likelihood method, which outperforms the simple

two-stage (STS) approach. Their model shows minimal bias, although they do not consider

performance in terms of coverage in their simulation study. We suggest an alternative two-

stage method to fit a joint model using multiple imputation below, which may reduce the

bias from a STS approach.

3.2.5 Multiple imputation joint model

In a multiple imputation joint model, we similarly fit a Bayesian hierarchical model to the

longitudinal component. This is used to impute the values of the longitudinal trajectory

at each event time in a Cox model. Multiple imputations are made from the longitudinal

posterior, and the resulting Cox parameters are then pooled to estimate the time-to-event

posterior.

Moreno-Bentancur et al. (2018) developed a multiple imputation joint model which reduce

bias compared with simple two-stage approaches, which use a single imputation [46]. Their

method focussed solely on estimating the time-to-event parameters, and pooled the results

using Rubin’s rules [54].

We developed an alternative multiple imputation joint modelling approach. In order to

account for the informative censoring at infection, we include the Nelson-Aalen estimate

of cumulative hazard and the indicators of asymptomatic and symptomatic infection as

covariates in the longitudinal model. This was recommended for Cox regression by White

and Royston (2009) [64]. For the second stage, we sample longitudinal parameters from

the model for m = 1, . . . ,M . We then fit a Cox model for each sample, including the

sampled antibody trajectories as a time-varying covariate. We combine the results by
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taking one draw from the asymptotic distribution of the Cox parameters on each sample.

We apply the multiple imputation pooling method developed in Chapter 2 to approximate

the posterior for the Cox parameters, from which we derive the correlates of protection

curve and associated uncertainty. Our model is described in more detail in Chapter 4,

where we apply the multiple imputation joint model to estimate COVID-19 correlates of

protection.

3.2.6 Joint model

Finally, a Bayesian joint model for longitudinal and time-to-event data could be used to

estimate “exposure-proximal” correlates of protection. A Bayesian hierarchical model for

antibody decay, and a time-to-event model for subsequent infection, are included together

in a joint model. The parameters are estimated jointly via Markov Chain Monte-Carlo

or a similar sampling scheme. A fully Bayesian model, which we adapted from the RSta-

nArm package [88] and attempted to fit in Stan [6], failed to converge on the COV002

dataset. This was likely due to the model including many random effects, and non-linear

transformations, and the sparse availability of antibody data.

The package JMbayes2 [40] can be used to fit Bayesian joint models. Seekircher et al.

(2024) used a joint model to relate modelled COVID-19 antibody levels at the time of

exposure to risk of infection [51], and Papadopoulos et al. (2025) [52] fit a joint model to

post-booster antibody levels and risk of COVID-19 infection, both using JMbayes2 [40].

Seekircher et al. do not account for time-since-vaccination in the model, and Papadopou-

los et al. do not account for the changing background risk of COVID-19 infection with

calendar time.

3.3 Antibody effect on risk

3.3.1 Structure of antibody effect on risk

Note in previous applications of the above modelling approaches to estimate COVID-19

correlates of protection, antibody levels have generally been log-transformed prior to anal-

ysis. This includes various papers applying the inverse probability weighting method of

section 3.2.1 [5, 83, 84, 85, 86, 87], the extrapolation method of section 3.2.2 [47, 87], and
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the joint model of section 3.2.6 [51, 52].

Using log-transformed antibodies does have an undesirable property, however. Let the im-

mune marker levels at time t be denoted byA(t), and for the purpose of this section, assume

antibody levels are observed exactly, without error. Consider the Cox proportional hazards

model [34], where the hazard rate at time t, h(t) = h0(t) exp
(
X(t)⊤β + Z(γf(A(t)) + ζ)

)
is given by the baseline hazard h0(t) multiplied by covariate effect due to covariates X(t)

and, for vaccinated individuals (Z = 1), the intercept and slope of the effect due to (trans-

formed) immune marker variable f(A(t)). When log antibodies are used as the immune

marker, f(A(t)) = logA(t), the hazard is given by

h(t, A) = h0(t) exp
(
X⊤β + Z(γ logA(t) + ζ)

)
(3.2)

= h0(t) exp
(
X⊤β

)
{exp(ζ)A(t)}Zγ

Assuming antibody levels protect against the disease, then γ < 0, so for vaccinated indi-

viduals, as antibody levels tend to 0, the hazard rate tends to infinity. Hence, the predicted

vaccine efficacy will tend to negative infinity as the antibody level tends to 0. This does

not fit with prior biological understanding, and is an undesirable property of the model.

This may lead to poor fit and inaccurate predictions at low antibody levels.

If instead untransformed antibody levels are used as the immune marker, f(A(t)) = A(t),

then

h(t, A) = h0(t) exp
(
X⊤β + Z(γA(t) + ζ)

)
(3.3)

= h0(t) exp
(
X⊤β

)
exp(γA(t) + ζ)Z

When antibody levels protect against the disease, γ < 0. Then for vaccinated individuals,

as antibody levels tend to 0, the hazard rate tends to a constant, hence so does the

predicted vaccine efficacy. If no intercept ζ for the antibody effect is included, then the

efficacy for a vaccinated individual with no antibodies will be estimated as 0. Including an

intercept ζ will mean a constant and finite vaccine efficacy will be predicted at 0 antibody

levels, with the sign and size of the effect determined by ζ. This formulation does not

have the undesirable property of the log antibody formulation.
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It is, however, worth noting that in the above COVID-19 vaccine examples, low levels of

antibody near 0 are not observed in the vaccine arm. Using log-transformed antibody

levels in the model may fit the data better in the region where antibodies are observed.

The biological mechanism for protection is complicated, and does not lead to a clear reason

for one choice of model form over the other. It would be worthwhile to further explore

how to best include antibody levels in the model (linearly, log-transformed and/or with

spline effects).

This is an overly simplistic model, since it assumes the protection depends on modelled

antibody levels only, plus an additional time-constant effect ζ. Other immune responses

such as memory B cells and T cells likely also play a role in protection against infection,

and we have not modelled them explicitly here, in order to simplify the modelling, and

because we have no measurements of their levels over time. The additional effect due to

vaccination, ζ, is intended to encompass such effects, however, their protective effect may

not be constant over time. This may introduce bias to our model. Huang and Follmann

included an additional time-varying effect in their model to include non-antibody immune

responses, however they note that this extended model is difficult to fit due to correlation

between the effects [53]. We assume that any protective effects not due to antibodies are

included in the time-fixed effect ζ, although our model could be extended to include a

time-varying effect.

3.3.2 The effect of different background infection rates

As explained in the introduction, shifting the peak background risk of infection later in

time, will lead to lower estimates of vaccine efficacy. In this section, we characterise the

difference mathematically.

For the mathematical analysis, we will assume that all individuals in the trial are exposed

on one day. This simplifies the calculations, allowing us to compare the consistency of

the results given by the standard method when the day of exposure varies between trials.

While such an assumption is unrealistic in practice, we might expect to see similar results

in a pandemic situation, where the background rate of infection peaks at different times

between trial, since in that case most infections will occur close to the peak of the infection

wave. Infection times will be more spread in real life, which will mean the true results will
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differ from this mathematical exploration. We expect in reality results between trials will

differ less than in these calculations, since the variation in infection times will dilute the

effect of waning. However, where the mean infection times vary between trials, the calcu-

lations will still give some indication as to how this affects the direction and magnitude of

the change in the estimated parameter values for the correlate of protection curve.

To simplify the notation, we assume all individuals reach their peak antibody response

at time 0, after which antibody levels decay exponentially. We further assume that all

individuals are vaccinated at time 0. The arguments can easily be extended to relax these

assumptions.

Consider two vaccine trials, trial 1 and trial 2. We assume the effects due to vaccination,

antibodies, and covariates are the same in both trials, however the baseline hazard rates

differ.

Let the true hazard rate in trial k for individual i at time t, with covariates xi, vaccine

indicator Zi and antibody levels Ai(t) be given by

h
(k)
i (t) = h

(k)
0 (t) exp(xTi β0 + Zi(γ0f(Ai(t)) + ζ0)) (3.4)

where h
(k)
0 (t) is the baseline hazard rate in trial k at time t, β0 is the true effect of covariates

X, ζ0 and γ0 give the intercept and slope respectively of the “exposure-proximal” effect

due to vaccine-induced antibodies. Equivalently, ζ0 and γ0 give the intercept and slope

of the antibody effect on infection immediately after peak antibody levels are reached.

Assume an increase in antibody levels causes a reduction in risk, so γ0 < 0. Further note

that ζ0 < 0 if and only if vaccinated individuals with 0 antibody levels have a lower risk of

infection than control individuals (that is, there is a protective direct vaccination effect).

Assume antibody levels decay exponentially for each individual. We further assume for

the purpose of these calculations that the decay rate is the same for all individuals, namely

Ai(t) = exp(a0i + a1t) = Ai(0) exp(a1t) (3.5)

where decay rate a1 < 0.

We now focus on the baseline hazard h
(k)
0 (t). Consider the most extreme scenario of a
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baseline hazard with a peak, namely, individuals in trial 1 have a hazard of 0 at all times

except at time τ1, where they have a non-zero probability of being infected. Mathemat-

ically, this can be written as h
(k)
0 (t) = λ δτk(t), for h

(k)
0 (t) the baseline hazard in trial k,

where λ is a parameter and δτk is the Dirac measure at τk, i.e., the unit point mass at

τk. Then
∫ t
s h

(k)
0 (u) du = λ if s < τk ≤ t and 0 otherwise. Assume that τ2 > τ1, that is,

background infections peak later in trial 2 than trial 1. We now characterise the difference

in predicted vaccine efficacy at a given peak antibody level A(0) between the two trials,

when fitting a Cox model which includes antibody levels at time 0 as a predictor, without

accounting for antibody decay. We consider the two cases mentioned in Subsection 3.3.1,

namely where log-transformed antibodies, and untransformed antibodies respectively, have

a linear effect on the log hazard.

Log antibody effect

Let f(A(t)) = logA(t), so the true hazard in trial k for individual i at time t is given by

h
(k)
i (t) = h

(k)
0 (t) exp(xTi βD0 + Zi(γ0 logAi(t) + ζ0))

Then in trial k, we will have a true hazard h
(k)
i (t) = 0 if t ̸= τk and

h
(k)
i (τk) = λδτk exp(x

T
i βD0 + Zi(γ0 (logAi(0) + a1τk) + ζ0))

= λδτk exp(x
T
i βD0 + Zi(γ0 logAi(0) + γ0a1τk + ζ0))

Assume we now fit a Cox model to the data, with predictors given by the columns of

X, vaccination Z and log-transformed antibody level at time 0, given by Z × logA(0)

(assumed to be 0 for unvaccinated individuals). Then in large samples, the maximum

likelihood estimates (MLEs) for the parameters will converge

γ̂(k) → γ0

ζ̂(k) → γ0a1τk + ζ0

Hence ζ̂(2)− ζ̂(1) → γ0a1 (τ2 − τ1). Thus the estimated log hazard for a vaccinated individ-

ual with antibody level A(0) increases by γ0a1 (τ2 − τ1). The estimated vaccine efficacy at
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antibody level A(0) will also be lower in trial 2, since the increased hazard in the vaccine

arm will cause an increased relative risk.

Linear antibody effect

Now assume instead that f(A(t)) = A(t), so untransformed antibodies have a linear effect

on log hazard. Then the true hazard in trial k for individual i at time τ1 is given by

h
(k)
i (τk) = λδτk exp(x

T
i βD0 + Zi(γ0Ai(0) exp(a1τk) + ζ0))

Assume we now fit a Cox model to the data, with predictors given by the columns of X,

vaccination Z and untransformed antibody level at time 0, by Z × A(0) (assumed to be

0 for unvaccinated individuals). Then in large samples, the MLEs for the parameters will

converge

γ̂(k) → γ0 exp(a1τk)

ζ̂(k) → ζ0

So we see that

γ̂(2)

γ̂(1)
→ exp (a1(τ2 − τ1))

Hence the estimated effect γ̂(2) on the antibody level A(0) is shrunk towards zero compared

to γ̂(1), decreasing estimated vaccine efficacy at antibody level A(0) in trial 2 compared to

trial 1. For the remainder of this thesis, we consider models which include the antibody

level in the model linearly, rather than via a log transformation.

3.4 Comparisons on simulated data

We generated simulated data to test whether the time-fixed approach gives consistent es-

timates of the correlates of protection parameters, when the baseline hazard of infection

varies between trials. We generated data assuming the biological mechanism for protection

due to vaccination and antibody response is consistent between trials, but the baseline risk
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of infection varies. We applied the two-phase sampling approach to estimate correlates of

protection, using a Cox model with a linear effect of observed antibodies soon after vacci-

nation. If the method performs well, estimated correlates of protection will be consistent

across simulation settings. If the method is performing poorly, estimates will vary across

settings, despite the assumed true biological mechanism being consistent.

3.4.1 Generating simulated data

Model

Antibody model We generate the data from a simple model for antibody decay and

subsequent infection, detailed below.

First consider two time scales: calendar time and time-at-risk. Let there be a fixed

calendar time after vaccination (e.g. 28 days), which we call Si, from which individuals

are considered at risk. Hence calendar time t after Si corresponds to time-at-risk t−Si for

individual i. The time Si is generally the time of a study visit defined in the protocol of

a vaccine trial, and chosen to correspond with peak levels of immunity after vaccination.

We assume subsequent antibody levels are decaying for all individuals after in the study.

As before, let Zi be 1 if individual i is vaccinated and 0 otherwise, and order the dataset

such that Zi = 1 for i = 1, . . . , n and Zi = 0 for i = n + 1, . . . , N . Let Ai(t) be the

true antibody level for vaccinated individual i ∈ {1, . . . , n} at time-at-risk t, and assume

Aj(t) = 0 for control individuals j = n+ 1, . . . , N, ∀t. Then assume Ai(t) is given by

Ai(t) = exp(a0i + a1t) (3.6)

where a1 < 0 denotes the slope of log antibody decay, assumed to be the same for all

individuals, and a0i denotes the individual intercept. Assume the random intercepts are

normally distributed

a0i ∼ N
(
α0 + xTLiβL0, τ

2
0

)
(3.7)

for XL a matrix of covariates and βL0 a vector of effects on peak antibody level, and

intercept α0 for a baseline individual with xTLi = 0.
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We assume the observed log antibody level at time-at-risk 0 for individual i is given by

log Yi(0) = logAi(0) + ϵi (3.8)

where ϵi ∼ t4(0, σ
2) for tν(µ, σ

2) denoting the location-scale t-distribution with ν degrees

of freedom, location µ and scale σ.

Infection model Now assume in trial k for individual i in 1, . . . , N that the individual

is considered at-risk from calendar time Si. Then the true hazard rate for infection at

time-at-risk t is given by

h
(k)
i (t) = h

(k)
0 (Si + t) exp

(
xTDiβD0 + Zi (γ0Ai(t) + ζ0)

)
(3.9)

where baseline hazard h
(k)
0 in trial k varies with calendar time, XD is a matrix of covariates

related to risk of infection and βD0 their true effect on hazard, and γ0 and ζ0 give the

slope and intercept of the effect of vaccine-induced antibody levels at the time of infection

on hazard. Note the true hazard rate depends on antibody levels at the time of infection,

whereas the assumed hazard rate in the fitted model depends only on peak antibody levels

at calendar time Si, time-at-risk 0.

Choice of parameters

We aim to generate simulated data which is similar to the data observed in the COV002

vaccine trial (Chapter 4, [4, 5, 89]), while making simplifying assumptions where appro-

priate.

We assume there are 4500 individuals in each arm (vaccine/control).

We generate XL to have a single column drawn independently from the standard Gaussian

distribution. We then set α0 = log(217) which gives a median antibody level at peak of

217, and α1 = log(12)/74 to give a half-life of 74 days, matching the values estimated from

the trial (Chapter 4, Table 4.2). We set τ0 = 0.756, σ = 0.206 (Supplementary Table C.4)

to match COV002, and βL0 = 0.2 to show a weak effect.

For the time-to-event parameters, we set γ0 = log(0.49)/100 = −0.007 to match COV002

(Supplementary Table C.7), and ζ0 = 0 and βD0 = 0.2 to show no direct effect due to
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vaccination and a weak effect due to covariates XD. We generate XD ∼ N(0, 1) in the

same way as XL, independently. We assume in all trials that h
(k)
0 is constant for any given

day, but may vary between days. We discuss the specific form of h
(k)
0 later, in Section 3.4.2.

Data generation

Generating true antibody trajectories We first generate the true antibody trajec-

tories for each individual by drawing individual random intercepts from equation (3.7)

and defining the antibody level at time t by equation (3.6).

The event times then depend on these true antibody trajectories. The probability of ob-

serving antibody levels at a given visit for an individual depends on whether the event

later occurred (infection), since blood samples from the visit are retrospectively chosen to

be sent to a laboratory for antibody measurement via a case-cohort scheme. The observed

antibody levels themselves depend only on the true antibody trajectories.

Generating event times In order to generate the event times, we first generate the

times Si at which individuals enter the at-risk period, assuming recruitment is spread over

60 days, with 75 individuals in each arm entering per day. The Si values range from 0 to

59.

We generate event times by calculating the probability an individual is infected on each

day, given they are at-risk. We do this for the vaccine arm using Gauss-Kronrod quadrature

[90] with 15 nodes, to approximate the integral in estimating the infection probability.

Event times can be generated for each individual from these probabilities, by sequentially

generating Bernoulli infection indicators for each day, and choosing the first infection. We

use a single cut-off calendar time for all individuals to censor the data. This was chosen

to be the shortest of: the calendar time at which 300 cases are observed in the trial, and

365 days (one year) after the beginning of the study. Individuals in the real COV002

dataset were censored earlier than this (Chapter 4, Supplementary Figure C.4), due to

unblinding to receive a booster dose, although the total span of the study was similar

at 347 days (Chapter 4). There were 290 primary symptomatic cases in our COV002

correlates analysis (Chapter 4, Supplementary Table C.1), so we rounded to use 300 as
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the cut-off in the simulation study.

Generating observed antibody levels Finally, we generated observed antibody levels

Yi(0) for individuals in the vaccine arm at time-at-risk 0 (calendar time Si), using case-

cohort sampling. We sampled from Equation (3.8) for every individual who was later

infected, and from a random sample of 25% of individuals who were not infected.

3.4.2 Simulation scenarios

We consider the effect of changes to the baseline hazard h
(k)
0 in two different regimes.

In the first regime we assume h
(k)
0 is constant over calendar time. We consider a low,

medium and high baseline hazard, leading to an early, medium and late stopping of the

trial. Namely for a baseline (xLi = 0) participant in the control arm, we consider a hazard

of 50, 100 and 200 infections per 1000 person-years, giving 3 different scenarios. The

threshold of 300 cases will then be reached at different calendar times, giving trials of

different lengths.

In the second regime, we consider an epidemic disease, and compare how the timing of an

infection wave affects the results. We assume the baseline hazard follows the derivative of

a logistic function, which loosely approximates the pattern of COVID-19 deaths per day

in the UK [91] which peaked in December 2020 (though the pattern in the UK observed

two peaks, we simplify this to one). We assume the baseline hazard on day t is given by

aK exp(−a(t− t0))

(1 + exp(−a(t− t0)))2

with parameters a = 0.05, K = 0.04 and t0 denoting the timing of the peak infection rate.

We vary t0 to be 3, 4, 6, 8, and 9 months after the first individual reaches peak antibody

levels, giving 5 different scenarios.

For each scenario within each regime, we generate 1000 simulated datasets.

3.4.3 Fitted model

We fitted a simplified version of the inverse probability weighting method described in

section 3.2.1 to each dataset. The full method requires the inverse probability weights to
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be estimated in a regression model, and a bootstrap to properly account for uncertainty.

We instead assume the inverse probability weights to be known, which also means the

boostrap is not required, reducing computational demands. We run an inverse probability

weighted Cox model, with an inverse probability weight of 4 for a non-infected vaccine arm

participant, and 1 for infected vaccine arm participants. This is because the probability

of antibodies being sampled in these two groups was 1/4 and 1 respectively in the data

generating process. We followed previous analyses of COVID-19 vaccine, by fitting a

separate model to the vaccinated individuals from the control individuals [5, 83, 84, 85,

86, 87]. We differ from these references by using a linear antibody effect, instead of a log

antibody effect, namely, the hazard for vaccinated individual i

hi(t) = h0(t) exp(Yi(0)γ +Xiβ) (3.10)

for Yi(0) the observed antibody level at time-at-risk 0, and covariates Xi.

This allows us to estimate γ, the effect of observed antibody levels at peak response on the

log hazard. Since this parameter is important in determining the slope of the correlates

of protection curve, and expected to vary as the timings of cases vary (Section 3.3), we

compare the estimates and confidence intervals for γ across scenarios. The estimated

risk in the control individuals would also be required to estimate vaccine efficacy, and

affects the height of the correlates of protection curve. We ignore this for the sake of these

comparisons, since we do not anticipate estimates of the risk in the control arm will change

noticeably between scenarios for these particular simulations.

3.4.4 Results

Figures 3.1 and 3.2 show the coverage for the antibody effect parameter γ at different

values, for the endemic and epidemic regimes respectively. For a given value of γ on the

x-axis, the y-axis shows the proportion of 95% confidence intervals (CIs) which contained

that value. The data generating model defines no “true” value of γ, the effect of antibody at

time-at-risk 0 on later infection, but only of the effect of antibody at exposure on infection.

Any “true” value of γ would change between the scenarios, due to vaccine efficacy waning.

Hence in these plots we display the coverage at a range of possible values. We see for all
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scenarios in both regimes, the highest coverage is observed at values between γ0 and 0. γ0

denotes the effect of antibody levels at exposure on risk of infection, and would be the true

value of γ if no antibody waning were present, or all infections occurred immediately after

peak antibody levels were reached. The true value of γ would be zero if all antibody levels

had waned to 0, or in the limit as the time-at-risk of all infections tends to infinity. We

should not expect the estimates of γ to be γ0 in all scenarios, since we are fitting a different

model to the model used to generate the data, by relating observed antibody levels to risk

of infection. We should expect estimates for γ to be consistent across scenarios, since our

model for vaccine-induced protection is the same in all scenarios.

However, the results are not consistent across scenarios. The later infections tend to occur

in a scenario, the closer the observed value of γ̂ is to 0. This is problematic, since the

antibody effect used to generate the data is unchanged between trials; only the background

infection rate changed.

In the endemic regime, a lower background risk of infection leads to 300 total cases being

reached later, at which point the correlates of protection analysis is run. This means

infections occur later on average (Supplementary Table B.2), meaning more time-at-risk

has passed in which antibody levels can wane. So the trials with a lower baseline hazard

observe values of γ closer to zero than the trials with a higher baseline hazard (Fig. 3.1,

Supp. Fig. B.1 & B.3).

In the epidemic regime, a later peak for the baseline hazard curve means more antibody

waning occurs before the period with the highest risk of infection. This leads to the trials

with a later infection wave observing values of γ closer to zero than the trials with an

earlier wave (Fig. 3.2, Supp. Fig. B.2 & B.4).

In both regimes, we observe scenarios with earlier infection give wider confidence intervals

for γ (Supp. Fig. B.3 & B.4)). This is because vaccine efficacy is higher at earlier times-at-

risk, so fewer infections are observed in the vaccine arm. Infections in the vaccine arm are

crucial for the model to estimate γ, since they allow comparisons of the risk of infection

between individuals with different antibody levels.

In both regimes, we see that the nominal level of 95% coverage is not reached for any

value of γ, with coverage levels peaking around 91% to 92% (Supplementary Table B.2).

There are two reasons which may contribute to the observed under-coverage. Firstly,
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Figure 3.1: Coverage probabilities for antibody effect parameter γ with different
constant infection rates

The coverage probability (y-axis) of a 95% confidence interval for γ associated with
different values of γ (x-axis). That is, the curve shows the proportion of 95% confidence

intervals which contained each value of γ. The curves show results from endemic
scenarios with constant baseline infection levels of 200, 100, and 50 cases per 1000

person-years, from darkest to lightest shade of blue. The horizontal dotted line shows
nominal coverage of 95%. The vertical dotted lines show the true values of γ in the

extreme cases of no antibody waning (γ = γ0 = −0.007) and all antibody levels waning
to 0 (γ = 0).
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Figure 3.2: Coverage probabilities for antibody effect parameter γ with different
timings of peak infection rate

The coverage probability (y-axis) of a 95% confidence interval for γ associated with
different values of γ (x-axis). The curves show the results from epidemic scenarios where
infection levels peak at 3, 4, 6, 8, and 9 months, from darkest to lightest shade of blue.
The horizontal dotted line shows nominal coverage of 95%. The vertical dotted lines

show the true values of γ in the extreme cases of no antibody waning (γ = γ0 = −0.007)
and all antibody levels waning to 0 (γ = 0).
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the inverse probability weighting method does not account for the antibody measurement

error. Not accounting for measurement error has been shown to lead to bias in the Cox

model [2], and may also cause undercoverage, since not accounting for the uncertainty may

lead to overconfidence in the results. Secondly, since a different amount of time-at-risk

passes before infection for different individuals, antibody levels wane by different amounts

between measurement and exposure. The data generating process assumes antibody levels

at exposure have a linear effect on log hazard, however due to different levels of waning,

the effect of antibody levels at time-at-risk 0 on log hazard may not be linear. This means

the Cox model may be misspecified, which could also cause a decrease in coverage.

We observed in our simulation study that the time-fixed approach, which relates observed

antibody levels to risk of infection, gives inconsistent results across simulation scenarios

when the true mechanism of protection is unchanged.

3.5 Comparisons on real data

3.5.1 Methods

We compared the results from the Cox inverse probability weighted (IPW) model, extrap-

olation model, and multiple imputation joint model, fitted to data from the COV002 trial.

The trial is explained in more detail in Chapter 4.2. The Cox IPW model relates observed

antibody level at the time of peak immune response to the risk of subsequent infection.

The extrapolation model uses observations at peak response to predict the antibody level

at exposure, which is then compared to the risk of infection. Neither of these models

account for the uncertainty in the antibody measurements. The model relates estimated

antibody levels at the time of exposure to the risk of infection, while accounting for the

uncertainty in antibody level measurements.

We used untransformed antibody levels as the immune marker in the Cox model for all

three methods (Eq. (3.3)). The Cox IPW model and extrapolation model used the ob-

served antibody level at the PB28 visit, around 28 days after receipt of the second vaccine

dose. For all three methods we included both the vaccine and control arm in the Cox

model, assuming antibody levels to be 0 in the control arm, and including a direct effect

from vaccination.
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To fit the extrapolation model, we first fit a Bayesian random intercept model to log anti-

body levels for the 52 vaccinated individuals who have observed antibody levels available

at 3 timepoints. The estimated slope of log-antibody decay from the model was used to

extrapolate the antibody levels. The estimated levels at the time of exposure were then

included in a Cox IPW model. The Cox IPW model was bootstrapped, and for each boot-

strap sample, a different draw from the Bayesian model for the slope of antibody decay

was used.

In both the extrapolation method and the multiple imputation joint model, we relate the

risk of infection to antibody levels 7 days prior, assuming a 7 day incubation period from

exposure to an infection being reported in the study. Note that the Cox IPW model

estimates the relationship between vaccine efficacy and antibody levels at the PB28 visit

(soon after vaccination), whereas the extrapolation model and joint model relate vaccine

efficacy to the antibody levels at the time of exposure.

The multiple imputation joint model is outlined in Chapter 4. Briefly, a Bayesian hier-

archical random intercept and random slope model is fit to the observed antibody levels,

assuming log antibody levels decay linearly. The model accounts for the time-to-infection

by including both the Nelson-Aalen estimate for cumulative hazard, and indicators of any

infection and symptomatic infection, as covariates predicting individual intercepts and

slopes. Multiple samples of estimated intercepts and slopes for antibody decay in all indi-

viduals in the trial are drawn from the resulting posterior. For each sample, a Cox model

is fit to the data, including the estimated antibody trajectory as a time-varying covariate.

One draw is taken from the asymptotic distribution of the MLE for the antibody effect

in the Cox model, which approximates the posterior distribution for the antibody effect,

given the estimated antibody trajectories. These draws are pooled together for 60,000

iterations, to approximate a joint model for antibody decay and risk of infection. More

details of the multiple imputation joint model are given in the following chapter, Section

4.3.

We estimate vaccine efficacy using the hazard ratio definition for all three models, to max-

imise comparability. Namely, vaccine efficacy at antibody level A, is given by 1 minus the
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hazard ratio due to being vaccinated with antibody level A.

VE(A) = 1− exp(γA+ ζ) (3.11)

3.5.2 Results

Figure 3.3 shows the estimated correlates of protection curve. The curve is steepest for

the multiple imputation joint model, followed by the extrapolation method, and then the

Cox inverse probability weighted model. This is likely because the estimate for γ is diluted

in the extrapolation and Cox IPW methods by not accounting for measurement error [2],

and reduced further in the Cox IPW method due to antibody decay (Section 3.3.2).

3.6 Discussion

Our simulations demonstrate that standard time-fixed correlates of protection models may

give inconsistent answers for the same vaccine, when run on clinical trials with different

background rates of infection. This is true even when the immune response and mech-

anistic protection is the same. When analyses are run after cut-off at a fixed number

of cases, one trial may reach this point later than another, if the background infection

rate is lower. This means cases will occur later on average, so antibody levels will have

waned more between measurement and exposure. Hence the predicted vaccine efficacy at

a given antibody level will be lower. Similarly in a pandemic scenario such as the recent

COVID-19 pandemic, the timing of the peak of an infection wave may be later in one

trial than another. This could lead to lower predicted vaccine efficacy at a given level of

antibody than the other trial, causing inconsistent results between trials, even if the true

mechanism of protection is unchanged between populations.

It is important to note that the difference in background infection rates between trials as-

sumed in our simulation study is entirely realistic (Supplementary Table B.1). In COVID-

19 vaccine studies, the infection rates per 1,000 person years in the control arm ranged

from 51.9 to 215.4, which is a wider range than we used in our simulation study. However,

whether this would lead to an actual difference in cut-off times is less clear. Unlike vaccine

efficacy analyses, strict criteria for the number of cases required before running a corre-
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Figure 3.3: Predicted vaccine efficacy at different antibody levels on the COV002
data, using IPW, extrapolation and a multiple imputation joint model. VE (%)
plotted against anti-spike IgG antibody levels (BAU/mL) on a log scale. The red, blue and
green curves and shaded regions show the posterior median and associated 95% credible
intervals for VE against primary symptomatic COVID-19 infection, using the multiple im-
putation joint model, extrapolation method, and Cox inverse probability weighted (IPW)
model. Note the Cox IPW results show vaccine efficacy against observed antibody levels
at the study visit around 28 days after vaccination, whereas the multiple imputation joint
model and extrapolation method relate vaccine efficacy to predicted antibody levels at the
time of exposure.
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lates of protection analysis are rarely published in trial protocols. The average length of

follow up in our simulated trials (Supplementary Table B.2) was longer than that observed

in most COVID-19 vaccine efficacy trials. However correlates of protection analyses tend

to be run at a later time after more data has accrued, and average follow-up times are

rarely published. Total numbers of cases are also rarely published, although the number

of vaccinated cases were lower in some studies ([85], [83]) and higher in others ([84], [89]

- any infection analysis). Since the cut-off to run a correlates of protection analysis does

not tend to be prespecified in the protocols of vaccine efficacy trials, nor reported after, it

is difficult to judge whether a higher background rate of infection would necessarily lead

to an earlier analysis.

It is clearer, however, that a difference in timings of infection waves might lead to a dif-

ference in correlates of protection results. COVID-19 vaccine trials were run in various

countries (e.g. US, UK, Brazil, South Africa), where infection waves hit at different times.

We have shown that a difference in the timing of peak infection rates may lead to a no-

ticeable difference in correlates of protection parameters, even if there is no difference in

the vaccine itself. This may partly explain the slight differences observed in estimated

correlates of protection curves between COVID-19 vaccines [86] (although power to detect

a difference was lacking).

Comparing the time-fixed Cox IPW method, extrapolation method, and multiple imputa-

tion joint model on the COV002 dataset, suggested the multiple imputation joint model

may have the most power to detect a correlate of protection, followed by the extrapolation

method. This is because a steeper slope is observed in the multiple imputation joint model.

Not accounting for measurement error in the extrapolation and Cox IPW methods, or for

antibody decay in the time-fixed Cox IPW method, will likely lead to a diluting of the

estimated antibody effect ([2], Section 3.3.2). This may lead to decreased power to detect

an effect, and underestimation of the strength of a correlate of protection were detected.

This work is only an initial exploration into the need to account for waning antibody

levels in correlates of protection models, and could be extended in various ways. Firstly,

the simulations could be extended to consider how the results might vary with different

levels of initial antibody response, and different rates of antibody decay. The parameters

were chosen for the simulation study to resemble those observed in a ChAdOx1 nCoV-19
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vaccine trial. Using different choices of parameters would make the results more relevant

to other COVID-19 vaccines, and vaccines against other diseases.

Secondly, the simulation study only considers the performance of the IPW Cox model,

which does not account for antibody decay. We did not evaluate the performance of the

joint modelling approach, or the extrapolation method. It would be of interest to run

simulations to test whether these two methods show appropriate coverage, and whether

their results depend on the timings of infection in the study. We would expect the results

to be consistent across studies with different background infection rates; however, their

performance in terms of coverage is as yet unknown.

It would additionally be worthwhile to further explore the most appropriate form of the

correlates of protection curve. In this paper we used antibody levels in a Cox model, since

this means the vaccine effect is bounded as antibody levels tend to 0. Previous papers

use log antibodies in a Cox model which may fit well for large antibody levels; however,

this approach means the vaccine efficacy will tend to negative infinity as antibody levels

tend to 0. This is an undesirable property, and may cause poor predicted efficacy for

small antibody levels. Dunning (2006) [14] and Dunning et al. (2015) [15] developed a

model which does not have this undesirable property, and uses log-transformed antibody

levels in a form which is likely to give a similar fit to the IPW approach for large an-

tibody levels. The model however does not allow for covariate effects, or more general

case-cohort sampling, where the sampling probability may differ between individuals. It

would be interesting to extend the Dunning model further so that it can fit data from

the COVID-19 vaccine studies, and compare the calibration of the model with Cox and

logistic IPW models using antibody levels, log-antibody levels, and splines.

If more vaccine efficacy trials collected multiple antibody measurements at different time-

points, it would be easier to fit correlates of protection models which account for measure-

ment error and antibody decay. Collecting samples at multiple timepoints could increase

the length of time required to run a correlates of protection study, and possibly the cost,

if more samples are needed. However, it is unclear whether a larger total number of an-

tibody samples would be required — accounting for measurement error may give more

precise estimates, meaning fewer measurements are required in total. The total number of

samples needed, and optimal spread between visits at different times, would be interesting
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to study in a future simulation study. Further, vaccine trials will often include follow-up

visits where blood samples are taken from participants. With antibody samples available

from just 2 or 3 different visits for some individuals in the study, the joint modelling meth-

ods discussed in this chapter can still be applied, as in Chapter 4. So these methods may

still be applicable even without needing to increase cost or trial length. Some adjustments

in planning may be required however, so that blood samples from multiple visits are sent

for assay quantification for some individuals.

In conclusion, joint modelling is a viable approach to account for waning antibody lev-

els measured with error. Applying joint modelling may lead to more consistent results

across vaccine trials than time-fixed correlates of protection approaches, and more power

to detect a correlate of protection.
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Chapter 4

Joint modelling of COVID-19

correlates of protection, antibody

decay and vaccine efficacy

This chapter is based on the following work [89]:

Daniel J Phillips, Maria D Christodoulou, Shuo Feng, Andrew J Pollard, Merryn Voysey,

David Steinsaltz.

Improved estimates of COVID-19 correlates of protection, antibody decay and vaccine

efficacy waning: a joint modelling approach.

medRxiv preprint (2024). URL https://doi.org/10.1101/2024.07.02.24309776.

Author contributions

All authors contributed to the conceptualisation of the study. SF, AJP and MV con-

tributed to data collection. DJP, MDC and DS developed the statistical methods. DJP

conducted the statistical analysis. The project was jointly supervised by MDC and DS.

The first draft of the preprint was written by DJP and reviewed by MDC and DS. All

authors critically reviewed and approved the final version of the original preprint. The

preprint was adapted and updated by DJP for this thesis chapter.
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Abstract

Reliable estimation of the relationship between COVID-19 antibody levels at the time

of exposure and the risk of infection is crucial to inform policy decisions on vaccination

regimes. We develop a two-stage multiple imputation joint model of anti-spike IgG anti-

body decay and risk of COVID-19 infection. In the first stage, we model log-transformed

antibody levels over time in a Bayesian hierarchical linear model, including a random

intercept and slope for log antibody decay. We take multiple draws from the antibody

model, and for each draw we impute the predicted antibody levels as a time-changing co-

variate in a Cox model. We pool the results together using approximate Bayesian pooling,

presented in Chapter 2. Our model improves upon previous analyses by accounting for

measurement error, decay in antibody levels and changing rates of baseline infection in

the study.

We fit the model to data from a randomized efficacy trial of the ChAdOx1 nCoV-19 vac-

cine to estimate correlates of protection, antibody decay, and vaccine efficacy waning.

Increased anti-spike IgG antibody levels at the time of exposure correlate with increased

vaccine-induced protection. We estimated vaccine efficacy against symptomatic COVID-

19 infection of 88.1% (95% CrI: 77.2, 93.6) at day 35, waning to 60.4% (44.6, 71.0) at day

189 since the second dose. We report that longer intervals between the first and second

vaccine dose give lasting increased protection, and observe lower efficacy in individuals

aged ≥70 years from around 3 months after second dose. Our methods can be used in

future vaccine trials to help inform the timings and priority of vaccine administration

against novel diseases.
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4.1 Introduction

Correlates of protection, i.e. immune markers which relate to the risk of a disease outcome,

are crucial to understanding the biological mechanisms for protection against infection af-

ter a given treatment. Most studies consider how immune responses at a fixed time soon

after treatment correlate with risk of a disease outcome. However, it is the immune markers

present at the time of exposure which protect against infection. Modelling immune levels

over time and relating these to vaccine-induced protection, allows a clearer understanding

of the relationship between immune responses and protection, and avoids potential biases

due to waning of immune levels between the measurement and exposure. This further

provides a natural framework to investigate the effect of factors such as age, comorbidities

and dose schedules on immune response and protection, and to estimate changes in levels

of protection over time.

In response to the COVID-19 pandemic, the (Oxford-AstraZeneca) ChAdOx1 nCoV-19

(AZD1222) vaccine has been widely administered in the UK and worldwide, alongside

other COVID-19 vaccines. Binding and neutralising antibodies have been shown to be

correlates of protection for ChAdOx1 nCoV-19 [5, 86] and other COVID-19 vaccines

[83, 84, 85, 92, 87]. These studies all considered how initial peak antibody responses

correlate with the risk of future COVID-19 infection, as this is the timepoint most rele-

vant for vaccine licensure. However, as shown in Chapter 3, this method may generate

inconsistent estimates between studies. If used to understand how antibody levels at the

time of exposure relate to risk of infection, the above approaches may be biased, as they

do not account for the waning of antibody levels between the time of the antibody mea-

surement and exposure [29]. Other studies focussed on the relationship between antibody

levels at exposure and the risk of subsequent infection [81, 82, 47]. Wei et al. (2022, 2023)

used observational data to estimate how risk of infection after vaccination relates to a

recent antibody measurement [81, 82]. However the use of observational data may cause

their results to be biased. Follmann et al. (2023) modelled antibody decay over time after

vaccination, relating the risk of infection to the predicted antibody level at the time of

exposure [47]. However, Follmann et al. assume the same rate of decay for all individuals,

which may decrease power and lead to bias. Further, all the above studies on correlates
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of protection use only one antibody measurement per individual. This means they are

unable to account for measurement error, which will likely introduce bias to the results

[2].

Vaccine efficacy (VE) has been shown to wane over time after two doses of the ChAdOx1

nCoV-19, BNT162b2, and mRNA-1273 vaccines in the UK and elsewhere, against the Al-

pha variant [93] and the Delta variant [93, 94, 95, 96, 97, 98]; as well as after a third booster

dose [98, 99]. These studies all use observational data, in test-negative or cohort designs,

which may introduce bias due to unmeasured confounders affecting both the probability of

vaccination and of the clinical outcome (e.g. infection) [100, 101]. Randomised controlled

trials are free of such bias, however sample sizes tend to be much smaller, restricting power

for analysis of efficacy waning. Including antibody data in a model for vaccine efficacy

waning may increase the power of the analysis [9, 29].

Joint models of longitudinal and time-to-event data are a powerful tool to investigate how

longitudinal biomarker trajectories relate to the risk of health- or disease-related events

[29]. The method has been applied to data on various diseases, especially disease progres-

sion in HIV/AIDS [102] and cancer trials [29]. See Ibrahim, Chu and Chen (2010) [29]

for an introductory review, and Gould et al. (2015) [30] for a review with more detail on

implementation methods and packages. Joint modelling has been shown to reduce bias

and increase power in estimating the relationship between a longitudinal biomarker and

clinical event [29, 46], when compared with methods which use observed biomarkers di-

rectly to predict risk. This is because the approach accounts for biomarker measurement

error, as well as changes in the biomarker over time. Joint models have been applied to

understand how viral load [103] and changes in biomarkers [104] relate to risk of mor-

tality in COVID-19 patients, and to predict their risk of mortality from biomarker data

[105]. They have also previously been used to understand how vaccine-induced immune

responses relate to risk of AIDS/death in HIV patients [50], and risk of relapse/death in

cancer patients [24]. White et al. (2014, 2015) applied a simple two-stage joint model to

relate antibody levels to risk of infection after receipt of a malaria vaccine [48, 49]. It

has however been demonstrated that such simple two-stage approaches can give biased

results [45, 44]. Seekircher et al. (2024) fit a joint model to relate antibody levels to risk

of COVID-19 infection [51], using the R package JMbayes2 [40]. However their approach
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does not account for the time since the last infection or vaccination, assuming antibody

levels instead relate to calendar time. Papadopoulos et al. (2025) fit a joint model to post-

booster antibody levels and risk of COVID-19 infection [52], using JMbayes2 [40]. They

use their model to make individual predictions of future antibody levels. Their model

does not account for changing background rates of COVID-19 infection risk with calendar

time, nor do they have a control arm available with which to estimate vaccine efficacy.

Huang and Follmann (2025) [53] develop a two-stage joint model to estimate COVID-19

exposure-proximal correlates of protection, allowing for a time-changing direct effect, and

both peak and exposure-proximal immune marker effects. They compare estimated hazard

between individuals in a partial likelihood method, which outperforms a simple two-stage

approach. Their model shows minimal bias, although they do not consider performance

in terms of coverage in their simulation study.

We implement a two-stage joint model for COVID-19 antibody decay and risk of COVID-

19 infection after vaccination using multiple imputation [7]. Our model accounts for both

antibody decay over time and antibody measurement error. We apply our model to data

from a randomised vaccine efficacy trial of two doses of the ChAdOx1 nCoV-19 vaccine

[3, 4] to investigate three main outcomes (COV002). Firstly, we model the waning of

anti-spike IgG antibody levels over time. Secondly, we estimate correlates of protection -

the relationship between anti-spike IgG antibody levels at the time of exposure and the

risk of COVID-19 infection. Thirdly, we estimate waning vaccine efficacy over time, and

investigate covariate effects on antibody and vaccine efficacy waning.

4.2 COVID-19 vaccine data

4.2.1 Study description

We analysed data from COV002 (registration NCT04400838), a phase 2/3 randomized

single-blind vaccine efficacy (VE) trial conducted across 19 sites in the United Kingdom.

A full description of the trial including immunogenicity, efficacy, and safety data, and the

protocol has been previously published [3, 4, 106, 107]. An analysis of immune correlates

of protection, relating antibody measurements 28 days after the second dose with protec-

tion against infection, was previously published [5].
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This study was approved in the United Kingdom by the Medicines and Healthcare prod-

ucts Regulatory Agency (MHRA), reference 21584/0428/001–0001, and the South-Central

Berkshire Research Ethics Committee, reference 20/SC/0179. All participants provided

informed consent.

Participants in the study were randomized to receive ChAdOx1 nCoV-19 (AZD1222) or a

MenACWY control vaccine. We refer to the two groups as the vaccine arm and the control

arm respectively. The randomization ratio (ChAdOx1 nCoV-19:MenACWY) differed by

study cohort, and was either 1:1, 5:1, or 3:1. Open label groups are not included in this

analysis.

4.2.2 Study endpoints and outcomes

Participants were sent weekly reminders to contact their study site if they experienced

any of the primary symptoms of COVID-19 (fever ≥37.8 °C; cough; shortness of breath;

anosmia or ageusia) and were then assessed in clinic, by taking a nose and throat swab by

a nucleic acid amplification test (NAAT). In addition, participants were asked to complete

a nose and throat swab at home each week.

The outcomes for this analysis were (1) primary symptomatic COVID-19 infection, that

is a nucleic acid amplification test positive (NAAT+) swab with at least one qualifying

symptom, (2) any COVID-19 infection, that is any NAAT+ swab.

All endpoints were evaluated by a blinded independent clinical review committee. The date

of onset of infection was determined by the committee, as the earliest time at which there

was evidence of infection. Evidence included NAAT+ swabs and self-reported symptoms

based on telephone contact and study visits.

4.2.3 Antibody measurements

A proportion of serum samples from ChAdOx1 nCoV-19 vaccine recipients at the PB28,

PB90 and PB182 study visits were tested for anti-SARS-CoV-2 Spike IgG in a single lab-

oratory assay. For PB28 samples, all NAAT+ cases were tested if sample volume allowed,

and a proportion of non-cases were tested. Samples were tested blinded to case status.

The data from noncases was obtained first, and consisted mainly of the samples processed

for the initial application for emergency use, which needed 15% of samples included in the
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efficacy cohort to be processed on validated assays. Subsequent to this PB28 samples from

NAAT+ cases were sent for testing as they occurred, if not already including the 15%. A

proportion of those participants with samples tested at PB28 were additionally tested at

either PB90 only, or PB90 and PB182. We assume the samples to be missing at random,

i.e. the missingness depended only on factors observed in the study. To account for the

missing data, factors associated with sample availability were included as covariates in the

model for antibody decay (see ‘Antibody decay model’ below).

Anti-SARS-CoV-2 Spike IgG was measured by a multiplex immunoassay on the MSD plat-

form at PPD Laboratories. The assay sequences were based on the ancestral sequences

from Wuhan, China. Assay validation included precision and ruggedness, dilutional lin-

earity, selectivity, and relative accuracy for each SARS-CoV-2 antigens. Post-validation

studies for stability and for conversion to the WHO standard, as well as the establishment

of a cut-point, were performed. The lower limit of quantification (LLOQ) for anti-spike

IgG was 33 AU/mL (0.21 BAU/mL). Data points which appeared visually distant from

the main cluster of antibody levels at each visit were excluded as outliers (Supplementary

Fig. C.2). Outliers were excluded as they may bias the results [36]. We excluded 8 anti-

spike IgG results as outliers - three results at PB28 and four at PB90 whose anti-spike

IgG levels were especially low, and one results at PB90 whose levels were especially high

(Supplementary Table C.3, Supplementary Fig. C.2). The individuals from whom these

samples were taken, and any other antibody measurements are included in the analysis -

only the outlying antibody measurements are excluded.

The assay was analysed in its original scale. Results were then converted to the WHO

international standard units, binding antibody units per mL (BAU/mL), by multiplying

by a conversion factor supplied by the laboratory. The anti-spike IgG conversion factor

from arbitrary units per mL (AU/mL) to WHO standard binding antibody units per mL

(BAU/mL) was 0.00645 (95% confidence interval (CI): 0.00594, 0.00701). We did not

apply the CI, as it represents the uncertainty due to measurement error in the assay, and

our antibody model already accounts for this.
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4.2.4 Study design

We included a subset of participants in the COV002 trial in our study, who met the

following eligibility criteria: received two doses of ChAdOx1 nCoV-19 or MenACWY

control vaccine, baseline seronegative to the SARS-CoV-2 N protein at first vaccination,

and followed up to at least day 21 post second vaccination with no evidence of prior

infection. Vaccinated participants received a first and second dose: either two standard

doses, low dose followed by standard dose, or two low doses. Nine participants who received

mixed schedules in error (one dose of ChAdOx1 nCoV-19 and one dose of MenACWY

control) were excluded from the analysis (Supplementary Fig. C.1). One control individual

had missing BMI, we imputed this with the mean value in the study.

Participants were considered at-risk of the study event from day 21 post second dose.

The at-risk period ended at the first of: the onset of COVID-19 infection, withdrawal,

unblinding, or the analysis cut-off date 30 June 2021. The risk of infection on a given day

was assumed to relate to antibody levels 7 days earlier, to account for the gap between

first being exposed to COVID-19 until a case is reported in the trial. Thus antibody

measurements are excluded if taken prior to 14 days after the second dose, after the end

of the at-risk period, or less than 7 days before the end of the at-risk period. Antibody

levels are assumed to decay exponentially from 14 days after the second dose.

Participants who tested NAAT+ during the at-risk period were defined as cases, those who

also had at least one qualifying symptom were defined as symptomatic cases, while those

who did not return a positive test during the at-risk period were defined as non-cases.

4.3 Methods

4.3.1 Statistical Analysis

We modelled antibody decay and the risk of COVID-19 infection in a two-stage joint model

for longitudinal and survival data. Joint models are a popular method to estimate the

relationship between a longitudinal biomarker and the risk of a health outcome, especially

in studies of disease progression such as HIV and cancer trials [29]. We employed a

two-stage multiple imputation approach (Chapter 2) to overcome convergence issues that
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arose when attempting to fit a full joint model. The reasons for the full joint model

not converging likely include the model containing many random effects and non-linear

transformations, and the sparse availability of antibody data.

Antibody decay model In the first stage, we fit a log-linear Bayesian mixed effects

model to post-vaccination antibody decay for ChAdOx1 nCoV-19 recipients (the vaccine

arm). The Bayesian approach easily accounts for the complex structure of the data and the

model, including missing antibody observations for some individuals, and unknown true

antibody levels which change over time. We use the model to predict the true antibody

levels, incorporating uncertainty in the predictions.

Consider a reordered dataset such that individuals i = 1, . . . , n are in the vaccine arm, and

i = n + 1, . . . , N are in the control arm. For individual i = 1, . . . , n in the vaccine arm,

let Ai(t) be the true antibody level at time t, and Yi(tij) be the observed antibody level

at time tij , j = 1, . . . ,mi. Time refers to the time since the start of the at-risk period (21

days post second dose) unless stated otherwise. Note for a given individual i, the number

of antibody observations mi may be 0. We assume

log Yi(tij) = logAi(tij) + ϵij (4.1)

where random error ϵij ∼ tν(0, σ
2) follows the Student-t distribution with ν degrees of

freedom, location 0 and scale σ2. We used the Student-t distribution with ν = 4 degrees

of freedom as QQ-plots showed better fit than using Gaussian error (Supplementary Figure

C.20), and it is more robust to outliers than a Gaussian error distribution [36].

We assume the true log antibody values Ai(t) decay linearly from 14 days post second

dose.

logAi(t) = b0i − exp (b1i) t (4.2)

where a0i = b0i and a1i = − exp (b1i) are the random intercept and slope respectively.

The negative exponential function requires the random slopes to be negative. This was

included because post-vaccination antibody levels decrease after reaching their peak level

(rather than increase), and to avoid convergence issues in the second part of the model.
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Random effects b0i, b1i follow a Gaussian distribution given by

b0i
b1i

 ∼ N


α0 + x⊤LiβL0

α1 + x⊤LiβL1

 ,

 τ20 ρτ0τ1

ρτ0τ1 τ21


 (4.3)

independently for each i. Here XL is a design matrix of pL covariates which affect the

antibody trajectories with ith row x⊤Li, and corresponding effects on the intercept and

slope given by βL0, βL1 respectively. Parameters α0 and α1 give the expected intercept

and slope for a reference individual with xLi = 0, τ20 and τ21 give the variances of the

random effects, and ρ the correlation between the random effects.

The model included an effect on both the peak antibody response (intercept) and rate of

decay (slope) due to the following covariates (columns of XL): age group (18-55 years,

56-69 years, 70+ years), sex (female, male), ethnicity (white, non-white), comorbidity

(none, comorbidity), BMI (<30 kg/m2, ≥30), time interval between first and second dose

(≥12 weeks, 9-11 weeks, 6-8 weeks, <6 weeks), healthcare worker (HCW) status (not a

HCW, HCW facing <1 COVID-19 patient per day, HCW facing ≥1 COVID-19 patient per

day), initial dose (standard dose, low dose). The probability of missing antibody data was

observed to be related to whether an individual tested positive and their follow-up time.

To account for this, we also included covariate effects on the intercept and slope (columns

of XL) due to: (i) returning any positive test during the study, (ii) primary symptomatic

infection, and (iii) the Nelson–Aalen estimate of cumulative hazard for any COVID-19

infection in the vaccine arm. This can be seen as adapting guidance on accounting for a

time-to-event outcome in multiple imputation [64] to the case of two competing risks of

non-symptomatic COVID-19 infection and symptomatic COVID-19 infection.

For the individuals i = n + 1, . . . , N in the control arm, we assume their antibody levels

are zero, Ai(t) ≡ 0.

We first standardised the data; after running the model we transformed the parameters

back to the scale of the original dataset. The model was fit using Hamiltonian Monte Carlo

in Stan [6]. Four chains were run, each of 20,000 iterations. The first 5,000 iterations were

discarded as burn-in. Convergence was checked by ensuring the Rhat convergence diag-

nostic (potential scale reduction factor) was less than 1.01 [108]. See the Supplementary
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Information (Section C.2.3) for the reported computation time, and other additional de-

tails.

Risk of infection model In the second stage, we fit a separate Cox model [34] to the

time until COVID-19 onset for each outcome (primary symptomatic COVID-19 infection

or any COVID-19 infection), using the output from the antibody model to predict the risk

of infection. We employed multiple imputation (Chapter 2, [7]), which accounts for the

uncertainty in the predicted antibody levels in our estimation of the hazard (instantaneous

risk) for infection. A previously published multiple imputation joint model was shown to

reduce bias compared with single imputation simple (or “näıve”) two-stage approaches [46].

We first sampled 60,000 antibody trajectories from the antibody model for each vaccinated

individual, from which we imputed the predicted antibody levels at each relevant time.

For each sample, we fit a Cox model for the time to infection, which depends on the time-

changing individual antibody levels.

Let Si be the calendar time when individual i enters the at-risk period and Ti the total

time at risk. Let Zi = 1 if individual i is in the vaccine arm, and Zi = 0 if they are in the

control arm. Let XD be a design matrix of covariates which affect the risk of infection,

with row x⊤Di for the ith individual. We stratify the baseline hazard function by study site

Gi, as the rate of COVID-19 in the population varied by geographical study site during

the trial. We assume a 7 day incubation period from exposure to a COVID-19 infection

being reported in the study. Hence the risk of infection at a given time depends on the

true antibody levels 7 days prior. Then the hazard hi(t) for individual i at time t depends

on the vaccine/control arm Zi, the true antibody level Ai(t− 7), and covariates xDi

hi(t) = λGi(Si + t) exp
(
Zi (γAi(t− 7) + ζ) + x⊤DiβD

)
(4.4)

λGi(s) is the unknown baseline hazard function for study site Gi which varies with calen-

dar time, βD is the effect of covariates xDi on the log hazard, γ is the slope of the antibody

level effect of Ai(t− 7), and ζ is the intercept of the antibody level effect.

We included covariate effects in XD which may affect the risk of infection: age group

(18-55 years, 56-69 years, 70+ years), sex (female, male), ethnicity (white, non-white),
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comorbidity (none, comorbidity), BMI (<30 kg/m2, ≥30), healthcare worker (HCW) sta-

tus (not a HCW, HCW facing <1 COVID-19 patient per day, HCW facing ≥1 COVID-19

patient per day).

For each Cox model, we then drew from the asymptotic distribution of the maximum

likelihood estimators, to approximate a Bayesian posterior with diffuse improper priors

(Chapter 2, [65]). We combined this draw with the corresponding antibody model param-

eters to form a draw from the approximate joint distribution. Quantities of interest, such

as vaccine efficacy, can then be calculated from each draw. Posterior medians and 95%

CrIs are calculated based on quantiles of the posterior samples.

Calculating vaccine efficacy Vaccine efficacy (VE) at a given antibody level A is then

calculated as 1 minus the hazard ratio between a vaccinated individual with that level of

antibody, and a control individual with matching covariates.

VE(A) = 1− exp(γA+ ζ) (4.5)

with γ the slope of the vaccine-induced antibody effect and ζ the intercept. Antibody

level at a given VE is defined by the inverse of Eq (4.5). For individuals i = 1, . . . , n in the

vaccine arm, let Ai(t− 7) be the latent antibody level at time t− 7. Then the mean VE

at time t is the mean VE among all the latent antibody levels of vaccinated individuals at

time t− 7.

VE(t) =
1

n

n∑
i=1

VE(Ai(t− 7)) = 1− 1

n

n∑
i=1

exp(γAi(t− 7) + ζ) (4.6)

The qth quantile of VE at time t, VEq(t), is equal to the VE at the qth antibody quantile

Aq(t− 7) 7 days prior, VEq(t) = 1− exp(γAq(t− 7) + ζ).

Calculating covariate effects on vaccine efficacy To calculate covariate effects on

vaccine efficacy, we predicted efficacy in new individuals with given covariate values. Note

the event indicators and Nelson–Aalen (N–A) estimate of cumulative hazard for a new

individual are unknown, as they depend on the infection outcome. We first built an impu-

tation model to sequentially impute the missing event indicators (infection, symptomatic)

93



and N–A estimate, which appear in the longitudinal antibody model, given the known

covariates (Supplementary Methods C.1.4). We imputed these missing covariates n times.

For each set of imputed covariates, we drew from the predictive distribution of antibody

trajectories for a new individual with the given covariate values, Apred
j (t), j = 1, . . . , n.

We then averaged these to calculate the mean risk of infection given the known covariate

values

VEpred(t) =
1

n

n∑
j=1

VE(Apred
j (t)) = 1− 1

n

n∑
j=1

exp(γApred
j (t) + ζ) (4.7)

Software Data analysis was performed in R version 4.3.1 [76], using RStudio [109], and

relying extensively on the following packages: survival [110], RStan [69], snowfall [111],

ggplot2 [112]. RColorBrewer [113] and tidyr [114] were also used. Hamiltonian Monte

Carlo algorithms were run in Stan [6] via the R package RStan [69].

4.3.2 Assessing model fit

We generated posterior predictive checks in order to explore how well our model fits the

data [115]. Such checks compare the observed data with many replicated datasets drawn

from the posterior predictive distribution. If the model fits the data well, the observed

data should look like a typical draw from the replicated data. We also considered subject-

specific residual plots, comparing the observed antibody levels to the posterior mean (MAP

estimate) for each individual.

Generating replicated data In order to generate replicated data, we assumed the tim-

ing and availability of antibody measurements was fixed to be the same as the observed

data, and drew observed antibody values at these times from the posterior predictive dis-

tribution. That is, for individual i with an antibody observation at time tij , we generated

replicated data

log Yi(tij)
rep,k = b

(k)
0i − exp(b

(k)
1i )tij + σ(k)ϵ

(k)
ij (4.8)

using the kth draw from the posterior distribution for the intercept b
(k)
0i , log negative slope

b
(k)
1i , and error standard deviation σ(k), and drawing error ϵ

(k)
ij ∼ t4(0, 1). We did this for

k = 1, . . . ,K, where K = 60, 000, i.e. for all posterior draws. We then compared various

functions of the replicated longitudinal data log Yi(tij)
rep,k and the observed longitudinal
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data log Yi(tij).

Subject-specific residuals To understand how well the model fits the data for all

longitudinal datapoints, we calculated the posterior mean standardised subject-specific

residual, defined by rij = 1
K

∑K
k=1

(
log Yi(tij)

rep,k − log Yi(tij)
)
/σ(k). We plotted these

against time to test how the model fits the longitudinal trajectories. We also plotted

the residuals against the posterior means at each study visit, giving a plot analogous to

residuals against fitted values for a frequentist model, to demonstrate how the observed

values relate to the predicted underlying antibody levels.

Error distribution To test the appropriate choice of distribution for the measurement

error ϵij , we examined a QQ-plot comparing the distribution of the residuals rij to a

Student t distribution with 4 degrees of freedom. Since our model assumed the error to

be generated from a t4 distribution, the QQ-plot should show roughly a straight line in

the bulk of the distribution.

Median antibody level at each visit In order to test how well the model matches the

observed longitudinal trajectory over time, we plotted the posterior predictive distribution

of the median log antibody level among observations at each study visit. We compared

this with the observed median log antibody level at each study visit.

Variance of antibody levels at each visit We further aimed to test how well the

model replicates the variance in the observed antibody values at each visit. To do this,

we plotted the posterior predictive distribution of the variance of the log antibody levels

among observations at each study visit, and compared this with the value given by the

observed data.

Curvature in log antibody decay We tested whether the model replicates any pos-

sible curvature in the log antibody decay trajectories. To do this we define the curvature

estimated on 3 data points to be

Curvature(log Y (t1), log Y (t2), log Y (t3)) =
log Y (t3)− log Y (t2)

t3 − t2
− log Y (t2)− log Y (t1)

t2 − t1
(4.9)
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which is exactly the difference in empirical slopes between the pairs log Y (t3), log Y (t2) and

log Y (t2), log Y (t1). Since the model assumes linear decay in log antibodies, the curvature

for any 3 observations of the same individual will have expectation 0 under the posterior,

and be independent of the curvature for any other individual, given the error variance σ.

Hence we plot the the posterior predictive distribution of the mean curvature among all

individuals who have 3 antibody measurements available, one at each visit (PB28, PB90

and PB182), against the observed sample mean curvature.

4.4 Results

We used data from the COV002 trial [3, 4] to assess antibody waning, vaccine efficacy (VE)

waning, and correlates of protection against any COVID-19 infection and symptomatic

COVID-19 infection at the time of exposure. COV002 is a randomized single-blind vac-

cine efficacy trial of the ChAdOx1 nCoV-19 vaccine, conducted in the United Kingdom.

Participants were considered at risk of infection from 21 days after their second dose of

vaccine, over a period from 18 July 2020 to 30 June 2021. This analysis includes 4605

ChAdOx1 nCoV-19 vaccinated individuals (vaccine arm) and 4423 individuals who re-

ceived a MenACWY control vaccine (control arm). Supplementary Table C.1 summarises

baseline characteristics for the vaccine and control arm. Supplementary Fig. C.1 sum-

marises exclusions for the two groups. In the vaccine and control arm, 207 (4.5%) and

377 (8.5%) tested positive for COVID-19 respectively, and 71 (1.5%) and 217 (4.9%) were

primary symptomatic COVID-19 cases respectively (Supplementary Table C.1).

4.4.1 Waning anti-spike IgG antibody levels

Blood samples were taken at study visits in windows centred at 28 days, 90 days and

182 days after the second dose. We refer to these as the PB28 (post-boost + 28 days),

PB90 and PB182 study visits respectively. We first consider observed antibody responses

for vaccine arm participants. Samples were sent for anti-spike IgG antibody testing by

case-cohort sampling. Samples taken after a reported COVID-19 infection were excluded

from analysis. Observed antibody responses differed between those who did not return a

positive COVID-19 test during the at risk period (non-cases), all who later tested positive
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Figure 4.1: Observed and estimated anti-spike IgG antibody levels over time
since vaccination. (a) Observed anti-spike IgG antibody levels over time since vaccina-
tion. Each point represents an observation, and consecutive observations from the same
individual are connected by a line. Black, blue and red points represent observations taken
at the PB28, PB90 and PB182 study visits respectively. The dashed horizontal line shows
the lower limit of quantification (LLOQ), 0.21 BAU/mL. (b) The posterior mean estimate
of the latent true antibody levels over time for each individual. Note 1b represent esti-
mates of the latent true antibody levels which are free from measurement error, whereas
the observed antibody levels in 1a are measured with error, so show higher variability.

(cases) and those who tested positive with primary symptoms (symptomatic cases). At

the PB28, PB90 and PB182 study visits, antibody observations were available from 1155

(26.3%), 519 (11.8%), 58 (1.3%) non-cases, 173 (83.6%), 64 (30.9%), 1 (0.5%) cases, and

59 (83.1%), 23 (32.4%), 1 (1.4%) symptomatic cases respectively (Supplementary Table

C.2). At the PB28, PB90 and PB182 study visits, observed antibody levels had a median

(interquartile range (IQR)) of 219 (119, 383), 115 (66, 206), 65 (45, 117) BAU/mL among

non-cases, 197 (103, 322), 93 (47, 168), 30 (NA – only one measurement) BAU/mL among

cases and 165 (100, 276), 78 (62, 178), 30 (NA – only one measurement) BAU/mL among

symptomatic cases respectively. Fig. 4.1a shows the observed antibody levels against

time, plotted on a log scale. The figure indicates (i) log antibody levels decay linearly,

(ii) different individuals have different levels of initial log antibody response and (iii) may

have different rates of decay.

In total, 923 antibody observations were available from 853 (18.5%) control participants.
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Among control participants, antibody levels had a median (IQR) of 0.3 (< 0.21 (lower

limit of quantification (LLOQ)), 0.5) BAU/mL (Supplementary Fig. C.2, Supplementary

Table C.2). In our subsequent modelling we did not model antibody levels in the control

arm, nor include an antibody effect on risk for control participants.

We modelled the decay in antibody levels over time among the vaccinated participants,

allowing different initial antibody responses and rates of decay for different individuals

(4.3). Predicted median anti-spike IgG levels at day 28, 90 and 182 were 217 (95% credible

interval (CrI): 208, 227), 119 (113, 126), 49 (45, 54) BAU/mL respectively. The median

half-life of the anti-spike IgG antibody levels was 74 days (95% CrI: 69, 79). Fig. 4.1b

shows the predicted antibody levels over time for each individual in the study on a log-

scale.

Predicted antibody levels and rates of decay varied among individuals. The estimated

25% and 75% quartiles for the antibody response at day 28 were given by 124 (95% CrI:

117, 130) and 378 (359, 398) respectively (Supplementary Fig. C.9). The half-life of the

antibody levels among individuals in the study had an estimated 25% and 75% quartile

of 62 days (95% CrI: 58, 67) and 87 days (79, 96). Among non-cases, the median (IQR)

predicted anti-spike IgG level at day 28 was 219 (95% CrI: 209, 229), among cases 192

(175, 209) and among symptomatic cases 169 (146, 196). The median half-life was 74

days (95% CrI: 70, 79) among non-cases, 60 (52, 69) among cases and 54 (45, 69) among

symptomatic cases.

4.4.2 Correlates of protection

We modelled how the protective effect of the vaccine relates to the modelled antibody lev-

els over time. The instantaneous risk of COVID-19 infection for a given individual in our

model depends on: (i) the current background levels of COVID-19, (ii) covariates which

may affect risk of COVID-19 infection (iii) the modelled level of antibody 7 days prior,

and (iv) a non-antibody effect due to vaccination (4.3). We assume a 7 day gap between

initial exposure to COVID-19 and a positive test being reported.

Supplementary Fig. C.3-C.6 show an estimate of the baseline hazard of infection during

the trial period, the number of participants at risk over time since vaccination, the timings

of antibody samples, and the timings of COVID-19 infections in the study respectively.
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Differences in baseline risk of infection due to different covariates are reported in Supple-

mentary Fig. C.7 and Supplementary Table C.7.

We assessed how predicted antibody level at the time of exposure correlates with pro-

tection against COVID-19 infection. Predicted anti-spike IgG titer was correlated with

protection. Fig. 4.2 shows the relationship between VE and anti-spike IgG antibody level

predicted by our model. Anti-spike IgG values of 10, 100 and 1000 BAU/mL represent the

0.0%, 17.7% and 97.1% quantiles of predicted antibody levels at day 28 post second dose,

and the 5.4%, 78.1% and 100% quantiles of predicted levels at day 182 respectively. At

anti-spike IgG levels of 10, 100 and 1000 BAU/mL, the VE against symptomatic infection

was 36.1% (95% CrI: −20.7, 63.0), 76.1% (64.4, 88.7), 100% (97.3, 100) respectively. We

observe lower efficacy against any COVID-19 infection at the same antibody levels, 14.3%

(95% CrI: −22.5, 38.1), 55.3% (44.4, 66.3), 99.9% (96.2, 100) respectively. Vaccine efficacy

of 50%, 70%, and 90% against symptomatic infection was achieved at anti-spike IgG levels

of 32 (95% CrI: 0, 57), 78 (51, 139), 182 (105, 507) BAU/mL respectively (Supplementary

Table C.8). Against any COVID-19 infection higher antibody levels were required for the

same efficacy, 84 (95% CrI: 59, 125), 156 (109, 285), 311 (194, 662) BAU/mL respectively.

4.4.3 Waning vaccine efficacy

As the antibody levels decayed over time, the vaccine efficacy waned. Fig. 4.3 shows the

mean VE over time since the second dose, averaged over all individuals in the study. We

report efficacy 7 days after the planned study visits. The efficacy at day 35 after the

second dose was estimated to be 88.1% (95% CrI: 77.2, 93.6) against symptomatic infec-

tion and 76.0% (64.3, 83.7) against all COVID-19 infection. The efficacy waned to 77.7%

(68.5, 84.1) and 60.8% (51.4, 68.4) at day 97 and 60.4% (44.6, 71.0) and 39.6% (26.1, 50.2)

at day 189 against symptomatic infection and all COVID-19 infection respectively.

Levels of protection varied based on individual antibody responses. At day 28, the

predicted 25%, 50% and 75% antibody quantiles were 124 (95% CrI: 117, 130), 217

(208, 227), 378 (359, 398) BAU/mL respectively (Supplementary Fig. C.9). The cor-

responding VE quantiles at day 35 against symptomatic infection were 81.4% (95% CrI:

68, 93.7), 93.1% (76.6, 99.4), 98.8% (85.2, 100), and against any COVID-19 infection were
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Figure 4.2: Vaccine efficacy as a function of anti-spike IgG levels. VE (%) plotted
against anti-spike IgG antibody levels (BAU/mL) on a log scale. The red and blue curves
and shaded regions show the posterior median and associated 95% credible intervals for
VE against primary symptomatic COVID-19 infection, and against all NAAT+ positive
tests respectively. The vertical dotted line shows the lower limit of quantification (LLOQ),
0.21 BAU/mL. The blue histogram shows the distribution of the predicted anti-spike IgG
antibody levels in the study at 28 days since the second dose, and the green histogram at
182 days post second dose. The two histograms overlap. The heights of the histograms
are not to scale.
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Figure 4.3: Vaccine efficacy as a function of time since second dose vaccination.
The red curve and shaded region shows the posterior median and associated 95% credible
interval for VE against symptomatic COVID-19 infection, and the blue curve and shaded
region shows the posterior median and 95% credible interval for VE against all positive
COVID-19 tests.
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62.1% (49.7, 75.1), 80.5% (63.1, 92.7), 93.8% (77.1, 99.1) (Supplementary Fig. C.8). At

day 182, the respective antibody quantiles were 26 (23, 29), 49 (45, 54), 91 (82, 102)

BAU/mL, and corresponding VE quantiles were 46.3% (16.1, 65.3), 58.8% (44.9, 69.5),

73.9% (62.6, 85.6) against symptomatic infection, and 23.6% (−0.8, 41.5), 35.5% (21.6, 47.1),

52.5% (42.1, 62.3) against any COVID-19 infection.

4.4.4 Covariate effects on antibody levels and vaccine efficacy waning

We report the estimated effects of different covariates on initial antibody response, subse-

quent antibody decay, and vaccine efficacy over time. Our model predicts a large decrease

in antibody levels for those with shorter intervals between the first and second dose (Fig.

4.4, Supplementary Table C.5). Compared with participants with dose intervals of ≥12

weeks, participants with dose intervals of 9-11 weeks, 6-8 weeks and <6 weeks have pre-

dicted anti-spike IgG antibody levels 83% (95% CrI: 74, 93), 70% (61, 81), 51% (43, 61)

as high respectively, at 28 days after the second dose. This is likely because the shorter

interval allows less time for the memory B-cells to mature, leading to a decreased antibody

response at the second dose. We also predict a larger antibody response due to receiving a

low dose as the first dose compared with a standard dose, although 95% credible intervals

contain a null effect. We predict lower antibody responses at 28 days after the second dose

in older age groups, and among healthcare workers. Higher antibody responses are pre-

dicted in females than males, and in non-white participants. Shorter half-lives of antibody

levels are predicted for females, and individuals with a BMI ≥ 30 (Fig. 4.4, Supplementary

Table C.6).

To consider covariate effects on VE, we compare with reference values of age 18-55 years,

female, white ethnicity, no comorbidities, BMI <30 kg/m2, ≥12 week interval between

first and second dose, non-HCW (non-healthcare worker), and receiving a standard dose

as their first dose. We then vary each of these covariates and plot VE for each covariate

combination against symptomatic infection in Fig. 4.5 and against all COVID-19 infec-

tion in Supplementary Fig. C.10. We see that shorter intervals between first and second

dose predict a lower VE throughout the study. VE against symptomatic infection at day

35, 97 and 189 was 93.1% (CrI: 81.6, 97.6), 85.0% (72.1, 92.1) and 68.7% (53.2, 77.4)

respectively for a reference individual (with ≥12 week interval), compared with 83.2%
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(71.6, 91.0), 71.7% (58.2, 80.4) and 55.0% (27.0, 69.2) respectively for an individual with

<6 week interval. We also observe a lower efficacy after around 90 days in individuals aged

70 years or older compared with the 18-55 and 56-69 years age groups. VE for an individ-

ual aged 70 years or older at day 35, 97 and 189 was 90.7% (78.8, 96.4), 79.2% (67.5, 88.2)

and 59.9% (35.2, 72.7) respectively, compared with a reference individual above.
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Figure 4.4: Covariate effects on anti-spike IgG antibody levels. The multiplicative effects on (a) day 28 anti-spike IgG antibody levels
and (b) half-life of anti-spike IgG antibody decay for different covariates. The effects are plotted on a log scale. These results are also given
in Supplementary Tables C.5 & C.6.
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Figure 4.5: Vaccine efficacy against symptomatic COVID-19 infection plotted against time since vaccination for different
covariate combinations. The black lines represent an individual with reference covariates: age 18-55, female sex, white ethnicity, no
comorbidities, BMI<30 kg/m2, ≥12 week interval between first and second dose, non-HCW (healthcare worker), and receiving a standard
dose as their first dose. All other coloured lines represent an individual with one of the above covariates changed from these reference values.
The solid lines show posterior medians and dashed lines 95% credible intervals. “HCW < 1 COVID” refers to a healthcare worker facing <1
COVID-19 patient per day, “HCW ≥ 1 COVID” refers to a healthcare worker facing ≥1 COVID-19 patient per day.
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Table 4.1: Comparison of methods and results with previous correlates of protection studies

Paper
Antibody
type

Vaccine Doses
Dominant
variant

Timing of
antibody
effect on
risk‡

Accounts for
measurement
error

Accounts for
antibody
waning between
measurement
and exposure

Accounts for
individual
variation
in slopes

Randomised
vaccine
/control
assignment

Unvaccinated
baseline
comparator

Location
of result
in paper

Endpoint
Antibody level
(BAU/mL unless
otherwise stated)

Vaccine
efficacy (%)

Our result

Feng et al.
(2021) [5]

Spike
nAb*
others*

ChAdOx1† Two doses
Pre-Delta
(Alpha B.1.1.7
and B.1.177)

Peak
(∼28 (14-42)
days post
second dose)

x x x ✓ ✓
Table 2
(Fig. 4a)

Symptomatic
Asymptomatic*

29 (NC, 83)
54 (NC, 143)
113 (NC, 245)
264 (108, 806)
899 (369, NC)§

50%
60%
70%
80%
90%

32 (0, 57)
52 (0, 82)
78 (51, 139)
117 (76, 266)
182 (105, 507)
BAU/mL

Benkeser et al.
(2023) [86]

Spike
nAb*
others*

ChAdOx1† Two doses
Pre-Delta
(B.1.2)

Peak
(∼28 days
post second
dose)

x x x ✓ ✓
In text and
Fig. 5a

Symptomatic

21
100
1000

21.1% (−361, 79.3)
62.9% (−55.0, 85.7)
88.1% (52.0, 97.0)

43.3% (6.6, 64.6)
76.1% (64.4, 88.7)
100% (97.3, 100)
VE (%)

Wei et al.
(2022) [81]

Spike
ChAdOx1†

BNT162b2*
Two doses

Delta
(B.1.617.2)

Exposure
(21-59 days
prior to
infection)

x x x x ✓ Fig. 4c
Symptomatic
Any infection*
Ct<30*

25
100
400

55% (40, 65)
68% (59, 75)
82% (74, 88)

45.8% (14.5, 65.2)
76.1% (64.4, 88.7)
99.0% (86.2, 100)
VE (%)

Wei et al.
(2023) [82]

Spike
ChAdOx1†

BNT162b2*

Two doses
plus booster
or infection

Omicron
BA.4/5
(B.1.1.529)

Exposure
(21-59 days
prior to
infection)

x x x x
Compared
with vaccine
non-responders¶

Supp.
Fig. 1 and
Fig. 1a

Any infection
Symptomatic*
Ct<30*

920 (766, 1092)
1740 (1502, 2331)
3680 (2831, 4500)

50%
70%
80%

32 (0, 57)
78 (51, 139)
117 (76, 266)
BAU/mL

Follmann et al.
(2023) [47]

nAb mRNA-1273 Two doses
Pre-Delta
period

Exposure
(7 days
prior to
infection)

x ✓ x ✓ ✓
In text and
Fig. 2

Symptomatic

100 IU50/mL
1000 IU50/mL
(Neutralising
antibody)

93% (91, 95)
97% (95, 98) No comparison

possible

Our analysis Spike ChAdOx1† Two doses
Pre-Delta
(Alpha B.1.1.7
and B.1.177)

Exposure
(7 days prior
to infection)

✓ ✓ ✓ ✓ ✓
In text and
Fig. 4.2

Symptomatic
Any infection*

10
100
1000

36% (−21, 63)
76% (64, 89)
100% (97, 100)

We include studies of the ChAdOx1 nCoV-19 vaccine, as well as studies which relate antibody levels at the time of exposure to risk of
infection, for comparison. Results are given with 95% confidence intervals or credible intervals, depending on the paper. Some results show
the antibody level required for a certain vaccine efficacy, others show the vaccine efficacy associated with a certain antibody response. *We
do not report these results here, see the original paper. †ChAdOx1 refers to the ChAdOx1 nCoV-19 vaccine in this table. ‡Some studies
relate antibody levels at the peak response after vaccination to risk of infection, others relate antibody levels at exposure to infection. This
column denotes the time at which the antibody measurement was taken which relates to risk of infection, or the time at which the modelled
antibody level relates to risk of infection (for analyses which use an antibody measurement directly or model antibody levels over time
respectively). §NC = not computed (beyond data range). ¶Wei et al. (2023) define vaccine non-responders to be vaccinated individuals with
a recent anti-spike IgG measurement of 16 BAU/mL.
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4.4.5 Assessing model fit

In order to test the robustness of our results, we performed checks to assess how well the

model fits to the data. We first test the fit to the longitudinal trajectories of log antibody

levels. Residual plots indicate the model shrinks the observed antibody levels towards

0, for individuals with 1 or 2 observations (Supplementary Figures C.16). This is to be

expected, due to measurement error, the inclusion of random effects, and the small number

of observations per individual (0, 1 or 2). Posterior predictive checks indicate the model

fits the antibody trajectory over time reasonably well (Supplementary Figures C.16, C.17,

C.18). There was however a noticeable curvature in the observed antibody levels over time

which the model is unable to capture, indicating log antibody levels may initially decay

quickly before slowing down C.19, as suggested by previous studies [116, 117]. However,

this only led to a small difference between posterior median predicted antibody levels and

observed median antibody levels (Supp. Fig. C.17). Fitting a model where log antibody

levels decay non-linearly may require either more dense sampling of antibody levels and

greater availability of samples, or strong assumptions about the rate of initial and later

decay.
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4.5 Discussion

We estimated correlates of protection, vaccine efficacy waning and antibody waning after

two doses of the ChAdOx1 nCoV-19 (AZD1222) vaccine, against any COVID-19 infec-

tion and symptomatic COVID-19 infection. We fit a two-stage joint model using multiple

imputation (Chapter 2, [7]) which accounts for antibody waning and measurement error,

allowing the risk of infection to depend on the estimated anti-spike IgG level at exposure.

We found antibody levels are predictive of vaccine efficacy, which wanes over time, but

continues to protect against the Alpha variant 209 days after the second dose. We esti-

mated mean VE against symptomatic infection to be 88.1% (95% CrI: 77.2, 93.6) at day

35, waning to 60.4% (44.6, 71.0) at day 189 (Results). There was noticeable variation

in VE between individuals, depending on the strength of their antibody response. We

reported that a longer interval between the first and second vaccine dose gives improved

protection, adding to existing evidence [106, 118, 81]. VE after 3 months since second

dose vaccination was also lower in individuals aged 70 years or older than in younger age

groups.

We used a two-stage joint model to relate modelled antibody levels at the time of exposure

to the risk of infection. Joint models have been shown to reduce bias and improve power

in estimating the relationship between longitudinal outcomes (e.g. antibody levels) and

the time until an event (e.g. infection) [32, 46], as well as in estimating the trajectory

of the longitudinal variable (antibody levels) [32]. Moreno-Bentacur et al. (2018) previ-

ously found using a multiple imputation-based joint model reduced bias, when compared

with using the longitudinal observations directly to predict risk [46]. We include multiple

antibody measurements per individual where available, allowing us to account for mea-

surement error and variation between individual rates of decay. We further account for the

informative censoring of antibody data after infection, and changing background infection

rates in the study.

Our approach estimates “exposure-proximal” correlates of protection by relating mod-

elled antibody levels at the time of exposure to the risk of COVID-19 infection. This

approach more closely matches the biological mechanism than relating peak antibody lev-

els to risk of infection. Table 4.1 compares our methods and results with previous studies
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of COVID-19 correlates of protection. As outlined in the introduction, previous analyses

have demonstrated both binding and neutralising antibodies measured at a fixed time

after vaccination are associated with VE against COVID-19, including a study analysing

data from the same COV002 trial [5], an analysis of data from a different trial of the

ChAdOx1 nCoV-19 vaccine [86], as well as analyses of trials of other vaccines [83, 84, 85],

and booster doses [92, 87]. These studies compared peak antibody levels and risk of infec-

tion, and generally report wide confidence intervals due to a lack of power. They did not

account for antibody waning between the time of measurement and exposure, which may

introduce a bias [29]. Other studies have estimated correlates of protection by relating

antibody levels at the time of exposure to the risk of infection, by using a recent antibody

measurement [81, 82], or a model to predict antibody decay over time [47]. However the

studies using a recent antibody measurement (Wei et al. 2022, 2023) used observational

data from a cohort study, and did not account for antibody waning between measurement

and exposure, which may introduce bias [81, 82]. The study modelling antibody levels

over time (Follmann et al. 2023) assumed the rate of antibody decay to be the same for

all individuals in the study, which may introduce bias if decay rates vary [47]. All the

above studies only used one antibody measurement per individual, meaning they are un-

able to account for measurement error in the antibody levels, which may bias the analysis

[2]. None of these prior studies relate protection against COVID-19 infection to antibody

levels at the time of exposure while also accounting for measurement error or variation

between individual rates of antibody level decay.

We observe higher vaccine efficacy with much lower uncertainty at the same level of anti-

body, compared with the studies relating peak antibody levels to risk of infection [5, 86]

(Table 4.1). The lower efficacy these studies report is likely due to antibody waning be-

tween the measurement and exposure, meaning higher initial antibodies would be required

to give the same protection at exposure. These models also do not account for measure-

ment error, which introduces noise to the data, likely causing the observed protective effect

to be diluted [2]. Our results are broadly similar to those of Wei et al. (2022) who relate

antibody levels at the time of exposure to risk of infection [81] (Table 4.1). Much higher

antibody levels are required for similar levels of protection against the Omicron variant

[82]. We are unable to compare with the results of Follmann et al. (2023), as their paper

109



uses neutralising antibodies, whereas we use anti-spike IgG [47].

We estimated the peak antibody response at 28 days after ChAdOx1 nCoV-19 vaccina-

tion, the subsequent rate of decay, and associated covariate effects. Table 4.2 compares

our methods and results with previous studies. Wei et al. (2022) previously used a similar

approach applied to non-randomised cohort data [81]. Their model does not account for

the aforementioned informative censoring of antibody measurements, which may lead to

bias [32]. This is because individuals with lower antibody levels will be more likely to

test positive for COVID-19, after which antibody measurements will be excluded from

analysis. Thus individuals with lower antibody levels are less likely to have antibody mea-

surements available, introducing informative missing data, which should be accounted for.

However, as cases are rare in the population, this bias may be small. We estimated higher

peak anti-spike IgG levels than Wei et al. study [81] (Table 4.2). This may be partly due

to differences in the populations enrolled in the two studies. Our estimated half-life of

antibody decay was broadly similar to previous results (Table 4.2). We observed individ-

uals with longer dose intervals had higher peak antibody levels (Fig. 4.4, Supplementary

Table C.5), as previous studies have reported [118, 106, 81]. We also observed higher

peak antibody levels in younger individuals (18-55 vs ≥70), non-healthcare workers and

non-white participants. The higher peak in non-white participants was also observed by

Wei et al. (2022) [81], however there is no consensus on the effect of age and healthcare

work on antibody levels (Table 4.2). We reported slower antibody decay in participants

with a BMI<30kg/m2 (Fig. 4.4, Supplementary Table C.6), and detected slightly slower

antibody decay in males, however this does not translate to a noticeable difference in

VE waning (Fig. 4.5, Supplementary Fig. C.10). Neither of these differences have been

reported elsewhere and it is unclear if they represent true effects. We did not detect the

other effects on peak antibody observed by Wei et al. (2022) [81].

We reported predicted vaccine efficacy over time since second dose from our model, cal-

culated from randomised controlled trial data. One previous analysis considered waning

after a first dose of ChAdOx1 nCoV-19 [106], however the analysis was underpowered.

Apart from this, we are not aware of any studies of ChAdOx1 nCoV-19 vaccine efficacy

waning evaluated on randomised data. Table 4.3 and Supplementary Table C.9 compare

our methods and results to previous studies of waning vaccine efficacy, with a focus on

110



studies of the ChAdOx1 nCoV-19 vaccine. These studies all use non-randomised obser-

vational data, including test-negative design studies [93, 94, 95, 98], and cohort studies

[119, 95, 96, 97]. The test-negative design may introduce bias due to unmeasured differ-

ences in health-seeking behaviour between the vaccinated and unvaccinated arms, likely

reducing the observed VE [100, 101]. Results may also not carry over to the wider popula-

tion, as those included in the study will likely be those who test more frequently. Cohort

studies are similarly vulnerable to biases due to unmeasured confounding causing differ-

ences in risk of infection between the unvaccinated and vaccinated populations. Such

biases may increase over time, as the unvaccinated group are increasingly unvaccinated by

choice, which may correlate with fewer health-seeking behaviours. Further, accumulation

of more undetected infections in the unvaccinated arm may lead to VE waning to appear

greater, due to the depletion of susceptibles bias [120]. This bias may occur in randomised

or observational data. Asymptomatic swabbing may negate this bias by increasing the

proportion of infections which are detected. Rates of asymptomatic swabbing were high

in our study [121], with around 75% of participants returning an asymptomatic test on a

given week. Rates of asymptomatic swabbing were likely much lower in the other studies,

where participants were not encouraged to swab weekly.

Our analysis has some advantages over these methods. The data comes from a ran-

domised single-blinded controlled trial, avoiding the potential biases of an observational

cohort study and a test-negative case-control study. We model antibody waning and vac-

cine efficacy waning jointly over time, which may improve the efficiency of our estimates

[9]. Further, the length of follow-up in our study after second dose was relatively long at

over 29 weeks. However, the sample size of our data is much smaller than most of these

studies, hence we report wider CrIs.

Table 4.3 and Supplementary Table C.9 compare our methods and results to previous

studies of vaccine efficacy waning against different variants. Results from previous studies

varied by variant, with lower efficacy generally predicted against Delta than Alpha, and

lower still against Omicron (Table 4.3, Supplementary Table C.9). Our study reports

efficacy over time since second dose against the Alpha variant. Note the predicted vac-

cine efficacy for a reference individual reported in Table 4.3 and Figure 4.5 was slightly

higher than the mean vaccine efficacy across all individuals (Fig. 4.3), primarily because
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the mean vaccine efficacy averaged over all individuals including those who had a shorter

dose interval than 12 weeks. We predicted a slightly higher vaccine efficacy against symp-

tomatic infection with the Alpha variant after two doses of ChAdOx1 nCoV-19 (Table

4.3, Fig. 4.5) than Andrews et al. (2022a) in all age groups, although confidence intervals

overlapped [93]. Other studies were conducted at least partly in periods where the Delta

or Omicron variants were dominant, and generally reported lower vaccine efficacy. Re-

ported efficacy varied noticeably between studies (Table 4.3, Supplementary Table C.9).

Differences in results between studies may be due to different proportions of circulating

variants, rates of asymptomatic swabbing, and characteristics of the study populations,

as well as the depletion of susceptibles bias, and previously mentioned biases due to un-

measured confounding. Our results against the Alpha variant, calculated on data from a

randomised single-blinded study, are free from bias due to unmeasured confounding.

Our data was collected in a period when the Alpha variant was dominant, and considered

individuals without prior infection who received two doses of vaccine. In contrast, the

Omicron variant is currently dominant, and many individuals have received three or more

doses of vaccine and been previously infected. Therefore our results may not be directly

applicable to current and future situation. To aid with this, we performed a supplemen-

tary analysis extrapolating our results to examine what the efficacy over time since second

dose might have been, in the hypothetical scenario where the study was conducted in the

Omicron BA.4/5 period. The analysis suggests a weak initial protection against Omicron

BA.4/5, waning to negligible protection after 6 months. See the Supplementary Informa-

tion (Sections C.1.4, C.2.1, C.3, Supplementary Fig. C.11) for further details.

We further reported covariate effects on vaccine efficacy, although this analysis lacked

power. We observed lower vaccine efficacy for individuals with shorter intervals between

the second dose; results from previous studies have provided varying degrees of evidence

for this [122, 94, 93]. We reported lower VE in older individuals after around 3 months

since the second dose (Fig. 4.5, Supplementary Fig. C.10), with overlapping credible in-

tervals. Faster waning [93] and lower VE [119, 96] have been previously observed in older

individuals. However, these effects were not observed in all groups in the Andrews et al.

study, with non-significant effects in the opposite direction observed in some groups [93],

and the Nordström et al. age estimates were unadjusted and likely confounded due to
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different vaccines being given to different age groups [119]. Another observational study

observed higher efficacy in individuals aged 80+ years than 50-79, while suggesting this

could be confounded by clinical risk [122]. Hence further research on the effect of age on

vaccine efficacy is necessary. We did not observe a difference in vaccine efficacy for indi-

viduals with comorbidites, although some prior studies suggest a lower VE in clinically

vulnerable individuals [96, 119, 93].

113



Table 4.2: Comparison of methods and results with previous studies of antibody level waning

Paper Vaccine

Randomised
vaccine
/control
assignment

Account for
informative
censoring at
infection

Random
individual
slopes

Antibody
type

Time of
reported
peak
antibodies

Two-dose
/booster
/prior
infection

Peak anti-spike IgG
antibody
level
(BAU/mL)

Antibody
half-life
(days)

Covariates
related to
increased
peak antibody
levels

Covariates
related to
slower
antibody
decay

Wei et al.
(2022) [81]

ChAdOx1 nCoV-19
BNT162b2*

x x ✓
Anti-spike
IgG

21 days
post second
dose

Two-dose 184 (183, 185)
Mean
79 (78, 80)

Older age
Female
Non-white
No LTHC
Prior infection
Healthcare worker
Longer dose interval
More deprivation

Younger age
White
No LTHC

Aldridge et al.
(2022) [123]

ChAdOx1 nCoV-19
BNT162b2*

x x x
Anti-spike
IgG

28 days
post second
dose

Two-dose - 105.9 None None

Wei et al.
(2023) [82]

ChAdOx1 nCoV-19
BNT162b2

x x ✓
Anti-spike
IgG

21 days
post second
dose

Booster:
BNT162b2
mRNA-1273
Infection

-
78 (72, 86)
63 (61, 66)
96 (80, 119)

Younger age
Longer dose interval

Not reported

Our analysis ChAdOx1 nCoV-19 ✓ ✓ ✓
Anti-spike
IgG

28 days
post second
dose

Two-dose 217 (208, 227)
Median
74 (69, 79)

Younger age (18-69)
Non-white
Longer dose interval
Not HCW

Male
BMI <30 kg/m2

We include studies of two doses of the ChAdOx1 nCoV-19 vaccine, and studies after a subsequent booster vaccine, focussing on anti-spike
IgG antibody waning. Results are given with 95% confidence intervals or 95% credible intervals, depending on the paper. We report
covariate effects where the null effect is not included in the 95% interval. HCW = healthcare worker, LTHC = long-term health condition.
*We do not report these results here, see the original paper.
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Table 4.3: Comparison of methods and results with previous vaccine efficacy waning studies, against the Alpha and Delta
variants

Paper
Primary
course
vaccine

Dominant
variant

Two-dose
/booster
/prior infection

Study design

Randomised
vaccine
/control
assignment

Baseline
comparator

Outcome
Location
of result
in paper

Group
Weeks
since
dose

Vaccine
efficacy (%)

Our analysis† ChAdOx1 nCoV-19 Alpha Two dose
Randomised
Controlled
Trial

✓ Unvaccinated

Symptomatic Fig. 4.5

Age 18-55

Age 56-69

Age 70+

5
10
20
26
5
10
20
26
5
10
20
26

93.1 (81.6, 97.6)
89.0 (76.6, 95.1)
77.7 (64.5, 85.7)
70.0 (55.0, 78.5)
91.8 (80.0, 97.0)
88.1 (76.1, 94.7)
78.5 (66.3, 88.0)
72.2 (57.2, 83.1)
90.7 (78.8, 96.4)
84.7 (73.0, 92.4)
69.9 (54.5, 80.4)
61.3 (38.1, 73.6)

Any infection
Supp.
Fig. C.10

Age 18-55

Age 56-69

Age 70+

5
10
20
26
5
10
20
26
5
10
20
26

84.3 (70.6, 91.8)
77.2 (62.7, 86.1)
60.5 (46.1, 70.1)
50.6 (34.8, 60.1)
81.8 (68.3, 90.4)
75.6 (62.4, 85.3)
61.6 (48.0, 73.7)
53.4 (37.0, 66.5)
79.9 (66.4, 89.0)
70.4 (57.6, 80.9)
50.4 (34.2, 62.8)
40.1 (18.4, 53.8)

Andrews et al.
(2022a) [93]

ChAdOx1 nCoV-19
BNT162b2*

Alpha
Delta*

Two dose Test-negative x Unvaccinated Symptomatic
Table
S11

Age 16+

Age 40-64
Age 65+

2-9
10+
2-9
2-9

82.4 (79.6, 84.7)
76.2 (49.8, 88.7)
81.7 (76.0, 86.1)
88.2 (82.2, 92.1)

Nordström et al.
(2022) [119]

ChAdOx1 nCoV-19
BNT162b2*
mRNA-1273*

Alpha and
Delta
(Combined)

Two dose Cohort x Unvaccinated Any inection Table 2

Alpha,
Delta and
all ages
combined

2-4
4-9
9-17
≥ 17

68 (58, 70)
49 (28, 64)
41 (29, 51)
−19 (−98, 28)

Skowronski et al.
(2022) [94]

ChAdOx1 nCoV-19
BNT162b2*
mRNA-1273*
Mixed schedules*

Alpha
Delta

Two dose Test-negative x Unvaccinated
Any inection
Hospitalisation*

Supp.
Table 12

Quebec
(Alpha and
Delta)

British
Columbia
(Delta)

4-7
8-11
20-23
24-27
4-7
8-11
20-23
24-27

90 (84, 94)
85 (81, 88)
70 (64, 75)
56 (43, 65)
77 (71, 82)
76 (73, 79)
74 (70, 78)
67 (48, 80)

We include studies of two doses of the ChAdOx1 nCoV-19 vaccine, prior to the Omicron variant. Results are given with 95% confidence
intervals or 95% credible intervals, depending on the paper. Results are presented for different age groups, where appropriate. *We do not
report these results here, see the original paper. †We report here the predicted vaccine efficacy for a reference individual in the given age
group, with covariates: female, white, no comorbidities, BMI<30 kg/m2, ≥12 week interval, not a healthcare worker, standard dose.
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Our study has several limitations. Our results may not be directly applicable to current

and future populations, for four reasons. Firstly dominant variants have changed from

B.1.177 and Alpha (B.1.1.7) variants when our data was collected, to the Omicron

variant today. Secondly individuals in the study were SARS-CoV-2 näıve, results will

likely differ in individuals with prior infection [82]. Thirdly individuals in the study

received two doses of ChAdOx1 nCoV-19, whereas three or more doses of different

vaccines have been given in many populations. Fourthly the study population differs

from the general population, being predominantly white, 18-55 years old and including

mostly healthcare workers. For these reasons our results are unlikely to transfer directly

to the general population today, although qualitative aspects of our results, and our

methods, remain relevant. We further only consider the effect of anti-spike IgG binding

antibodies, and do not measure neutralising antibodies or cellular immune responses. We

assumed that the antibody level decays exponentially, however model fitting plots

indicate a model such as biphasic exponential decay, with faster initial decay, and slower

decay thereafter, may fit better. Despite this, the exponential decay model still appears

to fit the antibody levels relatively well. It may be that the protection conferred by other

immune responses depends on the antibody level, or changes with time, whereas we

assumed a constant effect. We did not include any checks of model fit for the

time-to-infection component, or the association between the antibodies and infection.

We did not consider the effect on risk of hospitalisation, severe disease and death due to

insufficient data. Fewer antibody observations were available at the later timepoints

(PB90 and PB182 study visits), causing greater uncertainty in our estimates at later

times. We assumed a 7 day gap from exposure to reported infection; deviation from this

assumption may introduce bias to our analysis. We did not account for the change in

dominant variant from B.1.177 to B.1.1.7 (Alpha) during the study, however we expect

the impact of this on VE to be negligible [107]. The dose of virus that individuals were

exposed to may have varied throughout the study, as social distancing policies changed.

Further, viral load is likely to have varied between individuals depending on previous

exposure to COVID-19, and the variant to which they were exposed. We have not

accounted for differences in viral load or dose of virus in this analysis.

In summary, we report correlates of protection against any COVID-19 infection and
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symptomatic infection from a randomised COVID-19 vaccine study, using binding

antibody responses at the time of exposure. We further report vaccine efficacy waning

over time, antibody waning over time, and associated covariate effects. We use a joint

model which accounts for antibody measurement error, the waning of antibody levels

over time, and censoring of antibody observations at COVID-19 infection. This may

reduce bias and increase power in the analysis compared with previous approaches.

Data availability
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Code availability

The code used for the analysis is available at GitHub repository
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Chapter 5

Discussion

This thesis primarily focussed on three main areas: multiple imputation, joint models of

longitudinal and survival data, and correlates of protection. We examine the relevant

conclusions and possible future work which have arisen from this thesis in each of these

three topics below.

5.1 Multiple imputation

The derivation of Rubin’s rules relies on the assumption that the distribution of the

post-imputation maximum likelihood estimators (MLEs) is Gaussian over the multiple

imputations given the observed data, and the asymptotic variance estimates have

negligible variability compared to the variability of the MLEs. We explored

mathematically the error in the posterior moments given by Rubin’s rules when these

assumptions do not hold. We further approximated the error in the confidence intervals

using a Cornish-Fisher expansion.

Most notably, when the observed-data posterior distribution is skewed, Rubin’s rules

lead to biased confidence intervals. In some real world and simulated examples, posterior

skewness is present for analyses with small sample sizes. The confidence intervals from

Rubin’s t approximation for small samples [54] were also very conservative, due to a

small estimate for degrees of freedom. Hence in these simulated examples (e.g.

small-sample logistic regression) Rubin’s rules did not show undercoverage, but did lose

power. In the real-world examples this led to Rubin’s t giving wider confidence intervals
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on at least one side of the interval. In these scenarios, Rubin’s rules appear to be giving

overly conservative inference.

It is worth noting that our simulation study only considered a Gaussian missing

covariate, except for a skewed lognormal covariate for linear regression. We did not test

how multiple imputation pooling methods compare for logistic or Cox regression with a

skewed covariate. While Rubin’s rules appeared to give robust inference in our

simulation study, this may not be the case in all other scenarios where the assumptions

for Rubin’s rules do not hold. Brand et al. [59] compared Rubin’s rules with various

methods combining multiple imputation and bootstrapping on skewed simulated data, to

estimate the mean difference between two groups. They found Rubin’s rules appeared to

be robust against skewness across simulation scenarios, including for small sample sizes.

Rubin’s rules was outperformed by making a single imputation (with appropriate

uncertainty) within each bootstrap sample. Using imputation within a bootstrap is

another viable alternative under posterior skewness.

In both the COVID-19 vaccine and SUPPORT trial examples, where posterior skewness

was present, Rubin’s confidence interval did not fully cover the approximate Bayesian

confidence interval on one side of the interval. It is entirely possible that in other

situations, the skewness may be more pronounced than that observed in our simulation

study, and Rubin’s rules may give biased intervals that produce undercoverage.

In all simulation scenarios, we observed that the t based confidence intervals for both

Rubin’s rules and approximate Bayesian pooling gave valid coverage. For logistic and

Cox regression, the Gaussian confidence intervals also displayed valid coverage, and

tended to exhibit higher power. In linear regression a variance (or scale) parameter is

estimated, which leads to a t interval being required, whereas in Cox and logistic

regression this is not present, and inference is based on a Gaussian assumption. We

expect this pattern to continue to other models – where a scale parameter is present, we

anticipate Gaussian intervals may produce undercoverage in small samples, whereas t

intervals should give valid results. Where no scale parameter is present, Gaussian

intervals may give higher power.

In some scenarios, using a transformation to estimate confidence intervals on a canonical

scale may produce approximately Gaussian posterior distributions, allowing Rubin’s
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rules to be applied. Generally, this will coincide with the scale on which the parameter

can take any value on the real line. For example, predicted hazard ratios in a Cox model

should be evaluated on a log scale. In some cases, there is no simple transformation

which leads to approximately Gaussian posteriors, or at least, such a transformation

would have to be searched for and applied after the analysis has been performed and

posterior skewness observed. Where a transformation is known prior to the analysis, we

join others before us in recommending it should be applied [57, 56]. Where no

transformation is known prior to analysis, choosing the transformation post analysis

would be reusing the same data twice, and could lead to reduced coverage. We

recommend that this should be tested using simulations, prior to considering using a

post-hoc transformation to perform an analysis. Where no transformation exists and the

posterior distribution is skewed, Rubin’s rules may give biased results. Approximate

Bayesian pooling is a viable alternative.

The main benefit of Rubin’s rules over approximate Bayesian pooling or Bayesian

inference after multiple imputation, is the need for far fewer imputations. We suggest

around 10 times as many imputations may be required for the Bayesian methods

compared to Rubin’s rules. Where computational constraints are relevant this may be a

compelling reason to use Rubin’s rules over the sampling methods in some cases. With

modern computing power, the need to produce more imputations may make no

difference in other cases.

Approximate Bayesian pooling relies on fewer assumptions than Rubin’s rules, and

provides a simple and valid alternative where Rubin’s rules may give overly conservative

or biased inferences.

5.2 Joint modelling of longitudinal and time-to-event data

We have developed and fit a multiple imputation joint model for longitudinal and

time-to-event data. The model we apply in Chapter 4 is specifically adapted to data

from a COVID-19 vaccine trial. Our multiple imputation method for fitting a joint

model is more general, and may be applied in other settings. Moreno-Bentancur et al.

(2018) [46] previously developed a multiple imputation joint model. Their approach was
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solely focussed on estimating the time-to-event parameters, so they imputed the missing

longitudinal values at each visit time, instead of modelling the values over continuous

time. As both the longitudinal trajectory and time-to-event parameters were of interest

in our study, we also modelled the longitudinal trajectory over time. This means that

our approach accounts for the informative censoring at event times differently to theirs.

Our multiple imputation joint model is an alternative two-stage approach to fitting a

joint model. Like earlier approaches, we believe it is likely to improve computation time,

while possibly losing accuracy, since it approximates a fully joint model. It would be

interesting to compare the performance of our method with previous two-stage

approaches [46, 45, 44], in terms of accuracy and computation time.

We used a simple approach to account for the time-to-event data in our longitudinal

antibody model, by including the Nelson-Aalen estimate of cumulative hazard and the

event indicator as covariates in both the intercept and slope model. This followed the

general recommendation of White and Royston [64] for Gaussian covariates in a Cox

model. However, following similar mathematical arguments to White and Royston

suggests that the Nelson-Aalen estimate and event indicator should be multiplied by the

event time when included as covariates affecting the individual slope. Separately, using a

negative exponential function in the slope, and exponentiating the log antibody levels in

the time-to-event model, are both likely to worsen the accuracy of the linear

approximation that these approaches rely on. We intend to further explore the

performance of alternative adjustments in simulation studies.

Researchers have tended to prefer using the longitudinal trajectory as a predictor in the

time-to-event model, without transformation. This generally leads to faster and more

stable computations. In some cases however, this may not be the most appropriate

choice for the model (e.g. not match the biological mechanism). For example, where the

longitudinal variable is a log-transformed immune marker, this modelling approach

means that as the immune marker levels tend towards zero, the hazard of infection tends

towards infinity. However, using log-transformed immune markers may give a better fit

for higher immune marker levels, where the bulk of the observed values tend to lie. It is

possible that the use of either a link function (e.g. exponentiating the log immune

marker levels in the infection model) as we have used, or another method such as splines
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or a changepoint may be more appropriate in some circumstances.

Fitting the longitudinal and time-to-event models concurrently as a joint model, allows

the occurrence and timing of events to inform the estimation of the longitudinal

trajectories. In many cases, this may be a desired property, for example as individuals

who were infected early in the COV002 study may be more likely to have lower antibody

levels than those who were uninfected through the whole study. In other cases, this

feedback may not be desired. A researcher who is confident in their choice of

longitudinal model and the reliability of their longitudinal data, may fear that feedback

from the time-to-event model will contaminate their results and lead to bias in the

estimated longitudinal trajectory. The cut or modular approach was developed in the

Bayesian literature for such a problem, which prevents feedback from the second module

to the first [71, 124, 125]. Carmona and Nicholls (2020) extended this approach to allow

partial feedback from the second module to the first, where the amount of feedback is a

parameter that can be tuned to the data [126]. These approaches are similar to our

multiple imputation joint model. If the Nelson-Aalen estimator and event indicators are

excluded as predictors in the antibody model, the resulting method is exactly the

cut/modular approach. An interesting direction of further research would be to apply

modular and semi-modular inference to joint models, where the time-to-event model is

misspecified. These approaches, and possibly our multiple imputation approach, may

outperform the standard joint model, as the misspecification in the time-to-event model

will then be (partially) prevented from flowing backwards and introducing bias in the

longitudinal predictions. Model misspecification has rarely been considered in the joint

modelling literature, though two papers have considered misspecification in the

longitudinal component [127], and in the baseline hazard, random effects distribution

and longitudinal component [128].

5.3 Correlates of protection

In Chapter 3, we demonstrated via simulations that trials of the same vaccine may give

inconsistent correlates of protection curves when standard approaches are used without

accounting for antibody decay, and the baseline risk of infection differs between the
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trials. Our simulation study generated data similar to the COV002 trial of the ChAdOx1

nCoV-19 vaccine. Other COVID-19 vaccines generated between around 8 fold higher

antibody levels, and 2 fold lower than this trial [17]. It would be interesting to run

similar simulations in scenarios with different initial antibody response, to explore how

this affects the impact of case timings on the robustness of correlates of protection

estimates. It would also be interesting to explore how the half-life of antibody decay

affects the results. Vaccines against different diseases have reported vastly different rates

of antibody decay [129], and even non-linear decay of log antibody levels [130, 131]. We

also fitted a correlate of protection model containing a linear antibody effect; it would be

worth repeating these simulations for a model containing an effect due to

log-transformed antibody levels.

We developed a multiple imputation joint model for antibody decay and correlates of

protection, and applied our model to a COVID-19 vaccine trial. One major limitation of

our work, is the lack of a simulation study to test the performance of our model. We

intend to perform simulations to explore how our multiple imputation joint model

performs at estimating the correlates of protection curve in terms of coverage and power.

We would also like to compare the model with other methods for estimating

exposure-proximal correlates of protection, such as two-stage joint models, the model

developed by Huang and Follmann (2025) [53] and a Bayesian joint model. Due to the

larger computational burden of joint modelling approaches, this is unlikely to be possible

in a wide range of simulation scenarios, unlike the time-fixed correlates methods. The

sample size may also need to be reduced in order to test on a large number of simulated

datasets; we may need to consider a smaller trial, with a high attack rate.

Many previous correlates of protection models focus on estimating a causal relationship

between antibody levels at the first study visit and subsequent infection. However, our

simulations in Chapter 3 demonstrate that where antibody decay is present, such

estimates may differ between studies, even if the causal effect of antibody levels at

exposure on protection is the same. It would be interesting to consider how joint

modelling may be used to establish causal estimates for exposure-proximal correlates of

protection. One paper has considered this previously, however it required strong

assumptions and did not consider the presence of measurement error [132]. It is likely
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that any such approach may require an assumption of no unmeasured confounding

between the longitudinal and time-to-event outcomes, which may not be realistic. Hence

it would be particularly interesting to develop a sensitivity analysis for estimating what

the causal effect would have been, in the presence of given level of unmeasured

confounding between the longitudinal and time-to-event variable. For the inverse

probability weighted models comparing peak immune response with risk of infection, a

sensitivity analysis using E-values was previously developed [19].

Further research into exposure-proximal correlates of protection is required, in order to

balance the computational burden of these models with the desire to accurately and

reliably estimate the relationship between immune marker levels and risk of infection.
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Appendix A

The robustness of Rubin’s rules

and (approximate) Bayesian

pooling methods after multiple

imputation

A.1 Theoretical results

Lemma 1 (Posterior skewness of θ).

γ1 (θ |Dobs) = γ1(θ̂
∗ |Dobs)λ

3/2
ν + 3

(
ν

ν−2

)
Cov

(
θ̂∗, U∗ |Dobs

)
(
B + U∞( ν

ν−2)
)3/2 (A.1)

and as ν → ∞ (the Gaussian case),

γ1 (θ |Dobs) = γ1(θ̂
∗ |Dobs)λ

3/2 + 3

Cov
(
θ̂∗, U∗ |Dobs

)
(
B + U∞

)3/2
 (A.2)

Proof. In the following let all quantities be conditioned on Dobs, though we drop the

conditioning from the notation for the sake of space.
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E
[
(θ̂∗)2 ψ

√
U∗
]
= 0 since ψ is independent of U∗ and θ̂∗, and has mean 0.

E
[
(θ̂∗ − θ∞)ψ2U∗

]
= E

[
ψ2
]
E
[
U∗(θ̂∗ − θ∞)

]
=

(
ν

ν − 2

)(
E
[
U∗θ̂∗

]
− E [U∗] E

[
θ̂∗
])

=

(
ν

ν − 2

)
Cov(θ̂∗, U∗)

Further E
[
(ψ

√
U∗)3

]
= 0 since ψ is independent of U∗ and has third moment equal to 0.

So

γ1(θ) =

(
1

B + U∞( ν
ν−2)

)3/2(
B3/2 γ1(θ̂

∗) + 3

(
ν

ν − 2

)
Cov

(
θ̂∗, U∗

))

Lemma 2 (Posterior excess kurtosis of θ).

γ2 (θ |Dobs) = γ2(θ̂
∗ |Dobs)λ

2
ν +

6

ν − 4
(1− λν)

2

+ 3

( ν2

(ν−2)(ν−4)Var(U
∗ |Dobs) + 2 ν

ν−2Cov
(
(θ̂∗ − θ̄∞)2, U∗ |Dobs

)
(
B + ( ν

ν−2)U∞

)2
)

(A.3)

and in the limit as ν → ∞, the Gaussian case,

γ2 (θ |Dobs) = γ2(θ̂
∗ |Dobs)λ

2 + 3

(
Var(U∗ |Dobs) + 2Cov

(
(θ̂∗ − θ̄∞)2, U∗ |Dobs

)
(
B + U∞

)2
)
(A.4)

Proof. In the following let all quantities be conditioned on Dobs, though we drop the

conditioning from the notation for the sake of space.

Note ψ is independent of
√
U∗ and θ̂∗, and has odd moments equal to 0. Applying this,

we see

E

[(
θ̂∗ − θ̄∞

)4]
= B2

(
γ2(θ̂

∗) + 3
)

E

[(
θ̂∗ − θ̄∞

)3
ψ
√
U∗
]
= 0
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as ψ is independent of
√
U∗ and θ̂∗ and has mean 0.

E

[(
θ̂∗ − θ̄∞

)2 (
ψ
√
U∗
)2]

= E
[
(θ̂∗ − θ∞)2 ψ2 U∗

]
= E

[
ψ2
]
E
[
U∗(θ̂∗ − θ∞)2

]
=

ν

ν − 2
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BU∞ +Cov

(
(θ̂∗ − θ̄∞)2, U∗

))

and

E

[(
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)(
ψ
√
U∗
)3]

= 0

as ψ is independent of
√
U∗ and θ̂∗ and has third moment equal to 0.
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ψ
√
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ψ4
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E
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=
3ν2
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2
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So
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= γ2(θ̂
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(
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(
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)

This can be further simplified by noting that

1− λν =
ν

ν−2U∞

B + ν
ν−2U∞
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The result then follows, and the Gaussian case follows in the limit ν → ∞.

Lemma 3 (Rubin’s rules overestimate variance). Let σ2θ = Var[θ |Dobs] and

σ2R = Var[θRubin |Dobs].

Then for any νcom > 3 and any choice of U , B such that ν∞ = ν
(
ν+1
ν+3

)
(1− λ) > 2, we

have that σR > σθ, and σ
2
R − σ2θ is strictly increasing w.r.t λ, for any νcom, and any

V = U∞ +B.

Proof. Letting ν := νcom, λ = B
U∞+B

and V = U∞ +B we have

σ2R − σ2θ = (1− λ)V

 ν
(
ν+1
ν+3

)
ν
(
ν+1
ν+3

)
(1− λ)− 2

−
[
(1− λ)V

(
ν

ν − 2

)
+ λV

]

Let

V (λ, ν) :=
σ2R − σ2θ

V
= (1− λ)

 ν
(
ν+1
ν+3

)
ν
(
ν+1
ν+3

)
(1− λ)− 2

−
[
(1− λ)

(
ν

ν − 2

)
+ λ

]

Then
∂V (λ, ν)

∂λ
=

 2ν
(
ν+1
ν+3

)
(
ν
(
ν+1
ν+3

)
(1− λ)− 2

)2
−

[
1− ν

ν − 2

]

Now for ν > 3 and λ such that ν∞ = ν
(
ν+1
ν+3

)
(1− λ) > 2, ∂V (λ,ν)

∂λ is strictly positive.

Hence σ2R − σ2θ is strictly increasing w.r.t λ, and so maximised when λ = 0. We see that

V (0, ν) =

 ν
(
ν+1
ν+3

)
ν
(
ν+1
ν+3

)
− 2

− ν

ν − 2
=

4ν

(ν − 3)(ν + 2)(ν − 2)
> 0 ∀ ν > 3

Hence V (λ, ν) > 0 ∀ ν > 3, λ ∈ [0, 1] such that ν∞(λ, ν) > 2 and so σR > σθ.

Note that σ2R is unbounded for λ large enough that ν∞(λ, ν) ≤ 2, whereas σ2θ is bounded

above by ν/(ν − 2) for all λ.

Lemma 4 (Consistency of variance from Rubin’s rules as νcom → ∞). For any choice of

fixed U , B, σR → σθ as νcom → ∞.
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Proof. Note for fixed U and B, λ is also fixed. Then as ν → ∞ for fixed λ, ν∞ → ∞.

Hence limν→∞ σ2R = limν→∞ σ2θ = U∞ +B.

Lemma 5 (Bounding difference between posterior variance and variance from Rubin’s

rules). σ2R − σ2θ < V
(

ν∞
ν∞−2 − 1

)
Proof. Fix ν∞ > 2, and write νcom = ν(ν∞, λ) as a function of ν∞ and λ. Also define

Ṽ (λ, ν∞) = V (λ, ν(ν∞, λ)).

Ṽ (λ, ν∞) :=
σ2R − σ2θ

V
=

ν∞
ν∞ − 2

− (1− λ)
ν(ν∞, λ)

ν(ν∞, λ)− 2
− λ

∂

∂λ
Ṽ (λ, ν∞) =

ν(ν∞, λ)

ν(ν∞, λ)− 2
− 1 + 2(1− λ)

∂
∂λν(ν∞, λ)

(ν(ν∞, λ)− 2)2

Now note that for fixed ν∞, as λ increases, ν must also increase, as ν ν+1
ν+3 is strictly

increasing for ν > 0. Hence ∂
∂λν(ν∞, λ) > 0. So the final term is strictly positive, and as

ν > 2, ν(ν∞,λ)
ν(ν∞,λ)−2 − 1 > 0. Hence ∂

∂λ Ṽ (λ, ν∞) > 0. Now limλ→1 ν(ν∞, λ) = ∞, so

limλ→1
ν(ν∞,λ)

ν(ν∞,λ)−2 = 1. It follows that

max
λ

Ṽ (λ, ν∞) = lim
λ→1

Ṽ (λ, ν∞) =

(
ν∞

ν∞ − 2
− 1

)

Hence σ2R − σ2θ < V
(

ν∞
ν∞−2 − 1

)
Lemma 6 (Rubin’s rules conservative for excess kurtosis, under certain conditions). For

any νcom > 4 and any choice of λ such that ν∞ = ν ν+1
ν+3(1− λ) > 4, we have that

1

ν − 4
(1− λν)

2 <
1

ν∞ − 4
(A.5)

Proof. In all that follows, we restrict to choices of λ ∈ (0, 1) and ν > 4 such that ν∞ > 4.

Note that

1

ν − 4
(1− λν)

2 <
1

ν∞ − 4

if and only if (
ν
ν + 1

ν + 3
(1− λ)− 4

)
(1− λν)

2 − (ν − 4) < 0
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Now note that (1− λν) > (1− λ) for all λ, hence the above inequality holds if and only if

ν
ν + 1

ν + 3
(1− λν)

3 − 4(1− λν)
2 − (ν − 4) < 0

Let

fν(x) = ν
ν + 1

ν + 3
(1− x)3 − 4(1− x)2 − (ν − 4)

then

∂

∂x
fν(x) =− 3ν

ν + 1

ν + 3
(1− x)2 + 8(1− x)

=− (1− x)

(
3ν
ν + 1

ν + 3
(1− x)− 8

)
< 0

since ν ν+1
ν+3(1− x) = ν ν+1

ν+3(1− λν) > ν ν+1
ν+3(1− λ) > 4, and λν ∈ (0, 1). Hence

fν(x) < fν(0) =
−2ν

ν + 3
< 0

and the result follows.

Lemma 7. We condition on Dobs in all that follows, though we drop this from the

notation to save space.

In the limit as

√
Var(U∗)
B → 0 with all other quantities held constant, the following three

terms all tend to 0 as well:

3

∣∣∣∣∣∣∣
(

ν
ν−2

)
Cov

(
θ̂∗, U∗

)
(
B + U∞( ν

ν−2)
)3/2

∣∣∣∣∣∣∣ ≤ 3
ν

ν − 2

√
Var(U∗)

B
→ 0 (A.6)

3

∣∣∣∣∣∣∣
ν2

(ν−2)(ν−4)Var(U
∗)(

B + ( ν
ν−2)U∞

)2
∣∣∣∣∣∣∣ ≤ 3

ν2

(ν − 2)(ν − 4)

Var(U∗)

B2
→ 0 (A.7)

6

∣∣∣∣∣∣∣
ν

ν−2Cov
(
(θ̂∗ − θ̄∞)2, U∗

)
(
B + ( ν

ν−2)U∞

)2
∣∣∣∣∣∣∣ ≤ 6

ν

ν − 2

√
γ2(θ̂∗) + 2

√
Var(U∗)

B
→ 0 (A.8)

Proof. Recall the covariance inequality: for random variables A and B,

|Cov(A,B)| ≤
√

Var(A)
√
Var(B)
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Noting further that B, ν and U∞ are all positive, Eq. A.7 is trivial to show. Recalling

Var(θ̂∗) = B, Eq. A.6 is then also simple to prove.

To show Eq. A.8, first note that

Var
(
(θ̂∗ − θ̄∞)2

)
= E

[
(θ̂∗ − θ̄∞)4

]
− E

[
(θ̂∗ − θ̄∞)2

]2
= B2(γ2(θ̂

∗) + 3)−B2

and the result can be shown by applying the covariance inequality.

A.2 Simulations

Supplementary Table A.1: Choice of βX in each scenario

Setting X distribution nobs = 10, 20 50 100 200

Linear regression Gaussian 1.285 0.734 0.420 0.288 0.201

Lognormal 1.506 0.815 0.442 0.296 0.204

Logistic regression Gaussian 0.870 0.590 0.410

Cox regression Gaussian 0.865 0.475 0.325 0.225

The values 10, 20, 50, 100, 200 in the top row give the value of nobs, the number of

completely-observed samples. The values in the table below give the value of βX used to

generate the simulated data for each setting and data-generating distribution of X, and

each choice of nobs.

A.2.1 Priors used in simulation study

For all scenarios, we first centred Z by subtracting 0.5, and then set priors on βX the

effect of X, βZ the effect of Z − 0.5 and any other parameters. Where an intercept is

present, this gives the value of the linear predictor at Z = 0.5, X = 0. We used the same

priors for all choices of nobs and prop mis within each setting.

Linear regression, Gaussian X

β0 ∼ N(0, 1)

βX ∼ N(0, 2) (note we used a wider prior because the largest true value of βX used to
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generate the data was 1.285 for nobs = 10, to avoid a clash between the prior and the

data)

βZ ∼ N(0, 1)

σ ∼ N(0, 1)

Linear regression, lognormal X

β0 ∼ N(0, 1)

βX ∼ N(0, 2) (note we used a wider prior because the largest true value of βX used to

generate the data was 1.506 for nobs = 10, to avoid a clash between the prior and the

data)

βZ ∼ N(0, 1)

σ ∼ N(0, 1)

µX ∼ N(0, 0.5) the parameter in the lognormal distribution. The true parameter used to

generate the data was 0.

σX ∼ N(log(0.5), 1) the parameter in the lognormal distribution. The true parameter

used to generate the data was 0.551, so that the skew of the lognormal distribution is 2.

Logistic regression, Gaussian X

We used Student-t priors with 5 degrees of freedom, as recommended by the authors of

the stan package [133, 134]. β0 ∼ t5(0, 1)

βX ∼ t5(0, 1)

βZ ∼ t5(0, 1)

Cox/exponential regression, Gaussian X

log(h0) ∼ N(0, 1)

βX ∼ N(0, 1) (note we used a narrower prior than for linear regression, because the

largest true value of βX used to generate the data was 0.865)

βZ ∼ N(0, 1)

149



Supplementary Table A.2: Average power and coverage across all simulation sce-
narios by m

Method m Power Coverage

CC 0.797 0.948

Bayes 100 0.844 0.932

Bayes 1000 0.832 0.949

Bayes 10000 0.831 0.951

Rubin t 5 0.716 0.952

Rubin t 20 0.796 0.957

Rubin t 100 0.813 0.958

Rubin t 1000 0.817 0.958

Rubin norm 1000 0.836 0.950

AB pool norm 100 0.842 0.930

AB pool norm 1000 0.830 0.947

AB pool norm 10000 0.829 0.948

AB pool t 100 0.836 0.934

AB pool t 1000 0.823 0.950

AB pool t 10000 0.822 0.952

CC = complete-case analysis, Bayes = Bayesian analysis, ABpool = Approximate

Bayesian pooling, and t and norm denote assuming a t- and Gaussian-distributed

complete-data posterior respectively. Power and coverage are averaged across all

scenarios and all methods – 25 linear regression scenarios with a Gaussian covariate and

25 with a lognormal covariate, 15 logistic regression scenarios, and 20 Cox regression

scenarios.

A.3 Real data

A.3.1 HPV and cervical cancer correlation
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Supplementary Figure A.1: Q–Q plots for HPV and cervical cancer correlation
parameters
Normal quantile-quantile plots for the maximum likelihood estimates and posterior draws
for θ1 and θ2, respectively the intercept and slope in the relationship between HPV preva-
lence and cervical cancer incidence. Posterior samples are from the Bayesian inference
after multiple imputation method to approximate the cut posterior.

151



Supplementary Figure A.2: The distribution of θ1 estimated by Rubin’s rules, ap-
proximate Bayesian pooling and Bayesian inference after multiple imputation.
The posterior distribution for the intercept θ1. The black, orange and blue lines de-
note the posterior distribution estimated by Bayesian inference after multiple imputation
(MI Bayes), approximate Bayesian pooling (ABpool) and Rubin’s rules (Rubin) respec-
tively. For approximate Bayesian pooling and Rubin’s rules, the solid line denotes the
method assuming a t-distribution given complete data, and the dashed line denotes the
method assuming a Gaussian distribution given complete data.
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A.3.2 SUPPORT

Additional figures
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Supplementary Figure A.3: Q–Q plots for the SUPPORT analysis
Normal quantile-quantile plots for the maximum likelihood estimates and posterior draws for the four variables in the SUPPORT analysis
which contain missing values. Only the first 200 imputations are used, to demonstrate the usefulness of testing normality with a Q–Q plot
without needing to make thousands of imputations. Posterior samples are from the Approximate Bayesian pooling approach, assuming the
posterior distribution under complete data is t-distributed.
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Supplementary Figure A.4: Q–Q plots for all MLEs from the SUPPORT analysis
Normal quantile-quantile plots for the maximum likelihood estimates for all parameters in the SUPPORT analysis. Results are shown from
100,000 multiple imputation draws.
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Supplementary Figure A.5: Q–Q plots for the posterior distribution of all parameters from the SUPPORT analysis
Normal quantile-quantile plots for approximate posterior draws for all parameters in the SUPPORT analysis. Results are shown from 100,000
draws. Posterior samples are from the Approximate Bayesian pooling approach, assuming the posterior distribution under complete data is
t-distributed.
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Supplementary Figure A.6: Martingale residuals for continuous covariates in the SUPPORT analysis
Martingale residuals are shown for all covariates excluding categorical variables in the SUPPORT analysis. These are estimated on the
singly-imputed dataset after imputing using the method recommended by the authors[73]. The plot approximates the appropriate functional
form in the model - a linear trend indicates that including the untransformed covariate in the Cox model is appropriate.
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Supplementary Figure A.7: Schoenfeld residuals for the SUPPORT analysis
Schoenfeld residuals are shown for all covariates in the SUPPORT analysis. These are estimated on the singly-imputed dataset after imputing
using the method recommended by the authors[73]. A roughly constant line at 0 indicates the effect of the covariate is constant with time.
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Additional discussion The martingale residuals (Supplementary Figure A.6) indicate

that most parameters have an approximately linear effect in the Cox model. Some plots

indicate higher order effects such as splines may be necessary, especially pafi, crea,

meanbp, hrt, temp.

The Schoenfeld residuals (Supplementary Figure A.7) indicate most parameters have a

time-constant effect on log-hazard, satisfying the proportional hazards assumption. This

may not hold for some parameters, such as age, scoma, pafi, meanbp, lung cancer, and

MOSF.w.Malig.

Our model could be improved upon by including spline effects and possibly extending to

include time-varying effects. However we don’t anticipate these changes will affect our

results about pooling methods. Multiple imputation is still likely to improve upon single

imputation, and Approximate Bayesian pooling is still likely to give very similar results

to Rubin’s rules. However we see no reason to expect the small differences between

Rubin’s rules and ABpool to disappear in a more complicated model.

A.3.3 COVID-19 vaccine efficacy
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Supplementary Table A.3: Credible intervals for antibody effect and vaccine effi-
cacy at 10, 100, 1000 BAU/mL

Outcome Method Mean Median 2.5% 97.5%

Antibody effect ABpool t -0.01153 -0.01072 -0.02494 -0.00274

ABpool norm -0.01153 -0.01071 -0.02490 -0.00274

Rubin t -0.01154 -0.01154 -0.02305 -0.00003

Rubin norm -0.01154 -0.01154 -0.02281 -0.00027

VE(10) ABpool t 32.3 36.1 -20.9 63.1

ABpool norm 32.3 36.1 -20.7 63.0

Rubin t 35.4 35.4 -17.7 64.6

Rubin norm 35.4 35.4 -16.9 64.3

VE(100) ABpool t 76.2 76.1 64.3 88.7

ABpool norm 76.2 76.1 64.4 88.7

Rubin t 77.1 77.1 59.2 87.2

Rubin norm 77.1 77.1 59.5 87.1

VE(1000) ABpool t 99.6 100.0 97.3 100.0

ABpool norm 99.6 100.0 97.3 100.0

Rubin t 100.0 100.0 62.9 100.0

Rubin norm 100.0 100.0 70.5 100.0

Mean and median are the posterior mean and median respectively, as estimated by each

method. Antibody effect is the effect on the log-hazard per increase of 1 BAU/mL.

Vaccine efficacy (VE) is given in percentages.
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Supplementary Figure A.8: Q–Q plots for COVID-19 vaccine efficacy parameters
Normal quantile-quantile plots for the maximum likelihood estimates and posterior draws
for γ and ζ, respectively the intercept and slope of the antibody effect on COVID-19
vaccine efficacy. Posterior samples are from the Approximate Bayesian pooling approach
assuming a t-distributed complete-data posterior. 60,000 imputations are shown in each
plot.
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Supplementary Figure A.9: The distribution of γ estimated by Rubin’s rules, and
approximate Bayesian pooling.
The posterior distribution for the slope of the antibody effect γ. The orange and blue lines
denote the posterior distribution estimated by approximate Bayesian pooling and Rubin’s
rules respectively. For approximate Bayesian pooling and Rubin’s rules, the lighter shaded
solid line denotes the method assuming a t-distribution given complete data, and the
darker-shaded dashed line denotes the method assuming a Gaussian distribution given
complete data.
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Appendix B

Correlates of protection models

and the need to account for

antibody decay
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Supplementary Table B.1: Rate of infection in the control group for COVID-19 vaccine studies

Vaccine/Study Rate (per 1,000 person-years) Location in text Calculation Citation

ChAdOx1/COV002 149.2 Table 2 Voysey et al. (2021) [4]

ChAdOx1 215.4 Supplementary Results Falsey et al. (2021) [135]

NVX-CoV2373/PREVENT 51.9 Main text - Efficacy Dunkle et al. (2022) [136]

BNT162b2 72.9 Table 2 162/2.222 Polack et al. (2020) [137]

BNT162b2 141.6 Table 2 850/6.003 Thomas et al. (2021) [138]

Ad26.COV2.S/ENSEMBLE 113 Table 2 351/3095.9× 1000 Sadoff et al. (2021) [139]

mRNA-1273/COVE 56.5 Main text - Results Baden et al. (2021) [140]164



Supplementary Table B.2: Additional information from simulation study

Endemic regime Epidemic regime

200 100 50 3 months 4 months 6 months 8 months 9 months

VE (%) 61.5 51.5 37.1 56.5 49.2 35.1 23.4 19.0

Total events 301.9 301 300.5 242.1 265.7 291.1 298.8 299.9

Events in vaccine arm 83.6 98.0 115.6 73.1 89.2 114.2 129.2 133.7

Events in control arm 218.3 202.9 184.9 168.9 176.5 176.9 169.6 166.1

Study end time (d) 118.5 195.2 330.1 365.0 361.8 319.4 311.4 326.2

Mean event time in vaccine arm (d) 52.3 97.6 177.9 74.2 101.1 157.1 212.6 240.5

Mean follow-up time in vaccine arm (d) 88.3 164.1 297.4 331.2 327.7 286.5 279.9 295.0

Mean follow-up time in control arm (d) 86.8 161.9 294.4 325.4 322.9 284.5 279.2 294.5

Maximum coverage for gamma (%) 91.7 90.9 91.1 92.3 91.1 91.9 92.2 91.2

The mean values of various additional information about the simulated data, averaged across the 1000 simulations per scenario. The column

names for the endemic regime give the baseline hazard in the control group per 1000 person-years. The column names for the epidemic

regime give the timing of the peak infection rate. VE is estimated as 1-RR, with RR being the ratio of events in the vaccinated group to

events in the control group. The maximum coverage for gamma shows the largest value of coverage achieved at any value of gamma; the full

coverage curve is shown in Figures 3.1 & 3.2
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Supplementary Figure B.1: Boxplot of the estimates for the antibody effect pa-
rameter γ for each simulation in the endemic regime
A boxplot of the estimates γ̂ across the 1000 simulated datasets in the high, medium and
low constant hazard scenario. γ̂ gives the estimated effect of antibody levels at time 0 on
subsequent log hazard for infection. The baseline hazard is equivalent to 200, 100 and 50
cases per 1000 person-years in the high, medium and low case rate scenarios respectively.
The dotted lines show the true values of γ in the extreme cases of no antibody waning
(γ = γ0 = −0.007) and all antibody levels waning to 0 (γ = 0). Note the boxplot only
shows the range of estimates γ̂, and does not display the uncertainty on the estimates.
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Supplementary Figure B.2: Boxplot of the estimates for the antibody effect pa-
rameter γ for each simulation in the epidemic regime
A boxplot of the estimates γ̂ across the 1000 simulated datasets for different timings of
peak infection rates in the epidemic regimes. γ̂ gives the estimated effect of antibody

levels at time 0 on subsequent log hazard for infection. The baseline hazard peaks at 3,
4, 6, 8 and 9 months in the respective scenarios. The dotted lines show the true values of
γ in the extreme cases of no antibody waning (γ = γ0 = −0.007) and all antibody levels
waning to 0 (γ = 0). Note the boxplot only shows the range of estimates γ̂, and does not

display the uncertainty on the estimates.
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Supplementary Figure B.3: Boxplot of the CI width for the antibody effect pa-
rameter γ for each simulation in the endemic regime
A boxplot of the confidence interval (CI) width for γ across the 1000 simulated datasets
in the high, medium and low constant hazard scenario. γ gives the effect of antibody

levels at time 0 on subsequent log hazard for infection. The baseline hazard is equivalent
to 200, 100 and 50 cases per 1000 person-years in the high, medium and low case rate

scenarios respectively. Note the boxplot shows the width of the confidence intervals, not
values of confidence bounds.
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Supplementary Figure B.4: Boxplot of the CI width for the antibody effect pa-
rameter γ for each simulation in the epidemic regime
A boxplot of the confidence interval (CI) width for γ across the 1000 simulated datasets
for different timings of peak infection rates in the epidemic regimes. γ gives the effect of
antibody levels at time 0 on subsequent log hazard for infection. The baseline hazard
peaks at 3, 4, 6, 8 and 9 months respectively. Note the boxplot shows the width of the

confidence intervals, not values of confidence bounds.
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Appendix C

Joint modelling of COVID-19

correlates of protection, antibody

decay and efficacy waning after

vaccination

C.1 Supplementary Methods

C.1.1 Model

Longitudinal component

See the Methods section in the main text for full definitions of parameters and observed

data. Assume there are N individuals in the study, of whom n received two doses of the

ChAdOx1 nCoV-19 vaccine (the vaccine arm), and N − n received two doses of a

MenACWY control vaccine (the control arm). For individual i = n+ 1, . . . , N in the

control arm, we assume their true antibody levels are zero, Ai(t) ≡ 0. For individual

i = 1, . . . , n in the vaccine arm, we assume the jth antibody observation log Yi(tij) is

given by

log Yi(tij) = logAi(tij) + ϵij (C.1)
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where random error ϵij ∼ tν(0, σ
2) follows the Student-t distribution with ν degrees of

freedom, location 0 and scale σ2. We used the Student-t distribution as QQ-plots showed

better fit than using Gaussian error, and it is more robust to outliers than a Gaussian

error distribution [36]. We chose ν = 4 by examining QQ-plots of the residuals from an

earlier model using Gaussian random error. We considered different integer values of ν,

and chose ν = 4 as the QQ-plot was closest to a straight line.

The formulation of equations (4.2) and (4.3) can be alternatively written as

logAi(t) = α0 + x⊤LiβL0 + τ0η0i − t exp
(
α1 + x⊤LiβL1 + τ1

(
ρη0i +

√
1− ρ2η1i

))
(C.2)

where η0i, η1i are independent standard normal random variables, i = 1, . . . , n. This

formulation is used in the code implementing the model.

Time-to-infection component

For a given infection outcome (any COVID-19 infection or primary symptomatic

COVID-19 infection), let δi be the event indicator for individual i, equal to 1 if they

suffered (any/symptomatic) infection, and 0 otherwise. Let

Ri = {j : Sj + Tj ≥ Si + Ti > Sj & Gj = Gi} be the set of individuals at risk at calendar

time Si + Ti, who are in the same study site as individual i. Then the partial likelihood

is given by

LP (γ, ζ, βD |T, δ,X) =
N∏
i=1

δi exp
(
Zi (γAi(Ti − 7) + ζ) + x⊤DiβD

)∑
j∈Ri

exp
(
Zj (γAj(Ti + Si − Sj − 7) + ζ) + x⊤DjβD

) (C.3)

The Cox model maximises the partial likelihood with respect to parameters γ, ζ, βD.

C.1.2 Bayesian implementation of longitudinal component

Accounting for informative missingness

Missing data occurred in the antibody measurements for two reasons. Firstly,

longitudinal antibody observations were censored, that is, excluded if they occur after

the infection event or the end of the at-risk period. Secondly, blood samples were tested

for antibody levels retrospectively by case-cohort sampling, meaning antibody data is
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missing for a large proportion of non-cases. Hence the missingness of antibody data

depends by design on the total time at risk and the final infection status. Because

antibody levels affect the risk of infection, these time-to-event variables are informative

of the antibody levels. In order to account for this informatively missing-at-random

antibody data, we also included infection data in the longitudinal covariates. Namely, we

included the indicator for any COVID-19 infection, the indicator for primary

symptomatic COVID-19 infection, and the Nelson–Aalen estimate for cumulative hazard

of any COVID-19 NAAT+ test in the vaccine arm. This approach was first suggested for

the Cox model by White and Royston (2009) [64]. Moreno-Bentacur et al. (2018) used a

similar approach in a joint model, suggesting to also include the interaction between

other covariates and the Nelson–Aalen estimator, although they note the interaction

term did not improve the estimates [46]. The inclusion of both infection indicators

accounts for the censoring at any infection event. This can further be seen as a multiple

imputation approach to fitting a joint model with two competing risks of

non-symptomatic COVID-19 infection and symptomatic COVID-19 infection.

Covariate effects

The multiplicative effect due to an increase of 1 in the jth covariate xLj on the antibody

level at PB28 and the half-life of antibody level decay is given by exp(βL0j) and

exp(−βL1j) respectively. This can be derived from Equation (C.2).

Standardisation

We standardised the data before estimating the posterior, in order to improve mixing in

the Hamiltonian Monte Carlo algorithm. We recentered the time since second

vaccination variable at 28 days post second dose, and divided by the standard deviation

of the antibody observation times. We standardised the covariates and observed

antibody levels by subtracting the mean and dividing by the standard deviation of each

variable. We then fit the model on the standardised data, before transforming the

parameters back to the original scale.
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Priors

We fit the following independent priors to the parameters, where θ′ indicates the

parameter θ transformed to the standardised scale:

α′
0, α

′
1 ∼ Normal(0, 22) (C.4)

β′L0, β
′
L1 ∼ Normal(0, 22IpL) (C.5)

τ ′0, τ
′
1, σ

′ ∼ Student-t(d.f. = 2,mean = 0, scale = 1) (C.6)

ρ′ ∼ Uniform(−1, 1) (C.7)

where IpL denotes the identity matrix with pL rows. These priors, combined with

equations (4.2)-(4.3) induce a prior on Ai(t).

Model fitting

We implement the model using Hamiltonian Monte Carlo [141] in Stan [6]. We ran 4

chains of 20000 iterations each, discarding the first 5000 iterations as warm-up and

combining all the remaining iterations from each chain. We checked for convergence by

examining trace plots and checking all values of the potential scale reduction factor were

less than 1.01.

C.1.3 Approximate Bayesian inference procedure

We estimate the joint posterior distribution by multiple imputation.

The joint posterior distribution for the antibody trajectories A(t) = (A1(t), . . . , An(t))
⊤,

longitudinal parameters θL = (α0, α1, βL0, βL1, τ0, τ1, ρ, σ ) and time-to-event parameters

θD = (γ, ζ, βD)
⊤, given data Dobs = (Y, T, δ,XL, XD) is given by

π (A(t), θD, θL |Dobs) = π (θD |A(t), Dobs) π (A(t) | θL, Dobs) π (θL |Dobs) (C.8)

as the time-to-event parameters θD are independent of longitudinal parameters θL given

antibody trajectories A(t).

Hence to sample from the joint posterior distribution, we may first draw a sample of

antibody trajectories A(t)(k) ∼ π (A(t) | θL, Dobs) π (θL |Dobs), then draw a sample of
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time-to-event parameters θ
(k)
D ∼ π (θD |A(t), Dobs), given the sample of antibody

trajectories. This is equivalent to treating the antibody intercepts and slopes a0, a1 as

missing data and imputing from an imputation model. The antibody decay model

approximates the distribution of antibody trajectories given the antibody and

time-to-event data π (A(t) |Y, T, δ,XL, XD). Note Section C.1.2 means our samples are

drawn from an approximation of the appropriate posterior, which conditions on the

time-to-event data T, δ.

We first impute the latent true antibody trajectories from the Bayesian posterior defined

in Section C.1.2. We then run the time-to-event model to estimate the distribution of

the time-to-event parameters given the imputation.

For k = 1, . . . ,K, we impute the latent values of the true antibody level using draws of

the random intercept a
(k)
0i and random slope a

(k)
1i , i = 1, . . . , n from the posterior of the

longitudinal model. A set of imputed intercepts and slopes a
(k)
0 , a

(k)
1 defines the true

antibody trajectories A
(k)
i (t), i = 1, . . . , n in Eq. (4.4).

We then run a Cox proportional hazards model with time-varying covariate A
(k)
i (t− 7)

and hazard given by Eq. (4.4). The model gives us the maximum likelihood estimate

(MLE) θ̂
(k)
I =

(
γ̂(k), ζ̂(k)

)⊤
and corresponding covariance matrix V̂ar

(k)

θD
for the

time-to-infection parameters, given the kth imputation of antibody trajectories.

Next we sample from the asymptotic distribution of the Cox maximum likelihood

estimators θ̂
(k)
I , such that θ

(k)
D ∼ N

(
θ̂
(k)
I , V̂ar

(k)

θD

)
. This approximates a Bayesian

posterior with diffuse improper priors [65], namely the distribution of

π
(
θ
(k)
D |A(t)(k), Y, T, δ,XL, XD

)
in Eq. (C.8). Then our samples θ

(k)
D ,A(k)(t) are

approximate draws from the joint posterior π(θD,A(t) |Y, T, δ,XL, XD). Posterior

quantities of interest can be calculated from these samples and summarised by posterior

medians, means, and 95% credible intervals by calculating quantiles.

This procedure is equivalent to imputing missing antibody intercepts and slopes, and

then performing Approximate Bayesian pooling assuming a Gaussian complete-data

posterior (Chapter 2). Note due to the large sample size, the degrees of freedom from a

t-distributed complete-data posterior is large, so a Gaussian assumption is reasonable.
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C.1.4 Calculation of posterior quantities

Antibody corresponding to a given vaccine efficacy

The antibody level A required for a given vaccine efficacy VE is then given by the

inverse of Eq. (4.5)

A(VE) = (log(1−VE)− ζ) /γ (C.9)

When this is negative, we report antibody of 0, as negative antibodies are not possible.

Mean vaccine efficacy over time

The mean vaccine efficacy at time t is then given by

VE(t) =
1

n

n∑
i=1

VE(Ai(t− 7)) = 1− 1

n

n∑
i=1

exp(γAi(t− 7) + ζ) (C.10)

Note this is describing a counterfactual scenario where individuals are exposed to

COVID-19 at time t and not exposed prior. In real-life populations, individuals who test

positive are protected from future infection (for a period) and drop out from the sum.

This will be more likely for individuals who are higher risk for COVID-19, including

namely unvaccinated individuals. Hence the observed vaccine efficacy in a population will

be shrunk towards a null effect compared to the counterfactual vaccine efficacy we report

here. This is sometimes known as the differential depletion of susceptibles bias [120].

Quantiles of vaccine efficacy

Let A(t) be the vector with ith entry Ai(t). Let Q(x, q) be the qth quantile of the vector

x. Then the qth quantile of vaccine efficacy at time t, VEq is then given by

VEq(t) = Q (VE(A(t− 7)), q) = 1−exp(γQ(A(t−7), q)+ζ) = VE(Q(A(t−7), q)) (C.11)

That is, the qth quantile of vaccine efficacy at time t is equal to the vaccine efficacy

given at the qth quantile of antibody levels at time t− 7. As in Section C.1.4 above, this

calculates a counterfactual vaccine efficacy, in which individuals are not exposed to the

virus until time t. In an observed population individuals who have the lowest antibody
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response will be infected earlier on average, and drop out of the at-risk group.

Calculating covariate effects on vaccine efficacy

To calculate covariate effects on vaccine efficacy, we predicted efficacy in new individuals

with given covariate values. As mentioned in the main text, the event indicators and

Nelson–Aalen (N–A) estimate of cumulative hazard for a new individual are unknown, as

they depend on the infection outcome. We first built an imputation model to

sequentially impute the missing event indicators (infection, symptomatic) and N–A

estimate, which appear in the longitudinal antibody model, given the known covariates.

Imputing the missing time-to-event data We imputed the missing time-to-event

data sequentially. We ran regression models on the observed dataset, then drew

predictions from them for the new individuals to impute the missing values.

We first ran a logistic model to predict the probability of any COVID-19 infection using

all longitudinal covariates xL except the event indicators and Nelson–Aalen estimate

(logmI). We then ran a logistic model to predict the probability of primary symptoms

given infection occurred, using all longitudinal covariates xL except N–A estimate

(logmS). We then ran a linear model to predict the N–A estimate using all longitudinal

covariates xL including infection and primary symptomatic status (linmNA).

For a new individual, we imputed the infection indicator to be 1 with probability equal

to their predicted probability of infection from the logmI model above, and 0 otherwise.

If the imputed infection indicator is 1, we next imputed the symptomatic infection

indicator to be 1 with probability equal to their predicted probability of symptomatic

infection given they were infected, predicted from the logmS model above, and 0

otherwise. Given the imputed event indicators, we imputed the N–A estimate to be the

predicted value from the linear model linmNA, plus a randomly sampled residual from

linmNA. If the resulting imputated value is less than 0, we replace it with 0, as the N–A

estimate is non-negative by definition. Together, these imputations are an approximate

draw from the distribution of the event indicators and N–A estimate given the

longitudinal covariates.

176



Predicted vaccine efficacy for a new individual We imputed these missing

covariates n times. For each set of imputed covariates, we drew from the predictive

distribution of antibody trajectories for a new individual with the given covariate values,

Apred
j (t), j = 1, . . . , n. We then averaged these to calculate the mean risk of infection

given the known covariate values

VE(t) =
1

n

n∑
j=1

VE(Apred
j (t)) = 1− 1

n

n∑
j=1

exp(γApred
j (t) + ζ) (C.12)

Predicted relative vaccine efficacy against Omicron BA.4/5 infection

To estimate the relative efficacy against Omicron BA.4/5 infection over time compared

with vaccine non-responders, we considered three scenarios. We assumed the estimated

mean, 95% upper and lower CI bounds for the relationship between anti-spike IgG

antibody levels and relative efficacy against Omicron BA.4/5 infection from Wei et al.

(2023) [82] to be the true relationship in each scenario respectively. We extracted the

estimate and 95% CI from Wei et al. (Supplementary Fig. 1 from Wei et al.), at every

500 BAU/mL (0, 500, 1000, 1500, . . . , 8000), and at every 10% relative efficacy (0%,

10%, 20%, . . . , 80%). We then fitted a LOESS curve to each of the three curves (95%

lower confidence bound, estimate, 95% upper confidence bound), with a span of 0.3. The

span was chosen such that the curve visually fit the data well, with no signs of

overfitting. We then predicted the relative efficacy against Omicron infection RE(A) at a

given antibody level A from the fitted LOESS curve. The mean relative efficacy against

Omicron in the trial is then given by

RE(t) =
1

n

n∑
i=1

RE(Ai(t− 7)) (C.13)

C.2 Supplementary Results

C.2.1 Predicted efficacy over time against the Omicron BA.4/5 variant

We extrapolated our results to predict what the observed relative efficacy over time in

our study might have been, were the trial conducted during the Omicron period. We

predicted efficacy relative to vaccine non-responders, defined below. Wei et al. (2023)
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estimated the relationship between anti-spike IgG antibody levels and relative efficacy

against Omicron BA.4/5 variant infection after booster vaccination following two initial

doses of COVID-19 vaccine [82]. They calculated efficacy relative to vaccinated

individuals who produced antibody levels of 16 BAU/mL, deemed a non-response. We

applied their estimated relationship between anti-spike IgG antibody levels and relative

efficacy against the Omicron BA.4/5 variant to the predicted antibody levels over time

from this study. We considered three scenarios: assuming their reported mean, upper-

and lower 95% confidence limit for the relationship between anti-spike IgG and relative

efficacy against Omicron BA.4/5 to be the true relationship. We refer to these as the

mean efficacy, high efficacy and low efficacy scenarios respectively. This analysis assumes

the relationship between antibody levels and efficacy after two doses of ChAdOx1

nCoV-19 is the same as the relationship after three vaccine doses (of possibly different

vaccines). This assumption is unlikely to hold, which may bias our analysis (see

Supplementary Discussion). In the mean efficacy scenario, we estimated relative efficacy

at day 35, 97 and 189 to be 18.5% (95% CrI: 17.8, 19.2), 11.0% (10.5, 11.6) and 4.9%

(4.4, 5.5) respectively (Supplementary Fig. C.11). In the high and low efficacy scenarios

respectively, we estimate relative efficacy of 23.4% (22.6, 24.2) and 13.6% (12.9, 14.2) at

day 35, 14.8% (14.1, 15.4) and 7.4% (7.0, 7.9) at day 97 and 7.1% (6.5, 7.8) and 3.1%

(2.7, 3.5) at day 189. The credible intervals do not reflect the uncertainty in the

relationship between antibody levels and relative efficacy. This indicates the antibodies

induced by two doses of ChAdOx1 nCoV-19 might only induce minimal protection

against Omicron BA.4/5 of at most 24.2% at day 35, waning to at most 7.8% at day 189,

relative to a vaccinated individual with no antibodies (see Discussion).

C.2.2 Model fit

To demonstrate how the model works, Supplementary Fig. C.12 shows the estimated

anti-spike IgG antibody trajectories over time for 12 different randomly chosen

individuals We randomly chose 12 individuals, 3 each with 0, 1, 2 and 3 antibody

observations available respectively, and plotted their estimated true anti-spike IgG levels

over time. The plot demonstrates that individuals with no antibody observations are

predicted to have a typical antibody trajectory, with a large uncertainty. Individuals
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with more observations have less uncertainty around their estimated antibody levels over

time.

C.2.3 Computation time

The longitudinal model was run in Stan with 4 chains, in parallel on a SLURM compute

cluster. This took 2h 23m (9h 33m total walltime), and required 52GB of RAM to

generate 15000 iterations per chain, after 5000 iterations of warmup. The Cox model was

run in parallel using the snowfall package in R, on the imputed datasets from each

iteration from the longitudinal model. This was run on a SLURM compute cluster

separately for each outcome (symptomatic, all infections). Each outcome was run using

24 parallel nodes, taking 2h 37m (2 days 12h, 6m total walltime) and 2h 43m (2 days

12h, 35m total walltime) for the symptomatic and all infection analyses respectively. The

Cox analysis required 41GB and 38GB of RAM respectively. The results from the Cox

and longitudinal models were combined to obtain the vaccine efficacy results reported in

the paper in a third step using R and the snowfall package. This was run on 24 parallel

nodes on a SLURM compute cluster, taking 1h 28m (1 day 11h 10m total walltime), and

1h 22m (1 day 8h 50m total walltime) for the symptomatic and all infection outcomes

respectively. The final analysis required 49GB and 50GB of RAM respectively.

C.2.4 Calculated parameters

Posterior summaries of the estimated parameters are reported as follows. The intercept,

slope and related variance and correlation parameters are reported in Supplementary

Table C.4. The multiplicative covariate effects on 28 days post second dose and half-life

are reported in Fig. 4.4 and Supplementary Tables C.5 & C.6. These are given by exp(β0)

and exp(−β1) respectively, and the natural logarithm can be applied to calculate β0 and

β1. For the time-to-event model, the covariate effects on hazard (including antibody and

vaccination) are reported in Supplementary Fig. C.7, and Supplementary Table C.7.
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C.3 Supplementary Discussion

Our data was collected in a period when the Alpha variant was dominant, and

considered individuals without prior infection who received two doses of vaccine. In

contrast, the Omicron variant is currently dominant, and many individuals have received

three or more doses of vaccine and been previously infected. While some findings such as

effects of dose interval on vaccine efficacy will likely still apply, our results are therefore

not directly applicable to current and future populations. To aid with this, we

extrapolated our results to examine what the efficacy over time since second dose might

have been in the Omicron BA.4/5 period. We used the estimated relationship between

efficacy and antibody levels reported by Wei et al. (2023) [82] to estimate the level of

Omicron BA.4/5 protection induced by antibody trajectories observed in this trial. This

analysis should be interpreted with caution for three reasons: firstly, Wei et al., and thus

also our analysis, use vaccine non-responders (vaccinated individuals whose antibody

level was 16 BAU/mL) as the comparison in their calculation of relative efficacy instead

of unvaccinated controls. It is not clear therefore how our analysis, or that of Wei et al.,

might relate to protection against Omicron BA.4/5 compared with unvaccinated

individuals. Secondly, the relationship reported by Wei et al. was calculated from

observational data, which may introduce bias into our analysis. Thirdly, our analysis

assumed that the relationship between antibody levels and efficacy was the same after

two doses in our study, as in the Wei et al. study. Their study combined individuals

vaccinated with two, three or four vaccine doses (83.9% had three doses), including

individuals who received the ChAdOx1 nCoV-19 and BNT162b2 as their first two doses,

and different booster dose vaccines. The relationship between antibody levels and

efficacy may differ across these groups, which may introduce some bias into our analysis.

We suggest that protection from two doses of vaccine is likely to be no greater than after

three doses, at the same level of antibodies. Therefore any such bias is likely to result in

our reported estimates being an over-estimate of the effectiveness of two doses against

Omicron BA.4/5, compared with vaccine non-responders. These estimates are all

calculated for individuals with no prior infection, which is rare today. Levels of

vaccine-induced protection may be different for individuals with a prior infection.
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We estimated low efficacy after two doses of ChAdOx1 nCoV-19 vaccine against the

Omicron BA.4/5 variant, of 18.5% at 35 days, 7.6% at 140 days and 4.1% at 209 days,

relative to vaccine non-responders (Supplementary Fig. C.11). Supplementary Table C.9

compares our methods and results to previous studies of vaccine efficacy against the

Omicron variant. Andrews et al. (2022b) used a test-negative design to estimate VE

against Omicron [98] and is vulnerable to the aforementioned biases from observational

studies. Andrews et al. reported a much higher vaccine efficacy against Omicron at 2-4

weeks since second dose, but report a small negative vaccine efficacy at 25 weeks since

second dose, which may be due to bias. While the results from our study are not directly

comparable with theirs, it is however interesting that they reported higher initial VE

against Omicron than our estimated relative efficacy, with both studies waning to

negligible protection after 25 weeks. This might indicate that vaccine non-responders are

initially protected against infection relative to control individuals, but this protection

wanes by 25 weeks.

C.4 Supplementary Tables
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Supplementary Table C.1: Baseline characteristics of vaccinated (ChAdOx1) and
control arms

ChAdOx1 (n=4605) Control (n=4423)

Age (years)
Median (IQR) 45 (34, 56) 45 (34, 55)

18-55 years 3435 (74.6%) 3423 (77.4%)
55-69 years 568 (12.3%) 503 (11.4%)
70+ years 602 (13.1%) 497 (11.2%)

Sex

Male 1934 (42.0%) 1765 (39.9%)
Female 2671 (58.0%) 2658 (60.1%)

Ethnicity

White 4235 (92.0%) 4092 (92.5%)
Other 370 (8.0%) 331 (7.5%)

Comorbidities

None 3475 (75.5%) 3348 (75.7%)
Comorbidity 1130 (24.5%) 1075 (24.3%)

BMI (kg/m2)
Median (IQR) 25.5 (23, 28.8) 25.4 (22.9, 28.9)

BMI <30 kg/m2 3704 (80.4%) 3531 (79.8%)
BMI ≥30 kg/m2 901 (19.6%) 892 (20.2%)

Healthcare worker status

Non-healthcare worker 1759 (38.2%) 1550 (35.0%)
Healthcare worker (<1 patient with COVID-19 per day) 1973 (42.8%) 2008 (45.4%)
Healthcare worker (≥1 patient with COVID-19 per day) 873 (19.0%) 865 (19.6%)

Interval between first and second dose
Median (IQR) days 74 (42, 89) 76 (49, 89)

<6 weeks 1722 (37.4%) 1673 (37.8%)
6-8 weeks 1215 (26.4%) 1294 (29.3%)
9-11 weeks 555 (12.1%) 497 (11.2%)
≥12 weeks 1113 (24.2%) 959 (21.7%)

First dose strength

Standard Dose 2979 (64.7%) 2913 (65.9%)
Low Dose 1626 (35.3%) 1510 (34.1%)

NAAT+ case∗

Negative 4398 (95.5%) 4046 (91.5%)
NAAT+ case 207 (4.5%) 377 (8.5%)

Primary symptomatic NAAT+ case†

Non-case 4534 (98.5%) 4206 (95.1%)
NAAT+ primary symptomatic case 71 (1.5%) 217 (4.9%)

Time from day 28 post second dose until infection
Median (IQR) days 64 (38.5, 98) 59 (35, 91)

Total follow up time at risk
Median (IQR) days 102 (77, 128) 97 (73, 122)

Values are counts (percentages) unless stated otherwise. ∗NAAT+ case denotes nucleic
acid amplification test positive participants. †Primary symptomatic NAAT+ denotes
nucleic acid amplification test positive participants with at least one qualifying
symptom.
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Supplementary Table C.2: Observed anti-spike IgG antibody measurements by visit, arm (ChAdOx1/Control) and case

ChAdOx1 Control

Non-case Case Symptomatic case Total Total
n=4398 (95.5%) n=207 (4.5%) n=71 (1.5%) n=4605 n=4423

PB28 Number of antibody measurements available 1155 (26.3%) 173 (83.6%) 59 (83.1%) 1328 (28.8%) 852 (19.3%)
Median (IQR) anti-spike IgG value BAU/mL 219 (119, 383) 197 (103, 322) 165 (100, 276) 214 (115, 370) 0.3 (<LLOQ, 0.5)
Number of antibody measurements <LLOQ 0 (0%) 0 (0%) 0 (0%) 0 (0%) 357 (41.9%)

PB90 Number of antibody measurements available 519 (11.8%) 64 (30.9%) 23 (32.4%) 583 (12.7%) 62 (1.4%)
Median (IQR) anti-spike IgG value BAU/mL 115 (66, 206) 93 (47, 168) 78 (62, 178) 112 (64, 199) 0.3 (<LLOQ, 0.6)
Number of antibody measurements <LLOQ 0 (0%) 0 (0%) 0 (0%) 0 (0%) 21 (33.9%)

PB182 Number of antibody measurements available 58 (1.3%) 1 (0.5%) 1 (1.4%) 59 (1.3%) 9 (0.2%)
Median (IQR) anti-spike IgG value BAU/mL 65 (45, 117) 30 (NA) 30 (NA) 64 (44, 117) 0.2 (<LLOQ, 0.3)
Number of antibody measurements <LLOQ 0 (0%) 0 (0%) 0 (0%) 0 (0%) 4 (44.4%)

Total Number of antibody measurements available 1732 (39.4%) 238 (115%) 83 (116.9%) 1970 (42.8%) 923 (20.9%)
Median (IQR) anti-spike IgG value BAU/mL 175 (92, 320) 164 (82, 280) 137 (69, 243) 172 (91, 312) 0.3 (<LLOQ, 0.5)
Number of antibody measurements <LLOQ 0 (0%) 0 (0%) 0 (0%) 0 (0%) 382 (41.4%)

Only ChAdOx1 vaccinated participants are split by case (Non-case, Case, Symptomatic case). The number of antibody measurements
available, median and interquartile range, and number of measurements below the lower limit of quantification (LLOQ) 0.21 BAU/mL is
shown. Antibody measurements are given in BAU/mL to the nearest whole number for the ChAdOx1 arm, and to 1 decimal place for the
Control arm. Outliers are not included in this table (see Supplementary Table C.3).
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Supplementary Table C.3: The 8 outlying antibody values from ChAdOx1 vaccinated participants which were removed from
the analysis

Case Days since second dose Visit Anti-spike IgG value (BAU/mL)

Non-case 40 PB28 <LLOQ

Non-case 34 PB28 0.6

Non-case 27 PB28 0.3

Non-case 89 PB90 <LLOQ

Non-case 103 PB90 4363.8

Symptomatic case 95 PB90 3.3

Non-case 91 PB90 0.7

Non-case 91 PB90 <LLOQ

Values less than the lower limit of quantification 0.21 BAU/mL are written as < LLOQ. All except the 5th value were removed due to being
extremely low, which may lead to issues in the model fit, encouraging the variance of random intercepts and slopes to be too large (See
Supplementary Fig. C.2)
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Supplementary Table C.4: Posterior summary of parameters in the longitudinal antibody model, for antibody measurements
converted to BAU/mL

Parameter Mean Median 0.025 quantile 0.975 quantile

α0 5.761 5.762 5.513 6.006

α1 −4.770 −4.770 −5.032 −4.506

σe 0.206 0.206 0.184 0.226

τ0 0.756 0.756 0.722 0.791

τ1 0.162 0.170 0.014 0.287

ρ −0.134 −0.103 −0.767 0.269

Time t = 0 is set to be 28 days after the second dose in the model implementation. A reference individual in the model is one with age
18-55, male, white, no comorbidity, ≥ 12 weeks interval between first and second dose, BMI < 30kg/m2, not a healthcare worker, standard
first dose, negative COVID-19 and 0 Nelson–Aalen estimate.
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Supplementary Table C.5: The multiplicative covariate effects on anti-spike IgG level 28 days post second dose

Posterior estimates

Multiplicative effect on anti-spike IgG level 28 days post second dose Median Mean 2.5% quantile 97.5% quantile

Age (56-69 vs 18-55 years) 0.86 0.86 0.71 1.03
Age (≥70 vs 18-55 years) 0.78 0.78 0.63 0.96

Sex (Female vs Male) 1.08 1.08 0.99 1.19

Ethnicity (Non-white vs White) 1.18 1.18 1.00 1.39

Comorbidity (Comorbidity vs None) 1.00 1.00 0.90 1.11

BMI (≥30 vs <30 kg/m2) 1.00 1.00 0.90 1.12

Healthcare worker (HCW) status (HCW facing <1 COVID-19 patient per day vs Not a HCW) 0.84 0.84 0.73 0.95
Healthcare worker (HCW) status (HCW worker facing ≥1 COVID-19 patient per day vs Not a HCW) 0.90 0.90 0.77 1.06

Interval between first and second dose (9-11 weeks vs ≥12 weeks) 0.83 0.83 0.74 0.93
Interval between first and second dose (6-8 weeks vs ≥12 weeks) 0.70 0.70 0.61 0.81
Interval between first and second dose (<6 weeks vs ≥12 weeks) 0.51 0.52 0.43 0.61

First dose (Low dose vs Standard dose) 1.11 1.11 0.99 1.24

COVID-19 outcome (Positive vs Negative) 0.85 0.86 0.71 1.01
COVID-19 outcome (Primary symptomatic vs Negative) 0.76 0.76 0.61 0.95

Cumulative hazard (Nelson–Aalen estimator for cumulative hazard) 0.97 0.97 0.92 1.03

A forest plot is given in Fig. 4.4
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Supplementary Table C.6: The multiplicative covariate effects on half-life of the decay in anti-spike IgG levels

Posterior estimates

Multiplicative effect on anti-spike IgG level half-life Median Mean 2.5% quantile 97.5% quantile

Age (56-69 vs 18-55 years) 1.22 1.25 0.89 1.74
Age (≥70 vs 18-55 years) 0.86 0.86 0.62 1.15

Sex (Female vs Male) 0.90 0.90 0.81 0.99

Ethnicity (Non-white vs White) 1.09 1.09 0.90 1.34

Comorbidity (Comorbidity vs None) 0.92 0.92 0.82 1.04

BMI (≥30 vs <30 kg/m2) 0.84 0.84 0.74 0.94

Healthcare worker (HCW) status (HCW facing <1 COVID-19 patient per day vs Not a HCW) 0.96 0.96 0.83 1.11
Healthcare worker (HCW) status (HCW worker facing ≥1 COVID-19 patient per day vs Not a HCW) 0.88 0.88 0.76 1.03

Interval between first and second dose (9-11 weeks vs ≥12 weeks) 0.99 0.99 0.88 1.11
Interval between first and second dose (6-8 weeks vs ≥12 weeks) 0.97 0.97 0.84 1.12
Interval between first and second dose (<6 weeks vs ≥12 weeks) 0.96 0.98 0.75 1.27
First dose (Low dose vs Standard dose) 1.09 1.09 0.97 1.23

COVID-19 outcome (Positive vs Negative) 0.86 0.86 0.72 1.04
COVID-19 outcome (Primary symptomatic vs Negative) 0.78 0.78 0.64 0.97

Cumulative hazard (Nelson–Aalen estimator for cumulative hazard) 1.01 1.01 0.96 1.07

A forest plot is given in Fig. 4.4
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Supplementary Table C.7: The multiplicative covariate effects on hazard against symptomatic COVID-19 infection and any
COVID-19 infection

Covariate multiplicative effect Posterior estimates

Multiplicative effect on hazard for symptomatic COVID-19 infection Median Mean 2.5% quantile 97.5% quantile

Antibody level (Effect due to increase of 100 BAU/mL) 0.34 0.32 0.08 0.76

Vaccination direct effect (ChAdOx1 nCoV-19 vs control) 0.71 0.73 0.38 1.53

Age (56-69 vs 18-55 years) 0.50 0.50 0.29 0.89
Age (≥70 vs 18-55 years) 0.16 0.16 0.06 0.42

Sex (Female vs Male) 0.88 0.88 0.68 1.13

Ethnicity (Non-white vs White) 1.02 1.02 0.67 1.56

Comorbidity (Comorbidity vs None) 0.98 0.98 0.73 1.32

BMI (≥30 vs <30) 1.39 1.39 1.06 1.82

Healthcare worker (HCW) status (HCW facing <1 COVID-19 patient per day vs Not a HCW) 1.42 1.42 1.00 2.02
Healthcare worker (HCW) status (HCW worker facing ≥1 COVID-19 patient per day vs Not a HCW) 2.20 2.20 1.49 3.24

Multiplicative effect on hazard for any COVID-19 infection Median Mean 2.5% quantile 97.5% quantile

Antibody level (Effect due to increase of 100 BAU/mL) 0.49 0.48 0.27 0.75

Vaccination direct effect (ChAdOx1 nCoV-19 vs control) 0.92 0.93 0.64 1.39

Age (56-69 vs 18-55 years) 0.66 0.66 0.46 0.93
Age (≥70 vs 18-55 years) 0.53 0.53 0.36 0.80

Sex (Female vs Male) 0.93 0.93 0.78 1.11

Ethnicity (Non-white vs White) 0.86 0.86 0.62 1.19

Comorbidity (Comorbidity vs None) 0.95 0.95 0.77 1.16

BMI (≥30 vs <30) 1.13 1.13 0.92 1.38

Healthcare worker (HCW) status (HCW facing <1 COVID-19 patient per day vs Not a HCW) 1.18 1.18 0.93 1.50
Healthcare worker (HCW) status (HCW worker facing ≥1 COVID-19 patient per day vs Not a HCW) 1.65 1.65 1.26 2.17

A forest plot is given in Supplementary Fig. C.7
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Supplementary Table C.8: Anti-spike IgG antibody levels required to give different levels of vaccine efficacy against any
COVID-19 infection or symptomatic COVID-19

Required anti-spike IgG antibody level (BAU/mL)

Vaccine efficacy (%) Symptomatic COVID-19 Any COVID-19 infection

0 0 (0, 18) 0 (0, 27)
5 0 (0, 20) 0 (0, 31)
10 0 (0, 23) 3 (0, 36)
15 0 (0, 26) 11 (0, 41)
20 0 (0, 28) 20 (0, 47)
25 0 (0, 32) 29 (0, 54)
30 2 (0, 35) 38 (0, 62)
35 8 (0, 39) 48 (0, 72)
40 16 (0, 44) 59 (19, 85)
45 24 (0, 50) 71 (41, 102)
50 32 (0, 57) 84 (59, 125)
55 42 (0, 67) 99 (73, 154)
60 52 (0, 82) 116 (85, 191)
65 63 (24, 104) 135 (97, 233)
67 69 (37, 116) 143 (102, 253)
70 78 (51, 139) 156 (109, 285)
75 96 (65, 192) 182 (124, 346)
80 117 (76, 266) 214 (141, 423)
85 144 (88, 365) 254 (163, 522)
90 182 (105, 507) 311 (194, 662)
95 247 (133, 757) 408 (247, 900)
98 311 (161, 1002) 506 (300, 1140)
99 397 (197, 1331) 635 (369, 1458)

Posterior medians (and 95% credible intervals) are reported. When the required antibody level is predicted to be negative, 0 BAU/mL is
reported, as negative antibody levels are not possible.
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Supplementary Table C.9: Comparison of methods and results with previous studies considering waning vaccine efficacy against
the Delta, Gamma and Omicron variants

Paper
Primary
course
vaccine

Booster
vaccine

Dominant
variant

Two-dose
/booster
/prior infection

Study design

Randomised
vaccine
/control
assignment

Baseline
comparator

Outcome
Location
of result
in paper

Group
Weeks
since
dose

Vaccine
efficacy (%)

Katikireddi et al.
(2022) [95]

ChAdOx1†
Delta
Gamma

Two dose
Cohort*
Test-negative

x Unvaccinated
Severe disease*
Symptomatic

Table 3

Scotland
(Delta)

Brazil
(Gamma)

4-5
10-11
18-19
4-5
10-11
18-19

67.3 (65.3, 69.1)
59.3 (57.2, 61.4)
44.6 (41.5, 47.6)
68.4 (67.8, 68.9)
63.2 (62.2, 64.2)
57.7 (55.4, 60.0)

Menni et al.
(2022) [96]

ChAdOx1†

BNT162b2*
mRNA-1273*

BNT162b2*
mRNA-1273*

Delta
Two dose
Booster dose*

Cohort x Unvaccinated
Any infection
(mostly
symptomatic)

(Figure
1A)
Supp.
Table 1

All ages

4
9
13
17
22
26

83.1 (82.2, 84)
79.3 (78.6, 80.0)
76.7 (76.0, 77.5)
75.8 (75.0, 76.4)
75.7 (74.9, 76.4)
75.2 (74.3, 76.1)

Horne et al.
(2022) [97]

ChAdOx1†

BNT162b2*
Delta Two dose Cohort x Unvaccinated Any infection

Supp.
Table 7

Age 40-64

Age 65+

3-6
11-14
23-26
3-6
11-14
23-26

22 (19, 25)
−25 (−30, −20)
−86 (−79, −93)
57 (42, 68)
30 (20, 38)
−23 (−36, −11)

Andrews et al.
(2022b) [98]

ChAdOx1†

BNT162b2*

BNT162b2
mRNA-1273
ChAdOx1†*

Omicron
Delta*

Two dose
Booster dose

Test-negative x Unvaccinated Symptomatic Table 3

Two dose

2-4
5-9
15-19
25+

48.9 (39.2, 57.1)
33.7 (25.0, 41.5)
17.8 (13.4, 21.9)
−2.7 (−4.2, −1.2)

BNT162b2
booster

mRNA-1273
booster

2-4
5-9
≥10
2-4
5-9

62.4 (61.8, 63.0)
52.9 (52.1, 53.7)
39.6 (38.0, 41.1)
70.1 (69.5, 70.7)
60.9 (59.7, 62.1)

Hogan et al.
(2023) [142]‡

ChAdOx1†

BNT162b2*
mRNA-1273*

BNT162b2*
mRNA-1273*
ChAdOx1†*

Omicron
Delta*

Two dose
Booster dose*

Modelling x Unvaccinated Mild disease Table 2 All recipients
13
26

12 (11.5, 12.4)
6.1 (5.8, 6.4)§

Our Omicron
analysis¶

ChAdOx1†
Omicron
BA.4/5

Two dose Modelling x
Vaccine
non-responders

Any infection
Supp.
Fig. C.11

All recipients
(Scenario:
Mean efficacy)

5
10
20
26
29.9

18.5 (17.8, 19.2)
13.8 (13.3, 14.5)
7.6 (7.1, 8.2)
5.3 (4.8, 5.8)
4.1 (3.7, 4.7)

We include studies of two doses of the ChAdOx1 nCoV-19 vaccine, and a study of efficacy after a booster dose, against the Delta, Gamma,
and Omicron COVID-19 variants. Results are given with 95% confidence intervals or 95% credible intervals, depending on the paper. Results
are presented for different age groups, where appropriate. *We do not report these results here, see the original paper. †ChAdOx1 refers to
the ChAdOx1 nCoV-19 vaccine in this table. ‡Hogan et al. (2023) [142] fit a decay model to the results from Andrews et al. (2022b) [98].
The model does not appear to fit the data well - see Fig. 2 (top panel, mild disease) from their paper. §These results at 26 weeks were
extrapolated from the model for timepoints beyond the data. ¶Our analysis predicts efficacy against Omicron by applying the relationship
between anti-spike IgG levels and relative efficacy reported by Wei et al. [82] to the antibody trajectories predicted by our model.

190



C.5 Supplementary Figures

Supplementary Figure C.1: Flow chart showing inclusion of COV002 participants in analysis cohort.
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Supplementary Figure C.2: Observed anti-spike IgG antibody levels over time since vaccination, including outliers and mea-
surements from control participants. Each point represents an observation, and consecutive observations from the same individual are
connected by a line. Black points denote included observations from vaccine arm participants. Red points denote observations excluded as
outliers from vaccine arm participants. Blue points denote observations from control arm participants, which were not included in our model.
When one of the points which a line connects is an outlier, a red line is used. Blue lines connect observations from control participants. A
dotted horizontal line is drawn at the lower limit of quantification (LLOQ) 33 AU/mL (0.21 BAU/mL). Observations below the LLOQ are
plotted at the LLOQ.
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Supplementary Figure C.3: The estimated baseline hazard of infection in the trial by calendar days. The (lower) red line and
shaded region give the estimate and 95% confidence interval for baseline hazard of primary symptomatic COVID-19 infection. The (upper)
blue line and shaded region give the estimate and 95% confidence interval for baseline hazard of any COVID-19 infection. The shaded regions
overlap. Both were estimated from the control group only, using penalised restricted cubic splines in the R package survPen [143]. The
baseline hazard is the hazard rate for an unvaccinated individual with baseline covariates. Few individuals had yet entered the study prior to
50 days since the start, and few remained in the study beyond 250 days since the start, hence the wide confidence intervals in those regions.

193



Supplementary Figure C.4: The number of individuals at risk over time since second dose in the vaccine and control arms.
The upper green area denotes the number of ChAdOx1 nCoV-19 (AZD1222) vaccinated participants at risk over time since second dose.
The lower blue area denotes the number of control participants at risk over time since second dose. As such, the upper black line denotes
the total number of participants at risk over time since second dose, and the lower black line the number of control participants at risk over
time. Participants are no longer considered at-risk after leaving the study, returning a positive COVID-19 test, and receiving a subsequent
vaccination, among other reasons.
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Supplementary Figure C.5: Histogram of the timings of anti-spike IgG samples since second dose vaccination. Only anti-spike
IgG samples from ChAdOx1 nCoV-19 (AZD1222) vaccinated participants are included. Samples from individuals more than 7 days prior to
entering the at-risk period or less than 7 days before leaving the at-risk period are excluded. Hence, samples less than 7 days before returning
a positive COVID-19 test, or after returning a positive test, are excluded.
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Supplementary Figure C.6: Histogram of the onset time since second dose of (a) any COVID-19 infection, (b) primary symp-
tomatic COVID-19 infection. (a) The blue histogram denotes the timings of the onset of any COVID-19 infection. (b) The red histogram
denotes the timings of the onset of primary symptomatic COVID-19 infection.
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Supplementary Figure C.7: Covariate effects on hazard of COVID-19 infection. The multiplicative effects due to different covariates
on hazard of symptomatic COVID-19 infection and any COVID-19 infection. Points denote posterior medians and lines denote 95% credible
intervals. Red denotes hazard against symptomatic infection and blue denotes hazard against any COVID-19 infection. These results are also
given in Supplementary Table C.7
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Supplementary Figure C.8: Quantiles of vaccine efficacy as a function of time since vaccination. The curves show posterior medians
and shaded regions 95% credible intervals. The 95%, 75%, 50%, 25% and 5% quantiles are plotted. (a) shows VE against symptomatic
COVID-19 and (b) against all COVID-19 infection.
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Supplementary Figure C.9: Quantiles of anti-spike IgG antibody levels as a function of time since vaccination. The curves show
posterior medians and shaded regions 95% credible intervals. The 95%, 75%, 50%, 25% and 5% quantiles are plotted.
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Supplementary Figure C.10: Vaccine efficacy against any COVID-19 infection plotted against time since vaccination for dif-
ferent covariate combinations. The black lines represent an individual with “baseline” covariates: age 18-55, female, white ethnicity, no
comorbidities, BMI<30 kg/m2, >12 week interval between first and second dose, non-HCW, and receiving a standard dose as their first dose.
All other lines represent an individual with one of the above covariates changed from these baseline values. The solid lines show posterior
medians and dashed lines 95% credible intervals. “HCW < 1 COVID” refers to a healthcare worker facing <1 COVID-19 patient per day,
“HCW ≥ 1 COVID” refers to a healthcare worker facing ≥1 COVID-19 patient per day.
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Supplementary Figure C.11: Predicted relative efficacy against SARS-CoV-2 Omicron BA.4/5 variant infection as a function
of time since vaccination. The black, blue and red lines represent estimates calculated using the reported posterior mean, and upper and
lower 95% credible bounds for the relationship between relative efficacy and anti-spike IgG antibody levels from Wei et al. (2023). The solid
lines show posterior medians and dashed lines 95% credible intervals, for the mean relative efficacy in the study.
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Supplementary Figure C.12: Estimated true anti-spike IgG levels for 12 randomly chosen individuals. We randomly chose 3
individuals with 0, 1, 2 and 3 antibody observations available respectively, and plotted their estimated true anti-spike IgG levels over time.
The solid line represents the posterior median, and the dashed lines represent a 95% credible interval. The blue points show the observed
antibody levels. To be clear, the 3 plots on each row are 3 separate individuals (not the same individual with data consecutively being added).
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Supplementary Figure C.13: MAP standardised subject-specific residuals for the PB28 visit, plotted against posterior predicted
mean The y-axis value gives the MAP standardised subject-specific residuals, defined in section 4.3.2. These are plotted against the mean
among replicated data drawn from the posterior predictive for an observation for the same individual at the time of their PB28 visit. The
blue dotted line shows a loess curve fitted to the points. The plot shows a strong positive linear trend, indicating the posterior mean pools
strongly between the individual observed values and the sample mean of the observed values. This is unsurprising, since for most individuals
with a PB28 observation, this is their only observation available in the study, and the model contains a random intercept and random slope.
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Supplementary Figure C.14: MAP standardised subject-specific residuals for the PB90 visit, plotted against posterior predicted
mean The y-axis value gives the MAP standardised subject-specific residuals, defined in section 4.3.2. These are plotted against the mean
among replicated data drawn from the posterior predictive for an observation for the same individual at the time of their PB28 visit. The blue
dotted line shows a loess curve fitted to the points. The plot shows a weak positive linear trend, indicating the posterior mean pools weakly
between the individual observed values and the sample mean of the observed values. This is unsurprising, since for most individuals with a
PB90 observation, two observations are available in the study (PB28 and PB90), and the model contains a random intercept and random
slope.
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Supplementary Figure C.15: MAP standardised subject-specific residuals for the PB182 visit, plotted against posterior pre-
dicted mean The y-axis value gives the MAP standardised subject-specific residuals, defined in section 4.3.2. These are plotted against the
mean among replicated data drawn from the posterior predictive for an observation for the same individual at the time of their PB28 visit.
The blue dotted line shows a loess curve fitted to the points. The plot shows a slight positive trend, indicating the posterior mean may pool
weakly between the individual observed values and the sample mean of the observed values. This is unsurprising, since for most individuals
with a PB90 observation, three observations are available in the study (PB28, PB90, PB182), and the model contains a random intercept and
random slope. This is sparse data to fit two random effects, so observing some pooling is unsurprising.
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Supplementary Figure C.16: MAP standardised subject-specific residuals against days since second dose vaccination The y-axis
value gives the MAP standardised subject-specific residuals, defined in section 4.3.2. These are plotted against days since vaccination. The
grey lines join two consecutive points for the same individual. The blue dotted line shows a loess curve fitted to the points. The residuals are
centered around 0 over time, indicating the model is giving an adequate fit to the data.
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Supplementary Figure C.17: Posterior predictive distribution of the median antibody level at each visit, compared with the
observed value The curve shows the density of the posterior predictive distribution of the median antibody level among individuals observed
at each visit. The vertical dotted line shows the observed median antibody level at each visit. The lines each lie towards the bulk of the
distribution, indicating a reasonable fit. However, the observed median at PB28 is lower than the posterior mean, and the median at PB90
higher, indicating the model may be overestimating the antibody levels around 28 days after vaccination, and underestimating the levels
around 90 days after vaccination. The posterior predictive probability of the median being larger than the observed value at PB28 is 0.15,
and smaller than the observed value at PB90 is 0.22.
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Supplementary Figure C.18: Posterior predictive distribution for the variance of the antibody level at each visit, compared
with the observed value The curve shows the density of the posterior predictive distribution for the variance of the antibody level among
individuals observed at each visit. The vertical dotted line shows the observed variance of the antibody level at each visit. The lines each lie
close to the peak of the distribution, indicating a good fit.
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Supplementary Figure C.19: Posterior predictive distribution for the mean antibody curvature between visits, compared with
the observed value

The curve shows the density of the posterior predictive distribution for the mean log antibody curvature among individuals with
observations at all three visits. Curvature is defined in section 4.3.2. The vertical dotted line lies towards the tail of the distribution,

indicating the model is not capturing the observed curvature in the data well. The model assumes log antibodies decay linearly, whereas the
observed data appear to indicate the decay may be faster at first, before slowing down. The posterior predictive probability of the curvature

being larger than the observed value at PB28 is 0.035.
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Supplementary Figure C.20: QQ-plot comparing the MAP standardised subject-specific residuals to a t-distribution with 4
degrees of freedom The plot compares the approximate observed error distribution in our model to the assumed error distribution. If
the two distributions are the same, the points will go through the straight line. The bulk of the distribution lies close to the straight line,
indicating the assumption for the error distribution is reasonable.
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