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We present a scheme for modeling quantum plasmas in the warm dense matter regime via a hybrid smoothed
particle hydrodynamic–molecular dynamic treatment, here referred to as “Bohm SPH.” This treatment is
founded upon Bohm’s interpretation of quantum mechanics for partially degenerate fluids, does not apply the
Born-Oppenheimer approximation, and is computationally tractable, capable of modeling dynamics over ionic
timescales at electronic time resolution. Bohm SPH is also capable of modeling non-Gaussian electron wave
functions. We present an overview of our methodology, validation tests of the single particle case including the
hydrogen 1s wave function, and comparisons to simulations of a warm dense hydrogen system performed with
wave packet molecular dynamics.

DOI: 10.1103/1gwd-z8zq

I. INTRODUCTION

Warm dense matter (WDM) [1] is an exotic state of matter
transitional between a solid and a plasma, inheriting prop-
erties from both. There has been growing interest in the
laser-driven production, diagnosis, theoretical treatment, and
simulation of WDM in the preceding decades. This has been
driven by the advent of high power laser facilities and associ-
ated progress in inertial confinement fusion experiments (ICF)
[2], in which the capsule passes through the WDM regime on
the route to ignition [3], and interest in astrophysical objects
in which WDM naturally occurs such as the Jovian (and
similar exoplanet) interior [4,5], dwarf stars, and neutron star
crusts [6].

WDM is characterized by simultaneously having strongly
coupled ions and quantum degenerate electrons. These char-
acteristics make WDM difficult to treat theoretically, with
perturbative techniques unreliable. A range of simulation
techniques have been developed including effective ion-ion
interaction molecular dynamics (MD) [7,8], MD with clas-
sical electrons interacting via effective pairwise quantum
statistical potentials (QSP) [9,11–13], wave packet molec-
ular dynamics (WPMD) [14–16], quantum hydrodynamics
(QHD) [17,18], density functional theory coupled to MD
(DFT-MD) [19,20], time-dependent density functional the-
ory [21,22], and quantum and path integral Monte Carlo
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approaches [23–25]. All with different levels of approxima-
tion and computational cost. DFT-MD in particular is applied
widely in the WDM regime to compute ion dynamics. How-
ever, it applies the Born-Oppenheimer approximation, with
the electrons treated as an instantaneously adjusting back-
ground (adiabatically) and their dynamics not captured.

Dynamic electron behavior is essential to estimation of
system transport properties such as thermal and electrical
conductivity, and in the experimental WDM field, essential to
interpreting x-ray Thomson scattering which is often used to
diagnose plasma conditions [26–28]. Moreover, explicit elec-
tron dynamics may be important to the accuracy of computed
ion dynamics in WDM systems, with the first experimental
measurements of ion modes in warm dense methane [29]
highlighting the need for accurate ab initio results to cor-
roborate and inform future experiments. Investigation of ion
modes in a warm dense Aluminium system in Ref. [30] via
a simple Langevin noise model that mimicked the effect
of dynamic electrons, suggested that a proper description
of dynamic ion-electron and electron-electron interactions is
required to predict the ion dynamics accurately. This was
supported by further work [31] demonstrating significant dif-
ference between DFT-MD results for ion diffusion in warm
dense hydrogen with results from the nonadiabatic electron
force field (eFF) variant of WPMD [32,33]. Recently, this
conclusion was challenged in Ref. [34], performing a like-for-
like comparison of adiabatic and nonadiabatic methodologies
via eFF, although uncertainty and limitations remain in the
WPMD construction.

WPMD moves beyond the Born-Oppenheimer approxima-
tion with equations of motion derived for the electrons via
a variational principle [35]. However, WPMD’s employment
of a single Gaussian as each electron’s wave function can
be problematic. At low temperatures in particular, a single
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Gaussian is too restrictive to produce proper electron screen-
ing or resolve the essential atomic physics, or indeed to
capture wave-function breakup [36]. With a more complete
description of the electron state, time-dependent DFT also
treats the electron motion explicitly and avoids such restrictive
forms for the electron density, but is computationally costly
and limited to small particle numbers and short timescales.

Another recent approach to modeling WDM nonadiabat-
ically has been to leverage Bohm’s approach to quantum
mechanics [37] (following similar work by de Broglie [38]
and Madelung [39]). The reformulation of the single-particle
time-dependent Schrödinger equation yields a continuity and
momentum evolution equation, with the latter equivalent to
that of a classical system but with an additional potential term
produced by the kinetic energy operator, the Bohm potential.
The extension of this construction to many-body systems is
straightforward (as in Sec. 6 of Ref. [37]), but calculation
of the exact Bohm potential in this case is as complex as
solving the exact many-body Schrödinger equation, hence
some level of approximation is required. Work by Larder et al
[40] applies a thermally averaged, linearized Bohm potential
to capture the quantum kinetic energy of the electrons. This
approach applies a two stage methodology where the Bohm
potential is first calculated as a function of the equilibrium
pair-correlation functions, determined with reference to an ion
static structure calculation from an alternative scheme, such
as DFT-MD. Once determined, the Bohm potential is then
applied in an MD code, equivalent in computational cost to
a pairwise classical system.

Here we present a variation of the previous approach for
the simulation of WDM: Bohm SPH. In a similar vein to
Ref. [40], our platform is nonadiabatic and computationally
tractable, able to evolve a warm dense matter system at elec-
tronic resolution for ionic timescales. Importantly, however,
this work moves beyond the two stage methodology and
the form of Bohm force is not restricted to thermal equi-
librium. This is accomplished by calculating a many-body
quantum Bohm pressure on-the-fly with a smoothed particle
hydrodynamic (SPH) solver (introduced in the next section)
using Gaussian kernels. A further feature of the Bohm SPH
construction is access to the continuous spatially resolved
electron density. In our methodology we can use multiple SPH
particles to model individual electrons. This means that the
overall electron shapes are not restricted to the shape of the
SPH particles, but can be arbitrarily complex limited only by
the number of particles used.

An initial implementation is provided, where further
development would entail generalization of the Coulomb in-
teractions to allow for alternative kernels with more compact
support, and more efficient root-finders for determining the
optimal SPH kernel scale-lengths. Nonetheless, the method
outlined below performs well in tests problems and in par-
ticular on a warm dense hydrogen system of the kind that
motivates this work.

In Sec. II we outline the theory of the Bohm SPH model.
In Sec. III we discuss the implementation of Bohm SPH
into a molecular dynamics code LAMMPS [41], demonstrate
its conservation, and highlight its performance in single-
particle test problems and scalability in many-body systems.
In Sec. IV we apply the code on a warm dense hydrogen

system, and compare the results to those generated via an
anisotropic WPMD code, as discussed in Ref. [42]. The data
presented in the figures are openly available from the Oxford
Research Archive [10].

II. THEORY

We begin by introducing the SPH methodology, then in-
troduce different force contributions, and finally present the
overall Lagrangian solved by Bohm SPH.

Smoothed particle hydrodynamics is a meshless scheme
for solving fluid equations, applied widely in fields ranging
from astrophysics to the computer games industry [43–45]. It
obtains approximate numerical solutions of the equations of
fluid dynamics by replacing the fluid with a set of particles,
whose equations of motion are determined by interpolating
from the continuum equations [46]. Smoothed particle hy-
drodynamics builds upon the definition of the dirac delta
function, defined on a domain � such that for some contin-
uous function A(r)

A(r) =
∫

�

dr′A(r′)δ(r − r′). (1)

Then by approximating the delta function with a symmetric
kernel function W we can write

A(r) ≈
∫

�

dr′A(r′)W (r − r′, h), (2)

where h is the scale of the kernel function. W is chosen so
that it tends to a delta function in the limit h → 0. In the
SPH scheme the fluid is divided into small mass particles with
mass mb, density ρb and position rb, discretizing the integral
in Eq. (2) into a summation gives

A(r) =
∑

b

mb
Ab

ρb
W (r − rb, h), (3)

where Ab is the value of the function A at position rb. Gradi-
ents of the quantity A(r) can then be calculated similarly,

∇A(r) =
∑

b

mb
Ab

ρb
∇W (r − rb, h). (4)

In Eq. (4) h is a fixed scale length but can be made into a
dynamic per-particle variable. The scale length for particle b,
hb, is set according to the local density through the relation

hb = ζ
(mb

ρb

) 1
d
, (5)

where d is the dimension of the system, and ζ is a constant
that must be larger than 1 for stability [47] and is typically set
to approximately 1.3 [48]. This enforces that the mass in the
kernel volume (set by hb) is kept constant [44], ensuring good
neighbor support for each SPH particle.

Clearly, knowledge of the density, ρb, is needed for any
of the previous quantities. The density itself, with dynamic
kernel lengths, is computed by

ρa =
∑

b

mbW (ra − rb, ha), (6)

which is solved alongside Eq. (5) to determine ha for each
particle, the set {ha}. While this is typically done using
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root-finding procedures such as Newton-Raphson, we have
adopted a simple fixed-point iterator which is faster and suffi-
cient to achieve the accuracy we need, as shown later.

In fact, the SPH density, Eq. (6), is simply the discretization
of the continuity equation, where normalized kernel functions∫

V W dV = 1 ensure a conservation of total mass. The deriva-
tive of the density ρb with respect to the coordinate ra is also
an important quantity in SPH, given by

∂ρb

∂ra
= 1

�b

∑
c

mc
∂Wbc(hb)

∂ra

∣∣∣∣
{hb}

(δba − δca), (7)

where Wbc(hb) = W (rb − rc, hb). The derivative term inside
the summation keeps the scale lengths {ha} constant, and the
term �b is given by

�b = 1 − ∂hb

∂ρb

∑
c

mc
∂Wbc(hb)

∂hb
, (8)

where from Eq. (5)

∂hb

∂ρb
= − hb

ρbd
, (9)

with d the number of dimensions.
As demonstrated in Ref. [45], the equations of motion for

the SPH particles are easily derivable from a discrete version
of the continuum Lagrangian of hydrodynamics. Such an ap-
proach yields the standard momentum equation for SPH

dva

dt
= −

∑
b

mb

[
Pa

�aρ2
a

∂Wab(ha)

∂ra

∣∣∣∣
{hb}

+ Pb

�bρ
2
b

∂Wab(hb)

∂ra

∣∣∣∣
{hb}

]
, (10)

where P is the pressure. To close the equation of motion
we need to specify P such that the quantum dynamics are
captured. This is the main approximation of our model; that
is, the assumption that there exists a quantum pressure P ≡
PB able to describe the motion of an ensemble of particles
such that quantum properties emerge in a statistical sense.
Such pressure PB is what we refer to as the quantum Bohm
pressure. While this is conceptually very different from the
conventional thermodynamic pressure, in all that follows, we
take that PB behaves in the same way as ordinary pressure.
This can be justified rigorously starting from the Wigner
distribution of the quantum statistical ensemble of particles,
and, by taking moments of the Wigner-Boltzmann equation,
the corresponding hydrodynamic equations can be derived
[49,50]. The quantum pressure tensor takes the form

PB(r) = − h̄2

4m
n(r) ∇ ⊗ ∇ ln n(r), (11)

where ⊗ is the outer product, and n(r) is the density of the
statistical mixture of particles, defined as the zeroth-order mo-
ment of the Wigner distribution. As discussed in Refs. [49,51],
in the instance that PB is diagonal (isotropic), the quantum
pressure can be related to a scalar potential [37] via

∇ · PB = n∇VB, (12)

where VB is given by

VB(r) = − h̄2

2m

∇2√n(r)√
n(r)

, (13)

although in this work we retain nondiagonal terms in PB so
Eq. (12) does not strictly apply.

In the SPH context, the use of a quantum pressure to
determine the particle motion via Eq. (10) was introduced in
Ref. [52], and applied to a 1D quantum harmonic oscillator,
the nonlinear Schrödinger equation in 2D, and the Gross-
Pitaevskii-Poisson equation in 3D. In all cases, it was shown
that the correct quantum dynamics were recovered. We also
note that to make the problem tractable, in Eq. (11) the density
of the mixture is replaced by the single-particle density (the
usual particle density function). This is exact for a single parti-
cle wave function, but for a many-body electron system, using
the total electron density leads to a further approximation that
we refer to as QHD; see, e.g., Refs. [18,53–55]. As QHD
shows that Eq. (11) must be multiplied by a prefactor of order
unity to retrieve the correct equation of state [18], in our model
here we simply use Eq. (11) with n being the total electron
density and the prefactor set to 1.

The pressure tensor PB is symmetric. We can expand
Eq. (11) for the xy value as an example:

PBxy = − h̄2

4m
n ∂x[∂y ln(n)] = − h̄2

4m
n ∂x

[∂yn

n

]

= h̄2

4m

[∂xn ∂yn

n
− ∂xyn

]
. (14)

This expression is calculated using an SPH discretization. We
use the same as in Ref. [52], but with difference terms in
both the first and second derivatives of the density, selected
following the conservation analysis discussed in Sec. III A.
The Bohm pressure for the xy component of the ath SPH
particle is

PBa,xy = h̄2

4m

∑
b

mb

ρb

[∂xnb ∂ynb

nb
− ∂xynb

]
Wab(ha). (15)

The equations of motion are also discretized in the same way
as in Ref. [52], namely, for the x component

dvx
a

dt
= −

∑
b

mb

{
[PBa,xx , PBa,xy , PBa,xz ]

ρ2
a�a

· ∂Wab(ha)

∂ra

∣∣∣∣
{hb}

+
[
PBb,xx , PBb,xy , PBb,xz

]
ρ2

b�b
· ∂Wab(hb)

∂ra

∣∣∣∣
{hb}

}
. (16)

The energy per unit mass associated with the Bohm pressure
in Eq. (15), uBa for the ath particle, is computed according to

duBa

dt
= 1

�aρ2
a

∑
b

mb[PBa · (va − vb)] · ∂Wab(ha)

∂ra

∣∣∣∣
{hb}

. (17)

This is analogous to the typical SPH expression for the inter-
nal energy evolution, as in Ref. [45], but where we now have
a pressure tensor PBa which operates on the velocity differ-
ence vector (va − vb), rather than a simple scalar pressure.
As discussed above, this expression is derived by taking a
further moment of Eq. (10). We will show in Sec. III A that
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using uB as the internal quantum energy of the electron system
conserves the total energy.

Finally, we mention that an improvement to implementing
the QHD-level Bohm pressure tensor would be to compute the
Bohm pressure forces on density distributions belonging to
each individual electron in the system. This “Many-Fermion”
Bohm approach, as discussed in Ref. [56], was investigated
but initial tests indicated that its computational cost was pro-
hibitive, hence a QHD Bohm term is the focus of this work.

Having introduced SPH and the Bohm pressure, we can
discuss the general construction of the model. Bohm SPH
uses the smoothed particle hydrodynamic solver to calculate
the quantum force, where the electron density is modelled by
Gaussian SPH particles. The density distribution of the SPH
particles is taken to be the charge distribution and used to
directly calculate the Coulomb potential which couples the
electronic component with point ions. This smearing of the
electrons prevents asymptotic ion-electron Coulomb attrac-
tion, similar to the wave packets in WPMD being the electron
charge density, and somewhat similar to the diffractive form
of QSP, such as the Kelbg potential [57,58]. Although the
resolution of the SPH distribution is controlled numerically
by the kernel sizes and not a de Broglie type scale length as
in QSP. To resolve better the electron density we run simula-
tions with more SPH particles than electrons NS > Ne. When
doing so, the overall mass and charge density of the system
is kept consistent, as well as the charge to mass ratio of SPH
particles. We apply confining potentials in this case to localise
individual electrons and put the velocities of their centers of
mass into a target distribution. This avoids unphysical thermal
effects caused by the additional degrees of freedom, discussed
at greater length in Sec. II D.

A. Coulomb forces

A central step in our hybrid SPH-MD modeling of the
electrons comes in the treatment of the Coulomb interaction.
We take the kernel used to interpolate the density and Bohm
pressure as the real charge density distribution of each par-
ticle. We have adopted a Gaussian kernel function for W
because of its readily integrable form, and derived the exact
SPH Coulomb equations of motion. A more general treatment
of the Coulomb interaction would follow the SPH treatment
of softened gravity of Ref. [59], without recourse to a specific
kernel function. We leave this to future work.

The Gaussian charge density profile is

ρeb (r) = nb(r)qb = qb

(πh2
b )3/2

exp
(

− |r − rb|2
h2

b

)
, (18)

with qb, rb, and hb its fractional charge, center of mass, and
scale length (width), respectively. The Coulomb potential be-
tween an SPH particle and an ion can then be calculated by
the analytic integral

Vib =
∫

dr
Ze

4πε0|r − ri|ρeb (r), (19)

where ri is the position of the ion, and Z its charge, yielding
with rib = |ri − rb|,

Vib = Zeqb

4πε0rib
erf

( rib

hb

)
. (20)

The integral in Eq. (19) assumes a simple point ion with 1/r
Coulomb interaction. This could also be changed to a pseu-
dopotential to include the effect of core electrons, the form
of which can be Gaussian-decomposed to enable analytical
solutions.

The procedure for the pairwise SPH particle Coulomb
potential is similar, integrating across both Gaussian charge
clouds

Vab =
∫∫

drdr′ ρea (r)ρeb (r′)
4πε0|r − r′| , (21)

yielding for particles a and b

Vab = qaqb

4πε0rab
erf

(
rab√

h2
a + h2

b

)
. (22)

When using dynamic kernel widths, these pairwise potentials
actually become many-body, via the particle width hb depen-
dence on the local density in Eq. (5):

∂Vab

∂rc
= ∂Vab

∂rc

∣∣∣∣
{h}

+
∑

d

∂Vab

∂hd

∣∣∣∣
rc

∂hd

∂rc
. (23)

It is instructive to expand this expression to the exact form
implemented within Bohm SPH. Starting with the first term
on the right-hand side of Eq. (23), which is nonzero only for
c = a or c = b, and defining h2

a + h2
b = M2

ab,

∂Vab

∂ra

∣∣∣∣
{h}

= ξab

rab

[(
2√

πMab

)
exp

(
− r2

ab

M2
ab

)

− 1

rab
erf

(
rab

Mab

)]
r̂ab, (24)

where ξab = qaqb/4πε0 and rab = ra − rb. The second term
on the right-hand side of Eq. (23) can be expanded via the
chain rule as∑

d

∂Vab

∂hd

∣∣∣∣
rc

∂hd

∂rc
=

∑
d

∂Vab

∂hd

∣∣∣∣
rc

∂hd

∂ρd

∂ρd

∂rc
. (25)

The derivative of the pairwise Coulomb potential with respect
to kernel scale length hd is

∂Vab

∂hd

∣∣∣∣
rc

= − 2ξad hd√
πM3

ad

exp

(
− r2

ad

M2
ad

)
. (26)

Then, the remaining terms follow from the SPH treatment
of dynamic kernel lengths and the definition of density, as
in Eqs. (7) and (9). We can insert these expressions into an
equation for the total electronic Coulomb force acting on an
SPH particle

Fee
a = −∂Vee

C

∂ra
= − ∂

∂ra

∑
b	=c

ξbc

rbc
erf

(
rbc

Mbc

)
, (27)

where Vee
C indicates the total Coulomb potential between SPH

particles in the system. After some algebra this can be ex-
pressed in compressed form as

Fee
a = 
a − θa

∂ρa

∂ra

∣∣∣∣
{h}

−
∑
b	=a

θbma
∂Wab(hb)

∂ra

∣∣∣∣
{h}

, (28)
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where the respective terms are


b =
∑
c 	=b

ξbc

rbc

[
1

rbc
erf

(
rbc

Mbc

)
−

(
2√

πMbc

)

× exp

(
− r2

bc

M2
bc

)]
r̂bc, (29)

θb =
∑
c 	=b

2h2
bξbc

3ρb�b
√

πM3
bc

exp

(
− r2

bc

M2
bc

)
. (30)

Note that the pairwise cutoff for computing 
 and θ are
different. 
 has the same cutoff as the Coulomb potential,
whereas θ must have the same cutoff as that used for the
computation of SPH quantities. This is expected given that the
θ forces originate from neighboring SPH particle coordinates
determining kernel scale lengths through Eqs. (6) and (5).

The full Coulomb force term for an electronic SPH particle
interacting with ions, starting from the potential Eq. (20), is
almost exactly equivalent, but with Mbc being replaced by hb

and one of the SPH charges replaced by the ion charge Zie.
Notably, however, the Coulomb force acting on the ion by
the electronic component is only given by the 
 term above,
since the ion coordinates do not determine the dynamic SPH
scale lengths. The conservative nature of these expressions are
demonstrated in Sec. III A.

B. Symmetry effects

When dealing with a many-fermion system indistinguish-
able particles cannot exist in the same state. The QHD-level
Bohm pressure does not enforce this so we must include
symmetry effects via an additional potential. Having focused
on implementation of the Bohm term in the first iteration of
this model rather than highly accurate exchange effects, we
include exchange effects in a simple manner by borrowing a
spin-averaged symmetry potential from QSP, which we denote
VP for Pauli exclusion. Precisely we employ the temperature
dependent equation derived in Ref. [9] and subsequently ap-
plied in MD simulations of thermal relaxation such as [11,12]

VP = kBT ln(2) exp
[

− 1

ln(2)

( r

λee

)2]
, (31)

where λee = h̄(kBT me)
−1/2

. The target temperature is used in
Eq. (31) rather than the instantaneous temperature. Taking
the derivative of the Pauli potential between the ath and bth
particle yields the force

FPa = −∂VPab

∂ra
= 2kBT

(
rab

λ2
ee

)
exp

[
− 1

ln(2)

(
r

λee

)2
]
. (32)

When using subelectron resolution in the model, with Nppe

SPH particles per electron, the interaction is scaled by 1/N2
ppe,

and interactions between “same-electron” particles are re-
moved. This conserves the total Pauli potential in the system
and, if same-electron particles are on top of one another,
replicates the pairwise electron interaction (Nppe = 1). This
factor naturally appears in the SPH discretization of the Pauli
potential, as shown later.

Additionally, the inclusion of the repulsive Minoo potential
in the model helps protect against the tensile instability of

FIG. 1. Ratio of the screening length λS to the average SPH
kernel width h for ionized hydrogen with Nppe = 32. The “target”
system is investigated in Sec. IV.

SPH [45,60,61], which can otherwise result in an unphysical
clustering of SPH particles. Indeed, we have not observed the
tensile instability in applications of Bohm SPH thus far.

C. SPH resolution

A feature of Bohm SPH is the ability to resolve the elec-
tronic component with arbitrary resolution, dependent only
on the number of SPH particles used. A useful metric for
determining whether the charge density is well resolved is
comparison of the average kernel width h to the expected
screening length of the plasma λS , we desire h < λS . In the
classical and quantum limits the relevant screening lengths
will be the Debye λD and Thomas Fermi λTF lengths, respec-
tively. We use equation (6) of Ref. [26] to define the screening
length λS , which returns λD and λTF in the appropriate limits

λ−2
S = κ2

e = nee2

ε0kBTe

F−1/2(ηe)

F1/2(ηe)
, (33)

where ηe is the dimensionless chemical potential μe/kBTe, and
Fν denotes a Fermi integral of order ν.

The requirement of good neighbor support for SPH
schemes [47] means that we cannot arbitrarily reduce the
kernel widths of the particles. Instead, we increase the num-
ber of particles. For the remainder of this manuscript, when
discussing systems with Nppe particles per electron, we have
scaled all SPH particle masses and charges by 1/Nppe to ensure
the correct mass and charge density. Via Eq. (5), we can
define the average kernel width h for a system with electron
density ne

h = ζ (Nppene)−1/3. (34)

Figure 1 demonstrates that we require Nppe = 32 when setting
ζ = 1.3 to resolve the warm dense hydrogen system investi-
gated in Sec. IV with Wigner Seitz radius rs = (3/4πne)1/3 =
1.75 aB and degeneracy parameter θ = kBT/EF = 1.32, with
aB the Bohr radius and EF the Fermi energy.
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D. Confinement potential

We must consider the implication of the ion and elec-
tron systems having the same temperature since we are not
employing the Born-Oppenheimer approximation. All SPH
particles are degrees of freedom and hence contribute to the
thermal energy. We generally require NS > Ne to sufficiently
resolve the electron density according to h < λS , so the Bohm
SPH system will have additional thermal energy compared to
the physical one, as demonstrated by equipartition

N∑
a

1

2
ma

〈
v2

a

〉 = 3

2
NkBT, (35)

where T is the target temperature of the system. We assume all
NS = NeNppe SPH particles (with Ne the number of electrons)
have identical masses ms and move at an average speed v

given by

NSmsv
2

2
= 3

2
NSkBT . (36)

Since we have Nppe SPH particles per electron, the SPH par-
ticle mass scales as ms = me/Nppe to ensure the correct mass
density, so we rewrite Eq. (36) as

mev
2

2Nppe
= 3

2
kBT . (37)

Rearrangement of Eq. (37) yields

v =
√

3NppekBT

me
, (38)

demonstrating how the average, and indeed the thermal, speed
of the SPH particles scales proportionally to

√
Nppe, caus-

ing an unphysical Bohm-Gross dispersion and a spurious ion
screening.

This problem is not unique to Bohm SPH. In fact it also
appears in particle-in-cell simulations. There, the tempera-
tures of charge macroparticles are typically scaled by the
macroparticle weight to address unphysical velocities [62,63].
In our case we cannot apply a general scaling as the ions in
our model are not treated identically to the electrons, but as
point-particles whose temperature must be fixed at T .

One approach for addressing this problem would be to
model the ions and electrons under separate thermostats, with
ions at T and electrons at T/Nppe. This can be problematic
for collecting reliable ion trajectories as large values of Nppe

demand a strong thermostat to prevent the ions equilibriating
with the SPH bulk.

An alternative approach, used in this work, is to introduce
a quadratic confining potential to localise individual electrons
and to apply a thermostat to their centers of mass, which are
subsequently released into an NVE (microcanonical) ensem-
ble. After equilibriating these centers of mass at the target
temperature, plasmon data computed from their trajectories
then avoids the numerical Bohm-Gross dispersion mentioned
above. Furthermore, the trajectory data is collected while the
whole system is in NVE rather than the ionic and electronic
components being maintained at separate temperatures.

SPH particles are allocated a parent electron and forced
toward their center of mass via the potential

VC (ra) = g|ra − R|2, (39)

where g is varied to adjust the size of the parent electron,
ra is the position of a target particle, and the center of mass
R = ∑

b rb/Nppe for equal mass particles. In a system with
periodic boundary conditions, the center of mass is calculated
according to the formulation of Ref. [64]. The confinement
force on a particle is given by

FCa = −∂
∑

b VCb (rb)

∂ra
, (40)

where the sum is over the Nppe SPH particles which belong to
the same center of mass. This can be expanded as

FCa = − 2g

Nppe

[
(ra − R)(Nppe − 1) −

∑
b	=a

(rb − R)

]
. (41)

In a box without periodic boundary conditions, this simply
reduces to

FCa = 2g(R − ra), (42)

but with periodic boundary conditions, the vectors ra − R
need to be computed using the correct (closest) projection of
R, which can be the overall center of mass plus or minus a
box length in all principal directions R ± Lî. This does not
necessarily reduce to Eq. (42).

As stated earlier, we remove the repulsive Coulomb and
Pauli potentials between particles belonging to the same elec-
tron, while retaining the Bohm interaction. We perform a
scan of g values when comparing outputs from Bohm SPH
to anisotropic WPMD in Sec. IV.

E. Full Lagrangian

It is instructive to consider the full Lagrangian of the
Bohm SPH model. Using the interactions listed above, we
can define a Lagrangian for a quantum plasma system with
electron density n(r) and NI point ions. To start, we include
self interactions and omit the confining potential

L =
NI∑

i=1

[
1

2
Miv2

i −
NI∑
j>i

(Ze)2

4πε0|ri − r j |
]

+
∫

dr n(r)

×
{

1

2
mev(r)2 − meuB(r) −

Ni∑
i

Ze2

4πε0|ri − r|

−
∫

dr′ n(r′)
2

[
e2

4πε0|r′ − r| + VP(|r′ − r|)
]}

, (43)

where MI is the ion mass, Z its ionization, uB the Bohm energy
per unit mass associated with the pressure tensor, and n the
number density of electrons, with a factor of 1/2 included
in the second integral to prevent double counting. Now, for
the electron kinetic, Bohm, and Pauli terms, we apply the
SPH discretization, while for the Coulomb interactions we
integrate exactly using the charge density distribution given
by the SPH Gaussian kernels. This procedure eliminates all
the integral terms, replacing them with summations that can
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be implemented into a molecular dynamics structure. Further-
more, we remove the Coulomb and Pauli interactions between
SPH particles belonging to the same parent electron and, if
enabled, introduce confining potentials for each electron. With
NS SPH particles we have

L =
NI∑

i=1

(
1

2
Miv2

i −
NI∑
j>i

(Ze)2

4πε0ri j

)

+
NS∑

a=1

{
1

2
mav2

a − mauBa −
NI∑

i=1

[
Zeqa

4πε0ria
erf

(
ria

ha

)]

−
N ′

S∑
b=1

1

2

[
qaqb

4πε0rab
erf

(
rab√

h2
a + h2

b

)
+ 1

N2
ppe

VP(rab)

]}

−
Ne∑

c=1

Nppe∑
d=1

[g|rd − Rc|2]. (44)

Here the SPH variables have subscript a and b, with ma the
SPH particle mass, qa its fractional charge, ha = ha(ρa) its
dynamic kernel width, and rab = |ra − rb|. N ′

S indicates that
particles b belonging to the same electron as particle a are
excluded, and where the index c runs over Ne whole electrons
and d over Nppe members of each electron.

III. NUMERICS

Bohm SPH has been implemented via modification of
LAMMPS, an open-source classical molecular dynamics code
with a focus on materials modeling [41]. This includes rou-
tines for the Bohm, Pauli, real-space Coulomb interactions
(compatible with the Ewald decomposition [65]), a fixed point
iterator for computing kernel widths from local densities,
confining potentials compatible with periodic boundary con-
ditions [64], as well as a Nosé-Hoover thermostat [66] that
operates on the electron centers of mass rather than the SPH
particles. Simulations are performed using a velocity-Verlet
integrator.

A. Conservation

Following the equations of motion for SPH particles of
the previous section, we demonstrate their conservative prop-
erties. First, we begin by comparing various forms for the
density derivatives used in the Bohm pressure tensor on a sim-
ple periodic box interacting only through the Bohm pressure
force. We list the mass densities here, but note that number
densities are required in the Bohm expressions, simply related
by n = ρ/me with me the electron mass in the appropriate unit.
It is well established in the SPH method that naïve derivatives
of Eq. (3), as in Eq. (4), are not the most accurate [67–69]; in
fact, various alternative expressions exist for SPH derivatives.
The forms and associated names investigated here are, for the
first derivative,

basic: ∂xρa =
∑

b

mb ∂xWab(ha), (45)

F2: ∂xρa =
∑

b

mb

(
1 − ρa

ρb

)
∂xWab(ha), (46)

FIG. 2. Kinetic energy and the square of the total energy drift of
a Bohm-only system with different derivative combinations.

where “F2” is borrowed as a label from Ref. [67], and for the
second derivative

basic: ∂xyρa =
∑

b

mb ∂xyWab(ha), (47)

Mocz: ∂xyρa =
∑

b

mb

(
1 − ρa

ρb

)
∂xyWab(ha), (48)

D1: ∂xyρa =
∑

b

mb

ρb
∂yρb ∂xWab(ha), (49)

D2: ∂xyρa =
∑

b

mb

ρb
(∂yρb − ∂yρa) ∂xWab(ha), (50)

where “Mocz” corresponds to the form used in Ref. [52].
It is worth noting that the second derivatives D1 and D2
are not symmetric ∂xy 	= ∂yx, meaning the Bohm pressure
tensor is no longer symmetric. They also require an addi-
tional loop over neighbors to compute the first derivative
terms.

The eight combinations of derivatives are used on an 1024
SPH particle system, with total mass equivalent to 16 elec-
trons in a cubic box of length 7.11 aB, the same density as
the electrons in the warm dense hydrogen system in the fol-
lowing section. All simulations are initialized identically from
rest with timestep 0.1 as, ζ = 1.3 and cutoff 3 h. The energy
outputs are plotted in Fig. 2. All combinations of derivatives
conserve momentum to machine precision, as shown in the
Appendix. The drift of the total energy �Etot is less uniform.
The change in total energy for the Bohm-only system is cal-
culated according to

�Etot(t + δt ) = EK (t + δt ) + �UB − EK (t ), (51)

where EK = is the total kinetic energy of the SPH particles
and where the total change in Bohm energy �UB is computed
via

�UB =
∑

a

maδt
duBa

dt
, (52)
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TABLE I. Energy conservation of derivative combinations for a
test Bohm-only simulation with periodic boundary conditions, sorted
from best to worst, all to three significant figures.

∇ρ ∇2ρ
∫

�E 2
totdt [Ha2 fs]

F2 Mocz 1.01 × 10−11

Basic Mocz 2.05 × 10−11

F2 Basic 9.62 × 10−11

Basic Basic 1.29 × 10−10

F2 D2 1.13 × 10−6

F2 D1 2.89 × 10−6

Basic D2 0.000136
Basic D1 0.000191

with duBa
dt calculated according to Eq. (17) using velocity and

position data at t + δt .
A summary of the energy conservation is given in Table I,

where �Etot is squared and summed over the 5 fs duration of
the simulation as an indicator of energy conservation.

The combination of F2 for the first and Mocz for the sec-
ond derivative seems to be optimal for computing the Bohm
pressure tensor in a system with periodic boundary condi-
tions, having the best energy conservation. Derivatives D1 and
D2 have surprisingly poor conservation, which we speculate
may be related to the breaking of symmetry in the second
derivatives.

Next we investigate the conservation of the Coulomb SPH
force expressions on a one-component-plasma (OCP) system.
The periodic box has 5248 particles, corresponding to 82
electrons, with length 12.261 aB, once again at the same den-
sity of electrons in the warm dense hydrogen system of the
following section. All particles interact only via long-range
Coulomb potentials. For comparison, both the SPH Coulomb
interaction and the standard point Coulomb interaction are
examined, with identical initializations of a random particle
arrangement. Specifically, the standard LAMMPS interaction
coul/long is used for the points. The simulations are run with a
timestep of 0.5 as, ζ = 1.3, a real-space cutoff of rc = 5.5 aB,
and a ewald parameter equal to 3/rc. The energy outputs are
shown in Fig. 3. In this Coulomb-only system, the total energy
Etot is simply the sum of the particle kinetic energies and all
the pairwise Coulomb potentials, in the SPH case computed
according to Eq. (22). SPH Coulomb conserves momentum to
machine precision as shown in the Appendix. After an initial
jump, the total energy of the SPH Coulomb system oscillates
with similar amplitude to that of the point Coulomb, and the
kinetic energy of the SPH Coulomb system equilibrates at a
lower value than the point Coulomb as expected. This vali-
dates the conservation of the novel SPH Coulomb interaction.

B. Scaling

The bespoke SPH module, utilizing the LAMMPS frame-
work, has excellent parallel scaling. Our module is separate
to one previously implemented in LAMMPS (see Ref. [70]).
The strong scaling of the warm dense hydrogen system in-
vestigated in Sec. IV, at a density of ne = 3.006 g/cm3 and
temperature T = 21.54 eV, with 512 protons and 16 384 SPH
electron particles (Nppe = 32), with all interactions computed

FIG. 3. Kinetic energy and drift of the total energy drift of a
test OCP Coulomb-only system comparing standard point and SPH
Coulomb interactions.

(Coulomb, Bohm, Pauli, and Confinement) is demonstrated in
the left inset of Fig. 4. The scaling contributions from modules
within LAMMPS are also plotted alongside the total time.
Perfect scaling is given by the relation

tN = t1/N, (53)

where tN is the wall time per timestep for a simulation running
on N processors. We see in Fig. 4 that in the example warm
dense hydrogen system, the compute time only begins to
notably diverge from perfect scaling at around 100 CPU. This
divergence is also dependent on the system size and cutoff
radii values for the various force interactions, and hence can
be tuned with variation of these parameters.

The weak scaling of Bohm SPH is presented in the right
inset of Fig. 4, with consistent compute times observed across
the number of processors. The weak scaling is computed with
the resolution kept constant and the box size increased. As
shown in Fig. 4, the most computationally intensive parts of
Bohm SPH are “Pair” and “Modify.” The SPH Bohm pressure
force and Coulomb forces comprise the majority of the “Pair”
compute time, while the calculation of the densities, dynamic
kernel scale lengths and centers of mass comprise almost
all the “Modify” compute time. Using an alternative kernel
with better compact support and therefore smaller neighbor
cutoffs, such as the cubic spline [71], would speed up future
implementations.

C. Oscillator ground state

In the ground-state tests of the oscillator and hydrogen, we
did not use F2 (46) for the first-order density derivatives as
we found it caused greater instability than a basic derivative
(45) in these particular cases that have a free boundary. SPH
schemes generally require special care to handle free bound-
aries [48]. We have not taken such care due to our systems
of interest being continuous plasmas treated with periodic
boundary conditions. Despite this, Bohm SPH demonstrates
good agreement on two single particle problems which have
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FIG. 4. Strong (left) scaling of a warm dense hydrogen system with 512 protons and 16384 SPH particles, and weak (right) scaling of
the same warm dense hydrogen system with a resolution of Nppe = 32 SPH particles per electron. Includes runtime statistics for individual
LAMMPS modules. Perfect scaling is indicated by the dashed blue line. The individual module contributions are: the real space force
computation in “Pair,” the dynamic electron width and center of mass computation within “Modify,” Ewald Coulomb calculation in “Kspace,”
neighbor list construction in “Neigh,” and communication times between MPI processors in “Comm.”

analytical solutions: the ground states of the 3D quantum
harmonic oscillator and the hydrogen atom.

To validate the Bohm expressions used, we first investigate
a reduced system interacting only via the Bohm pressure force
and a quadratic confining potential. Unlike in many-electron
simulations the confining potential here is centered on a fixed
coordinate rather than the center of mass of the SPH dis-
tribution. Running simulations with NS = 256 SPH particles
and dynamic kernel widths we damp the system to zero tem-
perature to achieve the ground state of a quantum harmonic
oscillator. In this single wave-function example, the Bohm
equations are exact. Taking a Gaussian probability density
profile as shown below, equating the expectation energies of
the confining potential and the Bohm potential gives a simple
relation between the confining potential strength g and the
wave-function width H . The Gaussian ground-state density
distribution is

n(r) = |ψ (r)|2 = 1

(πH2)3/2
exp

(
− |r|2

H2

)
, (54)

where H is the overall width of the wave function. Here the
confining potential is centered on the origin, and has expecta-
tion energy

〈Vc〉 =
∫

dr gr2|ψ (r)|2 = 3H2g

2
, (55)

and the expectation of the Bohm potential

〈VB〉 =
∫

dr
(

− h̄2

2m

∇2√n(r)√
n(r)

)
|ψ (r)|2

=
∫

dr
h̄2

2mH2

(
3 − r2

H2

)
|ψ (r)|2 = 3h̄2

4mH2
, (56)

then equating (55) and (56) yields

H =
(

h̄2

2mg

)1/4

. (57)

After damping, the particles are released into an NVE en-
semble to check the stability of the solution and the density
distributions are fitted to a Gaussian. The fitted Gaussian
widths from four simulations sampling different confining
strengths g are summarized in Fig. 5, and show excellent
agreement with the expected relation (57), validating the im-
plementation of the Bohm pressure tensor.

D. Hydrogen ground state

Now we further test our implementation of the Bohm and
the Coulomb forces by attempting to solve for the ground
state of hydrogen. For this single electron system, we do

FIG. 5. Fitted Gaussian width outputs from reduced Bohm SPH
simulations of a damped quantum harmonic oscillator compared to
expected relation [Eq. (57)]. Plotted error is the standard deviation of
the width calculations of the final 200 time steps (50 as) of each run,
only visible in the strongest confinement point.
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FIG. 6. Initial (left) and final (t = 1.44 fs, right) SPH particle distributions for damped Bohm SPH simulation of the hydrogen ground
state with particles initialized within a spherical cutoff r0 = 2.0 aB of the proton. SPH particle position and width (h) information (top) and
continuous density profile of cross-section at y = 0 (bottom).

not include the Pauli interaction, Coulomb potentials between
SPH particles, or the confining potential. While the ground
state of the harmonic oscillator is straightforward to solve
in Bohm SPH and relatively insensitive to initial distribution
and damping strength, the ground state of hydrogen is more
challenging. It is difficult to fully suppress the kinetic energy
of the SPH particles. We attribute this to the strength of at-
traction between electron SPH particles and the central ion
[Eq. (20)] being not only a function of radial separation, but
also of the dynamic kernel widths which are dependent on the
many-body distribution.

SPH particles are first initialized on a simple cubic grid
around the proton. Comparisons of different starting grids
used NS = 1237 SPH particles. The cubic grid terminates
within spherical limits to give the system rough initial spher-
ical symmetry. Three initial cutoffs were investigated, r0 =
2.0 aB, 2.5 aB, and 3.0 aB, with lattice parameters of 0.3 aB,
0.375 aB, and 0.45 aB, respectively. The particles are randomly
displaced off the grid points prior to running by 0.005 aB to
break the exact symmetry. The simulations are all then run

with a time step of 5 × 10−4 as with a frictional damping term
applied, of strength 1 × 10−4 Ha fs/a2

B. A value of ζ = 1.3 ×√
2 is used to produce larger kernels and promote stability.

The initial and final distribution of SPH particles (projected
in two dimensions) is shown in Fig. 6 for initial cutoff ra-
dius r0 = 2.0 aB. An additional simulation with NS = 2469
on a grid with lattice parameter of 0.3 aB which terminated
within a radius of r = 2.5 aB was also run to demonstrate
convergence of the density and overall energy toward the exact
wave-function solution as NS is increased.

The evolution of the separate NS = 1237 Bohm SPH runs
is shown in Fig. 7, which demonstrates each run converging on
similar Bohm and Coulomb energies. The average distribution
of SPH particles across all three runs in the final 5 snapshots,
from t = 1.36 to 1.44 fs at 0.02 fs intervals, is plotted in
Fig. 8. The energy averages and errors are given in Table II.
For reference, the best fit (energy) of a single Gaussian to
the hydrogen 1s density distribution, of width H = 1.33 aB,
is also included in the table. It is instructive to compare the
different contributions to the total potential. Neglecting for

023286-10



MOLECULAR DYNAMICS FRAMEWORK COUPLED WITH … PHYSICAL REVIEW RESEARCH 7, 023286 (2025)

FIG. 7. Energy evolution of damped NS = 1237 Bohm SPH sim-
ulations of hydrogen ground state with initial radii r0=2.0, 2.5, and
3.0 aB, computed from single snapshots of SPH distribution at 0.02 fs
intervals. Squares indicate Coulomb energy, and circles the Bohm
energy. Horizontal lines are the exact 1s wave-function energies.

simplicity, nondiagonal entries, the standard Bohm potential
calculated for each SPH particle is an expanded form of Eq.
(13),

VBa = − h̄2

8me

[
2∇2na

na
− (∇na)2

n2
a

]
, (58)

where the first derivatives of the density are computed with-
out the difference term as in Eq. (45), and the second as

FIG. 8. Density distribution from average of final five snapshots
of damped NS = 1237 and NS = 2469 particle Bohm SPH simula-
tions of the hydrogen ground state, compared to exact hydrogen
1s distribution. NS = 1237 average includes values from all three
different initial radii, whereas NS = 2469 from a single run with
initial radius 2.5 aB. The average total energy of the NS = 1237
results is 〈VTotal〉 = −0.46 ± 0.01 Ha, and for NS = 2469 〈VTotal〉 =
−0.513 ± 0.003 Ha. Central solid line is mean, with error bar ± the
standard deviation.

TABLE II. Comparison of potential energies of the hydrogen
ground state computed via damped Bohm SPH simulations with
NS = 1237, to the best fit single Gaussian (SG) with width H =
1.33 aB and to the exact energy contributions of a 1s wave function.
Average values of Bohm SPH potentials are calculated from all three
runs over five snapshots from t = 1.36 to 1.44 fs at 0.02 fs intervals,
error given is the standard deviation. All energy values in Hartree
units, SG values given to three significant figures.

Type 〈VCoul〉 〈VBohm〉 〈VTotal〉
Bohm SPH −1.05 ± 0.01 0.59 ± 0.01 −0.46 ± 0.01
SG 1.33 aB −0.849 0.424 −0.424
1s −1.0 0.5 −0.5

in Eq. (48). The total Bohm energy of the system is then
〈VBohm〉 = ∑

a VBa/NS .
Bohm SPH returns return a total energy value closer to the

exact 1s expectation of −0.5 Hartree than the best fit single
Gaussian. The convergence of the separate Bohm SPH runs
toward a shared ground state, with a more accurate overall
energy than the best fit single Gaussian case, validates our
treatment of the Coulomb interaction which applies the SPH
kernels as real charge distributions.

IV. WARM DENSE HYDROGEN RESULTS

Bohm SPH was used to model a many-body system of
spin unpolarized hydrogen at a density of ne = 3.006 g/cm3

and temperature T = 21.54 eV, corresponding to θ = 1.32
and rs = 1.75 aB. At these conditions the ion coupling is

i = (Ze)2/(4πε0aikBT ) = 0.72 with ai = rs, and the elec-
tron plasma period is 0.203 fs. The system has 512 protons and
16384 SPH electron particles (Nppe = 32). Importantly, with
the kernel widths dynamically updated according to Eq. (5)
with ζ = 1.3, the average SPH kernel width h = 1.16 aB is
less than the expected screening length of the plasma λS =
1.29 aB for these parameters. The system is evolved with a
time step of 0.25 as in all simulations.

The following simulations have three stages. A first stage
of 50 fs when a thermostat is applied to the ions and the SPH
particles remain in NVE to allow them to converge on their
centers of mass. A second stage of 250 fs when a thermostat
is also applied to the electron centers of mass to bring them
to the same temperature as the ions. Finally the third stage of
0.7 ps where both the ions and the SPH particles are released
into a microcanonical ensemble in which trajectory data is
collected. We note that for our target density and temperature
the exact Fermi-Dirac kinetic energy distribution differs only
mildly from a Maxwellian, so we have allowed the electrons
to relax into a Maxwellian distribution for the collection of
trajectory data.

An example of the thermalization of the system is shown
in Fig. 9, with the ion temperature Ti and the electron tem-
perature Te plotted. For free SPH particles the electronic
temperature is simply given by Eq. (35). Instead, we are using
confining potentials and also a thermostat that operates on the
center of mass velocity of each electron Vi = ∑Nppe

j v j/Nppe.
The trajectories of the electron centers of mass are then col-
lected to compute the electronic structure. Hence the center of
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FIG. 9. Temperature data for run of strongest confinement (g =
8.16 Ha/a2

B) of Bohm SPH. “targ” corresponds to the target tem-
perature, Ti the ion temperature, and Te the electron temperature as
defined by Eq. (59). Error bars on Te are the standard deviation of the
temperature computed at 25 individual timesteps separated by 1.0
as each (centre point is mean). The simulation stage boundaries are
indicated by the vertical dotted lines.

mass temperature is the electronic temperature of interest to
us

Ne∑
i

1

2
me

〈
V2

i

〉 = 3

2
NekBTe. (59)

We scan values of g producing electron sizes between roughly
3.0 and 2.0 aB (as shown in Fig. 10), calculated by fitting a
single Gaussian to the density distribution of SPH particles
belonging to the same electron. At each confinement strength
we perform two runs with different initial conditions to av-
erage the results. The drift in total energy over the 0.7 ps of
data collection when under the strongest confinement is less
than 5% of the total kinetic energy at release into NVE. An

FIG. 10. Mean electron Gaussian widths (± standard deviation)
from end of Bohm SPH runs of hydrogen at θ = 1.32 and rs =
1.75 aB with different confinement strengths g.

FIG. 11. Fitted electron width distribution from end of Bohm
SPH runs with strongest confinement and best agreement to WPMD.

example distribution of the fitted electron sizes in the strongest
confinement case is given in Fig. 11. The plateauing trend
of mean fitted widths in Fig. 10 suggests substantial further
contraction of the electron width may not be feasible with
our selected SPH parameters. A larger value of Nppe may
allow investigation of smaller electron widths by decreasing
the average particle kernel width.

The results are benchmarked against outputs from
anisotropic WPMD, in which the root mean square width of
the Gaussian wavepackets was HW = 1.44 aB. A key quantity
of interest is the dynamic structure factor (DSF), defined for
systems in thermodynamic equilibrium as

S(k, ω) = 1

2πN

∫
dt exp(iωt )〈ρ(k, t )ρ(−k, 0)〉, (60)

where N is the number of particles and ρ(k, t ) is the spatial
Fourier transform of the time-dependent density n(r, t ). The
dynamic structure factor is the power spectrum of the inter-
mediate scattering function [72]

F (k, t ) = 1

N
〈ρ(k, t )ρ(−k, 0)〉. (61)

The dynamic structure factor describes density fluctuations at
wavenumber k and frequency ω, and is an essential link be-
tween theory and experiment, with x-ray thomson scattering
deployed to diagnose the density and temperature of dense
plasmas in the laboratory [27,28], where the experimentally
measured x-ray scattering cross-section is directly propor-
tional to the total dynamic structure factor of the electrons
[26,73]. We also examine the static structure factor, calculated
via frequency integration of the DSF S(k) = ∫

dω S(k, ω),
and also related (via Fourier transform) to the pair correlation
function. In the following results we assume isotropic and spa-
tially uniform systems such that the structure factors depend
only on the magnitude of the wavenumber k = |k|.

When presenting dynamic structure data from Bohm SPH,
we have employed the generalized collective modes (GCM)
approach, as described in Ref. [74] and deployed in analy-
sis of ionic modes in Ref. [75]. We perform the fits of the
intermediate scattering functions using one propagating and
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FIG. 12. Left: Proton-proton and electron-electron static structure factors from Bohm SPH runs with confinement compared to reference
calculation from WPMD. Values of g as in Fig. 10 with smallest confinement in lightest shade to strongest confinement in darkest, units Ha/a2

B.
Right: Ion dispersion from Bohm SPH scan of confinement strengths. Frequency plotted is the fitted generalized collective modes (GCM) value
for the propagating mode.

one diffusive mode, then used to calculate associated dynamic
structure factors S(k, ω).

Figure 12(a) demonstrates that the Bohm SPH static struc-
ture calculations have improved agreement with the WPMD
calculation as the strength of confinement is increased. Un-
surprisingly, the ion-electron and electron-electron structure
factors are more sensitive to the strength of confinement. Even
in the case of the weakest confinement, however, the ion struc-
ture agrees reasonably well with WPMD, and the extrapolated
electron and ion structure values at S(k = 0), related to the
compressibility [76,77], are similar to the WPMD estimates.
We ascribe the difference in static structure observed between
Bohm SPH and WPMD to be primarily due to different elec-
tron sizes, which strongly affect the screening of the plasma.
The strongest confinement case of Bohm SPH achieves an av-
erage electron width of Hfit = 2.02 aB, still larger than the root
mean squared width of the WPMD output of HW = 1.44 aB.

The ion dispersion is relatively insensitive to the confine-
ment strength, as shown in Fig. 12(b). If we also examine
the ion dynamic structure factor, as in Fig. 13, we can see
relatively good agreement between Bohm SPH and WPMD,
with some differences in the strength of the diffusive mode.

Using the center of mass coordinates of each electron
recorded over the simulation, and treating them as point par-
ticles, we also compute the electron dynamic structure. A
commonly used decomposition of the electron dynamic struc-
ture factor is given by Chihara [78,79]

See(k, ω) = | f (k) + n(k)|2Sii(k, ω) + S0
ee(k, ω) + Sb f (k, ω),

(62)
where f (k) is the unscreened bound electron form factor,
n(k) the screening cloud form factor, Sii(k, ω) the ion-ion
structure factor, S0

ee(k, ω) the free electron structure fac-
tor, and Sb f (k, ω) a scattering contribution from bound-free
transitions. In our simulation of ionized hydrogen, with no
contribution from f (k) or Sb f (k, ω) we have access to both
Sii(k, ω) and See(k, ω). Comparison of the intermediate scat-
tering functions Fee(k, t ) and Fii(k, t ) enables calculation of

the screening cloud form factor n(k) and by extension, iso-
lation of the free electron structure factor S0

ee(k, ω) [80]. The
screening cloud n(k) can also be computed by comparing the
proton-proton and proton-electron static structure factors [78]
via Spe(k) = n(k)Spp(k) in the case of hydrogen. Here, we
compute n(k) (isotropic) by minimizing the loss

L =
∫

dt [Fee(k, t ) − (n(k))2Fii(k, t )]2. (63)

For small values of k in the collective regime α = 1/kλS >

1, we apply the GCM fitting procedure as before with one
propagating and one relaxing mode. In addition, we apply
a detailed balance correction, as in Ref. [73], of the form
β h̄ω/(1 − e−β h̄ω ).

The outputs are plotted in Fig. 14, and they compare
favourably with outputs from WPMD, computed via direct
fourier transform of the truncated intermediate scattering
function and which apply the same detailed balance correc-
tion. In the electron dynamic structure factors the effect of
confinement is more prominent. Both the position of the plas-
mon peak and the value of S0

ee(k, ω = 0) agree more closely
with WPMD in the strongly confined case than weakly. The
weakly confined case consistently underpredicts the plasmon
frequency and overestimates S0

ee(k, ω = 0), associated with
the electron diffusivity, when comparing to WPMD. Figure 15
shows how the plasmon frequency and its width trend with in-
creasing confinement strength. In the collective α > 1 regime,
the values reasonably converge by the strongest confinement
case. With a more pronounced dependence on confinement
strength at shorter length scales (smaller α), we see how
the achieved electron size determines the resolvable electron
dynamics.

The electron dynamic structure outputs are also compared
to the predictions of the random phase approximation [77,81],
which applies when the interparticle interactions are weak.
We note that the numerical outputs for the plasmon (strong
confinement Bohm SPH and WPMD) at the investigated k
modes predict a lower peak frequency and a slightly broader
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FIG. 13. Ion dynamic structure factors for selected k modes for strongest (g = 8.16 Ha/a2
B, dark red) and weakest (g = 3.68 Ha/a2

B, light
red) confinement. Compared to WPMD outputs (dotted blue).

plasmon. A similar effect has been reported in previous work
investigating the impact of exchange-correlation as well as ion
collisions on plasmon dispersion [82,83].

V. CONCLUSIONS AND FUTURE WORK

We have presented a new scheme for the simulation
of WDM. Advantages of the methodology are its nonadi-
abatic treatment of ion-electron interactions with explicit
electron dynamics, a many-body calculation of the quantum
Bohm pressure, the ability to model arbitrary electron shapes,
tunable resolution, and computational scalability. After con-
servations tests, the Bohm and Coulomb implementations of
the code were validated by single particle tests of the quantum
harmonic oscillator ground state and the hydrogen 1s wave
function.

The nonadiabatic treatment of the ion-electron interaction
when using more SPH particles than electrons present in
the system motivates use of a confining potential to localise
individual electrons, whose center of mass velocity can be
operated upon by a thermostat to achieve an appropriate
distribution.

Bohm SPH was used to simulate a warm dense hydrogen
system at θ = 1.32 and rs = 1.75 aB and compared to outputs
from anisotropic WPMD, scanning a range of confinement
strengths. In particular, the electron dynamic structure factors
of the strongest confinement case agreed well with outputs
from WPMD in the collective regime. Comparison of static
structure outputs were also encouraging while indicating that
a smaller electron size in Bohm SPH would improve agree-
ment with WPMD. More broadly, comparisons of Bohm SPH
outputs for the static and dynamic structure factors when
scanning the confinement strength show how the electron size
affects screening within the plasma.

Several aspects of the methodology might be improved or
generalized in future versions. The treatment here is based
upon Gaussian kernels, but generalizing the Coulomb inter-
action to any kernel function would allow use of kernels with
better compact support, reducing computational cost. Addi-
tionally, the Coulomb interaction could be extended to include
the interaction between SPH particles and ions with core elec-
trons via a pseudopotential. Although the fixed-point iterator
used in this work to self consistently calculate SPH densities
and scale lengths performed well, the Newton-Raphson root
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FIG. 14. Free electron dynamic structure factors for collective scattering k values α > 1/(kλS ) for strongest (g = 8.16 Ha/a2
B, dark red)

and weakest (g = 3.68 Ha/a2
B, light red) confinement. Compared to WPMD (dotted blue) and RPA (dotted green) outputs.

FIG. 15. Maximum value (left) and FWHM of plasmon (right). Computed for collective scattering k values α > 1/(kλS ) across all
confinement strengths g sampled.
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FIG. 16. Total momentum components of a Bohm-only system with different derivative combinations. Y axes multiplied by a factor of 1017.

FIG. 17. Total momentum components of a test OCP Coulomb system comparing standard point and SPH Coulomb interactions. Y axes
multiplied by a factor of 1017.
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finding procedure would be preferable. Finally, further forms
of density derivative used in computing the Bohm pressure
tensor, as compared in Sec. III A, could be explored.
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APPENDIX: MOMENTUM CONSERVATION

The momentum conservation data for the test Bohm-only
and Coulomb-only systems, displayed in Figs. 16 and 17
respectively, as described in Sec. III A.
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