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Holography, 1-form symmetries, and confinement
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We study confinement in 4d N' = 1 SU(N) Super-Yang Mills (SYM) from a holographic point of view,
focusing on the 1-form symmetry and its relation to chiral symmetry breaking (ysg). We identify the
topological couplings in the 5d truncation of the Klebanov-Strassler solution that determine the 1-form
symmetry and its 't Hooft anomalies. One coupling is a mixed 0-/1-form symmetry anomaly related to ysp
in gapped confining vacua. In the gravity dual we also identify the infrared 4d topological field theory
which realizes ygg and matches the mixed anomaly. Finally, complementing this, we derive the chiral and
mixed anomalies from the little string theory realization of pure SYM.
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I. INTRODUCTION

Generalized global symmetries and their "t Hooft anoma-
lies can highly constrain the dynamics of gauge theories. A
prime example is the role of 1-form symmetries in confine-
ment of N' = 1 SU(N) super Yang-Mills (SYM) or adjoint
QCD theories. In this case the 1-form symmetry I'') = Z,,
and corresponds to the center of the gauge group, which
acts on line operators [1,2] and provides a diagnostic of
confinement. The order parameter for this symmetry is the
vacuum expectation value (vev) of the Wilson line in the
fundamental representation, which obeys area law in a
confining vacuum. This implies vanishing of the vev of an
infinitely extended Wilson line, thus preserving the 1-form
symmetry. In addition, A" =1 SU(N) SYM also has a 0-

form R symmetry U(1 )59. The Adler-Bell-Jackiw (ABJ) or

chiral anomaly breaks U (1)2()) to ") = Z,,, which by yg
[3] reduces to Z, in the confining phase

(1) 22 2,y 25 2, (1)

There is a 0-/1-form symmetry mixed 't Hooft anomaly,

A[bz,A] - 271'N2/ A b2 bz, (2)

Xs

where b, is the background for ZE\}) and A for I'%), which
satisfy § b, € %and $A € %. This anomaly constrains the
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infrared (IR) strongly coupled physics [2,4,5]. In a con-
fining vacuum the I-form symmetry is unbroken. The
0-form background has to satisfy §A €% and I'" is

broken to I'”) = Z,. This breaking indicates N distinct
confining vacua, modeled by a gapped topological field
theory (TQFT).

The goal of this paper is to develop new methods to
compute anomalies of discrete higher-form symmetries and
moreover provide a derivation of the TQFT sectors, which
match these anomalies, without relying on anomaly match-
ing or a Lagrangian description of the UV. This paper
provides a proof of concept by successfully implementing
this in the context of the confinement of 4d AV = 1 SYM.
What we show is that the dual supergravity theory captures
not only the background fields for the higher-form sym-
metries, and their anomalies, but also provides a derivation
of the 4d TQFT that governs the IR confining phase of
the theory.

Higher-form symmetries in the AdS/CFT correspon-
dence were discussed in [6—11]. Our focus here is on
holography in a nonconformal setting, providing a dual to
N =1 SU(N) SYM [12-15]. Concretely, we determine
the 1-form symmetry and its anomalies in the Klebanov-
Strassler (KS) [16-21] solution and derive the theory in the
far IR. The central tool for our analysis is the consistent
truncation of supergravity to 5d [22-24].

The main results of this paper are as follows: From the 5d
topological couplings, we identify the 1-form symmetry
and anomalies that are central to yqg. Perhaps even more
strikingly, we derive the TQFT description of the gapped
IR confining vacua of A'=1 SU(N) SYM. We show
how the 5d supergravity reduction remarkably contains the
Lagrangian of the 4d TQFT describing the IR physics,
providing an independent derivation of the existence of
this TQFT sector, which agrees with but does not rely on
anomaly matching. Our result for V=1 SU(N) SYM

Published by the American Physical Society
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provides an exposition of a more general methodology:
utilizing supergravity couplings to determine anomalies
and IR sectors of quantum field theories (QFTs). There
are a vast number of applications where the topological
couplings are determined at the boundary of the compacti-
fication space, from holography to geometric engineering
of QFTs in string theory, e.g., [25], but also in setups with
broken supersymmetry (where the KS solution plays a key
role). We expect our work to open up the exciting prospect
of revisiting these setups and sharpening their predictions
and extending the scope of such scenarios.

II. HOLOGRAPHIC DUAL TO CONFINEMENT

One of the most successful holographic realizations of
N =1 SU(N) SYM theory is the KS solution [17]. This
construction is realized in 10d IIB supergravity, and it
consists of two main ingredients: (1) N D3-branes probing
the conifold C(7"!), which is a conical Calabi-Yau with 5d
link T"!, that is topologically S? x S3. The near-horizon
of this brane system is AdSs x T'! with 5-form flux
Jpii Fs =N. (2) M D5-branes wrapping the $? c T'1.
The D5s backreact on the external geometry, modifying the
AdSs metric. The KS solution at large r is
R(r)~In(r/r,)'%,  (3)

dsty = dsi, + R*(r)ds7..,

_ 2N 1
= % + w and ry = rge M *. Here rg
is the UV scale, and we refer to this as the UV KS solution,
valid for r sufficiently large and g,/C(r) > 1. Atlarge r, the

quantization of fluxes is

/F3:M, /Bzzﬁ(}’),
S3 SZ

/ Fs=K(r)=N+ML, L=
T].]

2
where ds M

W ntr/m). @)

Note that F'5 is no longer quantized: its integral over the
internal space acquires a radial dependence. The solution
has a naked singularity at R(r,) = 0, and in particular, we
can consider r; - 0, when % > 1. Therefore, at small
radial distances r — ry, (3) is no longer valid but gets
replaced by the full warped, deformed conifold solution
[17], as summarized in [26].

The dual field theory description is given by SU(N +
M) x SU(N) gauge theory and bifundamental matter in
(N+M,N) & (N+ M, N), where a combination of the
two gauge couplings flows strong coupling. In particular,
this theory is not conformal, and the gauge couplings of the
two factors run in opposite directions. For example, when
SU(N + M) with N = 2N becomes strongly coupled, we
apply Seiberg duality [27], resulting in SU(N — M) with
Np =2N. This process perpetuates with the new gauge
couplings flowing in opposite directions, giving rise to a

“duality cascade”. For N = kM, k € N, the end point is
N =1 8SU(M) SYM at strong coupling.

The RG flow of the gauge theory cascade is mirrored
explicitly in the dual gravity background. Moving from

large 7 to r — re m, Je By and [, Fs change by
L(r) = L(r)—1, K(r) > K(r) = M. At slices r = r, =
roe_%, where £, K are integers, the supergravity back-
ground is dual to the SU(N — (k—1)M) x SU(N — kM)
gauge theory in the baryonic branch [28]. Alternatively
we can work in terms of Page charges defined in [29],
where Fs = F5— B,F5 is always integrally quantized
Sy Fs=N—kM, due to large gauge transformations
of [ By — L(r)+ k. For N =«M, the end point is
reached at a value r, where there are only M units of
F5-flux and no Fs-flux. In this regime, r ~ r,, the solu-
tion (3) breaks down before reaching the r — r, limit,
since g,/ C(r,) =0, and the metric in (3) is not smooth.
We therefore have the following hierarchy of scales:
rg > 1 > 1, > Fy.

III. 1-FORM SYMMETRIES FROM
SUPERGRAVITY

The global form of the gauge group, or put differently,
the set of mutually local line operators, can be determined
in holography by considering boundary conditions (b.c.)
of Chern-Simons-like couplings [6-8]. Put in a more
modern language, the 2-form backgrounds for 1-form
symmetries of the holographic field theory are determined
by topological couplings in the bulk, and specific b.c.s yield
absolute theories (i.e., definite spectra of line operators).
On the gauge theory side of the duality cascade, the
Zyoy X Zy center symmetry of SU(N + M) x SU(N)
is broken by the matter to

F(l) = chd(N,N+M) = chd(N,M)- (5)

This remains invariant along the RG flow.

In order to derive the 1-form symmetry holographically
we study fluctuations around the UV KS solution, when r is
sufficiently large and g, /K(r) > 1, which describes each
step of the cascade until r ~ r.. The latter corresponds to
the end of the cascade, and the smooth gravity dual is the
warped deformed conifold, which we investigate momen-
tarily. We reduce IIB supergravity on 7!! and study the
topological couplings of 2-form gauge fields. The strings
which couple to these fields induce line operators on the
ry slices, which in turn furnish the 1-form symmetry of
the boundary theory, also known as a “singleton theory”
[30,31]. In particular, the 1-form symmetry is deduced
from the bulk couplings by imposing a set of consistent
b.c.s in which a subset of the 2-form gauge potentials
are fixed in a subgroup of U(1). We first consider fluctua-
tions of the fluxes around the background on the cohomol-
ogy of T"!, i.e., F, expanded along w, € H’(T"!, Z) as
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Fy=>_,fqp N ®,. In this case the nontrivial cohomol-
ogy elements are w, and s, i.e., the volume forms of S?

and S°, respectively. The fluctuations of the IIB fluxes
around the KS solution read

5H3 - dbz,
OFs = wy A f3+ w3 A *f3, (6)

5F3 = dC2 + CU2 VAN dCO,

where these expansions already satisfy the Bianchi iden-
tities for Hs, F5, F'5 and self-duality Fs = xF5 (see [26]).
Here, ¢, is a 2z periodic scalar, whereas b,, ¢, couple to
Fl1s and D1s, respectively. We use f3, since the operators of
the boundary 1-form symmetry are manifest in this frame.
The Bianchi identity for F'5 sets f3 — Ldc, — bydcy = das,
which introduces a 2-form gauge field sourced by D3s
wrapping the §? ¢ T"!.

In order to get the 5d bulk topological action describing
the singleton theory, we implement the following strategy.
We reduce the flux equations of motion of IIB supergravity
on T"! and construct a classical 5d action which realizes
these equations of motion. We study this at r = r; + ¥/,
r" < ry, which has a field theory dual. For k£ < % we are far
away from the IR cutoff, and in this regime the topological
terms dominate. The effective Fs5 charge is K(r) =
N — kM + O(r'/r;), so the leading contributions to the
equations of motion are the topological couplings

gcd(N,M)dC =0, gcd(N,M)db, =0, (7)
where C = q,¢, — gpa,, with gcd(N,M)q, = N, gcd(N,
M)g, = M, and whereby we decoupled the center of mass
U(1)(", corresponding to the 1-form symmetry of the
collective motion of the D3s. The couplings are embedded
into the consistent truncation of [22]. One can compare by
varying their topological action, changing the duality frame
and restricting to the relevant fields. We find that the
following topological term in the 5d supergravity reduction
on the UV KS solution at r = r; > r, dominates over
higher derivative couplings,

SSd D 2x ng(N, M)/ b2 A dC. (8)

5

1-Form symmetries are generated by fopological surface
operators [2], which are realized by the bulk operators

i ) if c
Uy,(M,) = & j;Mz ” and U.(M,) = & sz , where M,
are closed surfaces, M, = 0. Generically, due to non-
commutativity of fluxes, these do not commute [6],

2aiL(My.Ny)

Up(My)U (Ny) = Uo(No)Up(My)e— v, (9)

where L is the linking of the surfaces. These charge
operators generate a I-form symmetry, which acts on

charged line operators in the 4d field theory. For each
slice M |,k ((3) evaluated at r = ry) charged line operators

are Uy(3) = & £, U, (T) = ¢ € with 0% € Ms|,
[32]; however only a maximal set of mutually local line
operators are allowed, which are encoded in the b.c.s
of b, and C.

A possible choice of b.c. for (8) is b, Dirichlet and C
Neumann. Since C is free to vary at the boundary, U, will
correspond to the topological charge operator for the
I-form symmetry. By varying the topological action we
find a condition ged(N, M)b, A 6C|,, = 0, which forces b,
to take fixed values at the boundary. This implies that we
can define a flat connection »; in 4d taking values in
Zoca(n.m)» 1-€., gcd(N, M )b, = db, = 0 at the slice r = ry.
Therefore, U, restricted to X C M|, corresponds to the
charged line operators of the field theory. As is well known,
the fundamental strings, carrying world-volume b,, ending
on the boundary indeed give rise to Wilson lines in the 4d
theory. They generate the 1-form symmetry (5).

The screening can equally be seen by considering the
analog of the “baryon vertex” [33] in this setup: integrating
the Bianchi identities for D5s on T'-! and D3s on S° yields

/ dF7: H3/\F5:<N—kM)H3,
s Th!

/SSdF5:A3H3/\F3:MH3. (10)

Thus D5s on T"! screen N — kM Fls, and D3s on S° screen
M Fls. The minimal configuration of screened strings is
thus gcd(N, M). Alternative b.c.s are detailed in [26]. From
here onwards, N = kM, where the bottom of the cascade is
a confining phase SU(M) SYM. The b.c.s are Mdb, = 0,
i.e., F1 strings ending on the boundary. This is detailed in
[26], and we see how to derive this condition from the 5d
bulk topological action momentarily.

IV. MIXED ANOMALY AND ygg
FROM HOLOGRAPHY

All things are now in place to derive holographically the
mixed anomaly (2). To do this, we need to study the rest of
the topological couplings in the 5d bulk supergravity
action. In particular, we need to include the R symmetry
of the dual field theory, which is realized in terms of the
U(1) isometry (Reeb-vector) of the T'! solution. This
can be described by a U(1) 1-form gauge field A, which
enters the metric of 7"! as df — dB — A, where S is the
coordinate of the Hopf fiber of the S3. The breaking by
the ABJ anomaly to Z,,, is realized holographically by a
Stiickelberg coupling in the 5d consistent truncation. We
also argue that yqp is consistent with the mixed 0-/1-form
anomaly, which we derive from the 5d supergravity.
Perhaps most strikingly, we derive the TQFT that governs
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the IR from first principles, confirming the anomaly-based
arguments in [2].
The additional 5d topological terms in the action are

R M
SSd32ﬂ/7|d€0+2MA|2+M2b%A+3b%d€0 (11)

The first term is the kinetic term for the axion. Since it
contains two derivatives it is subleading when evaluated
on the UV KS solution, when r is large, with respect to the
topological terms. On the other hand its effect is important,
since it realizes the Stiickelberg mechanism for the U(1),
gauge field A. The shift symmetry of the axion, ¢, ~ ¢y + 27,
is gauged by the U(1); symmetry, so that the action is
invariant under the nonlinear transformation

A - A+da, co = ¢o — 2Ma. (12)
We can use this symmetry to completely gauge away the
axion, leaving only a mass term for the gauge field. Fixing
co = 0, there is still a residual discrete symmetry generated
by a € §; Z. This is the direct way to identify the breaking of

U(l)g — ZSJI, as required by the ABJ anomaly.
The second term in (11) corresponds to the anomaly

between the O-form background A for Zg})&, $A €+, and
by for 7y, §b, € Z

Alby, A] = +27M> /
M

bybsA, (13)

which is a mixed 0-/1-form symmetry anomaly [34]. As
expected it does not depend on the energy scale, and
therefore this term will survive in the IR. In the IR we
expect the theory to be dual to a confining vacuum

of SUM) SYM, so the Zl(é) should be unbroken, and
this gapped phase should be described by a 4d TQFT.
Assuming M is spin, then b% is even. Since A is a Z,y
background, (13) is not integral, in general. It was proven in
[5] that unless this term is integral there cannot be a 4d
TQFT with I'®) = Z,,, and ") = Z,, symmetries in the
IR that saturates all the anomalies of the theory in the UV.
On the other hand, integrality of (13) and an unbroken Z/(Vl,>
implies § A € £, implying ysp in the IR vacuum of SU(M)
SYM. We stress that our analysis shows that the presence of
this topological coupling in the UV KS supergravity
solution is already preempting and consistent with the
chiral symmetry breaking in the gapped confining vacuum

with Z(zo) and ZZ(VII) symmetries.

V. 4D IR TQFT FROM HOLOGRAPHY

Finally, we now turn to the derivation of the IR
description of the confining vacua. From the 5d super-
gravity topological terms we derive the action of the IR 4d

TQFT, which matches (13), and realizes spontaneous
chiral symmetry breaking, Z,,, - Z,. Based on a field
theoretic anomaly matching argument, a candidate TQFT
was proposed in [2]

The M vacua, labeled by (e?) = S =0,1,..M—1,
are separated by domain walls (DWs) [35], e f “. We now
give a holographic derivation of the IR TQFT based on the
5d bulk couplings of the IR KS solution.

The smooth IR gravity dual background is the deformed
conifold solution, where 7 — 0 (see [26]). In this regime
there is no hierarchy between the 5d bulk kinetic and
topological terms, and the former need to be taken into
account. Before the S2 degenerates, the D5s source
C¢ = w3 A c3, and in addition since F; = *F; we consider
dey =B x5 (dcy + 2MA). Therefore, in the IR the dynam-
ics of ¢y becomes relevant. Since A corresponds to the true
isometry of the IR KS solution, i.e., is a Z, gauge field, ¢,
does not shift under a gauge transformation of A. The 5d IR
topological action becomes

M
S/Sd D 277:/ 2MAdC3 + dCodC3 + 7b%dC‘0 (15)

We first notice that the mixed anomaly between I" ©) = Z,1
and 'V = Z,, has disappeared. This is due to an additional
topological term |c(r)|?b3A [22,36,37], which for the UV
KS solution depends on the UV scale ry, but is constant in
the IR ¢ = M. This is consistent with anomaly matching
since the IR theory has ro = Z,, which is not anomalous
on spin manifolds. The third term is a total derivative, and
varying by ¢, implies Mdb, = 0, in agreement with the
equations of motion on the deformed conifold. When this
condition is satisfied, the last two terms give rise to
topological counterterms for the 4d theory living at the
boundary. This implies that they are not anomalies, but
rather the imprint of the TQFT (14) in the IR, which is
precisely obtained by identifying ¢, <> M¢ and evaluating
these terms at the boundary. In particular, ¢ is related to the
presence of DWs given by D5s wrapping S3. These source
[ F3, where B is the Poincaré dual cycle in the deformed
conifold with §? boundary at infinity. This entails that
JzF3~ ¢ Cows, and because of the presence of the D5
DWs, ¢y = ¢ is quantized and corresponds to the number
of D5s. The UV anomaly (13) in the IR is realized by the
action of T'©) = 7,,,. # — ¢ + 1, which is however not a
symmetry of the IR vacuum.

We emphasize that this derivation did not make use of
any anomaly matching arguments, and thereby provides a
top-down derivation of the theory governing the IR!
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This IR theory is furthermore invariant under 1-form
symmetry transformations b, — b, + dA, which implies
that ¢3 — ¢3 — MbyA — % Ad2. The fact that the transfor-
mation of the 1-form symmetry enters in the shift of c;
signals the presence of a 3-group [2,38]. This can be
derived from the D5-brane realization of the DWs: the CS
action of the D5 is Ly = Zp Cp A e”. The DWs extend
in the 4d spacetime such that F, = [ dLcs = desy + % b3,
the 3-group follows from the gauge invariance of the world-
volume action of the D5 and is consistent with gauge
invariance of (15).

VI. ANOMALIES FROM LITTLE
STRING THEORY

An alternative large N limit of 4d A/ =1 SYM is the
solution in [39], which is a topologically twisted S?
reduction of 6d little string theory (LST) on N NS5-branes
in IIB, which in the IR is 6d (1,1) SYM. We now derive the
chiral symmetry breaking in 4d A/ =1 SYM for gauge
group G from a twisted S? reduction of LST. The anomaly
polynomial of LSTs has a term [40]

Ig mmixed D 2h§c2(Req)ca(F)s (16)

where Ry, Fg are the SU(2), and gauge bundles, res-
pectively. We consider the decomposition Rg; = (R ®
K;éz) @R Kéﬁz)v, where R is the 4d U(1), bundle
and K ¢ is the canonical bundle on S2. The twist is realized
by ¢»(R) = —(dAg + 5 ¢1(Ks2))% where Ay is associated
to the 4d U(1),. Integrating (16) on S,

16 = / IS,mixed D 2hédAR A\ CZ(FG)' (17)
SZ

This is the ABJ anomaly of 4d V' = 1 SYM, and it trivializes
onaclosed 6-manifold, Y4, when 2, dAr = 0,i.e., whenAp
is in Zopy. In fact, this corresponds to the breaking of the
U(1)g = Zy;; by the ABJ anomaly.

We now also derive the mixed 0-/1-form "t Hooft anomaly
between Zy;,» and 1-form symmetry 'V = Z(G), where
Z(G) is the center of the simply connected G. Let M5 = 0Yg
and consider the anomaly of the 4d theory, I5 D 2h%Ag A
¢, (Fg) such that I = dIs. Activating a 1-form symmetry
background b, € H*(M,, Z(G)), makes the instanton den-
sity fractional, since it is evaluated in G/Z(G) bundles, and
I5 becomes

15 D 2héaGAR U sn(bz), (18)

where P(b,) is the Pontryagin square [41] and for
SU(N)ag = %5+ In particular, Ag is not a U(1), bundle,
but rather a Zzhé surviving subbundle, i.e., nontrivial con-
figuration such that 24dAg = 0 on a closed Y. Note that

due to this, the anomaly does not trivialize anymore when a
is fractional (¢ P(b,) € Z). Ay has then periodicity § A; €

Zhlv and from (18) we have recovered the full mixed anomaly
G

between the chiral symmetry and the 1-form symmetry,
which we derived holographically in the previous section.
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APPENDIX A: FULL KS SOLUTION, DEFORMED
CONIFOLD, AND 5d TOPOLOGICAL
COUPLING IN THE IR

The full KS solution comes with an intricate hierarchy of
length scales, which is of central importance for its inter-
pretation as dual to a nonconformal field theory. The
starting point is a UV scale at radial distance r = ry,
where the effective number of D3s /() coincides with the
actual number N of D3s probing the conifold. As discussed
in the main text, the RG flow of the field theory is dual to a
stepwise inward flow along the radial direction in steps

__ 27k
Iy = rpé€ 3gsM |

(A1)
where k is an integer. We are mainly interested in the case
where N = kM for some positive integer x, for which the
dual field theory flows to SU(M) SYM in the IR. In this
case the effective D3 charge K(r.) = 0 becomes negative
past

_2m __2zN
T = rpé 3gsM — rpe 3.41.\-M2’

(A2)

so the UV solution (3) is ill defined in this regime. We also
note that the metric (3) has a naked singularity at r = ry
with

_2aN__1 .
rg = rge uM

f=reTd,

(A3)
where the warp factor vanishes R(r,) = 0. However, the
UV solution (3) breaks down before this singularity is
reached since r, > r,. From the above it is clear that the
UV and IR regimes are well separated if % > 1 (implying
k > M). The hierarchy of scales can then be summarized as
ro > ry > r, > ry, and we can take r, — 0.

At small radial distances r — r;, the KS solution is
sensitive to the deformation of the conifold induced by the
M D5 branes wrapping S?> C T'!. The nonzero F5 flux
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threading the S° prevents this cycle from shrinking to zero
volume, whereas the S? collapses. Here the effective
number of D3s is zero, and the gauge theory dual is the
IR regime of pure N =1 SU(M) SYM. The warped,
deformed conifold is parametrized by a new coordinate ,
which, at large 7, is related to r by r2 = 327/3¢%/3¢27/3,
Near 7 — 0 the metric is approximately R*! times the
deformed conifold [17]. We refer to this as the IR KS
solution. For the sake of illustration we include the
shrinking S in the degenerate metric

dsty=c,e™3 (gMI2)7 X + co9,M 2dss,

1 1 1
dsg=5d7 +5(9) +(¢°) +(¢') + ;2 [(9') + (7)),

(A4)

where {g'} are the standard bases of 1-forms on T'! [42],
and c¢; are numerical constants [43]. For g.M <« 1 the
curvatures are small everywhere, even in the far IR, such
that the supergravity approximation is always reliable. At
7 = 0 the flux background has significant simplifications,

M
F; :STg5 AG A G

(AS)
Since the S? shrinks to zero radius as 7 — 0, we modify our
ansatz to ignore any fluctuations over the 2-sphere. This has
the immediate consequence of removing all Fs fluctua-
tions, 6F5 = 0, as we would otherwise be unable to enforce
self-duality. The ansatz is therefore 6H; = h3, 0F; = g5.
The Bianchi identities imply that g3 = dc,, h; = db, are
closed, and the equations of motion for H; and F3 furnish
two Kkinetic terms,

d*ﬁ h3 = 0, d*5 gz = 0. (A6)

Contrary to the UV KS solution, the kinetic terms are not
suppressed in this regime. We get a single nontrivial
contribution from the F5 Bianchi identity implying that

Mdb, = 0. (A7)

We have no freedom in selecting boundary conditions here;
the holographic duality picks out a confining vacuum and,
in particular, a global form of the gauge group, namely, the
SU(M) simply-connected group, with an unbroken electric

1-form symmetry Z,(‘}). From the bulk perspective, Fls can
end on the boundary, indicating the presence of Wilson
lines in the gauge theory. Furthermore, M fundamental
strings are screened by wrapped D5s that correspond to the
“baryon vertex” in the 4d theory.

APPENDIX B: EQUATIONS OF MOTION
AND 5d SUPERGRAVITY

In this Appendix we derive the equations of motion of
the 5d effective theory, obtained from compactifying 10d
IIB supergravity on 7'-!. We isolate dominant topological
couplings and determine an effective 5d action, which
governs them. To identify the topological couplings, we
expand field strengths F, along w, € H?(T"',Z) as
F,=3 » Jq—p N @p, and insert these into the Type IIB
equations

dH3:0, d*10H3:—g§F5/\F3,
dF3:O, d*5F3:F5/\H3,
dFS :H3 A\ F3, *IOFS :F5. (Bl)

The couplings obtained in this way can equally be thought
of as embedded into some consistent truncation (e.g., [22]).
We find the following topological term in the 5d reduction
in the UV KS solution,

Stop = 277: / b2 A\ (NdC2 - Md(lz). (B2)
Ms

In this section we focus on the UV regime: large r ~ r,
dual to the top of the cascade where both cycles S? x $3 C
T'! are nondegenerate. We expand the fluctuations along
the volume forms w,3 € H*(T"!,Z) (see, e.g., [19] for
conventions and an explicit parametrization)

8F3 = g3 + nllwy A g, 0H3 = h;,

271>

oF5 = ﬂ'l%a)z A f3+ T”Rag A xf. (B3)

Here, h3,g,3.f3 are all external fields, and in this
Appendix we restore prefactors for completeness. Self-
duality of 6F5 implies a choice of frame: we can fix one
expansion component in terms of the other. We use the
3-form piece, since the operators of the boundary 1-form
symmetry are manifest in this frame. The Bianchi identities
for H;, F3 imply that the corresponding 5d fields are
closed, so we write h3y = db,, g3 = dc,, g, = dcy. We
interpret ¢, as an axion, whereas b,, ¢, couple to Fls
and D1s, respectively. The Bianchi identity for 6F5 implies
that f5 is not closed,

df3:d£/\gg+h3 N Jgp. (B4)
As such, we shift the field to obtain closure and define a
new gauge potential da, = f3 — Ldc, — bydcy, which
couples to D3s wrapping S?> C T!!. The 5d equations of
motion are
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3
d(R*5f3) :EMdb27

2
d(R®.5dby) =—27xltg? <1Cdcz —-Mf; +§R*5f3 A dc0> ,

2w

d(R’.sdcy) =27xl} (/Cdbz + 3

R*5f3/\d£),

d(R*Sdco):—R*sfy\dbz. (B3)
We are interested in studying the theory near a slice defined
by r = r; for some k < % i.e., a slice which is far away
from the IR, where the UV KS solution is valid.
Parametrizing the radial coordinate as » = r; + ' where
< r, we find that the effective D3 charge is
K(r) =N —kM + O(r /r,). At long distances (near ry
with k < %) the kinetic terms and couplings of higher mass
dimension will be suppressed with respect to terms with
fewer derivatives. From these equations of motion we
extract leading topological contributions,

Ndb2 - 0, Mdb2 - 0, NdC2 - Mda2 - 0, <B6)
where we ignore ¢y, which can be gauged away via a
Stiickelberg mechanism. From these we construct the
action (8).

APPENDIX C: 5d CONSISTENT TRUNCATION

An important component of the analysis presented in this
paper is the consistent truncation of IIB supergravity to 5d
for conifold solutions. In [22] such a consistent truncation
was found which encompasses both the UV and IR KS
solutions, and where we show the holographic realization
of the ABJ anomaly and the mixed O-/1-form symmetry
anomaly are both manifest. In what proceeds, we present
the map required to translate between our work and their
notation. The KS flux background is parametrized as

Fy=q® Ay, B,=b"®, Fs=—(k—gb®)®AD® A,
(C1)
where ®, # are left-invariant forms on T'!'. They are

related to the volume forms of §? and $° as @ = {w,,
® A = —§w;. We rescale the 1IB fields by

9/ 27xl}
F3—)—75F3, BZ—)—371'I%B2, Fs—) ;[2F5,
(C2)
which ensures that the background is quantized as
F3 Fs
=q€e”Z, =keZ, (C3
/53 (2”ls>2 1 /T"] (2ﬂls)4 ©)

and furthermore gives the identifications

q=M, b® = -L, k=N. (C4)
Notice that the rescalings are consistent: they give rise to
the same factor on either side of the Bianchi identity for Fs.
These normalizations also imply that we should identify the
fluctuation dc® = —% dc,. Finally, we rescale the U(1)
gauge field in [22] A — %A so that it is normalized as in

[44]. The 5d topological couplings obtained in [22] are

1
Lsg = RIgP* = Ef? A (=gby A A+ by A Dc®),

13 D b, g¥ > Dc®, Dc® = dc® —gA. (C5)

Using the map detailed above gives the action (11).

APPENDIX D: ALTERNATIVE BOUNDARY
CONDITIONS

We derived a UV topological action (8) after dimensional
reduction of the KS solution at fixed r slices. For this action
we considered one choice of boundary conditions, b, is
Dirichlet and C Neumann. In this Appendix, we provide a
comprehensive analysis of all b.c.s. Clearly an alternative is
to exchange the two gauge fields and consider
C Dirichlet.

b, Neumann, (D1)

Now the topological operator U,.(0X) = e $n€ on 0% C
M| », gives rise to the charged operators of the field theory,
whereas U, (M,) for closed M, with OM, = (J defines the
charge operators, and we again find the 1-form symmetry
(5). Physically, this choice of boundary conditions means
that bound states of D1 strings and D3 branes wrapped on
$? can end on the boundary to form line operators. From
the Bianchi identities we find that gcd(N, M) many of the
D1-D3 bound states can end on an NS5 brane wrapping
T'!'. This provides a screening mechanism for the line
operators and is consistent with the 1-form symmetry. This
configuration of lines corresponds in the dual field theory
to the 't Hooft lines of the SYM theory.

We can consider general boundary conditions on the
fields through gauging. Let gcd(N, M) = pq. We can then
consider the theory,

1
Ses :_/ (pbly A dC' + qbl} A dC" + by A dC'). (D2)

2n

We can recover the action (8) by integrating out b and C'.
Writing it in this way, we see that these backgrounds can
be coupled to a 4d theory in a way that exhibits Z, x Z,
1-form symmetry, where the line operators are realized in
terms of (p, q)-strings, where the D-strings also include
wrapped D3-branes.
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From a bulk point of view we can see the screening by considering (p, g) 5-branes wrapping 7'+!. The Bianchi identities

for (p, q) 5-branes are

P/ dF; = NH3,
Tl.l

Therefore bound states of ¢ F1-strings and p D1-D3 bound
states can end on a (p, ¢) 5-brane. This process is dual to
the baryon vertex screening the line operators of the dual
theory, which are given by the bound states of g F1-strings
and p DI-D3, at constant r;, slices.

The existence of alternative b.c.s will potentially lead in
the IR to the strongly coupled vacua of N' =1 PSU(M)

q
4| ug, =
(27[ls)4 %"” ! (Zﬂls)4

AHF:;/\FS:(N—ICM)F:;—Mdaz. (D3)

|
SYM, when N is a multiple of M. Since one of the vacua
has a different (deconfining) behavior, we believe that this
provides evidence for the existence of a new holographic
solution in the IR describing this deconfining vacuum, the
spontaneous breaking of the 1-form symmetry, and there-
fore this phase transition.
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