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Recent developments in random matrix theory and the theory of log-correlated
random variables have led to several interesting conjectures in analytic number the-
ory. This conjectures primarily concern the asymptotic behavior of several quantities
related to the moments of the zeta function. In this dissertation, we prove estimates
of the conjectured order of magnitude for several of these quantities. First we will
give upper bounds for the joint moments of the 2k*® power of the zeta function with
the 2h'" power of its logarithmic derivative when k € [1,2] and h € [0,1]. Then in
joint work with André Heycock, we extend these upper bounds to all 0 < h < k < 2
unconditionally and for all 0 < h < k assuming the Riemann hypothesis. We also
prove unconditional lower bounds for all 0 < A < k, demonstrating that our upper
bounds are of the correct order of magnitude.

We then move on to study the problem of moments of moments of zeta and
the closely related problem of estimating shifted moments of zeta on the half line.
Moments of moments of zeta were introduced by Fyodorov and Keating [42] in order
to understand the value distribution of zeta in short intervals on the critical line.
By calculating moments of moments of random matrices, they formed a conjecture
for the asymptotic behavior of the moments of moments of zeta and the distribution
of the maximum of zeta in random short intervals. We prove upper bounds of the
conjectured order for the (2, 3)-moment of moments of zeta when 0 < 5 < 1 and
lower bounds of the conjectured size for all > 0. In particular, we demonstrate that
there is a phase transition that occurs at § = \/Li

The key quantity we need to estimate to understand the (k, 5)-moments of mo-
ments are averages of k shifted products of zeta raised to the power 5. Uncondition-
ally, we can only estimate these shifted moments when £ = 1 and 8 < 2 or when
k=2and 0 < 8 < 1. Assuming the Riemann hypothesis, however, we give sharp
upper and lower bounds for more general shifted moments of zeta. This improves
upon previous work of Chandee [21] and Ng, Shen, and Wong [77]. Our bounds
are especially interesting when the the shifts are unbounded and the random matrix

theory model is no longer appropriate.
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Chapter 1

Introduction

1.1 The zeta function

One of the most important functions in all of mathematics is arguably the Riemann

)=

n>1

zeta function, defined by

for complex s such that Re s > 1. Its importance is a consequence of the following

consequence of the unique factorization of integers into primes observed by Euler:

—1
Z%:H(l—é) when Re s > 1,
n>1 p
where here and throughout this thesis p will denote prime numbers. The left hand side
is defined solely in terms of the equally spaced positive integers, while the right hand
side— the so called Euler product— is defined using only the set of prime numbers,
a set which is much more difficult to understand. One of the central goals of the
subject of analytic number theory is to use analytic information about {(s) to deduce
interesting information about the set of prime numbers.
One of the biggest successes of analytic number theory to date is the prime number

theorem:
dt

m(x) = <z}~ —.
@ =#lpap~ [ o
The first proof of this theorem came from an idea due to Riemann. Riemann found
that there is a natural way to extend ((s) to a function on the entire complex plane

that satisfies the functional equation

e ) (g) C(s) = g~ (=9)/2p (?) C(1—2ys).



Then by using Fourier analysis, Riemann gave a formula for 7(z) in terms of all the
zeros of ((s). Therefore if one could determine enough information about the zeros
of ((s), one would obtain good estimates for the prime counting function m(z). It
is straightforward to show that ((s) has no zeros in the half plane Re s > 1, so by
the functional equation the only zeros in the half plane Re s < 0 lie at the negative
even integers. All the remaining zeros therefore lie in the so-called critical strip
0 < Re s < 1. Riemann showed that the number of zeros in the critical strip with

imaginary part between 0 and 7" is approximately

T T T
— log — — —
27 ot 21’

and he conjectured that all of the zeros in the critical strip in fact lie on the critical
1

line Re s = 5. This conjecture is the well known Riemann hypothesis. To this
day, however, no one has been able to come close to proving it. One interesting
consequence of the Riemann hypothesis is the following much more precise estimate
on the prime counting function

/ L Oo(Elog ).

logt
Without the assumption of the Riemann hypothesis, the strongest estimate for 7(z)
to date is due to Vinogradov and Korobov [86]:

O —c(log )3/ / (log log x) /5
/ logt + O(ze )

for some ¢ > 0.

The two most important features of any complex function are its zeros and its
growth rate. While the Riemann hypothesis concerns the zeros of ((s), there is
another conjecture concerning the growth rate of ((s) on the critical line: the Lindel6f
hypothesis. This states that

(L +it) <. t°

for any € > 0. Using interpolation theory and the functional equation, one can use
the Lindel6f hypothesis to determine the growth rate of ((s) throughout the entire
complex plane. It is well known that the Riemann hypothesis implies the Lindelof
hypothesis [86]. The Lindeldf hypothesis is a very difficult question nonetheless, and
the strongest progress made to date is the bound ((3 +it) <. ¢**/%*¢ due to Bourgain
20].

To get an idea of why one might believe that the Lindel6f hypothesis is true,

we will make a comparison between ¢ ( + it) and a random model. Even though

2



the Euler product for zeta is only convergent when Re s > 1, we can still consider

trunctations of this product in the critical strip. Take ¢ uniformly at random from 0

1 -1
H (1 o 1/2+it) :
p<T p

We can think of this random Euler product as a model for ((3 + it). Taking the

to T and consider

logarithm of the absolute value, Taylor expanding, and discarding terms of order p—2

1
Z Re Pl

p<T

or smaller, we obtain the sum

—1/2=it i5 4 random variable on the circle of ra-

Now for each p, the quantity Re p
dius p~/? in the complex plane. Its mean is approximately zero and its variance is

approximately given by
1 /T cos®(tlog p) " 1
T Jo p 2p
The central limit theorem therefore leads us to predict that the value distribution of

log [¢(3 +it)| for ¢ € [0, T] is approximately Gaussian with mean 0 and variance

1
p<T 2p

By Merten’s estimate, this sum is asymptotically equal to %log logT. It turns out

this heuristic can be made rigorous, and it is a theorem of Selberg [84] that as T" — oo

1 1 1 —+ ot 1 00
T meas te[l,27): M >V S~ _/ e 2.
\/%loglogT V2T Jy

The reader may consult Tsang’s thesis [87] for a detailed proof of this result. Therefore
typically the size of log |C (% +1t)| is of the order y/loglog T, which is consistent with
the prediction of the Lindelof hypothesis.

One of the earliest approaches to make progress on the Lindelof hypothesis was
the introduction of the moments of zeta by Hardy and Littlewood [48]. For g > 0,
define the 23" moment of zeta by

2T
MB(T):—/ (L 4 it) [Pt

T
The Lindel6f hypothesis is equivalent to the estimate

Ms(T) <. T°

3



for every 5 > 0 and ¢ > 0. Notice that Mz(T") may also be thought of as the moment
generating function of log |((1 + it)|. Because the moment generating function M (t)
of a Gaussian random variable of mean zero and variance o is equal to e”* /2 in
view of Selberg’s central limit theorem it should not be so surprising that it has long
been conjectured that

Mp(T) ~ Cy(log T)*

for certain constants Cg. This heuristic reasoning cannot, however, lead to a proof of
the Lindelof hypothesis: Selberg’s central only describes the typical values of ¢ (% +it),
while the Lindel6f hypothesis concerns the extreme values of zeta.

Asymptotics for Mg(T') are known for § = 1 due to Hardy and Littlewood [48§]

M,(T) ~logT
and for 5 = 2 due to Ingham [5§]

1
My(T) ~ 2—7T2(log T)*.

Lower bounds of the expected order are known for all # > 0 due to work of Heap and

Soundararajan [53] and Radziwilt and Soundararajan [82]
My(T) 5 (log 7).

Sharp upper bounds are known for all 0 < f < 2 due to Heap, Radziwilt, and
Soundararajan [52]
M;(T) <5 (log T)%,

and Harper [50] showed this bound holds for all 5 > 0 assuming the Riemann hy-
pothesis. For the remaining moments, the best estimates available come from either
Bourgain’s subconvexity estimate [20] or Heath-Brown’s bound for the twelfth mo-
ment of zeta (recall that we are rescaling the moments of zeta by a factor of 1/T)
[54]

Mg(T) < T(logT)'".
For a long time, the values of the constants C'z were very mysterious and there were

only a few guesses for how they depend on [; this is where random matrix theory

enters the picture.



1.2 Random matrix theory

While random matrix theory goes back to Wishart’s work in multivariate statistics,
the study of random matrices has largely been driven by applications to physics,
particularly by statistical models for heavy nuclei. In this setting, the energy levels

of a system are determined by the time independent Schrodinger equation

where the Hamiltonian H is a Hermitian operator on an infinite dimensional Hilbert
space containing the stationary states ¢;. In practice, the operator H is unknown and
far too complicated to obtain solutions to the corresponding Schrédinger equation. It
is natural to approximate the infinite dimensional operator H by a large dimensional
matrix, however this doesn’t address the problem that the corresponding matrix is
typically unknown and too complicated to analyze.

Wigner proposed that instead of analyzing the eigenvalues of any fixed Hamilto-
nian matrix H, one should look at the average behavior of the eigenvalues of families
of random matrices. We must impose the constraint that the random matrices are
Hermitian, but otherwise we can take the upper triangular entries to be independent
copies of any distribution. Through a Monte Carlo analysis, Porter and Rosenzweig
[80] showed that eigenvalues of random Hermitian matrices shared many properties
with energy levels of some simple systems. For example, both the energy levels and
the eigenvalues of random matrices seem repel their neighbors: very rarely did they
observe gaps between energy levels or eigenvalues that were significantly smaller than
the average gap. This is in stark contrast to the spacing of points that are generated
uniformly at random from a given interval or from Poisson point processes.

The numerical analysis also showed that the eigenvalue distributions of random
matrices did not seem to depend on the underlying distribution of the matrix entries.
This observation helped lead to what is now known as Wigner’s semicircle law [1]:
Let M be an N by N Hermitian matrix whose off-diagonal entries M;;, with j < k
are independent and identically distributed (i.i.d.) random variables with mean zero
and variance 1, and whose diagonal entries M;; are i.i.d. with mean zero and finite
variance. Then if Ay,..., Ay are the eigenvalues of the normalized matrix \/1_NM ,

define the empirical spectral distribution by

UN = %25@

J<N



Figure 1.1: A histogram of the empirical spectral density of a 10,000 by 10,000 random
matrix generated from the Gaussian unitary ensemble alongside the semicircle density.

In other words uy attaches a point mass of weight 1/N to each eigenvalue. Wigner’s
semicircle law states that the probability measures py converge weakly in probability

to the semicircle distribution on R, which has density

% 4 — a2
for || < 2. The same limiting distribution is observed regardless of whether the
underlying random matrices are real symmetric, complex Hermitian, or even sym-
plectic. The local statistics, however, do differ depending on the symmetry class of
the random matrix ensemble. This includes statistics such as the spacing between
consecutive eigenvalues and the largest eigenvalue. We will now discuss the three

canonical ensembles of each symmetry type: the Gaussian ensembles.

1.2.1 The Gaussian ensembles and n-point correlations

The Gaussian random matrix ensembles are determined by two properties. We first
require that for each matrix M in our ensemble that the entries M;; must be indepen-
dent random variables for j < k. The second property is that the distribution of M
must be invariant under certain changes of basis. There are three types of symmetry
that give rise to the three Gaussian ensembles. If the law of M is invariant under the
transformation

M+— O~'MO



for all N by N orthogonal matrices O, then the resulting ensemble is called the
Gaussian orthogonal ensemble (GOE). If instead we require that the law of M is

invariant under the transformation
M— U MU

for all N by N unitary matrices U, we will obtain the Gaussian unitary ensemble

(GUE). The final ensemble arises when we require invariance under
M ST'MS

for all N by N unitary symplectic matrices S. Not surprisingly, it is called the
Gaussian symplectic ensemble (GSE). While the local statistics of each of the three
Gaussian ensembles have different limiting distributions, most of the general principles
by which one analyzes these statistics are the same. Therefore going forward we will
focus our discussion on the GUE, which is the most important case for applications
to the moments of the zeta function.

First we shall discuss the distribution of the entries of a GUE matrix M. The
independence assumption on the entries ensures that the density P(M)dM factors
as the product of the densities P(Mj;)dM;j of each entry for j < k. Then if M' =
U=tMU, the unitary invariance property implies that

P(M"YdM' = P(M)dM.

By considering the unitary matrices in a small neighborhood of the identity matrix,
one can then differentiate this expression at the identity matrix to derive a partial
differential equation for the densities P(Mj;). In this manner, one may show (see
Theorem 2.6.3 of [71]), that P(M) must be of the form

P(H) = exp (—aTrM? + bTrM + c)

for certain constants a > 0, b,c € R. In fact the same result holds for the GOE and
the GSE. After shifting and rescaling the entries Mj;, we may assume the density

takes the form

1
P(H) = G XD (=TrM?)

for an appropriate normalization constant Zgyg.
Now we will consider the eigenvalue density for the GUE. Instead of parameterizing

M in terms of its entries, we can parameterize it in terms of its eigenvalues and a



unitary matrix, and then find the marginal distribution of the eigenvalues alone.

Indeed if the eigenvalues of M are distinct then we may diagonalize
M =U"'DU

where D is a diagonal matrix containing the eigenvalues of M and U is a unitary
matrix. Assuming M has distinct eigenvalues is of no issue, for if we think of M
as an element of RY x CNW=1/2 then the matrices with repeated eigenvalues are
contained in a finite union of hypersurfaces of codimension at least 1. Therefore M
has distinct eigenvalues with probability 1. We would like to change variables from
the entries My, to pairs of a unitary matrix U and a diagonal matrix D. Even though
the mapping
(U,D) — U 'DU

is many to one, this will not cause issues when changing variables as we can readjust

the normalization constant after the dust settles. Because of the identity

2 _ 2
TeM? =) N,
J<N
in order to find the eigenvalue density, we must compute the Jacobian |J(A1, ..., Ay, U)|

of the change of variables and then integrate the expression

exp( Z/\2> |J(A1, -, An, U)

J<N

ZGUE

over all unitary matrices U. For this choice of parameters, it turns out that the

Jacobian factors as [71]

IT =% @)

1<j<k<N

for some function f. Therefore the eigenvalue density for the GUE is equal to

P(A1, . AN) = — exp ( Z >\2> H (N — M)
J<N 1<j<k<N
for an appropriate normalization constant Zy. This formula is an example of the
more general Weyl integration formula, which may also be used to find the eigenvalue
density of many other random matrix ensembles [2]. Notice in the eigenvalue density
that the factors (\; — \¢)? vanish as two eigenvalues approach one another, which

makes rigorous the observation of Porter and Rosenberg [80] that the eigenvalues



appear to repel each other. Having an exact formula for the eigenvalue density for all
N is extremely valuable, and we will now discuss some of its consequences.
Many interesting statistics about the eigenvalues of a GUE matrix M can be

written in terms of the k-point correlation function

Ri(A1, ... ) = / kp(>‘17~--7)\N> ANjy1 - - - dAn.
RN~

(N —&)!

The 1-point correlation function R;(z) is called the level density, which describes the
probability density of finding an eigenvalue in [z,x + dz]. Calculating the 1 level
density allows one to describe the bulk distribution of the eigenvalues for finite IV,
not just in the limit of large dimension. This will be helpful later when using random
matrices to model the zeta function. There is a similar interpretation for all the
higher point correlation functions.

What is particularly remarkable about the Gaussian ensembles is that they are
determinantal point processes [71]. This means that is there some function K : R? —
R called a kernel such that

Rip(M, ..y A) = det (K()‘ja )‘k))j,kSN :

For the GUE, this kernel can be described in terms of the Hermite polynomials

N 22dN 2/2
Hy(z) := (=1)Ne 2/ dx—Ne"”/.

If we set )
o (z) = ———=Hy(z)e /4,
NI 27

then the kernel for the GUE is given by

K(z,y) = \/N(bN(l’)(le(y; : (Zle(x)(bN(y)
for x # y and
K(z,7) = VN (@ (2)n-1(x) — $y_y (2)én ().

Therefore for each N, the normalized level density of GUE eigenvalues is given by

\/LNK (VN2 VNz).

Figure 1.2 demonstrates this for N = 5. Using this formula directly, one can use
asymptotics for the Hermite polynomials to show that that R;(v/ Nx)/v N tends to
the semicircle distribution as N — oo to give a direct proof of Wigner’s semicircle

law for the Gaussian ensembles.
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Figure 1.2: Histogram of the density of 50,000 GUE matrices of dimension 5 compared
to the level density for 5 by 5 GUE matrices

One can also use the correlation functions to analyze local statistics of the GUE
eigenvalues. By the semicircle law the average spacing between eigenvalues is of size
1/V/N. To study the eigenvalue distribution at this scale, the relevant object of

interest is now

\/—%K (/VN.2/VN).

As N — oo, this kernel approaches the sine kernel [71, eq. 6.3.13]

sin(m(x — y))
m@—y)
Therefore the two point correlation, also known as the pair correlation of the eigen-

values, is equal to
sin?(7(z — y))
m(z —y)?

1
We will encounter this function again when we look at both the circular unitary
ensemble and surprisingly enough the zeros of the zeta function.
1.2.2 The circular ensembles

The downside of the Gaussian ensembles is that the set of N by N matrices is not
compact, so it is impossible to assign each matrix an equal weight. There is another

family of ensembles, however, that does not face this issue: the so-called circular

10



ensembles. Because the unitary group is compact, we can assign to this group a
uniform probability measure commonly known as the Haar measure. This is also true
for the orthogonal group and the group of unitary symplectic matrices. These give
rise to the circular unitary ensemble (CUE), the circular orthogonal ensemble (COE),
and the circular symplectic ensemble (CSE) respectively.

While the circular ensembles have the advantage of compactness, it is not imme-
diately clear how to actually generate matrices from any of the circular ensembles. To
generate a random CUE matrix, one first generates an N by N matrix with standard
complex Gaussian entries, otherwise known as a Ginibre matrix. Then one can apply
the Gram-Schmidt process to obtain a unitary matrix. The resulting matrix will be
a CUE matrix [70]. The entries of the circular ensembles do not have a very clean
description like the Gaussian ensembles. Nonetheless, all N? entries are identically
distributed, and as N — oo the entries of a CUE matrix are approximately Gaussian
with variance 1/N [70, Corollary 2.6].

While the entries of CUE matrices do not have a very clean exact formula, there
is still a clean expression for the density of CUE eigenvalues derived by the Weyl
integration formula [70, Theorem 3.1]. All eigenvalues of a unitary matrix lie on the
unit circle, so we may parameterize them by the eigenangles e*, where 0 < 6, < 27

for k=1,..., N. The density of CUE eigenangles is then given by

1 .
p(01,...,0p) = H | — k|2,

n!(2m)" -
1<j<k<N

As with the GUE, the presence of the |e?% — |2 factors implies that the eigenvalues
will repel one another.
Like the Gaussian ensembles, the eigenangles of CUE matrices are also a deter-

minantal point process. The kernel for the CUE is equal to

=

1
e (@=y)

Il
=)

J
for z,y € [0,27) [70, Proposition 3.7]. Now the level density is simpler than the one
we saw for the GUE: any given CUE eigenvalue is uniformly distributed over the
unit circle. Things become much more interesting when we look at the two point
correlation and the eigenvalue spacings. As N — oo, the normalized kernel satisfies

the following limit
1 = sin(m(x —y))
— ij(z—y)/N S S S s
N Z ¢ m(x —y)

J]=

11
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Figure 1.3: On the left are eigenvalues of a 100 by 100 CUE matrix. On the right
are 100 points on the circle with angles generated uniformly at random from 0 to 2.
There are noticeably fewer clusters in the eigenvalues than in the points generated
uniformly at random.

This is the same as what we found for the GUE. Therefore the pair correlation,
and therefore the spacing distribution, of the CUE eigenvalues is the same as that
of the GUE eigenvalues in the large N limit. In this regime, only the underlying
symmetry group seems to matter, and a similar phenomenon occurs whether one is
comparing the GOE to the COE or the GSE to the CSE. Using the theory of Fredholm
determinants, one can show that as N — oo the normalized spacings between CUE
eigenangles converges to a limiting distribution known as the Gaudin distribution
[71, eq. 6.4.35]. Figure 1.4 compares the normalized spacings of eigenangles to the
normalized spacings of points generated uniformly on the unit interval. Note that for
the CUE the density vanishes as the gap size tends to zero, unlike the density of the

uniform random points.

1.3 Zeta and random matrix theory

Now that we have discussed the Gaussian and circular ensembles, we will connect them
back to the Riemann zeta function. A link between random matrices and zeta was
first suspected after a paper of Montgomery studying the distribution of gaps between

zeros of zeta assuming the Riemann hypothesis [73]. Montgomery showed that if the

12



Figure 1.4: On the left is a density histogram of the normalized gaps (611 — 6;)/27
between the eigenangles of 10,000 CUE matrices of dimension 50. On the right is a
density histogram of the gaps between 50,000 points generated uniformly at random
on the unit interval.

Fourier transform of f is supported in (—1,1) then as 7" — oo the normalized pair

correlation of the zeros of zeta satisfies the asymptotic

T1207;T >/ ((’h —72)105:) ~ /Rf(x) (1 - %) dz.

0<y1,72<T
Here the sum is taken over all pairs of zeros % + 17; of zeta. Montgomery also gave

a heuristic argument using the Hardy—Littlewood prime k-tuples conjecture to show
that this asymptotic also likely holds without the restriction on the Fourier transform
of f. Dyson pointed out to Montgomery that this coincides with the pair correlation
of the GUE in the large N limit, and the study of connections between random
matrices and zeros of the zeta function was born.

We are interested in what this connection can be used to say about the moments

of zeta. Recall the conjecture
Mj(T) ~ Cs(log T)™.
It was first conjectured that Cs can be factored into aggs, where the factor

(- 2 () 7

p

comes from number theoretic considerations. The factor gg was much more mysterious
for a long time. By the work of Hardy and Littlewood [48] it was known that ¢g; = 1,
and by the work of Ingham [58] it was known that g» = . Beyond these results, the

13



only other conjecture for values of gz were due to Conrey and Ghosh [27] and Conrey

and Gonek [29], who argued respectively that

2 24024
9= 9] 94 = g1

One explanation for the factorization Cs = aggs is the hybrid Euler-Hadamard
product formula for zeta of Gonek, Hughes, and Keating [45], which states that

assuming the Riemann hypothesis

((5+it) ~ H <1—Zﬁ)_ H (i(t — yn)e" log X).

p<X Tn
[vn—t|<1/log X

where X > 2 and the product is taken of zeros % + i, of zeta and ~ is the Euler-
Mascheroni constant. The product over primes explains the factor az in the moment
conjecture, so it is natural to expect that the zeros of zeta could explain the factor gs.
With the benefit of hindsight, the hybrid Euler-Hadamard product and Montgomery’s
pair correlation conjecture gives us reason to expect that random matrix theory could
be used to explain the values of the constants gz. After all the pair correlation of the
zeros of zeta appears to be the same as the pair correlation of the eigenvalues GUE
and the CUE, the moments of characteristic polynomials of random matrices could
serve as a good model for the moments of zeta. Keating and Snaith [61] accomplished
this even before the work of Gonek, Hughes, and Keating [45].
Given a CUE matrix U, denote by

Z(U,0) = det(I — Ue™™)

its characteristic polynomial. Using Selberg’s integral formula, Keating and Snaith
[61] showed that

j—l—s
MN(S);:/U(N)| (U,0))2dU = H ]—1—5/2

where U(N) is the group of N by N unitary matrices, dU is the Haar measure,
Res > —1, and 0 < 0 < 27m. When s = 20 for a positive integer 3, the right
hand side is a polynomial in N of degree 32. In the large N limit, this implies the

asymptotic

My(28) ~ aaz2"
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Figure 1.5: A histogram of the value distribution of log |¢(3 +it)| for ¢ taken randomly
at uniform between 10° and 10° 4+ 100. The dotted line is the density of a standard
Gaussian, while the solid line is the density of log|Z(U,0)| where U is an 11 by 11
CUE matrix. The latter density gives a noticeably better fit.

where G(s) is the Barnes G function. What is particularly remarkable is that the

ratio of Barnes GG functions appearing in the large /N limit is equal to 2 when 3 =3

and 24024

e When = 4. This has led to the now widely believed conJecture that

MA(T) ~ 05 G 06T

Since this conjecture was made Conrey, Farmer, Keating, Rubenstein, and Snaith
[26] gave a heuristic derivation of the asymptotics for Mz(T) when [ is a positive
integer. In fact, their derivation showed that likely Mz (7") is asymptotically given by
a polynomial of degree 5% in log T'. This is in accord with the finite N expression for
the moments of characteristic polynomials for CUE matrices, so one might also try
to model the value distribution of the zeta function at height 7" on the critical line
by a CUE matrix of finite size N determined by T
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Since the average spacing between CUE eigenangles is N/27, and the average
spacing between zeros of zeta up to height 7" on the critical line is % log(T'/2m), it is
natural to model the zeta function at height 7" by the characteristic polynomial of a
CUE matrix of dimension

T
N = 10g2—.
T

This is particularly interesting, because Fourier inversion and the exact formula of
Keating and Snaith [61] for My(s) implies that the random variable log|Z (U, 0)| for
a N by N CUE matrix U is given by

1

pn(x) = o

/ e~ My (i) dy.
R

Figure 1.5 compares the value distribution of log [¢(3 + it)| for ¢ near 10° with both
p11(x), predicted by random matrix theory, and the Gaussian density, predicted by
Selberg’s central limit theorem. Notably, the CUE density appears to give a much
better fit. While this might seem puzzling at first glance, it is not in conflict with Sel-
berg’s central limit theorem for two reasons. The first reason is that the convergence of

log [¢(3+it)|/1/5 loglog T to a standard Gaussian is slow. In Tsang’s thesis [87, Theo-

rem 6.1], it is shown that the Kolmogorov distance between log [¢(5+it)|/+/ 35 loglog T
and a standard normal is < (logloglog T')?//loglog T. The true rate of convergence
is probably of the order 1/(loglogT)%2. The second reason is that Keating and
Snaith [61] showed the random variables log|Z(U,0)|/4/3log N converge to a stan-
dard Gaussian at the rate of 1/(log N)*?, so the observed behavior is still consistent

with Selberg’s central limit theorem.

1.4 Overview

Despite the evidence discussed so far, the connection between random matrices and
zeta remains mysterious and largely conjectural. We note however, that there is an
explicit connection between zeta functions of curves over finite fields and random
matrices, see [60]. In the case of zeta and more general number fields however,
random matrix theory remains but a source of interesting conjectures. We will be
making progress on a few of these conjectures. In the remainder of this dissertation,
we will discuss the work contained in the authors papers [31, 32, 33, 34] and a joint
paper of the author and Heycock [35].

The first topic we will discuss are the joint moments of zeta as well as some natural

generalizations to higher derivatives. The primary goal of Chapters 2 and 3 is to prove
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the estimate
T 2h 2
/ C(L 4 i) (L 4 it)| ™ dt =i T(log TY 2",
T

The lower bounds hold for all 0 < h < k, while the upper bounds hold when 0 <
h < k < 2. Assuming the Riemann hypothesis, we extend the upper bounds to all
0<h<k.

The second topic we will discuss are the moments of moments of zeta given by

2T k
MoM(k, ) ::%/ ( /|§(%+z’t+z‘h)|25 dh) dt

T
|h|<1

for § > 0 and positive integers k. Fyodorov and Keating [42] introduced these
quantities to study the size of the typical maximum of zeta in short intervals on
the critical line, and made conjectures for their asymptotic behavior using random
matrix theory. An interesting feature of these asymptotics is that when £ > 1 they
undergo a phase transition at § = 1/ Vik: for <1 / vk the moments of moments
are dominated by the average values of zeta, while for 5 > 1/ Vk the moments of
moments are dominated by a few large values. The case of £ = 1 is essentially
equivalent to evaluating the 28" moment of zeta. In Chapter 4 we analyze the
behavior of MoMr(2, 3). We will give lower bounds of the conjectured size for all
£ > 0 and upper bounds of the correct order for 0 < 8 < 1. A consequence of these
bounds is that MoMy(2, 8) indeed undergoes a phase transition at § = \/LQ
To estimate MoMr(2, ), the key quantity we need to control is

2T
/ IC(3 + it +ian)C(3 + it +iaw)|*? dt
T

for # < 1. Unconditionally, this appears to be the limit of what current techniques
can estimate. Assuming the Riemann hypothesis, however, we can give estimates for
more general shifted moments

27 m

A@Mﬂ=/ TTICE + it + aw))Pdt.
k=1

T

for B; > 0 and oy, € R. Estimates for these shifted moments can be used to give
bounds for MoMy(m, ) for all positive integers m. In the final two chapters we
will turn our attention to these shifted moments. When each o; = O(log7’) and

la; — a| = O(1), Chandee [21] used random matrix theory to predict

Mo p(T) <p T(log 7)1+ 4% T]  min(log T, 1/[a; — az|)* 7.

1<j<k<m
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For larger shifts o; however, the random matrix model is no longer correct, and we
need some arithmetic input to obtain bounds of the correct order. We shall prove

that assuming the Riemann hypothesis

Mo p(T) =p T(log 7)1+ TT  [C(1+i(ay; — ax) + 1/ log T)[? 7

1<j<k<m

for |ay| < T'/2. This agrees with Chandee’s conjecture when the shifts are bounded,
but the arithmetic factor on the right hand side shows that the values of zeta have

long range correlations due to the primes.
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Chapter 2

Joint Moments 1

2.1 Introduction

In the past two decades, conjectural connections between the zeros of the Riemann
zeta function ((s) and eigenvalues of random unitary matrices have led to many
interesting developments in understanding the moments of the zeta function. In
the recent random matrix theory literature, there has been a fair bit of interest in
understanding the joint moments of the characteristic polynomial of a random unitary
matrix with its derivative. In this chapter, the primary objects are the joint moments

of ((s), given by

2T
. — .\ [ 2R
Tl ) = [ IC P ¢+ a0 dr
T

as well as the joint moments of the Hardy Z function

2T

Tk, ) = / 2220 .

T

where
log 7

2
Note in particular that |Z(t)| = |¢(3 + it)|, and that Z(¢) is real valued for t € R.
The work of Keating and Snaith [61, 62], Hughes [56], and Hall [55] has led to the

conjecture that whenever k£ > —% and —% < h<k+ %

t.

Z(t) = e"¢(5 + it), 0(t) = arg (T (5 + %))

Tr(k,h) ~ Cc(k, R)T(log T2 Tp(k,h) ~ €5k, h)T(log T)***+2" (2.1)

for certain constants €;(k, h),€4(k,h) as T — oo. There are conjectured values for
the constants €4 (k, h) for general real h, k, but values for €.(k, h) are only conjectured

for integral h, k. In both cases, the constants split as a product of an arithmetic factor
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and a random matrix factor. The arithmetic factor is a well understood product
over primes. The random matrix factor has many different expressions including
combinatorial sums [36, 37, 56, a multiple contour integral in the case h = k [30],
and a determinant of Bessel functions [10, 30]. For h,k not necessarily equal, the
random matrix factor can be solved for finite N and is related to the solution of
a Painlevé V type differential equation [15]. Furthermore, the limit as N — oo is
related to the solution of a certain Painlevé 11T equation [8, 10, 15, 40].

Previously, the asymptotics (2.1) for Zr(h, k) and Jr(h, k) were known for h, k €
{0,1,2} with h < k due to Ingham [58] and Conrey [24]. Assuming the Riemann
hypothesis, Conrey and Ghosh [28] established the conjectured asymptotic (2.1) for
Jr(1,3) and come close to establishing the corresponding asymptotic for Zp(1,1) .
Upper bounds of the conjectured order of magnitude were only known for very few
values of h and k. Upper bounds for half-integer valued h, k < 2 are available due
to work of Conrey [24] and Conrey and Ghosh [28] . In the case h = 0, quite a bit
more is known. Unconditionally, upper bounds of the correct order of magnitude are
known for all real 0 < k < 2 due to work of Heap, Radziwilt, and Soundararajan [52].
Upper bounds of the correct order for all real £ > 0 are also known conditionally
on the Riemann hypothesis due to work of Harper [50], which builds on the work of
Soundararajan [85]. The aim of this chapter is to establish upper bounds for Zr(k, h)
and Jr(k, h) of the expected order in a larger range of h and k.

Theorem 2.1.1. Let 1 < k<2 and 0 < h < 1. Then for large T
Tr(k, h) < T(log T)¥*+2",
and the same bound holds for Jr(k,h).

The proof we give is based on the work of Heap, Radziwilt and Soundararajan [52]
which in turn is based on a method introduced by Radziwilt and Soundararajan in
[83]. The general principle in these works is that if one can compute the 2k*™ moment
of a given L-function twisted by an arbitrary Dirichlet polynomial, then one can find
upper bounds of the right order for all of its lower order moments. In particular,
Heap, Radziwill, and Soundararajan [52] used this approach to prove Theorem 2.1.1
in the case h = 0. We combine the ideas of the paper [52] with twisted joint moment
calculations to deduce Theorem 2.1.1 in the case of h = 1 and then deduce the
result from Holder’s inequality— the bounds we obtain are of the conjectured order of
magnitude since the exponent of log7" in (2.1) is linear in h. We are forced to take

k € [1,2] because 2k — 2h is only non-negative when k& > 1 at the boundary case
h=1.
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2.2 QOutline of the Proof

We will deduce Theorem 2.1.1 from the following.

Proposition 2.2.1. Let T be large and 1 < k < 2. Then
27 ,
|l it inPar < Tog ),
T

and the same bound holds when (3 + it) is replaced by Z(t).

Proof of Theorem 2.1.1. Recall Theorem 1 of [52] gives for 0 < k < 2
or ,
/ IC(3 + it)[*Fdt < T(logT)".
T

Therefore by Holder’s inequality with p = % and ¢ = ﬁ, this estimate and Theorem

2.1.1 give

2T h 2T 1-h
Zr(k,h) < (/ IC(3+ i) 2+ it)\zdt> (/ [SCR: z‘t)y%dt)
T T
< T(log T)*+2"
The case of the joint moments of Z(t) is similar since |Z(t)| = |¢(3 + it)]. O

Remark. The bound for Jr(k, 1) in Proposition 2.2.1 can be deduced from the corre-
sponding bound for Zp(k, 1). The following argument is due to an anonymous referee:

The product rule implies
Z'(t) =0 (t)e? D¢ (L +it) + i (L +it).
Combining this with the inequality |a + b|? < 2|a|® + 2[b]? implies
1Z' ()] < 10" (0O)PIC(5 + i)+ (¢ (5 +at) .
An application of Stirling’s formula gives #'(t) ~ % logt and thus
1Z'(t)]? < (log T)*[¢(5 + it)]* + |¢' (5 +it)|?

for t € [T,2T]. Then Proposition 2.2.1 for Z(t) readily follows from Theorem 1 of
[52] and the conclusion of Proposition 2.2.1 for (1 + it).
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To prove Proposition 2.2.1, we will approximate the logarithm of {(s) by a trun-
cated sum over primes ) _y p~*. Following the works [50, 81, 85], we will break up
this sum into increments that have progressively smaller variance. This in turn allows
us to work with a Dirichlet polynomial of length T? for some small but fixed § > 0,
which is long enough to give a good enough approximation of ((s).

We follow the notation introduced in [52]. Take ¢ to be the largest integer so that
log, T > 10°. Now define a sequence Tj for 1 < j < ¢ by T} = e* and

T log T
77 5P\ (log, 12

for 2 <j </ and for 2 < j </ and s € C set

Pi(s) = Z is, and P; = Z %
Tj—1<p<Tj Tj1<p<T}
The hope is then that on average log ((s) will be controlled by the sum of the incre-
ments P;(s), where P; is the variance of the j™ increment on the half line. In essence,
we are approximating ((s) with a truncated Euler product (though we are omitting
the terms p~** with k > 2 when truncating the Dirichlet series for log ¢(s)). A modern
theme in analytic number theory is that for o > 1/2 the zeta function (o +it) ought
to behave like a truncated Euler product— for example, see the work of Gonek [44]
assuming the Riemann hypothesis. Thus we expect that exp(a ) _,,-,P;(s)) should

“ s0 long as s is not near a zero of (. Because the

be a good approximation to ((s)
zeros of zeta do not contribute to the moments of zeta, one might expect that this
approximation will be sufficient for estimating moments of zeta.

To facilitate computations, it will be convenient to replace exp(aP;(s)) with a
Dirichlet polynomial. We will accomplish this by expanding the exponential as a

Taylor series. By Mertens’ second estimate
1
Z — =loglogz + O(1),
p<z
it follows that
Pj ~2log; T —2log; T
We then define for 2 < 5 < £ the truncated Taylor expansion
a?™Mg(n)
Nisa = Y, e

pIn=T;_1<p<Tj
Q(n)<500P;
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where ¢ is the multiplicative function given by g(p™) = 1/m! on prime powers. For
most ¢ € [T, 2T the size of P;(5 + it) will be smaller than 50P;, say, so N;(1 +it; a)
will be a good proxy for exp(aP;(5 +it)). Therefore we expect [locjceN; (3+it; @) to
behave similarly to [[,;_, e®Pi1/241) which, as mentioned earlier, should be a good
approximation for ((s)®. Now each N is a Dirichlet polynomial of length at most

500P 50 [To<;<¢Nj(5 +it; @) is a Dirichlet polynomial of length at most 7, where

5OOP 1000
=2

52 (log; T2 = log; T

The /" term in this series is at most 1/100 by choice of £. So by summing in reverse
and bounding the (¢ — j)™ term by e /100, we see that [locj<e Ni(5 + it; @) has
length at most 7%/?°, which is amenable to analysis.

We will deduce Proposition 2.2.1 in two steps. First we bound the integrand by a
product of integral powers of ¢ and ¢’ with short Dirichlet polynomials.

Proposition 2.2.2. For 1 <k <2 and s = % + it witht € R

()2 () <
CEPICEP TT Wisik =P+ 1) T Vi(sik— 1)

2<j<t 2< <t
s ( ISP T W (s:k - 2P
2<u<t 2<j<v
P, (s) |27
2
#icP TT Wt k- ) [
2<j<v

The same bound holds when ((s) is replaced by Z(t).

The proof of Proposition 2.2.2 is almost identical to the proof of Proposition 1 in [52]
so it is omitted. The only difference is that one uses the conjugate exponents p = k_
and ¢ = ﬁ, and then one multiplies the resulting inequality by |¢'(s)|? or |Z'(t)|*.
This reduces the proof of Proposition 2.2.1 to the calculation of two types of twisted

moments.

Proposition 2.2.3. For1 <k <2

2T
/ G +a)) T Wi +itik — 1))%dt < T(log T)*+2 (2.2)
T

PAS/ AN
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and for2 <v </l and 0 <r < [50P,]

2T
/ G+t [T WG itk = DPIP(3 +it)dt (2:3)
T

2<5<v
< T(logT)*(log T,_1)* =1 (2"rIPT exp(P,)),
and the same bounds hold when (3 + it) is replaced by Z(t).
Proposition 2.2.4. For1 <k <2
2T ,
|G rioricG+r T] W+ ik - 2P < T 24

T 2<j <t

and for2 <v </l and 0 <r < [50P,]

2T
/ IC(3 + )P (5 +at))? H NG + itk — 2)]2 [Py (3 + it) [ dt (2.5)
T

2<j<wv
< T(log T)%(log T,1)**~* (1877 P exp(P,))

and the same bounds hold when (5 + it) is replaced by Z(t).

We will derive estimates for general twisted joint moments of ¢ in the following
section, and then use these estimates to prove Propositions 2.2.3 and 2.2.4 in the final
section. Before we undertake this, let us see how these estimates imply Proposition
2.2.1.

Proof of Proposition 2.2.1. Our estimates give

2T
/ IC(E 4+ i) P2 (R +it) Pt <

T
<< log T )3 2150P 1[50 P, 1P  exp(P,)

T(log 7)™+ > T(log T,y)¥

2<v<l log Tt (50P,)250P]
og 8 [50P, | exp(Fy) < T(log T)+2,
log T, (50P,)2M50P]

where the final bound follows by the same reasoning used in [52]. The conclusion for

the Z function is the same.

]
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2.3 Twisted Moment Formulae

We will derive the necessary twisted joint moment formulae from formulae for twisted
moments of ((s) with small shifts off of the critical line. Fortunately there are many
known formulae for computing twisted moments of ( due to connections with the
proportion of zeros of ¢ lying on the critical line [23, 69]. Then following work of
Young [88], we can differentiate these formulae with respect to the shifts to obtain the
desired twisted joint moments. The formula in [88] is valid for Dirichlet polynomials of
length 7"/2=¢ and we note that work of Bettin, Chandee, and Radziwill [18] provides
asymptotics for the twisted second moment without shifts for any Dirichlet polynomial
of length at most 7"7/33=¢. The twisted fourth moment formula we use was first proven
by Hughes and Young [57] for Dirichlet polynomials of length at most 7/'1~¢, which
was later increased to T'/4~¢ by Bettin, Bui, Li, and Radziwilt [17].

Following these works, we will bound the desired twisted moments by introducing
a smooth cutoff. Going forward, we fix a smooth nonnegative ¢ : R — R such that
supp ¢ C [3/4,9/4] and ¢(t) = 1 for all ¢ € [1,2].

Lemma 2.3.1. Given a Dirichlet polynomial A(s) = e 7% with 0 < 1/2 and
ap ¢ hE; Zf

B anay (h’ k)z1+z2
F(Zl’ 2’2) o Z [h7 k-] h#kz

B k<T?
then

10(T) ::/|§’(§+z‘t)|2|A(§+z’t)|2¢(t/T)dt<<T(1ogT)3 max | F(z1, 2)],
R

|2|=39 [ log T
and the same bound holds when (3 + it) is replaced by Z(t).

Proof. Let a, 8 € C have modulus less than 1/logT. Then by using Lemma 5 in [8§]

and reasoning in a similar way to the proof of Lemma 6 in [88] we may write
r(a,8) = [ O+ ait)(+ B~ IAG+ D)ot/ T
R

anay (h, k)o+s
= Z 0 k]/}R( oA Cl+a+p)

hk<T® b

Caep s
* (%) %C(l —a - 5))¢(t/T)dt +O(T"%)

for some § > 0. The main term is holomorphic in «, 8 sufficiently small since the

principal parts of (14 « + ) and ((1 — o — ) cancel. We may express the main
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term as a multiple contour integral around o and —/: by Lemma 2.5.1 of [26]

_ C(1+ 21 — 22)(21 — 22)?
Hed=Grm b P e G B T
|z2|=9/log T |21|=3/log T

21—z29—f—«

X /R(%) i o(t/T)dt | dzydzy + O(T*°).

The shifts o and —f are enclosed in these contours because we have assumed |a, | 5] <
1/logT. Now since Ir(a, ) is holomorphic with respect to small o and 3, as in [88]
the derivatives of Ir(«, 3) with respect to a and  can be obtained via Cauchy’s
theorem as contour integrals along circles of radii < 1/log7T". Since the error term

holds uniformly on these contours, we conclude

=/¢@+a+ﬁx<—H%HMA<+unwwnﬁ

f 7{ F(z C(1+ 21— 22) (21 — 22)°
v (21 —a)(z1 + B) (22 — a)(z2 + )
\ZQ| 9/logT |z1|=3/1logT
z1—z2—f-a

< /R (%) S /T)dt | dadzs| + O(T),

To compute I M(T), we evaluate these derivatives and then set o = 3 = 0, obtaining

~ 1
() = o 7{ Fz1,—2)C(1+ 21 — 2) (21 — 29)?
|z2|=9/1log T |21|=3/log T
/ + +z1221 (22— A210g L) (L 12gz5(t/T)dt
2+ 20+ — e —
L\ 27r D R
le d22 1-6§
LT o).
2t 25 +0( )

Finally, since |z;| = 37/log T and supp ¢ C [3/4,9/4], notice that
C(1+ 21— 2) <logT, (21— 2)* < (logT)?,

and

21—22

2172 2129 t t 2 _92
—1o ——1o — t/TYdt < T(logT
/R(ZIJ“Z“L 27r> <21+Z2 2 27r) (27r> o(t/T)dt < T(logT)

so the claim now follows.
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The case for twisted moments of Z is similar. This time following the argument

of [88] gives the more symmetric formula (up to terms of order O(T'~?))

/RZ(a+t)Z( COIA( + i) Po(t/T)dt

atp
ahak t 2 (h, k)a+6
i [(G) - Seuras

+(%)%B%§ggiu—a—ﬁﬂawﬂw

Now applymg Lemma 2.5.1 of [26] gives up to a power savings the simpler formula

B C(1+ 21— z) (21 — 2)°
2712 2 ]{ f Pz, (21 —a)(z1 + B) (22 — a)(22 + B)

|z2|=9/log T |21|=3/log T

=2 G

h, k<T9

21—22

y /R (%) Lo/ TVdt | derdz.

Then differentiating with respect to a and § and setting the shifts to zero we obtain

(2;.)2 ]{ f{ F(z1, —2)C(1 + 21 — 29) (23 — 23)?

|z2|=9/log T |21|=3/log T

t 21522 le dZQ
— t/T)dt
/R (27) AE/T) 2 25

which satisfies the same bound. O

Lemma 2.3.2. Given a Dirichlet polynomial A(s) = 3, e 3% with 0 < 1/4 and
ah <<g h€7 Zf

@, h k
= Y /=B =0 | B
G(Zl, 22, 23, 24) [h, k] 21,22,%3,%4 ((h, k)) 23,24,21,%2 ((h, k)) )

hk<T?
where
~1
21,22 (pHm)UZ‘ 24 (p]) 021,22 (pj)az Z4(pj)
Bz1,Zz,Z3,Z4(n) - < d : 1 > ) ( 7 1 > )

and 0, .,(n) =>4, b2, then

=AK@+“WW@+ﬁWM6+ﬁWMUﬂﬁ

T(log T)® G .
< (Og )IZjlzrgjafl(OgT‘ (21,Z2,23,24)|

The same bound holds when ((5 + it) is replaced by Z(t).
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Proof. This is similar to the proof of Lemma 2.3.1. Using the twisted 4th moment
formula with shifts in [17] and Lemma 2.5.1 of [26], we can write up to a power savings
in T

/Rc@ +a+it)((5 +it)C(5 + B —it)C(3 — it)| A5 + it)|*p(t/T)dt

1
- 4(27?2')4 ]4 A(21»Z27 —Zz3, —24)G(21,Z2, —23, —24)A(21,22,z3,z4)2
|2j1=37/log T
Z1+22—Z32—z4—a—/3 4 ;
t Z
o t/T)dt m

where A(21, 22, 23, 24) = [],<jp<q(zr — 2;) is the Vandermonde determinant and

C(1+ 21+ 23)C(1 + 21 + 24) (1 + 22 + 23)((1 + 20 + 2)
C(2+Zl+22+23+24)

Az, 29, 23, 24) =

Now differentiating with respect to a and § and then setting o = g = 0 gives up to

a power savings in 7T’

~ 1
[(2) (T) = 4(271'@)4 % A(lea 22, —Z3, _24)G<217 22, —Z3, —24)A(Zl, 22, 23, 24)2
|zj|=37/log T

2
t
X {/ <zfz§z§zz (log %> — (212223 + 212924 + 212324 + 222324)2)
R

Z1tzo—23—24

x <%) ¢(t/T)dt] ,f:[l ‘f—gm.

Now to deduce the claim, notice that

A(Zl7 29, TRX3, _24) < (log T)47 A(Z17 29, %3, 24)2 < (log T)_127

2
t
/ (zfz%z%zi <log %) — (212023 + 212024 + 212324 + 222324)2>
R
y 21+22523*Z4
X ( ) o(t/T)dt < T(logT)™°

2

for |z;] = 37/logT and t € [37/4,97/4]. As in the previous proof, the analysis for

the Z function is simpler, and the same bound holds. O
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2.4 Proof of Propositions 2.2.3 and 2.2.4

The proofs of Propositions 2.2.3 and 2.2.4 are straightforward modifications of the
proof of Proposition 3 in [52]. In fact we will see that Proposition 2.2.4 is an immediate
consequence of Lemma 2.3.2 and a bound for G(z1, 29, 23, 2z4) proven in [52]. This will

then conclude the proof of Theorem 2.1.1.

Proof of Proposition 2.2.3. We will apply Lemma 2.3.1 to the Dirichlet polynomials
[T Nits;ik—1)
2<5<¢
and

( H N;(5 +it k — 1)) Po(3 +it)".

2<j<v

By multiplicativity, it suffices to bound the sums

3 (k — )2+ g(n)g(m)  (m,n)+=

[n, m] man?

plmn=T;_1<p<T}
Q(m),Q(n)<500P;

arising from the Nj(s; k — 1) terms and

Z r'Qg(n)g(m) X (m7n)21+22 (27)

[n, m] mAn?
plmn=T,_1<p<Ty
Q(m)=Q(n)=r

coming from the P,(3 + it)” term. In both cases, we will use the estimate

(m’ n)21+22

< 1,
mrin~2

which holds under the assumptions |z;| < 9/log T and m,n < T2,

First we handle (2.6). We drop the condition Q(m), 2(n) < 500F; using Rankin’s
trick: Since |k —1| <1 and exp(£2(m)+Q(n) —500P;) > 1 when either Q(m) or Q(n)
is larger than 500P;, the terms with either 2(m) or Q(n) exceeding 500P; contribute
an error of size at most

—500P; kE — 1)e)2m)+2(m)
) 3 (( [L’)m]

2 1
< ¢—500P; H (1+e+;+e +O<]§>)

T5-1<p<T}

(&
plmn=T;_1<p<T}

< ¢ 100P;
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Now write

3 (k — 1) g(n)g(m)

[, m]

L ()

T;-1<p<Tj

k2 —1 1
= ] (1 + +0 (—2>) .
T;-1<p<Tj p p

Therefore by Lemma 2.3.1 we conclude that the integral in (2.2) is

plmn=T;_1<p<T}

< T(logT)>? H

2<;j<¢

I1 (1 + il +0 (%)) + O(e™100P))

Tj—1<p<Tj P p

< T(log T)¥+2.

Now we handle the sums (2.7). Write

r2g(n)g(m ” nd)\?
Yo ommemeey oy x %)

plmn=T, 1<p<Ty, J=0 pld=T,_1<p<Ty pln=>Ty 1 <p<Ty
Q(m)=Q(n)=r Q(d)=3 Qn)=r—j

SN

By the inequalities (;) < 2" and g(nd) < g(n)g(d), we may further bound this by
1 1 A\’ " (r\ P
rl? (435) <— P;"‘]> =P’ () ——— < 2"7IP] exp(P,
; J! (r =) ; ) (r=j)! =
The claim now readily follows by Lemma 2.3.1. [

Proof of Proposition 2.2.4. This is a direct consequence of Lemma 2.3.2 and the proof

of Proposition 3 of [52], where it is shown in the first case that

max  |G(z1, 29, 23, 21)| < T'(log T)k2_4,
|zj|=37/log T

and in the second case that

max  |G(z1, 22, 23, 24)| < (log Ty_1)* ™ (18"rIP” exp(P,)) .
|z;|=37/1log T

30



Chapter 3

Joint moments 11

3.1 Introduction

This chapter contains joint work with André Heycock. We will provide upper and
lower bounds for joint moments of the Riemann zeta function in a larger range than
that obtained in the previous chapter. Our primary aim is to prove the following

result.

Theorem 3.1.1. If 0 < h < k <2 then
2T 9
/ CCE i) PRI 1 i) PP dt < T(log T)F 2.
T

Remark. The method here can be generalized in a straightforward manner to provide
sharp bounds for the joint moments of the (2k — 2h)*™ power of ¢ with the 2h'" power

of (™ for all natural numbers n, but we focus on the case of n = 1 for simplicity.

We will also extend the bound to all 0 < h < k assuming the Riemann hypothesis.
Our proof easily generalizes to give upper bounds for joint moments of zeta with its

higher order derivatives.

Theorem 3.1.2. Suppose that k > 1/2, h; > 0 for1 < j <m, and hy+---+h,, <k.
Then

2T m
/ C(3 +at) R 2 TTICD (B + i)™ dt <, T(log T)FH225%19h,
T .
7j=1

where we assume the Riemann hypothesis when k > 2.

The upper bound in Theorem 3.1.2 is the same order of magnitude one would predict
using random matrix theory. This result also likely holds without the restriction

k > 1/2, but our proof fails because z — 2% is not convex for k < 1/2. The case

31



of integral joint moments of a product of two derivatives of characteristic random
unitary matrices has been extensively studied by Keating and Wei [63, 64].
Combining Theorems 3.1.1 and 3.1.2, we have upper bounds of the expected order
for all 0 < h < k assuming the Riemann hypothesis. We also obtain lower bounds
forall k> 0and 0 < h<k+ %, so the upper bounds are of the correct order.

Theorem 3.1.3. If k>0 and 0 < h < k+ 1 then

2T
/ IC(3 4+ i) P25 + i) P dt >y T(log T)F 20
T

We will begin by showing that Theorem 3.1.3 is a short consequence of the lower
bounds for the 2k*™ moments of zeta for k& > 0 obtained by Heap and Soundararajan
[53]. The argument we give is essentially the same argument used in Conrey’s [24]

proof of the explicit lower bound

/T CE+it)PICE +it)] dt > (14 o(1)) > T(log T)P.

67272

Since obtaining good implicit constants is not our concern, a slightly simpler version
of the argument in [24] will suffice.

We will then move onto proving the upper bounds. The proof of Theorem 3.1.1
splits into two cases. Using Holder’s inequality, it suffices to prove Theorem 3.1.1
first in the case where 1 < h < k < 2, and then in the case where 0 < h < k£ < 1.
When 1 < h < k < 2, we will represent the derivative of zeta by a contour integral
and can use Holder’s or Jensen’s inequality to essentially bound the joint moments by
(log T)?*" times the 2k'"™ moment of zeta. The argument here is similar to one in work
of Milinovich [72] on moments of derivatives of zeta, and the proof fails for small A
because z +— " is not convex when h < 1/2. We will use this same technique to
prove Theorem 3.1.2.

To prove Theorem 3.1.1 when 0 < h < k < 1, we will use the work of Heap,
Radziwill, and Soundararajan [52] to bound the (2k — 2h)"™ power of zeta by the
square of zeta times the exponential of a Dirichlet polynomial plus the exponential
of another Dirichlet polynomial. A key difference between our method and the one
in [52] is that we will first decompose the interval [T, 27, and then apply a separate
interpolation inequality on each piece of the decomposition. This trick allows us
to circumvent the issue of bounding non-integer moments of Dirichlet polynomials.
Finally we will bound the exponentials of Dirichlet polynomials using the method in
[52] to reduce our theorem to a variety of twisted moment calculations, all of which

are essentially computed in either [52] or in the previous section.
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3.2 Lower Bounds: Proof of Theorem 3.1.3

We begin by writing

2

2T

|l P ar

T

Re C—/(é +it)| + ‘Im 2 (3 +1t)

oT 2\
_ 1 a\|2k
_/T |<(2 +Zt)‘ ( C C ) dt'

It is a standard consequence of Stirling’s approximation and the functional equation
that

C/

! , 1 t 1
Re Z(%+Zt>:_§10g%+0(lt| ).
Therefore for large T'
2T 2T
/ (5 +it) P72 (5 4 it) " dt > (logT)2h/ C(5 + it)|** dt.
T T
Theorem 3.1.3 now follows after an application of the main theorem in [53]. [

3.3 Unconditional Upper Bounds

3.3.1 Proof of Theorem 3.1.1: A > 1 case

The starting point of the proof is the formula

! C(s+2)
((s) = %Ll/bgT T dz.

A couple of applications of Hélder’s inequality give
2T
|l P o i ar

2T 1 i+ 2h
<</ K(% +Z~t)‘2k72h (/ w d|zl> dt
|z|=1/1log T 2|

T

2T
< (log T max / CC i) P e 1 it + 2)P* dt
|2|=1/1og T Jp

2T 1-h/k 2T h/k
< (logT)*"  max (/ IC(3 + it) [ dt) (/ C(3 +it + 2) dt) .

|z|=1/log T T T

The first integral may be bounded by < T'(log T)¥* by Theorem 1 of [52]. The second
integral may also be bounded by < T'(log T)k2 uniformly in |z| = 1/logT". To see this,

we may reduce to the case that Re z > 0 by using the functional equation (see Lemma
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22 of [4]). The claim now follows from combining Theorem 1 of [52] and Theorem
7.1 of [86] with Theorem 2 of [43]. While Theorem 2 of Gabriel’s paper [43] only
holds for functions analytic in a strip, we may still use his result by approximating
the indicator function of the rectangle 1/2 < o < 3/2,T < t < 2T by a suitable
analytic function, see Lemma 3.5 of [6]. Alternatively, one may show this follows by a
straightforward modification of the argument in [52]. This concludes the proof when
h > 1, and in fact when h > 1/2. O

3.3.2 Proof of Theorem 3.1.1: h < k <1 case

We will first set up our notation. Set Ty, =1,
log T’
T :=exp (—)
J (log; 1 T)?

J = max{j :log; T > 105}.

for 7 > 1, and

For 1 <j < J set

Pi(s) = Z ls, P; = Z ]1)

Tj—1<p<Tj Tj-1<p<T}

Next define the Dirichlet polynomials

Ni(s:8) = >

pln=p&(T;-1,T}] "
Q(n)<10K;
where || < 1,
K; :=50P; and g(n) = .
pn

Note N (s; ) is a Dirichlet polynomial of length < T;’OOPj, so [[;<;Nj(s;B) has
length at most TP 75002 ... 300Fs < 1/20,

We will decompose the interval [T, 27"] depending on the sizes of the P;(s). Define
the good set

G:={te[T,2T): |P;(5 +it)] < K; for all j < J},
and the bad sets

B, :={te[T,2T]: |P;(; +it)] < K for all 1 < j <r but |P,(5 +it)| > K,}.
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A similar decomposition occurs in the work of Harper [50] and also occurs implicitly
in the work of Radziwilt and Soundararajan [83] and related papers [34, 52, 53].
In our argument, it will be important to keep careful track of which values t are
good or bad because we will use a separate interpolation inequality on each set of
our partition of [T',2T]. This will allow us to avoid having to calculate non-integer
moments of Dirichlet polynomials. While we could compute non-integer moments
in the same manner as Heap and Soundararajan do in [53], circumventing these
calculations will simplify our proof. Throughout we will use the following lemmata,

which are essentially contained in Proposition 1 of [52].
Lemma 3.3.1. For0<pg<1landr <J+1,
)P < [¢(s)/ exp ((25 ~2)) Re Pj<s)) + exp <2ﬁZRe Pj(s)> .
J<r j<r
Proof. This is an immediate consequence of Young’s inequality zy < z?/p + y?/q for

x,y > 0 and conjugate exponents p,q > 1, noting that the result is trivial when ( is
Oorl. [

Lemma 3.3.2. If |3| <1, j < J and |P;(s)| < K, then
exp (28Re Pj(s)) = (1 + O(e™)) 7 INj(s; B)*.

Proof. First note that if |z| < X/10, then |e* — E]X:o j—],| < e=X. Therefore we find
that
lexp(BP;(s)) — Ni(s: B)] < e™1

since |8P;(s)| < K;. Therefore
exp (26Re P;j(s)) = |exp(BP;(s))|* = |Nj(s; B) + e 105

where 6 denotes a quantity depending on s with |#| < 1. Finally by assumption
|exp(BP;(s))| > e % and therefore also |N(s;8)| > e 2£i) so we may turn the

additive error into a multiplicative error. O]

The proof of Theorem 3.1.1 for 0 < h < k < 1 will follow from the bounds
/g (L +at) PR (L 4 ait) M dt < T(log T)F*+2"

and
/B C(L + i) 2¢' (L + it) P dt < T(log T)*+2e 10
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after summing over 1 < r < J. To bound joint moments over the good set, we will
apply Lemma 3.3.1 with r = J 4 1:

PR R IER
g

< /!g(% +it)[*|¢ (5 + it) [ exp (2(k: —h—1) ZRe Pi(3 + z’t)) dt
g

J<J
- / (3 +it)|*" exp (Q(k —h)> Re Pi(3 +z't)> dt.
g j<T

Now applying Holder’s inequality, then Lemma 3.3.2, and finally extending the range
of integration to all of [T, 2T] for both summands we find

[l 4 i e
g

< (/ 1C(5 + )¢ (5 + it)]? H N (5 + itk —2)? dt> (3.1)

T j<J

([T rinpTIwG ko) 62)

T J<J

+</T2T|</<§ +it) [T Vi(5 +it k= DP dt)h (3:3)

J<d

2T 1-h
X (/ [T VG +its k)2 dt) : (3.4)
Tj<u

Here we have used that [[,,(1 4+ O(e~"%)) = O(1). The order in which we apply
Holder’s inequality and Lemma 3.3.2 is crucial here, for when the dust settles all of

the Dirichlet polynomials are simply raised to the power two.
The moments over the sets B, are handled in a completely analogous manner. The
only differences are that we apply Lemma 3.3.1 with the sum truncated at r instead
of J 4 1 and that we multiply the integrand by |P,(s)/50P,[?/°"| before extending
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the range of integration to all of [T, 2T]. The corresponding inequality obtained is

/B (i) 224 (L + i) dt

2T 2[50P] h
< ([ 1 +ioPies +ioPTINGG + ik - 2P ) 69
T

j<r

= 1 a2 1, o | Pr(s) 21s0r e
X (/T 1C(5 +it)] H|N}(§+zt;k—1)| S0P dt) (3.6)
j<r r
2T ) ' ) . . ) Pr (S) 2[50P] h
j<r r
2T Pols) 2[50P, ] 1-h
(L4 2|
« </T E]A@(2+zt,k)\ o dt) | (3.8)

Thus the problem is reduced to a handful of twisted moment or mean value calcula-
tions. Since all the Dirichlet polynomials appearing have length at most T/4~¢ we
may bound (3.1) and (3.5) with Proposition 2.2.4 in Chapter 2, and we may bound
(3.3) and (3.7) with Proposition 2.2.3 in Chapter 2 (while these propositions are only
stated for 1 < k < 2, they are still valid in the range 0 < k < 2). We may bound
(3.4) and (3.8) with Proposition 2 of [52], and we may bound (3.2) with Proposition
2 of [53]. The only moment left to evaluate is (3.6), which can be quickly computed
using the formulae in the preceding chapter. Before we proceed with the calculation,
given a Dirichlet polynomial A(s) =}, 70 ayh™® with 6 < 1/2, define

aha_k (h’ k)21+22
F(Zl) Z2> — Z I:h, k/‘:l hZIkZQ .

R k<T?
Proposition 3.3.3. For 1 <r < J,

2[50P, ]

P (s) dt < e P T(log T)¥. (3.9)

d0F.

2T
/ IC(3 +at)]? H NG (5 + itk — 1))
T

j<r

Proof. If one takes ¢(t) to be a smooth majorant of 1j; o supported on [1/2,3/2],
the proof of lemma 2.3.1 in Chapter 2 shows that for a Dirichlet polynomial A(s) of
length < T"/27¢ satisfying aj, <. h°

2T
/ IC(3 +at)P|A(S +it)]* dt < TlogT  max |F (21, 22)].
T |z1],|22|=1/log T

We wish to apply this to study the Dirichlet polynomial

(HA@(% + ity k — 1)) P, (s5)1°01,

j<r
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Now we may simply note that in the proof of Proposition 2.2.3 in Chapter 2, it is

shown for this choice of Dirichlet polynomial that |F'(zy, 22)| is of order at most

k-1 1
It 1II (1 + +0 (—2)) + O(e710F) | x2l50P 1150 P11 PO exp(P,)
p

Jj<r T]'_l <;DSTJ' p

uniformly in |z;| < 1/logT. The claim now follows from Mertens’ estimates and

Stirling’s approximation. O
We now have all the necessary estimates to prove Theorem 3.1.1.

Proof of Theorem 3.1.1. Combining Proposition 3.3.3 with the aforementioned bounds
in [52, 53] and Chapter 2, we see that the integral over the G satisfies

h 1-h
/ C( + )¢ (3 + i de < (T(og T)F**2)" (T(1og T)") < T(log )"+
g
Similarly for each 1 <r < J, an application of Stirling’s approximation gives
/B €5 + )¢ (5 +at)[ dt
h _
< (T(logT)k2+2e‘10Pr> (T(logT) 10Pr> < TOOgT)kQ—i-Qhe—lOPT‘

The claim now follows since G and B, partition [T, 2T] while 7 _ e "% = O(1). O

3.4 Conditional upper bounds

We will now prove Theorem 3.1.2. This is essentially the same as the proof of Theorem
3.1.1 when h > 1/2. For simplicity we will write h = hy + -+ + h,,. First, apply

Holder’s inequality to separate out each derivative:

o
/ C(3 +at)|*~ QhH\C Lat)h dt
T

< (/2T IC(3 + it) dt)l " X H (/ (3 +at))* dt)hj/k. (3.10)

T

The result then follows once we show that, for any fixed j € Z+

2T
/T ICO(L 4 it) [k dt < T(log T)F+2*, (3.11)
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For t € [T,2T] we have that

. 1 C(E+it+2)
(L4 i) = I Jq{ 22 .
C (2 e ) 2mi |z|=1/log T 2t :

Applying this to the moment in (3.11) and arguing as in Section 3.3.1 yields

2T ‘ ' 2T d|Z| 2k
/ ICOL +it) | dt < (10gT)23k/ f{ €+t +2)| — | dt
|z|=1/log T |Z|

T T

27
< (logT)¥*  max / IC(3 + it + 2) " at,
|z|=1/1og T J

with the penultimate step by Holder’s inequality. Finally, the shifted moments is
< T(log T)k2 uniformly in z. This again uses the corresponding argument in Section
3.3.1, appealing to Harper’s bound [50] for the range k > 2 instead of Theorem 1
in [52]. Inserting these bounds into the right hand side of (3.10) proves Theorem
3.1.2. O
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Chapter 4

Moments of moments and
correlations of zeta

4.1 Introduction

While relatively little is known unconditionally about the moments of zeta for § > 2,
in recent literature there has been interest in moments and the value distribution of
zeta in short intervals on the critical line. Instead of studying zeta along an interval
[T, 2T, one instead chooses a point ¢ € [T, 27 uniformly at random and then tries to
understand the typical behavior of the moments or maximum of zeta in the shorter
interval [t — 1,¢ 4 1], say. The question of the maximum of zeta in short intervals is
the subject of the Fyodorov-Hiary-Keating conjecture [41, 42], which predicts that if
t is chosen uniformly at random from [T, 27"] then as T — oo

o log 1
1 y__ o ) 5] —
P(ﬁi>1(|g(2+zt+zh)| > e Toglog )3/4) 1— F(y), (4.1)

where F(y) is a cumulative distribution function with tail decay 1 — F(y) < ye Y as

3
4

shifts of zeta. If the shifts were independent, probabilistic heuristics would predict
1
1
is known to hold for the circular-3 ensemble in the random matrix setting— see the

y — 0o. The fraction 2 and the tail decay are manifestations of correlations of nearby

a + in place of % and a tail decay of e=?¥ instead of ye 2Y. An analogous conjecture
work of Paquette and Zeitouni [78, 79]. The current state of the art on this problem
is the work of Arguin, Bourgade, and Radziwill [4, 5] which, among other results,
shows that

logT’
P (max|((% + it +ih)| > €’ o8

- —2y—y2/log logT
|nI<1 (loglog T)3/4> — e

for y < loglog T/ logloglogT. For fixed y, this gives a tail bound of the conjectured

order as T — oo.
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Moments of zeta in short intervals were also recently studied by Fyodorov and
Keating [42] followed by Arguin, Ouimet, and Radziwilt [6]. The problem now is to

understand the behavior of the short moments or the partition function
/ ¢ + it +ih)|*Pat (4.2)
|h|<(log T)?

where 6 > —1 and ¢ is chosen uniformly at random from [T, 2T]. The typical behavior
of these short moments was investigated by Fyodorov and Keating [42] when 6 = 0
using random matrix theory. The typical behavior of these moments for all 6 > —1
was determined by Arguin, Ouimet, and Radziwilt [6]. One particularly interesting
conclusion of the analysis is that there is a so-called freezing transition as one varies
the parameter . More precisely, for fixed § > —1 there is a critical value [.(0)
such that when 8 < (.(f), the moments (4.2) are governed by the typical values of
(3 +it), yet when 8 > (.(f) the moments (4.2) are dominated by just a few large
values of (3 + it).

Here we will not be interested in the typical values of the moments (4.2), but
instead the extreme values. More precisely, we will investigate the k = 2 case of the

so-called moments of moments of zeta:

k
MoMr(k, B) := %/ﬂ ( / (% + it +ih)|** dh) dt

T
|h|<(log T)*

where § > 0 and # > —1. In other terms, we are interested in the variance of the
moments (4.2). The problem of moments of moments was first studied by Fyodorov,

Hiary, and Keating in the random matrix setting [41, 42|, who conjectured asymp-

totics for .

1 27
MOMU(N)U@&) = / <2—/ ‘PN(A,Q)PBd@) dA
U(N) ™ Jo

as N — oo, where dA is the Haar measure on the unitary group U(N) of size N and
Pyn(A,0) == det(I — Ae™) is the characteristic polynomial of A. There has been
a lot of recent progress on these conjectures, and it has now been proven that (see
(7,12, 22, 39]) for 8 > 0 and k € N that

A(k, B)N*5? k< 1/p2

MoMy (ny(k, B) ~ {B(kI,B)NkQBZkJFI k>1/p%

for certain constants A(k, ), B(k, ) as N — oco. For k > 2, the transition at the
critical exponent 8 = 1/v/k was analyzed by Keating and Wong [65], who showed

MoMy(ny(1/8%, B) ~ DN log N
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for certain explicit constants Dg that also appear in the theory of Gaussian multi-
plicative chaos.

In the case § = 0, the random matrix philosophy of Keating and Snaith [61] leads
us to the prediction that if £ > 2 is an integer and g > 0 then

A'(k, B)(log T)*#* k<1/82
MoMr(k, 3) ~ { B'(k,3)(log T)(loglog T) &k =1/3?
C'(k, ) (log )M | > 1/52

for certain constants A'(k, 5), B'(k,3),C"(k,B) as T'— oo. These conjectures were
also shown to hold for 5,k € N by Bailey and Keating [13] assuming the standard
conjectures on shifted moments of zeta due to Conrey, Farmer, Keating, Rubinstein,
and Snaith [26]. These asymptotics do not however include the critical or subcritical
regimes where 3 < 1/v/k.

The goal of this chapter is to provide upper and lower bounds of the expected
order of magnitude in the case £ = 2 and non-integer 5. In particular we will show
that there is indeed a phase transition at § = \/Li’ although this transition occurs
in the sub leading order terms when 6 > 0. The starting point of the method is to

rewrite the integral as
MoMz (2, // / (3 4+t +ihi)C(3 + it +iho)|* dt dhy dhy. (4.3)
|h1 JJha|<(log T')?

Therefore we can understand MoMr(2, 5) by understanding the correlation structure
of zeta in short intervals and then integrating over all of the possible shifts hq, hs.
Morally, we will find that if |h; — hy| < 1/1log T then

1 2T
T/ C(% + it + ih)( (3 + it + iho) P dt ~ (log T')*
T
while when |hy — ha| > 1/log T that
1 [ ) )
T/ C(3 + it + ik )( (3 + it + iho)[*P dt &~ (log T)*"|C(1 +i(hy — ha))|*”".
T

So ((§ + it +ihy) and (3 + it + thy) decorrelate as |y — ho| grows. Indeed one may
see that the factor of |C(1 +i(hy — hy))|** is bounded on average by computing the
moments of zeta on the one line. A similar correlation structure for log|((3 + it)]
was proven by Bourgade [19], and this correlation structure is what gives rise to the

phase transition at 3 = 1/v/2. However as we look at larger shifts, we also see that a
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large value of ¢(1+ 4h) on the one line will cause ((5 + it) and ((5 + it 4 ih) to have
an unusually large average correlation.

For g = 1, an asymptotic formula for MoMr(2,1) as T" — oo is obtained work
of Kovaleva, which also studies the fourth moment of zeta with shifts as large as
T3/2—¢ [67]. However, this asymptotic does not address the particularly interesting
critical case =1/ V2. The author has also studied more general shifted moments
introduced by Chandee [21]

1 2T m
MaolT) = 7 [ TLICG +ile+ o) ar
k=1

where o = a(T) = (e, ..., ) and B = (B ..., Bm) satisty |ax| < T/2 and B >
0. In the final two chapters of this thesis, the author will show that assuming the

Riemann hypothesis

Mag(T) =g (log 7)1+ TT |C(1+1/logT +i(a; — o)) * 7.
1<j<k<m
Using this result, one may obtain sharp conditional bounds for MoMr(k, ) whenever
B > 0 and k is an integer.

To unconditionally obtain upper bounds for MoM(2, 5) when £ is not an integer,
we will use a principle pioneered in works of Heap, Radziwilt, and Soundararajan [52]
and Radziwilt and Soundararajan [83]; to obtain lower bounds we will use a principle
in the works of Heap and Soundararajan [53] and Radziwilt and Soundararajan [82].
Overall, these works demonstrate that if one can asymptotically evaluate the twisted
2k moment of a family of L-functions for some k > 0, then one can obtain upper
bounds of the correct order for the 23" moment in that family when 8 < k as well
as sharp lower bounds for all 8 > 0. This method has been used to give conjecturally
sharp upper and lower bounds for moments of several families of L-functions; see
(34, 52, 53, 82, 83] for example.

The first task will be to establish the corresponding twisted fourth moment formula
with unbounded shifts, which will follow from some minor modifications to the work
of Hughes and Young [57]. We may then follow the principle of [52] and [83] to
establish sharp upper bounds for MoMr(2, ) for all 5 < 1, and lower bounds for all
B> 0.

Theorem 4.1.1. Let —1 <0 < 0. If0 < 3 < 1/V/2 then

MoMr (2, B) < (log T)?P(1-0)+20

1— 232
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For1/v2<pB<1

MoMrp(2,8) < (log T)**+0-1,

282 — 1
and for 8 = 1/\/§

MoMr(2, %) < (1+6)(log T)***(loglog T').

1
V2
Instead if 0 > 0, then if 0 < f < min(y/(1+6)/2,1)

MoMz(2, 8) < (log T)?*+%0 4 ——
where the sub leading term is replaced by (1+0)(log T) % (loglog T) if B = 1/v/2. In

the case min((v/1+60)/2,1) < g <1 we have

MoMrp(2,3) < (log T)**~1+7.

262 —1
All implied constants are absolute assuming T is taken sufficiently large in terms of

6.

Remark. For @ > 0 and 0 < 8 < min(y/(1 +6)/2,1), the sub leading order term can
be removed provided that T is sufficiently large in terms of 3 or if one allows the
implicit constant to depend on (. This technicality is necessary because the phase

transition occurs in the sub leading order terms of the second moment of moments.

Theorem 4.1.2. Let —1 <0 <0. If0 < 3 < 1/V/2 then
MoMyp(2, ) >4 (log T)?#*(1=0)+20.

For 8 > 1/\/5
MoMy(2, 8) >4 (log T)¥*+0-1,

and for 8 = 1/\/§
MoMr (2, 75) > (1 +0)(log T)"**(log log T).
Instead if 0 > 0, then if 0 < < /(14 0)/2
MoMy(2, 8) >4 (log T)**+%.
When B > /(14 0)/2, we have
MoMy(2, 8) > (log T)*~1+7,

where all implied constants depend only on [ provided T is large enough in terms of

6.
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Theorems 4.1.1 and 4.1.2 are consequences of the following result, which may be of

independent interest.

Theorem 4.1.3. If 0 < B < 1 and |hyl, |he| < TV?7¢ then

1 = 1 . . 1 . . 28 252 . 2,32

T/ ’C(§ +Zt+lh1)€(§ +Zt+7/h2)| dt < (10gT) K(l +2(h1 —h2)+1/ 10gT)| .
T

For all B > 0 and |hy|, |he| < T/2

1 2T
?/ [C(+it+ihy)C(3+it+ihy)|* dt 5. (log T)* |¢(1+i(hyi—hs)+1/log T)[*.
T

We will first establish the necessary twisted moment estimate in section 4.2. Subse-
quently we will prove Theorem 4.1.1 in section 4.3 and then Theorem 4.1.2 in section
4.4. We now introduce some notation we will use throughout this chapter. Given

some positive integer ¢ and parameters Ty < T7 < ... < Ty, recall that 1 < j < /¢

Pi(s)== > p*  P= Y pl
Tj—1<p<T} Tj—1<p<T}
If T} is chosen to be some small power of T', then the sum of all the P;(s) will be a
good proxy for log |((s)| on average [52, 53], and each P; can be thought of as the
variance of each P;(s) on the half line. Then given parameters K; > 0 for 1 < j </

let

K.
~ 1 Q(n)
Ni(siB) =D —(BPy(s))" = Y 5n_§(n)
m=0 """ pln=pe(T;_1,T}]

Qn)<K;
where g(n) is the multiplicative function such that g(p*) = 1/al. Notice that N;(s; 3)
is simply a truncation of the series expansion for exp(8P;(s)). Since P;(s) is a
reasonable proxy for log |((s)|, if we choose parameters K; to be large multiples of

the variances P; then one might expect
N(s; ) = [[Nils:8)
Jj<t

to behave like ((s)” on average on the half line. The main difficulty here is that if
the P;(s) are unusually large for some bad set of s, then the series approximation for
exp(fPj(s)) will be weaker. Fortunately, such events are rare, and we can discard

the contribution of such bad s using the incremental structure of N (s; 3).
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4.2 Twisted fourth moment with shifts

We will now introduce the relevant notation necessary to apply the main result of
Hughes and Young [57], and then mention the necessary modifications to obtain an

asympotic for larger shifts. Let

s) = 7Ts—1/2F((1 —5)/2)
) )

write o, ., (n) = Y, ¢ *'b~* for the generalized divisor sum functions, and for

the sake of concreteness let

2 2 2 2
oo () (- 5]
a1 + Q3 a1+ Qy
2 2
y 1_( 2s ) 1_( 2s ) |
Qo + Q3 Qg + Qy
Given a = (o, g, az, ay) denote T = (o, g, a, ap). Write
1 . 1 , 1 . 1 .
5t+a1+s+it 5+tao+s+it 5+taz+s—it 5tag+s—it
() r () r ()
ga(s, t) - l+a1+it l+a2+it l+a3—it l+a4—it ’
o) (e (e r ()

Xot = A5 + a1 +it)A(5 + oz + it)A(5 + ag — it)\(5 + o — it),

and

211 S

Valz,t) = = /(1) G(S)ga(s,t)xﬂds.

By Stirling’s approximation (refer to the formula for x, ,(t) preceding (2.4) in [67]),
for |z, |y| < T/2 and t € [T, 2T

i(y—z) 2
/\(%%—it—l—ix))\(%—it—iy):(t+x) (1+0(%)>.

2me

Therefore when |a;| < TV/27¢ for all j

—1—Qa—Q3—04
Xay = (L) (1+0(T79)).

2me

It is here in the proof that we are forced to take shifts smaller than 7/2=¢. An
additional application of Stirlings formula shows that for ¢ € [T, 277 and |« | < T'/2

46



for all j

(5.1) t+Im a2 /[t +Im ay\*?

w(s,t) = | —————— —

g 2 2
t—Tmas\¥? [t —Tm ay\*"?

() () oy

Therefore V,, satisfies the decay estimate
8t —Val(z,t) <ay (1 + |z]/t?)~4 (4.4)

We will make use of the following version of the approximate functional equation from

theorem 5.3 of [59]:

Lemma 4.2.1. Let t € [T/4,4T], Re a; < 1/logT, and |Im o;| < T/2 for all j.
Then for all A >0

C(3+a1+ z't)g(l + as +it)((5 + az—it)((3 + ay — it)
_ Z Ua1 a2 0a3 oy (n) (T) _ZtVa(’TFQm’I’L, t)

n

—it
+Xatz(77a3 —auy \/inal a2(n) (%) V_WQ(Wan,ﬂ—|-OA((1+t)_A).

Finally, we set

O'z1,z2pj 023,24 pj+m 0-21722pj 023724]9]' B
Beyanenea(n) = || (Z : )pj ( )) (Z | I)?j | )) |

p"n \j20 §>0

C(1+z1 —I—Zg)g(]_ +Zl +Z4)C(1 +22+23)<(1 +ZQ +Z4)

A =
(21722723724) C(2—|—Zl+22+23+z4)

Y

and let

A(217227Z37'Z4) == H (Zk _Zj>

1<j<k<4

denote the Vandermonde determinant.

Theorem 4.2.2. Let w be a smooth non-negative function supported on [1/2,4], and

Aals) =Y a‘jff )
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be a Dirichlet polynomial with n < 1/11 and an(n) <. n°. Then uniformly for
Re a; < 1/logT and |Im oy < T/?~¢

/c@+arwwq§+armﬂq%+ay4ﬂd%+mr4ﬂMJ%+%Ww@ﬂ3ﬁ
R

1 2
:4(271'2')4 f A(z)A(z1, 20, —23, —24) Fa(2)

|zj—aj|<1/log T

Z1tzo—23—2z4—a)j—ag—az—ay

X /R (%) 2 wit/T) dt TT]] (zjd—%w +0(T"7)

<4 k<4

for some 6 > 0, where z = (21, 29, 23, 24), —72 = (—23, —24, —21, —22) and

Fa(z)= aa(f:l),?&((n%)l?” ((r;n—m)

n,m<Tn

The proof of the preceding Theorem is essentially the same as the proof of the main
result of [57]. We now sketch the differences in the argument. During the set up
of the calculation in section 2 of [57], one first applies Lemma 4.2.1 to approximate
the product of shifted zeta functions by a Dirichlet polynomial, and then integrates
the resulting sum term by term (see (37) of [57]). There are only a few minor dif-
ferences. The first is that now in place of (40) and (41) of [57] we have the afore-
mentioned weaker approximations for X, ; and g, section that hold uniformly for
Re a;j < 1/logT and |Im a;| < TY/?7¢. These weaker approximations, however, are
still sufficient to carry out the proof without any further complications. The only
remaining differences in the calculation occur in the application of the delta method
in section 5 and 6 of [57]. Since the work of Duke, Friedlander, and Iwaniec [38] uses
the Weil bound for Kloosterman sums to control the error terms that arise, it only
matters that the real parts of the shifts are small. Therefore the rest of the calculation
in [57] is valid uniformly in the range of shifts considered here. The final difference

is that in place of (94) of [57], we must use the approximation

(5 —a—s+it) <m‘ >
=t 2 oxp [ —sen(t)(—a — v — 2s
[(3+7+s+it) P 2g()( 7 )

y (1+ <1+|s+j?z|]s+7|))

valid when t € [T, 27T and |«|, |y| < T'/2. Therefore theorem 1.1 of [57] is valid when

the shifts satisfy |a;| < T/27¢ for some € > 0. We can now rewrite the main term of

theorem 1.1 of [57] as the desired contour integral by applying lemma 2.5.1 of [26] as
done in [34] or [52].
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4.3 Upper Bounds

To prove Theorem 4.1.1, we must estimate how zeta is correlated on average along
intervals of size (log T')?. When the difference |h; — hy| is of size < 1/ log T, one could
simply appeal to a 45™ moment bound for zeta and the Cauchy-Schwarz inequality
to obtain a bound of the right order of magnitude. To handle larger shifts, stronger
techniques are needed however since ( ( + it +thy) and ¢ ( + it + thy) decouple. We
will adapt the method of Heap, Radziwil, and Soundararajan [52] and use twisted
moments to efficiently estimate the correlation. Throughout this section we will select
the following parameters: take ¢ to be the largest integer so that log, T > 10°. Let
Ty = €? and for 1 < j < ¢ take

- log T
77 P\ log;,, 12

and K; = 500F; for 1 < j < /(.
The first step will be to bound the integrand in (4.3) by products of integral

powers of zeta and Dirichlet polynomials following [52].

Proposition 4.3.1. For 0 < <1 and s,w € C

P ICw) 2 < (eI TT ING(s: 8 = DIEWG(w; B = DI+
1<j<0
[T Wits BPW s B)E + - (I)PICw)? TT Nls: 8 = DENG (w8 = D
1<5<e 1<v<t 1<j<v
P, 2[50P, ] P, 2[50P, ]
+ T Witss B >|)<5O§§> G )
1<j<wv v v

Proof. The claim is immediate if 5 is 0 or 1, so assume 0 < f < 1. Take 1 < v </
to be the smallest index such that either |P,(s)| > 50P, or |P,(w)| > 50P,, and set
v = ¢+ 1 if no such index exists. Applying Young’s inequality ab < a?/p + b%/q for
conjugate exponents p = 1/5, ¢ =1/(1 — B) gives

CPIcw)p? T et nements

1<j<v

< |C(5>’2‘<(UJ)‘2+ H ez(Re 73]'(5)4’1%873]'(11)))7

1<j<v

hence

1C(s)]*[¢ (w)]*
< [¢(s | |C(w ‘2 H e2(B=1)(Re P;(s)+Re P;(w)) H ¢2B(Re Pj(s)+Re Pj(w))

1<j<v 1<j<v
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The next step is to expand the exponentials into Dirichlet polynomials. Since |P;(s)| <
50P; and |P;(w)| < 50F; for j < v, lemma 1 of [52] furnishes the bound

<) PIC) < @I TT 58 = DI i = DR - )

1<5<v

+ T Wils: B)PING(w; B) (1 — =) 2,

1<j<v

To conclude, note that when 1 < v < ¢ we may multiply the right-hand side by
Py(s) [ ‘mw)

2[50P, |
> 1.

50P, 50P,

Since H1§jge(1 — e )72 < 4, the claim follows by summing over 1 < v < £+ 1.
O

Therefore proving Theorem 4.1.1 is now reduced to a handful of moment calcula-
tions. To simplify the notation, we will write
Ny hy (83 8) := Nj(s + ihy; B)N;(s + ih; B).
Proposition 4.3.2. If 8 < 1 and |hy|, |he| < TY?7%, then for large T
1

2T
T/ € + it + ih)C(5 + it +iho) | [] WNawmay(3 +it: 8= 1)%dt  (4.5)
T 1<j<¢

<. (logT)*"|C(1+ 1/1og T + i(hy — hy))[?*

and for 1 <v </{, ke {1,2} and 0 <r < [50P,]

1 2T
f/ (5 + it 4+ ih1)C(3 + it + iho)|?
T

X T Nawne i +it; 8= DPIPu(E + it + hi))[*rdt
1<j<v
(logT,_1)?
log T

Proposition 4.3.3. If 5 < 1 and |hy|,|hs| < T, then for large T

2822
<. (logT)? ( ) IC(1+1/1og T + i(hy — ho))|*> (18771 P! exp(P,)) .

1 2T 9 2
?/ H Wi (3 +it; B)2dt < (log T)*7|¢(1+ 1/ log T +i(hy — ho))[** (4.6)
T

1<j<t

and for 1 <v </{, ke {1,2} and 0 <r < [50F,]

1 2T . .
7 [ T Wannaslh + i BIPIPE + i+ )
T

1<j<v

< (log TV |C(1+1/1og T + i(hy — ho))|** (r1P7).
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Before embarking on the proofs of these propositions, we first show how to deduce

the upper bound in Theorem 4.1.3 and then Theorem 4.1.1.

Proof of Theorem 4.1.3: upper bound case. Propositions 4.3.1, 4.3.2, and 4.3.3 imply
1 [T
T/ [C(3+it + ik )C (3 + it +iho) [P dt
T
<. (og TV |C(1 +1/log T + i(hy — ha))**

x |1+ Z (10 T)4(2_252) 18(501)1;] |_50PU-| !PJE]OP’U-‘ eXp(PU) |‘5OPU-| !PU[5OPU'\
: (50, JHor (50, )2150P]

1<v</t

A quick calculation shows the sum over v is O(1), so the result follows.
[

Proof of Theorem 4.1.1. Split the range of integration in (4.3) depending on whether
|h1 — ho| < 1/logT or |hy — ha| > 1/logT. By the Laurent expansion for zeta near
1, the contribution of the region where |hy — hy| < 1/logT to the integral (4.3) is <
(log T')*#*+0=1 which is admissible. To handle the integral when |hy — hs| > 1/log T,
we treat the cases # < 0 and 6 > 0 separately. When 6 < 0, applying the upper

bound in Theorem 4.1.3 the Laurent expansion for zeta gives the bound

2(log T)? dh

MoMy (2, 8) < (log T)***+* / et

1/logT
Therefore when § < 0 Theorem 4.1.1 immediately follows. When 6 > 0, standard

estimates for the moments of zeta to the right of the one line [86, Theorem 7.9] now
show that

! dh
MoMr (2, ) < (log T)*"+ / 12
1/logT

The implicit constant is absolute because 5 < 1.

+ (log T)?+%.

Proof of Proposition 4.3.2

We will apply Theorem 4.2.2 with a = (ihy,ihg, —ihy, —ihy) and w(t) a smooth

majorant of 1,c[ 9 to the Dirichlet polynomials

H Nhl,hQ,j(S;ﬁ - 1) (4-7)
1<5<¢
and
[T Muinai(s: 8= DPu(3 +i(t + )" (4.8)

1<j<v
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for k € {1,2}. By our choice of parameters both of these Dirichlet polynomials have
length at most 7%/%°, which is admissible. We may choose circular contours for the
zj so that
A(z) < (logT)?[¢(141/1og T +i(hy — ha))|?,
A(z1, 29, —23, —24)> < (log T)"*(|hy — ha| + 1/ log T)®.
Because each Re z; < 1/logT it follows that

Z]tzp—23—2z4—a)—ap—az—oay

/R (%) 2 w(t/T) dt < T.

Now the Dirichlet polynomials Ay, p, ; and P, are supported on integers composed of

primes in (Tj_1,7;] and (T,,—1, T, ], respectively, which are disjoint intervals. Therefore

by multiplicativity we are left with the task of bounding the product of the sums

Fhihaj(2) = Z ahl,hz’j(a),is]’hm(m)lgz ((n:nm)) Brs (ﬁ)

n,m<T"n

and

Funm(z)= ) bw’hkﬁ),WBZ((nfm))B” (ﬁ)

n,m<T"n
uniformly for |z; — ;| < 1/log T, where ay, p, ;j(n) are the coefficients of the Dirichlet
polynomials N, pn, j(s), and b, 5, (n) are the coefficients of P, (s+iht)?". Multiplying
all of these bounds for the terms in the integrand of Theorem 4.2.2 will then give upper
bounds of
< T(og TPC(1+1/logT +i(h —h2))*  sup [ Fiipay(2)
|zj—cj|<1/log T 1<j<t

and

< T(ogT)|C(L+1/log T+ i(hy —ha))*  sup  Fopp(2) ] Fanas(2)

|zj—aj|<1/log T 1<j<v
for the shifted fourth moment of zeta twisted by (4.7) and (4.8) respectively.
First we estimate F},, 5, j(2). Note we can write
. 1 8 — 1)O+2 g()g(d
Ny tisp-n= Y oy B (@il

n1/2+it Cihl dihg
pln=p€(T;-1,T}]

G <K;

SO Ay e i(P) = (B — 1)(p™™ + p~™2) = (8 — 1)in,iny (p) for p € (Tj_1,T}]. Since
B <1 it also follows that

1 2om

a3 gleg(d) = S = (19)

cd=p™ ct+d=m

We will require the following estimates for B,(n).
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Lemma 4.3.4. For m > 1, Ba(p™) is equal to

m72) —2—a1—az—2a3—204

Oas,a (pm) — Oag,aa (pm71>p717a37a4 (p~ + pim) + Oas,a4 (p

1 _ p—2—oc1—oz2—a3—a4

p

)

where by convention we set Ouy o, (p~') = 0. Furthermore, for integers n composed of
primes at most T and Re a; < 1/logT for each j

| Ba(n)| < ds(n),
where ds is the ternary divisor function.

Proof. The first formula follows from taking s = 0 and h = p™ in lemma 6.9 of [57]

and using the formula

—z3z(m+1) __ —za(m+1)

p p

e

021,22 (pm) =

To prove the second bound, first note by assumption on the size of the shifts and the

size of the primes p

_ _ logp
my| < Re a3 Rea4< 1 1 m '
Cagea(™)] < 3 @ Re g Rear < ( —I—m)< o (e

ab=p™

Whence

mlogp 1
Ba(p™)| <d(p™) 14+ 0O +=1),
|Ba(p™)| < d(p )( (logT p))

where d is the divisor function. It now follows by assumption on n that

|Ba(n)| < d(n) [ (1 +0 (ﬂ;ol;ng» (1 +0 (]19)) < ds(n)

p™|n

where we have used

mlogp
H (1+O( log T )) < exp(logn/logT)

p™||n

and that

II (1 +0 (%)) < (3/2)“™.

pln

]

The following lemma is almost identical to the proof of Lemma 24 of [4]. The proof
is a straightforward application of Cauchy’s theorem. The only necessary modification
is to use Lemma 4.3.4 to bound B, (p) because here z need not have small imaginary

part.
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Lemma 4.3.5. Let m > 1 be an integer and z = (21, 22, 23, 24), W = (W1, We, W3, Wy)
vectors such that lw; — z;| < 1/1log T for all j. Then

log p
logT"

We will now bound F},, 5, ;(2) by a product over primes. To accomplish this,

|B:(p) — Buw(p)| <

define the multiplicative coefficients

_ 1)R+0d) d
() = 3 P 0OID ) = 37 (8 1O g e)g(a),

Cd:’l’b cd:n

Note that |an, n,;(1n)l,|ah, n,; (M) < @y p, ;(n). We use Rankin’s trick to show the
error incurred when replacing ap, n, ;(n) with aj, ;. ;(n) is negligible. First note that
if n = cd with either Q(c) or Q(d) larger than K, then (n) > K;. Furthermore
exp(Q(m) + Q(n) — K;) > 1 when either Q(m) or (n) exceeds K;. Now using
Lemma 4.3.4, that ds(n) < 3%, and noticing that aj, ,, .(n) also satisfies the bound
(4.9), we see that replacing ap, p, ;(n) with aj,, ,, ;(n) in the expression for Fy, n, j(2)

contributes an error of at most

< e K Z

plm,n=pe(T;-1,T}]

<o I E:._iﬁﬁffi_
C!d!pmax(c,d)

T;_1<p<Tj c,d>0

12e + 36¢2 1
< I (1 L L2t 36, (_)) < o100

2
Tj_1<p§Tj p p

[, oy ()|, 5 ()] €220

[, m]

d3 (n)dg(m)

Therefore, upon replacing ap, n,;(n) with aj, . .(n) in the definition of Fj, 4, ;(2)
and using multiplicativity to write the resulting sum as a product, we find Fj,, 5, ;(2)

equals

1
H (1 + - (alhl,hz,j (p)Bihl,ihg,—ihl,—ihg (P) + a/—hh—hz,j (p)B—ihl,—ihg,ihl,ihz (p)
Tj-1<p<T; p

log p 1 3 v
2 100P;
+ |a/hl,h2,j(p>| ) +0 (plogT + E) ) + 0(6 )

uniformly for |z; — a;| < 1/logT. Note here we have used (4.9), Lemma 4.3.4, and
Lemma 4.3.5. Using Lemma 4.3.4 and that ap, n, ;(p) = @, 4, ;(P) = (8—1)0in, in, (P),
routine algebra shows that the numerator of the second term in parentheses equals

(B-=1)(B—-1+p+0Bp)
1+p

= (26% = 2)(1 + cos((h1 — ha)logp)) + O <219> '

(2 4+ 2cos((hy — h2)logp))
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Therefore, we must control the products

H <1 . (26% — 2)(1 + cos((hy — ha) logp)) L0 ( log p i) >

D pIOgT+p2

T 1<p<T;
To this end, we will need the following special case of lemma 3.2 of [66].

Lemma 4.3.6. Given h € R and X > 2

ZCOS(hpw =log (1 +1/log X +ih)| + O(1).

p<X

Remark. While similar results have appeared in previous literature, this formulation

is due to Granville and Soundararajan [46].

Proof. Because the Euler product of ((s) is convergent for Re s > 1 we may write

. 1 1
log|¢(1+1/log X +ih)| = Re (Z P/ log X+ih Z Z mpm 1+1/10gX+7,h)>

p p m>2

Z cos(hlogp) +o(1)

1+1/ log X

The primes larger than X contribute at most

1
Z pl—i-l/logX <L
p>X

For p < X the mean value theorem gives p'/°¢X = 1 + O(log p/log X), so the claim
follows from Mertens’ first estimate  _ 10% =log X + O(1). O

Therefore uniformly for [2; — ;| < 1/logT', the product [],.;_, Fhn,,(2) is of
order at most

H ( H (1+ (282 — 2)(1 + cos((h1 — ho)logp)) +O< logp +l>)

2
j—1<p<T} p plog T p

1<j<v

+ 0<e—100Pj))

2622
25272 log T’U—l /8 . - 26272
< (log T,—1) Tog T, IC(1+1/log Ty 4 i(hy — hs))|

log T, )2\ 2 ,
< (BEEE) I o T i — ke
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Since log Ty =< log T, this proves the first bound in Proposition 4.3.2. All that remains
is to estimate the F),, 5, (2). Recall |d3(n)| < 32" and we can trivially estimate
In=the| <1, so

)

Fyr <9
‘ b (Z)| 9 [n7m]

p\mvnipe (val 7Tv]
Q(n)=Q(m)=r

In the proof of proposition 3 of [52], it was shown that the right-hand side is at most
18"r! P! exp(P,), which concludes the proof of the second bound of Proposition 4.3.2.

Proof of Proposition 4.3.3

To handle the first bound in Proposition 4.3.3, we will use the mean value theorem
for Dirichlet polynomials [59, Theorem 9.1] in place of Theorem 4.2.2. We will abuse
notation and also denote the coefficients of Ny, 4, ;(s; 8) by an, p,,j(n) now with g in

place of § — 1. Therefore

1 [27 N 1 it B)12d ‘ahl,h27j(n)|2
T . H N ho i (5 + it B)7dt < H Z Bhuteg L

1<5<e 1<j <l p|n=pe(T;_1,T}]

The proof is similar to the proof of Proposition 4.3.2, but simpler because there is
no need to use Rankin’s trick. Indeed all of the terms we add in when replacing
hy by j (M) With aj, . (n) are positive since > 0. The argument in the proof of
Proposition 4.3.2 now gives the bound

282(1 + cos((hy — hg) log p)) log p 1
<1 1l (1+ p +O(p10gT+1?)>

1<j<l T 1 <p<T}

< (log T)*P|¢(1+ 1/log T + i(hy — hy)) %",
To prove the second bound of Proposition 4.3.3, note that the mean value theorem
for Dirichlet polynomials and the same reasoning as the proof of Proposition 4.3.2
now gives a bound of

282(1 + cos((hy — hg) log p)) log p 1
<1 I (1+ p +O<p10gT+z¥)>

1<j<v Tj71<p§Tj

rlg(n))?
T

pln=p€(Tv—1,T0]
Q(n)=r

< (log TV |¢C(1 +1/log T + i(hy — he)) 2 (r'PT).
Here we have used that the sum over n above is bounded by r!P, which is a porism

of proposition 2 of [52]. This concludes the proofs of Propositions 4.3.2 and 4.3.3, so
Theorem 4.1.3 hence the upper bound of Theorem 4.1.1 follows. O
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4.4 Lower Bounds

Theorem 4.1.2 follows by integrating the lower bound given by Theorem 4.1.3 over
the range 0 < |h; — hy| < 2(log T')? using the Laurent expansion of ¢ and standard
moment estimates for ¢ to the right of the one line. We will first prove Theorem 4.1.3
in the case § < 1.

4.4.1 Proof of Theorem 4.1.3 for <1

Throughout this subsection, we will let Ty = €2, let ¢ be the largest integer such that
log, T > 10°, and for 1 < j < £ set

T —o BlogT
7= P (log, T2

and K; = 500P;. With this choice of parameters, N (s; «) is a Dirichlet polynomial of
length at most T7%/'®. Inspired by the method of Heap and Soundararajan [53], our

key inequality is the following consequence of Holder’s inequality:

‘ / C(3 +it +ih)C(3 + it + iha) N (2 + it +ihy; B — DN (3 + it +iho; S — 1)
R

(4.10)
x N (3 — it — ihy; B)N (5 — it — ihy; B)w(t/T) dt’
1
< (/!C(%+it+ih1)§(% + it + ihy) [*w(t/T) dt>2
R
X (/ C(5 + it + ihi)C (2 + it + iho)|?
R
1-8
XIN(5 +at +ihy; 8 = DN (5 + it + ihg; 5 — 1)[Pw(t/T) dt) i
x(/ V(3 +it +ihy; B — DN (3 +it 4+ they; B — 1)
R
8
2

X IN(3 + it + ihy; BN (3 + it + ihy; B)*/Pw(t/T) dt) ,

where 0 < w(t) < 1 is a smooth function supported on the interval [1.1,1.9] with
w(t) =1 for t € [1.2,1.8], say. Note that Proposition 4.3.2 gives the upper bound

/ C(5 + it + ihi)C (2 + it + iho)|?
R
X N (3 + it +ihy; B — DN (3 + it +iho;  — 1)[Pw(t/T) dt
< T(log T |C(1+1/1og T +i(hy — hs))|**”
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for |hy — hy| < TV?7¢, so we are left with two moment computations.
Before carrying out these computations, we will introduce some simplifying nota-
tion. Denote
A( it) = N} it 4 by f— DN(E it 4 by p— 1) = 3 -2
(3 +it) = NG +it+ih; B— DN (§ +it +ihg; f—1) = Y

n1/2+it )
n<N

b(n)

nl/2+it

B(} +it) = N(§ + it + ihy; BN (3 + it + ihg; B) = >

n<N

where N < T%/9 For 1 < j </, set
A;(3 +it) == Nj(5 +it +ihy; B — DNG(5 + it +ihe; 8 — 1),
Bj(3 +it) := Nj(5 + it +ihy; B)N;(5 + it + iho; ).

These are Dirichlet polynomials supported on integers n composed of primes p €
(Tj_1,T;] with coefficients

, (8 — 1) g(c)g(d)
aj(”) = Z il Jiha )
0B <K,

e S P gle(d)

il iz
and for a = 1,2 define
M,(t) = N3 + it +ihe; B — D||N(3 + it + iha; B)[/7.
The lower bound of Theorem 4.1.3 will follow from the following two propositions.

Proposition 4.4.1. Uniformly in |hy|, |he| < T/2
1 -
'T /Rg(é + it + ih1)C(5 + it + iho) A(5 + it) B(5 + it)w(t/T) dt
>4 (log T)*P|C(1+ 1/log T + i(hy — hy))[**.

Proposition 4.4.2. Uniformly in |hi|, |he| < T

%/MlMQ(t)Qw(t/T)dt <5 (log T)*P|C(1+1/log T + i(hy — ho)) 7.
R
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Proof of Proposition 4.4.1

Write
Z(B,hy, hy) = / C(5 + it +ihi)C(3 + it + tho) A(5 + it) B(5 + it)w(t/T) dt.
R

We will evaluate this integral with an appropriate approximate functional equation.

Set ) X
5 t+iag+s+it 5 tiag+s+it
N
Gon (5, 1) = 7 1 tia+it Lpicowit)
144 5 o
(=) r (=)
)’Zoq,ag,t = /\(% + 1.041 + Zt))\(% + iO{Q + Zt),
and

2

~ 1 es " .
Val,ag(x7 t) == 2—7” /(‘1) ?gal,og(S; t)l’ ds,

which satisfies the decay estimate

o~
tj@valm(x,t) <aj (1+ |z|/t)~ A

Lemma 4.4.3 ([59] Theorem 5.3). Let t € [T,2T], Re o; < 1/logT and |Im ;| <
T/2 for j =1,2. Then for all A >0

: : 1 —it T
C(% +oq + Zt)g(% +ag + Zt) - Z ml/2+aip1/2+as (mn) tVahaz (mna t)
~ 1 o~ B
+Xa1’a2’t Z ml/2—a2pl/2— (mn) ' V*Oézﬁoq (mn7 t) + OA((l + t) A)'

m,n

Therefore, up to a negligible error, Z(3, hy, hy) is given by

2 mhfz)%é(h?)_ Vi (mn, w(t/T) b (4.11)

h,k,m,n

a(h)b(k) / = ho\ s
X —_— Ry — tw(t/T) dt.
T Z m—ihgn—ihl\/m R hi;hat kmn V. ha, hl(mnv )w(/ )

h,k,m,n

Using the decay of Ve we can discard the contribution of terms with hmn # k

1,029
and h # kmn in the first and second lines of (4.11) respectively. Next we can

parameterize the diagonal sums in the first and second lines by Zh‘k =k /h and
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Zkl homn—ni Tespectively. Then after using the definition of 176,,5, shifting the contour,

and recognizing the sum over m and n as a familiar Dirichlet convolution we find

(h)b(k)
k

T(8,hyh) = Y Ginnina (/1) /R w(t/T) dt (4.12)

+3 %amwhl (h/k) /R KXo w(t/T) dt +O(T0).

for some 0 > 0.

Due to the oscillating term X h1.ho.t the second line in (4.12) will not contribute to
the leading order, and we will control this term first. Because w(t/T) is supported on
[T,2T) and that |hq],|ha| < T/2, Stirling’s approximation gives )’Ehl,m = e 7O(1 +
O(1/T)) where

t+ Ny

—2t—hy —he — —.

F(t) = (hy + ) log ( :

)+%hy+ﬂbg(ﬁ+%) T

For t € [T, 2T] note that f'(t) > logT and that f”(t) < 1/T. Therefore, an integra-

tion by parts a la van der Corput gives the bound
/f(mm w(t/T) dt < 1/1ogT.
R

Therefore because A(s) and B(s) are Dirichlet polynomials of length < T%/1® and
a(n),b(n) <. n¢, we may absorb the second line of (4.12) into the error term O(T"~?).

We can factor the main term as

Tl 3 QP E) o Chrm) = Tl TS 28 ).
k k

hlk j<t hlk

It therefore remains to analyze the sums

= aj(h)b; (k) N Ty iy (@)a; (h)b; (hk)
Sj = % O (/) = ; Ik

plh)képe(Tj—lvT]’]

for j < ¢. We will accomplish this by replacing a;(n) and b;(n) with the multiplicative

coefficients (3 )Q( )+Q(d) (¢)g(d)
— 1) g(c)g(d
/ -
a'(n) : alz::n cihi Jiha ’
B g c)g(d)
/ —
b (n) T cthi dih2 ’
cd=n
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and show that the difference between S; and

S; _ Z Tihy ihy (a)a,(h)b,(hk)

hk
hok

p|h, k:>p€(T] 1,75]

is small using Rankin’s trick. To see this, denote

a’(n) = Z(ﬁ — 1)+ g(c)g(d),

cd=n

b// Z BQ (e)+Q(d ( )

cd=n
Notice that if a;(h)b;(hk) # o' (h)V/(hk) where p|h,k = p € (T;_1,T}], then it must
follow that exp(262(h) + Q(k) — K;) > 1. Therefore |S; — 57| is bounded by

eij H Z |Ozh1 zhg ( )b”( T+S)|62r+s

7‘—1—5
p€e(Tj_1,T;] 1,520

2 2¢? 1
< oK H <1+ e+ Ze +O(_)><<€_100Pj7

2
PpE(Tj-1,T}] p p

whence

! (T+S
Sj _ H Z Oihy lhz )b ( ) + O(e—loon)'

r+s
pe(Tj—1,T;] r,s20

Now since a'(p) = (8 — 1)0in, in, (p) and b'(p) = Boin, i, (p) it follows that

s- 11 (1 . 282(1 + cos((hy — hs)log p)) L0 (%)) O 1R,

pE(Tj—1,T5] p p

so up to a power savings in 7" the integral Z(3, hy, he) is equal to

P T (o et o (1Y) gy |

J<E \pe(Tj-1,Tyj] b b

Using Lemma 4.3.6 and that ||w||; > 0.6 we conclude
[T(5, b, ho)| 35 T(og TVC(1+1/log Ty +i(he — ha)) P,

so Proposition 4.4.1 follows. O
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Proof of Proposition 4.4.2

Since we only need an upper bound, we will bound the weight w(¢/T) by the char-
acteristic function of [T, 2T]. Therefore, we must simply evaluate the mean value of
the Dirichlet polynomial M;Ms(t) on [T, 2T]. We will decompose each

M,(t) = [ Mas(®)
Jj<t
where
Maj(t) = ING(5 + it o+ iha; B = DIING (5 + it + iha: 5)]7.
Following [53] we will now bound |M; ;Ms ;| by squares of Dirichlet polynomials.

Lemma 4.4.4. For j </

My (Mo (O < ING(E it + il BN (3 + it + ihai B)P(L+ O(e 1))
+O(27°Qq ;(1)|NG (5 + it + iha; B)*(1 + O(e™ /1))
+228Qy 5 (1) N (3+it + ihy; B)[*(1 + O(e *9/10))
+2Y5Qy ;(1)Q24(1)),

where fora =1,2

uslt) = 12P;(L + it + ih,)| ZKJ'Ki/:ﬁ 2|P;(L + it + ihg) [\ *
R K; r+1

Proof. The proof is nearly identical to the proof of lemma 1 of [53]. If |P;(5 + it +
ihe)| < K;/10, then we may write

r=0

|Ma,j(t)|2 = exp (2ﬁR€ Pj(% + it + iha)+) (1+ O(e_Kj/lo))Q
= [N (3 + it +ihe; B)P (1 + O(e™5717)).

In the case |P;(5 + it + ih,)| > K;/10 for some a then the proof of lemma 1 of [53]

provides the bounds

12|P; (L + it + ihg) [\ 2
K.

J

IN;(E + it +ihg; B —1)| < (

and

K;/B8 1 . . 2r
2e|P;(5 + it + ihy)|
(L it 4 by BB < 228 i\3 ‘
W5 +it +ihe; B)F < TEO |

The claim now follows by summing over all four cases where |73j(% + it + ihy)| and
|P;(5 + it + ihs)| are ecither smaller or larger than K/10. O
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Lemma 4.4.5. Fora=1,2

1 [T 1 27
T/T Quj()dt < e, T/T Qu;(t)%dt < e7i.

Proof. To handle the first estimate, note for 0 <r < K,/

1 . . Kitr (KJ + T)‘Q(”)
P](i‘i‘zt“—ZhQ) J = Q( )Z[( W
n)=K,+r
p|n:>p€(T]-J_1,Tj]
This is a Dirichlet polynomial of length at most TjKj (/) whose coefficients have

magnitude (K; + 7)!g(n)/n'/2, so the claim follows by the same argument used in
lemma 2 of [53].

To handle the second estimate an application of the Cauchy-Schwarz inequality

yields
Qui(t)? < 12P (% + it +ih)[\ " K R (2P (E it + i)\
T K; B = r+1 '
Next note that
Uy i (2K, + 2r)lg(n)
Pi(L + it +ihy) = Y S

Q(n)=2K;+2r
pln=pe(T;-1,T}]

which is also a short Dirichlet polynomial. Now the mean value theorem for Dirichlet

polynomials gives

(2K; +2r)%g(n)*
n

1 2T
- / [Py (S tittih,) [ rdt < Y
T

Q(n)=2K;+2r
pln=p€(Tj-1,Tj]

< 2Kj+2r) P

where we have used that g(n) < 1 and the definition of P;. Whence

/B 4

e 2 K; (12 15 2e ' 2K;42r

T . Qa,j(t) dt < F (E) E (T n 1) (2Kj + QT)!Pj .
r=0

The summand is maximized near 7 satisfying 7* = 4P;(2K; + 2r). Since K; = 500P;

any such r necessarily lies in [2,/P;K;,2.1\/P;K;], and we conclude in the same
manner as lemma 2 of [53].

]

To conclude, we will use the following splitting lemma, which appears in equation

(16) of [53]
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Lemma 4.4.6. Suppose for 1 < j < { we have j disjoint intervals I; and Dirichlet
polynomials A;(s) = > aj(n)n™% such that a;j(n) vanishes unless n is composed of
primes in I;. Then if || i<t A;(s) is a Dirichlet polynomial of length < N, then

1 2T
<T/T |Aj(§+z‘t)|2dt)

In [53] equation (16), there is an additional factor of log NV in the error term which

/ TT14; +it)2dt = (1 + o(v/T) ]

i<t j<e

arises because [53] uses a simpler treatment of the mean value theorem for Dirichlet
polynomials. This however can be easily removed by using a version of the mean value
theorem for Dirichlet polynomials with a slightly stronger error term, i.e. theorem
9.1 of [59]. In fact a version of this splitting lemma has also appeared in [4, lemma
14].

To conclude the proof, note the mean value theorem for Dirichlet polynomials

gives
_/ (5 + it + iy BN (5 + it + iho; B) Pt
2
) s Ib; ()P
=(1+0(T™)) Y -
pln=p€e(T;-1,T;]
Qn)<K;
2/3%(1 hy — hs)1 1
<@+oT*) ] <1+ B+ cosl{fn = o) ng))+0(—2
p
PE(Tj—1,T}]

Similar reasoning gives that for a = 1,2

%/QTV\/}(%—Ht—i—iha;ﬁ)thS (t+or ) ]I (”ﬁ_z*O(p ))

p
T pE(Tj-1,T}]

_ log T'; &
<(1+0(T7%%) (logT]l) ) (4.14)
-

Combining these calculations with lemma 4.4.4, 4.4.5, and 4.4.6 and bounding inte-
grals of products using the Cauchy-Schwarz inequality, we find

/M1M2 w(t/T)dt
B ( il (H?ﬂ (ol —talozn)) (1)) oo

1<5<¢e

<<ﬁ (log T)***|¢(1 + 1/ log Ty + i(hy — hs))|?*".

This completes the proof of Proposition 4.4.2.
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4.4.2 Proof of Theorem 4.1.3 for g > 1

The case of B > 1 is a bit simpler than the case 3 < 1. Now let Ty = 3%e2, let £ be
the largest integer such that log, T > 105, for 1 < j < £ set

T —o log T
7= P 62(10&' T)? 7

and take K; = 2508%P;. With this choice of parameters, N(s;a) is a Dirichlet
polynomial of length at most T/, Now because 5 > 1, Holder’s inequality gives

‘ / C(3 + it +ihi)C(5 + it + iho)N (5 + it + ihy; B — DN(3 + it + ihy; B — 1)
R
(4.15)
x N'(& =it —ihy; BIN(L — it — ihg; B)w(t/T) dt‘

1

< (/|<(% + it + ih)C(3 + it + ihe)[Pw(t/T) dt)ﬁ
R

X(/IN(%+it+z’h1;ﬂ—1)N(§+@'t+¢h2;5_1)
R

1_L

XN+ it + ihy; BIN (3 + it + iho; B)|F Tw(t/T) dt) >,

Therefore, if we denote

_2B8
N, j(t) := ING(3 + it +ihy; B — DNG(E + it 4 ihy; §)] 251

all we must show is

Proposition 4.4.7. For > 1 and |hy|, |he| < T
1
Jj<t
<5 (log TV |C(1+1/1og T +i(hy — hy))|**".
This is a lot like Proposition 4.4.2, but the proof is even simpler. The analog of

Lemma 4.4.4 is
Lemma 4.4.8. For j </
Ny, j(8)Noji(8) < [NG(L + it + ihy; BYNG (S + it + ihy; B)]*(1 + O(e~53/10))
+O(Ry (1) ING(3 + it + iho; B)[2(1 4+ O(e 9/10))
R ()N (it + iha; B)P(1 4 O (e Ki/10))
Ry, () Ra (1)),
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where for a =1,2

128]P; (L + it + ihg)|\ 2
Ra,j(t) = K. .
J

Proof. Following the proof of Lemma 4.4.4, if |P;(1 + it + ih,)| < K;/10, then we

may write
Naj(t) = ING(E + it + ihg; B)(1 4+ O(e53/10)).

In the case |P;(2 + it + ih,)| > K;/10 for some a then simply note for « = 3 — 1 or
a=/

23
K, . . 28-1
o 28 L BT Pi (5 + it + the)|"
NGB + it + ihg; ) |21 < | Y0 2 5 .
r=0
Kj r 1 . . r 2 1 . . 2Kj
< Z B"|P;(5 + it +ihg)| - 123|P;(5 + it + ih,)|
B —0 7! - Kj ’

where we have used that 5 > 1 and that |P;(5 + it + ih,)| is large. The claim now
follows. 0

The analog of Lemma 4.4.4 is

Lemma 4.4.9. Fora=1,2

1 2T 1 2T
T/ R, ;(t)dt < e 59, T/ R, ;()%dt < e,
T T

The proof is a simpler version of Lemma 4.4.4, and is omitted. Now we may conclude
the proof of Proposition 4.4.7 when $ > 1 by combining Lemma 4.4.8, Lemma 4.4.9
and Lemma 4.4.6 with the mean value theorem for Dirichlet polynomials as we did in
the g <1 case. This concludes the proof of 4.4.7, hence the proof of Theorems 4.1.2
and 4.1.3.
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Chapter 5

Conditional upper bounds for
shifted moments of zeta

Shifted moments of the Riemann zeta function

/ H\C + it + ag))|*Prdt, (5.1)

where o = a(T') = (v, ..., u) and B = (By ..., Bm) satisty |ax| < T/2 and fi, > 0,
were first studied in general by Chandee [21]. Chandee gave lower bounds assuming
the [, are integers, oy, = O(loglogT'), and |o; —ay,| = O(1). Chandee also gave upper
bounds assuming the Riemann hypothesis when |a; — oy | = O(1) and ay, = O(log T')
which are sharp up to a (log T)¢ loss. Subsequently Ng, Shen, and Wong [77] removed
the (logT) loss in the special case where 3 = (8, ) by using the work of Harper
[50] on the moments of the zeta, and they also gave bounds in the larger regime

|y + ap| < T, More precisely, in this range they proved

2

Moy o), 55)(T) < T(log T)* F(an, an, T)?
where

min (|a; — as| ™ logT)  |ag — ap| < 1/100
log(2 + |ag — a) lag — ap| > 1/100

F(ay,as,T) = {

Some special cases of the shifted moments M, g(7") and related objects have been

studied unconditionally. For example the integral

/ COE+i(t+ an))C(E — it + a))dt

akin to Mq (1) with 8 = (3, 3) is fairly well understood. Here the current state of

the art comes from Atkinson’s formula for the mean square of zeta [9] and Bettin’s
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work on the second moment of zeta with shifts of size 727¢ [16]. The current state
of the art for My g(T") with 8 = (1,1) is due to Motohashi’s explicit formula for the
fourth moment of zeta [74, 75] and Kovaleva’s work on the fourth moment of zeta
with shifts of size up to 7°/27¢ [67]. Finally in the case where 3 = (53, 3), sharp upper
bounds for § < 1 and lower bounds for all 5 > 0 with shifts of size up to T2 were
obtained in Chapter 4. The goal of this chapter is, assuming the Riemann hypothesis,
to extend the work of Ng, Shen, and Wong [77] to arbitrary a and 3 and to give

stronger bounds in the regime where the differences |o; — ay;| are unbounded.

Theorem 5.0.1. Assume the Riemann hypothesis. If B, > 0 and |ag| < T/2 for
k=1,...,m, then

Mo p(T) < T(log T)P T+ T |C(1 +i(a; — ar) + 1/ log T)[2%5%.

1<j<k<m

Remark. Throughout this chapter we will assume T is sufficiently large in terms of
3.

Our bound is the same order of magnitude predicted by the famous recipe of
Conrey, Farmer, Keating, Rubinstein, and Snaith [26]. We obtain lower bounds of the
same order in the following chapter, so the bound is sharp. At heart, Theorem 5.0.1
is a statement about how ((3 + it) and ((5 + i(t + )) are correlated for ¢ € [T, 2T
and |a| < T/2. More precisely, it predicts that ((3 + it) and ((3 +i(t + a)) are
perfectly correlated on average when |a| < 1/logT, and decorrelate like |((1 + i)
for || > 1/logT. When o < 1, the Laurent expansion for zeta shows that we
obtain the same correlations predicted from random matrix theory. For larger o, the
correlation is of order 1 on average, which can be seen by calculating the moments
of zeta to the right of the 1-line. There are, however, long range correlations coming
from the primes; more precisely, from the extreme values of zeta on the one line. This
is not so surprising, for the Keating Snaith philosophy only predicts that random
matrix theory is a good model for ¢ (% + it) in short intervals.

The starting point of the proof is to use the method of Soundararajan [85] and
Harper [50] to bound log|{(5 + it)| by a short Dirichlet polynomial. Instead of
following the argument of Harper, however, we treat the exponential of this short
Dirichlet polynomial in a manner similar to the approach taken in the work of Heap,
Radziwilt, and Soundararajan [52]. Using this method, the integrals that arise can be
evaluated by simply using the mean value theorem for Dirichlet polynomials. These
mean values are much easier to evaluate uniformly in the shifts aj than the integrals

of products of shifted cosines that appear when using Harper’s method [50] as Ng,
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Shen, and Wong do in [77]. This difference allows us to obtain upper bounds for
general shifts a and exponents 3. The final ingredient is a more precise estimate of

the following sum

Z cos(d log p)

p<X p
coming from the theory of pretentious multiplicative functions, see Lemma 4.3.6.
This idea appeared in the author’s previous work on studying the second moment of
moments of zeta in short intervals [32]. This more precise estimate is what allows us
to improve the bound of Ng, Shen, and Wong [77] in the regime where |a; — ay] is

unbounded.

5.1 Preliminary tools and notation

We will start by using the following lemma, which is due to Soundararajan [85] and
Harper [50].

Lemma 5.1.1. Assume the Riemann hypothesis, let t € [T,2T], and || < T/2.
Then for 2 < X < T?

. 1 log X/p
1
log[¢(5 +i(t+a))| < Re <ZXpl/2+1/10gX+i(t+oc) log X
2
1 logT'
S + 8 4o,

opl2i(tta) ' Jog X
p<min(v/X ,log T) P &

Throughout it will be useful to break the set of primes into certain intervals. Set
By = Z max(1, B).
k<m
We choose a sequence of parameters T; = T, where

el

cozoandcj:m

100085

for 7 > 0. We will choose L to be the largest integer such that T, <T°¢ . Let

1 log X/p 1
Prx(s) = Z /15X Jog X + Z op2s’

p<Ty p<logT
and given any 2 < j < L define
1 logX/p
Pj,X(S) - Z ps+1/logX IOgX ’

pE(T5-1,T5]

69



If P, x (s) is not too large, then we will be able to efficiently approximate exp(87P; x(s))
with its Taylor series. Indeed, if we choose cutoff parameters K; = c}g/ * for j>1

and set

Nix(s;g)= S ZFax(”

m<10082K;

then we have the following analog of lemma 1 of [52]:
Lemma 5.1.2. If § < B, and |P; x(s)| < K; for some 1 < j < L, then
exp(BP;x(5)) = (14 O(e*%59)) I\ x (53 B).
Proof. Since |P; x(s)| < 2K, Taylor expansion gives
Nix (55 8) = exp(BPsx (s)) + Oe %K),

By assumption exp(—2K;3.) < |exp(fP;x(s))| < exp(2K;p.), so the claim follows.
[

We will first bound the shifted moment of zeta when all of the shifts ¢ + oy, lie in
the “good” set

G:={te[T/2,5T/2): |Pjr, (3 +it)| < Kjforall 1 <j<L}. (5.2)

In this case we may use Lemma 5.1.1 with X = T} in tandem with Lemma 5.1.2
to reduce the problem to computing the mean value of certain Dirichlet polynomial.
We will accomplish this with the following mean value theorem of Montgomery and

Vaughan (see for example theorem 9.1 of [59]).

Lemma 5.1.3. Given any complex numbers a,,
[z
. nit

n<N
The following variant due to Soundararajan [85, lemma 3] will also be useful for

2

dt = (T +O(N)) > |an|*.

handling moments of Dirichlet polynomials supported on primes.

Lemma 5.1.4. Let r be a natural number and suppose N" < T/logT. Then given

any complex numbers a,
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During the main mean value calculation, we will need to bound a certain product
over primes. This product will using Lemma 4.3.6.

To handle the shifted moment of zeta when some of the shifts ¢ + a4, lie in the
“bad” set [T'/2,5T/2] \ G, we take advantage of the incremental structure present.
For each 1 < j < L, define

Bj:={te[l/2,5T/2): |Prr (5 +it)| <K;foralll<r<jandr<s<L
but |P;r, (3 +it)| > K; for some j < s < L}

Notice that
T/2,5T/2)\G = | | B;.

j<L
On the bad sets B; the series expansion N, 1, of exp(P; 1) is a poor approximation, so
we are forced to estimate log ¢ using only the primes up to 7;_;. While the resulting
Dirichlet polynomial is too short to obtain sharp bounds, we can overcome this loss
by multiplying by a suitably large even power of |P;r,|/K;, which is larger than 1
on B;. If we then extend the range of integration to all of [T, 277, we can still win
as the event |P;z, (3 + it)| > K; is quite rare. For example, we will make use of the

following bound.

Lemma 5.1.5. IfT] < T/logT then

5T/2
/ [Prx (3 +it)]dt < 27r1T(log, T)".
T/2

Therefore
meas(By) < Tlog, Te /41987 « , T(log T) 4.

Proof. Write Py x = 731(1)){ + Pl(?))(, where 731(1))( is the sum of primes up to 7 and 731(2))(
is the sum of squares of primes up to logT". Then

57/2 57/2 5T/2
/ |7>1,X(%+z‘t)12rdt§22’“/ ]Pf};((%+z’t)\2’”dt+22’”/ P (L + it)[*dt.

T/2 T/2 T/2

By Lemma 5.1.4, this is at most
< 277\ T(log, Ty + O(1))" + 22T (¢(2)/4)" < 2¥ 7T (log, T)".
To deduce the second bound we note that

5T/2
meas(B;) < max —s- / P, (5 +it)[*rdt.
s<L K{" Jr) ?

We may now conclude by taking r = [K?/4log, T'| and using Stirling’s approxima-
tion. [
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The proof of Theorem 5.0.1 is based on the following partition of [T, 2T]: Given
a subset A of [m]| :={1,...,m} define

Ga={te[T,2T):t+a,eGifand only if k € A}.
Then we can decompose [T, 27 into the disjoint union

T.2T) = | | Ga. (5.3)

AC[m]

In section 5.2, we will handle the integral over the set Gy,,) where all of the shifts ¢+,
are good. In section 5.3, we will handle the cases where some of the shifts ¢ + «, are
bad. We will have to further partition the sets G4 with A C [m] according to which
of the sets B; the bad shifts ¢ 4 o, lie in.

5.2 Moments over good shifts

By Lemma 5.1.1 with X =T} we find

[ TG+ i+ e < |
Gim] k=1 g

By definition of G, the hypotheses of Lemma 5.1.2 are satisfied for all j < L, so the

integral over G, can be bounded by

m L
H exp <2ﬁkRe Z P, (3 +i(t+ ak))> dt
] k=1

m L
<p [ JITIQ+ e 5) NG, (5 + it + an); Be) Pdt
Gim) k=1 j=1
o m L
<p | TTTT Wiz (3 + it + an); Bt (5.4)

T k=1j=1

We are now in a setting where me may use the mean value theorem for Dirichlet

2K
polynomials. First note that [[}"; N1, (s4icu; Bx) has length at most szoomﬁ 55 for

2 .
j =1 and leOOmﬁ*KJ for 2 < j §2 L. TherQefore the inte2grand [l IIie Nimy (s +
iay; Br) has length at most TfoomB*Kl T;m’"ﬁ*lﬁ . -TLloom’B*KL < TY2asTy < Te

so it is a short Dirichlet polynomial. By Lemma 4.4.6, we are left with the task of

Y

computing
27 m

L] Nim, (G + it + aw); Be) Pt
T =1
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for each 1 < j < L. To do this, we must analyze the coefficients of the Nj x.
Denote ax(p) := log(X/p)p~*/°¢X /1og X and define multiplicative functions gx and
hx satisfying

. 5ra P r
g9x(p"; B) = —X,( r
T
and
r/2 ﬁr t 7‘ t
th(prvﬁ) = gX(p ) + 1p<logT E 2%'

Next define ¢;(n) to be 1 if n can be written as n = ny - - - n, where r < 1003?K,; and
each n; is either a prime < T} or a prime square < logT'. Finally for 2 < j < L set
¢j(n) to be 1 if n is the product of at most 10082K; not necessarily distinct primes
in (T, Tj].

Proposition 5.2.1. For2<j; <L

Nix(s:8)= > —gx(n;nﬁs)cj(n) :
pln=pe(Tj-1,T}]

If
M x(s;8) = Z w
pln=pe(Tj-1,T}]

then fx(n; 8) < hx(n; B)ci(n) and fx(p; B) = gx(p; B).

Proof. When j > 1 write py,...,p, for the primes in (7;_;,7;]. First assume j > 2.
By applying the multinomial theorem to the definition of N; x(s; ) we find it equals

m
m

B ax(p) B g m “r ax(p)™
O () S R i =
m<10082K; pE(Tj—1,T}] m<I0082K;  wirkefua=m r=1
Therefore if n = pi* - - - pie with uy +- - - +u, = m, the coeflicient of n=° in N, x(s) is
g m - ur
cj(n)— u u HCLX(P) = gx(n; B)c;(n).

|
me r=1

Next we will handle the case of 7 = 1. Now we will also denote the primes up to log T’

by pi1,...pp with b < a. The multinomial theorem tells us that N} x equals

m ax 1 "
> S(xel y )

m<10082 Ko p<Ty p<logT
a b
S N TURD S R JT 1 5
N ! Ur S Qur 2up8 "
m<10082K; M+ tuator o tvp=m UL Was VLo Up S Py o 2 Pr
U, v >0
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The claim now follows by considering the possible ways to write n = pj* ---pli* as a
product of the p, with r < a or of p? with r < b.
O

We may write

1 ix (s + ia; = bJX"‘—B(n)

,EMX( + dow; Bx) nZZI s
where by x o g(n) is the m-fold Dirichlet convolution of fx(n; Bx)n~ " and b; x.a.g(n)
is the m-~fold convolution of gy (n; Bx)c;(n)n~"* for 2 < j < L. For technical reasons,
we will need to use two other sets of coefficients. First define V; v , 5(n) to be the m-
fold convolution of hx (n; B)n ™" 1,2 pe(ry ) When j = 1 and the m-fold convolution
of gx(n; Br)n " ** Lpnope(r;_,.r;) when 2 < j < L. Finally, let b, g(n) be the m-
fold convolution of hx(n; Bi)1lpn=pe(r, ;] When j = 1 and the m-fold convolution
of gx(n; Br)lpin=pe(r;_,,7;) When 2 < j < L. Unlike bj x a8, the coefficients b]Xaﬁ
and b} y , 5 are multiplicative, and they satisfy the bound [b; x.a,8(n)|; |V x o g(7)] <

" x.ap(n). We will require the following information about these coefficients.

Lemma 5.2.2. For 1 <j <L andp € (Tj_1,T}]

m

bjxa8(p) = ax(p) Z Bep ™',
k=1
cmdb”Xaﬁ( )< By Ifr>2
o Bam
b;'/,X,a,B<p ) S 1

holds whenever 2 < j < L or p > logT, and otherwise

b/ll Y B(pr> < mﬁir2me—rlog(r/m)/2m+2r'

Proof. The first two assertions are immediate from the definition of the Dirichlet

convolution. To prove the upper bound when r > 2 and j # 1, first note that
. Eh r Bim”
RSP DI | LD DU SN B
rite A rm=r =1 T1+---+rm=r Lyeeenfm ’
To handle the j = 1 case, we can bound hx(p"; 3) by

r/2 r/2

Br—t 1
> i oo <55 D s oo
£ 91 — 21)! £ 91 — 21)!
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In fact when p > log T we have the stronger bound f,/r!. To bound the sum on the
right hand side, note by Stirling’s formula the maximum summand occurs near the

solution to (r — 2t)? = 2¢t. One more application of Stirling’s formula shows that the

—rlogr/242r —rlogr/242r

maximum is < e , so this sum is bounded by re It now follows

that

m
s < gan 30 e < gy (M)
12 — * < 4
rit-trm=r =1 r

where we have used the fact that at least one 7, must exceed r/m. To conclude, notice

that (m+:_1) is a polynomial of degree m — 1 in r with coefficients all bounded by 1,

so it is at most mr™ 1.

]

We can now compute

Proposition 5.2.3. For 1 <j <L

2T m

[TV x (5 + it + an); Bt
T k=1

<(T+o(1?) ] (1 + M +Og (%)) + Op(e20%K5),

pE(Tj-1,T3]

Proof. By Lemma 5.1.3 the mean value of interest equals

(T+0(T"*) Y 10 x.en(m)*

n

We will now show that we may replace b with " at a negligible cost. If b; x o g8(n) #
! x.ap(n) then it follows that Q(n) > 10082K;. Therefore when we replace b with

b, we incur an error of at most

—10082K; Z b;‘/,X,a,ﬂ(n)zeQ(n)
. )

(&
pln=p€e(Tj—1,1}]

Since the coefficients " are multiplicative, this is

2 4,,,4
< e 10 TT <1 ey o (BT )) <p e K,
p

p€(Tj-1,Tj] P

where we have used Lemma 5.2.2 to bound the sum over prime powers. Therefore

the mean value of interest is

b,- |2 )
<(T+O(T?) ) Z—’ J’X”*]ﬁ(p L4 0pes),

pln=p€(T;—1,1;] 20
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The claim now follows by Lemma 5.2.2 and multiplicativity.

m
We may finally deduce
Proposition 5.2.4. Assuming the Riemann hypothesis,
/ H IC(3 +i(t + o)) at
Gim] k<m
<p T(log 7)o TT [C(1+i(a; — an) + 1/ log T)|**.
1<j<k<m
Proof. We have shown that the shifted moment on the good set is bounded by
|ijaﬁ(P)|2 < 1)) —5082K;
<T (1+;+O — | ) + Og(e 205K
HL H | » o\ a( )
J= pE(T],l,T]]
To conclude, we first note that
bxes@?< 3 % S 50 S 46 cos((a; — ax)logp)
7,X.e,8 - pi(aj—ak) J JPk J k p
Jksm j<m 1<j<k<m
and then use 4.3.6 to bound the resulting products over primes. O

5.3 Moments over bad shifts

We now consider the integral over G4 where A is a proper subset of [m]|. Without
loss of generality we will write A = [m] \ [a]. For each t € G4, there is a function
Fy : la] — [L] such that t + a; € Bp,j). We will further partition G4 into the sets

Ban={t€Gs:minFi(j) =n}.

Jj€la]

First we handle the case of n = 1.

Proposition 5.3.1. Assuming the Riemann hypothesis
/ H C(E +i(t + an))|*Pkdt <ap T(logT) ™.
Bax =1

Proof. Because B4, is contained in the union of the a < m translates B; — «; for

7 < a, by the Cauchy-Schwarz inequality

m o ™ 1/2
/. H|<<%+z'<t+ak>>|%dts<m-meas61>”2(/ H|<<§+i<t+ak>>|4ﬁ’“dt> |

A1 g1 T k=
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By Lemma 5.1.5 the first factor is <4 T(logT)~#. To bound the second factor,
Holder’s inequality implies that

2T m

5T)2 1/m
TT1¢( +i(t + aw))|*eat / < + z’t)|4m5kdt> .
T k=1

The right hand side is <g T'(log T)O(mﬁf), which follows from the following result of
Harper [50]:

IA
3
N

2T
/T ¢ +it)|Pdt <5 T(log T)” .

Now for fixed n > 1 we may use Lemma 5.1.1 with X =T,,_; to find

/B HK(% +i(t + o)) |PPrdt

A,n k=1

< H exp (26kRe (Z Pirn_. (53 +ilt+ ay)) + Zﬁk/cn1> dt

Ban k=1 j<n

< ePelen LTI exp (28:Re Pir, (5 +ilt + ) dt

Ban k=1 j<n

2T m
< el [T T Wi, + e+ an)s )7

Ze[(l] T N
s€[L] k=1j<n

X P (L it + )/ B, [P0 gt

Unlike the previous section, we have now also used the definition of the bad set B4 ,,.

By Lemma 4.4.6, all that remains is to control the moments of P,, 7, on the half line.

Proposition 5.3.2. Uniformly for ¢ € [m] and s € [L]

5T/2
| 1Pan b i+ ag) K Pt < et/
T/2

Proof. Trivially bounding p~* and ax,(p) by 1, Lemma 5.1.4 gives a bound of

TK; 7! >

pe (Tnfl aTn]

1
p

where 7 = [1/10¢,]. The sum in parentheses is asymptotic to log(c,/c,—1) = e, so
is at most 2e for large T, say. The conclusion follows by recalling K, = et and

applying Stirling’s approximation. n
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We now have all the necessary tools to bound the shifted moment (5.1) over the
bad sets.

Proposition 5.3.3. Assuming the Riemann hypothesis

m

/ H|§(§+z’(t+ak))|25kdt
[T2T\Gjm) k=1

<ap Tog TY+ 40 T IC(1+i(a; — ax) + 1/ log T) P55,
1<j<k<m

Proof. Applying Lemma 4.4.6 along with Propositions 5.2.3, 5.3.1, and 5.3.2, we may
bound the relevant integral by

<apT ), exp <C25 - 10g2(010/6n)> 11 (1 i1 > pi(ﬂoi.—ﬁl;k) +Op (%))

2<n<L n-t p<Th_1 Py rem

+T(logT)™
Lap T Z exp (e "(logy T)*(2B.e + 351 — 75 logs T))

n<L
1 .
I (14 3 G2 ) e

p<Tn—1 p 1<j,k<m

where we have applied a union bound over all bad subsets A of [m]|. Because the

shifts satisfy |a; — ax| < T, the T'(logT)~ term is negligible by the estimate

IC(L+1/logT +it)| > ¢(2+2/1logT)/C(14+1/1logT) > 1/log T

—10008x

for |t| < 2T. To simplify remaining term, note that because 7, < T° it follows

that L < 2logg T — 10003,. Therefore the latter term is

<apT) exp(—4p.e"(log, T)%) ] (1+1 > p—fff]lu)

n<L p<Tn_1 P kem

<ap Tog T+ T 1601+ iy — o) + 1/ log T)2%

1<j<k<m
1 85\
—n 2 Pk
X Z exp (—4ﬁ*€ (10g2 T) ) H (1 + ]—9 Z W)
n<L pE€(Th—1,T1] 1<4,k<m
<ap T(log 7)1+ T[T 1C(1+i(ay — ax) +1/log T) PP
1<j<k<m
-n 2 2
X Z exp (—48.e "(logy, T)* + (L — n)) .
n<L
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Note we used Mertens’ estimate when passing to final line. By summing in reverse,

one readily sees the sum over n is convergent, and the claim now follows.

O

In view of (5.3), this completes the proof of Theorem 5.0.1.
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Chapter 6

Conditional lower bounds for
shifted moments of zeta

6.1 Introduction

This chapter is concerned with obtaining the corresponing lower bounds the shifted

moments

2T m
/ H\c (L it + ap)) PPt

considered in the previous chapter. Our goal will be the following result, which shows

that the upper bounds obtained in Chapter 5 are of the correct order or magnitude.

Theorem 6.1.1. Assume the Riemann hypothesis. If B > 0 and |oy| < T/2 for
k=1,...,m, then

Map(T) 35 T(og TV % T 11+ iy — ) + 1/ log T) P55

1<j<k<m

for T sufficiently large in terms of 3.

The method of proof is similar to a principle pioneered in the works of Heap and
Soundararajan [53] and Radziwilt and Soundararajan [82]. These works demonstrate
that if one can asymptotically evaluate the twisted 2k™ moment of a family of L-
functions for some integer k, then one can obtain sharp lower bounds for the 235%™
moments for all > 0. We will need a more elaborate argument in our setting since
there are more parameters for the shifted moments. To explain the method, we will

first introduce some notation. Set

= Z max(1, f).

k<m
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We will choose a sequence of parameters T; = T, where

el

Cozoande:m

for j > 0. Let L be the largest integer such that T; < T° where 0 < § < e~ 10003« ig

some small constant depending on 3 to be chosen later. For any X let

1 log X/p 1
Pl,X(S): Zps+1/logX 10gX + Z 2p2s’

p<Ti p<logT

and given any 2 < 7 < L define

P(s) Z 1 log X/p

s+1/log X :
pe(Tj-1,1}] b log X

The only difference between this notation and that used in the previous chapter is

that L will smaller since the value of § is more important in this chapter.
Remark. In our proof, we could have also used the simpler Dirichlet polynomial
y o2
pE(Tj—-1,T;] 4

in place of P; x(s) for all 1 < j < L. However the P; x will appear when using the
Riemann hypothesis, and using the P; x from the onset will reduce the total number

of mean value calculations.

If P x(s) is not too large, then (see lemma 5.1.2) we will be able to efficiently
approximate exp(87P; x(s)) with the following Dirichlet polynomial

Nix(s:8) = > PPix(s)

m<1008ZK;
where K; = 0;3/4 for j > 1. The set
G:={te[T/2,5T/2]): |Pjr, (3 +it)| < Kjforall 1 <j<L}.

consists of the t € [T/2,5T/2] for which N,r,(s;3) is a good approximation to

exp(BP;r,(s)). We will be computing moments over the set

Gm ={te[T,2T]:t+areGforall 1 <k <m}.

81



Fix a smooth function w such that 1f5/47/4(t) < w(t) < 1p5,9), and suppose for a

moment that we could compute the integral

o= | JI¢G+ilt+a)

x [T exp (B = )P, (3 + it + aw) + BePyr, (5 — it + ) w(t/T) dt.

J<L

Then Holder’s inequality implies

[Zol < Map(D)'7? > |71V TT 1Tl

k<m
where 1 1 1 1 1 1 1
T
p 4B rm 2m 4AmB. ¢ Pk
are conjugate exponents,

T, = /g G+t +an)*™ [ [ exp (2(8k = m)Re Py, (5 +i(t + )

J<L

X H H exp <2ﬁgRe Pj,TL(% + i(t + Oég))) w(t/T)dt,
it

and

J = IT I exp (28:Re Pir, (3 +i(t + ) w(t/T)dt.

Gm k<m j<L

Therefore, Theorem 6.1.1 will follow from the following three propositions.

Proposition 6.1.2. For large T

J < T(log T)Pi+ -+ H IC(1 +i(aj — ag) + 1/ log T))[*P%.

1<j<k<m

Proposition 6.1.3. Assuming the Riemann hypothesis, for large T

[ Zo] 5 T(log T)P+ 0 T [C(1+i(ay — ag) + 1/ log T)| P+

1<j<k<m

Proposition 6.1.4. Assuming the Riemann hypothesis, for large T and 1 < k <m

T <p T(log 7)1+ T |C(1+i(ay — ) + 1/ log T)[*% %%

1<j<k<m
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To prove Propositions 6.1.2 and 6.1.4, we will use the definition of G,, to show
that

j<</ T Vo B+ it + aw); i) Pat

k<m

and

T <</ IC(3+i(t+ar) ™ Nr, (3 +ilt+ag); Be—m)| H N7, (3 +i(t+ap); Be) [Pdt,
Gm <m
(#k

where
)= [[Nix(s
J<L

Therefore J can be controlled by computing the mean value of a Dirichlet polynomial,
and the Z; can be bounded by computing twisted 2m'" moments of the zeta function.
Both of these quantities can be controlled as N, (s; ) is a short Dirichlet polynomial.
For the latter task, we will need to invoke the Riemann hypothesis when m > 2.

The proof of Proposition 6.1.3 is a bit more difficult. The first step is to show
that Z, is approximately equal to

[; HC +i(t + )N, (5 + it + an); 5(8r — 1))?

m k<m

X Ny (3 +i(t + an); L3) w(t/T) dt

using the definition of G,, and the Riemann hypothesis. To compute this quantity,

2T
/m B /T - /[T,2T]\Qm .

The integral over the entire interval [T, 27 is a shifted pure m

we will write

th moment of zeta

twisted by a Dirichlet polynomial, which we can calculate unconditionally because
N7, (s;8) is a short Dirichlet polynomial. To bound the integral over [T, 277\ G,
we will first decompose this set according to which subsum Pj x (3 + i(t + ay); 8) is

unusually large for some ¢, and then bound the contribution of such ¢ by

ar [ T it +aw)

k<m
XN, (5 4 it + )it (B — D)NT, L + it + ai); 360
X [Pix (3 +i(t + )" dt
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for some large integer r. To bound this quantity we are again forced to use the
Riemann hypothesis, at least when m > 2. We can estimate this integral using the
same method in the previous chapter.

We now have all the necessary tools to begin our proof of Theorem 6.1.1. To help
simplify the notation going forward, we will omit subscripts depending on 3 from all
big-O or Vinogradov asymptotic notation. The reader should keep in mind that all
of the implicit constants in this notation can, and usually will, depend on 3. We will
also implicitly assume that T is sufficiently large in terms of 3. We will first prove
Proposition 6.1.2, followed by Proposition 6.1.3, and we will conclude the proof by
establishing Proposition 6.1.4.

6.2 Proof of Proposition 6.1.2

We will begin with the evaluation of

J = H H exp (28xRe Pir, (3 +i(t + ay))) w(t/T)dt,
Gm g<m j<L
which is the simplest computation. To compute this mean value, we apply lemma
5.1.2 and then extend the integral over the entire set [T, 27 to find

or
J < / H N, (3 + it + o) Bi)|dt.

T k<m

Here we have used that HJSL(l—FO(e*E’OﬁzKﬂ'))2 = O(1). Note N x(s; ) is a Dirichlet

100mB2K; T200m53 K3
1

polynomial of length < T when j > 1 and of length < when j = 1,

SO

H Nx (s +iay; Br)

k<m

2 2 2
has length at most 700K 00mPaz [ pl00mBEKL  p1/10 1y choice of T;, K; and

L. Therefore using lemma 4.4.6 in tandem with Proposition 5.2.3 we find

.7<<TH H <1+M+O(i>>+0(eswm)
p p?

JSL \pe(Tj-1,T}]

< T(log T)*+ H IC(1 +i(aj — ag) + 1/ log T)|*P,

1<j<k<m

where the latter bound follows from an application of lemma 4.3.6. This concludes

the proof of Proposition 6.1.2. ]
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6.3 Proof of Proposition 6.1.3

Recall
Ig = H C + Z t + ak))
Gm k<m
< [T exp ((Be = VP, (3 + it + aw) + BiPi, (3 — it + ) w(t/T) dt
J<L

To compute this, we will first need to replace the exponential by a Dirichlet polyno-
mial. To accomplish this, we will write Z, as a telescoping sum and control the size
of the intermediate increments. For 0 < J < L denote

/g T ¢ +itt+ )

m k<m

< [ [Nor G 4 it + an); 38k — 1)°Nir, (5 + it + ay); 15

J<J

< T exp ((Bs = VPjr, (3 +i(t + aw)) + Py, (3 — it + cw))) w(t/T) dt

J<j<L

Since Zy = 180)7 we may decompose

T, = IéL Z (I(J J 1) )

J<L

To prove Proposition 6.1.3 we will give a lower bound for \I(()L)| and then show that

(L)
Z 7 _ 7| < 15|
0 2

J<L

To control these differences, we will use the following consequence of lemma 5.1.2 and
the definition of G,,.

Lemma 6.3.1. For0< J <L
J J-1
]I( ) ( )|

e P05 [ TT I + it + an))l - [Ny (5 + it + aw); 3Bk — 1)Nr &+t + s 3

Gm k<m

To prove Proposition 6.1.3, we will now just need the following two estimates.
Proposition 6.3.2.
(L) B]ﬁk
75 > T ] <1+ > e >
p<Ty, 1<y, k<m
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Proposition 6.3.3. Assuming the Riemann hypothesis

é TT ¢ + i) - N, (3 + it + an); BBk — 1Ny &+ (¢ + a); 1) [Pt

m k<m
<T]] <1+ > ijjﬂ’;k>

p<Tr, 1<5, k<m
Before proving these two statements, let us briefly see how they imply Proposition

6.1.3.

Proof of Proposition 6.1.3. Combining Propositions 6.3.3 and 6.3.2 with lemma 6.3.1,

we see that
DT =T <P e,
J<L J<L

By definition of K;, the sum on the right hand side is equal to
log, T)3/?
Z exp < 5052% )
J<L €

Because Ty, < T°, it also follows that L < 2logs T + log d. Therefore by summing in

reverse starting at J = L, we see that this sum is bounded by

Zexp (—50636_310g6/463j/4) < Z exp (—50536_31%6/4]') < exp (—50636_310g6/4> )

j=21 j>1

Therefore if we choose ¢ > 0 sufficiently small in terms of 3 we may ensure that

Therefore it follows that

|]0| > T H (1 + Z 1+?]ofkak)>

p<Tr, 1<j4,k<m

6.3.1 Proof of Proposition 6.3.2

To estimate I(() ) we will first write I = J1 — J2, where

Ji = /WHC-HHWM

k<m

X Ny, (5 +i(t+ og); (B — 1))° N, (3 + it + ay); %Bk)Zw(t/T) dt
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and

T = /H IT ¢ +itt+aw))

\gm k<m

X N1, (3 +i(t 4 on); 3(Bk — 1)) N, (5 + it + a); %5k)2w(t/T) dt.

We will evaluate J; first. To do this, we will make use of the following approximate

functional equation.

Lemma 6.3.4. Let

1 652 tSm s
Viet)=— [ —(—) d
(%) 2m’/(1)5 (x) °

and Ta(n) =D, ny ' opgiem . For a; < T/2 and t € [T, 2T
1, - . o Ta(n)
k]:[ C(3 +it +ioy) = D —255V(nt) + O(1T).
Proof. We will evaluate the integral

1 s’
I=— —3ms Lyit+4 d
2mi Jay s EC(ZH i)

in two ways. Expanding [],,, ¢ (%+z’t+z’o¢k +5) into its Dirichlet series and simplifying

shows (n)
Ta(n
= Z n1/2+itv(n’ t).
Alternatively, by shifting the contour to Re s = —1, we pass over poles at s = 0 and
5 = —% — it — iay. Only the residue at s = 0 contributes because of the rapid decay

of e* and because |t + oy| > T'/2. Therefore

2
e’ : - -
(3ms I | C(3 +it +iog + s)ds + OA(T).
1) S k<m

1

I= Tt 4 —
k<m

To conclude, by the standard estimate ((—3 + it) < 1+ [¢|, we may bound this final

integral by

eV’
—_T3m 1+ |t ; dy.
<</Ry+1 [T+t +a; +y)dy

Jj<s
The integral over the region |y| < T can be bounded by

T .2
<</ s gy < T
o yt+1
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and the integral over the region |y| > T is

2

o oY
<</ T—2m % ym dy < T_l.
T Y

Next we will need to understand the coefficients of the Dirichlet polynomials

H Nim (3 +i(t+ap); 2(Be — 1))* = slj/(;ﬁt’
k<m -
H Nr, (3 +i(t+ ar); (8 — 1)) = n‘{gglt’
k<m -

and

[T A5 b+ i+ ) 302 = 3 20

k<m n
1 -1p\2 —r(n)
kl:[ Nr, (5 +i(t +ar); 56)° = Z nl/2+it”
=m "

The reader may want to review the definition of the coefficients b, 1, o g(n) found in

section 5.2. Notice that each ¢;(n) is the twofold Dirichlet convolution of bj el 1)(
y L L0 5 -

,TL,aéﬁ(m with it-
self, where (8 — 1) and 18 denote the vectors with j* element 1(8; — 1) and 14
respectively. As before, we will define two more sets of coefficients: Let q;- (n) be

(n) with itself and let r}(n) be the

n)

with itself and each 7;(n) is the twofold Dirichlet convolution of bj

the twofold Dirichlet convolution of ¢/ 1
j7TL7a7§(ﬂ_1)

twofold Dirichlet convolution of 1 (n) with itself. Finally define ¢j(n) and

JyTL7a7§6

/(n) in an analogous fashion. Again the key point is that ¢; and r; are multiplica-

tive approximations of ¢; and r; and that ¢} and rj are non-negative multiplicative

r

coefficients satisfying |q;],|q;| < ¢" and |ry], |7}| < r”. Before proceeding further, we

will need the following estimate.

Lemma 6.3.5. For p € (Tj_1,T}]
m (pl)’ r; (pl> < m26il4m€fl log(l/2m)/4m+2l.

Proof. The bound for g; follows by combining the formula

) l _ T Y
q](p) ;lbj,TL,a,%(ﬁl)(p )bj,TL,a,%(ﬁfl)(p)
TH+y=

with the bound for bj given in lemma 5.2.2 and noting that either

TL7Q7%(1371)(p )
x >1/2 or y >1/2. The argument for r; is the same. O
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We can now compute

Ji = sz Z n1/2h1/2k1/2 /

n hk< T1/2 (1) §

("h) - 7 (/T dt ds

+O< /2 H’NTL +i(t + ay); %(ﬁk—l))NTL( +Z(75+Oék),25k)\ dt)

k<m

Because

LT Ve G+ it + an)s 5B — D)Nz, (5 + it + )i 551)
k<m

¢, it follows

is a short Dirichlet polynomial whose coefficients c¢(n) satisfy c¢(n) <. n
that the error term is <. 7% by lemma 5.1.3. Returning now to the main term, the
next step is to discard the terms where nh # k. An exercise in contour integration

shows that 4
33

8t

Therefore, because w is smooth, repeated integration by parts implies that

2T n —it n 3m\—A
/T w(t/T) <?h) V(n,t) dt <, ﬁo‘;n%)@w

Vi(z,t) <ay (1+ |x/t3m|)

Because h and k are at most 7"/2, it follows that log(nh/k) > T~Y2 if nh # k.
Therefore the contribution to the sum of terms with hn # k is O4(T~*) because
h k< T2,

Now by shifting the contour to Re s = —1/4 and simplifying the diagonal terms,
we find that

Jo=Tlwl, T"‘(k/h)lf(h)r( ) o),

hk<T/?
hlk

By multiplicativity, we may factor the inner sum as

Takh Ta(k/R)q;(R)r; (k
3 (k/h) 21> (/)i()()‘

h7k§T1/2 ]<Lp‘h k:>p€(TJ 1,Tj}
h|k h|k

Next notice if g;(h) # ¢j(h), then it must be that Q(h) > 10082K;. So replacing g;

and 7; with ¢; and r} respectively incurs an error of order

R i AU VUG

k
plhk=p€(T;j-1,T}]
hlk
2
< o~ 10082K; H (1 L 2eP. 2ef3; L0 (%)) < o 0B2K;
PE(Tj-1,T;] b b
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for each j. Here we have used the divisor bound |7, (p¥)| <. p®¥ and lemma 6.3.5 to
bound the contribution of the terms of order smaller than 1/p?. Therefore, suppressing

terms of order 7%, we see that

J=Tlwl: [T ] ( 3 Ta(pyx)ij(px)Tj(py)) O

i<k \pe(?;_1,15] \0<a<y p

“rel I TO (1 L 4@+ @), (L)) + ey

JSL \pe(Tj-1,Tj]

A quick computation shows that

4;(p) +7,(p) = az, () Y B~ = 1(p)-

k<m

Therefore, recalling ar, (p) = p~'/1°87t (1 — log p/log T}), we deduce that J; is equal

log p 1 _5082K,
P O ﬂ* J
(pIOgTL +p2>) rote ')

to

ol I1( 11 (

J<L \pe(Tj_1,Ty]

=1 Bpe

k<m

and we may readily conclude

Proposition 6.3.6.

gt Tl (10 3 ).

p<Typ, 1<y, k:<m

We will now show, for § sufficiently small, that | 72| < |J1]/2. To do this we will

recall some of the notation from the previous chapter. First recall that
G:={te[T/2,5T/2): |Pjr, (3 +it)| < Kjforall 1 <j<L}.
Next given a subset A of [m]| :={1,...,m}
Ga={te[T,2T]):t+a, € Gifand only if k € A},
and for each 1 < 7 < L let

Bj:={te[T/2,5T/2): |Pyp,(5+it)| < K;foralll<r<jandr<s<L
but |P;r, (5 +it)| > K; for some j < s < L}
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To evaluate J>, we must evaluate an integral over all of the G4 with A ranging over
all proper subsets of [m]. Without loss of generality we will write A = [m] \ [a]. For
each t € G4, there is a function F; : [a] — [L] such that ¢t + o € By(;). We further

partition G4 into the sets

= {t € G4 : min Fi(j) = n}.

Jj€la]

With this new notation, we may write

[T,2T)\ G = | | |_| Ban.

n<L AC[m

When n > 1, the calculation is analogous to the one in section 5.3. Using Lemma
5.1.1 with X =T, and the definition of B4, we find

/B T I¢(: + it + aw))

An k<m
X N, (5 4 i(t + ar); 3(Br — 1)N7, (5 + it + an); 366) Pw(t/T) di

<</ Hexp(Re(ZPanl Lt ) + e 1)

Ban =1 j<n

X N7 (3 + it + an); (B — 1))N7, (3 + it + an); 286) 17 dt

< elfen HHexp Re Pjr, (3 +i(t + o))

Ban p— 1j<n

|NTL( + Z(t + ak) %(ﬂk — 1))NTL(% + i(t + Oék); %Bk”z dt

2T m
< elfen- 1max/ T Wiz (5 + it + ) 3)P

L€]a) !
s€(L] k=1j<n

X ’Pn,Ts(% + i(t + Oée))/Kn|2“/200n1
X |Np, (5 +i(t+ ow); 5(Br — 1))N, (5 + it + aw); 58| dt.

So by lemma 4.4.6 we need the following mean value calculations.

Proposition 6.3.7. For j <n

27T m
[ TIsns Gt i el DG i+ 0w 366 = D)

X |Njm, (3 +i(t + ar); 386 7dt

1 5;‘ Br log p 1 —5082K;
<T H <1+5 Z W—FO(M—FE +O(6 )

pE(Tj-1,T}] 1<j,k<m
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Proof. All of the following calculations are similar to earlier computations, so we will

just sketch their proofs. The coefficients of the Dirichlet polynomial

[INiz 2 G il + an); NG (5 + i+ an); 5Bk — DINGr (5 + i(t + an); 35¢)
k=1

are given by the triple convolution

*b

a(n) = j,Tnfl’ay]-/z * b j,TL,a,%ﬂ(n)’

]7TL7Q»%(ﬁ71)
where 1/2 is a vector of m copies of 1/2. Using Rankin’s trick, one can replace these

with the multiplicative coefficients

/ Y / /
@) = bim, sanyz* bj,TL,aé(ﬁ—l) : bj,TL,a,%ﬁm)

at a cost of O(e 92K, Using lemma 5.2.2, one may then show that

= N~ B o tosp_
P = 3 o ()

1<j,k<m
and 12
3 |G(PT)| < %
2 p p
The claim now follows by multiplicativity and lemma 5.1.3. [

Proposition 6.3.8. For1 <n < L

2T m
/ LT WV (5 + it + aw); 5B — DN, (3 + it + an); 3861
T =1
X | P, (3 4+ i(t + cp)) /I |2120n ) dt < T los(l/en)/40en,

Proof. By Cauchy Schwarz, the relevant mean value is at most

2T 1/2
([ Punth o ite+ a)ym ol )

T

o M 1/2
X ( H|NTL(%+i(t+ak);%(5k—1))NTL(%+i(t+ak);%ﬁk)|2 dt) )
T p=

By Proposition 5.3.2, the first integral is < Te~°8(1/en)/20¢n  Uging the same reasoning

in the previous proof, one may show that the second integral is

< I (o))<

pe(Tnf 1 7Tn]

because log T,,/logT,,_1 = e for n > 1. The claim now follows.
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Proposition 6.3.9. For j > n
2T m
[ TI e s 45— 1D, e+ ) S
T
1 2
<T 1+0 (—)) + O(e™P0BLKs,
B (1+0(3)) + o)
1,75]

Proof. The proof is a simpler version of the proof of Proposition 6.3.7. One now has
a double convolution instead of a triple convolution, and uses a cruder bound for the

Dirichlet polynomial coefficients. The details are omitted. O]

The previous three propositions and Mertens’ estimate now imply that

/B T 1+t + aw))

An k<m

X Ny (5 4 i(t + ar); 5Bk — 1N, (5 + it + on); 5686)Pw(t/T) dt

< TH H (1 + Z H?Jofﬁak) 10 (loi + i)) + 0(6—5053Kj)

log T}, 2
J<n \p€(Tj—1,T}] 1<Jk<m PO in-1 P

X el/cn—l_log(l/cn)/400n H H (1 _I_ O (1)) + O(e_BoﬁEKj)
p

n<j<L \p€(Tj_1,T}]
5 n 1 BB
< Texp (1/cnr = log(1/en) /40c, + O ((logy TP ™)) T] (14 Y o=

pSTn—l

< Texp (1/cp-1 —log(1/c,)/40c, + O ((logy T)?’e™" + L — n))

When n = 1, we will instead use the estimate

Proposition 6.3.10. Assuming the Riemann hypothesis, for any A C [m)]

/B HC +i(t 4 an))Npy (2 +i(t+ ar); 3(B — 1))°

AL k<m

x Ny (34 i(t+ ar); 15y) w(t/T) dt <4 T(log T)~

Proof. By Holder’s inequality, the integral over B4, is at most

1/3
(meas Baq)"/? (/ [T 16 + it + an))? dt)

k<m

93



o7 1/3
X </ |NTL(% +i(t 4+ ag); %(Bk — 1))NTL(% +i(t + ay); %6k)|6 dt>

T
By the same reasoning used in the proof of Proposition 6.3.7, one may show the final

integral is < T'(log T)°™. By Theorem 5.0.1, the first integral is also < T'(log T')°™).

The claim now follows by using 5.1.5 to bound meas By ;. O]

We now have all the necessary tools to show

Proposition 6.3.11. Assuming the Riemann hypothesis, if 6 is sufficiently small in
terms of 3
| 7| < |l/2.

Proof. The preceding calculations in tandem with Proposition 6.3.6 imply that for
n>1

/B IT 1 +itt+an))]

An k<m
’NTL(% +i(t + ay); %(ﬁk — 1))NTL(% +i(t + ay); %5k)‘2w(t/T) dt
< exp (1/cn_1 —log(1/¢,)/40¢, + O ((log2 T e ™+ L — n)) VAR
Therefore by summing over all A C [m] and applying Proposition 6.3.10 we see that

|Ja| < || Z exp (1/cp_1 —log(1/c,)/40¢, + O ((logy, T)?e ™™ + L — n))

2<n<L

+ 04 (T(logT)™ ). (6.1)
The T'(logT)~4 term is negligible. To bound the sum over n, we use the definition
of the ¢, to find
Z exp (1/cp1 —log(1/¢,)/40¢, + O ((log, T)?e ™™ + L — n))

2<n<L
= Z exp (e "(log, T)*(O(1) + 51 — 55 logs 7)) 4+ O(L — n)).
2<n<L
Because Ty, < T it follows that L < 2log, T + log d so the sum is at most
Z exp (e "(log, T)*(O(1) + 55 log §)) + O(L — n)).
2<n<L
By summing in reverse, we may bound this sum by

Z exp e] log 5) + O(j Z exp log 9)j )

3>0 j>1

< exp (O(1) + 55 log¥d) .

Therefore by taking ¢ sufficiently small in terms of 3, we can ensure that this sum

times the implicit constant in (6.1) is at most 1/3, so the claim follows. O
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Combining this with Proposition 6.3.6 completes the proof of Proposition. 6.3.2 [

6.3.2 Proof of Proposition 6.3.3

Now only Proposition 6.3.3 is needed to complete the proof of Proposition 6.1.3. To
accomplish this, we will now use Lemma 5.1.1 with X = T}, and the definition of G,,

to deduce

/g TT 1¢C, + it + an))]

m k<m

X |NTL<% + i(t + Oék); %(ﬁk — 1))NTL(% + i(t + Oék); %Bk)|2w(t/T) dt

< HHexp (Re Pjr, (5 +i(t+ aw)))

Gm k=14<L
X |NTL(% +i(t + ay); %(ﬂk — 1))./\/TL(% +i(t + ay); %Bk)|2 dt

2" m
< [ T WNn G+t + an); )P
T g

X Ny (5 4+ i(t + ar); 5Bk — 1)N1, (5 + it + on); 561) | dt.

So all that remains to is compute the mean square of the Dirichlet polynomial

HNTL<% + it + ag); %)NTL(% +i(t + ag); %(ﬂk — 1))NTL(% +i(t + ag); %Bk)

k=1
Proposition 6.3.7 with n = L + 1 and lemma 4.4.6 imply that this mean value is
1 B; Br
<7 ][] (1 o2 S
p<Tr 1<j,k<m

This now concludes the proof of Proposition 6.3.3, and therefore also the proof of

Proposition 6.1.3.
O]

6.4 Proof of Proposition 6.1.4
All that remains is to bound the quantities

Ik = /g K(% + Z(t + Oék>>|2m H exp (2(ﬁk — m)Re ,Pj,TL(% + Z(t —+ Oék>))
< [T T exp (28Re Py, (3 + it + ) w(t/T)dt.

¢<m j<L
2k
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By applying lemma 5.1.1 with X = T, and lemma 5.1.2 it follows that

2T
T [ 1N (3 it + agsm)N, (3 + (¢ -+ ag)s B — )]

T
x T W (5 + it + ao); Bo) [ dt.

<m
L#£k

Before proceeding it may be helpful to review the definitions made preceding Propo-

sition 5.2.1. When j > 1, the coefficients a;(n) of the Dirichlet polynomial

Niry (3 4 it + an)im)Njmy (3 +i(t + aw); Be — m) [ [ Mo (3 + it + ); Be)
s
are given by the m+1 fold Dirichlet convolution of gz, (n; m)n="*¢;(n) and gr, (n; fx—
m)n~"c;(n) with gr, (n; Be)n~"*c;(n) for all £ < m not equal to k. When j = 1

a similar formula holds with f7, in place of gr,. As before, one may replace ¢;(n)

with 1pjn=pe(r;_,,1;) at a cost of O(e %9255 to obtain multiplicative coefficients aj(n)
which 5.5 |
Pk ogp
o () = pan O (—>
and

alr2 1
Z|(pr)|<<_
=2 P p

for T;_1 < p <Tj. As before, this allows us to conclude that

Ik<<TH <1+ Z %%)

p<TyL 1<j,k<m

Proposition 6.1.4, and therefore Theorem 6.1.1, readily follows.
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