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Recent developments in random matrix theory and the theory of log-correlated

random variables have led to several interesting conjectures in analytic number the-

ory. This conjectures primarily concern the asymptotic behavior of several quantities

related to the moments of the zeta function. In this dissertation, we prove estimates

of the conjectured order of magnitude for several of these quantities. First we will

give upper bounds for the joint moments of the 2kth power of the zeta function with

the 2hth power of its logarithmic derivative when k ∈ [1, 2] and h ∈ [0, 1]. Then in

joint work with André Heycock, we extend these upper bounds to all 0 ≤ h ≤ k ≤ 2

unconditionally and for all 0 ≤ h ≤ k assuming the Riemann hypothesis. We also

prove unconditional lower bounds for all 0 ≤ h ≤ k, demonstrating that our upper

bounds are of the correct order of magnitude.

We then move on to study the problem of moments of moments of zeta and

the closely related problem of estimating shifted moments of zeta on the half line.

Moments of moments of zeta were introduced by Fyodorov and Keating [42] in order

to understand the value distribution of zeta in short intervals on the critical line.

By calculating moments of moments of random matrices, they formed a conjecture

for the asymptotic behavior of the moments of moments of zeta and the distribution

of the maximum of zeta in random short intervals. We prove upper bounds of the

conjectured order for the (2, β)-moment of moments of zeta when 0 ≤ β ≤ 1 and

lower bounds of the conjectured size for all β ≥ 0. In particular, we demonstrate that

there is a phase transition that occurs at β = 1√
2
.

The key quantity we need to estimate to understand the (k, β)-moments of mo-

ments are averages of k shifted products of zeta raised to the power β. Uncondition-

ally, we can only estimate these shifted moments when k = 1 and β ≤ 2 or when

k = 2 and 0 ≤ β ≤ 1. Assuming the Riemann hypothesis, however, we give sharp

upper and lower bounds for more general shifted moments of zeta. This improves

upon previous work of Chandee [21] and Ng, Shen, and Wong [77]. Our bounds

are especially interesting when the the shifts are unbounded and the random matrix

theory model is no longer appropriate.
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Notation

f ≪ g or f = O(g) |f(x)| ≤ Cg(x) for some C > 0
f ≪β g or f = Oβ(g) |f(x)| ≤ Cβg(x) for some Cβ > 0
f ≫ g g ≪ f
f ≫β g g ≪β f
f ≍ g f ≪ g and g ≪ f
f ≍β g f ≪β g and g ≪β f
f ∼ g limx→∞ f(x)/g(x) = 1
a|b a divides b
pa∥b pa divides b and pa+1 does not divide b for a prime p
Ω(n) Number of divisors with multiplicity

∑
pa∥n a∫

(c)
f(s)ds Integral of f(s) over the contour Re s = c

∥f∥p Lp norm of f for p > 0
logj x j-fold iterated logarithm
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Chapter 1

Introduction

1.1 The zeta function

One of the most important functions in all of mathematics is arguably the Riemann

zeta function, defined by

ζ(s) =
∑
n≥1

1

ns

for complex s such that Re s > 1. Its importance is a consequence of the following

consequence of the unique factorization of integers into primes observed by Euler:

∑
n≥1

1

ns
=
∏
p

(
1 − 1

ps

)−1

when Re s > 1,

where here and throughout this thesis p will denote prime numbers. The left hand side

is defined solely in terms of the equally spaced positive integers, while the right hand

side– the so called Euler product– is defined using only the set of prime numbers,

a set which is much more difficult to understand. One of the central goals of the

subject of analytic number theory is to use analytic information about ζ(s) to deduce

interesting information about the set of prime numbers.

One of the biggest successes of analytic number theory to date is the prime number

theorem:

π(x) := #{p ≤ x} ∼
∫ x

2

dt

log t
.

The first proof of this theorem came from an idea due to Riemann. Riemann found

that there is a natural way to extend ζ(s) to a function on the entire complex plane

that satisfies the functional equation

π−s/2Γ
(s

2

)
ζ(s) = π−(1−s)/2Γ

(
1 − s

2

)
ζ(1 − s).
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Then by using Fourier analysis, Riemann gave a formula for π(x) in terms of all the

zeros of ζ(s). Therefore if one could determine enough information about the zeros

of ζ(s), one would obtain good estimates for the prime counting function π(x). It

is straightforward to show that ζ(s) has no zeros in the half plane Re s > 1, so by

the functional equation the only zeros in the half plane Re s < 0 lie at the negative

even integers. All the remaining zeros therefore lie in the so-called critical strip

0 ≤ Re s ≤ 1. Riemann showed that the number of zeros in the critical strip with

imaginary part between 0 and T is approximately

T

2π
log

T

2π
− T

2π
,

and he conjectured that all of the zeros in the critical strip in fact lie on the critical

line Re s = 1
2
. This conjecture is the well known Riemann hypothesis. To this

day, however, no one has been able to come close to proving it. One interesting

consequence of the Riemann hypothesis is the following much more precise estimate

on the prime counting function

π(x) =

∫ x

2

dt

log t
+O(

√
x log x).

Without the assumption of the Riemann hypothesis, the strongest estimate for π(x)

to date is due to Vinogradov and Korobov [86]:

π(x) =

∫ x

2

dt

log t
+O(xe−c(log x)3/5/(log log x)1/5)

for some c > 0.

The two most important features of any complex function are its zeros and its

growth rate. While the Riemann hypothesis concerns the zeros of ζ(s), there is

another conjecture concerning the growth rate of ζ(s) on the critical line: the Lindelöf

hypothesis. This states that

ζ(1
2

+ it) ≪ε t
ε

for any ε > 0. Using interpolation theory and the functional equation, one can use

the Lindelöf hypothesis to determine the growth rate of ζ(s) throughout the entire

complex plane. It is well known that the Riemann hypothesis implies the Lindelöf

hypothesis [86]. The Lindelöf hypothesis is a very difficult question nonetheless, and

the strongest progress made to date is the bound ζ(1
2
+it) ≪ε t

13/84+ε due to Bourgain

[20].

To get an idea of why one might believe that the Lindelöf hypothesis is true,

we will make a comparison between ζ(1
2

+ it) and a random model. Even though

2



the Euler product for zeta is only convergent when Re s > 1, we can still consider

trunctations of this product in the critical strip. Take t uniformly at random from 0

to T and consider ∏
p≤T

(
1 − 1

p1/2+it

)−1

.

We can think of this random Euler product as a model for ζ(1
2

+ it). Taking the

logarithm of the absolute value, Taylor expanding, and discarding terms of order p−2

or smaller, we obtain the sum ∑
p≤T

Re
1

p1/2+it
.

Now for each p, the quantity Re p−1/2−it is a random variable on the circle of ra-

dius p−1/2 in the complex plane. Its mean is approximately zero and its variance is

approximately given by
1

T

∫ T

0

cos2(t log p)

p
dt ∼ 1

2p
.

The central limit theorem therefore leads us to predict that the value distribution of

log |ζ(1
2

+ it)| for t ∈ [0, T ] is approximately Gaussian with mean 0 and variance∑
p≤T

1

2p
.

By Merten’s estimate, this sum is asymptotically equal to 1
2

log log T . It turns out

this heuristic can be made rigorous, and it is a theorem of Selberg [84] that as T → ∞

1

T
meas

t ∈ [T, 2T ] :
log |ζ(1

2
+ it)|√

1
2

log log T
≥ V

 ∼ 1√
2π

∫ ∞

V

e−x2/2dx.

The reader may consult Tsang’s thesis [87] for a detailed proof of this result. Therefore

typically the size of log |ζ(1
2

+ it)| is of the order
√

log log T , which is consistent with

the prediction of the Lindelöf hypothesis.

One of the earliest approaches to make progress on the Lindelöf hypothesis was

the introduction of the moments of zeta by Hardy and Littlewood [48]. For β ≥ 0,

define the 2βth moment of zeta by

Mβ(T ) =
1

T

∫ 2T

T

|ζ(1
2

+ it)|2βdt.

The Lindelöf hypothesis is equivalent to the estimate

Mβ(T ) ≪ε,β T
ε

3



for every β ≥ 0 and ε > 0. Notice that Mβ(T ) may also be thought of as the moment

generating function of log |ζ(1
2

+ it)|. Because the moment generating function M(t)

of a Gaussian random variable of mean zero and variance σ2 is equal to eσ
2t2/2, in

view of Selberg’s central limit theorem it should not be so surprising that it has long

been conjectured that

Mβ(T ) ∼ Cβ(log T )β
2

for certain constants Cβ. This heuristic reasoning cannot, however, lead to a proof of

the Lindelöf hypothesis: Selberg’s central only describes the typical values of ζ(1
2
+it),

while the Lindelöf hypothesis concerns the extreme values of zeta.

Asymptotics for Mβ(T ) are known for β = 1 due to Hardy and Littlewood [48]

M1(T ) ∼ log T

and for β = 2 due to Ingham [58]

M2(T ) ∼ 1

2π2
(log T )4.

Lower bounds of the expected order are known for all β ≥ 0 due to work of Heap and

Soundararajan [53] and Radziwi l l and Soundararajan [82]

Mβ(T ) ≫β (log T )β
2

.

Sharp upper bounds are known for all 0 ≤ β ≤ 2 due to Heap, Radziwi l l, and

Soundararajan [52]

Mβ(T ) ≪β (log T )β
2

,

and Harper [50] showed this bound holds for all β ≥ 0 assuming the Riemann hy-

pothesis. For the remaining moments, the best estimates available come from either

Bourgain’s subconvexity estimate [20] or Heath-Brown’s bound for the twelfth mo-

ment of zeta (recall that we are rescaling the moments of zeta by a factor of 1/T )

[54]

M6(T ) ≪ T (log T )17.

For a long time, the values of the constants Cβ were very mysterious and there were

only a few guesses for how they depend on β; this is where random matrix theory

enters the picture.
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1.2 Random matrix theory

While random matrix theory goes back to Wishart’s work in multivariate statistics,

the study of random matrices has largely been driven by applications to physics,

particularly by statistical models for heavy nuclei. In this setting, the energy levels

of a system are determined by the time independent Schrödinger equation

Hψi = Eiψi,

where the Hamiltonian H is a Hermitian operator on an infinite dimensional Hilbert

space containing the stationary states ψi. In practice, the operator H is unknown and

far too complicated to obtain solutions to the corresponding Schrödinger equation. It

is natural to approximate the infinite dimensional operator H by a large dimensional

matrix, however this doesn’t address the problem that the corresponding matrix is

typically unknown and too complicated to analyze.

Wigner proposed that instead of analyzing the eigenvalues of any fixed Hamilto-

nian matrix H, one should look at the average behavior of the eigenvalues of families

of random matrices. We must impose the constraint that the random matrices are

Hermitian, but otherwise we can take the upper triangular entries to be independent

copies of any distribution. Through a Monte Carlo analysis, Porter and Rosenzweig

[80] showed that eigenvalues of random Hermitian matrices shared many properties

with energy levels of some simple systems. For example, both the energy levels and

the eigenvalues of random matrices seem repel their neighbors: very rarely did they

observe gaps between energy levels or eigenvalues that were significantly smaller than

the average gap. This is in stark contrast to the spacing of points that are generated

uniformly at random from a given interval or from Poisson point processes.

The numerical analysis also showed that the eigenvalue distributions of random

matrices did not seem to depend on the underlying distribution of the matrix entries.

This observation helped lead to what is now known as Wigner’s semicircle law [1]:

Let M be an N by N Hermitian matrix whose off-diagonal entries Mjk with j < k

are independent and identically distributed (i.i.d.) random variables with mean zero

and variance 1, and whose diagonal entries Mjj are i.i.d. with mean zero and finite

variance. Then if λ1, . . . , λN are the eigenvalues of the normalized matrix 1√
N
M ,

define the empirical spectral distribution by

µN =
1

N

∑
j≤N

δλj
.
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Figure 1.1: A histogram of the empirical spectral density of a 10,000 by 10,000 random
matrix generated from the Gaussian unitary ensemble alongside the semicircle density.

In other words µN attaches a point mass of weight 1/N to each eigenvalue. Wigner’s

semicircle law states that the probability measures µN converge weakly in probability

to the semicircle distribution on R, which has density

1

2π

√
4 − x2

for |x| ≤ 2. The same limiting distribution is observed regardless of whether the

underlying random matrices are real symmetric, complex Hermitian, or even sym-

plectic. The local statistics, however, do differ depending on the symmetry class of

the random matrix ensemble. This includes statistics such as the spacing between

consecutive eigenvalues and the largest eigenvalue. We will now discuss the three

canonical ensembles of each symmetry type: the Gaussian ensembles.

1.2.1 The Gaussian ensembles and n-point correlations

The Gaussian random matrix ensembles are determined by two properties. We first

require that for each matrix M in our ensemble that the entries Mjk must be indepen-

dent random variables for j ≤ k. The second property is that the distribution of M

must be invariant under certain changes of basis. There are three types of symmetry

that give rise to the three Gaussian ensembles. If the law of M is invariant under the

transformation

M 7→ O−1MO

6



for all N by N orthogonal matrices O, then the resulting ensemble is called the

Gaussian orthogonal ensemble (GOE). If instead we require that the law of M is

invariant under the transformation

M 7→ U−1MU

for all N by N unitary matrices U , we will obtain the Gaussian unitary ensemble

(GUE). The final ensemble arises when we require invariance under

M 7→ S−1MS

for all N by N unitary symplectic matrices S. Not surprisingly, it is called the

Gaussian symplectic ensemble (GSE). While the local statistics of each of the three

Gaussian ensembles have different limiting distributions, most of the general principles

by which one analyzes these statistics are the same. Therefore going forward we will

focus our discussion on the GUE, which is the most important case for applications

to the moments of the zeta function.

First we shall discuss the distribution of the entries of a GUE matrix M . The

independence assumption on the entries ensures that the density P (M)dM factors

as the product of the densities P (Mjk)dMjk of each entry for j ≤ k. Then if M ′ =

U−1MU , the unitary invariance property implies that

P (M ′)dM ′ = P (M)dM.

By considering the unitary matrices in a small neighborhood of the identity matrix,

one can then differentiate this expression at the identity matrix to derive a partial

differential equation for the densities P (Mjk). In this manner, one may show (see

Theorem 2.6.3 of [71]), that P (M) must be of the form

P (H) = exp
(
−aTrM2 + bTrM + c

)
for certain constants a > 0, b, c ∈ R. In fact the same result holds for the GOE and

the GSE. After shifting and rescaling the entries Mjk, we may assume the density

takes the form

P (H) =
1

ZGUE

exp
(
−TrM2

)
for an appropriate normalization constant ZGUE.

Now we will consider the eigenvalue density for the GUE. Instead of parameterizing

M in terms of its entries, we can parameterize it in terms of its eigenvalues and a

7



unitary matrix, and then find the marginal distribution of the eigenvalues alone.

Indeed if the eigenvalues of M are distinct then we may diagonalize

M = U−1DU

where D is a diagonal matrix containing the eigenvalues of M and U is a unitary

matrix. Assuming M has distinct eigenvalues is of no issue, for if we think of M

as an element of RN × CN(N−1)/2, then the matrices with repeated eigenvalues are

contained in a finite union of hypersurfaces of codimension at least 1. Therefore M

has distinct eigenvalues with probability 1. We would like to change variables from

the entries Mjk to pairs of a unitary matrix U and a diagonal matrix D. Even though

the mapping

(U,D) 7→ U−1DU

is many to one, this will not cause issues when changing variables as we can readjust

the normalization constant after the dust settles. Because of the identity

TrM2 =
∑
j≤N

λ2j ,

in order to find the eigenvalue density, we must compute the Jacobian |J(λ1, . . . , λN , U)|
of the change of variables and then integrate the expression

1

ZGUE

exp

(
−
∑
j≤N

λ2j

)
|J(λ1, . . . , λN , U)|

over all unitary matrices U . For this choice of parameters, it turns out that the

Jacobian factors as [71] ∏
1≤j<k≤N

(λj − λk)2 × f(U)

for some function f . Therefore the eigenvalue density for the GUE is equal to

ρ(λ1, . . . , λN) :=
1

ZN

exp

(
−
∑
j≤N

λ2j

) ∏
1≤j<k≤N

(λj − λk)2

for an appropriate normalization constant ZN . This formula is an example of the

more general Weyl integration formula, which may also be used to find the eigenvalue

density of many other random matrix ensembles [2]. Notice in the eigenvalue density

that the factors (λj − λk)2 vanish as two eigenvalues approach one another, which

makes rigorous the observation of Porter and Rosenberg [80] that the eigenvalues
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appear to repel each other. Having an exact formula for the eigenvalue density for all

N is extremely valuable, and we will now discuss some of its consequences.

Many interesting statistics about the eigenvalues of a GUE matrix M can be

written in terms of the k-point correlation function

Rk(λ1, . . . , λk) =
N !

(N − k)!

∫
RN−k

ρ(λ1, . . . , λN) dλk+1 · · · dλN .

The 1-point correlation function R1(x) is called the level density, which describes the

probability density of finding an eigenvalue in [x, x + dx]. Calculating the 1 level

density allows one to describe the bulk distribution of the eigenvalues for finite N ,

not just in the limit of large dimension. This will be helpful later when using random

matrices to model the zeta function. There is a similar interpretation for all the

higher point correlation functions.

What is particularly remarkable about the Gaussian ensembles is that they are

determinantal point processes [71]. This means that is there some function K : R2 →
R called a kernel such that

Rk(λ1, . . . , λk) = det (K(λj, λk))j,k≤N .

For the GUE, this kernel can be described in terms of the Hermite polynomials

HN(x) := (−1)Ne−x2/2 d
N

dxN
ex

2/2.

If we set

ϕN(x) =
1√

N !
√

2π
HN(x)e−x2/4,

then the kernel for the GUE is given by

K(x, y) =
√
N
ϕN(x)ϕN−1(y) − ϕN−1(x)ϕN(y)

x− y

for x ̸= y and

K(x, x) =
√
N(ϕ′

N(x)ϕN−1(x) − ϕ′
N−1(x)ϕN(x)).

Therefore for each N , the normalized level density of GUE eigenvalues is given by

1√
N
K
(√

Nx,
√
Nx
)
.

Figure 1.2 demonstrates this for N = 5. Using this formula directly, one can use

asymptotics for the Hermite polynomials to show that that R1(
√
Nx)/

√
N tends to

the semicircle distribution as N → ∞ to give a direct proof of Wigner’s semicircle

law for the Gaussian ensembles.
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Figure 1.2: Histogram of the density of 50,000 GUE matrices of dimension 5 compared
to the level density for 5 by 5 GUE matrices

One can also use the correlation functions to analyze local statistics of the GUE

eigenvalues. By the semicircle law the average spacing between eigenvalues is of size

1/
√
N . To study the eigenvalue distribution at this scale, the relevant object of

interest is now
1√
N
K
(
x/

√
N, x/

√
N
)
.

As N → ∞, this kernel approaches the sine kernel [71, eq. 6.3.13]

sin(π(x− y))

π(x− y)
.

Therefore the two point correlation, also known as the pair correlation of the eigen-

values, is equal to

1 − sin2(π(x− y))

π2(x− y)2
.

We will encounter this function again when we look at both the circular unitary

ensemble and surprisingly enough the zeros of the zeta function.

1.2.2 The circular ensembles

The downside of the Gaussian ensembles is that the set of N by N matrices is not

compact, so it is impossible to assign each matrix an equal weight. There is another

family of ensembles, however, that does not face this issue: the so-called circular
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ensembles. Because the unitary group is compact, we can assign to this group a

uniform probability measure commonly known as the Haar measure. This is also true

for the orthogonal group and the group of unitary symplectic matrices. These give

rise to the circular unitary ensemble (CUE), the circular orthogonal ensemble (COE),

and the circular symplectic ensemble (CSE) respectively.

While the circular ensembles have the advantage of compactness, it is not imme-

diately clear how to actually generate matrices from any of the circular ensembles. To

generate a random CUE matrix, one first generates an N by N matrix with standard

complex Gaussian entries, otherwise known as a Ginibre matrix. Then one can apply

the Gram-Schmidt process to obtain a unitary matrix. The resulting matrix will be

a CUE matrix [70]. The entries of the circular ensembles do not have a very clean

description like the Gaussian ensembles. Nonetheless, all N2 entries are identically

distributed, and as N → ∞ the entries of a CUE matrix are approximately Gaussian

with variance 1/N [70, Corollary 2.6].

While the entries of CUE matrices do not have a very clean exact formula, there

is still a clean expression for the density of CUE eigenvalues derived by the Weyl

integration formula [70, Theorem 3.1]. All eigenvalues of a unitary matrix lie on the

unit circle, so we may parameterize them by the eigenangles eiθk , where 0 ≤ θk < 2π

for k = 1, . . . , N . The density of CUE eigenangles is then given by

ρ(θ1, . . . , θk) =
1

n!(2π)n

∏
1≤j<k≤N

|eiθj − eiθk |2.

As with the GUE, the presence of the |eiθj −eiθk |2 factors implies that the eigenvalues

will repel one another.

Like the Gaussian ensembles, the eigenangles of CUE matrices are also a deter-

minantal point process. The kernel for the CUE is equal to

N−1∑
j=0

eij(x−y)

for x, y ∈ [0, 2π) [70, Proposition 3.7]. Now the level density is simpler than the one

we saw for the GUE: any given CUE eigenvalue is uniformly distributed over the

unit circle. Things become much more interesting when we look at the two point

correlation and the eigenvalue spacings. As N → ∞, the normalized kernel satisfies

the following limit

1

N

N−1∑
j=0

eij(x−y)/N → sin(π(x− y))

π(x− y)
.
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Figure 1.3: On the left are eigenvalues of a 100 by 100 CUE matrix. On the right
are 100 points on the circle with angles generated uniformly at random from 0 to 2π.
There are noticeably fewer clusters in the eigenvalues than in the points generated
uniformly at random.

This is the same as what we found for the GUE. Therefore the pair correlation,

and therefore the spacing distribution, of the CUE eigenvalues is the same as that

of the GUE eigenvalues in the large N limit. In this regime, only the underlying

symmetry group seems to matter, and a similar phenomenon occurs whether one is

comparing the GOE to the COE or the GSE to the CSE. Using the theory of Fredholm

determinants, one can show that as N → ∞ the normalized spacings between CUE

eigenangles converges to a limiting distribution known as the Gaudin distribution

[71, eq. 6.4.35]. Figure 1.4 compares the normalized spacings of eigenangles to the

normalized spacings of points generated uniformly on the unit interval. Note that for

the CUE the density vanishes as the gap size tends to zero, unlike the density of the

uniform random points.

1.3 Zeta and random matrix theory

Now that we have discussed the Gaussian and circular ensembles, we will connect them

back to the Riemann zeta function. A link between random matrices and zeta was

first suspected after a paper of Montgomery studying the distribution of gaps between

zeros of zeta assuming the Riemann hypothesis [73]. Montgomery showed that if the

12



Figure 1.4: On the left is a density histogram of the normalized gaps (θj+1 − θj)/2π
between the eigenangles of 10,000 CUE matrices of dimension 50. On the right is a
density histogram of the gaps between 50,000 points generated uniformly at random
on the unit interval.

Fourier transform of f is supported in (−1, 1) then as T → ∞ the normalized pair

correlation of the zeros of zeta satisfies the asymptotic

2π

T log T

∑
0≤γ1,γ2≤T

f

(
(γ1 − γ2)

log T

2π

)
∼
∫
R
f(x)

(
1 − sin2(πx)

π2x2

)
dx.

Here the sum is taken over all pairs of zeros 1
2

+ iγj of zeta. Montgomery also gave

a heuristic argument using the Hardy–Littlewood prime k-tuples conjecture to show

that this asymptotic also likely holds without the restriction on the Fourier transform

of f . Dyson pointed out to Montgomery that this coincides with the pair correlation

of the GUE in the large N limit, and the study of connections between random

matrices and zeros of the zeta function was born.

We are interested in what this connection can be used to say about the moments

of zeta. Recall the conjecture

Mβ(T ) ∼ Cβ(log T )β
2

.

It was first conjectured that Cβ can be factored into aβgβ, where the factor

aβ :=
∏
p

((
1 − 1

p

)β2 ∑
m≥0

(
Γ(β +m)2

m!Γ(β)

)2
1

pm

)

comes from number theoretic considerations. The factor gβ was much more mysterious

for a long time. By the work of Hardy and Littlewood [48] it was known that g1 = 1,

and by the work of Ingham [58] it was known that g2 = 1
12

. Beyond these results, the

13



only other conjecture for values of gβ were due to Conrey and Ghosh [27] and Conrey

and Gonek [29], who argued respectively that

g3 =
42

9!
and g4 =

24024

16!
.

One explanation for the factorization Cβ = aβgβ is the hybrid Euler-Hadamard

product formula for zeta of Gonek, Hughes, and Keating [45], which states that

assuming the Riemann hypothesis

ζ(1
2

+ it) ≈
∏
p≤X

(
1 − 1

p1/2+it

)−1 ∏
γn

|γn−t|<1/ logX

(i(t− γn)eγ logX).

where X ≥ 2 and the product is taken of zeros 1
2

+ iγn of zeta and γ is the Euler-

Mascheroni constant. The product over primes explains the factor aβ in the moment

conjecture, so it is natural to expect that the zeros of zeta could explain the factor gβ.

With the benefit of hindsight, the hybrid Euler-Hadamard product and Montgomery’s

pair correlation conjecture gives us reason to expect that random matrix theory could

be used to explain the values of the constants gβ. After all the pair correlation of the

zeros of zeta appears to be the same as the pair correlation of the eigenvalues GUE

and the CUE, the moments of characteristic polynomials of random matrices could

serve as a good model for the moments of zeta. Keating and Snaith [61] accomplished

this even before the work of Gonek, Hughes, and Keating [45].

Given a CUE matrix U, denote by

Z(U, θ) = det(I − Ue−iθ)

its characteristic polynomial. Using Selberg’s integral formula, Keating and Snaith

[61] showed that

MN(s) :=

∫
U(N)

|Z(U, θ)|sdU =
∏
j≤N

Γ(j)Γ(j + s)

Γ(j + s/2)2

where U(N) is the group of N by N unitary matrices, dU is the Haar measure,

Re s > −1, and 0 ≤ θ < 2π. When s = 2β for a positive integer β, the right

hand side is a polynomial in N of degree β2. In the large N limit, this implies the

asymptotic

MN(2β) ∼ G(1 + β)2

G(1 + 2β)
Nβ2

,
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Figure 1.5: A histogram of the value distribution of log |ζ(1
2
+it)| for t taken randomly

at uniform between 106 and 106 + 100. The dotted line is the density of a standard
Gaussian, while the solid line is the density of log |Z(U, 0)| where U is an 11 by 11
CUE matrix. The latter density gives a noticeably better fit.

where G(s) is the Barnes G function. What is particularly remarkable is that the

ratio of Barnes G functions appearing in the large N limit is equal to 42
9!

when β = 3

and 24024
16!

when β = 4. This has led to the now widely believed conjecture that

Mβ(T ) ∼ aβ
G(1 + β)2

G(1 + 2β)
(log T )β

2

.

Since this conjecture was made Conrey, Farmer, Keating, Rubenstein, and Snaith

[26] gave a heuristic derivation of the asymptotics for Mβ(T ) when β is a positive

integer. In fact, their derivation showed that likely Mβ(T ) is asymptotically given by

a polynomial of degree β2 in log T . This is in accord with the finite N expression for

the moments of characteristic polynomials for CUE matrices, so one might also try

to model the value distribution of the zeta function at height T on the critical line

by a CUE matrix of finite size N determined by T .

15



Since the average spacing between CUE eigenangles is N/2π, and the average

spacing between zeros of zeta up to height T on the critical line is 1
2π

log(T/2π), it is

natural to model the zeta function at height T by the characteristic polynomial of a

CUE matrix of dimension

N = log
T

2π
.

This is particularly interesting, because Fourier inversion and the exact formula of

Keating and Snaith [61] for MN(s) implies that the random variable log |Z(U, 0)| for

a N by N CUE matrix U is given by

ρN(x) =
1

2π

∫
R
e−iyxMN(iy)dy.

Figure 1.5 compares the value distribution of log |ζ(1
2

+ it)| for t near 106 with both

ρ11(x), predicted by random matrix theory, and the Gaussian density, predicted by

Selberg’s central limit theorem. Notably, the CUE density appears to give a much

better fit. While this might seem puzzling at first glance, it is not in conflict with Sel-

berg’s central limit theorem for two reasons. The first reason is that the convergence of

log |ζ(1
2
+it)|/

√
1
2

log log T to a standard Gaussian is slow. In Tsang’s thesis [87, Theo-

rem 6.1], it is shown that the Kolmogorov distance between log |ζ(1
2
+it)|/

√
1
2

log log T

and a standard normal is ≪ (log log log T )2/
√

log log T . The true rate of convergence

is probably of the order 1/(log log T )3/2. The second reason is that Keating and

Snaith [61] showed the random variables log |Z(U, 0)|/
√

1
2

logN converge to a stan-

dard Gaussian at the rate of 1/(logN)3/2, so the observed behavior is still consistent

with Selberg’s central limit theorem.

1.4 Overview

Despite the evidence discussed so far, the connection between random matrices and

zeta remains mysterious and largely conjectural. We note however, that there is an

explicit connection between zeta functions of curves over finite fields and random

matrices, see [60]. In the case of zeta and more general number fields however,

random matrix theory remains but a source of interesting conjectures. We will be

making progress on a few of these conjectures. In the remainder of this dissertation,

we will discuss the work contained in the authors papers [31, 32, 33, 34] and a joint

paper of the author and Heycock [35].

The first topic we will discuss are the joint moments of zeta as well as some natural

generalizations to higher derivatives. The primary goal of Chapters 2 and 3 is to prove
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the estimate ∫ 2T

T

|ζ(1
2

+ it)|2k−2h
∣∣ζ ′(1

2
+ it)

∣∣2h dt ≍h,k T (log T )k
2+2h,

The lower bounds hold for all 0 ≤ h ≤ k, while the upper bounds hold when 0 ≤
h ≤ k ≤ 2. Assuming the Riemann hypothesis, we extend the upper bounds to all

0 ≤ h ≤ k.

The second topic we will discuss are the moments of moments of zeta given by

MoMT (k, β) :=
1

T

∫ 2T

T

( ∫
|h|≤1

|ζ(1
2

+ it+ ih)|2β dh
)k

dt

for β ≥ 0 and positive integers k. Fyodorov and Keating [42] introduced these

quantities to study the size of the typical maximum of zeta in short intervals on

the critical line, and made conjectures for their asymptotic behavior using random

matrix theory. An interesting feature of these asymptotics is that when k > 1 they

undergo a phase transition at β = 1/
√
k: for β < 1/

√
k the moments of moments

are dominated by the average values of zeta, while for β > 1/
√
k the moments of

moments are dominated by a few large values. The case of k = 1 is essentially

equivalent to evaluating the 2βth moment of zeta. In Chapter 4 we analyze the

behavior of MoMT (2, β). We will give lower bounds of the conjectured size for all

β ≥ 0 and upper bounds of the correct order for 0 ≤ β ≤ 1. A consequence of these

bounds is that MoMT (2, β) indeed undergoes a phase transition at β = 1√
2
.

To estimate MoMT (2, β), the key quantity we need to control is∫ 2T

T

|ζ(1
2

+ it+ iα1)ζ(1
2

+ it+ iα2)|2β dt

for β ≤ 1. Unconditionally, this appears to be the limit of what current techniques

can estimate. Assuming the Riemann hypothesis, however, we can give estimates for

more general shifted moments

Mα,β(T ) =

∫ 2T

T

m∏
k=1

|ζ(1
2

+ i(t+ αk))|2βkdt.

for βj ≥ 0 and αk ∈ R. Estimates for these shifted moments can be used to give

bounds for MoMT (m,β) for all positive integers m. In the final two chapters we

will turn our attention to these shifted moments. When each αj = O(log T ) and

|aj − αk| = O(1), Chandee [21] used random matrix theory to predict

Mα,β(T ) ≍β T (log T )β
2
1+···+β2

m

∏
1≤j<k≤m

min(log T, 1/|αj − αk|)2βjβk .
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For larger shifts αj however, the random matrix model is no longer correct, and we

need some arithmetic input to obtain bounds of the correct order. We shall prove

that assuming the Riemann hypothesis

Mα,β(T ) ≍β T (log T )β
2
1+···+β2

m

∏
1≤j<k≤m

|ζ(1 + i(αj − αk) + 1/ log T )|2βjβk

for |αk| ≤ T/2. This agrees with Chandee’s conjecture when the shifts are bounded,

but the arithmetic factor on the right hand side shows that the values of zeta have

long range correlations due to the primes.
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Chapter 2

Joint Moments I

2.1 Introduction

In the past two decades, conjectural connections between the zeros of the Riemann

zeta function ζ(s) and eigenvalues of random unitary matrices have led to many

interesting developments in understanding the moments of the zeta function. In

the recent random matrix theory literature, there has been a fair bit of interest in

understanding the joint moments of the characteristic polynomial of a random unitary

matrix with its derivative. In this chapter, the primary objects are the joint moments

of ζ(s), given by

IT (k, h) =

∫ 2T

T

|ζ(1
2

+ it)|2k−2h
∣∣ζ ′(1

2
+ it)

∣∣2h dt,
as well as the joint moments of the Hardy Z function

JT (k, h) =

∫ 2T

T

|Z(t)|2k−2h |Z ′(t)|2h dt,

where

Z(t) = eiθ(t)ζ(1
2

+ it), θ(t) = arg
(
Γ
(
1
4

+ it
2

))
− log π

2
t.

Note in particular that |Z(t)| = |ζ(1
2

+ it)|, and that Z(t) is real valued for t ∈ R.

The work of Keating and Snaith [61, 62], Hughes [56], and Hall [55] has led to the

conjecture that whenever k > −1
2

and −1
2
< h ≤ k + 1

2

IT (k, h) ∼ Cζ(k, h)T (log T )k
2+2h, JT (k, h) ∼ CZ(k, h)T (log T )k

2+2h (2.1)

for certain constants Cζ(k, h),CZ(k, h) as T → ∞. There are conjectured values for

the constants CZ(k, h) for general real h, k, but values for Cζ(k, h) are only conjectured

for integral h, k. In both cases, the constants split as a product of an arithmetic factor
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and a random matrix factor. The arithmetic factor is a well understood product

over primes. The random matrix factor has many different expressions including

combinatorial sums [36, 37, 56], a multiple contour integral in the case h = k [30],

and a determinant of Bessel functions [10, 30]. For h, k not necessarily equal, the

random matrix factor can be solved for finite N and is related to the solution of

a Painlevé V type differential equation [15]. Furthermore, the limit as N → ∞ is

related to the solution of a certain Painlevé III equation [8, 10, 15, 40].

Previously, the asymptotics (2.1) for IT (h, k) and JT (h, k) were known for h, k ∈
{0, 1, 2} with h ≤ k due to Ingham [58] and Conrey [24]. Assuming the Riemann

hypothesis, Conrey and Ghosh [28] established the conjectured asymptotic (2.1) for

JT (1, 1
2
) and come close to establishing the corresponding asymptotic for IT (1, 1

2
) .

Upper bounds of the conjectured order of magnitude were only known for very few

values of h and k. Upper bounds for half-integer valued h, k ≤ 2 are available due

to work of Conrey [24] and Conrey and Ghosh [28] . In the case h = 0, quite a bit

more is known. Unconditionally, upper bounds of the correct order of magnitude are

known for all real 0 ≤ k ≤ 2 due to work of Heap, Radziwi l l, and Soundararajan [52].

Upper bounds of the correct order for all real k ≥ 0 are also known conditionally

on the Riemann hypothesis due to work of Harper [50], which builds on the work of

Soundararajan [85]. The aim of this chapter is to establish upper bounds for IT (k, h)

and JT (k, h) of the expected order in a larger range of h and k.

Theorem 2.1.1. Let 1 ≤ k ≤ 2 and 0 ≤ h ≤ 1. Then for large T

IT (k, h) ≪ T (log T )k
2+2h,

and the same bound holds for JT (k, h).

The proof we give is based on the work of Heap, Radziwi l l and Soundararajan [52]

which in turn is based on a method introduced by Radziwi l l and Soundararajan in

[83]. The general principle in these works is that if one can compute the 2kth moment

of a given L-function twisted by an arbitrary Dirichlet polynomial, then one can find

upper bounds of the right order for all of its lower order moments. In particular,

Heap, Radziwi l l, and Soundararajan [52] used this approach to prove Theorem 2.1.1

in the case h = 0. We combine the ideas of the paper [52] with twisted joint moment

calculations to deduce Theorem 2.1.1 in the case of h = 1 and then deduce the

result from Hölder’s inequality– the bounds we obtain are of the conjectured order of

magnitude since the exponent of log T in (2.1) is linear in h. We are forced to take

k ∈ [1, 2] because 2k − 2h is only non-negative when k ≥ 1 at the boundary case

h = 1.
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2.2 Outline of the Proof

We will deduce Theorem 2.1.1 from the following.

Proposition 2.2.1. Let T be large and 1 ≤ k ≤ 2. Then∫ 2T

T

|ζ(1
2

+ it)|2k−2|ζ ′(1
2

+ it)|2dt≪ T (log T )k
2+2,

and the same bound holds when ζ(1
2

+ it) is replaced by Z(t).

Proof of Theorem 2.1.1. Recall Theorem 1 of [52] gives for 0 ≤ k ≤ 2∫ 2T

T

|ζ(1
2

+ it)|2kdt≪ T (log T )k
2

.

Therefore by Hölder’s inequality with p = 1
h

and q = 1
1−h

, this estimate and Theorem

2.1.1 give

IT (k, h) ≤
(∫ 2T

T

|ζ(1
2

+ it)|2k−2|ζ ′(1
2

+ it)|2dt
)h(∫ 2T

T

|ζ(1
2

+ it)|2kdt
)1−h

≪ T (log T )k
2+2h.

The case of the joint moments of Z(t) is similar since |Z(t)| = |ζ(1
2

+ it)|.

Remark. The bound for JT (k, 1) in Proposition 2.2.1 can be deduced from the corre-

sponding bound for IT (k, 1). The following argument is due to an anonymous referee:

The product rule implies

Z ′(t) = iθ′(t)eiθ(t)ζ(1
2

+ it) + ieiθ(t)ζ ′(1
2

+ it).

Combining this with the inequality |a+ b|2 ≤ 2|a|2 + 2|b|2 implies

|Z ′(t)|2 ≪ |θ′(t)|2|ζ(1
2

+ it)|2 + |ζ ′(1
2

+ it)|2.

An application of Stirling’s formula gives θ′(t) ∼ 1
2

log t and thus

|Z ′(t)|2 ≪ (log T )2|ζ(1
2

+ it)|2 + |ζ ′(1
2

+ it)|2

for t ∈ [T, 2T ]. Then Proposition 2.2.1 for Z(t) readily follows from Theorem 1 of

[52] and the conclusion of Proposition 2.2.1 for ζ(1
2

+ it).
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To prove Proposition 2.2.1, we will approximate the logarithm of ζ(s) by a trun-

cated sum over primes
∑

p≤X p
−s. Following the works [50, 81, 85], we will break up

this sum into increments that have progressively smaller variance. This in turn allows

us to work with a Dirichlet polynomial of length T θ for some small but fixed θ > 0,

which is long enough to give a good enough approximation of ζ(s).

We follow the notation introduced in [52]. Take ℓ to be the largest integer so that

logℓ T ≥ 105. Now define a sequence Tj for 1 ≤ j ≤ ℓ by T1 = e2 and

Tj = exp

(
log T

(logj T )2

)
for 2 ≤ j ≤ ℓ, and for 2 ≤ j ≤ ℓ and s ∈ C set

Pj(s) =
∑

Tj−1≤p<Tj

1

ps
, and Pj =

∑
Tj−1≤p<Tj

1

p
.

The hope is then that on average log ζ(s) will be controlled by the sum of the incre-

ments Pj(s), where Pj is the variance of the jth increment on the half line. In essence,

we are approximating ζ(s) with a truncated Euler product (though we are omitting

the terms p−ks with k ≥ 2 when truncating the Dirichlet series for log ζ(s)). A modern

theme in analytic number theory is that for σ ≥ 1/2 the zeta function ζ(σ+ it) ought

to behave like a truncated Euler product– for example, see the work of Gonek [44]

assuming the Riemann hypothesis. Thus we expect that exp(α
∑

2≤j≤ℓ Pj(s)) should

be a good approximation to ζ(s)α so long as s is not near a zero of ζ. Because the

zeros of zeta do not contribute to the moments of zeta, one might expect that this

approximation will be sufficient for estimating moments of zeta.

To facilitate computations, it will be convenient to replace exp(αPj(s)) with a

Dirichlet polynomial. We will accomplish this by expanding the exponential as a

Taylor series. By Mertens’ second estimate∑
p≤x

1

p
= log log x+O(1),

it follows that

Pj ∼ 2 logj T − 2 logj+1 T.

We then define for 2 ≤ j ≤ ℓ the truncated Taylor expansion

Nj(s;α) =
∑

p|n⇒Tj−1≤p<Tj

Ω(n)≤500Pj

αΩ(n)g(n)

ns
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where g is the multiplicative function given by g(pm) = 1/m! on prime powers. For

most t ∈ [T, 2T ] the size of Pj(
1
2

+ it) will be smaller than 50Pj, say, so Nj(
1
2

+ it;α)

will be a good proxy for exp(αPj(
1
2
+it)). Therefore we expect

∏
2≤j≤ℓ Nj(

1
2
+it;α) to

behave similarly to
∏

2≤j<ℓ e
αPj(1/2+it) which, as mentioned earlier, should be a good

approximation for ζ(s)α. Now each Nj is a Dirichlet polynomial of length at most

T
500Pj

j so
∏

2≤j≤ℓ Nj(
1
2

+ it;α) is a Dirichlet polynomial of length at most T c, where

c =
∑
2≤j≤ℓ

500Pj

(logj T )2
≤
∑
j≤ℓ

1000

logj T
.

The ℓth term in this series is at most 1/100 by choice of ℓ. So by summing in reverse

and bounding the (ℓ − j)th term by ee
j
/100, we see that

∏
2≤j≤ℓNj(

1
2

+ it;α) has

length at most T 1/20, which is amenable to analysis.

We will deduce Proposition 2.2.1 in two steps. First we bound the integrand by a

product of integral powers of ζ and ζ ′ with short Dirichlet polynomials.

Proposition 2.2.2. For 1 ≤ k ≤ 2 and s = 1
2

+ it with t ∈ R

|ζ(s)|2k−2|ζ ′(s)|2 ≪

|ζ(s)|2|ζ ′(s)|2
∏

2≤j≤ℓ

|Nj(s; k − 2)|2 + |ζ ′(s)|2
∏

2≤j≤ℓ

|Nj(s; k − 1)|2

+
∑

2≤v≤ℓ

(
|ζ(s)|2|ζ ′(s)|2

∏
2≤j<v

|Nj(s; k − 2)|2

+ |ζ ′(s)|2
∏

2≤j<v

|Nj(s; k − 1)|2
)∣∣∣∣Pv(s)

50Pv

∣∣∣∣2⌈50Pv⌉

.

The same bound holds when ζ(s) is replaced by Z(t).

The proof of Proposition 2.2.2 is almost identical to the proof of Proposition 1 in [52],

so it is omitted. The only difference is that one uses the conjugate exponents p = 1
k−1

and q = 1
2−k

, and then one multiplies the resulting inequality by |ζ ′(s)|2 or |Z ′(t)|2.
This reduces the proof of Proposition 2.2.1 to the calculation of two types of twisted

moments.

Proposition 2.2.3. For 1 ≤ k ≤ 2∫ 2T

T

|ζ ′(1
2

+ it)|2
∏

2≤j≤ℓ

|Nj(
1
2

+ it; k − 1)|2dt≪ T (log T )k
2+2 (2.2)
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and for 2 ≤ v ≤ ℓ and 0 ≤ r ≤ ⌈50Pv⌉∫ 2T

T

|ζ ′(1
2

+ it)|2
∏

2≤j<v

|Nj(
1
2

+ it; k − 1)|2|Pv(
1
2

+ it)|2rdt (2.3)

≪ T (log T )3(log Tv−1)
k2−1 (2rr!P r

v exp(Pv)) ,

and the same bounds hold when ζ(1
2

+ it) is replaced by Z(t).

Proposition 2.2.4. For 1 ≤ k ≤ 2∫ 2T

T

|ζ(1
2

+ it)|2|ζ ′(1
2

+ it)|2
∏

2≤j≤ℓ

|Nj(
1
2

+ it; k − 2)|2dt≪ T (log T )k
2+2 (2.4)

and for 2 ≤ v ≤ ℓ and 0 ≤ r ≤ ⌈50Pv⌉∫ 2T

T

|ζ(1
2

+ it)|2|ζ ′(1
2

+ it)|2
∏

2≤j<v

|Nj(
1
2

+ it; k − 2)|2|Pv(
1
2

+ it)|2rdt (2.5)

≪ T (log T )6(log Tv−1)
k2−4 (18rr!P r

v exp(Pv)) ,

and the same bounds hold when ζ(1
2

+ it) is replaced by Z(t).

We will derive estimates for general twisted joint moments of ζ in the following

section, and then use these estimates to prove Propositions 2.2.3 and 2.2.4 in the final

section. Before we undertake this, let us see how these estimates imply Proposition

2.2.1.

Proof of Proposition 2.2.1. Our estimates give∫ 2T

T

|ζ(1
2

+ it)|2k−2|ζ ′(1
2

+ it)|2dt≪

T (log T )k
2+2 +

∑
2≤v≤ℓ

T (log Tv−1)
k2+2

((
log T

log Tv−1

)3
2⌈50Pv⌉⌈50Pv⌉!P ⌈50Pv⌉

v exp(Pv)

(50Pv)2⌈50Pv⌉

+

(
log T

log Tv−1

)6
18⌈50Pv⌉⌈50Pv⌉!P ⌈50Pv⌉

v exp(Pv)

(50Pv)2⌈50Pv⌉

)
≪ T (log T )k

2+2,

where the final bound follows by the same reasoning used in [52]. The conclusion for

the Z function is the same.
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2.3 Twisted Moment Formulae

We will derive the necessary twisted joint moment formulae from formulae for twisted

moments of ζ(s) with small shifts off of the critical line. Fortunately there are many

known formulae for computing twisted moments of ζ due to connections with the

proportion of zeros of ζ lying on the critical line [23, 69]. Then following work of

Young [88], we can differentiate these formulae with respect to the shifts to obtain the

desired twisted joint moments. The formula in [88] is valid for Dirichlet polynomials of

length T 1/2−ε, and we note that work of Bettin, Chandee, and Radziwi l l [18] provides

asymptotics for the twisted second moment without shifts for any Dirichlet polynomial

of length at most T 17/33−ε. The twisted fourth moment formula we use was first proven

by Hughes and Young [57] for Dirichlet polynomials of length at most T 1/11−ε, which

was later increased to T 1/4−ε by Bettin, Bui, Li, and Radziwi l l [17].

Following these works, we will bound the desired twisted moments by introducing

a smooth cutoff. Going forward, we fix a smooth nonnegative ϕ : R → R such that

supp ϕ ⊂ [3/4, 9/4] and ϕ(t) = 1 for all t ∈ [1, 2].

Lemma 2.3.1. Given a Dirichlet polynomial A(s) =
∑

h≤T θ
ah
hs with θ < 1/2 and

ah ≪ε h
ε, if

F (z1, z2) =
∑

h,k≤T θ

ahak
[h, k]

(h, k)z1+z2

hz1kz2
,

then

Ĩ(1)(T ) :=

∫
R
|ζ ′(1

2
+ it)|2|A(1

2
+ it)|2ϕ(t/T )dt≪ T (log T )3 max

|zj |=3j/ log T
|F (z1, z2)|,

and the same bound holds when ζ(1
2

+ it) is replaced by Z(t).

Proof. Let α, β ∈ C have modulus less than 1/ log T . Then by using Lemma 5 in [88]

and reasoning in a similar way to the proof of Lemma 6 in [88] we may write

IT (α, β) :=

∫
R
ζ(1

2
+ α + it)ζ(1

2
+ β − it)|A(1

2
+ it)|2ϕ(t/T )dt

=
∑

h,k≤T θ

ahak
[h, k]

∫
R

(
(h, k)α+β

hαkβ
ζ(1 + α + β)

+

(
t

2π

)−α−β
(h, k)−α−β

h−βk−α
ζ(1 − α− β)

)
ϕ(t/T )dt+O(T 1−δ)

for some δ > 0. The main term is holomorphic in α, β sufficiently small since the

principal parts of ζ(1 + α + β) and ζ(1 − α − β) cancel. We may express the main
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term as a multiple contour integral around α and −β: by Lemma 2.5.1 of [26]

IT (α, β) = − 1

(2πi)2

∮
|z2|=9/ log T

∮
|z1|=3/ log T

F (z1,−z2)
ζ(1 + z1 − z2)(z1 − z2)

2

(z1 − α)(z1 + β)(z2 − α)(z2 + β)

×

∫
R

(
t

2π

) z1−z2−β−α
2

ϕ(t/T )dt

 dz1dz2 +O(T 1−δ).

The shifts α and −β are enclosed in these contours because we have assumed |α|, |β| <
1/ log T . Now since IT (α, β) is holomorphic with respect to small α and β, as in [88]

the derivatives of IT (α, β) with respect to α and β can be obtained via Cauchy’s

theorem as contour integrals along circles of radii ≍ 1/ log T . Since the error term

holds uniformly on these contours, we conclude

ĨT (α, β) :=

∫
R
ζ ′(1

2
+ α + it)ζ ′(1

2
+ β + it)|A(1

2
+ it)|2ϕ(t/T )dt

=
d

dα

d

dβ

[
− 1

(2πi)2

∮
|z2|=9/ log T

∮
|z1|=3/ log T

F (z1,−z2)
ζ(1 + z1 − z2)(z1 − z2)

2

(z1 − α)(z1 + β)(z2 − α)(z2 + β)

×

∫
R

(
t

2π

) z1−z2−β−α
2

ϕ(t/T )dt

 dz1dz2

]
+O(T 1−δ).

To compute Ĩ(1)(T ), we evaluate these derivatives and then set α = β = 0, obtaining

Ĩ(1)(T ) =
1

(2πi)2

∮
|z2|=9/ log T

∮
|z1|=3/ log T

F (z1,−z2)ζ(1 + z1 − z2)(z1 − z2)
2

∫
R

[(
z1 + z2 +

z1z2
2

log
t

2π

)
×
(
z1 + z2 −

z1z2
2

log
t

2π

)(
t

2π

) z1−z2
2

ϕ(t/T )dt

]
× dz1

z41

dz2
z42

+O(T 1−δ).

Finally, since |zj| = 3j/ log T and supp ϕ ⊂ [3/4, 9/4], notice that

ζ(1 + z1 − z2) ≪ log T, (z1 − z2)
2 ≪ (log T )−2,

and∫
R

(
z1 + z2 +

z1z2
2

log
t

2π

)(
z1 + z2 −

z1z2
2

log
t

2π

)(
t

2π

) z1−z2
2

ϕ(t/T )dt≪ T (log T )−2,

so the claim now follows.
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The case for twisted moments of Z is similar. This time following the argument

of [88] gives the more symmetric formula (up to terms of order O(T 1−δ))∫
R
Z(α + t)Z(β − t)|A(1

2
+ it)|2ϕ(t/T )dt

=
∑

h,k≤T θ

ahak
[h, k]

∫
R

((
t

2π

)α+β
2 (h, k)α+β

hαkβ
ζ(1 + α + β)

+

(
t

2π

)−α−β
2 (h, k)−α−β

h−βk−α
ζ(1 − α− β)

)
ϕ(t/T )dt.

Now applying Lemma 2.5.1 of [26] gives up to a power savings the simpler formula

− 1

(2πi)2

∮
|z2|=9/ log T

∮
|z1|=3/ log T

F (z1,−z2)
ζ(1 + z1 − z2)(z1 − z2)

2

(z1 − α)(z1 + β)(z2 − α)(z2 + β)

×

∫
R

(
t

2π

) z1−z2
2

ϕ(t/T )dt

 dz1dz2.

Then differentiating with respect to α and β and setting the shifts to zero we obtain

1

(2πi)2

∮
|z2|=9/ log T

∮
|z1|=3/ log T

F (z1,−z2)ζ(1 + z1 − z2)(z
2
1 − z22)2

∫
R

(
t

2π

) z1−z2
2

ϕ(t/T )dt

 dz1
z41

dz2
z42
,

which satisfies the same bound.

Lemma 2.3.2. Given a Dirichlet polynomial A(s) =
∑

h≤T θ
ah
hs with θ < 1/4 and

ah ≪ε h
ε, if

G(z1, z2, z3, z4) =
∑

h,k≤T θ

ahak
[h, k]

Bz1,z2,z3,z4

(
h

(h, k)

)
Bz3,z4,z1,z2

(
k

(h, k)

)
,

where

Bz1,z2,z3,z4(n) =
∏
pm∥n

(∑
j≥0

σz1,z2(p
j+m)σz3,z4(p

j)

pj

)(∑
j≥0

σz1,z2(p
j)σz3,z4(p

j)

pj

)−1

and σz1,z2(n) =
∑

ab=n a
−z1b−z2, then

Ĩ(2)(T ) :=

∫
R
|ζ(1

2
+ it)|2|ζ ′(1

2
+ it)|2|A(1

2
+ it)|2ϕ(t/T )dt

≪ T (log T )6 max
|zj |=3j/ log T

|G(z1, z2, z3, z4)|.

The same bound holds when ζ(1
2

+ it) is replaced by Z(t).
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Proof. This is similar to the proof of Lemma 2.3.1. Using the twisted 4th moment

formula with shifts in [17] and Lemma 2.5.1 of [26], we can write up to a power savings

in T ∫
R
ζ(1

2
+ α + it)ζ(1

2
+ it)ζ(1

2
+ β − it)ζ(1

2
− it)|A(1

2
+ it)|2ϕ(t/T )dt

=
1

4(2πi)4

∮
|zj |=3j/ log T

A(z1, z2,−z3,−z4)G(z1, z2,−z3,−z4)∆(z1, z2, z3, z4)
2

×

∫
R

(
t

2π

) z1+z2−z3−z4−α−β
2

ϕ(t/T )dt

 4∏
m=1

dzm
z2m(zm − α)(zm + β)

,

where ∆(z1, z2, z3, z4) =
∏

1≤j<k≤4(zk − zj) is the Vandermonde determinant and

A(z1, z2, z3, z4) =
ζ(1 + z1 + z3)ζ(1 + z1 + z4)ζ(1 + z2 + z3)ζ(1 + z2 + z4)

ζ(2 + z1 + z2 + z3 + z4)
.

Now differentiating with respect to α and β and then setting α = β = 0 gives up to

a power savings in T

Ĩ(2)(T ) =
1

4(2πi)4

∮
|zj |=3j/ log T

A(z1, z2,−z3,−z4)G(z1, z2,−z3,−z4)∆(z1, z2, z3, z4)
2

×
[ ∫

R

(
z21z

2
2z

2
3z

2
4

(
log

t

2π

)2

− (z1z2z3 + z1z2z4 + z1z3z4 + z2z3z4)
2

)

×
(
t

2π

) z1+z2−z3−z4
2

ϕ(t/T )dt

] 4∏
m=1

dzm
z6m

.

Now to deduce the claim, notice that

A(z1, z2,−z3,−z4) ≪ (log T )4, ∆(z1, z2, z3, z4)
2 ≪ (log T )−12,

∫
R

(
z21z

2
2z

2
3z

2
4

(
log

t

2π

)2

− (z1z2z3 + z1z2z4 + z1z3z4 + z2z3z4)
2

)

×
(
t

2π

) z1+z2−z3−z4
2

ϕ(t/T )dt≪ T (log T )−6

for |zj| = 3j/ log T and t ∈ [3T/4, 9T/4]. As in the previous proof, the analysis for

the Z function is simpler, and the same bound holds.
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2.4 Proof of Propositions 2.2.3 and 2.2.4

The proofs of Propositions 2.2.3 and 2.2.4 are straightforward modifications of the

proof of Proposition 3 in [52]. In fact we will see that Proposition 2.2.4 is an immediate

consequence of Lemma 2.3.2 and a bound for G(z1, z2, z3, z4) proven in [52]. This will

then conclude the proof of Theorem 2.1.1.

Proof of Proposition 2.2.3. We will apply Lemma 2.3.1 to the Dirichlet polynomials∏
2≤j≤ℓ

Nj(s; k − 1)

and ( ∏
2≤j<v

Nj(
1
2

+ it; k − 1)

)
Pv(

1
2

+ it)r.

By multiplicativity, it suffices to bound the sums∑
p|mn⇒Tj−1≤p<Tj

Ω(m),Ω(n)≤500Pj

(k − 1)Ω(m)+Ω(n)g(n)g(m)

[n,m]
· (m,n)z1+z2

mz1nz2
(2.6)

arising from the Nj(s; k − 1) terms and∑
p|mn⇒Tv−1≤p<Tv

Ω(m)=Ω(n)=r

r!2g(n)g(m)

[n,m]
· (m,n)z1+z2

mz1nz2
(2.7)

coming from the Pv(
1
2

+ it)r term. In both cases, we will use the estimate

(m,n)z1+z2

mz1nz2
≪ 1,

which holds under the assumptions |zj| ≤ 9/ log T and m,n ≤ T 1/20.

First we handle (2.6). We drop the condition Ω(m),Ω(n) ≤ 500Pj using Rankin’s

trick: Since |k−1| ≤ 1 and exp(Ω(m) + Ω(n)−500Pj) ≥ 1 when either Ω(m) or Ω(n)

is larger than 500Pj, the terms with either Ω(m) or Ω(n) exceeding 500Pj contribute

an error of size at most

e−500Pj

∑
p|mn⇒Tj−1≤p<Tj

((k − 1)e)Ω(n)+Ω(m)

[n,m]

≪ e−500Pj

∏
Tj−1≤p<Tj

(
1 +

e+ e+ e2

p
+O

(
1

p2

))
≪ e−100Pj .
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Now write ∑
p|mn⇒Tj−1≤p<Tj

(k − 1)Ω(n)+Ω(m)g(n)g(m)

[n,m]

=
∏

Tj−1≤p<Tj

(
1 +

2(k − 1) + (k − 1)2

p
+O

(
1

p2

))

=
∏

Tj−1≤p<Tj

(
1 +

k2 − 1

p
+O

(
1

p2

))
.

Therefore by Lemma 2.3.1 we conclude that the integral in (2.2) is

≪ T (log T )3
∏

2≤j≤ℓ ∏
Tj−1≤p<Tj

(
1 +

k2 − 1

p
+O

(
1

p2

))
+O(e−100Pj)


≪ T (log T )k

2+2.

Now we handle the sums (2.7). Write

∑
p|mn⇒Tv−1≤p<Tv

Ω(m)=Ω(n)=r

r!2g(n)g(m)

[n,m]
≤ r!2

r∑
j=0

∑
p|d⇒Tv−1≤p<Tv

Ω(d)=j

1

d

( ∑
p|n⇒Tv−1≤p<Tv

Ω(n)=r−j

g(nd)

n

)2

.

By the inequalities
(
r
j

)
≤ 2r and g(nd) ≤ g(n)g(d), we may further bound this by

r!2
r∑

j=0

(
1

j!
P j
v

)(
1

(r − j)!
P r−j
v

)2

= r!P r
v

r∑
j=0

(
r

j

)
P r−j
v

(r − j)!
≤ 2rr!P r

v exp(Pv)

The claim now readily follows by Lemma 2.3.1.

Proof of Proposition 2.2.4. This is a direct consequence of Lemma 2.3.2 and the proof

of Proposition 3 of [52], where it is shown in the first case that

max
|zj |=3j/ log T

|G(z1, z2, z3, z4)| ≪ T (log T )k
2−4,

and in the second case that

max
|zj |=3j/ log T

|G(z1, z2, z3, z4)| ≪ (log Tv−1)
k2−4 (18rr!P r

v exp(Pv)) .
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Chapter 3

Joint moments II

3.1 Introduction

This chapter contains joint work with André Heycock. We will provide upper and

lower bounds for joint moments of the Riemann zeta function in a larger range than

that obtained in the previous chapter. Our primary aim is to prove the following

result.

Theorem 3.1.1. If 0 ≤ h ≤ k ≤ 2 then∫ 2T

T

|ζ(1
2

+ it)|2k−2h|ζ ′(1
2

+ it)|2h dt≪ T (log T )k
2+2h.

Remark. The method here can be generalized in a straightforward manner to provide

sharp bounds for the joint moments of the (2k−2h)th power of ζ with the 2hth power

of ζ(n) for all natural numbers n, but we focus on the case of n = 1 for simplicity.

We will also extend the bound to all 0 ≤ h ≤ k assuming the Riemann hypothesis.

Our proof easily generalizes to give upper bounds for joint moments of zeta with its

higher order derivatives.

Theorem 3.1.2. Suppose that k ≥ 1/2, hj ≥ 0 for 1 ≤ j ≤ m, and h1+ · · ·+hm ≤ k.

Then∫ 2T

T

|ζ(1
2

+ it)|2k−2
∑m

j=1 hj

m∏
j=1

|ζ(j)(1
2

+ it)|2hj dt≪k,hj
T (log T )k

2+2
∑m

j=1 jhj ,

where we assume the Riemann hypothesis when k > 2.

The upper bound in Theorem 3.1.2 is the same order of magnitude one would predict

using random matrix theory. This result also likely holds without the restriction

k ≥ 1/2, but our proof fails because x 7→ x2k is not convex for k < 1/2. The case
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of integral joint moments of a product of two derivatives of characteristic random

unitary matrices has been extensively studied by Keating and Wei [63, 64].

Combining Theorems 3.1.1 and 3.1.2, we have upper bounds of the expected order

for all 0 ≤ h ≤ k assuming the Riemann hypothesis. We also obtain lower bounds

for all k ≥ 0 and 0 ≤ h ≤ k + 1
2
, so the upper bounds are of the correct order.

Theorem 3.1.3. If k ≥ 0 and 0 ≤ h ≤ k + 1
2

then∫ 2T

T

|ζ(1
2

+ it)|2k−2h|ζ ′(1
2

+ it)|2h dt≫k,h T (log T )k
2+2h.

We will begin by showing that Theorem 3.1.3 is a short consequence of the lower

bounds for the 2kth moments of zeta for k ≥ 0 obtained by Heap and Soundararajan

[53]. The argument we give is essentially the same argument used in Conrey’s [24]

proof of the explicit lower bound∫ 2T

T

|ζ(1
2

+ it)|3|ζ ′(1
2

+ it)| dt ≥ (1 + o(1))
173

672π2
T (log T )5.

Since obtaining good implicit constants is not our concern, a slightly simpler version

of the argument in [24] will suffice.

We will then move onto proving the upper bounds. The proof of Theorem 3.1.1

splits into two cases. Using Hölder’s inequality, it suffices to prove Theorem 3.1.1

first in the case where 1 ≤ h ≤ k ≤ 2, and then in the case where 0 ≤ h ≤ k ≤ 1.

When 1 ≤ h ≤ k ≤ 2, we will represent the derivative of zeta by a contour integral

and can use Hölder’s or Jensen’s inequality to essentially bound the joint moments by

(log T )2h times the 2kth moment of zeta. The argument here is similar to one in work

of Milinovich [72] on moments of derivatives of zeta, and the proof fails for small h

because x 7→ x2h is not convex when h < 1/2. We will use this same technique to

prove Theorem 3.1.2.

To prove Theorem 3.1.1 when 0 ≤ h ≤ k ≤ 1, we will use the work of Heap,

Radziwi l l, and Soundararajan [52] to bound the (2k − 2h)th power of zeta by the

square of zeta times the exponential of a Dirichlet polynomial plus the exponential

of another Dirichlet polynomial. A key difference between our method and the one

in [52] is that we will first decompose the interval [T, 2T ], and then apply a separate

interpolation inequality on each piece of the decomposition. This trick allows us

to circumvent the issue of bounding non-integer moments of Dirichlet polynomials.

Finally we will bound the exponentials of Dirichlet polynomials using the method in

[52] to reduce our theorem to a variety of twisted moment calculations, all of which

are essentially computed in either [52] or in the previous section.
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3.2 Lower Bounds: Proof of Theorem 3.1.3

We begin by writing ∫ 2T

T

|ζ(1
2

+ it)|2k−2h|ζ ′(1
2

+ it)|2h dt

=

∫ 2T

T

|ζ(1
2

+ it)|2k
(∣∣∣∣Re

ζ ′

ζ
(1
2

+ it)

∣∣∣∣2 +

∣∣∣∣Im ζ ′

ζ
(1
2

+ it)

∣∣∣∣2
)h

dt.

It is a standard consequence of Stirling’s approximation and the functional equation

that

Re
ζ ′

ζ
(1
2

+ it) = −1

2
log

t

2π
+O(|t|−1).

Therefore for large T∫ 2T

T

|ζ(1
2

+ it)|2k−2h|ζ ′(1
2

+ it)|2h dt≫ (log T )2h
∫ 2T

T

|ζ(1
2

+ it)|2k dt.

Theorem 3.1.3 now follows after an application of the main theorem in [53].

3.3 Unconditional Upper Bounds

3.3.1 Proof of Theorem 3.1.1: h ≥ 1 case

The starting point of the proof is the formula

ζ ′(s) =
1

2πi

∫
|z|=1/ log T

ζ(s+ z)

z2
dz.

A couple of applications of Hölder’s inequality give∫ 2T

T

|ζ(1
2

+ it)|2k−2h|ζ ′(1
2

+ it)|2h dt

≪
∫ 2T

T

|ζ(1
2

+ it)|2k−2h

(∫
|z|=1/ log T

|ζ(1
2

+ it+ z)|
|z|2

d|z|
)2h

dt

≪ (log T )2h max
|z|=1/ log T

∫ 2T

T

|ζ(1
2

+ it)|2k−2h|ζ(1
2

+ it+ z)|2h dt

≪ (log T )2h max
|z|=1/ log T

(∫ 2T

T

|ζ(1
2

+ it)|2k dt
)1−h/k (∫ 2T

T

|ζ(1
2

+ it+ z)|2k dt
)h/k

.

The first integral may be bounded by ≪ T (log T )k
2

by Theorem 1 of [52]. The second

integral may also be bounded by ≪ T (log T )k
2

uniformly in |z| = 1/ log T . To see this,

we may reduce to the case that Re z ≥ 0 by using the functional equation (see Lemma
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22 of [4]). The claim now follows from combining Theorem 1 of [52] and Theorem

7.1 of [86] with Theorem 2 of [43]. While Theorem 2 of Gabriel’s paper [43] only

holds for functions analytic in a strip, we may still use his result by approximating

the indicator function of the rectangle 1/2 ≤ σ ≤ 3/2, T ≤ t ≤ 2T by a suitable

analytic function, see Lemma 3.5 of [6]. Alternatively, one may show this follows by a

straightforward modification of the argument in [52]. This concludes the proof when

h ≥ 1, and in fact when h ≥ 1/2.

3.3.2 Proof of Theorem 3.1.1: h ≤ k ≤ 1 case

We will first set up our notation. Set T0 = 1,

Tj := exp

(
log T

(logj+1 T )2

)
for j ≥ 1, and

J := max
{
j : logj T ≥ 105

}
.

For 1 ≤ j ≤ J set

Pj(s) :=
∑

Tj−1<p≤Tj

1

ps
, Pj :=

∑
Tj−1<p≤Tj

1

p
.

Next define the Dirichlet polynomials

Nj(s; β) =
∑

p|n⇒p∈(Tj−1,Tj ]
Ω(n)≤10Kj

βΩ(n)g(n)

ns
,

where |β| ≤ 1,

Kj := 50Pj and g(n) =
∏
pr∥n

1
r!
.

Note Nj(s; β) is a Dirichlet polynomial of length ≤ T
500Pj

j , so
∏

j≤J Nj(s; β) has

length at most T 500P1
1 T 500P2

2 · · ·T 500PJ
J ≤ T 1/20.

We will decompose the interval [T, 2T ] depending on the sizes of the Pj(s). Define

the good set

G :=
{
t ∈ [T, 2T ] : |Pj(

1
2

+ it)| ≤ Kj for all j ≤ J
}
,

and the bad sets

Br := {t ∈ [T, 2T ] : |Pj(
1
2

+ it)| ≤ Kj for all 1 ≤ j < r but |Pr(
1
2

+ it)| > Kr}.
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A similar decomposition occurs in the work of Harper [50] and also occurs implicitly

in the work of Radziwi l l and Soundararajan [83] and related papers [34, 52, 53].

In our argument, it will be important to keep careful track of which values t are

good or bad because we will use a separate interpolation inequality on each set of

our partition of [T, 2T ]. This will allow us to avoid having to calculate non-integer

moments of Dirichlet polynomials. While we could compute non-integer moments

in the same manner as Heap and Soundararajan do in [53], circumventing these

calculations will simplify our proof. Throughout we will use the following lemmata,

which are essentially contained in Proposition 1 of [52].

Lemma 3.3.1. For 0 ≤ β ≤ 1 and r ≤ J + 1,

|ζ(s)|2β ≪ |ζ(s)|2 exp

(
(2β − 2)

∑
j<r

Re Pj(s)

)
+ exp

(
2β
∑
j<r

Re Pj(s)

)
.

Proof. This is an immediate consequence of Young’s inequality xy ≤ xp/p+ yq/q for

x, y ≥ 0 and conjugate exponents p, q > 1, noting that the result is trivial when β is

0 or 1.

Lemma 3.3.2. If |β| ≤ 1, j ≤ J and |Pj(s)| ≤ Kj, then

exp (2βRe Pj(s)) = (1 +O(e−Pj))−1|Nj(s; β)|2.

Proof. First note that if |z| ≤ X/10, then |ez −
∑X

j=0
zj

j!
| ≤ e−X . Therefore we find

that

|exp(βPj(s)) −Nj(s; β)| ≤ e−10Kj

since |βPj(s)| ≤ Kj. Therefore

exp (2βRe Pj(s)) = | exp(βPj(s))|2 = |Nj(s; β) + θe−10Kj |2

where θ denotes a quantity depending on s with |θ| ≤ 1. Finally by assumption

| exp(βPj(s))| ≥ e−Kj and therefore also |Nj(s; β)| ≥ e−2Kj , so we may turn the

additive error into a multiplicative error.

The proof of Theorem 3.1.1 for 0 ≤ h ≤ k ≤ 1 will follow from the bounds∫
G
|ζ(1

2
+ it)|2k−2h|ζ ′(1

2
+ it)|2h dt≪ T (log T )k

2+2h

and ∫
Br

|ζ(1
2

+ it)|2k−2h|ζ ′(1
2

+ it)|2h dt≪ T (log T )k
2+2he−10Pr
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after summing over 1 ≤ r ≤ J . To bound joint moments over the good set, we will

apply Lemma 3.3.1 with r = J + 1:∫
G
|ζ(1

2
+it)|2k−2h|ζ ′(1

2
+ it)|2h dt

≪
∫
G
|ζ(1

2
+ it)|2|ζ ′(1

2
+ it)|2h exp

(
2(k − h− 1)

∑
j≤J

Re Pj(
1
2

+ it)

)
dt

+

∫
G
|ζ ′(1

2
+ it)|2h exp

(
2(k − h)

∑
j≤J

Re Pj(
1
2

+ it)

)
dt.

Now applying Hölder’s inequality, then Lemma 3.3.2, and finally extending the range

of integration to all of [T, 2T ] for both summands we find∫
G
|ζ(1

2
+it)|2k−2h|ζ ′(1

2
+ it)|2h dt

≪
(∫ 2T

T

|ζ(1
2

+ it)|2|ζ ′(1
2

+ it)|2
∏
j≤J

|Nj(
1
2

+ it; k − 2)|2 dt
)h

(3.1)

×
(∫ 2T

T

|ζ(1
2

+ it)|2
∏
j≤J

|Nj(
1
2

+ it; k − 1)|2 dt
)1−h

(3.2)

+

(∫ 2T

T

|ζ ′(1
2

+ it)|2
∏
j≤J

|Nj(
1
2

+ it; k − 1)|2 dt
)h

(3.3)

×
(∫ 2T

T

∏
j≤J

|Nj(
1
2

+ it; k)|2 dt
)1−h

. (3.4)

Here we have used that
∏

j≤J(1 + O(e−Pj)) = O(1). The order in which we apply

Hölder’s inequality and Lemma 3.3.2 is crucial here, for when the dust settles all of

the Dirichlet polynomials are simply raised to the power two.

The moments over the sets Br are handled in a completely analogous manner. The

only differences are that we apply Lemma 3.3.1 with the sum truncated at r instead

of J + 1 and that we multiply the integrand by |Pr(s)/50Pr|2⌈50Pr⌉ before extending
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the range of integration to all of [T, 2T ]. The corresponding inequality obtained is∫
Br

|ζ(1
2
+it)|2k−2h|ζ ′(1

2
+ it)|2h dt

≪
(∫ 2T

T

|ζ(1
2

+ it)|2|ζ ′(1
2

+ it)|2
∏
j<r

|Nj(
1
2

+ it; k − 2)|2
∣∣∣∣Pr(s)

50Pr

∣∣∣∣2⌈50Pr⌉

dt

)h

(3.5)

×
(∫ 2T

T

|ζ(1
2

+ it)|2
∏
j<r

|Nj(
1
2

+ it; k − 1)|2
∣∣∣∣Pr(s)

50Pr

∣∣∣∣2⌈50Pr⌉

dt

)1−h

(3.6)

+

(∫ 2T

T

|ζ ′(1
2

+ it)|2
∏
j<r

|Nj(
1
2

+ it; k − 1)|2
∣∣∣∣Pr(s)

50Pr

∣∣∣∣2⌈50Pr⌉

dt

)h

(3.7)

×
(∫ 2T

T

∏
j<r

|Nj(
1
2

+ it; k)|2
∣∣∣∣Pr(s)

50Pr

∣∣∣∣2⌈50Pr⌉

dt

)1−h

. (3.8)

Thus the problem is reduced to a handful of twisted moment or mean value calcula-

tions. Since all the Dirichlet polynomials appearing have length at most T 1/4−ε we

may bound (3.1) and (3.5) with Proposition 2.2.4 in Chapter 2, and we may bound

(3.3) and (3.7) with Proposition 2.2.3 in Chapter 2 (while these propositions are only

stated for 1 ≤ k ≤ 2, they are still valid in the range 0 ≤ k ≤ 2). We may bound

(3.4) and (3.8) with Proposition 2 of [52], and we may bound (3.2) with Proposition

2 of [53]. The only moment left to evaluate is (3.6), which can be quickly computed

using the formulae in the preceding chapter. Before we proceed with the calculation,

given a Dirichlet polynomial A(s) =
∑

h≤T θ ahh
−s with θ < 1/2, define

F (z1, z2) =
∑

h,k≤T θ

ahak
[h, k]

(h, k)z1+z2

hz1kz2
.

Proposition 3.3.3. For 1 ≤ r ≤ J ,∫ 2T

T

|ζ(1
2

+ it)|2
∏
j<r

|Nj(
1
2

+ it; k − 1)|2
∣∣∣∣Pr(s)

50Pr

∣∣∣∣2⌈50Pr⌉

dt≪ e−10PrT (log T )k
2

. (3.9)

Proof. If one takes ϕ(t) to be a smooth majorant of 1[1,2] supported on [1/2, 3/2],

the proof of lemma 2.3.1 in Chapter 2 shows that for a Dirichlet polynomial A(s) of

length ≤ T 1/2−ε satisfying ah ≪ε h
ε∫ 2T

T

|ζ(1
2

+ it)|2|A(1
2

+ it)|2 dt≪ T log T max
|z1|,|z2|≍1/ log T

|F (z1, z2)|.

We wish to apply this to study the Dirichlet polynomial(∏
j<r

Nj(
1
2

+ it; k − 1)

)
Pr(s)

⌈50Pr⌉.
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Now we may simply note that in the proof of Proposition 2.2.3 in Chapter 2, it is

shown for this choice of Dirichlet polynomial that |F (z1, z2)| is of order at most

∏
j<r

 ∏
Tj−1<p≤Tj

(
1 +

k2 − 1

p
+O

(
1

p2

))
+O(e−100Pj)

×2⌈50Pr⌉⌈50Pr⌉!P ⌈50Pr⌉
r exp(Pr)

uniformly in |zj| ≍ 1/ log T . The claim now follows from Mertens’ estimates and

Stirling’s approximation.

We now have all the necessary estimates to prove Theorem 3.1.1.

Proof of Theorem 3.1.1. Combining Proposition 3.3.3 with the aforementioned bounds

in [52, 53] and Chapter 2, we see that the integral over the G satisfies∫
G
|ζ(1

2
+ it)|2k−2h|ζ ′(1

2
+ it)|2h dt≪

(
T (log T )k

2+2
)h (

T (log T )k
2
)1−h

≪ T (log T )k
2+2h.

Similarly for each 1 ≤ r ≤ J , an application of Stirling’s approximation gives∫
Br

|ζ(1
2

+ it)|2k−2h|ζ ′(1
2

+ it)|2h dt

≪
(
T (log T )k

2+2e−10Pr

)h (
T (log T )k

2

e−10Pr

)1−h

≪ T (log T )k
2+2he−10Pr .

The claim now follows since G and Br partition [T, 2T ] while
∑

r≤J e
−10Pr = O(1).

3.4 Conditional upper bounds

We will now prove Theorem 3.1.2. This is essentially the same as the proof of Theorem

3.1.1 when h ≥ 1/2. For simplicity we will write h = h1 + · · · + hm. First, apply

Hölder’s inequality to separate out each derivative:∫ 2T

T

|ζ(1
2

+ it)|2k−2h

m∏
j=1

|ζ(j)(1
2

+ it)|2hj dt

≪
(∫ 2T

T

|ζ(1
2

+ it)|2k dt
)1−h/k

×
m∏
j=1

(∫ 2T

T

|ζ(j)(1
2

+ it)|2k dt
)hj/k

. (3.10)

The result then follows once we show that, for any fixed j ∈ Z>0∫ 2T

T

|ζ(j)(1
2

+ it)|2k dt≪ T (log T )k
2+2jk. (3.11)
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For t ∈ [T, 2T ] we have that

ζ(j)(1
2

+ it) =
j!

2πi

∮
|z|=1/ log T

ζ(1
2

+ it+ z)

zj+1
dz.

Applying this to the moment in (3.11) and arguing as in Section 3.3.1 yields∫ 2T

T

|ζ(j)(1
2

+ it)|2k dt≪ (log T )2jk
∫ 2T

T

∣∣∣∣∮
|z|=1/ log T

|ζ(1
2

+ it+ z)| d|z|
|z|

∣∣∣∣2k dt

≪ (log T )2jk max
|z|=1/ log T

∫ 2T

T

|ζ(1
2

+ it+ z)|2k dt,

with the penultimate step by Hölder’s inequality. Finally, the shifted moments is

≪ T (log T )k
2

uniformly in z. This again uses the corresponding argument in Section

3.3.1, appealing to Harper’s bound [50] for the range k > 2 instead of Theorem 1

in [52]. Inserting these bounds into the right hand side of (3.10) proves Theorem

3.1.2.
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Chapter 4

Moments of moments and
correlations of zeta

4.1 Introduction

While relatively little is known unconditionally about the moments of zeta for β > 2,

in recent literature there has been interest in moments and the value distribution of

zeta in short intervals on the critical line. Instead of studying zeta along an interval

[T, 2T ], one instead chooses a point t ∈ [T, 2T ] uniformly at random and then tries to

understand the typical behavior of the moments or maximum of zeta in the shorter

interval [t− 1, t + 1], say. The question of the maximum of zeta in short intervals is

the subject of the Fyodorov-Hiary-Keating conjecture [41, 42], which predicts that if

t is chosen uniformly at random from [T, 2T ] then as T → ∞

P
(

max
|h|≤1

|ζ(1
2

+ it+ ih)| > ey
log T

(log log T )3/4

)
→ 1 − F (y), (4.1)

where F (y) is a cumulative distribution function with tail decay 1−F (y) ≍ ye−2y as

y → ∞. The fraction 3
4

and the tail decay are manifestations of correlations of nearby

shifts of zeta. If the shifts were independent, probabilistic heuristics would predict

a 1
4

in place of 3
4

and a tail decay of e−2y instead of ye−2y. An analogous conjecture

is known to hold for the circular-β ensemble in the random matrix setting– see the

work of Paquette and Zeitouni [78, 79]. The current state of the art on this problem

is the work of Arguin, Bourgade, and Radziwi l l [4, 5] which, among other results,

shows that

P
(

max
|h|≤1

|ζ(1
2

+ it+ ih)| > ey
log T

(log log T )3/4

)
≍ ye−2y−y2/ log log T

for y ≪ log log T/ log log log T . For fixed y, this gives a tail bound of the conjectured

order as T → ∞.
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Moments of zeta in short intervals were also recently studied by Fyodorov and

Keating [42] followed by Arguin, Ouimet, and Radziwi l l [6]. The problem now is to

understand the behavior of the short moments or the partition function∫
|h|≤(log T )θ

|ζ(1
2

+ it+ ih)|2βdt (4.2)

where θ > −1 and t is chosen uniformly at random from [T, 2T ]. The typical behavior

of these short moments was investigated by Fyodorov and Keating [42] when θ = 0

using random matrix theory. The typical behavior of these moments for all θ > −1

was determined by Arguin, Ouimet, and Radziwi l l [6]. One particularly interesting

conclusion of the analysis is that there is a so-called freezing transition as one varies

the parameter β. More precisely, for fixed θ > −1 there is a critical value βc(θ)

such that when β < βc(θ), the moments (4.2) are governed by the typical values of

ζ(1
2

+ it), yet when β > βc(θ) the moments (4.2) are dominated by just a few large

values of ζ(1
2

+ it).

Here we will not be interested in the typical values of the moments (4.2), but

instead the extreme values. More precisely, we will investigate the k = 2 case of the

so-called moments of moments of zeta:

MoMT (k, β) :=
1

T

∫ 2T

T

( ∫
|h|≤(log T )θ

|ζ(1
2

+ it+ ih)|2β dh
)k

dt

where β ≥ 0 and θ > −1. In other terms, we are interested in the variance of the

moments (4.2). The problem of moments of moments was first studied by Fyodorov,

Hiary, and Keating in the random matrix setting [41, 42], who conjectured asymp-

totics for

MoMU(N)(k, β) :=

∫
U(N)

(
1

2π

∫ 2π

0

|PN(A, θ)|2βdθ
)k

dA

as N → ∞, where dA is the Haar measure on the unitary group U(N) of size N and

PN(A, θ) := det(I − Ae−iθ) is the characteristic polynomial of A. There has been

a lot of recent progress on these conjectures, and it has now been proven that (see

[7, 12, 22, 39]) for β ≥ 0 and k ∈ N that

MoMU(N)(k, β) ∼

{
A(k, β)Nkβ2

k < 1/β2

B(k, β)Nk2β2−k+1 k > 1/β2

for certain constants A(k, β), B(k, β) as N → ∞. For k ≥ 2, the transition at the

critical exponent β = 1/
√
k was analyzed by Keating and Wong [65], who showed

MoMU(N)(1/β
2, β) ∼ DβN logN
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for certain explicit constants Dβ that also appear in the theory of Gaussian multi-

plicative chaos.

In the case θ = 0, the random matrix philosophy of Keating and Snaith [61] leads

us to the prediction that if k ≥ 2 is an integer and β ≥ 0 then

MoMT (k, β) ∼


A′(k, β)(log T )kβ

2
k < 1/β2

B′(k, β)(log T )(log log T ) k = 1/β2

C ′(k, β)(log T )k
2β2−k+1 k > 1/β2

for certain constants A′(k, β), B′(k, β), C ′(k, β) as T → ∞. These conjectures were

also shown to hold for β, k ∈ N by Bailey and Keating [13] assuming the standard

conjectures on shifted moments of zeta due to Conrey, Farmer, Keating, Rubinstein,

and Snaith [26]. These asymptotics do not however include the critical or subcritical

regimes where β ≤ 1/
√
k.

The goal of this chapter is to provide upper and lower bounds of the expected

order of magnitude in the case k = 2 and non-integer β. In particular we will show

that there is indeed a phase transition at β = 1√
2
, although this transition occurs

in the sub leading order terms when θ > 0. The starting point of the method is to

rewrite the integral as

MoMT (2, β) =
1

T

∫∫
|h1|,|h2|≤(log T )θ

∫ 2T

T

|ζ(1
2

+ it+ ih1)ζ(1
2

+ it+ ih2)|2β dt dh1 dh2. (4.3)

Therefore we can understand MoMT (2, β) by understanding the correlation structure

of zeta in short intervals and then integrating over all of the possible shifts h1, h2.

Morally, we will find that if |h1 − h2| ≪ 1/ log T then

1

T

∫ 2T

T

|ζ(1
2

+ it+ ih1)ζ(1
2

+ it+ ih2)|2β dt ≈ (log T )4β
2

,

while when |h1 − h2| ≫ 1/ log T that

1

T

∫ 2T

T

|ζ(1
2

+ it+ ih1)ζ(1
2

+ it+ ih2)|2β dt ≈ (log T )2β
2|ζ(1 + i(h1 − h2))|2β

2

.

So ζ(1
2

+ it+ ih1) and ζ(1
2

+ it+ ih2) decorrelate as |h1 − h2| grows. Indeed one may

see that the factor of |ζ(1 + i(h1 − h2))|2β
2

is bounded on average by computing the

moments of zeta on the one line. A similar correlation structure for log |ζ(1
2

+ it)|
was proven by Bourgade [19], and this correlation structure is what gives rise to the

phase transition at β = 1/
√

2. However as we look at larger shifts, we also see that a
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large value of ζ(1 + ih) on the one line will cause ζ(1
2

+ it) and ζ(1
2

+ it+ ih) to have

an unusually large average correlation.

For β = 1, an asymptotic formula for MoMT (2, 1) as T → ∞ is obtained work

of Kovaleva, which also studies the fourth moment of zeta with shifts as large as

T 3/2−ε [67]. However, this asymptotic does not address the particularly interesting

critical case β = 1/
√

2. The author has also studied more general shifted moments

introduced by Chandee [21]

Mα,β(T ) =
1

T

∫ 2T

T

m∏
k=1

|ζ(1
2

+ i(t+ αk))|2βkdt

where α = α(T ) = (α1, . . . , αm) and β = (β1 . . . , βm) satisfy |αk| ≤ T/2 and βk ≥
0. In the final two chapters of this thesis, the author will show that assuming the

Riemann hypothesis

Mα,β(T ) ≍β (log T )β
2
1+···+β2

m

∏
1≤j<k≤m

|ζ(1 + 1/ log T + i(αj − αk))|2βjβk .

Using this result, one may obtain sharp conditional bounds for MoMT (k, β) whenever

β ≥ 0 and k is an integer.

To unconditionally obtain upper bounds for MoMT (2, β) when β is not an integer,

we will use a principle pioneered in works of Heap, Radziwi l l, and Soundararajan [52]

and Radziwi l l and Soundararajan [83]; to obtain lower bounds we will use a principle

in the works of Heap and Soundararajan [53] and Radziwi l l and Soundararajan [82].

Overall, these works demonstrate that if one can asymptotically evaluate the twisted

2kth moment of a family of L-functions for some k > 0, then one can obtain upper

bounds of the correct order for the 2βth moment in that family when β ≤ k as well

as sharp lower bounds for all β ≥ 0. This method has been used to give conjecturally

sharp upper and lower bounds for moments of several families of L-functions; see

[34, 52, 53, 82, 83] for example.

The first task will be to establish the corresponding twisted fourth moment formula

with unbounded shifts, which will follow from some minor modifications to the work

of Hughes and Young [57]. We may then follow the principle of [52] and [83] to

establish sharp upper bounds for MoMT (2, β) for all β ≤ 1, and lower bounds for all

β ≥ 0.

Theorem 4.1.1. Let −1 < θ ≤ 0. If 0 ≤ β < 1/
√

2 then

MoMT (2, β) ≪ 1

1 − 2β2
(log T )2β

2(1−θ)+2θ.
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For 1/
√

2 < β ≤ 1

MoMT (2, β) ≪ 1

2β2 − 1
(log T )4β

2+θ−1,

and for β = 1/
√

2

MoMT (2, 1√
2
) ≪ (1 + θ)(log T )1+θ(log log T ).

Instead if θ > 0, then if 0 ≤ β ≤ min(
√

(1 + θ)/2, 1)

MoMT (2, β) ≪ (log T )2β
2+2θ +

1

1 − 2β2
(log T )2β

2+θ,

where the sub leading term is replaced by (1 + θ)(log T )1+θ(log log T ) if β = 1/
√

2. In

the case min((
√

1 + θ)/2, 1) ≤ β ≤ 1 we have

MoMT (2, β) ≪ 1

2β2 − 1
(log T )4β

2−1+θ.

All implied constants are absolute assuming T is taken sufficiently large in terms of

θ.

Remark. For θ > 0 and 0 ≤ β ≤ min(
√

(1 + θ)/2, 1), the sub leading order term can

be removed provided that T is sufficiently large in terms of β or if one allows the

implicit constant to depend on β. This technicality is necessary because the phase

transition occurs in the sub leading order terms of the second moment of moments.

Theorem 4.1.2. Let −1 < θ ≤ 0. If 0 ≤ β < 1/
√

2 then

MoMT (2, β) ≫β (log T )2β
2(1−θ)+2θ.

For β > 1/
√

2

MoMT (2, β) ≫β (log T )4β
2+θ−1,

and for β = 1/
√

2

MoMT (2, 1√
2
) ≫ (1 + θ)(log T )1+θ(log log T ).

Instead if θ > 0, then if 0 ≤ β ≤
√

(1 + θ)/2

MoMT (2, β) ≫β (log T )2β
2+2θ.

When β ≥
√

(1 + θ)/2, we have

MoMT (2, β) ≫β (log T )4β
2−1+θ,

where all implied constants depend only on β provided T is large enough in terms of

θ.
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Theorems 4.1.1 and 4.1.2 are consequences of the following result, which may be of

independent interest.

Theorem 4.1.3. If 0 ≤ β ≤ 1 and |h1|, |h2| ≤ T 1/2−ε then

1

T

∫ 2T

T

|ζ(1
2

+ it+ ih1)ζ(1
2

+ it+ ih2)|2β dt≪ε (log T )2β
2|ζ(1+ i(h1−h2)+1/ log T )|2β2

.

For all β ≥ 0 and |h1|, |h2| ≤ T/2

1

T

∫ 2T

T

|ζ(1
2
+it+ih1)ζ(1

2
+it+ih2)|2β dt≫β,ε (log T )2β

2|ζ(1+i(h1−h2)+1/ log T )|2β2

.

We will first establish the necessary twisted moment estimate in section 4.2. Subse-

quently we will prove Theorem 4.1.1 in section 4.3 and then Theorem 4.1.2 in section

4.4. We now introduce some notation we will use throughout this chapter. Given

some positive integer ℓ and parameters T0 < T1 < . . . < Tℓ, recall that 1 ≤ j ≤ ℓ

Pj(s) :=
∑

Tj−1<p≤Tj

p−s, Pj :=
∑

Tj−1<p≤Tj

p−1.

If Tℓ is chosen to be some small power of T , then the sum of all the Pj(s) will be a

good proxy for log |ζ(s)| on average [52, 53], and each Pj can be thought of as the

variance of each Pj(s) on the half line. Then given parameters Kj ≥ 0 for 1 ≤ j ≤ ℓ

let

Nj(s; β) :=

Kj∑
m=0

1

m!
(βPj(s))

m =
∑

p|n⇒p∈(Tj−1,Tj ]
Ω(n)≤Kj

βΩ(n)g(n)

ns

where g(n) is the multiplicative function such that g(pa) = 1/a!. Notice that Nj(s; β)

is simply a truncation of the series expansion for exp(βPj(s)). Since Pj(s) is a

reasonable proxy for log |ζ(s)|, if we choose parameters Kj to be large multiples of

the variances Pj then one might expect

N (s; β) :=
∏
j≤ℓ

Nj(s; β)

to behave like ζ(s)β on average on the half line. The main difficulty here is that if

the Pj(s) are unusually large for some bad set of s, then the series approximation for

exp(βPj(s)) will be weaker. Fortunately, such events are rare, and we can discard

the contribution of such bad s using the incremental structure of N (s; β).
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4.2 Twisted fourth moment with shifts

We will now introduce the relevant notation necessary to apply the main result of

Hughes and Young [57], and then mention the necessary modifications to obtain an

asympotic for larger shifts. Let

λ(s) = πs−1/2Γ((1 − s)/2)

Γ(s/2)
,

write σz1,z2(n) =
∑

ab=n a
−z1b−z2 for the generalized divisor sum functions, and for

the sake of concreteness let

G(s) = es
2

(
1 −

(
2s

α1 + α3

)2
)(

1 −
(

2s

α1 + α4

)2
)

×

(
1 −

(
2s

α2 + α3

)2
)(

1 −
(

2s

α2 + α4

)2
)
.

Given α = (α1, α2, α3, α4) denote πα = (α3, α4, α1, α2). Write

gα(s, t) =

Γ

(
1
2
+α1+s+it

2

)
Γ

(
1
2
+α2+s+it

2

)
Γ

(
1
2
+α3+s−it

2

)
Γ

(
1
2
+α4+s−it

2

)
Γ

(
1
2
+α1+it

2

)
Γ

(
1
2
+α2+it

2

)
Γ

(
1
2
+α3−it

2

)
Γ

(
1
2
+α4−it

2

) ,

Xα,t = λ(1
2

+ α1 + it)λ(1
2

+ α2 + it)λ(1
2

+ α3 − it)λ(1
2

+ α4 − it),

and

Vα(x, t) =
1

2πi

∫
(1)

G(s)

s
gα(s, t)x−sds.

By Stirling’s approximation (refer to the formula for κx,y(t) preceding (2.4) in [67]),

for |x|, |y| < T/2 and t ∈ [T, 2T ]

λ(1
2

+ it+ ix)λ(1
2
− it− iy) =

(
t+ x

2πe

)i(y−x)(
1 +O

(
|y − x|2

T

))
.

Therefore when |αj| ≤ T 1/2−ε for all j

Xα,t =

(
t

2πe

)−α1−α2−α3−α4 (
1 +O(T−ε)

)
.

It is here in the proof that we are forced to take shifts smaller than T 1/2−ε. An

additional application of Stirlings formula shows that for t ∈ [T, 2T ] and |αj| ≤ T/2
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for all j

gα(s, t) =

(
t+ Im α1

2

)s/2(
t+ Im α2

2

)s/2

×
(
t− Im α3

2

)s/2(
t− Im α4

2

)s/2 (
1 +O(|s|2/T )

)
.

Therefore Vα satisfies the decay estimate

tj
∂j

∂tj
Vα(x, t) ≪A,j (1 + |x|/t2)−A. (4.4)

We will make use of the following version of the approximate functional equation from

theorem 5.3 of [59]:

Lemma 4.2.1. Let t ∈ [T/4, 4T ], Re αj ≪ 1/ log T , and |Im αj| ≤ T/2 for all j.

Then for all A > 0

ζ(1
2

+ α1 + it)ζ(1
2

+ α2 + it)ζ(1
2

+ α3−it)ζ(1
2

+ α4 − it)

=
∑
m,n

σα1,α2(m)σα3,α4(n)√
mn

(m
n

)−it

Vα(π2mn, t)

+Xα,t

∑
m,n

σ−α3,−α4(m)σ−α1,−α2(n)√
mn

(m
n

)−it

V−πα(π2mn, t) +OA((1 + t)−A).

Finally, we set

Bz1,z2,z3,z4(n) =
∏
pm∥n

(∑
j≥0

σz1,z2(p
j)σz3,z4(p

j+m)

pj

)(∑
j≥0

σz1,z2(p
j)σz3,z4(p

j)

pj

)−1

,

A(z1, z2, z3, z4) =
ζ(1 + z1 + z3)ζ(1 + z1 + z4)ζ(1 + z2 + z3)ζ(1 + z2 + z4)

ζ(2 + z1 + z2 + z3 + z4)
,

and let

∆(z1, z2, z3, z4) =
∏

1≤j<k≤4

(zk − zj)

denote the Vandermonde determinant.

Theorem 4.2.2. Let w be a smooth non-negative function supported on [1/2, 4], and

Aα(s) =
∑
n≤T η

aα(n)

ns
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be a Dirichlet polynomial with η < 1/11 and aα(n) ≪ε nε. Then uniformly for

Re αj ≪ 1/ log T and |Im αj| ≤ T 1/2−ε∫
R
ζ(1

2
+ α1 + it)ζ(1

2
+ α2 + it)ζ(1

2
+ α3 − it)ζ(1

2
+ α4 − it)|Aα(1

2
+ it)|2w(t/T ) dt

=
1

4(2πi)4

∮
|zj−αj |≍1/ log T

A(z)∆(z1, z2,−z3,−z4)2Fα(z)

×
∫
R

(
t

2π

) z1+z2−z3−z4−α1−α2−α3−α4
2

w(t/T ) dt
∏
j≤4

∏
k≤4

dzj
(zj − αk)

+Oε(T
1−δ)

for some δ > 0, where z = (z1, z2, z3, z4), −πz = (−z3,−z4,−z1,−z2) and

Fα(z) =
∑

n,m≤T η

aα(n)aα(m)

[n,m]
Bz

(
n

(n,m)

)
B−πz

(
m

(n,m)

)
.

The proof of the preceding Theorem is essentially the same as the proof of the main

result of [57]. We now sketch the differences in the argument. During the set up

of the calculation in section 2 of [57], one first applies Lemma 4.2.1 to approximate

the product of shifted zeta functions by a Dirichlet polynomial, and then integrates

the resulting sum term by term (see (37) of [57]). There are only a few minor dif-

ferences. The first is that now in place of (40) and (41) of [57] we have the afore-

mentioned weaker approximations for Xα,t and gα section that hold uniformly for

Re αj ≪ 1/ log T and |Im αj| ≤ T 1/2−ε. These weaker approximations, however, are

still sufficient to carry out the proof without any further complications. The only

remaining differences in the calculation occur in the application of the delta method

in section 5 and 6 of [57]. Since the work of Duke, Friedlander, and Iwaniec [38] uses

the Weil bound for Kloosterman sums to control the error terms that arise, it only

matters that the real parts of the shifts are small. Therefore the rest of the calculation

in [57] is valid uniformly in the range of shifts considered here. The final difference

is that in place of (94) of [57], we must use the approximation

Γ(1
2
− α− s+ it)

Γ(1
2

+ γ + s+ it)
= t−α−γ−2s exp

(
πi

2
sgn(t)(−α− γ − 2s)

)
×
(

1 +

(
1 + |s+ α||s+ γ|

T

))
valid when t ∈ [T, 2T ] and |α|, |γ| ≤ T/2. Therefore theorem 1.1 of [57] is valid when

the shifts satisfy |αj| ≤ T 1/2−ε for some ε > 0. We can now rewrite the main term of

theorem 1.1 of [57] as the desired contour integral by applying lemma 2.5.1 of [26] as

done in [34] or [52].

48



4.3 Upper Bounds

To prove Theorem 4.1.1, we must estimate how zeta is correlated on average along

intervals of size (log T )θ. When the difference |h1−h2| is of size ≪ 1/ log T , one could

simply appeal to a 4βth moment bound for zeta and the Cauchy-Schwarz inequality

to obtain a bound of the right order of magnitude. To handle larger shifts, stronger

techniques are needed however since ζ(1
2

+ it+ ih1) and ζ(1
2

+ it+ ih2) decouple. We

will adapt the method of Heap, Radziwi l l, and Soundararajan [52] and use twisted

moments to efficiently estimate the correlation. Throughout this section we will select

the following parameters: take ℓ to be the largest integer so that logℓ T ≥ 105. Let

T0 = e2 and for 1 ≤ j ≤ ℓ take

Tj = exp

(
log T

(logj+1 T )2

)
and Kj = 500Pj for 1 ≤ j ≤ ℓ.

The first step will be to bound the integrand in (4.3) by products of integral

powers of zeta and Dirichlet polynomials following [52].

Proposition 4.3.1. For 0 ≤ β ≤ 1 and s, w ∈ C

|ζ(s)|2β|ζ(w)|2β ≪ |ζ(s)|2|ζ(w)|2
∏

1≤j≤ℓ

|Nj(s; β − 1)|2|Nj(w; β − 1)|2+

∏
1≤j≤ℓ

|Nj(s; β)|2|Nj(w; β)|2 +
∑

1≤v≤ℓ

(
|ζ(s)|2|ζ(w)|2

∏
1≤j<v

|Nj(s; β − 1)|2|Nj(w; β − 1)|2

+
∏

1≤j<v

|Nj(s; β)|2|Nj(w; β)|2
)(∣∣∣∣Pv(s)

50Pv

∣∣∣∣2⌈50Pv⌉

+

∣∣∣∣Pv(w)

50Pv

∣∣∣∣2⌈50Pv⌉
)
.

Proof. The claim is immediate if β is 0 or 1, so assume 0 < β < 1. Take 1 ≤ v ≤ ℓ

to be the smallest index such that either |Pv(s)| > 50Pv or |Pv(w)| > 50Pv, and set

v = ℓ + 1 if no such index exists. Applying Young’s inequality ab ≤ ap/p + bq/q for

conjugate exponents p = 1/β, q = 1/(1 − β) gives

|ζ(s)|2β|ζ(w)|2β
∏

1≤j<v

e2(1−β)(Re Pj(s)+Re Pj(w))

≪ |ζ(s)|2|ζ(w)|2 +
∏

1≤j<v

e2(Re Pj(s)+Re Pj(w)),

hence

|ζ(s)|2β|ζ(w)|2β

≪ |ζ(s)|2|ζ(w)|2
∏

1≤j<v

e2(β−1)(Re Pj(s)+Re Pj(w)) +
∏

1≤j<v

e2β(Re Pj(s)+Re Pj(w)).
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The next step is to expand the exponentials into Dirichlet polynomials. Since |Pj(s)| ≤
50Pj and |Pj(w)| ≤ 50Pj for j < v, lemma 1 of [52] furnishes the bound

|ζ(s)|2β|ζ(w)|2β ≪ |ζ(s)|2|ζ(w)|2
∏

1≤j<v

|Nj(s; β − 1)|2|Nj(w; β − 1)|2(1 − e−Pj)−2

+
∏

1≤j<v

|Nj(s; β)|2|Nj(w; β)|2(1 − e−Pj)−2.

To conclude, note that when 1 ≤ v ≤ ℓ we may multiply the right-hand side by∣∣∣∣Pv(s)

50Pv

∣∣∣∣2⌈50Pv⌉

+

∣∣∣∣Pv(w)

50Pv

∣∣∣∣2⌈50Pv⌉

≥ 1.

Since
∏

1≤j≤ℓ(1 − e−Pj)−2 ≤ 4, the claim follows by summing over 1 ≤ v ≤ ℓ+ 1.

Therefore proving Theorem 4.1.1 is now reduced to a handful of moment calcula-

tions. To simplify the notation, we will write

Nh1,h2,j(s; β) := Nj(s+ ih1; β)Nj(s+ ih2; β).

Proposition 4.3.2. If β ≤ 1 and |h1|, |h2| ≤ T 1/2−ε, then for large T

1

T

∫ 2T

T

|ζ(1
2

+ it+ ih1)ζ(1
2

+ it+ ih2)|2
∏

1≤j≤ℓ

|Nh1,h2,j(
1
2

+ it; β − 1)|2dt (4.5)

≪ε (log T )2β
2|ζ(1 + 1/ log T + i(h1 − h2))|2β

2

and for 1 ≤ v ≤ ℓ, k ∈ {1, 2} and 0 ≤ r ≤ ⌈50Pv⌉

1

T

∫ 2T

T

|ζ(1
2

+ it+ ih1)ζ(1
2

+ it+ ih2)|2

×
∏

1≤j<v

|Nh1,h2,j(
1
2

+ it; β − 1)|2|Pv(
1
2

+ i(t+ hk))|2rdt

≪ε (log T )2
(

(log Tv−1)
2

log T

)2β2−2

|ζ(1 + 1/ log T + i(h1 − h2))|2β
2

(18rr!P r
v exp(Pv)) .

Proposition 4.3.3. If β ≤ 1 and |h1|, |h2| ≤ T , then for large T

1

T

∫ 2T

T

∏
1≤j≤ℓ

|Nh1,h2,j(
1
2

+ it; β)|2dt≪ (log T )2β
2|ζ(1 + 1/ log T + i(h1−h2))|2β

2

(4.6)

and for 1 ≤ v ≤ ℓ, k ∈ {1, 2} and 0 ≤ r ≤ ⌈50Pv⌉

1

T

∫ 2T

T

∏
1≤j<v

|Nh1,h2,j(
1
2

+ it; β)|2|Pv(
1
2

+ i(t+ hk))|2rdt

≪ (log T )2β
2

|ζ(1 + 1/ log T + i(h1 − h2))|2β
2

(r!P r
v ) .
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Before embarking on the proofs of these propositions, we first show how to deduce

the upper bound in Theorem 4.1.3 and then Theorem 4.1.1.

Proof of Theorem 4.1.3: upper bound case. Propositions 4.3.1, 4.3.2, and 4.3.3 imply

1

T

∫ 2T

T

|ζ(1
2
+it+ ih1)ζ(1

2
+ it+ ih2)|2β dt

≪ε (log T )2β
2|ζ(1 + 1/ log T + i(h1 − h2))|2β

2

×
[
1 +

∑
1≤v≤ℓ

(
(logv T )4(2−2β2)18⌈50Pv⌉⌈50Pv⌉!P ⌈50Pv⌉

v exp(Pv)

(50Pv)2⌈50Pv⌉
+

⌈50Pv⌉!P ⌈50Pv⌉
v

(50Pv)2⌈50Pv⌉

)]
.

A quick calculation shows the sum over v is O(1), so the result follows.

Proof of Theorem 4.1.1. Split the range of integration in (4.3) depending on whether

|h1 − h2| < 1/ log T or |h1 − h2| ≥ 1/ log T . By the Laurent expansion for zeta near

1, the contribution of the region where |h1 − h2| < 1/ log T to the integral (4.3) is ≪
(log T )4β

2+θ−1, which is admissible. To handle the integral when |h1 − h2| ≥ 1/ log T ,

we treat the cases θ ≤ 0 and θ > 0 separately. When θ ≤ 0, applying the upper

bound in Theorem 4.1.3 the Laurent expansion for zeta gives the bound

MoMT (2, β) ≪ (log T )2β
2+θ

∫ 2(log T )θ

1/ log T

dh

h2β2 .

Therefore when θ ≤ 0 Theorem 4.1.1 immediately follows. When θ > 0, standard

estimates for the moments of zeta to the right of the one line [86, Theorem 7.9] now

show that

MoMT (2, β) ≪ (log T )2β
2+θ

∫ 1

1/ log T

dh

h2β2 + (log T )2β
2+2θ.

The implicit constant is absolute because β ≤ 1.

Proof of Proposition 4.3.2

We will apply Theorem 4.2.2 with α = (ih1, ih2,−ih1,−ih2) and w(t) a smooth

majorant of 1t∈[1,2] to the Dirichlet polynomials∏
1≤j≤ℓ

Nh1,h2,j(s; β − 1) (4.7)

and ∏
1≤j≤v

Nh1,h2,j(s; β − 1)Pv(
1
2

+ i(t+ hk))r (4.8)
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for k ∈ {1, 2}. By our choice of parameters both of these Dirichlet polynomials have

length at most T 1/20, which is admissible. We may choose circular contours for the

zj so that

A(z) ≪ (log T )2|ζ(1 + 1/ log T + i(h1 − h2))|2,

∆(z1, z2,−z3,−z4)2 ≪ (log T )−4(|h1 − h2| + 1/ log T )8.

Because each Re zj ≪ 1/ log T it follows that∫
R

(
t

2π

) z1+z2−z3−z4−α1−α2−α3−α4
2

w(t/T ) dt≪ T.

Now the Dirichlet polynomials Nh1,h2,j and Pv are supported on integers composed of

primes in (Tj−1, Tj] and (Tv−1, Tv], respectively, which are disjoint intervals. Therefore

by multiplicativity we are left with the task of bounding the product of the sums

Fh1,h2,j(z) =
∑

n,m≤T η

ah1,h2,j(n)ah1,h2,j(m)

[n,m]
Bz

(
n

(n,m)

)
Bπz

(
m

(n,m)

)
and

Fv,r,hk
(z) =

∑
n,m≤T η

bv,r,hk
(n)bv,r,hk

(m)

[n,m]
Bz

(
n

(n,m)

)
Bπz

(
m

(n,m)

)
,

uniformly for |zj−αj| ≪ 1/ log T , where ah1,h2,j(n) are the coefficients of the Dirichlet

polynomials Nh1,h2,j(s), and bv,r,hk
(n) are the coefficients of Pv(s+ihk)2r. Multiplying

all of these bounds for the terms in the integrand of Theorem 4.2.2 will then give upper

bounds of

≪ T (log T )2|ζ(1 + 1/ log T + i(h1 − h2))|2 sup
|zj−αj |≪1/ log T

∏
1≤j≤ℓ

Fh1,h2,j(z)

and

≪ T (log T )2|ζ(1 + 1/ log T + i(h1 − h2))|2 sup
|zj−αj |≪1/ log T

Fv,r,hk
(z)

∏
1≤j<v

Fh1,h2,j(z)

for the shifted fourth moment of zeta twisted by (4.7) and (4.8) respectively.

First we estimate Fh1,h2,j(z). Note we can write

Nh1,h2,j(
1
2

+ it; β − 1) =
∑

p|n⇒p∈(Tj−1,Tj ]

1

n1/2+it

∑
cd=n

Ω(c),Ω(d)≤Kj

(β − 1)Ω(c)+Ω(d)g(c)g(d)

cih1dih2
,

so ah1,h2,j(p) = (β − 1)(p−ih1 + p−ih2) = (β − 1)σih1,ih2(p) for p ∈ (Tj−1, Tj]. Since

β ≤ 1 it also follows that

|ah1,h2,j(p
m)| ≤

∑
cd=pm

g(c)g(d) =
∑

c+d=m

1

c!d!
=

2m

m!
. (4.9)

We will require the following estimates for Bz(n).

52



Lemma 4.3.4. For m ≥ 1, Bα(pm) is equal to

σα3,α4(p
m) − σα3,α4(p

m−1)p−1−α3−α4(p−α1 + p−α2) + σα3,α4(p
m−2)p−2−α1−α2−2α3−2α4

1 − p−2−α1−α2−α3−α4
,

where by convention we set σα3,α4(p
−1) = 0. Furthermore, for integers n composed of

primes at most T 10−8
and Re αj ≪ 1/ log T for each j

|Bα(n)| ≪ d3(n),

where d3 is the ternary divisor function.

Proof. The first formula follows from taking s = 0 and h = pm in lemma 6.9 of [57]

and using the formula

σz1,z2(p
m) =

p−z3(m+1) − p−z4(m+1)

p−z3 − p−z4
.

To prove the second bound, first note by assumption on the size of the shifts and the

size of the primes p

|σα3,α4(p
m)| ≤

∑
ab=pm

a−Re α3b−Re α4 ≤ (1 +m)

(
1 +O

(
m log p

log T

))
.

Whence

|Bα(pm)| ≤ d(pm)

(
1 +O

(
m log p

log T
+

1

p

))
,

where d is the divisor function. It now follows by assumption on n that

|Bα(n)| ≪ d(n)
∏
pm∥n

(
1 +O

(
m log p

log T

))(
1 +O

(
1

p

))
≪ d3(n)

where we have used∏
pm∥n

(
1 +O

(
m log p

log T

))
≪ exp(log n/ log T )

and that ∏
p|n

(
1 +O

(
1

p

))
≪ (3/2)ω(n).

The following lemma is almost identical to the proof of Lemma 24 of [4]. The proof

is a straightforward application of Cauchy’s theorem. The only necessary modification

is to use Lemma 4.3.4 to bound Bz(p) because here z need not have small imaginary

part.
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Lemma 4.3.5. Let m ≥ 1 be an integer and z = (z1, z2, z3, z4), w = (w1, w2, w3, w4)

vectors such that |wj − zj| ≪ 1/ log T for all j. Then

|Bz(p) −Bw(p)| ≪ log p

log T
.

We will now bound Fh1,h2,j(z) by a product over primes. To accomplish this,

define the multiplicative coefficients

a′h1,h2,j
(n) =

∑
cd=n

(β − 1)Ω(c)+Ω(d)g(c)g(d)

cih1dih2
, a′′h1,h2,j

(n) =
∑
cd=n

(β − 1)Ω(c)+Ω(d)g(c)g(d).

Note that |ah1,h2,j(n)|, |a′h1,h2,j
(n)| ≤ a′′h1,h2,j

(n). We use Rankin’s trick to show the

error incurred when replacing ah1,h2,j(n) with a′h1,h2,j
(n) is negligible. First note that

if n = cd with either Ω(c) or Ω(d) larger than Kj, then Ω(n) ≥ Kj. Furthermore

exp(Ω(m) + Ω(n) − Kj) ≥ 1 when either Ω(m) or Ω(n) exceeds Kj. Now using

Lemma 4.3.4, that d3(n) ≪ 3Ω(n), and noticing that a′h1,h2,j
(n) also satisfies the bound

(4.9), we see that replacing ah1,h2,j(n) with a′h1,h2,j
(n) in the expression for Fh1,h2,j(z)

contributes an error of at most

≪ e−Kj

∑
p|m,n⇒p∈(Tj−1,Tj ]

|a′′h1,h2,j
(m)||a′′h1,h2,j

(n)|eΩ(n)+Ω(m)

[n,m]
d3(n)d3(m)

≪ e−Kj

∏
Tj−1<p≤Tj

∑
c,d≥0

(6e)c+d

c!d!pmax(c,d)

≪ e−Kj

∏
Tj−1<p≤Tj

(
1 +

12e+ 36e2

p
+O

(
1

p2

))
≪ e−100Pj .

Therefore, upon replacing ah1,h2,j(n) with a′h1,h2,j
(n) in the definition of Fh1,h2,j(z)

and using multiplicativity to write the resulting sum as a product, we find Fh1,h2,j(z)

equals∏
Tj−1<p≤Tj

(
1 +

1

p

(
a′h1,h2,j

(p)Bih1,ih2,−ih1,−ih2(p) + a′−h1,−h2,j
(p)B−ih1,−ih2,ih1,ih2(p)

+ |a′h1,h2,j
(p)|2

)
+O

(
log p

p log T
+

1

p2

))
+O(e−100Pj)

uniformly for |zj − αj| ≪ 1/ log T . Note here we have used (4.9), Lemma 4.3.4, and

Lemma 4.3.5. Using Lemma 4.3.4 and that ah1,h2,j(p) = a′h1,h2,j
(p) = (β−1)σih1,ih2(p),

routine algebra shows that the numerator of the second term in parentheses equals

(β − 1)(β − 1 + p+ βp)

1 + p
(2 + 2 cos((h1 − h2) log p))

= (2β2 − 2)(1 + cos((h1 − h2) log p)) +O

(
1

p

)
.
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Therefore, we must control the products∏
Tj−1<p≤Tj

(
1 +

(2β2 − 2)(1 + cos((h1 − h2) log p))

p
+O

(
log p

p log T
+

1

p2

))
To this end, we will need the following special case of lemma 3.2 of [66].

Lemma 4.3.6. Given h ∈ R and X ≥ 2∑
p≤X

cos(h log p)

p
= log |ζ(1 + 1/ logX + ih)| +O(1).

Remark. While similar results have appeared in previous literature, this formulation

is due to Granville and Soundararajan [46].

Proof. Because the Euler product of ζ(s) is convergent for Re s > 1 we may write

log |ζ(1 + 1/ logX + ih)| = Re

(∑
p

1

p1+1/ logX+ih
+
∑
p

∑
m≥2

1

mpm(1+1/ logX+ih)

)

=
∑
p

cos(h log p)

p1+1/ logX
+O(1).

The primes larger than X contribute at most∑
p>X

1

p1+1/ logX
≪ 1.

For p ≤ X the mean value theorem gives p1/ logX = 1 +O(log p/ logX), so the claim

follows from Mertens’ first estimate
∑

p≤X
log p
p

= logX +O(1).

Therefore uniformly for |zj − αj| ≪ 1/ log T , the product
∏

1≤j<v Fh1,h2,j(z) is of

order at most∏
1≤j<v

( ∏
Tj−1<p≤Tj

(
1 +

(2β2 − 2)(1 + cos((h1 − h2) log p))

p
+O

(
log p

p log T
+

1

p2

))
+O(e−100Pj)

)
≪ (log Tv−1)

2β2−2

(
log Tv−1

log Tℓ

)2β2−2

|ζ(1 + 1/ log Tℓ + i(h1 − h2))|2β
2−2

≪
(

(log Tv−1)
2

log Tℓ

)2β2−2

|ζ(1 + 1/ log Tℓ + i(h1 − h2))|2β
2−2.
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Since log Tℓ ≍ log T , this proves the first bound in Proposition 4.3.2. All that remains

is to estimate the Fv,r,hk
(z). Recall |d3(n)| ≪ 3Ω(n), and we can trivially estimate

|n−ihk | ≤ 1, so

|Fv,r,hk
(z)| ≤ 9r

∑
p|m,n⇒p∈(Tv−1,Tv ]

Ω(n)=Ω(m)=r

r!2g(n)g(m)

[n,m]
.

In the proof of proposition 3 of [52], it was shown that the right-hand side is at most

18rr!P r
v exp(Pv), which concludes the proof of the second bound of Proposition 4.3.2.

Proof of Proposition 4.3.3

To handle the first bound in Proposition 4.3.3, we will use the mean value theorem

for Dirichlet polynomials [59, Theorem 9.1] in place of Theorem 4.2.2. We will abuse

notation and also denote the coefficients of Nh1,h2,j(s; β) by ah1,h2,j(n) now with β in

place of β − 1. Therefore

1

T

∫ 2T

T

∏
1≤j≤ℓ

|Nh1,h2,j(
1
2

+ it; β)|2dt≪
∏

1≤j≤ℓ

∑
p|n⇒p∈(Tj−1,Tj ]

Ω(n)≤2Kj

|ah1,h2,j(n)|2

n
.

The proof is similar to the proof of Proposition 4.3.2, but simpler because there is

no need to use Rankin’s trick. Indeed all of the terms we add in when replacing

ah1,h2,j(n) with a′h1,h2,j
(n) are positive since β ≥ 0. The argument in the proof of

Proposition 4.3.2 now gives the bound

≪
∏

1≤j≤ℓ

∏
Tj−1<p≤Tj

(
1 +

2β2(1 + cos((h1 − h2) log p))

p
+O

(
log p

p log T
+

1

p2

))
≪ (log T )2β

2|ζ(1 + 1/ log T + i(h1 − h2))|2β
2

.

To prove the second bound of Proposition 4.3.3, note that the mean value theorem

for Dirichlet polynomials and the same reasoning as the proof of Proposition 4.3.2

now gives a bound of

≪
∏

1≤j<v

∏
Tj−1<p≤Tj

(
1 +

2β2(1 + cos((h1 − h2) log p))

p
+O

(
log p

p log T
+

1

p2

))

×
∑

p|n⇒p∈(Tv−1,Tv ]
Ω(n)=r

(r!g(n))2

n

≪ (log T )2β
2

|ζ(1 + 1/ log T + i(h1 − h2))|2β
2

(r!P r
v ).

Here we have used that the sum over n above is bounded by r!P r
v , which is a porism

of proposition 2 of [52]. This concludes the proofs of Propositions 4.3.2 and 4.3.3, so

Theorem 4.1.3 hence the upper bound of Theorem 4.1.1 follows.
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4.4 Lower Bounds

Theorem 4.1.2 follows by integrating the lower bound given by Theorem 4.1.3 over

the range 0 ≤ |h1 − h2| ≤ 2(log T )θ using the Laurent expansion of ζ and standard

moment estimates for ζ to the right of the one line. We will first prove Theorem 4.1.3

in the case β ≤ 1.

4.4.1 Proof of Theorem 4.1.3 for β ≤ 1

Throughout this subsection, we will let T0 = e2, let ℓ be the largest integer such that

logℓ T ≥ 105, and for 1 ≤ j ≤ ℓ set

Tj = exp

(
β log T

(logj T )2

)
and Kj = 500Pj. With this choice of parameters, N (s;α) is a Dirichlet polynomial of

length at most T β/18. Inspired by the method of Heap and Soundararajan [53], our

key inequality is the following consequence of Hölder’s inequality:

∣∣∣∣ ∫
R
ζ(1

2
+ it+ ih1)ζ(1

2
+ it+ ih2)N (1

2
+ it+ ih1; β − 1)N (1

2
+ it+ ih2; β − 1)

(4.10)

×N (1
2
− it− ih1; β)N (1

2
− it− ih2; β)w(t/T ) dt

∣∣∣∣
≤
(∫

R
|ζ(1

2
+ it+ ih1)ζ(1

2
+ it+ ih2)|2βw(t/T ) dt

)1
2

×
(∫

R
|ζ(1

2
+ it+ ih1)ζ(1

2
+ it+ ih2)|2

×|N (1
2

+ it+ ih1; β − 1)N (1
2

+ it+ ih2; β − 1)|2w(t/T ) dt
)1−β

2

×
(∫

R
|N (1

2
+ it+ ih1; β − 1)N (1

2
+ it+ ih2; β − 1)|2

× |N (1
2

+ it+ ih1; β)N (1
2

+ it+ ih2; β)|2/βw(t/T ) dt
)β

2
,

where 0 ≤ w(t) ≤ 1 is a smooth function supported on the interval [1.1, 1.9] with

w(t) = 1 for t ∈ [1.2, 1.8], say. Note that Proposition 4.3.2 gives the upper bound∫
R
|ζ(1

2
+ it+ ih1)ζ(1

2
+ it+ ih2)|2

× |N (1
2

+ it+ ih1; β − 1)N (1
2

+ it+ ih2; β − 1)|2w(t/T ) dt

≪ε T (log T )2β
2|ζ(1 + 1/ log T + i(h1 − h2))|2β

2
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for |h1 − h2| ≤ T 1/2−ε, so we are left with two moment computations.

Before carrying out these computations, we will introduce some simplifying nota-

tion. Denote

A(1
2

+ it) := N (1
2

+ it+ ih1; β − 1)N (1
2

+ it+ ih2; β − 1) =
∑
n≤N

a(n)

n1/2+it
,

B(1
2

+ it) := N (1
2

+ it+ ih1; β)N (1
2

+ it+ ih2; β) =
∑
n≤N

b(n)

n1/2+it

where N ≤ T β/9. For 1 ≤ j ≤ ℓ, set

Aj(
1
2

+ it) := Nj(
1
2

+ it+ ih1; β − 1)Nj(
1
2

+ it+ ih2; β − 1),

Bj(
1
2

+ it) := Nj(
1
2

+ it+ ih1; β)Nj(
1
2

+ it+ ih2; β).

These are Dirichlet polynomials supported on integers n composed of primes p ∈
(Tj−1, Tj] with coefficients

aj(n) :=
∑
cd=n

Ω(c),Ω(d)≤Kj

(β − 1)Ω(c)+Ω(d)g(c)g(d)

cih1dih2
,

bj(n) :=
∑
cd=n

Ω(c),Ω(d)≤Kj

βΩ(c)+Ω(d)g(c)g(d)

cih1dih2
.

and for a = 1, 2 define

Ma(t) = |N (1
2

+ it+ iha; β − 1)||N (1
2

+ it+ iha; β)|1/β.

The lower bound of Theorem 4.1.3 will follow from the following two propositions.

Proposition 4.4.1. Uniformly in |h1|, |h2| ≤ T/2∣∣∣∣ 1

T

∫
R
ζ(1

2
+ it+ ih1)ζ(1

2
+ it+ ih2)A(1

2
+ it)B(1

2
+ it)w(t/T ) dt

∣∣∣∣
≫β (log T )2β

2|ζ(1 + 1/ log T + i(h1 − h2))|2β
2

.

Proposition 4.4.2. Uniformly in |h1|, |h2| ≤ T

1

T

∫
R
M1M2(t)

2w(t/T )dt≪β (log T )2β
2|ζ(1 + 1/ log T + i(h1 − h2))|2β

2

.
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Proof of Proposition 4.4.1

Write

I(β, h1, h2) =

∫
R
ζ(1

2
+ it+ ih1)ζ(1

2
+ it+ ih2)A(1

2
+ it)B(1

2
+ it)w(t/T ) dt.

We will evaluate this integral with an appropriate approximate functional equation.

Set

g̃α1,α2(s, t) = π−s

Γ

(
1
2
+iα1+s+it

2

)
Γ

(
1
2
+iα2+s+it

2

)
Γ

(
1
2
+iα1+it

2

)
Γ

(
1
2
+iα2+it

2

) ,

X̃α1,α2,t = λ(1
2

+ iα1 + it)λ(1
2

+ iα2 + it),

and

Ṽα1,α2(x, t) =
1

2πi

∫
(1)

es
2

s
g̃α1,α2(s, t)x

−s ds,

which satisfies the decay estimate

tj
∂j

∂tj
Ṽα1,α2(x, t) ≪A,j (1 + |x|/t)−A.

Lemma 4.4.3 ([59] Theorem 5.3). Let t ∈ [T, 2T ], Re αj ≪ 1/ log T and |Im αj| ≤
T/2 for j = 1, 2. Then for all A > 0

ζ(1
2

+ α1 + it)ζ(1
2

+ α2 + it) =
∑
m,n

1

m1/2+α1n1/2+α2
(mn)−it Ṽα1,α2(mn, t)

+X̃α1,α2,t

∑
m,n

1

m1/2−α2n1/2−α1
(mn)it Ṽ−α2,−α1(mn, t) +OA((1 + t)−A).

Therefore, up to a negligible error, I(β, h1, h2) is given by

∑
h,k,m,n

a(h)b(k)

mih1nih2

√
hkmn

∫
R

(
hmn

k

)−it

Ṽh1,h2(mn, t)w(t/T ) dt (4.11)

+
∑

h,k,m,n

a(h)b(k)

m−ih2n−ih1

√
hkmn

∫
R
X̃h1,h2,t

(
h

kmn

)−it

Ṽ−h2,−h1(mn, t)w(t/T ) dt.

Using the decay of Ṽα1,α2 , we can discard the contribution of terms with hmn ̸= k

and h ̸= kmn in the first and second lines of (4.11) respectively. Next we can

parameterize the diagonal sums in the first and second lines by
∑

h|k,mn=k/h and
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∑
k|h,mn=h/k respectively. Then after using the definition of Ṽα,β, shifting the contour,

and recognizing the sum over m and n as a familiar Dirichlet convolution we find

I(β, h1, h2) =
∑
h|k

a(h)b(k)

k
σih1,ih2(k/h)

∫
R
w(t/T ) dt (4.12)

+
∑
k|h

a(h)b(k)

h
σ−ih2,−ih1(h/k)

∫
R
X̃h1,h2,t w(t/T ) dt+O(T 1−δ).

for some δ > 0.

Due to the oscillating term X̃h1,h2,t the second line in (4.12) will not contribute to

the leading order, and we will control this term first. Because w(t/T ) is supported on

[T, 2T ] and that |h1|, |h2| ≤ T/2, Stirling’s approximation gives X̃h1,h2,t = e−if(t)(1 +

O(1/T )) where

f(t) = (h1 + t) log

(
t+ h1

2π

)
+ (h2 + t) log

(
t+ h2

2π

)
− 2t− h1 − h2 −

π

2
.

For t ∈ [T, 2T ] note that f ′(t) ≫ log T and that f ′′(t) ≪ 1/T . Therefore, an integra-

tion by parts à la van der Corput gives the bound∫
R
X̃h1,h2,t w(t/T ) dt≪ 1/ log T.

Therefore because A(s) and B(s) are Dirichlet polynomials of length ≤ T β/18 and

a(n), b(n) ≪ε n
ε, we may absorb the second line of (4.12) into the error term O(T 1−δ).

We can factor the main term as

T∥w∥1
∑
h|k

a(h)b(k)

k
σih1,ih2(k/h) = T∥w∥1

∏
j≤ℓ

∑
h|k

aj(h)bj(k)

k
σih1,ih2(k/h).

It therefore remains to analyze the sums

Sj :=
∑
h|k

aj(h)bj(k)

k
σih1,ih2(k/h) =

∑
h,k

p|h,k⇒p∈(Tj−1,Tj ]

σih1,ih2(a)aj(h)bj(hk)

hk

for j ≤ ℓ. We will accomplish this by replacing aj(n) and bj(n) with the multiplicative

coefficients

a′(n) :=
∑
cd=n

(β − 1)Ω(c)+Ω(d)g(c)g(d)

cih1dih2
,

b′(n) :=
∑
cd=n

βΩ(c)+Ω(d)g(c)g(d)

cih1dih2
,
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and show that the difference between Sj and

S ′
j =

∑
h,k

p|h,k⇒p∈(Tj−1,Tj ]

σih1,ih2(a)a′(h)b′(hk)

hk

is small using Rankin’s trick. To see this, denote

a′′(n) :=
∑
cd=n

(β − 1)Ω(c)+Ω(d)g(c)g(d),

b′′(n) :=
∑
cd=n

βΩ(c)+Ω(d)g(c)g(d).

Notice that if aj(h)bj(hk) ̸= a′(h)b′(hk) where p|h, k ⇒ p ∈ (Tj−1, Tj], then it must

follow that exp(2Ω(h) + Ω(k) −Kj) ≥ 1. Therefore |Sj − S ′
j| is bounded by

e−Kj

∏
p∈(Tj−1,Tj ]

∑
r,s≥0

|σih1,ih2(p
r)a′′(ps)b′′(pr+s)|
pr+s

e2r+s

≪ e−Kj

∏
p∈(Tj−1,Tj ]

(
1 +

2e+ 2e2

p
+O

(
1

p2

))
≪ e−100Pj ,

whence

Sj =
∏

p∈(Tj−1,Tj ]

∑
r,s≥0

σih1,ih2(p
r)a′(ps)b′(pr+s)

pr+s
+O(e−100Pj).

Now since a′(p) = (β − 1)σih1,ih2(p) and b′(p) = βσih1,ih2(p) it follows that

Sj =
∏

p∈(Tj−1,Tj ]

(
1 +

2β2(1 + cos((h1 − h2) log p))

p
+O

(
1

p2

))
+O(e−100Pj),

so up to a power savings in T the integral I(β, h1, h2) is equal to

T
∏
j≤ℓ

 ∏
p∈(Tj−1,Tj ]

(
1 +

2β2(1 + cos((h1 − h2) log p))

p
+O

(
1

p2

))
+O(e−100Pj)

 ∥w∥1.

Using Lemma 4.3.6 and that ∥w∥1 > 0.6 we conclude

|I(β, h1, h2)| ≫β T (log T )2β
2|ζ(1 + 1/ log Tℓ + i(h1 − h2))|2β

2

,

so Proposition 4.4.1 follows.
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Proof of Proposition 4.4.2

Since we only need an upper bound, we will bound the weight w(t/T ) by the char-

acteristic function of [T, 2T ]. Therefore, we must simply evaluate the mean value of

the Dirichlet polynomial M1M2(t) on [T, 2T ]. We will decompose each

Ma(t) =
∏
j≤ℓ

Ma,j(t)

where

Ma,j(t) := |Nj(
1
2

+ it+ iha; β − 1)||Nj(
1
2

+ it+ iha; β)|1/β.

Following [53] we will now bound |M1,jM2,j|2 by squares of Dirichlet polynomials.

Lemma 4.4.4. For j ≤ ℓ

|M1,j(t)M2,j(t)|2 ≤ |Nj(
1
2

+ it+ ih1; β)Nj(
1
2

+ it+ ih2; β)|2(1 +O(e−Kj/10))

+O(22/βQ1,j(t)|Nj(
1
2

+ it+ ih2; β)|2(1 +O(e−Kj/10))

+22/βQ2,j(t)|Nj(
1
2
+it+ ih2; β)|2(1 +O(e−Kj/10))

+24/βQ1,j(t)Q2,j(t)),

where for a = 1, 2

Qa,j(t) :=

(
12|Pj(

1
2

+ it+ iha)|
Kj

)2Kj Kj/β∑
r=0

(
2e|Pj(

1
2

+ it+ iha)|
r + 1

)2r

Proof. The proof is nearly identical to the proof of lemma 1 of [53]. If |Pj(
1
2

+ it +

iha)| ≤ Kj/10, then we may write

|Ma,j(t)|2 = exp
(
2βRe Pj(

1
2

+ it+ iha)+
)

(1 +O(e−Kj/10))2

= |Nj(
1
2

+ it+ iha; β)|2(1 +O(e−Kj/10)).

In the case |Pj(
1
2

+ it + iha)| > Kj/10 for some a then the proof of lemma 1 of [53]

provides the bounds

|Nj(
1
2

+ it+ iha; β − 1)| ≤
(

12|Pj(
1
2

+ it+ iha)|
Kj

)2Kj

and

|Nj(
1
2

+ it+ iha; β)|1/β ≪ 22/β

Kj/β∑
r=0

(
2e|Pj(

1
2

+ it+ iha)|
r + 1

)2r

.

The claim now follows by summing over all four cases where |Pj(
1
2

+ it + ih1)| and

|Pj(
1
2

+ it+ ih2)| are either smaller or larger than Kj/10.

62



Lemma 4.4.5. For a = 1, 2

1

T

∫ 2T

T

Qa,j(t)dt≪ e−Kj ,
1

T

∫ 2T

T

Qa,j(t)
2dt≪ e−Kj .

Proof. To handle the first estimate, note for 0 ≤ r ≤ Kj/β

Pj(
1
2

+ it+ iha)
Kj+r =

∑
Ω(n)=Kj+r

p|n⇒p∈(Tj−1,Tj ]

(Kj + r)!g(n)

n1/2+it+iha
.

This is a Dirichlet polynomial of length at most T
Kj(1+1/β)
j whose coefficients have

magnitude (Kj + r)!g(n)/n1/2, so the claim follows by the same argument used in

lemma 2 of [53].

To handle the second estimate an application of the Cauchy-Schwarz inequality

yields

Qa,j(t)
2 ≤

(
12|Pj(

1
2

+ it+ iha)|
Kj

)4Kj

· Kj

β

Kj/β∑
r=0

(
2e|Pj(

1
2

+ it+ iha)|
r + 1

)4r

.

Next note that

Pj(
1
2

+ it+ iha)
2Kj+2r =

∑
Ω(n)=2Kj+2r

p|n⇒p∈(Tj−1,Tj ]

(2Kj + 2r)!g(n)

n1/2+it+iha
,

which is also a short Dirichlet polynomial. Now the mean value theorem for Dirichlet

polynomials gives

1

T

∫ 2T

T

|Pj(
1
2
+it+iha)|4Kj+4rdt≪

∑
Ω(n)=2Kj+2r

p|n⇒p∈(Tj−1,Tj ]

(2Kj + 2r)!2g(n)2

n
≪ (2Kj+2r)!P

2Kj+2r
j ,

where we have used that g(n) ≤ 1 and the definition of Pj. Whence

1

T

∫ 2T

T

Qa,j(t)
2dt≪ Kj

β

(
12

Kj

)4Kj
Kj/β∑
r=0

(
2e

r + 1

)4r

(2Kj + 2r)!P
2Kj+2r
j .

The summand is maximized near r satisfying r2 = 4Pj(2Kj + 2r). Since Kj = 500Pj

any such r necessarily lies in [2
√
PjKj, 2.1

√
PjKj], and we conclude in the same

manner as lemma 2 of [53].

To conclude, we will use the following splitting lemma, which appears in equation

(16) of [53]
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Lemma 4.4.6. Suppose for 1 ≤ j ≤ ℓ we have j disjoint intervals Ij and Dirichlet

polynomials Aj(s) =
∑

n aj(n)n−s such that aj(n) vanishes unless n is composed of

primes in Ij. Then if
∏

j≤ℓAj(s) is a Dirichlet polynomial of length ≤ N , then

1

T

∫ 2T

T

∏
j≤ℓ

|Aj(
1
2

+ it)|2dt = (1 +O(N/T ))
∏
j≤ℓ

(
1

T

∫ 2T

T

|Aj(
1
2

+ it)|2dt
)

In [53] equation (16), there is an additional factor of logN in the error term which

arises because [53] uses a simpler treatment of the mean value theorem for Dirichlet

polynomials. This however can be easily removed by using a version of the mean value

theorem for Dirichlet polynomials with a slightly stronger error term, i.e. theorem

9.1 of [59]. In fact a version of this splitting lemma has also appeared in [4, lemma

14].

To conclude the proof, note the mean value theorem for Dirichlet polynomials

gives

1

T

∫ 2T

T

|Nj(
1
2

+ it+ ih1; β)Nj(
1
2

+ it+ ih2; β)|2dt

= (1 +O(T−8/9))
∑

p|n⇒p∈(Tj−1,Tj ]
Ω(n)≤Kj

|bj(n)|2

n

≤ (1 +O(T−8/9))
∏

p∈(Tj−1,Tj ]

(
1 +

2β2(1 + cos((h1 − h2) log p))

p
+O

(
1

p2

))
.

(4.13)

Similar reasoning gives that for a = 1, 2

1

T

∫ 2T

T

|Nj(
1
2

+ it+ iha; β)|2dt ≤ (1 +O(T−8/9))
∏

p∈(Tj−1,Tj ]

(
1 +

β2

p
+O

(
1

p2

))

≤(1 +O(T−8/9))

(
log Tj

log Tj−1

)β2

. (4.14)

Combining these calculations with lemma 4.4.4, 4.4.5, and 4.4.6 and bounding inte-

grals of products using the Cauchy-Schwarz inequality, we find

1

T

∫
R
M1M2(t)

2w(t/T )dt

≪β

∏
1≤j≤ℓ

( ∏
Tj−1<p≤Tj

(
1 +

2β2(1 + cos((h1 − h2) log p))

p
+O

(
1

p2

))
+O(e−Kj/10)

)
≪β (log T )2β

2|ζ(1 + 1/ log Tℓ + i(h1 − h2))|2β
2

.

This completes the proof of Proposition 4.4.2.
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4.4.2 Proof of Theorem 4.1.3 for β ≥ 1

The case of β ≥ 1 is a bit simpler than the case β ≤ 1. Now let T0 = β4e2, let ℓ be

the largest integer such that logℓ T ≥ 105, for 1 ≤ j ≤ ℓ set

Tj = exp

(
log T

β2(logj T )2

)
,

and take Kj = 250β2Pj. With this choice of parameters, N (s;α) is a Dirichlet

polynomial of length at most T 1/18. Now because β ≥ 1, Hölder’s inequality gives

∣∣∣∣ ∫
R
ζ(1

2
+ it+ ih1)ζ(1

2
+ it+ ih2)N (1

2
+ it+ ih1; β − 1)N (1

2
+ it+ ih2; β − 1)

(4.15)

×N (1
2
− it− ih1; β)N (1

2
− it− ih2; β)w(t/T ) dt

∣∣∣∣
≤
(∫

R
|ζ(1

2
+ it+ ih1)ζ(1

2
+ it+ ih2)|2βw(t/T ) dt

) 1
2β

×
(∫

R
|N (1

2
+ it+ ih1;β − 1)N (1

2
+ it+ ih2; β − 1)

×N (1
2

+ it+ ih1; β)N (1
2

+ it+ ih2; β)|
2β

2β−1w(t/T ) dt
)1− 1

2β
.

Therefore, if we denote

Na,j(t) := |Nj(
1
2

+ it+ ih1; β − 1)Nj(
1
2

+ it+ ih1; β)|
2β

2β−1

all we must show is

Proposition 4.4.7. For β ≥ 1 and |h1|, |h2| ≤ T

1

T

∫
R

∏
j≤ℓ

N1,j(t)N2,j(t)w(t/T ) dt

≪β (log T )2β
2|ζ(1 + 1/ log T + i(h1 − h2))|2β

2

.

This is a lot like Proposition 4.4.2, but the proof is even simpler. The analog of

Lemma 4.4.4 is

Lemma 4.4.8. For j ≤ ℓ

N1, j(t)N2,j(t) ≤ |Nj(
1
2

+ it+ ih1; β)Nj(
1
2

+ it+ ih2; β)|2(1 +O(e−Kj/10))

+O(R1,j(t)|Nj(
1
2

+ it+ ih2; β)|2(1 +O(e−Kj/10))

+R2,j(t)|Nj(
1
2
+it+ ih2; β)|2(1 +O(e−Kj/10))

+R1,j(t)R2,j(t)),
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where for a = 1, 2

Ra,j(t) :=

(
12β|Pj(

1
2

+ it+ iha)|
Kj

)2Kj

.

Proof. Following the proof of Lemma 4.4.4, if |Pj(
1
2

+ it + iha)| ≤ Kj/10, then we

may write

Na,j(t) = |Nj(
1
2

+ it+ iha; β)|2(1 +O(e−Kj/10)).

In the case |Pj(
1
2

+ it + iha)| > Kj/10 for some a then simply note for α = β − 1 or

α = β

|Nj(
1
2

+ it+ iha;α)|
2β

2β−1 ≤

 Kj∑
r=0

βr|Pj(
1
2

+ it+ iha)|r

r!


2β

2β−1

≤

 Kj∑
r=0

βr|Pj(
1
2

+ it+ iha)|r

r!

2

≤
(

12β|Pj(
1
2

+ it+ iha)|
Kj

)2Kj

,

where we have used that β ≥ 1 and that |Pj(
1
2

+ it + iha)| is large. The claim now

follows.

The analog of Lemma 4.4.4 is

Lemma 4.4.9. For a = 1, 2

1

T

∫ 2T

T

Ra,j(t)dt≪ e−Kj ,
1

T

∫ 2T

T

Ra,j(t)
2dt≪ e−Kj .

The proof is a simpler version of Lemma 4.4.4, and is omitted. Now we may conclude

the proof of Proposition 4.4.7 when β ≥ 1 by combining Lemma 4.4.8, Lemma 4.4.9

and Lemma 4.4.6 with the mean value theorem for Dirichlet polynomials as we did in

the β ≤ 1 case. This concludes the proof of 4.4.7, hence the proof of Theorems 4.1.2

and 4.1.3.
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Chapter 5

Conditional upper bounds for
shifted moments of zeta

Shifted moments of the Riemann zeta function

Mα,β(T ) =

∫ 2T

T

m∏
k=1

|ζ(1
2

+ i(t+ αk))|2βkdt, (5.1)

where α = α(T ) = (α1, . . . , αm) and β = (β1 . . . , βm) satisfy |αk| ≤ T/2 and βk ≥ 0,

were first studied in general by Chandee [21]. Chandee gave lower bounds assuming

the βk are integers, αk = O(log log T ), and |αj−αk| = O(1). Chandee also gave upper

bounds assuming the Riemann hypothesis when |αj − αk| = O(1) and αk = O(log T )

which are sharp up to a (log T )ε loss. Subsequently Ng, Shen, and Wong [77] removed

the (log T )ε loss in the special case where β = (β, β) by using the work of Harper

[50] on the moments of the zeta, and they also gave bounds in the larger regime

|α1 + α2| ≤ T 0.6. More precisely, in this range they proved

M(α1,α2),(β,β)(T ) ≪ T (log T )2β
2

F (α1, α2, T )2β
2

where

F (α1, α2, T ) =

{
min (|α1 − α2|−1, log T ) |α1 − α2| ≤ 1/100

log(2 + |α1 − α2|) |α1 − α2| > 1/100
.

Some special cases of the shifted moments Mα,β(T ) and related objects have been

studied unconditionally. For example the integral∫ 2T

T

ζ(1
2

+ i(t+ α1))ζ(1
2
− i(t+ α2))dt

akin to Mα,β(T ) with β = (1
2
, 1
2
) is fairly well understood. Here the current state of

the art comes from Atkinson’s formula for the mean square of zeta [9] and Bettin’s
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work on the second moment of zeta with shifts of size T 2−ε [16]. The current state

of the art for Mα,β(T ) with β = (1, 1) is due to Motohashi’s explicit formula for the

fourth moment of zeta [74, 75] and Kovaleva’s work on the fourth moment of zeta

with shifts of size up to T 3/2−ε [67]. Finally in the case where β = (β, β), sharp upper

bounds for β ≤ 1 and lower bounds for all β ≥ 0 with shifts of size up to T 1/2−ε were

obtained in Chapter 4. The goal of this chapter is, assuming the Riemann hypothesis,

to extend the work of Ng, Shen, and Wong [77] to arbitrary α and β and to give

stronger bounds in the regime where the differences |αj − αk| are unbounded.

Theorem 5.0.1. Assume the Riemann hypothesis. If βk ≥ 0 and |αk| ≤ T/2 for

k = 1, . . . ,m, then

Mα,β(T ) ≪β T (log T )β
2
1+···+β2

m

∏
1≤j<k≤m

|ζ(1 + i(αj − αk) + 1/ log T )|2βjβk .

Remark. Throughout this chapter we will assume T is sufficiently large in terms of

β.

Our bound is the same order of magnitude predicted by the famous recipe of

Conrey, Farmer, Keating, Rubinstein, and Snaith [26]. We obtain lower bounds of the

same order in the following chapter, so the bound is sharp. At heart, Theorem 5.0.1

is a statement about how ζ(1
2

+ it) and ζ(1
2

+ i(t + α)) are correlated for t ∈ [T, 2T ]

and |α| ≤ T/2. More precisely, it predicts that ζ(1
2

+ it) and ζ(1
2

+ i(t + α)) are

perfectly correlated on average when |α| ≤ 1/ log T , and decorrelate like |ζ(1 + iα)|
for |α| > 1/ log T . When α ≤ 1, the Laurent expansion for zeta shows that we

obtain the same correlations predicted from random matrix theory. For larger α, the

correlation is of order 1 on average, which can be seen by calculating the moments

of zeta to the right of the 1-line. There are, however, long range correlations coming

from the primes; more precisely, from the extreme values of zeta on the one line. This

is not so surprising, for the Keating Snaith philosophy only predicts that random

matrix theory is a good model for ζ(1
2

+ it) in short intervals.

The starting point of the proof is to use the method of Soundararajan [85] and

Harper [50] to bound log |ζ(1
2

+ it)| by a short Dirichlet polynomial. Instead of

following the argument of Harper, however, we treat the exponential of this short

Dirichlet polynomial in a manner similar to the approach taken in the work of Heap,

Radziwi l l, and Soundararajan [52]. Using this method, the integrals that arise can be

evaluated by simply using the mean value theorem for Dirichlet polynomials. These

mean values are much easier to evaluate uniformly in the shifts αk than the integrals

of products of shifted cosines that appear when using Harper’s method [50] as Ng,
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Shen, and Wong do in [77]. This difference allows us to obtain upper bounds for

general shifts α and exponents β. The final ingredient is a more precise estimate of

the following sum ∑
p≤X

cos(δ log p)

p

coming from the theory of pretentious multiplicative functions, see Lemma 4.3.6.

This idea appeared in the author’s previous work on studying the second moment of

moments of zeta in short intervals [32]. This more precise estimate is what allows us

to improve the bound of Ng, Shen, and Wong [77] in the regime where |αj − αk| is

unbounded.

5.1 Preliminary tools and notation

We will start by using the following lemma, which is due to Soundararajan [85] and

Harper [50].

Lemma 5.1.1. Assume the Riemann hypothesis, let t ∈ [T, 2T ], and |α| ≤ T/2.

Then for 2 ≤ X ≤ T 2

log |ζ(1
2

+ i(t+ α))| ≤ Re
∑
p≤X

1

p1/2+1/ logX+i(t+α)

logX/p

logX

+
∑

p≤min(
√
X,log T )

1

2p1+2i(t+α)
+

log T

logX
+O(1).

Throughout it will be useful to break the set of primes into certain intervals. Set

β∗ :=
∑
k≤m

max(1, βk).

We choose a sequence of parameters Tj = T cj , where

c0 = 0 and cj =
ej

(log2 T )2

for j > 0. We will choose L to be the largest integer such that TL ≤ T e−1000β∗
. Let

P1,X(s) =
∑
p≤T1

1

ps+1/ logX

logX/p

logX
+
∑

p≤log T

1

2p2s
,

and given any 2 ≤ j ≤ L define

Pj,X(s) =
∑

p∈(Tj−1,Tj ]

1

ps+1/ logX

logX/p

logX
.
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If Pj,X(s) is not too large, then we will be able to efficiently approximate exp(βPj,X(s))

with its Taylor series. Indeed, if we choose cutoff parameters Kj = c
−3/4
j for j ≥ 1

and set

Nj,X(s; β) :=
∑

m≤100β2
∗Kj

βmPj,X(s)m

m!

then we have the following analog of lemma 1 of [52]:

Lemma 5.1.2. If β ≤ β∗ and |Pj,X(s)| ≤ Kj for some 1 ≤ j ≤ L, then

exp(βPj,X(s)) = (1 +O(e−50β2
∗Kj))−1Nj,X(s; β).

Proof. Since |Pj,X(s)| ≤ 2Kj, Taylor expansion gives

Nj,X(s; β) = exp(βPj,X(s)) +O(e−100β2
∗Kj).

By assumption exp(−2Kjβ∗) ≤ | exp(βPj,X(s))| ≤ exp(2Kjβ∗), so the claim follows.

We will first bound the shifted moment of zeta when all of the shifts t+ αk lie in

the “good” set

G :=
{
t ∈ [T/2, 5T/2] : |Pj,TL

(1
2

+ it)| ≤ Kj for all 1 ≤ j ≤ L
}
. (5.2)

In this case we may use Lemma 5.1.1 with X = TL in tandem with Lemma 5.1.2

to reduce the problem to computing the mean value of certain Dirichlet polynomial.

We will accomplish this with the following mean value theorem of Montgomery and

Vaughan (see for example theorem 9.1 of [59]).

Lemma 5.1.3. Given any complex numbers an∫ 2T

T

∣∣∣∣∣∑
n≤N

an
nit

∣∣∣∣∣
2

dt = (T +O(N))
∑
n≤N

|an|2.

The following variant due to Soundararajan [85, lemma 3] will also be useful for

handling moments of Dirichlet polynomials supported on primes.

Lemma 5.1.4. Let r be a natural number and suppose N r ≤ T/ log T . Then given

any complex numbers ap∫ 2T

T

∣∣∣∣∣∑
p≤N

ap
pit

∣∣∣∣∣
2r

dt≪ Tr!

(∑
p≤N

|ap|2
)r

.
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During the main mean value calculation, we will need to bound a certain product

over primes. This product will using Lemma 4.3.6.

To handle the shifted moment of zeta when some of the shifts t + αk lie in the

“bad” set [T/2, 5T/2] \ G, we take advantage of the incremental structure present.

For each 1 ≤ j ≤ L, define

Bj := {t ∈ [T/2, 5T/2] : |Pr,Ts(
1
2

+ it)| ≤ Kj for all 1 ≤ r < j and r ≤ s ≤ L

but |Pj,Ts(
1
2

+ it)| > Kj for some j ≤ s ≤ L}.

Notice that

[T/2, 5T/2] \ G =
⊔
j≤L

Bj.

On the bad sets Bj the series expansion Nj,Ts of exp(Pj,Ts) is a poor approximation, so

we are forced to estimate log ζ using only the primes up to Tj−1. While the resulting

Dirichlet polynomial is too short to obtain sharp bounds, we can overcome this loss

by multiplying by a suitably large even power of |Pj,Ts|/Kj, which is larger than 1

on Bj. If we then extend the range of integration to all of [T, 2T ], we can still win

as the event |Pj,Ts(
1
2

+ it)| > Kj is quite rare. For example, we will make use of the

following bound.

Lemma 5.1.5. If T r
1 ≤ T/ log T then∫ 5T/2

T/2

|P1,X(1
2

+ it)|2rdt≪ 22rr!T (log2 T )r.

Therefore

meas(B1) ≪ T log2 Te
−K2

1/4 log2 T ≪A T (log T )−A.

Proof. Write P1,X = P(1)
1,X +P(2)

1,X , where P(1)
1,X is the sum of primes up to T1 and P(2)

1,X

is the sum of squares of primes up to log T . Then∫ 5T/2

T/2

|P1,X(1
2

+ it)|2rdt ≤ 22r

∫ 5T/2

T/2

|P(1)
1,X(1

2
+ it)|2rdt+ 22r

∫ 5T/2

T/2

|P(2)
1,X(1

2
+ it)|2rdt.

By Lemma 5.1.4, this is at most

≪ 22rr!T (log2 T1 +O(1))r + 22rr!T (ζ(2)/4)r ≪ 22rr!T (log2 T )r.

To deduce the second bound we note that

meas(B1) ≪ max
s≤L

1

K2r
1

∫ 5T/2

T/2

|P1,Ts(
1
2

+ it)|2rdt.

We may now conclude by taking r = ⌈K2
1/4 log2 T ⌉ and using Stirling’s approxima-

tion.
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The proof of Theorem 5.0.1 is based on the following partition of [T, 2T ]: Given

a subset A of [m] := {1, . . . ,m} define

GA := {t ∈ [T, 2T ] : t+ αk ∈ G if and only if k ∈ A} .

Then we can decompose [T, 2T ] into the disjoint union

[T, 2T ] =
⊔

A⊆[m]

GA. (5.3)

In section 5.2, we will handle the integral over the set G[m] where all of the shifts t+αk

are good. In section 5.3, we will handle the cases where some of the shifts t+ αk are

bad. We will have to further partition the sets GA with A ⊊ [m] according to which

of the sets Bj the bad shifts t+ αk lie in.

5.2 Moments over good shifts

By Lemma 5.1.1 with X = TL we find∫
G[m]

m∏
k=1

|ζ(1
2

+ i(t+ αk))|2βkdt≪β

∫
G[m]

m∏
k=1

exp

(
2βkRe

L∑
j=1

Pj,TL
(1
2

+ i(t+ αk))

)
dt

By definition of G[m] the hypotheses of Lemma 5.1.2 are satisfied for all j ≤ L, so the

integral over G[m] can be bounded by

≪β

∫
G[m]

m∏
k=1

L∏
j=1

(1 + e−50β2
∗Kj)−1|Nj,TL

(1
2

+ i(t+ αk); βk)|2dt

≪β

∫ 2T

T

m∏
k=1

L∏
j=1

|Nj,TL
(1
2

+ i(t+ αk); βk)|2dt. (5.4)

We are now in a setting where me may use the mean value theorem for Dirichlet

polynomials. First note that
∏m

k=1Nj,TL
(s+ iαk; βk) has length at most T

200mβ2
∗Kj

j for

j = 1 and T
100mβ2

∗Kj

j for 2 ≤ j ≤ L. Therefore the integrand
∏

j≤L

∏m
k=1Nj,TL

(s +

iαk; βk) has length at most T
200mβ2

∗K1

1 T
100mβ2

∗K2

2 · · ·T 100mβ2
∗KL

L ≤ T 1/2 as TL ≤ T e−1000β∗
,

so it is a short Dirichlet polynomial. By Lemma 4.4.6, we are left with the task of

computing ∫ 2T

T

m∏
k=1

|Nj,TL
(1
2

+ i(t+ αk); βk)|2dt
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for each 1 ≤ j ≤ L. To do this, we must analyze the coefficients of the Nj,X .

Denote aX(p) := log(X/p)p−1/ logX/ logX and define multiplicative functions gX and

hX satisfying

gX(pr; β) :=
βraX(p)r

r!
,

and

hX(pr; β) := gX(pr; β) + 1p≤log T

r/2∑
t=1

βr−taX(p)r−t

2tt!(r − 2t)!
.

Next define c1(n) to be 1 if n can be written as n = n1 · · ·nr where r ≤ 100β2
∗K1 and

each ni is either a prime ≤ T1 or a prime square ≤ log T . Finally for 2 ≤ j ≤ L set

cj(n) to be 1 if n is the product of at most 100β2
∗Kj not necessarily distinct primes

in (Tj−1, Tj].

Proposition 5.2.1. For 2 ≤ j ≤ L

Nj,X(s; β) =
∑

p|n⇒p∈(Tj−1,Tj ]

gX(n; β)cj(n)

ns
.

If

N1,X(s; β) =
∑

p|n⇒p∈(Tj−1,Tj ]

fX(n; β)

ns

then fX(n; β) ≤ hX(n; β)c1(n) and fX(p; β) = gX(p; β).

Proof. When j ≥ 1 write p1, . . . , pa for the primes in (Tj−1, Tj]. First assume j ≥ 2.

By applying the multinomial theorem to the definition of Nj,X(s; β) we find it equals

∑
m≤100β2

∗Kj

βm

m!

 ∑
p∈(Tj−1,Tj ]

aX(p)

ps

m

=
∑

m≤100β2
∗Kj

βm

m!

∑
u1+...+ua=m

ur≥0

(
m

u1, . . . , ua

) a∏
r=1

aX(p)ur

purs
r

.

Therefore if n = pu1
1 · · · pua

a with u1 + · · ·+ua = m, the coefficient of n−s in Nj,X(s) is

cj(n)
βm

m!

(
m

u1, . . . , ua

) a∏
r=1

aX(p)ur = gX(n; β)cj(n).

Next we will handle the case of j = 1. Now we will also denote the primes up to log T

by p1, . . . pb with b < a. The multinomial theorem tells us that N1,X equals

∑
m≤100β2

∗K2

βm

m!

(∑
p≤T1

aX(p)

ps
+
∑

p≤log T

1

2p2s

)m

=
∑

m≤100β2
∗K1

βm

m!

∑
u1+...+ua+v1+...+vb=m

ur,vr≥0

(
m

u1, . . . , ua, v1, . . . , vb

) a∏
r=1

aX(p)ur

purs
r

b∏
r=1

1

2vrp2vrsr

.
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The claim now follows by considering the possible ways to write n = pu1
1 · · · pua

a as a

product of the pr with r ≤ a or of p2r with r ≤ b.

We may write
m∏
k=1

Nj,X(s+ iαk; βk) =
∑
n≥1

bj,X,α,β(n)

ns
,

where b1,X,α,β(n) is the m-fold Dirichlet convolution of fX(n; βk)n−iαk and bj,X,α,β(n)

is the m-fold convolution of gX(n; βk)cj(n)n−iαk for 2 ≤ j ≤ L. For technical reasons,

we will need to use two other sets of coefficients. First define b′j,X,α,β(n) to be the m-

fold convolution of hX(n; βk)n−iαk1p|n⇒p∈(T0,T1] when j = 1 and the m-fold convolution

of gX(n; βk)n−iαk1p|n⇒p∈(Tj−1,Tj ] when 2 ≤ j ≤ L. Finally, let b′′1,X,α,β(n) be the m-

fold convolution of hX(n; βk)1p|n⇒p∈(T0,T1] when j = 1 and the m-fold convolution

of gX(n; βk)1p|n⇒p∈(Tj−1,Tj ] when 2 ≤ j ≤ L. Unlike bj,X,α,β, the coefficients b′j,X,α,β

and b′′j,X,α,β are multiplicative, and they satisfy the bound |bj,X,α,β(n)|, |b′j,X,α,β(n)| ≤
b′′j,X,α,β(n). We will require the following information about these coefficients.

Lemma 5.2.2. For 1 ≤ j ≤ L and p ∈ (Tj−1, Tj]

bj,X,α,β(p) = aX(p)
m∑
k=1

βkp
−iαk ,

and b′′j,X,α,β(p) ≤ β∗. If r ≥ 2

b′′j,X,α,β(pr) ≤ βr
∗m

r

r!

holds whenever 2 ≤ j ≤ L or p > log T , and otherwise

b′′1,X,α,β(pr) ≤ mβr
∗r

2me−r log(r/m)/2m+2r.

Proof. The first two assertions are immediate from the definition of the Dirichlet

convolution. To prove the upper bound when r ≥ 2 and j ̸= 1, first note that

bj,X,α,β(pr) ≤
∑

r1+···+rm=r

m∏
l=1

βrl
l

rl!
≤ βr

∗
r!

∑
r1+···+rm=r

(
r

r1, . . . , rm

)
=
βr
∗m

r

r!
.

To handle the j = 1 case, we can bound hX(pr; β) by

r/2∑
t=0

βr−t

2tt!(r − 2t)!
≤ βr

∗

r/2∑
t=0

1

2tt!(r − 2t)!
.
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In fact when p > log T we have the stronger bound βr/r!. To bound the sum on the

right hand side, note by Stirling’s formula the maximum summand occurs near the

solution to (r − 2t)2 = 2t. One more application of Stirling’s formula shows that the

maximum is ≤ e−r log r/2+2r, so this sum is bounded by re−r log r/2+2r. It now follows

that

|b1,X,α,β(pr)| ≤ βr
∗r

m
∑

r1+···+rm=r

m∏
l=1

e−rl log rl/2+2rl ≤ βr
∗r

me−r log(r/m)/2m+2r

(
m+ r − 1

r

)
,

where we have used the fact that at least one rl must exceed r/m. To conclude, notice

that
(
m+r−1

r

)
is a polynomial of degree m− 1 in r with coefficients all bounded by 1,

so it is at most mrm−1.

We can now compute

Proposition 5.2.3. For 1 ≤ j ≤ L∫ 2T

T

m∏
k=1

|Nj,X(1
2

+ i(t+ αk); βk)|2dt

≤ (T +O(T 1/2))
∏

p∈(Tj−1,Tj ]

(
1 +

|bj,X,α,β(p)|2

p
+Oβ

(
1

p2

))
+Oβ(e−50β2

∗Kj).

Proof. By Lemma 5.1.3 the mean value of interest equals

(T +O(T 1/2))
∑
n

|bj,X,α,β(n)|2

n
.

We will now show that we may replace b with b′ at a negligible cost. If bj,X,α,β(n) ̸=
b′j,X,α,β(n) then it follows that Ω(n) ≥ 100β2

∗Kj. Therefore when we replace b with

b′, we incur an error of at most

e−100β2
∗Kj

∑
p|n⇒p∈(Tj−1,Tj ]

b′′j,X,α,β(n)2eΩ(n)

n
.

Since the coefficients b′′ are multiplicative, this is

≪ e−100β2
∗Kj

∏
p∈(Tj−1,Tj ]

(
1 +

β2
∗e

p
+O

(
β4
∗m

4

p2

))
≪β e

−50β2
∗Kj ,

where we have used Lemma 5.2.2 to bound the sum over prime powers. Therefore

the mean value of interest is

≤ (T +O(T 1/2))
∑

p|n⇒p∈(Tj−1,Tj ]

∑
r≥0

|b′j,X,α,β(pr)|2

pr
+Oβ(e−50β2

∗Kj).
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The claim now follows by Lemma 5.2.2 and multiplicativity.

We may finally deduce

Proposition 5.2.4. Assuming the Riemann hypothesis,∫
G[m]

∏
k≤m

|ζ(1
2

+ i(t+ αk))|2βkdt

≪β T (log T )β
2
1+···+β2

m

∏
1≤j<k≤m

|ζ(1 + i(αj − αk) + 1/ log T )|2βjβk .

Proof. We have shown that the shifted moment on the good set is bounded by

≪ T
∏
j≤L

 ∏
p∈(Tj−1,Tj ]

(
1 +

|bj,X,α,β(p)|2

p
+Oβ

(
1

p2

))
+Oβ(e−50β2

∗Kj)

 .

To conclude, we first note that

|bj,X,α,β(p)|2 ≤
∑
j,k≤m

βjβk
pi(αj−αk)

=
∑
j≤m

β2
j + 2

∑
1≤j<k≤m

βjβk cos((αj − αk) log p)

and then use 4.3.6 to bound the resulting products over primes.

5.3 Moments over bad shifts

We now consider the integral over GA where A is a proper subset of [m]. Without

loss of generality we will write A = [m] \ [a]. For each t ∈ GA, there is a function

Ft : [a] → [L] such that t+ αj ∈ BFt(j). We will further partition GA into the sets

BA,n = {t ∈ GA : min
j∈[a]

Ft(j) = n}.

First we handle the case of n = 1.

Proposition 5.3.1. Assuming the Riemann hypothesis∫
BA,1

m∏
k=1

|ζ(1
2

+ i(t+ αk))|2βkdt≪A,β T (log T )−A.

Proof. Because BA,1 is contained in the union of the a ≤ m translates B1 − αj for

j ≤ a, by the Cauchy-Schwarz inequality∫
BA,1

m∏
k=1

|ζ(1
2

+ i(t+ αk))|2βkdt ≤ (m · meas B1)
1/2

(∫ 2T

T

m∏
k=1

|ζ(1
2

+ i(t+ αk))|4βkdt

)1/2

.
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By Lemma 5.1.5 the first factor is ≪A T (log T )−A. To bound the second factor,

Hölder’s inequality implies that∫ 2T

T

m∏
k=1

|ζ(1
2

+ i(t+ αk))|4βkdt ≤
m∏
k=1

(∫ 5T/2

T/2

|ζ(1
2

+ it)|4mβkdt

)1/m

.

The right hand side is ≪β T (log T )O(mβ2
∗), which follows from the following result of

Harper [50]: ∫ 2T

T

|ζ(1
2

+ it)|2βdt≪β T (log T )β
2

.

Now for fixed n > 1 we may use Lemma 5.1.1 with X = Tn−1 to find∫
BA,n

m∏
k=1

|ζ(1
2

+ i(t+ αk))|2βkdt

≪
∫
BA,n

m∏
k=1

exp

(
2βkRe

(∑
j<n

Pj,Tn−1(
1
2

+ i(t+ αk)) + 2βk/cn−1

)
dt

≪ e2β∗/cn−1

∫
BA,n

m∏
k=1

∏
j<n

exp
(
2βkRe Pj,Tn−1(

1
2

+ i(t+ αk))
)
dt

≪ e2β∗/cn−1 max
ℓ∈[a]
s∈[L]

∫ 2T

T

m∏
k=1

∏
j<n

|Nj,Tn−1(
1
2

+ i(t+ αk); βk)|2

× |Pn,Ts(
1
2

+ i(t+ αℓ))/Kn|2⌈1/10cn⌉dt

Unlike the previous section, we have now also used the definition of the bad set BA,n.

By Lemma 4.4.6, all that remains is to control the moments of Pn,Ts on the half line.

Proposition 5.3.2. Uniformly for ℓ ∈ [m] and s ∈ [L]∫ 5T/2

T/2

|Pn,Ts(
1
2

+ i(t+ αℓ))/Kn|2⌈1/10cn⌉dt≪ Te− log(1/cn)/20cn .

Proof. Trivially bounding p−iαℓ and aXs(p) by 1, Lemma 5.1.4 gives a bound of

TK−2r
n r!

 ∑
p∈(Tn−1,Tn]

1

p

r

where r = ⌈1/10cn⌉. The sum in parentheses is asymptotic to log(cn/cn−1) = e, so

is at most 2e for large T , say. The conclusion follows by recalling Kn = c
−3/4
n and

applying Stirling’s approximation.

77



We now have all the necessary tools to bound the shifted moment (5.1) over the

bad sets.

Proposition 5.3.3. Assuming the Riemann hypothesis∫
[T,2T ]\G[m]

m∏
k=1

|ζ(1
2

+ i(t+ αk))|2βkdt

≪A,β T (log T )β
2
1+···+β2

m

∏
1≤j<k≤m

|ζ(1 + i(αj − αk) + 1/ log T )|2βjβk .

Proof. Applying Lemma 4.4.6 along with Propositions 5.2.3, 5.3.1, and 5.3.2, we may

bound the relevant integral by

≪A,β T
∑

2≤n≤L

exp

(
2β∗
cn−1

− log(1/cn)

20cn

) ∏
p≤Tn−1

(
1 +

1

p

∑
1≤j,k≤m

βjβk
pi(αj−αk)

+Oβ

(
1

p2

))
+ T (log T )−A

≪A,β T
∑
n≤L

exp
(
e−n(log2 T )2(2β∗e+ 1

20
n− 1

10
log3 T )

)
×

∏
p≤Tn−1

(
1 +

1

p

∑
1≤j,k≤m

βjβk
pi(αj−αk)

)
+ T (log T )−A,

where we have applied a union bound over all bad subsets A of [m]. Because the

shifts satisfy |αj − αk| ≤ T , the T (log T )−A term is negligible by the estimate

|ζ(1 + 1/ log T + it)| ≫ ζ(2 + 2/ log T )/ζ(1 + 1/ log T ) ≫ 1/ log T

for |t| ≤ 2T . To simplify remaining term, note that because TL ≤ T e−1000β∗
it follows

that L ≤ 2 log3 T − 1000β∗. Therefore the latter term is

≪A,β T
∑
n≤L

exp
(
−4β∗e

−n(log2 T )2
) ∏
p≤Tn−1

(
1 +

1

p

∑
1≤j,k≤m

βjβk
pi(αj−αk)

)
≪A,β T (log T )β

2
1+···+β2

m

∏
1≤j<k≤m

|ζ(1 + i(αj − αk) + 1/ log T )|2βjβk

×
∑
n≤L

exp
(
−4β∗e

−n(log2 T )2
) ∏
p∈(Tn−1,TL]

(
1 +

1

p

∑
1≤j,k≤m

βjβk
pi(αj−αk)

)−1

≪A,β T (log T )β
2
1+···+β2

m

∏
1≤j<k≤m

|ζ(1 + i(αj − αk) + 1/ log T )|2βjβk

×
∑
n≤L

exp
(
−4β∗e

−n(log2 T )2 + β2
∗(L− n)

)
.
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Note we used Mertens’ estimate when passing to final line. By summing in reverse,

one readily sees the sum over n is convergent, and the claim now follows.

In view of (5.3), this completes the proof of Theorem 5.0.1.
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Chapter 6

Conditional lower bounds for
shifted moments of zeta

6.1 Introduction

This chapter is concerned with obtaining the corresponing lower bounds the shifted

moments

Mα,β(T ) =

∫ 2T

T

m∏
k=1

|ζ(1
2

+ i(t+ αk))|2βkdt,

considered in the previous chapter. Our goal will be the following result, which shows

that the upper bounds obtained in Chapter 5 are of the correct order or magnitude.

Theorem 6.1.1. Assume the Riemann hypothesis. If βk ≥ 0 and |αk| ≤ T/2 for

k = 1, . . . ,m, then

Mα,β(T ) ≫β T (log T )β
2
1+···+β2

m

∏
1≤j<k≤m

|ζ(1 + i(αj − αk) + 1/ log T )|2βjβk

for T sufficiently large in terms of β.

The method of proof is similar to a principle pioneered in the works of Heap and

Soundararajan [53] and Radziwi l l and Soundararajan [82]. These works demonstrate

that if one can asymptotically evaluate the twisted 2kth moment of a family of L-

functions for some integer k, then one can obtain sharp lower bounds for the 2βth

moments for all β ≥ 0. We will need a more elaborate argument in our setting since

there are more parameters for the shifted moments. To explain the method, we will

first introduce some notation. Set

β∗ :=
∑
k≤m

max(1, βk).
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We will choose a sequence of parameters Tj = T cj , where

c0 = 0 and cj =
ej

(log2 T )2

for j > 0. Let L be the largest integer such that TL ≤ T δ where 0 < δ < e−1000β∗ is

some small constant depending on β to be chosen later. For any X let

P1,X(s) =
∑
p≤T1

1

ps+1/ logX

logX/p

logX
+
∑

p≤log T

1

2p2s
,

and given any 2 ≤ j ≤ L define

Pj,X(s) =
∑

p∈(Tj−1,Tj ]

1

ps+1/ logX

logX/p

logX
.

The only difference between this notation and that used in the previous chapter is

that L will smaller since the value of δ is more important in this chapter.

Remark. In our proof, we could have also used the simpler Dirichlet polynomial∑
p∈(Tj−1,Tj ]

1

ps

in place of Pj,X(s) for all 1 ≤ j ≤ L. However the Pj,X will appear when using the

Riemann hypothesis, and using the Pj,X from the onset will reduce the total number

of mean value calculations.

If Pj,X(s) is not too large, then (see lemma 5.1.2) we will be able to efficiently

approximate exp(βPj,X(s)) with the following Dirichlet polynomial

Nj,X(s; β) :=
∑

m≤100β2
∗Kj

βmPj,X(s)m

m!
,

where Kj = c
−3/4
j for j ≥ 1. The set

G :=
{
t ∈ [T/2, 5T/2] : |Pj,TL

(1
2

+ it)| ≤ Kj for all 1 ≤ j ≤ L
}
.

consists of the t ∈ [T/2, 5T/2] for which Nj,TL
(s; β) is a good approximation to

exp(βPj,TL
(s)). We will be computing moments over the set

Gm := {t ∈ [T, 2T ] : t+ αk ∈ G for all 1 ≤ k ≤ m} .
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Fix a smooth function w such that 1[5/4,7/4](t) ≤ w(t) ≤ 1[1,2], and suppose for a

moment that we could compute the integral

I0 =

∫
Gm

∏
k≤m

ζ(1
2

+ i(t+ αk))

×
∏
j≤L

exp
(
(βk − 1)Pj,TL

(1
2

+ i(t+ αk)) + βkPj,TL
(1
2
− i(t+ αk))

)
w(t/T ) dt.

Then Hölder’s inequality implies

|I0| ≤Mα,β(T )1/p × |J |1/q ×
∏
k≤m

|Ik|1/rk ,

where
1

p
=

1

4β∗
,

1

rk
=

1

2m
− βk

4mβ∗
,

1

q
= 1 − 1

p
−
∑
k≤m

1

rk

are conjugate exponents,

Ik =

∫
Gm

|ζ(1
2

+ i(t+ αk))|2m
∏
j≤L

exp
(
2(βk −m)Re Pj,TL

(1
2

+ i(t+ αk))
)

×
∏
ℓ≤m
ℓ̸=k

∏
j≤L

exp
(
2βℓRe Pj,TL

(1
2

+ i(t+ αℓ))
)
w(t/T )dt,

and

J =

∫
Gm

∏
k≤m

∏
j≤L

exp
(
2βkRe Pj,TL

(1
2

+ i(t+ αk))
)
w(t/T )dt.

Therefore, Theorem 6.1.1 will follow from the following three propositions.

Proposition 6.1.2. For large T

J ≪β T (log T )β
2
1+···+β2

m

∏
1≤j<k≤m

|ζ(1 + i(αj − αk) + 1/ log T )|2βjβk .

Proposition 6.1.3. Assuming the Riemann hypothesis, for large T

|I0| ≫β T (log T )β
2
1+···+β2

m

∏
1≤j<k≤m

|ζ(1 + i(αj − αk) + 1/ log T )|2βjβk .

Proposition 6.1.4. Assuming the Riemann hypothesis, for large T and 1 ≤ k ≤ m

Ik ≪β T (log T )β
2
1+···+β2

m

∏
1≤j<k≤m

|ζ(1 + i(αj − αk) + 1/ log T )|2βjβk .
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To prove Propositions 6.1.2 and 6.1.4, we will use the definition of Gm to show

that

J ≪
∫ 2T

T

∏
k≤m

|NTL
(1
2

+ i(t+ αk); βk)|2dt

and

Ik ≪
∫
Gm

|ζ(1
2
+i(t+αk))|2m|NTL

(1
2
+i(t+αk); βk−m)|2

∏
ℓ≤m
ℓ ̸=k

|NTL
(1
2
+i(t+αℓ); βℓ)|2dt,

where

NX(s; β) :=
∏
j≤L

Nj,X(s; β).

Therefore J can be controlled by computing the mean value of a Dirichlet polynomial,

and the Ik can be bounded by computing twisted 2mth moments of the zeta function.

Both of these quantities can be controlled as NTL
(s; β) is a short Dirichlet polynomial.

For the latter task, we will need to invoke the Riemann hypothesis when m > 2.

The proof of Proposition 6.1.3 is a bit more difficult. The first step is to show

that I0 is approximately equal to∫
Gm

∏
k≤m

ζ(1
2

+ i(t+ αk))NTL
(1
2

+ i(t+ αk); 1
2
(βk − 1))2

×NTL
(1
2

+ i(t+ αk); 1
2
βk)

2
w(t/T ) dt

using the definition of Gm and the Riemann hypothesis. To compute this quantity,

we will write ∫
Gm

=

∫ 2T

T

−
∫
[T,2T ]\Gm

.

The integral over the entire interval [T, 2T ] is a shifted pure mth moment of zeta

twisted by a Dirichlet polynomial, which we can calculate unconditionally because

NTL
(s; β) is a short Dirichlet polynomial. To bound the integral over [T, 2T ] \ Gm,

we will first decompose this set according to which subsum Pj,X(1
2

+ i(t + αℓ); β) is

unusually large for some ℓ, and then bound the contribution of such t by

1

K2r
j

∫ 2T

T

∏
k≤m

|ζ(1
2

+ i(t+ αk))|

×|NTL
(1
2

+ i(t+ αk);1
2
(βk − 1))NTL

1
2

+ i(t+ αk); 1
2
βk)|2

× |Pj,X(1
2

+ i(t+ αℓ))|2r dt
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for some large integer r. To bound this quantity we are again forced to use the

Riemann hypothesis, at least when m > 2. We can estimate this integral using the

same method in the previous chapter.

We now have all the necessary tools to begin our proof of Theorem 6.1.1. To help

simplify the notation going forward, we will omit subscripts depending on β from all

big-O or Vinogradov asymptotic notation. The reader should keep in mind that all

of the implicit constants in this notation can, and usually will, depend on β. We will

also implicitly assume that T is sufficiently large in terms of β. We will first prove

Proposition 6.1.2, followed by Proposition 6.1.3, and we will conclude the proof by

establishing Proposition 6.1.4.

6.2 Proof of Proposition 6.1.2

We will begin with the evaluation of

J =

∫
Gm

∏
k≤m

∏
j≤L

exp
(
2βkRe Pj,TL

(1
2

+ i(t+ αk))
)
w(t/T )dt,

which is the simplest computation. To compute this mean value, we apply lemma

5.1.2 and then extend the integral over the entire set [T, 2T ] to find

J ≪
∫ 2T

T

∏
k≤m

|NTL
(1
2

+ i(t+ αk); βk)|2dt.

Here we have used that
∏

j≤L(1+O(e−50β2
∗Kj))2 = O(1). Note Nj,X(s; β) is a Dirichlet

polynomial of length ≤ T
100mβ2

∗Kj

j when j > 1 and of length ≤ T
200mβ2

∗K1

1 when j = 1,

so ∏
k≤m

NX(s+ iαk; βk)

has length at most T
200mβ2

∗K1

1 T
100mβ2

∗K2

2 · · ·T 100mβ2
∗KL

L ≤ T 1/10 by choice of Tj, Kj and

L. Therefore using lemma 4.4.6 in tandem with Proposition 5.2.3 we find

J ≪ T
∏
j≤L

 ∏
p∈(Tj−1,Tj ]

(
1 +

|bj,TL,α,β(p)|2

p
+O

(
1

p2

))
+O(e−50β2

∗Kj)


≪ T (log T )β

2
1+···+β2

m

∏
1≤j<k≤m

|ζ(1 + i(αj − αk) + 1/ log T )|2βjβk ,

where the latter bound follows from an application of lemma 4.3.6. This concludes

the proof of Proposition 6.1.2.
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6.3 Proof of Proposition 6.1.3

Recall

I0 =

∫
Gm

∏
k≤m

ζ(1
2

+ i(t+ αk))

×
∏
j≤L

exp
(
(βk − 1)Pj,TL

(1
2

+ i(t+ αk)) + βkPj,TL
(1
2
− i(t+ αk))

)
w(t/T ) dt.

To compute this, we will first need to replace the exponential by a Dirichlet polyno-

mial. To accomplish this, we will write I0 as a telescoping sum and control the size

of the intermediate increments. For 0 ≤ J ≤ L denote

I(J)
0 =

∫
Gm

∏
k≤m

ζ(1
2

+ i(t+ αk))

×
∏
j≤J

Nj,TL
(1
2

+ i(t+ αk); 1
2
(βk − 1))2Nj,TL

(1
2

+ i(t+ αk); 1
2
βk)

2

×
∏

J<j≤L

exp
(
(βk − 1)Pj,TL

(1
2

+ i(t+ αk)) + βkPj,TL
(1
2
− i(t+ αk))

)
w(t/T ) dt.

Since I0 = I(0)
0 , we may decompose

I0 = I(L)
0 −

∑
J≤L

(
I(J)
0 − I(J−1)

0

)
.

To prove Proposition 6.1.3 we will give a lower bound for |I(L)0 | and then show that

∑
J≤L

|I(J)
0 − I(J−1)

0 | ≤ |I(L)0 |
2

.

To control these differences, we will use the following consequence of lemma 5.1.2 and

the definition of Gm.

Lemma 6.3.1. For 0 ≤ J ≤ L

|I(J)
0 − I(J−1)

0 |

≪e−50β2
∗KJ

∫
Gm

∏
k≤m

|ζ(1
2

+ i(t+ αk))| · |NTL
(1
2

+ i(t+ αk); 1
2
(βk − 1))NTL

1
2

+ i(t+ αk); 1
2
βk)|2dt.

To prove Proposition 6.1.3, we will now just need the following two estimates.

Proposition 6.3.2.

|I(L)
0 | ≫ T

∏
p≤TL

(
1 +

∑
1≤j,k≤m

βjβk
p1+i(αj−αk)

)
.
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Proposition 6.3.3. Assuming the Riemann hypothesis∫
Gm

∏
k≤m

|ζ(1
2

+ i(t+αk))| · |NTL
(1
2

+ i(t+ αk); 1
2
(βk − 1))NTL

1
2

+ i(t+ αk); 1
2
βk)|2dt

≪ T
∏
p≤TL

(
1 +

∑
1≤j,k≤m

βjβk
pi(αj−αk)

)
.

Before proving these two statements, let us briefly see how they imply Proposition

6.1.3.

Proof of Proposition 6.1.3. Combining Propositions 6.3.3 and 6.3.2 with lemma 6.3.1,

we see that ∑
J≤L

|I(J)
0 − I(J−1)

0 | ≪ |I(L)0 |
∑
J≤L

e−50β2
∗KJ .

By definition of KJ , the sum on the right hand side is equal to∑
J≤L

exp

(
−50β2

∗
(log2 T )3/2

e3J/4

)
.

Because TL ≤ T δ, it also follows that L ≤ 2 log3 T + log δ. Therefore by summing in

reverse starting at J = L, we see that this sum is bounded by∑
j≥1

exp
(
−50β2

∗e
−3 log δ/4e3j/4

)
≤
∑
j≥1

exp
(
−50β2

∗e
−3 log δ/4j

)
≪ exp

(
−50β2

∗e
−3 log δ/4

)
.

Therefore if we choose δ > 0 sufficiently small in terms of β we may ensure that∑
J≤L

|I(J)
0 − I(J−1)

0 | ≤ |I(L)0 |
2

.

Therefore it follows that

|I0| ≫ T
∏
p≤TL

(
1 +

∑
1≤j,k≤m

βjβk
p1+i(αj−αk)

)
.

6.3.1 Proof of Proposition 6.3.2

To estimate I(L)
0 , we will first write I(L)

0 = J1 − J2, where

J1 =

∫ 2T

T

∏
k≤m

ζ(1
2

+ i(t+ αk))

×NTL
(1
2

+ i(t+ αk); 1
2
(βk − 1))2NTL

(1
2

+ i(t+ αk); 1
2
βk)

2
w(t/T ) dt
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and

J2 =

∫
[T,2T ]\Gm

∏
k≤m

ζ(1
2

+ i(t+ αk))

×NTL
(1
2

+ i(t+ αk); 1
2
(βk − 1))2NTL

(1
2

+ i(t+ αk); 1
2
βk)

2
w(t/T ) dt.

We will evaluate J1 first. To do this, we will make use of the following approximate

functional equation.

Lemma 6.3.4. Let

V (x, t) =
1

2πi

∫
(1)

es
2

s

(
t3m

x

)s

ds

and τα(n) =
∑

n1···nm=n n
−iα1
1 · · ·n−iαm

m . For αj ≤ T/2 and t ∈ [T, 2T ]

∏
k≤m

ζ(1
2

+ it+ iαk) =
∑
n

τα(n)

n1/2+it
V (n, t) +O(1/T ).

Proof. We will evaluate the integral

I =
1

2πi

∫
(1)

es
2

s
t3ms

∏
k≤m

ζ(1
2

+ it+ iαk + s)ds

in two ways. Expanding
∏

k≤m ζ(1
2
+it+iαk+s) into its Dirichlet series and simplifying

shows

I =
∑
n

τα(n)

n1/2+it
V (n, t).

Alternatively, by shifting the contour to Re s = −1, we pass over poles at s = 0 and

s = −1
2
− it− iαk. Only the residue at s = 0 contributes because of the rapid decay

of es
2

and because |t+ αk| ≥ T/2. Therefore

I =
∏
k≤m

ζ(1
2

+ it+ iαk) +
1

2πi

∫
(−1)

es
2

s
t3ms

∏
k≤m

ζ(1
2

+ it+ iαk + s)ds+OA(T−A).

To conclude, by the standard estimate ζ(−1
2

+ it) ≪ 1 + |t|, we may bound this final

integral by

≪
∫
R

e−y2

y + 1
T−3m

∏
j≤s

(1 + |t+ αj + y|)dy.

The integral over the region |y| ≤ T can be bounded by

≪
∫ T

0

e−y2

y + 1
T−3m × Tm dy ≪ T−1,
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and the integral over the region |y| ≥ T is

≪
∫ ∞

T

e−y2

y
T−2m × ym dy ≪ T−1.

Next we will need to understand the coefficients of the Dirichlet polynomials∏
k≤m

Nj,TL
(1
2

+ i(t+ αk); 1
2
(βk − 1))2 =

∑
n

qj(n)

n1/2+it
,

∏
k≤m

NTL
(1
2

+ i(t+ αk); 1
2
(βk − 1))2 =

∑
n

q(n)

n1/2+it
,

and ∏
k≤m

Nj,TL
(1
2

+ i(t+ αk); 1
2
βk)2 =

∑
n

rj(n)

n1/2+it
,

∏
k≤m

NTL
(1
2

+ i(t+ αk); 1
2
βk)2 =

∑
n

r(n)

n1/2+it
.

The reader may want to review the definition of the coefficients bj,TL,α,β(n) found in

section 5.2. Notice that each qj(n) is the twofold Dirichlet convolution of b
j,TL,α,

1
2
(β−1)

(n)

with itself and each rj(n) is the twofold Dirichlet convolution of b
j,TL,α,

1
2
β
(n) with it-

self, where 1
2
(β − 1) and 1

2
β denote the vectors with jth element 1

2
(βj − 1) and 1

2
βj

respectively. As before, we will define two more sets of coefficients: Let q′j(n) be

the twofold Dirichlet convolution of b′
j,TL,α,

1
2
(β−1)

(n) with itself and let r′j(n) be the

twofold Dirichlet convolution of b′
j,TL,α,

1
2
β
(n) with itself. Finally define q′′j (n) and

r′′j (n) in an analogous fashion. Again the key point is that q′j and r′j are multiplica-

tive approximations of qj and rj and that q′′j and r′′j are non-negative multiplicative

coefficients satisfying |qj|, |q′j| ≤ q′′ and |rj|, |r′j| ≤ r′′. Before proceeding further, we

will need the following estimate.

Lemma 6.3.5. For p ∈ (Tj−1, Tj]

qj(p
l), rj(p

l) ≪ m2βl
∗l

4me−l log(l/2m)/4m+2l.

Proof. The bound for qj follows by combining the formula

qj(p
l) =

∑
x+y=l

b
j,TL,α,

1
2
(β−1)

(px)b
j,TL,α,

1
2
(β−1)

(py)

with the bound for b
j,TL,α,

1
2
(β−1)

(px) given in lemma 5.2.2 and noting that either

x ≥ l/2 or y ≥ l/2. The argument for rj is the same.
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We can now compute

J1 =
1

2πi

∑
n

∑
h,k<T 1/2

τα(n)q(h)r(k)

n1/2h1/2k1/2

∫
(1)

es
2

s

∫ 2T

T

(
nh

k

)−it
t3ms

ns
w(t/T ) dt ds

+O

(
1

T

∫ 2T

T

∏
k≤m

|NTL
(1
2

+ i(t+ αk); 1
2
(βk − 1))NTL

(1
2

+ i(t+ αk); 1
2
βk)|2dt

)
.

Because ∏
k≤m

NTL
(1
2

+ i(t+ αk); 1
2
(βk − 1))NTL

(1
2

+ i(t+ αk); 1
2
βk)

is a short Dirichlet polynomial whose coefficients c(n) satisfy c(n) ≪ε n
ε, it follows

that the error term is ≪ε T
ε by lemma 5.1.3. Returning now to the main term, the

next step is to discard the terms where nh ̸= k. An exercise in contour integration

shows that

tj
∂j

∂tj
V (x, t) ≪A,j

(
1 + |x/t3m|

)−A
.

Therefore, because w is smooth, repeated integration by parts implies that∫ 2T

T

w(t/T )

(
nh

k

)−it

V (n, t) dt≪j,A
(1 + n/T 3m)−A

| log(nh/k)|jT j
.

Because h and k are at most T 1/2, it follows that log(nh/k) ≫ T−1/2 if nh ̸= k.

Therefore the contribution to the sum of terms with hn ̸= k is OA(T−A) because

h, k < T 1/2.

Now by shifting the contour to Re s = −1/4 and simplifying the diagonal terms,

we find that

J1 = T∥w∥1
∑

h,k≤T 1/2

h|k

τα(k/h)q(h)r(k)

k
+O(T 1−ε).

By multiplicativity, we may factor the inner sum as∑
h,k≤T 1/2

h|k

τα(k/h)q(h)r(k)

k
=
∏
j≤L

∑
p|h,k⇒p∈(Tj−1,Tj ]

h|k

τα(k/h)qj(h)rj(k)

k
.

Next notice if qj(h) ̸= q′j(h), then it must be that Ω(h) ≥ 100β2
∗Kj. So replacing qj

and rj with q′j and r′j respectively incurs an error of order

e−100β2
∗Kj

∑
p|h,k⇒p∈(Tj−1,Tj ]

h|k

eΩ(h)|τα(k/h)|q′′j (h)r′′j (k)

k

≪ e−100β2
∗Kj

∏
p∈(Tj−1,Tj ]

(
1 +

2eβ2
∗

p
+O

(
1

p2

))
≪ e−50β2

∗Kj .
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for each j. Here we have used the divisor bound |τα(py)| ≪ε p
εy and lemma 6.3.5 to

bound the contribution of the terms of order smaller than 1/p2. Therefore, suppressing

terms of order T 1−ε, we see that

J1 = T∥w∥1
∏
j≤L

 ∏
p∈(Tj−1,Tj ]

( ∑
0≤x≤y

τα(py−x)qj(p
x)rj(py)

py

)
+O(e−50β2

∗Kj)



= T∥w∥1
∏
j≤L

 ∏
p∈(Tj−1,Tj ]

(
1 +

qj(p)rj(p) + τα(p)rj(p)

p
+O

(
1

p2

))
+O(e−50β2

∗Kj)

 .

A quick computation shows that

qj(p) + τα(p) = aTL
(p)
∑
k≤m

βkp
−iαk = rj(p).

Therefore, recalling aTL
(p) = p−1/ log TL(1 − log p/ log TL), we deduce that J1 is equal

to

T∥w∥1
∏
j≤L

 ∏
p∈(Tj−1,Tj ]

(
1 +

1

p

∣∣∣∣∑
k≤m

βkp
−iαk

∣∣∣∣2 +O

(
log p

p log TL
+

1

p2

))
+O(e−50β2

∗Kj)

 ,

and we may readily conclude

Proposition 6.3.6.

J1 ≫ T
∏
p≤TL

(
1 +

∑
1≤j,k≤m

βjβk
p1+i(αj−αk)

)
.

We will now show, for δ sufficiently small, that |J2| ≤ |J1|/2. To do this we will

recall some of the notation from the previous chapter. First recall that

G :=
{
t ∈ [T/2, 5T/2] : |Pj,TL

(1
2

+ it)| ≤ Kj for all 1 ≤ j ≤ L
}
.

Next given a subset A of [m] := {1, . . . ,m}

GA := {t ∈ [T, 2T ] : t+ αk ∈ G if and only if k ∈ A} ,

and for each 1 ≤ j ≤ L let

Bj := {t ∈ [T/2, 5T/2] : |Pr,Ts(
1
2

+ it)| ≤ Kj for all 1 ≤ r < j and r ≤ s ≤ L

but |Pj,Ts(
1
2

+ it)| > Kj for some j ≤ s ≤ L}.
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To evaluate J2, we must evaluate an integral over all of the GA with A ranging over

all proper subsets of [m]. Without loss of generality we will write A = [m] \ [a]. For

each t ∈ GA, there is a function Ft : [a] → [L] such that t + αj ∈ Bf(j). We further

partition GA into the sets

BA,n = {t ∈ GA : min
j∈[a]

Ft(j) = n}.

With this new notation, we may write

[T, 2T ] \ Gm =
⊔
n≤L

⊔
A⊊[m]

BA,n.

When n > 1, the calculation is analogous to the one in section 5.3. Using Lemma

5.1.1 with X = Tn−1 and the definition of BA,n we find∫
BA,n

∏
k≤m

|ζ(1
2

+ i(t+ αk))|

× |NTL
(1
2

+ i(t+ αk); 1
2
(βk − 1))NTL

(1
2

+ i(t+ αk); 1
2
βk)|2w(t/T ) dt

≪
∫
BA,n

m∏
k=1

exp

(
Re

(∑
j<n

Pj,Tn−1(
1
2

+ i(t+ αk)) + 1/cn−1

)
× |NTL

(1
2

+ i(t+ αk); 1
2
(βk − 1))NTL

(1
2

+ i(t+ αk); 1
2
βk)|2 dt

≪ e1/cn−1

∫
BA,n

m∏
k=1

∏
j<n

exp
(
Re Pj,Tn−1(

1
2

+ i(t+ αk))
)

× |NTL
(1
2

+ i(t+ αk); 1
2
(βk − 1))NTL

(1
2

+ i(t+ αk); 1
2
βk)|2 dt

≪ e1/cn−1 max
ℓ∈[a]
s∈[L]

∫ 2T

T

m∏
k=1

∏
j<n

|Nj,Tn−1(
1
2

+ i(t+ αk); 1
2
)|2

× |Pn,Ts(
1
2

+ i(t+ αℓ))/Kn|2⌈1/20cn⌉

× |NTL
(1
2

+ i(t+ αk); 1
2
(βk − 1))NTL

(1
2

+ i(t+ αk); 1
2
βk)|2 dt.

So by lemma 4.4.6 we need the following mean value calculations.

Proposition 6.3.7. For j < n∫ 2T

T

m∏
k=1

|Nj,Tn−1(
1
2

+ i(t+ αk); 1
2
)Nj,TL

(1
2

+ i(t+ αk); 1
2
(βk − 1))|2

× |Nj,TL
(1
2

+ i(t+ αk); 1
2
βk)|2dt

≤ T
∏

p∈(Tj−1,Tj ]

(
1 +

1

p

∑
1≤j,k≤m

βjβk
pi(αj−αk)

+O

(
log p

p log Tn−1

+
1

p2

))
+O(e−50β2

∗Kj).
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Proof. All of the following calculations are similar to earlier computations, so we will

just sketch their proofs. The coefficients of the Dirichlet polynomial

m∏
k=1

Nj,Tn−1(
1
2

+ i(t+ αk); 1
2
)Nj,TL

(1
2

+ i(t+ αk); 1
2
(βk − 1))Nj,TL

(1
2

+ i(t+ αk); 1
2
βk)

are given by the triple convolution

a(n) := bj,Tn−1,α,1/2 ∗ bj,TL,α,
1
2
(β−1)

∗ b
j,TL,α,

1
2
β
(n),

where 1/2 is a vector of m copies of 1/2. Using Rankin’s trick, one can replace these

with the multiplicative coefficients

a′(n) := b′j,Tn−1,α,1/2 ∗ b′j,TL,α,
1
2
(β−1)

∗ b′
j,TL,α,

1
2
β
(n)

at a cost of O(e−50β2
∗Kj). Using lemma 5.2.2, one may then show that

|a′(p)|2 =
∑

1≤j,k≤m

βjβk
pi(αj−αk)

+O

(
log p

log Tn−1

)
and ∑

r≥2

|a(pr)|2

pr
≪ 1

p2
.

The claim now follows by multiplicativity and lemma 5.1.3.

Proposition 6.3.8. For 1 < n ≤ L∫ 2T

T

m∏
k=1

|Nn,TL
(1
2

+ i(t+ αk); 1
2
(βk − 1))Nn,TL

(1
2

+ i(t+ αk); 1
2
βk)|2

× |Pn,Ts(
1
2

+ i(t+ αℓ))/Kn|2⌈1/20cn⌉ dt≪ Te− log(1/cn)/40cn .

Proof. By Cauchy Schwarz, the relevant mean value is at most(∫ 2T

T

|Pn,Ts(
1
2

+ i(t+ αℓ))/Kn|2⌈1/20cn⌉ dt
)1/2

×

(∫ 2T

T

m∏
k=1

|NTL
(1
2

+ i(t+ αk); 1
2
(βk − 1))NTL

(1
2

+ i(t+ αk); 1
2
βk)|2 dt

)1/2

.

By Proposition 5.3.2, the first integral is ≪ Te− log(1/cn)/20cn . Using the same reasoning

in the previous proof, one may show that the second integral is

≪
∏

p∈(Tn−1,Tn]

(
1 +O

(
1

p

))
≪ 1

because log Tn/ log Tn−1 = e for n > 1. The claim now follows.
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Proposition 6.3.9. For j > n∫ 2T

T

m∏
k=1

|Nj,TL
(1
2

+ i(t+ αk); 1
2
(βk − 1))Nj,TL

(1
2

+ i(t+ αk); 1
2
βk)|2dt

≤ T
∏

p∈(Tj−1,Tj ]

(
1 +O

(
1

p

))
+O(e−50β2

∗Kj).

Proof. The proof is a simpler version of the proof of Proposition 6.3.7. One now has

a double convolution instead of a triple convolution, and uses a cruder bound for the

Dirichlet polynomial coefficients. The details are omitted.

The previous three propositions and Mertens’ estimate now imply that∫
BA,n

∏
k≤m

|ζ(1
2

+ i(t+ αk))|

× |NTL
(1
2

+ i(t+ αk); 1
2
(βk − 1))NTL

(1
2

+ i(t+ αk); 1
2
βk)|2w(t/T ) dt

≪ T
∏
j<n

 ∏
p∈(Tj−1,Tj ]

(
1 +

∑
1≤j,k≤m

βjβk
p1+i(αj−αk)

+O

(
log p

p log Tn−1

+
1

p2

))
+O(e−50β2

∗Kj)


× e1/cn−1−log(1/cn)/40cn

∏
n<j≤L

 ∏
p∈(Tj−1,Tj ]

(
1 +O

(
1

p

))
+O(e−50β2

∗Kj)


≪ T exp

(
1/cn−1 − log(1/cn)/40cn +O

(
(log2 T )2e−n

)) ∏
p≤Tn−1

(
1 +

1

p

∑
1≤j,k≤m

βjβk
pi(αj−αk)

)
≪ T exp

(
1/cn−1 − log(1/cn)/40cn +O

(
(log2 T )2e−n + L− n

))
×
∏
p≤TL

(
1 +

1

p

∑
1≤j,k≤m

βjβk
pi(αj−αk)

)
.

When n = 1, we will instead use the estimate

Proposition 6.3.10. Assuming the Riemann hypothesis, for any A ⊊ [m]∫
BA,1

∏
k≤m

ζ(1
2

+ i(t+ αk))NTL
(1
2

+ i(t+ αk); 1
2
(βk − 1))2

×NTL
(1
2

+ i(t+ αk); 1
2
βk)

2
w(t/T ) dt≪A T (log T )−A.

Proof. By Hölder’s inequality, the integral over BA,1 is at most

(meas BA,1)
1/3

(∫ 2T

T

∏
k≤m

|ζ(1
2

+ i(t+ αk))|3 dt

)1/3
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×
(∫ 2T

T

|NTL
(1
2

+ i(t+ αk); 1
2
(βk − 1))NTL

(1
2

+ i(t+ αk); 1
2
βk)|6 dt

)1/3

By the same reasoning used in the proof of Proposition 6.3.7, one may show the final

integral is ≪ T (log T )O(1). By Theorem 5.0.1, the first integral is also ≪ T (log T )O(1).

The claim now follows by using 5.1.5 to bound meas BA,1.

We now have all the necessary tools to show

Proposition 6.3.11. Assuming the Riemann hypothesis, if δ is sufficiently small in

terms of β

|J2| ≤ |J1|/2.

Proof. The preceding calculations in tandem with Proposition 6.3.6 imply that for

n > 1 ∫
BA,n

∏
k≤m

|ζ(1
2

+ i(t+ αk))|

× |NTL
(1
2

+ i(t+ αk); 1
2
(βk − 1))NTL

(1
2

+ i(t+ αk); 1
2
βk)|2w(t/T ) dt

≪ exp
(
1/cn−1 − log(1/cn)/40cn +O

(
(log2 T )2e−n + L− n

))
|J1|.

Therefore by summing over all A ⊊ [m] and applying Proposition 6.3.10 we see that

|J2| ≪ |J1|
∑

2≤n≤L

exp
(
1/cn−1 − log(1/cn)/40cn +O

(
(log2 T )2e−n + L− n

))
+OA

(
T (log T )−A

)
. (6.1)

The T (log T )−A term is negligible. To bound the sum over n, we use the definition

of the cn to find∑
2≤n≤L

exp
(
1/cn−1 − log(1/cn)/40cn +O

(
(log2 T )2e−n + L− n

))
=
∑

2≤n≤L

exp
(
e−n(log2 T )2(O(1) + 1

40
n− 1

20
log3 T )

)
+O(L− n)).

Because TL ≤ T δ it follows that L ≤ 2 log3 T + log δ so the sum is at most∑
2≤n≤L

exp
(
e−n(log2 T )2(O(1) + 1

40
log δ)

)
+O(L− n)).

By summing in reverse, we may bound this sum by∑
j≥0

exp
(
ej(O(1) + 1

40
log δ) +O(j)

)
≤
∑
j≥1

exp
(
(O(1) + 1

40
log δ)j

)
≤ exp

(
O(1) + 1

40
log δ

)
.

Therefore by taking δ sufficiently small in terms of β, we can ensure that this sum

times the implicit constant in (6.1) is at most 1/3, so the claim follows.
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Combining this with Proposition 6.3.6 completes the proof of Proposition. 6.3.2

6.3.2 Proof of Proposition 6.3.3

Now only Proposition 6.3.3 is needed to complete the proof of Proposition 6.1.3. To

accomplish this, we will now use Lemma 5.1.1 with X = TL and the definition of Gm

to deduce

∫
Gm

∏
k≤m

|ζ(1
2

+ i(t+ αk))|

× |NTL
(1
2

+ i(t+ αk); 1
2
(βk − 1))NTL

(1
2

+ i(t+ αk); 1
2
βk)|2w(t/T ) dt

≪
∫
Gm

m∏
k=1

∏
j≤L

exp
(
Re Pj,TL

(1
2

+ i(t+ αk))
)

× |NTL
(1
2

+ i(t+ αk); 1
2
(βk − 1))NTL

(1
2

+ i(t+ αk); 1
2
βk)|2 dt

≪
∫ 2T

T

m∏
k=1

|NTL
(1
2

+ i(t+ αk); 1
2
)|2

× |NTL
(1
2

+ i(t+ αk); 1
2
(βk − 1))NTL

(1
2

+ i(t+ αk); 1
2
βk)|2 dt.

So all that remains to is compute the mean square of the Dirichlet polynomial

m∏
k=1

NTL
(1
2

+ i(t+ αk); 1
2
)NTL

(1
2

+ i(t+ αk); 1
2
(βk − 1))NTL

(1
2

+ i(t+ αk); 1
2
βk).

Proposition 6.3.7 with n = L+ 1 and lemma 4.4.6 imply that this mean value is

≪ T
∏
p≤TL

(
1 +

1

p

∑
1≤j,k≤m

βjβk
pi(αj−αk)

)
.

This now concludes the proof of Proposition 6.3.3, and therefore also the proof of

Proposition 6.1.3.

6.4 Proof of Proposition 6.1.4

All that remains is to bound the quantities

Ik =

∫
Gm

|ζ(1
2

+ i(t+ αk))|2m
∏
j≤L

exp
(
2(βk −m)Re Pj,TL

(1
2

+ i(t+ αk))
)

×
∏
ℓ≤m
ℓ̸=k

∏
j≤L

exp
(
2βℓRe Pj,TL

(1
2

+ i(t+ αℓ))
)
w(t/T )dt.

95



By applying lemma 5.1.1 with X = TL and lemma 5.1.2 it follows that

Ik ≪
∫ 2T

T

|NTL
(1
2

+ i(t+ αk);m)NTL
(1
2

+ i(t+ αk); βk −m)|2

×
∏
ℓ≤m
ℓ ̸=k

|NTL
(1
2

+ i(t+ αℓ); βℓ)|2 dt.

Before proceeding it may be helpful to review the definitions made preceding Propo-

sition 5.2.1. When j > 1, the coefficients aj(n) of the Dirichlet polynomial

Nj,TL
(1
2

+ i(t+ αk);m)Nj,TL
(1
2

+ i(t+ αk); βk −m)
∏
ℓ≤m
ℓ ̸=k

Nj,TL
(1
2

+ i(t+ αℓ); βℓ)

are given by them+1 fold Dirichlet convolution of gTL
(n;m)n−iαkcj(n) and gTL

(n; βk−
m)n−iαkcj(n) with gTL

(n; βℓ)n
−iαℓcj(n) for all ℓ ≤ m not equal to k. When j = 1

a similar formula holds with fTL
in place of gTL

. As before, one may replace cj(n)

with 1p|n⇒p∈(Tj−1,Tj ] at a cost of O(e−50β2
∗Kj) to obtain multiplicative coefficients a′j(n)

which

|a′j(p)|2 =
∑

1≤j,k≤m

βjβk
pi(αj−αk)

+O

(
log p

log TL

)
and ∑

r≥2

|a(′pr)|2

pr
≪ 1

p

for Tj−1 < p ≤ Tj. As before, this allows us to conclude that

Ik ≪ T
∏
p≤TL

(
1 +

∑
1≤j,k≤m

βjβk
pi(αj−αk)

1

p

)
.

Proposition 6.1.4, and therefore Theorem 6.1.1, readily follows.
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Painlevé functions, Nonlinearity 32 (2019).

[16] S. Bettin, The second moment of the Riemann zeta function with unbounded

shifts, Int. J. Number Theory 6 no. 8, 1933–1944 (2010).

[17] S. Bettin, H. M. Bui, X. Li, and M. Radziwi l l, A quadratic divisor problem and

moments of the Riemann zeta-function, J. Eur. Math. Soc. 22 no. 12, 3953–3980

(2020).

[18] S. Bettin, V. Chandee, and M. Radziwi l l, The mean square of the product of ζ(s)

with Dirichlet polynomials, J. Reine Angew. Math 729 51–79, (2017).

[19] P. Bourgade, Mesoscopic fluctuations of the zeta zeros, Probab. Theory Related

Fields 148 no. 3-4, 479–500 (2010).

[20] Bourgain, J. Decoupling, exponential sums and the Riemann zeta function. J.

Am. Math. Soc. 30, 205–224 (2017).

[21] V. Chandee. On the correlation of shifted values of the Riemann zeta function,

Q. J. Math. 62 no. 3, 545-572 (2011).

[22] Claeys, T. and Krasovsky, I. Toeplitz determinants with merging singularities,

Duke Math. J. 164 no. 15, 2897–2987 (2015).

[23] J. B. Conrey, More than two fifths of the zeros of the Riemann zeta function are

on the critical line, J. Reine Angew. Math. 339, 1–26 (1989).

98



[24] J. B. Conrey, The fourth moment of derivatives of the Riemann zeta-function,

Q. J. Math. 39 no. 1, 21-36 (1988).

[25] Conrey J. B., Farmer D. W., Keating J. P., Rubinstein M. O., and Snaith N. C.,

Autocorrelation of random matrix polynomials, Commun. Math. Phys. 237 no. 3,

365-395 (2003).

[26] J. B. Conrey, D. W. Farmer, J. P. Keating, M. O. Rubinstein, and N. C. Snaith,

Integral moments of L-functions, Proc. London Math. Soc. 91 no. 3, 33–104

(2005).

[27] J. B. Conrey and A. Ghosh, A conjecture for the sixth power moment of the

Riemann zeta function, Int. Math. Res. Not. 1998 no. 15, 775-780 (1998).

[28] J. B. Conrey and A. Ghosh, On the mean values of the zeta-function II, Acta

Arith. 52 no. 4, 367-371 (1989).

[29] J. B. Conrey and S. M. Gonek, High moments of the Riemann zeta-function,

Duke Math. Jour. 107, 577–604 (2001).

[30] J. B. Conrey, M. O. Rubinstein, and N. C. Snaith, Moments of the derivative

of characteristic polynomials with an application to the Riemann Zeta function,

Comm. Math. Phys. 267, 611-629 (2006).

[31] M. J. Curran, Correlations of the Riemann zeta function, Mathematika 70,

e12268 (2024).

[32] M. J. Curran, Freezing transition and moments of moments of the Riemann zeta

function, preprint arXiv:2301.10634 (2023).

[33] M. J. Curran, Lower bounds for shifted moments of the Riemann zeta function,

arXiv preprint arXiv:2405.08725 (2024).

[34] M. J. Curran, Upper bounds for fractional joint moments of the Riemann zeta

function, Acta Arith. 204, 83-96 (2022).

[35] M. J. Curran and A. Heycock, Sharp bounds for joint moments of the Riemann

zeta function arXiv preprint arXiv:2403.00902 (2024).

[36] P-O. Dehaye, Joint moments of derivatives of characteristic polynomials, Algebra

Number Theory 2 no. 1, 31-68 (2008).

99



[37] P-O. Dehaye, A note on moments of derivatives of characteristic polynomials,

22nd International Conference on Formal Power Series and Algebraic Combina-

torics, Discrete Math. Theor. Comput. Sci. Proc. AN, 681-692 (2010).

[38] W. Duke, J. B. Friedlander, and H. Iwaniec, A quadratic divisor problem. Invent.

Math. 115 no. 2, 209–217 (1994).

[39] Fahs, B. Uniform asymptotics of Toeplitz determinants with Fisher–Hartwig sin-

gularities. Commun. Math. Phys. 383, 685–730 (2021).

[40] P. J. Forrester and N. S. Witte, Application of the τ -function theory of Painlevé
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