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Abstract

Absolute and Relative Generality
A thesis submitted for the degree of Doctor of Philosophy in Philosophy

James Studd, Corpus Christi College, the University of Oxford
Michaelmas term 2011

Word count: 74549

This thesis is concerned with the debate between absolutists and relativists about generality. Ab-

solutists about quantification contend that we can quantify over absolutely everything; relativists

deny this. The introduction motivates and elucidates the dispute. More familiar, restrictionist

versions of relativism, according to which the range of quantifiers is always subject to restriction,

are distinguished from the view defended in this thesis, an expansionist version of relativism,

according to which the range of quantifiers is always open to expansion.

The remainder of the thesis is split into three parts. Part I focuses on generality. Chapter 2

is concerned with the semantics of quantifiers. Unlike the restrictionist, the expansionist need not

disagree with the absolutist about the semantics of quantifier domain restriction. It is argued that

the threat of a certain form of semantic pessimism, used as an objection against restrictionism,

also arises, in some cases, for absolutism, but is avoided by expansionism. Chapter 3 is primarily

engaged in a defensive project, responding to a number of objections in the literature: the

objection that the relativist is unable to coherently state her view, the objection that absolute

generality is needed in logic and philosophy, and the objection that relativism is unable to

accommodate ‘kind generalisations’. To meet these objections, suitable schematic and modal

resources are introduced and relativism is given a precise formulation.

Part II concerns issues in the philosophy of mathematics pertinent to the absolutism/relat-

ivism debate. Chapter 4 draws on the modal and schematic resources introduced in the previous

chapter to regiment and generalise the key argument for relativism based on the set-theoretic

paradoxes. Chapter 5 argues that relativism permits a natural motivation for Zermelo-Fraenkel

set theory. A new, bi-modal axiomatisation of the iterative conception of set is presented. It is

argued that such a theory improves on both its non-modal and modal rivals.

Part III aims to meet a thus far unfulfilled explanatory burden facing expansionist rela-

tivism. The final chapter draws on principles from metasemantics to offer a positive account of

how universes of discourse may be expanded, and assesses the prospects for a novel argument

for relativism on this basis.
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1 Introduction

1 Absolutism

The absolutist about quantification contends that sometimes quantifiers such as ‘every-

thing’ can be used to express universal quantification over absolutely everything.

1.1 Putatively absolute generality

This view enjoys a good deal of initial plausibility. Often in philosophy, science and

mathematics it suffices to quantify over less than everything. The theory at hand may

call for us to generalise only about agents with free will or perfectly natural properties;

about particles in the standard model or varieties of archaea; or about Banach spaces

or vorticity-free fluids; and so on. But sometimes restricted generality does not seem to

be enough: to theorise with the requisite level of generality requires us to quantify over

everything.

Take, for instance, the mereological nihilist. Having explained that simple things

are those that have no proper parts, he makes the following proclamation.

(1) Everything is simple.

Well aware of the potential for such a radical claim to invite misunderstanding, the

mereologist takes pains to emphasise that he does not intend his use of ‘everything’ to

be restricted, and will happily elaborate on his use of ‘everything’, with utterances like:

‘By ‘everything’, I mean to be included absolutely everything whatsoever, without any

exclusions at all.’1

1Compare Williamson (2006, p. 380).
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This provides a prima facie reason to side with the absolutist about quantification,

who contends that quantification over absolutely everything is possible. But there is also

a well known prima facie case against this view.

1.2 Indefinite extensibility

Our pre-theoretic understanding of certain predicates seems to rule out our pinning down

a final—inextensible—extension for them. Predicates such as ‘set’, ‘ordinal’, ‘interpre-

tation’, amongst others, appear to be ‘indefinitely extensible’ in something like Michael

Dummett’s sense:2 no matter what sets a putative extension for ‘set’ comprises, we

can apparently specify a further set that is not one of them; similarly for ‘ordinal’ and

‘interpretation’.

Take sets first. Intuitively a set is just a collection of some things. The things are

its elements. The set of some things is identical with the set of some other things just

in case the first things are the same as the second things; that is, just in case the sets

have the same elements. But given any sets, reasoning in the style of Russell’s (1902)

paradox appears to lead us to a further set.

Consider those sets amongst the given ones that lack themselves as elements. Now

consider the Russell set, which has these non-self-membered sets as its elements. Suppose

for reductio ad absurdum that the Russell set is amongst the sets we started with. If the

Russell set is non-self-membered, it is one of the given sets that is non-self membered,

and hence one of the elements of the Russell set. If it is self-membered, since the Russell

set has as elements only sets that are non-self-membered, it is not an element of the

Russell set after all. This yields a contradiction since it is the Russell set. The Russell set

is self-membered just in case it is not. Consequently ‘set’ would seem to be indefinitely

extensible. Given any sets that putatively exhaust the extension of ‘set’, we appear to

be able to come to a further set—namely, the Russell set for those sets—which cannot

be amongst them.3

2See Dummett (1963; 1983, pp. 532–3; 1991, pp. 316–19). I shall offer a regimentation of this
notion in chapter 5.

3This reasoning is the plural analogue of the set-theoretic argument employed by Zermelo to
show that every set M has a subset M0 “df tx PM | x R xu that is not an element of M . See
Zermelo (1908, thm. 10).
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Next take interpretations. Focus just on the interpretation of a single unary pred-

icate P from a formal language. An interpretation specifies which things P applies to;

that is, which things satisfy the open sentence Px. Intuitively P can be interpreted

to apply to any things whatsoever. For example, we can interpret P to have the same

extension as ‘bottle’ by taking it to apply to every bottle (and nothing else). Un-

der this interpretation, the predicate does not apply to non-bottles; more specifically,

P does not apply to interpretations; and, in particular, does not apply to the bottle

interpretation itself. But in analogy with the Russell argument, by considering such

‘non-self-applying’ interpretations, we can seemingly show how to extend any putatively

complete extension of ‘interpretation’. The argument adapts an interpretational ana-

logue of the Russell paradox due to Williamson (2003, §IV). Given any interpretations,

consider the Williamson interpretation, which takes P to apply to the non-self-applying

interpretations amongst them; that is, to the given interpretations I under which P

does not apply to I. Then—supposing the Williamson interpretation is amongst the

given interpretations—if it is non-self-applying, the Williamson interpretation takes P

to apply to it. If it is self-applying, since the Williamson interpretation applies P only to

interpretations that are non-self-applying, P does not apply to it under the Williamson

interpretation. Exactly analogous reasoning to before leads to an exactly analogous

contradiction. The Williamson interpretation is self-applying just in case it is not.

Finally take ordinals. Intuitively ordinals provide a measure of the ‘length’ of

certain orderings: an ordinal α is just the order-type of some things, well-ordered by

an associated relation ăα.4 The ordinal α of some well-ordered things is identical with

the ordinal β of some other well-order things if the first things (under ăα) exhibit the

same order-structure as the second things (under ăβ); more precisely, just in case the

first things are order-isomorphic to the second things under their respective orderings.5

4A relation ăα is said to well-order some things if it is a strict total order on those things—an
irreflexive, transitive and connected relation on those things—that is well-founded: such that
for one or more things amongst the ordered things, one of them a is minimal, that is, such
that no b amongst them is such that b ăα a.

5Some things, ordered by ăα, are said to be order-isomorphic to some others, well-ordered
by ăβ , if there is bijection π between the first things and the second things such that any two
of the first things a and b stand in the first relation—a ăα b—just in case their counterparts
amongst the second things stand in their order relation—πpaq ăβ πpbq.
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But, as with sets, the intuitive conception of ordinal appears to preclude our settling on

an intuitively exhaustive extension of ‘ordinal’. For given any ordinals, the reasoning of

the Burali-Forti (1897) paradox seems to take us to a further ordinal. The argument

this time is slightly more involved. First we define the standard ordering on the given

ordinals: one ordinal is ‘shorter’ than another if the first well-ordering has same order-

structure as a proper part—in particular, an initial segment—of the second: α ă β if α

is identical to βăb, the order-type of those things prior to b under ăβ (well-ordered under

the restriction of ăβ to these things), for some b amongst them. We can then establish

that ă well-orders the ordinals in the purportedly exhaustive extension of ‘ordinal’. But

now consider the Burali-Forti order-type Ω of all the given ordinals as ordered by ă. The

assumption that Ω is one of the given ordinals leads to a contradiction. For if Ω is one

of these ordinals, the ordinals less than Ω are an initial segment of all the given ordinals,

and ΩăΩ ă Ω. Given the well-foundedness of ă, there must be a minimal ordinal β with

this property, such that Ωăβ ă β. But then the shorter ordinal α “df Ωăβ also has this

property. The ordinals prior to α are an initial segment of the ordinals prior to β; so

Ωăα ă Ωăβ p“ αq. This contradicts the minimality of β.6

2 Relativism

Arguments in this vein lie behind what I take to be by far and away the strongest case for

relativism about quantification, the view opposing absolutism. Relativists moved by such

considerations maintain that whatever objects the absolutist’s supposedly absolutely all-

inclusive domain comprises, we can come to use quantifiers more extensively, so that—

relative to the new, more liberal perspective—there are things that are not members of

this domain.7

The picture is akin to the one Zermelo (1930) outlined for the set-theoretic hierar-

chy. Rather than a single intended model for set theory with urelements ZFCU, Zermelo

hypothesised an open-ended hierarchy of set-theoretic universes, each more inclusive

than the last. Some objects that do not form a set in one model, the members of the

6Shapiro and Wright (2006, pp. 256–7) offer a slightly different formulation of this argument.
7See, for instance, Glanzberg (2006, p. 50).
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proper class Ω of all (von Neumann) ordinals in the universe of the model, for instance,

or simply every set in the entire universe of the model, V rU s, form a perfectly good

set in the next, more inclusive model. And the series continues indefinitely, surpassing

the order-type measured by any ordinal in any of its members. Likewise the relativist

contends that rather than a single absolute domain for quantifiers like ‘everything’, there

is a series of ever greater domains. We can always bring about a shift in domain so as to

incorporate the Russell set of all non-self membered sets initially quantified over, or the

Williamson interpretation of the non-self-applying interpretations of P in the initial do-

main, or the Burali-Forti order-type of the ordinals in it. And, by the above arguments,

the new domain cannot be a subdomain of the initial one.8

We shall not be ready to formulate this argument precisely in full generality until

a much fuller account of shifts in domain is in place and certain dialectical issues have

been addressed. But it is worth making some preliminary comments all the same. The

relativist should not overstate the argument. The arguments from paradox do not show

that absolutism is paradoxical in itself. For the arguments rely on non-logical premisses

about sets, ordinals or interpretations. But nor should the absolutist understate this

argument. The premisses about sets and the like need not themselves be inconsistent; in

particular the ‘intuitive’ conception of set need not rely on the inconsistent Näıve Com-

prehension schema, or its plural analogue, which maintains that for any zero or more

things there is a set with those things as its elements. For unlike the principle behind the

relativist’s argument, this fails to account for a potential shift of perspective. Rather,

as we shall see in chapter 4 when we offer precise formulations of this argument, incon-

sistency arises from individually consistent assumptions, with absolutism one amongst

many. But consistency does not amount to truth; and I will argue that the costs of

rejecting the other assumptions are high.

In the end, neither view will be seen to be inconsistent or obviously false. Whether

we should ultimately prefer absolutism or relativism will have to come down to an assess-

ment of their relative merits. In carrying out this assessment, however, it is necessary to

8One domain D is a subdomain of another D1 if every member of D is a member of D1. A
subdomain D of D1 is a proper subdomain if D1 is not also a subdomain of D.
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make several distinctions between types of relativism. The view admits of a wide array

of variants, some considerably more plausible than others. These have often not been

cleanly separated in the literature, and sometimes fare very differently when it comes

to the objections that have been pressed against the generic, undifferentiated view. For

now we shall make two principal distinctions, with a third following in chapter 3.

2.1 Context versus interpretation

The first decision point for the relativist is to determine what is responsible for the shifts

in domain she posits. It is relatively uncontroversial that there are at least two factors

that determine the domain of our quantifiers: first, how our expressions are interpreted,

determining what the standing linguistic meanings of expressions like ‘everything’ is;

and second, the context of utterance, determining their semantic content in particular

utterances. This leads to at least a bifurcation in relativist views according to whether

they take shifts in perspective to be due to shifts in context or shifts in interpretation.

Consider context first. Suppose that, looking at the empty bottles and glasses on

the table, someone utters:

(2) Everything is empty.

In reply, taking a new bottle out of the fridge, a second speaker utters:

(3) Not everything is empty.

It seems clear that there is no disagreement here. Quantifiers are subject to contextual

restrictions. What has been said, what is salient in our surroundings, and so on, often

restricts the range of our quantifiers to things that are contextually relevant. The context

of the first speaker’s utterance restricts the quantifier ‘everything’ to the bottles, glasses,

etc. on the table. By uttering (2), she says (roughly) that every bottle, glass, etc. on

the table is empty. In the context of the second speaker’s utterance, a more liberal

contextual restriction applies—just to bottles, glasses, etc. in the room, perhaps. By

uttering (3), the second speaker says that not every bottle, glass, etc. in the room is

empty. Both sentences are true in their respective contexts: (2) is true (and (3) false) in

the first, more restrictive context; (3) is true (and (2) false) in the second, wider context.
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So much is fairly uncontroversial.9 Context contributes to determining what ob-

jects a given quantifier ranges over. But such contextual relativity in quantifiers on its

own is no threat to absolutism about quantification. The absolutist can happily accept

that the range of our quantifiers is constrained by the context of utterance provided that

some contexts leave quantifiers unrestricted. The proponent of a contextual version of

relativism must maintain further that there is no such context.

The second candidate for a shift in perspective is a shift in the interpretation of the

lexicon.10 An interpretation supplies semantic values for the expressions in the language.

The models that are standardly used to interpret formal first-order languages provide

a first example of an interpretation. Such models supply a universe M , together with

(i) a member of M as the extension of each singular term; and (ii) an n-ary relation

over M as the extension of each n-ary predicate.11 Such models allow for the quantifier

@ to be reinterpreted in the manner that interests the interpretational relativist. The

semantic clauses accompanying the model ensure that @ is always interpreted to express

universal quantification over M . The quantifier is not open to arbitrary reinterpretation

as predicates are in such models, but its domain varies from model to model. While these

models are adequate for many purposes, more refined notions of an interpretation may

be obtained by making allowances for richer lexicons, intensional differences in meaning,

context sensitivity and so on.12

Shifts in interpretation have sometimes been used to explain away apparent dis-

agreements between ontologists. To rehearse a well-worn example that originated in

Putnam (1987a), imagine two linguistic communities (each of which retain the lexicon

and syntax of English). The first community have long been staunch mereological ni-

9Not, however, completely uncontroversial. Bach (2000) argues that context does not affect
what is said in this way but only makes a pragmatic difference. The contextual relativist must
maintain, on the contrary, that quantifier domain restriction is a matter of semantics. See
Stanley and Szabó (2000) for discussion and the case in favour of taking a semantic approach.
10Throughout we treat sentences as composed from lexical items and as having syntactic
structure (as opposed to mere strings of shapes or noises). ‘Sentence’ always means ‘declarative
sentence’. In formal languages, sentences also include open sentences or formulas that have
some variables free.
11And for languages with function symbols, an n-ary function on M as the extension of each
n-ary function symbol.
12We return to such refinements in chapter 2.
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hilists, rejecting the existence of any mereologically-complex objects. The second are de-

vout mereological universalists, who upholds the Principle of Unrestricted Composition,

maintaining that for any one or more things, something is their mereological fusion.13

Upon meeting for the first time, member of the nihilist community attempt to convey

their view to the universalists (in any context—and, in particular, even if contrary to

the first sort of relativism, no contextual restrictions are in place) by uttering:

(4) Everything is simple.

Universalists (taking care to ensure that their context of utterance is not too restrictive,

and if possible wholly free from restriction) rejoin with:

(5) Not everything is simple.

Some philosophers claim that there is no genuine disagreement here either.14 Even if

both utterances are made in contexts when no contextual restrictions are imposed on

the range of the quantifiers, ‘everything’ can be interpreted in different ways. Under the

nihilist’s interpretation of ‘everything’ (and the other expressions of his language), the

universe consists only of simple objects. Consequently, even if no contextual restriction

is operative, in uttering (4), the nihilist says (roughly) that everything in the nihilist’s

universe is simple. By contrast, under the universalist’s more liberal interpretation of

‘everything’, the unrestricted quantifier ranges over a universe that includes complex

objects in addition to simple ones. By uttering (5), the universalist says that not ev-

erything in the universalist’s universe is simple. Both sentences are true under their

intended interpretations: (4) is true (and (5) false) under the nihilist’s interpretation;

(5) is true (and (4) false) under the universalist’s interpretation.

Here too interpretational relativity on its own need not be highly controversial.

Evidently, on the assumption that there are non-simple objects, some English quantifiers

like ‘every simple’ are interpreted not to range over everything (in any context), all

we need for interpretational relativity of the relevant kind is the possibility that some

linguistic communities should only possess quantifiers with such limited interpretations

(with other expressions likewise restricted).

13See, e.g., Lewis (1991, 73-4).
14See, for instance, Putnam(1987a, 1987b) and Hirsch (2002, 2005, 2009).
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2.2 The argument from metaontology

Considerations along these lines have sometimes been used as a direct argument for

relativism, rather than merely a means of motivating a variant of it. It is a disputed

question in metaontology whether something like the view Putnam (1987a) labels ‘Meta-

physical Realism’ holds: whether there is some language—or ontological framework, or

conceptual scheme, or similar—that is ‘metaphysically distinguished’. Granted a suitable

elucidation of the prima facie obscure notion of being ‘metaphysically distinguished’, the

thought is that, even if each side’s theory is true in their own language, or framework,

etc., just one mereological theory—whether nihilism or universalism (or some interme-

diate position)—attains the supposedly more desirable standard of being true from the

metaphysically distinguished perspective. The worry, pressed by Charles Parsons (2006,

pp. 205–7) and Geoffrey Hellman (2006, pp. 83–8) is that the absolutist is committed to

siding with the Metaphysical Realist. As Hellman puts it: ‘The absolutist must insist

that. . . at most one of the frameworks is correct, the one (if any) that quantifies over only

those objects in the range of the absolute quantifiers, the objects that ‘really exist’. . . ’

(p. 87).

There are two reasons why I do not think that this is a particularly effective attack

on absolutism. The first is that I think many absolutists will find Metaphysical Realism

quite congenial. They will be happy to insist, for instance, that whether or not there

are mereologically complex objects is a matter fully determined by how the world is;

and if, for instance, it turns out that there are complex objects, so much the worse for

languages like the nihilist’s that ignore them.15

Second, and more importantly, there is no direct link between absolutism and so-

called Metaphysical Realism. As with contextual relativity, interpretational relativity

on its own is no threat to absolutism. The absolutist can happily accept that the range

of our quantifiers is constrained by the interpretation of our language, provided that

under some interpretation—in particular, the absolutist will typically add, under the

actual interpretation—‘everything’ encompasses absolutely everything. The absolutist,

15Compare Richard Cartwright in response to Dummett on whether there are sets answering
to our intuitive conception of set. (Cartwright 1994, p. 15).
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then, is committed to a maximally extensive interpretation of the quantifiers, but this is

not obviously the same thing as his being committed to a ‘metaphysically distinguished’

interpretation. And in fact under the elucidations of this notion presented in the lit-

erature the two notions come apart. It is an irony that in their dispute over whether

or not ontologists equivocate on ‘something’, metaontologists have likewise tended to

equivocate on what they mean by ‘metaphysically distinguished’. Putnam (1987a) in

his attack on Metaphysical Realism, and Eli Hirsch (2002) in his defence of ‘quantifier

variance’ have taken metaphysical distinction to amount to expressive power. To be

‘metaphysically distinguished’ a language must be able to express all the facts; where

Hirsch contends moreover that facts here are to be individuated in a coarse-grained way,

so that necessarily equivalent sentences express the same fact. (See Putnam (1987a,

pp. 32–3); Hirsch (2002, pp. 59–62).) Meanwhile, the opposing side, prominently repre-

sented by Theodore Sider, takes ‘metaphysical distinction’ to be a primitive notion. The

view builds on David Lewis’s contention that some properties are more natural than oth-

ers. Inter alia naturalness is hypothesised to underlie objective similarity. Since green

is a more natural property than grue, two green objects are objectively more similar

than two grue objects of different colours, ceteris paribus. (See Lewis (1983).) Sider ex-

tends such brute naturalness to quantifier denotations as well as predicate denotations,

contending that some interpretations of quantifiers ‘carve nature at the joints’ better

than others. (See Sider (2009).) But neither take on metaphysical distinction privileges

more extensive interpretations of quantifiers. Sider accepts that many interpretations

are available (2009, p. 392), but maintains that the nihilist’s less extensive interpretation

is more fundamental due to its greater ideological simplicity (2010). Hirsch maintains

that the nihilist’s language has just the same coarse-grained expressive power as the

universalist’s more liberal language (2002, p. 57).

Still, even if metaontological considerations alone do not provide support for in-

terpretational versions of relativism, other considerations, in particular those based on

indefinite extensibility, may still do so.
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2.3 A third parameter?

We have at least two variants of relativism according to whether shifts in the range of

our quantifiers are due to shifts in context or shifts in interpretation. Are there are any

other parameters which might induce such shifts?

One factor that does affect the range of our quantifiers but is not plausibly taken

to be behind shifts of range of the sort that interest the relativist are the circumstances:

how things are with the world. Consider, for instance, a varying-domain version of

presentism, which maintains that everything is present and rejects the Barcan formulas

for tense operators: contending that there have been and will be things that do not exist

now; and that there are things now that will not exist in the future or did not exist in the

past. This view contends that the range of our quantifiers shifts as the circumstances do,

from instant to instant, but it seems clear that this view does not amount to a version

of relativism about quantification in an interesting sense. The absolutist claims only to

quantify over absolutely everything there in fact is. It is a further claim, contra varying-

domain presentism,16 that this comprises everything that will or did exist. Likewise, one

can be an absolutist while endorsing actualism and rejecting the Barcan formulas for

metaphysical modal operators.17

Nevertheless, recent work of Kit Fine’s (2005, 2006, 2007) on what he calls ‘proce-

dural postulationism’ attempts to find room for a third non-circumstantial parameter.

He claims that the shift in perspective involved in the Russell argument is achieved by

carrying out a ‘procedural postulate’: ‘Associated with the condition @ypy P xq will

be an instruction or ‘procedural postulate’, !xp@y P xq, requiring us to introduce an

object x whose members are the objects y of the given domain’—given that no set is

self-membered this amounts to an instruction to introduce the Russell set for the given

domain—‘. . . the intent is that there is no more fundamental understanding of what the

new domain should be except as the domain that might be reached from the given do-

main by adding an object in conformity with the condition’ (2006, p. 37). Fine is quite

16Although not contrary to constant domain presentism, which contends that despite every-
thing being present, nothing can be brought into being or extinguished from it.
17This point made in this paragraph is made by Williamson (2003, p. 432).
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clear that this is not an instruction to literally bring something new into existence, but

he also explicitly disavows its consisting in a shift in semantic content.18

There are many different ontologies, all of which have the same right (or
perhaps we should say no right) to be regarded as the sum total of what
there is. But this means that there is now a new way in which a statement
may change its truth-value—not through a change of content or circumstance,
but through a change in the ontology under consideration. There is another
parameter in the picture and hence another possibility for determining how
a statement may be true. Postulation then serves to fix the value of this
parameter; rather than altering how things are within a given ontology or
imposing a different demand on the ontology, it induces a shift in the ontology
itself. (Fine 2006, p. 40, my emphasis.)

Having raised the possibility of a third parameter, I shall have little to say about it in

the following. It seems to me that we have a robust pre-theoretic grasp on what it is

to change the circumstances, or to shift the context of utterance, or to reinterpret our

lexicon. Even if we do not always know what the mechanisms behind such shifts are, it is

clear that they happen. But this is not the case for Fine’s supposed third-parameter. His

elucidation of postulation is set out in terms of carrying out instructions for introducing

objects into the domain. But without an independent grasp of how to shift the domain

without shifting the circumstances or context or interpretation, what this amounts to

remains mysterious. Another aspect of Fine’s view, however, will occupy us a great deal.

2.4 Restriction versus expansion

Fine distinguishes two ways in which we might reinterpret a quantifier. The first is

through de-restriction. On this model ‘the interpretation of the quantifier is given by

something like a predicate or property which serves to restrict its range’. We increase

the domain by relaxing the restricting condition. (2006, p. 35). For example, we might

de-restrict the domain of ‘every bottle’ by reinterpreting the restricting predicate ‘bottle’

to apply not just to bottles but also to other things made of glass, say. Notice however

that de-restricting the quantifier in this way to shift from the domain comprising every

18In his 2005 paper, Fine invokes the narrative device of a genie who carries out the postulates
for us. The genie is conservative and economical. He does not make changes to previously
postulated objects, and introduces as few objects as possible to conform to the command.
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bottle to the new, wider domain of glass objects, relies on our having some sort of

grasp on a third domain encompassing both domains. It relies on an understanding

of the determiner ‘every’, which when combined with a universally-applicable predicate

like ‘thing’ and subject to no other restrictions ranges over the encompassing domain.

The second sort of reinterpretation does not rely on such an understanding. Rather,

on the basis of understanding quantification over an initial domain, reinterpretation

by expansion permits us to come to understand quantification over a wider domain,

without presupposing some sort of grasp of a third domain encompassing both. As Fine

puts it, ‘We might say that the new domain is understood from ‘above’ under . . . the

restrictionist account, insofar as it is understood as the restriction of a possibly broader

domain, but that it is understood from ‘below’ under the expansionist account, in that

it is understood as the expansion of a possibly narrower domain’ (p. 38).

Fine makes this distinction in the context of defending his third-parameter version

of relativism, procedural postulationism, but I would like to separate the two. The

distinction between restriction and expansion has wider significance in the debate about

absolute generality. To further elucidate the distinction let us distinguish domains from

universes.19 A domain (as we use the term) is tied to the extension of a quantifier,

relative to a specific context and interpretation (and any third parameter if such there

be).20 (Usually we derivatively attach the domain to the expression, the quantifier itself,

relative to its interpretation and the context. When no confusion will arise we often leave

the interpretation, and sometimes the context tacit). We have a fairly robust grasp of

this notion. To give a circular elucidation: the domain of a quantifier in a context

comprises the objects it ranges over (given its interpretation). For example, the domain

of ‘everything’ in (2) relative to the context of utterance (in the relevant version of

English) comprises the bottles and glasses, etc. on the table.21

A universe is tied to a whole language, the interpretation of an entire lexicon, not

19Although Fine does not gloss the distinction in terms of domains and universes, I think this
provides a natural regimentation of the view he elucidates. Note that Fine uses ‘absolute’
non-generically as we use ‘ultimate’. Setting aside the issue of Fine exegesis, this distinction
will have an important role to play in the following.
20We shall usually leave any third parameter relativity tacit.
21A non-circular characterisation will follow in chapter 2.
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relative to a specific context (but still relative to a third parameter if such there be).

The universe of a language encompasses every object in the domain of any quantifier

interpreted in the language in any context, together with any object that is the extension

of a name or is a member of the extension of a predicate, and so on. The universe of the

language in which (2) is uttered, the universe of a version of English, includes in addition

to bottles and glasses, battleships and glaciers, and brittleness and gluons (assuming

that there are such things) and whatever else we can refer to or quantify over in this

language in any context. Consequently, relative to a fixed interpretation, the domain of

a quantifier is always contained within the universe.

The distinction gives rise to a second decision point for the relativist. She must

determine what prevents quantifiers achieving absolute generality. In order to succeed

in quantifying over absolutely everything both an intra-language barrier and an inter -

language barrier must be overcome. First the domain of the quantifier needs to be

unrestricted over the universe of its interpretation: the domain must comprise every

member of the universe. Second, the universe must be inexpandable: the universe must

comprise every member of every universe. If a domain or universe comprises everything

in every universe, it is open to neither further de-restriction nor expansion and I will

accordingly label it ultimate. Quantifiers with an unrestricted (or ultimate) domain are

said to be unrestrictedly (ultimately) general.

The absolutist maintains that both barriers may be overcome: some interpretations—

including, he may add, the present version of English—have an inexpandable universe.

Moreover in some contexts, no restrictions are imposed on the quantifier relative to

this interpretation, and the domain is unrestricted. Unrestricted quantification over the

inexpandable universe achieves ultimate generality.

Relativists maintain than one or other barrier precludes absolute generality. The

restrictionist—or, to give her her full title, the anti-expansionist restrictionist—posits

only the intra-language barrier. She claims that we cannot quantify over absolutely

everything because the domain is never free from restriction. Even when—as she con-

cedes is possible—the language is interpreted over the ultimate, inexpandable universe,

the domain fails to be ultimate because it is a proper subdomain of this universe. The
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(anti-restrictionist) expansionist posits only the inter-language barrier. She claims that

we cannot quantify over everything because the universe is always open to expansion.

Even when—as she concedes is possible—the domain is unrestricted, comprising every-

thing in the universe, the domain fails to be ultimate because the universe is a proper

sub-universe of some other, more expansive universe.22

The expansionist’s contention that even unrestricted quantifiers may be open to

expansion may provoke an objection that it will be as well to dispense with immediately.

The objection is that unrestricted quantifiers are trivially not open to expansion because

any expansion would show the quantifier to have been restricted to a proper subdomain

of the new universe after all. The objector might conclude that the contention that

some quantifiers are both unrestricted and expandable is analytically false. It is no

better than the dubious claim of an internet service provider that some of their packages

are both unlimited and exhaustible (only that the latter has the good sense to hide the

contradiction in the small print). Having the latter property trivially rules out having

the former.

This objection betrays an important misunderstanding of the present use of ‘unre-

stricted’. As we use the term, relative to a context C and an interpretation I, a quantifier

as interpreted under I in C, is said to be unrestricted if the domain DC,I of the quantifier

under I in C encompasses all of the universe MI of the interpretation I. This is a special

case of a more general notion. We can say that a quantifier as interpreted under I in C

is unrestricted over M if its domain DC,I encompasses all of M . As such, to say that

a quantifier is unrestricted simpliciter is simply to say that it is unrestricted over the

universe of its interpretation. The equivocation in the objection is now clear. There is

no contradiction in a quantifier’s being both unrestricted simpliciter—unrestricted over

its universe, MI—and yet expandable, and so restricted relative to some other wider

universe MI 1 .

The absolutist may be tempted to rejoin that this is not how he understands ‘unre-

22More extreme versions of relativism are also possible. The extreme relativist maintains that
both barriers stand in the way of achieving absolute generality. For instance, it may be claimed
both that domains are always restricted and that universes are always open to expansion. Even
if we were per impossible to achieve unrestricted quantification, this would still fall short of
quantification over the ultimate domain.
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stricted’. On his view, it is an absolute notion, not tied to the present interpretation. To

be truly unrestricted a quantifier must be unrestricted relative to the ultimate, inexpand-

able universe. But while, from the absolutist’s point of view, such an absolute notion

of ‘unrestricted’ is perfectly intelligible, this notion cannot figure in any dialectically ef-

fective argument against expansionism. For the intelligibility of the notion presupposes

the existence of an inexpandable universe, and therefore presupposes the falsity of this

view.

2.5 The varieties of relativism

Bringing both decision points together, relativism can be given a provisional statement

as follows. (Stating relativism raises some difficulties that we shall return to in section

3.2 and at length in chapter 3.)

Relativism. No perspective’s domain comprises absolutely everything.

This determines a family of views, generically labelled relativism about quantification.

To determine a particular version of relativism, we must specify what accounts for shifts

in perspective, and what prevents our achieving absolute generality. Several natural

packages are available.

Contextual Restrictionism. One natural relativist package combines contextual and re-

strictionist relativism. Michael Glanzberg (2004, 2006) defends such a view: given

any contextually determined domain, he takes it that a shift in context (leaving the

interpretation fixed over the ultimate universe) can lead to a wider contextually

determined domain. No domain is unrestricted in the ultimate universe.23

Procedural Postulationism. On the third-parameter view defended by Fine (2005, 2006,

2007), he rejects restrictionism and upholds expansionism: quantifiers can be un-

restricted, with their domain encompassing the entire universe, but this universe

itself is open to expansion by shifting the third parameter. We can always expand

the universe by postulating further objects.

23We return to the details of this view in chapter 2.
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Interpretational Expansionism. A third natural relativist package, and the view I shall

defend, combines interpretational and expansionist relativism. Like Fine’s view,

I shall argue that although domains may be unrestricted, the universe is always

open to expansion. But on my view what accounts for a shift in universe is a shift

in interpretation rather than a shift in the seemingly mysterious third parameter.

This view may also seem initially obscure. For without further elaboration, it is

not much, if any, clearer how to effect reinterpretation-by-expansion than to carry

out the non-circumstantial, non-contextual, non-interpretational shift apparently

required by a procedural postulate. I think, however, that a clear account can be

given. We shall return to this issue in chapter 6.

Sortal Restrictionism. A relativist moved by the sortal view espoused by P. T. Geach

(1968) may sustain a distinctively interpretational version of restrictionism. It

might be claimed, for instance, that since there is no universal sense of ‘thing’, the

only way to confer meaning on quantifiers like ‘everything’ is to take ‘thing’ to have

the same semantic value as some sortal predicate, like ‘person’ or ‘cardinal number’,

that comes equipped with a non-trivial ‘criterion of identity’ for its instances. Shifts

in perspective consist in shifts in the criterion of identity, by assigning ‘thing’ the

semantic value of a different sortal predicate. Given that the extension of no sortal

predicate includes that of every other, the domain of ‘everything’ so interpreted

will never encompass every member of the universe. Assuming however that such

shifts leave the overall stock of semantic values denoted by expressions in the

lexicon unchanged, such a view counts as restrictionist since the universe remains

the same.

Rather than focusing on the idiosyncrasies of particular packages we shall tend in part I to

focus on the contextual/interpretation/third parameter and restrictionist/expansionist

distinctions that underlie them. As we shall we see, these distinctions sometimes matter

a great deal. But they will not always matter; and I shall continue to use the more generic

terms ‘relativism’, ‘perspective’, and ‘absolute’ when distinctions between variants are

unimportant.
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3 Dialectical Issues

In the outline of relativism I have made free and uncritical use of quantification over

domains and universes. This raises two dialectical issues that it would be as well to raise

sooner rather than later.

3.1 The All-in-One Principle

The first is that how domains are construed is a delicate matter for the absolutist. For

as is very widely appreciated,24 the absolutist cannot in general treat domains as sets.

Otherwise his characteristic claim that some domain contains everything is in conflict

with standard, Zermelo-Fraenkel set theory, or its familiar extensions with large cardinal

axioms, which refute the existence of a universal set.25 Applying the Separation axiom,

we obtain the Russell set of all sets that lack themselves as elements, which leads to a

contradiction as above.

Similar trouble arises if we attempt to a construe a domain as any set-like object, a

class or 2-class, or totality, multiplicity or what have you. Granted the analogue of Sepa-

ration for domains—that whenever some things constitute a domain of a quantification,

any things amongst them constitute another domain, a subdomain of the first, needed

to allow for the domains of restricted quantifiers—the universal domain posited by the

absolutist leads to the Russell domain, and the Russell domain leads to contradiction.

Richard Cartwright (1994, §§IV-V) has provided robust criticism of what he dubs

the ‘All-in-One Principle’, the principle that ‘to quantify over certain objects is to pre-

suppose that those objects constitute a “collection,” or a “completed collection”—some

one thing of which those objects are the members’ (p. 7) He writes:26

24See, e.g., Cartwright (1994, p. 7), Williamson (2003, p. 425), and Rayo and Uzquiano (2006,
p. 6).
25Set theories such as NBG, or MK, that add classes to ZFC may countenance the existence
of a class that has every set as an element. But such a class is not truly universal for it does
not have proper classes such as itself as elements. To allow for a truly universal set, we would
have to depart from mainstream set theory and move to a theory like NF which gives up on
Separation.
26See also George Boolos (1993, pp. 223–4).

18



Consider what it implies: that we cannot speak of the cookies in the jar
unless they constitute a set; that we cannot speak of the natural numbers
unless there is a set of which they are the members; that we cannot speak
of all pure sets unless there is a class having them as members. I do not
mean to imply that there is no set the members of which are the cookies in
the jar, nor that the natural numbers do not constitute a set, nor even that
there is no class comprising the pure sets. The point is rather that the needs
of quantification are already served by there being simply the cookies in the
jar, the natural numbers, the pure sets; no additional objects are required.
(Cartwright 1994, p. 8)

Consequently, in the absence of independent support for this principle, relativist

attacks on absolutism based on it will be dialectically ineffective and I shall not offer

any such. All the same, we should be clear about just what this principle amounts to.

First, to reject the use of sets, or set-like objects, to encode domains is not to

reject ‘domains’ altogether. For, as Cartwright concedes, what we do require in order

to quantify over certain objects is for there to be those objects. Thus we can treat the

objects, severally, rather than some one single set-like object, as encoding the domain

of a quantifier. Rejecting the All-in-One Principle does not avoid the ‘All-in-Many’

principle that quantification over some things presupposes that there be those things.27

The absolutist can make good sense of talk of ‘domains’ and ‘universes’ by rendering it

in plural (or alternatively, second-order) terms.28

Second, and this is again a point freely admitted by Cartwright, to deny that

quantification over some things presupposes that there be a set of those things is not

to deny that there is a set of those things.29 In particular, whenever some things are

quantified over, the relativist may maintain that we can come to some more liberal

domain which contains the set of those things—not because they were quantified over,

but because on her view any things can thus form a set. One need not endorse the All-in-

One Principle, to think that whatever can be quantified over can—from the perspective

27We borrow the label from Uzquiano (2009, p. 312). If the All-as-Many principle is not
to collapse into the All-in-One principle, the absolutists needs to maintain, contrary Quine
(1973, 1974), that first-order plural quantification over objects in English, is not disguised
first-order singular quantification. See Boolos (1984, 1985) for a case in favour of treating
plural quantification in plural terms.
28Gabriel Uzquiano (2009, p. 302) encodes domains plurally.
29See also Lavine (2006, p. 145).
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of a wider domain—comprise a set-domain.30

On a terminological note, for ease of exposition, I shall continue to use singular

quantification over and singular reference to domains and universes, and so on, leaving

the absolutist to translate as we go along.

3.2 The liberal metalanguage assumption

A second issue, this time for the relativist, is that—by her lights—there is no perspective

relative to which every member of any domain is quantified over. But given this, many

of the relativist’s attempts to deploy quantification in order to elucidate aspects of her

view—including the previous sentence!—threaten to fall wide of the mark. The absolutist

might state the problem as follows.

By uttering ‘there is no perspective from which every member of any domain
is quantified over’ the relativist wants to say that in no context—or interpre-
tation, or whatever—can she quantify over everything. But this statement
too is made in a context, C‹, say. And by her lights this context’s domainDC‹

falls short of encompassing everything. Instead, ‘every member’ quantifies
only over members of DC‹ , and ‘every domain’—treating domains plurally—
only over subdomains of DC‹ . But then the utterance says that there is no
context C—strictly, no sub-context C of C‹—in which every member of DC‹

that is a member of any subdomain D of DC‹ is quantified over. And this is
not only insufficiently general, but trivially false: for the context of utterance
C‹ itself is such a (sub-)context.

For expository purposes it will often be convenient therefore to suppose that the per-

spective from which I am writing—the version of English, context and so on, that then

obtains—is more liberal than that of any of the perspectives—‘object perspectives’—

about which I am writing. (This remains convenient, even when as will often be the

case in the following some of the perspectives I am writing about are also themselves

‘meta-perspectives’, perspectives relative to which one might theorise about other per-

spectives.) Assuming this is the case for the first sentence of this section, it does not say

something trivially false, at the cost of quantifying slightly less generally over domains

than is possible from this perspective when they are encoded plurally. The troublesome

30Compare Fine (2006, p. 24).
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subsentence tells us only that there is no object perspective whose domain comprises

every object in every other object perspective domain.

Similarly understood, the elucidation of the various relativist views set out in

section 2.4 can be taken by their respective protagonists as correct partial descriptions

of the structure of perspectives and domains, as they see them. And these may be

supplemented by remarks—or even shifts in the meta-perspective—to illustrate that the

described substructure is representative of the larger situation: analogous claims will be

seen to hold of larger and larger potions of the hierarchy of domains carrying on up to

and beyond any meta-perspective the relativist uses to describe parts of their view, and

so on.

This will do for the present, provisional outline of these views. But the relativist

should strive for more. So long as the partial characterisation of relativism fails to delimit

the non-absoluteness of the domain of the most liberal perspective she ascends to in the

course of setting our this characterisation, it leaves open the possibility that this very

domain comprises absolutely everything. We shall return to this issue in chapter 3.
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Generality
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2 The Semantics of Quantification

The importance of the distinction between restrictionist and expansionist versions of

relativism becomes very clear when we attend to the semantics of quantifiers. In the first

place, the two views differ on the semantics itself: restrictionism claims all quantifiers

are restricted; expansionism allows that quantifiers may be unrestricted. But, the rival

formulations of relativism also lead to differences in how we can engage in semantic

theorising, in what sorts of semantic theories are available to us.

On this second point, it has sometimes been argued that semantic theorising is

one area where the absolutist secures a substantial advantage over the relativist: while

the absolutist is well-equipped to theorise about the world as he sees it, the relativist

struggles, given the limitations she posits, to delineate the semantic behaviour of quan-

tifiers as they behave according to her theory. The following theses may be thought to

hold.

Semantic optimism for absolutists. The absolutist can (by his lights) give adequate se-

mantic theories for languages that deploy absolutely general quantifiers in a suitable

metalanguage.

Semantic pessimism for relativists. The relativist cannot (by her lights) give adequate

semantic theories for languages that deploy non-absolutely general quantifiers in

a suitable metalanguage.

In particular, Williamson argues that the absolutist has no trouble in formulating the

truth-conditions for sentences containing quantifiers with absolute domains in the famil-

iar quasi-homophonic style associated with Tarski (1933) and Davidson (1967).
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An absolutely general quantifier @v can be given the following semantics.1

@vφ is true under assignment σ iff everything a is such that φ is true under σrv{as

The absolutist must, of course, take ‘everything’ to likewise range over the absolute

domain. (2003, p. 418).2

But, at least for contextual variants of relativism, this style of semantic theorising

is problematic. Williamson argues as follows. The obvious Tarskian clause to allow for

the contextual restrictions the relativist posits is the following one, generalising over

contexts as well as assignments:

@vφ is true in C under assignment σ iff every member a of the domain of C is such

that φ is true under σrv{as

But, according to the contextual relativist, this clause must be set out in some theoretical

context—C‹, say—in which the metalanguage quantifier ‘every member’ ranges over a

restricted domain, DC‹ . And this will deliver the intended truth-conditions only if DC‹

is at least as inclusive as each object context’s domain DC . If not, @vφ may be true

(under σ) in a context C on the basis of every member a of the meta context’s domain

in the domain of C—that is, every member of DC‹ X DC—being such that φ is true

(under σrv{as) even though there is a counterinstance b in the domain of C such that φ

is not true (under σrb{vs). (2003, pp. 444-5)

This yields immediate trouble for the restrictionist. As Williamson observes, as-

suming the clause is adequate, C‹ is unrestricted—contrary to restrictionism—provided

only that there is no object that is outside each context’s domain DC (p. 445-6). But the

(anti-expansionist) contextual restrictionist does contend this: she rejects the existence

of what Williamson dubs ‘semantic pariahs’ and allows that some languages have an

ultimate universe. Consequently, this view rules out giving an adequate semantics in

this fashion.

1We adopt the logician’s convention of omitting quotes from expression from (interpreted)
formal languages. It will be clear from the context whether the expression is being mentioned,
as in instances of the semantic clause below, or used. Quotes are still used to refer to English
expressions.

2Assignments may be treated in the standard way as (set-)functions from variables to objects.
As usual, the assignment σrv{as agrees with σ on every variable other than v and maps v to a.
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With respect to semantic optimism and pessimism, the absolutist has got off to

a good start and the relativist to a bad one. But Tarskian semantic theories for re-

stricted and unrestricted quantifiers stated in languages deploying such quantifiers are

not representative of the wider situation. The semantic optimism and pessimism theses

are sensitive both to the sort of semantic theory and to the sort of relativism that are in

question. When we consider less Davidsonian approaches to semantics and expansionist

approaches to relativism things look rather different.

The plan is this. The next section outlines and motivates two alternative ap-

proaches to the semantics of quantifiers in formal and natural languages: the categorial

approach due to David Lewis (1970) and Richard Montague (1970), and the extensional

approach associated with Mostowski (1957) and Lindström (1966), and famously applied

to natural language by Barwise and Cooper (1981). With these approaches in hand, the

second section compares the semantic commitments of restrictionism, expansionism, and

absolutism. Finally, in the third section, we return to the issue of formulating semantic

theories raised here to see how all sides fare when it comes to framing semantic theories

in the extensional and categorial style.

1 Categorial and Extensional Semantic Theories

Compositional, truth-conditional semantics in the referential tradition of Frege (1892)—

henceforth, simply: semantics—places two desiderata on a semantic theory.

Truth-conditionality. A semantic theory for a language must determine semantic values

for each sentence φ of the language, which determine the correct truth-conditions

for φ in each context of its utterance.

Compositionality. The semantic theory for the language must determine the semantic

values of each complex expression ε as a function of the semantic values of the

constituents of ε and their syntactic combination.3

A categorial approach to syntax and semantics provides a means to fulfil both desiderata,

and a flexible framework within which to investigate the semantics of quantification.

3Lewis (1980, p. 25) formulates these desiderata in essentially this fashion.
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1.1 Categorial Syntax

Let us start with a brief review of categorial syntax and semantics as presented by

Lewis (1970).4 Expressions are assigned to categories. There are a small number of

basic categories. In fact, to start with, we shall deploy just two basic categories: the

category of (open and closed) sentences, t, and the category of singular terms, e.5 Derived

categories are then generated as follows: whenever c and c1, . . . , cn are categories, then

c{pc1, . . . , cnq is a derived category.

A categorial syntax specifies a lexicon consisting of simple expressions and assigns

each a basic or derived category. Complex expressions are then formed and assigned

categories according to a single formation rule:

Complex expressions. Whenever ε is an expression of category c{pc1, . . . , cnq and ε1,. . . ,

εn are expressions of category c1, . . . , cn, then εpε1, . . . , εnq is an expression of type

c. (1970, p. 20)

As usual, expressions which yield a sentence when supplied with n singular terms—that

is, expressions of type t{pe, . . . , eq (with n occurrences of ‘e’, abbreviated t{en)—are

called (n-ary, first-order) predicates. We often use p as short for t{e.

We shall focus on two languages containing quantifiers. The first is a prime candidate for

a language that purports to achieve absolute generality, the language used to formulate

Zermelo-Fraenkel set theory with urelements, Lß,P.
6 The lexicon of this language is

displayed in table 2.1. Other first-order languages are likewise given by adding constant

symbols (category e), further or different relation symbols (category t{en), or function

symbols (category e{en).

4Categorial grammar was first developed by Ajdukiewicz (1935) and Bar-Hillel (1964); aside
from a few minor deviations in details, and changes in notation, we follow Lewis’s presentation,
adapting it to the examples that concern us. Page references in this section and the next are
to his 1970 paper unless otherwise indicated.

5These are the labels deployed by Montague (1970): ‘t’ stands for truth-value, ‘e’ for entity—
viz. object, the extensions expressions of the categories receive. We can expect natural language
to require more categories, but two will suffice for present purposes.

6We focus on set theory with urelements (non-sets), ZFCU, rather than the standard theory
of pure sets, ZFC, as the latter does not purport to achieve absolute generality. Its quantifiers
are implicitly restricted to range only over pure sets.
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Table 2.1: The lexicon of Lß,P

Category e first-order variables: x, y, z, x1, y1, z1, . . .
Category t{e unary predicate: ß (read: ‘set’) .
Category t{pe, eq binary predicates: “, P
Category t{pt, tq binary connective: ^
Category t{t unary connective:  
Category t{t unary quantifiers: @x, @y, @z,. . . .

In this case, and all others, all complex expressions are formed in accordance with

the single syntax rule. For example, from the binary predicate P (category t{pe, eq) and

the variable x (category e), the (open) sentence Ppx, xq (category t) is formed. With this

sentence and the quantifier @x (category t{t), another sentence @xpPpx, xqq is formed;

and so on. To improve readability, we shall introduce the following abbreviations for

expressions in the metalanguage: Ppx, xq is written as x P x; @xpPpxqq, as @xpx P xq; and

so on. Other connectives and quantifiers are introduced in the usual way, and further

brackets are dropped in accordance with the usual conventions.

Unlike in Lß,P, where quantifiers are variable-binding sentence operators, in En-

glish, quantifiers are noun phrases. A quantifier consists of a determiner (‘every’, ‘some’,

‘no’, ‘most’, etc.), together with a nominal, a singular or plural noun, perhaps qualified

with adjectives or relative clauses (‘thing’, ‘sailor’, ‘terrestrial donkey’, ‘bottles that are

on the table’, etc.). Quantifiers combine with verb phrases to form sentences.7

The lexicon of our second language approximates this syntax more closely. It is a

categorial correlate of the formal languages used in Barwise and Cooper’s seminal inves-

tigation of so-called ‘generalised quantifiers’ (1981, pp. 167–8), and we shall accordingly

label it Lgq. Its core lexicon is displayed in table 2.2 (we shall add further predicates

as required). In analogy with English, in Lgq, quantifiers (category t{pt{eq) are formed

by combining a determiner (category pt{pt{eqq{pt{eqq with a unary predicate (category

t{e);8 a quantifier together with a further unary predicate then yields a sentence.

Unlike Lß,P, where variable binding is carried out by quantifiers, in the usual

7See, for instance, Lewis (1970, p. 40), Barwise and Cooper (1981, pp. 161–2).
8An alternative is to treat determiners as binary quantifiers, which in the present syntax fall

into category t{pt{e, t{eq. But this leads to no substantive difference in semantics. See, for
instance, Peters and Westerst̊ahl (2006).
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Table 2.2: The core lexicon of Lgq

Category e first-order variables: x, y, z, x1, y1, z1, . . .
Category t{e unary predicate: thing
Category t{pt, tq binary connective: ^,
Category t{t unary connective:  
Category pt{eq{t abstraction operators: x̂, ŷ, ẑ,. . . .
Category pt{pt{eqq{pt{eq determiners: every, some, no, most

way, in Lgq it is achieved with abstraction operators: v̂ combines with a sentence φ to

form a unary predicate v̂pφq, often written xv̂.φy, binding all free occurrences of v in φ.

(Informally, v̂pφq can be read ‘is such that φpvq’ or ‘satisfies φpvq’.)

This syntax provides both some syntactic economy,9 and the means to make more

fine-grained syntactic distinctions in the formalisation of quantified English sentences.10

For instance, in a first-order language both ‘Some bottle is empty’ and ‘Something is

a bottle and empty’ are formalised by applying a variable binding quantifier Dx to the

open sentence bottlepxq ^ emptypxq. In the new language, the syntactic differences

between the two English sentences are brought out in two distinct formalisations:

somepbottleqpemptyq

somepthingqpx̂pbottlepxq ^ emptypxqqq

with the variable binding operator x̂ being used to form a complex predicate by binding

the free variable in the open sentence bottlepxq ^ emptypxq only in the second case.

And in some cases this is not a mere economy: the abstraction strategy fails

altogether.11 Sentences like ‘Most bottles are empty’, cannot be adequately treated as

the result of applying a syntactically unrestricted quantifier mostpthingq to a predicate

formed from abstraction on a sentence that combines bottlepxq and emptypxq using

truth-functional connectives.12

9See Lewis (1970, p. 43).
10See Barwise and Cooper (1981, p. 165).
11See Lewis (1970, p. 43).
12Rescher (1962, p. 374) makes the observation that ‘most’ cannot be characterised with unary
quantifiers and first-order resources; Kolatis and Väänänen (1995, thm. 5.5) prove a generalised
version of this claim.
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1.2 Categorial Semantics

Categorial semantics provides a direct means to meet the two desiderata on semantic

theorising. Central to Lewis’s categorial approach to semantics is the notion of an index.

Fix a universe M . Let the extension of a singular term be a member of M and the

extension of a sentence be its truth-value. Indices are n-tuples that encode features

which may contribute to determining the extensions of singular terms and sentences.

Since these extensions are sensitive to how the world is, an index i must incorporate a

possible world co-ordinate wi. As we shall see below, for the languages that interest us

here, it is also necessary for indices to incorporate an assignment co-ordinate σi, which

maps each variable to a member of M .

In order to meet the first desiderata, we need to determine the truth-conditions

for each sentence in each context. Accordingly, in each context C, the semantic value of

a sentences φ, is a function vφwC that maps indices to truth-values.13

The first desideratum is therefore met. Similarly the semantic value of other

expressions from basic categories in each context is taken to be a function from indices

to suitable extensions. Lewis labels such functions Carnapian intensions. Semantic

values are divided into the same categories as expressions. For example, a Carnapian

intension from indices to truth-values, the semantic value of a sentence, a category t

expression, is a category t semantic value. We use boldface symbols t, e for category t

and e semantic values. To summarise so far then we have:

Intensions for basic categories. A category e intension is a function e that maps each

index to a member of the object language universe M . A category t intension is a

function t that maps each index to a truth-value, T or F .14

The semantic values of derived expressions are picked with the second desideratum

in mind. This requires that the semantic value of a complex expressions be determined

13This is a departure from Lewis’s (1970) presentation in which features of context, such as
speaker, are included as co-ordinates in indices. However in his 1980 paper, Lewis advances the
view that there is no deep difference between a theory that assigns different semantic values to
expressions in different contexts, as we do here, and one that incorporates a context parameter
C as a further co-ordinate in indices.
14See Lewis (1970, §III)
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Table 2.3: Intensions for simple Lß,P-expressions

Write irv{as for the index that is the same as i save that its assignment is σirv{as and let Mwi

comprise the members of M that exist at wi.

vvwpiq “ σipvq
`

v“wpe, e1q
˘

piq “ T iff epiq “ e1piq
`

vPwpe, e1q
˘

piq “ T iff epiq P e1piq
`

v wptq
˘

piq “ T iff tpiq “ F
`

v^wpt, t1q
˘

piq “ T iff tpiq “ T and t1piq “ T
`

v@vwptq
˘

piq “ T iff tpirv{asq “ T for every a PMwi

from the semantic values of its constituents. For instance, compositionality demands

that we should determine the semantic value of a sentence (category t) of the form

Fτ on the basis of the semantic value of F (category t{e) and the semantic value of

τ (category e). The categorial approach to semantics achieves this by taking category

t{e semantic values, to be functions that map category e semantic values to category t

semantic values. Lewis labels such functions compositional intensions. More generally,

the compositional intensions for expressions from derived categories are as follows.

Intensions for derived categories. A category d “ c{pc1, . . . , cnq intension is a function

d that maps a category c1-intension c1, . . . , cn-intension cn to a c-intension c.15

In order to give a categorial semantics for a particular lexicon we need to specify a

category c semantic value for each simple category c expression in the lexicon. For

example, intensions for the simple expressions of Lß,P and Lgq are specified in tables

2.3 and 2.4. (For now we ignore the effects of context on quantifiers; we shall return to

this issue in section 2.)16 The semantic values of complex expressions are provided by a

single compositionality clause.

Compositionality. Whenever d is a category d “ c{pc1, . . . , cnq intension and c1,. . . cn

are intensions from categories c1, . . . cn, the intension that results from composing

15See Lewis (1970, §IV).
16The semantics we give here for some and the abstraction operator are in essentials the same
as those given by Lewis (1970, pp. 41, 45), making minor adaptations for the language, and
rather more substantial changes to the notation. The semantics for @ is approximately the
dual of the semantics Lewis gives for “the logician’s ‘some”’ (p. 42).
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these intensions is the category c intension—written: dxxc1, . . . , cnyy—obtained by

function-application: dxxc1, . . . , cnyy “ dpc1, . . . , cnq.

This provides an equally direct means to meet the second desideratum. The intension of

a complex expression εpε1, . . . , εnq is taken to be the result of composing the intensions

of its constituents: vεpε1, . . . , εnqw “ vεwxxvε1w, . . . , vεnwyy
17

Two comments are in order. Notice first that we will only meet both desiderata if

the indices are rich enough. Consider for instance @xßpxq. Under the specified semantics

we recover the intended intension v@xßpxqw—a function that maps i to truth just in case

every member of the universe Mwi of wi is a set at wi—as a function of the intensions

of its immediate constituents, v@xw and vßpxqw. Even though the truth-value of the final

sentence does not depend on the assignment, the inclusion of an assignment co-ordinate

in the index is crucial to recovering the correct truth-conditions compositionally. For

the truth-value of the whole sentence at an index i depends on the truth-value of the

subsentence ßpxq not just at the actual index, but at every index ira{xs that differs

from i in the assignment it makes to x. If indices did not incorporate an assignment

co-ordinate, and the intension of the subsentence vßpxqw did not encode its truth-value

at each assignment, there would be no function to play the role of v@xw, determining the

intended intension of the whole sentence from the intension of the subsentence. For a less

powerful language fewer indices may do. For instance, the semantics of the language of

propositional logic would not require an assignment co-ordinate to meet the desiderata.

On the other hand, more powerful languages will require richer indices. The introduction

of tense operators for instance would require us to include a time co-ordinate. For our

purposes here it will suffice to take indices to be world-assignment pairs xwi, σiy.
18

Notice second that we rely on functions that are built over the initial universe M .

Lewis is quite explicit that M should be a set, and the functions defined set-theoretically

as usual. (See (1970, pp. 23, 26).) But such an approach will not be acceptable to the

absolutist when he takes the object language to be interpreted over the absolute universe.

For no set has everything as an element. We shall return to this issue in section 3.

17See Lewis (1970, §IV).
18Lewis (1970, p. 25) tentatively suggest eight indices for natural language.
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Table 2.4: intensions for Lgq determiners and v̂

Write aăi p to abbreviate Depa “ epiq ^ pppeqqpiq “ T q; and let Mwi
comprise the members of

M that exist at wi.

`

veverywppqpp1q
˘

piq “ T iff every member a of Mwi
s.t. aăi p is s.t. aăi p

1

`

vsomewppqpp1q
˘

piq “ T iff some member a of Mwi
s.t. aăi p is s.t. aăi p

1

`

vnowppqpp1q
˘

piq “ T iff no member a of Mwi
s.t. aăi p is s.t. aăi p

1

`

vmostwppqpp1q
˘

piq “ T iff most members a of Mwi
s.t. aăi p are s.t. aăi p

1

`

pvv̂wptqqpeq
˘

piq “ tpirepiq{vsq

1.3 Extensional semantics

The categorial semantics for Lgq can be replaced with a semantic theory of a more

familiar kind for this language. Barwise and Cooper (1981) follow a largely extensional

approach to giving a semantics for Lgq.19

Taking it for granted that there is a set comprising the members of the object

language universe, this approach treats the extensions of singular terms and sentences

as objects and truth-values, as in the categorial approach, but also assigns extensions to

predicates and quantifiers. Each n-ary predicate θ is given an n-ary relation |θ| over the

set-universe as its extension, comprising the extensions of terms to which the predicate

applies; each (unary) quantifier q is given a set of subsets of the universe |q| as its exten-

sion, comprising the extensions of predicates to which the quantifier applies; and each

determiner d is assigned a function |d| as its extension that maps predicate-extensions to

quantifier-extensions. For example, the extension of the quantifiers everypthingq and

somepthingq are the sets: tMu and tA Ď M | A ‰ Hu. The truth-values of sentences

are then determined compositionally from the extensions of their constituents, so that

for instance:

|everypthingqpbottleq| “ T iff |bottle| P |everypthingq|

iff |bottle| “M

iff every element of M is in |bottle|

19Page references in this section are to Barwise and Cooper’s 1981 paper
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Table 2.5: Extensions of Lgq determiners

|every|ipAq “ tB ĎMwi
| A Ď Bu

|some|ipAq “ tB ĎMwi
| AXB ‰ Hu

|no|ipAq “ tB ĎMwi
| AXB “ Hu

|most|ipAq “ tB ĎMwi
| |AXB| ą |AzB|u

To avoid presupposing a set-universe, let us generalise their approach. Provisionally we

replace extensions of predicates with classes of objects, or 1-classes, and extensions of

quantifiers with classes of classes of objects, 2-classes, with the expectation that the

absolutist will ultimately want to eliminate class talk much as he eliminates universe

talk.

Slightly generalising Barwise and Cooper’s semantics in this way, we are able

to replace the more complicated intensions of the terms, predicates and determiners

of Lgq with simpler extensions, varying across different indices, and contexts, at the

cost of increasing the number of clauses governing compositionality. The extensions for

determiners—still ignoring contextual domain restriction—are displayed in table 2.5.20

And in addition to the usual Tarskian clauses for connectives, the extension |φ|i of each

sentence φ is determined as follows. (Compare Barwise and Cooper (1981, §2.5).)

Extensions for sentences.

c1 |θpτ1, . . . , τpq|i “ T iff x|τ1|i, . . . , |τp|iy P |θ|i

c2 |dpθqpθ1q|i “ T iff |θ1|i P |d|ip|θ|iq

A pleasing feature of the categorial approach to the semantics of determiners is that

the extensional approach follows as a special case whenever it is feasible. Say that a

predicate intension p (category t{en) is extensional if for each index i there is a class

|p|i such that:21

`

ppe1, . . . , enq
˘

piq “ T iff xe1piq, . . . enpiqy P |p|i.

20The extension for most is for the weakest sense of ‘most’ as meaning more than half.
21Lewis (1970, pp. 29–30) gives a similar definition of extensionality for verb phrases.
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Likewise, say that a determiner intension d (category pt{pt{eqq{pt{eq) is extensional if, for

each index i there is a function |d|i such that, for any extensional predicate denotations

p and p1:

`

dppqpp1q
˘

piq “ T iff |p1|i P |d|ip|p|iq.

So defined, |p|i and |d|i are unique if they exist. Consequently, we may refer to |p|i as

the extension of p. Extensionality and extensions are derivatively attached to predicates

relative to a categorial interpretation in the obvious way: θ is extensional if vθw is

extensional; and if so, the extension of θ is |vθw|i, which we may write simply as |θ|i.

Similarly for determiners.

Given these definitions, it is readily seen that the intensional semantics for the

determiners of Lgq yields the extensional semantics. The categorial interpretation of the

determiners in table 2.4 ensures that these expressions receive the intended extensions

over the universe, displayed in table 2.5; and the compositionality clauses for extensional

expressions, pc1q and pc2q, follow from the single categorial compositionality clause (on

page 30).

But not every Lgq expression is open to an extensional treatment. We have to make

a special case of the variable binding operator v̂. Extending our earlier definitions in the

natural way, we cannot assign the variable binding operator v̂ an extension because there

is no function which determines the extension of xv̂.φy on the basis of the extension (i.e.

truth-value) of φ. Instead of assigning it an extension, we must give a separate semantic

clause for v̂, which determines the extension of the predicate xv̂.φy at a given index i on

the basis of the extension of φ at each index irv{as.22

Extensions for abstracted predicates. |xv̂.φy|i “ ta | |φ|irv{as “ T u

For this reason extensions cannot be semantic values for Lgq-expressions in the sense

specified in the second desideratum on semantic theories. The extension of an abstracted

predicate is not a function of the extensions of its constituents. Still, for many purposes,

22Barwise and Cooper (1981) are not explicit about the semantics of the abstraction operator
in the language; but see, for instance, Stalnaker (1977, p. 329).
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we can focus on the extensions of determiners and quantifiers rather than their intensions.

2 Quantifier Domain Restriction

The categorial and extensional semantics for the quantifiers in Lß,P and Lgq presented

so far will not be acceptable to all sides in the absolutism/relativism debate. One issue,

mentioned already, concerns the metatheoretic resources used to frame the semantic

theory, the use of functions and classes. But the restrictionist will object not just to the

metatheory but also to the theory itself. Amongst other things, we have so far ignored

context sensitivity, which according to one of the most promising variants of this view,

plays a crucial role in excluding unrestricted quantification. In this section, we shall take

up the issue of the semantics of quantifier domain restriction, returning to metatheoretic

issues in the next.

2.1 Domains

Let us start with the notion of domain. Pre-theoretically, many quantifiers seem to be

restricted to range only over a limited domain. ‘Most bottles on the table are empty’

seems in some sense to be restricted just to bottles on the table. But the extensional

semantics for ‘most’ tells us that whether this sentence is true depends on whether a

certain relation holds between the extension of ‘bottle on the table’ and the extension

of ‘empty’. Now the first extension falls within the intuitive domain; but the second

extension does not. In what sense then is the quantifier restricted to bottles on the

table?

The answer is that we do not need to look at the entire extension of ‘empty’,

examining every empty thing in the entire world, in order to determine whether the

relation holds. We need only look at that portion of the extension within the domain.

Most bottles on the table are empty just in case most bottles on the table are empty

bottles on the table. The relation characteristic of ‘most’ holds between the extension

of ‘bottle on the table’ and the extension of ‘empty’ just in case it holds between the

extension of ‘bottle on the table’ and the intersection of the extension of ‘empty’ with
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the domain.23

The same is true of a wide range of natural language determiners. Barwise and

Cooper (1981) propose the following as a linguistic universal: when a natural language

quantifier is formed from a determiner d and a nominal predicate θ, the quantifier dpθq

lives on the extension of the nominal, which is to say that for any predicate extension B

over the universe:24

B P |dpθq| iff B X |θ| P |dpθq|.

Consequently, taking the domain of a quantifier dpθq (at index i and context C) to be the

smallest predicate extension that the quantifier lives on, provides a natural regimentation

of our pre-theoretic notion. In particular, for the determiners in Lgq, the extension of θ

is the domain of the quantifiers everypθq, somepθq, nopθq, and mostpθq.25

With this regimentation of the notion of domain, we likewise attain a regimenta-

tion of the characteristic thesis of restrictionism that no quantifier is unrestricted. The

claim that there is no context such that the universal quantifier’s domain encompasses

the entire universe amounts to the claim that its extension always lives on a proper

subdomain of the universe.26 The absolutist, by contrast, will claim that, in some con-

texts, quantifiers like everypthingq do not live on any extension other than that of the

universal predicate, thing, which encompasses the entire universe of the language. The

restrictionist and absolutist thus disagree over a substantive thesis about the semantics

of quantification; one which we might expect to be settled on semantic grounds.

2.2 Nominal Restrictions

Since the domain of everypthingq, when interpreted as in the previous section to receive

the extension tMu does encompass the entire universe, the restrictionist will need to

modify the semantic account given so far. The next three subsections will assess the

23Compare Williamson (2006, p. 449).
24This property is now known as conservativity. See Peters and Westerst̊ahl (2006, §4.5) for
an overview.
25While this notion of domain is well-defined in a wide range of cases, including all those that
concern us here, it is possible to construct quantifiers such that there is no smallest predicate
extension that they live on. See Peters and Westerst̊ahl (2006, §3.2.2).
26We continue to defer the question of how the relativist is to state their view in good conscience
until the next chapter.
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salient options for the restrictionist to pursue.

The natural move for the sortal restrictionist to make is to contend that—contrary

to the absolutist’s claim about thing—there are no universal predicates whose extension

encompasses the entire universe. The quantifiers in Lgq always live on the extension of

some sortal predicate θ, whose extension is a proper subdomain of the universe, not

containing satisfiers of other sortal predicates.

Such a move however threatens to be unstable. It becomes unclear why we cannot

construct a universal predicate, playing the role of thing that the sortal restrictionist

sought to banish from the language, and on this basis recover an unrestricted quantifier.

In any natural language there will only be finitely many sortal predicates: θ1, . . . , θn. But

then we can form a universal predicate using the abstraction operator and disjunction.

xx̂.θ1pxq _ . . ._ θnpxqy

Supposing that every object falls into some sort, belonging to the extension of some θp,

and granted the intensions set out for v̂, _ and every, are as tables 2.3 and 2.4, the

quantifier formed from composing every with this disjunctive predicate has the entire

universe as its domain.

Assuming that the sortal restrictionist does not take issue with the semantics of

disjunction or abstraction, two potential responses are apparent. The first is to impose

a syntactic ban on complex predicates like the troublesome one composing with deter-

miners. The second is to seek to impose further semantic restrictions on the determiner,

in addition to those already imposed on the nominal predicate.

The first options seems to be a non-starter. Given that the determiner every and

the disjunctive universal predicate receive their intended intensions, there is nothing to

stop these intensions being composed: applying the function that is the intension of

every to the intention of the predicate. And without a semantic reason to stop these

semantic values being composed any syntactic ban appears hopelessly ad hoc.

The second options pushes the sortal restrictionist towards a contextual view.

Without positing context sensitivity, the only intension that delivers the correct truth-
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conditions is the one deployed by the absolutist. To assign every an intension with a

further built in restriction, such as

`

veverywDppqpp1q
˘

piq “ T iff every member a of D s.t. aăi p is s.t. aăi p
1

where D is a proper subdomain of Mwi , will incorrectly rule everypθ1qpθq to be true

when every satisfier of θ1 in D satisfies θ despite there being a counterinstance that

satisfies the nominal θ1 but not θ.27

Plausible options for a purely sortal view seem thin on the ground. But the

sortal restrictionist might move to a mixed view: rather than taking D to be fixed, the

restrictionist might allow that it varies according to which nominal θ1 is composed with

the determiner.

2.3 Indexical Restrictions

Consider contextual restrictionism more generally. In order to maintain that contextual

factors always limit the domain of our quantifiers to a proper subdomain of the universe,

the most straightforward proposal for the restrictionist to make is that the determiner

every functions effectively as an indexical expression: it is restricted to ranging over a

background domain DC ,28 a proper subdomain of the universe M , in virtue of receiving

different intensions in different contexts:

`

veverywDCC ppqpp1q
˘

piq “ T iff every member a of DC s.t. aăi p is s.t. aăi p
1

While this provides a straightforward treatment of sentences like the examples in the

introduction, there is agreement on both sides of the absolutism/relativism debate that

this cannot account for the phenomena in general.29

Consider the following example from Stanley and Szabó (2000, p. 249). Suppose

27Compare Williamson (2003, §VII).
28We take this terminology from Glanzberg (2006, p. 49). Unlike Glanzberg, however, who
uses M for contextually determined background domains—speaking of ‘M -dependence’ for
sensitivity to this domain—we continue to use D for domains and to reserve M for universes.
29See Williamson (2003, p. 418–9) and Glanzberg (2006, pp. 51–2).
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that as the boat leaves the harbour, all the sailors stand on deck and wave to all the

sailors on the shore who wave back. It seems that in such a context, an utterance of:

(1) Every sailor waved to every sailor

says that every sailor on the boat waved to every sailor on the shore.30 Or again, suppose

that everyone who came along to the party brought some bottles with them, and for

some reason or other drank only what they had contributed. It seems that uttered in

such a context:

(2) Everyone drank every bottle

says that everyone who came drank every bottle that they brought with them.31

Neither of these readings can be recovered if we take contextual restrictions to

determine the same domain for each quantifier in the sentence. For in a context C,

such an account must take (1) to say that every sailor in DC waved to every sailor in

DC ; and (2) to say that every person in DC drank from every bottle in DC . Neither of

these captures the intended reading for any choice of domain DC . The former wrongly

implies that the sailors in DC waved to themselves; and the latter wrongly implies that

everyone drank from the same bottles. (If in either case there are no sailors or people

in the domain DC we miss the intended reading by making the respective sentences

vacuously true regardless of what the sailors or people did.)

2.4 Parameter Restrictions

The examples in the last section show that it is not enough for the restrictionist to posit

indexicality in determiners. A second option is for her to maintain that rather than

contributing to determining the intension of a constituent already explicit in the syntax,

context contributes further constituents to semantic structure.

To obtain the correct readings in cases like these, Stanley and Szabó (2000, pp. 245–

50) argue, different domains need to be associated with different quantifier occurrences;

30See also the example attributed to Peter Ludlow by Stanley and Williamson (1995).
31Williamson (2003, p. 419) presents a similar example; cf. the example presented by Stanley
and Szabó (2000, p. 243).
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in the case of (2), different domains need to be associated with the quantifier ‘every

bottle’ for different people in the first-domain. We need the contextual restriction on

‘every bottle’ to be bound by the outer quantifier. The moral they draw from such

examples is that contextual restrictions contribute constituents to semantic structure.

Stanley and Szabó’s preferred proposal is that the context provides parameters

that compose with nominals to restrict quantifiers.32 (See pp. 251–3.) Applying this

proposal to the second example, (2) receives a logical form corresponding to the Lgq

sentence:33

every
`

one, fpyq
˘`

xx̂.everypbottle, gpxqqpdrankpxqqy
˘

where the nominal predicates one and bottle combine with further constituents fpyq

and gpxq to form category t{e expressions one, fpyq and bottle, gpxq and the variable

in gpxq is bound by the abstraction operator x̂. Provided the context determines the

intensions of f and g so that the extension of one, fpyq in i comprises the people who

attend the party in wi and the extension of bottle, gpxq in i comprises the bottles

brought by σipxq in wi, we obtain the correct truth-conditions for (2).

While proposals along these lines avoid the semantic problems faced by the in-

dexical account, and are therefore an appealing option for the absolutist to adopt, the

restrictionist who attempts to implement this option faces a philosophical difficulty. The

problem is similar to the one that faced the sortal restrictionist. If contextual domain

restriction works solely by somehow composing a contextually supplied constituent with

a contextually invariant determiner intension and a nominal intension, it is unclear why

we cannot achieve unrestricted quantification simply by operating in a context in which

either no further constituent is supplied or the constituent’s extension encompasses the

entire universe.34 For, as in the sortal case, the only constant intension for every that

will succeed in delivering the correct truth-conditions in every context is the one deployed

32An alternative proposed by Westerst̊ahl (1985a) is to take the further parameter to com-
pose with the determiner. For present purposes the differences between these accounts are
unimportant.
33To minimise on the need for abstraction we suppose that drank has category pt{eq{e.
34Compare Williamson (2003, p. 420).
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by the absolutist. But once this much has been conceded, any bar on unrestricted quan-

tification seems ad hoc. On this view, the unrestricted intension the absolutist attributes

to every and the universal one he attributes to thing are both available. The result of

composing them therefore expresses unrestricted universal quantification over the entire

universe. Why then are we unable to pick out this intension? The restrictionist is left

to explain why, no matter what we say or do or intend, the context always slips in a

further non-trivial constituent; and why we cannot attach this intension to quantifiers

in artificial language such as @v that are not subject to contextual restrictions.

2.5 Semantic Commitments

Restrictionist accounts of quantifier domain restriction are therefore bound by their

philosophical commitments as well as the semantic data. In the first place, as we have

presupposed in this section, quantifier domain restriction must be treated as a semantic

phenomenon. Context must make a difference to what is said, contrary for instance to

the purely pragmatic view defended by Bach (2000). So far this is perhaps no great

cost.35 But when choosing among different semantic accounts, the restrictionist is again

limited by her philosophical commitments. A purely sortal account seems unworkable.

A purely indexical view runs contrary to the data; and a purely parameter-based view

gives up too much to the absolutist. It seems therefore, that the restrictionist must

follow Glanzberg (2006) in maintaining that both determiner indexicality and contextual-

parameters feature in quantifier domain restriction.36 The conjunctive view thereby

incurs substantial semantic commitments—notably, making the striking claim that every

determiner is indexical—and loses out on simplicity in comparison to the absolutist who

can claim that the phenomenon of quantifier domain restriction is wholly down to the

composition of contextually supplied parameters with the fixed semantic values of a

determiner and a nominal.

But a point that should also be emphasised at this stage is that these commit-

35The semantic view enjoys independent motivation. See Stanley and Szabó (2000).
36Glanzberg’s reasons for positing indexical restrictions are differently motivated, due to back-
ground domains associated with the determiner in the context being large and largely unchang-
ing compared with the local domains associated with particular quantifiers (2006, p. 51–4).
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ments, and any attendant costs, are peculiar to restrictionist variants of relativism. The

expansionist relativist agrees with the absolutist that quantifiers are sometimes unre-

stricted. She can likewise follow him in maintaining that quantifier domain restriction is

purely due to contextual parameters, or even follow Bach’s heroic stance. The restriction-

ist’s disagreement with the absolutist is at bottom a disagreement about semantics—in

Barwise and Cooper’s terminology, it amounts to disagreeing about whether quantifiers

always live on a proper subdomain of the universe. In contrast, the expansionist sides on

this semantic point with the absolutist. The expansionist and absolutist disagree about

metasemantics.37 Where she differs from the absolutist is not over the intrinsic features

of any given interpretation of the lexicon but in its relation to other interpretations. In

particular, what the expansionist contends, and the absolutist denies, is that there is

always a more inclusive interpretation with a wider universe. But while absolutists and

relativists thus agree about the content of semantic theories they will disagree about

how they should be formulated. This brings us to the final subject of this chapter.

3 Stating Semantic Theories

In stating the standard categorial semantics for the language of first-order set theory,

Lß,P, we have made free use of functions. The intensions of expressions in basic cate-

gories are functions mapping indices to objects; the intensions of expressions in derived

categories are functions mapping functions to functions. How are these functions to be

understood?

The answer depends on the position adopted in the absolutism/relativism debate.

The canonical approach, that categorial and extensional semantics are framed in set

theory, is available in all cases only to the expansionist.

37Or perhaps on the sort of view defended by Fine (2005, 2006), according to which shifts in
universe are due to shifts in the third parameter, the ontology, they disagree about metaphysics.
See chapter 1, section 2.3.
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3.1 Expansionist semantics

Focus on intended interpretations of the lexicon of Lß,P. Following Zermelo (1930),

it is open to the expansionist to claim that there is no single intended interpretation

but rather an unbounded sequence of more and more liberal set-theoretic universes. In

particular, she can claim that for any given interpretation, we can come to another such

that (i) the members of the object language universe form a set M—some inaccessible

rank VθrU s—in the new universe; (ii) the new universe is closed under set-theoretic

operations, rendering the axioms of ZFCU true under the new interpretation; and (iii)

the new interpretation stably expands the old one: elements of M satisfy the atomic

predicates of Lß,P in the new interpretation just in case they satisfy them in the old one.

Taking such a language as the metalanguage provides a congenial setting for formulating

a categorial semantic theory for the given interpretation in the canonical way within set

theory.38

It is straightforward if tedious to encode categorial syntax in set theory. Without

going into the details let us assume that we have encoded the syntax of Lß,P in set

theory so that we have a set of categories cat and a set of expressions exp, the second

of which is a superset of both the set of variables var and the set of sentences sent.

Assume moreover that we have well-founded relations of derivedness and complexity

defined in the natural way, so that d “ c{c1, . . . , cn is more derived than its components:

c, c1, . . . , cn, and εpε1, . . . , εnq more complex than its constituents: ε, ε1, . . . , εn. With

the syntax in hand, turn to the semantics.

As usual, the requisite intensions are encoded as set-functions. But the familiarity

of this approach should not lead us to forget that a fair amount of coding is deployed.

Encoding functions as sets. First we define the Kuratowski ordered pair of x and y in
the usual way: xx, yy “df ttxu, tx, yuu. This definition permits us to prove the
pairing theorem for Kuratowski pairs:

xx1, y1y “ xx2, y2y iff x1 “ x2 and y1 “ y2.

38Montague (1970) provides an account of how to encode categorial syntax and semantics in
set theory, similar in essentials to the one presented in this section. All of the set-theoretic
claims in this section are elementary theorems of ZFCU. The details of the definitions and
theorems (typically for the pure sets case) may be found in any good set theory text book; see
for instance Jech (2003).
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Functions are then defined as functional sets of pairs in the usual way. Given sets
X and Y , a set f is said to be a function from X into Y , if (i) each element of f
is a pair xx, yy, with x P X and y P Y ; (ii) for each x P X there is a unique y P Y
such that xx, yy is an element of f . More formally, let f : X Ñ Y abbreviate:39

@zpz P f Ñ DxDypx P X ^ y P Y ^ z “ xx, yyqq

^ @xpx P X Ñ D!ypy P Y ^ xx, yy P fqq

Standard set theory may then be deployed to show that we have the functions needed

to give a categorial semantics for Lß,P under its intended interpretation over M . First

we recap some elementary set theory.

Products and exponents. The Cartesian product of X and Y , X ˆ Y , and the set of all
functions from X into Y , Y X , are defined as follows

X ˆ Y “df txx, yy | x P X, y P Y u Y X “df tf | f : X Ñ Y u

Whenever X and Y are sets, it is readily shown that X ˆ Y and Y X are also sets.

Granted that the universe M , the worlds W and the variables var each form a set, we

may then construct for each category c a set Mc comprising all the category c intensions.

Intensions for basic and derived categories. First, note that the indices form a set I “
W ˆMvar. Pick distinct objects T and F to represent the two truth-values. The
set of all category t-intensions, Mt, the set of all category e intensions, Me, and for
d “ c{pc1, . . . cnq, the set of all category d intensions, Md, are defined recursively

as follows: Mt “df tT, F u
I , Me “df M

I , Md “df M
Mc1ˆ...ˆMcn
c .40

With sets of indices and sets of each category of intension, it is then straightforward to

specify which elements of the latter are the intensions of simple Lß,P expressions. (See

table 2.6.) Last of all, it remains to re-state the categorial compositionality principle in

set-theoretic terms.

Compositionality. First define the set of all intensions based on the indices over the
object universe, Msem, and the set of all finite strings of intensions xd, c1, . . . cny

39The sentence in the text is not yet an Lß,P-sentence. We need further to eliminate the pair
terms as follows: z “ xx, yy may be taken as short for

@t
`

t P z Ø @upu P tØ u “ xq _ @upu P tØ u “ x_ u “ yq
˘

and xx, yy P f may be taken to abbreviate Dzpz “ xx, yy ^ z P fq. As usual D!yφ abbreviates
Dypφ^ @vpφrv{ys Ñ v “ yqq (picking v to avoid unintended variable binding).
40We rely here on the well-foundedness of the relative derivedness relation.
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Table 2.6: Intensions encoded as set-functions

vvw “ txi, σipvqy P I ˆM | i “ xc, w, σiy for some c P C, w PW u

vßw “ txe, ty PMe ˆMt | tpiq “ T iff ßpe1piqqu

v w “ txt1, ty PMt ˆMt | tpiq “ T iff t1piq “ F u

v“w “ txe1, e2, ty PMe ˆMe ˆMt | tpiq “ T iff e1piq “ e2piqu

vPw “ txe1, e2, ty PMe ˆMe ˆMt | tpiq “ T iff e1piq P e2piqu

v^w “ txt1, t2, ty PMt ˆMt ˆMt | tpiq “ T iff t1piq “ T and t2piq “ T u

v@vw “ txt1, ty PMt ˆMt | tpiq “ T iff t1pipv{aqq “ T for every a PMu

(for d “ c{c1, . . . , cn), Mseq, as follows.

Msem “
ď

tMc | c P catu

Mseq “
ď

tMd ˆMc1 ˆ ¨ ¨ ¨ ˆMcn | d “ c{c1, . . . cn P catu

Then, the composition-function, ¨xx¨ ¨ ¨yy which maps each string of intensions of
the form xd, c1, . . . cny (for d “ c{c1, . . . , cn) to the result of composing them,
dpc1, . . . , cnq, is defined as follows.

¨xx¨ ¨ ¨yy “ txxd, c1, . . . , cny, cy PMseq ˆMsem | c “ dpc1, . . . , cnqu

Finally the intension-function v¨w, which maps each Lß,P-expression ε to its inten-
sion vεw, can be defined by recursion on complexity, via the clauses in table 2.6 and
the following clause for complex expressions: vεpε1, . . . , εnqw “ vεwxxvε1w, . . . , vεnwyy.

41

This completes the expansionist’s encoding of categorial semantics for Lß,P within stan-

dard set theory.

3.2 Absolutist semantics

The absolutist cannot always follow suit. Casting categorial semantics in standard first-

order set theory is only an option when the members of the object language’s universe

form a set. In general, the absolutist claims, this may fail to be the case. In particular,

if the quantifiers of the object language range over what he claims to be the ultimate,

inexpandable universe M then, even when he deploys a metalanguage also interpreted

over the ultimate universe, he cannot formulate a categorial semantics in the manner of

the expansionist.

The trouble is this. When the members of the object language’s universe M do

41We rely here on the well-foundedness of the relative-complexity relation.

45



not form a set, nor do the indices I based on this universe.42 And without a set of

indices, the bottom falls out of the set-theoretic construction of categorial semantics.

According to the expansionist, category e intensions such as vvw are sets containing

exactly one index-object pair for every index. But when the indices do not form a set,

no such index-object pairs form a set.43 Similar trouble arises for category t intensions.

And without sets encoding category e and t intensions, the absolutist is also without

n-tuples of these, let alone the sets of n-tuples of these, which the expansionist took to

be the intensions of category t{e, t{pe, eq, t{t and t{pt, tq expressions.

Still, what the expansionist achieves by drawing on an ontology surpassing that

of the object language, the absolutist can achieve with extended ideological resources.

In place of a hierarchy of sets built from members of the object language universe, a

categorial semantics for Lß,P may be framed in a metalanguage, interpreted over the

same universe as the object language but deploying additional levels of ideology. Loose

talk using English noun phrases like ‘function’ or ‘intension’ can be eliminated in favour

of either higher-order or plural resources. We shall follow the latter option, although it

is easily adapted to the former.

To implement it, we first enrich the metalanguage with suitable plural expressive

resources. To start with let us add plural resources to the lexicon of Lß,P to obtain the

plural language of set theory with urelements, Lpl
ß,P. This calls for a further basic category

to join e and t: we add a category of plural terms: ee. The lexicon of the new language

Lpl
ß,P then consists of that of Lß,P together with the further expressions displayed in table

2.7. The intended interpretation of the new expressions may be informally glossed as

follows. The plural quantifier @vv may be read ‘for any zero or more things. . . ’;44 x ă ττ

may be read ‘x is one of the objects ττ ’; ττ1 ” ττ2 may be read ‘ττ1 are the same things

42Proof: If the indices form a set I, then member of the universe M form the set
tσpx1q | xσ,wy P Iu (by Replacement) but ex hypothesi the members of the universe do not
form a set
43Proof: If e “ txi, aiy | i P Iu is a set, then the indices form the set ti | xi, aiy P eu (by
Replacement). (More generally, the domain of a set-function is always a set.) But the indices
do not form a set.
44This slight departure from the usual English meaning of ‘any things’ greatly simplifies the
encoding, and will be attached to all plural quantifiers in the following. It is however inessential.
See chapter 4 n. 8.
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Table 2.7: The additional lexicon of Lpl
ß,P

Category ee. plural variables: xx, yy, zz,. . . .
Category t{pe, eeq. the member-‘plurality’ predicate: ă

Category t{pee, eeq the plural identity predicate: ”
Category ee{t. plural term forming operators: λx, λy, λz, . . .
Category t{t. plural quantifiers: @xx, @yy, @zz,. . . .

as ττ2’; xλv.φy may be read ‘the zero or more things that satisfy φ’. (The λv-operator

functions much like the abstraction operator v̂ but delivers a plural term (category ee)

rather than a predicate (category t{e).) What the expansionist is able to achieve with

sets outside the universe, the absolutist can to some extent replicate with plural term

denotations over the universe.45

Encoding functions as plural term denotations. Define Kuratowski pairs as before. Func-
tions on members of the universe may be encoded as some functional pairs, sever-
ally. Given plural term denotations xx and yy, a plural term denotation ff is said
to be a function from xx into yy, if (i) each member of ff is a pair xx, yy, with
x ă xx and y ă yy; (ii) for each x ă xx there is a unique y ă yy such that xx, yy
is a member of ff. More formally, let ff : xxÑ yy abbreviate:46

@zpz ă ff Ñ DxDypx ă xx^ y ă yy ^ z “ xx, yyqq

^ @xpx ă xxÑ D!ypy ă yy ^ xx, yy ă ffqq

This permits the absolutist to encode category t and e intensions. For example, vvw may

be encoded as the plural term denotation comprising all index-object pairs xi, σipvqy.

However, this approach will not permit us to encode the intensions of expressions from

derived categories. Consider, for instance, the set predicate ß. Under the expansionist

semantics this was encoded as a set whose elements were Kuratowski pairs of the form

45Plural or higher-order resources have often been called on in order to formulate absolutist-
friendly formulations of model theory, whose models include one whose universe is comprehen-
sive, and we shall borrow a number of the coding techniques from their presentations. See, for
instance McGee (1997), Rayo and Uzquiano (1999), Rayo (2002), Williamson (2003), McGee
(2006). The claims made about plural term denotations in the section are readily established
in plural set theory, ZFCUpl, in which the logical axioms are augmented with analogues of
the usual axioms and rules for quantifiers and identity, and λ-exchange axioms of the form
u ă xλv.φy Ø φru{vs, and the Replacement schema is replaced with a single plural axiom (see,
for instance, Uzquiano (2006, p. 309)).
46We apply the same abbreviations as in n. 39; moreover xx, yy ă ff is short for
Dzpz “ xx, yy ^ z ă ffq. Such an encoding of functions is implicit in the definition of assignment
and model employed in Rayo and Uzquiano (1999, p. 5) and explicit, for instance, in Uzquiano
(2006, p. 309).
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Table 2.8: The additional lexicon of Lsusupl
ß,P

Category eee. Superplural variables: xxx, yyy, zzz,. . . .
Category t{pee, eeeq. the ‘plurality’-‘superplurality’ predicate: ă2

Category t{peee, eeeeq. the ‘superplurality’-‘supersuperplurality’ predicate: ă3

Category eee{t. Superplural term forming operators: λxx, λyy, λzz, . . .
Category eeee{t. Supersuperplural term forming operators: λxxx, . . .
Category t{t. Superplural quantifiers: @xxx, @yyy, @zzz,. . . .

xe, ty. But on the present approach, there are no such pairs: e and t are plural term

denotations and pairs are always pairs of objects.

To work around this problem, the absolutist can call on yet further ideology,

drawing on plural resources surpassing the plural. He may introduce superplural terms,

that are to plural terms much as plural terms are to singular ones. Where a plural term

denotes some objects, corresponding to a class of objects, a superplural term denotation

corresponds to a 2-class, a class of classes of objects, or to some 1-classes. But the

analogy cannot be taken too seriously. A term that denotes a class or a 2-class is a

singular term, not a plural or superplural one; likewise a term that denotes some classes

is a plural term not a superplural one.47

Anticipating a need for yet further ideology beyond superplural, we shall allow for

two further categories of expression: eee for superplural terms, and eeee for supersuper-

plural terms, corresponding to 3-classes, classes of classes of classes of objects. We can

then enrich the lexicon of Lpl
ß,P with the expressions in table 2.8 to obtain the supersuper-

plural language Lsusupl
ß,P . With these expressive resources, the absolutist has everything

he needs to encode the intensions of all Lß,P expressions.

47Rayo (2006) draws on superplural resources and beyond to develop a model theory for
supernplural languages, also extending the construction beyond the finite. See also Linnebo
and Rayo (2012). The claims made about plural term denotations in this section are readily
established in the plural set theory described in n. 45 enriched with analogues of the usual
quantifier principles for superplural quantifiers, and λ-exchange principles for superplural and
supersuperplural terms

uu ă2 xλvv.φy Ø φruu{vvs

uuu ă3 xλvvv.φy Ø φruuu{vvvs
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Encoding functions as plural term denotations First we generalise pairing to plural term
denotations as follows. Given plural term denotations xx and yy, we may define
their ‘2-pair’ xxx, yyy as follows.

xxx, yyy “df xλz.Dxpx ă xx^ z “ x1, xyq _ Dypy ă yy ^ z “ x2, yyqy

This definition permits us to recover a plural version of the pairing theorem.48

xxx1, yy1y “ xxx2, yy2y iff xx1 “ xx2 and yy1 “ yy2

2-pairs are plural term denotations. Consequently, functions mapping intensions,
or other entities, encoded as plural term denotations, to others, may be encoded as
superplural denotations. Much as before, we define fff : xxxÑ yyy to abbreviate:

@zzpzz ă2 fff Ñ DxxDyypxx ă2 xxx^ yy ă2 yyy ^ zz “ xxx, yyyqq

^ @xxpxx ă2 xxxÑ D!yypyy ă2 yyy ^ xxx, yyy ă2 fffqq

Products and exponents revisited. Analogues of the earlier set theoretic definitions can
now be given in plural and superplural terms. Define:

xxˆ yy “df xλz.pDx ă xxqpDy ă yyqpz “ xx, yyqy

xxxˆ yyy “df xλzz.pDxx ă2 xxxqpDyy ă2 yyyqpzz “ xxx, yyyqy

yyxx “df xλff.ff : xxÑ yyy

yyyxxx “df xλfff.fff : xxxÑ yyyy

Intensions for basic and derived categories. First encode the object language universe
and the indices as plural term denotation M “df xλx.Dypy “ xqy and I “df

xx̂.DwDσpx “ xw, σyqy. The definitions of M c for c “ e, t, t{t, t{pt, tq, t{e or t{pe, eq
then precede much as before, replacing set-theoretic products and exponents with
their plural or superplural analogues as appropriate.

M t “df xλx.px “ T _ x “ F qyI M e “df M
I

M t{e “df M
Me
t M t{e,e “df M

MeˆMe
t

M t{t “df M
M t
t M t{t,t “df M

M tˆM t
t

Finally the intensions for the basic expressions of Lß,P are defined as in table 2.9.

Notice that unlike in the set-theoretic case, where we gave the analogous definitions for

all categories of expressions, here we have only given the definitions for those categories of

expression instantiated by simple Lß,P expressions. This marks an important difference

between plural and set-theoretic resources for encoding functions. Whereas set-theoretic

48Linnebo and Rayo (2012) encode 2-pairs in essentially this way.
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Table 2.9: Intensions encoded as higher-order term denotations

Write xλxe1, e2, ty.φpe1, e2, tqy to abbreviate the superplural term xλxx.De1De2Dt
`

e1 ă M e ^

e2 ă M e ^ t ă M t ^ xx “ xxe1, e2y, ty ^ φpe1, e2, tq
˘

y; similarly mutatis mutandis in the other
cases.

vvw2 “df xλz.z “ xi, σipvqyy

v“w3 “df xλxe1, e2, ty.@iptpiq “ T Ø e1piq “ e2piqqy

vPw3 “df xλxe1, e2, ty.@iptpiq “ T Ø e1piq P e2piqqy

vßw3 “df xλxe, ty.@iptpiq “ T Ø ßpepiqqy

v w3 “df xλxt1, ty.@iptpiq “ T Ø t1piq “ F qy

v^w3 “df xλxt1, t2, ty.@iptpiq “ T Ø pt1piq “ T ^ t2piq “ T qy

v@vw3 “df xλxt1, ty. PMt ˆMt | @iptpiq “ T Ø @apa ă M Ñ t1pipv{aqq “ T qqy

functions are type-free, functions encoded as plural terms denotations are typed. In the

set-theoretic case all intensions are encoded as entities of the same type, namely objects.

But in the plural case, as we come to intensions of more and more derived categories we

require further and further plural resources. The intentions from categories t and e are

encoded as plural term denotations, the intensions from categories t{e, t{pe, eq, t{t and

t{pt, tq as superplural term denotations. To encode intensions of categories higher up the

derivedness ordering requires plural resources of greater and greater number, moving

beyond supersuperplural, or super2plural, to super3plural, super4plural, and so on.

This also poses a problem when it comes to stating compositionality. The expan-

sionist was able to collect all intensions and all well-formed sequences of the same into

single sets, and define the composition function as a subset of their Cartesian product.

But, for the absolutist, the analogous procedure founders at the first step. There is no

plural or superplural term denotation to be the analogue of the set of all intensions. Even

if we were to add supernplural terms for each finite n, no supernplural term denotation

will encompass all intensions, for some of these will need to be encoded as supermplural

term denotations, where m exceeds n.

One response to this problem is to tone down the compositionality principle.49

49A second approach would be to tone up the ideological resources. The absolutist could follow
Linnebo and Rayo (2012) in employing plural variables of transfinite number, allowing what
we might call superωplural term denotations to encompass supernplural term denotations of
any finite number. But I shall leave the absolutist to work out the details of this approach.
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Rather than allowing for the composition of arbitrary intensions, the absolutist can cap

the compositionality principle at some fixed level, suitable for the language at hand.

For Lß,P this is easily achieved. We want a function xx¨yy that maps the intensions of

the immediate constituents of each complex expression in Lß,P to the intension of the

complex expression. In Lß,P complex expressions are always formed by composing a

predicate, connective, or quantifier—whose intensions are all encoded by superplural

term denotations—with one or two variables, or sentences—whose intensions, and pairs

of the same, are all encoded by plural term denotations. Consequently the concatenation

function only need deal with sequences of the form xd, cy and xd, xc1, c2yy as input, where

c, c1 and c2 are intensions with category t or e and d is an intensions with category t{e,

t{pe, eq, t{t and t{pt, tq. Employing a similar coding trick to before to encode mixed ‘3-

pairs’, such as xxxx, yyy as superplural term denotations such a function may be encoded

as a supersuperplural term denotation.

Compositionality. First define mixed 2- and 3-pairs as follows.

xx, yyy “df xλz.Dy ă yypz “ x1, xy _ z “ x2, yyqy

xxxx, yyy “df xλzz.Dxx ă xxxpzz “ xxλt.t “ 1y, xxy _ zz “ xxλt.t “ 2y, yyyqy

These are readily seen to conform to the pairing principle. Functions mapping
objects to plural term denotations may be defined in the obvious: fff : xx Ñ yyy
abbreviates:

@zzpz ă2 fff Ñ DxDyypx ă2 xx^ yy ă2 yyy ^ zz “ xx, yyyqq

^ @xpx ă xxÑ D!yypyy ă2 yyy ^ xx, yyy ă2 fffqq

The composition function may then be defined as follows. Let pn abbreviate t{en

(as above) and qn abbreviate t{tn; and write Dcφ to abbreviate the result of replac-
ing c for a suitable variable in Dcpc ă M c ^ φq). xx¨yy is encoded by the following
supersuperplural term denotation.

xλzzz.
`

DxxxDxxDyy zzz “ xxxxx, xxy, yyy

^
`

Dp1Depxxx “ p1 ^ xx “ e^ yy “ p1peqq

_ Dp2De1De2pxxx “ p2 ^ xx “ xe1, e2y ^ yy “ p2pe1, e2qq

_ Dq1Dtpxxx “ q1 ^ xx “ t^ yy “ q1ptqq

_ Dq2Dt1Dt2pxxx “ q2 ^ xx “ xt1, t2y ^ yy “ q2pt1, t2qq
˘˘

y

Finally, since all complex expressions in Lß,P are sentences, the intension function
v¨w may be encoded as a superplural term denotation mapping sentences (objects)
to category t intensions (plural term denotations). We employ Frege’s trick to de-
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fine v¨w as the smallest such superplural term denotation that satisfies the following
conditions.

F pßpvqq “ vßwxxvvwyy F pu P vq “ vPwxxvuw, vvwyy F pu “ vq “ v“wxxvuw, vvwyy

F p φq “ v wxxF pφqyy F pφ^ ψq “ v^wxxF pφq, F pψqyy F p@vφq “ v@vwxxF pφqyy

Let intpF q be the result of prefixing the conjunction of these conditions with the
quantifiers p@φ P sentqp@ψ P sentq. Then we define v¨w as follows:50

xλxx.pDφ P sentqDtpxx “ xφ, ty^@F pF : sentÑMt^intpF q Ñ xφ, ty ă2 F qq

This completes the plural encoding of categorial semantics on behalf of the abso-

lutist. Of course, the absolutist will need to take the informal part of the exposition

here with a large pinch of salt. In attempting to motivate the statement of the the-

ory in Lsusupl
ß,P , I have used English quantifier expressions like ‘every superplural term

denotation’ or ‘some category t intension’ and these do no better than ‘every concept’

or ‘some plurality’ in quantifying over anything other than objects. If there are such

things as superplural term denotations or pluralities or category t intensions then they

are objects.51

Given a suitably liberal metalanguage, the expansionist can take quantifiers like

‘every category t intension’ at face value, ranging over objects—indeed, she might claim,

sets of index-object pairs—and view the exposition as an account of how such ontology

outside the object language universe can be replaced with additional ideology over it.

But for the absolutist, in the crucial case when he claims the universe to be ultimate,

no such perspective is available. The informal exposition in English must be viewed as

a means to communicate what can be said only with sufficient plural (or higher-order)

resources.

3.3 Restrictionist semantics

Neither the expansionist’s nor the absolutist’s encoding strategies can be followed by

the restrictionist to formulate categorial semantics. The root of the problem is at the

very centre of (anti-expansionist) restrictionism: the universe may be ultimate, but no

50Compare Rayo and Uzquiano (1999, p. 9).
51Compare Williamson (2003, p. 420).
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domain encompasses the entire universe. Consequently, the categorial semantic theory

for a language with the ultimate universe M—and the attendant theory of functions—

must be framed in a meta-context C‹, or more generally a meta-perspective, whose

quantifiers range only over DC‹ .

This places severe limitations on what functions are available, regardless of what

resources we might deploy to encode them. Working within DC‹ , any set-function de-

ployed must be a member of this domain; and so cannot have the domain, let alone the

ultimate universe M , as its domain or range. Following the absolutist, any function over

DC‹ can be encoded using a plural term denotation applying to pairs. But, since the

pairs available in C‹ are pairs of members of DC‹ , the domain and range of any function

encoded by such pairs is contained within DC‹ . Helping ourselves to further ideological

resources enables us to encode further functions of functions over DC‹ , as above, but

does not enable us to break free from DC‹ at the lowest level. A 2-pair of plural term

denotations xxx, yyy is available from the perspective of DC‹ only if its co-ordinates, xx

and yy, only denote members of DC‹ . Consequently, a category t{t intension encoded

by a third-order term denotation is available in C‹ only if each category t intension in

its domain is also available from this perspective. Similarly, for the other categories.

Without arbitrary functions over the object language universe M , the intensions

deployed by the categorial semantics outlined above are simply missing. Consider the

intension of @v. As in section 2, two options are apparent according to whether the

restriction maintains that contextual restriction is solely due to local restrictions, or

incorporates indexicality in determiners via shifts in the background domain.

`

v@vwCptq
˘

piq “ T iff tpirv{asq “ T for every a PM

`

v@vwDCC ptq
˘

piq “ T iff tpirv{asq “ T for every a P DC

Setting aside the philosophical difficulties facing the first approach, the intension de-

ployed by the absolutist is in any case unavailable to the restrictionist relative to any

perspective. This function is available in C‹ only if each category t intension t in its

domain is available in C‹; t is available only if each index xσ,wy over M is available;
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xσ,wy is available only if σ is available; and σ is available only if each object σpvq in its

range is a member of DC‹ . But in general this fails to be the case: σ is an arbitrary

assignment over the universe M , not the limited theoretical domain DC‹ . The second

candidate intension is likewise unavailable to the restrictionist for the very same reason:

the restriction to Mc in the defining condition affects the function’s values but has no

effect on the extent of its domain, which remains too extensive for C‹.

Instead, the best the restrictionist can do is to restrict the intension of the quan-

tifier to category t intensions based on indices over the limited, metatheoretic domain,

replacing M with DC‹ from the very outset. The indices I must be replaced with the

indices I‹ that are available in the context, namely those indices i‹ whose assignment

σ‹i maps each variable to a member of DC‹ . Similarly M t must be replaced with M‹
t

comprising the category t intensions that are available in the context, namely functions

t‹ from I‹ to tT, F u, and so on.

The putative intensions for the quantifier based on the universe M must be re-

placed by analogues based on the theoretical domain DC‹ .

`

v@vw
DC‹
C pt‹q

˘

pi‹q “ T iff t‹pi‹rv{asq “ T for every a P DC

`

v@vw
DCXDC‹
C pt‹q

˘

pi‹q “ T iff t‹pi‹rv{asq “ T for every a P DC XDC‹

The trouble with this approach is that it fails to yield the correct truth-conditions for

sentences of the form @vφ in contexts wider than the theoretical context C‹. Indeed,

since in this case, the intension of φ is unavailable in C‹, it delivers no truth-conditions

at all. Similar problems arise in the extensional setting. The extension of a quantifier

in C‹ can only comprise predicate extensions that are available from the perspective of

that context.

4 Philosophical Assessment

The problem faced by the restrictionist when it comes to stating categorial and exten-

sional semantic theories is at bottom the same problem she faces in framing Tarskian
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truth-conditions. We can frame an adequate semantic theory for a language relative

to a given context C, delivering the correct truth-conditions for each sentence as then

interpreted, only if the theoretical perspective C‹ is at least as wide as C. But when the

object language is interpreted over the ultimate universe—as the restrictionist allows it

may be—there is no meta-perspective that exceeds every object perspective. So far then

the charge of semantic pessimism would appear to stand firm.

Semantic pessimism for contextual restrictionists. The contextual restrictionist cannot

(by her lights) give adequate semantic theories for languages that deploy restricted

quantifiers in a suitable metalanguage.

At best, the contextual restrictionist can give partial semantic theories determining the

behaviour of the language in a restricted range of contexts. Picking a sufficiently liberal

meta-context, for instance, the restrictionist can adapt expansionist semantics for Lß,P,

to yield the theory of the interpretation of this language Lß,P at some fixed context. But

this move is a means of learning to live with semantic pessimism rather than avoiding

it. The units of semantic theories are languages, not contexts. The first desideratum of

semantic theorising remains unmet: the restrictionist is unable to give a semantic theory

that yields the correct truth-conditions for each sentence of Lß,P in each context. The

same is true of other languages interpreted over the ultimate universe.

For the absolutist, however, the shift from Tarskian to extensional and categorial frame-

works makes a difference. In the Tarskian setting, the absolutist had no trouble stating

semantic clauses for purportedly absolutely general quantifiers; in the categorial setting

he seems to fare rather less well than his expansionist opponent.

The absolutist-friendly supersuperplural semantic theory for the language of set

theory Lß,P outlined above scores worse than its first-order expansionist analogue in two

respects. In the first place, without a move to infinitely superplural expressions, the

absolutist cannot formulate the principle of compositionality in full generality but must

instead make do with a curtailed version, only dealing with finitely many categories

of intension. In the second place, even with compositionality cut back only to apply

to the categories of intension instantiated by Lß,P-expressions, the absolutist semantics
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utilises substantially greater ideological resources than its expansionist analogue. The

categorial semantics for the first-order language deploys superplural quantification and

supersuperplural terms.

Can the absolutist avoid these worries with a less ideologically profligate encoding

of intensions? Intensions have been encoded as plural and superplural term denotations.

We have seen that they cannot be set-functions, but the absolutist might still look for

yet other objects of M , perhaps class- or 2-class-functions, or similar, to do their work.

Consequently, the absolutist might seek to interpret the higher-order theory—or

at least enough of it for the purpose at hand—in a first-order theory. To start with,

for category t intensions, he could seek a mapping t ÞÑ t̂, which maps each category t

intension, encoded as a plural term denotation t, to an object t̂ in M which encodes it;

together with a predicate φpi,v, t̂q encoding that the intension t maps the index i to the

truth-value v

The expansionist can do this. Each plural term denotation comprising pairs of

members of M is mapped to the corresponding set with these pairs as element (some

of which fall outside M) and φpi,v, t̂q is defined as xi,vy P t̂. But no such approach

can succeed if each object t̂ encoding the intension t is confined to falling within the

object language universe M , as must be the case if M is the ultimate universe. The

reason is simple. There are more category t intensions than members of M . For there

are as many indices as objects and, by an application of Cantor’s diagonal argument,

there are more functions from indices to truth-values than there are indices. It follows

that there are too many intensions to be uniformly encoded in this way (since t ÞÑ t̂

would be an injective mapping from category t intensions to objects). Consequently, to

generalise about every category t-intension, singular first-order quantification over M

will not suffice. Without further ontology available, the absolutist must call on further

ideology.

This will not come as too much of a surprise to seasoned absolutists. For it is well

known that quantification over a given universe is ill-suited for theorising about every

possible interpretation of a lexicon over that universe. This much is one of the lessons

of Williamson’s take on the Russell paradox. Williamson focuses on the (extensional)
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interpretation of a single predicate letter P . Assuming only that interpretations are

themselves members of the purportedly inexpandable universe M , there is no hope for

the thesis that, for any predicate φ, there is an interpretation y of P under which the

predicate letter P applies to every φ and nothing else. For writing ‘P applies to x under

y’ as AP px, yq, this thesis amount to the following schema:

Dy@xpAP px, yq Ø φq.

And treating Dy as a first-order quantifier, this is nothing more than a notational variant

on the Näıve Comprehension Schema for sets, generating a contradiction when we sub-

stitute  Appx, xq for φ. In order then to allow any predicate φ to determine a possible

interpretation of P , we cannot treat Dy as quantifying over the objects in the domain

of @x. Since Williamson takes this to encompass absolutely everything, he proposes a

second-order construal of such interpretations (See Williamson (2003, §IV).)

Accordingly, certain sorts of theorising about first-order languages must be con-

ducted in a second-order or plural language. In particular, we must appeal to such

ideology in order to engage in what Linnebo and Rayo (2012) dub ‘generalized seman-

tics’, where we are interested in arbitrary reinterpretation of the language’s expressions.

For example, following Rayo, let us call a model theory for a language ‘strictly ade-

quate’ if every possible extension of an expression is assigned to that expression in some

model. By the absolutist’s lights, we cannot give a strictly adequate model theory for

the language of set theory Lß,P in set theory itself. If we identify extensions with sets

we ignore those extensions—including the intended extensions of P, “ and ß over the

ultimate universe—that are not set-sized. And Rayo observes that since any plural term

denotation could encode a possible extension, and there are more plural term denota-

tions than objects, no model theory framed in a first-order language quantifying only

over objects can be strictly adequate. We must instead draw on plural resources. (See

Rayo (2006, §9.7))

But once we take categorial semantic theories into account, a further point is ap-

parent. It is not just ‘generalized semantics’ that requires non-first-order resources. The
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ability to quantify over arbitrary intensions is needed to give a categorial semantic the-

ory for a single interpretation of a particular lexicon. In particular, it is needed to give

a categorial semantics for the language of set theory Lß,P under what by the absolutist’s

lights is its unique intended interpretation over the ultimate universe. In order to state

the compositionality principle—even when restricted to the semantic categories instan-

tiated by Lß,P expressions—we need to generalise inter alia about arbitrary category t

intensions over M , and this requires plural resources.

The need for further plural resources extends in two dimensions. First, it gen-

eralises across to the extensional semantics outlined for Lgq. Arbitrary category t

extensions—truth-values—are unproblematic, but there are too many unary predicate

extensions over M , which may simply be taken to be plural term denotations, for these

to be uniformly encoded as members of M . Consequently, the absolutist must once again

deploy second-order or plural quantification in order to formulate the compositionality

clauses in the extensional semantics.

Second, in each case, further and further resources are required as we ascend

the hierarchy of categories. In the extensional case, since there are as many predicate

extensions (category t{e) as there are plural term denotations, and there are more quan-

tifier extensions (category t{pt{eq) than predicate extensions, we can do no better than

superplural term denotations to uniformly encode quantifier extensions.52 In the inten-

sional case, the fact that intensions are functions from indices to extensions calls for

one further degree of pluralness. There are as many category t intensions as there are

plural term denotations. And there are more category t{e intensions—functions map-

ping category e-intensions to category t intensions—than there are category t intensions.

Consequently to uniformly encode arbitrary category t{e intensions we can do no better

than superplural term denotations, as employed above. Similarly, there are as many

category t{e intensions as there are superplural term denotations. And there are more

category t{pt{eq intensions than category t{e intensions. Consequently to uniformly en-

code arbitrary category t{pt{eq intensions we can do no better than supersuperplural

term denotations. And so on.

52Compare ‘Semantic Ascent’ in Rayo (2006, p. 244).
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Extensional and categorial approaches to semantics require the absolutist to take

on a great deal more ideology than his expansionist opponent. In particular, this leads

to a restricted form of semantic pessimism for the prospects of carrying out certain forms

of semantic theorising in a first-order metalanguage.

Categorial and extensional pessimism for absolutists deploying first-order metalanguages.

The absolutist cannot (by his lights) give adequate categorial or extensional seman-

tic theories for languages that deploy absolutely general quantifiers in a suitable

(non-plural) first-order metalanguage.

The absolutist may object that this conclusion has been reached on the basis of

premisses that have been whistled rather than stated. No sense—he may claim—can be

made of sentences like ‘There are more category t intensions than members of M ’ apart

from as trivially false claims. For, as in the introduction, he has been instructed to read

singular talk of universes, in plural terms. When he takes M to be the ultimate domain,

the sentence is thus elliptical for ‘There are more category t intensions than there are

objects’. And this is trivially false. If there are any such things as category t intensions,

then they are objects; and some of the objects cannot be more numerous than all of the

objects.

As before, the expansionist can make good sense of such claims at face value from

the perspective of a sufficiently liberal metalanguage. In this case, the cardinality claim

can be established within first-order set theory, by showing that there is no injective

function with M as its domain and only t-intensions—construed as set-functions—in

its range. But the absolutist may justly complain that if this is the intended reading,

then the argument for pessimism relies on a premiss that will only be true if we presup-

pose that his view fails. Moreover, when—as he maintains—the members of the object

language universe do not form a set, such set-theoretic arguments tell us nothing about

how many objects there are compared to intensions: there is no injective function with

M as its domain full stop; since the domain of a set-function is always a set.

In response, to avoid begging the question against absolutism, the relativist must

suspend the assumption of a more liberal metalanguage, and make the argument in plural
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terms. The conclusion, the analogue of the English sentence: ‘Category t intensions

cannot be uniformly encoded as objects’, is treated as schematic:

No uniform encoding.  Dfff
`

fff : M t ÑM ^ @t@i
`

tpiq “ T Ø φpi, T,fffptqq
˘

This claim may be proved in superplural set theory (see notes 45 and 47). The conclu-

sion is reached in two steps. First we prove a superplural version of Cantor’s theorem,

which regiments the English sentence ‘There are more category t intensions than in-

dices’ in a manner analogous to the standard set-theoretic rendering of this comparative

cardinality claim as ‘There is no injective function mapping category t intensions to

indices’.

Cantor’s theorem  Dgggpggg : M t Ñ I ^ @i@i1pgggpiq “ gggpi1q Ñ i “ i1q

This may be proved with the usual sort of diagonal construction.53

Proof sketch. We reason informally in superplural set theory. Suppose for reductio that
there is ggg : ggg : M t Ñ I, injective as in the statement. For t ă2 M t write t for the
unique index i such that xt, iy P ggg. Consider

rr “ xλx.pDi ă Iq
`

px “ xi, T y ^ Dtpt “ i^ tpt̂q “ F q _ px “ xi, F y ^  Dtpt “ i^ tptq “ F qq
˘

y

Clearly rr ă2 M t. Consider rrprrq. Suppose rrprrq “ T . Then, for some t, t “ rr and
tptq “ F ; so, by the injectiveness of ggg, t “ rr and rrprrq “ F . But now given that
rrprrq “ F , there is some t (namely, rr) such that t “ rr and rrprrq “ F ; consequently,
rrprrq “ T . Contradiction.

Second since there are as many indices as objects, we can exhibit an injective function

from object to indices

Proof sketch of No Uniform Encoding. Suppose for reductio that fff provides the uni-
form encoding as in the statement with respect to φ. For t ă2 M t write t̂ for the unique
object such that xt, iy P fff. Notice that fff is injective: suppose t̂1 “ t̂2; then for any
index i, t1piq “ T iff φpi, T, t̂1q iff φpi, T, t̂2q iff t1piq “ T ; so t1 “ t2. Second, consider

ggg “df xλzz.Dtpzz “ xt, xwo, σ0rt̂{x1syy

Clearly ggg : M t Ñ I. Moreover, ggg is injective. If xwo, σort̂1{x1sy “ xwo, σort̂2{x1sy;
then t̂1 “ σort̂1{x1spx1q “ σort̂2{x1spx1q “ t̂2; so, by the injectiveness of fff, t1 “ t2.
This contradicts Cantor’s theorem.

53Shapiro offers a rather different encoding of a second-version of Cantor’s theorem. (1991,
thm. 5.3). Linnebo and Rayo (2012) sketch a proof of a version more like the present one.
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The cardinality objection can be made without presupposing relativism. The dif-

ficulties in elucidating superplural theories and the extra logical resources needed to

demonstrate theses in such theories, however, also highlight a further cost for the abso-

lutist. For if, as it seems to, English lacks the superplural or higher-order quantification

required to frame a categorial semantics for Lß,P or an extensional semantics for Lgq,

absolutism engenders a more troubling version of semantic pessimism.

Categorial and extensional pessimism for absolutists theorising in English. The absolutist

cannot (by his lights) give adequate categorial or extensional semantic theories for

languages that deploy absolutely general quantifiers in English.

This conclusion is more worrying since it commits the absolutist to claiming that a sub-

stantial strand of empirical semantics is deploying a defective methodology. Barwise and

Cooper are just two examples of linguists who attempt to uncover the semantic prop-

erties of English determiners, working with extensional semantics against a background

of first-order set theory.54 If English is an absolutely general language, as absolutists

have tended to claim, and the superplural resources required generalise about arbitrary

quantifier extensions are unavailable in English, this approach misfires. Consider for

example the hypothesis that all natural language quantifiers of the form detpθ1q live on

the extension of θ1. Linguists regard this hypothesis as well-confirmed, yet if it is stated

in a version of English—as it invariably is—absolutists must reject it as trivially false.

On this view, in unrestricted contexts, quantifiers like everypthingq live on no set-sized

domain.

The pessimistic conclusion is tentative since it is controversial whether or not En-

glish does have the requisite expressive resources.55 But the availability of such resources

does little to remove the commitment to pessimism about semantic theorising as it is

actually carried out. Even if linguists do speak a language which has the resources to

correctly encode semantic theories for absolutely general languages, they persist in mis-

using it, deploying singular terms like ‘predicate extension’ and ‘quantifier denotation’

54See also, for instance, Keenan (1984), Keenan and Stavi (1986), Westerst̊ahl (1985b), and
Peters and Westerst̊ahl (2006).
55Linnebo and Nicolas (2008) argue for the availability of superplural quantification in English.
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when they should be using plural and superplural ones. The theories they actually give

contain many trivial falsehoods.

This is far from a decisive objection against absolutism. In the first place, abso-

lutists always have the Tarskian semantics to fall back on. In the second, the widespread

error amongst linguists may be open to a reasonable explanation, and the absolutist

may claim that the distinctively linguistic insights can be easily transposed to a plu-

ral or higher-order setting, purging them of the misguided assumption of a set-sized

universe. Still, I submit that it goes to show that in the categorial and extensional

setting absolutism leads to an uncomfortable if not insurmountable amount of semantic

pessimism.

Expansionists, on the other hand, can accept the linguist’s assumption of a set universe

as perfectly legitimate in all cases. No matter what the object language is there is

always another version of English suitable to function as the metalanguage. Unlike

restrictionism, this view is quite compatible with a robust version of semantic optimism.

Semantic optimism for expansionists. The expansionist can (by her lights) give ade-

quate categorial or extensional semantic theories for languages that deploy un-

restricted quantifiers over a non-ultimate universe, including versions of English,

in other versions of English.

Worries about semantic pessimism, then, do not stand up against relativism in gen-

eral. Once we have distinguished between restrictionist and expansionist variants of

relativism, we can see that not only does expansionism avoid the pessimism faced by the

restrictionist, but it also fares rather better than absolutism when it comes to stating

certain styles of semantic theory in the standard manner in English.
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3 Expressive Issues

1 The Statement Problem

David Lewis offers a short response to those who attempt to adopt relativism about

quantifiers in response to philosophical difficulties:

Maybe [he] replies that some mystical censor stops us from quantifying over
absolutely everything without restriction. Lo, he violates his own stricture
in the very act of proclaiming it. (Lewis 1991, p. 68.)

This one line repudiation of relativism is not the only example of an eminent philosopher

curtly rejecting this view on the grounds that the relativist is unable to successfully state

it. Vann McGee sets aside relativism as ‘not a serious worry’ in two short paragraphs.

The reason [relativism] is not a serious worry is that the thesis that, for any
discussion, there are things that lie outside the universe of discourse of that
discussion is a position that cannot be coherently maintained. Consider the
discussion we are having right now. We cannot coherently claim that there
are things that lie outside the universe of our discussion, for any witness
to the truth of that claim would have to lie outside the claim’s universe of
discourse.

Of course, the fact that a thesis cannot be coherently maintained does not
strictly entail that the thesis is false. Even so, the fact that we cannot
coherently hold the theory is surely reason enough not to embrace it. (McGee
2000, p. 55.)

The problem has also been pressed and examined in considerably more detail by Timothy

Williamson, who concludes that ‘[g]enerality-relativists seem to be unable to articulate

their position in any coherent way’ (2003, p. 433).
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1.1 Failed attempts

To elaborate on the problem let us consider three attempts to state relativism. Suppose

that the contextual restrictionist attempts to state her view by uttering any of the

following:

(1) Not everything is quantified over in any context.

(2) For any context C, there is a context C 1 that countenances things which C does not,

but not vice versa.

(3) No domain has everything as a member.

@xx @xpx ă xxq

The second attempt here is a somewhat simplified English paraphrase of a semi-formal

statement presented in print by Geoffrey Hellman (2006) in response to Williamson’s

objection.1

Each of these three attempts must be made in a context (and in a language): label

the contexts respectively C1, C2 and C3 (leaving the language implicit).2 Now if the first

attempt is to succeed the range of the quantifier ‘any context’ must encompass every

context, in particular, C1. Likewise the range of the quantifier ‘any context’ in C2 must

encompass C2; and the range of the quantifier ‘no domain’ in C3 must encompass the

domain—D3, call it—of C3.3 Consequently, given that the context or domain is in the

range of the relevant quantifier, the first attempted general statement of relativism is

1His actual formulation is this

@CDC 1p‘the range, R1, of q’s countenanced in C 1 exceeds that, R, countenanced in C

& commitments in C 1 are well motivated relative to C’q

where ‘q’s’ is short for quantifiers and Hellman explains: ‘Here ‘exceeds’ means that C 1 coun-
tenances things which C does not, but not vice versa, however this is spelled out precisely’
(Hellman 2006, p. 77) Nothing, so far as I can see, is lost by the omission of reference to ranges
in the simpler formulation given in the text here, and this seems to fit better with Hellman’s
gloss of ‘exceeds’. His further requirement that commitments be well motivated also has no
bearing on the problem outlined in the text. I take it the quotes just inside the parenthe-
ses merely signal a semi -formal statement, something like the use of quotes in: ZF& “ZF is
consistent”, rather than something metalinguistic.

2We also leave Fine’s third-parameter, if such there be, tacit. (See, chapter 1 (section 2.3).
3D3 is to be the background domain of the context, including anything that can be quantified

over by any quantifier in this context.
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true in its context of utterance C1 only if the instance for C1 is true in C1; similarly for

the other attempts. The following are respectively true in contexts C1, C2 and C3.

(1a) Not everything is quantified over in C1

(2a) There is a context C 1 that countenances things which C2 does not, but not vice

versa.

(3a) D3 does not have everything as a member.

These statements respectively entail the following claims, which are consequently also

true in C1, C2 and C3.

(1b) Something is not quantified over in C1

(2b) Something is not countenanced by C2

(3b) Something is not a member of D3

But now the problem is all too apparent. In C1, the quantifier ‘something’ ranges only

over objects quantified over in C1. Likewise, in C2, the quantifier ‘something’ ranges only

over objects countenanced by C2; and, in C3, ‘something’ ranges only over members of

the domain D3 of C3. The semantics of quantification in these contexts thereby ensures

that each attempted statement is true in the original context of utterance only if the

corresponding truth-condition holds in the context in which the semantic theory is set

forth.

(1c) Something quantified over in C1 is not quantified over in C1

(2c) Something countenanced by C2 is not countenanced by C2

(3c) Some member of D3 is not a member of D3

The truth of (1a) in C1 leads to an outright contradiction in the metatheory.4 The first

attempt to coherently state relativism therefore faces the following dilemma: either (1)

does not imply the instance, (1a), in which case it is too weak to be adequate, leaving

4This presentation of the problem broadly follows that of Williamson (2003, pp. 427–8, 430),
adapting his arguments to the attempted statements at hand.
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open the possibility of the domain of C1 encompassing absolutely everything; or it does

imply this instance, and it is too strong to be true. The same problem faces the second

and third attempts.

Hellman, I suspect, will object to the transition from (2a) to (2b). He is well aware

of the problem facing extensional claims about the range of quantifiers, and recommends

instead an intensional approach to stating relativism. “Instead of futilely saying that

there are (‘in fact’) always more things than can ever be recognised on any given oc-

casion of use or in any context, one can say that, for any context, there is (or can be)

another in which the objects recognised or countenanced go beyond what are recognised

or countenanced in the former. What are compared are not asserted in the thesis to

actually exist but only to be claimed or taken to exist.” (Hellman 2006, p. 77).

It is one thing, however, to be aware of a problem and another to avoid it. And

in both his semi-formal statement and his informal exposition just quoted, Hellman—

writing, let us suppose in context C2—uses either the bare plural expression ‘things’ or

the plural definite description ‘the things’, neither of which is embedded within an in-

tensional context, in the attempt to compare the limited context with the expanded one

C 1. But neither of these expressions fares any better than plain-old ‘something’ in tran-

scending the expressive limitations of the context of utterance. Context C 1 countenances

things which C2 does not, or the things countenanced in C 1 exceed those countenanced

in C2, only if there is something that C 1 countenances which C2 does not. The inference

from (2a) to (2b) is sustained, and trouble remains.5

The contextual restrictionist should concede, then, that none of these attempts

to characterise her view are successful. An exactly analogous problem arises for other

forms of relativism about quantification, including interpretational expansionism. The

same argument can be run with the more generic notion of perspective replacing that

of context. For instance, if the relativist attempts to state her view with (3), she must

utter this sentence relative to some perspective p, whether this is construed as a context

or an interpretation, or something else altogether. And this faces the same dilemma as

5This is not to say that the general strategy must fail. We shall return to the intensional
approach in section 4.
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before: either the domain of the quantifier ‘no domain’ encompasses the domain Dp of

p, and the statement is too weak, failing to rule out the absoluteness of this domain; or

the quantifier does encompass Dp, and it is too strong, implying that not everything in

the domain of Dp is in the domain of Dp.

Curiously, the absolutist can coherently claim that in the right context (and the right

language), the negation of this statement does succeed in stating his view.6 Suppose

that the absolutist utters.

( 3) Some domain has everything as a member

Dxx@xpx ă xxq

When quantification over domains is construed plurally in this way, the context’s domain

is quantified over in that very context. As such the absolutist can coherently contend

that he has said of everything in the absolute domain that it is contained in some one

domain.

This will not of course impress the relativist. She does not accept the absolutist’s

contention that the domain of the context of his utterance has absolutely everything as

a member. She maintains therefore that the purport of the absolutist’s claim is merely

that some limited domain contains everything in that limited domain. And this trivial

truth is quite compatible with relativism.

The dialectical situation, then, is far from satisfactory for both sides. When there

is a dispute, the normal standard we expect from a statement of the competing positions

is for all sides to agree that they succeed in disagreeing: the opponent agrees that the

proponent’s statement succeeds in stating the proponent’s view—even though in his

opposition he contends that the view successfully characterised in this way is false. Given

this, the dialectic can proceed in the standard fashion: the proponent can support his

view, by offering arguments which end with his statement as the conclusion; and the

opponent can seek to undermine these arguments or to offer counter arguments, and so

on, and so forth.

6Compare Williamson (2003, p. 433).
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But when, as has so far been the case in the absolutism/relativism debate, the

two sides do not agree that they disagree, arguments with a contested statement as

the conclusion lose their dialectical force. Consider, for instance, the statement of ab-

solutism, p 3q. For those happy with plural logic—as the absolutist had better be in

order to state his view this way—it is all too easy to argue in favour of this state-

ment. One can give an argument in which p 3q is the conclusion and the premisses are:

Dxx@xpx ă xx Ø x “ xq and @xpx “ xq. From the perspective of plural logic—where

@vv is to be read ‘for any zero or more things’—the argument is impeccable: it is valid

and both premisses are logical truths.7 But the argument does nothing to advance the

absolutist’s cause. The relativist can accept the conclusion without conceding a point

against her position.

In view of the contextual restrictionist’s apparent inability to characterise her view,

Williamson (2003, pp. 434–5) proposes that the absolutist opposing her should stake his

position on a judiciously chosen context, C. If from the perspective of another context

C‹, the relativist can show that not everything is quantified over in C, the absolutist

should concede defeat. Likewise, if the shift from C to C‹ fails to expand the domain,

the relativist should concede defeat. The shift from C to C‹ is thereby taken to be the

‘crucial test’ to decide the issue.

But while this gives the absolutist and relativist something to argue about, it falls

short of a fully satisfying resolution of their dialectical problems. For, as Williamson

observes, ‘the link between the result of the test and the underlying issue is not purely

logical in either direction’ (p. 435). If the crucial test favours relativism, this will em-

barrass the absolutist, but it does not refute absolutism. For it still remains open that

another domain—even that of C‹—contains absolutely everything. Likewise, if the test

favours absolutism, it is still open to the relativist to attempt a different shift.

Consequently, a full resolution of the statement problem, one that yields formula-

tions of absolutism and relativism that both sides can agree to succeed in characterising

the two positions, is desirable for both sides. But the statement problem remains more

7Indeed, since the premisses are logical truths, the arguments that result from dropping either
or both of the premisses are also valid.
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pressing for the relativist. Absolutism appears to be self-reinforcing. From the abso-

lutist’s perspective, even a trivial truth of plural logic will succeed in stating his view.

But the failed attempts to state relativism suggest that it may be self-defeating. In the

examples surveyed, sentences that are sufficiently general to state relativism are false.

This also raises worries about whether the relativist can really believe the view she pur-

ports to believe. If the view cannot be stated in language, why think that it can be

captured in thought?

Before I start to set out the principal argument in favour of relativism in part

II, therefore, some preliminary work needs to be done to show that there is a tenable

position to argue for. The remainder of the present section defends relativism against the

most pressing charge: that the view is self-defeating. Section 2 then outlines an account

of a schematic form of generality that allows for a characterisation of relativism. This

means, together with further expressive resources in the form of suitably interpreted

modal operators presented in section 4, is then put to use against two further objections

that arise in connection with the limits on quantification posited by relativism. Section 3

presents a simple argument against relativism based on the purported need for absolute

generality in metaphysics and logic; section 5 examines an objection concerning more

circumscribed ‘kind’ generality required for science, and ordinary communication, more

generally.

1.2 Object- versus metalanguage

The failed attempts of the previous section, together with those elsewhere in the lit-

erature,8 provide inductive evidence that no attempt to state relativism will avoid the

dilemma that has confronted the surveyed attempts: every attempt will be either too

weak to rule out absolutism, or too strong to be true. Setting aside the dialectical prob-

lem this causes, the absolutist might be tempted to push the argument further. For—he

might argue—the generalised dilemma shows that, for any sentence, either from En-

glish, or an interpreted formal language, it is not the case both that the sentence is true

and that it rules out absolutism. But, if every true sentence is compatible with abso-

8Williamson (2003, §V) surveys a number of further attempts.
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lutism, any sentence that states relativism must be false. Relativism—the absolutist

concludes—is self-defeating.

I am inclined to accept every point made by the absolutist here, save for the last

one.9 In fact, in addition to the inductive evidence gained from surveying failed attempts,

there is a general reason to think that no sentence succeeds in stating relativism. The

difficulty is an instance of a more general one: many facts about a language cannot be

stated in the language.

Consider, for example, English‹, an impoverished version of English for which the

following is the case

No singular term in English‹ names Bertrand Russell.

To express this fact,10 the impoverished language needs a singular term with the same

extension as the name ‘Bertrand Russell’ has in ordinary English. But this is exactly

what this fact shows the impoverished language to lack. English‹ cannot specify what

it is unable to name, since to do so it would need to name it.

Attempting to express the fact—assuming it to be a fact—that something lies

outside the present perspective’s domain faces a similar problem. To state that the

domain is not absolute, some sentence, as interpreted relative to this perspective, must

name or quantify over an object outside the domain. But it cannot. Every object it

names or quantifies over is ipso facto a member of the domain.

But the cause of the limitation also points the way to the solution of the statement

difficulty. It is clear in general that the expressive limitations of the language being

theorised about need not pose a serious obstacle to carrying out such theorising. It is

not a problem for the proponent of Russellian anonymity in English‹ that he cannot state

his theory in the language he wishes to theorise about. Instead he states the relevant

fact—as we did above—in a suitable metalanguage. Likewise it is no serious obstacle for

the relativist who wishes to state that a particular perspective does not have absolutely

9Relativists who embrace modal operators of the sort introduced in section 4 will accept the
claim that relativism cannot be stated in a language only if the language lacks such modal
operators.
10We take facts here to be individuated fine-grainedly. A fact is a true structured proposition,
built from the semantic contents of the constituents of the sentence that expresses it.
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everything is its domain. For although this claim cannot be stated relative to that

perspective, the ‘object perspective’, it can be coherently made from a suitable ‘meta-

perspective’. For instance, the relativist can unproblematically deny the absoluteness of

the domain D3 of C3 by uttering (3) relative to a more inclusive perspective.

This, of course, falls short of a general statement of the relativist’s theory about

generality.11 But rather than reject it as insufficiently general, the relativist should seek

to supplement it. The failure of any one true sentence’s ruling out absolutism does not

show relativism to be false. Nor does it place the relativist in dubious metaphysical or

epistemological territory, requiring her to claim that her view is an ineffable truth. It

merely shows that relativism is not finitely axiomatisable. Instead of searching for a

single truth to characterise her view, circumscribing the limitations of any language, the

relativist can take her theory to be made up of many truths, each stating the limitations

of a single domain from the perspective of a wider one.

2 Schematic Generality

Relativism, then, is not self-defeating. But it seems that no finite number of sentences

will suffice to characterise relativism.12 This is a not unfamiliar scenario. There are

many theories that admit of axiomatisation but not of finite axiomatisation in a given

language.

2.1 Open-ended schemas

The standard way to resolve this issue is to employ a schema.

For example, when we take Modus Ponens as the sole rule of inference, we are

unable to finitely axiomatise classical propositional logic.13 Instead we formulate the

11Anticipating this sort of move, Williamson (2003, pp. 428–9) raises this objection.
12As in n. 9, the relativist who endorses ‘inter-perspective’ modal operators will only accept
this claim for languages lacking the relevant modal operator. See section 4 below.
13It is possible to axiomatise this theory with only finitely many (non-schematic) axioms in the
presence of a uniform substitution rule. As Kleene observes, however, such an axiomatisation
must still rely on a rule of inference with ‘the character of a schema. . . in order to provide for
infinitely many different applications of it’ (Kleene 2002, p. 35, n. 28). Von Neumann (1927)
is widely credited with replacing a substitution rule with axioms schemas. See, for instance,
Quine (1981, p. 89), Church (1996, p. 158), Kleene (2002, p. 35).
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axioms schematically. Inter alia, the law of contraposition is often formulated with an

axiom schema, formulated using the following template:

p φ Ñ  ψq Ñ pψ Ñ φq

subject to the side-condition that an instance of the schema is obtained by uniformly

replacing each occurrence of the schematic variables φ and ψ with an object-language

sentence.

In general, a schema consists of a template, the result of replacing one or more

of the expressions in a sentence with schematic variables, and a side-condition, which

specifies in semantic or syntactic terms which expressions may replace the schematic

variables. Any sentence that results from replacing the schematic variables with expres-

sions in accordance with the side-condition is an instance of the schema. Infinitely many

sentences may thereby be described with a single schema.14

Although commonplace, the use of a schema to avoid the charge of being self-

defeating may provide new impetus for worries about believability. On the one hand,

a theory with infinitely many axioms or instances of rules seems to demand too much

of those who uphold it. For how are finite beings like ourselves to be committed to the

infinitely many axioms and rules that are the instances of its schemas? On the other

hand, at least in the case of logic, the schematic theory seems to deliver too little. As

McGee (2000) and Williamson (2006) have each pointed out, our commitment to the

laws of logic is not limited to upholding the instances of schemas that can be formulated

in the present language.15 It is not as if we uphold the law of contraposition only

because we have found English to be sufficiently inexpressive to lack a counterinstance;

or as if we find it necessary to renew our commitment when the expressive resources

of this language are expanded, checking the law afresh when new expressions enter the

lexicon.16

14See Corcoran (2006) for a historical overview of the use of schemas. We borrow the use of
‘template’ from his paper.
15Williamson makes this point. See Williamson (2006, pp. 376–7).
16These points are made by McGee (2000, p. 66) in relation to reductio ad absurdum; see also
Williamson (2006, p. 376) in relation to disjunctive syllogism.
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In view of these apparent problems, we might attempt to eschew a contraposition

schema in favour of a single axiom. The infinitely many instances of the schema can be

replaced by a single axiom quantifying into sentence position:

@p@qpp pÑ  qq Ñ pq Ñ pqq.17

This may appear to swiftly dispatch both problems. The proponent of propositional

logic need only have a single belief, the genuine law of contraposition expressed by the

second-order sentence, and this belief underlies every instance of the schema from both

the present language and any extension of it.

The trouble with this approach is simple. Eliminating a schema in one part of

the theory only causes another to spring up somewhere else. In the higher-order case,

in order for example to derive an instance of the propositional schema we need the

corresponding instances of an axiom schema of comprehension:

DpppØ φq

or some other schema, or schemas, that yield each instance of this one.

In fact, when one reflects on how proofs are carried out in standard proof systems,

it becomes obvious that no finite number of axioms and particular instances of rules,

however ingeniously formulated, will yield every instance of the contraposition schema.

In a Hilbert-style system we would then have finitely many object-language sentences

as (non-schematic) axioms: A1, . . . , Ak; and finitely many (non-schematic) instances of

rules:

Γ1

C1
, . . . ,

Γn
Cn

where each Γj is a set of object-language sentences and each Cj an object-language sen-

tence. Since a proof must terminate either with an axiom or with the application of a rule,

the only sentences that can be proved in this system are among: A1, . . . , Ak, C1, . . . , Cn.

But these finitely many theorems cannot encompass each of the infinitely many instances

17This is in fact a historically retrograde measure, employed, for instance, in Russell (1906).
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of the contraposition schema.

The need for a schematic formulation of axioms or rules of inference, then, is not a

particular problem for relativism. Sooner or later, everyone—or at least, everyone who

wishes to account for our commitment to logic; or by the last argument, any system with

infinitely many theorems—must accept that this requires commitment to axiom or rule

schemas. Fortunately, the attendant epistemic worries, that schemas demand infinitely

many beliefs and that these beliefs do not match our commitment, can be met head on.

What is crucial, as McGee and Williamson observe, is that schemas should be

considered open-ended rather than relative to the specification of a particular language.

Rather than drawing substituends from a fixed lexicon, determining a fixed (albeit typ-

ically infinite) set of instances, the template and side-condition continue to determine

new instances as the lexicon expands. Commitment to a schema should attach to the

schema itself rather than the instances. Rather than taking commitment to a schema

to consist in believing each of its infinitely many instances, the commitment consists in

a disposition to believe what is expressed by an instance when it is recognised as being

an instance of the template whose constituents meet the side-conditions.18

2.2 Inter-perspective schemas

Some care is needed, however, with just how schemas are used to delineate relativism.

Suppose, for instance, the relativist deploys the following template:

(Rς)  @xpx ă mmς)

where ς is treated as a schematic variable.19

The plural term that results from replacing ς with a term for a perspective in

mmς is intended to encode the domain whose non-absoluteness the instance states, and

the logical expressions receive their usual interpretation over some one domain for every

18Williamson (2006, pp. 376–7) makes similar points in relation to open-ended schemas.
19A similar schematic statement is proposed by Shaughan Lavine, who proposes that relativism
be characterised with the schema pDxq Dx, with D treated as a schematic variable. He claims
that in the case of a predicate encoding the present universe A, ‘[w]e obtain the claim that
something lies outside A, pDxq Ax, a claim that evidently must belong to a new universe of
discourse, broader than A’, suggesting in a footnote that the requisite shift might be brought
about by a process of accommodation. (2006, p. 142.)
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instance. This fails in the now all-too-familiar manner: either the side-constraint rules

out substituting a plural term that encodes the domain @x ranges over, and no instance

rules out this domain’s containing absolutely everything; or it does not, and that instance

is trivially false. More generally, no schema whose instances are each interpreted over a

fixed domain will be able to state relativism, for as in the preceding section, none of the

instances will be able to refer to or quantify over any object outside this domain.

Instead, as in section 1.2, each instance must be interpreted relative to a perspec-

tive with a more inclusive domain than the domain whose limitations the instance states.

The relativist needs a schema whose first instances are something like the following.

(R1)  @xpx ă mmp0q

(R2)  @xpx ă mmp1q

(R3)  @xpx ă mmp2q

...

The limits of the domain of the first perspective p0 are stated by (R1) from a second,

more liberal perspective p1, relative to which the plural term mmp0 denotes the members

of the first domain and @x expresses universal quantification over a second, wider domain.

The limits of this second domain are then stated by (R2) from a third perspective p2,

relative to which the plural term mmp1denotes the members of the second domain and

@x expresses universal quantification over a third, even wider domain. We then state

the limits of the third domain in (R3) from a fourth even wider perspective; and so on.

It is helpful to make the inter-perspective character of such a schema explicit by

taking each of its instances to be a labelled sentence, a sentence with a perspective-prefix

that indicates the perspective relative to which it is to be interpreted. For example,

instances of the labelled schema

ς: p φ Ñ  ψq Ñ pψ Ñ φq

result from replacing the schematic sentence variables φ and ψ with sentences, and

the schematic perspective letter ς with a perspective term. The resulting instance is a
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Table 3.1: The lexicon of Lpl

Category eo singular variables: x, y, z, . . .
Category eeo plural variables: xx, yy, zz, . . .
Category t{peo, eoq the singular identity predicate: “
Category t{peo, eeoq the member-‘plurality’ predicate: ă

Category t{t and t{pt, tq connectives:  and ^
Category t{t singular quantifiers: @x, @y, @z,. . . .
Category t{t plural quantifiers: @xx, @yy, @zz,. . . .
Category ep singular perspective variables: r, s, . . .
Category ep singular perspective constants: p, q, . . .
Category ep{ep the meta-perspective operator: 1

Category peeo{tq{ep plural term-forming operator: λ

labelled sentence, such as q0: p P Ñ  Q3q Ñ pQ3 Ñ P q. The effect of the instance is to

state what is expressed by the sentence p P Ñ  Q3q Ñ pQ3 Ñ P q as it is interpreted

relative to the labelled perspective, q0.

In general, a labelled sentence is formed by prefixing a perspective term ς to a

sentence φ to obtain ς:φ. Much like before, an inter-perspective schema consists of a

template, the result of replacing one or more of the expressions in a labelled sentence,

including the label, with schematic variables, and a side-condition, which specifies in

semantic or syntactic terms which expressions may replace the schematic variables. Any

labelled sentence that results from replacing the schematic variables with expressions in

accordance with the side-condition is an instance of the schema.

As before, we shall treat such schemas open-endedly. Rather than drawing sub-

stituends from a fixed lexicon, the template and side-condition continue to determine

new instances as the lexicon, or stock of labels, expands. Commitment to the theory

characterised by the schema consists in a disposition to accept what is expressed relative

to the labelled perspective by the sentence labelled in the instance, when this labelled

sentence is recognised to be an instance of the template whose constituents meet the

side-condition.

To formulate relativism we shall deploy a plural lexicon, Lpl, with two categories of

singular and plural terms: eo and eeo for singular and plural object terms, ep for singular

perspective terms. The lexicon is displayed in table 3.1. To allow each meta-perspective

p1 to describe the domain of the corresponding object perspective p, we equip it with
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the means to frame a suitable plural term. To this end we shall use labelled λ-terms

of the form xλςv.φy. The intended interpretation of such a term is roughly that of the

English term ‘those zero or more members of the domain of the perspective labelled by

ς that satisfy φ relative to this perspective’. With λ-terms thus interpreted, the domain

of perspective p is denoted by the plural term xλpy.Dxpx “ yqy, which we continue to

write as: mmp.

Relativism may then be axiomatised with the following inter-perspective template,

schematising the third attempt to state the view, (3).

Relativism (Schematic Statement). ς 1: @xpx ă mmςq

The only schematic element is the schematic perspective letter ς, which occurs both as

a constituent in the labelling term ς 1 and as a constituent in the plural term mmς . Pro-

visionally, let us gloss the side-condition as the requirement that the schematic variable

be replaced so that ς 1 denotes a suitable meta-perspective relative to the perspective

denoted by ς (we shall return to just how this condition should be characterised below).

The instances of this schema for the perspective terms p0, p1 and p2 are labelled

versions of (R1), (R2) and (R3). The labels simply make the perspective relative to which

the sentence is to be interpreted explicit. The double occurrence of the schematic variable

ensures—given the intended interpretation of 1—that the sentence in each instance is

labelled with a perspective term for an appropriate meta-perspective.

It bears emphasis that the schematic letters in the template are not bound by

an invisible quantifier, expressing either objectual or substitutional quantification over

perspectives. The schema provides a means to describe infinitely many sentences, each

of which offers a partial characterisation of the view when interpreted relative to the

labelled perspective. The schema template itself, in virtue of containing uninterpreted

schematic placeholders, does not state anything, let alone relativism. This formulation

of relativism does not consist in a single sentence: it is more like a promise to utter

certain sentences in certain contexts or under certain interpretations (or relative to

certain ontologies), many of which will express propositions that cannot be expressed

from the present perspective. In particular, instances of the schema jointly tell us,
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in effect—and now I am going to quantify over perspectives—that the sentence that

results from replacing the schematic variable ς in the template with the name of any

perspective is true when interpreted relative to the corresponding meta-perspective. But

the schema’s instances are not limited to perspective-terms that denote perspectives

that we can quantify over in the version of English I am writing in. Commitment to the

view whose axiomatisation is described in this way is similarly dispositional: upholding

relativism consists in being disposed to believe what is expressed by the sentence labelled

in an instance at the perspective indicated by its label, when it is recognised to be an

instance.

2.3 The side-condition problem

The generic notion ‘perspective’ plays a crucial role in the formulation of relativism: the

side-condition on the substituends is that ς 1 should denote a suitable meta-perspective.

But it should be borne in mind that different sorts of relativist will characterise this

notion of perspective differently. The contextual relativist takes shifts in perspective to

consist in shifts in context, the interpretational relativist in shifts of interpretation, and

so on.

In the latter case this raises a worry. For in shifting domain even the semantic

values of the logical vocabulary such as @v is subject to change. Indeed, this is the

characteristic claim of the interpretational relativist: shifts in perspective lead @v to

shifts its interpretation, so that the quantifier comes to express quantification over a

wider domain. It is very clear however that not any assignment of semantic value will do.

Suppose for instance that, relative to p1, @v expresses existential quantification over the

domain of this perspective (with  and mmp0 receiving their intended interpretations

in p1). Then the first instance of the schema misfires. Rather than stating that not

everything is in the domain, the sentence  @xpx ă mmp0q, as interpreted relative to

p1 with this unintended interpretation of @v, tells us that nothing is in the domain.

Clearly for the schematic characterisation of relativism to succeed, the relativist must

ensure that the interpretation of each expression that occurs in instances of the schema

is strictly constrained.
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Here, for a change, the contextual relativist has an advantage over her interpre-

tational counterpart. On her view, shifts in domain are solely due to shifts in context,

keeping the interpretation of the lexicon fixed. Consequently she can rely on what she

claims to be the standing indexical linguistic meaning of @v—in Kaplan’s (1989) termi-

nology, its fixed character—to ensure that @v receives its intended content in each con-

text. The interpretational relativist, on the other hand, needs to articulate a substantive

side-condition to accompany the schema template, ruling out unintended interpretations

of the quantifiers and other expressions.

The obvious necessary constraint is that the logical expressions should receive their

intended interpretations over a more inclusive universe. In particular, @v should express

universal quantification over a universe wider than the universe Mp of p. To make the

requirement precise we shall take it to be partially constitutive of what a perspective is

on the interpretational account that the logical vocabulary is interpreted in accordance

with the intended Tarskian truth-conditions. An interpretation p1 of the lexicon of

Lpl is an admissible meta-perspective for p only if the truth-conditions displayed in

table 3.2 hold for all assignments σ to singular and plural variables over a universe

Mp1 that is more inclusive than Mp.
20 This partial characterisation of admissible meta-

perspective, however, raises a further epistemic concern for the interpretational relativist.

The problem is a special case of a more general objection that Williamson (2003, §VI)

raises against the relativist deployment of schemas. In order to understand an open-

ended schema, the relativist must grasp what distinguishes its instances from its non-

instances via a sufficiently general side-condition. The worry is that without absolutely

general quantification she lacks the conceptual resources required to frame this condition

(pp. 439–40).21

20In order to make these satisfaction conditions acceptable to the absolutist, assignments to
singular and plural variables may be encoded as plural term denotations along the lines of
Rayo and Uzquiano (1999, p. 321): an assignment σ is encoded as some pairs of the form xv, ay
or xvv, by such that for each first order variable v, there is exactly one pair xv, ay. We write
σpvq for the unique a such that xv, ay is one of σ and σpvvq for the zero or more objects b such
that xvv, by is one of σ. An assignment σ is said to be over a plurally encoded domain D if,
for each v, σpvq is one of D and, for each vv, each one of σpvvq is one of D.
21Williamson raises this problem in the context of discussing relativist attempts to express
kind generalisations. See section 5 below. Page references in the remainder of this section are
to his 2003 paper.
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Table 3.2: Intended semantics for logical expression relative to p1

Let Denσpvvq abbreviate ‘the (zero or more) objects σ maps vv to’; Denσpxλpv.φyq abbreviate
‘the zero or more members a of Mp such that φru{vs is true relative to p under σra{us’.

u “ v is true relative to p1 under σ iff σpuq is identical to σpvq, which is a member of Mp1

ττ1 ” ττ2 is true relative to p1 under σ iff Denσpττ1q are identical to Denσpττ2q, which are
members of Mp1

u ă xλpv.φy is true relative to p1 under σ iff σpuq is one of Denσpxλpv.φyq.

 φ is true relative to p1 under σ iff φ is not true relative to p1 under σ.

φ1 ^ φ2 is true relative to p1 under σ iff φ1 is true and φ2 is true relative to p1 under σ.

@vφ is true relative to p1 under σ iff, for every a in Mp1 , φ is true relative to p1 under
σrv{as.

@vvφ is true relative to p1 under σ iff, for all zero or more aa in Mp1 , φ is true relative to
p1 under σrvv{aas.

In the present case, the interpretational relativist’s commitment to her view con-

sists, very roughly, in her being disposed to believe that each object language’s universe

fails to be comprehensive, when she recognises herself to be speaking (or thinking) in

an admissible metalanguage, relative to which this claim can be expressed. But to have

such a disposition she must have some general grasp of what it takes for a language to be

an admissible meta-perspective. Consequently, she needs to frame the side-condition on

the schema that characterises her view so that (i) it is semantically adequate, ensuring

that instances of the schema template receive their intended truth condition; and (ii) it

is conceptually licit, deploying only conceptual resources her view permits. The trouble

is that the most obvious means to meet (i) violates (ii).

The obvious proposal is to characterise admissibility directly in semantic terms

via the clauses in table 3.2. But, as Williamson observes, semantic conditions of this

sort succeed only when the domain of the quantifier Mp1 is no more inclusive than the

universe of the metametalanguage in which the side-condition is framed. The Tarskian

clause above is equivalent to this one, where M is the universe of the metametalanguage.

@vφ is true relative to p1 under σ iff, for every a in Mp1 XM , φ is true relative to

p1 under σrv{as

But for metalanguage universes that are more extensive than that of the metameta-

language, this characterises universal quantification over the intersection of the meta
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and metametalanguage universes, Mp1 and M , rather than over the metalanguage uni-

verse. Consequently, unless she deploys conceptually illicit absolutely general quantifi-

cation, the relativist cannot give a semantically adequate side-condition by setting out

the Tarskian clauses relative to any perspective. (Compare pp. 439–40, 444–5.)

The failure of the most obvious characterisation of admissibility, however, does not

show that the side-condition problem cannot be met. I would like to suggest a less direct

characterisation of admissible meta-perspective. The basic thought behind the style

of response I would like to pursue is the following. One major source of information

about what our expressions mean are facts about how we and other speakers of the

same language use these expressions. And in the case of logical (and mathematical)

expressions, one very important feature of use is the patterns of inference that competent

language users follow. The proposal, then, is to frame the condition of admissibility in

terms of the inferential role that the expressions in the language have. Inter alia, for

an interpretation p1 to be an admissible meta-perspective, the use of logical expressions

needs to conform to certain familiar patterns of inference.

Regarding the two desiderata, the approximate thought is that since the meaning

of our expressions is determined by our use of them, whether or not a reinterpretation of

the lexicon is semantically adequate will be determined by facts about use. Moreover the

expressions of such facts does not require expressive resources that the relativist claims to

be unavailable. The hypothesis therefore is that use provides a conceptually licit handle

on the semantic adequacy of a meta-perspective: a side-condition framed in terms of

the inferential behaviour of speakers may meet both desiderata. To examine such a

hypothesis will require us to take up some difficult questions in meta-, or foundational,

semantics. In particular the question of how use determines meaning. As such, we shall

not be in a position to fill in the details of this response to the side-condition problem

until part III when we take up metasemantic issues is more detail. I am however in a

position to respond to an objection to the general strategy.

Williamson claims that no attempt to specify the side-condition is syntactic terms

succeeds: ‘we can construct a pseudo-quantifier that behaves syntactically but not se-

mantically just like a universal quantifier’ (p. 440). Williamson constructs his pseudo-
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quantifiers as follows. Given a first-order language—for instance, the first-order language

of set theory with urelements Lß,P—we add ‘pseudo-terms’ , incorporating ‘pseudo con-

stants’ aˆ, bˆ and ‘pseudo-variables: xˆ, yˆ, . . . and two new pseudo-quantifiers @ˆvˆ

and @ˆ̂ v. Formation of sentences is as usual with @v and @ˆ̂ v binding only ordinary

variables and @ˆvˆ binding only pseudo-variables. Given an interpretation p of the

original lexicon, truth-conditions of sentences in the original language are determined

in the usual way. But we do not supply extensions for pseudo-quantifiers or pseudo-

constants, or assignments to pseudo-variables. Instead, in addition to the usual clauses

for connectives, the truth-conditions for mixed sentences—sentence containing at least

one pseudo-expression—are settled by the following clauses.22

Pτ1, . . . τk is true relative to p under σ iff each term τ1, . . . τk is a pseudo-term.

@ˆvˆφ is true relative to p under σ iff φ is true relative to p under σ.

@ˆ̂ vφ is true relative to p under σ iff both @ˆvˆφˆ and @vφ are true relative to

p under σ (where vˆ does not occur free in φ and φˆ is the result of substituting

each uˆ for each free occurrence of u in φ).

The semantics for sentences containing pseudo-expressions generates many spu-

rious truths, quite at odds with the intended interpretation that the relativist wishes

to secure. Consider for instance the language of first-order set theory with urelements.

Suppose that β and P receive their intended extensions over some inaccessible rank VθrU s

based on the urelements in set U . The interpretation of sentences containing pseudo-

expressions still goes haywire. Contrary to well-foundedness: xˆ P xˆ is true and xˆ R xˆ

false under any assignment over the domain. Consequently, @ˆxˆpxˆ P xˆq is true and

@ˆ̂ xpx R xq is false. Clearly, if a side-condition framed in terms of inferential role ad-

mits such patently unintended interpretations, it fails to be semantically adequate. But

Williamson claims that, with respect to logical consequence, the first pseudo-quantifier

@ˆvˆ ‘behaves just like a genuine universal quantifier over a domain with exactly one

member’ (p. 441) and that @ˆ̂ v ‘behaves. . . just like a universal quantifier over a domain

22The clauses in the text modify Williamson’s presentation to the conventions in place here,
but make no substantial changes. See p. 441
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that results from adding one object to the domain of [the original language]’ (p. 442).

Unless the relativist can explain in terms of use what is wrong with this unintended

interpretation, the strategy sketched above for meeting the side-condition problem fails.

Fortunately, there does seem to be a disanalogy between the inferential patterns

sustained by ordinary expressions and their pseudo equivalents. In the case of @ˆ̂ v, the

disanalogy may be found in the classical rule of universal generalisation:

Γ $ φru{vs

Γ $ @ˆ̂ vφ

(As usual, the rule is subject to the side-condition that u does not occur free in Γ or

@ˆ̂ vφ.) Say that a sequent Γ $ φ is (materially) sound relative to p if, for each assign-

ment σ over the domain of p under which each sentence in Γ is true relative to p under

σ, φ is also true relative to p under σ. Likewise a rule like universal generalisation is said

to be sound if it preserves soundness. When @ˆ̂ expresses universal quantification over

the domain of p, universal generalisation is sound but under the unintended semantics

for pseudo-expressions it is not sound. For example, given the unintended semantics

$ x R x

$ @ˆ̂ xpx R xq

fails to preserve soundness. This then provides the requisite disanalogy.

In the second case, however, the standard classical rules for @ˆ are sustained under

the unintended interpretation.

@ˆvˆφ $ φruˆ{vˆs
Γ $ φruˆ{vˆs

Γ $ @ˆvˆφ

These rules preserve truth under each assignment over the domain and its preservation

given that (as is standard for a two-sorted language) we require that uˆ be a variable of

the same sort as vˆ, namely a pseudo-variable. What then is the relativist to say in this

case?

The response I would like to suggest is this. The fact that the standard patterns of

inference for the universal quantifier are sustained under the unintended semantics does
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not yet show that there is no disanalogy between the patterns of inference sustained by

the two interpretations. The spurious truths and falsehoods are due to the unintended

semantics for atomic sentences just as much as the unintended semantics for quantifiers.

Clearly we should not expect the intended semantics for the entire language to be de-

termined by the patterns of use for quantifiers alone. Now when variables of the form

vˆ are assigned extensions as usual and atomic sentence containing such terms receive

their intended truth-conditions, the inferential rules for the quantifier @ˆvˆ above are

no longer sound under the unintended semantic clause Williamson stipulates for this

expression. For example, given a constant Hˆ that denotes the empty set, and with “

given its intended interpretation over the domain:

@ˆxˆpxˆ “ Hˆq $ yˆ “ Hˆ

fails to preserve truth under each assignment. When xˆ is assigned to the empty set and

yˆ is not, the premiss is true and the conclusion false.

We shall return to this problem in part III, where we shall see that given a substan-

tive but independently motivated metasemantic assumption, the right sort of inferential

behaviour does determine the intended semantics for the logical expressions of Lpl over

a strictly wider universe.23 For now, however, there are two further worries about ex-

pressive power to address.

3 The Simple Argument

Even if the relativist can satisfactorily describe her view, we might still worry that

the limitations she posits to address the paradoxes cause trouble elsewhere. In the

remaining two sections, I shall argue that this is not the case for either supposedly

absolute generalisation, or contra Williamson, for limited generalisation over a single

kind of thing.

Start with absolute generality. Here is a simple argument against relativism about

quantification, generating an argument against restrictionist or expansionist relativism

23See chapter 6 section 3.2.
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depending on whether ‘absolute’ generality is taken to be unrestricted or ultimate gen-

erality.

(P1) Some of our utterances attain absolute generality.

(P2) If relativism about quantification is true, then none of our utterances attain abso-

lute generality.

Therefore, (C) relativism about quantification is not true.

In saying that the this argument is simple, I do not say that it is simpleminded. The

argument is clearly valid and I think both of its premisses enjoy a good deal of initial

plausibility.

This section and the next outline two responses to this argument based on rejecting

either the first or the second premiss, opening the possibility of a further bifurcation

within relativism.24

3.1 Quantificational generality

The most immediate way for the absolutist to support the first premiss of the simple

argument is to review some putative examples of quantification over absolutely every-

thing and find them to obviously succeed. Consider again then the mereological nihilist’s

attempt to state his position with maximal generality. He utters the following English

sentence, or its first-order formalisation (relative to a suitable interpretation)

(4) Everything is simple

@x simplepxq

having gone out of his way to bring about a context that is congenial to stating his view

in its full intended generality, and explaining that by ‘everything’ he means ‘absolutely

everything without any restrictions whatsoever’. A logician might make similar efforts

to accompany his statement of the following theorem of predicate logic (with identity)

either in English or a suitably interpreted formal language:

24Absolutists have tended not explicitly formulate such a head on attack on relativism. The
opening pages of Cartwright (1994) perhaps come closest, pp. 1–2.
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(5) Everything is self-identical.

@xpx “ xq

The effectiveness of such a direct attack on relativism seems to depend on whether

we understand ‘absolute’ to mean ‘unrestricted’, as the restrictionist relativist does, or

to mean ‘ultimate’, as the expansionist relativist does. The most natural reading of

‘absolute’ in the mereologist’s elaboration surrounding his statement is as yet another

way of pointing to the unrestricted character of his use of the quantifier. The expansionist

relativist can agree that in this sense—provided the context is right—each utterance does

achieve absolute—wholly unrestricted—generality. But this does not amount to ultimate

generality. To achieve ultimate generality, what the nihilist says must not only tell us

that everything is simple; or, semantically ascending, that ‘Everything is simple’ is true

in the version of English spoken by the mereologist; but also, in effect, that this sentence

would remain true if the interpretation of the language were admissibly liberalised.

For what it is worth, I do not find it obvious that this latter task is achieved in the

nihilist’s case or mutatis mutandis in the case of the logician. To refute the nihilist we

need to establish that there is something which is not simple. We certainly do not refute

nihilism by coming to speak a new language—say one in which ‘simple’ means what

‘complex’ means in the nihilist’s language—and then showing that in this new language

‘Everything is simple’ is not true. But nor is it obvious to me that we would refute the

nihilist by showing this sentence not to be true in a language that modifies his language

in the more circumscribed way that interpretational expansionists are interested in. The

nihilist’s characteristic claim does not seem to have implications for whether or not the

sentence he uses to make it is true in such languages.

Parallel arguments might be advanced by the contextual restrictionist in response

to the corresponding simple argument against her position, with ‘absolute’ read as ‘un-

restricted’. For instance, recall that Glanzberg (2006) allows that all local restrictions

can be removed so that ‘everything’ ranges over everything in a contextually determined

background domain but maintains that this background domain is also subject to con-

textual shifts. Now the contextual relativist could exploit this distinction to make a
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similar argument, claiming that what is obvious is that all local restrictions can be re-

moved, and that what is not obvious is that the domain of our quantifier can encompass

everything in every background domain. But whether the point retains anything like

its original force when we shift from interpretation to context is doubtful. To return

to what would count as a refutation of nihilism: the nihilist ought to concede that, if

we can demonstrate the truth of the opposing claim ‘Something is not simple’ in any

context, then the view he intended to express fails. Shifts in context are dialectically

licit here in a way that shifts of interpretation are clearly not.

While finding it obvious, as many philosophers seem to, that quantifiers can achieve

unrestricted generality may convince these philosophers to uphold the first premiss in

the argument against contextual restrictionism, it comes too close to a flat rejection of

this view to carry all that much argumentative force. But to the extent that this view

is widespread, there is another point that can be pressed against the restrictionist in

favour of this premiss. If the nihilist, the logician, and many others like them, do take

their views to be refuted by the falsity of the sentence they uttered in contexts other

than the putatively unrestricted one that they went out of their way to bring about, then

the restrictionist must judge them to be mistaken about the extent of the generality of

their claims. For on his view, the falsity of their sentence in more extensive contexts is

compatible with its truth in its actual, restricted context of utterance. The restrictionist

is committed to an error theory about our ability to achieve unrestricted quantification.

3.2 ‘Systematic ambiguity’

To attempt to avoid the charge of attributing widespread error, the restrictionist can look

for an alternative means to achieve unrestrictedly general theorising without deploying

unrestricted quantification. And even if she does not require it to undermine the first

premiss of the simple argument, the expansionist might offer analogous means to achieve

ultimate generality without deploying ultimate quantification.

Glanzberg (2004) concedes that in some cases we do at least purport to attain unre-

stricted generality; ‘there are, no doubt, a few cases where we really strive to accomplish

absolutely unrestricted quantification’ (p. 559), citing logical truths as an example. In
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response, he offers the logician an ‘extraordinary measure’ with which to ensure that

utterances carry ‘additional force’ (p. 560). That measure is a contextual version of

Parsons’ ‘systematic ambiguity’.

Parsons observes that ‘no matter how our conception of ‘object’ or ‘entity’ might

be expanded, the truth of ‘@xpx “ xq’ will be preserved’ (2006, p. 217). In his earlier

paper, he argues that while one can take a set-theoretic claim to be interpreted over a

particular universe, it could also ‘be used to be ‘systematically ambiguous’ as to what

sets the quantifiers ranged over’ (1977, p. 512).25 As Glanzberg puts it, the additional

force of such an utterance is that it tells us ‘ambiguously, a feature of any domain it

might be interpreted as ranging over’ (2004, p. 559). Neither Parsons nor Glanzberg

advance a detailed theory of just how such ‘ambiguity’ is to work,26 but the inter-

perspective schemas presented in the last section provide a natural means to regiment

this ‘extraordinary measure’ for contextual and interpretational relativists to achieve

absolute generality.

The contextual restrictionist can deploy such schemas as a means to allow the

nihilist and logician to characterise their views with the unrestricted generality they

strive for.27 Understood according to the contextual restrictionist’s preferred reading,

the inter-perspective schema:

pς: 4q ς:@x simplepxq

tells us not only that everything in the present background domain is simple but also

that the sentence remains true when we relax contextual restrictions to attain wider

background domains.

How successfully schemas provide a means to reject the first premiss, however, is

open to question. Schematic generality is an imperfect substitute for quantificational

generality. As Williamson emphasises, we cannot embed schemas in larger sentences.

Adapting his point to the case at hand, suppose that, moved by restrictionism, the

25Indeed Parsons makes the further claim that this is the norm for set-theoretic assertions.
26Parsons (2006, p. 217) acknowledges some discomfort at not having more of a theory;
Glanzberg (2004, p. 559) restricts himself to a few observations.
27Putnam (2000a, pp. 11ff.;2000b, p. 16) and Parsons (2006, pp. 217–8) suggest that systematic
ambiguity might have a schematic character, without elaborating on what form these schemas
are to take. See also Lavine (2006), who advocates a schematic approach to absolute generality.
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nihilist’s opponent attempts to characterise her view with unrestricted generality using

the following inter-context schema.

(ς: 4q ς: @x simplepxq

Then the anti-nihilist goes too far. The instances of this schema imply that every domain

contains a non-simple object. In contrast, unrestrictedly general anti-nihilism maintains

only that some domain contains such an object. The attempt to negate the schema fails,

in effect, by mistakenly giving wide scope to the schematic generality rather than the

negation. (See Williamson (2003, p. 438).)

For this reason, schematic generality provides only a limited means of undermining

the first premiss. Since schematic generality is always universal, and always takes wide

scope, the relativist who takes this line only has a substitute for Π1-sentences, sentences

of the form @vφ where φ contains only bounded quantifiers.28 If the anti-nihilist is

able to characterise his view with unrestricted generality, inter-context schemas are not

the means by which he does so. To the extent that many theorists take their non

Π1-sentences to achieve unrestricted generality, the restrictionist has yet to advance an

alternative to an error theory.

4 Modal Generality

In view of the limitations of schematic generality, the relativist might pursue even greater

expressive resources. One means to do so is to introduce an ‘inter-perspective’ necessity

operator l into the lexicon.29

4.1 Inter-perspective modality

Perspectives are to such a necessity operator much as possible worlds are to the meta-

physical necessity operator. To a first approximation, lψ may be glossed as follows.

28Linnebo (2006, p. 155) makes a similar point in criticising typical ambiguity as a means for
achieving cross-category generalisations.
29Fine (2006) follows this strategy. As we shall see in part II, Parsons (1983) and Linnebo
(2010) also deploy similar modal operators in the context of set theory.
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lψ is true relative to p under assignment σ iff ψ is true relative to every perspective

q under σ.

Of course the intended interpretation of the inter-perspective necessity operator depends

on how perspective is understood: whether a shift in perspective is taken to consist in

a shift in context, or interpretation, or in the case of Kit Fine’s version of relativism,

a shift in the ‘third parameter’ he postulates. But on all these views, the modality is

not circumstantial; it does not concern shifts in world as metaphysical necessity does.

Under the metaphysical interpretation of l—which, to emphasise, is not the intended

interpretation here—the truth of lψ depends on whether ψ would be true at non-

actual worlds with ψ receiving its actual semantic content, the proposition it expresses

in the actual interpretation of the lexicon at the actual context of the utterance. By

contrast, when given the intended reading on the interpretational or contextual account,

the truth of lψ depends on whether ψ would be true at the actual world, with ψ

receiving non-actual contents, propositions it expresses in different contexts, or under

different admissible interpretations. Or on the third parameter approach, the truth of

lψ depends on whether ψ would be true at the actual world and with ψ receiving its

actual content, but relative to different values of the third parameter.30

The proposed truth-condition for lψ however will be not be adequate by the

relativist’s lights if it is devoid of modal content. Absolutists and relativists about quan-

tification will disagree about the success of giving the truth-conditions for sentences

containing this modal operator in a language that dispenses with it in favour of quan-

tification over perspectives in much the same way that actualists and possibilists about

quantification will disagree about the success of giving the truth-conditions for sentences

containing the metaphysical necessity operator in a language that dispenses with it in

favour of quantification over possible worlds. From the relativist’s point of view, the

truth-condition for l is inadequate because it ignores perspectives that fall outside of

the domain of the meta-perspective that the condition is stated in. lψ may be false even

though the proposed truth-condition is met when ψ holds relative to every perspective

in this domain but fails relative to some perspective outside it.

30Compare Fine (2006, pp. 33–5) on postulational possibility.
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Rather than attempting to give non-circular truth-conditions for sentences contain-

ing this operator, the relativist can elucidate l more directly in terms of its inferential

behaviour. When Γ is a set of labelled sentences, write Γ $ ς:φ to indicate that what is

expressed by φ relative to the perspective labelled by ς may be inferred from what is ex-

pressed by the sentences in Γ relative to their labelled perspectives. Then the inferential

behaviour of l conforms to the following inference rules:

ς: lψ $ %:ψ
Γ $ υ:ψ

Γ $ ς: lψ

with the right-hand rule subject to the side-constraint that υ be replaced by a perspective

variable that does not label any sentences in Γ. The relativist can concede that this

inferential behaviour is analogous to that of the universal quantifier with perspective

variables playing a role akin to object variables. The truth of @vψ ensures that ψ is

true under any assignment of a member of the universe to v. Similarly the truth of lψ

ensures that ψ is true relative to any perspective. And when we can demonstrate that

ψ is true under σ, without making any special assumptions about what σ assigns to v

(save perhaps that it denotes a member of the domain), we can infer that @vψ is true.

Analogously, when we can demonstrate that ψ is true relative to perspective r, without

making any special assumptions about r, we can infer that lψ is true relative to p.

But this analogy does not show the inter-perspective modal operator to be semantically

reducible to quantification any more than the analogy between existential quantification

and infinite disjunction shows objectual quantification to be semantically reducible to

substitutional quantification.

As usual, the corresponding possibility operator ♦ may be introduced as an abbre-

viation for  l . This operator may then be shown to display the following inferential

behaviour on the basis of that of l and  .

Γ, υ:ψ1 $ ς:ψ2

Γ, %:♦ψ1 $ ς:ψ2
ς:ψ $ %:♦ψ
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The left-hand rule is subject to the side-constraint that υ be replaced by a perspective

variable that does not label, or occur in, any member of Γ, %:ψ1 or ς:ψ2.

4.2 Expressive issues revisited

The availability of such a modal operator opens the way for the relativist to state what

she was previously confined to schematically promising to state. Just as the actual-

ist can simulate the effect of quantification over possibilia by embedding world-bound

quantifiers within metaphysical modal operators,31 so too might the relativist attempt to

simulate the purported effect of quantification over absolutely everything by embedding

perspective-bound quantifiers within inter-perspective modal operators.

For example, in the case of the nihilist’s or logician’s utterances, prefixing the

original universally quantified sentence within a single modal operator suffices.32 The

relativist who endorses an inter-perspective modal operator can claim that an absolutely

general analogue of the two views can be stated with the following modal sentences.

pl4q l@x simplepxq

pl5q l@xpx “ xq

Given such resources, the relativist has an alternative response to the simple ar-

gument to the one outlined in section 3.1. She can accept the first premiss but deny

the second. Such a stance amounts to adopting a mixed position on absolute generality.

On this view, while quantifiers do not achieve absolute generality, modal operators do.

This is particularly welcome for the contextual relativist who has thus far struggled to

reject the first premiss of the simple argument. Such operators permit her to reject

the second premiss instead. She may contend that by embedding his quantifiers within

modal operators, as in pl4q and pl5q, the mereologist and logician do achieve absolute

generality, albeit without deploying absolutely general quantification.

So construed, the relativist has no trouble with unasserted instances of unrestricted

generality. Since nihilism is now formulated as a single statement, the anti-nihilist has

31See Fine (1977, 2003).
32For sentence of greater logical complexity, a more complicated translation is required; see
the discussion of ‘modalisation’ in chapter 5 (section 3).
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no trouble in stating her opposing view, which may be formulated simply by negating

the nihilist’s statement:  l@x simplepxq.33

The availability of an inter-perspective modal operator also allows the relativist to re-

place the schematic characterisation of her view with a modal statement. Her theory

about generality can now be finitely axiomatised as the modal analogue of (3).

Relativism (Modal Statement). l@xx l@xp♦x ă xxq.

Similarly, the absolutist can also state a weak version of his view as the modal analogue

of his earlier statement that some domain comprises everything.

Absolutism (Modal Statement). ♦Dxxl@xp♦x ă xxq.

Typically, however, the absolutist will want to go further and drop the initial ♦ to claim

not merely that we could reach an absolute domain relative to some perspective but

that we already have reached this domain at the present one.34

Such modal resources substantially improve the relativist’s ability to engage in ab-

solutely general theorising. But they also promise to significantly improve the dialectical

situation not just from the relativist’s perspective but also from that of the absolutist.

Without such modal operators, neither side could frame a statement that both sides

could accept as characterising their position. The absolutist resorted to stating his view

as a trivial truth, which only succeeds in stating his view if absolutism holds. With such

modal operators, the normal standard expected of view-stating can be met: both sides

can frame a statement that succeeds in stating the position whether or not the position

is true. Both sides have finally reached a point where they can agree that they have

succeeded in disagreeing. Provided, that is, that modal operators with this function are

available to us.
33Fine (2006, p. 41) suggests just this means for the logician to achieve absolute generality.
34Fine (2006) proposes a statement of relativism combining procedural possibility and met-
alinguistic vocabulary: (setting aside niceties of use and mention, see p. 25) he writes DIxφpxq
to indicate that there is some x under I for which φpxq, relativism is then formulated on p. 30
using both quantification over interpretations, and the metalinguistic locutions, and the modal
operator as follows (working through definitions).

l@I♦DJp@IxDJypx “ yq ^  @JxDIypx “ yqq

93



4.3 The objection from irrelevance

Williamson (2003, pp. 431–3) considers the operator strategy as a means of stating con-

textual relativism with the English strings ‘in any context’ and ‘in some context’ treated

as irreducible operators like l and ♦ under the contextual reading, and ‘in the actual

context’ performing the role of an actuality operator, and offers two objections. His lines

of objection likewise threaten the above statement without the actuality operator. The

first is based on an analogy between metaphysical and contextual modality.

Consider the following consequence of the contextual relativist’s modal statement

♦ @xpx ă mmq, where mm is claimed by the absolutist to be the absolute domain.

Clearly the modal statement of relativism succeeds in stating the view in general only

if this claim rules our the absoluteness of the purportedly absolute domain mm in

particular.

Williamson argues that statements of this sort are too weak to achieve this via

an analogy with the metaphysical case.35 When l is given the unintended reading of

metaphysical necessity, Williamson observes that it fails to rule out absolutism: ‘Those

who regard modal operators as irreducible do not give up unrestricted quantification

merely by rejecting the Barcan formula for possibility. . . In asserting that there could

have been something other than what there actually is, they do not assert outright that

there is something other than what there actually is’ (p. 432).

So much seems incontrovertible. But this is not yet a problem for the modal

statement of contextual relativism, of course, for the intended reading of l is not cir-

cumstantial, and thus neither metaphysical nor temporal. Trouble only threatens when

Williamson draws the analogy (treating ‘in some context’ and ‘in the current context’,

recall, as operators, not quantifier expressions): ‘Analogously, those who regard con-

textual operators as irreducible do not give up unrestricted quantification merely by

rejecting the Barcan formula for contextuality. . . . In asserting that, in some context,

there is something other than what, in the current context, there is, they do not as-

sert outright that there is something other than what, in the current context, there is.’

35Williamson’s criticism focuses on a statement deploying actuality operators instead of plural
terms but the differences do not affect the wider point.
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(p. 432)

Now if this is trouble for the context-operator statement, we can expect a sim-

ilar problem to arise for the modal statement under the interpretational and postula-

tional readings. However there appears to be no real trouble in the contextual case.

The analogy breaks down at the crucial point. Unlike expansion through a change of

circumstances, expanding the range of purportedly unrestricted general quantifiers by

changing the context does refute their unrestricted generality. Unlike in the temporal

case, the relativist does contradict the unrestrictedness of mm if (without changing

the circumstances) she can succeed in shifting to a more extensive context and truly

utters  @xpx ă mmq in that context. Indeed, in his proposal for the terms of the

absolutism/relativism debate, Williamson suggests exactly this sort of shift as the ‘cru-

cial test’ on which both the absolutist and relativist should stake their position. (2003,

p. 435). But if, in any context, such contextually-specific claim rules out the unrestrict-

edness of mm, so too does a contextually-general modal claim ♦ @xpx ă mmq that

such specific claims bear witness to. For the inferential behaviour of ♦ is analogous to

that of D. If we can infer that absolutism fails on the assumption that  @xpx ă mmq

holds relative to r—without making any further assumptions about r; then we can like-

wise infer that absolutism fails on the assumption that ♦ @xpx ă mmq holds relative

to the perspective at which it is uttered.

4.4 The objection from ‘monsters’

Williamson’s second objection stems from the context operator being, in David Ka-

plan’s expression, a ‘monster’.36 Williamson observes that, in English, operator-type

expressions like ‘in some context it is the case that φ’ do not perform the same role

as metalinguistic expressions like ‘φ is true in some context’. To borrow his example,

suppose someone other than Tony Blair utters the following sentences.

(6) ‘I am Tony Blair’ is true in some contexts.

(7) In some context it is true that I am Tony Blair.

36Kaplan (1989, p. 510ff.).
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The former, metalinguistic claim is true. In contexts where Tony Blair is the speaker,

the extension of ‘I’ is Tony Blair. But the English expression ‘In some context it is

the case that. . . ’ does not effect similar shifts of content. In the context of the second

utterance, ‘I’ refers to the speaker. The sentence says falsely of someone who is not Tony

Blair that in some contexts he or she is. (See (2003, pp. 432–3).)

Analogous problems arise for attempts to render the interpretational operators in

English as ‘In some language it is true that. . . ’.

(8) ‘Grass is red’ is true in some languages.

(9) In some languages it is true that grass is red.

The metalinguistic claim is true, witnessed for instance by languages like English save

that ‘red’ means what ‘green’ means in English; but the latter claim does not have the

same effect in shifting the interpretation of ‘red’.

So much seems clear but whether or not the point is damaging depends on what

use the relativist wishes to put such operators to. The ‘monsters’ point casts doubt on

any attempt to claim that we achieve absolute generality by deploying such operators

in English. But such observations about ‘monsters’ in natural language have no bearing

on whether such operators might be introduced into an artificial language, a possibility

which Kaplan is explicit in leaving open. (1989, p. 510.) Consequently, when it comes

to theorising that requires absolute generality, the relativist is in a similar position to

the absolutist who wishes to give an extensional or categorial semantic theory for a

language whose universe he claims to be absolute. Given that English lacks superplural

quantification and monstrous operators, neither the absolutist nor the relativist can state

their theory in natural language. Each must therefore rely on formal languages that

transcend the expressive capabilities of English and may therefore need to be acquired,

in Williamson’s phrase, by the ‘direct method’ (2003, p. 459).

In the case of semantics, this came at the cost of committing the absolutist to an

error theory about empirical semantics. Contrary to widely accepted linguistic practice,

the absolutist must deny that the extensional or categorial semantics of sufficiently rich

fragments of English can be carried out in natural language (or first-order set theory).
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The contextual relativist faces a similar problem. To the extent that English utterances

are widely taken to achieve unrestricted generality, in the absence of a replacement for

context operators, the contextual restrictionist is also committed to an error theory.

But, if the argument above in section 3.1 is right, the interpretational expansionist faces

no similar problem. There appears to be no similar presupposition of the availability of

ultimate generality in English.

4.5 Thorough-going relativism versus pluralism

The introduction of inter-perspective modal operators leads to a further schism within

relativism, a division that cuts across both the restrictionism/expansionism and the

interpretational/contextual divides.

Faced with the simple argument the relativist has two choices. The most obvious

response is to deny the first premiss, and contend we never attain absolute generality,

no matter what expressive resources we might draw. Let us call this position thorough-

going relativism. The other response is to adopt a mixed view. Contrary to her through-

going counterpart, this sort of relativist accepts the first premiss of the simple argument,

conceding that some of our utterances do achieve absolute generality, but denies that such

generality is achieved by quantifiers alone. Such a relativist may contend for example

that while quantifiers are unable to range over absolutely everything, we can nonetheless

achieve absolute generality by embedding our quantifiers within inter-perspective modal

operators. Let us call this position pluralism about generality: the proponent of this view

is, in effect, a relativist about quantifiers but an absolutist about modalised quantifiers.

The thorough-going relativist need not deny that pluralist’s inter-perspective modal

operator is intelligible, any more than the relativist need deny that quantifiers are in-

telligible. But to take a thorough-going view she must deny that either attains ab-

solute generality. Just as no quantifier is able to range over absolutely every object,

the thorough-going relativist claims that no inter-perspective operator ranges over ab-

solutely every perspective. No matter how extensively l may be interpreted, we can

always come to more inclusive understandings of the modal operator.

The pluralist’s limited acceptance of absolute generality gives her an expressive
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advantage over her more austere counterpart. For instance, while the thorough-going

relativist must content herself with a schematic characterisation of her view, the pluralist

is able to actually state it. But the acceptance of absolute generality also leads to a

worry for this mixed view. The worry is that that the sort of motivations that lead to

relativism about quantifier might also motivate relativism about modal operators. The

pluralist may have to give up on some on the distinctive advantages that led her to

repudiate absolutism in the first place. We shall return to further assess the relative

merits of through-going relativism versus pluralism in parts II and III. For now there is

one further expressive issue to address.

5 The Kind Generality Problem

The final problem pressed against relativism that we shall consider concerns generalisa-

tions that Williamson labels ‘kind generalisations’. Whether or not we attain absolute

generality with our quantifiers, it is obvious that we both have and need a more circum-

scribed form of generality, the ability to generalise, for instance, about every set of real

numbers, or electron, or donkey. We need such bounded generality in mathematics, sci-

ence and ordinary talk. And in the right context we achieve it when we utter sentences

like the following.37

(10) Every bounded set of real numbers has a least upper bound

(11) Every electron moves at less than the speed of light

(12) No donkey talks

Williamson argues however that even such limited generality is beyond the reach of the

generality relativist. If this were correct, the objection would severely reduce the appeal

of relativism. For this view would render what is manifestly expressible inexpressible,

and severely curtail our ability to make generalisations that are commonplace in science

and mathematics. It will be the business of this section to argue on the contrary that

relativism does no such thing.

37The last two examples are from Williamson (2003, p. 436).
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5.1 Inextensible kind generalisations

Williamson glosses kind generalisations as ‘uncontroversially intelligible universal gener-

alizations about absolutely every member of a comparatively limited kind’ (Williamson

2003, p. 436). Such generality is not always achieved by restricted quantifiers. For it

requires generality over every member of the relevant kind. We do not achieve the rele-

vant sort of generality if we utter (10) in a context in which ‘every bounded set of real

numbers’ is restricted only to sets of real numbers definable in a given language, or if we

utter (12) in a context in which ‘no donkey’ is restricted to donkeys on Blackpool beach.

But nor can any putative generalisations over absolutely every member of a com-

paratively limited kind count as a kind generalisation if they are to be uncontroversially

intelligible. The relativist will contend that while we can quantify without further re-

striction over absolutely every donkey, or the like, quantification that purports to be over

absolutely every member of an indefinitely extensible kind, such as ‘set’ (simpliciter),

‘ordinal’, or ‘interpretation’, fails. And we have already reviewed the relativist options in

response to this failure in the previous section. Kind generalisations, then, must concern

inextensible kinds.

5.2 The regress objection

On the face of it kind generalisations do not appear to require absolute generality.

The third example is representative. The obvious way for the relativist to attempt

to make the intended kind generalisation about absolutely every donkey is to utter

(12) relative to a perspective whose domain contains every donkey, a perspective at

which the condition ‘donkey’ is inextensible. And there seems every reason to think this

succeeds.38 Given that no further donkeys are added to the domains of more extensive

perspectives, quantification over this perspective’s domain ranges over absolutely every

donkey. Williamson (2003, §VI) argues, however, that even quantification over a domain

containing every member of the kind does not suffice to make a kind generalisation.

The objection comes in two parts. The first part consists in the following datum:

38As Parsons puts it, ‘Why should donkeys be worse off than, say, sets of finite rank? We know
where counterexamples to ‘No donkey talks’ are to be found if they exist. . . ’ (2006, p. 218).

99



‘Whether the domain contains absolutely every member of the relevant kind is a purely

extensional matter; what one says by uttering a generalization over a domain is an

intensional matter’ (p. 437). Williamson supports this datum with two examples, the

second of which is representative. (To gain flexibility for the relativist, Williamson is

here supposing that she works in a formal language in which different quantifiers: @r1s,

@r2s,. . . , are attached to different domains.)

To say that absolutely no donkey talks, it is not sufficient to utter the formula
@r1sxpDx Ą „Txq with the intended interpretation of the predicates over a
domain that in fact contains absolutely every donkey. For example, one might
stipulate that the domain is to contain all and only terrestrial animals under
the mistaken impression that there are talking donkeys on Mars. By uttering
that formula with the interpretation, one would not say that (absolutely)
no donkey talks, even though the domain does in fact contain absolutely
every donkey, since it contains absolutely every donkey on earth and in fact
absolutely every donkey is on earth (we may assume). (p. 437.)

The second part of the objection consists in a vicious regress argument that follows

directly after his presentation of this example. Williamson continues:

To say that absolutely no donkey talks, speakers need some sort of access
to the information that absolutely every donkey is in the domain. To ex-
press that information, we need a formula such as @xpDx Ą Dr1sy y “ xq
(‘Absolutely every donkey is identical with something in the first domain’).
But in the current language the outer quantifier needs a domain index too,
as in @r2sxpDx Ą Dr1sy x “ yq. But to express the information that abso-
lutely every donkey is in the first domain we must already have access to
the information that absolutely every donkey is in the second domain. This
looks dangerously like the start of a vicious regress: to have access to one
piece of information in the series, we need prior access to a previous piece of
information in the series. (p. 437, my emphasis.)

Let us start with the second part. We should distinguish two versions of the access

claim that is the engine behind this regress. The stronger version adds the word ‘prior’

to the weaker claim that generalises Williamson’s formulation in the obvious way.

The Access Thesis. To generalise over every member of an inextensible kind, speakers

need some sort of access to the information that absolutely every member of that

kind is in the domain.
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The Prior Access Thesis. To generalise over every member of an inextensible kind, speak-

ers need some sort of prior access to the information that absolutely every member

of that kind is in the domain

Now even the weaker thesis seems doubtful to me. We need not have perfect internal

access to the external meanings of our words, especially if these are determined in part

by extra-linguistic facts or speakers other than ourselves.39 But whether or not a quan-

tified sentence permits us to express a kind generalisation depends on the meaning of

the quantifier When factors beyond our epistemic ken contribute to ensuring that the

quantifier ranges over absolutely every member of a kind, might not this push knowledge

of whether or not the quantifier has the right sort of meaning out of reach?

Setting this point to one side, neither of these theses affords either party in the

absolutism/relativism debate an advantage over the other. The first is equally harmless

to both sides; the second, equally harmful. In the first case, the Access Thesis lacks

the antecedence requirement needed to get a regress going. Take the absolutist first. To

generalise over absolutely every donkey when he utters @xpDxÑ Txq (under its intended

interpretation) he must, by the Access Thesis, have access to the information that every

donkey is in the domain of @x. But this further information is readily available, expressed

by @xpDxÑ Dy y “ xq.40 Without an antecedence requirement, there is nothing to stop

a sentence being the route to the information required for that very sentence to express a

kind generalisation. The second sentence thereby provides the access to the information

that the Access Thesis maintains is required for both claims to achieve the requisite

generality. But the relativist can make an exactly parallel argument, replacing @ with

@r1s interpreted over a suitable domain—in particular, a domain that includes absolutely

every donkey. As before, @r1sxpDx Ñ Dr1sy y “ xq succeeds in saying that absolutely

every donkey is in the domain of @r1sx in the first sentence, thereby providing the access

required by the Access Thesis for both claims to achieve the requisite generality.

39Consider, for instance, Putnam (1981, ch. 1) and Burge (1979).
40This latter claim is, of course, a logical truth, but since—we may suppose—a suitable domain
has be supplied for @x, in particular, a domain that includes absolutely every donkey, this still
succeeds in saying, in effect, that absolutely every donkey is identical with something in the
domain of @x in the first sentence.
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The second, stronger thesis generates trouble for both sides. According to the

Prior Access Thesis, for the absolutist to generalise over absolutely every donkey with

@xpDx Ñ Txq, he must have prior access to the information that absolutely every

donkey is in the domain of @x. (Call this information I.) The absolutist has prior access

to the information I only if there was a first occasion—at t0, say—on which he had this

access. To access the information at t0 he needs to use a sentence like the one he used last

time, @xpDx Ñ Dy y “ xq. Applying the Prior Access Thesis once more, this sentence

will not succeed in generalising over absolutely every donkey and provide access to the

information I unless he also has prior access to the information that absolutely every

donkey is in the domain of the quantifier in this sentence, @x; in other words, unless he

has access to I prior to t0. But, he does not : t0 is the first occasion of access; and so the

absolutist fails to generalise over absolutely every donkey with the first sentence. The

relativist faces similar trouble.

Consequently, if the second part of this argument is to be a dialectically effective

weapon for the absolutist to wield against relativism, Williamson needs to establish

two things. First, that the relativist is committed to the stronger Prior Access Thesis.

Second, that the absolutist is not so committed.

Take the second point first. Williamson writes: ‘Generality-absolutism faces no

corresponding problem of principle, for it treats the presence or absence of contextual

restrictions as a feature of the relevant semantic structures. When one omits all such

restrictions, one makes an absolutely unrestricted generalization by default’ (p. 437).

But an appeal to semantic considerations cannot succeed in cleaving a difference between

absolutism and expansionist relativism. For the expansionist relativist can agree with

the absolutist on the semantics of quantification. (See chapter 2.)

On the first point, the considerations Williamson raises here do not demonstrate

the relativist’s commitment to the Prior Access Thesis. In particular, the datum that

immediately precedes Williamson’s formulation of the Access Thesis is readily explained

without appeal to this thesis or the regress-causing one. Williamson is quite right about

the datum: if the quantifier @r1sx in @r1sxpDxÑ Txq is restricted to terrestrial animals,

then in uttering this sentence one does not say that (absolutely) no donkey talks. But
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this failure can be readily explained without appeal to problematic theses about access.

It fails to express the kind generalisation because it delivers the wrong truth-conditions.

In a possible world w in which there are talking donkeys on Mars but none on Earth,

the kind generalisation is false but what is expressed by the sentence uttered in the

restricted context is true, since some donkey talks in w but no terrestrial donkey does.

More generally, Williamson is correct to observe that it does not suffice to express

a kind generalisation about absolutely every donkey that the domain in fact contains

absolutely every donkey. But the reason for this is that it is a necessary condition

for making such a generalisation that necessarily the domain contains absolutely every

donkey. Domains that contain absolutely every donkey in this world but fail to in others

deliver the wrong truth-conditions, by ignoring counterfactual counter-instances to the

kind generalisation. This however is no more a problem for the relativist than for the

absolutist. Explicit and contextual restrictions must be intensional in character. The

restriction on ‘every donkey’ is not to the set of donkeys whose membership is invariant

across the worlds at which it exists but to the condition donkey which applies at each

world to the donkeys in that world. Provided that in each world, any wider constraint

imposed by the relativist—the background domain determined by the determiner, or the

universe of the entire lexicon—also encompasses every donkey, there is no barrier to (12)

receiving the intended truth-conditions.
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Part II

Mathematics
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4 Arguments from Paradox

1 Introduction

Recall the informal argument against absolutism based on the reasoning of Russell’s

paradox. Given any sets—in particular given the sets that the absolutist claims to

comprise absolutely every set—their ‘Russell set’, cannot be one of them.

Consider those sets amongst the given ones that lack themselves as elements.

Now consider the Russell set, which has these non-self-membered sets as its

elements. Suppose for reductio ad absurdum that the Russell set is amongst

the sets we started with. If the Russell set is non-self-membered, it is one of

the given sets that is non-self membered, and hence one of the elements of

the Russell set. If it is self-membered, since the Russell set has as elements

only sets that are non-self-membered, it is not an element of the Russell set

after all. This yields a contradiction since it is the Russell set. The Russell

set is self-membered just in case it is not.

The principal aim of this chapter is to elucidate and regiment this style of argument and

assess its effectiveness against absolutism.

The thought that the set-theoretic paradoxes threaten quantification over all sets

is an old one. Within a few years of his letter to Frege, Russell sought to avoid the

paradoxes by denouncing quantification over all sets as meaningless. The case was

famously taken up by Dummett, and has been much revisited since.1 All the same, to

1See Russell (1906), Dummett (1983, chs. 15–6; 1991, ch. 24). More recently the paradoxes
have been exploited to object to absolutism by Fine (2006), Glanzberg (2004, 2006), Hellman
(2006), Shapiro and Wright (2006). Boolos (1993), Cartwright (1994) and Williamson (2003)
defend the absolutist.
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the best of my knowledge, no treatment of the paradoxes has yet sought to explicitly

integrate the best known argument for relativism about quantification with a general

characterisation of this view.2 Ordinarily we might expect an argument for a position to

end with the statement of the view as its conclusion. But in the wake of the statement

problem, arguments for relativism have been hampered by the unavailability of a general

formulation of this theory. In the previous chapter, however, we saw that the statement

problem can be met. Given either inter-perspective schemas or modal operators, the

relativist can succeed in characterising her view. In this chapter, we will take up the

question of how the relativist can reason with such resources, and on this basis offer

regimentations of the argument from paradox, from highly plausible premisses to a

suitable formulation of this view as the conclusion.

In view of the amount of discussion the argument from paradox has received, however,

it will be as well to start by distinguishing the line of argument I wish to pursue from

some less effective arguments in its vicinity.

One style of argument against absolutism that I have already pledged to avoid

uses the All-in-One Principle, the assumption that quantification presupposes a set- or

set-like domain to quantify over. One lesson of the Russell argument, applied within

standard set theory, is that there is no universal set V , with every set as an element.

Given All-in-One, it follows that no quantifier ranges over every set. Thus, no quantifier

is absolute.3 But, as we saw in the introduction, the absolutist is under no pressure to

accept the key assumption. The absolutist may simply take the argument to constitute

a refutation of the All-in-One principle.

Another style of argument that I shall not pursue is one that relies on the Näıve

Comprehension schema. It may be thought that the informal argument as given above,

and the ‘intuitive’ conception of set that underlies it, are nothing other than the Näıve

2Fine (2006) comes closest. He offers a modal formulation of relativism (see ch 3) and criticises
non-modal arguments for this view for being insufficiently general. But he does not formulate
a modal argument to replace the non-modal one, and writes: ‘it is not my principal concern to
argue for that position but to show that there is indeed a position to argue for.’ (His emphasis,
p. 30).

3Cartwright (1994, p. 17) accuses Dummett of implicitly relying on All-in One in this way.
See also Boolos (1993, p. 222).
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conception.4 The crucial step in the argument is to suppose that there is a Russell set for

the given sets. But standard Zermelo-Fraenkel set theory tells us no such thing. Instead

the argument—this line of thought continues—must rely on the Näıve Comprehension

schema to deliver the requisite set.5

Näıve Comprehension. Dypßy ^ @zpz P y Ø φpzqq

So construed the argument is clearly hopeless. For another lesson of the Russell paradox

is that the instance of this schema for ßz ^  z P z is refutable in classical first-order

logic,6 and indeed in weaker systems, including intuitionist and free logic. But from

an inconsistent premiss, we can reach any conclusion. We could just as easily prove

absolutism, rather than relativism. An argument with an inconsistent premiss provides

no support for its conclusion.

This regimentation of the argument, however, is not especially faithful to the

informal argument. For one thing, the informal argument obtains the Russell set in two

steps, not one. First we obtain, severally, those sets amongst the given ones that lack

themselves as elements, and then from these sets, we obtain the Russell set. We can

likewise replace the Näıve Comprehension schema with two principles. Let us introduce

a predicate to say that some objects comprise only sets: ßvv “df @xpx ă vv Ñ ßxq.

Then these principles may be stated as follows:7

Plural Comprehension. Dxx@zpz ă xxØ φpzqq

Collapse. @xxpßxxÑ Dypßy ^ @zpz P y Ø z ă xxqqq

(with Plural Comprehension subject to the side condition that φpzq not contain xx free.)

As in earlier chapters, the intended reading of Dvv is ‘some zero or more things’.8

Plural Comprehension instructs us to be maximally liberal about which conditions de-

4See for instance Uzquiano (2009, p. 306).
5Often this principle is formulated with the set predicate ß. Its inclusion will emerge below

as something of a concession to the absolutist.
6This point is emphasised by Cartwright (1994, pp. 11–2) (in relation to the ß-free formulation

of this principle).
7The label ‘Collapse’ is from Linnebo (2010) who discusses such a factoring. Linnebo’s for-

mulation is slightly stronger: omitting the restriction to ßv and ßvv. See also Uzquiano (2009)
for discussion.

8This reading of the plural quantifier in the context of plural set theory has a precedent
in Burgess and Rosen (1997), Burgess (2004) and Linnebo (2010) and greatly simplifies the
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termine some zero or more things. This principle ensures that there are zero or more

non-self-membered sets, severally (without assuming that there is a non-self-membered

set in the domain).9 Collapse instructs us to be maximally liberal about which sets form

a set. Given the non-self-membered sets, Collapse ensures that the Russell set exists.10

Consequently, a less flat-footed argument against absolutism might seek to blame

Plural Comprehension for the paradox, and use this as a means to attack absolutism.

For example, much as Näıve Comprehension can be split into the Separation axiom

schema and the existence of a universal set, Plural Comprehension can be similarly

factored into a separation-like comprehension principle and the thesis that some domain

is comprehensive, or all-inclusive:

Plural Separation @yyDxx@zpz ă xxØ φpzq ^ z ă yyq

Comprehensive Domain Dxx@zpz ă xxq

(with Plural Separation subject to the side condition that φpzq not contain xx or yy

free.)

The three principles, Comprehensive Domain, Plural Separation and Collapse are

individually, and indeed pairwise, consistent in first-order logic supplemented with the

analogues of the classical quantification principles for plural quantifiers, but jointly in-

consistent in this system.11 Comprehensive Domain and Plural Separation lead to Plu-

presentation of plural set theory. But nothing substantive hangs on it. Anyone worried about
the import of dubious metaphysics in the form of ‘the empty plurality’ can adapt Boolos’s
(1984) trick to translate sentences using the ‘zero or more’ (@ě0) reading in terms of the ‘one
or more’ reading (@ě1) as follows:

Trp@ě0vvφq “df @ě1vvφ^ φru ‰ u{u ă vvs

where φru ‰ u{u ă vvs is the result of substituting each atomic sentence of the form u ă vv
with a contradiction u ‰ u. Moreover Burgess and Rosen (1997, pp. 151–5) show how this
trick may be extended to interpret the ‘zero or more’ reading with a ‘two or more’ reading.
The arguments from paradox could then be run mutatis mutandis with the translations of the
premisses deployed in the text.

9On the ‘one or more’ reading we would need to restrict Plural Comprehension to non-empty
conditions:

Dzφpzq Ñ Dě1xx@zpz ă xxØ φpzqq.

This is equivalent to Tr(Plural Comprehension), under the translation defined in n. 8.
10Compare Burgess (2005, p. 47) on the source of the contradiction in Frege’s logical system.
11Consistency may be established by exhibiting Henkin models satisfying each of the pairs
of axioms. As usual, a Henkin model is of the form: xD,Dpl, |“| , |ă| , |ß| , |P|y where D and
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ral Comprehension, and with Collapse, to Näıve Comprehension and a contradiction.

Consequently we can reach the negation of Comprehensive Domain, by reductio, from

premisses that do not themselves lead to a contradiction in first-order logic enriched

with principles governing plural quantification.12

This however is still not the argument I wish to pursue. The principal problems

with attempts to restrict plural comprehension are two. In the first place, as we shall

see in the next chapter, they have tended to lead to a severe mathematical cost, leaving

us unable to recover anything like what we expect from set theory. But the main reason

I will not pursue this line of argument is that it gives up a principle I find myself unable

to disbelieve.

Under the intended reading of the plural quantifier @vv, each instance of Plural

Comprehension is obviously true: given any condition φ, there are some zero or more

things—namely, the φs—that comprise every φ and nothing else. Accordingly, my dis-

cussion of the arguments from paradox will take place against the background of plural

logics which extend the logic governing the first-order fragment of the language not only

with plural analogues of the axioms and rules governing singular quantifiers, but also

Dpl are non-empty sets; |“| , |P| Ď D ˆ D; |ă| Ď D ˆ Dpl and |ß| Ď D. Truth in such a
model is defined via the usual satisfaction conditions displayed in table 4.2, on page 112, below
(replacing ‘relative to p’ with ‘in the model’, and ‘in Dp’ and ‘over Dp with ‘in D’ and ‘in Dpl).

The pairs of axioms are then true in the following models. Say that a model is ordinary if
|“| “ txa, ay P D ˆDu, |ă| “ txa,Ay P D ˆDpl | a P Au, |ß| “ D and |P| “ txa, by P D ˆD |

a P bu.

Plural Separation + Comprehensive Domain hold in any ordinary, full model; that is, any
ordinary model with Dpl “ ℘pDq.

Plural Separation + Collapse hold in any ordinary model where D is a supertransitive set—a
set that has as elements both the elements and subsets of its elements—and Dpl “ D. For
example, taking D and Dpl to comprise the hereditarily finite pure sets provides a model.

Collapse + Comprehensive Domain hold for example in the non-ordinary model such that
D “ Dpl “ |ß| = tHu; and |“| “ |ă| “ |P| = txH,Hyu

It follows that the pairs of axioms do not prove any classical propositional contradiction K in
the plural logic consisting of the axioms and rules of FPFO less PC and the rules for the plural
identity predicate. It is readily verified (i) that in each model such that |“| “ txa, ay P DˆDu
the axioms of this system are true in the model under each assignment of singular and plural
variables to members of D and Dpl respectively and the rules of this system preserve truth-in-
the-model-under-each-assignment (ii) any propositional contradiction K is false in each model
under each assignment.
12Uzquiano (2009) critically discusses two similar arguments, based on Collapse against Com-
prehensive Domain. The one most similar to the one in the text replaces Plural Separation
with the following schema: @yDxx@zpz ă xxØ z P y ^ φq.
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with Plural Comprehension.13 By this standard, arguments against absolutism based on

Collapse fare no better than those based on Näıve Comprehension. Collapse on its own

is inconsistent in plural logic.14 That it still leads to an inconsistency in combination

with absolutism fails to distinguish this view from any other theory.

Of course, once Plural Comprehension is granted as a logical principle, the Com-

prehensive Domain thesis emerges as a logical truth, and any premisses that are incon-

sistent with it are thereby inconsistent simpliciter. But, as we saw in chapter 3, the

relativist is under no pressure to accept this as an adequate characterisation of abso-

lutism. Rather than formulating his position as a trivial truth, the absolutist should have

enough strength in his convictions to characterise a position that the relativist disagrees

with. He should contend not merely that some things comprise everything in the present

domain, but that these same things continue to comprise everything no matter how the

relativist may shift the perspective. Accordingly, the relativist need not maintain—as

Collapse impossibly contends—that some set in the domain of the initial perspective

comprises every non-self-membered set in that domain. It is enough to demonstrate

merely that there is such a set in the domain of a more liberal perspective.

The regimentations of the argument from paradox that I shall present weaken

Collapse by making an allowance for such a shift in perspective. I shall present three

versions of the argument. Each can be seen as a regimentation of the informal argument

set out above; and each in some respects generalises the last; but they also differ as to

the ideological resources used to frame them. The first is set out in a plural language;

the second and third respectively draw on the schematic and modal resources introduced

in the previous chapter. The next section formulates the arguments, and identifies and

defends the underlying logic each deploys. The following two sections then defend their

principal premisses.

13Or, in languages with λ-terms, λ-exchange principles.
14This is not to say that other principles analogous to Collapse must suffer a similar deficiency.
In particular, as we shall see, this argument does not apply to a modal analogue of this principle.
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2 The Arguments from Paradox

2.1 The metalinguistic argument

As a warm-up case, let us start with an argument that is not very ideologically demanding

but also rather less general than the relativist should aim for. The argument is set out in

a plural language Lpl
1 , an extension of Lß,P, which enriches the first-order language of set

theory inter alia with plural variables and quantifiers, the member-‘plurality’ predicate

ă and the ‘plurality’ identity predicate ”.

Let us suppose that the absolutist and relativist accept the terms of the dialectical

challenge proposed by Williamson (2003, pp. 434–5). The absolutist stakes his position

on a particular perspective p. He does his best to remove any contextual restrictions

and to expand the universe as much as is possible and then claims that the domain

mm of this perspective is absolute. The relativist then attempts to induce a shift of

perspective—call the resulting perspective p1, say—and argues that the domain of this

perspective is more inclusive than the first one. If the new domain contains something

not among mm the absolutist agrees to concede defeat; if not, the relativist loses.

To reason in plural languages we need to deploy a plural logic. The logic we shall

use is FPFO, whose axioms and rules are displayed in table 4.1. In order to allow for

a smooth integration with the modal operators we shall add later on, the first-order

fragment of this logic falls slightly short of classical. FPFO is equipped with the axioms

and rules characteristic of a negative free logic. We use a defined singular existence

predicate Ev as an ‘existential guard’ to restrict Universal Specification and to liberalise

Universal Generalisation to obtain their free analogues, FUS and FUG. We also restrict

the classical reflexivity principle to obtain ReflE . We define Ev as v “ v, which may be

easily seen to be provably equivalent to Dupu “ vq (for u distinct from v). The axioms

governing plural quantification and identity are the analogues of these principles, to

which we add Plural Comprehension. The plural existence predicate Evv is defined as

vv ” vv, which is provably equivalent in this system to Duupuu ” vvq (for uu distinct

from vv).15

15For overviews of plural logic see Burgess and Rosen (1997), Rayo (2002) and Linnebo (2013)
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Table 4.1: The axioms and rules of FPFO

Taut J, for any propositional tautology J.

MP
φ1 φ1 Ñ φ2

φ2

FUS @vφÑ pEuÑ φru{vsq

FUG
EuÑ pφ1 Ñ φ2ru{vsq

φ1 Ñ @vφ2

ReflE Φpvq Ñ v “ v

Sub u “ v Ñ pφÑ φpu{vqq

FUSpl
@vvφÑ pEuuÑ φruu{vvsq

FUGpl EuuÑ pφ1 Ñ φ2ruu{vvsq

φ1 Ñ @vvφ2

Reflpl
E Φpvvq Ñ vv ” vv

Subpl uu ” vv Ñ pφÑ φpuu{vvqq

PC Dvv@vpv ă vv Ø φq

The axioms and rules are subject to the following side conditions: in FUG (FUGpl) u (uu) does

not occur free in the conclusion; in PC, vv does not occur free in φ and in ReflE (Reflpl
E) v (vv)

does occur free in the atomic sentence Φpvq.

Table 4.2: Semantics for perspective p.

Let Denσpvvq abbreviate ‘the zero or more objects assigned to vv by σ’; Denσpxλqv.φyq abbreviate
‘the zero or more members of Mq such that φ is true relative to q under σ’.

u “ v is true relative to p under σ iff σpuq is identical to σpvq, which is a member of Mp

ττ1 ” ττ2 is true relative to p under σ iff Denσpττ1q are identical to Denσpττ2q, which are
members of Mp

u ă ττ is true relative to p under σ iff σpuq is one of Denσpττq, which are members of Mp

 φ is true relative to p under σ iff φ is not true relative to p under σ.

φ1 ^ φ2 is true relative to p under σ iff φ1 is true and φ2 is true relative to p under σ.

@vφ is true relative to p under σ iff, for every a in Dp, φ is true relative to p under σrv{as.

@vvφ is true relative to p under σ iff, for all zero or more aa in Dp, φ is true relative to p
under σrvv{aas.
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The reason for the retreat to free axioms and rules for the singular quantifier @v

is that we sometimes need to allow singular variables to be assigned to objects outside

its domain. Recall that we take it to be partially constitutive of what a perspective is

that logical vocabulary receives its intended interpretation over the domain Dp of each

perspective p; so that the usual satisfaction conditions over Dp displayed in table 4.2

hold relative to p.16 What calls for a free logic is our continuing to take the satisfaction

clauses to hold for assignments σ not over the domain Dp. Consequently, to infer φru{vs

on the basis of @vφ we need to ensure that the variable u denotes a member of the

domain of the quantifier @v. Provided that the extension of the existential guard Ev

comprises this domain, this need is met by the addition of Ev as a further antecedent

condition to the classical version of universal specification:

(US) @vφÑ φru{vs

Without this restriction, instances of this axiom may fail to be true. If every member of

the domain Dp satisfies φ but some object a outside Dp fails to, the antecedent is true

and the consequent false when u is assigned to a. Similarly to infer φruu{vvs on the

basis of @vvφ we need to ensure that the variable uu does not denote any thing outside

the domain.

The use of negative rules, embodied in the restriction in the identity axioms ReflE

and Reflpl
E and the definition of the existence predicates Ev and Evv, reflects an actu-

alist attitude to atomic predication. Each satisfier of an atomic predicate relative to a

perspective is a member of the domain. Consequently, no modification needs to be made

to the satisfaction clause for atomic sentences when we allow for variables to be assigned

to objects outside the domain.

The rationale here is that we take the extension of each atomic predicate to com-

prise every satisfier of that predicate (as interpreted relative to that perspective). The

extension is not a restriction of the predicate’s full extension to a given domain. The

reason extensions of unary predicates are included within the domain reflects domains

and for free logic see Bencivenga (1986) and Lambert (2001).
16As in chapter 3, the absolutist can encode assignments using plural term denotations.
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Table 4.3: The lexicon of Lpl
1

Category e singular variables: x, y, z, . . .
Category ee plural variables: xx, yy, zz, . . .
Category t{pe, eq the singular identity predicate: “
Category t{pee, eeq the plural identity predicate: ”
Category t{pe, eeq the member-‘plurality’ predicate: ă2

Category t{pe, eq the element-set predicate: P2

Category t{e set predicates: ß1 and ß2

Category t{t and t{pt, tq connectives:  and ^
Category t{t singular quantifiers: @2x, @2y, @2z,. . . .
Category t{t plural quantifiers: @2xx, @2yy, @2zz,. . . .
Category ee plural term: mm

being determined from extensions rather than extensions restricted to domains. At least

this is the reason for the expansionist. The domain of a perspective is always unre-

stricted: it is the universe of the lexicon as interpreted relative to the interpretation

supplied by the perspective. But the universe is determined, inter alia by the extension

of predicates. Any object in the extension of a predicate is ipso facto a member of the

universe and consequently, on the expansionist account, a member of the domain. The

contextual restrictionist might offer a similar account. Domains of perspectives may

be background domains (in the sense of Glanzberg (2006, p. 49)), encompassing every

object in the extension of any predicate relative to the context.17

Having modified the classical rules in this way, it is readily verified that, relative

to each perspective, each axiom is true under every assignment and each rule preserves

truth-under-every-assignment. All of this will no doubt appear needlessly complicated

and baroque to the absolutist. For, so long as the relativist’s shift of perspective does not

backfire by actually reducing the extent of the domain, he contends that the domain of p1

like that of p is ultimate. Consequently, there are no assignments to objects outside this

domain. Nonetheless, so long as he accepts the classical principles and their extension

to plural quantifiers, along with Plural Comprehension, there is nothing here that he

disagrees with. For anything derivable in FPFO is derivable in the stronger system. The

absolutist’s commitment to this plural logic also commits him to FPFO.

With the logic in hand, let us turn to the argument itself. The argument takes place

17See Burge (1974) for a rather different defence of negative free logic.
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in the language Lpl
1 , whose lexicon is displayed in table 4.3. As mentioned above, the

argument takes place after the attempted shift in perspective. To remind ourselves of

this we attach subscripts to the predicates of the plural language of set theory with

urelements, Lpl
1 : writing ß, P and @ as ß2, P2 and @2, and so on, when these expressions

receive their intended interpretation over the domain of the second perspective p1. (For

the sake of concreteness the intended interpretation of ß is pure or impure set;18 although

the arguments from paradox could equally be run on pure sets.) We suppose moreover

that we have some metalinguistic vocabulary available, allowing us to describe the initial

interpretation from the new perspective. Informally we shall call those objects that

satisfy ß relative to the initial perspective, initial sets or sets1 and those objects that

satisfy ß relative to the new perspective new sets or sets2. But we also suppose that the

object language is equipped with metalinguistic expressions: a plural term mm and a

predicate ß1, which attempt to encode the initial domain and extension of ß from the

new perspective. Of course, in the event that the relativist’s attempted shift backfires

and makes the domain smaller, we may be unable to refer to everything in the initial

universe relative to the new perspective. Still for the purpose of the first argument, it

will suffice to have mm denote the intersection of the new and initial domains. Likewise,

the intended extension of ß1 comprises the initial sets in the new domain.

Provided that the absolutist holds his nerve he will contend from the new perspec-

tive that no expansion of the domain has been achieved: everything in the new domain

is in the initial one, and thus in their intersection mm. Thus he upholds the following.

Comprehensive Initial Domain. @2xpxă2 mmq

Unlike Comprehensive Domain this is no longer a trivial truth.

The relativist’s argument against this claim has two premisses. The first is a

restricted version of Collapse, expressing a maximally liberal attitude to the formation

of new sets from initial ones. Define a plural predicate B1vv (B2vv) which applies to

18A set is said to be pure if there are no urelements (non-sets) in its transitive closure: that
is, if no urelement is an element of the set or an element of an element, or an element of an
element of an element, and so on; otherwise it is said to be impure.
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some things just in case each of them in the new domain is a set1 (set2):

B1xx “df @2xpxă2 xxÑ ß1xq

B2xx “df @2xpxă2 xxÑ ß2xq

And let the singular and plural quantifiers @1v and @1vv be restricted to the initial

domain mm as follows.

@1vφ “df @2vpvă2 mmÑ φq

@1vvφ “df @2vv
`

@2vpvă2 vv Ñ vă2 mmq Ñ φ
˘

The first premiss may then be stated as follows.

Liberalness (Metalinguistic). For any initial sets (in the initial domain) some new set

has them as elements (strictly, elements2)

@1xx
`

B1xxÑ D2ypß2y ^ @2zpz P2 y Ø ză2 xxqq
˘

The second premiss states that any shift in the extension of ß is ‘stable’: the only

potential change to the extension of ß is the addition of new objects, that is, objects

which do not fall in the initial domain.

Atomic Stability (Metalinguistic) For any member of the initial domain: (S`) if it is

an initial set, it is a new set and (S´) if it is a new set, it is an initial set.

pS`q @1xpß1xÑ ß2xq

pS´q @1xpß2xÑ ß1xq

Together with the absolutist’s thesis, Comprehensive Initial Domain, it is routine to

derive a contradiction from the two premisses in FPFO. Given the absolutist’s claim, the

restriction to mm in @1v and @1vv is vacuous. Consequently, each restricted quantifier

@1 in Liberalness and Atomic Stability may be replaced with the unrestricted @2. The

new version of Atomic Stability ensures the coextensiveness of ß2v and ß1v, and thereby

also ensures the coextensiveness of the defined plural predicates B2vv and B1vv. Con-
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sequently every subscript 1 in Liberalness may be replaced with 2, and we arrive at a

mere notational variant of Collapse, restricted to sets.

Collapse @2xx
`

B2xxÑ D2ypß2y ^ @2zpz P2 y Ø ză2 xxqq
˘

This leads to a contradiction in FPFO by the Russell argument, using the instance of

Plural Comprehension for the condition ß2x ^  x P2 x. Consequently, the negation of

the absolutist thesis may be derived from Liberalness and Atomic Stability in FPFO

Non-Comprehensive Initial Domain.  @2xpxă2 mmq

As such, if the premisses can be sustained, the absolutist loses the dialectical challenge.19

We shall return to defend these premisses in sections 3 and 4 below. But even

granted these premisses, the argument remains a less than satisfying response to ab-

solutism. For though the absolutist loses the dialectical challenge, this falls short of a

refutation of absolutism, as we saw in chapter 3 (section 1.1). It is still open to him to

claim, albeit with rather reduced dialectical credibility, that another domain—even the

domain of the new perspective p1—is absolute. The relativist should accordingly seek

to establish a stronger conclusion. As we saw in the previous chapter, the schematic

and modal resources introduced there provide the means for the relativist to frame such

a conclusion. We shall now consider how the relativist can deploy these resources to

frame the premisses of the argument from paradox, and thereby arrive at the stronger

conclusion.

2.2 The schematic argument

Recall that the schematic characterisation of relativism formulates this theory with in-

finitely many axioms. Each axiom expresses that the domain of a given perspective—

encoded by a plural term of the form mmς “df xλςy.Dxpx “ yqy—fails to be compre-

hensive from a suitable meta-perspective. The axioms and the perspectives relative to

which they are to be interpreted are recorded in the following inter-perspective schema.

Relativism ς 1: @xpx ă mmςq

19The metalinguistic argument shares a number of similarities with a less explicitly metalin-
guistic argument advanced by Fine. See (2006, pp. 21–2).
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Table 4.4: The lexicon of Lpl
2

Category e singular variables: x, y, z, . . .
Category ee plural variables: xx, yy, zz, . . .
Category t{pe, eq the singular identity predicate: “
Category t{pee, eeq the plural identity predicate: ”
Category t{pe, eeq the member-‘plurality’ predicate: ă

Category t{pe, eq the element-set predicate: P
Category t{e the set predicate: ß
Category t{t and t{pt, tq connectives:  and ^
Category t{t singular quantifiers: @x, @y, @z,. . . .
Category t{t plural quantifiers: @xx, @yy, @zz,. . . .
Category ee{t plural-term-forming operators: λp, λp1 , . . .

The second version of the argument from paradox has this formulation of relativism

as its target conclusion. Accordingly the argument is formulated in a language Lpl
2 that

enriches Lß,P, with λ-terms of the form xλςv.φy. (See table 4.4.) In the metalanguage we

use perspective terms: p, q . . . and perspective variables: r, s, . . . to label sentences, as in

chapter 3 (section 2.2). We no longer require the additional metalinguistic vocabulary

deployed in the previous argument, and since shifts in perspective are now indicated

with labels we stop indexing the object language predicates: ß, P, and so on. The key

premisses still recognisably embody a liberal attitude to set formation and a stability

assumption, but their schematic formulations differ somewhat from the metalinguistic

formulation.

The appeal to Liberalness in the informal argument is more naturally encapsulated

as a rule of inference rather than a metalinguistic thesis. The relativist starts off by

assuming ‘These sets comprise the non-self-members sets’ relative to one perspective,

p say; then—having shifted to another perspective, p1—concludes ‘Some set has those

sets as elements’ (with ‘these sets’ and ‘those sets’ referring to the same sets). We shall

record such inter -perspective inferences using labelled sequents. The inference may be

formalised as:

p:Err, p:Brr ñ p1: Dypßy ^ @zpz P y Ø z ă rrq

where rr “df xλpx.x R xy. The arrow ñ occurs not within a labelled sentence but

between labelled sentences.20

20Strictly, the arrow occurs between two sets of labelled sentences.
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More generally, we shall formulate such inter-perspective inferences using labelled

sequents.21 To start with, consider labelled sequents of the form Γ ñ ς:φ, where Γ is a

set of labelled sentences, and ς:φ a labelled sentence. We shall call each sentence that

occurs (prefixed with a label) in Γ an antecedent sentence, and the proposition expressed

by an antecedent sentence, relative to the labelled perspective (and an assignment σ) an

antecedent proposition (under σ). The intended reading of such a sequent is as a pattern

of inference. The sequent records (correctly or incorrectly) that what is expressed by φ

relative to the perspective labelled by ς follows from the antecedent propositions.

The metalinguistic formulations of Liberalness and Atomic Stability may each be

replaced with inter-perspective schemas. Write Bvv to abbreviate @xpx ă vv Ñ ßxq, as

before. Liberalness may be formulated simply by replacing the perspective constant p

in the above sequent with a schematic letter and rr with a plural variable.

Liberalness (Schema) ς:Eττ, ς:Bττ ñ ς 1: Dypßy ^ @zpz P y Ø z ă ττqq

subject to the usual side condition that the schematic letter be replaced with a per-

spective term. Just as inter-perspective sentence schemas allow the relativist to indicate

commitments that she is unable to state from her current perspective, inter-perspective

sequent schemas allow the relativist to indicate her inferential commitments relative to

perspectives she is presently unable to quantify over. As in chapter 3, such schemas

should be taken to be open-ended. Their instances are not restricted to perspective

terms that denote perspectives that the relativist is currently able to refer to or quantify

over in her current language. (See section 2.1.)

The Atomic Stability principle deployed in the previous argument may be gener-

alised in a similar way. We also generalise it to atomic sentences other than those of

the form ßv. Given any atomic sentence Φ, with free variables v1, . . . , vvn, we write EΦ

to abbreviate Ev1 ^ . . . ^ Evvn, with Ev and Evv defined as above. Provided logical

expressions receive their intended interpretations at a perspective, EΦ states that the

parameters in Φ fall within the domain of that perspective: EΦ is true relative to a

21Labelled sequents have recently been the focus of proof theoretic investigation, especially in
the contexts of modal systems, for their pleasing proof theoretic properties. See, for instance,
Negri (2005). See Viganó (2000) for an overview.
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perspective just in case each singular variable v in Φ denotes a member of the domain

and each plural variable vv in Φ denotes some zero or more members of the domain (and

nothing outside the domain). The stability of Φ between object and meta-perspectives

may then be characterised with schematic analogues of the previous principles.

Atomic Stability (Schemas)

(S`) ς:EΦ, ς: Φ ñ ς 1: Φ

(S´) ς:EΦ, ς
1: Φ ñ ς: Φ

Whenever Φ’s free variables only denote members of the object domain, instances of

these two schemas ensure that its truth-value is invariant across the object and meta-

perspective: an instance of the first ensures that truth transmits upwards from object to

meta-perspective; an instance of the second ensures that it transmits downwards from

meta- to object perspective.

Having schematically generalised the premisses and conclusion of the argument from

paradox, we also need to generalise our means of reasoning to apply to such labelled

formulas and sequents. A labelled version of a Gentzen-style sequent calculus provides

the requisite formal tool.22

As is usual in this setting, we generalise labelled sequents to permit multiple

labelled sentences after the sequent arrow. In full generality, a labelled sequent is of

the form Γ ñ Θ where each of Γ and Θ are sets of labelled sentences. The sentences

labelled in Γ are called antecedent sentences, as before, and the sentences labelled in

Θ, consequent sentences. The propositions expressed by such sentence relative to their

labelled perspective are called antecedent and consequent propositions.

(We adopt the usual notational conventions for such sequents: set brackets and

union symbols are dropped ΓYtς:φu and ΓYΓ1 are abbreviated as Γ, ς:φ and Γ,Γ1, and

so on. Moreover, we drop set terms for the empty set: Γ ñ H is abbreviated as Γ ñ,

and so on.)

22The sequent calculus and the accompanying semantics presented below adapts Viganò’s
(2000) presentation of a singular modal calculus to the present plural non-modal setting.
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In addition to labelled analogues of the usual structural rules, the sequent version

of the argument from paradox will draw on two sorts of logical rules. (See table 4.5 on

page 122 below.) Rules of the first sort embody a labelled sequent formulation of negative

free plural first-order logic for the language in question. These make two modifications

to the standard Gentzen operational rules for connectives, singular and plural quantifiers

and λ-terms. First, the sentences are labelled. Second, existential guards are added

where necessary, as before. These rules are all intra-perspective insofar as sentences

other than ‘side formulas’ labelled in Γ and Θ are all labelled by the same perspective

term. The second sort of rules are inter-perspective. They govern the interaction of the

existence predicates and the member-‘plurality’ relation ă across different perspectives.

These rules reflect the fact that plural variables are taken to be rigid designators: under

an assignment, vv denotes the same things relative to each perspective.

We now have everything in place for the second version of the argument from paradox

to be made. Much as before, in conjunction with Atomic Stability, the assumption that

the meta-domain is no wider than the object domain—now articulated with what is

expressed by @xpx ă mmςq at the meta-perspective labelled by ς 1—allows us to show

that the truth-value of Bxx is invariant across object and meta-perspective. Indeed such

invariance may be established for any sentence from this assumption (see the appendix

for a proof).

Invariance

(I`) ς 1:@xpx ă mmςq, ς:φñ ς 1:φ

(I´) ς 1:@xpx ă mmςq, ς
1:φñ ς:φ

The relativist then argues as follows to establish the schematic formulation of relativism

on the basis of the Invariance of Exx and Bxx and Liberalness.23

23We avail ourselves of the usual free derived rules for connectives and quantifiers other than
those in the official lexicon.

121



Table 4.5: A sequent formulation of plural logic

Structural rules

rep
ς:φ,Γ ñ Θ, ς:φ

ς:φ,Γ ñ Θ Γ ñ Θ, ς:φ
cut

Γ ñ Θ

Intra-perspective rules

Γ ñ Θ, ς:φ
l 

ς: φ,Γ ñ Θ

ς:φ,Γ ñ Θ
r 

Γ ñ Θ, ς: φ

ς:φ1, ς:φ2,Γ ñ Θ
l^

ς:φ1 ^ φ2,Γ ñ Θ

Γ ñ Θ, ς:φ1 Γ ñ Θ, ς:φ2
r^

Γ ñ Θ, ς:φ1 ^ φ2

Γ ñ Θ, ς:φ
l “

ς: τ1 “ τ2,Γ ñ Θ, ς:φpτ2{τ1q

Γ ñ Θ, ς: Φpτq
r “

Γ ñ Θ, ς: τ “ τ

Γ ñ Θ, ς:φ
l “

ς: ττ1 ” ττ2,Γ ñ Θ, ς:φpττ2{ττ1q

Γ ñ Θ, ς: Φpττq
r “

Γ ñ Θ, ς: ττ ” ττ

ς:Eτ, ς:φrτ{vs,Γ ñ Θ
lλ

ς: τ ă xλςv.φy,Γ ñ Θ

Γ ñ Θ, ς:φrτ{vs Γ ñ Θ, ς:Eτ
rλ

Γ ñ Θ, ς: τ ă xλςv.φy

ς:φrτ{vs,Γ ñ Θ Γ ñ Θ, Eτ
l@v

ς:@vφ,Γ ñ Θ

ς:Eu,Γ ñ Θ, ς:φru{vs
r@v

Γ ñ Θ, ς:@vφ

ς:φrττ{vvs,Γ ñ Θ Γ ñ Θ, Eττ
l@vv

ς:@vvφ,Γ ñ Θ

ς:Euu,Γ ñ Θ, ς:φruu{vvs
r@vv

Γ ñ Θ, ς:@vvφ

PC
ñ ς:Exλςv.φy

Inter-perspective rules

lEvv
ς:Eττ, %: v ă ττ ñ ς:Ev

υ:u ă ττ ,Γ ñ Θ, ς:Eu
rEvv

Γ ñ Θ, ς:Eττ

Side constraints: in r@v (r@v) the variable u (uu), does not occur free in the end sequent; in
r “, the term τ does occur free in Φpτq; in the right rule for rEvv neither the object variable u
nor the perspective variable υ occurs free in the end sequent.
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pI´q ` Liberalness

...
ς 1:@xpx ă mmςq, ς

1:Exx, ς 1:Bxx ñ ς 1: Dypßy ^ @zpz P y Ø z ă xxqq

ς 1:@xpx ă mmςq, ς
1:Exx ñ ς 1:BxxÑ Dypßy ^ @zpz P y Ø z ă xxqq

ς 1:@xpx ă mmςq ñ ς 1:@xxpBxxÑ Dypßy ^ @zpz P y Ø z ă xxqqq

...
Russell argument

...
ς 1:@xpx ă mmςq ñ

ñ ς 1: @xpx ă mmςq

The first lacuna is to be filled with the derivation of the instance of (I´) for Exx and Bxx,

followed by two applications of cut to replace the labelled antecedent sentences ς:Exx

and ς:Bxx in the sequent formulation of Liberalness with ς 1:Exx and ς 1:Bxx. Having

reached what is simply a labelled version of the Collapse principle to the right of the

sequent arrow, the second lacuna is filled by carrying out the usual refutation of this prin-

ciple in free plural first-order logic as follows. Write rr to abbreviate xλς 1z.ßz ^ z R zy.

Then we reason as follows.

(Π1)

ς 1: y R y ñ ς 1: y R y ς 1: ßy ñ ς 1: ßy

ς 1: ßy, ς 1: y R y ñ ς 1: ßy ^ y R y ς 1: ßy ñ ς 1:Ey

ς 1: ßy, ς 1: y R y ñ ς 1: y ă rr

ς 1: ßy ñ ς 1: y P y, ς 1: y ă rr

ς 1: y R y ñ ς 1: y R y

ς 1: ßy ^ y R y ñ ς 1: y R y

ς 1: y ă rr ñ ς 1: y R y

ς 1: y ă rr, ς 1: y P y ñ

ς 1: ßy, ς 1: y P y Ø y ă rr ñ

Second, it straightforward to demonstrate Brr (“df @xpx ă rr Ñ ßxq), relative to ς 1

(Π2)

ς 1: ßxñ ς 1: ßx

ς 1: ßx^ x R xñ ς 1: ßx

ς 1:x ă rr ñ ς 1: ßx

ñ ς 1:x ă rr Ñ ßx

ñ ς 1:Brr

Third, we reason as follows.
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Π1

...

ς 1: ßy, ς 1: y P y Ø y ă rr ñ ς 1:Ey ñ ς 1:Ey

ς 1:Ey, ς 1: ßy, ς 1:@zpz P y Ø z ă rrq ñ

ς 1:Ey, ς 1: ßy ^ @zpz P y Ø z ă rrq ñ

ς 1: Dypßy ^ @zpz P y Ø z ă rrqq ñ

Π2

...

ñ ς 1:Brr

ς 1:Brr Ñ Dypßy ^ @zpz P y Ø z ă rrqq ñ ñ ς 1:Err

ς 1:@xxpBxxÑ Dypßy ^ @zpz P y Ø z ă xxqqq ñ

Finally, we apply cut. With the gaps filled in, the result is a proof whose only schematic

letter is ς. Its conclusion is the schematic version of Relativism and its premisses are

schematic versions of our two key premisses.

What is the absolutist to make of such a proof-schema? As mentioned before, we shall

leave the defence of the key sequents, the Liberalness and Atomic Stability sequents

until sections 3 and 4. What I want to argue here is first that the argument is a threat

to absolutism and second that the only viable response for the absolutist—or, at least

for those absolutists who do not object to the semantics in table 4.2—is to reject one or

other of the key sequents.

The schematic proof indicates how the relativist will argue against the absolutist

relative to any perspective. Given any perspective p—including any whose domain is

claimed to be absolute—the sentence labelled in the conclusion of the end sequent when

the perspective term p replaces the schematic letter is  @xpx ă mmpq. If true at the

perspective p1, this ensures that the domain of p fails to be absolute. In the normal

case an argument ensures the truth of its conclusion if each premiss is true and each rule

of inference truth-preserving. For a sequent derivation, since each step moves between

patterns of inference rather than object language sentences a slightly different standard

is required. First, we need to generalise the notion of assignment. An assignment σ over

the perspectives p0, p1, . . . assigns (i) each singular object variable v to a member of the

domain Dr of some perspective r among p0, p1, . . . (ii) each plural object variable vv to

some zero or more members of the domain Dr (and nothing else) for some perspective

r among p0, p1, . . . ; and (iii) each perspective variable υ to one of the perspectives

p0, p1, . . . . We then say that a sequent Γ ñ Θ is sound over the perspectives p0, p1,

. . . if there is no assignment σ over p0, p1, . . . such that each antecedent sentence is true
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relative to the perspective denoted by its label under σ and each consequent sentence

is false relative to the perspective denoted by its label under σ. But granted that the

semantic clauses displayed in table 4.2 hold for p replacing p and for p1 replacing p, it

is readily verified that the logical sequents and sequent rules displayed in table 4.5 are

sound or preserve soundness over p and p1. The non-absoluteness of the domain of p

consequently comes down to whether or not instances of the Liberalness and Atomic

Stability sequents are sound over these perspectives. If so, the end sequent in the proof

is sound over this domain. And since it lacks an antecedent sentence, this ensures that

its conclusion  @xpx ă mmpq is true relative to p1.

2.3 The modal argument

The schematic formulation of the argument from paradox improves on the metalinguis-

tic formulation in terms of generality. Where the metalinguistic argument failed to rule

out the absoluteness of domains wider than mm, any domain’s absoluteness is denied

by some instance of the schematic formulation of relativism. Nonetheless the relativist

may find yet further generality desirable. As we observed in the previous chapter, the

schematic formulation of relativism is more like an undertaking to offer partial formu-

lations of the view in certain circumstances than an actual statement of relativism.

The schema template, by itself, does not state anything, for it contains uninterpreted

schematic letters, or placeholders. Rather it indicates the form of many sentences, each

of which states part of the view. The argument in the previous section likewise schemati-

cally indicates the form of the premisses the relativist can state and the inferences she can

deploy in order to reach a partial statement of the view, denying the comprehensiveness

of a single domain. But she is unable to fill in the schematic blanks, and actually state

the premisses and conclusions of the relevant instance, until she has acquired the expres-

sive power to do so. She cannot deny the comprehensiveness, and thus absoluteness, of

a given domain until she has reached a suitable meta-perspective.

Pluralist relativists can offer a further improvement in the statement of the ar-

gument from paradox. Recall that relativists of this stripe allow that while quantifiers

themselves cannot achieve absolute generality, such generality can be achieved by using
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Table 4.6: The lexicon of Lpl
3

Category e singular variables: x, y, z, . . .
Category ee plural variables: xx, yy, zz, . . .
Category t{pe, eq the singular identity predicate: “
Category t{pee, eeq the plural identity predicate: ”
Category t{pe, eeq the member-‘plurality’ predicate: ă

Category t{pe, eq the element-set predicate: P
Category t{e the set predicate: ß
Category t{t and t{pt, tq connectives:  and ^
Category t{t singular quantifiers: @x, @y, @z,. . . .
Category t{t plural quantifiers: @xx, @yy, @zz,. . . .
Category t{t an inter-perspective modal operator: l

a suitable inter-perspective modal operator, l. The third regimentation of the argument

from paradox takes place in a language that adds l to plural language of set theory with

urelements. (See table 4.6.)

As we saw in the previous chapter such modal resources allow the pluralist to state

her view using a single modal sentence.

Relativism (modal statement). l@xx l@x♦px ă xxq

This thesis will be the conclusion of our third formulation of the argument from paradox.

And just as modal resources permit a non-schematic statement of the conclusion of this

argument, they also permit a non-schematic statement of its premisses. In this way, the

pluralist can replace the schematic description of the arguments she could give in various

circumstances with a single argument whose premisses may be stated, and whose single

conclusion, if true, rules out the absoluteness of any domain.

The third argument draws on broadly the same key premisses as the first two.

We revert to regimenting Liberalness and Stability as principles rather than rules of

inference. Liberalness is stated as a modal analogue of Collapse. Given a non-modal

sentence φ let its modal analogue, or modalisation, be the modal sentence φ♦ that re-

places each quantifier @{D in φ with l@{♦D and prefixes each atomic subsentence in φ

with ♦.24 The modal version of Liberalness is the modalisation of Collapse. (To tidy

the notation, we write the prefixed atomic subsentence ♦x P y, as x P♦y; similarly for

24This is a slight modification of a modal translation investigated by Linnebo in (2010), from
whom we also borrow the term ‘modalisation’. See chapter 5 n. 25, below.
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other such subsentences.)

Liberalness (Modal). l@xxpB♦xxÑ ♦Dypß♦y ^l@zpz P♦y Ø ză♦ xxqqq

This is to be sharply distinguished from its inconsistent analogue. Rather than claiming

impossibly that any sets in the present domain form a set in that domain, it is the modal

generalisation of the weaker claim that any sets in any domain form a set in some other

domain.

Atomic Stability may be formulated as a modal generalisation of the claim that, for

any assignment to its free variables, v1, . . . vvn, if the atomic sentence Φ is true, it remains

true relative to any perspective where its parameters exist; and if Φ is false, relative to

a perspective at which its parameters exist, it is false relative to every perspective.25

Atomic Stability (Modal).

(S`) l@v1 . . .l@vvn
`

Φ Ñ lpEΦ Ñ Φq
˘

(S´) l@v1 . . .l@vvn
`

 Φ^ EΦ Ñ l Φ
˘

As ever, in addition to the premisses, the argument relies on a suitable logic.

The language we deploy simply adds l to the plural language of set theory, Lpl
ß,P. In

adding further vocabulary the intended interpretation of the original lexicon remains

unchanged. Accordingly, this interpretation continues to sustain FPFO; and indeed the

schemas of this logic may be extended to modal sentences. This logic is then extended

with principles governing the modal operator, and its interactions with the quantifiers.

Recall that to a first approximation, the intended reading of the modal operator is

given by the gloss of lψ as saying that ψ holds relative to every perspective. (Although

the pluralist relativist will insist that this gloss is faithful only if the right-hand side

is taken to have implicit modal content, with a silent l before ‘every’.) In omitting

mention of an accessibility relation in the truth-condition, we in effect take the underlying

accessibility relation to be the universal relation on perspectives. This motivates the

addition of the propositional axioms and rules characteristic of S5 to FPFO, with the

25Parsons (1983) considers such principles which he calls existence-dependent rigidity principles
in the context of developing a modal set theory of the sort that will concern us in the next
chapter. We borrow the label ‘Stability’ from similar principles deployed by Linnebo (n.d.).
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Table 4.7: The axioms and rules of S5

K lpψ1 Ñ ψ2q Ñ plψ1 Ñ lψ2q

T lψ Ñ ψ
4 lψ Ñ llψ
B ψ Ñ l♦ψ

Nec
ψ

lψ

axioms (T), (4) and (B) corresponding to the reflexiveness, transitivity and symmetry

of the accessibility relation, as usual. (See table 4.7)26

The importance of free formulations of the quantification axioms becomes very

clear when we add modal resources to the language. If we add the innocuous-looking

axiom Ev, to the FPFO ` S5, then the classical axioms for the first-order quantifiers

swiftly follow, and in their wake we may derive the Barcan Formula and its converse.27

@vlψ Ñ l@vψ(BF)

l@vψ Ñ @vlψ(CBF)

However, the relativist will not accept these principles. Contrary to her view, the two

schemas ensure that domains remain constant from perspective to perspective.

As before, the trouble is with Universal Specification, and now also with the ax-

iom Ev that permits its derivation in the free system. Both principles are true relative

to each perspective under every assignment over its domain. In particular if @v ex-

presses unrestricted universal quantification over the domain of the present version of

English, whatever we assign to u falls within the range of @v. But while true under each

assignment, instances need not be necessarily true. Consequently, under some assign-

ments, some theorems of classical logic fail to be necessary truths. But once we have

a necessitation rule, we can expect a system which proves contingent truths to deliver

outright falsehoods. And this is exactly what happens in the case of the derivation of

26For overviews of quantified modal logic see, for instance, Hughes and Cresswell (1996), Fitting
and Mendelsohn (1998), Braüner and Ghilardi (2007). The axiomatisation of FPFO`S5 adapts
the positive free singular axiomatisation of modal logic offered by Braüner and Ghilardi to the
present setting.
27See, for instance Hughes and Cresswell (1996, p. 245–7).
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the Converse Barcan formula. The schema may be derived as follows.

$ @vφÑ φru{vs US

$ lp@vφÑ φru{vsq Nec

$ l@vφÑ lφru{vs K, MP

$ l@vφÑ @vlφ UG

The relativist will object that the transition from the first line to the second fails to

preserve truth. For example, when we assign y to the Russell set for some less inclusive

perspective, tx P Dp | x R xu, then the instance of universal specification @yDxpx “

yq Ñ Dxpx “ yq is a trivial truth relative to present perspective but its necessitation

lp@yDxpx “ yq Ñ Dxpx “ yqq is false. Relative to the smaller perspective p, the

antecedent remains true, but no member of the domain Dp is identical to the Russell set

for this domain.28

While the pluralist relativist rejects the addition of Ev as an axiom, along with

that of the Barcan formula and its converse, she does accept some weaker principles. In

the first place, she always accepts ♦Ev, regardless of what v is assigned to. For, she

contends, while v may be assigned to objects outside a given perspective’s domain, it

must be assigned to an object in some perspective’s domain. Likewise while she rejects

Evv she accepts the weaker ♦Evv. Second, she accepts the following restricted version

of the Barcan formula.

@xx
`

p@yă♦ xxqlψ Ñ lp@yă♦ xxqψ
˘

(RBF)

In this principle the singular quantifier is restricted, relative to each perspective, to some

zero or more things in the domain of the present perspective. But just as the Barcan

formula ensures that the domain of the unrestricted quantifier @v never increases, the

instances of this schema ensure that the domain of the restricted quantifier p@vă♦ vvq

28Under the metaphysical necessity reading of l, see Garson (2001) for a defence of modal
logic based on free axioms and Williamson (1998a) for a defence of the Barcan formula and its
Converse.

129



never increases. And the relativist maintains that this is the case. For recall that plural

variables are taken to be rigid, denoting the same zero or more things, relative to each

perspective. Consequently, membership of the things denoted by vv remains constant,

and thus never increases. Likewise the relativist accepts the plural analogue of the

restricted Barcan formula. Write vv ă uu to abbreviate @upu ă vv Ñ u ă uuq. (Read:

uu is a ‘sub-plurality’ of vv.) Then the following principle also holds in virtue of the

domain of a plural quantifier restricted to some members of the present domain never

increasing.

@yy
`

p@yyă♦ xxqlψ Ñ lp@yyă♦ xxqψ
˘

(RBFp)

The third argument will take place against the background of the modal logic FPFO `

S5` ♦Ev ` ♦Evv ` RBF` RBFp.

As before there is nothing in the logic that should be objectionable to the abso-

lutist. Provided he concedes the intelligibility of the modal operator, the structure of

perspectives that the logic describes is perfectly compatible with his view. In particular,

no assumption is made in the logic that domains increase. Of course, the absolutist may

find the appeal to modality needlessly baroque. For he maintains that he can achieve

with plain quantifiers what the pluralist seeks to achieve by prefixing them with modal

operators. Still mere complication is a price worth paying for a language which permits

a formulation of the view at issue that is acceptable to both pluralist relativists and

absolutists.

But, as ever, while the underlying logic is neutral between absolutism and rela-

tivism, the premisses of the argument from paradox permit us to establish relativism.

This time rather than showing that sentences are coextensive between an object and

meta-perspective, we show that given the absolutist assumption that the domain is

absolute, the distinction between a sentence and its modalisation collapses; modalised

sentences ‘flatten out’ relative to an absolute perspective. (See the appendix for a proof.)

Flattening

(F) Dxxl@ypyă♦ xxq, pS´q,$ φØ φ♦
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Applying Flattening to the Liberalness premiss, articulated by Collapse♦, permits us

to derive the inconsistent principle, Collapse. Relativism may then be shown to be

derivable from Stability and Liberalness as follows.

pS´q,Collapse♦, Dxxl@ypyă♦ xxq $ Collapse (F)

pS´q,Collapse♦, Dxxl@ypyă♦ xxq $ K FPFO

pS´q,Collapse♦ $ @xx l@xpxă♦ xxq FPFO

lpS´q,lCollapse♦ $ Relativism Nec

pS´q,Collapse♦ $ Relativism p4q

This completes the presentation of the arguments from paradox. The relativist is able

to give schematic and modal formulations of arguments that, in a logic that should be

acceptable to both sides, permits her to derive the schematic and modal formulations

of her view from two premisses, Liberalness and Atomic Stability. Let us now turn to

assess the two premisses.

3 Liberalness

3.1 Drawing a line

In both its schematic and modal formulations the Liberalness premiss gives voice to a

maximally liberal attitude towards set formation among sets: any sets can form a set.

It is easy to lose sight of just how natural this view is. Over a century’s awareness

of the paradoxes amongst the mathematical and philosophical community has made

us instinctively wary of principles resembling the inconsistent Näıve Comprehension

schema. Sometimes, of course, like in the case of Collapse, the suspicion is well founded.

But a maximally liberal answer to the formation question need not commit us to such

an impossible principle. Liberalness, as articulated schematically or in the modalisation

of Collapse, does not lead to contradictions in the accompanying logics. But once a

maximally liberal answer to the formation question is seen not to be ruled out on logical

grounds, it is hard to see on what other grounds it might be ruled out. What in the
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world could prevent some sets from being able to form a set?29

The distinction between in fact forming and being able to form a set—in the rel-

evant, non-circumstantial sense—is crucial here. To repeat the familiar point, standard

set theory tells us that some sets—such as all the sets, or the von Neumann ordinals—fail

to in fact form a set: granted that the present universe VθrU s is closed under the axioms

of set theory, no member of that universe has every set in VθrU s or every ordinal in

VθrU s as an element. But this is not to say that they cannot form a set. It remains open

that all ordinals in the initial universe or all the sets in the initial universe are elements

of a set in a more inclusive universe: the sets θ and VθrU s are members of the larger

universe, Vθ1rU s. But—at least granted Atomic Stability—this distinction collapses for

the absolutist. Relative to the absolute perspective p, the Invariance thesis tells us that

there is no distinction between forming a set relative to p, and forming a set relative to

another perspective p1; the Flattening thesis tells us that there is no distinction between

the non-modal condition Dy@zpz P y Ø z ă xxq articulating that xx do form a set; and

its modalisation, articulating that they can form a set. But since some sets in fact do

not form a set, the absolutist is forced to conclude moreover that such sets are unable

to form a set.

Given the initial plausibility of the maximally liberal attitude to set formation this

is surprising. And it leaves the absolutist to face a difficult question: what could it be

about the world that permits some things to potentially form a set and disqualifies some

other things from doing the same? To put the matter more loosely, the absolutist is

committed to drawing a line. On one side lie those fortunate ‘pluralities’ that are able

to form sets and on the other those unfortunate ‘pluralities’ that are unable to form sets.

But the commitment to such a line brings with it an explanatory burden. Where does

the line fall? And why does it fall where it does?

Some test cases will help to clarify what is being asked for here. The rank of a

set may be defined recursively as usual. An ordinal α is said to be the rank of a set if

α is the least ordinal greater than the rank of any of its elements.30 Consider first the

29Linnebo (2010) poses the question in much this way and defends a maximally liberal answer.
30This relies on the well-foundedness of the element-set relation P as ensured by Foundation.
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pure sets of finite rank n ă ω, where ω is the order type of the finite ordinals: 0, 1, 2, . . ..

These sets comprise the pure hereditarily finite sets, those that can be reached from the

empty set by finitely many applications of the operation of adding an element to a set:

x, y ÞÑ xY tyu. Which side of the line do these fall? What about all those pure sets of

accessible rank α ă θ0, where θ0 is the first (strongly) inaccessible ordinal? These sets

comprise those which can be reached from the set of all hereditarily finite sets by any

set-theoretic operations: by forming pair-sets subsets, taking powersets, forming unions,

or application of replacement. Do they form a set? More exigently, what makes these

sets falls on one side of the line rather than other?

As mentioned above, logic does not settle in the absence of absolutism that a

line must be drawn at all. In combination with absolutism, plural logic (and Atomic

Stability) do ensure that a line must be drawn. But logical consideration tell us almost

nothing about where the line falls. This combination of assumptions do tell us, for

example, that the non-self-membered sets fall the wrong side of the line. But what

about our first test case, the pure sets of finite rank? Logic is silent. For all that is

logically the case, the sets of finite rank might be all the non-self-membered sets. There

is no serious doubt of the logical consistency of the iterative hierarchy’s stopping short

of ω, or the consistency of its far exceeding θ0, or that of its achieving any extent in

between.

Logic does not determine which sets falls on the right side of the line and which

do not, let alone explain why the line gets drawn where it does. The question remains:

why is the line drawn where it is? In particular, why are some sets unable to form a set?

3.2 ZFCU

The question appears to be clearly set-theoretic. The obvious place to look for an answer,

therefore, is to our best theories of sets, ZFCU and its various relatives and extensions.

Such systems immediately settle our first test case in the positive. ZFCU (and indeed its

counterpart theory dealing only with pure sets, ZFC) proves the existence of a set Vω with

the pure sets of finite rank as its elements. This provides a mathematical explanation

of why the pure sets of finite rank form a set. The axioms of ZFCU, however, are silent
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on the question of whether or not the pure sets of accessible rank form a set. But

this question is settled with the addition of further large cardinal axioms. Similarly,

the absolutist might hope that standard set theory may deliver an explanation of why

certain sets are unable to form a set. For, he may claim, set theory also places negative

constraints on set formation. For instance, he may note, it refutes the existence of a

universal set. The following sentence is a theorem of ZFCU, and indeed of any subsystem

with the Separation axiom.

 Dx@ypy P xq

Since this is a theorem, he continues, it holds in any model of set theory, and thus the

things comprising everything cannot form a set. In this way the absolutist might hope

that he has the very beginnings of an account of where the line must be drawn. One

that can be elaborated by further set-theoretic investigation.

But any hopes that the line might be drawn and explained by an appeal to stan-

dard set theory in this way are quickly extinguished. Notice first that contrary to the

absolutist’s claim, the theorem in question places no limitations on which things are such

that they can form a set. His argument supports his conclusion: ‘the things comprising

everything cannot form a set’ only if ‘cannot’ takes wider scope than ‘the things’. For

given any standard model, that the theorem in question holds in the model, tells us only

that those things in the universe of the model—those things that are ‘everything’ from

the perspective of the model—are not the elements of any set in this universe. This

leaves open the possibility that these things are the elements of a set in the universe of a

larger model. (Of course, since the theorem also holds in the larger model, the members

of the larger model’s universe are not the element of a set in the larger domain.)

And in fact this situation is characteristic of set theory at large. Neither ZFCU nor

its familiar extensions place any limitations on which things can form a set. While the

axioms of set theory, when given a plural or second-order formulation,31 determine the

shape of the set theoretic hierarchy, they fail to determine its extent. Other mathematical

theories, such as Peano arithmetic are categorically axiomatised by the plural or second-

31The singular axioms fails to determine either the shape or extent of the hierarchy for the
familiar Lowenheim-Skolem reasons.
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order axioms: their models are uniquely determined up to isomorphism. But standard

set theory has not been given a categorical axiomatisation. Even relative to a fixed

urelement base, ZFCU achieves only quasi-categoricity. Any inaccessible rank VθrU s

satisfies the axioms:32 the axioms admit of larger and larger models.

The additional axioms set theorists propose and investigate place lower bounds on

the size of the hierarchy, such large cardinal hypotheses succeed in ‘raising the ante’ as

Parson’s puts it, but they never place upper bounds on the possible extent of the hier-

archy. (1977, p. 523.) Consequently, set-theoretic investigation of the sort large cardinal

theorists engage in, generates more and more positive answers to set formation questions

of the form ‘Can such-and-such objects form a set?’. For example, accepting any large

cardinal axiom, enables us to settle our second test case in the positive. But such axioms

never generate negative answer to such questions. The absolutist consequently cannot

look to ZFCU or its extensions to explain why some things are unable to form a set.

The point is not that it would be hard to achieve a categorical axiomatisation

of ZFCU. On the contrary, this is readily achieved by adjoining this theory with the

negation of the weakest large cardinal axiom. The point is that set theorists do not do

this. It runs contrary to what Parsons describes as ‘a general maxim in set theory’ that

‘any set theory which we can formulate can plausibly be extended by assuming that

there is a set that is a (standard) model of it’ (1974, p. 218). And indeed this maxim is

only the beginning. Set theorists looking for new large cardinal axioms go much further

than positing the existence of standard models for the currently accepted as axioms. As

Gödel puts it:

there. . . exist unexplored series of axioms which are analytic in the sense that

they only explicate the content of the concepts occurring in them, e.g., the

axioms of infinity in set theory, which assert the existence of sets of greater

and greater cardinality or of higher and higher transfinite types and which

only explicate the content of the general concept of set (1972, p. 306)

To seek to cut off the set-theoretic hierarchy at any inaccessible rank by positing the

32Zermelo (1930).
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negation of a large cardinal axioms runs directly against set-theoretic practice.

3.3 Limitation of size

If set theory itself does not draw the line that the absolutist who denies Liberalness is

committed to, he might look instead to the ideas that have played a role in its historical

development. One such thought is that some sort of ‘limitation of size’ constraint has

a role to play in determining whether some sets do or do not form a set. For example,

Azriel Levy describes it as ‘the guiding principle’ behind standard set theory that the

Näıve Comprehension schema is restricted to instances that ‘assert the existence of sets

which are not too ‘big’ compared to sets which we already have’ (Fraenkel, Bar-Hillel

and Levy 1973, p. 32)33

Accordingly the absolutist might seek to draw a line on the basis of size.

Limitation of Size. Some sets form a set only if they are not ‘too many’.

But what is the relevant standard: how many are ‘too many’? If the line is to be drawn

on this basis we need to see that the relevant standard settles where the line falls in a

well-motivated way.

Two options are apparent. The first option is to look for an absolute standard. For

example, we might decree that some sets are ‘too many’ just in case they are greater in

number than (a) forty two, say, or alternatively, (b) if they exceed the forty-third smallest

infinite cardinal, ℵ42; or perhaps, (c) the forty-third smallest inaccessible cardinal θ42. Of

course the cardinality bound should not invoke sets if the explanation of where the line

is to be drawn is to avoid circularity. And in these cases this can be done by drawing on

higher-order resources.34 But the hopes for motivating such a standard seem vanishingly

small. Any absolute bound would be irredeemably arbitrary.

The second option is to look for a relative standard. For example it may be

maintained that some sets are ‘too many’ just in case they are as numerous as the

ordinals. Such standards are less obviously unacceptably arbitrary.35

33See Hallett (1984, ch. 5) for a historical overview, and criticism.
34See Shapiro (1991, §5.1.2).
35See however Linnebo (2010) for an argument that they are circular.

136



All the same, regardless of whether or not explanations in this vein can be sus-

tained, a relative standard of Limitation of Size offers no advance to the absolutist on

what was offered to him by standard set theory. For this sort of Limitation of Size

principle has already been assimilated into standard set theory. It is a theorem of ZFCU

(when given a plural formulation) that any things form a set only if they are no more

numerous than the ordinals. Granted that standard set theory fails to provide the ex-

planation the absolutist needs, so too does the vacuous extension of this theory by the

relative-standard Limitation of Size principle.

Consequently, Limitation of Size fails to draw a well-motivated line. An absolute

standard of being ‘too many’ succeeds for the first time is drawing a firm line but is ill

motivated. A relative standard offers no advance over standard set theory.

3.4 The iterative conception

A second influential picture behind ZFCU and its extensions is the iterative conception

of set, popularised by Boolos (1971).36

We can think of sets as being formed in a well-ordered sequence of stages. At

the very first stage, there are no sets, and none are formed. At each subsequent stage,

all sets of sets formed at earlier stages will be formed. At the second stage, H will be

formed; at the third, H and tHu will be formed; at the fourth, H, tHu, ttHuu and

tH, tHuu will be formed; similarly for the fifth, the sixth, and so on. The set formation

process is iterated through all the stages

Iterative Conception Some sets form a set just in case they are all available at some

stage in the sequence.

Problematic sets like all the non-self-membered sets, or all von Neumann ordinals,

do not form a set because there is no stage by which all of their members have been

formed. At each stage, new non-self-membered sets, and new ordinals are formed. This

conception does succeed in drawing the line the absolutist is committed to—but only

relative to the sequence of stages. If, as is usually assumed, the sequence of stages is

36It was presented earlier by Shoenfield (1967).
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longer than the sequence of finite ordinals, then the set of sets of finite rank Vω is formed

at the first limit stage. Whether or not the sets of accessible rank form a set depends

on whether the sequence of stages extends far enough.

Now, as we shall see in the next chapter, I think there is a great deal to be said

for this conception when suitably interpreted. But it is unclear what the absolutist is to

make of it. Few absolutists will want to take seriously the metaphor of sets being formed

in a temporal process.37 Boolos’s view is that neither the tense in this informal sketch

of the iterative conception, nor the metaphor of set ‘formation’, should be taken at all

seriously. The informal sketch is just a colourful story or ‘narrative convention’38 that

ultimately gives way to a formal axiomatisation of the iterative conception, in the form

of a ‘stage theory’.39 This raises an initial worry. If stage theory is a mere narrative

convention, why think that it can play a serious explanatory role?

But regardless of whether this worry can be met there is a more serious prob-

lem. The iterative conception succeeds in drawing a well-motivated line only if a well-

motivated account of when the stages give out can be extracted from the antecedent

theory of stages. But this explanandum would appear to be every bit as difficult to

account for as the original one. For ‘stage’ would seem to have just as good a claim

to be indefinitely extensible as ‘set’ does. To decide to cut off the stages at any given

order-type seems gratuitously arbitrary. Why could we not iterate the process further?

3.5 A brute fact?

This exhausts all of the obvious places the absolutist might look to help him draw a line.

Neither logic, nor standard set theory and its extensions, nor the motivations behind

such theories seems to provide the explanation the absolutist requires.

Of course, explanations must end somewhere. Might the absolutist not claim that

it is simply a brute fact about the world, not open to mathematical explanation, where

37Wang (1974) is a notable exception; but views of this sort face powerful objections; see
chapter 5.
38Boolos (1989), p. 90, attributes the thought that the iterative conception is a narrative
convention, describing of the set-theoretic hierarchy, according to one salient aspect of its
structure—rank by rank—to Dan Leary.
39Boolos gives two axiomatisations of stage theory. See Boolos (1971), pp. 20–22, and Boolos
(1989), p. 91.
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the troublesome line is to be drawn. We do not expect our best physical theories, to

deliver precise verdicts on the boundaries between filled and unfilled regions of space-

time, settling for instance, whether or not a particular unobserved spacetime region R0

contains matter. Likewise, the absolutist might claim, we should not expect our best

mathematical theories to draw a particular line between the things that are and are not

able to form a set, determining, for example, whether or not some particular things xx0

form a set. What is required of the physical theory is that it should deliver general pre-

dictions that match up with and explain the particular physical facts that we do observe,

delivering, for example, general claims about the distribution of matter across spacetime

(without needing to settle the particular question of whether R0 is filled). Likewise,

he may claim, all that we should expect from mathematical theories like ZFCU, is that

they should yield general principles about sets, as typified in the theorems of set theory

(without needing to settle whether xx0 can form a set). But just because our best theory

fails to deliver an answer does not mean that there is no fact of the matter—in either

case.

The trouble with such a stance is that it seems to render quite mysterious how we

might come to know such brute facts about the mathematical universe. The absolutist

who takes this tack may be tempted to respond that he is not a verificationist. There

are all sorts of facts that he does not know and could not find out. And in some

cases there may be physical reasons that put the matter distribution facts beyond our

epistemic reach: if R0 is a region of spacetime outside our past light cone, and thus

causally inaccessible from our location, for instance, we may be simply unable to find

out whether or not it is filled. But this does not mean that there is no fact of the matter.

The mathematical and physical case, however, are importantly different. And this

difference is manifested in how the scientific and mathematical communities go about in-

vestigating their respective subject matters. In the case of brute facts about the physical

world, we are able to come to know at least some of them through perception. On this

basis we can set about systematising and generalising from our perceptual knowledge in

the familiar way. In particular we can set about revising and refining our theories when

they are found not to meet the data. But in the mathematical case, very few philoso-
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phers of mathematics have been content to posit some perception-like faculty through

which we might come to learn particular mathematical facts.40 Without such a faculty

we are unable to come to know any of the brute facts in this way. It seems, therefore,

that unlike the physical case, to posit brute facts in the mathematical case is to posit

facts that float wholly free of our usual routes to mathematical beliefs. But granted that

whether xx0 form a set is a simply a brute fact, and that mathematical theorising has no

epistemic link to such facts, what reason do we have to think that standard set theory

gets it right? For all we know, it might be a brute fact that the sets of finite rank fail to

form a set after all; just as it might be a brute fact that R0 is unfilled. Contraposing,

granted that mathematical practice is along the right lines, and set theory has furnished

us with a wealth of knowledge about particular matters of mathematical fact—the ex-

istence of Vω amongst them—the physical analogy appealed to by the absolutist cannot

be along the right lines. Unexplained arbitrariness is unacceptable in mathematics in a

way that is not unacceptable in the physical sciences.

4 Atomic Stability

4.1 Soft indefinite extensibility

The emergence of a second premiss in our regimentation of the argument from para-

dox provides a second potential way out for the absolutist. Prima facie, at least, the

various formulations of Atomic Stability do not have anything like the intuitive pull of

Liberalness. Granted that the relativist postulates shifts in the extensions of expressions

with shifts in perspective, why should we expect even the limited constancy that Atomic

Stability posits?

And, of course, rejecting the second key premiss permits the absolutist to accept

the first. For instance he can accept a metalinguistic formulation of Liberalness, dropping

the restriction on the quantifier he contends is vacuous.

Liberalness (Metalinguistic). For any initial sets some new set has them as elements.

40Gödel’s supplement to his 1947 paper is a famous exception. See Gödel (1983). See also
Maddy (1980).
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@xx
`

B1xxÑ Dypß2y ^ @zpz P2 y Ø z ă2 xxqq
˘

And he can likewise accept the schematic and modal formulation of Liberalness. On

this basis the absolutist may hope to avoid drawing the troublesome line. He accepts a

‘soft’ version of indefinite extensibility. Given any initial extension of ‘set’ (or its formal

analogue: ß) we can come to a more liberal extension containing an object not in the

initial extension, leading to correlative expansions in the extension of ‘element’ (or P).

The only difference between this view and the ‘hard’ version upheld by the relativist is

that the new set is not a new object. Such a view still upholds the ‘positive’ stability of

the predicates (S`) but rejects the ‘negative’ stability (S´) deployed in the relativist’s

argument.

pS`q @1xpß1xÑ ß2xq

pS´q @1xpß2xÑ ß1xq

The picture that emerges is something like Zermelo’s (1930) account of the set-

theoretic hierarchy. There is an unbounded sequence of larger and larger hierarchies of

pure sets Vθ0 , Vθ1 , . . . . Setsα that do not form a setα, relative to the α-th hierarchy,

such as instance the ordinalsα, or all the setsα becomes perfectly good setsα`1 within the

next hierarchy, namely θα and Vθα . But this all happens within the ultimate domain. In

coming to new sets, we do not arrive at new objects. Each larger and larger inaccessible

rank Vθα is properly contained within the ultimate domain M .

This calls for some account of how ‘set’ and ‘element’ (or their formal analogues

ß and P) shift their extension. But here a similar range of options will be available

to the absolutist as is available to the relativist. In particular it may be maintained

that these predicates are context-sensitive, or that the shifts in extension are due to a

shift in interpretation of the lexicon. Williamson (1998b) has briefly sketched a view of

the second sort. The lesson to be drawn from indefinite extensibility is that ‘given any

reasonable assignment of meaning to the word “set” we can assign it a more inclusive

meaning while feeling that we are going on in the same way’ (p. 20).41 As with interpre-

41The principal focus of this paper is the Liar paradox. Williamson develops a response based
on the idea that true shifts its extension in virtue of subtle shifts in meaning. He briefly

141



tational relativism, not any arbitrary reinterpretation will be acceptable. In the second

case, an account needs to be given of what extensions of ‘set’ are admissible, containing

only objects that warrant the label. Still, if the relativist can give an acceptable account

there seems no reason to doubt that the absolutist can follow suit.

However, despite its initial appeal, the attempt to reject Atomic Stability leads to

two severe problems.

4.2 Urelements

The first problem is that this means of rejecting Atomic Stability leads to trouble with

urelements. In order to integrate set theory with other domains of enquiry we need to

focus on set theory with urelements, ZFCU, rather than merely the study of pure sets,

ZFC. For instance if we require functions mapping physical objects to their mass, say,

or the extension of the predicate ‘person’, we require impure sets: sets that contain

non-sets in their transitive closure. Standardly ‘urelement’ is defined simply as non-set:

 ßx.

But, for the proponent of soft indefinite extensibility, this means that every future

set lurks hidden among the urelements. For something is an urelement1 if and only if it

is not a set1; or an urelement2 if and only if not a set2; and so on. Consequently, any

‘proper’ set2—any set2 that is not a set1—is therefore an urelement1.

Stewart Shapiro observes that this has some unsettling consequences. ‘Cardinality

considerations (after a fashion) entail that most of the ordinals2 cannot be pure sets1.’

But since the sets2 are urelements1, ‘[i]t follows that. . . Vann McGee’s urelement set

axiom, stating that the urelements form a set, fails and fails badly in any language

which has a set theory like ZFC and a quantifier ranging over absolutely everything.’

(2003, p. 477)

The failure of the Urelement Set axiom for sets1 can be seen from the perspective

of the standard set theory for sets2. For sets1, the axiom is as follows.

Urelement Set Axiom. Some set1 has every urelement1 as a member.

discusses this idea in application to set and indefinitely extensibility, towards the end his
paper, pp. 19-20. See Shapiro (2003, pp. 473–478) for discussion.
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(S) Dypß1y ^ @zp ß1z Ñ z P1 xqq

In line with soft indefinite extensibility suppose that between the first and second per-

spective the extension of ß and P expands so that we still have positive stability for these

predicates

pS`q @xpß1xÑ ß2xq

@x@ypx P1 y Ñ x P2 yq

Suppose moreover that standard set theory with urelements holds good of both sets1

and sets2; so that the ZFCU axioms hold when ß and P are replaced by ß1 and P1 or by

ß2 and P2, under the intended interpretation of these predicates. Then the Urelement

Set axiom is incompatible with the Liberalness principle that the rejection of Atomic

Stability aimed to save. For the Urelement Set axiom ensures that tx |  ß1xu is a set1

with every urelement1 as an element1. Consequently (by Positive Stability) this is also a

set2 with every urelement1 as an element2. But Liberalness ensures that we have a set2

comprising every set1 as an element2, tx | ß1xu. Applying Union we obtain a universal

set2 tx |  ß1x _ ß1xu, and this leads to a contradiction via Separation and the Russell

argument.

But actually as well as giving up what many absolutists have seen as an attractive

addition to ZFCU, to follow this strategy the absolutist must cut into standard set theory

for urelements itself, when this is given a higher-order or plural formulation. For consider

the function, encoded by a higher order or plural term denotation, F : txu ÞÑ x, that

maps each singleton1 to its sole element1 (and, say, maps everything else to the empty

set2). The Pairing axiom for sets1, ensures that any thing whatsoever has a singleton1.

Pairing1 @x1@x2Dypß1y ^ @zpz P1 y Ø z “ x1 _ z “ x2q

Consequently this function is surjective onto the entire universe, even when restricted

only to sets1. But since Liberalness provides a set2 tx | ß1xu of every set1, the image of

this set2 under the function F , tF pxq | x P tx | ß1xuu is a set2 by Replacement. And we

have once again reached a universal set2, and a contradiction.
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The upshot is that to follow this response, the absolutist must restrict the Pairing

axiom. This is a serious concern, for while changes to the higher reaches of set theory

may have little impact outside set theory, restrictions to Pairing cut out sets at the

lowest ranks. And this may have severe repercussions outside pure mathematics. For,

as is widely recognised it is our ability to form sets of urelements, with operations like

Pairing, that ensures we have set-theoretic structures rich enough for the needs of applied

mathematics.42

The absolutist may rejoin that it is only the presence of future members of the

extension of ‘set’ amongst the urelements that threatens Pairing. And these are not

required for ordinary applied mathematics. What is needed then is a restriction that

prohibits proper sets2, proper sets3 and so on from forming singletons1 but does not

leave us without the pair sets needed for applied mathematics. The question remains

how? The obvious answer is to have a predicate for ‘ultimate urelement’ which applies,

relative to any perspective, to those things which never admissibly enter the extension

of ‘set’. Unfortunately, the absolutist cannot appeal to such a predicate.

4.3 Revenge

The availability of an ultimate urelement predicate leads directly to the first of two

revenge problems that threaten to undermine the soft indefinite extensibility strategy.

The success of the soft indefinite extensibility response to the arguments from

paradox hinges on there being an unbounded sequence of more and more liberal exten-

sions for set. If we could collect all of the future sets lurking amongst the urelements into

a single, ‘ultimate’ extension of ‘set’, applying to sets0, sets1, . . . , the absolutist would

no longer be able to resist Negative Stability. For relative to any other perspective,

any setα in an admissible extension of ‘set’ would ipso facto be a member of such an

ultimate extension. And granted Stability, the absolutist’s only remaining option is to

give up Liberalness. If we can come to an ultimate extension of ‘set’, the soft indefinite

extensibility strategy fails.

The trouble with an ultimate urelement predicate is that it leads directly to the

42See, for instance, McGee (1997), Uzquiano (2006) and Williamson (2006, p. 386).
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troublesome ultimate set predicate. Granted that the ultimate urelement predicate

performs its intended function and applies only to things that are not sets0, not sets1,

not sets2, . . . , its negation functions as an ultimate set predicate: it applies to things that

are either sets 0 or sets1 or sets2 or . . . . To follow the soft indefinite extensibility response

to the argument from paradox, therefore, the absolutist must do without an ultimate

urelement predicate, and accordingly do without a maximally liberal formulation of the

Pairing axiom.

But setting the Pairing issue to one side, we might wonder what is to stop us gath-

ering all of the eventual sets within a single extension. If the soft indefinite extensibility

strategy is to be a robust response to the argument from paradox, there needs to be a sim-

ilarly robust reason why we cannot thus come to such ultimate extensions. Williamson

in the case of ‘true’ points to the unpredictability of shifts in meaning. He contends that

we are unable to anticipate future admissible interpretations of the predicate on the

basis of our present our current understanding. Consequently, we are unable to gather

the future admissible extension into a single ultimate extension. (1998a, pp. 16–17)

An initial worry with this explanation is that it threatens to over-generate. The

absolutist wants to maintain that we can come to an ultimate extension for logical

expressions like ‘thing’, the identity predicate “ and the quantifier @v. If admissible

shifts in extension are unpredictable, in a way that prevents us from pinning down an

ultimate extension for P, why suppose that we can pin down an ultimate extension for

the logical expressions? Perhaps the response is that logical expressions do not shift

their meaning in an unpredictable way. But I wonder whether the logical/mathematical

distinction does the work required of it here. For despite its differences from logical

expressions, the admissible interpretations of ß do not appear to be harder to anticipate.

On the contrary, we have a very full account of what the more extensive extensions will

be like.

Moreover, to the extent that the pluralist’s inter-perspective modal operator is

intelligible, predicates playing the problematic role can be obtained by fiat. For we may
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define the predicates ß and ε as follows:

ßv “df ♦ßv u ε v “df ♦u P v

This allows us to eliminate any appeal to Atomic Stability in the modal version of the

argument from paradox. Write φ‹ for the result of replacing each subsentence in φ of

the form ßv and u P v with ßv and u ε v. Since prefixing such subsentences with modal

operators automatically ensures their stability, we can prove the following version of the

Flattening thesis.

Flattening (without Atomic Stability)

(F‹) Dxxl@ypyă♦ xxq $ φ‹ Ø φ♦

Moreover, unlike modalisation, such a substitution does nothing to relieve the inconsis-

tency of Collapse: Collapse‹ leads to a contradiction by the standard argument, using

the instance of Plural Comprehension for ßx^ x εx. Consequently, drawing on the re-

vised flattening thesis, the relativist can modify her earlier modal argument. Relativism

is derived by modal reasoning just from Liberalness as articulated in Collapse♦.

Collapse♦, Dxxl@ypyă♦ xxq $ Collapse‹

Collapse♦, Dxxl@ypyă♦ xxq $ K

Collapse♦ $ @xx l@xpxă♦ xxq

lCollapse♦ $ Relativism

Collapse♦ $ Relativism

Granted the logic for the modal language, the argument from paradox need rely only on

Liberalness. The only remaining option for the absolutist is to reject this assumption.

The first revenge problem attempts to bring the sets0, sets1, sets2, and so on, into

the extension of a single predicate for ‘set’. The second does not rely on such a predicate.

The question of liberalness as formulated so far has focused on the question of which

sets are able to form a set. This is a special case of the more general question: which
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things are able to form a set? But the motivations for a maximally liberal answer to

the specific question carry over directly to motivating a maximally liberal answer to the

second. It is no easier to draw a line between which things do and do not form a set than

it is to draw a line between which sets do and do not form a set. And as in the previous

section, we should be wary of an approach which posits unexplained arbitrariness in this

setting.

A truly maximally liberal attitude to set formation contends not merely that any

sets can form a set, but that any things can form a set. In the case of a schematic

formulation, Liberalness is fully articulated by dropping the restriction to those things

which are sets from the earlier sequent.

Liberalness (Schema) ς:Eττ ñ ς 1: Dypßy ^ @zpz P y Ø z ă ττqq

But when Liberalness is thus articulated, the soft indefinite extensibility strategy re-

sponse no longer helps. This principle permits us to give a schematic derivation of

relativism without appeal to Atomic Stability.

For consider rr˚ “df xλς 1x.x R xy. It is straightforward to adapt the sequent version

of the Russell argument on page 123 in order to derive the following sequent.

ς 1: Dypßy ^ @zpz P y Ø z ă rr˚qq ñ

In conjunction with Liberalness, we obtain ς:Err˚ ñ. Finally, on the basis of the

sequent rules for logical expressions displayed in table 4.5, it is straightforward to derive

this sequent.

Descent ς 1:@xpx ă mmςq, ς
1:Eττ ñ ς:Eττ

(See the appendix.) We then reason as follows, obtaining the initial right sequent from

the sequent version of Plural Comprehension.

ς 1:@xpx ă mmςq, ς
1:Err˚ ñ ς:Err˚ ñ ς 1:Err˚

ς 1:@xpx ă mmςq ñ ς:Err˚ ς:Err˚ ñ

ς 1:@xpx ă mmςq ñ

ñ  ς 1:@xpx ă mmςq
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We can argue directly from the relevant instance of the more general formulation of

Liberalness to the relevant instance of the relativist’s schema.

Consequently the soft indefinite extensibility strategy does not in the end offer the

absolutist an alternative to taking a less than maximally liberal attitude to set formation.

If we can come to an ultimate set predicate—as we can if the pluralist’s modal operator

is available to us, this strategy fails altogether, the Liberalness principles stating that

any sets can form a set which the absolutist sought to save by admitting shifts in the

extension of ‘set’ yields Relativism. But even if we cannot come to an ultimate sense of

‘set’, soft indefinite extensibility falls short of endorsing a maximally liberal attitude to

which things can form a set. In the end, the absolutist has no option but to draw a line.

But as we saw above there seems to be no principled place to draw it.

5 Appendix: Proofs

5.1 Schematic proofs

Invariance is proved via three lemmas, Ascent, Descent, and Atomic Invariance.

Invariance. The following are derivable from (S`) and (S´).

(I`) ς 1:@xpx ă mmςq, ς:φñ ς 1:φ

(I´) ς 1:@xpx ă mmςq, ς
1:φñ ς:φ

Ascent. The following are both instances of (S`)

(1) ς:Eτ ñ ς 1:Eτ

(2) ς:Eττ ñ ς 1:Eττ

Descent The following are derivable.

(3) ς 1:@xpx ă mmςq, ς
1:Eτ ñ ς:Eτ

(4) ς 1:@xpx ă mmςq, ς
1:Eττ ñ ς:Eττ

Proof. For (3), apply cut to the following two derivations.

rep
ς 1: τ ă mmς ñ ς 1: τ ă mmς

rep
ς 1:Eτ ñ ς 1:Eτ

l@v
ς 1:@xpx ă mmςq, ς

1:Eτ ñ ς 1: τ ă mmς

lEvv
ς 1: τ ă mmς , ς:Emmς ñ ς:Eτ

PC
ñ ς:Emmς

cut
ς 1: τ ă mmς ñ ς:Eτ
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For (4), reason as follows.

p3q

...

ς 1:@xpx ă mmςq, ς
1:Ex ñ ς:Ex

lEvv
ς 1:Eττ, υ:x ă ττ ñ ς 1:Ex

cut
ς 1:@xpx ă mmςq, ς

1:Eττ, υ:x ă ττ ñ ς:Ex
rEvv

ς 1:@xpx ă mmςq, ς
1:Eττ ñ ς:Eττ

In this derivation υ is a perspective variable not free in ς

Atomic Invariance The following are derivable from pS`q and pS´q.

(5) ς: Φ ñ ς 1: Φ

(6) ς 1:@xpx ă mmςq, ς
1: Φ ñ ς: Φ

Proof. The following is readily derivable from the rules for singular and plural identity and

conjunction, for Φ atomic:

(7) %: Φ ñ %:EΦ

For (5), we then reason as follows

ς: Φ, ς:EΦ ñ ς 1: Φ

p7q

...
ς: Φ ñ ς:EΦ

cut
ς: Φ ñ ς 1: Φ

Proof of (6)

ς 1: Φ, ς:EΦ ñ ς: Φ

p3q and p4q

...

ς 1:@xpx ă mmςq, ς
1:EΦ ñ ς:EΦ

cut
ς 1:@xpx ă mmςq, ς

1: Φ, ς 1:EΦ ñ ς: Φ

p7q

...

ς 1: Φ ñ ς 1:EΦ
cut

ς 1:@xpx ă mmςq, ς
1: Φ ñ ς: Φ

Proof of Invariance. We prove (I`) and (I´) simultaneously by induction on the complexity

of φ. Atomic invariance provides the base case. Here are the proofs of pI`q.

(i) φ “  φ1.

(IH)

...

ς 1:@xpx ă mmςq, ς
1:φ1 ñ ς:φ1

l 
ς 1:@xpx ă mmςq, ς

1:φ1, ς: φ1 ñ
r 

ς 1:@xpx ă mmςq, ς: φ1 ñ ς 1: φ1
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(ii) φ “ φ1 ^ φ2.

(IH)

...

ς 1:@xpx ă mmςq, ς:φ1 ñ ς 1:φ1

(IH)

...

ς 1:@xpx ă mmςq, ς:φ2 ñ ς 1:φ2
r^

ς 1:@xpx ă mmςq, ς:φ1, ς:φ2 ñ ς 1:φ1 ^ φ2
l^

ς 1:@xpx ă mmςq, ς:φ1 ^ φ2 ñ ς 1:φ1 ^ φ2

(iii) φ “ @vφ.

(IH)

...

ς 1:@xpx ă mmςq, ς:φ1 ñ ς 1:φ1

p3q

...

ς 1:@xpx ă mmςq, ς
1:Ev ñ ς:Ev

l@v
ς 1:@xpx ă mmςq, ς:@vφ1, ς

1:Ev ñ ς 1:φ1
r@v

ς 1:@xpx ă mmςq, ς:@vφ1 ñ ς 1:@vφ1

(iv) φ “ @vvφ is proved in the same way replacing (3) with (4).

The cases for pI´q is proved similarly, replacing (3) and (4) with (1) and (2) in the quantifier

cases.

5.2 Modal proofs

Write $ for provable in FPFO`S5`RBF`RBFp`♦Ev`♦Evv. The Flattening theses

are proved via two lemmas, Ascent and Modalised Invariance

Flattening

(F) Dxxl@ypyă♦ xxq, pS´q,$ φØ φ♦

(F‹) Dxxl@ypyă♦ xxq $ φ‹ Ø φ♦

Ascent (Modal)

(8) Exx,l@ypyă♦ xxq $ Ez

(9) Exx,l@ypyă♦ xxq $ Ezz

(10) Exx,l@ypyă♦ xxq $ EΦ

Proof of Ascent. Start with (8). The following are routinely derivable in K and KB:

(11) lψ1 Ñ ψ2 Ñ p♦ψ1 Ñ ♦ψ2q

(12) ♦lφÑ φ
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We then reason as follows.

@ypyă♦ xxq, Ez $ Dypyă♦ xx^ z “ yq FPFO

l@ypyă♦ xxq,♦Ez $ ♦Dypyă♦ xx^ z “ yq DT, Nec, (11), MP

Exx,l@ypyă♦ xxq,♦Ez $ Dypyă♦ xx^ ♦z “ yq RBF

Exx,l@ypyă♦ xxq,♦Ez $ Dyp♦z “ yq FPFO

Finally, we show that the ♦ can be dropped from the conclusion.

$ lpEz Ñ z “ zq FPFO, Nec

z “ y,lpEz Ñ z “ zq $ lpEy Ñ z “ yq FPFO

z “ y $ lpEy Ñ z “ yq MP

♦z “ y $ ♦lpEy Ñ z “ yq DT,Nec, p11q

Ey,♦z “ y $ z “ y (12), MP

Dyp♦z “ yq $ Dypz “ yq FPFO

For (9), we can show Exx,l@yypyyă♦ xxq $ Ezz in the same way replacing RBF with its plural

analogue. (9) follows since it is readily verified that

(13) l@ypyă♦ xxq $ l@yypyyă♦ xxq

(10) is then immediate from (8) and (9).

Modalised Invariance

(14) $ φ♦ Ø lφ♦

(15) $ φ♦ Ø ♦φ♦

Proof of Modalised Invariance. We rely on the following standard theorems of S5

(16)  ♦ψ Ø l ψ

(17)  lψ Ø ♦ ψ

(18) lpψ1 ^ ψ2q Ø lψ1 ^lψ2

(19) ♦pψ1 ^ ψ2q Ñ ♦ψ1 ^ ♦ψ2

(20) ♦ψ Ø l♦ψ
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(21) ♦ψ Ø ♦♦ψ

(22) lψ Ø llψ

(23) lψ Ø ♦lψ

The proof then goes by induction on complexity.

(i) φ “ Φ, atomic; φ♦ “ ♦Φ. And (14) and (15) are immediate by (20) and (21).

(ii) φ “  φ1; φ♦ “  φ♦1 . Contraposing the induction hypothesis (IH) (15) and (14), we have:

 φ♦1 Ø  ♦φ♦1 and  φ♦1 Ø  lφ♦1 . (14) and (15) follow by (16) and (17).

(iii) φ “ φ1^φ2; φ♦ “ φ♦1 ^ φ
♦
2 . Applying propositional reasoning to the IH, yields φ♦1 ^ φ

♦
2 Ø

lφ♦2 ^lφ♦2 and ♦φ♦ ^ ♦φ♦2 Ñ φ♦1 ^ φ
♦
2 . (14) and the right-to-left direction of (15) follow

by (18) and (19). The left-to-right direction of (15) is immediate by T.

(iv) φ “ @vφ1;φ♦ “ l@vφ♦1 . (14) and (15) are immediate by (22) and (23).

(v) φ “ @vvφ1 follows the same argument as the singular case.
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Proof of (F) by induction on complexity.

(i) φ “ Φ, atomic; φ♦ “ ♦Φ. The left-to-right direction is immediate from T. For the other

direction, we use Atomic Stability (S´), then Ascent (10).

pS´q $ ♦Ψ Ñ pEΨ Ñ Ψq Prop. logic

Exx,l@ypyă♦ xxq, pS´q $ ♦Ψ Ñ Ψ (10), Prop. logic

(ii) The case for connectives are immediate.

(iii) φ “ @vφ1;φ♦ “ l@vφ♦1 . The right-to-left direction is immediate from IH and T. For the

other direction, the IH and Modalised Invariance yields

Exx,l@ypyă♦ xxq, pS´q, φ1 $ vă♦ xxÑ lφ♦1 (14), FPFO

Exx,l@ypyă♦ xxq, pS´q,@vφ1 $ @vpvă♦ xxÑ lφ♦1 q FPFO

Exx,l@ypyă♦ xxq, pS´q,@vφ1 $ l@vpvă♦ xxÑ φ♦1 q RBF

Exx,l@ypyă♦ xxq, pS´q,@vφ1 $ l@vpvă♦ xxq Ñ l@vφ♦1 FPFO, K

Exx,l@ypyă♦ xxq, pS´q,@vφ1 $ l@vφ♦1 FPFO, K

(iv) φ “ @vvφ1; φ♦ “ l@vvφ♦1 . Replacing RBF with RBFp in the argument for (iii), we obtain

Exx,l@yypyyă♦ xxq, pS´q,@vvφ1 $ l@vvφ♦1 FPFO, K

The result follows from (13)

Proof of (F‹). The proof adapts the proof of (F). Replacing Φ with Φ‹ trivialises the

atomic case, (i) The other cases (ii)–(iv) proceed as before dropping (S´) as an assump-

tion.
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5 Modal Set Theory1

Relativist accounts of what goes wrong with the set-theoretic paradoxes are seldom

accompanied by an account of what goes right with Zermelo-Fraenkel set theory. Indeed

sometimes the means to cure set theory of the paradoxes threatens to seriously disable

the patient. Predicative solutions to the paradoxes propose that we reign in plural or

higher-order Comprehension axioms in order to retain Collapse.2

Collapse. @xxDy@zpz P y Ø z ă xxq

Predicative Comprehension. Dxx@zpz ă xxØ φq

In the plural case, Predicative Comprehension is the schema that adds the further side

condition that φ lacks any plural quantifiers (in addition to the existing side constraint

that φ lack xx). In languages which contain P as an atomic predicate, however, this does

not suffice to restore consistency. The pathological instance of Plural Comprehension

where z R z replaces φ is not yet ruled out. To avoid this problem, the friend of

predicativism must impose the further side condition that φ lack P. (Note that in

languages containing a function symbol t¨u that yields a singular term tττu when supplied

with a plural term ττ and x P y is a defined expression:

x P y “df Dyypy “ tyyu ^ x ă yyq

the pathological instance is already ruled out by the ban on plural variables.)

1A later version of this chapter is forthcoming as ‘The iterative conception of set: a (bi-)modal
axiomatisation’ in the Journal of Philosophical Logic. The final publication is available at
www.springerlink.com.

2Dummett (1991, ch. 17) blames impredicativity for the paradoxes in Frege’s logic.
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This retreat to weaker comprehension axioms restores consistency.3 But, as John

Burgess (2005, ch. 2) has demonstrated in a similar setting, the cost to logical strength

is severe. The resulting theory is far too weak to recover Peano Arithmetic let alone

anything approaching Zermelo-Fraenkel set theory.

To strive for further strength the predicativist may move to a ramified system.

First we replace the unsorted plural variables xx, yy, zz, . . . with plural variables of

countably many different sorts:

xx0, yy0, zz0, . . .

xx1, yy1, zz1, . . .

xx2, yy2, zz2, . . .

...

Similarly the element-set predicate P is replaced by countably many indexed predicates

P0, P1, . . . . Collapse and Predicative Comprehension are then replaced with the following

principles.

Ramified Collapse. @xxiDy@zpz Pi y Ø z ă xxiq

Ramified Comprehension. Dxxi@zpz ă xxi Ø φiq

Ramified Comprehension is subject to the side constraints that φi (i) only contain free

plural variables xxj for j ď i; (ii) only contain bound plural variables xxk for k ă i; and

(iii) only contain Pk for k ă i. (Again, in languages where the function symbol t¨u is

taken as primitive in place of the element-set predicates, which are reintroduced by the

definitions:

x Pk y “df Dyy
kpy “ tyyku ^ x ă yykq,

the third condition (iii) is automatically enforced by adherence to (ii).)

3Heck (1996) shows that predicative second-order logic together with Frege’s Basic Law V is
consistent. The predicative plural system in the text is readily interpreted in this system via
the definition of P in the text and is, therefore, also consistent.
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However, as Burgess shows, ramification does little to alleviate the severe loss of

strength. The ramified set theory still falls far short of Peano Arithmetic.4 This is an

exorbitant cost to pay for retaining a maximally liberal attitude to which objects are

able to form a set. The business of this chapter will be to show that the relativist need

not pay it. When given a modal articulation, the maximally liberal attitude gives rise

to a very natural motivation for standard set theory, via a modal formulation of the

iterative conception of set.

1 The Iterative Conception.

Recall the iterative conception of set, brought to prominence amongst the philosophical

community by George Boolos (1971). Here is the version for pure sets. (In this chapter

‘set’ means pure set.)5 At the very first stage—we start counting at stage 0—there are

no sets, and none are formed. At each subsequent stage, all sets of sets formed at earlier

stages will be formed. At the second stage, stage 1, H will be formed; at stage 2, H and

tHu will be formed; at stage 3, H, tHu, ttHuu and tH, tHuu will be formed; similarly

for stages 4, 5, . . . . Immediately after these stages will come the first limit stage, stage

ω, when all sets of sets formed at finite stages will be formed. At this stage, all the

hereditarily finite sets will be formed. At the next stage, stage ω ` 1, the first sets of

infinite rank will be formed. And so it goes on, stretching as high as the ordinals are

long.

Beyond the structure of the stages, and the principle of Extensionality—that sets

with the same elements are identical—the iterative conception thus amounts to two key

principles. The first articulates the priority of a set’s elements to the set itself; the

4The systems Burgess (2005, ch. 2) focuses on are higher-order rather than plural and contain
Basic Law V rather than Collapse; but since these systems clearly interpret the ones in the
text (via the displayed definitions of P and Pk) the weakness results immediately carry over.
Burgess shows that the predicative theory is unable to interpret Robinson Arithmetic together
with induction restricted only to formulas with bounded quantifiers and axioms defining ex-
ponentiation and the ramified theory is unable to interpret the result of adding definitions of
two further arithmetical operations to this theory: ‘superexponentiation’ and ‘supersuperex-
ponentiation’.

5It would be straightforward to adapt the theory developed in this chapter to recover ZFCU
but we here follow the common set theoretic practice of ignoring urelements.
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second concerns the plenitude of sets.

Priority. Any set ever formed is formed from some zero or more sets that were formed

at an earlier stage.

Plenitude. Any zero or more sets formed at any stage will form a set at every later

stage.6

Boolos’s view is that neither the tense in this informal sketch of the iterative conception,

nor the metaphor of set ‘formation’, should be taken at all seriously. The informal sketch

is just a colourful story or ‘narrative convention’7 that ultimately gives way to a formal

axiomatisation of the iterative conception, in the form of a ‘stage theory’.

Boolos axiomatises stage theory in a nonmodal, two-sorted language, with quan-

tification over sets (x, y, . . .) and stages (s, t, . . .). The tense is eliminated in favour of

quantification over stages, and the formation metaphor dispensed with by taking the

predicates s is earlier than t and x is formed at s as primitive, governed by certain

stage-theoretic axioms, which formalise the informal sketch of the conception.8

Such a theory is not without its merits. Indeed, it represents one of the best

attempts to date to find a natural motivation for a good deal of standard set theory,

permitting us to derive many of the ZF axioms from a theory that appears not at all

ad hoc.9 But the trouble with formalising stage theory in a non-modal language is that

we lose the ability to sustain the compelling thesis that all that is required of the world

for some sets to be able to form a set is that there be those sets. The maximally liberal

attitude to set formation is upheld by the tensed sketch of the iterative conception.

No matter what stage has been reached, any sets formed then can form a set—indeed,

will form a set at the very next stage. But, no matter how far we have proceeded up

the hierarchy, the sets formed so far are all the sets there are: (otherwise) unrestricted

6As ever plural quantifiers @vv are to be read ‘for any zero or more things. . . ’.
7Boolos (1989), p. 90, attributes the thought that the iterative conception is a narrative

convention, describing of the set-theoretic hierarchy, according to one salient aspect of its
structure—rank by rank—to Dan Leary.

8Boolos gives two axiomatisations of stage theory. See Boolos (1971), pp. 20–22, and Boolos
(1989), p. 91.

9Just which axioms is controversial; in particular, it has been disputed—notably by Boolos
(1989)—whether the iterative conception motivates the axioms of Extensionality and Replace-
ment. See Alexander Paseau (2007) for discussion.
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quantification over sets ranges only over the ones formed so far.10 So understood, the

iterative conception sustains what we shall call the Liberalness thesis: Any sets can form

a set.

Once we eliminate the tense, however, this thesis collapses into the principle that

any sets whatsoever already form a set, which leads to inconsistency in the familiar way

via Russell’s paradox. Accordingly, as far as we can make sense of the question of which

sets are able to form a set in a tenseless, nonmodal theory, we must give a less than

maximally liberal response; for instance, the sets that lack themselves as elements do

not form a set. Such a response raises a difficult question: What is it about the world

that allows some sets to form a set, whilst prohibiting others from doing the same? As

we saw in the previous chapter no satisfactory response has been forthcoming from the

absolutist.

The relativist, however, is able to avoid such difficulties by upholding Liberalness: con-

tending that any things can form a set—in the relevant sense. But this also provides

a means to take the tense in the informal outline of the iterative conception more seri-

ously than is customary. Rather than eliminating the tense in favour of quantification

over stages, it may instead be replaced with suitable inter-perspective modal operators

governed by a tense-like logic. This chapter will show that such a stage theory allows

for a natural development of standard set theory.

A similar approach was pioneered by Charles Parsons (1977, 1983) and more re-

cently further developed by Øystein Linnebo (2010, n.d.). Both theories enrich the

language of set theory with a single modal operator (governed by an extension of S4.2)11

10There are no doubt many—four dimensionalists, for instance, or friends of the Barcan for-
mula for tense operators—who would dispute this assumption about the range of unrestricted
quantifiers in tensed language. Accordingly, let us hedge, and say that the tensed sketch
sustains the thesis if quantifiers have this property. That this sketch supports this thesis is
ultimately unimportant; what matters is that the stage theory it prompts upholds it.
11 Recall that, for necessity-operator l and corresponding possibility-operator ♦, S4 adds the
axioms (T) lφÑ φ and (4) lφÑ llφ to a normal system, corresponding to the accessibility
relation’s being reflexive and transitive; S4.2 additionally adds (G) ♦lφÑ l♦φ, corresponding
to its being directed:

@x1@x2@x3pRx1x2 ^Rx1x3 Ñ Dx4pRx2x4 ^Rx3x4qq.
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and use this language to develop what may be seen as a modal stage theory that sus-

tains Liberalness; before showing how (a modal analogue of) standard set theory may

be recovered in it.

While these theories offer a great improvement over nonmodal stage theories,

such a unimodal language lacks the expressive resources to fully articulate the iterative

conception—lacking, in particular, the means to characterise the well-foundedness of the

earlier-later relation on stages—with the result that certain set-theoretic principles—

most notably the axiom of foundation—must simply be added to the stage theory in

order to secure their recovery. To overcome this deficiency, I will present a bimodal

formulation of stage theory. The addition of a further modal operator allows for a very

natural axiomatisation of the iterative conception, allowing us to derive as theorems

what would otherwise need to be taken as basic.

Bimodal stage theory is formulated in a language that adds two modal operators

to the language of set theory: the ‘forwards-looking’ and ‘backwards-looking’ necessity-

operators lą and lă. Pending further elaboration on their intended interpretation,

these operators may be provisionally read as follows:

ląψ ‘it will be the case at every later stage that ψ.’

lăψ ‘it was the case at every earlier stage that ψ.’

Other modalities may then be introduced via abbreviations in the metalanguage. An

‘absolute’ necessity-operator lψ (‘it is always the case at every stage that ψ’) is defined

as lăψ^ψ^ląψ; a ‘weakly forward-looking’ necessity-operator (which is the analogue

of the single modal operator employed by Parsons and Linnebo) is defined such that

lěψ “df ląψ ^ ψ, similarly for the ‘weakly backwards-looking’ necessity-operator:

lďψ “df lăψ ^ ψ. The corresponding possibility-operators are then introduced in the

usual way, for instance: ♦ψ “df  l ψ.

Our target is first-order Zermelo Fraenkel set theory, ZF. The modal stage theory

formulated in this language is presented in section 4, together with an outline of how the

modal analogue of a natural extension of Zermelo set theory less the axiom of Infinity
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may be recovered from it, and how it may be elaborated to recover the modal analogue

of ZF. First, however, two preliminaries are in order. Section 2 motivates and presents

the logic of the modality in question and elucidates its intended interpretation. Section 3

assesses the relationship between the modal analogues of theories and their more familiar

nonmodal counterparts and presents a few useful results.

2 Mathematical Modality.

The logic of stage theory places general constraints on how sets may be formed in

successive stages in accordance with the iterative conception,12 without itself postulating

the existence of any particular set. Rather than attempting to motivate the logic of stage

theory directly, however, we shall start with a Kripke-style model theory.13

2.1

The basic set up gives some suggestive labels to some familiar machinery. Let L♦ be

the bimodal language that adds lą and lă to a first-order language L, with identity.

A skeleton S is a pair xS,ăy. The ‘hierarchy of stages’ S is a non-empty set and the

‘earlier-later relation’ ă is a binary relation on S. For each stage s in S, a frame F based

on S adds a set Ms to S, the ‘universe of sets formed so far’ or ‘stage-universe’, at least

one of which is non-empty. For each n-ary predicate P in L♦ and each s in S, a model

M based on F adds to F an n-ary relation |P |s on Ms as the ‘stage-extension’ of P . The

stage-extension of the identity predicate remains fixed, with |“|s “ txa, ay | a PMsu. An

assignment σ over the model M is a function that maps each variable v to an element

σpvq of any stage-universe Ms. Relative to a model, that a formula ψ is ‘true at stage s

12The logic of stage theory need not be conceived as specific to set formation. We might
also conceive of other objects, for instances cardinals and ordinals (construed sui generis), as
formed in the series of stages governed by this logic.
13See John P. Burgess (2002) and Yde Venema (2001) for recent overviews of the model theory
and proof theory of such logics.
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under assignment σ’ (in symbols: |ψ|sσ “ T ) is defined recursively in the usual way.14

|Rv1, . . . , vk|sσ “ T if and only if xσpv1q, . . . , σpvkqy P |R|s ;

| ψ|sσ “ T if and only if |ψ|sσ ‰ T ;

|ψ1 Ñ ψ2|sσ “ T if and only if |ψ1|sσ ‰ T or |ψ2|sσ “ T ;

|@vψ|sσ “ T if and only if, for every a PMs, |ψ|sσrv{as “ T ;

|ląψ|sσ “ T if and only if, for every t ą s, |ψ|tσ “ T ;

|lăψ|sσ “ T if and only if, for every t ă s, |ψ|tσ “ T.

(Here, the ‘later-earlier’ relation, s ą t “df t ă s.)

Notice that we take an actualist attitude to quantifiers and predicates. At any

stage @v ranges only over the sets formed then; and since |P |s is a relation on Ms,

Pv1, . . . , vk is true then only if v1,. . . ,vk denote sets formed then.

We also obtain the expected truth-conditions for the defined necessity-operators.

|lěψ|sσ “ T if and only if, for every t ě s, |ψ|tσ “ T ;

|lďψ|sσ “ T if and only if, for every t ď s, |ψ|tσ “ T ;

|lψ|sσ “ T if and only if, for every t ž s, |ψ|tσ “ T.

(Here, s ď t “df s ă t_ s “ t; s ě t “df s ą t_ s “ t; and s ž t “df s ď t_ t ď s.)

As usual a formula is said to be valid in a model M if it is true at every stage of

M under any assignment over it; valid in a frame F if valid in every model based on F

and valid in a skeleton S if valid in every frame based on S

With this model theory in place, the iterative conception gives rise to eight further

constraints that models faithful to it should satisfy. The first six concern the ordering of

the stages. As is implicit in their ordinal indexing, the iterative conception has it that

the stages are well-ordered by the earlier-later relation, and that there is no last stage.

Accordingly, a faithful skeleton need be:

14Notation: the assignment σrv{as assigns a to v and otherwise agrees with σ.
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(i) transitive: p@s P Sqp@t P Sqp@u P Sq
`

s ă t^ t ă uÑ s ă u
˘

;

(ii) well-founded: p@U Ď Sq
`

U ‰ HÑ pDu P Uqp@s P Uqp s ă uq
˘

(and therefore also irreflexive);

(iii) connected: p@s P Sqp@t P Sqps ď t_ t ď sq and therefore, in particular:

(iv) without forward branching: p@s P Sqp@t1 ą sqp@t2 ą sqpt1 ď t2 _ t2 ď t1q;

(v) without backward branching: p@s P Sqp@r1 ă sqp@r2 ă sqpr1 ď r2 _ r2 ď r1q;

(vi) serial: p@s P SqpDt P Sqpt ą sq.

The next constraint concerns the stage-universes. According to the iterative conception,

once a set is formed it is never destroyed; it remains formed at every subsequent stage.

Later stage-universes are never less inclusive than earlier ones. Consequently, a faithful

frame is also:

(vii) monotonic: p@s P Sqp@t P Sqps ă tÑMs ĎMtq.

Lastly the iterative conception prompts a constraint on the relation between different

stage-extensions of P. On this conception, when new sets are formed, the element-set

relations between the sets formed already are left unchanged: elements of antecedently

formed sets remain elements and non-elements of such sets remain non-elements. Conse-

quently different stage-extensions of P agree on their common domains. More generally,

a faithful model is:

(viii) stable: p@s P Sqp@t1 ž sqp@t2 ž sqp|P |t1 XMn
t2 “ |P |t2 XMn

t1q.

While the truth-conditions of L♦-formulas in models that satisfy these constraints

no doubt give us some sort of insight into their intended interpretations, it bears some

emphasis that the model theory should not be taken too seriously. It cannot be main-

tained that the modality is semantically reducible to quantification over stages without

modal stage theory collapsing into nonmodal stage theory, and thereby losing the abil-

ity to sustain Liberalness. Consequently, we shall develop modal stage theory proof-

theoretically and restrict our use of Kripke models to motivating its logical axioms, and

other instrumental purposes.
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Table 5.1: LST axioms and rules, first two groups

FUS $ @vψ Ñ pEuÑ ψru{vsq
FUG ∆, Eu $ ψ1 Ñ ψ2ru{vs only if ∆ $ ψ1 Ñ @vψ2

Refl $ Φpvq Ñ v “ v
Sub $ u “ v Ñ pψ Ñ ψpu{vqq

Kă $ lăpψ1 Ñ ψ2q Ñ plăψ1 Ñ lăψ2q

Ką $ ląpψ1 Ñ ψ2q Ñ pląψ1 Ñ ląψ2q

Necă $ ψ only if $ ląψ
Necą $ ψ only if $ lăψ
CVă $ ψ Ñ lă♦ąψ
CVą $ ψ Ñ lą♦ăψ

FUG is subject to the side constraint that u does not occur free in ψ1 Ñ @vψ2.

2.2

The logic of modal stage theory is a bimodal first-order logic, which we call LST. In

addition to a standard axiomatisation of nonmodal propositional logic, the axioms and

rules of LST fall into three natural groups. (See tables 5.1 and 5.2.)

The first four axioms and rules govern quantification and identity on their actualist

reading.15 Since stage-universes vary, and quantifiers range only over the sets formed so

far, we use a free logic as in chapter 4. The first four axioms, are the first-order axioms

of the free plural logic outlined there, FPFO. (See table 4.1 on page 112.) As before,

Ev “df v “ v.

The second group of axioms and rules are those of basic tense logic, which add to

the axioms characteristic of a normal system for forwards- and backwards-necessity, two

more governing their interaction. It is readily verified that the axioms in the first two

groups are valid over all skeletons.

It is the final eight axioms that articulate the distinctive structure of the hierar-

chy of stages according to the iterative conception. These axioms respectively charac-

terise the transitivity, well-foundedness,16 connectedness, lack of forwards and backwards

15Notation: when v is free for u, ψru{vs is the result of replacing every free occurrence of u in
ψ with v, ψpu{vq the result of replacing any (or no) such occurrences. As far as possible we
adopt the labelling of Bull and Segerberg (2001), with the obvious convention on subscripts.
16In the context of provability logic, Boolos observes the correlation between Löb’s principle:
lplψ Ñ ψq Ñ lψ and the transitivity and converse well-foundedness of the accessibility re-
lation. Boolos (1995, pp. 75–6). Thanks to Gabriel Uzquiano for drawing my attention to
the possibility of a backwards-looking version of this principle as a means to express well-
foundedness.
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Table 5.2: LST axioms, third group

4 $ lăψ Ñ lălăψ (I)
WF $ ♦ψ Ñ ♦pψ ^lă ψq (II)
E1 $ ♦Ev (III)
Hą $ ♦ąψ1 ^ ♦ąψ2 Ñ

`

♦ąpψ1 ^ ψ2q _ ♦ąpψ1 ^ ♦ąψ2q _ ♦ąpψ2 ^ ♦ąψ1q
˘

(IV)
Hă $ ♦ăψ1 ^ ♦ăψ2 Ñ

`

♦ăpψ1 ^ ψ2q _ ♦ăpψ1 ^ ♦ăψ2q _ ♦ăpψ2 ^ ♦ăψ1q
˘

(V)
Dą $ ląψ Ñ ♦ąψ (VI)
CBFą $ lą@vψ Ñ @vląψ (VII)
STA $ lpEΦ Ñ Φq _lpEΦ Ñ  Φq (VIII)

branching and seriality of the earlier-later relation, the monotonicity of stage-universes

and the stability of stage-extensions in the following way.17

Proposition 1.

(a) (I) is valid on a skeleton iff it satisfies (i)

(b) The same is true of (II)–(VI) and (ii)-(vi)

(c) (VII) is valid on a frame iff it satisfies (vii)

(d) (VIII) is valid in a model iff it satisfies (viii)

Derivability is characterised in the usual way;18 and soundness is readily established on

the basis of proposition 1: $ ψ only if ψ is valid in all models satisfying (i)–(viii). The

bimodal system LST permits us to derive the K principle and the rule of necessitation for

each defined modal operator, l, lď and lě. Furthermore, we may derive the following

unimodal principles for these operators.

Proposition 2 (Derived unimodal principles).

(a) l conforms to the axioms characteristic of S5: T: lψ Ñ ψ (corresponding to the

reflexivity of ž), B: ψ Ñ l♦ψ (symmetry) and 4: lψ Ñ llψ (transitivity). As

usual we may derive E: ♦ψ Ñ l♦ψ (corresponding to Euclideanness).19

17Several of the propositional cases are covered by Goldblatt (1992) thms. 1.12–3.
18A formula ψ is derivable from ∆ in LST (in symbols: ∆ $LST ψ) if ψ is the last member
of a finite sequence of formulas each of which is an axiom, an element of ∆, or the result of
applying a rule to earlier members in the sequence; with UG subject to the constraint that save
for Eu earlier members of the sequence and ψ1 Ñ @vψ2 should not contain u free, and Necă
and Necą subject to the constraint that no elements of ∆ may occur earlier in the sequence.
19Recall that a relation R is said to be Euclidean if @x@y@zpRxy ^Rxz Ñ Ryzq.
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(b) lď conforms to the axioms characteristic of S4.3: Tď, 4ď (reflexivity and transitivity

of ď) and Hď: ♦ďψ1^♦ďψ2 Ñ
`

♦ďpψ1^ψ2q_♦ďpψ1^♦ďψ2q_♦ďpψ2^♦ďψ1q
˘

(lack

of backwards branching). (We apply the obvious convention for naming principles:

for example, Tď is the principle: lďψ Ñ ψ.) This operator also conforms to the

Barcan formula, BFď: @vlďψ Ñ lď@vψ (corresponding to earlier stage-universes’

being no more inclusive than later ones).

(c) lě likewise conforms to the principles characteristic of S4.3: Tě, 4ě (reflexivity and

transitivity of ě) and Hě (lack of forwards branching). This operator also conforms

to CBFě: lě@vψ Ñ @vlěψ (corresponding to later stage-universes’ being no less

inclusive than earlier ones).

Finally, we record some familiar derived rules that will be used freely and often tacitly

in our development of modal stage theory below.20

Proposition 3 (Derived rules). Let ψ1 and ψ2 be L♦-formulas and ∆ a set of these.

(a) Deduction theorem. If ∆, ψ1 $ ψ2, then ∆ $ ψ1 Ñ ψ2.

(b) Substitution theorem. Let θpψ{Φq be the result of uniformly substituting ψ for the

atomic formula Φ in formula θ. Suppose that, for each δ in ∆, ∆ $ Oδ for each

modal operator O in θ and δ does not have free any variable bound in θ.

If ∆ $ ψ1 Ø ψ2, then ∆ $ θpψ1{Φq Ø θpψ2{Φq.

(c) Becker’s rule. Let each Oj be either a modal operator of the form Lj or  Lj for

one of the five (simple or defined) necessity-operators or a quantifier of the form @v

or Dv, for j “ 1, . . . n. Suppose that, for each δ in ∆, for each modal operator Oj ,

∆ $ Ljδ, and for each quantifier Oj , δ does not have free any variable v that occurs

in Oj , for j “ 1, . . . , n.

If ∆ $ ψ1 Ñ ψ2, then ∆ $ O1 . . . Onψ1 Ñ O1 . . . Onψ2 l

20These are proved in the usual way. For the last two, see, for instance, Burgess (2002, p. 8).
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2.3

The time has come to say something further about the intended interpretation of the

modal operators. Taking the tense in the iterative conception seriously may provoke two

familiar objections.

(a) Too few moments. The stages are as numerous as the ordinals. They exceed any

infinite cardinality ℵα in number. But there is no reason to think time (or space-

time) has a structure even approaching this complexity. Cardinality consideration

immediately rule out our embedding the hierarchy of stages within the succession

of moments (or the manifold of spacetime).21

(b) Wrong modal profile. New sets are formed at each stage. And thus some sets

formed at the present stage did not exist at earlier stages. But this is to get the

modal profile of sets wrong: (pure) sets exist necessarily if possibly and eternally if

ever.22 Modal considerations immediately rule out our bringing sets into existence.

Both of these constitute powerful objections against a face value reading of the iterative

conception, where lă and lą are read as tense operators and talk of ‘formation’ is

construed literally.

However, this is not the relativist’s proposal. Rather the modal operators are

construed as inter-perspective modal operators like those presented in chapter 3 (section

4). Stages may be identified with certain perspectives: namely, those whose domains

comprise the elements of a cumulative rank Vα. Call such perspectives ranklike. The

two modal operators may then be given a less metaphorical gloss as follows.

ląψ ‘ψ holds at every ranklike perspective with a wider domain.’

lăψ ‘ψ holds at every ranklike perspective with a narrower domain.’

21Parsons (1977) raises worries of this sort against Hao Wang’s account of the iterative con-
ception in Wang (1974), ch. 6
22See, for instance, Kit Fine (1981).
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(As ever the pluralist will accept this gloss only if the right hand-side is taken to have

implicit modal content. See chapter 3, section 4.1.)23

Relativists of different stripes will disagree over the interpretation of the modal

operators according to whether shifts in perspectives are due to shifts in context, inter-

pretation or third-parameter. But what is common to each of these views is that the

shifts are non-circumstantial. And such non-circumstantial interpretations of the modal

operators avoid the problems for the face-value, temporal interpretation.

Against (a), unlike spacetime, there seems no reason to think that the space of

possible interpretations, or the space of possible perspectives is impoverished in com-

parison to the ordinals. And at least in the case of the interpretational relativist, there

is every reason to think that there are as many possible interpretations as ordinals. For

it is possible for a constant symbol to denote any ordinal and interpretations that differ

over the denotation of a constant symbol are ipso facto distinct.

Against (b), the perspective parameter p is orthogonal to the world parameter w.

In order to literally bring the empty set into existence, for example, we would have to

bring about a change in the world, from w1 to w2, say, such that the sentence

Dypy “ Hq

is false in w1 and true in w2 (relative to a fixed perspective). But none of the relativist

accounts are committed to any such thing. Rather the ‘formation’ of the empty sets

consists in a shift of perspective—whether this is a shift of context, or interpretation,

or third parameter—from p1 to p2, such that this sentence is false under the first inter-

pretation and true under the second one (leaving the circumstances w unchanged). The

same is true when we replace the term H with a term denoting any other set. The shifts

in such existential sentences’ truth-value under p-shifts from one ranklike perspective to

another (relative to a fixed possible world w) posited on these accounts are compatible

with the invariance of their truth-value under w-shifts called for by the pre-theoretic

23Under this interpretation, the defined modal operator l of this chapter expresses a more re-
stricted modality than its primitive homonym l of earlier chapters. The latter is not restricted
to ranklike perspectives. The logics of the two modal operators, however, are the same.
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judgements about the modal profile of sets behind objection (b).

The non-circumstantial interpretations open to relativists avoid the problems fac-

ing a face value interpretation of the iterative conception. Nonetheless in view of the

logical similarities between tense logic and LST, I shall persist in employing tensed lan-

guage and the metaphor of ‘formation’ as a heuristic tool in informal explanations. (Of

course, all formal arguments are carried out within LST and in no way rely on this gloss.)

3 Modal Mathematics.

Set theory is conspicuously not standardly formulated in a modal language. In order,

therefore, for modal stage theory to motivate standard set theory we need to explain

what the relationship is between the modal theory and its more familiar non-modal

counterpart. Here we encounter a third prima facie concern.

(c) Insufficient generality. On the modal account, no matter how far we ascend up

the hierarchy, our quantifiers only range over the sets formed so far. This leaves

us unable to express set-theoretic claims in their full, intended generality. For

example, when a set theorist attempts to express the principle of foundation by

uttering ‘Every non-empty set has an P-minimal element’ she succeeds only in

saying that every non-empty set formed at the current stage has an P-minimal

element, leaving open the possibility of non-well-founded sets being formed at

other stages.

As in chapter 3, pluralist and thorough-going relativists will respond in different ways

to this objection.24 The pluralist contends that the fact that our quantifiers only ever

range over the sets formed at the current stage does not prevent our generalising about

absolutely every set ever formed. This is achieved by embedding set-theoretic quantifiers

within inter-perspective modal operators. In terms of Kripke models, while @vψ says

only that every member of the current stage satisfies ψ, l@vψ say that every member

of every stage satisfies ψ. Likewise, while the extension of u P v may vary from stage to

24This is analogous to the sort of problems raised for the relativist about quantification dis-
cussed in chapter 3 (section 3).
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stage, gaining new element-set pairs as new sets are formed, ♦pu P vq is always satisfied

by every element-set pair. As in chapter 4 (section 2.3) we define φ♦, the modalisation

of an LP-formula φ, as follows.25 For atomic formulas: pu “ vq♦ “df ♦pu “ vq and

pu P vq♦ “df ♦pu P vq. To tidy the notation, the modalisations of atomic formulas are

written as x P♦y, x “♦ y, and so on. For complex formulas: p φq♦ “  φ♦; pφ1 Ñ φ2q
♦ “

φ♦1 Ñ φ♦2 ; p@vφq♦ “ l@vφ♦.

The pluralist may then claim that the intended generality of set theory—as a

theory concerning every set ever formed—is attained by treating the utterances of set

theorists as having implicit modal content.26 The intended generality of a statement

made in the nonmodal language LP is most perspicuously expressed in L♦
P by its modal-

isation. For instance, the intended generality of the principle of foundation is captured

by the following modalised formula, which rules out non-well-founded sets ever being

formed:

l@x
`

♦Dzpz P♦xq Ñ ♦pDz P♦xqlp@w P♦zqpw R♦ xq
˘

.

The thorough-going relativist can accept this sort of line up to a point. On her view,

modalised quantifiers no more achieve absolute generality than quantifiers do. Just as

quantifiers can always be more inclusively interpreted to range over new objects, so too

can inter-perspective modal operators be more liberally interpreted to encompass new

perspectives. However, she also denies that the intended generality of set theory is abso-

lute generality. Even when we are engaged in pure set theory, it is enough for quantifiers

or modalised quantifier to encompass enough sets for the purpose at hand. Consequently,

the thorough-going relativist may also accept that, when suitable interpreted, modalised

quantifiers succeed in capturing the intended generality of set theory, even if these are

not absolutely general. (She also contends, however, that the same generality could be

achieved without modal operators, with quantifiers interpreted relative to a perspective

25Linnebo gives a similar definition of modalisation according to which the necessity operator
he uses (the equivalent of lě) is prefixed to quantifiers as here, but no modal operators
are prefixed to atomic formulas. (See Linnebo (2010,n.d.).) This would be problematic in
the current setting since the truth-values of atomic formulas are not stage-invariant. (Such
formulas are however ‘stable’, in Linnebo’s sense, see n. 28.)
26Linnebo (2010) makes the corresponding suggestion for his version of modalisation. See also
Fine (2006), pp. 41–3.
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outside the range of the modal operators).

But on either account, it will only be plausible to interpret the utterances of

mathematicians, or a mathematical theory given in LP, as having such modal content

if it is consonant with mathematical practice to do so. The next two subsections argue

that this is the case.27

3.1

One feature we should expect from modalised formulas if the modal interpretation is to

accord with mathematical practice is for their truth-values to be stage-invariant. Set

theory is not so parochial that the truth of its theorems varies according to which stage

we happen to have ascended to (else we would expect set theoretic investigations to

begin by ascertaining which sets have already been formed).

Formally, say that a formula ψpvq (with only the variables v “ v1, . . . , vk free) is

stage-invariant (in symbols: invariantrψs) if l@vplψpvq_l ψpvqq.28 The invariance

of modalised LP-formulas may then be established in the logic of stage theory.

Proposition 4 (Invariance.). $ invariantrφ♦s.

(Henceforth we reserve φ and Γ, and their adornments, for non-modal LP-formulas and

sets of the same, with ψ and ∆ for L♦
P -formulas and sets of these.)

Proof. We prove Ev1, . . . , Evk $ lφ♦ _l φ♦ by induction. For atomic Φ, either ♦Φ, so l♦Φ
(by E), i.e. lΦ♦, or  ♦Φ, so l Φ, and ll Φ (by 4), whence l Φ♦. For p φq♦, the result
is immediate by the induction hypothesis. For pφ1 Ñ φ2q

♦, if this formula is true, T and the
induction hypothesis yield either (i) l φ♦1 or (ii) lφ♦2 , in which cases lpφ♦1 Ñ φ♦2 q; or, if the
formula is false, (iii) lφ♦1 and l φ♦2 , so l pφ♦1 Ñ φ♦2 q. For p@vφq♦, either l@vφ♦, so lp@vφq♦

(by 4), or  l@vφ♦, so ♦ @vφ♦ and l♦ @vφ♦ (by E), whence l p@vφq♦.

An immediate consequence is that almost all modal distinctions collapse for modalised

formulas; indeed the following holds.

27The results in the next two subsections draw heavily on Linnebo (2010,n.d.), which proves
analogues of propositions 4, 5 and 6 for the (uni-)modal logic he works in.
28 This strengthens the notion of ‘absoluteness’ in Parsons (1983) (‘stability’ in the terminology
of Linnebo (n.d.)); in effect, ψ is stable if lě@vplěψ _ lě ψq. Stability thus ensures that
the truth-value of the formula remains invariant at all stages no earlier than the present one
when its parameters are formed, but falls short of full invariance.
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Proposition 5 (Modal collapse.). The following are provably equivalent in LST on the

assumption that invariantrψs: ψ,lψ,♦ψ,lěψ,♦ěψ,ląψ,♦ąψ,lďψ,♦ďψ.

The exceptions lăψ and ♦ăψ reflect the fact that at the very first stage, all formulas

of the first form are trivially true, and all formulas of the second, trivially false. They

are provably equivalent to ψ assuming ♦ăJ.

3.2

A second way we should expect modal theories to be consonant with mathematical

practice is by preserving logical relations between formulas. It is plausible to interpret

a theory given in LP as having modal content only if doing so does not render well-

established axioms false, or frequently used patterns of inference invalid. To the extent

that set theory is conducted in first-order languages—as it is in the vast majority of

cases—we shall see in section 4.6 that all provability and non-provability relations are

preserved. Here we show that modalisation preserves provability in classical first-order

logic (writing Γ♦ for tγ♦ | γ P Γu).

Proposition 6 (Mirroring.). Γ $FOL φ only if Γ♦ $LST φ
♦.

Sketch proof. Suppose FOL is axiomatised by adding the axiom Ev to the nonmodal subsystem
of LST. An easy induction on FOL-proofs shows that LST proves the modalisation of each FOL
axiom and is closed under the modalisation of each FOL rule. For example, when Γ $FOL @vφ is
obtained from UG, Γ, Eu $FOL φru{vs has a shorter FOL-proof (satisfying the side conditions on
u). By induction hypothesis: Γ♦,♦Eu $LST φ

♦ru{vs. Then reason in LST as follows.

Γ♦, Eu $ φ♦ru{vs T

Γ♦ $ @vφ♦ UG

tlγ♦ | γ P Γu $ l@vφ♦ propositional LST

The result follows since, for γ P Γ, Γ♦ $ lγ♦, by props. 4 and 5.

4 Bimodal Stage Theory.

Turn now to modal stage theory proper. Let L♦
P be the bimodal expansion of the language

of set theory LP, the first-order language with “ as its only logical predicate and P as

its only non-logical predicate.
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In order to formulate a stage theory that upholds Liberalness—the thesis that any

sets can form a set—we need first attend to how this thesis should be formulated in L♦
P .

In a first-order language, the best we can hope for is a schematic formulation. It should

be clear, however, that the inconsistent schema that results simply from modalising the

näıve comprehension schema falls wide of the mark.

(NCS♦) ♦Dxl@zpz P♦xØ φ♦pzqq

Quite contrary to the iterative conception, the instance of this schema for φ♦pzq taken

as z R♦ z says that a set will eventually be formed at some stage that has every satisfier

of z R♦ z ever formed at any stage as an element. In light of the mirroring result this

leads to inconsistency just as inevitably as its nonmodal counterpart does. However

this instance is not a consequence of Liberalness for the simple reason that no sets are

ever formed that comprise every future satisfier of z R♦ z. Instead, given any non-self-

membered sets formed at any stage, further non-self-membered sets will be formed at

later stages.

The point may be generalised via an L♦
P -regimentation of the notion of indefinite

extensibility.29 Say that a formula ψpzq is extensible if new satisfiers, satisfiers of ψpzq

that were not formed at any earlier stage, will be formed at some later stage; and

indefinitely extensible if it is always extensible:

extensiblezrψs “df ♦ąDzpψpzq ^lă Ezq; indextzrψs “df lextensiblezrψs.

Then, for any indefinitely extensible formula ψpzq, no sets are ever formed that have

every future satisfier of ψpzq among them; for it is always the case that some further

satisfier of ψpzq has yet to be formed. Consequently Liberalness does not imply any

instance of NCS♦ in which ψpzq is an indefinitely extensible formula.

In order to formulate Liberalness, then, we need to restrict NCS♦ to formulas ψpzq

29See, for instance, Michael Dummett (1991). While this regimentation seems to me to capture
the kernel of the notion of indefinite extensibility, it differs from Dummett’s characterisation
in several respects.
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Table 5.3: The Axioms of ZF

Extensionality @x1@x2p@zpz P x1 Ø z P x2q Ñ x1 “ x2q

Foundation @x
`

Dzpz P xq Ñ pDz P xqp@w P zqpw R xqq
Empty Set Dx@zpz R xq
Pairing @x1@x2Dy@zpz P y Ø z “ x1 _ z “ x2q

Union @xDy@zpz P y Ø pDw P xqpz P wqq
Separation @xDy@zpz P y Ø z P x^ φpzqq
Powerset @xDy@zpz P y Ø z Ď xq
Infinity DyppDx P yq@zpz R xq ^ p@z P yqpDw P yqpw “ z`qq
Replacement Fnw,zrφs Ñ @xDy@zpz P y Ø pDw P xqpφpw, zqqq

that ‘exactly circumscribe’ some sets, in the sense that it is always the case that every

satisfier of ψpzq (and no other set) will be one of them. For every future satisfier of

ψpzq to be one of them, it is necessary, as we just saw, that ψpzq not be indefinitely

extensible. And in fact, provided that ψpzq is an invariant formula, this condition is

also sufficient for ψpzq to exactly circumscribe some sets. For, at any stage, an invariant

formula ψpzq is inextensible ( extensiblezrψs) just in case every set that ever satisfies

ψpzq is formed then;30 and this holds just in case ψpzq exactly circumscribes those sets

formed at that stage which satisfy ψpzq then: for any eventual satisfier of ψpzq is formed

at that stage (and satisfies the invariant formula then) and is therefore one of them;

and each of them always satisfies ψpzq. We may therefore formulate Liberalness in the

bimodal language L♦
P by restricting NCS♦ to invariant formulas that are not indefinitely

extensible.

(Lib) invariantrψs ^  indextzrψpzqs Ñ ♦Dxl@zpz P♦xØ ψpzqq.

4.1

Let S be the LP-theory comprising the axioms Extensionality, Foundation, Empty Set,

Pairing, Union, Separation, Powerset and Infinity in table 5.3. Zermelo set theory Z

adds the axioms of Infinity to S; and Zermelo-Fraenkel set theory, ZF, adds the axiom

schema Replacement to Z.31 The bimodal stage theory—dubbed MST—consists of

30The left-to-right direction relies on the well-foundedness of the earlier-later relation.
31Notation: x Ď y “df @zpz P x Ñ z P yq; x “ y` “df @zpz P y Ø z P x _ z “ x); and
Fnw,zrφs “df @z@w1@w2pφpz, w1q ^ φpz, w2q Ñ w1 “ w2q.
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three axioms. The first is simply the modalisation of the Extensionality axiom:

(Ext♦) l@zpz P♦x1 Ø z P♦x2q Ñ x1 “
♦ x2.

The other two axioms provide L♦
P -formalisations of the principles of Priority and

Plenitude articulated in the iterative conception. These three axioms permit the deriva-

tion of the modalised axioms of Zermelo set theory less Infinity, which we label S♦.

With the addition of a further axiom, which elaborates on the iterative conception by

telling us something more about its extent, we may also derive the axioms of Infinity

and Replacement, thereby recovering all the modalised axioms of Zermelo-Fraenkel set

theory, ZF♦. We consider each axiom in turn.

4.2

The Priority principle has it that, for any set formed at any stage, its elements were all

formed at an earlier stage. Since a set is an element of set x just in case it satisfies z P♦x

(and this formula is invariant), the elements of x are all formed at a stage just in case

z P♦x is inextensible then. Consequently, the principle of Priority may be formalised in

the bimodal language L♦
P as follows:

(Pri) l@x♦ă extensiblezrz P
♦xs.

An immediate consequence is that z P♦x is inextensible whenever x is formed. The

Priority of each element to its set follows from a lemma about extensibility.

Proposition 7. Pri, Ex $  extensiblezrz P
♦xs.

Lemma 8. invariantrψs, extensiblezrψs $ ψpzq Ñ Ez.
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Proof. Suppose invariantrψs,  extensiblezrψpzqs and ψpzq. Now ♦Ez; so, applying WF, we
have either (i) ♦ďpEz ^lą Ezq or (ii) ♦ąpEz ^lă Ezq. Since ląψpzq (by modal collapse,
prop. 5) the second case is ruled out as  extensiblezrψpzqs and so lą@zpψpzq Ñ ♦ăEzq.
Consequently, (i) holds, whence ♦ďEz; therefore Ez (by the forwards necessity of existence).

Proposition 9. Pri, Ex $ z P♦xÑ ♦ăEz.

Recall that Regularity is the theorem (schema) of ZF, among whose instances is

the axiom Foundation, that states that whenever some set satisfies φ, there is some set

minimal with respect to P that satisfies φ:

(Regularity) Dxφpxq Ñ Dx
`

φpxq ^ p@z P xq φpzq
˘

.

A pleasing feature of MST is that the modalisation of this schema may be proved on

the basis of the Priority axiom. For suppose at some stage Dxφ♦pxq; then, since the

earlier-later relation is well-founded, there is some earliest stage s0 at which Dxφ♦pxq.

So suppose x is formed at that stage and satisfies φ♦. By the preceding proposition any

element z of x must have been formed at some stage before s0, and since @z φ♦pzq holds

at such a stage (by the minimality of s0), it follows that  φ♦pzq; consequently x is an

P♦-minimal satisfier of ψ. Formalising this argument in modal stage theory yields the

modalisation of Regularity (via a restricted version of the Barcan formula for inextensible

formulas).

Proposition 10. Pri $ Regularity♦.

Note first that when an invariant formula ψ1 is inextensible, its extension does

not increase as we move forwards or backwards; and so the forwards, backwards and

absolute versions of the Barcan formula may be derived for quantifiers restricted to ψ1.

Lemma 11. When L is any of lă, lď, lą, lě or l:

invariantrψ1s, extensiblevrψ1s $ @vpψ1 Ñ Lψ2q Ñ L@vpψ1 Ñ ψ2q.
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Proof of prop. 10. Assuming Pri, reason in LST as follows. (Here, and throughout, MST axioms
stated as assumptions in the result are left tacit in displayed proofs.)

lă@z φ
♦pzq, Ex $ z P♦xÑ ♦ăEz prop. 9

$ z P♦xÑ ♦ď φ
♦pzq LST

$ z P♦xÑ l φ♦pzq modal collapse

$ p@z P♦xql φ♦pzq generalisation on z

$ lp@z P♦xq φ♦pzq lem. 11, prop. 7

It follows that the consequent of Regularity♦ may be proved from Pri on the assumption that
♦pDxφ♦pxq ^lă@z φ

♦pzqq. The result follows by an application of WF.

4.3

The third, and final, axiom of bimodal stage theory expresses the Plenitude principle:

any sets ever formed will form a set at every later stage. This axiom may be formalised

in L♦
P by a schema along similar lines to Liberalness. When every set that ever satisfies

an invariant formula ψpzq is formed, that is, when ψpzq is no longer extensible, the set

of satisfiers of ψpzq is formed at every later stage:

(Plen) invariantrψs ^  extensiblezrψpzqs Ñ ląDxl@zpz P♦xØ ψpzqq.

Each instance of the Liberalness schema is an immediate consequence of this schema,

and the fact that there is no last stage, expressed in D.

Proposition 12. Plen $ Lib.

Together with the Priority axiom, Liberalness suffices to prove all the remaining

axioms of S♦ save for the Powerset axiom.

Proposition 13.

a) Lib $ Empty Set♦

b) Lib $ Pairing♦

c) Lib,Pri $ Union♦

d) Lib,Pri $ Separation♦
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Table 5.4: Defining Conditions of Sets

Axiom Set Defining condition

Empty Set♦ H z ‰♦ z

Pairing♦ tx, yu z “♦ x_ z “♦ y

Union♦
Yx ♦pDw P♦xqpz P♦wq

Separation♦
tz P♦x | φ♦pzqu z P♦x^ φ♦pzq

In each case, to apply this schema to show that the set tt :φ♦ptqu, which comprises every

satisfier of φ♦ ever formed, is formed at some stage, it suffices to show that its defining

condition φ♦ is not indefinitely extensible (see table 5.4). This is readily achieved on the

basis of some further results about inextensibility.

Lemma 14. Let ∆ “ tδ1, . . . , δku be a set of L♦
P -formulas without v free. If ∆ $

invariantrψs and ∆ $ ψpvq Ñ Ev, then ∆ $  extensiblevrψpvqs.

Proof. Suppose ∆ $ ψpvq Ñ Ev (and w.l.o.g. J P ∆).

♦ăpδ1 ^ . . .^ δkq $ plăψpvq Ñ ♦ăEvq propositional LST

invariantrψs,♦ăpδ1 ^ . . .^ δkq $ pψpvq Ñ ♦ăEvq modal collapse

invariantrψs,♦ăpδ1 ^ . . .^ δkq $ @vpψpvq Ñ ♦ăEvq UG

ląinvariantrψs,lą♦ăpδ1 ^ . . .^ δkq $ lą@vpψpvq Ñ ♦ăEvq propositional LST

The result follows since ∆ $ ląinvariantrψs and ∆ $ lą♦ăδ, for δ P ∆.

Proposition 15.

a) $  extensiblezrz ‰
♦ zs

b) Ex $  extensiblezrz “
♦ xs

c)  extensibletrψ1s $  extensibletrψ1 ^ ψ2s

d)  extensibletrψ1s, extensibletrψ2s $  extensibletrψ1 _ ψ2s.

Proof of prop. 13. Empty Set♦ and Pairing♦ are immediate from prop. 15, Separation♦, from
props. 7 and 15. For Union♦, reason as follows, noting that Ex $ w P♦x Ñ Ew, and Ew $

z P♦w Ñ Ez.

Ex $ w P♦x^ z P♦w Ñ Ez

$ pDw P♦xqpz P♦wq Ñ Ez

$ ♦pDw P♦xqpz P♦wq Ñ Ez lem. 11, invariance

Applying lem. 14, this yields Ex $  extensiblezr♦pDw P♦xqpz P♦wqs.
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The need for an axiom stronger than the Liberalness schema, however, becomes

apparent when we come to the Powerset axiom. Consider, for instance, ω, the set of

finite ordinals. When ω is formed at a stage, the Priority axiom ensures that its elements

0, 1, 2 . . . were formed earlier; and consequently, the elements of any subset y of ω are

formed then. The Liberalness schema then ensures that y will eventually be formed at

some stage. But it fails to guarantee that there will be some one stage when all subsets

of ω are formed.32 By contrast the Plenitude axiom ensures that each subset is formed

at the very first stage after the elements of ω are formed, and therefore that all subsets

of ω are then formed, and its Powerset formed thereafter. Generalising this argument in

bimodal stage theory we obtain the following.

Proposition 16. MST $ Powerset♦.

Proof. Note that yĎ♦ x $  extensiblezrz P
♦xs Ñ  extensiblezrz P

♦ys and reason as fol-
lows.

yĎ♦ x,Ex $ ♦ă extensiblezrz P
♦xs Pri

$ ♦ă extensiblezrz P
♦ys propositional LST

$ ♦ăląDy
1l@zpz P♦y1 Ø z P♦yq Plen

$ Ey Ext♦

The result follows by DT, lem. 14 and Lib.

4.4

MST recovers Zermelo set theory less Infinity. But without Replacement, Zermelo set

theory, even with Infinity, is well known to be surprisingly weak. Replacement gives us

further height, of course, allowing us to attain sets higher up the hierarchy. But this

axiom also plays an important role in ensuring that the hierarchy of sets is as wide as

it should be at early stages. Given Foundation, recall that the rank ρpxq of a set x

may be defined recursively as the least ordinal greater than the rank of each element

of x. Equivalently in ZF, ρpxq is the least ordinal such that x Ď Vρpxq.
33 Without

Replacement, we are unable to show that the set-theoretic universe is closed under

set-theoretic operations that preserve rank. We are unable to show that each set is a

32cf. Parsons (1983), pp. 320–1.
33See, for instance, Jech (2003), ch. 6
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subset of some Vα; in fact, we are unable even to show that each set x is a subset of a

transitive set.34 The universe has not been shown to be closed under rank-preserving

operations such as x ÞÑ Vρpxq or x ÞÑ tclpxq, where tclpxq is the transitive closure of x,

the intersection of all transitive supersets of x.

One way to overcome this deficiency is to make further assumptions about the

height of the hierarchy. In the next section we will see how such an assumption permits

us to recover Replacement and Infinity. This would also enable us to fill in the gaps

in the hierarchy at low rank. In the context of the iterative conception, however, such

an approach is unsatisfying. For on this conception, the width of the hierarchy at early

stages is not determined by how far the iteration continues: every set of rank ρpxq is

formed along side x for the first time at stage ρpxq`1. In particular, Vρpxq and tclpxq are

formed whenever x is formed. Consequently, on the this conception, we should expect

the set-theoretic universe to be closed under rank-preserving operations without the need

for strong assumptions about its extent.

In the non-modal setting, Gabriel Uzquiano has demonstrated how the potential

narrowness of Z may be overcome with the addition of a further axiom.35 As he shows,

we may characterise the Vα’s without using Replacement, by defining the predicate

Rpx, αq to hold of set x and ordinal α just in case there is a function f which satisfies

the condition:36

Dompfq “ α` 1^ fpαq “ x(‹)

^ p@β ď αq@y
`

y P fpβq Ø pDγ ă βqpy Ď fpγq
˘

.

Informally Rpx, αq tells us that x “ Vα. Zermelo set theory may then be supplemented

by the following axiom, stating that every set is a subset of some cumulative rank, and

34See, for instance Mathias (2001).
35See Uzquiano (1999).
36Von Neumann ordinals may be defined as usual as transitive sets whose elements are well-
ordered by P. We reserves α, β, . . . for these ordinals. And define α ă β “df α P β and
α ď β “df α ă β _ α “ β.
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permitting us to recover the Vα-hierarchy:

(U) @xDyDαpRpy, αq ^ x Ď yq.

On this basis it is readily seen that the set theoretic universe is closed under x ÞÑ Vρpxq

or x ÞÑ tclpxq.

Another pleasing feature of bimodal stage theory MST is that it suffices to prove

the modalisation of this axiom without the need for supplementation. Say that a (future)

set M is the current universe set if its elements are precisely the sets formed at the

current stage of the hierarchy; or equivalently, if every set formed at this stage will be an

element of M and the formula z P♦M is inextensible. A set M is said to be a universe

set if it is the current universe set at some stage:37

cur-unipMq “df @zpz P
♦Mq ^  extensiblezrz P

♦M s

universepMq “df ♦cur-unipMq.

Notice first that the definition immediately ensures that the current universe set does

not exist yet but will exist at every later stage.

Proposition 17. MST,cur-unipMq $  EM ^ląEM

The following lemma permits us to show that universe sets are transitive and that

their elements are the subsets of earlier universe sets. This enables us to show that every

universe set is a rank Vα, from which the modalisation of Uzquiano’s axioms, U♦, is an

easy corollary.

Lemma 18. Let ψ be a formula without z free. Let Fψpzq “df ♦pEz ^ ψ ^lă ψq.

(a) MST,l@zpz P♦M Ø Fψpzqq, pψ ^lă ψq $ cur-unipMq

(b) MST,l@zpz P♦M Ø Fψpzqq,♦ψ,cur-unipMq $ pψ ^lă ψq

(c) MST,♦ψ,$ ♦DMpuniversepMq ^l@zpz P♦M Ø Fψpzqqq

37We reserve the variable M (and its adornments) for universe sets.
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Proof. (a) Suppose ψ, then Fψpzq implies either ♦ąpEz ^ ψ ^ lă ψq, which is ruled out by
assumption, or ♦ďpEz ^ ψ ^lă ψ0q, whence Ez. Then reason as follows.

ψ $ Fψpzq Ñ Ez just proved

$  extensiblezrFψpzqs lem. 14

Also, clearly ψ ^lă ψ $ @zFψpzq; thus ψ ^lă ψ $ @zFψpzq ^  extensiblezrFψpzqs. The
desired result follows from prop. 3

(b) Note that ♦ψ, pψ ^ lă ψq $ ♦ăpψ ^ lă ψq _ ♦ąpψ ^ lă ψq. This is readily
proved via WF. So consider each disjunct of the conclusion in turn.

l@zpz P♦M Ø Fψpzqq,♦ăpψ ^lă ψq $ ♦ăcur-unipMq by (a)

$ ♦ăląEM prop. 17

$ EM LST

$  cur-unipMq prop. 17

l@zpz P♦M Ø Fψpzqq,♦ąpψ ^lă ψq $ ♦ącur-unipMq by (a)

$ ♦ą EM prop. 17

$  ląEM LST

$  cur-unipMq prop. 17

Putting the proofs together yields the result.
(c) follows from (a), Lib and WF

Proposition 19. MST,universepMq, x P♦M $ xĎ♦M .

Proof. @zpz P♦Mq ^  extensiblezrz P
♦M s, x P♦M, z P♦x $ Ex lem. 8

$ Ez prop. 9

$ z P♦M

Proposition 20. MST,universepMq, x P♦M $ p♦DM 1 P♦MqpuniversepM 1q^xĎ♦M 1q.

Proof. Let ψ “df  extensiblezrz P
♦xs. Assume l@zpz P♦M 1 Ø Fψpzqq (tacit below).

cur-unipMq, x P♦M $ Ex def. cur-unipMq

$ ♦ăpψ ^lă ψq Pri, WF

cur-unipMq, z P♦x, x P♦M $ ♦ăpψ ^lă ψ ^ Ezq prop. 7

$ ♦ăpcur-unipM
1q ^ Ezq lem. 18(a)

$ ♦ăpcur-unipM
1q ^ z P♦M 1q def. cur-unipM 1q

$ EM 1 ^ universepM 1q ^ z P♦M 1 prop. 17

$M 1 P♦M ^ universepM 1q ^ z P♦M 1 def. cur-unipMq

universepMq, x P♦M $M 1 P♦M ^ universepM 1q ^ xĎ♦M 1 LST

So: ♦DM 1l@zpz P♦M 1 Ø Fψpzqq,universepMq, x P
♦M $ p♦DM 1 P♦MqpuniversepM 1q^xĎ♦M 1q.

The first premise may be dropped by lem. 18 since ♦ψ.
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Proposition 21. MST $ l@M♦DαpM “♦ Vαq.

Sketch proof. Applying Regularity, the theorem is proved by an P-induction, on the basis of
lems. 19 and 20. The base case is straightforward; and when for each M 1 P M we have an
ordinal αM 1 and function fM 1 which satisfy the modalisation of condition (‹) (on p. 179) it
can be shown that M together with the ordinal αM “♦ Ť

M 1PM αM 1 and the function fM “♦
`
Ť

M 1PM f 1M
˘

Y txαM ,Myu also satisfy this condition.

Corollary 22. MST $ l@x♦Dy♦Dαpy “♦ Vα ^ xĎ
♦ yq.

Proof. MST $ ♦DMpxĎ♦Mq by the proof of claim (i) in prop. 20. The result then follows from
the preceding proposition.

4.5

While the three axioms of bimodal stage theory thus characterise the shape of the hi-

erarchy, ensuring it receives its intended width, they say little about its extent. MST

proves neither the axiom of Infinity nor the axiom of Replacement.38 Although the

former uncontroversially follows from the informal sketch of the iterative conception—

according to which ω is formed at every stage after the first limit stage—the latter does

not. Nonetheless the modal setting provides a natural means of elaborating the itera-

tive conception so as to recover both axioms. We adjoin bimodal stage theory with the

following modal reflection schema:39

(Refl) l♦ą@vpφ
♦pvq Ø φpvqq

where φ has only the variables v “ v1, . . . , vk free.

The thought here is that the hierarchy of sets extends far enough to elude charac-

terisation by any LP-formula. When the truth of such a formula φ at a stage expresses

that the hierarchy up to that stage has a certain feature, the truth of its modalisation

φ♦ expresses that the entire hierarchy has the corresponding feature. Reflection ensures

that we never reach a stage when such features of the hierarchy are not reflected in one

of its later stages: it is always the case that there will be a stage when (relative to any

38Consider the Kripke model xω, P |ω, tVnunPω, tP |VnunPωy.
39A similar reflection principle is deployed in Linnebo (n.d.). Thanks to Øystein Linnebo and
Sam Roberts for impressing upon me the importance of ‘complete’ reflection in the present
setting.
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parameters v formed then) the entire hierarchy has the feature expressed by φ♦pvq just

in case the present stage has the feature expressed by φpvq.

In the context of modal stage theory, the modalisation of a more familiar, set-

theoretic formulation of reflection may be recovered from Refl:40

Proposition 23. MST,Refl $ r@αpDλ ą αqDUpRpU, λq ^ p@v P Uqpφpvq Ø φU pvqqqs♦

The result follows from the lemma that, when U is the current stage universe, for pa-

rameters formed then, φpvq is equivalent to the modalisation of it relativisation to U ,

proved by a straightforward induction.

Lemma 24. MST,cur-unipUq, Ev $ φpvq Ø φpvqU
♦

Proof of prop. 23. Let ψ be the formula Eα ^ @vpφ♦pvq Ø φpvqq, and Fψ be as in lem. 18.
Assume l@xpx P♦U Ø Fψpxqq (left tacit below).

cur-unipUq,♦ψ $ Eα^ @v
`

φ♦pvq Ø φpvq
˘

lem. 18(b)

$ Eα^ @v
`

φ♦pvq Ø φpvqU
♦˘

lem. 24

$ rα P U ^ p@v P Uq
`

φpvq Ø φpvqU
˘

s♦ def. cur-unipUq, lem. 11

ψ ^lď ψ $ cur-unipUq ^ rα P U ^ p@v P Uq
`

φpvq Ø φpvqU
˘

s♦ lem. 18

♦ψ $ universepUq ^ rα P U ^ p@v P Uq
`

φpvq Ø φpvqU
˘

s♦ WF

$ rDβRpU, βq ^ α P U ^ p@v P Uq
`

φpvq Ø φpvqU
˘

s♦ prop. 21

Consequently, the modalisation of

(:) @αpDβ ą αqDUpRpU, βq ^ p@v P Uqpφpvq Ø φU pvqqq

follows from ♦DUl@xpx P♦U Ø FψpUqq and ♦ψ (since α P Vβ iff α ă β). These in turn follow
from lem. 18(c) and Refl. Applying a trick of Levy’s (1960) we may replace the arbitrary ordinal
β in (:) with a limit ordinal λ. The instance of (:) for pu “ H^φpvqq_pu “ tHu^@γDδpγ P δqq
permits us to derive the λ-version for φpvq in S. The result follows by Mirroring.

The axioms of Infinity and Replacement are recovered by applying mirroring to

their familiar, nonmodal derivations from the set-theoretic reflection principle.41

Proposition 25.

a) MST` Refl $ Infinity♦

b) MST` Refl $ Replacement♦

40Notation: φy the relativisation of a formula φ to a set y is defined as usual, by restricting
each quantifier to the elements of y. We reserve λ for limit ordinals (ordinals such that
p@α ă λqpDβ ă λqpα ă βq)
41The theorem is due to Levy (1960). Our formulation of the non-modal reflection principle
follows Kanamori (2009), p. 58
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4.6

A set theory does not merely consist in its axioms, but also in their consequences.

Since MST proves the modalisation of the axioms of S ` U and MST ` Refl proves the

modalisations of the axioms of ZF, the mirroring result assures us that these respectively

prove (in LST) the modalisations of their classical consequences. But we may also

establish a converse to this result: modal stage theory and its extension prove the

modalisation of a formula only if it is derivable in S`U or ZF respectively.

Theorem 26.

(a) S`U $FOL φ if and only if MST $LST φ
♦

(b) ZF $FOL φ if and only if MST` Refl $LST φ
♦

The right-to-left direction is established by showing that under the following

reverse-translation scheme from L♦
P to LP, the reverse-translation rψsα of any theorem of

MST or MST`Refl is a theorem of the corresponding nonmodal set theory; and that, in

nonmodal set theory, an LP-formula φ is provably equivalent to the reverse-translation

of its modalisation, rφ♦sα.

rx “ ysα “df x “ y ^ x P Vα ^ y P Vα

rx P ysα “df x P y ^ x P Vα ^ y P Vα

r ψsα “df  rψs
α

rψ1 Ñ ψ2s
α “df rψ1s

α Ñ rψ2s
α

r@xψsα “df p@x P Vαqrψs
α

rląψs
α “df p@β ą αqrψsβ

rlăψs
α “df p@β ă αqrψsβ

Lemma 27.

(a) MST $LST ψ only if S`U $FOL rψs
α

(b) MST` Refl $LST ψ only if ZF $FOL rψs
α

(c) S`U $ φØ rφ♦sα
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Proof of thm. The left-to-right direction is immediate by props. 10, 13, 16, 22 and 25, and
mirroring. For the right-to-left direction of (a): if MST $ φ♦, then S`U $ rφ♦sα (by lem. 27(a))
and therefore S`U $ φ (by lem 27(c)). Similarly for (b).

5 Philosophical Assessment.

We have taken the tense in the informal sketch of the iterative conception more seri-

ously than has typically been the case (although not literally). The result is a stage

theory MST formulated in the bimodal language L♦
P , whose three axioms provide nat-

ural formalisations of the principles of Extensionality, Priority and Plenitude found in

the informal sketch of the iterative conception. Against the background of the tense-like

logic LST set out in section 2, this stage theory recovers a good deal of modalised set

theory: MST suffices to prove the modalisation of all theorems of S ` U, Zermelo set

theory less Infinity but extended with the resources to prove that every set is a subset of

some rank Vα. And with the addition of the modal reflection principle Refl, MST proves

the modalisation of all theorems of ZF. Such a modal interpretation of set theory was

argued in section 3 to fit well with mathematical practice.

As argued in section 1, the key advantage of modal stage theory over the more

familiar nonmodal stage theories is that it permits us to uphold Liberalness. We can

allow that any sets can form a set, forestalling difficulty questions about what it takes for

some sets to form another. But what about its modal rivals? The advantage just claimed

is shared by the unimodal axiomatisations given by Parsons (1983) and Linnebo (n.d.).

Working respectively in second-order and plural settings, and taking a single weakly-

forwards looking operator as primitive, each is able to interpret ZF on the basis of a

unimodal formalisation of Liberalness. All else being equal we should prefer the less

ideologically profligate views.42

But all else is not equal. In the first place, there is a question over whether

Parsons’ and Linnebo’s theories do employ a leaner ideology. For unlike the present

axiomatisation, both these theories employ quantificational resources other than singular

42Parsons also presents a first-order theory. This theory however uses extra modal resources
in the form of a scoping device (see Parsons (1983, appendix 1, §2)) and suffers from similar
deficiencies to the second-order theory when it comes to Powerset and Foundation.
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first-order quantifiers. It is not a straight choice between one modal operator or two

but between a modal operator and higher-order or plural quantification or two modal

operators. And, in fact, I think some philosophers will find the latter combination more

congenial for a foundational account of the iterative conception of set. For once we have

accepted the intelligibility and acceptability of one modal operator—as we must if either

the unimodal or the bimodal approach is to get off the ground—there can be no serious

doubts about adding a second. Considerations of parity suggest there will be a symmetric

case for the good standing of the second operator. But for proponents of a Quinean view

towards higher-order and plural quantification, who take this to be nothing other than

covert quantification over sets, there is a serious concern about the higher-order or plural

formulations of Liberalness. Once the set-theoretic import of the quantifiers has been

made explicit, Liberalness emerges as the trivial truth that, for any set, there can be a set

with the same elements. And such a truism can do no serious explanatory work. The

plural or higher-order unimodal account presupposes an anti-Quinean stance towards

both primitive modality and plural or higher-order quantification whereas MST only

requires the former.

Second, even with plural or higher-order resources, a unimodal language leads to a

substantial drop in expressive power. Without strictly forwards-looking modal operators

we cannot formulate Plen. Parsons and Linnebo each instead deploy an analogue of the

weaker Liberalness thesis as an axiom. But as we saw above, the stronger principle plays

an important role in the derivation of Powerset. Without the Plenitude axiom, we are

unable to prove that the condition subset of x is inextensible when x is formed, as we

did in the proof of proposition 16. Instead both Parsons and Linnebo resort to positing

such inextensibility as an additional axiom to recover Powerset. Moreover, no formula

containing only strictly or weakly forwards-looking operators is provably equivalent to

the Priority axiom Pri.43 Nor is any set of such formulas able to characterise the well-

43 Proof: Given a model M “ xS,ă, tMsusPS , t|P|susPSy, and r P S, define Sr “df ts P
S | s ě ru and Mr “ xSr,ă|Sr

, tMsusPSr
, t|P|susPSr

y. Let ψ be a formula containing only
forwards-looking modal operators. Then a trivial induction shows that for s P Sr and σ over
Mr:

|ψ|Mr,s
σ
“ |ψ|M,s

σ

Clearly however Pri lacks this property (unless r is the first stage, deleting the hierarchy of
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founded models as WF does in proposition 1.44 Instead Parsons and Linnebo each

add axioms stating that being an element of a formed set is inextensible. This ensures

that elements are formed no later than their sets but does not ensure that elements are

formed prior to their sets. And without Priority or the well-foundedness of the earlier-

later relation, we are unable to recover Foundation as in proposition 10. Instead Parsons

and Linnebo each resort simply to adding Foundation as a further axiom.

This provides a clear reason to prefer the bimodal axiomatisation of the iterative

conception over its unimodal rivals: the bimodal account has greater explanatory power.

Simply to stipulate the inextensibility of the subset relation or the well-foundedness of

the element-set relation is to give up on explaining why these properties flow from the

core principles behind the iterative conception. By adopting a bimodal language we have

the expressive resources to fully articulate these principles, and thereby to prove what

we would otherwise have to take as basic.

sets prior to r will falsify Pri at r). Consequently Pri and ψ are not provably equivalent, by
soundness.
44Applying the result in n. 43 it is easily seen that any formula ψ containing only forwards
looking modal operators is valid on the well-founded frame xN,ă, tMkukPNy only if it is also
valid on the ill-founded frame xZ,ă, tMkukPZy (where each Mk “ t0u).
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Part III

Metasemantics
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6 How Universes Expand

The characteristic claim of the expansionist relativist is that the universe is always open

to expansion. Somehow or other, we can expand the range of even unrestricted quan-

tifiers, adding new objects—in particular, new sets—into the universe. In part I, we

saw that this permits the expansionist to avoid many of the most damaging objections

against restrictionist relativism, according to which the domain of our quantifiers is al-

ways restricted to be a proper subdomain of the entire universe. In part II, we generalised

the familiar case against absolutism in favour of relativism. The absolutist is forced to

give up highly plausible plenitude principles about sets. Meanwhile the relativist can

sustain these and is able, moreover, to embed them within an appealing motivation for

standard set theory, via a modal axiomatisation of the iterative conception of set. All

else being equal, therefore, we have reasons both to prefer relativism over absolutism

and expansionist relativism over its restrictionist counterpart.

But it remains to be seen that all else is equal. In particular, in the case of inter-

pretational expansionism, it remains for the expansionist to give a positive account of

her key contention that the lexicon of a language can always be reinterpreted in such a

way that the universe of discourse expands. This is all the more pressing, since it is not

obvious how universe expansion functions. In the case of the most prominent restric-

tionist view, contextual restrictionism, we do have well-developed semantic accounts of

quantifier domain restriction, even if their details remain controversial.

Correspondingly, the interpretational expansionist needs to advance a well-motivated

metasemantic account of how the lexicon can be reinterpreted so that new objects come

to be added to the universe. Expansionism will not emerge as a viable alternative to

absolutism and restrictionism until we have at least the beginnings of an account of how
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this could happen.

In this final chapter, therefore, I shall sketch the beginnings of an account of uni-

verse expansion on behalf of the interpretational expansionist. Against the background

of some substantial but independently motivated assumptions from metasemantics, I

outline how on the basis of speaking an initial language, a community of speakers might

come to so use their language as to expand the initial universe of the language with a

further rank of sets. This account will be presented at a high level of idealisation. An

account of how universes in fact expand—assuming that they do—would require an em-

pirical investigation of natural language that philosophers are ill-placed to conduct from

their armchairs. My principal focus will instead be on whether an appropriate pattern

of use could bring about universe expansion. Accordingly, I shall focus on the plight of

imaginary, idealised linguistic communities, whose lexicon, syntax and patterns of use

are simple enough to make the account philosophically tractable. But I shall make some

attempt to isolate patterns of use that are sufficiently straightforward and have enough

consonance with our pre-theoretic inclinations as to not obviously fail to be idealisations

of the patterns we in fact follow.

My primary aim will be to give an account of universe expansion from the rela-

tivist’s point of view. To the extent, however, that the assumptions behind the account

are independently attractive this account of universe expansion may also provide fresh

considerations in favour of adopting this standpoint. A secondary aim will be to assess

the effectiveness of such an argument. In the final section, I shall also suggest that if the

account of universe expansion can be construed as an argument for relativism, it pushes

the relativist towards a more extreme version of her view. To the extent that the account

of universe expansion offers an argument in favour of relativism over absolutism, it also

supports relativism about inter-perspective modal operators as much as relativism about

quantifiers.
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1 Use

1.1 Patterns of use

The account of universe expansion is based on a charitable assumption about how facts

about use determine facts about meaning. But before we come to this let us start with

use. The core patterns of use that will interest us concern the mental or linguistic

behaviour of a given linguistic community, which we may gloss to a first approximation

as members of the community finding it incoherent to accept certain propositions and to

reject certain others. In particular, we shall be interested in inter-perspective patterns,

in which the use of one language relates to the use of another. As in chapter 4, we shall

record such patterns of use as labelled sequents.

For example, that English speakers find it incoherent both to accept and reject

what is expressed in English by ‘Snow is white’ is recorded by the intra-perspective

sequent:

English: ‘Snow is white’ ñEnglish English: ‘Snow is white’

That bilingual English-German speakers find the same sort of incoherence in accepting

this proposition whilst rejecting what is expressed in German by ‘Schnee ist Weiß’ is

expressed by the inter -perspective sequent

English: ‘Snow is white’ ñBilingual German: ‘Schnee ist weiß’

Such patterns may also extend to more than two propositions. We write

English: ‘That snow is white or grey’

ñBilingual English: ‘That snow is grey’,German: ‘Das Schnee ist weiß’

to indicate that bilingual English-German speakers find it incoherent to accept that the

snow is white or grey and to reject both what is expressed in English by ‘That snow is

grey’ and what is expressed in German by ‘Das Schnee ist weiß’.
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More generally, when Γ and Θ are sets of labelled sentences, Γ ñC Θ may be

approximately glossed as saying that, for any assignment σ, members of speech commu-

nity C find it incoherent both to accept what is expressed by each antecedent sentence,

labelled in Γ, under its labelled interpretation and σ and to reject what is expressed by

each consequent sentence, labelled in Θ, under its labelled interpretation and σ. As be-

fore we call the propositions expressed by antecedent and consequent sentences relative

to their labelled perspective antecedent and consequent propositions.1 Sequent rules of

the forms

Γ1 ñC Θ1

Γ ñC Θ
Γ1 ñC Θ1 Γ2 ñC Θ2

Γ ñC Θ

simply record material implications, respectively that Γ1 ñC Θ1 only if Γ ñC Θ and

that both Γ1 ñC Θ1 and Γ2 ñC Θ2 only if Γ ñC Θ.

The labelled sequents—informally glossed ‘members of community C find it inco-

herent to accept. . . and to reject. . . ’—make a claim about how members of community

C use language. There is considerable room for disagreement, however, over how these

sequent are best understood. While there is widespread agreement that the facts about

language use, in particular, facts about inference, have an important role to play in de-

termining facts about meaning, there is rather less agreement about what is to count as

‘use’ in the relevant sense. For instance, there is room for disagreement about whether

use facts include facts about intentional attitudes such as knowledge and belief and about

whether use facts are descriptive, describing the speakers linguistic and mental behaviour

or normative, concerning their evaluative attitudes towards the same.2 As far as possi-

ble, I would like to remain neutral on such questions. Granted the charitable assumption

below, the different readings of labelled sequents amount to different metasemantic the-

ories, offering competing answers to the metasemantic question of how, collectively or

1This is to implement an inter-perspective version of Restall’s (2005) proposal that sequents
be read as incoherence relations.

2Davidson (1973), for example, takes the use facts to consist of which sentences speakers ‘hold
true’; Lewis (1974) has the more ambitious aim of ultimately reducing the use facts to facts
about speakers as a physical system. But while both of these seem to be descriptive accounts,
Brandom (1998) emphasises normative features of use.
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individually, our occurrent or dispositional mental and linguistic behaviour, or norma-

tive attitudes towards the same, determine semantic content. But, by and large, the

account of universe expansion does not turn on such details. Consequently the relativist

can afford to remain neutral on such difficult issues.

The argument does however impose some general constraints on how such la-

belled sequents may be understood under such an incoherence reading. In particular,

we suppose that labelled sequents so interpreted conform to the usual structural rules

for Gentzen sequents. And this is incompatible with some use-related readings of the

sequents.

First of all, members of community C find (or appear to find) it incoherent both

to accept and reject what is expressed by the same sentence.

(rep.) ς:φñC ς:φ

Of course, we do not in general want to impute universal freedom from contradiction

across the community C. Linguistic communities are often unruly: error is common-

place, contradiction is not unusual, and even appropriate normative attitudes towards

contradiction are not universal—including among experts.3 For such communities, rep

cannot be understood as saying that that every member of the community, or every

expert, always finds it incoherent both to accept and reject what is expressed by a single

sentence. Such unruliness however is compatible with a wide variety of weaker readings

of the sequent, according to which many or most speakers—or perhaps, many or most

members of a privileged segment of the community—often find such an attitude to be

incoherent.

Second, we assume that incoherence is never found to be relieved by taking on

further commitments. If members of community C find it incoherent to accept some

propositions and to reject some other propositions, members of community C also find

it incoherent both to do this and to accept and/or reject further propositions. When

3Consider, for instance, Priest (2006).
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Γ0 Ď Γ and Θ0 Ď Θ:4

(dil)
Γ0 ñC Θ0

Γ ñC Θ

Third, and last, there is always some way to extend an acceptance/rejection distribution

that is not found to be incoherent to encompass the acceptance or rejection of a new

proposition, without the new distribution being found to be incoherent. If members of

C find it incoherent to adopt a certain acceptance/rejection distribution, regardless of

whether they also accept a new proposition, or reject it, then members of C find the

initial distribution to be incoherent. This is recorded in the following sequent rule.

(cut)
ς:φ,Γ ñC Θ Γ ñC Θ, ς:φ

Γ ñC Θ

In conjunction with other patterns of use, the last two assumptions will permit us to

derive infinitely many sequents. Given our reading of sequent rules simply as statements

of material implication, this means that infinitely many patterns of use are imputed to

speakers. This severely diminishes the plausibility of certain use readings of the sequent

but still leaves many intact. We cannot plausibly interpret each distinct sequent as

imputing a distinct occurrent mental state of finding incoherent. For finite communities

of finite beings do not have infinitely many such states. But there is no similar problem

of principle in taking ‘finding’ an acceptance/rejection distribution to be incoherent in

dispositional terms. Moreover, no problem arises on a descriptive account according

to which the sequent indicates simply that speakers do not both accept the antecedent

propositions and reject the consequent ones.

Notice also that conformity to cut provides a natural link between the pattern of

use described by Γ ñC ς:φ and members of the community inferring what is expressed

by the conclusion φ relative to its labelled perspective from what is expressed by the

premisses labelled in Γ. Whenever Γ ñC ς:φ and members of C do not find it incoherent

to accept each of the antecedent propositions expressed by the premisses in Γ (that is,

Γ ­ñC) then adherence to cut ensures that they do not find it incoherent to accept what

4To ease readability, weakening steps in sequent proofs are usually left tacit below.
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Table 6.1: The lexicon of LplpP, t¨uq

Category e and ee singular and plural variables: x, y, . . . and xx, yy, . . .
Category t{pe, eq singular identity predicate: “
Category t{pee, eeq the plural identity predicate: ”
Category t{pe, eeq the member-‘plurality’ predicate: ă

Category t{pe, eq the element set predicate: P
Category e{ee the set-term operator: t¨u
Category ee{t plural term-forming operators: λpx, λpy. . . .
Category t{t and t{pt, tq connectives:  and ^
Category t{t singular and plural quantifiers: @x,. . . and @xx,. . .

is expressed by the conclusion at the relevant perspective in addition to the antecedent

propositions (Γ, ς:φ ­ñCq. Γ ñC ς:φ ensures that the premisses license inference to the

conclusion without risk of loss of coherence.5

Consequently, the usual structural rules (adapted for labelled sequents) are com-

patible with a wide range of interpretations of the sequent, Γ ñC Θ, as describing what

may be roughly glossed as members of C finding it incoherent to accept the antecedent

propositions and reject the consequent ones. As a result, derivations in a Gentzen-style

sequent calculus provide a useful tool for examining patterns of use recorded in this way.

And we shall make free use of such derivations in what follows.

1.2 The Deliberate Extenders

Let us now turn to the idealised linguistic community, whose imaginary attempt to

expand their universe will be our principal focus. The extent of the idealisation is

immediately apparent in their lexicon. We assume that members of the community

speak an interpreted plural first-order language LplpP, t¨uq, modifying the lexicon of the

language of set theory with urelements. The lexicon is displayed in table 6.1. The set

predicate ß employed in earlier chapters is replaced by a set-term forming operator t¨u,

which given a plural term ττ , yields a singular term tττu, which may be read ‘the set

of ττ ’. This allows us to recover the old predicate by definition: ßx “df Dyypx “ tyyuq.

The use of logical expressions by members of this community embodies a com-

5The points made in the last four paragraphs draw on Restall (2005), who argues that the
structural rules can be seen as giving a plausible minimal theory of an incoherence reading of
the sequent; and that cut can be seen as underlying inference.
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mitment to the free plural first-order logic FPFO outlined in chapter 4. Let p be the

perspective their language corresponds to (in contexts where no restrictions are imposed

on their quantifiers). Then members of the community conform to patterns of use corre-

sponding to the p-instances of the sequent rules recorded in table 6.3 (on page 197 below)

together with the patterns of use that may be derived from these using the structural

rules. For example the rules for  , allow us to derive.6

p:φ, p: φñ

This records the fact that members of the imaginary community find it incoherent to

both accept what is expressed in their language by a sentence φ and what is expressed

by its negation  φ.

We make some limited assumptions about the interpretation of the Extenders’

lexicon. First we suppose that the expressions receive their intended interpretation

over the initial universe Mp. In particular, the familiar satisfaction clauses for the

logical expressions displayed in table 6.2 hold for all assignments σ to singular and plural

variables. Notice that these semantics ensure that the initial universe Mp comprises those

objects a such that Ev is true relative to p when v is assigned to a (where Ev abbreviates

v “ v, as usual). Second we assume that Mp is ‘transitive’ in that whenever it contains

a set it also contains the elements of that set. Neither of the assumptions should trouble

the absolutist. After all he contends that we can come to the intended interpretation

of these expressions over the absolute universe. And any universe that is a plausible

candidate for absolute will be transitive (otherwise it lacks elements of its members).

For some time this interpretation of the lexicon remains unchanged. After a while,

however, a philosophical divide starts to open within the imaginary community. Some

of the speakers become staunch relativists about quantifiers; other become devout ab-

solutists. The absolutists become accustomed to patiently explaining to their relativist

contemporaries that when they use quantifiers without any contextual restrictions, they

succeed in quantifying over everything, really absolutely everything with no restrictions

6As in chapter 4, this is short for tp:φ, p: φu ñ H. We apply similar abbreviations below.
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Table 6.2: Intended truth conditions for logical expression relative to p

Let Denσpvvq abbreviate ‘the (zero or more) objects σ maps vv to’; Denσpxλpv.φyq abbreviate
‘the zero or more members a of Mp such that φru{vs is true relative to p under σra{us’.

u “ v is true relative to p under σ iff σpuq is identical to σpvq, which is a member of Mp

ττ1 ” ττ2 is true relative to p under σ iff Denσpττ1q are identical to Denσpττ2q, which are
members of Mp

u ă xλpv.φy is true relative to p under σ iff σpuq is one of Denσpxλpv.φyq.

 φ is true relative to p under σ iff φ is not true relative to p under σ.

φ1 ^ φ2 is true relative to p under σ iff φ1 is true and φ2 is true relative to p under σ.

@vφ is true relative to p under σ iff, for every a in Mp, φ is true relative to p under σrv{as.

@vvφ is true relative to p under σ iff, for all zero or more aa in Mp, φ is true relative to p
under σrvv{aas.

Table 6.3: Patterns of use for logical expressions.

Γ ñ Θ, ς:φ
l 

ς: φ,Γ ñ Θ

ς:φ,Γ ñ Θ
r 

Γ ñ Θ, ς: φ

ς:φ1, ς:φ2,Γ ñ Θ
l^

ς:φ1 ^ φ2,Γ ñ Θ

Γ ñ Θ, ς:φ1 Γ ñ Θ, ς:φ2
r^

Γ ñ Θ, ς:φ1 ^ φ2

Γ ñ Θ, %:φ
l “

ς: τ1 “ τ2,Γ ñ Θ, %:φpτ2{τ1q

Γ ñ Θ, ς: Φpτq
r “

Γ ñ Θ, ς: τ “ τ

Γ ñ Θ, %:φ
l ”

ς: ττ1 ” ττ2,Γ ñ Θ, %:φpττ2{ττ1q

Γ ñ Θ, ς: Φpττq
r ”

Γ ñ Θ, ς: ττ ” ττ

ς:Eτ, ς:φrτ{vs,Γ ñ Θ
lλ

ς: τ ă xλς : v.φy,Γ ñ Θ

Γ ñ Θ, ς:φrτ{vs Γ ñ Θ, ς:Eτ
rλ

Γ ñ Θ, ς: τ ă xλς : v.φy

ς:φrτ{vs,Γ ñ Θ Γ ñ Θ, Eτ
l@v

ς:@vφ,Γ ñ Θ

ς:Eu,Γ ñ Θ, ς:φru{vs
r@v

Γ ñ Θ, ς:@vφ

ς:φrττ{vvs,Γ ñ Θ Γ ñ Θ, Eττ
l@vv

ς:@vvφ,Γ ñ Θ

ς:Euu,Γ ñ Θ, ς:φruu{vvs
r@vv

Γ ñ Θ, ς:@vvφ

PC
ñ ς:Exλςv.φy

Side constraints: in r@v (r@v) the variable u (uu), does not occur free in the end sequent; in
r “, the term τ does occur free in Φpτq.
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whatsoever. The relativists are well apprised of this use of quantifiers, and do not dis-

agree with the absolutist’s contentions, so described, but do think that these miss the

point. They think that it remains to be seen whether they might not come to speak

a more liberal language, one in which they might describe the expressive limitations of

their present language. Tiring of the apparent impasse, they resolve to isolate them-

selves from the rest of their community, and attempt to do just this. Many years later

we return to see how this breakaway linguistic community, now calling themselves the

Deliberate Extenders, have gotten on.

The relativist exiles have not forgotten how to speak their old language but seem

to have become bilingual. They have attempted to expand their universe by cultivating

new patterns of use alongside the old ones. In doing so they have left their initial lexicon

unchanged. Instead they rely on contextual clues and conventional mechanisms in order

to indicate whether they are speaking in the old language or the new one.

Extenders retain their previous commitment to plural logic in the old language.

But they also have a similar commitment in the new language. When speaking the

new language their use continues to conform to the same sequent rules for the logical

expressions in the lexicon as before, where p is replaced by p1, the perspective term for

the new language (in unrestricted contexts). Moreover they continue to use their old

λp-terms in the new language in much the way that they used them in the old language,

corresponding to the informal gloss ‘the members of the initial universe that satisfy φ

relative to p’. Extenders’ use of terms of the form xλpv.φy conforms to these patterns.7

p:Eτ, p:φrτ{vs,Γ ñ Θ
l1λp

p1: τ ă xλpv.φy,Γ ñ Θ

Γ ñ Θ, p:φrτ{vs Γ ñ Θ, p:Eτ
r1λp

Γ ñ Θ, p1: τ ă xλpv.φy

Much like our own commitment to logic, the Extenders commitment to plural logic

is open-ended in the sense of McGee (2000) and Williamson (2006). It is not limited

to conforming to the patterns of use recorded by instances of these schemas whose

substituends are drawn from the current lexicon. Extenders remain committed to these

7Since the lexicon remains the same, the new language lacks λp1 terms (with a prime on
the perspective term) and accordingly the p1 instance of the rules for these expressions is
redundant.
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patterns when they come to learn new expressions. In particular, their use continues

to conform to these patterns when side-formulas are labelled by perspective-terms other

than p or p1. And their use with the singular and plural identity predicates conforms

not merely to the intra-perspective version of substitutivity but also its inter-perspective

analogues.

Γ ñ Θ, %:φ
l “

ς: τ1 “ τ2,Γ ñ Θ, %:φpτ2{τ1q

Γ ñ Θ, ς:φ
l ”

%: ττ1 ” ττ2,Γ ñ Θ, %:φpττ2{ττ1q

In order to make the argument for universe expansion, it suffices to focus on the

patterns of use Extenders adopt for certain canonical forms of atomic sentence contain-

ing mathematical expressions. Members of the relativist community’s use of set-term

identity statements embodies an inter-language version of Frege’s Basic Law V.8 Exten-

ders have come to find it incoherent to accept what is expressed in the initial language by

the plural identity statement ττ1 ” ττ2 yet reject what is expressed in the new language

by the corresponding singular identity statement tττ1u ” tττ2u, and vice versa.

p1: tττ1u “ tττ2u ñ p: ττ1 ” ττ2 p: ττ1 ” ττ2 ñ p1: tττ1u “ tττ2u

Likewise, acceptance and rejection of propositions expressed in the new language by

canonical element-set statements of the form τ P tττu are co-ordinate in the natural

way with acceptance and rejection of what is expressed by the corresponding member-

‘plurality’ statements in the initial language. Extenders have come to find it incoherent

to accept what is expressed in the old language by τ ă ττ and yet to reject what is

expressed in the new language by τ P tττu, and vice versa.

p1: τ P tττu ñ p: τ ă ττ p: τ ă ττ ñ p1: τ P tττu

Finally, acceptance/rejection distributions between s and s1 are stable in the now familiar

8Frege (1893, §20). Note however that ” is a simple predicate, not a defined one as usual.
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sense.9

p:EΦ, p
1: Φ ñ p: Φ p:EΦ, p: Φ ñ p1: Φ

2 Charity

2.1 How universes expand, part I

No doubt these patterns may seem rather recherché. But I take it that there is nothing

to stop the Extenders coming to use their new language in this way. And indeed mu-

tatis mutandis there would be nothing to stop a sufficiently committed band of initially

English-speaking relativists from adopting analogous patterns. The question remains

however whether this achieves anything to advance their cause; in particular, whether

doing so brings about the expansion of the initial universe that the Extenders set out to

achieve. Here we shall give the first half of an argument that it does. On the basis of a

substantive assumption about how use determines meaning, we can demonstrate that the

following characteristically relativist claim comes out true under the new interpretation.

Rp1  @xpx ă mmpq

The term mmp abbreviates the plural term xλpy.Dxpx “ yqy that denotes the members

of the initial universe under its intended interpretation. As such, under the intended

interpretation of its constituent expressions, Rp1 says that the initial universe fails to

be comprehensive. After pausing in the next section to defend the key assumption, we

return to complete the argument in section 3.2.

The key assumption we deploy is a relatively circumscribed principle of Charity,

read as a principle about the metaphysics of meaning determination. We assume that

the sentences of the Extenders’ language are so interpreted that the distributions of

acceptance and rejection that members of this community find incoherent, really are

incoherent—insofar as adopting such a distribution always leads one to accept a falsehood

or to reject a truth.

9See chapter 4, section 2.2.
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More precisely, say that a sequent Γ ñ Θ is sound if there is no assignment σ

such that each antecedent sentence is true relative to the perspective denoted by its

label under σ and each consequent sentence is false relative to the perspective denoted

by its label under σ. Sequent rules are said to be sound if they preserve soundness: the

end sequent is sound if the initial sequents are. The assumption we need is simply the

following.

Soundness. Ceteris paribus, the sentences of the Extenders’ new language are so inter-

preted as to render the patterns of use they deploy sound.

Of course, if Extenders adopt inconsistent patterns which cannot be soundly interpreted,

or other factors involved in meaning determination intervene, their patterns may be

unsound; providing however that such things do not occur we assume that meanings are

co-ordinated with use in this way.

Assume Bivalence. Notice first that for Mp1 comprising those objects a such that

Ev is true relative to p1 when v is assigned to a, this soundness of the following instance

of Stability immediately ensures that Mp1 is at least as inclusive as Mp.

p:Ev ñ p1:Ev

Second it is straightforward to show that Rp1 comes out true in the new language by

running a sequent version of the Russell argument. Write rr to abbreviate xλpx.x R xy,

and r to abbreviate trru. Under their intended interpretations, rr denotes the non-self-

membered sets in the initial universe, and r the ‘Russell set’ with these sets as elements.

On the basis of the soundness of the Extenders’ patterns of use we may show that Er

is not true relative to the initial perspective p, and thus that the target relativist claim,

Rp1 , is true relative to the new perspective p1.

The soundness of the Extenders’ patterns of use ensures that the end sequents in

the following derivations are sound.10

10Here and below the unlabelled inferences are applications of cut
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p: r P r ñ p: r P r
l 

p: r P r, p: r R r ñ
lλp: r P r, p: r ă rr ñ p1: r P r ñ p: r ă rr

p: r P r, p1: r P r ñ p:Er, p: r P r ñ p1: r P r

p:Er, p: r P r ñ

p: r P r ñ p: r P r
r 

ñ p: r P r, p: r R r p:Er ñ p:Er
rλ

p:Er ñ p: r P r, p: r ă rr p: r ă rr ñ p1: r P r

p:Er ñ p: r P r, p1: r P r p:Er, p1: r P r ñ p: r P r

p:Er ñ p: r P r

Applying cut, the left initial sequent of the following derivation is also sound.11

p:Er ñ
l “

p:x “ r, p:Exñ
lD

p: Dxpx “ rq ñ
l1λp

p1: r ă mmp ñ

ñ p:Err p:Err ñ p1:Er

ñ p1:Er
l@v

p1:@xpx ă mmpq ñ
r 

ñ p1: @xpx ă mmpq

The conclusion of the end sequent here is the target sentence Rp1 . Consequently, the

soundness of these rules ensures that this sentence is true in the Extenders’ new language.

2.2 Knowledge maximisation

But why should we expect the Extenders’ patterns of use to be sound? I think this

question should be answered by defending a more general principle of Charity in in-

terpretation along the lines of the sort defended by Donald Davidson.12 Rather than

treating Charity as a methodological principle governing good interpretation, however,

we follow David Lewis (1974) and Timothy Williamson (2004; 2007, ch. 8) in taking some

sort of tendency for correctness to be a metasemantic principle, a metaphysical principle

about how use determines meanings. This has some initial plausibility. Meanings do

seem to be determined so as to rule out certain forms of widespread error. Ironic or

antiphrastic usages of sentences that become widespread often start to say what they

11The rule lD may be derived from the rules for @ and  as usual.
12 See, for instance (1973, 1974a). Davidson’s early use of Charity, generalises Quine’s (1960,
p. 59) limited use of Charity in translation. In ‘Radical Interpretation’ the principle is for-
mulated in terms of maximising agreement ‘in the sense of making [speakers] right, as far as
we can tell, as often as possible’ (1973, p. 136). But he later comes to accept the refinements
offered by Lewis discussed below. See (1974b).
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previously merely communicated. Were a linguistic community who started out speak-

ing (the Queen’s) English to start using ‘bad’ as they now use ‘good’ (either wilfully or

erroneously) it seems that it would not be all that long before attribution of good things

as ‘bad’ in that community would cease to be (literally) mistaken.

Evidently, however, widespread and systematic error is possible. This provides

a wealth of easy counterexamples to crude principles of Charity that seek simply to

maximise correctness.13

Correctness Maximisation. Ceteris paribus sentences are so interpreted as to maximise

the proportion of acceptance or rejection attitudes towards propositions that are

correct.14

Contrary to such an injunction to maximise correctness, erroneous computations with

hitherto uncalculated-with integers do not run the risk of shifting the meanings of arith-

metical expressions like ` and ˆ to render the calculations correct. This remains the

case even if the mistake becomes commonplace due, say, to a faulty batch of calculators,

or a misprint in a text book. Nor do we have any reason to interpret a technologically

primitive linguistic community as speaking exclusively about neutrinos even if the sheer

wealth of these particles enables us to always interpret them as being correct by doing

so.15

But defending Charity does not commit us to defending a crude version of this

principle. One option for refinement would be to build an allowance for reasonable

error into the ‘ceteris paribus’ clause. For example, in his 1974 application of Charity,

David Lewis proposes that we make allowance for errors that we might have made in

similar circumstances: we should ascribe to the speaker ‘those errors which we think

we would have made, or should have made, if our evidence and training had been like

his.’ (1974, p. 336)16 But in the context of a metaphysical principle about meaning

13The formulation in the text adapts the formulation criticised by Williamson (2007). He gives
the formulation on page 261.
14The correctness of acceptance/rejection is characterised in the obvious way: accepting truths
and rejecting falsehoods is correct; rejecting truths or accepting falsehoods is incorrect.
15Williamson (2004, pp. 141–4), (2007, pp. 262–6) offers similar and further counterexamples.
See also Grandy’s (1973) criticism of Quine’s (1960) use of Charity applied to translation.
16Compare Richard Grandy’s (1973, p. 443) ‘principle of humanity’. Grandy is primarily
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determination this seems overly anthropocentric. As Williamson observes, ‘humans are

prone to peculiar logical and statistical fallacies: once we recognize a quirky design fault

in ourselves, it would be perverse to prefer, on metaphysical principle, interpretations of

non-human aliens that attribute the same design fault to them.’ (2007, p. 262)

A more promising refinement of the principle due to Williamson (2004; 2007,

ch. 8) proposes that we replace correctness maximisation with knowledge maximisation.

Following this suggestion, we shall reformulate Charity as follows:17

Knowledge Maximisation. Ceteris paribus sentences are so interpreted as to maximise

the proportion of acceptance or rejection attitudes towards propositions that con-

stitute knowledge.

So understood, Charity would seem to strike the right balance between permit-

ting new patterns of use to effect semantic change without ruling out the possibility

of widespread or systematic error. In the case of ‘bad’, since speakers will often be

in a position to know that the attributed thing is good, Knowledge Maximisation en-

sures, ceteris paribus, that such attributions of good things as ‘bad’ express truths. In

the case of +, since her slips prevent the speaker coming to know the results of her

calculations, whether true or not, the mere fact of her acceptance provides no reason

for interpreting her to be correct. Similarly since the technologically primitive commu-

nity are in no position to know about neutrinos, the correctness maximisation of the

neutrino-interpretation greatly reduces knowledge.18

Let us take the Knowledge Maximisation principle for granted then. How does this

relate to Soundness? The answer is that interpreting the basic logical and mathematical

inferences that a community makes as sound often tends to maximise knowledge.

Suppose that a linguistic community follows a certain pattern of mental and lin-

guistic behaviour U , with members of this community coming to accept certain proposi-

interested in offering an alternative to Quine’s (1960) principle of Charity as a pragmatic
constraint on translation.
17To adapt Williamson’s proposal to the present setting we assume here that rejection attitudes
as well as acceptance attitudes can constitute knowledge. The thought here is that even a
speaker of a language without negation can come to know—say—that the object in front of
her is not red by seeing that it is green and on this basis coming to reject what is expressed
by ‘that is red’.
18This last point is made by Williamson (2007, p. 265–6)
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tions and reject others, for a variety of reasons. In particular, we may suppose that some

propositions are accepted or rejected on the basis of inference from others in virtue of

members of this community conforming to a use pattern of the form Γ ñC ς:φ. Given

U , an interpretation which renders this pattern sound makes such patterns of use a

route to inferential knowledge: when speakers know what is expressed by each of the

premisses and come to further accept what is expressed by the conclusion on the basis

of competently performing the sound inference, they come to know what is expressed by

the conclusion. On the other hand, an interpretation which renders the pattern unsound

prevents the pattern from being a route to inferential knowledge. When members of

C come to accept what is expressed by its conclusion solely through having deduced

it from known premisses following what is now an unsound inference rule, they do not

come to know what is expressed by the conclusion. Even if they chance upon accepting

a truth, unsound inference is not a route to knowledge. There is thus a reason to expect

Knowledge Maximisation to tend in general towards the soundness of such inferences.

Of course, the increase in inferential knowledge gained by interpreting patterns of

inference soundly may have to be traded off against gains in other sorts of knowledge

from interpreting them unsoundly. Perhaps, for example, members of a technologically

primitive community come to accept what is expressed by the sentences of their lan-

guage about, say, the prevalence of fish stocks in different parts of a nearby river both

directly via perception and indirectly by making dubious inferences based on augury.

Knowledge maximisation need not incorrectly require such inferences to be sound, for

the inferential knowledge gained under such a deviant interpretation may be outweighed

by the perceptual knowledge lost under the actual interpretation.19

But in the case of the logical and mathematical patterns of use that our imaginary

linguistic community, the Deliberate Extenders, conform to, there seems no reason to

19Granted Charity, the assumption that the sentences are about the prevalence of fish stocks
will only hold good if the potential perceptual knowledge under the one interpretation does
outweigh the putative inferential knowledge under the other. If the community tip the balance
by coming to rely too heavily on augury, and too little on perception, the sentences in question
would come to have truth-conditions unrelated to the distribution of fish. The sentences would
in effect come to be about the objects of the augury, or at least what could safely be inferred
from the results of such procedures.
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think that a similar conflict will arise. Indeed we are at liberty to suppose that their

pattern U of mental and linguistic behaviour is such that no such conflict ensues. If need

be, we may suppose that aside of accepting logical truths, and rejecting logical falsehoods,

all of their acceptance and rejection is based on inference, following the patterns of use

set out in section 1.2. In this case, no non-inferential knowledge is gained and inferential

knowledge is lost if any of their patterns of use are interpreted as unsound. In this

highly idealised case, maximising the proportion of acceptance/rejection attitudes that

constitute knowledge leads directly to Soundness. Ceteris paribus, Charity as articulated

in Knowledge Maximisation vindicates the assumption of Soundness in the account of

universe expansion given so far.

2.3 Ceteris Paribus?

But is all else equal?

Knowledge Maximisation cannot mandate that speakers’ sentences be so inter-

preted that their patterns of use are sound unless such an interpretation is possible. If,

to borrow Prior’s famous example,20 speakers adopt the following patterns of use, then

knowledge cannot be maximised by interpreting the speakers’ patterns soundly, for these

patterns cannot be so interpreted.21

ς:φñ ς:φ tonk ψ ς:φ tonk ψ ñ ς:ψ

At the very least, the ceteris paribus clause in Soundness must require that a sound

interpretation is possible.

So long as we are interested in giving an account of universe expansion from the

expansionist’s point of view, however, there is an equally straightforward response: unlike

the case of ‘tonk’, the patterns in question clearly can be soundly interpreted. From the

perspective of a sufficiently liberal metalanguage the expansionist can demonstrate this

by constructing a model.22 The Extenders’ patterns of use are sound when the new

20Prior (1960).
21The empty sequent ñ may be derived from these rules, and the structural rules, and this is
trivially unsound.
22 Consider the triple xω, ωˆω, tDnunPωy which is a frame in the sense of in chapter 5 (section

206



universe expands the initial universe with all sets of members of the initial universe and

the expressions of the Extenders’ lexicon are given their intended extensions over the

wider universe (with λpvφ still interpreted to denote the zero or more members of the

initial universe that satisfy φpvq under the initial interpretation).

Such an argument for soundness is unlikely to impress the absolutist. For, in

the crucial case, he contends that the initial universe Mp is absolute. Consequently he

denies that the expansionist’s model exists. No set, and in particular no set model, has

a universal set in its transitive closure.

Moreover, the absolutist may claim that there are simply too few objects to soundly

interpret the inter-language version of Basic Law V while according the intended meaning

to the identity predicate under the new interpretation. For in order to interpret this

pattern in this way, the singular terms txxu and tyyu must each denote a distinct

member of the new universe whenever xx and yy each denote different members of the

initial domain. This requires that there be as many objects in the new universe Mp1 as

there are plural-term denotations over the initial universe Mp. Consequently, applying

Cantor’s argument, the cardinality of the new universe Mp1 must exceed that of the

purportedly inexpandable initial universe Mp. And this, he concludes, is impossible: no

things are more numerous than absolutely everything.23

2.1), where D0 comprises the members of the Extender’s initial domain—assumed, recall, to be
transitive—and Dn`1 “ ℘pDnq YDn. Consider the model that adds the following extensions:
|p| “ 0; |p1| “ 1

|v|σ “ σpvq |vv|σ “ σpvq

|tττu|σ “ |ττ |σ |xλpv.φy|σ “ ta P D|p| | |φ|
σrv{as

“ T u

|“|n “ txa, by | a “ b P Dnu |”|n “ txA,By | A “ B Ď Dnu

|P|n “ txa, by | a P b P Dnu |ă|n “ txa,By | a P B Ď Dnu

Given an assignment σ over the model mapping each singular variable to a member of some
Ds and each plural variable to a subset of some Ds, the satisfaction clauses are as in chapter
5 with the following additions.

|Rτ1 . . . ττk|sσ “ T iff x||tau1
σ, . . . , ||ττkσy P |R|

|@vvφ|sσ “ T iff, for each A Ď Ds, |φ|sσrvv{As “ T

Then, granted the transitivity of D0, it is readily verified that the Extenders patterns of use
are sound in the model: there is no assignment σ over the model such that the antecedent
sentence are true in the model relative to the labelled perspective under σ and the consequent
sentences are false in the model relative to the labelled perspective under σ.
23Compare Boolos (1997, p. 307) on why the ordinary version of Basic Law V fails. In order
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This rejoinder does not interfere with our primary aim of giving an account of

universe expansionism acceptable to the relativist. For the relativist does not accept

the absolutist’s contention that Mp is absolute. It may appear however to frustrate

any attempt to turn the relativist’s account of universe expansion into an argument

for expansionism that has dialectical force against the absolutist. The rejoinder seems

to show that the absolutist is under no pressure to accept the possibility of a sound

interpretation of the patterns in question.

The dialectical situation however is not so straightforward. Certainly the relativist

will agree that the absolutist rejoinder is correct to the extent that the following is true:

the patterns of use are sound only if the initial universe fails to be absolute. However,

whether the relativist must presuppose the initial universe’s non-absoluteness turns on

a further substantive question in metasemantics. It depends on whether, in the cases in

question, subsentential or sentential content has metasemantic priority over the other;

whether, in the first instance, Charity operates at a sentential or subsentential level.

Given that the use of expressions determines both the content of whole sentences,

and that of subsentential expressions, the question arises whether either category has

priority over the other. One possibility is that subsentential expressions have metase-

mantic priority over sentential expressions. Metasemantics first determines the content

of subsentential expressions; and once this has been determined, the content of complex

expressions may be recovered in the familiar compositional way. For example, in the

case of singular terms we might give a causal story of the sort sketched by Kripke.24

The meaning of a name is settled prior to the meanings of the whole sentences it oc-

curs in by virtue of there being the right sort of causal connection between tokens of

the name and the named object. The other possibility is that whole sentences have

metasemantic priority over their subsentential constituents. For example on the sort of

account offered by Lewis (1970, 1974), metasemantics operates in the first instance at

the level of sentential content. Think of sentential content in an unstructured way, as

to press this objection in good conscience, the absolutist will need to encode the cardinality
claims and the proof of Cantor’s theorem in plural or higher-order terms along the lines of
chapter 2 (section 4).
24Kripke (1981, pp. 96–7). See also Devitt (1981).
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giving the truth-conditions of sentences; the sort of content that we might model using a

set of possible worlds. First of all our use determines the unstructured contents of whole

sentences. Given this, we then work backwards to the contents of subsentential expres-

sions. The semantics of subsentential expressions is then so determined as to permit us

to compositionally recover the contents of whole sentences that we have already.

Now, if a metasemantic account that thus or otherwise grants priority to subsen-

tential expressions is the right one, then it seems that the absolutist is right to dig in his

heels about soundness. For in order to interpret the Extenders’ sentences so as to ren-

der their patterns of use sound, we must first interpret their subsentential expressions,

and—granted absolutism—whatever the relevant metasemantic relation between singu-

lar terms and their extensions, singular terms cannot be so related to objects that set

terms txxu and tyyu denote distinct objects, when xx and yy denote distinct ‘pluralities’

for the cardinality reasons outlined above.

But in the case of mathematical and logical expressions there is a clear motivation

for taking sentential rather than subsentential content to have metasemantic priority. In

easy cases, the extensions of our words might plausibly be taken to be concrete objects

to which we stand in causal and perceptual relations. Whether or not such theories are

ultimately defensible, why a singular term refers to a given concrete object is at least

susceptible to a metasemantic story that grants priority to subsentential expressions,

relying on a non-semantic link between tokens of the singular term to the referent. On

the Kripkean view, for instance, we might hope first to give an account of how by

standing in the right sort of perceptual relations to an object when one utters ‘I name

this such-and-such’, the demonstrative ‘this’ denotes the object in question, and the new

name is thereby furnished with the same referent by stipulation; and then to give an

account of the sorts of causal relations later uses of the name need bear to the inaugural

one in order to refer to the same object. But in the case of logical expressions like  it

is far from clear how any such account could get off the ground. For according to our

best semantic theories, the meaning of  (if it is construed as an object at all) is a non-

concrete object, such as the truth-function that maps truth to falsehood and vice versa,

or the function on sets of worlds which maps each set to its complement, or similar. In

209



the absence of any causal or perceptual relations to such non-concrete objects, we are

unable to baptise the denotation of  in the manner Kripke suggests. Similar problems

arise for mathematical expressions due to our causal and perceptual isolation from their

referents.25

We face no similar problem if we accord metasemantic priority to whole sen-

tences. For example, assuming Charity calls for soundness, we first determine the

truth-conditions of sentences containing  so as to render the inferences made with

such sentences sound and then on this basis we determine the semantics of the con-

nective itself. Similarly, we first determine the unstructured content of whole sentences

containing the set operator t¨u, so as to render the inter-perspective version of Basic

Law V sound and then work backwards to the semantics of t¨u itself. In this way, we are

able to determine the semantic values of logical and mathematical expressions without

needing to stand in causal or perceptual relations to them.

Now, given the metasemantic priority of whole sentences, the availability of a

sound interpretation of the Extenders’ patterns of use need not presuppose the existence

of objects outside their initial universe. In order to interpret these patterns soundly all

we need is to assign suitable truth-conditions to each sentence; a sound interpretation

will be achieved by the right sort of distribution of unstructured propositions across the

sentences of the language. But the availability of the unstructured contents required for

such a distribution does not beg the question against absolutism. It does not presuppose

that the initial universe is expandable.26

25This can be seen as a metasemantic analogue of the epistemological difficulty set out in
Benacerraf’s famous (1973) paper in reconciling the abstract nature of mathematical objects
with causal theories of knowledge.
26The argument for universe expansion presented so far has some affinity to arguments put
forward by Eli Hirsch in the context of metaontology. Hirsch contends, for example, that one
can come to speak a language that quantifies over mereological sums outside the universe of the
initial language by specifying truth-conditions for sentences of the new language with sentences
of the old language. (Hirsch 2002, p. 54). Unlike the present account, however, Hirsch does
not seek to give a systematic account of the relation between the old and new language: rather
he thinks that one can learn to use the new language ostensively through a few representative
examples (p. 58). Hirsch also makes use of charity, although in a rather different way to here,
as a means to link use to meaning. See Hirsch (2005).
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3 Content Determination

The appeal to the metasemantic priority of sentential content, however, raises a further

worry. For consider the account of universe expansion given so far. Soundness requires

that the contents of whole sentences be determined so as to render patterns of use sound;

and when applied to the patterns of inference adopted by the Extenders, this ensures

that the relevant instance of the schematic statement of relativism

Rp1  @xpx ă mmpq

comes out true under the new interpretation. This, however, is not enough to show

that the Extenders have succeeded in expanding the initial universe. For, as yet, nothing

has been said about the interpretation of the Extenders’ subsentential expressions. But

whether or not universe expansion occurs is a matter of subsentential interpretation: it is

a question of whether or not new objects, objects outside the initial universe, come to be

the extensions of singular terms, or come to be in the extensions of predicates, and so on.

The truth of Rp1 on its own does not show that this has been achieved. Of course, one

way for R1p to be true is for the subsentential expressions in this sentence to receive their

intended interpretations over a strictly wider universe. But there are many other ways

that the subsentential expressions could be re-interpreted in order to achieve this result.

For example, all of the expressions bar  could receive their intended interpretation over

the initial universe; and  could be reinterpreted to have the intended interpretation of

  , so that under the resulting unintended interpretation,  φ is true just in case φ is

true. Rather than stating that there is a new object outside the initial universe, under

the deviant interpretation, Rp1 reaffirms the comprehensiveness of this universe.

In order for the foregoing account to be an idealised explanation of universe expan-

sion, the end result of adopting the relevant patterns of use must be universe expansion.

Unless we can show that the sentential interpretation mandated by Soundness secures

the intended semantics of the expressions in Rp1 , the account of universe expansion fares

little better than an amateur ontological argument that proceeds by stipulating that

‘God exists’ is to express some trivial truth. And this may initially seem hopeless:

granted that Soundness operates at the level of sentential content, there is no unique
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backwards route from the content of a whole sentence to the content of its subsentential

expressions.

3.1 Logical content determination

We should not however be unduly pessimistic. While both these points are true, the

worry overlooks the fact that Soundness constrains the sentential content not just of Rp1

but of the other sentences in the language containing the subsentential expressions in

this sentence. In the case of  for example, a sound interpretation of the Extenders’

patterns of use will render sound the following immediate consequences of the structural

rules and the operational rules for this connective.

p1:φ, p1: φñ ñ p1:φ, p1: φ

And the soundness of these sequents rules out the above unintended interpretation of  

as expressing double negation. In fact, assuming a bivalent interpretation, the soundness

of the two sequents suffices to secure the intended interpretation for this connective.

Soundness of the left sequent ensures that not both φ and φ are true under p1; soundness

of the right sequent ensures that not both φ and  φ are false under p1. Given that each

sentence is true or false under p1, it follows that  φ is true under p1 if and only if φ is

not true under p1.

This result can be generalised to the other logical expressions in the Extenders’

lexicon (including λp-terms). Vann McGee (2000, 2006) has shown that given a minimal

assumption—and under an absolutist-friendly, plural construal of ‘model’—that if the

classical natural deduction inference rules, read open-endedly, preserve truth under every

model, we can establish the familiar Tarskian truth-conditions for the connectives, iden-

tity predicate and first and second-order quantifiers. Now the relativist will not accept

that the classical rules preserve truth when understood open-endedly. For as in chapter

4 (section 2.1), Universal Specification fails to preserve truth when the term substituted

for the bound variable denotes an object outside the domain of the quantifier, as the

relativist contends it always may. However, a similar result may be established in the

212



present setting. An analogue of McGee’s result can be proved when we replace the nat-

ural deduction rules for classical second-order logic with the sequent rules characteristic

of free plural logic FPFO displayed in table 6.3, above, and truth-preservation under

every model with (material) soundness.

The result makes surprisingly few assumptions about the background semantics.

We use only the following assumption about truth under an assignment (which is anal-

ogous to the assumption employed by McGee).

The irrelevance of assignments to non-free variables When assignments σ and ρ agree

on all the free variables in a sentence φ, φ is true under p1 and σ if and only if φ

is true under p1 and ρ.

As in the proof of McGee’s theorem, we reverse the familiar order of explanation. Rather

than showing that the intended semantics renders the rules sound, we show that the

soundness of the rules for p1—together with the soundness of the substitutivity rules for

the identity predicate in English—pins down the intended semantics. We have seen the

case for  already. Assuming bivalence, the soundness of the patterns of l and r 

and the structural rules ensure that it receives its intended semantics. In fact we may

drop the assumption of Bivalence. For the soundness of the structural rules rules out

truth-value gaps and gluts. Given this, the p1-instances of the characteristic rules for

each logical expression ensure that it receives the intended satisfaction clause relative to

p1. More precisely, we have the following theorem.

Content Determination Theorem. Assume the irrelevance of free variables that do not

occur free and that the substitutivity rules for English singular and plural identity

predicates are sound. Suppose that instances of the patterns of use: rep, dil,

cut, l , r , l^, r^, l “, r “, l ”, r ” l@v, r@v, l@vv and r@vv, displayed

in table 6.3 (on page 197 above) and l1λp and r1λp (on page 198) are sound when

ς is replaced with p1. Then the satisfaction clauses for the Extenders expressions

displayed in table 6.4 hold for all assignments σ.27

27Notice that in the case of λp-terms and the member-‘plurality’ predicate, the intended truth-
conditions for sentence of the form u ă xλpv.φy do not suffice to simultaneously pin down the
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Table 6.4: Intended truth conditions for logical expression relative to p1

Let Denσpvvq abbreviate ‘the (zero or more) objects σ maps vv to’; Denσpxλpv.φyq abbreviate
‘the zero or more members a of Mp such that φru{vs is true relative to p under σra{us’.

u “ v is true relative to p1 under σ iff σpuq is identical to σpvq, which is a member of Mp1

ττ1 ” ττ2 is true relative to p1 under σ iff Denσpττ1q are identical to Denσpττ2q, which are
members of Mp1

u ă xλpv.φy is true relative to p1 under σ iff σpuq is one of Denσpxλpv.φyq.

 φ is true relative to p1 under σ iff φ is not true relative to p1 under σ.

φ1 ^ φ2 is true relative to p1 under σ iff φ1 is true and φ2 is true relative to p1 under σ.

@vφ is true relative to p1 under σ iff, for every a in Mp1 , φ is true relative to p1 under
σrv{as.

@vvφ is true relative to p1 under σ iff, for all zero or more aa in Mp1 , φ is true relative to
p1 under σrvv{aas.

Note that the proof makes essential use of open-endedness, exploiting the inter-perspective

nature of the substitutivity rules for “ and ” and allowing side-formulas to be labelled

with perspective terms other than p1. The proof is outlined in the appendix (p. 223ff.)

What of the auxiliary assumption? If we are reinterpreting the lexicon in the

first instance by settling the content of whole sentences, we can in principle stipulate

interpretations that violate the irrelevance of non-free variables. For example, if the

Extenders were to adopt patterns of use like the following then soundness would require

that the irrelevance of non-free variables be violated.

p:Fx^ x “ y ñ p1:Fx p1:Fxñ p:Fx^ x “ y

The truth of Fx relative to p1 would depend not only on the assignment of x but also

on the assignment of y.

Crucially, however, members of our imaginary linguistic community do no such

thing. All of the patterns of use for atomic sentences co-ordinate the acceptance or

rejection of sentences as interpreted relative to the new perspective with that of sentences

containing the same free variables relative to the initial perspective. For example, the

intended extensions of both ă and xλpv.φy. A deviant interpretation of ă can be compensated
for by a deviant interpretation of xλpv.φy. However for present purposes the intended truth-
conditions for member-‘plurality’ statements of the canonical form will suffice.
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soundness of the patterns of use adopted for set-set identities ensure that the truth-

conditions of txxu “ tyyu in the new language are co-ordinated with those of xx ” yy

in the initial language. Since the truth-value of the latter is invariant under changes to

the assignment of variables other the xx and yy, the same is true of the former. Granted

the intended interpretation of the logical expressions, it is then readily verified that

this property is inherited by more complex expressions. This goes to show that sound

interpretations of the Extenders’ patterns need not violate the irrelevance of assignments

to non-free variables. Consequently, we can force such an interpretation by supposing—

with considerable plausibility—that, when σ and ρ agree on the variables in φ, the

Extenders find it incoherent to accept what is expressed by an φ under p1 and σ and

to reject what is expressed by φ under p1 and ρ. The soundness of this pattern—in the

obvious extended sense28—ensures that the auxiliary assumption is met.

3.2 How universes expand, part II

The Content Determination Theorem provides the means to complete the argument for

universe expansion. Recall the first part of the argument for universe expansion from

section 2.1 above. The soundness of the Extenders’ patterns of use ensures first that

Mp1 is at least as inclusive as Mp and second that

Rp1  @xpx ă mmpq

is true relative to the new perspective p1. The Content Determination Theorem ensures

that this sentence receives its intended truth-condition. Working through the truth-

conditions in table 6.4, Rp1 is true relative to p1 just in case it is not the case that every

member a of the new universe Mp1 is one of the zero or more members of Mp such

that Dxpx “ yq is true relative to p when y is assigned to a. Granted that the initial

language receives its intended interpretation over Mp, as above, this holds just in case

not every member of the new universe is a member of the initial universe. Putting the

two parts together, the new universe properly expands the initial one. Given Soundness,

the Extenders’ new patterns of use cause their universe to expand.

28Namely, the assumption that there are no assignments σ and ρ related in the specified way,
such that Φ is true relative to p1 and σ and Φ is false relative to p1 and ρ.
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This opens the way for a charity-based metasemantics to provide a straightforward

means for universe expansion to occur. Expanding the universe is simply a matter of

coming to use language in the right way. If a linguistic community adopts a pattern

of use that can only be charitably interpreted over a wider universe—providing all else

is equal—their lexicon is interpreted over the wider universe; and their unrestricted

quantifiers thereby come to quantify over new objects.

Charity also provides the bridge between use and meaning for the interpretational

expansionist to meet the side-condition problem in the manner outlined in chapter 3,

section 2.3. In order to formulate relativism using the schema template

(Rς) ς 1: @xpx ă mmςq

the relativist needs to be able to frame the side-condition that ς 1 denote a suitable

meta-perspective for the perspective denoted by ς in a way that is both semantically

adequate, ensuring that instances of this sentence receive their intended truth-conditions,

and conceptually licit, deploying only expressive resources her view permits.

But granted that Charity ensures Soundness, use provides a conceptually licit

handle on semantic adequacy. Whether one perspective is a meta-perspective for another

can be characterised in terms of the inter-perspective inferential relations between the

two. In the idealised case of the Extenders, a sufficient condition for p1 to be a meta-

perspective for p is that members of the community conform to the patterns of use set

out in section 1.2. This is conceptually licit: describing such patterns of use does not

call for absolutely general quantification, but only circumscribed generality about the

the linguistic and mental behaviour of a particular linguistic community. But once we

have Soundness via Charity, the condition is also semantically adequate. By the Content

Determination Theorem, the expressions in Rp1 receive their intended semantics over a

universe that is more inclusive than Mp.

4 Limits

Let us take stock. Charity, understood as Knowledge Maximisation, is not susceptible

to the problems that face rival formulations of this principle. Given this substantial
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metasemantic assumption, expanding the universe—like effecting any other sort of shift

in meaning—is simply a matter of coming to adopt the right patterns of use. In partic-

ular, in the case of an idealised linguistic community we saw how the soundness of their

patterns of use ensures that the logical component of the lexicon receives its intended

interpretation over a universe that is strictly more inclusive than the initial one. But

while this provides the relativist with an account of universe expansion, she might more

ambitiously attempt to use it as an argument in favour of the same. For provided that

Charity operates in the first instance at the level of the semantic content of whole sen-

tences, the availability of a sound interpretation of the Extenders’ patterns of use need

not presuppose the availability of a wider universe.

There is however an important caveat that has yet to be made concerning this

second, more ambitious use of the story about universe expansion. It does not seem

to be available to all expansionist relativists. This style of argument against the abso-

lutist’s claim that some singular quantifiers @v achieve absolute generality, can also be

pressed against the claim that ‘modalised’ quantifiers, strings of the form l@v, achieve

absolute generality, which is characteristic of pluralist relativists. Consequently, this sort

of account of universe expansion pushes the relativist towards a thorough-going version

of her view according to which, not only quantifiers but also modalised quantifiers fail

to range over an inexpandable universe.

To see this, let us return to the idealised linguistic community. Suppose that

following their apparent success in expanding the initial universe, the Extenders have

iterated this expansion, and have come to be committed to schematic versions of their

earlier patterns of use.

ς 1: tττ1u “ tττ2u ñ ς: ττ1 ” ττ2 ς: ττ1 ” ττ2 ñ ς 1: tττ1u “ tττ2u

ς 1: τ P tττu ñ ς: τ ă ττ ς: τ ă ττ ñ ς 1: τ P tττu

ς:EΦ, ς
1: Φ ñ ς: Φ ς:EΦ, ς: Φ ñ ς 1: Φ

Suppose further that they have come to enrich their lexicon with an inter-perspective

modal operator: l. To state their patterns of use for the modal operator, we need to
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slightly generalise the notation. The labelled sequent Rς%,Γ ñC Θ may be glossed as

saying that when the perspective labelled by % is accessible from the perspective labelled

by ς, members of community C find it incoherent to accept the antecedent propositions

and reject the consequent ones. The Extenders have come to adopt the follow patterns

of use for l.

ς:φ,Γ ñ Θ
ll

Rς%, %: lφ,Γ ñ Θ

R%υ,Γ ñ Θ, υ:φ
rl

Γ ñ Θ, %: lφ

The right-hand rule is subject to the side condition that υ be replaced with a perspective

variable that does not occur in the end-sequent. The availability of such a modal op-

erator, however, leads to a fresh controversy amongst the imaginary community. There

is a fresh schism between those who agree with pluralist relativists in thinking that

even though the domain of any unrestricted quantifier @v relative to any perspective r

fails to be inexpandable, one can nonetheless achieve absolute generality relative to this

perspective by using a modalised quantifier l@v, and those who agree with thorough-

going relativists that neither quantifiers nor modalised quantifiers achieve such general-

ity. Encouraged by their previous success, the thorough-going sub-community decides

to attempt to expand the range of modalised quantifiers.

To do this they first adopt patterns of use that co-ordinate acceptance and rejection

relative to the perspectives ranged over by perspective variables υ, to a new perspective

p‹. Let us suppose that they enrich their lexicon with a plural-term forming operator λp‹

which given a variable v and a sentence φ yields a plural term xλp‹v.φy. Moreover they

come to accept the p‹-instances of the sequent rules set out in table 6.3 (on page 197)

including in particular the rules for the new λp‹ terms. Given p‹, they iterate the same

patterns for set terms before, continuing to conform to the instances of the patterns for

p‹, p‹1, p‹2 and so on. They also adopt analogous pattern to before governing λp‹-terms

at p‹1

p‹:Eτ, p‹:φrτ{vs,Γ ñ Θ
l1λp

p‹1: τ ă xλpv.φy,Γ ñ Θ

Γ ñ Θ, p‹:φrτ{vs Γ ñ Θ, p‹:Eτ
r1λp

Γ ñ Θ, p‹1: τ ă xλpv.φy

Finally they extend the rules for l to the new perspective terms and adopt the following
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version of stability for the new perspective:

Rpr, r1:EΦ, p
‹: Φ ñ r1: Φ Rpr, r:EΦ, r: Φ ñ p‹: Φ

p‹:EΦ, p
‹: Φ ñ p‹1: Φ p‹:EΦ, p

‹1: Φ ñ p‹: Φ

The soundness of these patterns calls for a plural term denotation outside the

range of the modalised quantifier.29 The argument is much the same as before. Let rr‹

abbreviate xλp‹x.x R xy and r‹ abbreviate trr‹u. Notice first that since their patterns

of use between p‹ and p‹1 exactly mirror the earlier ones between p and p1, replacing

the latter with the former in the first two derivation in section 2.1 yields a derivation of

p‹:Er ñ by cut. We then reason as follows.

r:Err‹ ñ r1:Er‹ Rps, s1:Er‹ ñ p‹:Er‹

Rps, s:Err‹ ñ p‹:Er‹ p‹:Er‹ ñ

Rps, s:Err‹ ñ
l ”

Rps, s: yy ” rr‹, s:Eyy ñ
r 

Rps, s:Eyy ñ s: yy ­” rr‹
r@v

Rps,ñ s:@yypyy ­” rr‹q
rl

ñ p: l@yypyy ­” rr‹q

The soundness of the penultimate sequent ensures that @yypyy ­” rr‹q is true rel-

ative to any perspective that is accessible from p. But, as before, granted the soundness

of the patterns of use for logical expressions, the Content Determination Theorem en-

sures that, relative to each perspective q, the expressions in this sentence receive their

intended interpretations over the universe Mq of that perspective. Consequently, the

objects denoted by rr are not in the universe of any perspective accessible from p. It

follows that these objects falls outside the range of the modalised quantifiers l@yy. And

indeed the soundness of the final sequent tells us that l@yypyy ­” rr‹q is true relative

to p.

The pluralist consequently finds herself in a similar position to the absolutist.

Given the soundness of certain straightforward patterns of use, her characteristic claim

about the modalised plural quantifiers is false. We can come to a perspective whose

29To allow for patterns of use with sentences labelled by perspective variables, we need to take
assignments to map these to perspectives in addition to assigning values to singular and plural
variables. The definitions of soundness is then as before, where the perspective denoted by a
perspective variable υ under σ is σpυq.
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universe contains some things that the modalised quantifier l@vv does not range over

relative to the initial perspectives. As before, the thorough-going relativist can demon-

strate the possibility of a sound interpretation from a sufficiently liberal metalanguage

with a model.30 The through-going Extenders’ patterns of use are sound when the new

universe Mp‹ comprises all members of any of the initial universes Mr, and the Extenders

patterns receive their intended extensions over each universe.

Of course, the pluralist relativist will deny that there is any such model. No set

contains a set comprising every member of every initial universe in its transitive clo-

sure. Indeed no things comprise every member of every initial universe. But as before

it is not obvious that the thorough-going expansionist must presuppose this in order

to make a case for the possibility of a sound interpretation. If Soundness operates at

the level of sentential contents, obtaining a sound interpretation is simply a matter of

distributing unstructured sentential contents across the sentences of the language in the

right way. The case against pluralism from the charity-based argument exactly parallels

that against absolutism. It seems therefore that this argument cannot be a dialecti-

cally effective tool for the pluralist to wield against the absolutist. If the argument is

effective in showing that the relativist is right to reject the absolutist’s claim that unre-

stricted quantifiers achieve absolute generality, it is equally effective in showing that the

thorough-going relativist is right to reject the pluralist’s claim that some modalised quan-

tifiers achieve absolute generality. The charity-based metasemantics pushes us towards

relativism about modalised quantifiers just as much as relativism about quantifiers.

30Consider the frame xω ` ω,R, tDαuαPω`ωy, where, D0 comprises the members of Mp, as
before, Dα`1 “ ℘pDαq YDα; Dω “

Ť

nDn;

R “ txn,my : n,m ă ωu Y txα, βy | ω ď α, β ă ω ` ωu

Let the extensions of the Extenders’ expressions and the satisfaction conditions be the same as
in n. 22, extended to the new perspectives, with the following additions. |p‹|σ “ ω; |r|σ “ σprq

|xλp‹v.φy|σ “ ta P D|p‹| | |φ|p‹
σrv{as

“ T u and |lφ|sσ “ T iff, for each t such that xs, ty P R,
|φ|tσ “ T . It is then easily seen that the Extenders’ patterns outlined in this section together
with those cultivated by the thorough-going group for p‹ are sound in the resulting model.
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Concluding Remarks

Let us distinguish between three ways we might group objects together. Most tenuously,

we can use a condition φ to distinguish each object that satisfies the condition from

each object that does not. More demandingly, we can collect the objects together, by

using a plural term such as xλpv.φy or vv to refer to them severally. Third, and most

substantially, we can bring their collection into the reach of singular reference, via a set

that has them as elements, which may be denoted by singular terms such as those of the

form txλpv.φyu, tvvu or v.

In contending that we can achieve unrestricted singular quantification and full

unrestricted plural quantification over an inexpandable universe, the absolutist distin-

guishes the first two from the third. Whenever we can draw a lasso in logical space

with a condition φ, the objects thus circumscribed can be collected together severally

as the objects denoted by xλv.φy; but the objects thus collected together need not have

a collection. Indeed in certain crucial cases, like the things that comprise everything or

the sets that comprise every non-self-membered set, the absolutist contends that there

cannot be such a collection. If the more ambitious aim of this chapter is successful,

the Charity-based argument shows this mismatch between the second and third ways

of collecting to be unstable. Whenever we can refer to some things severally relative to

one perspective, we can refer to their set relative to another. The ability to code some

objects as the denotation of a plural term, permits us to develop patterns of use in which

the same objects are encoded as the denotation of a set term. The sound interpretation

of such patterns leads to the expansion of the universe with a further rank of sets, per-

mitting us to come to refer to and quantify over an object, indeed many objects, that

falls outside the range of the purportedly absolutely general quantifier @v.

Granted that this procedure can be iterated indefinitely, we must give up on the

absolutist’s contention that some universe is ultimate. There is an endless sequence of

languages with wider and wider universes. Accordingly, absolute generality cannot be

attained by quantification over a universe. Still, a moderate-seeming sort of relativist

might seek to save absolute generality with further expressive resources. Granted a
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modal operator encompassing every language in the endless sequence of languages, she

claims that absolute generality is attained with modalised quantifiers: l@v ranges over

any object that is an urelement or a set in any universe; l@vv ranges over whatever

objects can be collected together severally in any universe. On such a view, there is

no longer a mismatch between the the second and third means of collecting: whatever

objects are denoted by a plural variable xx are likewise encoded by the denotation of

the corresponding set term txxu. But in collapsing this divide we open up another. In

enriching the language with the modal operators, we can formulate further conditions

ψ containing these operators. And insofar as the modalisation of Plural Comprehension

fails the first method of collecting no longer lines up with the second. But once again

this proves to be unstable in the light of Charity. We can adopt patterns of use whose

soundness forces members of the universe of any language within the scope of l into a

single universe. In effect this provides a means of taking the limit of the infinite sequence

of languages encompassed by l. But in thus merging the universes of these languages,

we gain the ability to refer to some things plurally that are not jointly available in any

of the initial universes, and are thus outside the range of the purportedly absolutely

general quantifier l@vv.

It is in this way that the universe expansion argument pushes us towards a

thorough-going version of relativism. Given unrestricted singular and plural quantifi-

cation over a universe, we can adopt patterns of use whose soundness requires a strictly

wider universe. Given a modal operator ranging over an unbounded sequence of uni-

verses, we can adopt patterns of use whose soundness requires a universe as inclusive as

each. But at no stage can we complete the process. Further expressive resources, in the

form of quantification over wider universes, or modal operators encompassing longer se-

quences of languages, give us the expressive power to adopt patterns of use whose sound

interpretation demands yet wider universes, or yet further languages, outside their reach.
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5 Appendix: Proof of the Content Determination

Theorem

Observe first that the structural rules rule out truth-value gaps and gluts.

No gluts. The soundness of rep immediately ensures that there is no assignment

under which φ is both true and false relative to p1

No gaps. The open-ended soundness of cut ensures that φ is either true or false

relative to p1 under each assignment. Let σ be given and suppose for reductio that

φ is neither true nor false relative to p1 under σ. Consider sentences of the form

Awσ u, true relative to perspective q under ρ iff ρpwq “ σpuq. (For example the

English sentence ‘w is is identical to σpuq’, as interpreted in English) Then both

the following sequents are sound.

tq:Avσv | v a variableu, p1:φñ tq:Avσv | v a variableu ñ p1:φ

This is because when ρ satisfies Axσx,A
y
σy,. . . , relative to q, ρ is identical to σ and

thus the remaining antecedent sentence of the left sequent is not true relative to

p1 under ρ and the consequent sentence of the right sequent is not false relative to

p1 under ρ, ex hypothesi. The soundness of cut then ensures that the following

sequent is sound.

tq:Avσv | v a variableu ñ

But this sequent is not sound. Each antecedent sentence is true relative to q under

σ

We then check each satisfaction clause in turn.

The case for  is as in the text (via no gaps).

^. The soundness of l^ and r^and the structural rules ensures that the following

sequents are sound

p1:φ1, p
1:φ2 ñ p1:φ1 ^ φ2 p1:φ1 ^ φ2 ñ p1:φ1 p1:φ1 ^ φ2 ñ p1:φ2
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The satisfaction clause for ^, for all assignments follows from their soundness (by

no gaps).

“. By the soundness of the rules for “ in English and l “ and r “ and the

structural rules, the following sequents are sound.

p1:u “ v,English:u is identical to uñ English:u is identical to v

p1:u “ v ñ p1:Ev

English:u is identical to v, p1:u “ uñ p1:u “ v

Suppose u “ v is true relative to p1 under σ. Since σpuq “ σpuq, the antecedent

sentences in the first sequent are both true relative to the labelled perspectives

under σ, so (by no gaps), ‘u is identical to v’ is true in English under σ, so

σpuq “ σpvq. Moreover the soundness of the second sequent ensures σpvq is one

of Mp1 . Conversely, if σpuq “ σpvq and σpvq is one of Mp1 , then the antecedent

sentences of the third sequent above are true relative to their labelled perspectives

under σ, so (by no gaps) u “ v is true relative to p1 under σ.

Similarly for ”.

λp. The soundness of l1λp and r1λp and the structural rules ensures that the

following sequents are sound.

p1:u ă xλpv.φy ñ p:Eu

p1:u ă xλpv.φy ñ p:φru{vs

p:Ev, p:φru{vs ñ p1:u ă xλpv.φy

Suppose u ă xλpv.φy is true relative to p1 under σ. Then the soundness of the first

two sequents ensures that σpuq is a member of Mp and φru{vs is true relative to p

under σ. Consequently, σpuq is one of the zero or more members a of Mp such that

φru{vs is true relative to p under σru{as. The converse follows by the soundness

of the third sequent.
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@v. Let σ be given. Suppose @vφ is true relative to p1 under σ. Let a be a member

of Mp1 . Then @vφ is true relative to p1 under σra{vs by the irrelevance of non-free

variables and Ev is true relative to p1 under σra{vs by the definition of Mp1 .

The soundness of l@v and the structural rules ensures that the following sequent

is sound

p1:@vφ, p1:Ev ñ p1:φ

Since the antecedent sentences are true relative to p1 under σra{vs, φ is true relative

to p1 under σra{vs (by no gaps).

Conversely suppose φ is true relative to p1 under σra{vs for each a in Mp. Then

the following sequent is sound, with Avσv and q as above.

tq:Auσu | u distinct from vu, p1:Ev ñ p1:φ

This is because when ρ satisfies each sentence labelled in tq:Auσu | u distinct from vu

relative to q, ρ is identical to σra{vs, where a “ ρpvq. When moreover Ev is true

relative to p1 under ρ, a is in Mp1 , therefore φ is true under σra{vs, ex hypothesi, and

thus not false (by no gluts). Consequently, by the soundness of r@v, the following

sequent is also sound.

tq:Auσu | u distinct from vu ñ p1:@vφ

Since σ satisfies each of the antecedent sentences relative to q, @vφ is not false

relative to p1 under σ, and thus true (no gaps).

@vv. Similarly.
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Burge, T.: 1979, Individualism and the mental, Midwest studies in philosophy 4(1), 73–
121.

Burgess, J. P.: 2002, Basic tense logic. In D. Gabbay and F. Guenthner (eds), Handbook
of Philosophical Logic, Vol 7, 2nd edn, Kluwer, Dordrecht.

Burgess, J. P.: 2004, E pluribus unum: Plural logic and set theory, Philosophia Mathe-
matica 12(3), 193–221.

Burgess, J. P.: 2005, Fixing Frege, Princeton University Press, Princeton, NJ.

Burgess, J. P. and Rosen, G.: 1997, A Subject with no Object, Clarendon Press, Oxford.

Cartwright, R.: 1994, Speaking of everything, Noûs 28(1), 1–20.
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