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Simple mathematical models have been unable to predict the conditions leading to instabilities in a tune-
able ring laser. Here, we propose a nonlinear iterative map model for tuneable ring lasers. Solving a
reduced nonlinear Schrödinger equation for each component in the laser cavity, we obtain an algebraic
map for each component. Iterating through the maps gives the total effect of one round trip. By neglect-
ing the nonlinearity, we find a linearly chirped Gaussian to be the analytic fixed point solution, which
we analyze asymptotically. We then numerically solve the full nonlinear model, allowing us to probe the
underlying interplay of dispersion, modulation, and nonlinearity as the pulse evolves over hundreds of
round trips of the cavity. In the nonlinear case, we find the chirp saturates, and the Fourier transform of
the pulse becomes more rectangular in shape. Finally, for a nominal plane in the parameter space, we
uncover a rich, sharp boundary separating the stable region, and the unstable region where instabilities
degrade the pulse into an unsustainable state. © 2021 Optical Society of America
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1. INTRODUCTION

The sophistication of current active research for dispersion-
tuned actively mode-locked lasers lies in stark contrast to cur-
rent modelling efforts. These lasers can have ultrashort pulses,
as short as 50 femtoseconds [1], and the ability to tune their
output frequency rapidly over a range of over 100 nm [1–4].
The capability to alter the operating frequency makes tuneable
lasers particularly useful for imaging applications, such as opti-
cal coherence tomography [2, 4, 5], coherent anti-Stokes Raman
spectroscopy [5], and deep tissue multi-photon microscopy [1],
as well as sensing and measuring of other ultrafast processes [5–
7]. Tuneable lasers are usually constructed in a ring with five
main components: an optical coupler, a chirped fibre Bragg grat-
ing (CFBG), a modulator (or saturable absorber), a gain fibre
(usually doped with Er), and a pump laser. A typical ring laser
cavity is depicted in Fig. 1. The Kerr nonlinearity plays a crucial
role in the dynamics within the cavity due to the high power
and ultrashort duration of the pulses.

Several effects arise within the cavity due to the interplay of
dispersion, modulation, and nonlinearity [2, 7–12]. One effect,
wave breaking, causes the leading edge of a pulse to redshift, and
the trailing edge to blueshift (the effect reverses in the anoma-
lous dispersion regime) to the point a shock develops [13–17].
The frequency shift causes the pulse to become more rectangular
in the frequency domain, with a linear chirp over most of the
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Fig. 1. Common cavity construction of a fibre ring laser [1, 5, 8, 9].
The laser travels clockwise around the loop, with most of the
pulse exiting the cavity through the optical coupler. CFBG,
chirped fibre Bragg grating; OC, optical circulator; WDM, wave-
length division multiplexer.
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pulse, saturating at the leading and trailing edges. In optics,
wave breaking arises from self-phase modulation (SPM), which
is a direct effect of the Kerr nonlinearity, causing the pulse to in-
terfere with itself. New frequencies are then generated such that
a rectangular profile is induced [12, 18]. Outside of optics, wave
breaking can also occur in other areas with nonlinear waves
and dispersive media such as plasma physics, heat propagation,
transmission lines, and fluid dynamics [10, 15]. Within a ring
laser cavity, the combination of dispersion, modulation, and
nonlinearity can also lead to instabilities that degrade the pulse.
Wave breaking and instabilities can become parasitic, leading to
an unstable and unsustainable pulse. Understanding the rich
landscape of the parameter space is important for determin-
ing design principles to guarantee the ring laser is stable and
sustainable [2, 8, 12, 19, 20].

The canonical equation in nonlinear optics is the nonlinear
Schrödinger equation,

∂A
∂z

= −i
β2
2

∂2 A
∂T2 + iγ|A|2 A. (1)

Here, A = A(T, z) is the complex pulse envelope, T is the co-
moving time, and z is the propagation coordinate. The respective
parameters, β2, and γ, are the group velocity dispersion and the
Kerr nonlinearity. Typically, Eq. (1) is generalized to incorpo-
rate terms more specific to laser physics. A gain term and a
loss term are added (and sometimes higher order dispersion
terms), to yield the generalized nonlinear Schrödinger equation
(GNLSE) [2, 18, 20–23],

∂A
∂z

= −i
β2
2

∂2 A
∂T2 + iγ|A|2 A +

1
2

g(A)A− αA, (2)

where g(A) is an amplifying term owing to the gain fibre, and α
is the loss due to scattering and absorption.

The GNLSE, Eq. (2), has been applied in nonlinear optics [18]
and fibre optic communications [24]. However, Eq. (2) is regu-
larly generalized even further to include a modulation term. The
resulting equation is referred to as the master equation of mode-
locking (see [25–29]), or sometimes as the Ginzburg–Landau
equation. Owing to the nonlinear term in Eq. (2) and the often
non-trivial form of g(A), as well as the possible addition of a
modulation term, no analytic solution is known to the master
equation or to Eq. (2). A comprehensive description of the the-
ory and history of mode-locking lasers is presented in Haus [27].
While the GNLSE well represents the dynamics in a single opti-
cal fibre, Eq. (2) is not entirely representative of the underlying
physics within a laser cavity such as Fig. 1. The derivation of
Eq. (2) assumes that each process affects the pulse continuously
within the cavity. The assumption that a single GNLSE applies
to the whole laser cavity breaks down if the pulse undergoes
large changes during any one round trip. Often, this assumption
does not hold because of the specialized, discrete components.

To resolve some of the issues with an ‘average’ model, each
component and region in the laser is modelled with a separate
GNLSE. The solution of one GNLSE is used as the initial con-
dition for the GNLSE for the next component [7, 8, 11, 12]. An
iterative map model allows for better encapsulation of specific
dynamics introduced by each component. The main drawback
of this method is the extreme computational expense since a non-
linear partial differential equation must be numerically solved
for every segment for each of the hundreds of round trips in
a given simulation. We can alleviate this computational ex-
pense by noticing each effect is localized to a corresponding

component in the cavity. A majority of the loss is due to the
optical coupler, and virtually all the dispersion happens within
the CFBG [24]. The pulse is only modulated by the modulator,
and the pulse is amplified only within the Er-doped gain fibre.
Therefore, we can drastically simplify each of the GNLSEs into a
form we can solve analytically. Using analytic maps instead of
numerically solving a GNLSE reduces the computational cost,
while maintaining the benefit of reflecting the specific geometry
of a component-wise simulation.

Iterative map methods have been used for optics since 1955
when Cutler [30] analyzed a microwave regenerative pulse gen-
erator. Siegman and Kuizenga [31–34] adapted Cutler’s method
for both AM and FM mode-locked lasers in 1969, and Martinez
et al. [35, 36] incorporated the nonlinearity while modelling pas-
sively mode-locked lasers. A linear iterative method was used
for dispersion-tuned actively mode-locked lasers recently by
Burgoyne et al. [5]. Each of these models used a prescribed
transfer function to describe the effect each component has on
the pulse. While the transfer functions are chosen suitably to
have the effect observed in the laboratory, the transfer functions
are phenomenologically chosen, and not necessarily obtained
directly from the underlying physics. Furthermore, these meth-
ods have not included the effect of every component, lacking
the interactions of dispersion, modulation, and nonlinearity—
hindering their models’ ability to exhibit instabilities.

In this paper, we build an iterative map model for the evolu-
tion of a laser pulse as the pulse travels through the cavity. In
Section 2, we derive our own iterative map from Eq. (2), we non-
dimensionalize the model and discover four non-dimensional
parameters that govern the dynamics of the system. We then
examine the results of our model in Section 3—first solving the
model analytically by assuming the absence of the nonlinear-
ity, then numerically solving the full nonlinear model. A sharp
boundary is identified in the parameter space separating the
stable region from the unstable region. Finally, our conclud-
ing thoughts and ideas for possible future work are given in
Section 4.

2. ITERATIVE MAP MODEL

We derive our own iterative map model for the evolution of a
pulse through a laser cavity by solving a reduced GNLSE for
each component in the cavity—except the modulator, which we
consider to be applied externally by an electro-optic modulator.
Starting with the gain component, we reduce Eq. (2) to

∂A
∂z

=
1
2

g(A)A, (3)

by assuming all other effects are negligible. Once again, our
assumption is justified by the localization of each effect to its
corresponding component, allowing us to simplify Eq. (2) to
Eq. (3) in the gain fibre. To proceed, we assume the gain has
the form

g(A) =
g0

1 + E/Esat
, (4)

where g0 is a small signal gain, E is the energy of the pulse,
defined as

E =
∫ ∞

−∞
|A|2 dT, (5)

and Esat is the energy that the gain begins to saturate [6, 22, 26],
which depends on the power of the pump laser. With the choice
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of g(A) given in Eq. (4), Eq. (3) becomes

∂A
∂z

=
g0 A

2(1 + E/Esat)
. (6)

Multiplying Eq. (6) by the complex conjugate of A, we have

A
∂A
∂z

=
g0

2(1 + E/Esat)
|A|2. (7)

By adding Eq. (7) and the complex conjugate of Eq. (7), and then
integrating over T, we have

dE
dz

=
g0E

1 + E/Esat
. (8)

By assuming the energy entering the gain fibre is Eg, and the
energy after travelling through the gain fibre of length Lg is Eout,
we integrate Eq. (8) to find the energy after amplification is

Eout = EsatW
(

Eg

Esat
exp

(
Eg

Esat

)
exp(g0Lg)

)
, (9)

where W is the Lambert W function. Moreover, as the gain
will amplify the pulse without changing the shape of the en-
velope, the pulse after travelling through the gain fibre can be
expressed as

G(A) = GA. (10)

By Eq. (5), Eq. (9) and Eq. (10),

G2Eg = Eout, (11)

therefore,

G(A) =

(
Eout

Eg

)1/2
A (12)

=

(
Esat

Eg
W
(

Eg

Esat
exp

(
Eg

Esat

)
exp(g0Lg)

))1/2
A (13)

for the amplification of the pulse after the Er-doped gain fibre.
Repeating the same procedure for the nonlinearity, loss, and

dispersion components yields

∂A
∂z

= iγ|A|2 A, (14)

∂A
∂z

= −αA, (15)

∂A
∂z

= −i
β2
2

∂2 A
∂T2 (16)

as the reduced versions of Eq. (2), respectively. Solving Eq. (14)
over a length of fibre L f , we find the effect of the fibre nonlinear-
ity is

F(A) = A exp
(

iγ|A|2L f

)
. (17)

Similarly, the effect of the loss is

L(A) = (1− R) exp(−αLT)A, (18)

where LT is the total length of fibre in the cavity, R is the reflec-
tivity of the optical coupler, and the (1− R) term is the percent
not lost to the output of the laser. The effect of dispersion is
obtained by solving Eq. (16) over the ‘length’ of the dispersive
medium, LD,

D(A) = F−1
{

exp(iω2β2LD/2)F{A}
}

, (19)

where, F and F−1 denote the Fourier transform and its inverse.
Finally, we consider the modulation. We assume the pulse

is modulated by an electro-optic modulator. For simplicity, the
form is taken as the Gaussian

M(A) = exp(−T2/2T2
M)A, (20)

where TM is the characteristic width of modulation. This as-
sumption is not restrictive. The results apply to any square
integrable modulation function through a result of Calcaterra
and Boldt [37] who prove that linear combinations of transla-
tions of a single Gaussian, exp

(
−x2), are dense in L2(R). Any

continuous modulation function with compact support would
fall into this class. Additionally, using a saturable absorber in
place of an electro-optic modulator is common in practice. In
this case, we can exchange Eq. (20) for [7, 8, 11, 12]

S(A) =

(
1− q0

1 + |A|2/Psat

)
A, (21)

where q0 is the modulation depth, and Psat is the saturation
power.

A. Combining the Component Maps
Now that we have the algebraic effect of each component of
the cavity, we are ready to take the composition of the maps to
give the effect of one round trip. Unlike the models described
in Section 1, the order of our components is important since
the maps in Eq. (13), and Eq. (17)–Eq. (20) do not necessarily
commute with each other.

The geometry of a particular laser will dictate the order of
the process maps. However, we assume the construction of the
laser is as shown in Fig. 1. The effect of the nonlinearity will be
maximal after the pulse passes through the gain fibre—the pulse
is most energetic after being amplified by the gain. Thus, we
take the nonlinearity component to follow the gain. Similarly,
we want the loss component to directly follow the nonlinearity
in an attempt to minimize the effect the nonlinearity has on
the pulse. All that remains is the dispersion and modulation
components. For now, let us assume the CFBG precedes the
modulator. Finally, we assume the loss component is our starting
point since the loss corresponds to the optical coupler, and thus,
allows us to more easily compare our results with experiments.
More precisely, let

L(A) = F(G(M(D(L(A))))) (22)

denote one complete round trip of the cavity. Since a ring laser
is cyclic in nature, we use the result of one round trip as the
input pulse for the next round trip—restarting the process. We
continually repeat this procedure until the envelope and chirp of
the pulse reach equilibrium, or the pulse becomes unstable. The
phase change is uninteresting to us, as the phase cannot easily
be measured experimentally. An illustration of the evolution of
the envelope during one round trip of the laser cavity can be
found in Fig. 2.

B. Non-Dimensionalization
Non-dimensionalization is a technique used in mathematical
modelling to better understand the relative importance of differ-
ent processes within a system. In essence, we scale all variables
by typical values based on the geometry and boundary condi-
tions (see, for example, [38]). Doing so ‘factors’ the dimensional
units out of the problem—leaving only dimensionless equations
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Fig. 2. Evolution of the envelope during one round trip of the
cavity. The pulse decays because of the optical coupler, disperses
because of the CFBG, is modulated by the modulator, and finally,
is amplified by the gain fibre (the envelope is unaltered by the
nonlinearity). Note, the z axis is not to scale.

with dimensionless parameters. The relative magnitudes of the
dimensionless parameters characterize the dominant dynamics—
comparable to how the Reynolds number describes fluid flow.
Each process in the laser can be better understood by scaling the
time, energy, and amplitude by the convenient factors:

T = TM T̃, E = EsatẼ, A =

(
Esat

TM

)1/2
Ã. (23)

We find the non-dimensional mappings (after dropping the
tildes) are

G(A) =
(

E−1
g W

(
aEgeEg

))1/2
A,

F(A) = exp
(

ib|A|2
)

A,

L(A) = hA,

D(A) = F−1
{

exp
(

is2ω2
)
F{A}

}
,

M(A) = exp
(
−T2/2

)
A.

(24)

where we have introduced four dimensionless parameters,
namely

a = exp(g0Lg) ∼ 8× 103, b = γL f
Esat

TM
∼ 1,

h = (1− R) exp(−αLT) ∼ 0.04, s =

(
β2LD

2T2
M

)1/2

∼ 0.2,
(25)

and we have estimated their sizes using values in Table 1.
Each expression in Eq. (24) contains a single parameter that

characterizes the device. The parameter governing the modu-
lation, the time TM, does not appear in M(A), but is used to
define the relative strength of the other devices. The gain is
characterized by a, a measure of the energy added by the gain
fibre; the Kerr nonlinearity by b, prescribing the frequency shift;
the total loss by h, includes absorption and the optical coupler;
and the dispersion by s, specifying the effectiveness of the CFBG
to the width of the pulse.

To further justify the decoupling of the GNLSE into an itera-
tive map, Eq. (2) can be written in a dimensionless form where
the characteristic time, length, and amplitude are taken to be
TM, L, and P1/2

0 , respectively. Letting

T = TM T̃, z = Lz̃, A = P1/2
0 Ã, (26)

Eq. (2) becomes

∂Ã
∂z̃

=
−i sgn(β2)L

Ldisp

∂2 Ã
∂T̃2

+ i
L

LNL
|Ã|2 Ã +

1
2

g0L g̃(Ã)Ã− αLÃ,

(27)

where

g̃(Ã) =

(
1 +

P0TM
Esat

∫ ∞

−∞
|Ã|2 dT̃

)−1
,

Ldisp =
T2

M
|β2|

, LNL =
1

γP0
.

(28)

The dispersion length Ldisp, and the nonlinear length LNL, are
identified in [18] as length scales over which either the disper-
sive, or nonlinear, effects dominate the evolution of a pulse.

For the gain, the characteristic quantity is g0L, and within the
gain fibre g0L = O

(
101). Outside this domain, g0L = O

(
10−3),

Table 1. Range of parameter values (taken from [5, 18, 19, 28, 29]).

Parameter Description Value Units

TM Characteristic modulation time 15–150 ps

β2LD Dispersion provided by the CFBG 10–2000 ps2

γ Kerr nonlinearity coefficient 0.001–0.01 W−1 m−1

L f Length of fibre between gain and optical coupler 0.15–1 m

Lg Length of the Er-doped gain fibre 2–3 m

α Loss of fibre due to scattering and absorption 10−4–0.3 m−1

R Reflectivity of optical coupler 0.1–0.9 –

Esat Saturation energy of Er-doped gain fibre 103–104 pJ

g0 Small signal gain 1–10 m−1

LT Total length of fibre in the cavity 10–100 m
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Table 2. Relative size of loss, dispersion, gain, and nonlinearity
in each section of the cavity.

Parameter Loss Dispersion Gain Fibre

αL O
(
10−1) O

(
10−3) O

(
10−3) O

(
10−3)

L/Ldisp O
(
10−3) O

(
10−1) O

(
10−3) O

(
10−3)

g0L O
(
10−4) O

(
10−4) O

(
101) O

(
10−4)

L/LNL O
(
10−3) O

(
10−3) O

(
10−3) O

(
100)

reflecting the small amount of gain in these other regions. A
similar argument can be made for the attenuation factor −αL
by considering the output coupler to be analogous to additional
length of fibre. The dispersion-dominant regime is characterized
by the condition [18]

Ldisp

LNL
=

γP0T2
M

|β2|
� 1. (29)

This condition is attained in regions with relatively low pulse
power, and a large value of |β2|. The nonlinearity-dominant
regime corresponds to Ldisp/LNL � 1, with a much larger pulse
power, and small value of |β2|. For a single-mode silicon fibre
|β2| ∼ 20 ps2/km [18], illustrating that the effective dispersion,
|β2|L, varies by a factor of 104 from inside to outside the disper-
sive region.

We show in Table 2 an order of magnitude estimate of the size
of each of the non-dimensional parameters in Eq. (27). Within
each of the four regions we find that one parameter (highlighted)
dominates the three others, further justifying the proposed de-
coupling process.

3. RESULTS

We split the results into two subsections. First, we investigate
the small nonlinearity limit (b � 1), and then we explore the
full nonlinear model.

A. Linear Solution

We neglect the effect of the nonlinearity, that is, we take b� 1.
Proceeding by assuming a fixed point solution in the representa-
tion of a linearly chirped Gaussian, our aim is to find the vari-
ance, chirp, and energy of the pulse. The reasons for this assump-
tion are that the solution to the models presented in [30, 31, 34–
36] were Gaussian, the equilibrium shape will correlate to the
modulation function, and a Gaussian is a fixed point of the
Fourier transform. Furthermore, we choose a linearly chirped
Gaussian because it resembles the envelope, and linear chirp
expected from the literature [5, 25, 27, 29, 39].

We consider the pulse, shown in Fig. 3, given by

A =
√

P exp
(
−(1 + iC)

T2

2σ2

)
exp(iφ0), (30)

where P is the peak power, C is the chirp, σ is the half-width of
the pulse (at 1/e intensity), and φ0 is the phase. By computing
Eq. (30) after one round trip, and solving L(A) = Aeiφ, tedious
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Fig. 3. Graph of the linearly chirped Gaussian pulse given by
Eq. (30) with φ0 = 0.

manipulations yield the conditions

σ4

1− σ2 =
(

σ2 + 2Cs2
)2

+ 4s4, (31)

C
1− σ2 = C + 2

s2

σ2

(
1 + C2

)
, (32)

1 =
W(aEgeEg )

Eg
h2
(

1− σ2
)1/2

(33)

for Eq. (30) to be in equilibrium. Using Eq. (31) and Eq. (32) we
eliminate the chirp, C, and find an expression relating σ2 and
s, namely

σ8 + 4s4σ6 − 20s4σ4 + 32s4σ2 − 16s4 = 0. (34)

Eq. (34) has the positive, real, analytic solution

σ2 =
√

2s
(

s6 + 3s2 +
√

4 + s4
(

1 + s4
))1/2

−s4 − s2
√

4 + s4.
(35)

We find the chirp

C =
σ4

2s2(2− σ2)
(36)

by combining Eq. (31) and Eq. (32). We obtain the energy of the
pulse entering the gain fibre, Eg, from Eq. (33):

Eg =
h2(1− σ2)1/2 log

(
ah2(1− σ2)1/2

)

h2(1− σ2)
1/2 − 1

, (37)

and thus, the equilibrium energy at the optical coupler, is

E = W
(

aEgeEg
)

(38)

=
log
(

ah2(1− σ2)1/2
)

1− h2(1− σ2)
1/2 . (39)

The argument of the logarithm in Eq. (39) gives us the condition

ah2(1− σ2)1/2 > 1 (40)

for the pulse to be sustainable.
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Fig. 4. Chirp and Fourier transform at equilibrium (after 500 round trips) initiated by Eq. (46) for three values of b, the nonlinearity
parameter (a = 8× 103, h = 0.04, s = 0.2, and E0 = 0.1).

Equating the energy of the pulse given by Eq. (30) and
Eq. (39), we find the peak power to be

P =
log
(

ah2(1− σ2)1/2
)

√
πσ
(

1− h2(1− σ2)
1/2
) . (41)

The forms of Eq. (35)–Eq. (41) make the expressions difficult
to work with. However, recall that s is small, thus, we asymptot-
ically expand Eq. (35)–Eq. (41) assuming s� 1, and find

σ2 ∼ 2s(1− s) +O
(

s3
)

, (42)

C ∼ 1− s +
1
2

s2 +O
(

s3
)

, (43)

E ∼ log(ah2)

1− h2 −
1

1− h2

(
1 +

h2 log(ah2)

1− h2

)
s +O

(
s2
)

, (44)

P ∼ log(ah2)√
2π(1− h2)

s−1/2 +O
(

s1/2
)

, (45)

in the limit s→ 0. The expansions in the limit s→ ∞ are given
in Appendix A.

Our linear model exhibits a solution of the same form as
previous linear models. However, by including the effect of the
nonlinearity, we uncover the rich interplay between dispersion,
modulation, and nonlinearity.

B. Nonlinear Solution and Instability
The nonlinear solution is solved with a numerical simulation.
For the input pulse, one of the common forms is a hyperbolic
secant [10, 15, 16, 20], which we assume has the exact form

A0 = Γ sech(2T)eiπ/4. (46)

Here, Γ is a normalizing factor chosen so the pulse has the initial
energy E0, which we take as E0 = 0.1. Using Eq. (46) as a seed,
we simulate the pulse travelling around the cavity using 218

points, and a time span of 16.
In Fig. 4 we show the chirp and Fourier transform of the

pulse Eq. (46) after reaching equilibrium for the nominal param-
eter values given in Eq. (25), and two additional b values. In
the nonlinear case, we find the equilibrium pulse is no longer
Gaussian—as evidenced by the Fourier transforms. Notice, in
comparison to the linear case, the nonlinearity introduces higher
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Fig. 5. Example of a pulse destabilizing from the initial pulse
Eq. (46) (a = 8× 103, h = 0.04, b = 1.6, s = 0.1, and E0 = 0.1).

frequency modes, giving a bi-modal distribution. Moreover, we
find the pulse is linearly chirped near the peak, but, in the tails,
|T| & 1, the chirp begins to saturate—consistent with the ex-
perimental results [15, 17, 40]. As the nonlinearity parameter, b,
increases, the chirp increases more sharply across the pulse, and
saturates at a larger value. Also, the two peaks in the Fourier
transform become more pronounced and further apart, and the
Fourier transform of the pulse becomes more rectangular. How-
ever, after a critical point, SPM plays a more substantial role,
leading to instability.

Fig. 5 highlights the instability. By decreasing the dispersion
compared to Fig. 4, we find the pulse begins to ‘breathe’. During
the first two dozen round trips of the cavity the SPM compounds
and becomes detrimental to the pulse. In turn, the pulse starts
to become unstable and further degrades, until the pulse is no
longer stable or sustainable. On the other hand, having a more
moderate value of b, the pulse is able to equilibrate even with
a less favourable, random, initial pulse (Fig. 6), as in [11]. The
pulse is able to shed the initial left lobe (T ≈ −1/2) because of
dispersion and modulation, and a central lobe (T ≈ 0) forms,
which is able to grow because of the gain medium. The central
lobe then allows the pulse to come to equilibrium quickly. Fur-
thermore, since the intensity of the initial pulse is small relative
to the saturation energy, the effect of SPM is negligible during
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499 and 500 (a = 8× 103, h = 0.04, and E0 = 0.1).

the first few round trips, allowing the laser to select preferable
modes. The preferable modes then get amplified, stabilizing
the pulse. Evidently, the initial shape of the pulse is much less
important than the initial energy of the pulse, or the strength of
the nonlinearity.

We now turn our attention to a more quantitative analysis,
and characterize the stability of a laser by exploring the parame-
ter space. We focus on the s–b plane in particular, since a and h
affect only the amplitude of the pulse, whereas the interactions
of dispersion and nonlinearity give rise to the instabilities. We
examine the relative change in the pulse’s envelope between
consecutive round trips of the cavity to identify stability. We
compute the error as

∆ =
‖|Ln(A0)| − |Ln−1(A0)|‖2

‖Ln−1(A0)‖2
, (47)

where

‖ f ‖2
2 :=

∫ ∞

−∞
| f |2 dT, (48)

and we choose n to be sufficiently large to guarantee the pulse
reaches equilibrium or deteriorates because of the instability—
we use n = 500 in our experiments. We take the modulus of
the pulse since we are interested in the evolution of only the
envelope because of the auto-correlation methods used for ex-
perimental measurements. We plot the error in Fig. 7. Two
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Fig. 8. Energy of the pulse after 500 round trips (a = 8× 103,
h = 0.04, and E0 = 0.1).

distinct regions split the parameter space, divided by an incredi-
bly sharp, and complicated boundary. In the upper-left region,
the error is O(1); here, the nonlinearity is too strong, and the
instability is induced by SPM. In the lower-right region we find
the opposite behaviour—the pulse reaches an equilibrium state
and is stable to within machine precision. The increase in disper-
sion, coupled with modulation, allows the laser to balance the
nonlinear effects.

Also of interest is the energy of the pulse at equilibrium,
which we compute numerically by Eq. (5). Given our ordering
of the components, we compute the energy of the pulse imme-
diately before passing through the optical coupler. Thus, the
energy of each pulse emitted by the laser is (1− h2)E, and h2E
remains in the cavity. We plot the energy in the s–b plane in
Fig. 8. Unsurprisingly, we find the same sharp boundary as we
saw in Fig. 7. In the unstable region (upper-left) the energy is
small. The pulse is not able to foster prominent modes in this
region, and is unsustainable, thus, the intensity is low across the
entire pulse. In the stable region (lower-right) we find the en-
ergy decays smoothly as both b and s increase, with the contours
being hyperbolic-esque. As s increases, the tails of the pulse
increase in length due to the dispersion, and more energy is lost
due to modulation. As b increases, our choice of modulation
function helps suppress the additional frequencies generated
by SPM, ensuring the pulse remains band-limited. We find a
more energetic laser requires weaker dispersion, however, the
nonlinearity must be correspondingly low, otherwise the pulse
will succumb to the instability. Moreover, the maximum energy,
which occurs in the limit where both s and b go to zero, is 2.5487.
With our choice of parameters, Eq. (44) predicts an equilibrium
energy of 2.5535 at the origin, confirming the usefulness of the
approximation. Moreover, we show in Fig. 9 the energy varia-
tion of four pulses during the 500 round trips. In particular, we
plot two pulses in the stable region (purple and blue) and two
pulses in the unstable region (green and red). Each of the pulses,
again, has an initial energy of E0 = 0.1, and after about a dozen
round trips the energy is approximately 1.25 in the case of the
s = 0.35, b = 6.0, and approximately 2 in the other three cases.
The two examples in the stable region quickly reach equilibrium,
and their energy remains constant for the remaining round trips.
However, for the examples in the unstable region the pulses lose
a considerable amount of their energy and the pulse begins to
degrade. The energy of the pulses varies by up to 25% between
consecutive round trips. A pulse in the unstable region under-
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goes large transformations with each round trip leading to the
error we saw in Fig. 7, as well as the energy variation in Fig. 9.

Finally, we briefly investigate the affect the order of the com-
ponents has on the dynamics. In Section 2A, we justified the
order of the gain, nonlinearity, and loss, but, just assumed dis-
persion preceded modulation. Now we consider the effect of
swapping the dispersion and modulation components. The over-
all structure of the energy landscape (Fig. 10) is the same as in
Fig. 8. In the previous case, with modulation following disper-
sion, more energy is removed from the pulse tails. Whereas,
having modulation first, more energy remains in the cavity. The
additional energy makes the laser more powerful than in the
previous case, which in turn increases the size of the unstable
region. Comparing with Fig. 8, the unstable upper-left region
spreads farther to the right and upward, and the energy is larger
in the stable region, especially away from the origin. Once again,
the energy at the origin is 2.5487, as we are effectively removing
the CFBG in the limit s→ 0.

4. CONCLUSION

Expanding upon the ideas originally proposed by Cutler [30],
and Kuizenga and Siegman [31, 33, 34], we developed a nonlin-
ear iterative map model for tuneable ring lasers. We recovered
linearly chirped Gaussian solutions in the case of a Gaussian
modulation function when omitting the nonlinearity. Moreover,
the solution of the linear model extends to any continuous func-
tion with compact support when using the results of [37]. In
contrast, with the inclusion of the nonlinearity, we found an un-
stable region in the s–b plane, with a sharp boundary separating
the stable and unstable regions. Predicting the conditions un-
der which a tuneable ring laser is unstable has proven difficult
with simple mathematical models [11]. We have shown a simple
iterative map model is able to reproduce complicated instabil-
ities arising naturally from the interplay between dispersion,
modulation, and nonlinear effects. Our model easily adapts to
specific laser geometries, and to more complicated models of
individual components. For example, incorporating a frequency
dependence in the gain function, or model a saturable absorber
instead of a Gaussian electro-optic modulator.

Analyzing the nonlinear model analytically using an asymp-
totic expansion for small values of the nonlinearity parameter,
b, is of interest. Doing so will provide insight to how the non-
linearity impacts the linear solution to better understand the
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Fig. 10. Energy of the pulse after 500 round trips with dispersion
and modulation swapped (a = 8× 103, h = 0.04, and E0 = 0.1).

manifestation of wave breaking and the instability. Furthermore,
a more detailed analysis of crossing the boundary between stabil-
ity and instability may provide valuable insight for mechanisms
that trigger the instability.

A. LARGE DISPERSION LIMIT

In the large dispersion limit, we have s→ ∞, and

σ2 ∼ 1− 1
4

s−4 +O
(

s−8
)

, (49)

C ∼ 1
2

s−2 +O
(

s−6
)

. (50)

We have no asymptotic expansion of the energy or peak power
in the limit s→ ∞ since the pulse loses too much energy because
of dispersion and modulation. The gain is not powerful enough
to balance the energy lost. Expanding the requirement in Eq. (40)
using Eq. (49), we find

s∗ =
(

ah2

2

)1/2

(51)

is the maximum value of s to facilitate a sustainable pulse.
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