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Abstract: In multi-component dark matter models, a fraction fpbh of the dark matter could
be in the form of primordial black holes (PBHs) with (sub)solar masses. Some would have
formed binaries that presently trace the Milky Way halo of particle dark matter. We explore
the gravitational wave (GW) signal produced by such a hypothetical population of Galactic
PBH binaries and assess its detectability by the LISA experiment. For this purpose, we
model the formation and evolution of early-type PBH binaries accounting for GW hardening
and binary disruption in the Milky Way. Our analysis reveals that the present-day Galactic
population of PBH binaries is characterized by very high orbital eccentricities |1−e| ≪ 1. For
a PBH mass Mpbh ∼ 0.1 − 1M⊙, this yields a GW background that peaks in the millihertz
frequency range where the LISA instrumental noise is minimum. While this signal remains
below the LISA detection threshold for viable fpbh ≲ 0.01, future GW observatories such as
DECIGO and BBO could detect it if 0.01 ≲ Mpbh ≲ 0.1M⊙. Furthermore, we anticipate
that, after 5 years of observations, LISA should be able to detect O(100) (resp. O(1)) loud
Galactic PBH binaries of mass Mpbh ∼ 0.1 − 1M⊙ with a SNR ≥ 5 if fpbh = 0.01 (resp.
fpbh = 0.001). Nonlinear effects not considered here such as mass accretion and dynamical
capture could alter these predictions.
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1 Introduction

Primordial black holes (PBHs) could have formed in the early Universe as a result of high-
density fluctuations [1–5]. Interest in PBHs has surged since the LIGO-Virgo-KAGRA
(LVK) experiments unveiled a population of black holes (BHs) with characteristic masses
comparable or larger than the stellar-mass black hole candidates located in the Milky Way
(MW) [6–8], which led to the suggestion that some of the black holes binaries detected by
GW experiments are primordial [9, 10].

In contrast to earlier models where all dark matter (DM) was thought to consist of
PBHs, it is now believed that PBHs could span a wide range of masses and represent only a
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fraction of the total energy density of a multi-component dark sector (for reviews, see [11, 12]
and references therein). The PBH abundance, as parameterized by the fraction of DM in
the form of PBHs is written as

fpbh = Ωpbh
ΩDM

(1.1)

Current observational constraints on PBH mass and abundance (summarized in [13, 14]) based
on the microlensing of distant supernovae [15–18], cosmic microwave background (CMB)
anisotropies [19, 20], gravimeter analyses [21, 22], observed GW events [e.g. 23, 24] and
interactions with compact stellar remnants [25, 26] yield an upper bound fpbh ≲ 0.01 for PBH
in the mass window 10−2−103 M⊙, with slightly tighter constraints at the high end of this mass
window. Enhanced microlensing constraints with ROMAN could probe PBH fractions down
to fpbh ∼ 10−3 − 10−4 and may also investigate asteroid-mass PBHs [16, 27], which remain
largely unconstrained [28]. While most constraints are derived from a monochromatic mass
function, it is important to note that introducing extended mass functions can somewhat
modify these constraints [e.g. 29].

Close pairs of PBHs can form binaries in the early Universe and emit GWs at frequencies
dependent on their masses (for reviews, see [30–32]). They can merge by the present epoch if
their initial eccentricity is close to unity [9, 33–36]. However, most of the PBH binaries that
ever form will not have had enough time to have merged by now. These can be disrupted,
or further harden through interactions with astrophysical objects or other PBHs. For low
PBH fractions fpbh ≲ 0.01, consistent with current observational limits, PBH binaries get
advected onto the DM halos [37–39] and masquerade as stellar BH binaries (some of which
could reside in globular clusters, see [40]). In the MW halo, they would contribute to the
Galactic GW background, which arises due to the superposition of many GW signals and can
be probed by future GW space experiments such as the Laser Interferometer Space Antenna
(LISA). Other Galactic sources of GWs include stellar compact binaries, to which ∼ 108

double white dwarfs (DWDs) are the dominant contribution [41, 42].
The number N0 of PBH binaries expected to reside in the MW halo is given by

N0 = MDM
M⊙

fpbhη0
2m

≃ 1.18 × 1010 m−1
(

f

0.01

)
η0 (1.2)

assuming a MW DM mass of MDM = 2 × 1012 M⊙ [43, 44] and a monochromatic PBH mass
spectrum with Mpbh = m M⊙. For convenience, we have introduced the fraction f = 0.85fpbh
of all matter in PBHs, while η0 represents the fraction of Galactic PBHs that exist in a binary
system at the present epoch. As we shall see later, η0 = η0(f) is a function dependent mostly
on f . For a PBH binary fraction of η0 ∼ 0.1 as advocated by [45] (which is fortuitously close
to the fraction of white dwarfs in DWDs, see [41]) and for the parameter values f ∼ 0.01 and
m ∼ 1, we find N0 ∼ 109 comparable to the number of DWDs in the MW. This motivates
our calculation of the GW signal produced by a hypothetical population of Galactic PBH
binaries. As we will see below, however, the spatial distribution and orbital parameters of
Galactic PBH binaries differ significantly from those of the Galactic DWD population, even
when the PBH mass falls in the solar mass range.

For the sake of generality, we remain agnostic about the precise formation mechanisms of
PBHs and consider a multi-component DM scenario, in which a monochromatic population
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of PBHs of mass in the range 0.01 ≤ m ≤ 1000 formed at the end of inflation and make
up a fraction f ≤ 0.01 of the total matter.1 We will be particularly interested in (sub)solar
mass PBHs. Subsolar mass compact objects almost surely have a primordial origin [2], as
standard stellar evolution models predict that stellar black holes should have masses exceeding
solar [49], with the caveat that neutron stars and white dwarfs could theoretically be mildly
subsolar in mass [50–52]. In the LVK O3 run, three subsolar mass compact object candidates
were identified, though not confirmed due to their high false alarm rate [53, 54].

In this study, we concentrate solely on PBH binaries forming in the early Universe and
discard the possibility that they interact with ordinary astrophysical objects to create mixed
primordial-stellar binaries or triples [26, 55]. Therefore, the PBH binary population we are
interested in is characterized by very high eccentricities. This distinguishes them from stellar
BH binaries or PBH binaries forming in the late Universe via dynamical capture.

The paper is organized as follows. Sections 2 and 3 focus on the formation of “early-
type” PBH binaries from the RD era until the onset of nonlinear structure formation, and
their survival in the MW halo until the present epoch. We don’t consider binaries forming
during nonlinear structure formation, as these are expected to be less distinguishable from
astrophysical binary populations [56]. The present-day space distributions of Galactic PBH
binaries and DWDs are modeled in section 4. All this provides the seeds for the computation
of the Galactic GW background and the extraction of loud Galactic PBH binaries discussed
in section 5. We conclude in section 6.

2 Formation of PBH binaries

We initialize the PBH distribution at the end of inflation as a spatial Poisson process. We
thus neglect spatial correlations in the initial clustering of PBHs, which depend heavily on
the mechanism leading to PBH formation [e.g. 46, 47, 57–62]. We also ignore the possibility
that PBHs inherit a non-zero spin at formation [63].

For convenience, let s = a/aeq be the scale factor normalized to unity at matter-radiation
(MR) equality. Throughout this section, we define s−comoving scales as equal to physical
scales at MR equality, in contrast to regular comoving scales defined w.r.t. the present epoch.
Let xi represent the initial s−comoving distance (at the end of inflation) between nearest
PBH neighbors, referred to as ‘PBH pairs’. The probability distribution P (xi) is given by

P (xi) = 4πnx2
i exp

(
−4πnx3

i

3

)
. (2.1)

Here n is the s−comoving number density of PBHs,

n = fρeq
Mpbh

(2.2)

with
ρeq = Ωm

aeq3
3H0

2

8πG
≃ 1.7 · 10−13 M⊙AU−3 (2.3)

1See e.g. [46–48] for studies involving a non-monochromatic PBH mass distribution.
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given as the matter density at equality. For the range of f and m considered here, typical
values of xi are much lower than the s−comoving Hubble radius H−1

eq ≃ 6 · 109 AU, so that
we can compute the evolution of the distance to the nearest neighbor using a Newtonian
approximation, as in [35].

2.1 Equation of motion

We model the time evolution of the proper separation r between nearest neighbor PBHs with

r̈ − (Ḣ + H2)r + 2GMpbh
r2

r

|r|
(1 − j2) = 0 , (2.4)

where dots indicate differentiation with respect to cosmic time, j ≡ j(t) represents the
dimensionless or reduced angular momentum of the system,

j ≡ L

Mpbh
√

2GMpbhr
. (2.5)

and the Hubble rate (in a MR universe) is given by

H(s) =
(8πG

3 ρeq

)1/2
h(s) with h(s) =

√
s−3 + s−4, (2.6)

A PBH pair forms a binary system at the time where ṙ = 0 for the first time, i.e. when
the pair decouples from the Hubble flow. The newly-formed binary has properties that will,
here and henceforth, be labeled with a ∗ subscript. In particular, the eccentricity of the
binary at formation time follows from

j∗ =
√

1 − e2
∗ (2.7)

A bound eccentric binary has 0 ≤ e∗ < 1 by definition.
In this effective one-body approximation, it is essential to take into account the angular-

momentum barrier, which leads to a large centrifugal force Fj for non-negligible j,

Fj = L2

Mpbhr3 =
2GM2

pbhj2

r2 . (2.8)

We immediately see in eq. (2.4) that j > 1 prevents the PBH pair from ever decoupling
from the Hubble flow as they will be on a hyperbolic orbit. As we will show shortly, the
time dependence of j can prevent binary formation, even for initial values ji significantly
lower than unity, depending on the initial PBH density. For PBH binaries forming in the
radiation-dominated (RD) era, eccentricities are very large (|1 − e| ≪ 1) and the angular-
momentum barrier can be safely neglected. It is, however, relevant for PBH binary formation
in the matter-dominated (MD) era, where angular momentum grows with time. The next
subsection is therefore dedicated to quantifying the physics of the angular-momentum barrier.

In order to evolve eq. (2.4), it is convenient to introduce the time-independent variable

λ ≡ 4πρeqx3
i

3Mpbh
(2.9)
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as well as the reduced separation X ≡ r/(λxi) and the variable S ≡ s/λ as a proxy for
time. This turns eq. (2.4) into

X ′′ + 2 + λS
2 + 2λS

X − X ′S
S2 + S2

1 + λS
1

ϵ2 + X2
X

|X|
(1 − j2) = 0 (2.10)

where a prime denotes differentiation with respect to S and a small-scale cutoff ϵ is introduced
to regularize the gravitational attraction of the PBHs in the limit X → 0. A value of ϵ too
small restricts the range of S that can be probed numerically, whereas a value too large
introduces errors in the determination of the reduced scale factor S∗ at which the PBHs
decouple from the Hubble flow to form a binary. Eq. (2.10) shows that deep in the RD era,
S ≪ 1/λ and the gravitational pull is proportional to S2 while, in the MD era, it grows
only as S. Therefore binary formation is suppressed once the RD era ends. Ref. [35] were
concerned mainly with PBH binaries merging at the present epoch, which form deep in
the RD era. However, for the MW relics we are interested in, formation in the MD era is
important, especially for low values of f (see figure 4).

2.2 Time evolution of the reduced angular momentum

The angular-momentum barrier depends on the external torques produced by distant PBHs
and by fluctuations in the matter distribution [64, 65]. In what follows in later sections, we
generally restrict ourselves to PBH scenarios with f ≲ 0.01. Therefore, we can assume that
the variations of j caused by distant PBHs and matter density fluctuations are mutually
independent. We initialize the initial angular momentum of the system by drawing its
value ji = jpbh + jδ from the sum of the independent variables jpbh and jδ encoding the
angular momentum acquired through distant PBHs and matter fluctuations, respectively.
This assumption leads to the probability density function (PDF) for ji being constructed
from the convolution

P (ji) = P (jpbh) ∗ P (jδ) . (2.11)

Since the variables are independent, the mean and variance of ji are additive:

⟨ji⟩ = ⟨jpbh⟩ + ⟨jδ⟩ (2.12)
Var(ji) = Var(jpbh) + Var(jδ) (2.13)

We adopt the distributions P (jpbh) and P (jδ) given in [35, 45]. Namely,

• For the torques produced by other PBHs, we use

P (jpbh) = jpbh

jf
2[1 + (jpbh/jf )2]3/2 (2.14)

where jf ≡ 1
2λf is a characteristic (and time-independent) angular momentum.

• For the torques generated by the matter perturbation δm dominated by the smooth or
particle dark-matter (PDM) component, we take a Gaussian distribution:

P (jδ) = jδ

σδ
2 e−jδ

2/(2σδ
2) (2.15)
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This effect dominates for f ≪ 1. The Gaussian distribution arises from the superposition
of many large-scale linear perturbations. The mean and standard deviation are given by

σδ
2 = 3

10σ2
eqλ2 = Var(jδ) ≃ ⟨jδ⟩2 (2.16)

where σ2
eq is the variance of linear matter density perturbations in the RD regime on

comoving scales of the initial binary separation. Following [35], we take σeq = 0.005
for our numerical estimates.2 The numerical prefactor 3/10 arises from a directional
averaging procedure involving the Gaussian tidal tensor (see appendix 2 of [35]).

Torques induced by distant PBH and matter fluctuations are suppressed deep in RD, where
the Hubble radius is not much greater than the separation of the PBH pair. These torques
gradually increase toward MR equality such that, in the MD era, the reduced angular
momentum of the system grows in proportion to the scale factor (see below), at least so long
as linear cosmological perturbation theory is valid. For simplicity, we have assumed j(t) = ji

constant throughout RD, with the distribution P (ji) spelled out above. A refined model
for j(t) in RD would not have changed our results significantly, since angular momentum
accretion is small in the RD era, and PBH binaries forming before equality have high
eccentricities |1 − e∗| ≲ 1 [35, 45].

While we assume j(t) = ji throughout RD, we take into account the time-dependence
of j(t) in the MD era arising from the growth of matter perturbations, which dominates
for f ≪ 1. This time dependence is accounted for in the spirit of a mean-field approach,
that is, it purely arises through the time dependence of ⟨jδ⟩ via eq. (2.16). To ensure that
this also holds in the MD era, we replace the constant σeq by a redshift-dependent rms
variance σm such that ⟨jδ⟩ ∝ σm. Here, σm is the rms variance of matter fluctuations which
in principle is to be computed as

σ2
m(R, z) = 1

2π2

∫ ∞

0
dkk2Pm(k, z)W 2

R(k) (2.17)

with Pm(k, z) is the linear matter power spectrum at redshift z and WR(k) e.g. a top-hat
filter. This expression depends on time through a growth rate squared present in Pm(k, z),
and through the (comoving) softening radius R = (1 + z)r(t) where r(t) is the time-dependent
physical scale of the PBH pair separation. For the m, f values considered here, R is very
small relative to characteristic scales such as the Silk-damping scale, being at most of order a
parsec deep in MD.3 For simplicity, we ignore the time dependence of R and take σm ≃ sσeq.
For PBH binaries forming late in the MD era, σm can therefore be 1 - 2 orders of magnitude
larger than σeq until j starts to exceed unity.

2In many scenarios PBH formation is accompanied by an enhancement of the primordial power at small
scales [e.g. 66–70]. As a result, σeq might actually be higher. However, since the expected enhancement is
strongly model-dependent, we shall ignore this effect.

3In principle one could also consider the free-streaming length of some WIMP DM particle λfs, and then
take R = (1 + z)max[λfs(mX), r]. We found this to be irrelevant for WIMPs in the mass range above MeV.
Below this mass, speaking of WIMPs loses its meaning.
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Figure 1. The distribution P (logji) of the reduced, initial angular momentum ji of a PBH pair for
different choices of λ. The solid curves assume the minimal value λ = 10−5 of our parameter space,
the dashed lines have λ = 10−2 and the dashed-dotted distributions assume λ = 10, which is close to
the maximum value of λ allowed for binary formation (see figure 3). The black dashed line shows
ji = 1, beyond which stable systems never form.

Summarizing, the time dependence of the angular momentum in our mean-field approach
is included in the following manner:

j(t) = j(s) = ji +
√

3
10λσeq Ξ(s) (2.18)

where

Ξ(s) ≡

0 s < 1
s − 1 s ≥ 1

(2.19)

This way, the constant torque from matter fluctuations in the RD era grows linearly with
the scale factor after equality.

The initial, reduced angular momentum ji is to be drawn randomly from a distribution
P (ji), which is to be generated for various choices of (λ, f). Transforming P (ji) to log-space
P (logji) allows us to shift a template distribution to the desired range of ji determined by
parameters λ, f . In practice, we slightly loosen the interpretation of eq. (2.13) such that both
the expectation value and the typical angular momentum (the peak of the distribution) are
expressed as the sum of the contributions arising from jpbh and jδ.

Figure 1 shows P (log ji) for various choices of λ. The two contributions to the torque have
characteristic scales jf ∼ λf (for the other PBHs) and jδ ∼ λσeq (for matter fluctuations).
For f ≪ σeq, the distribution P (ji) is therefore mostly determined by the matter fluctuations
rather than by PBH torques. Only when f ≳ σeq do the torque from other PBHs play
a significant role.

For PBH pairs with ji exceeding unity, the angular-momentum barrier prevents decoupling
from the Hubble flow and binary formation already in RD. Again we note that the growth
of angular momentum according to eq. (2.18) can also prevent binary formation in MD for
lower initial ji < 1, as we will be shown in the next section.
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Figure 2. Contour levels of s∗ (left panel) and log
(
1 − j2

∗
)

(right panel) in the log λ - log
(
1 − j2

i

)
plane. A PBH pair with parameters in the white part of the parameter space does not decouple to
form a binary. The left panel suggests the functional dependence s∗ = s∗( λ

1−j2
i
), which turns out to

hold only up to MR equality λ
1−j2

i
∼ 1. For s∗ > 1, the angular-momentum barrier grows as seen in

the right panel. This growth hinders the formation of PBH binaries after s∗ ∼ 30.

2.3 Properties of newly born PBH binaries

We solve the equation of motion eq. (2.10) for various values of λ. The initial conditions
always match the Hubble flow, that is, X(S = 0) = 0 and X ′(S = 0) = 1. We take ϵ = 10−20

in order to accurately determine the scale factor s∗(λ) = λS∗(λ, ji) at binary formation,
which defines the formation redshift z∗ and formation time t∗. The corresponding initial
semi-major axis and angular momentum of the PBH binary are a∗(λ) = λxiX∗(λ, ji)/2 and
j∗ = j(s∗). Figure 2 shows the outcome of the numerical evaluation of eq. (2.10) for s∗
and j∗ as a function of λ and ji.

The general trend seen in figure 2 can be explained by the facts that (i) larger values of λ

imply larger initial separations xi and later decoupling, while (ii) larger values of ji increase
the angular-momentum barrier and delay binary formation as well. From the left panel
of figure 2, one might conclude that the parameter λ

1−j2
i

primarily determines PBH binary
formation. However, this observation only holds until MR equality ( λ

1−j2
i

∼ 1), after which
the time-dependence of the angular momentum dominates in delaying (and ultimately in
preventing) the decoupling of PBH pairs from the Hubble flow. After MR equality, the initial
parameter λ

1−j2
i

alone is therefore insufficient to predict the properties of the newly-born
PBH binary. Furthermore, note the absence of PBH binary formation beyond s∗,max ∼ 30.
At this point, the reduced angular momentum of the system exceeds unity, i.e. j(t) > 1 even
for ji = 0, such that binary formation in this manner becomes impossible after this point in
time. The critical value of s∗,max ∼ 30 can be inferred as follows: the left panel of figure 2
shows that s∗ is maximum on a diagonal given by λ

1−j2
i

∼ 10. On this diagonal, setting ji = 0
yields λ ∼ 10 which, once substituted into eq. (2.18), leads to j(t) ≃ 1 when s = s∗,max ∼ 30.

The approximate solutions s∗(λ) ∼ λ/3 and a∗(λ) ∼ 0.1λx found by [35] hold when
binary formation occurs deep in the RD era, where the angular-momentum barrier is negligible.
In this case, we have λ, ji ≪ 1 separately. These approximate solutions break down for
binary formation around MR equality (( λ

1−j2
i
) ∼ 1) or further in the MD era. The reduced

angular momentum j∗ of the system at PBH binary formation follows from eq. (2.18), i.e.
j∗ = j∗(ji, s∗(λ)), while eq. (2.7) determines the initial eccentricity e∗ of the binary.

– 8 –
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Figure 3. The gray-shaded area shows the joint distribution P (log ji, log λ) given by eq. (2.20) for
f = 0.01. The red dashed line indicates where ji reaches unity. The angular-momentum barrier
prevents PBH binary formation for large λ ≳ 10 even when ji < 1 due to the time dependence of j(t).
Contour levels of the scale factor s∗ are overlaid in color (as in figure 2).

The properties of the newly-born PBH binaries are characterized by the distribution of
the variables (a∗, s∗, j∗), which are not independent. E.g. a∗ is completely determined once
j∗ and s∗ are known. In particular, the joint distributions P (j∗, s∗) and P (j∗, a∗) are fully
specified by P (ji, λ), which is itself determined by P (xi) through

P (ji, λ) = P (ji|λ)P (λ) . (2.20)

The conditional PDF P (ji|λ) is given by eq. (2.11) and

P (λ) = P (xi)
dxi

dλ
= fe−fλ . (2.21)

Note that this expression is independent of the PBH mass m. Combining this with the
angular momentum distribution P (ji) discussed above, we construct the PDF P (log ji, log λ),
as shown in figure 3.

As seen in figure 3, a significant fraction of P (log ji, log λ) extends beyond the part of
parameter space that results in decoupling. These represent PBH pairs that will not form a
binary, since for a given ji, increasing λ implies a stronger growth of the angular momentum
barrier via eq. (2.18). The angular-momentum barrier is thus even more likely to prevent
the PBH pair from forming a bound system.

Transforming (ji, λ) to the variables (s∗, a∗, j∗), we compute P (j∗, a∗), and the cumulative
distribution P (< s∗) upon marginalizing P (j∗, s∗) over j∗. Note that, whereas both P (s∗, j∗)
and P (a∗, j∗) depend on f , only P (a∗, j∗) depends also on the PBH mass m through the
relation a∗(λ) = λxiX∗(λ, ji)/2, with xi related to the random variable λ according to eq. (2.9).

The cumulative distribution P (< s∗) is shown as the solid curves in figure 4, where only
here and in figure 5 we include f > 0.01 for illustrative purposes. The deviation from the RD
expectations (represented by the dashed curves) emphasizes the importance of taking into the
angular-momentum barrier for binary formation in the MD era, especially for PBH models

– 9 –
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Figure 4. The cumulative distribution of the decoupling scale factor P (< s∗). The dashed curves
indicate the results assuming RD at all times and neglecting the angular-momentum barrier (a valid
assumption in RD). The solid curves show the results for a universe with both matter and radiation,
including the angular-momentum barrier. The vertical (black) dashed line marks MR equality. P (< s∗)
approaches a constant value η∗(f) < 1 in the limit s∗ → ∞, which reflects the suppression of PBH
binary formation due to the angular-momentum barrier for s∗ > s∗,max ≃ 30. The asymptotic value
of P (< s∗) represents the total binary-formation probability η∗.

with f < 1. The transition to MD suppresses binary formation in two ways. First of all via
the growth of the angular-momentum barrier of eq. (2.18), and secondly due to the increase
in the Universe’s expansion rate in MD. Furthermore, we define η∗ as the fraction of PBHs
that eventually decouple to form a binary. η∗ therefore equals the asymptotic value achieved
by the cumulative PDF P (< s∗). We observe that η∗ = η∗(f) is a decreasing function of
f , with η∗ ∼ 0.1 for f = 0.01. We will return to this in section 4.3.

Finally, figure 5 shows the joint distribution P (j∗, a∗) for m = 1 and three choices of f .
First, note that PBH binaries become wider as f is lowered, since the initial separation xi

increases when the PBH number density drops. Secondly, note that binary formation in
MD is delayed due to the weakening of the effective gravitational attraction by the angular-
momentum barrier (see eq. (2.4)). For f = 1, figure 4 shows that only a small fraction of
PBH pairs decouples in MD. Hence, only a small part of the PBH binary population shows
the effect of a delay in decoupling, visible as a tail towards wide circular orbits in the top
panel of figure 5. For lower values of f , most PBH binaries form in the MD era, which
implies that the delay caused by the angular-momentum barrier affects nearly all of the
PBH binary population, shifting it to higher a∗.

3 Evolution of galactic PBH binaries

Having discussed the formation of PBH binary systems in the early Universe, we need to
evolve the systems to the present epoch, where the PBH binaries trace the MW DM halo.
In this evolution process, we deal with three possible processes: early disruption by matter
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Figure 5. P (loga∗, logj∗) for m = 1 and three choices for f . A different choice for m only slightly
shifts the PDF towards higher semi-major axes. For f < 0.01, the distribution in a∗, j∗ highly
resembles the f = 0.01 (since the decoupling is mostly determined by the growing angular-momentum
barrier early in the MD regime), with the difference mostly in P (s∗) as can be seen from figure 4. All
these PDFs have been normalized to 1 for visualization reasons.

nonlinearities (which turns out to be satisfied automatically), GW hardening, and stellar
disruption in the MW halo. These processes will be discussed separately below. Furthermore,
since PBH models in the (sub)solar mass range with fractions f > 0.01 are severely constrained
by microlensing events [17], we shall hereafter present results for f ≲ 0.01 only.

3.1 Early disruption by matter nonlinearities

For PBH binaries decoupling from the Hubble flow in MD, nonlinear structures on the scale
of the binary semi-major axis can significantly alter the simple scenario considered here.
Nonlinear structures may disrupt the formation of PBH binaries. Moreover, nonlinearities
in the matter distribution will quickly trigger star formation and, thereby, the formation of
compact stellar remnants which could mimic PBHs when m is the solar mass range. To avoid
these complications, we focus on “early-type” PBH binaries and discard those forming late in
the MD era, when σm computed at redshift z∗ and smoothed on scale a∗ exceeds unity.

We find that “early-type” PBH binaries forming at redshift z∗ ≲ 20 should be discarded.
As can be seen in figure 4, the angular-momentum barrier prevents binary formation already
for z∗ ≲ 100. This implies that nonlinearities in the high-redshift matter density field do
not alter the PBH binary distribution under consideration here.

3.2 Hardening through GW emission

As stated previously, knowledge of the parameters λ and j∗ is all that is needed to determine the
properties of newly born PBH binaries characterized by the values of (z∗, a∗, e∗). Conservation
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of energy and angular momentum implies that the semi-major axis a and the eccentricity e

of the PBH binary do not evolve independently. Assuming that PBH binaries only evolve
through (vacuum) GW emission in the quadrupole approximation, the joint evolution of (a, e)
follows from the coupled evolution equations for an eccentric orbit [71–73]

da

dt
= −128

5
G3M3

c5a3
1

(1 − e2)7/2

(
1 + 73

24e2 + 37
96e4

)
,

de

dt
= −608

15
G3M3

c5a4
e

(1 − e2)5/2

(
1 + 121

304e2
)

.

(3.1)

where M = 2mM⊙ is the total mass of the binary system. Note that eqs. (3.1) are orbit-
averaged evolution equations. In our situation of highly separated, very eccentric orbits, the
orbital phase of the system may impact the exact radiative power significantly. However
given that we deal with a large population of binaries, we assume that population-wise it
is sufficient to work with these orbit-averaged evolution equations nonetheless. From these
equations, the coalescence time tcoal of a binary with initial parameters a∗, e∗ is given by

tcoal = 5
256

c5a∗
4

G3M2µ
F (e∗) (3.2)

where µ = 1
2mM⊙ is the reduced mass. The auxiliary function F (e∗) is defined in appendix A,

where it is also shown that the system (3.1) can be integrated to derive an analytical
solution for the time needed to reach a new orbit with parameters (a, e). This solution
t = t(a∗, e∗, e) is given by

t(a∗, e∗, e) = 15
304

c5a∗
4

G3µM2
I(e∗) − I(e)

G4(e∗) . (3.3)

The function I(e) can be expressed in terms of Appell hypergeometric functions (see ap-
pendix A.2 for details). This expression can be (numerically) inverted to obtain the eccentricity
e(t, a∗, e∗) at time t > t∗ given the initial conditions (a∗, e∗). The solution for a = a(t, a∗, e∗)
straightforwardly follows from eq. (A.2)

The system (3.1) involves two distinct timescales ta and te characterizing the evolution
of a and e, respectively. ta depends on a higher power of (1 − e2) and, therefore, is shorter
than te. By neglecting O(1) contributions from the terms in the brackets in eq. (3.1), the
PBH binary evolves on a dynamical timescale ta, which is initially

ta∗ ≡ c5a∗
4

G3µM2

(
1 − e∗

2
)7/2

. (3.4)

Only PBH binaries with initial conditions (z∗, a∗, e∗) such that

ta∗ < αtH (3.5)

will significantly evolve under GW emission within the age of the Universe t0. Here, tH is
the present-day Hubble time and α ≥ 1 generically. For PBH binaries that have not merged
by the present epoch, we choose to evolve in time only those systems with α = 40 in order
to balance the computational cost (which becomes heavy when α is large) and the accuracy
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Figure 6. Semi-major axis and reduced angular momentum after evolution through GW emission for
m = 1, f = 0.01. Dashed (white) curves indicate contours of constant a0 (top panel) and j0 (bottom
panel) in the λ - ji plane. The pink-shaded area shows the initial parameter space leading to a merger
by t ≤ t0. Mergers at t = t0 have characteristic values of ji and λ given approximately by the red dot.
We have also overlaid the distribution P (ji, λ) as the grey-shaded area (as in figure 3) to emphasize
that only a small fraction of PBH binaries merge by the present epoch.

of the orbital evolution (which becomes poor when α is small). The PBH binaries with
initial eccentricities and semi-major axes such that the binaries have already merged can
be excluded from the present-day population.

Figure 6 displays the final (present-day) semi-major axis and reduced angular momentum
obtained from the computation of the orbital evolution under GW emission solely, for a
model with m = 1 and f = 0.01. The PBH binaries that merge at the present epoch are
located near the red spot, on the diagonal separating the red-shaded area from the colored
one. The red spot approximately corresponds to the most probable values a∗ ∼ 400AU

and j∗ ∼ 0.003 for a merger at t = t0. This agrees with the predictions of [35] (see their
figure 4). For logλ ≳ 0.4, evolution via GW emission is reduced because, in this part of the
parameter space, the angular-momentum barrier increases so much that the characteristic
GW evolution timescale becomes much larger than tH .

The overlap between P (ji, λ) (shown as the grey-shaded area) and the region of the initial
parameter space leading to a merger by t ≤ t0 (shown as the pink-shaded area) emphasizes
that only a small fraction of PBH binaries that ever formed have merged by today. Likewise,
only a small fraction of the PBH binaries (those close to the region of merger) significantly
evolve via GW emission. For m = 1 and f = 0.01, only about 4% of the binaries have
merged. This percentage does not change much for other choices of m and f , the highest

– 13 –



J
C
A
P
0
5
(
2
0
2
5
)
0
3
6

Figure 7. The present-day distribution ϕpbh(a0, j0) (shown with a logarithmic color scheme) for
PBH binaries assuming f = 0.01 and three choices of m. The tail extending to smaller separations is
caused by the loss of orbital energy through GW emission.

merger fraction being ∼ 11% for m = 1000 and f = 0.0001. Consequently, we will disregard
hierarchical mergers and hierarchical binary formation in this study. This is also in line
with our assumption of a constant f .

At this point, we can evaluate the present-day PDF ϕpbh(a0, j0) of PBH binaries without
the disruption effects that can take place in the MW halo (they will be discussed in section 3.3).
In figure 7, this PDF is shown for f = 0.01 and three choices of m. As stated earlier, the
distribution doesn’t change noticeably for different choices of f < 0.01, except for the number
and fraction of PBH binaries. The key point here is that present-day PBH binaries are
typically very eccentric and very wide and, therefore, will emit GWs at very high harmonics
and mostly at pericenter passage. Additionally, it is important to note that despite the high
eccentricity of the binaries, their pericenter distance remains sufficiently large to prevent
substantial relativistic corrections in their orbital evolution.

3.3 Late-time disruption in the Milky Way halo

Once the MW halo has formed, the PBH binary can interact with MW stars and “field” PBHs
(we ignore binary-binary interactions for simplicity), resulting in the disruption of the softest
binaries. This effect depends on the stellar and PBH number density in the neighborhood of
the PBH binary. As shown in section 4, field PBHs and MW stars are distributed in up to
four components (bulge, halo, thin disk, and thick disk). Consequently, the present-day space
distribution ϕpbh(r) of PBH binaries and the distribution ϕ(a0, e0) of orbital parameters are
not independent anymore once binary disruption is taken into account. Furthermore, binary
disruption is, in essence, probabilistic [see 74, 75]. For simplicity, however, we shall ignore its
probabilistic nature and treat instead PBH binary disruption in a pure deterministic manner.
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Finally, we have ignored additional sources of disruption [reviewed in 76].4 In particular, we
have neglected dynamical friction (DF) produced by the PDM component on the evolution
of PBH binaries in the MW halo since, in the regime where DF is relevant, characteristic
timescales for orbital-energy dissipation are much longer than disruption timescales (see
appendix B). We have also ignored Galactic tides [79–81] because the time-scale of this
process for m ≈ 1 is too long for all but the widest binaries in the Galactic halo [80].

To encode PBH binary disruption, we introduce a function Πd = Πd(r, a0), which equals
0 if a PBH binary with semi-major axis a0 is disrupted at position r, and 1 otherwise.
Πd depends also on the local stellar density ρ∗(r) (calculated from the stellar MW profile
described in section 4) and PBH density ρpbh(r) (caclulated from the NFW profile eq. (4.7)).
We assume a total stellar mass in the MW of 5 × 1010 M⊙ [82–85], which (only for the
disruption procedure) is taken to be fully made up by potentially-disrupting stars.

To define Πd, we divide the present-day PBH binaries into two categories, based on their
binding energy Eb = Gm2M2

⊙/2a0 relative to the velocity dispersion of PBHs and MW stars,
which we take to be σv = 100 km/s regardless of r. For simplicity, we also assume encounters
with MW stars of mass m∗ = 1M⊙ solely. Hard binaries, for which Eb > m∗σ2

v , are not
affected by any disruption effect [75]. However, soft binaries for which Eb ≤ m∗σ2

v may be
disrupted via two distinct channels (following Chapter 7 of [86]):

• Ionization, with a rate RI ≃ 27.03 Gρ∗a0
σv

• Evaporation, with a rate RE ≃ 16.39 ln(Λ)Gρ∗a0
σv

Here, ln(Λ) is a Coulomb logarithm with Λ ∼ 0.6 × m∗σ2
v

Eb
. Hence, evaporation dominates for

very soft binaries, while both processes contribute more or less equally when the binary is
harder. A soft binary is assumed to be disrupted when RI + RE > 1/tH . Note that this
prescription is independent of the orbital phase and eccentricity.5

For illustration, let us quantify how the disruption process affects the distribution shown
in figure 7, which includes only binary hardening through GW emission. Figure 8 shows the
impact of disruption in three different MW environments or, equivalently, stellar densities:
ρ∗ = 70M⊙pc−3 (for the MW bulge); ρ∗ = 0.06M⊙pc−3 (appropriate to the disk in the solar
neighborhood); and ρ∗ = 2 × 10−8M⊙pc−3 (for the stellar halo). In the latter case, we also
take into account a contribution from field PBHs with density ρpbh = 4 × 10−7M⊙pc−3. In

4We also do not consider the case where one of the binary members might be replaced by a third object
during a binary-single encounter [e.g. 75]. For hard binaries, the binary-single scattering cross-section in the
stellar halo is small anyway, but also for soft binaries, we don’t take general hardening evolution processes by
3-body encounters into account [77, 78]. Next to this, as is noted in [45], for f ∼ 1, nearly all initial binaries
are expected to be disrupted by surrounding PBHs, based on simulations. Here f ≤ 0.01, hence this is not the
case here. Also [45] includes bound systems of several PBHs that can form around MR equality when f ∼ 1.
In the case f ≪ 1, bound systems of more than 2 PBHs are highly unlikely to form.

5The standard calculation of disruption rates [87] assumes that the impact parameter between a star
and a PBH is much smaller than the binary separation, which may break down at pericenter due to the
high eccentricities. However, since highly eccentric PBH binaries spend only a brief fraction of their orbit
near pericenter, this approximation remains valid for most of their evolution. This is further supported by
the binary-single scattering experiments of [88, eq. (5.8)], valid for arbitrary eccentricity, showing that the
cross-section for disruption does not change considerably. Ultimately, our orbit-averaged framework is justified
by the large population of binaries.
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Figure 8. The effect of disruption on the parameter distribution ϕ(a0, j0) at three locations in the
MW: the bulge, disk, and halo for a model with m = 1, f = 0.01. The region to the right of the red
dashed line is disrupted at the respective locations. Note the logarithmic color scheme, showing that
nearly all PBH binaries are disrupted in the bulge.

the halo, both the stellar and field PBH densities are too low to cause significant disruption
effects.6 The resulting distribution ϕdisrupt(a0, j0) shown in figure 8 is identical to the
distribution before including disruption except for a cut in semi-major axis. Results are
shown for f = 0.01 and m = 1.

4 Galactic distributions

In this section, we compute the spatial distribution of Galactic PBH binaries. Since the
disruption of PBH binaries depends on the local stellar density, we begin with a model for
the spatial distribution of MW stars. This profile serves a dual purpose, as it is also essential
in the calculation of the GW foreground produced by Galactic DWDs.

4.1 Galactic double white dwarfs

The dominant component of the astrophysical compact binaries in the MW are Ndwds ≃ 108

DWDs [e.g. 90]. They provide a foreground to the GW signal produced by PBH binaries
in the millihertz (mHz) frequency range probed by the LISA experiment. Hence accurate
modeling of the DWD population is essential.

Assuming that the DWD population in the MW traces the stellar component, we
follow [91–94] and express the probability ϕdwd(rg) for a DWD to be located at a separation

6In [89], it has already been shown that fly-by events of single PBHs are expected only to have a subdominant
effect on PBH binary properties.
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Length Scales (kpc) Relative Weights
htd 0.3 ftd 0.84
hTD 1 fTD 0.05
Hd 3
Hb 0.15 fb 0.1
Rh∗ 8 fh∗ 0.01

Table 1. Parameters of the Galactic model spelled out in eqs. (4.2)–(4.5), based on [91–94].

rg away from the MW Galactic Center as

ϕdwd(rg) = ftd ϕtd(rg) + fTD ϕTD(rg) + fb ϕb(rg) + fh∗ ϕh∗(rg) , (4.1)

where the probability densities ϕtd(rg), ϕTD(rg), ϕb(rg) and ϕh∗(rg) are constructed from the
Galactic profiles of the thin disk, thick disk, bulge and stellar halo, respectively. Furthermore,
fi are the relative weight of each component.

The disks decay exponentially in the Galactic plane x — y, while they quickly fall
off along the vertical z−direction, where (x, y, z) are Cartesian coordinates relative to the
Galactic Center:

ϕtd(rg) ∝ e−
√

x2+y2/Hd

cosh(z/htd) (4.2)

ϕTD(rg) ∝ e−
√

x2+y2/Hd

cosh(z/hTD) . (4.3)

Their densities are expressed as a function of x2 + y2 because of cylindrical symmetry. The
central bulge, on the contrary, is modeled as a simple radial exponential profile,

ϕb(rg) ∝ e−rg/Hb (4.4)

where rg = |rg| is the radial distance from the Galactic Center. Finally, a small fraction of
DWDs lives in the MW stellar halo, modeled as a Navarro-Frenk-White (NFW) profile [92]:

ϕh∗(rg) ∝ Rh∗

rg

(
1 + rg

Rh∗

)−2
(4.5)

The relative weights fi of each component and the parameter values are summarized in table 1.
We assume there are no stars beyond a separation of 100 kpc from the Galactic Center.

The spatial distribution of Galactic DWDs is shown in the left panel of figure 9 in
Galactic Coordinates (i.e. as viewed from the Sun). Note that the position of the Sun in
the Cartesian coordinates used above is rg,⊙ = (8249, 0, 20.8) pc [95, 96], with the x−axis
pointing towards the solar system.

To model the GW power emitted by Galactic DWDs, we will also need their present-day
semi-major axis and mass distributions. In this regard, we assume that the two white dwarf
masses m1 and m2 follow a Gaussian distribution with mean 0.6M⊙ and standard deviation
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Figure 9. Angular maps of the sky density probability (i.e. integrated along the line of sight) of
Galactic DWDs (left panel) and PBH binaries for m = 1, f = 0.01 (right panel). We observe that,
due to stellar disruption, PBH binaries are mostly located in the halo, while DWDs are mostly
concentrated in the disk and central bulge.

0.1M⊙ [41]. Furthermore, we assume circular orbits with a semi-major axis adwd distributed
according to the broken power law model of [90]:7

ϕ(adwd) ∝ x4+β
[(

1 + x−4
)β+1

4 − 1
]

(4.6)

with x ≡ adwd/0.01AU and β = −1.3 and the distribution is ranging from a minimum
separation of 14 · 103 km up to a maximum separation of 0.05 AU. Note that the DWDs
are therefore much harder than the PBH binaries, and we do not have to take disruption
effects into account. As is also the case for the PBH binaries, the orbital inclination cos ı

of the DWDs is uniformly distributed.

4.2 Galactic PBH binaries

For the PBH fractions f ≲ 0.01 considered here, the PDM component dominates the MW
halo. We assume that the PDM distribution of the MW follows an NFW profile with a
characteristic radius Rh,dm = 20 kpc, such that the total MW mass is 2 × 1012 M⊙ and the
local PBH+PDM density in the solar neighborhood is ∼ 0.01 M⊙pc−3, i.e.

ϕh,dm(rg) ∝ Rh,dm
rg

(
1 + rg

Rh,dm

)−2

(4.7)

where r = |r|. Since PBHs are initially a Poisson sampling of the adiabatic mode, they behave
as test particles advected by the PDM component. Therefore, we shall assume that the
gravitational collapse and virialization of the MW halo lead to a distribution of PBHs that
approximately traces the MW halo of particle DM (a small fraction of them could end up in
globular clusters, see [40]). Hence we take the PBH spatial distribution to extend to the virial
radius Rvir ≃ 200 kpc. However, the position-dependent disruption of PBH binaries by stars

7If one would evolve the DWD population in time (as is the approach of [97, 98]), one could start from the
initial binary separation distribution proposed by [41], which is the power law ϕ(adwd) ∝ a−1.3.
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and field PBHs in the MW will cause their present-day distribution to deviate from the NFW
profile. Therefore, the present-day spatial profile of PBH binaries in the MW is given by

ϕpbh(rg) = 1
ηd

∫
da0 ϕh,dm(rg) ϕ(a0) Πd(a0, rg) (4.8)

where the distribution function Πd(a0, rg) is defined in section 3.3, the normalization factor
ηd is defined below in eq. (4.9) and ϕ(a0) is computed by marginalizing ϕ(a0, j0) over j0,
which can be done since disruption is taken to be independent of the eccentricity of the
binary. The resulting spatial distribution of PBH binaries is shown in the right panel of
figure 9 for an observer at the Sun. The symmetry of the PBH binary distribution around
the vertical axis reflects the axial symmetry of the stellar components responsible for the
disruption of PBH binaries in the Galactic disk.

4.3 Number of galactic PBH binaries

The number N0 of PBH binaries currently present in the MW halo depends on m and f

according to eq. (1.2). Three distinct physical effects determine the value of η0:

• Only a fraction η∗(f) of all the PBHs form binaries (see section 2). This is exemplified
in figure 4. For low values of f , the large distance between nearest neighbors and the
angular-momentum barrier counteracts binary formation.

• PBH binaries may merge due to the dissipation of orbital energy by GW emission (see
section 3.2). ηmerge will denote the fraction of PBH binaries that have not merged by
the present epoch.

• Galactic PBH binaries can be disrupted via stellar encounters (see section 3.3). The
fraction ηd of surviving binaries integrated over the MW halo can be expressed as

ηd =
∫

da0 drg ϕ(a0) ϕh,dm(rg) Πd(a0, rg) . (4.9)

Combining all these effects, the present-day fraction η0 of MW PBHs in binary systems,
relative to the total number of PBHs (see eq. 1.2) reads

η0 = η∗ · ηmerge · ηd (4.10)

Since the dependence of η0 on m and f is known, the degeneracy in eq. (1.2) between η0 and
f is now broken. The fractions ηmerge and ηd are larger than ∼ 0.9 and ∼ 0.98 respectively
for the values of m and f under consideration. This implies that η0 is primarily determined
by η∗ = η∗(f), which is a function of f solely. The left panel of figure 10 exemplifies the
weak dependence of η0 on m. The right panel of figure 10 demonstrates that there are still
regions of the m - f parameter space for which N0 is comparable to or larger than the
number Ndwd ∼ 108 of Galactic DWDs.

To conclude, note that we have assumed throughout that both m and f remain constant
in time. In particular, we have neglected the growth of PBH mass via merger and accretion
and the possibility that second-generation PBH binaries may form. These evolution effects
will effectively lower f in time. However, since we have found that 1 − ηmerge (which can
be thought of as a proxy for the PBH merger rate) to be quite low, these effects will likely
result in small corrections to the simplified scenario considered here.
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Figure 10. Left panel: fraction η0 of PBHs in the MW that live in a binary system. η0 is mainly
determined by η∗ = η∗(f), with a weak m-dependence arising through ηmerge and ηd Right panel:
total number N0 of Galactic PBH binaries for different choices of m and f .

5 Detecting galactic PBH binaries

In this section, we explore the feasibility of detecting a GW background arising from the
hypothetical population of Galactic PBH binaries, focusing on the LISA experiment. The
detectability of this background depends on the level of the confusion noise of unresolved
Galactic DWDs. We will not consider e.g. the GW signal produced by extragalactic DWDs [99].

5.1 GW energy density

We compute the GW energy density (per logarithmic frequency interval d ln ν)

Ωgw(ν) ≡ 1
ρc

dρgw
d ln ν

(5.1)

sourced by Galactic DWDs and PBH binaries based on their present-day parameter distribu-
tions (unlike, e.g. [98], who expressed Ωgw in terms of the source parameter distribution at
formation time). Here, ν is the observed frequency of the gravitational waves. We gather
the source parameters in the vector ξ. Accounting for the sky-dependence of the signal and
the orbital inclination ı of the binary sources, Ωgw(ν) is fully specified by the probability
distribution ϕ(r, ξ, ı), where r is the separation vector between the Earth and the source.
For a uniformly distributed cos ı, we can write

ϕ(r, ξ, ı)dr dξ d cos ı = 1
2ϕ(r, ξ)dr dξ d cos ı . (5.2)

With these definitions, Ωgw(ν) can be expressed as [e.g. 98, 100]

Ωgw(ν) = 8π2Nν3

3H0
2F

〈∣∣∣h̃ν,ı

∣∣∣2〉
r,ξ,ı

= 8π2Nν3

3H0
2F

∫
dr dξ ϕ(r, ξ)

〈∣∣∣h̃ν,ı

∣∣∣2〉
ı

. (5.3)

Here, N is the total number of sources, and h̃ν,ı ≡ h̃ν(r, ξ, ı) is the discrete Fourier transform
of the GW signal produced by a single source in the MW. We keep the dependence on ı

explicit in the shorthand notation for reasons that will become clear below. The notation
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〈
. . .
〉

X
indicates an ensemble average over the parameter X. Furthermore, the division by

the angular form factor F ≡
〈
F +〉

n̂ + ⟨F ×⟩n̂ of the GW detector cancels out a similar factor
in ⟨|h̃ν,ı|2⟩ı and ensures that Ωgw(ν) is independent of the detector configuration.

For the LISA experiment, we have

R ≡
〈
F +
〉

n̂
=
〈
F ×〉

n̂ ≃ 3
10 , (5.4)

where R is the signal response function averaged over the sky and the polarization of the GWs.
At higher order, R is frequency dependent. We shall stick to the first order approximation,
valid up to frequencies ≲ 10−2 Hz above which the sensitivity of the LISA interferometer
is significantly reduced [101]. Therefore, eq. (5.4) implies F = 2R = 3/5 for LISA (note
that F = 2/5 for the LIGO experiment).

When the source emits at a single frequency as is the case for circular binaries, the
discrete Fourier transforms h̃ν,ı are related to the Fourier modes h̃(ν2, ı) ≡ h̃(ν2, r, ξ, ı) of
the whole continuous signal of a single source through [e.g. 98]

h̃ν,ı = h̃(ν2, ı) ΠT (ν)√
T

(5.5)

where ν is the observed frequency, ν2 is the (quadrupole) GW frequency of the source, equaling
ν2 ≡ 2ν0(ξ) with ν0 the orbital frequency. Furthermore, ΠT (ν) is the window function of
an experiment with duration time T . On taking T → 0, we have

lim
T →0

ΠT (ν)
T

=
∣∣∣∣dν

dt

∣∣∣∣ δ(ν − ν2
)

. (5.6)

This is the relevant limit in our case too, where the sources do not evolve significantly
throughout the observational run. The Fourier modes are then given by

h̃(ν2, ı) = h0(ν2, r, ξ) eiΨ(ξ) F(ı) , (5.7)

where h0(ν2, r, ξ) is the amplitude of the inspiral waveform (to be specified shortly) and eiΨ(ξ)

is its phase. The latter cancels out in the expression of Ωgw(ν). Moreover, the complex form
factor F(ı) depends on the orbital inclination. It can be approximated by [101]:8

F(ı) =
√

R
(

1 + cos2 ı

2 + i cos ı

)
(5.8)

Averaging over the inclination angle 0 ≤ ı < π gives

⟨F(ı)F∗(ı)⟩ı = 4
5R = 2

5F . (5.9)

Combining all the above expressions, we arrive at

Ωgw(ν) = 16π2Nν3

15H0
2

∫
dr dξ ϕ(r, ξ)

∣∣∣∣dν

dt

∣∣∣∣ δ(ν − ν2) h0
2(ν2, r, ξ) (5.10)

8In this way h̃(ν2, ı) is independent of the angular position on the sky. Especially in the case of anisotropic
sources, the total strain is correlated with the angular sky location, depending on the detector orientation. A
more precise method would be to use the complicated separate polarization form factors F +, F ×, as outlined
in e.g. [102]. In this work, we neglect this technicality for simplicity. This is also justified by the added
uncertainty around LISA’s orientation and finalized design.
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The dependence on the sky direction arises only through ϕ(r, ξ), which encodes the spatial
density of sources in the MW. One should bear in mind that eq. (5.10) is strictly speaking only
valid for circular orbits. We will generalize this expression to eccentric orbits in section 5.3
when we discuss PBH binaries.

5.2 Confusion noise from unresolved galactic DWDs

The confusion noise from unresolved Galactic DWDs is computed by assuming circular orbits,
with the waveform given by

h0(ν2, r, ξ) = 1
π2/3

√
5
24

c

r

(
GMc

c3

)5/6
ν

−7/6
2 (5.11)

where Mc = (m1m2)3/5(m1 + m2)−1/5 is the chirp mass of the binary system. The parameter
vector ξdwd of the DWD is composed of the semi-major axis adwd, the masses m1 and m2 of
the individual white dwarfs, and the spatial location r of the system in Galactic Coordinates.
The distributions for these parameters are given in section 4.1.

We use adwd to eliminate the Dirac delta in eq. (5.10). As a result, the GW energy
density Ωdwd(ν) of the Galactic DWD foreground reads

Ωdwd(ν) = 16π2Ndwdν3

15H0
2

∫
drdξdwd ϕdwd(r,ξdwd)

∣∣∣∣dν

dt

∣∣∣∣δ(ν −ν2)h0
2(ν2, r,ξdwd) (5.12)

= 16π2Ndwdν3

15H0
2

∫
drdm1dm2 ϕdwd(r,ξdwd)

∣∣∣∣dadwd
dt

∣∣∣∣h0
2(ν, r,ξdwd)

∣∣∣∣∣
adwd=adwd(ν,m1,m2)

,

where ν2 ≡ ν2(ξdwd), adwd is fixed by the other parameters. Kepler’s law and the relation
ν = 2νo between ν and the orbital frequency νo appropriate for circular orbits give

adwd(ν,m1,m2) =
(

G(m1 + m2)
π2

)1/3
ν−2/3 . (5.13)

Combining this expression with orbital decay timescale via GW emission yields∣∣∣∣dadwd
dt

∣∣∣∣ = 64π2

5
G2m1m2

c5 ν2 . (5.14)

Some of the Galactic DWDs will significantly exceed the LISA noise level. Their signal will
be subtracted from the total GW strain to produce a confusion noise of unresolved DWDs
with a GW energy density Ωndwd(ν) ≤ Ωdwd(ν).

To implement the extraction of loud DWDs, and thereby maximizing the SNR of the
PBH binary GW signal, let us first specify the LISA sensitivity, which is encoded in the
effective noise power spectral density Sn(ν) given by

Sn(ν) ≡ Pn(ν)
R

. (5.15)

Here, Pn(ν) the power spectral density of the detector noise. On substituting R = 3/10,
we obtain the following analytic fit for the noise [101]:

Sn(ν) ≃ 10
3

(
POMS(ν) + 2Pacc(ν)

(2πν)4

[
1 + cos2

(
ν

ν∗

)])
×
[
1 + 0.6

(
ν

ν∗

)2
]

(5.16)
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where, for sake of completeness, ν∗ = 19.09 mHz is a characteristic frequency, while the
optical metrology and test mass acceleration noises are respectively given by [103]

POMS(ν) = 3.6 · 10−41 Hz−1 ×
(

1 +
[2 mHz

ν

]4
)

(5.17)

Pacc(ν) = 1.44 · 10−48 Hz−1 ×
(

1 +
(0.4mHz

ν

)2)
×
(

1 +
[

ν

8 mHz

]4
)

.

This model assumes a LISA arm length L = 2.5 × 109 m.
A source is deemed loud when the inclination and polarization-averaged signal-to-noise

ratio (SNR) χ exceeds a critical signal-to-noise ratio χc, where for the DWDs, we take a
fixed value χc = 8. The SNR is computed as follows [98, 101]:

χ2 = 4
∫

dν
h

2(ν)
Sn(ν) ΠT (ν) (5.18)

where we have defined

h
2(ν) ≡

〈
h̃(ν, ı)h̃∗(ν, ı)

〉
ı

R
= 4

5 h0
2(ν, r, ξ) . (5.19)

Note that the parameter vector ξ does not include the inclination ı, which is averaged out
from this expression. On using eq. (5.6), we obtain

χ2 = 16
5 T

∫
dν

∣∣∣∣dν

dt

∣∣∣∣δ(ν − ν(r, ξ)
) h0

2(ν, r, ξ)
Sn(ν)

= 16
5 T

(∣∣∣∣dν

dt

∣∣∣∣ h0
2(ν, r, ξ)
Sn(ν)

)
ν=ν(r,ξ)

.

(5.20)

The LISA observation-time window T is set to T = 5 years from here on.
The subtraction of loud DWDs above the LISA noise can be conveniently captured

by the function Θn defined as

Θn(r, ξdwd) ≡ H
(
χc − χ(r, ξdwd)

)
,

where H(x) is the Heaviside step function (H(x) = 1 for x ≥ 0, and zero otherwise). The
energy density of the confusion noise of unresolved DWDs follows from the insertion of Θn
into the expression eq. (5.10) of the unsubtracted GW energy density, i.e.

Ωndwd(ν) = 16π2Ndwdν3

15H0
2

∫
dr dm1dm2 ϕdwd(r, ξdwd)

∣∣∣∣dadwd
dt

∣∣∣∣ (5.21)

× h0
2(ν, r, ξdwd) Θn(r, ξdwd)

∣∣∣∣
adwd=adwd(ν,m1,m2)

.

The effect of the subtraction of loud DWD sources on the energy density of the Galactic
GW background is shown in figure 11. For convenience, we have defined a dimensionless
noise spectral power

Ω(ν) = 4π2

3H2
0

ν3S(ν) (5.22)
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Figure 11. The dotted-dashed (green) curve is the GW energy density Ωdwd(ν) of the unsubtracted
foreground of Galactic DWDs. The dashed (blue) curve represents the energy density of the confusion
noise Ωndwd(ν) left over after the subtraction of loud DWD sources (blue dashed) in a T = 5 yr LISA ob-
servational run with χc = 8. The dotted (red) curve shows the LISA instrumental noise, while the solid
(red) curve is the effective LISA noise Ωeff = Ωndwd +Ωn we use for the search of Galactic PBH binaries.

analogous to the energy density of the actual GW signals. Furthermore, we have assumed
an observational time window of T = 5 yr. The confusion noise of unresolved DWD GW
sources represented by the dashed blue curve is consistent with other estimates from the
literature [90, 104–110]. The solid red curve is the effective noise level which we shall adopt
for our assessment of the detectability of Galactic PBH binaries.

5.3 The GW background of galactic PBH binaries

In contrast to DWDs, Galactic PBH binaries are highly eccentric and thus emit GW radiation
across a large number of harmonic frequencies νn ≡ nν0 (where n ≥ 1 is any positive integer)
of the fundamental (orbital) frequency ν0. We refer the reader to appendix A.3 for a brief
review of the spectral distribution of eccentric GW sources.

Computing the exact, time-domain waveform of a GW signal produced by an eccentric
compact binary remains a difficult task (see, e.g., [111, 112] for recent attempts). Therefore,
we take another route and introduce an effective, orbit-average strain h0,n following the
methodology of [108, 113–117]. To define h0,n, let us recast the GW energy spectrum into
the form given in [100],

Ωgw(ν) = 1
ρc

∫
dr dξ n(r, ξ) 1

4πr2
dEgw
d ln ν

. (5.23)

Here, ρc = 3c2H2
0 /8πG is the present-day critical density, n(r, ξ) is the number density of

sources per unit distance along the line of sight with location r and parameter ξ. In addition,
dEgw/dν is the energy radiated by a single source in the frequency interval [ν, ν + dν]. The
factor of (4πr2)−1 arises because Egw is a luminosity (integrated over solid angles) rather
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than a flux. It is given by

dEgw
d ln ν

= dE

dt
ν

dt

dν
= P

ν

ν̇
= P

∣∣∣∣TṪ
∣∣∣∣ , (5.24)

where P is the power radiated in GWs and T is the orbital period. First, consider circular
sources for which only the n = 2 harmonics contribute. We have

dEgw
d ln ν

= dEe=0
d ln ν2

= Pe=0

∣∣∣∣TṪ
∣∣∣∣
e=0

= π2/3

3
(GMc)5/3

G
ν

2/3
2 . (5.25)

Here, Ee=0 and Pe=0 are the GW energy and power radiated by a circular source at the
quadrupolar frequency ν2(ξ), respectively. Substituting this result into eq. (5.23), we arrive at

Ωgw(ν) = 16π2ν3

15H0
2

∫
dr dξ c n(r, ξ) h0

2(ν2, r, ξ) . (5.26)

Comparing this expression with eq. (5.10), we can identify an event rate per line of sight
distance, and per unit spatial and parameter volume according to

c n(r, ξ) = N ϕ(r, ξ)
∣∣∣∣dν

dt

∣∣∣∣δ(ν − ν2
)

(5.27)

Consider now eccentric binaries which radiate GWs in all the harmonics νn(ξ) = nν0(ξ).
Denoting the GW energy and power radiated in the nth harmonic by En(e) and Pn(e),
respectively, dEn(e)/d ln ν is

dEn(e)
d ln νn

= Pn(e)
∣∣∣∣TṪ
∣∣∣∣
e̸=0

= π2/3

3
(GMc)5/3

G
ν2/3

n ×
( 2

n

)2/3 g(n, e)
f(e) . (5.28)

The factor of 1/f(e) arises through |T/Ṫ |e ̸=0 whereas g(n, e) emerges from the power Pn

radiated in the nth harmonics. The quantities Pe=0, Pn(e), g(n, e) and f(e) are all defined
in appendix A.3. Eqs. (5.26) and (5.27) show that the generalization of Ωgw(ν) to eccentric
sources is

Ωgw(ν) = 16π2Nν3

15H0
2

∞∑
n=1

∫
dr dξ ϕ(r, ξ)

∣∣∣∣dν

dt

∣∣∣∣ δ(ν − νn) h2
0,n(νn, r, ξ) . (5.29)

We have introduced an effective orbit-average strain

h0,n(νn, r, ξ) ≡ h0(νn, r, ξ)
√

γn(e) (5.30)

γn(e) ≡
( 2

n

)2/3 g(n, e)
f(e) ,

which captures the orbit-averaged GW emission by eccentric sources. For large eccentricities
1−e ≪ 1 the function g(n, e) peaks at harmonic number nmax ∼ (1−e2)−3/2 ∼ j−3 [118]. For
a Galactic PBH binary with a typical reduced angular momentum value of j ∼ 10−2 − 10−1,
the peak of GW emission occurs at harmonic numbers nmax ∼ 103 − 106, that is, at a
frequency orders of magnitude larger than ν0.
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Specializing eq. (5.29) to the Galactic population of PBH binaries, we have

Ωpbh(ν) = 16π2N0ν3

15H0
2

∞∑
n=0

∫
dr dξpbh ϕpbh(r, ξpbh)

∣∣∣∣dν

dt

∣∣∣∣δ(ν − νn(ξpbh)
)

h0
2(ν, r, ξpbh)γn(e0)

(5.31)
The vector of binary parameters ξpbh comprises the reduced angular momentum j0 and
the semi-major axis a0 of the binary. There is no integral over a PBH mass due to the
assumption of a monochromatic mass function. Taking into account Galactic disruption,
the distribution function ϕpbh is given as:

ϕpbh(r, ξpbh) = ϕh,dm(r) ϕpbh(a0, j0) Πd(a0, r) (5.32)

To simplify the calculation of eq. (5.31), we take advantage of the large expected npeak and
approximate the sum of harmonic numbers by a continuous integral, ignoring the remainder
term of the Euler-MacLaurin formula. Furthermore, in complete analogy with the calculation
of Ωgw for Galactic DWDs, we get rid of the Dirac delta by integrating over the semi-major
axis a0 to obtain

Ωpbh(ν) = 16π2N0ν3

15H0
2

∫
dr dj0 dn ϕpbh(r, ξpbh)

∣∣∣∣da0
dt

∣∣∣∣h0
2(ν, r, ξpbh)γn(e0)

∣∣∣∣∣
a0=a0(ν,n,ξpbh)

(5.33)
Note that a0 is now a function of ν and n because the orbital frequency satisfies ν0 = νn/n ≡
ν/n. In the particular case of equal-mass binaries with non-zero eccentricity, we have

a0(ν, n, m) =
(

n2Gm M⊙
2π2

)1/3

ν−2/3 . (5.34)

In addition, ∣∣∣∣da0
dt

∣∣∣∣ = 64π2

5
G2(m M⊙)2

c5

( 2
n

)2
ν2f(e0) , (5.35)

which cancels the multiplicative factor of 1/f(e0) present in γn(e0).
The results of this computation are shown in figure 12, where the various colored curves

show Ωpbh(ν) for different choices of m and f as quoted on the figure. We have applied
a Gaussian kernel of rms width 0.06 dex in log space to reduce the numerical noise. The
(black) solid curve indicates the effective LISA noise level including the DWD confusion noise,
as calculated in section 5.2. For m = 0.1 and 1, which bracket the DWD mass range, the
peak frequency of Ωpbh(ν) lies around the minimum of the effective noise even though the
bulk of Galactic PBH binaries have semi-major axes much larger than 1 AU. The reason
is the presence of extremely high harmonics induced by highly eccentric motions, which
shift the peak of the GW emission frequency to much higher frequencies relative to wide
but circular binaries.

We also observe that lower mass PBHs exhibit a peak at larger frequencies due to their
lower typical separation (see figure 7). Furthermore, increasing f by one order of magnitude
increases ΩGW by approximately two orders of magnitude, such that Ωpbh(ν) for a model
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Figure 12. The GW energy density Ωpbh(ν) of a Galactic population of PBH binaries as a function
of the observed GW frequency ν. Results are shown for different choices of m and f . The solid
black curve represents the effective LISA noise level, which includes the confusion noise of unresolved
Galactic DWDs. The sensitivity curves of the DECIGO and BBO experiments are taken from [121].

with f = 0.1 and m = 1 (not shown on this figure because of the PBH constraints in this
model) would be above the effective LISA noise, when binary disruption by single PBHs is
neglected (see Footnote 4). For reference, we also indicate in figure 12 the expected sensitivity
curve of the Deci-hertz Interferometer Gravitational-Wave Observatory (DECIGO) [119]
and the Big Bang Observer (BBO) [120] in their most simple design as reported by [121]9
These experiments should be able to detect the background produced by Galactic subsolar
mass PBHs down to mass m = 0.01 if f ≃ 0.01.

5.4 Loud galactic PBH binaries

The identification of loud PBH binaries in the Milky Way is analogous to the extraction of
loud Galactic DWDs performed above, expect that we adopt a total noise power spectral
density Seff = Sn + Sndwd. Accounting for the non-zero eccentricity of the Galactic PBH

9We do not include stochastic backgrounds in the DECIGO/BBO sensitivity curves of figure 12 because of
uncertainties in the instrumental design and in the modelling of the backgrounds. Possibilities for backgrounds
in DECIGO/BBO include e.g. extragalactic DWDs [122], primordial GWs and compact object inspirals [123].
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binaries, the SNR χpbh is given by

χpbh
2 = 16

5 T
∞∑

n=0

(∣∣∣∣dν

dt

∣∣∣∣ h0,n
2(ν, r, ξ)

Seff(ν)

)
ν=νn(r,ξ)

≃ 16
5 T

∫
dn

(∣∣∣∣dν

dt

∣∣∣∣ h0,n
2(ν, r, ξ)

Seff(ν)

)
ν=νn(r,ξ)

(5.36)

where T is, again, the LISA observational time window which we set to T = 5 yr hereafter.
Note that h0,n is an orbit-average strain and so is χpbh. However, one should bear in mind
that, for highly eccentric orbits, most of the GW power is emitted around pericenter passage
in a burst of GWs [see 124, 125, for a recent discussion]. For the whole population of Galactic
PBH binaries, this burst emission averages out but, for the small expected number of loud
sources, it may play a role depending on their eccentricities. We will come back to this
point once the loud sources have been identified.

A PBH binary is deemed loud if it satisfies χpbh(r, ξpbh) > χc, where, just as for the DWD
foreground, χc is the detection threshold. A reasonable detection threshold is χc ∼ 7 − 8,
whereas χc = 1 corresponds to a typical fluctuation. In figure 13, regions of the a0-j0
parameter subspace for which the condition χpbh(r, ξpbh) = χc, is fulfilled with χc = 1 or
χc = 8 are shown as the dashed and solid curves, respectively. Loud sources mostly emerge
from the tail of the distribution produced by Galactic PBH binaries having significantly
hardened through GW emission. Therefore, they are hardly affected by disruption processes
taking place in the MW. For illustration, we have assumed that the loud sources reside in the
MW halo (where binary disruption is certainly negligible, see section 3.3) and are located at
a distance r = 100 pc and 10 kpc from the Sun. Note that, while the present-day distribution
of PBH binaries in the MW halo (shown as the shaded area) depends on the PBH fraction,
contours of constant SNR are independent of f .

The expected number Nloud of loud Galactic PBH binaries detected by LISA after 5
years of observation is

Nloud = N0

∫
dr dξpbhϕphb(r, ξpbh)Θ̃t(r, ξpbh) (5.37)

where the “clipping” function Θ̃t is

Θ̃t(r, ξpbh) ≡ H(χpbh(d, ξpbh) − χc) . (5.38)

In practice, we not take into account disruption in the computation of Nloud since, as stated
above, it is irrelevant for the loud sources. Furthermore, in the computation of the SNR, we
use the sky-averaged effective noise level Seff given by the sum of the sky-averaged DWD
noise and the sky-averaged LISA instrumental noise. This approximation is conservative
for PBH binaries in the MW halo, where the foreground of unresolved DWDs is reduced
relative to the disk or its sky-averaged value.10

10Incorporating the precise angular dependence of the LISA instrumental noise levels is beyond the scope of
this paper.
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Figure 13. The dashed and solid curves indicate the locus in the a0 - j0 plane for which χpbh(r, ξpbh) =
χc. The loud sources with SNR exceeding χc are located leftward of the various curves, which assume
Galactic PBH binaries residing in the MW halo at a distance r = 100 pc and 10 kpc from the Sun.
The dark shaded area represents the present-day distribution of MW halo PBH binaries for a PBH
fraction f = 0.01. Note, however, that contours of constant SNR are independent of f . Results are
shown for 3 different values of m (panels from top to bottom).

The expected number of loud sources are shown in the left panel of figure 14 for different
choices of χc. A conservative detection threshold of χc = 8 leads to ∼ 20 loud sources in
5 years LISA data for m = 0.1, 1 and f = 0.01. For the other parameter choices, χc must
be decreased for the cumulative count Nloud(> χc) of loud PBH binaries to exceed unity
(For m = 1000 not shown here, Nloud is far below unity even for χc = 1). Overall, the latter
increases with decreasing χc following a power law Nloud(> χc)∝ χc

−γ . The power law index
would be γ = 3 for a homogeneously distributed population since the detection rate then
scales linearly with spatial volume. This power-law is also consistent with a strain probability
density function P (h) ∼ h−4 at large h [97], which gives dNloud/dχc ∝ χ−4

c [98]. Deviations
from γ = 3 are caused by the inhomogeneity of the spatial distribution of Galactic PBH
binaries (which traces the MW halo). More precisely, cumulative counts with power law
indices further away from γ = 3 correspond to distance distributions dNloud/dr reaching
larger separations (where the effects of the inhomogeneous spatial PBH profile are larger).
This is quite apparent in the middle panel of figure 14, where the loud PBH binaries in the
m = 1 model are distributed further away than in the m = 0.1 model. The increase in the
characteristic distance of loud sources thus leads to a decrease in spatial homogeneity and
results in a larger deviation from γ = 3. This correlation holds also for the models not shown
in figure 14. The right panel of figure 14 shows that, unlike the bulk of the Galactic PBH
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Figure 14. Left: the cumulative number Nloud(> χc) of loud Galactic PBH binaries in 5 years of
LISA observations as a function of the critical SNR χc. The lines represent power law fits to the
cumulative counts. The best-fit power law index γ is quoted in the insert. Middle: distribution of
the loud PBH binaries as a function of their distance r from the solar system for three values of χc.
Results are shown for f = 0.01 and m = 0.1, 1 following the color scheme adopted in the left panel.
Notice the correlation between γ and the relative amount of loud sources at large distances (see text)
Right: same as the middle panel, but showing the ecccentricity distribution of the loud PBH binaries.
Note that the area below the distributions is proportional to Nloud(> χc).

binaries, the loud sources are only mildly eccentric, with typical eccentricities ∼ 0.7. As
a result, the GW signal is distributed over a relatively small number of harmonics, which
makes the source extraction easier. Even though the number of loud sources is small, their
mild eccentricity also justifies (a posteriori) the fact that we have ignored the orbital phase
in our calculation of the GW signal (i.e. we have not taken into account possible burst-like
GW events as discussed in section 3.2).

The spatial distribution (especially the directional information) of the loud sources could
help to discriminate between primordial BH and compact stellar remnants in addition to
the (possibly subsolar) mass (and tidal effects, see [126]). Loud PBH sources are the hard
binaries located in the “merging” tail of the (log a-log j) plane (see figure 13), with time
to coalescence mostly concentrated in the range tcoal ∼ 102 − 105 yr (with a peak around
103 − 104 yr) and semi-major axis a0 ≲ 1 AU. As a result, disruption is irrelevant for them,
and they trace the MW halo (modelled as a NFW profile). The identification of loud PBH
binaries is easiest away from the MW bulge and disk, where the contamination by DWDs
and other stellar binaries is lowest.
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6 Conclusions

The existence of stellar-mass PBHs is allowed in multi-component dark-matter models
provided that they do not exceed a percent of the total dark-matter energy density. In these
scenarios, close enough PBH pairs can decouple from the Hubble flow to form PBH binaries,
which trace the adiabatic mode. As cosmic structures form, these binaries are accreted
onto dark-matter halos and can masquerade as stellar BH binaries. In the MW halo, they
contribute to the Galactic GW background, which should be found by future GW experiments.

In this paper, we have computed the GW signal produced by such a hypothetical
population of Galactic PBH binaries assuming a monochromatic PBH mass function and
a broad range of PBH mass. For this purpose, we have modeled the evolution of PBH
binaries from their formation in the early Universe until the present epoch, including the
hardening of PBH binaries through GW emission and the disruption of soft binaries by
stellar encounters in the MW. Stellar disruption depletes the MW disk and bulge of most
of the PBH binaries. In addition to its anisotropy, the present-day population of Galactic
PBH binaries is characterized by high values of orbital eccentricity, which distinguishes them
from the Galactic DWD population. These large eccentricities increase the amplitude and
characteristic frequency of the GW signal produced by Galactic PBH binaries. For a PBH
mass in the range Mpbh ∼ 0.1 − 10M⊙, the GW background produced by Galactic PBH
binaries peaks at the millihertz frequencies probed by LISA. Still, the peak of the GW energy
density is at least 1-2 orders of magnitude below the effective LISA noise level (obtained
upon subtracting resolved Galactic DWDs from the signal) even for PBH a fraction f = 0.01.
However, proposed experiments like DECIGO and BBO should resolve such a background
if it consists of subsolar PBHs with Mpbh ∼ 0.01 − 1M⊙.

We have estimated the ability of LISA to detect loud Galactic PBH binaries. The
cumulative SNR distribution of the loudest sources is generally a power-law function of
the critical SNR χc used to define loud sources. For a PBH fraction f ≲ 0.01 consistent
with current limits and a subsolar mass in the range Mpbh ∼ 0.1 − 1M⊙, the cumulative
number of loud sources with χc = 8 in 5 years LISA data is ∼ 20. The loud sources are
hard PBH binaries tracing the MW PDM profile and, owing to the steepness of the latter,
are preferentially located near the center of the MW halo. They are characterized by GW
coalescence times of order 103 − 104 yr, and eccentricities e ∼ 0.7 not as high as those of the
total population of MW PBH binaries. Therefore, they might masquerade as an eccentric
Galactic binary BH population of stellar origin [see e.g. 124, 125, 127–129]) if their mass is at
least a few M⊙. In this case, the spatial location could help discriminate between primordial
and stellar binary BHs. To accurately quantify prospects on PBH binary identification using
directional information, detailed knowledge of LISA’s orientation and angular sensitivity is
required. We plan to explore this in future work. We furthermore note again that we have
not taken into account “late-time” PBH binaries forming through or involving dynamical
capture mechanisms. This later population will resemble stellar populations more and might
influence Galactic stellar binary populations as well [e.g. 55].

In the evolution of PBH binaries from their formation until the present epoch, we have
taken into account a limited number of physical mechanisms. In particular, we have neglected
the possible clustering of PBHs [39, 57–62] and the mass accretion of PBHs [19, 38, 130, 131].
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Clustering is deemed not important for small values of fpbh [132], mass accretion onto
highly eccentric binaries is not understood well enough to be properly implemented [35].
Furthermore, PBH may be dressed with a cloud of PDM of approximately the same mass as
the PBH at the time of MR equality, which will affect the distributions [35]. Other relics from
the early Universe could also surround them [e.g. 133]. Finally, we have ignored hardening
by 3-body encounters, which may speed up the binary evolution, and even replace one of
the PBHs by an astrophysical object. Refs. [35, 45] find that this effect hardly affects the
present-day PBH merger rate, but, for the whole population of Galactic PBH binaries (which
includes many soft binaries), it may be more significant. Further work should also include
late-time effects like dynamical capture, and ascertain the extent to which stellar populations
and Galactic GW backgrounds of stellar origins are affected by the presence of field PBHs.
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A Gravitational waves from eccentric compact binaries

Eccentricity plays a substantial role in the evolution of a population of PBHs as emphasized
here and in previous works [35, 45, 116].

In this appendix, we discuss the backreaction effect of eccentric GW radiation on the
orbital parameter evolution needed in section 3.2. In addition, we briefly review the vacuum
GW emission of an eccentric Keplerian binary used in section 5.3 to model the GW signal
of a Galactic population of PBH binaries. Most of this discussion is based on the seminal
works of [71, 72], which is conveniently summarized in [73]. Note that, although we assume a
monochromatic PBH mass function throughout this paper, we write below expressions valid
for a generic unequal-mass binary with a total mass M and reduced mass µ.

A.1 Orbital evolution

The gravitational wave emission is entirely determined by the mass of the binary components,
and the semi-major axis a and eccentricity e of the binary orbit. If the binary hardens
through GW emission solely, these orbital parameters evolve via the system of coupled
ordinary differential equations (ODEs) in eq. (3.1) (which involves two distinct timescales ta

and te characterizing the evolution of a and e, respectively). The latter can be combined into

da

de
= 12

19a
1 + (73/24)e2 + (39/96)e4

e(1 − e2)[1 + (121/304)e2] . (A.1)

This can be integrated analytically to give

a(e) = a∗
G(e)
G(e∗) , (A.2)
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Figure 15. Orbital evolution for a binary with initial semi-major axis ai = 1 AU and eccentricity
ei = 0.99 obtained from the solution outlined in section A.2. Note that the decay timescale of the
semi-major axis is much shorter than the circularization timescale.

where the function G(e) is defined as

G(e) ≡ e12/19

1 − e2

(
1 + 121

304e2
)870/2299

. (A.3)

Eq. (A.2) can be used to calculate the time to coalescence tcoal of a binary from the relation∫
dt =

∫
de dt

de , in which de
dt is given by the second ODE of eq. (3.1). The dependence of tcoal

on the initial eccentricity a∗ is encoded in the function

F (e∗) ≡ 48
19

1
G4(e∗)

∫ e∗

0
de

G4(e)
(
1 − e2)5/2

e
(
1 + 121

304e2) (A.4)

Finding a numerical solution to the system eq. (3.1) for a general time t < tcoal is computa-
tionally challenging due to the vastly different timescales τa and τe when e is close to unity.
However, it is possible to find a semi-numerical solution for e(τ, a∗, e∗) as explained below.

A.2 Semi-numerical solution to the eccentric evolution

The solution e(τ) can be conveniently spelled out in terms of the dimensionless variables
ã ≡ a/R∗ and τ ≡ ct/R∗, where

R∗
3 ≡ 4G3µM2

c6 (A.5)

becomes the Schwarzschild radius R∗ = 2GM/c2 for equal mass PBH binaries. The second
line of eq. (3.1) becomes

de

dτ
= −76

15
e

ã4(1 − e2)5/2

(
1 + 121

304e2
)

. (A.6)
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Substituting a(e) given by eq. (A.2) into this equation, we can write down an expression
for the time τ elapsed since the formation of the PBH binary,

τ =
∫ τ

0
dτ ′ =

∫ e

ei

(de′

dτ ′

)−1
de′ = 15

76

∫ e∗

e
de′ ã4(1 − e′2)5/2

e′[1 + (121/304)e′2]

= 15
76

ã∗
4

G(e∗)4

∫ e∗

e
de′ e′29/19(

1 − e′2)3/2

(
1 + 121

304e′2
)1181/2299

.

(A.7)

This integral admits a solution in terms of Appell hypergeometric functions of two variables,
which read

F1(α, β1, β2, γ, x, y) =
∞∑

m=0

∞∑
n=0

(α)m+n(β1)m(β2)n

m!n!(γ)m+n
xmyn (A.8)

where

(z)p =
p−1∏
k=0

[z − k] (A.9)

is the Pochhammer symbol. It is convenient to introduce the function

I(e) ≡ e10/19

3648
(
I0(e) − 3648A1(e) − 893e2A2(e)

)
(A.10)

where

A1(e) ≡ F1

( 5
19 ,

1
2 ,

1118
2299 ,

24
19 , e2, −121

304e2
)

A2(e) ≡ F1

(24
19 ,

1
2 ,

1118
2299 ,

43
19 , e2, −121

304e2
)

I0(e) ≡ 24 × 22173/2299 × 191118/2299
√

1 − e2

(
304 + 121e2

)1181/2299
.

(A.11)

The function I(e) is shown in figure 16. The solution to eq. (A.7) can eventually be
recast into the form

τ(e, a∗, e∗) = 15
76

ã∗
4

G(e∗)4

(
I(e∗) − I(e)

)
. (A.12)

The only piece of the calculation left over is the inversion of this expression to find e(τ, a∗, e∗),
which can be carried out using standard numerical routines. The solution for a(τ, a∗, e∗)
then follows from eq. (A.2), that is, from the knowledge of e(τ) and the initial conditions
(a∗, e∗). Figure 15 shows a sample solution for (a∗, e∗) = (1 AU, 0.99). For very eccentric
orbits, circularization through GW emission is a subdominant effect until the very last
stages of the evolution.

A.3 Spectral distribution

Unlike circular binaries emitting GWs at a frequency ν = 2νo, twice the orbital frequency
ν0, eccentric binaries emit GWs at all the harmonics νn = nν0 of the orbital frequency. In
addition, the orbital eccentricity boosts the radiated GW power by a factor of f(e) given by

f(e) ≡ 1
(1 − e2)7/2

(
1 + 73

24e2 + 37
96e4

)
. (A.13)
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Figure 16. The function I(e) defined in eq. (A.10). I(e) diverges in the limit e → 1.

As a result, the total, orbit-averaged power radiated in GWs becomes

Pe ̸=0 = 32G4µ2M3

5c5a5 f(e) ≡ Pe=0 f(e) (A.14)

for e > 0. For large eccentricities 1 − e ≪ 1, Pe̸=0 can be enhanced by orders of magnitude.
This power is emitted at the discrete frequencies νn and is distributed among them according to

Pe̸=0 =
∞∑

n=1
Pn(e) (A.15)

where the n-th harmonic contributes a power Pn(e) given by

Pn(e) = Pe=0 g(n, e) . (A.16)

The auxiliary functions

g(n, e) = n4

32

([
Jn−2(ne) − 2eJn−1(ne) + 2

n
Jn(ne) + 2eJn+1(ne) − Jn+2(ne)

]2
+ (1 − e2)

[
Jn−2(ne) − 2Jn(ne) + Jn+2(ne)

]2
+ 4

3n2

[
Jn(ne)

]2)
,

(A.17)

where Jn is the Bessel function of the first kind, satisfy the completeness relation

∞∑
n=1

g(n, e) = f(e) . (A.18)

They are helpful for the calculation of the GW energy density produced by a distribution
of eccentric binaries (see section 5.3).
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Figure 17. A comparison between the timescales characterizing binary disruption (tdisrupt) and
dynamical friction (tDF ) as well as the present-day Hubble time tH . The various ratios are shown as
a function of the separation r from the GC for a soft (left panel) and hard (right) PBH binary with
m = 1. The vertical (green) dotted line marks the radial distance of our solar system.

B Dynamical friction in the Milky Way halo

Galactic PBH binaries also harden through Dynamical Friction (DF) with the surround-
ing PDM distribution. The DF timescale can be estimated with the Chandrasekhar for-
mula [134].11 Assuming that the PBH binary moves in a circular orbit with velocity
v2 ≃ GMpbh/a relative to its center-of-mass, the relation tDF ∼ vMpbh/FDF, where FDF is
the magnitude of the DF force, yields

tDF(r) ∼ 108 Gyr
√

m

(
a

AU

)−3/2 ( ρPDM(r)
10−2 M⊙pc−3

)−1
I−1

DF . (B.1)

Here, r is the distance from the Galactic Center and ρPDM(r) is the local PDM density
distributed according to the NFW profile eq. 4.7. Furthermore, IDF is a (velocity-dependent)
dimensionless friction coefficient, which we take to be unity.

Figure 17 compares the PDM-induced DF timescale with the disruption timescale (defined
in section 3.3) and the (present-day) Hubble time for a PBH binary of solar mass (m = 1) at
different locations in the stellar halo. For relatively hard PBH binaries (left panel), disruption
by MW halo stars or single PBHs dominates deep inside the MW virial radius. For r ≳ 1 kpc,
DF is the dominant process but the characteristic timescale tDF is too long to lead to a
significant loss of orbital energy within a Hubble time. For softer binaries (right panel), DF
is dynamically relevant for separations 1 ≲ r ≲ 20 kpc from the GC. However, given the
limited region of the full parameter space this corresponds to, we decided to neglect DF in
our evolution model. Note also that, for the comparison with the disruption timescale, we
selected a slice through the MW without the stellar disks (i.e. it is approximately orthogonal
to the stellar disks). Including the stellar disks increases the effect of disruption and even
better justifies the discarding of DF.

11Although dynamical friction is the gravitational deceleration produced by a nonlocal density wake, local
approximations provide a good estimate of the DF force for inhomogeneous systems [see, e.g., 135–137].
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