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Abstract
Convex optimisation is concerned with reformulating nonlinear optimisation
problems into convex programs which are computationally tractable and whose
solution is globally optimal. When leveraged in single-shot optimisation or multi-
stage optimisation problems such as model predictive control, convex programs can
accelerate computation tremendously, paving the way to online implementations
of algorithms that were long thought to be intractable. This is particularly
attractive in the context of safety-critical aerospace applications where a reliable
solution is often required in real time.

This thesis investigates the use of convex optimisation and model predictive
control in emerging applications from green aviation and urban air mobility. This
work is motivated by the need to decarbonise the air transport industry in order
to meet the requirements of net zero transport.

At first we consider the problem of energy management for a hybrid-electric
aircraft. Through a convex formulation of mathematical models of the propulsion
system, a computationally tractable optimisation problem is constructed whose
globally optimal solution is used to arbitrate in real time the power demand
of the aircraft between the gas turbine and electric motor, allowing significant
fuel savings. Computation times are also reduced by an order of magnitude
thanks to a custom implementation of a first order solver, enabling fast real-time
implementations for new generations of electric and hybrid aircraft.

We then explore the use of difference of convex functions (DC) decomposition
to compute optimal trajectories for the transition of a tiltwing vertical take-off
and landing (VTOL) aircraft in the presence of uncertainty. A DC decomposition
of the dynamics is computed and convexity is exploited to bound uncertain system
trajectories tightly, allowing to define a robust optimisation for air transport
of people in urban areas.

Finally, building on the theory of DC functions decomposition, a systematic
data-driven approach to obtain computationally tractable robust model predictive
control (MPC) algorithms for nonlinear systems has been developed and applied to
VTOL aircraft in urban air mobility scenarios. The resulting control scheme offers
robustness guarantees to model uncertainty and exogenous disturbances, laying the
foundation for future widespread adoption in safety-critical applications related
to decarbonisation of the transport sector, green aviation and urban air mobility.
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Abstract

Convex optimisation is concerned with reformulating nonlinear optimisation prob-
lems into convex programs which are computationally tractable and whose solution
is globally optimal. When leveraged in single-shot optimisation or multi-stage
optimisation problems such as model predictive control, convex programs can
accelerate computation tremendously, paving the way to online implementations of
algorithms that were long thought to be intractable. This is particularly attractive
in the context of safety-critical aerospace applications where a reliable solution
is often required in real time.

This thesis investigates the use of convex optimisation and model predictive
control in emerging applications from green aviation and urban air mobility. This
work is motivated by the need to decarbonise the air transport industry in order
to meet the requirements of net zero transport.

At first we consider the problem of energy management for a hybrid-electric
aircraft. Through a convex formulation of mathematical models of the propulsion
system, a computationally tractable optimisation problem is constructed whose
globally optimal solution is used to arbitrate in real time the power demand of the
aircraft between the gas turbine and electric motor, allowing significant fuel savings.
Computation times are also reduced by an order of magnitude thanks to a custom
implementation of a first order solver, enabling fast real-time implementations for
new generations of electric and hybrid aircraft.

We then explore the use of difference of convex functions (DC) decomposition
to compute optimal trajectories for the transition of a tiltwing vertical take-off and
landing (VTOL) aircraft in the presence of uncertainty. A DC decomposition of
the dynamics is computed and convexity is exploited to bound uncertain system
trajectories tightly, allowing to define a robust optimisation for air transport of
people in urban areas.

Finally, building on the theory of DC functions decomposition, a systematic
data-driven approach to obtain computationally tractable robust model predictive
control (MPC) algorithms for nonlinear systems has been developed and applied to
VTOL aircraft in urban air mobility scenarios. The resulting control scheme offers
robustness guarantees to model uncertainty and exogenous disturbances, laying the
foundation for future widespread adoption in safety-critical applications related to
decarbonisation of the transport sector, green aviation and urban air mobility.
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Introduction

Contents
1.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.1 Motivation

Control theory and optimisation are central to solutions for decarbonising the

aviation industry and meeting the requirement of net zero emissions by 2050 [1,

2]. They provide a rigorous framework for optimal decision making in the context

of green aviation and urban air mobility (UAM).

The main challenges raised by control and optimisation of aerospace systems

are: i) the uncertainty and complexity of the environment in which vehicles operate

(e.g. wind affecting aircraft trajectories); ii) the need for real-time global solutions

where algorithms often involve nonconvex large-scale optimisation problems with

multiple local minima; iii) the safety-critical nature of the sector that requires the

massive deployment of provably safe algorithms with guarantees of convergence.

Robust optimisation and robust model predictive control (MPC) are well suited

to address these challenges. In robust optimisation, the constraints and/or cost

1
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functions are subject to uncertainty and a solution is sought that minimises

the worst case cost while satisfying the constraints for all realisations of the

uncertainty. Robust MPC is concerned with generating control sequences in order to

guarantee safe operation in the presence of disturbances or model uncertainty. These

approaches are promising in air transport scenarios where robustness and safety

are vital requirements. However, a direct application of these methods to realistic

problems requires the solution of numerically intractable optimisation. To construct

reliable and efficient algorithms that can address these issues, the optimisation

problems can be systematically reformulated as convex programs of the form

minimize
x

f(x)

subject to gi(x) ≤ 0, i = 0, . . . , m

hj(x) = 0, j = 0, . . . , n

where f , gi : Rn → R, are convex functions of x and hj : Rn → R are affine

functions ∀i, j, and for which globally optimal solutions can be obtained with

predictable computational effort.

Contrary to previous work in the literature, approaches based on convex robust

optimisation and convex robust MPC offer new perspectives in terms of: i) optimality

with respect to energy consumption; ii) robustness in the presence of uncertainties

inherent to air transport scenarios; iii) rapid, global convergence. These advantages

promise to allow large scale real-time implementations compliant with national

and international safety certification requirements.

This thesis investigates the use of these approaches to solve emerging problems

arising from green aviation and UAM:

• A first case study is concerned with energy management of hybrid-electric

aircraft equipped with gas turbine and electric motor. The goal is to arbitrate

in real time the power demand between the components of the propulsion

system. A solution in terms of a systematic convex reformulation of the energy

management optimisation and an MPC decision law is proposed.
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• In a second case study, trajectory optimisation of a tiltwing vertical take-off

and landing (VTOL) aircraft is investigated to achieve transitions from hover

to forward flight in the context of UAM. A difference of convex functions (DC)

decomposition of the dynamics is computed and convexity is exploited to infer

tight bounds on the necessarily convex linearisation error of the dynamics,

allowing to define a robust optimisation where these errors are treated as

bounded disturbances.

• In a third case study, robust control of VTOL aircraft subject to wind

disturbances is considered. The DC robust optimisation described above is

leveraged in a robust MPC framework to develop a new control algorithm

that achieves the objectives of optimality, robustness and computational

tractability.

The unifying theme across all case studies is the use of convex optimisation to

develop new algorithms that are computationally tractable and offer guarantees of

convergence to a global optimum. Convexity is exploited with techniques such as

MPC and robust optimisation to meet the stringent requirements set by aeronautic

regulations in terms of robustness and optimality.

1.2 Outline

The main contributions of the thesis are organised into the following chapters:

• Chapter 2. We review the literature related to energy management of

hybrid-electric aircraft, trajectory optimisation of tiltwing VTOL aircraft and

robust MPC based on tubes. We identify gaps in the literature that justify

the contributions made by this thesis and the research undertaken.

• Chapter 3. We consider the problem of energy management for a hybrid-

electric aircraft. Through a convex formulation of mathematical models of

the propulsion system, a computationally tractable optimisation problem is

constructed whose globally optimal solution is used to arbitrate in real time
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the power demand of the aircraft between the gas turbine and electric motor,

allowing significant fuel savings. Computation times are also reduced by an

order of magnitude thanks to a custom implementation of a first order solver,

enabling fast real-time implementations for new generations of more-electric

aircraft.

This chapter is based on the following publications:

– [3] Martin Doff-Sotta, Mark Cannon, and Marko Bacic. “Optimal energy

management for hybrid electric aircraft”. In: IFAC-PapersOnLine 53.2

(2020), pp. 6043–6049.

– [4] Martin Doff-Sotta, Mark Cannon, and Marko Bacic. “Predictive

energy management for hybrid electric aircraft propulsion systems”. In:

IEEE Transactions on Control Systems Technology 31.2 (2022), pp.

602–614.

– [5] Martin Doff-Sotta, Mark Cannon, and James Forbes. “Spacecraft

energy management using convex optimisation”. In: Energy Conversion

and Management: X 16 (2022).

• Chapter 4. We investigate trajectory optimisation for a tiltwing VTOL

aircraft to achieve transitions from hover to forward flight in an urban air

mobility (UAM) scenario. The approach is based on successively linearising

the system around guess trajectories and treating the linearisation error

as a bounded disturbance in a robust optimisation framework. A novel

method is developed by decomposing the dynamics as a difference of convex

functions (DC) and exploiting convexity to obtain a computationally tractable

optimisation with robustness guarantees to both exogenous disturbances

and model-based uncertainty. Crucially, by convexity of the dynamics, the

linearisation error is necessarily convex and takes its maximum at the boundary

of the uncertainty set, allowing tight bounds to be computed. This provides

a very general method for solving uncertain optimisation problems as a
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sequence of computationally tractable convex programs where the dynamics

are approximated tightly by a set of convex inequalities.

This chapter is based on the following publications:

– [6] Martin Doff-Sotta, Mark Cannon, and Marko Bacic. “Fast optimal

trajectory generation for a tiltwing VTOL aircraft with application to

urban air mobility”. In: 2022 American Control Conference (ACC).

IEEE. 2022, pp. 4036–4041.

– [7] Martin Doff-Sotta, Mark Cannon, and Marko Bacic. “Robust trajec-

tory optimisation for transitions of tiltwing VTOL aircraft”. In: 2023

Conference on Control Technology and Applications (CCTA). IEEE. 2023.

• Chapter 5. This chapter leverages the robust optimisation based on DC

decomposition developed previously in a robust MPC framework. We first

present a computationally tractable tube-based MPC algorithm for nonlinear

systems representable as DC functions. The key idea is to exploit the

convexity in the dynamics to bound system trajectories tightly and obtain

the robust MPC law from a sequence of convex programs. The approach can

then be generalised to any sufficiently regular nonlinear system through DC

decomposition of the dynamics. In particular, it can be applied to safety-

critical aerospace systems by providing a safe, robust and optimal control

command with rapid, global convergence. We establish theoretical results

such as recursive feasibility of the scheme, stability and convergence. We then

propose extensions of the scheme to systems subject to additive disturbance

and to systems with twice-continuously-differentiable dynamics.

This chapter is based on the following publications:

– [8] Martin Doff-Sotta and Mark Cannon. “Difference of convex functions

in robust tube nonlinear MPC”. In: 2022 Conference on Decision and

Control (CDC). IEEE. 2022.
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– [9] Niels Krausch, Martin Doff-Sotta, Mark Canon, Peter Neubauer,

and Mariano Nicolas Cruz Bournazou. "Handling nonlinearities and

uncertainties of fed-batch cultivations with difference of convex functions

tube MPC."

– [10] Johannes Buerger, Mark Cannon and Martin Doff-Sotta. "Safe

Learning in Nonlinear Model Predictive Control." In: 6th Annual Learning

for Dynamics and Control Conference. University of Oxford. 2024.

• Chapter 6. Building on the developments of the previous chapter, we present

a computationally tractable data-driven approach to robust MPC of VTOL

aircraft subject to wind disturbances in UAM scenarios. The resulting control

scheme offers robustness guarantees to model uncertainty and exogenous

disturbances, paving the way to future widespread adoption in safety-critical

applications related to decarbonisation of the transport sector, green aviation

and UAM.

This chapter is based on the following publication (under review, conditionally

accepted to the Journal of Guidance, Control and Dynamics):

– [11] Martin Doff-Sotta, Mark Cannon, and Marko Bacic. “Data-driven

robust model predictive control of tiltwing vertical take-off and landing

aircraft”. In: arXiv preprint arXiv:2308.03557 (2023), arXiv–2308,

submitted to AIAA Journal of Guidance, Control and Dynamics.
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2.1 Introduction

We review the state of the art for the themes investigated in this thesis and identify

knowledge gaps. The first application considered is energy management for hybrid-

electric aircraft. We review the different types of hybrid-electric aircraft architectures

and the energy management strategies employed. The second application is

related to trajectory optimisation of vertical take-off and landing (VTOL) aircraft

7
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in the context of urban air mobility (UAM). We consider the specific case of

the tiltwing topology whose higher endurance is particularly desirable in UAM

scenarios and we review trajectory optimisation of tiltwing VTOL aircraft. The

third application is concerned with robust model predictive control (MPC) of

VTOL aircraft. We contextualise briefly robust MPC and in particular consider

computationally tractable implementations based on robust tubes. We give a

detailed account of tube-based MPC in the context of linear and nonlinear systems.

2.2 Energy management for hybrid-electric air-
craft

Aviation is currently responsible for producing around 2% of global CO2 emissions

and represents 12% of the total emissions due to transportation [12]. In line

with concerns about global warming, objectives have been set to reduce by 50%

the footprint of the aerospace industry as part of FlightPath 2050 [13]. One

avenue identified to achieve this ambitious goal is the development of a greener

aviation based on new propulsion concepts, in particular the use of hybrid-electric

drivetrains for short-haul flights and the operation thereof.

2.2.1 Hybrid-electric aircraft

Aircraft powered with hybrid-electric propulsion architectures were shown to achieve

significant emission reduction and energy savings [14–16], this trend being concurrent

with recent advances in battery technology and hydrogen-based propulsion systems

[17]. In [14], a commercial airliner equipped with a turboelectric propulsion system

is considered, and simulation showed that it could achieve fuel savings of up to 7%

by contrast to conventional propulsion architectures. The system consists of two

wing-mounted turbofans with generators powered by the fan shaft and producing

electricity transferred to a boundary layer ingesting propulsor. A distributed

electric propulsion concept for the transonic cruise range was proposed in [18]

and is also expected to benefit from a 7% reduction in fuel. Similar savings and

1.5% NOx level reduction were shown for a parallel-hybrid Airbus A320 with
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predicted technology from 2035 [15]. In [16], significant potential energy savings

were demonstrated for a concept year-2030 aircraft equipped with a parallel-hybrid

propulsion system combined with an all-electric propulsion system. The benefits

of an electric propulsion system on the aerodynamic performance of a four-seat

aircraft was shown in [19] where the additional lift generated by the slipstream on

the wing from electrically-powered propellers yields a drastic increase of efficiency.

In [20], a parallel-hybrid configuration where the battery is used to absorb peak

loads is shown to achieve a potential 4% decrease in fuel by comparison with

benchmark gas-turbine-powered aircraft. A regional series-hybrid aircraft, the

E-fan X [17], was under development by Airbus and Rolls-Royce before the project

was prematurely cancelled in 2020.

Hybrid aircraft relying on hydrogen fuel have also been proposed in order to

meet targets for reducing greenhouse gas emissions [17]. Hydrogen can be used to

generate electricity in a fuel cell or for internal combustion instead of kerosene (liquid

hydrogen being mixed with oxygen in a gas turbine). In the context of more-electric

aircraft (i.e aircraft for which the traditionally-nonelectric subsystems have been

replaced by new electrical subsystems [21]), there are growing incentives to replace

the ram air turbine emergency power systems by hybrid systems relying on fuel cells,

batteries and supercapacitors [22]. Recently, Airbus introduced the ZEROe program

with the ambition to develop a zero-emission hydrogen-powered commercial aircraft

by 2035. The hybrid propulsion system consists of a liquid-hydrogen-powered gas

turbine complemented by hydrogen fuel cells producing electricity [23].

Two main types of hybrid propulsion architectures are considered in the literature:

parallel-hybrid and series-hybrid configurations [24]. In the parallel architecture, a

gas turbine is mechanically coupled with an electric motor in a parallel arrangement,

and the common shaft drives the fan or propellers. In the series architecture, the

net power output of the propulsion system is delivered by an electric motor which

takes its electrical power from two sources: a battery and a turbo generator set

(gas turbine in series with an electric generator). Other variations of these basic

arrangements exist, such as the series-parallel configuration.
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2.2.2 Energy management strategies

Hybrid-electric propulsion systems require energy management strategies in order

to allocate the power demand between the different components of the drivetrain

(gas turbine and electric motor). Energy management is as important as component

sizing when considering the problem of minimising fuel consumption of hybrid

vehicles. Simple strategies were proposed, for example, the charge-depleting-charge-

sustaining (CDCS) policy which consists in using the battery until depleted and

then relying on the engine for the rest of the mission [25]. A peak shaving strategy

was proposed in [20] where the battery is used whenever the gas turbine reaches its

maximum power output. A solar-powered high-altitude long-endurance aircraft is

considered in [26], where the excess solar energy is stored in the form of gravitational

potential during daytime and released at night by gliding. Approaches that use state

machines [27] are based on monitoring critical variables (e.g. the state of charge

of the battery, the load demand, etc.) and decisions are taken accordingly in a

rule-based "if - then" fashion. These algorithms can be fine-tuned as experimental

data accumulate and expertise on the system increases [22]. Rule-based fuzzy logic

techniques [28] use a state machine augmented with (trapezoidal) membership

functions for the decision variables, which increases robustness with respect to

measurement errors. The transition parameters of the membership functions can

be tuned using e.g. genetic algorithms. In [29], an operation policy for the battery

is proposed that finds a trade-off between two extreme strategies (namely peak

shaving and maximum battery utilisation). Some approaches seek to minimise aging

of the components of the hybrid system. For example, the frequency decoupling

strategy [30] consists in assigning the slowly-varying low-frequency content of the

load profile to critical components (e.g. fuel cells that age rapidly when submitted to

dynamic loadings) while high-frequency variations can be delivered by components

capable of absorbing dynamic stresses (e.g. supercapacitors). Frequency decoupling

can be achieved using low pass filters, wavelet transforms, fast Fourier transforms

[22] or using a model predictive control strategy [31]. Approaches based on neural

network [32] and neuro-fuzzy adaptive control [33] were also proposed.
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Optimisation techniques that seek to minimise a cost function (e.g. fuel con-

sumption) are also popular to solve the energy management problem. For example,

the so-called equivalent fuel consumption minimisation strategy is widely used in

hybrid fuel cell systems [34]. The optimal power split is obtained by constrained

minimisation of the fuel consumption of the cell and the equivalent fuel consumption

of the other energy sources, while meeting the load demand and keeping all energy

sources in their allowed operating range. It is worthwhile mentioning that this

strategy considers simple static models of the energy sources, and could thus

be extended with more comprehensive dynamical models. A different approach is

proposed in [35] for the emergency power system of an aircraft: instead of estimating

the equivalent fuel consumption of electric energy sources, minimisation of hydrogen

consumption is achieved by maximising consumption of stored electrical energy. By

contrast to methods based on equivalent fuel consumption, using the battery and

supercapacitor power consumption directly in the cost function simplifies greatly

the approach and increases robustness to changes in the load profile. Dynamic

programming techniques [36–38] search for the global-optimal policy. Such methods

can be used offline to provide a comparison reference, but their computation times

are prohibitive for a real-time implementation. Other approaches based on H∞

control [39] and optimal adaptive control [40] were also reported. A popular

framework for the energy management problem is model predictive control (MPC),

a topic that has been widely explored for electric and hybrid-electric ground vehicles

[41–43]. The energy management problem is formulated as a receding-horizon

constrained optimisation problem, and an optimal power split is found at each time

step. MPC offers a degree of robustness to modeling uncertainty and prediction

errors, along with updated feedback information on the state at each time step.

MPC-based energy management involves solving a constrained optimisation

problem in real time. Various optimisation techniques were proposed to address that

problem [44], such as interior point [42, 45, 46] and active set [47] methods. Recently,

there has been a growing interest for first-order methods, whose computational

efficiency makes them highly desirable candidates for online energy management.
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For example, fast gradient methods [48, 49] or the alternating direction method

of multipliers (ADMM) [50] are powerful techniques suitable for a real-time imple-

mentation. ADMM-based solvers exploit the separability of the constraint and cost

functions to update the optimisation variables sequentially. The ADMM algorithm

was applied to the energy management problem for hybrid-electric ground vehicles

in [42, 51]. An online receding-horizon optimisation problem, including nonlinear

dynamical constraints, was formulated as a convex program and an ADMM solver

was shown to outperform other optimisation schemes in terms of computation

time while retaining an acceptable precision.

2.2.3 Identified gap

Although MPC was recently applied to solve the energy management problem

for hybrid-electric aircraft [52, 53], none of these approaches considered lossless

convexification of the nonlinear problem, a strategy that proved its efficiency

in electric ground vehicles. Such an use case of convex optimisation in energy

management of hybrid-electric aircraft would be computationally efficient, offer

guarantees of convergence to a global optimum, and could be leveraged in multi-stage

optimisation schemes for a real-time update as new data are collected.

2.3 Trajectory optimisation of VTOL aircraft

The increase of congestion and pollution levels in large metropolitan areas has

recently incentivised the development of sustainable and green mobility solutions.

As an example, in 2014 in the USA, road traffic has generated more than 11 million

litres of excess fuel and nearly 7 billion person-hours were wasted - the equivalent

of about 10,000 people average lifespans [54]. Urban air mobility (UAM) has the

potential to address these problems by allowing air transport of goods and people

[55], thus reducing the pressure on urban traffic. It has been estimated that 160,000

air taxis could be in circulation worldwide by 2050, representing a USD 90 billion

market [56]. A key enabler of UAM is a class of zero carbon emission eVTOL aircraft

concepts [57], many based on tiltrotor, tiltduct or tiltwing vehicle configurations
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powered by batteries or by making use of zero carbon fuel like hydrogen [58].

However, the lower energy density of energy storage options relative to liquid carbon

based fuels restrict the operational range, hover time and cruise speeds.

2.3.1 Tiltwing VTOL aircraft

Tiltwing vertical take-off and landing (VTOL) aircraft, with their capability to

take-off and land in restricted spaces and their extended endurance, have recently

received a lot of attention in a UAM context. Despite being investigated since the

1950’s [59–61], issues related to control and stability, as well as the mechanical

complexity associated with the use of conventional gas turbine engines have

prevented widespread adoption of this technology. However, recent advances in

battery and electric motor technology, combined with the development of modern

control systems architectures, has spurred a new interest for these vehicles [62].

Some recent prototypes based on tiltwing configurations are the Airbus A3 Vahana

[63], the NASA GL-10 [64], or Rolls-Royce’s eVTOL aircraft [65].

The transition manoeuvre between vertical and horizontal flight for a VTOL

aircraft is the most critical phase of flight. Consequently, limited energy and

transition envelope constraints impede the throughput of flight operations by limiting

the number of flights, timely allocation of landing slots, duration of holding patterns

in hover, and separation between vehicles. To maximise throughput it is clear that

both the energy spent in a non-wing-borne flight phase and the time and space needed

to transition between thrust-borne and wing-borne flight should be minimised.

2.3.2 Trajectory generation for VTOL aircraft

Although heuristic strategies have been proposed based on smooth scheduling

functions of the forward velocity or tilt angle [66], trajectory optimisation for the

transition of VTOL aircraft is still an open problem as it involves determining the

optimal combination of thrust and tiltwing angle to minimise an objective while

meeting constraints on system states and control inputs, which requires solving

large-scale nonlinear optimisation problems.
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The problem of determining minimum energy speed profiles for the forward

transition manoeuvre of the Airbus A3 Vahana tiltwing VTOL aircraft was addressed

in [67]. The vehicle is modelled in all three phases of flight considered: cruise,

transition and descent. The energy consumption in all flight phases is established

and a flight profile is searched that minimises the total energy while satisfying the

dynamic and kinematic constraints. A major drawback of the approach is that the

tiltwing angle was not included in the optimisation and the transition was assumed

to occur instantly, which is unrealistic for such a vehicle. In [62], the trajectory

generation problem for take-off is formulated as a constrained optimisation problem

and solved using NASA’s OpenMDAO framework and the SNOPT gradient-based

optimiser. A case study based on the Airbus A3 Vahana is considered, including

aerodynamic models of the wing beyond stall, and the effect of propeller-wing

interaction. The drive power is minimised considering the wing angle, electric

power and flight time as optimisation variables with constraints on final altitude

and terminal cruise speed. Additional constraints on angle of attack, acceleration

and horizontal distance are also considered. A 5% energy saving is achieved

using the proposed optimisation when compared to a baseline situation where

the aircraft transitions at a constant optimal climb rate. It is shown that the

optimal trajectory involves operating the wing in near-stall conditions, although

the benefit of doing so is practically negligible. Forward and backward optimal

transition manoeuvres at constant altitude are computed in [68] for a tiltwing

aircraft, considering leading-edge fluid injection active flow control and the use

of a high-drag device. The effect of propeller vortex interaction with the wing is

modelled and included in the model of the vehicle. The optimisation problem is

transcribed into a nonlinear program (NLP) using GPOPS-II, a general-purpose

nonlinear optimisation software implementing a pseudospectral collocation method

at the Legendre-Gauss-Radau points. The NLP is then solved using the IPOPT

solver implementing a primal-dual interior point method.
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2.3.3 Identified gap

All of these approaches consider optimising trajectories using general purpose

NLP solvers without exploiting potentially useful structures and simplifications.

These approaches are computationally expensive and not generally suitable for

real-time implementation.

Convexification of the optimal trajectory generation problem based on changes of

variables, lossless reformulations, mild simplifications, and the use of decomposition

methods has the potential to yield much faster, reliable solutions and could be

leveraged in real time, e.g. to reschedule the trajectory in the event of an obstacle.

2.4 Robust MPC for nonlinear uncertain systems

The development of provably safe autopilots is a prerequisite for the deployment

of tiltwing VTOL aircraft in non-segregated airspace within the context of UAM.

The main difficulty arises from the presence of uncertainties in the system, in

the form of unmodeled dynamics, parametric uncertainties or unknown external

disturbances. Moreover, in the context of minimising the footprint of transportation

on climate change, it is also desirable for such vehicles to achieve good performance

in terms of energy consumption.

2.4.1 Robust MPC

Robust MPC methods form a family of controllers which are particularly well suited

for energy-efficient and reliable operation of systems subject to uncertainty. Their

deployment in industrial applications has recently been made possible thanks to the

improvement of computational capabilities of microcontrollers and also as a result

of the development of algorithms that use simplified optimisation strategies (e.g.

robust MPC relying on the concept of tubes [69] to parameterise a controller and

to bound the closed-loop trajectories). Robust MPC is concerned with preserving

performance and closed-loop stability for systems subject to uncertainty [69], while

offering the properties of optimality, real-time tractability and constraint satisfaction
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of classical MPC. These methods are based on the idea that the knowledge of a

set bounding the uncertainty in the dynamics allows one to define a sequence of

reachable sets where the system future inputs and states are guaranteed to remain

in [69]. Uncertainty may be present in a system under various forms [70]. Additive

uncertainty typically appears in systems subject to external disturbances

xk+1 = f(xk, uk) + wk,

where xk ∈ X is the state, uk ∈ U is the control input, and wk ∈ W is the

disturbance. Parametric uncertainty arises from lack of knowledge or unknown

variations in the parameters of the model and can be modeled in general by

xk+1 = f(xk, uk, θk),

where θk ∈ Θ represents the uncertain parameters of the system. In the linear case,

this type of uncertainty appears in the form of a linear-time-varying (LTV) system

with so-called multiplicative (or polytopic) uncertainty [71]

xk+1 = Akxk + Bkuk,

where θk = (Ak, Bk) is assumed to belong to a compact convex poly-

topic set constructed as the convex hull of a known set of vertices

Θ = Co{(A(i), B(i)) | i = 1, . . . , m}, such that (Ak, Bk) = ∑m
i=1 λi(A(i), B(i)) for some

positive λi such that ∑i λi = 1. Systems with mixed uncertainty, i.e. combining

both types of uncertainty, can also occur.

In robust control approaches, uncertainties are usually assumed to lie in a

compact set, whereas stochastic approaches rely on a description of disturbances

as random processes, i.e. sequences of random variables following probability

distributions and taking values in sets that are not necessarily compact [72]. We focus

here on robust approaches only, see [73] for a complete review of stochastic MPC.

The concept of designing robust-optimal controllers for constrained systems

subject to unknown disturbances dates back from the end of the 1960s [74–76]. These

techniques were all based on the minimisation of a cost function computed assuming
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the worst case realisation of the uncertainty over the horizon. Such conservative

approaches originate from game theory and are referred to as min-max optimisation

problems because they involve the concurrent maximisation of the cost to account

for the worst-case disturbances and minimisation of the resulting worst-case cost

to generate an optimal control sequence u∗ = arg minuk
maxwk

J(xk, uk, wk) subject

to constraints. The problem of reachability for uncertain systems, i.e finding a

control law that drives the system subject to disturbances into some target set,

is also considered in these papers.

An early robust MPC framework was formulated in [77] for stable uncertain

linear-time-invariant (LTI) systems. A worst-case objective is minimised subject

to inputs and states constraints, and the problem of finding the optimal input

sequence reduces to a finite-dimensional linear program.

Another attempt of robust MPC applied to linear systems subject to additive

uncertainty is described in [78] where robustness is guaranteed by tightening of the

constraint sets of the nominal system, and conditions for recursive feasibility are

provided. Tightening of the constraint sets is usually achieved offline by solving a

finite series of linear programs in order to determine a conservative upper bound

on the size of the uncertainty sets (outer approximation) for the system inputs

and states along a predicted trajectory.

In [71], the robust MPC problem for LTV systems with model uncertainty is

treated with a min-max approach and use of linear matrix inequalities (LMI). A

linear state feedback control law is efficiently computed at each time step that

minimises a worst-case upper bound on the performance objective while satisfying

inputs and states constraints. The uncertain system trajectories are shown to

stay within invariant ellipsoidal sets at each time step and robust asymptotic

stability of the closed loop is demonstrated. The results apply also to systems

with additive disturbances. Constraints on the worst-case realisation of the states

and inputs of the uncertain system are enforced via an additional set of LMIs

included in the MPC problem. The approach suffers from a significant computation

burden since the feedback matrix has to be recomputed at each time step and the
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invariant sets are limited in size. It also suffers from the potentially conservative

assumption that the linear feedback law, although optimised, is constant over

the future prediction horizon.

Later approaches applied to linear systems and involving a static state feedback

control law augmented with a feedforward term computed online [79–82] greatly

improve these aspects. These techniques permit computationally tractable imple-

mentations [69] by contrast to searching for arbitrary admissible nonlinear policies

and form the basis of MPC algorithms using tubes.

2.4.2 Tube-based MPC of linear systems

Tube-based MPC (TMPC) is a specialised robust MPC technique that conveniently

relies on a parameterisation of the uncertainty sets to construct a tube in which

the system trajectories are guaranteed to remain at all future instants and for

all realisations of the uncertainty [69]. A tube can be viewed as a collection of

reachable sets (the tube "cross-sections") centred1 around the nominal system

trajectory (the tube "central line").

Such an approach works particularly well in the case of uncertain linear sys-

tems of the form

xk+1 = Axk + Buk + wk.

The idea is that – the system being linear – it is possible to isolate the contribution of

the disturbance on the system by independently considering the nominal dynamics as

zk+1 = Azk + Bvk,

where zk ∈ Z is the nominal (undisturbed) state, vk ∈ V is the nominal control input.

Defining the deviation of the actual state from the nominal state as ek = xk − zk,

we can design a two-tier controller for the uncertain system as follows

uk = vk + Kek,

1Although it does not always have to be a geometrical centre of the set, see e.g. Chebyshev
centres.
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where the feedforward term vk is stabilising the nominal system and the state

feedback term Kek is separately responsible for regulating the disturbances. Such

a controller allows one to control the deviation dynamics

ek+1 = Φek + wk, Φ = A + BK.

This can be reformulated in terms of the dynamics of uncertainty sets ek ∈ Sk

Sk+1 ⊇ ΦSk ⊕W ,

for which a closed form solution exists and is given by Sk = ⊕k−1
i=0 ΦiW , assuming

that the deviation is initially zero (S0 = {0}). This offers a unique way of controlling

the evolution of the cross-sections of the tube defined by {zk} ⊕ Sk, assuming a

known compact set W for the disturbances and that the matrix Φ can be made

stable (via proper design of K). Note that this approach can be generalised to

LTV systems with time varying Ak, Bk, Kk matrices.

To achieve robust stabilisation of the system into a tube, the two-degrees-of-

freedom controller is implemented in two stages:

• The feedforward control sequence v = {vk, k = 0, 1, . . .} is computed online

by solving an MPC problem for the nominal system with tightened state,

input and terminal constraint sets (Z,V ,ZN) = (X ⊖ S,U ⊖KS,XN ⊖ S)

accounting for the presence of uncertainty, where S is an outer approximation

for the tube. At each time step k, the following optimisation problem with

horizon N is solved

min
v
||zN ||2QN

+
N−1∑
i=0

(||zi||2Q + ||vi||2R)

s.t. zi+1 = Azi + Bvi, ∀i = 0, . . . , N − 1,

zi ∈ X ⊖ S, ∀i = 0, . . . , N − 1,

vi ∈ U ⊖KS, ∀i = 0, . . . , N − 1,

zN ∈ XN ⊖ S.

(2.1)

and the first element of the optimal control sequence v∗ is retained by the

controller to generate the central line of the tube: v(kT )← v∗
0. At the next
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time step, k ← k + 1, the problem is updated with z0 ← x(kT ) (assuming

x0 = z0) and the process is repeated in a receding horizon fashion.

• The size of the tube cross-sections is restricted via a state feedback controller

that steers the uncertain system trajectories around the central path. For

linear systems, a feedback matrix is usually computed offline, e.g. as the

solution of a linear quadratic regulator (LQR) problem associated to the

nominal unconstrained system, an approximation that is still optimal for

the constrained system in a neighbourhood of the nominal trajectory [70].

Other robust techniques might be used such as those relying on H∞ or mixed

H2/H∞ control [81]. Alternatively, the feedback matrix can also be optimised

online subject to LMI constraints [80] by solving a sequence of semidefinite

programs [83]. The motivation for an online solution comes from the fact

that in the presence of uncertainties, the feedback matrix is strongly state

dependent, and performance is thus improved greatly when the feedback

matrix is recomputed at each time step vs. using a static gain computed

offline [71]. Online optimisation of the stabilising feedback controller might

however increase computation time significantly [84].

The idea of using tubes in control is not new, see [76, 85, 86]. In [76], algorithms

for the offline computation of ellipsoidal and polytopic tubes are proposed and the

control law is obtained via a min-max approach. Precursor approaches to TMPC

were introduced in [78–80], without explicitely coining the term "tube" nor making a

geometrical interpretation in terms of tubes. For example, the idea of set tightening

for linear systems subject to additive disturbances is detailed in [78].

In [79], a control law consisting of a feedforward and state feedback term is

proposed. The feedforward term is computed by minimisation of a nominal cost

subject to constraint sets with online degrees of freedom in their shape (param-

eterised as low complexity polyhedra). The optimisation problem is formulated

as a convex program subject to LMI constraints that can be solved efficiently

with semidefinite programming.
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Instead of tightening the constraint sets, a different strategy based on finding

a tight upper bound on the nominal cost for a LTV uncertain system is proposed

in [80]. The robustly stabilising control law consisting of a feedforward and state

feedback term is obtained by minimising the upper bound of the cost - which is

itself a variable of the proposed constrained LMI optimisation problem. Using the

objective upper bound as an optimisation variable yields a less conservative solution

than with min-max strategies where the worst case upper bound is chosen, but this

extra degree of freedom in the optimisation can be computationally expansive.

In [87], a robust predictive controller that steers the system state in a minimal

robust invariant set is investigated2. This is achieved by construction of a two-

degree-of-freedom controller with a state feedback term designed to provide optimal

performance and a feedforward term obtained by minimisation of a cost for the

nominal system subject to tightened constraints. The controller guarantees feasibility

for all future states under all admissible disturbances realisations. The approach is

restricted to time-invariant feedback matrices that have to be computed offline.

A controller is proposed in [88] for LTI or LTV systems with model uncertainty

and / or additive disturbances. The solution of the optimal control problem is

a sequence of sets forming a tube that contains the system trajectories and the

associated time-varying control law. The proposed control law has the form of a

convex combination of control laws acting on the vertices of the sets defining the

tube, so that the system is guaranteed to stay inside the tube at all time. Although

applicable to problems with multiplicative uncertainty in principle, it does not work

well in this context because the state tubes are based on minimal robust invariant

sets, which are difficult to compute for LTV systems.

Systems subject to multiplicative uncertainty are more challenging to deal with

due to the exponential increase in complexity: for a polytopic uncertainty set

with ρ vertices, the trajectory of the system N steps ahead lies in a polytope

with ρN vertices, making the approach intractable for large dimensions or large
2A set Ω is robust positive invariant for the system xk+1 = f(xk, wk) and constraint sets

(X ,W) if Ω ⊆ X and f(xk, wk) ∈ Ω, ∀wk ∈ W, ∀xk ∈ Ω. The minimal robust invariant set Ω∗ is
such that every other invariant set Ω satisfies Ω ⊇ Ω∗ [70].
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prediction horizons [89]. A different strategy was proposed in [70] where an additive

uncertainty is introduced in the nominal dynamics to bound the multiplicative

uncertainty as follows

xk+1 = Āxk + B̄uk + wk,

wk = (A− Ā)xk + (B − B̄)uk,

where (A, B) = ∑m
i=1 λi(A(i), B(i)), ∑m

i=1 λi = 1, λi ≥ 0, ∀i, and Ā = 1/m
∑m

i=1 A(i),

B̄ = 1/m
∑m

i=1 B(i). This approach however could be overly conservative as it relies

on a disturbance set that now depends on the state and input. A computationally

tractable and less conservative alternative is proposed in [90] where the multiplicative

uncertainty is treated directly.

Although most of the approaches for TMPC rely on the more or less arbitrary

offline computation of the stabilising feedback matrix, a different approach is

proposed in [84]. The control policy is still parameterised by a two-degree-of-

freedom affine control law involving a state feedback stabilising term and an optimal

control sequence, but the state feedback matrix is now part of the optimisation and

the previous states are used in the feedback law. Equivalence between the affine

state feedback law with memory of prior states parameterisation and the affine

parameterisation in terms of past disturbances is shown, which makes it possible

to define the constrained receding-horizon optimal problem for a linear system

subject to additive disturbances as a computationally tractable convex program.

The closed loop is shown to be input-to-state stable3 (ISS) and the method offers

a less conservative solution than other approaches that do not optimise the state
3Roughly speaking, a system is ISS if: i) its state trajectory is bounded for a bounded input;

and ii) its trajectory eventually becomes small if the input becomes small, regardless of the initial
condition [91]. More rigorously, the uncertain system xk+1 = f(xk, κ(xk), wk) under control law
κ(·) and subject to a sequence of external disturbances w = {wk, k = 0, 1, . . .} is ISS if there
exists β ∈ KL and γ ∈ K such that ∀x0, ∀k

||ϕ(k, x0, w)|| ≤ β(||x0||, k) + γ({sup ||w(τ)|| s.t. τ ∈ Z[0,k−1]}),

where || · || denotes the Euclidean norm, ϕ(k, x0, w) is the trajectory of the system at k starting
from initial condition x0 and under the disturbance sequence w. We denote by K the set of
continuous, strictly increasing functions γ with γ(0) = 0. We denote by KL the set of functions
β(s, k) such that ∀k ≥ 0, β(·, k) ∈ K and ∀s ≥ 0, β(s, ·) is decreasing with limk→∞, β(s, k) = 0.
See [91] for a more complete treatment of ISS.
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feedback controller online. Although tractable at low problem dimensions, the

approach presented in [84] is computationally costly, and further improvements

based on a reformulation into a structured and sparse problem have been introduced

in [92] that reduce the computational complexity from O(N6) to O(N3) operations

at each time step with interior-point methods, where N is the horizon length.

A modern description of TMPC applied to linear systems can be found in

[93] where the usual two-degree-of-freedom controller is used with tightened sets

and the initial state of the system is taken as one of the optimisation variables.

The controller guarantees convergence to robustly exponentially stable sets for

the closed loop subject to disturbances.

Several tube parameterisations have been proposed for TMPC. Algorithms with

rigid tubes [93] assume that the sets characterising the uncertainty distribution are

of constant size, considering the steady state effects of disturbances. This might be

conservative given that it takes some time for the uncertainty in the state to build

up to steady state levels. Homothetic tubes [94] are proposed in order to alleviate

this problem, where the size of the sets are scaled by a sequence of parameters

that are optimised online. These approaches are superior to those using rigid tubes

as they allow to formulate less conservative bounds on the effect of disturbances

on the future state during transients. However, homothetic tubes involve a larger

optimisation problem for the feedforward controller, including constraints on the

scaling parameters and modification of the nominal MPC cost. Polytopic tubes [79,

95] - although similar in spirit to homothetic tubes - involve tube cross-sections

parameterised as polytopes rather than just scaled versions of a given set, allowing

for a greater flexibility in the tube shape and less conservativeness. By contrast

to high dimensional polyhedrons, ellipsoids are more conservative but these simple

geometric shapes involve fewer optimisation variables, which makes them suitable

for online optimisation of the shape of the sets. Ellipsoidal tubes are used for

example in [83] where the size of the tube is optimised online.
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2.4.3 Nonlinear tube-based MPC

In the context of robust optimal trajectory tracking of VTOL aircraft, which typically

involve nonlinear dynamic equations subject to disturbances, it would be interesting

to extend the theory of robust MPC to nonlinear uncertain systems of the form

xk+1 = f(xk, uk) + wk.

The computational complexity involved to implement nonlinear MPC (NMPC)

strategies still represent a barrier in their generalisation to real-life applications.

Early attempts to robust NMPC (e.g. [96, 97]) yield formidably complex optimisation

problems, which prevents tractable implementations. Indeed, application of robust

MPC to nonlinear systems poses a series of challenges: online solution of nonconvex

optimisation problems, exact description of uncertainty sets for states described by

nonlinear dynamic equations, complexity associated with searching for a general

nonlinear control policy, to name but a few.

Naturally, following the success of TMPC for linear systems, it is tempting to

seek a solution to the robust NMPC problem using the concept of tubes. To achieve

nonlinear TMPC (NTMPC), one would normally try to control the error dynamics

between the uncertain state xk and nominal state zk given by

ek+1 = f(xk, uk)− f(zk, vk) + wk.

While for linear systems the feedback law in the two-degree-of-freedom controller

is usually linear, a nonlinear feedback policy uk = vk + κ(xk, zk) should ideally be

used in this framework [70]. The functions f and κ being nonlinear, the problem of

designing a nonlinear feedback controller to control the evolution of ek is a priori

intractable. Moreover, the nominal control law vk has to be obtained by solving

a nonlinear MPC problem online, further complicating the task.

A NTMPC controller is proposed in [98] and [99] that computes the control law

using two successive MPC controllers: i) on the one hand, the central line of the

tube is obtained by minimising a nominal cost subject to nonlinear dynamics and

tightened constraint sets (based on the idea of constraint tightening for nonlinear
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system as introduced in [100]); ii) on the other hand, an ancillary MPC law is

used to reject the disturbances acting on the system and maintain the trajectory

within sets of known size centred along the tube line. The ancillary control law

is obtained by minimisation of the error between the actual trajectory and the

nominal trajectory computed with the first MPC controller. The computation of

the tightened constraint sets is more difficult in the nonlinear case because the

system describing the evolution of the error is no longer autonomous and the error

is thus less easily bounded [70]. A tractable method for computing these bounds

is proposed in [99] using offline Monte-Carlo simulations of the trajectories for

various disturbances. Following an initial guess for the sets, tightening is refined

based on the spread of the simulated trajectories. Also, [99] proposes the inclusion

of feedback in the computation of the nominal MPC law by comparison between

the cost function evaluated at the current state and nominal state, which proves

superior to purely open-loop approaches.

A common strategy in NTMPC is to treat the nonlinearity in the dynamics as

a bounded disturbance [83, 101–103]. For example, in [83], the proposed NTMPC

algorithm is based on successive linearisations of the dynamics around predicted

trajectories and uses a bound on the linearisation error to construct a tube and

associated controller. At a given iteration, the dynamics are linearised around

a guess trajectory (x0, u0) as follows

xk+1 = f(x◦
k, u◦

k) + Ak(xk − x◦
k) + Bk(uk − u◦

k) + gk(xk, uk, x◦
k, u◦

k),

where gk ∈ G is a bounded additive disturbance accounting for the Jacobian

linerisation error. This system can thus be treated in the same tube-based

formalism as for linear systems, using a two-tier parameterisation of the control input

uk = vk + Kk(xk − x◦
k). After each iteration of the algorithm, the guess trajectories

are updated with the solution of the MPC problem and the linearisation process

is repeated successively until convergence. The controller achieves stabilisation of

the nonlinear system within a tube formed with ellipsoidal sets with time-varying

sizes, treating the linearisation error as a disturbance. Asymptotic stability under
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the control law is demonstrated. The size of the sets and the feedback matrix are

optimised online and the benefit is shown by comparison with a TMPC algorithm

with fixed-size sets and offline-computed feedback matrix. The optimisation can

be terminated early in order to reduce computational load without compromising

closed loop asymptotic stability. However, the strategy has the disadvantage

that convergence to a minimum point is not guaranteed, due to the use of linear

bounds on linearisation errors.

While online optimisation of the constraint sets was addressed extensively for

linear TMPC, e.g. [94, 104], very few works consider this problem applied to

nonlinear systems. Although [83] investigates online optimisation of the tube for

NTMPC, the approach is based on linearising the system around the nominal

trajectory. The lack of results in tube optimisation for nonlinear system is due to

the complexity of optimisation problems involving nonlinear relations between tube

geometry and control parameters. The problem is addressed in [105], where the

benefits of boundary layer sliding control are leveraged in order to simultaneously

optimise the tube geometry and open-loop trajectories in real time. Indeed, the

sliding mode control framework allows one to describe the tube shape dynamics

by a first-order differential equation depending on the controller bandwidth and

the uncertainty bound. One can thus optimise the tube geometry and feedforward

control sequences through the control bandwidth parameter. This is achieved by

augmenting the optimisation problem with the tube shape dynamics, and optimising

for the control bandwidth that characterises both the controller and the tube

geometry, resulting in less conservative tubes. The proposed method also includes

a description of the uncertainty sets as a function of the state of the system, which,

combined with the adaptive geometry capabilities of the tube, is used to achieve

robust collision avoidance in simulation. The term "Dynamic tube-based MPC" is

coined. Simulation results showed that, as expected, the tube size shrinks when

in the vicinity of obstacles (which corresponds to a higher control bandwidth) and

expands when in less cluttered environments (lower control bandwidth). Also, the
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state dependence of the uncertainty bound is exploited by the algorithm, the velocity

of the closed-loop being reduced by the controller when approaching an obstacle.

Other approaches involving the use of a sliding mode controller in a robust

NMPC framework were proposed in [106, 107].

Sometimes, the special structure of the dynamics can be exploited to good

advantage to define a NTMPC framework. An early example of tube-based receding-

horizon control applied to nonlinear systems with a special structure is presented in

[108]. The proposed controller takes the form of a feedback linearisation prewrap

that cancels nonlinearities, followed by the usual linear control law that stabilises

the system trajectory in a tube formed by robustly invariant sets. The method is

applied to i) nonlinear systems with input-matched nonlinearities

xk+1 = Axk + B(g(xk)uk + φ(xk)) + wk,

for which the controller takes the form u = g(xk)−1(−φ(xk)+vk +Kek) for invertible

g(·), and ii) nonlinear processes that take the form of piecewise affine maps

xk+1 = Ajxk + Bjuk + cj + wk, ∀xk ∈ Rj,

where, in the special case Aj = A + BCj, Bj = BMj, cj = Bdj, the controller is

defined by u = M−1
j (−dj − Cjxk + vk + Kek),∀xk ∈ Rj. This limits considerably

the applicability of the method.

A method is proposed in [109] to construct robust invariant sets for a class of

Lipschitz nonlinear systems, relying on the computation of a quadratic Lyapunov

function and associated state feedback controller. ISS and ultimate boundedness

are guaranteed for the closed-loop, along with recursive feasibility if the online

optimisation problem has a feasible solution at the initial time. In practice, such

approach is limited since finding a Lipschitz constant might be difficult.

A similar controller exploiting the existence of a Lipschitz constant is applied to

ground vehicles in [110] in order to compute a robust invariant tube. The idea is to

bound the nonlinear terms in the error dynamics assuming the Lipschitz structure.

The error dynamics between the uncertain state xk and nominal state zk is given by

ek+1 = Φek + f(xk)− f(zk) + wk, Φ = A + BK,



2. Literature review 28

where ek = xk − zk and f is a nonlinear Lipschitz continuous function. This

implies that ∃L ≥ 0 such that

||f(xk)− f(zk)|| ≤ L||xk − zk||, xk, zk ∈ X ,

where the smallest L′ satisfying the inequality is the Lipschitz constant. This

permits to naturally incorporate the nonlinearity as part of the additive disturbance

and reformulate the error dynamics as a linear update equation with an augmented

disturbance set w̃k ∈ W̃ as follows

ek+1 = Φek + w̃k.

A linear quadratic feedback controller and associated tube are designed offline. The

constructed tube is then used to tighten the constraint sets in the nominal MPC

problem used to generate a collision free trajectory and open-loop input sequence

for the vehicle. The usual two-degrees-of-freedom controller is then implemented

and tested on a real passenger car driving on a snowy and icy terrain.

Nonlinear system dynamics with a differential flatness property can also be advan-

tageously reformulated to define a tube-based receding-horizon controller as in [111].

Robustness of NTMPC is considered in the framework of ISS for nonlinear

uncertain systems in [112]. Under mild assumptions on the cost function and

constraint sets, the closed loop is shown to be ISS under a general nonlinear

tube-based state feedback control law parameterised by the solution at each time

step of the MPC optimisation for the constrained nominal system. ISS then

guarantees global asymptotic stability of the nominal system and the existence

of an asymptotic gain and stability margin for the disturbed system. The same

framework also applies to min-max MPC.

An ISS framework is also applied to NTMPC in [113], reducing the problem

into a nominal MPC optimisation with tightened constraints.

The use of deep learning to learn a robust NMPC policy has been proposed

e.g. in [114] where a deep neural network is trained on pre-recorded data pairs

generated from the offline solution of a multi-stage robust NMPC problem in which
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the uncertainty is represented as a scenario tree. This approach, despite providing

a very efficient online implementation, suffers from a lack of theoretical guarantees

on convergence and stability and requires significant computations to be performed

offline in order to train the deep neural network as the complexity of the optimisation

problem explodes exponentially with the uncertainty discretisation. Deep learning

is leveraged with a different mindset in [115] where tubes containing the trajectory

of the system are learnt and then used in a NTMPC framework.

An approach based on contraction theory is proposed in [116] where the

optimisation problem in the ancillary tracking MPC is augmented with a differential

Lyapunov stability constraint on the control input. This condition guarantees

exponential convergence of the closed-loop for any feasible nominal trajectory

generated by the outer-loop MPC controller, which makes the proposed controller

equilibrium-independent (i.e the controller does not need to be re-synthesised when

the trajectory is updated). A feasibility recovery strategy is employed to make

sure that the trajectory generated by the outer-loop MPC satisfies the Lyapunov

constraint in order to guarantee the feasibility of the ancillary tracking problem.

Moreover, feedback is incorporated in the outer-loop MPC algorithm via the

contraction metric-weighted distance between the measured state and the initial

nominal state treated as a decision variable in the optimisation problem. The

two successive MPC controllers employ different sampling times and horizons: the

outer-loop MPC scheme has a larger horizon and lower sampling rate by contrast

to the ancillary controller with smaller horizon and higher sampling rate, allowing

for faster disturbance rejection. The so-called differential Lyapunov-based TMPC

is shown to achieve robust stability and fast response of the closed-loop.

Contraction theory is also leveraged in [117] to design a NTMPC algorithm for

collision free trajectory generation and tracking of autonomous vehicles subject to

bounded disturbances. A general feedback controller is designed offline using control

contraction metrics (a differential-geometric generalisation of control Lyapunov

functions) and the associated invariant tube is constructed with conservative

ellipsoidal outer approximation of the uncertainty sets centred around any feasible
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nominal trajectory. An optimal controller that minimises the tube cross-section is

obtained by solving offline a quasiconvex program. Then, the tube is used by a

motion planning algorithm as a robustness margin to tighten the constraint sets and

generate online a collision free nominal trajectory; a local replanning procedure over

a short-term horizon is also incorporated in an MPC fashion in order to reduce the

tracking cost as new information on the disturbance realisation is available. Finally,

robust trajectory tracking is implemented as usual with a two-tier control law

consisting of the feedback controller generated offline via contraction theory and the

open-loop nominal control sequence computed online by the MPC motion planner.

The proposed robust controller offers the same important stability guarantees as

for previous TMPC algorithms, while optimising a nonlinear feedback controller by

contrast to approaches that treat nonlinearities as bounded disturbances, e.g. [83].

However, the method is conservative in the sense that the state dependent invariant

sets associated with the control contraction metrics controller were approximated by

ellipsoidal bounds to permit a tractable online implementation of the motion planner.

The approach is different in [118] where instead of computing a global controller

and a tube that are valid for any feasible trajectory, a library of motion primitives

(i.e elementary manoeuvres) is constructed offline and invoked online by a real-time

planner. For each motion primitive of the library, a controller and a tube are

precomputed leveraging tools from Lyapunov theory and sum-of-squares (SOS)

programming. As usual, a two-tier control law is considered with a feedback

controller and an open loop control sequence that generates the nominal trajectory.

The latter is obtained by a direct collocation method. The feedback controller

is parameterised by a polynomial, whose coefficients are optimised to minimise

the sections of the tube (approximated by outer ellipsoidal sets). This is done by

enforcing that a candidate Lyapunov function and its time derivative (that depends

on the input polynomial coefficients) satisfy the usual positiveness and negativeness

requirements, respectively. Such an optimisation problem, formulated as a SOS

program, is solved for each motion primitive, thus populating a library of controllers

and tubes associated with each elementary manoeuvre. Then, a real-time scheduler
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browses the library to sequentially combine compatible motion primitives and

generate a collision free trajectory. The methodology is demonstrated for various

dynamical systems (ground vehicle, quadrotor and fixed-wing aircraft) and relatively

aggressive manoeuvres could be achieved in the lab while ensuring collision-free

trajectories. The drawback of the proposed approach is that the offline optimisation

problem is bilinear and an alternation scheme has to be used where the problem is

solved in several steps by alternatively forcing a subset of the decision variables to

constant values, with no guarantee that the global optimum is reached. Bilinearity

of the problem in the controller parameters and Lyapunov function prevent these

optimisation variables to be searched at the same time, which does not truly

guarantee that the computed controller achieves a minimum-size tube. Although

an additional alternation step is added to improve the quality of the designed

controllers and tubes, no guarantee of convergence towards the global optimum is

given. Another drawback arises from the somewhat conservative choice of ellipsoidal

sets for the tube parameterisation. Finally, the method requires significant offline

computations for populating the library and there is a trade-off between increasing

the size of the library to offer richer planning capabilities and the time needed by

the real-time planner to select one motion primitive in a larger catalogue.

Most of the frameworks described above considered a parameterisation of the

control law in the form of a two-degree-of-freedom controller. The approach is

different in [119] where a min-max differential inequality is derived to construct a

robust forward invariant tube and the associated NTMPC strategy for nonlinear

systems with input-affine structure. The method is tractable since it scales linearly

with the horizon length.

2.4.4 Identified gap

Although TMPC is fairly well understood for linear systems, many challenges

need to be addressed in the context of nonlinear systems. The main one being

that nonlinear TMPC is still numerically intractable for general nonlinear systems.

Approaches based on successive linearisation and treating the linearisation error as a
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bounded disturbance are promising, but they do not solve the problem of bounding

the error conservatively. This could be addressed by convexification of the system

dynamics (by means of difference of convex (DC) function decompositions), allowing

to bound the linearisation error tightly. Moreover, application of these techniques

to robust control of tiltwing VTOL aircraft would represent a novelty and would

enable reliable and efficient operation of these vehicles in safety-critical scenarios.
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3.1 Introduction

Electric propulsion systems are a vital part of the technology roadmap for decarbon-

ising the air transport industry. The commercial viability of aircraft with electric

or hybrid-electric propulsion and the effectiveness of this approach for reducing

emissions relies on onboard energy management. This is due to the fundamental

limits that are imposed by low energy density of electrical energy storage devices in

current and likely future battery technology. Control and optimisation strategies

face numerous challenges in this context because of the complexity of powertrain

models, which typically contain empirical and physics-based subsystems, as well

as the demanding nature of optimising predicted trajectories and energy usage.

Additional challenges are the need for reliable, accurate and efficient solution

methods. In this chapter, we will address these issues by developing an energy

management strategy leveraging convex optimisation for a new generation of more

electric aircraft. The presented algorithm meets the requirements in terms of

optimality and computational tractability.

We present a model predictive control (MPC) algorithm for energy management

in aircraft with hybrid electric propulsion systems consisting of gas turbine and

electric motor components. Series and parallel configurations are considered. By

combining a point-mass aircraft dynamical model with models of electrical losses

and losses in the gas turbine, the fuel consumed over a given future flight path is

minimised subject to constraints on the battery, electric motor and gas turbine.

The optimisation is formulated as a convex problem under mild assumptions and

its solution is used to define a predictive energy management control law that

takes into account the variation in aircraft mass during flight. We investigate

the performance of algorithms for solving this problem. An alternating direction

method of multipliers (ADMM) algorithm is proposed and compared with a general

purpose convex interior point solver. We also show that the ADMM implementation

reduces the required computation time by orders of magnitude in comparison with
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a general purpose convex programming solver, making it suitable for real-time

supervisory energy management control.

The chapter is organised as follows. Mathematical models of the powertrain

components and aircraft dynamics are developed in Section 3.2. Energy management

problems for series and parallel configurations are stated as receding-horizon

optimisation problems in Section 3.3. Section 3.4 presents a series of simplifications

that yield convex relaxations of these problems. In particular, a unified formulation

is proposed for both powertrain configurations. The ADMM solver is presented

in Section 3.5 and its performance and potential for real-time implementation are

discussed in Section 3.6. Conclusions are presented in Section 3.7.

3.2 Modeling

This section derives models of the aircraft dynamics and powertrain components

(battery, electric motor, gas turbine etc.), which will be used to formulate the energy

management problem as a model-based optimisation problem.

We consider a hybrid electric aircraft propulsion system with either a series or

parallel topology. When the power output demand is negative, which may occur

for example while the aircraft is descending, we consider the possibility of using

the same powertrain to generate electrical energy (i.e. operating in a “windmilling”

mode) in order to recharge the battery. In practice a variable-pitch fan would be

required for this functionality, which would increase complexity.

3.2.1 Aircraft dynamics

The aircraft motion is constrained by its dynamic equations. Assuming a point-mass

model [120] and referring to Figure 3.1, the equilibrium of forces yields

m
d
dt

(−→v ) = −→T +−→L +−→D +−→W,

where −→v is the velocity vector, m the instantaneous mass of the aircraft, −→T the

vector of thrust, −→L and −→D are the lift and drag vectors and −→W is the aircraft weight.
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Figure 3.1: Aircraft forces and motion.

Using the coordinates (v,γ), where v is the velocity vector magnitude and γ

is the flight path angle, and projecting the vector equation in wind axes along

the drag vector −→D yields

m
d
dt

v + mg sin γ = T cos α− 1
2CDρSv2.

Here S is the wing area, ρ is the density of air, g is acceleration due to gravity,

CD = CD(α) the drag coefficient and α the angle of attack. Projecting along

the lift vector −→L yields

mv
d
dt

γ + mg cos γ = T sin α + 1
2CLρSv2,

where CL = CL(α) is the lift coefficient.

The drive power is given as follows

Pdrv = −→T · −→v = m
d
dt

(1
2v2) + 1

2CDρSv3 + mgv sin γ.

3.2.2 Hybrid propulsion system
Parallel architecture

In the parallel architecture (T = P), a gas turbine producing power Pgt is

mechanically coupled with an electric motor with power output Pem in a parallel

arrangement (Fig. 3.2). These two power sources are combined to give the power

output of the propulsion system, Pdrv, via

Pdrv(t) = Pgt(t) + Pem(t),

where 100% efficiency in drivetrain components is assumed.
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Battery Electric
Bus

Motor/
Gen.

Fuel Gas
Turbine

Fan
Pb Pc Pem

φ Pgt

Pdrv

Figure 3.2: Parallel-hybrid propulsion architecture.

Series architecture

In the series architecture (T = S), the propulsion system power output Pdrv is

delivered by an electric motor taking electrical power Pel from two sources: a battery

with effective power output Pc and a turbo generator set (gas turbine in series with an

electric generator) with power output Pgen (Fig. 3.3). The power balance is given by

Pel(t) = Pgen(t) + Pc(t).

Battery Electric
Bus

Motor/
Gen.

Fuel Gas
Turbine Gen.

Fan
Pb Pc

Pel

φ Pgt Pgen

Pdrv

Figure 3.3: Series-hybrid propulsion architecture.

3.2.3 Battery

The battery is modeled as an equivalent circuit with internal resistance R and

open-circuit voltage U , so that the input-output map between its chemical power

Pb and the effectively delivered electrical power Pc is given by [121]

Pb = g
(
Pc
)
,

= U2

2R

1−
√

1− 4R

U2 Pc

 ,

where U and R are assumed constant [51]. The evolution of the battery state

of charge (SOC) E(t) is given by

Ė = −Pb (3.1)
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and E(t) is subject at all times to upper and lower bounds

E ≤ E ≤ E.

3.2.4 Gas turbine

The rate of change of mass of the aircraft is given by

ṁ = −φ = −f(Pgt(t), ωgt(t)), (3.2)

where φ is the rate of fuel consumption and f(Pgt, ωgt) is a piecewise-quadratic

function of the gas turbine power output Pgt and shaft rotation speed ωgt. We

assume that f(·) can be determined empirically from fuel map data in the form

φ = f(Pgt, ωgt),

= β2(ωgt)P 2
gt + β1(ωgt)Pgt + β0(ωgt),

with β2(ωgt) ≥ 0 and β1(ωgt) > 0 in the operating range of ωgt. The power Pgt

and shaft rotation speed ωgt are limited by

P gt ≤ Pgt ≤ P gt,

ωgt ≤ ωgt ≤ ωgt.

These limits apply to both parallel and series configurations, and in the latter

case they constrain the turbo generator set.

3.2.5 Electric motor

In the parallel configuration, the electric motor input-output map between input

electrical power Pc and effective mechanical power Pem is modeled by a piecewise-

quadratic function

Pc = h(Pem(t), ωem(t)),

= κ2(ωem)P 2
em + κ1(ωem)Pem + κ0(ωem),

where ωem is the electric motor shaft rotation speed and κ2(ωem) ≥ 0, κ1(ωem) > 0

for all ωem in the operating range. The function h(·) can be determined empirically
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from electric motor loss data. The limitations on the electric motor power and

shaft rotation speeds are set by the following constraints

P em ≤ Pem ≤ P em,

ωem ≤ ωem ≤ ωem.

In the series configuration, the input-output map between the input electrical

power Pel and effective mechanical power Pdrv is modeled by Pel = h(Pdrv(t), ωdrv(t)),

where ωdrv is the fan shaft rotation speed. The limitations on the electric motor

power and shaft rotation speeds are set by the following constraints

P drv ≤ Pdrv ≤ P drv,

ωdrv ≤ ωdrv ≤ ωdrv.

3.2.6 Electric generator

In the series configuration a generator converts the gas turbine mechanical power

Pgt into electrical power Pgen. This electrical machine is modeled by a piecewise-

quadratic function

Pgt = hgen(Pgen(t), ωgen(t)),

= ν2(ωgen)P 2
gen + ν1(ωgen)Pgen + ν0(ωgen),

where ωgen is the electric generator shaft rotation speed and ν2(ωgen) ≥ 0,

ν1(ωgen) > 0 for all ωgen in the operating range. The loss map hgen(·) can be

determined empirically from electric generator loss data. The limits on power and

shaft rotation speed for the electric generator are encapsulated by the inequality

constraints given for the gas turbine.

3.2.7 Objective

The problem at hand is to find the real-time optimal power split between the gas

turbine and electric motor that minimises

J =
∫ T

0
f(Pgt(t), ωgt(t))dt,
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while satisfying constraints on the battery SOC and limits on power flows throughout

the powertrain, and while producing sufficient power to follow a prescribed flight

path.

3.3 Discrete-time optimal control

This section describes a discrete-time model that enables the optimal power split

between battery and fuel over a given future flight path to be determined as a

finite-dimensional optimisation problem. For a fixed sampling interval δ, we consider

a predictive control strategy that minimises, at each sampling instant, the fuel

consumption over the remaining flight path. The optimisation is performed subject

to the dynamics of the aircraft mass and the battery SOC. The problem is also subject

to limits on energy stored in the battery (to prevent deep discharging or overcharging)

and limits on power flows corresponding to physical and safety constraints.

The optimal solution to the fuel minimisation problem at the kth sampling

instant is computed using estimates of the battery SOC E(kδ) and the aircraft

mass m(kδ), so that E0 = E(kδ) and m0 = m(kδ) at any time kδ. The control law

at time kδ is defined by the first time step of this optimal solution. The notation

{x0, x1, . . . xN−1} is used for the sequence of current and future values of a variable

x predicted at the kth discrete-time step, so that xi denotes the predicted value

of x
(
(k + i)δ

)
. The horizon N is chosen so that N = ⌈T/δ⌉ − k, and hence N

shrinks as k increases and kδ approaches T .

The discrete-time approximation of the objective is

J =
N−1∑
i=0

fi(Pgt,i, ωgt,i) δ, (3.3)

with, for i = 0, . . . , N − 1,

fi(Pgt,i, ωgt,i) = β2(ωgt,i)P 2
gt,i+β1(ωgt,i)Pgt,i+β0(ωgt,i), (3.4)

mi+1 = mi − fi(Pgt,i, ωgt,i) δ, (3.5)
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where the forward Euler approximation has been used to discretise (3.2). The same

approach applied to (3.1) yields the discrete-time battery model

Ei+1 = Ei − Pb,i δ, (3.6)

Pb,i = gi(Pc,i),

= U2

2R

[
1−

√
1− 4R

U2 Pc,i

]
, (3.7)

for i = 0, . . . , N − 1. In the parallel configuration, the electric motor input-

output map is given by

Pc,i = hi(Pem,i, ωem,i),

= κ2(ωem,i)P 2
em,i + κ1(ωem,i)Pem,i + κ0(ωem,i),

(3.8)

while for the series configuration we have

Pel,i = hi(Pdrv,i, ωdrv,i),

= κ2(ωdrv,i)P 2
drv,i + κ1(ωdrv,i)Pdrv,i + κ0(ωdrv,i),

(3.9)

and

Pgt,i = hgen,i(Pgen,i, ωgen,i),

= ν2(ωgen,i)P 2
gen,i + ν1(ωgen,i)Pgen,i + ν0(ωgen,i).

(3.10)

The aircraft dynamics are given in discrete time by

mivi∆iγ + mig cos(γi) = Ti sin(αi) + 1
2CL(αi)ρSv2

i (3.11)

Pdrv,i = 1
2mi∆i(v2) + mig sin(γi)vi + 1

2CD(αi)ρSv3
i (3.12)

for i = 0, . . . , N − 1, where

∆i(v2) = (v2
i+1 − v2

i )/δ, ∆iγ = (γi+1 − γi)/δ.

The power balance in discrete time for the parallel and series case respectively is given

by

Pdrv,i = Pgt,i + Pem,i, (3.13)

Pel,i = Pc,i + Pgen,i. (3.14)



3. Predictive energy management for hybrid-electric aircraft 42

3.3.1 Parallel architecture

For the parallel architecture the problem solved at the kth time step is

min
Pgt, Pem, Pdrv, m,

E, ωgt, ωem, α

N−1∑
i=0

fi(Pgt,i, ωgt,i)δ (3.15)

s.t.,∀i ∈ [0, . . . , N − 1], Pdrv,i = Pgt,i + Pem,i

Pdrv,i = 1
2mi∆iv

2 + mig sin (γi)vi + 1
2CD(αi)ρSv3

i

mivi∆iγ + mig cos γi = Ti sin αi + 1
2CL(αi)ρSv2

i

mi+1 = mi − fi(Pgt,i, ωgt,i) δ

Ei+1 = Ei − gi (hi (Pem,i, ωem,i)) δ

m0 = m(kδ)

E0 = E(kδ)

E ≤ Ei ≤ E

P gt ≤ Pgt,i ≤ P gt

ωgt ≤ ωgt,i ≤ ωgt

P em ≤ Pem,i ≤ P em

ωem ≤ ωem,i ≤ ωem

3.3.2 Series architecture

For the series architecture, the problem solved at the kth time step is

min
Pgt, Pel, Pdrv, Pgen, Pc,

m, E, ωgt, ωdrv, α

N−1∑
i=0

fi(Pgt,i, ωgt,i)δ (3.16)

s.t.,∀i ∈ [0, . . . , N − 1], Pel,i = Pc,i + Pgen,i

Pdrv,i = 1
2mi∆iv

2 + mig sin (γi)vi + 1
2CD(αi)ρSv3

i

mivi∆iγ + mig cos γi = Ti sin αi + 1
2CL(αi)ρSv2

i

mi+1 = mi − fi(Pgt,i, ωgt,i) δ

Ei+1 = Ei − gi(Pc,i) δ

Pel,i = hi(Pdrv,i, ωdrv,i)
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Pgt,i = hgen,i(Pgen,i, ωgen,i)

m0 = m(kδ)

E0 = E(kδ)

E ≤ Ei ≤ E

P gt ≤ Pgt,i ≤ P gt

ωgt ≤ ωgt,i ≤ ωgt

P drv ≤ Pdrv,i ≤ P drv

ωdrv ≤ ωdrv,i ≤ ωdrv

3.4 Convex relaxation

The optimisation problems in (3.15) and (3.16) are nonconvex, which makes a real-

time implementation of an MPC algorithm that relies on its solution computationally

intractable. In this section a convex approximation is proposed that is suitable for

an online solution. We make three simplifications: 1) we prescribe a flight profile and

impose an assumption on the monotonicity of the loss map functions which results

in convex loss map functions and allows their coefficients to be computed a priori;

2) we reformulate the dynamics as a quadratic function of aircraft mass under mild

assumptions; 3) we introduce a lossless change of optimisation variables that shifts

the nonlinear term in the battery update equation to the power balance inequality.

3.4.1 Reformulation of the loss map functions

We assume that the aircraft speed vi and flight path angle γi are chosen externally by

a suitable guidance algorithm for i = 0, . . . , N−1. This assumption is reasonable for

an actual air traffic management application where flight corridors are prescribed.

For the series configuration, we assume that the generator speed is constant:

ωgen,i = ω∗
gen, ∀i, where the optimal speed ω∗

gen is determined empirically so as

to operate the turbo generator set at its maximum efficiency. This allows us to
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fix the coefficients in (3.10) to constant values and express hgen,i(Pgen,i, ωgen,i) as

a convex quadratic function of Pgen,i

hgen,i(Pgen,i) = ν2P
2
gen,i + ν1Pgen,i + ν0, (3.17)

with constant coefficients ν2 ≥ 0, ν1 > 0.

For the parallel configuration, we assume for simplicity that the gas turbine,

electric motor and fan share a common shaft rotation speed, i.e. ωgt,i = ωem,i = ωdrv,i,

∀i. If the fan shaft speed is known at each time step of the prediction horizon,

then the coefficients in (3.8) and (3.9) can be estimated from a set of polynomial

approximations of hi(·) at a pre-determined set of speeds. This allows hi(Pem,i, ωem,i)

and hi(Pdrv,i, ωdrv,i) to be replaced by time-varying convex functions of power alone

hi(Pem,i) = κ2,iP
2
em,i + κ1,iPem,i + κ0,i, (3.18)

hi(Pdrv,i) = κ2,iP
2
drv,i + κ1,iPdrv,i + κ0,i, (3.19)

with κ2,i ≥ 0, κ1,i > 0, κ2,i ≥ 0, κ1,i > 0, for all i. Regarding the gas turbine fuel

map, since the spool speed is assumed constant, the coefficients are independent of

gas turbine spool speed such that fi(Pgt,i, ωgt,i) can also be replaced by a convex

functions of power alone

fi(Pgt,i) = β2P
2
gt,i + β1Pgt,i + β0, (3.20)

with β2 ≥ 0, β1 > 0.

Since these functions are loss maps, we formulate the following assumption,

as suggested in [51].

Assumption 1 (Non-decreasingness of the loss maps). The functions hgen,i, fi, hi

are non-decreasing.

It follows from Assumption 1 that: Pem,i ≥ −κ1,i/2κ2,i, Pdrv,i ≥ −κ1,i/2κ2,i,

Pgen,i ≥ −ν1/2ν2, Pgt,i ≥ −β1/2β2 for all i, which requires new lower bounds on

power. In the parallel configuration, the new bounds are given by

P em,i = max
{

P em,− κ1,i

2κ2,i

}
, (3.21)
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P gt = max
{

P gt,−
β1

2β2

}
, (3.22)

whereas in the series configuration only the gas turbine bound should be up-

dated, as follows

P gt = max
{

P gt,−
β1

2β2
, hgen,i

(
− ν1

2ν2

)}
, (3.23)

since we can enforce the monotonicity condition on the drive power a priori when

prescribing the drive power profile.

In order to estimate the shaft speed ωdrv,i, and hence determine the coefficients

in (3.18)-(3.20), we use a pre-computed look-up table relating the drive power to

rotational speed of the fan, for a given altitude, Mach number, and air conditions

(temperature and specific heat at constant pressure). This enables the shaft speed

to be determined as a function of the fan power output at each discrete-time step

along the flight path. Although Pdrv,i depends on the aircraft mass mi, which is

itself an optimisation variable, a prior estimate of the required power output can

be obtained by assuming a constant mass mi = m0 for all i.

Note that since the rotation speeds are prescribed, all constraints on shaft

rotation speeds can be removed from the optimisation (and checked a priori). The

same remark holds for the constraints on the drive power.

3.4.2 Reformulation of the dynamics

To express the dynamics in a form suitable for convex programming, we simplify

the dynamical equations and combine the equations that constrain the aircraft

motion as follows. First we express the drag and lift coefficients, CD and CL, as

functions of the angle of attack α. Over a restricted domain and for given Reynolds

and Mach numbers, the drag and lift coefficients can be expressed respectively as a

quadratic non-decreasing function and a linear non-decreasing function [122]

CD(αi) = a2α
2
i + a1αi + a0, a2 > 0, (3.24)

CL(αi) = b1αi + b0, b1 > 0, (3.25)
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for α ≤ αi ≤ α. Secondly, assuming that the contribution of the thrust in the

vertical direction is negligible1, the term T sin (α) can be neglected from (3.11).

Finally, combining (3.11), (3.12), (3.24) and (3.25), the angle of attack can be

eliminated from the expression for Pdrv,i, which can be expressed as a quadratic

function of the aircraft mass, mi, as follows

Pdrv,i = η2,im
2
i + η1,imi + η0,i, (3.26)

where

η2,i = 2a2(vi∆iγ + g cos γi)2

b2
1ρSvi

,

η1,i = 1
2∆iv

2 + g sin γivi −
2a2b0(vi∆iγ + g cos γi)vi

b2
1

+ a1

b1
(vi∆iγ + g cos γi)vi,

η0,i = 1
2ρSv3

i

(
a2b

2
0

b2
1
− a1b0

b1
+ a0

)
.

Since the flight path angle γi and speed vi are determined a priori, the coefficients

η0,i, η1,i, η2,i are fixed. Moreover η2,i > 0 for all i, so the drive power is a convex

function of mi. Note that there is no guarantee that satisfaction of (3.26) enforces

(3.11) and (3.12) individually. In practice, assuming that we have full control over

the eliminated variable α (via the elevator and fans), both individual dynamical

equations can be satisfied a posteriori. The existence of a faster inner flight control

loop on angle of attack and thrust ensures that the correct trajectory is followed.

The bounds α ≤ αi ≤ α need to be checked a posteriori.

3.4.3 Reformulation of power balance

Let the rate of change of fuel mass be φi := fi(Pgt,i). Using this new variable,

the power balance can be enforced by

φi = fφ,i(mi, Pb,i),

where the function fφ,i is defined

fφ,i =
fi

(
Pdrv,i(mi)− h−1

i

(
g−1

i (Pb,i)
))

if T = P
fi

(
hgen,i

(
hi (Pdrv,i(mi))− g−1

i (Pb,i)
))

if T = S
(3.27)

1This assumption was checked in simulations, where it was found that the solution satisfies
α < 2◦, which supports this assumption.
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where Pdrv,i is given by (3.26). This formulation unifies the treatment of series

and parallel configurations and eliminates the variables Pel, Pgen and Pem from

the optimisation problem. Moreover, by the following lemma and theorem, the

function fφ,i(·) is convex.

Lemma 1 (Concave inverse map). Let g be a convex, twice differentiable, non-

decreasing, one-to-one function. Then the function g−1 is concave increasing.

Proof. Since g is one-to-one, if y = g(x) then x = g−1(y) is unique ∀x. Differ-

entiating twice yields dx/dy = 1/(g′(x)) and d2x/dy2 = −g′′/(g′(x))2dx/dy =

−g′′/(g′(x))3. Since g is non-decreasing g′ ≥ 0 and thus dx/dy = 1/(g′(x)) > 0

which implies that g−1 is monotonically increasing. Moreover, since g is convex,

g′′ ≥ 0 and d2x/dy2 = −g′′/(g′(x))3 ≤ 0. By the second order convexity condition

11, Appendix A, it follows that g−1 is concave.

Theorem 2 (Convexity of fφ,i(·)). The following functions are convex:

(a) φi(mi, Pb,i) = fi

(
Pdrv,i(mi)− h−1

i

(
g−1

i (Pb,i)
))

,

(b) φi(mi, Pb,i) = fi

(
hgen,i

(
hi (Pdrv,i(mi))− g−1

i (Pb,i)
))

.

Proof. Note first that from equations (3.7), (3.17)-(3.20) and (3.26), the functions

gi(·), hgen,i(·), hi(·), fi(·), Pdrv,i(·) are convex, twice differentiable, one-to-one

functions. Moreover, from Assumption 1, the functions hgen,i(·), hi(·), fi(·) are also

non-decreasing. Consider both cases separately:

• (a) From lemma 1 and by the properties of g and h, the inverse maps g−1
i ,

h−1
i are concave increasing (and in particular non-decreasing). Thus, the

composition h−1
i ◦ g−1

i is concave (see Remark 11, Appendix A). By convexity

of Pdrv,i, the intermediate function ϕi = Pdrv,i(mi)−h−1
i

(
g−1

i (Pb,i)
)

is convex.

The composition fi ◦ ϕi is convex since fi is convex non-decreasing.

• (b) Since hi is convex non-decreasing and Pdrv,i is convex, the composition

hi ◦ Pdrv,i is convex (see Remark 11, Appendix A). From lemma 1 and by the

properties of g, the inverse map g−1
i is concave and −g−1

i is convex. Thus, the
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intermediate function ϕi = hi (Pdrv,i(mi))− g−1
i (Pb,i) is convex. Convexity of

φi follows from the successive compositions of convex functions fi ◦ hgen,i ◦ ϕi

where fi, hgen,i are non-decreasing convex.

We can construct a convex program by relaxing the power balance equality

to the inequality

φi ≥ fφ,i(mi, Pb,i), (3.28)

which is necessarily satisfied with equality at the optimum since the form of the

objective in (3.15) and (3.16) ensures that any feasible solution that does not satisfy

this constraint with equality is suboptimal.

The constraints on gas turbine power and electric motor power are replaced by

constraints on rate of change of fuel mass and on battery power, respectively,

φ
i
≤ φi ≤ φi, (3.29)

P b,i ≤ Pb,i ≤ P b,i, (3.30)

with φ
i

= fi(P gt), φi = fi(P gt). Here

P b,i =
gi(hi(P em,i)) if T = P

f̃i(P em, P gt) if T = S

where f̃i(x, y) := gi(hi(x) − h−1
gen,i(y)). Furthermore, to ensure that gi(·) is real-

valued we require Pc,i ≤ U2/4R, and hence

P b,i =
gi(hi(P em,i)) if T = P

min
{
f̃i(P em, P gt), U2

2R

}
if T = S

where P em,i is defined for the parallel configuration by

P em,i = min {P em, rmax,i}

with rmax,i = max {x : 1− 4R/U2hi(x) = 0}.
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3.4.4 Convex program

A unified convex program can thus be formulated as follows

min
φ, Pb, m, E

N−1∑
i=0

φiδ (3.31)

s.t.,∀i ∈ [0, . . . , N − 1], φi ≥ fφ,i (mi, Pb,i)

mi = m(kδ)−
i−1∑
l=0

φl δ

Ei = E(kδ)−
i−1∑
l=0

Pb,l δ

E ≤ Ei ≤ E

φ
i
≤ φi ≤ φi

P b,i ≤ Pb,i ≤ P b,i

where the bounds φ
i
, φi, P b,i, P b,i are given by

φi = fi(P gt),

and, for T = P:

φ
i

= max
{
fi(P gt), fi(− β1

2β2
)
}

P b,i = max
{
gi

(
hi(P em)

)
, gi

(
hi(− κ1,i

2κ2,i
)
)}

P b,i = min
{
gi

(
hi(P em)

)
, gi

(
hi(rmax,i)

)}
,

and, for T = S:

φ
i

= max
{
fi(P gt), fi(− β1

2β2
), fi

(
hgen,i(− ν1

2ν2
)
)}

P b,i = f̃i(P em, P gt)

P b,i = min
{

f̃i(P em, P gt),f̃i(P em,− β1
2β2

), f̃i

(
P em, hgen,i(− ν1

2ν2
)
)
, U2

2R

}
.

3.5 Alternating direction method of multipliers

If E ≤ Ei − P b,i δ ≤ E ∀i, so that at each time step there is enough energy in the

battery to operate the electric motor at its maximum capacity, then the solution of

(3.31) is given trivially by P ∗
b,i = P b,i, ∀i, for both architectures. If this condition
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is not satisfied, then an optimisation scheme is needed to solve problem (3.31).

To make real-time implementation possible we propose a specialised alternating

direction method of multipliers (ADMM) algorithm [50]. Problem (3.31) can be

equivalently stated with inequality constraints appended to the objective function

using indicator functions Λx(x),

min
φ, Pb, m,
E, χ, ξ, ζ

N−1∑
i=0

ξiδ + Λχ(χi) + ΛE(Ei) + Λφ(φi) + ΛPb(Pb,i)

(3.32)
s.t.,∀i ∈ [0, . . . , N − 1], χi = ξi − fφ,i(mi, Pb,i)

mi = m(kδ)−
i−1∑
l=0

ξlδ

Ei = E(kδ)−
i−1∑
l=0

ζlδ

ξi = φi

ζi = Pb,i

with χ = 0, χ = ∞, and

Λx(x) =
0 if x ≤ x ≤ x,

∞ otherwise.

Note that we have introduced dummy variables ξ and ζ in order to simplify the

solver iterations by separating variables.

We define an augmented Lagrangian function as

L(χ, ξ, ζ, E, Pb, φ, m, λ1, λ2, λ3, λ4, λ5) =
N−1∑
i=0

(
ξiδ + Λχ(χi) + ΛE(Ei) + Λφ(φi) + ΛPb(Pb,i)

)

+ σ1

2

N−1∑
i=0

(
χi − ξi + fφ,i(mi, Pb,i) + λ1,i

)2

+ σ2

2 ∥m−m(kδ)Φ + Ψξ + λ2∥2

+ σ3

2 ∥E − E(kδ)Φ + Ψζ + λ3∥2

+ σ4

2 ∥ξ − φ + λ4∥2

+ σ5

2 ∥ζ − Pb + λ5∥2,
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where λi is a Lagrange multiplier and σi is a penalty parameter associated with

the ith constraint, Φ is a vector of ones, and Ψ is the lower triangular matrix

with lower triangular elements equal to δ.

Problem (3.32) can be rearranged in the canonical form

min
x, z

f̂(x) + ĝ(z) (3.33)

s.t. b(z) + Bx = c

with

x =
[
χ⊤ ξ⊤ ζ⊤ E⊤ φ⊤

]⊤
, z =

[
m⊤ P ⊤

b

]⊤
, λ =

[
λ⊤

1 λ⊤
2 λ⊤

3 λ⊤
4 λ⊤

5

]⊤
,

f̂(x) =
N−1∑
i=0

ξiδ + Λχ(χi) + ΛE(Ei) + Λφ(φi),

ĝ(z) =
N−1∑
i=0

ΛPb(Pb,i),

B =


I −I 0 0 0
0 Ψ 0 0 0
0 0 I 0 0
0 0 Ψ I 0
0 I 0 0 −I

 , b(z) =


fφ(m, Pb)

m
−Pb

0
0

 ,

c =
[
0 Φ⊤m(kδ) 0 Φ⊤E(kδ) 0

]⊤
.

We define the primal and dual residuals rj+1 = b(zj+1) + Bxj+1 − c and

sj+1 = [∇zb(zj+1)]⊤RjB(xj − xj+1), where Rj = diag(σj
1I, σj

2I, σj
3I, σj

4I, σj
5I). Note

that 0 and I are compatible zero and identity matrices. By comparison with [50],

the present algorithm deals with a nonlinear b(z) function in the equality constraint,

which requires that the dual residual is defined in terms of the Jacobian ∇zb.

The ADMM iteration update is given by

χj+1 = πχ(ξj − f j
φ − λj

1),

ξj+1 =
(
(σj

1+σj
4)I + σj

2Ψ⊤Ψ
)−1
[
−Φδ + σj

1(χj+1 + f j
φ + λj

1)

− σj
2Ψ⊤(mj −m(kδ)Φ + λj

2) + σj
4

(
φj − λj

4

)]
,

ζj+1 = (σj
5I + σj

3Ψ⊤Ψ)−1
[
−σj

3Ψ⊤
(
Ej − E(kδ)Φ + λj

3

)
+ σj

5(P j
b − λj

5)
]
,

Ej+1 = πE
(
E(kδ)Φ−Ψζj+1 − λj

3

)
,



3. Predictive energy management for hybrid-electric aircraft 52

P j+1
b,i = πPb

(
arg min

Pb,i

{
σj

1
2
[
χj+1

i − ξj+1
i + fφ,i(mj

i , Pb,i) + λj
1,i

]2
+ σj

5
2
[
ζj+1

i − Pb,i + λj
5,i

]2})
,

φj+1 = πφ
(
ξj+1 + λj

4

)
,

mj+1
i = arg min

mi

{
σj

1
2

[
χj+1

i − ξj+1
i + fφ,i(mi, P j+1

b,i ) + λj
1,i

]2

+ σj
2

2

[
mi −m(kδ)Φ + [Ψξj+1]i + λj

2

]2}
,

λj+1
1 = λj

1 + χj+1 − ξj+1 + f j+1
φ ,

λj+1
2 = λj

2 + mj+1 −m(kδ)Φ + Ψξj+1,

λj+1
3 = λj

3 + Ej+1 − E(kδ)Φ + Ψζj+1,

λj+1
4 = λj

4 + ξj+1 − φj+1,

λj+1
5 = λj

5 + ζj+1 − P j+1
b ,

where f j
φ = [f j

φ,0 · · · f j
φ,N−1]⊤ and πx(y) denotes the projection max{min{y, x}, x}.

The penalty parameters σj
n, n = 1, 2, 3, 4, 5 are updated at intervals of Fσ iterations

(provided 10 < max
{

||rj+1||
max {||b(zj+1)||,||Bxj+1||,||c||} , ||sj+1||

||∇zb(zj+1)⊤λj+1||

}
) according to the rule

τ j+1 =


Γ if 1 ≤ Γ < τmax,

Γ−1 if τ−1
max < Γ < 1,

τmax otherwise,

σj+1
n =


σj

nτ j+1 if ∥rj+1
n ∥ > µ ∥sj+1∥,

σj
n/τ j+1 if ∥sj+1∥ > µ ∥rj+1

n ∥,
σj

n otherwise,

Rj+1 = diag(σj+1
1 I, σj+1

2 I, σj+1
3 I, σj+1

4 I, σj+1
5 I),

where Γ =
√
∥rj+1∥ / ∥sj+1∥ and rj+1

n denotes the rows of rj+1 associated with

the nth constraint, 1 ≤ n ≤ 5.

The updates for χ, E and the multipliers λ1, λ2, λ3, λ4, λ5 involve only vector

additions, summations and projections. The equations
(
(σj

1 + σj
4)I + σj

3Ψ⊤Ψ
)
ξ = c1

and (σj
5I + σj

3Ψ⊤Ψ)ζ = c2 can be solved for ξ and ζ (for given c1 and c2) in O(N)

operations using appropriate Cholesky factorisations (for details see [31], Prop. 3).

The Cholesky factors can be reused until the penalty parameters σj
n are updated,
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otherwise the updates for ξ and ζ require only scalar multiplications and vector

summations. The updates for Pb and m require minimisation of scalar convex

functions and can be performed using Newton’s method.

The algorithm is initialised with

P 0
b = ΦP b, ζ0 = P 0

b , ξ0 = φ, φ0 = ξ0,

E0 = πE
(
ΦE(kδ)−Ψζ0

)
, m0 = Φm(kδ)−Ψξ0

χ0 = πχ(ξ0 − f 0
φ), λ0

1 = λ0
2 = λ0

3 = λ0
4 = λ0

5 = 0Φ

R0 = diag(50I, 3.69× 10−7I, 6.96× 10−7I, 20.29I, 0.83I),

and stopped when ∥rj+1∥ ≤ ϵP and ∥sj+1∥ ≤ ϵD or j > 105, where, following [50],

ϵP =
√

5Nϵabs + ϵrel max {||b(zj+1)||, ||Bxj+1||, ||c||},

ϵD =
√

2Nϵabs + ϵrel||[∇zb(zj+1)]⊤λj+1||.

The penalty parameters σj
n are initialised so that all terms of the Lagrangian are

initially of the same order of magnitude.

3.6 Numerical results

In this section we introduce an energy management case study involving a represen-

tative hybrid-electric passenger aircraft and solve optimisation problem (3.31) within

this context using the ADMM algorithm as presented in section 3.5. The simulation

results are analysed and the performance of the algorithm is discussed in terms of

its computational requirements and robustness to variations in model parameters.

3.6.1 Simulation scenario

The parameters of the model used in simulations are shown in Table 3.1. These

are based on published data for the BAe 146 aircraft. The conventional BAe

146 propulsion system is replaced by hybrid-electric propulsion systems2 in either

parallel or series configuration (as illustrated in Figs. 3.2 and 3.3), both of which
2In order to maintain a constant maximum take-off weight (MTOW), the excess mass from the

batteries, electric motors, generators and electrical distribution systems can be compensated by
cuts in passenger count and fuel mass.
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were equipped with the same battery size. The aircraft is powered by a combination

of 4 such systems.

Table 3.1: Model parameters

Parameter Symbol Value Units
Mass (MTOW) m 42000 kg
Gravity acceleration g 9.81 m s−2

Wing area S 77.3 m2

Lift coefficients b0 0.43 −
b1 0.11 deg−1

Drag coefficients
a0 0.029 −
a1 0.004 deg−1

a2 5.3e−4 deg−2

Angle of attack range [α; α] [−3.9; 10] deg
# of propulsion systems n 4 −
Total fuel mass mfuel 1000× n kg
Total battery mass mb 2000× n kg
Battery energy density eb 0.875 MJ kg−1

Fuel map coefficients β0 0.0327 kg s−1

β1 0.0821 kg MJ−1

Generator coefficients ν0 0.08 MW
ν1 1 −

Total battery SOC range
[
E; E

]
× n [350; 1487]× n MJ

Gas turbine power range
[
P gt; P gt

]
[0; 5] MW

Motor power range
[
P em; P em

]
[0; 5] MW

Battery o.c. voltage U 1500 V
Battery resistance R 0.035 ohm
Flight time T 3600 s

For the purposes of this study it is assumed that velocity and height profiles

are known a priori as a result of a fixed flight plan determined prior to take-

off. We consider an exemplary 1-hour flight at a true airspeed (TAS) of 190 m/s

for a typical 100-seat passenger aircraft. The flight path (height and velocity

profile) is shown in Figure 3.4.

The electric loss map coefficients κ2,i, κ1,i, κ0,i can be estimated ∀i from these

profiles. First, the drive power Pdrv is approximated a priori, e.g. by assuming

a conventional gas-turbine-powered flight. Then, the fan shaft rotation speed,

ωdrv,i (equal to the electric motor shaft rotation speed in both configurations), is
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Figure 3.4: Height and velocity profiles for the mission.

interpolated from a precomputed look-up table relating measured shaft rotation

speed, altitude and drive power at a given Mach number. For example, a Mach

number of 0.55 (190 m/s TAS) gives the relationship shown in Fig. 3.5, which

was obtained by scaling a proprietary fan design for the thrust range of the BAe

146 aircraft. The non-dimensional rotation speed Ω is thus estimated at a given

altitude, Mach number and drive power using the map in Fig. 3.5, and the shaft

rotation speed is inferred from

ωdrv = 156.7
100

π

30Ω
√

Tin,

where Tin = T0(h)+v2/2cp is the temperature at inlet of the fan, cp = 1005 JK−1kg−1

is the specific heat of air at constant pressure and T0(h) is the temperature of air

at altitude h. Finally, the coefficients are interpolated from a precomputed record

of losses in the electric motor as a function of ωdrv.

The gas turbine fuel map and generator loss map used in this study are

approximately linear (β2 ≈ 0 and ν2 ≈ 0) for the range of power conditions

considered3, and the coefficients are constant as discussed in Section 3.4.
3Note that under this assumption the function fφ,i defined in equation (3.27) would be

quadratic since Pdrv,i and g−1
i are quadratic functions. This implies that problem (3.31) could be

reformulated as a second-order cone program and solved efficiently with interior-points methods.
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Figure 3.5: Contour plot relating drive power, altitude and non-dimensional rotation
speed for a Mach number of 0.55.

3.6.2 Results

The mission is simulated in both configurations with sampling interval δ = 60 s over

a one-hour shrinking horizon by solving the optimisation problem (3.31) at each

time step and implementing the first element of the optimal power split sequence

as an MPC law. The tolerance is set to ϵrel = 5e−6, ϵabs = 0 and the penalty

parameters are updated at intervals of Fσ = 500 iterations.

The closed-loop ADMM solution to the energy management control strategy

is shown in Fig. 3.6 for both parallel and series configurations. The solutions are

for a single propulsion system (so all quantities should be multiplied by n = 4 to

obtain the results for the whole aircraft). The plots represent the evolution of the

relevant power terms in the power balance equations (3.13) and (3.14): Pdrv, Pem,

Pgt for the parallel configuration and Pel, Pc, Pgen for the corresponding terms in

the series configuration. It should be noted that the solution is similar in both

configurations. A striking feature of the solutions is the tendency to allocate

more electrical power at the end of the flight. An intuitive explanation for this

phenomenon is that the fuel burnt by using the gas turbine at the beginning of the

flight reduces the mass of the aircraft, consequently reducing the power required
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Figure 3.6: Closed-loop ADMM solution to the energy management problem in the
parallel and series configurations, shown for 1 system (4 overall).

to be produced by the fan later in the flight. This effect is amplified if the rate of

fuel consumption is increased, as seen in Fig. 3.7 comparing the electrical power

profiles with different fuel consumption coefficients (β).

It should be noted that a concurrent effect arises from the losses in the battery

electric bus. The nonlinear loss map g between the battery chemical power Pb and

effective power Pc tends to penalise large electrical power peaks thus flattening the

electrical power distribution. This is seen in Fig. 3.8 which shows the electrical

power profiles with different values for the battery equivalent circuit resistance:

for smaller resistances the electrical losses at high power outputs is reduced so

the power profile shows greater variation over time.

Fig. 3.9 compares the evolution of battery SOC and fuel consumption for both

configurations. As illustrated, the series propulsion architecture consumes slightly

more fuel because it implements one more electric machine with associated losses,

and so the electrical power is larger for a given flight profile. The selection of a

particular configuration is thus motivated by a trade-off between efficiency and

complexity of aero-mechanical integration.

The distribution of the electrical power over time is also illustrated in Fig. 3.10 in

comparison with other energy management strategies. The charge-depleting-charge-
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Figure 3.7: Effect of changing fuel map coefficient β0 (single system).
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Figure 3.8: Effect of changing battery resistance R (single system).

sustaining (CDCS) strategy is a heuristic that uses all the electrical energy at the

beginning of the flight until the battery is depleted and then relies solely on the gas

turbine for the remainder of the flight. Interestingly, the proposed ADMM-based

approach is the antithesis of this strategy, allocating a non-negligible part of the

electrical power at the end of the flight. The third strategy illustrated in Fig. 3.10

uses the ADMM algorithm but ignores the aircraft mass variation. Interestingly,

this (necessarily suboptimal) solution distributes the electrical power uniformly
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Figure 3.9: Comparison of battery and fuel consumption in the parallel and series
configurations, shown for 1 system.
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Figure 3.10: Comparison of ADMM, CDCS and ADMM with constant mass (parallel
and series architectures, single system).

over the duration of the flight. In this case the strategy is dominated by the need

to reduce electrical losses; neglecting the aircraft mass variation means that the

potential savings due to fuel burn early in the flight are not exploited.

The superiority of the presented variable mass ADMM solver over other strategies

is shown in Table 3.2. The heuristic CDCS strategy is used as a benchmark

case. It is shown that the fuel savings with the mass-varying ADMM solver are



3. Predictive energy management for hybrid-electric aircraft 60

Table 3.2: Fuel comparison

Configuration
Parallel Series

Method Fuel (kg) Saving (%) Fuel (kg) Saving (%)
CDCS 2152 − 2231 −
Constant mass 2123 1.3 2192 1.7
Variable mass 2115 1.7 2188 1.9

superior to other strategies, in both parallel and series configuration. In the

parallel configuration, the proposed energy management strategy achieves a fuel

consumption of 2115 kg, namely 1.7% less than with CDCS. Likewise, in the series

configuration, a fuel consumption of 2188 kg is reported, which corresponds to

a 1.9% decrease over CDCS.

As expected, the series architecture consumes more fuel than the parallel architec-

ture. This is because series propulsion architectures employ an additional electrical

machine and thus consume more electrical power due to inherent losses. Despite

being less efficient, the series architecture has potential advantages in multi-propulsor

configurations and is less mechanically complex than the parallel configuration.

It should be noted that the same aircraft equipped with a conventional gas turbine

propulsion system would burn Fgt = 2403 kg over the same scenario flight using

the same models of powertrain components. However, in practice the conventional

powertrain would be lighter since aviation fuels have a much higher energy density

than batteries, so a direct comparison of fuel consumption is not possible.

Finally, we consider extensions of this case study to demonstrate the full potential

of the proposed solver. We consider the same flight scenario but now assume that

1) the maximum gas turbine power is P gt = 3 MW, and 2) the propulsion unit is

capable of converting negative drive power during descent into electricity to recharge

the battery (i.e. “windmilling”). This operation mode can be enforced by assuming

a recovery efficiency ηw and setting P b = P b = g
(
h(ηwPdrv,i)

)
for all time steps

i such that Pdrv,i < 0. Alternatively, the objective in problems (3.15) and (3.16)

can be modified to introduce a terminal term −λEN so as to maximise the SOC of

the battery at the end of the flight. The coefficient λ should be small (typically
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Figure 3.11: Effect of windmilling and gas turbine saturation (single system).

λ = 0.1) to avoid affecting the adverse objective of minimising fuel consumption.

This could be detrimental in scenarios when the battery cannot be charged fully

during descent, resulting in a suboptimal solution with excess SOC before the

descent that could have otherwise been traded for fuel.

Figure 3.11 shows the impact of these modifications. Gas turbine saturation

causes more electrical energy to be allocated to the point at which the gas turbine

saturates. The potential for energy recovery via a windmilling mode is apparent at

the end of the flight, where the drive power is negative, and the battery SOC increases

during this part of the descent. It has been assumed for simplicity that the recovery

process is ideal, that the electric motor can be operated as a generator and that

the fan can be operated in reverse (requiring e.g. a variable pitch fan). In practice,

we would expect recovery efficiencies between 10%− 20% with current technology.

3.6.3 Solver performance

We next consider the convergence and robustness properties of the proposed ADMM

solver. Instead of solving the optimisation problem at successive time steps to
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derive the MPC law (as in Section 3.6.2), we consider solving only one instance

of the optimisation problem in order to simplify the analysis. We show that the

proposed solver is robust to changes in the flight profile, aircraft parameters and

problem dimension. The parallel configuration is considered here, all results being

qualitatively equivalent for the series configuration.

Section 3.6.2 assumed fixed values for parameters that influence convergence rate

(tolerances, sample rate and penalty parameter update frequency). To investigate

the effect of changing tolerances, Fig. 3.12 shows accuracy relative to the optimal

solution (obtained by solving the problem with optimisation package CVX [123] and

solver SDPT3 [124] and comparing total fuel consumption), number of iterations

to completion, and computation time as a function of relative tolerance ϵrel. The

latter was varied while keeping other parameters constant (with ϵabs = 0, Fσ = 105,

δ = 10s). As expected, as tolerance decreases, accuracy increases at the expense of

a larger number of iterations and a consequent increase in computation.

It is possible to reduce the tolerance without incurring additional computational

cost if the ADMM algorithm is augmented with a penalty parameter update scheme

as introduced in section 3.5. This is illustrated in Fig. 3.13, which was obtained

by varying the update frequency 1/Fσ while keeping other parameters constant

(with ϵabs = 0, ϵrel = 5× 10−5, δ = 10s). The number of iterations required (and

consequently the computation time) decreases as the update frequency increases.

However, this tends to decrease accuracy with respect to the CVX solution. The

frequency update should thus be selected with care so as not to affect accuracy.

The influence of the sampling interval δ on computation time is shown in

Fig. 3.14 by varying the problem dimension (N = T/δ), with all other parameters

kept constant (ϵabs = 0, ϵrel = 5 × 10−5, Fσ = 50). Computation time increases

as problem dimension increases, however, the proposed ADMM solver provides

significant computation time reduction relative to CVX, allowing longer prediction

horizons and better real-time convergence.

Experiments were performed to compare the proposed ADMM algorithm for

the convex problem (3.31) with direct solution of the nonconvex problem (3.15).
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Figure 3.12: Effect of varying the relative tolerance on ADMM convergence.

Retaining only assumption 1) from section 3.4, the nonconvex problem was solved

using a general purpose nonlinear programming solver (fmincon [125]) with δ = 60 s,

which converged within 82 s. Under the same conditions ADMM (implemented

in Matlab) converged within 0.5 s. To compare fmincon and ADMM solutions,

a Monte Carlo simulation was conducted by solving 100 problem instances with

battery size randomly sampled from a uniform distribution. For each scenario the

mean absolute error between the solutions (Pb) of both solvers was computed. The

variance of the error distribution is 9.3 × 10−5 MW2, showing good agreement

between fmincon and ADMM. Future work could investigate comparisons with

state-of-the-art nonlinear programming solvers such as IPOPT [126] that might

show superior performance over fmincon.

Finally, robustness to changes in the mission parameters is investigated in

Figures 3.15-3.17 where CVX and ADMM solutions are compared for modified

simulation scenarios and fixed convergence parameters (ϵabs = 0, ϵrel = 5 × 10−5,

Fσ = 50, δ = 10s). These results show that the ADMM solution matches the

solution obtained using CVX, thus demonstrating robustness to changes in problem-

specific parameters.
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Figure 3.13: Effect of varying the penalty parameters update frequency on ADMM
convergence.
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Figure 3.14: Effect of problem dimension on computation time.
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Figure 3.15: ADMM and CVX solutions for various battery masses.
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Figure 3.16: ADMM and CVX solutions for various maximum altitudes.

3.7 Conclusions

This chapter presents a fast and robust ADMM algorithm to solve the energy man-

agement problem for a hybrid electric aircraft in parallel and series configurations.

A convex program is derived from the associated optimisation problem and the

high degree of separability in the optimisation variables is exploited in the design of

the solver. The ADMM solver was shown to produce similar results to the general
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Figure 3.17: ADMM and CVX solutions for various maximum TAS.

purpose convex optimisation package CVX (with solver SDPT3) for a wide range

of scenarios, while significantly outperforming CVX in terms of computation times.

Significant fuel savings were achieved by comparison to heuristic strategies.

An extension of the proposed approach could optimise gas turbine speed given

an estimate of its power output (possibly within an iterative scheme), removing the

need for the assumption on gas turbine speed for the series configuration.

We note as well that the principles developed here for energy management could

be applied to the problem of optimal design and sizing of powertrain components.

Another extension would be to investigate robustness of the proposed approach

to power demand disturbances. Although the flight path is fixed and the aircraft

flight dynamics are prescribed in the MPC optimisation, the predicted power

demand is likely to be inexact and this would introduce disturbance terms into

the dynamics of battery SOC and fuel mass.

Future work will also investigate the application of the proposed algorithm to

solve the energy management problem for other types of hybrid vehicles (e.g. hybrid-

electric vertical take-off and landing (VTOL) aircraft with applications to urban

air mobility). Although we do not consider the problem of energy management
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specifically for VTOL aircraft in this thesis, the next chapter is concerned with

trajectory optimisation of VTOL aircraft using convex optimisation.



4
Robust trajectory optimisation of VTOL

aircraft
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4.1 Introduction

Urban air mobility (UAM) is set to revolutionise transportation of people and

goods in congested cities while reducing the pressure on urban traffic [55]. A key

enabler of this revolution is a new class of vertical take-off and landing (VTOL)

aircraft that can be operated autonomously in constrained environments. Capable of

transitions between vertical and forward flight, VTOL aircraft are among the most

68
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promising technologies identified for operation in narrow space while guaranteeing

the endurance of wing-borne flight. To deploy these flying taxis safely in cities,

the development of reliable control methods and optimisation algorithms is a

vital requirement.

The most critical phase of flight for VTOL aircraft is the transition between

powered lift and wing-borne flight. Achieving successful transitions requires

computing feasible trajectories which is a difficult nonlinear program (NLP) as

it involves nonlinear flight dynamics.

In this chapter, we investigate a computationally tractable robust optimisation

algorithm for the trajectory optimisation of VTOL aircraft. Although we consider

here the problem of tiltwing aircraft transition, the method described is equally

applicable to tiltrotors and other forms of VTOL aircraft in UAM scenarios.

Our approach is based on a DC decomposition of the nonlinear dynamics,

followed by successive linearisations around predicted trajectories. At each iteration

of the scheme, the linearisation error is treated as a bounded disturbance in a

robust optimisation framework. Due to the DC form of the dynamics, this error

is necessarily convex and can be bounded tightly since it takes its maximum at

the boundary of the domain. Consequently, the trajectories of model states can

be bounded by a set of convex inequalities. These inequalities form the basis of a

computationally-tractable convex optimisation based on successive linearisations for

the trajectory generation of VTOL aircraft. Finally, because DC decompositions

can always be obtained for dynamical systems with sufficient smoothness1, the

method can be generalised to a broad class of systems, extending considerably

the scope of our approach.

The contribution of this chapter is twofold: i) we solve an open problem in

trajectory optimisation of VTOL aircraft by allowing transitions at near constant

altitude and high angle of attack while guaranteeing safety and computational

tractability of the scheme; ii) we introduce a new robust optimisation method for
1Following a classical result in [127], we require that the dynamics f belongs to the class C2.
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nonlinear systems based on DC decomposition and successive linearisation of the

dynamics and demonstrate the applicability of the procedure to a realistic case study.

This chapter is organised as follows. After discussing related work from the

literature in Section 4.2, we develop a mathematical model of a tiltwing VTOL

aircraft in Section 4.3. In Section 4.4, we formulate the trajectory optimisation

problem and discuss a series of simplifications to obtain a convex program, leveraging

ideas from DC decomposition and robust optimisation. Section 4.5 discusses

simulation results obtained for a UAM case study based on the Airbus A3 Vahana.

Section 4.6 presents conclusions.

4.2 Related work

Our approach is related to algorithms based on successive linearisations [83] that

treat the linearisation error as a bounded disturbance, although the novelty here

is to use the curvature information from the dynamics to bound the linearisation

error tightly. A parallel can also be made with DC programming and the convex-

concave procedure [128] where the nonconvex part of the dynamics is linearised

around successive guess trajectories, generating a sequence of convex programs.

Contrary to the convex-concave procedure, our approach includes the linearisation

error in the optimisation and considers nonlinear equality constraints typical of

dynamical systems. Another related approach can be found in [129] where nonlinear

convex equality constraints h(x) = 0 in optimisation problems are relaxed and

approximated by a set of convex and linear inequalities

h(x)− ε ≤ 0,

−h(x◦)−∇h⊤(x◦)(x− x◦) ≤ 0,

−ε ≤ 0,

where ε accounts for the linearisation error and is also added to the objective as a

penalty term. The drawback of this approach is that, although it is shown to converge

for certain values of the coefficient of the penalty term, there are no guarantees of

convergence in general. Moreover, contrary to our present method, the approach
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in [129] does not guarantee feasibility with respect to the original optimisation

problem in case of early termination of the algorithm when ε ̸= 0 at termination.

Finally our approach is different in that it relies on a reparameterisation of the

state in terms of uncertainty sets, and can thus be reformulated as a multi-stage

optimal control problem in the framework of tube MPC [69], see Chapter 5.

4.3 Modeling

Consider a longitudinal point-mass model of a tiltwing VTOL aircraft equipped

with propellers as shown in Figure 4.1. The equations of motion (EOM) are

given in polar form by [68, 120]

mV̇ = T cos α−D −mg sin γ, V (t0) = V0, (4.1)

mV γ̇ = T sin α + L−mg cos γ, γ(t0) = γ0, (4.2)

Jw ïw = M, iw(t0) = i0, i̇w(t0) = Ω0, (4.3)

Ẋ = V cos γ, Ż = −V sin γ, (4.4)

where the control inputs are the thrust magnitude T and the total torque M

delivered by the tilting actuators, and the model states are the aircraft velocity

magnitude V , the flight path angle γ (defined as the angle of the velocity vector

from horizontal), the tiltwing angle iw and its derivative i̇w, and the position (X, Z)

with respect to inertial frame OXZ . Additional variables are the lift force L, drag

force D and the angle of attack α.

The following input and state constraints apply

iw + θ = α + γ, M ≤M ≤M, (4.5)

0 ≤ T ≤ T , 0 ≤ V ≤ V , (4.6)

V (t0) = V0 and V (tf ) = Vf , (4.7)

a ≤ V̇ ≤ a. (4.8)

Here θ is the pitch angle, defined as the angle of the fuselage axis from horizontal. For

passenger comfort, θ is regulated via the elevator to track a constant reference θ∗ = 0.
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Figure 4.1: Force and velocity definitions for a VTOL aircraft

In order to account for the effect of the propeller wake on the wing, the flow

velocity downstream is augmented by the induced velocity of the propeller. From

momentum theory [61, 68], the effective velocity Ve and effective angle of attack

αe seen by the wing are given by

αe = arcsin
(

V

Ve

sin α
)

, (4.9)

Ve =
√

V 2 + 2T

ρAn
. (4.10)

where ρ is the air density, A the rotor disk area, n the number of propellers.

Assuming that the wing is fully immersed in the wake, and that αe ≪ 1 to

avoid wing stall (this will be verified a posteriori from simulation results), the

lift and drag are modeled as follows [68]

D = 1
2ρS(a2α

2
e + a1αe + a0)V 2

e ≈ 1
2ρS(a1αe + a0)V 2

e , (4.11)

L = 1
2ρS(b1αe + b0)V 2

e , (4.12)

where S is the wing area, a0, a1, a2 and b0, b1 are constant parameters.
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4.4 Convex optimisation

This chapter considers how to robustly generate minimum power trajectories

for the transition between powered lift and cruise flight modes, suggesting the

following objective

J =
∫ tf

t0
P/P dt, (4.13)

where P = TV cos α is the drive power and P = TV . The optimisation problem

consists of minimising (4.13) while satisfying dynamical constraints, input and state

constraints (4.1)-(4.12). As such, this problem is a NLP and we thus consider below

how to reformulate the problem as a sequence of convex programs. We introduce 4

key manipulations to do so: i) assuming that a path is known a priori, we introduce

a change of differential operator to integrate the EOM over space, thus simplifying

the structure of the problem; ii) to reduce the couplings between the optimisation

variables, we combine both EOM to separate the optimisation of the velocity and

torque from the other variables, allowing us to solve 2 smaller optimisation problems

sequentially and accelerate computation; iii) we discretise the problem; iv) we

approximate the nonlinear dynamics by a difference of convex functions and exploit

the fact that convex functions can be bounded tightly by convex and linear bounds.

4.4.1 Change of differential operator

Assuming that a path (X(s), Z(s)) parameterised by the curvilinear abscissa s is

known a priori (which is usually the case in a UAM context where flight corridors are

prescribed) and applying the change of differential operator [130] d
dt

= V d
ds

,∀V ̸= 0,

the dynamics in (4.1)-(4.3) becomes

1
2mE ′ = T cos α− 1

2ρS (a1αe + a0)
(

E + 2T
ρAn

)
−mg sin γ∗, (4.14)

mEγ∗′ = T sin α + 1
2ρS (b1αe + b0)

(
E + 2T

ρAn

)
−mg cos γ∗, (4.15)

Jw(1
2E ′i′

w+Ei′′
w) = M, iw(s0) = i0, i′

w(s0)
√

E(s0) = Ω0 (4.16)

where d ·
ds

= ·′ and E = V 2. The flight path angle γ∗ = arctan (−dZ/dX) is

known a priori from the path.
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4.4.2 Problem separation

We next reduce the couplings between the states and inputs in the EOM (4.14)-

(4.16) by eliminating the angle of attack from the formulation and separating the

optimisation into two subproblems as follows. Let λ = a1/b1, then the combination

(4.14) + λ(4.15) yields

1
2mE ′ + (λmγ∗′ + 1

2ρS(a0 − λb0))︸ ︷︷ ︸
c(γ∗′)

E + mg(sin γ∗ + λ cos γ∗)︸ ︷︷ ︸
d(γ∗)

= T cos α + λT sin α− S⋆(a0 − λb0)T︸ ︷︷ ︸
τ

, (4.17)

where S⋆ = S
An

and τ is a virtual input defined by

τ = T cos α + λT sin α− S⋆(a0 − λb0)T. (4.18)

The state and input constraints in (4.6)-(4.8) can be rewritten as

0 ≤ E ≤ V
2
, a ≤ E ′/2 ≤ a, 0 ≤ τ ≤ T , (4.19)

E(s0) = V 2
0 and E(sf ) = V 2

f . (4.20)

In the thrust constraint in (4.19), τ was chosen as a proxy for T since λ≪ 1, and

S⋆(a0 − λb0) ≪ 1, implying τ ≈ T cos α. This results in the constraint τ ≤ T

being a relaxed version of the original (we note that the original thrust constraint

is inactive in practice – see Section 5). Likewise, the minimum power criterion in

(4.13) can be approximated by a convex objective function under these conditions.

By the change of differential operator we obtain

J =
∫ sf

s0
τ/P ds. (4.21)

Since γ and γ′ are prescribed by the path, (4.17) is a linear equality constraint

and the following convex optimisation problem can be constructed to minimise

(4.21) subject to (4.17), (4.19) and (4.20) as follows

P1 : min
τ, E, a

∫ sf

s0
τ/P ds,
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s.t. 1
2mE ′ + c(γ∗′)E + d(γ∗) = τ,

0 ≤ τ ≤ T , a ≤ 1
2E ′ ≤ a,

0 ≤ E ≤ V
2
, E(s0) = V 2

0 , E(sf ) = V 2
f .

Solving P1 yields the optimal velocity profile along the path and provides a

proxy for the optimal thrust. However, a tiltwing angle profile that meets the

dynamical constraints and follows the desired path with γ ≈ γ∗ must also be

computed. To achieve this we use the solution of P1 to define a new optimisation

problem with variables γ, α, iw, and M satisfying the constraints (4.5), (4.16) and,

using (4.18) to eliminate the thrust in (4.15),

mEγ′ = τ sin α + 1
2ρS

[
b1 arcsin

( √
E sin α√
E + 2τ

ρAn

)
+b0

](
E+ 2τ

ρAn

)
︸ ︷︷ ︸

f(α,E,τ)

−mg cos γ, (4.22)

in which the objective is to minimise the cost function

Jγ =
∫ sf

s0

(γ − γ∗)2
√

E
ds. (4.23)

Note that only the two EOM (4.15) and (4.16) are needed to construct this new

problem since the linear combination (4.14) + λ (4.15) is enforced with τ and E

prescribed from problem P1. We thus state the following optimisation

P2 : min
α, γ, iw, M

∫ sf

s0

(γ − γ∗)2
√

E
ds

s.t. mEγ′ = f(α, E, τ)−mg cos γ,

Jw(1
2E ′i′

w + i′′
wE) = M, iw(s0) = i0,

i′
w(s0)

√
E(s0) = Ω0,

iw = α + γ,

M ≤M ≤M, α ≤ α ≤ α

γ ≤ γ ≤ γ, iw ≤ iw ≤ iw,

and reconstruct the input T and state V a posteriori using (4.18) and V =
√

E.

Given the solution of both problems as functions of the independent variable s,

the final step is to map the solution to time domain by reversing the change of

differential operator and integrating t(ξ) =
∫ ξ

s0
ds

V (s) .
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4.4.3 Discretisation

To obtain computationally tractable problems, we consider N + 1 discretisation

points {s0, s1, . . . , sN} of the path, with spacing δk = sk+1 − sk, k = 0, . . . , N − 1.

Assuming a path sk → (Xk, Zk), the prescribed flight path angle and rate

are discretised as follows

γ∗
k = arctan

(
− Zk+1 − Zk

Xk+1 −Xk

)
, k ∈ {0, . . . , N − 1}, (4.24)

γ∗′
k =

(γ∗
k+1 − γ∗

k)/δk, k ∈ {0, . . . , N − 2},
γ∗′

N−2, k = N − 1.
(4.25)

The resulting discretised versions of P1 and P2 are

P†
1 : min

τ, E, a

N−1∑
k=0

τk/P δk,

s.t. Ek+1 = Ek + 2δk

m
(τk − c(γ∗′

k )Ek − d(γ∗
k)),

0 ≤ τk ≤ T , a ≤ Ek+1 − Ek

2δk

≤ a,

0 ≤ Ek ≤ V
2
, E0 = V 2

0 , EN = V 2
f ,

P†
2 : min

α, γ,
iw, ζ, M

N−1∑
k=0

(γk − γ∗
k)2

√
Ek

δk

s.t. γk+1 = γk + δk

mE
(fk(αk, Ek, τk)− fγk

(γk)),

iw,k = αk + γk,

iw,k+1 = iw,k + ζkδk, iw,0 = i0,

ζk+1 = ζk

(
1− Ek+1 − Ek

2Ek

)
+ Mkδk

JwEk

,

ζ0
√

E0 = Ω0,

M ≤Mk ≤M, α ≤ αk ≤ α,

γ ≤ γk ≤ γ, iw ≤ iw,k ≤ iw.

where fγk
= −mg cos γk. The input and state variables are reconstructed using

Tk = τk

cos αk + λ sin αk − S⋆(a0 − λb0)
, Vk =

√
Ek, (4.26)

and the time tk associated with each discretisation point is computed, allowing

solutions to be expressed as time series

tk =
k−1∑
j=0

δj

Vj

. (4.27)
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We now have a pair of finite dimensional problems P†
1 and P†

2 , but the latter is still

nonconvex due to the nonlinear equality constraint involving functions fk and fγk
.

One approach would be to crudely linearise that constraint, but this would

yield to solutions for the trajectory that are not feasible for the original nonlinear

problem or to instability as identified in [129].

Instead, we propose a new approach based on differences of convex (DC) function

decomposition. The idea is that, if the dynamical constraint can be reformulated

in DC form, the trajectories of the system could be bounded tightly by a set of

convex inequalities as discussed in Section 4.4.5. This is due to the mathematical

properties of convex functions and their (necessarily convex) linearisation errors (see

Appendix A). Although the proposed method still involves linearisation, the effect

of the linearisation error is limited since it can be bounded tightly and treated as a

bounded disturbance in a robust optimisation framework, exploiting the curvature

properties of the function. Moreover, the approach we propose results in a solution

that is feasible for the original problem (see Chapter 5).

On a restricted domain γk ∈ [−π/2; π/2], fγk
is a convex function of γk, making

it possible to derive tight convex bounds on fγk
. However, this is not the case with

fk and we now introduce a method to obtain a DC decomposition of this function.

4.4.4 DC decomposition

We seek a decomposition of fk as a difference of convex (DC) functions: fk = gk−hk,

where gk, hk are convex. A DC decomposition always exists if fk ∈ C2 [127].

Note that since (Ek, τk) are obtained from problem P†
1 , the function fk(αk, Ek, τk)

is single-valued (in αk) which considerably simplifies the task of finding a DC

decomposition, and motivates the above approach of separating the initial problem

in two subproblems with fewer couplings between the variables. However, fk is also

time varying through its dependence on parameters (Ek, τk) generated online. This

requires us to find a DC split for every instance of (Ek, τk), ∀k ∈ [0, . . . , N ] which

can be intractable if the horizon is large or the sampling interval is small.



4. Robust trajectory optimisation of VTOL aircraft 78

Instead, we adopt the more pragmatic approach of i) precomput-

ing offline the DC decompositions on a downsampled grid of values

(Ei, τj), ∀(i, j) ∈ [0, . . . , Ns]× [0, . . . , Ms] where Ns, Ms ≪ N + 1 and ii) interpolat-

ing the obtained decompositions online using a look-up table.

Precomputation of the DC decomposition

Inspired by [131], we develop a computationally tractable method for the DC

decomposition of a function fk(α) based on approximating2 the function by a

polynomial of degree 2n:

fk(α) ≈ pk,2nα2n + ... + pk,1α + pk,0 = y⊤Fky, (4.28)

where y = [1 α ... αn]⊤ ∈ Rn+1 is a vector of monomials of increasing order

and Fk = F ⊤
k ∈ Rn+1×n+1 is the Gram matrix of the polynomial defined by

{Fk}ij = pk,i+j+1/λ(i, j), ∀i, j ∈ [0, 1, ..., n] where λ(i, j) = i + j + 1 if i + j ≤ n and

λ(i, j) = 2n + 1− (i + j). Given Ns samples fk,s ∀s ∈ [1, ..., Ns] of the function fk,

the polynomial approximation can be obtained by solving a least square problem

to find the coefficients that best fit the samples.

We now seek the symmetric matrices Gk, Hk such that

y⊤Fky = y⊤Gky − y⊤Hky,

where gk ≈ y⊤Gky and hk ≈ y⊤Hky are convex polynomials in α. Such conditions

can be satisfied if the Hessians d2gk/dα2 = y⊤Hgk
y and d2hk/dα2 = y⊤Hhk

y satisfy

the following linear matrix inequalities (LMI),

Hgk
≡ D⊤2

Gk + GkD2 + 2D⊤GkD ⪰ 0,

Hhk
≡ D⊤2

Hk + HkD2 + 2D⊤HkD ⪰ 0,

where D is a matrix of coefficients such that dy/dα = Dy. Finding the DC

decomposition thus reduces to solving the following semidefinite program (SDP)

SDP : min
Hgk

tr Hgk

2Note that any continuous function can be approximated arbitrarily closely by a polynomial,
in agreement with Stone-Weierstrass approximation theorem.
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Figure 4.2: Example DC decomposition of polynomial approximation of fk(α).

s.t. Hgk
⪰ 0,

Hgk
− (D⊤2

Fk + FkD2 + 2D⊤FkD) ⪰ 0,

and computing Hhk
= Hgk

− D⊤2
Fk + FkD2 + D⊤FkD, followed by the double

integration d2gk/dα2 = y⊤Hgk
y and d2hk/dα2 = y⊤Hhk

y to recover gk and hk. This

operation is repeated at each point (Ei, τj) of the grid to assemble a look-up table

of polynomial coefficients. Note that the objective was chosen so as to regularise

the solutions for gk, hk by minimising a proxy for their average curvature.

A typical DC decomposition of the polynomial approximation for a given

(Ei, τj) is shown in Figure 4.2.

Coefficient interpolation

A bilinear interpolation of the coefficients is performed online to obtain the DC

decomposition for each (Ek, τk) such that Ei ≤ Ek < Ei+1 and τj ≤ τk < τj+1

as follows (∀l ∈ {1, 2}, f1 ≡ g, f2 ≡ h):

fl,k = wi,jfl(α, Ei, τj) + wi+1,jfl(α, Ei+1, τj)

+wi,j+1fl(α, Ei, τj+1) + wi+1,j+1fl(α, Ei+1, τj+1),
(4.29)

where

wi,j = (Ei+1 − Ek)(τj+1 − τk)/(∆E∆τ),



4. Robust trajectory optimisation of VTOL aircraft 80

wi+1,j = (Ek − Ei)(τj+1 − τk)/(∆E∆τ),

wi,j+1 = (Ei+1 − Ek)(τk − τj)/(∆E∆τ),

wi+1,j+1 = (Ek − Ei)(τk − τj)/(∆E∆τ),

with ∆E = Ei+1 − Ei and ∆τ = τj+1 − τj.

This operation preserves convexity since the interpolated polynomial coefficients

are a weighted sum of the coefficients in the lookup table.

4.4.5 Convex relaxation

Consider again the nonlinear dynamics in problem P†
2 , using the DC decomposition

of fk computed in the previous section and eliminating the angle of attack via

αk = iw,k − γk to reduce the number of states, we obtain

γk+1 = γk + δk

mE
(gk(iw,k − γk, Ek, τk)− hk(iw,k − γk, Ek, τk)−mg cos γk). (4.30)

All nonlinearities in (4.30) involve convex and concave functions of the states

iw,k and γk, with dynamics

iw,k+1 = iw,k + ζkδk, (4.31)

ζk+1 = ζk

(
1− Ek+1 − Ek

2Ek

)
+ Mkδk

JwEk

. (4.32)

In what follows we will exploit the convexity properties of the functions gk,

hk, fγk
= −mg cos γk in (4.30) to approximate the dynamics by a set of convex

inequalities with tight bounds on the state trajectories. To do so, we linearise the

dynamics successively around feasible guessed trajectories and treat the linearisation

error as a bounded disturbance [83]. We use the fact that the linearisation error of

a convex (resp. concave) function is also convex3 (resp. concave) and can thus be

bounded tightly since its maximum (resp. minimum) occurs at the boundary of

the set on which the function is constrained4. This allows us to construct a robust

optimisation and to obtain solutions that are robust to the linearisation error.
3Appendix A, Theorem 14.
4Ibid., Theorem 16.
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We start by assuming the existence of a set of feasible trajectories iw,k and γk

for (4.30)-(4.32) and consider the perturbed dynamics

γk+1 = γk + δk

mE
(g◦

k +∇g◦
k(iw,k − γk − (i◦

w,k − γ◦
k)) + w1

−h◦
k −∇h◦

k(iw,k − γk − (i◦
w,k − γ◦

k))− w2 −mg cos γ◦
k + mg sin γ◦

k(γk − γ◦
k) + w3).

(4.33)

where g◦
k = gk(i◦

w,k − γ◦
k), h◦

k = hk(i◦
w,k − γ◦

k) are the functions gk, hk evaluated

along the guessed trajectory, ∇g◦
k = dgk/dαk(i◦

w,k − γ◦
k), ∇h◦

k = dhk/dαk(i◦
w,k − γ◦

k)

are the first order derivatives of gk, hk evaluated along the guessed trajectory, and

w1(iw − γ, i◦
w,k − γ◦

k), w2(iw − γ, i◦
w,k − γ◦

k), w3(γ, γ◦
k) are the convex linearisation

errors of gk, hk, fγk
= −mg cos γk respectively. Since these linearisation errors are

convex, they take their maximum on the boundary of the set over which the

functions are constrained. Moreover, by definition, their minimum on this set is

zero (Jacobian linearisation). We thus infer the following relationships ∀i = {1, 2}

and noting f1 ≡ g, f2 ≡ h

min
γ∈[γ

k
,γk]

iw∈[iw,k,iw,k]

wi(iw − γ, i◦
w − γ◦) = 0, (4.34)

min
γ∈[γ

k
,γk]

w3(γ, γ◦) = 0, (4.35)

max
γ∈[γ

k
,γk]

iw∈[iw,k,iw,k]

wi(iw − γ, i◦
w − γ◦) = max{fi,k − f ◦

i,k −∇f ◦
i,k(iw,k − γ

k
− (i◦

w,k − γ◦
k));

fi,k − f ◦
i,k −∇f ◦

i,k(iw,k − γk − (i◦
w,k − γ◦

k))},
(4.36)

max
γ∈[γ

k
,γk]

w3(γ, γ◦) = max{−mg cos γ
k

+ mg cos γ◦
k −mg sin γ◦

k(γ
k
− γ◦

k);

−mg cos γk + mg cos γ◦
k −mg sin γ◦

k(γk − γ◦
k)}

(4.37)

where we assumed that the state trajectories γk and iw,k lie within "tubes" whose

cross-sections are parameterised by means of elementwise bounds γk ∈ [γ
k
, γk] and

iw,k ∈ [iw,k, iw,k], ∀k, which are considered to be optimisation variables. Given these

bounds on the states at a given time instant and by virtue of equations (4.34)-

(4.37), the bounds on the states at the next time instant satisfy the following
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convex inequalities

γk+1 ≥ max
γ∈{γ

k
;γk}

iw∈{iw,k;iw,k}

{
γ+ δk

mE
(gk(iw−γ)− hk(i◦

w−γ◦)−∇h◦
k(iw − γ − (i◦

w,k − γ◦
k))

−mg cos γ)
}

, (4.38)

γ
k+1 ≤ min

γ∈{γ
k

,γk}
iw∈{iw,k,iw,k}

{
γ + δk

mE
(gk(i◦

w − γ◦) +∇g◦
k(iw − γ − (i◦

w,k − γ◦
k))− hk(iw − γ)

−mg cos γ◦ + mg sin γ◦(iw − γ))
}

, (4.39)

iw,k+1 ≥ iw,k + ζkδk, iw,k+1 ≤ iw,k + ζkδk. (4.40)

These conditions involve only minimisations of linear functions and maximisa-

tions of convex functions, which can be solved simply by evaluating the functions at

the boundary of the set5. Hence each inequality reduces to 22 = 4 convex inequalities

(obtained by replacing γ with {γ
k
, γk} and iw with {iw,k, iw,k}). Moreover, this

number can be reduced, avoiding the curse of dimensionality, since the coefficients

of the linear functions appearing in each maximisation and minimisation are known.

Finally, the required computation can be further reduced by introducing a low-

order approximation of the polynomials in (4.38)-(4.40). This was obtained by

computing, before including the constraints in the optimisation, a series of quadratic

polynomials to each gk, hk, ∀k that are a best fit around i◦
w,k − γ◦

k.

The tube defined by inequalities (4.38)-(4.40) can be used to replace P†
2 by

a sequence of convex programs. Given the solution of P†
1 and given a set of

feasible (suboptimal) trajectories i◦
w,k, γ◦

k satisfying (4.30)-(4.32), the following

convex problem is solved sequentially

P‡
2 : min

γ, γ, iw,

iw, ζ, M,θ

N−1∑
k=0

θ2
k√
Ek

δk

s.t. θk ≥ |γk − γ∗
k|, θk ≥ |γk

− γ∗
k|,

γk+1 ≥ max
γ∈{γ

k
;γk}

iw∈{iw,k;iw,k}

{
γ + δk

mE
(gk(iw − γ)

5Ibid., Lemma 15
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− hk(i◦
w − γ◦)−∇h◦

k(iw − γ − (i◦
w,k − γ◦

k))−mg cos γ)
}

,

γ
k+1 ≤ min

γ∈{γ
k

,γk}
iw∈{iw,k,iw,k}

{
γ + δk

mE
(gk(i◦

w − γ◦)

+∇g◦
k(iw − γ − (i◦

w,k − γ◦
k))− hk(iw − γ)

−mg cos γ◦ + mg sin γ◦(iw − γ))
}

,

iw,k+1 ≥ iw,k + ζkδk, iw,0 = i0,

iw,k+1 ≤ iw,k + ζkδk, iw,0 = i0,

ζk+1 = ζk

(
1− Ek+1 − Ek

2Ek

)
+ Mkδk

JwEk

,

ζ0
√

E0 = Ω0,

M ≤Mk ≤M, iw ≤ iw,k, iw,k ≤ iw,

α ≤ iw,k − γk, iw,k − γ
k
≤ α,

γ ≤ γ
k
, γk ≤ γ, γ0 = γ0, γ0 = γ0.

After each iteration of this problem, the guessed trajectories are updated by applying

Mk to (4.31)-(4.32), and updating

Ek+1 = Ek + 2δk

m
(Tk cos αk −Dk −mg sin γk), (4.41)

γk+1 = γk + δk

mE
(fk(αk, Ek, τk)− fγk

(γk)), (4.42)

where Dk = 1
2ρS(a2α

2
e +a1αe +a0)V 2

e and Tk is obtained using equation (4.26). The

process is repeated until |γk − γ
k
| and |iw,k − iw,k| have converged. Once P†

1 and

P‡
2 have been solved, we check whether |γ∗

k − γk| ≤ ϵ ∀k ∈ {0, . . . , N}, where ϵ is a

specified tolerance. If this condition is not met (P‡
2 may admit solutions that allow

γk to differ from the assumed flight path angle γ∗
k), the problem is reinitialized with

the updated flight path angle and rate γ∗
k ← γk, γ∗′

k ← γ′
k and P†

1 and P‡
2 are solved

again. When the solution tolerance is met (or the maximum number of iterations is

exceeded) the problem is considered solved and the input and state variables are

reconstructed using the equations in (4.26) and the time tk associated with each

discretisation point is computed with (4.27), allowing solutions to be expressed as

time series. The procedure is summarised in Algorithm 1.
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Remarks on P‡
2 : i) the angle of attack has been eliminated from the formulation;

ii) to ensure convexity, it is important that γ ≤ π/2 and γ ≥ −π/2; iii) order

reduction was performed on polynomials gk, hk, i.e. quadratic polynomials were

fitted to gk, hk around i◦
w,k − γ◦

k for all k by solving a least squares problem before

running the optimisation; iv) to improve numerical stability, Mk can be replaced by

Mk + Ki,k(iw,k − i◦
w,k) + Kζ,k(ζk − ζ◦

k) with iw,k ∈ {iw,k; iw,k} where Ki,k and Kζ,k

are obtained, e.g. by solving a LQR problem for the time varying linear system

in (4.31)-(4.32); v) the slack variable θk was introduced to enforce the objective∑
k maxγk∈{γ

k
;γk}(γk−γ∗)2/

√
Ek. Note also that the maximisation operation reduces

to evaluating the objective at the vertices of the polytopic set by convexity of the

objective, see Appendix A, Lemma 15.

4.5 Results

We consider a case study based on the Airbus A3 Vahana. The aircraft parameters

are reported in Table 4.1. We run Algorithm 1 using the convex programming

software package CVX [123] with the solver Mosek [132] to compute the optimal

trajectory for the transition manoeuvre with boundary conditions given as follows:

initial and final velocity {V0; Vf} = {0.5; 40} m/s, tiltwing angle i0 = 75 deg,

tiltwing angle rate Ω0 = 0 deg/s, flight path angle γ0 = 0 deg. We limit the number

of iterations of problem P†
1 to 1 and of P‡

2 to 3.

The time to completion as a function of problem size (number of discretisation

points) is shown in Figure 4.3, implying excellent scalability. In particular, for

N < 1500, the time to completion is of the order of seconds. A real-time solution

is thus possible using modest computational resources. This is in stark contrast

to the complexity of generic NLP approaches (e.g. in [62], computation times of

the order of minutes are quoted to solve a similar VTOL trajectory optimisation

problem using the OpenMDAO framework and SNOPT). Moreover, as shown in

Chapter 3, the time complexity for this type of problem can be reduced significantly

with first-order solvers, paving the way for fast real-time implementations.
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Algorithm 1: Convex trajectory optimisation
1 Compute the DC decomposition of fk on grid of points (Ei, τj):

approximate fk by a polynomial (4.28) and solve SDP at each point to
obtain gk, hk and build a look-up table of polynomial coefficients.

2 Compute γ∗, γ∗′ using (4.24), (4.25) and initialise: γ ← γ∗, γ′ ← γ∗′,
γ∗ ←∞, j ← 0

3 while max
k∈{0,...,N}

|γ∗
k − γk| > ϵ & j < MaxIters do

4 γ∗ ← γ, γ∗′ ← γ′

5 Solve problem P†
1 .

6 Compute the gains Kζ,k and Ki,k.
7 Compute feasible trajectories i◦

w,k and γ◦
k.

8 i← 0
9 while max

k∈{0,...,N}
|γk − γ

k
| > ϵ & max

k∈{0,...,N}
|iw,k − iw,k| > ϵ & i < MaxIters

do
10 for k ← 0 to N do
11 Interpolate gk, hk from the look-up table.
12 Fit a quadratic model to the interpolated gk, hk that is a best fit

at i◦
w,k − γ◦

k.
13 end
14 Solve problem P‡

2 .
15 Update guess trajectories with (4.31) - (4.32) and (4.41) - (4.42).
16 i← i + 1
17 end
18 j ← j + 1
19 end
20 for k ← 0 to N do
21 Tk ← τk

cos αk+λ sin αk−S⋆(a0−λb0)

22 Vk ←
√

Ek, tk ←
∑k−1

j=0
δj

Vj

23 end

The simulation results are illustrated in Figure 4.4. The manoeuvre is a (near)

constant altitude forward transition that requires a zero flight path angle throughout.

As the aircraft transitions from powered lift to cruise, the velocity magnitude

increases (a) and the thrust decreases (b), illustrating the change in lift generation

from propellers to wing. The tiltwing angle drops quickly at the beginning (c),

resulting in an increase in the angle of attack (d). The slight discrepancy in the flight

path angle curves in (c) illustrates that problem P‡
2 needs not necessarily generate

a flight path angle profile corresponding to the exact desired path if the latter is



4. Robust trajectory optimisation of VTOL aircraft 86

not feasible. Note from graph (d) that the effective angle of attack αe stays within

reasonable bounds, indicating that the wing is not stalled and that our assumption

αe << 1 is valid. The angle of attack α however is not constrained to small values

and we can thus achieve transitions at near constant altitude, see Figure 4.5.

Convergence of problem P‡
2 after 3 iterations is shown in Figure 4.6. The tube

bounds and objective converge quickly toward infinitesimal values after just a

few iterations.

Parameter Symbol Value Units
Mass m 752.2 kg
Gravity acceleration g 9.81 m s−2

Wing area S 8.93 m2

Disk area A 2.83 m2

Wing inertia Jw 1100 kg m2

Density of air ρ 1.225 kg m−3

Lift coefficients b0, b1 0.43, 0.11 −, deg−1

Drag coefficients
a0 0.02 −
a1 0.004 deg−1

a2 5.6e−4 deg−2

Maximum thrust T 8855 N
Angle of attack range [α, α] [−90, 90] deg
Flight path angle range

[
γ, γ

]
[−90, 90] deg

Tiltwing angle range
[
iw, iw

]
[0, 100] deg

Acceleration range [a, a] [−0.3g, 0.3g] m s−2

Velocity range
[
V , V

]
[0, 40] m/s

Momentum range
[
M, M

]
[−50; 50] N m

Number of propellers n 4 −
Discretisation points N 1000 −
Time step δ 0.5 s
Degree of polynomial f 2n 26 −

Table 4.1: Model parameters derived from A3 Vahana

4.6 Conclusions

This chapter addresses the trajectory optimisation problem for the transition of

a tiltwing VTOL aircraft. A new robust optimisation paradigm was presented

that leverages DC decomposition of the dynamics. The approach is based on
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successive linearisation of the dynamics around feasible trajectories and treating the

linearisation error as a bounded disturbance. The DC form of the dynamics allows

to enforce tight bounds on the disturbance via a set of convex inequalities that

form the basis of a computationally tractable robust optimisation. The algorithm

can compute safe trajectories that are robust to model uncertainty for abrupt

transitions at near constant altitude. Another contribution of the present work

is a computationally tractable robust optimisation paradigm for dynamic systems

that are not necessarily convex, by means of a DC decomposition of the nonlinear

dynamics. In fact, the method could potentially be applied to any nonlinear system

with twice continuously differentiable dynamics, so that our approach could be used

to solve robust optimisation problems arising in numerous areas of research.

Limitations of the present approach are i) to obtain a computationally tractable

formulation, quadratic approximations of the DC polynomials are required; ii) the

computation time, although representing a considerable improvement compared

to solving a NLP, is still too high to leverage the optimisation in real time for

large problem dimensions.

Future work will alleviate these problems by i) considering other types of basis

functions for the nonlinear dynamics approximation, e.g. radial basis functions

or neural networks that have better scalability than a monomial basis (we will

discuss this briefly in Chapter 5, Section 5.7.2); ii) investigating the use of first order

solvers such as the alternating direction method of multipliers (ADMM) to accelerate

computations as in Chapter 3; iii) parameterising the uncertainty sets with simplexes

that scale linearly with the number of states to reduce the number of constraints.

Finally we note that the method presented could be leveraged in a multi-

stage optimal control such as tube-based MPC (TMPC) to generate a safe and

computationally tractable control law, e.g. for the transition of tiltwing VTOL

aircraft in the presence of uncertainty. This is the object of the next two chapters.

In Chapter 5, we develop a new theory of TMPC for system dynamics in DC

form, and in Chapter 6, we apply that new algorithm to robust control of tiltwing

VTOL aircraft subject to wind gusts.
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5.1 Introduction

In the previous chapter, a new robust optimisation algorithm based on successive

linearisation and difference of convex (DC) functions was introduced and applied

to an urban air mobility scenario. The method exploits tight bounds on the

convex linearisation error of the dynamics to compute optimal trajectories for

the transition of vertical take-off and landing (VTOL) aircraft. The solution is

90
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robust to model uncertainty introduced by linearisation and can be obtained with

predictable computational effort. We noted that this novel method could form

the basis of multi-stage optimal control algorithms.

The object of this chapter is to leverage this approach in the framework of robust

model predictive control (MPC). We propose a tube-based MPC (TMPC) algorithm

for nonlinear systems whose dynamics can be expressed in DC form. The approach

exploits the convexity properties of the system model to derive convex conditions

that govern the evolution of robust tubes bounding predicted trajectories. These

tubes allow an upper bound on a performance cost to be minimised subject to state

and control constraints as a convex program, the solution of which can be used to

update an estimate of the optimal state and control trajectories. This process is the

basis of an iteration that solves a sequence of convex programs at each discrete time

step. We show that the algorithm is recursively feasible, converges asymptotically to

a fixed point of the iteration and ensures closed loop stability. The algorithm can be

terminated after any number of iterations without affecting stability or constraint

satisfaction. A case study is presented to illustrate an application of the algorithm.

An extension of the algorithm to the case of additive disturbance is also presented.

We finally note that the approach is not limited to DC systems but can easily be

generalised to systems whose dynamics are twice continuously differentiable and we

present a series of techniques to obtain a DC decomposition for such a system.

The chapter is organised as follows. We start by summarising related work in

the literature in Section 5.2. We discuss a precursor to the present approach, namely

TMPC based on successive linearisation, in Section 5.3. Section 5.4 presents the

proposed new approach (DC-TMPC) for DC systems. The convergence, stability

and feasibility properties of the algorithm are discussed in Section 5.5. To illustrate

the approach, we describe its application to the problem of regulating fluid in a

pair of coupled tanks in Section 5.6. We finally discuss extensions of the algorithm

to more general nonlinear systems and to systems subject to additive disturbance.

Notation: The value of a variable x ∈ Rnx at the nth discrete time

step is denoted x[n], and a sequence predicted at discrete time n is denoted
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{xk}N−1
k=0 := {x0, . . . , xN−1}, where xk is the predicted value of x[n+k]. A symmetric

matrix P ∈ Rq×q is positive definite (resp. semidefinite) if P ≻ 0 (P ⪰ 0), and the

weighted Euclidean norm is denoted ∥x∥P := (x⊤Px)1/2. For K ∈ Rp×q and sets

A,B ⊂ Rq we denote A⊕ B := {a + b : a ∈ A, b ∈ B}, KA := {Ka : a ∈ A}, and

∥A∥P := maxa∈A∥a∥P . The lth element of a function f : Rp → Rq is denoted [f ]l
and f is called a DC function (or simply DC) if f = g−h, where g, h : Rp → Rq are

such that [g]l, [h]l are convex functions for l = 1, . . . , q. By a slight abuse of notation,

optimisation operations for vector-valued functions are intended componentwise,

e.g. if f is vector-valued, by maxx f(x) we mean: maxx[f(x)]l, ∀l.

5.2 Related work

A common strategy in nonlinear TMPC is to treat the nonlinearity in the dynamics

as a bounded disturbance [83, 101–103]. In [83], successive linear approximations

around predicted trajectories are used to obtain an MPC law for nonlinear systems

with differentiable dynamics. The proposed algorithm uses bounds on linearisation

errors to construct an ellipsoidal tube and an associated control law. The controller

achieves rejection of the linearisation error and stabilisation of the nonlinear system,

and the approach has guarantees of recursive feasibility and asymptotic stability.

These strategies rely for robustness on bounds on linearisation errors, which

are either computed using fixed prior bounds on predicted future states, and are

therefore conservative, or otherwise may present computational difficulties. In

this work we show that tighter bounds can be obtained under certain convexity

assumptions. We consider systems that can be expressed as a difference of convex

functions [127, 133]. The convexity properties of these systems considerably simplify

the problem of determining bounds on model states that are suitable for defining

predicted state tubes. We derive convex conditions for the evolution of tubes

bounding perturbations on future predicted trajectories. These conditions form

the basis of an iteration that solves a sequence of convex programs to minimise a

bound on predicted cost subject to robust constraint satisfaction.
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5.3 Successive linearisation tube MPC

Consider the following discrete-time dynamical system

x[n + 1] = f(x[n], u[n]). (5.1)

Here x ∈ X , u ∈ U are state and control variables and X ⊂ Rnx , U ⊂ Rnu are

compact constraint sets. The goal is to regulate (x[n], u[n]) around a reference

(xr[n], ur[n]) (where xr[n + 1] = f(xr[n], ur[n]) and (xr[n], ur[n]) ∈ X × U), while

minimising a quadratic cost. To simplify presentation we discuss here the case

of a constant reference (xr, ur).

Successive linearisation MPC addresses the optimal control problem to be solved

online at each discrete time step by considering perturbations of previously computed

predicted trajectories of the system. This approach repeatedly linearises the

model (5.1) around state and control trajectories, defined at time n by x◦ = {x◦
k}N

k=0,

u◦ = {u◦
k}N−1

k=0 , with x◦
0 = x0 = x[n] and x◦

k+1 = f(x◦
k, u◦

k) for k = 0, . . . , N − 1.

In [83] the linearisation errors are treated as unknown bounded disturbances and a

robustly stabilising two-degree of freedom controller is designed for the linearised

dynamics by solving a sequence of convex optimisation problems.

Defining the predicted state and control perturbations as sk = xk − x◦
k and

vk = uk − u◦
k respectively, we construct a tube (a sequence of sets) S = {Sk}N

k=0

so that sk ∈ Sk for all k. The perturbed state satisfies s0 = 0 and

sk+1 = Aksk + Bkvk + gk,

for k = 0, . . . , N − 1, where Ak = ∂f
∂x

(x◦
k, u◦

k), Bk = ∂f
∂u

(x◦
k, u◦

k), and gk is the

remainder term in the first-order Taylor expansion of f about (x◦
k, u◦

k). For the

Jacobian linearisation to exist, the following assumption was implied

Assumption 2. f is differentiable on X × U .

The predicted control perturbation sequence is parameterised with a feedforward

term ck and a linear feedback term Kksk, for k = 0, . . . , N − 1,

vk = ck + Kksk. (5.2)
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Defining Φk = Ak + BkKk and given bounds gk ∈ Gk on linearisation errors,

the sets Sk defining the tube cross-sections therefore satisfy S0 = {0} and, for

k = 0, . . . , N − 1,

Sk+1 ⊇ ΦkSk ⊕ {Bkck} ⊕ Gk. (5.3)

The tube S and the feedforward sequence c = {ck}N−1
k=0 are variables in an optimal

tracking control problem with a worst-case cost defined by

J(c, S, x◦, u◦) =
N−1∑
k=0

[
∥{x◦

k − xr} ⊕ Sk∥2
Q

+ ∥{u◦
k + ck − ur} ⊕KkSk∥2

R

]
+ ∥{x◦

N − xr} ⊕ SN∥2
Q̂

(5.4)

where Q ≻ 0, R ≻ 0. To ensure convergence1, the terminal weighting matrix

Q̂ ≻ 0 is chosen so that, for all x ∈ X̂ ,

∥x− xr∥2
Q̂
≥ ∥f(x, K̂(x− xr) + ur)− xr∥2

Q̂
+ ∥x− xr∥2

Q + ∥K̂(x− xr)∥2
R, (5.5)

where the terminal set X̂ and feedback gain K̂ satisfy

X̂ ⊆ X , K̂X̂ ⊕ {ur − K̂xr} ⊆ U . (5.6)

The terminal set can be defined, for example, as

X̂ = {x : ∥x∥2
Q̂
≤ γ̂} (5.7)

and the terminal parameters K̂, Q̂ and γ̂ can be computed offline by solving a

semidefinite program (cf. Appendix B). The gains {Kk}N−1
k=0 in equation (5.2) can

be computed, for example, using a dynamic programming (DP) recursion initialised

with PN = Q̂, and defined for k = N − 1, . . . , 0 by

∆k = B⊤
k Pk+1Bk + R

Kk = −∆−1
k B⊤

k Pk+1Ak

Pk = Q + A⊤
k Pk+1Ak − A⊤

k Pk+1Bk∆−1
k B⊤

k Pk+1Ak

(5.8)

1Equation (5.5) can be seen as a descent property for the Lyapunov function V (x − xr) =
||x− xr||2

Q̂
.
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The MPC optimisation at time n is initialised with a feasible predicted trajectory

(x◦, u◦) of (5.1) and the following optimisation problem in variables c, S is

solved sequentially

min
c,S

J(c, S, x◦, u◦) subject to, ∀k ∈ {0, . . . , N − 1},

ΦkSk ⊕ {Bkck} ⊕ Gk ⊆ Sk+1

{x◦
k} ⊕ Sk ⊆ X

{u◦
k + ck} ⊕KkSk ⊆ U

∥{x◦
N − xr} ⊕ SN∥2

Q̂
≤ γ̂

S0 = {0}.

(5.9)

The solution of (5.9) for c is used to update (x◦, u◦) by setting

s0 ← 0, (5.10a)

u◦
k ← u◦

k + ck + Kksk, (5.10b)

sk+1 ← f(x◦
k, u◦

k)− x◦
k+1, (5.10c)

x◦
k+1 ← f(x◦

k, u◦
k), (5.10d)

for k = 0, . . . , N−1, and the process (5.9)-(5.10) is repeated until ∥c∥2 := ∑N−1
k=0 ∥ck∥2

has converged to a sufficiently small value or the maximum number of iterations

is reached. The control law is then implemented as

u[n] = u◦
0. (5.11)

At time n + 1 we set x◦
0 ← x[n + 1] and initialise a new iteration with (x◦, u◦)

defined, for k = 0, . . . , N − 1, by

u◦
k ← u◦

k+1, (5.12a)

x◦
k+1 ← f(x◦

k, u◦
k), (5.12b)

u◦
N−1 ← K̂(x◦

N−1 − xr) + ur, (5.12c)

x◦
N ← f(x◦

N−1, u◦
N−1). (5.12d)

These definitions ensure recursive feasibility of the scheme . In addition, the optimal

value of J(c, S, x◦, u◦) is non-increasing at successive iterations, implying that
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the iteration converges asymptotically: c → 0 and S → {{0}, . . . , {0}}, and also

non-increasing at successive time steps n = 0, 1, . . ., implying that (x, u) = (xr, ur)

is an asymptotically stable equilibrium (see e.g. [83], Theorems 7 and 8 for details).

Despite its attractive theoretical properties, the successive linearisation approach

relies on bounds on the linearisation error Gk, which are difficult to compute in

general and might result in overly conservative bounds if no further assumptions

are made on f . Moreover, the algorithm outlined in this section does not ensure

convergence to a solution that satisfies the first order optimality conditions for the

problem of minimizing ∑N−1
k=0 [∥xk − xr∥2

Q + ∥uk − ur∥2
R] + ∥xN − xr∥2

Q̂
subject to

xk+1 = f(xk, uk), xk ∈ X and uk ∈ U since Gk may not be tight. To overcome

these problems, we propose a method for systems (5.1) in which f is a DC function

to obtain tight bounds on linearisation errors.

5.4 Successive convex programming tube MPC
for DC systems

To derive a control algorithm with reduced computation and improved performance,

we strengthen our assumptions on model (5.1) as follows.

Assumption 3. f is DC on X × U and X ,U are convex sets.

Under Assumption 3 the model (5.1) can be expressed

x[n + 1] = f1(x[n], u[n])− f2(x[n], u[n]), (5.13)

where each component of the vector-valued functions f1, f2 is a convex function.

Note that (5.13) includes systems in which f in (5.1) is either convex or concave.

More generally, any twice-continuously-differentiable function is DC (see Appendix

A, Theorem 13) and any continuous function can be approximated arbitrarily closely

by a DC function on a compact convex set [127, 133], which extends considerably

the scope of the present method. We have presented a method to compute a DC

decomposition for a class C2 function of one variable using polynomial approximation
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techniques in Chapter 4, and we discuss other more general techniques at the end

of this chapter, see Section 5.7.2.

Given a predicted trajectory (x◦, u◦) of (5.1), the perturbed variables sk = xk−x◦
k,

vk = uk − u◦
k are governed by s0 = 0 and, for k = 0, . . . , N − 1,

sk+1 = A1,ksk + B1,kvk + g1,k − (A2,ksk + B2,kvk + g2,k),

where for i = 1, 2, Ai,k = ∂fi

∂x
(x◦

k, u◦
k), Bi,k = ∂fi

∂u
(x◦

k, u◦
k), and gi,k represents the

error in the Jacobian linear approximation of fi around (x◦
k, u◦

k). Using the control

law (5.2), defining Φi,k = Ai,k + Bi,kKk, i = 1, 2, and assuming bounds gi,k ∈ Gi,k,

i = 1, 2, we obtain a set of constraints to be satisfied by the tube cross-sections

Sk containing sk:

Sk+1 ⊇ (Φ1,k − Φ2,k)Sk ⊕ {(B1,k −B2,k)ck} ⊕ G1,k ⊕−G2,k. (5.14)

We now characterise the sets Sk and Gi,k to obtain a workable formulation of

these constraints. Various parameterisations of the sets Sk are possible: polytopic,

ellipsoidal, homothetic (e.g. [69]). In this work, for simplicity, we define a polytopic

tube cross-section in terms of elementwise bounds:

Sk = {(s1, . . . , snx)∈Rnx : sk,j≤sj≤ s̄k,j, j = 1, . . . , nx}.

Considering g1,k, g2,k as functions of sk and ck:

gi,k =fi(x◦
k + sk,u◦

k + Kksk + ck)− fi(x◦
k,u◦

k)− Φi,ksk −Bi,kck, (5.15)

the convexity of fi(x, u) for (x, u) ∈ X × U implies that gi,k(s, c) is convex2 for

all (s, c) such that (x◦ + s, u◦ + Ks + c) lies in X × U . It follows that3, for

i = 1, 2 and l = 1, . . . , nx,

min
sk∈Sk

gi,k(sk, ck) = 0,

max
sk∈Sk

gi,k(sk, ck) = max
ŝk∈V(Sk)

gi,k(ŝk, ck),

2Appendix A, Theorem 14.
3Ibid., Theorem 16.
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where V(Sk) denotes the set of vertices of Sk. The tube constraint (5.14) is therefore

ensured by the convex inequalities

sk+1 ≤ min
ŝk∈V(Sk)

{(Φ1,k−Φ2,k)ŝk + (B1,k−B2,k)ck − g2,k(ŝk)},

sk+1 ≥ max
ŝk∈V(Sk)

{(Φ1,k−Φ2,k)ŝk + (B1,k−B2,k)ck + g1,k(ŝk)},

where the maximum and minimum operations are over the vertices of the set (and

not over the whole set), which reduces considerably the computational burden

associated with their evaluation. If no prior knowledge of their linear coefficients is

exploited, each of these inequalities is equivalent to 2nx inequalities in c and the

parameters {sk, sk}N−1
k=0 that define S as follows, ∀ŝk ∈ V(Sk)

sk+1 ≤ Φ1,kŝk + B1,kck − (f2(x◦
k + ŝk,u◦

k + Kkŝk + ck)− f2(x◦
k,u◦

k)),

sk+1 ≥ f1(x◦
k + ŝk,u◦

k + Kkŝk + ck)− f1(x◦
k,u◦

k)− (Φ2,kŝk + B2,kck),

where we substituted for the linearisation errors as defined in equation (5.15).

Crucially, the resulting inequalities are convex, and sequences c, S can be computed

for given (x◦, u◦) by solving a convex problem

min
c,S

J(c, S, x◦, u◦)

subject to, ∀k ∈ {0, . . . , N − 1}, ∀ŝk ∈ V(Sk):

sk+1 ≤ Φ1,kŝk + B1,kck − (f2(x◦
k + ŝk,u◦

k + Kkŝk + ck)− f2(x◦
k,u◦

k))

sk+1 ≥ f1(x◦
k + ŝk,u◦

k + Kkŝk + ck)− f1(x◦
k,u◦

k)− (Φ2,kŝk + B2,kck)

x◦
k + ŝk ⊆ X

u◦
k + Kkŝk + ck ⊆ U

∥x◦
N + ŝN − xr∥2

Q̂
≤ γ̂, ∀ŝN ∈ V(SN)

s0 = s0 = 0.

(5.16)

Problem (5.16) is solved repeatedly and (x◦, u◦) is updated according to (5.10a-

d), until ∥c∥ is sufficiently small or the maximum number of iterations is reached.

The control law is defined as (5.11), and at the subsequent discrete time instant

we set x◦
0 ← x[n + 1], and redefine (x◦, u◦) using (5.12a-d). The tube-based MPC

(TMPC) strategy for DC systems is summarised in Algorithm 2. We refer to

this as DC-TMPC in what follows.
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Remark 1. The number of inequalities defining the tube grows exponentially with

the number of states nx (e.g. there are |V(S)| = 2nx vertices associated with

sets defined by elementwise bounds). That growth is further exacerbated if higher

dimensional polytopes are used. In practice, most systems have a reasonable number

of states. Moreover, prior knowledge of the state coefficients appearing linearly in

these inequalities can potentially be exploited to reduce the number of inequalities.

Finally, if computational burden is an issue, simplex sets can be used that scale

linearly with the number of states: only nx + 1 inequalities needed.

Remark 2. The objective in problem (5.16) is a worst case objective that normally

involves maximum operations over the sets S as follows

J(c, S, x◦, u◦) =
N−1∑
k=0

max
sk∈Sk

[
||x◦

k + sk − xr||2Q + ||u◦
k + ck + Kksk − ur||2R

]
+ max

sN ∈SN

||x◦
N + sN − xr||2

Q̂
.

However, by convexity of the norm and since the sets S are polytopes, these

operations can be replaced by a discrete number of evaluations/comparisons of

the norm functions at the vertices of the sets S, which simplifies considerably

the problem. This is because a convex function defined on a polytope achieves its

maximum at one of the vertices (Appendix A, Lemma 15), so that maximisation

over a continuous space can be replaced by a discrete search.

Finally, evaluation of the worst case cost can be achieved in practice by redefining

it using slack variables as follows

J = ||θN ||2Q̂ +
N−1∑
k=0

[
||θk||2Q + ||χk||2R

]
,

subject to

θk ≥ |x◦
k + ŝk − xr|, ∀k ∈ {0, . . . , N − 1}, ∀ŝk ∈ V(Sk),

χk ≥ |u◦
k + ck + Kkŝk − ur|, ∀k ∈ {0, . . . , N − 1}, ∀ŝk ∈ V(Sk),

θN ≥ |x◦
N + ŝN − xr|, ∀ŝN ∈ V(SN),

where |x| represents componentwise absolute value when applied to a vector x ∈ Rnx,

i.e.
∣∣∣[x]l

∣∣∣, ∀l ∈ {1, . . . , nx}.
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Remark 3. The DC-TMPC strategy requires (in line 7 of Algorithm 2) knowledge

of a feasible predicted trajectory at time n = 0, namely a sequence (x◦, u◦)

satisfying (x◦
k, u◦

k) ∈ X × U , k = 0, . . . , N − 1 and ∥x◦
N − xr∥2

Q̂
≤ γ̂. An iterative

approach to determining a feasible trajectory can be constructed by relaxing some

of the constraints of (5.16) and performing successive optimisations to minimise

constraint violations. For example, given a trajectory (x◦, u◦) of (5.1) that satisfies

(x◦
k, u◦

k) ∈ X × U , k = 0, . . . , N−1, but not the terminal constraint ∥x◦
N −xr∥2

Q̂
≤ γ̂,

a suitable iteration can be constructed by replacing γ̂ in (5.16) with an optimisation

variable γ and replacing the objective of (5.16) with γ. Repeatedly solving this

convex program and updating (x◦, u◦) using (5.10a-d) will generate a convergent

sequence of predicted trajectories with non-increasing values of ∥x◦
N − xr∥2

Q̂
, which

can be terminated when γ ≤ γ̂ is achieved.

5.5 Feasibility, convergence and stability

This section establishes some important properties of DC-TMPC. We first show

that (x◦, u◦) is a feasible predicted trajectory at every iteration of Algorithm 2 and

at all times n ≥ 0. This ensures firstly that problem (5.16) in line 18 is recursively

feasible, and second that the while loop (lines 12-22) can be terminated after any

number of iterations without compromising the stability of the MPC law, i.e. the

approach allows early termination of the MPC optimisation.

Proposition 3 (Feasibility). Assuming initial feasibility at time n = 0 and iteration

j = 0, problem (5.16) in Algorithm 2 is feasible at all times n > 0 and all iterations

j > 0.

Proof. If (x◦, u◦) is a feasible trajectory, namely a trajectory of (5.1) satisfying

(x◦
k, u◦

k) ∈ X × U , k = 0, . . . , N − 1 and ∥x◦
N − xr∥2

Q̂
≤ γ̂, then problem (5.16) is

feasible since (c, S) = (0, {{0}, . . . , {0}}) trivially satisfies all constraints of (5.16).

Furthermore, line 7 of Algorithm 2 requires that (x◦, u◦) is a feasible trajectory

at n = 0, and thus ensures that (5.16) in line 18 is feasible for n = 0, j = 0.
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Algorithm 2: DC-TMPC algorithm.
1 Initialisation
2 Compute K̂, Q̂, γ̂ satisfying (5.5), (5.6) and (5.7)
3 end
4 Online at times n = 0, 1, . . .
5 Set x◦

0 ← x[n]
6 if n = 0 then
7 Find (x◦, u◦) such that x◦

k+1 = f(x◦
k, u◦

k), (x◦
k, u◦

k) ∈ X × U for
k = 0, . . . , N − 1, and ∥x◦

N − xr∥2
Q̂
≤ γ̂

8 else
9 Compute (x◦, u◦) using (5.12a-d)

10 end
11 Set ∥c∥ ← ∞, j ← 0
12 while ∥c∥ > tolerance & j < maxIters do
13 for k ← N − 1 to 0 do
14 Ai,k← ∂fi

∂x
(x◦

k,u◦
k), Bi,k← ∂fi

∂u
(x◦

k,u◦
k), i = 1, 2

15 Compute Kk in (5.8) with Ak = A1,k − A2,k, Bk = B1,k −B2,k

16 Set Φi,k ← Ai,k + Bi,kKk

17 end
18 Solve (5.16) to find the optimal c and S
19 Update (x◦, u◦) using (5.10a-d)
20 Update the objective: J j,n ← J(c, S, x◦, u◦)
21 Update the iteration counter: j ← j + 1
22 end
23 Update the control input: u[n]← u◦

0
24 end

Therefore (x◦, u◦) computed in lines 9 and 19 of Algorithm 2 are necessarily feasible

trajectories for all n ≥ 0 and j ≥ 0.

We next show that, at a given time step n, the optimal values of the objective

function for problem (5.16) computed at successive iterations of Algorithm 2

are non-increasing.

Lemma 4. The cost J j,n in line 20 of Algorithm 2 satisfies J j+1,n ≤ J j,n for all

j ≥ 0.

Proof. This is a consequence of the recursive feasibility of problem (5.16) in line

18 of Algorithm 2 as demonstrated by Proposition 3. Specifically, J(c, S, x◦, u◦) is

the maximum of a quadratic cost evaluated over the predicted tube, so the feasible
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suboptimal solution (c, S) = (0, {{0}, . . . , {0}}) at iteration j + 1 must give a cost

no greater than J j,n. Therefore the optimal value at j +1 satisfies J j+1,n ≤ J j,n.

Lemma 4 implies that J j,n converges to a limit as j →∞, and this is the basis

of the following result, which implies convergence of the linearisation error to zero.

Proposition 5 (Convergence). The solution of (5.16) in Algorithm 2 at successive

iterations at a given time step n satisfies (c, S)→ (0, {{0}, . . . , {0}}) as j →∞.

Proof. From J j,n ≥ 0 and J j+1,n ≤ J j,n for all j, it follows that J j,n converges

to a limit as j → ∞. Since Q ≻ 0 and R ≻ 0, this implies that c → 0 and

sk, k = 0, . . . , N − 1, in the update (5.10a-d) in line 19 must also converge to

zero. Furthermore, since (c, S) minimizes the worst-case cost evaluated for the

predicted tube, the optimal solutions of (5.16) must satisfy S → {{0}, . . . , {0}} as

j →∞.

We finally show that under the DC-TMPC law, x = xr is asymptotically stable.

Theorem 6 (Asymptotic stability). For the system (5.1) controlled by DC-TMPC,

x = xr is an asymptotically stable equilibrium with region of attraction equal to the

set of initial states x[0] for which a feasible initial trajectory (x◦, u◦) exists in line

7 of Algorithm 2.

Proof. Let (x◦, u◦) be the trajectory computed in line 9 of Algorithm 2 at n + 1, for

any initial state such that line 7 is feasible. Then, setting (c, S) = (0, {{0}, . . . , {0}}),

and using S0 = {0} and the property (5.5) of Q̂, we obtain

J(c, S, x◦, u◦) ≤ J jn,n − ∥x[n]− xr∥2
Q − ∥u[n]− ur∥2

R,

where jn is the final iteration count of Algorithm 2 at time n. The optimal solutions

of (5.16) at time n + 1 therefore give

J jn+1,n+1 ≤ J0,n+1 ≤ J jn,n − ∥x[n]− xr∥2
Q − ∥u[n]− ur∥2

R.

Furthermore J j,n is a positive definite function of x[n] − xr since Q ≻ 0, R ≻ 0,

and Lyapunov’s direct method therefore implies that x = xr is asymptotically

stable.
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5.6 Case study

This section presents a simple case study to illustrate the use of the DC-TMPC

algorithm and demonstrate empirically its properties. The case study is based on

the problem of fluid regulation for the coupled tank system, which not only is a

famous benchmark in control theory, but also has the property of being already

in the required DC form. Application of the DC-TMPC algorithm to the urban

air mobility scenario this thesis is concerned with is deferred to the next chapter

as it is a more complex problem requiring a DC decomposition of the dynamics

and inclusion of external (wind) disturbance.

Consider the following nonlinear coupled tank model

x1[n + 1] = x1[n]− δ
A1

A

√
2gx1[n] + δ

kp

A
u[n],

x2[n + 1] = x2[n]− δ
A2

A

√
2gx2[n] + δ

A1

A

√
2gx1[n],

where x1, x2, are the depths of liquid in a pair of connected tanks, A is the tank

cross-section area, A1, A2 are the outflow orifices areas, g is acceleration due to

gravity, and kp is the pump gain. The problem at hand is to stabilise the system

around a reference state xr
k = [(A2/A1)2hr hr]⊤. The model can be written as

a difference of convex functions

f =
 x1[n]− δ A1

A

√
2gx1[n] + δ kp

A
u[n]

x2[n]− δ A2
A

√
2gx2[n] + δ A1

A

√
2gx1[n]

 ,

=
x1[n]−δ A1

A

√
2gx1[n]+δ kp

A
u[n]

x2[n]−δ A2
A

√
2gx2[n]


︸ ︷︷ ︸

f1

−
[ 0
−δ A1

A

√
2gx1[n]

]
︸ ︷︷ ︸

f2

Let (x◦
k, u◦

k) be an N -step-ahead predicted trajectory evaluated at time n. Since

the model depends linearly on the control input, the perturbations sk = xk−x◦
k and

vk = uk − u◦
k under the predicted control law (5.2) are governed by the dynamics

sk+1 = (Φ1,k − Φ2,k)sk + (B1,k −B2,k)ck + g1,k(sk)− g2,k(sk)

where Φ1,k = A1,k + B1,kKk, Φ2,k = A2,k + B2,kKk and

A1,k =

1− δA1g

A
√

2gx◦
1,k

0
0 1− δA2g

A
√

2gx◦
2,k

 ,
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A2,k =
 0 0
− δA1g

A
√

2gx◦
1,k

0

 , B1,k =
[

δkp

A

0

]
, B2,k =

[
0
0

]
.

The feedback gains Kk were computed using the dynamic programming recur-

sion (5.8) with Ak = A1,k − A2,k and Bk = B1,k − B2,k and state and input

weights Q, R. The terminal parameters K̂, Q̂ and γ̂ were obtained by solving

the optimisation problem given in Appendix B with square terminal set bounds

X̄ = {x : |x − xr| ≤ δx}, Ū = {u : |u − ur| ≤ δu}. Denoting the bounds defining

tube cross-sections Sk as sk = [sk,1 sk,2]⊤, sk = [sk,1 sk,2]⊤, the vertices of Sk are

V(Sk) =
{[

sk,1
sk,2

]
,

[
sk,1
sk,2

]
,

[
sk,1
sk,2

]
,

[
sk,1
sk,2

]}
,

and the state and input constraint sets have the form

X = {x : x[1 1]⊤ ≤ x ≤ x[1 1]⊤}, U = {u : u ≤ u ≤ u}. Table 5.1 gives the

model parameters.

To apply DC-TMPC to the coupled tank problem, Algorithm 2 was initialised by

setting u◦ to a constant voltage ur = 7.3 V , resulting in a feasible initial trajectory

(x◦, u◦) for a horizon N = 50 and sampling interval δ = 1.4 s. Problem (5.16) was

solved4 using the convex optimisation package CVX [123] with solver Mosek [132].

The average computation time required (using a 2.9 GHz dual-core Intel Core i7

processor) at each sampling instant to implement Algorithm 2 was 0.89 s.

Figure 5.1 shows that the system successfully tracks the reference levels and

the fluid level in tank 2 is stabilised around a height of 15 cm as required. Note

that the overshoot for tank 1 is large, allowing the tanks to fill faster.

The influence of the input penalty R on the response is shown in Figure 5.2.

For a large R, the response is slow with an energy efficient control law. By contrast,

small values of R yield a more aggressive control with faster responses. Interestingly,

the response for R = 0.02 makes the state and input inequality constraints active,

which demonstrates the capabilities of the algorithm to generate a control command

that does not violate constraints.
4The code in Python is available at: https://github.com/martindoff/DC-TMPC

https://github.com/martindoff/DC-TMPC
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Convergence of the algorithm is demonstrated empirically in Figure 5.3 which

shows the evolution of the first-iteration optimal objective J0,n as a function of the

time step n. As expected, the objective decreases at each step.

The phase portrait in Figure 5.4 illustrates convergence of state trajectories and

subsequent tightening of the state perturbation bounds for iterations j = 1, . . . , 5

at time step n = 0. The sets Sk forming the cross sections of the tube are shown

by black boxes. The sets become progressively tighter as the trajectory converges

towards the optimum. The terminal set is represented by a red box, and we observe

that all trajectories terminate within this set.

Table 5.1: Coupled Tank Parameters [134].

Parameter Symbol Value Units
Gravity acceleration g 981 cm s−2

Pump gain kp 3.3 cm3s−1V−1

Tank inside area A 15.2 cm2

Outflow orifice areas A1, A2 0.13, 0.14 cm2

Initial height x1(0), x2(0) 0.2, 0.1 cm
Target height hr 15 cm
Target voltage ur 7.3 V
Input range [u, u] [0, 24] V
State range [x, x] [0.1, 30] cm
Terminal set size δx, δu [1.5 1.5]⊤, 1.5 cm, V

Terminal cost Q̂

[
2.1 1.2
1.2 5.9

]
cm−2

Terminal gain K̂
[
−0.8 −0.6

]
Vcm−1

Terminal bound γ̂ 4 −

State penalty Q

[
0 0
0 1

]
cm−2

Input penalty R 0.2 V−2

Horizon N 50 −
Time step δ 1.4 s
Max # of iterations maxIters 5 −

We now compare the convergence properties of DC-TMPC with the successive

linearisation TMPC algorithm in [83] (MPC-2011). As described in Section 5.3,

linearisation errors around predicted trajectories are treated as disturbances in

MPC-2011. The approach uses state- and control-dependent bounds on these errors,

but these are determined assuming a fixed operating region. Hence the approach
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Figure 5.1: State and input trajectories.
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Figure 5.2: Influence of input penalty R on the closed-loop response.

is more conservative than DC-TMPC, which exploits the convex nature of the

linearisation errors to find tighter bounds on the state perturbations. As a result,

it is expected that DC-TMPC demonstrates faster convergence and a larger set

of feasible initial conditions than MPC-2011. To demonstrate this, we apply the

MPC-2011 algorithm to the coupled tanks model with the same parameters. For a

given terminal set, the range of open loop input voltage allowable for initialising
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Figure 5.3: Evolution of the objective value at first iteration, J1,n.
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Figure 5.4: Phase portrait at time step n = 0 with successive predicted state trajectories,
associated bounds (black boxes) and terminal set (red box).

the algorithm with a feasible problem was found to be [6.1, 9.3] V for DC-TMPC,

while it was limited between [7.2, 7.8] V for MPC-2011, showing a smaller feasible

initial conditions set. This demonstrates the relative conservativeness of the state

perturbation bounds in MPC-2011 over DC-TMPC, as expected. Finally, the faster

convergence of DC-TMPC is shown in Figure 5.5, which compares the evolution

of the objective value for both algorithms at the first time step, J j,0, j = 1, . . . , 5.
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This demonstrate the superiority of DC-TMPC over the tube-based MPC-2011

algorithm with successive linearisations.
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Figure 5.5: Comparison of the objective value J j,0 for both algorithms.

5.7 Extensions

We now discuss extensions of the method to i) systems subject to additive uncer-

tainty; ii) systems whose dynamics are twice continuously differentiable.

5.7.1 Additive uncertainty

The DC-TMPC algorithm presented in this chapter can also be applied (with minor

adjustments) to systems subject to additive uncertainty

x[n + 1] = f1(x[n], u[n])− f2(x[n], u[n]) + w[n], w[n] ∈ W , (5.17)

where f1, f2 are convex, w is a bounded disturbance and W ⊂ Rnx is a known com-

pact set.

Since the system is perturbed by additive disturbances whose future magnitude is

uncertain, the trajectories of system (5.17) under a known control law are uncertain.

Therefore, the tube bounding predicted states cannot converge to a single trajectory
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as in the undisturbed case, and the predicted trajectories used to linearise the

dynamics should now be replaced by a tube.

Required adjustments to the undisturbed case were proposed in [135] for convex

systems. We now extend the theory to DC systems with the following modifications:

• Terminal weighting matrix computation. Equation (5.5) is relaxed

∀x ∈ X̂ by

∥x−xr∥2
Q̂
≥ ∥f(x, K̂(x−xr)+ur)−xr∥2

Q̂
+∥x−xr∥2

Q+∥K̂(x−xr)∥2
R−β, (5.18)

where Q̂ ≻ 0 is computed for some β ≥ 0. Various methods exist to compute

such Q̂, see e.g. [69].

• Predicted trajectory. To guarantee recursive feasibility at each iteration

of the scheme, the feasible predicted trajectory now needs to be computed

as part of a feasible tube X◦ = {X◦
k}N

k=0 to enforce constraint satisfaction

under all realisations of the additive uncertainty. The feasible tube can be

parameterised by means of elementwise bounds as follows

X◦
k = {x |x◦

k ≤ x ≤ x◦
k}, ∀k ∈ {0, . . . , N},

and, initialising with x0 = x0 = x[n], the components of the tube bounds

x◦
k, x◦

k can be obtained5 ∀k ∈ {0, . . . , N − 1}

x◦
k+1 = min

x∈X◦
k

{f1(x, Kkx + c◦
k)− f2(x, Kkx + c◦

k)}+ w, (5.19)

x◦
k+1 = max

x∈X◦
k

{f1(x, Kkx + c◦
k)− f2(x, Kkx + c◦

k}+ w, (5.20)

where w = minw∈W w, w = maxw∈W w, and c◦
k is defined as the nominal

feedforward control such that u◦ = Kkx◦
k + c◦

k. Note that the optimisation

operations in the inequalities above are intended componentwise. To make

these operations computationally tractable6, we have to linearise f1 in (5.19)
5Note that Kk could be computed solving a LQR problem or a DP recursion for the system

linearised around a nominal trajectory derived, e.g. by updating the dynamics with the control
sequence computed at the previous iteration assuming no disturbance.

6We can then easily maximise a convex function and minimise a concave function over a
polytopic set by performing a discrete search over the vertices as explained in Section 5.4.
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Figure 5.6: First order approximators of a convex function f on a set. (a) The "best"
linear underestimator ⌊f⌋∗ of f is obtained when linearising the function at its minimiser
(orange curve). It is best in the sense that it bounds f tightly and yields the highest
lower bound on the set: f∗ > f where f is the lower bound given by any other first
order underestimator ⌊f⌋ of f over the set (green curve). (b) This is true even when the
minimum does not exist on the set and the best approximator is instead constructed at
the infinimum.

and f2 in (5.20). We want to linearise the system so that we obtain the

"best" first order approximators7 ⌊f1⌋, ⌊f2⌋ in the sense of underestimating

the convex functions f1, f2 as tightly as possible. More rigorously, we want

the approximator that yields the highest lower bound for the function. Such

an approximator can be constructed by finding a minimiser for the function

over the set, see Figure 5.6 for a 1D example illustrating the concept.

The linearisation points can thus be found by solving the following minimisa-

tion problems (componentwise minimisation)

x◦,1
k = arg min

x∈X◦
k

f1(x, Kkx + c◦
k), (5.21)

x◦,2
k = arg min

x∈X◦
k

f2(x, Kkx + c◦
k), (5.22)

where x◦,1
k = {x◦,1

k,1, . . . x◦,1
k,nx
} is the set of linearisation states obtained

after nx componentwise minimisations of f1, x◦,2
k = {x◦,2

k,1, . . . x◦,2
k,nx
}

is the set of linearisation states obtained after nx componentwise
7As a reminder, ⌊f⌋ = f(x◦) +∇f⊤(x◦)(x− x◦) is the first order approximator (or Jacobian

linear approximation) of a function f around linearisation point x◦.
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minimisations of f2. This in turns generates two sets of

nx linearisation inputs u◦,1
k = {Kkx◦,1

k,1 + c◦
k, . . . Kkx◦,1

k,nx
+ c◦

k} and

u◦,2
k = {Kkx◦,2

k,1 + c◦
k, . . . Kkx◦,2

k,nx
+ c◦

k}.

We can now reexpress the tube bounds as a set of computationally tractable

optimisation problems as follows

x◦
k+1 = f1(x◦,1

k , u◦,1
k ) + min

x̂∈V(X◦
k

)
{−f2(x̂, Kkx̂ + c◦

k)}+ w, (5.23)

x◦
k+1 = max

x̂∈V(X◦
k

)
{f1(x̂, Kkx̂ + c◦

k)} − f2(x◦,2
k , u◦,2

k ) + w, (5.24)

where fi(x◦,i
k , u◦,i

k ) was used as an abuse of notation for [fi(x◦,i
k,l, u◦,i

k,l)]l,

∀l ∈ {1, . . . , nx}, ∀i = 1, 2 and where V(X◦
k) = {x◦

k, x◦
k}, ∀k ∈ {0, . . . , N − 1}.

Finally, we use the linearisation points to update the linearised models as

follows, ∀i = 1, 2, ∀k = 0, . . . , N − 1,

Ai,k = ∂fi

∂x
(x◦,i

k , u◦,i
k ), (5.25)

Bi,k = ∂fi

∂u
(x◦,i

k , u◦,i
k ), (5.26)

Φi,k = Ai,k + Bi,kKk, (5.27)

f ◦
i,k = fi(x◦,i

k , u◦,i
k ). (5.28)

We summarise the method to compute these in Algorithm 3.

Remark 4. The geometrical method we propose to solve problems (5.19) and

(5.20) can be interpreted in terms of decompositions of the original nonconvex

problems into successive simpler optimisation problems. For example, to solve

the problem

max
x∈P
{f1(x)− f2(x)},

where f1, f2 are convex and P is a polytope, we can first solve the convex

problem

x◦ = arg min
x∈P

f2(x),

then use the solution of the latter to reduce the former problem into

max
x̂∈V(P)

{f1(x̂)− f2(x◦)},
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which is just a pointwise maximum operation over the discrete set of vertices

V(P).

Remark 5. It is important to stress that Algorithm 3 generates multiple

linearisation points, one for every component of fi, ∀i = 1, 2, so 2nx points.

Algorithm 3: Feasible tube generation for linearisation in the presence of
additive disturbances.
1 Input: current state x[n] and nominal feedforward sequence c◦

2 Initialisation: Set x◦
0 = x◦

0 = x[n] so that X◦
0 ← {x[n]}

3 for k ← 0 to N − 1 do
4 for l← 1 to nx do
5 for i← 1 to 2 do
6 Solve for the linearisation points:
7 x◦,i

k,l ← arg minx∈X◦
k
[fi(x, Kkx + c◦

k)]l
8 u◦,i

k,l ← Kkx◦,i
k,l + c◦

k

9 Compute the system linearisation about each point:
10 [Ai,k]l ← ∂fi

∂x
(x◦,i

k,l, u◦,i
k,l), [Bi,k]l ← ∂fi

∂u
(x◦,i

k,l, u◦,i
k,l),

11 [Φi,k]l ← [Ai,k]l + [Bi,k]lKk, [f ◦
i,k]l ← [fi(x◦,i

k,l, u◦,i
k,l)]l

12 end
13 Compute the tube bounds:
14 [x◦

k+1]l ← [f1(x◦,i
k,l, u◦,i

k,l)]l + minx̂∈V(X◦
k

){−[f2(x̂, Kkx̂ + c◦
k)]l}+ [w]l

15 [x◦
k+1]l ← maxx̂∈V(X◦

k
){[f1(x̂, Kkx̂ + c◦

k)]l} − [f2(x◦,i
k,l, u◦,i

k,l)]l + [w]l
16 end
17 Update the feasible tube:
18 X◦

k ← {x |x◦
k ≤ x ≤ x◦

k}
19 Gather results:
20 x◦,i

k ← {x
◦,i
k,1, . . . x◦,i

k,nx
},

21 u◦,i
k ← {u

◦,i
k,1, . . . u◦,i

k,nx
}.

22 end

• Optimisation. Optimisation problem (5.16) should be modified to account

for the external disturbance and the new linearisation scheme in Algorithm 3.

Defining the state tube8 X = {Xk}N
k=0 by means of elementwise bounds as

follows Xk = {x |xk ≤ x ≤ xk}, V(Xk) = {xk, xk}, ∀k ∈ {0, . . . , N} and

8Not to be confused with the feasible tube used to generate the linearisation points in
Algorithm 3.
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initialising this sequence by the (measured) state x[n] at time n, we can

formulate the following problem

min
c,X,θ,χ

||θN ||2Q̂ +
N−1∑
k=0

[
||θk||2Q + ||χk||2R

]
subject to, ∀k ∈ {0, . . . , N − 1}, ∀x̂k ∈ V(Xk):

xk+1 ≤ f ◦
1,k + Φ1,k(x̂k − x◦,1

k ) + B1,kck − f2(x̂k,c◦
k + ck + Kkx̂k) + w

xk+1 ≥ f1(x̂k,c◦
k + ck + Kkx̂k)− (f ◦

2,k + Φ2,k(x̂k − x◦,2
k ) + B2,kck) + w

x̂k ⊆ X ,

c◦
k + ck + Kkx̂k ⊆ U

θk ≥ |x̂k − xr|

χk ≥ |c◦
k + ck + Kkx̂k − ur|

θN ≥ |x̂N − xr|

∥x̂N − xr∥2
Q̂
≤ γ̂, ∀x̂N ∈ V(XN)

x0 = x0 = x[n].
(5.29)

where by abuse of notation, we use ϕi,k = Φi,kx◦,i
k instead of [ϕi,k]l = [Φi,k]lx◦,i

k,l,

∀l ∈ {1, . . . , nx}, ∀i = 1, 2, and |xk| instead of
∣∣∣[xk]l

∣∣∣, ∀xk ∈ Rnx ,

∀l ∈ {1, . . . , nx}.

• Update. Initialising the algorithm with c← {ur − K̂xr, . . . , ur − K̂xr}, the

solution of (5.29) for c is used at each iteration k to update c◦ by setting

c◦
k ← c◦

k + ck,

for k = 0, . . . N−1. At each time step n, the following controller is implemented

u[n] = K0x[n] + c◦
0,

and we update c◦ with the tail sequence

c◦ ← {c◦
1, . . . , c◦

N−1, ur − K̂xr}.

We summarise all steps in Algorithm 4. An extension of the theorems in Section

5.5 to that new algorithm is presented below.
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Algorithm 4: DC-TMPC algorithm with additive disturbances.
1 Initialisation
2 Compute K̂, Q̂, γ̂ satisfying (5.18), (5.6) and (5.7)
3 Compute initial nominal feedforward c◦ such that Algorithm 3 generates
4 a feasible tube X◦.
5 end
6 Online at times n = 0, 1, . . .
7 Obtain x[n] and set ∥c∥ ← ∞, j ← 0
8 while ∥c∥ > tolerance & j < maxIters do
9 Compute Kk, ∀k = 0, . . . , N − 1, using (5.8) for the undisturbed

10 linear system.
11 Compute x◦,i, u◦,i, Ai,k, Bi,k, Φi,k, f ◦

i,k, ∀i = 1, 2, ∀k = 0, . . . , N − 1,
12 using Algorithm 3.
13 Solve (5.29) to find the optimal c and X
14 Update c◦ ← c◦ + c,
15 Update the iteration counter: j ← j + 1
16 end
17 Update the control input: u[n]← K0x[n] + c◦

0

18 Update c◦ ← {c◦
1, . . . , c◦

N−1, ur − K̂xr}
19 end

Proposition 7 (Recursive feasibility with additive disturbance). Assuming initial

feasibility at time n = 0 and iteration j = 0, problem (5.29) in Algorithm 4 is

feasible at all times n > 0 and all iterations j > 0.

Proof. See [135] for a proof.

Theorem 8 (Stability with additive disturbance). The control law of Algorithm 4

ensures that the system 5.17 satisfies the state and input constraints and the following

quadratic stability condition on the average stage cost:

lim
t→∞

1
t

t−1∑
n=0
||x[n]− xr||2Q + ||u[n]− ur||2R ≤ β,

where β satisfies equation (5.18).

Proof. From 5.18 the cost satisfies

J jn+1,n+1 ≤ J jn,n − ∥x[n]− xr∥2
Q − ∥u[n]− ur∥2

R + β,
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where J jn,n is the cost at final iteration for time step n. This yields after summation,

and by the telescopic sum

1
t
(J jt−1,t−1 − J j0,0) + 1

t

t−1∑
n=0

(∥x[n]− xr∥2
Q + ∥u[n]− ur∥2

R) ≤ β.

Finally taking the limit as t→∞ yields

lim
t→∞

1
t

t−1∑
n=0

(∥x[n]− xr∥2
Q + ∥u[n]− ur∥2

R) ≤ β,

which guarantees a finite bound on the averaged stage cost.

It follows from Theorem 8 that the objective of the MPC optimisation is finite

because the cost function has a finite number of stages and each stage cost is finite.

5.7.2 Twice-continuously-differentiable dynamical systems

The DC-TMPC algorithm can be further generalised to systems whose dynamics

are twice continuously differentiable

x[n + 1] = f(x[n], u[n]), f ∈ C2.

This is due to a result known since Hartman [127]: any twice-continuously-

differentiable function can be expressed in DC form.

To the best of our knowledge, there is no systematic way to obtain an exact

DC representation. However, we describe below several methods to obtain an

approximate DC representation.

Theorems of Section 5.5 apply as long as the nonlinear dynamics can be

approximated arbitrarily closely by the approximation model. Approximation errors

can be estimated and treated as bounded additive disturbances9 as in Section 5.7.1.
9This supposes that a bound on the approximation error can be computed. This can either

be estimated empirically by offline evaluation of the maximum error between the function and
approximation model. Alternatively, an upper bound can be computed using theoretical results.
For example, in the case of approximations by means of shallow neural networks, a bound can be
computed that depends on the number of nodes, function input dimension and number of training
samples, see [136]. Once a worst case bound has been computed, it can be treated as an external
disturbance in the TMPC framework.
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Polynomial approximation

As discussed already in Chapter 4, a DC decomposition can be obtained using

polynomial approximation. We have presented a technique that applies to functions

of one variable. We present here a more general method that applies to a multivariate

scalar function to compute the DC decomposition f = g − h, where g, h are

convex. This method applies to a large class of systems since: a) any continuous

function can be approximated arbitrarily closely by a polynomial (Stone-Weierstrass

theorem) and; b) any polynomial can be computed as a difference of convex

polynomials of same degree [131].

1) Fit polynomial to data. Assume that the nonlinear model10 f can be

approximated arbitrarily closely by a polynomial of degree 2d in Gram

form such that f ≈ y(x)⊤Fy(x), where F = F ⊤ is the Gram matrix and

y = [1, x1, x2, . . . , xn, x1x2, . . . , xd
n]⊤ is a vector of monomials of degree up to

d (y has size C
|x|
d+|x|). Generate Ns samples fs = f(xs), ∀s ∈ [1, ..., Ns] of the

nonlinear model and solve the following least squares problem:

LS : min
F

Ns∑
s=0
∥fs − y(xs)⊤Fy(xs)∥2

2, s.t. F = F ⊤.

2) Compute the Hessians of the decomposition. Let g(x) ≈ y(x)⊤Gy(x)

and h(x) ≈ y(x)⊤Hy(x) be convex polynomials such that their Hessians

d2g(x)/dx2 = y(x)⊤Hgy(x) and d2h(x)/dx2 = y(x)⊤Hhy(x) are positive

semidefinite (PSD). Finding G, H such that F = G − H and h(x), g(x)

are convex reduces to solving the following semidefinite program (SDP)

SDP : max
G,σ

σ s.t. Hg(G) ⪰ σI, Hh(G− F ) ⪰ σI,

with ∀i, j

[Hg]ij = D⊤
j,iG + GDi,j + D⊤

i GDj + D⊤
j GDi,

[Hh]ij = D⊤
j,i(G− F ) + (G− F )Di,j + D⊤

i (G− F )Dj + D⊤
j (G− F )Di,

where I is the identity matrix of compatible dimensions, Di is a matrix of

coefficients such that dy/dxi = Diy and Di,j = DiDj.
10Note that it does not need to be a mathematical function but can be defined from data.
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Input-convex neural networks

A neural network architecture with convex input-output map was introduced in

[137]. The so called input-convex neural network (ICNN) is obtained by constraining

the kernel weights of the network to be nonnegative at training stage and using

convex activation functions. A fully connected L-layer feedforward ICNN with

parameters θ = {Θ1:L−1, Φ0:L−1, b0:L−1} and input-output map given by zL = f(x; θ)

can be defined by the following update equation ∀l ∈ {0, . . . , L− 1} (cf. Figure 5.7)

zl+1 = σ(Θlzl + Φlx + bl),

where zl is the layer activation (with z0, Θ0 = 0), Θl are positively constrained

kernel weights ({Θl}ij ≥ 0, ∀i, j, ∀l ∈ {1, . . . , L− 1}), Φl are input weights, bl are

bias weights, and σ(·) is a convex activation function (e.g. the ReLU function).

Each layer of an ICNN thus consists in the composition of a convex function

with a nondecreasing convex function, which results in a convex map f between

the input of the network and the output (see Appendix A, Remark 11 or [138]).

When the input and output are taken as x = (xk, uk) and zL = xk+1, the network

can be used to learn the dynamic function of a system. Note that in order to allow

sufficient representation power, the input is fed-back to each layer.

Recently, a neural network model with DC structure was proposed in [139],

and consists in two parallel ICNN whose outputs are subtracted. They also

note that a similar DC structure can be achieved with the same architecture

as presented in Figure 5.7 where the kernel weights ΘL−1 connecting the two

last layers are unconstrained. Such a network (which we refer to as DCNN in

the sequel) can be trained on data collected from "smooth" dynamical systems

to learn the dynamics in DC form.

To illustrate the concept with a 1D example, we consider the problem of learning

the sine function as a difference of convex functions. A DCNN with 3 hidden layers,

64 units and ReLU activation was trained on 100,000 input-output samples generated

randomly from the function f = sin (x) using the open-source neural-network library

Keras with the RMSprop optimiser, mean squared error (MSE) loss, batch size of
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64, 10 epochs [140]. A test accuracy of 0.02 was recorded using a mean absolute

error (MAE) metrics on 100 test samples. Figure 5.8 shows the decomposition

obtained when the network learns the sine function. The prediction by the network

(plain red) matches with the actual function (dashed blue) and is obtained as the

difference of two convex functions learned by the network (plain blue and green).

To demonstrate its capabilities, the DCNN architecture was leveraged in the

present case study of the coupled tank model. The network has 1 hidden layer,

64 units and ReLU activation and was trained on 100,000 input-output samples

generated randomly from the tank model with the RMSprop optimiser, MSE loss,

batch size of 64, 10 epochs. The evolution of the training loss and validation

loss (obtained using a validation split in the training data of 20%) as a function

of training epochs are recorded in Figure 5.9 to ensure that the model does not

overfit the training data. An accuracy of 0.036 was obtained on 100 test samples

with a MAE metrics. The results of the approximation of the dynamics function

of the coupled tank by a DCNN are presented in Figure 5.10 for a given input

voltage of 12 V. The nonconvex surfaces defining the dynamics update for a

given voltage (blue) are approximated by the DCNN as a difference of two convex

surfaces (green and orange dots).

A major advantage of techniques based on neural networks is that they can be

leveraged very efficiently in the context of tube-based MPC with the DC-TMPC

algorithm. Indeed, they allow one to express the tube constraint in terms of affine

transformations Aθl,x(z) = Θlz+Φlx+bl, ∀l ∈ {1, . . . , L−1} and AΦ0(x) = Φ0x+b0,

and pointwise maximum operations σ(x) = max{x, 0} (with ReLU activation) which

are potentially more efficient than polynomial constraints:

f(x; θ) = (σ ◦ AθL−1,x ◦ . . . ◦ σ ◦ Aθ1,x ◦ σ ◦ AΦ0)(x),

Moreover, the backpropagation algorithm is insightful in determining the first

order derivative of the network in terms of the chain rule for the successive

linearisation steps in the DC-TMPC paradigm:

df

dx
(x; θ) = (H ◦ΘL−1 ◦ . . . ◦H ◦Θ1 ◦H ◦ Φ0)(x),
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Figure 5.7: ICNN architecture zL = f(x; θ) where the kernel weights Θl are nonnegative
∀l ≥ 1 and activation functions are convex.
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Figure 5.9: Evolution of the training and validation losses over the training process to
learn the coupled tank model with a DCNN.

x1
0.0 2.5 5.0 7.5 10.012.515.0

x2

0.02.55.07.510.012.515.0

̇x1

0.5
1.0
1.5
2.0
2.5
3.0
3.5

u = 12 V
tank model (ref)
DCNN: f= g− h
g
h

x1

0.02.55.07.510.012.515.0
x2

0.02.55.07.510.012.515.0

̇x2

−1
0
1
2
3
4

tank model (ref)
DCNN: f= g− h
g
h

Figure 5.10: Approximation of the tank model as a difference of convex functions by a
DCNN.
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where H(·) is the Heaviside step function.

Future work will investigate the use of neural networks in that context and will

compare them with other DC decomposition techniques.

Recurrent neural network approximation

Similarly to feedforward neural networks, it is possible to construct recurrent neural

networks (RNN) with a special DC structure [139, 141]. This time they are used to

approximate the entire time series or trajectory x = {xk}N
k=1 where N is the horizon

for a given input sequence u = {uk}N
k=1 and initial condition x0. A difference of

convex RNN (DCRNN) neural network defining a mapping x = f(u; x0, θ) can be

described by the following update equations ∀l ∈ {1, . . . , N}

zl = σ(Al−1zl−1 + Blul + bl), z0 = x0 (5.30)

xl = Clzl, (5.31)

where Al−1 are the positively constrained kernel weights ({Al}ij ≥ 0, ∀i, j,

∀l ∈ {0, . . . , N − 1}), Bl the input weights, Cl the output weights, bl the bias,

and σ(·) is a convex activation function (e.g. ReLU). Note that since the Cl are

unconstrained, the network defines a DC input-output map.

We have trained a DCRNN network implemented in Keras over a horizon

N = 50, 1 hidden layer, 8 units and ReLU activation on 50,000 input-output

training sequences generated by sampling the coupled tank model. We used the

RMSprop optimiser, MSE loss and trained by batch of 64 over 20 epochs. A MAE

testing accuracy of 2.45 is recorded, and a typical trajectory prediction for a random

initial condition and random input sequence is shown in Figure 5.11. We note that

the fit could be potentially improved by varying the hyperparameters of the network

(e.g. by reducing the horizon N , adding extra hidden layers) and generating more

training data. The latter might be impractical depending on the application. Also

the predictions are much accurate for x1 than x2 (probably because the error to

estimate the height in the tank upstream propagates to the tank downstream), so

two different networks could be used with different sets of hyperparameters (hidden

units, hidden layers, activation) tailored specifically for each state.



5. Difference of convex functions in robust tube MPC 122

0 20 40
Step [-]

15

20

25

30

35

40

45

50

x 1

nonlinear model (ref)
DCRNN f= g− h

0 20 40
Step [-]

5

10

15

20

25

30

35

40

x 2

nonlinear m del (ref)
DCRNN f= g− h

x0= [10.7, 6.2] (cm)

Figure 5.11: Prediction of the coupled tank trajectories by a DCRNN for given random
initial condition and input sequence.

Radial basis functions approximation

A radial basis function (RBF) is a function φ whose value depends only on the

distance between its input x and some fixed point c (or centre) , i.e φ(r) = φ(||x− c||)

where r = ||x − c||.

A powerful approach in machine learning is to approximate functions using

weighted sums of RBF as follows

f =
m∑

j=0
αjφ(||x− cj||ρj

),

where αj ∈ R are coefficients, ρj ∈ Sn
+ are scaling matrices, cj ∈ Rn are centres

and φ is RBF.

If the RBF is a convex function, then f = g − h is DC where

g =
m∑

j=0
max{αj, 0}φ(||x− cj||ρj

), h = −
m∑

j=0
min{αj, 0}φ(||x− cj||ρj

).
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The following theorem gives sufficient conditions for a RBF to be convex.

Theorem 9 (Convex RBF). A RBF φ(r(x)) where r(x) = ||x− c|| is convex with

respect to x if φ′(r) ≥ 0 and φ′′(r) ≥ 0.

Proof. By the second order convexity condition (Appendix A, Theorem 11), the

RBF φ is convex iff the Hessian is PSD, i.e. ∇2φ(x) ⪰ 0, ∀x ∈ Rn.

By the chain rule, the gradient is given by

∇φ = φ′(r)∇r,

and the Hessian is

∇2φ = φ′′(r)∇r(∇r)⊤ + φ′(r)∇2r.

The Hessian is PSD iff, ∀z ∈ Rn

z⊤∇2φz ≥ 0⇔ φ′′(r)z⊤∇r(∇r)⊤z + φ′(r)z⊤∇2rz ≥ 0,

⇔ φ′′(r)||(∇r)⊤z||22 + φ′(r)z⊤∇2rz ≥ 0,
(5.32)

By convexity of the norm (Appendix A, Remark 10), z⊤∇2rz ≥ 0, and since

||(∇r)⊤z||22 ≥ 0, the Hessian is PSD if φ′′(r) ≥ 0 , φ′(r) ≥ 0 .

Remark 6. An example of a convex RBF is the multiquadric function

φ(r) =
√

1 + (εr)2,

where ε is a parameter.

Remark 7. There are several approaches to learning the parameters cj, ρj, αj,

∀j = 1, . . . , m. Given cj and ρj, the weights αj can be obtained simply by solving

a least squares problem. If all parameters are to be optimised together, algorithms

similar to training of neural networks can be used [142].
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5.8 Conclusions

This chapter introduces DC-TMPC, a new method for robust nonlinear MPC applied

to systems representable as a difference of convex functions. The method relies

on successively approximating the system dynamics around predicted trajectories

and exploits convexity in the linearisation errors to construct robust and non-

conservative tubes containing the perturbed trajectories. Convergence, recursive

feasibility and asymptotic stability of the proposed algorithm are demonstrated.

The algorithm is applied to regulation of fluid levels in a coupled tank system.

Finally we have discussed extension of the method to i) systems subject to additive

disturbance; ii) a broader class of dynamical systems whose dynamics present

sufficient smoothness properties (namely C2 differentiability).

One major drawback of the method is the exponential explosion of the number

of constraints with the number of states. In practice, this is mitigated by the small

number of states of many practical systems (for example in the last chapter, only

two states were needed to define the uncertainty sets for the trajectory optimisation

problem of a VTOL aircraft). We note also that this number can be reduced using

prior knowledge of the coefficients of the terms which appear linearly in the states in

the inequalities. Further reductions are possible with a parameterisation of the tube

in terms of low complexity polytopes (e.g. simplex uncertainty sets in which the

number of vertices scales linearly with the number of states), but such an approach

would be more conservative. Moreover, since the algorithm can be terminated after

any number of iterations (e.g. after a single solver iteration) without affecting

stability, feasibility or constraint satisfaction, the computation time can be further

reduced (but this comes at the expense of accuracy).

Future work could include demonstrating that the method converges to a point

satisfying first order optimality conditions, using other tube parameterisations

in order to reduce the number of constraints (e.g. simplexes), and investigating

applications to problems such as robust trajectory generation for VTOL aircraft

with systematic methods of computing DC decompositions. The latter extension

is the object of the next chapter.
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6.1 Introduction

We revisit the urban air mobility (UAM) scenario introduced in Chapter 4 to

achieve robust control during the transition phase of tiltwing vertical take-off and

landing (VTOL) aircraft in the presence of wind disturbances, leveraging the tube-

based model predictive control (TMPC) paradigm developed in Chapter 5. In the

125
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latter, we introduced the DC-TMPC algorithm for systems whose dynamics can be

formulated as a difference of convex (DC) functions. The main idea is to successively

linearise the dynamics around predicted trajectories and treat linearisation errors

as bounded disturbances. Because the linearised functions are convex, so are their

linearisation errors, and since these errors are maximised at the boundary of the

domain on which they are evaluated, they can therefore be bounded tightly. The

trajectories of model states are thus bounded tightly by a sequence of sets (or tube)

defined by convex inequalities that form the basis of a multi-stage optimal and

robust controller. We showed that the DC-TMPC algorithm offers guarantees of

convergence, robust stability and recursive feasibility. Although very efficient, the

scope of applicability is initially limited to systems with DC dynamics. Moreover we

raised concerns about the scalability of the method due to the exponential increase

of constraints with the number of states. In this chapter, we want to address

these two drawbacks and show that: i) the applicability of the algorithm can be

considerably extended if DC decompositions techniques are used (see Chapter 5,

Section 5.7.2); ii) the algorithm can be applied to solve real control engineering

problems, namely the transition of a VTOL aircraft in the presence of wind gusts.

This chapter is organised as follows. We start by developing a mathematical

model of a tiltwing VTOL aircraft subject to wind disturbance in Section 6.2.

In Section 6.3, we formulate the MPC optimisation problem and leverage a DC

decomposition of the nonlinear dynamics to construct robust tubes for the state

trajectories. Section 6.4 discusses simulation results obtained for a case study based

on the Airbus A3 Vahana. Section 6.5 presents conclusions.

6.2 Modeling

We consider again the transition of tiltwing VTOL aircraft as in Chapter 4. However,

we now tackle the (robust) control problem for tiltwing VTOL aircraft and we

introduce here additional complexities to the model: wind disturbance, data-based

aerodynamic modeling of the wing, reparameterisation of the equations of motion
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(EOM) in cartesian coordinates for better numerical stability. For convenience we

thus restate the EOM here to ease the discussion.

6.2.1 Assumptions

We assume a flat earth model and consider a longitudinal point-mass model. Tiltwing

aircraft are considered (see Figure 6.1), with one or more aerodynamic surfaces

carrying thrust effectors that can be rotated by an actuator through a range of 90

degrees as the aircraft transitions between wing-borne and thrust-borne flight. We

consider a scenario where the aircraft is subject to wind disturbances (modeled as

additive uncertainty). We further assume classical inner/outer loop flight control

laws for stabilisation of aircraft attitude with time-scale separation, so that the

closed loop pitch dynamics are much faster than those of the desired flight path

and tiltwing actuation. Consequently the pitch angle θ (defined here as the angle

of the fuselage axis from horizontal earth plane) is assumed to be maintained at all

times by the attitude control loop at a constant reference angle θr = 0.

6.2.2 Equations of motion

The EOM with respect to inertial frame OXZ are given by1

Ẋ = Vx, Ż = Vz, (6.1)

mV̇x = T cos (α + γ)−D cos γ − L sin γ︸ ︷︷ ︸
f1

+Wx, (6.2)

mV̇z = −T sin (α + γ) + D sin γ − L cos γ + mg︸ ︷︷ ︸
f2

+Wz, (6.3)

where T is the thrust magnitude, L, D are the lift and drag forces, Vx, Vz the

components of the aircraft velocity in the inertial frame V =
√

V 2
x + V 2

z , α is the

angle of attack, γ = − arcsin(Vz/V ) is the flight path angle (defined as the angle

of the velocity vector from horizontal), and (X, Z) the position in inertial frame.
1Note that these equations are similar to equations (4.1)-(4.4) in Chapter 4 but we introduce

here additive disturbances to the dynamics and express the EOM in cartesian coordinates for
better numerical conditioning (the polar form introduced a singularity around hover, V = 0).
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Wind gusts are modeled by additive bounded disturbances Wx and Wz, which are

assumed to lie at all times within known bounds.

The dynamics of the rotating wing are given by

Jwζ̇ = M, i̇w = ζ, (6.4)

where Jw is the rotational inertia of the wing (about the y-axis), M is the total

torque delivered by the tilting actuators, ζ is the tiltwing rate and iw is the tiltwing

angle. The angles iw, θ, α and γ are related by (see Figure 6.1)

iw + θ = α + γ. (6.5)

The effective (blown) velocity Ve and effective (blown) angle of attack αe seen

by the wing due to the effect of the propeller wake on the wing are given by

αe = arcsin
(

V

Ve

sin α
)

, (6.6)

Ve =
√

V 2 + 2T

ρAn
, (6.7)

where ρ is the air density, A the rotor disk area and n the number of propellers.

The total lift and drag are modeled as the weighted sum of the blown and unblown

terms as follows2

L = 1
2λρSCL(αe)V 2

e + 1
2(1− λ)ρSCL(α)V 2, (6.8)

D = 1
2λρSCD(αe)V 2

e + 1
2(1− λ)ρSCD(α)V 2, (6.9)

where S is the wing area, λ is a weighting term representing the portion of the wing

in the wake, and CL and CD are lift and drag coefficients. We define CL and CD

using data derived from the Tangler-Ostowari post-stall model [62] (see Figure 6.2),

which determines lift and drag forces over a wide range of α and αe values as the

wing operates at high angles of attack during transitions.
2This is different from the lift and drag model in equations (4.11)-(4.12) from Chapter 4 where

the problem separation trick required to assume, restrictively, that the wing was fully immersed
in the flow. We relax that assumption and assume that portions of the wing are unaffected by the
propeller wake.
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Figure 6.1: Force and velocity definitions for a VTOL aircraft.
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Figure 6.2: Lift and drag coefficients as a function of angle of attack.

6.2.3 Constraints

For the problem considered in this thesis we assume that the gust disturbances

Wx, Wz in the forward and vertical directions are bounded: Wi ∈ [W i, W i] for

i = x, z. Since wing tilting actuators have finite torque capacity we also assume

bounded wing acceleration/deceleration rates given by M and M . To ensure sensible

trajectories for passenger comfort and g-loads, we further introduce constraint limits

on horizontal (V̇x) and vertical (V̇z) accelerations. Finally, constraints on thrust
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range, tilt angle range and absolute velocities can all be expressed in the compact

form as input and state constraints,

V x ≤ Vx ≤ V x, V z ≤ Vz ≤ V z, 0 ≤ T ≤ T , iw ≤ iw ≤ iw, (6.10)

Vx(t0) = Vx,0, Vz(t0) = Vz,0, iw(t0) = i0, (6.11)

W x ≤ Wx ≤ W x, W z ≤ Wz ≤ W z, (6.12)

a ≤ V̇x ≤ a, a ≤ V̇z ≤ a, (6.13)

M/Jw ≤ ïw ≤M/Jw. (6.14)

6.3 Robust MPC formulation

We now introduce a robust predictive control law for the system presented in

Section 6.2. Assuming we are only concerned with velocity control3, the states

(X, Z) can be computed a posteriori via (6.1) and thus eliminated from the analysis.

Moreover, combining equations (6.2)-(6.9), we can further eliminate the flight path

angle, angle of attack, and tiltwing rate from the formulation and express the

dynamics with only two states Vx, Vz and two inputs iw, T as follows

mV̇x = f1(Vx, Vz, iw, T ) + Wx, (6.15)

mV̇z = f2(Vx, Vz, iw, T ) + Wz, (6.16)

where iw is now an input constrained by its second order derivative (see equa-

tion 6.14).

To setup the MPC problem we use the trajectory constraints given by (6.10) -

(6.14) together with the terminal set for the velocities∥∥∥∥∥∥
Vx(tf )− V r

x (tf )
Vz(tf )− V r

z (tf )

∥∥∥∥∥∥
2

Q̂

≤ γ̂, (6.17)

where the notation ·r was used to denote a reference to be tracked, tf is a

fixed terminal time, γ̂ and Q̂ ≻ 0 are respectively a terminal set bound and
3This is sensible under the assumption that the control architecture is decoupled between

attitude and velocity dynamics as is often the case in aerospace applications thanks to dynamics
time-scale separation.
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penalty matrix that can be chosen to satisfy equation (5.18) from Chapter 5.

Note that equation (6.17) enforces the conditions: |Vx(tf) − V r
x (tf)| ≤ δV ,

|Vz(tf )− V r
z (tf )| ≤ δV , |iw(tf) − ir

w(tf)| ≤ δiw , |T (tf) − T r(tf)| ≤ δT , where

δV , δiw , δT , are terminal sets bounds.

The control objective is to achieve tracking of a reference trajectory V r
x , V r

z , ir
w, T r

while rejecting the wind disturbances Wx, Wz acting on the system. To do so, at

each time step, we could compute a receding horizon control law that minimises

the worst case quadratic objective defined for Q ≻ 0, R ≻ 0 by

J(u) = max
Wx∈[W x,W x]
Wz∈[W z ,W z ]


∥∥∥∥∥∥
Vx(iw(tf ), T (tf ), Wx(tf ), Wz(tf ))− V r

x (tf )
Vz(iw(tf ), T (tf ), Wx(tf ), Wz(tf ))− V r

z (tf )

∥∥∥∥∥∥
2

Q̂

+
∫ tf

t0

∥∥∥∥∥∥
Vx(iw(t), T (t), Wx(t), Wz(t))− V r

x (t)
Vz(iw(t), T (t), Wx(t), Wz(t))− V r

z (t)

∥∥∥∥∥∥
2

Q

+
∥∥∥∥∥∥
iw(t)− ir

w(t)
T (t)− T r(t)

∥∥∥∥∥∥
2

R

dt


(6.18)

subject to (6.10)-(6.17). Note that the states are uncertain and that the state

trajectories in the objective are computed as the worst case realisation of the

time-varying gust disturbances Wx, Wz. We would then apply the first element of

the obtained optimal control sequence, update the current state and input and

repeat the process at each time step. Since the model includes the nonlinear

functions f1 and f2 and that the state is uncertain, computing the control law

would require solving a min-max nonlinear program (NLP) which is intractable

in practice. In order to leverage the tools developed in Chapter 5 and obtain a

computationally efficient implementation of the robust MPC problem, we introduce

a DC decomposition of these nonlinear functions. Using the procedure based on

multivariate polynomial approximation described in Chapter 5, Section 5.7.2, the

nonlinear functions f1 and f2 can be reexpressed in DC form as follows

f1 = g1 − h1, f2 = g2 − h2,

where g1, h1, g2, h2 are convex. We note that for the procedure to work, f1 and

f2 do not need to be mathematical functions but could be defined from data. In

the present case, these functions are partly defined from data through the lift

and drag curves in Figure 6.2.
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6.3.1 Successive convex programming tube MPC for DC
systems

The nonlinear dynamics in (6.15)-(6.16) can now be expressed in a DC form as follows

mV̇x = g1(Vx, Vz, iw, T )− h1(Vx, Vz, iw, T ) + Wx, (6.19)

mV̇z = g2(Vx, Vz, iw, T )− h2(Vx, Vz, iw, T ) + Wz, (6.20)

and the DC-TMPC algorithm presented in Chapter 5 can be applied to the system.

In what follows we will exploit the convexity properties of the functions g1, h1, g2, h2

in (6.19)-(6.20) to approximate the dynamics by a set of convex inequalities with

tight bounds on the state trajectories. To do so, we linearise the dynamics

successively around feasible guessed trajectories and treat the linearisation error

as a bounded disturbance, see Chapter 5. We use the fact that the linearisation

error of a convex (resp. concave) function is also convex (resp. concave) and can

thus be bounded tightly. This allows us to construct a robust optimisation using

the tube-based MPC framework [69], and to obtain solutions that are robust to

the model error introduced by the linearisation (i.e. model uncertainty) and to

wind gusts (i.e. exogenous additive disturbances).

The DC-TMPC framework is based on the following ingredients:

Parameterisation of the control input

We start by assuming the following two-degree of freedom parameterisation of

the control inputs as follows [69]

iw = µ + Kiw(Vx − V ◦
x ) + K ′

iw
(Vz − V ◦

z ),

T = τ + KT (Vx − V ◦
x ) + K ′

T (Vz − V ◦
z ),

where V ◦
x , V ◦

z are guess trajectories for the states, µ, τ are feedforward terms

(solution of the MPC optimisation stated in Section 6.3.2) and Kiw , K ′
iw

, KT , K ′
T

are feedback gains to be computed e.g. by solving a LQR problem for the linearised

nominal (Wx, Wz = 0) system (6.19)-(6.20). Note that g1, h1, g2, h2 defined in

(6.19)-(6.20) are now functions of Vx, Vz, µ, τ .
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Successive linearisations

We assume the existence4 of a set of feasible guess trajectories V ◦
x , V ◦

z , µ◦, τ ◦ for

(6.19)-(6.20) and successively linearise the dynamics around the guessed trajectories5.

The Taylor series expansion of the nonlinear dynamics is given by ∀i ∈ {1, 2}

gi = ⌊gi⌋(V ◦
x ,V ◦

z ,µ◦,τ◦) + ⌈gi⌉(V ◦
x ,V ◦

z ,µ◦,τ◦),

hi = ⌊hi⌋(V ◦
x ,V ◦

z ,µ◦,τ◦) + ⌈hi⌉(V ◦
x ,V ◦

z ,µ◦,τ◦),

where the notation ⌊f⌋x◦ = f(x◦) +∇f⊤(x◦)(x− x◦) stands for the Jacobian linear

approximation of f around x◦ and ⌈f⌉x◦ the corresponding linearisation error.

After each iteration of the algorithm, the guessed trajectories are updated with

the solution of the MPC optimisation and a new pass is initiated by linearising

the dynamics around the new estimate.

Parameterisation of the uncertainty sets

We assume that the uncertain state trajectories Vx, Vz lie within “tubes” whose

cross-sections are parameterised by means of elementwise bounds Vx ∈ [V x, V x],

Vz ∈ [V z, V z], which are optimisation variables, see Figure 6.3. Crucially these

sets are low complexity polytopes.

DC properties of dynamics

By convexity of g1, g2, h1, h2, the associated linearisation errors are necessarily

convex and take their maximum at one of the vertices of the polytopic uncertainty

set on which they are defined6. Moreover, by definition of the Jacobian linearisation,

their minimum on this set is zero7. It follows that the bounds on the states
4We can obtain feasible initial trajectories by simulating the nominal aircraft dynamics with a

prior-determined control law, such as PID, and checking a posteriori that other constraints are
satisfied. An alternative method is to solve an initial feasibility problem as discussed in Chapter 5.

5According to the developments in Chapter 5, Section 5.7.1, in the presence of additive
uncertainty we normally have to construct a feasibility tube and obtain the linearisation trajectories
from that tube in order to guarantee recursive feasibility.

6Appendix A, Theorem 14 and Lemma 15.
7Ibid., Theorem 16
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Figure 6.3: Schematic visualisation of the tube. (a) The uncertain state trajectory
(red) lies within a tube (blue) centred around the nominal trajectory (yellow), sampled at
various time steps. Also shown is the tube evolution for state Vx only (b) and a snapshot
of the tube cross section at an arbitrary time (c).
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dynamics satisfy the following convex inequalities

mV̇x ≥ max
Vx∈{V x,V x},Vz∈{V z ,V z}

{
g1(Vx, Vz, µ, τ)− ⌊h1⌋(V ◦

x ,V ◦
z ,µ◦,τ◦)(Vx, Vz, µ, τ) + W x

}
,

(6.21)
mV̇z ≥ max

Vx∈{V x,V x},Vz∈{V z ,V z}

{
g2(Vx, Vz, µ, τ)− ⌊h2⌋(V ◦

x ,V ◦
z ,µ◦,τ◦)(Vx, Vz, µ, τ) + W z

}
,

(6.22)
mV̇x ≤ min

Vx∈{V x,V x},Vz∈{V z ,V z}

{
−h1(Vx, Vz, µ, τ) + ⌊g1⌋(V ◦

x ,V ◦
z ,µ◦,τ◦)(Vx, Vz, µ, τ) + W x

}
,

(6.23)
mV̇z ≤ min

Vx∈{V x,V x},Vz∈{V z ,V z}

{
−h2(Vx, Vz, µ, τ) + ⌊g2⌋(V ◦

x ,V ◦
z ,µ◦,τ◦)(Vx, Vz, µ, τ) + W z

}
,

(6.24)

Conditions (6.21)-(6.24) must be satisfied by the tube bounding uncertain model

trajectories. These constraints involve only minimisations of linear functions

and maximisations of convex functions on polytopic sets. Therefore they reduce

to a finite number of constraints involving the tube vertices (i.e the variables

{V x, V x}, {V z, V z}). Thus each of the constraints (6.21)-(6.24) reduces to 2nx = 4

convex inequalities (nx = 2).

6.3.2 Discrete time DC-TMPC

In order to obtain a finite dimensional robust MPC optimisation, we discretise the

problem with a fixed sampling interval δ and evaluate all variables over a finite

horizon N . The notation {x0, x1, . . . , xN−1} is used for the sequence of current

and future values of a variable x predicted at the n-th discrete-time step, so that

xk denotes the predicted value of x((n + k)δ).

The MPC optimisation at the n-th discrete-time step is initialised with a feasible

predicted trajectory (V ◦
x , V ◦

z,k, µ◦
k, τ ◦

k ) and the following optimisation problem P

(obtained by discretising and gathering equations (6.14)-(6.18), (6.21)-(6.24)) is

solved sequentially

min
V x, V x,V z , V z ,

τ, µ

max
Vx∈{V x,N ,V x,N },

Vz∈{V z,N ,V z,N }

∥∥∥∥∥∥
Vx − V r

x,N

Vz − V r
z,N

∥∥∥∥∥∥
2

Q̂

+ max
Vx∈{V x,k,V x,k},

Vz∈{V z,k,V z,k}


N−1∑
k=0

∥∥∥∥∥∥
Vx − V r

x,k

Vz − V r
z,k

∥∥∥∥∥∥
2

Q
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+
∥∥∥∥∥∥
µk + Kiw,k

(Vx − V ◦
x,k) + K ′

iw,k
(Vz − V ◦

z,k)− ir
w,k

τk + KTk
(Vx − V ◦

x,k) + K ′
Tk

(Vz − V ◦
z,k)− T r

k

∥∥∥∥∥∥
2

R

,

s.t., ∀k ∈ {0, . . . , N − 1},

mV x,k+1 ≥ max
Vx∈{V x,k,V x,k},

Vz∈{V z,k,V z,k}

{
mVx + δg1(Vx, Vz, µk, τk)

− δ⌊h1⌋(V ◦
x,k

,V ◦
z,k

,µ◦
k

,τ◦
k

)(Vx, Vz, µk, τk) + δW x,k

}
,

mV z,k+1 ≥ max
Vx∈{V x,k,V x,k},

Vz∈{V z,k,V z,k}

{
mVz + δg2(Vx, Vz, µk, τk)

− δ⌊h2⌋(V ◦
x,k

,V ◦
z,k

,µ◦
k

,τ◦
k

)(Vx, Vz, µk, τk) + δW z,k

}
,

mV x,k+1 ≤ min
Vx∈{V x,k,V x,k},

Vz∈{V z,k,V z,k}

{
mVx − δh1(Vx, Vz, µk, τk)

+ δ⌊g1⌋(V ◦
x,k

,V ◦
z,k

,µ◦
k

,τ◦
k

)(Vx, Vz, µk, τk) + δW x,k

}
,

mV z,k+1 ≤ min
Vx∈{V x,k,V x,k},

Vz∈{V z,k,V z,k}

{
mVz − δh2(Vx, Vz, µk, τk)

+ δ⌊g2⌋(V ◦
x,k

,V ◦
z,k

,µ◦
k

,τ◦
k

)(Vx, Vz, µk, τk) + δW z,k

}
,

V x,0 = V x,0 = Vx(nδ), V z,0 = V z,0 = Vz(nδ),

iw ≤ min
Vx∈{V x,k,V x,k},

Vz∈{V z,k,V z,k}

{
µk + Kiw,k

(Vx − V ◦
x,k) + K ′

iw,k
(Vz − V ◦

z,k)
}

iw ≥ max
Vx∈{V x,k,V x,k},

Vz∈{V z,k,V z,k}

{
µk + Kiw,k

(Vx − V ◦
x,k) + K ′

iw,k
(Vz − V ◦

z,k)
}

V x ≤ V x,k, V x,k ≤ V x, V z ≤ V z,k, V z,k ≤ V z,

a ≤
V x,k+1 − V x,k

δ
, a ≤

V z,k+1 − V z,k

δ
,

V x,k+1 − V x,k

δ
≤ a,

V z,k+1 − V z,k

δ
≤ a,

0 ≤ min
Vx∈{V x,k,V x,k},

Vz∈{V z,k,V z,k}

{
τk + KTk

(Vx − V ◦
x,k) + K ′

Tk
(Vz − V ◦

z,k)
}
,

T ≥ max
Vx∈{V x,k,V x,k},

Vz∈{V z,k,V z,k}

{
τk + KTk

(Vx − V ◦
x,k) + K ′

Tk
(Vz − V ◦

z,k)
}
,

M ≤ min
Vx∈{V x,k,V x,k},

Vz∈{V z,k,V z,k}

{
Jw∆2{µk + Kiw,k

(Vx,k − V ◦
x,k) + K ′

iw,k
(Vz,k − V ◦

z,k)}
}
,
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M ≥ max
Vx∈{V x,k,V x,k},

Vz∈{V z,k,V z,k}

{
Jw∆2{µk + Kiw,k

(Vx,k − V ◦
x,k) + K ′

iw,k
(Vz,k − V ◦

z,k)}
}
,

γ̂ ≥ max
Vx∈{V x,N ,V x,N },

Vz∈{V z,N ,V z,N }

∥∥∥∥∥∥
Vx − V r

x,N

Vz − V r
z,N

∥∥∥∥∥∥
2

Q̂

(6.25)

where Vx(0), Vz(0) at time step n = 0 are given in Table 6.2 depending on

the transition scenario considered. We denote the second order forward finite

difference operator by ∆2fk = fk+2−2fk+1+fk

δ2 . Note that the possible vertices for

the tube are given by

V =
{[

V x,k

V z,k

]
,

[
V x,k

V z,k

]
,

[
V x,k

V z,k

]
,

[
V x,k

V z,k

]}
,

which allows us to express each maximisation / minimisation above as a set of 4

inequalities at most. Moreover, since the feedback gains and the terminal penalty

matrix are known a priori, and they are coefficients of terms that are linear in the

state, this number can be further reduced to 2 for all inequalities but the first four.

Once problem P is solved, the guessed trajectories are updated with the solution

as follows (cf. Chapter 5)

Vx,0 ← Vx(nδ), Vz,0 ← Vz(nδ), (6.26)

i◦
w,k ← µk + Kiw,k

(Vx,k − V ◦
x,k) + K ′

iw,k
(Vz,k − V ◦

z,k), (6.27)

T ◦
k ← τk + KTk

(Vx,k − V ◦
x,k) + K ′

Tk
(Vz,k − V ◦

z,k), (6.28)

Vx,k+1 ← Vx,k + δf1(Vx,k, Vz,k, i◦
w,k, T ◦

k )/m, (6.29)

Vz,k+1 ← Vz,k + δf2(Vx,k, Vz,k, i◦
w,k, T ◦

k )/m, (6.30)

V ◦
x,k ← Vx,k+1, V ◦

z,k ← Vz,k+1, (6.31)

µ◦
k ← µk, τ ◦

k ← τk, (6.32)

for k = 0, . . . N − 1 and the process of solving P and updating the trajectories with

(6.26)-(6.32) is repeated until ||[τ µ]⊤|| < ϵ. The control law at time n is then

implemented by taking the first element of the control sequence

iw(nδ) = i◦
w,0, T (nδ) = T ◦

0 .
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At time n + 1, we set Vx,0 = Vx((n + 1)δ), Vz,0 = Vz((n + 1)δ), and update,

∀k = 0, . . . , N − 2 (cf. Chapter 5)

i◦
w,k ← i◦

w,k+1, T ◦
k ← T ◦

k+1, µ◦
k ← µ◦

k+1, τ ◦
k ← τ ◦

k+1, (6.33)

V ◦
x,k+1 ← V ◦

x,k + δ(f1(V ◦
x,k, V ◦

z,k, i◦
w,k, T ◦

k ) + Wx)/m, (6.34)

V ◦
z,k+1 ← V ◦

z,k + δ(f2(V ◦
x,k, V ◦

z,k, i◦
w,k, T ◦

k ) + Wz)/m, (6.35)

and finally, as per the dual mode MPC paradigm (cf. Chapter 5)

i◦
w,N−1 ← K̂iw(V ◦

x,N−1 − V r
x,N−1) + V r

x,N−1 + K̂ ′
iw

(V ◦
z,N−1 − V r

z,N−1) + V r
z,N−1, (6.36)

T ◦
N−1 ← K̂T (V ◦

x,N−1 − V r
x,N−1) + V r

x,N−1 + K̂ ′
T (V ◦

z,N−1 − V r
z,N−1) + V r

z,N−1, (6.37)

V ◦
x,N ← V ◦

x,N−1 + δ(f1(V ◦
x,N−1, V ◦

z,N−1, i◦
w,N−1, T ◦

N−1) + Wx)/m, (6.38)

V ◦
z,N ← V ◦

z,N−1 + δ(f2(V ◦
x,N−1, V ◦

z,N−1, i◦
w,N−1, T ◦

N−1) + Wz)/m, (6.39)

where the terminal gains K̂iw , K̂ ′
iw

, K̂T , K̂ ′
T can be computed following Appendix B.

6.4 Results

We consider a case study based on the transition of the Airbus A3 Vahana (i)

from powered to wing-borne flight (forward transition) and (ii) from wing-borne

to powered flight (backward transition). We start with simulations conducted in

the absence of wind, then consider the addition of wind disturbances. Parameters

and transition boundary conditions are reported in Table 6.1 and 6.2. The terminal

times for the forward and backward transitions are respectively set to tf = 25s

and tf = 17s and the time step is δ ≈ 0.22s in both cases, resulting in respectively

N = 110 and N = 75 discretisation points. Optimisation problem P is solved

using CVXPY [143] with solver MOSEK [132].

6.4.1 DC decomposition

The DC decompositions of f1 and f2 are computed according to Section 5.7.2 from

Chapter 5. In each case, the approximation polynomial degree 2d is set to 2 and

the nonlinear model f is sampled at Ns = 1e+4 evaluation points. 500 random test

points are then generated to obtain the results presented in Table 6.3.
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Parameter Symbol Value Units
Mass m 752.2 kg
Gravity acceleration g 9.81 m s−2

Wing area S 8.93 m2

Disk area A 2.83 m2

Wing inertia Jw 1100 kg m2

Density of air ρ 1.225 kg m−3

Maximum thrust T 8855 N
Tiltwing angle range

[
iw, iw

]
[−10, 100] deg

Acceleration range [a, a] [−0.3g, 0.3g] m s−2

Forward velocity range
[
V x, V x

]
[0, 60] m/s

Vertical velocity range
[
V z, V z

]
[−30, 30] m/s

Torque range
[
M, M

]
[−50; 50] N m

Number of propellers n 4 −
Time step δ 0.22 s
Degree of polynomial f 2d 2 −

Table 6.1: Model parameters derived from A3 Vahana
Parameter Symbol Value Units

Forward transition
Forward velocity {Vx,0; Vx,f} {0; 52} m/s
Vertical velocity {Vz,0; Vz,f} {0; 0} m/s

Backward transition
Forward velocity {Vx,0; Vx,f} {40; 0} m/s
Vertical velocity {Vz,0; Vz,f} {0; 0} m/s

Table 6.2: Boundary conditions for transitions

The least-squares mean relative error (MRE) measures how well the polynomial

model y⊤Py fits the nonlinear model f . The obtained errors are acceptable in

the present scenario but could be further reduced if increasing the polynomial

degree or using a different approximation model (e.g. radial basis functions or

neural networks, see Section 5.7.2 of Chapter 5 for a presentation of various DC

decomposition methods). This would typically come at the cost of increased

computation times for the MPC optimisation problem. Figure 6.4 illustrates the

quality of the fit for a given tiltwing angle and thrust magnitude (projection is

required for visualisation purposes).

The residue of y⊤(Q − R − P )y = 0 illustrates the accuracy of the DC

decomposition of the polynomial approximation, and is excellent in both cases.
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Function MRE (%) Residue of y⊤(Q−R− P )y = 0 Non PSD Hessian
f1 5.8 5e−15 None
f2 7.5 2e−12 None

Table 6.3: DC decomposition and least-squares fit results for 500 random test points.
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Figure 6.4: Left: least-squares fit of f1 samples (blue dots) by the polynomial model
(red curve) given iw and T . Right: contour plot of the percent relative fitting error.

Finally, we verify that there was no convexity violation by computing the Hessians

of the functions at each test point and checking for positive semidefiniteness (PSD).

A typical DC decomposition is shown in Figure 6.5 (with projection).

6.4.2 Forward transition

At first, we set the state penalty matrix in the objective to Q = diag(1, 1e+4) to

achieve a constant altitude forward transition. The results are shown in Figure 6.6.

As the aircraft transitions from powered lift to cruise, the velocity magnitude

increases, the thrust and tiltwing angle decrease, illustrating the change in lift

generation from propellers to wing. The tiltwing angle drop at the beginning results

in an increase in the effective angle of attack. Note that the solution (plain blue)

has converged to the desired reference trajectory (dashed green) despite the initial

discrepancy with the feasible guess trajectory (dashed orange).

The objective can be changed to achieve faster transitions. For example, if the

state penalty matrix is set to Q = diag(100, 1), the obtained results are presented



6. Robust MPC of VTOL aircraft 141

V
x

010203040
50

60 Vz10 5 0 5 10

20
0
20
40
60
80

iw = 90.0, T = 4000.0
f = g - h
g
h

Figure 6.5: DC decomposition f = g − h for given iw and T .
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Figure 6.6: Constant altitude forward transition.

in Figure 6.7. The reference forward velocity is achieved faster than previously,

but this comes at the expense of an altitude drop. A trade-off between both

objectives (reaching the desired forward or vertical velocity) can be achieved by

varying the penalty matrix.
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Figure 6.7: A faster forward transition.

6.4.3 Backward transition

For completeness, we consider the scenario consisting of a backward transition

with an increase in altitude, see Figure 6.8. This is characterised by a decrease

in velocity magnitude and increase in thrust to support the powered flight mode

(hover). An increase in altitude of about 75 m is needed for this manoeuvre,

and the wing is stalled.
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Figure 6.8: Backward transition.
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6.4.4 Robustness to wind

To simulate the effect of wind gust on the aircraft, we consider EASA "Means of

Compliance with the Special Condition VTOL", §2215 on flight load conditions [144]

and assume that the aircraft is subject to a discrete wind gust with velocity U

following a "one-minus-cosine" law

U(xg) = Ude

2

(
1− cos

(2πxg

25c̄

))
,

where 0 ≤ xg ≤ 25c̄ is the distance penetrated into the gust, c̄ is the mean

geometric chord of the wing, and Ude the design gust velocity. The wind gust

parameters are reported in Table 6.4 and the gust velocity profile with these

values is presented in Figure 6.9.

It is assumed that the wind gust velocity acts normally to the aircraft flight

path (velocity vector), i.e. along L⃗ in Figure 6.1. This is the worst case scenario

for a given wind velocity magnitude as it has the effect of modifying the velocity

and angle of attack seen by the wing and hence the lift and drag as follows

L = 1
2λρSCL(α′

e)V ′2
e + 1

2(1− λ)ρSCL(α′)V ′2,

D = 1
2λρSCD(α′

e)V ′2
e + 1

2(1− λ)ρSCD(α′)V ′2,

where

V ′2 = V 2 + U(xg)2, α′ = α + arctan
(

U

V

)
,

V ′2
e = V 2

e + U(xg)2, α′
e = αe + arctan

(
U

Ve

)
.

The torque created by the imbalance in lift due to the depth difference along

the wing is assumed to be negligible, which justifies our assumption that no wind

gust disturbance acts on the tiltwing rotational dynamics in equation (6.4).

To evaluate the time varying wind gust bounds [W i(t), W i(t)], ∀i ∈ {x, z} we

consider the maximum increment in drag and lift along the guess trajectory as follows

∆Lmax(t) = 1
2ρSCL(α◦)U2

de + 1
2ρSb1 arctan (Ude/V ◦)(U2

de + V ◦2),
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∆Dmax(t) = 1
2ρSCD(α◦)U2

de + 1
2ρS(a2(arctan (Ude/V ◦)2

+ 2α◦ arctan (Ude/V ◦)) + a1 arctan (Ude/V ◦))(U2
de + V ◦2),

where b1, a1, a2 are lift and drag coefficients estimated from the curves in Figure 6.2.

Parameter Symbol Value Units
Design gust velocity Ude 9.14 m/s
Mean geometric chord c̄ 1 m

Table 6.4: Wind gust parameters as defined in [144].
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Figure 6.9: Wind gust velocity profile.

In order to evaluate the effect of wind gusts on the aircraft, we conduct multiple

simulations by varying the instant at which the aircraft encounters a wind gust

during the forward and backward transitions and we observe the subsequent

deviations from the reference:

• Forward transition. The results are illustrated in Figure 6.10. For the

wind gusts occuring at times t = 5 s and t = 10 s, the deviations observed

are reasonable with vertical velocity not exceeding 3 m/s in magnitude. The

deviation is more important when the disturbance occurs at t = 0 s since the

vehicle is in hover mode, but the system eventually recovers and stabilises.
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• Backward transition. The backward transition could not be achieved with

gusts of 9.14 m/s, so the wind speed was reduced to 5.14 m/s to obtain the

results in Figure 6.11. In all cases, the forward and vertical velocities are

slightly perturbed and the system eventually recovers.

6.4.5 Convergence

Convergence of the algorithm is illustrated in Figure 6.12, showing that the objective

value decreases at each time step. Finally, Figure 6.13 shows the average computation

time to solve problem P as a function of the number of discretisation points N .

The experiment was conducted on a MacBook Pro with a 2.9 GHz dual-core Intel

Core i7 processor (mid-2012). For example, for N = 100, the average computation

time was 1.9s. Although this would not allow to compute the solution within the

specified time step in real time, it should be noted that CVXPY is not optimised

for performance and that reductions in computation times of about an order of

magnitude can be expected with first order solvers such as the alternating descent

method of multipliers (ADMM) (cf. Chapter 3). This is in stark contrast to

state-of-the-art generic NLP approaches that quote computation times of the order

of minutes to solve similar VTOL transition optimisation problems (e.g. see [62]).

6.5 Conclusions

We presented a novel computationally tractable robust data-driven tube MPC

scheme based on a DC decomposition of the nonlinear dynamics of a tiltwing VTOL

aircraft to achieve robust transitions in the presence of wind. The DC structure

of the dynamics allowed us to express the MPC optimisation at each time step as

a sequence of convex programs generated by successively linearising the system

around guess trajectories and bounding tightly the effect of the necessarily convex

linearisation errors. We demonstrated the viability of the scheme by considering

a case study inspired from the Airbus Vahana A3 VTOL aircraft using a mixture
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Figure 6.10: Forward transition with gust occurring at various times.
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Figure 6.11: Backward transition with gust occurring at various times.
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Figure 6.13: Time to completion as a function of problem dimension.

of data-based and mathematical models. Forward and backward transitions were

successfully achieved, as well as transitions subject to wind gusts.

The specific contributions of this chapter are as follows: i) we propose a compu-

tationally tractable, optimal, robust control architecture for VTOL aircraft subject

to additive disturbance and model uncertainty; ii) we combine DC decomposition

with robust tube-based MPC and demonstrate the applicability and generalisability
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of the DC-TMPC algorithm in 5; iii) we show that our technique also applies

when parts of the model are defined from data.

Future work has been identified as follows: i) leveraging first order solvers (e.g.

ADMM) to reduce computation times and enable real-time implementations; ii)

complete study of the effect of: uncertainty set parameterisation, DC decomposition

technique, problem dimension, etc. on the performance of the algorithm; iii)

adaptation of the method to function approximation via a deep neural network to

allow for a higher degree of generalisability (see Chapter 5, 5.7.2); iv) extension of

the framework to constraints of stochastic nature (e.g. von Kármán wind turbulence

model could be leveraged to achieve VTOL transitions that are less conservative); v)

including in the robust optimisation an estimate of the error between the nonlinear

model and the approximation function to be treated as a bounded disturbance.
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7.1 Summary

This thesis investigates the development of algorithms leveraging convex optimisa-

tion, robust optimisation and model predictive control (MPC) to solve emerging

problems in green aviation and urban air mobility (UAM). Chapter 3 is concerned

with energy management for hybrid-electric aircraft through a convex relaxation

of the optimisation in an MPC decision law. Chapter 4 introduces the idea of

using difference of convex (DC) functions decompositions of the dynamics and

successive linearisations to reformulate the trajectory optimisation of vertical take-

off and landing (VTOL) aircraft as a sequence of computationally tractable and

robust convex programs. This theory is further developed in Chapter 5, which

150
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introduces a robust tube MPC (TMPC) algorithm for DC systems and presents

computational methods for determining DC representations of smooth systems from

data. Chapter 6 leverages those concepts to achieve robust stabilisation during

transitions of VTOL aircraft subject to wind disturbances.

7.2 Contributions

The thesis makes contributions both in terms of aerospace applications and devel-

opment of novel general control and optimisation algorithms for nonlinear systems.

We detail these contributions below, organised by chapter:

• Contributions of Chapter 3:

– Development of a convex formulation of the energy management problem

for hybrid-electric aircraft in series and parallel configurations.

– Design of a computationally tractable solver using the alternating direc-

tion method of multipliers (ADMM).

– Use of the globally optimal solution to arbitrate in real time the power

demand of the aircraft between the gas turbine and electric motor.

Achievement of significant fuel savings by comparison to heuristic strate-

gies in a short-haul flight scenario.

– Comparison of the proposed algorithm with a general purpose convex

programming solver (CVX) and investigation of the performance in terms

of convergence, robustness and accuracy. Reduction of computation times

by an order of magnitude.

– Demonstration of the possibility to achieve windmilling, i.e. energy

recovery during descent flight when the fan and electric motor can be

operated in reverse to recharge the batteries.

• Contributions of Chapter 4:
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– Development of a new method for robust optimisation of nonlinear

systems based on a difference of convex functions (DC) decomposition of

the dynamics. The scheme relies on successively linearising the dynamics

around predicted trajectories and treating the linearisation error as a

bounded disturbance. Because the dynamics are made DC, these errors

can be bounded tightly by a set of convex inequalities that form the

basis of a computationally tractable robust optimisation algorithm.

– Application of the above method to solve an open problem in trajectory

optimisation of VTOL aircraft, allowing transitions at near constant

altitude and high angle of attack while guaranteeing safety and compu-

tational tractability of the scheme.

– Reduction of the problem dimension and convex relaxation of the optimi-

sation using a change of variable and a parameterisation of the dynamics

along a path.

– Reduction of computation time by orders of magnitude compared to

state-of-the-art nonlinear programming solvers for the same problem.

• Contributions of Chapter 5:

– Development of a new robust tube-based MPC scheme for nonlinear

systems that is computationally tractable, recursively feasible, converges

asymptotically to a fixed point of the iteration, and guarantees closed-

loop stability. The so-called DC-TMPC algorithm leverages a robust

optimisation based on a DC decomposition of the dynamics and suc-

cessive linearisations as part of a multi-stage robust optimal controller.

Robustness to the linearisation error of the dynamics is guaranteed.

– Crucially, the algorithm can be terminated after any number of iterations

without affecting stability or constraint satisfaction, which is particularly

desirable in an MPC framework.



7. Conclusions 153

– Introduction of DC decomposition techniques based on polynomial basis

functions, radial basis functions and neural networks, extending the

scope of applicability of the theory to systems with sufficient smoothness

properties (namely systems that are twice continuously differentiable).

– Extension of the method to guarantee robustness of systems subject to

additive disturbances.

• Contributions of Chapter 6:

– Application of the DC-TMPC algorithm to solve the open problem of

robust control of tiltwing VTOL aircraft subject to wind disturbances

during the transition phase.

– Demonstration of the applicability of the algorithm to solve realistic

control engineering problems.

– Demonstration of the data-driven capabilities of the algorithm, i.e.

possibility to use the algorithm when parts of the model are defined from

data.

7.3 Future work

We now describe potential future research directions and extensions of the theory and

applications presented in this thesis. We gather these new ideas into three research

projects that could be achieved in 1 to 3 years depending on the objectives set.

7.3.1 Robust optimisation in green aviation

In Chapter 3, an approach based on convex optimisation and MPC was introduced

to solve the energy management problem for a hybrid-electric aircraft equipped

with gas turbine and electric motor. A first extension of this work will consider

other energy sources for the aircraft (e.g. hydrogen fuel cells), refining existing

models of the battery or fuel cell to include thermal aspects and aging, considering

the optimal deployment of supercapacitors for load smoothing, and investigating
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other types of aircraft architectures, e.g. VTOL aircraft in UAM scenarios. This

refinement in models and complexity will allow further energy savings, e.g. by

operating subsystems at the optimal temperatures for maximum efficiency. Sophis-

ticated nonlinear physics-based and data-based models can be incorporated without

sacrificing computational tractability using DC decomposition and novel robust

DC-TMPC techniques as introduced in Chapters 4-6. Since a DC reformulation

can systematically be obtained for sufficiently smooth dynamics, the DC-TMPC

method can be applied to a range of powertrain architectures. Another extension

would be to investigate robustness of the proposed approach to power demand

disturbances. Although the flight path is fixed and the aircraft flight dynamics are

prescribed in the MPC optimisation, the predicted power demand is likely to be

inexact and this would introduce disturbance terms into the dynamics of battery

state of charge and fuel mass. Finally, the principles developed here for energy

management could be applied to the problem of optimal design and sizing of the

aeropropulsion components. Overall the research will contribute to green aviation

by developing technologies that provide reductions of in-flight CO2 emissions in

a new generation of hybrid-electric commercial aircraft.

7.3.2 Stochastic data-driven MPC of VTOL aircraft in
urban air mobility scenarios

A second project will consider energy-efficient trajectory generation and robust

control of a flying taxi, subject to environmental constraints of a stochastic and

uncertain nature. The scenario takes place in an UAM context where space

and energy resources are limited, and where issues such as congestion, obstacle

avoidance (from other flying vehicles) and uncertainty (bird strike, wind) have to be

factored in. VTOL aircraft capable of vertical take-off in constrained airspace and

transition to energy-efficient wing-borne flight are particularly appealing solutions

in this context. A multi-modal model of the environment will be built involving a

mixture of mathematical models (e.g. von Kármán wind turbulence model, aircraft

aerodynamics) and data-based models (weather forecast, satellite images, real-time
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estimation of traffic, information from air traffic control). This model will be

leveraged by the robust DC-TMPC algorithm introduced in Chapter 5 to compute

energy efficient trajectories in real time and redirect the aircraft as data are collected

on the fly or in the event of an obstacle (real-time collision avoidance). Due to

the unpredictable environment, the guidance system should benefit greatly from

the robustness capabilities of the proposed algorithm and from its computational

efficiency for real-time trajectory scheduling. Moreover, the presence of data in the

model will require the use of machine learning techniques such as sums of radial basis

functions or neural network representations of constraints derived from multi-modal

data, and will incentivise the development of ad-hoc DC decomposition techniques.

For example, as briefly outlined in Section 5.7.2 of Chapter 5, a DC decomposition of

a sum of radial basis functions can be directly obtained by enforcing simple first and

second order derivative conditions, and recent developments in input-convex neural

networks (ICNN) allow the construction of difference of convex neural network

architectures by subtracting the output of two ICNN (with either feedforward

or recurrent architecture). Such function approximations will be incorporated in

the DC-TMPC formalism, showing the suitability of the method for data-driven

control problems. In particular, techniques based on recurrent neural networks

to approximate the system dynamics are promising due to their similarity with

ordinary difference equations arising from discretisation of the system with numerical

integration schemes. Issues such as quantifying the impact of uncertainty in the

training data on the model parameters (e.g. the learned neural network weights)

will be investigated in order to design robust controllers. For example, if the training

data are corrupted by sensor noise with known probability distribution, this prior

knowledge could be related to the uncertainty in the neural network weights in a

Bayesian deep learning framework, and leveraged in robust optimisation approaches

or controllers such as DC-TMPC to guarantee robustness to parametric uncertainty.

Finally, extensions will exploit the stochastic nature of environmental disturbances

(e.g. wind, stochastic model of other vehicles) in a scenario-based MPC setting.

This involves generating finite sets of constraints by sampling the random variables
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in a chance-constrained optimisation framework. The obtained chance-constrained

optimisation will be reformulated as a sequence of convex programs using DC

decomposition, with the potential to provide much less conservative bounds on the

disturbances, ultimately resulting in increased energy savings. The research has the

potential to revolutionise the future of mobility by accelerating the deployment of

a new class of flying taxis and facilitating the adoption of explainable and robust

data-driven algorithms in safety-critical applications.

7.3.3 DC-TMPC algorithms: analysis of performance and
extensions

Chapter 5 has introduced a new tube-based MPC algorithm that can be applied to

systems representable as a difference of convex (DC) functions. The idea is based

on successive linearisations of the convex dynamics around predicted trajectories

and bounding the effect of linearisation errors in a robust optimisation framework

where errors are treated as additive disturbances. Because the errors are convex,

they can be bounded tightly by a set of convex inequalities that form the basis

of a multi-stage optimal controller named DC-TMPC. The DC-TMPC controller

offers guarantees of convergence, recursive feasibility and robust stability. Crucially,

it allows early termination (e.g. after a single solver iteration) without affecting

these properties, which is a highly desirable characteristic of an MPC scheme.

The two main limitations of the approach are: i) the a priori limited scope of

applicability to DC systems; ii) scalability issues, typically the exponential increase

of constraints with the number of states.

One of the goals of Chapter 6 was to demonstrate the viability of the method

by addressing these two issues, showing that the DC-TMPC algorithm can be

applied in realistic scenarios.

On the one hand, any "smooth" system can be expressed in DC form using a

variety of techniques including polynomial approximation, radial basis functions,

neural networks, etc. On the other hand, the computational explosion with the

number of states can be mitigated using parameterisation of the uncertainty sets
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with low complexity polytopes, exploiting prior knowledge of problem-specific

parameters to reduce the number of inequalities when the states appear linearly,

and reducing the problem dimension by other means. Interestingly, we showed in

Chapter 6 that we can solve sophisticated problems with a low number of states,

and that computationally tractable implementations can therefore be obtained.

This third research project aims at addressing these issues further and refining

our understanding of the DC-TMPC algorithm by providing a complete analysis

of performance. At first, we will discuss the influence of problem dimension on

computation time and investigate ways to alleviate this problem. For example, a

parameterisation of the tube in terms of simplex uncertainty sets with numbers of

vertices that scale linearly with the number of states will be considered. We will in

particular address whether this choice of set is overly conservative by comparison to

other parameterisations (e.g. elementwise bounds, general polytopic sets, ellipsoidal

sets, homothetic tube, etc.) and consider the trade-off in terms of performance.

The research will then consider DC decomposition methods related to algorithm

performance. We will compare various techniques and study their influence on

convergence time and accuracy. In particular we will address the problem of coping

with the error introduced by the approximation in a robust control framework.

Another problem of interest will be to consider how data-based models can

be integrated in the DC-TMPC framework and how uncertainty in the training

data affect performance and robustness guarantees.

Finally, specialised solvers will be implemented to solve the optimisation problem

efficiently with a predictable computational effort. Approaches based on the

alternating direction method of multipliers (ADMM) will be considered for its

potential to reduce computation times by orders of magnitude by contrast to generic

convex programming solvers such as CVX.

In all cases, we will illustrate our analysis with simulation results from various

case studies, e.g. N coupled tanks in series or the Fermi–Pasta–Ulam lattice

system to study the effect of problem dimension; VTOL aircraft in UAM scenarios

for realistic applications, etc.
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Overall the research will advance the fields of robust optimisation, MPC and

data-driven control by providing a systematic approach for the synthesis of compu-

tationally tractable optimisation through DC decomposition, while guaranteeing

robustness and stability.
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Contents
A.1 Classical results . . . . . . . . . . . . . . . . . . . . . . . 160
A.2 Linearisation of convex functions . . . . . . . . . . . . . 163

A.1 Classical results

We present here a non exhaustive list of classical results on convex functions analysis.

Most results are taken from [145]. For a more exhaustive treatment, see [138].

We start by the definition of a convex set.

Definition 1 (Convex set). The set S is convex iff for any pair of points x, y in S,

their linear combination lies in S

S is convex ⇔ λx + (1− λ)y ∈ S, ∀λ ∈ [0, 1], ∀x, y ∈ S.

In other words, all line segments that start and end in a convex set are entirely

contained within that set. An important type of set that we deal with in the context

of tube model predictive control (TMPC) is polytopic set that we define below.

160
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Definition 2 (Polyhedra and polytopes). A polyhedron is defined as the solution

set of a finite number of linear equalities and inequalities

P = {x | a⊤
1 x ≤ b1, . . . , a⊤

mx ≤ bm},

= {x |Ax ≤ b},
(A.1)

where A = [a1, . . . , am]⊤, b = [b1, . . . , bm]⊤.

A polytope (or polytopic set) is a bounded polyhedron.

Remark 8 (Convexity of polyhedra and polytopes ). Polyhedra and polytopes are

convex sets.

We now recall the definition of a convex function defined over a convex set.

Definition 3 (Convex function). The function f : domf → R is convex iff domf is

a convex set and

f(λx + (1− λ)y) ≤ λf(x) + (1− λ)f(y) ∀x, y ∈ domf , ∀λ ∈ [0, 1].

Remark 9 (Concave function). The function f is concave iff the function −f is

convex.

We give below first order and second order conditions for convexity.

Theorem 10 (First order condition for convexity). A differentiable function

f : domf → R is convex iff domf is a convex set and

f(y) ≥ f(x) +∇f(x)⊤(y − x), ∀x, y ∈ domf .

In other words, the function f can be bounded from below by the Jacobian

linearisation of f around any point x of its domain.

Theorem 11 (Second order condition for convexity). A twice-differentiable function

f : domf → R is convex iff domf is a convex set and

∇2f(x) ⪰ 0, ∀x ∈ domf .
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The above condition gives a practical tool to evaluate or enforce convexity in

terms of the Hessian of the function.

We now review some of the most common convex functions

Remark 10 (Example of convex functions). The functions below are convex:

• f(x) = xα, ∀x > 0, ∀α ≥ 1 or ∀α ≤ 0;

• f(x) = aT x + b, ∀a ∈ Rn, b ∈ R (i.e., affine functions1);

• f(x) = eαx, ∀α ∈ R;

• f(x, y) = x2/y, ∀x, y ∈ R2, y ≥ 0;

• any norm.

Starting from the basic convex functions above, more complex convex functions

can be constructed using operations that preserve convexity as detailed below.

Remark 11 (Convexity preserving operations). The functions f below are convex:

• Non-negative weighted sum: f(x) = ∑
αifi(x) is convex ∀αi ≥ 0, ∀fi convex,

i = 1, . . . , m;

• Pointwise maximum: f(x) = max{f1(x), . . . , fm(x)} is convex ∀fi convex,

i = 1, . . . , m;

• Composition with scalar nondecreasing functions: f(x) = (h ◦ g)(x) = h(g(x))

is convex ∀g : Rn → R convex and ∀h : R→ R convex nondecreasing;

• As a corollary of the latter: f(x) = g(x)−1 is convex for concave positive g.

Convex functions are important in numerical optimisation as they are the

ingredients of convex programs whose solution can be obtained efficiently with

modern solvers while offering guarantees of global optimality.
1Note that f is also concave in this particular case.
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Definition 4 (Convex programs). Convex programs are of the form

min
x

f(x)

s. t. gi(x) ≤ 0, i = 1, . . . , m

hj(x) = 0, j = 1, . . . , n

where f, gj : Rn → R are convex and hi : Rn → R are affine functions of x.

Remark 12 (Feasibility set of convex programs). The feasible set for a convex

optimisation problem is convex.

Theorem 12 (Global optimality of convex programs). Every locally optimal solution

of a convex optimisation problem is globally optimal.

Finally, an important result due to Hartman is concerned with the decomposition

of smooth functions as a difference of convex functions.

Theorem 13 (Difference of convex functions [127]). Any twice-continuously-

differentiable function f can be expressed as a difference of convex functions, i.e.

f ∈ C2 ⇒ f = g − h,

where g, h are convex functions.

A.2 Linearisation of convex functions

We now detail a series of results which are useful to justify our approach in

Chapters 4 - 6 based on bounding the linearisation errors of convex functions to

construct new types of robust optimisation problems and TMPC algorithms.

Theorem 14 (Convexity of linearisation error). Let f be a convex function defined

on a convex domain. The Jacobian linearisation error of f around any point

x◦ ∈ domf is also a convex function on domf .

Proof. The Taylor’s series expansion of f around x◦ is given by

f(x) = f(x◦) +∇f(x◦)⊤(x− x◦) + g(x, x◦),
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where g is the Jacobian linearisation error. Solving for g yields

g(x, x◦) = f(x)− f(x◦)−∇f(x◦)⊤(x− x◦).

Noting that −f(x◦) − ∇f(x◦)⊤(x − x◦) is affine (and hence convex), it follows

by convexity of f that g is also convex since it is a sum of convex functions (see

Remark 11).

The convexity property of the linearisation error is of great interest to bound its

effect over a convex set. We first establish an intermediate result that states that any

convex function defined on a polytopic set takes its maximum at one of its vertices.

Lemma 15 (Maximum of a convex function over a polytope). The maximum of a

convex function f defined over a polytopic set P = Co{v1, ..., vm} is achieved at one

of its vertices v1, . . . , vm, i.e.

max
x∈P

f(x) = max{f(v1), . . . , f(vm)}.

Proof. Since P = Co{v1, ..., vm}, any x ∈ P can be expressed as a convex combi-

nation of the vertices as follows x = ∑m
i=1 λivi for some positive λi that form a

partition of unity. By convexity of f , we have

f(x) ≤
m∑

i=1
λif(vi) ≤ max

i
{f(vi)},

which is valid ∀x ∈ P and achieves the proof.

We are now in a position to state the main result of this section that provides

bounds for the linearisation error of a convex function.

Theorem 16 (Tight bounds on convex linearisation error). Let f be a convex

function defined over a convex polytopic set P. Let g be the Jacobian linearisation

error of f around x◦ ∈ P. Then:

(i) The linearisation error g is convex;
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(ii) The linearisation error g can be bounded as follows

0 ≤ g(x, x◦) ≤ max
v∈V(P)

g(v, x◦),

where V(P) is the set of vertices of P.

Proof. (i) From Remark 8, the polytopic set P is a convex set and thus the claim

follows from Theorem 14.

(ii) Consider the Taylor’s series expansion of f around x◦ as follows

f(x) = f(x◦) +∇f(x◦)⊤(x− x◦) + g(x, x◦). (A.2)

The lower bound follows from the first order convexity condition (see Theorem 10)

f(x) ≥ f(x◦) +∇f(x◦)⊤(x− x◦),

which implies g(x, x◦) ≥ 0, by substitution of f in equation A.2.

The upper bound is a direct consequence of Lemma 15: since g is a convex

function defined over a polytopic set, it achieves its maximum at one of the vertices

and thus g(x, x◦) ≤ maxv∈V(P) g(v, x◦).



B
Terminal parameters computation

We summarise here a method for computing the terminal gain K̂, terminal weighting

matrix Q̂, and terminal set bound γ̂ for the MPC problem of Chapter 5 by solving

a semidefinite program (SDP). Given bounds X̄ = {x : |x − xr| ≤ δx} ⊆ X ,

Ū = {u : |u− ur| ≤ δu} ⊆ U on the state and control input within the terminal set,

we assume that the nonlinear system dynamics can be represented in X̄ × Ū using

a set of linear models. The model approximation is assumed to satisfy, for all k,

f(x, u)− f(xr, ur) ∈ Co{A(i)(x− xr
k) + B(i)(u− ur

k),

i = 1, . . . , m}, ∀(x, u) ∈ X̄ × Ū
(B.1)

(where Co denotes the convex hull). In order that Q̂ and K̂ satisfy the inequality

(5.5) we require, for all x ∈ X̄ ,

∥x− xr∥2
Q̂
≥
∥∥∥A(i)(x− xr) + B(i)K̂(x− xr)

∥∥∥2

Q̂
+ ∥x− xr∥2

Q + ∥K̂(x− xr)∥2
R.

Since each term is quadratic in x − xr, this condition is equivalent to a set of

matrix inequalities, for i = 1, . . . , m,

Q̂ ⪰ (A(i) + B(i)K̂)⊤Q̂(A(i) + B(i)K̂) + Q + K̂⊤RK̂,
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which can be expressed equivalently using Schur complements as LMIs in variables

S = Q̂−1 and Y = K̂Q̂−1:
S (A(i)S + B(i)Y )⊤ S Y ⊤

⋆ S 0 0
⋆ ⋆ Q−1 0
⋆ ⋆ ⋆ R−1

 ⪰ 0, i = 1, . . . , m. (B.2)

To ensure that the model approximation (B.1) remains valid we can exploit the

positive invariance of the set X̂ = {x : ∥x − xr∥Q̂ ≤ γ̂} for all γ̂ > 0, and

impose the constraints

{x : ∥x− xr∥2
Q̂
≤ γ̂} ⊆ X̄ ∩ {x : Kx ∈ Ū}

which are equivalent to

γ̂−1[δx]2i − [S]ii ⪰ 0, i = 1, . . . , nx (B.3)[
γ̂−1[δu]2i [Y ]i

⋆ S

]
⪰ 0, i = 1, . . . , nu (B.4)

To balance the requirements for good terminal controller performance and a large

terminal set, we can minimise tr(Q̂) + αγ̂−1 subject to the constraints (B.2),

(B.3), (B.4) and [
S I

⋆ Q̂

]
≻ 0, (B.5)

over variables S = S⊤, Y and γ̂−1, where α is a scalar constant that controls the

trade-off between the competing objectives of minimising tr(Q̂) and minimising γ̂−1.
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