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ABSTRACT
The origin of and interactions between key thermodynamic anomalies are derived and analyzed, as are the interactions with the stability
(or cavitation) limits. The conditions for interaction are derived from the underlying thermodynamic relations rather than using the more-
commonly applied Taylor expansion method. As a result, we derive a general set of equations that govern the interactions between different
lines of thermodynamic anomalies using standard manipulation of thermodynamic equations. The validity of the derivations is investigated
by comparing them to numerical simulation data and previous Taylor expansion-based results. Simulations are performed using a modified
Stillinger-Weber potential in which the balance of the two- and three-body interactions is varied and which serves to highlight the relation-
ships between the various anomalies. The deeply supercooled regime is explored by employing replica exchange methods. The behavior of the
anomalies is considered in terms of previously constructed thermodynamic “scenarios.” Based on the newly uncovered interaction schemes,
we propose a classification strategy for the thermodynamic anomalies (as first- or second-order) which could be extended to additional related
anomalies.
Published under license by AIP Publishing. https://doi.org/10.1063/1.5103242., s

I. INTRODUCTION

The density maximum observed in water at T ∼ 4 ○C and ambi-
ent pressure is perhaps the most well-known and well-studied exam-
ple of a thermodynamic anomaly. However, water and a number of
other key materials display anomalies in related properties such as
the compressibilities and heat capacities.1–30 The consequences of
these phenomena may be numerous and far reaching, covering areas
such as the existence of life on Earth to fundamental connections to
important technological processes and materials (such as silicon or
phase change materials used in IT equipment).

Besides water, the next best studied system in terms of the
thermodynamical anomalies is silicon.11,29,31–35 Since thermody-
namic anomalies often appear in metastable regions of phase space,
simulations are often used to probe these regions as they may
not be easily accessible to experimental techniques. In the case
of silicon, simulations are often performed using the Stillinger-
Weber (SW) potential.36 The SW potential contains a two body

Lennard-Jones-like term and a three body term that biases the local
configuration toward a certain ideal bonding angle. This poten-
tial has been thoroughly studied in terms of potential anomalous
behavior for silicon11,28,29,31–35,37 and for alternative parameteriza-
tions to model related systems.36,38–40 The flexibility to simulate a
wide range of anomalous systems by changing the relative strength
of two and three body terms has made the SW potential a key model
for studying this behavior although soft-core potentials have also
been successfully employed.41–52 Although some of the work refer-
enced above29 employs methods to push the limits of metastabil-
ity (by employing replica exchange techniques, for example), the
anomalies in deeply supercooled regions of the phase space have
not been reported in literature to date (in particular, in the low tem-
perature limit). Related investigations, using the SW potential have
studied the progression of the anomalous behavior as a function of
the strength of the three body term by fitting the thermodynamic
results to a two state model.32 However, relatively little attention has
been paid to high values of the three body term (close to the point
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where the anomalous behavior disappears) and the low temperature
region has not been fully explored. As a result, the SW potential is
extremely convenient for studying anomalous behavior as the details
of the anomalies can be systematically altered via a single (physi-
cally transparent) potential parameter (which controls the relative
strength of two and three body terms).

Thermodynamic anomalies are normally displayed as loci
(lines of maxima or minima of a given thermodynamic quan-
tity, usually in the PT or VT planes) which may highlight distinct
regions encompassing the anomalous behavior. One of the first
attempts to analyze the interactions between these loci was via the
stability limit conjecture (SLC),53,54 which was based on extrapo-
lations from experimental data for water. The SLC [see Fig. 1(a)]
describes the collision between the temperature of maximum den-
sity (TMD) locus and the line of liquid stability (the liquid branch
of the liquid-vapor spinodal line).53 This work was expanded by
Debenedetti and co-workers, focusing on the so-called tensile insta-
bility,55–57 a direct consequence of the SLC scenario, in which the
TMD line collides with the spinodal. In that work, a Taylor expan-
sion approach was utilized to analyze the specific conditions under
which the TMD and liquid-vapor spinodal lines intersect. As a result,
this work also predicted the disappearance of the TMD line away
from the spinodal by merging with a temperature of minimum den-
sity locus (TminD).58 This merging of the two loci describing the
density anomalies was first reported in simulations by Poole and
co-workers, evoking a so-called second critical point scenario [see
Fig. 1(b)].3

Potential anomalous behavior other than that associated with
the density (for example, in the heat capacity or compressibil-
ity) has received relatively little to no exposure in terms of their
analytical description and potential interaction with other anoma-
lies until the proposal of the singularity free scenario.4,59 In this
work, the gradient of the TMD line when intersecting the tem-
perature of minimum compressibility (TminC) loci was derived.
The behavior of the TminC under these conditions was analyzed
using the Taylor expansion method of Debenedetti.55 A similar
approach was used to explain the gradients of the density anoma-
lies and temperature of maximum heat capacity (TMH) on col-
lision at low pressures.60 The interactions between the density,
compressibility, and heat capacity anomalies has been analyzed for
stretched water using a combination of acoustic measurements and
simulation.61

In this work, we derive expressions for the interaction of lines
of density, compressibility, and heat capacity anomalies as well as
corresponding interactions with the spinodal line and/or the sta-
bility limit. Instead of applying the widely used Taylor expansion
approach, we simply manipulate thermodynamic equations. This
approach yields more general relations that can be applied to any
combination of anomalies (i.e., minima and maxima) and does not
require additional justifications in order to neglect the importance of
surviving higher order terms. However, this approach cannot probe
the possible termination points of the anomaly loci (as studied by
Debenedetti and D’Antonio’s work58). We are able to derive all the
collision scenarios reported from the Taylor expansion-based meth-
ods. We also show that newly reported collisions (from numerical
simulations using the SW potential) also follow the same rules and
we highlight these new interactions, for example, between the TMC
and TminD loci and the TminH and TminC. We also show that

FIG. 1. Thermodynamic scenarios describing the anomalous behavior in the dis-
ordered systems. TMD and TminD refer to the temperature of maximum and
minimum density lines and TMC and TminC to the temperature of maximum and
minimum compressibility lines. LLCP and LGCP refer to the liquid-liquid and liquid-
gas critical points, respectively. Panel (a) shows the stability limit conjecture (SLC),
whilst panel (b) shows the second (liquid-liquid) critical point scenario.

additional collision scenarios could exist which have not yet been
observed. For example, we show that if the TMD and TminD swap
places, then the TEC locus scenarios considered in Ref. 4 would
have inverted TMC/TminC and TMH/TminH gradients. Further-
more, we consider a method for identifying the source of the density
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anomaly and consider the origins of the compressibility and heat
capacity anomalies. We employ replica exchange molecular dynam-
ics (REMD) simulations62,63 to help explore the deeply supercooled
regime which may be rich in new interactions between thermody-
namic anomalies. These results serve as a test to probe the validity
of our thermodynamic derivations. Finally, we propose a classifi-
cation scheme for lines of anomalous behavior according to their
definition, interaction, and general behavior. These could easily be
extended to other lines defined in a similar manner.

II. THE ANOMALIES AND STABILITY LIMIT.
DERIVATIONS AND INTERACTION

In all our derivations, we consider a disordered system with
constant number of particles. We begin by giving the definitions
of the most important lines in the thermodynamic phase space and
the basic equations that describe and govern the interaction between
those lines. Details of the derivation of specific expressions are given
in the supplementary material. We first consider the stability limit
(SL) and the spinodal line. Next, we give the definition of the den-
sity anomaly along with the equations that govern its gradient in
various projections and note some of the new and important con-
siderations. We then derive the equations which govern the inter-
action of the stability limit and the spinodal line with the density
anomaly. After that we consider the main equations that govern
the compressibility anomalies and highlight the expression for the
gradient of the compressibility anomaly lines in the PT projection.
This naturally leads into the interactions between the density and
compressibility anomalies where we derive general equations that
govern the interaction between the two types of anomalies. We
also recover the three cases in which the compressibility anomaly
and density anomaly locus collide from the singularity-free inter-
pretation.4 After that the heat capacity anomalies are introduced
and expressions for the gradients of the heat capacity anomalies
in the PT projection are given. Next, the interaction between the
density and heat capacity anomalies are examined. Finally, we con-
sider the interaction between the compressibility and heat capacity
anomalies.

A. The stability limit
The stability limit is the limiting set of thermodynamic condi-

tions at which a metastable phase collapses, effectively defining the
boundary for metastable phase existence. In the special case of the
mean field, this will coincide with the spinodal line64 (see below).
The stability limit line does not have any special derivative proper-
ties (except when it coincides with the spinodal), and so we can write,
in general, an expression for the gradient in the PT projection of any
line by expanding the differential of P as a function of V and T,

dP = ( ∂P
∂T
)

V
dT + ( ∂P

∂V
)

T
dV . (1)

Now, if we divide by dT and evaluate at the stability limit (SL), we
obtain

( dP
dT
)

SL
= ( ∂P

∂T
)

V
+ ( ∂P

∂V
)

T
(dV

dT
)

SL
, (2)

which links the gradients of the stability lines in the PT and
VT projections. We can also divide by dV to obtain the PV
projection,

( dP
dV
)

SL
= ( ∂P

∂T
)

V
( dT

dV
)

SL
+ ( ∂P

∂V
)

T
. (3)

We will also be interested in the curvature of the PT and VT pro-
jections of the stability limit. Thus, we examine the second order
differential of V,

d2V = (∂
2V

∂T2 )
P

d2T + 2
∂2V
∂T∂P

dTdP + (∂
2V

∂P2 )
T

d2P, (4)

where we used short-hand notation for the mixed second derivative.
We divide by d2T to obtain

(d2V
dT2 )

SL
= (∂

2V
∂T2 )

P
+ 2

∂2V
∂T∂P

( dP
dT
)

SL
+ (∂

2V
∂P2 )

T
( d2P

dT2 )
SL

. (5)

These results will be used to examine the relation between various
anomalies and the stability limit.

B. The spinodal line
The differences between the scenarios used to describe the

behavior of the thermodynamic anomalies may often be traced
back to the relationship between the anomalies and the spin-
odal. As a result, although not an anomaly in itself, understand-
ing the interactions between the spinodal line and the density
anomaly lines is very important for probing the complete behavior
and magnitude of the anomalous region in thermodynamic phase
space.

Mechanical stability requires that the isothermal compressibil-
ity must always be finite (with corresponding finite fluctuations)
and positive. Where this condition is violated, the system becomes
mechanically unstable (the fluctuations become infinite) and col-
lapses toward an alternative phase. A set of such points at different
thermodynamic conditions is called the spinodal line and each point
on that line satisfies the condition

( ∂P
∂V
)

T
= 0. (6)

The spinodal line coincides with the stability limit in the mean field
approximation. At the spinodal line, both the compressibility and
heat capacity diverge.

The gradient of the spinodal line in the PT projection is given
by (see the supplementary material, Sec. I)

( dP
dT
)

spinodal
= ( ∂P

∂T
)

V
. (7)

The spinodal line is the tangent to the PT projection of isochores and
the envelope of isochores then forms the spinodal line. This result
was first discovered by Skripov65 and is important in governing the
behavior of the anomalies in the vicinity of the spinodal and Speedy’s
SLC.53
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The gradient in the VT projection is given by (see the
supplementary material, Sec. I)

(dV
dT
)

spinodal
= −

∂2P
∂V∂T

( ∂
2P

∂V2 )
T

. (8)

In the VT projection, the gradient of the spinodal line depends
on the spinodal branch we choose (denominator) which will be of
constant sign depending on which branch we choose (either the
maximum or minimum in the PV projection).

C. The density anomalies
The density anomalies are defined by loci of extrema (either

maxima or minima) in a density vs temperature (ρT) map of iso-
bars. As a consequence, we can define two lines—temperatures of
maximum density (TMD) and temperature of minimum density
(TminD)—by

( ∂ρ
∂T
)

P
= 0. (9)

In practice, the TMD and TminD often meet in a continuous fash-
ion58 and the combined line which encompasses both the TMD and
TminD is referred to simply as the density anomaly path. For every
point (defined with respective thermodynamic variables—T, P, V)
on that path or line, Eq. (9) is satisfied. For a fixed number of par-
ticles, we can rewrite the above as (see the supplementary material,
Sec. II A)

(∂V
∂T
)

P
= 0, (10)

for which the TMD is now a minimum and TminD a maximum and
which is equivalent to (see the supplementary material, Sec. II A)

( ∂P
∂T
)

V
= 0. (11)

Consider now the differential of V as a function of P and T,

dV = (∂V
∂P
)

T
dP + (∂V

∂T
)

P
dT. (12)

Divide by dP and evaluate on the density anomaly path, which we
will denote ρextr,

(dV
dP
)
ρextr

= (∂V
∂P
)

T
= −VKT , (13)

where KT is the isothermal compressibility. Note that this expres-
sion is valid for both the TMD and TminD. From this equation,
we determine that a density extrema line is an envelope of the VP
projection of isotherms. The gradient of the density anomaly line
in the VP projection is always negative (since KT and V are always
positive).

The gradient of the density anomalies in the PT projection is
given by (see the supplementary material, Sec. II B)

( dP
dT
)
ρextr

= −
(∂

2V
∂T2 )

P

∂2V
∂P ∂T

, (14)

and the gradient in the VT projection is (see the supplementary
material, Sec. II C)

(dV
dT
)
ρextr

= −
( ∂

2P
∂T2 )

V

∂2P
∂V ∂T

, (15)

and the link with the PT projection is given by

(dV
dT
)
ρextr

= ( dP
dT
)
ρextr

(∂V
∂P
)

T
= −VKT(

dP
dT
)
ρextr

. (16)

This result tells us that the gradients of the density anomaly lines in
the PT and VT projections are always of the opposite signs due to V
and KT being strictly positive.

Finally, the second derivative of the density anomaly locus is
given by (see the supplementary material, Sec. II D)

( d2P
dT2 )

ρextr

+ ( ∂
2P

∂T2 )
V
= ( ∂

2P
∂V2 )

T
(d2V

dT2 )
ρextr

. (17)

The second derivative of the density anomalies loci is coupled

between the PT and VT projections. The sign of the ( ∂
2P

∂T2 )
V

term determines if we are at a TMD [( ∂
2P

∂T2 )
V
> 0] or TminD

[( ∂
2P

∂T2 )
V
< 0] line, whereas the sign of ( ∂

2P
∂V2 )

T
strictly depends

in which metastable branch we are (for example, it is positive for
the “standard” metastable liquid part of thermodynamic phase space
close to the liquid-vapor spinodal).

D. The interaction between the density anomalies
and the stability limit

We begin by inserting the density anomaly condition into
Eq. (2),

( dP
dT
)

SL
= ( ∂P

∂V
)

T
(dV

dT
)

SL
. (18)

Notice that if the stability limit coincides with the spinodal line, we
can insert the stability limit criterion into the previous equation to
obtain

( dP
dT
)

spinodal
= 0. (19)

The stability limit line in the PT projection will have zero gra-
dient in the limit as it approaches the spinodal line at the point
of interception with a density anomaly. A similar conclusion can
be reached if we take the gradient of the spinodal line in the PT
projection [Eq. (7)] as the isochore tends to a density anomaly
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point [( ∂P
∂T
)

V
= 0]. Unfortunately this approach cannot be used to

obtain the gradient of the spinodal line in the VT projection. The
inversion of Eq. (18) does not formally satisfy the implicit function

theorem. The limit of (∂V
∂P
)

T
depends from which side we approach

it (it can either be ±∞) and, as a result, such an expression cannot be
used to evaluate the behavior of the spinodal line in the VT projec-
tion in this approach. For further discussion of the implicit function
theorem implications, see the supplementary material, Sec. II A.

We can explore the interaction of the spinodal line with the
density anomaly using a different approach. Inserting Eq. (SI-19)
into Eq. (8) generates

(dV
dT
)

spinodal
=

( ∂
2P

∂T2 )
V

(dV
dT
)
ρextr

( ∂
2P

∂V2 )
T

. (20)

We can now determine the sign of the VT projection of the spinodal

as it collides with the density anomaly as ( ∂
2P

∂V2 )
T
> 0 for the liquid-

vapor spinodal on the liquid side of the spinodal. The zero gradient
spinodal projection in the VT plane is intercepted by the density
anomaly at infinite gradient. An interception point outside of this

condition [if(∂V
∂T
)
ρextr

≠ ∞] will force different density anomalies

to intercept the spinodal in the VT projection at different gradients.
For example, a positive gradient TMD will intercept the spinodal
at a positive gradient, and negative gradient TMD will intercept it
at negative spinodal gradient. It is also worthwhile noting that this
expression cannot be used to evaluate the collision gradient of the
VT projection of the spinodal if the density anomaly gradient is zero.

At that point, ( ∂
2P

∂T2 )
V
= 0 and the denominator is zero rendering

the fraction ill-defined.
Consider now the second derivative of the stability limit at the

intersection with the density anomaly in the PT projection. In the
special case where the stability limit coincides with the spinodal, we

can insert ( dP
dT
)

SL
= 0 into Eq. (5) to obtain

(d2V
dT2 )

spinodal
= ( d2P

dT2 )
spinodal

(∂
2V

∂P2 )
T

+ (∂
2V

∂T2 )
P

. (21)

If we are assuming that we are studying a metastable liquid

near the liquid-vapor stability limit, then (∂
2V

∂P2 )
T
> 0 is strictly

positive. The TMD [(∂
2V

∂T2 )
P
> 0] intercepts a minimum in the

PT projection of the spinodal
⎡⎢⎢⎢⎢⎣
( d2P

dT2 )
spinodal

> 0
⎤⎥⎥⎥⎥⎦

, and the VT pro-

jection of the spinodal has to have a negative second derivative
⎡⎢⎢⎢⎢⎣
(d2V

dT2 )
spinodal

> 0
⎤⎥⎥⎥⎥⎦

. If the TMD line intercepts a maximum in the

PT projection of the spinodal
⎡⎢⎢⎢⎢⎣
( d2P

dT2 )
spinodal

< 0
⎤⎥⎥⎥⎥⎦

, then the second

derivative of the VT projection of the spinodal line could have either
sign based on the magnitude of the two competing terms.

If the TminD line [(∂
2V

∂T2 )
P
< 0] intercepts the spinodal line

at a maximum in the PT projection
⎡⎢⎢⎢⎢⎣
( d2P

dT2 )
spinodal

< 0
⎤⎥⎥⎥⎥⎦

, then the

second derivative of the VT projection of the spinodal has to be neg-

ative
⎡⎢⎢⎢⎢⎣
(d2V

dT2 )
spinodal

< 0
⎤⎥⎥⎥⎥⎦

. In case TminD intercepts a minimum in

the PT projection of the spinodal
⎡⎢⎢⎢⎢⎣
( d2P

dT2 )
spinodal

> 0
⎤⎥⎥⎥⎥⎦

, the sign of

the VT projection of the second derivative of the spinodal line could
again be of either sign based on the magnitude of the two competing
terms.

E. The origin of the density anomaly based
on a thermodynamic analysis of the interaction
with the spinodal line

Consider the gradient of the TMD line as it approaches the
spinodal. If that region of the phase space is dominated by the influ-
ence of the liquid-vapor spinodal, and there is no liquid-liquid crit-

ical point in the vicinity, then ( ∂
2P

∂V2 )
T
> 0. The gradients of the

TMD lines in the VT and PT projections still have to be of oppo-
site sign according to Eq. (16). Consider now the second derivative
of either density anomaly line (TMD or TminD) in both projections
[Eq. (17)]. For a TMD line which only has negative gradient (as in
Speedy’s SLC) in the PT projection, the second derivative can be
either positive or negative, with a positive second derivative corre-
sponding to low pressures close to the liquid side of the liquid-vapor
spinodal and a negative second derivative corresponding to high
pressures. Consider the case in which the low pressure part of the
TMD is close to the liquid branch of the liquid-vapor spinodal. The
second derivative of the VP projection of the TMD line then has to
be strictly positive [according to Eq. (17)—see Table I].

Consider now the case in which the TMD avoids collision
with the liquid-vapor spinodal. After the TMD line passes through

TABLE I. The possible arrangements of the signs for the four terms in Eq. (17) and
the corresponding scenarios for the TMD anomaly.

( d2P
dT2 )

ρextr

( ∂
2P

∂T2 )
V

( ∂
2P

∂V2 )
T

(d2V
dT2 )

ρextr

Scenario

+ + + + SLC
+ + − − Non-SLC
− + + −
− + − +
− + − −
− + + +
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having an infinite gradient in the PT or VT projections, the TMD
line changes gradient and sign of the second derivative. Consider
the case when the second derivatives are always of opposite signs
(such as for the SW liquids—see Figs. 3 and 4). The second deriva-
tives of the density anomaly locus change signs in both projec-
tions at infinite TMD locus gradient. Consider the low pressure
(high volume, low density) part of TMD line. In the PT projec-
tion, the sign of the second derivative of the TMD line is posi-
tive but is negative in the VT projection. The only mechanism by

which this can happen for a TMD is if ( ∂
2P

∂V2 )
T
< 0. However,

this means that such a point cannot intercept the liquid-vapor spin-

odal as, at that point, ( ∂
2P

∂V2 )
T
> 0. This means that the avoid-

ance of a collision between the TMD and liquid-vapor spinodal
lines is necessary if the TMD line passes through infinite gradient
and changes gradient sign in the case where the signs of second
derivatives of the density anomaly lines are always opposite. Obvi-
ously, the origin of the density anomaly in such a case cannot be
attributed to the liquid-vapor spinodal and the SLC is invalid in
such a case (Table I). Notice that this argument is quite general
and is independent of the fact that the TMD and TminD have to
meet at the point when the gradient of the density anomaly locus is
zero.

If the signs of the second derivative of the density anomaly locus
are the same, then the collision of the TMD line with the liquid-
vapor spinodal is still possible (resulting in an SLC-like scenario,
and reported for a patchy colloid model—the 2A9B system64). Note
that analogous arguments are valid to describe the behavior of the
TminD locus (see Table II).

F. The compressibility anomalies
Compressibility anomalies are defined as either a temperature

of maximum compressibility (TMC) or temperature of minimum
compressibility (TminC), satisfying the condition

(∂KT

∂T
)

P
= 0. (22)

The above expression can be expanded as in singularity-free sce-
nario4 (also given in the supplementary material, Sec. III),

(∂KT

∂T
)

P
= −KTαP −

1
V

∂2V
∂P∂T

, (23)

TABLE II. The possible arrangements of the signs for the four terms in Eq. (17) and
the corresponding scenarios for the TminD anomaly.

( d2P
dT2 )

ρextr

( ∂
2P

∂T2 )
V

( ∂
2P

∂V2 )
T

(d2V
dT2 )

ρextr

Scenario

− − + −
− − − + Non-SLC
+ − + −
+ − − +
+ − − −
+ − + +

where αP is the thermal expansion coefficient,

αP =
1
V
(∂V
∂T
)

P
. (24)

Note that this quantity is zero at the density extrema.
The expression that governs the nature of the compressibil-

ity anomaly is the second derivative of the compressibility with
respect to temperature evaluated at the conditions corresponding
to the compressibility anomaly (see the supplementary material,
Sec. III A)

(∂
2KT

∂T2 )
P
= − 1

V
∂3V

∂T2 ∂P
− KT

V
(∂

2V
∂T2 )

P
. (25)

The gradient of the compressibility anomaly lines is given by
(see the supplementary material, Sec. III B)

( dP
dT
)

Kextr
T

= −
(∂

2KT

∂T2 )
P

∂2KT

∂T ∂P

. (26)

At the point at which the TMC becomes the TminC line

[(∂
2KT

∂T2 )
P
= 0], the gradient of the compressibility anomaly locus

has to be zero. The denominator of the above expression can also be
expanded (see the supplementary material, Sec. III B),

∂2KT

∂T ∂P
= − 1

V
∂3V

∂T ∂P2 +
αP

V
(∂

2V
∂P2 )

T
, (27)

and we can obtain the final expression for the gradient by insert-
ing Eqs. (27) and (25) into the expression for the gradient of the
compressibility anomaly,

( dP
dT
)

Kextr
T

=

∂3V
∂T2 ∂P

+ KT(
∂2V
∂T2 )

P

∂3V
∂T ∂P2 − αP(

∂2V
∂P2 )

T

. (28)

G. The heat capacity anomalies
The heat capacity anomaly is defined as the locus of the iso-

baric heat capacity extrema along isotherms (TMH—temperature
of maximum heat capacity and TminH—temperature of minimum
heat capacity),

(∂CP

∂P
)

T
= T

∂2S
∂P∂T

= 0, (29)

where we can rewrite the above condition to read (see the supple-
mentary material, Sec. IV A)

(∂CP

∂P
)

T
= −T(∂

2V
∂T2 )

P
. (30)

The second derivative of the heat capacity informs us as to whether
we are at a TMH or TminH point (see the supplementary material,
Sec. IV A),
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(∂
2CP

∂P2 )
T
= T

∂3S
∂P2∂T

= −T
∂3V

∂T2∂P
. (31)

To obtain the gradient of the heat capacity anomaly, we apply
a similar procedure as in the case of the compressibility anomaly to
obtain (see the supplementary material, Sec. IV B)

( dP
dT
)

Cextr
P

= −
∂2CP

∂T ∂P

(∂
2CP

∂P2 )
T

. (32)

From this, it is clear that at the crossover point at which the TMH

becomes the TminH [(∂
2CP

∂P2 )
T
= 0], the gradient of the heat capac-

ity anomaly locus in the PT projection has to be infinite. In order to
obtain the full expression, we have to expand the numerator (see the
supplementary material, Sec. IV B),

( dP
dT
)

Cextr
P

= T
(∂

3V
∂T3 )

P

(∂
2CP

∂P2 )
T

= −
(∂

3V
∂T3 )

P

∂3V
∂T2 ∂P

. (33)

H. The interactions between the density
and the compressibility anomalies

To consider the interaction between the density and the com-
pressibility anomalies, we begin by combining Eqs. (14) and (23) to
obtain an equation which was first reported for the singularity-free
scenario,4

(∂KT

∂T
)

P
= 1

V

(∂
2V

∂T2 )
P

( dP
dT
)
ρextr

. (34)

The implications of this equation are following. If the density and
compressibility anomalies are to collide, then both sides have to be

zero. In order for the right-hand side to be zero, ( dP
dT
)
ρextr

has to

be infinite. If the numerator on the right-hand side is zero, then the
denominator is also zero according to Eq. (14), which produces an
undefined quantity. As a result, the compressibility anomaly collides
with the density anomaly where the latter has infinite gradient.

If we evaluate the expression for the gradient of the compress-
ibility anomaly locus [Eqs. (26) and (28)] at the density anomaly
(αP = 0), we obtain

( dP
dT
)

Kexpr
T

=
(∂

2KT

∂T2 )
P

1
V

∂3V
∂T ∂P2

=

∂3V
∂T2 ∂P

+ KT(
∂2V
∂T2 )

P

∂3V
∂T ∂P2

. (35)

Consider the value of
∂3V

∂T ∂P2 at an infinite gradient density
anomaly line in either the PT or VT projections. If such a point is

a maximum TMD temperature or minimum TminD temperature
(see the two intersection points of the density anomaly lines—red

with the vertical blue lines in Fig. 2), then
∂3V

∂T ∂P2 > 0 (as can
be concluded from the inset of Fig. 2). If the TMD collides with a
compressibility locus of zero gradient, this will correspond to the
inflection point (neither a TMC nor TminC). Whereas if the TMD
collides with a positive gradient compressibility locus, that point has

to then correspond to a TminC point [(∂
2KT

∂T2 )
P
> 0], and if the

TMD collides with a negative gradient compressibility locus, that

point must correspond to a TMC point [(∂
2KT

∂T2 )
P
< 0]. This recov-

ers three collision cases reported in singularity-free interpretation.4

As we can see, the recovery of the behavior of the compressibility
and density loci collision is conditional on the shape of the den-
sity anomaly locus but is agnostic to the density anomaly considered
(be it TMD or TminD). Notice that if the TMD and TminD are to

change places, the sign of the
∂3V

∂T ∂P2 term would then be negative.
This would in turn change the signs of the gradients at which TMC
and TminC collide with the density anomaly. In the case of a SLC-
like monotonic density anomaly locus that has an infinite gradient

but does not retract, the sign of
∂3V

∂T ∂P2 is not obvious.

FIG. 2. Schematic diagram of the VT projection of the density anomaly loci which
avoids collision with the liquid-vapor spinodal. The black lines represent the iso-
bars, whilst the red lines represent both the TMD (full) and TminD (dashed) loci
and which correspond to extrema on the isobars. The green stars highlight the
points at which the gradient of the density anomaly locus is zero, at which point
the TMD changes to TminD and where they collide with the heat capacity anomaly
locus. The vertical blue lines highlight the minimum and maximum temperatures
at which a density anomaly is present and coincides with the infinite gradient for
the density anomaly loci (and at which points the compressibility anomaly loci col-
lide). The blue signs (+ and 0) next to the blue vertical lines denote the sign of
the partial derivative of volume with respect to temperature at constant pressure,
at the points where vertical blue line intersects the isobars. The inset shows this
derivative as a function of pressure at constant temperature deducted from the sign
analysis.
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I. The interactions between the density and the heat
capacity anomalies

To consider the interaction between the density and the heat
capacity anomalies, we begin by applying the heat capacity anomaly

condition (∂CP

∂P
)

T
= −T(∂

2V
∂T2 )

P
= 0 to the gradient of the density

anomaly in the PT projection [Eq. (14)],

( dP
dT
)
ρextr

= −
(∂

2V
∂T2 )

P

∂2V
∂P ∂T

= 0. (36)

The heat capacity anomaly strictly intersects the density anomaly at
zero gradient in the PT projection.

Consider again the gradient of the heat capacity anomaly
[Eq. (32)],

( dP
dT
)

Cextr
P

= −
∂2CP

∂T ∂P

(∂
2CP

∂P2 )
T

=
T(∂

3V
∂T3 )

P

(∂
2CP

∂P2 )
T

. (37)

Consider the isobars in the VT projection at the point at which
the gradient of the density anomaly is zero (marked by green stars
in Fig. 2) and intersects the heat capacity anomaly. The isobar has
an inflection at the point of zero density anomaly gradient where
the TMD and TminD meet.58 By definition, such a point needs to
have the lowest nonzero derivative to be of odd order (in our case
third order). In our case, the sign of the third derivative at the inflec-
tion point of the isobar is positive (the first derivative is positive to
the both left and right of that point as expected for a liquid outside
anomalous regions as can be seen in Fig. 2). As a result, we conclude
that

∂2CP

∂T ∂P
= −T(∂

3V
∂T3 )

P
< 0. (38)

This enables us to recover three cases in which the heat capac-
ity anomaly locus intercepts the density anomaly locus, noted pre-
viously but not explicitly derived.60 If, at the interception point,

(∂
2CP

∂P2 )
T
= 0 (corresponding to the transition between TMH and

TminH), the gradient of the heat capacity locus has to be infinite. A
TMH line that intersects the density anomaly locus needs to have a
negative gradient in the PT projection, while the TminH line needs
to have a positive gradient in the PT projection.

In the analogue of the manner in which compressibility
anomaly loci collide with the density anomaly loci, the depen-
dence of the gradient of the heat capacity anomaly loci on colli-
sion with the density anomaly loci is conditional on the shape of
the density anomaly locus. If again the TMD and TminD are to
swap places, the gradients of the heat capacity anomalies would
have to change signs when colliding with the density anomaly
locus.

J. The origin of compressibility and heat capacity
anomalies

Compared to the density anomaly, both the TminC and TminH
loci could have a much simpler origin. Considering the definition of
both lines, then the TminC is a minimum compressibility at con-
stant pressure, whereas the TminH is a minimum heat capacity at
constant temperature. At a spinodal, both the heat capacity and com-
pressibility will diverge. As a result, nonmonotonic or multiple spin-
odal lines can generate TminC and TminH points. To put this in the
perspective of a PT projection, one has to consider the location of the
spinodal lines. If a part of thermodynamic space contains two spin-
odal points (not necessarily belonging to the same spinodal line) at
the same pressure and two different temperatures, a TminC point at
a temperature in between the two temperatures has to be present. An
analogous argument can be constructed to identify a TminH point
in between two spinodal points at the same temperature and at two
different pressures.

A tensile instability must necessarily generate TminC points. In
the SLC scenario, the TminC locus should terminate at the spinodal
minimum (although the TminC is not strictly present at the spinodal
itself) in the PT projection (at the point where the TMD terminates,
the TMD being present at the spinodal). As a result, we should not
treat such a point as a collision between the respective density and
compressibility anomalies. Similarly the high pressure TMD termi-
nation in the SLC scenario (the “kink”) also necessarily generates
TminH points.

On the other hand, TMC and TMH lines are often associated
with the extension of the spinodal lines beyond the critical point in
which the first order transition and the spinodal lines terminate. If
one considers the case in the PT projection in which we have two
spinodal points at the same pressure at low and high temperatures,
and we have a TMC point at a temperature in between, there must
exist two TminC points at temperatures between the lower spin-
odal and the TMC temperature as well as one between the TMC
and high spinodal temperatures. As a result, the TMC line would
be surrounded by TminC lines. The analogous principle applies to
the TMH points considered at constant temperature.

Finally, one must consider the role of the density anomaly.
Looking at Eq. (14), we can clearly see that density anomaly with
zero gradient requires the existence of a heat capacity anomaly point.
Similarly, an infinite gradient density anomaly requires the exis-
tence of the compressibility anomaly at that point [Eq. (34)]. As a
result, while compressibility and heat capacity anomalies can exist
without the density anomaly, certain density anomaly scenarios can
guarantee that they will be present.

K. The interaction between the heat capacity
and the compressibility anomalies

We begin by inserting the condition for the heat capacity

anomaly [(∂CP

∂P
)

T
= −T(∂

2V
∂T2 )

P
= 0] into the second derivative

of the compressibility evaluated at the compressibility anomaly
[Eq. (25)],

(∂
2KT

∂T2 )
P
= − 1

V
∂3V

∂T2 ∂P
. (39)
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If we insert this into the equation for the second derivative of the
heat capacity with respect to the pressure, which tells us which heat
capacity anomaly we are considering [Eq. (31)], we obtain

(∂
2CP

∂P2 )
T
= TV(∂

2KT

∂T2 )
P

. (40)

Given that both V and T must be strictly positive, this means that
the intersection between compressibility and heat capacity anoma-
lies can only happen between lines of minimum compressibility and
minimum heat capacity or between the lines of maximum compress-
ibility or maximum heat capacity. Notice that we do not require that
KT or CP go to infinity if the compressibility maximum and heat
capacity maximum collide, which means that the TMC and TMH
can collide away from the critical point.

Consider now the gradient for the compressibility anomaly
[Eq. (26)]. If we now substitute Eq. (40) into Eq. (26), we get

( dP
dT
)

Kextr
T

= −
(∂

2CP

∂P2 )
T

TV
∂2KT

∂T ∂P

. (41)

Inverting Eq. (32) and inserting it into the above equation gives

( dP
dT
)

Kextr
T

=
∂2CP

∂T ∂P

TV
∂2KT

∂T ∂P
( dP

dT
)

Cextr
P

. (42)

Finally, we can substitute Eq. (SI-48) and Eq. (27), onto which
we also apply the heat capacity anomaly condition, into the above
equation to obtain

( dP
dT
)

Kextr
T

= −
(∂

3V
∂T3 )

P

(− ∂3V
∂T ∂P2 + αP(

∂2V
∂P2 )

T
)( dP

dT
)

Cextr
P

. (43)

The first conclusion is that for a zero gradient heat capacity anomaly
line, the point of intersection for the compressibility anomaly needs
to have an infinite gradient in the PT projection and vice versa. Out-
side of the special cases for zero and infinite gradient compressibility
and heat capacity anomaly loci, the signs of the said anomalous lines

at their collision point will depend on the signs of
∂2CP

∂T ∂P
and

∂2KT

∂T ∂P
although the signs of these two terms are nontrivial to predict except
for some specific points associated with the density anomaly (such
as when it has an infinite or zero gradient). As a result, prediction
of the signs of the gradients of the compressibility and heat capacity
anomalies on collision is difficult.

Finally, we consider the case in which the compressibility
anomaly locus collides with the heat capacity anomaly locus at a
point where TminC and TMC meet. At such a point, the TMH and
TminH also merge [Eq. (40)] and so

(∂
2CP

∂P2 )
T
= (∂

2KT

∂T2 )
P
= 0. (44)

Recall now that when (∂
2KT

∂T2 )
P
= 0, the gradient of compressibil-

ity anomaly locus needs to be zero in the PT projection [Eq. (26)].

Similarly when (∂
2CP

∂P2 )
T
= 0, the heat capacity anomaly needs to

have an infinite gradient in the PT projection [Eq. (32)]. Thus, if
the compressibility and the heat capacity anomaly collide at a point
where both minima change to maxima, they will be orthogonal to
each other in the PT projection.

III. NUMERICAL RESULTS
Having established mathematically a range of conditions under

which the various anomalies interact, we will now demonstrate
the validity of these results by performing a range of numerical
simulations using a commonly employed potential model.

A. Potential models and methods
We employ a Stillinger-Weber (SW) potential36 which may be

most simply written as the sum of 2- and 3-body interactions,

U = ∑
i,j>i

U2(rij) + λ ∑
i,j≠i,k>j

U3(rij, rik, θijk),

U2(rij) = A[B( 1
rij
)

p

− ( 1
rij
)

q

]e
1

rij − a ,

U3(rij, rik, θijk) = [cos θijk − cos θ0]
2e

γ
rij − a e

γ
rik − a .

(45)

Here, the SW parameters are fixed at those obtained originally to
model silicon36 with the exception of the strength of the three-body
term (λ). The values of λ investigated in this work are λ = 18 and
26 (compared to the value for silicon λ = 21) and are chosen to
reflect the approximate lower and upper ranges of the parameter
λ for which anomalous thermodynamic properties are observed.30

At these values of λ, we observe some novel interactions between
certain thermodynamic anomalies which make these two param-
eterizations perfect for testing our theoretical predictions. We use
molecular dynamics (MD) in the NVT ensemble to generate the
required thermodynamic data using LAMMPS66 with the temper-
ature maintained using Nosé-Hoover thermostats.67,68 In order to
calculate isochores, the volume and number of atoms (N = 512)
is kept constant, while the temperature is varied systematically. A
range of densities (volumes) are investigated in order to obtain a
full set of isochores within the stability limit of the potential mod-
els. The initial simulation cell is created from a diamond crystal unit
cell copied 4 × 4 × 4 times in the respective dimensions. The tem-
perature is changed in increments of 0.002 reduced units, and the
volume is changed by increasing the length of the unit cell of the
diamond crystal in increments of 0.004 77 reduced units. An inte-
gration time step of 0.383 fs is applied throughout. The system is
equilibrated using simulations of t ∼ 2 ns with production runs of
t ∼ 2.5 ns. State points for which dynamical arrest was observed
on the simulation time scale were also investigated using replica
exchange molecular dynamics (REMD),62,63 coupling to higher tem-
perature states to potentially enable a more complete exploration
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of the liquid state configurational space. The original REMD sim-
ulations were t ∼ 4 ns long, and the end of “standard” MD simu-
lations was used as a starting point. We have performed very long
REMD simulations of t ∼ 40 ns in which spontaneous crystalliza-
tion is observed. It should be noted that estimating the quality of
the sampling on the basis of diffusion can be problematic due to any
partial crystallization of the system. To improve our sampling, we
perform eight REMD simulations of ∼4 ns each for each thermody-
namic state point and average over these. In each case, a different
starting configuration was extracted from the “standard” MD runs.
Such sampling is always preferred to just increasing the length of the
simulation,69 but this is also a useful strategy to avoid crystallization
while increasing the sampling time.

When determining the locations of the respective anomaly
loci and the stability limits, we use the thermodynamic data from
long REMD simulations (if available) and switch to data from
“standard” MD simulations for higher temperatures. The choice
of the temperatures at which REMD and MD data converge is
selected such that the system diffuses at this temperature across
the whole volume range considered. Points on an isochore are
filtered using a second order Butterworth filter and a 4th order
univariate spline fitted to the filtered data. The first derivative is
then calculated and identified as a maxima or minima from the
sign of the second derivative. These correspond to points on the
TMD or TminD lines. A similar procedure is employed to locate
the compressibility anomalies (TMC and TminC). Isotherms are
interpolated using a 4th order spline fit and the derivative deter-
mined in order to obtain the isothermal compressibility. We then
recast the obtained compressibility data on a pressure and tem-
perature grid and identify extrema of compressibility with respect
to temperature at constant pressure using the analogous proce-
dure to that used to identify the density anomalies. For numer-
ical ease, an analogous procedure was employed to consider the
heat capacity anomalies, the heat capacity being obtained using the
expression

CP = (
∂U
∂T
)

V
+ T( ∂P

∂T
)

V
(∂V
∂T
)

P
. (46)

The liquid-vapor stability limits were calculated by determining the
lowest pressure point on an isotherm for each temperature. We note
that this approach gives only an upper bound estimate of the liquid-
vapor-spinodal line in the PT plane.

B. Results
In this section, we report the main features of numerically stud-

ied systems in terms of lines of anomalous behavior and limits of
stability. Figures 3 and 4 show the anomaly loci and stability limits
for λ = 26 and λ = 18 in both the (a) PT and (b) VT projections. Let
us consider the interactions of the anomalies with each other and
with the stability limits.

The limit of stability at high temperatures for λ = 26 seems to be
very close to the true spinodal line. However, as the temperature is
lowered and we start approaching the anomalous region, the simula-
tions start to cavitate (below T∗ = 0.11, corresponding to T < 2750 K
for λ = 26). For λ = 18, cavitation is observed at all temperatures

FIG. 3. Thermodynamic anomaly loci for the modified Stillinger-Weber potential
with λ = 26 shown in the (a) PT and (b) VT projections. The black lines highlight the
liquid-vapor stability limit. The minimum and maximum loci for a given anomaly are
displayed as dashed and solid lines, respectively. Key: red—density anomalies,
blue—compressibility anomalies, and green—heat capacity anomalies.

at low density (high volume). In these cases, the effective interac-
tion between the density anomalies and the stability limit is actually
the interaction between the density anomalies and the cavitation
line.

For λ = 26, the collision between the density anomaly and the
stability limit is avoided and the liquid-vapor stability limit is mono-
tonically decreasing in the PT and VT projections of the phase dia-
gram. For λ = 18, the stability limit (or cavitation line) retracts giving
a tensile instability—like behavior characteristic of that predicted by
the SLC. However, the tensile instability terminates in a maximum
and starts monotonically decreasing thereafter, unlike in the SLC
case. It is unclear if the true spinodal for this system behaves in the
same way as the observed cavitation line. However, analyzing the
signs of the second derivatives of the high pressure TminD line (see
Sec. II E) suggests that the origin of the density anomaly cannot be
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FIG. 4. Thermodynamic anomaly loci for the modified Stillinger-Weber potential
with λ = 18 shown in the (a) PT and (b) VT projections. The black lines highlight the
liquid-vapor stability limit. The minimum and maximum loci for a given anomaly are
displayed as dashed and solid lines, respectively. Key: red—density anomalies,
blue—compressibility anomalies, and green—heat capacity anomalies.

the liquid-vapor spinodal as the TminD meets with the TMD line at
a maximum (negative second derivative) in the PT projection and
at minimum in the VT projection (positive second derivative). This
would suggest that the true spinodal of the system actually avoids the
collision with the density anomaly locus, possibly giving us a similar
scenario for the density anomalies as observed for λ = 26 case.

At λ = 18, the density anomaly lines intersect the stability limit
(or cavitation line in this case) when the latter has zero gradient in
the PT plane (see Sec. II D). The TMD line collides at stability limit
minimum, whilst the TminD line collides at the stability limit max-
imum in the PT projection. The respective temperatures for these
intersections for the TMD and TminD lines are {p∗, T∗} ∼ {−0.14,
0.041} and {p∗, T∗} ∼ {−0.165, 0.022} (corresponding to {p, T}
∼ {−5.3 GPa, 1030 K} and {p, T} ∼ {−6.2 GPa, 550 K}, respec-
tively). In the VT projection, the positive gradient TMD line inter-
sects the stability limit at positive gradient, while a positive gradient

TminD line intersects the stability limit at negative gradient (due to
low resolution of our V grid, this can not be clearly seen) just as we
predicted from purely theoretical considerations earlier.

It is quite remarkable that the cavitation line follows similar
rules to the spinodal line when colliding with the density anomaly. It
should be noted that the estimated “true” spinodal would lie at lower
pressures than the reported stability limit or the cavitation line for
both values of λ. At λ = 26, the density anomaly avoids collision
with the observed limit of stability.

Besides collision with the spinodal line (stability limit), the
only other mechanism by which the TMD or TminD loci can ter-
minate is to merge.58 For both values of λ, the TMD and TminD
meet at high pressures in the PT projection ({p, T} ∼ {−4.1 GPa,
500 K} corresponding to {p∗, T∗} ∼ {−0.12, 0.02} for λ = 18 and
{p, T} ∼ {18 GPa, 1750 K} corresponding to {p∗, T∗} ∼ {0.47,
0.07} for λ = 26) and low volumes in the VT projection ({V, T}
∼ {18.5 Å3, 500 K} corresponding to {V∗, T∗} ∼ {1.925, 0.02} for
λ = 18, and {V, T} ∼ {18 Å3, 1750 K} corresponding to {V∗, T∗}
∼ {1.94, 0.07} for λ = 26). λ = 26 also offers a more widely stud-
ied meeting of the TMD and TminD loci at low pressures and high
volume ({p, V, T} ∼ {0 GPa, 21.9 Å3, 2250 K} corresponding to
{p∗, V∗, T∗} ∼ {0, 2.32, 0.09}) as the collision with the stability limit
is avoided in the manner of the second LLCP scenario. By employ-
ing an analysis of the second derivatives to find the origin of the
density anomaly, we can clearly see that λ = 26 belongs in the non-
SLC scenario. The minima in the density anomaly loci in the PT
projection correspond to a maxima in the VT projection, and we
identify the non-SLC cases for both extrema. It should be noted,
however, that we detect no traces of a liquid-liquid critical point. As
a result, the density anomaly locus for λ = 26 creates a continuous
loop.

The two compressibility anomaly lines meet above the den-
sity anomaly locus and both terminate at the stability limit in the
PT projection for λ = 18. In standard second liquid-liquid critical
point scenario or singularity-free interpretation, the compressibility
anomalies meet only once close to the infinite TMD gradient instead
of meeting above the density anomaly locus.

At λ = 18 (Fig. 4), the intersection of the TMD and TminC loci
is obscured by the stability limit. However, the intersection of the
TminD and TMC loci (something generally not observed for non-
SLC scenarios) is seen at {p∗, T∗} ∼ {−0.13, 0.02} (corresponding to
{p, T} ∼ {−4.9 GPa, 500 K}) with TMC having negative gradient in
the PT projection as predicted. The low pressure TminC line seems
to terminate abruptly. The reason for this is our inability to effec-
tively construct splines in the region of the thermodynamic phase
space where the stability limit is retracting.

The crossover from the TMC to TminC for λ = 26 appears at
a higher temperature than the maximum temperature TMD point
(corresponding to TEC case III in Ref. 4). As a result, the TMC locus
has negative gradient (in the PT projection) when colliding with the
density anomaly as Ref. 4 and ourselves predict.

The density and compressibility anomalies collide when the
gradient of the respective TminD and TMD lines are infinite (see
Sec. II H). These intersections are clearest at λ = 26 (Fig. 3) with
respective pressures and temperatures for the crossing of the com-
pressibility anomalies with the TMD and TminD lines of {p∗, T∗}
∼ {0.02, 0.095} and {p∗, T∗} ∼ {0.40, 0.070} (corresponding to {p, T}
∼ {0.8 GPa, 2390 K} and {p, T} ∼ {15 GPa, 1760 K}, respectively). The
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TMC line has a negative gradient throughout the thermodynamic
space studied in the PT projection. The TminC line starts out with
positive gradient at low pressure, briefly retracts with negative gradi-
ent crossing the TMC locus, and then continues to positive gradient
at high pressures.

The crossover between the TMH and TminH occurs at infi-
nite gradient in both the PT and VT projections (see Sec. II G).
For λ = 26, only the low pressure crossover is observed at {p∗, T∗}
∼ {−0.03, 0.09} (corresponding to {p, T} ∼ {−1.2 GPa, 2240 K}). Any
high pressure crossover occurs in a region of the phase space for
which the heat capacity anomalies become too weak to effectively
observe. The TMH points at constant temperature slices are “sur-
rounded” by TminH lines as argued previously (see Sec. II J) for both
values of λ. For λ = 18, any low pressure crossover is obscured by the
stability limit. The high pressure crossover is observed at {p∗, T∗}
∼ {−0.05, 0.025} (corresponding to {p, T} ∼ {−1.9 GPa, 630 K}).

The density and heat capacity anomalies collide when the gra-
dient of the density anomaly line is zero at points where the TMD
and TminD loci meet (see Sec. II I). For λ = 26, both the upper
and lower intersections are observed at {p∗, T∗} ∼ {0, 0.090} and
{p∗, T∗} ∼ {0.45, 0.074} (corresponding to {p, T} ∼ {0 GPa, 2260 K}
and {p, T} ∼ {17 GPa, 1860 K}, respectively). In both cases, the
TMH line has a negative gradient when colliding with the density
anomaly locus (as predicted in Sec. II I). For λ = 18, only the high
pressure interaction is observed at {p∗, T∗} ∼ {−0.118, 0.020} (cor-
responding to {p, T} ∼ {−4.4 GPa, 500 K}), the low pressure interac-
tion being obscured by the intersection with the stability limit. The
gradient of the heat capacity locus is infinite when colliding with
the density anomaly locus, again in accordance with earlier predic-
tions.

We observe the predicted collisions between the TminH and
TminC for both λ values and TMC and TMH for λ = 26 (see
Sec. II K). For λ = 26, the two loci cross with a TminH gradi-
ent of approximately zero and a TminC gradient of around infin-
ity, again as predicted. For λ = 18, the crossover is more complex
although the respective gradients appear near orthogonal. We also
observe the collision of TMC and TMH lines enclosed by the den-
sity anomaly region. In the second LLCP scenario, this would be
expected to generate a LLCP; however, we do not observe such
behavior.

IV. CLASSIFICATION SCHEME FOR ANOMALIES
Finally, let us consider a more general picture of the anomalies

studied here. The compressibility and heat capacity anomalies are
defined in a similar manner (as cross second derivatives in terms of
pressure and temperature) and so interact with the density anoma-
lies in an analogous manner, for example, intercepting the density
anomaly at zero or infinite gradient. Furthermore, both the com-
pressibility and heat capacity anomalies can exist independently of
any density anomalies. The density anomalies may form complete
loops or collide with the stability limit depending upon the bal-
ance of the two- and three-body interactions. As a result, the den-
sity anomalies and the respective compressibility and heat capacity
anomalies behave in a fundamentally different manner and so may
be classified as first and second order anomalies, respectively, accord-
ing to the order of the highest derivative of the basic thermodynamic

quantity with respect to which they are defined. As a result, the def-
initions for the density anomalies [Eqs. (9) and (10) or Eq. (11)]
define this as the first order. On the other hand, once we expand
the full expression for the compressibility anomalies [Eq. (23)], we
see that the highest order derivative is the second order. Finally,
according to Eq. (30), an analogous argument is valid for the heat
capacity anomalies. In addition, we note that both the compressibil-
ity and heat capacity anomaly intersection scenarios (with the den-
sity anomaly) would change in an analogous manner on swapping
the TMD and TminD. Finally, we note that alternative definitions
of compressibility anomaly (for example, taken at constant density
as considered in Refs. 61 and 70) naturally follow the pattern of a
second order anomaly as defined here.

V. CONCLUSION
In this paper, we have considered the origin of, and inter-

actions between, a range of key thermodynamic anomalies and
also the interactions with the stability limits. The conditions for
these interactions have been derived from the underlying thermo-
dynamic relations rather than using the more-commonly applied
Taylor expansion method. We have also considered the behavior of
the anomalies in terms of previously constructed thermodynamic
“scenarios.” All of the derived equations and interactions are uni-
versal in the sense they are valid for any single-component liq-
uid and should apply to any potential satisfying this condition.
We have tested the robustness of our derivations by comparing
them to the results of numerical simulations and previous Taylor
expansion-based results. Molecular dynamic simulations were per-
formed using a modified Stillinger-Weber potential in which the
balance of the two- and three-body interactions was varied. Employ-
ing replica exchange methods allowed us to extend the simulations
into the deeply supercooled regime. This produces two types of
behavior: in the first, the density anomalies collide with the stability
limit, whilst in the second, they avoid collision and form complete
thermodynamic loops. Finally, our more complete picture of the
interactions of the anomalies allows us to propose a classification
strategy for the thermodynamic anomalies which could be readily
extended.

SUPPLEMENTARY MATERIAL

See supplementary material for detailed derivations of certain
equations and discussions regarding mathematical details of the
derivations.
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