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Determining the difference between local acceleration and local
gravity: Applications of the equivalence principle to relativistic

trajectories
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We show by direct calculation that the common equivalence principle explanation for why gravity
must deflect light is quantitatively incorrect by a factor of three in Schwarzschild geometry. It is,
therefore, possible, at least as a matter of principle, to tell the difference between local acceleration
and a true gravitational field by measuring the local deflection of light. We calculate as well the
deflection of test particles of arbitrary energy and construct a leading-order coordinate
transformation from Schwarzschild to local inertial coordinates, which shows explicitly how the
effects of spatial curvature manifest locally for relativistic trajectories of both finite and vanishing

rest mass particles. © 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative
Commons Attribution (CC BY) license (https://creativecommons.orgllicenses/by/4.0/).
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I. INTRODUCTION

An argument often put forth to show that gravity must
affect the propagation of light proceeds along the following
lines. Consider an elevator accelerating in a designated
“upward” direction in otherwise empty at a constant rate g.
Through a hole in one wall a light source emits a photon hor-
izontally, at a right angle to the direction of acceleration. On
the opposite facing wall, a distance H from the emitting
wall, there is a hole for the photon to exit. In the accelerating
frame of an observer Alice in the elevator, the light emerges
from the first hole and exits the second traveling in an appar-
ent parabolic arch, a result of the elevator’s uniform upward
acceleration. Of course, from the point of view of an external
observer Bob, in the finite time, it has taken the photon to
traverse the elevator H/c, where c is the speed of light, and it
is the elevator that has risen while the photon travels in a
straight line. In particular, the photon emerges on the far
wall a vertical kinematic distance

gH?
26‘2 ’

D

Azyin =

below its starting coordinate, the minus sign denoting the
downward deflection. The equivalence principle (EP) of gen-
eral relativity is often interpreted to mean that this same ver-
tical drop Az, would emerge in a local calculation for the
deflection of light by a gravitational field. In other words,
gravity must affect the propagation of light, causing a deflec-
tion of precisely this amount. The argument that an upwardly
accelerating frame of reference in Minkowski space pre-
cisely reproduces the deflection of light due to gravity is
made explicitly in a widely used textbook:' “[Flor an
observer in the accelerating laboratory the light ray falls with
an acceleration g. The equivalence principle implies that the
same observation is made in a laboratory at rest in a uniform
gravitational field.” A yet more recent textbook,” part of an
excellent introductory physics series, describes the deflection
of light arising from an upwardly moving elevator as “the
same thing” arising from a local gravitational field.
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The purpose of this paper is to revisit this simple argu-
ment. It is correct for an exactly uniform gravitational field,
but it is, in fact, quite incorrect for, e.g., the rocket shown in
the first textbook' at rest in the local gravitational field of
planet Earth, even though this field is indeed very nearly uni-
form over the scales of interest here. Therein lies the sur-
prise. The correction factor is not small: in the local
gravitational field of a nonrotating spherical object, the cor-
rect angular deflection of light is a factor of three larger than
the right side of Eq. (1). The original argument is incorrect
not just for photons but also for massive particles when their
Lorentz factors deviate measurably from unity. A careful
local application of the laws of special relativity does not
ensure the indistinguishability of a freely falling reference
frame in a gravitational field and local Minkowski geometry.
Instead, careful observations would allow the two to be
discerned.

More care than is customarily given is needed when
applying the EP to the orbital deflections of photons or rela-
tivistic particles. Some of the difficulty is that there is often
ambiguity or differences in the literature in the way the EP is
formulated.” In this paper, we will follow Weinberg’s text,*
whereby the EP means that it is always possible to find coor-
dinates in which the first derivatives of the metric tensor van-
ish locally in the neighborhood of any nonsingular point of
spacetime. Inconsistencies can arise if this is interpreted
kinematically, i.e., that we may calculate local physics by
going into an inertial, freely falling frame of reference.
Sometimes this may work, but not all the time. To see this
more clearly, in Sec. II, we carry out an explicit calculation
of the local photon deflection angle for standard
Schwarzschild geometry, followed in Sec. III by the same
calculation for a test particle of arbitrary energy. Neither of
these cases can be understood by naive kinematic arguments
and applications of the EP. To probe further, in Sec. IV we
calculate an explicit coordinate transformation between stan-
dard (cartesian) Schwarzschild coordinates and a true set of
local inertial coordinates about a particular point in space-
time in which the metric is locally Minkowskian. These local
inertial coordinates are spatially curved, and the key point is
that this curvature becomes an order unity effect, even
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locally, for the very small deflection angles associated with
relativistic trajectories. Herein lies the resolution of the dis-
crepancy. Finally, in the concluding discussion (Sec. V), we
argue that deflection of relativistic or nonrelativistic particles
may be very generally calculated by assuming that both a
local elevator and the spatially curved coordinate surface
through which the particle follows its geodesic, are falling
vertically with the same rate of acceleration. It is in this
sense that a kinematic formulation of the EP may be
recovered.

II. LOCAL DEFLECTION OF LIGHT

We begin with a detailed calculation of what the local
deviation angle is for a photon coming off its point of closest
approach from a central point mass in Schwarzschild geome-
try. We work in geometric units in which Newton’s G and
the speed of light ¢ are set equal to unity, and use the sign
convention — + ++ for the spacetime metric. In standard
quasi-spherical coordinates, the exact Schwarzschild metric
takes the following form:

—d7® = —B(r)d’* + A(r)d? + r*d0” + * sin*0d¢”,  (2)
where

B(r)=1=2r/r, A(r)=(1-"2ar,/r)"", 3)
and r, is the gravitational radius, which in geometric units is
51mp1y the mass M. A factor of o has been inserted to “tag”
the spatial curvature for later reference; it is of course equal
to unity for the standard Schwarzschild metric and has no
other sigmﬁcance The null geodesic orbital equation may be
written

1 /dr\? 1 1
— (£ - 4
rt <d¢)> 24T Pap’ @

where J is the angular momentum constant defined by the ¢
orbital equation”

d
o

- =B &)

Writing Eq. (4) in terms of u = 1/r, we find

1 1 —2owurg

J2 11— 2ury ’ ©)

(u/)2 + u2(1 — 2owr,) =

where ' = du/d¢$. The parameter r, is regarded as small
here to ensure that the deflection angle is likewise small, and
we shall, therefore, retain terms only through linear order in
1. Expanding in this manner to linear order and differentiat-
ing leads to

re(l —a) .

" 2 _
U +u—30ur, = i

(N
When o = 1, the right side of this equation disappears and we
recover the standard photon geodesic equation for the
Schwarzschild metric,> which in this case is exact, without
the need for an r, expansion.

The leading order behavior of the solution to this differential
equation corresponds to ignoring terms proportional to r,. As
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in standard treatments of light deflection, we take our zeroth
order solution to be a straight line of the following form:

sin ¢
T

3 ®)

uy =

where b is an integration constant corresponding to the point
of closest approach at an angle ¢ = n/2 (see Fig. 1). Here,
we are interested in the local path 7/2 < ¢ < m/2+ 9,
where ¢ is very small. The angular momentum constant J
appears in a small 7, term and may, therefore, be replaced by
its leading order value, J = b.

The departure from a straight line enters at linear order in
re. Taking u = ug + uy, with u; < ug, we easily find as

3ar 1—a
ul +uy = S £ (1 —cos2¢) + %
Ty 3rea
=5 (0 +2) fﬁcos 2¢. ©)

(We have replaced u by its leading form u, in the term
Sauzrg.) Equation (9) is a linear differential equation, and it
is easy to see that its solution is a linear superposition of a
constant plus another constant times cos(2¢). Trying a solu-
tion of this form determines the two constants and we find

" :%(a+2—|—o¢cos2¢). (10)
Hence,
1
;:u:u0+u1 = Slg¢+ﬁ(oc+2+occos2¢). (11)

To leading order in r,,

b e
T = 1 — § 2 2 . 12
! sin ¢ 2bsin ¢ (242 + arcos 2¢) a2

The point of closest approach still occurs at ¢ = n/2 through
first order in r,. However, its magnitude is no longer b but

H
photon path

Zyn

Fig. 1. Geometry for local light deflection from the initial point of closest
approach r=b, which occurs at angular coordinate ¢ = n/2. The large
black dot marks the location of the origin of the central mass. The angle o
by which ¢ advances beyond /2 is assumed to be small. The vertical fall of
the photon Az, is given by Eq. (15).
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b=b-r, (13)

which follows directly from Eq. (12). Note that this is inde-
pendent of a.

Returning to Eq. (12), we regroup the terms so that the
deviation of the photon orbit from a straight line, denoted
Azyy, is explicit

b Tg T'g

Azghn =1 — = —
wh =7 singg  sin¢g 2sin2¢

(0 +240acos2¢). (14)

We now expand the right side of Eq. (14) about the radius of
closest approach by setting ¢ = 7/2 + 6, with 6 < 1. With

sing =cosd~ 1 —02/2, cos2¢ = —cos2d ~ 25 — 1,

we find that (14) gives to leading (quadratic) order in 9,

,52
Azm]::——l%z—(l +201). (15)

For a comparison with the kinematic result (1), we return to
physical units, inserting G and c. With
re=GM/c* ¢=GM/r*, and 6 =H/r, for the standard
Schwarzschild geometry, we find that

2

gH
Az, = —2762(1 + 200) = 3Azn, (16)

a substantial discrepancy. The result of the kinematic formu-
lation of the equivalence principle (EP) value is recovered
only by setting « =0, which alerts us to the importance of
spatial curvature. Massive particles must behave indistin-
guishably from photons in the extreme relativistic limit, so it
is of interest to understand how this deflection discrepancy
factor arises continuously, from nonrelativistic to fully rela-
tivistic test particle motion.

III. LOCAL DEFLECTION OF A FINITE MASS
PARTICLE

The geodesic equation of motion for the time 7 coordinates
in Schwarzschild geometry is’

a . y
Toi=L 17
e B a7

where y is the energy integration constant and B is the
Lorentz factor for the particle at infinity. (For bound geode-
sics y < 1, and this interpretation no longer holds.) The
angular geodesic equation is

d .
==’ =9J. (18)
dr

It will be convenient to include a factor of y, here, which
means that J is the angular momentum as measured by a dis-
tant, rather than a comoving, observer. The equation for 7 is

7Bl.2+Ai‘2+l‘2(b2 = —1. (19)
We now restrict ourselves to the standard Schwarzschild
metric. Setting o= 1, multiplying by (dt /dq5)2 =4y,

and simplifying brings us to
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1 /dr\? 2\ /1 1 1

— (= - =) =+— ) =—. 20

2 <d¢> " ( ; ) (r2 ’ y2ﬂ> Iz e
As inSec. II, we set u = 1/r and differentiate with respect to
¢. We now find

u' +u—3ra 21)

re
- 2J2
We recover Eq. (7) with «=1 and y — oo. The Newtonian
limit is recovered by dropping the term 3r,u* and setting
y=1.

To proceed, we setJ = b, where b is once again the lead-
ing order point of closest approach, and f is the velocity at
this point. We the find

Tg

L2
yﬁy+&w' (22)

W +u=

As [ appears in a term proportional to r,, it may be treated
as a constant, [)’2 =1 — 1/72. Indeed, the entire right side is
regarded as small, since, as before, we seek only slight devi-
ations from straight line solutions. The leading order solution
is once again u = up = sin ¢/b, and the correction term u,
now satisfies

sin2¢
B2

ul +uy = + 3r, (23)

Ty
V2B

To solve this equation, the approach used in Sec. II works
equally well here and yields the result

sing 1o [ 1
b bR

To leading order in 7,

u =

+ % (3 + cos 2(15)] . (24)

polo by nBheosdg) o

u sing bp*y? sin ¢ 2bsin ¢
In terms of the “updated” point of closest approach,

~ X rg

b:b_’g_ﬁ’ (26)
the departure from a straight line orbit is

_ b _ e " Tg 1 _ 1
singg  sing %2 \sing  sin2¢
e
—————(3+4+2cos2¢). 27

With 6 = ¢ — /2 < 1, this becomes to leading order in 0,

b re0* 1
Az =71 — ~ 8 — . 2
z T Sn g 5 <3+ﬁ2“/2> (28)

This may also be written

o 2\ ol
Az = %?G %)_ 5 W+2’ (29)

in which the Newtonian y =1 and photon y — oo limits are
manifest. For comparison, the prediction via a kinematic
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treatment in an upward accelerating reference frame fol-
lowed by a naive application of the EP would be
Azy = —1,6> /2. This is evidently the dominant contribu-
tion from the rightmost term in the Newtonian limit. As f§
increases, however, the deflection angle differs from this EP
value, decreasing in magnitude until it hits the “photon floor”
at f/ = 1. We see that there is nothing unusual about photons
per se deviating from naive EP predictions: The discrepancy
is a generic relativistic effect, with deviations beginning to
appear when the Lorentz factor of the particle is measurably
different from unity.

IV. TRANSFORMATION TO LOCAL INERTIAL
COORDINATES

We now show how adherence to a kinematic approach to
the EP reemerges when care is taken to work with proper
local inertial coordinates, in which the metric appears to be
locally Minkowskian. These coordinates differ from a sim-
ple, freely falling, frame of reference. They are closely
related to Riemann normal coordinates and have an exten-
sive literature (see, e.g., the text of Misner et al.é). In this
section, we give explicit formulae for going between stan-
dard Schwarzschild coordinates and a set of Riemann normal
coordinates.

The Schwarzschild metric in quasi-Cartesian (X, Y, Z) spa-
tial coordinates is given by Weinberg®

2r
—dt* =1, ,dX*dx" ( >dt . R
U= g * + r2(r—2r,)

where X = (X,Y,Z) is treated as a Cartesian position vector
in the dot product, and dX* is a 4-vector, with dX' = dr.
Here, 12 = X? 4+ Y2 4 Z%. We shall work in a small neigh-
borhood of the fixed point rg = (0,0, ry) by defining local
spatial coordinates (x, y, z) such that the position vector X
takes the following form:

X=(X,Y,Z2)=(0,0,r0) +

](X-de, (30)

(x,y,2) =rog+x, (€19}

with x, y, z, and 7, all now assumed to be < rq. The time
coordinate ¢ is unconstrained. Including the first order correc-
tion term in the coordinates,

(X -dX)* = r2dz* + 2rodz(x - dx). (32)

Next, we expand the metric (30) to linear order in r, in the
spatial coordinates x'. After retaining terms through order
rex/rg in the metric, we find

2r
—dt* =7 /fdx‘dxﬁ + < ) [( )(dt + dz?)
7o 0

2d
+ 7 (dx + yay) | 33)
0

(Note that for applications at the surface of the earth, r, is
4.4 mm, r( is the radius of the earth, and |x| is a particle travel
distance, typically intermediate in scale between the two.)

Our task now is to construct local inertial coordinates x*
in which this metric by definition becomes

—d7* = n,pdx"dx’P (34)
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through order (¥ )2. The transformation takes the functional
form

X ="+ & (x), (35)

where ¢ are functions to be solved for. We shall once again
work to linear order in &* and use the index convention

&, = naﬂéﬁ. Then,
—dt* = n,pdx"dx’’

=1, (dx°C + %dx") <dx/f —&—g—iﬁdﬂ)
~ nypdds® + 2,5 0 !
_n%ﬁxx—i—n%ﬁaﬁxx

g+ 2058 g
= ,pdx”dx —|—28 B dxP

(m;; + gé; + aiﬁ) dx*dx”. (36)

From Eq. (33), we, therefore, seek the solution to the set of
equations

9¢, 85,;) 2 p
(8xﬂ + ot dx*dx
2 "
_ <£) l(1 _ i) (df* + dz*) + 2dz (xdx + ydy) | .
o ro o
37
These are

AV
ot B 0z B (VQ) (l 7'0)’ (38)

9E,  BE.  2rex

Ox * 0z :7’ )
%_iz N % 2r§y, (40)
% a;x o, (42)
c’;_i, n % —o, (43)
%q;x N % —0, (44)

The simplest solutions are those with ¢, = £, = 0, which
we may always choose by rotational symmetry. The needed
equations then reduce to

os,  0c  (r z
L A N 4
ot 0z <I‘0> ( i‘()) ’ ( 6)

0¢.  2rex

==L
Ox g

(47)
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0% _ 2rgy

4
oy 2 (43)
08 0%
2 "o O 49)
o6 95
ox  dy 0 50

Equation (46) has the solutions

61 = (r_g> (1 - £>t+ Et(x7yaz)v
ro ro

VAT
@—(7,0)(1 2,,0)+5z(x,y,r>, 51)

where &, and &, are arbitrary functions of the indicated varia-
bles. Equations (47) and (48) may be solved by setting

. = <’—;) 02+ %) + &(0), (52)

0

where ¢, is a function of 7 only. We set &, =0 to comply
with Eq. (50) and choose the zero of time to be independent
of position. Then, Eq. (49) becomes

ret dg, ~ rgz‘2
_— = O — C, ==, 53
g + dt < 2r3 (53)

where we have set the unimportant integration constant to
zero. The final form of our ¢, transformation functions is
then

A AN ST POU
o= () (1) (54)
f I'eZ 1 z + I'g ( ) + 2) + l”gtz (55)
= e —- | X
: (I‘o ) ( 21‘0) (l‘g) J 21‘8 ’

and ¢, = ¢, = 0. It is helpful at this stage to write . in phys-
ical units. Denoting the local Newtonian acceleration by
g = GM/r3, we have

o zZro z g ) ) g12
¢, —g<7> (1 —2—r0> + <C—2>(x +y )+7. (56)

For the problem of interest, z ~ gtz, and the final two
terms dominate. We then have

7 H2>
"'~ — = 57
z Z—&—g(24—c2 ; (57)

where H? = x*> +y? is now the cylindrical radius (a consis-
tent generalization of our earlier, rectilinear x-based defini-
tion of H). The gr’/2 term is familiar from elementary
treatments in which the inertial coordinates are linked to a
physical, freely falling observer. However, the spatial trans-
formation (the curvature, in fact) associated with the addi-
tional term on the right is gH?/c? = gf*#* for test particles,
which becomes important for relativistic trajectories. In other
words, at a given time ¢, a constant z’ test particle finds itself
at the z location

448 Am. J. Phys., Vol. 92, No. 6, June 2024

z= const

Oz =- gx*/c?

— \j Az=-gt}/2

Z’=const —/—:

X

Fig. 2. Constant z and z’ surfaces in the y=0 plane. A test particle, either
nonrelativistic or relativistic, moves within a curve of constant z’ parallel to
the x-axis, as the same z’ surface falls with constant acceleration g. A con-
stant 7' surface is shown at initial time zero (upper curve) and a later time ¢
(lower curve). For a nonrelativistic particle, the curvature of z' is unimpor-
tant, and the particle would slide downward very close to the z axis. This
simplification fails as soon as the relativistic regime is broached. For a
highly relativistic particle (the black dot shown at time zero and time ¢), the
curvature triples the local vertical deflection: relativistic deflection occurs on
a scale x=ct, over which the lowest order spatial curvature matters, even
locally, as t becomes arbitrary small.

, gt gH> gt 2
~y 88 g 8y
27 == 5 (1+257)
1 2

:z’—%<3—y—2), (58)

which is precisely Eq. (29).

Figure 2 shows an edge-on view of a constant z and z’ sur-
faces in the y =0 plane. As time ¢ increases, a test particle,
either relativistic or nonrelativistic, moves within a constant
2 surface, which is itself falling by an accumulated amount
—gt?/2, like an ant crawling on the surface toward the
perimeter of a downward accelerating, curved parachute. For
a nonrelativistic particle, the spatial curvature is unimpor-
tant, as the displacement x remains small on the scale at
which curvature would manifest, i.e., x < ct. However, for
relativistic deflections, the z' surface curvature is an order
unity effect: it can never be ignored, even in what seems to
be a local calculation. For a photon, the curvature effect is
twice the size of the naive “gt2 /2” EP term, has the same
sign, and combines to give a factor of three differences.
Simply by following the distortion of space, photons would
be deflected by an angle twice as large as the Newtonian pre-
diction, even in the absence of the “falling down” effects of
Newtonian gravity. This latter case may be continuously
recovered by finite-mass particles transitioning from relativ-
istic to nonrelativistic velocities.

V. DISCUSSION

In Sec. II, the photon and nonrelativistic pebble trajecto-
ries can be made the same only by formally setting the cur-
vature parameter «=0. Without spatial curvature, weak
gravity is simply a Newtonian force, which produces local
accelerations, whose effects are, therefore, recoverable via
kinematic arguments. The gravitational redshift term gives
rise to its eponymous effect as well as to Newtonian gravity
in the dynamical equations of motion. Were we dealing with
a nonrelativistic pebble as opposed to a photon, there would
be complete consistency among all the approaches, deflec-
tions, and redshift calculations alike, in essence because
cdt > dz. The point, however, is that elevators and photons
do not fall at the same rate in a gravitational field. This is not
really a new observation. For example, Moreau et a14,7 have
performed a detailed global photon deflection calculation
taking care to separate what amounts to kinematic and
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curvature contributions. In another study,8 the Schwarzschild
metric has been directly broken down into constituent terms
that the authors identify with curvature and EP physics.
Nevertheless, as noted by example in the Introduction, the
failure of a direct application of the EP based on frames of
reference alone seems not to be widely appreciated.

The factor of three discrepancies for photons we have
found in a local calculation arises from the same spatial cur-
vature metric terms that result in the factor of two error in
Einstein’s first 1911 global calculation® of the deflection of
starlight passing close to the Sun. The problem is that relativ-
istic orbits require treating the B and A metric coefficients of
Eq. (2) (i.e., the metric tensor components g, and g,,) on an
equal footing, whereas only the B coefficient enters the cal-
culation for Newtonian orbital dynamics. Similarly, the (ver-
tical) gravitational redshift of a photon requires only the B
coefficient in its calculation, and therefore, a kinematical
approach here is relativistically correct to leading order.

More generally, one must be careful not to confuse refer-
ence frames and coordinates. While it is true that Einstein’s
profound initial insight—that coordinates must play a key
role in a theory of gravity—came from his realization that
gravity disappears in the reference frame of a freely falling
observer, in its final manifestation in general relativity the
EP is actually best understood as a statement about the math-
ematical existence of locally flat coordinates not physical
frames of Ref. 3.

Pedagogically, it is at best very misleading to present a
kinematic argument for the local deflection of light that cap-
tures only one-third of the contribution to the actual displace-
ment. Yet more interestingly, the simple calculation
discussed here makes it clear that, in principle, a local exper-
iment can be devised to distinguish whether an observer is in
a Minkowski space or in a freely falling inertial frame. There
is an absolute lower bound to the relativistic particle local
deflection angle which is three times the naive EP value of
g#* /2. Semantically, one might argue that the local relativis-
tic deflection is not truly “local” in that it involves spatial
curvature, even at leading order. From this viewpoint,
embedded in their own constant z' surfaces, photons are
indeed dragged downward at the kinematic rate of accelera-
tion, g. This should not, however, obscure the measurable
physics. Equation (29) speaks for itself, but it must be a
direct measurement in the sense that the difference between
photon and finite mass deflection angles continues to obey
the kinematic EP prediction, even in a fully relativistic for-
malism. To see this clearly, first rewrite Eq. (29) as

_ O\ s (1
Ay = =5 (ﬁ2+2)_ =gty

and therefore [with o =1 in Eq. (15)]

H2 /1
Azm—Azph:—gZ?<E—l>, (60)
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which is identical to the result found in a strictly kinematic
approach to the EP. Even with sophisticated contemporary
methods, neither Eq. (15) or (29) is amenable to direct mea-
surement, and their difference will not tell us what we need
to know. But then, this class of light deflection measurement
is no longer at the cutting edge of experimental general rela-
tivity. The value of the calculation presented here lies in the
conceptual clarity afforded by a rather simple, but mathe-
matically explicit, example of the subtlety of a key founda-
tional principle of relativistic gravity theory. Further
discussion on the foundational principles of general relativ-
ity discussed in this paper, as well as the mathematics asso-
ciated with the transformation to local inertial coordinates,
may be found in the texts of Mgller'® and Romano and
Furnari."'
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