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Calibration of a Hybrid Local-Stochastic Volatility
Stochastic Rates Model with a Control Variate Particle Method

Andrei Cozma*, Matthieu Mariapragassam *!, and Christoph Reisinger *1

Abstract. We propose a novel and generic calibration technique for four-factor foreign-exchange hybrid local-stochastic
volatility models (LSV) with stochastic short rates. We build upon the particle method introduced by
Guyon and Henry-Labordére [Nonlinear Option Pricing, Chapter 11, Chapman and Hall, 2013] and combine
it with new variance reduction techniques in order to accelerate convergence. We use control variates
derived from: a calibrated pure local volatility model, a two-factor Heston-type LSV model (both with
deterministic rates), and the stochastic (CIR) short rates. The method can be applied to a large class of
hybrid LSV models and is not restricted to our particular choice of the diffusion. However, we address in
the paper some specific difficulties arising from the Heston model, notably by a new PDE formulation and
finite element solution to bypass the singularities of the density when zero is attainable by the variance. The
calibration procedure is performed on market data for the EUR-USD currency pair and has a comparable
run-time to the PDE calibration of a two-factor LSV model alone.

Key words. Heston-type local-stochastic volatility models, calibration, particle method, control variate, Fokker—Planck
equation
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1. Introduction. Efficient pricing and hedging of exotic derivatives requires a model which
is rich enough to re-price accurately a range of liquidly traded market products. Calibration to
vanilla options has been widely documented in the literature since the work of Dupire [17] in
the context of local volatility (LV). Nowadays, the exact re-pricing of call options is a must-have
standard, and Local-Stochastic Volatility (LSV) models are the state-of-the-art in many financial
institutions. As discussed in Ren et al. [33], Tian et al. [38], Van der Stoep et al. [16] and Guyon
and Henry-Labordere [23], LSV models improve the pricing and risk-management performance
when compared to pure local volatility or pure stochastic volatility models. The local volatility
component allows a perfect calibration to the market prices of vanilla options. At the same time,
the stochastic volatility component already provides built-in smiles and skews which give a rough
fit, so that a local volatility component — the so-called leverage function — relatively close to one
suffices for a perfect calibration. Moreover, they exhibit superior dynamic properties over pure
local volatility models.

We focus on a Heston-type LSV model because of the desirable properties of the Cox—Ingersoll—
Ross (CIR) process for the variance, such as mean-reversion and non-negativity, and since semi-
analytic formulae are available for calls and puts under Heston’s model (see [25]) and can help
calibrate the Heston parameters easily. Various sophisticated calibration techniques for the local
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volatility component are in use in the financial industry, e.g., based on the Monte Carlo particle
method in [23] or the PDE-based approach in [33].

In order to improve the pricing and hedging of foreign exchange (FX) options, we furthermore
introduce stochastic domestic and foreign short interest rates into the model. Empirical results (see
e.g. [41]) have confirmed that for long-dated FX products the effect of interest rate volatility can be
as relevant as that of the FX rate volatility. Extensive research has been carried out in the area of
option pricing with stochastic volatility and interest rates in the past few years. Van Haastrecht et
al. [41] extended the model of Schébel and Zhu [35] to currency derivatives by including stochastic
interest rates, a model that benefits from analytical tractability even in a full correlation setting
due to the processes being Gaussian. On the other hand, Ahlip and Rutkowski [3], Grzelak and
Oosterlee [22] and Van Haastrecht and Pelsser [42] examined Heston—CIR /Vasicek hybrid models
and concluded that they give rise to non-affine models even under a partial correlation structure of
the driving Brownian motions and are not analytically tractable.

The resulting 4-factor model complicates the calibration routine due to the higher dimensionality,
especially when PDEs are used to find the joint distribution of all factors. A few papers discuss
this problem in simpler settings. Deelstra [15] and Clark [10] mainly consider 3-factor hybrid local
volatility models and focus on the theoretical rather than the practical aspects of the calibration,
whereas Stoep et al. [40] consider an application to a 2-factor hybrid local volatility. In [23], Guyon
and Henry-Labordere discuss an application of Monte Carlo-based calibration methods to a 3-factor
LSV equity model with stochastic domestic rate and discrete dividends.

The model of Cox et al. [11] is popular when modeling short rates because the (square-root)
CIR process admits a unique strong solution, is mean-reverting and analytically tractable. As
of late, the non-negativity of the CIR process is considered to be less desirable when modeling
short rates. On one hand, central banks have significantly reduced the interest rates since the 2008
financial crisis and it is now commonly accepted that interest rates need not be positive. On the
other hand, if interest rates dropped too far below zero, then large amounts of money would be
withdrawn from banks and government bonds, putting a severe squeeze on deposits. Hence, we
model the domestic and foreign short rates using the shifted CIR (CIR++) process of Brigo and
Mercurio [7]. The CIR++ model allows the short rates to become negative and can fit any observed
term structure exactly while preserving the analytical tractability of the original model for bonds,
caps, swaptions and other basic interest rate products.

We note that the CIR process is sometimes considered difficult to simulate in practice. Moreover,
as factor in the Heston model, it leads to singular probability densities for parameter settings where
the variance process can hit zero (i.e., if the so-called Feller condition is violated), which cannot
be handled easily in the forward Kolmogorov equation by standard numerical methods. In this
paper, we address both these issues by tailored schemes, but note that the variance and interest
rate processes can be exchanged without significant changes to the main framework and its benefits,
e.g. by exponential Ornstein-Uhlenbeck processes for the volatility and Hull-White processes for
the rates, both of which are also popular in the industry.

Based on the above considerations, we study the 4-factor hybrid LSV model defined in (2.1)
below, which is a Heston-type LSV model with two shifted CIR short-rate processes. We give a
rigorous proof of the calibration condition for the leverage function given in [24, Proposition 12.8]
for our model specification; see also the condition given in [15] for a 4-factor LSV-2CIR++ model.
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We propose a calibration approach which builds on the particle method of [23], and combines it
with a novel and efficient variance reduction technique. The main control variate is the two-factor
LSV model obtained by assuming that the domestic and foreign rates are deterministic in the
original model. In this case, the leverage function is computed by using a deterministic PDE
solver. This allows us to take advantage of the efficiency and accuracy of PDE calibration for a
low-dimensional model while keeping the complexity for the high-dimensional model under control
by Monte Carlo sampling with drastically reduced variance. We find that around 1000 particles are
sufficient in practice. Our numerical experiments suggest that this method recovers the calibration
speed from the corresponding 2-factor LSV model with deterministic rates defined in (2.2).

As a result of independent interest, we explain how to effectively deal with violation of the
Feller condition for the Heston-type LSV Kolmogorov forward equation and numerically solve the
PDE using a finite element method with a Backward Differentiation Formula (BDF) time-stepping
scheme and an appropriate non-Dirichlet boundary condition. To the best of our knowledge, this
represents a new approach which complements the literature on the use of ADI schemes [10, 33, 45]
to handle the PDE calibration of an LSV model with deterministic rates.

For Heston type models, the CIR variance process can reach zero if the Feller condition is
violated, as is often the case in FX markets (we refer to Table 6.5 in [10] for examples on a large
range of currency pairs and maturities). As a consequence, the density is singular at the boundary
V = 0. In [38], the authors propose to reduce the problem by considering log (V;/vp), whereas [10]
suggests to refine the mesh near V' = 0. While these methods alleviate the problem to some extent,
we propose to use a different boundary condition as well as a change of variables which results in a
bounded solution in a neighbourhood of V' = 0.

Moreover, a main advantage of the finite element method compared to ADI schemes, besides
the greater flexibility in the mesh construction, is that the Dirac delta initial condition can be
handled naturally in the weak formulation. This methodology yields an accurate calibration of the
Heston-type LSV model with deterministic rates for a broad set of market data.

Finally, we provide empirical evidence that the inclusion of stochastic rates is important for
the pricing of some specific exotic derivatives. In particular, in Section 5.4 we consider the pricing
problem for a Target Accrual Redemption Note (TARN) and a no-touch option. We demonstrate
that the impact of stochastic rates is comparable to the difference between pricing a 5-year no-touch
option under a LV or LSV model. Other exotics with similar features, not considered here, are
Accumulators and Power Reverse Dual-Currency notes (PRDC). Moreover, stochastic rates become
necessary for any hybrid product which embeds the rates explicitly. Examples are spread options
between an FX rate and the Libor rate.

The remainder of this paper is organised as follows. In Section 2, we specify the model and
calibration framework and provide a necessary and sufficient condition for a perfect calibration to
vanilla quotes. A rigorous proof emphasising the use of local times and possible moment explosions
is given in Appendix A. In Section 3, we introduce the particle method used and detail how the
control variates for both conditional expectations and standard expectations are constructed. In
Section 4, we describe the calibration of the LSV model with deterministic rates using a carefully
constructed finite element method. In Section 5, we present numerical results and show that a low
number of particles suffices to provide a very good fit to market quotes, which demonstrates the
computational efficiency of the method. The impact of stochastic rates for the pricing of a TARN
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and no-touch option is presented. Section 6 concludes with a brief discussion.

2. Model definition and calibration. We consider a domestic and a foreign market with
stochastic short rates 7% and rf, and exchange rate S. The spot Sp is associated with the currency
pair ccylccy2 (following the notations in [10]) and denotes the amount of units of ccy2 (domestic
currency) needed to buy one unit of ccyl (foreign currency) at time 7. We denote by D¢ and D/
the domestic and foreign discount factors associated with their respective money market accounts,

t t f
Dgl _ e—jo rﬁdu’ D{ — e Jo rudu

2.1. Models. We assume the existence of a filtered probability space (X, F, {ft}tzo ,QY) with

a domestic risk-neutral measure Q?. For future reference we also define a foreign risk-neutral
measure Q7. Under Q¢, S, r¢ and r/ follow a system of SDEs

CZS:: (rf—r{> dt + a (S, t) Vi dW;
rf = gi +h(t)

rf =gl + 1! (1)

dgfl = Kq (0d - gf) dt + &4 gf thd

dg{ = (va (9f —910 — pspépy/ gl e (Si,t) \/‘7t> dt + &\ gl dW/
dVi = k(0 — Vi) dt + &/ Vi W,

(2.1)

where V is the stochastic variance process and the four-dimensional standard Brownian motion
(W, WV, W< W/) has the correlation structure

AW, WYY = pdt, d(Wy, W) = pgadt, d(Wy, W) = pgpdt, dWe, W) = py dt,

with p, psa, psg, par € (—1,1), the other correlations being zero (and such that the correlation
matrix is positive definite), and for given functions o : Rt x [0,7] — R*, h%/f . [0,T] — R, and
non-negative numbers «,0,&, kq, 0q,&q, k7, 05,8, as well as initial values S, gg, gg, Vo.

Let the call option price under model (2.1) for a notional of one unit of ccyl, with strike K > 0
and maturity 7' > 0, be

C(K,T) =EY |Dd (S — K)*

If the leverage function aw = 1 in (2.1), we recover a Heston model with shifted CIR domestic
and foreign short rates. We will refer to this model as Heston—2CIR++ model. As this model will
only be used for intermediate calibration steps, we will make the additional simplification that
the interest rate dynamics are independent of the dynamics of the spot FX rate and the variance
process, for analytical tractability (see [3]).

We also define two simpler models which we will refer to in the remainder of the article. In both
these models, rates are deterministic, 7¢ (t) = —d1n P?(0,t) /0t and 7/ (t) = —91n P/ (0,t) /Ot,
with P/ f (0,T) the market zero coupon bond prices for the domestic and foreign money market
accounts, respectively.
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We can then write the related 2-factor Heston-type LSV model with deterministic rates as

dS2D
2.2) T;D = (7 (t) — 7 () dt + a?P (SPP 1) \/VEP dW;,  SEP =S,
. t

AVPP =k (0 = V2P) dt + &/VEP awY, VEP =V,
for a given function a?” : R* x [0,7] — R*, and the pure Local Volatility (LV) model as

dsPY
SLV

(2.3) = (M@= ) dt+ouv (SF,1) dW, SEY =5,
with a given function ory : RT x [0,T] — R™.

Note that while the volatility is “local”, i.e., a function of spot FX and time, the short rates are
assumed to be a function of time only. We also note for future reference that under the pure LV
model (2.3), call prices CLy satisfy the forward Dupire PDE (see [17])

2
agév — g (K1) K2 af{gv LY 4 1 (1) Oy = 0.

2.2. Calibration outline. The purpose of this paper is to calibrate h?, h', kg, Kf, 04, 05, &4, &y,
K, 6, &, p and especially a in (2.1). We will use calibration of (2.2) and (2.3) as “stepping stones”.
More precisely, the full calibration process consists of the following steps, illustrated in Figure 2.1.

1. Calibration of Heston—2CIR++ parameters:
(a) calibrate shifted CIR++ model for domestic and foreign short rates separately
(Appendix D in [12]);
(b) calibrate Heston-2CIR++ SV model assuming volatility, domestic and foreign short
rates are all independent processes (Appendix F in [12]);
2. Calibrate local volatility assuming time-dependent domestic and foreign short rates (Ap-
pendix E in [12]);

3. Calibration of LSV-2CIR++ LSV model:

(a) calibrate the leverage function of 2-factor Heston LSV model (2.2) assuming time-
dependent domestic and foreign rates using local volatility from Step 2 (Section 4);

(b) calibrate the leverage function of 4-factor LSV-2CIR++ model (2.1) using Heston-
2CIR++ parameters from Step 1, the local volatility from Step 2 and leverage
function of 2-factor Heston LSV model as a control variate (Sections 3 and 5).

(2.4)

+K (Fd (1) — 7 (T))

2.3. A necessary and sufficient condition for exact calibration. In the following, we give the
main formula that links market call prices, via the Dupire local volatility, to prices under (2.1).
In [23], the following calibration condition is given':

EY [D4|Sr = K]
EQ' [DdVr | Sr = K]

(2.5) o (K,T) =

<O'LV (K, T)* + EY[Qr) )

1720%CLy
2K OK?

where oy is a local volatility as in (2.3), and
(26) Qr=Df (v}~ (D)) (S0 - K)" = KDf1g,2ic | (rf = 7(1)) = (v = # (1) ].

'The (equivalent) context there is an equity with stochastic short rate and dividends.
5




EURUSD Vanillas

Q%—CIR++ Qf-CIR++ Dupire LV
Calibration Calibration Calibration
(h(t), 985 Kay Oas €a) _(hf (t), g8, ks, 05¢€;) oV (K,T) oWV(K,T)
Heston—2CIR++ 2-Factor LSV
Calibration Calibration
d (UO’K’Hag’p)
(R (), 98" s kays 0a/5Eass) o’ (K, T)
LSV—-2CIR++
Calibration
Calibrated
o(K,T)
Figure 2.1: Full calibration routine flowchart.
182 Assumption 1. a is Lipschitz and uniformly bounded by auax, h%7 are uniformly bounded and

183 both the marginal density ¢(-,T) of Sy in (2.1) and EQ’ [D3Vr| St = -] are continuous.
184 We note that the continuity and positivity in Ri of the joint density ¥(-,-,-,T) of (ST, Vi, D%) in
185 (2.1) is sufficient for EQ [D$.Vr | St = -] to be continuous.

186 We also define ¢ = 2 4+ /2, ¢ = amax, and
* 2 T .
s () = Vae= {2 axctan <¢<*>} R <l
T* = OO’ lf K Z (p(,

183 which is a lower bound for the explosion time of SZ (see [13]).
189 We prove the following theoretical results in Appendix A:
190 Proposition 2. Under Assumption 1, the call price C (K,T) under model (2.1) satisfies

dC (K,T) 1 EQ [D&Vr | Sr = K| 92C (K, T
191 (2.8) 9C (K, T) )—faQ(K,T)KQ d[ 1Vr| Sr = K] (K, T)

or 2 E® [D4.|Sr = K| OK?

192 + EY [D%rgi (Sp — K)*} ~EY [D%lST2 wK (% - rg;)] ~0
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for any strike K > 0 and maturity T < T*, with T* given by (2.7).

Theorem 3. Under Assumption 1, the call price C (K,T) under model (2.1) matches the price
CIV under the local volatility model (2.3) for any strike K > 0 and maturity T < T* only if (2.5)
holds for all K, T > 0.

If (2.8) has a unique solution, then the condition (2.5) is also sufficient.

Uniqueness of the solution C' to the heat equation (2.8) is normally expected under sufficient
regularity of the diffusion coefficient and under a growth condition.

The condition (2.5) expresses when a model of the form (2.1) with ezogenously given « is
consistent with market prices, which are expressed through the local volatility function ory. We
make no claim about the existence of such a model (see also Remark 4 below), and note that «
enters (2.5) not only explicitly but also through the Q%expectations. Existence of a calibrated
model is linked to the existence of a solution to the McKean-Vlasov equation which results when
inserting « defined endogenously by (2.5) in terms of oy and the model itself into (2.1). In [1],
the existence of a short-time solution of the associated Fokker-Planck equation for the density of
LSV processes of this type is shown under certain regularity assumptions. The upper bound on the
time in [1] is needed to guarantee that the density stays strictly positive from an assumed strictly
positive initial condition, and has no direct link to 7™ in this paper.

The ratio on the right-hand side of (2.5) accounts for the stochastic volatility; if there is no
stochastic volatility (i.e. Vo = 1), we recover the formula in [10]. The term Q7 accounts for the
stochastic rates and, if rates are deterministic, Q7 = 0 and we recover the formula derived in [17],

orv (K,T) .
VEY V2057 = K]

(2.9) o?P (K, T) =

At time T = 0, from 7d — 74 (0) = 7“(]; — 7/ (0) = 0 we get a (K,0) = oy (K,0) /\/00.

Theorem 3 provides technical conditions for the formula presented in [23], where a formal proof
is given without specification of the rates processes. Here, we consider specifically an LSV-2CIR++
model and derive the result rigorously. In Lemma 9 we provide a sufficient condition for the process

t
/0 1s,>x DESya (Sy, w) \/Vy dW,
to be a true martingale up to 7™, which is an important step in the proof of Theorem 3. On the
one hand, T™ is a lower bound for the explosion time of the second moment of the discounted spot
process D¢S;. On the other hand, [5] show that the moment explodes in finite time for the Heston
model, a property that is inherited by our Heston-type LSV-2CIR++ model (2.1) as well as the
Heston-type LSV-2Hull-White model in [15]. Therefore, the formula may not hold for certain
values of the model parameters and for large maturities 7. However, in practice, T is very large.
For instance, from our calibration given in Section 5 we obtain k = 1.4124, £ = 0.2988, aax = 1.40,
such that T* = 28.6.

Remark 4. A numerical experiment in [23] raises the question of the existence of a calibrated
2-factor LSV model for large £ (there, £ ~ 350% is used to match forward smiles). In this particular
case and with the other model parameters kept the same, we find 7% = 0.20, which indicates that
moment explosions may occur sooner.
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3. Fast calibration with a new control variate particle method. In this and the next section,
we describe two of the main components of the calibration routine. We recall the calibration
condition (2.5), which involves conditional expectations as well as standard expectations, which
have to be estimated under model (2.1).

First, we describe the basic particle method for the estimation of these expectations. Then, we
present the various control variates, building on intermediary calibration steps, which we use in
order to reduce the computational cost of the calibration of « in the 4-factor model (2.1).

Therefore, we require the prior calibration of the interest rate models in (2.1), the LV model
(2.3), the Heston—2CIR++ model, and the LSV model (2.2). The calibration of the latter via a
PDE is detailed in Section 4, while we refer to Appendices D, E, and F of [12] for the former three.

Equation (2.5) contains the local volatility, which can be obtained from derivatives of market
prices from (2.4) by re-arranging it (into Dupire’s formula), and explicitly the second derivative of
market prices with respect to strike. Different approximation approaches are used in practice, e.g.,
one writes the formulae in terms of the implied volatility, and uses a smooth parametrisation for
the differentiation. Here, we first calibrate a parametrisation of the local volatility model with a
fixed-point iteration as in [32, 39] and then use 82%2" obtained from the solution of the forward
PDE (2.4) with a smoothing scheme (see Appendix E of [12]).

3.1. Calibration by particle method. A calibrated « is implicitly defined by (2.5), where the
right-hand side depends on « in a non-linear way through the (conditional) expectations. Formal
insertion of the calibration formula into the SDE (2.1) leads to a process where the diffusion
coefficient depends on the distribution of the joint process X; = (S, V4, rf‘, r{ , Dgl) The process
thus falls in the class of McKean-Vlasov processes [28].

The existence and uniqueness of the solution for this McKean-Vlasov SDE are not established
theoretically, to the best of our knowledge. From an empirical perspective, in [23] and in Section
11.8 of [24] the authors encountered problems for very high values of £; see Remark 4. In our case,
for ¢ calibrated to market smiles (= 30%) we are able to reach a high accuracy.

The particle method for processes of this type was introduced in [28] and is discussed in Chapter
2, Section 3 of [37]; it was applied to LSV model calibration in [23] and in Section 11.6 of [24].

We define N-sample path approximations of X; as (XZ’N> L] = (S}, Vi, rf’i, r{’i, Df’i)ieﬂl N]
i€, ’
by the (5 x N)-dimensional SDE
dsi

= (=) @+ @N( it (XPY) ) Vi AW

St N JEN

ri = g+ nt (1)

=gl + (1)

(8:1) § dg™ = ka (0a = g") b+ Earf g AW

dgl" = (fff (07 = a") = pssés gtf’idzv( Lt (Xf’N)j<N) \/W) dt + &g/ gt AW
dVj =k (0 — Vi) dt + £/ Vi dw,”

dD® = —r& Dt gy

where (W}, Wtd’i, Wtf A+ th’i), i € [1,N] are N i.i.d. copies of the four correlated Brownian motions,
8
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and Gy is an estimator for o based on (th ) ,
i<N

~

(3.2) an (K T (X@N) ) _ |ow (K1) + QKT)
TAXT) pn (K. T) " Loy (K, T) K22C5
with
N N d,ivyrg )
o | ) S, DF'Viey (Sh - K)
(3.3) Q=52 Qr and  jy(KT) =S50 ’
N i=1 Zfil D% oN (SzT o K)

where py is an estimator for E@d[D%VT | S =K ] / EQd[D% | St =K ], with 0 a kernel function,
and Q' is the i-th sample of Q7 from (2.6) based on X%N.

The paths of the 5 x N-dimensional process (XZ ’N)l-g ~ are now entangled due to the dependence
on &y in (XZ’N)Z-S ~. The process can be seen as a system of IV interacting particles evolving in a
5-dimensional space, where particle ¢ is defined by its position Xti’N. As in [23], we will therefore
use the term “particle” instead of “path”. Because of the four driving factors, we will keep referring
to this as a 4-factor model in spite of the extra state variable D9,

A central ingredient for proving convergence of the particle method is the chaos propagation
property (see Chapter 2, Section 3 of [37]), which is not proven for the present case.

3.2. Variance reduction for the Markovian projection. Our goal here is to reduce the variance
of the estimator py from (3.3) to be able to use a minimal number of particles.

We assume that the 2-factor LSV model (2.2) is perfectly calibrated to market call prices, i.e.
that (2.9) is satisfied. Then we will use

N y2Pisy (SgDﬂ' - K)
i1 Yo O (S%D’i - K) ’

(3.4) Py (K,T) =

which is an estimator for .
p*P(K,T) =E¥ [Vi?| 57° = K],

as a control variate for py, and p?P will be computed using a PDE solver. The Kolmogorov forward
equation for p?P is commonly used for the calibration of LSV models (see [10, 33, 45]), and we
propose in Section 4 a new method which is tailored to the specific difficulties associated with
density functions in Heston-style models.

We thus define a new estimator py by

(3'5) p}kV(Kv T) = DN (K7 T) + A (ﬁ?\fD (K7 T) _p2D (K7 T)) :

The latter has an asymptotically diminishing bias if we assume the particle method to converge in
distribution (and neglect the time stepping bias).
In order to get a good estimate for the optimal A, we can rewrite the above estimator as

1 & 1 &
p}‘V:N;mi—F)\(NZ;m?D—pQD)
1= 1=

9
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my = L DEVEN(SEK) ViP5 K)
CTRTL R (sR) T T AR (SR

which mimics the standard Monte Carlo control variate form. We can think of m; and m?? roughly
as samples of two random variables m and m?P respectively (but note they are not independent,
although for large N the correlation is very low), and for the best variance reduction (see Section
4.1 in [20]), we take

)= Cov (m, mQD)
~ Var(m2D) ’
which we can estimate by
N A 2D _ 52D
56 o S e ) (2~ 53P)

Sy (m3P = i3P)”

We recall that the expected variance reduction factor is

1
1 — Corr (m, m2P)?’
Hence, if the stochastic rates are not highly volatile, i.e. if {; and £y are small enough, we expect
a very good variance reduction as the correlation between the particles generated by the 4-factor
hybrid LSV model (2.1) and by the 2-factor LSV model (2.2) will be high. Our numerical tests
performed on a model calibrated to recent EUR and USD market data exhibit a correlation between
model (2.1) and (2.2) of 95% up to 1.5 years and 50% around 5 years. Additionally, our stress test
in Subsection 5.3 suggests that even under high volatility regimes for the rate processes, i.e. when
&r and £y are large, the variance reduction brought by this control variate is significant.

(3.7)

3.3. Variance _reduction for standard expectations. Here, we discuss the variance reduction
for the estimator @ in (3.3) for E®" [Q7], where we repeat

(38) Qr=Df (v} 7 (1)) (Sr - K) =K Df1s,z [ (rf = 7(D) = (v — 7 (1) ],

TV
::XI,T ::X2,T

from (2.6) for the convenience of the reader. This is an estimator for a standard expectation (in
contrast to conditional expectations). We introduce control variates

Vir=D&(Sr—K)Y,  Zip =7 —# ()
for X1 r defined in (3.8), and
Yor = D%lstfo ZoT = (7“% — (T)) - (ﬁ; —7f (T)>

for X5 7, and where 7 is the foreign rate process without the quanto adjustment.”> We know that
if the model (2.1) is perfectly calibrated to call option prices,

EY’ Yir]=CLy (K, T),

~OCLy
0K

EY [Yar] = (K,T),

2The last quantity is introduced because the expectation of rf is not analytically available.
10
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estimated from market data via a calibrated LV model. The following are also analytically available:

G=EY[Zi7) = gle T + 05 (1—eT) + 0 (T) - # (T),
C =EY (Zo) = gle ™ T + 04 (1 — e 1) + h4(T) — 7 (T) — (1.

We denote the Monte Carlo estimators of the corresponding Q%expectations as )?1, )?2, }A/l, 572,
Z1, Z, respectively, using the same Brownian paths for W, WV, W¢, W in all estimators.
We can define a new Monte Carlo estimator Q* for E2" Q7] as

(3.9) Q" =X{ - KXj,
with
Xi=X14+\ <5Af1 - Crv (K, T)> +m (21 - Cl) ,

P ~  9Cry (K,T) _
X2 *X2+)\2 (1/2"‘8[{ + 19 (ZQ_CQ> .

The weights A1, A2, 11, 72 above are chosen to minimize the variance of Q* (see [20]).

This approach is particularly useful for out-of-the-money options and digital options as the
Monte Carlo estimator will exhibit higher variance in these settings.

A computational problem arises if there is no particle with S > K, which happens if K is large
and the total number of particles is relatively small (as it will be the case with control variates),
since the estimators of V [D%l Sp> K] and V [D% (St — K )+] are then zero. In that case, we pick

)\1 = _Cl) m = _CLV (K7 T) )
aC K,T

such that both control variates are of the same order of magnitude.
Additionally, the estimators of A\, A1, Aa, 1, 72 should ideally be pre-calculated with independent
Monte Carlo samples. This to ensure that p}, and py have the same expectation.

3.4. Implementation details. The leverage function « can in principle be computed for any
K and T by the estimator (3.2). However, for computational purposes, we defined it in this way
on a grid of points and interpolate it from there with cubic splines in spot and piecewise constant
in time. We denote by N7 the number of maturities. Then there are Ny + 1 volatility “slices” in
total such that we denote the m-th time slice « (-, T),), by oy, represented numerically as splines
with Ng nodes. While having Ng too small will lead to accuracy problems, choosing it too large
will make the surface rougher due to over-fitting. We find 25-30 points to provide a good trade-off
between accuracy and smoothness. For a given T},, the leverage function is thus defined on some
interval [ST. , Si. ] and is extrapolated constant outside these bounds. Because we need more grid
points around the forward value and less around S and S}, we use a hyperbolic grid (with
1 = 0.05, see Appendix C for more details) refined around the forward value

min max>

Fo— S T (fd(t)—Ff(t))dt7 with mo “30p(Tm)VTm  gm

min — £'m€ ) max

11

— Fm ego'F (Tm ) \/ﬁ
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where op (T},,) is the at-the-money forward market volatility for maturity 7,, (interpolated lin-
early in variance). Each of the grid values can be seen as a parameter and we denote them by
(am’j)mSNT,j_SNS with t.he aésociated. spot grid Vah.les (Sm’j)mSNT,jSNS. . '

We now give the calibration algorithm. As previously, we denote the particle system at time T
for the model (2.1) by (S%, Vit D%i) e Similarly, we denote the 2-factor particle system

i<

at time 7" for the model (2.2) by (S%D’i,VT?D’i) .

We work with a Gaussian kernel

1 x 2
5 T eii(hN(T))
N(xv ) = m,

with a bandwidth given by a Silverman-type rule (see [36])
h (T) = nSoo 1y (So, T) v/max (T, Trin) N3,

where n = 1.5 and T, = 0.25 in our tests.

The step-by-step calibration is detailed in Algorithm 1.

Our empirical findings suggest that Quasi-Monte Carlo sampling of the random numbers does
not provide significant accuracy gains. In order to speed up the computation of the sums involving

kernel functions such as
N

Z ngD,iéN <S%D,i _ K) :

=1

it is advised (see [23]) to sort the particle state vector by spot value and select only the relevant
particles that fall inside an interval [K — AK, K + AK], where we choose

AK = \/ ~2h% (T)In (ev2rhy ),

with e = 1075.

4. Two-factor Heston-type LSV model calibration by PDE . Here, we describe the calibration
of the 2-factor sub-model of (2.1) defined in (2.2) by solution of the forward PDE.?

4.1. Transformation and weak formulation. The following is a small variation of the main
result in [27], and the proof is therefore omitted. Note that a new non-Dirichlet boundary condition
appears at z = 0.

Theorem 5. Define the region ) = Ri and assume that the density ¢ (under Q%) of the
Markovian process (St, Vi) started at (S, vo) at time 0 exists and is C*>1 (Q x Ry). Then ¢ is the

3In this section only, we write S,V and « in lieu of S?P, V2P and o2, respectively, to ease notation.
12



Algorithm 1 « (s,T") Calibration with control variate particle method

a(s, 71 =0) = 7”\‘;%’0)
for (m=1;m<Np;m++) do
generate (Z, Z,, Zq, Zy),.n and (U),<y, i.e. 4 x N independent draws from N (0,1) and N
draws from U ([0, 1]), respectively
evolve the 4-factor particle system from 7, to T,,+1 with QE—Scheme (B.1) where
a (s, [T, Tm+1]) = a(s,Tim)
evolve the 2-factor particle system from T,, to T;,+1 with QE—Scheme (B.1) with pre-
computed o?” and using (Z, Z,, U)icn
solve the Dupire forward PDE (2.4) from T, to T},+1 for Cry, agf(" and OZ%LQV
set T'="T,+1
for (j=1;j<Ng;j++) do
set K = s;pq1,5
compute as in (2.9)

2
2D _ mQ? [y,2D | q2D _ _ (9Lv (K,T)
p = [VT | 57 K] <a2D (K,T)

compute as in (3.4)
S, V2 (20 )

~2D
g ij\il oN (S%D’Z — K)

compute Ay as in (3.6) and

N, DEViox (5 - K)

SV Dy (o g OF T — (L T))
i=1"-T T

PN (K, T)

as in (3.5)
compute as in (3.9)
Q" = (X7 - KX3)
with
X=X+ M (1?1 ~ Cry (K, T)) +m (21 ~EY [(rg,i v (T))D

X5 = )?2 + Ao <5/>2 + 780]4‘/ (K, T)> + 12 (22 — ¥ [(r% — 7 (T)) — (r% — (T))])

0K
compute
1 2 Q"
= | K, T
Qm+1,j P (K,T) <ULV( )"+ 5K282Cg‘;<(2K’T)>
end for
end for

13
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solution to the Kolmogorov forward equation

(99 4 (7 (1) — 7/ (1)) Q22 4 Onl0=2)0
_ % 8%2051(; )z¢ i aagZQm +282p523g?t)z¢) —0, (£,2)€0,t>0,
(4.1) (%%—R( _Z)Qb—’_ngM)Jz*O:O? 2=0,2>0,t>0,
lim, 00 ¢(z, 2,t) = limy 00 @(x, 2,t) = ¢(0,2,t) =0, (z,2) € Q,t >0,
lim¢ 0 ¢(z, 2,t) = 6(x — So, 2 — o), (x,2) €
Proof. Similar to the proof of Lemma 4.1 and Theorem 4.1 in [27]. [ |

The marginal density function of the CIR process at ¢ is (see [11])

Oy (2,t) = ce 7 (%)ﬁ/z Ig (2y/cuz) |

2&9

with ¢ = (1—3*75“)52 , u = cvpe ™ and B = — 1, where I is the modified Bessel function of

the first kind of order 8. We can write an asymptotic expression for small z using the asymptotic
formula for the modified Bessel function found in [2],

C(,B—i—l)e—u—cz 5
z )
r+1)

such that ¢, (2,t) diverges for z = 0% when 2k < £2. This agrees with the well-known density ¢>°
of the stationary distribution (see [11]) given by

(4.2) Po (2,8) ~

wB+1D) B o—wz

(4.3) ¢ (2) = tliglo Pv (2,t) = W,

with w = 2k /€2, This motivates a scaling of the density ¢ of the form p = ¢2~7, and to solve a new
PDE for p which we define hereafter. By insertion in (4.1) we get the following.

Corollary 6. For any 8 € R, p = ¢z~ satisfies the initial boundary value problem

L+ (P (1) — 7 (1) 52 — Brp
n an(gzz)p B+ (@ I 8p£x§a(:x,t)p
wy ., F |25 ”’;f’i + 2 Uee] 0 (2,2) €0, 6> 0,
5 82J: + k2pl,_o + plz =5, szzozo, z2=0,t>0,
lim, o0 p(z, 2,t) = limy 00 (2, 2,t) = p(0, 2,t) = 0, (,2) €Q,2#0,t >0,
lim;_,o p(, 2,t) = 27 P8(x — Sp, 2 — vg), (z,2) €

While this PDE is easier to handle numerically, one wants to work with the original density function
¢ for most of the applications. There are two main calculations one would like to achieve: the
expected payoff f (St) for a given function f; the Markovian projection E [V | Sp = K].

14
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As ¢ is still intractable for small z and computing 2°p (x, z,t) is not numerically feasible, we
perform an integration by parts (noticing lim,_,o 2°T!p = lim, o 2°Tp = 0 since B+ 1 > 0) to
obtain, for deterministic rates,

oo LB+l op(x, z,T)

(4.5) E[Drf (Sy)] = —Dr /0 Y ) /0 ZEBEET) 1o
and
(4.6) E(Vy|Sp = K] = — (84 1) Tp(K,2,T) d

00 19p(K,2,T)
f() Zﬁ+ 0z dz

4.2. Finite element method with a two-step BDF time scheme. We combine a finite element
approximation in space with a Backward Differentiation Formula (BDF) scheme in time, since
Crank-Nicholson time-stepping or ADI schemes can give rise to instabilities for Dirac initial data
(see [30, 44]; we refer to [6] for a stability analysis and to [18] for some financial applications of
BDF schemes).

Equation (4.4) can be written as

(4.7)@—zv-u+v'(b—(5+1)w)+cp:0,

ot
. :} 3:520482(1,15)1’ + apﬁxgz(z,t)p b (7 (t) — 7 () . pExa (z,t) p
’ k(-2 | &p ]

x
o¢? Op€ra(z,t)p
2|
Denote by I'r = {(x,2) € 92 : z = 0} the subset of the boundary of 2 with Robin boundary
condition. We derive a weak formulation in the usual way (see, e.g., [31]), i.e., we multiply the
PDE by a test function v € H! (€2), integrate over 2, using the divergence theorem and boundary
conditions, to obtain the weak form of (4.7),

c=—fk.

Op
LTS =
A Otvd +a(p,v) =0,

with the bi-linear form

Kzp+ -z

a(p,v):/Qu~V(zv)+(V-(b—(5+1)w)—|—cp)de —/ 5 5

I'r

< 1 dplra (m,t)p) vdlp

where the last term contains the new boundary condition.
Let us define a uniform time mesh with ¢,, = mA;, m € [0, M]. We denote p,, = p (-, -, tm), in
which case the BDF scheme can be written as

4 1 2
/ Pm+2 — =Pm+1 + =Pm | vdQ2+ = Ava(pm+2,v) =0, m=0,...,M —2,
Q 3 3 3

where the first time step is divided into two standard fully implicit time steps (see [19]). Then, for
the first time step, using the Dirac delta initial condition,

/ p1odQ + Aa(pr,v) = / pov d) = vaﬁv (So,v0) -
Q Q
15
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Figure 4.1: P; element Figure 4.2: Finite element triangular mesh refined around x = Sp and z =0
with 6 degrees of freedom

Note that we initially only assumed v € H' ¢ C, and therefore the operation above with the Dirac
delta is not defined for all such v. However, we will next use continuous basis functions. If (Sp, vg)
coincides with a mesh point, this is equivalent to solving a linear system where the right-hand side
vector is v, # for the source point node and zero otherwise.

The PDE solution is approximated by a conforming finite element method with Py elements,
i.e., a polynomial of order two on a triangle cell. Each triangle is characterised by 6 local degrees of
freedom (nodes) as displayed in Figure 4.1 (see [29] for details). We describe the mesh construction
in detail in Appendix C. An example of a thus generated mesh with 30 spot steps and 30 variance
steps is illustrated in Figure 4.2.

In order to see the improvement due to the transformed PDE (4.4) for p, we plot both 2 P
and p for a pure Heston model with

r=3% q=1%, k=1 0=vy=004, p=-03, £=05 t=1,

which corresponds to a Feller ratio of 0.32. We use 100 time steps as well as 30 spot steps and 30
variance steps. The solution for p = 27%¢ computed with no change of variables is presented in
Figure 4.3, where we notice significant numerical instabilities. The tranformed PDE is solved for
the same problem and p is also plotted in Figure 4.3.

4.3. Calibration algorithm. The calibration of the 2-factor LSV model (2.2) is performed by
finding the leverage function o defined in (2.9). We compute EQ [V | Sp = K] from (4.6) with
the solution p of the dampened PDE (4.4). Both integrals can be computed by double adaptive
Clenshaw-Curtis quadrature rules to handle singularities properly when 7T is small (see [21]).

Furthermore, for very small or very large values of K, both the numerator and denominator
will be very small. So we define a smooth extrapolation rule by

(B+1) ([ 2" p (K, 2,T) dz + € (voe ™1 + (6 — vo) (1 — e*T)))
(B 1) Jye o BT g,

EQ[Vy|Sr = K] ~

9

where we pick € = 107 in our numerical tests.
The calibration will be done forward in time. Denote by (AT'(i)),<y, the interval lengths
between maturities and by Np the number of maturities.
16



Figure 4.3: p = 27%¢ using ¢ computed with the standard (left) and change of variables PDE (right)

Algorithm 2 « (s,T) calibration with the dampened Kolmogorov forward PDE

a(s,0) = L\‘;%’O)

T=0

for (i=1;i<Nr;i++) do
solve (4.4) for p on [T, T + AT] with « (s, [T, T + AT (i)]) = a (s, T)
for (j=1;j<Ns;j++) do

I Z 1 p (sij, 2, T + AT (4)) dz

By, =—-(B+1) (51 '
T fOOO Zﬁ+1 dp(sl,]yzaaj;""AT(Z)) dz

oLV (Si,jv T+ AT (l))

am = EVT
end for
T=T+ AT (i)
end for

157 The leverage function « is again defined by splines as detailed in Section 3.1. This approach allows
158 us to compute EQ [Vr | St = K] only on the nodes, reducing the computational time considerably.
159 In the calibration routine, we use forward constant interpolation of the leverage function between
460 maturities to handle the non-linearity of the problem. We can then write the calibration procedure
161 as in Algorithm 2.

462 In the test, we use the Heston parameters calibrated in Appendix F of [12] for the Heston—
163 2CIR++ model, i.e.,

164 vo =0.0094, 0=0.0137, k=14124, p=—0.1194, ¢ =0.2988,
17
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where the Feller ratio is
2K0

which violates the Feller condition.
The calibrated leverage function « is plotted in Figure 4.4. For the solution of the forward PDE

between maturities, we use a BDF scheme with constant stepsize and find that 50 time steps per
year and a 80 x 80 spot-variance finite element mesh give very accurate results.

T

Volatiligy

L
\'Olatllﬁty

T

£

S

Figure 4.4: Calibrated leverage function « for (left) the 2-factor LSV model (2.2) and (right) the 4-factor
LSV model (2.1).

5. Four-factor Heston-type LSV-2CIR++4 model calibration. In this section, we give the
results for the calibration of the main model (2.1) and test the efficiency of the algorithm.

We use vanilla options implied volatility data from Bloomberg from the 18/03/2016 for the
currency pair EURUSD, namely, 10D-Put, 25D-Put, 50D, 25D-Call, 10D-Call, for the maturities®
3W, 1M, 2M, 3M, 6M, 1Y, 1Y6M, 2Y, 3Y, 5Y.

We use historical correlations estimated in [14] from weekly time series data from 2012-2014,

psa = —0.3024,  pg;=0.1226,  pgr = 0.6293.

We assume that both CIR++ processes are calibrated under their own risk-neutral measure as in
Appendix D in [12], and that the Heston-2CIR++ model is calibrated as in Appendix F of [12] for
the Heston—2CIR++ model. The parameters are as follows

vo = 0.0094, 6=0.0137, k=14124, p=—0.1194, £ =0.2988,
g =0.0001, 6g=05469, rg=0.0837, pgqa=0, & =0.0274,
gl =0.0001, 6;=1.1656, r;=0.0110, pg; =0, & =0.0370.

4We skip the 7Y and 10Y quotes as they were not liquid enough.
18
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In order to approximate the particle system (3.1), we use an extension of the QE-scheme from
[4] to model (2.1). A full description of the time marching scheme is provided in Appendix B.

5.1. Calibration results and efficiency. For a first illustration of the model fit and the im-
provement through the control variates, we calibrate the 4-factor model with 800 particles with
and without control variates. The associated leverage function is plotted in Figure 4.4 (right).

We then plot, in Figure 5.1, the model implied volatility slices for 3M, 1Y, 2Y, and 5Y. The
figure shows a significantly improved fit due to the control variates. We will analyse the accuracy
and convergence in detail in Subsection 5.2.

10.0 T=2M 13.0 T=1Y

= No-CV 800 P.
— CV800P.
® e Market

10.0F{ == No-CV 800 P.
— CVB800P.
e e Market

.8 9.5
1.06 1.08 1.10 112 1.14 1.16 1.18 1.20 0.95 1.00 1.05 1.10 1.15 1.20 1.25 1.30 1.35
strike strike

T =2Y T =5Y

11.0

= No-CV 800 P.
—— CV800P.

= No-CV 800 P.
—— CV800P.
® e Market @ o Market

0.9 1.0 1.1 1.2 1.3 1.4 1.5 0.8 1.0 1.2 1.4 1.6 1.8 2.0
strike strike

Figure 5.1: Calibration fit with 800 particles for the 4-factor LSV model with and without control variates

As regards computational time, the control variate particle method with 20000 particles, which
are enough for a reasonably converged solution (see Subsection 5.2), took approximately 10% of the
overall time spent in the PDE calibration of the LSV(2D) model. Most practitioners are familiar
with the computational time required to calibrate a 2D LSV model by a forward PDE, a rough
estimate being below one second for short- to mid-term expiries (5Y). The extra cost to calibrate
the full 4D LSV-2CIR++ model is almost negligible with control variates, while the same accuracy
without control variates requires more than 60 times the cost of the 2D PDE solver.

5.2. Variance and error reduction. In this subsection, we compare the results with control
variates (CV) to those with the plain particle method (No-CV) as a function of the number of
particles. The error measure we use is the absolute error in volatility (in % units). For instance, a
maximum error (taken over all quoted deltas and maturities) of 0.03% for a 20% market volatility

19
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signifies that the calibrated volatility can be 20.00% =+ 0.03% in the worst case scenario.

We use the calibration routine described in Subsection 3.1 with and without control variates for
160, 800, 4 000, 20000, 100000, 500 000 and 2500 000 particles.

The results are presented in Figure 5.2. On the basis that higher correlations between spot-
rates and rate-rate will make our control variates more efficient, we also display in Figure 5.2 the
calibration errors with no correlations between spot-rates and rate-rate as a presumed worst-case.

Absolute error in vol. (%) Absolute error in vol. (%)
with spot-rates and rates-rates historical correlations with no spot-rates or rate-rate correlations
0.35% 0.35% v
{ \
\
I ' \
0.30% + ' 0.30% 'y‘
4 1 !
t \
0.25% ~—— 0.25%
3 \ < .
> 0.20% \ > 0.20% \
K] 1 \ K .
o \
£ 1 \ = N
§0.15% + \ 5 0.15%
5 1 . & N
\ —_— .
0.10% N 0.10% ™ <
- ¥ -
0.05% | S~ 0.05% ~
L e— ——— ) >
0.00% 0.00%
100 1000 10000 100000 1000000 10000000 100 1000 10000 100000 1000000 10000000
Number of particles (log scale) Number of particles (log scale)
=== Avg. Error CV ~a— Max. Error CV Avg. Error No-CV < Max. Error No-CV == Avg. Error CV ~a— Max. Error CV Avg. Error No-CV —4 Max. Error No-CV

Figure 5.2: Error convergence with and without control variates, either with historical psq, psy, pdr
correlations (left) or psq = 0, psy = 0, pgr = 0 correlations (right). Error is computed on all quoted deltas
and maturities (log-scale)

We infer from the data in Figure 5.2 that the use of control variates greatly improves the general
calibration routine. Convergence in both the maximum error (0.032%) and in the average error
(0.012%) is reached (i.e., the error from here on is dominated by other sources, such as the time
discretisation error) for 4 000 particles when using control variates, while the plain particle method
(without variance reduction) only reaches the same accuracy with 2500000 particles. We infer that
the control variates give a 625-fold speed-up.

Moreover, from careful data analysis of Figure 5.2, we find a convergence rate of 0.3 in the
number of particles for the plain particle method, for both the average and maximum error. The
addition of the control variates preserves the convergence rate but reduces the absolute size of the
error significantly.

We note that the error can be further reduced by increasing the number of time steps per year.
We used 250 time steps (such that, on average, there is one time step per open day) as it already
yields a very accurate calibration at a reasonable computational cost.

Part of the error reduction is due to the conditional control variate described in Subsection
3.2 which can provide very good results for short-term horizons (the other part being due to the
control variates for standard expectations). In order to analyse this further, we plot the variance
reduction factor from (3.7), estimated with 500000 particles, as a function of time in Figure 5.3.
We estimate a trend line 1 + %, for a given constant C, and thus a very good variance reduction
for short-term options. For longer terms, this still yields a good variance reduction factor of 5.2 for
the 3Y maturity and 2.34 for 5Y.
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In addition, the other two control variates presented in Subsection 3.3 help control the short-
to long-term behaviour as well. We plot both variance reduction factors for X} and X3 in Figure
5.3. They seem to reach a steady state for maturities around 1.6 and 6.5, respectively. We note
that we displayed here average variance reduction values over all strikes, while X} was found to
provide significant variance reduction for small strikes.
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Figure 5.3: Variance reduction factor as a function of time for the conditional expectation estimator pj
(left, using a log-log scale) and the standard expectations estimators X7 and X (right, using a log scale)

5.3. Stress scenario. The last calibration result we present is for an extremely stressed set of
rates parameters. This will serve as a robustness test of the control-variate particle method for very
volatile short rate processes. In order to perform the test, we multiply the calibrated £z and ;
by 20 as well as divide 4 and 67 by 20. This leads to strongly violated Feller conditions and very
high volatilities for the two CIR++ rate processes. We also set psq = 0, psy = 0, pgr = 0 as this has
shown to be more challenging for our method (as it makes the control variates less effective). The
stress scenario parameter values are

vo =0.0094, 6 =0.0137, k=14124, p=—0.1194, ¢ =0.2988,
gd =0.0001, 65=0.0273, ry=0.0837, psg=0, & =0.5480,
gl =0.0001, 6;=0.0582, «;=00110, ps;=0, & =0.7400.

We emphasise that in practice, the volatility parameters {;, ¢ are rarely above 0.06. We refer the
reader to [8] for more details. A calibration summary for the average error in absolute volatility is
displayed in Table 1. In this stress scenario, the calibration via control-variate particle method
reaches an error of 0.0165% for 20000 particles, whereas 2500000 particles are required with
the plain particle method (without control variates) to reach the same accuracy. Hence, the
control-variate particle method shows a consistent improvement over the plain particle method even
under stress scenarios. The conditional control variate for p}; yields a variance reduction factor of
almost 2 for the last maturity (5Y), similar to the correlated case.

5.4. Impact of stochastic rates. In this subsection, we discuss the pricing of more exotic
products, namely a no-touch option and a target accrual redemption note (TARN); see Chapter 8
21
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N 4000 20000 100000 500000 2500000

Plain particle method 0.0855% 0.0440% 0.0320% 0.0255% 0.0160%
Control variate particle method 0.0312% 0.0165% 0.0133% 0.0133% 0.0133%

Table 1: Average error in absolute volatility (% unit) for a high-volatility stress scenario on the rate
processes. IV is the number of particles.

in [10] and Section 2.2 in [46] respectively for a discussion of these products. Specifically, we assess
the impact of stochastic rates on products embedding knock-out features with mid- to long-term
expiries.

No-touches. The foreign no-touch up option pays one EUR at maturity if the exchange rate
has not breached an upper barrier during the product lifespan. The payout under an arbitrage-free
model with foreign risk-neutral measure Q/ | for a premium expressed in foreign units (EUR), a
notional Ngyg in foreign units (EUR) and for a maturity T is

f
NeurEY {DéilMKBl} ;

where M; = supy<,<; Sy is the running-maximum of the spot S and B; is the upper barrier. For
the tests, we pick
712507 Blzl.4><50.

TARNSs. The specification of the TARN is here as follows: the buyer receives the forward value
K — 5, at fixing date ¢; if K > Sy,; the buyer has to pay S, — K if K < S;,. At each fixing date, if
the amount received is positive, the accrued value is increased by the paid amount. If at some point
in the deal life-cycle, the accrued amount breaches a target Hyg,get, the deal is terminated early.
To protect the buyer, an additional knock-out barrier redeems the deal early if the spot fixes at or
above an upper barrier By. The payout under an arbitrage-free model with domestic risk-neutral
measure Q¢ | for a premium expressed in domestic units (USD) and a notional Ngyr in foreign
units (EUR), for a maturity 7 is

ng
d
NeurEY" | D4 5 Loy, (K= Sg) |
i—0

where 7 is the (early) redemption date that is either triggered by the accrual breaching the target
Hiqrget or the spot S breaching the upper barrier By. In this test, we pick monthly fixings and

T=50 n;=12x5  K=109xS),  By=145xS50,  Hyarger = 6 x (K — Sp) .

We display in Table 2 the prices computed with 1 048 575 quasi-Monte Carlo paths (with Sobol
sequences and Brownian bridge construction from [9]) and 365 time steps per year for the foreign no-
touch and TARN contracts under the LV, LSV and LSV-2CIR++ models. The running maximum
is sampled with the Brownian bridge technique, as described in Chapter 6 of [20].
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Model NPV - No-touch NPV - TARN

LV 72.42% 29.16%
LSV 74.59% 14.69%
LSV-2CIR++ 73.60% 17.50%

Table 2: Monte Carlo NPVs, in % of Ngyr and Nysp respectively, for the 5Y foreign no-touch and target
accrual redemption note

We infer from the data in Table 2 a relative difference of 1.35% in price for the foreign no-touch
and —16.07% for the TARN between the LSV and LSV-2CIR++ models, which confirms that
adding stochastic rates has a significant impact even for a 5Y contract.

Interestingly, in this setup, the price of the foreign no-touch option under the LSV-2CIR++ lies
in between the LV and LSV models. It is common to observe a market price that lies between the LV
model price and a Heston-type LSV model price, when the Heston parameters have been calibrated
to the same vanilla options. Practitioners therefore introduce a mixing factor to control the amount
of stochastic volatility of the LSV model and to manually match the no-touch options quotes (see
[10] for details). The introduction of stochastic rates seems to achieve a similar behaviour, at least
in this example.

6. Conclusion. In this paper, we have provided a new and numerically effective method to
calibrate a 4-factor LSV model to vanilla options. In our numerical tests with market data, we
managed to achieve an approximate 625-fold speed-up for the calibration using control variates, as
compared to the plain particle method. We have shown that a high accuracy can be obtained with
as few as 4000 particles (with a maximum error in absolute volatility of 0.03%), and we were able
to get a good fit with only 800 particles (with a maximum error in absolute volatility of 0.05%).

Using the calibrated leverage function from this paper, we showed that the addition of stochastic
rates has a significant impact on structured products, even more so when barrier features and
coupon detachments are combined for longer-dated contracts. Stochastic rates become necessary in
the modelling if one wishes to price hybrid products where the rates appear explicitly (for instance,
a spread option on the FX performance and the Libor rate). One could use a second factor in
the CIR++ processes to improve the fit to caps and use the method presented in this article to
calibrate the leverage function.
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690 Appendix A. Proof of Proposition 2 and Theorem 3.
691 We first state a necessary auxiliary result, which is an adaptation of Tanaka’s formula in Chapter
692 4 of [34], where the integrand D in the local time integral is 1.

693 Proposition 7. On a filtered probability space (X, F, {]—"t}tzo,@d), let D and X be two Fi-
694 adapted continuous semi-martingales, with D positive and integrable, (lf)t20 the local time of X at
695 level a and, for alln >0,

0 —a|>1
696 (A.1) 52(9:)_{7 [z —al >3,

%7 ’J)—GIS%

697 Then, for any T >0 and 0 <t < T, fot D62 (Xs) d(X)s converges almost surely, and uniformly in
608 time, to [j Dsdi2.

699 Proof. Follows as in Section 45 of [34] with a few additional steps. A complete proof is given in
700 Appendix A of [12].

701 We now state and prove two lemmas necessary for the derivation of Theorem 3. Lemma 8
702 provides a link between the local time of a process and its density function.

703 Lemma 8. Given a filtered probability space (X, F,{Fi};>q ,QY), let W be a standard Brownian
704 motion and w, Y two Fi-adapted processes with Y continuous, with finite second moment and

t
705 / (|| + V) du < o0
0
706 Consider a continuous Ité process X given by
t t
707 Xt:Xo+/ uudu—l—/ Y, dW,
0 0

708 whose marginal density function ¢(-,t) and EQ [DtYf | X = ] are assumed to be continuous.
709  Further denote by (l?)tzo the local time of X at level a. Then, for any continuous, integrable and
710 positive Fy-adapted semi-martingale D and any a € R,

t t
711 EQ’ [/ Dudzg] :/ E® [D,Y2| X, = a] ¢ (a,u) du.
0 0
712 Proof. From Proposition 7, we know that the following holds almost surely:
t t
713 / D,dl® = lim [ D,6%(X,)Y2du.
0 n— oo 0

714 This implies convergence in distribution, so that we can write

n—oo

=
ot

t t
E? [ / D, dlg} = lim EY’ [ / D% (X,) Y2 dul |
0 0
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and, by the stochastic Fubini theorem, we get

n—oo 0 w

t t
EQ [ / D, dlg} = lim [ E%[D,0%(X,) V2] du
0

t
— lim | E¥ [5;; (X.)EY’ [DuYUQ\XuH du.

n—oo 0

We denote v (z,u) = EQ [D,Y2 | X, = z], such that

n—oo

0 0 Jo

where we have used Fubini’s Theorem in the second line. By the continuity assumptions on ¢ and
v, we deduce that

t t
EY { / D, dlfj} - / (EQd [D.Y2| X, = d] gb(a,u)) du.
0 0
Lemma 9. Given the set-up of Theorem 3,

t
M, = / 15,>x D (Sy,u) Sur/ Vi dW,,
0

is a true martingale up to T* given by (2.7).

Proof. Since a and 1g,>x are bounded, the process

t
M, = / 15,5k Dda (Sy,u) Sur/ Vi dW,,
0

RO [/t (Dgsu)QVudu] < .
0

On the one hand, since ¢t < T*, from Proposition 3.13 in [13], we can find w > 2 such that

is a true martingale if

s B[ (i) ] <.

On the other hand, from Theorem 3.1 in [26],

sup EQ’ [Vum} < 00.
u€l0,t]

Using Hélder’s inequality with the pair (%, ﬁ),

£’ [(Dgsuf Vu] < EY [(Dgsu)”] v go [Vuﬁ} o
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Finally, using the Fubini theorem, EQ’ { fg (DZS’U)2 Vu du] < 00 and hence M is a true martingale
of zero expectation. [ |

Combining Lemmas 8 and 9, we can derive Proposition 2.

Proof of Proposition 2. Let K € RT, 0 <t < T* and H; = (S; — K)". The Trotter-Meyer
theorem [34] gives

t
1
(S — K)t —(So— K)t = / 1s,>K dSy + 51{2
0
which we can write in differential form as

1
dH, = 15,5 K5, <rf - r{) dt + Sdlf + Ls> 0 (S1,1) S/ Ve dW

Also,
1
d (Dth> - D¢ [—rfﬂt + 15,555 <r§l - rg‘)} dt + 5D} diff
(A.2) + 15,5k Dl (S, t) Sir/ Vi dW; .

Hence, by applying Lemma 8 with X; = S, Dy = fo and Y; = a (S, t) Si\/V;, we can write
d t t d
(A.3) o [/ D¢ dlff] - / (a2 (K, u) K2E2 [ngu 1S, = K} o (K, u)> du,
0 0

where ¢ is the marginal density function of S at time ¢. Furthermore, one can define ¢,, as

6 (K,0) =B [DISE (3,)] = [ 61 (2) B [ D18, = a] 6 w0 .
0
with 05 defined as in (A.1) by

0, |[zt—K|>1
5K(a:): ’ n’
5 e —K[<4,

and by a similar reasoning to that of Lemma 8 we get

lim ¢, = E%’ [fo|5 :K] & (K, u) .
n—oo

Since ) ( )
0°C (K,u d
I Seleb A, Q dsK
sz = Jm B[ DU (s)] |
we write
620 (K, u) . Qd d .
(A.4) — 7 =E [Du|5 _K]gb(K,u).
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761 Combining (A.3) and (A.4) allows to write

t t ]EQd Dqu S — K 9
762 EY’ [/ Dﬁdlf} :/ o’ (K, u) K? £ uVul ] o C(Ig,u) .
0 0 EC [Dd|S, = K] 0K

763 Hence, integrating (A.2),

64 C(K,t) = rQ? [Dth] = /t (—EQd [Dculrg (Su — K)+] +EY {folsuzKSu (TZ - 7“5)}) du
0

1 [t EY [DV, | S, = K] 0°C (K, u)
765 (A5 - 2 (K, u) K? L > d
t
766 + EY [ / 1s,>x D3 (Sy,u) Sur/Va qu] .
0

767 Furthermore, on a fixed time interval [0, T*], D{ is uniformly bounded by exp(T* MaX,e[o,7+]

he (u)‘)
768  Then, from Lemma 9 we know that fot 1s, >k Do (Sy,u) Suy/Va, dW,, is a true martingale of zero
769 expectation.

770 We write (A.5) at time 7', differentiate with respect to 7" and, upon noticing that 1g,>x St =
71 (Sr— K)T + 15,5k K, we get (2.8). [ ]

772 We are now ready to give the proof of Theorem 3.

773 Proof of Theorem 3. First, we want to ensure that (2.5) is a necessary condition for
774 (A.6) C(K,T)=CLy (K,T) .
775 Hence, by subtracting the Dupire PDE (2.4) from (2.8), we obtain

EY [D4Vr | St = K]
EQ' [D4|Sr = K|

9%C a
— oty (K, T)) TKLQV —E° [Dgérgi (St — K)*]

1
776 51(2 <a2 (K, T)

oCry
0K ’

7T —# (1) Cpy — EY [D{‘ﬁlsTZ KK (r% - r;)} - K (Fd (T) — 7 (T))
778 SO

EY [D4|Sr = K]
EQ' [D4Vr | St = K]

- o? (K, T) = (02 (K, T) +q(K,T)),

780 where

d
o EY [Qr]
781 Q(K,T): 1 77202CLy
K 5Rs

2 Qp = Dérl (Sp — K)F —# (D) Cpy — K (D%ISTZK (rd = rf) + (7 (1) = 77 (D))
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It remains to show that we can replace Qr by Q7 in ¢ . First, D% (St — K)™ is weakly differentiable

. ... OD&(Spr—K)T
with respect to K with —T5——

D%. We can interchange differentiation and expectation to get EQ [D%lSTZ K] = —g—g. Since the
models agree, E2” [Di1g,>k] = _88‘% and EQ’ (D (Sr — K)Jr] = CLy, and (2.5) holds.

By re-tracing the steps in reverse order, one sees that (2.5) is also a sufficient condition for
(A.6) provided the solution to (2.8) is unique. [ ]

= D%ISTZ &, which is bounded by the integrable process

Appendix B. Monte Carlo QE-scheme. The Quadratic-Exponential (QF) scheme [4], that is
used to discretise the square-root process, employs moment-matching techniques and can significantly
reduce the Monte Carlo discretisation error. While the full truncation Euler scheme and the QE
scheme have shown to perform well in our tests, we experienced a faster convergence in time for
the QE scheme when the Feller condition is broken. Hence, we choose the QE scheme for the
variance process and the full truncation Euler for both stochastic rates, as the computational cost
will be smaller. We briefly write a generalised QE scheme based on the original scheme from [4] to
incorporate a leverage function and stochastic rates in the discretisation.

We follow our time interpolation rule for the calibration of o and interpolate forward-flat in
time. We assume for simplicity that each Monte Carlo time step belongs to the o time grid. We

can write
t+At

t+At
vm:m/ k(0= Vi) dut € Ve dWY
t t

and hence

Al v Vea = Vi [T R (0 - VL) du
. u U g 9

and

1
dIn S; = (rf —rl - 5042 (54, 1) Vt> dt + o (Sy,t) p/ Ve dWY + a (S, 1) /1 — p2\/ Vi dW,

where WtS is a Brownian motion independent of W,'. Therefore,

t+AL 1 t+At
Sy ar =InS; + / (rff _ r;j) du — 50 (St,t)/ V., du
t t
a (S t)p (V;‘/+At — Vi — kOAL + & ftHAt | du)

* €

t+At
+ a (S, t) /1 — p2/ Vi dW2 .
t

We approximate j;HAt V. du by (M) At , and note that conditional on V; and j;HAt V. du,

since WY and W, are independent, the It6 integral ftHAt VVu dW? is normally distributed with
mean zero and variance ftHAt V. du. We write the full scheme below
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Ghae =g+ ra (00— (of)") AL+ éan/(g) " VALY,

91{+At = gtf + (’ff <9f - (9{>+> - (PSféf\/ (gg)Jra(Stat) \/Vt>> Ay

+¢n\/ (o) VALY,

d . +(rd—pf
o InSiane =1InS;+ <Tt+At TH-A;) <Tt Tt) _ %Oﬂ (Si,t) (Viear + Vi) | At
g12 (B.1)
+Ol(St,t)p<‘/t+At*‘/t+K<M79>At)
3
+a (Sg,t) /1 — p? M\/AtZ
it <te : Viear=a(b+Z)°
Vitat if U<p :Vigar=0
else 1—
else : Viear=1In (1_—p> l—’fp ,
813  with
( kAL
m =0+ (V;—0)e ,
—KA
N2 = %622 £ (1 _ e—/{At) + % (1 e—nAt)2 ,
2 — —
814 v =21, p=t7, =Lt
2 _ 2 2 /2 _
b —E_l"— E @—1, a—l_TbZ,
kq/}c =15,
815 Let the Cholesky decomposition of the correlation matrix °
1 »p 0 0
- p 1 psa psf
0 psa 1  pa
0 psy pa 1
817 be LLT. Y, and Y} are defined as
Yy Zy
Yo | Z
Yy Zy

819 where Z, Z,,, Z4, Z; are independent draws from a standard normal distribution and U is a draw
820 from a uniform distribution.

SIf the correlation matrix is not positive definite, one can rely on spectral decomposition instead, see 2.3 in [20]
for details.
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Appendix C. Finite element mesh construction. In order to refine the mesh in the most relevant
area, we use an exponential mesh on the variance axis and a hyperbolic mesh (see [43]) in the spot
direction. This makes the mesh finer around z = 0 and x = Sy. In order to build our mesh, we first
define the grids in spot (xi)z‘e[[o, N and variance (zj)j [0 Ny ] sepﬁarately. Additionally, to solve the
PDE numerically, we need to truncate at the boundary and use Q = {(x, 2z) € [0, Smax] X [0, Vinax) }
on a time interval [0,7] . We choose

— 5'0650‘(50,T)\/(UOS”‘T—F@(l—e*NT))T

and recall that the stationary distribution of the CIR process is a gamma distribution of density
¢S° as defined in (4.3). We compute Viyax with the inverse cumulative density function such that

P (z > Viax) = 0.01%.

We write
z; = fn(gn (7)) ,
zj = fe (9¢ (%))
with
fn(x) = So+ bsinh (vz +d), fe(z) =c+cexp(Az),
b= n (Smax - Smin) 3 c= Vinax
Smin - SO 6)\ -1’
d = arcsinh <> , 30
b )\—max<1,4—2>,
: Smax - SO 5
v = arcsinh — ) d, - j
i TN+
T (Ng+ 1)
n =0.02,

where 7 is defined according to our numerical where A is defined according to our numerical
experiments and gy, is the quadratic polynomial experiments and g, is the quadratic polynomial

that passes through the points (0,0), (1,1), that passes through the points (0,0), (1,1),
Lf}:l (SO) (NS+1)+05J f_l (S ) Lfe_l (UO) (NV+1)+05J f—l (’U )
Ng + 1 RIS Ny + 1 Je AF0 )

The latter intermediate step makes sure that both Sy and vg are vertices of their respective
grids. The construction of the finite element triangular mesh can be achieved by creating a vertex
at each point (z;, z;) and defining two triangular cells (upper left and lower right) in each rectangle.
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