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Abstract

A mushy layer is a reactive porous medium that forms during the partial solidification
of a multicomponent liquid. Sea ice is a naturally occurring mushy layer that forms
through the freezing of seawater in the polar oceans. This multiphase mixture
of solid ice crystals, liquid brine, air bubbles, and other chemical species plays a
critical role in Earth’s climate and ecosystems. Two-phase mushy layers, comprising
a porous solid saturated with liquid, have been well studied; however, sea ice and
other mushy layers in the natural environment often contain gaseous inclusions
or other immiscible liquid phases, yielding a three-phase problem. This thesis
formulates appropriate conservation equations for a three-phase mushy layer that
accounts for the production, migration, and trapping of a third distinct phase in
the pore space of sea ice. We use an idealised model of the pore geometry to
derive a novel expression for the vertical flux of a buoyant third phase dispersed
as bubbles/droplets in the liquid-filled pore space. The resulting model is applied
to both air bubbles and oil droplets in sea ice. Two key dimensionless parameters
arise: (1) the ratio of the bubble/droplet radius to the pore throat-radius and
(2) the timescale of gas exsolution relative to the timescale of solidification in the
mushy layer (in the case of a solid-liquid-gas system).

We explore the three-phase mushy-layer model in a variety of settings. First,
we examine the three-phase mushy layer found during the steady solidification
of air-saturated saltwater in a Hele-Shaw cell. We show that neglecting the
volume occupied by exsolved gas yields a reduced “tracer” model for the dissolved
and free-phase gas that still describes the steady-state solution well. Then, we
formulate a one-dimensional transient model for sea-ice evolution that includes
parameterisations for brine convection, radiative transfer, and heat exchanges with
the overlying atmosphere and snowpack, and with the underlying ocean. We
validate this transient model against observations of first-year landfast sea ice
at Barrow, Alaska. We use ice core measurements of bulk gas concentrations
from Barrow to constrain the gas dynamics in our model and predict the seasonal
evolution of the gas volume fraction and ice bulk density. This has implications
for biogeochemical cycles in the Arctic and the estimation of ice thickness from
remote sensing measurements. Finally, we investigate the impact of low levels of
weathered oil droplets on landfast sea ice, and find that the increased absorption
of solar radiation by these droplets can significantly enhance ice melt rates and
delay the onset of the spring under-ice algal bloom compared with year-to-year
variability. The results in this thesis have important implications for the future

study of sea ice as a complex multiphase reactive material.
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Introduction

A mushy layer is a reactive porous medium that forms during the solidification
of certain multicomponent liquids in which the concentration of dissolved solute
controls the freezing temperature (Worster 2000)), e.g. saltwater. A two-phase
mushy layer consists of a porous solid matrix filled with interstitial liquid, where
segregation of the solute from the solid phase elevates the solute concentration in
the interstitial liquid. Heat and solute transport within a mushy layer drive internal
phase change, which changes the local porosity, and therefore the permeability to
fluid transport. Therefore, mushy layers often exhibit complex feedbacks between
fluid motion, and phase change (Worster [1992; Chiareli and Worster 1995; Worster
1997; Wells et al. [2019; Anderson and Guba 2020; Anderson et al. 2022)). Mushy-
layer theory utilises a phase-averaged approach where the porosity of a mushy layer
is approximated by the volume fractions of the solid and liquid phases contained
in a representative elementary volume (REV), which is larger than the individual
pore scale but smaller than the macroscopic scale of the layer. In this thesis we
will extend an existing two-phase mushy-layer theory to consider a three-phase
mushy layer, in which an additional gas phase or second immiscible liquid phase
is present in the pore space of the mushy layer.

One important geophysical example of a mushy layer is sea ice, which forms in the
polar oceans during the solidification of seawater containing dissolved salts (Feltham
et al. 2006; Hunke et al. 2011). Whist much of the work in this thesis applies to sea
ice in general, we will focus on the Arctic when comparing model output to field
data. Sea ice in the Arctic reaches a maximum extent in winter (February/March)
of between 15 and 17 million square kilometers, and a minimum extent of between

4 and 8 million square kilometers in September after the summer melt season
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(Perovich 2011} Stroeve et al. 2014; Serreze and Stroeve 2015; Comiso et al. [2017)).
Both maximum and minimum sea ice extent is declining in the Arctic due to
anthropogenic climate change at a rate of around 2.5% per decade for the maximum
extent, and 10.8% per decade for the minimum extent (Comiso et al. 2017).

Sea ice is an important component of the Earth’s climate system because ice-
covered waters reflect much more incoming solar radiation than open water (Holland
and Bitz 2003; Holland et al. 2006; Hudson 2011)). Sea ice also modifies exchanges
of momentum, heat, water, and gases between the ocean and atmosphere, and hence
plays a key role in atmospheric and oceanic circulation (Overland [1985; Andreas
et al. |2002; Andreas et al. 2010; Spreen et al. 2011; Kwok et al. 2013) and global
biogeochemical cycles (Loose and Schlosser 2011; Lannuzel et al. |2020). Drainage
mechanisms during sea ice growth (see Notz and Worster 2009, for example) produce
significant salt fluxes to the underlying ocean, which create dense water masses at
the poles and contribute to the global oceanic overturning circulation (Backhaus
1997; Abernathey et al. 2016). The transmission of visible light, necessary for
photosynthesis, through the ice is a strong control on primary production and
biological activity under sea ice (Ehn et al. 2008; Mundy et al. |[2009; Arrigo et al.
2012; Arrigo 2014). The sea ice environment is crucial to the life of many Arctic
marine-based mammal species such as polar bears, seals, and walruses as well as
Arctic fisheries (Huntington and Moore 2008; Johannessen and Miles2011)). Changes
in the extent of Arctic sea ice also have profound implications for human uses of
the Arctic Ocean, such as shipping and goods transport (Kikkas and Romashkina
2018)), and the lives of indigenous people (Laidler et al. 2009)).

Seawater contains dissolved sodium chloride salt (NaCl), other dissolved salts
(Millero et al. 2008) and dissolved atmospheric gases (Weiss [1970; Weiss 1974;
Nakayama et al. 2002). In addition, one can also find suspended sediments,
phytoplankton and other biological material, microplastics, droplets of crude oil,
and an array of dissolved anthropogenic pollutants (Otremba 2007; Sgrensen et al.
2014 Windom [2019; Honda and Suzuki 2020). Some of these components have the

potential to produce a third distinct phase in sea ice that coexists amongst the
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solid ice matrix and interstitial liquid brine. For example, dissolved gases present
in seawater can exsolve to produce gas bubbles in the sea ice pore space (see Tison
et al. 2017, for example). Oil droplets originating from crude oil spilled into the
ocean can also reside in the pore space of sea ice as an additional immiscible liquid
phase (see Redmond Roche 2024, for example).

Multiphase gas—liquid and liquid-liquid flows in natural porous media have
been extensively studied (Blunt 2017) with applications including: the venting of
methane bubbles from seafloor sediments (Skarke et al. 2014), the percolation of
meltwater through snow (Meyer and Hewitt 2017; Jones et al. 2024)), gas-driven
volcanic eruptions (Suckale et al. 2016; Calleja and Pering [2023), the upward
buoyancy-driven percolation of oil released under sea ice (Oggier et al. 2020), and
the transport of argon (Moreau et al. [2014) and carbon dioxide (Moreau et al.
2015b) by bubbles in sea ice. The latter two studies treat multiphase sea ice with
dynamically evolving tracers for dissolved gases and gas bubbles, although they
did not systematically derive these models from mushy-layer theory. Despite the
applications to gases and oil in sea ice, to the best of our knowledge, the existing
two-phase mushy-layer theory used to model sea ice has not been systematically
extended to deal with a third phase. A key aim of this thesis is to develop a general
formulation for a three-phase mushy layer that is applicable to sea ice.

Another naturally occurring three-phase mushy layer is the multicomponent
mineral melt found in magma chambers, which typically contains volatiles such as
dissolved water and carbon dioxide (Huppert and Worster 2012). Gas content and
transport in magmatic systems is important for the evolution of magma chambers
and the intensity of volcanic eruptions (Huppert and Woods 2002; Girona et al. 2015;
Parmigiani et al. |2016; Liao 2022)) and has been studied using a phase-averaged
approach (Keller and Suckale 2019)). Unlike in sea ice, the exsolution of magmatic
volatiles into gas bubbles is primarily driven by de-pressurisation and temperature
variations, as opposed to concentration change due to solidification. Whilst there is
definitely wider applicability of work on three-phase mushy layers in the geosciences

we will focus on sea ice in much of this thesis.
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It has been known since at least the 1970s that sea ice contains a significant
amount of air present in gaseous inclusions (Tsurikov [1979). The presence of a
gas phase in sea ice has important consequences for the remote sensing of ice
thickness and the exchange of gas species between the ocean and atmosphere (which
will be reviewed later in this chapter). The volume fraction of air in sea ice is
often estimated from measurements of the bulk density, using the formulae given
by Cox and Weeks (1983)). Several studies have also examined the number and
size distribution of bubbles in thin sections of sea ice using optical microscopy
(Grenfell |1983; Light et al. |2003). More recently, the air fraction in sea ice cores
has been estimated directly using X-ray tomography (e.g. Crabeck et al. 2016]).
Computational models have been developed to predict the concentrations of some
gas species in sea ice (argon by Moreau et al. 2014} and carbon dioxide by Moreau
et al. 2015b)). However, the physics controlling gas bubble motion in the pore
space of sea ice is not well understood and a model capable of predicting the
air fraction in sea ice is still lacking.

In contrast to a gaseous phase, we will also consider a three-phase mushy layer
with two distinct, immiscible liquid phases occupying the pore space (e.g. crude
oil and water in sea ice). Crude oil often ends up in the oceans as a result of
anthropogenic activities such as oil extraction, shipping and spills. Oil spilled in
Arctic waters can be incorporated in growing sea ice and migrate towards the
surface of sufficiently permeable ice due to the lower density of oil compared with
seawater (Oggier et al. 2020)). The presence of sea ice affects the fate of oil spilled
in polar environments and can hinder traditional approaches to clean up spilled
oil (see reviews by Fingas and Hollebone 2003; Wilkinson et al. [2017). Typically,
crude oil is an effective absorber of solar radiation and is recognised to increase the
melt rate of sea ice in the summer (e.g. Martin [1979; Desmond et al. 2019). It has
been suggested recently that even low concentrations of dispersed weathered oil
droplets in Arctic waters may have significant consequences for the absorption of
solar radiation in the ice if they make their way into sea ice (Redmond Roche and

King 2022b; Redmond Roche [2024). It remains an open question to what extent
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low concentrations of dispersed oil droplets in Arctic waters are accumulated in sea
ice, and if they have a significant impact on the sea ice melt season.

Photosynthetically active radiation (PAR) is radiation in the visible part of
the electromagnetic spectrum that is used by photosynthetic organisms, including
phytoplankton, for photosynthesis. Studies have shown that dispersed oil droplets
in the water column can reduce the amount of PAR transmitted through surface
waters (Haule and Freda [2016) which could impact the primary productivity of
areas of the ocean polluted with crude oil.

In this chapter, we will next review the mushy-layer theory that governs the
thermodynamic growth of sea ice in §I.1] This will be followed by a review of
the other geophysical processes that are important during the seasonal evolution
of sea ice in the Arctic. In §I1.2] we will review the existing literature concerning
the exsolution and motion of gas bubbles in sea ice. In §I.3] we will review the
processes by which weathered oil droplets are created and transported in the
ocean, and the potential consequences of their presence in sea ice. In we will
introduce some relevant background concerning the spring algal bloom associated
with algae that grow under Arctic sea ice. Finally, in we will outline the

structure and principal aims of this thesis.

1.1 The physics of sea ice

In this section, we will discuss the phase behaviour of seawater and review the
thermodynamic growth of sea ice as described by mushy-layer theory. We will
also discuss the impact of snow, solar radiation, and melt pond formation on

the seasonal evolution of sea ice.

1.1.1 A phase diagram for sea ice

Seawater is a multicomponent solution of water and dissolved salts with complex
phase behaviour (Assur [1960; Vancoppenolle et al. 2019). The Arctic Ocean is
relatively fresh compared to other oceans, partly due to freshwater discharge from

rivers, with the salinity of the surface mixed layer typically between 27 gkg™! and
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Figure 1.1: Panel (a) shows the mass fractions of liquid water, solid ice, dissolved salts, and
solid salts in sea ice versus temperature, reproduced from Vancoppenolle et al. . This
diagram was derived for water with an absolute bulk salinity of S4 = 5gkg~! where the relative
proportion of each salt is determined by standard seawater composition (Millero et al. using
the FREZCHEM computational chemistry code (Marion et al. . Here, absolute salinity
refers to the total mass of all dissolved salts per unit mass of solution. The coloured vertical
lines indicate the temperatures below which different hydrated salt minerals precipitate from the
solution. Panel (b) shows a horizontal thin-section image of the porous microstructure of mushy
sea ice, adapted from figure 6 of Eicken et al. . In panel (b) ice is white and interstitial
liquid brine is black.

34gkg™! (Aagaard et al. |[1981; Xie et al. 2019). Figure shows mass fractions

of solid water ice, liquid water, and mineral precipitates in sea ice as a function of
temperature at a bulk salinity of S = 5gkg~!. There are distinct temperatures
(coloured vertical lines in figure below which it is preferable for different
dissolved salts to precipitate as hydrated minerals in the solid phase. Sodium
chloride salt (NaCl) is the most abundant solute in seawater (Millero et al.
and has the biggest impact on the freezing temperature and phase behaviour of
sea ice (Vancoppenolle et al. . Therefore, the essential physics of sea ice
growth can be captured by approximating seawater as a binary solution of water
and sodium chloride salt (Feltham et al. . This approximation neglects the
small volumes of liquid maintained in equilibrium with magnesium and potassium
based salts for temperatures below —23°C (figure . Going forward “salt” will
refer specifically to NaCl unless otherwise stated.

The distribution coefficient p. = Ss/.S; is the ratio of the salinity of the solid

phase S to the salinity of the liquid phase .S; in local equilibrium. Values of p, < 1
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Figure 1.2: An idealised phase diagram for saltwater shown in temperature 1" and bulk salinity
S space, with the liquid, mush, and solid phases indicated. A linearised liquidus T' = T}, (.S) (given
by equation and solidus T' = Ts(.S) are shown in blue and red, respectively. The linearised
liquidus and solidus meet at the eutectic point (Sg, Tg). The super-eutectic region of the phase
plane (S > Sg) is omitted since it is not relevant to this thesis.

do not affect the dynamics of the mushy layer (Lu and Chen [1994)), although
some authors have found a small, non-zero value of p. helps to prevent numerical
instabilities in computational methods (Katz and Worster 2008; Parkinson [2019).
However, it is typical to assume that p. = 0 for salt in sea ice so that all dissolved
salt is rejected into the liquid phase during freezing (Feltham et al. 2006), which
we will adopt in this thesis.

The phase behaviour of saltwater can be approximated as a binary-eutectic
solution (Worster 2000) with phase diagram shown in figure . Dissolved salt,
present in saltwater of bulk salinity S, depresses the freezing point of water below
0°C according to the liquidus relation. The liquidus relation is often approximated

by the linearised liquidus curve
TL(S) =T — LS, (1.1.1)

where T, = 0°C is the freezing temperature of pure water and v, is the slope
of the liquidus. Although a linearised liquidus is convenient for analytical work,
it is a simplification of the true liquidus, which is typically non-linear and is
often approximated using a cubic polynomial (Cox and Weeks 1983; Notz 2005}
Vancoppenolle et al. 2019). In particular, Notz (2005) showed that using a linearised

liquidus can lead to underestimate the porosity of sea ice which is important
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for determining the permeability of the ice. Whilst a linearised liquidus cannot
accurately reproduce the freezing temperature of sea ice at all bulk salinities, we
will use the linearised liquidus in this thesis for simplicity (similarly to much of
the theoretical literature on mushy layers). The theoretical study in chapter
will use a value of the liquidus slope given by Peppin et al. (2007)). However,
in later chapters, where we compare model results to geophysical data, we will
use a lower value for the liquidus slope in order to more accurately reproduce
the freezing temperature of seawater.

When saltwater is cooled below the salinity-dependent freezing temperature,
T < TL(S), it begins to solidify. Elevated salinity due to salt rejection at the freezing
interface further depresses the freezing temperature, and drives a morphological
instability of the interface (Mullins and Sekerka [1964). This instability promotes
dendritic ice growth which forms a porous mushy layer of solid fresh ice crystals
containing liquid brine inclusions. Two-phase mushy-layer theory describes the
mush using phase-averaged quantities where the volume fractions of solid ¢, and
liquid ¢; are controlled by the local temperature and bulk solute concentration.
Recent theoretical work has investigated the effect of thermal disequilibrium on the
pore scale in mushy layers (Amiri and Butler 2024). However, scaling estimates
by Feltham et al. (2006) suggest that thermal disequilibrium is not important
on the timescales relevant for sea ice growth. Therefore, it is typically assumed
that the mushy layer is in local thermal equilibrium due to rapid thermal and
solute diffusion on the pore scale (Worster 1997; Worster [2000; Notz [2005; Feltham
et al. 2006; Hunke et al. |2011; Wells et al. |2019). Thermal equilibrium on the
pore scale requires that the local solid and liquid fractions within the mush adjust
instantaneously to ensure that the interstitial liquid is at the salinity-dependent
freezing temperature T' = T1,(.S;). For a review of the growth of sea ice as a mushy
layer see Worster (2000) and Wells et al. (2019).

The mushy phase, defined by the coexistence of both solid and liquid in thermal
equilibrium, is bounded by the liquidus (blue) and solidus (red) curves in the

phase diagram (figure[1.2)). For a binary-eutectic solution with p. = 0 the solidus
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curve is approximated as a vertical line segment at S = 0 and a horizontal line
segment at the eutectic temperature Tg. At the eutectic temperature the liquid
inclusions in a mushy layer reach a maximum salinity called the eutectic salinity
Sg where Ty = T (Sg). Below the eutectic temperature all remaining liquid
freezes and the system exists as a solid (¢, = 1) comprising of solid water ice and
precipitated hydrohalite crystals (NaCl-2H,0). This is an idealisation of the true

phase behaviour of sea ice shown in figure [I.1]

1.1.2 The formation & growth of sea ice

Typically, when heat loss to the atmosphere is sufficient, ice first forms in the ocean
as small crystals called frazil. This frazil can accumulate at the ocean surface and
consolidate into a thin initial ice cover (Svensson and Omstedt 1994). Frazil ice
has a granular microstructural texture, which is characterised by randomly oriented
crystals with liquid inclusions at crystal boundaries (Oggier and Eicken 2022).
Subsequently, ice grows downwards by solidification of the ocean at the ice base,
so-called “congelation” growth (Petrich and Eicken [2017)). Ice grown by congelation
is called columnar ice and has a different microstructure. In columnar ice, crystals
and water-filled pores are vertically aligned due to the preferential growth direction
of ice crystals (Eicken et al. 2000; Oggier and Eicken [2022)). Typically, in the Arctic,
columnar ice is the dominant sea ice type, while granular ice makes up only a
small top layer (Petrich and Eicken 2017)). However, in the Antarctic, granular
ice can make up a more significant fraction of the ice cover due to differences in
growth conditions (e.g. Jeffries et al. [1994). The base of sea ice is highly porous
and is referred to as the skeletal layer.

Sea ice in the Arctic ocean, or pack ice, fractures into distinct floes and drifts
under the stresses of surface winds and ocean currents (Thorndike and Colony [1982).
As a result, the ice thickness is not just determined by thermodynamic growth and
melt in response to atmospheric and oceanic conditions along its drift trajectory,
but also by mechanical deformation processes and fracturing where ice motion is

convergent or divergent (see Haas 2017 for a review). In contrast, landfast sea
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Figure 1.3: Schematic of a free-floating ice floe showing the ice freeboard, draft, and the
snow thickness. Adapted from the Sea Ice Portal (https://www.meereisportal.de/en) under a
Creative Commons license (CC-BY 4.0).

ice is attached to the coast, and does not drift. Landfast sea ice provides a useful
case study of ice growth dominated by thermodynamic processes, as opposed to
mechanical deformation (e.g. Druckenmiller et al. [2009), and so we focus on landfast
sea ice in this thesis when comparing model results to field observations.

Figure [1.3]is a schematic diagram of an ice floe and the overlying snow pack.
The ice freeboard is the height of the surface of the ice above sea level and the draft
is the thickness of the submerged portion of the ice. Together the ice freeboard
and draft sum to the total ice thickness. The freeboard of a free-floating ice floe is
determined by the hydrostatic balance between the weight of the ice and snow and
the buoyancy of the displaced seawater (e.g. Kwok . This is not necessarily
true for landfast sea ice or parts of the ice pack which are experiencing mechanical
stress. Note that the ice freeboard can become negative, for example for thin sea
ice with a deep snow cover, which can lead to seawater infiltration of the snow
layer and the formation of snow ice (Provost et al. 2017).

The thermodynamic growth of columnar ice can be modelled by the balance of
heat conduction through the ice, heat fluxes to the atmosphere, heat fluxes from
the ocean at the ice base, and the release of latent heat (e.g. Petrich and Eicken

2017). This yields a type of free-boundary problem for the position of the ice-ocean
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interface called a Stefan problem. If atmospheric cooling generates a fixed surface
temperature, a simple one-dimensional Stefan problem can be solved to show that
sea ice grows with a characteristic square root time scaling for diffusive growth at
early times (Stefan [1891} Leppéaranta 1993). Idealised mushy-layer calculations of
ice growth with a linearised surface energy balance (Hitchen and Wells 2025) have
been able to reproduce measurements made by Notz and Worster (2008) of the
early ice thickness for growing sea ice in the absence of snow. However, typical
environmental growth conditions involve a more complex interplay of radiative,
sensible, and latent heat fluxes, and are modified by the presence of an insulating
snow cover (e.g. Taylor and Feltham [2004). Ice growth rates are typically on the
order of 1 cmday ™', during the winter growth phase (see §1.5.3 of Petrich and
Eicken 2017)). Thermodynamic growth of the ice ceases when atmospheric cooling
is balanced by the heat flux to the ice base from the ocean. The ocean heat flux is
very important for the mass balance of Arctic sea ice, but is highly variable both
spatially and temporally and depends on a variety of factors including the ocean
circulation, stratification, and the input of solar energy to the ocean (McPhee |1992;

Krishfield and Perovich 2005; Zhong et al. [2022).

1.1.3 Solar radiation in the Arctic

Solar radiation reaching Earth’s surface primarily has wavelengths 300 nm <
A < 3000nm, covering the ultraviolet, visible, and near-infrared part of the
electromagnetic spectrum (Chen et al. 2012)). Solar radiation is also called shortwave
radiation to distinguish it from longwave (thermal) radiation emitted by the Earth’s
surface and atmosphere. Latitudes above the Arctic Circle (66.5° N) experience
periods of continuous daylight in summer and darkness in winter: so-called polar
days and polar nights, respectively. To illustrate the seasonal cycle, Figure[I.4] shows
the mean downwelling spectrally-integrated surface shortwave radiation flux Fsw at
Barrow, Alaska in 2009. The daily mean shortwave radiation flux reaches a maximum

of around 300 W m~2 in June, and is zero during the polar night (roughly December
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Figure 1.4: Hourly (grey) and daily (blue) mean downwelling shortwave radiation flux at Barrow,
Alaska (71.37°N, 156.5°W) in 2009 obtained from ERASH reanalysis data (C3S2018)). Major tick
marks indicate the first day of every other month.

to February). The maximum mean downwelling shortwave radiation flux decreases
with increasing latitude and the length of the polar night increases with latitude.

Incoming solar radiation at the top of the atmosphere is well approximated by
a black body spectrum with an emission temperature of around 5700 K (Malone
1951). However, the spectral shortwave radiation flux reaching the Earth’s surface
is strongly modified by absorption and scattering in the atmosphere. Some typical
downwelling surface shortwave spectra are shown in figure [I.5} Shortwave radiation
spectra at the Earth’s surface show a series of characteristic absorption bands due to
absorption by different atmospheric chemical species (see Grenfell and Perovich 2008,
for example). Practically no shortwave radiation of wavelength less than 300 nm
is observed at the Earth’s surface due to absorption by ozone in the atmosphere
(Perovich 2017)). The most important controls on the spectrally-integrated shortwave
radiative power observed at the surface are the solar zenith angle and cloud cover
(Chen et al. [2012). Low stratus cloud cover is ubiquitous during the summer in
the Arctic (Herman [1986)), which is more transmissive of shortwave radiation at
lower wavelengths and reduces the total incident shortwave radiative power at the

surface compared with the clear-sky case (figure )

1.1.4 The melt season

The melt season in the Arctic typically begins in May or June depending on the
latitude and lasts until September (Stroeve et al. 2014). During the melt season,
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Figure 1.5: Downwelling surface spectral irradiance measurements from between 75°N and 90°N
during the Healy Oden Transarctic Experiment in August 2005 (a) and September 2005 (b),
reproduced from Grenfell and Perovich . The legend entries refer to distinct measurements
by the day of the month they were taken. Downwelling surface spectral irradiance measurements
(c) for typical clear (solid) and cloudy (dashed) sky conditions at Barrow, Alaska, reproduced
from Grenfell and Perovich . The unit of wavelength is nanometres (nm) in all three panels.

the incoming shortwave radiation flux and air temperature increases. This first
melts any snow cover on the ice which leads to the formation of ponds of melt
water on the ice (Eicken et al. 2002).

The evolution of melt ponds on sea ice typically follows four stages (Eicken et al.
. Firstly, as the snow cover melts, ponds form in minima of the ice topography
well above sea level. This first stage is characterised by the rapid increase in the
area fraction covered by ponds, from 0 to around 50%, and can last for one to
two weeks (Ficken et al. ; Polashenski et al. . During this stage the
ice below ponds is relatively impermeable and so melt water is primarily lost to
macroscopic flaws in the ice by lateral transport. Stage two is characterised by

a drop in pond area fraction, due to pond drainage, and the loss of the majority
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of the snow cover. During this stage, most pond surfaces are only slightly above
sea level and melt water can drain downwards through the more permeable ice or
laterally through macroscopic flaws (Eicken et al. |[2002). Stage two again lasts for
typically one to two weeks (Eicken et al. 2002; Polashenski et al. 2012). During
stage three ponds deepen and the area fraction covered by ponds increases again
due to lateral melt and decreasing ice freeboard (Eicken et al. 2002; Polashenski
et al. 2012). Some ponds can melt all the way through the ice during this stage
which can last several weeks until the end of the melt season (Polashenski et al.
2012). Stage four is refreezing of the surface of melt ponds which can occur at any
point during the melt season if atmospheric forcing changes.

Once the snow cover has melted, the bare ice surface and the ice under ponds
can begin to melt. The absorption of solar radiation in the ocean through leads or
after transmission directly through the ice greatly enhances the ocean heat flux at
the base of the ice during summer. This can drive significant melting at the ice base
(Perovich et al. 2008])). In large areas of the Arctic ocean the ice cover melts away

completely by the end of the melt season in September, leaving areas of open water.

1.1.5 The age of sea ice

A distinction is typically made between first-year ice (FYI) and multi-year ice (MYT).
FYT grows and melts completely over one seasonal cycle, whereas MYI persists
beyond at least one summer melt season. Over the course of a season gravity
drainage reduces the bulk salinity of sea ice (Notz and Worster 2009). Gravity
drainage is driven by a convective instability within the ice that causes denser more
saline brine to drain downwards to the underlying ocean, drawing comparatively
less dense, less saline seawater upward into the ice. The downward drainage of melt
water through the ice during the melt season, also known as flushing, can further
reduce the bulk salinity of the ice. As a result, FYI is typically more saline and
thus more porous than MYT at the same temperature (Malmgren [1927; Cox and
Weeks 1983; Notz and Worster [2009; Petrich and Eicken 2017). In the Arctic, future

climate change is expected to increase the proportion of FYI (Maslanik et al. [2011)).
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Figure 1.6: Panel (a) shows a vertical slice (roughly 5 mm thick) from the interior of first-year
sea ice at —15°C. Panel (b) shows a close-up view of bubbles (indicated by arrows 1 & 2) within
brine inclusions in first-year sea ice at —15°C. Adapted from figures 1 and 13 of Light et al.

(2003).
1.2 Gases in sea ice

In this section we will review the existing literature concerning gas bubbles in sea

ice and the wider importance of the air content of sea ice.

1.2.1 The bulk gas content of sea ice

Seawater contains dissolved atmospheric gas species such as argon Ar, oxygen O,,
and nitrogen N, (Nakayama et al. 2002). Gas molecules are not incorporated into
the solid ice phase at the temperatures and pressures found in sea ice (Hobbs ,
and so concentrations of dissolved gases in the interstitial liquid in the pore space of
sea ice are elevated by freezing. If the concentration of any dissolved gases exceeds
saturation, exsolution of gas bubbles can produce a free gas phase in the sea ice pore
space (Tison et al. . Therefore, gases exist in sea ice in two phases: dissolved
in the liquid brine, or as free-phase gas bubbles within the sea ice pore space. We
refer to the combined mass of dissolved and free phase gas per unit volume as the
bulk gas content or bulk gas concentration in the ice. Vertical profiles of the bulk
concentrations of Ar, O,, and N, in sea ice cores have been measured using the dry

crushing technique (Zhou et al. 2013; Zhou et al. 2014a; Crabeck et al. 2014b). See

Tison et al. (2017) for a detailed review of measurements of different gases in sea ice.
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The solubility of gases in water typically increases as temperature decreases, but
decreases as salinity increases (Weiss [1970; Hamme and Emerson 2004). Within
sea ice, local thermodynamic equilibrium couples the temperature and salinity
of the interstitial liquid. As a result, the salinity of the liquid brine increases
as the temperature decreases, which leads to a net decrease in the solubility of
gases in the interstitial liquid (Moreau et al. 2014)). However, this variation in
solubility is likely small compared with the concentration/dilution effect as the
ice freezes/melts (Zhou et al. 2013)).

The volume occupied by the free-gas phase is quantified by the gas volume
fraction ¢4, which is the ratio of the volume of free-phase gas to the total volume
of some REV of sea ice. The in-situ gas volume fraction cannot be inferred from
measurements of bulk gas concentrations directly. It is often assumed that little
supersaturation of dissolved gases is tolerated in sea ice and so the volume of
free-phase gas can be estimated from the degree of supersaturation compared to
local solubility (Tison et al. 2017)). Gas volume fractions of around a few percent
have been observed in the interior of first-year sea-ice cores, using optical microscopy
of thin sections of ice and X-ray tomography (Light et al. 2003; Crabeck et al. [2016).
The observed gas volumes were found to be mostly distributed as spherical bubbles
residing in the liquid filled pore space (figure . Gas bubbles were also seen to
appear in laboratory experiments during the directional freezing of saltwater in
a Hele-Shaw cell (see figure 4 of Peppin et al. [2007)).

Tsurikov (1979)) proposed the following nine processes that determine the

evolution of the gas content of sea ice.

1. The entrapment of gas during frazil ice formation. This includes gases dissolved
in surface waters and any bubbles generated by wave action that are trapped

in the initial frazil ice cover.

2. The incorporation of dissolved gases in seawater during the growth of columnar

ice by congelation.
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3. Degassing from sediments beneath the ice (typically this is relevant as a source

of CH, for Arctic sea ice above shallow continental shelves).

4. The entrapment of gas during the refreezing of snow melt water, or when the
base of the snow layer on sea ice is flooded with seawater when the sea ice
freeboard decreases. Again, this includes gases dissolved in the melt water as

well as trapped air within the snow layer.

5. The voids produced by volume change during internal melting, because ice is

less dense than liquid water.

6. Air infiltration from above as brine drains due to gravity if the ice freeboard

increases.

7. Internal gas bubble exsolution/dissolution due to gas super-saturation/sub-

saturation in the liquid brine.

8. Bubble migration along temperature gradients. This is a slow process which
is not relevant on the timescales of interest for sea ice growth and is analogous

to the migration of brine pockets (discussed in Notz and Worster 2009).
9. Biological activity.

In addition to these nine processes, I would add the upward migration of gas
bubbles through connected portions of the sea ice pore space due to their buoyancy
and the removal of interstitial liquid that is supersaturated with dissolved gas
by brine convection. Buoyant migration of gas bubbles within sea ice has been
proposed to explain observed seasonal changes in the vertical distribution of bulk
gas concentrations in sea-ice cores (Zhou et al. 2013; Moreau et al. 2014). Existing
work concerning the migration of gas bubbles in sea ice is reviewed in §1.2.3] Moreau
et al. (2014)) found that the removal of dissolved argon by brine convection was
important to accurately reproduce the bulk concentrations of argon observed by
Zhou et al. (2013)) in sea ice cores from Barrow, Alaska. In chapter [2 we present a

novel model for the motion of gas bubbles in sea ice using an idealised geometry
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to approximate the pore space of sea ice. In chapter [3, we extend an existing
parameterisation of brine convection in sea ice to include the advection of dissolved
gases and their removal from the ice via brine channels. In chapter [7] the results of
this model applied to a transient simulation of first-year sea ice will be compared

to measurements of the bulk concentrations of atmospheric gases in sea ice cores.

1.2.2 The wider importance of the gas phase in sea ice

Biogeochemical cycles

Sea ice has traditionally been assumed to act as a barrier that prevents gas exchange
between the ocean and atmosphere, but field observations have measured significant
ice-atmosphere gas fluxes (Nomura et al. [2010; Nomura et al. |2018; Watts et al.
2022). The gas phase within sea ice provides an additional transport pathway
between the ocean and atmosphere for a variety of gas species (CO,, Nomura et al.
2010; Miller et al. 2011; Crabeck et al. 2014a; Kotovitch et al. [2016; Nomura et al.
2018; CH,, Kort et al. [2012; He et al. 2013} Crabeck et al. 2014a; Zhou et al. |2014b;
O, and N,, Zhou et al. 2014a; and Ar Zhou et al. |2013; Zhou et al. 2014a).
Because sea ice has been shown to permit gas fluxes between the ocean and
atmosphere, there have been efforts to quantify the extent to which ocean covered
with sea ice is a net source or sink of atmospheric carbon (Tison et al. 2017). The
current understanding can be summarised as follows. Melting in the spring and
summer dilutes dissolved carbon in the surface brines in the pore space. Hence,
atmospheric carbon dioxide dissolves into these diluted brines, and so the ice acts
as a sink for atmospheric carbon. A simple box model found Arctic sea ice acts
as a sink of 0.014 Pg C in the spring/summer (Rysgaard et al. 2011)), compared
with an assessment of the ice-free Arctic ocean as a sink of 0.154 Pg C (Takahashi
et al. 2009). However, while the sea ice is freezing up in the autumn/winter, oceanic
dissolved inorganic carbon is concentrated in brines and either stored in gas bubbles
or released to the atmosphere, depending on the permeability of the ice. In addition,
concentrated brine drains from the ice expelling dissolved inorganic carbon (Moreau

et al. 2015b). The highly saline plumes generated by brine drainage can penetrate
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to the deep ocean contributing to bottom water formation in the Arctic (Rudels
and Quadfasel |1991)) and potentially sequestering carbon there. Sea ice is currently
thought to be a net source of carbon dioxide to the atmosphere in these cold
months. The degree to which this carbon source in winter/autumn offsets the
spring/summer sink is unknown (Tison et al. [2017). There is also the potential for
a transient release of carbon dioxide to the atmosphere when the sea ice warms
and first becomes permeable in the spring, as trapped gas bubbles are released, but
before significant melting dilutes the sea ice brine. Such a transient flux of carbon
dioxide from the ice to the atmosphere has been observed during rapid ice melt
triggered by a rain event (Nomura et al. 2010). It has also been proposed that the
formation of frost flowers (Fransso et al.|[2015) can enhance fluxes of carbon dioxide
to the atmosphere during autumn/winter to completely offset the nature of sea
ice as a sink of atmospheric carbon in the spring/summer. The extent to which
sea-ice cover contributes to the global carbon budget, and how this contribution
will respond to future climate change, remains an open question.

Measurements of ice-atmosphere fluxes of carbon dioxide have been performed
using both the chamber method and the eddy covariance method. These measure-
ment types are usually in reasonable agreement over terrestrial ecosystems, but so
far show a large discrepancy over sea ice. The chamber method has recorded fluxes of
carbon dioxide from —5.2 to 9.9 mmol m~2 day " using an enclosed chamber placed
on the surface of the ice, whereas eddy covariance methods have predicted fluxes one
or two orders of magnitude higher (Tison et al. 2017) based on concentrations and
turbulent velocity fluctuations measured several meters above the ice. It is still to be
determined if the eddy covariance method is detecting additional water-atmosphere
fluxes from nearby fractures and leads in the ice pack.

The production of halogens from sea ice or the snowpack in the Arctic causes
local ozone depletion events (Barrie et al. [1988)). The exact mechanisms for halogen
production are still being investigated (Kaleschke et al. 2004; Wang and Pratt
2017; Custard et al. [2017)), but ozone depletion events have been linked to the

formation of young sea ice (Jones et al.|[2006). Tropospheric ozone makes a significant
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contribution to radiative forcing (Lacis et al. |1990)), and so ozone depletion events
can impact local radiative feedbacks in the Arctic.

Measured profiles of nitrogen and oxygen concentrations in sea ice show broadly
similar features to measurements of argon, which is a biologically inert gas. This
similarity may suggest that physical controls dominate gas transport in sea ice,
rather than biological processes (Tison et al.2017). However, elevated O, / N, ratios
in the base of sea ice during summer have been attributed to primary production
by sea-ice algae (Zhou et al. |2014a; Arrigo [2017). In general, measurements of
O,, N,, and Ar in sea ice are of interest for understanding the biological activity
of algae, microbes, and micrograzers in sea ice (Gleitz et al. [1995; Kaartokallio
2001; Kaartokallio 2004; Rysgaard and Glud 2004; Rysgaard et al. 2008). Specific
measured profiles of Ar, O,, and N, concentrations in sea ice cores from Barrow,

Alaska are discussed further in chapter [7]
Optical properties

Because of the large contrast between the refractive index of air (= 1.00) and ice
(=~ 1.31) or brine (~ 1.33), gas bubbles in sea ice are effective scatterers of shortwave
radiation (Perovich 2017)). The amount of scattering of light in sea ice affects the
albedo of the ice (e.g. Perovich |[1990)), which in turn affects the energy balance of the
ice and the ocean-atmosphere system (Perovich 2005). Structural-optical models of
sea ice have been developed to predict the optical properties controlling scattering
in sea ice at different temperatures based on the size, shape and distribution of brine
inclusions, mineral precipitates, and gas bubbles (Grenfell |1983; Light et al. 2003;
Light et al. 2004)). Despite the strong scattering of light at air-ice and air-water
interfaces in sea ice, there are typically much fewer gas bubbles (at least large
enough to be observed) than brine inclusions in sea ice, and so gas bubbles are not

thought to be the dominant source of scattering in sea ice (Light et al. [2003).

Bulk density

Sea-ice thickness hie is important for determining the sea-ice mass balance and the

surface energy budget for the polar oceans, and so is desirable to determine at the
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regional scale from satellite observations. However, owing to the highly scattering
nature of snow and ice, current spaceborne sensors are only able to detect the top
ice/snow surface. The freeboard of the ice hy can be measured by satellite-based
laser altimeters by measuring a reference height for the ocean surface in nearby
leads or areas of open water (Spreen and Kern [2017)). The sea-ice thickness can

be calculated from the measured freeboard assuming hydrostatic balance

phice + psnowhsnow = pl(hice - hf)a (121)

if the depth of snow atop the ice hgnow, SNOw density psuow, seawater density p; and
the mean bulk density of sea ice p are known (Kwok 2010). Air has a much lower
density (around 1kg m™?) compared with seawater (1024 kg m~?) or ice (917 kgm™?),
so the presence of even a small volume fraction of air in sea ice can significantly
reduce the bulk density of the ice (Salganik et al. |[2024). Therefore, uncertainty in
the bulk density of sea ice due uncertainty in the air fraction impacts the accuracy
of sea-ice thickness estimates from remote sensing observations (Alexandrov et al.
2010; Kwok [2010; Pustogvar and Kulyakhtin [2016; Jutila et al. [2022; Fons et al.
2023). Uncertainty in the bulk density of first-year sea ice was found to be the
largest source of error in thickness estimates for Arctic first-year sea ice thicker
than 0.8m (Alexandrov et al. [2010).

When discussing the bulk density of sea ice, it is important to distinguish
between ice above the waterline, where drainage of brine under gravity can leave
large air filled voids, and below the waterline where ice is filled with seawater.
Reported values of the bulk density of sea ice below the waterline lie in the range
900-940kgm™2 and above the waterline in the range 840-910kgm™3 with the
variation primarily thought to be due to the air fraction of the ice (Timco and
Frederking |1996)). A more recent study (Pustogvar and Kulyakhtin [2016) proposed
that the hydrostatic weighing method provides more accurate measurements of sea
ice bulk density than traditionally used mass-volume method and found a narrower
range for the bulk density of first-year sea ice below the waterline of 894-921 kg m 3.

Cores for first-year ice density measurements were taken from the Van Mijen Fjord,
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Spitsbergen (Svalbard) in February and March 2015 and were found to have mean
bulk density values in the range 906-916kgm=3. Crabeck et al. (2016]) found for
ice cores grown artificially outdoors in January the ice bulk density varied between
840-920kg m~3. However, values lower than 900 kg m— occured only in surface
frazil and snow ice. The air fraction was also estimated directly using CT scanning
and found to be less than 3% throughout the columnar portion of the ice. First
year ice cores taken from melting ice off the coast of Barrow in the summer of 2015
were found to have a mean bulk density of 910kgm~—2 for a core taken in May,
and 870kgm 3 for a core taken in June, with even lower values of density seen for
cores taken in July (Frantz et al. [2019). It seems that the bulk density of sea ice
below the waterline is consistently lower than the density of ice (917kgm™3) and
seawater (1024 kgm™3) which suggests the presence of air in the ice. The lowest
bulk densities are consistently found in ice above the waterline, which suggests a
significant amount of brine has drained from the ice and been replaced by air.
Recent work has provided measurements of the bulk density of first year ice
cores taken during the MOSAIC expedition over the 2019-2020 season (Salganik
et al. [2024). The authors found a rapid increase in the bulk density of the ice early
in the growth season from 893 & 10 kg m~3 (4th November 2019) to 908 + 8 kg m >
(18th November 2019) (Salganik et al. [2024). The authors estimate this is due to a
reduction in the mean air fraction in the ice from 3.9% to 1.8% between the dates of
these two cores. The bulk density of the ice then remains relatively constant around
910kgm™3, until there is a reduction in the bulk density of the ice during the melt
season from around 910 kg m= in June to around 880 kgm—3 in July (Salganik et al.
2024)). The authors also pointed out that measurements of the bulk density of the
ice below the waterline were low enough to require significant air fractions in the ice.
The authors proposed that air bubbles accumulated in the ice during growth, but
then the pressurisation of brine inclusions due to internal freezing drives bubbles
back into solution when the ice became cold and impermeable. Conversely, as the

ice warms and melts internally the authors suggest that the contraction of the ice
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upon melting creates voids in the ice which promotes the exsolution of dissolved
gases and water vapour from the interstitial brine.

Bubble shrinkage and dissolution upon cooling and bubble nucleation and
enlargement upon warming, have both been observed for closed brine inclusions
in samples of sea ice in the laboratory (Crabeck et al. |2019)). However, such a
mechanism occurs at a fixed mass and volume (constant bulk density) and so I do
not believe it is sufficient to explain the density reductions observed for melting sea
ice by Frantz et al. (2019) and Salganik et al. (2024)). It is also likely that the pore
network of melting sea ice is connected to the underlying ocean since it is much
more porous than cold winter ice. Therefore, the voids created in the ice by volume
change during melting could simply be filled by seawater from below.

Another possible explanation for the low ice densities measured at the start of
the growth season and end of the melt season could be the drainage of ice above
the freeboard. These are both times of the year when the ice has little snow cover
and a large positive freeboard, and so ice above the waterline makes up a larger
fraction of the total ice thickness. Brine drainage and subsequent air infiltration
from above makes this ice much less dense. The low values of ice bulk density
measured below the waterline during the melt season by Frantz et al. (2019) and
Salganik et al. (2024)) could alternatively be explained by the loss of brine during
the sampling of highly porous melting sea ice. The implications of models developed
in this thesis for the bulk density of sea ice and the measurements of Salganik

et al. (2024) are discussed in chapter [7]

1.2.3 Previous models of gas bubbles in sea ice

Computational models for argon in sea ice have been developed (Moreau et al. 2014)
to explain the observed seasonal changes in the vertical distribution of argon in sea-
ice cores at Barrow, Alaska (Zhou et al. [2013). It was assumed that the bulk argon
content is controlled by incorporation from seawater, gravity drainage of sea ice brine,
bubble nucleation, and bubble migration. The same modelling approach was later

applied to model the transport of carbon dioxide (Moreau et al. 2015b) and oxygen
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(Moreau et al. 2015a) in sea ice. This work was a significant advance in modelling
the concentrations of species that can exist in both the dissolved and free-phase gas
in sea ice. We will now discuss the specific approach taken by Moreau et al. (2014])
to model the gas phase in sea ice and ways we aim to improve upon it in this thesis.

Based on an open-ocean formulation for bubble rise velocities, the authors of
Moreau et al. (2014) concluded that gas bubbles would rapidly escape from the ice.
This reasoning neglects the impact of the porous structure of sea ice on the motion
of gas bubbles. To reconcile this with the evidence for trapped argon bubbles from
the field data, an ad-hoc porosity threshold for gas transport was added to the
model. For ice below this threshold bubbles are assumed to be immobile, but above
this threshold bubbles are assumed to move instantaneously to the atmosphere or
the next impermeable layer. The authors find a value for this threshold of 10%
best reproduces the field data. The authors of the field study at Barrow suggested
a threshold of 7.5% based on the observed argon content of the ice (Zhou et al.
2013). Both of these porosity thresholds for gas transport are significantly higher
than the porosity threshold for brine transport in sea ice of 5% proposed by Golden
et al. (1998), or 2-3% proposed by Maus et al. (2021)).

The authors of Moreau et al. (2014)) used an ad-hoc linear-relaxation model for
the kinetics of bubble nucleation, tuning the relaxation rate to best reproduce the
observed argon content. However, they found that a single value of the relaxation
rate was unable to qualitatively reproduce all of the field observations.

A structural-optical model for sea ice found that bubbles larger than a critical
radius of 0.16 mm had to leave ice warmer than —8°C in order to explain mea-
surements of light scattering above this temperature (Light et al. [2004)). This also
hints at a porosity threshold for gas transport in sea ice, but the authors did not
consider the mechanisms controlling bubble trapping and migration directly. In
this thesis, we will extend existing models for gas bubbles in sea by developing
a microstructural model of bubble motion that can relate the porosity threshold

for gas transport to the characteristic lengthscales of bubbles and the geometry of
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the pore space. We will also systematically explore the impact of gas exsolution

rates on the accumulation of gas bubbles in sea ice.

1.3 Oil pollution in oceanic and polar environ-
ments

Crude oil enters the ocean via accidental spills, burst pipelines, tanker accidents,
shipping (Rogowska and Namiesnik [2010; Berenshtein et al. [2020; Khozanah et al.
2021)), and in waste products from offshore oil and gas extraction (Bakke et al.|[2013]).
Oil production has been established off the coast of Alaska in the Beaufort Sea since
the 1990s and estimates place around 13% of the world’s undiscovered oil reserves
north of the Arctic Circle, mostly offshore at depths less than 500 m (Gautier et al.
2009). As climate change reduces sea-ice extent, shipping and industrial activities in
the Arctic Ocean are expected to increase (Kikkas and Romashkina 2018 Miiller et al.

2023; Mahmoud et al. 2024)), which will increase the risk of oil spills in the region.

1.3.1 The weathering of crude oil in the ocean

Once crude oil is released into the ocean it can pool as a surface slick or be broken
up into submerged dispersed droplets by wave action, which is sometimes aided by
the application of chemical dispersants (Johansen et al. [2015). Oil in the ocean
undergoes a number of weathering processes including dissolution, evaporation of
volatile compounds, photodegradation, sedimentation, and biodegradation (Gong
et al. [2014). Crude oil is a complex mixture of hydrocarbons the majority of which
are not very soluble in water (Shiu et al. |1990]). However, crude oil does contain
a small fraction by mass of polycyclic aromatic hydrocarbons (PAHs), which are
fairly soluble in water and can be toxic to marine life (Wang et al. 2017; Desmond
et al. 2019; Honda and Suzuki 2020; Ben Othman et al. |2023]).

Wave action typically produces a log-normal distribution of oil droplet sizes
which depends on the balance of viscous and interfacial tension forces (Johansen
et al. |2015; Li et al. 2017)). Johansen et al. (2015) suggest that oil droplets with

radii less than 50 pm are likely to be permanently suspended by turbulence in the



1. Introduction 26

water column. Laboratory measurements simulating the weathering of oil droplets
in the ocean have found a log-normal distribution of oil droplet radii with a peak
radius between 0.05 pm and 0.25 pm (Otremba 2007)). This is similar to the oil
droplet size distribution of weathered oil droplets used to dope artificially grown
sea ice in the laboratory by Redmond Roche (2024). Previous theoretical work
investigating the effect of oil droplets on sea ice optical properties (Redmond Roche
and King 2022b)) used a log-normal distribution of oil droplet radii with a median
radius of 0.05 ym < Req < 5pm and geometric standard deviation of e.

In this thesis, we will be considering the effect of low background concentrations
(up to about 10 ppm) of weathered oil droplets on sea ice that may soon be present
in the Arctic Ocean. For context, oil concentrations of between 0.1 ppm and
1 ppm were reported over 1000 km from the Deepwater Horizon spill (Berenshtein
et al. [2020). Concentrations of oil up to 15ppm are allowed to be discharged
from ships under the MARPOL convention adopted by the International Maritime
Organisation. The OSPAR Commission, which operates in the North-East Atlantic,
allows for the discharge of waste products from offshore oil and gas operations
with concentrations of oil up to 30 ppm. Oil concentrations of between 50 ppm and
500 ppm have been reported in seawater samples from Jakarta Bay and surrounding
areas, which is a heavily industrialised and shipped region (Khozanah et al. 2021)).
It would be valuable if oil concentrations were measured in the Arctic Ocean to
provide an estimate of typical background concentrations of oil to be considered

by future studies.

1.3.2 The motion of oil in sea ice

There have been several studies on the fate of a large release of oil under sea ice.
We briefly summarise the key results of these studies, as reviewed by Wilkinson
et al. (2017). Oil released under sea ice will accumulate as an oil lens in a local
minimum of the bottom ice topography due to the buoyancy of the oil. For cold ice,
oil may enter a few centimetres into the skeletal layer or be encapsulated by new

ice growth around the oil lens. As the ice warms and becomes more permeable, oil
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Figure 1.7: Vertical slices of sea ice grown at an ice tank facility where oil was released after
20 cm of initial growth, reproduced from Oggier et al. (2020). The ice texture is labelled as either
columnar or granular.

is able to percolate upwards through the ice and may reach the surface (figure .
However, a recent laboratory study has shown that the transition to granular ice
near the surface can hinder the migration of oil through ice (Oggier et al. [2020).
Micro CT imaging of ice cores grown in a tank in which oil was released under the
ice during growth found oil throughout the pore space of the ice. The oil resided in
a separate phase from the brine and was mostly found at the transition between
columnar and granular ice (Desmond et al. 2021)).

There has been substantially less attention paid to the motion of dispersed
droplets of oil in sea ice. Redmond Roche prepared a solution containing sub-
micron sized weathered oil droplets, and used this to dope artificially grown sea ice to
investigate the effect of oil droplets on the ice albedo. However, the oil droplets were
released on the surface of the ice as opposed to under the ice or growing the ice from
initially oil-contaminated water. Dilliplaine et al. conducted experiments
where both dispersed oil droplets and an oil lens were released under growing sea
ice in a laboratory. The authors did not take any quantitative measurements of the
distribution of the oil within the ice although images from the experiment seem
to show that oil was able to migrate upwards in the ice in the case of an oil lens,
whereas no visible oil is seen to have migrated upwards in the case of dispersed
oil droplets. This may suggest that the buoyancy of small dispersed oil droplets is

not sufficient to drive their migration through the ice, although cores were sampled
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10 days after the release of oil and so vertical migration may be more significant
on longer seasonal timescales. The results of our three-phase model for oil droplet

migration in sea ice will be discussed in chapter || of this thesis.

1.3.3 The effects of crude oil pollution on sea ice

Crude oil is a much stronger absorber of shortwave radiation in the visible and
ultraviolet range than ice or seawater. It has been appreciated for several decades
that large quantities of oil on the surface of sea ice can drastically reduce the albedo
and increase the absorption of shortwave radiation. For example, field experiments
found that oil on the surface of sea ice can reduce the albedo of the ice by around 50%
and accelerate the melting of the ice by 1-3 weeks (NORCOR |1975)). Another study
that released oil under sea ice found that melt ponds formed preferentially above
oil lenses in the ice and found that oil slicks developed on the surfaces of the ponds
(Martin [1979)). A more recent study released oil under sea ice growing in artificial
conditions, and found that ice polluted with oil warmed faster than unpolluted ice,
due to the absorption of shortwave radiation by the oil (Desmond et al. [2019)).
It is clear that large quantities of oil spilled under sea ice can significantly
accelerate the melting of the ice. However, the extent to which the melting of
the ice is affected by low concentrations of dispersed weathered oil droplets is
less well understood. Redmond Roche and King (2022b)) used a radiative transfer
model to show that low mass fractions of oil droplets (up to 1000 ng of oil per
g of ice) distributed homogeneously within sea ice will significantly reduce the
shortwave albedo of the ice at visible wavelengths. It is not understood how
significant this reduction in albedo will be during the sea ice melt season. The
study of Redmond Roche and King (2022b) provides a framework to investigate
the optical effect of oil droplets in sea ice but does not consider the effect of the
surface scattering layer present on bare sea ice, or the motion of oil droplets. The
largest albedo reductions were seen in first year ice which is less scattering and
is becoming more common in the Arctic due to climate change (Maslanik et al.

2011). The effect of oil droplets on the albedo of sea ice may also be less significant
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Figure 1.8: Schematic diagram showing the three stages (I, IT and IIT), and accompanying
environmental conditions, for the growth of ice-algae in sea ice reproduced from Leu et al. .
Stage I is the pre-bloom period characterised by a lack of light available for photosynthesis,
which leads to net-heterotrophic conditions (respiration exceeds photosynthesis). Stage II is the
spring ice-algal bloom characterised by a rapid increase in ice-algal biomass at the ice-ocean
interface as light levels increase, which leads to net-phototrophic conditions (photosynthesis exceeds
respiration). Stage III is the end of the ice-algal bloom as the ice melts. Here, sympagic, pelagic,
and benthic refer to the ice, water column, and seafloor, respectively.

No interaction ic-pelagic coupling

than the effect of dust or black carbon deposited on the ice/snow surface (Lamare
et al. 2016; Redmond Roche and King [2022b)).

As well as the effect of oil droplets on the albedo of sea ice, the presence of oil
droplets in sea ice may also affect the availability of light for photosynthetic algae

living at the ice base, as discussed in the following section.

1.4 Sea ice ecology and the spring algal bloom

As well as the pelagic photosynthetic algae (phytoplankton) that live in the water
column, sea ice provides a unique habitat in the polar environment for specially
adapted ice-algae (see Arrigo [2017] for example). This means that both pelagic
and ice algae contribute to primary production (photosynthesis) in the Arctic
Ocean. Ice-algae require photosynthetically active radiation (PAR), radiation in the
wavelength range 400-700 nm, for photosynthesis. The extreme seasonal change in

the availability of PAR in the Arctic (see §1.1.3)), combined with the attenuation
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of light by sea ice and snow cover is the dominant control on Arctic ecosystems
(Leu et al. 2015)). This results in a short productive period that provides the base
of the Arctic food web (Sakshaug 2004]).

The growth and productivity of pelagic and ice-algae in the Arctic can be
categorised into the three stages shown in figure [1.§ and summarised by Leu et al.
(2015). The first stage, pre-bloom, is characterised by low light levels and low
temperatures. At this stage there are low abundances of ice-algae present mostly at
the ice-ocean interface where interstitial brine salinities are less extreme. The second
stage, the spring ice-algae bloom, is initiated by an increase in the PAR reaching the
ice base and occurs between March and May depending on the latitude. The spring
ice-algal bloom is characterised by a rapid increase in the ice-algal biomass at the
bottom of the ice where the ice is sufficiently porous to allow nutrient exchange with
the ocean. The final stage, post-bloom, is characterised by a decline in the ice-algae
at the ice base as the melt season progresses and the ice becomes warmer and more
permeable. Depletion of available nutrients, removal of algae and nutrients by full
depth convection, and potentially harmful levels of solar radiation in the ice are all
thought to contribute to the end of the ice-algal bloom. The pelagic phytoplankton
bloom can begin as the ice continues to thin, or melt completely and more light
reaches the ocean surface (Arrigo et al. [2012; Mundy et al. 2014)).

The timing of the spring algal bloom is significant as it provides a food source
for higher trophic levels in the Arctic food web (Johannessen and Miles [2011)).
Estimates of primary productivity in the Arctic Ocean have suggested that ice-algae
contribute less overall than pelagic phytoplankton. However, due to the earlier
onset of the ice-algal bloom, it is estimated to provide around 10-20% of the total
primary production in ice-covered parts of the Arctic Ocean in March, April and
May (see figure 14.3 in Arrigo 2017).

Many modelling studies have investigated the effect of snow and ice thickness on
the transmitted PAR at the ice-ocean interface (e.g. Lavoie et al. 2005; Castellani
et al. 2017, Stroeve et al. 2021 Lebrun et al. 2023; Redmond Roche and King

2024). Recently a model of PAR transmission through snow and ice has been used
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to estimate the onset time of the spring algal bloom throughout the Arctic from
remote sensing data (Stroeve et al. [2024). Gradinger and Bluhm (2005) found that
sediment in ice completely suppressed the spring ice-algal bloom by blocking light
transmission. The suppression of the bloom was also associated with a drop in
species abundance and biological activity under the sediment-laden ice. It has been
suggested that the presence of dispersed oil droplets within the water column can
significantly reduce the transmission of PAR (Haule and Freda 2016). Laboratory
experiments have also shown that releasing crude oil under growing sea ice, both
as an oil lens or as dispersed droplets, greatly hinders the growth of ice-algae
(Dilliplaine et al. 2021). The authors suggested this is due to the absorption of PAR
by the oil, reducing the available light for photosynthesis as well as the potential
toxicity to ice algae of some compounds in crude oil. In chapter [§ we will build on
this work by using a computational model to investigate the impact of dispersed

oil droplets on the potential timing of the spring ice-algal bloom.

1.5 Thesis structure & aims

In this thesis I will develop a new framework to model a three-phase mushy layer.
Existing two-phase mushy-layer theory has found much success in modelling the
growth and desalination of sea ice. However, the three-phase model developed in
this thesis will allow us to explore the physics of both gas bubbles and oil droplets
in sea ice. We have seen in this chapter that these topics are collectively significant
for quantifying biogeochemical processes, the bulk density of sea ice used in remote
sensing, the partitioning of shortwave radiation and resulting energy absorption
in the sea-ice system, and sea-ice ecology.

In chapter [2] we will present general conservation equations for a three-phase
mushy layer with a solid, liquid and gaseous phase. We will account for the
exsolution of gas bubbles and use an idealised model of the pore space geometry of
columnar sea ice to estimate the vertical flux of gas bubbles in the ice. From this
model will emerge a porosity threshold below which gas bubbles are trapped in the

ice which depends on the characteristic lengthscales of the bubbles and the geometry
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of the pore space. We will derive an approximate model appropriate for low gas
volume fractions that yields a reduced three-phase mushy-layer model where the
gas phase is treated as a reactive tracer. This model is particularly useful because
the conservation equations for heat and solute return to the standard two-phase
mushy-layer case for which there are many existing numerical approaches (see e.g.
Parkinson [2019)). We will show that the reduced model captures the essential physics
of the full three-phase model for directional freezing of saltwater saturated with air.
Directional freezing is a standard benchmark problem for mushy-layer theory.

In chapters [3H3], we develop a model of three-phase transport during transient
mushy-layer evolution to model sea ice in geophysical applications. In chapter [3]
we adapt the equations of the reduced “tracer” three-phase mushy layer to model
the transient evolution of a horizontally uniform layer of sea ice. This requires
the parameterisation of extra geophysically relevant processes in the snow pack
above the ice and the ocean below the ice. In chapter |4} special attention is given
to developing a computationally efficient spectral radiative transfer scheme for
shortwave radiation in snow, sea ice, and the ocean. This is needed to be able to
model the effect of oil droplets on the absorption of light in sea ice later in this
thesis, because the absorption of light by oil droplets is strongly dependent on
the wavelength. In chapter [5 we describe the numerical methods implemented to
solve the transient three-phase sea ice model of chapter [3| coupled to the radiation
scheme of chapter [d] We demonstrate the convergence of the numerical scheme to a
similarity solution for mushy-layer growth from a fixed temperature boundary.

In chapter [0, we validate the performance of the model in the two-phase case
against measurements of ice temperature, thickness and bulk salinity at Barrow,
Alaska. This allows us to constrain parameter values and demonstrate the ability
of the model to accurately reproduce first-year ice conditions. Using this validated
configuration of the model, in chapter [7| we explore the impact of different bubble
sizes and nucleation rates on the bulk air content of first-year sea ice. We constrain
plausible parameter values for the gas dynamics using field measurements of the

bulk concentrations of argon, nitrogen and oxygen collected from first-year ice
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at Barrow. Having chosen parameter values that best reproduce the field data,
we use the modelled air fraction to estimate the bulk density of first-year sea
ice over a seasonal cycle. The estimated bulk density is compared with previous
observations to evaluate the model and suggest physical mechanisms that may
be important to account for in future studies.

In chapter [§, we adapt the three-phase sea ice model to describe the motion of
oil droplets in sea ice rather than gas bubbles. We also couple the oil concentration
to the spectral radiative transfer scheme developed in chapter [4] to investigate the
impact of oil droplets on the absorption of light in sea ice. We investigate if low
levels of dispersed oil droplets in Arctic waters could significantly affect the melting
of first-year sea ice, as well as the impact on the timing of the spring ice-algal bloom.

Finally, in chapter [9] we summarise the most significant results of the thesis and

their consequences for the field at large, before suggesting directions for future work.



Gas exsolution and migration in a mushy
layer

2.1 Introduction

In this chapter, we develop a mathematical model for a three-phase mushy layer
that includes the exsolution and migration of buoyant gas bubbles. We formulate a
simple pore-scale model for the motion of gas bubbles within a mushy layer that
provides physical insight and yields a mechanistically-based porosity threshold for
bubble transport that depends on bubble radius. In §2.2] we extend a standard
two-phase mushy-layer model to include gas as an additional dissolved component
in the liquid and as an additional free phase. In §2.3] we introduce a simplified
model for bubble motion in an idealised pore geometry and then use it to derive an
expression for the vertical flux of gas due to buoyancy. In we solve the model
for a steadily solidifying mushy layer in a Hele-Shaw cell. Finally, in §2.5] we explore
the consequences of some simplifying approximations and investigate how the key

dimensionless parameters control the gas content of a steadily solidifying mushy layer.

2.2 Model for a three-phase mushy layer

We consider a binary eutectic solution, comprising a solvent and a dissolved
solute, where the freezing temperature of the solution decreases with increasing
solute concentration. A well studied morphological instability occurs during the
solidification of such a solution (Mullins and Sekerka|1964)), resulting in the formation

of a mushy layer (Worster 2000). Here, we allow the binary eutectic solution to

34
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contain an additional solute: dissolved gas. If the concentration of dissolved gas
exceeds the saturation concentration, gas exsolution will produce a free gas phase.

Following previous theoretical work on mushy layers (Worster |2000), we work
with quantities that are averaged over a representative elementary volume (REV)
defined at a scale that is much larger than the pore size but still much smaller than
the macroscopic scale of interest. The solid fraction ¢,, liquid fraction ¢;, and gas
fraction ¢, are the ratio of the volume of the respective phase within the REV to the

volume of the REV. These volume fractions evolve in time and space while satisfying

bs(x, t) + oz, t) + ¢y(x, t) =1, (2.2.1)

where « is the spatial coordinate and t is time.

The governing equations formulated here apply generally to three-phase, three-
component mushy-layer systems. However, to provide physical context we refer
below to the components of the water-salt-air system relevant to sea ice: H,O,
either as liquid water or solid ice; salt (NaCl), either dissolved in the liquid or as
a solid precipitate of hydrohalite (NaCl- 2 H2O(S)) below the eutectic temperature;
and air, either dissolved in the liquid or present as free-phase gas bubbles. Air
is a mixture of atmospheric gases, but for simplicity we consider air as a single
component with fixed composition and a single solubility value.

The composition of each phase in the REV is determined by the mass fraction
of each of its constituents. The mass fraction of a component in a phase is the ratio
of the mass of that component in the phase to the total mass of the phase in the

REV. The mass fractions of ice W, and salt precipitate S in the solid phase satisfy
W, + 8, =1, (2.2.2)

since we assume no gas molecules are incorporated into the solid phase. The mass

fractions of water W, dissolved salt S;, and dissolved air & in the liquid phase satisfy
Wi+ S +&=1. (2.2.3)

The gas phase consists solely of free-phase air of fixed composition. The densities
ps, pi, and p, of the solid, liquid, and gas phases, respectively, depend on the

temperature, pressure, and composition of the phase.
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2.2.1 Conservation of water

We derive conservation equations for a three-phase mushy-layer system with a
rigid solid phase, working in a frame of reference in which the solid phase is
stationary. The liquid phase may flow through the pore space of the mushy layer,
with volumetric flow rate per unit area (i.e., Darcy flux) u; relative to the solid.
In a saturated porous medium, wu; is calculated using Darcy’s Law,

11
u = —; (Vo + pge.) , (2.2.4)
!

where I1(¢;) is the permeability as a function of solid fraction, gy is the dynamic
viscosity of the liquid phase, p; is the liquid (pore) pressure, g is the body force
per unit mass due to gravity, and e, is the vertical unit vector with coordinate
z increasing upwards. Several studies of mushy layers have utilised the Darcy—
Brinkman equation which reduces to Darcy’s Law or the Navier—Stokes equations in
the limits ¢, — 1 and ¢ — 0, respectively (Le Bars and Worster |2006; Parkinson
2019)). For simplicity, we determine u; using Darcy’s Law in the mushy layer and
the Navier—Stokes equations in the liquid where ¢4 = 0.

The presence of a gas phase in the pore space is known to modify the liquid flux,
as commonly modelled via relative-permeability and capillary-pressure effects (Blunt
2017)). In the present setting, however, only a relatively small volume of gas is
dissolved in the liquid phase at saturation. Therefore, we assume that ¢, < 1 — ¢,
and neglect the impact of the free gas phase on the liquid flux and thus retain
equation ([2.2.4)).

Conservation of water for this system can be expressed as
0
gy (PsOWs + pdV) + V- (pWw) = 0. (2.2.5)

For sea ice, the mass concentrations of salt and air are typically small and so
W, ~ W =~ 1 from equations (2.2.2)) and (2.2.3). Note that here we have assumed
that p. = 0 and so W, = 1 in the mushy phase, however some mass of solid salt

may be present in the solid phase below the eutectic temperature.
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Equation (2.2.5)) predicts that volume changes occurring due to density changes
upon the freezing of water and the exsolution of gas will drive a divergent liquid
flux. In the steady problem investigated in §2.4] volume changes due to freezing and
gas exsolution are of similar magnitudes in principle. However, the effects of the
flow driven by density change during freezing are small compared with buoyancy
driven flows, well understood, and often neglected when modelling sea ice (Notz
and Worster |2009). For the remainder of this chapter, we focus on the flow driven
by gas exsolution. We neglect volume change upon freezing and melting by taking
the liquid and solid phase densities to be constant and equal (i.e., p; = p;). Under
these assumptions and using equation , equation (2.2.5) simplifies to

99,

5 =V (2.2.6)

2.2.2 Conservation of salt

Salt can be present as an aqueous solute or a solid precipitate (below the eutectic
temperature). Solid salt is assumed to be stationary relative to the ice, whereas
dissolved salt is advected with the liquid and diffuses down salinity gradients with

molecular diffusivity kg. Conservation of salt is expressed as

0
BN (psPsSs + piiS1) + V - (mSiwy) = V - (pipisV.S)) . (2.2.7)

2.2.3 Conservation of air

Air is present as a solute in the liquid (i.e., dissolved air) or as a free gas phase in the
form of bubbles. Similar to dissolved salt, dissolved air is transported by advection
with the liquid and by diffusion with molecular diffusivity x;. Conservation of

dissolved air can be written as

0

5% (pti&) +V - (p&w) = V - (pidike VE) — N, (2.2.8)

where N is the mass of gas exsolved per unit volume per unit time.
Air bubbles move through the pore space with volumetric flux u, and conser-

vation of the free-phase gas is therefore given by

0
a (pg¢g) +V. (pgug) =N, (2'2'9)
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where a novel expression for u, is derived in §2.3} Equations (2.2.8) and ([2.2.9) can

be summed to yield a conservation statement for air that does not involve N.
The kinetics of gas bubble nucleation in this setting are poorly understood.

To avoid the complexities of individual bubble nucleation and growth, and for

consistency with previous work, we follow Moreau et al. (2014) and take N to be

proportional to the mass of dissolved gas above saturation,

N =P e 6y, (2.2.10)

nuc

so that the concentration of dissolved gas in supersaturated liquid will relax toward
the saturation concentration &, as gas exsolves. The rate of gas exsolution is
controlled by an exsolution timescale 7., the value of which is poorly constrained.
For simplicity we take both &, and 7, to be constant and independent of

temperature, pressure and composition. The indicator function

I (&, ¢g) = { O & <G and ¢ =0 (2.2.11)

1,  otherwise

prevents unphysical dissolution when no free-phase gas is present.

For simplicity, we assume that the free-phase gas exists as a homogeneous
population of identical spherical bubbles of prescribed radius Rg. It is appropriate
to assume that bubbles smaller than the pore size are spherical since the capillary
number Ca = 1V, /v is small in this setting, where v = 77mNm™! is the air-
liquid interfacial tension, j; is the dynamic viscosity of the liquid, and Vj is the
vertical interstitial velocity of a bubble within the pore space. Once the radius
of a bubble approaches or exceeds the pore radius it will deform to an elongated
shape (Bretherton [1961) with equivalent spherical radius Rp.

The gas density is related to the surrounding liquid pressure through the ideal

gas law and the Laplace pressure jump for a spherical bubble,

pgRTK — P = (2212)

7
Ry’
where R is the specific gas constant, v is the air-water interfacial tension, and

Ty is the absolute temperature.
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2.2.4 Conservation of energy

We assume local thermal equilibrium, meaning that all three phases are at the same

bulk temperature T, and write conservation of energy as

pcp%f + picpgur - VT + pycy gy - VT = psLa;ZS +V. (EVT) : (2.2.13)
where L is the latent heat of fusion for water,
PCp = QsPsCp,s + PrP1Cp1 + PgPyCp g (2.2.14)
is the phase averaged heat capacity, and
k= ¢sks + diki + ¢k, (2.2.15)

is the phase averaged thermal conductivity. Subscripts denote values of the specific
heat capacity ¢, or thermal conductivity k in the solid (s), liquid (1) or gas phase (g).
The second and third terms on the left-hand side arise due to the advection of heat by
fluid flow. The two terms on the right-hand side reflect the rate of latent-heat release
during freezing and the rate of conductive heat transfer, respectively. Since water and
ice constitute the majority of the system by mass, we have neglected energy changes

associated with salt precipitation and gas exsolution (see appendix [A|for details).

2.3 A model for vertical bubble motion in a mushy
layer

We now present a novel model for the vertical volumetric flux of gas due to buoyant
bubble motion in the pore space of a mushy layer. We take u, = wye. and develop
a phenomenological model for w, by assuming a population of identical bubbles
rising in cyindrical pores (figure and drawing on theoretical results for the
steady motion of a single bubble in a cylindrical tube. For the case of sea ice, we use

pore-geometry parameters derived from X-ray CT images of sea-ice microstructure.
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Figure 2.1: Diagram showing a cuboidal REV of idealised columnar sea ice with side length
L. The pore space of the ice is approximated by vertically oriented cylinders of radius Ry, filled
with liquid (blue) and spherical gas bubbles of radius Rp (green). Also shown is a closer view of a
bubble moving along the centreline of a cylindrical pore with velocity V.

2.3.1 Idealised pore geometry

The microstructure of columnar sea ice typically consists primarily of highly
anisotropic, vertically elongated pores (Maus et al. 2021; Oggier and Eicken 2022).
Motivated by these observations, we approximate the microscale elements of the pore
geometry of a mushy layer that control vertical gas flow as a set of identical cylindrical
pores with evolving radius. We consider a cuboidal REV of the mushy layer, with
side length £, that contains n liquid-filled cylindrical pores of radius Ry (figure .
For a given porosity 1 — ¢, the number of cylindrical pores n in the REV is then

(1-— qss)ﬁ?.

e (2.3.1)

n =

Flow in cylindrical pores is a common toy model for flow in porous media (Olbricht
that has been used to investigate gas transport in a geophysical setting
(Mahabadi et al. and thermal disequilibrium in the pore space of a mushy
layer (Amiri and Butler 2024)). In a mushy layer, the pore geometry changes due
to the transport of heat and salt. We capture these variations here by allowing

the pore radius Ry to evolve in space and time.
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X-ray CT measurements of the pore space of sea ice show that the median pore-

throat radius scales as a power law of the porosity 1—¢s (Maus et al. 2021)), so we take
Ry = Ro(1 — ¢y)7, (2.3.2)

where Ry and ¢ are empirical fitting parameters (table ; Maus et al. 2021). Note
that equation ([2.3.2) is fitted to data in the porosity range 0.031 < 1 — ¢, < 0.3,
but we use it for all values of ¢, in the absence of other data.

Observational and theoretical work suggests that the pore network becomes
disconnected at low porosity values in some mushy layers, including sea ice, thus
preventing further fluid transport (Golden et al. 1998)). Maus et al. (2021)) calculate
a threshold value ¢. = 0.024, which we adopt here, such that sea ice is impermeable
for 1 — ¢s < ¢.. The values Ry, ¢, and ¢, may change for other materials. The
porosity threshold ¢. at which the pore network becomes disconnected provides a
lower bound on the porosity needed for the mushy layer to be permeable to fluid
transport. However, in we calculate an additional evolving porosity threshold
for gas transport that depends on the bubble radius and the pore-geometry scale.

In the remainder of this thesis, we assume for simplicity that the bubble radius
Rp is uniform in space and constant in time. Hence, the number of bubbles m
within the REV is determined by the local gas fraction,

3¢,L3
m = :
47 R3,

(2.3.3)

2.3.2 Interstitial bubble motion

The vertical gas flux w, = ¢,V is the volume flux of bubbles per unit area within the
REV passing through the top surface. We assume that every bubble is independent,
meaning that they do not interact. We determine V, by balancing the forces acting
on a bubble moving along the centreline of an infinite liquid-filled cylinder at low
Reynolds number Re (i.e., for Stokes flow), which is a classical problem in fluid
mechanics. The parameter § = Rp/Ryr is the ratio of the equivalent spherical
bubble radius to the pore radius. We assume no-penetration and free slip boundary

conditions at the bubble surface and an undisturbed parabolic liquid velocity profile
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in the far field above and below the bubble, with maximum value U, along the
centreline (e.g., Higdon and Muldowney (1995). The maximum liquid velocity Uy
is related to the macroscopic liquid flux w;, = we, by Uy = 2w, /(1 — ¢s).

This problem has been widely studied using analytical and numerical methods
(Haberman and Sayre [1958; Hartholt et al. [1994; Higdon and Muldowney 1995}
Al Quddus et al. [2008). The linearity of Stokes flow allows the drag on the bubble

F, = Fye. to be decomposed as a sum of two terms,
Fy=A4nuRp (VK — UpKy), (2.3.4)

where K;(6) and K5(6) are dimensionless functions that give the drag on a bubble
moving through an otherwise stagnant fluid in a cylindrical tube, and the drag on a
stationary bubble in a cylindrical tube that carries a steady liquid flow, respectively.

We balance Fy against the buoyancy force 47ApgR% /3 to arrive at

ApgRE
‘/g _ BMZKl(é) + UOG(5)7 (1 - ¢s) > ¢c : (235)

0, (1 —os) < ¢

where G = K,/K; and the density difference is Ap ~ p; because p, < p;. In the
steady problem considered in §2.4] the only liquid flow through the mushy layer is
the weak flow driven by gas exsolution. For simplicity, going forward, we neglect the
impact of this flow on bubble motion by setting Uy = 0 in equation . Note
that the above is based on a free-slip condition at the bubble surface, but impurities
in the liquid can modify the surface so that a no-slip condition is more appropriate
(Thorpe 1982), which changes the prefactor in equation from 1/3 to 2/9.

Approximate expressions for K;(9) have been determined via asymptotic and
numerical methods (Haberman and Sayre [1958; Hartholt et al. [1994; Higdon and
Muldowney [1995; Al Quddus et al. 2008). For computational ease, we use the

empirical expression proposed by Hartholt et al. (1994) for the free-slip case,

1+ cd®
<i<l1
K6 ={T—ctar_g 0501 (2.3.6)

~+00, 0>1
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Figure 2.2: Plot of (a) the terminal rise velocity V;, and (b) the resulting Reynolds number Re,
both calculated via equation , versus bubble radius Rp, for different porosities (blue curves).
In panel (a), we show for comparison the rise velocity of a free-slip bubble in an unbounded Stokes
flow (solid black) and the open-ocean bubble rise velocity with a high Re correction (dashed
black; Thorpe [1982)). In panel (b), we indicate Re = 1 (dotted black) and Re as calculated from
equation at ¢5 = 0 (dashed red).

where ¢ = 1.4567, which was determined to match the results of finite element
simulations for 0 < ¢ 5 0.8. The most important properties of K for our purposes
are that K1 — 1 as 6 — 0, recovering the terminal Stokes rise velocity for a bubble
in an unbounded fluid, and that K; — oo as § — 1, so that bubbles larger than
the pore radius do not move under their own buoyancy.

Equation is an expression for the terminal rise velocity of a free-slip
bubble in a mushy layer with cylindrical pores in the Stokes regime. We plot the
resulting rise velocity for different porosities in figure using parameter values
for the sea-ice system (table . The steady vertical rise velocity V; follows the
Stokes terminal velocity for a free-slip bubble in an unbounded fluid until the
bubble radius approaches the porosity-dependent pore radius, at which point the
rise velocity vanishes (i.e., V; = 0 as Rp — Rr(¢s)). The associated Reynolds
number Re = 2p,RpV, /iy is plotted against Rp for different values of 1 — ¢ in
figure [2.2b, confirming Re < 1 for 0 < ¢ < 1.

For 6 > 1, we enter the regime of a long, deformed gas “slug” in the tube,
as investigated theoretically by Bretherton (1961) and experimentally by Borhan
and Pallinti (1995). Both studies report that long bubbles are unable to move

under their own buoyancy for Bond number Bo $ 0.8. Using parameter values
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Figure 2.3: Schematic diagram of a steadily solidifying mushy layer in a Hele-Shaw cell that
is translated upward at a constant speed V through a cold heat exchanger at z = 0. The
dimensionless variables 6, ©;, ©,, ® and C are defined in

from table 2.1 we find that Bo = ApgR2/vy ~ 5.3 x 1073, suggesting that long
bubbles should be immobile in the present context; equation (2.3.5) is consistent
with this limit. Therefore, bubbles of radius Rz can only migrate vertically under

their own buoyancy when § < 1, which yields
. 1/q
1— ¢ > 624, (2.3.7)

where 09 = Rp/ Ry is the dimensionless bubble radius. Hence, in contrast to previous
work (Moreau et al. [2014), the porosity theshold for vertical bubble transport is

here determined as a function of bubble radius and pore-geometry characteristics.

2.4 A one-dimensional steady-state mushy layer

We next build physical insight by considering a standard model problem: steady
directional solidification (figure [2.3)). The system comprises a saltwater-filled Hele-
Shaw cell of gap width b with perfectly insulating walls, that is translated upward
with a constant pulling speed V' through a heat exchanger that imposes a constant
temperature 7" = T at the fixed position z = 0.

The conservation equations derived in are valid in the frame of the Hele-
Shaw cell (x, t), where the solid phase is stationary. This frame moves with velocity

V = Ve, relative to the heat exchanger. The laboratory frame (&, ), in which the



Parameter Symbol  Value

(a)

fresh melting temperature T 0°C

saltwater eutectic temperature (Peppin et al. 2007) Tg —21.2°C
liquidus slope (Peppin et al. [2007) YL 0.07°C/(gkg™1)
thermal conductivity of water K 0.52Wm 1 K-!
thermal conductivity of ice ks 2.22Wm 1 K™!
specific heat capacity of water Cp.1 4209 J kg ' K!
specific heat capacity of ice Cp,s 2009 J kg 1 K~!
latent heat of fusion of ice L 333 x 103 J kg1
density of seawater oL 1028 kgm 3
gravitational acceleration g 9.81ms2
dynamic viscosity of water I 2.78 x 107 3kgm~'s7!
atmospheric pressure Patm 1.01 x 10° Pa
reference permeability K 1x 1078 m?
Hele-Shaw gap width (Peppin et al. |2007)) b 0.5 cm

reference density of air Py 1.31kgm—3
specific gas constant R 286 Jm 1 K~!
air-water interfacial tension ¥ 77x 103 Nm™!
gas exsolution timescale Tauc 1000s

solubility of air in seawater &sat 3.71 x 10 5 kgkg™!
bubble radius Rp 1x103m
reference pore throat radius (Maus et al. 2021) Ry 195 pm
pore-throat-radius exponent (Maus et al. |2021]) q 0.46
impermeable transition porosity (Maus et al. |[2021) ¢, 0.024

pulling speed (Peppin et al. [2007)) % Ipms™!
far-field temperature Too 0.1°C

far-field salinity Soo 35gkg!
far-field dissolved-air concentration o 3.71 x 105 kgkg ™!
(b)

Stefan number St 4.2
concentration ratio C 0.13

Damkohler number Da 120

expansion coefficient X 0.029
dimensionless bubble velocity scale B 4.6 x 10*
dimensionless pore throat radius do 5.1
dimensionless Hele-Shaw permeability Kt 210
dimensionless atmospheric pressure ot 3 x 106
dimensionless hydrostatic pressure scale H 0.012
dimensionless Laplace pressure jump Lat 1.5 x 1073
dimensionless absolute reference temperature O T 14
dimensionless far-field temperature 0 0.14
dimensionless far-field dissolved air concentration Woo 1

2. Gas exsolution and migration in a mushy layer
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Table 2.1: Parameters for the freezing of air-saturated seawater. The dimensionless parameters
(b) are calculated from the dimensional values (a) using the definitions in The dimensionless
parameters marked with a 1 are not required under the approximations of the reduced model given
in The value of Rp given here inhibits the motion of gas bubbles since §y > 1; however
smaller values of Rp for which §, < 1 are considered in @
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heat exchanger is stationary, is therefore related to the frame of the Hele-Shaw cell by
the Galilean transformations & = &+ V't and £ = ¢. Spatial and temporal derivatives

in the frame of the Hele-Shaw cell are related to those in the laboratory frame by

- 0 0 -
= d —_— = — . .
V=V, an 5% = 20 +V.V

Going forward, we drop the tilde notation and refer only to coordinates in the
laboratory frame. We seek steady solutions (9/9¢t = 0) to equations (2.2.6)-
,, and with variation only in the vertical direction.

In the far field (2 — —o0), the Hele-Shaw cell contains liquid water at tempera-
ture Ty, > T1,(Ss) with salinity Sy, and dissolved-air concentration &y < &p. A
steady mushy layer forms in the region z; < z < 0, where 2, is to be determined,

and a eutectic solid forms in the region z > 0.

2.4.1 Dimensionless model

We next make the model above dimensionless, indicating dimensionless versions
of the dimensional quantities above with a superscript *. The vertical liquid and
gas fluxes w;y = V], are scaled by the pulling speed V. Lengths are scaled
by «/V, where k = k;/(pcy) is the thermal diffusivity of the liquid, so that
z = kz*/V. Dimensionless temperature § = [T — T1(Sx)]/[T1(S«) — Tr] and
salinities ©; = (5] — Sw)/(SE — Sx) and O; = (S5 — Sw)/(SE — Sx) are scaled
by changes over the mushy layer. We introduce the dimensionless concentration of
dissolved air w = § /& and the dimensionless gas density ¢ = p,/ pg, where the
reference gas density ,02 is the density of an ideal gas at temperature Ty (Ss) and
atmospheric pressure. Finally, we scale the pressures as p, = Pp, and p; = Ppj,
where P = ryy/K and K is a reference permeability, so that IT = KTI*.

The dimensionless conservation equations are then

Ao, duy

L 0, (2.4.1)
d d
Epe (95 (©s +C) + ¢ (01 +C)] + pe [w; (©;+C)] =0, (2.4.2)
d d
o wol + o wwi] = —Da N, (2.4.3)
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d d
o W) + — [Ywg] = xDa, (2.4.4)

where N' = I(w, ¢,)¢; (w — 1), and

do de do, d do
(Goa 61+ £0Go,) oo (wf + cwouy) < =SSP 4 [ws + ot vedy) |
(2.4.5)

where the resulting dimensionless parameters are defined below. The dimensionless
Stefan number St = L/{c,[T.(S«) — Tg]} and concentration ratio C = Sy /(Sg —
Ss) control the thickness and porosity structure of the mushy layer. We neglect the
diffusive transport of dissolved salt and gas in equations and (12.4.3)) since
kg/k < 1 and k¢/k < 1. Ratios of the specific heat capacities ((s = ¢, s/cp; and
(g = Cpg/Cpi), and thermal conductivities (v, = ks/k; and v, = k,/k;) appear in
equation ([2.4.5)). To focus on building understanding of the role of the gas phase,
we focus on the so-called “thermally ideal” mushy layer by taking (; = vy = 1.

The gas phase introduces perturbations of O(g) to the heat-capacity and
advection terms in equation (2.4.5), where ¢ = p)/p;. Since ¢ ~ 107 for air
and water, we neglect these perturbations going forward (i.e., we take ¢ = 0). We
also neglect the term v,¢, in equation since both v, and ¢, are expected
to be small (v, = 0.038 for air and water).

The dimensionless Damkéhler number Da = k/(V?7m,) is the ratio of the
timescale for solidification to the timescale for gas exsolution. The expansion
coefficient x = pr&sat/ pg quantifies the increase in volume upon complete exsolution
of the gas dissolved within a unit volume of saturated liquid (see appendix .

The dimensionless form of Darcy’s Law for the vertical liquid flux is

" RN
wy = —1I (¢l)d7;7 (2.4.6)

where pj; = p; — po + poHz" is the pressure deviation from hydrostatic in the
liquid, shifted so that pj; = 0 when p; = py and z* = 0. Here, py = patm/P is
the dimensionless atmospheric pressure, and H = p;gk/(Patm V) is the ratio of the
hydrostatic pressure variation over the characteristic distance x/V, to the atmo-

spheric pressure. As the system is contained in a Hele-Shaw cell, equation (12.4.6|)
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holds throughout the liquid and mushy regions (z* < 0) with total permeability
given by (Katz and Worster 2008)

IT*(¢1) = (,16 + W>_ : (2.4.7)

where K = b?/(12K) is the dimensionless permeability of the empty Hele-Shaw cell
and Iy is the dimensionless permeability of the mushy layer. We parameterise

the latter using the Carmen-Kozeny relation (e.g., Blunt 2017)):

ek (o) = Oib:bl)Q (2.4.8)

From §2.3] the dimensionless vertical volumetric gas flux due to bubble motion is

w; = (;59‘/;, (2.4.9)
where )
Bo;
— =, (LI —0¢s)> o
VQ*: K4(0) ( %) > ¢ , (2.4.10)

0, (1—s) < ¢
and B = pigR3/(31;V) is the ratio of the bubble rise velocity scale to the pulling
speed.
Finally, the dimensionless gas density is determined by

1 N
b= <1+99> (1—|—pH+La—7-[z*>, (2.4.11)

K Po
where La = 27/(Rppasm) is the ratio of the Laplace pressure jump for a bubble
of radius Rp to the atmospheric pressure and 0x = T7.(Sw)/[T1L(Sx) — Tk| is the
dimensionless absolute reference temperature, evaluated using the thermodynamic
absolute temperature. Going forward, we drop the superscript * and refer only

to dimensionless quantities.

2.4.2 Conserved quantities

We next identify three conserved quantities for this system. Firstly, we integrate

equation (2.4.1)) (representing conservation of water mass) and determine the
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constant of integration by considering the eutectic solid (z > 0), where w; = 0 and

g = ®, with ® yet to be determined. This yields the conserved quantity
w — ¢g = —, (2.4.12)

which determines w; in terms of ¢, throughout domain. Although w; and ¢, are
going to be discontinuous at z = 0, w; — ¢, must remain continuous to conserve
mass. Volume change due to gas exsolution drives a liquid flow out of the mushy
layer, which is similar to the liquid flow found by Chiareli and Worster (1995)) for
a steadily solidifying two-phase mushy layer with p, # p;.

Next, we integrate equation using the far-field boundary condition ©;(z —
—00) = 0. When z < z1, ¢ = 1, 95 = ¢, = 0, and equation implies that

w; = —P. Hence, the second conserved quantity is
0s(Os+C)+ (o +w)(©;,+C) = (1 — P)C. (2.4.13)

Finally, we integrate the sum of equation (2.4.3) and 1/y times equation ({2.4.4)),

which represents conservation of total air mass. We evaluate the integration constant

as z — —oo, for which ¢; = 1, w; = —®, wy, = 0, ¢, — 0, and w — w, yielding

Zﬁ(wg + ¢g) +w(wy + ¢) = (1 — P)weo. (2.4.14)

2.4.3 Solution in the solid region (z > 0)

After passing through the cold heat exchanger at the eutectic temperature 6(z =
0) = —1, any remaining liquid freezes and the liquid fraction jumps discontinuously
to ¢;(z = 07) = 0. The region z > 0 is a mixture of ice, salt precipitate and air
bubbles, such that ¢, =1 — @, ¢ = 0, and ¢, = . Applying equation ([2.4.14])
in z > 0, where wy, = w; = 0, yields

U(z = 0)1 -

d = [1 +
Xoo

(2.4.15)

where we have assumed that the free-phase dimensionless gas density 1(z) remains

continuous at z = 0 despite the discontinuous jump in ¢,(z).
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2.4.4 Solution in the liquid region (z < z1)

In the liquid region, ¢; = 1 and equations (2.4.12))—(2.4.14)) and the far-field boundary
conditions yield ©; = 0, w; = —®, and w = w,,. Hence, equation (2.4.5)) becomes

2
L

& & — @. (2.4.16)

The temperature at the mush-liquid interface is the salinity-dependent freezing
temperature 6(zz) = 0 and the temperature in the far field satisfies §(z — —o0) =

fs. Subject to these two boundary conditions, we integrate equation (2.4.16)) to find
0(2) =0 {1 —exp[(1 — ®)(z — 2z1)]} (2.4.17)
for —o00 < z < z1.

2.4.5 Solution in the mushy layer (z; < z < 0)

All three phases can coexist within the mushy layer. The total segregation of salt
into the interstitial liquid and the liquidus constraint (equation |1.1.1)) together imply
that O, = —C and ©; = —#. Using equations (2.4.12)), (2.4.13]), and (2.2.1]), we find

¢s(0) = —(16__(1)0)6 and  ¢(¢y,0) =1 — ¢5(0) — ¢g. (2.4.184a, )
Equations (2.4.9), (2.4.12)), (2.4.14) and yield
_ x(1-9) _wC
Pg = SV [woo oy 9] : (2.4.19)

where 1) is evaluated using equation (2.4.11]). Using the relations (2.4.9)), (2.4.12)),
(2.4.18), and ([2.4.19)), we solve equations (2.4.3), (2.4.5), and (2.4.6) numerically

in the mush for w, 6, and py subject to the boundary conditions w(zy) = weo,

0(z1) = 0, 8(0) = —1, and py(0) = 0 (see appendix [C).

Following Chiareli and Worster (1995)), the appropriate boundary condition
to determine the position z; of the mush-liquid interface is continuity of the

temperature derivative, which yields

ie(z _ ) = 0 (1— ), (2.4.20)
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where ® is given by equation ([2.4.15). The continuity of the temperature and
temperature gradient at the mush-liquid interface during steady solidification is
a consequence of the liquidus relation and the condition of marginal equilibrium
(Worster [1986). See Schulze and Worster (2005) for a more general discussion of
the boundary conditions at the mush-liquid interface.

We also consider the limit Da — oo, where no supersaturation of dissolved gas
can be tolerated. Hence, instead of solving equation , we have

(2.4.21)

(1(;1?);’00] 7

w = min [1,
where the concentration of dissolved gas in a subsaturated region is determined by

applying equation (2.4.14)) with ¢, = wy, = 0, and w; = —® from equation ([2.4.12)).

2.4.6 Subsaturated region of the mushy layer

If the incoming far-field liquid is saturated or supersaturated with dissolved gas
(Weo > 1), then freezing will drive gas exsolution throughout the mushy layer.
However, if the incoming liquid is subsaturated (w., < 1), then there will exist

a subsaturated region of the mush, z; < 2z < zg, in which no gas exsolution

occurs. Using equations (2.4.18)), (2.4.14)), (2.4.12), and (2.2.1) with ¢, = 0 and

w(zg) = 1, we find a condition for zg:

0(2¢) = 0c = —W, for CC—i—l <Weo < 1, (2.4.22)

where the latter constraint on wy, ensures that —1 < 65 < 0 lies within the range of
temperatures in the mushy region. If w,, < C/(C 4 1), the entire mushy layer will
remain subsaturated and no gas exsolution will occur. Integrating equation
twice and using the boundary conditions 6(z;) = 0 and equation , the

thickness of the subsaturated region is

| 0 |
2o — 2 = / o o, (2.4.23)
0o (1 — @) Jog 1_61(1_,_0_9)
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2.4.7 Reduced model for ¢, < 1

We now introduce two approximations that greatly simplify the model above to yield
a reduced “tracer” model that is likely to be valid for many systems of interest. This
reduced model consists of the standard conservation equations for a two-phase mushy
layer that are decoupled from the gas phase with an extra conservation equation
for the gas. Firstly, we assume that the gas phase is essentially incompressible
by setting ¢» = 1. To justify this assumption, we re-write equation (2.4.11)) to
leading order in /0 as

b (1-5) <1+pl_p0+La>. (2.4.24)

K Po

Neglecting variations in the pore pressure compared with the atmospheric pressure,
i.e., (pr — po)/po = 0, we find that ¢ is determined by thermal contraction and the
Laplace pressure jump, which combined lead to less than a 10% variation in 1) in
the mushy layer for the parameter values in table (figure ) Note that the
impact of the Laplace pressure on the gas density can become significant for smaller
bubbles since La o< Rz'. For sea ice, the size distribution of bubbles has been
measured by Light et al. (2003) and Crabeck et al. (2016)), in which the smallest
scales resolved were 10 pm and 97 pm, respectively. Bubbles were observed with
radii between these resolution limits and approximately 1 mm. Motivated by these
observations, we focus on bubbles with radii in the micron to millimetre range,
such that La < 1 for all but the smallest bubbles.

Secondly, we assume that the gas phase occupies only a small volume fraction,
i.e., ¢, < 1. This assumption is reasonable when the gas dissolved in the incoming
liquid occupies only a small volume fraction upon exsolution, yws < 1 (with the
parameters in table yielding xw., = 0.029). In this case, equation yields
® ~ yws K 1 at leading order. Since ® is the maximum gas fraction achieved in
the system, we conclude that ¢, < ® < 1 when yw, < 1. Using equation ,
we then find that w; = O(xws) and thus neglect the liquid flow driven by gas
exsolution by setting w; = 0. Since ¢, < 1, we also take ¢, + ¢, = 1, neglecting

the small volume occupied by the gas phase.
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Approximating equation (2.4.18) for ® ~ yw., < 1 yields

6

=g

(2.4.25)

The ¢4, and w, terms are retained in equation ([2.4.14]) since they are divided by

the small parameter x, which with equations (2.4.9) and (2.4.25)) yields

X wC }
= |Weo — 57— | - 2.4.26
%= T 1=t =g (2.4.26)
We take w; = 0 in equation (2.4.3) to obtain
d

In the limit Da — oo, we instead approximate equation (2.4.21)) for ® < 1 as
w =min (1, weo/¢y) - (2.4.28)

We note that in the infinite Damkohler number case, no additional differential
equation is required since ¢, and w can be determined from equations (2.4.26))
and ([2.4.21)), respectively. Finally, setting (; = vs = 1 and ¢ = w; = v, =

0 in equation ([2.4.5) yields

dé do, d2%0
— =S5t — 2.4.2
dz 5 dz + dz? ( 9)

To solve this reduced model, we solve equations ([2.4.27) and ([2.4.29) numerically
in the mushy layer, using equations (2.4.25)) and (2.4.26)) (see appendix |C]) subject
to 0(0) = —1, 6(z1) = 0 and w(zr) = we, Where z;, is determined by

d
@e(z =z) = -0, (2.4.30)

which is equation (2.4.20)) under the approximation ® < 1.

In this reduced model, the equations for conservation of heat and salt reduce
to standard relations for the solid fraction (equation and temperature
(equation of a two-phase mushy layer with ¢ + ¢ = 1 (Worster 1992).
However, we retain the ability to evolve the small gas volume fraction ¢, as a
tracer. This is valuable because extra equations describing the gas phase can
be added to existing two-phase mushy-layer models without modification of the

original equations and numerical methods.
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Figure 2.4: Solution profiles as a function of scaled height n = z/(—z1) for a steady mushy
layer, as described in §2.4] We compare results for the freezing of saltwater with no dissolved gas
(woo = 0; solid black curves in panels a, b, ¢ and e) and the freezing of saltwater saturated with
dissolved gas (woo = 1) from the full model (dashed red curves) and the reduced model (dotted
blue curves; see §2.4.7). Parameter values are otherwise as reported in table

2.5 Results

Figure illustrates the solution of the system described in in the scaled
domain n = z/(—z1), so that the steady mushy layer occupies —1 < n < 0. We
contrast the steady solutions for the freezing of saltwater with no dissolved gas
(weo = 0; solid black curve) and saltwater saturated with dissolved gas (we = 1;
dashed red curve). In the saturated case, we compare the full model (dashed red
curve) with the reduced model derived in (dotted blue curve). When w,, = 0,
the steady problem is equivalent to the directional solidification of a two-phase
mushy layer as analysed by Worster (1992). Heat removal at the cold heat exchanger

(n = 0) is balanced by upward advection of warm fluid from the far field and by the
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latent heat of freezing in the mushy layer. This balance yields a steady temperature
profile in the mushy layer that decreases monotonically from § = 0 at n = —1 to
0 =—1atn=0 (figure ) Because ps; = p;, there is no liquid flow through
the mushy layer in the absence of gas, w; = 0 (figure ) When the incoming
liquid is saturated with dissolved gas, w., = 1, gas exsolution reduces the effective
heat capacity and thermal conductivity of the mush and induces a liquid flow that
advects colder liquid downward (see equation . Comparison with the reduced
model, in which all of these effects are neglected, suggests that none of them have
a significant impact on the temperature profile (figure )

Within the mushy layer, the solid fraction increases upwards, reaching a
maximum value of ¢5(07) = 0.88 when we, = 0 (figure R.4p; equation [2.4.18)).
At the boundary with the eutectic region (n = 0 ), any remaining liquid in the
mushy layer freezes, the solid fraction jumps discontinuously to ¢s = 1, and the
dissolved salt precipitates as solid crystals of hydrohalite. The solid fraction toward
the top of the mushy layer is slightly smaller when w,, = 1 than in the case without
gas (we = 0) due to the volume occupied by exsolved gas bubbles in the full
model (dashed red curve in figure [2.4b). This effect is neglected in the reduced
model (dotted blue curve in figure ) The solid-fraction profile adjusts to
maintain local thermal equilibrium via salt rejection during freezing, modifying
the liquid salinity in order to satisfy the liquidus relation for a given temperature.
The solid fraction is controlled by the dimensionless concentration ratio C. In
figure , we use a value of C appropriate for freezing seawater (table . This
value lies between the extreme low-salinity (C — 0) and high-salinity (C — o0)
cases, which are investigated further in §2.5.1]

When w,, = 1, the concentration of dissolved air in the mushy layer is driven
above the saturation concentration by freezing, and bubbles of free gas exsolve
within the mushy layer (figure ) The concentration of dissolved gas reaches a
maximum supersaturation before decreasing upward in the mushy layer as dissolved
gas is converted to bubbles (figure ) The reduced model slightly overestimates
the peak supersaturation achieved in the liquid (dotted blue curve in figure )
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because this model neglects the downward liquid flow driven by gas exsolution,
which would otherwise advect some dissolved gas out of the mushy layer. The
bubble radius is larger than the pore radius in figure (6o > 1), so there is
no buoyant motion of gas bubbles.

At n = 0, all remaining liquid freezes and all remaining dissolved gas exsolves,
such that the liquid fraction jumps discontinuously to ¢; = 0 and the gas fraction
jumps discontinuously to ¢, = ®, as determined by equation ([2.4.15)). The reduced
model slightly overestimates the gas fraction in the upper, colder portion of the
mushy layer and in the solid region, because thermal contraction of the gas phase
and advection of some dissolved gas out of the mushy layer are both neglected.

Figure [2.4] shows that the reduced model reproduces the temperature, solid
fraction, dissolved gas concentration and gas fraction profiles of the full model
reasonably well, despite neglecting variations in gas density and the liquid flow
driven by gas exsolution. This liquid flow is around two orders of magnitude
smaller than the pulling speed (V = 1pms™!), or about 0.02 pm s~ in dimensional
terms, which is unlikely to be consequential in sea ice where other processes drive
larger liquid flows. For example, laboratory experiments have shown that unstable
salinity gradients in growing sea ice can drive upwelling convective velocities of
around 10cmday ™', or 1.16 ums™" (Eide and Martin [1975). The same convection
mechanism has been found to drive downwelling brine plumes at the base of Arctic
sea ice with velocities of around 2cms™" (Peterson [2018)).

It is possible to produce around a 10% error in the solid fraction obtained from
the reduced model compared with the full model by increasing y to x = 0.1, which
corresponds to increasing the solubility of gas in the liquid. In this case, a larger
volume of gas is exsolved that drives a larger liquid flow out of the mushy layer,
which has a stronger advective feedback on salt and dissolved gas within the mushy
layer. However, in this case the volume fraction of exsolved gas becomes comparable
to the porosity of the mushy layer just below n = 0 and so our assumption that
free-phase gas resides in disconnected bubbles may no longer hold. Therefore, in

the remainder of this chapter, we investigate the distribution of gas bubbles in a
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Figure 2.5: Vertical profiles of (a) solid fraction ¢s, (b) gas fraction ¢4, and (c) dissolved air
concentration w for a steady three-phase mushy layer from the reduced model (§2.4.7)) for several
values of C'in the range 0.01 < C < 100 (increasing from light to dark blue line colours). Parameter
values are otherwise as reported in table

steadily solidifying mushy layer using the reduced model. The reduced model is
computationally simpler, does not require modifying the governing equations for
a two-phase mushy layer, and is likely to be valid for values of y corresponding

to the typical solubility of air in seawater.

2.5.1 Impact of the concentration ratio on the three-phase
mushy layer

We next use the reduced model to explore how the concentration ratio C impacts
the solid-fraction structure and resulting gas distribution within a three-phase
mushy layer (figure . For a low-salinity mushy layer (C < 1), freezing is focused
primarily in a thin region near the mush-liquid interface, n = —1 (figure ) This
focusing drives a rapid increase in dissolved gas concentration near n = —1. Since
Da > 1, the supersaturation here is rapidly converted to gas bubbles (figure )
The result is a mushy layer with several percent volume fraction of bubbles present
over most of the depth after this initial boundary region.

In contrast, a high-salinity mushy layer (C > 1) has low solid fraction throughout
(figure ), with freezing focused almost entirely at the eutectic boundary (n =

0). Therefore, there is little internal solidification to substantially elevate the
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Figure 2.6: Vertical profiles of (a) solid fraction ¢s, (b) gas fraction ¢4, and (c) dissolved air
concentration w for a steady three-phase mushy layer from the reduced model ( Results
are shown for several values of Da in the range 1 < Da < 1000 (increasing light to dark red line
colours). Parameter values are otherwise as stated in table The case Da = oo is computed
separately using equation (dashed black). (d) The maximum supersaturation in the mushy
layer max_1.<p<o [w(n) — 1] versus Da.

concentration of dissolved gas. The resulting mushy layer mostly has a very low

volume fraction of gas bubbles until reaching the eutectic temperature.

2.5.2 TImpact of gas exsolution rate

The rate of gas exsolution is controlled by the Damkohler number Da. The value
of this parameter is poorly constrained for geophysical settings, such as the air-
water-ice system, so we use the reduced model to investigate the steady three-phase
mushy layer for a wide range of Da values (figure .

For low Da 5 10, the gas volume fraction initially grows slowly with distance from

the mush-liquid interface as supersaturation increases, before increasing roughly
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linearly from n = —0.8 to n = 0 (figure 2.6b). In this case, the timescale for
gas exsolution is comparable with the timescale over which the mushy layer is
freezing. The interstitial liquid is increasingly supersaturated with dissolved air
(figure 2.6¢) and the increase in gas fraction over the mushy layer is limited by
the kinetics of gas exsolution.

For high Da Z 50, the gas fraction profiles mirror the solid fraction profiles and
collapse toward the solution for Da — oo (figure ) In this case, gas exsolution is
fast compared with the generation of supersaturation by freezing and so the increase
in gas fraction is limited by the increase in solid fraction. The resulting mushy layer
has a concentration of dissolved gas close to saturation throughout (figure [2.6f).

Figure [2.6d shows that the maximum degree of supersaturation in the mushy
layer is inversely proportional to Da when Da > 10. For Da < 10, the concentration
of dissolved gas in the mushy layer increases monotonically with n and does not

reach a local maximum. A least-squares fit to the points with Da > 10 yields

1] = mi >
_max [w(n) — 1] = meDa™ for Da > 10, (2.5.1)
where my = 14.34 and m; = —1.070. Physically, this maximum supersaturation

is achieved at the point where the production of supersaturation by freezing is
balanced by the exsolution of dissolved gas. In appendix D] we use equation (2.4.27)

with Da > 1 to justify m; = —1 on theoretical grounds.

2.5.3 Conditions for gas-bubble mobility

We next use the reduced model to investigate the impact of the dimensionless bubble
size dg = Rp/ Ry on the gas-fraction distribution in a steadily growing three-phase
mushy layer. Figure shows the solid fraction ¢, gas fraction ¢,, and vertical
gas flux w, for 0.005 < dy < 1. We include results for Da = 500 (figures 2.7h—c)
and Da = 5 (figures 2.7(d-f) as representative of high-Da and low-Da behaviour,
respectively. For dp > 1, the exsolved bubbles are always larger than the pore-throat

radius within the mush and are therefore immobile throughout the entire mushy
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Figure 2.7: Vertical profiles of (a,d) solid fraction ¢, (b,e) gas fraction ¢4, and (c,f) vertical gas
flux w, in a steady three-phase mushy layer from the reduced model (§2.4.7). We show curves for
several values of dy in the range 5 x 1073 < §y < 1 (increasing light to dark red coloured lines)
for representative high Da = 500 (a)—(c), and low Da = 5 (d)—(f) cases. Parameter values are
otherwise as stated in table Panel (g) shows the ratio R, (see equation as a function
of & = 1 at n = —1, —0.75, —0.5, —0.25, 0 (increasing light to dark blue line colours). The
coloured circles indicate the values of Ry at nn = 0 for each simulated dy (Da = 5 and Da = 500
are indistinguishable). The solid vertical purple line at 69 = ¢;(n = 07)9 = 0.37 shows the largest
value of &g that allows bubbles to migrate vertically over the entire mushy layer. The dashed
vertical purple line at dg = 1/ VB shows the value of 8y around which the vertical rise velocity of
bubbles in the mushy layer is comparable to the freezing rate.
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layer (w, = 0). As a result, the gas-fraction profile for §, = 1 provides an upper
bound on ¢, at each position at a particular value of Da.

For §y < [C/(C + 1)]'/4 = 0.37, bubbles are sufficiently small to be able to
migrate vertically throughout the mushy layer. This threshold is calculated from
equation using the minimum porosity at the mush-eutectic interface, ¢;(n =
07) = C/[C + 1], determined from equation with O(n =07) = —1.

For 0.37 < §p < 1, the exsolved bubbles are initially small enough to migrate
vertically until they reach a colder part of the mushy layer where the pore throats
are small enough that the bubbles become trapped (i.e., 6 = 1). The intermediate
bubble sizes shown in figure 2.7, dy = 0.75 and dy = 0.5, exhibit a region of low
¢4 in the lower portion of the mushy layer, from which bubbles have migrated
upward, and a region of high ¢, in the upper portion of the mushy layer, where
migrating bubbles become trapped by smaller pore throats. This natural segregation
of the mushy layer into a relatively gas-poor lower portion and a relatively bubbly
(i.e., gas-rich) upper portion was observed experimentally during steady freezing
of saltwater in a Hele-Shaw cell (Peppin et al. 2007). However, we note that an
experiment with water that is subsaturated with dissolved air would also produce
a similar segregation of gas within the mushy layer (see .

We quantify the impact of dy on ¢, within the mushy layer via the ratio R,
of the gas fraction for that value of Jy to the gas fraction when §y = 1 with
other parameters held fixed,

_ g5 00)
¢g<773 0o = 1>.

Ry(n, bo) (2.5.2)

In the reduced model (§2.4.7)), the profiles of w and € do not depend on ¢y, and
equation (|2.4.26[) yields

B4} ]1 -
R =[] 0o
L 1-6)<a.

do
[1 - %(U)]q
(2.5.3)

,  where ¢ =
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Note that dp > 1 implies 6 > 1, in which case 1/K;(d) = 0 from equation ([2.3.6)).
The dependence on ¢, is shown in equation for completeness but is not
relevant for the results shown in figure since 1 — ¢s > ¢, throughout the mush.

Figure shows that R, decreases from 1 to a minimum value as ¢y becomes
smaller than the threshold value for bubble motion determined by equation (2.3.7]).
Gas bubbles with radii in the range 0.01 < dy < 0.37 are able to efficiently transport
gas from the mushy layer to the eutectic region, resulting in substantially lower
gas fractions within the mushy layer compared to the case of trapped bubbles
(with dy = 1). This observation is supported by the results for 0.025 < §, < 0.25,
which all exhibit significantly lower gas fractions compared with the case when
dp = 1 (figures and ) As 9y decreases further, R, increases back toward
unity as bubble motion becomes slower compared to the pulling speed V. Results
with §y < 0.01 show larger gas volume fractions within the mush (figures and
2.7¢). The dimensionless bubble radius 6, = 1/v/B ~ 0.005 (dashed purple line
in figure ) yields R, ~ 1 since K; = 1 for 6y < 1.

In summary, large gas fractions are observed throughout the mush when bubbles
are large and trapped (dp > 1), or when bubbles are so small that they rise slowly
compared to the freezing rate (6, < 1/v/B). Bubbles of intermediate size are able
to rapidly rise, leaving lower portions of the mush relatively depleted of free-phase

gas until they encounter a region of higher solid fraction or the eutectic boundary.

2.6 Discussion & conclusions

We have extended the continuum theory for a solid-liquid mushy layer to include
an additional dissolved gas component and a free gas phase. Using a simplified
model of mushy-layer pore-geometry, we derived a novel expression for the vertical
gas flux due to buoyant bubble motion. This model predicts a porosity threshold
(equation for vertical bubble motion in terms of the ratio do = Rp/Rp
of the bubble radius to the pore-throat radius in contrast to past models that
relied on ad-hoc empirical thresholds (Moreau et al. 2014, Moreau et al. 2015b;

Moreau et al. 2015a)). We applied the model to the geophysically relevant sea-ice
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system using empirical expressions for the pore-throat radius in sea ice derived
from X-ray CT measurements.

We analysed the model in the context of steady mushy-layer growth in a Hele-
Shaw cell, which is a standard model problem for mushy-layer theories (Peppin
et al. [2007; Chiareli and Worster 1995; Worster 1992). Internal solidification in
the mushy layer elevates the concentration of dissolved gas in the liquid, which
drives exsolution of gas bubbles. The resulting volume change drives a small liquid
flow out of the mushy layer, which we have shown has a negligible impact on heat
and solute transport for the steady freezing of seawater. We derived a significantly
simpler reduced model that neglects this volume change, as well as variations in the
gas density and the impact of the gas phase on the effective thermal and hydraulic
properties. These simplifications are reasonable for systems with low gas solubility
and where gas density does not vary significantly, and thus may prove useful for
describing gas exsolution and transport in geophysically relevant three-phase mushy
layers such as sea ice. Because the reduced model regains the same equations for the
conservation of heat and salt within the mushy layer, existing two-phase mushy-layer
models can be extended to include gas exsolution without major modification.

We have identified two dimensionless parameters that control the distribution
of gas bubbles within the mushy layer, the Damkoéhler number Da and the di-
mensionless bubble radius Jg. The Damkoéhler number quantifies the timescale
of bubble exsolution relative to the timescale for thermal diffusion and controls
the amount of gas exsolution. Gas exsolution is slow for Da < 1, resulting in a
highly supersaturated mushy layer with low gas fraction. In contrast, available
supersaturation is rapidly converted to gas bubbles for Da > 1, resulting in a
mushy layer with low supersaturation and high gas fraction. The ratio of the bubble
radius to the characteristic pore throat radius dg determines whether and where
bubbles are able to migrate vertically, which is of key concern for the transport
of gas species in natural mushy-layer systems. We have identified three distinct
regimes in this regard, when bubbles are either: (1) immobile throughout the mush,

(2) mobile in regions of the mush above a critical porosity, or (3) mobile throughout
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the mush. The intermediate case produces a distribution of bubbles within the
mushy layer that is qualitatively consistent with observations of directional freezing
of saltwater in laboratory experiments (Peppin et al. 2007).

The model presented here can be used to investigate the impact of gas bubbles
on bulk properties and chemical transport in mushy systems. The model is well-
suited to describe the sea-ice system (Feltham et al. 2006), but could be adapted to
investigate magmatic systems (Huppert and Worster 2012)) or other three-phase
mushy layers. Future work could investigate gas exsolution and transport during
the transient growth and melt of a mushy layer, more akin to the seasonal growth
and melt of first-year sea ice.

In natural settings, it is likely that the gas phase would be composed of multiple
chemical species with differing solubilities, which may take part in chemical reactions
within the mushy layer (Tison et al.|2017)). Furthermore, the solubility of dissolved
gases in the liquid phase around a bubble is proportional to the partial pressure of
the gas at the gas—liquid interface (see §18.1.3 of Tison et al. [2017, for example).
This pressure dependence is neglected in our model, but it may be important for
small bubbles with La > 1, which may tend to redissolve into the liquid phase,
or for bubbles trapped in disconnected liquid inclusions that are not considered
here (Crabeck et al. [2019).

In reality, the geometry of the pore-space microstructure and the sizes and shapes
of the gas bubbles are complex and both spatially and temporally non-uniform
(Light et al. 2003). For simplicity, the polydispersity of gas bubble sizes in sea ice
was neglected in our model. The tortuosity of the pore space as well as the growth,
merging, and breakup of gas bubbles may all play a role in the transport of gas
species within the mushy layer. Gas bubbles can accumulate below low porosity
regions of the mushy layer where ¢, can become comparable to 1 — ¢, violating
the assumptions of the reduced model. For mushy layers with larger gas volume
fractions, the gas phase may become connected and would need to be described
using multiphase theories for gas-liquid flow in a porous medium (see Blunt 2017, for

example). The assumption that ¢, smoothly varies across an REV may also become
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less accurate for larger gas bubbles. However, we believe that the simplifications in
this chapter provide physical insight on the importance of the sizes of gas bubbles
in a mushy layer compared with the pore-geometry scale for mushy layers where the
free gas phase resides in isolated bubbles. Finally, we have revealed the importance
of the Damkohler number, which is poorly constrained in geophysical settings, and
may depend on the timescales associated with other processes known to occur in
mushy layers but not modelled here, such as convection driven by unstable density

profiles produced during freezing (Anderson and Guba [2020).



A one-dimensional transient three-phase
mushy-layer model for sea ice

3.1 Introduction

In this chapter, we use the conservation equations for a three-phase mushy layer
derived in chapter [2] to model the transient evolution of three-phase sea ice. In what
follows, we refer to a gaseous additional phase that is relevant to the solidification of
a saltwater ocean containing dissolved atmospheric gases. In chapter [§ we modify
this model to instead describe oil droplets in sea ice.

Here, we consider the solidification of a horizontally uniform ocean containing
dissolved salt and atmospheric gases with an overlying atmosphere, snow cover (if
present), and surface melt pond (if present) and an underlying ocean (see figure [3.1]).
In using the reduced “tracer” model of a three-phase mushy layer described in
chapter 2] as a starting point, we additionally account for turbulent mixing in the
ocean (and melt pond) using an eddy diffusivity parameterisation, the absorption
of shortwave radiation, brine convection within the ice, heat transport through any
snow cover, and the atmospheric heat flux, which are necessary to accurately model
sea ice in a geophysical setting. We introduce characteristic scales to obtain a system
of dimensionless partial differential equations (PDEs) that determine the evolution
of the system. In the limit of instantaneous exsolution and dissolution of gas (i.e.,
Da — o), we combine the conservation equations for dissolved and free-phase gas
to obtain a single equation for the bulk gas content. In §3.3] we introduce the
so-called enthalpy method to determine expressions for the temperature, liquid
salinity, liquid fraction, and solid fraction in terms of the bulk enthalpy and salinity.

This approach has been used previously to simulate first-year sea ice (Parkinson

66
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Figure 3.1: Schematic diagram of the one-dimensional domain for the transient model for (a)
snow-covered ice and (b) ponded ice. Conservation equations for heat, salt, and gas are solved in
the region —h < z < 0 (dashed red box), which contains an ocean (pure liquid), a layer of porous
sea ice, and potentially an overlying liquid melt pond —hpona < z < 0 if the ice surface melts.
Heat flux to the domain from the atmospheric boundary layer (through a snow layer, if present) is
used to provide a heat-flux boundary condition at z = 0. The heat flux, salinity and dissolved gas
concentration in the deep ocean are used to provide boundary conditions at z = —h.

2019) and allows the associated conservation equations to be solved numerically
without explicitly tracking the positions of the interfaces between the solid, liquid,
and mushy phases. In §3.4) we describe appropriate boundary conditions at the
lower boundary (with the deep ocean) and upper boundary (with the snowpack

or atmosphere). The chapter is summarised in

3.2 Model

In chapter [2, we derived a reduced “tracer” model appropriate for a mushy layer
that contains a small volume fraction of incompressible gas. The reduced model

involves three key approximations:
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1. The volume fraction of free-phase gas is small ¢, < 1, such that ¢, + ¢; =~ 1

and the gas phase can be treated as a passive tracer.

2. Variations in the density of the gas phase are small, such that the free-gas

phase can be treated as approximately incompressible with constant density
Pg-

3. The solid and liquid phase are of equal and constant density, ps = p;. Note
that density variations in the liquid phase due to thermal and salinity gradients

are here retained where they drive a convective flow (i.e., the Boussinesq

approximation as in Worster [1997)).

3.2.1 Conservation equations

Under the approximations of the reduced model, the five conservation equa-

tions ([2.2.6)—(2.2.9) and (2.2.13]) for water, salt, dissolved gas, free-phase gas,

and energy, respectively, become

Vou =0, (3.2.1)
aat (9sSs + &S + V « (Siwy) = V - (¢,DsVS)) (3.2.2)
gt (24&) + V- (p&wy) = V - (01 DeVE) — N, (3.2.3)

0
5% (pgtg) + V - (pguy) = N, (3.2.4)

and
OH

E + V. (Hlul) =V. (plcp,lDHVT) + QSW, (325)

where we have made three modifications to model sea ice in a geophysical setting.

Firstly, we have stated conservation of energy in terms of the bulk enthalpy
H=¢,H, + ¢, Hy, (326)

where H; = pic, (T —T;), Hy = pscps(T —T;) — psL, T; is the freezing temperature
of seawater, and the specific heat capacities c,;, ¢, s and latent heat of fusion L are

assumed to be constant. See appendix [A] for more details. Writing the conservation
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of energy in terms of the bulk enthalpy allows us to leverage the enthalpy method
to solve the conservation equations computationally without explicitly tracking the
boundaries between different phases in the system (see §3.3).

Secondly, the diffusive terms in equations , , and now involve
the effective diffusivities Dg, D¢, and Dy respectively, which parameterise the effect
of turbulent mixing in purely liquid regions as well as molecular diffusion. In
chapter 2| we considered the growth of a mushy layer into a quiescent liquid
in a Hele-Shaw cell where turbulent mixing was not important. However, the
turbulent mixing of heat and solutes in the ocean and any melt ponds is an
important extra consideration for sea ice in the natural environment. We adopt
a common approach to model turbulent mixing and introduce an extra eddy

diffusivity term to the effective diffusivities

Dg = ¢uks + keH(dr — 1), (3.2.7)
D¢ = ¢k + rH(gr — 1), (3.2.8)
and
Dy = + keH(g — 1), 3.2.9
H e (¢ —1) ( )

where k. is the eddy diffusivity, and k = ¢k, + ¢;k; is the phase-averaged thermal
conductivity. See appendix [E]| for further explanation of the eddy diffusivity

parameterisation. The unit step function

1 z>0
H= , (3.2.10)
0 =<0

ensures eddy diffusion occurs only in purely liquid parts of the domain where ¢; = 1.

Finally, we have added the absorption of shortwave radiation Qsw as a source
term in equation . We neglected this term in chapter 2| because we focussed on
the solidification of a mushy layer in a laboratory setting. However, the absorption
of shortwave radiation is a significant source of surface and internal melting
during summer for sea ice in the natural environment. Shortwave radiation has

wavelengths in the range 300-3000 nm, originates from the sun, and is refelected,
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transmitted, and absorbed by the ice, snow, and ocean. A two-stream model
for the propagation and absorption of shortwave radiation in the snow-ice-ocean

system is introduced in chapter [4

Bubble motion

In chapter 2|, we derived a novel expression for the vertical component of the
volumetric gas flux u, - e, in sea ice as a function of porosity and bubble radius
using an idealised model of the pore-geometry (see §2.3|). For the steady problem
considered in chapter [2, no bubbles were present in the liquid region and the effect
of liquid flow through the pore space on the motion of gas bubbles was neglected.
However, for the transient problem we make two ad-hoc extensions to the bubble
transport term given by equation ([2.3.5)).

Firstly, we set K; =1 for ¢ = 1 so that bubbles in completely liquid regions of
the domain rise with the Stokes terminal velocity for a bubble in an unbounded fluid.
Secondly, we include the most general effect of liquid flow on gas bubble motion
using a coupling tensor G. This coupling tensor is an extension of the function G(J),
introduced in §2.3.2] that quantifies the drag due to the liquid flow in the vertical
direction on a bubble in a tube. When ¢; = 1, we assume that G is isotropic with

diagonal components of magnitude Z. These extensions of equation ([2.3.5)) yield

0 (bl < ¢c
ApgR252 e, 2u11
+G.— e < Oy < 1
u, = Z [ 3 Ki(9) o o<t <1 (3.2.11)
A 2 52
Py Mez + 27w, o =1
3pu

For gas bubbles, it is likely that buoyancy effects will dominate over viscous drag
from the interstitial fluid. Therefore, going forward, we consider only the buoyant
motion of gas bubbles in the ice and liquid by setting G = 0 and Z = 0. Oil
droplets in sea ice are much less buoyant than gas bubbles and so their advection
by the liquid flow is more significant. Therefore, we will utilise a different G

appropriate for oil droplets in chapter [8|
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Figure 3.2: Schematic diagram illustrating the difference between diffusive (right) and convective
(left) parameterisations of brine drainage in sea ice (reproduced from Thomas et al. [2020). In
the diffusive parameterisation, the magenta arrows represent diffusive exchange of salt between
adjacent layers of a computational sea ice model. In the convective parameterisation, in contrast,
salt is advected upwards by an upwelling flow (light green arrows) and expelled from each layer of
the ice downward to the ocean through brine channels (dark green arrow).

3.2.2 Brine convection

The dominant process that controls the transport of salt (and other dissolved species)
during sea-ice growth is brine convection, also referred to as gravity drainage (Notz
and Worster [2009). As temperatures decrease towards the ice surface (z = 0), the
salinity of the interstitial brine increases due to the rejection of salt during freezing.
This salinity gradient generates an unstable density profile in the pore fluid that,
for sufficiently permeable ice, can drive an internal convective flow. The convective
instability results in the formation of narrow brine channels through which cold,
highly-saline brine is expelled downward to the underlying ocean. This focussed
downwelling flow is balanced by a broad region of upwelling flow of seawater into the
ice (Eide and Martin [1975; Worster [1997; Worster and Rees Jones Parkinson
Wells et al. . This process desalinates growing sea ice (Vancoppenolle
et al. ; Notz and Worster and is also important for the exchange of
dissolved gases (Zhou et al. Moreau et al. and other dissolved tracers
(Vancoppenolle et al. between the ice and ocean.

Brine convection is a two/three-dimensional process, but a number of parameter-
isations have been developed to account for the impact of brine convection on sea-ice

bulk salinity in one-dimensional models (see Thomas et al. 2020, for an overview).
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Fundamentally, these parameterisations fall into two categories: convective and
diffusive. Diffusive parameterisations (e.g., Vancoppenolle et al. 2010 Jeffery et al.
2011) exchange salt between adjacent portions of the ice and ocean via an enhanced
diffusivity, akin to turbulent mixing in some ocean models. In contrast, convective
parameterisations (e.g., Turner et al. [2013; Griewank and Notz 2013; Rees Jones
and Worster 2014) model the transport of salt with a divergent upwelling liquid
velocity within the mush and a sink term that captures the loss of interstitial fluid
through brine channels (figure [3.2)). Convective parameterisations better represent
the physical mechanism of brine convection and performed best when parameterised
bulk salinity profiles were compared with measured bulk salinity profiles of sea
ice grown in laboratory experiments (Thomas et al. 2020)). Although designed to
parameterise the impact of brine convection on the bulk salinity of sea ice, these
schemes can also be applied to other dissolved tracers in the ice (Thomas et al.
2020) — including, for our purposes, dissolved gases. Therefore, we choose to adopt
the convective parameterisation of Rees Jones and Worster (2014)), referred to going
forward as the RJW14 scheme, to parameterise the impact of brine convection in
our sea-ice model. The RJW14 scheme is described in the remainder of this section.

Consider a two-dimensional layer of sea ice occupying z, < z < 0Oand —[ <z </,
with a vertical brine channel located at = 0 (figure 3.3). Under the channel-
active-passive (CAP) model (described fully in Rees Jones and Worster 2013b)),
the convecting portion of the ice (z, < z < z.) can be divided into three regions:
(1) a passive region far from the brine channel where properties do not vary
in the = direction, (2) an active adjustment region near the brine channel, and
(3) the brine channel itself.

The onset of convection is determined using the mushy-layer Rayleigh number

Ra(z) = ’ZZZB 1Si(2) — Si] (2 — 2) T (2), (3.2.12)

where £ is the haline contraction coefficient, k = k;/(picp,) is the thermal diffusivity,

S; is the salinity of the seawater, and IIy(z) is the harmonic mean permeability
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l stagnant sea ice

active
region

LTI T

Figure 3.3: Schematic diagram of the CAP model (Rees Jones and Worster 2013a) for sea ice in
a two-dimensional domain where the ice occupies 2z, < z < 0 with periodic boundary conditions at
x = £l. Convecting ice is shown in the diagram in 2z, < z < 2. divided into the brine channel
(red), active region (orange) and passive region (grey). The upwelling velocity profile w; is shown
in the convecting region. The stagnant region (green), where u; = 0, occupies z. < z < 0. The
remainder of the domain (—h < z < 2p) is occupied by a liquid ocean (blue).

between z and the base of the ice

Ty (z) = I, L ! - /b Wl(¢sl(2')) dz’] h , (3.2.13)

where m;(¢5) = (1 — ¢,)3. The mushy-layer Rayleigh number is the ratio of the

potential energy of the unstable stratification within the ice to the viscous and

thermal dissipation. The height of the convecting region,
ze =max ({ z € [z, 0] : Ra(2) > Ra,}), (3.2.14)

is the largest value of z at which Ra(z) exceeds a critical value Ra.. If Ra(z) < Ra.
Vz € [#, 0], then there is no convecting region.

In the passive region, the temperature and solute fields are horizontally uniform
and are assumed to represent the bulk properties of the ice, neglecting deviations in
the narrow active and brine channel regions. The convective flow u; = ue, + w;e,

in the passive region is found to be a simple corner flow, u; o x £ 1 and w; x 2z, — z
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satisfying V - u; = 0, and driven by the baroclinic torque exerted by the brine
channel in the active region (Rees Jones and Worster |2013b). Therefore, we can

write the advection of a quantity f(z) in the passive region as

8 8wl

V- lwf(2)] = 5 lwf(2)] = 5~ f(2), (3.2.15)
using
Gul . awl
O 0z

Following Rees Jones and Worster (2014)), the upwelling flow in the passive

region is given by

1
argwiakRa, z2 < 2
Ze — Rp
= Ze — 2
Wi = OKRJW14KJR(Z6672 z S 2p S Ze ) (3216)
(Zc - Zb)
0 Z> 2z,

where agrjwis is the dimensionless convection strength and the effective Rayleigh

number is given by

Ra. = max [Ra(z) — Ra,|. (3.2.17)

<2<z
Equation yields a convergent upwelling flow, with the second term on
the right hand side of equation ([3.2.15]) acting as a sink term in the conservation
equations for heat, salt and dissolved gas. This sink term represents the flux from
the ice to the ocean through brine channels and desalinates convecting sea ice.
The velocity profile (equation in z > 2z, is the same as in the original
RJW14 scheme (Rees Jones and Worster 2014). Flow in the underlying ocean was
not modelled by Rees Jones and Worster (2014) but here we impose a uniform
upward flow in the underlying ocean to conserve mass. However, in a turbulent
well-mixed ocean we expect heat to efficiently mix between the cold downwelling
plumes emitted by brine channels and warmer upwelling ocean water. Therefore,
to avoid introducing an unrealistic advective heat flux deeper in the ocean we

use the modified velocity profile

w =[1—H(g — 1)]w (3.2.18)

in equation ([3.2.5)). This is important for correctly predicting the ice thickness.
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3.2.3 Snow

Snow typically covers Arctic sea ice from within a few days of its initial formation
until the beginning of the melt season (Sturm and Massom [2017). The snow layer
is a complex multiphase material in its own right, consisting of a matrix of ice
crystals containing air and potentially meltwater (see Sturm and Massom 2017, for
an overview). Snow has two major impacts on the freezing and melting of sea ice
that cannot be ignored. Firstly, snow has a high shortwave albedo, reflecting a
substantial amount of incoming shortwave radiation and thus preventing it from
reaching the ice (see chapter . Secondly, snow thermally insulates the ice surface,
modulating heat transport between the ice and atmosphere.

Our aim here is to capture the two key impacts above without modelling the
complex evolution of snow thickness, density, and water content in detail. Rather,
we consider a snow layer with homogeneous density psnow, specific heat capacity
Cp, snow, and thermal conductivity ksnow, with the snow depth hg,ew(t) prescribed as
a forcing to the model (figure . We neglect the latent heat associated with the
melting (or refreezing) of snow as well as the additional water produced by snow

melt. Under these assumptions, heat transport in the snow layer is governed by

Lo _ o or
PsnowCp, snow ot - Oz

Ksnow , f 0 < 2z < hgnow- 3.2.19

9 ) or z ( )
On scaling equation (3.2.19)), we find that the time derivative is negligible for
timescales larger than hfnowpsnowcn snow/ Ksnow, or around 0.4-10 days for 10cm <
hsnow < 50 cm and typical snow thermal properties (Sturm and Massom 2017). This
timescale is relatively short compared with the seasonal evolution of sea ice. Going

forward, we assume for simplicity that the snow layer is in a quasi-steady state,

2
g;g — 0. (3.2.20)

Solving equation (|3.2.20]) subject to both continuity of heat flux,

or, . Jor
ksnowa(Z—O )—kjaz (z=07), (3.2.21)
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and temperature
T(z=0")=T(z=0), (3.2.22)

at the ice-snow interface (z = 0) allows us to relate both the temperature

k0
Tout(t) =T (2 = hgnow, t) =T (2 =07, 1) + hsnowk—@T(z =07,1), (3.2.23)
and the heat flux
oT -0
ksnow—=—(2 = hgpow, t) = k—T (2 =07, t), .2.24
ow (2 )= T(= =07, 1) (3:2.24)

at the snow—atmosphere interface (2 = hgnow) to those at the ice-snow interface (z =

0).

3.2.4 Surface energy balance

The atmospheric heat flux Fy, to the snow/ice surface at z = hgyow is a function of
the surface temperature T,¢ (measured in units of absolute temperature) given by

equation ([3.2.23)). Following Taylor and Feltham (2004), the atmospheric heat flux
Fatm(t> = FLW - FOLW + Fsens + -Flaty (3225)

can be decomposed as the sum of four terms: the incoming longwave radiative
flux Frw, the outgoing longwave radiative flux Forw, the turbulent sensible heat
flux Fi.s, and the turbulent latent heat flux Fj,;.

Longwave radiation, also called thermal radiation, generally spans the wavelength
range 4-100 pm and is distinct from the shortwave radiation originating from the sun
because it is emitted by the Earth’s atmosphere and surface at lower temperatures
than the sun. The incoming longwave radiative flux is emitted from the atmosphere
and clouds and absorbed by the snow/ice surface. The outgoing longwave radiative
flux is emitted from the snow/ice surface and is determined from the surface

temperature by the Stefan-Boltzmann law,

Forw = YospTi

urf»

(3.2.26)
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where ogp is the Stefan-Boltzmann constant and the emissivity of the surface is

T for a snow or ice surface
T = (3.2.27)

Tyater for a surface melt pond

We have assumed that the emissivity of ice and snow are equal, the emissivity of
water is different in the case of a surface melt pond or open ocean. The surface
type (snow, ice or water) is determined from the snow depth and the bulk enthalpy
using the phase relations in The formulation of equation by Taylor
and Feltham (2004) also includes a portion of the shortwave radiation absorbed
at the ice surface, which avoids the need to resolve the absorption of shortwave
radiation at fine scales in the uppermost portion of the ice at the cost of introducing
another parameter. This simplification is not necessary here since we solve a
two-stream model for the propagation of shortwave radiation (see chapter {4l with
higher spatial resolution (see chapter [5)) and account for all absorbed shortwave
radiation in the source term in equation (|3.2.5)).

The turbulent sensible and latent heat fluxes, Fyq,s and Fl,, respectively, depend
on the atmospheric boundary layer above the snow /ice surface. The former flux
is associated with convective heat transport between the surface and atmosphere,
whereas the latter flux is associated with latent heat exchange due to evaporation
and condensation of water vapour at the surface. Following Taylor and Feltham
(2004), we use parameterisations of these turbulent heat fluxes introduced by

Ebert and Curry (1993))
Fsens = paircp,airCTuwind<Tair - Tsurf); (3228)

Eat = paierapCTUwind(Qair - QSurf)' (3229)

Here, p.; = 1.275kgm ™ is the density of dry air; ¢, = 1005Jkg ' K™! is the
specific heat capacity of dry air; Ly,, = 2.501 x 10 JK~! is the latent heat of
vaporisation; C'r is the bulk transfer coefficient; tyina, Tair, and ¢.; are the wind
speed, air temperature, and specific humidity, respectively, at the reference height

hrer; and Ty and gguf are the air temperature and specific humidity, respectively,
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at the snow/ice surface. Following Taylor and Feltham (2004), we assume that the

air at the snow /ice surface is saturated with water vapour such that

0.622pyap
Patm — 0'378pvap’

(3.2.30)

Gsurf =

where the partial pressure of water vapour at the surface py,,, is related to the absolute
temperature Tyys by puap = 2.53 x 10% exp(—5420/Tyws) (Rogers and Yau 1996).

The bulk transfer coefficient is calculated using the formula proposed by Ebert
and Curry (1993)),

2bicRi ,
Cpo (1= —22FCH ) Ry
Cr=1{ ¢ ( 1+ cEc\Ri\W) , (3.2.31)
Cpc (1 + bgcRi) > Ri>0

which depends on the stability of the atmospheric boundary layer through the

Richardson number

g(Tair - 71surf) href

Ri = 3.2.32
Z Tairtiying ( )
Here
1.3x 1073 for snow or ice surface
Crc = , (3.2.33)
1.0 x 1073 for a surface melt pond

with bgc = 20 and cgc = 1961bgcCrc. The value Cre = 1.0 x 1072 for the case of a
surface melt pond was used by Ebert and Curry (1993) to describe turbulent fluxes
over leads (exposed areas of ocean between ice floes). However, this same value was

used by Taylor and Feltham (2004)) to describe turbulent fluxes over melt ponds.

3.2.5 Non-dimensionalisation

We now state a dimensionless set of equations for the evolution of a horizontally
uniform domain containing saltwater, ice and a gaseous phase (figure . We
consider only variations in the vertical direction and parameterise the effect of brine
convection using the liquid velocity profile w; and sink term Sgjywis = —% derived
in . We introduce scales for length z ~ h, time t ~ h?/k, and velocities
w; ~ k/h and wy ~ k/h, where h is the depth of the domain and x is the thermal

diffusivity of the liquid. We define the dimensionless temperature 6, salinities ©, O,
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O,, and dissolved gas concentration w as in chapter , where S, = 5; = S(z = —h)
is taken to be the salinity of the deep ocean. The Rayleigh number for the onset
of brine convection (see becomes Ra(z) = RasO;(z — zp)mu(z), where
Ras = pigBASIyh/kuy, AS = Sg — S;, and my(z) = g (2)/,.

Equations (3.2.5), (3.2.9), (3.2.15) and can be combined to yield

oH 0 (0uf) = 0 KH H(¢: — 1)

ot oz Vi Le

8ﬁnet
0z’

0z

(3.2.34)

ot 92 )82] Srywiad +

where H = (050 + ¢,0 — St is the dimensionless bulk enthalpy, (s = ¢, /¢y, is the
ratio of the specific heat capacity of the solid to that of the liquid, St = L/(c,,;AT)
is the Stefan number, AT = T, — Tg, U = ¢svs + ¢y, vs = ks/k; is the ratio of
thermal conductivity of the solid to that of the liquid, and Le. = k/k. is the
Lewis number for eddy diffusivity. The dimensionless spectrally-integrated net

shortwave radiation is given by

~ hﬁne z
Fal) = 102,

(3.2.35)

where F’net(z) is the dimensional broadband net shortwave irradiance, as determined
using a two-stream radiative transfer model (see chapter (4)).

Equations (3.2.2), (3.2.7), (3.2.15)) and (3.2.16|) can be combined to yield

00 0 1 00
5 T3 [wi (©; +C)] = 92 KLQZS Te. H(d — 1)) 9, l] — Sryw14(01 + C),

(3.2.36)
where © = ¢,0, + ¢,0, is the dimensionless bulk salinity, C = S;/AS is the

concentration ratio, and Les = k/kg is the Lewis number for the diffusion of salt.

Equations (3.2.3), (3.2.8), (3.2.15) and (3.2.16|) can be combined to yield

8 o ¢l 1 6(&)
Mo 0w =y 2 K L 1)) a] \ DN’ — xSy

(3.2.37)

where I'y = x¢,w is the dimensionless dissolved bulk gas content, x = pi&sat/py is the
dimensionless expansion coefficient, Da = h?/(kTyuc) is the Damkohler number for
gas exsolution with timescale Ty, Leg = K/ke is the Lewis number for the diffusion of

dissolved gas, and N is the dimensionless gas exsolution rate, as defined in chapter [2]
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Finally, equations (2.2.9) and (3.2.11)) can be combined to yield

G, , 0
(,;’19 + Bo: 075, [d(6)¢,] = xDaN, (3.2.38)

where B = ApgR2h/(3pk) is the dimensionless bubble rise velocity, do = Rg/ Ry

is the constant dimensionless bubble radius, and

0 ¢l S ¢c
1
d(0) = 0 G <P <1 (3.2.39)
1 & =1

gives the effect of viscous drag on the vertical migration of bubbles within the ice.

Equations (3.2.34)—(3.2.38) determine the evolution of the four dimensionless

bulk variables H, ©, I'y and ¢,. Immediately, by definition,

w = L%, (3.2.40)

X

where I' = I'y + ¢, is the dimensionless bulk gas content. We derive expressions

for 6, ©;, B4, ¢s and ¢; in terms of the four bulk variables using the enthalpy
method in §3.3

Rapid gas exsolution Da — o~

Equations ([3.2.37)) and (3.2.38)) can be summed to find a single conservation equation

for the total dimensionless bulk gas content:

or 0 8 0 L 0
S BRS04 b = 22 (o F20 - 1) 52| xS
(3.2.41)

In the case of instantaneous gas exsolution (i.e., Da — 00), ¢, and w are determined

at equilibrium by

O F S Fsat
Pg = : (3.2.42)
F - Fsat F > Fsat
and
I'<T
w={ @ = ™, (3.2.43)
1 I' > Dgat

where ['sy = x¢; is the dimensionless bulk gas content at saturation.
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Figure 3.4: Saltwater phase diagram in bulk enthalpy #, bulk salinity © space. The liquidus Hp,
eutectic Hg, and solidus Hg phase boundaries, given by equations 7, are shown as
blue, black and, red lines, respectively. Above the liquidus boundary (shaded blue), the system is
completely liquid (i.e., ¢; = 1). Between the liquidus and eutectic boundaries (shaded light grey),
the system is a partially solid mushy layer. Between the eutectic and solidus boundaries (shaded
darker grey), the system is at the eutectic temperature and salt precipitates as a solid hydrated
mineral (hydrohalite). Below the solidus boundary (shaded red), the system is completely solid
(i.e., ¢s = 1). The liquidus meets the eutectic boundary at the eutectic point (filled black half
circle). Note that © is the dimensionless bulk salinity relative to the initial salinity of the ocean
S;, and so ©® = —C corresponds to a completely fresh system.

3.3 Enthalpy method

Formulating this problem in terms of the dependent variables 8, ©;, O, ¢, and ¢y,
as done in chapter 2, requires the explicit tracking of boundaries between phases. It
is useful to instead formulate the system in terms of the bulk enthalpy H and bulk
salinity ©, which are continuous across phase boundaries. We can then use H and
© to determine piecewise expressions for 0, ©;, O,, ¢, and ¢; from the saltwater
phase diagram (figure . This so-called “enthalpy method” has been used to
successfully simulate the formation of brine channels in sea ice (Parkinson [2019)
and similar convective instabilities in other mushy layers (Katz and Worster 2008).

In dimensionless terms, the linear liquidus and solidus boundaries (defined in
chapter [2) are given by 6, = —©, and 05 = —1, respectively, where g is simply the
dimensionless eutectic temperature. The system is completely liquid when 6 > 6,
a porous mushy layer when 0g < 6 < 6, and completely solid when 6 < fg. At the
eutectic temperature # = —1, all remaining liquid in the system freezes, requiring a

finite change in enthalpy given by the latent heat. Therefore, in bulk enthalpy and
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salinity space (©, H) the system passes through an extra eutectic phase, at a fixed

temperature § = —1, between the mushy and solid phases Hg < H < Hp, where

‘Hp is the upper boundary of this extra eutectic phase in (6, H) space.
Regardless of the phase, the system must satisfy the following three constraints

for the bulk enthalpy, bulk salinity, and total volume:

H = (050 + ¢10 — Stos, (3.3.1)
0= ¢5@s —+ le@l; (332)

and
¢s + ¢ =1 (3.3.3)

Additionally, we derive two extra constraints for each phase from the phase diagram:

o when H > H, there is only liquid ¢; = 1 and the solid phase salinity O, is

arbitrary;

e when Hr < H < Hj, the temperature satisfies the liquidus constraint 6 = —©,
in the mush and we assume all of the salt is rejected into the interstitial liquid

0, =—C;

e when Hgs < H < Hpg, the system is at the eutectic temperature = —1 and

the interstitial liquid is at the eutectic salinity ©;, = 1; and

o when H < Hg, there is only solid ¢, = 1 and the liquid phase salinity ©; is

arbitrary.

Using the above constraints, we determine the following expressions for the phase

boundaries of the system:
Hp(O) = -6, (3.3.4)

Hp(0) = (St+(, — 1)@; —1, (3.3.5)

and

Hs(©) = =, — St. (3.3.6)
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Additionally, we find piecewise expressions for ¢, 6, and ©; :

0 H>Hy
1
ﬂ(_B_\/B2—4Ac) Hp < H < H
5, = i : (3.3.7)
- <
St+¢—1 M < =T
1 H < Hg

where A= St +C(1—G),B=H—St—C+O(1—(),and C = —(© + H),

H H > HL
m He < H < Hp
0= ; : , (3.3.8)
-1 Hs <H<Hg
t
H+ S H < He
Cs
and
e H > Hy
—0 Hp<H<H;
0, = (3.3.9)

1 He<H<Hp

1 H<Hs
3.4 Boundary conditions

We now specify boundary conditions for the system of conservation equations f
. In all cases, advective fluxes are never downward and we need only specify
an inflow condition at the bottom boundary. When diffusive terms are present, we
must specify boundary conditions at both the top and bottom of the domain.
Beginning with equation (3.2.36), we impose a fixed ocean salinity at the

bottom of the domain,
O(z=-1,t) =0, (3.4.1)

and a no-salt-flux boundary condition at the top of the domain,

00,

S (z=0,1)=0. (3.4.2)

Note that equation ([3.4.2)) is only required when ¢; > 0 at z = 0.
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Because salinity gradients are coupled to thermal gradients in a mushy layer
through the liquidus relation, § = —0O, strictly a cooling heat flux at the top
boundary must imply a corresponding diffusive salt flux. If there is no source of salt
above the top boundary, the ice surface desalinates, forming a solid impermeable
crust (Wells et al. 2019). This is not thought to occur at the surface of sea ice,
where there is a more complicated, poorly understood, surface condition featuring
ice, brine, air, and snow (Wells et al. [2019).

For equation , we impose a fixed concentration of dissolved gas in

the ocean, w,, < 1, such that
Cy(z = =1, t) = XWoo, (3.4.3)
and we impose that the surface is saturated with dissolved gas from the atmosphere,
Fa(z=0,1) = x, (3.4.4)

when ¢; > 0 at z = 0. For equation (|3.2.38]), we impose that there is no gas

phase in the ocean,
¢g(z=—1,t) =0. (3.4.5)

No condition is needed at the top of the domain as there is no diffusive flux in this

case. In the limit of rapid bubble exsolution (Da — o0), the boundary conditions

on I' are the same as those on I'y (i.e., equations [3.4.3| and |3.4.4)).

Finally, for equation (3.2.34)), we can impose fixed-temperature boundary condi-
tions,

0(2 = —1, 1) = bocean(t), (3.4.6)

and

0(z = 0, t) = o (1), (3.4.7)

or heat-flux boundary conditions

1700
{1 + Lej 5, (2= =1, 1) = Focean(t), (3.4.8)
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and

Lo qoe
Lo Mo — D] 52z = 0.8 = Fam(®), (3.4.9)

where Foom(t) = Fam(t)h/ (K AT) and ¢ = ¢;(z = 0, t). In principle we may

v+

also impose Robin boundary conditions (see e.g. Hitchen and Wells [2025)), but

this case is not investigated in this thesis.

3.5 Summary

In this chapter, we used the reduced model for a three-phase mushy layer developed
in chapter [2] to derive a set of one-dimensional transient equations for the evolution
of sea ice containing dissolved gas and an additional gaseous phase. As discussed in
chapter [2] the assumptions underlying this reduced model — that the gas phase is
incompressible, that it occupies only a small fraction of the total volume, and that
it is dispersed among spherical bubbles — are likely to be reasonable for sea ice
except potentially in regions of sustained gas accumulation below low porosity ice.
We introduced parameterisations for geophysical processes relevant to the evolution
of sea ice: turbulent mixing in the ocean, absorption of shortwave radiation, brine
convection, heat transport through the snow layer, and the atmospheric heat flux.
In chapter [, we will derive a two-stream radiative transfer model to determine

Fret, which is required to determine the energy source due to the absorption of
shortwave radiation in equation .

Under the approximations of the reduced model, the equations for heat and salt
conservation reduce to those appropriate for a two-phase mushy layer. As a result,
we were able to use the enthalpy method to determine piecewise expressions for
the temperature, salinities, and solid and liquid volume fractions in terms of the

bulk enthalpy and salinity. In chapter [5, we develop and validate a finite-volume

scheme to solve the resulting system of equations (3.2.34)), (3.2.36)), (3.2.37)), and

(3.2.38]) numerically. In chapters , we use this model to simulate the evolution
of sea ice for comparison with field observations and to investigate gas bubbles

and oil droplets in the sea-ice system.



A spectral two-stream model for shortwave
radiative transfer in the sea-ice system

4.1 Introduction

Shortwave radiation reaching Earth’s surface originates from the sun with wave-
lengths 300 nm < A < 3000 nm, covering the ultraviolet, visible, and near-infrared
parts of the electromagnetic spectrum (Chen et al. 2012). The fate of shortwave
radiation in the sea-ice system (see figure is controlled by absorption and
scattering in the different media present, i.e., ice, snow, and water (Perovich 2017)).
The absorption of shortwave radiation is not a large part of the energy budget of
Arctic sea ice from September to May during which the Arctic receives little or no
solar radiation and/or the ice is covered by a highly reflecting, optically thick layer
of snow (Sturm and Massom 2017)). However, as the melt season progresses and the
snow cover melts, the absorption of shortwave radiation contributes substantially
to both surface and internal melting of the ice and heating of the upper ocean
(Perovich [2005). Therefore, to accurately simulate sea ice in the melt season,
it is important to model the propagation of shortwave radiation within the ice.
Additionally, the transmission of light in the visible range (400-700 nm) determines
the availability of photosynthetically active radiation (PAR) for algae found at
the ice-ocean interface (Gradinger 2009).

In this chapter, we summarise the relevant aspects of radiative-transfer theory
and introduce a spectral two-stream model for the vertical propagation of shortwave
radiation through snow, sea ice, and water, which closely follows existing schemes
used in sea-ice models. In §4.2] we introduce simple exponential decay laws to

model the transmission of shortwave radiation through a surface snow cover and

86
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a surface scattering layer (SSL) atop sea ice. In , we state the equation for
radiative transfer in a plane-parallel medium, which governs the propagation of
shortwave radiation in the sea-ice system. In §4.4] we introduce the so-called
“two-stream” approximation, which yields a pair of coupled ordinary differential
equations (ODEs) for the hemispherically averaged upwelling and downwelling
spectral irradiances. In §4.5] we relate the intrinsic optical properties governing
the absorption and scattering of shortwave radiation in sea ice used in previous
studies to the absorption and scattering coefficients used in the two-stream model.
In §4.6] we define some optical parameters of interest for the sea-ice system using
the upwelling and downwelling irradiances obtained from the two-stream model.
In §4.7] we discretise the spectral two-stream model into six spectral bands that
provide sufficient spectral resolution to capture the wavelength dependence of
optical properties, whilst maintaining computational efficiency. Finally in §4.8]
we validate our approach by comparing some optical parameters computed using
the derived two-stream model to literature values.

Spectral resolution and computational efficiency is essential since, later in this
thesis (chapter , we use the transient model to investigate the impact of oil
droplets in sea ice on the absorption of shortwave radiation (at low wavelengths)
over a season. We modify the spectral absorption coefficient to account for oil

droplets in the ice in due course.

4.2 Transmission of shortwave radiation through
a snow layer and a SSL

For large parts of the year, Arctic sea ice is covered by snow. Snow is highly
scattering and has one of the highest shortwave albedos of any natural material
(Sturm and Massom [2017). To build understanding of ice processes, we consider the
snow layer as a boundary condition to the sea ice model where the snow thickness
hsnow 1 prescribed (see chapterfor more details). This avoids the need to accurately

model the deposition, compaction, melting and re-freezing of the snow cover.
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Figure 4.1: A schematic diagram showing the processes controlling the vertical propagation of
shortwave radiation in the sea-ice system. The spherical polar angles (1, ) used to describe the
shortwave spectral radiance I(x, ¥, ¢, A) are indicated relative to the vertical direction z. Three
possible surface conditions are illustrated: snow-covered ice, bare ice, and a surface melt pond.
Also shown (with an exaggerated thickness) is the surface scattering layer (SSL), which is a thin
(hgst, < hice) and highly scattering layer present at the surface of bare ice during the melt season.
The case of diffuse incident shortwave radiation from the atmosphere (under cloudy sky conditions)
is shown. Both snow cover and the SSL scatter and absorb incoming shortwave radiation, hence
reducing the incident shortwave radiation reaching the ice surface z = 0. Absorption and scattering
in the ice interior control the fractions of the incident radiation that are transmitted to the ocean,
scattered back out of the ice, and absorbed within the ice. For ice with an overlying melt pond,
incident radiation is first transmitted through the pond, where a fraction is absorbed, before
entering the ice interior. Specular reflection at the ice—air or water—air interfaces is also shown,
although we neglect it in this chapter.



4. A spectral two-stream model for shortwave radiative transfer in the sea-ice
system 89

The reflection and transmission of shortwave radiation by the snow pack
is important as it determines the amount of shortwave radiation reaching the
underlying ice. To prescribe the shortwave radiation flux reaching the ice surface,
we define the spectral transmittance of the snow layer 7o (A) as the fraction
of the incident shortwave radiation exiting the base of the snow layer at each
wavelength. We parameterise the spectral transmittance through a uniform snow

layer of thickness hg,o using an exponential decay, also called Beer’s law,

7;now<)\) = [1 - asurf(h/snowa )\)} exXp [_K'snow()\)hsnow]a (421)

as is commonly done in other modelling studies (Fukami et al. [1985; Lavoie et al.
2005} Castellani et al. 2017; Lebrun et al. [2023; Stroeve et al. [2024). Here, Kgnow(\)

is the spectral extinction coefficient for the snow and

Oésurf<hsn0vv7 )\) = O‘snow(A) [1 — €Xp <_hsnow/la)] + OéSSL()\) €xXp (_hsnow/la) (422)

is the spectral surface albedo, where agnow(A) is the spectral albedo for an optically
thick snow cover, agsr, (M) is the bare ice spectral albedo, and [, is a characteristic
length scale. Going forward, we take [, = 2 cm, which was found to provide a good
fit to measured albedo over snow (see figure 12 of Grenfell and Perovich [2004)).
Under suitable conditions in summer, the snow cover atop Arctic sea ice melts
away; however, the albedo of bare (hg,ow = 0) first-year sea ice remains consistently
high — in the range 0.6-0.7 (Perovich and Polashenski 2012; Light et al. [2022) —
until the formation of melt ponds. This high albedo is due to the formation of a thin,
coarse-grained drained SSL on the ice surface, with thickness hggr, typically between
1 and 10 cm, that is one to two orders of magnitude more scattering than the interior
of the ice (Smith et al. 2022; Light et al. 2008)). Going forward, we take hgsy, = 4 cm,
which was a typical value observed by Smith et al. (2022). We model the spectral

transmittance of shortwave radiation through the SSL Tgs,(\) using Beer’s law,

7éSL = [1 — OJSSL(A)] exp [_K‘SSL()\)hSSL]; (423)

where rggr,(\) is the spectral extinction coefficient in the SSL.
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To ensure continuity of the transmitted shortwave radiation as hgow — 0, We

calculate the fraction of incident shortwave radiation transmitted to the ice as
7§urf()‘> = min [7;n0w(/\)7 TSSL()\)]- (4.2.4)

The transmission of shortwave radiation through the snow cover and SSL yields
the following boundary condition for the downwelling radiation flux at the ice

surface, z = 0:
‘FinC(A) = FSW()‘>7;urf<)\)a (425)

where Fgw(A) is the spectral downwelling shortwave radiation flux from the atmo-
sphere.

We consider three possible surface configurations:
1. snow covered ice: hgnow > 0, hgsy, = 4cm;

2. bare ice: hgow = 0, hgsr, = 4 cm; and

3. ponded ice: hgnow = 0, hgst, = 0.

Beer’s Law is suitable for optically thick media such as snow and the SSL, which
are both highly scattering. However, Beer’s law has been shown to overestimate the
transmission of shortwave radiation by up to 200% through thin sea ice (hice < 0.8 m)
(Grenfell |1979). Therefore, as described below, we adopt a more sophisticated

approach to model the transmission of shortwave radiation through the ice interior.

4.3 Radiative transfer theory

The shortwave radiation field at a position @ is characterised by the spectral radiance
I(x,9,, A) in units of radiative power per unit area per unit solid angle per unit
wavelength, where ¢ is the angle the radiation makes to the downward vertical
direction, ¢ is the azimuthal angle, and A is the wavelength (see figure . In
general, the incident shortwave radiation field from the atmosphere has a diffuse

(isotropic) component and a direct beam component. For simplicity, we assume
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all incident shortwave radiation is diffuse, which is a good approximation for the
Arctic due to the presence of low stratus clouds over sea ice in summer (Perovich
1990). Due to substantial changes in the index of refraction, a component of the
incident radiation undergoes specular reflection at the air-ice or air-water interface.
Here, we neglect specular reflection because it is typically only around 5% of the
incident radiation under diffuse sky conditions (Perovich and Grenfell |1982).

For shortwave radiation propagating through a horizontally uniform plane-
parallel medium with no internal sources, the spectral radiance field is governed
by the radiative transfer equation (Chandrasekhar 2016]),

Cosﬁlg S /27r /7r P, 0, o, (T, ¥, ¢, N)sind' dd' dy’, (4.3.1)

dr dm Jo Jo

where 7 is the optical depth, wy is the single scattering albedo, and & (¥, ¥, ¢, ¢')
is the phase function, which gives the fraction of radiation scattered from the
(', ') direction into the (¢, ¢) direction. The optical depth and single scattering
albedo are defined by

dr = [k(z, \) +r(z, )] d= (4.3.2)

and
r(z, A)
k(z, \) +r(z, \)’

respectively, where k(z, A) is the spectral absorption coefficient and r(z, A) is the

(4.3.3)

Wy =

spectral scattering coefficient. Sea ice is a highly scattering medium (wg &~ 1), and
we assume here that water (in the ocean or melt pond) is not scattering (wy = 0).
See Perovich (2017)) for a detailed review of absorption and scattering in sea ice.

The full radiative transfer equation is a complex integro-differential equation
with no general solution. Many different models have been developed to describe
radiative transfer in sea ice, which are distinguished by the number of streams
(angular directions) in which the radiance field is calculated. Beer’s Law, as used
previously in this section, is essentially a one-stream radiative transfer model that
does not capture scattering and requires the albedo to be specified. Two-stream

models are common because they are the simplest models that can capture the
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essential physics of absorption and scattering, and are computationally inexpensive
(Perovich |1990; Taylor and Feltham 2004). The dEdd-AD two-stream model for snow
and ice (Briegleb and Light [2007) is used in the Icepack, CICE and MPAS-Seaice
models (Dang et al.2019)). The major limitation of two-stream models is the isotropic
treatment of scattering, which can be improved upon by using more streams (Grenfell
1983 Grenfell |1991)). For example, TUV-snow is an eight-stream model originally
developed to describe radiative transfer in snow (Lee-Taylor and Madronich 2002))

and later adapted to be used in sea ice (Redmond Roche and King 2022b).

4.4 The two-stream model

We define the downwelling and upwelling spectral irradiances as the spectral power

per unit area incident on the horizontal plane from the lower hemisphere
2r  pm/2
Fr(r) = / / I(r, 9, o, A) cos 9 sind dv d, (4.4.1)
o Jo
and upper hemisphere
27w
Ff(r) = / / I(1, 9, ¢, \) cos¥sin ¥ dv) dep, (4.4.2)
0 w/2

respectively. It is common (e.g. Stamnes et al. 2017) to approximate equation (4.3.1)
with a pair of coupled ODEs for the upwelling and downwelling spectral irradiances

(see appendix [F| for details), which yields a two-stream model given by

df-
df;\ = (kgs —I— Tgs)f/\_ — Tgsf;_, (443)
and
d +
C{; = —(kas + r2s) fx + rasf (4.4.4)

where we have normalised the spectral irradiances using the incident spectral
downwelling radiation flux from the atmosphere Fgsw()), such that fy(z) =
F{(2)/Fsw()\) and fy (2) = Fy (2)/Fsw()\). The normalised net shortwave ra-

diation flux in the ice is given by

Fanet(2) = £ (2) = X (2)- (4.4.5)
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The two-stream absorption coefficient kog and scattering coefficient rog are

related to the absorption and scattering coefficients k£ and r by

k
kog = — 4.4.6
8= (4.4.6)
and
rb
rog = —, 4.4.7
3= ( )

respectively, where b is the backscatter fraction and 1/z is the mean vertical path
extension of the diffuse radiance field. These quantities are related to the ice
scattering phase function and the angular distribution of the radiance field (see
appendix . The simplest approach is to assume an isotropic radiance field in each
hemisphere, which yields 7 = 1/2, which we use going forward.

The boundary conditions for equations and are

which arises from equation (4.2.4) with fixed incident downwelling flux, and
fi(z=~h) =0, (4.4.9)

which arises from the assumption that there is no upwelling irradiance at the bottom
of the domain. The latter is reasonable for ice atop a sufficiently deep ocean that

does not contain any significant light-scattering impurities.

4.5 Ice optical properties

The optical properties, kogs and 795, depend on space, time and wavelength as the
sea ice thickness changes. Previous two-stream models have split the domain into
discrete layers with uniform optical properties, such as the snow, SSL, melt pond,
ice interior and ocean (Perovich 1990; Taylor and Feltham 2004). We parameterise
the transmission of shortwave radiation through any snow cover and SSL as a
boundary condition at z =0 ( and determine kog and rog as functions of ¢, in

—h < z < 0 to avoid explicitly tracking the ice-ocean and ice-melt-pond interfaces.
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4.5.1 Scattering

In snow, ice, and water, the scattering coefficient does not vary significantly with
wavelength (Grenfell |1983). A previous two-stream model for the propagation
of shortwave radiation in the sea-ice system used values of ryg in the range 1.2—
2.5m™" for interior sea ice and o5 = O0m™! for clear seawater (Perovich [1990). We
calculate the rog value for interior sea ice using equation (4.4.7)), where r = pl_ 0sca,
Osa = 0.15m?kg~! is the mass sacttering cross section of first-year sea ice, and
Pie = 800kgm™ is the bulk density of first-year sea ice. The latter value was
used by Redmond Roche and King (2022b) and may seem unrealistically low
compared with the range of values reported in the literature (Timco and Frederking
1996)). However, we use this value to calculate the value of ryog for consistency
with Redmond Roche and King (2022b)).

It is known that the scattering phase function in sea ice is highly anisotropic
and strongly peaked in the forward direction, both from measurements (Grenfell
and Hedrick [1983) and from calculations using a Mie scattering model (Grenfell
1983). Therefore, it is common practice in sea-ice radiative transfer models to use
a Henyey-Greenstein (HG) phase function (Henyey and Greenstein |1941) with an
asymmetry parameter close to 1. Indeed, Redmond Roche and King (2022b) used a
HG phase function with an asymmetry parameter of 0.98, which yields a backscatter
fraction b = 0.00423 for a single scattering event (see appendix .

It is notoriously difficult to accurately resolve highly anisotropic scattering with
a two-stream model (see Stamnes et al. 2017, for an overview), which has led to
the development of approximations such as the delta-Eddington approximation
(Joseph et al. [1976; Briegleb and Light 2007). We find that using b = 0.00423
with 7 = 1/2 in our two-stream model results in values for the spectral albedo
(350nm < A < 800nm) of 0.8 m thick first-year sea ice that are too low compared
with the results found by Redmond Roche and King (2022b) using the eight-stream
TUV-snow model for the same optical properties. To resolve this discrepancy,
we calculate the value b that minimises the mean squared difference between the

spectral albedo of 0.8 m thick first-year ice calculated using our model and the values
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reported by Redmond Roche and King (2022b). This procedure yields b = 0.00715
as the most appropriate value for the backscatter fraction in our two-stream model,
and we use this value going forward. Since we neglect scattering in the ocean
and melt ponds, we set ros = 0 where no ice is present (¢; = 0) and we use

equation (4.4.7) when ¢, > 0, which yields

o8 (¢5) -

1.716m™ ¢, >0,
(4.5.1)

om™ g, =0,

Here we have used b = 0.00715 and optical parameters from Redmond Roche and

King (2022b)), yielding an ryg value consistent with the range of values reported

by Perovich (1990)).

4.5.2 Absorption

Unlike scattering, absorption in sea ice is strongly wavelength dependent. The
spectral absorption coefficient k(\) in sea ice increases rapidly by several orders
of magnitude with increasing wavelength in the shortwave range, making sea ice
fairly transparent to visible light but optically thick to near infrared wavelengths.
Therefore, following Redmond Roche and King (2022b), we use equation (4.4.6))
to calculate kos(\) by using experimentally determined values of k(\) for pure ice
(Warren and Brandt 2008)). The spectral absorption coefficient for water is very
similar to that of pure ice, suggesting that it is reasonable to use the same values
of kag(N) throughout liquid and ice filled portions of the domain (Perovich [2017)).
This treatment of absorption is sufficient for sea ice and ocean water, however it
is known that the presence of impurities can significantly alter the absorption of
shortwave radiation in the sea-ice system (Grenfell et al. 2002; Marks and King
2013a; Marks and King 2013bj Lamare et al. 2016 Redmond Roche and King
2022b)). In chapter , we extend this treatment of absorption to investigate the

impact of oil droplets on radiative heating and light transmission in sea ice.
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4.6 Optical parameters of interest for the sea-
ice system

In this section, we define some optical parameters of interest that quantify the
partitioning of the incident shortwave radiation into reflected, transmitted, and
absorbed components. We also define the metrics used to quantify the transmission
of PAR at the ice—ocean interface. We define quantities using the spectral irradiances
obtained from the two-stream model and also the broadband counterpart obtained
by averaging over the incident shortwave radiation spectrum (indicated with a tilde).

For example the incident broadband shortwave radiation flux is given by

~ )\max
Fyw = Fsw(X) dA. (4.6.1)

/\min

4.6.1 Surface albedo

In the absence of snow cover or a SSL, the spectral albedo of the ice is the fraction
of the incident shortwave radiation that is reflected back to the atmosphere at

each wavelength,

Qice(A) = f3(0). (4.6.2)

Accounting for the fraction of the incident radiation scattered back to the atmosphere

by any snow layer or SSL yields the total spectral albedo,
Oé()\) = O5surf<)\) + O‘ice(/\)- (463)

Equation (4.6.3) can be integrated over the spectrum of the incident shortwave

radiation to yield the total albedo,

A
max fr () a(A) dA

a:fkmi; sw(d)a(d) dA (4.6.4)
Jame Faw () dA
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4.6.2 Transmittance

Similarly, we define the spectral transmittance through the ice to the ocean as
the fraction of the incident shortwave radiation that is transmitted through the

ice to the ocean at each wavelength,

T(/\) = f;(_hice)~ (465)

Integrating over the spectrum of the incident shortwave radiation yields the

total transmittance,

= e Faw (AT (A) dA

T = o (4.6.6)
Lo Pow(A) d
4.6.3 Radiative heating
The spectrally-integrated net shortwave radiation flux in the ice is
~ )\nlax
Fnet(z) = /}\ ‘ FSW(A)f)\,net(z)d)\y (467)

which is used to compute the radiative heating term in equation (|3.2.34]) for the

transient model of sea ice growth given in chapter [3]

4.6.4 Photosynthetically active radiation (PAR) at the ice—
ocean interface

Radiation in the visible range (400-700 nm), so-called PAR, is used for photosyn-
thesis by under-ice algae in Arctic waters. Since photosynthesis is a fundamentally
quantum process, a more appropriate measure of light availability used to estimate
photosynthesis rates in the ocean is the photon flux of PAR Qpar (molm=2s71).
Following Morel and Smith (1974)), we define the downwelling planar PAR irradiance

and photon flux as

700 nm
Foan(z) = A CF() (4.6.8)
and
_ 1 700 nm F— )\ d)\ 4
Qpar(2) = ]VAAOOnm ]\ (Z)% ; (4.6.9)
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respectively, where N4 = 6.023 x 10?3 mol~! is Avogadro’s number, A = 1.055 x 1073 J s

is the reduced Planck constant, and ¢ = 3.00 x 108 ms~!

is the speed of light.
Equations and define the downwelling “flat plate” PAR irradiance
and photon flux, respectively, which are measured by typical instruments in the field.
However, photosynthetic tissues act as scalar collectors of light, such that rates of
photosynthesis are more closely related to the scalar photon flux pg, which can be

1.8-4.2 times greater than the “flat plate” value (Redmond Roche and King 2024).

Assuming the radiance field is isotropic in both hemispheres (see appendix7 we find

Qpar(2) =2 [Qpar(2) + Qfar(2)] (4.6.10)

and, in particular, Qpag(—hice) = 2Qpar(—hice) at the ice—ocean interface, where
there is no upwelling radiation stream. For comparison with previous studies, we

also define the plane PAR transmittance,

%AR _ FI;AR<_hiCG)
Jioomm Fsw () dA’

as the ratio of the downwelling “flat plate” irradiance in the PAR range at the ice—

(4.6.11)

ocean interface to the incident irradiance in the PAR range (see Redmond Roche

and King 2024, for example).

4.7 The Six-band two-stream (6B2S) model

To minimise computational cost, two-stream shortwave radiative transfer schemes
in sea-ice models often use optical properties averaged over the entire shortwave
wavelength band (Taylor and Feltham [2004]). We choose to instead resolve some
spectral variation in the optical properties, especially in the visible range, for
two reasons: (1) to investigate the impact of oil pollution in sea ice, which only
significantly alters the ice absorption coefficient for wavelengths less than 800 nm (see
chapter[§), and (2) to investigate the transmittance of PAR at the ice-ocean interface.

We partition the incoming shortwave radiative power into six spectral bands,

see §; in table [4.1) where the index i = 1, 2, ..., 6 corresponds to:

1. near ultra-violet (NUV): 300-400 nm;
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Parameter Value

Cloudy sky spectral irradi- 0.086 (NUV)
ance fraction (S;) 0.217 (VISI)
0.196 (VIS2)
0.155 (VIS3)
0.301 (NIR)
0.045 (SWIR)

Wavelength weighted spec- — (NUV)

tral power (P;) 9.81 x 10~¥m (VIS1)
1.08 x 10" m (VIS2)
1.00 x 10~"m (VIS3)
~ (NIR)
- (SWIR)

Table 4.1: The fraction of the radiative power S; in each wavelength band, as calculated from
the incident shortwave spectrum under cloudy sky conditions (the dashed curve in figure 11 of
Grenfell and Perovich 2004), and the wavelength weighted radiative power in each band divided
by the total radiative power in the spectrum P;. The latter quantity is needed to calculate the
PAR photon flux via equation .

2. visible 1 (VIS1): 400-500 nm;

3. visible 2 (VIS2): 500-600 nm;

4. visible 3 (VIS3): 600-700 nm;

5. near-infrared (NIR): 700-1200 nm; and

6. shortwave infrared (SWIR): 1200-3000 nm.

This partitioning is a compromise between computational efficiency and spectral
resolution. We assume that the incoming shortwave radiation follows the spectrum
given in Grenfell and Perovich (2004)) for cloudy sky conditions and then calculate

the fraction of the radiative power in each band via

A .
Irfax,.zF )\ d)\
S = S FswY) , (4.7.1)
Fsw

where Apin,i and Ay ; are the minimum and maximum wavelengths in the ith
spectral band (see table [4.1]). The three visible bands, which collectively contain
over half of the incident radiation, are the same three bands available in the red-

green-blue (RGB) shortwave radiative transfer scheme used in the NEMO ocean
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model, which was found to suitably capture spectral irradiance profiles in the ocean
(Madec et al. 2024). The remaining bands do not directly correspond to any official
designations, but are useful distinctions for our purposes in this thesis.

We have collected the required spectral optical properties for the radiative
transfer model from published sources and then calculated the averaged values over
each of the six spectral bands of interest (table . Dry snow, wet snow, and
SSL albedo data is available for all spectral bands except SWIR, in which we set
the albedo to the representative low value of 0.1. Since wet snow has significantly
fewer ice—air interfaces than dry snow, it is therefore a much less effective scatterer
of shortwave radiation. We found that both the dry and wet snow extinction
coeflicients given by Perovich (1990) underestimated the transmission of shortwave
radiation in the visible range. Therefore, we use the values proposed by Lebrun
et al. (2023)) for the NUV and VIS1-3 bands, the value given by Perovich (1990)
in the NIR band, and a large representative value of 1000 m~" in the SWIR band
(table [4.2). These values well reproduce observed light transmission (see §4.8.3)).
We use the SSL extinction coefficient values reported by Perovich (1990) and again
set the value in the SWIR band to 1000m~! (table . More values for the
albedo of dry snow and the SSL collected from the literature but not used in this
work are given in table for comparison.

We neglect the absorption of energy in the snow from shortwave radiation, but
energy absorbed in the SSL is added back to the net radiation flux at z = 0 to
ensure energy conservation in the ice. As a result, the computed radiation fluxes
are discontinuous at z = 0 when an SSL is present. This discontinuity represents
absorption in the SSL at the ice surface at the sub-grid scale.

The absorption coefficient in ice increases with wavelength such that radiation
with wavelength larger than 1200 nm is completely absorbed within the first few
centimetres of ice. Since our simulations will typically have a grid resolution larger
than 1 cm we therefore avoid solving the two-stream equations for the SWIR band

by assuming that all the radiation in this band is absorbed within the first grid cell.
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This leaves five spectral bands in which we must solve a boundary value problem with
two coupled ODEs. We do so numerically using a collocation method (see chapter [5)).

To evaluate integrals over the incident radiation spectrum of a spectral quantity
g, we replace the integral with a sum weighted by the fraction of the incident

radiation in each spectral band,

)\max ~ 1:26
min =1
For example, equation (4.6.7) becomes
Fnet FSW Z fz net (473)

Integrals over the PAR range are approximated by a sum over the visible bands
(i.e., i = 2, 3, 4). The calculation of Qpar(2) requires summing over the incident

spectrum weighted by wavelength,

F CFw &
b E 4.7.4
where average first moments of the incident spectrum in each band P; are given in ta-

ble K11

4.8 Results

We next present some calculations using the 6B2S model developed above. First,
we illustrate the typical net irradiance profiles in the ice for each spectral band
for snow-covered ice, bare ice, and ponded ice ( We then confirm that the
model is able to reproduce observed albedos for snow-covered, bare, and ponded ice
(§4.8.2)). These three cases are informative because each of these surface conditions
can occur at some point during the evolution of first-year sea ice over one season,
and the change from one case to another is accompanied by a large change in
the relative fractions of incoming shortwave radiation reflected, absorbed, and
transmitted by the ice. Finally, we validate the predicted transmittance of PAR at
the ice—ocean interface against field data for both dry and wet snow cover (§4.8.3)).
We also compare the transmitted PAR predicted by our model with another model
from the literature (Redmond Roche and King 2024]).
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Figure 4.2: Normalised net irradiance profiles calculated using the 6B2S model for a 100 cm
thick layer of sea ice for each spectral band: NUV (dashed pink), VIS1 (solid blue), VIS2 (solid
green), VIS3 (solid red), NIR (dashed brown), and SWIR (solid black). Profiles for three different
surface conditions are shown: (a) dry-snow covered ice with hgnow = 20cm, (b) bare ice with
hgst, = 4cm, (c) ponded ice with hpona = 20 cm. The ice surface is at z = 0 in panels (a) and (b),
and the ice-ocean interface is at z = —100cm. Snow is shaded grey in panel (a) and the melt
pond is shaded light blue in panel (c). The optical parameters are those given in the text. Note
that the scale on the horizontal axis is different in panels (b) and (c¢) compared with panel (a).

4.8.1 Irradiance profiles

Figure [4.2] shows the net irradiance profile in the ice for each wavelength band
normalised by the incident irradiance in that band for three surface conditions: (a)
dry-snow-covered ice, (b) bare ice, (¢) and ponded ice. When dry snow covers the
ice (figure [4.2h), almost all infrared radiation (NIR and SWIR bands) is reflected
or absorbed by the snow layer before reaching the ice. Around 1% of the incident
radiation in the NUV and visible bands is transmitted through the snow layer to
the ice. There is more significant absorption of the longer visible wavelengths in
the VIS3 band compared with the VIS1 and VIS2 bands in the ice. As a result,
the spectrum of transmitted radiation at the ice—ocean interface is heavily shifted
towards the blue and green wavelengths.

For bare ice with a SSL (figure [4.2b), there is significant absorption of all
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wavelengths on a sub-grid scale at the ice surface, and as a result the modelled net
irradiance profiles are discontinuous at z = 0. Radiation in the NIR and SWIR
bands, which makes up 34.6% of the incident radiation (table [4.1)), is effectively
completely absorbed at the surface. Between 5 and 10% of the incident radiation
in the NUV and visible bands is transmitted through the ice to the ocean, which
is around one order of magnitude larger than in the snow-covered case.

For ponded ice (figure [4.2h), radiation in the SWIR band is assumed to be
absorbed entirely at the surface of the pond. Radiation in the NIR band is almost
entirely absorbed within a pond of depth 20 cm before reaching the underlying ice.
Between 20 and 50% of the incident radiation in the NUV and visible bands is
transmitted to the ocean, with higher transmission of the shorter wavelengths.

In summary, snow cover permits only a small fraction of the incident radiation
in the visible and UV wavelength bands to reach the ice and underlying ocean.
Bare ice still reflects a significant fraction of the incoming radiation due to the
SSL, but also experiences heating at the surface and internally. The formation of
a melt pond leads to much more penetration of visible wavelengths through the
ice to the ocean, with significant absorption of radiation in the pond itself. These
results are all consistent with previous studies of shortwave radiation partitioning

in the sea ice system (e.g. Perovich 2017).

4.8.2 Spectrally-integrated albedo & transmittance

Figure [4.3]| shows the spectrally-integrated transmittance, PAR transmittance, and
albedo of snow-covered (top row) and ponded (bottom row) sea ice. The variation
in these three spectrally-integrated properties with ice depth is minor for the
values considered when the ice is snow covered, which is to be expected from
previous work (Perovich et al. [1986). There is greater variation with ice depth
for ponded ice. The largest effect of varying ice thickness is on the transmitted
PAR for ponded ice, with around a twofold increase in transmittance between

the thickest and thinnest ice considered.
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Figure 4.3: The broadband transmittance (equation left column), PAR transmittance
(equation middle column), and broadband albedo (equation right column) of sea ice
with varying thickness (blue lines) calculated using the 6B2S model with the optical properties in
table (dry snow values). The top row shows how the calculated optical properties vary with
snow thickness. The points marked with a star indicate values for bare ice with hgg, = 4cm. The
points marked with a circle indicate values for bare ice with no SSL. The bottom row shows how
the calculated optical properties vary with surface melt pond depth.

Examining the surface albedo (right column of figure , we see that the albedo
of ice covered with a layer of dry snow thicker than around 5 cm is around 0.8, which
is consistent with the lower end of the range of values reported in the literature
(Grenfell and Maykut Grenfell and Perovich ; Vérin et al. ; Light et al.
. As the snow thickness decreases, the albedo decreases to around 0.65 for
bare ice with a SSL before decreasing to between 0.2 and 0.4 for ponded ice, again
consistent with observations in the literature (Perovich et al. [2002; Light et al. [2022).

The transmittance and PAR transmittance (left column and middle column
of figure decrease rapidly from a few percent for bare ice with a SSL to very
low values as snow thickness increases, as examined further in §4.8.3] The loss of
the SSL and formation of a melt pond acts to dramatically increase transmittance

and PAR transmittance to the ocean, which is a well documented phenomenon

(e.g. Perovich [1990).
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Figure 4.4: Modelled PAR transmittance (equation versus measured PAR transmittance
values compiled from the literature (Redmond Roche and King [2024). The numbered blue stars
indicate the values predicted by the TUV-snow model used by Redmond Roche and King (2024),
where the numbers refer to the entry for the observation in their table Al. The orange and red
circles indicate modelled values calculated for dry and wet snow, respectively, using our 6B2S
model with snow and ice thickness given by the measured values. The black line indicates perfect
agreement between the modelled and measured values.

4.8.3 Transmitted PAR

Stroeve et al. (2021)) observed that the transmitted PAR photon flux at the ice-ocean
interface Qpagr (—hice) is linearly related to the transmitted broadband shortwave

irradiance Fye(—hice) via

QEAR(_hice)
Fnet ( - hice)

This linear fit was calculated using light transmission data from the GreenFEdge field

= (3.5100 £ 0.0173) pmol J . (4.8.1)

campaign in the Arctic Ocean, sampling both landfast and pack ice, and is suggested
to be appropriate for snow-covered, bare, and ponded ice. Our 6B2S model predicts

values of this ratio that are in good agreement with Stroeve et al. (2021):
o 3.414-3.825 pmol J7! (for ice with hgnew = 20 cm),
e 3.352-3.737pmol J=! (for bare ice with hggy, = 4 cm),

e 3.417-3.796 pmol J™! (for ponded ice with hpeng = 20 cm),
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where the range of values is found by varying the ice thickness from 2m to 0.5 m.
A previous study compiled values of PAR transmittance though sea ice of varying
thickness and snow cover from the literature (see table Al in Redmond Roche and
King2024), which was used to validate the performance of the TUV-Snow model for
predicting PAR transmittance at the ice—ocean interface. Using the same dataset,
we compare the performance of our 6B2S model with the TUV-snow model in
figure [4.4] We identify two main clusters of PAR transmittance observations.

Observations numbered 1-7 are from winter/spring, have snow thickness greater
than 10cm, and exhibit PAR transmittance values around 1% or less. These
observations are well reproduced by our model using optical parameters for dry
snow (orange). Both our model with optical properties for dry snow and the
TUV-snow model show a slight bias towards overestimating the PAR transmittance
for these winter/spring observations.

Observations numbered 9-13 are from summer, have thinner snow cover, and
exhibit PAR transmittance values around 10%. These observations are well
reproduced by our model using optical parameters for wet snow (red).

Observation number 8 had an extremely thick snow cover (95cm of snow on
110 cm of ice) and is not particularly well reproduced by our model. However,
uncertainties are high when measuring such small transmittance values and such
large snow depths do not occur at the field site investigated later in this thesis
(chapters [6}{g).

We conclude that our model is capable of accurately predicting the transmission
of radiation in the PAR range through sea ice throughout the year for a range of
snow and ice thicknesses so long as we choose optical parameters for dry snow in

the Winter / Spring and optical parameters for wet snow in the summer.

4.9 Conclusions

In this chapter, we reviewed the role of shortwave radiation in the sea-ice system
and the typical yearly cycle in the incident shortwave radiation in the Arctic.

We introduced the fundamentals of absorption and scattering that govern the
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propagation of shortwave radiation in snow, ice, and water. Following existing
literature, we parameterised the transmission of shortwave radiation through the
snow and SSL using Beer’s law with appropriate albedos and extinction coefficients
to arrive at a boundary condition for the incident shortwave radiation reaching the
ice interior. Within the ice, ocean, and any surface melt pond, we utilise the two-
stream approximation to solve for the upwelling and downwelling spectral irradiance
profiles. We introduce six spectral bands in which we solve the two-stream model,
which maintains a good balance between computational efficiency and spectral
resolution. We use this model to calculate the energy source due to the absorption
of shortwave radiation required by the transient sea ice model developed in chapter 3]

We used the 6B2S model to perform some idealised calculations illustrating
typical irradiance profiles for snow-covered, bare, and ponded ice. We also confirmed
that the model is capable of accurately reproducing broadband albedos typical for
snow-covered, bare, and ponded ice. Finally, we showed that, for our choice of
optical parameters, the model can accurately predict the transmitted PAR through
snow-covered ice reported in the literature. This suggests that the shortwave
radiative transfer scheme developed in this chapter is suitable for investigating
the transmission of PAR at the ice—ocean interface.

In chapter [5| we describe the implementation of a numerical method to solve
the 6B2S model. The resulting implementation is used throughout chapters [6}-
as the radiative transfer scheme for the transient sea ice model described in
chapter 3] In chapter [§ we modify the absorption coefficient of the model to account
for the enhanced absorption of ice polluted with oil droplets. This allows us to
investigate the impact of oil droplets on the partitioning of shortwave radiation

in the sea-ice system.



Numerical methods for the transient
problem

5.1 Introduction

In chapter |3, we derived a horizontally uniform, transient, three-phase mushy-layer
model for sea ice growth in a saltwater ocean containing dissolved atmospheric
gasses. The model comprises a system of coupled dimensionless partial differential
equations (PDEs) for the bulk enthalpy H(z, t), bulk salinity ©(z, t), bulk dissolved
gas content I'y(z, t), and gas fraction ¢4(z, t) as functions of the dimensionless
time t € [0, tf] and dimensionless vertical coordinate z € [—1, 0]. From these
bulk variables the dimensionless temperature, liquid and solid phase salinities, and
liquid and solid volume fractions are calculated using piecewise expressions derived
using the enthalpy method. We impose boundary conditions at the bottom of the
domain, z = —1, that specify the oceanic heat flux, salinity, and saturation state
of dissolved gas. We impose boundary conditions at the top of the domain, z = 0,
that prevent the flux of dissolved salt and gas, and that specify the atmospheric
heat flux using a surface energy balance that includes sensible and latent heat
fluxes, the net longwave radiative flux, and conductive heat transport through a
quasi-steady homogeneous snow layer (if present). In chapter , we introduced a
spectral model for the propagation of shortwave radiation that provides the energy
source due to the absorption of shortwave radiation. In this chapter, we describe
a finite volume scheme used to solve the dimensionless conservation equations
for heat, salt, and gas in the cases of finite Damkohler number Da and infinite

Damkohler number Da — oo.

109
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Figure 5.1: Schematic diagram showing the spatial discretisation of the non-dimensionalised
domain —1 < z < 0, with the grid spacing Az indicated on the z axis on the left of the diagram.
The cell centre positions z® are shown as red filled circles between the black lines showing cell
edge positions 2°. The ghost grid with positions z® includes two extra points at the top and
bottom of the domain shown as unfilled black circles. The indices of the cell edge positions are
labelled in black text on the right hand side of the diagram and the indices of the cell centre
positions are labelled in red text. The index of the cell edge labelled b is the position of the
ice—ocean interface with the completely liquid region of the domain coloured in blue.

In §5.2 we describe the implementation of a finite volume scheme to solve the
PDE system, including our implementation of the RJW14 brine convection scheme
and the six-band two-stream (6B2S) model described in chapter [ We then briefly
describe the explicit algorithm used by the Python package SciPy to numerically
integrate the spatially discretised system. In §5.3] we validate these numerical
methods against two benchmark problems. We first consider, the diffusive growth of
sea ice from a cooled top boundary, for which a semi-analytical solution is available
for two-phase mushy layers. We then compare the spectral albedo, transmittance,
and net irradiance calculated using the 6B2S model to the same model with higher

spectral resolution, and to the TUV-snow model from the literature.
5.2 Finite-volume scheme

5.2.1 Spatial discretisation

To implement a finite-volume method (LeVeque 2002), the domain (-1 < z < 0)
is discretised using N, cells of equal width Az = 1/N, shown in figure 5.1 The
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dimensionless conservation equations for the transient model, derived in chapter [3]
are integrated over each cell to obtain a system of ordinary differential equations
(ODEs) for the mean values of each primary variable in each cell. Typical spatial
resolutions for the simulations in this thesis range from N, = 50 to N, = 100, as
discussed further in §5.3] The mean values of the bulk enthalpy H, bulk salinity

©, dissolved gas content I'y, and gas fraction ¢, are evaluated at the position of

cell centres 2 = [z7, 25, ..., 23], where

z?:—1+(2z‘—1)A22, i=1,2,...,N. (5.2.1)
Fluxes are evaluated at cell edges 2° = [27, 25, ..., 2y_,,], where

o= 14 (- DAz, i=1,2... N, +1. (5.2.2)

Boundary conditions are implemented using a ghost cell at the top and bottom of

the domain that extends the grid of cell centres to 2% = [27, 23, ..., 2§ ], Where
A
z?:—1+(2i—3)72, i=1,2,...,N.+2. (5.2.3)

For the remainder of this chapter, quantities evaluated on each of these grids are

denoted by vectors with the corresponding superscript.

We solve equations (3.2.34)), and ({3.2.36)—(3.2.38) from chapter [3| numerically

using a finite volume scheme. To do so, we write the system in the form

dy®

T ey, (5.2.4)

subject to the initial condition y®(0) = y®©,, where y© is the vector of length 4N,
formed by concatenating the vectors storing the four bulk variables evaluated

on cell centres,
y° =M, ©° T3, ¢7], (5.2.5)

where H®, ©¢, T'Y, and ¢<g‘9 are the bulk enthalpy, bulk salinity, dissolved gas content,

and gas fraction evaluated on cell centres, respectively. The function f© encodes
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the spatially discretised conservation equations (3.2.34)), and ([3.2.36)—(3.2.38)) at

each cell centre and can be written as the concatenation:

W) = [F6Y°), folty®), fe,(t.y°), £ (ty®)], (5.2.6)

where fy, fo, fr,, and ffg are derived below.
The boundary conditions in §3.4] are used to add values in the ghost cells to
the bulk variables to obtain H®, ®¥, I'Y, and qb;’a Dirichlet boundary conditions

are applied directly in the ghost cells; for example,
Y =0

from equation (3.4.1). Neumann (flux) boundary conditions are applied by calcu-
lating the flux at the top or bottom boundary using a first-order finite-difference
approximation. For example, the boundary condition given by equation (|3.4.2])

is discretised as

® ®
On.12 = ONnp1
A =0,
<

which can be rearranged to find the appropriate value for @%z 4o to be imposed in

the ghost cell. For the heat-flux boundary conditions (equations (3.4.8 and |3.4.9)),

this procedure requires solving a non-linear equation for the ghost-cell value at each
timestep and is implemented using the scipy.optimize.fsolve function from the
SciPy Python library (Virtanen et al. [2020)).

The dimensionless dissolved gas concentration w®, dimensionless temperature
0%, liquid salinity ©}, solid fraction ¢?, and liquid fraction ¢;° are obtained from

y® via equations (3.2.40), (3.3.8), (3.3.9), (3.3.7), and (3.3.3).
The differentiation matrix Dy, of dimensions (M, M + 1) is

1
B3 i
AZ7 j 1 + )
(Dy)ij = —iszi i=1,2,...,M, j=1,2....M+1. (527)
AZ’ Y
0, otherwise,

Multiplication by the matrix D® = Dy, provides a centred finite-difference approxi-

mation at cell centres of the first z-derivative of a quantity defined on cell edges.
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Multiplication by the matrix D¥ = Dy_,; provides a centred finite-difference
approximation at cell edges of the first z-derivative of a quantity defined on
the ghost grid.

The geometric-average-operator is

G(g™)], = VaPqr,, i=1,2,...,N.+1, (5.2.8)

and interpolates values on the ghost grid to the cell edges. The upwinding operator is

®, 0 o
q; u;, u; >0,

U(g®, u”)]; = { i=1,2,... N, +1, (5.2.9)

)
giqug,  up <0,
and evaluates the flux of a quantity at the cell edges according to the sign of the
velocity u®. Using this operator, advective fluxes are discretised using the first-order

upwind scheme for numerical stability (LeVeque 2002).
For use in equation ((5.2.4]), equation (3.2.34)) is discretised as

fi=—D" U (6%, w') + D+ [d”y x (D - 0%)] — Sgyyyuy *0° + D7 - F,,
(5.2.10)

where w?T and 8§14 are the convective upwelling velocity and brine-channel sink
term (see , frit is the net shortwave radiative flux (see chapter , - denotes

the standard matrix product, * denotes the element-wise product, and

o1
d,, = ¢ v+ ¢, + g(¢’Le ) (5.2.11)

is the phase-averaged dimensionless thermal diffusivity, where ¢} = G(¢;") and
@. =1—¢;. We evaluate ¢ using the geometric average to ensure that there can
be no liquid flux across the edge of a cell that is completely solid. For numerical

stability, we have replaced the unit step function H with a smooth alternative,

ex/d¢, x <0,
g(x) = , (5.2.12)
1, x>0,

where dg < 1 is a smoothing parameter, the precise value of which should not have
a meaningful qualitative or quantitative impact on our results. We use dy = 0.01

throughout this thesis, which ensures that the last term in equation (5.2.11]) is less
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than 1 x 1072 for ¢; < 0.9 and the value of Le. = 0.126 considered in this thesis.
To ensure that eddy diffusivity only plays a significant role in liquid regions of the
domain, the value of dy should be decreased if the eddy diffusivity is increased.

Note that g(x) is evaluated element-wise when z is vector valued.

For use in equation (5.2.4]), equation ([3.2.36]) is discretised as

2 ) 1
fo=-D"-U (O] +C, w}) + D (dg « (D” - ©7)] — Sy * (O] +0),
(5.2.13)

where

LeS o
=~ —1). 5.2.14
Le. g(¢l ) ( )

For us in equation (5.2.4), equation (3.2.37)) is discretised as

dg = ¢, +

fo, = —xD° U (w®, w)) + LXeéDO Jdg  (D* - w®)] xSy ¥ w® — xDaN®,
(5.2.15)
where N'® is the dimensionless gas exsolution rate (defined in chapter [2)) evaluated

at cell centers and

Leg

d¢ = ¢, + 7 eld) —1). (5.2.16)
Finally, for use in equation ([5.2.4), equation (3.2.38)) is discretised as
ffg = —Bé(Q)D@ U (d(5®) * d)f;)’ 1@) + XDCLN@), (5217)

where 1° is a vector of ones of length N, + 1 and d(8%) is the dimensionless bubble

drag function, as given by equation (3.2.39), where

do
e (5.218)
1 re

with the division performed element-wise and e, = 1 x 107% is a numerical
regularisation to prevent floating-point errors as ¢; — 0. Equation recovers
the definition of § given in chapter [2| when ¢, = 0.

In the case of rapid gas exsolution (Da — o0), we need only calculate the
bulk gas content I' = I'; + ¢, and the evolution of the system is determined

by equation ([5.2.4) with

y© =M, ©°, T°, and fO(y°, 1) = [y, fo. f5, + 1), (5:2.19)
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and the appropriate boundary conditions described in . In this case, qﬁg‘) and
w® are determined via the equilibrium constraints given by equations (3.2.42|) and

(3-2.43).

Implementation of the RJW14 brine convection scheme

The position of the base of the ice z, is taken to lie at z,fz on the edge grid

where the index i, is given by
ib:min{i: 5; >0, for izl,...,NZ}. (5.2.20)
The Rayleigh number for the onset of convection is found at cell centres using

Ra® = Ras®) x (2° — z)) * gy, (5.2.21)

where the dimensionless harmonic mean permeability evaluated at cell centres is

1+ 1—1 .
i 1 L2
w5 =4 Lh=iy 77 . for i=1,2,...,N., (5.2.22)
0, 1 <1
with
e =(1—-¢2,)° for k=1,2...,N.. (5.2.23)

The porosity-permeability relationship given by equation is not strictly
compatible with the porosity threshold ¢. for gas and liquid flow introduced in
chapter [2 motivated by the measurements of Maus et al. (2021)). However, in practice
at low porosities the permeability given by equation (5.2.23]) is very small and so
the Rayleigh number is also very small which prevents convection from occurring. It
has also been suggested that a porosity-permeability relationship with an exponent
of 2 is more appropriate for the onset of convection in sea ice (Rees Jones 2014]).
However, in this thesis we use an exponent of 3 in equation for consistency
with Rees Jones and Worster (2014).
=0.

® C_ : o _ Qo
If Ra; < Ra,fori=1,..., N, then no convection occurs and w,” = Sy w14

If Ra exceeds the critical value Ra. in the domain, then convection occurs for

S]

2y < z < 27 where
b lc

ic=max {i+1: Raj > Ra, for i=1,.. N.}. (5.2.24)
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The convective upwelling velocity at cell edges is given by

arywiaRa. oy
0 _ .0 » > 1p,
2 — %
w = { armowaRac(z, —27) . for i=1,2,...,N.+1, (52.25)
5 =3 sy <1< g,
(2, — 2;,)
0, L2 e,
where
— © _
Ra, = , x| (Raz Rac>. (5.2.26)

The brine channel sink term at cell centres is given by

07 1< iba
Ow arywialflae . .
S© = = w<1<i.—1, for 1=12 N
RJW14 i ) O\2° =t ="tc ’ y Ly e ey IV
0z (Zz _Zib)
07 7/2 iC’

(5.2.27)
Implementation of the 6B2S radiative transfer scheme

The net shortwave radiative flux ]A-'E . at cell edges (required by equation
is calculated using the 6B2S radiative transfer model described in §4 Given the
integrated broadband incident shortwave radiation flux Fyw, the upwelling f;" and
downwelling f;” irradiances are calculated in each of the six wavelength bands
enumerated in chapter (4| (i = 1, 2, ..., 6). From the upwelling and downwelling
irradiances, the spectrally integrated net shortwave irradiance is calculated via
equation (4.7.3)).

The absorption coefficient of ice in the SWIR band (i = 6) is kg = 9.61 x 10*m™!
(table , such that numerical calculation of the normalised irradiances in this
band would require resolving length scales 1/kg = 10.4 pm, or smaller which is
computationally infeasible, given that we take Az > 1cm in this thesis We make
the approximation that all incoming radiation in the SWIR band is absorbed

within the first grid cell:

1, z2=0,
fo (2) = { and fg(z) =0. (5.2.28)
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We solve the coupled ODEs and numerically subject to the
boundary conditions given by equations and for each of the wavelength
bands ¢ = 1, 2, ... 5. The optical properties required for the ODEs and boundary
conditions in each wavelength band are given in table 4.2 We do this using a
4th order collocation method (Kierzenka and Shampine 2001) implemented by the
function scipy.integrate.solve_bvp from the SciPy Python library (Virtanen
et al. |2020). This collocation method (as implemented by SciPy) is an established,
accurate, and efficient method for solving boundary value problems. Separating the
solution of the two-stream model at each timestep from the rest of the alogrithm
discussed above allows for the use of a higher spatial resolution (determined by
the collocation method) to accurately resolve the shortwave irradiances (in bands
i=1,2,...,5) without slowing down the rest of the simulation. We then evaluate
the numerical solutions for the normalised irradiances at the cell edges 2° using
cubic-spline interpolation.

Equation (4.5.1)) is discontinuous as ¢s — 0. For numerical stability, we replace

it with the smooth alternative
To5(¢s) = (1.716 m ') tanh (100¢,), for 0 < ¢, < 1. (5.2.29)

We have developed the Python package oilrad v2.0.2 available at https://
github.com/JoeFishlock/oilrad, to solve the 6B2S model introduced in chapter[d]
using the numerical method described above. The package oilrad is written in
Python v3.12.3 and built on top of the SciPy v1.15.1 (Virtanen et al. 2020) and
NumPy v2.2.1 (Harris et al. 2020) Python libraries.

5.2.2 Temporal discretisation

The spatial discretisation of the PDE system above yields a coupled system of

4N, ODEs specified by equations (5.2.4)),(5.2.5)), and (5.2.6)) for finite Da, or 3N,
coupled ODEs specified by equation (5.2.19) for Da — oco. At t = 0, we provide

the initial conditions Hg, Og, I'gy, and ¢ and integrate the system numerically

until ¢ = ¢. The initial configuration and forcing data used for the results shown in


https://github.com/JoeFishlock/oilrad
https://github.com/JoeFishlock/oilrad
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chapters are discussed in §6.3] Time integration is performed by the function
scipy.integrate.solve_ivp provided by the SciPy Python library (Virtanen
et al. [2020)) using an explicit Runge-Kutta 5(4)]] (“RK45”) method, which utilises
adaptive timestepping (Dormand and Prince |1980), with a relative error tolerance
of 107 and an absolute error tolerance of 1076,

Here, for convenience, we have used an out-of-the-box explicit method provided
by SciPy to integrate the ODE system. This has proved sufficient for our purposes
but may not be the best approach. For example, the RJW14 brine convection
scheme is a stiff system that is more efficiently solved using a semi-implicit predictor-
corrector method (Rees Jones and Worster [2014). In chapter [6] we show that our
implementation of the RJW14 brine convection scheme still yields good results for
the bulk salinity profile in the ice compared with field observations. However, the
explicit nature of our numerical scheme means that often the timestep is heavily
restricted by the brine convection and scheme and eddy diffusion terms and so
considerable computational resources were required to run a substantial number
of simulations with N, = 100.

We have developed the Python package seaice3p v1.0.0 (https://github.
com/JoeFishlock/seaice3p) to implement the numerical method described above.
The package seaice3p depends on the following Python libraries: SciPy v1.15.2
(Virtanen et al. [2020), NumPy v2.2.3 (Harris et al. 2020)), pyserde v0.22.3,
Xarray v2024.11.0 (Hoyer and Hamman [2017), netCDF4 v1.7.2, and MetPy
v1.6.3 (May et al. [2022).

5.3 Benchmark problems

5.3.1 Diffusive growth from a cooled boundary

To assess the accuracy of the numerical method described above for heat transport
we consider the well-studied benchmark problem of the diffusive growth of a two-

phase mushy layer from a cooled boundary (Huppert and Worster [1985; Hitchen

!The notation 5(4) indicates that the method uses a 5th order accurate Runge-Kutta method
to take a step, and a 4th order accurate Runge-Kutta method to estimate the error.
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Figure 5.2: The top two panels show the ice thickness of the ice versus time for an initially
liquid domain with T = —15°C, T, = —1°C, and So, = 34gkg~!. The thermal conductivities,
specific heat capacities, and densities are assumed to be constant and equal in the solid and liquid
phases, with values k = 0.54 Wm~' K1, cp = 4184J kg~ K1, and p = 1028 kg m 3, respectively.
The salinity-dependent freezing temperature is calculated from the liquidus relation with
vz = 0.078148°C/(gkg™!). The coloured lines correspond to different spatial resolutions N,
(see legend) and the dashed red line in the top left panel is the semi-analytical solution given by
equation , where the dimensionless growth rate fi, = 0.8405889 and exponent é,, = 1/2 are
calculated using the MATLAB code provided by Hitchen and Wells for these parameter
values. The top right panel shows the same quantities on a logarithmic scale, where values between
the dashed black lines are fitted with a line to determine estimates of u, and e,. The middle and
bottom rows show the convergence of . and e, as N, increases. The values found by Hitchen
and Wells are indicated with dashed red lines.
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2017; Hitchen and Wells [2025). For comparison with existing work, we neglect
the gas phase (I' = 0) and brine convection, in which case our model reduces to
only a single non-trivial conservation equation for the bulk enthalpy. Consider a
domain of depth A = 2m filled initially with water at temperature T, and salinity
Se- We impose fixed temperature boundary conditions 7'(z = 0, t) = T and
T(z=—1,1t) =Ty with Tp < T1(Ss) and Tw, > T1(Ss). We neglect salt diffusion
(i.e., Leg = 00) and assume that the thermal conductivities, specific heat capacities,
and densities are constant and equal in the solid and liquid phases.

In this setting, a mushy layer grows downwards with a lengthscale v/t that
is controlled by the thermal diffusivity x = k/(pc,). For early times t < h?/k ~
369 days, the bottom boundary has no significant effect on the solution and the
domain can be regarded as semi-infinite. In this case, the position of the ice-liquid
interface z = 2,(t) = —hie(t) is determined from a semi-analytical similarity

solution that yields
hice(t) = ﬁﬁma (531)

where the dimensionless growth rate ji, depends on the temperature difference,
the liquidus relation, and the Stefan number (Hitchen and Wells 2025). Here, we
calculate fi,, using the MATLAB code provided by Hitchen and Wells (2025)).
As noted above, the ice-ocean interface position is approximated by 2z, ~ z;
where z; is the bottom edge of the lowermost cell for which ¢, > 0. The discrete
ice—ocean edge position therefore moves downward in a series of steps of size Az as
the ice grows. We calculate a continuous approximation to the ice—ocean interface
as follows. We construct a linear approximation for the enthalpy Hjnear(z) for
zi,—1 < z < z;, between the cell centers above and below the discrete ice-ocean
interface position. We then solve the equation Hjpear(25) = 0 to find the continuous
cts

ice-ocean interface position z;*,

Ry T Rip—1

1 )
Hib - H’ib -1

2% =z, —H (5.3.2)

where H;, is the enthalpy evaluated on the center grid at position z = z;,, and

H;,—1 is the enthalpy evaluated on the center grid at position z = z;, _;. Due to the
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first-order accuracy of our spatial discretisation we expect the error in the estimate
of the ice—ocean interface position to be first order in the grid spacing.

To validate our numerical scheme, we assume that the simulated ice—ocean
interface position satisfies 2§® = —pu,/kt. We run a range of simulations
with 10 < N, < 500 using seaice3p v1.0.0 and use a least-squares algorithm
implemented by NumPy to fit a line to log (25%) versus log (t) over the time window
10 < t < 20days. Estimates of e, and u, for each N, are given from the slope
and intercept of this linear fit. We choose the time window of 10 < ¢ < 20days to
ensure that the ice has grown larger than the grid size but is still far enough from
the bottom boundary to be in the self-similar diffusive growth regime.

Simulated positions of the ice-ocean interface are shown in the top panel of
figure for some illustrative values of NV, in the range 10 < N, < 500. The middle
and bottom panels illustrate convergence of the numerical estimates e, — 1/2
and p, — [ie, respectively, as N, increases. We find that N, > 50 and N, > 100
are sufficient to obtain e, to within 10% and 1% accuracy, respectively, for these
parameter values. Estimates of u, are less accurate, with N, > 50 and N, > 100
giving estimates to within a factor of 2 and to within 10% accuracy, respectively.
The relative error in u, and e, plateaus at around 1073, which is the relative error

tolerance used for the time integration (see §5.2.2)).

5.3.2 The spectral albedo, transmittance, and net irradiance
for a uniform layer of ice

Next we validate our implementation of the two-stream model by comparing the
spectral albedo for a 0.8 m thick layer of first-year ice with no snow cover or SSL to
the values found by Redmond Roche and King (2022h) using the TUV-snow model.
We also calculate the transmittance and normalised net irradiance at a depth of
—2cm to examine the impact of discretising the shortwave radiation into the six
spectral bands described in chapter [d, compared with using spectral bands with

1nm resolution. We will refer to the latter case as having high spectral resolution.
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Figure 5.3: The spectral albedo « (left), transmittance T, (middle), and normalised net
irradiance fx net(z = —2cm) (right) versus wavelength A for a 0.8 m thick layer of first-year ice
with no snow cover or SSL. The numerical solutions were calculated using 725 = 1.717m~! and
kas(N), as described in chapter [4f The dashed red lines and dotted blue lines are obtained by
solving the two-stream model numerically using oilrad v2.0.2 with wavelengths discretised into
bands 1nm wide or with the six bands described in §4.7] respectively. The filled blue circles
indicate the midpoints of the NUV, VIS1, VIS2, VIS3, and NIR wavelength bands. The solid black
line in the left panel shows the spectral albedo calculated by Redmond Roche and King (2022b])
for the same optical parameters using the TUV-snow model (data provided by Redmond Roche
and King 2022a)).

Quantity RMSE
NUV VIS1 VIS2 VIS3 NIR  Total
@ 1.72 x 107® 0.00278  0.0201 0.0451  0.108 0.0441
T 1.96 x 107° 0.00317  0.0228 0.0496  0.0381 0.0243

Fonet(z =—2cm) 157 x 1075 0.00254 0.0183  0.0396  0.203 0.0714
Funet(z =—4cm) 143 x 1075 0.00231 0.0165 0.0344 027  0.0902
Puonet(z=—8cm) 116 x 1075 0.00187 0.0131  0.0248  0.292  0.0947
Frnet(z =—16cm)  6.39 x 1076 0.00103 0.00672 0.00838 0.227  0.0711

Table 5.1: Tabulated values of the root mean square error (RMSE) for each of the quantities
denoted in the first column. The RMSE is computed in each of the named spectral bands between
the 6B2S model and the two-stream model with wavelength bands of 1nm width. The final
column shows the sum of the RMSE values in each of the bands weighted by the fraction of the
incident shortwave radiative power in each band for cloudy-sky conditions (see table .

The left panel of figure shows the spectral albedo calculated using the
6B2S model (dotted blue line), the two-stream model with high spectral resolution
(dashed red line), and the TUV-snow model (solid black line). Firstly, we note
that the value of rog = 1.717m™! chosen in yields excellent agreement in the
calculated spectral albedo with high spectral resolution versus the values found by
Redmond Roche and King (2022b). The root-mean-square error (RMSE) between
the dashed red and solid black lines in the left panel of figure |5.3|is 0.007 54 for
350 < A < 800nm (the range over which the TUV-snow data is available).
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It is not computationally feasible to use high spectral resolution for the entire
shortwave spectrum in a transient sea ice model, so we now consider the error
incurred by using only six spectral bands. The RMSE between the numerical
solutions for the spectral albedo, transmittance, and normalised net irradiance (at
several depths) with high wavelength resolution and with six spectral bands are
tabulated in table 5.1 The SWIR band is not included in this analysis as we have
assumed that all radiation in this band is absorbed at the ice surface. The RMSE
remains very low for the short-wavelength bands NUV, VIS1, VIS2, and VIS3,
suggesting that these wavelength bands are able to sufficiently represent spectral
variations in the calculated optical parameters. The RMSE is substantially higher
for the NIR band, which is much wider and therefore cannot accurately account for
spectral variations in optical properties in this range. However, this inaccuracy is
not a major problem for the overall accuracy of our radiation scheme because 65.4%
of the incoming radiation lies in the ultra-violet and visible bands (see table [4.1)).
These results suggest that the 6B2S model is able to reproduce spectrally integrated
quantities to within 10% accuracy compared with the high spectral resolution model.

The results presented in chapters [6] and [§] were run with N, = 100 and h = 2m,
giving a vertical resolution of Az = 2cm. The right panel of figure |5.3| confirms
that very little radiation with A > 1200 nm penetrates beyond 2 cm into the ice.
This suggests that the approximation (see equation that radiation in the

SWIR band is absorbed entirely in the first grid cell is reasonable.

5.4 Code availability

The three Python packages developed for this thesis are available on GitHub and

via their respective doi identifiers.

e mush3p v1.0.1 https://github.com/JoeFishlock/mush3p
https://doi.org/10.5281/zenodo. 15670329

e oilrad v2.0.2 https://github.com/JoeFishlock/oilrad
https://doi.org/10.5281/zenodo. 15670481


https://github.com/JoeFishlock/mush3p
https://doi.org/10.5281/zenodo.15670329
https://github.com/JoeFishlock/oilrad
https://doi.org/10.5281/zenodo.15670481
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e seaice3p v1.0.0 https://github.com/JoeFishlock/seaice3p
https://doi.org/10.5281/zenodo. 15670493

5.5 Conclusions

In this chapter, we have described our implementation of a first-order upwind finite-
volume scheme to solve the coupled conservation equations for heat, salt, dissolved
gas, and free-phase gas for a three-phase mushy layer derived in chapter 3] We have
demonstrated the convergence of the numerical method for diffusive growth of sea ice
from a cooled boundary and given estimates of numerical error for the typical grid
resolutions (N, =50-100) used in the remainder of this thesis. The implementation
of the RJW14 scheme closely follows descriptions in the literature and was not
tested in this chapter. We instead validate the performance of the RJW14 scheme
in chapter [0 by comparing modelled ice salinity profiles with observations from
first-year landfast sea ice at Barrow, Alaska.

We have also described our numerical implementation of the 6B2S model for
shortwave radiation (see chapter [4)), which uses a collocation algorithm to solve
the boundary value problem in each spectral band. We have shown that our
implementation of the 6B2S model accurately reproduces spectral albedo values
found previously using the TUV-snow model for 0.8 m thick first-year sea ice. We
have demonstrated, that less than 10% error is introduced for the spectral albedo,
transmittance, and net irradiance by discretising the shortwave spectrum into the
six bands described in §4.7] compared with using a high spectral resolution of 1nm.
This is important as it is only computationally feasible to run simulations of sea
ice on a seasonal timescale with a low number of wavelength bands.

In the remainder of this thesis, we use the numerical methods described in
this chapter to run simulations to validate modelled ice temperature and salinity
profiles against field observations (chapter [G), to investigate the air content of first-
year sea ice (chapter [7)), and to investigate the impact of oil droplets on radiative

transfer in first-year sea ice (chapter [§).


https://github.com/JoeFishlock/seaice3p
https://doi.org/10.5281/zenodo.15670493

Simulating first-year sea ice at Barrow,

Alaska

6.1 Introduction

In this chapter, we use the one-dimensional transient sea ice model (chapter [3)) with
the six-band two-stream (6B2S) shortwave radiation scheme (chapter 4)) to simulate
the growth of first-year Arctic sea ice over a single seasonal cycle using the numerical
methods developed in chapter [l These simulations consider a domain consisting
solely of water and salt, in which two-phase sea ice forms with no additional
gaseous phase. This two-phase configuration allows us to compare the simulated ice
thickness, temperature, and bulk salinity with observational data. This comparison
provides confidence for when we later use the model to investigate the air content
(chapter [7) and the impact of oil pollution (chapter [§]) in first-year sea ice.

We choose to simulate one season of ice growth at Barrow (thiagvik)E] , Alaska
(71.37°N, 156.5°W). Barrow is located on the northern coastline of Alaska, with
the Chukchi Sea to the west and the Beaufort Sea to the north-east, and has a long
history of sea-ice observations. Seasonal landfast ice (i.e., ice that is attached to the
coastline) appears at Barrow in the autumn, typically in November (Druckenmiller
et al. 2009)). The landfast ice at Barrow forms primarily from in-situ freezing,
with little ice advection or deformation. As a result, ice thickness and snow
depth measurements are representative of level first-year ice (Druckenmiller et al.
2009). By mid-June, large stretches of the landfast ice break up and either melt

in place or are carried out to sea (Mahoney et al. 2007)). A sequence of satellite

!The name was officially changed from Barrow to Utqiagvik in 2016. However, much of the
literature and data used throughout this thesis pre-dates this change and therefore uses the name
Barrow; for clarity and consistency, we do the same.
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images shows the seasonal growth, melt, and breakup of first-year sea ice at
Barrow in 2018-2019 (figure [6.1)).

We simulate the growth of first-year sea ice at Barrow from September 2008
to June 2009, for which period data is available from the Barrow mass balance
site (MBS) and ice cores were collected during a field campaign. We describe the
available observational data in and the model intialisation and forcing in
Finally, in §6.4] we perform and analyse a suite of simulations to identify the set

of parameter values that best reproduces the observed ice characteristics.

6.2 Field data
6.2.1 The Barrow mass balance site (MBS)

The Barrow MBS consists of a collection of automated instruments (figure that
were deployed on the landfast first-year ice just north of Barrow (Druckenmiller
et al. 2009). The instruments were deployed each year from 2006 to 2015 when the
ice became sufficiently stable (January) and were removed when the ice began to
melt and breakup (June). The MBS is equipped with: acoustic instruments, which
measure ice thickness and snow depth; air temperature and relative humidity sensors,
located at an elevation of 2m above the ice surface; and a thermistor string, which

measures temperatures at 10 cm intervals through the air, snow, ice and ocean.

6.2.2 Ice core data from the 2009 Barrow Field Campaign

Within 40 m of the MBS, a field campaign (described in Zhou et al. 2013) collected
ice cores over 10 sampling periods (referred to as BRW1-10) from January to
June 2009. Temperature measurements were taken at 5cm intervals for each core
within 5 minutes of extraction. Each core was then sectioned into 5cm segments
that were melted to measure bulk salinity. Additional cores from each sampling
period were transported to a laboratory in Belgium, where they were sectioned into
5 cm segments to measure the bulk concentrations of argon, oxygen and nitrogen.
Measurements of bulk gas concentrations were made for 5 of the 10 sampling

periods, spaced roughly evenly throughout the course of the field study. In this
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Figure 6.1: Satellite images showing the seasonal growth, melt and breakup of first-year sea ice
along the Barrow coastline in 2018-2019. The position of the city of Barrow is marked with a red
star and the position of the mass balance site deployed in 2009 is marked with an orange star.
The images are from the Sentinel 2 L2A product for atmospherically corrected surface reflectance,
retrieved from the Copernicus Browser https://dataspace.copernicus.eu/browser/|on 14th
of November 2024. These images illustrate the typical growth of landfast ice at Barrow from ice-free
conditions in September until melt in June, but are not from the same year as the observational
data used in this thesis (The Sentinel 2 satellite only began operation in 2015). Note that the
breakout event seen between the second and third panels is a common occurrence at Barrow in
the spring (Druckenmiller et al. 2009).
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Figure 6.2: Schematic of the Barrow MBS instrumentation, reproduced from Druckenmiller
et al. (2009). The thermistor string records the temperature profile through the snow, ice and
ocean down to a depth of 2.4 m below the ice surface. The snow pinger above the ice records snow
depth, while the acoustic range finders below the ice record ice thickness.

chapter, we compare the measured temperature and bulk salinity profiles in the
ice to simulated profiles from our transient model. We then do the same for bulk

gas concentrations in chapter [7]

6.3 Model

We use the Python package seaice3p v1.0.0 described in chapter 5| to model the
transient evolution of a horizontally uniform layer of sea ice. The heat source due
to the absorption of shortwave radiation is calculated using the 6B2S radiation
scheme described in chapter [d In this chapter, we use seaice3p to run simulations
of the growth of first-year sea ice at Barrow with N, = 100 grid points in a domain
of depth h = 2m, with the parameter values given in table 6.1, The timestep
for the numerical integration is chosen adaptively by the “RK45” method and
data is saved at 3 hour intervals.

During freezing, the rejection of salt into the interstitial liquid creates an unstable
density gradient in the ice that drives a convective flow of brine out of the ice that
is replenished by seawater from the underlying ocean. This brine convection is

the primary mechanism by which first-year sea ice desalinates during ice growth

(Notz and Worster 2009). As discussed in §3.2.2] the RJW14 brine-convection
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Parameter Symbol Value

(a)

domain depth h 2m

initial temperature Tinit 3.53°C

fresh melting temperature T 0°C

saltwater eutectic temperature T —22.9°C
liquidus slope YL 0.056 °C/(gkg 1)
thermal conductivity of water k; 0.54Wm™tK~!
thermal conductivity of ice ks 2.22Wm~tK™!
specific heat capacity of water Cpl 4184 Jkg 1K1
specific heat capacity of ice Cp,s 2009 Jkg 1 K1
latent heat of fusion of ice L 333 x 103 Jkg !
ocean salinity Seo 29.6gkg !
haline contraction coefficient B 7.5 x 104 ppt~!
molecular diffusivity of salt Ks Om?2s~!

eddy diffusivity Ke 1x107%m?s7!
density of seawater ol 1024 kgm—3
gravitational acceleration g 9.81ms2
dynamic viscosity of water i 2.78 x 107 3kgm~!s7!
reference permeability Iy 1x 10~ % m?

air density Dair 1.275kgm ™3
specific heat capacity of air Cp,air 1005 J kg ' K—!
latent heat of vaporisation of water — Lyap 2.501 x 106 Jkg—!
reference height href 2m

windspeed Uwind 2ms~!

longwave emissivity of ice Tice 0.99

longwave emissivity of water Y water 0.97

scattering coefficient of ice rog 1.716 m~!

SSL depth hssw 4cm

snow density Psnow 225kgm™3

(b)

Stefan number St 3.75

ice-water thermal conducitivity ratio v; 4.11

ice-water specific heat capacity ratio (s 0.48
concentration ratio C 0.078

salinity Rayleigh number Rag 1.63 x 10°
convection strength QRIW14 0.03

critical Rayleigh number Ra. 2.9

salt Lewis number Leg %)

eddy Lewis number Le. 0.126

Table 6.1: Parameter values (a) and dimensionless numbers (b) for the simulations run using
seaice3p v1.0.0 in chapter [ The value for the liquid density is calculated using the UNESCO
equation of state for seawater at temperature Ti,;; and salinity So.. In these simulations, molecular
diffusion of salt is neglected by setting kg = 0. The eutectic temperature for NaCl in water is
taken from Vancoppenolle et al. (2019). The liquidus slope is calculated to give T,,, =0 at S =0
and the freezing point of water at S, calculated from the third-order polynomial fit given by
Vancoppenolle et al. (2019)). Note the values of Tg and vy, are different from the values used in
chapter [2 to obtain a more realistic freezing point of seawater.



6. Simulating first-year sea ice at Barrow, Alaska 150

scheme parameterises the loss of salt from the ice through brine channels and
requires two dimensionless tuning parameters, Ra. and agrywisa, that determine
the onset and strength of convection in the ice. A previous study compared
bulk salinity profiles predicted using the RJW14 scheme with measurements of
laboratory-grown sea ice and found the best agreement when Ra, = 2.9 (Thomas
et al. 2020), which we therefore also use here. Although Thomas et al. (2020
tuned both Ra. = 2.9 and arjwis = 0.13 together, in this thesis we have chosen
to use arywis = 0.03 as suggested by the original authors of the RJW14 scheme
(Rees Jones and Worster [2014). It was noted by Rees Jones and Worster (2014)
that there is very little sensitivity to the value of agywis a few hours after the onset
of convection. Furthermore, sensitivity experiments have shown that the simulated
bulk salinity profiles are not very sensitive to the choice of agywia.

During the simulation, incident shortwave radiation from the sun (see
that is absorbed in the ice provides an additional internal heat source in the domain.
The reflection, absorption, and transmission of incident shortwave radiation during
the simulation are calculated using the 6B2S model described in chapter [4] with
the optical parameters given in table [£.2] The fractions of the incoming shortwave
radiative power in each spectral band (given in table are assumed to follow
the spectrum reported for cloudy-sky conditions by Grenfell and Perovich (2004)).
We showed in chapter 4] that choosing the appropriate optical parameters for dry
snow during ice growth, and for wet snow during the melt season, is important
to accurately determine the transmittance of radiation in the visible range at the
ice-ocean interface. However, we have found that the simulated ice thickness and
temperature profiles at Barrow are not sensitive to the choice of wet or dry optical
parameters for snow. For simplicity, going forward, we use the optical properties
appropriate for dry snow throughout the simulation.

In regions of pure liquid (i.e., ¢; = 1, as in melt ponds and the underlying
ocean), turbulence leads to enhanced transport of heat and salt. As discussed in
§3.2] the eddy diffusivity x. parameterises this enhanced mixing. For the underlying

ocean, the eddy diffusivity for heat has been estimated to be around 0.1m?s!
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from measurements of vertical temperature and velocity fluctuations (McPhee
1992). Melt ponds on top of the ice can form in our model during summer due to
surface melt (but not snow melt). Melt ponds are turbulent due to unstable density
stratifications (Taylor and Feltham 2004)) and due to wind-driven surface stresses
(Eicken et al. [2002). Flocco et al. (2015)) use an eddy diffusivity of 0.0l m?s™! to
model turbulent heat and salt transport in a melt pond, although they find that
their results are not sensitive to varying this value by two orders of magnitude.
Since we are using an explicit numerical method (see §5.2.2)), large values of &,
quickly become computationally infeasible due to the restrictive timestep required
for numerical stability. We use a value of k. = 1 x 107m?s™! to capture the effect
of some enhancement to heat and salt transport in the ocean and melt pond, but
we note that this value is likely to underestimate the true turbulent transport in
these regions. During ice growth, heat transfer between the ocean and the base
of the ice is ultimately constrained by the ocean heat flux Fi e, imposed at the
bottom boundary of the domain and so using a lower value for s, is not a significant
issue. Later in this chapter, we find that our choice of k. is sufficiently large to
keep the temperature profile in the ocean relatively uniform during ice growth, in
agreement with the measurements from the Barrow MBS. However, our low value of
ke does lead to unrealistically high temperatures in the ocean and in the interior of
the melt pond in the summer, when heat produced by the absorption of shortwave
radiation is less efficiently mixed compared with more realistic turbulent transport.
This could have consequences for the predicted rate of surface melt during the
melt season, as the pond deepens, although our current model is also missing a

description of pond drainage which also occurs as ponds deepen.

6.3.1 Initialisation

We begin the simulation at ¢ = 0, corresponding to 2008-09-01 00:00, with a
completely liquid domain of uniform temperature and salinity that represents an
ice-free, well-mixed ocean at Barrow. We use an initial temperature of 3.53 °C and

salinity of 29.6 gkg ™!, taken from the monthly mean surface values for September
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Figure 6.3: Monthly mean ocean surface temperature (a) and surface salinity (b) for September
(1991-2020) around the coast of Alaska extracted from the World Ocean Atlas dataset at quarter-
degree resolution (Reagan et al. [2023)). The location of Barrow (71.38°N, 156.5°W) is marked
with a pink star.

extracted from World Ocean Atlas data (ﬁgure‘ To focus on reproducing realistic
ice growth and bulk salinities, we set the concentration of dissolved air in the ocean to

zero so no gas phase is present. The gas content of the ice is investigated in chapter [7]

6.3.2 Forcing

After initialisation, we simulate the evolution of the ice over a period of 365 days.
Boundary conditions on the bulk enthalpy and salinity are imposed at the top of
the domain using equations and . The atmospheric variables required
to calculate the surface heat flux in equation are calculated by linearly
interpolating daily averaged quantities extracted from ERA5 hourly reanalysis data
(C3S for (71.37°N, 156.5°W). Some quantities, such as the incoming shortwave
and longwave radiation fluxes, exhibit a strong diurnal cycle. By averaging out the

diurnal cycle, the model receives the same total daily energy flux but avoids the

salinity [psu]



6. Simulating first-year sea ice at Barrow, Alaska 1533

need to resolve rapid changes in the forcing, which can result in rapid freeze/melt
cycles at the onset of the melt season that reduce the accuracy of the simulation
(Taylor and Feltham 2004)).

We take h.f = 2m and obtain the air temperature T,;,(f) at 2m, mean surface
downward long-wave radiation flux Fiw(t), mean surface downward short-wave
radiation flux Fsw(t), and surface pressure puun(t) from daily averages of the
reanalysis data. The specific humidity ¢,;;(¢) at 2m is calculated from the dew-
point temperature and surface pressure at 2m from the reanalysis using standard
meteorological formulae implemented by the Python library MetPy v1.6.3 (May
et al. 2022). We estimate the wind speed at hyf = 2m, Uying, from the ERAS
zonal and meridional daily average wind speeds at 10 m, %yind 10m, and Vyind 10m,

respectively. We do so by assuming a logarithmic profile for the surface winds,

log (href/lrough) 2 2
Uwind = Uyin m T Vin m> 6.3.1
d log (hERAS/lrough) \/ d 10 d 10 ( )

where hgras = 10m and the roughness length for sea ice is taken to be louen =
1 x 10~*m (Untersteiner and Badgley |[1965)). The assumption of a logarithmic wind
profile is not always appropriate over sea ice and there are order-of-magnitude vari-
ations in measurements of the roughness length. We note that equation (6.3.1)) only
depends on [;ouen logarithmically, and so increasing or decreasing l;ougn by an order
of magnitude changes tying by less than 5%. Furthermore, sensitivity experiments
show that the simulated ice thickness is not sensitive to the value of uying.

In our model, the snow layer impacts the surface energy balance by changing
the effective surface temperature Ty, s through equation (3.2.23)), which depends
on the snow thermal conductivity kg and the snow thickness hg,ow. The ERAD
reanalysis dataset does not provide estimates of the snow depth on sea ice. Instead,
we use daily average snow depth calculated using an existing Lagrangian model
of snow on sea ice that was forced using ERA5 reanalysis data (SnowModel-LG
Liston et al. 2021)). These snow depths reproduce the observed snow depth at the
Barrow MBS reasonably well (see figure ), although the modelled snow depth in

January-March is significantly larger than the observations. However, the snowpack
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on sea ice is typically highly heterogeneous (Sturm and Massom [2017)) and even
the two different instruments measuring the snow depth at the Barrow MBS in
2009 do not always agree (figure ) We determine an appropriate value of kgow
that best reproduces the observed ice thickness at Barrow in §6.4]

Determining the ocean heat flux is a challenging problem of significant im-
portance to understanding the mass balance of sea ice in the Arctic. The ocean
heat flux varies strongly over a season and is highly heterogeneous in space due
patterns of ocean circulation in the Arctic Ocean. Ice growth during the winter is
not very sensitive to the value of F ..., when the atmospheric heat fluxes dominate.
However, F,c.an is important to obtain the correct maximum ice depth and basal
melting of the ice in summer. Theoretical estimates of the ocean heat flux have
shown that an annual average value of around 2 W m™2 is required to reproduce
observed ice thicknesses (Maykut and Untersteiner |1971)). However, there is a strong
seasonal cycle in F, e, with maximum values of 40-60 W m™2 in summer, when
the ocean absorbs a significant amount of solar radiation (Maykut and McPhee
1995), and minimum values of less than 2W m~2 in winter (Krishfield and Perovich
2005)). There is also significant year-to-year variability in the ocean heat flux; for
example Zhong et al. (2022)) reported annual average estimates of the ocean heat
flux for the Beaufort Gyre region of the Arctic Ocean of 0.76 & 0.05 Wm™2 and
1.63 £ 0.08 Wm~2 for the periods 20062012 and 2013-2018, respectively. We note
that the landfast ice at Barrow is in a coastal region and so the ocean heat flux
is likely to be controlled by different factors than the open ocean.

We impose the ocean heat flux in equation by interpolating monthly
average values of the ocean heat flux with a winter value of 1 W m™2 and a maximum
summer value of 20 Wm™2 in July and August (see figure[6.4f). These are similar
to monthly average values measured in the Arctic Ocean (Krishfield and Perovich
2005). At the bottom boundary of the domain, we impose a fixed salinity of

S = 29.6gkg™! via equation (3.4.1)).
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6.4 Results & Discussion

In this section, we validate the performance of our sea ice model by comparing the
modelled ice depth, temperature profiles and bulk salinity profiles with measurements
from the Barrow MBS (ice depth and temperature) and the 2009 field campaign
(temperature and bulk salinity profiles from ice cores).

It is well known that modelled sea-ice thickness is highly sensitive to the thermal
conductivity of snow kgpew, the value of which is poorly constrained. In §6.4.1] we
discuss the physical processes that control heat transport in the snowpack and the
range of values of kg, that have been reported in the literature. The thermal
conductivity of the snow pack is treated as the only tuning parameter for our model.
This is a reasonable approach, since the snowpack is highly heterogeneous and we
have already neglected much of the complexity of the snowpack in our model by
treating it as a single layer with a prescribed thickness. Note that this approach is
vulnerable to errors in the snow depth (see appendix and so simulations should
be validated against observations of ice thickness where available. As discussed in
detail in our approach here is to run a suite of simulations to determine the

value of kg, that best reproduces the observed ice thickness at Barrow.

6.4.1 Snow thermal conductivity

Snow that falls on Arctic sea ice undergoes various complex metamorphosis pathways
that depend on environmental conditions such as temperature and wind speed. The
result is a complex snowpack composed of a variety of snow types with very different
microstructures, densities, and thermal conductivities (see Sturm and Massom
2017, for a review). In our model, a single value of kg, must account for effective
thermal transport across the snowpack as a whole. Measurements of the thermal
conductivity of snow can be as low as around 0.07Wm~!K~! in new snow and
depth hoar, and as high as around 0.45 Wm™' K~! in very hard wind slab (Sturm
et al.|1997)). Based on recent measurements, Macfarlane et al. (2023) propose a value
of 0.25 Wm™! K~! to best represent the thermal conductivity of the Arctic snowpack

on sea ice. This is significantly lower than the value of 0.42 W m~! K~! chosen in
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Figure 6.4: Panel (a) shows the snow depth at the MBS from SnowModel-LG (blue curve) and
from two different acoustic instruments installed at the Barrow MBS (black and orange dots).
Panel (b) shows the simulated ice depth with kgyow = 0.42Wm ™! K1 and the other parameters
as reported in table (blue curve), the ice depth recorded by the MBS from 2009-01-15 to
2009-06-02 (black dots), and the depth of ice cores retrieved during the sampling periods BRW1-10
(red crosses). Panel (c) shows the ocean heat flux used in the simulation.

this thesis. It is also lower than the value of 0.31 Wm~*K~! that is widely used in
sea ice models (Lecomte et al.2013), and has also been used in simulations of the sea

ice at Barrow in the 1999-2000 and 2000-2001 seasons (Vancoppenolle et al. 2007)).

It is a well known unresolved problem that the thermal conductivity of snow
required for thermodynamic models of sea ice growth to accurately predict ice
thickness is higher than measured values of snow thermal conductivity. Three
plausible explanations for enhanced thermal conductivity of the snowpack on sea
ice were summarised by Sturm and Massom (2017)): (1) buoyancy-driven convection
of the air in a porous snow cover by strong temperature gradients (Powers et al.
1985)), (2) wind pumping in the snow cover driven by wind blowing over the snow
surface (Albert and Mcgilvary [1992), and (3) uneven distribution of snow on the

ice (drifts) (Sturm et al. 2002).
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Figure 6.5: The RMSE Es versus kgnow (2) and the maximum simulated ice depth versus kgpow
(b). The remaining parameters for the simulations are as reported in table The dashed red
horizontal line on the right panel indicates the maximum ice core depth of 141.50 cm recorded
during the field campaign (BRW10).

6.4.2 Ice thickness and choosing the thermal conductivity
of the snow

First, we compare the simulated ice depth hj.(t) to the measurements of ice depth
from the Barrow MBS izice,i. Figure shows the observed ice depth from the
MBS and ice core measurements at Barrow compared with the simulated ice depth
for kgow = 0.42Wm™' K~!, which is determined below to provide the best fit
to the observations in the remainder of this section. The ice grows downward
from January—May, reaching a maximum depth of 141.50 cm measured from ice
cores taken during BRW10 (2009-06-05). The ice thickness record ends in June,
prior to the breakup of the ice.

We define the root mean square error (RMSE) between the modelled ice depth
hice,i = hice(t;) at measurement time ¢; and the measured ice depth from the

Barrow MBS izice,i as

1 ~
EZ = \l 7 Z(hfice,i - hice,i>2a (641)
N5
where N is the number of measurements.
Figure shows the RMSE (panel a) and the maximum ice depth (panel b)

for 0.2Wm K™ < kyow < 0.5Wm™ K™, We select a best-fit value for kg,ow
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by minimising F5 subject to the condition that the simulated maximum ice depth
exceeds the maximum ice core depth of 141.50 cm recorded during the field campaign
(BRW10). We impose this additional constraint because ice-core measurements
are known to underestimate the true ice thickness due to loss of highly porous,
fragile ice at the base of the core during extraction (see for more discussion).
Therefore, ensuring simulated ice depth at least exceeds the observed ice depth will
aid comparison with field data in the remainder of this chapter and in chapter [7]
Although the global minimum RMSE of 9.08 cm occurs for kgow = 0.35 Wm 1 K1,
the minimum RMSE subject to this additional constraint on maximum ice depth
occurs for a somewhat higher value of kg0 = 0.42Wm™! K~ (RMSE of 10.93 cm);
we use the latter value in simulations going forward. Simulation results for this
value of kg0 are shown in figure [6.4, This value of kg,o, Overestimates the ice
thickness in January—March, but we find excellent agreement with the observations
from the MBS for the rest of the season. A comparison of the simulated ice depth

to the full MBS record (2006—-2015) for this value of kg0 is given in appendix .

6.4.3 Seasonal ice evolution and melt pond formation

Figure shows contours of the solid fraction (with the ice-ocean boundary as a
red curve and snow cover shown in purple) for kgew = 0.42 W m~*K~!. From initial
ice formation (September/October) until the onset of the melt season (May/June),
snow cover insulates the ice surface and reflects the majority of incoming shortwave
radiation. Once the snow cover melts in early June, surface melting of the ice leads
to the formation of a melt pond (figure [6.6p). The onset of ponding in June is
comparable to the observed time of pond formation atop the landfast ice at Barrow
(Polashenski et al. 2012; Polashenski et al. 2017), which can be seen in the last
satellite image in figure[6.1] As the melt season continues, the ice melts from above
and below, and disappears completely in August (figure )

Note that in reality, the position of the waterline for free-floating ice (the
freeboard) is determined by the hydrostatic balance of the ice and snow cover,

as discussed further in chapter [I} This is further complicated at Barrow, where
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Figure 6.6: Contours of (a) solid fraction, (b) temperature, and (c) bulk salinity for the
simulation with ksxow = 0.42Wm ™' K~! and other parameters as reported in table The
ice—ocean interface and top ice surface are plotted as a red lines, and in the upper panel the snow
depth from the SnowModel-LG data is shown as the filled purple region atop the ice.

the ice is landfast and therefore not free-floating. Our model does not include
any motion or deformation of the solid phase, so ice freezes and melts in place
due solely to thermodynamic considerations. As a result, the snow—ice interface
is always fixed at z = 0 and the ice surface melts downwards from z = 0 once
the snow cover is lost in summer.

Also, the model neglects accumulation on the ice surface of fresh water generated
from the melting snow cover, which can initiate pond formation (Eicken et al.
and percolate downward through sufficiently permeable ice, where it may re-freeze
(Polashenski et al. 2017). We have neglected the fresh water flux from snow
melt in our model, such that melt ponds in our simulations are formed solely

from surface melting of the ice.



6. Simulating first-year sea ice at Barrow, Alaska 140

BRW1 (2009-01-29) BRW2 (2009-02-03) BRW3 (2009-03-27) BRW4 (2009-03-31) BRW5 (2009-04-04)

0 @rgy O Gy +§%‘b ¥*1’% \

—200 o o

8 8

BRW6 (2009-04-07) BRW?7 (2009-04-10) BRWS (2009-05-08) BRW9

BRW10

—-10 0 -10 0 —-10 0 -10 0

temperature (°C)

Figure 6.7: Temperature profiles in the ice and ocean for the ten sample periods BRW1-10 of
the Barrow field study. Field data are shown from the MBS thermistor string (open circles) and
in-situ ice core measurements on extraction (crosses). Simulated temperature profiles (blue line)
for ksnow = 0.42Wm~! K~! and the other parameters as reported in table

6.4.4 Temperature profiles

Figure shows the simulated temperature profiles in the ice and ocean for each
sample period at Barrow. From January—May the temperature increases downwards
from the ice surface, which is cooled by atmospheric heat fluxes, to the in-situ
freezing temperature at the ice-ocean interface. With the onset of the melt season
in June, the ice warms and the temperature gradient in the ice reverses. In the melt
season, the ice can reach temperatures above the freezing point of seawater while
remaining solid, because the desalination of the ice during growth has increased
the freezing temperature of the ice.

The simulated temperature profiles are generally in good agreement with the
field measurements made during core extraction and via the thermistor string
temperature record from the Barrow MBS for each of the ten sample periods BRW1-
10 (figure . The temperature profiles from the ice cores appear to be nosier
than the thermistor string measurements, which may indicate a larger sampling

error. The simulation underestimates warming in the ice during the onset of the
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melt season (BRW10). Zhou et al. (2013)) noted that there was a significant amount
of snow melt between BRW9 and BRW10 and identified the formation of some snow
ice in the core extracted during BRW10. One explanation for the underestimate of
ice temperature in the simulation in BRW10 could be neglecting the latent heat
released during re-freezing of snow melt water percolating through the ice.

The value of eddy diffusivity used in the simulation is sufficient to keep
the temperature profile in the ocean relatively uniform, in agreement with the
measurements made by the thermistor string for BRW1-9. However, the simulated
temperature gradient in the ocean is steeper than the measurements from the MBS
at BRW10. This is likely due to the low value of k. used in the simulation (due
to computational constraints) which underestimates turbulent heat transport in
the ocean when the ocean heat flux increases in the summer. Figure suggests
that the simulation also likely overestimates temperatures in the melt pond and
ocean during the summer, likely for the same reason. Initially, simulated pond
temperatures are similar to those observed in melt ponds on Arctic sea ice by
Kim et al. (2018), but much higher temperatures are seen in the simulated ponds

from July onwards. At this point our model is lacking other important processes

such as pond drainage as discussed in §6.4.3]

6.4.5 Bulk salinity profiles

During growth, convective brine rejection acts to desalinate the interior of first-year
ice relative to the ocean, leading to the typical C-shaped bulk salinity profiles for
sea ice (Malmgren 1927; Notz and Worster 2009) that is also seen in the winter
measurements from Barrow in figure (Zhou et al.2013)). The simulation correctly
reproduces the desalination of the ice interior relative to the ocean during ice growth
in periods BRW1-9. This validates our choice of brine-drainage parameterisation
(Rees Jones and Worster 2014) and the chosen tuning parameter values. However,
there is a larger discrepancy between the simulated and measured ice thickness for
periods BRW1 and BRW2 compared to later periods. The fact that our simulations

reproduce realistic temperature and bulk salinity profiles suggests that, given a
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Figure 6.8: Bulk salinity for the ten sample periods BRW1-10 (black crosses) from ice cores
and from simulations (blue curves) for kgyow = 0.42 Wm~!K~! and the other parameter values
as reported in table

sufficiently accurate liquidus relation, they are likely able to reproduce realistic
porosity profiles under the assumption of local thermodynamic equilibrium.

There is a smooth but rapid vertical transition from porous ice to liquid at
the ice—ocean interface. Therefore, simulated bulk salinity profiles will always
smoothly transition to the ocean salinity at this interface. Ice core measurements
typically underestimate the salinity of porous ice at this interface because brine
is easily lost from the very porous ice at the base of the core during extraction,
and also because the ice at the base is very fragile (Notz and Worster 2009; Hunke
et al. |2011)). Therefore, we are likely to see a discrepancy between measured and
simulated bulk salinity at the ice base.

The low bulk salinity measurements at the top of the ice in BRW10 are attributed
to the percolation of snow melt water downward through the ice, also called flushing
(Zhou et al.|2013). Our simulations neglect the flow of fresh water downward through
the ice during snow melt, and hence do not reproduce the observed freshening in the
upper region of the ice in BRW10. In the absence of this feature, the simulation is

likely to overpredict the ice porosity in the upper layers during this period (BRW10).
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6.5 Conclusions

In this chapter, we have shown that the transient sea ice model developed in chap-
ters [3HD] when used in conjunction with ERA5 reanalysis data for the atmospheric
forcing and snow depths from SnowModel-LG, can accurately predict the heat and
salt budgets during the growth of first-year landfast sea ice at Barrow, Alaska. Our
simulations accurately predict the temperature and bulk salinity observed in ice
cores BRW1-9 (January—May) taken during the 2009 field campaign. This provides
confidence in the calculated ice porosity profiles during simulations of the first-year
ice at Barrow. This is important because the next chapter uses the simulations
developed here to investigate the air content of the ice at Barrow during the 2009
field campaign. The mobility of gas bubbles is found to be highly sensitive to
the ice porosity, so it is important that the simulation can accurately predict the
porosity of the ice cores in which we will compare simulated and observed bulk gas
concentrations. The simulated temperature and bulk salinity profiles agree less well
with the ice core measurements taken in June (BRW10), likely due having neglected
the downward flux of fresh water at the ice surface from snow melt. We discuss the
impact of this phenomenon on the predicted ice porosity in chapter [7], alongside
strategies to aid the comparison with bulk gas measurements during this period.

In chapter [§, we adapt the transient three-phase mushy-layer model to investigate
the fate of oil droplets (resulting from the weathering of crude oil) in the Arctic
sea-ice environment, and their impact on radiative feedbacks in the ice. We use the
simulations developed here as a case study to investigate the potential impacts of
different concentrations of oil droplets in first-year landfast sea ice. We also find that,
with some exceptions, the simulation configuration chosen here is usually capable of
generally reproducing the ice thickness record in other years the MBS was deployed
at Barrow (see appendix |G| for details) with errors typically smaller than 20 cm.
Therefore, we conclude that our model provides a realistic ice state that we use in
chapter |8 to investigate the potential impact of low levels of oil droplet pollution.

As discussed in detail above, the simulated ice thickness is sensitive to the

value of the snow thermal conductivity kguow, which is not well constrained. For
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the parameters investigated, we find that ke = 0.42 W m™' K~! can reasonably
reproduce the ice thickness record observed at the Barrow MBS during the 2008
2009 growth season for simulations initialised with appropriate ice-free conditions
in September 2008 with a maximum overestimate of around 20cm in January.
The optimal value determined for the thermal conductivity of the snow layer is
significantly higher than measured values in the literature. However, as noted
above, this is a problem common to many one-dimensional numerical models of
sea ice growth with a range of proposed explanations in the literature (Sturm
and Massom [2017)). We also note that our assumption of a uniform snow and ice
thickness is an inherent limitation that can severely underpredict the shortwave
radiation transmitted to the ice and ocean in the presence of snow drifts or leads
(Mallett et al. [2022).

We have approximated the turbulent mixing of heat and salt in the ocean and
melt pond using an eddy diffusion parameterisation with k. = 1 x 107°m?s~!. This
value is chosen based on the computational constraints of our explicit numerical
method and is likely several orders of magnitude smaller than the true value of
ke in the ocean and melt pond. This is not a significant issue during ice growth
where heat transport to the ice—ocean interface is constrained by the small ocean
heat flux. However, we see significantly higher temperatures than expected in
the melt pond and ocean in summer, which is likely due to the heat absorbed
through the absorption of shortwave radiation and increased ocean heat flux being
less efficiently mixed. This may lead us to underestimate the rate of surface and
basal melt, although as noted earlier our model is also missing a mechanism of
pond drainage which typically occurs on the timescale of days to weeks as ponds

deepen (Eicken et al. |2002; Polashenski et al. 2012).



The air content of first-year sea ice

7.1 Introduction

The gas content of sea ice is of interest for several reasons, as discussed in chapter [I]
The gas phase in sea ice provides an additional transport pathway for dissolved
gases such as CO,, CH,, Ar, O,, and N, between the ocean and atmosphere. The
gas content of sea ice also strongly affects the bulk density of the ice, which is a key
uncertainty for determining ice thickness from satellite measurements of the height
of the ice above the waterline (i.e., the freeboard). Ice thickness is estimated from
the measured freeboard by assuming that the ice and overlying snow are floating in
hydrostatic equilibrium. This calculation requires the bulk density of the ice, which
is not usually known and itself depends on the air fraction of the ice.

The air fraction of sea ice can be estimated from measurements of the bulk
density using the formulae given in Cox and Weeks (1983). Cox and Weeks (1983)
estimate the density of gas-free sea ice at different temperatures and salinities using
empirical thermodynamic relationships for the mass fractions of ice, water, dissolved
salts, and solid salts. The air fraction is then estimated from the difference between
the estimated density of gas-free ice and the measured density. This procedure can
also be reversed to estimate the bulk density of sea ice with a known air fraction.
However, the air fraction of sea ice is not routinely measured. The air fraction in sea
ice cores has been estimated directly from thin sections (e.g., Light et al. 2003)) and
using more modern techniques such as X-ray tomography (e.g., Crabeck et al. [2016).

In this chapter, we use the three-phase mushy-layer model for sea ice developed
in chapters [2] and [3] to estimate the air fraction in sea ice at Barrow, Alaska, during

the 2008-2009 season. In §7.2] we describe how the bulk concentration of the

145
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three most abundant atmospheric gases in the ice (nitrogen, oxygen, and argon)
is estimated from the air content using the solubility of each gas in seawater. In
§7.3] we describe some key features of measured profiles of bulk nitrogen, oxygen,
and argon concentrations from Barrow. In §7.4] we describe the configuration of
our simulations and how we calculate the bulk air budget and estimate the bulk
density of the simulated ice. In we present the results of the simulations and
use the measurements of bulk gas concentrations from Barrow to constrain the
dimensionless parameters dy and Da that control the gas dynamics in our model.
We also discuss the implications of our results for the bulk density of the ice and
compare our own estimates of bulk density to values in the literature. Finally, in

§7.6, we summarise the key findings of this chapter.

7.2 The composition of the gas phase

The model developed in chapter [3| treats the gas in sea ice as a single component;
however, the gas content of sea ice comprises a mixture of gas species found dissolved
in seawater. Partitioning the air in sea ice between different species is important
for comparing the simulated gas content with field measurements.

We assume that the bulk gas content of sea ice comprises nitrogen, oxygen,
and argon, which together account for over 99% of Earth’s atmosphere by volume.
We assume that the surface layer of the ocean (before ice formation) is saturated
with nitrogen, oxygen, and argon from the atmosphere, which is reasonable for a
well-mixed layer of the ocean in contact with the atmosphere. We take the solubility
of nitrogen, oxygen, and argon in seawater at a temperature of —1°C and salinity
of 30gkg™" to be &y, sar = 14.75 x 107 m3* kg™, €0, sat = 8.354 x 107 m3 kg™ !,
and &y sat = 0.4058 X 1079 m3 kg™t respectively (Weiss [1970). These values are
similar to the measured concentrations of nitrogen, oxygen, and argon in the top
50m of the ocean (Nakayama et al. [2002).

Using the ideal gas law at a temperature of —1°C and atmospheric pressure
of 1.01 x 10° Pa to convert gas volumes to moles, and then the molar masses of

nitrogen, oxygen, and argon of 14.01 x 1073kgmol !, 16.00 x 102 kg mol~!, and
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39.95 x 1073 kgmol ™!, respectively, we find that the total mass of air per unit
mass of seawater at saturation is Egap = 3.111 x 10> kgkg™!. We assume that
the composition of gases within sea ice, both dissolved and in the free-gas phase,
remains the same as the composition at saturation in the ocean. Therefore, the bulk
concentrations of nitrogen, oxygen, and argon in the ice in moles per unit volume can

be calculated from the dimensionless bulk gas content I' (introduced in chapter |3|) via

[Na] = ¥, pgl, (7.2.1)

0] = o0, T, (7.22)
and

[AI‘] = wArnga (723)

respectively, where p, = 1.00 kg m~3 is the density of air and ¢y, = 21.167 molkg™*,
o, = 11.988 mol kg™, and 14, = 0.582molkg~! are the moles of nitrogen, oxygen,
and argon per unit mass of air at a temperature of —1°C and a pressure of

1.01 x 10° Pa, respectively.

7.3 Measurements

Figure shows the measured bulk concentration profiles (dissolved and gaseous)
of nitrogen (first column), oxygen (second column), and argon (third column) in
the first-year landfast sea ice cores extracted during the sampling periods BRW2,
BRW4, BRW7, BRWS8, and BRW10 of the field study conducted at Barrow, Alaska,
in 2009; see chapter [0] for a more detailed description of the field campaign. In the
first three columns of figure the bulk concentrations of the gases are compared
to the in-situ solubility of each gas species (open black circles), which is calculated
by multiplying the local liquid fraction by the oceanic solubility (shown as a vertical
black line). The liquid fraction values are calculated from the measured temperature
and salinity using the formulae of Cox and Weeks (1983). Note that the formulae
of Cox and Weeks (1983 are semi-empirical and are not exactly equivalent to

the mushy-layer formulae introduced in chapters [2] and [3] Previous modelling of
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Figure 7.1: Vertical profiles of the bulk concentrations of nitrogen (red, first column), oxygen
(blue, second column), and argon (orange, third column) in ice cores taken during sampling periods
BRW2, BRW4, BRW7, BRW8, and BRW10 (top to bottom) at Barrow, Alaska in 2009. The
open circles indicate the estimated in-situ solubility of each gas species, calculated as the local
liquid fraction multiplied by the oceanic solubility value, where the liquid fraction is determined
from temperature and salinity measurements. The oceanic solubility values are indicated by the
vertical black lines (Weiss [1970). The final column shows estimates of the scaled dimensionless
bulk air content I'/x calculated from the measurements of nitrogen (red), oxygen (blue), and
argon (orange) using equations 7. The oceanic solubility values for all three species
collapse to I'/x = 1 (vertical black line) and the in-situ solubility estimates are the same for all
three species (open black circles). The data was kindly provided by Prof. Jean-Louis Tison (see
Zhou et al. 2014a; Zhou et al. |[2013).
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the argon content of sea ice at Barrow (Moreau et al. 2014)) included the effect
of temperature and salinity variations in sea ice brines on the solubility of argon
using the fit of Hamme and Emerson (2004)). However, including temperature and
salinity effects on the gas solubility is likely to be unnecessary because these are
small compared with changes to the in-situ solubility driven by changes in the
liquid fraction (Tison et al. 2017; Zhou et al. |2013]).

Assuming that the degree of gas—liquid disequilibrium is small, the bulk con-
centration of gas in excess of the in-situ solubility provides an estimate of the
proportion of the gas content residing in bubbles. Except at the base of the cores,
the measurements from BRW2-BRW8 (early February to early May) show bulk gas
concentrations well in excess of the in-situ solubility for all gas species (figure ,
top four rows). Therefore, we conclude that a significant volume of air is trapped
in gas bubbles within the ice during this period (Zhou et al. |2013; Zhou et al.
2014a). In contrast, aside from the top 15cm of the cores, the measurements from
BRW10 (early June) show bulk gas concentrations near the in-situ solubility values
for all gas species (figure , bottom row). It has been proposed that the return
of gas concentrations to solubility indicates the loss of gas bubbles due to bubble
migration as the ice warmed and became more permeable between BRWS and
BRW10 (Zhou et al. [2013). This observation led the authors of Zhou et al. (2013))
to propose a porosity threshold of 7.5-10%, above which gas bubbles are able to
migrate vertically, motivating later studies to introduce a porosity threshold for
bubble transport in models for argon in sea ice (Moreau et al. [2014). In §2.3] we
instead related the porosity threshold above which bubbles are able to migrate
vertically in sea ice to the ratio of the bubble radius to the pore throat radius,
which is characterised by the scaled bubble radius dy. In this chapter, we investigate
the choice of §y required to reproduce the observed loss of gas bubbles from the
ice between BRW8 and BRW10. Regarding the large bulk gas concentrations at
the top of the ice in BRW10, Zhou et al. (2013)) propose three explanations: (1)
air-saturated water from melting snow refreezes at the top of the ice, (2) air intrusion

from above as brine drains downward from ice above the freeboard, and (3) the
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trapping of bubbles migrating upwards from the ice interior due to the formation
of impermeable ice layers from the refreezing of snow melt water.

The final column of figure shows the normalised dimensionless bulk air
content I'/x calculated from the measurements of nitrogen (red), oxygen (blue),
and argon (orange) using equations —. Argon is an inert gas, so its
concentration in the ice is only affected by variations in solubility, rejection through
brine channels, and bubble exsolution and migration. Despite oxygen and nitrogen
both being biologically active gases, the shape of the profiles for all three gas
species are similar. This similarity suggests, that to a reasonable approximation,
physical rather than biological processes control the air content of sea ice. A notable
exception is the high concentration of oxygen near the ice base in BRW10 compared
to the other gas species. This elevated concentration of oxygen is likely the result
of primary production by photosynthetic organisms at the ice base in summer,
when light can penetrate the ice (Zhou et al. |2014a)).

Across all of these observations, the ratio of the measured bulk nitrogen
concentration to the in-situ solubility is consistently around a factor of 2 higher
than for oxygen and argon. The BRW10 measurements agree with the calculated
in-situ solubility values, so it is unlikely that there is an error in the solubility value
used for nitrogen. The measured bulk nitrogen values suggest higher estimates of
the bulk air content than those for the other species. There are several possible
explanations for this discrepancy. One possibility is that the underlying ocean is
super-saturated with nitrogen. Alternatively, it could be that nitrogen exsolves
more readily from the liquid phase than oxygen and argon into bubbles in sea
ice, which would lead to an elevated proportion of nitrogen in bubbles found in
sea ice compared to oceanic values. It is also possible that certain bacteria in
sea ice can convert dissolved nitrate NO; in sea ice brines to molecular nitrogen
N, via denitrification. However, the rates of denitrification in sea ice of around
22.6nmol N, L' day ' (Rysgaard et al. 2008) are thought to be too low to have
a measurable effect on the bulk concentration of nitrogen in sea ice (see § 18.3.2

of Tison et al. 2017, for a discussion).
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Figure 7.2: Simulated temperature (a) and solid fraction (b) profiles compared with measurements
from cores taken during BRW10 (crosses) and thermistor string measurements from the Barrow
Mass Balance Site (circles). We show simulation data from the same time as BRW10 and for up
to 12 days afterward.

The larger super-saturations of nitrogen in the ice compared with argon or
oxygen is not unique to the measurements from Barrow presented here. Similar mea-
surements of bulk concentrations of nitrogen, oxygen, and argon in cores extracted
from landfast first-year sea ice in March 2010 from Kapisillit, Greenland (64°26’N,
50°13’W), also show maximum values for the ratio of bulk gas concentrations to
in-situ solubility within the ice of about a factor of 2 larger for nitrogen compared
with oxygen or argon (Crabeck et al. 2014b). Crabeck et al. (2014b) estimated that
the diffusivity of nitrogen in sea ice brines is about twice that of oxygen and argon.
This could explain the larger super-saturations of nitrogen in the ice if nitrogen
diffuses more rapidly into bubbles within the ice than oxygen or argon, leading
to a higher exsolution rate of nitrogen in sea ice. For simplicity, the pore-scale
processes controlling the exsolution of dissolved gases into bubbles are neglected

in the model results presented in this chapter.

7.4 Methods

7.4.1 Simulation configuration

We use the model described in chapters to predict the bulk air content of the

ice at Barrow over the 2008-2009 season. From the simulated bulk air content,
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Parameter Symbol  Value

(a)

reference pore throat radius Ry 1.95 x 10~*m (Maus et al. 2021)
pore throat power law exponent ¢ 0.46 (Maus et al. 2021))

porosity threshold O 0.024 (Maus et al. [2021)

air density Pg 1kgm™3

gas diffusivity K 2.49 x 107° cm?s™! (Crabeck et al. 2014b)*
ocean saturation state Woo 1.0

air solubility in seawater ESAT 3.11 x 10> kgkg~'*

liquid viscosity I 2.78 x 1073 Pas

(b)

buoyancy scale B 7.26 x 10°

expansion coefficient X 3.2x 1072

Lewis number for gas diffusion Leg 50.6

Table 7.1: The parameter values used to simulate air in the sea ice at Barrow, Alaska, in addition
to those reported in table The dimensionless values (b) are calculated from the dimensional
values (a).

TThis value for air diffusivity is the value for N, in sea ice brines calculated by Crabeck et al.
2014b|, which was around a factor of two larger than the value calculated for O, or Ar. The
value of Leg given in the table is calculated using this value of k¢, but we take Leg — oo in the
simulations presented in this chapter.

Calculated in from values for Ny, Oy and Ar in seawater at a temperature of —1°C and a
salinity of 30 gkg~! (Weiss [1970).

we diagnose the bulk concentrations of nitrogen, oxygen and argon as described
in This allows us to constrain the dimensionless parameters (5o and Da)
that reproduce bulk gas concentrations consistent with the measurements from
Barrow (February—June 2009) presented in §7.3|

Simulations are initialised and run with the same forcing and physical parameters
described in chapter [6] and with a grid resolution of N, = 50. Additionally, we now
take the ocean to be saturated with dissolved air so that I'(z, t = 0) = x. The
deep ocean remains saturated throughout the simulation, so that I'(z = —1, t) = x.
This initial configuration is an improvement on the previous simulation of the
argon content of the ice at Barrow (Moreau et al. |2014)), in which simulations were
initialised with an existing ice cover in January 2009 and thus did not capture
bubble accumulation and migration within the ice during the initial stages of ice
growth. Our simulation uses a similar linear relaxation model for the exsolution
of dissolved gas to that used by Moreau et al. (2014)), with the exsolution rate

quantified by the dimensionless Damkohler number Da. However, Moreau et al.
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(2014) used a diffusive parameterisation scheme for brine convection within the ice,
whereas we use a convective parameterisation that is known to be more physically
representative for the dynamics of dissolved tracers in sea ice (see . Moreau
et al. (2014)) also did not track the motion of bubbles through the pore space, instead
assuming that all argon in the gas phase is removed from the ice to the atmosphere
instantaneously when the overlying ice is above a critical porosity threshold. We
instead treat the gas phase as a mixture of nitrogen, oxygen, and argon and allow the
gas phase to move within the ice according to the microstructural model of bubble
motion in sea ice developed in chapter 2l The bubbles in our model can only move
vertically when the ice is sufficiently porous, where the threshold is determined by
the local porosity and the scaled bubble radius dg. Additional parameters required
for the simulation of the air content are given in table Using the value for the
in-situ diffusivity of dissolved gas species through the liquid phase in sea ice we
find that the diffusion of dissolved gas is negligible during ice growth compared
with brine convection and bubble motion. Hence, the simulations presented here
were run without the diffusion of dissolved gas (i.e., Leg — 00)

At the base of the ice, the solid fraction rapidly transitions to zero (the skeletal
layer); as a result, this portion of the ice is much more porous and fragile than the
interior. The skeletal layer is difficult to sample because it is delicate and because
the interstitial brine is easily lost from the core during extraction (Hunke et al.
2011; Notz 2005). To make a fair comparison between the simulation and ice core
measurements, we remove the bottom three grid cells (12 cm) of the simulated ice
which we determine from plots of the solid fraction to encompass the skeletal layer.
We have chosen to remove three cells since this is the minimum number of cells
that need to be removed from the bottom of the ice to ensure that the porosity
of the ice does not exceed the values inferred from the temperature and salinity
measurements. Note that this approach is somewhat arbitrary, but is one way of
dealing with the difficulty in sampling the skeletal layer using ice cores.

Our model is able to well reproduce the observed ice temperature and porosity

structure during the sampling periods BRW1-9 (see chapter [6). However, our
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simulations underpredict warming of the ice observed in BRW10 and, as a result,
the simulated ice is less porous than the observations suggest (figure . This
is important because the migration and release of bubbles is highly sensitive to
the solid fraction of the ice. Figure shows the simulated temperature and solid
fraction profiles at BRW10 and up to 12 days later in simulated time (coloured
lines) compared with the ice core measurements (crosses) and thermistor string
measurements (circles) from BRW10. Figure suggests that we can better
reproduce the ice state observed at BRW10 by comparing to simulated data from
11 days after the date of BRW10, which we denote BRW10*. Any larger delay

and the simulated ice has begun to melt at the surface.

7.4.2 Bulk air budget

We now integrate equation for the dimensionless bulk air content I' over
the ice thickness to determine the different contributions to the bulk air content
of the ice. This calculation will aid with the interpretation of the results of our
simulations later in this chapter. Consider a layer of ice in —hjce < 2 < —hpona atop
an ocean saturated with dissolved air (i.e., w = 1), where hpong is the thickness
of any surface melt pond and h;. is the depth of the ice—ocean interface. Here,
hpona = 0 for most of the simulation period until a melt pond forms during the melt
season. The dimensionless bulk air content I' is the sum of the dimensionless mass
of air dissolved in the interstitial liquid ¢;yw and the dimensionless mass of air in
bubbles ¢, per unit volume of ice. Integrating the conservation equation (3.2.41)
(with Leg — oo) for the dimensionless bulk air content over the ice thickness
and using the boundary conditions w = 1 and ¢, = 0 at 2z = —hi yields the

following equation for the air budget of sea ice:

dr
E = Fbase - Fsurface - Fbubble - Fconvectiona (741)

where

~ 7hpond
F:/ dz, (7.4.2)

—hice
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is the dimensionless integrated bulk air content in the ice. The budget of T in
the ice is controlled by the following four terms: (1) the incorporation / release

of air at the ice—ocean interface during freezing / melting,

thice, rice >0 (freezing)
_ dt dt
Fbase - dh: dhs > (743)
(2 = —hice) —— < <0 (melting)

dt 7 dt

(2) the analogous term at the ice-melt-pond interface due to surface melt,

dhpon
Fsurface = F(Z == _hpond)Lda (744)
dt
(3) the flux of bubbles from the ice surface to the atmosphere,
Fbubble = Wg<Z = _hpond>7 where Wg = Bégd(é)gbg, (745)

and (4) the loss of air from the ice due to the flux of supersaturated liquid through

brine channels in the convecting portion of the ice,

arywiallae  [#
Fconvec ion — X7 1 o / —1) dz. 7.4.6
' X (Zc + hice)2 —hice (w ) : ( )

In the absence of bubble motion (i.e., g > 1) and brine convection, the bulk
air content of the ice is equivalent to that of the underlying seawater and I =
X (Rice = hpona)- The simplification of the freezing case in equation is possible
because the ice is growing into a well mixed ocean saturated with dissolved air.
Brine convection reduces the bulk air content of the ice compared to the ocean
whenever w > 1. This loss is maximised when Da — 0, meaning that there is no
gas exsolution and air behaves as a passive tracer dissolved in the liquid phase. In
the limit Da — oo, w = 1 during ice growth and Fonyection = 0. Therefore, a higher
efficiency of removal of dissolved gas from the liquid phase by gas exsolution leads
to more total gas accumulating in the ice during freezing. An analogous process
has previously been suggested to control the accumulation of dissolved silica within
growing sea ice (Vancoppenolle et al. 2010), although in that case the silica is

removed from the liquid phase by biological processes rather than bubble exsolution.
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7.4.3 Estimation of sea ice bulk density

Our simulations neglect both the density difference between the solid and liquid
phases (i.e., ps = p;) and the volume occupied by gas bubbles (i.e., ¢s + ¢ =~ 1).
However, we can still estimate the effect of the simulated gas content on the ice
bulk density as follows. For ice below the waterline, we assume that the presence
of a volume fraction ¢, of gas bubbles must have displaced an equivalent volume
fraction of liquid from the pore space. Therefore, we estimate the local bulk

density of ice below the waterline using

{ps¢s + plgb; + pg¢97 if d); >0

,  where ¢ =1—¢;— ¢, (7.4.7)
ps(bs + pg(l o ¢S)> if ?bg <0

where p, = 917kgm ™2 is the density of pure ice, p; = 1024kgm—3 is the density
of seawater, and p, = lkgm™ is the density of air. The condition on ¢] in
equation ensures that we do not estimate a negative liquid fraction because,
under our reduced “tracer” model, the gas fraction is decoupled from the available
pore space. Equation is applicable for ice below the waterline and above
the eutectic temperature, where ¢, > 0. The temperature of the ice at Barrow
in our simulations is always warmer than the eutectic temperature; however, for
completeness, the local bulk density of ice below the eutectic temperature can

be estimated via

p = ps(1 = ¢g) + pydy- (7.4.8)

The mean bulk density of the ice p, which is needed to calculate the ice thickness
from measurements of the freeboard (see equation , can be estimated by
taking the mean of equation (7.4.7)) over the ice thickness.

For floating sea ice in hydrostatic balance, the freeboard hy is determined
from equation . Our simulations thus far are for landfast ice, which is not
necessarily in hydrostatic balance, and do not include a calculation of the freeboard.
However, since the ice above the freeboard may be drained of brine, it is of interest

to estimate the freeboard of ice in hydrostatic balance and the bulk density of ice
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above the waterline. We estimate the bulk density of the ice above the waterline

by assuming that this ice is completely drained of brine, yielding

p = psPs + pgr, (7.4.9)

where ¢; is the simulated liquid fraction of the ice when drainage of brine above
the freeboard is not accounted for. Using equation below the waterline and
equation ([7.4.9) above the waterline, equation yields a system of equations
that together determine the freeboard hy and mean bulk density of the ice p for given
simulated volume fractions of solid, liquid, and gas, snow depth hg,ow, and snow
density psnow. Provided that the freeboard is positive, we determine it numerically
as the first position on our computational grid where the buoyancy force on the
ice is greater than weight of the ice and overlying snow. The finite grid resolution
leads to an overshoot of the freeboard of at most Az = 4cm.

Throughout the rest of this chapter, freeboard-density calculations are carried
out using psuow = 355 kgm—3, which is a typical value for snow on sea ice (Sturm
and Massom 2017). We also exclude the skeletal layer of the ice from the calculation
(i.e., the bottom 12cm of the ice where the solid fraction rapidly transitions to
zero), which may lead to an underestimate of 5. The calculations in this section
also neglect the feedback of the liquid flow driven by gas exsolution and migration

on the transport of heat, salt and gas within the ice.

7.5 Results

7.5.1 Comparison with bulk gas measurements from Barrow

The dependence of the integrated bulk air content on J, and Da

Figureshows the simulated dimensionless integrated bulk air content T for sample
periods BRW2, BRW4, BRW7, BRWS, and BRW10 compared with the integrated
bulk air content inferred from the measured bulk gas profiles via equations [7.2.1}-
[7.2.3] as discussed in §7.3] Results are shown for dimensionless bubble radii dy
between 0.01 and 1, and Damkohler number Da between 0.01 and co. We note that

the values of T inferred from the field observations for each gas species increase
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Figure 7.3: Integrated simulated dimensionless bulk air content r (excluding the bottom 12 ¢cm of
the ice) for sample periods BRW2, BRW4, BRW7, BRWS, and BRW10 versus g for 0.01 < Da < co
(coloured lines with individual simulations indicated by a filled circle). The integrated dimensionless

bulk air content I' inferred from measured gas profiles (via equations (7:21)-(7.2-3)) is shown as
horizontal red (nitrogen), blue (oxygen) and orange (argon) lines. The last panel shows simulation
data from 11 days after the time of measurement for BRW10, at which point the simulated ice
state is more similar to that observed from cores taken during BRW10.

during ice growth, BRW2-8, as gas bubbles accumulate, and then decrease by
BRW10 as gas bubbles are lost from the ice. For low Da = 0.01, bubble exsolution
is negligible and the integrated bulk air content is relatively independent of dy. In
this low-Da regime, large super-saturations (w — 1) are generated during freezing
and this highly supersaturated liquid is expelled from the ice through brine channels
during convection, leaving the ice depleted of air compared with the underlying
ocean (analogous to the desalination of growing sea ice).

For 0y Z 0.4, exsolved bubbles are largely immobile for the porosities found in
the ice, so bubbles accumulate in the ice during ice growth. In this regime, T varies
little with g and increases with Da as gas supersaturation generated by freezing
is more efficiently converted to gas bubbles within the ice before being expelled
through brine channels, with T reaching a maximum value of xh;. as Da — oo.

As previously discussed in §7.4] the limit Da — oo minimises the loss of gas from
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the ice via brine convection, with Fionvection = 0.

For ¢y 5 0.1, bubbles are smaller than the pore throat size within the ice and are
able to migrate upward and escape to the atmosphere once generated. Therefore, r
decreases with Da and reaches a minimum determined by the in-situ gas solubility
as Da — oo, for which all gas supersaturation is immediately converted to gas
bubbles that escape to the atmosphere.

Neither the small-bubble (0 < 0.1) or large-bubble (dy g 0.4) regimes are
compatible with both the accumulation of gas in BRW2-8 and the loss of gas to
in-situ solubility in BRW10. To fit the data, &, must lie in the narrow range in
which bubbles are mostly immobile during ice growth (BRW1-BRW7) but become
mobile as the ice warms (BRW10). For this intermediate bubble size regime,
consistency with observations further requires that Da must be large enough to
allow for the accumulation of gas during ice growth but also small enough to allow
some disequilibrium. We note that values of r predicted from the measurements of
nitrogen are consistently higher than those inferred from oxygen or argon, suggesting
that a larger value of Da is required to reproduce the nitrogen measurements

compared with the oxygen and argon measurements.

The vertical distribution of gas

Figure shows the simulated profiles of normalised bulk air content I'/x compared
with values inferred from the measurements of bulk argon content. As discussed in
the measurements of nitrogen, oxygen, and argon show very similar patterns
for BRW2-8. Here, we use the vertical distribution of the inert gas argon to further
constrain our choice of d5. The different values of Da required to fit measurements
of argon versus nitrogen are discussed in the following section.

The simulations with dg < 0.24 are incompatible with the observed accumulation
of gas in the ice throughout BRW2-8 (figure because the bubbles are small
enough compared with the pore throat radius to escape the ice before BRWS.

The simulations with g > 0.3 are incompatible with the almost complete loss



160

7. The air content of first-year sea ice

BRW4 (2009-03-31) BRW7 (2009-04-10) BRWS (2009-05-08) BRW10*
(S(!

BRW?2 (2009-02-03)

=0.28

do

=0.28

do

60 =0.26

=0.28

do

||||||||||||||||||||||

0.0
—0.6

—0.6 -

-0.8

—0.6 -
-0.8

0.0

—0.2

.
b
S

[

z

—0.6

—0.2

w 04T

0.6
0

1.0

I'/x

I'/x

I'/x

I'/x

Figure 7.4: Simulated profiles of normalised bulk air content I'/x (dark blue line) versus

We show data and results for the five sample periods

dp values (increasing top to bottom) compared with '/ inferred from measurements of argon

using equation ([7.2.3) (orange circles).
of BRW10, at which point there is better agreement with the observed solid fraction. The blue

the measurements of BRW10 are compared with simulated values from 11 days after the date
shaded region is bounded by simulations for Da = 2.5 and Da = 100.

dimensionless depth z in the ice (excluding the bottom 12cm) with Da = 25 and a range of
BRW2, BRW4, BRW7, BRWS, and BRW10* (left to right), where the asterisk indicates that
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of free gas from the ice during BRW10 (figure because the bubbles are too
large to escape the ice before BRW10*.

The simulations with dy = 0.26 and 69 = 0.28 reproduce both the accumulation
of gas in the ice during BRW2-8 and the loss of gas during BRW10. However, both
are unable to reproduce the trapping of gas bubbles near the ice base observed in
BRWS (and bubbles are trapped at a slightly shallower depth in the ice in BRW7
compared with the observations). The peaks in bulk gas concentration in our model
occur where bubbles exsolved in the ice below encounter a low enough porosity that
they become trapped by narrower pore throats. Since we have used an identical
distribution of bubble sizes and pores, the exact location of these peaks is very
sensitive to the bubble size and the porosity profile in the ice. Therefore, slight
discrepancies between the porosity profile in the simulated ice and the observations
could explain the differences in the locations of peaks in the gas content. A
larger uncertainty is the treatment of the gas phase with a single bubble size. We
would expect a more realistic distribution of bubble sizes to lead to less localised
accumulations of gas in the ice. However, we are still able to capture much of the
qualitative distribution of gas in the ice with a single bubble size.

We conclude that dp = 0.28 is a good choice for the scaled bubble radius in our
model. This size represents bubbles that are large enough to reproduce the observed
accumulation of gas in the ice during growth, but small enough to reproduce the

subsequent loss of gas bubbles to the atmosphere as the ice warms.

Estimating 0, and Da

Figure shows the integrated dimensionless bulk air content I’ for 6, = 0.28
and selected values of Da in the range 2.5 < Da < 250. The observed values of r
inferred from the measurements of nitrogen and oxygen or argon are well reproduced
by the simulations with Da = 100 and Da = 2.5, respectively, in the periods BRW2,
BRW4, BRW7, and BRW10 (figures and [7.5b). However, a substantially larger
value of Da is needed to reproduce the larger I values seen in BRWS. For this

reason, it is important that future studies are conducted to establish if the gas
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Figure 7.5: The integrated dimensionless bulk air content [ in the ice versus time (excluding the

bottom 12 cm of the ice) for §; = 0.28 and a range of Da values (see legend). Panel (a) compares T’
from the simulations with the values inferred from the measurements of argon (orange crosses) and
oxygen (blue crosses), whereas panel (b) shows the values of [ inferred from the measurements of
nitrogen (red crosses). The solid black line indicates the value of T determined by integrating the
in-situ solubility over the ice thickness. Panel (c) shows the mean gas fraction in the ice ¢, versus
time (excluding the bottom 12 cm of the ice) for 4y = 0.28 and a range of Da values (see legend).

content observed in BRWS is typical of this time in Arctic sea ice. Zhou et al.
(2013)) suggested that the substantially higher gas content observed in BRWS is
due to enhanced biological activity in the ice producing hydrophobic compounds
which could enhance the rate of gas exsolution. This hypothesis would suggest a
biological feedback on the value of Da in the ice. Past simulations of the bulk argon
content in the ice at Barrow also found that a larger gas exsolution rate was needed
to explain the higher gas content seen in BRWS8 (Moreau et al. [2014]).

Figure shows the mean gas fraction in the ice ¢, for §y = 0.28 and Da €
{2.5, 25, 100, 250}. We find that the mean gas fraction increases during initial ice
growth to a maximum value that is fairly constant during February—May and then
decreases in June as the ice warms and bubbles are lost. Overall, the maximum
value of GTg in the ice increases with increasing Da as more gas bubbles are exsolved.
Note also the sudden drop in ¢, in late October when transient warming of the

ice leads to a release of accumulated gas bubbles.
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Figure 7.6: Evolution of the simulated (a) solid fraction, (b) normalised bulk gas concentration,
(c) gas fraction, and (d) dissolved gas concentration for Da = 25 and dg = 0.28. Panel (e) shows
the dimensionless flux of gas bubbles from the ice to the atmosphere versus time. In (a—d), the

blue curve indicates the ice—ocean and ice—melt-pond interfaces and the red lines indicate the
sample periods BRW2, BRW4, BRW7, BRWS8, and BRW10*.

Figure shows simulated solid fraction, bulk gas concentration, gas fraction,
and dissolved gas concentration for Da = 25 and 9§, = 0.28. Gas accumulates
in discrete layers below regions of the ice that are impermeable to gas transport.
These regions have low porosity, below the threshold for bubble migration, but
may still be permeable to liquid flow. Gas bubbles are lost to the atmosphere
as the ice above warms and becomes sufficiently porous. The loss of gas bubbles
to the atmosphere can be seen in the corresponding peaks in the ice—atmosphere
bubble flux shown in figure [7.6. Potentially, fluxes of gas bubbles from the ice

to the atmosphere could be detected using the chamber technique and linked to
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changes in the thermodynamic state of the ice in the field to provide additional
evidence for the porosity threshold for bubble motion in sea ice. The chamber
technique has already been used to measure sudden ice—air carbon dioxide fluxes
during a rain event (Nomura et al. 2010)).

The interstitial liquid in the ice is super-saturated with dissolved gas during
ice growth and becomes sub-saturated in the melt season as internal melt dilutes
brines which had previously lost gas to the atmosphere via bubbles (figure [7.6/d).
In our simulation, the melt pond and underlying ocean remain saturated with
dissolved gas due to efficient turbulent mixing and exchange with the atmosphere
and deep ocean, respectively. It is possible for atmospheric gases to dissolve into
sub-saturated brines at the surface of the ice, which would be seen in simulations
with Leg < oo. This process was included in the model of Moreau et al. (2014)),
but was found to be only a small contribution to bulk argon budget because the

diffusion of dissolved gas within the ice was relatively slow.

7.5.2 Bulk density

Sea ice bulk density measurements are routinely used to infer the air fraction in the
ice using the formulae of Cox and Weeks (1983). However, here, we do the reverse
and use the simulated air fraction to estimate the ice bulk density throughout the
year. The bulk density of sea ice is a key uncertainty in the procedure used to
infer ice thickness from satellite measurements of the freeboard (see chapter 1] for a
review). In §7.4.3] we described two different methods to account for the simulated
air fraction when estimating the mean bulk density of the ice. The mean bulk density
p is estimated either by assuming that the entire ice thickness is below the waterline
(i.e., hy = 0) or by assuming that the ice above the freeboard is fully drained of
brine, where the freeboard h; is itself estimated from equation . In the latter
case, we specifically avoid estimating the freeboard or ice density in the presence of
a melt pond because this work does not include a hydraulic model for melt water.

Figure shows the mean bulk density of the ice versus time in both the

former case (panel a) and in the latter case (panel b). In the latter case with
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Figure 7.7: Evolution of the mean ice bulk density from simulations for o = 0.28 and a range of
Da values (see legend), as calculated by (a) assuming that all of the ice is below the waterline
and (b) calculating the freeboard (see and then assuming that ice above the waterline
is completely drained of brine. The black curves in (a) and (b) show the mean bulk density of
gas-free ice (i.e., ¢, = 0). The density of pure ice is indicated by the horizontal dashed blue line.
(c¢) The calculated freeboard corresponding to the ice bulk density in (b).

drainage above sea level, the computed freeboard is shown in panel (c). Note
that the freeboard is determined only to the accuracy of the computational grid,
Az = 4cm, which gives a stepwise appearance. Ice bulk densities are determined
from simulations for §p = 0.28 and Da values in the range 2.5 < Da < 250,
which reproduce the range of integrated gas content inferred from measurements
of nitrogen, oxygen, and argon during BRW2-10.

The two density estimates are similar during winter and spring (around December
to April) because a negligible fraction of the ice is above the freeboard in this period
due to rapid loading with snow. Gas-free ice, or ice with a low air fraction due
to a low exsolution rate (Da = 2.5), has a bulk density slightly above the density
of pure ice (917kgm™3) due to the presence of denser seawater within the ice.

Higher values of Da lead to a higher air fraction within the ice, which lowers the
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bulk density to between 900 kgm™3 and 917kgm™3. The density estimates for
the higher values of Da shown in figure [7.7] are consistent with the range of ice
bulk densities 900-940 kg m~2 reported in the literature for first-year sea ice below
the waterline (Timco and Frederking [1996)).

There is a significant difference between the two density estimates (figure
and [7.7p) during initial ice growth (October to November) and at the onset of
the melt season (roughly April onwards). During initial ice growth in the absence
of snow, the drained ice above the freeboard is a more significant fraction of the
ice thickness, leading to an initially lower bulk density of around 885kgm™3 that
increases as the ice thickens (figure[7.7p). During the melt season, snow melt causes
the freeboard to increase, which leads to a decrease in the bulk density of the ice
because ice above the freeboard is drained of dense brine (figure [7.7p). This leads
to a decrease in the bulk density of the ice to around 865kgm™2 in June before the
formation of a surface melt pond, which is more comparable to the density range
reported for sea ice above the waterline of 840-910kgm ™ (Timco and Frederking
1996). Without considering the hydrostatic adjustment of the freeboard, the bulk
density of the ice increases during the melt season as gas bubbles are lost from the

ice and the ice contains a larger fraction of denser seawater (figure [7.7h).

7.6 Conclusions

In this chapter, we have used the three-phase mushy-layer model for air bubble
exsolution and migration in sea ice, developed in chapters BH6] to simulate the
bulk gas content and air fraction of first-year landfast sea ice at Barrow, Alaska,
in the 2008-2009 season. Measurements of the bulk concentrations of nitrogen,
oxygen, and argon in the ice at Barrow suggest that the ice contains a significant
amount of atmospheric gases trapped as bubbles within the ice during its growth.
In contrast, the last core measurements taken in June show that gas concentrations
have dropped to near the in-situ solubility throughout most of the ice, indicating

the loss of gas bubbles to the atmosphere.
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Our three-phase model is a novel approach to simulating the entire air content
in sea ice, compared with previous approaches for individual gas species that have
assumed that bubbles instantaneously transport either gaseous argon (Moreau
et al. [2014) or carbon dioxide (Moreau et al. 2015b) to the atmosphere once the
ice porosity increases above an imposed threshold. The distribution of gas in the
simulated ice is found to be very sensitive to the value of g and the porosity profile
in the ice. Our model can reproduce the accumulation and loss of argon observed
in the ice at Barrow with a suitable value of the dimensionless bubble radius
do = Rp/Ry = 0.28. Through equation , 09 = 0.28 corresponds to a critical
porosity of 6.3% above which buoyancy driven bubble motion is possible. This
porosity threshold is slightly lower than the thresholds of 10% and between 7.5%
and 10% for argon transport by bubbles in sea ice identified by Moreau et al. (2014)
and Zhou et al. (2013)), respectively. Our model does not include the effect of snow
melt water percolating downward into the ice from the surface. The percolation and
refreezing of snow melt water has been identified as a potential cause of the elevated
concentrations of gases seen near the surface of the ice in BRW10 (Zhou et al. [2013).

There are two important novel aspects of the model presented in this chapter
compared with previous work (Moreau et al. 2014; Moreau et al. 2015b)). Firstly,
although we impose a porosity threshold for bubble motion, we have related this
threshold to the bubble radius Rp and the pore throat lengthscale Ry via an
idealised model for bubble motion in the pore space of sea ice (see chapter [2)).
This could allow future work to consider a more realistic distribution of bubble
sizes and pore sizes, which may help address the sensitivity of bubble transport
in the model to the choice of dy. Secondly, we have selected parameters for the
model using field observations for the three major gases in air (nitrogen, oxygen,
and argon) rather than only argon. By modelling the air content in sea ice as a
mixture of atmospheric gases for the first time, we are able to estimate the bulk
density of sea ice over a seasonal cycle.

We found that accounting for the total integrated concentration of atmospheric

gases observed within the ice requires some disequilibrium between the gas phase
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and the interstitial liquid in sea ice, as quantified by a Damkohler number of
1 £ Da < 100. This level of disequilibrium allows some of the oceanic gas content
to be trapped in the ice in the gas phase while some is removed by gravity drainage
through brine channels. The range of Da values identified in this chapter is
consistent with the value Da ~ 8 previously identified by Moreau et al. (2014
to best explain the bulk argon content observed in the ice at Barrow. We find
that larger exsolution rates are needed to explain the measured nitrogen content
of the ice compared with the oxygen and argon content, and also to explain the
very high integrated gas content observed in BRWS8. It would be valuable for
future field studies to measure the evolution of the gas content in sea ice over a
seasonal cycle at multiple locations and over multiple seasons to establish if the
evolution seen at Barrow in 2008-2009 is typical.

We have used the results of our simulation to estimate the bulk density and
freeboard of first-year sea ice over a seasonal cycle. We found the bulk density of
the ice to be relatively constant in the winter and spring, and that it decreases with
increasing gas exsolution rate. During both the initial growth of the ice and the melt
season, the bulk density of the ice is only moderately sensitive to the air fraction
generated by gas exsolution and bubble rise, and is instead primarily determined by
the adjustment of the freeboard and drainage of the ice above the freeboard. Our
results reproduce the pattern for sea ice bulk density observed recently for first-year
ice in the Arctic, where the ice density rapidly increased during initial growth from
893 £10 to 908 £8 kgm ™ in November and then remained relatively constant until
the melt season, when it decreased to around 830kgm™ in July (Salganik et al.
2024). Salganik et al. (2024) suggest that the decrease in ice density during the melt
season implies the formation of voids within the ice due to the density change during
internal melt (see chapter [1| for more discussion). However, we have found that the
observed seasonal variation in the total bulk density of entire first-year ice column
can be explained by a combination of air accumulation in winter and freeboard
adjustment. Salganik et al. (2024) also found density values below that of pure ice

(917kgm™3) below the waterline in the summer. These low density values remain
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to be explained but do not have a leading order impact on the total bulk density of
the ice column. Our model does not include a description of melt pond drainage, so
it would be valuable for future work to consider the bulk density of the ice further
into the melt season with a coupled model of hydrostatic balance and melt pond
hydraulics. This could also shed light on the role of drainage of the ice above the

waterline and melt pond drainage on the budgets of heat, salt, and gas within the ice.



The impact of oil droplets in the Arctic on
sea-ice melt and the spring under-ice algal
bloom

8.1 Introduction

Crude oil enters the ocean via accidental spills, burst pipelines, tanker accidents,
shipping and other industrial activities. Oil undergoes a variety of weathering
processes in the ocean that result in the formation of small (sub-micron) sized
droplets that can be suspended in the water column and travel large distances (see
chapter [1| for a review). There has been significant research into the fate of large
quantities of oil spilled under sea ice in the Arctic environment with a focus on
detection and clean-up operations (see Wilkinson et al. 2017} for a review). However,
there has been less focus on the effects of low levels of weathered oil droplets that
may be present over large areas of the Arctic Ocean. Recently radiative transfer
modelling has shown that the presence of low concentrations of weathered oil droplets
in sea ice can significantly reduce the shortwave albedo of the ice at low wavelengths
(Redmond Roche and King [2022b)). However, this study did not account for the
surface scattering layer found on bare sea ice, or the motion of oil droplets within the
ice, so the significance of oil pollution on the energy budget of sea ice over a season
is still unknown. It has also been suggested that dispersed weathered oil droplets
can significantly alter the propagation of photosynthetically active radiation (PAR)
in an open ocean environment, which is important for primary production in the
ocean (Haule and Freda [2016). However, the impact of oil droplets in sea ice on

PAR available to algae at the ice-ocean interface has not been investigated.

170
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In this chapter, we will model the motion of oil droplets in the sea-ice system
over a seasonal cycle and assess the potential importance of the oil droplets on the
fate of shortwave radiation in the ice. This will be used to predict the enhancement
of sea ice melt due to absorption of solar radiation by oil droplets in the ice. We also
predict the delay to the spring under-ice algal bloom due to oil droplets in the ice
blocking sunlight from reaching the ice-ocean interface. We consider concentrations
of oil droplets that are potentially representative of background levels of weathered
oil droplets, as opposed to a localised oil spill.

Both weathered oil droplets and gas bubbles can be considered as a dispersed
non-wetting phase in the ice, and so oil droplet motion is governed by similar
physical processes to gas bubbles. In we describe some modifications to
the three-phase mushy-layer framework developed in this thesis to describe the
ice-water-oil system. We also modify the six-band two-stream (6B2S) radiative
transfer model to account for the absorption of shortwave radiation by oil droplets
in the ice. In §8.3] we validate our choice of radiative transfer scheme and illustrate
the sensitivity of the albedo, transmittance, and absorption fraction of an idealised
layer of first-year sea ice to a spatially uniform mass fraction of oil droplets. In §8.4]
we present the results of seasonal simulations of the first-year ice at Barrow, Alaska.
We illustrate the sensitivity of ice melt and the timing of the spring algal bloom
to different mass fractions of oil pollution. We also compare the results found for
mobile oil droplets with results for a spatially uniform concentration of oil droplets.
Simulations are run using atmospheric forcing for each ice growth season at Barrow
from 2000-2001 to 2020-2021, to better understand the significance of oil pollution

for first-year sea ice compared with inter-annual variability.

8.2 Model

We make two key modifications to the three-phase mushy-layer model introduced
in chapters [3] and [f] to model oil droplets in sea ice, rather than gas bubbles. Gas
bubbles in sea ice result from the exsolution of dissolved gases from seawater in

the pore space of sea ice during freezing. However, we assume that oil droplets
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are already present with some initial mass fraction Mj in Arctic waters and are
incorporated into the pore space of the ice during freezing. In §8.2.1] we modify
the conservation equation describing the motion of gas bubbles in sea ice to instead
describe the motion of oil droplets. In §8.2.2] we modify the calculation of the
absorption coefficient used in the shortwave radiation scheme to represent the
absorption due to a local mass concentration of oil in the ice/water.

Our phase-averaged three-phase mushy-layer model is formulated in terms of a
volume fraction of oil droplets ¢.;. For consistency with other studies, we define

the equivalent mass fraction of oil per unit mass of ice

M — Poilfo (8.2.1)
pice

where pi.. = 916 kg m—3. Since the densities of ice, water and oil are all fairly similar,
a mass fraction of oil per unit mass of ice of 1ngg=! is roughly equivalent to a
concentration of 1 part per billion (ppb) by mass of oil in seawater. In this chapter,
we investigate a range of plausible mass fractions of oil droplets in seawater of
0<M<1x10"ngg! (see chapter [1] for a review). The largest oil mass fraction
considered here results in a volume fraction of oil droplets ¢ < 1 x 107°. Therefore,
the reduced “tracer” model introduced in chapter [2| is likely to be appropriate, and
we approximate ¢, + ¢; ~ 1 for the thermodynamics and salt dynamics.

As discussed in chapter [I| weathering of oil under oceanic conditions typically
produces oil droplets with a log-normal distribution of radii in the micron to
sub-micron range (Johansen et al. 2015; Li et al. 2017). Laboratory experiments
designed to reproduce the weathering of oil droplets in seawater have found a peak
droplet radius in the range 0.05-0.25 pm (Otremba 2007; Redmond Roche 2024]).
In this chapter, we will utilise Mie calculations performed by Redmond Roche
and King (2022b)) to determine the mass absorption cross-section (MAC) of oil
droplets in ice with a log-normal distribution of droplet radii with a median radius
0.05 < Ryeq < bpm and geometric standard deviation e. We will take the median
oil droplet radius R,.q as a characteristic scale to determine the motion of oil

droplets within the ice and ocean without considering a distribution of droplet radii.
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Parameter Symbol Value
density of Romashkino oil Poil 940kgm~—3
dynamic viscosity of Romashkino oil Loil 3.55 x 1073 Pas
thermal conductivity of snow Esnow 042Wm K !
density of ice Pice 916 kgm™3
density of ice (shortwave absorption calculation) pf., 800 kgm™3

Table 8.1: Parameter values for the transient simulations of oil droplets in sea ice. The remaining
required parameter values are given in table The oil density (Redmond Roche and King
2022b)) and viscosity (Lu et al. [2013|) are representative values for Romashkino oil. Two values
for the density of ice are given, pice is the density of pure ice used to calculate the mass ratio of
oil per unit mass of ice in equation , and pl_, is the bulk density of first-year sea ice used
to calculate the absorption coefficient, via equation . The latter value differs to remain
consistent with Redmond Roche and King (2022b]).

8.2.1 Conservation of oil

To model the motion of a dispersed oil phase in the ice and underlying ocean we begin
with the dimensionless three-phase “tracer” model for sea-ice introduced in chapter 3]
We continue to use equations and , valid for a two-phase mushy
layer, to describe the evolution of the bulk enthalpy and salinity. The temperature,
salinity of the liquid phase, solid fraction, and liquid fraction are determined by
the enthalpy method using equations and —. Convection in the
ice and the loss of dissolved salt through brine channels is parameterised using the
brine convection parameterisation of Rees Jones and Worster (2014) (see .
The turbulence in the underlying ocean and surface melt pond (if present) is
parameterised using a constant eddy diffusivity k. where ¢; = 1. We assume no
oil dissolves into the liquid phase. Therefore, we no longer need equation (|3.2.37))

and we set NV = 0 going forward.

Oil droplet motion

In chapter |3| we used equation to determine the volumetric flux of the gas
phase due to bubble motion in the ice and ocean. This expression was derived in
chapter [2| using an idealised model of bubble motion in the Stokes regime in the
pore space of sea ice. We now modify equation to give the volumetric flux

Uy of oil droplets in the ice and ocean. In contrast to gas bubbles, the oil droplets
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considered in this chapter are smaller and have a much lower density contrast with
seawater and so are significantly less buoyant. Therefore, we hypothesise that liquid
motion through brine channels may be able overcome the buoyancy of the droplets
and transport oil droplets from the ice to the ocean. We couple the motion of

the oil droplets to the liquid motion by setting
G =G0, (8.2.2)

where G(§) was introduced in and I is the identity matrix.ﬂ We estimate the
maximum value of the ratio of the oil droplet radius to the pore throat radius ..y in
sea ice using equation ([2.3.2)) with 1 — ¢, = ¢., where ¢, is the critical porosity below
which the pore network becomes disconnected. Using the maximum oil droplet radius
considered in this chapter, R.q = 5 pm, and parameter values from table [2.1| we find
that dpax = 0.143. Since dyay < 1, we find that K7(d) ~ 1 and G(6) ~ 1. Therefore,
for micron sized oil droplets, it is appropriate to neglect the influence of the pore

walls by setting K;(d) = 1 and G(6) = 1 in equations (3.2.11]) and (8.2.2)). Hence,

we arrive at the following expression for the dimensionless volumetric flux of oil

2
Uil = Dol [H(@ — ¢c)vnre; + ¢ul] , (8.2.3)
!
where H is the unit step function (defined in chapter [3]), w; is the dimensionless

Darcy velocity of the liquid phase, and

oi — Foi R2 h
S— 2{ Hu + foil ] (P = poit) Riead (8.2.4)

24 + 3pton 3k
is the dimensionless terminal vertical velocity of a spherical oil droplet of radius
Rieq in an unbounded liquid in the Stokes regime. Here, the density of the oil
and liquid phase are po; and p;, respectively, and the dynamic viscosities are fiq;
and py, respectively. Equation is the Hadamard-Rybczynski velocity (Clift
et al. [2005)) non-dimensionalised by the velocity scale of thermal diffusion x/h,

where h is the depth of the domain, and x is the thermal diffusivity. Note that we

"'When equation is substituted into equation the z component of uy; is the
same as derived in chapter [2] for gas bubbles, but with different material parameters. Extending
this to the horizontal components of u,; is an ad-hoc assumption made to allow lateral liquid
motion to transport oil droplets to brine channels in sea ice.
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have included the permeability threshold proposed by Maus et al. (2021)) in our
treatment of buoyant oil motion because the pore network becoming disconnected
could prevent the buoyant motion of even very small oil droplets. This permeability
threshold is not included in the porosity-permeability relationship used in the
RJW14 brine convection scheme, but it is unlikely to significantly change the
scheme since there is a negative feedback in the Rayleigh number that inhibits
convection as the porosity decreases. The parameter values used in this chapter
are either given in table [8.I] or else in table [6.1]

Following chapter but replacing ¢, with ¢.; and equation (3.2.11) with
equation (8.2.3)), we find the following dimensionless conservation equation for the oil

phase
aqboil a 8 2Qsoil o 1 ﬁ B aQsoil _2SRJW14¢011
ot _H)HR@ H(e ¢C)¢°ﬂ]+@ lwl o)) ] ~ Le. 0z lH(d)l b 0z ] o ’

(8.2.5)
where Le. = K/, is the Lewis number for eddy diffusion, and w; and Sgjwi4 are the
dimensionless convective upwelling velocity and sink term, respectively, calculated
using the RJW14 brine convection scheme. In contrast to equation for free-
gas conservation, the above equation includes an advective term due to convection
in the ice, a sink term due to the loss of oil droplets from the ice through brine
channels, and a diffusive term due to turbulent mixing in the ocean and melt pond.
These extra terms result from coupling the motion of oil droplets to the motion of
the liquid phase in equation . Note that the scale for the buoyant rise of gas
bubbles Bd; previously found is replaced here by the scale for the buoyant rise of

oil droplets given by the dimensionless Hadamard-Rybczynski velocity vgr.

Boundary conditions

We use boundary conditions for equation ([8.2.5])

Poit(—1, 1) = ’;%TMO, (8.2.6)
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Figure 8.1: The mass absorption cross-section for oil droplets in ice for a log-normal distribution
of droplet radii with median radius Ryeq and geometric standard deviation e. The wavelength
dependent mass absorption cross-section from Mie calculations (Redmond Roche and King [2022al)
is averaged over the spectral bands: NUV (pink), VIS1 (blue), VIS2 (green), VIS3 (red), NIR
(brown), which are defined in §4.7, No data is available in the SWIR band.

at the base of the domain where M, is the mass fraction of oil droplets in
the ocean, and

a¢0ﬂ
0z

(0,t) =0, (8.2.7)

which prevents any diffusive oil flux at the ice—air or ice—snow interface at z = 0.
Additionally, we replace vyg (0, t) with 0 in equation to prevent oil droplets
from rising past the ice—air or ice-snow interface. These boundary conditions cause
oil droplets to eventually accumulate at the top of the domain in the absence of
brine convection or turbulent mixing. Simulations in this chapter will be initialised

with ice-free conditions (¢ = 1) and a uniform oil fraction

Poil(z, 0) = /;iceMo- (8.2.8)
oil

8.2.2 The absorption of shortwave radiation in sea ice by
oil droplets

In chapter {4, we introduced the 6B2S model for the propagation of shortwave
radiation through snow, ice and seawater. This shortwave radiation scheme is used to

calculate the net broadband shortwave irradiance profile fnet, which determines the
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radiative source term in equation ([3.2.34). The absorption of solar radiation in sea
ice contributes significantly to the energy budget of the ice in the melt season. Here,
we modify the calculation of the spectral absorption coefficient kog for the two-stream
model to account for the additional shortwave radiation absorbed by oil droplets.

In general, the absorption coefficient for sea ice can be written as the sum of
the ice absorption coefficient and the mass absorption cross-sections weighted by
the mass fractions of any impurities present in the ice (Perovich 2017, Lamare et al.
2016)). Following Redmond Roche and King (2022b)), we calculate the absorption
coefficient in each spectral band via

ki + pgceMUOil,i(Rmed)
T

kos i =

: (8.2.9)

where k; is the absorption coefficient for pure ice (see table , Ooil, i(Rimed) is the
MAC by Romashkino oil in ice, pl,, = 800kgm~ is the ice bulk densityf} 7 = 1/2
is the reciprocal of the mean vertical path extension for isotropic irradiances
in each hemisphere (see appendix , and the index ¢ = 1, 2, ..., 6 refers to

quantities averaged over each of the six spectral bands introduced in chapter [d Here,
the 6B2S radiative transfer scheme (see chapter {4 is used with equation
replaced by equation .

The MAC for droplets of Romashkino oil in ice was computed by Redmond Roche
and King (2022b) using Mie calculations for 350 < A < 800nm. The available
data for ou(Rmed) (Redmond Roche and King 2022a)) is averaged over the six
spectral bands considered in this thesis and plotted against Ryeq in figure 8.1 The
absorption of shortwave radiation by oil is largest at short wavelengths and decreases
as the wavelength increases. No data is available for o,; for A > 800 nm. However,
because the absorption coefficient of ice/water rapidly increases with increasing
wavelength, it is reasonable to assume that the effect of oil droplets is negligible

at longer wavelengths versus absorption by the ice and water.

2This value is very low for typical measurements of sea ice bulk density, however it was used in
the previous study of the impact of oil droplets on sea ice albedo by Redmond Roche and King
(2022Db)) and so we use it here for consistency.
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8.3 Idealised results from the 6B2S model

In this section, we use the 6B2S model to investigate the impact of different levels
of oil pollution (0 < My < 10000ngg™!) on the optical properties of first-year sea
ice. First, we validate that our radiative transfer model can reproduce the decrease
in ice albedo with oil mass fraction identified in the literature (Redmond Roche
and King 2022b)). Then, we present some idealised calculations of the effect of a
uniformly distributed mass fraction of oil droplets on the fractions of the incident
shortwave radiation reflected, absorbed and transmitted in the ice. We consider
the three surface conditions that occur during the seasonal evolution of first-year

sea ice: snow-covered ice, bare ice, and ponded ice.

8.3.1 Validation against previous work

We consider a 0.8 m thick layer of first-year sea ice with no SSL and three different
mass fractions of oil droplets, M = Ongg~*, 100ng g, and 1000ng g~ !, distributed
uniformly throughout the ice. Figure [8.2] shows excellent agreement between the
spectral albedo calculated using our 6B2S model compared with the spectral albedo
calculated using the TUV-snow model (Redmond Roche and King 2022b)). The
spectral albedo of the ice is not particularly sensitive to mass fractions of oil less
than around 100ng g~ !, however there is a significant reduction of around 20% of
the spectral albedo at wavelengths less than 600 nm for M = 1000ngg~'. This
is explained by the absorption due to oil droplets at these wavelengths becoming
significantly larger than that of pure ice for large enough mass fractions of oil.
Although a large fraction of the incident shortwave radiation occurs at UV and
visible wavelengths, the reduction in the spectral albedo seen in figure cannot
be applied directly to the energy budget of first-year sea ice. This is because bare
sea ice has a surface scattering layer which reflects a significant fraction of the

incident radiation before it reaches the ice interior.
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Figure 8.2: The spectral albedo of 0.8 m thick first-year sea ice with no surface scattering layer
(hsst, = 0) for three mass fractions of oil pollution (M = 0, 100, 1000 ng g~!), where oil is assumed
to be uniformly distributed throughout the ice with a median droplet radius of Ryeq = 0.05 pm.
The black curve in each panel shows the spectral albedo computed using the TUV-snow model
(Redmond Roche and King |2022b). The blue dotted curve is computed using the 6B2S model
described in chapter [4| with equation and shows the piecewise interpolation of the spectral
albedo in the first five wavelength bands. The midpoint of each wavelength band is indicated with
a blue filled circle. The optical parameters are the same as described in chapter [ and the mass

absorption cross-section for oil droplets with Ry.q = 0.05 um is calculated in each spectral band
using the data provided by Redmond Roche and King (2022a) (see figure .

8.3.2 The partitioning of solar radiation in sea-ice polluted
with oil droplets

We now consider the impact of oil pollution on the fractions of the incident shortwave
radiation flux that are reflected, transmitted, and absorbed by first-year sea ice.
These fractions are given by the albedo «;, the transmittance at the ice-ocean
interface 7;, and the ice absorption fraction faps,i = fuet,i(2 = 0) — fuet,i(2 = —hice),
respectively, in each spectral band ¢ = 1, 2, ..., 6. To determine the importance
of the extra absorption of shortwave radiation by oil droplets at different stages
in the seasonal evolution of first-year sea ice, we consider a 1.5m thick layer of
first-year ice with three different representative surface conditions: snow-covered ice
with Agnow = 20cm and hgs, = 4 cm; bare ice with hg,ow = 0 cm, and hggr, = 4 cm;
and ponded ice with hAg,ow = 0cm, hgs, = 0cm and hper = 20cm. The spectral
albedo, transmittance and absorption fraction for each of these surface conditions
are shown in figure for ice with a uniformly distributed concentration of oil

droplets 0 < M, < 10000ngg!.
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Figure 8.3: The spectral albedo (top row), transmittance (middle row), and absorption fraction
(bottom row) of 1.5 m thick first-year sea ice with three different surface conditions: (left column)
dry snow with hgpow = 20 cm and hggr, = 4 cm, (middle column) bare ice with Agnow = 0 cm and
hgst, = 4cm, and (right column) ponded ice with Apong = 20 cm. The piecewise curves are found
using the 6B2S model with the midpoints of the wavelength bands indicated by filled circles. The
light blue dashed curve in each panel shows the spectral albedo of the ice with no oil pollution. The
coloured curves in each panel show the spectral albedo of the ice with increasing mass fractions of
oil pollution 10 < M < 10000ngg~'. When present, oil droplets are assumed to be uniformly
distributed throughout the domain with a median droplet radius of Ryeq = 0.05 pm. Note that
the scale on the y-axes in panels (d), (e), (f), and (g) is different to the other panels.

Snow and the SSL are both highly reflective and so the albedo of snow-covered
ice and bare ice is high and not significantly affected by the presence of oil droplets
in the interior of the ice (figures and [8.3p). However, the albedo of ponded ice
is significantly reduced in the UV and visible wavelength bands due to absorption
by oil droplets (figure ) This is comparable to the reduction in the spectral
albedo at short wavelengths found by Redmond Roche and King for

first-year ice with no SSL.
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Figure 8.4: The spectrally integrated (a) albedo, (b) transmittance, (¢) PAR transmittance, and
(d) absorption fraction versus oil mass fraction M for 1.5 m thick first-year sea ice with three
different surface conditions (purple) dry snow with Agow = 20cm and hggy, = 4cm, (orange)
bare ice with hAsnow = Ocm and hggr, = 4cm, and (light blue) ponded ice with hpona = 20 cm.
The curves are calculated using the 6B2S model and integrated over wavelength using a cloudy
sky spectrum (see table [4.1) When present, oil droplets are assumed to be uniformly distributed
throughout the domain with a median droplet radius of Ryeq = 0.05 um. Note that the vertical
axis in panel (a) has a linear scale but the vertical axes in panels (b), (¢) and (d) have a logarithmic
scale.

The transmittance of shortwave radiation at the ice—ocean interface is signifi-
cantly reduced in the NUV, VIS1, and VIS2 wavelength bands for all three surface
conditions for oil mass fractions of 1000ngg™~"! and larger (figures , , and
B-3f). There is over an order of magnitude reduction in the transmittance in the
NUV, VIS1, VIS2, and VIS3 bands for the most extreme M, = 10000ngg~! case.
Note that there is also an order of magnitude difference between the transmittance of
the ice with no oil droplets for each of the three surface conditions since the presence
of a snow layer or a SSL dramatically reduces the amount of shortwave radiation that
penetrates the ice interior. The reduction in the transmittance of shortwave radiation
at the ice base with increasing oil concentration is due to the increased fraction of
the radiation absorbed in the ice by oil droplets (see the bottom row of figure .

The spectrally-integrated albedo @, transmittance at the ice-ocean interface

T, and the absorption fraction

6
fabs = Zfabs,i; (831)
=1

ultimately determine the partitioning of the incoming solar energy in the sea-
ice system. The spectral integration is performed using the fraction of the in-
cident broadband shortwave radiation flux in each spectral band under cloudy

sky conditions given in table [A.1]
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Figure shows that the spectrally-integrated albedo is not sensitive to
increasing mass fractions of oil droplets for snow-covered or bare ice with a SSL.
However, the spectrally-integrated albedo of ponded ice is significantly reduced

! and practically drops to zero for

for oil mass fractions larger than 100ngg~
M =10000ng g~!. Therefore, we find that ponded ice with a high concentration of
oil droplets can have a broadband albedo as low as open water. This suggests that
the presence of oil droplets in ponded ice may significantly enhance the strength
of the ice albedo feedback during the melt season in the Arctic.

The spectrally-integrated transmittance at the ice—ocean interface 7~ is shown
in figure 8.4b. While the transmittance depends strongly on the surface conditions,
the effect of increasing the mass fraction of oil droplets causes a similar reduction
in the transmittance for snow-covered ice, bare ice, and ponded ice. The effect
of oil droplets on the transmittance becomes noticeable for M > 100ng g~! with
M =1000ngg~!, and M = 10000ng g~! reducing the transmittance by around
a factor of 2, and 10, respectively.

The PAR transmittance Tpar (see figure ) for oil-free snow-covered ice of
around 6 x 1072 is consistent with the range of values 2 x 1073-1.2 x 1072 reported
by Nicolaus et al. (2013)) for transects under first-year snow-covered ice at Barrow
on 22-03-2010 and 14—05—201 Nicolaus et al. (2013) also reported values of 7~I>AR
in the range 2 x 1072-1 x 10~! under the ice on 11-06-2010. At this time the melt
season was well underway and these ’7~}AR are consistent with the values we have
calculated for oil-free bare or ponded ice. The PAR transmittance shows a similar
reduction with increasing oil mass fraction to the transmittance for all surface
conditions. Therefore, ice-algae at the base of oil polluted ice will receive less PAR
than ice-algae at the base of unpolluted ice, and so may have to wait until later in
the season for larger shortwave radiation fluxes before significant growth can occur.

The spectrally-integrated absorption fraction fabs is shown in figure and

gives the fraction of the incoming solar radiation that is absorbed and heats the ice.

3Measurements were made along a transect under first-year ice. Essentially all measurements
were less than 4 x 1073, apart from a small section of the transect where the snow cover was
particularly thin.
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Snow-covered ice actually shows the largest increase in the absorbed fraction of the
incident shortwave radiation as oil mass fraction increases. However, since the overall
fraction of the incident radiation absorbed by the ice is so small, and the incoming
radiation flux is lower in the winter when the ice has a significant snow cover, the
heating effect is likely to be negligible compared with other heat sources. Bare ice
shows a fairly modest increase in the spectrally-integrated absorption fraction as the
oil mass fraction increases. Ponded ice shows a noticeable increase in the absorption
fraction for oil mass fractions larger than 100 ng g !, with nearly 100% of the incident
radiation absorbed in the ice and pond for M = 10000ng g~*. This indicates that
ponded ice polluted with oil droplets may experience significantly more heating

during the melt season due to the absorption of solar radiation than oil-free ice.

8.4 Case study: the impact of oil pollution on
simulated first-year landfast sea ice at Barrow,
Alaska

In this section we investigate the effect of background levels of oil pollution in the
ocean on simulations of the first-year sea ice at Barrow. We aim to discover if the
extra solar energy absorbed by oil droplets, illustrated by the idealised calculations
of the previous section, has a significant impact on the ice mass balance of first-year
sea ice and the availability of photosynthetically active radiation (PAR) at the ice—
ocean interface. Simulations are initialised with ice-free conditions and a spatially
uniform mass fraction of oil droplets My in September and the oil mass fraction at
z = —1 is held fixed at M. We consider the oil-free case as a baseline compared
with two oil-polluted scenarios: (1) the oil mass fraction remains spatially uniform
throughout the domain during ice growth and melt, and (2) the oil mass fraction
evolves according to equation as mobile oil droplets migrate due to their
buoyancy and are removed from convecting sea ice via brine channels.

The transient simulations used in this chapter were performed using seaice3p
v1.0.0 with N, = 100 and a very similar configuration to the simulations in

chapter [6] Additional parameter values required to simulate oil droplets are given
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in table where the extra absorption of shortwave radiation due to oil droplets
is calculated using equation . See appendix [H| for a brief discussion of the
numerical convergence of the simulations in this chapter with increasing V..
First, we examine the results of simulations of the 2008-2009 season at Barrow to
better understand oil droplet motion and the effect of oil droplets on the shortwave
radiation budget in a realistic simulation of first-year sea ice. We then run an
ensemble of simulations in each of the simulations from 2000-2001 to 20202021
with either uniform oil concentrations or mobile oil droplets and different values of
My, in order to investigate how the potential impacts of oil pollution in first-year

sea ice compare with the interanual variability at Barrow.

8.4.1 Sensitivity to oil droplet radius

Figure shows the simulated oil mass fraction M in first-year sea ice at Barrow,
Alaska during the 2008-2009 season for mobile oil droplets with Ry.q = 0.05 pm
and M, = 1000ngg!. Before any ice forms in September, the ocean is well
mixed and the oil concentration is uniform throughout the domain. During ice
growth oil droplets are expelled from the ice through brine channels leading to
a significant reduction in the oil mass concentration in the ice interior compared
with the ocean. This is analogous to the desalination of first-year sea ice by brine
convection. Once a surface melt pond forms, turbulence mixes the oil droplets
within the pond until the ice completely melts, at which point ocean mixing acts
to homogenise the oil concentration back to M.

Figures and show the ice—ocean and ice-melt-pond interfaces for
simulations with a uniform concentration of oil droplets and mobile oil droplets,
respectively. In the case of a uniform mass fraction of oil droplets, there is only
a weak sensitivity to the characteristic droplet radius R,eq since the MAC of oil
droplets in ice decreases slightly as R,.q increases. This is because oil droplets
with larger radii are slightly less efficient absorbers of shortwave radiation in ice
(see figure . Therefore, when Ryq is larger than 1pm the rate of surface

and basal melt is slightly reduced compared with smaller droplet radii. However,
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Figure 8.5: The oil mass fraction M in simulated first-year sea ice for different oil droplet
radii Rpeq with Mg = 1000ngg~!. Panel (a) shows the contours of the oil mass fraction M
with the ice-ocean and ice—melt-pond interfaces overlaid in yellow for mobile oil droplets with
Rmed = 0.05nm. Panels (b) and (c) show the simulated ice-ocean and ice-meltpond interfaces
for simulations with a uniform concentration of oil droplets and mobile oil droplets, respectively
for different Rpeq (see legend). Panels (d)-(g) show profiles of the simulated oil mass fraction for
mobile oil droplets in September, January, March, and July. The colours of the curves in panels
(d)-(g) correspond to the different characteristic oil droplet radii in the legend. Panel (h) shows
the mean oil mass fraction in the domain over time for simulations with mobile oil droplets with
different values of Ryeq (see the legend).
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when oil droplets are mobile (figure ), surface melt is significantly enhanced for
Rieqa > 111m and basal melt is reduced compared with smaller droplet radii. This
is because the rise speed vyr increases with increasing droplet radius, so more oil is
able to migrate from the ocean and accumulate at the ice surface without being
removed by brine convection. This leads to substantially higher oil concentrations
at the ice surface, which overwhelms the reduced MAC, and so the rate of surface
melt is significantly enhanced for mobile oil droplets with larger radii.

For small oil droplet radii, the profiles of M in the ice interior are C-shaped
and similar to those for salinity in first-year sea ice (see figures and ) This
indicates that buoyant motion of oil droplets is not important for droplet radii less
than around 1pm and the transport is similar to that of a passive tracer. However,
as the oil droplet radius increases, more oil is able to migrate and accumulate at
the ice surface (uppermost grid cell) without being removed by brine channels.

For Rcqa < 1pm, there is an overall decrease in the mean oil mass fraction in
the domain during ice growth as fluid with a high concentration of oil droplets is
expelled from the ice interior by brine convection, and there is not a large buoyancy
driven flux from the deep ocean where the concentration of oil droplets is lower
(see figure [8.5h). However, for Ryeq > 1pm, the mean oil mass fraction in the
domain actually increases as more buoyant oil droplets migrate into the domain
from the ocean and accumulate in the ice. Sudden drops in the mean oil mass
fraction (figure [8.5h) and the bands seen in the contour plot of the oil mass fraction
(figure [8.5p) are associated with periods of convection within the ice. This scenario
would be less realistic if there is not a continuous source of oil droplets in the ocean.
However, for the remainder of this work we will concern ourselves with more realistic
sub-micron droplet radii that are typical of weathered oil in the ocean.

Once a pond forms at the ice surface, the oil droplets are mixed by turbulence
which produces a uniform oil mass concentration in the pond (see figure [8.5g).
The oil concentration in the pond is higher than the ice interior due to the oil
that collected at the surface of the ice during growth. The oil concentration in

the pond decreases as the pond grows and the oil droplets become more diluted,
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apart from for large droplet radii where a significant amount of oil is able to
migrate into the pond through the ice.

In conclusion, the result of oil motion is to produce a non-uniform distribution
of oil in the ice, and this has a larger effect on the ice mass balance (once a
surface melt pond has formed) than the decrease in the MAC for oil droplets in
ice with increasing Ryeq. For sub-micron oil droplets, there is a significantly lower
concentration of oil in the ice and pond compared with the ocean, because the
buoyancy of the droplets is not significant compared with turbulent mixing in the
ocean and pond, and the brine convection in the ice. For oil droplet radii larger than
a micron, the buoyancy of the droplets becomes much more significant compared
with turbulent mixing in the ocean and so much more o0il is able to accumulate in
the ice. Our simulations also use a relatively low value for the eddy diffusivity in the
ocean (discussed in chapter @ For the remainder of this chapter we will compare a

uniform concentration of oil droplets to mobile oil droplets with Ryeq = 0.5 pm.

8.4.2 The impact of oil pollution on the ice mass balance
in 2008-2009

Figure 8.6]shows the simulated ice-ocean and ice-melt-pond interfaces with different
initial mass fractions of oil droplets My, for a uniform droplet distribution and
for mobile oil droplets. Note that oil droplets have very little effect on winter
growth due to the lack of solar radiation, beyond a very slight lag in the time of
the autumn freeze-up. There is not a very significant effect of oil droplets on the
evolution of the ice-ocean and ice-melt-pond interfaces for My < 100ngg™! in
either the uniform or mobile case. However, for M, = 1000ng g™, 10000 ng g~*
the rate of summer surface melt is significantly enhanced compared with the oil-free
case, and the ice completely melts significantly earlier in the season compared with
My = 0ngg~!. For mobile oil droplets, increasing M, also significantly enhances
the rate of basal melt compared with the oil-free case. However, for a uniform
concentration of oil droplets, once the oil concentration reaches My = 10000ng g~*

most of the available shortwave radiation is absorbed by the oil droplets near the
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Figure 8.6: Comparison of simulated first-year sea ice at Barrow, Alaska during the 2008-2009
season with different initial mass fractions of oil droplets Mg. Plots of the ice—ocean and ice—
melt-pond interfaces for different My (see legend) with (a) a uniform concentration of oil droplets
and (b) mobile oil droplets. Panel (c) shows the integrated solid fraction in the domain for the
same values of M in panels (a) and (b) for mobile oil droplets (dashed lines) and a uniform
concentration of oil droplets (solid lines).

surface of the ice and so while there is significantly more surface melting, the
ice—ocean interface evolves very similarly to the oil-free case.

To build understanding of the physical mechanism by which oil droplets increase
ice melt, we examine the partitioning of incoming solar radiation for simulations
with My = Ongg™!, 100ngg™, 1000ngg~!, and 10000ngg~" (figure 8.7). At
the beginning of the simulations, with ice-free conditions, mobile oil droplets are
effectively mixed by eddy diffusion and so are effectively uniformly distributed
throughout the domain (see figure . Increasing M leads to more shortwave
radiation being absorbed in the ocean early in the simulation (see figure ),
which delays the formation of ice. Snow covers the ice surface soon after formation,
and the incident shortwave radiation flux decreases over winter so no significant

amount of solar energy is absorbed by the ice or ocean during winter.
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Figure 8.7: The partitioning of incoming solar radiation in simulations of first-year sea ice at
Barrow, Alaska in the 2008-2009 season with different initial mass fractions of oil droplets M.
The top row of plots shows the daily averaged incoming shortwave radiation flux (red) compared
with the absorbed shortwave radiation flux in the ocean (dark blue), and the ice and pond (light
blue) for (a) no oil pollution, (b) a uniform oil mass fraction of My = 1000ngg~!, and (c) mobile
oil droplets with Mg = 1000ng g~!. The bottom row of plots shows the integrated energy from
shortwave radiation absorbed in (d) the ocean, (e) ice+pond, and (f) the combined total, since the
beginning of the simulations on 2008-09-01. Different mass fractions of oil droplets are indicated
by the colours in the legend in panel (d) with solid lines corresponding to a uniform concentration
of oil droplets and dashed lines corresponding to mobile oil droplets. For comparison, the red line
in panel (f) shows the integrated incoming shortwave radiation flux (calculated by integrating the
red curve in panel (a) over time).

The presence of oil droplets in the ice interior does not significantly affect the time
at which the surface melt pond first forms. Even with a uniform concentration of
M, =1000ng g~! the extra solar energy absorbed by bare ice before the formation
of a melt pond is not very significant (see figure ) This is because a large
fraction of the incoming shortwave radiation is reflected by the SSL present on the
surface of the ice and so cannot be absorbed by oil droplets in the ice interior. Once
the surface of the ice begins to melt, the SSL is lost and the fraction of the incident
solar radiation that is absorbed greatly increases. This is shown by the large jump
in the absorbed shortwave radiation flux seen in the top row of figure in June in
both the absorption in the ice and pond and the underlying ocean.

In both the uniform and mobile cases, more of the incoming solar energy is
absorbed within the ice, pond and ocean as M, increases (see figure [8.7f). For

comparison, approximately 334 MJ m~2 is required to melt a layer of pure 1 m thick
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ice at the melting temperature. In the uniform case, most of the extra energy is
absorbed in the ice and pond after the SSL melts, because oil droplets near the
surface of the ice absorb incoming solar radiation before it reaches the ice base. In
the mobile case, there is less oil in the ice interior due to brine convection during
ice growth, and so the largest oil concentrations are found in the ocean and at the
ice—ocean interface. Figure shows that a significant amount of solar energy
is absorbed in the ocean for the mobile case. This enhances basal melting in the
mobile case and actually leads to earlier melting of the ice for mobile oil droplets
when My = 10000ngg~! compared with the uniform case even though there is
less oil in the domain overall in the mobile case.

Overall, compared with unpolluted ice the rate of summer ice mass loss is
significantly higher for ice polluted with a mass concentration of My > 1000 ng g+
of oil droplets, and either a uniform concentration of oil droplets or mobile oil
droplets. At lower oil concentrations the loss of ice mass is faster with a uniform oil
concentration than with mobile droplets, but once My = 10000ng g~! both cases
show similar rates of ice mass loss. This is because enhanced basal melting in the

mobile case is offset by increased surface melting in the uniform case.

8.4.3 The impact of oil pollution versus temporal variability
at Barrow

To investigate the potential impact of oil pollution on first-year sea ice compared
with inter-annual variability, we ran simulations of the first-year sea ice at Barrow
for each ice growth season from 2000-2001 to 2020-2021. Each simulation is run
for 365 days starting with ice-free conditions on the 1st of September. Aside
from the different initial oil mass fractions M, the initial configuration of each

simulation is the same as in chapter [0

Surface melt

The time of melt pond formation ¢,onq is determined as the earliest time (after the
1st of January) for which the top cell of the domain becomes entirely liquid, i.e.

¢; = 1. Figure [8.8 shows that increasing the oil mass fraction does not significantly
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Figure 8.8: Boxplots showing the time (in days since 1st September) at which a melt pond first
forms tpona (top) and the time at which the ice completely melts in the summer ¢ye1; (bottom)
at Barrow, Alaska. Simulations in each season were run with nine different oil mass fractions
0 < Mg < 10000ngg~! with either a uniform distribution of oil droplets (red) or mobile oil
droplets (orange). Outliers, defined as more than 1.5 times the interquartile range from the upper
or lower quartiles of the ensemble, are shown as unfilled circles.
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Figure 8.9: Line plots (left column) and boxplots (right column) showing the depth of a surface
melt pond zponda at 4 days (top row) and 10 days (bottom row) after it first forms at Barrow,
Alaska, as an indicator of surface melting. Simulations were run with nine different oil mass
fractions 0 < Mo < 10000 ng g~ with either a uniform distribution of oil droplets (red) or mobile
oil droplets (orange). For the line plots (left column), the solid line shows the mean of the ensemble
(simulated points indicated as filled circles) and the shaded region indicates +1 standard deviation.
For the boxplots (right column), outliers, defined as more than 1.5 times the interquartile range
from the upper or lower quartiles of the ensemble, are shown as unfilled circles.
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Figure 8.10: Line plots (left column) and boxplots (right column) showing the time after a
surface melt pond first forms for it to first exceed a depth of 5cm (top row), 15 cm (middle row),
and 30cm (bottom row) at Barrow, Alaska. Simulations were run with nine different oil mass
fractions 0 < My < 10000 ng g~ with either a uniform distribution of oil droplets (red) or mobile
oil droplets (orange). For the line plots (left column), the solid line shows the mean of the ensemble
(simulated points indicated as filled circles) and the shaded region indicates +1 standard deviation.

For the boxplots (right column), outliers, defined as more than 1.5 times the interquartile range
from the upper or lower quartiles of the ensemble, are shown as unfilled circles.

affect the melt pond onset time compared with a natural variability of around 20
days. As previously discussed, the fraction of the incident solar energy absorbed
by bare sea is not very significant due to the presence of the SSL. The natural
variability in the melt pond onset time is controlled primarily by the date at which
sufficient snow has melted to expose the ice surface.

We define the melt time ¢, as the time at which the ice completely melts
in the summer. Note that in some years the ice does not completely melt in the
summer and so t,; is not defined. This is because our model lacks some processes
such as melt pond drainage, adjustment of the ice freeboard, and breakup and

advection of the ice out to sea that become important later in the melt season.
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Figure 8.11: Line plots (left column) and boxplots (right column) showing the integrated solid
fraction at the time a surface melt pond first forms (top row), 4 days after melt pond formation
(middle row), and 10 days after melt pond formation (bottom row) at Barrow, Alaska. Simulations
were run with nine different oil mass fractions 0 < Mg < 10000ngg~! with either a uniform
distribution of oil droplets (red) or mobile oil droplets (orange). For the line plots (left column),
the solid line shows the mean of the ensemble (simulated points indicated as filled circles) and the
shaded region indicates +1 standard deviation. For the boxplots (right column), outliers, defined
as more than 1.5 times the interquartile range from the upper or lower quartiles of the ensemble,
are shown as unfilled circles.

Despite this figure shows that for oil pollution above 100ngg~! significantly
reduces tye for both the uniform and mobile cases by a maximum of around 20
days. In the uniform case, increasing My from 5000ngg=* to 10000 ng g~ actually
seems to increase the melt time slightly. This is likely because in this case more
of the incoming solar radiation is absorbed in the pond by oil droplets before
reaching the rest of the ice, which contributes to increasing the temperature of
the pond instead of melting the ice surface.

The processes that control the formation and evolution of melt ponds on sea

ice were reviewed in chapter [I} In particular, melt pond evolution on sea ice can
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typically be separated into four stages (Eicken et al. 2002). Since our model has no
lateral surface topography or snow melt water, the simulated pond is representative
of a stage three melt pond deepening due to surface melt of the ice, with no
percolation through the ice under the pond.

To investigate the impact of oil on melt pond evolution we define three metrics
for pond evolution that can be compared across different seasons. The pond
depth t),e days from the time of pond formation zpond(t = tpond + tiag) is shown in
figure [8.9] The time interval after pond formation for the pond to first reach a

depth of zarger centimetres is given by ¢ —tpona and is shown in figure |3.10}

Zpond =Ztarget
Finally, we define the integrated solid fraction at t1,, days after pond formation
as fEl ¢s(t = tpond + tiag) dz, shown in figure m This is a proxy for the total
ice mass in the domain, and so decreasing integrated solid fraction can be due
to surface, basal, or internal melting of the ice.

Pond depth both 4 and 10 days after formation begins to noticeably increase
with M, compared with oil-free ice for My > 100ngg", both for a uniform
concentration of oil droplets and mobile oil droplets. The increase is larger for a
uniform concentration of oil droplets than for mobile oil droplets because there is a
lower concentration of oil near the surface of the ice in the latter case. The increase
in the pond depth after 10 days due to oil droplets becomes comparable to one
standard deviation above the ensemble mean for oil-free ice for My = 1000 ng g+
in the uniform case and My = 2000ng g~! in the mobile case. The most extreme
case of My =10000ngg~! leads to around a doubling of pond depth, as a result
of a doubling of the surface melt rate of ponded ice compared with the oil-free
case. Similarly the time taken for ponds to reach a depth of 5cm, 15cm, and 30 cm
decreases with Mg for My > 100ngg~! for both uniform and mobile oil droplets
(figure . Average pond depths of up to 25 cm were observed on the first-year
landfast ice at Barrow in 2009 (Polashenski et al. |2012)).

The integrated ice fraction in the domain also decreases once My > 100ng g,
although the decrease is not so large compared with inter-annual variability (see

figure [8.11)). We also expect that in years with sufficiently warm permeable ice
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Figure 8.12: The “flat plate” photon flux of photosynthetically active radiation Qpar at the
ice—ocean interface from simulations of first-year sea ice at Barrow, Alaska 2008-2009. The
coloured curves correspond to different initial oil mass fractions M with a uniform oil droplet
distribution in panel (a) and mobile oil droplets in panel (b). In both panels, the solid blue line
shows @Qpar in the oil-free case and the black dashed line shows the algal bloom threshold value
Qpar = 1.78 pmol m~2s71.

under a pond, the meltwater in the pond would be able to percolate through the
ice, potentially draining the pond to sea level or fully if the pond base is above sea
level. This would reduce the pond depth and increase the albedo of the ice. An
even larger increase in albedo would be expected if the pond fully drains exposing
bare ice. More ice is lost 10 days from melt pond formation for a uniform oil
concentration than for mobile oil droplets, for all 100 < M, < 5000ngg=—'. We
note that as M, is increased to 10000 ng g1, less ice is lost in the uniform case
and the overall ice loss is very similar to the mobile case. Based on the results
shown in the previous section we hypothesise that this is due to the increased
absorption of shortwave radiation at the ice surface, increasing pond temperature
without significantly more surface melting, and also preventing radiation reaching

the ice base where it could contribute to basal melting.

The spring algal bloom

The absorption of shortwave radiation by oil droplets at low wavelengths within first-

year sea ice reduces the amount of photosynthetically active radiation (PAR) at the
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Figure 8.13: Line plots (a) and boxplots (b) showing the spring algal bloom onset time tpioom
(in days since the 1st of January) for seasonal simulations of first-year sea ice at Barrow, Alaska.
The onset time is determined as the earliest time since the 1st of January for which the photon
flux of photosynthetically active radiation Qpar at the ice—ocean interface exceeds the threshold
value Qpagr = 1.78 umolm~2s~! for at least four subsequent days. Simulations were run with
nine different oil mass fractions 0 < Mg < 10000ngg~" with either a uniform distribution of
oil droplets (red) or mobile oil droplets (orange). For the line plots (left column), the solid line
shows the mean of the ensemble (simulated points indicated as filled circles) and the shaded region
indicates 1 standard deviation. For the boxplots (right column), outliers, defined as more than
1.5 times the interquartile range from the upper or lower quartiles of the ensemble, are shown as
unfilled circles.

ice—ocean interface. The onset of the spring algal bloom at the ice—ocean interface is
limited by the availability of sufficient PAR for photosynthesis. Therefore, we hypoth-
esise that oil pollution within the ice will delay the onset of the spring algal bloom.

The relevant measure of PAR for sea-ice algae is the “flat-plate” photon flux
Qpar at the ice—ocean interface, which is determined using the 6B2S model via
equation given in chapter [l Following Stroeve et al. (2024)), we define
the spring algal bloom onset time ftppom as the earliest time (since the 1st of
January) for which Qpar exceeds 1.78 pmolm=—2s~! for at least four subsequent
days. Figure [8.12] shows Q)par at the ice-ocean interface for simulations of the ice
at Barrow (2008-2009) with different oil mass fractions M, and either a uniform
distribution of oil droplets (panel a) or mobile oil droplets (panel b). The PAR at
the ice-ocean interface in oil-polluted ice decreases with increasing M. There is a
larger reduction in the uniform case than the mobile case. Overall, (Qpar increases

from winter to spring as the incoming shortwave radiation flux increases. However,
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the presence of oil droplets increases the time until (Jpar exceeds the threshold
value for an algal bloom (shown as a black line).

Figure [8.13] shows the range of onset times of the spring algal bloom for
simulations of first-year sea ice at Barrow from 2000-2001 to 2020-2021, with
different oil mass fractions M and either a uniform distribution of oil droplets
(red) or mobile oil droplets (orange). For oil-free ice, the interquartile range of the
bloom onset time is 65-85 days since the 1st of January. This is consistent with
data from the landfast ice at Barrow (compiled by Leu et al. 2015)) which shows a
sudden increase in the chlorophyll-a concentration] beginning from around 70 days
since the 1st of January associated with photosynthesis by ice algae. The bloom
onset times we have found are also comparable to the range of regionally averaged
bloom onset times of 59-86 days and 63-91 days in the Chukchi, and Beaufort Seas
(2011-2022), respectively, found by Stroeve et al. (2024) using satellite data. The
main source of variability year-to-year is the snow thickness and its impact on the
transmission of PAR, since the shortwave radiation flux is very consistent.

Similarly to previous results in this section, the effect of oil pollution on the
bloom onset time is not very significant for My < 100ngg~!. However, a uniform
concentration of oil droplets with M, = 1000ng g~! delays the median bloom onset
time by about a month compared with oil-free ice, from around 75 days to around
110 days since the 1st of January. For mobile oil droplets with My = 1000 ng g~*
there is a significant but smaller delay in the bloom onset time of around 10 days.
These delays are sufficient to shift the bloom onset time to be more comparable to
the higher latitudes where the incoming solar radiation flux increases later in the
year. For example, Stroeve et al. (2024) found regional averages of 85-97 days since

the 1st of January (2011-2022) for the bloom onset time in the central Arctic.

8.5 Discussion & Conclusions

In this chapter, we have used the three-phase transient model for sea ice developed

in this thesis to simulate ice growth in an ocean polluted with a low concentration of

4Chlorophyll-a is a commonly used as an indicator of ice algae biomass.
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weathered oil droplets. The oil concentration evolves due to the buoyant motion of
the droplets, brine convection during ice growth, and turbulent mixing in the ocean
and melt pond. We have modified the shortwave radiative transfer scheme to account
for the extra absorption of shortwave radiation by the oil, building on existing
radiative transfer modelling of oil droplets in sea ice (Redmond Roche and King
2022b)). We have presented the first predictions of the impact of low concentrations
of weathered oil droplets on the melting of first-year Arctic sea ice over a season.
We have also used the model to predict the transmission of PAR through first-year
sea ice polluted with oil droplets. Following existing methodology used to determine
the onset time of the spring algal bloom under Arctic sea ice (Stroeve et al. [2024)
we found that oil droplet pollution can significantly delay the onset of the bloom.
Our idealised calculations show that a uniform mass fraction of oil droplets
above approximately 100ng g~! reduces the transmittance of solar radiation at the
ice—ocean interface for snow-covered, bare, and ponded ice. We also find that the
albedo of ponded ice decreases with increasing oil mass fraction above 100ng g™,
due to the increased absorption of radiation by oil in the pond and ice. This is
similar to the reduction in first-year ice albedo with increasing oil mass fraction
found by Redmond Roche and King (2022b)) using a more complex radiative transfer
model. However, unlike previous work, we have included a SSL on the surface of
bare ice in the model which is important to avoid underestimating the albedo of
bare ice and lessens the impact of oil pollution on the albedo of bare ice.
Simulations of the ice at Barrow, Alaska (2008-2009) with a uniform concen-
tration of oil droplets (M, = 1000ngg™") show that ice melt is not very sensitive
to the median oil droplet radius in the range 0.05 < Req < 5pm. This is because
the mass absorption cross-section of oil droplets in ice is not very sensitive to
Rea. However, unlike previous work, we have also simulated the oil concentration
within first-year sea ice due to the buoyant motion of mobile oil droplets, their
interaction with turbulence in the ocean and melt pond, and their coupling to the
convective flow in growing sea ice. We find that the buoyancy of sub-micron sized

oil droplets is fairly weak, and hence oil droplets are expelled from the ice through



8. The impact of oil droplets in the Arctic on sea-ice melt and the spring under-ice
algal bloom 199

brine channels during ice growth. This results in a lower oil concentration in the
domain compared with an imposed uniform concentration of oil droplets. Larger
droplet sizes migrate more rapidly so much more oil is able to accumulate in the
ice, and this significantly increases surface melt rates.

Laboratory experiments that release a large volume of crude oil under sea ice
show that it will migrate to the surface of the ice if it is sufficiently permeable
(Asihene et al. 2022; Oggier et al. 2020)). However, these results are not directly
applicable to the motion of dispersed sub-micron sized oil droplets in brine channels
where the oil concentration is lower. Redmond Roche (2024)) introduced artificially
weathered droplets of oil to the surface of artificial sea ice grown in a laboratory.
However, no experiments so far have investigated the motion of dispersed weathered
oil droplets released under sea ice. It would be valuable if future experimental
work could confirm whether oil droplets are removed from growing sea-ice through
brine channels or remain trapped in the ice.

Laboratory experiments have also found that the transition from columnar to
granular ice near the ice surface can prevent a connected oil phase migrating to the
surface. This is due to the increased tortuosity of the pore space in granular ice
(Oggier et al. [2020). This could also plausibly prevent oil droplets from migrating
to the surface of the ice, although is not straightforward to assess with the current
model for the motion of oil droplets which assumes an idealised pore geometry
representative of columnar ice with no tortuosity. It is also plausible that small
oil droplets could migrate through any liquid film present within the snowpack.
This mechanism would be an interesting avenue for future research, as the presence
of oil in the snowpack could cause additional snow melt at the beginning of the
melt season. It would also be valuable if future field studies could confirm whether
weathered oil droplets are present in melt ponds on Arctic sea ice. We have found
ponded ice to be the most susceptible to enhanced melt from oil droplet pollution
and this could help constrain the typical mass fractions of oil found in the Arctic.

We have found, that concentrations of oil droplets of 1000ngg~* and above in

Arctic waters are likely to significantly increase the rate of surface and basal melt
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for ponded first-year sea ice. However, prior to melt pond formation, the effect of oil
droplets on the melt of bare ice is relatively inconsequential because the SSL reflects
a large amount of the incoming solar radiation. Assuming a uniform distribution of
oil droplets throughout the pond, ice and ocean, the mean depth of the pond 10
days after formation (across the 2000-2001 to 2020-2021 seasons) increased from
around 20 cm for oil-free ice to around 27 cm, and 44 cm for My = 1000ng g™,
and My = 10000ngg! respectively. The effect of oil is less significant in the
case of mobile sub-micron sized droplets, because some of the oil is removed from
the ice by brine convection. However, the mean melt pond depth 10 days after
formation still increased to around 22 cm, and 35cm for My = 1000ngg™!, and
My = 10000ng g~ ! respectively. We have also found that the time to melt the
entire ice cover in the summer occurs around 10 days earlier for moderate levels of
oil pollution due to a strengthening of the ice albedo feedback for ice polluted with
oil droplets. We therefore conclude that significant and widespread concentrations
of weathered oil droplets in the Arctic Ocean could exacerbate the existing trends
towards earlier melt onset and lower minimum sea ice extent (Stroeve et al. [2014).

We have also found that oil droplets in first-year sea ice can significantly delay the
onset of the spring algal bloom by absorbing PAR before it can reach the ice—ocean
interface. A previous field study at Barrow found that high levels of sediment in
the ice could drastically reduce the transmission of PAR to the ice-ocean interface,
which completely suppressed the spring algal bloom (Gradinger and Bluhm [2005).
This was accompanied by a lack of the typical organisms that feed on the algae
under the sediment-laden ice, which supports the idea that the spring algal bloom
is an important food source for some Arctic ecosystems. Therefore, we conclude
that sufficient concentrations of oil droplets in first-year sea ice may potentially
adversely affect primary production in the Arctic Ocean by delaying the onset of
the spring algal bloom. Recently, a trend of earlier bloom onset by a few days per
decade has been found in the Beaufort Sea (over 1982-2018) driven by thinning

snow cover on sea ice (Stroeve et al. 2024)). This observed trend could be somewhat
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offset in the future by increasing levels of oil pollution, depending on the current
and future concentration of oil droplets in the Beaufort Sea.

We now discussion some limitations of our approach in this chapter and suggest
some avenues for future research. Turbulent mixing of heat, salt and oil in the melt
pond and ocean is parameterised using a constant eddy diffusivity. There is no
reason to expect the eddy diffusivity to be constant and equal in both the ocean
and melt pond, especially as temperature and salinity gradients and shear stresses
evolve over time (McPhee 1992; Skyllingstad and Paulson 2007). The value of eddy
diffusivity used in this chapter is limited by computational constraints to several
orders of magnitude lower than observations in the ocean under sea ice (as discussed
in chapter [6]). Therefore, we are likely underestimating the heat flux from the ocean
to the ice base during the melt season and therefore underestimating the rate of
basal ice melt. It is less clear if the model underestimates or overestimates turbulent
heat transport in the melt pond, as conditions in the pond are different to the ocean.

The evolution of melt pond depth and coverage on sea ice during the melt season
involves a number of processes that are not included in our model. Ponds first form
when snow melt water collects in local minima of the ice topography (Eicken et al.
2002), however our model neglects the water produced by snow melt and has a
flat ice surface with no horizontal variation. In the model, ponds are initiated and
deepen only due to surface melting and we do not allow the ice to move vertically so
the ice cannot adjust to be in hydrostatic equilibrium. We do not account for lateral
motion of melt water and drainage of ponds through the ice which can change
pond depths and coverage in the field (Eicken et al. 2002; Polashenski et al. 2012;
Polashenski et al. 2017). The flushing of melt water in ponds downward through
the ice also changes ice salinity and porosity (Notz and Worster |2009; Polashenski
et al. [2017), and could potentially transport oil droplets from the pond back into
the ice. Overall, our simple treatment of surface melt and pond formation could be
less accurate once pond drainage occurs, typically 1-2 weeks after pond formation
(Polashenski et al. |2012). However, our results still demonstrate the potentially

important increase in melt rates due to oil droplets in the melt season.
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We have focussed on the landfast ice at Barrow as a simple case which requires
atmospheric conditions from a single location and where there is not significant
mechanical deformation of the ice (Druckenmiller et al. 2009). The methodology
developed in this thesis could be easily extended to other locations with first-year
landfast ice in the Arctic Ocean. However, the simulation of drifting ice in the Arctic
Ocean would require utilising atmospheric data along the Lagrangian trajectory of
the ice. We would also need to account for deformation of the ice in regions where
this is significant. Ice melt at Barrow is typically accompanied by the breakup of
the fast ice which can be advected out to sea (Mahoney et al. [2007), whereas the
ice in our model is assumed to remain at a fixed location and melt in place.

There are also some complexities we have avoided by assuming that the ice and
snow cover are horizontally uniform. We have shown that our radiative transfer
model is able to accurately predict the transmittance of PAR at the ice—ocean
interface through snow and first-year ice. However, snow cover on sea ice is typically
very uneven as the wind redistributes the snow and creates drifts (Sturm and
Massom [2017). Leads or macroscopic cracks can also be present in the sea ice
cover. Therefore, sufficient light could still reach the ice base and initiate a bloom
at locations where the snow cover is particularly thin, or through leads. This
could be investigated by using a distribution of snow depths and ice thicknesses
(see the supplementary material in Stroeve et al. 2024)), although in this chapter
we have found that the predicted times for the onset of the spring algal bloom
at Barrow are fairly consistent with observations (Gradinger and Bluhm 2005;
Lee et al. 2008; Leu et al. 2015).

Previous investigation of the impact of oil droplets on sea ice albedo considered
two different crude oil types: petrobaltic oil, a light fairly transparent oil; and
Romashkino oil, a heavy and dark oil (Redmond Roche and King 2022b). These
oils roughly encompass the range of optical properties for most crude oils with
petrobaltic oil being least absorbing and Romashkino oil being most absorbing of
solar radiation. Indeed, the authors of Redmond Roche and King (2022b) found

that droplets of Romashkino oil caused a much larger reduction in sea ice albedo
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than petrobaltic oil. The results of this chapter have been obtained using the
density, viscosity, and mass absorption cross-section for Romashkino crude oil. The
viscosity of different crude oils can vary by several orders of magnitude (Liu et al.
2023), but this does not have a significant effect on the magnitude of the rise
velocity used in the model. The density of all but the lightest crude oils is between
870kgm— and 1000 kgm™3 (see Liu et al. 2023, for example), which is less than
the density of seawater and is not a significant variation compared with the effect
of oil droplet radius on the rise velocity. Our results should hence be thought of as
an upper bound on the impact of oil droplets, because different crude oils could be
less significant absorbers of solar radiation. However, it is important to consider
Romashkino oil as a plausible worst-case scenario for spilled oil in the Arctic since

it is commonly found in marine engines (De Carolis et al. |2014)).



Conclusions

Sea ice is an important component of the Earth’s climate system and a vital
part of polar ecosystems (see chapter . Sea ice is a reactive porous medium
comprising of ice crystals and saline brine, often modelled using two-phase mushy-
layer theory (Worster 2000; Feltham et al. 2006; Hunke et al. 2011). However, gas
bubbles have been observed in sea ice that can provide an additional transport
pathway for biogeochemical cycles in the Arctic, and strongly effect the bulk density
of sea ice, impacting estimates of sea-ice thickness from satellite measurements
(see for a review). Meanwhile, oil droplets within sea ice strongly absorb
solar radiation, enhancing melt and reducing the light available to ice-algae for
photosynthesis (see for a review). In this thesis we have developed a general
framework for a three-phase mushy-layer model of sea ice, including solid ice crystals,
liquid brine, and a third phase that could represent either a gaseous phase arising
from the exsolution of dissolved gases from the interstitial liquid, or a second
immiscible liquid phase such as oil.

We derived a set of conservation equations for a three-phase mushy layer in
chapter [2| including a new expression for the vertical transport of dispersed gas
bubbles in the mushy layer as a function of the bubble radius and the local porosity,
informed by empirical relationships for the pore geometry (Maus et al. 2021). The
implications of the model for gas exsolution and migration have been explored
during the steady directional solidification of saltwater (chapter [2)) and in a one-
dimensional transient model for sea-ice evolution (chapters [3H5). We validated
the performance of the transient sea ice model against the observed thickness,
temperature and salinity of landfast ice at Barrow, Alaska (chapter @ and studied

the corresponding seasonal evolution of the gas content in the ice (chapter [7)), as

20/
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well as the potential impact of oil pollution (chapter . In the remainder of this
chapter we will summarise the key results of this thesis (§9.1), and then discuss

the potential wider implications and directions for future work (§9.2)).

9.1 Summary of key results & their implications
9.1.1 Three-phase mushy-layer model

In chapter |2, we derived a novel formulation for a three-phase mushy layer that
applies to the exsolution and migration of gas bubbles in sea ice. Previous modelling
of argon (Moreau et al. 2014), oxygen (Moreau et al. [2015a)), and carbon (Moreau
et al. 2015b) concentrations in sea ice used a simplified model of bubble transport
where bubbles were immediately lost to the atmosphere when the overlying ice
exceeded a critical porosity threshold of 10% (Moreau et al. [2014)). A key result of
this thesis is the model we have derived for the motion of gas bubbles in the sea ice
pore space. Using results for the Stokes flow around rising spherical bubbles/droplets
in cylindrical liquid filled pores, we calculated the gas flux in terms of the gas fraction
and porosity-dependent properties of the pore geometry ( As the local porosity
of the ice increases, the pore throat radius decreases, and any bubbles larger than
the pore throat radius are rendered immobile. This determines a critical porosity
threshold, in terms of the bubble radius, above which gas bubbles can migrate
vertically in the ice. This provides a physical mechanism for the ad-hoc porosity
threshold introduced by Moreau et al. (2014]).

Another key result from chapter [2] is the reduced “tracer” model for gas bubbles,
which requires three conditions to be satisfied: (1) the gas volume fraction is small
compared with the local porosity, (2) the gas is nearly incompressible, and (3) the
solid and liquid phases within the mushy layer are of equal density. Under this
approximation, the displacement of liquid in the pore space by gas exsolution and
migration is small and can be neglected, and the conservation equations reduce to
those applicable to a two-phase mushy layer with extra reactive tracer equations
for the dissolved gas concentration and free-phase gas fraction. In chapter [2], we

showed that the reduced model is a good approximation to the full equations
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for steady solidification of saltwater saturated with air. The reduced model is
much more computationally tractable, whereas we struggled to find a numerical
scheme that could handle the transient case of the full three-phase mushy-layer

equations without numerical instabilities.

9.1.2 Transient sea-ice model

In chapters we developed a one-dimensional transient model for sea ice evolution
using the reduced model for a three-phase mushy layer derived in chapter 2] The
model is forced using atmospheric data from the ERA5 reanalysis for the air
temperature, humidity, shortwave and longwave radiation fluxes, and wind speed.
We do not model the snowpack explicitly. Instead we have used snow depth data
from SnowModel-LLG as an additional forcing with a tuned thermal conductivity
of the snowpack. The model includes parameterisations for brine convection, heat
transfer through the snow layer, turbulent mixing in the underlying ocean and
surface melt pond, and shortwave radiative transfer in the ice. The model does
not include the adjustment of the freeboard position of the ice or the hydraulics
controlling the drainage of melt ponds laterally and downward through sufficiently
permeable ice (see chapter [§ for a more detailed discussion of these limitations).
However, in chapter [7, we showed that the freeboard position for the simulated ice
can be estimated post-hoc by assuming hydrostatic balance. A simplified two-stream
radiative transfer model (see chapter [4) was calibrated to reproduce reflection and
transmission of shortwave radiation through snow, ice, and water, and with sufficient
spectral resolution to include the absorption of shortwave radiation by oil droplets.

The conservation equations are solved numerically using the enthalpy method
with a finite volume scheme (see chapter [f]). These numerical methods are
implemented by the Python package seaice3p v1.0.0 we have written for this
thesis. The choice of Python for the implementation of the model was motivated
by ease of use and the availability of high quality existing libraries for scientific
computing. However, The explicit numerical scheme used in this thesis is sufficient

but not well suited to large values of the eddy diffusivity and the RJW14 brine
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convection scheme, requiring small time steps. The implications of this limitation
on the eddy diffusivity for the simulations in this thesis are discussed in chapter @

The treatment of heat and salt transport was validated against observations
of the thickness, temperature and salinity of first-year landfast sea ice at Barrow,
Alaska in the 2008-2009 season (chapter @ The key uncertainties for the modelled
ice thickness were the thermal conductivity assigned to the snow layer, which
was tuned to to best matched the observed ice growth, and the ocean heat flux
prescribed at the bottom of the domain. We prescribed a monthly averaged ocean
heat flux representative of measurements throughout the Arctic Ocean (Krishfield
and Perovich |2005)). While there is significant variability in the ocean heat flux
depending on local oceanographic conditions and also variability year to year, this
approach allowed us to capture the essential seasonal cycle of the ocean heat flux
and the resulting basal melt of the ice in the melt season.

The reduced “tracer” model for gas/oil developed in this thesis does not modify
the heat, salt, and fluid transport equations for a two-phase mushy layer. Therefore,
the reduced model can be added to existing mushy sea ice models without significant
changes to the existing numerical scheme. This provides a straightforward way to

test some of the conclusions of this thesis in other validated sea ice models.

9.1.3 The gas content of first-year sea ice

This thesis represents a new approach to modelling the air content of sea ice over
a seasonal cycle using a three-phase mushy-layer model, as opposed to previous
studies that modelled the concentrations of individual gases in sea ice using an
ad-hoc porosity threshold for bubble migration (Moreau et al. 2014; Moreau et al.
2015a; Moreau et al. 2015b)). Chapter [7| used the transient three-phase sea ice
model to simulate the evolution of the gas content of the ice at Barrow, Alaska
in the 2008-2009 season, assuming that the exsolved air consists of fixed ratios
of nitrogen, oxygen, and argon (see . We compared the predicted profiles
of nitrogen, oxygen, and argon with measurements from ice cores (Zhou et al.

2013; Zhou et al. 2014a)). Two key observed behaviours are that, (1) atmospheric
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gases accumulate well above their in-situ solubility during ice growth, suggesting
gas bubbles remained trapped in the ice during winter, and (2) warming ice in
May /June saw gas content of the ice decreased to the in-situ solubility, suggesting
that gas bubbles were able to escape the ice.

There are two key dimensionless parameters in the model that control the gas
content of the ice: the Damkohler number (Da) and the dimensionless bubble
radius (dg = Rp/Rp). The Damkohler number is the ratio of the time scale for gas
exsolution to the time scale for conductive heat transfer in the ice, which roughly
corresponds to the time scale for ice growth. The dimensionless bubble radius is
the ratio of the bubble radius Rp to the characteristic pore throat size Ry in sea
ice. From comparison to field measurements, we found that bubbles must be large
enough to be trapped and accumulate in the relatively cold impermeable ice during
growth, but small enough to escape the ice as the ice warms in May/June. This
leads to an estimate dy ~ 0.3 that is consistent with previously suggested porosity
thresholds for bubble migration in the ice at Barrow (Zhou et al. 2013; Moreau et al.
2014). Due to the threshold behaviour of the model, the simulated gas profiles are
very sensitive to the value of dy and the porosity of the simulated ice. It remains an
open question to what extent the seasonal evolution of the gas content of the ice in
the Arctic as a whole is similar to the observations at Barrow in 2009. Therefore, it
is unclear how well our model can generalise to other locations with this value of 4.

While 4 is responsible for the distribution of gas bubbles in the ice and the
timing of their escape when the ice warms, Da controls the total integrated gas
content of the ice. Brine convection removes liquid that is supersaturated with gas
from the ice, which is replaced with water from the underlying ocean. In the absence
of any gas exsolution, this would lead to a decrease in the bulk gas concentration
within the ice, which is analogous to the desalination of first-year sea ice (Notz and
Worster 2009; Thomas et al. [2020). However, the exsolution of gas bubbles allows
this gas to remain in the ice instead of being removed by brine convection. In the
limit Da — oo all supersaturation would be instantly relieved by gas exsolution.

However the results of chapter [7] show that the observed gas concentrations within
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sea ice are too low to be consistent with this limit. Therefore, 1 5 Da < 100 is
required to allow some accumulation of gas bubbles in the ice during growth, but
not too much gas. This aspect of our model is similar to the previous results of
Moreau et al. (2014) that also used a linear relaxation model for gas exsolution with
a tune-able parameter to control the exsolution rate. By comparison with the same
measurements of argon concentrations in the ice at Barrow, Moreau et al. (2014])
identified an exsolution rate for their model corresponding to Da ~ 8.

Using the values of §p and Da estimated from the comparison with the observa-
tions of bulk gas concentrations at Barrow, we predicted the accompanying seasonal
evolution of the mean gas fraction within the ice. We find that the mean gas fraction
increases to a maximum value of around 1% quickly during initial ice growth and
then remains relatively stable until spring. However, once the ice warms, and gas
bubbles escape to the atmosphere, the mean gas fraction within the ice drops to
zero before the ice thins by melting. This would correspond to a bulk density
that decreases as the gas fraction increases in winter, and then increases in the
melt season as the accumulated gas escapes the ice. This prediction is consistent
with observed ice bulk density measurements from the growth season, but not
during the melt season. To investigate this discrepancy further we estimated the
freeboard position for the ice if it were in hydrostatic balance, and re-calculated
the ice bulk density assuming all the liquid brine in the ice above the freeboard
had drained and been replaced with air. This estimate was consistent with the
observed seasonal evolution of the bulk density of free floating pack ice in the

Arctic observed by Salganik et al. (2024).

9.1.4 The impact of dispersed weathered oil droplets on
first-year sea ice

In chapter [§| we adapted the transient three-phase mushy-layer model for sea ice
to model the motion of oil droplets within the ice, and account for their impact
on the absorption of shortwave radiation (Redmond Roche and King 2022b)). In

contrast to previous studies (Redmond Roche and King [2022b)), we also included
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the impact on the transmission of shortwave radiation of the surface scattering layer
(SSL) and melt pond formation along with the motion of oil droplets within the ice.
This allowed us to investigate the impact of low concentrations of weathered oil
droplets on the ice, that may become more prevalent as the Arctic Ocean becomes
more accessible to shipping and oil extraction (see chapter . We found that oil
pollution within the ice did not have a significant effect on the absorption of solar
radiation and ice melt prior to the formation of a melt pond, due to the highly
reflective SSL covering the surface of the ice. However, for oil concentrations above
around 1000ng g~! we found an increase to simulated melt rates at Barrow after
pond formation, that was significant compared with interannual variability, leading
to the ice melting around 10 days earlier. We also found that the presence of oil
droplets in the ice can significantly reduce the photosynthetically active radiation
reaching algae at the base of the ice, which could potentially delay the onset of
the spring algal bloom by around a week or two. This could have knock-on effects
for the Arctic ecosystem in areas polluted with weathered oil droplets and may
potentially offset observed trends toward earlier spring blooms due to the thinning
of snow cover in the Beaufort Sea (Stroeve et al. 2024)).

The concentrations of oil droplets considered in this thesis were motivated
by previous studies (Haule and Freda [2016; Redmond Roche and King 2022b;
Redmond Roche [2024)) and estimations of oil concentrations resulting from oil spills
(see chapter |1| for a review). However, it would be valuable to gather measurements
of the concentration of oil droplets in the ocean, ice and melt ponds in the Arctic
to assess the validity of the concentrations considered in this thesis. Several recent
studies have investigated the fate of oil released under sea ice under laboratory
conditions (Oggier et al. 2020; Dilliplaine et al. |2021; Asihene et al. [2022), and
also doped artificial sea ice with weathered oil droplets (Redmond Roche 2024]).
However, it would be valuable to take quantitative measurements of the distribution
of oil droplets within sea ice that has been grown from water containing weathered
oil droplets. This could be done using the imaging methods developed by Desmond

et al. (2021). It would answer the question of whether dispersed weathered oil
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droplets are likely to be removed from the ice by brine convection or remain trapped

in the pore space, which would have implications for their radiative effect.

9.2 Directions for future work

We have used the transient three-phase mushy-layer model to estimate the gas
content of the landfast ice at Barrow, Alaska, its impact on the bulk density of
the ice (chapter [7)), and the potential impact of dispersed weathered oil droplets
on the absorption of solar radation in the ice (chapter . However, future work
should focus on how the results of this case study at Barrow can be generalised to
first-year ice throughout the Arctic across multiple seasons. The computational
model we have developed (seaice3p v1.0.0) can in principle be forced with
atmospheric data (from ERAD reanalysis or similar), snow depth data (SnowModel-
LG or similar), and ocean heat fluxes for any location in the Arctic. However, to
extend a spatial analysis beyond landfast ice would require additional modelling
for the motion and deformation of free-floating pack ice with forcing applied
along a Lagrangian trajectory.

In this thesis, we have built understanding using a simplified model for the
motion of identically sized gas bubbles moving through cylindrical pores (chapter [2)).
However, in reality the gas bubbles in sea ice have a distribution of sizes and
are distributed amongst a complex network of pores (Light et al. 2003; Crabeck
et al. 2016)). Future work could extend the framework developed here to include a
distribution of bubble sizes and pore sizes, perhaps informed by new work on the
motion of bubbles in the sea ice pore space and the processes controlling their size
distribution. We have also neglected the tortuosity of the pore space in our model
which could prevent otherwise mobile buoyant bubbles from migrating vertically
in the ice. This could be more important for the granular ice texture found near
the surface of the ice which has a more tortuous pore space than the columnar
ice texture that dominates the interior of the ice and consists of longer vertically
aligned pores (Oggier and Eicken 2022)). There is also the possibility of gas bubbles

being trapped in completely closed inclusions in the ice, where the solubility may
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be controlled by local pressure conditions in the inclusion (Crabeck et al. 2019),
which we have not considered thus far.

We have used the computationally convenient reduced model for the transient
simulations in this thesis, however the underlying approximations of this model
break down when the gas or oil fraction approaches the local porosity. We found
it challenging to develop a numerical scheme that can handle the full three-phase
mushy-layer equations without numerical instabilities in scenarios where ¢, — 1—¢;.
However, future work in this direction could develop a more general transient model
capable of exploring the displacement of liquid from the pore space by gas exsolution
and migration, or the infiltration of air into the ice and snow above the freeboard.
This could help investigate the feasibility of the proposed mechanism to generate
gas bubbles and density reductions in warming sea ice suggested by Salganik et al.
(2024) (discussed in §1.2)), although we have found that this is not necessary to
explain the observed reduction of bulk density in the summer (see chapter [7)).

The methods developed in this thesis could be coupled to existing numerical
models for the growth of sea-ice algae and extended to include other species (see
Vancoppenolle and Tedesco 2017, for example). This could be used to investigate
the biological feedbacks between gas transport and sea-ice algae. It could also
provide a more in depth study of the impact of dispersed oil droplets on the growth
of sea-ice algae, as opposed to the PAR threshold for an algal bloom used by
Stroeve et al. (2024)) and adopted in this thesis.

The Arctic Ocean has been recognised as an important source of methane to
the atmosphere as a result of methane bubbles degassing from the sediments under
shallow waters on the continental shelves (Kort et al.2012)). These methane bubbles
rise through the water column (Chernykh et al.2023)) and can become trapped in the
sea ice (He et al. 2013; Zhou et al. 2014b). Therefore the motion of methane bubbles
in sea ice is an important consideration for future fluxes of methane from the Arctic
Ocean to the atmosphere, and could be investigated using the framework developed
in this thesis. As well as degassing from oceanic sediments, global warming is

promoting the release of methane from permafrost in the Arctic which is another
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example of a porous medium in which the dynamics of freezing/melting and gas
bubble transport are important (Rofiger et al. 2022).

There are many other geophysical systems that exhibit important phenomena
due to the dynamics of gas bubbles in a reactive porous medium that could be
investigated using similar approaches to this thesis. Peat bogs are an example
of a chemically reactive porous medium comprised of solid organic matter, liquid
water, and gas bubbles that are important for the global carbon cycle (Beaulne
et al. [2021). The dynamics of gas bubbles are important for quantifying the flux of
greenhouse gases between the peat and the atmosphere (Strack et al. |[2005). The
multicomponent mineral melt found in magma chambers can be thought of as a
three-phase mushy layer that contains volatiles such as dissolved water and carbon
dioxide (Huppert and Worster 2012)), and the exsolution of these gaseous volatiles
can be important for the dynamics of volcanic eruptions (Huppert and Woods 2002;
Girona et al. 2015} Parmigiani et al. [2016; Liao 2022)). I hope that the results and
methods developed in this thesis can be used to further investigate the truly complex,

fascinating, and beautiful multiphase nature of sea ice and other natural systems.
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Enthalpy in a three-phase mushy layer

We consider the bulk enthalpy per unit volume H of a mixture of solid, liquid
and gaseous phases in thermal equilibrium at temperature 7. Assuming that each
phase is an ideal mixture yields an expression for the enthalpy of each phase.

The solid-phase enthalpy is given by

Hs = ps (WShHQO(S) + SshNa01-2H20(s)) , (A.0.1)

where h,o(s) is the specific enthalpy of ice, hAnaci.21,0(s) is the specific enthalpy of
hydrohalite, and we assume no dissolved gas is incorporated into the solid phase.

The liquid-phase enthalpy is given by

H; = Pl (WthZO(l) + SthaCl(aq) + flhair (aq)) ) (AOQ)

where hy,o(1) is the specific enthalpy of liquid water, Anaci(aq) 18 the specific enthalpy
of dissolved salt, and . (aq) is the specific enthalpy of dissolved air. The gas-
phase enthalpy is given by

Hy = pghair (o), (A.0.3)

where h,i () is the specific enthalpy of air. Conservation of bulk enthalpy yields

OH _
oy TV (Hiw) + V- (Hyug) = V- (kVT), (A.0.4)

where H = ¢ H,+ ¢ H,+ ¢,H, and we neglect the transport of energy by molecular
diffusion of dissolved salt and air within the liquid phase.
We neglect the impact of pressure changes on the enthalpy of the system,

assuming these changes are small compared with atmospheric pressure, so that
dh = ¢,dT, (A.0.5)
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where ¢, is the specific heat capacity of the material at constant pressure, and
h is the specific enthalpy of the material. Using equation (A.0.5), we expand
equation (A.0.4)) using the conservation equations (2.2.5)), (2.2.7), (2.2.§), and

(2.2.9) with ks = k¢ = 0 to obtain

__JT
P g + (Picpawr + pycpgtg) + VT

. 0
A diss ¥
haalt ot (psPsSs)

+ A hdiss ]\/'7

air

Here, the specific heat capacity of each phase is related to the specific heat capacity

of each component by

Cp,s = Wscp,HQO(s) + Sscp’NaCI.QHQO(S)’ (AOG)
Cpi = Wiy 1,00) + SiCpNaCl(aq) T &ICp.air (aq)s (A.0.7)
Cp,g = Cp,air (g)- (A.0.8)

We assume that the heat capacity of each component can be treated as constant

over the temperature range considered. The specific latent heat of fusion for water

L = hu,o00) — hu,o(s) is the heat released during freezing per unit mass. Similarly,
diss

there is an enthalpy change per unit mass of AL = ANaci(aq) — MNaC1-2H,0(s)

associated with the precipitation of hydrohalite,
NaCl(aq) + 2 HQO(I) — NaCl -2 HQO(S), (A09)

and of Ahds = (aq) — Mair (g) associated with air exsolution. The enthalpy
changes during phase change are again approximated as constant over the considered
temperature range.

Finally we make the approximation that salt and air form only a small part of
the system by mass, taking .5;, &, Ss ~ 0. This allows us to neglect the temperature
changes associated with hydrohalite precipitation and air exsolution and approximate
Wy, W, &= 1. We then recover equation ([2.2.13)), where the specific heat capacities

of the solid and liquid phases are those of ice and water, respectively.



Volume change upon the exsolution of a
saturated solution

Consider a volume V' of liquid comprising a mass My of water and a M, of

dissolved air. This solution then has density
;o My + Mg
Pr= o
and contains a mass fraction of water

My

Wy=-—2__
' My + M,

If this solution is saturated with dissolved air, then we additionally have

M,

sat __ g

LT M+ M,

Consider exsolving all of this dissolved gas into a free gas phase of density p,,

leaving pure water of density p;. The new total volume of the system is

_ My Mg

Pl Pg

Vv

Under the approximations p; ~ p; (Watanabe and lizuka [1985) and p; > p,,

the relative volume change is

V— V/ _ plglsat _y
\ % Pg
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Numerical method for the steady-state
three-phase mushy-layer boundary value
problem

We have developed the software package mush3p v1.0.1, written in Python v3.12.3,
to numerically solve the equations for a three-phase mushy layer undergoing
steady directional solidification, as set out in §2.4 Our code uses the scien-
tific computing packages Numpy v1.26.4 (Harris et al. 2020) and Scipy v1.14.0
(Virtanen et al. 2020).

We solve the boundary value problem within the mushy layer using a 4th order
collocation algorithm implemented by scipy.integrate.solve_bvp. We transform
the free-boundary problem to a fixed domain —1 < 7 < 0 by introducing the scaled
coordinate 7 = —z/zy. The free parameters for the solution ® and z; are promoted

to variables to be found by the numerical solver. We write the problem in the form

d
dz =fn, y), (C.0.1)

where for the full three-phase mushy layer

0/
- Coml [ 1dg,  C(1-9)
0 =0, | a e te e
/
0 DaN(C—0)z, Ow
w _ O _
y(n) = . fy) = ci-2)  C-6 ,
PH o — ¢g
L I1(¢r)
P
L 0
- 0 -
(C.0.2a,b)
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using the scaled coordinate 7 and rearranging equations (2.4.5)), (2.4.3)), and (2.4.6))

using equations ([2.4.12)) and (2.4.18)). Here, 6’ denotes the first derivative of 6 with

respect to n and ¢4, ¢;, and II(¢;) are calculated from equations (2.4.19), (2.4.18)),
(2.4.12), and (2.4.7). The boundary conditions are given by

0(-1)
6(0)+1
w(=1) — Weo
b(y(-1),y(0)) = ) =0, (C.0.3)
0'(—1) — 2r(—1)0[1 — ¢>1(—1)]

®(0) — <1+ Yo )

XWoo

where 1) is the dimensionless gas density evaluated at the top boundary n = 0 from
equation ([2.4.11f). The initial guess for each solution component is taken to be a
linear function of n that satisfies the relevant boundary conditions.

For the reduced model (§2.4.7), neglecting ¢, < 1 and ® < 1 in equation ((C.0.2))
yields the simplified system of ordinary differential equations (ODEs)

9/
C
0 —z0" |1+ Stm—
d o - [ M 6)2]
Yy
Tj = Fr(n: yr), yr(n) = w |’ Fr(n yr) = DaN(C —0)z 0'w
C c—-90
ZL
0
) (C.0.4a,b)

where ¢ = 1 — ¢, ¢, is given by equation ([2.4.25)), ¢, is given by equation (2.4.26)),
and the variables py and ® are removed from the ODE system. The associated

boundary conditions, under the approximation & < 1, are

= 0. (C.0.5)



The dependence of the maximum
supersaturation in a steady three-phase
mushy layer on the Damkohler number

Here, we derive a scaling for the maximum supersaturation achieved in the mushy
layer in the reduced model, when Da > 1. We assume that w(z) reaches a
local maximum at z,,, where

and z; < z, < 0. Therefore, at z = z,, conservation of dissolved gas for the

reduced model ([2.4.27)) becomes

wd(f: = —Dag(w — 1), (D.0.1)

which represents the balance of increasing supersaturation due to the rejection of

dissolved gas during freezing, and reduction of supersaturation by gas exsolution.

Upon rearrangement equation (D.0.1) yields

s
w—1l=_d&
4% 4 Dagy
For Da > 1, we find
1 1dg (1
max, [w(z) — 1] ~ “Dad de @) (Da> ; (D.0.2)

where the final equality exploits the fact that, in the reduced model, ¢, is independent

of the gas dynamics and so does not depend on Da.
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Eddy diffusion

In completely liquid regions (i.e., ¢; = 1), the conservation equations for dissolved
salt, dissolved gas, and energy (introduced in chapter [2]) take the form of generic

advection-diffusion-reaction equations

0
SV (qw) = V- (5,Vq) + Q. (E.0.1)

where k, is the molecular diffusivity of a quantity ¢ in the liquid and Q are
source terms that do not depend on turbulent fluctuations. When ¢ is the energy,
salinity, or dissolved gas concentration, the appropriate diffusivity is k/(picp,),
Ks, Or kg, respectively.

We decompose ¢ = G+ ¢ and u; = w; +u; into a mean component (denoted with
an overbar) and a fluctuating component (denoted with a dash). Hence, performing

standard Reynolds averaging (see chapter 11 of Vallis|2017)) on equation (E.0.1)) yields
aq S 7 =
ot +V.(qu)=V_ (/quq - ulq’) + Q. (E.0.2)
Finally, we utilise the standard closure (see chapter 13 of Vallis 2017)

qu; = —k.Vq, (E.0.3)

where k. is the eddy diffusivity to obtain an equation for the evolution of the mean

quantities. Substituting equation (E.0.3) into equation (E.0.2)) yields the enhanced
diffusivities given by equations ([3.2.7)—(3.2.9)) in chapter [3|
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Derivation of the two-stream
approximation

Here we derive the two-stream approximation, given by (4.4.4) and (4.4.3), from
the radiative transfer equation (4.3.1)) largely following Stamnes et al. (2017). If
the phase function and radiance field are independent of the azimuthal direction

(4.3.1) can be written as

,udT:—]-I—f/ I(r, p/,N)dyd, (F.0.1)
where p = cos (). Integrating over the upper and lower hemispheres yields
d(f; = —2nlt + 27‘(‘% /_01 /_11 P(p, 1)1, (', N) d'dps, (F.0.2)

and
d(f;)‘_ = —2rl~ —|—27T—/ / I(r, p/, N) dp/dp, (F.0.3)

respectively, where It and I~ are the radiances averaged over the upper and lower
hemispheres respectively. So far (F.0.2) and (F.0.3) are exact, however we now
approximate the radiance in the scattering integral term with the hemispherical

averages, which yields

dry By [ FY Py
_Ix 1—-b)—+b— F.04
dr ﬁ+ + wo -( ),U + ,U ] ) ( )
and
dFy Fy [ Fy Fy
. MR (€ ) [y i (F.0.5)
dr I I T

where 7t = Ff /2rI*, and b is the backscatter ratio for the phase function. The
backscatter ratio can be expressed using double integrals of the phase function (see

e.g. Stamnes et al. 2017) as
1 /0 /1
b= 5/ / P, 1) dpldp = = / / W) ddy, (F.0.6)
~1.Jo
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1-b= 7/ / (g, ') dp/dp = / / p') dpdp, (F.0.7)

or as a single integral

b= ;/01 P(—pu, 1) dp. (F.0.8)

Finally, if we assume the radiance field is isotropic in both hemispheres then

pt = F1/2. Substituting this into (F.0.4) and (F.0.5)), and using equations (4.3.2)
and (4.3.3)), yields the two-stream equations given in chapter 4| with 7 = 1/2.

The Henyey-Greenstein phase function (Henyey and Greenstein |1941)) given by

N 1 - 92
Pua(V, V') = (1+ g% —2gcos (9 —))3/2 (F.0.9)

where ¢ is the asymmetry parameter, is often used to model scattering in media

where scattering is strongly forward peaked, such as sea ice. In this case 8]) yields

l—g( 14g
b = —-1]. F.0.10
HG(g) 29 <\/W > ( )
The value of g = 0.98 used by Redmond Roche and King (2022b) gives byg =

0.00423.




Simulated ice thickness at Barrow, Alaska
2006-2015

In chapter @, we identified kguow = 0.42 W m ™! K~! best reproduced the observed
ice thickness at Barrow, Alaska from January-June 2009. In this appendix we
present the simulated ice thickness at Barrow, Alaska in 2006-2015 (excluding
2013 when no field data was collected) using the same parameter values used
in chapter [6] Figure shows the snow depth data from the SnowModel-LG
dataset (Liston et al. 2021), that is used to force the simulations, compared
with the snow depth measurements from the Barrow mass balance site (Eicken
2012). Note that up to three different instruments were deployed each year at
the MBS to measure snow depth. While periods identified as bad data in the
metadata have been removed, slippage of the instruments or just heterogeneity in
the snowpack can lead to discrepancies between the measurements. Figure
shows the simulated ice thickness compared with ice thickness data from the
Barrow mass balance site (MBS).

Despite parameter values being chosen based only on the 2008-2009 season at
Barrow our model does a reasonable job of reproducing the observed ice thickness
at Barrow in other years, with some year-to-year variability. Apart from 2008-2009,
particularly good agreement is seen in 2005-2006, 2011-2012, and 20132014, which
are seasons in which the snow depth data used is in better agreement with the
observed snow depth at the MBS. In contrast, the simulation severely overestimates
the ice thickness in 2014-2015, which can be attributed to the fact that there was
hardly any snow in the SnowModel-LLG dataset compared with the observed snow

depth at the MBS. While modelled snow depth attempts to accurately recreate
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Figure G.1: Snow depth data from the SnowModel-LG dataset (blue line) extracted at the
location of the Barrow mass balance site, which is used as forcing data for the simulations in
figure Snow depth measurements from the Barrow mass balance site (coloured circles) from
up to three different acoustic instruments deployed at the site (SIZONET; Eicken [2012). There
was no data available for 2013.

the average over a model grid cell, it can be difficult to capture the heterogeneity

of the snowpack at a single point.
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Figure G.2: Simulated ice thickness at Barrow, Alaska in 2006-2015 with kgow =
0.25Wm~™' K~!, and the remaining parameters given in table (blue curves). Also shown
for comparison is ice thickness data from the Barrow mass balance site plotted as black dots
(SIZONET; Eicken 2012)). There was no data available for 2013. In 2015 the underwater altimeter
used to measure ice thickness failed very soon after deployment. Therefore, in 2015, the ice
thickness is determined instead using the thermistor string with £5cm accuracy. This method
cannot be used accurately once the ice base begins to melt.



Convergence of transient simulations of sea
ice with oil droplets

The simulations of transient sea ice evolution with differing mass fractions of oil
droplets in chapter |8 were run using seaice3p v1.0.0 with a vertical resolution
of N, = 100. Computational constraints rendered simulations at much higher
resolutions impractical. In this appendix, we show how key metrics from a simulation
of the first-year ice at Barrow, Alaska (2008-2009) with are affected by varying the
vertical resolution in the range 20 < N, < 175. The remaining parameter values,
initialisation and forcing for the simulations are identical to the simulations in

Figure shows that our choice of N, = 100 is sufficient to resolve the ice-
ocean and ice-melt-pond interfaces to an accuracy of 2 cm relative to the highest
resolution simulation we have run (N, = 175). Figure shows the variation of
six metrics defined in chapter [§ versus N,. Both the algal bloom onset time and
integrated solid fraction have clearly converged by N, = 100. However, the algal
bloom onset time in the case of uniform oil concentration with My = 1000 ng g+
shows oscillations between two values which can occur if the transmitted PAR flux

at the ice base crosses the threshold value several times in a short time period. The
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Figure H.1: The position of the ice-ocean and ice-melt-pond interfaces over time for simulations
of the first-year ice at Barrow, Alaska (2008-2009) with M, = 1000ngg~! at three different
vertical resolutions IV,.
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maximum ice depth also shows good convergence with oscillations only the size of
one grid cell as N, increases. The remaining three metrics shown in figure for
the melt pond onset time, depth after 10 days and 30 cm growth time show less
convincing convergence at these grid resolutions. This likely indicates the need for
higher grid resolution for convergence of the turbulent heat transport by the eddy
diffusion parameterisation used in the melt pond. However, at the resolution used
in this thesis (N, = 100), the error in these metrics is likely less than around one
day for the melt pond onset time and 30 cm growth time, and less than around

5cm for the melt pond depth after 10 days.
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Figure H.2: Plots showing the variation of six metrics from a simulation of the first-year ice at
Barrow, Alaska (2008-2009) versus N,. (a) the maximum ice depth, (b) melt pond onset time, (c)
melt pond depth 10 days after onset, (g) integrated solid fraction 10 days after the onset of a melt
pond, (h) time taken for a melt pond to first reach a depth of 30 cm, and (i) the algal bloom onset
time. Three different simulation configurations are considered: oil-free My = Ongg~! (blue),
uniform oil concentration Mg = 1000ng g~ (red), and mobile oil droplets with My = 1000ng g~*
(orange). Panels (d), (e), (f), (j), (k), and (1) show the difference between each metric in the panel
above, between the uniform concentration and oil-free simulation (red) and the mobile droplet
and oil-free simulation (orange).
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