CORRIGENDUM: “COMPENSATED COMPACTNESS METHODS IN THE STUDY
OF COMPRESSIBLE FLUID FLOW?”

SIMON SCHULZ

ABSTRACT. We correct an error in Chapter 3 of the thesis “Compensated compactness methods in the
study of compressible fluid flow”, which was made at six distinct points in the chapter. The main result
therein (Theorem 3.2) is correct as stated, with the only exception that the requirement o > 1/2 must
be imposed in point (3) of Definition 3.1 of the chapter. We also make note of some minor typos found
in the rest of the thesis.

In this document, we correct an error in Chapter 3 of the thesis “Compensated compactness methods
in the study of compressible fluid flow” [4], which was made at six distinct points in the chapter, and
which had a minor repercussion on the main theorem; Theorem 3.2. The only essential lemmas that
were affected were Lemmas 3.52, 3.60, and 3.66 of [4]. In the following sections, we correct this mistake.

We begin by stating the minor change to our main theorem in Section 1. Then we explain the error
in detail, in Section 2, which concerns a Gronwall-type estimate. Section 3 shows how to correct this
mistake, and how to obtain an alternative estimate. Sections 4-6 then show how to recover the conclusions
of Lemmas 3.52, 3.60, and 3.66 of Chapter 3, respectively. Finally, Section 7 contains a small list of minor
typos found in the rest of the thesis.

In Sections 3-6, M denotes a positive constant, independent of p, which may change from line to line.
The proofs are written for o < 1, as the case a > 1 is easier and follows directly from the same strategy.

Acknowledgements. The author wishes to thank Matthew Schrecker for pointing out this error.

1. CHANGE TO MAIN RESULT

Our main result (Theorem 3.2 in [4]) is correct as stated in the original thesis chapter, with the only
exception that the requirement o > 1/2 must be imposed in point (3) of Definition 3.1 of [4].

The minor lemmas affected are: Lemma 3.23, Remark 3.24, equation (3.53) in Lemma 3.27, Lemmas
3.28 and 3.30, Lemmas 3.41-3.45, Corollaries 3.46 and 3.47, equations (3.116) and (3.117) in Lemma 3.54,
Corollary 3.55, Lemma 3.59, equation (3.132) in Lemma 3.62, Remark 3.63, Corollary 3.64, equation
(3.149) in Lemma 3.65, and equation (3.159) in Lemma 3.66 of [4]. These are not correct as originally
stated, and Sections 4-6 herein rectify them.

As already mentioned, the only essential lemmas that build on these minor lemmas are: Lemmas 3.52,
3.60, and 3.66 of [4]. The statements of Lemmas 3.52 and 3.60 are correct as written Chapter 3, but
Lemma 3.66 has one minor mistake in equation (3.159); which is rectified in Section 6 of this document.

2. EXPLANATION OF THE ERROR

It is wrongly claimed, after equation (3.41) in Chapter 3, that one can apply the Gronwall Lemma to
get a decay bound when one has an estimate of the form:

1 PO
flp)dp  Vpo > pa,
PO — Px P

(1) f(po) < g(po) +

where it is assumed that f,g > 0 are locally bounded, f(p.) = g(p«) = 0, and g itself satisfies a decay
bound of the form |g(po)| < Mp,? for some M,q > 0. More precisely, it is claimed that an application
of Gronwall’s Lemma yields |f(po)| < M po ? with the same exponent g, but with a possibly different
constant M. This is false, as shown by choosing, for instance, p, = 0 along with

fpo) = erf(po),  glpo) = po* (\/27? /Opo ye V' dy>.

This example yields equality in (1) with f(0) = ¢g(0) = 0, along with ¢ = 1, but the error function tends
to the constant function 1 in the limit as pg — oo and thus does not decay; it is merely bounded.
This mistake was then repeated in the proof of Lemmas 3.41, 3.44, 3.59, 3.62 and 3.65 of the chapter.
As already mentioned, the only results essential to our approach that this affects are Lemmas 3.52, 3.60,
1
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and 3.66 of Chapter 3. In the subsequent sections, we show how to recover the conclusions of these
lemmas using an alternative estimate, which is the topic of the next section.

3. ALTERNATIVE ESTIMATE TO THE ERROR

We prove the following lemma, which will be at the core of the estimates of Sections 4 and 6.

Lemma 3.1. Assume that f > 0 is measurable, locally bounded, and satisfies, for some M,q > 0, the
estimate
PO

(2) flpo) < Mpy? + —— d(p)f(p)dp  Ypo > pa,
Po = P+ Jp,

where d(p) is the coefficient defined in Definition 3.8 of [4, Chapter 3]. Then, for some possibly larger
M > 0 independent of pg, there holds

(3) 1f(po)l <M Vpo > p..

Proof. The main observation is that d(p) = 1+ o(p). Observe firstly that, due to the local boundedness
of the integrand and the mean-value inequality, there exists a positive constant M, independent of py,

such that

1 PO

(4) Ap)f(p)dp< M for po € [pr2p.],
PO — Px P

and it follows immediately from the above and the hypothesis of the lemma that |f(po)] < M on the

interval pg € [ps, 2p]. Suppose now that py > 2p.. Then, by dividing the integral over two regions, we

have

1 PO

Po — Px

[ o=t [T s

d(p)f(p)dp

0 = P Jop,

Po
d dp,
P (p)f(p)dp

whenever pg > 2p, (as the singularity at py = p. is not encountered), where again M is independent of
po- It follows that, over the interval [2p,,00), the estimate (2) may be rewritten as

Po
[ oy tor po 2p.,00),

P+

< Mpy* +

fpo) < Mpy T+

Po — Px
for a larger constant M independent of pg, and where § = min{g,1} > 0. Using the variant of the
Gronwall Lemma from [3, Theorem 1, Section 4, Chapter XII] and the previous inequality, we obtain

PO - PO d(T)
Mp~?d(p) exp dr)dp  for py € [2p,0),
P

T — P

5 Fpo) < Mpy T +
(5) (po) Po 0 — P Jp.,

and the integral inside the exponential is bounded as
PO d Po 1 PO d* -1 PO d* —d
o [y < f [T g [ ) ),
p T Ps p T Px o T — Pk o T — P
and we emphasise that p > 2p, in the above. Using the decay bound provided by Lemma 3.12 of Chapter
3, it follows that there exists a positive constant M, independent of r, such that

M < Myt Vr > 2p,.

T — pPu
Similarly, again from Lemma 3.12 Chapter 3, d.(r) — 1 = p./r, and so

P <Mr=*  Vr>2p,
T — ps r(r — p«)

again for some positive constant M = M (p.). Hence, it follows from (6) that

Po _
exp (/ Mdr) gM<p°p*> o> 2p..
p T = P« P = P«

Returning to (5) and using |d(p)| < 3 from Lemma 3.12 of Chapter 3, we obtain

PO p—r}
f(po) < M(l +/ dp) for po € [2px, 0),
204 P — Px

and hence, using the finiteness of f;;* p~t79dp as ¢ > 0, we obtain |f(po)| < M in the interval py €
[2p4,00). Combining this estimate with the one for the region py € [ps, 2p.] yields the result. O
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Remark 3.2. If ¢ = 0 in Lemma 3.1, then, by following the same proof to the letter, one obtains the
weaker estimate
|f(po)| < M log po Voo > ps.

4. RECOVERING LEMMA 3.52 OF CHAPTER 3

Using Lemma 3.1 after equation (3.41) in Chapter 3, we get ||k'(po) X" (po, )| L@ < M, ie.,
X" (pos ML) < Mpo  ¥p € [ps, 00),

and we do not obtain equation (3.42) in Chapter 3, nor do we obtain the conclusion of Lemma 3.23 in
Chapter 3. Instead, we have:

Lemma 4.1 (Correction of Lemma 3.23 and Remark 3.24 of [4]). There exists a positive constant M,
independent of p, such that

(7) ™" (o, Mz < Mp ¥p € [ps, 00).
Nonetheless, following Lemma 3.27 of Chapter 3, we observe that

ANETTOT

Nn (P w) =2X""(p,u)  for (p,u) € [ps,00) x R,
as per equation (3.52) of the chapter. It follows from (7), using also [4, Lemma 3.17], that we have:

Lemma 4.2 (Correction of (3.53) in Lemma 3.27 of [4]). There exists a positive constant M, independent
of p, such that

(8) 95T (p, M| poo () + 111552, (s ) v/ 10g pl| oo (=) < Mp.

Returning to the representation formula (3.50) in Lemma 3.26 of Chapter 3, we set ¢ to be %s|s| SO
as to obtain the representation formula for 777", i.e.,

~ETTOoT

2(po — p«)E (po)i”"" (pos uo) =

) /po d(p)k' (p) (D" (p,uo + k(po) — k(p)) + 7" (p, uo — k(po) + k(p))) dp

n / " 0= p) (R () — ) w0+ ko) = () = (0 = o) + k() .

Differentiating the above twice with respect to uo, we obtain an identical formula for /¢, °" involving

jiso, on the right-hand side. Then, using the estimate (8) on |75, (p, )|/ L&) and Corollary 3.10 of

nuuu nuuu

Chapter 3, we obtain

1 po , o M po
J A e AR
— P Jp. PO — Px

s

(10) 1K (po) it " (po, )l Los (m) Spo

whence, using the fact that _—— f P p~dp < Mpy©, a direct application of Lemma 3.1 yields
1K' (po)iti " (o, ')||L°°(R) <M, ies 1 (pos L@ < Mpo Vpo = pa.

In turn, using the chain rule with m = pu, we immediately obtain
(11) 1207 (P0> M Lo ) + (e (P0s ) Lo () < M Voo > px.

We may now repeat this argument identically to estimate 75", with the representation formula given by
differentiating (9) only once with respect to ug. In turn, now using the estimate [|755°(p, -)|| oo r) < Mp
(¢f. Lemma 2.5 in Chapter 2) to bound the right-hand side, we obtain

(12) 75" (pos Ml L= @) < Mpo, e, |9 (po, Mpe® <M VYpo = ps.

The same argument does not work immediately for 7¢"°". Returning to the representation formula (9),
we rewrite, using the fundamental theorem of calculus, the final term on the right-hand side as being

equal to

PO o Ko uo+k(po)—k(p)

/ (p—p) (K (p)* = =) (/ N (s )dy) dp.

. p —(k(po)—k(p))

In turn, using again the estimate |75 (p, )| L&) < Mp (cf. Lemma 2.5 in Chapter 2), we get from (9):
~error 1 o ~error Mk(p()) PO —«
1E" (po) """ (po, | Loe r) < —— / d(p)IIK' (p)™"" (p, )l Lo (w) dp+f/ p~“dp.
Po = P Jp, po = ps Jp,

Applying Lemma 3.1, we obtain
(13) 19" (pos M Loy < Mpo  Ypo = px,
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from which it follows, since n*(p, u) = 3pu® + pe(p) with 16;3) — const. > 0 as p — oo, that

(14) 19" (o, Lo ®) < M0 (po,u0) — Ypo > pa.

Finally, for the bound concerning the mixed partial derivative 7;;7°", we follow the proof of Lemma 3.45
in Chapter 3, and obtain equation (3.98) in Chapter 3, i.e.,

AETTOoT

2(po — p«)pok’ (p0)iim " (o, uo) =
- 8/)0 (2(P0 - P*)Pok/([)o))ﬁ%r()r(ﬂm ug)

+ k' (po) / " d(p)pk' (p) (i (p, w0 + k(po) — k(p)) — figan (p, uo — k(po) + k(p))) dp

*

+ 2d(po) pok’ (po )i (pos uo)

+ K (po) /po (p— p)p(K'(p)? - %) (Aise  (pyuo + k(po) — k(p)) + Mo, (0, uo — k(po) + k(p))) dp.

Hence, proceeding as per the original proof of Lemma 3.45 of Chapter 3, using the bounds provided by
(8) and (11)-(12) to estimate the right-hand side of the previous equality, we get

(p0 = p)pok’ (po)lI75ep® (Pos Ml )y < Mpg? + M + Mpg®,
and therefore
(15) 957" (po, I zoery < Mpgt Vpo > p.
Collating the results of (11)-(15), we obtain the following.

Lemma 4.3 (Correction of Lemmas 3.28, 3.30, 3.44, 3.45 and Corollary 3.46 of [4]). There exists a
positive constant M, independent of p, such that

AeTToT ~NETTOoT

[ " (05 M Loe ) + 1" (05 M zoe @) + 1o (05 M Lo @) + (1075, (05 MlLeo@y < M Vo > pu,
and

177" (0y ML) < Mn™(pyu)  Vp = p.

Remark 4.4. Note that the final estimate in Lemma 4.3 proves the validity of Lemma 3.29 in Chapter 3,
although the proof given in the chapter uses the original statement of Lemma 3.23 in Chapter 3, which
had a mistake in it.

Next, recall from Lemma 3.39 of Chapter 3 the representation formula for H¢™" i.e.,
2p0 — Pk (o) ™" (po,g) =

[ AR ) i+ K(pw) = K(p)) + F7 g0 = hlpo) + (o)) dp

s

[ o= o2 - w0+ (o) = F(p) = (.0 = (o) + k(p)))

7o p"(p) . X
[ ) o + k(o) = k() = (0 = hlpo) + k() .
where we emphasise that in the final term on the right-hand side, = #%° + 7", Using the bounds
provided by Corollary 3.10 and Lemma 3.35 of Chapter 3 for the bound on ||H%%, (p, )| L&), Lemma

uuu
NETTOT

2.5 of Chapter 2 for the bound on [|7:57(p, )|/ L= (r) and Lemma 4.3 for the bound on |47 (p, -)|| o (r),

uuw

we estimate the right-hand side by proceeding exactly as per the proof of the estimates (11)-(12). We
obtain:

(16) IHET (p, M) < Mp  Vp > ps.

We cannot repeat the same argument to bound Herror, Instead, using the same strategy as in the proof
of Lemma 3.43 of Chapter 3, by integrating the wave equation for H/7"" twice with respect to p and
using the zero initial data posed at p., we obtain the bound

(17) [HE™" (p,w)| < M (plu| + p+ plogp)  ¥p > p..

To summarise, we have:
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Lemma 4.5 (Correction of Lemmas 3.41-3.43 of [4]). There exists a positive constant M, independent
of p, such that

IHE " (p, )| poo @) < Mp — ¥p > pa,
and
[H" (p,u)| < M(plul + p+ plogp)  V(p,u) € [ps,00) x R.

By combining with the estimate (13) to bound u7*""°", we immediately deduce:

Corollary 4.6 (Correction of Corollary 3.47 of [4]). There exists a positive constant M, independent of
p, such that

167" (p, u)| < M(p|u|2 —l—p-i—ﬂlOgP) Y(p,u) € [p«,0) X R.

Corollary 3.48 of Chapter 3 then follows from the above lemma, exactly as in Chapter 3. Hence,
collating the results from Lemmas 4.3 and 4.5, we recover Lemma 4.1 of Chapter 3, with the exception
of the decay bound on #j,,. The boundedness of #,,, by a constant established in (12) is sufficient for
all other parts of the chapter; as it did already in Chapter 2, and in the earlier work [2]. Nevertheless,
the approach of the next section will show that we can also recover this decay bound (c¢f. Remark 5.2).

5. RECOVERING LEMMA 3.60 oF CHAPTER 3

By direct computation using the formula (3.48) of Chapter 3 and the estimate on the perturbation
kernel provided by equation (7) in Lemma 4.1, we have

77 (o, Y aoe ey ™7 (0, I (02 ) L o0+ IEE™ (0. M ey < M Vi =

for any 1 € C3(R). Likewise, considering again (3.48) of Chapter 3 and the bound provided by Lemma
3.17 of Chapter 3, we obtain

17°57% (p, Ml oo ) + 11527 (0, M oo @) + 150 (03 )| oo @y + [0t (03 M|y < Mp— Yp > p.
In turn, we observe that, by summing the contributions from n°""°"% and 7%**?, we already have
(18)  l1” (o, Mlpoecry + 108 (P Moo @) + I (0, ML @) + [ (s )l ey < Mp ¥p 2 s,

for any 1 € C2(R). With the help of a new representation formula obtained by an application of the
Duhamel principle, we refine these latter estimates and recover Lemma 3.60 of Chapter 3.

By convolving the wave equation (3.11) of Chapter 3 with ¢ € C2(R) and rewriting the coefficient on
the left-hand side, we obtain

error, 2 error, Ii2
non " (pyu) — R P(p,u) = (K (p)* - e — )0 (o, w) for (p,u) € [p.,00) X R,
(19) r]‘"’mmz’(p*7 u)=0 for u € R,
nl‘jrmrw(p*,u) =0 for u € R,

where we emphasise that the term on the right-hand side is 7%, = 7i5%¥ 4 n¢rror¥ . Using the kernel
x* from Definition 3.3 of Chapter 3 and the Duhamel principle, we obtain from (19) the (implicit)
representation formula

7o = [ o R = ) dsdr for () € o) X B

Using the explicit representation of x* (which was presented in Theorem 2.3 of Chapter 2) and a trigono-
metric change of variables, we obtain

nerror,w (p u) _

\ff \f( "(r)? — ’:;)log(f)</ . (ryu — /i log(? )sinG)IO(IOg(?

jus
2

) cos 9) cosf d9> dr,

for (p,u) € [p*, oo) x R, where Ij is the zeroth modified Bessel function. Integrating by parts once in the
innermost integral, we obtain
(20)

nerror,w(p’ ) \/> \f(k’( ) ;)(nq‘f(r,u—‘,—\/@log(g» —nl'f(r,u—\/@bg(g))) dr

NE

\Qf V(K (r)? - r2 ) (/ nY(r,u — \/Elog(g) Sin9)89<10(10g2(;) cosf)) d9) dr

P -

[SE]



6 S. SCHULZ

Using (18) and Corollary 3.10 of Chapter 3, we estimate the right-hand side of the previous formula,

2 P log( 2
(21) Y (p, w)| <M./p [ r27%dr+ M\/p P (/ |69(IO( 2( )c s@)’d@) dr.

P P
We now observe that

og(%)

sin 61 (

L log( 2
Mcose) = ng() cosf),

1
I
9 (1o ( > 2
and the latter is an odd function with fixed sign on the interval [0, Z]. Thus,

/ |89(Io(1 2(p)co 9)|d972/ %sin&h(%mse)dﬂ:2(10(10g2(§)

0

) —1).

Since the logarlthm and I are increasing functions, it follows that
Mp

3 log(Z2) log(£)
/_;\80(10( S eos)] 0 2 (750) ~1) £ P

where the final inequality follows from the asymptotic properties of the modified Bessel functions
(¢f. Lemma A.6 in Appendix A). Using this estimate in (21), we obtain

Mp
(22) oY (pyu)| < —————= for (p,u) € [px,00) x R,
log(p/ps +1)

where we made use of a > l We note that, by differentiating the formula (20) with respect to u, we
obtain analogous formulas for nerror¥ and nerroT¥. Then, using the bounds provided by (18) to estimate
as we did with (21), we also recover

(23) [ (py )| + I (s w)| <

Mp

——————= for (p,u) € [p,00) xR
log(p/p« +1)

We have therefore proved:

Lemma 5.1 (Correction of (3.116) and (3.117) in Lemma 3.54 of [4]). There exists a positive constant
M, independent of p, such that

error. error, error, Mp
"""V (p,w)| + O (pyu) |+ Inih Y (p,u)| <

log(p/px +1)
Remark 5.2. Considering the special entropy generated by ¥ (s) = 7s| |, we note that 7

same equation as (19), with the exception that the term on the right-hand side is 7, instead of nY,.
Also, using the compact supports of x**° and x*""°" and the formula (3.48) of Chapter 3, we get

177, M oo @) + 177 (s )| Lo @) + ()| Lo @) + e (s )| e @) < Mr(logr)®  Vr > p,.
Using the above bounds to estimate the analogous representation formula to (20) for #, we obtain

NETTOT ANETTOT NETTOT Mp
7 (s w)| + 175" (s w)] + 175" (o, w)| <

Viog(p/ps +1)

Thus, we have recovered Lemma 3.52 of Chapter 3 in full.

for (p,u) € [p«,0) x R.

NETTOT

satisfies the

for (p,u) € [ps,0) X R.

Using the wave equation for the perturbation of the entropy-flux kernel He"°™% i.e., equation (3.122)
in Chapter 3, we obtain an analogous representation formula for H¢""°"% namely

Herrorﬂ[)(p u) _

f\ﬁ \f(k'( )2 — rz)log(':)(/_ﬂH”“p(r u — /K log(= )sinG)IO(lo

log(7)
2

P
T) cos 9) cos 0 d9> dr

¥ ﬁ@ / ) 10g(£)</_; =/ Tog(2) sin ) o

Then, using Lemma 3.34 of Chapter 3 along with the formula (3.67) in Chapter 3, we see that

cos 9) cos d9> dr

Hi‘:)’w 7, U S/ hiso r,S ”L[)//U—S dSSM; VTEPM
el < [ )l - o) e

for any ¢ € C2(R). Using also the estimates of (18), we get

ooy 3 log(2
(24)  [HE™"Y (p,u)| <M\/p r‘?‘a\/logrlog(p)</ |Io(0g2(T)c080)c050|d9)dr
T _z

P
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Due to the non-negativity and the parity of the integrand, using also Lemma A.1 in Appendix A,

3 log(2) 3 log(£) log(£)
/_g‘[o( 5 COS@)COS@‘d@Z?/O Io( 5 COSQ)COSHde:Iog(f) 2 )

It therefore follows from the above and (24), using also o > 1, that we have:

sinh (

Lemma 5.3 (Correction of Lemma 3.59 of [4]). There ezxists a positive constant M, independent of p,
such that

(25) |He™ o™ (p,u)| < Mp  for (p,u) € [pa,00) X R.

We consider the term un””’“". From the representation formula (20), we have

wfr () = \[ f(k:’( )2 — )(Wlu (r,u+ \ﬁlog( )) —un? (r,u — \/@bg(g))) dr

\f \f( ( ) _@)(/_21577”(7” u—flog( )Sing)ag(fo(logé;) COS@))dQ) dr

In view of the bounds of Lemma 5.1 and the compact support of ¢ and the entropy kernel (¢f. equation

(3.33) in Chapter 3), we have that
1+ 1 +1 L
(£ g log(£))| < ary 0 08T 08 )

log(r/p« +1)
where M also depends on the endpoints of the support of 1, and we used Corollary 3.11 of Chapter 3
for the bound k(r) < M logr. Similarly,

TZP*7

(14 logr + log(2)|sin6|)
log(r/ps +1)

Note that 1 4+ logr < Mlogr for some M = M(p.), for all » > p,. Returning to the representation
formula and expanding the 6-derivative term,

o
lun o™ (p, )| §Mﬁlogp/ T_%_O‘logrdr

*

P i, : N log (%)
+M/p [ 12 /ﬂ(logr—i—log( )\smﬁ\)log(;)\sm@h( 5 cos)|df | dr
P —2

|U77:f(7“’u — VK2 10g(£)sin«9)| < Mr
T

. 3op log(£)
<M,/plogp+M./p [ r~27%logr / log(;)smell( QT cos) df | dr
pe 0
P 3 log( 2
+M\/p 7"50‘(10g(p))2(/2 h(% cos ) sin20d0) dr
Px r 0
< M,/plogp+ Mp,

where we used o > 1 the non-negativity of the modified Bessel functions and of sine over the interval
[0, 3] along with the parlty of these factions, and employed Lemma A.2 of Appendix A to evaluate the
Bessel integrals in order to obtain the final line. By combining with Lemma 5.3, we have therefore shown:

Lemma 5.4 (Correction of Corollary 3.55 of [4]). There exists a positive constant M, independent of p,
such that

lun oY (p,u)| < Mp  for (p,u) € [ps,00) x R, thus |¢°""% (p,u)| < Mp for (p,u) € [p«,0) x R.
Finally, the term n;77" ¥ is bounded as shown in Lemma 3.56 of Chapter 3, using only the estimates

of (18). Combining thls with Lemmas 5.1-5.4, we have fully recovered Lemma 3.60 of Chapter 3.

6. RECOVERING LEMMA 3.66 OF CHAPTER 3

It remains to control the growth of the fractional derivatives of the remainder terms g; and gs in the
asymptotic expansions for the entropy/entropy-flux kernels (c¢f. Lemmas 3.62 and 3.65 of Chapter 3) for
large densities. Following the proof of Lemma 3.62 of Chapter 3, we arrive at the representation formula

k' (p0)g1(po, uo) :% /OPO d(p)E'(p) (91(p, uo + E(po) — k(p)) + g91(p,u0 — k(po) + k(p))) dp
(26) 1 PO uo+k(po)—k(p y
e GO ( / Frin(s) dy> ap,

2po o—k(po)+k(p)
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where fy(s) = [l —y?]} for A > 0. In the above, A was defined in (3.140) of Chapter 3 and, due to
inequalities (3.135) and (3.138) of Chapter 3, satisfies the estimate

(27) Alp) < Mp~3k(p)*™®  Yp > pu.

Then, by applying the fractional derivative of order A 4+ 1 in the variable u to (26) and then applying
absolute values, we obtain equation (3.144) in Chapter 3.

Remark 6.1. In the proof of Lemma 3.62 of Chapter 3, in the lines that follow equation (3.141), it is
claimed that 92 fyy1 is a compactly supported continuous function. This is not correct. However, it is a
uniformly bounded continuous function. To see this, observe that, using the Fourier transform relation
in [1, Proof of Proposition 2.4],

e(A+1)

Orr1©)] = e+ DIEH T (16D] < 27757

for constants ¢, ¢ depending only on A+ 1, where we used the asymptotic relations for the Bessel functions
to obtain the final inequality. The latter is integrable, from which the Fourier Inversion Theorem yields
the required boundedness. The same mistake is present in the proof of Lemma 3.65, and is rectified in
the same way.

Then, using the estimate (27), equation (3.144) in Chapter 3 becomes

1 PO 1
1 (p0) 02 91 (po, )l Lo ) < E/ d(p) 1K' (0)23 ™ 91(p, ) o= ) dp + Mk(po)*pg *-
0
A direct application of Lemma 3.1 then yields
1K ()02 g1(p, Mipoeey < M, e, (1037910, Mpoew) < Mp Vp > pu.

The same estimate for g is proved in the very same way using its own evolution equation (see the proof
of Lemma 3.65 in Chapter 3). Therefore, we have:

Lemma 6.2 (Correction of (3.132) of Lemma 3.62, Corollary 3.64, and (3.149) of Lemma 6.2 of [4]).
There exists a positive constant M, independent of p, such that

102 g1 (p,w)| + 102+ ga(pow)] < Mp  Yp > 0.
In turn, we deduce, in accordance with equation (2.112) in Lemma 2.73 of Chapter 2:

Lemma 6.3 (Correction of (3.159) of Lemma 3.66 of [4]). There exists a positive constant M , independent
of p, such that

73 (py M Lo ®) + 7o (ps ) Lo®) < Mp Vp > 0.

The proof of the reduction of the Young measure, and also that of the main theorem, follows as they
did in Section 3.6 of Chapter 3. We emphasise that the choice C2(R) for the test functions of Section 5
(as opposed to C%(R) in the original chapter) has no consequences on the Young measure reduction.

7. MINOR TYPOS

(1) Section 1.6: the first sentence should be “Throughout the estimates of this thesis, M is a positive
constant independent of &, except in Chapter 4 where it denotes the Mach number”.
2) The quantity estimated in Corollary 2.43 is |un¥ (p,u)| < Cyp.

3) In equation (2.46), the prefactors in the last two terms should be +- £

(2)
( ) 4p3/2 .

(4) In Lemmas 3.52 and 3.60, the denominators should be written in terms of log(p/p. + 1).
(5) Equation (3.111): the numerator of the first term should have an x-derivative.

(6)

6) In Lemma B.19, the fake mixed derivative in question is 3mpj2.
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