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Abstract

This thesis comprises an introduction and three subsequent chapters; each
focusing on a particular problem, and containing novel results that com-
plement the existing theory. Throughout, we are concerned with the ex-
istence of solutions of the governing equations of inviscid compressible
fluid mechanics; the Euler equations. As these equations form an archety-
pal system of conservation laws, we study them using approaches from
the theory of hyperbolic differential equations. Specifically, we implement

methods of compensated compactness developed by Tartar and Murat.

To begin with, in Chapter 2, we prove the existence of a finite relative
energy entropy solution of the one-dimensional compressible Euler equa-
tions under the assumption of an approximately isothermal pressure law.
In particular, we obtain this solution as the vanishing viscosity limit of
solutions of the one-dimensional compressible Navier—Stokes equations.
This procedure can in fact be carried out for a more general class of pres-
sure laws, which we call asymptotically isothermal. This is the subject of
Chapter 3, where we show the existence of a finite relative energy entropy

solution of the Euler equations in this new setting.

The focus of Chapter 4 is a related two-dimensional stationary prob-
lem. Therein, we consider the existence of bounded entropy solutions
of the steady compressible potential flow equations in two dimensions;
the Morawetz problem for transonic flow. We provide partial results for
a v-law gas of index v € [3,00). This involves a detailed analysis of the
singular ordinary differential equations that arise when considering the
Lax entropy pairs of the system in the presence of a vacuum, which had

yet to be performed.
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Chapter 1

Introduction

This research memoir is concerned with the mathematical theory of the mechanics of
compressible fluids. In the absence of viscosity, the motion of such fluids is modelled
by the Euler equations (cf. [32]). As is well-known, these equations can be written
as a hyperbolic system of conservation laws. As such, their analysis is particularly
amenable to methods stemming from the field of hyperbolic partial differential equa-
tions. We begin this introduction with a succinct overview of the theory of hyperbolic
conservation laws in Section 1.1. Having introduced these elementary notions we then,
in Section 1.2, reframe the Euler equations as a hyperbolic system, and introduce the
necessary terminology to state the main results of Chapters 2 and 3 (¢f. Section 1.3).
In a similar vein, the equations of steady two-dimensional potential flow can be
recast as a hyperbolic system. This is the content of Section 1.4, which introduces
the necessary vocabulary to state the main results of Chapter 4 (cf. Section 1.5).

An explanation of the notation used in later chapters is given in Section 1.6.

1.1 Hyperbolic systems of conservation laws

Many physical phenomena are modelled mathematically using balance laws. In the

monodimensional setting, a general system of conservation laws may be written as

{Ut—i-F(U)I:O for (t,z) € R%, a1

U(0,z) = Up(z)  for z € R,

where U : Ri — R™ is the vector field of conserved quantities and F' : R™ — R" is
called the fluz. Throughout, we adopt the convention R% = (0,00) x R. Note that a
more thorough treatment of the material contained in this section may be found in
the encyclopaedic accounts of Dafermos (cf. [26]) and Serre (cf. [82]).

The following two definitions are key, and were introduced by Lax (cf. [54, 55, 56]).
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Definition 1.1. We say that system (1.1) is strictly hyperbolic if for all U € R",
the matrix VF(U) has n real and distinct eigenvalues {\;(U)}}_;. For each j €
{1,...,n}, we denote by r; a corresponding non-zero right eigenvector of VF(U);

similarly /; denotes a corresponding non-zero left eigenvector.

The notion of strict hyperbolicity is related to the system having n distinct trav-
elling wave solutions, where we recall that n is the dimension of the vector field U of

conserved quantities.

Definition 1.2. The pair (A, 1) is called genuinely nonlinear if, for all U € R™,
VAU) -1 (U) # 0.

On the other hand, we say that (A, 1) is linearly degenerate if, for all U € R™,
V(U) -1 (U) = 0.

Typically, one is able to track the solution U of (1.1) for small times using the
method of characteristics. This entails finding curves in the (¢, x)-plane along which
particular quantities related to U remain constant; the characteristic curves. The
constant quantities in question are called the Riemann invariants of system (1.1),

and a precise definition is given underneath (cf. [76]).

Definition 1.3. We call w’/ : R* — R a j-th Riemann invariant for j € {1,2} if, for
all U € R?,
V! (U) - r;(U) = 0. (1.2)

Remark 1.4. When treating viscous approximations of (1.1), it is possible to show
that the Riemann invariants satisfy parabolic equations, from which one can often

deduce invariant regions via an application of the maximum principle (cf. [22]).

If the initial data U, and the flux are sufficiently regular, then the method of
characteristics yields the existence of an equally regular solution of (1.1) up to some
positive maximal time of existence, T,. This solution is called classical, on the in-
terval [0, T%), as it satisfies (1.1) as an equality between continuous functions on this
interval. If T, < oo, the solution of (1.1) becomes discontinuous beyond this time;
a phenomenon commonly called breakdown of classical solutions. For this reason,
when investigating global existence of solutions, one must rely on a weaker notion of
solution, which does not require so much differentiability. For instance, one may ask
that, for all test functions ¢ € D(@; R™), there holds

/OOO/R(U(t,x)~o>t(t,:c)+F(U(t,x)).¢x(t,x))dmdt+/RUo(a;)~¢(o,x) dr =0, (1.3)

2



in which case we say that U is a weak solution of (1.1). Naturally, integration by
parts shows that any global classical solution is also a weak solution in the sense of
(1.3). As such, the available class of functions that are allowed to be solutions of
(1.1) has been enlarged, which makes existence more easily attainable. This comes at
a price, which is that uniqueness is now more difficult to show. Therefore, in order to
make the problem well-posed in the sense of Hadamard (cf. [44]), one must impose an
extra admissibility criterion; ideally, one that selects the most physically appropriate
weak solution. With this in mind, we develop the notion of an entropy solution, first
introduced by Kruzkov in [52]. We begin by defining entropies and entropy-fluxes,

and then introduce the entropy solution.

Definition 1.5. An entropy pair is a pair of C? functions (7, q) : R™ — R? such that,
for all U € R™,
Vq(U) = Vn(U)VF(U). (1.4)

The function 7 is called an entropy, while ¢ is a corresponding entropy-flux. When 7

is convex, we call the couple (n,q) a convex entropy pair.

Remark 1.6. Note that (1.4) and the fact that the mixed partial derivatives commute

(qu,u, = qu,uy,) give rise to a wave equation on 7, called the entropy equation.

Definition 1.7. We call U an entropy solution of (1.1) if it satisfies (1.3) and
n(U): +qU), <0 in D'(R}) (1.5)

holds for all convex entropy pairs, i.e.,

/OO/ (n(U)¢y + q(U)¢,) dzdt >0 for all ¢ € D(R?) such that ¢ > 0.
0 R

Our objective in later chapters is to obtain entropy solutions of the Euler equa-
tions. A common tactic for finding such solutions is to study the vanishing viscosity
limit of a related parabolic equation; a viscous approximate system. For instance, one

may try to identify the solution of (1.1) as the limit of solutions U of

Us + F(U%), =eU:,  for (t,r) € R?,
{ ; +E(U7) (t, ) € Ry (1.6)

Us(0,z) = US(x) for x € R,
where Uj converges to Uy in some sense to be made precise. The existence of the

viscous approrimates U® is typically ensured by the standard parabolic theory, along

with uniform estimates on U¢ in some appropriate function space.



Having established the existence of the viscous approximates and the uniform
bounds, the usual compactness theorems yield the existence of a subsequence con-
verging in some weak sense to a limit function U*. The main difficulty then lies in
showing that U* is a solution of the original problem (1.1), since the weak conver-
gence alone does not allow us to pass to the limit in the term F(U®'),, generally. To
complete this final step, one must employ the theory of compensated compactness
(cf. [34]), originally developed by Tartar and Murat (cf. [70, 86, 87, 88]), which relies
on the use of Young measures to characterise the limit U* (cf. [3, 90, 91]). A crucial
component of this method is to generate sufficiently many entropies of system (1.1),
and to estimate them appropriately. We will develop these ideas in detail in the

subsequent chapters.

1.2 The Euler equations of compressible fluid flow

1.2.1 The Euler equations as a hyperbolic system

The Euler equations encapsulate the dynamics of an inviscid compressible fluid;

such as air. When posed in one spatial dimension, they take the form

{pt + (pu). =0,

1.7
(pu)s + (o + p(p))s = 0, (17)

where the coordinates (¢, x) € REL correspond to time and space, respectively. Here,
the variables p and u designate the density and velocity of the fluid, and the above
equations give a quantified meaning to the physical principles of conservation of mass
and momentum. One supplements the above system with appropriate initial data
(po, up). The fluid is said to be barotropic when the pressure p is assumed to depend
solely on the density, and a precise description of the interaction between p and p is
essential to solve these equations. A common choice is to have p(p) o p? for some
adiabatic exponent v. When ~ > 1 the fluid is called polytropic, while when v =1 it

is called isothermal; in accordance with the ideal gas equation (cf. [23]).

Definition 1.8. For v € (1, 3), we define

-1 _
0 = 777 A= 3—7 (1.8)

By rewriting (1.7) in terms of the momentum m = pu, one can study the Euler

equations as a first-order hyperbolic system (cf. [33, Section 11.3]). Indeed, we have

U+ FU),=0 for (t,z) € R%, (1.9)



where U = (p,m)" and F(U) = (m, m72 + p(p))'. By requiring that, for p > 0,

P'(p) >0,  pp'(p) +2p'(p) >0, (1.10)

the system (1.9) is strictly hyperbolic and genuinely nonlinear, in the sense of Defini-
tions 1.1 and 1.2, respectively. While there exist particular global existence results for
classical solutions of (1.9) (cf. [42, 49, 81]), it is more convenient to keep to entropy
solutions when considering global existence, not least because of the aforementioned
breakdown of classical solutions (cf. [2, 83]). To this end, appealing to Definition 1.5,
a pair of functions (1, ¢) : R — R? forms an entropy pair for system (1.9) provided
_ m
Va(p,m) = Vn(p,m)V (m72 —i—p(p)) :

We will recurrently use the mechanical energy and its flux, (n*,¢*), defined below.

Definition 1.9. We define the mechanical energy and its flux by
2 1 m3
* * /
n"(p,m) = 5, * pe(p), ¢ (p,m):= 37t me(p) + pme'(p), (1.11)

where the internal energy is defined to be e(p) := fop ’%’) dy.

In [30], DiPerna proved the existence of bounded entropy solutions of (1.9) in the
case ¥ = (N +2)/N for N > 3 an odd integer, assuming bounded initial data pg, ug €
L>*(R). DiPerna’s underlying strategy, which is common to his other work [29], was
to study the vanishing viscosity limit of an artificial viscous approximate system. He
then proved that solutions of this artificial system converge to an entropy solution of
the Euler equations. In order to do this, he acquired suitable estimates on the entropy
pairs of the system to employ the compensated compactness framework of Tartar and
Murat (cf. [86]). For an overview of this work, see [9]. Chen then extended the result
to the case v € (1,5/3] (¢f. [11, 12]). The next development was due to Lions,
Perthame, and Tadmor (cf. [64]), who reframed the problem as a kinetic equation.
In doing so, they proved the existence of bounded entropy solutions provided that
v € [3,00). The gap v € (5/3,3) was then closed by Lions, Perthame, and Souganidis
(cf. [63]), using again a kinetic formulation of the problem. As an alternative to the
vanishing viscosity method, one can employ Lax—Friedrichs or Godunov schemes to
obtain similar results (cf. [8, 28, 27]).

We also note that, in the context of functions of bounded variation, the existence
of global weak solutions of related problems has been investigated (see, for example,
the work of Liu [65]). In this case, one proceeds by means of a Glimm scheme (cf. [40]).
However, such an approach is often impractical, as it requires smallness assumptions

on the total variation norm of the initial data.



1.2.2 Entropies of the Euler system

As mentioned previously, a key step in DiPerna’s approach was to obtain appropriate
estimates on the entropy pairs in order to use the theory of compensated compactness.
One way of obtaining such estimates is to study the linear wave equation that the

entropies must satisfy (c¢f. Remark 1.6), namely,

/
b <f) Nuw = 0 for (p,u) € RZ. (1.12)

Tpp —

In fact, in view of (1.12), any weak entropy (an entropy vanishing at p = 0) may
be generated by the convolution of a test function ¢ with the fundamental solution

X(p,u, s) of the entropy equation vanishing at the vacuum, i.e.,

“(p, pu) /w \(p,u, 5) ds, (1.13)

provided such a x exists (cf. [14, Corollary 2.1]). Given the discussion regarding the
need for sufficiently many entropies at the end of Section 1.1, this motivates the study

of this fundamental solution, defined precisely below (cf. [75, Chapters 2 and 7]).

Definition 1.10. We define the entropy kernel x to be the solution of
Xop = K (0)*Xuu =0 for (p,u) € RE,
x(0,u,s) =0, (1.14)
X,(0,u, §) = Oyes,

in the sense of distributions, where we define k(p

)= Y20 gy

Since x(p,u, s) = x(p, u—s,0), we write x = x(p, u—s) in slight abuse of notation.

Correspondingly, one can generate an associated entropy-flux,

“(p, pu) /2/1 a(p,u,s)d (1.15)

where o(p,u, s) is an entropy-flux associated to x(p, u, s), defined below.
Definition 1.11. We define the entropy-flux kernel o to be the solution of

(0 — ux),y — K (020 — 1) = 2Py 5 R?
X)pp p) (J uX)uu = P Xu or (;07 u) S i

(0 —ux)(0,u,s) =0,
(U - UX)/J(O> u, 5) =0,

(1.16)

in the sense of distributions, and we define h(p, u, s) := o(p,u, s) —ux(p,u, s). Again,
h(p,u,s) = h(p,u — s,0).



An essential feature of equations (1.14) and (1.16) is that they contain coefficients
that are singular at the vacuum. In view of this, establishing the global existence of
such kernels is a nontrivial task. Nevertheless, in [14], Chen—LeFloch were able to
overcome these difficulties for a very general class of pressure laws, dubbed general
pressure laws, which are approximately polytropic around the vacuum. Therein, they
prove the global existence of these kernels, by computing detailed asymptotics for the
comportment of the kernels in the vicinity of the vacuum. This is summarised in the

next theorem, which we shall make crucial use of in both Chapters 2 and 3.

Theorem 1.12 (Theorems 2.1, 2.2, and 2.3 of [14]). Assume that the pressure p €
C([0,00)) N C*((0,00)) satisfies the assumptions of strict hyperbolicity and genuine
nonlinearity (1.10), and that there exists constants v € (1,3) and k > 0 such that

plp) = kp"(1+ P(p))  for pe [0,1), (1.17)
for some fixed r > 0, and there exists a positive constant C,. such that
|PY(p)| < Cop™ 7 forpe[0,r), and j €{0,...,4}, (1.18)

Then (1.14) and (1.16) admit global unique Hélder continuous solutions x(p,u,s) =
X(p,u—s) and h(p,u,s) = h(p,u — s). Additionally,

supp X (p, -),supp h(p, -) = [~k(p), k(p)] ~ for p >0, (1.19)

and x 1is positive on (—k(p), k(p)). Further, the entropy kernel admits the expansion

X(p,u) = ay(p)Ga(p,u) + ay(p)Gas1(p;w) + gi(p,u)  for p >0, (1.20)

where Gy(p,u) = [k(p)? — u?|}. The coefficient az(p) > 0 for p > 0, and a,a, €
C3((0,00)). On the other hand, the entropy-fluz kernel admits the expansion

h(p,u) = —u(bs(p)Galp,u) + b,(p)Gaga(p,w)) + g2(p,u)  forp>0,  (1.21)

where the coefficient by(p) > 0 for p > 0, and by, b, € C*((0,00)). Additionally,

k(p)?

p

az(p) + by(p) + (las(@) + 10,(p)]) < C,  for p e (0,7). (1.22)

The remainders g1, ga, along with 0, gy, 0 g, are Holder continuous. Also,

lg1(p,w)| + |g2(p, w)| < CrGrs1ta0(p,u)  for some ag € (0,1), for p € [0,7). (1.23)



An explanation of the fractional derivative 9)*1 is given in Definition 2.71. Finally,

we note the following result, which also plays a crucial role in Chapters 2 and 3.

Lemma 1.13 (Proposition 2.4 of [14]). Assume that the pressure satisfies the as-
sumptions of Theorem 1.12, and define

D(p) := az(p)bs(p) — k(p)* (as(p)bs(p) — ay(p)bs(p)). (1.24)

Then, D(p) > 0 for every p > 0.

1.2.3 Finite relative energy solutions of the Euler equations

As an alternative to DiPerna’s original idea, instead of looking at an artificial viscous
system approximating the Euler equations, one can opt to study the vanishing vis-
cosity limit of the compressible Navier—Stokes equations, i.e., the limit as ¢ — 0

of solutions (p°, u®) of

{pi +(p), = O, o)

(p7u)e + (p°(u*)* + p(p%))o = e,
Provided we impose appropriate initial data and a reasonable pressure law, the global
existence of unique smooth solutions of (1.25) is guaranteed by [45] (¢f. [80, Theorem
3.1]). In higher dimensions, the existence of global weak solutions of the compressible
Navier-Stokes equations was studied by P.-L. Lions [61, 62], and Feireisl et al. [36, 37]
(cf. [72]). The global well-posedness of the one-dimensional full compressible system
(with the temperature equation) was studied by Kanel [50] and Kazhikhov—Shelukhin
[51]; and the three-dimensional case by Tani [85] and Matsumura—Nishida [67].
Demanding that solutions of the Euler equations are obtained as inviscid limits of
solutions of (1.25) is a rather popular selection criterion, due to its obvious physical
motivation (cf. [84]). However, obtaining uniformly bounded approximate solutions
from bounded initial data is not known to be possible. Indeed, the compressible
Navier—Stokes equations do not straightforwardly admit invariant regions in the sense
of Chueh, Conley, and Smoller (c¢f. [22]). This motivates the framework of finite
relative energy entropy solutions, which we develop herein.
To begin with, we fix end-states (p+, u+) such that lim, ,+..(p,u) = (p+,ux). We

choose smooth, monotone functions (p(z), u(z)) such that, for some Ly > 1,

_ _ (p_,u_), r < _L07

(p(x), u(x)) =
(p+,u+), x> L.

These reference functions are fixed from this point onward. With this mind, and by

letting m(z) := p(z)u(x), we give the following definition.

8



Definition 1.14. We define the relative mechanical energy with respect to (p, m) by

the formula
T (p.m) = 0" (p,m) — 0" (,m) — V' (5,1m) - (p — pym — ). (1.26)

Correspondingly, we define the relative internal energy to be

e (p,p) = pe(p) — pe(p) — (pe'(p) + e(p))(p — p), (1.27)
and the total relative mechanical energy, relative to the end-states (p4,u+), to be
Elp,ul(t) = / 7 (p, pu)(t, 7) dz. (1.28)
R

We then say that a pair (p, m) with m = pu is of finite relative energy if E[p,u] < co.

Remark 1.15. Note that e*(p, p) > 0 in view of the convexity of pe(p), which is due
to p'(p) > 0. Also, a routine calculation shows that

— 1 _ .
7 (p,m) = 5plu—al® +€(p, p) = 0.
We now define the notion of solution considered in [16, 58, 80], which is the one
that will be used throughout Chapters 2 and 3.

Definition 1.16. Given initial data (po,uo) € Lj,.(R%) with finite relative energy,

loc

Elpo, uo] < Ey < 00, we say that a pair of functions (p,u) € L, (R%) with p > 0is a

loc

finite relative energy entropy solution of the Euler equations (1.7) if:

1. There exists a constant M (Ey,t), monotonically increasing and continuous with

respect to t, such that

Elp,ul(t) < M(Ey,t) for almost every ¢ > 0;
2. For any ¢ € C?(@),

/2 (pdi + puep,) dx dt + / po(x)p(0,2) dx = 0,
o . (1.29)
/R (ot + (pu + p(p)6) et + / pol)uo(2)6(0, ) di = 0

+

3. There exists a bounded Radon measure (¢, z,s) on RZ x R such that
p(UxR) <0  for any open subset U C R?,
and the corresponding entropy kernel and its flux satisfy
ox(p(t, ), u(t,x),s) + 0,0(p(t,x),u(t,x),s) = Ou(t,z,s), (1.30)

in the sense of distributions on R? x R.
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Our aim in Chapters 2 and 3 is to obtain such a finite relative energy entropy
solution (p,u) as the limit of classical solutions (p°,u®) of (1.25). In view of the
adaptation of the fundamental theorem of Young measures (cf. [3]) due to Alberti—
Miiller in [1] (¢f. [58, Proposition 2.3]), there exists a family of probability measures
{V(t)} (t.0)er2 which characterises the limit of {(p%, u®)}c>0. We say that the sequence
{(p°,u%) }os0 generates the Young measure v 4. 1f one is able to show that, for almost
all (t,z) € R3, the measure v, € Prob(R?) is only supported at a point, then one
can deduce that v ,) is a Dirac mass. This procedure is called the Young measure
reduction. In this case, the convergence (p°, p°u®) — (p, pu) occurs in measure (and,
up to a subsequence, almost everywhere), and one can pass to the limit in (1.25).

Thus, an admissible solution is obtained as an inviscid limit of viscous solutions.

1.3 The focus of Chapters 2 and 3: Vanishing vis-
cosity limit of the Navier—Stokes equations

We mentioned in Section 1.2.3 that an appropriate class of solutions for the compress-
ible Navier—-Stokes equations (1.25) is that of finite relative energy entropy solutions,
originally studied by LeFloch—Westdickenberg in [58]. In this work, they proved
the existence of finite relative energy entropy solutions of the Euler equations when
v € (1,5/3]. Their strategy was then adapted by Chen—Perepelitsa (cf. [16]), who
showed the existence of finite relative energy solutions for v € (1, 3), via a vanishing
viscosity limit of the compressible Navier—Stokes equations. Chen—Perepelitsa also
considered the inviscid limit of an artificial viscous approximate system to the Euler
equations under the assumption of spherical symmetry (cf. [17]). Further results as-
suming additional symmetries can be found in [10, 18, 25, 47, 59], while other inviscid
limits are studied in [39, 43, 46]. Thus far, similar approaches have not been fruitful
for the isothermal system, with the exception of [48], which motivates the study of
toy models that approximate the behaviour of an isothermal gas.

One such toy model is to assume that the fluid is isothermal for large densities
(i.e. p(p) o< p for p large enough), while being approximately polytropic near the
vacuum, in the sense of (1.17). This constitutive assumption on p(p) is what we refer
to as an approzimately isothermal pressure law (cf. Definition 2.1) in Chapter 2. Note
that the study of gases with isothermal comportment for large densities is of interest
in its own right, as discussed by Nobel physicist K.S. Thorne in [89]. These are
believed to model more accurately the behaviour of real gases than pure polytropic

laws, especially in the context of star formation and other astrophysical phenomena.

10



With this in mind, we present a rough statement of the main result of Chapter 2;
obtained in collaboration with M.R.I. Schrecker in [80].

Theorem 1.17 (Main Theorem of Chapter 2). Suppose that the initial data (po,ug) €
Ll

loc

(R3) with pg > 0 and end-states (p+,ur) is of finite relative energy, and suppose
that the pressure function p(p) behaves according to an approximately isothermal pres-
sure law. Then there exists a sequence of reqularised initial data (p§, ug) such that the
sequence of unique, smooth solutions (p°,u®) of the Navier-Stokes equations (1.25)
with this initial data converges as € — 0, (p°, p°u®) — (p, pu), to a finite relative
energy entropy solution of the Euler equations (1.7) with initial data (po, pouo)-

Alternatively, one could ask that the gas be approximately polytropic near the
vacuum, while being asymptotically isothermal in the limit of infinitely large densities
(i.e. p(p)/p = O(1) as p — o0). This latter modelling assumption is what we refer to
as an asymptotically isothermal pressure law (cf. Definition 3.1), and is the focus of

Chapter 3. Below, we provide a rough statement of the main result contained therein.

Theorem 1.18 (Main Theorem of Chapter 3). Suppose that the initial data (po, ug) €
Ll

loc

(R3) with py > 0 and end-states (p+,ur) is of finite relative energy, and suppose
that the pressure function p(p) behaves according to an asymptotically isothermal pres-
sure law. Then there exists a sequence of reqularised initial data (p§, u) such that the
sequence of unique, smooth solutions (p°,u®) of the Navier-Stokes equations (1.25)
with this initial data converges as € — 0, (p°, p°u®) — (p, pu), to a finite relative
energy entropy solution of the Euler equations (1.7) with initial data (po, pouo)-

1.4 The equations of steady potential flow and the
Morawetz problem

The dynamics of a steady barotropic fluid in the plane are encapsulated in the steady

two-dimensional compressible Euler equations,
div pu = 0,
{ div(pu ® u) = —Vp,
where p is the density of the fluid, u = (u,v) is its velocity, and p = p(p) is the

(1.31)

pressure. In what follows, we will assume the fluid to be irrotational (i.e. curl-free).

Including the irrotationality criterion, the system of equations (1.31) becomes
(pu)e + (pv)y = 0,
Uy — vy =0, (1.32)
(pu-V)u=—Vp.
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Provided the fluid is polytropic, i.e., there holds the constitutive relation
Y

p(p) = % for v € (1, 00), (1.33)

then the final equation of (1.32) can be integrated to give the relation

P L,
=B—— 1.34
p— 54 (1.34)

where ¢ = |u|, and the real number B is called the Bernoulli constant.
For the density to remain non-negative, we must enforce B > 0. After rescaling

by the positive quantity v — 1, we thereby obtain Bernoulli’s equation,

plq) = (1 - 7T_lqz> - : (1.35)

Remark 1.19. The above shows that, when the flow is fast enough, we will reach
the vacuum. The process by which a vacuum is formed is called cavitation. For

this reason, we define the cavitation speed to be the speed at which this is achieved,

2
Geav 1= | —— =071/, (1.36)
V5=

The local speed of sound is defined to be

namely

c(p) == VP (p), (1.37)

and the Mach number is defined to be the ratio of the flow speed to the local sound
speed, i.e.,
M :=q/ec. (1.38)

Additionally, we define the critical speed as the speed at which the local sound speed

= =2 (1.39)
qu T ’Y‘f‘]., .

and the density to which this speed corresponds as p.. := p(qe); the critical density.

is achieved

Our objective is then to find a solution u = (u,v) of the system

{uy el (1.40)
(p(@)u)z + (p(q)v), =0,

in a domain  C R?, where 00 = 9Q; U 95, as drawn at the top of the next page,
and p(q) as prescribed by the Bernoulli law (1.35).
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This is what we refer to as the Morawetz problem for transonic flow, in view of the
seminal works of C.S. Morawetz on this matter (cf. [68, 69]). We say that the flow
is supersonic at a point if ¢ > ¢ at this point; if ¢ < ¢ at this point, then the flow is
subsonic. If some of the flow is supersonic in some regions of the domain and subsonic
in others, then we say that the flow is transonic. The system (1.40) is hyperbolic in
supersonic regions and elliptic in subsonic regions. In view of this, we say that it is a
system of mized type. For an overview of mixed elliptic-hyperbolic problems, see [74].

Mixed type problems are particularly prevalent in fluid mechanics and geometry.
In fact, when the flow is purely subsonic, the equations of steady two-dimensional
potential flow can be studied with the same complex analytic methods as minimal
surfaces. Indeed, this is illustrated by the works of Bers [4, 5], written in the 1950s.
Since then, the two fields have mostly evolved independently. That said, in [19], Chen,
Slemrod, and Wang employed methods of compensated compactness to investigate the
theory of isometric immersions, and exploited a correspondence between the equations
of steady planar potential flow and the Gaufl-Codazzi equations. In turn, the authors
were able to establish a compensated compactness framework to study the global
existence of solutions to the isometric embedding problem. The ideas from this work
were then developed further in [21], where a weak L? continuity result was established.

Returning to the potential flow equations, by introducing the angle variable ¢ :=

arctan(v/u), the system (1.40) can be recast (in polar form) into

A<®x+B(® — 0, (1.41)

A —sint  —qcost B cost —gsint 1 49
| S cost  —sint | “\ SZsint cost | (1.42)

c2q -y

where
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which is strictly hyperbolic, in the sense of Definition 1.1, provided ¢ > ¢. In [20],
Chen, Slemrod, and Wang give a framework for solving the previous system when
v € [1,3), and proceed via a vanishing viscosity method. Specifically, by adding an
artificial viscosity to the right-hand side of (1.41), they transform this equation into
an elliptic system. Using fixed-point methods, and the elliptic estimates of Lieberman
in [60], they show the existence of viscous approximate solutions u® = (u®, v°), and
prove that these are bounded uniformly away from cavitation. Their method of proof
involves a careful analysis of the Riemann invariants, Wy, of system (1.41), which
shows that (provided one makes a judicious choice of boundary data) the viscous
solutions are constrained to lie in “apple-shaped” regions of the phase space, as shown
in [20, Figures 1-5]. These regions are in fact the areas trapped inside intersecting
level set curves of W, and W_.

The viscous approximate solutions are carefully constructed so that they can, in
turn, be employed within the compensated compactness framework established by
Morawetz in [68, 69]. At the core of Morawetz’s strategy lies an intricate hodograph
transformation. Indeed, in [69, Section 3], Morawetz introduces the new variable p,

defined to be the unique solution of the problem

(1.43)
f(per) = 0.
Using this new variable, entropy pairs (@1, Q2) of system (1.40) may be constructed

using the Loewner—Morawetz relations, as in the following result.

Lemma 1.20 (Lemma 7.1 in [20]). Let H be a solution of the linear equation

M?*—1
HFLH - < pQ ) Htt - O (].44)

Provided such a solution exists, define
Q1 := pgH, cost — qH;sint, Q2 := pqH, sint + qH, cost. (1.45)
Then (Q1,Q2) forms an entropy pair of system (1.40) in the (u,v)-plane.

Since the sequence of viscous approximate solutions u® constructed by Chen et
al. [20] is uniformly bounded away from the vacuum, the coefficient in (1.44) is regular.
Generating entropies then becomes a relatively straightforward task, especially when
one considers separable solutions of (1.44) (cf. [20, Section 9]). With this in hand,
Chen, Slemrod, and Wang were able to proceed with the compensated compactness

framework of Morawetz, and proved the partial result [20, Theorem 9.1].
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1.5 The focus of Chapter 4: Lax entropies of the
Morawetz problem for v > 3

As already mentioned in Section 1.4, one possible way of generating entropies for the
potential flow system (1.40) is to look for separable solutions of (1.44), i.e., H,(u,t) =
fn()eE™t or g, (u)e*™ (cf. [66]). In this case the functions f,, and g, must solve the

ordinary differential equations

Falp) + 0 (%) fa(w) =0, Ga(p) —n® (T) gn(pn) =0.  (1.46)

These separable entropies are called the Lax entropies. The subject matter of Chapter
4 is to study the Lax entropies generated by (g, )nen for the potential flow system when
~v > 3, which will employ techniques discussed in Chapters 2 and 3. Note that, in
some cases, one does not need to construct so many entropies. Indeed, in [13], Chen,
Dafermos, Slemrod, and Wang were able to complete the Young measure reduction
for planar sonic-subsonic flows using only four entropy pairs. However, since they
only consider sonic-subsonic flows, the compensated compactness framework that
they develop is only suitable for situations that avoid cavitation.

As previously stated, in the case 7 € [1,3), Chen et al. [20] were able to select
suitable viscosities and boundary data such that cavitation was avoided, since an
analysis of the Riemann invariants showed that the viscous approximate solutions
remained inside particular invariant regions of the phase space. As such, there was
no need to understand the behaviour of solutions of (1.44) near the vacuum. However,
one finds that when v € [3,00), the most natural choices of viscosities and boundary
values lead to very different invariant regions. In fact, the approximate solutions u®
are now constrained to stay outside of the apple-shaped regions, instead of inside.
In view of this, suitable choices of boundary data lead to M? > 1 throughout the
domain Q. However, unlike in [20], cavitation is now attainable, and it is therefore
of primordial importance to develop methods capable of tracking the behaviour of
the solutions in the vicinity of p = 0. Indeed, the problem of generating solutions of
the ordinary differential equations (1.46) is now considerably more delicate, since the
coefficient (M? —1)/p* becomes singular at the vacuum. One must therefore perform
a thorough asymptotic analysis of the term (M?—1)/p? near the vacuum, and appeal
to techniques developed for general pressure laws (cf. [14]). This analysis is contained

in Chapter 4, the main result of which is the following.
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Theorem 1.21 (Main Theorem of Chapter 4). Assume that, for each € > 0, there

exists a reqular solution u® = (g° cost®, ¢° sint®) of the viscous problem

v — uy, = ediv (o1(p°)VtY),
{ v (01(p7)VE) (1.47)

(p7u%)z + (p"0%)y = e div (o2(p") V5,
in Q depicted by Domain (a) such that ¢¢ < qeqn, where p* = p(q°) is prescribed by
the Bernoulli law (1.35) with v > 3, with o1(p) = 1, o2(p) = (1 — g—i) for g > qer,

and the boundary conditions:

Vit n=0 on 0,
eay(p°)Vp® - n = |p°(u®,v%) - n| on 0, (1.48)
(U, 0%) = (Uoo, Voo) = 0 on 00y With ¢or < oo < Gean-

Then, for each n € N, there exists a solution g, of the equation

n(p) — 0 <M;_ 1) Gn(p) =0,

so that, if (Q7, Q%) is the entropy pair generated by H,(u,t) = gn(p)e™ via (1.45),

then the entropy dissipation measures
9:Q1 (u") + 9,Q5 (u%)
are confined to a compact set of H(Q).

Theorem 1.21 is a first step towards proving the existence of a bounded entropy
solution of the Morawetz problem subject to a polytropic pressure law with adiabatic

exponent y > 3.

1.6 Notation

Throughout this thesis, M is a positive constant independent of . In Chapters
2 and 3, the parameter 7 € (1,3) (and associated #, A as per Definition 1.8) will
always correspond to the law imposed in the vicinity of the vacuum (c¢f. Theorem
1.12). In Chapters 2 and 3, and in Appendices A and B, the functions Iy and I
will always refer to the zeroth and first modified Bessel functions of the first kind.
Throughout Section 2.4 and Appendix B, we have the shorthand R = logp in the
region p > 1. Throughout Section 2.4, we write X (s) = x(1,s) and Y (s) = x,(1,s)
for all s € R, and copu = [ X () dt = [ Y () dt (this equality is justified in Lemma
2.10). Throughout Chapter 4, C' is a positive constant independent of ¢, that may

change from one line to the next.
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Chapter 2

Vanishing viscosity of the
Navier—Stokes equations for an
approximately isothermal gas

The results contained herein can be found in [80], a paper written by M.R.I. Schrecker
and the author. The main purpose of this chapter is to provide complete proofs
of Theorem 3.5 and Lemma 3.8 of [80], since these were omitted for the sake of
succinctness. These proofs are contained in Section 2.4 of this document. We also
give a new approach to obtain equation (2.7) of [80]; an essential ingredient in the

proof of the kinetic formulation of the main result.

2.1 Introduction

In [80], the authors addressed the issue of recovering finite relative energy entropy
solutions of the one-dimensional, isentropic Euler equations from a vanishing viscos-
ity limit of solutions of the one-dimensional, isentropic compressible Navier—Stokes
equations under a particular pressure law assumption. In detail, we produce these

solutions by considering the limit as ¢ — 0 of classical solutions (p°, u®) of (1.25), i.e.,
{pg + (p"u'). = 0,
(p7u)e + (p°(u)* + p(p))a = €01,
where (¢, 2) € R?, while p is the density of the fluid and w its velocity. Recall that the
existence of classical solutions of (1.25) is ensured by the result of Hoff in [45] (¢f. [80,

Theorem 3.1]). The quantity p is the pressure, which depends solely on the density
through assumptions (1.6)-(1.8) of [80], which are contained in the next definition.

Definition 2.1. We say that a fluid behaves according to an approzimately isothermal

pressure law if it satisfies the following constitutive assumptions.
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1. The pressure, p € C*([0,00)) N C*((0,0)), is such that p(p) > 0 for all p > 0,
and satisfies the assumptions of strict hyperbolicity and genuine nonlinearity,
ie.,

P(p)>0,  pp'(p)+20'(p) >0  for p>0. (2.1)

2. There exist constants v € (1,3) and x > 0, and a function P € C*((0,00)) such
that

p(p) = kp"(1+ P(p))  forpel0,r), (2:2)

for some fixed r > 0, and there exists a positive constant C,. such that

[POp)| < Cp**7 forpef0,r), and j € {0,.... 4}  (2.3)

3. For p > r, we have p(p) = c.p, for some constant ¢, > 0.

u
Ver
Since our work was confined to the finite energy setting (as opposed to the L

Via the rescaling (p, u) — <§, ), it suffices to consider the case ¢, = r = 1.
framework), it was necessary to develop a thorough understanding of the behaviour
of the entropy pairs in the large density regime, i.e., p € [1,00). The result of
this analysis is encapsulated in the first half of Theorem 3.5 of [80]. As previously
discussed, the details of the proof were omitted due to the length and technicality of
the arguments, and the objective of Section 2.4 of this chapter is to go through these
in detail. Therein, we also give a complete proof of Lemma 3.8 of [80]. Then, we use a
modified version of the finite energy method developed by LeFloch—Westdickenberg in
[58] to deduce the almost everywhere convergence of the viscous approximate solutions
of (1.25) to a finite relative energy entropy solution of (1.7).

The main result of this chapter is the following, which is a precise version of

Theorem 1.17 stated in Section 1.3, and was proved in [80].

Theorem 2.2. Suppose that the initial data (po,uo) € L},.(R%) with py > 0 and

loc

end-states (p+,u+) is of finite relative energy,

Elpo, uo) = /ﬁ(/)oypouo) dz < Ey < 00,
R

and suppose that the pressure function p(p) satisfies the criteria for an approximately
1sothermal gas, in the precise sense of Definition 2.1. Then there exists a sequence
of regularised initial data (pf, uf) such that the sequence of unique, smooth solutions
(p%,u®) of (1.25) with this initial data converges as ¢ — 0, (p°, p°u®) — (p, pu),
to a finite relative energy entropy solution of the Euler equations (1.7) with initial
data (po, pouo), in the precise sense of Definition 1.16. The convergence is almost

everywhere and L}, (R2) x L] (R%) for p € [1,2) and q € [1,3/2).

loc loc
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The remainder of this chapter is devoted to proving Theorem 2.2, and we proceed
as follows. In Section 2.2, we give explicit characterisations of the entropies of the
Euler equations with an approximately isothermal pressure law. In Section 2.3, we
state the required pointwise estimates for a special entropy pair, and for entropies
generated by compactly supported test functions. These pointwise estimates on the
entropy pairs then enable us to obtain uniform estimates on the solutions of the
Navier—Stokes equations, in Section 2.5. The precise details of the pointwise bounds
of Section 2.3 are contained in Section 2.4. In Section 2.6, we show that the sequence
of viscous approximate solutions converges to a limit, in some weak sense to be
made precise. This limit can be characterized by a Young measure, and we show
that this measure satisfies the Tartar—Murat commutation relation, in Section 2.7. In
Section 2.8, we use this commutation relation to show that the Young measure is only
supported at a point; the Young measure reduction. This implies that the measure
is in fact a Dirac mass, which guarantees that the convergence of the approximate
solutions to the limit happens in measure. This mode of convergence is then strong
enough to pass to the limit in the nonlinear equations, thereby proving Theorem 2.2,

which concludes this chapter.

2.2 The entropy kernels

The Young measure reduction of Section 2.8 makes use of the Tartar-Murat relation,
and requires that we generate suitably many entropies. To this end, we recall that
all weak entropies may be generated using the entropy kernel y, as discussed in
Subsection 1.2.2 and [14, Corollary 2.1]. Observe that a gas satisfying the assumptions
of an approximately isothermal gas, as per Definition 2.1, satisfies the assumptions
of Theorem 1.12. Hence we deduce the global existence of y, which solves (1.12) for
all (p,u) € Ri, with the assumptions on the pressure prescribed by Definition 2.1.
In order to obtain finer control on the entropies for large densities, we need a more
accurate characterisation of the entropy kernel. One way to proceed is by exploiting

the fact that the kernel solves

1
pr(pa u) — ?qu<pv u) =0 for (p,u) € [1,00) x R,

M=t = (1), (24)
Xolo=1 = Xp(1,+),
due to the semigroup property of linear wave equations. In view of this, we have

x(p ) = / (oL )X (ot — ) + X (L)Y (pru — 5)) d,

19



where the fundamental solutions x* and x” solve

1 1
i g b b _
Xop = S Xuu = 07 Xpp =™ 5 Xuu — 07
PP p2 pp p2
Xﬁ|P=1 = 07 Xb|p=1 = 5u=07
Xﬁ|p:1 - 5u:07 X; p=1 — 07

in the sense of distributions. Next we recall [80, Theorem 2.2], the proof of which we

omit, which provides explicit formulas for the kernels y* and x°.

Theorem 2.3 (Theorem 2.2 of [80]). For p >0 and u,s € R, the function

Flou—s) = \/__PIO (\/(log p)? — (u— 3)2> barctonn (25)

2 2

and the measure

S

(5u—s:log p + 5u—s:— log p)

Xb(pau - S) =

o log p)? — (u — s)?
+ Lﬁ 1 gp(u_s)le <\/< gp) ( ) ) ]1|U*S|<|10gp\’

4 /(logp)? - 2
(2.6)
solve the problems
1 1
# f b b _
Xop = S Xuwuw — 07 Xop = S Xuu — 07
PP ,02 pp ,02 oo
Xﬁ|p:1 - 07 Xb|p:1 - 5u257 ( ’ )
Xg)|p:1 = 6u:sv X;|p:1 = 07

respectively, in the sense of distributions for (p,u) € R%. Moreover,
lim x*(p, -) = lim x"(p, -) = 0.
p—0 p—0

Note that I, is the v**-modified Bessel function of the first kind (c¢f. Appendix
A). Similarly, we have explicit characterisations of the entropy-flux kernels, as per

[80, Theorem 2.4], which is rewritten below without proof.

Theorem 2.4 (Theorem 2.4 of [80]). The entropy-fluz kernels o* and o corresponding

to x* and x° respectively can be written as
Uﬁ(ﬂ?“? 3) = uXﬂ(p>u - S) + hﬁ(p’ U — 8)7
O-b(p7u7 8) = qu(pvu - 8) + hb(pa U= 8)7
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where

1 a [* dr
Wi (p,u— s) :§Sgﬂ(u—3)+%/ Xﬁ(T;U—5)7,
0

hb(pa u = S) = X?L(pﬂj’ - 8) - hﬂ(p7 U= S)'
In summary, for p > 1, the entropy and entropy-flux kernels for the approximately

isothermal pressure law may be written as

x(p ) = / (o1, )X (ot — ) + X (1, )Y (pru — 5)) d,
R (2.8)

o(p,u,0) = /R (Xp(l,s)aﬁ(p,u, s) —|—X(1,5)0b(p,u, S)) ds.

2.3 Pointwise estimates

In order to employ tools from the theory of compensated compactness in later sections,
we need to obtain suitable uniform estimates on the viscous approximate solutions.
One way of obtaining such estimates is by constructing appropriate entropy pairs
through judicious choices of test functions ¢ (cf. (1.13)), and understanding their
behaviour for large densities. Proceeding in this manner requires the explicit repre-
sentation for the entropy kernel provided by (2.8) and Theorem 2.3. We first consider
a special entropy pair; the subject of the next lemma, for which we recall that ~ (and

its corresponding 6) was fixed in Definition 2.1.

Lemma 2.5 (Lemma 3.5 of [80]). Let ¢)(s) := $s|s|. The associated entropy pair
(1,4), via (1.13) and (1.15), satisfies the following for p > p., with p, > 1 fized,

11(p,m)| < Mn*(p,m), q(p, pu) > M~ 'plul® — M (plul® + p + p(log p)*)

(2.9)
and, with Ny (p, pu) = Oulm(p, pr) and fum,(p, pu) = Oyfim(p, pu),
. 1 . _
iy pu)| < M ilmplp: p)| < M K (2.10)
Moreover, on the complement region p < p., we have
[1(p,m)| < Muy*(p,m), G(p, pu) > M~ (pluf® + p*%) = M (pluf® + p)
(o 0] < M(Jul+ %), [pihm(pm)| < Mp#,
[ (p, pu)| < M, (o (0, pu)| < Mp"™,
(2.11)

where in the final line we consider N, (p, pu) as a function of (p,u), as in (2.10).

Finally,
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In addition, we will require precise pointwise bounds on entropies generated by

compactly supported test functions. These are contained in the following result.

Lemma 2.6 (Lemma 3.8 of [80]). Let v € C2(R) be a compactly supported test
function such that the support of 1 is contained in an interval [z.,w.]. Then the

corresponding entropy pair (n¥,q%), via (1.13) and (1.15), has support

suppnw,suppqw C {<107 u) I’UJ(,O, 'LL) Z Z*?’Z(pv u) S w*}?

where w(p,u) = u+k(p) and z(p,u) = u—k(p) are the Riemann invariants. Moreover,

1
7 (p,m)| < Mypmin{l, ——=——==} and |¢“(p,m)| < Myp,  (2.13)
log(p +1)
and )
[ (0, 10)| 4 1P (0, )| < My min{1, ———1}. (2.14)
log(p+1)
Considering n%, as a function of p and u,
1 1
P : 1 : 9
N (0 pu)| < Mymin{l, ————=1},  |pny,(p; pu)| < My min{p”, —————1,
() < Mo min(, e o ()] < My minfy,
(2.15)

where, for example, 05, (p, pu) = duniy(p, pu). In particular, [ny, (p, pu)| < My rle)

2.4 Details of the pointwise estimates

The purpose of this section is to give detailed proofs of the pointwise estimates stated
in the previous section, which were not contained in [80]. Prior to that, we make a
basic observation concerning the parity of x(p,-) and its derivatives, and prove two

results concerning the mass of these quantities, which will be crucial later.
Lemma 2.7. For every p > 0, x(p,-) and x,(p,-) are even, while x,(p,-) is odd.

Proof. Observe that the function

X(p,u) == x(p,u) — x(p, —u), (2.16)

solves the linear wave equation X,, — k'(p)*Xuy = 0 with zero initial data. As such,
one possible solution is x(p,u) = 0. In view of the uniqueness ensured by [14, The-
orem 2.1], which applies since the assumptions of this theorem are satisfied for an
approximately isothermal gas, this is the only solution. The result for x, and x,
follows by differentiating (2.16) with respect to p and u, respectively, in the sense of
distributions. O]
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Lemma 2.8. For every p > 0, the function x(p,-) and its derivatives, x.(p,-) and
Xp(p,+), are compactly supported and belong to L'(R).

Proof. The compact support follows directly from Theorem 1.12. Since x(p,-) is
Holder continuous and compactly supported, it is integrable. Making use of the

expansion at the vacuum provided by (1.20), we get, for p > 0,
1
IXp (P, 2wy < 4Aay(p)k’ (P)’f(ﬂ)”/ 2=y 'y dy + Cilp, V),
0

1
Ixu(ps M) < 4Mu(ﬂ)k(p)”‘1/ 2=y dy + Calp, ),
0

where Cj(p, ) > 0 (j = 1,2) correspond to integrals of Holder continuous compactly

supported functions, and are therefore finite. The result follows. O

Remark 2.9. We use the notation X(s) = x(1,s) and Y (s) = x,(1,s). Lemma
2.8 showed that || X||zec(r), | X||L1(®), [|Y||21®) < 00, and all calculations in this
section rely solely on the finiteness of these three quantities; note that
Y ¢ L°°(R) for v > 5/3. Herein and in Appendix B, we use the shorthand R = log p.

Lemma 2.10. Define

F(p,u) = /_OO (pxp(p,u —7)—x(p,u — 7')) dr for (p,u) € Ri. (2.17)

(e 9]

Then, F(p,u) =0 for every (p,u) € R3. It follows that

/ X(t)dt = / Y () dt =: crom. (2.18)

Proof. In view of Lemma 2.8, the integral is well-defined. Now, taking a distributional
derivative in p, we find that, for any ¢ € D(R2),

(E, 0p0)p g2 yxpz) = / Fpd(p, )( / (PXp(psu—7) = x(p,u—7)) dT) dp du

//(/R+ap¢ psu) (pXp(psu —7) — x(pyu — 7)) dﬂ) dr du,

by appealing to the Tonelli-Fubini theorem. Integrating by parts in p gives

/R/R (/R+ 9,0(p,w) (px,p(p,u —7) — Xx(pyu— 1)) dp) du dr
: / / (/R+ x(pyu = 7)05, (0, w)) dp) du dr,

/<x —7), pp (po(, ))>D/(R1)xD(Ri) dr.
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Passing both derivatives in p onto x and using the entropy equation (1.14), this final
quantity is equal to — [ (Xuu(-,- — 7), pk'(p)*0(-, - )>D,(R2 )xD(R2) dr. Hence,

(OpF, D) prp = —/R+ Pk (p) (/ / Dud(p, u)Xu(p,u — 7) du dT) dp,

where the integral is well-defined since y,(p,-) is integrable, in view of Lemma 2.8
(cf. [14, Theorem 2.2]). Thus,

OF o= [ 02 ([0t ([~ pu=mydr) au) o=

since x(p, -) is compactly supported, which shows that d,F(p,u) = 0 in the sense of
distributions. We thereby have F'(p,u) = F(u) in D'(R%). Additionally,

(OuF, O)pryp = — /R/R </R+ Qud(p,u) (pXp(p,u —7) = x(p,u — 7)) dp) dr du
= - /R (Op(pd(p,w)) + ¢(p, u)) (/Z Xu(psu =) dT) dudp = 0,

+

since, by Lemma 2.7, x,(p,-) is odd. Hence, we deduce that F' is constant. Since
it is manifestly null at the vacuum (as x is a weak entropy and pd,—o vanishes as a
distribution when p = 0), we deduce that F(p,u) = 0 for all (p,u) € R%. O

Corollary 2.11. Define

F(p,u,s):= / (pxp(pyu—7) = x(p,u— 1)) dr. (2.19)
Then for every (p,u) € R2 the function F(p,u,-) : R — R is compactly supported
and [ F(p,u,s)ds = 0.

Proof. Fix (p,u) € R%. Theorem 1.12 shows that supp x(p, u—-) C [u—Fk(p), u+k(p)).
Hence, F(p,u,s) = 0 for all s < u — k(p), and F(p,u,s) = F(p,u,o00) for all s >
u + k(p). From Lemma 2.10, we know that F'(p,u,00) = F(p,u) = 0. Thus, we
deduce that F(p,u,-) is compactly supported for each fixed (p,u) € R%.
Additionally, observe that
F(p,u, ) =/ (Pxo(p, 2) = x(p, 2)) dz.

Then, using the evenness of x(p,-) and x,(p, ) derived in Lemma 2.7, we obtain

/RF(p,u, 5) dS—/R</:O (Pxo(p:2) = x(p, 2)) dZ) dw
:/R</: (Pxo(p,2) = x(p, 2)) dZ) dw.

Adding the above and using Lemma 2.10 yields fR F(p,u,s)ds =0, as required. [
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2.4.1 Computing entropies and their derivatives
In view of (2.8) and Theorem 2.3, we have the following lemma.

Lemma 2.12. In the isothermal regime {p > 1}, the entropy kernel can be written

as
X(pyu) = La+ L2+ Ly, 20
where
_ / VP, < (log 0)22— (u — t>2> Tju—t<i0g oY (1) dt,
(2.21)
£= VP (X (1~ log p) + X (u + log ),
and

_ [P log p V(log p)? — (u —1)?
['3_/R i [\/logpQ—(u—t)2]1< 2 )

1, ( V/(log p)22— (u— t)2> ] Tt/ <log p X (t) dt.

Since X and Y are supported in [—k(1),k(1)], by Theorem 1.12, it follows from
(2.21)-(2.22) that supp x(p, ) C {u € R : |u| < k(1) + log p} for p > 1.

(2.22)

Remark 2.13. Since y is given as a function of (p, u), we will also generate entropies as
functions of (p,u), even though these are technically functions of (p,m). We adopt

this convention throughout Section 2.4 only, in order to simplify computations.

Lemma 2.14. In the isothermal regime {p > 1}, the weak entropies are generated by
X through test functions v via n¥(p,u) = jfb + T3+ Jgp, where

a= [ [ (V log P —fu s - ”2) Lumectieion Y (1)0(s) it ds

(2.23)
I3 = / \/Tﬁ(X(u — s —logp) + X(u—s+logp))i(s)ds,
R
and
2 e 1)2
R
0 u—S —
gp)? : (2.24)
1 —(u—s—1t
1 <\/( og p)? 2(u s —t) ) :|]]-|u—s—t<10ng(t)¢(S) dt ds.
Proof. The assertion is immediate from Lemma 2.12 and (1.13). 0
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Choosing (s) = 5sls|, we obtain
ﬁ(p7u) :jl(p’u)+j2(p7u)+j3(pau) for (pau) S [1700) X R, (225)

where J; = jf’ for © = 1,2, 3, where 7 is the special entropy of Lemma 2.5. We use

this notation throughout the estimates of this chapter.

2.4.2 The term un(p,u)

In order to estimate the entropy-flux ¢, it is crucial to have an exact expansion for
un(p,w). This subsection provides this in full detail.

Explicit computation shows that the term 7 can be decomposed into three terms;
one with no v powers, one that is linear in u, and one that is of quadratic order for

large u. Hence,

un(p,u) = 31(p,u) + 3a(p,u) + X3(p, u) for (p,u) € [1,00) x R, (2.26)

where 3 is linear in u, ¥5 quadratic in u, and $3 = O(u?) as |u| — co. The rest of

this subsection is concerned with computing and estimating 3;, for + = 1,2, 3.

Lemma 2.15. Ezplicit computation shows that the term of order u in the expansion

of un(p,u), which we denote by X1, is given by
Sy =Ty + IT, + ITT, + IV, (2.27)

where

R3 u—R w/2
v ::\/ﬁ2 u/ Y (¢) (/ I (g cos 9) cos 0 sin” 9d9> dt
R
\/_ u < — cos 0) cos 0 d@) dt
0
- \/ERQ (/ = cos 9) cos fsin 6 d&) dt
R arcsin
\/— u (/ (E Ccos 9) cos 0 d@) dt
2 ; 2
RS arcsm
\/_ / Y(t) / ]0 (E Cos 9) cos@sin?0df | dt
2 u—R 0 2

u+R w/2 R
— \/ﬁRQU/ tY (t) / Iy (5 cos 9) cos@sinfdo | dt
u arcsin(t “)

R

m\‘ A
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t

R3 u+R arcsin( = )
— \/ﬁ2 u/ Y (¢) (/ Iy (g cos@) cosfsin®0df | dt
u 0
R u+R arcsin(ﬂ)
P u/ Y (t) (/ " Iy (E cos@) cosfdf | dt
2 u 0 2
R3 00 w/2
—m/ Y(t) / Iy ECOS@ cosfsin®0df | dt
2 u+R 0 2

R ) /2
P u/ Y (t) / Iy (E cos@) cosfdf | dt,
2 u+R 0 2

17, ::—@/w X (t)dt — \/ﬁRu/oo X(t)tdt — WRQU/OO X (t)dt

4 Jor 2 4
o] R 00 R2 o)
—@/ tQX(t)dt—l—\/ﬁ u/ tX(t) dt — VP u/ X (t)dt
4 u+R 2 u+R 4 u+R

u—R R u—R R2 u—R
+@/ £X(1) dt+@/ X (1) dt+@/ X(t) dt

u+R R u+R R2 u+R
+@/ tQX(t)dt—\/ﬁ u/ tX(t)dt+\/ﬁ4 “ X(t) dt,

4 —00 2 —00 —00

R3 u—R /2
111, ::\/54 “ / X(t) ( / L (? cose) sin29d9> dt
—00 0
R u—R w/2
+ m/ X () (/ I (E cos 9) d&) dt
4 oo 0 2
R2 u w/2
_ \/52 u/ tX(t) (/ I (§ cos@) sin@d@) dt
u—R arcsin("T?t)
R3 U arcsin( u_t
+ m/ X(t) / ' L (E COSG) sin?0df | dt
4 u—R 0 2
R u arcsin(“—_t)
L VP “/ 12X (1) / L (Ecose) do | dt
4 u—R 0 2
R2 u+R /2
_ \/52 u/ tX(t) (/ : )Il (gcosﬁ) Siﬂ@d@) dt

R3 u+R arcsin( tou )
—\/54 “/ X(t) </ L <§Cosﬁ> sin?0df | dt
u 0

~—




R u+R arcsin(%)
- M/ 22X (t) (/ I <§(3089> do | dt
4 u 0 2
R3 () w/2
_vp u/ X(t) (/ L (E cos@) sin29d9> dt
4 u+R 0 2
R 00 w/2
_ vl / £2X(1) / 0 (2eoso) do) ar,
4 u+R 0 2

IV, = — \/‘R3 / X(t (/;/2 Iy (E coS 9) cos 0 sin’ 9d9> dt

\/_Ru ( /0 — cos «9) cos 6 d9> dt

\/_52 ( i — cos 9) cos fsin @ d@) dt

\/_4Ru (/0 (g oS 0) cos 6 d@) dt

\/—R3 / X(t </0arcsm Iy (g oS «9) cos 6 sin® 0 d@) dt

+ \//_)RQU /u+ tX(t) (/W/z I (E cos 0) costin@dG) dt
2 Ju arcsin(12)  \ 2

4 \/ﬁf% /U+Rx<t) </Oarcsin(tR“ Iy (g cos 9) cos A sin? 9d9> dt

+ @ /U+R tQX(t) (/amsin(tﬁ) Iy (E cos 9) cos@dG) dt
4y 0 2

\/—33 / X(t </7r/2 1y (g oS 9) cos 6 sin® 0 d9> dt

\/_ / 2 X (/ " I (g cos 9) 0059d0> dt.

Note that I, is the contribution from j1; I7, from jQ; all other terms are from j;;

~—

Lemma 2.16. The term %1 admits the following lower bound,

Si(p,u) > =C (plul* + p + pllog p)?)  for (p,u) € [1,00) x R. (2.28)
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Proof. The first term is bounded above as follows,

/2
17, | <2/pR*|ul (/ 1Y ()] dt) (/ I (g cos 9) cosGsin29d9>
R 0
w/2 R
+ 2v/pR?|ul (/ t|Y (t)] dt) / Iy (5 cos 9) cos 6 sin 0 df
R 0
w/2 R
+ 2v/pR|u| (/ Y (t)] dt) / Iy (5 cos 9) cosfdb |,
R 0

and, using Lemma A.1, the right-hand side is itself bounded above by

Cy/plul (Rcosh (?) *sinh @) A <§>)

< C (plog plul + plul + pv/log plul )
< C (plul* + p+ pllog p)?) ,

where we used the Cauchy—Schwarz inequality in the final line, along with the compact
support and integrability of Y, and C' is independent of (p,u). On the other hand,
I7, is bounded above by

Jlul </Rt2X(t) dt> + 2 /BRIl (/R EX(8) dt) + VPRl </RX(t) dt)
< C (plul* + 1+ (log p)* + (log p)*) < C (plul® +p) ,

where we made use of Lemma A.8 for the final inequality. For ZZ7,, we have

|ZZZ,| <\/pR*u| (/RX(t) dt) </07r/2 L (g cose) sin26d0>
+ /pR?|ul </RtX(t) dt) (/0,,/2 L (g cose) sinecw)
+ /pR|ul (/R 2 X (t) dt) (/Om I (? cose) d9> :

and, using Lemmas A.2 and A.3, the right-hand side is itself bounded above by

R
ol (s ()« (B o (£) 41)

< C (plul*+ p+ p(log p)?),

as claimed. The final term ZV; is dealt with in an identical fashion to the first term

7, (with all integrals involving Y replaced by the corresponding ones with X). [
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Lemma 2.17. Explicit computation shows that the term of order u® in the expansion

of un(p,u), which we denote by o, is given by
S = Ty + ITs + ITT, + IVs, (2.29)

where

B ) u—R w/2 E
VpRu tY (t) Iy 5 €08 0 ) cosfd | dt
—00 0
u w/2
+ \/ﬁR2u2/ Y (t) (/ Iy (E cos 6) cos 0 sin 9) dt
u—R arcsin( 4=t 2
(“7*)
u arc&n(uTt) R
— /pRu® tY(t) I < o8 ) cosfdo | dt

+\/_R2 2 < §c089> cosHsinG) dt

+ \/ﬁRu (§ cos 6’) cos 9) dt
R
+ /pRu? / tY (t) / Iy (— Ccos 9) cosf | dt,
u+R 0 2

\/_U \/ﬁRUJQ 0 \/ﬁu2 oo
17,y = /UR X(t)dt+—/ X(t)dt + /u tX(t)dt

2 2 +R

R2 uR RQ u—R
_ VPR ey - f / £) dt — \@u/ EX (1) dt

2 u+R

_ \/2“2 / u+RtX(t) dt + ffu /_ . X(t)dt

—00

Ru? u—R w/2
TTTy = — M/ 340 </ I (5 cose> d9> dt
2 e 0 2
R2q,2 u /2
+ —\/ﬁ ¢ / X(t) / 1 (E 0089> sinf | dt
2 u—R arcsm( 2
\/_Ru2 u arcsm( T) R
/ tX(t) / L 50089 do | dt
0
R2 2 /2
/ X(t (/ I (g cos 9) sin@) dt
arcmn(;t)

R

—0o0

: :o‘
-
rh SN—



t

R 2 ut+R arcsin(%u)
L Vphu / £X (t) (/ L (Ecose) do ) dt
2 u 0 2
Ru? (9) w/2
—i—\/ﬁ u/ tX(t) / L Ecos@ do | dt,
2 u+R 0 2

R /2
VY, : \/_QU / tX(t) (/ Iy (20089) cos@d@) dt
2,,2
\/_R / X(t (/ ) gcos «9) cos 0 sin 9) dt

R

u—t

R arcsm —
\/_2 u (/ " <§ cosQ) COS@d@) dt
2 2
\/_R X Iy E cosf | cosfOsinf | dt
2
arcsin(%
R 2 u+R arcsin —)
_ \/ﬁ2 u / tX(t) </ " Iy <§ cos 9> Ccos 6) dt
u 0

Ru? 00 w/2
_ Pl / tX(t) / Iy (E cos 9) cosf | dt.
2 u+R 0 2

Note that the first term Iy is a contribution from jl; the second term LI, from jz;

and all remaining terms from Is.

/‘\
: ~—

Lemma 2.18. Provided Y > 0, the term Yo admits the following lower bound,
Ya(p,u) > =Cplul*  for (p,u) € [1,00) x R. (2-30)

Proof. Begin by observing that the largest terms due to J1, which can be grouped as

u+R w/2 R
\/ﬁR2u2/ Y (t) / () Iy (5 Ccos «9) cos@sind | dt > 0, (2.31)
u—R arcsin HT?t

are non-negative, and can thus be dropped from the lower bound. The largest terms

due to J; can be grouped as

pR2u2 u+R
\/_T / X(t)
u—R

w/2
/ [Il <E coS 9> sinf — I (E cos@) cos f sin 0} do | dt,
arcsin(%) 2 2
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which can be evaluated explicitly as
u+R
S / X(t)
u—R
R? — — )2 R2 — — )2
RI, ( 2(“ ) ) ~R- R —(u—t2I, ( 2(“ ) >] dt.

The previous line can be split into

N / :RX(t)

]0( R2_2<u_t)2>_\/1—<|u1;t|)2]1< R2_2(u_t)2) he

where the inequality follows from Iy(x) > I(x) for all x > 0, and

u+R
—\/ﬁRu2 X(t)dt > —C\/ﬁRu2 > —Cpu?,
u—R

where we made use of Lemma A.8 for the final inequality. The terms due to jg are

manifestly bounded above by Cpu?, and all remaining terms are bounded above by

w/2 w/2
C\/ﬁRuQ/ Iy (g cos 9) cos 0 df + C\/ﬁRUQ/ I (g cos 9) df < Cpu?,
0 0

where we used the results of Lemmas A.1 and A.2, along with the integrability and
compact support of X and Y. O

Remark 2.19. The term in (2.31) is the only place where we appeal to the non-
negativity of Y. However, we can still make progress if we do not have Y non-negative.
Indeed, should we have |u| > R + k(1), then the whole term in (2.31) vanishes. On
the other hand, if |u| < R+ k(1), then the term in (2.31) becomes bounded above by

Ve (R k) ([ V(0lde) 5 < Cor (14 1) < € (14 pliog ™)

< C(p+pllogp)?) .
where we used Lemma A.6. In this case, our result still holds, in the following non-

optimal form,
Ya(p,u) > = C (plul® + p + p(log p)*) .

Lemma 2.20. Following the discussion in the previous remark, we have that, irre-

spective of the sign of Y,
Ya(p,u) > =C (plul* + p+ pllog p)*)  for (p,u) € [1,00) x R. (2.32)
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In the rest of this chapter we use Lemma 2.20, as was done in [80], where we need

not assume that Y is non-negative.

Lemma 2.21. Explicit computation shows that the term of order u® in the expansion

of un(p,u), which we denote by X3, is given by

Yg=1I3+17T3+1113+ 1TVs, (2.33)
where
Ru3 u—R w/2
I3 ::M/ Y (t) (/ Iy (E cos (9) Cos 9) dt
2 o 0 2
R 3 u arcmn(—)
+ VPl / Y(t) (/ " Iy (E Cos 9) Ccos 9) dt
2 u—R 0 2
R 3 u+R arcsm(t
_ yphu / Y (t) / (— cosf | cosb
2 u 0
R 3 00 /2
_ yphu / Y(t) / IO —0089 COS
2 u+R 0
I7, T xwa

3 oo
—ﬁ“/ X(t)dt
4 u+R

Rud u—R w/2
177, ;:\/_p4u / X(1) (/ 11< 089> d@) dt
—00 0

R 3 u arcsm(Tt)

+M/ X(t) (/ L (E cose) d@) dt
4 u—R 0 2
R 3 u+R arcsin(t_—")

_ yphu / X (1) (/ ' (Ecosé) d@) dt
i), . 2
R 3 00 w/2

_ el / X (1) ( / L (Ecosﬁ) d&) dt,
4 u+R 0 2

| =
o
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R 3 u—R w/2
V3 = — vl / X(t) (/ Iy <§ COS@) COSH) dt
4: — 0 0 2
R 3 U arcsin(qut)
_ Pl / X(t) / Iy (E cos 0) cosfdf | dt
4 u—R 0 2

R 3 u+R arcsin(%u)
+ @/ X(t) </ 1, (g cos@) cos@) dt
u 0

Ru3 00 w/2
+ VPl / X(t) / Iy (E cos 9> cosf | dt.
4 u+R 0 2

Note that the first term I3 is a contribution from Ji; the second term ITs is from

Jo; and all remaining terms are from Js.

Lemma 2.22. Assume p > 1. Provided that |u| < 2k(1), we have that X3 > —Cp|u|?
for some positive constant C. If, on the other hand, |u| > 2k(1), then

Y3 > Oplul?, provided |u| > R+ k(1) and |u| > 2k(1),
Y5> —C (plul®*+ p+ p(logp)*),  provided |u| < R+ k(1) and |u] > 2k(1).
(2.34)

Proof. For the first result, observe that, by bounding bluntly,

23(p, u)| <Cy/pR|ul? (/R|Y(t)|dt+/RX(t) dt) </07r/2 I (g 0089) cos0d9>
+ C\/pR|ul? (/RX(t) dt) </07r/2 I (g cos9> d9> + C/plul®.

Using Lemmas A.1 and A.2, the above simplifies to C\/plul® (/p+ 1) < Cplul®. So,
with the assumption |u| < 2k(1), we get that |X3] < Cp|ul?, thereby yielding

Y3(p,u) > —Cplul?, provided |u| < 2k(1).
Assume for the remainder of the proof that u > 2k(1). Then, 33 is equal to

R 3 u—R w/2
vk / Y(t) / Iy (E Ccos 0) cos@ | dt
2 —k(1) 0 2

u—t

R 3 k(1) arcsin(—)
+\/ﬁ ! / Y (t) / : Iy <E cos 0> cosf | dt
2 u—R 0 2

3 pu—R 3 k(1) 3 k(1)
LV X (1) dt + \/Z“ / X(8)dt — Y / X () dt
_ u—R

4 Sk k(1) 4
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W/QII Ecos@ dd | dt
([ (F) )
( %) I (g cose) d0> dt

cos 9> cosfdl | dt
4 —k(l)

/ i

0 2

R 3 k(1) arcsin %)

_\/'5 v / X( / 1 (50059) cosGdH) dt.
4 u—R 0 2

Suppose firstly that u — R > k(1), then X3 reduces to

Rud [*D /2 3 k(1)

vk / Y(t) / Iy (E cos@) cosfdf | dt + Vo / X(t)dt
2 Jokq 0 2 2 Jok

Rud [FD) /2

L VPR X(t) (/ 11< 089> d@) dt

0

4 —k(1)
Ru® [k /2
_M/ X(t) / I cos@) cosfdo | dt,
4 —k(1) 0
3 Ru3 /2 /2
Ctotal;/ﬁu n Ctotal\Zﬁ u </ Iy (g cos 9) cos 6 df +/ I (g cos 9) d9> :
0 0

which, due to (2.18), is equal to
Evaluating the latter integrals exactly using Lemmas A.1 and A.2, we deduce that

R 3 u—R
VPR X(t
t

)
)

Y3(p,u) = ct;tal,mf, provided u — R > k(1) and u > 2k(1).

If, on the other hand, we suppose that u — R < k(1) (we note that this can only
be true provided R > k(1)), then u < R+ k(1). Thus, we bound X3 by

/2
|X3] <C/pRJu| (R + k(1 (/ Y (¢ |dt+ctoml> (/ 1, (g cos@) cos@d@)
0
2 IR
+ Cy/pR|u| (R + k(1 (/X dt) / I (56059) dé

+CVplul (R + k(1))?,

which, using Lemmas A.1 and A.2, is bounded by Cp (1 + (logp)?)|u|. Using the
Cauchy—Young inequality then yields

Ss(p,u) > —C (plul* + p+ p(log p)*), provided u — R < k(1) and u > 2k(1).

Following the same strategy of proof with u < —2k(1) gives the results for u < 0. O
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Lemma 2.23. There exists a positive constant C such that

Ss(p,u) > O plul’ = C (plul* + p + pllogp)*')  for (p,u) € [1,00) x R. (2.35)
Consequently,

uii(p,u) = C~'plul® = C(plul* + p+ p(log p)*)  for (p,u) € [1,00) x R (2.36)

Proof. We have split the analysis of Y3 over three distinct regions Fy := A, Fy =
A°N B, and F3 := A°N B¢, where

A:={ueR: |ul <2k(1)}, B:={ueR:|ul >logp+k(1)}.

Note that FyUF,UF; = AU(A°N (B U B°)) = AUA® = R. Additionally, F;NF; =

whenever i # j, so these sets are disjoint. Then, from Lemma 2.22, we have
23 :Eg]lpl + Eg]lFQ + 23]1}73
> — Ciplul* Ly, + Coplu*Lr, — Cs (plul® + p + p(log p)*) 1,
and the above can be bounded from below by
—C(plul® + p+ p(log p)*) + C~" plul*1p,.

However, observe that
plufLp, = pluf’ (1 - 1gg),
and Fy = AU B¢ so Ipg < 14 + 1ge. Therefore,

plul*Lre <plu[*La + plul’lge < Cp(1+ (logp)?).

As a result,
plul Ly, > plul® — C(p + p(log p)*),

from which the conclusion of the lemma is immediate. O

2.4.3 Bounds on the entropy and its derivatives

In what follows, we estimate the special entropy 7 and its derivatives.

Lemma 2.24. In the isothermal region {p > 1}, the entropy satisfies

(o, w)| < C (plul® +p+ plogp) . (2.37)
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Proof. Following the decomposition (2.25) and Lemmas B.1-B.3, we observe the fol-

lowing

. /2
|T1(p, )l SQ\/ER/ Y ()| |u — t|? </ I (g cos 0) COSQd@) dt
R 0

/2
+ 2\/ﬁR3/ Y (1)] (/ Iy (g cos 9) COSQSin29d9> dt
R 0
/2 R
+ 2\/5R2/ Y (t)||u — ¢t / Iy (5 COSQ) cosfsinfdf | dt.
R 0

Evaluating each of the inner integrals using Lemmas A.1 and A.2, we get
Filp.l <20 =1) [ YOl =tFat +4((p+ DR =20 = 1)) [ V()]
R
+4/pRI; (5) / Y (t)||u — t| dt,
R
which shows that
. R
925, 0] <C (ol + pogp) + 155 (5 ) [ V@l tlar
R

Now using Lemma A.6, we get that /pRI;(R/2) < Cpy/logp. By the Cauchy-

Schwarz inequality, we have
|71 (p,w)| < C (plul* + p+ plog p) . (2.38)

Remark 2.25. Throughout the above manipulations, we relied on the finiteness of

1Y |21 (%) and on the compact support of Y, along with the relations sinh(%) = %

and cosh(%) = %.

The term J; is manifestly bounded by the two quantities

w/2
A ::\//_)R/ X(t)|u — t? (/ Iy (g cos&) cos@dﬁ) dt
R 0
w/2 R

+ \/ﬁR?’/X(t) / Iy (5 Ccos 6) cosfsin®0df | dt

R 0

w/2 R

+ /pR? / X (t)|u —t| / Iy (5 cos 9) cosfsinfdb | dt,

R 0
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and

w/2
B ::\/ﬁR/X(t)|u—t|2 (/ I (g cosQ) d@) dt
R 0
w/2 R

—I—\/ER?’/X(t) / I (ECOSQ) sin?0do | dt

R 0

w/2 R

+\/ﬁR2/X(t)|u—t| / I (ECOS€> sinfdf | dt.

R 0

It is immediate from our bound on |7;| that [A| < C (p|u|? + p + plog p). Evaluating

the inner integrals of B using Lemmas A.2 and A.3, we find

B =25 (cosh (g) _ 1) /RX(t)|u i ar
+ 23R (2 sinh (g) _ R) /RX(t) dt

L2 PR (10 (g) - 1) /RX(t)\u tldt.

p+1

57 e obtain

Thus, using the relations sinh(£) = % and cosh(£) =

Bl < (VA= 17 [ X(Olu—tPde+2logp(p— 1= Vilogp) [ X(t)a
+ 2 /plog ply (%) /RX(t)|u—t]dt.
It follows that |B| < C (plu|® + p + plog p). Hence,
| T3(p, u)| < C (plul® + p+ plog p) ,
as claimed. Manifestly, we also have
|Za(p,w)] < Cy/p (14 (log p)* + [uf*) < C (plul* + p + plog p) ,
since p > 1. Hence, the lemma is proved. O

We now bound the derivatives of 7). In particular, we have the following.

Lemma 2.26. The partial derivatives with respect to m of the entropy satisfy the
following bounds in the isothermal region {p > 1},

im(p, )| < C (lul + 1+ V1ogp),  limpu)| S Cp™' (2.39)
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Proof. Note firstly that, by the chain rule, we have

_on| _ou 09 | on| om
nu_(?u 8p 8u om|,du |,

_ o)
_pamp_pnﬂ’w

where, for instance, %| p 1s the partial derivative with respect to u while keeping p

constant. Similarly, 9., = p*7mm. Hence, it suffices to show that

[ (p,u)] < C (p\UI + p+ py/log p) : Nuu(p,w)| < Cp, (2.40)

Following the decomposition for 7 in (2.25), we split 7, into three pieces 7,(p,u) =
OuT1(p, 1) + 0uTa(p,u) + 8uTs(p, u). Explicit calculation (cf. Appendix B.1) yields

\/— u— R
Ouy = / )0, L (p, u; t) dt + -~ / Y ()0, K (p,u;t)dt

where Ki°, LT are defined in Appendix B.1. From this, we find, using Lemma A.1,

R w/2
10T SC\/ER/ Y ()||u — ¢ (/ I <§ cosG) 0089d9> dt
R 0
R
L CVBRL (§> / Y ()] dt
R

<Cp— 1)1+ ul) + ORI, (?) < C (plul + o+ p/og5)

Observe that, since we control jl, the term J5 will be controlled provided we can
bound the term [ Ko(p, u; t)Y (t) dt =: J appropriately (refer to Appendix B.3 for
the definition of y). To this end, we compute

u—R u
Oy :\/Tﬁ/ X (t)0uLg (p,u;t)dt + %/ X ()0, Ky (p,ust) dt
— 00 u—R
u+R oo
v Y | X0ours ()i + v | XL (pustyar
m u+R

where the terms K, LT are defined in Appendix B.3. Thus, using Lemmas B.24 and
B.26, in conjunction with Lemmas A.2 and A.3,

10,,J| gCﬁR/RX(mu—ﬂ (/m I (gcosﬁ) d9> dt
cevan(n(2) 1) [ xwm

<C(p—1)(1+|ul) + C/pR (10 (?) . 1) <C (p|u\ +o+ p\/@) .

39



In addition we manifestly have, using Lemma B.16,

0.2 < C/p(1+1logp + |u]),

which, using Lemma A.8, confirms that we do indeed obtain the bound (2.40).
In addition, Appendix B.1 shows that

. \/— u— R
Ouud1 = / (£)Ouu LT (p,us t) dt + —/ (1) 0uu K (p, u; t) dt

/ (1) 0w K1 (pyus t) dt + \/_/ (t)Ouu Ly (p, ust) dt.

Thus, an application of Lemmas A.1, B.9, and B.10 yields, using ||Y||1(g) finite,

. w/2
|0 T1| < C’\/ER/ Y ()] (/ Iy (g cos@) cos@d&) dt =C(p—1).
R 0

We now consider the term 0y, 7. By explicit computation (c¢f. Lemma B.17), we
obtain 9,7 = &mj{ + 8uu.72+, where

Dy = -V / R)+ X(t+ R)] dt,
OunTs —\/—/ R)+ X(t+ R)] dt.

Thus,

OuwuTs = / X(t)dt — \f/ X(t
u—R u+R
+ %/ X(t)dt + — / X(t

thereby implying that yawjgy < C,/p.
Now turn to &Jujg,, which is controlled by 8%.71 and by &wj where

u—R
O] \/_/ X()0u L3 (p,u;t) dt+£/ X ()0 K5 (p,ust) dt

/ X ()0 K5 (p,u; t)dt+—/ X (t)OuuLs (p,ust) dt,

as shown in Appendix B.3. Thus, using Lemmas B.28 and B.29,

|0 | < C\/ER/RX(t) (/Om I (gcos 9) d@) dt =C\/p (cosh (g) - 1) :

where we used Lemma A.2 in the final equality. In view of cosh(%) = %, the

right-hand side is bounded by a constant multiple of p. This concludes the proof. [
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It is important for the uniform estimates of Section 2.5 to view 7, as a function

of (p,u), in order to integrate by parts. This leads to the following definition.

Definition 2.27. We define the fake mized derivatives 7, and ), to be those of

Lemma 2.5, i.e.,

~

2] 0
0

n, f]mu = a5
ou ,om

i 0 ' 0 . (2.41)

nmp ::a—p u% ,

Lemma 2.28. The fake mized derivative 1),,, admits the representation

1 u—k
o =L [ L [ dt__/ as k[
P J s
R
[ a2 [

u —+ —+
+/ Y(t) (8puK1 (p’uvt) . auKl (p7u7t>> dt
u—R

4\/ﬁ 8p3/2
8,/p 16p3/2
(¥ N 16/)3/2
— ' X(t) 8puK1+(Pau§t) L (p,ust) dt
8v/p 16p3/2
u+R

aﬁuK;(pvu;t) (pau t))

-/ X(t)( 8v/p 16p3/2
(2.42)

where the functions K& and K5 are defined in Appendiz B.1 and B.3, respectively.
Proof. Refer to the explicit calculations given in Appendix B.4. m

The next result is indispensable for the uniform estimates of Section 2.5; in par-
ticular for the main energy estimate Lemma 2.47, and for the higher integrability of
the velocity (cf. Lemma 2.51). The proof of this result relies on intricate bounds on

the zeroth and first modified Bessel functions of the first kind (¢f. Appendix A).

Lemma 2.29. There exists a positive constant C' such that

1mp (05 Wz < Cp™" forp> 1. (2.43)
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Proof. To begin with, we make use of the compact support of X and Y and their
integrability to deduce that Lines 1 and 2 of (2.42) are bounded by CRp~%/2. Next,
using Lemma B.36, Lines 3 and 4 of (2.42) are grouped as follows,

[t—u]

1 /u+R {< R) /arcsin( = )
—_ t—ulY(t 1——
ol ALSE0
arcsm |t ul
—/ <§ cos «9) cos? Qdé’} dt

u+R —u
o | <t_u>2y<t>fo< L ))dt (2.44)

+3L/2 7u+R v [Rh( R? —2(t — u)2)

u—R
— VR? = (t —u)*ly ( e _Q(t — “)2> } dt.

The inner integral of the first term in (2.44) can be rewritten as

/arcsin(
0

Iy (g cos 0) cosf db

M)
" Iy (g cos 9) cos 6 db

_ _/ { (g cos 9) cos — I (g cos 9) cos? 9} do.

Each integrand is non-negative, as Io(x) > I(x) for z > 0, and thus we may bound

\t ul

the above (in absolute value) by

w/2
/ I (E cos 9) cos f db
0 2
w/2
—1—5/ {]0 (E cos 0) cost — I; (E cos 0) cos? 6’} df
2 Jo 2 2

_ 4 sinh (g)
R
< (\/_ﬁ L) <oYP

_ o R/2

R R’

where we used Lemmas A.1 and A.2 to evaluate the integrals exactly. Hence, the
whole of the first term in (2.44) is bounded (in absolute value) by

—/ it — |V (t |dt<—/ 0] < Cp,

where we used the facts that Y is compactly supported and integrable.

42



The second term in (2.44) is bounded by

o v (5 vt <ot [ v
Rp3/? u-R ! ~ e

< Cp,
where we again made use of the facts that Y is compactly supported and integrable,

and appealed to Lemma A.9 to bound the supremum.
The final term in (2.44) is bounded above (in absolute value) by

RI, <—”RQ_”2) —VR2 -2, (—M) /u:R Y (¢)| dt

su
y 2 2
where we once again made use of the compact support of Y and ||Y[|,1(r) < o0, along

vE[0,R]

7
< Cp Y i qwy-

with Lemma A.9 to bound the supremum.

Again using Lemma B.36, Lines 7 and 8 of (2.42) can be written as

[t—u

1 utR R arcsin( = ) R
T 932 /U_R |t — u]X(t){ (1 - 5) / I <§ COSQ) cos 0 do
—/ (g cos@) coszedﬁ}
1 u+R ) (t — u)Q
TR /U_R (t —u)"X(t) 1o ( 5 dt (2.45)
1 u+R R2 — (t — U>2
_2p3/2 /U_R X(1) {Rfo ( 5

—VR2—(t —u)*h ( RQ_(t_”)Q) } dt.

2

We rewrite the first line of (2.45) as
=

1 u+R arcsin( = ) R
TR /u_R |t — ulX(t) /0 I | 5 cost | cosfdo | dt
=

u+R arcsin( = )
™ }5/3 / |t —ulX () / Iy B os0) coshdd | dt (2.46)
410 u—R 0 2

)
I (g cos 9) cos? 6 d0> dt.

R u+R arcsin( =
- s / T /0

The first term in (2.46) is bluntly bounded by

R /2 R u+R .
_ - < -
27 /o Iy <2 0080) cos 8 df /u_R X(t)dt < Cp,
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where we made use of Lemma A.1 to evaluate the integral exactly. The other two
terms we keep, with the aim of adding them to Lines 5 and 6 of (2.42). The last two
lines of (2.45) are handled in the same fashion as the corresponding terms in Lines 3
and 4.

Using Lemma B.38, Lines 5 and 6 of (2.42) are grouped as written underneath,

3/2/ X(t ( R 2(?f—u ) 3/2/ ‘o
_2p13/2 /; X(t) [Rlo< 1 —Q(t—u)Q)

- R?—(t—u)211< RQ_(t_“)2>]dt

2

R /u+R

+—== X(t)dt
2103/2 u—R ( )

[t—u

R u+R arcsin( = ) R R
+4P3/2/U—R |t — ul (t)(/o {0(2(308(9) cos 6 1(2(:089)] d@)dt

(2.47)
The second term on the first line of (2.47) is obviously bounded by Cp~3/2, and, using
the fact that ||X||z(r) is finite, the first term on the first line of (2.47) is bounded
by

2R Supgef X(t) /w/2 I R 058 ) cosd di — 4sinh (£) sup,cp X (t) <o,
03/ 0 2 p3/2

where the equality follows from Lemma A.1. Also, since Iy(x) > I(x) for x > 0,
the integrand of the term on the second line of (2.47) is positive, and is therefore
bounded by

2 X 7T/2
R sup;cp X (t) I R cosf | cosf — I i cosf | cos? 0| df
032 0 2 2
_ 2R? SUP¢er X(t) (2 sinh (%) e_R/Q)

p3/2 R2 R
<%y C—f <Cp,
PP

where we used Lemmas A.1 and A.2 to evaluate the integrals exactly.
Meanwhile, the term on the third line of (2.47) is manifestly bounded above by
CRp=3? < Cp~t.
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On the other hand, the final term of (2.47) is

) (R
Iy 5003«9 cosOdo | dt

[t—u]

R /u+R /arcsin( =
t—u|X(t
4p32 | g | | (><0
R u+R arcsin( |t;:“‘ ) R
- — t—u|lX(¢t L[ = 0 do| dt
e <></0 (G eost) as ) o

which, when adding the remaining two terms from (2.45), becomes
)
l2[0 (% cos 0) cosf — I <§ cos 9> cos? 0
-1 <§ cosé’) } dé’) dt,

which, using the identity sin? @ + cos?§ = 1, can be expanded as

)
{[0 (g cos 9) cos

-1 (g cos 9) cos” 6] d&) dt (2.48)
=

R u+R arcsin( = ) R .
4p3? /U_R |t —ulX(t) (/0 I (5 cos 9) sm29d0> dt.

Note that the integrand of the inner integral of the first term in (2.48) is positive, as
In(x) > Ii(x) for x > 0. Thus, we may bound the first term in (2.48) by

R2 u+R w/2 R R
X Iy | = Y S i 2
20%/2 (/u_R (t)dt) (/0 {0(26039> cosf 1<20089) cos 6} do

[t—u]

R u+R arcsin( =
oo [, - [

[t—u]

R u+R arcsin( =
o [ 1o f

_ ClXllp@ R? | 4sinh (F)  2¢ 72
o p3/2 R2? R

1 R
co(t-T)zap

pop

where we made use of Lemmas A.1 and A.2, and the finiteness of || X||1(). As the

integrand of the second term in (2.48) is also non-negative, this term is bounded by

2 u+R w/2
A / X(t)dt / L ECOSG sin? 0 df
4032 \Ju-r 0 2
CR?® [ 4 | R 2
= W E Slnh 5 — E
1 R 4
<c(5+m) <o
where we made use of Lemma A.2. This concludes the proof. n
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2.4.4 The lower bound on the entropy-flux

Lemma 2.30. The entropy-fluxz has the following decomposition,

(o) =il + 5 [ ([ 10~ 0slslas ) v a

wy [ ([0 s=nsilas) xwar

Proof. For the entropy-flux we have

(2.49)

o(pu0) = [ o)yt + [ (X (0
R R
and, in view of the decomposition o(p, u, s) = ux(p,u, s) + h(p, u, s), we have

U(p,u, 8) :0(p7u - 870) + SX(p,U - S)

= [ FHpu— sty @i+ [ o= sox@

—l—s/xﬁ(p,u—s,t)Y(t) dt—l—s/xb(p,u—s,t)X(t) dt.

R

It therefore follows from (1.15) that
") = [ olpus)i)ds = [ [ Hou— sty euts) drds
+/R/Rab(p,u—s,t)X(t)w(s) dt ds
+/R/Rsxﬁ(p,u—s,t)Y(t)1/)(s) dt ds
+ [ [ o= s0x i ds

By applying the Tonelli-Fubini theorem and substituting for ¢ (w) = Twlwl, we obtain

S—

_|_
%\/\
T
DN | —

(o) = ﬁ@m—awﬂﬂw)ymdt

o’ (p,u — s,t)s|s] ds) X(t)dt

(/3
+/R (/R %Xﬁ(p,u—s,t)Y(t)SQMds) Y (t) dt
# [ ([ 3eeu-sosilas) xwa
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Hence, recalling the decompositions in terms of h* and k'’ (cf. Theorem 2.4), we get

q“(p,U)Z/R(/R%(
J(L
w [ ([ s - oviosisias) v

+A(Aéxb(p,u_s_t)s2|syds> X(t) dt.

from which the result follows straightforwardly. O

—~

u—s)xp,u—s—t)+ R (Ru—s—t)) s|s| ds) Y(t)dt

((u— X (pyu—s—1t)+ B (Ru—s— t)) s|s| ds) X(t)dt

DN | —

The content of the following lemma is to show that h* and h” are indeed entropies

in the isothermal region {p > 1}. The proof is by direct calculation.

Lemma 2.31. In the region {p > 1}, we have

1 , 1 _
hfw - ;hfw =0 n(l,00) xR, th - ;hzu =0 in (1,00) xR,
1 1
R*(1,u,s) = 5 sgn(u — s), R(1,u,s) = —3 sgn(u — s), (2.50)
i _ b _
hp(17 u, S) - 07 h’p<17 U, S) - 5;257

since p(p) = 0 in this region, where

hﬁ(ﬂ? U, S) = Uﬁ(loa u, 5)_uXﬁ(P7 U, 5)7 hb(pa U, S) = O-b(pv U, 3)_UXb(Pa U, S)‘ (251)
Lemma 2.32. In the isothermal region {p > 1}, the convolutions of h* and h’ admit
the bounds

1
‘5/ (/ R¥(p,u — s —t)s]s] ds) Y (t) dt‘ < C(plul*+ p+ plogp),
R \J/R
‘1

5/]1@ (/R R (p,u— s —t)s]s] ds) X(t) dt’ < C(plul*+p+ plogp). 5

Proof. Since hf and h’ obey the entropy equation in the region p > 1, we can generate

these functions using the entropy kernel and their initial data at p = 1. Specifically,

ie.,



where, by the convolution symbol %, we mean

1
hﬁ(]wuv ) * Xb(p7ua ) = / hﬁ(LS,O)Xb(Pa% S) ds = §/Sgn(3)Xb(PaU, 8) ds.
R R

Thus,

1
h(p,u) = §/ngn(8)xb(p,u7 s)ds, ’(p,u) = xh(p,u) — B (p,u) for p>1.

Hence,

%/R </Rhﬁ(p,u—s—t)s|s|ds>m)dt:
E/R (/R (/ngn(r)xb(p,u—s—t,r) dr) s|s|ds) Y1) dt.

(2.53)
It is not obvious that the above integral is nicely controlled. However, since x and o
obey (1.14) and (1.16), respectively, they are each compactly supported in u for fixed p
by Theorem 1.12. Hence, supp h(p,-) C [—k(p), k(p)], and the non-zero contributions
due to hf and A’ need only be considered on this set.

In particular, in (2.53), h*(1, s,0) need only be considered for |s| < k(1). Hence,

'%/R (/Rhﬁ(p,u—s—t)s|s|ds)Y(t)dt‘
:i /ngn(r) (/R (/Rxb(p,u—r—s,t)Y(t) dt) s\s|ds> dr
g%/_i(;)) %/R (/Rxb(p,u—r—s,t))/(t)dt) sls|ds

We note that the quantity inside the absolute value is precisely equal to

(2.54)

dr.

/?(Y(U—T—S—logﬂ) +Y(u—r—s+logp))s|s|ds
R

+/R/Rg[\/(bgp);ig(/;_r_t>2[1<\/(10gp)2 —Q(U—f—t?)
_IO<\/R2—(u—r—t)2

9 ) :| ]1|ufr7t|<logpy(t)5‘3| dt d$7

which is controlled in the same way as | J2(p, u—7)| +|J5(p,u —7)| (¢f. Lemma 2.24).
Indeed, the only difference between this and the term above is the presence of Y

instead of X in the convolutions.
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Now, since
| Ta(psw—7)| + | Ts(p,u—1)| < C (plu—r* + p+ plog p)
< C (plul* + p+ plog p) + Cplr|?,

we see that

‘%/R(/Rhﬁ(p,u—s—t)s|s|ds)Y(t)dt‘
k(1)

< C (plu® + p+ plogp) +Cp/ |r|* dr
—k(1)
< C (plul*+p+ plogp)

as anticipated. Similarly, for the term

1
—/ (/ hb(R,u—s—t)s\s|ds> X(t) dt,
2 Jr \Ur
the term involving x# is
1
—/ </X§L(p,u—s—t)s|s|ds)X(t)dt
2 Jr \Jr
1
= —/ (/ Xﬁ(p,u—s—t)X(t)dt) s|s|ds
2 Jr \Ur

— g | ([ tu=s-oxaa) sislas

We notice that the term on the right-hand side is precisely

9 lo 2 — s —t1)2
%/R/Rﬁlo (\/( gp)?—(u—s—1t) )]lmSt|<long(t)s|s]dtds,

2

which is controlled in the same way as 9,7, (¢f. Lemma 2.26). Indeed, the only
difference between the term in question and 8uj1 is the presence of X instead of Y
in the convolution. Since |9, (p, u)| < C (plul + p+ pv/logp), we get
1
‘5/ </ Xo(p,u— s —t)s]s| ds) X(t) dt‘ <C <p|u| +p+ leogp)
R \JR
< C(plul> + p+ plogp),

where we applied the Cauchy—Schwarz inequality to obtain the final line. As a result,

we deduce

1

5/}R (/th(p,u—s—t)ﬂs]ds) X(t)dt' <C (plul*+p+ plogp) ,

which concludes the proof of the lemma. n
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Lemma 2.33. In light of Lemmas 2.30 and 2.32, we have
q(p,u) > uij(p,u) — C (plul* + p+ plogp)  for (p,u) € [1,00) x R, (2.55)
From Lemma 2.23, the special entropy-flux admits the lower bound
q(p,u) > Cplul’ = C (p+ p(logp)')  for (p,u) € [1,00) x R. (2.56)

Remark 2.34. Note that Lemmas 2.24, 2.26, 2.29, and 2.33 have completely shown
the validity of the first half of Lemma 2.5. Meanwhile, the second half of Lemma
2.5 follows easily by combining the results in [64] for the leading order terms of the
expansions (1.20)-(1.21), along with the bounds on the remainders.

2.4.5 Two useful results for Taylor expansions

Lemma 2.35. For any p > 0, we have 7(p,0) = 0.

Proof. Observe that, since x(p,-) is even due to Lemma 2.7, we have 7(p,0) =
1 o x(p, s)s|s| ds = 0, as the integrand is odd. O

Lemma 2.36. By direct calculation, we have that, for p > 1,

00 = [ ([0, =s = st as) vyt
+%/R(/th(p,—s—t)s\s\ds> X(t)dt.

By Lemma 2.582, we get |G(p,0)] < C (p+ plogp).

(2.57)

2.4.6 Results regarding the relative internal energy

We focus on the relative internal energy with respect to end-states (p*, u*) through
(p,u), i.e., e*(p, p), defined by the formula (1.27) (¢f. Definition 1.14).

Lemma 2.37. Assuming that p satisfies the assumptions of Definition 2.1, the fol-

lowing results regarding e and e* hold:
1. e(p) >0 and ¢'(p) > 0, and e(p) = 0 iff p = 0;
2. ¢*(p,p) >0, and e*(p, p) = €(p, p) = 0;
3. ex(p,p) = —(p— )P, (. p) = =22, and €}, (p, p) = 2,
4. sgney(p, p) = sgu(p — p), and hence e(p, p) = €,(p, p) = 0 iff p = p.
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In particular, due to the last point, we have that if p < p < p < g, then

e (p,p) < e (o, p). (2.58)

Proof. The first three points follow directly from Definition 1.14 and the assumptions
of strict hyperbolicity and genuine nonlinearity. For the fourth point, note that the
fundamental theorem of calculus gives, by letting g(y) := ye(y),

e (0.0) = 4'(p) — 4 (p) = / ") dy,

provided p > p. Note also that ¢”(y) = p'(y)/y, which is locally integrable in [0, c0),
since ¢"(y) = O(y" ') as y — 0, and v > 1. Further, ¢” is strictly positive by
the assumption of strict hyperbolicity, from which the result for e follows, since the
integral of a strictly positive integrand is itself strictly positive. Additionally, suppose

that e*(p, p) = 0 but that p # p. Assume without loss of generality that p < p, then

p
0=e(p,p) —/ ey(y, p) dy,
P

but the right-hand side is strictly positive since it is the integral of a strictly positive
integrand. This is a contradiction.
.

Finally, suppose that p/ < p < p < g/. Then e*(p,p) = ) ex(p,y) dy and, using

the third point of the Lemma,

(o) = | "y - p>¥ ws [ "y - p’)p’;y) dy

=/

ﬁ/ /p, r * / * / =/
S/ (y—p) ;y)dyz/ ex(py)dy =e*(p', p'),
P p

/ /

where we made use of the non-negativity of the integrand. ]
The following result plays a crucial role in our later energy estimates.

Lemma 2.38. There exists a positive constant C such that
p+plogp <C(1+e*(p,p)  forp>1. (2.59)

Proof. Recall from Lemma 2.37 that

€pp(ps D) = for p > 1.
Integrating in p twice yields e*(p, p) — (p — 1)e;(1,p) — €*(1,p) = plogp — (p — 1).
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Recall that the reference function p was chosen to be smooth and constant outside
of a compact set. Given that the functions e(p) and pe’(p) are continuous on [0, ),
there exists a positive constant M = M (p,~y) such that |e(p)| + |pe’(p)| < M. Thus,
there is a positive M = M (p,) such that [e}(1, p)| +e*(1, p) < M. Hence,

plogp < M(e*(p, p) +p+1). (2.60)

Additionally, since
such that

Tiresp — U as p — oo, there exists a positive R=RM)>1

p <
1+ plogp = 2M

0< for all p > R.

Hence, p < (R+ 517) + 570 log p for all p > 1. In view of this and (2.60), there exists
a positive constant M = M(M,~, p) such that

plogpﬁM(e*(p,ﬁ)—{—l) for all p > 1.

Combining the above inequality with p < (R + ﬁ) + ﬁ plog p yields the result. [J
We straightforwardly deduce the following result, which features in Lemma 2.47.

Corollary 2.39. There exists a positive constant C such that
0<p+plp) <CA+e(p.p)  forp>0. (2.61)

Finally, we conclude the proof of Lemma 2.5 by showing the validity of (2.12).

Proof of (2.12). Arguing as we did in Lemma 2.38, there exists R such that e*(p, p) >
%plogp for all p > R. Hence, in view of Lemma 2.26, the inequality is verified for
all p > R. The inequality is also verified for p < 1, in view of the expansion at the
vacuum provided by Theorem 1.12, as stated in [16, Section 3.1]. It remains is to
consider the interval p € [1,R]. Let p € [1, R] and, for fixed 5, and M > 0 to be

chosen,
9(p) = plim(p, 0) = 1 (p, 0)[*,  flp) == Mew(p, p) — g(p).

There are now three cases to consider, depending on where p lies. Suppose firstly that
p € [0,1). Then, since e*(p, p) = 0 if and only if p = p, we know that, in this case,
e*(p, p) is strictly positive on [1, R]. Thus, by continuity, there exists a small constant
6 > 0 such that e*(p, p) > 6 for all p € [1, R]. Since g is continuous on a compact
set, it achieves its bounds, thus there exists M > 0 such that |g(p)| < M for every
p € [1,R]. Thus, letting M = 2M /8, we see that f(p) > M for all p € [1,R]. The

same argument works when 5 € (R, 00). It remains to consider the case g € [1, R].
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Firstly, observe that, by differentiating the entropy equation (1.12) in u, we get

. L.
nupp - Pnuuu = 0, (262)

where 7,4, is well-defined and continuous since 7., (p, u) = 2x(p, u), by direct compu-
tation (¢f. Lemma 3.27). From (2.62), it follows that the derivative 7,,, is well-defined
and continuous for p > 1. In view of this, we deduce that g € C*([1,0)). Hence, we

have
f"(p) = Me;,(p,p) — g"(p)-
'(p)

Since €},(p, p) = pT is strictly positive and continuous on [1,00), we know that it
achieves its infimum on the compact set [1,]:3}, and that this infimum is positive.

Similarly, ¢” achieves its bounds on this compact set. Thus, by choosing

-1
M =2 sup |g”(p)|( inf_e (p, p)) ,
P

p€[1,R] €[1,R]

we get f"(p) > 0 for p € [1,R]. Thus, for p € [1,7], using f(p) = f'(p) = 0, the

fundamental theorem of calculus yields

P , Pore "
-~ [rwa=- [ [ <o
P P Yy
Similarly, if p € [p, R],

p)—o:/ppf%y)dy:/pp/pyf'%z)dzzo.

In both cases, we get f(p) > 0 for our choice of M, as required. m

2.4.7 Entropies generated by C? test functions

This section is concerned with the case of entropies generated by compactly supported

test functions. In what follows, we give a complete proof of Theorem 2.6.

Lemma 2.40. For a compactly supported test function 1p € C*(R) with suppy) C
la,b], we have that, in the region {p > 1},

supp n¥ C{ueR: :logp+u>a—k(l),u—logp<b+k(1)}. (2.63)
Furthermore, there exists a positive constant Cy > 0 such that, for any p > 1 and

u€eR,

()] < 264

In particular, recalling the decomposition in Lemma 2.1/, we have that

C C
1T (py ) ve T2 (p, w)| < Cyn/p, and | T (p,u)] < —22

— . (2.65
‘_1—1—\/_ ‘_1+logp ( )
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Proof. Writing out the integral limits of the first term explicitly, we have that

k(1) min{R,b+t—u} / .
T = VP /_k(l) </ i I (M) P(z+u—t) dz) Y(t)dt. (2.66)

2 max{—R,a+t—u} 2

It is immediate from the above formula that, if b+t —u < —R,orifa+t—u > R,
this first term vanishes. This means that, in order for jlw to be non-zero, we require
a—R—k(1) <u<b+ R+ k(1), as in (2.63). Note that, by first bounding the

integrand using Lemma A.6 and then relaxing the integral endpoints, we obtain

o k(1) b+t—u
T (pyu) < m/ (/ Iy (5) dz) Yt < — 0P
2 “k() \Jati—u 2 1+ logp

(2.67)

as required, where we used [|Y'||1(r) < co. For the second term,

5 ) = | [P0 5 = o) + X (u— s+ 102 ) ds

b
< VAl X o= / p(s)] ds.

Hence, |7, (p,u)| < Cyy/p- Note again that, since the support of X is contained
within the interval [—k(1), k(1)], we have that J, vanishes if both u — s — log p &
[—k(1),k(1)] and u — s+ log p & [—k(1), k(1)], which again verifies (2.63).

For the third term, we note again that the support of j;z’ is contained in the

interval prescribed by (2.63), and it is controlled as shown underneath.

v VP R VIR~ (u—s—t)?
T3 (p,u)| < 4 /R/R \/RQ—(U—S—t)2ll< 2 )

A <¢ R? — (u—s— ’f)2> ‘]1|ust|<RX(t)@Z)(s) dt ds,

2

where the right-hand side of the above is bounded by

||77/}||LOO R k(1) min{R,b+t—u} m
P (®) / / I
AR s 0| ———
4 —k(1) max{—R,a+t—u}

2
2 2
l 11<”R Z)dz)X(t)dt.
RZ — 2 2

The innermost integral of the previous expression can be bounded above by

/2
2R/ Iy (g coS 0) cosf — I (g cos 9) ‘ do,
0
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by allowing the limits of the integral to be +R. This itself is bounded by

w/2
2R/ Iy (g cos 9) cosf — I (g cos 9) cos? 0‘ do
0

/2 R
+ ZR/ I (5 cos 9) sin” 6 d#,
0

using the identity sin®6 4 cos? = 1. Since the integrand of the first term is non-

negative, as Ip(x) > I(x) for z > 0, we can drop the absolute value sign, and, using
Lemmas A.1 and A.2, evaluate the whole of the above line to be equal to

16 R 4

- sinh ( 5 ) 4 < VP

N/ ~ 14logp

This proves that |7 (p, u)| < . This concludes the proof of the lemma. O

Cup
1+log
Remark 2.41. This immediately yields that |¢¥(p,u)| < Cypy/logp. However, this

latter estimate does not yield enough decay on the entropy-flux for later use. We

need the next lemma.

Lemma 2.42. For a compactly supported test function ¢p € C*(R) with suppt) C

la,b], there exists a positive constant Cy, > 0 such that
wT (p,u)| < Cyp  for (p,u) € [1,00) x R. (2.68)

Proof. By extending the compact set which contains the support of v if necessary,
assume without loss of generality that b > k(1) and that a < —k(1). Recall that

\/— min{R+u—t,b} \/R2 _ (U, — 5 — t)2

so that

ujl P, U )
\/_ min{ R+u—t,b} - \/R2 u e t)2
/ k(1) </rnax{R+ut,a}<u ° t 2 ¢(S) ds Y(t) dt

k(1) min{R+u—t,b} R2 — —s—1)2
LV / (s+ )1 VR = (u—s—1) W(s)ds | Y(t)dt.
2 —k(1) max{—R+u—t,a} 2
(2.69)
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Using the estimate provided by Lemma A.9 to bound sup,¢p g v1o (V RQZ_UQ) in the

integrand of the first term in (2.69), and the integral limits for the second, we get

k(

ny | <Co [ ([ wisnas) wona

1)
1)
R k(1) min{R+u—t,b}
+ M/ (/ |s + t||v(s)| ds> [Y'(t)| dt

2

—k(1) max{—R+u—t,a}
Cp k(1) b
<C! T ———— t ds | |Y(t)|dt
<Cont oo [ ([l tias) vl
Cyp
<Cupp+ —22
=tvP 1+ vlogp

where we used Lemma A.6 to get the second inequality. The result follows easily. []

Corollary 2.43. For a compactly supported test function 1 € C*(R) with suppt) C

la,b], there exists a positive constant Cy, > 0 such that
[uij(p,u)] < Cyp  for (p,u) € [1,00) x R. (2.70)

Proof. Since J3' and Jy are supported on |u| < (la| +[b] + £(1)) +log p, we see from
(2.65) that |uJy’ | + [uJy'| < Cyp. Now combine with Lemma 2.42. O

Next, we estimate a corresponding entropy-flux, using the bound on un?¥ provided
by Corollary 2.43.

Lemma 2.44. For a compactly supported test function ¢p € C*(R) with suppt) C
la,b], we have that, in the region p > 1,

suppq” C {(p,u) €RZ :logp+u>a—k(l),u—logp <b+k(1)}. (2.71)
Furthermore, there exists a positive constant Cy > 0 such that

lg”(p, Mz < Cop forp>1. (2.72)

Proof. Recall (1.15). Following a procedure analogous to the one in Lemma 2.30, we

get

o) =un(o) + [ ([ R 0wt as) v(oa

v [ ([ rru=s=oueas) xoa

An argument identical to the one in Lemma 2.32 then yields that the latter two
integrals on the right-hand side are controlled by C|n¥(p,u)|. Hence, |¢¥(p,u)| <
C|n¥(p,u)| (1 + |u|), which shows that supp ¢¥ C suppn¥, as claimed. An application
of Corollary 2.43 yields the result. m
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Lemma 2.45. For ¢ € C?(R) a compactly supported test function, there exists a
positive constant Cy, > 0 such that

Gy

150 ey + .M < T for 2 (273)

Proof. For the first bound, as n,, = p~'n,, it suffices to show that |n,| < Cyp. To this
end, we differentiate the terms jlw, jf, jf in u. We begin with 8u\71w, for which, by

first bounding the inner integrand and then relaxing the inner integral endpoints,
k(1) min{R,b+t—u} RZ _ 2
0,77 = Y2 / / I (—Z> Wzt u—t)ds | Y(t)dt
2 —k(1) max{—R,a+t—u} 2

/ btk (1)—u R
< OVRIIY e ll¥ ||Loo(R>/ lo (E) 4z

a—k(1)—u

R _ Cyp
< —
< Cov/plo (2) 1+ +/logp’

where we used Lemma A.6. Similarly,

0,75 | = < Cyn/p.

\/_/X "u+s—R ds—l——/X "(u+s+ R)ds

Finally, we see that
0,75 <

g /R ( / e, (—”%22_22) (= 4 u— 1) dz) X (1) dt

max{—R,a+t—u}

min{R,b+t—u} 2 __ .2
+\/_5/ / 1t 11<VR Z>W(z+u—t)|dz X(t) dt.
4 R max{—R,a+t—u} V R? — 22 2

As such, by first bounding the integrands and then relaxing the integral endpoints,

we obtain

ota "+ o b+k(1)—u R b+k(1)—u R
|auj3¢| SCt taly/PlY || L) (/ I, (—) dz+/ I (—) dZ>
2 a—k(1)—u 2 a—k(1)—u 2

<_ Cur
“1++/Iogp’

in view of the fact that x~'I;(z/2) is monotonically increasing, which concludes

the proof of the first bound. The same estimates hold for the second bound, with
|%'|| Lo () Teplaced by [|4"|| Lo (w). This concludes the proof of the lemma. O

Lemma 2.46. The fake mized derivatives admit the bounds

Cy

C
" Mo rmn < P =Y foro>1.

(2.74)
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Proof. Recall that the fake mixed derivatives are given by

3 3

Mo = 0 (07 00T = p720.77) 0 =D (00T = 0

i=1 =1
It is immediate from the second expression and the bound on pn¥,  in Lemma 2.45

C,
that [nf,| < A=

p 00T —p 20T =

For the first term, we have

! /km (W' (R+u—1t)+9/(~R+u—1)Y(t)dt

2032 J ka1
| R R V=
17 |\ v g )Vetu=n Y

_4/)%/2 /k(l) (/R I (—°R22_z2) P(z4+u—1) dz) Y (t) dt.

k(1) \/-R

(2.75)
The first term in (2.75) is manifestly bounded, in absolute value, by Cyp~%/2. The

last two terms in (2.75) can be grouped as follows

1 /k(l) (/R [ (‘/R2—z2)
- I A A
102 J iy \Jm | 2

- RzR— =1 ( R22_ Z2> }1//(,2 +u—t) dz>Y(t) dt,

which is bounded above (in absolute value) by

e [Y(®)]dt) '~ e / Io(m)_ R 1< R2_Z2)‘dz,

2p3/ 2 2 RZ —
which can be rewritten as

w/2
C;f?/ Iy (E cos 0) cosbt — I; (E cos 9) ' de.
P Jo 2 2

Using the identity sin?§ + cos? § = 1, the above term is dominated by

w/2
Ozf]j/ []0 (5 cos 9) cosb — I; (E cos 9) cos? 0} de
P2 Jg 2 2

w/2
+ CwR/ I (E 0089> sin® 0 d#.
0

203/2 2

Evaluating the previous integrals using Lemmas A.1-A.3, we obtain |0mp\71¢| < %.

Alternatively, bluntly bounding this term by

CwR /2 R /2 R
72 </0 Iy (5 cos@) c089d9+/0 I, (5 cos@) do |,
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we get the bound \8mp.71¢] < Cyp~'. Interpolating between this and the previous

bound gives the required estimate on ampjf". For the second term, JQw, we have
P_lapujzw - p_2au£¢

1 , 1 )
—1 " 1 7
_2p3/2/RX(S)¢ (u—i-S—R)dS—FW/RX(S)w (U+S+R)d8,

from which it is clear that |0,,,75 (p, pu)| < Cyp~32. It remains to bound d,,,Js -

We have, as before,

k(1) R 2 _ .2
i == [ (L (5)
4 J way \Jor 2

_ B 11( R2_22>}¢’(z+u—t)dz>X(t)dt,

2
from which it follows that

p 0Ty — p0,Ty =

1 /k“) (/_R {[0 (W) _2(R-1) I (m)

8032 ) ky \J & 2 R? — 22 2
2 JRZ — 2
+R2R_z212( R2 il ”w(zﬂ—t)dz))c(t)dt
1 k(1) R ) )
_W/k(l) (1—1) (W (R+u—t)+¢Y'(—R+u—t)) X(¢)dt.
(2.76)
The second term in (2.76) is manifestly bounded by W. The first term in

(2.76) is bounded by

CtotalHWHLoo(R) R
8p3/2

; R2 _ ;2 _2(R—1)I VRZ 22
0 2 RZ_ 2" 2

R2 RQ _ 22
* R? — 22 & ( 2 )
which can be rewritten as

/ /2
Crotat|[ V|2 ®) / RI, (g CoS 9) cost — 2RI, (g COS 0) + 21 (g COS 9)
0

4p3/2
R R
+ COSQIQ (5 cos (9) ‘dﬁ,

—-R

(2.77)
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which can be split up into

Cy /2 R R ,
W{R/ I (50089) cost — I (50089) cos“ 6| db
+R/ <— cos@) sin? 6 do
+R/ I (gCOSQ) -1 (gcosﬁ) cos 6
+R/ 501(1)1809 (— cos&) do
+2/ I (gcosﬁ) d@}.
0

In the above, each integrand is non-negative. We can thus remove the absolute values
O

do

and, using Lemmas A.1-A.5 to evaluate the integrals, bound (2.77) by plogp

Altogether, Lemmas 2.40-2.46 completely prove Lemma 2.6, as desired.

2.5 Uniform estimates on solutions of the Navier—
Stokes equations

2.5.1 Standard energy estimates

Below, m® = pfu®, and recall that the smooth solutions (p°, u®) of the Navier—Stokes
equations (1.25) are provided by the main theorem in [45] (¢f. [80, Theorem 3.1]),

with (p§, uf) smooth initial data uniformly bounded away from the vacuum.

Lemma 2.47 (Lemma 3.2 of [80]). Let E[pj,uj] < Ey < oo, for some constant
Ey > 0 independent of €, and suppose that (p°,u) is the smooth solution of the
Cauchy problem (1.25) with initial data (pf,u). Then, for any T > 0, there exists a
constant M > 0, independent of ¢, but depending on Ey, T, p,u, such that

sup E[p°, u°] / /5|u 1> dx dt < M. (2.78)
t€[0,T]

Proof. For brevity, we omit the superscript ¢ in this proof. Direct calculation yields

%E[p, ul(t) = ;Zt/n (p,m dw—/W p.m) - (pr, my) do,

as the reference functions (p,m) are independent of t. Meanwhile, multiplying the

first equation in (1.25) by 3(p,m) and the second by 7, (p,m) and adding, we get
n(p,m)e + q"(p,m)e = €ny,(p, M)ty
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Recall that 0¥, (p, m) = u, from which an integration by parts yields

C Bl (1) = 4" (pm_) — 4" (pam) 2 / g2 e — / Vo (p.m) - (peye) d.

Using both equations in (1.25), we control the last term on the right-hand side,

’/W p,m) - (pr, my) da

/ Vit (p,m) + (Mg, (pu* + p(p))s — Ellay) da

< / (V7 (5, )) - (m, pu? + plp) — 0| d

+ |V77*(:57 m) : (mv pu2 +p(p) - 6u;r)|z:—oo

Lo
Sg/|u$|2d1‘—|—M/p|u—u|2dx+M(1+/ (p—i—p(p))dx),
R R

—Lo
since the reference functions are constant outside the interval [—Lg, Lo| and u,(¢,-) €

L?(R). Finally, applying Corollary 2.39 yields

L plpalt) 5 [ s < 0(1+ Elpl),

and the result follows at once from an application of the Gronwall lemma. O]

The second uniform estimate is the following, and is based on a slight modification
of the standard argument of [16, Lemma 3.2], which relied on the previous ideas of

Kanel’ in [49]. As such, we do not include a proof, and simply state the result.

Lemma 2.48 (Lemma 3.3 of [80]). Let (p§, uy) be initial data such that

e (r 2

52/ M dx < Fy < o0, (2.79)
r P5(2)

for a constant Ey > 0 independent of €. Then, for any T > 0, there exists a constant

M > 0, depending on Ey, Ey, p,u, T, but independent of € > 0, such that

e ] [

The third estimate is concerned with the higher integrability of the density. Once

pE)? drdt < M. (2.80)

again, we omit the proof, as it is standard (cf. [16, Lemma 3.3]).

Lemma 2.49 (Lemma 3.4 of [80]). Let Ey[pf,u5] < Ey < oo with Ey independent
of € and let K C R be compact. Then, for any T > 0, there exists a constant
M = M(Ey, K, p,u,T) > 0, independent of € > 0, such that

/0 ' /K Pp(p°) du dt < M. (2.81)
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2.5.2 Higher integrability of the velocity

The final estimate of this section is concerned with the higher integrability of the
velocity. The method of proof follows that of [16, Lemma 3.4 to the letter, but it
now requires the results contained in Lemma 2.5. In order to perform the necessary
manipulations, we need to derive a Taylor expansion for the entropy pairs near the

end-states. This is encapsulated in the next lemma.
Lemma 2.50. Define

i(p,m) == n(p,m — pu_),

y . . (2.82)
q(p,m) == q4(p,m — pu_) +u_i(p,m — pu_).
Then, 11 has the following Taylor expansion, about m = pu_,

where 7(p, pu) < Mplu — u_|* for some positive constant M independent of .

Proof. From Lemma 2.35, we know that 7j(p,0) = 0. As this is true for every p > 0,

we also have 7,(p,0) = 0. Now for p > 0 fixed, we have, in the vicinity of m = 0,

n(p,m) = mim(p,0) +r(p, m),

where, using the integral form of Taylor’s theorem,

2

mo m
)] = | [ o) om = ) | < M7 = Mgl
0

where the inequality follows from Lemma 2.5. Translating by pu_ and defining

7(p,m) :=r(p,m — pu_) readily yields the desired result. O

Lemma 2.51 (Lemma 3.6 of [80]). Let the initial data (p§, u) satisfy that, in addition
to the conditions required for Lemmas 2.47-2.49,

/Rpg(a:ﬂuf)(a:) —u(z)|de < My < oo, (2.84)

where My > 0 is a constant independent of €. Then, for any compact set K C R and
T > 0, there exists an M > 0 depending on K but not on €, such that

T
/Lpfyufydedth. (2.85)
0
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Proof. In this proof we omit the € superscript. Testing the governing equations for

the viscous solutions (1.25) against 7, and 7,,, respectively, and adding, one obtains

/ / m); + 4(p, M)y — Etgaiim(p, m)) dy dt = 0.

Integrating by parts yields

/m (71(p, m)(T. y) = 71(po, mo) (y)) dy—e/TuwmdtJre/ / |tz |? dy di

—00

+€/ / ,Ogcuwmpdydﬂr/ q(p,m)dt —Tq(p—,m_) =0,

where we emphasise again that 7,,,,(p, m) = 0,7 (p, pu) and . (p, m) = Ouiim(p, pu)
are the fake mixed derivatives (cf. Definition 2.27). Integrating over a compact set
K C R yields

T
//(](p,m)dxdt
0o JK
T/ G(p—,m_ d:t:+// 1(po, mo) dy dx
y . (2.86)
- n(p7 m)(T,y) dy dx + ¢ Uy da dt
K J - 0 K
T T T T
_5/ // ﬁmu’ux‘2dydxdt—€/ // quxﬁmpdydl’dt
0 JKJ-oo 0 JKJ-

:Jl+"'+J6-

The first integral .J; is manifestly bounded by a constant M = M(|K|,p—,m_,T).
The third integral J; is bounded by

/K /oo A(p(t,y), m(t,y)) dy da|

and we will bound the second integral J> in the same fashion as the term above. For
the fourth integral, we have, using Lemma 2.5, that |J4| is bounded by

T T
5/ / |uxﬁm]dxdt§5M/ /(|u| P+ (14 /108 )1y )|ua] dar .
0 K 0 K

Using the Holder inequality and the uniform estimates of Lemmas 2.47 and 2.49, the
right-hand side is bounded by M (1 + ¢ fOT [y [ul? dz dt).

|J5] < sup
t€[0,T]

Claim 2.52. The term ngT [y [ul? da dt is bounded independently of €.
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We postpone the proof of the claim for the time being. Meanwhile, from Lemma
2.5, the fifth integral J5 is bounded in absolute value by

T T T T
|J5] Ss/ / / |f7mu||ux|2dydmdt§5M/ / / |ug|? dy dx dt < M,
0 K J—c0 0 K J—x

using Lemma 2.47. The sixth integral Jg is bounded in absolute value by

T x
<= [ ol dy dzdi
0 K J—c0
T T T x
SsM/ // \p$|2|ﬁmp|2dydxdt+sM/ // lug|* dy dx dt < M,
0 K J—0c0 0 K J—0c0

using Lemmas 2.5, 2.47, and 2.48. In summary, we have from (2.86)

T
/ /cj(,o,m)da:dth—i-2 sup // ,y)) dy dx|
o JK t€[0,7]

from which one obtains

T T
/ /Q(p,m—pu)dxdt§M+|u]/ /|ﬁ(p,m—pu)\dmdt
0o JK

+ 2 sup

t€[0,7) // 1)) dy d

=M+ J + Jj.

(2.87)

Using Lemmas 2.5, 2.24, and 2.38, the first term can be estimated as follows

T
=|u_|/ /m(p,m—pu_)ma:dt
0 K

T
< M/ / (p|u—u_|2+pe(p)]lp<1 + (P+p10gp)]lp21) dz dt
0 K

gAJ(L+ATEmUKﬂm),

which is uniformly bounded, by Lemma 2.47. Next, consider .J;,. We have

\ | o) dy\ < \ [ o) = it o>p<u—u—>dy\

+ ‘/; fm(p; 0)p(u — u™) dy’ :

Using the Taylor expansion (2.83), the right-hand side is bounded above by

J ([ Py [ a0~ into-0Pay
Hlin(o-0)| [ ptu= ) )
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The first term of (2.89) is manifestly controlled by |K|sup,cj ) E[p, ul(t), which is
bounded independently of €. We bound the last two terms of (2.89). By integrating

the mass and momentum conservation equations in time and space,

| ottty —uyay - |

—00 —00

_ /Ot (pu® + p(p) — p(p-) — puu_) dr + s/ot Uy dT.

T

poltio — @) dy + / ool — u_) dy

—00

x

Now, we have, using the Cauchy—Schwarz inequality,

t t t 1/2
s/ / Uy dT d:tga/ / |um]dxd7'§\/g(5/ /|ux]2dxd7') < VeM,
K 1Jo 0 JK 0o JR

and
t
/ (pu? +p—plp-) — puu_) dr
0

J,

“Jl
¢ ¢

SM//p|u—u_|2dxdT+M//pdxdT+/
0 JK 0 JK K

which is manifestly bounded independently of € using Lemmas 2.38 and 2.47. Clearly,

dx

dx

/t (plu —u_|*+p—plp-) +u_plu—u_)) dr

/ (0(p) = plpL) dr] d,

we also have

J,

from the hypothesis (2.84). Assuming without loss of generality sup K > Ly,

J,

/ po(uo—ﬂ)dy' dmﬁ/ /p0|u0—ﬂ]dydx§Mo|K|,
K JR

—0o0

dx

/x po(t — u-)dy

- sup K
SIKI/ polti — u_|dy

sup K

po|u—u_|dy+|K|/ polus — u_| dy

min{Lg,sup K}

min{Lo,sup K'}

= |K]|
—Lo
sup K

S M/ Po dyv
—Lo

which is finite, since py was assumed to be locally integrable. In the above, M =

M (|K]|, po, Lo, u+,u_), so the above bound is independent of ¢.
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Also, an application of the fundamental theorem of calculus and Lemma 2.5 gives

1 ' X
3 / / plim(p,0) = fim(p—, 0)|* dy dax
K J -

S// Pl (p,0) — N (p, 0 IQdyder// P|7m (P, 0) = Tim(p—, 0)|* dy dz

min{Lg sup K}

<M / / “(p, p) dy s + | K| / plim(5,0) = (o, O) dy
sup K

min{Lg,sup K}

SM(/SupK (e*(p(t,y), pt,y) + p(t,y)) dy)-

—00

Appealing to Corollary 2.39, we get

s<ﬂf(1<+ SUP!/néxpﬁay%fﬁtﬂﬁ)dy)-

Pl (p,0) = fim(p—, 0)|? dy da
—o0 te[0,7] J R

As a result, the middle term in (2.89) is bounded by M sup,¢(o 1) E|p, u](t), which is

bounded independently of ¢, by Lemma 2.47. Hence, we have shown

m(t,y)) dy dx

<M,

and thus, by referring back to (2.87),

T
/ /C](p,m—pu_)dxdtSM.
0o JK

In view of Lemma 2.5, the previous estimate yields

T
/ / plu —u_|® dx dt
o JK
T
< M(l + / / (plu—u_|* + (p+ p(log p) Vo1 + p1ycr) da dt),
o JK

and the right-hand side is uniformly bounded, by Lemmas 2.47 and 2.49. [

Proof of Claim 2.52. We follow the strategy in [16, Lemma 3.4] to the letter. Begin
by observing that, due to [16, Lemma 3.1],

wp/ “(p(r, 2, 5(x)) d < C(2).

T7€[0,¢]

Hence, there is a strictly positive non-decreasing function of time C(t) such that

/ e plta), pla)) de < O(1) (2.00)
{z€Rip(t,2)<p(x) /2}
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Define the constant p := min{p_, p+}. Due to the monotonicity of p we have that
p < p(z) for every x € R. Thus, for every z in the set {zx € R : p(t,z) < p/2}, we
manifestly have p(t,z) < p(x)/2. In view of (2.58) (c¢f. Lemma 2.37), we therefore
have

€ (p/2, ) Lgp<pyzy < €7 (p(t, ), p()) Lip<p/2y- (2.91)
Integrating (2.91) in x and using (2.90), we obtain the Markov type inequality

C(t)

e (p/2,p)
Suppose without loss of generality that K contains an interval [a, b] of length at least

2C(t)/e*(p/2, p). Now define

Hz e R:p(t,x) < p/2}] <

A:=[a,b]Nn{x e R: p(t,z) > p/2}, B :=[a,b|Nn{z € R:p(t,x) < p/2}.

It is clear that |B| < C(t)/e*(p/2, p), and thus, by taking complements within K, we
deduce that |A| > C(t)/e*(p/2, p). Since the latter quantity is positive, it is legitimate

to define the mean value of uw on A to be
1
ut)i= o [ att.w)d.
Al Ja
Then, observe that for any = € [a, b], at this fixed ¢, we have
ult, )| < fuat)] + [ Jusldy (2.92)
K

Remark 2.53. Indeed, for any x € K and a € A, we may write u(t,x) = u(t,a) +
[ uy(t, y) dy. Integrating in a over A and dividing by |A| gives (2.92).
It follows straightforwardly that

1 1 2
a0l < o [Tty < W\/% [ VAt dy

< \/% (/K p(t,y)|U(t,y)l2dy) " (2.93)

2¢*(5/2. )

<\ Tl e ),

in view of Lemma 2.47. Using the previous inequalities and Lemma 2.47,

t t t
5M/ / |u|? dz dr < M <5/ /|u$|2 dxdT—l—/ |u,4(7')|2d7'> < M.
0 JK 0 Jr 0
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Remark 2.54. The bound in (2.93) does not depend on the value p. Indeed,
2e*(p/2,p)/p=e(p/2) —e(p) + pe'(p) — 0  in the limit as p — 0.

In turn, we are free to choose initial data that achieve vacuum in the limit as ¢ — 0.

Finally, we collect the assumptions on the regularized initial data (p§,u) for
Lemmas 2.47-2.51, and the main theorem of Hoff [45], to hold (cf. [80, Remark 3.7]).

Definition 2.55. We say that a family of functions {(p§,u§)}es0 is an admissible

sequence of initial data if the following assumptions hold.
e The initial data must be of finite energy, i.e., sup, F[p§, uj] < Ey < oo.

e The initial density must satisfy a weighted derivative bound, i.e.,

¢ (¢ 2
sup 2 de < FE; < .

€ g PH()

e The relative total initial momentum should be finite, i.e.,

£

sup/ po(x)|ug(z) — u(x)| de < My < oc.
R

e The initial density stays strictly away from the vacuum, i.e.,

dc > 0 such that pg(x) > ¢ for all z € R.

2.6 Compactness of the entropy dissipation mea-
sures

In this section, (p°, u®) are the solutions of the Navier—Stokes equations (1.25) gener-
ated by an admissible sequence of initial data, as per Definition 2.55. In what follows,
we show that these viscous approximate solutions converge weakly, and prove that
the family of entropy dissipation measures generated by them is compact, in some
sense. This enables us to derive the Tartar—Murat commutation relation in the next
section. This relation is an essential tool in reducing the Young measure generated

by the viscous solutions, which allows us to prove their convergence in measure.

Lemma 2.56 (Weak compactness of p°). There exists a function p € L} (R%) such

loc

that, on any bounded subset U C R3, there exists a subsequence {p*'}o such that

El

p° —p in L*(U).
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Proof. Fix any compact set K C R and any 7' > 0. Then, an application of Lemma
2.49 on each of the sets {p* < 1} N ([0,7] x K) and {p* > 1} N ([0, T] x K) shows

that there exists a positive constant C'x r, independent of ¢, such that

T
/ / 5t 2)|? da dt < Crer (2.94)
0 K

Let V,, := [0,n] X [-n,n|, and observe that {V,},en is a countable cover of nested
sets that cover the plane R% = Unen Voo Starting with n = 1, the Banach-Alaoglu
theorem implies that there exists a square-integrable function p; for which a subse-
quence p° — p; in L2(V}). Going down further subsequences, we find that for each
n € N, there exists a subsequence pa(n) and a square-integrable function p, such that
,05(") — p, in L*(V,,). So, in accordance with the Lebesgue differentiation theorem
(¢f. [35, Theorem 1.32]), we legitimately define the limit function p € L7, (R%) by

p(t,z) = hm—/ 7,y) dT dy if (t,x) € int'V,,
0 = I B0 L™ ()

ie., p(t,r) = pu(t,x) for ae. (t,z) € int V,; in a sense, we require a further subse-
quence at each step n to ensure that we get convergence to the restriction of p to
a larger set. Note that this limit is well-defined: suppose that (¢, z) belongs to two
such sets int V,, and int V,,,, and assume without loss of generality V,, C V,,. Then,
£ s p,and p2 = pin L2(V,,).

}, we have that w-lim o p=" =

going down the finer subsequence €™ we have p

€™ is a subsequence of {p™"

But also, since {p
w-lim, ) p°" = pn, in the smaller set L2(V,). Then, by subtracting the two se-
quences, pn — Pm = W-lim,m) (ps(m) — ,05<m>) = 0 in L*(V,)). Thus, p, = pn in the
sense of L? functions on the smaller set V,,. Hence, for § chosen small enough such

that B(z,d) C V,,

1
(ry)drdy — ————= o (T,) dey‘
‘IB t, ), I/ (t.2), 1B((t,2),0)| Jp(tt.0)0)
1
~1B(({t,2),0)| - drd
|B((t,l'),5)| /B((tw)&) (pn(Tay) pm(T,y)) T y’
1

< B0 ) 1Pu(T,y) = pm(T,y)| dT dy.

V |Vn Hﬂn Pm”LQ(Vn

Using the Cauchy-Schwarz inequality, the above is bounded by B 0]

which is precisely zero for such chosen 9, as required. We have thus defined the hnnt

function p € L? (Ri) almost everywhere, as a locally square-integrable function.

loc

Then, given any bounded set U C RZ, there exists an n € N such that U C V,, on
which p=" converges weakly to p in L2(V,,) D L2(U), as required. O
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Lemma 2.57. There ezists a subsequence {p° }o and a function p € L? (R%) such
that, on any bounded subset U C Ri,

pF = p in L*(U).

Proof. As before, let V,, = [0,n] x [—n,n] be a family of subsets of R? which exhaust
the plane, in the sense that R? = Unen Voo Then, Lemma 2.56 shows that, for each
fixed n € N, there exists a subsequence {5;")}2":1 such that pe(k") — pin L*(V,) as
k — oo. Now, from the array {5?)}”7%1\], select a diagonal subsequence {€,(n)}nen
such that pfem — pin L?(V},) for any m, as n — co. Relabel this subsequence as ¢’.

This proves the result. [

Remark 2.58. Note that p* — p in L (R?%) certainly does not imply that n¥(p, m?)
converges weakly. Indeed, n¥ € C?*(R%), but is not necessarily continuous with respect
to the weak topology on L*(R?%). In fact, we do not even have the weak convergence
of m® to a locally square-integrable function, so we must proceed differently and use

the entropy pairs directly.

Lemma 2.59 (Weak compactness of 7%(p°, m?) and ¢¥(p°, m%)). Let ¢ € C*(R),
and let 0¥ and q¥ be the entropy and entropy-flur generated by 1 through (1.13)
and (1.15). Then, there ezist two functions Z¥, WY € L} (R2), such that, for any

loc

bounded subset U C Ri, there exists a subsequence (pgl,m‘f'), such that

n(p,me) = Z¥ in L*(U),
qd) / /

(p°,m") =~ WY in L2(U).

Proof. We follow the same procedure as in Lemma 2.56. We consider, as before, the
sets V,, = [0,n] x [—n, n] which form a nested cover of the whole of the plane R%. On

each of those sets, we have, by Lemma 2.6,
" (", mo)] + 1g” (p°, m7)| < Cyp”,
which implies, using (2.94), that, for n = 1,
1% (0%, m*) [z + 16 (07, M) |22y < Cllpllizeny < C,

for a positive constant C' independent of . Thus, by the theorem of Banach—Alaoglu,
there exist a subsequence (p*"", m=") and functions Z*, W¢ € L2(V;) such that

) D) )
0 (2 meYy = 28 i LAV,
¢ (" mey =~ WP i LA(W).
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As before, we go down a further subsequence at each step n, and obtain the existence
of a subsequence (p=", me"™) and functions Z¥, W¥ e L2(V,) such that

(o™ me ) = 28 i LAV,
qw (pa(n) : ma(n)> N Wq/; in LQ(Vn)
Appealing to [35, Theorem 1.32], we may once again define

w . .
Z¥(t,x) = (1;13(1) B(t.2).0) / s (1,y) dr dy if (t,z) € intV,,
WY(t,z) = lim ——————— WY(r,y)drdy  if (t,z) € int Vj,,

-0 | B((t, 5'3') )| JB(t2).0)
so that Z¥(t,z) = Z¥(t,x) and W¥(t,z) = WY(t,z) for a.e. (t,z) € intV,; this
guarantees equality as L? functions. The same procedure as in the proof of Lemma
2.56 shows that this limit is well-defined. We have thus defined the limit functions
Z¥, W¥ € L7 (R%) as locally square-integrable functions. Then, given any bounded
set U C R%, there exists an n € N such that U C V,,, on which nw(ps(n),ms(n)) and
¢ (p=",m=™) converge weakly to Z¥, W¥, respectively, in L2(V,,) D L2(U). O

Lemma 2.60. Let v € C*(R), and let n¥ and ¢ be the entropy and entropy-fluz
generated by ¢ through (1.13) and (1.15). Then, there exists a subsequence (p°,m*)
and two functions Z¥, WY € L7 .(R2), such that, for any bounded subset U C R%
(" m™) =2 in LP(U), )
(7, mS)y =~ WY in LA(U). (2.95)
Proof. We first argue for n%(p*', m®') using the same strategy as in Lemma 2.57. Now
that we have found this subsequence (pfl,mal), use Lemma 2.59 to obtain subse-
quences {5,({")}20:1 of ¢¥(p*',m?") that converge in L?*(V},) for each fixed n. We once
again select a diagonal subsequence from this array, denoted by {€,(n) }nen, for which
q¥ (p°om ,mFem) converges to WY in L%*(V,,) for any m, as n — oo. This final sub-
sequence €,(,) was a subsequence of the original ¢’ sequence, so we also have that
n¥(pfem,mee) — Z% in L?(V,,) for any m, as n — oo. We relabel this final subse-

quence as ¢’. This proves the lemma. O

Lemma 2.61 (Propostion 3.9 of [80]). Let v € C?*(R), and let n¥ and ¢¥ be the
entropy and entropy-flux generated by ¢ through (1.13) and (1.15). Then, for the
viscous approzimate solutions (p°,u®) associated with an admissible sequence of initial

data, we have that the entropy dissipation measures,

n (0%, m%)s + ¢ (p°,m), (2.96)

are confined to a compact subset of W, P(R2) for any p € [1,2).
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Proof. Fix any compact set K C R and T > 0. Multiplying the first equation of

(1.25) by n;”(pe, m?) and the second by n¥ (p°, m?), and adding them, we get
" (0%, m®)e + ¥ (p°,m%)e = ey, (07, pTut)ug)s — e, (p°, 70 ) g 2
—eny (07, p7u°) s,

where the mixed derivative quantities are those of Definition 2.27. Below, we bound

(2.97)

the last two terms on the right-hand side of (2.97). Applying Lemma 2.6 yields
e (P°, P0G 2| < eCylus P,
which is uniformly bounded in Lj, (R%), independently of &, by Lemma 2.47, i.e.,

e (0%, p7u) s Pl romyxey < CullVEug e omxm) < M-
Similarly,
| (075 P70 ) pus | <eCy (i, (0%, p7u")*(05)? + |ug]?)
<Cy (|Veny, (0%, p7u) i + [Veus|?) -
By an application of Lemma 2.6, it follows that
V' (p°)
p€

and the latter is uniformly bounded, by Lemmas 2.47-2.48. Hence, en¥ ,(p°, p*u®)|uS |?

1
loc

2
lentn, (07, ) Pz |l o) < Cy (|| Ve el ooy + IVEG T2 0 1180))

and en?, (0%, p°uf) pLus, are bounded independently of e in L (R3), meaning that they
are precompact in T/Vl;cl P (R2), for p € (1,2), by the Kondrachov embedding.

Also, Lemma 2.6 implies that |n% (p°, p°u®)| < Cy, from which we get

lens (p°, p7u ) || 22 o<y < CVEIVEL || 220,715 m) < Cv/E — 0.

Hence, £(n% (p°, p*u®)us), — 0 in W, *(R2). We conclude 1% (p°, m?); + ¢%(p*, m).

loc
belongs to a compact subset of W, "*(R%) for p € (1,2).
Finally note that, on a bounded subset U C R, the embedding L>(U) < LP(U)
is continuous for p > 1. As a result, arguing by duality, compactness in W=1?(U) for
p € (1,2) implies compactness in W=11(U) = (W, (U))* (cf. [24, Section 1]). This

verifies the result for the end-point case p = 1, which concludes the proof. n
Lemma 2.62. Let ¢y, 19 € C*(R). Correspondingly, define (m1,q1) and (na,q2) be the

two entropy pairs generated by Y and s, respectively, via (1.13) and (1.15). Then,
there exist Z', W' € L? (]R%r), for1 = 1,2, and, for any open and bounded domain

loc

UC Ri with Lipschitz boundary, there exists a subsequence (pgl, m‘f/) such that
(m(psl,mg),qi(psl,msl)) —(Z', WYY weakly in L*(U), fori=1,2, and
m(p” m*)g(p”,m) = ma(p”,mT )y (p7,m) = Z'W? — Z°W' weakly in L'(U).
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Proof. Begin by fixing the open and bounded domain U C R2. We define the vectors

vy = (%, m®), qu(p7,m%)), vy = (qa(p”,m"), —ma(p”, m?)).
Select €’ to be the subsequence along which the conclusion of Lemma 2.59 holds, so
that there exists vector fields (Z¢, W?) for which v{ — (Z!, W?) in L?(U) for i = 1,2.
Note that
div UT/ = 771(,06/, mal)t + Ch(ﬂsl, msl)x,
which is precompact in W~1(U) by Lemma 2.61. Direct calculation also yields
curl v = |ma(p" ,m ) + @2(p° ,m ), | €3,

which is also precompact in W~11(U). Additionally,

£

v s =T, m g (p” ,mE) — ma(p®,m ) (o, mT),

which is an equi-integrable family. Indeed, observe that, using Lemma 2.6,

o (p)?
|vS UQ|§M<1+1+\/UOg7PE'I>’ (2.98)
where without loss of generality we may assume M > 1. Define the non-negative
increasing function G(t) := 1;>1ty/logt. Then, it is straightforward to show directly
from (2.98) that

G(|of - v5 ) < M(1+ 7 p(p)), (2.99)
for some positive constant M. The right-hand side of (2.99) is locally integrable on
R?, bounded independently of &', by Lemma 2.49. Thus, the non-negative increasing
function G : Ry — R is such that lim; @ =00, and [, G([vf -v§|)dzdt < Cy,
where Cp is independent of €’. Hence, by de la Vallée-Poussin’s criterion (cf. [7,
Theorem 4.5.9]), the family {v$ -5 }.+ is equi-integrable. Thus, all of the assumptions
of the main theorem of [24] (div-curl lemma in W~11) are verified, and we conclude

that v -v5 — (Z', W) - (W? —Z%) in L' (U). O

By exhausting R? with the sets {V}, },en, as done in the proof of Lemmas 2.57 and
2.60, we find one subsequence that achieves the desired compactness on all compact

subsets of R%. In view of this, we have the next lemma, which concludes this section.

Lemma 2.63. Let ¢y, 1, € C*(R). Correspondingly, define (m1,q1) and (na,q2) be the
two entropy pairs generated by Yy and s, respectively, via (1.13) and (1.15). Then,
there exist a subsequence (p°,m®) and Z*, W' € L? (R2), fori=1,2, such that, for

loc

any open and bounded domain U C Ri with Lipschitz boundary,
(m(psl,mg),qi(ps/,msl)) —(Z', WY weakly in L*(U), fori=1,2, and
m(p” m*)q(p”,m) = ma(p” ,mT )y (p7,m) = Z'W? — Z°W' weakly in L'(U).
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2.7 The Young measure and derivation of the com-
mutation relation

2.7.1 Construction of the Young measure

In this section, we establish a framework in which we can apply the fundamental
theorem of Young measures (cf. [1, 3]). We follow [80, Section 4] to the letter, while
a more thorough treatment may be found in [79, Chapter 3].

We denote the upper half-plane by H := {(p,u) € R? : p > 0}, and consider the

following subset of continuous functions

~ __16(p,u) is constant on {p = 0} and the function
C(H) = {¢ © C(H)‘(p, u) Sli_glo #(sp, su) belongs to C(S' N H) } ’

where S! C R? is the unit circle. Since C'(H) is a complete sub-ring of the continuous
functions on H containing the constant functions, there exists a compactification H
of H such that C(#H) is isometrically isomorphic to C(H) (¢f. [77, Proposition 1.5.3]),
written C'(H) = C(H). We denote this isometric isomorphism by ¢ : C'(H) — C(H).
Remark 2.64. The topology of H is the weak-star topology induced by C(H), i.e., a
sequence (v, )nen in H converges to v € H if [p(v,) —p(v)| — 0 for all p € C(H). This
topology is separable and metrizable (cf. [78, Section 3.8]). In view of the functions

that lie in C'(H), the topology of H does not distinguish between points of the vacuum.

In view of the previous remark, since H is homeomorphic to a compact metric
space, we may apply the fundamental theorem of Young measures of Alberti—Miiller
(cf. [1, Theorem 2.4]) in the way described underneath, as is done in [16, 58, 80].

Lemma 2.65. Given a sequence of functions (p°,u®) : RZ — H, there exists a

subsequence generating a Young measure V() € Prob(H) in the sense that, for any

¢ € C(H),
B (1 ) () /H UB)(r,0) iy (ryv) in L°(R2).

Armed with the previous result, we show that the Young measure is in fact only
supported on the interior of H#, and H = HUV with V := {p = 0} being the vacuum
line (cf. [79, Chapter 3]). This is encapsulated in the following lemma, which was
originally proved by LeFloch—Westdickenberg in [58].

Lemma 2.66 (Proposition 2.3 of [58]). Let v ) be a Young measure generated by
a sequence of viscous approzimate solutions of (1.25) associated with an admissible

sequence of initial data. Then, the measure vy ;) € Prob(H) for a.e. (t,x) € R?.
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Next, we extend the Young measure v ;) to a larger class of test functions than
just C(H). We follow the strategy of proof presented in [16, Proposition 5.1] to the
letter.

Lemma 2.67 (Proposition 4.1 of [80]). The following statements hold:

1. For the Young measure vy ) of Lemmas 2.65 and 2.66,
(ta) > [ (o0lp) + plul’) dvimlpo) € L(RE). (2100)
H

2. Let ¢ € C’(E) be a continuous function with the additional properties:

e ¢ =0 on OH;
e there exists an a > 0 such that supp ¢ C {u + k(p) > —a,u — k(p) < a};

e p2o(p,u)| — 0 uniformly in u as p — oo.

Then, ¢ is integrable with respect to the measure v gy for almost every (t,x) €

R2 , and, with € the subsequence of Lemma 2.65,
¢(P£ ('7 ')a ual('v )) - /H¢<p7 u) dl/(.’.)(p, u) in Lloc(Ri)‘ (2'101)

Proof. We begin by verifying the first statement. To this end, choose a non-negative
cut-off function w; € C(H) such that

wj = 1in the box {(p,u) : k(p) € [j1, ], Jul < j},

w; = 0 outside of the box {(p,u) : k(p) € [(27)7, 27], lu|] < 25}

Now define the functions g;(p, u) := (pp(p) + plul®) w;(p, u). Observe that these func-

tions are manifestly elements of C'(H), and, as such, we have that

T
lim/ /gj(psl(t,m "(t,2)) de dt = / / (/ gi(p,u dy(m)(p,u)) dzx dt,
e'=0 Jo K

for any compact subset K C R and T" > 0. In light of Lemmas 2.49 and 2.51 we get
the following bound, where M is independent of both ¢’ and k,

/OT/ng(ps/(t,x),usl(t, x))dxdt < M. (2.102)

On a separate note, since the g; form a family of increasing non-negative functions,

the monotone convergence theorem applied to the probability measure v ;) implies

/ (pp(p) + plul®) dvio.z (p,u) = lim / 9i(psu) dviezy (p, ) < M. (2.103)
H < JH
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Hence, given (2.102), we deduce that [y (pp(p) + plul?) dvz(p,u) is (¢, z)-locally
integrable, as required. It follows, from Markov’s inequality, that this quantity is finite
for a.e. (t,2) € R%. In summary, the mapping (¢, z) — [ (pp(p) + plul?) dviq(p, w)
exists as an L, (R%) function.

We now turn to the second statement. With w; as before, we have that, given any
¢ satisfying the assumptions of this second statement, the function ¢w; lies in C'(H).
As such, [ ¢(p, w)w;(p, u) dvq)(p,u) is well-defined for a.e. (t,x) € R7. Also, given
§ > 0, there exists an R = R(8) such that p=2|¢(p,u)| < 6 for p > R. Without loss
of generality we may assume R> 1, which implies that pp(p) = p? for p > R. Hence,

o(p,u)
02

p* < sup {|o(p, u)| : (p,u) € [0, R] x R} + 5pp(p)

< cy (1+ pp(p))

where the supremum is well-defined in view of the assumptions on ¢. Using (2.103)
and [ dvga.) =1, we deduce that ¢ is v, -integrable for a.e. (t,z) € RZ. Hence,

lim gb(p, w)w;(p, u) dvg g (p,u) :/Hgb(p, w) dvg .z (p,u) ae. (t,z) € RZ,

]*)OO

by the Lebesgue dominated convergence theorem, and

i [ [ ([ oo istoan) o)) v
- [ [ ([ otwarnion)

On the other hand, from the definition of the Young measure, we also know that

hmhm//¢ (6, 2), (8, 7))oy (o (¢, 2), 0 (£, 7)) it

j—o0 e’ —0
—lim/ /(/w, Wy (. 0) dvemy(pr )) du d,
j—00

from which we straightforwardly deduce

lim lim/ /Kqﬁ(pel(t,x),uel(t,x))wj(pel(t,x),ug/(t,x)) dx dt

j—o0 e’ =0 0
/ / </ w) dvq (p, )) dx dt.
Claim 2.68.

/0 /K o7 (b ), 07 (6, 2))wy (0° (1, ), (1, ) d dit

—>//¢ (t, ), v (t,x)) de dt

(2.104)

uniformly in €' for e € [0,&p).
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Provided the claim holds, we may interchange the limits in (2.104) to obtain

/OT/K (/H¢(p7u) dl/(t,@(p,u)) du dt

T
~ Jim Tim /O /K 607 (6, 2), 0 (8, ) oy (0 (6, ), 0 (8, ) d dt

j—ooe’—=0

T
— lim lim /0 /K b0 (6, ), 0 (8 ) )y (0 (6, ), 0 (8, ) d dt

e/—0j—00

— 61’1% /OT/K¢(pEI(t,a:),u5/(t,x)) dz dt,
which concludes the proof of the lemma. O]
Proof of Claim 2.68. Fix j; < jo and consider

G(esgr, j2) i=

[ ] ¢<p€<t,x>,u€<t,x>>[wjl<pf<t7x>,u6<t,x>>—wj2<p€<t,m>7u€<t,x>> e dt.

Notice that supp (w;, — wj,) C {(p,u) € H : j;' < k(p) < ji,|ul < j1}", and
SUPo<k(p)<i/i 19(pu)] = ¢;; = 0 as ji — oo due to the continuity of ¢ and the
requirement that ¢ = 0 on {p = 0}. Additionally,

{3 < ko) < v Jul < 5i}" = {k(p) < 1/} U{k(p) > ju} U{lul > ji}-

Therefore, if (p,u) € supp¢ N {jl_l < k(p) < j1,|u| < jl}c, then (provided j; is
Ji
2

sufficiently large, i.e., j; > 2) either k(p) > & or k(p) < 1/j1. Then,

T
‘G(‘S;jbj?)’ < T‘K‘le + / / ¢(pa(ta IB), ua(tv x))]lk(ﬂs(t’f)bjl/? dx dt.
0o JK
The last term is dealt with as follows,

P(p*(t, ), u(t, )|, .
‘ = ‘ ()2 (p )2]1k(pi(tﬂf))>j1/2

|p(p° (t, @), u (L, 2)) Do (1,0)) 512

|00 (), wE (t,)
()

for j; sufficiently large, as k is strictly increasing.

P PP ) Li(pe (t,0))> 1 /25

Now fix § > 0 arbitrarily. Since p~2¢(p,u) vanishes uniformly in the limit as
p — 00, there exists 7 = 7(J) such that ’¢(,0€(t,$), us(t, f))]lk(ps(t,x))>j1/2| < §p°p(p°)
for j; > 7. Hence, given any 6 > 0, there exists R = R(¢), independent of ¢, such
that |G(e; 41, 42)| < C(T, K)§ if j, > R. O
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Having established Lemmas 2.65 and 2.66, we are in a position to prove the Tartar—
Murat commutation relation for the entropy dissipation measures. This relation is
precisely the statement that the limit function characterised by the Young measure

is equal to the limit that was obtained in Lemma 2.63.

2.7.2 Derivation of the commutation relation

We begin by proving the Tartar—-Murat commutation relation, which will later be
used to show that the Young measure is supported at a single point. This latter
observation will then enable us to rigorously pass to the limit in the viscous equations
(1.25), thereby showing that the limiting object characterised by the Young measure
is an entropy solution of the original Euler system (1.7).

Remark 2.69. We adopt the notation f = fH f(p,u) dvgq)(p,u), where there is no
confusion over the point (¢, z), with x(s;) = x(-,- — s;) and o(s;) = o(-,-, s;).
Lemma 2.70 (Proposition 4.2 of [80]). Recall the kernels x and o (cf. Definitions
1.10 and 1.11). Let vyg) be a Young measure generated by the viscous approximate
solutions of (1.25) associated with an admissible sequence of initial data. Then, for

S1, 89 € R,

X(s1)o(s2) — x(s2)a(s1) = x(s1) 0(52) — X(52) o (s1)- (2.105)
Proof. In view of Lemma 2.63, given two compactly supported test functions v,y €
C?(R) and correspondingly generated entropy pairs (ny,q1) and (1, ¢2), there exists
a subsequence (p*,m®) and L2 pairs (Z', W) and (Z2, W?) such that
(mi(p=,me), qi(p°,me)) — (Z', W) weakly in L*(U), for i = 1,2, and
m(p” ,m)ga(p™,me) — o ,m ) (p° ,me) = Z'W? — Z2°W?'  weakly in L(U),
for any bounded open subset U C R%. However, note that, since the entropy pairs
generated by the test functions 1,1, € C?(R) possess the properties required for ¢

to be admissible (according to Lemma 2.67), we have
(Z' W' = (i, @)  fori=1,2.

Hence, by the uniqueness of weak limits in L},.(R% ), we deduce that

M@ — @i =@ —TRq  ae (fr) €RY.

Using the density of the C?*(R) test functions and the fundamental lemma of the

calculus of variations (cf. [79, Proof of Proposition 5.4.3]), we deduce

X(s1)o(s2) — x(s2)0(s1) = x(s1) o(s2) — x(s2) o (1) a.e. (t,z) € R,
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2.8 Reduction of the Young measure and proof of
main result

2.8.1 Reduction of the Young measure

In what follows, we will consider the fractional derivatives of the kernels. To this end,
we have the following definition (cf. [14, Section 2]).

Definition 2.71. Let 6 > 0 and g be a distribution of compact support. Then, with

I' the gamma function, we define the §-th fractional derivative to be
Og(s) =T(=0)g=[s]7°" in the sense of distributions. (2.106)

With this in mind we prove the main result of this subsection, stated below, where

the notation was explained in Remark 2.69. Throughout, we follow [79, Section 5.5].

Theorem 2.72. Recall the kernels x and o (cf. Definitions 1.10 and 1.11). Let
v € Prob(H) be a probability measure such that the function (p,u) — p* € L*(H,v)
and, for all sy, s € R,

X(s1)o(s2) — x(s2)0(s1) = x(s1) 0(s2) — x(52) 0(51). (2.107)

Then either v is supported in V' or the support of v is a single point in H.

Proof. Begin by taking si, so, s3 € R. Multiplying the commutation relation (2.107)

for s1,s9 by x(s3), and cyclically permuting s1, so, s3 and summing, we get

X(s1) x(s2)0(s3) — x(s3)a(s2) =x(s3) x(s2)0(s1) — X(s1)0(52)
— X(82) x(s3)a(s1) — x(s1)0(s3).

We then apply the fractional derivative operators P, := 8;\2“ and P3 := 8;\3“ in the

sense of distributions to obtain
X(51) Pax(s2)Pso(s3) — Psx(s3)Pao(s2) =Psx(s3) Pax(s2)o(s1) — x(51)Pa0(s2)

— Pax(s2) Psx(s3)o(s1) — x(s1)Ps0(s3),
(2.108)

where, for example, the distribution Pyx(sq) acts on test functions ¢ € D(R) by

<P2X 52 / 32 d82

Define ¢,, ¢35 € D(—1,1) such that [ ¢;(y) dy =1 and ¢; > 0 for j = 2,3. Addition-
ally, for 7 > 0, we define ¢7(y) := 77 "¢;(y/7). We choose ¢y, ¢3 such that

Y (g2, ¢3) := /_OO /_82 (P2(s52)P3(s3) — P2(s3)P3(s2)) dszdsy > 0.
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Now integrate (2.108) against ¢7(s; — s2)¢f(s1 — s3) in s and s3 to get

X(51) Pax5 P30 — Psx3 P05 =P3x3 Pax5o1 — x15203

(2.109)

— Pox; Psxio1 — x1P503,
where, for example, x; = x(s;) for j =1,2,3, and

= 5 —_ $1— 8
Pox5 = Paxo * ¢5(s1) = /832)((32)7‘2(;5’2 ( L - 2) dss.

The next lemma considers the structure of singularities of the kernels. H denotes

the Heavyside; PV the principal value; and Ci the cosine integral. We omit the proof.

Lemma 2.73 (Lemma 2.7 of [80]). For p > 1, the fractional derivatives 02 x(p,u—
s) and 0o (p,u, s) admit the expansions

O x(pou—9) =D (Are(p)d(s — u+ k(p)) + Az x(p)H(s — u+ k(p))

+ A3 (p) PV (s —u=£k(p)) + Asx(p) Ci(s — u £ k(p)))

+rx(Pa U — 3)7

0" (o —ux)(p,u — ) =

> (s —u)(Brx(p)d(s —u+ k(p)) + Bax(p)H(s — u £ k(p))

+ Bs(p) PV (s — u = k(p)) + Bax(p) Ci(s — u % k(p)))
> (Bs=(p)H(s —u+ k(p)) + Bs.+(p) Ci(s — u £ k(p)) + ro(p,u—s).

+
(2.110)
Moreover, there exists a positive constant C' independent of p,u, s such that
4 6
S Asalo)l+ Y Bialo)l < Cy/plogp  forp>1. (2111)
j=1,+ j=1,%
Additionally, the remainders ry,r, are Holder continuous, and there holds
Ir(o, Mm@y + (o, iy < Cp - for p= 1. (2.112)

Armed with Lemma 2.73, one shows the following two technical lemmas, the proofs
of which can be found in [80, Section 5] or [79, Section 5.5] (cf. Section 3.6).

Lemma 2.74 (Lemma 5.2 of [80]). For any test function ¢ € D(R),

lim [ x(s1) Poxg Psof — Pox3Paog (s1)¢(s1) dsy
T R

= LY(%,%)Z(P)Z(Ki)QX(ui k(p))¢(u+ k(p)) dv(p, u),

+
where Z(p) = (A + 1)M; %k(p)*D(p) > 0 for p > 0, with D(p) as in Lemma 1.13.
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Note that the constants My > 0 and K* # 0 were introduced in [14, Section 2].

Lemma 2.75 (Lemma 5.3 of [80]). For any test function ¢ € D(R),

lim P3X§ P2X501 - X1P20§1/1(51) ds; = 121(1)/ P2X§ P3X501 - X1P3U§¢(51) ds;.
R T R

7—0

Multiplying (2.109) by #(s;), integrating in s; and passing to the limit 7 — 0,

Y (69, 65) /H 2(0) 3 (K5 X = () lu £ k(p) dv(pu) = 0. (2.113)

+

Note that Y (¢9, ¢3) is strictly positive, Z(p) > 0 provided p > 0, x(s) > 0, and

is an arbitrary test function. Choosing ¢ non-negative, we deduce from (2.113) that

| 2o F R o) =0 and [ 2GR kG dvpru) =0,
H H

In terms of the Riemann invariants z(p,u) = u — k(p) and w(p,u) = u + k(p), the

previous line may be written as

/Z(p)x(w(pw))dV(p,U):O and /Z(p)X(Z(p,U))dV(p,U)ZO- (2.114)
H H

Since the map x(p, u, -) is Holder continuous, by Theorem 1.12 (¢f. Lemma 3.17),

one can straightforwardly show that s — x(s) is continuous (cf. [79, Lemma 5.5.2]).

With this in mind we define, for y and v given in the statement of the theorem,

S:={seR:x(s) >0} (2.115)

Note that the set S is open in R, by virtue of the continuity of x(s). The following
result provides a useful representation for S, the proof of which is contained within
[79, Proof of Lemma 5.5.2].

Claim 2.76. Let x and v be the entropy kernel and the probability measure given in
the statement of Theorem 2.72. Then the set'S, cf. (2.115), admits the representation

s= U Glw,upuw),

(pyu)€Esupp v

where z(p,u) = u — k(p) and w(p,u) = u+ k(p) are the Riemann invariants.

If it were the case that S were empty, then x(s) would be identically zero. However,
Theorem 1.12 implies that x(p, u, s) is strictly positive on the interior of its support,

which is non-empty for p > 0. Hence, x(s) = 0 implies that v concentrates all of its

mass on {p = 0}, thereby yielding supprv C V.
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Assume on the other hand that S is non-empty. Then, since S is open in R, it is

the union of at most countably many disjoint open intervals. We thereby write
S = J(zk, wr), (2.116)
k

for at most countably many numbers zp,w; in the extended real line such that,
whenever k # k', we either have wy < zp or wp < z,. Using this observation we

obtain the next claim, to be proved later.

Claim 2.77. Let v be the measure given in the statement of Theorem 2.72, and recall
the representation of the set'S, cf. (2.115), provided by (2.116). We have

suppv C U{(p, w) € H: [z(p,u), w(p,u)] N [zx, wi] # 0} U V. (2.117)

With this in hand we get the following, the proof of which is postponed for the

time being.
Claim 2.78. Let v be the measure given in the statement of Theorem 2.72, and recall
the representation of the set S, cf. (2.115), provided by (2.116). We have

suppv N {(p,u) € H: w(p,u) € (21, wr) or z(p,u) € (2, wy)} = 0.

The previous result implies that the support of the measure v must be con-
tained in the vacuum set V' and an at most countable union of points (pg,ux) =
(p(wy, 2i), u(wy, 2i)), ie.,

suppr C VU U (pk, ug ).
k:pyyug, €R
Note that the py,uy are real numbers because v € Prob(#) in the statement of the
theorem is assumed to be a measure on H, not on the compactification H.

We therefore write, with «y € [0, 1] and the measure vy supported only in V|
v=uvy+ Z kO (pg )
k

The next claim will be used later to show that we do not need to consider inter-
actions between the points {(pk, ux)}x when computing the duality product of the

measure v with particular functions.

Claim 2.79. Fix s € R. Suppose there exist k # k' such that

(pwr s urr), (Prs ui) € supp x(+, -, S).

Then x(pr, ug, s) = X(pr, urr, ) = 0, and neither point belongs to the interior of the
support, int(supp X(+, e, s))
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In other words, we have the following.

Claim 2.80. Fizx s € R, and suppose that there exists an index k such that (pg,ur) €
int(supp x(+, -, s)) Then, (pr, up) & int(supp X, - s)) for all k' # k.

Now, fix the index k. Choose s1,s2 € R such that the point (pg,u) lies in the
interior of supp x(-, -, s1)x(+, -, s2), and so that this latter set is non-empty. By Claim
2.80, this condition precludes any other point (pg,ug ), with &' # k, from having
a non-zero contribution when applying the measure v to the functions x(-,-,s;) for
i = 1,2, and to the products of these functions with o (-, -, s;) for j = 1,2. We thereby

obtain, from the commutation relation (2.107),

(o — 04%) (X (k> Uk, 51)0 (Pk, Uk, S2) — Xk, Uk, 52)0 (Pre, Ug, 51)) = 0.

Taking s; and so such that the second factor in this expression is non-zero, we deduce
that a; € {0,1} for every k. This concludes the proof of the theorem. O]

Proof of Claim 2.77. We prove the contrapositive by contradiction. Notice that
U{(p7 U) cH: [Z(pa 'LL),'U}(p, U)] n [Zk,U)k] 7£ (Z)}
k

={(p,u) € H: [2(p,u), w(p,u)] N [z, wy] # O for some index k}.
Now select the point (p,u), with p > 0 so that (p,u) € V¢, to be in the complement

of the set above, i.e.,
[z(p,u),w(p,u)] N[z, w] =0 for every index k.

Note that since p > 0, the open subset (z(p,u),w(p,u)) is non-empty. It follows
that (p,u) does not belong to suppv. Indeed, suppose for contradiction that we
had (p,u) € suppr. Then, by Claim 2.76, there exists an s € S such that s €
(z(p,u),w(p,u)). But then by (2.116), s € (zx,wy) for some k, and so the sets

[2(p,u), w(p,u)] and [z, wy] have non-empty intersection; a contradiction. O

Proof of Claim 2.78. Suppose for contradiction that there exists an index k such that
suppr N {(p,u) € H : w(p,u) € (z,wg)} # 0. Then there exists a subset A C
{(p,u) € H:w(p,u) € (zx,wr)} of positive measure, with respect to v. Since x(s) is
strictly positive for any s € S, and (zx, wy) C S, it follows that
| 2Nt avio.u) > [ Z@0Galpa) dvp) > o
H
as the integrand is strictly positive for p > 0, and the integral ranges over a portion
of H. This contradicts (2.114). The same reasoning proves the case where supp v N

{(p,u) € H: z(p,u) € (2, wy)} is non-empty. O
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Proof of Claim 2.79. Recall that supp x(-, -, s) = {(p,u) : z(p,u) < s <w(p,u)}, and
that x(p,u,s) = 0 whenever |u — s| = k(p), i.e., whenever s = z(p,u) or s = w(p, u).
Recall also that 2z, = z(pg, ux) and wy = w(pg, ug). The hypothesis of the claim

and the disjointness of the intervals {(z;, w;)}; then imply that we either have
Zp < s S wp < zp <8 < wy,

in which case wy = s = z, or
2 < s <Swg <z <8< Wy,

in which case wy, = s = zp. In either case, x(pk, ug, s) = X(pr, urr, s) = 0, and we

conclude that neither point can belong to the interior of the support of x(-,+,s). O

2.8.2 Proof of main result

Below, we present the proof of the main result of this chapter, namely Theorem 2.2,

which follows from the results of the previous sections.

Proof of Theorem 2.2. Let pg(x) := max{po(x),/c}. We now mollify p§ and ug suit-
ably, such that we obtain an admissible sequence of initial data (pf, u), in the sense
of Definition 2.55. The sequence of smooth solutions (p°, u®) of (1.25) corresponding
to this initial data then generates a Young measure v ), constrained by the Tartar—
Murat commutation relation, according to Lemma 2.70. An application of Theorem
2.72 then yields that v ;) is either a point mass or is supported in the vacuum set
V. In the coordinates (p, m), where m = pu, this measure is a Dirac mass. As such,
we Write Vi z) = O(p(t,),m(t,z)), Where p and m are measurable functions. In view of
this, we deduce that the convergence of the subsequence (p°, p=u') — (p, m) occurs
in measure, and therefore also (up to a further subsequence) in the almost every-
where sense. The convergence in measure, in conjunction with the uniform estimates
of Section 2.5, shows that the convergence also happens in L] (R3) x L{ (R?%) for
p € [1,2) and ¢ € [1,3/2). By passing to the limit in (1.25), it follows that (p,m)
is a weak solution of (1.7). It remains to check that it is an entropy solution, in the
precise sense of Definition 1.16.

Since the weak entropies are taken to be C? functions, the almost everywhere
convergence guarantees that 7 (p%, p°us’) — 1*(p,m) a.e. (t,z) € R2. In turn, a

direct application of Fatou’s lemma yields
/F(p, m)dx < lim inf/ 7 (p°, p°u) da for almost every ¢ > 0.
R ¢ Jr
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In view of Lemma 2.47, the right-hand side of the previous line is bounded inde-
pendently of /. We thereby deduce that there exists M = M (FEy,t), monotonically

increasing such that
/E(Pa m)dx < M(Ep,t) for almost every ¢ > 0.
R

This shows that our solution (p, m) is of finite relative energy.
Recall the equation for the entropy pairs generated by test functions in C?(R),
(2.97). We see that, in the sense of distributions, for any ¢ € C%(R),

/

/ (X(p™ u, 8) + a(p™,u , 8).)b(s) ds = & (e (p, o~ uf Jus )
R

1 ! / / 1 / ! / ’
—5'/R(gx(pe,u5,s)w”(8) ug [P+ g F(p™ ut s)0" (s)pp ug ) ds,

)
where the antiderivative F'(p,u,s) was defined in Corollary 2.11 and is such that

Fy(p,u,s) = px,p(p,u,s) — x(p,u,s). For each € > 0, define

1
pe(t,x,s) = —¢ (Ex(ps,us, 5)|u§]2 +

1
Pl o) ) 1),
(p°)?
and fix any open subset U C Ri. Applying the Tonelli-Fubini theorem and Corollary
2.11 to the second term in the right-hand side of the above gives, for each & > 0,

/ i (t,z, s) de dt ds = —8’/ %X(,ogl,u‘sl,s)]ufcl]2 dxdtds < 0. (2.118)
UxR UxR P

The convergence of (,LLEI)E/>0 to some limit u, a bounded Radon measure, follows
from an application of the Banach—Alaoglu theorem in the context of compactly
supported continuous functions, making use of the £’-independent estimates provided
by Lemmas 2.47-2.49. In view of (2.118), it follows that the limit measure p satisfies

the required sign condition in Definition 1.16. The proof is complete. ]
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Chapter 3

Vanishing viscosity of the
Navier—Stokes equations for an
asymptotically isothermal gas

3.1 Introduction

In Chapter 2, we showed the existence of a finite relative energy entropy solution

of the one-dimensional barotropic Euler system (1.7), under the assumption of an

approximately isothermal pressure law (cf. Definition 2.1), and this solution was ob-

tained as the inviscid limit of solutions of the Navier—Stokes equations (1.25). Herein,

we consider a more general pressure law, characterised by the following definition.

Definition 3.1. We say that a fluid behaves according to an asymptotically isothermal

pressure law if it satisfies the following constitutive assumptions.

1.

The pressure, p € C([0,00)) N C*((0,00)), is such that p(p) > 0 for all p > 0,
and satisfies the assumptions of strict hyperbolicity and genuine nonlinearity,
ie.,

p'(p) >0 and pp"(p)+2p'(p) >0  for p>0. (3.1)

There exist constants v € (1,3) and k; > 0, and a function P € C*((0,0))
such that

p(p) = k1p’(1+ P(p))  for pe[0,r), (3.2)
for some fixed 7 > 0, and there exists a positive C,. such that |PY(p)| < C,p*
for p € [0,7), and j € {0,...,4}.

There exists a > 0, kg > 0 and C,, > 0 such that, for some fixed R > 0,

(2-r)’

< Cpp @ for p € [R,00) and j € {0,...,4}.  (3.3)
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Note that the criterion (3.2) is the one that appears in Theorem 1.12 (cf. [14,
Section 2]), and in Definition 2.1 in Chapter 2. The main result of this chapter is the
following, which is both the analogue of Theorem 2.2 for asymptotically isothermal

gases and a precise version of Theorem 1.18.

Theorem 3.2. Suppose that the initial data (po,uo) € Lj,.(R3) with py > 0 and

loc

end-states (p+,u) is of finite relative energy, i.e.,

Elpo, uo] = /F(Po,pouo) dr < Fy < o0,
R

and suppose that the pressure function p(p) satisfies the criteria for an asymptotically
isothermal gas, in the precise sense of Definition 3.1. Then there exists a sequence
of regularised initial data (pf, uf) such that the sequence of unique, smooth solutions
(p%,u®) of (1.25) with this initial data converges as ¢ — 0, (p°, p°u®) — (p, pu),
to a finite relative energy entropy solution of the Euler equations (1.7) with initial
data (po, pouo), in the precise sense of Definition 1.16. The convergence is almost

everywhere and L] (R3) x L{ (R%) forp € [1,2) and g € [1,3/2).

loc loc

Our approach is the following. Again, we consider the entropy equation for the
Euler system (cf. Definition 1.10), i.e.,

Xpop — k/(p>2qu =0 for (P, u) S Ri,

x(0,u) =0, (3.4)

XP(O>U> = Ou=0,
where k(p) was defined in Definition 1.10 of Chapter 2. The global existence of a
unique such y is guaranteed by Theorem 1.12 (¢f. [14, Theorem 2.1]). However, in
order to obtain improved estimates, we seek an explicit characterisation of the kernel,
and so generate the solution of this linear wave equation in two steps. First, in order
to deal with the singularity in &'(p)? near the vacuum, we solve (3.4) in the interval
(0, p+], for some p, large to be chosen later, using the results of Theorem 1.12.

Then, as a second step, we solve
Xpp — K (p)*Xuu = 0 for (p,u) € (ps,00) X R,
X(pe; 1) = X(ps; 1), (3.5)
Xﬂ(p*’ ’LL) = Xp(p*v u)

In order to do this, we split the entropy kernel into two distinct quantities: a re-scaled
version of the kernel obtained in Chapter 2, which we call x**°, and a perturbation,

called x®"°". To this end, we have the following definitions.
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Definition 3.3. Recall the kernels x* and x’, introduced in Chapter 2 (cf. Theorem
2.3). Accordingly, for (p,u) € [p.,00) xR, we define g* and ¢’ via the explicit formulas

g (p,u) = pux® (pﬁﬁ_) and  ¢'(p,u) = X’ (pﬁ\/%_) (3.6)

One can directly verify that these re-scaled kernels solve the problems

G — 395, =0, @, — 39, =0,
gﬁ‘pzp* =0, gb’/;:p* = dy—o0, (3'7)

We are now in a position to define x**°, the re-scaled approzimately isothermal kernel.

Definition 3.4. We define, for (p,u) € [ps, 00) X R,

X" (p,u) = /Rxp(p*?S)Qﬂ(p,u —s)ds + /Rx(p*,S)gb(p,u— s)ds.  (3.8)

We deduce from (3.7) and from Theorem 1.12 that x** is the unique solution of
150 K2 iso
Xpp — ﬁqu =0 for (pu u) S (p*,OO) X Ra

Xiso(p*a u) = X(p*7 u)v (39)

X3 (s ) = Xp( P, ).

error

We now define the perturbation kernel x as the difference between y and y*°.

Definition 3.5. Having established the existence of x and x*°, we define

Xerror(p’ U) — X(pa U) . Xiso(p’ U) for (p, U) S [,0*> OO) x R. (310)

error

Direct computation shows that y satisfies the following linear wave equation,

error error K2 150
pr - k/(p)Zqu = (k/(p>2 - ?)qu for (p7 'LL) € (p*7 OO) X R7

ETTOT(

pe,u) =0, (3.11)

X
error

Xy (pesu) = 0.

error in terms of x**° using representation formulas akin to [14, Equa-

By estimating x
tion (3.38)], we establish estimates on the entropy pairs analogous to the ones of
Lemmas 2.5 and 2.6. All of the uniform estimates required to establish the compact-
ness of the entropy dissipation measures, and to reduce the support of the Young
measure generated by the viscous approximates (pf,u®), are then verified. These

observations are enough to prove Theorem 3.2 rigorously.
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This chapter is structured as follows. In Section 3.2, we introduce some elementary
quantities linked to the pressure, and compute estimates on them that are essential
in later sections. In Section 3.3, we obtain a representation formula for x*"°", which
enables us to obtain a uniform L* estimate via a Gronwall type argument. With
this, in Section 3.4, we estimate the special entropy 7 and its flux ¢ (¢f. Lemma 3.52),
and entropies generated by compactly supported test functions (c¢f. Lemma 3.60).
Similar procedures give rise to estimates on the derivatives of these entropies, which
we also outline in detail in Section 3.4. In Section 3.5, we calculate the structure of
the singularities of entropy kernel, and prove a result akin to Lemma 2.73, which was
used crucially in Subsection 2.8.1 (c¢f. Chapter 2). Having established this, we are
able to reprove the technical lemmas of Chapter 2 (¢f. Lemmas 2.74 and 2.75) for an
asymptotically isothermal gas, which are key to the reduction of the Young measure.

This is contained in Section 3.6, which ends with a proof of the main result.

3.2 Elementary quantities

In this section, we define elementary quantities related to the pressure, and make note
of some of their properties which will be essential in the proof of the main result. To
begin with, in accordance with the definition of k(p) given in Definition 1.10, we have

the following definition.

Definition 3.6. We define, for p > p,, the quantity

ki(p) = \/y_ dy + k(p.) = V/ralog(p/pe) + k(p).- (3.12)

Px

Note that k. (p) is the speed of propagation for a purely isothermal pressure law
p(p) = kop. Meanwhile, k'(p) is the speed of propagation for the actual pressure law
p(p), i.e., the asymptotically isothermal gas.

Remark 3.7. Observe that k.(p) = @ and k(p.) = k«(p«). Thus,

ko)~ ki) = [ YW =VR 0 at > (3.13)

Px

Since ke = lim, 00 p'(p), and p € C*((0, 00)), we can rewrite the above as

1 NACOR
k(p) — / ; (/y NI dz) dy. (3.14)
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Definition 3.8. We define the quantities d(p) and d.(p) by

K" (p) _ K (p)
Hip) d.(p) =2+ (p = p:) ) | orezee (3.15)

Note that both of these quantities are strictly positive on the interval [p,, 00), due to

d(p) =2+ (p—ps)

the assumptions of strict hyperbolicity and genuine nonlinearity (3.1).

In the lemmas that follow we establish the asymptotic comportment of the pres-
sure (and associated quantities) for large values of the density. These results seem
somewhat out of context for the time being, but will play a crucial role in the estimates
of Sections 3.3 and 3.4.

Lemma 3.9. For all p > R, we have
P'(p) = kol <2Cp~  [PP ()| < G+ 1)Cpp™* U™ forj=2,3,4. (3.16)
As such, choosing p. > max{R, (4C,/r)"*},
4K K 3K Ko _ 3Ky _
PP wlo), S <P () S55[G <K ) STt fore > pn

(3.17)

and

3C, .
|k(p) — ks(p)] < Wé’—mp* for p > p.. (3.18)

Proof. Observe that, for 7 > 1,

(p—pr2) " (p) = p (@ - %z) : +J (@ - "v‘z) o

Thus, using the bounds provided by (3.3), we obtain the result. Also, from (3.14),

3C P 3C
k o ]{?* < p / —a—1 duy < p —a.
|k (p) (p)|_a\/2_/<;2 R N TR

]

Corollary 3.10. Assume that p, > max{R, (4C,/k2)"/*}. Then, there exists an
M = M(«, ke, Cp) such that

K2 -2+ ]—“p—“_ - k”(p>] <My forpzp.  (319)
Meanwhile,
2./K 6./K o
22 k)| 4| -2 k)| < bp forpzp G20

It follows that there exists a positive constant M = M («, ke, Cp, pi) such that

K" ()| + k@ (p)| + p* (KD (p)| < Mp™  for p > p.. (3.21)
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Proof. Since K'(p) = /p'(p)/p, we have

'(p) — 1 [ 3C
k/p2_@ :‘p(p) K2 S_/ p//y dy: 1!7p—cv—27
(p) ]l e prl()l
while
k(o) + V2 P'(p) ., Ve P(p)| _ 3Cp L / > Pl dy
2| 2000 (p) p? T V2 02, 2P (y)
3C,
< P 1 —1 —a—2
- 2/‘%2( ta )p

For the third derivative,

3) 2yra  p"(p) ') p'(p)? )
k () pg 2P\/_ pg\/m 4pp/(p)3/2 ( \/_)

from which we obtain

2 1 o /!
) (p) — \p/:_? < Mp-o- 3+_/ Wl g,

p3

In a similar vein, we have the following, from which the result is easily deduced,

/°° Ip"(y
P

Corollary 3.11. Assume that p, > max{R, (4C,/ky)"/*}. Then, there exists a posi-
tive M = M (k(p.), k2) such that

6
kD (p) + \p/f_z < Mp > *+

blw

=

]

M~ (1 +log(p/p.)) < k(p) < M(1+1log(p/p.))  for p > p.. (3.22)

Proof. Integrating (3.17), we find

o)+ ) 2 osl0/p2) < Kp) < bp) 4/ B2 loslpfp)  for p .

from which the result follows easily, choosing M = max{k(p.), \/3K2/2}. O

Lemma 3.12. Assume that p, > max{R, (4C,/k2)"/*}. Then,

0<dp)—1=""" and  |d(p) ~d(p)| < Mp™  Jorp>p. (3.23)
P
for some positive constant M = M (C,, k2) independent of p.. Additionally, it follows
that

d(p) =1[ <2 forp=p. (3.24)

91



Proof. Observe that
d(p) — di(p) = (p — ps) {Z,/((g)) - Z:/((ZH =(p— p*);;/,({;))'

In turn, using the bounds provided by (3.3) and Lemma 3.9, we obtain |d(p) —d.(p)| <
Mp~®, where M = =-£. Meanwhile, direct computation yields

Ps
d(p) —1=
() .

Thus, 0 < d.(p) — 1 < 1 for any p > p.. As such, applying the triangle inequality,

d(p) — 1] < |d(p) — du(p)] + |du(p) — 1] < 30”/);@ F1<T/4

O
Lemma 3.13. We have the equality
k' (po) Ki(p) _ [P (o)
= for R < p < py. 3.25
ko) Mo) | 70 P 52
As such, provided p, > max{R, (4C,/k2)"/*}, there is a positive M = M(a, C,, ko)
such that ¥(po) K (p)
£o «\P —
1-— < Mp™© or px < p < pg. 3.26
‘ k. (po) k"(p)’ = forpe=p=po (320
In turn,

¥(p0) ¥.(p)
U M F) =7

Proof. The fundamental theorem of calculus yields

PO /! oo
p'(y 3C, o N
\v ‘ 7ol 2 | =
p

27 ()

where M = =2 and note that we have only required a > 0. The final result follows

for p. < p < pp. (3.27)

easily. O

Lemma 3.14. Assume that p, > max{R, (4C,/ky)"/*}. Then, there exists a positive
constant M = M (o, Cp, ka) such that

|[(k(po) — k(p)) = (ki(po) — k()| < Mp™®  for p. < p < po. (3.28)
Proof. Using (3.14) we get, for p, < p < po, with M = a2355727

|(k(po) = k(p)) — (ku(po) = k. (p))| =

/pm} (/yoo 2’5& > dy‘ < Mp~°.

]
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Remark 3.15. One can also write the estimate

In turn,
k() = ko)) = (k) — (o) < e (329)

for all p > p., so there is no singularity near py = p,. This arises throughout this

chapter for terms of this kind and, as such, any bounds involving pr

B X_p*) for some positive constant M depending on p,.

ip can be replaced

Wlth £ or

Lemma 3.16. Assume that p, > max{R, (4C,/k2)"/*}. Then, there exists a positive
constant M = M (o, Cp, ka) such that

k' (po) -
| Sz o
Proof. Notice that, by letting M = ;i’;z
K V1 (po) )
'1_ /(po) _ly P / < 25 / yldy
k*(p()) \/_K/Q PO

O

3.3 Representation formulas for the perturbation

In this section, we derive two representation formulas for the kernel x"°". We ob-
tain the first representation by taking the difference of the representation formulas
for x and x*°, and the second by directly considering the linear wave equation for
X", namely (3.11). The first representation formula (c¢f. Lemma 3.20) is required
to estimate ||[x“"""(p, -)||Lem) (¢f- Lemma 3.23). Armed with this bound, we are able
to compute the derivatives with respect to u of the entropies generated by the per-
turbation, which is required for the second representation to make sense (cf. Lemma
3.26).

At this point, we fix p, > max{R, (4C,/k2)"/*}, such that all of the estimates
of Section 3.2 hold. We also make note of the following lemma, which outlines some
important properties of x%°. These follow directly from the analysis of the entropy

kernel of Chapter 2, and will be indispensable for our later estimates.
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Lemma 3.17. By Lemma 2.10, we have the identity

/X(p*as)dszp*/xp<p*,$)d8.
R R

In view of this and the calculations of Section 2.4, we find that the estimates of Section
2.8 (namely Lemmas 2.5 and 2.6) also hold for *° and n**¥ with 1 € C*(R), where

~1S0 1 180 180 180
(. ) = 5 / Xy — s)slslds, 7 (p, pu) = / X (pyu — s)i(s) ds,
R R

for p > p.. Note however that the constants in these lemmas may now depend on
ps«. Also, there exists a positive constant M depending on p. such that, with A=
min{\, 1},

P
k(p)

where [-] o3 g, is the Holder seminorm, A = %, and we recall k(p) > k(p«).

X (ps Wlzeo@) + X (0, N sy < M Jor all p = p., (3.31)

Proof. We have, in view of Definition 3.4,
, k(ps) k(p+) ,
X (p, u) = / Xo(pes $)g* (pyu — 8) ds + / X(px, 8)g" (p,u — s)ds,
—k(px) —k(px)

where the integrals are taken over the interval [—k(p.), k(ps)] instead of all of R
in view of the compact support of x(p«,-) (¢f. Remark 3.18). We now bound the
right-hand side using the explicit form of the kernels ¢* and ¢”. For example, using
Xp(ps;-) € LYR) (¢f. Lemma 2.8), the first term on the right-hand side can be

estimated as
ﬁ ( ; u\/_ 8) '
X D) .
Px Ra

From Lemma A.6, we have the following bound on y*, for p > 1,

\/ﬁ[< (logp)g—u2> < VP, (logp Cp
5 10 0

< xo(pus Mlzrmy - sup pa
|s|<k(p+)

k(p«)
/ Xp(psy 8)g* (p,u — 5) ds
—k(px)

# = 1 <
’X (p7u>’ 92 9 |u|<logp 9 ( 9 ) = 1+\/@7

(3.32)

where the constant C' is independent of «, kg, Cy, p«. In view of this,

E(p+)
/ Xolpes 8 (0, u— 8)ds| < Cllxp (o N

k(px)

1+\/M

provided p > p,, from which the result follows using Corollary 3.11. The bound on

the term involving ¢ is similar.
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For [x*°(p, )]s g, We have, for instance

k(p+)
'/ (P, 8) (g*(p,u — 5) — g*(p,v — 5)) ds| <
(i) ()
ps’ Rz ps \R2 )|
And, for p > 1,
(logp)? —y
|Xﬁ(p7 u) ﬁ \/_‘/ —1Io ( 2) ) ILy|<logpdy‘

log p)? — y?
( ) Ly i<togp dy

:@‘/ y I
SREAIRYA logpz—y2 2

||Xp(p*>')||L1(R)' Sup P«
[s|<k(p+)

< VP 10gp (log p)* — ¢
—logp =, L 5 Liyj<10gp dy.-
Since (z7'I1(x)) = 27 I3(z) > 0, the integrand is bounded by loép] (Ing) Thus,
lo
¢ _ ot - VP, (losp
|X(ﬂ,u> X(,O,U)‘_ 4 1 2 ’ ’—1_1_\/@‘ |

where we used Lemma A.6, as we did for (3.32). The regular terms from the ¢’(p, -)
convolution (i.e. the ones containing Bessel functions) are dealt with similarly. The

Dirac masses from ¢’(p, -) produce the terms

| E e 1080/ .)) = x{pr skl

which, using the A-Hélder bound on x(py, -) provided by [14, Proposition 2.4] (cf. [79
Remark 5.2.8]), are bounded above by M ,/plu—wv|* for some M depending on p,. O

Remark 3.18. Recall that [14, Theorem 2.1] showed that, as y is the solution of the

linear wave equation (3.4),

Similarly, for p > p.,
supp X'*(p, ) = [~k (p), k(p)] =2 K. (3.34)
We thereby deduce from (3.10) that
supp X" (p, ) C [=max{k(p), k.(p)}, max{k(p), k.(p)}] = L™ (3.35)
Lemma 3.19. There exists a positive constant M = M («, kg, Cp, ps) such that
max{k(p), k.(p)} < Mk(p)  for p= pi. (3.36)
Proof. The assertion is immediate from (3.12) and (3.22). O
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3.3.1 First representation formula and uniform estimate on
the perturbation

We begin with the analogue of (3.38) in [14] for an entropy kernel with initial data
posed at p,.

Lemma 3.20. Given any (po,ug) € K and any 0 < p. < po, we have

1
2(po — p«)K'(po)

1 PO ,
e = o (p0) /p K (p)d(p)x(p,uo — k(po) + k(p))dp  (3.37)

1 /k(Po)—k(P*)
2(po = p=)E' (P0) J—(k(po)—k(p2))

(o, o) = / " K (0)d(0)x (0 w0 + kpo) — k(p)) dp

Proof. Fix any (pg,up) € K and an arbitrary 0 < p, < pg. Then from applying the

Fourier transform to the equation for the entropy kernel y we see that

(0= p)K (0> Fx(p, &) = —=(p = p)E 2 Fxpp(p, €).

Integrating this in the interval p € [p., po] we get
PO
[ (0= p k(0 sin((k(5) ~ k) Fx(p.) do
P+
PO
== [ (0= p)sin(klp) ~ Km)OF o0l o
P+
PO

¢ / 0,((p — p.) sin((k(p) — k(p0))E)) Folp:€) dp
—&2[(p — pi) sin((k(p) — k(po))E)Fx,n(p, )2,
s / 32[(p — pa) sin((k(p) — k(p0))E)] Fx(p. €) dp

po

s [ap (o — p) sin((k(p) — k()] Fx(0.)| -

Px

and we find that the final line can be written as
PO
_5—1/ (/4 + ((p— p*)k/)/) cos((k(p) — k(po))E)Fx(p, €) dp
P+

+ [ o= p W Psinl((p) — K OFx(. ) dp

+ & (po — )k (o) Fx(po, €) — €2 sin((k(ps) — k(po))E)Fx(ps, §)-
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Hence, we have
(po — ps) K (po) Fx(po, &) =
& sin((k(ps) — k(po))E)Fx(px: €)

-+ /ppo (k’ + ((p— p*)k/)') cos((k(p) — k(po))€)Fx(p, &) dp

Now, observe that for a > 0 and g € §'(R) N C(R), we have

FHE s Fol©) @) = 5 [ gto— v,

and

F (cos(at) Fo(©)) () = 5 (9(x + ) + gla — a)

So, applying the inverse Fourier transform we obtain the result as claimed.

]

Remark 3.21. The same representation formula as (3.37) holds for x%°, except k

should be replaced with k., d with d,, and K with K.

In view of Lemma 3.20 and Remark 3.21, by subtracting x**°(pg, uo) from x(po, uo)

and recalling that x(ps, ) = x**°(px, ), we arrive at the first representation formula

for the perturbation.

Lemma 3.22 (First representation formula). Given any (pg,ug) € K",

error (

2(po — pu)X o, Up) =

/”O K (p) d(p) {wa(p’ uo + k(po) — k(p)) + X" (p, uo — k(po) + k(p))} dp

. K (po)

- %[ “lp.ua-+ k() = h(p) = x50+ b.lon) = ()| dp
+ /p jo {k lgf)pi(p X”” P, uo + k.(po) — k(p)) dp
{X“" pyuo — k(po) + k(p)) — ZS"(@Uo—k*(pon*(p))} dp
k p k, ZSO
+/p* [ o) Lo }x (9110 — . (po) + k(o)) dp

|:/k(ﬂo)k(9*) 180([0 Ug — ) /k «(po)—kx(p+) Xiso(p uo—y)
_ i dy} .

~(k(po)—k(p))  K'(po) (elpo)—ke(p))  Falpo)

(3.38)

Notice that, in view of what is known about x**° from Lemma 3.17, the for-

mula (3.38) is perfectly set up to perform a Gronwall type argument on the quantity

&' (po) X" (po, -)|| Loy With this observation, we proceed to the most important

result of this section, which is crucial to the rest of the chapter.
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Lemma 3.23. There exists a positive constant M = M («, Cp, ke, p) such that

X" (p, Mooy < M max{k(p),p'"**}  for p > p., (3.39)
where we recall that X = min{\, 1}.

Proof. We begin by multiplying (3.38) by &'(pg). We then bound the first line of
(3.38) by

PO
[ 2 X 0. e

Px

The second line of (3.38) is bounded by

[ A 0. e | G0n) — K(0) = (bl = o)

Px

which, in view of Lemma 3.14 and the bound (3.24), is bounded by

Po - )
M [ S 00, s o
P

where M = M (o, ko, C,). Notice that the fourth line of (3.38) can be bounded in
exactly the same way. Next, the third line of (3.38) is bounded by

k’(po k/
Pk (p0) B (p

‘“k’ X (0, )|y dp,

and we bound the term in the absolute values by
K (o) k. ;
d(,O) ’1 . ,<p0) ,(P) pO) /(p)
ki (po) K'(p) po) K'(p)
Using Lemma 3.12 for the right-hand term and Lemma 3.13 for the left-hand term,

respectively, along with (3.24), we see that the whole of the third line of (3.38) may
be bounded by

[+ b))

N

PO .
M/ p K (p)x"*(p, )| oo (m) dp,
P

where M = M(a, kg, C,). Once again, the fifth line of (3.38) may be bounded in

exactly the same way. The very final line of (3.38) may be split into two terms, i.e.,

k(po)—Fk(p«) , kx(po)—ks«(px) ,
/ X" (P, uo — y) dy— / X" (s, w0 — y) dy
—(k(po) —k(p=)) = (ko (po) = (p)) (3.40)

k,(p k*(po)—k*(ﬂ*) iso
+(1—k/ 0))/ X0 (pey o — y) dy.
(P0) ) S =k po) k(o))

We concentrate on the first line of (3.40). Observe that the two intervals, [—(k(po) —
k(ps)), k(po) —k(ps)] and [—(k«(po) —k«(ps)), ke(po) — ki (ps)], are always nested within
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one another; one interval is always entirely contained in the other. Hence, since the

same quantity is being integrated, we may bound this line by

2|(k(po) = k(<)) = (ku(po) = Kulp))| - X7 Py )| )
and, using Lemma 3.14, this is itself bounded by
Mp|IX"* (pas )| oo ().

where M = M (a, kg, C}). On the other hand, the final term of (3.40) is bounded by

K'(po)

and, using Lemma 3.16 and (3.12), this is bounded by

-2

z’so(

) HX :0*7'>||L°°(R)u

—a Po 180
Mp,“ log (,0_) X" (P, ')”L"C’(R)’

where M = M(a, ka, Cp). We emphasise that it has been sufficient to assume a > 0.
In total, we therefore have

1

PO
1E"(po)X“" " (pos )| 1= (r) Sf/ d(p) 1K ()X (p, )l Lo () dp
(pO IO*) *
M

Po - )
+ —/ p—a)\ k' P Xlso D, - _ dp
oo | N s

M Po —a|| 1./ 150
+m/ P NE (0)x"*(ps M oo (m) dp

+—M (s )|
Px 11X Pxs ) || L= (R
(00 — ps) )

- pO 180
+ ———pp “ log (—) X (s ) | oo m).-
2(po — pa) " p- ®

Although it appears that the right-hand side explodes when py = p,, this is not the
case (c¢f. Remark 3.15). As such, for some positive constant M = M («, ko, Cyp, ps),

error 1 PO error
1% (o) @mﬂhwmgagjgj/id@WH@M (0, W zoey dip

M ro —« / 150
+—)/ p MK (0)X™ (P, ) o3 gy A

(Po — ps
M /PO _ , .

+ o P IK ()X (P, )lLem) dp

(po = ps) J,. "
+ M 7(1” iso( )H

TP« IXTT P )L

L+ (po — ps) .

M _ Po ;

+——————pﬂ%(“*_)Mm@wmmR-

1+ 2(po — px) 0 Px o

(3.41)
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We now apply Gronwall’s lemma to (3.41) and divide by k'(po), which yields

X" (pos )| Lo ) <
M /Po Cadirs ]
p K (p)X (P )] esgmy AP
{(Po—P*)k’(Po) o RO P losmy
Yo [ IR i d
+ p & (P)X"(p, Ml Lo=(r) dp
(Po = p)K'(po) J . L=®)
- (.,
k' (po)[1 + (po — p:)] " * L= R)
M - Po ; L [P0 4(p)dp
+ P “ 1Og (1 + _> Xzso Py * oo }Q(POP*) px .

(3.42)
It is clear that, in view of the bound on d(p) provided by Lemma 3.12, the exponential
on the right-hand side is bounded above by e?. Now recall from Lemma 3.17 that

1X**°(ps )Ly + [X"*°(p, Nerw < Mp for all p > p..

Then, using also Lemma 3.16, we have

1E' ()X (0, Mooy + K ()X (0, N eamy < M forall p > p,.

We are now in a position to bound each of the terms in the curly brackets of
(3.42). We begin with the first term.

M

70 —aiqpt 150 . ~ M po —al
oo, RO e 0= o [ i
3.43

We easily verify that there is no singularity at pg = p., so the right-hand side of
(3.43) is bounded by

M P —aX 1—al
o0 ). ° dp < Mpy™, (3.44)
Px

if al € (0,1). If &l > 1, then (3.43) is bounded by M (1 + log(po/ps)).

Similarly, for the second term of (3.42), we have

e | IR O o e d Y
P NE(P)X™ (P, N Lo my dp < / p~ " dp.
(0 = p ) (po) J,, T (o = 9K (00) S,

(3.45)

There is no singularity at py = p., so the right-hand side of (3.45) is bounded by

M /Po B -

_ p “dp < Mpy™?, 3.46
Pok'(Po) s ’ ( )

provided o € (0,1). If @ > 1, the right-hand side of (3.45) is again bounded by a
constant multiple of 1 + log(po/ps)-
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For the third and fourth terms of (3.42), observe that, by Lemma 3.9,

1
K (po)[1+ 2(po — pu)]

Thus, collecting the results in (3.44)-(3.47), we have shown that: either 1 — a\ < 0,

in which case we also know that 1 — o < 0 and then, using Corollary 3.11,

< M. (3.47)

HXETTOT(p(]v ')HL(’Q(R) < Mk(p)’

for some positive M = M (o, ko, Cp, ps). Or, ah € (0, 1), in which case

X7 (0, Moy < M (ph=% + 9§ + 1+ Log(po/p))
which, by appealing to Lemma A.8, straightforwardly yields the result. m

Remark 3.24. We note that, if a\ > 1, the proof of Lemma 3.23 shows that we

actually have the stronger estimate
||X6TT0T(p7 ')HLOO(]R) < M for p > Ps-

3.3.2 Generating entropies and second representation for-
mula

In what follows, we generate entropies by convolving with the entropy kernel. Specif-
ically, given a suitably integrable test function 1), we generate an entropy according

to the formula
n’(p,u) = / X(p,u — s)i(s) ds
R
— / Xiso(p7u _ S)Tb(S) dS 4 / Xerror(p’u o S)w(S) dS (348)
R R

=0 (p,u) + 0 (p,u)  for p > pa.

Remark 3.25. Since y is given as a function of (p, u), we will also generate entropies as
functions of (p,u), even though these are technically functions of (p, m). We adopt
this convention throughout this subsection and Section 3.4 only, in order to

simplify computations.

In particular, when we choose the special test function (s) = 3sls|, for p > p.,

Np,u) == 0" (p,u) = "% (p,u) + " (p,u) = H(p,u) + 77" (p,u).  (3.49)
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Note that, provided 1 € C(R) and x“""(p,u — -)¢(+) is dominated by some locally
integrable function independent of u, Lebesgue’s dominated convergence theorem

yields
error ’(/) a error error /
m () = 5o X (p,8)Y(u—s)ds= [ x“"(p,u— s)¢'(s)ds.

R
In this case, the derivative is well-defined, and the same procedure yields

% (py ) = / (0,1 — sy (s) ds,

provided the same integrability conditions hold. Asking for ¢ € C*(R) and similar
integrability requirements on the convolution of the kernel with ", one can show
that, in this case, nc™"% and 7% are well-defined. Now that we have seen how
to make sense of partial derivatives of the entropy with respect to u, we derive the

second representation formula for the perturbation.

Lemma 3.26 (Second representation formula). Let ¢ € C*(R) be such that ncrom?,

nisow | nisov gre well-defined continuous functions. Then, for any (po,ug) € KT,

2(po — pe)K (o)™ (po, o) =

/ " Ao (o) (177 o, 0 + K(po) — K(p)) + 17 (py g — ko) + k(p)) } dp
[ 0= (0 = SR o+ ) = o)) dp

PO
~ [0 AW = 22y o = ki) + ki) dp
Px
(3.50)
Proof. Convolving (3.11) with v, we obtain
K
Mo ™ — K (p)* i = (K (p)* — p2)n““¢ for (p,u) € [p.,00) X R,

nerrm"ﬂ/’ (p*’ U) — 07
15" (peyu) = 0,
and define, for the rest of this proof,
fp,u) = (K (p)* = 7 ) nise (p, w).

Fix any (po,up) € K" and an arbitrary 0 < p. < po. Then from applying the

Fourier transform to the previous wave equation, we see that
—&7%(p — po) sin((k(p) — k(p0))&)Fngy " (p, €)
+&7%(p — pu) sin((k(p) — k(po))§)F f(p,€)
= (p = pu)K'(p)*sin((k(p) — k(po))E)Fn"" " (p, €),
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where F is the Fourier transform, to avoid confusion with * denoting quantities related

to the special entropy. Next, integrating by parts twice with respect to p, we obtain
PO

(po — )k (po) F ™™ (po, &) = / d(p)k' (p) cos((k(p) — k(po))§) Fn“ " (p,€) dp

P

+ &7 sin((k(ps) = k(po))§)Fu " (ps €)

PO

=& (p—p)sin((E(p) = k(po))E)F f(p, €) dp.

Px
Note that

Ffp,€) = —(K(p)* - %)EQJTU“W(/L £).

Next, we note that, for g € S'(R) N C'(R),
f*l(gsin(af)fg(g)) _ (g’(x + a) ; g’(x . a)) |

Thus, the inverse transform of the final term on the right-hand side is

FA(= et [ o= p)sin((ho) — KO F (6. d)

— [ 0= 0 (007 - ) e (ko) — KT 5.€)) dp

—% /po (0= po) (K'(p)* = %)nff"’w(p, wo + k(po) — k(p)) dp
- %/po (0= p) (K (p)* - %)nﬁf%m wo — k(po) + k(p)) dp.

Applying the inverse Fourier transform, and noting that 77"¥(p,, -) = 0, yields the
result. O

3.4 Estimating entropy pairs

In this section, we use the representation formulas obtained in Section 3.3 and the
estimate of Lemma 3.23 to estimate the entropy pairs generated by the special func-
tion z@(s) = %3|s| and by compactly supported test functions. In particular, we prove

results analogous to Lemmas 2.5 and 2.6 of Chapter 2.

3.4.1 Special entropy pair

We first consider the special entropy, 7(p, u), generated by 1[}(8) = %s|s|, defined by
the formula (3.49) (cf. Section 3.3.2),

~ 1 150 1 error
o) = 5 [ X = sl ds+ 5 [ X s)slsl s
2 Jr 2 Jr

= i*(p,u) + 07" (p.u)  for p = p.

(3.51)
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Unexpectedly, it is the case that this entropy is three times continuously differentiable
in its second variable, as demonstrated in the next lemma. This property will be useful

when we come to estimate the entropy-flux (c¢f. Lemmas 3.41, 3.42, and 3.43).

Lemma 3.27. The entropies 1)"*° and )°™" are three times continuously differentiable
in their second variable, i.e., 71°°(p,-), 1" (p,-) € C*(R) for each p € [p.,00). In
fact,

~1S0 ~error

oo (psu) = 2" (p,u), Ao (p,u) = 2x

€TTOT‘(

p,u)  for (p,u) € [ps,00) x R.

(3.52)
Correspondingly, there exists a positive constant M = M (o, kg, Cp, ps, k(ps)) such
that

~i50 Mp ~error —a
“nuuu(pa ')”LOO(R) S k’(p), ||T]uuu <p7 .)HLOO(R) S Mmax{k(p),pl )\} fOT 1% 2 P
(3.53)
Proof. Recall that, by definition,
~error 1 “ error 2 1 > error 2
n (pvu) = 5 X (pas)(u_8> dS—§ X <p75)(u_8> dS, (354>

where this integral is well-defined, since x*""(p,-) is Holder continuous and com-
pactly supported. In view of this, we can apply Lebesgue’s dominated convergence
theorem, and take derivatives under the integral. Differentiating repeatedly with

respect to u, we thereby obtain

ﬁzrror(p’ U) — / Xerror<p7 S)(U _ S) ds — / Xerror(p7 8)('LL _ S) dS,

TA}Z’;T‘OT‘(p’ ,u/) — / XeT‘T’O?"(p7 S) dS _ / XGT’T‘O’I"(p’ 5) ds’ (3-55)
A () = 207 (),

The same argument applies for x**°, which concludes the proof, by virtue of Lemmas
3.17 and 3.23. O

3.4.1.1 Bounds on the special entropy and its u derivatives

Below is the first estimate on the special entropy, which shows that it is controlled

by the mechanical energy, n*.

Lemma 3.28. There exists a positive constant M = M (c, ko, Cp, px, k(px)) such that

17" (p, )| < M max{k(p), '~} (K(p)u? + k(p)*). (3:56)
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Proof. By Remark 3.18, suppx“™™ (p,) C [~ max{k(p), ks(p)}, max{k(p), ks (9)}].
Using the bound on max{k(p), k.(p)} provided by Lemma 3.19, we see directly from
(3.54) and the Cauchy—Schwarz inequality that

777 (0, w)] < MEVR X (0, oy + MEEPIX™ (0, My, (357)

from which the result follows easily, after an application of Lemma 3.23. n

Corollary 3.29. There exists a positive constant M = M (o, ko, Cp, ps, k(ps)) such
that
17 (pyu)| < Mn*(p,u) for (p,u) € [ps,00) x R. (3.58)

Proof. Recall that the mechanical energy is given by n*(p,m) = %mTQ + pe(p), where
the internal energy is characterised by the formula e(p) = Op ’% dy, as per Definition
1.9. When p > p, and p is assumed to be large, the internal energy scales as e(p) =
O(log p). Therefore for large p, we indeed have that p'~*(1 +log(p/p.))? is bounded
by pe(p), up to a multiplicative constant depending on p,, «, and X. In view of this,

we manifestly obtain [ (p,u)| < Mn*(p,u). O

Additionally, recall from (3.55) that

[e.9]

AT () = / T (0, ) (u— 5) ds — / T () — s) d.

— 00 u

~error —1nerror

Recall that, since 7€ (p,u) = p~ 0" (p,u), it follows from the compact support
of x7" and Lemma 3.19 that

[ (o, w)| < Mp™k(p) ([ul + k() X" (P, )| =)
where M = M (o, Cp, ko, pi). We deduce, using Lemma 3.23, that
[ ()| < M (max{p™"k(p), p~**}k(p)|ul + max{p~"k(p), p~**}k(p)*),

from which it is evident that

75" (p w)| < m(!ﬂl +1)  for (p,u) € [p.,00) X R. (3.59)

Differentiating once more in u, we find, as we did in (3.55),

M
p

ﬁZZTOT<p, u) — / XGTTOT(p7 S) ds . / X@’I’T’OT(p, 8) ds

—00 u

In view of this, another application of Lemma 3.23 yields

e (p,w)| < Mp~2k(p)IX"" (p, )| oo vy < M max{p~k(p), p~"~**}k(p), (3.60)
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and

e (p,w)] < Mp~ k() IX"" (p, )| oo ry < M max{p~"k(p), p~**}k(p), (3.61)

where M = M(a, Cyp, Ko, ps, k(ps)) and nmy(p, w) = Ounim(p, pu), corresponds to the
fake mixed derivative (cf. Definition 2.27). We collect our results in the lemma un-

derneath, which concludes our investigation of the derivatives with respect to u of

NErTor

n

Lemma 3.30. There exists a positive constant M = M (o, A, ke, Cp, pi, k(pi)) such
that

NETTOT

[T " (ps w) (Jul + 1) for (p,u) € [ps, 00) X R,
M

< =
< T og o/

P —
=1 +log(p/p:)

" (03 )|+ |l (p5 )

(3.62)
for (p,u) € [ps,00) X R.

3.4.1.2 Lower bound for the special entropy-flux

Recall that we may decompose the entropy-flux kernel o(p, u, s) for our problem as
o(p,u,s) = ux(p,u,s) + h(p,u,s), (3.63)

as per Definition 1.11, where h(p,u, s) satisfies (1.16), i.e.,

p//
hpp - k,(p)Qhuu = ;p) Xus
h‘p:O — 07 (364)
hplp=0 = 0.

Recall that, much like x(p, u, s) = x(p, u—s,0), we have that h(p, u,s) = h(p,u—s,0).
Therefore, in a slight abuse of notation, we shall write h = h(p,u — s). Recall that
[14, Theorem 2.1] shows that there exists a unique globally-defined Holder continuous
function h solving (3.64), with supp h(p, ) = [—k(p), k(p)], as noted in Theorem 1.12.

It is then the case that an entropy-flux ¢¥, generated by the test function 1, and
its corresponding entropy n¥ are linked according to

¢ (p,u) = /Ra(p,u, s)U(s)ds = u/Rx(p, u— $)(s)ds + / h(p,u— s)(s)ds

R

—un(p.)+ [ hlpu— s)uls)ds

R

In turn, defining

HY(p,u) := /Rh(p,u — $)(s) ds, (3.65)

106



we see that q¥(p,u) = un¥(p,u) + H¥(p,u). As such, any entropy-flux can be gen-
erated from the kernels y and h. Our aim is now to decompose the kernel h for our
problem in terms of an isothermal kernel, and a perturbation. To this end, we have

the following definition.

Definition 3.31. Define h%° by
h'*(p,u) := / hp(pes 8)g*(p,u — s) ds + / h(ps,5)g’ (p,u — s) ds, (3.66)
R R

where ¢¢ and ¢” were introduced in Definition 3.3. Let 1) € C2(R) and ¢)(s) = Lsls|,

and define, for (p,u) € [p., 0) X R,

H™*%(p,u) := /

R (p, u—s)(s) ds, ]:Iis"(p,u) ::/hiso(p,u—s)ﬁ(s) ds. (3.67)
R R

Note that (3.66) and Theorem 1.12 imply that h%° is the unique solution of
pise — %h:‘fg =0 for (p,u) € (ps,00) x R,
R (py,u) = h(py, u), (3.68)
B (pyu) = hyl(pas ).
Remark 3.32. Recall from Theorem 1.12 that h**°(p,-) is Holder continuous, and
supp 1'*°(p, ) C [=k.(p), ko(p)]  for (p,u) € [p., 00) x R. (3.69)

Remark 3.33. Note that h**° solves (3.64) in the particular instance where p(p) = kap.

Hence, due to the uniqueness of solutions of (3.68) ensured by [14, Theorem 2.1],
O_iso(p7u’ S) — UXiSO(p,’LL _ S) + hiso(p7u _ 8),

where 0% is in fact the entropy-flux kernel considered in Subsection 2.4.4 of Chapter
2 (up to a re-scaling in terms of p,).

In view of this, we have that the entropy-flux ¢*°, where
i) i= [ (.50 ds
R
—u [ X )it ds + [ B i) ds (3.70)
R R

= ui)**(p, ) + H*(p, w),
satisfies the lower bound of Lemma 2.5, namely, for some M depending also on p,,
q*°(p,u) > M~ plul* — M (plul® + p + p(log(p/p.))"). (3.71)
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Similarly, for ¢ € C?(R), the entropy-flux ¢***¥, where

qis(),w(p7 u) = /RO.iSO(p’ u, S)w(S) ds
= U/inso(f),u — s)i(s)ds + / R (p,u — s)1(s) ds (3.72)

R
= un’*>¥ (p, u) + H**%(p, u),

satisfies the estimate of Lemma 2.6, namely, for some M, depending also on p,
|4 (p, w)] < Myp. (3.73)

Lemma 3.34. There exists a positive constant M, depending also on p,, such that

p

k(p)

Proof. Using the kernels g* and ¢° (cf. Definition 3.3), we see that

1o, | ey < M for p > p.. (3.74)

h(p, u) = / hp(pes 8)95(pyu — ) ds + / h(pe,$)9 (p,u — s) ds. (3.75)

R R
The result is now easily deduced using the explicit forms of ¢* and ¢°, as was done
for % in the proof of Lemma 3.17. O

Next, we record some elementary facts concerning H**° (¢f. Definition 3.31).

Lemma 3.35. The function Hi s three times continuously differentiable in its
second variable, i.c., H**(p,-) € C*(R). In fact,

e (/07 u) = 2hi80(p’ u) for (P, u) € [p*a OO) X R, (376)

uuu

from which we see that there is a positive constant M depending on p, such that

p

k(p)

[ H (0, M) < M for p > p.. (3.77)

Proof. Recall that
L 1 .
H*(p,u) = —/s|s|h”s°(p,u —s)ds
2 Jr

| o= sy s =5 [ netp )= o2 as

—00

1
2
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Note that, since h*°(p,-) is continuous and compactly supported, an application
of Lebesgue’s dominated convergence theorem enables us to differentiate under the
integral. This yields

(.0 = |

—00

—/his"(p,s)\u—s]ds.
R

u

R (p, s)(u — s)ds — /OO R (p, s)(u — s)ds

Repeating this process, we find
o) = [W(ps)sentu—s)ds. HEZ (0.0 = 20 (p. )
R

from which the result follows, in view of the bound on h*° provided by Lemma
3.34. [

Remark 3.36. Recall from Remark 3.32 that supp h**°(p, ) C [—k«(p), k«(p)], and thus

. kelp)
i) = [ K. 5) sl 5) ds (3.78)

It now follows from the bound on A%*° provided by Lemmas 3.34 and 3.19 that there
exists a positive constant M = M (a, kg, Cyp, ps, k(ps)) such that

I (p, ey < Mp\/k(p) — for p > p.. (3.79)

We note that this bound is very blunt and could improved, for instance, by following

the procedures for the estimates on Af and A’ in Lemma 2.32 in Chapter 2.

Definition 3.37. Having already defined h and h**°, we now define the perturbation
R (p,u) = h(p,u) — ' (p, ). (3.80)

Let ¢ € C2(R) and (s) = Ls|s|. We define, for (p,u) € [ps,0) X R,

— 2
Herror,t/)(p’ U) — / herror(p, u— S)w(S) dS, 1,{[67“7“07"(p7 U) — / herrm"(p’ U — 8)'1721(3) dS.

R R
(3.81)
Correspondingly, for (p,u) € [ps, 00) X R, we define the fluxes
error, . error,p error,)
q Py ) 1= un p,u)+H psu),
(p; u) (p; u) (p; u) (3.82)

q‘eT‘T’OT<p7 u) = uﬁerror (p’ u) + FI’@T’TOT <p’ u)
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Lemma 3.38. As a consequence of the decomposition (3.80) and the wave equation
for h**° (3.68), the perturbation solves, for (p,u) € (p., ) X R,

error error K 150 p” P
b = Ko = (K10 = )00, ) + v o),
herror()o*’ U) _ O, (383)
h;rror<p*’ U) =0.

It is then the case that, for our problem, the entropy-flux ¢¥ generated by ¢ €

C?(R) can be written as

o(p.0) = [ olpu,yis)ds =u [ pou=s)0)ds+ [ hpou= i) ds

R
:<U77180’¢(Pv u) + H**¥(p, “)) + (un“’"o’”“”(p, w) + HM (p, U))
:qisonp(p? U) 4 qerror,w <p’ U),
where the third equality was deduced by expanding y in terms of x

150

and x“ ", and

h in terms of h**° and h™°". Analogously, we have

Q(p,u) = 4 (p,u) + ¢ (p, ). (3.84)

We shall, at a later stage, be concerned with bounding ¢ (cf. Corollary 3.47).

In order to do this, we first need to estimate H*™". To this end, we begin by
convolving (3.83) with the special function (s) = zsls|. In turn, we obtain, for

(0, u) € [ps, 00) X R,

‘rerror ‘rerror K2\ friso p
Herer — K (p)*Herr = (K (p)? — F)Hw (p,u) +
H'error(p*’ U) =0, (385)

Hsrror(p*7 u) = 0.
This wave equation will enable us to derive a representation formula of the type (3.50)

for Herror| which is the focus of the following lemma.

Lemma 3.39. For any (po, uy) € K" and for any 0 < p. < po, we have
2(po — pa )k (po) H™" (po, o) =
PO R R
/ d(p)k' (p){ H™ (p,uo + k(po) — k(p)) + H™ (p,ug — k(po) + k(p)) } dp
Po / 2 K2\ friso
[T o= K0 = 20+ o) = (o)) dp

[T p (0 = 2 E w0~ ki) + k(p)

+ /po @(p - p*){ﬁ(pv Up + k(ﬂO) - k(ﬂ)) - f](p, Uy — k(pO) + k(p>>} dp
.. (3.86)
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Proof. For the rest of this proof, let

Flpo) = (K67 =) o)+ g ) or () € [pns o) <R (35)

Fix any (po,uo) € K and any p. € (0, pg). Applying the Fourier transform to (3.85),

—£72(p — po) sin((k(p) — k(po))E)FHL " (p, &)
+E2(p — pu)sin((k(p) — k(po))E)F f(p,€)
= (p— p)K (p)*sin((k(p) — k(po))§)FH"™" (p, ),

where F denotes the Fourier transform, to avoid confusion with * denoting quantities

related to the special test function. Integrating by parts twice with respect to p,

(o= DK () F R (50, ) = [ dlp)H'(5)cos( (o) — K{p))OF A" (5. ) dp

Px

+ & sin((k(ps) — k(po))E)FH™ (ps, €)

[40]

=& (p=pa)sin((k(p) — k(po)E)F f(p,€) dp.

P
Observe that
FH(p.€) =~ (00" - )€ (0.6) + i€ Lip,0),

Next, we invert the Fourier transform and note that, for g € S'(R) N C*(R),

F (e (@) (e) = 28I,

F o ¢sin(a)(€)) = - (9/(:” ro gt C‘)) .

Thus, the inverse transform of the final term on the right-hand side is

FA(=et [T o= p)sin((bo) — KO F 6. d)

K2

— [ 0= 0 (00" - )7 e (blp) — KO (5,) dp

B /’m P”;P) (p — p)F " (isin((k(p) — k(po))&)Fi(p.€)) dp
|

=5 | 0= 0 (K = Vo 0+ )~ )

| R = oo k) + o)

- %/’JO pﬂﬁp) (p = p){71(p, o + k(po) — k(p)) — 7i(p, uo — k(po) + k(p)) } dp.

*

Finally, making note of H o (py, +) = 0, due to (3.85), concludes the proof. ]
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Differentiating (3.86) with respect to ug, we obtain the following result.
Corollary 3.40. For any (po,ug) € K™ and 0 < p, < pg, we have
2(po — po)K (po) H™" (po, uo) =

PO R R
d(p)K' (p) {H™ (p,uo + k(po) — k(p)) + H™ (p,uo — k(po) + k(p)) } dp

Po

+ [ (p—p) (K (p) - %)FIZZ"(p, uo + k(po) — k(p)) dp

Po

(p—ps) (K (p)? - 7 DY Hi (9, wo — K(po) + k(p)) dp

. / " f@@ — pe){iulp, o + k(o) = k(p)) = u(p, o — k(po) + k(p)) } dp.
e (3.88)

Lemma 3.41. There exists a positive constant M = M (c, ko, Cp, px, k(px)) such that
1 (p ey < Mmax{k(p)®, ' "k(p)}  forp=pe. (3.89)
Proof. Observe that, in view of the bound on ]:I;ff; provided by Lemma 3.35,
|[Hist (0 w0 + K(po) = k(p)) — Hiil (p.uo — k(po) + k(p))]

uo+k(po)—k(p)
/ % (0,) dy
uo—k(po)+k(p)

< Mpk(po).

Observe that, using Corollary 3.10, the sum of the second and third terms on the
right-hand side of (3.88) is bounded by

S R T A TR LY Ry

Po — Px
Mk(po)py
T 1+ (pO - p*)’
provided o € (0,1). If & > 1, the final line would be replaced with 22k using

0)?
1+(po—px)’
Corollary 3.11. We also observe the following about the final term in (3.88),

2(po 1_ 0.) /po : ;p) (0 = p){71u(ps o + K(po) — k(p)) — 1hu(p, uo — k(po) + k(p))} dp

1 /po " (p) uo+k(po)—k(p) R
_ (= p.) / ) dy | dp.
2(po = p-) pe P uo—k(po)+k(p)

Recall that |fu.(p,w)] = |p*Dmm(p,u)| < Mp, from Lemma 2.5 of Chapter 2 and
Lemma 3.30. As such,

wo+k(po)=k(p)
/ (P> Y) dy‘ < Mpk(po),
uo—k(po)+k(p)
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and so the final term on the right-hand side of (3.88) is bounded by

S [ ol ) do < G ([ )

(pO — Px (pO — Px
< ME(po)po®
T 14+ (p(] - P*>’
provided o € (0,1). If @ > 1, then the final line would be replaced with Mk(po)®

1+(po—px)
Hence, we have

1
_p*

A po A
1 (oo) HiT™" (pos Ml ooy < Py / d(p) 1K' (p)H™ (p, )| e ) dp

+ M max{pg " k(po), py“ t(po)-

By applying Gronwall’s lemma, we obtain

R B . 1 PO
1% (po) " (o, )| ey < M max{py ' k(po), g “ }h(po) exp <p0 — / d(p) d,o) ,
* p*

(3.90)
and the exponential term is bounded by e3. Using Lemma 3.9, we conclude. [

Arguing as before, by taking a derivative in ug to the representation formula (3.88)

and applying Gronwall’s lemma, we obtain the following result.

Lemma 3.42. There exists a positive constant M = M (c, ko, Cp, px, k(px)) such that

1K () HT (p, | ooy < Mmax{p™k(p), p™*}  for p> pu. (3.91)

Lemma 3.43. There exists a positive constant M = M (c, ko, Cp, px, k(px)) such that

|H™" (p,u)| < M (plul + p+ p\/log(p/p.))  for (p,u) € [p.,00) x R (3.92)

Proof. Convolving (3.83) with the special function 1, we obtain

lﬁ[error o kl 2]f[er7“o7“ k/( 2 @ ]f[iso( p”(p> ~ (
pp (p,U) - (p) uy (p7u)+( p) - pz) uu p’u)+ 0 U p,U),

from which we may directly estimate, using (3.19) and (3.79), and the bound on 7,
provided by Lemma 3.17 (¢f. Lemma 2.5) and Lemma 3.30,

7 ] < 3 (max{p 2k(p), 7Y+ 0 (ul + VED) )
We now integrate in p, making use of the fact that I:IS”OT(/)*, -) = 0, and obtain

L (p, )] < M(max{p:”% )+ p (] + wog(p/p*)))'

Integrating once more in p, and making use of the fact that H o (p,,+) = 0, gives

the result. O
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3.4.1.3 A fake mixed derivative of the special entropy

Before proceeding with the bound on 777", we need an improved estimate on 77"

This is the subject of the next result, Lemma 3.44. To this end, convolving (3.11)

with the special test function 1) = 2sls|, we find that 7" satisfies
AEerror AETTOoT H;2 ~1S0
g™ = K (o)™ = (K(p)* = )il for (p.u) € [pn, 00) xR,
N(ps,u) =0, (3.93)
ﬁp(p*a u) =0.

Proceeding exactly as was done in the proof of Lemma 3.26, we obtain

2(po — p=)K (o)™ (po, to) =

£0
/ (D)7 (p, w0 + k(po) — k(p)) + 77" (p, uo — k(po) + k(p)) } dp
20 , o
[T o= p R0 = 22 oo+ ) = k() dp
p*Po )
/ (0= pa) (K (p)? - —)nff"(p, ug — k(po) + k(p)) dp.
Px
(3.94)
Thus, by taking a derivative with respect to uy,
2(po — p*)Pok (Po)Tim """ (po, uo) =
po
[ ook o) i w0+ ) = () + 57 (w0 = ) + K(p)
o / o
[0 p 00 = )i (oo + Flow) — k(o)) dp
p:)() / 2 K2 ~150
— [0 p 00 = )i .0 = o) + k(o)) dp.
P
(3.95)

Lemma 3.44. There exists a positive constant M = M (o, ko, Cp, px, k(px)) such that

17957 (s )| Lo (m) < M max{p k(p), p~*} for p > p.. (3.96)

Proof. Observe that, after dividing by 2(po — p«), the first term on the right-hand
side of (3.95) is bounded by
1 PO AerTror
o L AR o e d
On the other hand, the sum of the second and third terms on the right-hand side of
(3.95) is bounded by

M o K
m/ |k‘(P)2—p—§|(P—p*)Pdﬂ,
* Px
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where we made use of the bound on 7% provided by Lemma 3.17 (¢f. Lemma 2.5).
Thus, appealing to Corollary 3.10 to control the £’(p)? term, the sum of the second
and third terms on the right-hand side of (3.95) is bounded by

M PO
Lo — Px P

p~“dp < Mp,*°,

provided o € (0, 1), where we noted that there is no singularity where py = p.. Note
that if a > 1, then this term would be bounded by M py'k(po). In summary, we get

)Ae'rTOT(pO’ )HL‘X’ <MmaX{Po ( )7pao‘}

1 /Po , R
_"_ pk, error ’. oo dp,
o—p . d(p)lpk (p)ii" " (ps )| Loe ()

from which an application of Gronwall’s lemma yields

| ok’ (po

NETTOT —« 1 po
ok (™ (e < Ml o), 57} exw (2 [ oy dp).

Using the bound on d(p) provided by Lemma 3.12 concludes the proof. O]

Armed with the previous result, we are in a position to prove the required estimate

NETTOT

mp > contained in the next lemma.

on the fake mixed derivative 7
Lemma 3.45. There exists a positive constant M = M (c, k2, Cp, p, k(ps)) such that
15 (0. ey < M mas{p k(). 07" k(p)}  forp=pe (3.97)
Proof. We begin by differentiating (3.95) with respect to py. We get
2(po — p*)pok’(po)nfé";”‘”"(po, o) + Opy (2(p0 — ps)pok’ (po) ) ™" (o, 1) =
k(o) /po ()i (py 10 + K (po) — k(p)) — i (ps w0 — k(po) + k(p)) } dp
+2d(ﬂo)P0}f (P0) 7l (Po, o)

+M@@/Ww—pgmwwf )i + K(pw) ~ K(p) dp

PO K ~1S80
) [ 0= p )oK (0 = 2) .10 = klpw) + ki) dp
»

(3.98)

The four terms on the right-hand side will be denoted by I j,forj=1,...,4. Observe

firstly that, using Lemma 3.9 and Corollary 3.10,

|85 (2(p0 — pu) 0ok (po)) | = |0k (o) + (po — p)K (po) + (po — ps)pok” (o)
<M,
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for some positive M = M («a, ko, Cp, ps, k(ps)). Thus, appealing to Lemma 3.44, , the
second term on the left-hand side of (3.98) is bounded by M max{p;"'k(po), py*}. We
now turn to the four terms on the right-hand side of (3.98). Firstly, if a) € (0, 1),

T Po 3 po -
[h] < MK (po) / VP (P)p~k(p) dp < MK (po)k(po) / p~Xdp,
P

Px

where we made use of (3.61) for the bound on 757°", k'(p) > 0 when p > 0, and that

mu

pk'(p) = \/P'(p). Evaluating the integral, we find, using also (3.17),
12| < MK (po)oy**k(po) < Mps™ k(o)

On the other hand, if &) > 1, using (3.61), Lemma 3.9, and Corollary 3.11,
- PO
B < MK (o) [ 7 k(p)" do < Mgy i)’
Px

Meanwhile, using (3.17) and pk’(p) = /P (p), and Lemma 3.44, we get |[,| <
M max{p; " k(po), po*}. Finally,

ot ~ PO o
|G|+ |1] < Mk:’(po)/ (0= I 2],
P

where we made use of the fact that |75 (p,u)| < Mp, and that 7'° (p,u) =

nuuu 7hnuu

p 0o (p,u). Using the bound obtained in (3.19), we therefore get

- - Lo
Bl + 12| < MK (p0) / o dp.

Px

Evaluating the integral and using the estimate provided by (3.17), we see that
|13 + | 1] < MK (po)pg* < Mpy,
provided o € (0,1). If a > 1, then |Is| + |Iy| < Mpy k(po). Thus,

[(po = p+) Pk’ (po) iy (Po, o)) < M max{py k(po)?, py “k(po)}-

Noting that no singularity was in fact present when py = p., we therefore deduce the
result. O

Having established this strong an estimate on the fake mixed derivative 7),,,, we

NETTOT

prove a stronger estimate on 7

Corollary 3.46. There exists a positive constant M = M (a, A, ka2, Cp, p«, k(ps)) such
that
7" (p,w)| < Mplu| — for (p,u) € [ps; 00) X R. (3.99)
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Proof. Firstly, recall from the definition of n®"°" that

1
ﬁermr(P, O) _ 5 / Xerror(p’o . S)S|S’ ds =0 for P > Py (3100)
R

error (

since the integrand is odd, as x p,+) is even by Lemma 2.7. We also have

NETTOT ~Eerror

9,
e (pa,u) = 0:1%77 (pe,u) =0 for all u € R. (3.101)

Additionally, since k(p) < M (1 + log(p/p«)) by Corollary 3.11, Lemma A.8 shows
that there exists M = M (o, \, ps, k(p,)) such that

p=2k(p) +p Ph(p)* <M for p > p..
The fundamental theorem of calculus and (3.101) show that

(5 1) (pe; u) /p o
nz:TOT f),lt _ ﬁz:TOT f)*7lt —
dp

*

p
A (g, ) dy = / AT () dy,
Px

u

where the final integrand is the fake mixed derivative (cf. Definition 2.27). Therefore,

integrating in p and using Lemma 3.45 yields

—1 ~error

o
lp~ i (p,U)I—|ﬁZI’"‘”"(p,U)|§/ |G (y, )| dy
Px

p -
<M | max{y2k(y)*, y " k(y)} dy

Px
p

<M [ max{y~¥? y "2} ay,
Px

so that |75 (p,u)| < Mp for all p > p,. Integrating the above in u, using the fact
that 7" (p,0) = 0 from (3.100), yields the result. O

JETTOT

Using this result, we are able to bound ¢ in absolute value.

Corollary 3.47. There ezists a positive constant M = M (a, A, ka2, Cyp, p«, k(ps)) such
that

G (p, w)| < M (plul® + p+ p\/log(p/p.))  for (p,u) € [ps,00) x R, (3.102)

JETTOT

Proof. Given the decomposition for ¢ given in (3.82),

|quTOT(l)’1L)| f; |1L7?€TTOT(’)71L>| %_ LEY@TTOT(’)71L)|

< M (pluf* + p+ pv/log(p/p.)),

where we used the results of Corollary 3.46, Lemma 3.43, and the Cauchy—Schwarz
inequality. O]
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We now state the lower bound on the entropy-flux, as promised earlier.

Corollary 3.48. There ezists a positive constant M = M (a, A, k2, Cyp, p«, k(ps)) such
that

q(p,u) > M~ plul’ = M (plul® + p+ p(log(p/p.))*)  for (p,u) € [p,00) x R.
(3.103)

Proof. Recall that, as we saw in (3.84), we may write G(p, u) = ¢**°(p,u)+q“"" (p, u),
where ¢**° satisfies the lower bound (3.71). The result follows from Corollary 3.47. [

3.4.1.4 Results regarding the relative internal energy

Lemma 3.49. There exists a positive constant M = M (7, k1, p«, k(p«), p) such that

p+plog(p/ps) < M(L+e*(p,p)  forp> pa. (3.104)
Proof. Recall from Lemma 2.37 that

., Plp) kK 1
epp<p,p>:%=f+;<p'<p>—@> for p > pu,

so that, using (3.17) and the value of p,

Integrating in p twice yields
K2

5 (plog(p/p.) = (p = p.)) < [€°(p:p) = (p = p)e (P, P) = € (pes )]

3K
< =5 (plog(p/p) = (0= p.))  forp=p..

At this point, we recall that the reference function p was chosen to be smooth and
constant outside of a compact set. Given that the functions e(p) and pe/(p) are

continuous on [0, c0), there exists a positive constant M = M (p,y, k1) such that
le(p)| + |pe'(p)] < M,
which implies that there exists a positive constant M = M (p., p,7, k1) such that
€, (pe; P)| + € (pes p) < M.

Hence, 22 (plog(p/p.)—p) < €*(p, p)+M (p—p.)+M. Choosing M larger if necessary,
we thereby obtain
plog(p/p.) < M(e*(p,p) +p+1).
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Additionally, since — 0 as p — 00, there exists a positive R = R(M, p,) >

__

1+plog(p/p+)

psx such that

0< P < L
1+ plog(p/ps) = 2M

Hence, p < (R + s17) + gzplog(p/p.) for all p > p,. In view of this, there exists a

for all p > R.

positive constant M = M(M,~, p«, p, k1) such that

plog(p/p.) < M(e*(p,p) +1)  forall p > p,.

Combining the above inequality with p < (R+ 517) + sr7plog(p/ps) yields the result.
[l

Lemma 3.50. There ezists a positive constant M = M (v, k1, p«, k(ps), p), such that
0<p+plp) <M(1+e(p,p)  forp>0. (3.105)

Proof. Consider the region p > p,. In this case,

p+plp) = (1+Hz)p+p(@ —@)'

Note that, by (3.3),

—a K2
< pCpp,* < Via

o,

Hence,

3
p<p+plp) < <1+§%z)p for p > p..

Hence, p + p(p) < M(e*(p,p) + 1) for p > p.. When p € [0, p,], since p + p(p) is a

non-negative continuous function of p, we see that

p+plp) < sup (p+p(p)),
PE[0,p+]

and so the quantity is bounded by a constant over this complement region, which

may be absorbed into M. This concludes the proof. O]

Remark 3.51. Following the strategy in the proof of (2.12) (¢f. Subsection 2.4.6) to

the letter, while making use of Lemmas 3.49 and 3.50, we obtain

. 2 . _
P (p,0) = i (p,0)|” < Me*(p,p)  for all p,p > 0.
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3.4.1.5 Compilation of results

To finish this section, we collect the results obtained in Sections 3.4.1.1, 3.4.1.2, and
3.4.1.3. Indeed, we have the following lemma, which is the analogue of Lemma 2.5 of
Chapter 2.

Lemma 3.52. Let ih(s) = 2sls|, and (1), q) its associated entropy pair via (1.13) and
(1.15). There exists a positive constant M = M (a1, ka, Cp, ps, k(ps)) such that

1(p,m)] < Mn*(p,m),  d4(p, pu) > M~ plul* — M (plu]* + p+ p(log(p/p+))*),

[ (p, pu)| < M (Jul + Vlog(p/ps)),  |pimm(p,m)| < M,
(3.106)
for all p > p.. Considering N,(p,m) as a function of p and u, the fake mized

derivatives (cf. Definition 2.27) may be bounded by

(05 U (P, pu)] < Mp™ 3.107
(0 € M gl ) (3.107)
Moreover, on the complement region p < p., we have
[71(p,m)| < Muy*(p,m), q(p, pu) = M~ (plul® + p*7) = M (plul* + p"),
[im(ps pu)] < M(Jul + "), [P (p,m) < M,
|mu (05 pu)| < M, ‘ﬁmp(f)a pu)| < Mp9717
(3.108)
where in the final line we consider 7,,(p, m) as a function of p and u. Finally,
. L 2 . _
p|m(p,0) = M (p,0)|” < Me*(p,p)  for p,p > 0. (3.109)

Following the proofs of Lemmas 2.47-2.51 of Chapter 2 to the letter, we obtain

the following result.

Lemma 3.53 (Uniform estimates). Assume that {(p§, uf)}eso is an admissible se-
quence of initial data, in the precise sense of Definition 2.55, and let {(p°, u%)}e=0 be

the sequence of viscous solutions of (1.25) that it generates. Then,

e Lor any T > 0, there exists a positive constant M depending on Ey,T, p,u, but
independent of €, such that

sup E[p°, uf] / /du 1> dx dt < M. (3.110)

t€[0,7]

e For any T > 0, there exists a positive constant M depending on Ey, Ey, p,u, T,
but independent of €, such that

2
|p Tx' dr + ¢ 2dwdt < M. 3.111
px



o Let K C R be compact. Then, for any T > 0, there exists a positive constant
M = M(Ey, K, p,u,T), independent of €, such that

T
/ / p°p(p°)dedt < M. (3.112)
0o JK

e Let K C R be compact. Then, for any T > 0, there exists a positive constant
M, depending on K but not on e, such that

T
//p€|u€|3dxdt§M. (3.113)
0 K

3.4.2 Entropies generated by compactly supported test func-
tions

We now consider entropies generated by functions ¢ € C?(R). Recall from (3.48)
that

n’(p,u) = /inso(p, u— $)(s)ds + / X (p,u — s)(s) ds

R
_ nzso,w(p7 u) + ne'rror,w(p7 u) for p > Px-

In view of Lemma 3.23, we can bound the error as shown below,

’nerror,zp( )‘ <Mmax{k: 1 a)\}/ ’w |d8

< M max{k(p), p

(3.114)

Notice also that, if supp ) C [a, b], then, in view of (3.35),

max{k(p),k«(p)}
n" " (psu) = / X (p, s)Y(u — s)ds = / X" (p, s)Y(u — s) ds,
R

— max{k(p),k- (o)}

and the right-hand side vanishes outside of the interval [a — max{k(p), k«(p)},b +
max{k(p), k.(p)}]. Additionally, making the change of variables v +— wu + s then

differentiating in u and returning to the original coordinates, we get

s (p,u) = /R X (pyu — s)U'(s) ds.

Taking further derivatives and arguing as in (3.114), it easily follows from Lemma
3.23 that

7 )] 7 )]+ Lo ()] < M mas{p™ k() o)

where nemem¥ is the fake mixed derivative. Hence, we have proved the following

lemma.
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Lemma 3.54. Let ¢ € C*(R) be such that supp C [a,b]. Then,

supp 71" (p, ) C la — max{k(p), k.(p)}, b + max{k(p), k.(p)}]. (3.115)

Also, there exists a positive constant My = My (a, \, kg, Cp, ps, k(ps)) such that

1977 (o, W@ + lom " (p, Mlpee®) < My max{k(p), p' =} for p > p.,

(3.116)
and
05 (o, Ml Loy + |l pmeame™" (0, Mooy < My max{p~'k(p),p~**}  for p > p..
(3.117)

Corollary 3.55. Let i € C?(R). Then, there exists a positive constant My =
My (o, A, ke, Cp, ps, k(ps)) such that

[un™ (p,u)| < My max{k(p), p'*}k(p)  for (p,u) € [p,00) x R (3.118)

Proof. The result now follows easily from Lemma 3.54, using the compact support of
n"% and the estimate (3.116), along with the bound on max{k(p), k.(p)} provided
by Lemma 3.19. O

On the other hand, Lemma 2.6 showed that
Myp

[0 (o, w)] + I (py )| < for p 2 p.
! log(p/p« +1)
Thus, adding the contributions from 7**¥ and nor¥,
Myp
(oMo + oo < 72 for 2 (3.119)

error
mp

We now consider the fake mixed derivative 7 for which the following result holds.

Lemma 3.56. Let ¢ € C*(R) and n¥ be generated by (1.15). Then, there exists a
positive constant My = My(o, X, ke, Cp, pi, k(pi)) such that

P (p)
115, (05 Mooy < My~—="" for p > p.. (3.120)

Proof. We first use the representation formula (3.37) to write down

1

o 10) =g | KM o0+ k) — k(o) dp

1 PO .
T S0 = pIW (p0) /p K (p)d(p)nt (p, uo — k(po) + k(p)) dp

1 /k(po)k(p*) w( )
- Ny (Pss U0 — y) dy,
2p0(po = P )K'(P0) S (h(o0)—k(0))

=I+11+1Il.
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where n? is given by 0% (p, u fR X(p, u—s)1Y'(s) ds. Hence, the fake mixed derivative
nmp is given by
mﬁp(Po» o) = Opod + Opo 11 + Opy 111

We begin by controlling the term 9,1,

B 1 PO , » " B
Ot =0 (oo ) [ KMo+ () — k(o)
1
+ md(ﬂo)ﬁf(ﬂo,uo)
+§%C$jzjl*H@W@W&@ﬂ%+k@d—k@D@,
=10+ L+ 1,

where we write I ; ( =1,2,3) to avoid confusion with Bessel functions. Likewise, one
expands 0,,/1 = Il + I, + I15. To begin with, using Lemma 2.6, the last term in

the expansion of d,,I and 0,,/1 are controlled as
~ M PO M
ol + |11 < —/ -
po(po = p-) Po

Meanwhile, we expand the prefactor in the big brackets,

1 1 1
Or (200(/)0 - p*)k’(po)> ~ 202000 — p)K (p0)  polpo — pa)2K (po)
k" (po)

 2po(po — )k (po)?’
and expand the final term,
B 1 k(po)—k(px) y
O LT == O (2[)0(00 - P*)k”(Po)> /(k(po)k(p*)) (P tio — )
1

_ m{ﬁf(p*,uo — k(po) + k(ps)) + 1% (pe, uo + k(po) — k(p*))}

Now, using Lemma 3.9,

and 3.54,

1 M :
o (M) < Go—p 2 Thus, using Lemmas 2.6

M
po— ps

- M PO
L+ 1L < —/ dp =
’ 1’ ’ 1‘ (pO_p*)2 ) 4

For fg and I, we have
using (3.119), that

2p0—(pifp*)d(00)nff (Po;uo)‘ > poﬂfp*- imi one may check,

Mpo < M

M po
Opo 11| < ————(k(po) — k(ps)) + < .
O 11 € 0 (o) = ko)) o Py <
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As such, the terms 9,,1, 0,,11, and 0,,111 are each bounded b
Opod + 0py 11 + 0 OHI\ is ﬁmte. Hence, we

verify by direct calculation that lim, .

deduce v

|7Imp( m)| < m
Meanwhile, using Lemma 3.9, we have \/p/'(p)p~" > /"%2p~'. The result follows at
once. 0

In fact, the same procedure can be followed so as to obtain the same estimates
for ni2o%, from which we see that |15 (po,uo)| < Mpy'. In view of this, we have

the following corollary.

Corollary 3.57. There exists a positive constant My = My(a, X, k2, Cp, pe, k(ps))
such that
P'(p)
P

We have yet to inspect the entropy-flux. To this end, we recall the equation for
Herror¥ | obtained by convolving (3.83) with ¢ € C2(R),

Itz (o, Mlaoei + g™ (0, iy < Mo forp=p.  (3121)

error,y 2 rrerrora) __ rip

HE" = K (p) Hy " = ["(p,u)  for (p,u) € (ps,00) X R,

Herrorﬂ/) (p*7 U) — O, (3122)
error, _

Hp (p*7 U) - 07

where

Polpu) = (W0 = ) H o) + D) for () € o) x R
(3.123)

Arguing as we did in Lemma 3.39, we thereby obtain the following result.

Lemma 3.58. For any (po, ug) € K and any 0 < p, < po, we have
2(po — )k (po) H" (o, uo) =

[ AR DT 0+ o) = () + ™ .t — blpo) + b))} dp
[ 0= (07 = SV v+ i) = K0

[0 p (0 = 2 HE oo~ )+ k() dp

+ /pO p//,()p) (0 = p){n” (p,uo + k(po) — k(p)) —n”(p,uo — k(po) + k(p)) } dp.
. (3.124)
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We are now in a position to bound H¢"% and we proceed using a Gronwall

argument on the representation formula (3.124). This is contained in the next lemma.

Lemma 3.59. There ezists a positive constant My = My(a, A, k2, Cp, ps, k(pi)) such
that

[ (p, )l ay < My max{k(0)%, p'k(p)} for (p,) € [p.,00) X R (3.125)

Proof. We begin by dividing (3.124) by 2(pg — p«). Then, the first term on the
right-hand side of (3.124) is bounded by

1 Po
/ A(0) K (0) ™™ (p, ) | e .
Po — Px P

We now consider the sum of the second and third terms on the right-hand side of

(3.124), which can be rewritten as

1 ) Lo K2 uo+k(po)—k(p) sou
)/ (0= p) (K () = =) / Hy(p,y) dy | dp.

2(po — pu) J, p? o—k(po)+K(p)
Now, recall that
' k«(p)
sto,zp(p, U) _ / hwo(p, S)w(u — S) dS,
—k«(p)

where we made use of the compact support of h**°(p, ). An application of Lebesgue’s
dominated convergence theorem shows that we may take derivatives under the inte-

gral, from which it follows that

) k«(p)
HIso (p,u) = /
—k«(p)

A utke(p)

R (p, )" (u — s) ds = / R (p,u — s)y" (s) ds.
u—k.(p)

Further, since 1 is itself compactly supported, we find, using the bound on h%*°

provided by Lemma 3.34,

(HEo% (p,0)] < Mo ( [ ds) ,

and therefore |H5*%(p,u)| < Myp. Hence,

uo+k(po)—k(p)
/ HisoY () dy
uo—k(po)+k(p)

< My pk(po)-

In light of this, along with the bound on &’(p)? — o/ p? provided by (3.19) in Corollary
3.10, the sum of the second and third terms on the right-hand side of (3.124) is
bounded by

11—

Myk(po) /”0 . po " — Pl _
——— [ p %dp < Myk(po) T < Myk(po)po“,
(po—/)*) N P (0)1—1-(/)0—/)*) P ( 0) 0
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provided « € (0, 1), where the second inequality holds since there is in fact no singu-
larity when py = p.. If, on the other hand, o > 1, this term would be bounded by
Myk(po)?py". The final term on the right-hand side of (3.124) can be written as

1 /po ”( ) uo+k(po)—k(p) “ )
— [ P'(p)(p—p.) / M, y) dy | dp,
2(po — px) P uo—k(po)+k(p)

where we used the fact that p~'n¥(p,u) = n%(p,u). We already know from adding

the contributions of 7%%° and n¥*°" that

In% (p,u)| < My.

In turn, using Lemma 3.9, we find that the final term in (3.124) is bounded by

Myk(po) /”0 _ py ¢ —pie _
——— [ p %dp < Myk(po) T——F—— < Myk(po)po“,
(po — ps) J,, v (0)1+(po—p*) whlpo)po

provided a € (0,1), where once again, the second inequality holds since there is
no singularity at pg = p.. If we had a > 1, then this term would be bounded by

Myk(po)?py". Collecting our previous results, we therefore have

1 PO
/ d(p) 1K' (p) H™ "% (p, ) || oo my dp

Po — Px
+ Myk(po) max{py 'k (po), oy }-
Gronwall’s lemma then yields, using the fact that d(p) is bounded according to (3.24),

1K' (po) H™ ¥ (po, )| Lo ) < Miyk(po) max{py k(po), po “}-

The result now follows easily, using the estimates of Lemma 3.9 and (3.14). O

Hk/<p0)HerroT,¢(p0’ ')HLOO(R) <

Adding the contributions from 1***% and n®"°"¥, we arrive at the following lemma,

which is the analogue of Lemma 2.6.

Lemma 3.60. Let 1) € C?(R) and (n¥, q¥) the associated entropy pair via (1.13) and
(1.15). There exists a positive constant My = My(a, X\, kg, Cp, ps, k(ps)) such that

p
log(p/ps + 1)’
Also, with 0%, (p, pu) = 0% (p, pu) the fake mized derivative,
1

log(p/ps +1)

0% (p,m)| < My lq”(p,m)| < Myp  for (p,m) € RL.  (3.126)

In% (p,m)| + [0, (p,m)] + |0, (p,m)| < M,y for (p,m) € R%.

(3.127)
Finally, with 0} (p, pu) the fake mized derivative,
/!
(P )| < M¢# for (p,m) € R%. (3.128)
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Following the proof of Lemma 2.61 of Chapter 2 to the letter, while appealing to

Lemma 3.60, we obtain the following compactness result.

Lemma 3.61. Let v € C*(R) and (n¥,q%) the associated entropy pair via (1.13)
and (1.15). Additionally, let {(p§, u5)}eso be a sequence of admissible initial data,
in the precise sense of Definition 2.55, and let {(p®,u®)}~0 be the associated viscous

solutions of (1.25). Then, we have that the entropy dissipation measures
1’ (0%, p°u)e + ¢% (0%, pul)s (3.129)

are confined to a compact subset of W,;jp(Ri) for any p € [1,2).

3.5 Singularities of the entropy kernel

The main result of this section is Lemma 3.66, which is the analogue of Lemma 2.73
of Chapter 2 (cf. [80, Lemma 2.7]), and is concerned with the fractional derivatives
of the kernels (cf. Definition 2.71). This result is indispensable for the proof of
the reduction of the Young measure, which is contained in the next section. Prior
to Lemma 3.66, we require global bounds on the vacuum expansion of the entropy
kernel and the entropy-flux kernel (¢f. Theorem 1.12, (1.20)-(1.21)), which are found

in the following two lemmas.

Lemma 3.62. Recall from Theorem 1.12 that the entropy kernel admits globally the

exrpansion

X(pyu) = a;(p)Galp, u) + a5 (p)Grsa(p,u) + gi(pyu) — for (p,u) € RE,  (3.130)

where Gy(p,u) = [k(p)? — v?]2, and g1(p,-) and its fractional derivative 9, g1(p, ")
are Hélder continuous. There exists a constant M = M (7, a, A, ka, Cp, ps, k(ps)) such
that

a0 +las()| < Mypk(p) ™ for p = pu, (3.131)
and
10291 (0, MLy < My/pk(p)*  for p > pa. (3.132)

Proof. Recall from [14, Proposition 2.1] that a;(p) = ay(p)k(p) =2}, where
ay(p) = Myk(p) "'k (p)™?, (3.133)
while ay(p) = a,(p)k(p) =273, with

a(p) = —ﬁk@ﬁ”k’@)*ﬂ / Ck(r) OO () e () dr (3.134)
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Recall from [14, Lemma 3.1] that there exists a constant M = M (+y,r) such that
p M ag(p)l + lob(o)] + a7 (o) + plog” (D)l < M forpe[0.r),  (3.135)
from which it follows by direct calculation that
Pl (p)| + P~ ag (o)l + laf (p)] < M for p € [0,7). (3.136)

We now concentrate on the large density region, where p > p.. Note that since

k'(p) > 0 in this region (by assumption of strict hyperbolicity), we have, for instance,

F(p)* ™ = k(p ) (k(p) K(p)) 71 < K(p) ™ (R(p) R(p) M1 < ME(p)*,

for some positive M depending on p,. In view of this, calculating the derivatives

explicitly and using the bounds on the derivatives of k provided by (3.21), we obtain

las(p)l + plal(p)] + 2l (p)] + ¥l (p)] < My/pk(p)™! for p = p., (3.137)

for some positive M = M(«, ko, Cp, p). From the bound on max{k(p), k.(p)} sup-
plied by Lemma 3.19, we thereby obtain the bound on a; in (3.131). Note that, when

P 2 P
p r P+ P dr
/ k()" K (1) 2] (r) dr| < M/ TadT—FM/ dT+M/ —

0 r P T

< M (1+log(p/ps)) < Mk(p),

0

where we used the fact that 6 € (0,1) for v € (1,3) along with Corollary 3.11, and
that the middle interval only adds a bounded contribution, since the integrand is

continuous away from the vacuum. Therefore, we get

s ()| + plag(p)] + p?|ad (p)] < M\/pk(p)**? for p > p., (3.138)

and therefore the bound on a, in (3.131) follows easily. For the remainder term, we
know from (3.30) in [14, Proof of Theorems 2.1 and 2.2] that

u

91,0p — k/(p)le,uu = A(p)k(p>_1f>\+1<w)a
91(0,) =0, (3.139)
gl,P<07 ) =0,
where fy(y) = [1 — ]2 and
Ap) = = (o) + 5y Trsatle)) forp o, (3.140
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and we recall from (3.31) in [14, Proof of Theorems 2.1 and 2.2] that A is locally
bounded, so that there exists M = M(, p.) such that |A(p)| < M for p € [0, ps).

Arguing as in the proof of Lemma 3.26, we get the representation
k' (p0)g1(po, o) =

2%0 " A (0) {g1(p.u + ko) — k(p)) + 91 (psu — k(po) + k(p)) )} dp

00 . uo+k(po)—k(p) s
tar [ oo ([ P () ds ) do.
wo—k(p0)-+K(p) (p)
We note that pA(p)k(p)_1 is bounded on [0, p,), so that the second integral makes
sense. So, taking derivatives in ug, we get

H(Po)&éﬁ(ﬂo; Uo) =

[40]

20 d(p)K (p){Bugr(p, o + k(po) = k(p)) + dugr(p, uo — k(po) + k(p)) } dp

e up + k(po) —k(P))

T ) PAW p)"H{ P ( ) (UO_M o) + K(p) PV dp.

k(p)

— a1
(3.141)
Recall the fractional derivative of Definition 2.71. By the fundamental theorem of

calculus,
S

O fapi(s) = 2 fara(=1) = [ )" faia(y) dy. (3.142)

—1
Note that supp fy = [—1, 1] so that the second term on the left-hand side vanishes.
Also, from [80, Section 2.2],

02 frsa(s) = AL (H(s + 1) + H(s — 1)) + A3 (Ci(s + 1) = Ci(s — 1)) + 7 (s),

where Ai\“, Ag‘“ € C and 7! is a compactly supported Holder continuous function.

Hence, substituting this equality into (3.142), we get

s

O fri(s) :A%H([S + 1]+ [s — 1]+) +/ P (y) dy

-1

+A§\+1(/_SlCi(y+1)dy—/_lei(y—1)dy>.

Given the terms in (3.143) and the support of fy, we see that 9 fy,; is a continuous

(3.143)

function with compact support, and it is therefore uniformly bounded. In view of
this, by applying the fractional derivative 8;\0 to the representation formula (3.141),

we get

1 (p0)3 g1(po, )| oo _—/ PIIK (p)0 g1(ps ) < ry dp
(3.144)

M A k(o) dp,
Po Jo
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where we have taken into account the homogeneity of the fractional derivative in the

final term. We now bound this final term. Suppose that py € (0,7), then

PO
/ PA)k(p) D dp < M /
0 0

and since 2 — ¢ > 1 the right-hand side is dominated by M/po. If po € [r, p.), only
27272

a bounded contribution is added, since the integrand is continuous on this interval.

16 3
p22dp < Mp; *,

Finally, if py > px,

/0 " 1P APk(p) O] dp < M / i
< M(1+ /pok(po)?).

Thus, applying Gronwall’s lemma to (3.144), we obtain

M\QD

P 0
dp+M/ dp+M/ k(p)p~ Y% dp

*

N

1K (90) 2+ g1.(po, )| ooy < Mp§ for po € [0,7), (3.145)
while Mk(po)?
P
1K' (90) 02 g1 (o, M e @) < —\/p_oo for pg > ps,
from which the result is easily deduced using (3.19). ]

Remark 3.63. Using the fact that ||fy||L~ = 1, we get directly from (3.141) that

1 PO ,
I8 (0)0ugs o My < [ dDIF ). ) =ce) do
0

M [Po ~
+— [ pAlp)k(p)~ dp.
Po Jo

Therefore, applying Gronwall’s lemma and arguing as before gives

1 (90)0ugn (po, ooy < Mpy™" for py € [0, p.),

while, for p > p,,

P
/pA()k:( dp'<M/ 19dp+M/ dp+M/ (P 2p Y2 dp
0
< M(1+4 /pok(p)* ).

In view of the previous remark, we easily obtain the following result.

Corollary 3.64. There exists a positive constant M = M (a, kg, Cp, ps) such that

10ug1 (P, M 22y < M (p° L pepp. + /Pk(p)**1y5,.)  for p > 0. (3.146)
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We also have the equivalent results for the entropy-flux kernel.

Lemma 3.65. Recall from Theorem 1.12 that h(p,u — s) = o(p,u,s) —ux(p,u — s)

admits globally the expansion

h(p,u) = —u(by(p)Ga(p, u) +by(p)Grsr(pyu)) +ga(p,u)  for (p,u) € R, (3.147)

where Gy(p,u) = [k(p)? — w?]2, and g2(p,-) and its fractional derivative 9, go(p, )
are Hélder continuous. There exists a constant M = M (7, a, X, ka, Cp, ps, k(ps)) such
that

ba(o)| + ()] < M/BR(0) ™" for p> p. (3.148)

and
102" g2 (p, Ml ey < M/pk(p)?>  for p> p.. (3.149)

Proof. Recall from [14, Theorem 2.3] that

b(p) = Mapk(p) 'K (p)"/?, (3.150)
while
1 —(A+2) 7./ —1/2 P A1 —1/231
o) = = Tt R [ R ) ) i .
+—4<)\1+1)k:(,0)()‘”)k’(p)lm/o Tk’(T)7(A+1)k/(7')1/2a’g(7') dr.

Using (3.2), we find that there exists a positive M = M (v, )

bs(p)| + [6,(p)] + oIt (p)| + 2|67 (p)| < M for p € [0, 7). (3.152)

P
SM/ dp,
0

which shows that the two integrals are bounded by Mp for p € [0,7). Using this

Additionally, for p € [0,7),

P
‘ / )M ()72 () d7’+‘ / Th(r)" MR (1) 20 (1) dT
0

estimate we get, by explicitly computing the derivatives of b,,
By(p) + P (D)) + P (P)] < M2 forpe[0,r),  (3.153)

for some constant M = M(vy,r). On the other hand, for the high density region,
explicit calculation and (3.3) show that

be(0)] + plEs(P)| + p21E5 (0)] + P67 (P)| < M /()1 for p > p.. (3.154)
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Also, for p > p,,

/P k(T)’\Hk:'(T)_l/ng(T) dr| +

0

p
/0 Tl{;(T)_(’\+1)k;’(T)l/?ozg(T) dr
p

r P d
SM/ dp+M/ dp+ M ?T < M(1+1og(p/ps)) < Mk(p),
0 T

Px

where we used the fact that the middle interval only adds a bounded contribution,
since the integrand is continuous away from the vacuum, and Corollary 3.11. In view
of this, by explicitly computing derivatives of b,, one can use the previous bound to
show that

[05(p)] + pl0 ()| + P°[85 (p)| < M/pk(p)™*"  for p > p.. (3.155)

It remains to bound the remainder term, which, for (p,u) € Ri, satisfies the equation

U p//
92,pp - k/(p>292,uu - Ubg(ﬂ)k(ﬂ>2)\+2f>\+1 (_) + ;p) gl,u(p7 U),
92(0, ) = 07
gQ,p(Oa ) = 07

where we recall that fy(y) = [1 — y?]}. Arguing as in the proof of Lemma 3.26, we

get the representation

K'(po)g2(po, uo) =

2%)0 " Ao () {920, u + (o) — k() + gp. w — ko) + k(o)) } dp

L[ b (p)k( )2>\+2< uo-+h(po)—k(e) ! ( s ) 55 d
+ — PO \P)R{P / et (—— 8) 0
2P0 b wo- koo ik k(p)

1 PO
+ 2_;00 1" p){gl(l), ug + k(po) — k(p)) — g1(p, uo — k(po) + k(p }dp

Taking a derivative with respect to ug then yields

k' (po)Ouga(po, wo) =

3 || O () {Ougnlp+ Kpn) = K(p) + Dugalp, 1~ kipw) + h(p)}
Loe oa+sUo + k(po) — k(p) uo + k(po) — k(p)

+ %0 ), pby (p) k()2 ( k() ) o ( k(p) ) dp
Lo, s Uo — k(po) + K (p) ug — k(po) + k(p)
%0 s b (p)k(p)**+3 ( k() ) P ( k(p) ) dp
2%0 "(p){0ug1(p; 1o + E(po) — k(p)) — dugr(p, w0 — k(po) + k(p)) } dp,
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and we write f(s) := sfay1(s). We now take an additional fractional derivative,

noting the homogeneity in the terms comprising f., to obtain

k,(ﬂo )00 ga(po, o) =

P /0 P02 ga(p,u + K(po) — k(p)) + 03+ ga(p, u — k(po) + k(p)) } dp
+_/ b" p>A+3{JF(A)(u0 + k(]{;p((g)_ k(P)) _ j?(,\)(uo - kkp(op + k(p )} dp
L (0) {027 g1(p, uo + k(po) — k(p)) — 02" g1(p, uo — k(po) + k(p)) } dp,

2p0
where f )(s) = 9> f(s). Using the chain rule along with (3.143), and exploiting the
compact support of fyi1, we deduce that ™ is a compactly supported continuous

function. It is thus uniformly bounded. Therefore,

1K (90) 02+ g2(po, )| oo ) _—/ PIIE (0)0 g2(p, )l Lo () dp
M [P
oo | PR )] d
0
1 PO " A1
[ 10 ) e
Suppose pg € [0,7). Then, using (3.153),
M/ (p)* 2104 (p) Id,0<—/ pihdp < Mpg*?,
and, using (3.145),
1 po 1, 30

M 360 _|_
- |¢@wmwmmwm®@s%/,w-@<M%
0

On the other hand using (3.155), if pg > p., we get

M [0 A3 (11 r M (™ k(p)®
— pk(p b)(p)|dp < M 1+/ dp —|——/ dp
Po Jo (o)1 e) T Po Jo AP

< M1+ py P k(po)?)-
and, using (3.132),

1 PO /1 A+1 P M _ak(p)2

— pp-@ugp,-oodpSMlJr/ dp d

p” " ()] - |l 1(0; )l o= (m) i + 7

< M(1+py ).
Thus, applying Gronwall’s lemma, we get
MFk(po)?
1K (p0)2 ™ g2 (o, Mz @) < —\/(,0_00) for pg > ps,

from which the result is easily deduced using (3.19). O
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We now arrive at the main result of this section, which will be used in key steps

of the Young measure reduction in Section 3.6.

Lemma 3.66. The fractional derivatives 0, x and O h admit the expansions:
X (pyu— ) =

57 (A10)0s = k() + Aap) s = k()

v () PV (s = K(9) + Avs () Gils = w K(9) ) + (=),
(3.156)

and

X h(p,u— s) =

56 = ) Bup)o(s = ut ko)) + Baslp)fi(s — u £ k(o)
+

T Baa(p) PV(s — = k(p)) + Bas(p) Ci(s —u+ k<p>>>

23 (Boslo) (s = K9 + B () ils = W) ) + o5,

(3.157)
where the remainder terms ry, and r, are Holder continuous functions. Moreover,

there exists a positive constant M = M(«, 7, ke, Cp, ps, k(p.)) such that

4 6
Z |Aj+(p)| + Z 1B;,+(p)| < My/p(1+1log(p/p.)) for p > ps, (3.158)
=1+ =1+

I (ps Moy + 7o (ps My < My/p(1+ (log(p/p:))?) — for p = pu. (3.159)
Proof. By taking fractional derivatives of (3.130), we have, as in [80, Section 2.2],
0" x(p,u— ) = ay(p)9 Galp,u = ) + ay(p) 0T Girsa(p,u = 5) + 0. gu(p,u — 9),
where we know from [58, Proposition 3.4] that

02GA(p,u—s) =k(p) A (H(s —u + k(p)) + H(s —u—k(p)))
(oA (Cils — u+ k(p)) — Cils — u — K(p))) + k(o) (
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and
NGA(p,u—s) =k(p)[A} (6(s — u+k(p)) + 0(s — u—k(p)))
+A’\( PV(s —u+ k(p)) — PV(s —u—k(p)))]
AMUA(H(s —u+k(p) — H(s —u—k(p)))
+Ai(Cls—u+k p)) — Ci(s —u—k(p)))]
(-

Aillogh(p))* +a(77)).

where A} € C fori € {1,...,4} are A-dependent constants, and 7 and G are uniformly
bounded Hélder continuous functions. We therefore deduce the form for 9}y given
n (3.156), with

A1+ (p) = as(p)k(p)* A7, Az +(p) = Eay(p)k(p)* T A3 + ay(p)k(p) T AT,
As 1 (p) = xay(p)k(p)* A3, Ay 1 (p) = ay(p)k(p)* A} £ a4y (p)k(p)M 1 AT,
and

re(p,u—5) = ag(p)k(p)* (2 _pu) i ab(p)k(pyﬂf(%)

— k(p) "' A} (log k(p))* + 05 g1 (p,u — 5).
The conclusion of the lemma now follows easily from Lemma 3.62, using the fact that
k(p) < M(1+log(p/ps)) for p > ps, by Corollary 3.11. An identical procedure using
the estimates of Lemma 3.65 yields the result for the entropy-flux kernel. O

3.6 The Young measure and proof of main result

Following the approach in Section 2.7 of Chapter 2 to the letter, we obtain results
analogous to Lemmas 2.67 and 2.70. We thereby deduce the following lemma.

Lemma 3.67. Recall the kernels x and o (cf. Definitions 1.10 and 1.11). Let
{(p§, ug) }eso be an admissible sequence of initial data in the sense of Definition 2.55
and let {(p°,u%)}en0 be the associated viscous solutions of (1.25). Correspondingly,
let vty be a Young measure generated by the family {(p°,u®)}eso. Then,

X(s1)o(s2) = x(s2)a(s1) = x(s1) o(s2) — x(s2) (1), (3.160)
for all s1, 59 € R, where the notation f = [ [ dviy was explained in Remark 2.69.

In order to deduce that the support of the Young measure reduces to a point, we
again prove two technical lemmas (c¢f. Lemmas 2.74 and 2.75 of Chapter 2). We begin
with the following result, the content of which is contained in [58, Lemmas 3.8-3.9].

Throughout, we use the same notations as those introduced in Subsection 2.8.1.
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Lemma 3.68 (Lemmas 3.8 and 3.9 of [58]). Let R € C2%(R) for some a € (0,1) be

loc

bounded, let g € C**(R), and take L > 2 such that supp g C Br_5(0).

1. Consider any pair of distributions Ty, T3 € D'(R) from the following collection:

(T2>T3) = ((5’ Q3)a <T27T3) = (PV, Q3)a (T27T3) = (QQa Q3)a

where Q2, Qs € {H,Ci, R}. Then there exists a constant C' > 0 such that

sup
7€(0,1)

[ ot (Faloss = it o) Tatss — b)) 05 ¢ 65(s1) s

2
< Cligllcon @ (1 + 1 Rllcoo @my)
2. Consider now any pair of distributions from
(T27 T3) = (67 5)7 (T27 T3> - (PV7 PV), (T27 T3) = <Q27 Q?))u
(T27 T3) = (67 PV)a (TQa T3) = (PV7 Q3)7 (TQa T3) = (QQa Q3)a

where Q2, Q3 € {H,Ci, R}. Then there exists a positive constant C' such that

/OO g(s1)((s2 — 83)Ta(s2 — u £ k(p))-

o0

T T 2
Ty(s3 —u £ k(p))) * 05 * ¢3(s1) ds1| < Cllgllcoa) (1 + 1Rl go.oz,07)) -

sup
7€(0,1)

Now recall the cancellation of singularities proved in [14, Lemmas 4.2-4.3].

Lemma 3.69 (Lemmas 4.2 and 4.3 of [14]). The mollified fractional derivatives of

the entropy and entropy-flux kernels satisfy the following convergence properties:

1. On sets on which p is bounded,

Pyx5Psoy — Pyx3Paol — Y (6, 63)Z(p) Y (KF)*00,—utniy) (3.161)
+

as T — 0 weakly-star in measures in s; and locally uniformly in (p,u), where

Y(¢2,¢3) = /_OO /_52 ¢2(82)¢3(33) - ¢2(33)¢3(32)d53 dsy

and Z(p) = (A + 1)M;%k(p)?*D(p), where D(p) is as in Lemma 1.13.
2. There exists a Holder continuous function X (p,u, s1) such that, as 7 — 0,
x1Pjo; — Pixjor — X(p,u, s1) forj=2,3 (3.162)
uniformly in (p,u, s1) on sets on which p is bounded.
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Armed with these two results, we prove the two technical lemmas required for the

Young measure reduction framework. We follow [80, Lemmas 5.2-5.3] to the letter.

Lemma 3.70. For any test function ¢ € D(R),

lim [ x(s1) Pax5P303 — P3sx3 P03 (51)¢(s1) dsy

7—0 R

= LY(%,%)Z(P)Z(Ki)QX(ui k(p))¢(u = k(p)) dv(p, u),

+

where Z(p) = (A + 1)M;%k(p)?*D(p) > 0 for p > 0, and D(p) is as in Lemma 1.13.

Proof. Let ¢ € D(R). From Lemma 3.69, when p is bounded,

o0

lim X(s1)(Paxa P30y — Pax3 Paoy)(s1) dsy

=Y (¢2.63)Z(p) > _(EK*)*x(u = k(p))th(u £ k(p))

+

locally uniformly in (p, u) and hence pointwise for all (p, ). Therefore, for any p, > 0,

o0

lim X( 1)V, (Paxa P30y — Psx3 Paog )1 ,<p, )0 (51) dsy

T7—0

l
< Y (6n,00)200) U P E R k<p>>npgp*>

1)(Paxy Psog — Pyx3 P03 )1(s1) d$11p<p*>

=Y (¢2, ¢s) Z( 2w, Z(p)x(uE k(p))i(u + k(p))).

It therefore suffices to show that
'X(S1)(P2X§P30§ — Pyx3Paod)(s1) dsil,s,. | < C(p* + 1),

for some C' > 0 independent of p, v and 7. Since p?> € L'(H,v) (with H as in
Subsection 2.7.1), an application of Lebesgue’s dominated convergence theorem then

allows us to pass the pointwise limit inside the Young measure. We also notice that
Pax3 Psos — Psx3Paog = Poxy Ps(0f — uxi) — PaxiPa(og — ux3).
Using Lemma 3.66, we see that this product consists of a sum of terms of the form

A; (0)Bj=(p)Ta(s2 — u % k(p))Ts(s3 — u % k(p)),
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where Ty, T3 € {4,PV, H,Ci}, or terms with the same structure but where T, €
{6,H,PV,Ci,r,} and T3 € {H, Ci, r,} and likewise with s, and s3 reversed.
Applying Lemma 3.68 yields, for any pair Ty, T3 € {4, PV, H, Ci},

’ /_OO X(51)1(s1) (52 — s3)Ta(s2 — u = k(p))Ts(s3 — u £ k(p))) * ¢ * @5 * (s1) dsy

< Olxy |l coe ),
(3.163)

where we note that s — x(s) is Holder continuous (cf. [79, Lemma 5.5.2]). Likewise,

’ /_OO X(51)9 (1) (Ta(s2 — u + k(p))Ta(ss — u £ k(p))) * @5 * ¢5 * (s1) ds

< Cllxellenn@ (1+ Irxllcon @ + I17sllcon @)

for T, € {6,H,PV,Ci,r,} and T3 € {H,Ci,r,}. In this case, R > 0 is such that
supp?¥ C Br_2(0) and the terms involving r, and r, occur only if one of T, T3 €

{ry,rs}. Hence, Lemma 3.66 gives

\ / NG (BGPos — PoGPacy)b(sy) dsy

< C%ai(ﬂ/lj,in,iL |Ajx] - ||7‘x||cgia(37), | B+ - ||Ta||cgia(?R)} < C(p* +1).

]

Lemma 3.71. For any test function ¢ € D(R),

T—

lin}) . P3x3 Paxgor — x112031(s1) dsy = lig%/RPng Pyx3o1 — x1P3039(s1) dsy.
Proof. Let v € D(R) and fix (p,u) € H. Then, Lemma 3.69 shows that
(x1 P05 — Psx3o1)(p,u,s1) = X(p,u,s;) uniformly in sy as 7 — 0.
Hence, since
/RTXE(le?)Ug — P3x501)1(s1) dsy
= [ [ P ) G Pacs = oG (o)) ds o),
we find that
/}R%(le?ﬁg — P3x301)Y(s1)dsy — /H<P1X1(ﬁu i,-), X (p,u, ) (-)) dv(p, @)
pointwise in (p,u) as 7 — 0.
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Note that the inner product (-,-) is, in a slight abuse of notation, the duality
pairing of distributions and continuous functions. To pass to the limit, we used that
{P;x}}—, are measures in s1 such that |Pjx7(p, u, -)|sma < Cap to pass the limit inside
the Young measure, where |p|ara = sup{|{x, f)| : f € C**(R) and || f|coom) < 1},
for any o € (0, 1).

The rest of the proof requires the following.

Claim 3.72. There exists a positive constant C' independent of T such that

/ PG (0P — Poco)i(s:) ds: | < C(p* +1).
R

Assuming the validity of the previous claim, an application of Lebesgue’s domi-

nated convergence theorem yields

1%/P2X§(31)(X1P3U§ — Pyx3o1)(s1)¥(s1) dsy
T R

= lim / / Poxa(50) (01 Pacf, — Paxon) (o, s )(s1) dsy dv(p, )
HJR

T—0

= /;/H<P1X1(ﬁ7ﬁ’7 '),X(p, u, )¢<)> dV(ﬁ: 71) dV(ﬂ? u)

As the limit is independent of the choice of mollifying functions ¢7 and ¢3, we may

interchange the roles of s, and s3, which concludes the proof. O]

Proof of Claim 3.72. The result is straightforwardly verified by following [80, Proof
of Claim 5.6] to the letter, this time making use of the estimates provided by Lemma
3.66 instead of [80, Theorem 2.6 and Lemma 2.7]. O

Following the proof of Theorem 2.72 to the letter, while making use of Lemmas
3.70 and 3.71 instead of Lemmas 2.74 and 2.75, we obtain the following.

Theorem 3.73. Recall the kernels x and o (cf. Definitions 1.10 and 1.11). Let
v € Prob(H) be a probability measure such that the function (p,u) — p* € L*(H,v)
and, for all s1,ss € R,

X(s1)o(s2) — x(s2)a(s1) = x(s1) o0 (s2) — Xx(52) 0 (51). (3.164)

Then either v is supported in V' or the support of v is a single point in H.

Finally, we conclude this chapter with a proof of the main theorem.

Proof of Theorem 3.2. The proof of Theorem 3.2 follows the proof of Theorem 2.2
of Chapter 2 to the letter, with the exception that we make use of Lemma 3.53 for
the uniform estimates, Lemma 3.67 for the Tartar—Murat commutation relation, and

Theorem 3.73 for the Young measure reduction. O]
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Chapter 4

Entropy methods for steady
transonic flow

4.1 Introduction

This chapter focuses on the entropy equation arising in the Morawetz problem, in-
troduced in Sections 1.4 and 1.5, which appears when considering the equations of
steady compressible planar potential flow. Our objective is to employ ideas from the
general pressure law formulation of the Euler equations (cf. [14, 80] and Chapters 2
and 3) to generate entropies of the potential flow system (1.40) that are compact in
H~'. This is a first step towards proving the existence of an entropy solution of the
Morawetz problem, subject to the polytropic pressure law p(p) o< p? for v > 3. As
mentioned in Section 1.5, the goal of this chapter is to prove Theorem 1.21.

The rest of the chapter is as follows. To start with, in Section 4.2, we consider an
artificial viscous system for the polar formulation of (1.40), and describe the invariant
regions of this viscous system. Specifically, we discuss how these differ from those
in [20, Section 5] and how this affects the analysis of the entropy equation. We
then introduce the entropy equation for our problem in Section 4.3, and study the
asymptotic behaviour of the coefficient (M? — 1)/p? in the vicinity of the vacuum,
where M is the Mach number defined in (1.38). Next, we prove the main dissipation
estimate for the problem under consideration, in Section 4.4. Following on from this,
we prove the existence of a large family of Lax entropies using techniques from the
theory of general pressure laws [14, 15] (cf. Section 4.7), and prove the local H~!-
compactness of the entropy dissipation measures corresponding to these entropies, in

Sections 4.5 and 4.6. Hence, we confirm the validity of Theorem 1.21.
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4.2 Invariant regions in polar coordinates

As mentioned in Section 1.4, [20, Section 3| introduces an artificial viscous perturba-

tion of the polar formulation (1.41) of the potential flow equations, i.e.,

£ £ _R€
O e
t T ¢ y p(q%)qc R2
where

Ve —sint®  —q®cost® B cos t° —q®sint® 49
"\ L costE —sineE | "\ L sineE costE | (4.2)

c2q c2q

Note that the matrices A° and B® commute. It is therefore possible to compute their
common eigenvectors, from which we deduce that the equations for the Riemann
invariants of (1.41), which we denote by W, are

8Wi 1 8Wi . \/ q2 — 2 (4 3)

ot ’ dqg + qgc '

in the region ¢ > ¢, the solution of which are given by [20, Theorem 5.1], i.e.,

Welt,q) =t F (W@) - W(\/§qcr)> , (4.4)

where the critical speed ¢, is given by (1.39), and, as in [53, Section 117],

1 -1 2 1 2
W(q) = 4/ YH 2 aresing | 2o2 (£ 2 1) — aresing [ 2= (1- %), (4.5)
v-1 2 \a; 2 9

Using the Riemann invariants we symmetrize (4.1), and rewrite it as two scalar elliptic

equations. This is the core of the next lemma, the proof of which is by explicit

computation (cf. [20, Proposition 4.1]).
Lemma 4.1 (Proposition 4.1 of [20]). Assume that
R; = ediv(o1(p°)VE°), R; = ediv(o2(p®)Vp),

where o1(p) =1 and o3(p) =1 — c*/q* for ¢ > c. Then, the Riemann invariants Wy
satisfy

qc ()\i 8Wi 8Wi
c2

o (v — 3)q® + 4c?
P — ox = dy

2p2q2 /q2 — 2

where, in a slight abuse of notation, the Riemann invariants are viewed as functions

Vo, (4.6)

) FeAWL = —cc

of (x,y), i.e., Wo = Wi(t(x,y),q(x,y)), and we have dropped the & superscripts.
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When « > 3, the right-hand side of (4.6) is always non-positive; the opposite of
the case 7 € [1,3) studied in [20, Section 4]. In turn, the roles of W, and W_ are
interchanged, and solutions are now longer constrained to live inside the area trapped
by the level sets of W; instead they must stay outside (cf. the apple-shaped regions
in [20, Figures 1-5]). This therefore implies that the scalar speed ¢° is bounded from
below by some ¢, and we may select boundary data such that ¢, > ¢... As such, we
obtain

¢ >q., p(¢°) <plg.) foralle>D0. (4.7)
Remark 4.2. Since our solutions have speed bounded from below by a positive con-
stant, there will be no stagnation points. Hence, if the domain €2 is as in Domain
(b) (cf. Section 1.4), we will necessarily violate the Kutta condition; a fundamental
criterion in aerodynamics, which states that there is a stagnation point both at the
leading edge and at the trailing edge of any solid body immersed in a flow. For this
reason, in this chapter, we only consider 2 as in Domain (a).

We summarise the findings of our previous observations in the following lemma,
and the method of proof is identical to that of [20, Theorem 5.1].

Lemma 4.3. Assume there exists C?(Q) solutions u® = (u®,v°) of the viscous problem
vy, — uy, = ediv (01 (p°) V),
{(/fug)x + (p70%)y = ediv (02(p7) V),
in Q depicted by Domain (a) (cf. Section 1.4) such that ¢¢ < Gean, where p* = p(q°)
is prescribed by the Bernoulli law (1.35) with v > 3, where

(4.8)

2
Ul(P) =1, 02(p) = (1 - q_g) for ¢ > qer,
and the boundary conditions:
Vit n=0 on 08y,
eas(p?)Vp® -n = |p°(u,v%) - n| on 08, (4.9)
(U, 0%) = (Uoo, Voo) = 0 on 00y With ¢or < ¢oo < Geaw-

Then, all solutions of (4.8)-(4.9) are bounded below, uniformly in €, away from qe.
In detail, we have that there exists a positive constant q. € (qer,00) such that g, <
¢ < Gearn for all e > 0. In turn, this imposes that 0 < p(¢°) < p(q«) for alle > 0, and
p(q.) < p(ger)-

Remark 4.4. Showing the existence of solutions to (4.8)-(4.9) with ¢° < g4, for each
€ > 0 is an open problem. Notice that the sign in the second boundary condition in
(4.9) is different from the one in [20, Theorem 5.1].
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4.3 The entropy equation

To begin with, we define a new substitute variable for the density, which was originally

defined by Morawetz in [69, Section 3|, and subsequently in [20, Section 7].
Definition 4.5. Define p = u(p) to be

plger) 120
P

where g, is given by (1.39). As such, u is the unique solution of the equation
{u’(p) =1/M?,
1(p(ger)) = 0.

Remark 4.6. Note that the above equation implies that 4 < 0 when the flow is

(4.11)

supersonic (which corresponds to (1.40) being hyperbolic), and x> 0 when the flow
is subsonic (which corresponds to (1.40) being elliptic). In view of this, x4 is a more
appropriate variable to work with than p when one wants to divide the phase-space
into the hyperbolic and elliptic subdomains.

In what follows, we shall denote entropy pairs of the potential flow system (1.40)
by (Q1,Q2), so that @y is the entropy and @), its flux. Note that these entropies are
associated to the phase space variables (u,v).

As already mentioned in Remark 1.6, requiring equality of the mixed partial
derivatives of the entropy-flux gives rise to the entropy equation (c¢f. [20, Section
7]). Solutions of this equation are most easily generated using the new variable p,

and a recipe for constructing them can be found in the following lemma.

Lemma 4.7 (Lemma 7.1 of [20]). Let H be a solution of the linear equation

M? -1
HNN - (T) Htt - O (412)

Then, the quantities
Q1 = pqH, cost — qH;sint, Q)2 = pqH, sint 4 qH, cost, (4.13)
define entropy pairs of system (1.40) in the (u,v)-plane.
Definition 4.8. We define the special generator, which is a straightforward solution
of (4.12), to be /
H*(u,t) = g +/# /“ M22_ ! dp” dt, (4.14)

p
and we define (Q7, Q%) to be the corresponding entropy pair generated by this H* via

(4.13), which we call the special entropy pair.
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By Lemma 4.3, in the case 7 > 3, the system is hyperbolic with ¢ > ¢, > q.r
throughout €. As such, the formula (4.10) shows that u takes values in the interval
[—pter, —ther + f1i], where pg. and p. € (0, pe.) are defined by

plger) 420 plax) 520
Mer *= 0/0 1_—‘%29d$, My = 8/0 1_—126d$
Remark 4.9. We note that p.,. is a positive constant inferior to 1. Indeed, a very
blunt bound using (1.35)-(1.39) shows that
)20

P(ger
e p(ger) < 1.

0 < pter < 0p(ger) - W

Note that 4 = —pe when p = 0, which is the only singular point of the entropy

equation. As such it is more suitable to use the translated variable v, defined below.

Definition 4.10. We define the variable v = v(p) by the explicit formula

p $29

Note that

[t -t "

v(0) =0,
and v(p) = p(p) + per- As such, v takes values in the interval [0, j.].

Remark 4.11. Observe that the change of coordinates of (p, t) to (v(p), t) has vanishing
Jacobian at the point of cavitation, and hence (a priori) this hodograph transforma-

tion is not rigorously justified when cavitation occurs.
Provided this change of variable can be performed, the entropy equation can be
M? -1
HVV - ( 2 ) Htt - 0 (417)
p
Lemma 4.3 showed that M > 1 throughout the phase-space occupied by the viscous

written as

solutions u®.

In view of this, the coefficient (M? — 1)/p? is always non-negative.
Inspired by the work of Chen—LeFloch on general pressure laws (cf. [14]), we have

the following definition.

Definition 4.12. For p € [0, p(q.)], define the coefficient k to be

k(v(p)) ‘:/Op M= o ol (4.18)

o M2(p')
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A priori, there is no reason to believe that this integral converges, but this is jus-
tified in Appendix C. Assuming that this function is well-defined, taking a derivative
with respect to p and applying the chain rule yields

M? -1
Kl =S for p € (0. plaw)]
and k € C1((0, per]) N C>=((0, ier)). Hence, the entropy equation adopts the familiar
form

H,, — K w)’Hy, =0  for (v,t) € (0, ] x [0, 27], (4.19)

with initial data prescribed at v = 0, which is of course reminiscent of the equation for
the entropy kernel in the general pressure law formulation of the compressible Euler
equations, cf. (1.12). Our objective is now to describe the asymptotic behaviour of
the coefficient k solely in terms of v. To this end, we have the following theorem, the

proof of which is contained in Appendix C.

Theorem 4.13. The quantity k(v) admits the decomposition

k(v) = ag® + a,v® + L(v) for v € |0, pu.l, (4.20)
where N 1 (40— 1)(B+1) 47\3/
7\ 0/ — v\ 360/

=— (= =—— - . 4.21

K @(9) ’ T8 640+ 1) (9) (4.21)

Moreover, there exists a positive constant C = C(7y, pux) such that
LD ()| < v forv e (0,p], forje€{0,1,2,3}. (4.22)
The next result follows from manipulating the expansion (4.20) and using (4.22).

Corollary 4.14. The quantity k'(v)? admits the decomposition
K (v)? = aw® 72 + a2 1 L(v) for v e (0, pul, (4.23)

where
ag = (¢0/7)%, @& = 3a3a,(0 /7). (4.24)
Moreover, L is bounded by a constant, depending solely on v and ji,.

Remark 4.15. At this point it is worth noting that our situation is no more singular
than that of the general pressure law for the compressible Euler equations (cf. [14]).
Indeed, in our case, k'(v)? = O(v~'"1/7), where —1 — 1/y € [-4/3,—1) for v > 3.
Analogously, in the case considered by Chen-LeFloch [14], k'(p)? = O(p**~2), where
20 —2 € (—2,0). In either case, the singularity at the vacuum is of degree strictly less
than two. However, one cannot define a pressure p(p) = fop y2k'(y)? dy that reframes

(4.19) into the class of entropy equations considered in [14].
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In what follows, we will need to exploit cancellations in derivatives of k'(v)2. To

this end, we have the following the lemma.

Lemma 4.16. There exists a positive constant C' = C(~, ) such that
" (k) + (v/0 — DE ()] < Cv*7 72 for v € (0, ). (4.25)

Proof. Observe that we have

k}/l(y)k(l/) = (aﬁg (Q _ 1) 1/9/7*2 + ab?jy_e (3_6 o 1) V39/772 4 L”(l/))

which we can expand as

K'(v)k(v) = a?% (% — 1) V272 L M(v),

where there exists a positive constant C, independent of e, such that |[M(v)| <

Cv*/7=2. Hence,

E'(V)k(v) + (v/0 — DK (v)* = ai% (% — 1) V272 1 (y/0 — 1)%1/29/%2 + M),

where |M (v)| < Cv*/7=2 for some C' is independent of e. However, we see that

4G e ()60 ()
= 0.

In fact, after explicitly computing the term of the next order we find that there exists

a positive constant C, independent of ¢, such that

E'(V)k(v) + (v/0 — DK (v)* = Zauab% (i—e — 2) pA0h=2 4 ]\?(1/),

with |]\2(1/)| < Ovh=2, O

Armed with these results, we are in a position to show existence of the Lax en-
tropies for the hyperbolic region, g, (v)e*™. However, we must first take an in-depth
look at what estimates are needed to guarantee the H~!-compactness of the entropy

dissipation measures, and what L? type estimates are straightforwardly available.
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4.4 Main dissipation estimate

In this section, we verify that the dissipation estimate [20, Proposition 8.1] is still

valid for the solutions generated by the viscous problems (4.8)-(4.9).

Lemma 4.17. Let u® = (u°,v%) be a solution of the viscous approximate system
(4.8)-(4.9) with us > 0 and vy = 0 on §, satisfying ¢« < ¢© < Geav for SOME G > Ger

and t¢ uniformly bounded in €. Then the integral

c2 £
e [ (v + o) S0 dady (4.26)
Q (r°g°)
s bounded uniformly for all €.

Proof. Fix ¢ such that ¢, < § < geqw, and let 7 be uniquely determined by this speed,
i.e.,, 7 =v(p(q)). In view of the monotonicity provided by (4.16), we necessarily have

v >0, and 0 < p(q) < p(gs). Consider the special generator of Definition 4.8,

2 v v
H*(v,t) = % +/ / K (0)? dv dp,
0 v

which manifestly solves the entropy equation (4.17). Note that this integral is well-

defined, since 7 > 0 and near the vacuum we have for the inner integral

/ K (D) di gc/ ()5 2 di

—C ((ﬁ)QG/’yfl + 1720/“/71) :
using Corollary 4.14. It follows that

/ / K (0)? dv dp
0 17

where C' = C(q, g+, 7). As is done in [20, Section 8|, we produce the quantity V* via

< C’(l/+1/29/7),

the relations ) )
* * * * * q *
pHVt_Ht = _V;f ) HV_I_;Htt: mv;?’

from which we infer that V* = % + P(p), where
2 —q* [ ds
P'(p) = — / :
q q p(s)s

Note that, despite the fact that cavitation is achievable, the above integral converges

and is uniformly bounded independently of e, provided v > 3. Indeed, let

“  Js pa®) 2 p(q®) 1
I ::/ = —/ ——dp = —9/ P (1= p*) " dp,
g P(s)s o) PO o(@) ( )
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where the final equality follows from the Bernoulli law (1.35). Hence, we may split

the integral into two parts, as shown below

(@) r(q°)
—IF = 0/ P = p* )Y dp | 1gesg + 9/ P71 = p* Y dp | 1<y
p(g®) (@)

We infer that 71 7¢| < fop@ P’ 3(1—p?0) 1 dp"‘fpp((qq)*) p"3(1—p?")~tdp. Since vy > 3
and p(q) < p(g.) < 1, we therefore conclude that

p(gx)
] < Cf </ dp) ,
0

for some positive constant C' = C'(q, g4, ) independent of ¢, as required. In turn, we

obtain the special entropy pair

q
Q7 (u®) = —¢°(t°sint® + cost®) + (/
q

£

ds
p(s)s

T ds
Q5(u®) = ¢°(t° cost® — sint®) + (/ —) p(q°)q° sint®,
? a Ps)s
and both quantities are uniformly bounded in €. Note that the relation
2

q
Qiz + Qoy = —ViR1 + m‘/}Rm

) p(q°)q" costs,

1>

(cf. [20, Section 7]) gives rise to
. 1007 dq \ .
Q1 (1) + @3, () = — et div (o () V) + = ( / @> div (02(6°) V)
=div (=01 (p°)t°VI® + 02(p°)I°V )
(p°) V5|2,
(°°)?

Integrating the above over {2 and applying the divergence theorem in the plane,

/6 (Qi().Q3(u)) nds = / (—or (PP (VE - 1) + 0a(pF) (V- m)) dis

+e01(p°)[VE|? + oa(p%)

o0
62 (3
ve [ (a9 + ot S0 ) iy
0 (r°a°)
=:Ji+ J5.
(4.27)

As previously discussed, the left-hand side is uniformly bounded in ¢. Using the

boundary conditions, we have that
Ji = 6/ |p°(u®,v%) - n|I¢ ds,
oM

which is also uniformly bounded in €. We thereby conclude that the second integral

J5 is bounded, independently of ¢, which completes the proof of the lemma. n
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4.5 The search for the Lax entropies

Recall that we generate entropy pairs (@1, Q2) via a generator H using (4.13). By

direct calculation, following [20, Section 7], we have

0:Q1(u%) + 0, Q2(u®)
—e div <01 (F)VHE (o Hyp — H,) + 0o p°)V 57 <H,, + %Hﬁ»

(4.28)
1
— 501(p€)vt8 -V (pEHl,t — Ht) — 802(p5)Vp5 -V (HV + ;Htt)
=: K]+ K5.
We focus on the term K5 and omit the e superscripts. Observe that
1. c? c? 1
_EKQ =lo1 | 1— pe Hy + Ul?pHuut +o2H, + UQ_Httt (Vt-Vp)
+ |:pH1/tt - Htt:| (71|Vt|2 + |:102Hl/l/ +pHy — Htt:| Oy (002 IVp|2

which, using the entropy equation, can be simplified to

c? 2 209
SIVol® ) + | Hue + pHye | —(Vt - Vp).
(pa) p

By the dissipation estimate of Lemma 4.17, we know that the first term on the right-

—'K§ = |:pHVtt - Htt:| (01|Vt|2 + o9

hand side is controlled if there exists a constant C' independent of £ such that
|p(v*) Hou (v, 8°) — Hu(V°, 1°)] < C.
Looking for a separable entropy H,, = g,(v)e*™, the previous estimate imposes
p(V*)gn (v°) — gn(v7)| < C.

The second term on the right-hand side is more challenging to control. Indeed,

20 o c
(Httt + PHz/t)?Z(Vt - Vp)| = 2|Hy + pHol \/ 0—2 . % Vo1Vt - \/02EVP
1

< o) [Hua + ol (117 + 02 IV
where we used the Cauchy—Schwarz inequality. This is controlled provided
| Huut (V5 8°) + p(vF) Hoo(VF, 1°)] < CpP(v°).
Assuming a separable entropy, this estimate imposes that we require

(V) (V) + n*ga(v)| < Cp°(v).

In summary, when generating the Lax entropies (cf. Section 1.5), we look for

+nt

separable solutions H,,(v,t) = ¢,(v)e™" such that, for some positive C' = C(n, ", i),

p(1)ga(V) = g < C. (V) gu(v) + nPga(v)] < Cp'(v). (4.29)
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4.6 Compactness of the Lax entropies

Throughout this section, we use the standard notation f(x) ~ g(z) as x — 0 to mean
lim,_o 22 =1 (¢f. [31]).

9(z)
The following lemma is essential in showing the existence of the Lax entropies.

Lemma 4.18. Fiz o € [20/7,1]. Let r € C([0, j1s]) be such that r(0) =0 and
[r(v1) — r(12)| < Colvy — o] for all vy, vy in the interval [0, .,
for some Cy > 0. Let g5 be the unique C? solution of
Gu(v) =K ()’gi(v) = r(v) in[e,
gn(e) =0, (4.30)
gn(e) = 0.

where € > 0 is constant. Then, there exists g, € C%([0,.]) such that g5 — g, in

C?([0, ps]), for some subsequence €', and the limit function solves the Cauchy problem
Gn(v) = 02K (v)?ga(v) = r(v) in [0, ],
gn(0) =0, (4.31)

as an equality between continuous functions in the interval [0, p.]. Further, there

exists a positive constant C' = C(n,~y, Co, px) such that the limit function satisfies

g )+ G0+ W) SO el (432

20/y—2

For a proof, we refer the reader to Section 4.7. Since k'(v)* ~ ajv and

20/y — 2 ¢ Z, the point v = 0 is not a regular singular point of (4.31). Hence, one
cannot simply appeal to the method of Frobenius (¢f. [6, Chapter 9]) to solve the

ordinary differential equation (4.31). To this end, we require the following definition.
Definition 4.19. For [ € R, define the function F; : [0,00) — R by

Fi(2) := 2'1_(2), (4.33)
where I_; is the modified Bessel function of the first kind of order —I.

Note that F] is related to the Fourier transform of G, (cf. [38]), which was intro-
duced in Theorem 1.12. Using the recurrence relations and the asymptotic expansions

for the modified Bessel functions in [41], we obtain the following lemma.

150



Lemma 4.20. For any | € R, the functions F; are locally bounded on [0,00), and
F/(z) =zF_1(2) and F/'(z)— F(z) = -2l —-1)F_4(2). (4.34)

In the next lemma, we generate a family of Lax entropies. We then show, in

Corollary 4.26, that this family of solutions satisfies the crucial estimates (4.29).

Lemma 4.21. Consider the under-determined Cauchy problem

{ﬁn(V) =K (V) ga(v) =0 in (0, ],

4.35
02(0) = g0, (435)

where go € R is a constant. There exists a solution g, € C([0, p]) N C?((0, u.]) of
this problem,

g(v) =Y b;(V)Fy(nk(v)) + hu(v), (4.36)

=0
where the first coefficient is a constant given explicitly by by = goI'(1 — 7/20)2 25,
while the others admit, for some positive C = C(n, 7y, ji.), the bounds

[b; ()] < CwPUFVOI o (v)] < CPTERTE for v € (0, i, (4.37)

for j = 1,2,3. The remainder term h,, lies in the space C?([0, u.]) and admits, for

some positive C' = C(n,~, ), the estimates
=@+ ()| + @D h ()| + PR (V)| < C 0 forv e [0, . (4.38)

Corollary 4.22. Moreover, direct calculation using (4.37) and (4.38) shows that the
derivative of the solution given by (4.36) admits, for some positive C = C(n, 7y, i),

|gn (V)| < C= =20/ for v e (0, ). (4.39)
Remark 4.23. Direct calculation yields

. 2 Y 279*1 20
gn(V) ~ go, gn(V) ~ —nZgo <§> v near v = 0. (4.40)

Using p(v) ~ (v/0) 707 (cf. Lemma C.8), we get p(v)g,(v) ~ —n?gy near v = 0.

Proof of Lemma 4.21. We define

i) i= =t/ = 1) [ ([ (Rt + /0 - DR ) )
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Lemma 4.16 shows that there exists a positive constant C' such that |b;(v)| < Cv/7
and |} (v)| < Cv*/=1 for v € (0, j1.]. In turn, we define

ba(v) = —n*(7/0 = 3) /OV (/0 (25’1(V)k'(v)k;(y) b ()K () (V)
+(7/60 - 3)b1<u>k'<u>2) dy) .

We observe that, in view of the previous bounds, there exists a positive constant C'
such that |by()] < CV%%/7 and |by(v)| < Cv%/7~! for v € [0, u,]. Finally, define

)= =n2/0 -9 [ ([ (20K 00k0) + IR 0)k0)
+ (v/0 — 3)b2(1/)k/(1/)2) dy) dz,

and note that there exists a positive constant C' such that
bs(v)| < CV®, b4(v)| < CvPo1 for all v € [0, ). (4.41)
We therefore ask that the remainder term solves the Cauchy problem
h (V) — 02K (V)?hy(v) = 7(v),
hn(0) =0,
ha(0) = 0,

where

r(v) == —n*(y/0 - 7) (ng(y)k’(u)k(v) + bs(v)K" (v)k(v)

(110 = TN ) Fiya(k(v).
Claim 4.24. The remainder r is 20 /~y-Hélder continuous and vanishes at the origin.

Finally, Lemma 4.18 yields the existence of such a remainder h € C*([0, p1,]). O

Proof of Claim 4.24. We see from (4.41) that |r(v)| < Cv'%/7=2 which shows that r
vanishes at the origin. Additionally, |7(v)| < Cv'%/7=3 for all v € (0, ). In turn,

12 100 4
(1) — r(w)| < C / 3 ay,

Since 1 — 20/~ € (0,1), Jensen’s inequality for concave functions yields

1—20

<u2—u1>][ 2 dy < (v — 1) (f dey) |

-1 ) ,
with w := <% —3> ( - 279> > —1forvy >3. So, [ g Ay < Olva—1n|>. O
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We now observe cancellations in the first few terms of the asymptotic expansions

for g, and its derivative near the vacuum.

Corollary 4.25. Let g, € C([0, u.]) N C%((0, uu,]) be the solution of the problem
(4.35) provided by (4.36) (cf. Lemma 4.21). Then, there ezists a positive constant
C = C(n,~, ) such that

gn(v) — bok (nk(u))’ +v

(V) — dif/ (%F;ﬁ(nk(u)))‘ < OV for v e [0, ..
(4.42)

Proof. Begin by observing that
3
(V) — bOF;T)(nk;(y))‘ <y

j=1
S C(V49/'y + V2+29/'y>.

by (V) Fgy k()| + ()]

Note that 40/ < 2, and the first estimate follows. For the derivative bound,

i)~ 12 (o5 k)| < 3L (5,005 nk0) | ¢ 0.

j=1

Now,

d
dv

20

(5,0 g5 (nk(w))) = B0 P (n(0)) 4+ b, 02K () k(0) P2 k().
from which it follows that, using (4.37) (cf. Lemma 4.21),

4
dv

(bj(l/)ij(nk(l/))>‘ < optht for any j =1,2,3.

20

In light of this, we have

() — & (bF k()| < CEAP1 4+ y207)  Since
40/v—1=1—-2/y < 1, we see that the second estimate holds.

Thus, we obtain the following result, which concludes this section.

Corollary 4.26. Let g, € C([0, it.])NC?((0, 1)) be the solution of the problem (4.35)
provided by (4.36). Then, there ezists a positive constant C' = C(n,~y, ) such that

p(V)gn (V) + nPgn(v)| < Cv*h forv e [0, ). (4.43)
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Proof. Observe firstly that
P(V)gn(v) + nPgn(v) =
() dd (Bok()F L5 (k1)) + nbok(V)F L5 (nk(v)) + Ro(v).

dv
where the remainder term Ry(v) is such that
[Ro(v)] < Cp(w)p 71 4 1407) < O,

as required. It therefore suffices to inspect the term
d o a2
plv)— <b0k(y) % 1,%(711{:(1/))) + n2bok(V)# 1 (nk(v))
near the vacuum. Expanding the term in brackets, using the recurrence relations for

the derivatives of the Bessel functions, we find that the above is equal to

bonp(u)k/(u)k(l/)'y/%ll_% (nk(v)) + anOk(V)%I_%(nk(y)). (4.44)
Recall, for any [ € R, the series representation of the Bessel functions,
I — (2/2)! L7
(2) = (2/2) Jz:; G +j+1)

with infinite radius of convergence, from which we deduce that (4.44) can be written

/ /20 (nk(v)/2)' /% 9 /26 (nk(v)/2)=7/%
<bonp IR LG gy O T g,

where the remainder R, (v) is such that | R, (v)| < Cv?/7. It remains to appropriately

) + Ry (v),

control the term in the brackets, which may be rewritten as

27.(,,)7/20 (nk(v)/2) " !
bon*k(v)"/ T(1—~/26) [2(1 —v/20)

In view of Theorem 4.13, the term in the square brackets is equal to

p(WK (v)k(v) + 1] :

6 30
—0p(v) [ay”" + a® + L(v)] - {%i/em_l + %VESG/')/—I + L,<l/):| +1
2

6
_ —ep(u)%y%/v-l 4 Ro(v) + 1,

where, in light of our asymptotic expansions, we have that |Ry(v)| < Cp(v)v*/7=1,
i.e., there is a positive C' = C(n, 7, i) such that |Ry(v)| < Cv??/7 for any v € [0, ).

In fact, the first term on the right-hand side can be rewritten in terms of p as

_@yW*W@ww4:4+Rw@»

7
where there is a positive constant C for which |R3(v(p))] < Cp*, cf. (C.16) in Lemma
C.10. Thus, p(1)ja(0) + 22 (1) < T3y Ry (9)] < C121. 0
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4.7 Existence of the remainder term for the Lax
entropies

We now prove a sequence of lemmas to show the existence of the remainder term for

the Lax entropies. To begin with, we have the following comparison principle.
Remark 4.27. In this section only, since the local sound speed ¢(p) does not appear
anywhere, there are positive constants ¢ which bear no relation to ¢(p).

Lemma 4.28. Let g, € C*([e, pi]) satisfy

gn(”) - an,(l/)zgn(V) 2 O>
= Yo, (4.45)

where € > 0 and go, g1 > 0 are constants. We assume that either go > 0 or g; > 0.
Then, g, and its first two derivatives are non-negative for any v € [e, p.]; meaning
that g, is a convex increasing function. In fact, we even have g,(v) > go and g,(v) >

g1 on this interval.

Proof. Suppose that g; > 0. By continuity, there exists a small neighbourhood of the
initial point on which this positivity is conserved. If this small neighbourhood covers

the whole interval [e, u1.], then we are done. Indeed, if this is the case, then

gulv) — g0 = / Gn(y)dy >0 for any v € (, o,

since the integral of a strictly positive integrand is itself strictly positive. Thus,
gn(V) > go for any v € (e, pu.]. The equation then implies that §,(r) > 0 for all
v € [e, ], which shows, upon integrating, that g,(v) > ¢; on the whole interval.

So, suppose that this small neighbourhood does not cover all of [e, p1.]. Instead,
suppose that there is a first point &, € (g, u4) such that g, is strictly positive in [, &),
and ¢,(&) = 0. Then,

gnl) — g0 = / Gn(y)dy >0 forall v € [, &),

since, once again, the integral of a strictly positive integrand is itself strictly positive.

Using the equation, §,(r) > 0 for all v € [g,&]. Integrating, we find

&o
in(n) = / Gu(y) dy > 0,

which is a contradiction. The case gy > 0 is very similar. [
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Lemma 4.29. Let R € C([0, p]) and ¢ > 0. Then, the Cauchy problem

2 9 20 _9

Wy (V) —n“c v "w,(v) = R(v) in [0, p.,
w,(0) = 0, (4.46)
w,(0) =0,

admits a solution w, € C*([0, i.]) N C?((0, i4]) given by the representation formula

wy (V) = /0 " Gui)R(7) dr, (4.47)

and with derivative

i) = [ Gutwir) (e, (4.09
0
where the kernel G : [0, p.] x [0, ] — R is given by
= L or 1 (P00 Ko (P00 e (P00 1 (Y 0
G(v; ) 9V7{12< v >K%<97' ) K@<9V >]%<97— )}
(4.49)

Proof. In view of the asymptotic relations for the modified Bessel functions of the
first and second kind /5, Ko (cf. [41, 73]),

|G(v;7)| < C (1 +v) for all v, 7 € [0, u.],

for some positive constant C' = C'(n,~, ¢). Hence, the integral is well-defined, and we

also manifestly have G(v;v) = 0 for all v > 0. Additionally, for any v, 7 € (0, ./,

9 26

ney g ney g
+ K () 1 (G ”)}-

Since the functions I and K are positive functions away from the origin, the above

directly implies that G, (v;7) > 0 for all v, 7 € (0, i, and that, referring to [73],

ney e

v <Iv_1Kw + Kw_1[w> <@,/9/7) =1 for all v > 0.
0 20 26 260 20 0

G,(v;v) =
Additionally, using the asymptotic relations for the modified Bessel functions, we find

G, (v;7)| < C (1 + TV279_1> for all v, 7 € (0, ).
So, given any vy > 0, we see that |G,(v;7)] < C(1 + Tl/ge/’y_l) on the interval

v € [y, i1«]. Since this latter bound is independent of v and is integrable with respect
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to 7 over [0, ], we deduce from the Lebesgue dominated convergence theorem that

wy, is differentiable on the interval [vy, p1.], with derivative given by
W, (v) = G(rv;v)R(v) + /OV G,(v;T)R(T)dr  for v € [y, 1.
Since vy > 0 was arbitrary, we deduce that
wy(v) = G(v;v)R(v) + /OV G,(v;T)R(T)dr for all v € (0, i,

and the first term on the right-hand side has already been verified to be null, which

yields (4.48). We move to the second derivative, and calculate

9 20

Gy (v; 1) = n2Pv> 2Gly;T) for all v, 7 € (0, p1.],

which shows that
|Gy (v;7)| < C (TV%G_Q + y270_1> for all v, 7 € (0, ..

Noting that the right-hand side of the above line is integrable in 7, we use the same

argument as for w, to deduce that
W, (V) = G, (v;v)R(v) +/ G (v;T)R(T)dr  for all v € (0, ).
0

As such, we do indeed recover

Wy, (V) — n202y270_2wn(u) = R(v),

as a pointwise equality between continuous functions in (0, u.]. Note also that, in

view of the bounds on G and G, we have
lw, (V)| < CV?, |w, (V)] < Cv  for all v € [0, u., (4.50)

for some positive constant C' = C(n,~,c, p,). This shows that both initial data
assumptions are satisfied and w,, € C*([0, u1.]). O

Remark 4.30. The requirement that R € C([0, u.]) can be weakened. For exam-
ple, requiring the pointwise bound |R(7)| < C7°! is enough to make the previous

argument hold, with ¢ > 0.

Corollary 4.31. Suppose that the forcing term R is non-negative. Then, the solution

wy, and its derivative are also non-negative on the whole interval [0, pu.].
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Proof. Since G, (v;7) > 0 for all v,7 € (0, u,], the representation formula for the
derivative shows that w,(r) > 0 for all v € [0, u,]. Integrating, we find that

wy(v) = /0 Wy (y)dy >0 for all v € [0, u..
[

Corollary 4.32. Fiz a € [20/~,1] and suppose that R € C([0, u]) satisfies, for some
Cy > 0, the pointwise bound

|R(v)| < Cov®  for all v € [0, . (4.51)

Correspondingly, let w,, be the solution of the problem (4.46) given by (4.47). Then,
there exists a positive constant C'= C(n,~,c, Co, jx) such that

=D, ()] + v, ()| + v 0, ()| < C forallv € [0, ). (4.52)

Additionally, if R is chosen to be non-negative, then w, and its derivative are also

non-negative.

Proof. We already have the bound |w,(v)| < Cv? from (4.50) in the proof of Lemma
4.29. Then, using the equation and the pointwise bound on the forcing term (4.51),
we deduce that

W, (V)] < v for all v € [0, ).

Integrating twice implies that |w,(v)| < CV%BH, which shows that |V¥72wn(u)| <

Cl/%e. We can now use the equation to deduce that
46
W, (v)] < C (1/7 + 1/“) for all v € [0, ).

If 40/~ > «, we are done. If not, we iterate this procedure m times, until 2(m +
1)0/~y > «a. O

Lemma 4.33. Fiz « € [20/7,1] and suppose that r € C([0, u.]) satisfies, for some
Cy > 0, the pointwise bound

Ir(v)] < Cov®  for allv € [0, ..
Let w,, be the function defined by

wy(v) = /0'/ G(v;7) (|r(m)| + 2Co7®) dr, (4.53)
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so that it solves the Cauchy problem

20 _,

W, (V) — n*C?v™ w,(v) = [r(v)] +2Cv*  in [0, .,
wa(0) =0, (4.54)
1w (0) =0,

where C, = C.(7) is a constant chosen such that k'(v)?* < C’fu%g_Q for all v € [0, p.]
(cf. Corollary 4.14). Meanwhile, let g5, € C*([e, u+]) be the solution of

9o (V) =K (v)°g;,(v) = r(v) in e, pa],
9n(€) =0, (4.55)
9n(€) =0,

which exists and is unique, by virtue of the theorem of Cauchy—Lipschitz. Then,

0<|g;(W)| <w,(v) and 0<|g (V)| <w,(v) forallv e [e, pl. (4.56)

In turn, there exists a positive constant C' = C(n,~,c, Co, i), independent of €, such
that

PG NG+ E@) < C 0 forally € el (457)

Proof. Firstly, recall from Corollary 4.31 that the solution of (4.54) is non-negative

with non-negative derivative. Further,
wy(e) = / G, (v;7) (|r(7)] + 2CoT*) dT > 200/ G, (v;T)T%dT > 0,
0 0

where the final inequality holds since we consider the integral of a strictly positive

integrand. Now, let ¢(v) := w,(v) — ¢5(v), which satisfies the equation
. 20
d(v) = n*C?v> wy(v) + |r(v)| + 200> — 02K (v)2g,(v) — r(v),

which shows that

o(v) 2 0’k (v)w,(v) — K (v)?g; (v) + r(v)| = r(v) + 200"
>0’k (v)*o(v) + (Ir(v)] = r()).

As such, we have that ¢ satisfies



which shows, using Lemma 4.28, that ¢ is non-negative with non-negative derivative.

This automatically yields
(V) <w,(v) and ¢ (v) <,(v) forall v e [e, p.l.

We get the other side of the inequalities in (4.56) by following the same reasoning
with —w,,. Then, using the bounds from Corollary 4.32 gives the uniform bounds at
the end of the statement. O

We will require the following result to obtain the Holder estimates.

Claim 4.34. There ezists a positive constant C' = C(u.,y) such that

%)
/ y29/'y—1 dy S C <V2 o V1)1729/'y ‘
vy

Proof. Observe that, since 20/~ < 1, Jensen’s inequality shows that

1 Ty 2 9/y1 i 20\20/
/y”‘ dyz][ y*h dyz][ (y' %) dy

Vo =1 Juy, V1 V1

v 20/
< (f yl—'y/29 dy) )
v
The term on the right-hand side is equal to

2—/20 2—/20 20/~
1 v, v/ B 17 v/ _ Ce(y _ )*29/’Y (szfy/QG . V2’7/29)20/’Y
ve—y \2—7/20 2—~/20 2 2 !

S 09(1/2 o Vl)—29/7(2u2—7/20>20/7’

*

since both 260/~ and 2—+/26 are strictly positive. Hence, letting C' := 229/709;1119/7_1

Y

V2
/ y29/’y—1 dy < C(I/Q . Vl)l—?@/’y‘

V1

]

Lemma 4.35. Fiz « € [20/v,1]. Suppose that r € C([0, u.]) is such that r(0) = 0
and, for some Cy > 0,

[r(v1) — r(12)| < Colvy — 1a]® for all vy, vy in the interval [0, ..
Let g5 € C*([e, pi]) be the solution of

Gu(v) =K (v)*g,(v) = r(v) in [g, ],
g;(e) =0, (4.58)
gn(e) =0,
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where € > 0 is constant, which exists and is unique by virtue of the theorem of Cauchy—
Lipschitz. Then, there exists a positive constant C' = C(n,~, Co, ps), independent of
g, such that

(W) + g (W) +1ga() <€ for allv € [, ], (4.59)
and
G5, (1) — G5 ()] < Clvy — 1/2\1_% for all vy, vy in the interval [e, ..  (4.60)

Proof. Note that the requirements on r(v) automatically implies that it satisfies the
pointwise bound of Corollary 4.32. The uniform bounds thereby follow directly from

Lemma 4.33. For the Holder estimate, the equation shows that

19(1) = G (v2)| < 02K (1) g7, (1) = K (v2) g5, (v2)| + [ (v1) — 7 (22)].

Observe that, by the fundamental theorem of calculus,

K005 1) — K0P )| = | [ o K WPe) d|-

Now, we have

o WOPEO)| = F R G5E0) + FPd 0] < o3,

where we used the estimate (4.57). Hence,

K ()05 () — K ()45 ()| < C / o2y,

and we deduce the Holder bound on ¢§; immediately from Claim 4.34.
O

Remark 4.36. The same Holder bound also holds for g; and ¢;. In light of this, we

are now in a position to prove Lemma 4.18.

Proof of Lemma 4.18. The sequential compactness of the sequence (¢%).~o follows
directly from an application of the Arzela—Ascoli theorem, using the Holder bounds
and uniform estimates from the previous lemma. Since the convergence happens in
the strong C?([0, u.]) sense, we are able to pass to the limit in the equation and in
the initial data. O
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4.8 Proof of main result

Having established the existence of a solution g, which satisfies the estimates (4.29)
of Section 4.5, we now demonstrate the local compactness in H~*(€) of the entropy

dissipation measures generated by this Lax entropy.

Lemma 4.37. Let H(v,t) = g,(v)e=™, where g, is the solution of the problem (4.35)
provided by (4.36) (cf. Lemma 4.21). Then, H solves the entropy equation (4.17).
Let (Q1,Q2) be the corresponding entropy pair generated by H, via the relations

Q1(u) = pgH, cost — qH,;sint and Q2(u) = pgH, sint + qH; cost, (4.61)

as in Lemma 4.7. Accordingly, with u® the solution of the viscous problem (4.8)-(4.9)

(cf. Lemma 4.3), the sequence of entropy dissipation measures

81’@1(“6) + ayQ2(u8)7
is confined to a compact subset of H~(Q).

Proof. Recall that for such an entropy pair (Q1, Q2) generated by H, we have
0:Q1(0°) + 9,Q2(u%)

: (4 15 £ (4 (4 1
=cdiv (O’l(p )Vt (p vt — Ht) + O'Q(p )vp (H,, + _EHtt>)
p
: (4.62)
—eoy(p°)Vit° -V (p°Hyy — Hy) — e02(p°)Vp® - V <HV + EHH)

=: K]+ K5.
Now, dropping the ¢ superscript as before, we have

C2

(pq)?

20
—e 1K = [pH,,tt - Htt] (01|Vt|2 + 0y |Vp|2> + [Hm + le,t} TQ(Vt -Vp).

(4.63)
Note that, the coefficient in front of the first term of (4.63) is bounded as follows,

o) Hou (v, t) — Hu(v, 1) = n*e*™ |p(v)gu(v) — gn(v)|
< Clp@)lgn@)l + 192 (v)]) < C,

in view of Lemma 4.21, where C' is independent of €. Additionally, the coefficient in

front of the second term of (4.63) can be written as

| Huut(v,1) + p(v) Hyn(v,8)] = ne™ | p(v)gu(v) + n?gu(v)| < Cv*17,

162



using Corollary 4.26 and Lemma C.8 . Hence, we write

(Httt+pHyt) P (Vt VIO)‘ <C |22 02 29/7 ’\/_Vt \/_ V,O‘
g1

< OV p()- (o—1|w| +a2<p> w)

2
< C<01|Vt|2—|—02 ‘ 2|Vp|2).
(pq)

With €' independent of ¢, we obtain

2
K| < Cel oy|VE? + o ¢ \V4 2).
1K) (1| o IVl

We deduce with the help of Lemma 4.17 that K5 is bounded in L'(£2) uniformly in
g, which induces compactness in W~5?(Q) for any p € (1,2) by the Rellich theorem,

as 082 is Lipschitz. For K7{, the term inside the divergence is bounded as follows,

1
o (pF)VE (0 Hon — Hy) + 02 (0°)V (HV i ;Hn)

()19

< ‘ps Vt_thal(pE)’VtE’+’pEHV+Htt‘@02 1Y p€q€

< 0(01|Vt| +o—2£|vp|),
rq

where we appealed to the fact that |p(v)g,(v)| + |g.(v)| < C, and

\p°H, + Hyl C‘P (v) + n’gn(v )‘Pie(y) <C. (4.64)

q
c(p?)
Also, 0; < /oy for i = 1,2, by bluntly bounding the expressions given in Lemma 4.3.
Thus, making use of (4.64) again,

1
o1(p? )Vt (p°H,y — Hy) + 02(p°)Vp°© <HV + EHtt>

L2()

2 1/2
<o [ (vami e vamliel) deay)”
2 (p°) 2 i
< OVE(: [ (alwer + o) v ) dndn) <0
0 (p°q°)?
using Lemma 4.17. As such, we deduce that || K5 || g-1) < C'v/e, which vanishes in the
limit as € — 0. Additionally, we see directly from (4.61) that (Q1,@Q)2) are uniformly
bounded, which yields that K¢ + K5 is bounded in W~1(Q2). The interpolation
compactness lemma of Ding, Chen, and Luo [28, Chapter 4] (¢f. Murat’s lemma [71])
now implies that K¢ + K5 is confined to a compact set of H1(Q). O

In turn, by collating the results of Lemmas 4.3 and 4.37, Theorem 1.21 is proved.
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Appendix A

Elementary results on Bessel
functions

In this appendix, we present a multitude of elementary results that are used in Chap-
ters 2, 3 and 4. As they stand, these are somewhat out of context, but they appear

in crucial estimates in the main body of the thesis.

A.1 Some useful integral identities

Lemma A.1. For any R > 0, we have that

w/2 9
/0 Iy (g cos 6) cosf df = 0 sinh (g) ,

w/2 2
/0 Iy (g cos 9) cos @ sin 0 df = }—%]1 (g) , (A.1)
2 4 8 R
/0 Iy (g CoS 6) cos@sin? 6 df = 2 cosh (g) s sinh (5) )
Proof. The above is contained in [41]. O

Lemma A.2. For any R > 0, we have that
/2 2 R 2
/0 I <§ c089> df = 0 cosh (5 7
/2 4 R 2
/0 L <§ cos 0> sin? 0 df = o2 sinh (5) ~ 5 (A.2)

"2 /R 2 R 4 R
J— 2 e J— Q] J—
/0 [1<2c089>cos 0 do RCOSh(Q) R2smh<2>.

Proof. Let



Then, explicit calculation shows that

B _ 1/#/2 E B l/ﬂ/Z E
gl(R)—2 i Iy 20089 cos 0 df %), L 20080 de,

1. R 1
) sinh <§> - Egl(R)a

sinh( &
thereby implying that ¢} (R) + 51 (R) = ¥’

tiplying by the integrating factor R. This yields

m/2 2 2
/0 L (g oS 0) df = Ecosh (g) - (A.3)

Using the same idea for the second inner integral we find that, by letting go(R) :=
fﬂ/Q I (£ cos ) sin® 0 df, we obtain

(Rg2(R))" = }%cosh (g) - % sinh (]2%) .

Despite appearances, a Taylor expansion shows that the right-hand side of the above

which can easily be solved by mul-

is locally integrable near R = 0. In fact, by computing the integral explicitly, we

w/2 4 2
/o I (gcose) sin Hdﬁ—ﬁsmh <§> %

The final integral is easily obtained from the previous two, noting that cos?f =
1 —sin?#. O

arrive at

Lemma A.3. For any R > 0, we have that

w/2 R 9 R
n : _Z Y ) Ad
/0 11<2mse>sm9d9 R(IO(Q) 1) (A.4)

Proof. Let g3(R) := ﬂ/ L (£ cos6) sinfdf, and observe that differentiation under
the integral yields the equation g5(R) + £g3(R) = 7r/2 Io (& cos ) sin 6 cos 6 db.
Using the result of Lemma A.1 and integrating estabhshes the result. O

Lemma A.4. For any R > 0 we have that

/2
/0 I (g coS 9) sin 0 df = ]2%4 (Rcosh (g) — 2sinh (g)) — % (A.5)

Proof. Let gu(R) := [ /2 I (% cosf) sin* 0 df. Then, observe that

1

1 "2 (R
J3(R) + ga(R) = —/ Iy (— cos 9) cos 0 sin* 6 db,
R 2 J, 2
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and so

(Ris(R) = ; ((R2 4 12) sinh (f) — 6Rcosh (g)) |

Integrating and using the condition g3(0) = 0 determines the constant of integration,

a(R) = = (Rcosh (5) ~ 9sinh (g)) -2

thereby giving

O
Lemma A.5. For any R > 0 we have that
/2 2 4 4 1
/0 I <§COSQ> sec@dG:}—%sinh (g) —ﬁcosh (g) +ﬁ_§’
w/2 2
/0 I, (g cos@) cosfdf = Esinh (g) - % cosh <R> ;2, (A.6)

/2 4 4 1
/0 I <§0050> sin Hsecﬁdé’—ﬁcosh (g) Ty

Proof. The first two integrals can be found in [41]. The identity sin®@ + cos?§ = 1
yields the third integral. O]

A.2 Some useful pointwise bounds

We begin with a very straightforward upper bound on the growth of the modified

Bessel functions in the large.

Lemma A.6. For any v > 0, there exists a positive constant C' = C(v) such that the
imequality

Ce®
1, < —, AT
@) < 15m (A7)
holds for any x > 0.

Proof. The result follows from the asymptotics I,,(z) ~ F(Z i)ly) as z — 0, and I, (z) ~

\/% as z — 00 (cf. [41]). The notation ~ was introduced in Section 4.6. O

Lemma A.7. Given any § > 0, there exists a positive constant C = C(0) such that
eVIosT < O forx > 1. (A.8)

Proof. We achieve equality with C' =1 at x = 1. For x > 1, let x = €Y for y > 0.
The inequality then reads ev? < Ce% i.e., VY <log C +dy. Since the curves \/y and
dy intersect at 0 and at y = 672, at which point \/y = dy = 0!, the inequality is
satisfied provided we choose logC' > 671, i.e., C > exp(d~1). O
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Lemma A.8. Given any § > 0, there exists a positive constant C = C(0) such that
logz < Cz® for x> 1. (A.9)

Proof. The inequality is trivially satisﬁed at x = 1. For > 1, write z = €%/? for
g > 0. The inequality then reads &5 < Y, which is true provided C > §~1. O]

Lemma A.9. There exists a positive constant C' such that, for any R > 0,

2 02
oLy (_VRU ) ‘ <

sup
v€E[0,R)] 2 (A 10)
2 _ .2 P2 _ 2 ’
sup |RI (%) —VR?2 -2, (%) ‘ < Cel?,
veE[0,R]

Proof. For (R,v) € [0,00) x [0, R], define ¢;(R,v) := vl (#) > 0. Then, the

fundamental theorem of calculus yields

(R, v) = /0 9, (y[o (R2 > y2)> dy.

y2)> is equal to
, /R2 — 42 - y? , /R2 — 42 . /R2 — 42
0 2 RQ—yQ 1 2 >~ 40 2 )

where the inequality follows from the non-negativity of the second term on the right-

Explicit computation shows that 9, (y[o (RQZT

hand side. As such, since v € [0, R], we see that

R /D2 __ .2 w/2
§1(R,U)§/ I (&) dy:R/ Iy (gcosﬁ) cos 6 dff = 2sinh (g),
0 0

2

and the first estimate of (A.10) follows.
Define §o(R,v) := Rl ( RL“) VEE— I, (VRL“) >0, and fix R > 0. We

compute

(i) = oo (V) E o (YR,

v 2
from which we get g2(R,-) € C*([0, R]). Note that |g2(R,0)| + |g2(R, R)| < CR for
some positive constant C'. Suppose v, = v.(R) € (0, R) is an interior maximum point
for go(R,-). Since the function is C*, we must have 9,72(R, v,) = 0. Hence, at this

specific point,

2 /RQ 2 . /R2 _ 2
G2(R,v.) = U—*fo v© o < sup wly A < ef/?
R 2 we[0,R] 2

where the final inequality follows from the first estimate of (A.10). Thus, g(R,v) <
C (R + e/ 2), from which the second estimate of (A.10) follows easily. ]
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Appendix B

Computations for the pointwise
estimates of Section 2.4

B.1 The first term, jl

The term J; may be rewritten as
- \/Tﬁ / Y ()Ki(p,u;t)dt,
R

where

log p 1 2 _ 52
Ki(p,u;t) :—/ IO< (ogp)* = = ) (z4+u—1t)z+u—tldz.

—logp 2

Lemma B.1. The kernel K1 can be written as

Ki(p,uit) == L{ (p,w;t)Le—u<—r + Ly (p, s ) Li—u>p + Ki(p, i t) Ly <y

where

Li(p,u;t) : / ( >z+u—t)d
_22 )
L (p,ust) - (z4+u—t)*dz,
and

R 2 _ .2
Kl(p,u;t)::/ [0< R2 Z>(2+u—t)2dz
t—u
_ 10(
-R

2
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Thus, we can write the whole term T as

u—R
J = \/—'B/ Y(t)L{(p,u;t)d i () K1 (p,ust)dt
1)
(B.5)
i
L (p,ust)dt.
4
Lemma B.2. The terms L can be simplified to be
/2 R
Li(p,u;t) =+ 2R3/ Iy <§ cos 9> cos 0sin® 0 df
0
/2 5 (B.6)
+ 2R(u —t)? / Iy (5 cos 0) cos 0 df.
0
Lemma B.3. The term Ki(p,u;t) can be decomposed explicitly into
Ki(p,u;t) = Ky (p,w; )L —usoy + K7 (p, w5 1)L u—i03, (B.7)
where
w/2 R
K (p,u;t) = —4(t—u)R2/ Iy (— cos@) cos 0 sin 6 df
arcsin((t—u)/R) 2
arcsin((t—u)/R) R
— 2R3 / I <§ cos 9) cos 0 sin 6 df (B.8)
0
arcsin((t—u)/R) R
—2(t —u)QR/ Iy (5 cos@) cos 6 db,
0
and
/2 R
K (p,u;t) :4(u—t)R2/ Iy (— cos@) cos 0 sin 6 df
arcsin((u—t)/R) 2
arcsin((u—t)/R) R
+ 2R3/ Iy (5 cos 9) cos @ sin® 6 db (B.9)
0
arcsin((u—t)/R) R
+2(u —t)QR/ Iy (E COSQ) cos 6 db.
0
Remark B.4. The first term of K| and K, can be computed explicitly as
5 R? — (t —u)®
—8(t —u)\/R?>— (t —u)"L, 5 : (B.10)
and
5 R2 — (u—1t)°
8(u—t)\/R?— (u—1t)"1 5 , (B.11)
respectively.

169



Lemma B.5. The term K, has derivative

8uK1 (P, U; t) = au](l_ (P7 Uu, t)]lt—u>0 + aqu_ (P7 Uu, t)ﬂu—t>07

where .
O K1 (pyu;t) = 4R2/ - (— Cos 9) cos 0 sin 6 df
arcsm((t u /R) R
+4(t — u)R/ (5 Ccos 9) cos 6 db,
0
and
w/2
0K (p,ust) = 4R2/ (— cos 9) cos 0 sin 6 df
arCSll’l(

arcsm( u—t)/R)
+ (u—tR/ IO<§COS9>COS(9d9

(B.12)

Proof. Observe that all terms arising as Dirac masses are pre-multiplied by zero. The

rest is acquired by explicit computation.

]

Remark B.6. The first term of 9, K; and 9, K, can be computed explicitly as

and

sV (- oo (V=)

Lemma B.7. The terms LT have derivatives
7T/2 R
8uLf(p7 u;t) = 4R(u — 1) / I (5 cos 0) cos 6 db,
0

/2
OuL7 (p,u;t) = 4R(t — u)/ Iy (? cos 9) cos 6 df.
0

Lemma B.8. The kernel Ky has derivative

8ulCl (:07 U, t) = auLii_ (107 U; t)]lt—ug—R + 8uLl_ (pu U, t)]lt—UZR
+ 811}(1 (p7 Uus; t)1|t7u|<R'

Proof. Observe that all terms arising as Dirac masses cancel.

Lemma B.9. The term K, has second derivative

8uuf(l (,07 Uu; t) = auqu (pa Uu; t)]ltfu>0 + a’uqu(pa Uu; t)]luft>07
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where
arcsin((t—u)/R) R
0w K1 (pyu;t) = —4R/ Iy (5 cos 9) cos 6 db,
0

arcsin((u—t)/R) R
0w K (pyust) = 4R/ I (5 cos 9) cos 0 db.
0

Proof. Observe that all terms arising as Dirac masses are pre-multiplied by zero. The

rest is acquired by explicit computation. O

Lemma B.10. The terms L have derivatives

N /2 R
Ouwu L7 (p,ust) = 4R Iy - cos 0 ) cos@db,
0 (B.17)

71'/2 R
Ouwu Ly (p,ust) = —4R/ Iy (5 cos 6) cos B db.
0
Lemma B.11. The term K, has mized derivative
6puK1(pa Uu; t) - apul(l_ (p7 Uu; t)]lt—u>0 + @pqu (p7 U; t)ﬂu—t>0a

where

w/2
O K7 (p,ust) :ﬁ/ Iy (E Ccos 9) cos 0 sin 0 df
P arcsin(%) 2
2R? w/2
4+
P arcsin(%

I (g cos 9) cos® @ sin 6 db,
) (B.18)

t—u

_ arcsin(;)
+ At —u) / " Iy (g cos 6) cos 6 df
0

p
t

. arcsin(%u)
+ M / I <E cos@> cos® 6 dp,
P 0 2

and

w/2
Do K5 (p, ust) :ﬁ/ Iy (ER cos 9) cos 6sin 0 df
P arcsin(“Tft)

2R? /2
P arcsin("Tft

_ arcsin(ﬂ)
+M/ : I, (gcosﬁ) cos 6 db
0

p
o arcsin(“Tft)
+ M / I <§ c059> cos? 0 do.
0

I <§ cos 9) cos? O sin 0 df
) (B.19)

p
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Remark B.12. The first two lines of 9, K; and 9,,K; can be computed explicitly as

AR R—(—u?) 4t —u)? R~ (f—u)?
() (),

@IO< R?-(u—t)2> _4(u—t)2]0< R2—(u—t)2>‘
p 2 pR 2

Lemma B.13. The terms Li have mized derivatives

4 o /2
O L (p, us t) :yf I (g cos@) cos 0 df
0

. w/2
+ M/ I (g coS 9) cos® 6 db,
0

p

and

4(t — /2
OpuLy (pyust) = (=) / Iy (g cos@) cos 0 df
0

p
_ /2
+ M/ I (g COSG) cos? 0 db.
0

p

Lemma B.14. The kernel Ky has second derivatives

Ouulr(pyust) = Ouu LT (p, w3 )1 _uic_r + Ouu Ly (pyus )1y _u>r
+ Oua K1 (P, w5 t) Ly <,

DK (p,ust) = Opu Ly (py s ) Li—u<—r + Op L7 (p, w5 6) Ly—y>
+ Opu K1 (P, us ) 11—y < -

Proof. Observe that all terms arising as Dirac masses cancel.

B.2 The second term, jg

Lemma B.15. The term J» can be split-up in the following way,

jQ = j2_+k72+7
where
Iy = \/_/ R) + X (t+ R)](t — u)*dt,
and
It = ‘/_/ R)+ X(t+ R)](u—t)*dt.
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Lemma B.16. By explicit computation, we have that 0T = &LJA{ + 8uj2+, where
OuTs —‘/_/ R) + X(t+ R)| (t — u)dt,
OuTs’ —\/_/ R)+ X(t+ R)] (u —t)dt,

which may be rewritten as

Ty zgleX(t)(t+R— )dt+§ X(t)(t — R —u)dt,

u+R

N u—R u+R
OuTy 24/ X(t)(u—R—t)dt—l—g X(#)(u+ R —t)dt.
Lemma B.17. By explicit computation, we have that &ij = &mj{—l—(?uuj;, where
Ty = / X(t)dt — VP X(t) dt,
2 u+R

. - (B.27)
Oy = %/_w X(t) dt+\/7_/_0: X (t) dt

thereby giving
u—R oo
Ao = \/p / X(t)dt — \/p / X(t)dt. (B.28)
—00 u+R

Lemma B.18. We have by explicit computation that
1 o 1 o
" X(t)(t —u)dt + —— Xt dt
oo =g [ X0+ R—wart s [ x)

1 o 1 >
+— XtH)(t—R—u)dt — — X(t)dt
15 Jurn N 5 S

u—R

1 u—R 1
+47/ X~ Rt =5 | X

u+R

u+R 1
4[/ X(t (u+R—t)dt+2\/_ X(t)dt.

Lemma B.19. Using the fake derivative 8pmj2 = p‘lﬁpujg — p7 20,5, we get

o0

. 1
OmpJ2 = 43/2/ X(t (t+R—u)dt+2p3/2/ X (t)dt

u—R
1 o 1 °
- X(t)(t—R—u)dt——/ X(t)dt
4p3/2 u+R 2p3/2 u+R
1 u—R u—R
v X(t)(u—R—t)dt—2p3/2 X (t)dt

1 u+R
4,;3/2/ Xt )(u+R—t)dt+2p3/2/oo X(t)dt,
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which can be simplified to
. 1
Omp T2 = ~ 3, 3/2 X (u—t)dt — 557 X(t)(t — u) dt
2p3/2/ X(t)dt + 3/2/ X(t) dt.

B.3 The third term, jg

Lemma B.20. Consider the following integral

R \/RQ—(u—s—t)2)
I 1u—s_t|<rS|s|ds,
/R\/R2—(u—s—t)2 1< 2 | <

which can be rewritten as

2 __ 52
/ I VR z
R \/R2—22 2

Then we can decompose the above explicitly into

)(z+u—t)|z—|—u—t|dz.

’CZ(pv Uu; t) = L;(p, Uus; t>]lt7u§*R + L; (p? Uu; t)]ltfqu + KZ (p> Uu; t)]1|t—u|<R,

where
L3 (p,ust) / m ( R22_Z2) (z4+u—t)dz,
L (p,u;t) : /R\/RQi ( R22_22>(Z+u—t)2dz,
and
Ks(p, u;t) ::/tRu \/mll < R22_ ZQ) (z4+u—t)?dz

t—u /P2 _ 52
al I( R2 Z)(z+u—t)2dz.

R2 — 2

Lemma B.21. The terms Li can be simplified into

w/2 R
Ly (p,ujt) =+ 2R3/ I <§ Cos 9) sin® 0 d
0

w/2 R
+2R(u —t)? / I (E cos 0) de.
0
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Lemma B.22. The term Ks(p,u;t) can be decomposed explicitly into

KQ(pa Uu; t) = K{(p7 Uu; t>]l{t—u>0} + K;(pa U; t)]l{u—t>0}>

where
7!'/2 R
K5 (p,u;t) = —4(t — u)R? / I (— cos 9) sin 6 do
arcsin((t—u)/R) 2
arcsin((t—u)/R) R
— 2R3/ I; <§ cosé’) sin” 0 db
0
arcsin((t—u)/R) R
—2(t — u)zR/ L <— cos 9) do,
0 2
and

7'('/2 R
Ky (p,u;t) = 4(u — t)RQ/ L (— cos «9) sin 6 df
arcsin((u—t)/R) 2

arcsin((u—t)/R) R
+ 2R3 / I (5 cos 9) sin® 6 do
0

arcsin((u—t)/R) R
+2(u—t)2R/ L (5 cos@) de.
0

Remark B.23. The first term of K, and K, can be computed explicitly as

—8(t—u)R

10( R?-(t—u)2> _1]7
2

10< R?-(u—t)2> _1]'
2

Lemma B.24. The term Ko has derivative

and

8(u—1t)R

8uK2<p7 U t) = auK; <p7 U, 7f)]lt—u>0 + 8uK2+ (p7 U, 2f>]lu—t>07

where 2
K5 (p,u;t) :4R2/

arcsin( i—u

R

arcsin((t—u)/R) R
+4(t —u)R L (5 cos@) de,
0

I Ecos@ sin 6 df
) 2

and
w/2

0K (p,ust) :4R2/

arcsin ( R

arcsin((u—t)/R) R
+4(u—t)R/ 11(5 cos@) do.
0

I Ecos@ sin 6 df
) 2
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Proof. Observe that all terms arising as Dirac masses cancel. The rest is acquired by

explicit computation. O

Remark B.25. The first term of 9,K, and 9,K; can be computed explicitly as

_ (IR .Y -
SR 10< 2< ) ) —1, (B.41)
and
_ FrER pr— -
SR 10< 2(“ ) ) —1, (B.42)
respectively.

Lemma B.26. The terms L have derivatives

w/2 R
OuLs (p,ust) = 4R(u — t)/ I <§ Cos 9> db,
0 (B.43)

w/2
OuLsy (pyust) = 4R(t — u) / L (5 cos
0

=y
)

N———
8
)

Lemma B.27. The kernel Ky has derivative

au’C2 (Pa Uu; t) = auL2+<:07 2 t)]ltfung + 8uL5 (pa Uu; t)]ltfqu + auK2 (p7 U3 t)]1|t—u|<R'
(B.44)

Proof. Observe that all terms arising as Dirac masses cancel. O]
Lemma B.28. The term K5 has second derivative
auuK2<p7 Uus; t) = auul{2_ (pa Uus; t)]lt—u>0 + auuK;_(pa Uus; t)]lu—t>07

where

arcsin((t—u)/R) R
0w K5 (pyu;t) = —4R/ L (5 cos 0) do,
0

arcsin((u—t)/R) R
0w K (pyust) = 4R/ L (5 cos 9) de.
0

Proof. Observe that all terms arising as Dirac masses cancel. The rest is acquired by

explicit computation. O

Lemma B.29. The terms LT have second derivatives

w/2 R
Ouu Ly (p,ust) = 4R/ I (5 oS 9) do,
0 (B.45)

/2 R
OwuLy (p,ust) = —4R/ L (5 cos 9) de.
0
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Lemma B.30. The term Ky has mized derivative

apuKZ(pa U; t) - a,ou[(2_ (:07 u, t)]lt—u>0 + 8puK;_ (p7 U; t>]lu—t>07

where
4
05 (p,u; ) :—R/ L (E cos 6) sin 6 df
P arcsin(t_u) 2
2 w/2
+ £ Iy (g cos (9) cos 6 sin 6 do
P arcsin(%)
_ arcsin(%)
+ M/ Iy (E cos 9) cos 6 db,
P 0 2
and

4
apuK+<p>u t) R/
P arcsin(

2R2
p

I ECOSH sin 0 df
) 2

u—t
R

Iy (g cos 9) cos f sin 0 df
arcsm(" t)

o arcmn(;)
+ M/ : I <§ cosQ) cos B db.
0

P

Remark B.31. The first two terms of 9,, K5 and 9,,K3 can be computed explicitly

as
8| R?— (t —u)? 1 4 R?— (t—u)?
— 11 —1 —VR?—(t —u)?l B.46
and
8| R? = (u—t)? 1 4 R? — (u— 1)
— 11 -1 -V R?— (u—1)2I B.47
respectively.
Lemma B.32. The terms Ly have mived derivatives
2R(t — "2 (R
OpuLs (pyust) = M/ Iy <— cos 0> cos 6 db,
P 0 2
R RS R (B.48)
OpuLy (pyust) = L/ I (— cos 9) cos 0 df.
P 0 2
Lemma B.33. The kernel Ky has second derivatives
aquC2<Pa U; t) = auuL (07 U; t)]lt u<—R + 8uuL (P7 U; t) —u>R
+ 6uuK P, u; t)1 u )
2y )l (B.49)
apu}CQ(pa U,t) = 6 L (P»U t)]lt u<—R + 0puL (pa Uu, t)]lt u>R
=+ apuK2(p7u t)]1|t u|<R-
Proof. Observe that all terms arising as Dirac masses cancel. m
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B.4 Computing mixed derivatives

Lemma B.34. In terms of the kernels ICy and ICy, we can express the entropy integrals
jl and jg as

Ji(p,u) \/_/Klant )Y (t) dt,
(B.50)

o0 = [ |y uit) = Ks(prin)| X0t

and have corresponding derivatives given by

AuTi(p, ) \/_/OlClp,ut)()dt
(B.51)

OuTs(p, ) ‘/_/ [a Kalp,u;t) — 0,K1(p, u; t)}X(t) dt,

and

AR \/_/auuiCl (p,us )Y (1) dt,
(B.52)

OuuTs(p, 1) _ VP / [&wlcg p,u;t) — 0uCi(p, u; t)]X (t) dt.

Note also that the mzxed derwatives are given by

A 1
Opu 1 (p; ) :8—\//_)/RﬁulC1(p,u;t)Y(t) dt—l—?/R@pulCl(p,u;t)Y(t) dt,
A 1

# X2 [ 0Kalp i) - 0, ) 1)
R
so that the fake derivatives ampj} and 8mpjg are given by

A 1
OmpJ1(p,u) = — W/&JQ(/), w; )Y (t) dt + —/8pulC1 p,u; )Y (t) dt,
R
A 1
OmpJ3(p,u) = — W/ {&JCg(p,u; t) — 01 (p, u; t)] X(t)dt (B.54)
R
1
— Ol (p,ust) — 0, K1 (p,ust) | X (1) dt.
t 5 | [t st - s )| 00
It is therefore helpful to compute the quantities underneath.
Lemma B.35. By explicit computation, we have that
Opu Lt (p,ust)  OuLf(pust)  (u—1t)
4\/ﬁ 8p3/2 o 02 ’
OpuLy (pyuit) — OuLy (poust)  (t—u)
4\/5 8p3/2 ,02 ’
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Lemma B.36. By explicit computation, we have that

Oy (pyust)  OuKy (poust)
4\/ﬁ 8p3/2

_ arcsin( t—u )
(t _ u){ (1 _ E) / " I, (E COSQ) cos 6 do
p3/2 2
et / (— cos 9) cos? 0 dQ}

+RI — (t —u)? \/R2 (t —u)? VRE— (t —u)?
p3/2 0 9 p3/2 9

and

4\/,5 8p3/2 o

(U _ t) R arcsm(%) R
A7 1—— / I 56059 cos B db
—/ (— CoS 9) COSQQdQ}

+R[0< Rz—(u—t)>_\/R2 (u—1)2 <\/R2 2u—t )

2 p3/2

(u—t)? R? — (u—1t)?
g, ()

Lemma B.37. By explicit computation, we have that

%H@wﬂ_&HMMﬂ_w—ﬂ(l i)
p )

] 1603/2 9 3/2 2

VP P P (B.56)
Oply (psust)  OuLly(piust) (t—w) (1 1

8\/ﬁ 16p3/2 - D) p3/2 02 )
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Lemma B.38. By explicit computation, we have that

OpulSy (poust) — 0uKy (pust)
8v/p 16p3/2

1 [O( R2—(t—u>2> _1]
2

p3/2
VR =G—w? ( R2—<t_u>2>

2p3/2 9

( (t —u) 2) ]
-1
t—'LL arcsm R R
4p3/2 / { (5 cos@) cost — I (5 cos@)} e,

9 p3/2

and

Do K5 (p,ust) O (p, ust) B
8P 16p3/2 N

1 R? — (u—1)?
/2 Iy ( 5 ) - 1]
R? — (u—1)? R? — (u —t)?
T ( 2
R R? — (u—1t)

R(u—t) o) R R
+ 4p3/2 /0 I ECOSQ cost — I Ecose do.
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Appendix C

Asymptotic expansion of k(v)

Herein, we give full details of the asymptotic expansion of k(v) in the vicinity of the

vacuum, where v = 0.

Lemma C.1. There exists a positive constant C' = C(v, ps) such that, for any p €
(0, p(g.)], we have

Cp’ <k(w(p) <Cp’, O D <K(v(p) < Cp D, (C.1)

Proof. By virtue of the chain rule,

1 d
K(v(p)) = —k(v(p)) for p>D0.
(0 = k(o)
Recall that k(v(p)) = [ MQp,p) : Ql(p,) dp’ (cf. Definition 4.12). Using the Bernoulli
law (1.35), we therefore have
1 1/2 B
\/_/ ( i y%)) (1 — y29) ! dy, (C.2)

from which it is evident that
—k(w(p)) = Vo' (1 ————=p") (1-p")".
dp 2
In view of the invariant regions provided by Lemma 4.3, we have the uniform bound

p < p(g.) for some p(qs) < qer, as in (4.7). We therefore obtain

1/2
VA (1= 5000 ) S ) < V(- ()

Integrating the above inequality in p readily yields (C.4). Meanwhile, v/(p) = ¢*/¢?,
which can be rewritten in terms of p as

Op
V(p) =1 ok




Hence,

, 1 v 1,0\
Ko = o (1= 152

from which it follows that

1/2
% (1 — 774_1(0(61*))20) p—(9+1) < ]C/(l/(p» < %p—(e—i—l)'

O
Lemma C.2. There exists a positive constant C' = C(y) such that, for all p € [0, pe],
C™p" <w(p) < Cp. (C.3)

Proof. The result follows immediately from the definition of v and the pointwise
bound

1
1< <
-1 =20 — 1 — (pCT)QG’
after noting that [/ 2 df = %, and 20 +1 = . O

Lemma C.3. Using —(0+1)/y = 0/~v—1 and the previous two lemmas, we see that
there exists a positive constant C' = C(7, px) such that, for all v € (0, pu.],

CW < k(v) < v, CLWIT <K (v) < CVPP L (C.4)
Lemma C.4. Provided q > q.., the quantity k admits the following bound on its
derivatives,
Kk (v) <O0. (C.5)
Proof. Observe that
M?2 -1
K (v(p)?* = o

which implies that, in terms of the variable p,

W) = Lo ()

7
gV (d(W Jdp  2(M? — 1)) (C.6)
e = :

Additionally, we have M? = -2 (p'=7 — 1), from which we straightforwardly compute
g =1 \P

dM?

—2p77.
dp P
Hence,
M?*  M*M?*-1)
K (v(p))K" (v(p)) = — prrh R
and the right-hand side is manifestly strictly negative in the supersonic region. [
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Corollary C.5. Provided q > q.., we have k" (v) < 0.

Lemma C.6. Let \; := min{27Y% (y+1)7% p(q,)}. In the vicinity of the vacuum,

the quantity k admits the representation

00
CnIOZnH

k(v(p)) = % Z T (C.7)

and this series converges absolutely and uniformly in the interval p € [0,\]. The

coefficients (cn)nen are given by

_ Z ( 1/2 ) <%H) Jor cach n € N. (€.9)

Remark C.7. As a result, near the vacuum, the quantity k scales in the following way

0
k(v(p)) = £ 4 O(p*) in the vicinity of p = 0. (C.9)

Vo

Proof. We begin by expanding the integrand in terms of p. Notice that M? =

% (7 —1),80 M?* -1 = %plﬂ VH Thus,

2 1 +1
>>—/me”—% 1
0 Y

dy
Syt = 1)
\/— 23/7 ! (7+1)y2”*1’ is
y,y 1)2 dyv

which can be rewritten more legibly as

Lo +1 12 -1
— \/5/ y?1 (1 — %er) (1 — y29) dy. (C.10)
0

Since we keep p very small, we can expand both parentheses as power series (which
will converge absolutely and uniformly by the Weierstrafl M-test following a judicious

choice of upper bound for p, for example p < 271/2%). Specifically, we have

- (G (7) (2)) (E)

where

o = Xn:(—l)j ( 1§2 ) <VT“>J for each n € N,



Note that ¢ = 1 and ¢; = —9%1. Additionally, whenever j > 2,

< 1/2 ) _121/2-1)(1/2-2)...(1/2—j+1)

J 4!
1/2(-1/2)(=3/2) ... (3/2— j)
j1
W /2)(3/2) ... - 3/2)
2 1 ’

from which it is apparent that

1-2...(7—-1 1
1/2 < (*7 ):—. for each j > 2.
j 2. 4! 25

So, in fact, the above binomial coefficient is also bounded above by 1 for all n > 0.
Hence, |¢,| < (n+1)27"(y+1)" for each n € N, so the series Y 7, ¢,y*" converges
absolutely and uniformly by the Weierstrafl M-test provided that we restrict to p <
(v + 1)_719, as shown below.

i ey < i(n +1)27" = 4.
n=0 n=0

Hence, we can integrate the series term-by-term, and thereby obtain

pG 0 Cnp2n6’
k(v(p)) = ﬁ ; T 1 near the vacuum.

]

However, we do not yet know how to relate this asymptotic dependence in p to one
in v. Before we can show this, we need several other results, including an expansion

for v near the vacuum.

Lemma C.8. In the vicinity of the vacuum, the quantity v admits the representation

P W S C.11
V(P)—&P +;m ; (C.11)

and this series converges absolutely and uniformly in the interval p € [0, \]. Addi-

tionally, whenever p € [0, \1], the derivative V' is bounded as follows
0p%° < V' (p) < 20p%. (C.12)
Remark C.9. The above shows that

0
v(p) = —p" + O(p*"1) in the vicinity of p = 0. (C.13)
Y
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Proof. For p € [0,1),
P 11329
=0 ——dz.
Vo) =0 [ e

So, near the vacuum, we can expand the integrand as

20
x

12— o(1 — 2% E ",
-

where this series converges uniformly and absolutely provided we have p < 2-1/2¢ for
instance. Therefore, integrating the series term-by-term, we have

> 1+2n9

_0/ Zx%edm—ﬁz vt

That is,
0 & p2n9
=—p'|1 —_— 14
v(p) = 2p +;1—|—2n0/v , (C.14)

near the vacuum. As for the derivative, we have

V/(p) _ 0p20(1 . p20)_1 — 0p20 (Z anG) Z 0p297

n=0

which shows the first inequality. Expanding the derivative as a power series, we see

that
/ p) _ 0p29 (Z p2n9> < 0p29 (Z 2n> ’
n=0 n=0

1/26

provided we have p < 27/ which concludes the proof of the lemma. O]

Lemma C.10. Define K(p) := Fpv(p) — 1, i.e.,

o 2n0
_ P
K(p) = ; TT o (C.15)

Then, the above series converges absolutely and uniformly for p € [0, \]. We deduce

that there exists a positive constant Cy = C1(7, ) such that, whenever p € [0, Aq],
Crlp? < K(p) < Cyp¥. (C.16)

Moreover, its derivative is given by term-by-term differentiation, i.e.,

' . 2n6 onf—1
K0 =3 g™ (C.17)

and the above also converges absolutely and uniformly for p € [0, \1]. Correspondingly,

there exists a positive constant Co = Co(7y, ps) such that, whenever p € [0, \],

C2—1p29—1 S K,(p) S C2p20_1. (C].S)
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Proof. Observe that, if p < 271/2% then

2n6
P —n

— <2

1+2n0/y =
for every n > 1, and the right-hand side is summable. Hence, by the Weierstrafl
M-test, the series given by K(p) converges absolutely and uniformly. Further, for

p S 2—1/29,
2no

1+ 2n0/~
and the right-hand side is also summable. Thus, by the Weierstrafy M-test, the series

p2n971 S 21/29 . 2771’

given by the term-by-term derivatives of K (p) converges absolutely and uniformly in
the interval p € [0, A\1]. Additionally,

1029 . P2n9 7029 20 = 1/6\2(n—1)6
K = > — 2” n=
() 1+2«9/V+;1+2n0/7_27—1 P ;( )

1 = 1
> 120 20 9—2n | _ = 2
L () -
as required. The same strategy of proof yields the upper bound on K and (C.18). [
Lemma C.11. Let )y := min{\;, (2C,)~Y%}. Then, the series

> () o (19

n=1
converges absolutely and uniformly for p € [0, \y]. Further, in this interval, the above
series can be differentiated term-by-term, i.e.,

d%i ( 97/17 ) K(p)" = i < 97/17 ) nK'(p)K (p)"~, (C.20)

n=1 n=1
and the series on the right-hand side also converges absolutely and uniformly for
S [07 )‘2]

Remark C.12. In light of the above, we deduce that, for each j > 1, there exists a
positive constant C3 = C3(7, 7, it«) such that

> () o

n=j

< C3p™*, (C.21)

provided p € [0, \o]. Likewise, for each j > 1, there exists a positive constant Cy =
C4(j,, ps) such that
< CypPi1, (C.22)

i ( 9? ) nK'(p)K(p)" ™| <

n=j

provided p € [0, As].
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Proof. The binomial coefficient can be expanded as

(9/7 ) _0/v(0/7=1)...(0/y —n+1)

n n!

()1 =0/7) . (n=1=6/%)

n!

=0/v

It is then apparent that, by adding 8/+ to each factor in the numerator,

‘(97{&7)‘<9/u:i. (C.23)

n! ny

Thus, by restricting the density to the interval p € [0, (20;)7'/%], we see that

\( ) Koy

which is manifestly summable. Accordingly, by the Weierstrafi M-test, the series

< Lo

nwy

given by (C.19) converges absolutely and uniformly whenever p € [0, A;]. Observe

also that the term-by-term derivatives are dealt with as shown underneath:

(Q{j ) WK (K ()| < 3 (9{])

nC2p2071 . (Clp2€>nfl

[M]#

n=1 n=1
Cs0 oy 1 "
S _2p20 1 Z(CIPQG) ’
v n=0

which is bounded above by 2C,(6/7)p*~!, provided p < (2C;)~'/?*. Thus, by the
Weierstral M-test, the series of term-by-term derivatives converges absolutely and

uniformly in the stated interval for p, which concludes the proof of the lemma. [

Lemma C.13. The series

> () wtor (24

n=1
converges uniformly for p € [0, Xo]. Further, in this interval, the above series can be

differentiated term-by-term, i.e.,

d%ni ( 3971/7 ) Z ( o ) K'(p)K(p)" ™, (C.25)

=1

and the series on the right-hand side also converges absolutely and uniformly for
pE [07 AQ]
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Remark C.14. In light of the above, we deduce that, for each j > 1, there exists a
positive constant Cs5 = C5(7, 7, it«) such that

> () wior

n=j

< Cyp™?, (C.26)

provided p € [0, \o]. Likewise, for each j > 1, there exists a positive constant Cg =
Cs(j,, ps) such that

i ( 3071/7 ) nK'(p)K (p)" | < Cop™* ", (C.27)

n=j

provided p € [0, A\o].

Proof. As before, we begin by bounding the binomial coefficient,

( 30/~ ) _30/9(30/y — 130/ —2)...(30/y —n+1)

n n!

(=1)"2(2-30/7)...(n—1-30/7)

n!

=30/7(30/7 — 1)

b

from which it is apparent that (by adding 36/~ to each factor in the numerator)

'( 3971/7 )‘ < 30/~]36/ — 1|(n T—L!l)! _ 39/7|3i/7— 1

Hence, we have that

(5 ysor

and the right-hand term is bounded by % - 27" in the stated interval, which is

30/v]30/y — 1
< BN =1,y

for each n > 1,

summable. Thus, by the Weierstral M-test, our series converges uniformly in the
stated interval, as required. We now look at the series of term-by-term derivatives,

which is bounded in the following way

> 36 / n— - — n—
S| ) uro) o < 3021302 11 Y Cap - (o)
n=1 n=1

= 36/~[30/7 — 1]{C> <Z(01,029)n> pt

n=0

It is clear that the latter term is bounded by 6(6/v)[30/v — 1|Cyp?~1, provided p <
(207)71/?. As before, an application of the Weierstral M-test yields the result. [
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Lemma C.15. Define the remainder term to be

o= @ (5 (0 ) ) G
C.28

Then, provided p € [0, \s|, there exists positive constants C7 = Cy(7, ) and Cy =
Cs(7, ps) such that
L) < CP, (C.29)

and

|L(v)| < CgpB0=D/7, (C.30)

Proof. Following on from (C.14), we write

1 /y\9 VL i .
v IR

Restricting p to be small enough, we may assume that K(p) < 1, and thus we can

once again binomially expand the right-hand side of the above expression. This yields

LG =2 (1 (Y wr).

By expanding the right-hand term of (C.31) a little more, we have that

i {% - ( 97/] > K(P)"] = (% — ( 0{7 ) ﬁ) P + Li(p),

n=1

where we define the remainder term by

L(p) = i e (1Y ] - () i%

Claim C.16. For p € [0, \y], there ezists a positive Co = Co(7y, pt«) such that
Li(p)| < Cop™. (C.32)

Proof of Claim C.16. Observe that

falo) = (E‘ﬁ ( " ) )P“ - ( g8 ) K(p)?

X[ () o) () 2

n=3
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It then follows that

G 0/ 49 0/ 2 40
5 1+49/’yp 2 ) |G

0 [ 0/y -
407 + 46 n+2
p E {27”5 e )RR

Wln:l

Li(p) > —

0 o 2n6

_ 40V P
P ol ; 1446/~ +2nb/v’

from which the lower bound of (C.32) is apparent, after evaluating the series terms
with p replaced by (2C;)~"/?. Indeed we first have that, for each n > 1,

|Cn+2|P2"9 < (n+ 3)2*(””) (v + 1)n+2 .
2n+5 2n 45
< nEs (721)22n <7+ 1p29)”’

“2n+5 2

and the right-hand side is summable if we pick p < (v + 1)7'/2%. Second,
0/ —46 n+2 012 0 20\ 2n
'(n+2>‘P K(p) §7<n+2)(01p ) for each n > 1,

where we used the bound (C.23), and the right-hand side is summable for p <

(207)7Y/?% Finally,

2n6 2n6
p p

<
14+460/y+2n0/y — 1+46/~’
and the right-hand side is again summable for p < 2712 Also,

c 0 0
C2 /Y p46+'( QV)‘CIQPM
P |cnl p*" 0/ —40 n 100~ P
K z L
e (B [ (0 ) frewor] e i

5 1+40/y
from which we see that the same bounding procedure gives the other inequality. [

Li(p) <

Claim C.17. For p € [0, \o], there exists a positive Cyg = Cho(7, ft«) such that
Ly (p)] < Crop™ " (C.34)

Proof of Claim C.17. Tt is clear from the previous lemmas that L, is differentiable
and that the derivative admits a series representation whose terms agree with the

term-by-term derivatives of L;. Specifically,
= [2nbc,p* ! 0/~ 0 = 2nfp>f-1
L (p) = ==L _ K'(p)K@p)" | —=) ———r
1(P) n§:2 { o 1 o nEK (p) K (p) > ;:2 T+ 2n0/7
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whenever p € [0, A\y]. Observe now that

)

i 2n0len |t 101 i (21 + 4)|cny2|p*"
2n+1 2n+5

n=2 n=0

and

IN

i (2n + 4)|cnyo| 0™ i @n+4)n+3) (Y + 12, (1+1 )"
M+ 5 M+ 5 4 5 P

n=0

’Y+1 “n +1 9 Y41 5\"
< 2
hS 1 Z { ( P +3 — P
7+1 2n 2n
<o (z ey
1
35(7‘”)27

provided p < (4 1)71/%_ Similarly,

= 0 / n— 09 — = n—
SN ) nrom oy < Yy
n=2 n=2
Ci00 19 1 26 201050 454
S (G ,
v n:o( ) v

provided p < (2C;)~Y%. Finally,

Z 2n9p2”9 1 p4971€ i QTZQ + 40 p2n0
1+2n0/7 v = 1+40/v+2nb/~

< 9/)40_1 (Z p2n0 + Zp2n0>
n=0 n=0
S 40p40—1’
provided that p <2772, Now, let Cy := 3(y +1)? + 2C1C50/~ + 40. Hence,
L3 (p)] < Crop™,
in the stated interval. This concludes the proof of the claim.

Hence, we have shown that

L /y\% , 1 (01 (9/7) 1 ) o’
k —— (= =2 — ) ¥+ =Li(p),
(v(p)) ﬁ(e) = (50 )t ) g0
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which implies that

s =75 (5= () g ) 0- 04 EG#) + Lo,

1 (a 9/7) 1 ) 39200 (39/7) P’
Our previous results immediately yield the claim underneath.

Claim C.18. There exist positive constants C11 = Ch1(7, ps) and Cra = Cia(7y, fs)
such that, provided p € [0, A3], we have

IL(v(p))| < Cap™,

L) < Car (C:35)

Now, in order to estimate the true derivative of L with respect to the variable v,

1/~

we use the chain rule. Indeed,
< Crap™=1/p% = Crop® ' < Ciy <%> PBO-D/7

d
L'(v :‘—Lup ‘-—_
|L'(v)] i (v(p)) 0]
since v(p) > (6/7)p?, due to (C.14). Analogously,
1/
L) < Cup™ < O (3) 70,
which concludes the proof of the lemma. O

Remark C.19. By repeating this chain rule procedure, we see that, for each j € N|
there exists a positive constant C' = C(j,~, p) such that, for p sufficiently small,

|ILY (v)| < OV, (C.36)
Remark C.20. We can write the coefficient of the second term as
1 0/~ 1 __(49—1)(9+1)
3 L J1+20/y) 6(40 +1)

Proof of Theorem 4.13. Since v(p) > %pﬂ by setting A\, = (6/7)\; or smaller if
necessary, we have proved Theorem 4.13 for v € [0, A\.]. But since k € C°°((0, tier))

(cf. Definition 4.12), k and its derivatives achieve their bounds on [\, p.]. Hence,
there exists a (possibly larger) constant C' = C(, p1.) such that (C.36) holds on the

entire interval (0, p.]. The proof is complete. O

Finally, we have the following corollary.
Corollary C.21. The quantity k(v) can be written as
k(v) = a7 (1 4+ H(v)), (C.37)
and there exists a positive constant C' = C(v, ux) such that
|[HD (v)| < Cv¥/—3 forve (0,u, forje{0,1,2,3}. (C.38)
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