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Abstract

Floating Wind Turbines (FWTs) offer a promising solution to harnessing substantial offshore
wind energy in deep waters. However, accurately modelling their complex dynamics is
challenging due to the complex coupling between aerodynamics, hydrodynamics, structural
elasticity, and controls. This thesis proposes an integrated FWT simulation framework in
Simulink to investigate these dynamics, with a particular focus on nonlinear wave-platform
interactions induced by large platform motions.

A comprehensive FWT model is developed in Simulink, featuring efficient state-space
representations for linear wave radiation and excitation effects, a multibody formulation
to account for large geometrically nonlinear blade deformations, a modified blade-element
momentum method for unsteady aerodynamics, and a multi-loop ROSCO control strategy for
power regulation and platform stabilization. Validation against the widely-used OpenFAST
simulation tool demonstrates the ability of the developed Simulink model to capture the
dominant FWT dynamic couplings under realistic environmental conditions.

To address the limitations of the conventional linear hydrodynamic model, which assumes
small platform motion around the equilibrium position, an analytical solution to the 2D linear
wave-platform boundary value problem (BVP) linearized at an arbitrary platform pose is
proposed. The analytical method is compared against a numerical boundary element method,
and the influence of platform pose on the hydrodynamic behaviour is investigated.

Additionally, a novel linear parameter varying (LPV) modelling framework is developed
to capture the geometrically nonlinear wave radiation effect. The LPV system is constructed
using state-space models identified from the BVPs linearized at various platform positions,
with the instantaneous platform pose used to interpolate the state-space matrices. To ensure
state-basis coherency across all linear models, a black-box method based on the balanced
realization and a gray-box method that ties the state vector to physical parameters are pro-
posed. Both LPV models are validated on the benchmark van Daalen floating cylinder, and
they are then integrated into the Simulink FWT model. Results indicate that the LPV mod-
els effectively capture nonlinear hydrodynamic effects and offer significant computational
efficiency, making them practical for early-stage FWT design and optimization.
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Chapter 1

Introduction

1.1 Floating wind turbines (FWT)

The Paris Climate Change Agreement aims to limit global temperature rise to 1.5°C and
achieve net-zero CO2 emissions by 2050 [57]. Meeting this goal requires a substantial in-
crease in global renewable electricity generation. Offshore wind energy presents a significant
potential due to its high energy output from strong and consistent winds at sea, proximity
to densely populated coastal areas, scalability to gigawatt (GW) levels, and relatively low
social and environmental impact [58]. Currently, offshore wind contributes 75.2 GW energy
production, accounting for just 7.1% of the global wind capacity; this share is expected to
grow to 40% by 2050 [46].

Most existing offshore wind projects are located in waters less than 60 m deep within
60 km from the coast [58]. However, enormous wind resources, with an estimated capacity
exceeding 13 terawatts (TW), are available in deeper waters farther from shore, where the
deployment of bottom-fixed wind turbines is not economically viable. Floating wind turbines
(FWTs) offer a promising solution for these deep water regions. For example, the Hywind
Tampen project, the world’s largest floating wind farm to date, became fully operational with
a power generation capacity of 88 megawatt (MW) in August 2023 [32]. This floating wind
farm is located 140 km offshore at water depths between 260 m and 300 m.

As a relatively new technology with only around 270 MW of operational capacity as of
2023, floating wind is not as cost-competitive as the established bottom-fixed wind technology.
The average levelized cost of energy (LCoE) for floating wind in 2030 is projected to be
around three times higher than that of bottom-fixed offshore wind, i.e., $300/MWh vs.
$110/MWh. In contrast, land-based wind is expected to have an average LCoE of just
$42/MWh by 2030 [28]. To accelerate the expansion of the floating wind industry, it is
crucial to achieve significant cost reduction. By 2050, the global average LCoE for floating
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wind is forecasted to drop to around $95/MWh, though this will vary depending on regions
and projects [28]. One key driver for this cost reduction is the deployment of larger turbines.

A FWT is a complex mechanical system comprising several key components: a rotor and
nacelle assembly (RNA) that converts wind energy to electricity, a tower that holds the RNA
at a height with high wind potential, a floating platform that supports the superstructure, and
a station-keeping system that includes mooring lines, connectors, and anchors to constrain
platform motions. Various FWT concepts have been developed using different stabilizing
methods, including spar, barge, semi-submersible, and tension-leg platform (TLP) designs,
as illustrated in Fig. 1.1.

RNA

Tower

Floating 
platform

Station-
keeping 
system 

Spar Barge Semi-submersible TLP

Fig. 1.1 Popular floating wind turbine concepts.

The IEC’s most recent technical specification outlines comprehensive design requirements
for FWTs to ensure structural integrity and serviceability. These requirements include the
evaluation of multiple loads, such as gravitational and inertial loads, aerodynamic loads,
hydrodynamic loads, mooring loads, and ice loads (where applicable) [56]. Additionally,
factors such as aero-elastic and hydro-elastic interactions, control system behaviour, and the
interaction between mooring lines, anchors, and the seabed must also be considered when
necessary [56, 25, 26, 2]. These complex effects pose significant challenges in accurately
predicting the dynamic behaviour of FWTs, often leading to unreliable or overly conservative
FWT designs. Without a thorough understanding of the complex interactions within FWTs
and their surrounding environment, the industry’s progress toward larger turbines, which is
essential for cost reduction, will be severely hindered.
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1.2 Complex dynamics of FWTs

Acting as the base excitation for the superstructure and the top excitation for the station-
keeping system, the dynamic behaviour of the floating platform predominantly determines the
overall performance of the FWT system. While the relatively mature technologies from the
offshore oil and gas industry can be leveraged to enhance the understanding of wave effects
on FWT platforms, notable differences exist. Under most sea conditions, established theories
based on linear assumptions of small wave amplitudes and small platform movements have
proven effective in capturing the leading-order factors of hydrodynamic loads on floating
platforms [97]. In extreme sea states, where the wave steepness (i.e., wave amplitude relative
to wave length) becomes larger, nonlinear wave kinematics and wave-wave interactions are
of significant importance [142]. In such cases, the established second-order hydrodynamics
theory can be adopted for more accurate wave load evaluation than linear hydrodynamics.
However, unlike oil and gas platforms, FWT platforms experience additional complexities
due to the presence of the superstructure. The large aerodynamic forces acting on the hub
height can lead to large platform rotations and displacements, resulting in complex nonlinear
wave-structure interaction that can significantly influence the dynamic behaviour of the
entire FWT system [4, 76].

The potentially large 3D movements of the floating platform also produce multiple novel
challenges in understanding FWT physics compared to the more mature bottom-fixed wind
turbines. Firstly, the large translational and rotational motions of the floating platform give
rise to strong interactions between the rotor and its wake, leading to unsteady aerodynamic
effects and drastic fluctuations in the power output [45]. Under the extreme situation when
the platform moves downwind with a high velocity, the possible negative relative wind
velocity on the rotor can even turn the turbine into a propeller, which outputs energy to the
flow field [12]. To gain more insights into the unsteady aerodynamics induced by platform
motions, researchers have conducted numerical [45, 12, 80, 41, 13, 18] and experimental
[40, 9] studies. However, the aforementioned works mainly focus on the aerodynamic effect
itself and simplify the overall FWT dynamics by prescribing harmonic platform motions
in specific degrees of freedom (DoF), such as surge [80, 9], pitch [12, 41, 9], combined
surge-pitch [45, 18], roll [40] or yaw [13].

The interaction between aerodynamics and control systems becomes particularly critical
under the above-rated operating conditions for FWTs. As the platform undergoes large mo-
tions, especially rotational movements, it introduces an additional wind velocity component
felt by the rotor. When the platform rotates in a downwind direction, the relative wind speed
experienced by the rotor decreases, resulting in a lower blade pitch command and conse-
quently higher aerodynamic thrust, which further accelerates the downwind motion, and vice
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versa. This adverse coupling effect brings about negative damping, which can destabilize
the platform’s response [129]. Meng et al. [88] conducted a 1:60-scale model test of the DTU
10-MW FWT and observed unstable platform pitch responses at above-rated wind speeds.
To address the instability issue, two control strategies are commonly employed: (1) detuning
the blade-pitch control gain to reduce the controller bandwidth below the platform pitch
natural frequency [62], or (2) introducing an additional feedback loop to counteract the effect
of platform motions on the controller. However, the first approach causes too slow control
response to wind disturbances and potentially large generator speed excursions [88], while
the second approach involves multiple control loops which further complicate the dynamics
of the FWT system [119, 118]. Their effects should be investigated carefully with all other
FWT dynamic domains.

Another significant challenge for FWTs analysis lies in the geometric and kinematic
nonlinearities associated with highly flexible blades undergoing large deformations and
overall rigid-body motions of the blade rotation and platform movement [124]. These
nonlinear effects become more important for increasingly longer and slender blades [75]. An
out-of-plane blade-tip deflection of 10% of the blade length (61.5 m) has been reported in
[80] for a standard NREL 5-MW FWT operating at the rated wind speed. In contrast, for
an up-to-date IEA 15-MW FWT with a much longer blade length of 117 m, the blade-tip
deflection can reach 16% of the blade length at the rated operating condition [144]. While
both works successfully capture the nonlinear blade dynamics, they again simplify the
overall system by prescribing sinusoidal platform motions, without considering the complex
interactions between wave-induced platform motions and the aerodynamic forces on the
blades.

In addition to the aforementioned FWT physics, other factors such as the geometric
nonlinearity of highly compliant mooring lines and anchor-soil interactions further complicate
the overall FWT dynamics. To gain deeper insights into these complex couplings, researchers
have conducted in-situ observations [15, 105, 59], scale model tests [135, 132], and hybrid
experimental studies [39]. Alongside these field and experimental studies, there is a growing
demand for advanced simulation tools capable of performing fully coupled aero-hydro-elastic-
control dynamic analyses, which are essential for the reliable and cost-effective design and
optimization of FWT systems.

1.3 Popular simulation tools for FWTs

Several popular simulation tools are available for fully coupled dynamic analysis of FWTs,
e.g., OpenFAST [101], Bladed [10], and HAWC2 [50].
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OpenFAST [101], previously known as FAST, is a nonlinear aero-hydro-elastic-control
wind turbine simulation framework developed by the National Renewable Energy Labo-
ratory (NREL). It is widely used for the time-domain dynamic analysis of FWTs and is
one of the very few open-source simulation tools available. OpenFAST provides multiple
options of modelling fidelity through a number of subroutine packages, as illustrated in Fig.
1.2. A typical FWT simulation routine in OpenFAST involves the following core modules:
HydroDyn that determines the hydrodynamic loads, AeroDyn that calculates aerodynamic
loads, ElastoDyn/BeamDyn/SubDyn that describes the multi-rigid-body dynamics and struc-
tural elasticity, ServoDyn that defines the blade-pitch and generator-torque controllers, and
MAP++/MoorDyn/FEAM that models moorings’ behaviour. Each module captures important
FWT physics and is discussed in more detail as follows.

Fig. 1.2 Schematic of OpenFAST simulation framework.

• Hydrodynamics. HydroDyn combines potential flow theory and Morison’s Equation
to compute the hydrodynamic forces acting on the floating platform. In the potential
flow theory, the wave-platform boundary value problem (BVP) is typically solved using
numerical boundary element methods, such as WAMIT [131], in the frequency domain.
This approach involves up to a second-order perturbation expansion around the mean free
surface and a first-order perturbation around the mean wetted body surface, corresponding
to the platform’s static equilibrium position. The frequency-domain hydrodynamic
coefficients (e.g., added mass, radiation damping, linear and quadratic wave excitation
force transfer functions) obtained from these computations are then transformed into
corresponding time-domain representations [110]. Given the platform kinematics, the

5



Introduction

hydrodynamic forces can be calculated at each time step for the FWT dynamic simulation,
as shown in Fig. 1.2. This method offers a reasonable assessment of the wave-platform
interaction when the platform movements are small relative to its characteristic length
and the wave steepness remains below the breaking limit. Morison’s Equation, on the
other hand, is used to estimate the inertial and viscous drag forces on slender structural
elements (e.g., columns or braces) within the floating platform. The accuracy of Morison’s
Equation largely depends on selecting appropriate inertia and drag coefficients, which are
typically derived from experimental data or high-fidelity Computational Fluid Dynamics
(CFD) simulations.

• Aerodynamics. The AeroDyn package provides two methods to determine the aerody-
namic loads on the rotor blades: the blade-element momentum (BEM) method and the
free vortex wake method. In the BEM method, the aerodynamic forces are computed
based on a quasi-steady representation of the wake around the rotor blades. This method
is further enhanced by considering the skewed wake, dynamic inflow and dynamic stall
effects, induced by the change of inflow and/or operating condition [64]. In contrast, the
free vortex wake method uses lifting lines to represent the blades, which can capture
the detailed structure and deformation of the wake vortices with higher fidelity but at
an increased computational cost [115]. Prior to the aerodynamic load calculation in
AeroDyn, the pre-processing tool TurbSim is used to generate a 3D turbulent wind field,
and InflowWind is used to compute the local undisturbed wind velocities at each blade
element [101]. With the undisturbed wind velocities and blade velocities inputs, the
aerodynamic loads on the rotor blades can be computed for the FWT dynamic analysis,
as shown in Fig. 1.2.

• Structural modelling. The structure-related dynamics in OpenFAST are handled by three
packages: ElastoDyn, BeamDyn, and SubDyn, as illustrated in Fig. 1.2. ElastoDyn
evaluates the dynamics of the multibody system, including blades, tower, floating plat-
form, and drivetrain. For blades and tower, a truncated modal representation is used,
which includes two flapwise and one edgewise bending modes for each blade, and two
fore-aft and two side-to-side bending modes for the tower. The mode shapes can be
generated using a generic beam finite-element model (FEM) in the pre-processing step.
The floating platform is represented as a rigid body with 6 DoFs, while the drivetrain is
simplified as a single-DoF linear spring-damper system. ElastoDyn assumes the blades to
be straight and isotropic, and only permits small deflections dominated by bending DoFs.
BeamDyn [133] extends ElastoDyn’s capabilities by replacing the simplified blade model
with a geometrically exact beam model. This allows BeamDyn to capture full geometric
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nonlinearities and large deflections of blades, incorporating bending, torsion, shear, and
axial extension DoFs. As a result, BeamDyn is more suitable for modelling FWTs with
long slender blades, which can experience large deflections due to high wind thrust
and large platform rotations. SubDyn [101] further enhances the structural modelling
capability by allowing for platform flexibility using a finite-beam-element formulation.
The modal reduction method is applied to reduce computational complexity. SubDyn is
coupled with HydroDyn by passing the platform’s nodal kinematics to HydroDyn, where
hydrodynamic loads are calculated using Morison’s Equation. These loads are then fed
back to SubDyn to update platform dynamics at each time step. Additionally, SubDyn
uses a rotating reference frame that follows the rigid-body motion of the floating platform
obtained from ElastoDyn. The reaction forces calculated in SubDyn are transferred back
to ElastoDyn at the interface nodes, ensuring an accurate description of the interface
force under large platform movements.

• Controls. The ServoDyn module enables the implementation of both electrical and
structural control strategies. Electrical control includes blade pitch control and generator
torque control, which can be defined internally within ServoDyn or externally through a
user-defined dynamic link library (DLL). Specifically, an additional floating feedback
loop is introduced to the blade pitch control to overcome the negative damping issue.
Structural control, such as tuned mass dampers and tuned liquid column dampers, can
be optionally installed at the nacelle, tower, blades, or platform to mitigate excessive
vibrations and enhance system stability.

• Moorings. Three different packages can be coupled to OpenFAST to simulate the
mooring system, as shown in Figure 1.2. MAP++ [83] uses a quasi-static model based
on classic catenary theory to rapidly compute the mooring line response, accounting for
weight, buoyancy, axial extension, and seabed friction represented by a constant friction
coefficient. MoorDyn [47, 48] employs a lumped-mass approach to capture the inertia of
mooring cables and represents seabed contact using vertical springs and dampers. FEAM
[5] adopts a finite-rod-element formulation to represent the mooring lines and calculates
inertia and drag forces at each element. It models the elastic foundation as a continuous
quadratic spring but neglects horizontal friction between the moorings and the seabed.
Additionally, OpenFAST can be integrated with the commercial code OrcaFlex [102] for
more advanced mooring and seabed interaction modelling.

Other tools integrating offshore structure analysis programs with OpenFAST, such as
TimeFloat-FAST [14], Charm3D-FAST [6], F2A (FAST-AQWA) [136], employ similar
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hydrodynamic analysis methods as those used in OpenFAST HydroDyn, and therefore are
not introduced in detail.

Several commercial simulation tools are also widely used for FWT modelling. Bladed
[10], developed by DNV GL, can be integrated with the hydrodynamic analysis tool, Sima
(Simo and Riflex) [27], to perform fully coupled nonlinear dynamic analysis for FWTs.
Bladed-Sima’s modelling approaches to hydrodynamics, aerodynamics, controls, and tower
elasticity are similar to the methodologies used in OpenFAST. The primary difference be-
tween the two lies in blade modelling. Bladed implements a multibody framework by
segmenting the blades into multiple substructures, each represented by linear Timoshenko
beam elements. This formulation enables Bladed to effectively capture geometric nonlineari-
ties due to large blade deflections. Another FWT simulation tool, HAWC2 [50], developed
by DTU, follows a similar approach but extends the multibody formulation to include both
blades and the tower structure, enabling more accurate structural modelling of FWTs.

1.4 Toward enhanced FWT modelling: fidelity, affordabil-
ity and adaptability

Most of the complex FWT physics discussed in Section 1.2, such as unsteady aerodynamics
induced by large platform motions, interactions between the blade-pitch controller and
platform dynamics, and nonlinear behaviour of highly flexible rotating blades, can be
reasonably captured using the popular FWT simulation tools described in Section 1.3.
However, these tools rely on linear potential flow theory for the hydrodynamic calculation,
which only accounts for linear wave-platform interactions under the assumption of small
platform displacements and rotations around the equilibrium position. Under extreme
environmental conditions, when the platform experiences large movements, this linearization
assumption breaks down, and the dynamic behaviour of the FWT system can potentially
be significantly influenced by the time-varying wetted body surface [111]. According to
Feng [36], when the oscillating amplitude of a floating platform exceeds a certain threshold,
nonlinear effects dominate the platform responses, leading to inaccurate predictions when
using linearized models. Li and Bachynski [76] observed a 17% reduction in the vertical
wave diffraction force on the 5-MW OC6 semi-submersible FWT when the platform is fixed
at a 5◦ inclination in the wind action plane. These observations highlight the importance of
incorporating geometrically nonlinear wave-platform interactions for accurate hydrodynamic
analysis of FWTs [29].
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Researchers have adopted high-fidelity approaches, e.g. fully-nonlinear potential flow
theory [141], smoothed particle hydrodynamics [69, 123], and CFD [19, 79, 122], to ac-
curately capture the instantaneous pressure distribution over the FWT platform surface
and determine the nonlinear wave-structure interaction effects. Nematbakhsh et al. [94]
developed a CFD model of a 5-MW spar-type FWT and analyzed its dynamic behaviour
under moderate and severe sea states. The CFD model is found to successfully capture large
platform pitch motions of up to 10◦ and complex nonlinear effects such as complete platform
submergence and tether slacking under extreme conditions. These phenomena are not likely
to be accurately predicted by simulation tools relying on linear hydrodynamics assumptions,
such as OpenFAST.

Despite the accuracy of high-fidelity models, they come with enormous computational
costs. Incorporating aerodynamics and structural flexibility in a CFD model further increases
computational demands [125, 124]. For instance, a 1-hour CFD-FEM simulation for a FWT
can require up to 3× 104 core hours [43]. Given the time and resource constraints, high-
fidelity models are more suitable for the final verification phase of a new FWT design concept,
while the conventional linear method is recommended for the preliminary design phase, where
thousands of simulations are typically required [20, 26]. However, the limitations of the
linear method in describing the wave-platform interaction may lead to the selection of design
candidates that are later found suboptimal [121]. To avoid costly design changes in the final
stages, it is essential to use reliable nonlinear models that can capture the dominant FWT
hydrodynamics at an affordable computational cost during early design phases [42].

Additionally, a simulation tool that can accommodate different modelling fidelities for
each physical domain of FWTs is particularly useful for dynamic analysis and early design
optimization. The popular simulation tools described in Section 1.3 are developed based on
Procedural-Oriented Programming (POP) languages, e.g. Fortran used by OpenFAST, which
follow a certain cause-and-effect sequence. When a set of new modelling assumptions is to
be implemented, the developer has to manually re-derive the kinematics and conservation
equations. In contrast, Object-Oriented Programming (OOP) languages represent models
as objects based on their real-world connectivity, and enable developers to easily create
new codes/modules by inheriting and modifying the existing ones. Several researchers
[73, 30, 148, 31] have investigated FWT modelling using an open-source OOP environment,
Modelica, and demonstrated its easy development and modification characteristics. However,
Modelica is mainly designed for physical system modelling. When additional simulation
objectives are desired, e.g., the two-way coupling with AeroDyn [31], control co-design
[1, 99] or cost-effective design optimization [74], etc., a Functional Mock-Up Interface (FMI)
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is required to exchange information between OOP-based (physical system) and POP-based
(aerodynamics, control, optimization, etc.) models.

Simulink offers a more integrated simulation environment for FWTs by supporting
direct interaction between OOP-based physical system modelling through Simscape, and
POP-based simulation with the help of extensive Simulink blocks/libraries/apps. In addition,
Matlab/Simulink is well-equipped with a large number of control, optimization, identification,
and signal processing toolboxes, to name a few, which cover almost every aspect of standard
FWT analysis, from pre-processing to post-processing. Furthermore, S-Functions are used as
the FMI in Simulink, which can interface with external tools to further extend the modelling
capability. Most of the existing works on the FWT modelling via Simulink are POP-based,
mainly for data processing and control modelling [93, 20, 134]. An exception is an in-house
FWT simulation tool, MOST developed by Sirigu et al. [116], which utilizes Simscape
Multibody for the FWT dynamic analysis. However, the simplifications of rigid blades/tower
and aerodynamic calculations based on look-up tables greatly limit its modelling capability.

1.5 Overview

The objective of this thesis is to develop an integrated simulation framework in Simulink for
the dynamic analysis of FWTs, with a particular emphasis on evaluating nonlinear wave-
platform interactions caused by large platform motions. The developed FWT simulation
tool aims to balance fidelity, affordability, and adaptability, ensuring that the dominant
system dynamics are accurately captured with realistic computational expenses. Using this
newly developed tool, complex interactions between various physical domains, including
aerodynamics, hydrodynamics, control system, and structural dynamics, will be explored to
provide deeper insights into the nonlinear behaviours of FWTs.

The content of this thesis is organized into three main chapters. Chapter 2 details the
development of an integrated FWT simulation tool, incorporating well-established modelling
methodologies for linear hydrodynamics, aerodynamics, structural elasticity and controls,
with innovative implementations of them in the Simulink environment. The wave-platform
interaction is calculated using linear potential flow theory, with the wave radiation and exci-
tation effects represented by state-space models that are directly estimated from multi-input
multi-output hydrodynamic coefficients in the frequency domain. The unsteady aerodynam-
ics are determined through the classical blade-element momentum method enhanced with
dynamic inflow and stall models. An industry-standard control strategy is implemented to reg-
ulate the power generation and stabilize the FWT system via an additional floating feedback
loop. The structural dynamics are handled in Simulink/Simscape, where the hub, nacelle and
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platform are modelled as separate rigid bodies; the blade and tower are represented as a series
of either rigid or deformable Euler-Bernoulli beams following the multibody formulation;
and the drivetrain is modelled using a three-stage compound gear system. As the mooring
response is not within the scope of this work, its effects are simplified as linear stiffness
and damping matrices. This Simulink model is used to systematically investigate dominant
FWT dynamic coupling effects, with a comparison against OpenFAST on the example NREL
5-MW ITI-Barge FWT highlighting the strengths and limitations of the proposed modelling
approaches.

Chapter 3 aims to lay the foundation for the geometric nonlinear analysis of FWT
hydrodynamics that will be presented in Chapter 4. A general analytical solution to the 2D
linear wave-platform BVP is developed in this chapter. The assumption of small platform
motion around the equilibrium position in the conventional linear potential flow theory
is modified to small motions around a general platform pose. Step approximation and
eigenfunction expansion techniques are adopted to derive the analytical solution to this
modified BVP. The proposed analytical method is validated against a 2D boundary element
method formulation. A barge-type floating platform is used as a demonstration example,
and its hydrodynamic behaviour under different platform positions, corresponding to various
wetted body-surface geometries, is examined.

Finally, Chapter 4 presents a linear parameter-varying (LPV) framework to capture the
geometrically nonlinear wave-platform interaction effects due to large platform motions
in the 2D space. The LPV system is constructed using the state-space models estimated
from the BVP solutions at a broad range of platform heave and pitch positions. During
simulation, the state-space models are linearly interpolated based on the instantaneous
platform position to determine the nonlinear wave radiation forces. To address the basis
incoherency issue for correct model interpolation, a black-box approach utilizing the balanced
realization and an automatic state-basis correction technique is proposed. Additionally, a
novel gray-box approach is developed, which inherently ensures basis coherency by assigning
physical meaning to the state vector via a finite-element formulation of the wave-platform
interaction system. The resulting LPV state-space models representing the nonlinear wave
radiation forces, along with other pose-dependent hydrodynamic effects, are implemented in
Matlab/Simulink and validated using the benchmark van Daalen cylinder model [128]. The
validated LPV model is then integrated with other physical domains of the Simulink FWT
model developed in Chapter 2 to investigate the impact of nonlinear hydrodynamic effects on
the global dynamic behaviour of the example 5-MW ITI-Barge FWT under various loading
conditions.
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Chapter 2

A Simulink Model for the Dynamic
Analysis of Floating Wind Turbines

2.1 Introduction

In this chapter, an integrated FWT modelling framework is developed in Simulink to system-
atically investigate the dominant dynamic coupling effects between various FWT physical
domains, including the hydrodynamics, structural elasticity, aerodynamics, and controls, as
detailed in Section 1.2. The hydrodynamic forces are calculated based on linear potential
flow theory. The unsteady aerodynamics are determined using a combination of the classical
blade-element momentum method and Øye’s dynamic inflow and stall models [11, 49]. The
industry-standard ROSCO control strategy [113] is implemented to regulate power genera-
tion, and to stabilize the FWT system through an additional floating feedback loop. Structural
modelling is achieved using the Simscape multibody simulation environment, in which the
hub, nacelle, and platform are represented as individual rigid bodies. The blades and tower
are modelled as a series of either rigid or deformable Euler-Bernoulli beams, following the
multibody formulation. The drivetrain is represented using a three-stage compound gear
model. Since mooring dynamics are outside the scope of this work, their effects are simplified
using linear stiffness and damping matrices.

In addition to the novel implementation of multiple FWT physical domains in Simulink,
this chapter introduces new features that enhance the robustness and efficiency of wave-
platform interaction modelling. Accurate representation of wave-platform interactions is
crucial for predicting the overall system dynamics. Among multiple FWT hydrodynamic
effects, the wave radiation effect, which results from the kinetic energy dissipation of an
oscillating platform via radiated waves, affects the stiffness, and more significantly, damping
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of the whole FWT system [89]. An accurate wave radiation model is essential for reliable
stability analysis and the synthesis of FWT control algorithms, for which a state-space
representation is particularly suitable. The wave excitation force, which represents the effects
of incident and diffracted waves acting on the platform, is another key hydrodynamic effect.
While it can be pre-computed given a target wave spectrum, a state-space representation is
preferable when control strategies [38, 120] or real-time wave excitation force predictions
[66] are required.

However, it is difficult to directly obtain state-space representations of the wave radiation
and excitation models. The common practice is to find an estimate from the results of the
widely-used frequency-domain hydrodynamic software, e.g., WAMIT [131]. This transforms
the problem into a system identification task. For wave radiation modelling, the frequency
response samples directly obtained from the hydrodynamic software are inherently multi-
input multi-output (MIMO) systems, where platform velocities are inputs and radiation
damping forces are outputs. On the other hand, wave excitation frequency response samples
correspond to a single-input multi-output (SIMO) system, where the wave elevation at
a reference point is the input, and wave excitation forces are the outputs. Conventional
identification methods for floating structures often use separate single-input single-output
(SISO) approaches, either through least-squares (LS) fitting [53, 33] or subspace methods
[30], to develop a composite state-space model. The obtained multiple SISO state-space
models are then assembled to get the final state-space model to represent the intrinsic
MIMO/SIMO system. The total number of states (poles) is the sum of individual states for
each SISO coupling. The wave excitation model using wave elevation at a specific point as
input corresponds to a non-causal process [34]. In existing state-space identification attempts
[140, 44], the wave excitation frequency response samples are first converted to impulse
response samples, which are then causalized by introducing a time shift. The causalized
impulse response samples are used to estimate a state-space model using the multi-SISO
approach.

Although the number of states can be reduced by removing some zero couplings thanks
to platform symmetry, the multi-SISO representation still has high redundancy and lacks
efficiency [60]. Furthermore, using separate sets of poles for different input-output couplings
fails to capture the congruent nature of the linear hydrodynamic analysis results. This
congruency guarantees that the system poles remain invariant to the selection of reference
origin and/or rotation of reference axes [65]. In light of this, a direct-MIMO identification
that yields a common set of poles for all input-output couplings is more advantageous.
Again, either the LS-based method [112] or the subspace method can be employed for the
direct-MIMO identification. The latter, which makes use of the geometrical properties of the
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input-output sequences, outperforms the LS method in that it avoids the need for iteration
and exhibits higher robustness. It is thus adopted in the present work for the state-space
identification of the FWT wave radiation and excitation models. To the authors’ knowledge,
this direct-MIMO state-space subspace identification method has not been reported to be
used on FWTs so far.

With the help of the newly developed Simulink model, the following important FWT
dynamics are examined in first an individual then a holistic manner: wave-platform interaction
effects, unsteady aerodynamics induced by platform rotations, negative damping issue
due to the unfavorable coupling between the controller and platform rotation, nonlinear
blade dynamics, and the coupling among different degrees of freedom (DoF) with all FWT
domains involved. In addition, the strengths and limitations of the proposed FWT modelling
methods in Simulink are critically assessed through comparisons with the popular OpenFAST
simulation tool, as described in Section 1.3, and practical suggestions are provided.

2.2 Aero-hydro-elastic-control Modelling Methodology

The methodology employed to represent major physical domains of the FWT system is
described in detail in the following subsections, including the wave-platform interaction,
highly flexible blade modelling, aerodynamics and controls.

To describe the 3D movements of the FWT platform, two right-handed Cartesian coordi-
nate systems are introduced (as shown in Fig. 2.1(a)). The earth-fixed O-XY Z is defined with
the plane O-XY lying on the still wave surface, OX pointing downwind, and OZ pointing
upwards. The body-fixed O′-X ′Y ′Z′ follows the movement of the platform under wind/wave
actions. The translational displacement from O to O′ in the surge, sway, and heave DoFs are
denoted as ξ1,ξ2,ξ3, respectively, and the rotation of roll, pitch and yaw DoF as ξ4,ξ5,ξ6,
respectively. The Euler angle sequence is defined as: Cartesian X → rotated Y following
the ξ4 transformation→ rotated Z following the ξ4 and ξ5 transformations. In terms of the
blade deformation and aerodynamics calculation, the blade-root Ob-xbybzb coordinate system
and local airfoil Oa-xayaza system are introduced, respectively. As shown on an example
blade in Fig. 2.1(b), Ob is fixed at the blade root, Obzb points towards the blade tip along
the pitch axis (which is 1/4 chord length away from the leading edge of each blade section),
Obxb towards the trailing edge of the zero-twist blade section, and Obyb towards upwind.
Ob-xbybzb pitches and rotates with the blade. Oa is the aerodynamic center with respect to
which the aerodynamic coefficients of a blade section are defined, and there is usually an
offset along the chord-line between Oa and the pitch axis. Oa-xayaza does not pitch but does
rotate with the blade, and it is parallel with Ob-xbybzb under the zero-pitch condition.
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Fig. 2.1 Coordinate systems to describe (a) the 3D floating platform movement and (b) the
blade deformation and aerodynamic loads.

2.2.1 Wave-platform interaction

According to linear potential flow theory [97], the total linear hydro-mechanical force exerted
by water onto the floating platform can be expressed in the time-domain as

Fhydro(t) = Fb0−Khsξξξ (t)−λλλ ∞ξ̈ξξ (t)−Fr(t)+Fe(t). (2.1)

The first two terms of Eq. (2.1) are hydrostatic forces, with the former Fb0 being the static
buoyancy force, which balances the FWT weight under the static equilibrium state, and the
latter being the restoring force under a displaced state ξξξ , where Khs denotes the hydrostatic
restoring stiffness depending on the water-plane area and center of buoyancy location. The
third and fourth terms of Eq. (2.1) are radiation forces resulting from the momentum change
in fluid induced by the platform motion, with the former capturing the additional inertia
effects, where λλλ ∞ denotes the infinite-frequency added mass, and the latter being the radiation
damping force Fr describing the kinetic energy loss of the platform due to the radiated wave
propagating on the free surface away from the platform to the far field. The last term of
Eq. (2.1) is the wave excitation force Fe, which describes the effects of incident wave and
diffracted wave due to the presence of the platform, and hence it is independent of the
platform movement.
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To determine the radiation damping force Fr, Cummins’ equation [22] is usually adopted,
which takes into account the platform velocity history, i.e. the fluid memory effect, through a
convolution integral:

Fr(t) =
∫ t

0
kr(t− τ)ξ̇ξξ (τ)dτ, (2.2)

where the impulse response function kr(t) can be calculated by:

kr(t) =
2
π

∫
∞

0
µµµ(ω)cos(ωt)dω. (2.3)

kr(t) is the Fourier transform of the frequency response function Kr(iω) mapping from the
platform velocity ξ̇ξξ to the fluid-memory radiation damping force Fr:

Kr(iω) = µµµ(ω)+ iω [λλλ (ω)−λλλ ∞] , (2.4)

where λλλ ,µµµ denote the frequency-dependent added mass and radiation damping matrix,
respectively. Under the assumption of linear wave theory and uni-directional incident wave,
the wave excitation force Fe can be calculated via inverse Fourier transform, given a wave
spectrum Sη(ω):

Fe(t) = ℜ

{
1

2π

∫
∞

−∞

W (ω)
√

2πSη(ω)Ke(iω)eiωt dω

}
, (2.5)

where W (ω) is the white Gaussian noise representing random phases, and Ke the frequency-
dependent wave excitation force frequency response function, which, together with λλλ ∞,λλλ ,µµµ

and Khs, are usually obtained from frequency-domain boundary element codes, such as
WAMIT [131].

2.2.1.1 Wave radiation state-space model

Calculating the convolution integral at each time step with the velocity history, as shown in
Eq. (2.2), is computationally intensive. To enhance efficiency, the state-space approximation
has been proposed for the wave radiation model, with the platform velocity vector ξ̇ξξ as inputs
and radiation force Fr as outputs:

{
ẋr(t) = Arxr(t)+Brξ̇ξξ (t)

Fr(t) = Crxr(t)+Drξ̇ξξ (t),
(2.6)

from which the estimated impulse response and frequency response functions can be ex-
pressed as
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k̂r(t) = CreArtBr +Drδ (t), and K̂r(iω) = Cr (iωI−Ar)
−1 Br +Dr, (2.7)

respectively, where δ (t) is the unit impulse function. It is note-worthy that the feedthrough
matrix Dr is usually enforced to be zero such that the strict properness of Kr(iω) is satisfied,
i.e., Kr(iω)→ 0 as ω → ∞ [103].

As discussed in Section 2.1, the direct-MIMO subspace identification method is adopted
to estimate the state-space fluid-memory radiation model of Eq. (2.6). This can be performed
via either the time-domain (TD) or frequency-domain (FD) approaches. TD identification
requires the impulse response samples kr(t j), ( j=1,2,3, . . .), which can be computed from the
Cosine transform of µµµ(ωk) at discrete wave frequencies ωk (k=1,2,3, . . .) from 0 to infinity
(Eq. (2.3)). In practice, µµµ(ωk) can only be accurately calculated within a frequency range
up to ωNw due to the limit of mesh resolution. The extension from ωNw to a sufficiently
large wave frequency is usually performed in the exponential or ω−2 manner. However,
this extension has been reported to change the kr(0) values and thus the hydrodynamic
behaviour of the floating structure [65]. In contrast, FD identification which directly uses
the frequency-response samples Kr(iωk) calculated from λλλ (ωk),µµµ(ωk) and λλλ ∞ (Eq. (2.4))
avoids the frequency extension and thus is more reliable.

In this work, the well-established numerical subspace-based state-space system identifica-
tion (N4SID) method using MIMO frequency response samples Kr(iωk) is adopted. Before
performing the identification, Kr(iωk) obtained from Eq. (2.4) are suggested to be scaled via
the element-wise division by a matrix K due to the relatively large magnitude difference in
Kr(iωk) between the translational and rotational DoFs. The state-space matrices [Ai,Bi,Ci]

identified from the scaled Kr(iωk) can then be converted to its modal form [Am,Bm,Cm]

through a transformation matrix Ti/m which comprises the eigenvectors of Ai. The eigen-
values (poles) of Ai, p1, p2, . . . , pn, are either real or complex conjugate pairs. To eliminate
the possible spikes in Kr(iωk) due to, e.g., irregular frequency phenomenon as described
in [100], the poles whose damping ratio −ℜ(pn)/|pn| is lower than a specified value are
removed by getting rid of the corresponding rows and columns in [Am,Bm,Cm]. The reduced
state-space model [A′m,B′m,C′m] can subsequently be converted to a real-valued state-space
model in the real Jordan form [Ar,Br,Cr] through a transformation matrix Tm/r:

Ar = T−1
m/rA

′
mTm/r, Br = T−1

m/rB
′
m, Cr = C′mTm/r. (2.8)

To better illustrate the complex-to-real transformation, an example of p1 being a real pole
and p2, p3 a complex conjugate pair (p2 = σ + iς , p3 = σ − iς ) is taken. Tm/r and its inverse
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are written as:

Tm/r =




1 0 0

0 1
2 −1

2 i

0 1
2

1
2 i


 and T−1

m/r =




1 0 0

0 1 1

0 i −i


 . (2.9)

The system matrices before and after the transformation are

A′m =




p1 0 0
0 σ + iς 0
0 0 σ − iς


 and Ar =




p1 0 0
0 σ ς

0 −ς σ


 . (2.10)

The direct-MIMO state-space identification from Kr(iωk) proposed in this work is
summarized and compared with the conventional multi-SISO method in Fig. 2.2. In the
multi-SISO method, the state-space model can be identified either from each entry of the
frequency-response samples Kr,mn(iωk) (m,n = 1,2, ...,6) via the LS fitting method followed
by the transfer-function-to-state-space conversion (implemented using invfreqs and tf2ss
functions in MATLAB), or from the impulse response samples kr,mn(t j) via the realization
theory followed by the model truncation (implemented using imp2ss and balmr functions
in MATLAB). The obtained multiple SISO state-space models are then assembled and
possibly truncated again to get the final state-space model [Ar,Br,Cr]. In contrast, the
direct-MIMO method is much more straightforward and efficient, the reliability of which
will be demonstrated later in Section 2.4.1.1.
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[Ar,mn,Br,mn,Cr,mn]

Scale input
<latexit sha1_base64="lJ0kWhlKg7uFOH4SMsx7VXLJIX8=">AAACHHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG8FNBfuAdiiZNG1Dk8mYZIQyzHe4E/0Xd+JW8FdcmWlnYVsPBA7n3Jt7OEHEmTau++0UVlbX1jeKm6Wt7Z3dvfL+QVPLWBHaIJJL1Q6wppyFtGGY4bQdKYpFwGkrGN9kfuuJKs1k+GAmEfUFHoZswAg2VvK7ApsRwTy5S3txr1xxq+4UaJl4OalAjnqv/NPtSxILGhrCsdYdz42Mn2BlGOE0LXVjTSNMxnhIO5aGWFDtJ9PQKTqxSh8NpLIvNGiq/t1IsNB6IgI7mYXUi14m/ud1YjO48hMWRrGhIZkdGsQcGYmyBlCfKUoMn1iCiWI2KyIjrDAxtqe5K9nfRkquUzSnByIt2bK8xWqWSfOs6l1UvfvzSu06r60IR3AMp+DBJdTgFurQAAKP8Ayv8Oa8OO/Oh/M5Gy04+c4hzMH5+gWUwqL3</latexit>Ku

<latexit sha1_base64="bQIZm4lr2r4ZH9/W0oGbamD6zOo=">AAACHHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG8FNBfuAdiiZNNOGJpMxyQhlmO9wJ/ov7sSt4K+4MtN2YVsPBA7n3Jt7OEHMmTau++0UVlbX1jeKm6Wt7Z3dvfL+QVPLRBHaIJJL1Q6wppxFtGGY4bQdK4pFwGkrGN3kfuuJKs1k9GDGMfUFHkQsZAQbK/ldgc2QYJ7eZb2wV664VXcCtEy8GanADPVe+afblyQRNDKEY607nhsbP8XKMMJpVuommsaYjPCAdiyNsKDaTyehM3RilT4KpbIvMmii/t1IsdB6LAI7mYfUi14u/ud1EhNe+SmL4sTQiEwPhQlHRqK8AdRnihLDx5ZgopjNisgQK0yM7WnuSv63kZLrDM3pgchKtixvsZpl0jyrehdV7/68Urue1VaEIziGU/DgEmpwC3VoAIFHeIZXeHNenHfnw/mcjhac2c4hzMH5+gV7rqLo</latexit>Kf Scale output

Scale

<latexit sha1_base64="DJogBqB8yQj4zc4r84KFzV0cjNE=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIqMeiF8FLBWsLaSib7bZdutmE3RehhP4MLx4U8eqv8ea/cdPmoK0DC8PMe+y8CRMpDLrut1NaWV1b3yhvVra2d3b3qvsHjyZONeMtFstYd0JquBSKt1Cg5J1EcxqFkrfD8U3ut5+4NiJWDzhJeBDRoRIDwShaye9GFEeMyuxu2qvW3Lo7A1kmXkFqUKDZq351+zFLI66QSWqM77kJBhnVKJjk00o3NTyhbEyH3LdU0YibIJtFnpITq/TJINb2KSQz9fdGRiNjJlFoJ/OIZtHLxf88P8XBVZAJlaTIFZt/NEglwZjk95O+0JyhnFhCmRY2K2EjqilD21LFluAtnrxMHs/q3kXduz+vNa6LOspwBMdwCh5cQgNuoQktYBDDM7zCm4POi/PufMxHS06xcwh/4Hz+AIF4kWc=</latexit>K

Frequency domain
<latexit sha1_base64="Z6zwMbIK4LTiSFYwAvkEn8qMEMo=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQQUoioi6LbgQ3FewD2hAm00k7dB5hZiKEUH/FjQtF3Poh7vwbp4+Fth64cDjnXu69J0oY1cbzvp3Cyura+kZxs7S1vbO75+4ftLRMFSZNLJlUnQhpwqggTUMNI51EEcQjRtrR6Gbitx+J0lSKB5MlJOBoIGhMMTJWCt3yXZirUy7GVdqTnAxQODoJ3YpX86aAy8SfkwqYoxG6X72+xCknwmCGtO76XmKCHClDMSPjUi/VJEF4hAaka6lAnOggnx4/hsdW6cNYKlvCwKn6eyJHXOuMR7aTIzPUi95E/M/rpia+CnIqktQQgWeL4pRBI+EkCdinimDDMksQVtTeCvEQKYSNzatkQ/AXX14mrbOaf1Hz788r9et5HEVwCI5AFfjgEtTBLWiAJsAgA8/gFbw5T86L8+58zFoLznymDP7A+fwBJqKUcw==</latexit>

Kr,mn(i!k)

Fig. 2.2 Direct MIMO state-space identification vs. conventional multi-SISO identification
for wave radiation, and the time-domain calculation of the radiation force Fr(t) with the
identified state-space model [Ar,Br,Cr].
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The time-domain calculation of fluid-memory radiation force Fr(t) is also illustrated in
Fig. 2.2. It should be noted that the input velocities ξ̇ξξ (t) and output forces Fr(t) need to be
scaled back by multiplying Ku and K f vectors, respectively, such that the state-space model
identified from the scaled Kr(iωk) (the scaling matrix K = K f K

⊺
u ) is used with correct

units in the time-domain calculation.

2.2.1.2 Wave excitation state-space model

Similarly as in the wave radiation problem (Eq. (2.6)), the wave excitation state-space model
can be written as:

{
ẋe(t) = Aexe(t)+Beηo(t)

Fe(t) = Cexe(t)+Deηo(t),
(2.11)

where the input ηo denotes wave elevation at the origin of the earth-fixed coordinate system
O, and De is zero due to the strict properness of Ke. A well-acknowledged issue of this wave
excitation model is its non-causality [34], which manifests itself as an impulse response
function with relatively large non-zero values at t < 0, meaning that the current force
calculation requires future wave elevation input. This non-causality is attributed to the fact
that the real cause of the output force Fe is not the chosen input ηo, instead, it is a distant
wave maker as illustrated in Fig. 2.3. From the wave elevation at a single point ηo, it is
impossible to infer the velocity profile of the wave maker along the water depth v(z, t). The
loss of information results in a non-causal mathematical mapping from ηo to Fe, despite that
the physical process of wave propagation is strictly causal.

4

Wave maker
<latexit sha1_base64="nrQ3XXxnA/a7g2sKsNEBnyo0EzE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahgpRdkeqx6MVjBfsB7VKyabaNzSZLki3Upf/BiwdFvPp/vPlvTNs9aPXBwOO9GWbmBTFn2rjul5NbWV1b38hvFra2d3b3ivsHTS0TRWiDSC5VO8CaciZowzDDaTtWFEcBp61gdDPzW2OqNJPi3kxi6kd4IFjICDZWao7Lj2fmtFcsuRV3DvSXeBkpQYZ6r/jZ7UuSRFQYwrHWHc+NjZ9iZRjhdFroJprGmIzwgHYsFTii2k/n107RiVX6KJTKljBorv6cSHGk9SQKbGeEzVAvezPxP6+TmPDKT5mIE0MFWSwKE46MRLPXUZ8pSgyfWIKJYvZWRIZYYWJsQAUbgrf88l/SPK941Ur17qJUu87iyMMRHEMZPLiEGtxCHRpA4AGe4AVeHek8O2/O+6I152Qzh/ALzsc3ysyOog==</latexit>

v(z, t)

<latexit sha1_base64="l8UaC42zMJmKpFJmlnWmc1pH3Ug=">AAAB8HicbVDLSgNBEJz1GeMr6tHLYBDiJeyKqMegF48RzEOSJcxOZpMh81hmeoWw5Cu8eFDEq5/jzb9xkuxBEwsaiqpuuruiRHALvv/trayurW9sFraK2zu7e/ulg8Om1amhrEG10KYdEcsEV6wBHARrJ4YRGQnWika3U7/1xIzlWj3AOGGhJAPFY04JOOmxy4D0dAXOeqWyX/VnwMskyEkZ5aj3Sl/dvqapZAqoINZ2Aj+BMCMGOBVsUuymliWEjsiAdRxVRDIbZrODJ/jUKX0ca+NKAZ6pvycyIq0dy8h1SgJDu+hNxf+8TgrxdZhxlaTAFJ0vilOBQePp97jPDaMgxo4Qari7FdMhMYSCy6joQggWX14mzfNqcFkN7i/KtZs8jgI6RieoggJ0hWroDtVRA1Ek0TN6RW+e8V68d+9j3rri5TNH6A+8zx8x9JAD</latexit>

⌘o(t)
<latexit sha1_base64="izn73OTm3XgsIYh7TdX9YQVLTeo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BL95MwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mHGCfkQHkoecUWOl+n2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUq5Ur8sVW+yOPJwAqdwDh5cQRXuoAYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A6unjN4=</latexit>

O
<latexit sha1_base64="eGFHkKhV1l7rTHdCgFYUhVcCGm0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU6PTLFbfqzkFWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNiUbgrf88ippXVS9q6rXuKzUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDt7GM4g==</latexit>

X

<latexit sha1_base64="ITp/wD64M9XUKqOXrM2ZHqFoEGc=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68diC/cA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LejBP0IzqQPOSMGivVH3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWrX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDurmM5A==</latexit>

Z

Fig. 2.3 Sketch to illustrate the non-causality issue in the wave excitation model.

Conventionally, as summarized in Fig. 2.4, the multiple SISO impulse response samples
ke,m (m = 1,2, ...,6) are first calculated from the inverse Fourier transform of Ke,m. They are
then causalized by being shifted to the right by a certain time offset tc, such that the values at
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negative times are sufficiently small, for example, within 2% of the peak impulse response
value. The causalized impulse responses are used to estimate state-space models through
the commonly used realization theory (imp2ss in MATLAB), which are then assembled and
truncated to get the final state-space representation [Ae,Be,Ce]. It should be noted that when
calculating in the time domain, the wave elevation input ηo should be shifted accordingly. In
the present work, the identification process is streamlined using the direct-MIMO subspace-
based identification method proposed in Section 2.2.1.1. The N4SID algorithm can be
directly applied on the frequency response samples Ke(iωk) and the time offset is handled
by specifying a negative time delay (−tc). As the time offset has been taken into account,
there is no need to shift ηo, as illustrated in Fig. 2.4. Therefore, it provides a more robust
and efficient tool for the evaluation of the wave excitation force.

Wave excitation state-space model

<latexit sha1_base64="Sh+9UllUXslUJ7SQnttPwU/C4ik="></latexit>(
ẋe(t) = Aexe(t) + Be⌘o(t + tc)

Fe(t) = Cexe(t)

<latexit sha1_base64="eCqbgNcfhiqZQIZRLPb18ztfZao="></latexit>(
ẋe(t) = Aexe(t) + Be⌘o(t)

Fe(t) = Cexe(t)
Conventional multi-SISO method

Frequency response 
samples

<latexit sha1_base64="P1BgOa6nb7TDTaZ38Uk49X+rjoo=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWAR6qYkIuqy6EZwU8E+oAlhMr1ph04ezEyEErLxV9y4UMStn+HOv3HSZqGtBy4czrmXe+/xE86ksqxvY2l5ZXVtvbJR3dza3tk19/Y7Mk4FhTaNeSx6PpHAWQRtxRSHXiKAhD6Hrj++KfzuIwjJ4uhBTRJwQzKMWMAoUVryzEMnJGrkB9ld7kGdOXEIQ+KNTz2zZjWsKfAisUtSQyVanvnlDGKahhApyomUfdtKlJsRoRjlkFedVEJC6JgMoa9pREKQbjZ9IMcnWhngIBa6IoWn6u+JjIRSTkJfdxbnynmvEP/z+qkKrtyMRUmqIKKzRUHKsYpxkQYeMAFU8YkmhAqmb8V0RAShSmdW1SHY8y8vks5Zw75o2PfnteZ1GUcFHaFjVEc2ukRNdItaqI0oytEzekVvxpPxYrwbH7PWJaOcOUB/YHz+AHyillU=</latexit>

Ke(i!k)

Impulse response samples
<latexit sha1_base64="CAuRT5HuOXv57KGNRF4KNHMKxr8="></latexit>

ke,m(j) =
1

Nw

NwX

k=1

Ke,m(i!k)ei2⇡ k�1
Nw

(j�1)

Apply imp2ss to get
<latexit sha1_base64="//RvAIzt0EYI9RQfaYR9Lw/p7u4=">AAACHnicbZDLSsNAFIYnXmu9RV26CRbBRSmJeFvWduOygr1AGsJkOmmHzkzCzEQoIU/ixldx40IRwZW+jZM2grb+MPDznXOYc/4gpkQq2/4ylpZXVtfWSxvlza3tnV1zb78jo0Qg3EYRjUQvgBJTwnFbEUVxLxYYsoDibjBu5vXuPRaSRPxOTWLsMTjkJCQIKo1889ztM6hGQZheZ36Kqyyr/oDGPGgWwCv7ZsWu2VNZi8YpTAUUavnmR38QoYRhrhCFUrqOHSsvhUIRRHFW7icSxxCN4RC72nLIsPTS6XmZdazJwAojoR9X1pT+nkghk3LCAt2Zbyrnazn8r+YmKrzyUsLjRGGOZh+FCbVUZOVZWQMiMFJ0og1EguhdLTSCAiKlE81DcOZPXjSd05pzUXNuzyr1RhFHCRyCI3ACHHAJ6uAGtEAbIPAAnsALeDUejWfjzXiftS4ZxcwB+CPj8xvqKKL0</latexit>

[Ae,m,Be,m,Ce,m]

Assemble and reduce state 
order to get 

<latexit sha1_base64="jYxmc2e43fip5t7VoXuMpjsGF6M=">AAACEnicbVDLSsNAFJ34rPUVdekmWAQFKYmIuqztxmUF+4A0lMn0ph06mYSZiVBCv8GNv+LGhSJuXbnzb5y0EWrrgYFzzr2Xuff4MaNS2fa3sbS8srq2Xtgobm5t7+yae/tNGSWCQINELBJtH0tglENDUcWgHQvAoc+g5Q9rWb31AELSiN+rUQxeiPucBpRgpa2ueep2QqwGfpDejLtw9iuqs6KmhVfsmiW7bE9gLRInJyWUo941vzq9iCQhcEUYltJ17Fh5KRaKEgbjYieREGMyxH1wNeU4BOmlk5PG1rF2elYQCf24sibu7ESKQylHoa87sy3lfC0z/6u5iQquvZTyOFHAyfSjIGGWiqwsH6tHBRDFRppgIqje1SIDLDBROsUsBGf+5EXSPC87l2Xn7qJUqeZxFNAhOkInyEFXqIJuUR01EEGP6Bm9ojfjyXgx3o2PaeuSkc8coD8wPn8AMFSdyQ==</latexit>

[Ae,Be,Ce]

Wave excitation force calculation
Input: wave elevation at origin

<latexit sha1_base64="l8UaC42zMJmKpFJmlnWmc1pH3Ug=">AAAB8HicbVDLSgNBEJz1GeMr6tHLYBDiJeyKqMegF48RzEOSJcxOZpMh81hmeoWw5Cu8eFDEq5/jzb9xkuxBEwsaiqpuuruiRHALvv/trayurW9sFraK2zu7e/ulg8Om1amhrEG10KYdEcsEV6wBHARrJ4YRGQnWika3U7/1xIzlWj3AOGGhJAPFY04JOOmxy4D0dAXOeqWyX/VnwMskyEkZ5aj3Sl/dvqapZAqoINZ2Aj+BMCMGOBVsUuymliWEjsiAdRxVRDIbZrODJ/jUKX0ca+NKAZ6pvycyIq0dy8h1SgJDu+hNxf+8TgrxdZhxlaTAFJ0vilOBQePp97jPDaMgxo4Qari7FdMhMYSCy6joQggWX14mzfNqcFkN7i/KtZs8jgI6RieoggJ0hWroDtVRA1Ek0TN6RW+e8V68d+9j3rri5TNH6A+8zx8x9JAD</latexit>

⌘o(t)

Output: wave excitation forces
<latexit sha1_base64="c5lT04UcXEUzy5+1PGoJwcq6brg=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQNyURUZdFQVxWsA9oQ5hMJ+3QySTMTIQa+iVuXCji1k9x5984abPQ1gMDh3Pu5Z45QcKZ0o7zba2srq1vbJa2yts7u3sVe/+greJUEtoiMY9lN8CKciZoSzPNaTeRFEcBp51gfJP7nUcqFYvFg54k1IvwULCQEayN5NuVfoT1KAiz26lPa/rUt6tO3ZkBLRO3IFUo0PTtr/4gJmlEhSYcK9VznUR7GZaaEU6n5X6qaILJGA9pz1CBI6q8bBZ8ik6MMkBhLM0TGs3U3xsZjpSaRIGZzGOqRS8X//N6qQ6vvIyJJNVUkPmhMOVIxyhvAQ2YpETziSGYSGayIjLCEhNtuiqbEtzFLy+T9lndvai79+fVxnVRRwmO4Bhq4MIlNOAOmtACAik8wyu8WU/Wi/VufcxHV6xi5xD+wPr8AU9Zktw=</latexit>

Fe(t)

Apply N4SID
to get

Direct MIMO method

<latexit sha1_base64="jYxmc2e43fip5t7VoXuMpjsGF6M=">AAACEnicbVDLSsNAFJ34rPUVdekmWAQFKYmIuqztxmUF+4A0lMn0ph06mYSZiVBCv8GNv+LGhSJuXbnzb5y0EWrrgYFzzr2Xuff4MaNS2fa3sbS8srq2Xtgobm5t7+yae/tNGSWCQINELBJtH0tglENDUcWgHQvAoc+g5Q9rWb31AELSiN+rUQxeiPucBpRgpa2ueep2QqwGfpDejLtw9iuqs6KmhVfsmiW7bE9gLRInJyWUo941vzq9iCQhcEUYltJ17Fh5KRaKEgbjYieREGMyxH1wNeU4BOmlk5PG1rF2elYQCf24sibu7ESKQylHoa87sy3lfC0z/6u5iQquvZTyOFHAyfSjIGGWiqwsH6tHBRDFRppgIqje1SIDLDBROsUsBGf+5EXSPC87l2Xn7qJUqeZxFNAhOkInyEFXqIJuUR01EEGP6Bm9ojfjyXgx3o2PaeuSkc8coD8wPn8AMFSdyQ==</latexit>

[Ae,Be,Ce]

Causalize Impulse response 
samples

<latexit sha1_base64="GAdVd8Y+4Qcr5ryopBEW9NKGwbo=">AAACK3icbVDLSgMxFM34tr6qLt0Ei9CilhkRdSOIblwqWBXaMmQytxqbmQzJHaUM8xF+iGu3+g2uFLcu/AvTWlBbDwROzrmP5ASJFAZd99UZGR0bn5icmi7MzM7NLxQXl86NSjWHGldS6cuAGZAihhoKlHCZaGBRIOEiaB91/Ytb0Eao+Aw7CTQjdhWLluAMreQX1xt3IgQUMoSsnfsZbER5Gf2bCt2n7Z/rJvq84hdLbtXtgQ4Tr09KpI8Tv/jZCBVPI4iRS2ZM3XMTbGZMo+AS8kIjNZAw3mZXULc0ZhGYZtb7VE7XrBLSltL2xEh76u+OjEXGdKLAVkYMr82g1xX/8+optvaamYiTFCHm34taqaSoaDchGgoNHGXHEsa1sG+l/JppxtHm+GdLdzYqJU1esNl4g0kMk/OtqrdT9U63SweH/ZSmyApZJWXikV1yQI7JCakRTu7JI3kiz86D8+K8Oe/fpSNOv2eZ/IHz8QVm4afG</latexit>eke,m(tj) = ke,m(tj � tc)

Scale

<latexit sha1_base64="DJogBqB8yQj4zc4r84KFzV0cjNE=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIqMeiF8FLBWsLaSib7bZdutmE3RehhP4MLx4U8eqv8ea/cdPmoK0DC8PMe+y8CRMpDLrut1NaWV1b3yhvVra2d3b3qvsHjyZONeMtFstYd0JquBSKt1Cg5J1EcxqFkrfD8U3ut5+4NiJWDzhJeBDRoRIDwShaye9GFEeMyuxu2qvW3Lo7A1kmXkFqUKDZq351+zFLI66QSWqM77kJBhnVKJjk00o3NTyhbEyH3LdU0YibIJtFnpITq/TJINb2KSQz9fdGRiNjJlFoJ/OIZtHLxf88P8XBVZAJlaTIFZt/NEglwZjk95O+0JyhnFhCmRY2K2EjqilD21LFluAtnrxMHs/q3kXduz+vNa6LOspwBMdwCh5cQgNuoQktYBDDM7zCm4POi/PufMxHS06xcwh/4Hz+AIF4kWc=</latexit>K
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Fig. 2.4 Direct MIMO state-space identification vs. conventional multi-SISO identification
for wave excitation, and the time-domain calculation of the excitation force Fe(t) with the
identified state-space model [Ae,Be,Ce].

2.2.2 Blade Modelling

A multibody formulation is employed to describe the dynamics of FWT blades. By splitting
the blade into a series of flexible substructures, and introducing a floating frame of refer-
ence to each substructure, the geometric and kinematic nonlinearities induced by large 3D
translational and rotational displacements can be captured. Within each substructure, the
displacements are sufficiently small such that the linearization assumption holds. Given the
cross-sectional stiffness and inertia properties at different radial distances, the substructure
can be described by the finite element (FE) beam model. The slender and closed-section
blade tends to show negligible shear and warping deformations, making the classical Euler-
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Bernoulli beam theory with Saint-Venant torsion theory appropriate for the substructure
modelling.

Fig. 2.5 illustrates the multibody formulation in which the blade is split into N substruc-
tures, each being represented with multiple beam elements. The local floating reference
frame of the nth substructure follows the translation and rotation of the last boundary node
from the n− 1th substructure. This section takes the nth substructure, which contains M
blade elements, as an example to demonstrate the reduced-order FE modelling. As shown
in Fig. 2.5, the On-xnynzn and Oe-xeyeze coordinate systems are introduced to describe the
kinematics of local nth blade substructure, and local mth blade element, respectively. The
blade element reference point Oe lies on the pitch axis with Oexe pointing in the chord
direction. Tension center (T ), shear center (S) and gravity center (G) are all located on plane
Oe-xeye, with their offsets from Oe being (xt ,yt),(xs,ys),(xg,yg), respectively. T -xtytzt axes
are obtained via rotating Oe-xeyeze by an angle αt along axis Oeze such that T xt and Tyt

coincide with the cross-section principal axes of bending, while G-xgygzg by an angle αg

such that Gxg and Gyg coincide with principal axes of inertia. The internal axial force (Nz),
moment about T xt axis (Mx), moment about Tyt axis (My) and their corresponding strains
uz,z,θx,z,θy,z are defined around the tension center T , whereas the internal torsion Mz and the
corresponding strain θz,z is defined around the shear center S.
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Fig. 2.5 Schematics for the blade multibody formulation with reduced-order finite-element
modelling. Ob-xbybzb, On-xnynzn and Oe-xeyeze denote the blade-root, local nth blade sub-
structure, and local mth blade element reference coordinates, respectively.
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2.2 Aero-hydro-elastic-control Modelling Methodology

Principle of virtual work is adopted to derive the Equations of Motion (EoM) of the mth

element of the nth blade substructure. The external virtual work is represented as:

W ∗ext =
∫ le

0
r∗⊺e fedz+

∫ le

0
r∗⊺g

(
−ρρρgr̈g

)
dz, (2.12)

where ()∗ denotes the virtual variable, le the length of the current element, re the general
displacement vector of the element reference point Oe, which can be approximated by the
cubic Hermite polynomial shape functions N and displacements of two nodes ue = [ue1;ue2],
i.e. re = N ue, fe the external force per unit length, ρρρg the cross-section mass matrix
containing mass density and rotational inertias per unit length ρρρg = diag(ρ,ρ,ρ, ix, iy, iz),
rg the displacement of gravity center G which is given by rg = Tg/ere, where Tg/e is the
kinematics transformation matrix between G-xgygzg and Oe-xeyeze axes with first translational
and then rotational transformations:

Tg/e =

[
qg/e 0

0 qg/e

][
I tg/e

0 I

]
,where tg/e =




0 0 −ys

0 0 xs

yg −xg 0


 ,qg/e =




cosαg sinαg 0
−sinαg cosαg 0

0 0 1


.

(2.13)
The external virtual work can then be expressed in terms of the nodal displacements ue as:

W ∗ext = u∗⊺e

∫ le

0
N ⊺fedz−u∗⊺e

∫ le

0
N ⊺T⊺

g/eρρρgTg/eN dz üe. (2.14)

Considering a generic composite blade with anisotropic and inhomogeneous material, the
cross-section force-strain relation in the T -xtytzt coordinates, as depicted in Fig. 2.5, is given
as:

Ft = Ctεεε t , i.e.,




Nz

Mx

My

Mz


=




EA 0 0 0
EIx 0 BxT

sym.
EIy ByT

GJ







uz,z

θx,z

θy,z

θz,z


 . (2.15)

The diagonal term EA,EIx,EIy,GJ of the symmetric cross-section stiffness matrix Ct rep-
resent axial rigidity, flapwise bending stiffness, edgewise bending stiffness, and torsional
rigidity, respectively. The off-diagonal term BxT,ByT represent the coupled flapwise bending-
torsion, and edgewise bending-torsion stiffness, respectively. The strain vector εεε t can be
determined from the nodal displacements via εεε t = B̂ut = B̂ [ut1;ut2] = B̂

[
Tt/eue1;Tt/eue2

]
,

where B̂ is the strain-displacement matrix containing derivative terms of the shape function
N , and Tt/e is the transformation matrix between T -xtytzt and Oe-xeyeze, which takes the
similar form as Eq. (2.13):
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Tt/e =

[
qt/e 0

0 qt/e

][
I tt/e

0 I

]
,where tt/e =




0 0 −ys

0 0 xs

yt −xt 0


 ,qt/e =




cosαt sinαt 0
−sinαt cosαt 0

0 0 1


 .

(2.16)
Defining Tt/e = diag(Tt/e,Tt/e), the internal virtual work of the element can be expressed
as:

W ∗int =
∫ le

0
εεε
∗⊺
t Ctεεε tdz = u∗⊺e T⊺

t/e

∫ le

0
B̂⊺CtB̂dzTt/eue. (2.17)

Applying the principle of virtual work W ∗ext =W ∗int and factoring out u∗⊺e yield the EoM:
∫ le

0
N ⊺T⊺

g/eρρρgTg/eN dz üe +T⊺
t/e

∫ le

0
B̂⊺CtB̂dzTt/e ue =

∫ le

0
N ⊺fedz. (2.18)

By defining the mth blade-element mass, stiffness matrix as

m[m] =
∫ le

0
N ⊺T⊺

g/eρρρgTg/eN dz, k[m] = T⊺
t/e

∫ le

0
B̂⊺CtB̂dzTt/e, (2.19)

and stiffness-proportional damping matrix as

c[m] = T⊺
t/e

∫ le

0
B̂⊺

µµµdCtB̂dzTt/e (2.20)

via coefficient µµµd = diag(µz,µθx ,µθy,µθz), the nth blade-substructure mass Mn, stiffness Kn

and damping Cn matrices can be obtained by assembling m[m],k[m],c[m], (m = 1,2,3, . . . ,M)
following typical finite element assembly methods. The corresponding EoM of the nth blade
substructure can be written as:

Mnün +Cnu̇n +Knun = fn. (2.21)

It is worth mentioning that the aerodynamic pre-twist between adjacent blade elements should
be taken into account through rotational transformations when assembling m[m],k[m],c[m]

matrices.
The Craig-Bampton (C-B) method [21] is adopted to reduce the FE model of the nth

blade substructure, in which M blade elements yield M+1 nodes and 6(M+1) DoFs in total.
By partitioning all DoFs into boundary (b1,b2) and interior (i) ones, Eq. (2.21) without
damping can be rewritten as:




Mb1b1 Mb1i Mb1b2

Mib1 Mii Mib2

Mb2b1 Mb2i Mb2b2







üb1

üi

üb2


+




Kb1b1 Kb1i Kb1b2

Kib1 Kii Kib2

Kb2b1 Kb2i Kb2b2







ub1

ui

ub2


=




fb1

fi

fb2


 . (2.22)
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2.2 Aero-hydro-elastic-control Modelling Methodology

Fixing all boundary DoFs and assuming no external forces are applied at interior nodes,
i.e., fi = 0, the static displacements of interior nodes are given as ustatic

i =−K−1
ii Kib1ub1−

K−1
ii Kib2ub2 , with which the static displacements of all DoFs can be expressed in terms of

boundary displacements as:

ustatic
n = Sub =




Ib1b1 0b1b2

−K−1
ii Kib1 −K−1

ii Kib2

0b2b1 Ib2b2



[

ub1

ub2

]
, (2.23)

where S is the static condensation transformation matrix. By solving the eigenvalue problem
for all interior DoFs with the boundary DoFs being fully constrained

(
Kii−ω2Mii

)
ΦΦΦii =

0, and applying modal truncation, the dynamic displacements of interior DoFs can be
approximated with a reduced number of modal coordinates qp (p≤ 6(M−1)): udyn

i =ΦΦΦipqp,
where ΦΦΦip is the mass-normalized mode shape matrix. The dynamic displacements of all
DoFs can then be expressed as:

udyn
n = Dqp =




0b1 p

ΦΦΦip

0b2 p


qp, (2.24)

where D is the modal reduction transformation matrix. The displacements of all DoFs can
eventually be written as the linear superposition of boundary displacements and the reduced
modal coordinates: ũn = ustatic

n + udyn
n = Sub +Dqp. Defining the total Craig-Bampton

transformation matrix T = [S D], the displacements can be expressed as ũn = T [ub;qp],
which yields the reduced-order mass, stiffness and damping matrices:

M̃n = T⊺MnT =

[
S⊺MnS S⊺MnD
D⊺MnS Ipp

]
, (2.25)

K̃n = T⊺KnT =

[
S⊺KnS 0bp

0bp ΛΛΛpp

]
, (2.26)

C̃n = T⊺CnT, (2.27)

where ΛΛΛpp contains all the retained eigenvalues (modes). With the obtained reduced-order
M̃n,K̃n, C̃n matrices of all blade substructures, the blade multibody formulation can be
implemented.
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2.2.3 Aerodynamics

A dynamic blade-element momentum method is adopted to determine aerodynamic loads,
which are assumed to act along the blade span at a finite number of sections, with no
interference between each other. Therefore, the aerodynamic calculation can be performed
on each blade section, by resolving the flow velocities onto the local airfoil plane Oa-xaya

as depicted in Fig. 2.6. The blade rotates clockwise around the low-speed shaft at a rotor
speed of Ωr. The free-stream wind velocity, taking into account the wind turbulence and
shear, is converted to the rotating Oa-xaya plane, and is denoted by Vw as shown in Fig.
2.6. Similarly, the blade velocity, accounting for the overall rigid-body motion and elastic
blade/tower deformations, is also converted to Oa-xaya and the corresponding flow velocity
which is opposite to the blade velocity is denoted by Vb. The relative velocity Vrel seen
by the local blade section is the vector sum of Vw,Vb, and the induced velocity W. Upon
getting Vrel , the inflow angle φ and thus angle of attack α can be obtained, knowing the
difference between φ and α is the sum of the local pre-twist angle θ and global blade pitch
angle βp. The lift (Cl) and drag (Cd) coefficients can then be interpolated from the Cl,Cd-α
database based on the local α value, and the resulting lift force dL is perpendicular to and
drag force dD parallel to Vrel . Resolving the total force dFa onto the Oaxa,Oaya axes yields
the normal and tangential aerodynamic force dFn

a and dF t
a , respectively. Integrating the

distributed dFn
a along the blade length for all three blades gives the total aerodynamic thrust

Fa, and integrating the torque caused by dF t
a around the low-speed shaft for three blades

gives total aerodynamic torque Ta. This aerodynamics calculation process is summarized in
Fig. 2.7, and more detailed descriptions can be found in [49].
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Fig. 2.6 Flow velocities and aerodynamic forces in the local airfoil plane (Oa-xaya) for an
example blade section.
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2.2 Aero-hydro-elastic-control Modelling Methodology

The key to the above-described aerodynamic force calculation approach is to determine
the induced velocity W resulting from the trailing vortices effect. The blade-element mo-
mentum method utilizes the steady-state conservation of momentum theory to obtain the
quasi-steady induced flow field Wqs. The algorithm proposed in [98] is adopted in this
work and the associated equations are listed in the “Quasi-steady calculation of induced
velocity” block in Fig. 2.7. The induction factors a,a′ which denote the normalized axial
and tangential components of Wqs, respectively, are functions of φ . They are computed
taking into account the Prandtl’s tip- and hub-loss corrections (Ftip and Fhub) and empirical
Glauert’s correction (based on the region that φ and κ(φ) fall in). For the sake of brevity,
the intermediate variables involved in the calculation of induced velocity are not detailed
here and the readers are referred to Nomenclature for further information. The quasi-steady
calculation is eventually formulated into solving a nonlinear algebraic equation of just one
variable φ : f (φ) = 0. Due to the complex correction functions involved, usually only numer-
ical solutions are possible via methods such as Newton’s method. On the other hand, if the
change in the flow behaviour is sufficiently small such that the previous φ = φt−dt satisfies
current f (φ) = 0 within a tolerance tol, the nonlinear equation solving step is skipped and
the previous Wt−dt is used.

Due to the atmospheric turbulence, wind shear, time-varying operating conditions, blade
vibrations, and most importantly, platform motions, the shed vorticity at the rotor plane
(mid-wake dynamics) as well as 2D flow structure at the local blade section (near-wake
dynamics) change constantly for FWTs, making the aerodynamic force significantly different
than that calculated from the steady-state and fully-attached flow [24]. The mid-wake effect
is described by a state-space representation modified from Øye’s model [11], which is listed
in the “Dynamic inflow model” block in Fig. 2.7. It captures the lag effect that the wake
experiences before settling to a new steady state upon the change of inflow and/or operating
condition. Wqs calculated from the quasi-steady model is taken as the input and dynamic W
as the output. The near-wake effect is represented by Øye’s one-state dynamic stall model
[49], as listed in the “Dynamic stall model” block in Fig. 2.7. It describes the buildup
of trailing-edge separation as the angle of attack (α) increases. The unsteady separation
function fs is defined as the only state, and the output dynamic lift coefficient (Cdyn

l ) is the
weighted sum of the fully-attached and fully-separated lift coefficients, both calculated from
the static lift coefficient Cl . Again, see Nomenclature for the descriptions of the associated
variables.

The dynamic inflow and stall models are uncoupled in Fig. 2.7, which is justified by
the fact that their characteristic time scales are of different orders, i.e., ∼ 10s vs. ∼ 0.5s
for modern multi-MW wind turbines [24], which means that the wake tends not to respond
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instantaneously to the flow separation. Therefore, the dynamic stall can be calculated after
obtaining α from the output of the dynamic inflow model W, and Cdyn

l is then used to
determine the distributed aerodynamic loads at each blade section. It should be noted that
the skewed flow correction, which takes into account the effect induced by the misalignment
between the rotor and the main inflow wind direction, is not included in this paper. The
influence of this simplification will be discussed later in Section 2.4.2.
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2.2
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Radial distance r, twist θ , chord length c, Cl-α , Cd-α database;
solution tolerance tol; blade pitch βp at time t; velocities at t:

Vw,Vb, and W=Wt−dt (when t>0), W=0 (when t=0).

Quasi-steady calculation of induced velocity
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dFn
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Fig. 2.7 Flowchart of the aerodynamics calculation.
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2.2.4 Controls

A variable-speed generator-torque controller and a rotor-collective blade-pitch controller are
incorporated in the FWT control system. The former regulates the generator rotational speed
Ωg to maximize power generation Pg when the turbine is operating below the rated wind
speed, and the latter maintains the generator speed at its rated value when above the rated
wind speed. The industry-standard ROSCO strategy [113] is adopted, the control diagram of
which is shown in Fig. 2.8. The generator-torque controller includes three main regions and
two transition regions in between, based on the low-pass filtered generator speed Ω′g. Region
1 is before cut-in wind speed, in which the generator torque Tg is fixed to the minimum
value. Region 2 is to maximize the power harvesting by forcing the generator torque to be
proportional to the square of generator speed by a constant Kopt . Region 3 is above the rated
wind speed, in which the generator torque is either inversely proportional to generator speed
for constant power output (constant power mode, as shown in Fig. 2.8) or kept constant at its
rated torque value (constant torque mode). A power generation efficiency of ηg is considered
in the power calculation. In the transition regions 1.5 and 2.5, proportional-integral (PI)
controllers are used to maintain the minimum optimal generator speed Ω

opm
g and reference

generator speed Ω
re f
g , respectively. The blade-pitch controller is activated when Ω′g is above

Ω
re f
g (region 2.5 and 3), and the pitch command β base

p is determined by a gain-scheduling PI
law. To avoid the conflict between the generator-torque controller and blade-pitch controller
in the near-rated region 2.5, a set-point smoother is adopted to shift their reference values
Ω

re f
g apart.

Collective blade pitch controller
Gain-scheduling PI control

Generator torque controller

Region 1 1.5 Region 2 2.5 Region 3

PI PI

+
-

Floating feedback
Simple P control

+
+
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Fig. 2.8 Control diagram for FWTs following the ROSCO strategy with constant power.
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When the turbine is operating above the rated wind speed, i.e., the blade-pitch controller
is activated, the platform pitch rotation introduces an additional wind velocity felt by the
rotor. When the platform is rotating in a downwind direction, the relative wind velocity on
the rotor is reduced, leading to a lower blade pitch command and thus higher aerodynamic
thrust, which drives the rotor further downwind, and vice versa. This unfavorable coupling
effect between the blade pitch controller and platform pitch rotation brings about negative
damping to the platform pitch motion. If the fluid radiation damping and moorings damping
are not sufficient to counteract this effect, the FWT system becomes unstable.

To overcome this instability issue, a floating feedback control using a simple P gain is
introduced in ROSCO, which eliminates the influence of the platform rotation onto the blade-
pitch controller. This feedback loop provides an additional pitch command β

f loat
p based on the

tower-top fore-aft rotation velocity θ̇FA, as shown in Fig. 2.8. It is worth mentioning that θ̇FA

is not directly measured, instead, it is integrated from the more accessible tower-top rotation
acceleration measurements θ̈FA. To guarantee that only the signal carrying the platform
pitch rotation frequency is passed into the floating feedback loop, high-frequency contents
in the θ̈FA measurement involving, e.g., the tower/blades vibration natural frequencies and
blade passing frequencies, must be filtered in advance. On the other hand, θ̈FA can be
replaced with the platform pitch rotation velocity ξ̇5 directly measured from the onboard
inertial measurement unit (IMU) [132], if available. However, whether ξ̇5 is affected by the
superstructure behaviour needs further investigation.

2.3 Simulink Implementation

The FWT is a complex assembly of mechanical components including blades, hub, nacelle
and tower that are subject to wind loads, floating platform and moorings subject to wave
loads, as well as generator and gearbox that operate under the regulation of controllers.
Simscape Multibody, a package of MATLAB/Simulink, is utilized in this work to establish
the FWT assembly, to apply environmental and operational loads, as well as to measure
system responses, through various Simscape blocks summarized in Table 2.1. The loads
are determined via the aerodynamics, hydrodynamics and control subsystems created using
extensive Simulink libraries. The framework of a generic Simulink FWT model proposed in
this work is illustrated in Fig. 2.9, and the visualization is shown in Fig. 2.10.

31



A Simulink Model for the Dynamic Analysis of Floating Wind Turbines

Table 2.1 Summary of Simscape Multibody blocks used in the developed FWT Simulink
model.

Simscape/Multibody block Usage in the FWT model

Bodies Spherical Solid
Cylindrical Solid
Revolved Solid
Flexible Cylindrical Solid
Extruded Solid
Reduced Order Flexible Solid
File Solid

Hub, nacelle (lumped mass)
Hub (rotational inertia)
Rigid tower (mass and inertia tensor)
Flexible tower substructure (Euler-Bernoulli beam)
Rigid blade (distributed lumped mass)
Flexible blade substructure (C-B reduced-order FE)
Platform from CAD file (mass and inertia tensor)

Joints 6-DOF Joint
Revolute Joint

Platform-water joint to define 3D platform motions
Blade pitch, hub rotation, gears for turbine opera-
tion

Frames and
Constraints

World Frame
Rigid Transform
Common Gear Constraint

Earth-fixed coordinate system O-XY Z
Translation and rotation between connected frames
Kinematic constraint for gears

Loads and
sensors

External Force and Torque
Transform Sensor

Aero/hydro forces and generator torque application
Local blade pos/vel, world to rotating-blade frame
transformation

Fig. 2.9 Topology of a generic FWT model implemented in the MATLAB/Simulink environ-
ment.
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Nacelle lumped mass

Hub lumped mass
High-speed shaft

Low-speed shaft

Compound gears

Fig. 2.10 Visualization of the developed Simulink FWT model with a detailed view of the
nacelle.

2.3.1 Multibody implementation

As summarized in Table 2.1, the hub, nacelle and platform that have relatively small elastic
deformation are modelled as rigid bodies with lumped masses and inertias defined at their
centers of mass. The tower and blades can be modelled as a series of either rigid or flexible
bodies. The flexible tower body that has a circular hollow cross-section can be represented
with a Flexible Cylindrical Beam. Given the geometry, material and damping proper-
ties, the cross-sectional stiffness and inertia are automatically derived, and the mass, stiffness
and damping matrices are subsequently calculated based on the Euler-Bernoulli beam theory.
In contrast, the flexible blade body, which typically has an irregular cross-section is modelled
as a Reduced Order Flexible Body, which defines 6 DoFs for each boundary node and
p DoFs for the retained modal coordinates within the body. The required reduced-order
mass, stiffness and damping matrices are determined from the Craig-Bampton reduced-order
FE modelling described in Section 2.2.2. Simulink allows for multiple subsystem variants,
enabling easy switch between rigid and flexible blade/tower models.

All the above mechanical components represented by Simscape blocks are connected
to construct the entire FWT system in Simulink following the real-world connectivity, as
highlighted in the orange area in Fig. 2.9. Three different connections are used depending on
the kinematic relations between the two connected frames. The first connection type, Rigid
Transform, specifies a fixed translation and/or rotation relations. It is used to connect the
platform to tower bottom; to connect the nacelle to tower top; to assemble rigid/flexible
tower/blade bodies; to assemble the compound gearbox; and to implement the aerodynamic
center offset and gravity center offset of each blade body from the blade pitch axis (see
Fig. 2.1 and 2.5), pre-twist angle offset between neighboring blade bodies, pre-cone angle
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of each blade, and pre-tilt angle of the shafts. The second connection type, joint, specifies
the maximum DoFs permitted between the connected bodies. A 6-DOf Joint is used to
define the 3D platform motion with respect to the world frame (O-XY Z in Fig. 2.1), which
contains 3 translations and a 3D rotation that is in the singularity-free form of quaternion,
allowing for arbitrarily large platform rotations. The Revolute Joint is used to implement
1D rotation, including the blade pitch rotation, hub (low-speed shaft) rotation, gears rotation,
and generator (high-speed shaft) rotation, as shown in Fig. 2.10. In addition, sensors and
actuators built in the joint enable the output of kinematics and the enforcement of joint
motions, respectively. The former is used to provide platform position ξξξ , velocity ξ̇ξξ and
acceleration ξ̈ξξ as inputs to the hydrodynamics subsystem, and generator speed Ωg as the
control input. The latter is used to implement the blade pitch command βp obtained from the
control subsystem. The third connection type, Common Gear Constraint, is only used to
connect gears. In this work, a simplified three-stage planetary gearbox, as shown in Fig. 2.10,
is adopted to convert the low-speed rotation of blades Ωr driven by wind to the high-speed
rotation of the generator Ωg to harvest electrical energy.

In addition to inbuilt joint sensors, Simscape allows for measuring the spatial relations be-
tween any two frames via Transform Sensor. To obtain the time-varying absolute position
and velocity at local blade cross-sections as the inputs for the aerodynamics calculation, a
series of sensors are deployed along the blade, each with one port connected to the boundary
node of a blade body and the other to the world frame. Note that, as described in Section 2.2.3,
the flow velocities Vw and Vb are both in the local blade airfoil coordinate system Oa-xayaza.
To convert the flow velocities from the world frame to the rotating Oa-xayaza frame, the
Transform Sensor is used to output the instantaneous rotation transform matrix for each blade.
The tower-top fore-aft rotating acceleration θ̈FA is also measured using a Transform Sensor
to provide floating feedback input for the controller. The calculated aerodynamic loads
dFn

a ,dF t
a at each blade section, hydrodynamic loads Fhydro at the platform origin O, as well

as generator torque Tg at the high-speed shaft, are applied to the corresponding components
via External Force and Torque blocks.

2.3.2 Aerodynamics implementation

In the wind & aerodynamics subsystem, 4-D look-up tables are used to store the time series
of a spatial wind velocity field generated by pre-processing tools, e.g., TurbSim [127]. The
local blade absolute positions passed from the multibody subsystem are used to interpolate
the instantaneous inflow wind velocities on each blade section. The interpolated local
wind velocities and measured blade velocities are converted to the local airfoil coordinates
Oa-xayaza via the instantaneous rotation transform matrix described in Section 2.3.1. The
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converted local flow velocities Vw and Vb, together with the blade pitch angle βp, are
subsequently used to determine the aerodynamic force based on the dynamic blade-element
momentum method described in Fig. 2.7. The obtained distributed aerodynamic forces are
then passed back to the multibody subsystem and applied to each blade section.

2.3.3 Hydrodynamics implementation

In the pre-processing step, hydrodynamic coefficients λλλ ∞,λλλ (ω),µµµ(ω),Khs and Ke(iω) are
usually obtained from boundary element codes, e.g., WAMIT [131]. The wave radiation
damping force Fr can be computed via either convolution integral (Eq. (2.2)) or the state-
space model [Ar,Br,Cr] identified from Kr(iωk) using the direct-MIMO N4SID method, as
illustrated in Fig. 2.2. The wave excitation force Fe can be calculated via either the inverse
Fourier transform (Eq. (2.5)), or the state-space model [Ae,Be,Ce] identified from Ke(iωk)

using the direct-MIMO N4SID method, as illustrated in Fig. 2.4. The implementation is
then carried out via independent subsystems, each corresponding to a force component in
Fig. 2.1. The hydrostatic stiffness Khs and infinite-frequency added mass λλλ ∞ are multiplied
by the instantaneous platform displacement ξξξ and acceleration ξ̈ξξ to get the hydrostatic
restoring force and added-mass radiation force, respectively. The wave radiation convolution-
integral/state-space model receives the platform velocity ξ̇ξξ as input to calculate the fluid-
memory radiation force Fr. The wave excitation force Fe can be either imported as time-series
data in Simulink, or calculated by passing the wave elevation ηo to the wave excitation state-
space model. The mooring lines are simplified as linear 6×6 stiffness and damping matrices.
The aforementioned forces as well as the weight of moorings and displaced water by the
platform are summed and applied to the 6-DoF water-platform joint, as shown in Fig. 2.9.

2.3.4 Controls implementation

As described in Section 2.2.4, the low-pass filtered Ωg fed into the control subsystem is taken
as the input to determine the blade pitch β base

p and generator torque Tg commands. To avoid
the negative damping issue, a floating feedback with the input of the filtered and integrated
tower-top θ̈FA is implemented, which yields an additional blade pitch command β

f loat
p . The

total blade pitch βp is passed to each blade-root revolute joint as the actuation input, and
the torque command Tg is passed to the high-speed shaft as an external load to regulate the
generator rotation. Given the negligible difference in the system reponses between constant
power and constant torque modes when a floating feedback control loop is introduced, the
constant power mode is adopted in this work.
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2.3.5 Equations of Motion

After building the full FWT system and specifying wind and wave excitations, the dy-
namic analysis can be carried out. The different nature of POP-based mathematical model
(aero-hydro-control subsystems, i.e., blue area in Fig. 2.9) and OOP-based physical model
(multibody subsystems, i.e., orange area) determines different approaches to obtaining their
EoMs. The mathematical model follows a certain input-output logic sequence, and uses
wires with arrows to indicate the signal flow. The EoMs are established explicitly through the
specified inputs and outputs. In contrast, no explicit cause-and-effect relations are defined
in the physical model and thus wires without arrows are used as connections. Simulink
determines the causality and integrates the EoMs from individual physical subsystems during
the model compilation based on their interconnections. The communication between the
mathematical and physical models requires Simulink-PS Converter and PS-Simulink
Converter blocks. Eventually, the incorporated EoMs can be numerically solved using
Simulink inbuilt ODE solvers. As the use of flexible blade/tower substructures greatly
increases the numerical stiffness of the system, a stiff solver such as ode15s is suggested.

2.4 Investigation of Individual Dominant FWT Physics

The FWT dynamic system is multi-physics involved and the following sections investigate
them individually to provide deeper insights on each process. The dominant FWT physics dis-
cussed in this work mainly encompass the wave-platform interaction; unsteady aerodynamics
induced by platform motions; interaction between the blade-pitch controller and platform
motions; and the nonlinear behaviour of highly flexible rotating blades. The developed
Simulink model allows for the inspection of each process by only activating the associated
subsystems. The NREL 5-MW ITI-Barge floating wind turbine is taken as an example. For
detailed geometrical and mechanical properties, as well as operating parameters, the readers
are referred to [63]. The dynamic behaviour of the example FWT predicted by the Simulink
model on each of the afore-mentioned processes are compared against that calculated from
OpenFAST (v3.5.3), and practical suggestions are provided.

2.4.1 Wave-platform interaction

The effectiveness of the developed direct-MIMO state-space identification approach for both
the wave radiation and excitation models, as detailed in Section 2.2.1.1 and Section 2.2.1.2,
respectively, are investigated on the example ITI-Barge floating platform. The advantages
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of the newly proposed direct-MIMO approach in evaluating both wave-platform interaction
effects are demonstrated through comparisons with the conventional multi-SISO approach.

2.4.1.1 Wave radiation model

The radiation state-space identification approach proposed in Section 2.2.1.1 is demonstrated
on the example ITI-Barge platform. The non-zero entries of the frequency response matrix
Kr(iωk) calculated from WAMIT at ωk = 0.05,0.1,0.15, . . .5 rad/s are shown in Fig. 2.11.
For better identification quality, the original Kr(iωk) are scaled by a matrix K =K f K

⊺
u ,

where K f =Ku=
[
1 1 2 rg rg rg

]⊺
and rg is the approximate radii of gyration of the

platform pitch/roll/yaw DoF which is around 10 m. The function ssest from the system
identification toolbox of MATLAB (2023b) is utilized to perform the direct-MIMO iden-
tification, and a tentative state number of 18 is selected. In order to suppress the effects
of large oscillations in WAMIT Kr(iωk) at ω > 3 rad/s (see Fig. 2.11), a small weight of
0.001 is applied to samples above 3 rad/s in the ssest function. The identified poles whose
damping ratios are smaller than 0.05 are also removed, yielding the final 16 states for the
identified frequency response, which is shown in Fig. 2.11. The frequency response identified
using the multi-SISO method via SS_Fitting [117], which is suggested in OpenFAST, is also
compared in Fig. 2.11. A total of 30 states are used in the multi-SISO method which is the
sum of states identified from each non-zero entry of Kr(iωk). The MIMO identification is
demonstrated to offer a more efficient representation of the radiation model by using only
about half the number of states compared to the multi-SISO method (16 vs. 30) and capturing
even more resonance peaks, e.g. around 1.8 rad/s in the yaw-yaw Kr(iωk) as shown in Fig.
2.11. Therefore, the MIMO method is recommended for the state-space identification of the
wave radiation model.
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Fig. 2.11 Comparison of the wave radiation frequency response function (FRF) samples
of the ITI-Barge floating platform obtained from WAMIT, and the FRFs identified using
multi-SISO and direct-MIMO approaches.

The state-space matrices [Ar,Br,Cr] identified via the proposed direct-MIMO method
are used to calculate the fluid-memory radiation damping force Fr in the Simulink model. A
free decay test is examined to compare the platform response of the Simulink model with that
calculated from OpenFAST, which uses the conventional multi-SISO identification method.
To narrow the difference of the wave-platform interaction modelling between the Simulink
model and OpenFAST to only the identified radiation state-space matrices, the same Fb0,λλλ ∞

and Khs are used in both models to calculate the corresponding hydro-mechanical force in
Eq. (2.1). In addition, the linear stiffness Kmoor and damping Cmoor matrices

Kmoor =




15900 0 0 0 205100 0
0 15900 0 −205200 0 0
0 0 24900 0 11400 0
0 −208000 0 26445800 −10800 −3100

208000 0 0 10700 26443100 0
0 0 0 −666000 0 24657900




, (2.28)

Cmoor =




33100 0 0 0 231500 0
0 33100 0 −231600 0 0
0 0 1997900 0 5500 0
0 −232300 0 294004300 −1000 −94800

232300 0 4700 1000 293586500 0
0 0 0 11800 0 19846000




(2.29)

that are used to represent the moorings in the Simulink model are set as additional matrices in
HydroDyn, the hydrodynamic solver in OpenFAST, and thus no separate mooring calculation
solver is required in the OpenFAST simulation. In the free decay test, only 6 platform
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DoFs are activated and the FWT oscillates freely in still water from an initial pitch rotation
angle of 4◦ without wind/wave actions and aerodynamic calculation. An initial platform
heave displacement of −0.127m is assumed to account for the additional displaced water by
moorings weight and thus reduce initial transients. The platform motions obtained from the
Simulink model and OpenFAST are compared in Fig. 2.12. It can be seen that the platform
shows almost planar movement and the pitch motion (ξ5) matches very well between the
two models. The slight mismatch in heave ξ3 can be explained by the discrepancy in the
identified heave-heave Kr3,3(ω) of the two models as shown in Fig. 2.11, and the slight
difference in surge ξ1 is due to the coupling between surge-heave-pitch DoFs in the mooring
stiffness (Eq. (2.28)).

Fig. 2.12 Comparison of the platform motions obtained from the Simulink model and
OpenFAST (HydroDyn) for the example NREL 5-MW ITI-Barge FWT under an initial
platform pitch rotation of 4◦ in still water.

2.4.1.2 Wave excitation model

The excitation state-space identification approach described in Section 2.2.1.2 is demonstrated
on the example ITI-Barge platform, and the excitation frequency response samples are also
obtained from WAMIT at ωk = 0.05,0.1,0.15, . . .5 rad/s. The incident wave is assumed
to be along the positive X direction, and thus only the forces in surge, heave, and pitch
DoFs are non-zero. The impulse response functions ke(t) processed using the conventional
multi-SISO approach are shown in Fig. 2.13, which compares the original impulse response
samples computed from the inverse Fourier transform of Ke(iωk), the impulse response
samples that are time-shifted by tc = 12s from the original ones, and the impulse responses
of the state-space model [Ae,Be,Ce] estimated via the realization theory (imp2ss function of
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MATLAB) with 30 states retained. The results indicate that the causalized impulse response
samples are effectively captured by the multi-SISO state-space model.

Fig. 2.13 Causalization of the wave excitation impulse response function (IRF) samples and
the IRFs estimated by the multi-SISO approach.

The direct-MIMO identification method proposed in this work is implemented on Ke(iωk)

using the ssest function of MATLAB (2023b), with a negative time delay of −12s and
a state number of 14. The magnitude and phase angle of frequency responses estimated
via the direct-MIMO approach are shown in Fig. 2.14, which are compared with the
original frequency response samples obtained from WAMIT, and those estimated using the
conventional multi-SISO method. It can be found from Fig. 2.14 that the newly proposed
direct-MIMO identification method outperforms the multi-SISO method with better fitting
quality especially in low frequencies and a smaller number of model states (14 vs. 30).

Fig. 2.14 Comparison of the wave excitation frequency response function (FRF) samples
of the ITI-Barge floating platform obtained from WAMIT, and the FRFs identified using
multi-SISO and direct-MIMO approaches.

The state-space matrices [Ae,Be,Ce] estimated via both the proposed direct-MIMO
method and the conventional multi-SISO method are used to calculate the wave excitation
force Fe given a wave elevation. Fig. 2.15 compares the time series of the resulting wave
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excitation forces with those calculated directly from the benchmark inverse Fourier transform
method, as described in Eq. (2.5). As the initial states are not estimated for both identification
methods, discrepancies can be found at the beginning of the force time series. However,
the direct-MIMO results approach the benchmark much faster than the multi-SISO results.
Considering its higher accuracy and efficiency, the readers are suggested to use the direct-
MIMO method for the state-space identification of the wave excitation model.

Fig. 2.15 Comparison of the wave excitation force time series of the ITI-Barge floating
platform computed from the inverse Fourier transform in Eq. (2.5), and those computed from
the state-space models estimated using the conventional multi-SISO and newly-proposed
direct-MIMO approaches.

2.4.2 Aero-platform interaction

A platform pitching test on an operating FWT is conducted to examine the influence of
platform rotations on the rotor aerodynamics. The relative wind seen by the rotor undergoes
great changes under platform pitch rotations due to the long lever arm of the tower height,
leading to time-varying wake and stall behaviours on local blade sections. As such, all
aerodynamic calculation procedures illustrated in Fig. 2.7 are involved and are equally
important. To validate the Simulink implementation of these procedures, AeroDyn (v15), the
standalone aerodynamic solver of OpenFAST, is adopted as the benchmark, which includes
the blade-element momentum calculation, dynamic inflow state-space model, and one-state
dynamic stall model that are similar to those in the developed Simulink model, as well as the
skewed-flow correction that is not taken into account in the Simulink model.

The rotor is operating at the rated conditions of constant uniform wind velocity V0 = 11.4
m/s, rotor speed Ωr = 12.1 rpm, and blade pitch angle βp = 0◦. A sinusoidal rotation with
the amplitude of 4◦ and period of 10s, as shown in Fig. 2.16, is applied to the platform pitch
DoF ξ5. All other platform DoFs are fixed, the blades and tower subsystems are switched
to rigid, and the shaft tilt and blade pre-cone angles are set to 0, such that the changes in
the relative wind only source from platform pitch rotations. The aerodynamic torque Ta

calculated from the Simulink model and the benchmark AeroDyn solver are compared in Fig.
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2.16. The time-varying axial induction factor a, dynamic stall state fs and the Cl-α curve at
the middle section of one blade are illustrated in Fig. 2.17.

Fig. 2.16 The sinusoidal platform pitch rotation applied to the NREL 5-MW turbine, and
the comparison of aerodynamic torque Ta calculated from Simulink model against AeroDyn,
under constant wind V0 = 11.4 m/s, Ωr = 12.1 rpm, and βp = 0◦.

Fig. 2.17 Comparison of the aerodynamic behaviours of the NREL 5-MW turbine calculated
from Simulink model against AeroDyn under sinusoidal platform pitch rotation. The axial
induction factor (a), dynamic stall state ( fs), angle of attack (α) and lift coefficient (Cl) are
values at the middle section (i.e. r = 30.75 m from the blade root).

It can be observed from Fig. 2.16-2.17 that the aerodynamic torque Ta, induction factor a
and dynamic stall state fs vary periodically with the platform pitch rotation ξ5 in the same
frequency. The local minimum Ta occurs at the positive maximum pitch rotation velocity
when e.g. t = 0s, as the downwind pitch rotation introduces an opposite component to the
inflow wind velocity, leading to a minimum |V y

rel|, and thus local minimum φ ,α,Cl whereas
local maximum a. Flow around the blade section tends to be fully-attached and hence
increases fs to 1 from the initial 0 state. In contrast, the local maximum Ta, as well as local
minimum a, occur at the negative maximum pitch rotation velocity when e.g. t = 5s, as
|V y

rel|,φ ,α,Cl reach their peak values when the rotor is moving against wind with the greatest
velocity. Flow around the blade section tends to be more separated due to the increase of
α , which yields a local minimum fs. The Cl hysteresis resulting from the dynamic stall
effect under large α is captured by both models. The Cl here represents Cdyn

l described in
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Fig. 2.7. The discrepancies of fs and the Cl-α hysteresis loop size between the two models
are caused by different equations used in calculating the separation parameters and time
constant. Despite the discrepancies in dynamic stall, the two aerodynamic torque Ta results
show excellent agreement, which verifies the accuracy of the Simulink implementation of
the aerodynamic model. It can also be concluded that the neglected skewed-flow effect in the
Simulink model shows limited influence on the aerodynamic performance under the rotor tilt
as large as 4◦ for this example FWT.

2.4.3 Controller-platform interaction

To investigate the interaction between the blade-pitch controller and platform rotation, a FWT
simulation test under a constant uniform above-rated wind speed of 14 m/s is performed on
the Simulink model, with the aerodynamic, hydrodynamic and control subsystems activated.
Only the 6 platform DoFs are enabled and the irregular wave excitation forces shown in Fig.
2.15 are applied. The FWT behaviours are compared against those obtained from OpenFAST
coupled with ROSCO (v2.8.0). The filter parameters used in both models are summarized in
Table 2.2. Fig. 2.18 compares the total blade pitch βp, platform pitch rotation ξ5, rotor speed
Ωr and generator power output Pg simulated from the Simulink model and OpenFAST, under
the baseline control (without floating feedback) and the augmented control with floating
feedback. The results indicate that the two models match well for both configurations,
verifying the controls implementation in Simulink.

Table 2.2 Parameters of controller filters.

Filter
Generator
speed LPF

Set-point
smoother LPF

Floating
feedback LPF

Floating
feedback HPF

Floating
feedback NF

Representation
ωc

s+ωc

ωc

s+ωc

ω2
c

s2 +2ωcζcs+ω2
c

s
s+ωc

s2 +ω2
c

s2 +2ωcζcs+ω2
c

Frequency ωc

[rad/s]
1.5708 0.6283 0.55 0.0104 3.355

Damping ζc [−] / / 1 / 0.25

LPF: low-pass filter; HPF: high-pass filter; NF: notch filter.
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Fig. 2.18 Comparison of the blade pitch βp, platform pitch rotation ξ5, rotor speed Ωr, and
generator power output Pg between the Simulink model and OpenFAST-ROSCO, each with
and without floating feedback (FLFB), under constant wind V0 = 14 m/s and irregular wave
excitation forces shown in Fig. 2.15.

The negative damping effect described in Section 2.2.4 can be found through the large
oscillations in platform pitch response ξ5 and power output Pg in Fig. 2.18. A floating
feedback loop with a simple proportional (P) gain of 20s is introduced, which gives an
additional blade pitch command β

f loat
p to counteract the negative effect induced by platform

rotations. For example, during 0−8s when the baseline control is not activated as Ωr has
not reached its rated value (12.1 rpm), the floating feedback outputs a positive β

f loat
p which

alleviates the increased aerodynamic loads due to the platform rotation, and in turn reduces
the platform rotation response. When Ωr reaches its rated value, the floating feedback
effectively works with the baseline control to stabilize the platform response and regulate the
power output to its rated value, as shown in Fig. 2.18.

2.4.4 Large deformation of flexible rotating blades

To evaluate the dynamic behaviour of flexible blades undergoing large rigid-body motions,
a blade rotation test is performed. The tower and platform DoFs are fully constrained, no
winds and waves are applied, and the blades rotate constantly in the vertical plane at the
rated speed of 12.1 rpm solely subject to gravity as the external load. The ability of the
multibody formulation described in Section 2.2.2 to capture the nonlinear dynamics of the
rotating blade is examined on the developed Simulink model. A total of 49 cross-section
geometric, stiffness and inertial properties of the 61.5-meter NREL 5-MW FWT blade are
provided. These 49 sections give at least 2 and at most 48 substructures for the multibody
modelling of each blade. Fig. 2.19 demonstrates a single blade using two example numbers
of substructures (i.e. Simscape reduced-order flexible bodies). The required reduced-order
mass, stiffness and damping matrices for each substructure are determined from Eq. (2.22).
To simplify the FE formulation, the cross-section tension center T , shear center S and gravity
center G are all assumed to be located at the reference point Oe, and T -xtytzt ,G-xgygzg

44



2.4 Investigation of Individual Dominant FWT Physics

coordinates to be coincident with Oe-xeyeze (i.e. xt=yt=xs=ys=xg=yg=0, and αt=αg=0 in Fig.
2.5).

(a) 48 substructures (b) 10 substructures

Fig. 2.19 Multibody formulation of a single blade using (a) 48 and (b) 10 substructures, with
an example substructure highlighted in both cases.

To decide the appropriate number of substructures (N) and the retained number of modal
coordinates (p) within each substructure to be used in the Simulink model, a convergence
test is carried out. BeamDyn, a blade dynamics solver in OpenFAST, employs the geometri-
cally exact nonlinear beam theory which accurately captures nonlinear displacement-strain
relations and beam kinematics [133], and is thus taken as the benchmark. Each blade in
BeamDyn is represented by a single 5th-order Legendre spectral finite element. Fig. 2.20
compares the elapsed time and blade-tip responses error of the Simulink blade models with
different combinations of N′s and p′s against BeamDyn. Generally speaking, the more
substructures the blade is split into (larger N), the more accurate the Simulink multibody
blade model is, and for a specific number of substructures, the more modes that are retained
(larger p), the longer the simulation runs. As a trade-off between computational cost and
accuracy, the 10-substructure Simulink blade model with each substructure retaining the first
1/8 internal modes is selected, which is highlighted in Fig. 2.20.
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Fig. 2.20 Comparison of elapsed time and blade-tip responses error between Simulink
blade models and BeamDyn. Simulink models involve the blade represented with
48, 18, 10, 6 and 3 substructures, and each substructure with all (1), first one-half
(1/2), first one-fourth (1/4), first one-eighth (1/8) and none (0) internal modes retained.
Elapsed time ratio = Simulink/BeamDyn, and relative root mean square (RMS) error =
RMS(Simulink−BeamDyn)/RMS(BeamDyn).

The blade-tip deformations of the “N = 48” and “N = 10, p = 1/8-modes” Simulink
models are compared against BeamDyn in Fig. 2.21. The “N = 48” Simulink model shows
excellent agreement with BeamDyn, which indicates the ability of the developed Simulink
multibody blade model in accurately capturing the geometric nonlinearity. The “N = 10”
model agrees with BeamDyn in general except for a twist offset of around 0.25◦, which is the
rounding error due to taking the mean pre-twist angle for the outermost (10th) substructure.
Fig. 2.21 also compares the results simulated from ElastoDyn, which has been widely used as
a computationally efficient tool to model the wind turbine structure. In ElastoDyn, the blade
deformation displacement field is integrated from the linear superposition of local curvatures
induced by the first two flapwise-bending and first edgewise-bending modes of the whole
blade. In order for the curvatures to be additive, small translation and rotation assumptions
must hold. Whilst ElastoDyn considers some geometric and kinematic nonlinearities (such
as centrifugal stiffening, Coriolis and gyroscopic effects), the inherent small deformation
assumption still leads to discrepancies in the in-plane and out-of-plane rotations between
ElastoDyn and BeamDyn, as shown in Fig. 2.21. In contrast, the multibody formulation
enables the Simulink blade models to accommodate large translations and rotations. Addi-
tionally, the axial and torsion DoFs are neglected in ElastoDyn, which is another important
source of discrepancies in the axial extensions between ElastoDyn and the other three models.
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Fig. 2.21 Comparison of 6 blade-tip deflections in the blade-root coordinates Ob-xbybzb
between ElastoDyn, BeamDyn, 48-substructure Simulink model, and 10-substructure 1/8-
modes-retained Simulink model.

2.5 Full-system Dynamic Analysis

After a close inspection of the dominant physics associated with FWTs individually, the
full-system dynamic analysis is conducted on the developed Simulink FWT model. A modal
analysis is first carried out under the parked rotor condition to examine the coupling between
blades, tower and platform. It is followed by the FWT responses analysis under realistic
environmental conditions of turbulent winds and irregular waves, with the aim to further
investigate the findings that are shown in Section 2.4 on the interaction between different
FWT subsystems in a holistic manner. The NREL 5-MW ITI-Barge FWT is again taken as
an example and the simulation results are compared against those obtained from OpenFAST
(v3.5.3). All DoFs of the platform, flexible tower, and flexible blades are taken into account.
The tower is split into 11 substructures, and each blade is split into 10 substructures and
within each the first 1/8 internal modes are retained, as described in Section 2.4.4.

2.5.1 Modal analysis

The linearization analysis of the nonlinear Simulink FWT model is performed through the
Model Linearizer App in Simulink. No wind and wave excitations are applied, the rotor
is parked by fixing the drivetrain torsion, and the aerodynamic and control subsystems are
disabled. The benchmark OpenFAST model is configured accordingly, with ElastoDyn
and BeamDyn enabled, with moorings weight, stiffness and damping matrices modelled
in HydroDyn, and with AeroDyn and ServoDyn disabled. The natural frequencies of 6
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platform modes, the first 2 tower fore-aft (FA) and side-to-side (SS) modes, as well as the
first 3 blade flapwise and edgewise modes of the example FWT obtained from Simulink and
OpenFAST linearization analyses are compared in Table 2.3. The corresponding tower and
blade modeshapes post-processed from the Simulink linearization results are shown in Fig.
2.22. Pronounced couplings can be observed between the platform pitch rotation, 1st tower
FA bending and 1st blade flapwise bending modes; between the platform roll rotation, 1st

tower SS bending and 1st blade edgewise bending modes; between the 2nd tower FA and
2nd blade flapwise bending modes; and between the 2nd tower SS and 2nd blade edgewise
bending modes.

Table 2.3 Natural frequencies of the 5-MW ITI-Barge FWT model.

Modes OpenFAST (Hz) Simulink (Hz) Difference (%)

Platform surge 0.0071 0.0071 0
Platform sway 0.0071 0.0071 0
Platform heave 0.1452 0.1274 -12.2590
Platform roll 0.0844 0.0839 -0.5924
Platform pitch 0.0840 0.0841 0.1190
Platform yaw 0.0190 0.0190 0

1st Tower fore-aft (FA) 0.5316 0.5307 -0.1693
1st Tower side-to-side (SS) 0.5754 0.5355 -6.9343
2nd Tower fore-aft (FA) 2.9476 2.9272 -0.6921
2nd Tower side-to-side (SS) 2.8695 2.8874 0.6238

1st Blade asymmetric flapwise 1 0.6784 0.6452 -4.8939
1st Blade asymmetric flapwise 2 0.6839 0.6744 -1.3891
1st Blade collective flap (flapwise 3) 0.7048 0.7019 -0.4115
1st Blade collective lag (edgewise 1) 1.0374 1.0145 -2.2074
1st Blade asymmetric edgewise 2 1.0648 1.0836 1.7656
1st Blade asymmetric edgewise 3 1.0830 1.0977 1.3573

The slight discrepancies in natural frequencies calculated from the developed Simulink
model and OpenFAST model are induced by the following reasons:

• Different blades/tower modelling methods

The tower deformation of the OpenFAST model is represented using the first 2 FA and
first 2 SS tower modes in ElastoDyn, which does not account for the axial extension and
torsion. As a result, it fails to capture the interaction between the tower axial extension
and platform heave modes, as well as the interaction between the blade asymmetric
flapwise vibration, tower torsion, and platform yaw rotation modes. In contrast, the
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Fig. 2.22 Tower and rotor mode shapes of the Simulink FWT model.

Simulink tower model employs the multibody FE formulation that takes into account
extension, torsion, and FA, SS bending, in which sense yields more accurate tower
modelling than ElastoDyn. Regarding the blade modelling, both the Simulink multibody
model and BeamDyn can describe the large blade deformation in all 6 DoFs. However,
the Simulink blade substructure uses a reduced-order model which might exclude some
high-frequency torsion and/or extension modes and thus affect the overall rotor natural
frequencies. Having said that, the difference between the Simulink blade model and
BeamDyn has been demonstrated to be negligible (see Fig. 2.21).

• Different hydrodynamic fluid-memory radiation state-space models

49



A Simulink Model for the Dynamic Analysis of Floating Wind Turbines

HydroDyn in OpenFAST and Simulink hydrodynamics subsystem use different state-
space models to represent the fluid-memory radiation force. HydroDyn uses the one
identified via the popular multi-SISO method while Simulink uses that identified via the
suggested direct-MIMO method, as compared in Fig. 2.11. The difference in the heave-
heave transfer function between the two identified models affects the natural frequency
of the platform heave mode directly and alters other modes via coupling effects.

• Different linearization methods

In the linearization analysis of both OpenFAST and Simulink models, the full-system
linear state-space model, from which the eigenvalues (natural frequencies) are calculated,
is the assembly of the state-space model linearized from each module/subsystem. The
difference is that, in OpenFAST, a combination of analytical and numerical linearization
are adopted, with the former being applied on the hydrodynamic radiation state-space
model, added mass and stiffness matrices, etc., and the latter on most of the other
equations in ElastoDyn and BeamDyn via the central-difference perturbation. In contrast,
the pre-programmed linearization feature in most Simulink blocks allows for the analytical
linearization for all subsystems and hence provides more accurate eigenanalysis results.

2.5.2 System response under realistic environmental conditions

The aero-hydro-elastic-control simulation is performed on the example FWT to demonstrate
the ability of the developed Simulink model to predict the 3D dynamic behaviour of the
entire FWT system, and more importantly, to further investigate the interaction among
all subsystems. In the benchmark OpenFAST model, modules of ElastoDyn, BeamDyn,
InflowWind, AeroDyn, HydroDyn and ServoDyn modules are enabled and their settings are
configured accordingly as in corresponding Simulink subsystems. An initial platform heave
displacement of −0.127 m and an initial rotor speed of 6 rpm are assumed in both models.

The IEC-Kaimal model is used in TurbSim to generate the time series of 3D turbulent
wind fields for two simulation cases, one with the hub-height reference wind speed below the
rated wind speed (11.4 m/s) and the other above the rated. A developing sea state defined by
the Jonswap spectrum is applied in both cases. The wave is assumed to propagate along the
downwind (positive X) direction with the significant wave height of 2 m and peak spectral
wave period of 10s. The generated wave elevation time history, its power spectrum density
(PSD) and the target Jonswap spectrum are presented in Fig. 2.23. As the wave excitation
force Fe is independent of the platform behaviour, the force time series calculated from
OpenFAST according to Eq. (2.5) are directly applied in the Simulink model, to focus the
analysis on the subsystem interactions for both models. Fe are only nonzero in the wave
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application plane (surge, heave, and pitch DoFs) and their PSDs are shown in Fig. 2.23. The
dominant frequency content is around 0.1 Hz, which is consistent with the peak spectral
incident wave frequency fwave.

Fig. 2.23 The wave elevation (η) time history, its PSD vs. the target Jonswap spectrum, and
the PSDs of non-zero wave excitation forces (Fe).

2.5.2.1 System response below rated wind speed

A 3D wind field with the reference hub-height wind speed (V re f
hub = 8 m/s) below the rated

wind speed is applied to the Simulink FWT model to investigate the interaction between
different dynamic subsystems. The hub-height wind speed time history and the operational
responses of the turbine obtained from the developed Simulink model and OpenFAST model
are depicted in Fig. 2.24. Despite the high blade modelling fidelity of BeamDyn, the modular
coupling in OpenFAST is more robust when using ElastoDyn to represent blades. Therefore,
BeamDyn and ElastoDyn are adopted separately in OpenFAST for the blade modelling
as a cross-check, and the Simulink model is compared to both OpenFAST-ElastoDyn and
OpenFAST-BeamDyn models henceforth. It can be seen from Fig. 2.24 that the rotor speed
and power generation vary in the same tendency as the wind excitation. As the rotor speed
is always below the rated value (12.1 rpm), the blade pitch controller stays disabled. The
operational responses of the Simulink model match well with both OpenFAST models, again
verifying the modelling accuracy of the developed Simulink model.

Fig. 2.24 Hub-height wind speed (Vhub), rotor speed (Ωr) and power generation (Pg) of the
below-rated wind simulation.

The structural responses within the wind/wave application plane, including the platform
surge (ξ1), heave (ξ3), pitch (ξ5) motions, and tower-top FA (xFA), blade flapwise (x f lap)
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deflections with respect to their undeformed configurations, of the Simulink model and both
OpenFAST models are illustrated in Fig. 2.25. An overall good agreement is found among
the three models. The discrepancy in platform heave motions (ξ3) is due to the different
state-space identification methods used in the Simulink and OpenFAST models, as described
in Section 2.4.1. The blade flapwise deflection (x f lap) predicted by the Simulink blade model
tends more to the BeamDyn result than ElastoDyn, especially after 200s. This is due to
the limited ability of ElastoDyn in capturing the geometric nonlinearities induced by large
blade motions, which is consistent with the discussion in Section 2.4.4. The significant
coupling between blade-tower-platform DoFs that have been discussed in the modal analysis
results in Section 2.5.1 can be observed from the PSDs in Fig. 2.25. The predominant
wave frequency fwave = 0.1 Hz is very close to the platform pitch fpitch = 0.0841 Hz and
heave fheave = 0.1274 Hz natural frequencies (see Table 2.3), and thus the platform pitch
and heave modes are excited. Energy is also supplied to the platform surge mode due to the
surge-pitch coupling (see the pitch PSD in Fig. 2.25). In contrast, the surge-heave coupling
is unnoticeable, as implied in the platform heave PSD in Fig. 2.25. These low-frequency
platform motions affect the aerodynamic loads by altering the relative wind velocity seen by
the rotor as discussed in Section 2.4.2, and thus transmitting energy of the same frequencies
from the platform up to the tower and blade vibrations, as shown in Fig. 2.25. Conversely,
the blade flapwise bending mode ( fbld = 0.6−0.7 Hz) and blade passing frequencies under
the average 9 rpm rotor speed ( f1P = 0.158 Hz, f2P = 0.317 Hz, f3P = 0.475 Hz, etc.) have
negligible effect on platform motions due to the large inertia difference between the rotor
and platform. However, the tower FA bending mode ( ftwr = 0.5307 Hz) can transmit to
the platform pitch rotation, as they are directly connected. This indicates that, when the
platform pitch velocity is used as the control input of the floating feedback loop, as described
in Section 2.2.4, the high-frequency tower vibration mode should be filtered in advance.
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Surge mode

Pitch, heave 
modes & wave

Tower FA mode

Blade flap mode & 
passing frequencies

Fig. 2.25 Time-domain and frequency-domain along-wind structural responses of the
Simulink FWT model and OpenFAST models under below-rated wind speed V re f

hub = 8
m/s and irregular wave Hs = 2m, Tp = 10s.

Despite the aligned direction of wind and wave actions, platform motions in the cross-
wind direction, i.e. sway (ξ2), roll (ξ4) and yaw (ξ6) DoFs, are observed, as shown in Fig.
2.26. The platform yaw rotation, which can be as large as 5◦, is mainly induced by the non-
axisymmetric aerodynamic force distribution on the rotor plane. This non-axisymmetric load
stems from: the turbulent and shear nature of the wind field; the non-axisymmetric deflection
of the blades due to gravity, shaft tilt, pre-cone angle, etc.; and the unevenly induced relative
wind velocity due to the platform rigid-body motions, especially the platform pitch rotation.
As pointed out in Section 2.2.3, the skewed wake effect introduced by platform rotations is
not taken into account in the developed Simulink model, which causes discrepancies in the
structural and operational responses between the Simulink model and OpenFAST models.
However, the discrepancies are negligible under small platform pitch and yaw rotations,
which is consistent with the observations in Section 2.4.2.
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Fig. 2.26 Cross-wind platform responses of the Simulink FWT model and OpenFAST models
under below-rated wind speed V re f

hub = 8 m/s and irregular wave Hs = 2m, Tp = 10s.

2.5.2.2 System response above rated wind speed

To investigate the overall dynamic interactions of the FWT system with the involvement of
the blade-pitch controller, a 3D wind field with above-rated hub-height reference wind speed
(V re f

hub = 14 m/s) is applied. The hub-height wind speed time history and the operational
responses of the blade pitch angle (βp) and rotor speed (Ωr) obtained from the developed
Simulink model and OpenFAST models are depicted in Fig. 2.27. It’s worth mentioning
that OpenFAST (v3.5.3) fails to give correct results when the one-state dynamic stall model
in AeroDyn (UAMod=6) and BeamDyn are coupled. As a workaround, the more sophisti-
cated four-state dynamic stall model (UAMod=4) is used in both OpenFAST-ElastoDyn and
OpenFAST-BeamDyn models. This explains the discrepancies in the operational response in
Fig. 2.27 between OpenFAST models and the developed Simulink model, which still adopts
the one-state dynamic stall model in the aerodynamics subsystem as described in Fig. 2.7.
The floating feedback loop used in the blade-pitch controller in all three models starts to
provide a non-zero blade pitch command at 0−10s before the rotor speed reaches its rated
value (12.1 rpm), to avoid the potential negative damping issue and thus stabilize the FWT
system, which is consistent with the findings in Section 2.4.3. After Ωr reaches the rated
value, the blade pitch controller effectively maintains the rotor speed, and the blade pitch
command shows the same tendency as the wind speed, especially after 120s.

Fig. 2.27 Hub-height wind speed (Vhub), blade pitch angle (βp), and rotor speed (Ωr) of the
above-rated wind simulation.

The along-wind structural response time histories and their PSDs of the Simulink and
OpenFAST models are shown in Fig. 2.28. Similar to the discussion of Fig. 2.25 in Section
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2.5.2.1, strong one-way coupling from the platform surge-heave-pitch, to the tower FA,
and eventually to the blade flapwise vibrations can be observed in Fig. 2.28. In contrast,
the influence of the blade bending modes as well as blade passing frequencies under the
rated rotor speed ( f1P = 0.2 Hz, f2P = 0.4 Hz, f3P = 0.6 Hz, etc.) is not noticeable in the
platform motion. Comparing Fig. 2.29 and Fig. 2.26, the cross-wind platform response
within the above-rated wind simulation is found to be much larger than the below-rated case,
due to the greater non-axisymmetric aerodynamic loads as the increase of wind speed and
platform rotations. The potentially strong skewed flow effects induced by the large platform
pitch rotation (up to 5◦) and yaw rotation (up to 10◦) also contribute to the discrepancies in
dynamic response between the developed Simulink model and OpenFAST models.

Surge mode

Pitch, heave 
modes & wave

Tower FA mode

Blade flap mode & 
passing frequencies

Fig. 2.28 Time-domain and frequency-domain along-wind structural responses of the
Simulink FWT model and OpenFAST models under above-rated wind speed V re f

hub = 14
m/s and irregular wave Hs = 2m, Tp = 10s.

2.5.3 Computational efficiency

To better evaluate the computational efficiency of the developed Simulink FWT model,
CPU times are compared between Simulink and OpenFAST with three modelling fidelities
regarding tower and blade flexibility. All simulations are conducted under the above-rated
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Fig. 2.29 Across-wind platform responses of the Simulink FWT model and OpenFAST
models under above-rated wind speed V re f

hub = 14 m/s and irregular wave Hs = 2 m, Tp = 10s.

wind and irregular wave excitations (as described in Section 2.5.2.2). Table 2.4 presents the
number of DoF for different models and their CPU times. Notably, the Simulink model was
run in Rapid Accelerator mode, which compiles the model into C code to enhance efficiency.

Table 2.4 Comparison of DoFs and CPU time for OpenFAST vs. Simulink (300-s simulation).

Settings
OpenFAST-ElastoDyn OpenFAST-BeamDyn Simulink

No. DoFs CPU time No. DoFs CPU time No. DoFs CPU time

Rigid blades/tower 7 25s / / 7 2 min

Rigid blades, flexible
tower

11 25s / / 73 4 min

Flexible blades/tower 20 25s / 21 min 358 110 min

The results indicate that the CPU time of the Simulink model is generally much longer
than that of OpenFAST, which is primarily attributed to the higher number of DoFs. Addition-
ally, OpenFAST employs a fourth-order Adams-Bashforth-Adams-Moulton (ABM4) fixed-
step implicit integrator, whereas Simulink uses the general-purpose stiff solver ode15s, which
is a variable-order variable-step implicit integrator. Solver Profiler App of Simulink
revealed that the example Simulink model’s average step size (2.5×10−4s) is much smaller
than OpenFAST’s fixed time step (0.01 s for ElastoDyn, 0.00125 s for BeamDyn), which
further increases computational cost.

Notably, the computation time increased dramatically when including blade flexibility
(110 min vs. 4 min). Solver Profiler detected dense solver exceptions at the outermost
substructures of each blade, suggesting that the retained modes’ stiffness might be too high
for the solver to handle within the set tolerance. A re-examination of the reduced-order
modelling settings for blades could significantly reduce computational costs.
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2.6 Conclusions

A new Simulink FWT model is developed in this work, leveraging the object-based Sim-
scape environment for the implementation of the physical multibody system, as well as the
procedure-based Simulink environment for the calculation of aerodynamics, hydrodynamics,
and controls. With the help of this newly proposed Simulink model, the dominant dynamics
of the FWT system are carefully examined individually on an example 5-MW ITI-Barge
FWT. Specifically, the unsteady aerodynamics in the Simulink model are evaluated via
efficient dynamic inflow and stall models. The large variation in the aerodynamic behaviour
due to the platform pitch rotations is accurately captured. The FWT hydrodynamics are
determined under linear potential flow assumptions, with wave radiation and excitation
effects represented with state-space models. A novel N4SID MIMO state-space identification
and post-processing approach based on frequency response samples is proposed in this work,
which offers a more efficient and robust state-space representation compared to the popular
multi-SISO method used in OpenFAST. The proposed frequency-domain MIMO identifi-
cation approach provides another advantage of circumventing the need for causalization in
the conventional wave excitation state-space identification. The multibody formulation is
employed for the blades/tower modelling in Simulink, which has been demonstrated to be
able to accommodate large geometrically nonlinear blade deformations by comparing against
the high-fidelity nonlinear blade dynamics solver BeamDyn in OpenFAST. The multi-loop
ROSCO control strategy featuring the combination of generator speed feedback and floating
feedback is implemented in the Simulink model, and is demonstrated to effectively regulate
the power output and overcome the instability issue in the platform responses.

Furthermore, the above important FWT dynamics are investigated holistically in the
Simulink model of the example FWT through a modal analysis and a fully-coupled dynamic
analysis under realistic ocean wind and wave environments. The overall good agreement
between the Simulink model and OpenFAST verifies the ability of Simulink to estimate
the FWT dynamic behaviour. The comparison of the computational efficiency between
the Simulink and OpenFAST models reveals the reasons for high computational costs of
the developed Simulink model. It also suggests the possibility of further reducing the
computational cost of the Simulink model while maintaining the modelling accuracy.

On the example 5-MW ITI-Barge FWT, significant one-way coupling from the platform
surge-heave-pitch, to the tower fore-aft, and eventually to the blade flapwise vibrations are
observed, whereas, except for the first tower bending mode, the high-frequency contents
from the superstructure have negligible influence on the platform motion. The neglected
skewed wake effects in the developed Simulink aerodynamic model are shown to have
limited influence on the structural and operational responses of the example ITI-Barge FWT
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for the below-rated wind condition. However, the conclusions drawn from the example
barge-type FWT may not be directly applicable to other FWT platform concepts due to their
distinct dynamic characteristics from the barge. The full system coupling effects, potentially
large platform yaw motion, etc. should be carefully re-investigated for turbines mounted
on spar, semi-submersible, and tension-leg platforms (TLP). This can be readily achieved
by providing the hydro-mechanical coefficients (hydrostatic stiffness, added mass, radiation
damping, wave excitation, etc.) of a specific platform to the Simulink model.

The developed Simulink model features easy modification and integration of different
domains in FWTs. Another important work in this thesis upgrades the linear hydrodynamic
subsystem to account for the geometric nonlinearities caused by large platform movements.
Apart from that, the established Simulink FWT model can be readily coupled in future works
with other mechanical and electrical features, such as a more advanced dynamic mooring
line solver, the incorporation of tuned mass dampers for excessive response suppression, the
implementation of individual pitch control for more sophisticated load mitigation, etc. The
extensive MATLAB toolboxes are also anticipated to assist with the control co-design and
FWT design optimization, as well as to offer digital twins that aid Operation & Maintenance
to extend FWT service life.
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Nomenclature for Aerodynamics Calculation in Fig. 2.7

Quasi-steady calculation

α local angle of attack

βp blade pitch angle

γi Glauert’s correction parameters (i =
1,2,3)

φ local inflow angle

κ nondimensional axial parameter

κ ′ nondimensional tangential parameter

σ ′ local blade solidity

θ local blade pre-twist angle

a local axial induction factor

a′ local tangential induction factor

c local blade chord length

Cl static lift coefficient

Cd static drag coefficient

Cn normal force coefficient

Ct tangential force coefficient

F Prandtl’s loss factor (tip: Ftip, hub:
Fhub)

r0,R hub and blade tip radius, respectively

r local blade radial distance

Nb number of blades

f (φ) residual equation

Wqs quasi-steady induced flow velocity

Vrel0 relative flow velocity without induction.
V x

rel0,V
y
rel0: component along Oaxa and

Oaya axis, respectively

Vrel relative flow velocity with induction.
V x

rel,V
y
rel: component along Oaxa and

Oaya axis, respectively

Dynamic inflow model

τ1,τ2 time constants

ā average axial induction over the rotor
plane

k coupling constant

Wint intermediate induced flow velocity

W actual induced flow velocity

Dynamic stall model

α0 zero-lift angle of attack, i.e., Cl(α0) = 0

τ time constant

C′l slope of Cl−α curve at α0

C f s
l fully separated lift coefficient

Cdyn
l dynamic lift coefficient

f st
s steady separation parameter

fs separation parameter
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Chapter 3

Analytical Solution to Linear
Wave-Platform Interaction Problem

3.1 Introduction

Accurately modelling the wave-platform interaction is crucial for the dynamic analysis of
floating wind turbines (FWTs). Conventionally, these effects are evaluated only around
the original equilibrium platform position, disregarding the potentially large translation and
especially rotation of the platform under combined wind and wave actions. The effect of large
platform movements on wave-platform interactions and consequently the global dynamic
behaviour of FWTs remains an open question. This question will be investigated in this work
using a piecewise linearization framework, in which the general nonlinear wave-platform
boundary value problem (BVP) is locally linearized at various platform positions. The
assumption of small platform displacement around the equilibrium position in the original
linear BVP is replaced by that of small displacement around the local platform position
during each linearization, while the small wave amplitude assumption is retained. The
resultant locally linearized models are combined to estimate the geometric nonlinear effects
induced by large platform movements. The reliability of this newly proposed nonlinear
analysis approach depends directly on the accuracy of each locally linearized wave-platform
interaction model. Finding a local model involves solving the wave-platform BVP for an
arbitrary platform position. Essentially, this modified BVP boils down to a mathematical
problem of solving Laplace’s equation of velocity potential function over a semi-infinite fluid
domain, with non-homogeneous boundary conditions specified on an arbitrary wetted body
surface, and homogeneous ones on the still water surface, sea bed and far field.
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Numerical methods such as the Boundary Element Method (BEM) [138], Finite Element
Method (FEM) [7, 71], and Multipole Expansion Method (MEM) [77] have been developed
to solve the linear wave-platform BVP described above. Among these methods, BEM is
the most frequently used one and particularly suitable for floating bodies with arbitrary
geometries. In BEM, Laplace’s equation throughout the entire fluid domain is reformulated
into an integral equation over the fluid boundaries, and a system of linear algebraic equations
are obtained after discretizing the boundaries. Popular BEM codes, such as WAMIT [131]
and NEMOH [96], commonly employ the free-surface Green’s function that automatically
satisfies boundary conditions on the free surface, sea bed and far field, as such the integral
equation only involves the body-surface boundary condition and only the discretization on the
wetted body surface is required. However, the mathematical complexity of the free-surface
Green’s function makes the computation of the function itself and its derivatives time-
consuming. In addition, special treatment is required to circumvent the irregular frequency
issue due to the specific free-surface Green’s function [70]. To overcome these challenges,
BEM formulations using simple Green’s function of the form ln 1

r in two-dimension (2D)
and 1

r in three-dimension (3D) domains have been re-examined [37, 78]. These simpler
kernels effectively reduce computational complexity but at the expense of accounting for
all boundaries in the integral equation. Inspired by [8], Poul and He [107] reduced the
computational cost of BEM for a 2D wave-platform BVP by truncating the fluid domain with
vertical imaginary boundaries, beyond which the potentials are represented by eigenfunction
expansions.

Despite the advantage of BEMs in handling wave-platform BVPs for bodies with arbitrary
geometries, these methods are sensitive to mesh resolution. For floating bodies with relatively
simple geometries, analytical solutions can be sought to provide benchmarks for validating
numerical codes. Analytical methods offer deeper insights into the underlying physics and
can potentially achieve higher computational efficiency compared to numerical methods.
In a typical analytical formulation, the fluid domain is divided into multiple subdomains,
and the method of separation of variables is used to express the velocity potential in each
subdomain as a sum of eigenfunctions with unknown coefficients. Continuity conditions
for pressure and normal velocity at the interface between different subdomains are then
applied to determine these coefficients. Analytical methods were first investigated for wetted
body surfaces with regular shapes, such as rectangles [72, 146], circular cylinders [137, 54]
and spheres [55], which are conveniently addressed in Cartesian, cylindrical and spherical
coordinates, respectively. Kokkinowrachos et al. [68] extended the analytical method to
include vertical axisymmetric cylinders with non-circular cross-sections. Yu et al. [139]
further extended it to vertical cylinders with arbitrary cross-sections, such as cosine, elliptical
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and quasi-elliptical shapes. Additional extensions have been made to combinations of vertical
cylinders with arbitrary cross-sections, both coaxially [145] and heteroaxially [51]. However,
these studies are limited to floating platforms with vertical walls, and no analytical solution
has yet been attempted for wave-platform BVPs involving arbitrary body geometries. Even a
relatively simple 2D tilted rectangle floating on a fluid domain of constant depth presents
complex mathematical challenges. The primary difficulty arises from the non-orthogonal and
inseparable boundary conditions due to the slanting wetted body surfaces, which preclude
the direct use of the separation of variables method.

Valuable insights can be gained from the surface-wave propagation problem, in which an
arbitrary sea bed profile is usually approximated by a series of horizontal and vertical steps
[106]. This step approximation results in orthogonal boundaries for all fluid subdomains, and
thus enables the application of separation of variables. A few researchers examined the use of
step approximation in the wave-platform interaction problem. Tsai et al. [126] investigated
the wave scattering effect on 2D stationary bodies with triangular and trapezoidal shapes,
which are approximated by a series of steps, and analytical solutions are derived following
the typical eigenfunction expansion formulation. Zhou et al. [147] extended this method to
include the analytical solution for a heaving body with arbitrary bottom shapes. However,
the body movement is either fully constrained or only allowed in the vertical direction in the
two works, and both of them require that the body intersects with the water surface at an
angle less than 90◦, which means no fluid subdomains exist above the body.

In this work, a general analytical solution to the 2D linear wave-platform BVP is investi-
gated, utilizing step approximation and eigenfunction expansion techniques. No assumptions
are made about the body geometry which can have a general pose in a 2D space, i.e., displace-
ment and rotation. The newly proposed analytical method is cross-validated with a 2D BEM
formulation, which employs the simple Green’s function and a truncated fluid domain, as
described in [107]. To demonstrate the methodology, a barge-type floating platform is used.
The hydrodynamic behaviours of the barge under three representative positions, which result
in rectangular, trapezoidal, and triangular wetted body-surface geometries, are examined,
with the aim of laying the foundation for the geometric nonlinear analysis of the example
barge-type FWT in the subsequent chapter.

3.2 Mathematical formulation

Two right-handed coordinate systems are defined to describe the planar movements of the
floating rectangular platform and the wave kinematics in an open sea of finite depth h (as
shown in Fig. 3.1). The earth-fixed Cartesian coordinate system Oxz is defined with the
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origin O lying on the still water level (z = 0), with Ox pointing towards the incident wave
direction, and Oz pointing upwards. The body-fixed coordinate system O′x′z′ follows the
movement of the platform, with O′ being the center of gravity whose coordinates in Oxz are
(x0,z0). The O′x′ and O′z′ axes are parallel to the width and height of the barge. When the
rotation of the barge, i.e., the pitch is zero, the two sets of axes are parallel. The translational
displacements from O to O′ in the surge and heave Degrees of Freedom (DoF), and the
rotation in the pitch DoF, are denoted as ξ1,ξ3,ξ5, respectively, which are consistent with the
definition in Fig. 2.1. The platform rigid-body velocity is defined as Vo′ = [ξ̇1 ξ̇3 ξ̇5]

⊺.

𝑧 = 0

𝑧 = −ℎ

𝑆!

̅𝑆"

𝑆!

𝑆#

n
̅𝑆$

𝑥′

𝑧’

𝑂′

surge
𝑥

𝑧

𝑂

heave

pitch

wave

Fig. 3.1 Coordinate system of a 2D wave-platform interaction problem.

3.2.1 Nonlinear boundary value problem

An ideal fluid (homogeneous, inviscid, and incompressible) without rotational motion and
surface tension is assumed in this work. In this case, the flow can be completely described by
a velocity potential Φ(x,z, t) satisfying Laplace’s equation throughout the whole fluid domain
Ω. Φ can be determined given the combined nonlinear kinematic and dynamic boundary
condition on the instantaneous free surface SF(t), the impermeability condition on the body
surface SB(t) and the sea bed SD, the non-reflecting condition on the far-field S∞, as well as
the initial conditions, which are summarized as follows:
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3.2 Mathematical formulation





∇
2
Φ = 0, X ∈Ω

(
∂

∂ t
+∇Φ ·∇

)(
∂Φ

∂ t
+

1
2

∇Φ ·∇Φ+gz
)
= 0, X ∈ SF(t) : z = η(x, t)

∇Φ ·n = V ·n, X ∈ SB(t)

∇Φ ·n = 0, X ∈ SD

|∇Φ| → 0, X ∈ S∞

Φ|t=0 = 0,
∂Φ

∂ t

∣∣∣∣
t=0

= 0,

(3.1)

where ∇2 = ∂ 2

∂x2 +
∂ 2

∂ z2 , g is the gravitational constant, η(x, t) is the wave elevation with
respect to the still water level, n = [nx nz]

⊺ denotes the normal vector at the platform surface
pointing out of the fluid, (·) denotes the inner product, and V is the velocity of a point (x,z)
on the platform surface, which can be calculated from the following equation:

V(x,z, t) =


ξ̇1(t)+(z− z0)ξ̇5(t)

ξ̇3(t)− (x− x0)ξ̇5(t)


 . (3.2)

Note that the reference point of the position vector is taken at the center of gravity (x0,z0).

3.2.2 Linearized boundary value problem

The fully nonlinear dynamic and kinematic conditions on the time-varying free surface
z = η(x, t), as well as the coupling between fluid behaviour and floating body dynamics,
pose significant difficulties in finding the solution to Φ(x,z, t). By assuming small wave
amplitudes relative to the wavelength, and small platform displacements and rotations around
a specified pose, the nonlinear problem can be simplified to a linear one, with the boundary
conditions being satisfied on the still water level (SF ) and mean wetted body surface (SB).
As indicated in Section 3.1, different from the conventional linear potential flow theory in
which SB refers to the static equilibrium of the floating body, in this work, SB represents
any platform position of interest around which small translations and rotations are assumed
(as shown in Fig. 3.1). The linearized governing equation, boundary conditions, and initial
conditions are summarized as follows:
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



▽2
Φ = 0, X ∈Ω

∂ 2Φ

∂ t2 +g
∂Φ

∂ z
= 0, X ∈ SF : z = 0

∂Φ

∂n
= V ·n, X ∈ SB

∂Φ

∂ z
= 0, X ∈ SD : z =−h

|∇Φ| → 0, X ∈ S∞

Φ|t=0 = 0,
∂Φ

∂ t

∣∣∣∣
t=0

= 0.

(3.3)

This simplification enables the decomposition of Φ into an incident wave potential ΦI , a
radiation potential ΦR and a diffraction potential ΦD. ΦR handles non-homogeneous body
surface boundary conditions, ΦI is an exogenous input to the fluid-body system and ΦD is
used to cancel out the influence of ΦI onto the body surface. The total velocity potential can
be written as:

Φ(x,z, t) = ΦR(x,z, t)+ΦI(x,z, t)+ΦD(x,z, t)

= ℜ

{
1

2π

∫
∞

−∞

{
Vo′(ω) ·φφφ R(x,z,ω)+ηo(ω) [φI(x,z,ω)+φD(x,z,ω)]

}
eiωt dω

}
,

(3.4)

where Vo′(ω),ηo(ω) are the Fourier transform of the platform rigid-body velocity Vo′(t)
and wave elevation at the origin ηo(t), respectively, φφφ R is the radiation potential vector[
φ

surge
R φ heave

R φ
pitch
R

]⊺
corresponding to different platform DoFs, which is, however, in-

dependent of the platform velocity; φI,φD are the incident and diffraction wave potential,
respectively, and they are independent of the wave elevation. According to Airy’s wave
theory, φI representing the incident wave propagating along positive x direction takes the
following form:

φI(x,z,ω) =
ig
ω
· cosh[k(z+h)]

cosh(kh)
e−ikx, (3.5)

where k is the wave number satisfying the dispersion relation:

ω
2 = gk tanh(kh). (3.6)

Substituting Eq. (3.4) into Eq. (3.3), one can write the governing equation and boundary
conditions of the linear BVP in the frequency domain as:
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



∇
2
φφφ = 0, X ∈Ω

∂φφφ

∂ z
− ω2

g
φφφ = 0, X ∈ SF : z = 0

∂φφφ

∂n
= ñ, X ∈ SB

∂φφφ

∂ z
= 0, X ∈ SD : z =−h

lim
x→±∞

(
∂φφφ

∂x
∓ ikφφφ

)
= 0,

(3.7)

where φφφ denotes the augmented potential vector
[
φ

surge
R φ heave

R φ
pitch
R φD

]⊺
, and ñ the

non-homogeneous body surface boundary condition vector which is defined as:

ñ =

[
nx nz (z− z0)nx− (x− x0)nz −

(
∂φI

∂x
nx +

∂φI

∂ z
nz

)]⊺
. (3.8)

3.2.3 Wave forces calculation

Hydrodynamic forces acting on the body are determined by integrating the pressure over the
body surface SB. With the velocity potential Φ(x,z, t) (Eq. (3.4)), hydrodynamic pressure
p(x,z, t) can be calculated using unsteady Bernoulli’s equation:

p =−ρ
∂Φ

∂ t
− 1

2
ρ(∇Φ)2−ρgz, (3.9)

where ρ is the fluid density. Under the linearization assumption, the higher-order term
1
2ρ(∇Φ)2 is neglected. By substituting Eq. (3.4) into Eq. (3.9), one can obtain the dynamic
buoyancy forces Fb, wave radiation forces Fr, and wave excitation forces Fe introduced in
Eq. (2.1), and they are expressed as follows:

Fb(t) =−ρg
∫

SB

zndS = Fb0−Khsξξξ (t),

Frt(t) =−ρ

∫

SB

∂ΦR

∂ t
ndS =− 1

2π

∫
∞

−∞

[
λλλ (ω)iωVo′(ω)+µµµ(ω)Vo′(ω)

]
eiωt dω,

Fe(t) =−ρ

∫

SB

∂

∂ t
(ΦI +ΦD)ndS = ℜ

{
1

2π

∫
∞

−∞

ηo(ω)Ke(iω)eiωt dω

}
,

(3.10)

where n =
[
nx nz (z− z0)nx− (x− x0)nz

]⊺
is the augmented normal vector corresponding

to the horizontal force, vertical force and moment around y axis, respectively. The frequency-
dependent hydrodynamic coefficient matrices — added mass λλλ , radiation damping µµµ , and
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wave excitation transfer function Ke — can be determined once the potential solutions
φφφ =

[
φ

surge
R φ heave

R φ
pitch
R φD

]⊺
are calculated:

λλλ (ω) = ρ

∫

SB

n
[
φφφ

Re
R
]⊺

dS,

µµµ(ω) =−ρω

∫

SB

n
[
φφφ

Im
R
]⊺

dS,

Ke(iω) =−ρiω
∫

SB

(φI +φD)ndS,

(3.11)

where ()Re and ()Im denote the real and imaginary parts of the radiation potential φφφ R,
respectively. It is worth noting that the wave radiation force Frt in Eq. (3.10) is the sum of
the radiation inertia λλλ ∞ξ̈ξξ and radiation damping force Fr, as described in Eq. (2.1).

3.3 Analytical formulation

The analytical formulation for the 2D linear wave-platform BVP with an arbitrary platform
pose, as defined in Eq. (3.7), is developed in this work. The methodology is demonstrated on
a barge-type floating platform in the Oxz plane, assuming an infinite length along the y axis.
The primary challenge in solving the BVP analytically arises from the non-homogeneous
boundary conditions on the irregular submerged body surface SB. When the barge platform is
in its upright position, i.e., with zero pitch rotation (ξ5 = 0), the submerged area is rectangular,
as shown in Fig. 3.2(a). This simple case has been extensively studied over the past few
decades [137, 72, 146, 85], leading to a standard approach that involves splitting the fluid
domain into three subdomains along the two vertical sides of the platform. This approach
simplifies the original BVP, which has three non-homogeneous body-surface boundary
conditions in a complex fluid domain, into three BVPs in simple rectangular subdomains,
each with only one non-homogeneous body-surface boundary condition. The method of
separation of variables is then applied to represent the solutions for φφφ in each fluid subdomain
as eigenfunction expansions, and the continuity conditions at the two vertical interfaces
convert the original BVP into a system of linear equations with the coefficients of the
eigenfunctions as unknowns.

However, when the platform is tilted (ξ5 ̸= 0), as shown in Fig. 3.2(b) and (c), the
non-orthogonal boundaries resulting from the slanting sides of the platform prevent the fluid
domain from being split into separable BVPs by this method. To address the non-orthogonal
boundary issue, the step approximation inspired by surface-wave problems [126, 106] is
implemented in this work. As illustrated in Fig. 3.2(b) and (c), the slanting sides of a tilted
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barge are replaced by a series of steps comprising only horizontal and vertical lines. The
fluid domain can be discretized into rectangular subdomains along the vertical lines of the
steps, such that the standard analytical method can be applied in each subdomain. Note
again that this discretization is applicable to floating bodies with arbitrary geometry, and the
rectangular cross section is only used for ease of presentation.
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Fig. 3.2 Step approximation for the 2D wetted body submergence of (a) rectangular, (b)
trapezoidal, and (c) triangular shapes.

3.3.1 Step approximation

The pose of Fig. 3.2(b) is used as an example, resulting in the geometry of the submerged
part of the body being trapezoidal. In that case, the fluid domain can be discretized into
a series of rectangular subdomains, as shown in Fig. 3.3. The vertices of the submerged
floating barge are labelled clockwise from the top right corner to top left, with coordinates
A : (xa,0), B : (xb,zb), C : (xc,zc), D : (xd,0). These coordinates can be determined from
the kinematics of the platform:

[
x
z

]
=

[
x0

z0

]
+

[
cosξ5 sinξ5

−sinξ5 cosξ5

][
x′

z′

]
, (3.12)

where [x′ z′]⊺ is the position vector of an arbitrary point on the platform surface in the body-
fixed reference frame O′x′z′. The fluid subdomains are also labelled clockwise, starting from
the right open-ended region ( j = 1) to the one adjacent to vertex D ( j = Nd). The subdomain
under vertex B is labelled as j = Nb, and the left open-ended subdomain as j = Nc. Note
that D disappears under the triangular submergence, as depicted in Fig. 3.2(c). The jth

fluid subdomain Ω j is bounded by x = x j+1 on the left, x = x j on the right, z = −h at the
bottom, and z = z j at the top for all subdomains beneath the barge ( j < Nc). If side CD exists
( j > Nc), the subdomains above the barge are bounded by x = x j−1 on the left, x = x j on the
right, z = z j at the bottom, and z = 0 at the top.
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<latexit sha1_base64="1z8fOxIBgi7Jf1wYR5M8AH13sJ8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ6KomIeix68VjRfkAbyma7bZduNmF3ItTQn+DFgyJe/UXe/Ddu2hy09cHA470ZZuYFsRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNEyWa8TqLZKRbATVcCsXrKFDyVqw5DQPJm8HoJvObj1wbEakHHMfcD+lAib5gFK10/3RS7JbKbsWdgiwSLydlyFHrlr46vYglIVfIJDWm7bkx+inVKJjkk2InMTymbEQHvG2poiE3fjo9dUKOrdIj/UjbUkim6u+JlIbGjMPAdoYUh2bey8T/vHaC/Ss/FSpOkCs2W9RPJMGIZH+TntCcoRxbQpkW9lbChlRThjadLARv/uVF0jireBcV7+68XL3O4yjAIRzBKXhwCVW4hRrUgcEAnuEV3hzpvDjvzsesdcnJZw7gD5zPH4BxjUk=</latexit>

z0

<latexit sha1_base64="9Ts6ioEdU6apykmd2bh/caFBe18=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ6KomIeix68WZF+wFtKJvttl262YTdiVBCf4IXD4p49Rd589+4aXPQ1gcDj/dmmJkXxFIYdN1vZ2l5ZXVtvbBR3Nza3tkt7e03TJRoxusskpFuBdRwKRSvo0DJW7HmNAwkbwajm8xvPnFtRKQecRxzP6QDJfqCUbTSw91JsVsquxV3CrJIvJyUIUetW/rq9CKWhFwhk9SYtufG6KdUo2CST4qdxPCYshEd8Laliobc+On01Ak5tkqP9CNtSyGZqr8nUhoaMw4D2xlSHJp5LxP/89oJ9q/8VKg4Qa7YbFE/kQQjkv1NekJzhnJsCWVa2FsJG1JNGdp0shC8+ZcXSeOs4l1UvPvzcvU6j6MAh3AEp+DBJVThFmpQBwYDeIZXeHOk8+K8Ox+z1iUnnzmAP3A+fwA+740e</latexit>

O0

<latexit sha1_base64="VJPuzOIPzycetnVNarx5KXb5Sxc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hE1GPRi8eK1hbaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmlldW19o7xZ2dre2d2r7h88miTTjDdZIhPdDqnhUijeRIGSt1PNaRxK3gpHN1O/9cS1EYl6wHHKg5gOlIgEo2ile9d1e9Wa53ozkGXiF6QGBRq96le3n7As5gqZpMZ0fC/FIKcaBZN8UulmhqeUjeiAdyxVNOYmyGenTsiJVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif18kwugpyodIMuWLzRVEmCSZk+jfpC80ZyrEllGlhbyVsSDVlaNOp2BD8xZeXyeOZ61+4/t15rX5dxFGGIziGU/DhEupwCw1oAoMBPMMrvDnSeXHenY95a8kpZg7hD5zPH03cjSg=</latexit>... <latexit sha1_base64="VJPuzOIPzycetnVNarx5KXb5Sxc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hE1GPRi8eK1hbaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmlldW19o7xZ2dre2d2r7h88miTTjDdZIhPdDqnhUijeRIGSt1PNaRxK3gpHN1O/9cS1EYl6wHHKg5gOlIgEo2ile9d1e9Wa53ozkGXiF6QGBRq96le3n7As5gqZpMZ0fC/FIKcaBZN8UulmhqeUjeiAdyxVNOYmyGenTsiJVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif18kwugpyodIMuWLzRVEmCSZk+jfpC80ZyrEllGlhbyVsSDVlaNOp2BD8xZeXyeOZ61+4/t15rX5dxFGGIziGU/DhEupwCw1oAoMBPMMrvDnSeXHenY95a8kpZg7hD5zPH03cjSg=</latexit>...

<latexit sha1_base64="kDnW/hfW8k3n2Mh/10kiyZZgKUs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHoxZsV7Ae0oWy2k3bp7ibuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8MOFMG8/7dgorq2vrG8XN0tb2zu5eef+gqeNUUWzQmMeqHRKNnElsGGY4thOFRIQcW+HoZuq3nlBpFssHM04wEGQgWcQoMVZqd+8EDkjP75UrXtWbwV0mfk4qkKPeK391+zFNBUpDOdG643uJCTKiDKMcJ6VuqjEhdEQG2LFUEoE6yGb3TtwTq/TdKFa2pHFn6u+JjAitxyK0nYKYoV70puJ/Xic10VWQMZmkBiWdL4pS7prYnT7v9plCavjYEkIVs7e6dEgUocZGVLIh+IsvL5PmWdW/qPr355XadR5HEY7gGE7Bh0uowS3UoQEUODzDK7w5j86L8+58zFsLTj5zCH/gfP4Aij+PpQ==</latexit> ⌦
1

<latexit sha1_base64="wmDUTaclMsqiXmRKrWwARE4xr2s=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj04s0K9gPaUDbbSbt0N4m7G6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSNsGG4EthOFVAYCW8HoZuq3nlBpHkcPZpygL+kg4iFn1Fip3b2TOKC9aq9UdivuDGSZeDkpQ456r/TV7ccslRgZJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lEZWo/Wx274ScWqVPwljZigyZqb8nMiq1HsvAdkpqhnrRm4r/eZ3UhFd+xqMkNRix+aIwFcTEZPo86XOFzIixJZQpbm8lbEgVZcZGVLQheIsvL5NmteJdVLz783LtOo+jAMdwAmfgwSXU4Bbq0AAGAp7hFd6cR+fFeXc+5q0rTj5zBH/gfP4Ai8OPpg==</latexit> ⌦
2

<latexit sha1_base64="W/Kmv2gDLtTm5vpzy+7j70AJiaY=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68WYF+4FtKJvtpF272YTdjVBC/4UXD4p49d9489+4bXPQ1gcDj/dmmJkXJIJr47rfztLyyuraemGjuLm1vbNb2ttv6DhVDOssFrFqBVSj4BLrhhuBrUQhjQKBzWB4PfGbT6g0j+W9GSXoR7QvecgZNVZ66NxG2Kfd7HHcLZXdijsFWSReTsqQo9YtfXV6MUsjlIYJqnXbcxPjZ1QZzgSOi51UY0LZkPaxbamkEWo/m148JsdW6ZEwVrakIVP190RGI61HUWA7I2oGet6biP957dSEl37GZZIalGy2KEwFMTGZvE96XCEzYmQJZYrbWwkbUEWZsSEVbQje/MuLpHFa8c4r3t1ZuXqVx1GAQziCE/DgAqpwAzWoAwMJz/AKb452Xpx352PWuuTkMwfwB87nD6kvkOo=</latexit> ⌦
j

<latexit sha1_base64="80WfLU7h1u4Yithy8RdoP/3uNBE=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBiyURUY9FL96sYD+gKWWznbRrd5OwuxFK6N/w4kERr/4Zb/4bt20OWn0w8Hhvhpl5QSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epYthgsYhVO6AaBY+wYbgR2E4UUhkIbAWj66nfekSleRzdm3GCXUkHEQ85o8ZKvn8rcUB72cOJN+mVK27VnYH8JV5OKpCj3it/+v2YpRIjwwTVuuO5ielmVBnOBE5KfqoxoWxEB9ixNKISdTeb3TwhR1bpkzBWtiJDZurPiYxKrccysJ2SmqFe9Kbif14nNeFlN+NRkhqM2HxRmApiYjINgPS5QmbE2BLKFLe3EjakijJjYyrZELzFl/+S5mnVO696d2eV2lUeRxEO4BCOwYMLqMEN1KEBDBJ4ghd4dVLn2Xlz3uetBSef2YdfcD6+AYlBkVw=</latexit> ⌦
j
�

1

<latexit sha1_base64="YPhRwsHuLC2TVUsWuYTXkBDTqDI=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBZBEEoioh6LXrxZwX5AU8pmO2nX7iZhdyOU0L/hxYMiXv0z3vw3btsctPpg4PHeDDPzgkRwbVz3yyksLa+srhXXSxubW9s75d29po5TxbDBYhGrdkA1Ch5hw3AjsJ0opDIQ2ApG11O/9YhK8zi6N+MEu5IOIh5yRo2VfP9W4oD2socTb9IrV9yqOwP5S7ycVCBHvVf+9PsxSyVGhgmqdcdzE9PNqDKcCZyU/FRjQtmIDrBjaUQl6m42u3lCjqzSJ2GsbEWGzNSfExmVWo9lYDslNUO96E3F/7xOasLLbsajJDUYsfmiMBXExGQaAOlzhcyIsSWUKW5vJWxIFWXGxlSyIXiLL/8lzdOqd1717s4qtas8jiIcwCEcgwcXUIMbqEMDGCTwBC/w6qTOs/PmvM9bC04+sw+/4Hx8A4Y1kVo=</latexit> ⌦
j
+

1

<latexit sha1_base64="ay9HBk3LZ6xX5FR6Ud+cN9FKXxM=">AAAB73icbVBNS8NAEJ34WetX1aOXYBE8lURFPRa9eLOC/YA2lM120i7d3cTdjVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJpxp43nfztLyyuraemGjuLm1vbNb2ttv6DhVFOs05rFqhUQjZxLrhhmOrUQhESHHZji8mfjNJ1SaxfLBjBIMBOlLFjFKjJVanTuBfdI965bKXsWbwl0kfk7KkKPWLX11ejFNBUpDOdG67XuJCTKiDKMcx8VOqjEhdEj62LZUEoE6yKb3jt1jq/TcKFa2pHGn6u+JjAitRyK0nYKYgZ73JuJ/Xjs10VWQMZmkBiWdLYpS7prYnTzv9phCavjIEkIVs7e6dEAUocZGVLQh+PMvL5LGacW/qPj35+XqdR5HAQ7hCE7Ah0uowi3UoA4UODzDK7w5j86L8+58zFqXnHzmAP7A+fwBjUePpw==</latexit> ⌦
3

<latexit sha1_base64="/GjIqvIKiIBr+DdwbKirDA1K0T8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeizqwWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHssHM07Qj+hA8pAzaqxUv+uVym7FnYEsEy8nZchR65W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NDp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasJrP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbIo2BG/x5WXSPK94lxWvflGu3uRxFOAYTuAMPLiCKtxDDRrAAOEZXuHNeXRenHfnY9664uQzR/AHzucPmWGMzg==</latexit>

D

<latexit sha1_base64="po+MCAIFK4yLKvllX0FkOElWTss=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeiz24rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WBcm/ntJ1Sax/LBTBL0IzqUPOSMGis1av1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjrZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxXvuuI1rsrVuzyOApzCGVyABzdQhXuoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBl92MzQ==</latexit>

C

<latexit sha1_base64="yJqZUlw9dzFlw0hGAOHeWjA4icw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindR8e7Oy7XrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEPLI2n</latexit>x2
<latexit sha1_base64="o9FhR2DAZSoXbCzu0m5sSFLhyEs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivdPfZOe+WKW3VnIH+Jl5MK5Kj3yp/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiRVfokjJUtachM/TmR0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyX9I8qXrnVe/2rFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzcQsI2o</latexit>x3

<latexit sha1_base64="VJPuzOIPzycetnVNarx5KXb5Sxc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hE1GPRi8eK1hbaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmlldW19o7xZ2dre2d2r7h88miTTjDdZIhPdDqnhUijeRIGSt1PNaRxK3gpHN1O/9cS1EYl6wHHKg5gOlIgEo2ile9d1e9Wa53ozkGXiF6QGBRq96le3n7As5gqZpMZ0fC/FIKcaBZN8UulmhqeUjeiAdyxVNOYmyGenTsiJVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif18kwugpyodIMuWLzRVEmCSZk+jfpC80ZyrEllGlhbyVsSDVlaNOp2BD8xZeXyeOZ61+4/t15rX5dxFGGIziGU/DhEupwCw1oAoMBPMMrvDnSeXHenY95a8kpZg7hD5zPH03cjSg=</latexit>...<latexit sha1_base64="w9ImI+t9s82kmZy+buLZY5xkgcA=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4sSQi6rHoxWMF+wFtKJvtpF272YTdjVhCf4QXD4p49fd489+4bXPQ1gcDj/dmmJkXJIJr47rfztLyyuraemGjuLm1vbNb2ttv6DhVDOssFrFqBVSj4BLrhhuBrUQhjQKBzWB4M/Gbj6g0j+W9GSXoR7QvecgZNVZqPnWzh1Nv3C2V3Yo7BVkkXk7KkKPWLX11ejFLI5SGCap123MT42dUGc4EjoudVGNC2ZD2sW2ppBFqP5ueOybHVumRMFa2pCFT9fdERiOtR1FgOyNqBnrem4j/ee3UhFd+xmWSGpRstihMBTExmfxOelwhM2JkCWWK21sJG1BFmbEJFW0I3vzLi6RxVvEuKt7debl6ncdRgEM4ghPw4BKqcAs1qAODITzDK7w5ifPivDsfs9YlJ585gD9wPn8ABU6PXQ==</latexit>xj�1
<latexit sha1_base64="oeJdylFYfCryHRXpCAydpOdTpKU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy203btZhN2N2IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH/Q0HGqGPosFrFqhVSj4BJ9w43AVqKQRqHAZji6mfrNR1Sax/LejBMMIjqQvM8ZNVbyn7rZw6RbrrhVdwayTLycVCBHvVv+6vRilkYoDRNU67bnJibIqDKcCZyUOqnGhLIRHWDbUkkj1EE2O3ZCTqzSI/1Y2ZKGzNTfExmNtB5Hoe2MqBnqRW8q/ue1U9O/CjIuk9SgZPNF/VQQE5Pp56THFTIjxpZQpri9lbAhVZQZm0/JhuAtvrxMGmdV76Lq3Z1Xatd5HEU4gmM4BQ8uoQa3UAcfGHB4hld4c6Tz4rw7H/PWgpPPHMIfOJ8/KOqO6w==</latexit>xj

<latexit sha1_base64="C276BpT/bpVAIFKi/kUc6Ophdok=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQklE1GPRi8cK9gPaUDbbSbt2swm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSATXxnW/naXlldW19cJGcXNre2e3tLff0HGqGNZZLGLVCqhGwSXWDTcCW4lCGgUCm8HwZuI3H1FpHst7M0rQj2hf8pAzaqzUfOpmD6feuFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9d0yOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCa/8jMskNSjZbFGYCmJiMvmd9LhCZsTIEsoUt7cSNqCKMmMTKtoQvPmXF0njrOJdVLy783L1Oo+jAIdwBCfgwSVU4RZqUAcGQ3iGV3hzEufFeXc+Zq1LTj5zAH/gfP4AAkKPWw==</latexit>xj+1
<latexit sha1_base64="VJPuzOIPzycetnVNarx5KXb5Sxc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hE1GPRi8eK1hbaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmlldW19o7xZ2dre2d2r7h88miTTjDdZIhPdDqnhUijeRIGSt1PNaRxK3gpHN1O/9cS1EYl6wHHKg5gOlIgEo2ile9d1e9Wa53ozkGXiF6QGBRq96le3n7As5gqZpMZ0fC/FIKcaBZN8UulmhqeUjeiAdyxVNOYmyGenTsiJVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif18kwugpyodIMuWLzRVEmCSZk+jfpC80ZyrEllGlhbyVsSDVlaNOp2BD8xZeXyeOZ61+4/t15rX5dxFGGIziGU/DhEupwCw1oAoMBPMMrvDnSeXHenY95a8kpZg7hD5zPH03cjSg=</latexit>...

<latexit sha1_base64="VJPuzOIPzycetnVNarx5KXb5Sxc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hE1GPRi8eK1hbaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmlldW19o7xZ2dre2d2r7h88miTTjDdZIhPdDqnhUijeRIGSt1PNaRxK3gpHN1O/9cS1EYl6wHHKg5gOlIgEo2ile9d1e9Wa53ozkGXiF6QGBRq96le3n7As5gqZpMZ0fC/FIKcaBZN8UulmhqeUjeiAdyxVNOYmyGenTsiJVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif18kwugpyodIMuWLzRVEmCSZk+jfpC80ZyrEllGlhbyVsSDVlaNOp2BD8xZeXyeOZ61+4/t15rX5dxFGGIziGU/DhEupwCw1oAoMBPMMrvDnSeXHenY95a8kpZg7hD5zPH03cjSg=</latexit> ..
. <latexit sha1_base64="us0IGiHIwUNSzx2F86YMQVqjoL0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj04rGi/YA2lM120i7dbMLuRqihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/WqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindR8e7Oy7XrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AESOI2p</latexit>z2

<latexit sha1_base64="AhzgdfsmkMxjaObBBltMVolxuIk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbSbt0swm7G6GG/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivdPfZOe+WKW3VnIH+Jl5MK5Kj3yp/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiRVfokjJUtachM/TmR0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyX9I8qXrnVe/2rFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzcTvI2q</latexit>z3

<latexit sha1_base64="qoRaWWmsisc1xrdGGppBzjd1i0A=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68VjRfkAbymY7adduNmF3I9TQn+DFgyJe/UXe/Ddu2xy09cHA470ZZuYFieDauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxheT/zmIyrNY3lvRgn6Ee1LHnJGjZXunroP3VLZrbhTkEXi5aQMOWrd0lenF7M0QmmYoFq3PTcxfkaV4UzguNhJNSaUDWkf25ZKGqH2s+mpY3JslR4JY2VLGjJVf09kNNJ6FAW2M6JmoOe9ifif105NeOlnXCapQclmi8JUEBOTyd+kxxUyI0aWUKa4vZWwAVWUGZtO0Ybgzb+8SBqnFe+84t2elatXeRwFOIQjOAEPLqAKN1CDOjDowzO8wpsjnBfn3fmYtS45+cwB/IHz+QNnGI3h</latexit>zj
<latexit sha1_base64="OulDtQzDJoKMCIKzYyBH3XWv2LY=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4sSQi6rHoxWMF+wFtKJvtpl272YTdiVBDf4QXD4p49fd489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ2l5ZXVtvbBR3Nza3tkt7e03TJxqxusslrFuBdRwKRSvo0DJW4nmNAokbwbDm4nffOTaiFjd4yjhfkT7SoSCUbRS86mbPZx6426p7FbcKcgi8XJShhy1bumr04tZGnGFTFJj2p6boJ9RjYJJPi52UsMTyoa0z9uWKhpx42fTc8fk2Co9EsbalkIyVX9PZDQyZhQFtjOiODDz3kT8z2unGF75mVBJilyx2aIwlQRjMvmd9ITmDOXIEsq0sLcSNqCaMrQJFW0I3vzLi6RxVvEuKt7debl6ncdRgEM4ghPw4BKqcAs1qAODITzDK7w5ifPivDsfs9YlJ585gD9wPn8ACGKPXw==</latexit>zj�1

<latexit sha1_base64="Wk42cY5Oql7yZt6Q8u22Blb27js=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQklE1GPRi8cK9gPaUDbbTbt2swm7E6GG/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfztLyyuraemGjuLm1vbNb2ttvmDjVjNdZLGPdCqjhUiheR4GStxLNaRRI3gyGNxO/+ci1EbG6x1HC/Yj2lQgFo2il5lM3ezj1xt1S2a24U5BF4uWkDDlq3dJXpxezNOIKmaTGtD03QT+jGgWTfFzspIYnlA1pn7ctVTTixs+m547JsVV6JIy1LYVkqv6eyGhkzCgKbGdEcWDmvYn4n9dOMbzyM6GSFLlis0VhKgnGZPI76QnNGcqRJZRpYW8lbEA1ZWgTKtoQvPmXF0njrOJdVLy783L1Oo+jAIdwBCfgwSVU4RZqUAcGQ3iGV3hzEufFeXc+Zq1LTj5zAH/gfP4ABVaPXQ==</latexit>zj+1

<latexit sha1_base64="wChk7XNgcwRcQm1JdZ+BWUx9VPc=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBi2VXRD0WvXiSCvZD2mXJptk2NMkuSVaoS3+FFw+KePXnePPfmLZ70NYHA4/3ZpiZFyacaeO6305haXllda24XtrY3NreKe/uNXWcKkIbJOaxaodYU84kbRhmOG0nimIRctoKh9cTv/VIlWaxvDejhPoC9yWLGMHGSg9PQXYbkBNvHJQrbtWdAi0SLycVyFEPyl/dXkxSQaUhHGvd8dzE+BlWhhFOx6VuqmmCyRD3acdSiQXVfjY9eIyOrNJDUaxsSYOm6u+JDAutRyK0nQKbgZ73JuJ/Xic10aWfMZmkhkoyWxSlHJkYTb5HPaYoMXxkCSaK2VsRGWCFibEZlWwI3vzLi6R5WvXOq97dWaV2lcdRhAM4hGPw4AJqcAN1aAABAc/wCm+Ocl6cd+dj1lpw8pl9+APn8wdTgJAZ</latexit>zNc�1

<latexit sha1_base64="G1B+p6HJKcq2GbM2yETSlE+nfrw=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVUS9C0YsnqWA/pF2WbJptQ5PskmSFuvRXePGgiFd/jjf/jWm7B219MPB4b4aZeWHCmTau++0UlpZXVteK66WNza3tnfLuXlPHqSK0QWIeq3aINeVM0oZhhtN2oigWIaetcHg98VuPVGkWy3szSqgvcF+yiBFsrPTwFGS3ARlfukG54lbdKdAi8XJSgRz1oPzV7cUkFVQawrHWHc9NjJ9hZRjhdFzqppommAxxn3YslVhQ7WfTg8foyCo9FMXKljRoqv6eyLDQeiRC2ymwGeh5byL+53VSE134GZNJaqgks0VRypGJ0eR71GOKEsNHlmCimL0VkQFWmBibUcmG4M2/vEiaJ1XvrOrdnVZqV3kcRTiAQzgGD86hBjdQhwYQEPAMr/DmKOfFeXc+Zq0FJ5/Zhz9wPn8AauiQKA==</latexit>

zNc
= 0

<latexit sha1_base64="gCpUnOKdobXahdf5PKQ4uk6tMIc=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBEMquiHosevEkFeyHtMuSTbNtaJJdkqxQl/4KLx4U8erP8ea/MW33oK0PBh7vzTAzL0w408Z1v53C0vLK6lpxvbSxubW9U97da+o4VYQ2SMxj1Q6xppxJ2jDMcNpOFMUi5LQVDq8nfuuRKs1ieW9GCfUF7ksWMYKNlR6eguw2ICfeOChX3Ko7BVokXk4qkKMelL+6vZikgkpDONa647mJ8TOsDCOcjkvdVNMEkyHu046lEguq/Wx68BgdWaWHoljZkgZN1d8TGRZaj0RoOwU2Az3vTcT/vE5qoks/YzJJDZVktihKOTIxmnyPekxRYvjIEkwUs7ciMsAKE2MzKtkQvPmXF0nztOqdV727s0rtKo+jCAdwCMfgwQXU4Abq0AACAp7hFd4c5bw4787HrLXg5DP78AfO5w9QdJAX</latexit>zNc+1

<latexit sha1_base64="ue7gLhzIINqPcXbujHoKscoJrPs=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRiyepYD+gDWGz2bRLdzdhdyPU0B/hxYMiXv093vw3btsctPXBwOO9GWbmhSln2rjut1NaWV1b3yhvVra2d3b3qvsHbZ1kitAWSXiiuiHWlDNJW4YZTrupoliEnHbC0c3U7zxSpVkiH8w4pb7AA8liRrCxUucpyO+CaBJUa27dnQEtE68gNSjQDKpf/SghmaDSEI617nluavwcK8MIp5NKP9M0xWSEB7RnqcSCaj+fnTtBJ1aJUJwoW9Kgmfp7IsdC67EIbafAZqgXvan4n9fLTHzl50ymmaGSzBfFGUcmQdPfUcQUJYaPLcFEMXsrIkOsMDE2oYoNwVt8eZm0z+reRd27P681ros4ynAEx3AKHlxCA26hCS0gMIJneIU3J3VenHfnY95acoqZQ/gD5/MHd0mPqA==</latexit>zNd

<latexit sha1_base64="wKAQR6NJGevowQlTHIr1xXPXyHo=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBi2VXRD0WvXiSCvZD2mXJptk2NMkuSVYsS3+FFw+KePXnePPfmLZ70NYHA4/3ZpiZFyacaeO6305haXllda24XtrY3NreKe/uNXWcKkIbJOaxaodYU84kbRhmOG0nimIRctoKh9cTv/VIlWaxvDejhPoC9yWLGMHGSg9PQXYbkBNvHJQrbtWdAi0SLycVyFEPyl/dXkxSQaUhHGvd8dzE+BlWhhFOx6VuqmmCyRD3acdSiQXVfjY9eIyOrNJDUaxsSYOm6u+JDAutRyK0nQKbgZ73JuJ/Xic10aWfMZmkhkoyWxSlHJkYTb5HPaYoMXxkCSaK2VsRGWCFibEZlWwI3vzLi6R5WvXOq97dWaV2lcdRhAM4hGPw4AJqcAN1aAABAc/wCm+Ocl6cd+dj1lpw8pl9+APn8wdQaJAX</latexit>xNc�1

<latexit sha1_base64="MUR1f9Wb0YIWZkJjQDsAoz5K4XA=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBEMquiHosevEkFeyHtMuSTbNtaJJdkqxYlv4KLx4U8erP8ea/MW33oK0PBh7vzTAzL0w408Z1v53C0vLK6lpxvbSxubW9U97da+o4VYQ2SMxj1Q6xppxJ2jDMcNpOFMUi5LQVDq8nfuuRKs1ieW9GCfUF7ksWMYKNlR6eguw2ICfeOChX3Ko7BVokXk4qkKMelL+6vZikgkpDONa647mJ8TOsDCOcjkvdVNMEkyHu046lEguq/Wx68BgdWaWHoljZkgZN1d8TGRZaj0RoOwU2Az3vTcT/vE5qoks/YzJJDZVktihKOTIxmnyPekxRYvjIEkwUs7ciMsAKE2MzKtkQvPmXF0nztOqdV727s0rtKo+jCAdwCMfgwQXU4Abq0AACAp7hFd4c5bw4787HrLXg5DP78AfO5w9NXJAV</latexit> x
N

c
+

1

<latexit sha1_base64="WOc+IRdDJbJ/ARpRkfap62bULyo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRiyepYD+gDWGz3bZLN5uwOxFL6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzwkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkgNl0LxBgqUvJ1oTqNQ8lY4upn6rUeujYjVA44T7kd0oERfMIpWaj0F2V3AJkG54lbdGcgy8XJSgRz1oPzV7cUsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPZuRNyYpUe6cfalkIyU39PZDQyZhyFtjOiODSL3lT8z+uk2L/yM6GSFLli80X9VBKMyfR30hOaM5RjSyjTwt5K2JBqytAmVLIheIsvL5PmWdW7qHr355XadR5HEY7gGE7Bg0uowS3UoQEMRvAMr/DmJM6L8+58zFsLTj5zCH/gfP4AcrCPpQ==</latexit>xNc
<latexit sha1_base64="RmSlKVUmjL47v0XPvqnQvwpGZHY=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GPRiyetYD+gCWGznbRLdzdhdyOU0L/hxYMiXv0z3vw3btsctPXBwOO9GWbmRSln2rjut1NaWV1b3yhvVra2d3b3qvsHbZ1kikKLJjxR3Yho4ExCyzDDoZsqICLi0IlGN1O/8wRKs0Q+mnEKgSADyWJGibGS798LGJAwvwvpJKzW3Lo7A14mXkFqqEAzrH75/YRmAqShnGjd89zUBDlRhlEOk4qfaUgJHZEB9CyVRIAO8tnNE3xilT6OE2VLGjxTf0/kRGg9FpHtFMQM9aI3Ff/zepmJr4KcyTQzIOl8UZxxbBI8DQD3mQJq+NgSQhWzt2I6JIpQY2Oq2BC8xZeXSfus7l3UvYfzWuO6iKOMjtAxOkUeukQNdIuaqIUoStEzekVvTua8OO/Ox7y15BQzh+gPnM8f9qORpA==</latexit> ⌦

N
c

<latexit sha1_base64="5RZyk1v2QJW1edwgA8eiqJJ5pzA=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4seyKqMeiF09awX5Auy7ZNNuGJtklySpl6f/w4kERr/4Xb/4b03YP2vpg4PHeDDPzwoQzbVz321lYXFpeWS2sFdc3Nre2Szu7DR2nitA6iXmsWiHWlDNJ64YZTluJoliEnDbDwdXYbz5SpVks780wob7APckiRrCx0kPnVtAeDrKbgBx7o6BUdivuBGieeDkpQ45aUPrqdGOSCioN4Vjrtucmxs+wMoxwOip2Uk0TTAa4R9uWSiyo9rPJ1SN0aJUuimJlSxo0UX9PZFhoPRSh7RTY9PWsNxb/89qpiS78jMkkNVSS6aIo5cjEaBwB6jJFieFDSzBRzN6KSB8rTIwNqmhD8GZfnieNk4p3VvHuTsvVyzyOAuzDARyBB+dQhWuoQR0IKHiGV3hznpwX5935mLYuOPnMHvyB8/kD2AmSFg==</latexit>

⌦Nc�1

<latexit sha1_base64="fk2C/dEgBwnkX6RkkIs+tSD3PHs=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSIIQtkVUY9FL560gv2Adl2yabYNTbJLklXK0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmhQln2rjut7OwuLS8slpYK65vbG5tl3Z2GzpOFaF1EvNYtUKsKWeS1g0znLYSRbEIOW2Gg6ux33ykSrNY3pthQn2Be5JFjGBjpYfOraA9HGQ3ATn2RkGp7FbcCdA88XJShhy1oPTV6cYkFVQawrHWbc9NjJ9hZRjhdFTspJommAxwj7YtlVhQ7WeTq0fo0CpdFMXKljRoov6eyLDQeihC2ymw6etZbyz+57VTE134GZNJaqgk00VRypGJ0TgC1GWKEsOHlmCimL0VkT5WmBgbVNGG4M2+PE8aJxXvrOLdnZarl3kcBdiHAzgCD86hCtdQgzoQUPAMr/DmPDkvzrvzMW1dcPKZPfgD5/MH1P2SFA==</latexit> ⌦
N

c
+

1

<latexit sha1_base64="RmSlKVUmjL47v0XPvqnQvwpGZHY=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GPRiyetYD+gCWGznbRLdzdhdyOU0L/hxYMiXv0z3vw3btsctPXBwOO9GWbmRSln2rjut1NaWV1b3yhvVra2d3b3qvsHbZ1kikKLJjxR3Yho4ExCyzDDoZsqICLi0IlGN1O/8wRKs0Q+mnEKgSADyWJGibGS798LGJAwvwvpJKzW3Lo7A14mXkFqqEAzrH75/YRmAqShnGjd89zUBDlRhlEOk4qfaUgJHZEB9CyVRIAO8tnNE3xilT6OE2VLGjxTf0/kRGg9FpHtFMQM9aI3Ff/zepmJr4KcyTQzIOl8UZxxbBI8DQD3mQJq+NgSQhWzt2I6JIpQY2Oq2BC8xZeXSfus7l3UvYfzWuO6iKOMjtAxOkUeukQNdIuaqIUoStEzekVvTua8OO/Ox7y15BQzh+gPnM8f9qORpA==</latexit> ⌦
N

c

<latexit sha1_base64="5RZyk1v2QJW1edwgA8eiqJJ5pzA=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4seyKqMeiF09awX5Auy7ZNNuGJtklySpl6f/w4kERr/4Xb/4b03YP2vpg4PHeDDPzwoQzbVz321lYXFpeWS2sFdc3Nre2Szu7DR2nitA6iXmsWiHWlDNJ64YZTluJoliEnDbDwdXYbz5SpVks780wob7APckiRrCx0kPnVtAeDrKbgBx7o6BUdivuBGieeDkpQ45aUPrqdGOSCioN4Vjrtucmxs+wMoxwOip2Uk0TTAa4R9uWSiyo9rPJ1SN0aJUuimJlSxo0UX9PZFhoPRSh7RTY9PWsNxb/89qpiS78jMkkNVSS6aIo5cjEaBwB6jJFieFDSzBRzN6KSB8rTIwNqmhD8GZfnieNk4p3VvHuTsvVyzyOAuzDARyBB+dQhWuoQR0IKHiGV3hznpwX5935mLYuOPnMHvyB8/kD2AmSFg==</latexit> ⌦
N

c
�

1

<latexit sha1_base64="gSuMBAtlWO4RNU5OhCMSRK2zpfs=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GPRiyetYD+gKWGzmbRLdzdhdyOU0L/hxYMiXv0z3vw3btsctPXBwOO9GWbmhSln2rjut1NaWV1b3yhvVra2d3b3qvsHbZ1kikKLJjxR3ZBo4ExCyzDDoZsqICLk0AlHN1O/8wRKs0Q+mnEKfUEGksWMEmMl378XMCBBfhdEk6Bac+vuDHiZeAWpoQLNoPrlRwnNBEhDOdG657mp6edEGUY5TCp+piEldEQG0LNUEgG6n89unuATq0Q4TpQtafBM/T2RE6H1WIS2UxAz1IveVPzP62UmvurnTKaZAUnni+KMY5PgaQA4Ygqo4WNLCFXM3orpkChCjY2pYkPwFl9eJu2zundR9x7Oa43rIo4yOkLH6BR56BI10C1qohaiKEXP6BW9OZnz4rw7H/PWklPMHKI/cD5/APgokaU=</latexit> ⌦
N

d
<latexit sha1_base64="QOBIeRexR0PsTaj8qFIzFY/Ai+4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRiyepYD+gDWGz2bRLN5tldyOW0B/hxYMiXv093vw3btsctPXBwOO9GWbmhZIzbVz32ymtrK6tb5Q3K1vbO7t71f2Dtk4zRWiLpDxV3RBrypmgLcMMp12pKE5CTjvh6Gbqdx6p0iwVD2YsqZ/ggWAxI9hYqfMU5HdBNAmqNbfuzoCWiVeQGhRoBtWvfpSSLKHCEI617nmuNH6OlWGE00mln2kqMRnhAe1ZKnBCtZ/Pzp2gE6tEKE6VLWHQTP09keNE63ES2s4Em6Fe9Kbif14vM/GVnzMhM0MFmS+KM45Miqa/o4gpSgwfW4KJYvZWRIZYYWJsQhUbgrf48jJpn9W9i7p3f15rXBdxlOEIjuEUPLiEBtxCE1pAYATP8ApvjnRenHfnY95acoqZQ/gD5/MHdDWPpg==</latexit> x

N
d

<latexit sha1_base64="WOc+IRdDJbJ/ARpRkfap62bULyo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRiyepYD+gDWGz3bZLN5uwOxFL6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzwkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkgNl0LxBgqUvJ1oTqNQ8lY4upn6rUeujYjVA44T7kd0oERfMIpWaj0F2V3AJkG54lbdGcgy8XJSgRz1oPzV7cUsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPZuRNyYpUe6cfalkIyU39PZDQyZhyFtjOiODSL3lT8z+uk2L/yM6GSFLli80X9VBKMyfR30hOaM5RjSyjTwt5K2JBqytAmVLIheIsvL5PmWdW7qHr355XadR5HEY7gGE7Bg0uowS3UoQEMRvAMr/DmJM6L8+58zFsLTj5zCH/gfP4AcrCPpQ==</latexit> x
N

c

<latexit sha1_base64="MLkkFT1EbbrL8Vxph4iL3ll//vQ=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BItQQcquiHqsevFYwX5Au5Rsmm1Ds9k1yYpl6Z/w4kERr/4db/4b03YP2vpg4PHeDDPz/FhwbRznG+WWlldW1/LrhY3Nre2d4u5eQ0eJoqxOIxGplk80E1yyuuFGsFasGAl9wZr+8GbiNx+Z0jyS92YUMy8kfckDTomxUuuq/NQlJ85xt1hyKs4UeJG4GSlBhlq3+NXpRTQJmTRUEK3brhMbLyXKcCrYuNBJNIsJHZI+a1sqSci0l07vHeMjq/RwEClb0uCp+nsiJaHWo9C3nSExAz3vTcT/vHZigksv5TJODJN0tihIBDYRnjyPe1wxasTIEkIVt7diOiCKUGMjKtgQ3PmXF0njtOKeV9y7s1L1OosjDwdwCGVw4QKqcAs1qAMFAc/wCm/oAb2gd/Qxa82hbGYf/gB9/gB+wY72</latexit>

A(xa, 0)

<latexit sha1_base64="7ZeRfaMMyieL9UqvTpzMEhQC9mQ=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahgpSkiHos9eKxgv3ANoTNdtMu3WzC7kasof/CiwdFvPpvvPlv3LY5aOuDgcd7M8zM82POlLbtbyu3srq2vpHfLGxt7+zuFfcPWipKJKFNEvFIdnysKGeCNjXTnHZiSXHoc9r2R9dTv/1ApWKRuNPjmLohHggWMIK1ke7r5UfPP3vy/FOvWLIr9gxomTgZKUGGhlf86vUjkoRUaMKxUl3HjrWbYqkZ4XRS6CWKxpiM8IB2DRU4pMpNZxdP0IlR+iiIpCmh0Uz9PZHiUKlx6JvOEOuhWvSm4n9eN9HBlZsyESeaCjJfFCQc6QhN30d9JinRfGwIJpKZWxEZYomJNiEVTAjO4svLpFWtOBcV5/a8VKtnceThCI6hDA5cQg1uoAFNICDgGV7hzVLWi/Vufcxbc1Y2cwh/YH3+AGZ/kBc=</latexit>

B(xb, zb)

<latexit sha1_base64="cPd9G5S/S5OZPEES/rutebTTXsM=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahgpSkiHos9uKxgv3ANoTNdtMu3WzC7kasof/CiwdFvPpvvPlv3LY5aOuDgcd7M8zM82POlLbtbyu3srq2vpHfLGxt7+zuFfcPWipKJKFNEvFIdnysKGeCNjXTnHZiSXHoc9r2R/Wp336gUrFI3OlxTN0QDwQLGMHaSPf18qNHzp48cuoVS3bFngEtEycjJcjQ8IpfvX5EkpAKTThWquvYsXZTLDUjnE4KvUTRGJMRHtCuoQKHVLnp7OIJOjFKHwWRNCU0mqm/J1IcKjUOfdMZYj1Ui95U/M/rJjq4clMm4kRTQeaLgoQjHaHp+6jPJCWajw3BRDJzKyJDLDHRJqSCCcFZfHmZtKoV56Li3J6XatdZHHk4gmMogwOXUIMbaEATCAh4hld4s5T1Yr1bH/PWnJXNHMIfWJ8/axqQGg==</latexit>
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Fig. 3.3 Fluid subdomains and the associated coordinates for a tilted 2D floating platform.

3.3.2 General expressions of potential functions in different domains

In this subsection the expressions for the velocity potentials in all fluid subdomains are
determined by applying the method of separation of variables.

• Potentials in the right open-ended subdomain Ω1

The potentials in subdomain Ω1 can be written as the product of an unknown coefficient
vector (AAA1), and an eigenfunction vector (ΛΛΛA,1) that satisfies Laplace’s equation, and the
free-surface, sea-bed and far-field boundary conditions:

φφφ 1 = ΛΛΛ
⊺
A,1AAA1 , where ΛΛΛA,1 =




e−β1,1(x−x2)
cos [β1,1 (z+h)]

cos(β1,1h)
...

e−β1,n(x−x2)
cos [β1,n (z+h)]

cos(β1,nh)
...




, AAA1 =




A1,1

...

A1,n

...




. (3.13)

The eigenvalues β1,n satisfy

ω
2 =−gβ1,n tan(β1,nh), (3.14)

where β1,1 = ik is the imaginary root, with k being the wave number defined in Eq. (3.6).

The elements of the eigenfunction ΛΛΛA,1 are mutually orthogonal over [−h,0] on the
interface x = x2, which yields the following equation:
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3.3 Analytical formulation

∫ 0

−h

cos [β1,m (z+h)]
cos(β1,mh)

cos [β1,n (z+h)]
cos(β1,nh)

dz =C1,nδmn, (3.15)

where:

C1,n =
cos(β1,nh)sin(β1,nh)+β1,nh

2β1,n cos2 (β1,nh)
, (3.16)

and δ is used for the Kronecker δ function:

δmn =

{
1, m = n

0, m ̸= n
(3.17)

with m,n = 1,2,3, . . . representing different eigenmodes.

• Potentials in subdomains below the barge Ω j, ( j = 2, . . . ,Nc−1)

For the subdomains below the barge, the potentials can be expressed as the sum of a
particular and a homogeneous solution. φφφ

p
j is the particular solution satisfying Laplace’s

equation, sea-bed boundary condition, and the non-homogeneous boundary condition on

the barge surface (z = z j):
∂φφφ

p
j

∂ z =
[
0 1 −(x− xo) −∂φI

∂ z

]⊺
, as listed in Eq. (3.7). One

possible set of solutions to φφφ
p
j is:

φφφ
p
j =

[
0

(z+h)2− (x− x0)
2

2(h+ z j)
−(z+h)2(x− x0)− 1

3(x− x0)
3

2(h+ z j)
−φI

]⊺
. (3.18)

φφφ
h
j is the component corresponding to the homogeneous boundary condition on z = z j:

∂φφφ
h
j

∂ z = 0. It can be expressed as φφφ
h
j = ΛΛΛ

⊺
A, jAAA j +ΛΛΛ

⊺
B, jBBB j, where the eigenfunctions

ΛΛΛA, j =




x

e−β j,2(x−x j+1) cos
[
β j,2 (z+h)

]

cos
[
β j,2

(
z j +h

)]

...

e−β j,n(x−x j+1) cos
[
β j,n (z+h)

]

cos
[
β j,n

(
z j +h

)]

...




, ΛΛΛB, j =




1

eβ j,2(x−x j) cos
[
β j,2 (z+h)

]

cos
[
β j,2

(
z j +h

)]

...

eβ j,n(x−x j) cos
[
β j,n (z+h)

]

cos
[
β j,n

(
z j +h

)]

...




,

(3.19)
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and the coefficients

AAA j =




A j,1

A j,2

...

A j,n

...




, BBB j =




B j,1

B j,2

...

B j,n

...




.

The eigenvalues β j,n =
(n−1)π

h+z j
, (n = 2,3, . . . ; j = 2, . . . ,Nc−1) are independent of the

wave frequency ω , which is the major difference from the eigenvalues in the subdomains
connected to the free surface, as presented in Eq. (3.14). The elements of eigenfunctions
ΛΛΛA, j and ΛΛΛB, j are mutually orthogonal over [−h,z j] on the vertical interfaces x = x j+1

and x = x j, which can be summarized as:

∫ z j

−h




1

x

cos
[
β j,m (z+h)

]

cos
[
β j,m

(
z j +h

)]




[
1 x

cos
[
β j,n (z+h)

]

cos
[
β j,n

(
z j +h

)]
]

dz

=




(
h+ z j

)
x
(
h+ z j

)
0

x
(
h+ z j

)
x2 (h+ z j

)
0

0 0
h+ z j

2
δmn



. (3.20)

The total velocity potential in domains Ω j, ( j = 2, . . . ,Nc−1) can thus be expressed as
the sum of φφφ

p
j and φφφ

h
j :

φφφ j = φφφ
p
j +ΛΛΛ

⊺
A, jAAA j +ΛΛΛ

⊺
B, jBBB j. (3.21)

• Potentials in the left open-ended subdomain ΩNc

Similarly as in Ω1, the potential function in ΩNc can be written as:
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3.3 Analytical formulation

φφφ Nc
= ΛΛΛ

⊺
B,Nc

BBBNc , where ΛΛΛB,Nc =




eβNc,1(x−xNc)
cos [βNc,1 (z+h)]

cos(βNc,1h)
...

eβNc,n(x−xNc)
cos [βNc,n (z+h)]

cos(βNc,nh)
...




,BBBNc =




BNc,1

...

BNc,n

...




.

(3.22)

The eigenvalues βNc,n = β1,n and the eigenfunctions ΛΛΛB,Nc satisfy an orthogonality con-
dution that has the same form as Eq. (3.15), given the assumption of constant sea depth.

• Potentials in subdomains above the barge Ω j, ( j = Nc +1, . . . ,Nd)

For subdomains above the barge, the potentials are again split into components of
particular and homogeneous solutions. One possible set of the particular component,
which simultaneously satisfies Laplace’s equation, the free-surface boundary condition
and the non-homogeneous body-surface boundary condition on z = z j, is:

φφφ
p
j =
[
0 z+

g
ω2 −(x− x0)(z+

g
ω2 ) −φI

]⊺
. (3.23)

The homogenous component can be written as φφφ
h
j = ΛΛΛ

⊺
A, jAAA j +ΛΛΛ

⊺
B, jBBB j, where the eigen-

functions are defined as:

ΛΛΛA, j =




e−β j,1(x−x j−1) cos
[
β j,1

(
z− z j

)]

cos
(
β j,1z j

)

...

e−β j,n(x−x j−1) cos
[
β j,n

(
z− z j

)]

cos
(
β j,nz j

)

...




,ΛΛΛB, j =




eβ j,1(x−x j) cos
[
β j,1

(
z− z j

)]

cos
(
β j,1z j

)

...

eβ j,n(x−x j) cos
[
β j,n

(
z− z j

)]

cos
(
β j,nz j

)

...




.

(3.24)

The corresponding eigenvalues β j,n, ( j =Nc+1, . . . ,Nd) satisfy a new dispersion relation,
which depends on both the wave frequency and the height of the fluid subdomain (−z j):

ω
2 = gβ j,n tan(β j,nz j). (3.25)
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The elements of the eigenfunctions ΛΛΛA, j and ΛΛΛB, j are mutually orthogonal over [z j,0] on
the vertical interfaces x = x j−1 and x = x j, which yields:

∫ 0

z j

cos
[
β j,m

(
z− z j

)]

cos
(
β j,mz j

) cos
[
β j,n

(
z− z j

)]

cos
(
β j,nz j

) dz =−cos
(
β j,nh

)
sin
(
β j,nz j

)
+β j,nz j

2β j,n cos2
(
β j,nz j

) δmn.

(3.26)

3.3.3 Determination of unknown coefficients

To determine the unknown coefficients AAA j and BBB j, ( j = 1,2, . . . ,Nd) in the potential expres-
sions that were presented earlier, the continuity conditions of pressure and normal velocity at
the vertical interfaces between neighboring fluid subdomains are used.

For the interfaces under the side AB (x = x j, j = 2, . . . ,Nb), the continuity of pressure
implies:

φφφ j = φφφ j−1, on −h≤ z≤ z j, (3.27)

which can be expanded as:

φφφ
p
j +ΛΛΛ

⊺
A, jAAA j +ΛΛΛ

⊺
B, jBBB j = φφφ

p
j−1 +ΛΛΛ

⊺
A, j−1AAA j−1 +ΛΛΛ

⊺
B, j−1BBB j−1. (3.28)

Multiplying both sides of Eq. (3.28) by ΛΛΛB, j and integrating them over [−h,z j], one can
rewrite the pressure continuity as:
∫ z j

−h
ΛΛΛB, j

(
φφφ

p
j +ΛΛΛ

⊺
A, jAAA j +ΛΛΛ

⊺
B, jBBB j

)⊺
dz =

∫ z j

−h
ΛΛΛB, j

(
φφφ

p
j−1 +ΛΛΛ

⊺
A, j−1AAA j−1 +ΛΛΛ

⊺
B, j−1BBB j−1

)⊺
dz.

(3.29)
The continuity of the normal velocity implies:

∂φφφ j−1

∂x
=





ñ j =
[
1 0 (z− z0) −∂φI

∂x

]⊺
, z j ≤ z≤ z j−1

∂φφφ j

∂x
, −h≤ z≤ z j

(3.30)

which can be expanded as:

∂φφφ
p
j−1

∂x
+

∂ΛΛΛ
⊺
A, j−1

∂x
AAA j−1 +

∂ΛΛΛ
⊺
B, j−1

∂x
BBB j−1 =





ñ j, z j ≤ z≤ z j−1

∂φφφ
p
j

∂x
+

∂ΛΛΛ
⊺
A, j

∂x
AAA j +

∂ΛΛΛ
⊺
B, j

∂x
BBB j, −h≤ z≤ z j

(3.31)

74



3.3
A

nalyticalform
ulation

Multiplying both sides of Eq. (3.31) by ΛΛΛA, j−1 and integrating them over [−h,z j−1], one can rewrite the velocity continuity as

∫ z j−1

−h
ΛΛΛA, j−1

(
∂φφφ

p
j−1

∂x
+

∂ΛΛΛ
⊺
A, j−1

∂x
AAA j−1 +

∂ΛΛΛ
⊺
B, j−1

∂x
BBB j−1

)⊺

dz

=
∫ z j

−h
ΛΛΛA, j−1

(
∂φφφ

p
j

∂x
+

∂ΛΛΛ
⊺
A, j

∂x
AAA j +

∂ΛΛΛ
⊺
B, j

∂x
BBB j

)⊺

dz+
∫ z j−1

z j

ΛΛΛA, j−1ñ⊺
j dz. (3.32)

We write Eq. (3.29) and Eq. (3.32) into the matrix form for more compact expression:



−
∫ z j

−h
ΛΛΛB, jΛΛΛ

⊺
A, j−1dz −

∫ z j

−h
ΛΛΛB, jΛΛΛ

⊺
B, j−1dz

∫ z j

−h
ΛΛΛB, jΛΛΛ

⊺
A, jdz

∫ z j

−h
ΛΛΛB, jΛΛΛ

⊺
B, jdz

∫ z j−1

−h
ΛΛΛA, j−1

∂ΛΛΛ
⊺
A, j−1

∂x
dz

∫ z j−1

−h
ΛΛΛA, j−1

∂ΛΛΛ
⊺
B, j−1

∂x
dz −

∫ z j

−h
ΛΛΛA, j−1

∂ΛΛΛ
⊺
A, j

∂x
dz −

∫ z j

−h
ΛΛΛA, j−1

∂ΛΛΛ
⊺
B, j

∂x
dz







AAA j−1

BBB j−1

AAA j

BBB j




=




∫ z j

−h
ΛΛΛB, j

(
φφφ

p
j−1−φφφ

p
j

)⊺
dz

∫ z j−1

z j

ΛΛΛA, j−1ñ⊺
j dz+

∫ z j

−h
ΛΛΛA, j−1

(
∂φφφ

p
j

∂x

)⊺

dz−
∫ z j−1

−h
ΛΛΛA, j−1

(
∂φφφ

p
j−1

∂x

)⊺

dz


 . (3.33)

Similarly, the continuity conditions of pressure and normal velocity on the interfaces under side BC (x = x j, j = Nb +1, . . . ,Nc)
yield
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Problem


−
∫ z j−1

−h
ΛΛΛA, j−1ΛΛΛ

⊺
A, j−1dz −

∫ z j−1

−h
ΛΛΛA, j−1ΛΛΛ

⊺
B, j−1dz

∫ z j−1

−h
ΛΛΛA, j−1ΛΛΛ

⊺
A, jdz

∫ z j−1

−h
ΛΛΛA, j−1ΛΛΛ

⊺
B, jdz

−
∫ z j−1

−h
ΛΛΛB, j

∂ΛΛΛ
⊺
A, j−1

∂x
dz −

∫ z j−1

−h
ΛΛΛB, j

∂ΛΛΛ
⊺
B, j−1

∂x
dz

∫ z j

−h
ΛΛΛB, j

∂ΛΛΛ
⊺
A, j

∂x
dz

∫ z j

−h
ΛΛΛB, j

∂ΛΛΛ
⊺
B, j

∂x
dz







AAA j−1

BBB j−1

AAA j

BBB j




=




∫ z j−1

−h
ΛΛΛA, j−1

(
φφφ

p
j−1−φφφ

p
j

)⊺
dz

∫ z j

z j−1
ΛΛΛB, jñ⊺

j dz+
∫ z j−1

−h
ΛΛΛB, j

(
∂φφφ

p
j−1

∂x

)⊺

dz−
∫ z j

−h
ΛΛΛB, j

(
∂φφφ

p
j

∂x

)⊺

dz


 . (3.34)

The continuity conditions on the interfaces above side CD (x = x j, j = Nc +1, . . . ,Nd) yield




∫ 0

z j+1

ΛΛΛA, j+1ΛΛΛ
⊺
A, jdz

∫ 0

z j+1

ΛΛΛA, j+1ΛΛΛ
⊺
B, jdz −

∫ 0

z j+1

ΛΛΛA, j+1ΛΛΛ
⊺
A, j+1dz −

∫ 0

z j+1

ΛΛΛA, j+1ΛΛΛ
⊺
B, j+1dz

∫ 0

z j

ΛΛΛB, j
∂ΛΛΛ

⊺
A, j

∂x
dz

∫ 0

z j

ΛΛΛB, j
∂ΛΛΛ

⊺
B, j

∂x
dz −

∫ z j+1

z j

ΛΛΛB, j
∂ΛΛΛ

⊺
A, j+1

∂x
dz −

∫ z j+1

z j

ΛΛΛB, j
∂ΛΛΛ

⊺
B, j+1

∂x
dz







AAA j

BBB j

AAA j+1

BBB j+1




=




∫ 0

z j+1

ΛΛΛA, j+1

(
φφφ

p
j+1−φφφ

p
j

)⊺
dz

∫ z j+1

z j

ΛΛΛB, jñ⊺
j dz+

∫ 0

z j+1

ΛΛΛB, j

(
∂φφφ

p
j+1

∂x

)⊺

dz−
∫ 0

z j

ΛΛΛB, j

(
∂φφφ

p
j

∂x

)⊺

dz


 . (3.35)

It should be noted that only the continuity of normal velocity is required on x = xNd and the matrix form is
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[∫ 0

zNd

ΛΛΛB,Nd

∂ΛΛΛ
⊺
A,Nd

∂x
dz

∫ 0

zNd

ΛΛΛB,Nd

∂ΛΛΛ
⊺
B,Nd

∂x
dz

]


AAANd

BBBNd


=

∫ 0

zNd

ΛΛΛB,Nd ñ⊺
Nd

dz−
∫ 0

zNd

ΛΛΛB,Nd

(
∂φφφ

p
Nd

∂x

)⊺

dz. (3.36)

In addition, special attention should be given to the interfaces that are adjacent to open domains ( j = 1 and j = Nc). They are
summarized as follows:



−
∫ z2

−h
ΛΛΛB,2ΛΛΛ

⊺
A,1dz

∫ z2

−h
ΛΛΛB,2ΛΛΛ

⊺
A,2dz

∫ z2

−h
ΛΛΛB,2ΛΛΛ

⊺
B,2dz

∫ 0

−h
ΛΛΛA,1

∂ΛΛΛ
⊺
A,1

∂x
dz −

∫ z2

−h
ΛΛΛA,1

∂ΛΛΛ
⊺
A,2

∂x
dz −

∫ z2

−h
ΛΛΛA,1

∂ΛΛΛ
⊺
B,2

∂x
dz







AAA1

AAA2

BBB2



=




−
∫ z2

−h
ΛΛΛB,2

(
φφφ

p
2
)⊺ dz

∫ 0

z2

ΛΛΛA,1ñ⊺
2dz+

∫ z2

−h
ΛΛΛA,1

(
∂φφφ

p
2

∂x

)⊺

dz


 , (3.37)




−
∫ zNc−1

−h
ΛΛΛA,Nc−1ΛΛΛ

⊺
A,Nc−1dz −

∫ zNc−1

−h
ΛΛΛA,Nc−1ΛΛΛ

⊺
B,Nc−1dz

∫ zNc−1

−h
ΛΛΛA,Nc−1ΛΛΛ

⊺
B,Nc

dz 0 0

0 0
∫ 0

zNc+1

ΛΛΛA,Nc+1ΛΛΛ
⊺
B,Nc

dz −
∫ 0

zNc+1

ΛΛΛA,Nc+1ΛΛΛ
⊺
A,Nc+1dz −

∫ 0

zNc+1

ΛΛΛA,Nc+1ΛΛΛ
⊺
B,Nc+1dz

−
∫ zNc−1

−h
ΛΛΛB,Nc

∂ΛΛΛ
⊺
A,Nc−1

∂x
dz −

∫ zNc−1

−h
ΛΛΛB,Nc

∂ΛΛΛ
⊺
B,Nc−1

∂x
dz

∫ 0

−h
ΛΛΛB,Nc

∂ΛΛΛ
⊺
B,Nc

∂x
dz −

∫ 0

zNc+1

ΛΛΛB,Nc

∂ΛΛΛ
⊺
A,Nc+1

∂x
dz −

∫ 0

zNc+1

ΛΛΛB,Nc

∂ΛΛΛ
⊺
B,Nc+1

∂x
dz




·




AAANc−1

BBBNc−1

BBBNc

AAANc+1

BBBNc+1



=




∫ zNc−1

−h
ΛΛΛA,Nc−1

(
φφφ

p
Nc−1

)⊺
dz

∫ 0

zNc+1

ΛΛΛA,Nc+1

(
φφφ

p
Nc+1

)⊺
dz

∫ zNc+1

zNc−1

ΛΛΛB,Ncñ
⊺
Nc

dz+
∫ zNc−1

−h
ΛΛΛB,Nc

(
∂φφφ

p
Nc−1

∂x

)⊺

dz+
∫ 0

zNc+1

ΛΛΛB,Nc

(
∂φφφ

p
Nc+1

∂x

)⊺

dz



. (3.38)
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Analytical Solution to Linear Wave-Platform Interaction Problem

Assembling Eq. (3.33) – (3.38) results in a system of linear equations, from which all the
unknown coefficients AAA j and BBB j, ( j = 1,2, . . . ,Nd) can be determined. It is worth mentioning
that the left-hand side of these equations depends only on the fluid domain discretization and
wave frequency, while all terms related to the platform motion and incident wave, arising
from both the non-homogeneous body-surface boundary condition ñ j (Eq. (3.8)) and the
particular potential solutions φφφ

p
j (Eq. (3.18) and (3.23)), appear only on the right-hand side

of the equations. Therefore, the left-hand sides are only required to be calculated once for all
three radiation problems and one diffraction problem at each wave frequency. This efficient
matrix form effectively avoids the unnecessary recomputation of all terms for each of the
four problems as done in existing analytical methods [146]. The left-hand side integrals are
also greatly simplified thanks to the orthogonal properties of the eigenfunctions (Eq. (3.15),
(3.20), and (3.26)).

For practical computation, the infinite series appearing within the integrals of equations
Eq. (3.13), (3.19), (3.22) and (3.24) are truncated, and only the first N modes are included.
This leads to (Nd − 1)×N× 4× 2 equations, where Nd denotes the total number of fluid
subdomains, N the eigenfunction truncation number, 4 the sum of three radiation and one
diffraction potentials φφφ , and two the continuity conditions of pressure and normal velocity on
each fluid interface. After solving the total (Nd−1)×N×4×2 coefficients, the analytical
expressions for the velocity potentials in each fluid subdomain can be obtained according to
Eq. (3.13), (3.21), and (3.22).

3.3.4 Integration of wave forces

Upon getting the expressions for three radiation potentials φφφ R and a diffraction potential φD

in each fluid subdomain, the hydrodynamic force coefficients of the floating platform around
its center of gravity (x0,z0), as described in Eq. (3.11), can be calculated as follows:

λλλ (ω) = ρIIIRe
φR
, µµµ(ω) =−ρωIIIRe

φR
, Ke(iω) =−ρiωIIIφID, (3.39)

where IIIφR denotes the radiation integrals, involving the calculation on four groups of body-
surface boundaries:
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3.3 Analytical formulation

IIIφR(ω)
3×3

=
Nb−1

∑
j=1

∫ z j

z j+1

nv j(z)
[
φφφ R(x j+1,z)

]⊺ dz

+
Nd

∑
j=Nb+1

∫ z j

z j−1

nv j(z)
[
φφφ R(x j,z)

]⊺ dz

+
Nc−1

∑
j=2

∫ x j

x j+1

nh j(x)
[
φφφ R(x,z j)

]⊺ dx

+
Nd

∑
j=Nc+1

∫ x j

x j−1

nh j(x)
[
φφφ R(x,z j)

]⊺ dx,

(3.40)

and IIIφID denotes the diffraction integral:

IIIφID(ω)
3×1

=
Nb−1

∑
j=1

∫ z j

z j+1

nv j(z)
[
φI(x j+1,z)+φD(x j+1,z)

]
dz

+
Nd

∑
j=Nb+1

∫ z j

z j−1

nv j(z)
[
φI(x j,z)+φD(x j,z)

]
dz

+
Nc−1

∑
j=2

∫ x j

x j+1

nh j(x)
[
φI(x,z j)+φD(x,z j)

]
dx

+
Nd

∑
j=Nc+1

∫ x j

x j−1

nh j(x)
[
φI(x,z j)+φD(x,z j)

]
dx.

(3.41)

Note that the integration interval associated with the vertical boundary of the fluid subdomain
ΩNc is [zNc−1,zNc+1]. The augmented direction vectors on the vertical, horizontal boundaries
of the different groups of fluid subdomains are calculated by:

nv j(z) =





[
−1 0 −(z− z0)

]⊺
, j = 1,2, . . . ,Nb−1

[
1 0 (z− z0)

]⊺
, j = Nb +1,Nb +2, . . . ,Nd ,

nh j(x) =





[
0 1 −(x− x0)

]⊺
, j = 2,3, . . . ,Nc−1

[
0 −1 (x− x0)

]⊺
, j = Nc +1,Nc +2, . . . ,Nd ,

(3.42)

respectively.
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Analytical Solution to Linear Wave-Platform Interaction Problem

3.4 Numerical formulation: 2D boundary element method

Most existing boundary element codes, such as WAMIT [131] and NEMOH [96], utilize
the free-surface Green’s function to simplify the linear wave-platform BVP (Eq. (3.7)) into
boundary integral equations, which involve discretized elements only on the body surface SB.
However, these codes are typically developed for generic 3D problems, and only a few are
open-source. In this work, the 2D BEM formulation proposed by Meylan [90] is adopted, in
which the simple Green’s function

g(P,Q) =
1

2π
ln

1
rPQ

(3.43)

is applied on all boundaries. g(P, Q) describes the wave potential at point P due to a point
source of strength −1 placed at point Q [97], where rPQ is the distance between the two
points. Modifications to the original 2D BEM formulation and MATLAB codes open-sourced
in [90] have been made to improve computational efficiency. In addition, the calculation of
hydrostatic and hydrodynamic forces, which is not included in the original BEM code, is
proposed in this work with a corresponding MATLAB implementation developed.

3.4.1 Boundary integral equations

Based on Green’s theorem, the potential functions φφφ =
[
φ

surge
R φ heave

R φ
pitch
R φD

]⊺
at an

observation point P in the fluid domain, which is sufficiently close to the fluid boundary, can
be determined from the boundary integral equation:

1
2

φφφ(P) =
∮

S

∂φφφ(Q)

∂n
·g(P,Q)dS(Q)−

∮

S
φφφ(Q) · ∂g(P,Q)

∂n
dS(Q), (3.44)

where Q is defined as a dummy point on the closed fluid boundary surfaces S = SF ∪SB∪
S∞ ∪ SD. According to the expressions for boundary conditions in the frequency domain
under the linear potential flow assumption (Eq. (3.7)), ∂

∂nφφφ is known on the body surface (SB)
and the sea bed (SD), and the relation between φφφ and ∂

∂nφφφ is known on the free surface (SF )
and the far field (S∞). Hence, the boundary integral equation (Eq. (3.44)) can be rewritten as
equations with φφφ as the only unknowns on all fluid boundaries.

To alleviate the integration burden along the free surface extending to a sufficiently far
field (|x| ≫ 0), the fluid domain is truncated retaining the domain between two vertical
interfaces S− and S+, located at x = xL on the left side and x = xR on the right of the
floating platform. The potential functions in the outer regions can be represented as a sum of
eigenfunctions with unknown coefficients. Take the right open region (x > xR, −h≤ z≤ 0)
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3.4 Numerical formulation: 2D boundary element method

as example, the general expression for φφφ+(x,z,ω) has the same form as Eq. (3.13), and for
practical computation, only the first N modes are taken into account:

φφφ+ =
N

∑
n=1

A+,nΛ+,n(x,z,ω) =
N

∑
n=1

A+,ne−β+,n(x−xR)
cos [β+,n (z+h)]

cos(β+,nh)
, (3.45)

where β+,n = β1,n, and Λ+,n = ΛA,1,n. Continuity of pressure and velocity conditions are
enforced on the interface between the inner and outer regions (x = xR):

φφφ(xR,z,ω) = φφφ+(xR,z,ω) =
N

∑
n=1

A+,nΛ+,n(xR,z,ω), (3.46)

∂φφφ

∂x

∣∣∣∣
x=xR

=
∂φφφ+

∂x

∣∣∣∣
x=xR

=−
N

∑
n=1

β+,nA+,nΛ+,n(xR,z,ω). (3.47)

Multiplying both sides of Eq. (3.46) by its eigenfunctions Λ+,n(xR,z,ω) and integrating over
[−h,0], one can obtain the expression for A+,n. Plugging A+,n into Eq. (3.47) yields the new
relation between φφφ and ∂

∂nφφφ on S+:

∂φφφ

∂x
(xR,z,ω) =−

N

∑
n=1

β+,n

C+,n

{∫ 0

−h
φφφ(xR,z′,ω)Λ+,n(xR,z′,ω)dz′

}
Λ+,n(xR,z,ω), (3.48)

where C+,n =C1,n and the expression is given in Eq. (3.16). The φφφ and ∂

∂nφφφ relation on S−
is the same as Eq. (3.48) under the assumption of constant water depth.

3.4.2 Discretization of integral equations

In practice, the closed boundaries appearing in the integral equations of Eq. (3.44) are
discretized. As illustrated in Fig. 3.4, the fluid boundaries are approximated by Ne line
elements, with the endpoints (geometry points) of the jth element represented as (x j,z j) and
(x j+1,z j+1). The geometry points are labelled counter-clockwise across all fluid boundaries.
Ne is the sum of N− elements on the left boundary S−, N+ on the right boundary S+, NF on
the free surface SF , ND on the sea bed SD, and NB on the wetted body surface SB. Note that
although a barge-type floating platform is shown in Fig. 3.4, the BEM formulation described
in this work applies to platforms with arbitrary geometry.
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Analytical Solution to Linear Wave-Platform Interaction Problem

𝑆+ ∶ 𝑥 = 𝑥𝑅

ҧ𝑆𝐹: 𝑧 = 0

𝑆−: 𝑥 = 𝑥𝐿

𝑆𝐷  ∶ 𝑧 = −ℎ

ҧ𝑆𝐵

𝑥

𝑧

𝑂

Geometry point

Potential point

local coordinates

(𝑥𝑗 , 𝑧𝑗)

𝜍 𝜐

(𝑥𝑗+1, 𝑧𝑗+1) 𝛼𝑗

(𝑛𝑥,𝑗 , 𝑛𝑧,𝑗)
normal vector 

Example of the jth element

Fig. 3.4 Discretization of the fluid boundaries in the 2D BEM formulation.

The body surface boundary condition ñ at the jth element ( j = 1,2, . . . ,NB) can be
determined from Eq. (3.8) as:

ñnn j =




nx, j

nz, j

(
z j + z j+1

2
− z0)nx, j− (

x j + x j+1

2
− x0)nz, j

−∂φI(
x j+x j+1

2 ,
z j+z j+1

2 ,ω)

∂x
nx, j−

∂φI(
x j+x j+1

2 ,
z j+z j+1

2 ,ω)

∂ z
nz, j



, (3.49)

in which (x0,z0) is the center of gravity, and the components of normal vector can be
calculated given the coordinates of the associated geometry points:

nx, j =
z j+1− z j

∆s j
, nz, j =−

x j+1− x j

∆s j
, (3.50)

where ∆s j denotes the length of the jth element ∆s j =
√
(x j+1− x j)2 +(z j+1− z j)2. To

simplify subsequent integration calculations, local coordinates (ς ,υ) are defined on each
element. As illustrated in the example of the jth element in Fig. 3.4, the rotation angle
between the x− z and ς −υ coordinate systems is calculated by α j = tan−1

(
z j+1−z j
x j+1−x j

)
. The

midpoint of the kth element, with endpoints at (xk,zk) and (xk+1,zk+1), can then be expressed
in the ς −υ coordinates of the jth element as:

(
ς j,k

υ j,k

)
=




cosα j sinα j

sinα j −cosα j







xk + xk+1

2
− x j + x j+1

2
zk + zk+1

2
− z j + z j+1

2


 . (3.51)
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3.4 Numerical formulation: 2D boundary element method

The velocity potential φφφ and its derivative with respect to the normal to the boundary
direction ∂

∂nφφφ are both assumed to be constant over each element and are represented by their
values at the midpoint of each element (potential point). As explained in Section 3.4.1, ∂

∂nφφφ

can be eliminated from the integral equations given either the values of ∂

∂nφφφ or the relation
between ∂

∂nφφφ and φφφ on the boundaries:



...

...
∂

∂n
φφφ
⊺

...

...




Ne×4

=




R−
R+

ω2

g I
0

0




Ne×Ne




...

...

φφφ
⊺

...

...




Ne×4

+




0N−×4

0N+×4

0NF×4

0ND×4

ñ⊺
NB×4




Ne×4

. (3.52)

The five row blocks from top to bottom represent the boundary conditions on the left
boundary, right boundary, free surface, sea bed, and wetted body surface, respectively. The
dimension of the potential matrix φφφ is Ne×4, meaning the potential values on all Ne elements
for each of the 4 BVP problems (3 wave radiation problems and 1 diffraction problem).
The matrix R− represents the relation between ∂

∂nφφφ and φφφ on the left boundary, and R+ on
the right boundary. Usually the two boundaries are discretized in the same manner, which
gives N− = N+ and R− = R+. Denoting both of them as R, R jk ( j,k = 1,2, . . . ,NL) can be
calculated from Eq. (3.48) as follows:

R jk =−
N

∑
n=1

β+,n

C+,n

{∫ zk+1

zk

Λ+,n(xR,z′,ω)dz′
}

Λ+,n(xR,
z j + z j+1

2
,ω)

=−
N

∑
n=1

2β+,n {sin [β+,n(zk +h)]− sin [β+,n(zk+1 +h)]}cos
[
β+,n

(
z j+z j+1

2 +h
)]

cos(β+,nh)sin(β+,nh)+β+,nh
.

(3.53)

Substituting the equations of ∂

∂nφφφ (Eq. (3.52)) into the boundary integral equation, as
described in Eq. (3.44), one can obtain a set of linear algebraic equations with Ne× 4
equations and the same number of unknowns φφφ :





1
2

I+Gn−G




R
R

ω2

g I
0

0








Ne×Ne




...

...
φφφ
⊺

...

...




Ne×4

= G




0N−×4

0N+×4

0NF×4

0ND×4

ñ⊺
NB×4




Ne×4

, (3.54)
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Analytical Solution to Linear Wave-Platform Interaction Problem

where the matrix G represents the integral of the simple Green’s function (Eq. (3.43)) and
Gn represents the integral of its normal derivative. Thanks to the conversion into the local
ς −υ coordinate system, the integration calculation is greatly simplified. Take an example
of any arbitrary two elements j and k ( j,k = 1,2, . . . ,Ne), the influence of all points of the
jth element on the midpoint of the kth element can be integrated analytically as:

Gk j =−
1

4π

∫ ∆s j
2

−∆s j
2

ln
[
(ς − ς j,k)

2 +(υ−υ j,k)
2]dς

=





∆s j

2π
, ς j,k = 0, υ j,k = 0

−∆s j

2π
ln
(

υ
2
j,k

)
, ς j,k = 0, υ j,k ̸= 0

∆s j

2π
−

(
∆s j
2 + ς j,k

)
ln
(

∆s j
2 + ς j,k

)2
+
(

∆s j
2 − ς j,k

)
ln
(

∆s j
2 − ς j,k

)2

4π
, ς j,k ̸= 0, υ j,k = 0

∆s j

2π
−υ j,kGn,k j−

(
∆s j
2 + ς j,k

)
ln
[(

∆s j
2 + ς j,k

)2
+υ j,k

2
]

4π

−

(
∆s j
2 − ς j,k

)
ln
[

υ j,k
2 +
(

∆s j
2 − ς j,k

)2
]

4π
,

ς j,k ̸= 0, υ j,k ̸= 0,

(3.55)

and

Gn,k j =−
1

4π

∫ ∆s j
2

−∆s j
2

∂

∂υ
ln
[
(ς − ς j,k)

2 +(υ−υ j,k)
2]dς

=− 1
2π

∫ ∆s j
2

−∆s j
2

(
υ−υ j,k

)

(ς − ς j,k)2 +(υ−υ j,k)2 dς

=





0, υ j,k = 0

tan−1
(

∆s j
2 −ς j,k

υ j,k

)
+ tan−1

(
∆s j

2 +ς j,k
υ j,k

)

2π
, υ j,k ̸= 0.

(3.56)

Note that the analytical integrals of Eq. (3.55) and (3.56) avoid the typical singularity issue
in the numerical integration.

After determining the matrices R, G, Gn, and ñ from Eq. (3.53), Eq. (3.55), Eq. (3.56),
and Eq. (3.49), respectively, the system of linear equations in Eq. (3.54) can be solved using
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3.4 Numerical formulation: 2D boundary element method

the Gauss elimination method. The solutions φφφ are obtained at a specified wave frequency ω

for all potential points on the fluid boundaries. It is important to note that the solutions φφφ

for the wave radiation problems are complex values due to the purely imaginary eigenvalue
component β+,1 = ik, which is involved in R in Eq. (3.53) through the boundary conditions
on S− and S+. Given that these two boundaries can be placed arbitrarily far from the floating
platform, the wave radiation damping effect, which is only related to the imaginary part of φφφ

(see Eq. (3.11)), is found to originate solely from the far-field radiation boundary condition.
This observation is consistent with the transient analysis of the wave-platform interaction
problem under the potential flow theory, in which the energy generated by the disturbances
of the floating platform is radiated outwards and dissipated on the far-field boundaries [87].

It is also worth mentioning that the concatenation of ∂

∂nφφφ and φφφ for three radiation
problems and one diffraction problem in both Eq. (3.52) and (3.54) is due to the fact that the
matrices G, Gn, and the coefficient matrix diag

(
R−, R+,

ω2

g I, 0, 0
)

depend only on the
coordinates of the discretized boundaries and the wave frequency. Therefore, they only need
to be calculated once at each frequency, and the results can be applied to all four problems.
This approach, suggested in this work, reduces unnecessary computational costs present in
the original BEM code [90], where the coefficient matrix is recalculated for each problem.

3.4.3 Integration of wave forces

Once obtaining the solutions to φφφ =
[
φ

surge
R φ heave

R φ
pitch
R φD

]⊺
on all NB elements of

the wetted body-surface boundary SB for both the radiation and diffraction problems, the
hydrodynamic force coefficients listed in Eq. (3.11) can be computed simply through the
following matrix multiplications:

λλλ (ω)
3×3

= ρ nds
3×NB




...
...

...
φ

surge
R, j φ heave

R, j φ
pitch
R, j

...
...

...




Re

NB×3

,

µµµ(ω)
3×3

=−ρω nds
3×NB




...
...

...
φ

surge
R, j φ heave

R, j φ
pitch
R, j

...
...

...




Im

NB×3

,

Ke(iω)
3×1

=−ρiω nds
3×NB




...(
φI, j +φD, j

)
...




NB×1

,

(3.57)
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where

nds =




. . . nx, j∆s j . . .

. . . nz, j∆s j . . .

. . .

[
(
z j + z j+1

2
− z0)nx, j− (

x j + x j+1

2
− x0)nz, j

]
∆s j . . .




3×NB

. (3.58)

The buoyancy forces can be calculated by integrating the static pressure over the body
surface SB, which can be expressed separately for the surge, heave and pitch DoFs as follows:

Fb = Fb0−Khsξξξ

=




0

ρgA0

−ρgA0(xbuoy− x0)


−




0 0 0

0 ρgl0 −ρglx

0 −ρglx ρglxx +ρgA0(zbuoy− z0)







ξ1

ξ3

ξ5


 .

(3.59)

Note that the moment is again calculated around the center of gravity (x0,z0). In Eq. (3.59),
A0 denotes the submergence area of the floating platform, which can be calculated numerically
given the normal vector distribution (Eq. (3.50)) and the coordinates of geometry points on
SB either along the Ox or Oz axis:

A0 =
∫∫

SB

dxdz =−
NB

∑
j=1

x j + x j+1

2
nx, j∆s j =−

NB

∑
j=1

z j + z j+1

2
nz, j∆s j. (3.60)

The geometrical characteristics l0, lx, lxx related to the waterline (xNB+1 < x < x1) can be
easily calculated from:

l0 =
∫ x1

xNB+1

dx = x1− xNB+1,

lx =
∫ x1

xNB+1

(x− x0)dx =
(x1− x0)

2− (xNB+1− x0)
2

2
,

lxx =
∫ x1

xNB+1

(x− x0)
2dx =

(x1− x0)
3− (xNB+1− x0)

3

3
.

(3.61)

The center of buoyancy (xbuoy,zbuoy) in Eq. (3.59) are determined using the following
equations:
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xbuoy =

∫∫

SB

xdxdz

A0
=

−
NB

∑
j=1

x j + x j+1

2
z j + z j+1

2
nz, j∆s j

A0
,

zbuoy =

∫∫

SB

zdxdz

A0
=

−
NB

∑
j=1

x j + x j+1

2
z j + z j+1

2
nx, j∆s j

A0
.

(3.62)

3.5 Cross validation of codes

The linear boundary value problem for an arbitrary platform’s wetted surface SB can be
solved using either the analytical approach developed in Section 3.3 or the numerical BEM
approach described in Section 3.4. To cross-validate both methods, three cases of rectangular,
trapezoidal, and triangular submergence, as illustrated in Fig. 3.2, are examined in this
section. The hydrodynamic force coefficients obtained from both methods are compared
for each case. The rectangular and trapezoidal submergence cases are based on a floating
platform with the same cross-section as the middle section of the ITI-Barge platform [63],
having a width of 40 m, a height of 10 m, and a draft of 4 m under its static equilibrium
position, without the moonpool. When the platform displacement in surge, heave, and pitch
Dofs is ξ1 = ξ3 = ξ5 = 0, the platform is in its upright position, and the submergence area
is rectangular, as shown in Fig. 3.2(a). This corresponds to the equilibrium position of the
example NREL 5-MW ITI-Barge floating wind turbine introduced in Section 2.5. When
the platform is displaced to ξ1 = 0 m, ξ3 =−2 m, ξ5 = 10◦, the submergence area becomes
trapezoidal, as shown in Fig. 3.2(b), representing a possible movement of the example FWT
under combined wind and wave actions. For the third case, a special 45-45-90 triangular
submergence as shown in Fig. 3.2(c) is selected, with a width of 40 m, a height of 40 m,
a draft of 20 m and a platform displacement of ξ1 = ξ3 = 0 m, ξ5 = 45◦. Although such
triangular submergence is unlikely to occur on the example FWT, it serves as a useful test
for the robustness of both the analytical and numerical methods. In all three cases, the water
depth is set to h = 150 m.

3.5.1 Simple case of upright platform: surge-pitch coupled

Both the analytical and numerical formulations require the roots β1,n, (n = 1,2, . . . ,N) of
the wave dispersion relation (Eq. (3.14)) in open fluid domains. These roots include
one imaginary root β1,1 = ik and a truncated set of real roots β1,2, . . . ,β1,N . Solving this
transcendental equation analytically is challenging. In this work, a numerical method is
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adopted using the MATLAB function fsolve. It is important to note that poor initial guesses
for the real roots can cause convergence issues in the numerical algorithm, potentially
resulting in false or missing roots and eventually inaccurate solutions to the wave-platform
BVP. To overcome this issue, the qualitative insight that each real root β1,n is bounded by
(n− 3

2)π < β1,nh < (n−1)π [87] is leveraged, and the mean value (n− 5
4)π/h is used as the

initial guess for each real root. A truncated number N = 30 of roots are calculated across the
wave frequency range of ω = 0∼ 5 rad/s, and the results are plotted in Fig. 3.5. It can be
found that the roots vary continuously with the increase of wave frequency, and they are all
bounded within

(
(n−3/2)π

h , (n−1)π
h

)
.

Fig. 3.5 Roots of wave dispersion relation with h = 150 m, g = 9.81 m/s2.

Considering the assumption made in the 2D numerical BEM method in Section 3.4.2 that
the potential φφφ on each element is assumed to be constant and represented by its midpoint
value, the element length ∆s must be sufficiently small to ensure accurate numerical results.
The suggested ∆s is 1

8 of the shortest wave length being considered. This section presents
a convergence test on ∆s to validate the accuracy of the numerical solution. The non-zero
added mass coefficients λi j, (i, j = 1,3,5) and radiation damping coefficients µi j calculated
using five different sets of element lengths are compared in Fig. 3.6. The finest discretization,
referred to as “Mesh5”, features an element length ∆s of 0.05 m on the body surface SB, 0.25
m on the free surface SF , and 0.5 m on the sea bed SD and truncated vertical boundaries S±.
Coarser discretizations are obtained by scaling the ∆s of “Mesh5” on all boundaries uniformly
by factors of 2,4,6, and 8, resulting in meshes labelled as “Mesh4”, “Mesh3”,“Mesh2”, and
“Mesh1”, respectively. As shown in Fig. 3.6, the BEM solutions converge as ∆s decreases
from “Mesh1” to “Mesh5”, with “Mesh5” providing the most accurate results. Further
reduction in ∆s for “Mesh5” is anticipated to diminish the numerical oscillations even more,
but it would increase the simulation time. Therefore, “Mesh5” is selected as the optimal
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discretization for subsequent BEM analyses. Additionally, other convergence tests were
conducted concerning the location of the S± boundaries and the number of eigenfunctions
truncation N in the analytical representation of potentials in open fluid domains (Eq. (3.45)).
The left and right boundary location of x =±50 m on both sides and N = 30 eigenfunctions
were found to yield satisfactory accuracy for hydrodynamic coefficients.

Fig. 3.6 BEM convergence test of the upright platform. Coarse to fine discretization from
Mesh1 to Mesh5.

The analytical approach developed in this work is implemented using the Symbolic Math
Toolbox in MATLAB. As depicted in Fig. 3.2(a), the rectangular submergence requires only
three fluid subdomains in the analytical formulation (Eq. (3.33) – (3.38)), resulting in a
system of 4N linear equations for each radiation/diffraction problem. The surge-surge, heave-
heave, pitch-pitch and surge-pitch added mass (λ11,λ33,λ55,λ15) and radiation damping
(µ11,µ33,µ55,µ15) coefficients calculated using the analytical method, with eigenfunction
truncation numbers N = 10,20,30, are plotted in Fig. 3.7. These results are compared with
those obtained using the BEM with “Mesh5” discretization. Notably, due to Green’s theorem,
the pitch-surge added mass and radiation damping are identical to the surge-pitch ones, i.e.,
λ51 = λ15, µ51 = µ15, and thus they are not repeated in Fig. 3.7. Other couplings not shown
here are the surge-heave and heave-pitch couplings, which are effectively zero ignoring minor
numerical errors (i.e., λ13 = λ31 = 0, λ35 = λ53 = 0, and µ13 = µ31 = 0, µ35 = µ53 = 0). The
amplitude and phase angle of the wave excitation force (Ke, j) in the three DoFs, calculated
using both the analytical method and BEM, are compared in 3.8. The comparisons in Fig.
3.7 and 3.8 demonstrate that the analytical results converge towards the BEM results as more
truncated modes are included. Furthermore, the analytical method avoids the oscillations
observed in the high-frequency range, a common issue in the BEM due to its sensitivity to
mesh resolution, as demonstrated in Fig. 3.6.
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Fig. 3.7 BEM vs. analytical results of the upright platform: added mass (λi j) and radiation
damping (µi j) coefficients in surge-surge, heave-heave, pitch-pitch and surge-pitch couplings.

Fig. 3.8 BEM vs. analytical results of the upright platform: amplitude and phase angle of
wave excitation force (Ke j) coefficients.

The radiated wave velocity fields induced by unit body velocity in surge (φ surge
R ), heave

(φ heave
R ), and pitch (φ pitch

R ) DoF at the wave frequency of 1 rad/s are calculated using the
analytical method, as shown in Fig. 3.9. As the influence of platform movements decays with
increasing water depth, only the velocity field above z =−30 m is plotted. It can be observed
from Fig. 3.9 that under the rectangular submergence that is symmetrical about the Oz axis,
the surge- and pitch-radiation velocity fields are anti-symmetrical, while the heave-radiation
field is symmetrical about Oz. This symmetry explains the zero surge-heave and heave-pitch
couplings, while non-zero surge-pitch coupling in the added mass and radiation damping
results as shown in Fig. 3.7. Moreover, it can be found that the continuity conditions of
the normal (horizontal) velocity on the vertical interfaces at x = ±20 m are not satisfied
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pointwise. Instead, they are enforced in the weighted residuals form via the Galerkin method,
in which the eigenfunctions are taken as weights, such as in Eq. (3.32). This leads to an
unrealistic discontinuity in the wave flow across the two vertical interfaces, as shown in Fig.
3.9.

Fig. 3.9 Radiated wave velocity field induced by unit surge, heave, pitch velocity of the
upright platform at wave frequency ω = 1 rad/s.
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The diffracted wave velocity field (φD) induced by the incident wave with unit wave
amplitude (φI), as well as the combined field of incident and diffracted waves (φI + φD)
at the wave frequency ω = 1 rad/s, are depicted in Fig. 3.10. The plots reveal a strong
harmonic pattern in both the φD and φI +φD fields along the Ox direction. This harmonic
behavior is a direct result of the e−ikx term in the expression of φI (Eq. (3.5)). Moreover, the
wave velocity normal to the body surface in the φI +φD field is found to be effectively zero.
This is attributed to the boundary condition imposed in the diffraction problem, which is
expected to negate the influence of the incident wave (φI) on the body surface, ensuring that
the total velocity field (φI +φD) satisfies the boundary condition of no normal flow across the
surface of the floating platform. Note again that the continuity conditions on the two vertical
interfaces are satisfied in the Galerkin weighted residuals form, which explains the slight
normal velocity components on the body surface.

Fig. 3.10 Diffracted wave velocity field, and the sum of incident and diffracted wave field of
the upright platform at wave frequency ω = 1 rad/s.
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3.5.2 Generic case of tilted platform: surge-heave-pitch all coupled

In this section, a generic trapezoidal submergence case is examined. Convergence tests
concerning both the step discretization of the fluid domain and the number of eigenfunction
truncations are performed. Fig. 3.11 illustrates the discretization for three cases, each with a
different number of steps along the sides AB, BC, and CD of the trapezoidal submergence.
The roots for the wave dispersion relation in left and right open domains (Eq. (3.14)) remain
the same as those shown in Fig. 3.5. When the step number on side CD is non-zero, new
wave dispersion relations (Eq. (3.25)) are solved numerically to find the roots β j,n, where
j = Nc +1, . . . ,Nd and n = 1,2, . . . ,N. Note that the first root is imaginary and is denoted as
β j,1 = ik j. Fig. 3.12 presents the first 30 roots of this new dispersion equation with one step
on side CD (z j =−1.647 m), and shows how these roots vary with wave frequency. The real
roots are found to be significantly larger than those in Fig. 3.5, which can be attributed to the
considerable difference in the height of the fluid domains (1.647 m vs.150 m). However, the
imaginary root is not affected much by the fluid height.

Fig. 3.11 Step discretization of a generically tilted platform.

Fig. 3.12 Roots of the dispersion relation with z j =−1.647 m, g = 9.81 m/s2.
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Given the coordinates of all steps (x j,z j) and the eigenfunctions truncation number N,
the system of linear equations can be analytically formulated according to Eq. (3.33) –
(3.38) for each of the three discretization examples illustrated in Fig. 3.11. Take the step
discretization labelled “AB4-BC20-CD1” as an example, the total Nd = 28 fluid subdomains
and N = 30 truncation modes yield 27× 30× 4× 2 = 6480 unknowns and equations for
each wave frequency. The solutions to these systems of equations yield the added mass,
radiation damping, and wave excitation force coefficients, which are presented in Fig. 3.13 –
3.15. For cross-validation, the results obtained from the numerical BEM with the “Mesh5”
discretization are also included. The comparison shows that the analytical results increasingly
align with the numerical BEM results as the step discretization becomes finer and the
eigenfunction truncation number N increases. This trend of convergence verifies the accuracy
and reliability of the analytical approach when sufficient discretization and eigenfunction
truncations are employed.

Moreover, unlike the rectangular submergence case discussed in Section 3.5.1, the
generic trapezoidal submergence does not exhibit the same symmetric characteristics. As
a result, all three DoFs (surge, heave, and pitch) are coupled, leading to non-zero coupling
coefficients in the surge-heave and heave-pitch interactions, as shown in Fig. 3.14. These
additional coupling effects, especially the negative added mass (λ35) and negative radiation
damping (µ13,µ35) coefficients that can be observed within some wave frequency ranges,
can potentially affect the dynamics of the floating platform significantly, and thus must be
handled carefully in the nonlinear dynamic analysis.

Fig. 3.13 BEM vs. analytical results of a generically tilted platform: added mass (λi j) and
radiation damping (µi j) in surge-surge, heave-heave, pitch-pitch and surge-pitch couplings.
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Fig. 3.14 BEM vs. analytical results of a generically tilted platform: added mass (λi j) and
radiation damping (µi j) in surge-heave and heave-pitch couplings.

Fig. 3.15 BEM vs. analytical results of a generically tilted platform: amplitude and phase
angle of wave excitation force (Ke j) coefficients.

Despite further attempts to refine the analytical results by increasing the step discretization
and the number of eigenfunctions truncation, the accuracy does not improve significantly.
This is due to several factors related to the way the continuity conditions are enforced along
the mixed vertical boundary of the body surface and the fluid domain. In the analytical
formulation, the continuity of pressure and velocity is enforced in the Galerkin weighted
residuals form across these boundaries. For instance, consider the velocity continuity
condition along the vertical boundary at x = x2, as expressed in Eq. (3.32). The right-hand
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side of this condition is the sum of integrals over two segments: [−h,z2] in the fluid domain
and [z2,0] on the vertical body step. In the discretization example labelled as “AB4-BC20-
CD1”, these segments are [−150,−1.0463] m and [−1.0463,0] m, respectively. The latter
segment, corresponding to the body, accounts for only about 0.7% of the entire integral
range due to the fine discretization. However, the potential solutions on this small segment
directly impact the resultant hydrodynamic forces, making the accuracy of these integrals
crucial. Given the small contribution from the body segment relative to the fluid domain in
the integral calculation, the influence of potential values on the body can be underrepresented,
which hinders further improvement of the analytical results even with increased discretization
and eigenfunctions included.

To address this issue, it is suggested that a z-dependent additional weight function be
applied to the integrals, giving more emphasis to the body boundaries. However, introducing
such a weight function must be done carefully. An inappropriate choice can disrupt the
orthogonality of the eigenfunctions, which is beneficial in reducing the number of eigen-
functions needed for accurate solutions. Therefore, further investigation is necessary to
propose a suitable weight function that enhances the accuracy of the analytical method
without imposing a significant computational burden.

3.5.3 Special case of tilted platform: surge-pitch coupled

A special 45-45-90 triangular submergence case is investigated in this section. As shown
in Fig. 3.16, three discretization examples are considered, each with a different number of
steps along the AB and BC sides. These examples are combined with various numbers of
truncated eigenfunctions N = 10,20,30, and are calculated using the analytical method. The
resultant added mass, radiation damping, and wave excitation force coefficients are plotted in
Fig. 3.17 and 3.18, in which the numerical BEM results are shown for comparison.

Fig. 3.16 Step discretization of the special 45-45-90 triangular submergence.
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Fig. 3.17 BEM vs. analytical results of a specially tilted platform: added mass (λi j) and
radiation damping (µi j) in surge-surge, heave-heave, pitch-pitch and surge-pitch couplings.

Fig. 3.18 BEM vs. analytical results of a specially tilted platform: amplitude and phase angle
of wave excitation force (Ke j) coefficients.

As observed in previous cases, the analytical results tend to converge toward the numerical
BEM results as both the step discretization and the eigenfunctions truncation number N
are increased. However, the number of truncation modes should be compatible with the
number of step discretization for better performance of the analytical method. As can be
observed in Fig. 3.17 and 3.18, the “AB20-BC20” discretization with only N = 20 truncated
modes shows similar or even slightly worse results compared to the coarser “AB10-BC10”
discretization with N = 20, whereas the “AB20-BC20” discretization with an increased
N = 30 significantly improve the analytical results. That being said, the effects of increasing
steps and truncated modes are limited, as discussed in Section 3.5.2, and the discrepancies
between the analytical and BEM methods remain.
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Interestingly, the geometric symmetry of the 45-45-90 triangle and the symmetric dis-
cretized steps on both AB and BC sides, lead to similar coupling effects of the added mass
and radiation damping coefficients, as those discussed in Section 3.5.1. More specifically,
the couplings between the surge-heave (λ13,µ13) and heave-pitch (λ35,µ35) DoFs no longer
exist, which verifies again the robustness of both the analytical and BEM formulations.

3.6 Computational efficiency

The computational efficiency of the analytical and numerical methods is compared in this
section. Table 3.1 presents CPU times for both methods under upright (ξ3 = 0 m, ξ5 = 0◦)
and tilted (ξ3 =−2 m, ξ5 = 10◦) platform poses at wave frequency ω = 1 rad/s. The “Mesh5”
discretization as described in Section 3.5.1 is used for the BEM solver. Three truncation
modes of the eigenfunctions are examined for the analytical solver, which are compatible
with three step discretizations used in the tilted platform pose, as depicted in Fig. 3.11.

Table 3.1 Comparison of CPU time for BEM vs. analytical solutions (ω = 1 rad/s).

Platform poses BEM (Mesh5)
Analytical

N=10 N=20 N=30

Upright platform 1.8s
(AB0-BC1-CD0)

0.3s

(AB0-BC1-CD0)

0.9s

(AB0-BC1-CD0)

2.2s

Tilted platform 2s
(AB1-BC5-CD0)

1.8s

(AB2-BC10-CD1)

42s

(AB4-BC20-CD1)

403s

It can be found from Table 3.1 that, when the platform is upright, the analytical solver
performs comparably to BEM even with N = 30 truncated modes. However, for the tilted
platform, CPU time increases significantly as step approximations and truncated modes
increase. Thus, while the analytical method is computationally efficient and provides valuable
physical insights for upright platforms, the BEM solver is recommended for tilted platform
scenarios due to its superior computational efficiency.
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3.7 Conclusions

An analytical formulation to address the 2D linear wave-platform boundary value problem
for wetted platform surfaces of arbitrary geometry is developed in this work. The non-
orthogonal body-surface boundaries, which prevent the direct use of the method of separation
of variables, are approximated by a series of horizontal and vertical steps. The standard
eigenfunction expansion matching method is applied to the discretized fluid subdomains.
A system of linear equations is then derived, from which the unknown coefficients of the
eigenfunctions are calculated and the potentials in the entire fluid domain are determined. A
2D numerical BEM formulation that employs the simple Green’s function and truncated fluid
domains is adopted for the cross-validation of the analytical approach. This work provides
a detailed description of the 2D BEM methodology, which has not been comprehensively
documented in previous literature. The calculation of hydrodynamic and hydrostatic forces
from both the analytical and numerical potential solutions is also included.

Three examples of barge-type platform submergence cases, i.e., rectangular, trapezoidal,
and 45-45-90 triangular shapes, which correspond to different platform positions, are exam-
ined. The added mass, radiation damping and wave excitation force coefficients calculated
using both analytical and numerical methods are compared for each case. For the rectangular
submergence when the platform is in its static equilibrium position, the analytical results
show excellent agreement with the numerical BEM results across a wide range of frequencies.
For non-rectangular geometries when the platform is tilted, it is found that the analytical
results generally converge towards the BEM results as the step discretization becomes finer
and the number of truncated eigenfunctions is increased, and more truncated eigenfunctions
are required for finer step discretization. However, this comes at the expense of significantly
higher computational costs compared to the BEM code. The limitations of the developed
analytical formulation are also discussed. Specifically, the analytical results do not improve
with further increases in step discretization and eigenfunction truncation. This is attributed to
challenges in enforcing the mixed boundary condition at the interface between fluid subdo-
mains, where the influence of the body segment is underrepresented. Further research on an
appropriate weighting function that emphasizes the body segment is suggested.

The influence of platform position on its hydrodynamic behaviour has also been revealed
from the examples. The barge-type floating platform in its static equilibrium position shows
no coupling between the surge-heave and heave-pitch added mass and radiation damping
coefficients, due to the symmetry of the body submergence area. However, when the platform
is tilted, unless the submergence area is perfectly symmetric, the generally asymmetric body
submergence introduces non-zero surge-heave and heave-pitch couplings in the added mass
and radiation damping. Some of them are even negative and are anticipated to affect the
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platform dynamics and eventually the global dynamic response of the FWT. This geometric
nonlinear effect, induced by the variation of the platform submergence, will be taken into
account in the subsequent nonlinear dynamic analysis of FWTs.

Overall, this work demonstrates that the proposed analytical method can reliably solve
the linear wave-platform BVP for various body submergence geometries, often providing
results comparable to the numerical BEM approach. Particularly in cases involving simple
rectangular submergence, the analytical method offers superior computational efficiency and
deeper insight into potential flow physics. It is important to note that the proposed analytical
method is applicable not only to the FWTs studied in this work, but also to a broad range of
floating structures, especially those exhibiting pronounced 2D flow characteristics, such as
floating breakwaters of different shapes, floating bridge piers, and vessels.
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Chapter 4

Linear Parameter-varying Model for
Geometrically Nonlinear FWT
Hydrodynamics

4.1 Introduction

The compliance of floating platforms can result in large displacements and rotations for
floating wind turbines (FWT) under combined wind and wave actions. For instance, DNVGL-
RP-0286 [26] specifies a maximum allowable tilting angle of up to 10◦ for operating and
15◦ for non-operating FWTs at the tower top. In contrast, the tilt for their bottom-fixed
counterparts is limited to just 0.5◦. Such substantial platform motion poses novel challenges
for FWTs due to the geometrically nonlinear wave-platform interaction effects. This phe-
nomenon has been reported by Antonutti et al. [4], who observed a 10% increase in the pitch
response of the 5-MW Dutch Tri-floater FWT when the platform is subjected to a constant
platform inclination of 6◦ in the downwind direction from its equilibrium position. Similarly,
Li and Bachynski [76] reported a 17% reduction in the vertical wave diffraction force on the
5-MW OC6 semi-submersible FWT when the platform is fixed at a 5◦ inclination. These
findings suggest that evaluating hydrodynamics around the equilibrium platform position,
as done using the conventional linear potential flow theory, may lead to inaccurate analyses.
Popular FWT simulation tools, such as OpenFAST [101] and HWAC2 [50], which employ
such linear assumptions, exhibit notable limitations in handling large platform motions.

The geometrically nonlinear effects in wave-platform interactions can be evaluated using
various modelling assumptions, which are categorized into different levels of complexity, as
summarized in the following Fig. 4.1.
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Navier-Stokes equations solver

<latexit sha1_base64="w2IAyLsyWQX+T9ADtNyxWet4caQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXRD0GBfEY0TwgWcLsZJKMmZ1dZnqFsOQfvHhQxKv/482/cZLsQaMFDUVVN91dQSyFQdf9cnJLyyura/n1wsbm1vZOcXevYaJEM15nkYx0K6CGS6F4HQVK3oo1p2EgeTMYXU395iPXRkTqHscx90M6UKIvGEUrNe6612U87hZLbsWdgfwlXkZKkKHWLX52ehFLQq6QSWpM23Nj9FOqUTDJJ4VOYnhM2YgOeNtSRUNu/HR27YQcWaVH+pG2pZDM1J8TKQ2NGYeB7QwpDs2iNxX/89oJ9i/8VKg4Qa7YfFE/kQQjMn2d9ITmDOXYEsq0sLcSNqSaMrQBFWwI3uLLf0njpOKdVbzb01L1MosjDwdwCGXw4ByqcAM1qAODB3iCF3h1IufZeXPe5605J5vZh19wPr4BkiuOeQ==</latexit>

SF (t)

Linear
<latexit sha1_base64="lWvAZMupqsGA1wJeCXY/wzB0TRk=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMtSNy4r2ge0Y8mkmTY0kwxJRilD/8ONC0Xc+i/u/Bsz7Sy09UDgcM493JsTxJxp47rfTmFldW19o7hZ2tre2d0r7x+0tEwUoU0iuVSdAGvKmaBNwwynnVhRHAWctoPxdea3H6nSTIp7M4mpH+GhYCEj2FjpoSetmWXTu2m/3i9X3Ko7A1omXk4qkKPRL3/1BpIkERWGcKx113Nj46dYGUY4nZZ6iaYxJmM8pF1LBY6o9tPZ1VN0YpUBCqWyTxg0U38nUhxpPYkCOxlhM9KLXib+53UTE175KRNxYqgg80VhwpGRKKsADZiixPCJJZgoZm9FZIQVJsYWVbIleItfXiats6p3UfVuzyu1el5HEY7gGE7Bg0uowQ00oAkEFDzDK7w5T86L8+58zEcLTp45hD9wPn8A0beSuA==</latexit>

SB

<latexit sha1_base64="I8GlPNjX/i0helmsJJ9+GY0hXNc=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiIC4r2ge0Y8mkmTY0kwxJRilD/8ONC0Xc+i/u/Bsz7Sy09UDgcM493JsTxJxp47rfTmFpeWV1rbhe2tjc2t4p7+41tUwUoQ0iuVTtAGvKmaANwwyn7VhRHAWctoLRVea3HqnSTIp7M46pH+GBYCEj2FjpoSutmWXTu0nvuleuuFV3CrRIvJxUIEe9V/7q9iVJIioM4VjrjufGxk+xMoxwOil1E01jTEZ4QDuWChxR7afTqyfoyCp9FEplnzBoqv5OpDjSehwFdjLCZqjnvUz8z+skJrzwUybixFBBZovChCMjUVYB6jNFieFjSzBRzN6KyBArTIwtqmRL8Oa/vEiaJ1XvrOrdnlZql3kdRTiAQzgGD86hBjdQhwYQUPAMr/DmPDkvzrvzMRstOHlmH/7A+fwB18eSvA==</latexit>

SF

<latexit sha1_base64="lWvAZMupqsGA1wJeCXY/wzB0TRk=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMtSNy4r2ge0Y8mkmTY0kwxJRilD/8ONC0Xc+i/u/Bsz7Sy09UDgcM493JsTxJxp47rfTmFldW19o7hZ2tre2d0r7x+0tEwUoU0iuVSdAGvKmaBNwwynnVhRHAWctoPxdea3H6nSTIp7M4mpH+GhYCEj2FjpoSetmWXTu2m/3i9X3Ko7A1omXk4qkKPRL3/1BpIkERWGcKx113Nj46dYGUY4nZZ6iaYxJmM8pF1LBY6o9tPZ1VN0YpUBCqWyTxg0U38nUhxpPYkCOxlhM9KLXib+53UTE175KRNxYqgg80VhwpGRKKsADZiixPCJJZgoZm9FZIQVJsYWVbIleItfXiats6p3UfVuzyu1el5HEY7gGE7Bg0uowQ00oAkEFDzDK7w5T86L8+58zEcLTp45hD9wPn8A0beSuA==</latexit>

SB

Froude-Krylov 
nonlinear

<latexit sha1_base64="qm0uJ6TcblLWfqk+ufgjBe6OKAA=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoMQL2FXRD2GePEY0TwgWcLsZJKMmZ1ZZnqFsOQfvHhQxKv/482/cZLsQaMFDUVVN91dYSy4Qc/7cnIrq2vrG/nNwtb2zu5ecf+gaVSiKWtQJZRuh8QwwSVrIEfB2rFmJAoFa4Xj65nfemTacCXvcRKzICJDyQecErRS865XK+Npr1jyKt4c7l/iZ6QEGeq94me3r2gSMYlUEGM6vhdjkBKNnAo2LXQTw2JCx2TIOpZKEjETpPNrp+6JVfruQGlbEt25+nMiJZExkyi0nRHBkVn2ZuJ/XifBwVWQchknyCRdLBokwkXlzl53+1wzimJiCaGa21tdOiKaULQBFWwI/vLLf0nzrOJfVPzb81K1lsWRhyM4hjL4cAlVuIE6NIDCAzzBC7w6ynl23pz3RWvOyWYO4Recj2+MD451</latexit>

SB(t)

Body nonlinear

<latexit sha1_base64="qm0uJ6TcblLWfqk+ufgjBe6OKAA=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoMQL2FXRD2GePEY0TwgWcLsZJKMmZ1ZZnqFsOQfvHhQxKv/482/cZLsQaMFDUVVN91dYSy4Qc/7cnIrq2vrG/nNwtb2zu5ecf+gaVSiKWtQJZRuh8QwwSVrIEfB2rFmJAoFa4Xj65nfemTacCXvcRKzICJDyQecErRS865XK+Npr1jyKt4c7l/iZ6QEGeq94me3r2gSMYlUEGM6vhdjkBKNnAo2LXQTw2JCx2TIOpZKEjETpPNrp+6JVfruQGlbEt25+nMiJZExkyi0nRHBkVn2ZuJ/XifBwVWQchknyCRdLBokwkXlzl53+1wzimJiCaGa21tdOiKaULQBFWwI/vLLf0nzrOJfVPzb81K1lsWRhyM4hjL4cAlVuIE6NIDCAzzBC7w6ynl23pz3RWvOyWYO4Recj2+MD451</latexit>

SB(t)

Radiation/diffraction BVP Incident wave forces Hydrostatics
<latexit sha1_base64="lWvAZMupqsGA1wJeCXY/wzB0TRk=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMtSNy4r2ge0Y8mkmTY0kwxJRilD/8ONC0Xc+i/u/Bsz7Sy09UDgcM493JsTxJxp47rfTmFldW19o7hZ2tre2d0r7x+0tEwUoU0iuVSdAGvKmaBNwwynnVhRHAWctoPxdea3H6nSTIp7M4mpH+GhYCEj2FjpoSetmWXTu2m/3i9X3Ko7A1omXk4qkKPRL3/1BpIkERWGcKx113Nj46dYGUY4nZZ6iaYxJmM8pF1LBY6o9tPZ1VN0YpUBCqWyTxg0U38nUhxpPYkCOxlhM9KLXib+53UTE175KRNxYqgg80VhwpGRKKsADZiixPCJJZgoZm9FZIQVJsYWVbIleItfXiats6p3UfVuzyu1el5HEY7gGE7Bg0uowQ00oAkEFDzDK7w5T86L8+58zEcLTp45hD9wPn8A0beSuA==</latexit>

SB

<latexit sha1_base64="qm0uJ6TcblLWfqk+ufgjBe6OKAA=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoMQL2FXRD2GePEY0TwgWcLsZJKMmZ1ZZnqFsOQfvHhQxKv/482/cZLsQaMFDUVVN91dYSy4Qc/7cnIrq2vrG/nNwtb2zu5ecf+gaVSiKWtQJZRuh8QwwSVrIEfB2rFmJAoFa4Xj65nfemTacCXvcRKzICJDyQecErRS865XK+Npr1jyKt4c7l/iZ6QEGeq94me3r2gSMYlUEGM6vhdjkBKNnAo2LXQTw2JCx2TIOpZKEjETpPNrp+6JVfruQGlbEt25+nMiJZExkyi0nRHBkVn2ZuJ/XifBwVWQchknyCRdLBokwkXlzl53+1wzimJiCaGa21tdOiKaULQBFWwI/vLLf0nzrOJfVPzb81K1lsWRhyM4hjL4cAlVuIE6NIDCAzzBC7w6ynl23pz3RWvOyWYO4Recj2+MD451</latexit>

SB(t)
<latexit sha1_base64="qm0uJ6TcblLWfqk+ufgjBe6OKAA=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoMQL2FXRD2GePEY0TwgWcLsZJKMmZ1ZZnqFsOQfvHhQxKv/482/cZLsQaMFDUVVN91dYSy4Qc/7cnIrq2vrG/nNwtb2zu5ecf+gaVSiKWtQJZRuh8QwwSVrIEfB2rFmJAoFa4Xj65nfemTacCXvcRKzICJDyQecErRS865XK+Npr1jyKt4c7l/iZ6QEGeq94me3r2gSMYlUEGM6vhdjkBKNnAo2LXQTw2JCx2TIOpZKEjETpPNrp+6JVfruQGlbEt25+nMiJZExkyi0nRHBkVn2ZuJ/XifBwVWQchknyCRdLBokwkXlzl53+1wzimJiCaGa21tdOiKaULQBFWwI/vLLf0nzrOJfVPzb81K1lsWRhyM4hjL4cAlVuIE6NIDCAzzBC7w6ynl23pz3RWvOyWYO4Recj2+MD451</latexit>

SB(t)
<latexit sha1_base64="I8GlPNjX/i0helmsJJ9+GY0hXNc=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiIC4r2ge0Y8mkmTY0kwxJRilD/8ONC0Xc+i/u/Bsz7Sy09UDgcM493JsTxJxp47rfTmFpeWV1rbhe2tjc2t4p7+41tUwUoQ0iuVTtAGvKmaANwwyn7VhRHAWctoLRVea3HqnSTIp7M46pH+GBYCEj2FjpoSutmWXTu0nvuleuuFV3CrRIvJxUIEe9V/7q9iVJIioM4VjrjufGxk+xMoxwOil1E01jTEZ4QDuWChxR7afTqyfoyCp9FEplnzBoqv5OpDjSehwFdjLCZqjnvUz8z+skJrzwUybixFBBZovChCMjUVYB6jNFieFjSzBRzN6KyBArTIwtqmRL8Oa/vEiaJ1XvrOrdnlZql3kdRTiAQzgGD86hBjdQhwYQUPAMr/DmPDkvzrvzMRstOHlmH/7A+fwB18eSvA==</latexit>

SF

<latexit sha1_base64="qm0uJ6TcblLWfqk+ufgjBe6OKAA=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoMQL2FXRD2GePEY0TwgWcLsZJKMmZ1ZZnqFsOQfvHhQxKv/482/cZLsQaMFDUVVN91dYSy4Qc/7cnIrq2vrG/nNwtb2zu5ecf+gaVSiKWtQJZRuh8QwwSVrIEfB2rFmJAoFa4Xj65nfemTacCXvcRKzICJDyQecErRS865XK+Npr1jyKt4c7l/iZ6QEGeq94me3r2gSMYlUEGM6vhdjkBKNnAo2LXQTw2JCx2TIOpZKEjETpPNrp+6JVfruQGlbEt25+nMiJZExkyi0nRHBkVn2ZuJ/XifBwVWQchknyCRdLBokwkXlzl53+1wzimJiCaGa21tdOiKaULQBFWwI/vLLf0nzrOJfVPzb81K1lsWRhyM4hjL4cAlVuIE6NIDCAzzBC7w6ynl23pz3RWvOyWYO4Recj2+MD451</latexit>

SB(t)

<latexit sha1_base64="lWvAZMupqsGA1wJeCXY/wzB0TRk=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMtSNy4r2ge0Y8mkmTY0kwxJRilD/8ONC0Xc+i/u/Bsz7Sy09UDgcM493JsTxJxp47rfTmFldW19o7hZ2tre2d0r7x+0tEwUoU0iuVSdAGvKmaBNwwynnVhRHAWctoPxdea3H6nSTIp7M4mpH+GhYCEj2FjpoSetmWXTu2m/3i9X3Ko7A1omXk4qkKPRL3/1BpIkERWGcKx113Nj46dYGUY4nZZ6iaYxJmM8pF1LBY6o9tPZ1VN0YpUBCqWyTxg0U38nUhxpPYkCOxlhM9KLXib+53UTE175KRNxYqgg80VhwpGRKKsADZiixPCJJZgoZm9FZIQVJsYWVbIleItfXiats6p3UfVuzyu1el5HEY7gGE7Bg0uowQ00oAkEFDzDK7w5T86L8+58zEcLTp45hD9wPn8A0beSuA==</latexit>

SB

<latexit sha1_base64="I8GlPNjX/i0helmsJJ9+GY0hXNc=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiIC4r2ge0Y8mkmTY0kwxJRilD/8ONC0Xc+i/u/Bsz7Sy09UDgcM493JsTxJxp47rfTmFpeWV1rbhe2tjc2t4p7+41tUwUoQ0iuVTtAGvKmaANwwyn7VhRHAWctoLRVea3HqnSTIp7M46pH+GBYCEj2FjpoSutmWXTu0nvuleuuFV3CrRIvJxUIEe9V/7q9iVJIioM4VjrjufGxk+xMoxwOil1E01jTEZ4QDuWChxR7afTqyfoyCp9FEplnzBoqv5OpDjSehwFdjLCZqjnvUz8z+skJrzwUybixFBBZovChCMjUVYB6jNFieFjSzBRzN6KyBArTIwtqmRL8Oa/vEiaJ1XvrOrdnlZql3kdRTiAQzgGD86hBjdQhwYQUPAMr/DmPDkvzrvzMRstOHlmH/7A+fwB18eSvA==</latexit>

SF

Body exact
<latexit sha1_base64="qm0uJ6TcblLWfqk+ufgjBe6OKAA=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoMQL2FXRD2GePEY0TwgWcLsZJKMmZ1ZZnqFsOQfvHhQxKv/482/cZLsQaMFDUVVN91dYSy4Qc/7cnIrq2vrG/nNwtb2zu5ecf+gaVSiKWtQJZRuh8QwwSVrIEfB2rFmJAoFa4Xj65nfemTacCXvcRKzICJDyQecErRS865XK+Npr1jyKt4c7l/iZ6QEGeq94me3r2gSMYlUEGM6vhdjkBKNnAo2LXQTw2JCx2TIOpZKEjETpPNrp+6JVfruQGlbEt25+nMiJZExkyi0nRHBkVn2ZuJ/XifBwVWQchknyCRdLBokwkXlzl53+1wzimJiCaGa21tdOiKaULQBFWwI/vLLf0nzrOJfVPzb81K1lsWRhyM4hjL4cAlVuIE6NIDCAzzBC7w6ynl23pz3RWvOyWYO4Recj2+MD451</latexit>

SB(t)
<latexit sha1_base64="qm0uJ6TcblLWfqk+ufgjBe6OKAA=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoMQL2FXRD2GePEY0TwgWcLsZJKMmZ1ZZnqFsOQfvHhQxKv/482/cZLsQaMFDUVVN91dYSy4Qc/7cnIrq2vrG/nNwtb2zu5ecf+gaVSiKWtQJZRuh8QwwSVrIEfB2rFmJAoFa4Xj65nfemTacCXvcRKzICJDyQecErRS865XK+Npr1jyKt4c7l/iZ6QEGeq94me3r2gSMYlUEGM6vhdjkBKNnAo2LXQTw2JCx2TIOpZKEjETpPNrp+6JVfruQGlbEt25+nMiJZExkyi0nRHBkVn2ZuJ/XifBwVWQchknyCRdLBokwkXlzl53+1wzimJiCaGa21tdOiKaULQBFWwI/vLLf0nzrOJfVPzb81K1lsWRhyM4hjL4cAlVuIE6NIDCAzzBC7w6ynl23pz3RWvOyWYO4Recj2+MD451</latexit>

SB(t)
<latexit sha1_base64="qm0uJ6TcblLWfqk+ufgjBe6OKAA=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoMQL2FXRD2GePEY0TwgWcLsZJKMmZ1ZZnqFsOQfvHhQxKv/482/cZLsQaMFDUVVN91dYSy4Qc/7cnIrq2vrG/nNwtb2zu5ecf+gaVSiKWtQJZRuh8QwwSVrIEfB2rFmJAoFa4Xj65nfemTacCXvcRKzICJDyQecErRS865XK+Npr1jyKt4c7l/iZ6QEGeq94me3r2gSMYlUEGM6vhdjkBKNnAo2LXQTw2JCx2TIOpZKEjETpPNrp+6JVfruQGlbEt25+nMiJZExkyi0nRHBkVn2ZuJ/XifBwVWQchknyCRdLBokwkXlzl53+1wzimJiCaGa21tdOiKaULQBFWwI/vLLf0nzrOJfVPzb81K1lsWRhyM4hjL4cAlVuIE6NIDCAzzBC7w6ynl23pz3RWvOyWYO4Recj2+MD451</latexit>

SB(t)
<latexit sha1_base64="2qbMZ9Lizl0XN24qWAHKRV5yYGA=">AAACDnicbVC7SgNBFJ2N7/iKWtoMhoA2y66I2giiINopGg1kl2V2cjcZMvtg5q4Ql3yBjb9iY6GIrbWdf+MkptDogYHDOfdw554wk0Kj43xapYnJqemZ2bny/MLi0nJlZfVap7niUOepTFUjZBqkSKCOAiU0MgUsDiXchN3jgX9zC0qLNLnCXgZ+zNqJiARnaKSgUvMkRGjTy+BkE7c8Jdod9EwAaUCLuwMPkAVn/aBSdWxnCPqXuCNSJSOcB5UPr5XyPIYEuWRaN10nQ79gCgWX0C97uYaM8S5rQ9PQhMWg/WJ4Tp/WjNKiUarMS5AO1Z+JgsVa9+LQTMYMO3rcG4j/ec0co32/EEmWIyT8e1GUS4opHXRDW0IBR9kzhHElzF8p7zDFOJoGy6YEd/zkv+R623Z3bfdip3p4NKpjlqyTDbJJXLJHDskpOSd1wsk9eSTP5MV6sJ6sV+vte7RkjTJr5Bes9y/O45tY</latexit>

SF (t)|z=⌘I

Fully nonlinear
<latexit sha1_base64="qm0uJ6TcblLWfqk+ufgjBe6OKAA=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoMQL2FXRD2GePEY0TwgWcLsZJKMmZ1ZZnqFsOQfvHhQxKv/482/cZLsQaMFDUVVN91dYSy4Qc/7cnIrq2vrG/nNwtb2zu5ecf+gaVSiKWtQJZRuh8QwwSVrIEfB2rFmJAoFa4Xj65nfemTacCXvcRKzICJDyQecErRS865XK+Npr1jyKt4c7l/iZ6QEGeq94me3r2gSMYlUEGM6vhdjkBKNnAo2LXQTw2JCx2TIOpZKEjETpPNrp+6JVfruQGlbEt25+nMiJZExkyi0nRHBkVn2ZuJ/XifBwVWQchknyCRdLBokwkXlzl53+1wzimJiCaGa21tdOiKaULQBFWwI/vLLf0nzrOJfVPzb81K1lsWRhyM4hjL4cAlVuIE6NIDCAzzBC7w6ynl23pz3RWvOyWYO4Recj2+MD451</latexit>

SB(t)
<latexit sha1_base64="qm0uJ6TcblLWfqk+ufgjBe6OKAA=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoMQL2FXRD2GePEY0TwgWcLsZJKMmZ1ZZnqFsOQfvHhQxKv/482/cZLsQaMFDUVVN91dYSy4Qc/7cnIrq2vrG/nNwtb2zu5ecf+gaVSiKWtQJZRuh8QwwSVrIEfB2rFmJAoFa4Xj65nfemTacCXvcRKzICJDyQecErRS865XK+Npr1jyKt4c7l/iZ6QEGeq94me3r2gSMYlUEGM6vhdjkBKNnAo2LXQTw2JCx2TIOpZKEjETpPNrp+6JVfruQGlbEt25+nMiJZExkyi0nRHBkVn2ZuJ/XifBwVWQchknyCRdLBokwkXlzl53+1wzimJiCaGa21tdOiKaULQBFWwI/vLLf0nzrOJfVPzb81K1lsWRhyM4hjL4cAlVuIE6NIDCAzzBC7w6ynl23pz3RWvOyWYO4Recj2+MD451</latexit>

SB(t)
<latexit sha1_base64="qm0uJ6TcblLWfqk+ufgjBe6OKAA=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoMQL2FXRD2GePEY0TwgWcLsZJKMmZ1ZZnqFsOQfvHhQxKv/482/cZLsQaMFDUVVN91dYSy4Qc/7cnIrq2vrG/nNwtb2zu5ecf+gaVSiKWtQJZRuh8QwwSVrIEfB2rFmJAoFa4Xj65nfemTacCXvcRKzICJDyQecErRS865XK+Npr1jyKt4c7l/iZ6QEGeq94me3r2gSMYlUEGM6vhdjkBKNnAo2LXQTw2JCx2TIOpZKEjETpPNrp+6JVfruQGlbEt25+nMiJZExkyi0nRHBkVn2ZuJ/XifBwVWQchknyCRdLBokwkXlzl53+1wzimJiCaGa21tdOiKaULQBFWwI/vLLf0nzrOJfVPzb81K1lsWRhyM4hjL4cAlVuIE6NIDCAzzBC7w6ynl23pz3RWvOyWYO4Recj2+MD451</latexit>

SB(t)

Level 1

Level 2

Level 3

Level 4

Level 5

Level 6

Fig. 4.1 6 levels of increasing modelling complexity for wave-platform interactions.

This classification of Fig. 4.1 is adapted from ship hydrodynamics [52]. The conventional
linear method, designated as Level 1, is commonly employed by FWT simulation tools.
It solves the wave-platform boundary value problem (BVP) using up to a second-order
perturbation expansion around the mean free surface (SF : z = 0) and a first-order perturbation
around the mean wetted body surface (SB). In this method, all hydrostatic and hydrodynamic
forces are computed relative to the mean platform position SB.

Level 2 introduces weak geometric nonlinearity by evaluating incident wave forces and
hydrostatics around the instantaneous body surface (SB(t)), while still defining the BVP
on the stationary boundaries of SB and SF . For instance, Philippe et al. [104] reported
slightly larger platform motions for the 5-MW Dutch Tri-floater FWT using the Level 2
modelling compared to Level 1. This method captures some nonlinear effects without a
significant increase in computational cost. Building on Level 2, Level 3 solves the BVP
using the instantaneous body surface SB(t), with SB(t) being re-meshed and potentials being
re-calculated at each time step. This method captures more accurate geometrically nonlinear
effects, at the expense of significantly increased computational cost. Chan et al. [16] applied
this body-nonlinear approach to the 5-MW MIT/NREL TLP FWT and reported larger surge
diffraction forces compared to those predicted by OpenFAST.

Given that the real free-surface boundary can differ considerably from SF : z = 0 under
large platform motions, Level 4 modifies SF to follow the prescribed incident wave profile
(SF(t) : z = ηI), assuming that the generated waves are smaller than ηI . This allows for a
more accurate representation of the associated wave effects. Further, Level 5 eliminates all
linear assumptions and solves the BVP on an unknown free surface boundary SF(t), which
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is updated at each time step and offers even higher accuracy. For example, Yu et al. [141]
developed a fully-nonlinear potential solver for the 5-MW OC4 semi-submersible FWT and
demonstrated good agreement with the experimental data of the wave field. The potential flow
theory methods in Levels 2∼ 5 are effective in capturing nonlinear wave-platform interaction
effects to varying degrees. However, when viscous effects become significant, solving the
Navier-Stokes equations using Computational Fluid Dynamics (CFD) tools is necessary,
categorized as Level 6 in Fig. 4.1. For example, Nematbakhsh et al. [94] developed a
CFD model to study a 5-MW spar-type FWT under severe sea states, successfully capturing
large platform rotation (10◦) and strong nonlinear effects, such as full submergence of the
platform and tether slacking, which are challenging to predict using linearized models such
as OpenFAST.

The computational cost increases exponentially from Level 1 to 6. For instance, a 250-
second simulation using a CFD model (Level 6) with a time step of 0.0016s on an Intel
E5-2687W 3.10 GHz machine can take up to 480 hours (20 days) to complete, while a linear
potential solver (Level 1) only requires around 4 hours on a less powerful Intel X5660 2.80
GHz machine [95]. Although the fully-nonlinear solver (Level 5) is more efficient than
CFD, it remains computationally intensive, taking approximately 30 hours for a 120-second
simulation on an Intel E5-2670 2.5 GHz machine [67]. The substantial computational demand
of these high-fidelity models becomes even more pronounced when the aerodynamics and
structural flexibility are incorporated [3, 124]. For example, a 1-hour CFD-FEM simulation
for a FWT requires as much as 3×104 core hours [43].

Given these substantial computational costs, high-fidelity models are generally reserved
for final verification and fine-tuning of the FWT design, while the linear method is widely
recommended in FWT design guidelines for the preliminary design and optimization [20,
26]. During the early design phases, thousands of simulations are required to assess FWT
performance under various environmental and operational conditions, making computational
efficiency a top priority. However, the inherent limitations of the linear assumption can
result in design candidates that are later found suboptimal and even infeasible, causing costly
delays and design changes in the final stage [121]. To bridge the gap between accuracy and
efficiency, it is essential to use reliable nonlinear models that can capture the dominant FWT
hydrodynamics with realistic computational costs in early design phases [42].

Efforts have been made to practically capture the geometric nonlinearity arising from
the time-varying wetted body surface SB(t), as represented by Level 3 in Fig. 4.1. One
notable approach is the offline method proposed by Rajendran et al. [108], where nonlinear
hydrodynamics for ships are studied. In this approach, the hydrodynamic coefficients of
added mass, radiation damping and wave-radiation impulse response functions are pre-
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calculated for various ship positions and stored in a database. During simulation, these
coefficients are interpolated at each time step based on the instantaneous ship motion.
Although this method effectively captures nonlinear hydrodynamic bending moments, as
validated through a scaled model test [108], the convolution integral using impulse response
functions remains time-consuming. The alternative state-space representation, commonly
used in linear hydrodynamics, is appealing due to its efficiency and compatibility with control
system design [35]. This has motivated recent research into using state-space models to
represent nonlinear wave radiation forces. For instance, Schubert et al. [114] investigated
the application of linear parameter-varying (LPV) systems to capture the pose-dependent
radiation forces for wave energy converters (WECs). This approach involves identifying a
set of state-space models at various WEC positions, and then using state-space interpolation
to estimate the real-time radiation forces. While this method offers a practical solution to
approximate geometric nonlinearity, it introduces a critical challenge: state-basis incoherency.
The state-space basis is typically chosen arbitrarily by the identification algorithm, resulting
in inconsistent bases for models identified at different WEC positions. Direct interpolation
of these incoherent models can lead to inaccurate predictions [61, 81]. This state-basis
incoherency issue is a known pitfall in stochastic-subspace identification [17] and LPV
modelling [130, 23]. It could be a contributing factor to the large discrepancies observed
between the WEC behaviour predicted by the LPV model and high-fidelity CFD results,
as reported by Schubert et al. [114]. Notably, no specific treatment to ensure state-basis
coherency was mentioned in their work, highlighting a key area for further development.

In this work, a novel LPV modelling framework is developed to evaluate the nonlinear
FWT hydrodynamics following Level 3 assumptions in Fig. 4.1, except that the incident
wave forces are simplified to be computed on the mean wetted body surface SB. The
radiation/diffraction BVPs are solved for a grid of specified platform heave and pitch positions
using the validated 2D Boundary Element Method (BEM) code. State-space models are
then estimated at each grid point using a subspace identification algorithm. To address the
basis incoherency issue for subsequent model interpolation, a black-box approach based
on the balanced realization and an automatic state-basis correction technique is proposed.
Additionally, a novel gray-box approach is developed, which assigns physical meaning
to the state vector through a finite-element formulation of the wave-platform interaction
system, inherently ensuring basis coherency. The LPV state-space models representing the
nonlinear wave radiation forces, along with other pose-dependent hydrodynamic effects, are
implemented in Matlab/Simulink and validated against the standard Level 3 body-nonlinear
potential solver on the benchmark van Daalen cylinder model [128]. The validated LPV
model is then integrated with other physical domains of the Simulink FWT model, as
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described in Section 2.3, and the nonlinear hydrodynamic effects on the global dynamic
behaviour of an example 5-MW ITI-Barge FWT under various loading conditions are
investigated.

4.2 Linear parameter-varying (LPV) modelling

In this section two methods will be discussed, themed as black- and gray- box respectively.
The black-box LPV modelling framework involves three main steps: identification, trans-
formation, and interpolation. For wave-platform interaction, wave radiation frequency
response samples are obtained at specified platform positions and are used for the iden-
tification of the underlying state-space system. These identified state-space models are
then transformed to ensure coherence in the state basis. With a set of coherent state-space
models corresponding to various platform positions, a grid-based LPV state-space system
is constructed, from which the geometric nonlinearity due to platform movement can be
approximated through interpolation. In contrast, the gray-box LPV modelling framework
follows a process of identification, optimization, and interpolation. Here, state-basis
coherence is automatically guaranteed by using states with physical meanings, at the expense
of introducing a nonlinear optimization problem. The detailed procedures for each LPV
framework are elaborated in the following subsections.

4.2.1 Local state-space identification

In this work, the stochastic subspace state-space system identification (N4SID) algorithm is
used to estimate from frequency response samples K(iωk) a state-space realization of the
system:

{
ẋ(t) = Ax(t)+Bu(t)

y(t) = Cx(t)+Du(t).
(4.1)

where x is a chosen state basis used to describe the system, u denotes the system input and
y the output. Specifically, for the wave radiation force evaluation, K(iωk) corresponds to
the wave-radiation frequency response Kr(iωk), which is derived from added mass λλλ (ωk)

and radiation damping µµµ(ωk), as expressed in Eq. (2.4). These hydrodynamic coefficients
are obtained by solving the linear wave-platform BVP (Eq. (3.7)), either analytically or
numerically, as detailed in Section 3.2. The frequency response Kr describes the relationship
between the platform’s rigid-body velocity ξ̇ξξ (input) and the resulting wave radiation damping
force Fr (output).
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The direct application of the N4SID algorithm to the continuous-time frequency response
samples K(iωk) can lead to numerical ill-conditioning, due to the computation of high powers
of iωk. To address this issue, the continuous-time samples K(iωk) are first converted into
discrete-time samples Kd(eiωd,k) using the bilinear transformation:

K(iωk) = K
(

2(eiωd,k−1)
Tsp(eiωd,k +1)

)
= Kd(eiωd,k), (4.2)

where Tsp denotes the sampling period, which rescales the continuous-time frequency ωk

to a corresponding discrete-time frequency ωd,k = 2arctan(ωkTsp
2 ) such that ωd,k ∈ [0,π].

Accordingly, the continuous-time wave-radiation state-space model (Eq. (2.6)) is converted
to the following discrete-time form:

{
xd(td +1) = Adxd(td)+Bd ξ̇ξξ (td)

y(td) = Cdxd(td)+Dd ξ̇ξξ (td),
(4.3)

with the corresponding discrete-time frequency response function expressed as follows:

Kd
l×m

(eiωd) = Cd
l×n

(
eiωd I

n×n
−Ad

n×n

)−1

Bd
n×m

+ Dd
l×m

, (4.4)

where l,m,n denotes the number of outputs, inputs and states, respectively. The objective now
is to estimate a discrete-time state-space realization [Ad,Bd,Cd,Dd] from the discrete-time
frequency response samples Kd(eiωd,k). The process involves the following steps.

• Step 1: deriving the data equation

By applying the discrete-time Fourier transform (DTFT) to Eq. (4.3) and replacing the
state-space model input ξ̇ξξ with an identity matrix of size m, i.e., Im×m, the resulting
state-space model produces the frequency response function Kd(eiωd) as the output:

{
eiωd Xd(ωd) = AdXd(ωd)+Bd

Kd(eiωd) = CdXd(ωd)+Dd.
(4.5)

Eq. (4.5), evaluated with different time shifts (0,1,2, . . . , p) and frequency samples
(ωd,k, k = 1,2, . . . ,q), can be stacked into the following system of equations:
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


Kd,1 Kd,2 . . . Kd,q

eiωd,1Kd,1 eiωd,2Kd,2 . . . eiωd,qKd,q
...

...
. . .

...

ei(p−1)ωd,1Kd,1 ei(p−1)ωd,2Kd,2 . . . ei(p−1)ωd,qKd,q




︸ ︷︷ ︸
K

l p×mq

=




Cd

CdAd
...

CdAd
p−1




︸ ︷︷ ︸
O

l p×n

[
Xd,1 Xd,2 . . . Xd,q

]

︸ ︷︷ ︸
X

n×mq

+




Dd 0 . . . 0

CdBd Dd . . . 0
...

...
. . .

...

CdAd
p−2Bd CdAd

p−3Bd . . . Dd




︸ ︷︷ ︸
ΓΓΓ

l p×mp




Im Im . . . Im

eiωd,1Im eiωd,2Im . . . eiωd,qIm
...

...
. . .

...

ei(p−1)ωd,1Im ei(p−1)ωd,2Im . . . ei(p−1)ωd,qIm




︸ ︷︷ ︸
W

mp×mq

.

(4.6)

In this equation, Kd,k = Kd(eiωk), Xd,k = Xd(ωk), O denotes the extended observability
matrix, and ΓΓΓ the Toeplitz matrix. Eq. (4.6) can be rewritten into its real-valued form:

[
KRe KIm

]

︸ ︷︷ ︸
G

= O
[
XRe XIm

]

︸ ︷︷ ︸
X

+ΓΓΓ

[
WRe WIm

]

︸ ︷︷ ︸
W

, (4.7)

which is the data equation commonly used by most subspace-based identification algo-
rithms.

• Step 2: estimating Ad and Cd

The state-space matrices Ad and Cd can be extracted from the extended observability
matrix O . To eliminate the influence of ΓΓΓW in Eq. (4.7), the projector onto the nullspace
of W , calculated by W ⊥ = I−W ⊺(W W ⊺)−1W , is multiplied on both sides of Eq. (4.7),
resulting in G W ⊥ = OX W ⊥. It can be shown that when the state-space realization
is minimal and p ≥ n, O has full rank of n. The range space of G W ⊥ coincides with
the range space of O [86]. Following standard subspace identification procedures, the
singular value decomposition (SVD) is then applied to G W ⊥:

G W ⊥ =
[
Un U0

][
ΣΣΣn 0
0 ΣΣΣ0

][
V⊺

n

V⊺
0

]
. (4.8)

The matrix Un, corresponding to the first n largest singular values, provides an estimate
of the rank of O . This estimated Ô is related to the original O through a similarity
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transformation, such that Ô = OT, where T is not uniquely defined. For instance,
T = X W ⊥VnΣΣΣ

−1
n if one takes Ô = Un, and T = X W ⊥VnΣΣΣ

−1/2
n if Ô = UnΣΣΣ

1/2
n , etc.

Whatever the case, the estimates for Âd and Ĉd can be derived from the estimated Ô by

Âd = (J1Ô)†J2Ô, Ĉd = J3Ô, (4.9)

where J1 = [Il(p−1) 0l(p−1)×l], J2 = [0l(p−1)×l Il(p−1)], J3 = [Il 0l×l(p−1)], and † denotes
the Moore-Penrose pseudo-inverse.

It should be highlighted that the meaning of this transformation matrix corresponds to
the use of a specific state basis, which will generally be a transformation of the basis
indicated in Eq. (4.1).

• Step 3: estimating Bd and Dd

Once the estimates of Ad and Cd are obtained, the matrices Bd and Dd can be determined
by solving a linear least-squares problem based on Eq. (4.4):

B̂d, D̂d = arg min
Bd ,Dd

q

∑
k=1

∥∥∥∥Kd,k− Ĉd

(
eiωd,kI− Âd

)−1
Bd−Dd

∥∥∥∥
2

F
, (4.10)

given that the frequency response Kd,k remains invariant with similarity transformations.

The estimated discrete-time state-space matrices [Âd, B̂d, Ĉd, D̂d] can then be converted
back to the continuous-time matrices [Â, B̂, Ĉ, D̂] via the bilinear transformation:

Â =
2

Tsp
(Âd + I)−1(Âd− I), B̂ =

2√
Tsp

(Âd + I)−1B̂d,

Ĉ =
2√
Tsp

Ĉd(Âd + I)−1, D̂ = D̂d− Ĉd(Âd + I)−1B̂d.

(4.11)

It is important to note that the estimated system matrices [Â, B̂, Ĉ, D̂] obtained through
the above steps differ from the original system matrices by a similarity transformation:
Â = T−1AT, B̂ = T−1B, Ĉ = CT, D̂ = D. As mentioned in Step 2, this is a consequence
of the algorithm choosing a transformed state basis. The transformation matrix T is not
uniquely defined, amongst other factors it requires the definition of a reference basis, e.g., in
mechanics problems the physical basis is often used. Additionally, popular N4SID-based
identification algorithms, such as the MATLAB function ssest used in this work, include a
subsequent refinement step using the prediction error minimization approach. This refinement
alters all entries in the system matrices [Â, B̂, Ĉ, D̂], making it even more difficult to track
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T, which is required to recover the state-space model in terms of the reference basis. As a
result, state-space models independently identified from the frequency response samples at
different platform positions generally have different state-space bases. When these models
are assembled into an interpolation array for the LPV modelling, it is critical to convert them
to a common state basis or compensate for the instantaneous change of the state vectors
when the state basis is changed. If no provision is taken, the evolution of the states over time
and more crucially the resulting outputs (radiation damping forces Fr in this work) will be
erroneous.

4.2.2 State-basis coherency

The objective of this subsection is to transform all locally identified state-space models,
each along arbitrary state bases chosen by the identification algorithm, into models using
a coherent state basis. This coherent basis remains consistent across different platform
positions, allowing the transformed state-space models to be constructed into an interpolation
array for the evaluation of nonlinear hydrodynamic effects.

4.2.2.1 Definition of state-basis coherency

The true dynamics of the wave radiation damping effect, which accounts for the time-varying
wetted platform surface SB(t), are simplified as an LPV state-space system expressed as
follows:

{
ẋ(t) = A(p(t))x(t)+B(p(t))ξ̇ξξ (t)

y(t) = C(p(t))x(t)+D(p(t))ξ̇ξξ (t),
(4.12)

where the system matrices [A,B,C,D] are functions of a time-varying scheduling parameter
vector p(t). In this work, p(t) is defined as the platform pose, i.e., its displacement and
rotation, for the ease of interpolation. Assuming that a set of platform poses pi, (i =
1,2, . . . ,Np) is chosen and the state-space models locally identified at each pi are transformed
to share a coherent state basis [Âi, B̂i, Ĉi, D̂i], these linear models can be constructed into a
grid-based LPV model, allowing for interpolation based on instantaneous platform position.

Ensuring state-basis coherency is essential for the proposed grid-based LPV modelling
approach to provide an accurate approximation of the underlying wave-radiation LPV system,
as defined in Eq. (4.12). However, different definitions of "state-basis coherency" have been
used in the literature. These definitions, as summarized by Zhang et al. [143], are adapted
here as follows:
Strict Coherency: A set of state-space models [Âi, B̂i, Ĉi, D̂i] is strictly coherent with respect
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to the LPV system (Eq. (4.12)) at p = pi if there exists a non-singular transformation matrix
T that is common to all local models (i = 1,2, . . . ,Np), such that

Âi = T−1A(pi)T, B̂i = T−1B(pi), Ĉi = C(pi)T, D̂i = D(pi). (4.13)

Relaxed Coherency: A set of state-space models [Âi, B̂i, Ĉi, D̂i] is considered coherent with
respect to the LPV system (Eq. (4.12)) at p = pi if there exists a matrix-valued function
Ti = T(pi) specific to each local model, such that

Âi = T−1
i A(pi)Ti, B̂i = T−1

i B(pi), Ĉi = C(pi)Ti, D̂i = D(pi). (4.14)

As pointed out in [143], Eq. (4.13), which uses a common transformation matrix T
for all local models, is the only definition that ensures exact state-basis coherency, thereby
preserving the input-output behaviour of the original LPV system. In contrast, Eq. (4.14),
as a less stringent condition, does not guarantee the same input-output behaviour after
interpolation. However, the relaxed consistency condition enables a more straightforward and
efficient application of the black-box method. Various forms of black-box LPV modelling
have been investigated, such as the balanced-basis form, controllable canonical form, modal
form, and pole-zero form, etc [61]. Conversely, achieving strict state-basis coherency is only
possible under global structural assumptions, which requires employing the gray-box method
that is less frequently investigated.

4.2.2.2 Black-box method: balanced basis

Among the various forms used in black-box LPV modelling, the balanced form is preferable
due to its superior numerical conditioning and ease of automation [82, 61]. The balanced
form makes use of the controllability and observability properties of a linear system, which
can be quantified for a continuous-time state-space representation using the controllability
Gramian Wc and observability Gramian Wo as follows:

Wc =
∫

∞

0
eAτBB⊺eA⊺τ dτ, Wo =

∫
∞

0
eA⊺τC⊺CeAτ dτ. (4.15)

The controllability and observability properties can be visualized using ellipsoids in the state
space: the controllability ellipsoid is defined as {x |x⊺W −1

c x ≤ 1}, and the observability
ellipsoid as {x |x⊺W −1

o x ≤ 1}. A similarity transformation Tb, which transforms the two
ellipsoids into a common ellipsoid whose principal axes coincide with the state coordinate
axes, is called the balanced transformation. This transformation is mathematically defined as
T−1

b WcT−⊺b = T⊺
bWoTb = ΣΣΣb, where ΣΣΣb is a diagonal matrix containing decreasing singular

values. The matrix Tb can be determined as follows: first, apply the Cholesky decomposition
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Wc = LcL⊺
c and Wo = LoL⊺

o , then compute the SVD of L⊺
oLc = UbΣΣΣbV⊺

b , and finally obtain
Tb = LcVbΣΣΣ

−1/2
b and T−1

b = ΣΣΣ
−1/2
b U⊺

bL⊺
o . This balanced transformation reorders the state-

basis vector such that the states are ordered from the most controllable and observable to the
least. To illustrate this method, a simple 2-state model expressed as follows is taken as an
example:

A =

[
−0.6 0.3
−0.4 −0.1

]
, B =

[
1
3

]
, C =

[
1 2

]
, D = 0. (4.16)

Its controllability and observability Gramians are

Wc =

[
4.6825 7.6984
7.6984 14.2063

]
, Wo =

[
2.6587 −2.7381
−2.7381 11.7857

]
, (4.17)

respectively. Their corresponding ellipsoids are shown in Fig. 4.2. It is evident that the
most controllable direction is difficult to observe, and vice versa. Applying the balanced

transformation, Tb =

[
0.5920 0.7231
1.1024 0.0919

]
yields the following balanced state-space model:

Ab =

[
−0.3348 −0.2403
0.2403 −0.3652

]
, Bb =

[
2.7968
−0.9068

]
, Cb =

[
2.7968 0.9068

]
, Db = 0,

(4.18)
with identical diagonal controllability and observability Gramians:

W c = W o = ΣΣΣb =

[
11.6814 0

0 1.1259

]
. (4.19)

The transformed ellipsoids, shown in Fig. 4.2, coincide perfectly as expected, and their
principal axes are aligned with the state bases x1 and x2. Both the most controllable and most
observable directions are now along the state x1.
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Fig. 4.2 Controllability and observability ellipsoids of the example state-space model (Eq.
(4.16)) before and after the balanced transformation.

As concluded by Moore [92], the uniqueness of the balanced transformation Tb depends
on whether the eigenvalues of the Gramian product WcWo are distinct. When the eigenvalues
are distinct, the columns of Tb are uniquely determined except for a potential sign change of
±1. However, if the eigenvalues are repeated, the columns of Tb can be arbitrarily rotated,
making the transformation non-unique. In the balanced-form LPV modelling approach
proposed by [61], the eigenvalues are monitored to ensure basis coherency. If distinct
eigenvalues are detected, the sign of the columns is corrected if necessary. In cases where
repeated eigenvalues lead to non-uniqueness, the corresponding local state-space models are
discarded to avoid inconsistencies in subsequent interpolation.

However, in a practical implementation, the states of the identified models may be
swapped by the identification algorithm. This state swapping complicates basis correction,
making it more challenging than merely adjusting sign changes for distinct eigenvalues.
To address this issue, this work proposes an automatic state correction method capable
of handling both sign changes and state swapping. The proposed method relies on the
assumption that the intervals between the grid of platform positions are sufficiently small.
Under this assumption, adjacent locally identified state-space models and their corresponding
balanced-form models should be similar. This proximity allows the pseudo similarity
transformation between two adjacent models, T̃b,i/i+1, to serve as an indicator for detecting
and correcting both sign changes and state swapping in the state basis.

Given two adjacent state-space models that have been transformed into the balanced
bases [Ab,i,Bb,i,Cb,i,Db,i] and [Ab,i+1,Bb,i+1,Cb,i+1,Db,i+1], the pseudo similarity relation
associated with T̃b,i/i+1 can be expressed as follows:

Ab,i+1 ≈ T̃ −1
b,i/i+1Ab,iT̃b,i/i+1, Bb,i+1 ≈ T̃ −1

b,i/i+1Bb,i, Cb,i+1 ≈ Cb,iT̃b,i/i+1. (4.20)
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This set of equations is linear in terms of T̃b,i/i+1, and one can estimate it by solving the
following standard linear least-squares problem:




I⊗Ab,i−A⊺
b,i+1⊗ I

B⊺
b,i+1⊗ I
I⊗Cb,i


vec

{
T̃b,i/i+1

}
≈




0
vec
{

Bb,i
}

vec
{

Cb,i+1
}


 , (4.21)

where ⊗ denotes the Kronecker product and vec{·} represents the vectorization of a matrix.
The effectiveness of this newly proposed basis correction method will be demonstrated in
subsequent sections through various test cases and performance evaluations.

4.2.2.3 Gray-box method: physical basis

As mentioned in Section 4.2.2.1, strict state-basis coherency requires prior knowledge of
the dynamic system. To this end, the finite element formulation of the linear wave-platform
interaction problem, as proposed by [7] and [71], is employed in this work to construct a
gray-box state-space model. This model uses a state basis with physical interpretations,
specifically wave radiation potentials and their time derivatives.

For the convenience of discussion, the 2D linear wave-platform BVP described in Section
3.2.2 is reiterated here, with the far-field boundary condition on S∞ replaced by the modified
time-domain Orlanski’s radiation condition, as detailed in [71].





▽2
ΦR = 0, X ∈Ω

∂ΦR

∂ z
+

1
g

∂ 2ΦR

∂ t2 = 0, X ∈ SF : z = 0

∂ΦR

∂n
=Vn, X ∈ SB

∂ΦR

∂ z
= 0, X ∈ SD : z =−h

∂ΦR

∂n
+

1
cp

∂ΦR

∂ t
= 0, X ∈ S∞

ΦR|t=0 = 0,
∂ΦR

∂ t

∣∣∣∣
t=0

= 0,

(4.22)

where Vn = ξ̇ξξ ·n denotes the normal velocity on the platform surface pointing outward from
the fluid, ξ̇ξξ = [ξ̇1 ξ̇3 ξ̇5]

⊺ denotes the platform’s rigid-body velocity, and cp = cp(t) is the
time-varying phase velocity of radiated waves crossing the far-field boundaries S∞.

According to Bai [7], solving the well-posed BVP of Eq. (4.22) with the mixed boundary
conditions in the form of ∂ΦR

∂n +αΦR = β , where α and β are known functions, is equivalent
to finding a velocity potential ΦR that makes the functional
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F (ΦR)≡
∫

Ω

1
2
(▽ΦR)

2dΩ+
∫

SF
⋃

SB
⋃

SD
⋃

S∞

(
1
2

αΦ
2
R−βΦR

)
dS (4.23)

stationary, i.e., δF (ΦR) = 0. This leads to an integral equation

δF =
∫

Ω

▽ΦR ·▽δΦRdΩ+
∫

SF
⋃

SB
⋃

SD
⋃

S∞

(αΦRδΦR−βδΦR)dS

=
∫

Ω

▽ΦR ·▽δΦRdΩ+
1
g

∫

SF

∂ 2ΦR

∂ t2 δΦRdS+
1
cp

∫

S∞

∂ΦR

∂ t
δΦRdS−

∫

SB

VnδΦRdS

= 0,

(4.24)

where the variation δΦR satisfies the same governing equation and boundary conditions as
ΦR (Eq. (4.22)), and it is assumed that δ▽ΦR = ▽δΦR.

Following the standard finite element method, the computational domain Ω can be
discretized, and the velocity potential ΦR throughout Ω can be approximated by the inner
product of the shape functions N and the nodal values of the potential ϕϕϕ , which is expressed
as follows:

ΦR(x,z, t) = N(x,z) ·ϕϕϕ(t). (4.25)

Substituting Eq. (4.25) into Eq. (4.24) yields the equations of motion (EoM) for the fluid
subsystem:

M f ϕ̈ϕϕ(t)+C f ϕ̇ϕϕ(t)+K f ϕϕϕ(t) = F f , (4.26)

where M f , C f , and K f denote the mass, damping, and stiffness matrices of the fluid
subsystem, respectively, and F f represents the load vector due to the platform motion.
Their detailed expressions are summarized as follows:

M f =
1
g

∫

SF

NN⊺dS, C f =
1
cp

∫

S∞

NN⊺dS, K f =
∫

Ω

▽N ·▽N⊺dΩ,

F f =
∫

SB

NVndS =
∫

SB

Nn⊺dS · ξ̇ξξ .
(4.27)

The 2nd-order differential equation of the fluid subsystem is derived from the linear wave-
platform BVP (Eq. (4.22)), which assumes small platform displacements around the wetted
body surface SB at a specified platform position. Consequently, when the platform undergoes
generic movements, the EoMs (Eq. (4.26)) are expected to remain accurate only over a
short time duration, during which both the phase velocity cp and the normal velocity on the
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platform surface Vn are assumed to be constant. This leads to a set of differential equations
with constant coefficients and external forces, enabling the derivation of a linear state-space
model with a physical basis of nodal potentials.

The structure of the mass, damping and stiffness matrices of the fluid subsystem, i.e.,
the location of non-zero entries, is more important than their exact values. To illustrate the
state-space representation, a simple example of finite element discretization for the fluid
subsystem is used, as shown in Fig. 4.3. The nodal potentials in the fluid subsystem are
categorized as ϕϕϕ1, ϕϕϕ2, ϕϕϕ3, and ϕϕϕ4, representing nodes on the free surface (SF ), the far-field
boundary (S∞), the platform wetted surface (SB), and all other nodes on the sea bed and
within the fluid domain, respectively. By applying the standard finite element formulation to
the discretized fluid domain, the resultant structure of the mass, damping, stiffness matrices
and the force vector can be obtained, as shown in Fig. 4.4.

Fig. 4.3 A simple finite element mesh for the fluid subsystem. Nodes 1 ∼ 6 represent
potentials on the free surface, nodes 7∼ 22 on the artificial far-field boundary, nodes 23∼ 29
on the platform wetted surface, and nodes 30∼ 75 on the sea bed or in the inner fluid domain.

115



Linear Parameter-varying Model for Geometrically Nonlinear FWT Hydrodynamics

Fig. 4.4 The structure of mass, damping, stiffness matrices and the force vector obtained
from the example finite element mesh. Only the location of non-zero entries is shown.

As indicated in Eq. (4.27), the fluid inertia effect is only present on the free surface
boundary SF , leading to non-zero entries in the mass matrix M f corresponding to ϕϕϕ1 nodes,
as depicted in Fig. 4.4. Similarly, the damping effect originates exclusively from the far-field
boundary S∞, producing non-zero entries in the damping matrix C f associated with ϕϕϕ2 nodes.
The force exerted by the fluid, represented by F f , is transferred to the platform through ϕϕϕ3

nodes located on the platform surface SB. In contrast, the fluid stiffness matrix K f accounts
for contributions from nodes across the entire fluid domain, resulting in a symmetric and
non-singular matrix structure. This distinction in matrix structures highlights the unique
roles of the fluid nodes in the overall dynamic behaviour of the fluid subsystem.

Given the structure of M f ,C f ,K f and F f (Fig. 4.4), the EoMs for the fluid subsystem
can be expressed as the following differential-algebraic system of equations (DAE):



M f ,11 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0







ϕ̈ϕϕ1

ϕ̈ϕϕ2

ϕ̈ϕϕ3

ϕ̈ϕϕ4


+




0 0 0 0
0 C f ,22 0 0
0 0 0 0
0 0 0 0







ϕ̇ϕϕ1

ϕ̇ϕϕ2

ϕ̇ϕϕ3

ϕ̇ϕϕ4




+




K f ,11 0 0 K f ,14

0 K f ,22 0 K f ,24

0 0 K f ,33 K f ,34

K f ,41 K f ,42 K f ,43 K f ,44







ϕϕϕ1

ϕϕϕ2

ϕϕϕ3

ϕϕϕ4


=




0
0

F f ,3

0


 ,

(4.28)

In this system, the differential equations are associated with ϕϕϕ1 and ϕϕϕ2, representing the
dynamic balance of mass and energy within the fluid domain. The algebraic constraints are
associated with ϕϕϕ3 and ϕϕϕ4, imposing equilibrium conditions of fluid velocity and pressure.
While a descriptor state-space formulation can be directly derived from the DAE as discussed
in Moarref and Jovanovic [91], it requires specialized system identification techniques

116



4.2 Linear parameter-varying (LPV) modelling

to handle the mixed differential and algebraic nature of the equations. In this work, the
algebraic constraints in the DAE (Eq. (4.28)) are eliminated, resulting in a standard state-
space representation that involves only the differential equations. This approach simplifies
the modelling process and facilitates the application of conventional system identification
algorithms.

From the algebraic constraints in Eq. (4.28), the variables ϕϕϕ3 and ϕϕϕ4 can be expressed in
terms of ϕϕϕ1, ϕϕϕ2 and the force F f ,3 as follows:

ϕϕϕ3 =
(

K f ,33−K f ,34K−1
f ,44K f ,43

)−1(
F f ,3 +K f ,34K−1

f ,44K f ,41ϕϕϕ1 +K f ,34K−1
f ,44K f ,42ϕϕϕ2

)
,

ϕϕϕ4 =−K−1
f ,44
(
K f ,41ϕϕϕ1 +K f ,42ϕϕϕ2 +K f ,43ϕϕϕ3

)
.

(4.29)

Substituting Eq. (4.29) into the differential equations in Eq. (4.28) yields a system of ordinary
differential equations (ODE):

[
M f ,11 0

0 0

](
ϕ̈ϕϕ1

ϕ̈ϕϕ2

)
+

[
0 0
0 C f ,22

](
ϕ̇ϕϕ1

ϕ̇ϕϕ2

)
+

[
E11 E12

E21 E22

](
ϕϕϕ1

ϕϕϕ2

)
=

(
Q1

Q2

)
ξ̇ξξ , (4.30)

where E11,E12,E21,E22,Q1 and Q2 represent non-zero blocks whose exact values are not
of interest in this context. The input to the fluid subsystem is defined as the platform’s
rigid-body velocity ξ̇ξξ , which is related to the force F f as described in Eq. (4.27). Defining
the state vector as xp =

(
ϕϕϕ
⊺
1 ϕ̇ϕϕ

⊺
1 ϕϕϕ

⊺
2
)⊺, the 2nd-order ODE of Eq. (4.30) can be conveniently

rewritten into the following state-space form:



ϕ̇ϕϕ1

ϕ̈ϕϕ1

ϕ̇ϕϕ2


=




0 I 0

−M−1
f ,11E11 0 −M−1

f ,11E12

−C−1
f ,22E21 0 −C−1

f ,22E22







ϕϕϕ1

ϕ̇ϕϕ1

ϕϕϕ2


+




0

M−1
f ,11Q1

C−1
f ,22Q2


 ξ̇ξξ . (4.31)

The physical interpretation of xp is as follows: the potential values at selected free-surface
nodes (ϕϕϕ1), the time derivatives of the selected free-surface nodes (ϕ̇ϕϕ1), and the potential
values at selected far-field boundary nodes (ϕϕϕ2). Once these node locations are determined,
a unique state basis is established, which remains unchanged regardless of the platform
position. The zero blocks in Eq. (4.31), corresponding to the relations between ϕ̈ϕϕ1 and
ϕ̇ϕϕ1, as well as between ϕ̇ϕϕ2 and ϕ̇ϕϕ1, originate from the damping matrix in Eq. (4.30). To
accommodate various damping mechanisms, these strict requirements of zeros blocks are
relaxed without altering the physical meaning of the states xp. The resulting wave-radiation
state-space model can then be represented as follows:
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


ϕ̇ϕϕ1

ϕ̈ϕϕ1

ϕ̇ϕϕ2




︸ ︷︷ ︸
ẋp

=




0 I 0

A21 A22 A23

A31 A32 A33




︸ ︷︷ ︸
Ap




ϕϕϕ1

ϕ̇ϕϕ1

ϕϕϕ2




︸ ︷︷ ︸
xp

+




0

B2

B3




︸ ︷︷ ︸
Bp

ξ̇ξξ , (4.32)

where both the state matrix Ap and input matrix Bp are constant.
The selection of the state basis xp allows for the output of all variables related to the

linear wave-platform BVP. Among these variables, the wave radiation force Fr is of primary
interest for the evaluation of platform dynamics. Fr can be calculated from−ρ

∫
SB

ϕ̇ϕϕ3ndS, as
described in Section 3.2.3. According to Eq. (4.27) and (4.29), ϕ̇ϕϕ3 is a function of the state
variables ϕϕϕ1, ϕ̇ϕϕ1,ϕϕϕ2, the velocity input ξ̇ξξ , and the platform acceleration ξ̈ξξ . As discussed in
Section 2.2.1, the mapping from ξ̇ξξ to Fr is characterized by a strict proper wave radiation
frequency response function Kr(iω), which implies that no direct feedthrough exists in the
wave radiation state-space model. Furthermore, the term associated with ξ̈ξξ corresponds to an
infinite-frequency added mass effect. Since this effect is commonly handled separately, it is
not included in the wave-radiation state-space representation. Therefore, the output equation
of Fr in the state-space representation only involves the states ϕϕϕ1, ϕ̇ϕϕ1 and ϕϕϕ2.

To accurately capture the dynamics of the 2D wave-platform interaction system, the finite
element mesh should be sufficiently dense. This typically results in a high number of states,
which is much larger than the number of output forces — only 3 for the 2D problem. For
the purposes of the basis transformation, additional outputs are required apart from the wave
radiation force Fr. In this work, the nodal potentials ϕϕϕ1 and ϕϕϕ2 are added to complement Fr

outputs, yielding the output equations in the following state-space form:



ϕϕϕ1

ϕϕϕ2

Fr




︸ ︷︷ ︸
y

=




I 0 0
0 0 I

C31 C32 C33




︸ ︷︷ ︸
Cp




ϕϕϕ1

ϕ̇ϕϕ1

ϕϕϕ2




︸ ︷︷ ︸
xp

, (4.33)

where the output matrix Cp is constant.
In summary, the state-space matrices defined using the physical basis xp =

(
ϕϕϕ
⊺
1 ϕ̇ϕϕ

⊺
1 ϕϕϕ

⊺
2
)⊺

have the following structure:

Ap =




0 I 0
A21 A22 A23

A31 A32 A33


 , Bp =




0
B2

B3


 , Cp =




I 0 0
0 0 I

C31 C32 C33


 . (4.34)
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The identified state-space model [Â, B̂, Ĉ] is related to the physical state-space model
[Ap,Bp,Cp] by the following relation:

Â = T−1ApT, B̂ = T−1Bp, Ĉ = CpT, (4.35)

where T denotes a transformation matrix that can convert the algorithmically chosen state
basis x to the physical basis xp through:

xp = Tx. (4.36)

Substituting Eq. (4.34) into Eq. (4.35) yields the following relations:



T1

T2

T3


 Â =




0 I 0
A21 A22 A23

A31 A32 A33







T1

T2

T3


⇒ T2 = T1Â,




T1

T2

T3


 B̂ =




0
B2

B3


⇒ T1B̂ = 0,




Ĉ1

Ĉ2

Ĉ3


=




I 0 0
0 0 I

C31 C32 C33







T1

T2

T3


⇒ T1 = Ĉ1,T3 = Ĉ2,

(4.37)

from which one can extract the transformation matrix T:

T =




Ĉ1

Ĉ1Â
Ĉ2


 , (4.38)

and an implicit constraint:

Ĉ1B̂ = 0, (4.39)

which are both expressed in terms of the blocks of the estimated state-space matrices. To
satisfy strict state-basis coherency (Eq. (4.13)), the transformation matrix T must remain
the same for all local models, leading to the following constrained nonlinear programming
problem:
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Aopt , Bopt , C3,opt = arg min
A,B,C3

q

∑
k=1

∥∥∥∥∥∥∥
K(iωk)−




Ĉ1,re f

Ĉ2,re f

C3


(iωkI−A)−1 B

∥∥∥∥∥∥∥

2

F

,

such that

{
Ĉ1,re f A = Ĉ1,re f Âre f

Ĉ1,re f B = 0,

with the initial guess of [A,B,C3] as [Âre f , B̂re f , Ĉ3,re f ].

(4.40)

In this problem, K(iωk) is an augmented frequency response samples matrix, which takes
the platform velocity ξ̇ξξ as input and outputs the potentials ϕϕϕ1, ϕϕϕ2, and the wave radiation
force Fr. [Âre f , B̂re f , Ĉre f ] is the state-space model identified at a reference platform position,
which is used to provide an initial guess for the optimization iteration, as well as to define a
transformation matrix T that remains unchanged for the optimization of state-space models
at each platform position. The solution [Aopt ,Bopt ,Copt ] obtained for each platform position
is thus related to the corresponding physical state-space model [Ap,Bp,Cp] through a fixed
transformation T. According to Eq. (4.36), this ensures strict state-basis coherency and
hence guarantees that the interpolation of a set of [Aopt ,Bopt ,Copt ] models yields the same
input-output behaviour as the original physical LPV system.

4.2.3 Grid-based LPV interpolation

The grid-based LPV modelling framework proposed in this work to capture the geometrically
nonlinear wave-radiation dynamics caused by large platform motions are summarized in
Fig. 4.5. The platform is constrained to planar movements, specifically in the surge (ξ1),
heave (ξ3) and pitch (ξ5) DoFs. Given that the wave radiation frequency response function
Kr remains unchanged for pure surge motion (ξ1), only heave displacement (ξ3) and pitch
rotation (ξ5) are selected as the scheduling parameters p for the LPV system.

In the black-box LPV modelling approach, independent state-space identification is
performed on the wave radiation frequency response samples calculated at each linearized
platform position pi = (ξ3,ξ5), as illustrated in Fig. 4.5(a). The locally identified state-space
model, denoted as [Âi, B̂i, Ĉi] (i = 1,2, . . . ,Np), each undergoes a balanced transformation
Tb,i followed by the basis correction algorithm, ensuring relaxed basis coherency, as dis-
cussed in Section 4.2.2.2. The resulting coherent state-space models [Ab,i,Bb,i,Cb,i] are
then organized into an interpolation array based on the grid points of pi (i = 1,2, . . . ,Np),
as shown in Fig. 4.5(a). For the gray-box LPV modelling approach, which utilizes the
newly proposed physical basis, the identification step only involves a reference state-space
model to initialize the subsequent optimization. By solving the nonlinear programming
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problem defined in Eq. (4.40) at each grid point of platform position pi (i = 1,2, . . . ,Np),
local state-space models with a strictly coherent basis, denoted as [Aopt,i,Bopt,i,Copt,i], are
organized into an interpolation array, as shown in Fig. 4.5(b).

…

2nd platform position

1st platform position

…
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<latexit sha1_base64="etztulmtfQu06K8m1LDOikoLIts=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoJVgETyUpoh5LvXisaD8gjWGz3bRLN5uwuxFqyC/x4kERr/4Ub/4bt20O2vpg4PHeDDPzgoRRqWz72yitrW9sbpW3Kzu7e/tV8+CwK+NUYNLBMYtFP0CSMMpJR1HFSD8RBEUBI71gcj3ze49ESBrzezVNiBehEachxUhpyTergwCJ7C73Ww+Z2/By36zZdXsOa5U4BalBgbZvfg2GMU4jwhVmSErXsRPlZUgoihnJK4NUkgThCRoRV1OOIiK9bH54bp1qZWiFsdDFlTVXf09kKJJyGgW6M0JqLJe9mfif56YqvPIyypNUEY4Xi8KUWSq2ZilYQyoIVmyqCcKC6lstPEYCYaWzqugQnOWXV0m3UXcu6s7tea3ZKuIowzGcwBk4cAlNuIE2dABDCs/wCm/Gk/FivBsfi9aSUcwcwR8Ynz+LG5ME</latexit>

S̄
[2]
B

<latexit sha1_base64="97MUDkIHoCKxfUcteGXOfnwP2us=">AAAB8HicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKqMeiIB4r2g9pl5JNs21okl2SrFCW/govHhTx6s/x5r8xbfeg1QcDj/dmmJkXJoIb63lfqLC0vLK6VlwvbWxube+Ud/eaJk41ZQ0ai1i3Q2KY4Io1LLeCtRPNiAwFa4Wjq6nfemTa8Fjd23HCAkkGikecEuukh25IdHY36V33yhWv6s2A/xI/JxXIUe+VP7v9mKaSKUsFMabje4kNMqItp4JNSt3UsITQERmwjqOKSGaCbHbwBB85pY+jWLtSFs/UnxMZkcaMZeg6JbFDs+hNxf+8TmqjiyDjKkktU3S+KEoFtjGefo/7XDNqxdgRQjV3t2I6JJpQ6zIquRD8xZf/kuZJ1T+r+renldplHkcRDuAQjsGHc6jBDdShARQkPMELvCKNntEbep+3FlA+sw+/gD6+AbfTkFs=</latexit>

S̄F

<latexit sha1_base64="654tHg8+oMcuRvGxA53rHxZj6TI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GNRDx4rtR/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHrT4YeLw3w8y8IBFcG9f9cgorq2vrG8XN0tb2zu5eef+gpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPxzcxvP6LSPJYPZpKgH9Gh5CFn1Fip0ejf9ssVt+rOQf4SLycVyFHvlz97g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZITqwxIGCtb0pC5+nMio5HWkyiwnRE1I73szcT/vG5qwis/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlv6R1VvUuqt79eaV2ncdRhCM4hlPw4BJqcAd1aAKDITzBC7w6wnl23pz3RWvByWcO4Recj2/yB42U</latexit>

SD

<latexit sha1_base64="vG8x5Q6wCFwt1VYW6EYYWfyIy2E=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuLaiFg94DjhfkQHSoSCUbRS+77XFSrEca9ccavuDGSZeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPZvRNyYpU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmT5P+kJzhnJsCWVa2FsJG1JNGdqISjYEb/HlZdI8q3oXVe/uvFK7zuMowhEcwyl4cAk1uIU6NICBhGd4hTfn0Xlx3p2PeWvByWcO4Q+czx8gapAI</latexit>

S1
<latexit sha1_base64="vG8x5Q6wCFwt1VYW6EYYWfyIy2E=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuLaiFg94DjhfkQHSoSCUbRS+77XFSrEca9ccavuDGSZeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPZvRNyYpU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmT5P+kJzhnJsCWVa2FsJG1JNGdqISjYEb/HlZdI8q3oXVe/uvFK7zuMowhEcwyl4cAk1uIU6NICBhGd4hTfn0Xlx3p2PeWvByWcO4Q+czx8gapAI</latexit>

S1

<latexit sha1_base64="97MUDkIHoCKxfUcteGXOfnwP2us=">AAAB8HicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKqMeiIB4r2g9pl5JNs21okl2SrFCW/govHhTx6s/x5r8xbfeg1QcDj/dmmJkXJoIb63lfqLC0vLK6VlwvbWxube+Ud/eaJk41ZQ0ai1i3Q2KY4Io1LLeCtRPNiAwFa4Wjq6nfemTa8Fjd23HCAkkGikecEuukh25IdHY36V33yhWv6s2A/xI/JxXIUe+VP7v9mKaSKUsFMabje4kNMqItp4JNSt3UsITQERmwjqOKSGaCbHbwBB85pY+jWLtSFs/UnxMZkcaMZeg6JbFDs+hNxf+8TmqjiyDjKkktU3S+KEoFtjGefo/7XDNqxdgRQjV3t2I6JJpQ6zIquRD8xZf/kuZJ1T+r+renldplHkcRDuAQjsGHc6jBDdShARQkPMELvCKNntEbep+3FlA+sw+/gD6+AbfTkFs=</latexit>

S̄F

<latexit sha1_base64="654tHg8+oMcuRvGxA53rHxZj6TI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GNRDx4rtR/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHrT4YeLw3w8y8IBFcG9f9cgorq2vrG8XN0tb2zu5eef+gpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPxzcxvP6LSPJYPZpKgH9Gh5CFn1Fip0ejf9ssVt+rOQf4SLycVyFHvlz97g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZITqwxIGCtb0pC5+nMio5HWkyiwnRE1I73szcT/vG5qwis/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlv6R1VvUuqt79eaV2ncdRhCM4hlPw4BJqcAd1aAKDITzBC7w6wnl23pz3RWvByWcO4Recj2/yB42U</latexit>

SD

<latexit sha1_base64="vG8x5Q6wCFwt1VYW6EYYWfyIy2E=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuLaiFg94DjhfkQHSoSCUbRS+77XFSrEca9ccavuDGSZeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPZvRNyYpU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmT5P+kJzhnJsCWVa2FsJG1JNGdqISjYEb/HlZdI8q3oXVe/uvFK7zuMowhEcwyl4cAk1uIU6NICBhGd4hTfn0Xlx3p2PeWvByWcO4Q+czx8gapAI</latexit>

S1
<latexit sha1_base64="vG8x5Q6wCFwt1VYW6EYYWfyIy2E=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuLaiFg94DjhfkQHSoSCUbRS+77XFSrEca9ccavuDGSZeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPZvRNyYpU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmT5P+kJzhnJsCWVa2FsJG1JNGdqISjYEb/HlZdI8q3oXVe/uvFK7zuMowhEcwyl4cAk1uIU6NICBhGd4hTfn0Xlx3p2PeWvByWcO4Q+czx8gapAI</latexit>

S1

<latexit sha1_base64="9iR107ja48Taew1cTS3viBxDMLU=">AAAB/3icbVDLSgMxFM34rPU1KrhxEyyCqzIjoi5L3biSivYB03HIpJk2NJMMSUYo4yz8FTcuFHHrb7jzb8y0XWjrgcDhnHu4NydMGFXacb6thcWl5ZXV0lp5fWNza9ve2W0pkUpMmlgwITshUoRRTpqaakY6iSQoDhlph8PLwm8/EKmo4Hd6lBA/Rn1OI4qRNlJg73eFsYt0dpsH9fvMuw4SPw/silN1xoDzxJ2SCpiiEdhf3Z7AaUy4xgwp5blOov0MSU0xI3m5myqSIDxEfeIZylFMlJ+N78/hkVF6MBLSPK7hWP2dyFCs1CgOzWSM9EDNeoX4n+elOrrwM8qTVBOOJ4uilEEtYFEG7FFJsGYjQxCW1NwK8QBJhLWprGxKcGe/PE9aJ1X3rOrenFZq9WkdJXAADsExcME5qIEr0ABNgMEjeAav4M16sl6sd+tjMrpgTTN74A+szx94L5Zk</latexit>

S
[Np]

B

platform position
<latexit sha1_base64="mtWqPgYTEjxsd2yZ8rxuJ5c6+O8=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68SQV7Ae0sWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMryd+84lrI2J1j6OE+xHtKxEKRtFKrdtu8pDhYNwtld2KOwVZJF5OypCj1i19dXoxSyOukElqTNtzE/QzqlEwycfFTmp4QtmQ9nnbUkUjbvxseu+YHFulR8JY21JIpurviYxGxoyiwHZGFAdm3puI/3ntFMNLPxMqSZErNlsUppJgTCbPk57QnKEcWUKZFvZWwgZUU4Y2oqINwZt/eZE0TiveecW7OytXr/I4CnAIR3ACHlxAFW6gBnVgIOEZXuHNeXRenHfnY9a65OQzB/AHzucPQ5KQHw==</latexit>

N th
p

…

1st locally identified model

2nd locally identified model

locally identified model
<latexit sha1_base64="mtWqPgYTEjxsd2yZ8rxuJ5c6+O8=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68SQV7Ae0sWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMryd+84lrI2J1j6OE+xHtKxEKRtFKrdtu8pDhYNwtld2KOwVZJF5OypCj1i19dXoxSyOukElqTNtzE/QzqlEwycfFTmp4QtmQ9nnbUkUjbvxseu+YHFulR8JY21JIpurviYxGxoyiwHZGFAdm3puI/3ntFMNLPxMqSZErNlsUppJgTCbPk57QnKEcWUKZFvZWwgZUU4Y2oqINwZt/eZE0TiveecW7OytXr/I4CnAIR3ACHlxAFW6gBnVgIOEZXuHNeXRenHfnY9a65OQzB/AHzucPQ5KQHw==</latexit>

N th
p

1st local model (balanced basis)

2nd local model (balanced basis)

local model (balanced basis)
<latexit sha1_base64="mtWqPgYTEjxsd2yZ8rxuJ5c6+O8=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68SQV7Ae0sWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMryd+84lrI2J1j6OE+xHtKxEKRtFKrdtu8pDhYNwtld2KOwVZJF5OypCj1i19dXoxSyOukElqTNtzE/QzqlEwycfFTmp4QtmQ9nnbUkUjbvxseu+YHFulR8JY21JIpurviYxGxoyiwHZGFAdm3puI/3ntFMNLPxMqSZErNlsUppJgTCbPk57QnKEcWUKZFvZWwgZUU4Y2oqINwZt/eZE0TiveecW7OytXr/I4CnAIR3ACHlxAFW6gBnVgIOEZXuHNeXRenHfnY9a65OQzB/AHzucPQ5KQHw==</latexit>

N th
p

Heave motion

Pit
ch

 ro
tat

ion

Identification Transformation Interpolation

<latexit sha1_base64="IB90H6MImqNOBOSETubDIB0Gw6Q="></latexit>

ẋNp
(t) = bANp

xNp
(t) + bBNp

⇠̇(t)

Fr(t) = bCNp
xNp

(t)

<latexit sha1_base64="r5wJfoJ+qhW2lsDhGzR9n7lezrE="></latexit>

ẋ2(t) = bA2x2(t) + bB2⇠̇(t)

Fr(t) = bC2x2(t)

<latexit sha1_base64="Noq3WDqc0iztFt9Yc0j0yw3JSus="></latexit>

ẋ1(t) = bA1x1(t) + bB1⇠̇(t)

Fr(t) = bC1x1(t)

<latexit sha1_base64="/Rs8yO5R5uBXzG2hNmOqxrKD7q0="></latexit>

ẋb(t) = Ab,Npxb(t) + Bb,Np ⇠̇(t)

Fr(t) = Cb,Npxb(t)

<latexit sha1_base64="b45cZAOg99Uuh5B+P7bLHMJMzqM="></latexit>

ẋb(t) = Ab,1xb(t) + Bb,1⇠̇(t)

Fr(t) = Cb,1xb(t)

<latexit sha1_base64="TqZdCwtw5xGzviboFsermeLxq3g="></latexit>

ẋb(t) = Ab,2xb(t) + Bb,2⇠̇(t)

Fr(t) = Cb,2xb(t)

<latexit sha1_base64="nLIZoMEUcYRrnmV77ux0AzUkH/0=">AAACInicbZDLSsNAFIYnXmu9RV26GSyCCymJiJeFUHTjSir0Bm0Ik+mkHTqZhJmJWEKexY2v4saFoq4EH8ZJG7G2/jDw851zmHN+L2JUKsv6NObmFxaXlgsrxdW19Y1Nc2u7IcNYYFLHIQtFy0OSMMpJXVHFSCsSBAUeI01vcJXVm3dESBrymhpGxAlQj1OfYqQ0cs3zToBU3/OT+9RNvMMbN0rhBfyBtV842ZeBomuWrLI1Epw1dm5KIFfVNd873RDHAeEKMyRl27Yi5SRIKIoZSYudWJII4QHqkba2HAVEOsnoxBTua9KFfij04wqO6OREggIph4GnO7NF5XQtg//V2rHyz5yE8ihWhOPxR37MoAphlhfsUkGwYkNtEBZU7wpxHwmElU41C8GePnnWNI7K9knZvj0uVS7zOApgF+yBA2CDU1AB16AK6gCDB/AEXsCr8Wg8G2/Gx7h1zshndsAfGV/fGGmkoA==</latexit>

xb,Np
= Tb,Np

xNp

<latexit sha1_base64="GbkEDKRxoMNeEwxPInL1q6ltRWI=">AAACHHicbVDLSsNAFJ34rPUVdelmsAgupCRV1I1QdOOyQl/QhjCZTtqhk0mYmYgl5EPc+CtuXCjixoXg3zhpU6itBwYO55zL3Hu8iFGpLOvHWFpeWV1bL2wUN7e2d3bNvf2mDGOBSQOHLBRtD0nCKCcNRRUj7UgQFHiMtLzhbea3HoiQNOR1NYqIE6A+pz7FSGnJNc+6AVIDz08eUzfxTispvIZTqT6VZjOVtOiaJatsjQEXiZ2TEshRc82vbi/EcUC4wgxJ2bGtSDkJEopiRtJiN5YkQniI+qSjKUcBkU4yPi6Fx1rpQT8U+nEFx+rsRIICKUeBp5PZmnLey8T/vE6s/CsnoTyKFeF48pEfM6hCmDUFe1QQrNhIE4QF1btCPEACYaX7zEqw509eJM1K2b4o2/fnpepNXkcBHIIjcAJscAmq4A7UQANg8ARewBt4N56NV+PD+JxEl4x85gD8gfH9C4epoaM=</latexit>

xb,2 = Tb,2x2

<latexit sha1_base64="l8nS5LlzEPp1EKiQ1tA4h9wr2Us=">AAACHHicbVDLSsNAFJ3UV62vqEs3g0VwISWjom6EohuXFfqCNoTJdNIOnUzCzEQsIR/ixl9x40IRNy4E/8akTaG2Hhg4nHMuc+9xQ86Utqwfo7C0vLK6VlwvbWxube+Yu3tNFUSS0AYJeCDbLlaUM0EbmmlO26Gk2Hc5bbnD28xvPVCpWCDqehRS28d9wTxGsE4lxzzr+lgPXC9+TJzYPUEJvIZTqT6VZjMoKTlm2apYY8BFgnJSBjlqjvnV7QUk8qnQhGOlOsgKtR1jqRnhNCl1I0VDTIa4TzspFdinyo7HxyXwKFV60Atk+oSGY3V2Isa+UiPfTZPZmmrey8T/vE6kvSs7ZiKMNBVk8pEXcagDmDUFe0xSovkoJZhIlu4KyQBLTHTaZ1YCmj95kTRPK+iigu7Py9WbvI4iOACH4BggcAmq4A7UQAMQ8ARewBt4N56NV+PD+JxEC0Y+sw/+wPj+BYLmoaA=</latexit>

xb,1 = Tb,1x1

(a) Black-box balanced basis

1st local model (reference)

2nd local model (coherent basis)

local model (coherent basis)
<latexit sha1_base64="mtWqPgYTEjxsd2yZ8rxuJ5c6+O8=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68SQV7Ae0sWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMryd+84lrI2J1j6OE+xHtKxEKRtFKrdtu8pDhYNwtld2KOwVZJF5OypCj1i19dXoxSyOukElqTNtzE/QzqlEwycfFTmp4QtmQ9nnbUkUjbvxseu+YHFulR8JY21JIpurviYxGxoyiwHZGFAdm3puI/3ntFMNLPxMqSZErNlsUppJgTCbPk57QnKEcWUKZFvZWwgZUU4Y2oqINwZt/eZE0TiveecW7OytXr/I4CnAIR3ACHlxAFW6gBnVgIOEZXuHNeXRenHfnY9a65OQzB/AHzucPQ5KQHw==</latexit>

N th
p

…

Heave motion

Pit
ch

 ro
tat

ion

1st platform position

<latexit sha1_base64="97MUDkIHoCKxfUcteGXOfnwP2us=">AAAB8HicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKqMeiIB4r2g9pl5JNs21okl2SrFCW/govHhTx6s/x5r8xbfeg1QcDj/dmmJkXJoIb63lfqLC0vLK6VlwvbWxube+Ud/eaJk41ZQ0ai1i3Q2KY4Io1LLeCtRPNiAwFa4Wjq6nfemTa8Fjd23HCAkkGikecEuukh25IdHY36V33yhWv6s2A/xI/JxXIUe+VP7v9mKaSKUsFMabje4kNMqItp4JNSt3UsITQERmwjqOKSGaCbHbwBB85pY+jWLtSFs/UnxMZkcaMZeg6JbFDs+hNxf+8TmqjiyDjKkktU3S+KEoFtjGefo/7XDNqxdgRQjV3t2I6JJpQ6zIquRD8xZf/kuZJ1T+r+renldplHkcRDuAQjsGHc6jBDdShARQkPMELvCKNntEbep+3FlA+sw+/gD6+AbfTkFs=</latexit>

S̄F

<latexit sha1_base64="654tHg8+oMcuRvGxA53rHxZj6TI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GNRDx4rtR/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHrT4YeLw3w8y8IBFcG9f9cgorq2vrG8XN0tb2zu5eef+gpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPxzcxvP6LSPJYPZpKgH9Gh5CFn1Fip0ejf9ssVt+rOQf4SLycVyFHvlz97g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZITqwxIGCtb0pC5+nMio5HWkyiwnRE1I73szcT/vG5qwis/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlv6R1VvUuqt79eaV2ncdRhCM4hlPw4BJqcAd1aAKDITzBC7w6wnl23pz3RWvByWcO4Recj2/yB42U</latexit>

SD
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Fig. 4.5 Grid-based linear parameter-varying modelling approach.
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4.3 Code verification: van Daalen 2D cylinder

The black-box and gray-box LPV modelling approaches described in Section 4.2 are validated
using the van Daalen benchmark model [128]. This benchmark model consists of a 2D
rectangular cylinder that freely oscillates on the still water surface in a numerical wave tank,
starting from an initial rotation angle θ0. The geometry of the floating cylinder and the
numerical wave tank is depicted in Fig. 4.6. The gravity center of the cylinder is fixed at
the origin O, which restricts its motion to rotation only around the y-axis. Environmental
parameters and mechanical properties of the cylinder are also listed in Fig. 4.6. Non-reflecting
far-field boundary conditions are applied on the left and right walls of the numerical tank.

O
x

z

𝜃0

R 0.25m
4m

40m

1
0
m

1
m

1
m

Environmental parameters

Gravity constant g = 9.81 m/s2      Water density ρ = 1000 kg/m3

Cylinder properties 

Mass mv = 3973.15 kg      Moment of inertia around y axis Iv = 6541.12 kg·m2

Fig. 4.6 Freely oscillating 2D van Daalen cylinder in a numerical wave tank.

In the work of van Daalen [128], the geometrically nonlinear wave radiation effects
due to large cylinder rotations are evaluated using a body-nonlinear potential solver. This
solver handles the wave-body interaction BVP at each time step on the instantaneous wetted
body surface SB(t) and the mean free surface SF , and calculates the hydrostatic forces over
SB(t). These assumptions correspond to Level 3 in Fig. 4.1. The obtained nonlinear cylinder
responses from [128] provide a reliable reference for assessing the accuracy and performance
of the proposed black-box and gary-box LPV modelling approaches.
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4.3.1 Nonlinear water-cylinder interaction system

The nonlinear EoM that couples the fluid subsystem with the rigid-body dynamics of the
floating cylinder in the rotation DoF can be expressed as follows:

Ivθ̈(t) =
∫

SB(t)

[
−ρ

(
∂Φ

∂ t
+

1
2
|∇Φ|2 +gz

)]
· (r×n)dS, (4.41)

where Iv denotes the moment of inertia of the cylinder, θ the cylinder’s rotation angle, ρ the
fluid density, Φ(x,z, t) the potential function of the fluid domain, g the gravity constant, r the
position vector of a point on the wetted body surface SB, and n the normal vector pointing
outward from the fluid domain. In van Daalen’s work [128], the potential function Φ at
time t is solved from the water-cylinder interaction BVP defined on the wetted surface SB(t).
Using the solution for Φ at t, the cylinder’s rotation angle and the corresponding wetted
surface SB at the next time step t + dt can be determined from Eq. (4.41). This iterative
approach enables accurate calculation of the geometrically nonlinear effects caused by the
time-varying wetted body surface during cylinder oscillations.

The free oscillations of the 2D cylinder, calculated from the nonlinear EoM by van Daalen
[128], are presented in Fig. 4.7 for three different initial rotation angles, θ0. For the purpose
of comparison, the response amplitudes are normalized by their respective θ0 values. The
primary observations from Fig. 4.7 are that the oscillation period of the cylinder decreases
as θ0 increases, and the responses decay slightly faster for higher θ0 values. These findings
suggest that the nonlinear effects become more pronounced with larger cylinder rotations.
The trends will be used to verify the proposed LPV modelling approaches in the subsequent
subsections.

Fig. 4.7 Normalized responses of the 2D floating cylinder under three different initial rotations
of 0.15, 0.25, and 0.35 rad reproduced from van Daalen [128].
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4.3.2 LPV modelling of the van Daalen cylinder

The grid-based LPV modelling methodology proposed in Section 4.2 is applied to the van
Daalen 2D cylinder to evaluate its effectiveness in capturing the geometrically nonlinear
dynamics. A set of rotation angles θi (i = 1,2, . . . ,Ni) is selected as grid points, around which
the nonlinear water-cylinder BVP is linearized. The EoM for the ith local linear model can
be formulated as follows:

[Iv +λ∞,i] θ̈(t) = Fb,i(t)−Fr,i(t), (4.42)

where λ∞,i denotes the infinite-frequency added mass for the ith local model, Fb,i the dynamic
buoyancy force, and Fr,i the wave radiation damping force. According to Section 2.2.1, the
wave radiation damping force Fr,i can be calculated in two ways: (1) using the convolution
integral expressed as follows:

Fr,i(t) =
∫ t

0
kr,i(t− τ)θ̇(τ)dτ, (4.43)

where kr,i(t) is the impulse response function determined at the ith rotation angle, and (2)
using the following state-space model:

{
ẋi(t) = Âixi(t)+ B̂iθ̇(t)

Fr,i(t) = Ĉixi(t),
(4.44)

where the state-space matrices [Âi, B̂i, Ĉi] are identified from the wave-radiation frequency
response samples Kr,i(iωk), as outlined in Section 4.2.1. The EoM described in Eq. (4.42)
is only valid within the immediate vicinity of the ith cylinder rotation angle θi. In this
subsection, the rotation-dependence of key parameters — the infinite-frequency added mass
λ∞,i, dynamic buoyancy Fb,i, and wave radiation damping force Fr,i — is first analyzed. They
are then incorporated into the dynamic analysis of the cylinder through direct interpolations.

Interpolating the wave radiation damping force Fr,i using the state-space representation
requires addressing the state-basis incoherency issue, as detailed in Section 4.2.2.1. To
overcome this challenge, both the black-box and gray-box LPV modelling approaches
proposed in this work are implemented to ensure basis coherency across all grid points
θi (i = 1,2, . . . ,Ni). While the convolution integral (Eq. (4.43)) is computationally less
efficient compared to the state-space representation (Eq. (4.44)), it is inherently free from
the basis-incoherency issue. As such, the nonlinear convolution integral method, featuring
the interpolation of impulse response functions kr,i, is used as a benchmark in the nonlinear
analysis of the van Daalen cylinder to evaluate the performance of the proposed LPV
modelling approaches.
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4.3.2.1 Local linear models

A series of rotation angles θi in the range of [−30◦,30◦], with an interval of 0.5◦, are selected
to calculate the local linear models for the van Daalen cylinder. The 2D BEM code described
in Section 3.4 is adopted. It reformulates the wave-platform BVP (Eq. (3.7)) linearized
at a specific cylinder rotation into boundary integral equations, from which a system of
linear algebraic equations are obtained after the boundary discretization. The virtual far-field
boundaries are placed at -50 m and 50 m on the left and right sides, respectively. A mesh size
of 0.01 m is used for the wetted body surface to ensure accurate force coefficients solution,
while a coarser mesh size of 0.1 m is used for all other boundaries to reduce computational
costs.

Fig. 4.8 illustrates the variation of the infinite-frequency added mass λ∞ and dynamic
buoyancy force Fb with the grid point of rotation θi. It can be observed that as the cylinder
rotates, these values undergo significant changes compared to those at the equilibrium
position (θ = 0). The most notable variation occurs in the infinite-frequency added mass λ∞

when |θ | exceeds 24◦, as shown in Fig. 4.8. This abrupt change is attributed to the sudden
alteration of the submerged geometry of the cylinder as θ increases from 20◦ to 30◦, with
the bottom left corner of the body crossing over the free-surface, as shown in Fig. 4.9.

Fig. 4.8 Variation of infinite-frequency added mass (λ∞) and dynamic buoyancy force (Fb)
with the rotation angle ranging −30◦ ∼ 30◦. The filled dots represent the values calculated at
the equilibrium position (θ = 0◦).
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(a) θ = 20◦ (b) θ = 30◦

Fig. 4.9 Comparison of the van Daalen cylinder submergence at 20◦ and 30◦.

For this preliminary investigation of the LPV modelling approach, the cylinder’s rotation
is restricted to a moderate range of [−20◦,20◦] selected from the original grid points, to
avoid abrupt changes that could pose challenges to the LPV interpolation process. This range
of rotation angles results in a total of 81 local linear BVPs. Fig. 4.10 illustrates the variation
of the wave radiation impulse response kr(t) and frequency response Kr(iω) samples as
functions of the rotation angle θi. Again, notable changes can be observed compared to
the values at the equilibrium position (θ = 0◦). Additionally, both Fig. 4.8 and Fig. 4.10
demonstrate symmetry for positive and negative rotation angles. The observed variations in
the additional inertia, hydrostatic, and radiation damping properties, even for small changes
in rotation angle, are expected to influence the overall cylinder dynamics. This underscores
the importance of accurately capturing these geometrically nonlinear effects to ensure the
reliability of the LPV model.

Fig. 4.10 Variation of wave radiation impulse response (kr(t)) and frequency response
amplitude (|Kr(iω)|) with the rotation angles of−20◦ ∼ 20◦. The thick blue curves represent
the values calculated at the equilibrium position (θ = 0◦).
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4.3.2.2 Black-box LPV modelling

The identification-transformation-interpolation procedure of the black-box LPV modelling
framework, as illustrated in Fig. 4.5(a), is applied to the van Daalen floating cylinder. Each
step of this procedure is detailed in this subsection, and the resulting free oscillations of the
cylinder under various initial rotation angles are compared against the benchmark results
shown in Fig. 4.7 from [128] to verify the accuracy of the proposed LPV modelling approach.

The local linear state-space models corresponding to 81 grid points of the cylinder
rotation angle θi are identified independently from their frequency response samples using
the N4SID algorithm, as described in Section 4.2.1. Fig. 4.11 presents the identification
results for three example rotation angles: 0◦, 10◦ and 20◦. The fitting quality is compared for
three different state numbers (n = 2,4,6). It can be found that the 4-state model sufficiently
captures the dominant resonance behaviour of the wave radiation effect for each local linear
model. Therefore, a state number of 4 is chosen for the subsequent black-box LPV modelling
to ensure both accuracy and computational efficiency.

Fig. 4.11 Comparison of the amplitude (|Kr(iω)|) and phase angle (∠Kr(iω)|) of the fre-
quency response functions (FRF) calculated from the BEM code for three rotation angles
(0◦, 10◦ and 20◦) and the estimated wave radiation state-space models using three different
numbers of states (n = 2,4,6).

The location of system poles in the real-imaginary plane provides important information
about the dynamic characteristics of a linear state-space system. Therefore, the poles of
the 81 local state-space models [Âi, B̂i, Ĉi] (i = 1,2, . . . ,81) are investigated to illustrate the
geometrically nonlinear effects of the wave-radiation problem. The eigenvalue decomposition
is applied to each identified system matrix Âi to obtain the corresponding system poles for
each rotation angle θi. The evolution of these poles as θi varies from −20◦ and 20◦ is shown
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in Fig. 4.12. The 4-state model features 2 complex conjugate pairs of poles that capture
the two resonance peaks at around 2 rad/s and approximately 6∼ 8 rad/s, as illustrated in
the example frequency response samples for θi = 0◦ and 10◦ in Fig. 4.11. As the absolute
value of θi increases from 0◦ to 19◦, the 2 pairs of poles gradually move away from the
imaginary axis, indicating an increase in both the natural frequencies and damping ratios of
the wave radiation process. However, when |θi| reaches 19.5◦, the poles begin to shift back
towards the imaginary axis, with a noticeable change at θi = 20◦. This shift corresponds
to a fundamental change in the frequency responses, as shown in Fig. 4.11, where only
one predominant resonance peak is observed at θi = 20◦. These observations highlight the
nonlinear nature of the wave radiation dynamic process when the floating cylinder undergoes
large rotation angles and their impact on the system’s dynamic characteristics.

𝜃𝑖 = ±20o 

𝜃𝑖  = 0o

Fig. 4.12 The evolution of poles with the cylinder rotation angles θi between −20◦ to 20◦.

The abrupt change in the poles’ locations at θi =±20◦ can potentially lead to instability
in the LPV interpolation. Therefore, these outliers are discarded to ensure model stability and
consistency. To automate the detection of outliers, a technique based on the Modal Assurance
Criterion (MAC) is proposed in this work. The MAC provides a measure of similarity
between two mode shapes, with MAC=1 indicating identical mode shapes and MAC close
to 0 indicating very different mode shapes. Taking the mode shapes corresponding to the
equilibrium position, ψψψ0, as a reference, the MAC values evaluating the similarity between
ψψψ0 and the mode shapes ψψψ i at all rotation angles θi can be calculated as follows:

MAC{ψψψ0,ψψψ i}=
∣∣ψψψH

0 ψψψ i
∣∣2

(
ψψψH

0 ψψψ0
)(

ψψψH
i ψψψ i

) , (4.45)

where ()H denotes the conjugate transpose. The resulting MAC matrix for the 4-state model
across 81 rotation angles θi is presented in Fig. 4.13. The MAC is shown to successfully
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detect the extremes θi =±20◦ at which the MAC values are much smaller than 1, implying
that their mode shapes are distinct from the reference. The performance of the subsequent
LPV interpolation is susceptible to this abrupt mode-shape change. To focus on the LPV im-
plementation and simplify the discussion, this extreme angle of ±20◦ and the corresponding
state-space models are excluded from the interpolation array in this work.

Fig. 4.13 MAC values for different cylinder rotation angles θi =−20◦ ∼ 20◦.

As mentioned in Section 4.2.2.1, the identified state-space models [Âi, B̂i, Ĉi] (i =
2,3, . . . ,80) typically have different state bases. To ensure basis-coherency for reliable
LPV interpolation, they are transformed onto the balanced basis, according to the proposed
black-box LPV modelling approach described in Section 4.2.2.2. The eigenvalues of the
product of the controllability and observability Gramians, WcWo, for rotation angles between
−19.5◦ to 19.5◦ are shown in Fig. 4.14. The four distinct eigenvalues vary smoothly with the
cylinder rotation, indicating that the balanced basis is theoretically unique up to sign changes.
In practice, state-swapping can also occur between different identified models. Both the sign
changes and state swap should be corrected to ensure coherency across all local models.
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Fig. 4.14 Eigenvalues of the products of Gramians
as θi varies between −19.5◦ and 19.5◦.

The automatic basis correction method proposed in Eq. (4.21) is implemented. For
example, consider two adjacent models at rotation angles θ17 = −11.5◦ and θ18 = −11◦.
The state-space matrices for these two models, which have been transformed to the balanced
form, are listed as follows:

Ab,17 =




0.000 1.929 0.001 0.004
−1.929 −1.289 −0.392 −1.530
0.001 0.392 −0.111 −5.627
−0.004 −1.530 5.627 −4.170


 ,Bb,17 =




−0.074
−36.753

4.581
−24.915


 ,Cb,17 =




0.074
−36.753
−4.581
−24.915




⊺

,

(4.46)

Ab,18 =




−1.254 −1.916 0.400 −1.488
1.916 0.000 0.000 −0.001
−0.400 0.000 −0.117 5.511
−1.488 0.001 −5.511 −4.044


 ,Bb,18 =




35.524
−0.020
4.634

24.095


 ,Cb,18 =




35.524
0.020
−4.634
24.095




⊺

,

(4.47)
Substituting them into Eq. (4.21), the similarity transformation matrix T̃b,17/18 can be
calculated as follows:

T̃b,17/18 =




−0.005 −0.999 0.000 0.003
−0.999 −0.005 −0.006 0.000
0.006 0.001 0.999 −0.005
−0.001 0.004 0.006 −0.999


 , (4.48)

whose entries are close to 0 and ±1, and it can be rounded off to the following matrix:
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Tb,17/18 =




0 −1 0 0
−1 0 0 0
0 0 1 0
0 0 0 −1


 . (4.49)

This matrix indicates the changes in the state basis from the model at θ17 to the model at θ18.
Specifically, it shows that the first two states are swapped and their signs are changed, and the
sign of the fourth state is also changed. With the transformation matrix Tb,17/18, the model
[Ab,18,Bb,18,Cb,18] can be converted to the following form with entries similar to those of
the model [Ab,17,Bb,17,Cb,17] presented in Eq. (4.46):

Ãb,18 =




−0.000 1.916 −0.000 −0.001
−1.916 −1.254 −0.400 −1.488
−0.000 0.400 −0.117 −5.511
0.001 −1.488 5.511 −4.044


 , B̃b,18 =




0.020
−35.524

4.634
−24.095


 , C̃b,18 =




−0.020
−35.524
−4.634
−24.095




⊺

.

(4.50)
Fig. 4.15 compares the variation of each entry in the state-space models [Ab,i,Bb,i,Cb,i]

(i = 2,3, . . . ,80) with cylinder rotation angles θi before and after the basis correction. It is
evident that the state-space matrices prior to correction exhibit abrupt jumps due to the sign
changes and state swapping, which can cause instability in the subsequent LPV interpolation.
Applying the basis correction technique (Eq. (4.21)) consecutively to two adjacent state-
space models [Ab,i,Bb,i,Cb,i] and [Ab,i+1,Bb,i+1,Cb,i+1] with i varying from 2 to 79, all local
models are transformed to the basis used in the model [Ab,2,Bb,2,Cb,2]. Consequently, a
smooth and continuous variation of each matrix entry is achieved, as shown in Fig. 4.15,
indicating successful alignment of all local models across the entire range of rotation angles.
As the transformation matrix changes with i, this technique only guarantees relaxed state
coherency as defined in Eq. (4.14).
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Fig. 4.15 Variation of entries in the state-space matrices [Ab,i,Bb,i,Cb,i] with θi varying
between −19.5◦ to 19.5◦. One example entry is highlighted for each of the three matrices.

The grid-based LPV interpolation is implemented in Simulink for the van Daalen floating
cylinder. Its framework as well as visualization are presented in Fig. 4.16. The gravity center
of the cylinder is connected to the world frame on the water surface via a Revolute Joint,
which only allows rotational motion. The rotation angle θ , angular velocity θ̇ , and angular
acceleration θ̈ are measured from this joint. Simulink 1D Lookup Table blocks are used to
describe the variation of the dynamic buoyancy force Fb,i and infinite-frequency added mass
λ∞,i over the range of rotation angles θi from−19.5◦ to 19.5◦, as shown in Fig. 4.8. The local
state-space models with corrected balanced basis, as presented in Fig. 4.15, are pre-specified
in the LPV System block at corresponding θi. During the simulation, linear interpolation is
implemented to determine the instantaneous values of Fb, λ∞, and the state-space matrices
[Ab,Bb,Cb] based on the current rotation angle θ . The additional inertia effect is computed
by multiplying λ∞ with the acceleration θ̈ . The interpolated state-space model [Ab,Bb,Cb]

receives the velocity θ̇ as input to calculate the wave radiation damping force Fr.
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(a) Simulink framework (b) Visualization

Fig. 4.16 The LPV modelling for the van Daalen cylinder in Simulink.

Free oscillation tests of the van Daalen floating cylinder under different initial rotation
angles θ0 are simulated using the Simulink LPV model, as illustrated in Fig. 4.16. The
normalized rotational responses θ/θ0 for initial angles of 0.15 rad, 0.25 rad and 0.35 rad
are presented in Fig. 4.17. Compared to van Daalen’s nonlinear BEM simulation results
shown in Fig. 4.7, a similar trend of decreased oscillation period and increased damping
with increasing θ0 is observed, indicating that the proposed LPV black-box model effectively
captures the general nonlinear behaviour of the water-cylinder system.

Fig. 4.17 Normalized rotational responses of the van Daalen floating cylinder under three
different initial rotation angles of 0.15, 0.25, and 0.35 rad simulated by the Simulink black-
box LPV model.

However, it is worth mentioning that the absolute values of the Simulink responses do
not coincide exactly with van Daalen’s results, as shown in Fig. 4.18 for the comparison of
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both responses under θ0 = 0.35 rad. The discrepancy is primarily due to the neglect of the
second-order term −1

2ρ|∇Φ|2 in the hydrodynamic pressure computation of the Simulink
LPV model, whereas its effect is included in van Daalen’ work, as shown in Eq. (4.41).

Fig. 4.18 Comparison of van Daalen cylinder’s rotational responses under initial rotation
angle of 0.35 rad (20◦) simulated by the body-nonlinear solver used in van Daalen [128] and
Simulink black-box LPV model.

Fig. 4.19 shows the wave radiation force Fr, which is the output of the LPV system in
the Simulink model, for the three initial rotation angles. When θ0 = 0.15 rad, Fr exhibits
an almost simple harmonic form. As θ0 increases to 0.25 rad, the crests and troughs of
Fr become flatter, indicating more modes involved in the system dynamics. At θ0 = 0.35
rad, the higher-order oscillations are clearly observed. These results again demonstrate the
capability of the Simulink LPV model to capture the dynamic variation of the water-cylinder
system caused by large rotations.

Fig. 4.19 Wave radiation force Fr of the van Daalen floating cylinder under three different
initial rotations of 0.15, 0.25, and 0.35 rad simulated by the Simulink black-box LPV model.
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4.3.2.3 Gray-box LPV modelling

In this subsection, the gray-box LPV modelling approach illustrated in Fig. 4.5(b) is applied
to the van Daalen cylinder to capture the geometric nonlinearity of the water-cylinder system.
This gray-box method is characterized by the use of a physical state basis derived from
the finite element formulation. Free oscillations of the cylinder simulated using various
modelling assumptions are compared to evaluate the performance of the newly proposed
gray-box LPV modelling approach.

As described in Eq. (4.40), a constrained nonlinear optimization problem is required to
be solved at each grid point θi to obtain a set of state-space models [Aopt ,Bopt ,Copt ]. This
set of models can be transformed to the proposed physical state-space form [Ap,Bp,Cp]

(Eq. (4.34)) using a transformation matrix T that remains invariant across all rotation angles
θi. As such, the strict state-basis coherency defined in Section 4.2.2.1 is ensured, which is
critical for achieving reliable LPV interpolation.

According to the output equation of the physical state-space representation, as expressed
in Eq. (4.33), the required outputs include the potentials on the free surface (ϕϕϕ1), the
potentials on the virtual far-field boundary (ϕϕϕ2), and the wave radiation damping force (Fr).
To capture these outputs, potential sensors are deployed on the free surface (denoted as ε) and
the virtual far-field boundary (denoted as Γ) in the developed 2D BEM code, alongside the
conventional force sensor described in Section 3.4. The deployment of these sensors enables
the computation of an augmented frequency response function K(iω), which includes the
free-surface potential frequency response Kε , far-field potential frequency response KΓ, and
wave radiation force frequency response Kr. This augmented frequency response K(iω)

will be used in the identification and optimization steps of the LPV modelling. The sensor
deployment strategy is illustrated in Fig. 4.20. To ensure that the identified state-space
models retain the symmetry property of the wave-radiation frequency response, as shown
in Fig. 4.10, the sensors must be positioned symmetrically about the earth-fixed reference
frame Oxz.
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O x

z
Free-surface sensors

Far-field sensors

𝓔𝑳𝟏 𝓔𝑹𝟏𝓔𝑳𝟐𝓔𝑳𝟑 𝓔𝑹𝟐 𝓔𝑹𝟑
𝚪𝑳𝟏

𝚪𝑳𝟐

𝚪𝑹𝟏

𝚪𝑹𝟐

Force sensor

Fig. 4.20 Sensor deployment for forces, free-surface potentials and far-field potentials.

The identification of a reference state-space model is necessary to provide initial guesses
for the optimization problem, as described in Eq. (4.40). This process involves two key
technical considerations: (1) determining an appropriate number of states, and (2) selecting a
reference grid point θre f . The number of states in the physical state-space model depends on
the number of potential sensors. According to the state equation of the physical state-space
model described in Eq. (4.32), each free-surface sensor corresponds to 2 states, while each
far-field sensor corresponds to 1 state. Regarding the reference grid point, while it may seem
intuitive to select the equilibrium position (θ = 0◦), this choice leads to an ill-conditioned
physical state-space model due to the resulting singular T matrix. The singularity arises
because the far-field sensors positioned at the same vertical level, such as ΓL1 and ΓR1, are not
independent when the fluid domain is perfectly symmetric about the Oz axis. To overcome
this issue, a non-zero θre f is selected as the reference point. In this subsection, three LPV
models with different state numbers (n) are computed, with their corresponding θre f and
sensor locations listed in Table 4.1. Their performance and accuracy will be investigated in
the following analysis to assess the impact of these choices on the overall LPV model.

Table 4.1 Reference grid point θre f and sensors location for different numbers of states.

Number of states (n) θre f Free-surface sensors (ε) Far-field sensors (Γ)

8 1◦ ±4 m -2 m, -4 m

12 0.5◦ ±3 m, ±4 m -2 m, -6 m

16 1◦ ±3 m, ±4 m, ±5 m -2 m, -8 m

To illustrate the optimization process, the n = 8 configuration in Table 4.1 is taken as
an example. This configuration consists of 2 free-surface sensors (4 states) and 4 far-field
sensors (4 states). The state-space model identified from the augmented frequency response
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samples at θre f = 1◦ is selected as the reference model. Initialized with this reference
state-space model [Are f ,Bre f ,Cre f ], the optimization problem described in Eq. (4.40) is
solved independently for each grid point θi ranging from −20◦ to 20◦. The frequency
responses of the resultant optimized state-space models [Aopt ,Bopt ,Copt ] are compared with
the corresponding frequency response samples obtained from the 2D BEM solver in Fig.
4.21 for θre f and θ =±10◦. The large differences in the amplitude of the force and potential
frequency responses introduce challenges in the optimization computation. To overcome this,
scaling factors of 103 and 1.67×103 are applied to the original frequency response samples
associated with the potentials on the free surface Kε and far field KΓ, respectively.

(a) Reference: θ = 1◦ (b) Example 1: θ = 10◦ (c) Example 2: θ =−10◦

Fig. 4.21 The optimized state-space estimation of the wave radiation force frequency response
samples (Kr), and the potential frequency response samples on the free surface (Kε ) and far
field (KΓ) for the van Daalen cylinder under the rotation of 1◦ and ±10◦.

Fig. 4.21 indicates that the state number of 8 is sufficient to capture the dominant
resonances of the water-cylinder dynamic system. Moreover, the optimized state-space
models exhibit the expected symmetry in Kr and KΓ, and anti-symmetry in Kε for positive
and negative rotation angles. These symmetry properties validate the effectiveness of the
optimization process in accurately representing the system’s dynamic characteristics. With
the collection of optimized state-space models, the physical state-space models [Ap,Bp,Cp]

can be computed for each grid point θi using Eq. (4.35) and 4.38. The system matrices of
the physical state-space model at an example grid point of 10◦ are presented below:
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Ap,10◦ =




0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0

−13.89 −10.84 2.39 3.47 35.84 −6.88 39.89 −11.64
11.83 8.91 −3.01 −4.05 −34.87 6.67 −38.91 11.43
38.43 37.05 5.07 6.00 −186.32 −20.56 −209.47 6.87
21.73 20.38 4.25 4.90 −41.53 −127.59 −57.54 −108.52
−36.94 −35.56 −4.81 −5.73 172.54 32.22 195.10 5.48
−20.56 −19.21 −4.03 −4.67 30.63 136.99 46.18 118.43




,

Bp,10◦ =




0
0

1342.30
−1238.40
−154.48
−152.02
150.40
148.08




,Cp,10◦ =




1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

−7.04 −7.55 −0.01 −0.77 60.03 −82.44 58.90 −80.98




,

(4.51)
which adhere to the specified structure in Eq. (4.34), as expected. This demonstrates the
success of the proposed algorithm in imposing the state-space representations at all grid points
to use a unified physical basis, which is critical for achieving accurate LPV interpolation in
subsequent steps.

The performance of the physical state-space model is evaluated for different state numbers.
Fig. 4.22 compares the fitting of the wave radiation force frequency response (Kr) at θ = 8◦

using physical state-space models with n = 8, n = 12, n = 16 states against the samples
obtained from the 2D BEM code. For reference, the Kr estimated using the n = 4 balanced-
form state-space model, as shown in Fig. 4.11, is also included. The results indicate that
increasing the state number improves the fitting quality of the physical state-space models,
with the n = 16 model providing the closest match to the BEM samples. The gray-box
physical-basis model requires a larger number of states compared to the black-box balanced-
form model (n = 4) because it includes additional potential sensors for more comprehensive
representation. In contrast, the black-box balanced-form model only handles the single-input
single-output (SISO) frequency response Kr in the van Daalen model. As a result, while
the gray-box model provides a naturally coherent state basis, it introduces greater model
complexity, which must be considered when choosing the appropriate model configuration
for practical applications.
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Fig. 4.22 Comparison of the wave radiation force frequency response (Kr) at θ = 8◦ calculated
from the BEM code, the physical state-space models using three different numbers of states
(n = 8,12,16), and the balanced-form state-space model using 4 states.

The ability of the proposed physical-form state-space model in capturing the variation
of the van Daalen cylinder’s dynamic characteristics with rotation angles is investigated by
analyzing the evolution of system poles in the real-imaginary plane. Fig. 4.23 shows the
evolution of poles for physical state-space models using n = 8, n = 12, n = 16 states over the
rotation ranges of −18◦ ∼ 18◦, −12◦ ∼ 12◦ and −10◦ ∼ 10◦, respectively. Models outside
of these ranges are considered outliers and have been eliminated to maintain a relatively
smooth variation of poles, which is essential for subsequent LPV interpolation. Interestingly,
the n = 8 and n = 12 models contain only complex conjugate poles, indicating a consistent
dynamic response within these rotation ranges. In contrast, for the n = 16 model, a shift
between real and complex conjugate poles is observed as the rotation angle changes. This
shift suggests that a higher number of states is able to capture more intricate dynamics of the
system. However, it also introduces additional complexity, whose impact on the interpolation
process will be studied later.

Fig. 4.24 shows the variation of entries in the matrices [Aopt ,Bopt ,Copt ] of the optimized
state-space models and matrices [Ap,Bp,Cp] of the transformed physical state-space models
as functions of the cylinder’s rotation angles θi. While both model collections are constructed
along a coherent state basis, the optimized form generally exhibits better numerical condition-
ing compared to the physical form. Therefore, the optimized form is recommended for use in
the subsequent LPV interpolation to ensure a more stable and accurate model representation.

Regarding the number of states, different behaviours are observed in the variation of
matrices Aopt and Bopt for different state numbers. When n = 8 is used, the matrices tend
to exhibit anti-symmetry with respect to the rotation angles, whereas for n = 12 and n = 16
models, the matrices show a symmetric variation. This change in symmetry suggests that
the system dynamics are captured differently depending on the number of states, which
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(a) 8 poles (n = 8)

(b) 12 poles (n = 12)

(c) 16 poles (n = 16)

Fig. 4.23 The evolution of poles of the physical state-space models under different rotations.

can affect the results of the later interpolation process. This behaviour is likely occurring
from the identification process rather than the transformation, as similar observations are of
considerations in stabilization methods [109]. Additionally, with a higher number of states
(n = 16), fewer oscillations are observed in the entries of the state-space matrices, which
is theoretically preferable for interpolation. The symmetric trends and smooth variations
of the state-space matrices provide confidence in the ability of the proposed physical-form
LPV modelling approach to capture the geometrically nonlinear dynamics of the example
water-cylinder system.
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(a) 8 poles (n = 8)

(b) 12 poles (n = 12)

(c) 16 poles (n = 16)

Fig. 4.24 The variation of entries to the system matrices for the optimized [Aopt ,Bopt ,Copt ]
and physical [Ap,Bp,Cp] state-space models with rotation angles θi.
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The Simulink modelling framework for the van Daalen floating cylinder, as illustrated in
Fig. 4.16, is used to evaluate the performance and accuracy of the proposed gray-box LPV
modelling approach. The free rotational response of the cylinder is simulated using various
modelling assumptions for each component of the hydrodynamic forces, as summarized in
Table 4.2. The optimized state-space models with n= 8, n= 12, and n= 16 states, along with
their corresponding grid points of rotation angles, are individually specified in the Simulink
model. The rotation-dependence of the dynamic buoyancy force Fb and the infinite-frequency
added mass λ∞ is accounted for using interpolation, and this configuration is referred to as
“LPV” model in Table 4.2. For closer evaluation of the geometrically nonlinear effects of the
water-cylinder system, the LPV model is compared against conventional purely linear models,
partly-nonlinear and nonlinear convolution integral models. The linear models use either the
convolution integral or state-space representation to compute the wave-radiation damping
force Fr, with the corresponding impulse response kr(t) or the state-space representation, as
well as Fb and λ∞, all evaluated at the equilibrium position (θ = 0◦), as detailed in Section
2.2.1.1. The partly-nonlinear convolution integral model considers the rotation-dependence
of Fb and λ∞ while retaining the linear Fr. In contrast, the nonlinear convolution integral
model incorporates all nonlinear forces with kr interpolated at each time instant for the
evaluation of nonlinear Fr. This nonlinear model serves as the benchmark for assessing
the accuracy of the proposed LPV modelling approach because it is free from state-basis
incoherency issues.

Table 4.2 Assumptions for different models.

Linear
conv

Linear
ss

Partly-nonlinear
conv

Nonlinear
conv

LPV

Buoyancy Fb linear linear nonlinear nonlinear nonlinear

Infinite-frequency
added mass λ∞

linear linear nonlinear nonlinear nonlinear

Wave radiation force Fr linear linear linear nonlinear nonlinear
conv: convolution integral; ss: state-space model.

Fig. 4.25 compares the rotational responses of the van Daalen cylinder under an initial
rotation angle θ0 = 20◦ simulated by the Simulink model using the various models listed in
Table 4.2. The responses calculated using the balanced-form LPV model, as described in Fig.
4.17, is also included. The results show that the LPV models and the nonlinear model exhibit
shorter oscillation periods and higher damping effects compared to the purely linear models.
This indicates the presence of nonlinearities in the water-cylinder interaction dynamics, due
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to the time-varying wetted body surface. However, the different LPV models, whether using
the balanced form or the optimized physical form with different state numbers, all show
minimal deviation from the nonlinear model. This demonstrates the ability of the proposed
LPV modelling approaches in accurately capturing the geometric nonlinearities. The partly-
nonlinear response shows a similar period to the nonlinear response but has a decay rate
comparable to that of the purely linear responses. This suggests that the oscillation period
is primarily influenced by the dynamic buoyancy force Fb and the infinite-frequency added
mass λ∞. Fig. 4.26 compares the wave radiation forces Fr simulated using the various models.
The nonlinear and LPV models show higher Fr amplitudes compared to the partly-nonlinear
and purely linear models. This explains the increased damping effect, due to radiation energy
loss, when the rotation-dependence of Fr is taken into account.

Fig. 4.25 Comparison of van Daalen cylinder’s rotational responses θ under the initial
rotation angle θ0 = 20◦ simulated using different modelling assumptions.

Fig. 4.26 Comparison of van Daalen cylinder’s wave radiation damping force Fr under the
initial rotation angle θ0 = 20◦ simulated using different modelling assumptions.
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4.3.3 Nonlinear analysis

To further investigate the influence of geometric nonlinearity on the dynamic response of the
system, a nonlinear analysis is conducted on the van Daalen floating cylinder. In this analysis,
the numerical frequency sweep method, which is commonly used for nonlinear systems, is
adopted. A total of 40 sinusoidal excitation signals, characterized by the moment about the
y-axis (My), are selected with unevenly spaced excitation frequencies ( fexc) ranging from
0.0608 Hz to 0.5556 Hz. Fine frequency intervals are set around 0.3 Hz, which corresponds
to the estimated rotational natural frequency of the cylinder from the free oscillation results
in Fig. 4.25. For each of the 40 excitation signals, the mean moment value is fixed at 2000
N ·m, while the amplitude is set to 500 N ·m.

For the sweep-up (down) test, as illustrated in Fig. 4.27, the excitation signal with the
lowest (highest) frequency is initially applied to the right side of the External moment block
in the Simulink model (Fig. 4.16) to excite the cylinder from rest. The rotational response of
the cylinder is simulated using a specified model, as listed in Table 4.2. A sufficiently long
simulation time is used for each frequency to ensure that the response converges to the steady
state. Afterwards, without interrupting the simulation, the excitation frequency is increased
(decreased) to the next value, until all frequency cases are completed.

(a) Sweep up (b) Sweep down

Fig. 4.27 Spectrograms of the numerical frequency sweep-up and down excitation signals,
and comparison of the cylinder’s rotational responses calculated from various models. Refer
to Fig. 4.28 for the legends of these models.

After individually simulating the floating cylinder using different model assumptions for
both frequency sweep-up and down tests, the resulting rotational responses are compared
in Fig. 4.27. The steady-state rotational amplitudes under each excitation frequency ( fexc)
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are extracted and plotted against fexc in the pseudo frequency response shown in Fig. 4.28.
The solid lines represent the frequency responses obtained from the frequency sweep-up test
using 6 different models, while the dashed lines show the results from the sweep-down tests.
These test cases provide a comprehensive view of the nonlinear behaviour of the floating
cylinder under varying excitation frequencies and help evaluate the impact of different model
assumptions on the system’s response.

Fig. 4.28 Pseudo frequency responses of the van Daalen cylinder calculated from various
models under the frequency sweep-up (solid lines) and down (dashed lines) tests.

From Fig. 4.28, it can be observed that only including the nonlinear infinite-frequency
added mass λ∞ and buoyancy Fb, as in the partly-nonlinear model, results in an increase in
the natural frequency by approximately 6.5% compared to the purely linear models (0.293
Hz v.s. 0.312 Hz). This hardening effect is consistent with the shortened oscillation period
observed from the partly-nonlinear model in Fig. 4.25. Further incorporating the nonlinear
radiation force Fr through either the nonlinear convolution integral model or LPV models
slightly increases the natural frequency but significantly reduces the resonance peak. This
indicates a considerable increase in damping effect when geometric nonlinearity is accounted
for, which has also been reflected in the time-domain free oscillation results shown in Fig.
4.25. The good agreement between the two LPV models and the nonlinear convolution
integral model again verifies the effectiveness of both the black-box balanced and gray-box
physical modelling approaches to accurately capture the system’s nonlinear dynamics.

The frequency responses from the sweep-up and down tests in Fig. 4.28 do not show
appreciable differences for most models, except for the partly nonlinear convolution integral
model. In this case, jumps occur at different frequencies during the sweep-up and sweep-
down tests, indicating the presence of bifurcation which is a typical phenomenon in nonlinear
systems. It is important to note that the cylinder’s rotation angle can reach as large as
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30◦ when resonance occurs for the partly-nonlinear model. As plotted in Fig. 4.8, the
infinite-frequency added mass (λ∞) experiences an abrupt jump when θ increases to around
±24◦, which can contribute to the observed bifurcation behaviour. In contrast, due to higher
damping effects, the resonance peaks of the LPV models occur within a range of rotation
angles where λ∞ exhibits only mild variation, preventing bifurcation under this excitation
moment amplitude. This comparison highlights the significant influence of each nonlinear
hydrodynamic component on the overall system response. Neglecting or misrepresenting
any of these components can lead to fundamentally different dynamic predictions.

4.4 LPV modelling of the floating wind turbine

The LPV modelling methodology, which has been verified on the van Daalen floating cylinder,
is applied to the platform of floating wind turbines (FWT) in this section. For this study,
only 2D movements of the FWT platform are considered. Both the black-box method using
the balanced-form basis and the gray-box method with the newly proposed physical basis
are explored. The platform responses of the LPV models are simulated in Simulink for
an example NREL 5-MW ITI-Barge FWT under irregular wave excitation. Additionally,
the geometrically nonlinear effects are investigated for both wave-only and simultaneous
wind-wave excitation scenarios. These analyses aim to evaluate the accuracy and robustness
of the LPV models in capturing the complex nonlinear hydrodynamics of the FWT system.

4.4.1 LPV modelling

This section provides a detailed description of the procedures used for the LPV modelling
of FWT hydrodynamics. Specifically, the identification-transformation-interpolation
procedure for the black-box LPV method and the identification-optimization-interpolation
procedure for the gray-box LPV method, as illustrated in Fig. 4.5, are explained in depth.
Their integration with the Simulink FWT model, developed in Section 2.3, is also introduced.

4.4.1.1 Local linear models

To generate local linear models for the FWT platform hydrodynamics, a 2D grid is defined
with heave displacements (ξ3) ranging from -2 m to 2 m with an interval of 0.1 m, and pitch
rotations (ξ5) ranging from −10◦ to 10◦ with an interval of 0.5◦. This grid is selected to
capture the variation in hydrodynamic coefficients over a broad range of platform positions.
The 2D BEM code developed in Section 3.4 is used to numerically solve the BVP linearized
at each specified platform pose (ξ3,ξ5).
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Fig. 4.29 shows the resulting infinite-frequency added mass (λλλ ∞) for all couplings of
three DoFs in the 2D space — surge, heave and pitch — along with the dynamic buoyancy
force (Fb) for these DoFs. The results indicate significant variations in λλλ ∞ and Fb with the
platform’s heave displacement (ξ3) and pitch rotation (ξ5). An exception is observed in the
buoyancy Fb for the surge DoF, which remains zero across the entire grid. The wave-radiation
damping effect, represented by either the frequency response function (Kr(iω)) or impulse
response function (kr(t)), also varies with the platform position, as shown in Fig. 4.30 and
4.31, respectively.

(a) Infinite-frequency added mass (λλλ ∞).

(b) Buoyancy force (Fb).

Fig. 4.29 Variation of the infinite-frequency added mass (λλλ ∞) and dynamic buoyancy force
(Fb) of the 2D ITI-Barge FWT platform under the heave displacements ξ3 of -2 m ∼ 2 m
and pitch rotations ξ5 of −10◦ ∼ 10◦. The filled dots represent the values calculated at the
equilibrium position (ξ3 = 0 m,ξ5 = 0◦).
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(a) Fixed pitch ξ5 = 0◦, varying heave ξ3 of -2 m ∼ 2 m.

(b) Fixed heave ξ3 = 0 m, varying pitch ξ5 of −10◦ ∼ 10◦.

Fig. 4.30 Variation of wave radiation force frequency response Kr(iω) of the 2D ITI-Barge
FWT platform with platform positions. The thick blue curves represent the values calculated
at the equilibrium position (ξ3 = 0 m,ξ5 = 0◦).
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(a) Fixed pitch ξ5 = 0◦, varying heave ξ3 of -2 m ∼ 2 m.

(b) Fixed heave ξ3 = 0 m, varying pitch ξ5 of −10◦ ∼ 10◦.

Fig. 4.31 Variation of wave radiation force impulse response kr(t) of the 2D ITI-Barge FWT
platform with platform positions. The thick blue curves represent the values calculated at the
equilibrium position (ξ3 = 0 m,ξ5 = 0◦).

149



Linear Parameter-varying Model for Geometrically Nonlinear FWT Hydrodynamics

As shown in Fig. 4.30(a) and Fig. 4.31(a), when the platform’s pitch rotation ξ5 is fixed
at 0◦ and only the heave displacement ξ3 varies, the cross-coupling terms of both kr(t) and
Kr(iω) remain zeros, which is attributed to the geometric symmetry of the barge platform
about the Oz axis. However, once the platform is tilted, breaking this symmetry, the cross-
coupling terms become non-zero, as shown in Fig. 4.30(b) and Fig. 4.31(b). Additionally,
both the wave radiation functions kr and Kr show symmetry with respect to positive and
negative rotation angles, as expected. These variations in the hydrodynamic coefficients
with platform position must be accurately captured in the LPV modelling to ensure reliable
predictions of the FWT dynamics.

4.4.1.2 Black-box LPV modelling

In the black-box LPV modelling approach, the 3-input 3-output wave radiation force fre-
quency response matrix Kr is used to identify the local state-space models at each specified
grid point of the platform position. The frequency-domain subspace identification algorithm
described in Section 4.2.1 is applied to Kr to obtain the state-space models. Fig. 4.32 com-
pares the frequency responses of the identified state-space models with different numbers of
states (6, 8 and 10) against the frequency response samples computed from the 2D BEM code
at two example platform positions. The results show that the model using 8 states provides a
better overall representation for Kr compared to the 6-state model for both examples. Further
increasing the state number to 10 improves the fitting at the platform position of ξ3 =−2
m, ξ5 = 8◦, but results in a poorer fit at ξ3 = 0.6 m, ξ5 = 8◦. Given these observations,
the state-space model with 8 states is selected for more robust identification results across
different platform positions.

It is worth noting that when the platform’s heave displacement ξ3 and the pitch rotation
|ξ5| exceed the thresholds 0.8 m and 9◦, the platform’s submergence area changes shape
from a trapezoid to a triangle. This fundamentally alters the envelope shape of the frequency
response function Kr, leading to significant changes in the pole locations of the identified
state-space models. To avoid the instability caused by such abrupt changes, the grid points
for the platform position are restricted to ξ3 ∈ [−2 m,0.65 m] and ξ5 ∈ [−8◦,8◦]. Fig. 4.33
plots the evolution of poles for the identified state-space models within this selected range of
heave displacements (ξ3) and pitch rotations (ξ5).

As shown in Fig. 4.33(a), when the platform moves upward with the rotation fixed at
ξ5 = 0◦, the 4 pairs of complex conjugate poles consistently shift to the left side of the
real-imaginary plane. This indicates an increase in natural frequencies and damping ratios.
However, when ξ5 ̸= 0, the poles’ shifts are no longer monotonic, and the poles’ evolution
paths with heave ξ3 vary distinctly at different fixed rotation ξ5. Similarly, Fig. 4.33(b)
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shows that for different fixed heave values ξ3, the poles’ evolution with rotation ξ5 tends to
be more scattered as ξ3 increases. Furthermore, the poles corresponding to negative rotation
angles (e.g. ξ5 = −8◦ labelled as “+” ) and positive angles (e.g. ξ5 = 8◦ labelled as bold
“×” ) overlap, reflecting the inherent symmetry of Kr as shown in Fig. 4.30(b). The slight
mismatches between “+” and “×” in Fig. 4.33(b) are introduced by numerical oscillations
in the BEM results. The smooth variations in the poles of the identified state-space models
provide further evidence of the geometric nonlinearity in the wave radiation effect, which
can be captured by the selected range of grid points.

(a) Platform position: ξ3 =−2 m,ξ5 = 8◦

(b) Platform position: ξ3 = 0.6 m,ξ5 = 8◦

Fig. 4.32 Comparison of wave radiation frequency response (Kr) at two example platform
positions calculated from the BEM code and state-space models using n = 6,8,10 states.
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(a) Varying with heave from -2 m to 0.65 m

(b) Varying with pitch from −8◦ to 8◦

Fig. 4.33 The evolution of poles of the identified state-space models under different heave
displacements and pitch rotations. Bold “+” and “×” labels represent the poles corresponding
to the smallest and largest platform displacement values, respectively.
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The identified state-space models, each with algorithmically chosen state basis, are
transformed to the balanced basis and then corrected to ensure basis coherency, as described
in Section 4.2.2.2. To evaluate the uniqueness of the balanced coordinates, the 8 eigenvalues
of the Gramian products WcWo are computed for each locally identified state-space model.
The variations of these eigenvalues with respect to the heave ξ3 and pitch ξ5 platform
displacements are shown in Fig. 4.34. These eigenvalues are found to be distinct across
the entire range of platform positions. Hence, the balanced coordinates are guaranteed to
be unique up to a sign change and a shift between states. To achieve basis coherency, the
automatic basis correction algorithm proposed in Section 4.2.2.2 is applied to align the
state bases of the state-space models in the balanced form Ab,Cb,Cb at different platform
positions. This step is crucial for ensuring that the local models can be interpolated for a
reliable LPV representation of the FWT hydrodynamics.

Fig. 4.34 Eigenvalues of the products of Gramians with the heave displacement ξ3 ranging
from -2 m to 0.65 m and the pitch rotation ξ5 from −8◦ to 8◦.

Fig. 4.35 compares the entries of the [Ab,Cb,Cb] matrices before and after basis correc-
tion. The comparison shows that random sign changes have been successfully corrected by
the developed algorithm, and the entries of the system matrices exhibit smooth variations
with the platform motion after basis correction. Notably, when the pitch rotation ξ5 is fixed at
0◦, all matrix entries show monotonic variations as the platform moves upward in the heave
ξ3 direction, which is consistent with the pole evolution trends observed in Fig. 4.33(a). On
the other hand, when the heave position ξ3 is fixed at −1 m, the entries corresponding to
positive and negative pitch rotation angles ξ5 exhibit either symmetric or anti-symmetric
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behaviour. This satisfactorily reflects the inherent symmetry characteristics of the wave
radiation frequency response Kr. These transformed state-space models, with smooth and
consistent variations in the matrix entries, are now prepared for use in the LPV interpolation
process, which will be detailed later.

(a) Pitch fixed at ξ5 = 0◦, heave ξ3 varies between -2 m ∼ 0.65 m

(b) Heave fixed at ξ3 =−1 m, pitch ξ5 varies between −8◦ ∼ 8◦.

Fig. 4.35 Variation of the entries of the state-space matrices [Ab,Bb,Cb] before and after
basis correction, with different heave displacements ξ3 and pitch rotations ξ5. One example
entry is highlighted for each of the three matrices.
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4.4.1.3 Gray-box LPV modelling

In this subsection, the gray-box method using the physical form state-space model, as
proposed in Section 4.2.2.3, is applied to model the geometrically nonlinear wave radiation
effect for FWTs. To construct the physical state space model (Eq. (4.32), (4.33)), free-surface
potential sensors and far-field potential sensors are required in addition to the conventional
wave radiation force Fr sensors used in the black-box method described in Section 4.4.1.2.

The ϕϕϕ2 sensors are placed on the truncated far-field boundaries (x=±xΓ) in the numerical
BEM code. The choice of boundary truncation location is critical for accurately capturing
the far-field frequency response samples, which directly affect the estimation of the proposed
physical state-space model. To determine the optimal truncation location, the values obtained
for the platform being in its equilibrium position from the analytical method, which provides
accurate potential solutions ϕϕϕ2(x,z,ω) (Section 3.5.1), is used as a benchmark. Fig. 4.36
compares the analytical and numerical BEM results for ϕϕϕ2 at the vertical level zΓ = −80
m and wave frequency ω = 0.1 rad/s under different truncation location xΓ. The results
indicate that ϕϕϕ2 outputs converge as xΓ increases, and the BEM results show good agreement
with the analytical solution. Based on this comparison, xΓ = 200 m is chosen as the optimal
truncation location, ensuring both accurate ϕϕϕ2 computation and computational efficiency.

Fig. 4.36 Comparison of the analytical and numerical BEM solutions to the far-field potential
ϕ2 at zΓ = −80 m with different far-field truncation location xΓ. The platform is at its
equilibrium position and the wave frequency is 0.1 rad/s.

The frequency response matrices used to identify the physical state-space model are
constructed by concatenating the free-surface potential frequency response Kε(iωk) of size
N1× 3, the far-field potential frequency response KΓ(iωk) of size N2× 3, and the wave
radiation force frequency response Kr(iωk) of size 3×3, where N1 and N2 are the number
of free-surface and far-field potential sensors, respectively. This results in an augmented
frequency response matrix K(iωk) of size (N1+N2+3)×3. In this work, N1 = 4 free-surface
potential sensors are placed xε =±24 m and ±28 m, while N2 = 8 far-field potential sensors
are set at zΓ =−50 m, −60 m, −70 m and −80 m along the previously determined boundary
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truncation xΓ = ±200 m. These sensors are used to construct the augmented frequency
response matrices Kr(iωk) for each platform position.

The constrained nonlinear optimization problem defined in Eq. (4.40) is solved to
obtain all local state-space models in the physical form. The platform position at heave
ξ3 = 0 m and pitch ξ5 = 3◦ is selected as the reference model for initialization. Due to the
large amplitude differences in the frequency responses corresponding to different sensors in
different DoFs, as shown in the numerical BEM results in Fig. 4.37, scaling is applied to
improve fitting quality. The heave-heave wave-radiation frequency response |Kr3,3| is used
as the reference for scaling. The scaling factors for the surge and pitch DoFs for both inputs
(velocity) and outputs (force) are set to 1 and 0.1, respectively, resulting in a scaling matrix
of [1 1 0.1; 1 1 0.1; 0.1 0.1 0.01], which is multiplied to Kr obtained from the BEM code.
Similarly for the potentials frequency response, scaling vectors of [104 3.33×103 103]⊺ and
[3.33×104 3.33×103 3.33×103]⊺ are multiplied to Kε and KΓ, respectively.

Fig. 4.37 shows the optimization results for one example local model. Good agreement
can be observed between the frequency responses calculated from the optimized state-space
model [Aopt ,Bopt ,Copt ] and those obtained from the BEM code. Additionally, the proposed
state-space model accurately captures the singularities at ω = 0 in the heave DoF, which are
present in both the potential frequency responses Kε and KΓ. These results demonstrate the
effectiveness of the physical-form state-space model in capturing the complex hydrodynamic
behaviour of the wave-platform interaction system for FWTs.

(a) Wave radiation force frequency response.
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(b) Free-surface potential frequency responses at xε,L1 =−24 m and xε,L2 =−28 m.

(c) Far-field potential frequency responses at zΓ,L1 =−50 m and zΓ,L3 =−70 m.

Fig. 4.37 Comparison of the wave radiation force frequency response (Kr), and the potential
frequency response on the free surface (Kε ) and the far field (KΓ) from the optimized state-
space model and BEM code at the platform position of heave ξ3 =−1 m and pitch ξ5 = 6◦.

To evaluate the capability of the physical state-space model in capturing the variation
of the dynamic characteristics for the FWT system, the evolution of poles of the optimized
state-space models is analyzed. According to the structure of the physical state equation
described in Eq. (4.31), the total number of states is given by N1× 2+N2 = 16 for the
sensors deployment strategy described above. The evolution of the 16 poles with different
heave displacements under three fixed pitch rotation angles are shown in Fig. 4.38. In
contrast to the black-box method, where only complex conjugate poles are present (see Fig.
4.33), the larger number of states used in the gray-box model introduces real poles. This is
particularly necessary due to the singularities at ω = 0 in the potential frequency responses,
which require one or more poles to be sufficiently close to the imaginary axis. This condition
is satisfied by the presence of a real pole, labeled as “Pole 1” in Fig. 4.38.
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Fig. 4.38 The evolution of poles of the optimized physical state-space models with the
platform heave displacements ξ3 from -2 m to 1 m under three fixed pitch rotations (ξ5).

The evolution of the poles with varying heave displacements ξ3 demonstrates relatively
smooth paths, which is expected for linear systems obtained by nearby linearizations of an
underlying smooth non-linear system. This implies that the optimization process successfully
captures the nonlinear dynamic characteristics of the wave-platform system. However, as
the pitch rotation angle ξ5 increases, the poles tend to deviate more, reflecting the increased
complexity of the system dynamics. This rapid change is also observed in Fig. 4.39, where
the variations in the entries of the optimized state-space matrices [Aopt ,Bopt ,Copt ] and the
physical state-space matrices [Ap,Bp,Cp] are compared. Fig. 4.39(a) shows the variations
with different heave displacements ξ3 under a fixed pitch rotation ξ5, while Fig. 4.39(b)
shows the variations with different pitch rotations ξ5 under a fixed heave position ξ3.

Again, it can be found that the entries of the matrices for the physical state-space
models are changing more rapidly than those of the optimized state-space models. The
large difference in magnitude between [Aopt ,Bopt ,Copt ] and [Ap,Bp,Cp] arises from the
ill-conditioning of the transformation matrix T (see Eq. (4.35)). This ill-conditioning is a
consequence of deploying sensors at the same vertical levels on the left and right far-field
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boundaries. While this sensor placement preserves the symmetry in the frequency response
functions for positive and negative platform pitch rotations, it also causes the corresponding
rows of T to be nearly linearly dependent. As a result, T has a very large condition number,
and eventually leads to an ill-conditioned set of Ap,Bp,Cp matrices.

Therefore, the optimized models [Aopt ,Bopt ,Copt ] are selected for subsequent LPV inter-
polation. Additionally, no clear trend is observed in the entries of the matrices [Aopt ,Bopt ,Copt ]

as the platform rotates under fixed heave displacement, as shown in Fig. 4.39(b). This lack
of trend might be attributed to the limited number of states used in the model. Although
increasing the number of states could improve the model’s ability to capture complex dynam-
ics, it also complicates the nonlinear optimization process, making it more likely to yield
suboptimal solutions. In this work, a state number of 16 is chosen as a compromise between
model accuracy and computational feasibility. The performance of this model will be further
discussed in subsequent sections.

(a) Pitch fixed at ξ5 = 6◦, heave ξ3 varies from -2 m to 1 m
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(b) Heave fixed at ξ3 = 0 m, pitch ξ5 varies from −8◦ to 8◦.

Fig. 4.39 Variation of the matrix entries of the optimized state-space models [Aopt ,Bopt ,Copt ]
and physical state-space models [Ap,Bp,Cp] with different platform heave (ξ3) and pitch
(ξ5) displacements.

4.4.1.4 Simulink implementation

The proposed grid-based LPV method for FWT hydrodynamics modelling is implemented in
Simulink and integrated with other physical domains in the Simulink FWT model developed
in Section 2.3. This integration allows for a comprehensive evaluation of the nonlinear FWT
dynamics by coupling the hydrodynamic, aerodynamic, structural, and control subsystems
within a unified simulation environment. To constrain the platform motion to a 2D space
with 3 DoFs of surge (ξ1), heave (ξ3) and pitch (ξ5), the 6-DOF Joint used in the original
Simulink FWT model, as illustrated in Fig. 2.9, is replaced with a Planar Joint as shown
in Fig. 4.40. The blade and tower structural dynamic, aerodynamic, and control subsystems
from the original Simulink FWT model are retained.
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Fig. 4.40 Simulink implementation of the FWT system with nonlinear hydrodynamics.

Given the large platform movements typically experienced by FWTs, the original mooring
restoring effect represented by a linear stiffness matrix Kmoor (described in Section 2.3.3) is
insufficient for accurately modelling the mooring restoring forces, and hence is replaced by
a nonlinear mooring subsystem. According to Masciola et al. [84], the nonlinear mooring
forces are calculated by solving the nonlinear catenary equations for specified combinations
of surge (ξ1), heave (ξ3), and pitch (ξ5) displacements. The variation of nonlinear mooring
forces with respect to platform displacements is plotted in Fig. 4.41. The results indicate that
the surge restoring force exhibits a much stronger nonlinear effect compared to the heave
and pitch forces. For comparison, the linear mooring stiffness Kmoor effect in surge is also
plotted in Fig. 4.41. As expected, the linear force is tangential to the nonlinear force at zero
surge displacement (ξ1). To incorporate these nonlinear mooring forces into the Simulink
FWT model, 3D interpolation arrays are defined separately for each of the three mooring
forces using n-D Lookup Table Simulink blocks within the mooring subsystem. These
interpolation arrays use the instantaneous platform displacements as inputs to calculate the
nonlinear mooring forces in real time during the simulation. In this work, the mooring
damping force is still assumed to be linear and is represented by a constant damping matrix
Cmoor, as described in Section 2.3.3.
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Fig. 4.41 Nonlinear mooring line restoring forces.

To accommodate large platform motions in the FWT hydrodynamic calculation, the linear
hydrodynamic subsystem in the original Simulink FWT model is replaced by a nonlinear
subsystem. This modification ensures that the wave-platform interactions are represented
more realistically, especially when the platform experiences significant heave (ξ3) and pitch
(ξ5) displacements. The framework for the nonlinear FWT hydrodynamics modelling is
illustrated in Fig. 4.42. The nonlinear hydrodynamic properties of the dynamic buoyancy
force (Fb) and infinite-frequency added mass (λλλ ∞) that are computed at different heave and
pitch displacements, as shown in Fig. 4.29, are incorporated into 2D interpolation arrays
using n-D Lookup Table blocks within the nonlinear hydrodynamic subsystem in Simulink
(Fig. 4.42). This allows for real-time updates of these hydrodynamic properties based on
the instantaneous platform displacements. It is important to note that in this work, the
wave excitation forces are still calculated from the hydrodynamic coefficients obtained by
linearizing the BVP around the equilibrium platform position, as described in Section 2.3.3,
and the geometric nonlinearity due to the time-varying wetted body surface is not taken into
account.

The LPV modelling methodology for the wave radiation damping effect, using either the
black-box or gray-box method as described in Sections 4.4.1.2 and 4.4.1.3, respectively, is
implemented in Simulink using the LPV System block, as highlighted in Fig. 4.42. This
block allows for real-time evaluation of the nonlinear wave radiation damping forces Fr, by
linearly interpolating the coherent state-space matrices based on the instantaneous platform
displacements in heave (ξ3) and pitch (ξ5).

For the black-box LPV model, the balanced-form state-space matrices [Ab,Bb,Cb] ob-
tained after basis correction (illustrated in Fig. 4.35) are constructed into a 2D interpolation
array. This array is configured in the LPV System block, with the grid points of ξ3 and ξ5

displacements specified to determine the real-time nonlinear wave radiation damping force Fr

based on the instantaneous platform position. Similarly, the gray-box LPV model implemen-
tation uses the optimized state-space matrices [Aopt ,Bopt ,Copt ] and their corresponding ξ3
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8

Fig. 4.42 Simulink nonlinear hydrodynamic subsystem using LPV modelling approach.

and ξ5 grid points, as shown in Fig. 4.39. These matrices are defined within the LPV System
block to compute the nonlinear radiation damping forces Fr. It is important to note that the
state-space models identified from the scaled frequency response samples must be rescaled
to their original amplitude. This is achieved by applying a scaling factor of [1 1 10]⊺ for both
the input (platform velocity) and output (wave radiation force).

Overall, integrating the nonlinear mooring and hydrodynamic subsystems within the
Simulink FWT model significantly enhances its ability to capture the complex nonlinear
dynamics of the entire FWT system under large platform motions. The updated FWT model
enables a comprehensive evaluation of the global dynamic behaviour of the FWT system
under various environmental and operational conditions, especially in scenarios where the
conventional mooring and hydrodynamic models with linear assumptions may fall short.

4.4.2 Irregular wave response analysis

To assess the effectiveness of the proposed LPV modelling methodology, wave response
analysis is performed on the Simulink model of the example NREL 5-MW ITI-Barge FWT.
The study utilizes an irregular wave condition defined by the Jonswap spectrum, with a
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significant wave height of 5 m and a peak-spectral period of 10 s, to generate the wave
excitation forces (Fe) based on Eq. (2.5). This wave condition represents a typical moderate
sea state, making it ideal for evaluating the platform’s nonlinear response under moderately
large motions that are likely to induce complex dynamic behaviour. The time histories of
the wave excitation forces Fe in the surge, heave, and pitch DoFs are plotted in Fig. 4.43.
These forces are applied to the Simulink FWT model to excite platform motions and analyze
its response. To focus exclusively on the geometrically nonlinear platform response, the
FWT model is configured with simplified assumptions of rigid blades and tower, and with
the aerodynamic and control subsystems disabled.

Fig. 4.43 Wave excitation forces Fe for the irregular wave response analysis.

Fig. 4.44 compares the platform responses calculated using OpenFAST, a Simulink
model with purely linear hydrodynamics, and Simulink models with nonlinear hydrody-
namics employing either the nonlinear convolution integral method or various LPV meth-
ods for the wave radiation damping force computation. The LPV methods differ in their
state-basis transformation strategies: the inconsistent form uses the identified state-space
models with algorithmically chosen state bases that are generally incoherent (labelled as
“LPV-inconsistent”), the balanced form ensures relaxed basis coherency through balanced
transformation and basis correction (labelled as “LPV-balanced”), and the optimized physical
form guarantees a strictly coherent basis tied to physical parameters of the system and well
numerical-conditioning (labelled as “LPV-opt”). This comparison illustrates how these state-
basis choices influence the LPV models’ ability to capture nonlinear platform hydrodynamics
accurately.

The results presented in Fig. 4.44 show that the linear Simulink model is in excellent
agreement with OpenFAST, further validating its accuracy in representing linear hydrody-
namics. However, when geometric nonlinearities are considered, the nonlinear platform surge
responses (ξ1) estimated by the nonlinear convolution method and LPV methods, whether
using balanced or optimized physical forms, deviate significantly from the linear response,
whereas the differences in heave (ξ3) and pitch (ξ5) responses are relatively small. These large
discrepancies in surge are attributed to the combined effects of multiple nonlinear factors: the
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Fig. 4.44 Platform responses of the 5MW ITI-Barge FWT calculated from OpenFAST and
various Simulink models, under the wave excitation force shown in Fig. 4.43.

nonlinear mooring restoring force (Fmoor) shown in Fig. 4.41, the pose-dependent additional
inertia (λλλ ∞) shown in Fig. 4.29(a), and the pose-dependent wave radiation damping (Fr)
shown in Fig. 4.30. The restoring force in the surge DoF relies primarily on the highly
compliant mooring lines, resulting in a very low effective stiffness in the surge direction for
the nonlinear wave-platform system. Consequently, for such a nonlinear system characterized
by a weak attractor, even minor differences in the wave radiation damping force Fr occurring
from different LPV models can lead to substantial discrepancies in surge responses.

As can be found in Fig. 4.44, both the LPV-balanced and the LPV-optimized models
show good agreement with the benchmark nonlinear convolution model, indicating that the
proposed LPV modelling provides a coherent state basis capable of capturing the geometric
nonlinearity. Additionally, the LPV-optimized model predicts the surge response more
accurately compared to the LPV-balanced model. In contrast, the LPV approach using
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the originally identified state-space models without ensuring state-basis coherency results
in significantly larger and erroneous platform responses, as observed in Fig. 4.44. This
outcome emphasizes the critical importance of using a coherent state basis when applying
LPV modelling to represent nonlinear wave-platform interactions. Ignoring this requirement
can lead to inaccurate platform hydrodynamics, undermining the reliability of the overall
dynamic analysis for FWTs.

Additionally, the proposed LPV modelling approach offers a significant advantage in
computational efficiency, as shown in Table 4.3 for a 300-s simulation of the irregular
wave response analysis. The computational efficiency of LPV models is comparable to the
linear model, while the nonlinear convolution solver is significantly more computationally
expensive. The higher-fidelity body-nonlinear potential solver described in Fig. 4.1 can take
several hours to complete the same simulation. This favorable trade-off between accuracy
and computational efficiency makes the proposed LPV method an effective and practical tool
for evaluating nonlinear FWT dynamics during the early stages of design, where thousands
of simulations are required to explore various configurations and design parameters.

Table 4.3 Comparison of wave-platform solvers (300-s simulation).

Linear LPV balanced LPV opt physics Nonlinear conv

No. states 8 8 16 /

CPU time 70s 82s 86s 13 min

4.4.3 Nonlinear analysis

Nonlinear analysis using numerical frequency sweep tests, similar to the approach applied to
the van Daalen floating cylinder described in Section 4.3.3, is conducted on the Simulink
model of the example 5-MW ITI-Barge FWT. The primary objective is to evaluate the
influence of geometric nonlinearities on the overall dynamic behaviour of the FWT platform.
Both wave-only and combined wind-wave tests are carried out to investigate the nonlinear
coupling effects under various environmental loading conditions. A wind-only test is also
conducted for the purpose of comparison.

4.4.3.1 Wind-only excitation

A constant wind speed of 11.4 m/s (i.e., the rated wind speed for NREL 5-MW turbines)
is applied uniformly across the entire rotor span, simulating the steady-state aerodynamic
loading condition. The aerodynamic forces on each blade are calculated using the dynamic
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blade-element momentum method, as detailed in Fig. 2.7. The ROSCO control strategy,
as described in Fig. 2.8, is implemented to regulate the blade pitch. For this study, the
floating feedback loop in the ROSCO control subsystem is disabled to avoid control-induced
damping. To isolate the hydrodynamic response and simplify the analysis, the blades and
tower are assumed to be rigid. The OpenFAST model of the example FWT is configured
with similar settings of the aerodynamic and control modules as in the Simulink model, to
provide a reference as a standard FWT simulation tool adopting linear hydrodynamics.

Fig. 4.45 presents the platform responses and turbine opration conditions under the
wind-only excitation, calculated using OpenFAST as well as Simulink models with linear,
nonlinear convolution integral, LPV-balanced, and LPV-optimized assumptions. It can be
found that the discrepancies between all models are not pronounced due to the small platform
heave and pitch motions under wind-only excitation. In this case, the linear potential flow
assumption remains valid, and a purely linear model is sufficient to capture the dominant
FWT dynamics.

Fig. 4.45 Platform responses of the example FWT under a constant wind excitation with the
wind speed of 11.4 m/s.

4.4.3.2 Wave-only excitations

A total of 34 sinusoidal waves with a wave height of 4 m and wave periods ranging from
6.28s to 209.44s, corresponding to wave frequencies between 0.0048 Hz and 0.1592 Hz,
are selected to generate wave excitation forces. These sinusoidal forces at various wave
frequencies are applied one at a time to the platform centroid in the Simulink model. The
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blades and tower are assumed to be rigid, and the aerodynamic and control subsystems are
disabled. For each wave frequency, the simulation is run for a sufficiently long duration to
allow the platform responses to reach steady state, ensuring that accurate response amplitudes
are extracted. The aim is to provide a comprehensive evaluation of the FWT’s hydrodynamic
behaviour over a wide frequency range and help identify platform resonances and nonlinear
effects.

Fig. 4.46 presents the platform responses calculated from both OpenFAST and the
Simulink models with various assumptions under a wave period of 11.97 s (0.0835 Hz).
The wave excitation frequency used in Fig. 4.46 is close to the platform’s pitch resonance
frequency of 0.0841 Hz, as shown in the eigenanalysis results in Table.2.3. Consequently,
a peak in the pitch response amplitude can be observed in the pseudo frequency response
plot obtained from a frequency sweep test, as shown in Fig. 4.47. Additionally, it can be
seen in Fig. 4.47 that the platform’s surge resonance frequency of 0.0071 Hz is successfully
captured, while the heave resonance at 0.1274 Hz is not having a very distinct peak in the
corresponding frequency response plot.

Fig. 4.46 Platform responses of the example FWT under a regular wave excitation with the
wave height of 4 m and period of 11.97s.

Fig. 4.47 Pseudo frequency responses of the example FWT under regular wave excitations
with the frequencies ranging from 0.0048 Hz to 0.1592 Hz.
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Regarding the resonance amplitudes, the nonlinear hydrodynamic models are found to
reduce the peak pitch response by approximately 20% when compared to the linear model.
The heave response amplitude corresponding to the pitch resonance frequency (0.0835 Hz)
is also reduced by around 20%. These findings suggest an increased damping effect when
the geometric nonlinearity in the wave-platform interaction is considered. Additionally, the
LPV-optimized model shows slightly larger damping than the LPV-balanced and nonlinear
convolution models, especially in the surge response.

4.4.3.3 Combined wind-wave excitations

The frequency sweep analysis is repeated for the example FWT under simultaneous wind
and wave excitations to investigate the combined effects on the nonlinear platform dynamics.
Similar to the wave-only simulations, the blades and tower are set to be rigid.

Fig. 4.48 compares the platform responses, turbine operating conditions, and aerodynamic
torque calculated from both OpenFAST and the Simulink models with various assumptions
at a wave period of 11.97s. Periodic oscillations in the aerodynamic torque are observed in
the simulation results of Fig. 4.48, which correspond to fluctuations in the blade pitch angle
and rotor speed. These oscillations can be attributed to frequent transitions between the two
control regions corresponding to the wind speeds above and below the rated speed, induced by
the platform pitch motion. The fluctuations in platform rotation cause the relative wind speed
experienced by the rotor to change dynamically, triggering frequent control adjustments.
These oscillations are much larger in the OpenFAST results compared to the Simulink models,
which may be due to differences in the coupling methods of the aerodynamic and control
subsystems in the two modelling environments. OpenFAST’s coupling appears to be more
sensitive to platform motions than the Simulink model. Nonetheless, the overall platform
responses between the two models remain fairly consistent.
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Fig. 4.48 Platform responses of the example FWT under simultaneous constant wind speed
of 11.4 m/s and regular wave excitation with the height of 4 m and period of 11.97s.

As demonstrated in Fig. 4.48, incorporating geometrically nonlinear hydrodynamics
in the wind-wave analysis does not significantly alter the pitch amplitude compared to the
linear response. This contrasts with the wave-only analysis results shown in Fig. 4.46, where
nonlinear effects result in noticeable changes in the platform response. This discrepancy is
further illustrated in the pseudo frequency responses presented in Fig. 4.49, which compare
wave-only (dashed curves) and combined wind-wave (solid curves) frequency responses.
While nonlinear hydrodynamics significantly influence the platform pitch responses in the
wave-only scenario, their effect is less pronounced in the presence of wind. This is primarily
due to the dominant effect of the aerodynamic forces on the platform pitch dynamics. In
contrast, the heave amplitude, approximately around the pitch resonance frequency, is
consistently reduced irrespective of wind, which is attributed to the negligible aerodynamic
forces acting in the vertical direction.
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Fig. 4.49 Pseudo frequency responses of the example FWT under simultaneous constant wind
speed of 11.4 m/s and regular wave excitation with the frequency ranging from 0.0048 Hz
to 0.1592 Hz. Thick curves represent wind-wave responses, while dashed curves represent
wave-only responses.

Another important observation from Fig. 4.49 is that the presence of wind suppresses
the platform pitch resonance amplitudes whereas amplifies the heave amplitudes in the
Simulink nonlinear models compared to the wave-only responses, as shown in Fig. 4.49.
Additionally, the pitch resonance frequency decreases when wind is present. The suppression
in pitch resonance amplitude is attributed to the well-known aerodynamic damping effect,
which introduces additional damping that mitigates platform rotations. In contrast, the
increased heave amplitudes, as well as the reduced pitch resonance frequency, suggest
complex nonlinear couplings between aerodynamics, platform hydrodynamics, and control
systems. These interactions potentially alter the energy distribution between different DoFs,
highlighting the importance of accurate nonlinear FWT hydrodynamics modelling to capture
the intricate coupled dynamics of FWT systems under realistic environmental and operational
conditions.
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4.5 Conclusions

A novel LPV modelling methodology to capture the geometrically nonlinear hydrodynamic
forces acting on FWTs under large platform motions is proposed in this work. The main
contribution is the development of a physical state-space representation derived from a finite
element formulation of the wave-platform interaction system. This physical state basis
is leveraged to construct a gray-box LPV model that effectively addresses the state-basis
incoherency issue. This issue is a common problem in traditional state-space identification
methods that results in inconsistent state-space coordinates across different platform positions.
In addition to this gray-box approach, an enhanced black-box LPV model featuring the
balanced transformation and an automatic basis correction technique is developed to ensure
coherent state-space representations across the full range of platform positions.

The effectiveness of the proposed gray-box (physical form) and black-box (balanced
form) LPV modelling techniques is verified using the benchmark van Daalen floating cylinder
model. Through free oscillation and frequency sweep tests, the LPV models are found to
successfully capture the nonlinear effects of decreased oscillation period and increased
damping as the cylinder rotation increases. Following the verification, the LPV model
with a consistent state basis is integrated with the superstructure, aerodynamic, control,
and nonlinear mooring subsystems in the Simulink FWT model to evaluate the impact
of geometrically nonlinear hydrodynamics on the global dynamic behaviour of the FWT.
Both the balanced form and the physical form LPV models accurately predict the nonlinear
platform responses of the example 5-MW ITI-Barge FWT except in the surge DoF, where the
very low effective stiffness makes the system sensitive to disturbances. Another significant
observation from this work is that using the bases directly obtained from identification
algorithms, without further transformation, can lead to erroneous results. This is evident
from the significant variations observed in the transformation matrices between the identified
and coherent bases over different platform positions.

Additionally, a nonlinear analysis of the Simulink FWT model coupled with the LPV
hydrodynamic system is conducted. When subjected to wave excitations alone, the inclusion
of geometric nonlinearities reduces the resonance amplitude in the pitch response of the
example FWT. However, when wind is present, this effect is significantly diminished due to
the dominant aerodynamic damping effect, highlighting the complex interaction between
hydrodynamics, aerodynamics, and control systems in the FWT system.

Moreover, the proposed LPV approaches demonstrate significant computational efficiency,
requiring only a fraction of the time needed by higher-fidelity body-nonlinear solvers, which
involve re-meshing the wetted body surface at each time step. This efficiency, combined
with their validated capability to capture nonlinear hydrodynamic effects, makes the LPV
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method a fast and robust tool for the preliminary design and optimization phases of FWT
systems, where numerous design iterations are often necessary. Furthermore, the state-space
representation inherent in the LPV system provides additional advantages in control system
design, enabling the integration of geometric nonlinearities into the control strategy. This
allows for a more accurate representation of varying stiffness and damping properties as the
platform undergoes large movements, and contributes to improved overall performance and
stability of the FWT system under various operating conditions.

Notably, the proposed LPV modelling aproach may not be applicable to all floating wind
turbine concepts. This limitation arises from the fundamental assumption that variations in the
scheduling parameter are slow relative to system dynamics, so as to ensure an effective LPV
approximation of the original time-varying system. If this assumption is violated, for example,
when the platform’s natural frequencies exceed the fluid-body resonance frequencies, which
is likely on tension-leg platforms stabilized by high-stiffness tendons, the influence of higher-
order time derivatives of the scheduling parameter becomes significant. In such cases, the
applicability of the proposed LPV model should be carefully re-evaluated.

In conclusion, this research presents a practical and effective solution for modelling
nonlinear hydrodynamic forces in FWT systems. It demonstrates that the idea of using
linearized systems requires careful consideration of the bases that are used. The study also
presents two different ways of choosing a coherent base. Future work will focus on extending
the model to fully 3D platform movements and incorporating nonlinear wave excitation forces,
which will further enhance its applicability to complex FWT simulations. Moreover, the
versatility of the LPV approach makes it suitable for a wide range of engineering applications
beyond FWTs, where systems can be represented by a combination of linear models with
parameters slowly evolving as a function of measurable variables. This includes applications
such as highly elastic mechanical systems parameterized by displacement, aircraft dynamics
parameterized by angle of attack, etc.
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Chapter 5

Conclusions

This thesis develops a comprehensive modelling framework for the dynamic analysis of
FWTs in the Simulink environment. Chapter 2 describes the modelling methodologies and
investigation for dominant FWT physics with a comparable fidelity to widely used FWT
simulation tools. The wave-platform interaction effects are evaluated around the equilibrium
platform position using linear potential flow theory. Chapter 3 addresses the limitations
of this conventional linear hydrodynamic model by proposing a novel analytical solution
to the 2D wave-platform BVP, which is linearized at an arbitrary platform pose. This sets
the stage for using linearized models to investigate nonlinear wave-platform interactions
caused by large platform motions in Chapter 4. Finally, Chapter 4 introduces a novel LPV
modelling framework to incorporate these linearized models, with black-box and gray-box
methods proposed to ensure the state-basis coherency for reliable evaluation of nonlinear
hydrodynamic forces. This chapter summarizes the major findings and contributions from
each chapter and outlines potential directions for future research.

5.1 Findings and contributions

In Chapter 2, the newly developed Simulink FWT model was found to successfully capture
the dominant coupling effects between various physical domains of a FWT system. Specifi-
cally, for wave-platform interaction, the newly proposed direct-MIMO subspace state-space
identification technique demonstrated accuracy and efficiency in representing wave radiation
and excitation effects, compared to conventional multi-SISO methods; for structural mod-
elling, the multibody formulation coupled with Craig-Bampton model reduction technique
was demonstrated to accommodate large geometrically nonlinear blade deformations, as vali-
dated against the high-fidelity BeamDyn solver in OpenFAST; for aerodynamics calculation,
the implemented dynamic inflow and stall models were shown to accurately capture variations
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in rotor behaviour due to platform pitch rotations; for controls, the employed ROSCO control
strategy featuring a floating feedback loop was demonstrated to effectively regulate power
output and mitigate platform instability. Furthermore, the above-mentioned important FWT
dynamics are investigated holistically in the Simulink model on the example NREL 5-MW
ITI-Barge FWT model through a modal analysis and a fully coupled time-domain dynamic
analysis under realistic wind and wave excitations. The significant one-way coupling from
the platform surge-heave-pitch motions, to the tower fore-aft, and eventually to the blade
flapwise vibrations was observed from the analysis results. In addition, the neglected skewed
wake effects in the developed Simulink aerodynamic model were shown to have limited
impact on the structural and operational responses of the FWT system for below-rated wind
conditions. However, their effects should be re-investigated at higher wind speeds.

The Simulink model developed in Chapter 2 contributes to a new FWT simulation
alternative for the research community and industry. The model offers flexibility to switch
between different modelling fidelities for each subsystem, which is particularly useful
for performing multiple simulation tasks, ranging from rapid conceptual design checks
to standard design load analyses under various environmental and operational conditions.
Moreover, it allows for easy integration with advanced subsystem models, such as the
nonlinear hydrodynamic model developed in Chapter 4, and other mechanical, electrical
subsystems for a more sophisticated FWT model. It also enables extensive simulation
objectives, such as structural health monitoring and control co-design.

In Chapter 3, the newly proposed analytical approach using a step approximation of
the body boundaries and eigenfunction expansion method showed good agreement with
the numerical boundary element method for an example barge-type platform under the
submergence cases of rectangular, trapezoidal, and 45-45-90 triangular shape. The platform
rotation was shown to introduce non-zero and even negative surge-heave and heave-pitch
couplings in the hydrodynamic coefficients, unless the submergence area is perfectly sym-
metric, highlighting the importance of considering the time-varying platform submergence
when evaluating the wave-platform interaction effects. Moreover, the analytical method
offers superior computational efficiency, especially in cases involving simple rectangular
submergence.

The major contribution of Chapter 3 is that it provides an alternative to popular numerical
boundary element methods for solving the wave-platform BVP. Compared to the numerical
analysis results, the analytical results are free from irregular numerical oscillations and they
offer deeper insights into the potential flow physics in the entire fluid domain. Another
important contribution of the developed analytical method is that it has broad applicability
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beyond FWTs, including floating breakwaters of different shapes, floating bridge piers,
vessels, and other floating structures characterized by 2D flow characteristics.

In Chapter 4, the proposed black-box LPV model based on the balanced realization and
an automatic basis correction technique, and the gray-box LPV model based on the physical
state-space representation derived from the finite element formulation of the wave-platform
interaction system, were shown to effectively address the state-basis incoherency issue. Both
LPV models were found to successfully capture nonlinear hydrodynamic effects such as
decreased oscillation periods and increased damping at large body rotations on the benchmark
van Daalen floating cylinder model. The integration of these LPV models into the Simulink
FWT model enabled the evaluation of the impact of geometrically nonlinear hydrodynamics
on global FWT behaviour. A significant finding is that the LPV model using the state-space
bases directly obtained from identification algorithms, without any further transformation,
resulted in erroneous FWT responses, highlighting careful attention to the basis coherency
issue. In addition, the newly developed LPV models were shown to accurately predict the
reduced resonance amplitude in platform pitch responses under wave-only excitations on the
example 5-MW ITI-Barge FWT model. However, under the combined wind-wave excitations,
this geometric nonlinearity in the wave-platform interaction was found to be overshadowed by
the large aerodynamic damping effects. Moreover, the LPV model demonstrated significant
computational efficiency, requiring only a fraction of the time needed by higher-fidelity
body-nonlinear solvers.

The major contribution of Chapter 4 is that it provides a practical and effective method
to determine the nonlinear hydrodynamic forces acting on FWTs. The LPV framework
introduces a system theory perspective for wave-platform interaction. Both the black-box and
gray-box LPV models proposed in this chapter can be extended to other dynamic systems,
where a set of linear models with parameters evolve as a function of measurable variables,
such as highly elastic mechanical systems and aircraft dynamics.

5.2 Future work

The LPV modelling framework proposed in Chapter 4 is currently limited to planar platform
motions under aligned wind and wave conditions. However, floating platforms are character-
ized by 3D movements, largely driven by the asymmetric aerodynamic force distribution on
the rotor. The FWT simulation in Chapter 2 observed platform yaw rotation as large as 5◦

at below-rated wind speeds and 10◦ at above-rated wind speeds. Future work will focus on
extending the LPV model to account for fully 3D platform motions for more realistic FWT
dynamics. This will involve generating local linear models using open-source 3D boundary
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element codes to represent the wave-platform interaction at various 3D platform poses. While
the gray-box method proposed in this thesis inherently guarantees basis coherency, it requires
potential sensors on a much broader boundary area than the 2D case, posing great challenges
for solving the nonlinear optimization problem. In contrast, the black-box method is more
promising due to its reliance on just 6 radiation force sensors.

In addition, the present work evaluates the wave excitation effect from the hydrodynamic
coefficients calculated around the equilibrium position. Another direction for future research
is to develop an LPV model to capture the geometric nonlinearities in the wave excitation
model caused by large platform motions. Handling the non-causality of the linearized
wave excitation problem will be a key challenge, as detailed in Chapter 2. In addition to
interpolating state-space matrices, a pose-dependent negative time delay from frequency-
domain state-space identification will need to be considered.

Moreover, the Simulink FWT model requires validation against high-fidelity tools, such
as CFD, or experimental data, to ensure its accuracy in capturing geometrically nonlinear
hydrodynamics under large 3D platform motions. This future research will help evaluate the
capability of the LPV models in estimating nonlinear wave radiation and excitation effects
under generic platform movements.
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