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Abstract. Well-balanced and free energy dissipative first- and second-order accurate finite-
volume schemes are proposed for a general class of hydrodynamic systems with linear and nonlinear
damping. The variation of the natural Lyapunov functional of the system, given by its free energy,
allows for a characterization of the stationary states by its variation. An analogous property at
the discrete level enables us to preserve stationary states at machine precision while keeping the
dissipation of the discrete free energy. Performing a careful validation in a battery of relevant test
cases, we show that these schemes can accurately analyze the stability properties of stationary states
in challenging problems such as phase transitions in collective behavior, generalized Euler—Poisson
systems in chemotaxis and astrophysics, and models in dynamic density functional theories.
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1. Introduction. The construction of robust well-balanced numerical methods
for conservation laws has attracted a lot of attention since the initial works of Le-
Roux and collaborators [38, 40]. The well-balanced property is equivalent to the
exact C-property defined previously by Bermudez and Vézquez in [5], and both of
them refer to the ability of a numerical scheme to preserve the steady states at a
discrete level and to accurately compute evolutions of small deviations from them. The
historical evolution of well-balanced schemes is reviewed in [37]. On the other hand,
the derivation of numerical schemes preserving structural properties of the evolutions
under study such as dissipations or conservations of relevant physical quantities is
an important line of research in hydrodynamic systems and their overdamped limits;
see, for instance, [10, 23, 60, 68]. In the present work, we propose numerical schemes
with well-balanced and free energy dissipation properties for a general class of balance
laws or hydrodynamic models with attractive-repulsive interaction forces, and linear
or nonlinear damping effects, such as the Cucker-Smale alignment term in swarming.
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The general hydrodynamic system has the form
Op+V-(pu)=0, xR >0,

(1.1) O (pu)+V-(pu @ u) = — — pVH(z, p) —vpu

VP
-w/ww— (@) — u(y))o(y) dy,

where p = p(x,t) and u = u(x,t) are the density and the velocity, P(p) is the pres-
sure, H(x,p) contains the attractive-repulsive effects from external V' or interaction
potentials W, assumed to be locally integrable, given by

H(z,p) = V(@) + W(z) % p,

and ¥ () is a nonnegative symmetric smooth function called the communication func-
tion in the Cucker—Smale model [21, 22] describing collective behavior of systems due
to alignment [11].

The fractional-step methods [52] have been the widely employed tool to simulate
the temporal evolution of balance laws such as (1.1). They are based on a division
of the problem in (1.1) into two simpler subproblems: the homogeneous hyperbolic
system without source terms and the temporal evolution of density and momentum
without the flux terms but including the sources. These subproblems are then resolved
alternatively by employing suitable numerical methods for each. This procedure in-
troduces a splitting error which is acceptable for the temporal evolution, but becomes
critical when the objective is to preserve the steady states. This is due to the fact
that the steady state is reached when the fluxes are exactly balanced with the source
terms in each discrete node of the domain. However, when solving alternatively the
two subproblems, this discrete balance can never be achieved, since the fluxes and
source terms are not resolved simultaneously.

To correct this deficiency, well-balanced schemes are designed to discretely satisfy
the balance between fluxes and sources when the steady state is reached [6]. The
strategy to construct well-balanced schemes relies on the fact that when the steady
state is reached, there are some constant relations of the variables that hold in the
domain. These relations allow the resolution of the fluxes and sources on the same
level, thus avoiding the division that the fractional-step methods introduce. More-
over, if the system enjoys a dissipative property and it has a Lyapunov functional,
obtaining analogous tools at the discrete level is key for the derivation of well-balanced
schemes. In this work the steady-state relations and the dissipative property are ob-
tained by means of the associated free energy, which in the case of the system in (1.1)
is formulated as

(12) Fl= [ Wpde+ [ Viop@ide 5 [ [ W= yp@py)ivdy,
R4 R4 Rd JRd

where

(1.3) pIl" (p) = P'(p).

The pressure P(p) and the potential term H(x,p) appearing in the general system
(1.1) can be gathered by considering the associated free energy. Taking into account
that the variation of the free energy in (1.2) with respect to the density p is equal to

oF

(1.4) 7

— I'(p) + H(a. p).
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it follows that the general system (1.1) can be written in compact form as
(1.5)
Oip+V-(pu)=0, zcR? >0,

01+ ()= =V 5~ pu—p| vl = y)(u(e) — ulw))o(y) dy.

The system in (1.5) is rather general, containing a wide variety of physical prob-
lems all under the so-called density functional theory (DFT) and its dynamic extension
(DDFT); see, e.g., [25, 32, 33, 34, 78, 79] and the references therein. A variety of well-
balanced schemes have already been constructed for specific choices of the terms II(p),
V(x) and W(x) in the free energy (1.2); see [1, 6, 27], for instance. Here the focus
is set on the free energy and the natural structure of system (1.5). It is naturally
advantageous to consider the concept of free energy in the construction procedure
of well-balanced schemes, since they rely on relations that hold in the steady states,
and, moreover, the variation of the free energy with respect to the density is constant

when reaching these steady states; more precisely,
(1.6)
0

o =1I'(p)+H (x, p) = constant on each connected component of supp(p) and u = 0,
where the constant can vary on different connected components of supp(p). As a
result, the constant relations in the steady states, which are needed for well-balanced
schemes, are directly provided by the variation of the free energy with respect to the
density.

The steady state relations in (1.6) hold due to the dissipation of the linear damping
—pu or nonlinear damping in system (1.1), which eventually eliminates the momentum
of the system. This can be justified by means of the total energy of the system, defined
as the sum of kinetic and free energy,

(17) E(p,u) = / ol dw+ 7).

since it is formally dissipated (see [15, 18, 31]) as

1) Ee o [ ptae [ [ vle- ) ulw) - @) pla) ply) dwdy.

This last dissipation equation ensures that the total energy F(p,u) keeps decreasing
in time while there is kinetic energy in the system. At the same time, since the
definition of the total energy (1.7) also depends on the velocity w, it results that the
velocity throughout the domain eventually vanishes. When w = 0 throughout the
domain, the momentum equation in (1.5) reduces to

oOF
pv% 7

meaning that in the support of the density the steady state relation (1.6) holds.
However, for those points outside the support of the density and satisfying p = 0,
the variation of the free energy with respect to the density does not need to keep the

constant value when the steady state is reached. A discussion of the resulting steady
states depending on II(p) and H(z, p) is provided in [10, 16, 41].
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System (1.1) also satisfies an entropy identity
2
9m(p, pu) +V - G(p,pu) = —pu - VH(x, p) — vp |ul

1.9
(19) - p/Rdi/)(w —y)u(z) - (u(z) —u(y))p(y) dy,

where n(p, pu) and G(p, pu) are the entropy and the entropy flux defined as

2 2
|ul |ul

(1.10) n(p, pu) = puT +1(p), G(p,pu) = pu <u2 + H’(p)) :

From a physical point of view the entropy is always a convex function of the density
[49]. As a result, from (1.10) it is justified to assume that II(p) is convex, meaning
that IT'(p) has an inverse function for positive densities p. This last fact is a necessary
requirement for the construction of the well-balanced schemes of this work, as it is
explained in section 2. Finally, notice that from the entropy identity (1.9), one recovers
the free energy dissipation (1.8) by integration using the continuity equation to deal
with the forces term H(z, p) and using symmetrization of the nonlinear damping term
due to ¥ being symmetric.

Let us also point out that the evolution of the center of mass of the density can
be computed in some particular cases. In fact, it is not difficult to deduce from (1.5)
that

(1.11)
d d
— :cpda::/ puder and — pudx = 7/ VV(:(:)pdacf’y/ pudx ,
dt Jga R4 dt Jga Rd Rd

due to the antisymmetry of VIW(x) and the symmetry of ¢(x). Therefore, in case
V(x) is not present or quadratic, (1.11) are explicitly solvable. Moreover, if the
potential V(x) is symmetric, the initial data for the density is symmetric, and the
initial data for the velocity is antisymmetric, then the solution to (1.5) keeps these
symmetries in time, i.e., the density is symmetric and the velocity is antisymmetric
for all times, and the center of mass is conserved:

d
— dr = 0.
dt Jga rpax
The steady state relations (1.6) only hold when the linear damping term is in-
cluded in system (1.1). When only the nonlinear damping of Cucker—Smale type is
present, the system has the so-called moving steady states (see [11, 13, 18]), which
satisfy the more general relations

f
. —— = constant on each connected component or supp ana u = constant.
112) = tant h ted t of p) and tant
p

However, the construction of well-balanced schemes satisfying the moving steady state
relations has proven to be more difficult than for the still steady states (1.6) with-
out dissipation. For literature about well-balanced schemes for moving steady states
without dissipation, we refer the reader to [58, 76].

The most popular application in the literature for well-balanced schemes deals
with the Saint-Venant system for shallow water flows with nonflat bottom [1, 6, 9, 53,
72, 75], for which II(p) = %p2, with g being the gravity constant, and H(x, p) depends
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on the bottom. Here it is important to mention the work of Audusse et al. in [1],
where they propose a hydrostatic reconstruction that has successfully inspired more
sophisticated well-balanced schemes in the area of shallow water equations [55, 57].
Another area where well-balanced schemes have been fruitful is chemosensitive move-
ment, with the works of Filbet, Shu, and their collaborators [26, 27, 36, 74]. In this
case the pressure satisfies II(p) = p(In(p) — 1) and H depends on the chemotactic
sensitivity and the chemical concentration. The list of applications of system (1.1)
continues growing with more choices of II(p) and H(z, p) [74]: the elastic wave equa-
tion, nozzle flow problem, two-phase flow model, etc.

The orders of accuracy from the finite-volume well-balanced schemes presented
before range from first and second order [1, 48, 51, 53, 77] to higher-order ver-
sions [28, 57, 71, 74]. Again, the most popular application has been shallow water
equations, and the survey from Xing and Shu [75] provides a summary of all the
shallow water methods with different accuracies. Some of the previous schemes pro-
posed were equipped to satisfy natural properties of the systems under consideration,
such as nonnegativity of the density [2, 48] or the satisfaction of a discrete entropy
inequality [1, 27], enabling also the computation of dry states [28]. Theoretically the
Godunov scheme satisfies all these properties [50], but its main drawback is its com-
putationally expensive implementation. The high-order schemes usually rely on the
WENO reconstructions originally proposed by Jiang and Shu [43].

Other well-balanced numerical approaches employed to simulate system (1.5) are
finite differences [72, 73], which are equivalent to the finite-volume methods for first
and second order, and the discontinuous Galerkin methods [74]. The overdamped
system of (1.5) with ¢» = 0, obtained in the free inertia limit where the momentum
reaches equilibrium on a much faster timescale than the density, has also been numeri-
cally resolved for general free energies of the form (1.2), via finite-volume schemes [10]
or discontinuous Galerkin approaches [68]. This scheme for the overdamped system
also conserves the dissipation of the free energy at the discrete approximation.

The novelty of this work is twofold. Foremost, all these previous schemes were
only applicable for specific choices of II(p) and H(x, p), meaning that a general scheme
valid for a wide range of applications is lacking. And while some previous schemes [74]
could be employed in more general cases, the focus in the literature has been on the
shallow water and chemotaxis equations. In addition, the function H(x, p), which
results from summing V(x) and W(z)*p as in (1), has so far been taken as dependent
on x only, unlike the present work, where it depends on p by means of the convolution
with an interaction potential W (x).

In this work we present a finite-volume scheme for a general choice of TI(p) and
H(x,p) which is first- and second-order accurate and satisfies the nonnegativity of
the density, the well-balanced property, the semidiscrete entropy inequality and the
semidiscrete free energy dissipation. Furthermore, as shown in Example 3.9 of sec-
tion 3, it can also be applied to more general free energies than the one in (1.2) and
with the form

(113)  Flo = / Ti(p)dz + Rdww)p(w)dw% [ KW (@) pla) i)

where K is a function depending on the convolution of p(x) with the kernel W(x).
Its variation with respect to the density satisfies

O _T0(p) + V() + LK (W(@) % p) + 2K (W) % p) (W(2) ).

1.14
(1.14) op 2 2
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These free energies arise in applications related to (D)DFT [25, 33]; see [14] for other
related free energies and properties.

The other novel technical aspect of this work concerns the numerical treatment
of the different source terms in (1.1). In fact, in order to keep the well-balanced
property and the decay of the free energy we treat source terms differently. While the
dissipative terms are harmless and treated by direct approximations, the fundamental
question is how to choose the discretization of the potential term given by H(x, p) =
V(x) + W(x) = p. For this purpose we appropriately extend the ideas in [6, 27] to
our case to keep the well-balanced property and the energy decay. The condition for
stationary states (1.6) is crucial in defining an approximation of the term —pV H (i, p)
by a discretization of VP(p), consistent with the new reconstructed values of the
density at the interfaces taking into account the potential H(a,p). This general
treatment includes as specific cases both the shallow water equations [1, 6] and the
hyperbolic chemotaxis problem [27].

Section 2 describes the first- and second-order well-balanced scheme reconstruc-
tions and provides the proofs of their main properties. Section 3 contains the numer-
ical simulations, with a first subsection 3.1 where the validation of the well-balanced
property and the orders of accuracy is conducted, and a second subsection 3.2 with
numerical experiments from different applications. A wide range of free energies is em-
ployed to remark the extensive nature of our well-balanced scheme. A short summary
and conclusions are offered in section 4.

2. Well-balanced finite-volume scheme. The terms appearing in the one-
dimensional system (1.5) are usually gathered in the form

(2.1) 8U + 0, F(U) = S(z,U),
with
_(r _ pu
and
0
S(x,U) =

00 H — ypu—p / Wl — y)(u(x) - u(y))py) dy |

where U are the unknown variables, F'(U) the fluxes, and S(U) the sources. The one-
dimensional finite-volume approximation of (2.1) is obtained by breaking the domain
into grid cells (901'71 /Q)i ez and approximating in each of them the cell average of U.
Then these cell averages are modified after each time step, depending on the flux
through the edges of the grid cells and the cell average of the source term [52]. Finite-
volume schemes for hyperbolic systems employ an upwinding of the fluxes, and in the
semidiscrete case they provide a discrete version of (2.1) under the form
dU; Fi-l-l - Fi

2.2 _ ity Timg :
( ) dt A.I?i + S

where the cell average of U in the cell (xF 1Tl ) is denoted as

Pily

F<+% is an approximation of the flux F(U) at the point Tigis S; is an approximation

7
of the source term S(x,U) in the cell (a:i_% , xi+%), and Az; is the possibly variable
mesh size Az; = 2,1 —x;_1.
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The approximation of the flux F'(U) at the point z; +1 denoted by F; +1, s
achieved by means of a numerical flux & which depends on two reconstructed val-
ues of U at the left and right of the boundary between the cells ¢ and ¢ + 1. These

two values, U,;; and U |, are computed from the cell averages following differ-
2

i+10
ent construction procedure; that seek to satisfy certain properties, such as order of
accuracy or nonnegativity. Two widely employed reconstruction procedures are the
second-order finite-volume monotone upstream-centered scheme for conservation laws,
referred to as MUSCL [59], or the weighted-essentially nonoscillatory schemes, widely
known as WENO [66].

Once these two reconstructed values are computed, F; +1 is obtained from

(2.3) Fi=5 (Ui;%, U;%) .

The numerical flux F is usually denoted as Riemann solver, since it provides a stable

resolution of the Riemann problem located at the cell interfaces, where the left value

of the variables is U;r 1 and the right value UZ: 1. The literature concerning Riemann
2 2

solvers is vast and there are different choices for it [69]: Godunov, Lax-Friedrich,
kinetic, Roe, etc. The following are some typical properties of the numerical flux that
are assumed [1, 6, 27]:
1. Tt is consistent with the physical flux, so that F(U,U) = F(U).
2. Tt preserves the nonnegativity of the density p;(¢) for the homogeneous prob-
lem, where the numerical flux is computed as in (2.3).
3. It satisfies a cell entropy inequality for the entropy pair (1.10) for the homo-
geneous problem. Then, according to [6], it is possible to find a numerical
entropy flux G such that

(2.4) G(Uit1) + Vun(Uis1) (F(Ui, Uiy1) — F(Uit))
< (Ui, Uit1) < G(Ui) + Vun(Usi) (F(Us, Uisr) — F(Uy))

where V7 1 is the derivative of n with respect to U = (,,’L).
The first- and second-order well-balanced schemes described in this section pro-
pose an alternative reconstruction procedure for U, 1 and U;j_ , which ensures that
2 2
the steady state in (1.6) is discretely preserved when starting from that steady state.
Subsections 2.1 and 2.3 contain the first- and second-order schemes, respectively, to-

gether with their proved properties.

2.1. First-order scheme. The basic first-order schemes approximate the flux
Fi, 1 by a numerical flux F which depends on the cell-averaged values of U at the two

adjacent cells, so that the inputs for the numerical flux in (2.3) are
(2.5) Fioi= FUi,Uit1) .

The resolution of the finite-volume scheme in (2.2) with a numerical flux of the
form in (2.5) and a cell-centered evaluation of —pd, H for the source term S; is not
generally able to preserve the steady states, as was shown in the initial works of
well-balanced schemes [38, 40]. These steady states are provided in (1.6) and satisfy
that the variation of the free energy with respect to the density has to be constant in
each connected component of the support of the density. The discrete steady state is
defined in a similar way,

(2.6) <(§5]p:> =1II'(p;) + H; = Cr in each Ar,T € N,
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where Ar, I' € N, denotes the possible infinite sequence indexed by I" of subsets Ar of
subsequent indices ¢ € Z where p; > 0 and u; = 0, and Cr the corresponding constant
in that connected component of the discrete support.

As was emphasized above, the preservation of these steady states for particular
choices of II'(p) and H(z,p), such as shallow water [1] or chemotaxis [27], is para-
mount. A solution to allow this preservation was proposed in the work of Audusse
et al. [1], where instead of evaluating the numerical flux as in (2.3), they chose

+
o
B B + + i+
(2.7) Fiii= ?(UH%,UH%) , where Ui+% = (Pipujil) .
2 2

The interface values Ui , are reconstructed from U; and U;4; by taking into account

the steady state relation in (2.6). Contrary to other works in which the interface
values are reconstructed to increase the order of accuracy, now the objective is to
satisfy the well-balanced property. Bearing this in mind, we make use of (2.6) to the
cells with centered nodes at x; and x;41 to define the interface values such that

s ('O;%) +Hyy =1 (i) + Hi,
W (pf,,) + Hipy =10 (pisa) + Higa,

where the term H, 1 is evaluated to preserve consistency and stability, with an upwind
or average value obtained as

(2.8) H,

K3

1
+% :max(Hi,Hi+1) or HH-% = §(H1+Hl+1)
Then, by denoting £(s) as the inverse function of II'(s) for s > 0, we conclude that

the interface values Uil are computed as
2

P;+%:§<H'(pl)+Hz_Hz+é>+v u;r%:ui,

(2.9) . ,
iy =¢ (H (pit1) + Hiv1 — HH%)

N s u;% = Uj+1-

The function £(s) is well-defined for s > 0 since II(s) is strictly convex, II”(s) >
0. This is always the case since, as mentioned in the introduction, the physical
entropies are always strictly convex from (1.10). However, some physical entropies
and applications allow for vacuum of the steady states; therefore we need to impose
the value of pii+ 1 given that they should be nonnegative. Henceforth, £(s) denotes

the extension by zero of the inverse of II'(s) whenever s > 0.
Furthermore, the discretization of the source term is taken as

1 0 0
(2.10) S; = Ar (p (pl;%) _p (pj;>> = | vpius +P¢ZJ:ASUJ'(U¢ —u;)p;¥ij |

which is motivated by the fact that in the steady state, with « = 0 in (2.1), the fluxes
are balanced with the sources,

pd.11'(p) = —pd, H.
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Here, v;; is an approximation of the average value of i) on the interval centered at
x; —x;j of length Axz;. From here, and integrating over the cell volume, it results that
(2.11)

Ii+% Ii+% , Ii+% _ +
—pOy H dx = pO: 1T (p) dw = 9. P(p)dx = P(p_ ) — P(p;_
T T. 1 x

2
i—1 1
i— 5

),

m\»—A

i_§ G-

with the relation between IT'(p) and P(p) as given in (1.3). This idea of distributing

the source terms along the interfaces has already been explored in previous works [44].

The discretization of the source term in (2.10) entails that the discrete balance

between fluxes and sources is accomplished when F; 1 = P(p,, ) = P(pj‘+ 1). The
2

computation of the numerical fluxes expressed in (2. 7) in Wthh the interface values

Ujjrl are considered, enables this balance if in the steady states Uil = UZ.+ 1 =
2 2

(pi+%’0) = (pH%,O). Moreover, the discretization of the source term as in (2.10)
may seem counterintuitive when the system is far away from the steady state, given
that the balanced expressed in (2.11) only holds in those states. In spite of this,
the consistency with the original system in (2.1) is not lost, as will be proved in
subsection 2.2.

Let us finally discuss the discretization of the potential H(z, p) = V(x)+W xp(x).
We will always approximate it as

H, =V, + ZijWijpj Vi el,
J
where V; = V(x;) and W;; = W(x; — x;) in case the potential is smooth or choosing
Wi; as an average value of W on the interval centered at x; —x; of length Az; in case of
general locally integrable potentials W. Let us also point out that this discretization
keeps the symmetry of the discretized interaction potential W;; = W;; for all 4,5 € Z
whenever W is smooth or solved with equal size meshes Az; = Ax; for all 7,5 € Z.

2.2. Properties of the first-order scheme. The first-order semidiscrete scheme
defined in (2.2), constructed with (2.7)—(2.10), and for a numerical flux F (U;, U;+1) =
(3P, FP%) (U;, Ui41) satisfying the properties stated in the introduction of section 2,
satisfies

(i) preservation of the nonnegativity of p;(t);

) well-balanced property, thus preserving the steady states given by (2.6);
(iii) conmsistency with system (1.5);
(iv) cell entropy inequality associated to the entropy pair (1.10),
dn; d

+AH’Ol+G —G._1

Ay i1

(2.12)
= —U; 'yAx“olul + A(Elpl Z A{Ejpj (’U,,L - Uj) ”Q[Jij s
J

where 1n; = I (p;) + 3p;u? and
GH-l _9( z+1vU+ )+3'p< +17U+ ) H—%;

(v) the discrete analogue of the free energy dissipation property (1.8) given by

d 1
(2.13) %EA(U <> Azipiuf — 5 > AxiAxipip; (ui — uj)” vy
; i
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with

Ax;
EA:Z ;piu?—l—}ﬂ and

(2.14) '
1
FA = Z Az; [IL(p;) + Vips] + 3 Z AxiAziWijpip;;
% ]

the discrete analogue of the evolution for center of mass in (1.11),

d

B - 0: 05 = FP - +
(2.15) i <% szpixl> % Az, F (UH%,UH%),
which is reduced to

(2.16) ZAw,ple =0

when the initial density is symmetric and the initial velocity antisymmetric.
This implies that the discrete center of mass is conserved in time and centered
at 0.

Proof. Some of the following proofs follow along the lines considered in [1, 27].

(i)

(i)

If a first-order numerical flux F (U;, U, 41) = (F°, FP*) (U;, U;11) for the homo-
geneous problem, such as the Lax—Friedrich scheme detailed in Appendix A,
satisfies the nonnegativity of the density p;(t), then it necessarily follows that
(2.17)

FP((pi = 0,u;), (Pit1,uit1)) — FP((pi—1,ui=1), (pi = 0,u;)) <0 V(pi, ;).

In our case, the sources do not contribute to the continuity equation in (2.1),
and for the numerical flux in (2.7) we need to check that

(2.18) 57 (U, Ul ) =97 (U, Uty ) <0

whenever p; = 0. When p; = 0, the reconstruction in (2.8) and (2.9) yields
Pipr = ,o,trl = 0 since II(p) is assumed to be convex, and (2.18) results in
3 b 3

2.19)
FO(0,ua), (0 15 wi41)) =F (0, _y s wim1), (pi = 0,ui) <O ¥y, 15 wi)ic

Then, given that the numerical scheme is chosen so that it preserves the
nonnegativity of the density for the homogeneous problem and (2.17) holds,
it follows that (2.19) is satisfied too.

To preserve the steady state, the discrete fluxes and source need to be bal-
anced:

(2.20) Fiyi —F

1
=3

When the steady state holds it follows from (2.9) that p_ , = p;: , and
2 2
u ., =u, = 0, and as aresult U, , = Ur,. Then, by consistency of the
+3 =3 i+5 +3
numerical flux F,

Fiiy =9 ((074:0). (p25,0) = F(U ) = FULL)

(2.21) 0 0
B <P(Pi+é)> B <P(P;§)> ’
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Concerning the source term S; of (2.10), in the steady state it is equal to
0

s e o) )

Then the balance in (2.20) is obtained from (2.21) and (2.22).

For consistency with the original system (1.5), one has to apply the criterion
in [6], by which two properties concerning the consistency with the exact
flux F' and the consistency with the source term need to be checked. Before
proceeding, the finite-volume discretization in (2.2) needs to be rewritten in
a nonconservative form as

dUs _ Fu(Us, Uips, Hi, Hity) = 32 (Uia, Ui, Hiy, Hi)

(2.23)
- (%Oiuz' +pid; (WO— u;)pi (i — xj)) ’

where
F1(Us, Uipr, Hi, Hi1) = Fip o — Aw S

i1
it35’

Fr(Ui—1, Ui, Hioy, Hi) = F;_1 + Az;ST .
2

3

Here the source term S; is considered as being distributed along the cell
interfaces, satisfying

0
S; =5, + S+ 1 ’
i+3 T Vieg (vpiuz- + pi 225 (i — uy) pyb (s —%’))

S _L 0 d S+ _L 0
i3 = Ax, \Plor ) = Ploo) )0 ™ %y T A \ Plei) = P(of 1) |-

Consistency with the exact flux means that ¥F;(U,U, H,H) = ¥,.(U,U, H, H)

= F'(U). This is directly satisfied since U , = U; and U:_"_ , = U;1+1 whenever
2 2

H;11 = H;, due to (2.9).

For consistency with the source term, the criterion to check is

0
977” U7,7Ul 7Hi7H'L' =F UzaUl aH’L'vHi =
( A 1)~ i +1) <_p(Hi+1_Hi)+0(Hi+1_Hi)>
as U;, Ujy1 — U and H;, H;y1 — H. For this case,
(2.24)

i it+3

0
F (Ui, Uir, Hiy Hi1) — F1(Us, Uisr, Hy Hiy) = <5+ 45 )
+3

0
((P(g(nl(pi+l)+Hi+lHi+é))P(pi+l))+(P(£(H/(pi)+HiHi-«-;))P(pi)))’

where H; 41 = max (H;, H;+1). By assuming without loss of generality that

H;, 1+ = H;, the second term of the last matrix results in

—P(&(T1 (pigr HH i 1—H ) P (E(IT (pi))) = —P(E(T (piga HH 4+ ) — P(pi) -
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This term can be further approximated as
—(Pog) (I (pis1)) (Hiy1—Hi)+o(Hiy1—Hi) = —piy1(Hiy1—Hi)+o(Hiy1—H;)

since
1

(Po&)(IT'(piy1)) = Pl(ﬂi+1)m = pit1

by taking derivatives in (£oIl’)(p) = p and making use of (1.3). Finally, since
pit1 — p, the consistency with the source term is satisfied. An analogous
procedure can be followed whenever H, 1= Hi.

(iv) To prove (2.12) we follow the strategy from [27]. We first set G, 1 to be

Giy1 =9 (Uﬁ “U ) +3° (Ui:r%’U;%) Hivy-

Subsequently, and employing the inequalities for 9( +1 U ': l) in (2.4), it
2
follows that

Gir1 — Gy 1<G<U )+Vun<Uf+%) (?<U_17U+ ) ( ))
o(u)-Son (i) (0 ) - (01,

+ g (U+17U+ )HH% —gr (Ulf_%,U;%)H. .

i—

This last inequality can be rewritten after some long computations as
’ — —
Giry —CGig < (H (pi+%) 2“1 +Hiy )5 (U y Ul )
1

. (H’ (pf ) Wt H, > Fr (Ui LUt )

=3 2 2 tmg T3

U - + U - —

ui<3"9 (U+1,U L) -9 (Ui LU )+P<l_§)—P<pi+%)).

From here, by bearing in mind the definition of p__ i+l and p , in (2.9) and
the definition of the scheme in (2.2)-(2.7)-(2.10), we get

2

Gigr —Gi_1 < (H'(Pz‘) ;ul+H)<? (Ull’UJr) ?p< i

wi (57 (U, UL ) =7 (U U8 y) + P (o) = P (0y)

1
= — (H’ (pi) — 2uz + H) ALL‘Z dpl Axlulj (pius)

— Uy (’YAIiPiui + Az;p; Z pj (ui — uy) ¢ij)~

J

Finally, this last inequality results in the desired cell entropy inequality (2.12)
by rearranging according to (2.1), yielding
d”]z dpi
Ax; i + Ax;Hi— o7 + G - G,_ 1
(2.25)
= —u; | YAzipiu; + Azip; »  pj (ui — ;) i
J
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(v) The last property of the scheme and formulas (2.13)—(2.14) follow by summing
over the index 4 over identity (2.25), collecting terms and symmetrizing the
dissipation using the symmetry of .

(vi) Starting with the finite-volume equation for the density in (2.1),

B 01,) 9 (0 ),

one can multiply it by x; and sum it over the index i, resulting in
d
- oy | = B e - + P - +
(St = (0 (00, ) + o (07,.02,)).

By rearranging and considering, for instance, periodic or no flux boundary
conditions, we get (2.15).

On the other hand, the finite-volume equation for the momentum in (2.1),
after summing over the index ¢, becomes

% <; Axipz'ui> = ; (P (p;%) - P (p;;%)) - ’Y;A%‘Piui

— Z Az Axjpip;(wi — w;j)ij,

4,3

(2.26)

since the numerical fluxes cancel out due to the sum over the index i. In
addition, the Cucker—Smale damping term also vanishes due to the symmetry
in ¢ (x). Finally, if the initial density is symmetric and the initial velocity
antisymmetric, the sum of pressures on the right-hand side of (2.26) is 0, due
to the symmetry in the density. This implies that the discrete solution for the
density and momentum maintains those symmetries, since (2.26) is simplified

as
Z Azipiu; =0,
i

and as a result (2.15) reduces to (2.16). This means that the discrete center of
mass is conserved in time and is centered at 0 for initial symmetric densities
and initial antisymmetric velocities. 0

Remark 2.1. As a consequence of the previous proofs, our scheme conserves all
the structural properties of the hydrodynamic system (1.5) at the semidiscrete level,
including the dissipation of the discrete free energy (1.8) and the characterization of
the steady states. These properties are analogous to those obtained for finite-volume
schemes in the overdamped limit [10, 68].

Remark 2.2. All the previous properties, which are applicable for free energies of
the form (1.2), can be extended to the general free energies in (1.13). It can be shown
indeed that the discrete analogue of the free energy dissipation in (2.13) still holds
for a discrete total energy defined as in (2.14) and a discrete free energy of the form

1
A — . . . . . . .
(2.27) F& = E Ax; [T (p;) + Vipi] + 3 E Ax;p; K;,
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where K is a discrete approximation of K (W (z) % p) at the node z; and is evaluated
as

(2.28) K=K | Y Az;Wip;

J

2.3. Second-order extension. The usual procedure to extend a first-order
scheme to second order is by computing the numerical fluxes (2.3) from limited re-
constructed values of the density and momentum at each side of the boundary, con-
trary to the cell-centered values taken for the first-order schemes (2.5). These values
are classically computed in three steps: prediction of the gradients in each cell, lin-
ear extrapolation, and limiting procedure to preserve nonnegativity. For instance,
MUSCL [59] is a usual reconstruction procedure following these steps. From here the
values p; 1, pir, i1, and u; , are obtained for all ¢, where [ indicates at the left of the
boundary and r at the right. Then the inputs for the numerical flux in (2.3), for a
typical second-order scheme, are

Fiy1 =3 Uiy, Uig1,1) -

This procedure has already been adapted to satisfy the well-balanced property and
maintain the second order for specific applications, such as shallow water [1] or chemo-
taxis [27]. In this subsection the objective is to extend the procedure to general free
energies of the form (1.2). As it happened for the well-balanced first-order scheme,
the boundary values introduced in the numerical flux, which in this case are U; ,, and
Uit1,1, need to be adapted to satisfy the well-balanced property.

For the well-balanced scheme the first step is to reconstruct the boundary values
Pil, Pir, Uiy, and u;, following the three mentioned steps. In addition, the recon-
structed values of the potential H(z,p) at the boundaries, H;; and H;, for all 4,
also have to be computed. This is done as suggested in [1]. Instead of reconstruct-
ing directly H;; and H;, following the three mentioned steps, for certain applica-
tions one has to reconstruct first (I'(p) + H(z, p)), to obtain (II'(p) + H(z, p)), , and
(IU'(p) + H(z, p)); ., and subsequently compute H;; and H; , as 7

Hiy = (I (p) + H(z,p));; — T (piy),
H;r = (I'(p) + H(z,p)),, — I (pi,r) -

This is shown in [1] to be necessary in order to maintain nonnegativity and the
steady state in applications where there is an interface between dry and wet cells. For
instance, these interfaces appear when considering pressures of the form P = p™ with
m > 0, as shown in Examples 3.4 and 3.6 of section 3. For other applications where
vacuum regions do not occur, the values H;; and H;, can be directly reconstructed
following the three mentioned steps.

After this first step, the inputs for the numerical flux are updated from (2.3) to
satisfy the well-balanced property as

Piia /J’+ 1
Fi+;:3"( ,_1,U,+1),Where vo,=| ), v, = ).
2 i+3 it i+3 Pip 1 Ui itz Pig 1 Uit
i+3 70 i+3 )

The interface values pzil are reconstructed as in the first-order scheme by taking into
2

account the steady state relation in (2.6). The application of (2.6) to the cells with
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centered nodes x; and x;41 leads to
i (p;r%) + Hipy =10 (pir) + Hip,
I (pztr%) + Hipy =1 (pit1) + Hisay,

where the term H, 1 is evaluated to preserve consistency and stability, with an upwind
or average value obtained as

1
3= 5 (Hip + Hivrg).

(2

H»+%:maX(Hi)T,Hi+1J) or H,,

Then, by denoting as £(x) the inverse function of II'(x), the interface values pi_ L are
2

computed as
P;:% =¢ (H/ (pig10) + Hiyry — HZ-+%> .
The source term is again distributed along the interfaces,

Si=8_,4+Sr,+5f,
+35 1—3

where

5o, = ’ T '
"~ Ay <P (Piey) - P(pim)) T A <P (pia) = P (@;)) |

The inclusion of the central source term S is vital to preserving the second-order
accuracy and well-balanced property of the scheme. This idea was first introduced
in [46], where second-order error estimates are derived under certain conditions for
S¢. Further works customize this central source term SY for particular applications
such as shallow water equations [1, 45] or chemotaxis [27]. There is some flexibility
in the choice of this term, as long as it satisfies two criteria for second-order accuracy
and well-balancing. In the following remark we summarize the two criteria, which are
described in greater detail in [6] (specifically, (4.187) for second-order accuracy, and
(4.204) for well-balancing).

Remark 2.3. The central source term S§ preserves the second-order accuracy and
well-balanced property of the scheme if the following two criteria are satisfied:
(i) Second-order accuracy if

Sf (pi,lv Pi,ry Hi,la Hi,r)

(2.29) 0
- ((pl;p' +0 (\pi,r — pial” + |Hiy — Hz’,l\Q)) (Hir = Hzl))

as p;r — pig — 0and H;, — H;; — 0.
(ii) Well-balanced property if

(2.30) S5 (pis pir, Hig, Hip) = F (pir, Hiy) — F (pig, Hip)

meaning that the steady states are left invariant.
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The objective here is to provide a general form of S which applies to general free
energies of the form (1.2). Following the strategy in [6], we propose approximating
the generalized centered sources as

. i 0 _ 0
5= Az; <P(Pz‘,r)—P(Pf,r)—P(Pz‘,l)+P(Pf,z)) <wiui+pi Zj(ui—uy‘)f’jﬂ)(%—%’)) ’

where the values p;; and pj, are computed from the steady state relation (2.6) as

piy =& (pig) + Hig — HY),
p;'k,r =¢ (H/ (piﬂ") + Hiﬂ" - Hz*) ’

and H is a centered approximation of the potentials satisfying

H; = L (Hyp+ i),
The proposed structure of S¢ is suggested in [6] and satisfies the two criteria for
second-order accuracy (2.29) and well-balanced property (2.30).

Overall, the second-order semidiscrete scheme defined in (2.2) and constructed as
detailed in this subsection, and for a numerical flux F satisfying the properties stated
in the introduction of section 2, satisfies the following:

(i) preservation of the nonnegativity of p;(t);

(ii) well-balanced property, thus preserving the steady states given by (2.6);

(iii) consistency with system (1.5);

(iv) second-order accuracy.

The proof of these properties is omitted here since it follows the same techniques as
those of [1, 27], and the general procedure is very similar to the one from the first-order
scheme in subsection 2.2.

3. Numerical tests. This section details numerical simulations in which the
first- and second-order schemes from section 2 are employed. First, subsection 3.1 con-
tains the validation of the first- and second-order schemes: the well-balanced property
and the order of accuracy of the schemes are tested in four different configurations.
Second, subsection 3.2 illustrates the application of the numerical schemes to a variety
of choices of the free energy, leading to interesting numerical experiments for which
analytical results are limited in the literature.

Unless otherwise stated, all simulations contain linear damping with v = 1 and
have a total unitary mass. Only the indicated ones contain the Cucker-Smale damping
term, where the communication function satisfies

o
(14 |zf2)7

(z) =

The pressure function in the simulations has the form P(p) = p™, with m > 1.
When m = 1 the pressure satisfies the ideal-gas relation P(p) = p, and the density
does not develop vacuum regions during the temporal evolution. For this case the
employed numerical flux is the versatile local Lax—Friedrich flux. For the simulations
where P(p) = p™ and m > 1 vacuum regions with p = 0 are generated. This
implies that the hyperbolicity of system (1.5) is lost in those regions, and the local
Lax—Friedrich scheme fails. As a result, an appropriate numerical flux has to be
implemented to handle the vacuum regions. In this case a kinetic solver based on [64],
and already implemented in previous works [2], is employed.
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The time discretization is accomplished by means of the third-order TVD Runge—
Kutta method [39], and the CFL number is taken as 0.7 in all the simulations. The
boundary conditions are chosen to be no flux. For more details about the numerical
fluxes, temporal discretization, boundary conditions, and CFL number, we direct the
reader to Appendix A.

Videos from all the simulations displayed in this work are available at [62].

3.1. Validation of the numerical scheme. The validation of the schemes
from section 2 includes a test for the well-balanced property and a test for the order
of accuracy in the transient regimes. These tests are completed in four different
examples with steady states satisfying (1.6), which differ in the choice of the free
energy, potentials, and the inclusion of Cucker-Smale damping terms. An additional
fifth example presenting moving steady states of the form (1.12) is considered to show
that our schemes satisfy the order of accuracy test even for these challenging steady
states.

The well-balanced property test evaluates whether the steady state solution is
preserved in time up to machine precision. As a result, the initial condition of the
simulation has to be directly the steady state. The results of this test for the four
examples of this section are presented in Table 1. All the simulations are run from
t =0 to t =5, and the number of cells is 50.

TABLE 1
Preservation of the steady state for the Ezamples 3.1, 3.2, 3.3, and 3.4 with the first- and
second-order schemes and double precision, at t = 5.

Order of the scheme LY error L error

Example 3.1 15t 9.1012E-18 1.1102E-16
ond 2.3191E-17  2.2843E-16

Example 3.2 15t 7.8666E-18  1.1102E-16
ond 1.4975E-17  1.5057E-16

Example 3.3 15°% 5.5020E-17  6.6613E-16
gnd 6.4514E-17  7.2164E-16

Example 3.4 15°% 1.3728E-17  2.2204E-16
ond 3.4478E-18  1.1102E-16

The order of accuracy in the transient regimes test is based on evaluating the L'
error of a numerical solution for a particular choice of Az with respect to a reference
solution, and for a time when the steady state is not reached yet. Subsequent L'
errors are obtained after halving the Ax of the previous numerical solution, doubling
in this way the total number of cells. The order of the scheme is then computed as

Lt error(Ax) )

(3.1) Order of the scheme = Ins (Llerror(Ax/Q)

and the Az is halved four times.

The reference solution is frequently taken as an explicit solution of the system
that is being tested. In this case, the system in (1.5) does not have an explicit solution
in time for the free energies presented here, even though the steady solution can be
analytically computed. Since we are interested in evaluating the order of accuracy
away from equilibrium, the reference solution is computed from the same numerical
scheme but with a really small Az, so that the numerical solution can be considered
as the exact one. In all cases here the reference solution is obtained from a mesh with
25600 cells, while the numerical solutions employ a number of cells between 50 and
400.
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The results from the accuracy tests are shown in the Tables 2, 3, 4, 5, and 6.
The simulations were run with the configurations specified in each example and from
t =0 to t = 0.3, unless otherwise stated. The final time of ¢ = 0.3 is taken so that all
examples are in the transient regime.

Ezample 3.1 (ideal-gas pressure and attractive potential). In this example the

pressure satisfies P(p) = p and there is an external potential of the form V' (z) = 1—22
As a result, the relation holding in the steady state is
oOF , x?
(3.2) 5= IT'(p) + H = In(p) + 5 = constant on supp(p) and u = 0.
p
The steady state, for an initial mass My, explicitly satisfies
e—z2/2

3.3 =My .

( ) p 0 fR e—12/2r
For the order of accuracy test, the initial conditions are

(3.4)

0.2+ 5 cos (I%) T
2t =0) = M 0)__ ou(z,t=0 :—0.05sin(—),xe—5,5,

o ) Of]R (0.245 cos (32£)) da pul ) 10 [ ]

with My equal to 1 so that the total mass is unitary. The order of accuracy test from
this example is shown in Table 2, and the evolution of the density, of the momentum,
of the variation of the free energy with respect to the density, and of the total energy
and free energy are depicted in Figure 1. From Figure 1(d) one can notice how
the discrete total energy always decreases in time, due to the discrete free energy
dissipation property (2.13), and how there is an exchange between free energy and
kinetic energy which makes the discrete free energy plot oscillate.

Ezample 3.2 (ideal-gas pressure, attractive potential, and Cucker—Smale damping
terms). In this example the pressure satisfies P(p) = p and there is an external

potential of the form V(z) = % The difference with Example 3.1 is that the Cucker—
Smale damping terms are included, and the linear damping term —pu excluded.

The relation holding in the steady state is expressed in (3.2) and the steady state
satisfies (3.3). The initial conditions are also (3.4). The order of accuracy test from
this example is shown in Table 3, and the evolution of the density, of the momentum,
of the variation of the free energy with respect to the density, and of the total energy
and free energy are depicted in Figure 2. The lack of linear damping leads to higher
oscillations in the momentum plots in comparison to Figure 1. There is also an
exchange of kinetic and free energy during the temporal evolution, which could be
noticed from the oscillations of the discrete free energy in Figure 2(d).

Ezample 3.3 (ideal-gas pressure and attractive kernel). In this case study the

pressure satisfies P(p) = p and there is an interaction potential with a kernel of the
form W(x) = %-. The steady state for a general total mass My is again equal to
the steady states from Examples 3.1 and 3.2 with unit mass. The linear damping
coefficient v has been reduced, v = 0.01, in order to compare the evolution with
respect to the previous examples.

The initial conditions for the order of accuracy test are those from Example 3.1
in (3.4). The order of accuracy test from this example is shown in Table 4, and

the evolution of the density, of the momentum, of the variation of the free energy
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TABLE 2
Accuracy test for Example 3.1 with the first- and second-order schemes at t = 0.3.

Number of First order Second order
cells L' error order L' error order
50 6.8797E-03 - 7.6166E-04 -
100 3.4068E-03 1.01 2.0206E-04 1.91
200 1.6826E-03 1.02 5.0308E-05 2.01
400 8.3104E-04 1.02 1.2879E-05 1.97
0.6 T 0.2
..... t=0 vt =0
o - -t=0.7 EREN - -t=0.7
H -t =2 / Ny ———t =2
Py —t=15 ! AN —t=15
I A\ !

x t

(c) Evolution of the variation of the free energy (d) Evolution of the total and free energies

Fic. 1. Temporal evolution of Example 3.1.

with respect to the density, and of the total energy and free energy are depicted in
Figure 3. Due to the low value of 7y in the linear damping, there is a repeated exchange
of free energy and kinetic energy during the temporal evolution, which can be noticed
from the oscillations of the free energy plot in Figure 3(d). In the previous examples
the linear damping term dissipates the momentum in a faster timescale, and these
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TABLE 3
Accuracy test for Example 3.2 with the first- and second-order schemes at t = 0.3.

Number of First order Second order

cells L' error order L' error order
50 6.3195E-03 - 7.3045E-04 -
100 3.2658E-03 0.95 1.9462E-04 1.91
200 1.6373E-03 1.00 4.8629E-05 2.00
400 8.7771E-04 1.01 1.2468E-05 1.97
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(c) Evolution of the variation of the free energy
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(d) Evolution of the total and free energies

FiG. 2. Temporal evolution of Example 3.2.

exchanges only last for a few oscillations. One can also notice that the time to reach
the steady state is higher than in the previous examples.

Ezample 3.4 (pressure proportional to square of density and attractive potential).
For this example the pressure satisfies P(p) = p?, and there is an external potential of

the form V(z) = ‘”—22 Contrary to the previous Examples 3.1, 3.2, and 3.3, the choice
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TABLE 4
Accuracy test for Example 3.3 with the first- and second-order schemes at t = 0.3.

Number of First order Second order
cells L' error order L' error order
50 6.6938E-03 - 7.6135E-04 -
100 3.4702E-03 0.95 2.0207E-04 1.91
200 1.7410E-03 1.00 5.0306 E-05 2.01
400 8.6890E-04 1.00 1.2879E-05 1.97

x t

(c) Evolution of the variation of the free energy (d) Evolution of the total and free energies

Fic. 3. Temporal evolution of Example 3.3.

of P(p) = p? implies that regions of vacuum where p = 0 appear in the evolution and
steady solution of the system. As explained in the introduction of this section, the
numerical flux employed for this case is a kinetic solver based on [6].
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The steady state for this example with an initial mass of M, satisfies

1 ) :
@) - (x—l— d3M0) (m— JSMO) for x € [—</3Moy, /3Mj] ,
Poo\T) =

0 otherwise.

The initial conditions taken for the order of accuracy test are

0.1+e
t=0)= M
pl,t=0) T (01 + %) da’

pu(z,t =0) = —0.2sin (%) , x€[-5,5],
with My being the mass of the system and equal to 1. The order of accuracy test from
this example is shown in Table 5, and the evolution of the density, of the momentum,
of the variation of the free energy with respect to the density, and of the total energy
and free energy are depicted in Figure 4. The initial kinetic energy represents a large
part of the initial total energy, and there is also an exchange between the kinetic
energy and the free energy resulting in the oscillations for the plot of the discrete free
energy.

We note that in this example the order of accuracy for the schemes with order
higher than one is reduced to one both in the vacuum and interface regions, as was
also pointed out in [27]. The orders shown in Table 5 are computed by considering
only the cells in the support of the density that are away from the interface region,
and the vacuum regions are not taken into consideration.

Ezample 3.5 (moving steady state with ideal-gas pressure, attractive kernel, and
Cucker—Smale damping term). The purpose of this example is to show that our scheme
from section 2 preserves the order of accuracy for moving steady states of the form
(1.12), where the velocity is not dissipated. As mentioned in the introduction, the
generalization of well-balanced schemes to preserve moving steady states has proven
to be quite complicated [58, 76], and it is not the aim of this work to construct such
schemes.

For this example the pressure satisfies P(p) = p and there is an interaction po-
tential with a kernel of the form W(z) = “"—; The linear damping is eliminated and
the Cucker—Smale damping term included. Under this configuration, there exists an
explicit solution for system (1.5) consisting in a traveling wave of the form

e—(m—ut)z/Q

.5 H=M-—
(3.5) p(x,1) OfRefzz/zdxa

u(z,t) = 0.2,

with My equal to 1 so that the total mass is unitary. As a result, the order of accuracy
test can be accomplished by computing the error with respect to the exact reference
solution, contrary to what was proposed in the previous examples. It should be
remarked, however, that the velocity and the variation of the free energy with respect
to the density profiles are not kept constant along the domain by our numerical
scheme, since the well-balanced property for moving steady states is not satisfied.

The initial conditions for our simulation are (3.5) at ¢ = 0 in a numerical domain
with 2 € [—8,9]. The simulation is run until ¢ = 3. The table of errors for different
number of cells is shown in Table 6, and a depiction of the evolution of the system is
illustrated in Figure 5. The velocity and the variation of the free energy plots are not
included since they are not maintained constant with our scheme.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



524 CARRILLO, KALLIADASIS, PEREZ, AND SHU

TABLE 5
Accuracy test for Example 3.4 with the first- and second-order schemes at t = 0.3.

Number of

First order

Second order

Downloaded 04/07/20 to 188.222.130.235. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

cells L' error order L' error order
50 6.8826E-03 - 1.0735E-03 -
100 3.5106E-03 0.97 2.9188E-04 1.88
200 1.7596E-03 1.00 7.6113E-05 1.94
400 8.8184E-04 1.00 1.9103E-05 1.99
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(c) Evolution of the variation of the free energy (d) Evolution of the total and free energies

F1a. 4. Temporal evolution of Example 3.4.

3.2. Numerical experiments. In this subsection, the well-balanced scheme of
section 2 is applied to a variety of free energies from systems which have acquired an
important consideration in the literature. Some of these systems have been mainly
studied in their overdamped form, resulting when v — oo, and as a result our well-
balanced scheme can be useful in determining the role that inertia plays in those
systems.
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TABLE 6
Accuracy test for Example 3.5 with the first- and second-order schemes at t = 3.

Number of First order Second order
cells L' error order L' error order
50 9.84245E-03 - 2.78988E-03 -
100 4.92029E-03 1.00 9.09342E-04 1.62
200 2.44627E-03 1.01 2.55340E-04 1.83
400 1.21228E-03 1.01 7.47905E-05 1.77

—FE2
A8 FA
0.4+
p
0.2
B
0
-5 0 1.5 3
T t
(a) Evolution of the density (b) Evolution of the total and free energies

F1G. 5. Temporal evolution of Example 3.5.

Ezample 3.6 (pressure proportional to square of density and double-well poten-
tial). In this example the pressure is taken as in Example 3.4, with P(p) = p?, thus
leading to vacuum regions. The external potential are chosen to have a double-well
shape of the form V(x) = az* — ba?, with a, b > 0. This system exhibits a variety
of steady states depending on the symmetry of the initial condition, the initial mass,
and the shape of the external potential V(x). The general expression for the steady
states is

poo = (Clz) =V (z)), = (C(z) — az* +ba?)

where C(z) is a piecewise constant function, zero outside the support of the density.
Notice that C(z) can attain a different value in each connected component of the
support of the density.

Three different initial data are simulated in order to compare the resulting long
time asymptotics; i.e., we show that different steady states are achieved corresponding
to different initial data. The initial conditions are

+ Y

~(o—0)?
— M, 0.1+e 0 ]
Jg (0.1 4 e=(@=20)?) dg;

T™r

, pu(z,t=0) = —-0.2 sin( ) , x € [—10,10],

with My equal to 1 so that the total mass is unitary. When zy = 0, the initial density

is symmetric, and when xg # 0 the initial density is asymmetric.
4 2
a. First case: The external potential satisfies V(z) = Z- — 32- and the initial

density is symmetric with o = 0. For this configuration the steady solution
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presents two disconnected bumps of density with the same mass in each of
them, as shown in Figures 6(a) and 6(b). The variation of the free energy
with respect to the density presents the same constant value in the two dis-
connected supports of the density. The evolution is symmetric throughout.
b. Second case: The external potential satisfies V(x) = %4 - % and the initial
density is asymmetric with zg = 1. The final steady density is characterized
again by the two disconnected supports, but for this configuration the mass
in each of them varies, as shown in Figures 6(c) and 6(d). Similarly, the
variation of the free energy with respect to the density presents different
constant values in the two disconnected supports of the density.
¢. Third case: For this last configuration the external potential is varied and
satisfies V(z) = % - %2, and the initial density is asymmetric with zg =
1. For this case, even though the initial density is asymmetric, the final
steady density is symmetric and compactly supported due to the shape of
the potential, as shown in Figures 6(e) and 6(f). The variation of the free
energy with respect to the density presents constant value in all the support
of the density.
This behavior shows that this problem has a complicated bifurcation diagram
and corresponding stability properties depending on the parameters, for instance, the
coefficient on the potential well controlling the depth and support of the wells used

above.

Ezample 3.7 (ideal pressure with noise parameter and its phase transition). The

model proposed for this example has a pressure satisfying P(p) = op, where o is a

noise parameter, and external and interaction potentials chosen to be V' (z) = %4 — %

and W(x) = I—;, respectively. The corresponding model in the overdamped limit has
been previously studied in the context of collective behavior [3], mean field limits [35],
and systemic risk [30]; see also [70] for the proof in one dimension.

We find that this hydrodynamic system exhibits a supercritical pitchfork bifur-
cation in the center of mass & of the steady state when varying the noise parameter
o as its overdamped limit counterpart discussed above. For values of o higher than
a certain threshold, all steady states are symmetric and have the center of mass & at
xr = 0. However, when o decreases below that threshold, the pitchfork bifurcation
takes place. On the one hand, if the center of mass of the initial density is at x = 0,
the final center of mass in the steady state remains at = 0. On the other hand, if
the center of mass of the initial density is at = # 0, the center of mass of the steady
state approaches asymptotically to x =1 or x = —1 as ¢ — 0, depending on the sign
of the initial center of mass. Finally, when o = 0, the steady state turns into a Dirac
delta at x = 0, x = 1, or z = —1, depending on the initial density. The pitchfork
bifurcation is supercritical since the branch of the bifurcation corresponding to & = 0
is unstable. This means that any deviation from an initial center of mass at z = 0
leads to a steady center of mass located in one of the two branches of the parabola in
the bifurcation state.

The numerical scheme outlined in section 2 captures this bifurcation diagram for
the evolution of the hydrodynamic system. The results are shown in Figure 7. In the
figure, panel (a) depicts the bifurcation diagram of the final center of mass when the
noise parameter o is varied, and for an initial center of mass at « # 0. For a symmetric
initial density and antisymmetric velocity, the center of mass numerically remains at
2 = 0 for an adequate stopping criterion, since property (vi) in subsection 2.2 holds.
However, any slight error in the numerical computation unavoidably leads to a steady
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Fi1G. 6. Temporal evolution of the first, second, and third cases from Example 3.6.
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Fi1G. 7. Bifurcation diagram (a) and steady states for different values of the noise parameter o
(b) from Exzample 3.7.

state deviating towards any of the two stable branches, due to the strong unstable
nature of the branch with z = 0. In Figure 7(b) there is an illustration of the steady
states resulting from an initial center of mass located at x > 0 for different choices of
the noise parameter o. For ¢ = 0.001, which is the smallest value of ¢ simulated, the
density profile approaches the theoretical Dirac delta expected at x = 1 when ¢ — 0.
When o = 0 the hyperbolicity of the system in (1.5) is lost since the pressure term
vanishes, and as a result the numerical approach in section 2 cannot be applied.

The numerical strategy followed to recover the bifurcation diagram is based on the
so-called differential continuation. It simply means that, as ¢ — 0, the subsequent
simulations with new and lower values of o have as initial conditions the previous
steady state from the last simulation. This allows us to complete the bifurcation
diagram, since otherwise those simulations with extremely small o would take a long
time to converge for general initial conditions. In addition, to maintain sufficient
resolution for the steady states close to the Dirac delta, the mesh is adapted for each
simulation. This is accomplished by first interpolating the previous steady state with a
piecewise cubic Hermite polynomial, which preserves the shape and avoids oscillations,
and second, by creating a new and narrower mesh where the interpolating polynomial
is employed to construct the new initial condition for the differential continuation.

Ezample 3.8 (hydrodynamic generalization of the Keller—Segel system: general-
ized Euler—Poisson systems). The original Keller—Segel model has been widely em-
ployed in chemotaxis, which is usually defined as the directed movement of cells and
organisms in response to chemical gradients [47]. These systems also find their ap-
plications in astrophysics and gravitation [24, 67]. It is a system of two coupled
drift-diffusion differential equations for the density p and the chemoattractant con-
centration S,

op=V-(VP(p) — xpV5),
8,8 = DyAS — S + fp.

In this system P(p) is the pressure, and the biological/physical meaning of the con-
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stants x, Ds, «, and § can be reviewed in the literature [4, 41, 42]. For this example
they are simplified as usual so that x = Dy = =1 and § = 0. A further assumption
usually taken in the literature is that d;p is very big in comparison to 9;S [41], lead-
ing to a simplification of the equation for the chemoattractant concentration .S, which
becomes the Poisson equation —AS = p. Hydrodynamic extensions of the model,
which include inertial effects, have also been proven to be essential for certain appli-
cations [19, 20, 29], leading to a hyperbolic system of equations with linear damping
which in one dimension reads as

Op + 0z (pu) = 0,
Oy (pu)+ 0, (pu?) = =0, P(p) + 0,5 — vpu,
—0zzS = p.

By using the fundamental solution of the Laplacian in one dimension, this equation
becomes 25 = |z| x p. This term, after neglecting the constant, can be plugged
into the momentum equation so that the last equation for S can be removed. As a
result, the hydrodynamic Keller—Segel model is reduced to the system of equations
(1.1) considered in this work, with W (z) = |z|/2, V(z) = 0, and ) = 0. As a final
generalization [10], the original interaction potential W(x) = |z|/2 can be extended
to be a homogeneous kernel W(z) = |z|*/«, where oo > —1. By convention, W (z) =
In |z| for o« = 0. Further generalizations are Morse-like potentials as in [10, 17], where
W(z) =1 — exp(—|z|*/a) with a > 0.

The solution of this system can present a rich variety of behaviors due to the
competition between the attraction from the local kernel W(z) and the repulsion
caused by the diffusion of the pressure P(p), as reviewed in [7, 8]. By appropriately
tuning the parameters « in the kernel W (z) and m in the pressure P(p), one can
find compactly supported steady states, self-similar behavior, or finite-time blowup.
Three different regimes have been studied in the overdamped generalized Keller—Segel
model [10]: diffusion-dominated regime (m > 1 — &), balanced regime (m = 1 — «)
where a critical mass separates self-similar and blowup behavior, and aggregation-
dominated regime (m < 1—a). These three regimes have so far not been analytically
studied for the hydrodynamic system except for a few particular cases [12, 13], and the
presence of inertia indicates that the initial momentum profile plays a role together
with the mass of the system to separate diffusive from blowup behavior.

The well-balanced scheme provided in section 2 is a useful tool to effectively reach
the varied steady states resulting from different values of a and m. The objective of
this example is to provide some numerical experiments to show the richness of possible
behaviors. This scheme can be eventually employed to numerically validate the theo-
retical studies concerning the existence of the different regimes for the hydrodynamic
system, for instance, or how the choice of the initial momentum or the total mass can
lead to diffusive or blowup behavior. This will be explored further elsewhere.

We have conducted two simulations with different choices of the parameters o and
m. In both m > 1, so that a proper numerical flux capable of dealing with vacuum
regions must be implemented. As emphasized in the introduction of this section, the
kinetic scheme developed in [63] is employed. Both of the simulations share the same
initial conditions,

4(z+2)2 4(z—2)2
) + e 7 10

e

_ 4a(z—2)2 _ 4A(z+2)2 )
Iz (e T 4e 10 ) dx

plx,t =0) = My pu(z,t=0)=0, z¢€][-8,8],
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(c) Evolution of the variation of the free energy (d) Evolution of the total and free energies

Fic. 8. Temporal evolution of Example 3.8 with compactly supported steady state.

where the total mass My of the system is 1.

In the first simulation the choice of parameters is « = 0.5 and m = 1.5. According
to the regime classification for the overdamped system, this would correspond to the
diffusion-dominated regime. In the overdamped limit, solutions exist globally in time,
and the steady state is compactly supported. The results, depicted in Figure 8,
adequately agree with this regime. In the steady state the variation of the free energy
with respect to density has a constant value only in the support of the density, as
expected. The total energy decreases in time, and there is no exchange between
the free energy and the kinetic energy since the free energy in Figure 8(d) does not
oscillate.

The second simulation has a choice of parameters of « = —0.5 and m = 1.3. In the
case of the overdamped system this would correspond to the aggregation-dominated
regime, where blowup and diffusive behavior coexist and depend on the initial density
profile. The results from this simulation of the hydrodynamic system are illustrated in
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Fi1c. 9. Temporal evolution of Example 3.8 with finite-time blowup.

Figure 9. For this particular initial condition there is analytically finite-time blowup.
Our scheme, due to the conservation of mass of the finite-volume scheme, concentrates
all the mass in one single cell in finite time, that is, the scheme achieves in finite time
the better approximation to a Dirac delta at a point with the chosen mesh. Once
this happens, this artificial numerical steady state depending on the mesh is kept for
all times. From Figure 9(c) it is evident that the variation of the free energy with
respect to density does not reach a constant value, and in Figure 9(d) the free energy
presents a sharp decay when the concentration in one cell is produced (around ¢ ~ 65).
The value of the slope in the free energy plot theoretically tends to —oo due to the
blowup, but in the simulation the decay is halted due to conservation of mass and the
artificial steady state. This agrees with the fact that the expected Dirac delta profile
in the density at the blowup time is obviously not reached numerically. It was also
checked that this phenomenon repeats for all meshes, leading to more concentrated
artificial steady states with more negative free energy values for more refined meshes.
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For other more spread-out initial conditions our scheme produces diffusive behavior,
as expected from theoretical considerations.

A further simulation is carried out to explore the convergence in time towards
equilibration with a Morse-type potential of the form W(z) = —e"l‘2/2/\/ﬂ. With
this potential the attraction between two bumps of density separated at a considerable
distance is quite small. However, when enough time has passed and the bumps get
closer, they merge in an exponentially fast pace due to the convexity of the Gaussian
potential, and a new equilibrium is reached with just one bump. The interesting
fact about this system is therefore the existence of two timescales: the time to get
the bumps of density close enough, which could be arbitrarily slow, and the time to
merge the bumps, which is exponentially fast in time.

We have set up a simulation whose initial state presents three bumps of density,
with the initial conditions satisfying

_ (z+3)? (z—3)2 (2—8.5)2
2+

e e” 2z +40.5he7 2
_ (z+3)2 _ (z—3)2 _ (z—8.5)2 ’
Jo (7557 + e 57 1085 T ) de

pu(z,t=0)=0, ze[-8,12],

p(z,t =0) = M,

and the total mass of the system equaling My = 1.2. The parameter m in the pressure
satisfies m = 3, and the effect of the linear damping is reduced by assigning v = 0.05.

The results are depicted in Figure 10. In panel (a) one can observe how the two
central bumps of density merge after some time, and how the third bump, with less
mass, starts getting closer in time until it also blends. This is also reflected in the
evolution of the free energy in Figure 10(d), where there are two sharp and exponential
decays corresponding to the merges of the bumps.

Ezample 3.9 (DDFT for one-dimensional hard rods). Classical (D)DFT is a the-
oretical framework provided by nonequilibrium statistical mechanics but has increas-
ingly become a widely employed method for the computational scrutiny of the mi-
croscopic structure of both uniform and nonuniform fluids [25, 33, 54, 78, 79]. The
DDFT equations have the same form as in (1.5) when the hydrodynamic interactions
are neglected. The starting point in (D)DFT is a functional F[p] for the fluid’s free en-
ergy which encodes all microscopic information such as the ideal-gas part, short-range
repulsive effects induced by molecular packing, attractive interactions, and external
fields. This functional can be exactly derived only for a limited number of applica-
tions, for instance, the one-dimensional hard rod system from Percus [61]. However,
in general it has to be approximated by making appropriate assumptions, as, e.g., in
the so-called fundamental-measure theory of Rosenfeld [65]. These assumptions are
usually validated by carrying out appropriate test simulations (e.g., of the underly-
ing stochastic dynamics) to compare, e.g., the DDFT system with the approximate
free-energy functional to the microscopic reference system [32].

The objective of this example is to show that the numerical scheme in section 2
can also be applied to the physical free energy functionals employed in (D)DFT, which
satisfy the more complex expression for the free energy described in (1.13), and with
a variation satisfying (1.14). For this example the focus is on the hard rods system in
one dimension. Its free energy has a part depending on the local density and which
satisfies the classical form for an ideal gas, with P(p) = p. It is therefore usually
denoted as the ideal part of the free energy,

Fulel = [ o)z = [ pla) (1ap = 1) do.
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Fic. 10. Temporal evolution of Example 3.8 with Morse-type potential and three initial density
bumps.

There is also a part of general free energy in (1.13) which contains the nonlocal
dependence of the density and has different exact or approximate forms depending on
the system under consideration. In (D)DFT it is denoted as the excessive free energy,
and for the hard rods satisfies

Fultl = 5 [ KW@ »pe) pla)de

-3 / (e +0/2) 0 (1~ () de — / ple =0/ (1 -n(z))dz,

where o is the length of a hard rod and 7(z) the local packing fraction representing
the probability that a point x is covered by a hard rod,

[ME)

n(x) = /_ p(r +y)dy.

o
2
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The function K (z) in this case satisfies K(z) = In(1 — ) and the kernel W (x) takes
the form of a characteristic function which limits the interval of the packing function
(3.9). To obtain the excessive free energy for the hard rods one has to also consider
changes of variables in the integrals. The last part of the general free energy in (1.13)
corresponds to the effect of the external potential V(z). On the whole, the variation
of the free energy in (1.13) with respect to the density, for the case of hard rods,
satisfies
6Flp] _ 0Fialp] | 0Fecalp]

5 5p + 5p + V()

=)~ 51 (1 [ o) - gm (1~ | v plohiy

+1/W/2 (Aol pe o) gy s v,

2
This system can be straightforwardly simulated with the well-balanced scheme
from section 2 by gathering the excessive part of the free energy and the external
potentials under the term H(x, p), so that

—0/2

H(z.p) = 2

+ V().

The first simulation seeks to capture the steady state reached by 8 hard rods of
unitary mass and length ¢ = 1 under the presence of an external potential of the
form V(z) = 22. The initial conditions of the simulation are

2

plz,t=0)=e ™32, pu(z,t=0)=0, zc[-13,13],

where the density is chosen so that the total mass of the system is 8. The results are
plotted in Figure 11. The steady state reached for the density reveals layering due to
the confining effects of the external potential and the repulsion between the hard rods.
These layering effects can be amplified by increasing the coefficient in the external
potential. It is also observed how each of the 8 peaks has a unitary width. This is due
to the fact that the length of the hard rods o was taken as 1. The variation of the free
energy with respect to the density also reaches a constant value in all the domain. For
microscopic simulations of the underlying stochastic dynamics for similar examples,
we refer the reader to [33].

Starting from this last steady state, the second simulation performed for this
example shows how the hard rods diffuse when the confining potential is removed.
This simulation has as initial condition the previous steady state from Figure 11 and
the external potential is set to V(z) = 0. The results are depicted in Figure 12, and
they share the same features as the simulations in [56]. The final steady state of the
density is a uniform profile resulting from the diffusion of the hard rods, and in this
situation the variation of the free energy with respect to the density also reaches a
constant value in the steady state, as expected.

4. Conclusions. We have introduced first- and second-order accurate finite-
volume schemes for a large family of hydrodynamic equations with general free en-
ergy, positivity preserving, and free energy decaying properties. These hydrodynamic
models with damping naturally arise in dynamic density functional theories, and the
accurate computation of their stable steady states is crucial to understanding their
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Fic. 11. Temporal evolution of Example 3.9 with 8 hard rods and a confining potential.

phase transitions and stability properties. The models possess a common variational
structure based on the physical free energy functional from statistical mechanics. The
numerical schemes proposed capture very well steady states and their equilibration
dynamics due to the crucial free energy decaying property, resulting in well-balanced
schemes. The schemes were validated in well-known test cases, and the chosen nu-
merical experiments corroborate these conclusions for intricate phase transitions and
complicated free energies.

There are also several new avenues of possible future directions. Indeed, we
believe the computational framework and associated methodologies presented here
can be useful for the study of bifurcations and phase transitions for systems where
the free energy is known from experiments only, either physical or in-silico ones,
and then our framework can be adopted in a “data-driven” approach. An extension
to multidimensional—in particular, two-dimensional-—problems would be of direct
relevance to surface diffusion and therefore to technological processes in materials
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Fic. 12. Temporal evolution of Example 3.9 with 8 hard rods and no potential.

science and catalysis. We shall examine these and related problems in future studies.

Appendix A. Numerical flux, temporal scheme, and CFL condition
employed in the numerical simulations. This appendix aims to present the
necessary details to compute the numerical flux, boundary conditions, CFL condition,
and the temporal discretization for the simulations in section 3.

The pressure function in the simulations has the form P(p) = p™, with m > 1.
When m = 0 the pressure satisfies the ideal-gas relation P(p) = p, and the density
does not present vacuum regions during the temporal evolution. For this case the
employed numerical flux is the versatile local Lax—Friedrich flux, which approximates
the flux at the boundary F;, 1 in (2.3) as
(A1)

1
— - + _ - + _ N
Fioy =7 (U5 U5,) = 5 (F(U5,) +F (U5,) = 2y (U2, - U04))
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where A\ is taken as the maximum of the absolute value of the eigenvalues of the
system,

(A.2) Aigs = max {’qu P'(p) ,uf\/P’i(p)‘}.
(vy Vs

This maximum is taken locally for every node, resulting in different values of A\ along
the lines of nodes. It is also possible to take the maximum globally, leading to the
classical Lax—Friedrich scheme.

For the simulations where P(p) = p™ and m > 1, vacuum regions with p = 0 are
generated. This implies that the hyperbolicity of system (1.5) is lost in those regions,
and the local Lax—Friedrich scheme fails. As a result, an appropriate numerical flux
has to be implemented to handle the vacuum regions. In this case a kinetic solver
based on [64] is employed. This solver is constructed from kinetic formalisms applied
in macroscopic models and has already been employed in previous works for shallow
water applications [2]. The flux at the boundary F; 1 in (2.3) is computed from

(A.3) Fipy :?(UZ.;%,U;%) — A (UZ.;%) v AL (U;%),
where
(A.4)

A (p, pu) = /6 X @ M(p,u—€)de, Ay (p, pu) = /f X @ M (p,u— €) dé.

The function M(p, &) is chosen according to the kinetic representation of the macro-
scopic system, and for this case satisfies

(A.5) M(p, &) =p = x <pf21> :

The function y(w) can be chosen in different ways. For these simulations we simply
take it as a characteristic function,

(A.6) x(w) = \/%I{MS\/E}’

although [64] presents other possible choices for x(w). Further valid numerical fluxes
able to treat vacuums, such as the Rusanov flux or the Suliciu relaxation solver, are
reviewed in [6].

The boundary conditions are taken to be no flux both for the density and the
momentum equations. As a result, the evaluation of the numerical fluxes (2.3) at the
boundaries of the domain is taken as

(A7) F,, =0ifi=1 and F,, =0 ifi=n.

K2

The time discretization is accomplished by means of the third-order TVD Runge—
Kutta method [39]. From (2.1) we can define L(U) as L(U) = S(x,U) — 0, F(U), so
that 0,U = L(U). Then the third-order TVD Runge-Kutta temporal scheme to
advance from U™ to U™ with a time step At reads

UN =U™ + AtL (UM,

3 1 1
@ _2pgn gty gt (1)
U U+ U +4AtL(U )

1 2 2
Un+1 R AL [7(2) AtL U(2) )
3 3 3 t ( )
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The time step At for the case of Lax—Friedrich flux is chosen from the CFL

condition,

(A.8)

min; Ax;

maXv(U* Ut >{‘u+ Pp)

!

At = CFL

)

)

and the At for the kinetic flux, with a function x(w) as in (A.6), is chosen as

(A.9)

min; Ax;

Ut ) {|u|+3%}.

i+3

At = CFL

max
v<Ui 1
i+l

The CFL number is taken as 0.7 in all the simulations.
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