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Abstract

The extreme conditions of density and temperature make the Universe around the initial
moment of the Big-Bang, an extraordinary laboratory for probing poorly understood physics,
mixing quantum and general relativity phenomena. The physics of the early Universe can be
studied through the Cosmic Microwave Background (CMB), the oldest observable “light” in
the Universe. The CMB temperature has been mapped recently with unprecedented precision
by the Planck satellite. However, its full potential in testing fundamental physics lies in
measurements of its polarization at high resolution and sensitivity. This will be unlocked
for the first time with current and future ground-based and space-based observatories.
The main goal is to discover the imprint of inflation, when the Universe expanded by an
incredibly large factor during a fraction of a second around the time of the Big Bang.
Inflation models predict the production of stochastic gravitational waves which distorted
spacetime while propagating through the Universe, and generated an observable parity-
violating signature in the polarization of the CMB, the so-called B-mode polarization. This
nano-Kelvin signal is quantified by the tensor-to-scalar ratio parameter r. Current limits
are given by the BICEP /Keck ground experiments, and the goal of the community is to

achieve an accuracy at the level of 1072 within a few years. The potential of primordial
B-modes to help identify what prompted inflation, whilst also investigating physics at grand
unification energy scales, makes the search for this faint CMB polarization signal one of
the most compelling goals of modern cosmology.

However, with the capabilities of next-generation experiments, the large leap in detector
count and experiment complexity introduce challenges to current methods. Some of these
challenges are intrinsically computational: to explore the enormous datasets, we must
develop sufficiently reliable and efficient data analysis pipelines to extract features from
the observations. Other challenges are algorithmic, including the selection of optimal ways
to disentangle the CMB signal of interest from foregrounds and to mitigate systematic
errors. This in turn imposes stringent requirements on the instrument design and calibration.
Tackling these challenges is the focus of my research.

This thesis presents several methods for foreground cleaning and mitigation of instrument
systematics, that allow for unbiased measurements of the cosmic microwave background
(CMB) B-mode polarisation power spectrum, that can be used for cosmological parameter
estimation. These methods have been devised for the Simons Observatory (SO) and LiteBIRD
satellite and are adaptable to a variety of CMB experiments. I present two new methods for
component separation in the presence of spatial variations in Galactic foreground spectral
properties and their impact on parameter inference: a moment expansion method and a
hybrid method, which is an extension of the former. Both these methods account for spatial
variability while recovering unbiased constraints on r in the presence of complex foregrounds
and noise. Through the development of these methods, I also contributed significantly to
the SO cross-spectrum analysis pipeline, which became SO’s main Small Aperture Telescope
forecast likelihood pipeline. This work led to the discovery that the moments-based method is
currently the most promising avenue for SO. I also present a study on the precision of angular
position measurement of the half-wave plate polarisation modulation unit for LiteBIRD,
and developed a simulation pipeline to mitigate the propagation of HWP systematic effects
to final constraints. This study is part of an instrument systematic mitigation campaign
that is crucial for the success of the next-generation CMB experiments.
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Abstract

The extreme conditions of density and temperature make the Universe around the
initial moment of the Big-Bang, an extraordinary laboratory for probing poorly
understood physics, mixing quantum and general relativity phenomena. The physics
of the early Universe can be studied through the Cosmic Microwave Background
(CMB), the oldest observable “light” in the Universe. The CMB temperature
has been mapped recently with unprecedented precision by the Planck satellite.
However, its full potential in testing fundamental physics lies in measurements
of its polarization at high resolution and sensitivity. This will be unlocked for
the first time with current and future ground-based and space-based observatories.
The main goal is to discover the imprint of inflation, when the Universe expanded
by an incredibly large factor during a fraction of a second around the time of
the Big Bang. Inflation models predict the production of stochastic gravitational
waves which distorted spacetime while propagating through the Universe, and
generated an observable parity-violating signature in the polarization of the CMB,
the so-called B-mode polarization. This nano-Kelvin signal is quantified by the
tensor-to-scalar ratio parameter r. Current limits are given by the BICEP /Keck
ground experiments, and the goal of the community is to achieve an accuracy
at the level of 1073 within a few years. The potential of primordial B-modes to
help identify what prompted inflation, whilst also investigating physics at grand
unification energy scales, makes the search for this faint CMB polarization signal
one of the most compelling goals of modern cosmology.

However, with the capabilities of next-generation experiments, the large leap in
detector count and experiment complexity introduce challenges to current methods.
Some of these challenges are intrinsically computational: to explore the enormous
datasets, we must develop sufficiently reliable and efficient data analysis pipelines to
extract features from the observations. Other challenges are algorithmic, including
the selection of optimal ways to disentangle the CMB signal of interest from
foregrounds and to mitigate systematic errors. This in turn imposes stringent
requirements on the instrument design and calibration. Tackling these challenges
is the focus of my research.

This thesis presents several methods for foreground cleaning and mitigation
of instrument systematics, that allow for unbiased measurements of the cosmic



microwave background (CMB) B-mode polarisation power spectrum, that can be
used for cosmological parameter estimation. These methods have been devised
for the Simons Observatory (SO) and LiteBIRD satellite and are adaptable to a
variety of CMB experiments. I present two new methods for component separation
in the presence of spatial variations in Galactic foreground spectral properties and
their impact on parameter inference: a moment expansion method and a hybrid
method, which is an extension of the former. Both these methods account for
spatial variability while recovering unbiased constraints on r in the presence of
complex foregrounds and noise. Through the development of these methods, I
also contributed significantly to the SO cross-spectrum analysis pipeline, which
became SO’s main Small Aperture Telescope forecast likelihood pipeline. This
work led to the discovery that the moments-based method is currently the most
promising avenue for SO. I also present a study on the precision of angular position
measurement of the half-wave plate polarisation modulation unit for LiteBIRD, and
developed a simulation pipeline to mitigate the propagation of HWP systematic
effects to final constraints. This study is part of an instrument systematic mitigation

campaign that is crucial for the success of the next-generation CMB experiments.
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unbiased results for the dism and VS simulations, but introduces a

negative 30 bias in the HD case. . . . . . . . . ... ... ... ...
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Life can only be understood backwards;
but it must be lived forwards.

— Soren Kierkegaard
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The Cosmic Microwave Background (CMB) is a remnant radiation from the
Big Bang, and has been redshifted over time to become a microwave background
radiation. The CMB offers a direct way to validate models that explain how
everything we see in the Universe originates from quantum mechanics. By examining
the subtle correlations in the background variations (anisotropies), which arise

from the interplay of gravitational and quantum physics at high energies, we can
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gain insights into the unification of these fundamental forces. Additionally, the
correlations that arise at later times in the CMB encode valuable information
about the distribution of both ordinary and dark matter in the Universe, as well
as the properties of neutrinos.

In the late 1930s, Georges Lemaitre proposed the concept of the CMB as a
remnant of the Big Bang. Despite initial skepticism from the scientific community,
George Gamow and Ralph Alpher’s groundbreaking research in 1948 supported
the Big Bang theory by demonstrating the agreement between observed element
abundances and their model [10]. That same year, Alpher and Robert Herman
made the first quantitative prediction of background radiation, estimating its
temperature to be around 5 K. In the early 1960s, Robert Dicke, Jim Peebles, and
Yakov Zel’dovich independently made similar predictions. In 1978 the Nobel Prize
was awarded to Arno Penzias and Robert Wilson for the discovery of the CMB.
While working on a radiometer for satellite communication experiments at Bell
Laboratories in 1965, they unexpectedly observed an excess temperature of 4.2 K
in their antenna readings, which was attributed to the echo of the ancient Universe.
Since its discovery, the CMB has provided significant insights into the fundamental
aspects of space and time, bridging the gap between our understanding of physics at
the smallest scales and highest energies to the largest scales in the Universe. CMB
studies have achieved remarkable success by combining theory, phenomenology, and
advanced experiments. The isotropy of the CMB, observed with incredible precision
of nearly one part in a hundred thousand, played a crucial role in the development
of inflation and cold dark matter theories in the 1980s. In 1992, NASA’s COBE
satellite, equipped with the DMR (Differential Microwave Radiometer) [11] and
FIRAS (Far Infrared Absolute Spectrophotometer) [12] instruments, measured the
CMB’s black-body spectrum and confirmed the presence of anisotropies, laying
the foundation for subsequent higher-resolution measurements. The significant
discoveries made by COBE were recognized with the Nobel Prize in 2006.

In the subsequent decade, various ground and balloon-based instruments were
employed to measure the temperature variations in the CMB at different angular
scales, ranging from degrees to arcminutes. These measurements have provided us
with a wealth of information about the early stages of the Universe. Starting in 1998,
several experiments such as the Microwave Anisotropy Telescope (MAT or TOCO)
[13], BOOMERanG [14], MAXIMA [15], and Archeops [16], played a crucial role in
revealing acoustic peaks in the angular power spectrum of the CMB. These findings
supported the predictions of inflation and provided evidence for an accelerating

Universe, as observed through type Ia supernovae (SNe). The discovery of secondary
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peaks in the CMB angular power spectrum was made by experiments like DAST [17],
BOOMERanG [14], and VSA (Very Small Array) [18] in 2001 and 2002. In 2002, the
Cosmic Background Imager (CBI) experiment published the CMB power spectrum
up to a multipole moment of ¢ = 3500, allowing for the first measurement of the
CMB damping tail [19]. Similar-scale measurements were also conducted by ACBAR
[20]. In 2001, NASA launched the Wilkinson Microwave Anisotropy Probe (WMAP)
satellite, which observed the sky for nine years [21]. WMAP played a pivotal
role in ushering in a new era of precision cosmology. It provided highly accurate
measurements of key cosmological parameters that characterise the composition,
geometry, size, and age of our Universe. The most recent comprehensive data on
CMB anisotropies comes from the Planck satellite [22], launched by the European
Space Agency (ESA) in 2009. Planck aimed to make definitive measurements of the
primary temperature anisotropies in the CMB, enabling precise tests of the standard
cosmological model. These early measurements from Planck also confirmed the
universal baryon density, consistent with calculations from big bang nucleosynthesis,
and provided evidence for the non-baryonic nature of dark matter.

In recent years, scientists have shifted their focus towards studying the polarisa-
tion of the CMB, which can be divided into two modes: E-mode and B-mode. The
dominant mode, F-mode polarisation, is primarily caused by density fluctuations
in the early Universe. The first detection of E-mode polarization was made by the
DASTI experiment in 2002 [23], followed by subsequent observations by CAPMAP
[24], CBI, WMAP, and Planck. By studying E-mode polarisation, researchers
have gained insights into the matter distribution in the Universe and the effects
of gravitational lensing on the CMB. On the other hand, the subtle B-mode
polarisation in the CMB arises from gravitational waves generated during the
inflationary epoch, a period of rapid expansion in the early Universe. While the
study of the CMB has already revolutionised cosmology by providing significant
insights into the early Universe, the detection of primordial B-mode polarisation
represents the next frontier, as it would provide valuable information about the
origins of the Universe. Specifically, detecting CMB B-modes would offer evidence
for inflation and allow us to constrain the energy scale of inflation, providing
insights into high-energy physics and quantum gravity. Such a discovery would be a
remarkable advancement in cosmology, offering a deeper understanding of the origin
and evolution of our Universe. The study of primordial B-mode polarisation in the
CMB is currently an active area of research, with various experiments underway

to detect these subtle polarisation patterns. These experiments include BICEP!

Ibicepkeck.org
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(BICEP1, BICEP2, KECK Array, BICEP3, BICEP Array), ACT? (ACT, ACTpol,
AdvACT), Polarbear® (Polarbear-1, Polarbear-2a, Simons Array), and SPT* (SPT,
SPTpol, SPT-3G), among others. Additionally, forthcoming experiments such
as the Simons Observatory, CMB-S4, and LiteBIRD are planned to enhance the
sensitivity and resolution of CMB measurements.

The aim of this chapter is to provide a comprehensive overview of our current
understanding of the Universe, focusing on the CMB. Section 1.1 provides an
overview of the “smooth” Universe, establishing the foundational concepts required
to comprehend its evolution and to understand the subsequent sections. Section 1.2
delves into the Universe’s perturbations, which are crucial for modelling the
Universe’s evolution and understanding the anisotropies that are observed today.
Section 1.3 investigates the Hot Big Bang model, which is the most widely accepted
cosmological model to date, whose essential components in the progression from
the early Universe to the current era are reviewed. The problems of this model are
discussed in Section 1.4, leading to the theoretical foundations of inflation theories.
Finally, Section 1.5 provides an in-depth examination of the CMB, discussing its
properties, and the relation with primordial gravitational waves (PGWs). The
physical significance of the discovery of PWGs and how they can provide critical

insights into the Universe’s early stages is discussed in the final Section 1.6.

1.1 The smooth Universe

Throughout centuries of study, it has become clear that our position in the Universe
is not special, in that we are not at its centre. This has led to certain assumptions
about the nature of our universe. Specifically, if we are insignificant and the Universe
is also insignificant everywhere, then at any given time, the Universe should look
the same everywhere. This uniformity is known as a homogeneous space-time.

Building on this concept, homogeneity implies that the Universe looks the
same in all directions from any given point in space, creating an isotropic space-
time®. When the Universe exhibits both homogeneity and isotropy, it satisfies
the Cosmological Principle.

As it stands, our Universe on large enough scales is believed to conform to

this principle. In other words, the properties of the Universe at large scales do

2act.prin(:eton.e(m

3bolo.berkeley.edu /polarbear/

4pole.uchicago.edu/

5Homogeneity and isotropy are related but distinct concepts. If a manifold is isotropic around
any one point, then it must also be homogeneous. However, if a Universe is only isotropic around
one point, it is not necessarily homogeneous (and vice versa).
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not depend on the position of the observer or the direction it looks®. These
assumptions have been supported by a range of observational evidence, including
the Cosmic Microwave Background (CMB) radiation and the large scale structure of
the Universe. In particular, the CMB is a nearly uniform background radiation that
permeates the entire Universe. It has been observed to be almost perfectly isotropic,
with small fluctuations in temperature that are consistent with the predictions of
the standard cosmological model. Also, the distribution of galaxies that we observe
on the largest scales, far away from us, appears to be randomly dispersed with a
uniform density in all directions. The observed homogeneity and isotropy of the
Universe on large scales allow us to infer what the early Universe must have looked
like and how it evolved over time to form the structures we see today. This is

described in this Section, which draws upon several references [25-30].

1.1.1 Cosmological geometric structure

The goal is now to construct a metric which would describe such a smooth Universe.
Obviously, the universe is neither homogenous nor isotropic over time (i.e. it
looks different in the past and in the future). It is possible however to “slice”
spacetime into constant-time spaces’, or hypersurfaces, d¥s [29], for which the

geometry can be described.

1.1.1.1 The FLRW metric

The symmetries imposed by the Cosmological Principle define implicitly a specific
hypersurface that is homogeneous and isotropic, or maximally symmetric ®. This
can be described using the Friedmann-Lemaitre-Robertson-Walker (FLRW) metric,
which is the most general spacetime model that satisfies the cosmological principle.

The distance between two neighbouring points (or line element) of the FLRW

spacetime metric is given by [28]:
dr? = —g,, (v)dztdz” = dt* — a*(t)(dX3)?, (1.1.1.1)

where g, () is the metric tensor, describing the geometry of spacetime, and z# are
the coordinates of a point in spacetime (or event). The expression above describes

the spacetime in the comoving coordinates’, which are defined in such a way that

6Tsotropy implies rotationally symmetry, and homogeneity implies symmetry under translations.

"The slicing process is also known as foliation [31].

81t is worth noting that a different slicing of the same spacetime will not necessarily return
hypersurfaces that are homogeneous and isotropic.

9The comoving coordinates relate to the physical coordinates as a:f)hys =a(t)z’
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the spatial coordinates are the labels of freely falling'® fluid elements that fill
the Universe and the time coordinate ¢ is the time measured by the imaginary
clocks carried by each fluid element.

The right-hand side of Equation 1.1.1.1 consists of two terms: the time interval
term dt?, and the spatial term, including the scale factor a(t), which describes
the overall scale of the Universe as it evolves over time. Since the Universe is
homogeneous and isotropic, the scale factor does not depend on location or direction,
and has no physical unit. The spatial part of the line element represents the metric

of the 3D spatial hypersurface at a given time, and is given by

. dz)? .
(d3)? = lde + ﬁ(lw_;)z] =y da’ da? (1.1.1.2)

i.e. a sum of the square of the spatial interval (dz?) and a correction term for the
spatial curvature, with x being the curvature parameter of the 3D spatial slices.
The space-like metric tensor is defined as

TiT;

gt (1.1.1.3)

where 2, (i = 1,2, 3) are the spatial comoving coordinates, and the Kronecker d;;
is a tensor with 1’s on the diagonal and 0’s elsewhere.

The 3D metric 7,5, being maximallly symmetric, has six Killing vectors, i.e.
vector fields that preserve the geometric properties of the spacetime (homogeneity

and isotropy). This has two qualitative implications:

1. The spatial curvature'’ must be the same at every point in space, and hence
only a function of time, R®(t) = 6r/a(t)%.

2. The curvature k must be constant everywhere, allowing for a negatively curved
(hyperbolic, open) Universe (k < 0), a positively curved (spherical, closed)

Universe (k > 0) or a flat (Euclidean) Universe (x = 0)'%.

To ensure that the spatial interval between two points is positive everywhere,
including at & = 0, it is necessary to have @ > 0, i.e. we have an expanding Universe.

The space-like metric varies depending on the selection of coordinates used.
Spherical polar coordinates'® (r,0,¢) are advantageous because they clearly exhibit

the symmetries of the space, such that the FLRW metric is

2 _ g2 2
dre =dt a(t)[l—m

5+ 77 (6% + sin’ 9d¢2)] (1.1.1.4)

10This is why the dt? component have a value of -1 in the comoving coordinates.

"This can be defined here as the Ricci scalar, calculated from the spatial part of the metric
12f k = 0 and a(t) = 1 we have the Minkowski metric.

13Using the transformation dx? = dr? + r2dQ, dQ = d6? + sin® Od¢>.
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and the metric v;; becomes diagonal, with elements

1

12 = ¥, Yee =17sin’0, 40 = —1. (1.1.1.5)

Yrr =

To simplify .., it is useful to redefine the radial coordinate dy = dr/v/1 — k12,
such that Eq. 1.1.1.4 becomes

sin? y k=41
dr? = dt* —a®(t) |dy® + 4 2 (d6? + sin® 0de) |, k=0 ¢ (1.1.1.6)
sinh? y k=-—1

where we have rescaled a(t) such that £ = 41 or 0. For simplicity, we will assume
that the Universe is flat from this point forward, i.e. K = 0, as most observational
evidence supports this scenario. It will sometimes be useful to express the FLRW
metric in conformal time n, which relates to physical or cosmological time, given

by dt = adn. The four-dimensional metric in Eq. 1.1.1.6 becomes
dr* = —g,,(v)dz"dz” = a*(n) (d772 - |dm|2) (1.1.1.7)

where we have used the shorthand |dz|* = [dx* + x*(d6? + sin® 0 dp?)] .

1.1.2 Cosmological evolution

1.1.2.1 Matter and Energy

The FLRW metric contains the free function a(t), that can be determined from
the contents of the Universe using General Relativity. To this end, we want to find

the FLRW metric as a solution of Einstein’s field equations:
1
G =R — §gWR =87GT,, + Aguw, (1.1.2.1)

where G, is the Einstein tensor, g, is the metric tensor as defined in Eq. 1.1.1.7
describing the geometry of spacetime, R,, is the Ricci tensor and R = g, R*”
is the Ricci scalar, both related to the curvature of spacetime (quantified by
the Riemann curvature tensor R},,;, where R, = R}, ), G stands for Newton’s
Constant of Gravitation, 7, = g" T, is the stress-energy or energy-momentum
(EM) tensor, which describes the distribution of matter and energy within spacetime,
A is the cosmological constant.

Einstein’s equations state that the curvature of spacetime (“geometric” first
equality) is directly related to the distribution of matter and energy within it

(“matter” second equality). In other words, the presence of matter and energy in
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a region of spacetime will cause that region to curve, and the degree of curvature
will depend on the amount and distribution of matter and energy.

A usual choice is that of a perfect fluid to describe the components that comprise
the energy content of the Universe, for which the EM tensor can be written in terms

of the energy distribution (p) and momentum density or pressure (p) as follows:

T = (p+ P)untty — PGuv, (1.1.2.2)

where u, is the fluid’s 4-velocity of the matter, and the Einstein summation
convention is used. It follows that, in the absence of matter, the EM tensor is zero.
In the presence of matter, the EM tensor determines the curvature of spacetime,
which in turn affects the motion of matter and the propagation of light.

We take the fluid to be made of multiple components 4, such that 7, = >, T Iiy,
and for each component we relate the pressure and energy density using the
equation of state. For most cosmological fluids, e.g. ideal “pressureless” matter
(baryons, cold dark matter, or any other non-relativistic particles), radiation
(photons, massless neutrinos, or any other massless particles) and vacuum energy

(A), takes the simple form:

w =0 matter
Di = Wip; w=1/3 radiation (1.1.2.3)
w = —1 vacuum energy or A

where w; represents the equation of state parameter for the i-th component, and
in the latter case we have considered A to be a component of the EM tensor,
T/E/V\) = Ag,,/(87G)". In comoving coordinates, u,  (1,0,0,0), such that in the

inertial frame moving with the matter the EM tensor is

T} = diag(p, —p, —p, —p), (1.1.2.4)

where each element only depends on time, and all non-diagonal components have

to vanish by the requirement of isotropy and homogeneity'®.

14Tn the case of A, a departure from wy = —1 may indicate that dark energy is more intricate
than a basic cosmological constant. Due to this reason, this parameter has gained significant
importance in the quest for dark energy.

5Tt is worth noting that in general, the EM tensor can have off-diagonal components,
corresponding to anisotropic stresses. Additionally, 7 can measure the heat flux, in the fluid
context proportional to the fluid velocity.
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1.1.2.2 The Friedmann Equations

Replacing the perfect-fluid 7}, reduces Einstein’s equations 1.1.2.1 to two indepen-

dent differential equations for a(n), known as the Friedmann equations:

LN/

a 9 8rG 1, 5

4 — _ o —A 1.1.2.
Q) +rh=Htn=—a’+ha (1.1.2.5)
ay 4G 1., (a) (a)2

4@y _qy - T A2 =(2) = (=2 1.1.2.
(a) " 3 " (p+3p) + 37" a a (1.1.26)

where "= d/dn, p = —T9,p = T}, and we define the Hubble parameter in conformal
time as H = a/a. It can be inferred from the second Friedmann equation that
any species having an equation of state with w < —1/3 would result in a positive
acceleration. The Hubble parameter describes the expansion rate of the Universe
and is defined by:

gt g, (1.1.2.7)

a a?

whose quantity is 1/(time). From the above definition of H, one can calculate
the age of the Universe, which gives H(t)dt = da/a. If we know H as a function
of a instead of ¢, we obtain t = [da/aH(a).

A consequence of the Friedmann equations, due to the contracted Bianchi
identity, is energy-momentum conservation (V,T* = 0)'°, which implies the

continuilty equation:

a
p=-3 (a) (p+p)=-31+w)H (1.1.2.8)
This can be integrated to obtain the time-dependent evolution of different compo-
nents
a3 matter
pla) = poa 3+ o { g7t radiation (1.1.2.9)

a’ vacuum energy

Using the solution in Eq. 1.1.2.9, we obtain a compact form for the first

Friedmann equation:

H* = H2Y Qa3+, (1.1.2.10)

in terms of dimensionless cosmological density parameters €2; o, given by the ratio
of a component density to the critical density required for a flat Universe, defined

from Eq. 1.1.2.5 as p. = 3H/87G, evaluated at present time 1. We define

Pi A —K .
Qpi — () - 5 QA — @ - 5 QH — ﬁ ; (11211)
=m0 n=

Pc 10 n="0o

16The energy-momentum conservation is obtained by taking the covariant derivative of the
Friedmann equations and using the contracted Bianchi identity.
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where the first equation correspond to the general expression for the density of matter
pm (both dark and baryonic) and radiation p,, while the other two correspond to
dark energy (A) and curvature (), respectively. These components contribute to the
total energy density of the Universe, and §2 = Q,, + €, + Q4 = 1 — Q. Substituting
these into Eq. 1.1.2.10, we can rewrite the Friedmann equation in a compact form:

H? = HY [Q 00" + Quoa™ + Qpoa? + Q| (1.1.2.12)

The scaling factors of radiation (a™*), matter (a™3), and vacuum energy (a°)
have two significant qualitative implications. Firstly, during earlier times, the
impact of curvature is essentially negligible as its contribution increases more slowly
compared to matter and radiation. Secondly, for the majority of its existence,
the Universe was ruled by a single component, starting with radiation, followed
by matter, and vacuum energy.

From the Friedmann equations in 1.1.2.5-1.1.2.6, or by solving for a in 1.1.2.12,
where kK = A = 0 and w = constant, one concludes that the scale factor behaves

2
like a power law, given by a 77”% o t30+9) for w # —1 and a oc —n~! o e/t for

w = —1. The time dependence of the scale factor for different components is then:
n? o t?/3 for w = 0, matter
a o n  oct?  for w=1/3, radiation . (1.1.2.13)
1 Ht

N oxeo for w = —1, dark energy

Consequently, assuming that a increases with time, in the early stages (a << 1),

the Universe experienced a radiation-dominated phase where a o t'/2, followed by

a deceleration of expansion during matter domination where a o t*/3, and it is

currently accelerating towards exponential expansion in the A-dominated phase'”.
Based on current observations from CMB, supernovae, and galaxy surveys, the

estimated values for various cosmological parameters are summarized below:

e Hy=67.66 + 0.42 km/s/Mpc — Hubble constant'®;
o ), =0.3147 £ 0.0074 — matter density, of which:
— , = 0.02233 £ 0.00015 — baryon
— Qpy = 0.2607 £ 0.0045 — dark matter;
o Op =0.6844 £ 0.0084 — dark energy density;
e (), =—0.0057 £ 0.0035 — curvature;
e 2, =0.0001361 £ 0.0000033 — radiation density.

17Tt is worth noting that the powers of ¢ in both radiation- and matter-domination are shallower
than ¢, reflecting the decelerating nature of the expansion.

18The reported value comes from CMB measurements by the Planck Collaboration [32]. This
value presents, however, a discrepancy with alternative measurement techniques using local objects
(the so-called Hubble tension). Findings from observations of cepheids, using the Hubble Space
Telescope Key Project, give a higher value of Hy = 73.24 4+ 1.74 km/s/Mpc [33]. Similarly, the
observations of type Ia supernovae indicate Hy = 68.1 + 1.28 km/s/Mpc [34], and the study of
time-delays in quasars suggests Hy = 73.371'% km/s/Mpc.
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1.2 The perturbed Universe

Although the Universe is generally thought to be homogeneous and isotropic,
observations have revealed that it is not perfectly so. Inhomogeneities in cosmology
increase in size due to the attractive force of gravity. This means that in the
past, these inhomogeneities were much smaller. As a result, for a significant part
of their existence, these inhomogeneities can be treated as linear perturbations.
However, the linear treatment becomes invalid on smaller scales in our recent
history. This poses a challenge for reconstructing the primordial inhomogeneities
from large-scale structures. Nonetheless, the linear treatment is suitable for
describing the fluctuations of the CMB during the time of last scattering. Therefore,
the CMB serves as the most effective observational tool for studying primordial
inhomogeneities. To learn more about the relativistic theory of cosmological
perturbations, which is briefly introduced in this chapter, readers are encouraged to

refer to standard reviews in the literature [see, e.g. 25, 26, 28-30, 35-39)].

1.2.1 Perturbed geometry

To study the effects on the geometry of the Universe, we make the assumption that
the inhomogeneities only cause small deviations from homogeneity, which can be
analysed using first-order perturbation theory. To this end, we define a perturbed
geometry ¢,, = G + 09, where g,, is the background (or unperturbed) FLRW
metric, and the small perturbations around it can be defined as dg,, = a*h,,,, where

|huw| < 1. The perturbed metric in conformal time is, therefore:
dr* = (G + @’ Dy )da dz” (1.2.1.1)

1.2.1.1 Gauge Problem

In practice, constructing g and T from the physical fields g and T is not trivial.
First, the metric perturbations are not uniquely defined, but depend on the choice
of spacetime coordinates (or gauge choice). A wise choice of the gauge will be so
that the averaged fields g and T satisfy Friedmann’s equations. This is known
as the gauge freedom problem in general relativity.

One way to deal with this is to describe perturbations using a gauge-invariant"®

general-relativistic formalism. Another way to avoid gauge freedom involves fizing

YGauge transformations are a type of coordinate transformations that do not change the
physical observables of a system. Instead, they transform the mathematical description of the
system into an equivalent one, which is physically indistinguishable. A gauge-invariant formalism
then implies that the expression is invariant under gauge transformations, which means that it
gives the same physical result in different coordinate systems.
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the gauge, and rely on computing only pure observables. It is worth noting that
the metric tensor is not directly observable. What is observable are quantities
like electromagnetic intensity, redshift, and angular size. The gauge problem
therefore becomes irrelevant if the quantities of interest are expressed in terms

of the true observables.

SVT decomposition For practical purposes, in what follows we will consider
only the case of a flat FLRW background spacetime, as defined in Eq. 1.1.1.7,
where we have defined the perturbed background as g, = g, + a?h,,. We
consider now a fixed admissible Friedmann background (g), We can decompose
perturbations according to their behaviour under spatial rotations: the Scalar-
Vector-Tensor (SVT) decomposition. The perturbed term can be parametrized

in terms of SVT as follows:
hudatdz” = —2Adn* — 2B;dndx’ + 2H;;dx" dx? (1.2.1.2)

where A corresponds to the scalar perturbation, B; is the vector perturbation,
and the H;; is the tensor perturbation.

The SVT decomposition is especially useful due to the fact that the Einstein
equations for scalars, vectors and tensors do not mix at linear order and can
therefore be treated separately (see Appendix A.1 for more details). We obtain

a general expression for the perturbed line element:

dr® = a?[(1 + 2A)dn* + 2(8,B + B;)dn da'+

. o (1.2.1.3)

Again, here 7 denotes conformal time, and ¢ denotes comoving spatial coordi-
nates. The metric perturbations comprise 10 degrees of freedom and can then
be described by:

4 Scalars : A B,C E (corresponding to 4 degrees of freedom),

2 Vectors : B;, E, (corresponding to 4 degrees of freedom),

1 Tensor : b (corresponding to 2 degrees of freedom),

Gauge transformations If we consider a coordinate transformation by an

infinitesimal change, of the form

ot — =t + H(n, x) (1.2.1.4)



1. Cosmology from the CMB 13

and apply SVT decomposition to the gauge perturbation £#, we can split it into
scalar and vector components: (£%,&%) = (€90, + &), where (£2,¢) are scalars,
and & is a transverse vector.

Applying the appropriate transformation to each of the scalars, vectors, and
tensors appearing in the perturbed line element in Eq. 1.2.1.3, we obtain the

transformation laws?’:

Scalars: A=A—aYat®), B=B+{-¢&, C=C+HEE, E=E~+(

Vectors : B; = B + &, F=F+¢&,

Tensors : Ly = E;

j.

We find that coordinate transformations depend on two scalar and two vector
degrees of freedom. These gauge modes can then be used to null out two of the
scalar and two of the vector perturbation modes from the perturbed metric’s degrees
of freedom. In other words, only two scalar perturbation modes are gauge-invariant,

and vector perturbations can be described with a single transverse vector.

Gauge choice The equations above can be used to obtain gauge-invariant
variables, i.e. combinations of perturbations that are independent of the choice of
coordinate system. With a convenient choice of gauge transformations, we define
two gauge-invariant scalar variables (¥, @), one gauge-invariant transverse vector
(V;), and we retain the tensor metric perturbations, which are gauge-invariant

by construction:

UV=A—-a'a(B-E))

' d=C+HB-E), (1.2.1.5)
‘/Z:BZ—EZI, hijEEij

where U, & are the so-called Bardeen potentials. These gauge-invariant variables
do not change under gauge transformation, and can therefore be considered as
the “real” spacetime perturbations.

An alternative approach to the gauge problem consists in fizing the gauge,
and relying on the computation of real observables, which do not depend on the
gauge. A convenient choice is that of the so-called “Newtonian” gauge. This is
defined by setting B = E = 0,

dr® = a*(n) (1 +20)dn® — (1 = 2®) [3y; + hyy] da'da?) . (1.2.1.6)

20Gee Appendix A.2 for more details.
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which includes both scalar and tensor perturbations, and where the component

of the metric can be written as

goo(x,m) = 14 2¥(z,7), (1.2.1.7)
goi(z,n) =0, (1.2.1.8)
gij(x,m) = a*(n) (35 + hyg) [1 = 20(x, )]. (1.2.1.9)

It is worth noting that vector perturbations are not included in the equations above.
Here, we focus only on the degrees of freedom that are relevant to simple models for
the initial evolution of the Universe, which do not predict the generation of vector
perturbations. It can also be proven that, if vector perturbations were included,

subsequent evolution after inflation would lead to their decay [29].

1.2.2 Perturbed Einstein field equations

By substituting the Newtonian gauge metric into Einstein’s field equations 1.1.2.1,
we can obtain a set of equations that describe the behaviour of the metric potentials.

Specifically, we will focus on linear terms in the metric potentials, and we obtain:

V20 — 3H(D + HV) = 4nGa® 6T, (1.2.2.1)
0i(® + HV) = 4nGa® 5T?, (1.2.2.2)
O+ HO2D+ V) + (2H + HH)T + ;VQ(\I/ —®) = —4§Ga2 5T, (1.2.2.3)
0;0;(V — @) = 87Ga® 6T} (i # j). (1.2.2.4)

The last equation describes the evolution of the difference between the two met-
ric potentials, namely W and ®. This difference is sourced by the off-diagonal
components of the perturbed EM tensor, which represent the anisotropic stress of
the fluid, and describe the difference in pressure in different directions. However,
in the standard cosmological model, the only fluid species that have significant
anisotropic stress are neutrinos, a type of fundamental particles that have a tiny
but non-zero mass, and they interact with other particles through the weak force,
making them difficult to detect. The effect of the anisotropic stress of neutrinos
on the evolution of the universe is very small, and therefore, assuming that & = ¥

is often an excellent approximation.

1.2.3 Perturbed matter

As mentioned before, matter in cosmology is commonly described as a perfect
fluid. Its homogeneous part is described by the energy-momentum (EM) tensor
defined earlier in Eq. 1.1.2.4.
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EM tensor perturbations The density and pressure are defined as the density
and pressure measured by an observer that is co-moving with the fluid (p = T}, u#u”,
p =T, (g" —u'u”)/3). In the homogeneous case, 1, = (a,0,0,0), and therefore any
spatial component of u,, denotes a small coordinate velocity of the fluid, which can

be treated as a linear perturbation. In detail, we write the perturbed 4-velocity as

w = <1_\D,V>, (1.2.3.1)

a a

where the 0-th component is fixed by the normalisation u*wu, = 1. The perturbations

to the energy-momentum tensor can then be written as:
8Ty = po, 0T = (p+pw', 0T, = —dpd.. (1.2.3.2)

where the v; is the bulk velocity. Substituting this into Einstein’s equations, we ob-

tain:
K20 + 3H(U + HV) = —4nGa® po, (1.2.3.3)
K2(U 4+ HY) = 47Ga® (p + p)6, (1.2.3.4)
U+ 3HT + (2H + HH)V = 47Ga® p o, (1.2.3.5)

where ¢, is the sound speed, defined as ¢? = dp/dp. Eq. 1.2.3.3 is the generalized
Poisson’s equation, where the second term on the right-hand side represents
relativistic corrections, which are important only on scales comparable to the
horizon, namely £ < H (nk < 1).

Density perturbations During matter domination (a o< n?, H = 2/n), assuming
no pressure (¢2 = 0), Eq. 1.2.3.5 has solution ¢ = C} + Cy/n°, i.e. the gravitational
potential ¥ does not evolve. Plugging this into Eq. 1.2.3.3, neglecting the decaying

mode, and solving for density perturbations § = dp/p, we obtain

k 2
5= [—< g) —2] . (1.2.3.6)
This, on sub-horizon scales, is equivalent to § o< ak*¥ , while on super-horizon scales,
where relativistic effects come into play, the overdensity is frozen at § ~ —2W?!,
Although W is constant on super-horizon scales k < aH (kn > 1) when
the equation of state is constant, it undergoes minor fluctuations during epoch

transitions, like inflation to radiation domination, and then to matter domination.

2l However, the behaviour on large scales is not gauge-invariant.
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In contrast, it is possible to define a quantity which stays constant on super-
horizon scales at all times (including during the Universe’s transitions between

different epochs):

H(T +HD)

=gy TR
drGa®(p+ p)

(1.2.3.7)

This is known as the curvature perturbation on comoving hypersurfaces, and is

defined above in the Newtonian gauge.

Energy-momentum conservation From the conservation of the EM tensor,

V., T™u, = 0, the continuity and Euler’s equations can be derived:

v=0: 6=— <1 + ?) <18ivi — 3<I>) —3H (5}9 _L > , (1.2.3.8)
p) \a pp

e : ]5 z_l 1 i ij\ _ A

v=1i: <H+p+p>v a[ﬁ (0'op — 0;6") aw}. (1.2.3.9)

1.3 The Hot Big Bang model

The Universe is considered to be adiabatically expanding. Using the cosmological
FLRW model of a flat Universe, we can express the time dependence with the

density, using the Friedmann equations, as

=/ o Gp (radiation domination). (1.3.0.1)

(matter domination) (1.3.0.2)

67TG,0

The Universe was radiation dominated in the early phases, as indicated by Eq. 1.1.2.9.
For a photon gas, Stefan-Boltzmann’s law tells us that pragiation o< 7™, which
indicates that the Universe gets hotter and denser the further back in time we go.
According to the standard Hot Big-Bang model, extrapolating sufficiently back in
time (¢ — 0), the Universe can be found in a state of arbitrarily high temperature
and density (p — o0), where the laws of physics as we know them break down.
This hot, dense, and highly energetic state is the so-called “Big Bang”, at which
point the temperature of the Universe is estimated using the Planck temperature,

= /hc®/Gk? =~ 1.4 x 1032 K. Accordingly, the Universe then expanded rapidly,
cooling and evolving to its current state over billions of years.

To understand the thermal history of the universe, it is crucial to compare the

rate of expansion (H) to the rate of interaction can be expressed as:

I'=n(ov) (1.3.0.3)
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where n is the number density of particles, v is the relative velocity, and o is the
interaction cross-section, which depends on energy.

When I' >> H, particle interactions occur much faster than the universe’s
expansion, so local thermal equilibrium is reached before the expansion has a
significant impact. As the universe cools, the rate of interactions may decline
more rapidly than the expansion rate. When I' ~ H, particles break away from
the thermal bath. A given species ¢ will decouple from the thermal bath when
the interaction rate drops below the rate of expansion, I'; < H. It is worth
noting that different particle types may have varying interaction rates and thus
decouple at different times.

This allows us to define a brief thermal history of the Universe, through the main
events of the Hot Big-Bang model, which are broadly described in the following
section. This is largely based on the following references: [30, 36, 40-43].

1.3.1 Thermal equilibrium

The very early universe expanded very rapidly, but also had a very high temperature
and density, yielding particles to constantly collide and exchange energy, at a much
faster rate than the typical expansion rate, i.e. I' > H. Therefore, we assume that
the initial conditions were close to thermal equilibrium, meaning that the particles
in the universe were in a state of balance with each other and their temperature and
density were uniform throughout. This concept was initially explored by Gamow,
Alpher, and Herman in [10, 44-46].

Thermodynamics. If we further assume that we can treat the simple fluids
of interest as perfect gases*, we can easily recover their thermodynamics. We
start with a box of volume V = L? and expand the fields inside into periodic
waves with harmonic boundary conditions.

In this system, the number of allowed quantum states per unit volume of k£ space,

where k represents the momentum of a particle, is determined by the density of states:

V

N =g (2m)3

d*k (1.3.1.1)

where ¢ is a degeneracy factor that takes into account the possible states of the

\%4

)P d3k represents the volume of the shell of

system (such as spin), and the term

22Gases at low pressures and high temperatures, where intermolecular interactions are weak,
can be approximated as “perfect” or “ideal” gases. Their behaviour is described by the ideal gas
law, PV = nRT, where P is the pressure, V is the volume, n is the number of particles, R is the
gas constant, and T is the absolute temperature.
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states between k and k + dk in 3D momentum space. The probability of finding a
particle in a specific quantum state with energy € in a system that is in thermal

equilibrium is then quantified by its occupation number (or distribution function):
—1
(foq) = [el/EoT £ 1] (1.3.1.2)

where p is the chemical potential of the system, kp is the Boltzmann constant, T is
the temperature, and the + sign is for fermions and bosons, respectively.

In this system, the number of particles, N, will naturally adjust to reach its
equilibrium state. At equilibrium, the system is expected to be stationary with
respect to small changes in N. In other words, the number of particles in the
system will remain relatively constant unless there is a significant change to the
system’s temperature, pressure, or volume. Accordingly, for a thermal radiation
background in equilibrium the chemical potential p is always zero. This is because
[ appears in the first law of thermodynamics as the change in energy associated

with a change in particle number,
dE =TdS — PdV + pdN (1.3.1.3)

When p is zero, it implies that the energy of the system is independent of the
number of particles, and the system has reached equilibrium.

Using the expressions above, we can recover two important quantities that
allow us to determine the properties of matter at high temperatures in the early
universe: the number density and the energy density of particles in thermal
equilibrium. The expression for the thermal equilibrium background number
density of particles is given by:

1 1 o Arp?dp
— = [ fdnN = / 1.3.1.4
" V/f Yorny3 Jo e T £ 17 (13.14)

where the integration has been carried out in momentum space, with € = v/m?c* + p2c2.

There are two interesting limits of this expression:

1. In the relativistic regime, T > m, relativistic particles (radiation) in ther-
mal equilibrium behave as if they are massless. The thermal equilibrium

background number density of particles can be described by the following

KT\ drg > yidy
=|— . 1.3.1.
" < c ) (2mh)3 /0 eV + 1 (13.1.5)

expression:
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2. In the non-relativistic regime, T' << m, after the temperature drops below the
mass of the particles, the +1 term in the occupation number can be ignored.
As a result, the number is suppressed by a dominant factor of exp (—mc?/kT),
indicating that the background “turns on” at approximately kT ~ mc?. At
this threshold energy, photons and other species in equilibrium can produce

particle-antiparticle pairs.

The energy density of the background can be easily obtained by multiplying
the integrand by the energy of each mode €(p):

1 < 4qapidp
N
u = pc = g(27rh)3 /0 T 1 le(p) (1.3.1.6)

1.3.1.1 Relativistic particles (radiation)

Thermodynamics. For T 2 100 GeV, all known particles are relativistic, and
particle masses can be ignored. Therefore we use temperature 7" as a dimensionful

scale to express other quantities. In this limit, €(p) = pc, Eq. 1.3.1.6 above becomes

2

u= ?)()ET7ic)3g(kT>4 (bosons) (1.3.1.7)

For Fermions, we can express their occupation number in terms of the Bosonic occu-
pation number at two different temperatures, with the following trick: 1/ (e* + 1) =
1/(e® —1) — 2/ (e** — 1). This means that a gas of Fermions can be thought of
as a mixture of Bosons at two different temperatures. Using this, and knowing
that boson number density and energy density scale as ng oc T2 and ug oc T4,
we find that the number density and energy density of Fermions are related to
those of Bosons as ngp = (3/4)ng and up = (7/8)ug.

To fully characterize the thermal background, it’s also important to determine
its entropy. This takes an interesting form in the ultrarelativistic limit, where the
energy density follows the usual black-body scaling law u oc T%, and the pressure is

P = u/3. Thus, the entropy density, s = .S/V, of the system can be expressed as

4upg 212k
=-—=———g(kT)* (b 1.3.1.8
= 3 = e KT (bosons) (13.15)
where the left-hand side is obtained by substituting Eq. 1.3.1.7 for ug, and for
fermions we then have sp = (7/8)sg. The equation above shows that sp oc T°,
as is the boson number density in an ultrarelativistic background, np o< T2, as
mentioned before. This leads to the interesting observation that entropy density is

proportional to the number density: s o< n. This observation justifies the use of the
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term “entropy per baryon” to describe the ratio of the number density of photons
in the universe to the number density of baryons. The large value of this ratio,
which is on the order of 10?, indicates that most of the entropy in the universe

is associated with photons rather than baryons*.

Degrees of freedom From the energy density u = pc? in the relativistic limit,

given by Eq. 1.3.1.7, we find the total energy density of radiation:

2

prc = T ( > g(kT) + ; > gj(kT)4) = g*gé(kT)‘l, (1.3.1.9)

3
30(FLC) i€ bosons jJ€ fermions

where g, counts the total number of relativistic degrees of freedom. A similar
equation can be written for the total entropy density of relativistic particles

in the Universe:
sr = |27k /45(he)?| g (KT)? (1.3.1.10)

If all relativistic species are in thermal equilibrium, then g, = ¢2. In our Universe this

is the case until ¢ ~ 1 s, when neutrinos decouple from the thermal bath (see below).

1.3.1.2 Time and temperature

In a thermal system i with temperature T; that is expanding adiabatically, the

entropy is conserved, so we get:

7

d(g5a°TF) =0 = T (g5)a™! (1.3.1.11)

i.e. the entropy is s; o< 17 oc a™®. If there are multiple independent thermal
systems, as is the case after decoupling, this law applies to each system separately,

where the temperatures of each system may differ.

CMB blackbody spectrum If the photons in the early universe originated from
a thermal equilibrium distribution, we would expect to see a blackbody spectrum.
This can be explained as follows.

Each photon with frequency v has an energy of E, = p = hv, and the total
energy received over an area dA with photon direction (momentum) in solid

angle df) is given by:

E,f,d°pd’x = E, f,p*dpdQ,d*x = E* f.,dEdQ,dAcdt (1.3.1.12)

23This observation also justifies the assumption of adiabaticity, which is based on the idea that
the entropy of a system remains constant during an adiabatic process. In the case of the universe,
this assumption is reasonable because most of the entropy is associated with photons, which are
expected to be in thermal equilibrium throughout most of the universe’s history.



1. Cosmology from the CMB 21

Here, f, is the equilibrium distribution function for photons, given by Eq.1.3.1.2,
where e = E., and photons are bosons with p = 0 and two spins (polarisations).
The intensity (power per unit area per unit solid angle per unit frequency) observed

is the blackbody spectrum, given by:

By =L (1.3.1.13)
c* err — 1

Observations by FIRAS fit this spectrum to high accuracy with a temperature of
T,o = 2.725 K, which tells us that the photons were very close to equilibrium at some
point in the early universe. As the universe expands adiabatically, the temperature
of cosmic radiation decreases while the blackbody spectrum of photons is preserved.
It is worth noting that the spectrum peaks at a given Tje.x, corresponding to a
frequency Vpeax. Since the photon frequency gets redshifted, the temperature gets

redshifted as well, and we assume that:
T(z)=T,(1+ z), (1.3.1.14)

This is justified by noting that photon energies scale as E « 1/a and assuming
that the typical energy in blackbody radiation is ~ kT. The same result can
also be demonstrated by preserving entropy (Eq. 1.3.1.11). Since in that case
s o< a3, and we saw that s oc T% (Eq. 1.3.1.10), we find that T; oc a™!, assuming

g2, remains constant.

1.3.2 Non-relativstic matter and freeze-out

In general, if a species has I'; > H and interactions can maintain equilibrium,
the occupation number fo, will follow the equilibrium distribution described in
Eq. 1.3.1.2. In these conditions, a particle species that interacts with the photons
will have the same temperature as the photons: T; = T,. However, when a species
i becomes completely decoupled (I'; < H), its particles will travel freely, and
the distribution function will freeze-out in the form it had at decoupling, i.e. the
particles have effectively ceased to interact, reaching a state of chemical equilibrium,
while their momenta gradually redshift as the universe expands. This preserves a
“snapshot” of the properties of the universe from the time when the particle was last in
thermal equilibrium. The expansion of the Universe then cools down the containing
matter, such that particle species can become non-relativistic (7p; > m;), and Tp;

is the decoupling or freeze-out temperature, characteristic for each particle species i.



22 1.3. The Hot Big Bang model

In this limit, the energy density, pressure, number density and entropy density

of particles in thermal equilibrium are given by:

Pi = Min; (1.3.2.1)
3
2 i — i
ng = gim (n;ﬂ ) exp (_m E a > (1.3.2.3)
i+ T)n;
sp = W (1.3.2.4)

1.3.2.1 Neutrino decoupling

In cases where a massive particle decouples while still relativistic (Tp > m), its
distribution function remains frozen in the form of the distribution function fe, of
massless particles, and T is the decoupling or freeze-out temperature, characteristic
for each particle species. Later, when the temperature of the thermal bath drops
below the particle’s mass, it becomes non-relativistic, with energy £ ~ m. The
distribution function and number density of the particles still correspond to the
frozen-in form of relativistic particles, while the energy density becomes that of
non-relativistic particles, as in Eq. 1.3.2.1. This is what happens in the case
of massive neutrinos.

At the later stages of the Big Bang, energies are such that only light particles
survive in equilibrium: photons (), neutrinos (v) and positron-electron pairs ete.

Neutrinos are coupled to the thermal bath via weak interaction processes like

Vet Vo> et +e, (1.3.2.5)
e+l e+ (1.3.2.6)

The cross section for these types of interactions can be estimated as
o~ GLE? ~ GRT?, (1.3.2.7)

where G is the Fermi constant (GF = mayy/ (\/ﬁm%,) = 1.1664 x 10_5Ge\/72).
Using the formula given in Eq. 1.3.0.3, we can calculate the rate of interaction
to be I' ~ GZT5. However, as the temperature decreases, the rate of interaction
decreases much faster than the Hubble rate, which is approximately H ~ T?%/M,).

This can be expressed as:

r T \3
H”™ <1MeV> (13.28)

indicating that neutrinos decouple at around 1MeV, corresponding to a time

of roughly 1 s.
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1.3.2.2 Electron-positron annihilation

As the temperature drops below T' = 10°7 K, the electron-positron pairs (eTe™)
annihilate. Although the annihilations could potentially produce pairs of photons
or neutrinos due to electron interactions through either the electromagnetic or the
weak force, in reality, weak reactions freeze out earlier, at around 7' ~ 10'° K.
Consequently, the electron-positron annihilation increases the number of photons
compared to neutrinos, while conserving entropy. The entropy of an e* + 7 gas,
which is proportional to the number density, is easily calculated as each particle

species has g = 2 (polarisation or spin). The total entropy is, therefore, given by

s (7 +et + e_) = 1413(7) (1.3.2.9)

By equating this to the photon entropy at a new temperature, we obtain the
factor by which the photon temperature (7) is enhanced relative to that of
the neutrinos (7). This factor reveals the presence of a neutrino background

(CvB) with a temperature of

4 1/3
T, = (11> Ty = 1.945 K, (1.3.2.10)

given the CMB temperature today T, = 2.725 K.

1.3.3 Matter-radiation equality

The total matter density and radiation today is

3HZQ,,
Pmo =
8rG
m? (kBTWU>4
Pro = 9«50~ 573
30 c°h

= 1.88 x 107%Q,,h* kg cm ™ (1.3.3.1)

=78x 107 kg cm™? (1.3.3.2)

Here we used the definition that the Hubble parameter today is Hy = A100 km s~ 'Mpc ™.
Using the fact that p,/p, o< ap/a = 1 + z, it follows that the redshift corre-
sponding to when the matter-radiation contributions to energy density were equal

(matter-radiation equality) is given by:
1+ 2eq = 2.4 x 10%Q,,,h? (1.3.3.3)

Evidence suggests Q,,h? ~ 0.133, 80 zeq ~ 3200 (T, ~ 0.75€V). Prior to this
redshift the universe is radiation dominated, afterwards it is matter dominated

until dark energy becomes important at low redshift (z ~ 1).
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1.3.4 Recombination and the CMB

The process of recombination in the early universe involves the capture of electrons
by protons to form neutral hydrogen atoms, and it is essential for the CMB

radiation to be released.

Saha equilibrium. After electron positron annihilation, the concentration of
electrons can be written as n, = X.ng where ng is the concentration of baryons** and
X, is the jonization fraction. At high temperatures, deep in the radiation-dominated
epoch, electrons and nuclei could not yet effectively combine to form neutral
hydrogen (X, > 1). When the concentration of electrons equals the concentration
of protons, i.e. n, = ng, the Universe is globally neutral. As the temperature gets
low enough, after matter-radiation equality, the abundance of free electrons fell

steeply, since electrons and nuclei started to combine to form neutral hydrogen:
pte < H+~y (1.3.4.1)

This time is called recombination®®. In order to establish when recombination
took place, we assume that hydrogen is formed in its lowest energy level during
recombination.

We further assume that the neutral and ionised hydrogen, as well as the free
electrons, are in thermal equilibrium, which is true if the recombination rate is much
higher than the expansion rate, I'... > H. In this situation, since electrons, protons
and hydrogen are non-relativistic, their concentrations (ne, n,, nu, respectively)
follow from the equilibrium distribution in Eq. 1.3.2.3. Since we are in a situation of
chemical equilibrium, and recalling that j, = 0, we can relate the various chemical
potentials according to the order of the reaction, i.e. p, + pte = . To remove the

dependence on the chemical potentials, we consider the following ratio

n my 27 3/2
( H) - M <H ) elmptme=mu)/T (1.3.4.2)
NeNp ) oy Gedp \ MMMy T
m.T —-3/2 5
=== o/T 1.3.4.3
( 27 ) c ’ ( )

where in the last equality we have defined the degrees of freedom g, = g. = 2 and

gr = 4°. Here we have used my & m,, in the prefactor, but not it in the exponential.

24We are going to assume that at this point all the baryons in the Universe are in the form of
protons, neglecting the smaller but significant helium fraction.

25The name can be misleading, as this is the first time electrons and nuclei combined.

26The spins of the electron and proton in a hydrogen atom can be aligned or anti-aligned, giving
one singlet state and one triplet state, so gy =1+3 =4
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where we have defined the absolute value of the binding energy of the hydrogen
atoms Ey = me + m, — my = 13.26eV, corresponding to the lowest energy level.
The equation above can be rewritten in terms of the ionisation fraction X, =
ne/np, assuming n. = n,, and expressing the baryon density as ng = n-n, =
n-(2¢(3)-T?) /72, and n = 5.5- 1071 (Q2ph%/0.020). At this point, over 90% of
the nuclei are protons, so the total baryon number density can be approximated

as ngp =~ n, + ng = n. + ng. Therefore we find:

1-X. ny ngnp 20(3) np (20T \>? Ey
X2 = ﬁnB = ﬁni’yn,y = 7r2 niry < m. ) exp () . (1344)

T

This is the Saha equation for the equilibrium ionization fraction, which determines
X, as a function of temperature. Solving for 7" as a function of X, (which must be
done numerically), and remembering that 1 + z = T/T,y, we obtain an estimate
for the redshift at which recombination happens, 22 ~ 1300.

Two-photon decay. The Saha equation is a useful approximation only at the
beginning of recombination, when there are few enough photons in the high-energy
tail of the blackbody distribution. However, as recombination proceeds, the capture
of a free electron by a proton to form a neutral hydrogen atom, e +p — H + 7,
becomes less efficient. That is, if the electron is captured directly to the ground
state, the photon emitted during this process has sufficient energy to immediately
ionize another neutral hydrogen atom, resulting in no net recombination.

Instead, recombination mostly proceeds through a two-step process. First, the
electron is captured to an excited state, which can be any energy level above
the ground state, before relaxing down to the 2p state. At this point, there is a
bottleneck in the process because the 2p state has a long lifetime and is metastable,
meaning that the electron can remain in this state for a relatively long time, which
slows down the recombination process. To complete the recombination process, the
electron in the 2p state needs to transition to the ground state 1s of a hydrogen
atom (Lyman-« transition). This gives a resonance Lyman-a photon, which can
immediately excite the 1s state of another atom.

The whole hydrogen recombination therefore can occur through the emission
of two photons, in a process known as two-photon decay. The two photons each
carry away some of the energy released during the transition and have energies
that are much lower than the Lyman-a photon, resulting in a gradual redshifting

of the distribution of resonance photons, which eventually allows them to escape,
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leaving a net recombination. Once the hydrogen atom is in the ground state, it
can no longer be ionized, and so it remains neutral®’.

The two-step recombination process leads therefore to a slower rate of recom-
bination than predicted by the Saha equation. A full non-equilibrium calculation,
accounting for the recombination rates to different excited states, and the transitions
between them, finds recombination to occur at around z22"¢ ~ 1090, later than

rec
predicted by the Saha equation (z°4 > zon-ed),

Last scattering. Observationally, recombination is important as it marks the
first time that photons could travel freely. In the early highly-ionized Universe,
photons moved in a random walk due to Thomson scattering, making the universe
opaque. As the universe continued to expand, the mean free path of photons
increased, outside the horizon. As a result, photons decoupled from matter and
were able to travel almost freely, making the Universe essentially transparent. The
photons that emanated at this point, known as last scattering surface, form the
CMB that we observe today.

In reality, however, recombination did not happen instantaneously. Hence, when
we look at a given point on the last scattering surface, we are actually seeing
a mixture of photons coming from different times during recombination. The
visibility function, g(n), denotes the probability of a photon’s last scattering as

a function of time 7, and is given by:
U
g(n) = —7(n)e” ™™, where 7(n) = / OF(n') dn'. (1.3.4.5)
U

Above we have defined 7(n), the optical depth between time n and today, where
I'(n) = aneor. The factor e”7 then defines the fraction of photons from time 7
that we actually receive rather than being scattered, and g(n) is sharply peaked
around the time of recombination, when the optical depth drops to almost zero,
as the mean-free-path of photons was very long.

After recombination, most photons travelled through the inhomogeneous Uni-
verse almost unimpeded. These photons left imprints of fluctuations in the radiation
temperature, gravitational potentials, and bulk velocity of the radiation at the
location of their last scattering, creating the CMB anisotropies that we observe

today (see Sec. 1.5 for more details).

2"The ionization of the plasma cannot be maintained by electromagnetic interactions alone,
as is assumed in the thermal-equilibrium approach. Instead, the simultaneous emission of two
photons conserve energy and angular momentum, allowing an electron to make a transition from
an excited state to a lower energy state without violating the laws of physics, e.g. allowing for
the 25 — 1S transition, which is otherwise strictly forbidden at first order because it violates the
selection rules for one-photon emission.
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1.4 Inflation

The widely accepted Hot Big-Bang model predicts that the Universe began with an
initial singularity where a — 0, based on the evolution of a radiation-dominated
Universe. However, some predictions of the model lead to a number of problems
when confronted with cosmological data. The concept of inflation was initially
introduced to address these issues, as described below. Incidentally, it soon became
apparent that inflation could also provide a plausible explanations for the observed
fluctuations in both the geometry of spacetime and the distribution of matter.
Inflation can be broadly defined as a phase of accelerated expansion of the
Universe, which is characterised by @ > 0, where a is the scale factor. Based
on current cosmological observations, it is possible that our present Universe
is undergoing such an expansion. However, when referring to inflation, we are
interested in an inflationary phase that occurred in the very early Universe and
at different energy scales. References [28, 30, 36, 47] form the primary basis for

this section’s discussion of inflation.

1.4.1 Problems of the Big Bang model

Observations of the CMB have highlighted two primary issues that motivate the
need for inflation. These are summarised in what follows, together with a brief

explanation of how inflation provides plausible solutions to them.

The horizon problem. This arises when we consider the large-scale homogeneity
and isotropy of the observable universe. In particular, the CMB is emitted at
zq ~ 1100. At this point, the comoving horizon measures

0 (7
Zd H(Z/)

Yh = ~ 250 Mpc. (1.4.1.1)

Meanwhile, the distance from the last-scattering surface to us is

za dz
H(%")

Xlss = ~ 14 GpC (1412)

As a result, the angle subtended by the horizon is roughly 6, = x1/x1ss ~ 1°. Given
this, a CMB map ought to reveal about O(10%) causally-disconnected patches.
Nonetheless, despite this, the temperature of the CMB is uniform to within 1
part in 10° all over the sky.
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The flatness problem. This refers to the discrepancy between the observed value
of the curvature parameter {2, and the expected value based on the evolution of
the Universe. The curvature parameter at any given point in the Universe’s history,

is defined in Eq. 1.1.2.11 in conformal time, and can be expressed equivalently as:

O, (t) = ==, (1.4.1.3)

In a decelerating Universe, a decreases over time, causing Q| to increase. However,
observations of the CMB indicate that the Universe is nearly flat, which means
that the value of |Q | is very small, with an upper limit of around < 107, which
suggests that in the past it must have been much smaller (e.g., || < 107'7 during
the nucleosynthesis epoch). This raises the question of why the initial conditions

were so precisely tuned to create a Universe that is nearly Euclidean.

Solutions If we assume that the universe expands according to a power law,

a(t) oc t*, then the size of the horizon at a given time ¢ is given by the integral:

XH = /Ot aa(li) (1.4.1.4)

If @ < 1, this integral is finite when evaluated from ¢t = 0, which means that the size
of the horizon at any given time is finite, and there are regions of the universe that
are outside of each other’s causal horizon. This is the root of the horizon problem.

To make the size of the horizon arbitrarily large (and the integral above diverge),

we need a > 1, in which case we find:
ixala—1)>0 (1.4.1.5)

i.e. the expansion is accelerating. Therefore, an epoch of accelerated expansion
is necessary to solve the horizon problem.

In addition to solving the horizon problem, an epoch of accelerated expansion
can also help with the flatness problem. The curvature of the universe is determined
by €, oc @~2. An accelerated expansion will increase @, which in turn will decrease
Q.. This allows , to take arbitrarily large values at sufficiently early times, which

is necessary for consistency with observations.
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1.4.2 Mechanism for inflation.

The theory of inflation stands out because the rapid expansion can transform the
initial vacuum quantum fluctuations into “macroscopic” cosmological perturbations
at a larger scale (as highlighted in the seminal works in [48-51]). Therefore, inflation
yields natural initial conditions that align with present-day observations.
According to the Friedmann equations, acceleration of the Universe can only
occur if the equation of state satisfies the condition p < —% p. A simple example of
an equation of state that satisfies this condition is a cosmological constant, which
corresponds to a cosmological fluid with p = —p. However, a strict cosmological
constant would result in a never-ending exponential inflation, which is not compatible
with a radiation or matter era. Alternatively, a dynamical field that eventually
“switches oft”, such as a scalar field, can also satisfy this condition and provide a

mechanism for inflation, which we will now discuss in more detail.

1.4.2.1 Scalar field

The Lagrangian is a mathematical function that describes the dynamics of a physical

system. In the case of a scalar field ¢, the Lagrangian density is given by

1
Ly = 50.00"0 = V(9), (1.4.2.1)

where the first term describes the kinetic energy of the field, while the second
term, V(¢) = m2¢?, describes its potential energy density. In the case of the scalar

field, the stress-energy tensor is given by [43]

pu — _9PFm _ G Lo
Gy
= O1pd’ ¢ — g (;au’qﬁ@”/qﬁ — v) (1.4.2.2)

In an isotropic and homogeneous Universe, ¢ = ¢(t), i.e. the scalar field only
depends on time. In this case, the stress-energy tensor T* can be written in
the same form as that of a perfect fluid (see Eq. 1.1.2.4), from which we can
determine the scalar field effective energy density and pressure, as p = T, and
T'; = —pd'; for i,j = 1,2,3. In other words, the pressure is the same in all

directions, while the density can vary. We find:

p= ;cﬁz +V(¢), p= ;dﬁQ — V() (1.4.2.3)
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where ¢ represents the time derivative of the scalar field. From the first Friedmann
equation 1.1.2.5, and using the definition of p above, we obtain:

_87TG
3

H? Bdﬂ + V(M , (1.4.2.4)

where the second and third term correspond to kinetic and potential energy.
It is useful to define the equation of motion for the scalar field, known as the

Klein-Gordon (K-G) equation, in a Universe undergoing expansion is given by:
¢+3Hp+V'(¢) =0 (1.4.2.5)

where = d/dt and V'(¢) is the derivative of the potential energy density with respect
to ¢. The K-G equation is similar to that of a damped harmonic oscillator, with
the force given by —V”(¢) and the expansion rate H acting as the damping term?®.

For inflation to occur, specific requirements must be met by the scalar field.
In order to be deemed successful, an inflationary model must satisfy two critical
conditions: first, the ability to facilitate accelerated expansion, and second, a
prolonged but finite duration of that expansion. Here, we present a definition of

a successful inflationary model for a scalar field.

1.4.2.2 Slow-roll

Conditions for inflation. In order to obtain inflation, i.e. @ > 0, the pressure
defined above in Eq. 1.4.2.3 must be negative, p < 0. In the case of a scalar

field, this can be achieved only if
PP < V. (1.4.2.6)

This leads to the idea of “slow-roll” inflation, whereby a scalar field ( “inflaton”)
starts from an initial value away from the minimum of the potential, with a small
velocity, i.e. its kinetic energy is much smaller than its potential energy. In this
limit, we have p = —p, which corresponds to the equation of state of a Universe
dominated by a vacuum energy A, i.e. Eq. 1.1.2.3 with w = —1, which then
leads to exponential erpansion in the very early Universe, induced by a scalar
field (“inflaton”) in a potential V(¢). From this, we also find that p + 3p < 0,
hence the Friedmann Eq. 1.1.2.6 entails

ax —(p+3p) >0, (1.4.2.7)

28This can be compared to a ball rolling on a hill with friction, where the shape of the hill
corresponds to the potential and the friction corresponds to the expansion rate. If the field starts
away from the minimum of the potential, it will roll down the hill towards the minimum.
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i.e. at the beginning of inflation the scalar field drives an accelerated expansion.
In order to have a long-lasting acceleration, the velocity of the field must change

very slowly compared to the Universe’s expansion rate:
6| < 3H$ (1.4.2.8)

In other words, as the field rolls down the potential towards the minimum, releasing
the energy that drives the exponential expansion, it gains kinetic energy and
speeds up. However, the friction term slows down its descent, allowing inflation
to last for a long time.

With the slow-roll conditions defined in Eqs. 1.4.2.8-1.4.2.8, the K-G and
Friedmann equations (Eq. 1.4.2.5 and 1.4.2.4, respectively) reduce to the basic

slow-roll equations:

) 1,
= —— 1.4.2.
3¢ =—=V (1.4.2.9)

&G 1
H? = V= 174 1.4.2.10

where we have used the reduced Planck mass Mp = mp/v/87 = 1/v/87G.
This mechanism allows for inflation to occur without requiring fine-tuning
of initial conditions. Moreover, it enables a smooth transition out of inflation

(“graceful exit”), as described below.

Graceful exit. Once the scalar field reaches the minimum of the potential, it
oscillates around it, and the kinetic energy becomes larger than the potential
energy, ¢2/2 > V(¢), such that the oscillations are damped by the 3H¢ friction
term. Eventually, the oscillation frequency oc m becomes larger than H. Assuming
that the minimum of the potential can be approximated as a quadratic function,

the K-G equation reads:
p+mPp=0 = ¢ cos(mt+a) (1.4.2.11)

In this regime, the pressure associated with the fluid, given by Eq. 1.4.2.3, will
average to zero over many oscillations. As p ~ 0, the fluid behaves, on average, as

non-relativistic matter, hence the Universe expands as a o t¥/%, which means that

H = & decreases with time as H oc t~1/3

T a

, ending the exponential expansion.
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Reheating. In the simple inflationary model described above, the universe starts
in a potential-dominated state, and inflates until the field falls enough that the kinetic
energy becomes important. This stage is associated with a highly speculative process
called “reheating”, which averted an empty Universe after inflation. Accordingly,
at the end of inflation, the inflaton begins to oscillate around its minimum and
decays, releasing energy in the form of particles, which initially interacted strongly
with one another, causing the Universe to rapidly heat up, averting an empty
Universe after inflation.

Parametrization. Inflationary models can be parameterized by expanding the
potential in a Taylor series, i.e. in increasingly higher derivatives of V', using the

slow-roll parameters. The first two are defined as:

v () = Hzl_da nv(gb)—legE

H? a?’

where €/ (¢) < 1 in order to have exponential expansion, and 7y (¢) < 1 in order

= . 1.4.2.12
dloga ( )

for inflation to last for a long time. For a K-G field, these correspond to

22 Mp (V'\?
ev(e) = 3¢2f2/+ = 2“ <V> : (1.4.2.13)
0 -
nv(¢) =2e — Hfb o Mﬁlv, (1.4.2.14)

The expression above provides a straightforward interpretation: ey (¢) measures
the slope of the potential energy density during inflation, while 7y (¢) measures
its curvature. The slow-roll parameters therefore provide a way to parameterize
different inflationary models and to compare them with observations. In particular,
measurements of the CMB radiation can provide constraints on the values of these

parameters and thus on the details of the inflationary epoch.

1.4.2.3 Quantifying the expansion.

The exponential expansion of the Universe is quantified by the number of e-foldings,
denoted by N, the number of times the Universe has doubled in size. This relates

to the scale factor before and after inflation as:

t
alty) _ N = N=["Ha, (1.4.2.15)
CL(tl) t;

where ¢; and ¢; are the initial and final times of inflation, respectively, and we used
the fact that N = In(ay/a;) to write dN = dlna, and dlna = Hdt. This result

can be rewritten using the slow-roll equations 1.4.2.9-1.4.2.10,

dt do 3H?d¢ 1V
A S T T ATS

de. (1.4.2.16)
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Therefore, we arrive at

1 ¢y V

Ne—— [
Mg Joi Vg

do. (1.4.2.17)

Typically, a value of N 2 40 — 60 is sufficient to solve the horizon and flatness

problems, with exactness dependent on the reheating temperature.

1.4.3 Perturbations in the primordial Universe

Soon after inflation was proposed, it was discovered that, besides solving the horizon
and curvature problems, it could also provide a natural explanation for the origin
of the small inhomogeneities we observe in an otherwise homogeneous Universe.
Metric perturbations are sourced by quantum field fluctuations around the vacuum
state, which are converted into “macroscopic” cosmological perturbations by the
accelerated expansion. In order to calculate the fluctuations produced by metric
perturbations, their power spectrum, and then their subsequent evolution, we need

to study the inflaton field at the quantum level.

1.4.3.1 Inflaton quantum fluctuations

We discuss how to obtain the quantization of the free scalar field ¢, for different
geometries (perturbed or not) below. We will see that this involves the calculation
of its momentum conjugate, w4, which can be obtained from the Lagrangian
density L, in Eq. 1.4.2.1 as:

Ly
5= o. (1.4.3.1)

Ty =
The unperturbed metric case. We start by allowing for spatial variations of the
scalar field (inhomogeneities) of the form ¢(x,n) = ¢(n) + dp(x,n), and assuming
that the geometry is homogeneous, i.e. the FLRW metric is unperturbed. Here, we
consider perturbations that are well inside the horizon, where the Hubble damping
term can be neglected, and define how they evolve in the slow roll approximation.
We start by defining the action S of the scalar field, which relates to the
Lagrangian density Lg4 as:

S = /d4x\/—_g£¢. (1.4.3.2)

where g is the metric. For a perturbed ¢(x,7), this can be estimated by S =
Sol@] + Sa[0, 6¢] + . . ., where Sy[¢] is the classical background action, and S, is the
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leading quadratic part due to the perturbation®’. Given the unperturbed conformal
time FLRW metric, /—¢ = a*, from S>*" we can estimate the second-order part

of the Lagrangian for the fluctuations in an expanding spacetime as:

ol 2T, .2 ,
£, = £ 0,600"50 = - |(60)" — (V60) ] , (1.4.3.3)
for which 75, can be evaluated:
0Ls 5
Top = ——=— = a°0¢ (1.4.3.4)
"7 0(00)

The fluctuations will evolve following the K-G equation, defined in 1.4.2.5. In
the limit described above, whereby k& > H, the K-G for the perturbed scalar

field in Fourier space can be written as:
0p + 2Hd + k%3¢ = 0 (1.4.3.5)

where k = |k?| is the comoving wave vector. Changing variables to the canonical

ux = ad¢gyx, where a is the scale factor, the equation reads:
. 5 G
U + [k — = ) ux = 0. (1.4.3.6)
a

i.e. the so-called Mukhanov-Sasaki equation. On small scales, the second term in
parentheses can be ignored, and the field evolves as a harmonic oscillator:

eﬂ:ik’n
5ic = A——. (1.4.3.7)

It is necessary to evaluate a physical criterion to determine the initial condi-

tion amplitude Ax.

Quantisation and vacuum fluctuations. To quantise a field means that it can
be represented as a set of quantum harmonic oscillators, each having a discrete
set of energy levels. Even if we assume that the system is in its lowest possible
energy state (or vacuum), there is an inherent uncertainty to what its true value
is at all points in space, due to the uncertainty principle’, i.e. Ag(x)Ar(x) > 2,

meaning that there are still fluctuations in the field amplitude.

29There is no term linear in §¢ since it must vanish for ¢(#) to minimise the action,
so the leading perturbation term is obtained by Taylor expanding the potential: Sy =
[ dizatl {9,(59)04(56) — V.ss(8)(59)?}.

30Effectively, we neglect V 44 to obtain Lo.

31The uncertainty principle states that the more precisely we know the position of a particle,
the less precisely we can know its momentum, and vice versa, i.e. AzAp > h/2. This applies to
fields as well, since a field can be thought of as a collection of particles, or “excitations”, which
can be created or destroyed, for which there is an inherent uncertainty to what their true value is
at all points in space.
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We can determine the minimum fluctuation amplitude, or “vacuum fluctuation”,
of a canonical scalar field using quantum field theory (QFT). Accordingly, uy can
be quantised®?, and the associated quantum harmonic operator @ = a¢ can be

written in terms of ladder operators by and lA)L, such that:

iine(1) = g (7)bic + ()], (1.4.3.8)

where b and b' are the annihilation and the creation operator, respectively. Then
uk(n) is the positive-energy solution to the K-G equation of motion in Fourier

space, in Eq. 1.4.3.6:

efik:n

uy(n) = ﬁ’

where the factor of 1/v/2k is inserted so that the operators b and b satisfy the

usual harmonic oscillator canonical commutation relation {?)k, BL,] = (2m)30(k — k).

(1.4.3.9)

Power spectrum of fluctuations. This choice of ux(n) above is equivalent to the
choice of the vacuum state |0), which satisfies Bk|0) = 0. The vacuum expectation
value of the field is therefore (@) = (0|a]0) = 0, while its variance is given by the

Legendre transform of the correlation function of the field:

N . 272
<0 a(n, k)at (n,X) 0> = ?Pu(k)é (k —K). (1.4.3.10)
This defines the power spectrum of the field wu:
k3 9
Pu(k) = BY0) |ug(n)] (1.4.3.11)

Since u is related to the inflaton fluctuation by u = ad¢, the power spectrum of §¢ is

kS

" o2

Pso(k) (1) ‘2 , (1.4.3.12)

a(n)

which gives, in the limit where wavelengths are smaller than the Hubble radius
(k > M), one recovers Psy(k) = (k/2ma)?.
In the opposite limit (kK < #H), we can obtain an approximate result for the

power spectrum. Since the field equation 1.4.3.5 is still approximately accurate if

320nce the canonical conjugate variables, ¢ and 7, are defined, we can use them to define the
corresponding quantum operators, (]3 and 7, which in the quantum limit satisfy the commutation
relations: [p(x),#(x’)] = ihd(x — x’). In practice, we use Fourier transform of the field, which
allows us to work with the commutation relation for each mode separately. This leads to the
creation and annihilation operators for each mode, which can be used to create and destroy
“excitations” of the field. Therefore this allows us to quantise the field by representing it as a
collection of harmonic oscillators, each with a discrete set of energy levels.
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H is evaluated at horizon crossing, and assuming Ps4(k) = Psys(k,n), the power
spectrum outside the Hubble radius is

2

Pso (k) ~ (;) (1.4.3.13)

Since H varies only slowly during inflation, the spectrum is approximately scale-
invariant. Similarly, once well outside the horizon, d¢ remains approximately

constant, leading to a constant power spectrum.

The perturbed metric case. In reality, from Einstein equations, we know that
perturbations in the matter distribution will be coupled to the metric perturbations.
Considering metric perturbations in the Newtonian gauge (Eq. 1.2.1.7) up to second

order, the perturbed action is:

S [0+ 06, G + ] = S0 [ @, Guw] + S [06, By &, G| + S [06, By 6, Gy
(1.4.3.14)
Again, the first-order term S; vanishes when using FLRW equations of motion.
The second-order term S, can then be used to quantise the perturbations, as for
the perturbations of a scalar field described in the previous section. As described
in Sec. 1.2, we avoid the description of vector modes and consider only scalar
and tensor perturbations in the linear regime, which allows us to treat them

separately in the following sections.

1.4.3.2 Scalar perturbations

Scalar perturbations arise from the scalar field perturbation d¢ and the A, B,
C and E modes of the metric perturbations. Similarly to the case of vacuum
fluctuations, where we introduced wu, it is possible to define a single variable to

write the second-order action for scalar perturbations:

v=a <5¢ - Zo) : (1.4.3.15)

whose corresponding action takes the simple form:
1 ‘ .
S = 5 /dnd3a: {1’;2 — O;vd'v + ZUQ] (1.4.3.16)
z

where we have defined z = agﬁ/%. It can be shown that v is gauge-invariant,
and is proportional to the comoving curvature perturbation defined in Eq. 1.4.3.17,

which for a single scalar field reads:

R=-C+ 7;5925. (1.4.3.17)
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This is a linear combination of scalar field and metric perturbations.

In the slow-roll approximation, ¢ and H evolve more slowly than a, therefore
Z/z ~ a/a, and the results of the previous section obtained for u can be applied to
v. Therefore the normalised function corresponding to the Bunch-Davies vacuum is
approximately given by vy ~ e~ %"/ V/2k. Following similar steps as above to recover

Eq. 1.4.3.13, and given v = —zR, the power spectrum for R is found to be:

ks 2 SIOwW-1ro 1 V
fowzrol () , (1.4.3.18)
k=aH

~ o2

Vg

a

Pr(k)

2472 \ mpey

where the latter equality is valid in the slow-roll regime and for £ < H, and we used
the inflaton potential V' and the first slow-roll parameter ey defined in Eq. 1.4.2.13.
The reduced Planck mass mp = hc/v/87G was introduced.

The corresponding dimensionless quantity, namely the dimensionless primordial
power spectrum A% (k), is often preferred to Pg, and is defined as:

272

(RERw) = = A% () (27)36P (k — K'). (1.4.3.19)

i.e. the variance of Ry at the time of horizon exit (after which, R is constant).

From this, we find the relation between A% and Pg:

]433

" o2

A% (k) Pr(k). (1.4.3.20)

The dimensionless power spectrum represents the amount of variance in the field per

logarithmic interval of wavenumber k. Combining Eqs. 1.4.3.7 and 1.4.3.17, we find

_ 1 (Hf
- 2mey \27

During the slow-roll phase, the quantities H and ey remain nearly constant. As

AZ (k) = k3 H? 1

_ kAT 1.4.3.21
212 p? 2ka? ( )

k=aH k=aH

a result, one of the significant predictions of inflation emerges: an almost scale-
invariant primordial power spectrum. However, the slight variations in ey, and
H towards the end of inflation introduce some level of scale dependence into the
primordial power spectrum. In fact, the amplitude of a perturbation relies on
the values of H and ¢ at the point where its scale exits the Hubble radius, which
can differ slightly for different scales. To quantify the level of scale invariance,

we define the scalar spectral index ng as:

= PR o

Ng = dln —2€V — Nv, (14322)
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and so we expect departures from n, = 1 to be small**. This definition implies

a power-law spectrum, which can be modelled as:

InPr(k) = In A, + (n, — 1) 1In <:0> + % <ln (:{)))2 . (1.4.3.23)

for some pivot scale kg, where A, is the amplitude and ay is the running of ng, given
by as = dns/dInk. We currently measure ny = 0.9665 £ 0.0038 and oy = —0.0041+
0.0067 [32], which is incompatible with a perfectly scale-invariant power spectrum,

and therefore compatible with an early phase of inflation.

1.4.3.3 Tensor perturbations (primordial gravitational waves)

The metric tensor perturbations h;;, also known as primordial gravitational waves
(PGWs), would provide a significant probe of the early Universe, if they are ever
detected in the future. In the inflationary paradigm, these PGWs are created from
vacuum quantum fluctuations, just like scalar perturbations.

Just like ¢, the tensor perturbation h;; also satisfies the Mukhanov-Sasaki

equation, i.e. we can define a variable w = ah;;, such that:
. 9 G
Wk + [k — — ) wx = 0. (1.4.3.24)
a

As for scalar perturbations, the tensor power spectrum as a function of the inflation

potential V' can be expressed as:

Pulk) = - (Z)kH (1.4.3.25)

mp
and we also define the tensor spectral index:

— dln Ph (k) slowz-roll

= —2ey. (1.4.3.26)

Thus, the primordial tensor power spectrum can be parametrised as

ay

2
InPy(k) =InA; + ngIn E + —(In E + ... (1.4.3.27)
ko 2 ko

where the tensor power amplitude, A;, which is related to the scalar amplitude

by the tensor-to-scalar ratio, r. This is defined as the ratio of scalar and tensor

33Tt is worth noting that a spectrum with n, ~ 1 ensures that the amplitude of perturbations
remains small both on large scales to maintain the homogeneity of the Universe, and on small
scales to uphold the achievements of big-bang nucleosynthesis.
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modes power spectra, and under the slow-roll approximation is directly proportional

to the slow-roll parameter €y :
r=— = 16ey = —8n,. (1.4.3.28)

The tensor-to-scalar ratio r is of central importance for cosmology, as this is almost
the unique parameter setting the amplitude of tensor modes in the primordial
Universe. As detailed in the next chapter, the detection of primordial B-modes

in the CMB would be a smoking gun for inflation theories.
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Figure 1.1: Observational constraints on ng and r from different data sets, including
Planck 2018 results (TT, EE, TE, lowE, and lensing), BICEP /Keck 2014 release (BK14)
and BAO surveys such as 6dF and SDSS. The figure depicts the 95% and 68% confidence
level contours. The observational constraints are compared to various inflationary models
and their parameters, where V' is the potential, IV, is the number of e-folds. Credit: [52].

The two parameters, the scalar spectral index n; and the tensor-to-scalar
ratio 7, thus depend on inflationary models and their precise measurement allow
discriminating between models. The estimation of the scalar spectral index already
allowed to disfavour models that predict ny, = 1 as well as ny > 1. The joint
constraints on inflation models coming from n, and r are shown in Fig. 1.1, and

more information can be found in [52].

1.5 Cosmic Microwave Background

1.5.1 An almost perfect blackbody

The cosmic microwave background (CMB) radiation is a thermal emission that

pervades the universe. It is the afterglow of the Big Bang, when the universe was hot
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and dense. In the FLRW background, the temperature of the CMB is assumed to be
uniform in all directions, which means that the temperature anisotropies are zero. As
the universe expanded and cooled, the radiation was stretched to longer wavelengths,
resulting in a peak in the microwave region of the electromagnetic spectrum, and
we can measure an almost perfect blackbody spectrum at a temperature of 2.725 K.

While the CMB appears to be isotropic on large scales, a more detailed
examination reveals that it actually contains tiny temperature fluctuations, or
anisotropies, on the order of just a few parts per million, approximately O (107°),
which are dependent on the direction of observation. As explained in section
1.4.3, these anisotropies can be linked to the primordial fluctuations caused by
metric perturbations. Essentially, the fluctuations in the metric caused changes in
the energy of photons as they propagated through space, resulting in observable

temperature variations in the CMB.

1.5.2 Dipole anisotropy

These CMB anisotropies can be decomposed into different modes, each corresponding
to a different angular scale (parametrised by the multipole moment ¢) on the sky.
The zero-order mode, or monopole (¢ = 0), corresponds to the largest scales, and
increasing modes correspond to smaller scales. At the first-order mode, or dipole
(¢ = 1), the temperature changes relative to the monopole are relatively small and
can be described by a linear relationship with direction.

If we are moving with a 3-velocity v relative to the CMB, then the energy
of a photon detected by us at energy E and moving in direction é is different
from its energy in the rest frame of the CMB. Then a photon with 4-momentum
pt = E(1,e) that we detect moving along direction € has energy E = p,u*, where
ut = (1, —v)*! is the 4-velocity of the CMB rest-frame, i.e. the frame where there

is no photon momentum density, hence dipole. The energy in the CMB frame is:
E=E((1+v-8) (1.5.2.1)

where the photon’s energy is £, = hpv.
The photons are described by the Planck distribution function which, in terms
of the energy and direction seen by us, becomes:

1
mY —
f(p >_ e—EBy(1+v-&)/kpTcmp—1

(1.5.2.2)

34The Lorentz factor v = 1/4/1 — |v|? is a quantity expressing how much the measurements of
time, length, and other physical properties change for an object while that object is moving.
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Although this still looks like a blackbody along any direction, as described in

Sec. 1.3.1.2, the observed temperature varies over the sky as:

TemB

N

TO=Tnrv9

~ Teup(l — v - @) (1.5.2.3)
This variation is a dipole anisotropy, induced by the Doppler term e;v’. The
measured dipole indicates that the solar system barycentre has a speed of 3.68 x
10° m s ! relative to the CMB. Equation 1.5.2.3 shows that relative motion produces
quadrupole anisotropies and alters the monopole temperature, but only at O (|v|?).
It is worth noting that the large dipole must be subtracted to get at the O (1079)

anisotropies from recombination.

1.5.3 Scalar perturbations to temperature anisotropies

We shall explore the effect of metric fluctuations on the CMB in the Newtonian gauge,
defined in Eq. 1.2.1.6. Scalar perturbations to the metric are sourced by density
fluctuations (and vice versa). Thanks to SVT decomposition, we can focus on scalar
perturbations in isolation, before treating tensor perturbations in the next section.

To fully understand the factors that cause temperature fluctuations in the
CMB, it is necessary to solve the Boltzmann equation, which involves calculating
the evolution of the photon distribution function, while also accounting for the
effects of Thomson scattering before and during recombination [see, e.g. 26].
However, if we make two simplifying assumptions, we can still obtain a reasonably
accurate explanation of temperature fluctuations. First, we assume “instantaneous
recombination”, which implies that the CMB photons were emitted precisely at
the moment of recombination when the ionization fraction crossed a particular
threshold. Although this assumption may not be entirely accurate, its impact on
the results is negligible, as recombination occurs rapidly. Secondly, rather than
calculating the evolution of the photon distribution function through the Boltzmann
equation, we will instead measure the change in frequency of a single photon as

it travels. We can estimate the temperature fluctuation as follows:

0T v
— == (1.5.3.1)
T v

where we have used the relationship between the frequency and temperature of
a blackbody radiation spectrum, given by 1.5.2.2, where the peak frequency is

proportional to the temperature as v o« kgT'/h.



42 1.5. Cosmic Microwave Background

1.5.3.1 Photon propagation in a perturbed universe

The equation of motion for a photon in a given spacetime is determined by the

geodesic equation:

A2t L, dz® dz”
—I— —_—
d)\2 B dN d) ’

(1.5.3.2)

where x#(\) is the photon’s trajectory, parametrised by the affine parameter A, and
Fgﬁ are the Christoffel symbols, which can be calculated from the perturbed
metric in Eq. 1.2.1.7 as:

1
Tas = 59“A (Oagrs + 939ra — Orgas) - (1.5.3.3)

where we have used the notation 0, = 9/0z".

The photon 4-momentum can be used to define A as
pt = dx*/dA, (1.5.3.4)

and can be described in terms of the energy E and direction cosines e’ of its

propagation direction®’, as seen by an observer at rest in the coordinates:
P’ =ea?[(1 - W), (14 )¢ (1.5.3.5)

where we have defined € = Fa, the comoving energy that is constant if measured
by an observer at rest in the Newtonian gauge, £ = p“u, and the observer’s
4-velocity v” = (1 — ¥)dp,/a. Using the definition in Eq. 1.5.3.5 to calculate
Eq. 1.5.3.4 we obtain

dn

€ dxz’ €

A1 S s e G
o |
= dg; = (1+®+ D)e (1.5.3.6)

If we parametrise Eq. 1.5.3.2 with conformal n, we find that a photon in

vacuum travels along the path

€ dpt
1—=U)———+T%p"p” =0 1.5.3.7
(1-9) ay F TP ( )
and it travels on a null curve, travels i.e. g, p"p” = 0. Solving the geodesic

equation for the perturbed metric to first order allows us to determine the energy

355,;¢'¢? = 1, and e’ corresponds to the 3-vector é.
36More generally, the 4-momentum satisfies JupHpY = —m?, where the left-hand side is null in
the case of massless photons.
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shift, which involves solving for p°. To do so, we need to compute the components
'3, using the relations in 1.2.1.7. The only non-zero component of g** is the
inverse of the time-time component goy. If both lower indices in Eq. 1.5.3.3
are spatial, the first two terms in brackets vanish (go; = 0) and only the last

term survives, and we obtain

1-200 .

= 0,02 [H + 2H(® — T) + D).

0 _

Including this and the relation in Eq. 1.5.3.6 in the O-component of Eq. 1.5.3.7, we get

1d dv . ,
S oy U+ U 42600, 0 (1.5.3.9)
edn dn

+ 8¢ [H — & — 2H(® 4 U)][1 + 2(® + ¥)] = 0,

where d/dn is the derivative along the path of the photon, such that to first order:

(gp — O (1.5.3.10)
n

dei ii i

= (51 e ej) 8;(6+ ). (1.5.3.11)

The formula 1.5.3.11 describes gravitational lensing, which involves the alteration
of the photon direction due to the gradient of the potential ® + ¥ perpendicular to
the line of sight. Since CMB temperature anisotropies are variations in temperature
across different directions in the sky, in the background model the direction remains
unchanged, meaning there are no temperature variations. However, the CMB
temperature still depends on direction, but only in a first-order manner, which
means that the temperature changes are small and can be approximated by a
linear relationship with direction. Therefore, knowing the constant direction in the
background model is enough to compute the CMB temperature anisotropies.
We can then rewrite the Eq.1.5.3.9 to find the expression for the evolution of the

comoving energy along the photon path, in the presence of metric perturbations.

1 de v ..
2O Y (), 1.5.3.12
n p + (4 T) ( )

On the right-hand side of this expression, the first term indicates that, while €
remains constant in the background, it is affected by changes in W along the path

and by the time-dependent evolution of the potentials (the second term)?”. This can

37The latter term in the RHS of Eq. 1.5.3.12 becomes especially significant in the late stages
of the CMB, when dark energy dominates, and around the time of last scattering, because the
universe was not yet fully matter-dominated.
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be easily integrated along the unperturbed trajectory, and we obtain the comoving
energy today €(ny) in terms of the energy at conformal time 7, corresponding to

the point of emission on the perturbed last scattering surface:
70 . .
€ (1) = e(n) |1 +¥(n) — o +/ dn (¥ + @)] , (1.5.3.13)
n

which implies that in the unperturbed scenario, the cosmological redshift reduces
the energy of photons as £ o« 1/a.

The frequency of a photon as observed by an observer with 4-velocity u* is
given by hprv = p'u,. When the observer has a peculiar velocity v, their 4-
velocity becomes u* = a~!(1 — 1, v), and the frequency can be related to € as
hpv = a 'e(1 +fi-v), where i = —e&. This leads to the perturbed redshift relation

between the emitted (v) and observed (vy = v(ny)) frequencies:

w1 _11+(\11—\1/>+ﬁ<—v)+/"°d(ci>+\if)} (1.5.3.14)
v 14z a 0 M ° n K ’

where the three perturbation terms have simple physical interpretations in the

Newtonian gauge:

o U(n) — WUy, the difference in potentials between the point of emission and
reception, determines the gravitational redshift®®, i.e. the net redshift of a
photon as it climbs out of the potential well (losing energy), or blueshift as it

falls into the well (gaining energy).

« 1n-(v—vy), the relative velocity between the source and the observer constitutes
the standard Doppler term. The Doppler shift is imprinted by the high
velocities of the baryons at recombination, which were still undergoing acoustic

oscillations, leading to temperature fluctuations on all angular scales.

o J0dn (® + ) is the Integrated Sachs-Wolfe (ISW) effect, due to the net
blue or red-shift of photons as they pass through evolving gravitational
potentials along the line of sight. The gravitational potential only evolves
during radiation and A domination, giving rise to the “early” and “late” ISW
effects. In a universe dominated by matter, the gravitational potentials remain
static, resulting in ® = ¥ = 0, causing the ISW effect to disappear. This
occurs because the blue and red-shifts cancel out when the photon falls into

and climbs out of the potentials.

38 Also known as the Sachs-Wolfe contribution.
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Using Equation 1.5.3.1, we can relate the observed temperature fluctuation

today to the fluctuation at recombination as:

o7
T

oT 10 . .
_ ( +U - v> + [ dn(d+ B). (1.5.3.15)
0 T rec Threc

Here we have omitted terms that depend on the gravitational potential and the
peculiar velocity at the observer, as they only contribute to the monopole and
dipole term. Furthermore, we can use the Stefan-Boltzmann law p, oc T* to
relate the temperature fluctuation at recombination to the radiation overdensity as

0T/T = §,/4. Combining these results, we arrive at the following expression:

oT , . 0y R R 0 . .
T (Il) Z +¥—n-v (nreca Xrecn) + . dn <(I) + \I/)(T], XII), (15316)

where y = 19 — n is the comoving distance along the unperturbed photon trajectory.

1.5.3.2 Angular power spectrum

The temperature fluctuation 07°/T is defined on a sphere, and its decomposition

is best achieved using spherical harmonics:

LA
= Zagm Yom (R - /dn 7)Y, (f). (1.5.3.17)

For a statistically isotropic field, such as 67/T, the angular power spectrum Cj is

defined in a manner similar to the power spectrum P(k):
<a€ma2m/> =y 6@6’5mm’- (15318)

Our objective is to establish a connection between the C; of the CMB and the
primordial power spectrum A% (k), as defined in Eq. 1.4.3.21. We examine a quantity
f(n) defined on the sphere, which is obtained through integrating along a radial

lightcone over a three-dimensional quantity F(x,n):

F) = [ dpas () F (i, n), (1.5.3.19)

where ¢(x) is a radial kernel. If F' is linearly related to the primordial curvature
perturbation Ry by a transfer function Tr(k,n), where k is the wave number

and 7 is the conformal time:
Fic(n) = Tp(k, n) R (1.5.3.20)

then the harmonic coefficients of f are related to Ry through:

dk

Jom = ﬁk2 /dnk Y, () Ry, (1.5.3.21)
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where n, = k/k, and

Af (k) = /dx 0o (X) Tr(k,n) je(kx). (1.5.3.22)

We can demonstrate this by decomposing F' into its Fourier coefficients and using

the plane-wave expansion:
e =4 3" Go(kx) Yo (R) Yo, (fue), (1.5.3.23)
Im

where j,(z) is the spherical Bessel function of order ¢. To obtain the angular
power spectrum of f, we square the coefficients f,, and compute the average over
multiple realizations of the primordial metric fluctuations. Using Eq. 1.4.3.19 for

the primordial power spectrum, we arrive at the following expression:
dk
of = 47r/? AL (R)2 AL (k). (1.5.3.24)

Generally, a projected quantity like the temperature fluctuation in the CMB can
be a sum of multiple contributions, denoted as f(n) = Y, fs(f1), and the previous

expression can be easily extended to:

of = 4n / ‘Z“ (Zﬁ Ag(k)Af(k)) A2 (k). (1.5.3.25)

It is important to note that while the above analysis is applicable to the 4., Sachs-
Wolfe, and ISW terms in equation Eq. 1.5.3.16, we need to adjust the definition
of Ag for Doppler-like terms with the following form:

Mo
gh) = [ dng,(x)h-v. (1.5.3.26)

In this case, the angular transfer function reads:

Al(k) = — / dx qg(X)XTa(k,n)jé,iZX),

(1.5.3.27)

where Tjp is the transfer function for the velocity divergence, and jj;(z) = dj,(z)/dz.

1.5.4 Tensor perturbations to polarisation anisotropies

As we have seen in Sec. 1.4.3, other than scalar perturbations, there are other types of
gravitational perturbations in the early Universe, in particular tensor perturbations
or primordial gravitational waves (PGWs), described in Sec. 1.4.3.3. These imprint
specific patterns in the CMB polarisation, which can be decomposed into two distinct
modes: F-modes, which arise from scalar perturbations, and B-modes, which arise
from tensor perturbations. Here we discuss how these polarisation anisotropies are

generated. The information presented in this section draws from [26, 53-56].
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1.5.4.1 Origin of CMB polarisation

The CMB polarisation arises when the primordial photons are scattered by hot
electrons on their way to us. Thomson scattering is the process responsible for
this phenomenon, whereby incoming radiation is absorbed and re-emitted by an
electron in a different direction. The scattered radiation is polarised in a direction
perpendicular to the original polarisation, with the intensity of the scattered
radiation peaking in the direction normal to the incident polarisation.

z /1 z 1

X X

Figure 1.2: Thomson scattering of incoming isotropic (left) and dipole (right) radiation.
The black lines in the diagram represent radiation with an average intensity, whereas
the violet (thicker) and orange (thinner) lines correspond to radiation that is hotter or
colder than average, respectively. Despite these variations in intensity, the net effect of
Thomson scattering is the emission of outgoing unpolarised light, which holds true for
both isotropic and dipole radiation.

Suppose a plane wave of light is moving towards the origin along the z-axis,
with electric and magnetic fields oscillating in the y-z plane. If the intensity in the
transverse directions (y, z) is equal, the light is unpolarised. For example, consider
an electron being bombarded by unpolarised isotropic radiation (monopole) from
all directions. Figure 1.2 represents a simplified version of this scenario, where
only two directions (+2 and +4) are shown. Since the incoming amplitudes from
both directions have equal intensity, the outgoing radiation along the x and y-axes
will have equal intensities, resulting in unpolarised outgoing radiation along the 2
direction. Therefore, isotropic radiation does not produce polarisation.

Incoming dipole radiation also does not produce polarisation. For example, when
incoming radiation is hotter (colder) than average from the +x(+y) direction and
colder than average from the —z(—y) direction, the outgoing intensity along the

x-axis comes from the +y incident radiations that have an average temperature.
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The two rays from the 4z directions also produce an outgoing intensity that is
neither hot nor cold along the y-axis because it is just equal to the average intensity
of the incoming rays in along the £z direction. Since these have the same average
intensity, the intensity of the outgoing wave along the x and y axes are equal,

resulting in outgoing unpolarised radiation.

A
V4 T Linear
Polarization
-—
Thomson
Scattering
Quadrupole
/ Anisotropy
X

Figure 1.3: When radiation undergoes Thomson scattering with a quadrupole anisotropy,
it results in linear polarisation. The thicker violet lines correspond to hot radiation, while
the thinner orange lines indicate cold radiation.

Polarised radiation is produced when the incident radiation field has a quadrupole
variation in intensity (i.e. temperature). This can happen when the average incoming
radiation from one direction is hotter or colder than it is from another direction
(see Fig. 1.3 for an example). Thomson scattering can generate polarisation in the
cosmic background radiation if there is a quadrupole anisotropy of the photon flux at
one point on the last scattering surface. However, this can only occur during a short
period around recombination®’, so the amplitude of the polarisation is expected to
be smaller than the temperature anisotropies. Late re-ionisation can enhance the

polarisation at large scales, but the polarisation signal is still expected to be small.

1.5.4.2 Formalism

After explaining how Thomson scattering generates polarisation, our goal is now
to develop a formula that describes the @) and U components of polarisation for
the scattered radiation by summing over all incident rays. To do this, we first

define the polarisation vectors for the outgoing beam of light. Specifically, we

39Prior to recombination, the density of electrons is so high that the mean free path of photons
is too small to generate a quadrupole moment. Conversely, after recombination, the electron
density is too low to result in significant Thomson scattering.
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let €; be perpendicular to the scattering plane, and é; be in the scattering plane.
We can use the Thomson scattering cross-section to describe the process of an
incident wave with linear polarisation € being scattered into a wave with linear
polarisation €. This cross-section is given by

do 307 ., .2
=L g

dQn/ N 8

(1.5.4.1)

Here, or is the total Thomson cross-section, and df2, is the differential solid angle
in the direction of the incoming ray 7’'.

Let’s begin with an unpolarised incident plane wave with intensity I’. This
means that the @, U’, and V' polarisations of the incident wave are all zero. The @
polarisation of the outgoing wave can be obtained by taking the difference between
the cross-sections for photons polarised in two different directions, é; and é;. Using

this, the following equation is obtained [54]:

o7 &
QI&T(Z €y - € (0)

j=1 j=1

2) (1.5.4.2)

where 72/ is the direction of the scattered radiation, and €} represents the polarisation
vector of the scattered radiation. To simplify things, we can assume that the 2
axis is along the propagation direction of the scattered light. In this case, we can
choose the two outgoing polarisation axes to be €, = Z and é; = ¢. By integrating

over all directions of 7/, we arrive at the following expression:

Q(2) 3UT/dQ T (7 (

BJT/dQ I’ (7') sin? @' cos (2¢) . (1.5.4.4)

2
¢ (i)

J - g : é\,‘ (ﬁ'/)

J

2) (1.5.4.3)

where in the last equality the dot products have been simplified by expressing €| and
€, in terms of Cartesian coordinates, i.e. € (6, ¢') = (cos 8’ cos ¢, cos #' sin ¢', —sin ¢'),
& (0,¢) = (—sing’,cos¢',0).

Similarly, we can obtain the expression for U(2). The polarisation’s U-component
is directly proportional to the difference between the cross-sections for outgoing
photons polarised in the (& + §)/v/2 and (& — §)/v/2 directions. Consequently,

the U-component is derived as follows:
2)

A ~ 2
U(2) SUT/dQ T (i (‘(2}”) L& ()

3UT/dQ ' (') sin® @' sin (2¢) . (1.5.4.5)
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The polarisation in the Z-direction will then have the form
Q(5) — iU (2) = 3UT T [0, sin? 0 (0, 8) (1.5.4.6)
We can further expand the incident intensity by spherical harmonics
= ap,Yem (0, 0') (1.5.4.7)
tm

Using the orthonormality of the Y}, and considering that the integrand in Eq. 1.5.4.6
is proportional to Ya, (¢',¢') = \/15/321e*? sin? ', Eqs. 1.5.4.6-1.5.4.7 lead to

Q- iU)(2) = ?;"\/ﬁ ', (15.4.8)

Thus, polarisation is generated along the outgoing Z-azis provided that the ab,
quadrupole moment of the incoming radiation is non-zero. To determine the outgoing
polarisation in a direction making an angle § with the z-axis, the same incoming

radiation I’(2) field must be expanded in the new coordinate system
I'2) = _f (ot ) ZaZngm Trot) (1.5.4.9)

where T refers to the quantities in the frame 7, = R(3)2. The rotated multipole
coefficients are

m
i, = / iy Yy (Mo ) () = S DL (R(B)) (1.5.4.10)
m/'=—m
where D!, is the Wigner D-symbol. We see that only a3, components of incident
radiation contribute to a}, which generates the polarisation in the 7, direction.

Hence the polarisation in the new direction is

30, [2
(Q = iU) (fror) = 5 - or |1 Z D2 (fiyor)dly, (1.5.4.11)

Thus, the total scattered radiation in any direction of sky is polarised only if there

exists a non-zero quadrupole moment in the incident radiation field.

In the previous passage, we derived the polarisation state () — iU) of the scattered
radiation by first obtaining the polarisation in the Z direction in Eq. 1.5.4.8 and then
using the Wigner D and the rotation matrix to find the general spatial dependence

for polarisation in a general direction 7 (Eq. 1.5.4.11).
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For a given incident radiation I’, it is possible to show [see, e.g. 53] that a scalar

perturbation would induce a variation with the following angular dependence:

1
§1(6,p) o cos* O — 3 (1.5.4.12)

thus the incident radiation induces only m = 0 contributions to the sum in
Eq. 1.5.4.11. Thus, only E modes are present in the spherical harmonic transform
of the polarisation. The angular dependence caused by a tensor wave can instead

be derived as:
d1(0, ) x (1 — cos? 9) cos 2. (1.5.4.13)

The incident radiation induces m # 0 modes in Eq. 1.5.4.11, due to the dependency
on ¢ in the Equation above, resulting in both F- and B-modes in the spherical
harmonic transform of the polarisation. For the full derivation and further discussion,

refer to [53, 56].

1.5.5 Secondary anisotropies

The CMB also carries information about the large-scale structure (LSS) of the
Universe and the physical processes that occurred after the CMB was emitted. As the
CMB radiation propagates, it interacts with the matter and radiation it encounters,
leaving imprints on the CMB that are known as secondary anisotropies. Secondary
anisotropies can arise from a variety of physical processes, both gravitational and
scattering in nature, and can provide valuable information about the distribution
of matter in the universe, the properties of dark matter and dark energy, and the
history of the universe from the time of the CMB emission to the present day. Since
the work presented in this thesis mainly focuses on CMB primary anisotropies,
and in particular B-mode polarisation, we only briefly describe the effects that

induce secondary anisotropies in what follows.

1.5.5.1 Gravitational lensing

The LSS in the Universe can bend the path of CMB photons as they travel towards
us. This effect is called gravitational lensing. This effect does not directly modify the
intensity of the CMB, but it leads to a reshuffling of its observed angular coordinates,
causing CMB patterns to appear distorted. For polarisation, lensing can convert
FE-modes to B-modes, giving rise to the so-called “lensing B-modes”. As intensity is
conserved, the induced changes in the statistical properties of the CMB fluctuations

are second-order effects. Nonetheless, they can be detected with high significance
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in CMB data, making gravitational lensing a powerful tool for studying the LSS
and evolution of the Universe. For more information, refer to [e.g. 26, 57, 58].
On the CMB temperature fluctuations, gravitational lensing remaps the unlensed
temperature distribution. The lensed fluctuations, d7”, relate to the unlensed, 67,
via the lensing potential ¢, which depends on the gravitational potential along
the line of sight. The displacement associated with the gradient of ¢ changes the

photon paths, and a first-order Taylor expansion yields the expression:
6T'(0) = 0T(0 — 06) ~ 6T (0) — Vyopr(0) - Voo T (), (1.5.5.1)

which in Fourier space, for an angular wave vector 1, reads:

&2V
U (1=1) @y 6Tiy. (1.5.5.2)

Ty =oTi + | 27)

Since the LSS that contributes to the lensing potential ¢ is mostly at low
redshifts (z < 10), while CMB photons were emitted at higher redshifts (z ~ 1100),
then ¢ and 07T are not strongly correlated with each other. However, the lensing
effect can induce correlations between different Fourier modes of the temperature
field. In fact, for a fixed ¢, the second term in Eq. 1.5.5.1 breaks the statistical
isotropy of the unlensed temperature fluctuations, inducing correlations between
different Fourier modes. The correlator of two lensed temperature modes with

different wave vectors 1 # 1’ can be expanded to lowest order in ¢, as follows:
(6TV6Ty )y, = ACF =1C)) - ®pyy (1-1), (1.5.5.3)

where the notation (--- )¢, denotes ensemble averaging for a fixed ¢. To estimate
O, 1, for a given mode L, the products of lensed temperature modes 67{07}* can

be combined such that 1 — 1" = L, using the quadratic estimator:

2
by = /(;Tl)zaﬂ §Ti1 g(1,L). (1.5.5.4)
The optimal kernel g(1, L) can be determined by minimising the variance of the
resulting lensing potential map [58]. Lensing reconstruction produces maps of the
lensing convergence at the surface of last scattering, which contain information
about matter density fluctuations integrated along the line of sight from z = 1100.
By cross-correlating these maps with other tracers of matter fluctuations at specific
redshifts, we can study the growth history from recombination and recover the
redshift dependence of structure growth. This is a powerful tool for studying the

nature of dark energy and modified gravity.
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1.5.5.2 Scattering effects

Sunyaev-Zel’dovich (SZ) effect. The SZ effect describes the scattering of CMB

photons by ionised gas in galaxy clusters. There are two components of the SZ effect:

1. The thermal SZ effect (tSZ) is caused by the random motion of electrons in
the hot gas of galaxy clusters, resulting in a distortion of the CMB spectrum
away from a perfect blackbody. This effect can be measured by analyzing
the temperature of the CMB at different frequencies, which allows for the

separation of the SZ signal from other astrophysical sources.

2. The kinematic SZ effect (kSZ) is due to the bulk motion of the gas in galaxy
clusters along the line of sight, causing a shift in the temperature of the CMB.
This effect does not modify the shape of the CMB spectrum, but it can still
be detected by analysing the temperature fluctuations in the CMB.

Both the thermal and kinematic SZ effects are important probes of the properties
of gas in galaxy clusters and the large-scale structure of the Universe. Ongoing and
planned experiments are dedicated to measuring these effects with high precision,

which will provide valuable insights into the nature of the Universe’s evolution.

Integrated Sachs-Wolfe (ISW) effect. This effect arises from the fluctuating
gravitational potential of the LSS. As photons pass through regions of varying
density and gravitational potential, their energy is affected. In the presence of
accelerating expansion of the universe, photons travelling through less dense regions
lose energy, while those passing through denser regions gain energy. This results

in a small temperature shift in the CMB.

Reionization. This refers to the process by which the neutral hydrogen gas in the
early universe was ionized by the first stars and galaxies that formed. Reionization
can be thought of as the opposite of recombination, when the ionized gas that
resulted from the Big Bang cooled and recombined into neutral hydrogen gas.
Reionization occurred at a redshift z., = 8, when the first generations of
galaxies began to radiate ultraviolet and X-ray photons that heated and ionized their
surroundings and eventually the entire intergalactic medium. As for recombination
(see Eq. 1.3.4.5), we can define the optical depth to reionization, denoted by Treio. ,

which measures the probability that a photon travelling through the Universe will
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interact with an electron before reaching us. It is defined as a line-of-sight integral

along the free electron fraction from reionization, X.(z):

(1+ 2)?

R (1.5.5.5)

Zmax
Treio. = nHUT/O dzX(z)

where ngy is the total number density of hydrogen nuclei today.

The effect of reionization on the CMB temperature power spectrum is a
suppression of power at small scales (large multipoles) due to the scattering of CMB
photons by the ionized gas. This suppression factor is given by e~27eie- | In addition,
reionization creates a bump in the polarisation power spectrum at large scales (small

multipoles), which scales in power as 72

reio.

. At scales ¢ 2 20, the effect of reionization
is heavily correlated with the A, parameter, which determines the overall amplitude
of the primordial power spectrum. Therefore, precise measurements of the E-mode

polarisation are crucial for improving our constraints on Tyeo. -

1.6 Physical Significance of PGW discovery

Should the predictions of the leading models concerning the Hot Big Bang’s origin
prove accurate, CMB polarisation experiments could uncover the mark of primordial
gravitational waves (PGWs) in the CMB’s polarisation pattern. This finding carries
enormous potential for opening up a new avenue to the primordial universe, providing
evidence for the quantisation of gravity, uncovering new physics at the level of

grand unified theories, and offering insights into nature’s symmetries.

Constrain models of inflation or rule it out. Simple inflationary models have
the ability to create measurable tensor perturbations. The current upper limit on
the tensor-to-scalar ratio r has already ruled out certain slow-roll inflation models
[59]. However, there is a strong motivation [32, 52] to further lower the current limits
as certain large-field plateau models predict a non-negligible value of r 2~ 0.003 [60].
The forthcoming generation of CMB experiments aims to either detect or exclude a
signal at the » = 0.001 level at a few o significance using the B-mode amplitude.
A signal at this level would provide evidence for certain inflationary models [61,
62], such as r o< 1/N? models (e.g. Higgs or R? inflation) [63, 64].

Conversely, cosmologies that do not rely on inflationary models propose a
bounce as an alternative to the big bang singularity, which would result in a
seamless transition from contraction to expansion [65]. The gradual contraction
phase preceding the bounce would smooth and flatten the universe, generating

nearly scale-invariant super-horizon perturbations of quantum origin that would
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eventually give rise to the structure in the post-bounce universe [66]. Detectable
tensor perturbations are not expected in these models, meaning that a detection
of primordial B-modes would serve as evidence against them.

Besides the tensor-to-scalar ratio, exploring the large scale polarisation signal
can be utilised to investigate the constraints on the tensor tilt, ny. These can be
used to test consistency of different inflation models, whereby simple inflationary

models predict r = —8ny.

Non-standard correlations. The information could be used to detect the
existence of non-standard correlations such as non-zero T'B and EB, produced
by early or late occurrences, such as chiral gravitational waves and Faraday
rotation [67-71].

Energy scale of the early Universe. For slow roll inflation, ¢*> < V so
Eqns. 1.4.2.9,1.4.2.10,1.4.2.4,1.4.3.25,1.4.3.28 together lead to a relation between

the energy scale of inflation V'/4 and the tensor-to-scalar ration 7:

1/4
VU & (?’;rzrps> / Mp) ~ (0.501>1/4 101GeV (1.6.0.1)
where in the last equality we have used the fiducial values at r = 0.001,ky =
0.05Mpc™" and In (10" A4,) = 3.089 (the value given in [52]), Mp; = 2.43 x 10'GeV.
Thus, the energy scale observed during inflation aligns with the energy level predicted
by Grand Unified Theories (GUTs), only a few orders of magnitude below the Planck
scale. This has enormous implications for high-energy particle physics. At present,
the unification of gauge couplings and the lower limits on proton lifetime provide
the only hints of physics at such high energies, which are beyond the capabilities

of human-made ground particle colliders [72].
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It doesn’t matter how beautiful your theory is, it
doesn’t matter how smart you are or what your name
is. If it doesn’t agree with experiment, it is wrong.

— Richard Feynman

Chapter 2

CMB Observations
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2.1 CMB Observables

In the following Chapter, we will explore the temperature and polarisation anisotropies
as the two primary observables of the Cosmic Microwave Background (CMB). We
will specifically focus on the unique indicators of primordial gravitational waves
(PGWs) in these observables and highlight why polarisation presents a highly

encouraging approach for detecting them.
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2.1.1 Stokes parameters and coherency matrix

The polarisation of the CMB can be described statistically in terms of the two com-
ponents of an electromagnetic wave with frequency v propagating in the z-direction.
E.(n) = A.(t)cos (vt — 0,(t)) (2.1.1.1)
E,(n) = Ay(t)cos (vt — 6,(t)). (2.1.1.2)
where A, A, are complex amplitudes of the transverse electric field E. The

polarisation of the CMB arises when these two components are correlated. All the

statistical information is encoded in the coherency matrix:

_ [ (AP (Aaay) _1<I+Q U—iV)
@A) (A0 ) 2\ U+iV T-Q )

and I,Q, U, V are the Stokes parameters. These are defined locally by time-averaging

(2.1.1.3)

over the amplitude and phases of the electromagnetic wave in each direction n:
(AZ) +(A2) (2.1.14
(A2) - (A7) (2.1.1.5
(
(

2A,A,cos (0, —0,)) 2.1.1.6

)
)
{ )
(24, A, sin (6, — 0,)) 2.1.1.7)

I
Q
U
1%

where (... ) represent expectation values. These parameters describe the intensity
I (or temperature T') and polarisation, both linear (@, U) and circular (V'), of
the CMB in each direction n in the sky.

2.1.2 Spherical and spin-2 harmonics decomposition

As we measure temperature and polarisation on the sky, which is the surface of
a sphere, we need to use the spherical harmonics and spin-2 tensor harmonics

to decompose them.

2.1.2.1 Temperature

The temperature anisotropy of the CMB is a scalar field, so it is invariant under
rotation and has zero parity (spin-0). Hence it can be expanded using the standard

plane-wave decomposition (Fourier transform) on the celestial sphere:
T(R) = ap,Yem(R) (2.1.2.1)
Im

where Yy, (1) are the spherical harmonics, and 7 = (6, ¢) is the unit vector along the
line of sight, corresponding to a given pixel. Since T'(72) is real, the decomposition

coefficients have to satisfy the reality condition aj,, = (—1)"as—p,.
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2.1.2.2 Polarisation

In the case of polarisation, it is convenient to work with a complex linear combination

@ +U. For counter-clock wise rotations by an angle 1,
(Q £iU) (h) = e™¥(Q £iU)(n) (2.1.2.2)

This property shows that () iU has the spin of £2 (or F2, depending on one’s
definition). This means we cannot decompose ) £ iU into the ordinary plane-
wave decomposition, we need the spin-2 decomposition [73, 74]. Expanding in
spin-weighted harmonics Y}, (7) (see Appendix A.3 for more details), we get
the spin-2 quantities

(QxiU)(R) = atomaaYem(R) (2.1.2.3)

m

where a*, . = a2_m. For Q,U, we can use spin raising/lowering operators (0 / 0)

to obtain spin-0 quantities, similarly to 7"

(¢ +2)!

1/2
9*(Q +iU)(h) = Z[ ] a2, tm Yem (1) (2.1.2.4)

(£ —2)
Q- i) =% [E — 2; ] @2.0mYim () (21.2.5)

where 0 = — (0, +1i0,), and 0 = — (0, — i0,).
Combining equations 2.1.2.3, 2.1.2.4 we obtain the expansion coefficients:
azom = [ d9Y5, (7)(Q +iU)(R)

- [

@z = [ dQ Y, (R)(Q — iU)(7)

[T v e @ien

]1 / dQY; (R)F(Q +iU)(A) (2.1.2.6)

These are useful to define the linear combination:

al = — (agm + a_oem) /2
B

) 2.1.2.8
Ay, = 1 (a2,ém - a—2,€m) /2 ( )

We can use these to define two spin-0 quantities E, B [73]:

1/2
B(#) = —5 [(Q +iU) + 0(Q — iU)] = > [Eﬁ i ZN 0E Yom(R)  (2.1.2.9)

. 1/2
B(A) = £ [*(Q + i) - 9*(Q - iU)] = ;[“2);]
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where the pattern of F remains unchanged under parity transformation (electric

parity), while B changes sign (magnetic parity)' [72].

2.1.3 Statistics of the CMB

Using the expressions above, we now want to extract information about the statistical
properties of the ay,’s of the CMB perturbations. As predicted by inflation, the
primordial perturbations are expected to be highly Gaussian and their evolution is
well approximated by linear theory at least until last scattering. Thus, we anticipate
that the CMB anisotropies will also follow Gaussian statistics, and they are so small
that the universe is globally isotropic. If we treat the expansion components in
Eqns. 2.1.2.1 and 2.1.2.3 as independent Gaussian variables, their distribution can
be completely characterised by the mean and the variance?. Their average value

vanishes <a£m> = <a£m> = <a£m> = 0, and their covariances are given by:

<azfm/aem> O G (2.1.3.1)
<a£, 'azm> = C7F6060mm (2.1.3.2)
(agimpagy,) = CPP00imm (2.1.3.3)
(agmoat,) = Cf Eémémm (2.1.3.4)
<a£, 'a£m> = <0w /%m> =0 (2.1.3.5)

where CXY are the angular power spectra®, defined as the ensemble average of
the coefficients over all realisations of the sky. Here, 0 is the Kronecker symbol,
which is introduced since the ag,’s are independent random variables, i.e. the
covariance is diagonal in ¢ and m, and it is m-independent due to isotropy. The
cross correlations in 2.1.3.5 vanish if the parity is respected in the average (since
B has opposite parity to T and E). Therefore, we only need four power spectra
to describe the statistics of the CMB, C7T, CFF CPB CTE. The angular power
spectra can be related to the 2-point correlation function in real space, £(f), as

described in more detail in Appendix A.4.

ISimilarly to the electric (“gradient”) and magnetic (“curl”) fields.

2A Gaussian distribution is fully characterised by a mean (1) and a variance (02). This is
because all higher odd moments of the distribution are 0, and even moments can be written in
terms of the variance (Wick’s theorem).

3More specifically, when X = Y, the ensemble average for a single field is called the “auto”
power spectrum, and for two different fields (X # Y") is the “cross” power spectrum.
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2.1.3.1 Power spectrum estimation

All the information contained in the CMB perturbations is therefore summarised
in their power spectra, which measure the amount of power at each angular scale
in the CMB fluctuations, and are rotationally invariant quantities. Ideally, the
ensemble average of the ay,’s should be measured on an infinite number of sky
realisations. In practice, this is not possible (we can only observe a single realisation
of the CMB field).

Full sky. A statistical estimator of the observed C; is used instead®, by calculating
the mean on m modes, i.e. m = 2¢ 4+ 1 modes for each ¢:

R 1 .
the sum of the square of the normal Gaussian variables ay,, with v = 2¢ 4+ 1 degrees
of freedom are X2 distributions, whose expectation values (C;) = C; (i.e. the
estimator is unbiased).

The uncertainty in the estimated C}’s, due to the fact that only a finite number

of modes can be observed, is given by the cosmic variance:

Lmax

Cov [E7,62W] = (262+1)£ZK: CXY Caw (2.1.3.7)
which can be derived using the Wick’s theorem®. The cosmic variance therefore
decreases as the number of observed ¢ modes increases. For high ¢ modes, where
many m modes can be observed, the cosmic variance is not a major source of
uncertainty. However, for low ¢ modes, corresponding to large angular scales, the

cosmic variance can be a dominant source of uncertainty [75].
The power spectrum of the CMB fluctuations C can be estimated numerically
from the power spectrum of the fluctuations generated by inflation P (k) using one

of the publicly available codes: CMBFAST, CAMB, CLASS [76-78].

4In the Oy estimator, the ensemble average can be replaced with an average over different
positions and directions. According to the ergodic hypothesis, different regions that are far apart
in the sky are statistically independent of each other and can be seen as different realisations of
the same stochastic process. As we can only observe the CMB field at a specific location and time,
we are left with an average over different directions or values of m.

®The Wick’s theorem states that for a Gaussian field, any N-point ( N-even) statistics can be
written as a function of the 2-point correlation.
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Partial sky. In practice, an observed map a is typically modelled as the product

of the true map a and a weight map w:
a(h) = w(n)a(n). (2.1.3.8)

While we will focus on scalar fields like T for simplicity, the techniques used can
be extended to fields of any spin, including spin-2 such as ) and U, as discussed
in detail in [79]. The weight map can be interpreted as a mask that identifies
which pixels have been observed (w = 1) and which have not (w = 0), as well as
a local weight that inversely scales regions of high noise.

The observed field a can be expressed as a convolution of the spherical harmonic
coefficients of the true field m and the weight map w. This results in mode coupling
between the power spectra of the observed and true fields. This is quantified with
the “coupled pseudo-C,” C$*. The relation between C¢° and the true underlying

power spectrum Cgb is given by
(Ce") =S Mgrcsy, (2.1.3.9)
gl

where the coupling between different ¢ modes is captured by the mode-coupling
matrix (MCM) M, which depends only on the weight maps of the two fields being
correlated. The MCM relates the observed coupled power spectrum to the true
underlying power spectrum via a matrix multiplication. The MCM can be computed
analytically and efficiently using the orthogonality of the Wigner-3;j symbols, as
demonstrated in [80]. Explicit expressions for the MCM of different combinations
of spin-0 and spin-2 fields can be found in [79]. In the limit of full-sky data, the
MCM reduces to the identity matrix, and departures from this limit give rise to a
statistical off-diagonal coupling between neighbouring multipoles. However, in many
practical cases, the MCM is non-invertible, meaning that the coupled pseudo-CY
cannot be turned into an unbiased estimator of the true power spectrum C%.

The pseudo-Cy estimator then proceeds along the following three steps:

1. Binning. To regularise the mode-coupling matrix (MCM), we employ binning
of the power spectra into bandpowers that are represented by weighted sums
of different ¢ values as follows:

et =3 BICy (2.1.3.10)

leq
where ¢ represents a bandpower and Bg is the weight associated with the /-th
multipole moment in that bandpower. The binned MCM is then defined as:
v =" N BIMGY, (2.1.3.11)

leq leq
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which can be invertible for sufficiently broad bandpowers and serves as a

regularisation technique for the MCM.

2. Inverting the MCM. Inverting the binned MCM, and removing the mode-

coupled noise power spectrum N¢®, returns the decoupled bandpowers:

égb = (Mvw)q—ql/ (@gﬁ — N;b) 7 (2.1.3.12)

ql

3. Bandpower convolution. é’gb can be related to the theoretical power spectrum

C/% by convolving it with the bandpower window functions Fq¢"":

CP® =" FurCy, (2.1.3.13)
l
where
Fut =3 (M) 0 3 wh M. (2.1.3.14)
q/ g/eq/

are obtained through a fast matrix-vector multiplication involving the binned
MCM and the mode-coupling matrix M;/j, which describes how different
modes of the power spectrum are coupled due to finite pixel size and partial

sky coverage.

When analysing spin-2 quantities, a mask can not only lead to coupling between
¢ modes, but also to coupling between the two polarisation modes, F- and B-modes.
To avoid the F-mode variance from leaking into the B-modes, this effect should be

removed at the map level, a procedure known as B-mode purification [79, 81, 82].

2.1.4 Observations

The CMB is studied by measuring its temperature and polarisation anisotropy maps,
which can be decomposed into their respective harmonic modes (see Sec. 2.1.2),
and then cross-correlating the different modes one obtains the power spectrum, as
explained in Sec 2.1.3. Each power spectrum provides distinct information about
the physics of the CMB. The different effects that generate primary and secondary
anisotropies can be observed at different angular scales, producing characteristic

patterns in the power spectra. These patterns are briefly examined in what follows.
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Figure 2.1: The CMB temperature power spectrum calculated with CAMB, as a function
of the multipole ¢, which relates to the angular scale as ¢ ~ 7/6. Different regimes are
enlightened, which are discussed in detail in Sec. 2.1.4.1.

2.1.4.1 Temperature

The CMB temperature anisotropies have an amplitude that is about 10° times
smaller than the average background temperature, which reflects the remarkable
homogeneity of the primordial Universe.

In the temperature power spectrum C}7T, displayed in Fig. 2.1, three main

regions can be distinguished:

1. Sachs-Wolfe region — In the low ¢ region (¢ < 100) of the power spectrum,
corresponding to large angular scales, the anisotropies are dominated by the
early-time Sachs-Wolfe effect, which occurs during the radiation-dominated
era before recombination. In other words, the Sachs- Wolfe plateau represents
the angular scales where the density perturbations in the early Universe were
still in the linear regime, and the gravitational potential fluctuations were not
yet affected by the growth of structures. At ¢ < 5, there is a small upturn in
the power spectrum shape, known as the Integrated Sachs-Wolfe (ISW) rise,
due to the effect of time-varying gravitational fields at very large scales. In
particular, varying dark energy equation of state could be probed through the
ISW rise. However, measurement uncertainties in this region of the spectrum

are dominated by cosmic variance.
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2. Acoustic peaks: at intermediate angular scales (100 < ¢ < 1000), the
anisotropies are mainly due to acoustic oscillations of the photon-baryon fluid
before the decoupling of matter and radiation. These oscillations generate
peaks and troughs in the temperature power spectrum. The position and height
of the peaks are sensitive to the geometry, expansion rate, and composition of

the Universe.

3. Silk damping tail: At small angular scales (¢ 2 1000), the photon-baryon
fluid is tightly coupled and diffusion of photons smooths out the small-scale
fluctuations, and suppresses the power spectrum, leading to the so-called Silk
damping tail. Another effect that contributes to the damping is the finite
thickness of the last scattering surface, which arises because the decoupling
of photons from matter is not an instantaneous process. As a result, a given
observed mode can have contributions from physical oscillation modes that
have decoupled at different moments, leading to a loss of coherence in the
temperature fluctuations. At very high multipole moments (¢ 2 4000), the
acoustic peaks become indistinguishable due to the dominance of secondary
anisotropies (see Sec. 1.5.5), due to e.g. the kSZ effect, the Rees-Sciama effect

and point sources °.

2.1.4.2 Polarisation

The amplitude of the polarisation anisotropies is much smaller than that of the
temperature anisotropies. If the latter have an amplitude of about one part in
100,000, or 10~°, the E-mode polarisation anisotropies have an amplitude of about
one part in a million, or 107%, and the lensing B-mode polarisation anisotropies
are even smaller, at most one part in ten million, or 1077 — 10~8. The polarisation

spectra are shown in Fig. 2.2.

E-modes The EFE power spectrum is generated by the same physical process
as the temperature anisotropies, i.e. the density fluctuations in the primordial
Universe. This means that the global structure of the E-modes power spectrum
is similar to that of the temperature power spectrum. However, the phase shift
between the velocity field and the density field causes the EF-modes to be out of

phase with the temperature modes in the harmonic domain.

5The Rees-Sciama effect is caused by arises from the time variation of the gravitational
potential along the line of sight due to non-linear growth (unlike ISW), while point sources refer
to extragalactic sources, such as radio galaxies and quasars, that can produce non-negligible
temperature fluctuations in the CMB.
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Figure 2.2: E-mode and B-mode power spectra calculated with CAMB, described in
Sec. 2.1.4.2. The amplitude of the former is 103 times larger than the amplitude of the
latter. The lensing BB spectrum (blue) can be distinguished from the primordial BB
spectrum (dashed lines), plotted for different values of the tensor-to-scalar ratio r.

Another important feature of the EF-modes power spectrum is the reionisation
bump at low ¢, which arises due to inverse differential Thompson scattering during
reionisation. The amplitude and position of this bump can be used to measure the
optical depth to reionisation, 7, and the redshift of reionization, z.ion, respectively’.
The precise measurement of these parameters can help us better understand the
epoch of reionization. It is worth noting that the primordial B-modes power

spectrum is also expected to exhibit a similar structure due to reionisation at low £.

B-modes Here, we focus on the power spectrum of primordial B-modes, which are
distinct from lensing B-modes that will be discussed in the subsequent section. The
amplitude of the power spectrum of primordial B-modes is directly proportional
to the tensor-to-scalar ratio r (see Eq. 1.4.3.28).

The shape of the power spectrum for large angular scales of primordial B-modes
is similar to that of F-modes, with a visible reionisation bump at low ¢, as shown in
Figure 2.2. In order to align with the predictions of a range of admissible inflationary

models (see Sec. 1.6), forthcoming experiments have set a goal to measure r at a

"Note that a - degenerated - measurement of 7 can be obtained thanks to the amplitude of the
power spectra that scales like A,e~27. Moreover, the position of the reionization peak relates to
the redshift of reionisation as lreion. X v/Zreion. -
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Figure 2.3: Theory power spectra (T'T, EE, BB) that are derived from Planck (2013)
parameters and calculated using CAMB [77] including the gravitational lensing contribution
(in black), compared with the data coming from several experiments over the years,
including Planck [22], ACT [83], SPT [84], WMAP [21], QUIET [85], POLARBEAR [86],
QUAD [87], BICEP1 [88] and BICEP2/Keck Array [89]. The line of the B-mode power
spectrum includes » = 0.1 tensor modes, and overlaps with the fits to the BICEP2 data.

substantially reduced value of 0.001, which is within the capabilities of realistic
detectors. Thus, this discovery would be a significant milestone in cosmology,
confirming one of the key predictions of inflation.

Ground experiments mostly focus on small patches of the sky to measure the
primordial B-modes recombination peak at ¢ ~ 80, which corresponds to less than
a one-degree-wide sky patch. However, measuring the power spectrum of B-modes

at larger angular scales, is only possible from space.

2.1.4.3 Measurements

Several experiments have measured the CMB temperature and polarisation fields
over the years, and are described briefly in this Section. In Figure 2.3, some of

these measurements are compared with the 7', EE and BB spectra calculated



68 2.1. CMB Observables

using CAMB, including gravitational lensing and tensor modes (the latter, only

for the B-mode spectrum).

Temperature In the 1970s, the existence of CMB temperature anisotropies
was predicted, but it was not until 1992 that they were first measured by the
satellite COBE [12], specifically on angular scales larger than 10°. Subsequently,
in 2001, two balloon-borne experiments, BOOMERanG (Balloon Observations Of
Millimetric Extragalactic Radiation ANd Geophysics) [90] and MAXIMA (Millimeter
Anisotropy eXperiment IMaging Array) [15], detected the first acoustic peak, while
secondary peaks were measured by BOOMERanG and DASI (Degree Angular
Scale Interferometer) [17]. These detections were a significant milestone in modern
cosmology and lent support to the AC'DM model as the standard cosmological model.
Despite their importance, these experiments only covered less than 1% of the sky.

Since then, NASA’s WMAP (Wilkinson Microwave Anisotropies Probe) mission
(2001-2010) [21] and ESA’s Planck mission (launched in 2009) [22] have greatly
enhanced full-sky measurements, improving angular resolution and temperature
sensitivity. This progress has facilitated a better understanding of the primor-
dial universe and the phenomena occurring between the observer and the last
scattering surface.

More recent experiments such as the Atacama Cosmology Telescope (including
different generations: ACT, ACTpol, AdvACT) [83, 91-93] and the South Pole
Telescope (SPT) [84] have further pushed the boundaries of CMB observations.
Presently, temperature anisotropy measurements are capable of reaching the cosmic
variance limit on scales as small as a few arcminutes, thereby offering valuable

insights into the early universe’s structure and evolution.

Polarisation The detection of polarisation F-modes dates back to 2002, when
the DAST experiment [17], a ground based interferometer located at the South Pole
Amundsen-Scott research station, first observed the TE and FFE signal. Following
DASI, other experiments have claimed E'E detection, such as CAPMAP [24], an
evolution of the PIQUE system [94] and CBI (Cosmic Background Imager), a radio
interferometric receiver working in the band 26 — 36 GHz and covering a wide range
of multipoles (300 < ¢ < 3500), which reported a 8.90 detection of EE on small
angular scales [95], and the WMAP satellite, which measured TE correlations
with high ¢ resolution in many o as of the first data release of 2003 [96], probing
the low multipoles sensitive to the CMB photon’s optical depth 7. Subsequently,

observations by WMAP and Planck [52] have allowed a comprehensive understing
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across a wide range of angular scales. However, there is still room for improvement
at both very large and small scales, where the cosmic variance limit has not yet
been reached. The situation is more complicated for B-modes. As previously
discussed, these are expected to arise from two sources: lensing B-modes due to
weak gravitational lensing (see Sec. 1.5.5.1), and primordial B-modes resulting from
a hypothetical inflationary process (see Sec. 1.4.3.3). Lensing B-modes were first
observed in 2013 by SPT [97], confirmed by the POLARBEAR experiment in 2014
[86], and have since been detected by various other CMB polarisation experiments,
including BICEP2 (Background Imaging of Cosmic Extragalactic polarisation) [98],
Keck Array [99], SPTpol [100], combined BICEP2/Keck Array, Planck and WMAP
[89, 101, 102], ACTPOL [103] and SPIDER (Spectro-Polarimetric Imaging of the
Degree-Scale CMB Anisotropy) [104]. The current state-of-the-art constrain on
primordial B-modes was determined by the BICEP2/Keck Array experiment, in
conjunction with WMAP and Planck data sets, which determined the upper limit
on the value of r to be 0.032 at a 95% confidence level [59] when evaluated at a pivot
scale of 0.05 Mpc™!. However, an unequivocal detection of primordial B-modes
remains a challenge, as they have not yet been observed by any experiment. This is
due in part to the difficulty of distinguishing between CMB emission and polarised

foregrounds on the line-of-sight. This is discussed in detail in the following Chapters.

2.2 Upcoming CMB B-modes observatories

One of the primary science targets of upcoming CMB observatories is the detection
of the primordial B-mode polarisation pattern in CMB radiation at large scales,
which are produced by gravitational waves in the primordial universe. Thus, an
unequivocal measurement of 7, or a stringent upper bound, would be able to greatly
constrain the landscape of theories on the early Universe, as discussed in Chapter 1.
These CMB B-modes observatories include ground-based and space-based telescopes.

Ground-based telescopes, such as SPT, BICEP and Keck Array (located at
the South Pole), ACT, POLARBEAR, Simons Array and the upcoming Simons
Observatory and CMB-S4 (located at the Atacama desert in Chile), can take
advantage of larger apertures compared to satellites (since launching larger telescopes
into space is prohibitively expensive). Moreover, ground-based experiments can
concentrate their sensitivity on a small portion of the sky for an extended period,
providing high resolution. Additionally, the availability of instruments on the ground
provides practical advantages such as extended project lifetimes that are not limited

by the availability of cryogens or fuel, phased construction, and are easy to upgrade.
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There are also space-based observatories like the Planck satellite mission operated
by the European Space Agency and the upcoming LiteBIRD mission by the Japanese
Aerospace Exploration Agency (JAXA). These instruments have synergies and
complementarities to those on the ground [105]. Nonetheless, in space instruments
experience 5 to 10 times lower detector noise compared to their ground-based
counterparts and can detect the full frequency range of interest without the
constraints of atmospheric windows or opacity, which are prohibitive for ground-
based experiments above ~ 300GHz. Furthermore, the L2 Lagrange point’s
outstanding thermal stability reduces thermal drifts and strengthens systematic
error mitigation in resulting datasets. Space missions also benefit from their ability
to observe the entire sky, which is not feasible from any single terrestrial location.

Near-future experiments such as the BICEP Array [106] target a detection at
the level of r ~ 0.01, while in the following decade, next-generation projects such
as LiteBIRD [107] and CMB-S4 [69] aim at 7 ~ 0.001. The focus of this thesis is

on two specific experiments, which are discussed in greater detail below.

2.2.1 Simons Observatory

The Simons Observatory (SO) targets the detection of primordial gravitational
waves at the level of r ~ 0.01 [108], and its performance at realizing this goal is the
main focus of this paper. SO is a ground-based experiment, located at the Cerro
Toco site in the Chilean Atacama desert, which will observe the microwave sky in
six frequency channels, from 27 to 280 GHz, due to start in 2023. SO consists of
two main instruments. On the one hand, a Large Aperture Telescope (LAT) with a
6 m diameter aperture will target small-scale CMB physics, secondary anisotropies
and the CMB lensing signal. Measurements of the latter will serve to subtract
lensing-induced B-modes from the CMB signal to retrieve primordial B-modes
[using a technique known as “delensing”, see 109]. On the other hand, multiple Small
Aperture Telescopes (SATs) with 0.5 m diameter apertures will make large-scale,
deep observations of ~ 10% of the sky, with the main aim of constraining the
primordial B-mode signal, peaking on scales ¢ ~ 80 (the so-called “recombination

bump”). See [108] for an extended discussion on experimental capabilities.

2.2.2 LiteBIRD

The Lite (Light) satellite for the study of B-mode polarisation and Inflation from
cosmic background Radiation Detection, or LiteBIRD, is a satellite mission that

has been selected by the Japan Aerospace Exploration Agency (JAXA) to study
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the polarisation CMB and search for evidence of cosmic inflation. The satellite
is planned to be launched in the late 2020s and will be placed in a halo orbit
around the L2 Sun-Earth Lagrange point, which is a stable point in space where
the gravitational forces of the Sun and Earth balance out. This position allows
for a stable observing platform with minimal interference from the Earth and its
atmosphere. LiteBIRD will observe the CMB over a three-year mission and will cover
a frequency range of 34 — 448GHz using 15 different frequency bands. The satellite
will have a resolution of 0.5° at 100GHz. With these capabilities, LiteBIRD can
detect B-modes or alternatively set an upper limit of » < 0.002 at 95 % confidence.

2.3 Data Analysis Pipeline

Telescopes scan the sky, using a given number of detectors as a “paint brush” and
the scanning motion as paint strokes to paint a larger image. The direct output of
such a telescope is not a single value per pixel, but instead a time series of values
for each detector, called the time-ordered data (TOD). Based on this TOD and
information about the telescope’s scanning pattern, it is possible to reconstruct

an image of the sky in a process called “map making”.

2.3.1 Time-Ordered Data (TOD)

Before obtaining an image using a scanning telescope, it is necessary to create
an accurate model that describes how the telescope transforms signals from the
sky into time-ordered data (TOD), and then invert this model to reconstruct
the original sky image. However, dealing with infinite-resolution skies or time-
streams with arbitrary response functions is impractical, so the data needs to be
discretized to enable numerical analysis. Therefore, when working with TODs,

several simplifying assumptions are made:

e The TOD is discrete rather than continuous.

o The sky is modelled as a set of discrete pixels, which is a good approximation
as long as the pixels are smaller than our angular resolution. We employ the
HEALPix [110] scheme®, where the resolution is parametrised by Nige, such
that the number of pixels covering the entire sky is Ny, = 12 x N2

side*

8The Hierarchical Equal Area isoLatitude Pixelization (HEALPix) scheme organizes the centres
of the pixels in isolatitude rings with equal azimuthal spacing, allowing the use of Fast Fourier
Techniques (FFT) in the spherical harmonic transformations. This results in a faster calculation
of spherical harmonics by a factor of y/Npix, compared to traditional layouts. Additionally, the
scheme assumes equal pixel area (i.e., equal flux density), and the “hierarchical” property makes
changing the resolution easier. The angular size of each pixel is given by Qpiy = 47/Npiy.
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o The sky is assumed to be constant during each TOD, which implies that we

can use sky-fixed coordinates such as galactic or equatorial coordinates.

o The response of the telescope is assumed to be linear. This linearity require-
ment is a standard design requirement for most detectors since non-linear

responses can be challenging to handle.

Together, these assumptions allow us to model the TOD as a linear combination

of signal and noise as a function of time t:
dy = sy + 71y (2.3.1.1)

and the observed data vector has dimension (Nget X Nsamp ), Where Nge¢ is the
number of detectors and Ny, the number of data samples’. For practical purposes,

here we start by presenting a simplistic data reduction pipeline.

2.3.1.1 Signal

The signal for a single detector is given by s = Pypmia, [111], where the subscripts
indicate the dependence on the detector d (corresponding to a polarisation angle,
which is different for different detectors), the time ¢, and the pixel p(i2). Here, P, =P
is the pointing matriz, which is a rectangular matrix of dimension (Npix X Nsamp)
that relates the sky Stokes parameters at each pixel, represented as a map vector
m, with the sampling time. The pointing matrix specifies which pixel in the map
was observed during each TOD sample'.

For a CMB polarisation experiment, we aim to reconstruct the temperature
map, f, as well as the polarisation maps, Cj, and U. The map will therefore have
dimension (Npi X 3), and its components can be simply written as m,, = [1,,, Qp, U]
(see Sec. 2.1.1 for a discussion on Stokes parameters). The projection in time domain

of the three Stokes parameters, for a single detector, can be written as:
d = P[I + @ cos(2) + Ussin(2¢)] + 7 (2.3.1.2)

where 1 is the detector polarisation angle expressed in a given sky coordinate

system, and we dropped the subscripts.

9The number of data samples is determined by the sampling frequency of the detector.
1ONote that many TOD samples may correspond to the same pixel in a sky map.
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2.3.1.2 Noise

The majority of time-ordered data (TOD) collected by a scanning telescope consists
of noise, with different sources of noise having characteristic spectral distributions
that dominate specific frequency ranges. Thus, it is best to apply the noise model
in the Fourier domain. The frequency domain version of the noise, Ngg,,/, can be
obtained from the time domain version, Nggy, using the discrete Fourier transform

_ 27

Fi, = e Neamp /+/Nsamp- This is expressed by the equation:

Ndd’w/ = <nd1/n2/,/> = ‘Fl/tNdd’tt/-ETVII (2313)
The noise is assumed to be Gaussian, with covariance given by:

Nagrvy = \/0a(V)0a (V) CaarnOuur (2.3.1.4)

where Cyg,, is the detector correlations, ¢4(v) is the noise power spectrum for
detector d. In the case of stationary noise, the matrix Nyg,,» can be modelled
as diagonal in Fourier space (N,,, = §,,,N, ), with each detector having a noise
realization 7 independently drawn from a Gaussian distribution with zero mean and
variance o2,. However, time-dependent thermal variations across the focal plane
and atmospheric emission (for ground-based experiments) can lead to correlations
between detectors and also between different timestreams, resulting in a non-diagonal
Cgaarn. This results in a noise power spectrum of the form:

o(v) = op {1 + ( 7 )a] (2.3.1.5)

Viknee

where 0q is the white noise level, v, is the knee frequency, and « is the slope.

2.3.1.3 Realistic scenario

When dealing with actual data, more components need to be included in P
when modelling the signal. A more general expression to model the measured

power at time t is:
1
d, = gH, ® [nt 5 [arww) [aas, ) (2.3.1.6)

where ® is the Kronecker product, H; is the time transfer function, n is the noise,
g is the responsivity or the conversion factor between Watt and Volt, W (v) is the
bandpass as a function of frequency v, and the unit vector n gives the pointing

position in sky. The integrated signal s(¢,v,7,7) can be expressed as:

s(t,v,n,r) =By(r,v,n) « [I(v,7) + e()(Q(v, 1) cos 29 (v) + U (v, 7) sin 2 (v) )]

+ Bi(r,v, ) x [I(v,0) — e(v)(Q(v, n) cos 2¢(v) + U(v, ) sin 2¢p(v))]
(2.3.1.7)
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where * indicates convolution, B (By) is the co-polar (cross-polar) beam at the
detector coordinate position 7 in the focal plane, €(v) is the polarisation efficiency
independent of the beam and only dependent on the properties of the detector, ¢)(v)

is the detector polarisation orientation angle including sinuous antenna wobbling.

2.3.2 Map making

With our signal and noise model in hand, we then want to reconstruct a map
of the sky. There are different ways of solving d = Pm + n for m. Given the
data model, it is possible to either directly solve for an unbiased map (as in
maximum likelihood mapmaking or destriping), or to measure and correct for
the bias in a biased estimator (as in filter+bin mapmaking). These common

methods are briefly described below.

o Filter and bin: the TOD is filtered before obtaining a binned map, where
“binning” means averaging the TOD samples which “observe” a given pixel
and returns a map comprised of these averages [85, 112]. It is then common
to characterize the intrinsic bias of the method using observation matrices or

simulations.

o Destriping: the noise is split into a correlated and an uncorrelated part, and
the correlated noise is modelled as a series of slowly changing degrees of

freedom to be solved for jointly with the sky image itself [113, 114].

o Mazimum-likelihood: these methods find the generalized least-squares solution
for the map [85, 111, 115-118]. The main limitation of these methods is that
the covariance matrix is often poorly conditioned, making it slow for iterative

solution methods to recover the large scales.

2.3.2.1 Maximum-Likelihood methods

For the covariance of the data we assume this expression [111]:
<dt> = Ptpmp (2321)
where (- - -) is the average over noise realisations. We assume that the noise is Gaus-
sianly distributed, such that the likelihood of m given the data stream is given by
o3 (d=Pm)TN=!(d—Pm)

L(m) = P . (2.3.2.2)
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The minimum variance map is then found by maximising £(m) with respect to

the signal over all possible signals:

dL (1)
din

0 = m=(P'N"'P) P'Nd (2.3.2.3)

where m is unbiased ({(r) = m) and Gaussian distributed with covariance (PT N~1P).
Making maps from TODs is therefore an inverse problem, where the covariance
needs to be inverted to recover the maps. In practice, the covariance can be
seen as an operator where the pointing P projects the pixels values into time-
ordered samples, N~! performs inverse-variance weighting of the data and PT
projects the data back onto a map. In other words, we can construct a covariance
matrix that acts on the TOD to return an estimate for the map, which is unbiased

and optimally noise-weighted.

2.3.2.2 Iterative solvers

In practice, the matrices involved are often too large to solve by direct inversion,
due to the large number of samples in the TOD (N has dimension Neymp X Nsamp )

One option is to resort to conjugate gradient techniques [see, e.g. 119, 120] to
calculate the inverse covariance without ever explicitly building the inverse matrix.
These techniques are iterative and several iterations must be run to arrive at an
acceptable estimate for the map. One example is implemented in Chapter 6, where

more details on this technique are provided.

2.3.3 Likelihood and parameter inference

Our objective is to obtain measurements of various parameters, including cosmo-

logical ones, from maps. Specifically, we aim to assess the posterior distribution of

the parameters (#) based on the given data (d), represented by P (6 | d).
Bayesian methods have become increasingly popular, particularly for analysing

noisy CMB data, and will be used in throughout this thesis to obtain constraints''.

" Generally, both Bayesian and frequentist methods can be used to estimate cosmological
parameters from CMB data. One advantage of the Bayesian approach is that it allows for the
incorporation of prior knowledge about the parameters, such as constraints from other cosmological
probes. This can lead to more accurate and precise parameter estimates, particularly when the
data is limited or noisy (as is generally the case with CMB data). However, the choice of prior can
have a significant impact on the results, and care must be taken to choose an appropriate prior.
Frequentist methods, on the other hand, do not require the specification of a prior distribution, but
can be limited by the assumptions of the model and the need for large sample sizes. Additionally,
they do not provide a direct measure of uncertainty, but rely on confidence intervals to give a
range of plausible parameter values.
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Bayes’ theorem can be employed to establish the relationship between the
probability of the data given the parameters P(d | 6) (the likelihood), and the

posterior of the parameters based on the data, given by:

P(d | 9)P(®)

PO = =5

(2.3.3.1)

where P(#) is the probability of our model (known as the prior).

2.3.3.1 Pixel-based Likelihood

In the case of the CMB, maps m = (I, @, U) exhibit Gaussian fluctuations, whose
probability density function P(m | Cy) is given by:

1 1
L(C) =P (m|Cy) = EE <—2mTC1m> (2.3.3.2)

where m is a data vector of length Ny, that contains the pixels of the map, and
Cis a (Npix X Npix) covariance matrix that encodes the correlation between pixels.

Specifically, the covariance is given by
Cij = (mym] ) =S(6) + N, (2.3.3.3)

where N is the pixel space noise covariance matrix and S(f) is the signal covariance
that depends on the parameters ¢ that we want to sample. This is related
to the (theoretical) power spectrum C, through the following expression (for
temperature T):

S = (AT,AT}) = 417T %:(25 +1)Cp Py (2.3.3.4)
assuming isotropy of the signal, where P, is the Legendre polynomial.

There are certain benefits to working in pixel-space. For instance, handling
masks can be done with ease. However, when it comes to computing the likelihood
for a given set of 6 parameters, we must determine the determinant and inverse
of C, which is a time-consuming process that scales as (”)(Ns’ix). This approach

may be viable for low resolutions, but it becomes unfeasible at higher resolutions,

whereby alternative solutions may be necessary.
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2.3.3.2 Harmonic-space likelihood

An alternative approach to using the maps directly is to estimate the power spectrum
(Cy) from the maps and use that as our “data’”.

In a noiseless full-sky experiment, where only temperature is considered, we
can compute C using the estimator in Eq. 2.1.3.6. Accordingly, we can define a
quantity Y =3¢ _, ‘Clgm /VC 2, which follows a x? distribution with v = 20+ 1

degrees of freedom:

'P(?|C’)=Y7/Mexp R (2.3.3.5)
U T T(w/2)20 2

where Cy is the theoretical spectrum.
This means that the estimated (or observed) (4, being a multiple of ¥, has

a Gamma [ distribution with v degrees of freedom:

A B C’g v/2—1 yég
P(Ce| Cr) x C; o exp (=56 (2.3.3.6)

This expression corresponds to the full-sky likelihood L (Cy), given the fiducial
power spectrum, expressed in terms of Cy. The C, distribution has a mean of
Cy and a variance of 2C?/v. The maximum of the distribution is (v — 2)/v Cy,
which is not the same as the mean of the distribution, resulting in a skewed
distribution of observed Cy. However, in the limit v — oo (at high ¢), the central
limit theorem ensures that the distribution tends towards a Gaussian distribution
with the same mean and variance. It is important to note that the variance of
the distribution represents the cosmic variance.

If we include polarisation as well, this formalism extends to give a Wishart
distribution (i.e. a multi-dimensional generalization of the I' distribution) for
C = (CTTCTECEE CBBYT | For v — oo, the distribution of the Cy’s tends to a
Gaussian distribution, due to the central limit theorem [75]. In this approximation,
the likelihood can be written as in Eq. 2.3.3.6:

—InL(C|C®)) = ;[C — C(A)'CYC - C(8)] + const (2.3.3.7)

where C is the data, C(6) is the model which depends on the parameters 6 we want
to determine, and C~! is the inverse covariance matrix, which can be estimated
with a fixed fiducial set of parameters.

However, on large scales, the small number of available modes invalidates the

central limit theorem and, as quadratic functions of Gaussian fields, power spectra
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exhibit non-Gaussian features in their likelihoods. To account for this effect, one
solution is provided by the non-Gaussian likelihood developed by Hamimeche and
Lewis (HL) [121], that coincides with the exact likelihood in full sky and is a good
approximation in the cut-sky regime. This likelihood requires an estimate of the
covariance matrix of the full set of power spectra, which can be obtained from
simulations (e.g. see Chapters 3-5.) The HL likelihood additionally requires an

estimate of the fiducial power spectra, as well as the noise power spectrum.

2.3.3.3 Sampling technique

Expressing the posterior distribution in an analytical form can be difficult, so we
need to find a numerical representation for P(0 | d) to marginalize over a subset
of our parameters or determine statistical summaries of the distribution. This
can be accomplished by sampling N > 1 values, {6;:i=1,..., N}, from the
distribution, and using them to estimate the expectation value of any function

of the parameters, f(0) as

((8) = [a6rO)P@]d)~ > F(6). (2.333)

i=1

The natural question now arises as to how one should generate such samples. One
way to approach this problem is using the Markov Chain Monte Carlo (MCMC')
techniques. MCMC is a powerful class of algorithms for sampling from complex, high-
dimensional distributions. Unlike other numerical techniques, MCMC algorithms
do not require explicit knowledge of the posterior distribution or any functional
form of the target distribution. Instead, they build a Markov chain of samples,
where each sample is generated based on the previous one, ensuring that the chain
converges to the target distribution.

The fundamental idea behind MCMC is to construct a chain that has the target
distribution as its stationary distribution. The chain is constructed by proposing a
new sample, €', from a proposal distribution ¢(6’|@), which depends on the current
state 8. Then, the proposed sample is accepted or rejected based on a probability
ratio called the Metropolis-Hastings acceptance probability:

P(0'1d)q (6] 9’))
PO |d)qg(6"]0)

A(0'] 6) =min (1, (2.3.3.9)
where P (0 | d) is the posterior distribution we wish to sample from, and ¢(6'|0)
is the proposal distribution used to generate a new sample. The proposed sample

is accepted with probability A(€']0), or otherwise, the current sample is repeated,
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ensuring that the Markov chain has the desired target distribution as its sta-
tionary distribution.

MCMC algorithms have several advantages over other numerical methods.
Firstly, they can sample from complex, high-dimensional distributions where other
techniques may fail. Secondly, they provide a way to compute posterior expectations
and probabilities, such as marginal distributions or posterior predictive distributions,
without explicit knowledge of the normalizing constant. Lastly, they can be easily
parallelized, making them suitable for large-scale problems'?. This is why they are
widely used in the context of CMB data analysis, and are adopted throughout this
thesis, where we will often use an affine invariant ensemble sampler, as implemented

in the emcee package [122].

2.4 Instrument model

The characterization and understanding of instrumental effects is crucial in the
interpretation of astronomical data. Accurate modelling of the instrument response
is necessary to disentangle the astrophysical signal from the instrumental systematic
effects. Here, we discuss various formalisms used to describe the instrumental
response, including the Jones formalism and the Mueller formalism. We also
introduce a general framework to understand instrument systematics and their
impact on measurements, and how the formalisms can be used to model and
correct for these effects.

In particular, we introduce an optical component that is common to many CMB
polarisation dedicated instruments, that will be characterised in more detail in
Ch. 6: the half-wave plate (HWP). The HWP plays a critical role in manipulating
and restoring the polarisation of incoming radiation, and is especially useful when

dealing with a multi-frequency focal plane.

2.4.1 Jones formalism

The propagation of an incident radiation E through a receiver can be described by
a Jones matriz J [123], such that the “output” electric field E,, after passing

through the receiver, is

E-JE (2.4.1.1)

121t is worth mentioning that MCMC algorithms can be computationally expensive, especially
for high-dimensional problems, and require careful tuning of the proposal distribution to ensure
efficient exploration of the target distribution. Given that the number of parameters being
sampled in this thesis is restricted, MCMC is the most suitable approach, and we make sure that
convergence is achieved, to ensure that the chain has fully explored the target distribution.
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where J is a 2 X 2 complex matrix. It describes how the instrument linearly
transforms the two-dimensional vector representing the incoming radiation field
E into the two-dimensional vector of the outgoing field E,.

For an instrument with several components, the Jones matrix is the product of
the Jones matrices for each component. For example, the ideal Jones matrix for an

instrument in which the incident radiation passing through a rotating HWP is [124]

Jowp = I Thwp Jrot
_ < cos(wt) — sin(wt) > ( 1 0 ) < cos(wt)  sin(wt) )
sin(wt)  cos(wt) 0 —1 —sin(wt) cos(wt) (2.4.1.2)

B ( cos(2wt)  sin(2wt) )

~\ sin(2wt)  — cos(2wt)

where w is the angular velocity of the half-wave plate, J,,; the rotation matrix
and Jyp the ideal Jones matrix of the half-wave plate.
After passing through the receiver, a pair of ideal orthogonal linear detectors

measure the power as
S; = +(I £ Q cos(4wt) £ U sin(4wt)) (2.4.1.3)

To model systematic errors within a polarisation-sensitive instrument, the Jones
matrix can be described by introducing diagonal terms, i.e. the complex gain
parameters g, and g, and non-diagonal terms [125], i.e. the complex coupling

parameters e, and e, associated to the orthogonal polarisations

J= ( 1= e ) . (2.4.1.4)

For example, systematic errors arising from the half-wave plate can be modelled
by a Jones matrix for the half-wave plate Jpnup, such that the electric field E
propagated through the half-wave plate becomes

E; = I Jhwpdior B (2.4.1.5)

rot

2.4.2 Mueller formalism

While the Jones matrix expresses the transformation of the electric field in the z
and y directions, the Mueller matriz describes how the different polarisation states
transform. Therefore, they can be used to “manipulate” partial polarised states,

described using the Stokes parameters [see, for practical examples, 7, 126-130].
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The Mueller matrix is a 4 X 4 matrix and can be written as the direct product
of the 2 x 2 Jones matrices.

We calculate the tensor product of the outgoing field given by Eq. 2.4.1.1
E'®E,=JEQJE* (2.4.2.1)

In general, the direct product <E ® E*> gives the vector C' defined as

Corw (ELE})
o= [~Eem={[E]e [B])-| | e
ny <EyE;>

With Eq. 2.4.2.1, one can write the transmission of the electric field through

an instrument, described by its Jones matrix, as
Co=(JEQIVE)=(JaJ)(ExE)=JeJ)C (2.4.2.3)

Using Eq. 2.4.2.2) the polarisation state of this electric field can be described
by the Stokes wvector 5_”7 given by:

I Coz +Cyy
J__ Q _ Coz — ny
S = o= oot Con (2.4.2.4)
Vv i (Cpy — Cya)
From Eq. 2.4.2.2, we obtain the expression of the Stokes vector as S=AC , Where
10 0 1
10 0 -1
A= 01 1 0 (2.4.2.5)
0 ¢ —i 0

Substituting Eq. 2.4.2.3 into §, it follows that the outgoing Stokes vector gout

can be written as
So = AT ®JI)VA'S =MS, (2.4.2.6)
where we have defined the Mueller matrix M = A (J ® J*) A~! that describes

how the Stokes parameters transform:

My Mg Mpuy My
Mqr Moo Mqu Moy
MUI MUQ MUU MUV
MVI MVQ MVU MVV

M = (2.4.2.7)

For an instrument with several components, the Mueller matrix M, is the product
of the Mueller matrices for each component. Describing the instrument in terms of
Mueller matrices is not only useful for characterizing the polarisation properties of

the instrument, but it can also be used to characterize some instrument systematics.
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2.4.3 Instrument systematics

Systematics refer to any bias or error that affects the measurements of an instrument
[125], and can arise from various sources, such as instrument imperfections, environ-
mental effects, or measurement techniques. These induce deviations of the measured
parameter values from the unknown true values. When the deviation from the true
value is assumed to be small, it can be approximated by a first-order expansion. In

terms of Eq. 2.3.1.6, the uncertainties caused by these deviations can be written as:
1
d = (g+dg) (H + 0Hy) ® [n +on+ o /du(W +0W) /dQ(p + 5p)] (2.4.3.1)

where the different ¢’s stand for different systematics: gain dg, transfer functions
0H;, noise models on and band-pass function 6. Following the expression in

2.3.1.7, 0p can be expanded as:

op =0B)[I + €(Q cos 2y + Usin2¢)] + B [I — €(Q cos 2¢) + U sin 2¢))]
+ B[l + €(Qcos 2 + Usin2¢p)| + 6B [I — €(Q cos 2¢p 4 U sin 2¢)]
+ By [0 + €(0Q cos 29 + dU sin 2¢p)] + B [61 — €(6Q cos 2¢p + U sin 21))]

+ By [I 4 0e(Q cos 2¢p 4+ U sin 2¢)] + B [I — 0¢(Q cos 2 + U sin 2¢)],
(2.4.3.2)

where each line corresponds to a different systematic error: in order, we have the
co-polar beam, the cross-polar beam, the polarisation efficiency of the detector, and
the polarisation orientation of the detector. I, as part of the Simons Observatory
and LiteBIRD collaborations, have already started implementing requirements for
some of the systematics mentioned above, [e.g., see 5-9, 131].

Additionally, the uncertainties in the Stokes parameters can be further studied as:
0S = 6(RMR)Sy, + RM RS, (2.4.3.3)

where S is the vector of the Stokes parameters. The first term includes systematic
errors in the HWP Mueller matrix, which, in the case of normal incidence, can
be broken down into the rotation matrix and a Mueller matrix defined relative
to the fixed axis of the HWP (although this decomposition is not feasible for
oblique incidence). The uncertainties in the HWP Mueller matrix will be studied in
Chapter 6, with a particular focus towards the polarisation efficiency and rotation
terms of the matrix.

The uncertainties in the input Stokes parameters, 05;,, are due to the uncer-
tainties present in the foreground spectrum shapes and components. These are

analysed separately in the following Section.
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2.5 Foregrounds

polarised radiation is not only generated by the CMB, but also by other astrophysical
sources, such as dust and synchrotron emission from our own galaxy, as well as

radio emission from extragalactic sources. s

2.5.1 Galactic foregrounds

Arguably the largest source of systematic uncertainty for both space and ground
experiments will be contamination by the astrophysical polarised signal from the
Milky Way. Fortunately, our Galaxy is transparent to CMB photons. However,
the Milky Way’s sub-millimeter emission, particularly near its galactic plane, can
overshadow the CMB. Additionally, some components in the Milky Way’s emission
are polarised. The polarised Galactic emission is dominated by synchrotron and
polarised thermal dust. The combination of both dominates the CMB polarisation
signal on the scales of interest by at least a factor ~ 5 over the whole frequency
range. Devising methods to separate this contamination from the CMB in a robust

and efficient manner is therefore of central importance in this quest.

2.5.1.1 Thermal dust

The thermal dust emission is the most dominant galactic foreground at frequencies
greater than 100GHz. This emission originates from the solid phase of the interstellar
medium (ISM), composed of elements such as Carbon, Silicon, Magnesium, Iron,
and Oxide, which predominantly form silicate and amorphous carbon molecules.
These molecules'® aggregate into dust grains that range in size from 0.005 to
0.25 pm [134] and have an asymmetric elongated shape, making them electric
dipoles that partially align with the magnetic field of the ISM [135], giving rise to
its polarisation. The dust grains align themselves with their long axes parallel to
the magnetic field, resulting in a net polarisation signal along the direction of the
magnetic field. Stellar photons heat these dust grains, which absorb the UV /optical
light, and then release radiation in the mid-infrared to sub-millimeter-wavelength
range (via internal vibrational and rotational modes).

This polarisation signal is typically modelled using the Davis-Greenstein formal-
ism [135], which assumes that the alignment efficiency of the dust grains depends

on the angle between the magnetic field direction and the grain’s symmetry axis.

13Molecules making up dust include graphite (C), enstatite ((Mg,Fe)SiO3), olivine
((Mg, Fe)2Si0y), silicon carbide (SiC), iron (Fe), and magnetude Fe;O4 [132, 133]
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The polarisation fraction of the thermal dust emission depends on the dust
temperature, the magnetic field strength, and the properties of the dust grains.
Locally, the polarisation fraction p and angle ¢ can be defined as:

/()2 U2 U
p QTJF, ¢ = ;arctan (Q) : (2.5.1.1)

This is typically highest at frequencies between 100 and 300 GHz, where the
thermal dust emission dominates over other foregrounds. The Planck mission has
constrained the upper limit p = 19.8% + 0.07 [136]. In addition, an indicator of
the level of organization in the orientation of the magnetic field in the plane of

the sky is the polarisation angle dispersion:
AG(n,0) = [ Q5 (0] - 6) (6(n) 6 (n + 1)), (25.1.2)

i.e. the integral taken over all possible directions n’ of the difference in polarisation
angle between two points separated by a distance 6 on the sky. This quantity
can be used to study the structure of the galactic magnetic field (GMF) in the
plane of the sky [136, 137]. In particular, measurements of the dispersion angle
reveal that dust is organized in filaments, which in turn can be used to probe the
structure of the underlying magnetic fields'.

A simple model for the dust emission at a given observation frequency v is a

modified black-body"® spectrum, defined at reference frequency vy:

. Ba—2 B (T )
dust v v d
Jdust = 4, (V()) BT (2.5.1.3)

where A, is the dust amplitude, (4 is the dust spectral index, Ty is the dust
temperature. The Planck satellite has measured the mean value across the sky of the
spectral index and temperature for dust, 5, = 1.51 £0.01 and T; = 19.6 K+ 1.3 K,
respectively. It should be noted that these values are obtained solely from total
intensity measurements data, while the spectral index for polarisation was estimated
at Bq = 1.53 £ 0.02, with significant variations across the sky [138, 139].
Unfortunately, the polarisation properties of many foreground sources, including
dust, are not well understood, and there is ongoing research to try to better
characterize these sources. Advanced models are being developed to accurately

replicate the physical effects that cause dust polarisation. These models are becoming

14The interaction between GMFs and foregrounds is an active area of research in galactic science.
The ultimate goal is to develop a foreground model based on the three-dimensional structure of
the underlying magnetic fields rather than on template observations for various foregrounds.
15Also referred to as a “grey-body” radiation with a modified Planck function.
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increasingly sophisticated, with some incorporating multiple dust populations with
varying characteristics, [140-142] while others use a statistical approach by coupling
dust populations with the turbulent interstellar medium and galactic magnetic
fields [143]. The importance of these refined models has intensified as scientists
search for B-modes. Ultimately, advanced ISM models are essential to achieve

accurate component separation.

Frequency decorrelation The Planck satellite’s observations reveal a decorrela-
tion between different frequency channels. The B— mode cross-power spectra of

thermal dust between frequency channels v; and v, can be modelled as

/Bd -2 & By2
B, By,

€M+1K$BWMWL:A§(3f)

0

fa(Aa,v1,10), (2.5.1.4)

where the decorrelation parameter Ay is defined in the function
1%} 2
fa(Ag,vr,10) =exp | —Ay <ln ) . (2.5.1.5)
)
Alternatively, one can define the correlation ratio
CiY v, 0]

Ry = :
K VOXY [, 1] CXY [, )]

(2.5.1.6)

According to references [139, 144], the Planck data shows no dust B-mode decorrela-
tion between frequency channels, which is a crucial aspect for detecting primordial
B-modes. This finding supports the possibility of measuring » > 0.01 with current
upper-levels. However, it’s important to note that frequency decorrelation can occur
due to variations of the spectral indices across the sky, as well as along the line

of sight, if not properly accounted for in the analysis [102].

2.5.1.2 Synchrotron

Synchrotron emission refers to the radiation produced by charged relativistic
particles, typically electrons, that are accelerated in magnetic fields present in
our own Galaxy. As the charged particles spiral around the magnetic field lines
and lose energy, they emit synchrotron radiation.

The magnetic fields in our own Galaxy are primarily generated by Type Ib and
Type II supernova remnants at small scales, while the Galactic magnetic field is
believed to result from the shearing effect of differential rotation at larger scales.
There are two main sources of synchrotron emission: electrons trapped in the

magnetic fields of discrete supernova remnants and diffuse emission from cosmic
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ray electrons spread throughout the Galaxy. In supernova remnants, the magnetic
field strength typically reaches around 75uG, while the diffuse Galactic magnetic
field is about an order of magnitude fainter, ranging from 1 — 5uG.

The energy spectrum of cosmic ray electrons is described by a relativistic
electron number density distribution N(E) ~ E~P. Since N(FE) and the magnetic
field strength vary across the Galaxy, the resulting synchrotron emission exhibits
a wide range of spectral behaviours. As a result, the observed morphology and
spectral parameters of synchrotron sky maps change significantly with frequency
and with the line of sight.

The power-law that describes optically thin synchrotron emission has a spectral
index, denoted as «, which is related to the index of the electron-energy distribution,
referred to as p, by the equation o = —(p + 3)/2. At radio frequencies in the few
GHz range, discrete supernova remnants exhibit a spectral index of approximately
a ~ —0.5 (corresponding to p ~ 2), despite having stronger magnetic field strengths.
However, they only contribute around 10% of the total synchrotron emission of
the Galaxy at 1.5 GHz, [145]. On the other hand, the diffuse component of
synchrotron emission, which accounts for more than 90% of the observed emission,
has a direction-dependent spectral index that typically ranges from —1.1 < a <
—0.5 (2.0 < p < 3.2) [146].

If synchrotron flux density scales as a power law also the equivalent brightness

temperature follows a power-law:

Bsync.
I = Agne (”) , (2.5.1.7)

o

where the spectral index [y, determines the steepness of the change. At a
frequency of 1 GHz, the spectral index is approximately -2.7 and becomes steeper
at higher frequencies, reaching approximately -3.0 [147]. In the frequency range of
2.3 to 33 GHz, the spectral index can decrease to around -3.2 for polarisation [148].
Additionally, the spectral index is not constant across different directions in the
sky, with values ranging from -4.4 to -2.5. Its spectral and spatial variability makes
the modelling and removal of synchrotron emission in CMB B-mode experiments
particularly challenging. A careful characterisation of the GMF and its spectral
properties is required to accurately separate the synchrotron foreground from
the CMB B-mode signal.

Synchrotron emission is subject to self-absorption, which occurs when a photon
emitted by synchrotron radiation interacts with a charged particle and is absorbed.

This phenomenon is prevalent in regions where synchrotron emission is optically
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thick, particularly at low frequencies. Self-absorption is independent of the electron-
energy distribution index, p, and in the optically thick regime, the absorption
coefficient scales as I ~ v%/2.

When a single charge emits synchrotron radiation, the resulting wave is elliptically
polarised. However, when considering a distribution of particles that varies smoothly
with pitch angle (the angle between the particle’s velocity and magnetic field), the
elliptical component cancels out. Thus, the radiation becomes partially linearly
polarised [149]. In the absence of non-uniform magnetic fields, the polarisation
fraction of the total polarised intensity, can be described again by Eq. 2.5.1.1,
and is typically higher at lower frequencies below 70 GHz, being the dominant
radio sky emission below 40 GHz [147]. For non-uniform magnetic fields, p is
related to s, by the expression

_ (38,+3)
P=@s+1)
However, in practice, the degree of observed polarisation is generally less than

0.7 (2.5.1.8)

20%, as non-uniform magnetic field directions along the line of sight can reduce
the polarisation [150].

However, synchrotron emission can also be depolarised due to Faraday rotation,
the rotation of polarised light proportional to the magnetic field component that is
parallel to the direction of propagation. The degree of Faraday rotation depends
on the strength and orientation of the magnetic field, as well as the density and

temperature of the plasma [151].

2.6 Focus of this thesis

Even though the only source of primordial large-scale B-modes at linear order are
tensor fluctuations, in practice a measurement is complicated by several factors.
Some of these are addressed in this thesis. First, diffuse Galactic foregrounds have
significant polarised emission, and in particular foreground components such as
synchrotron radiation and thermal emission from dust produce B-modes with a
significant amplitude, as discussed in Sec. 2.5. Component separation methods,
which exploit the different spectral energy distributions (SED) of the CMB and
foregrounds to separate the different components, are thus of vital importance
[152, 153]. To this end, several different component separation methods have
been developed and discussed in Chapters 3, 4, 5. Practical implementations of
these methods must also be able to carry out this separation in the presence of
instrumental noise and systematic effects [e.g. 131, 154]. The treatment of specific
classes of instrument systematic effects is also a central topic of this thesis, and
is treated in detail in Chapter 6.
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3.1 Introduction

The primordial B-mode signal is extremely faint compared to other sources of
B-modes. On the one hand, gravitational lensing by the intervening large-scale
structure generates a B-mode contribution which, on small scales, is similar to a
white-noise component with amplitude oy = 5 pK arcmin [155]. On the other hand,
the most important astrophysical source is the contamination from Galactic polarised
foregrounds [98]. In particular, polarised synchrotron dominates the sky emission
at low frequencies (v < 40 GHz), while thermal dust emission is more relevant at
higher frequencies (v 2 150 GHz). The combination of both, in any case, dominates
over the CMB B-mode signal, including the lensing contribution, over the whole
frequency range on degree scales. The separation of the multi-frequency data into
different components is therefore a crucial part in the analysis of CMB B-mode data
(98, 101, 156-159]. Manifestly optimal map-based component separation methods
have been designed and applied to existing satellite datasets [160-165]. However,
their implementation on high-resolution datasets is computationally challenging
due to the larger number of modes. Although approximate parametric map-level
methods exist (e.g. [166-168]), that can deal with large numbers of pixels more
efficiently, their implementation on ground-based data is further complicated by
the presence of complex filtering and inhomogeneous non-white noise introducing
non-trivial correlations between pixels. Partly for this reason, multi-frequency
Cy-based approaches, where the signal is modelled directly at the level of the cross-
frequency power spectra, and where some of these complications are easier to deal
with (e.g. through the use of transfer functions [80]), have been developed and
used for ground-based data [101, 102, 169, 170].

The main drawback of these methods, in their simplest incarnation, is the
difficulty to account for the expected spatial variability of foreground spectral
properties. Although the main effects of this spatial variability, in the form of
frequency decorrelation [144, 171], can be effectively taken into account in specific
cases (e.g. uncorrelated spectral index variations [143]), developing a framework to
account for this variability in a general scenario will be useful in the analysis of data
from ongoing and future ground-based experiments given their higher sensitivity.
In this work, we will make use of the so-called moment expansion formalism,
introduced in [172-175], to derive the simplest extension to the standard power
spectrum-level parametrizations of foreground spatial variability, and quantify the
ability of this method to obtain unbiased constraints on the tensor-to-scalar ratio

from existing data and upcoming experiments. This problem was already addressed
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by [176], where the most general moment expansion was presented and applied to
Planck data. In this work, we instead study the simplest version of this expansion,
and evaluate its performance for next-generation ground-based CMB data using
foreground simulations with varying levels of realism.

This chapter is structured as follows. Section 3.2 describes the basic elements of
power-spectrum-based component separation methods, the main effects of spatially-
varying foreground spectral properties, and introduce the moment expansion method
we will use to account for those. This section also includes a more accurate, non-
perturbative calculation of the impact of foreground spatial variations using a
formalism similar to that used to estimate the effects of gravitational lensing
on the primary CMB power spectrum. Section 3.3 describes the ingredients of
the synthetic sky simulations used to validate the method. This validation is
described in detail in Section 3.4, which presents the limits of applicability of the
leading-order moment expansion and its performance on simulations with varying
degrees of foreground complexity. After validating the method, using simulated
observations mimicking the expected performance of the Simons Observatory (SO),
we apply it to the public data from the BICEP2/ Keck collaboration and obtain
constraints on r marginalised over foreground spatial variations. We summarize

and discuss our results in Section 3.5.

3.2 Formalism

3.2.1 Sky model

We model the polarised sky signal at position n and frequency v, m,(f) =

(Q,(1),U,(1)), as a sum of components of the form
ZT ) S¢(B.(n)), (3.2.1.1)

where T.(f1) is the amplitude of component ¢ at a pivot frequency v§, and S¢ is its
frequency spectrum (normalized to S5 = 1). B.(R) is a set of parameters describing
the spectrum, which can vary as a function of sky position.

We will consider three components, which are described in detail in Ch. 2:

« CMB: in antenna temperature units, the spectrum of CMB temperature

anisotropies is

2 hv
SOMB _ x( * > _ 32.1.2
oo LBV e= (3:2.12)

where h is the Planck constant, kg is the Boltzmann constant, and Ty =
2.7255 K is the CMB monopole temperature [177]. The CMB spectrum is

isotropic and is not normalized at any pivot frequency.



92 3.2. Formalism

o Thermal dust: dust grains in the interstellar medium are heated by stellar
radiation, producing emission on microwave frequencies. The alignment of
elongated dust grains with the Galactic magnetic field (GMF) produces a
linear polarisation perpendicular to both the magnetic field and the direction
of propagation, making dust the most relevant foreground for B-mode searches
on frequencies v 2 150 GHz (for more detail, refer to Sec. 2.5). Thermal dust
emission is well-characterized by a modified black-body (MBB) spectrum of
the form [13§]

Bp
B,(Tp)
sh— (L) Zvbl 3.2.1.3
2= (i) Bp(To) (3213
where fp and Tp are the dust spectral index and temperature, and
2hv3 hv -
B,(T) = = lexp </£T> — 1] (3.2.1.4)

is the Planck black-body spectrum. We will consider spatial variations in
Bp, which takes values fp ~ 1.6. The restricted frequency range available
to most ground-based experiments, including the SO (v < 280 GHz), makes
B-mode studies almost insensitive to the value of T, and therefore we fix it to
Tp = 19.6 K here. Note that departures from a pure MBB law are anticipated
by dust models (e.g. [178, 179]).

e Synchrotron: Galactic synchrotron emission is caused by the interaction of
high-energy cosmic ray electrons with the GMF [149]. Synchrotron is strongly
polarised, and is characterized by a smooth power-law spectrum tracing the
energy distribution of cosmic ray electrons (for more detail, refer to Sec. 2.5).

The synchrotron spectrum used here is therefore

Bs
14
S5 = <S> : (3.2.1.5)

Vo
where [ is the synchrotron spectral index, which takes values g ~ —3.

The spatially-varying degrees of freedom of the sky model are therefore the am-
plitudes of the three components (Tcyp(f1), Tp(n), Ts(n)) and the two spectral
indices (fp (1), fs(n)), where we will use the notation ‘D’ to indicate dust parameters
and ‘S’ for synchrotron.

A full characterization of these variables would ideally require a pixel-based
component separation approach [e.g. 158, 161, 162, 167] where they are constrained

in each pixel individually. We will touch upon these approaches in more detail in
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Chapter 5. Unfortunately this approach would significantly degrade the uncertainties
in the final B-mode constraints, due to the limited frequency coverage of ground-
based experiments [158, 167] (e.g. 6 bands in the case of SO). Although “pooling”
approaches have been proposed where single spectral indices are constrained in
larger sky regions to reduce the number of degrees of freedom, the degradation of
final constraints can still be significant [168], and the resulting component-separated
amplitude maps often retain features associated with the choice of pooling. Moreover,
especially in the case of ground-based data, map-based analyses can be extremely
complex, given the various filtering operations that the final frequency maps are
subjected to, which can lead to important non-linear biases in the component-
separated maps [180]. On the other hand there exist well-tested methods to account
for these effects when computing power spectra between different frequency maps
(e.g. the use of cross-split correlations to avoid imperfections in modelling the noise
bias, or the use of transfer functions or observation matrices to correct for the impact
of map-level filtering operations [159, 170, 181]). For this reason, most cosmological
analyses from ground-based data have used a “multi-frequency” likelihood where
the analysis is based on modelling the full set of cross-frequency power spectra
[89, 102, 159]. This will motivate us propagating the map-based model described
here to the power spectrum level in Section 3.2.2.

We can make further progress by assuming that the spatial variations in the
spectral parameters 3¢ across the mapped footprint are small, and using the
“moments-based” expansion [175]. Expanding 5! = i 4 §B(i), where 3! is the
mean of 3% across the map, and 3 describes its spatial fluctuations, we can expand
Eq. 3.2.1.1 to second order in 63’ as

m, (8) = 37 [T(0)S5 + T(0) 461(0) 655 + 5T, (8) D5L(0) 462(0) 0,0, + 0105

’ (3.2.1.6)

where the first order Taylor expansion is equivalent to the “Delta-map” method
developed in [182, 183]. In Eq. 3.2.1.6 we have used the shorthand

_ c _ 2 Qc
§e = se(B), a5 =% 0:0;5¢ = o5,
0 |,_; 0505

It is worth noting that the derivatives of the spectrum take a specific form in the

. (3.2.1.7)

p=p

case of spectral indices, which enter the spectrum as (v/uvg)”:

a"s, v\ 1" .
s ()]s sa1s

In Eq. 3.2.1.1 and in what follows we have used Einstein’s notation with respect to

summation over repeated indices identifying spectral parameters (i, j etc.).
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3.2.2 (y-based cleaning method

Let us now propagate the formalism above to the power spectrum between two

frequency maps
<aZmaZ/l:1/> = 5[€/5mm/02/'/, (3221)

where aj,, are the spherical harmonic coefficients associated with map m, (f1), which
we have assumed is statistically isotropic. Note that, for simplicity, we will assume
that all fields involved (m, (1), T.(n)) are spin-0 fields, even though our main
application, the polarisation of the CMB, is a spin-2 field. The generalization of our
main result to fields of arbitrary spin is presented in Sec. 3.2.3, where we justify
that neglecting the spin-2 nature is a good approximation in our analysis'. We will
thus apply these results directly to the pseudo-scalar B-mode component.

Using Eq. 3.2.1.6, the power spectrum C¥*’ is, up to second order in d3, given by:

Cy”" = Cy” loxo + C¢ ox1 + CFl1x1 + CF loxc, (3.2.2.2)
where
CV Joxo = Z 5¢ 5% Cy(T., Ty, (3.2.2.3)
CV Jox1 = gjaisg S Cy(T, 08, Tw) + (v e V'), (3.2.2.4)
Cy v = ifw 0,55 Co(T.081, T, (3.2.2.5)
Cy oxa = ;Z 9,0, 55 Co(T.0B067, T) + (v > V'), (3.2.2.6)

where Cy(a,b) denotes the power spectrum between fields a and b, and (v < /')
implies the same term swapping the roles of v and /.

The 0 x 0 term, which is exact in the absence of spatial variations of spectral
indices, is the basis for the fiducial power-spectrum level cleaning methods used
by CMB collaborations [89, 102], and it involves the modelling of N (N, + 1)/2
power spectra for N, different components. Assuming one single free spectral
parameter for each component, the 0 x 1, 1 x 1 and 0 x 2 terms would in general
imply modelling an additional N2, N.(N.+ 1)/2 and N? different power spectra
respectively (for a total of N.(3V, + 1) spectra). These individual contributions are
associated to distinct spectral responses in terms of the combination of spectrum

derivatives that accompany them, and it should therefore be possible to separate

!This is further reinforced by the good agreement of our formalism with Gaussian simulations
presented in Section 3.4.2.
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all contributions cleanly given a large enough number of frequency channels N,
(leading to N, (N, + 1)/2 distinct cross-frequency correlations). For example, on
a bandpower-by-bandpower basis, with two foreground sources, associated with a
single spectral parameter each, as well as the CMB, this approach would involve
modelling 15 different cross-spectra (compared with 4 spectra if the higher-order
terms are neglected). An experiment with 6 frequency channels would be able
to measure 21 different cross-frequency spectra, and should therefore be able to
separate the 15 different contributions, albeit at a significant cost in statistical
uncertainties [176]. In the presence of more than one free spectral parameter per
component, the number of independent spectra to model would increase rapidly.

With the objective of ameliorating the complexity of this model, we will make

the following three simplifying assumptions:

1. In the 1 x 1 and 0 x 2 terms, we will assume that different components
are uncorrelated, i.e. terms like Cy(Ts00s, Tpdfp) are zero. We know that
this assumption is wrong at some level. polarised dust and synchrotron are
associated to the same GMF, and there is evidence that they are correlated
on large scales. We will indeed account for this correlation in the 0 x 0 term
but ignore it in the higher-order ones, effectively treating the cross-component

correlation coefficient as another perturbative parameter.

2. We will assume Gaussian statistics for all fields involved. This automatically
cancels the 0 x 1 term, which only contains 3-point functions. Furthermore
this allows us to express all four-point functions in Eqgs. 3.2.2.5 and 3.2.2.6
as products of two-point functions. Galactic foregrounds are well-known to
be non-Gaussian, although the assumption of Gaussianity may be a better
approximation in polarisation than intensity [143]. Nevertheless, the rationale
is the same as before, treating the non-Gaussian foreground terms as higher-

order in the perturbative expansion.

3. We will assume that amplitudes 7T, and spectral index fluctuations 03, are
uncorrelated, therefore ignoring terms of the form Cy(T.,003.). This is also
not generally true, since variations in spectral indices are likely to trace the
same structures (e.g. dust filaments) that generate the foreground signals.
As before, we ignore these correlations, treating the associated correlation
coefficients as additional perturbative parameters that would make them

higher-order in the expansion.



96 3.2. Formalism

These assumptions yield the simplest possible description of the multi-frequency
power spectrum at leading order in the spatial variation of the foreground spectral
parameters. For the specific model used here (synchrotron and dust with free

spectral indices), the three surviving contributions to Eq. 3.2.2.2 read:

O |yo = SDSE PP + 5555, O + (SDSS, + 5352) 5P (3.2.2.7)
vv! qc qc (261 + 1)(262 + 1) ¢ 4t ? cc c
Crlixi= Y. 05550555 - 0 o0 o ) Giar,
CE{D,S} 0102
(3.2.2.8)
vv! 1 qc ac qc qQc cc
Ciloxe= X 3 [Sc 9355 + S5 93S5] Cieo, (3.2.2.9)
ce{D,S}
where we have used the shorthand
20+ 1
Ci = CE(TmTc)a CEC = C@(ﬂca ﬁc)> ‘7/236 = Z ;CZC' (3221())
T

l

At the cost of generality, the method is therefore significantly simpler, requiring only
the modelling of two additional power spectra, C;” and Cf 5. We have explored the
impact of the simplifying assumptions used here through the analysis of idealized
and realistic simulations, as well as precursor data, as described in Section 3.4.
We parametrize the different ingredients described above by extending the
model used by [102] for the 0 x 0 contribution. The amplitude power spectra

are modelled as power laws of the form

0+ 1)
2T

Ce = A, <€> , (3.2.2.11)
lo

with the dust-synchrotron cross-correlation parametrized through a scale-independent
correlation coefficient: CPP = epgy/CPPCPS. Likewise, the power spectrum of

00, is parametrised as

E Ve
P = B, <> : (3.2.2.12)
lo

with ¢y = 80 in all cases. Finally, the CMB B-mode power spectrum is parametrized
as

CMB = Ajns C)F™ 41 O™ (3.2.2.13)

r=1
where O™ and C{°|,_; are templates for the B-mode power spectrum caused by
gravitational lensing and by primordial tensor fluctuations with tensor-to-scalar

ratio r = 1 respectively. The model therefore has 13 free parameters:

{7’, Alens; AD, ap, 6]), BD, YD, As, ag, ﬁs, Bs, s, ESD}- (32214)
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3.2.3 Spin-s generalization of the first-order expansion

The expressions in Eqs. 3.2.2.7, 3.2.2.8 and 3.2.2.9 can be easily generalized to the
case of spin-s quantities (as is the case for the spin-2 CMB polarisation field). Using
the same formalism and notation presented in [79], the map m, and amplitudes
T. in Eq. 3.2.1.6 are promoted to spin-s fields with both () and U components in

real space, and E and B-mode components in harmonic space:

m, — m, = (m? mY),

v v

Agm  — Qm = (aéEm’ afm)’

while the spectral index variations §3. remain scalar, real-valued fields. The power
spectrum in Eq. 3.2.2.1 between any two spin-s field then becomes a 2x2 matrix
containing the four correlations between their £ and B components:

CaovF G (3.2.3.1)

<a€mb;/m/> = 6€€’5mm’ C?b = 5%’ 5mm’ (

Following the same techniques used in the derivation of the standard pseudo-C,
estimator (see e.g. [79]), it is easy to show that the expressions in Eqs. 3.2.2.7 and

3.2.2.9 for the 0 x 0 and 0 x 2 contributions remain formally unchanged:

C Joxo = SPSD CPP 4 5555 €5 + (5*,],35‘3 + S‘SS’B) P, (3.2.3.2)
v/ - 1 ac 92 Qc ac 92 ac cc 2
C loxa = CE{XD:’S} 5[50 9350 + 55 355] Cea, (3.2.3.3)

while the 1 x 1 term in Eq. 3.2.2.8 becomes

/ e a & 200+ 1)(20,+1) (0 4y 4
Cha= Y 85558555,2( 1 ifr : )<S _13 02

ce{D,s} [AY2)

2
) Cyr dg,Ciedl,,

(3.2.3.4)
where S; = { + {1 + {5, and we have defined the matrix

A N e R G
"2 ( - (=17 14+ (=1) ) : (3.2.3.5)

o>

Thus we see that the main additional effect of the spectral index variation on
the spin-2 polarised foregrounds is the mixing of £ and B modes in the 1 x 1
term. This is similar to the generation of CMB lensing B modes from primordial
FE modes, which motivates the analogy with CMB lensing used in Sec. 3.2.4, or to
the leakage between E and B in the presence of a sky mask. In the case of the
featureless foreground power spectra considered here, this effect is degenerate with
the unknown amplitude of the spectral index variations, and therefore we find the
spin-0 approximation described in the previous section accurate enough for our

main analysis, as will be demonstrated in Sec. 3.4.2.
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3.2.4 Non-perturbative calculation and CMB lensing

If the spectral properties of a given component were perfectly homogeneous, the
maps of that component at different frequencies would be simply rescaled versions
of the same field. The presence of spatially-varying spectral parameters, however,
causes additional perturbations on this field at different frequencies. The situation
is similar to the basic description of the lensed CMB: an unperturbed field (in this
case the primordial CMB fluctuation) is perturbed by a non-linear modification
caused by another field (the lensing deflection). Furthermore, the minimal model
explored here, in which both foreground amplitudes and spectral index fluctuations
are treated as uncorrelated Gaussian random fields, makes the analogy between
both phenomena almost exact. Because of this, we can use some of the methods
developed within the context of CMB lensing to improve on the moment expansion
method presented above. In particular, this section presents a full, non-perturbative
calculation of the multi-frequency power spectrum for a given component in analogy
to the calculation of the lensed CMB power spectrum.

Let us start by considering a single component ¢ with amplitude T.(n) at a
pivot frequency vy, and a spectrum of the form S¢(8.) = (v/1)* F¢, where F,, is
an arbitrary function of frequency normalised to F¢ = 1, and S.() = 3, + 63.(f)
is the component’s spatially-varying spectral index with mean f3,. At a frequency

v, the component’s sky emission is
T.., () = S(B.(R)) T.(0) = S T, () ™ 9@ (3.2.4.1)

where S¢ = S¢(f,), and we have defined x, = log(v/1).

The multi-frequency correlation function of the perturbed field is defined as

v v

£7(0) = (Too(B) T (1)) = S5 S5 (TL(h) To()) (™ Pt 800) -(3.2.4.9)

where cosf# = n -’ and, in the second equality, we have assumed that T, and
00, are statistically independent.
The second expectation value can be calculated analytically using the following

well-known result for Gaussian variables:

o ey?/(25%)
» dyi\/m e
where S? is the variance of y. Applying this result to the last term in Eq.
3.2.4.2 we obtain

(e¥) = v =52, (3.2.4.3)

2

£ (0) = 5 5% €°°(6) exp [(1’?, + x,z/)% +x,2, E8(0)], (3.2.4.4)
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Figure 3.1: Average dust power spectrum at 39 GHz from 100 Gaussian simulations
with spectral index variation o, = 0 (dashed black) and o, = 0.16 (dashed red) with
a pivot 1/(])3 = 353 GHz. The solid black line shows the theoretical prediction assuming
no spectral index variation, while the solid blue line shows the leading-order moment
expansion used in this work. The solid red line shows the exact calculation described in
Equations 3.2.4.4, 3.2.4.6 and 3.2.4.7.

where we have defined the unperturbed correlation function and the spectral

index correlation function:

£°(0) = (LM)T(R)) . €7(0) = (95:(R) 35.(1)) . (3.2.4.5)

Correlation functions and power spectra of scalar fields are related to each other

through:

< 90 4 1 o dle
0 =>  Li(cos§) CF =~ /0 S t) (3.2.4.6)
X = on /0 " d(cos 0) Le(cos 0) £X(0) =~ 21 /0 T 00 Jo(00)€X(0),  (3.24.7)

where the second equality in each line is valid in the flat-sky approximation.
Given a model for the power spectra of the foreground amplitude and spectral
index variations Cj¢ and C’f ¢, the multi-frequency power spectrum can be computed

at all orders in 63 through a 3-step process:

1. Calculate £(0) and &°(0) (and o3 = £°(0)) from C§¢ and CY using Eq.
3.2.4.6.

2. Calculate €7V (0) from ¢°(6) and £°(6) using Eq. 3.2.4.4.
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3. Calculate C¥”' from £"¥'(0) using Eq. 3.2.4.7.

The Hankel transforms translating between correlation functions and power spec-
tra (Egs. 3.2.4.6 and 3.2.4.7) can be calculated using computationally efficient
methods (e.g. [184]).

Figure 3.1 shows the improvement of this method over the lowest-order moment
expansion (Eq. 3.2.2.2). The figure shows the dust power spectrum at 39 GHz
for o5, = 0.16 calculated from the average of 100 Gaussian simulations (dashed
red), the zeroth-order approximation C¥"'|xo (black), the lowest-order moment
expansion (Eq. 3.2.2.2) blue), and the full calculation described here (solid red). The
non-perturbative calculation is able to recover the simulated power spectrum exactly.

Two interesting limits can be explored in Eq. 3.2.4.4. First, for small spectral
index variations, the first term in the Taylor expansion of the exponential factor
in this equation leads to two contributions, proportional to a% and &#(). These
correspond to the real-space versions of the moment expansion terms CY ”/|0X2
and C}{”/|1X1 respectively. Secondly, in the limit of uncorrelated spectral index
variations (C}° = Qpixagc, where iy is the pixel size), the frequency decorrelation

is scale-independent, and given by [143]

vv!
C} v

1 2 2
L —exp [—a Qi log ()} , (3.2.4.8)
Jercr 2 v

recovering the parametrisation in terms of decorrelation parameter used by [102].

Even with the use of fast methods for Hankel transforms, implementing the full
model slows down the computation of the likelihood used here significantly, and
therefore all our results use the moment expansion. As we have shown in section 3.4.2,
the accuracy of the expansion is sufficient for the range of frequencies and sensitivities
explored here. Furthermore, although the full calculation yields unbiased results,
its applicability is fairly limited to the case of Gaussian spectral index variations in
two dimensions that are statistically uncorrelated with the foreground amplitudes.
The inaccuracies associated with these assumptions are likely to be more important
than the differences with the moment expansion calculation. That being said, the
intuition gained from the CMB lensing analysis could be useful for other applications,
such as employing lensing reconstruction techniques to multi-frequency maps in

order to recover spectral index maps (see e.g. [185]).
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Parameter Prior Bounds
r Top-hat -1, 1]
Ajens Top-hat 0, 2]
Ap Top-hat [0, o0
ap Top-hat -1, 0]

Bp Gaussian 1.6 + 0.5
YD Top-hat  [-6, -2
Bp Top-hat [0, 10]
Ag Top-hat [0, o0
Qg Top-hat -1, 0]

Bs Gaussian -3 £+ 0.6
Bg Top-hat [0, 10]
s Top-hat [-6, -2]
€SD Top—hat [—1, 1]

Table 3.1: Summary of the priors used in the analysis. Note that all amplitude parameters
(except r) have physically-motivated positivity priors.

3.2.5 Power spectrum likelihood

To derive constraints on the free parameters of the model, we will use a multi-
frequency power spectrum likelihood (see Sec. 2.3.3 for more details). In this case,
the data vector is the full matrix of cross-frequency power spectra C¥”', with the
corresponding theory prediction described in the previous section. As discussed in
Sec. 2.3.3, the central limit theorem becomes invalid at large scales causing power
spectra to exhibit non-Gaussian features in their likelihoods. To account for this
effect, we use the non-Gaussian likelihood developed by [121] (HL hereon). This
likelihood requires an estimate of the covariance matrix of the full set of power
spectra. In order to accurately account for the effects of incomplete sky coverage
and E'B leakage, we estimate this covariance matrix from a set of 500 Gaussian
simulations, generated as described in Section 3.3.2. The HL likelihood additionally
requires an estimate of the fiducial power spectra, as well as the noise power spectrum.
We produce the former from the fiducial set of parameters used to generate the
simulations (see Section 3.3.2), and the latter by averaging the power spectra of
the 500 noise realisations generated for these simulations. Atmospheric noise and
various systematics will likely limit the largest scales that can be reliably used by
ground-based experiments, and therefore, in addition to the use of the realistic noise
curves described in Section 3.3.4, we use the restricted scale range 30 < ¢ < 300
where B-mode signal from the recombination bump is concentrated [102].

The posterior distribution is given by the product of this likelihood and a set

of priors. The priors have been chosen to be wide enough that the parameters are
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constrained by the data in most cases. They are summarised in Table 3.1. Note
that we impose a physically motivated priors on all power spectrum amplitudes
(A., B.) forcing them to be positive. An exception to this is r, which we allow to
be negative in order to detect possible negative biases. While negative r values
do not make sense physically, they may result from e.g. volume effects caused
by choosing specific priors on other parameters that we have marginalised over.
Opening the prior on r to negative values allows us to monitor these unwanted
effects, offering a simple robustness check.

We sample this posterior distribution using the affine-invariant Monte-Carlo
Markov chain ensemble sampler emcee [122]. The chains were started around
the maximum likelihood point, found via Powell’s minimisation scheme [186] as
implemented in SciPy [187]. The likelihood evaluations take about 10 milliseconds
per iteration without the moment terms, and order 100ms with them, due to the
evaluation of the sum in the 1 x 1 term 3.2.3.4. Further optimisations were not
necessary as a converged MCMC chain can be completed in a few days.

The full pipeline that was implemented for this study, BBPipe, is publicly

available?, of which the more updated version is included in the submodule BBPower®

3.3 Simulations

In order to test the validity of the moment expansion method described in the
previous section, we test it on a suite of sky simulations. These simulations were
created using the publicly available code BBSims*. These simulations include
the most relevant sky components, as discussed in Section 3.2.1, with varying
degrees of realism in order to explore the impact of the assumptions of the method
regarding foreground properties on its performance. The simulations also incorporate
the contribution from instrumental noise and limited sky coverage for a SO-like

experiment, as described in Section 3.3.4.

3.3.1 CMB

In all simulations, the CMB contribution was generated as a Gaussian random field
drawn from the power spectrum in Eq. 3.2.2.13, given by the Planck 2018 best-fit
ACDM parameters. Our baseline model does not include any primordial tensor

signal (r = 0) but incorporates lensing power in the BB spectra (Ajps = 1).

2See github.com/simonsobs/BBPipe.
3See github.com/simonsobs/BBPower.
4See github.com/susannaaz/BBSims.
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3.3.2 Gaussian foreground simulations

We generate a large suite of “Gaussian” simulated skies. For these, we simulate sky
maps for the amplitude and spectral index variation maps (T.(fi) and 65.(n)) as
Gaussian random fields governed by power spectra following the power-law models
in Eqs. 3.2.2.11 and 3.2.2.12. We then add the mean spectral indices 3. to §3.(i)
and use the templates of the Python Sky Model software (PySM’, [188]) to generate
observed sky maps in the six SO frequency channels (see Section 3.3.4). These
maps are generated using the HEALPix® pixelisation scheme [110] with resolution
parameter Ngqo = 256. The pixel resolution (66 ~ 0.2°) is enough to cover the ¢
range relevant for our analysis. Amplitude and spectral index maps were generated
as uncorrelated Gaussian fields.

The aim of these Gaussian simulations is twofold. First, by using the exact
same model assumed by the cleaning method (Gaussian fields, uncorrelated indices
and amplitudes), we can test the validity of the leading-order expansion in 60,
for different levels of spectral index variation, and compare it with the full, non-
perturbative result. Secondly, the HL likelihood used here (see Section 3.2.5) requires
an estimate of the power spectrum covariance. In order to fully incorporate the
effects of inhomogeneous noise, mode-coupling and F/B mixing in the covariance
matrix, we use these Gaussian simulations to compute it.

To estimate covariance matrices, we generate two suites of 500 Gaussian simu-
lations. Both suites were generated with constant spectral indices (Bp = Bs = 0)
but with different values for the amplitude power spectrum parameters. The
first suite used the best-fit foreground parameters found by the BICEP2/Keck
collaboration [102]:

Ap =5uK?, ap=—-042, Ag=2uK?* ag= —0.6,

and was used in the analysis of the method’s performance as a function of spectral
index variation amplitude. The second suite used the foreground parameters
that best fit the dust and synchrotron template maps used in the realistic set of
simulations described in Section 3.3.3, and were used to both validate the method
against realistic simulations as described in Section 3.4.3, and in the simulation

challenge described in Section 3.4.4. The corresponding parameter values are

Ap =28 uK?  ap=—-0.16, Ag=16uK?* ag=—0.93. (3.3.2.1)

5See github.com/bthorne93/PySM_ public
Shttp://healpix.sf.net
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All the Gaussian simulations presented here used the same values for the constant
spectral indices (8p = 1.6, s = —3) and the same pivot frequencies (1) = 353 GHz
and u§ = 23 GHz). The dust-synchrotron correlation coefficient was set to esp = 0.

To study the performance of the moment expansion method for different levels
of spectral index variation, we generate a number of additional simulations with
spectral index maps generated as Gaussian realisations of C;° in Eq. 3.2.2.12 with
varying values for the amplitude B.. Instead of varying B, directly, we generate maps
of 03.(n) with an arbitrary amplitude and then renormalize them to enforce a given
per-pixel standard deviation o(S.) = 1/(d/32). Therefore our results will be presented
in terms of o(f.) as a more meaningful parameter, rather than B,.. Unless otherwise
stated, we fix the spectral tilt v, to the arbitrary values (yp,7s) = (—3.5, —2.5).
Note that we will also study the impact of the value of v. on the results, since this
parameter regulates the distribution of spectral index fluctuations on different scales.

In summary, the different types of simulations include the two suites used to
generate the covariance matrix discussed above, Gaussian foreground realisations
with varying spectral index amplitudes described in Section 3.4.2, “realistic” fore-
ground simulations introduced in the following Section and described in Section
3.4.3 and simulations with varying degrees of foreground complexity used in the

“simulation challenge” described in Section 3.4.4.

3.3.3 Realistic foreground simulations

In order to test the validity of the assumptions adopted by our simplified moment
expansion (Gaussianity, independence of spectral index and amplitudes, and between

components), we produce an additional set of simulations with higher level of realism.

« disl model: We use the foreground templates provided by PySM. Specifically,
we use the dust amplitude map and spectral index map assumed by the
d1 model, coming from Planck high frequency observations, as well as the
synchrotron amplitude map included in the s1 model, coming from WMAP
23 GHz maps. The synchrotron spectral index map provided with s1 was
originally derived from a combination of the Haslam 408 GHz map [189,
190] and the WMAP 23 GHz map [191, 192]. The map presents very mild
fluctuations in fg, and only on very large scales. The level of variation and
the overall value of s in this model has been shown by [148] to be too low

using data from the SPASS experiment.
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Figure 3.2: Dust and synchrotron polarised amplitude maps (top row) and spectral
index maps (bottom row).

e dism model: To increase the complexity of the synchrotron contribution we
instead generate an alternative spectral index map generated by re-scaling the
s1 map and extending it to smaller scales using a power-law spectral index
power spectrum CZB $ matching the measurements of [148]. The dust spectral
index in d1 corresponds to the estimate of fp(f) from the Planck data using

the Commander component separation code [193].

Figure 3.2 shows the polarised amplitude and spectral index maps used in these

simulations. The RMS fluctuation around the mean of the spectral index maps are
o5, =0.04, o4, =0.22. (3.3.3.1)

It is worth noting that the level of realism of these simulations is similar to those
used to quantify the performance of future B-mode facilities in e.g. [108, 194, 195].
Three main aspects of these simulations that will challenge the assumptions

made by our method are:

1. The spectral index and amplitude maps are non-Gaussian.

2. The spectral index maps are based on existing observations, and therefore

should be realistically correlated with the polarised amplitudes on large scales.

3. The spectral index fluctuations are not necessarily distributed according to a

power-law power spectrum on all scales.
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Frequency FWHM Noise (baseline) fynee Qknee
(GHz) (arcmin)  (pK-arcmin)

27 91 35 15 -24
39 63 21 15 -24
93 30 2.6 25 -25
145 17 3.3 25  -3.0
225 11 6.3 35 -3.0
280 9 16 40 -3.0

Table 3.2: Summary of the beam Full Width at Half Maximum (FWHM) apertures,
baseline and goal sensitivity levels for each band of the SO Small Aperture Telescope
(SAT) from [108]. The correlated noise power spectrum is parametrised as Ny =

‘N'White[(e/gknee)aknee + 1]

3.3.4 Instrumental effects

All the simulations described in the previous two sections include instrumental noise
designed to mimic an experiment following the specifications of the SO as described
in [108] (SO19 hereon). The simulations are generated in the six frequency bands
covered by SO, centred around v = 27, 39, 93, 145, 225 and 280 GHz. The three most
relevant effects are instrument beam, scale-dependent noise, and inhomogeneous sky
coverage. For simplicity, we do not include the effects of bandpass convolution and
instead assume delta-function bandpasses centred at the frequencies listed above.

We generate noise realisations following the same two-step process described in
SO19. First, we generate noise power spectra using the noise calculator released
with the data supplement of SO19, of the form:

/ «a
NZ = NWhite l<&(> + 1] y (3341)

where Nypite is the white noise variance (in units of uKgyp srad), while ;6 and
Qxnee Parametrise the scale at which 1/ f noise starts dominating, and the steepness
with which it rises on large scales, respectively. We assume the baseline noise level,
an optimistic knee scale f,.., and a total of 5 years of observation. Details can
be found in the SO19 paper and in Table 3.2. We then generate homogeneous
noise maps for the six frequency channels as Gaussian realisations of these power
spectra. Finally, we scale these maps inversely with the square-root of the hits
count map included in the data supplement (and shown in Figure 3.3) to account
for the inhomogeneous sky coverage.

The signal maps are convolved with a Gaussian beam with a Full Width at Half
Maximum (FWHM) aperture given by opwuy = 1.220/D, assuming diffraction-
limited optics. Here D = 42 cm is the diameter of the SO Small Aperture Telescopes,
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Figure 3.3: Sky mask used in the analysis, proportional to the map of hit counts in
Equatorial coordinates used for the SO SATs.

A = v/c is the central wavelength of the band. Note that, for each simulation, we
generate four independent noise realisations, each with a noise amplitude twice as
large as the five-year SO sensitivity. This allows us to use these four realisations as
independent data splits when estimating power spectra in order to avoid modelling
the noise bias as part of the likelihood (see Section 3.2.5).Signal and noise maps

are then added in the observed footprint and saved to file.

3.3.5 Power spectrum measurement

We extract the full set of multi-frequency B-mode power spectra CPP from each simu-
lation as follows. Each simulation consists of 24 pairs of (@, U) maps, corresponding
to the 6 frequency channels and 4 data splits. We compute the cross-spectrum
between all pairs of maps using a pseudo-C; estimator as implemented in NaMaster’
[79]. We use a differentiable sky mask constructed by smoothing the hits map
provided with the SO19 data supplement with a 1° FWHM beam and applying a
“C1” apodization with a 5° width (see [108]) to the resulting map. The simulated
map of hit counts in Equatorial coordinates for the SATs is displayed in Figure 3.3.

Once all unique auto- and cross-spectra between the 24 different maps have
been calculated, we produce coadded power spectra for every pair of frequencies
(v1,15) by averaging over all power spectra involving maps at those frequencies
corresponding to different data splits. By doing this, we isolate the contribution
from the inhomogeneous noise bias to the auto-correlations, which are not used to

generate the final coadded spectra. Discarding the auto-correlations leads to some

"https://github.com/LSSTDESC/NaMaster
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loss of sensitivity. However, we find this loss to be negligible when comparing the
final constraints on r (presented in the next section) with the official SO forecasts
[108]. All power spectra were measured in a set of equispaced bandpowers with
width A¢ = 10. Of these, only the 27 bandpowers in the range 30 < ¢ < 300 were
used in the likelihood analysis, making the total size of the data vector Ng.;. = 567.
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Figure 3.4: Left: Correlation matrix obtained from the full covariance of 500 Gaussian
simulations at 30 < ¢ < 300. Here we have selected the block corresponding to the BB
cross spectrum Cj X”/, where v = 93 GHz and v/ = 143 GHz. The associated covariance
is strongly dominated by the diagonal terms. Right: All off-diagonal elements of the
covariance above the third superdiagonal are set to zero in order to reduce the statistical
noise due to the finite number of simulations.

As noted in Section 3.3.2, we repeat this process for two suites of 500 Gaussian
simulations to generate the covariance matrices used in the likelihood analysis. We
find each block of the resulting covariance involving two pairs of frequencies to be
strongly dominated by its diagonal elements. Therefore, to reduce the statistical
noise in the covariance due to the finite number of simulations, we set all off-
diagonal elements in each block to zero, except for the diagonal and the first three
superdiagonals. This is evident in Figure 3.4, which shows the correlation matrix
derived from the scaled covariance with unit values along its diagonal.

In this analysis we avoid leakage of E to B modes induced by the partial sky
coverage in order to minimise the computational cost of using B-mode purification
when calculating the power spectrum covariance. The following section 3.3.6 shows
that, in the range of scales used here, this approximation does not affect our

results. This was also verified in [108].
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Any residual mode-coupling effects in the pseudo-Cy estimator are taken into
account analytically when evaluating the theory predictions for these measured

power spectra [79].

3.3.6 E-B mixing
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Figure 3.5: Error on the B-mode power spectrum D, calculated at 95 GHz for 500
simulations. The ideal case when E-modes are not included (black) is compared with
the result of B-mode purification (red). The two cases show commensurate levels of
uncertainty on the power spectrum at scales 30 < ¢ < 300.

The CMB E-mode component of the signal is significantly larger than the
B-modes. In the optimal case, the polarisation field can be linearly decomposed into
a E and B part, and all the B fields are orthogonal to all the F fields (i.e. pure) and
vice versa. However, when dealing with partial-sky observations, ¥ and B modes
in the cut sky become linear combinations of the true £ and B modes [196, 197].

The leakage of F to B modes contributes to the variance of the B-mode power
spectrum estimator, limiting our chances to detect the tiny primordial B-mode
signal. Therefore, rather than removing the leakage in harmonic space (i.e. the
standard pseudo-Cy approach), in cut-sky regimes it is preferable to define operators
at the map level such that the cut-sky harmonic coefficients will only depend
on the corresponding E/B field (i.e. B-mode purification formalism [81]). This
solution will therefore mitigate the leakage.

In our analysis, we simulate optimal measurements of the B-mode power spec-
trum. That is, we generate two suites of 500 simulations (see Section 3.3.2) without
including E-modes, which allows us to bypass the computationally expensive purifi-
cation step when using NaMaster to compute the covariance. However, this means

that we may be underestimating the uncertainty of the power-spectrum estimates.
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In order to quantify this, Figure 3.5 compares the error bars of the power-
spectrum estimates in the ideal case (corresponding to the case where E-modes
are not included) in black, with those of the purified B-mode spectra (i.e. where
FE — B mixing is mitigated) in red. We find comparable levels of uncertainty for
30 < ¢ < 300, where the lower angular scales are dominated by cosmic variance
and the higher scales by the ¢2 factor. The performance of the moment expansion

method is therefore not affected by the absence of E-modes at the scales of interest.

3.4 Results

3.4.1 Convergence of the model

Before testing the method on simulated data, let us first gain some intuition on
its behaviour by studying the convergence of the power-spectrum-level moment
expansion. The moment expansion will converge if each higher-order term in
the series is monotonically decreasing [175]. Using the formalism described in
Section 3.2.1, and assuming that all spectral parameters are spectral indices, Eq.

3.2.1.6 becomes a geometric series of the form
Se(B@) = Ss(1+a+a2>+...) (3.4.1.1)

where z = log (v/1§) §5.. The moment expansion will therefore converge as long as
x < 1. Thus, if we want the method to converge on the frequency interval [y, vy,
there is a certain maximum 05 that the expansion can tolerate. Figure 3.6 shows
the convergence bound on 5 for v; = 30 GHz (blue) and v, = 300 GHz (red) as a
function of the pivot frequency 1. The maximum ¢/ for the full region is achieved
at vy = /v, ~ 95 GHz and corresponds to |0|max = 2/1og(1n/v1) ~ 0.87.
Thus, a good choice of pivot frequency can improve both the convergence of the
model and minimise foreground-related biases for a given level of spectral index
variability. Note, however, that the choice that maximises the allowed variability of
05 for a converged expansion is not necessarily the optimal choice that minimises
foreground biases on r for a finite order in the moment expansion. For example,
taking the lowest-order expansion used here, and considering a model consisting
of dust, synchrotron and CMB, the choice of pivot frequency for dust should
balance the need to describe dust accurately in the frequency channels where it
dominates the emission (280 and 220 GHz for SO), while providing a reasonable
extrapolation of it on the CMB-sensitive frequencies (145 and 93 GHz for SO),

regardless of the convergence of the model at all orders in the expansion in the
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Figure 3.6: Convergence regions of the moment expansion method.

furthest, synchrotron-dominated frequency channels (39 and 27 GHz for SO). We
will study the impact of the choice of vy in Section 3.4.2.

Another convergence-related aspect of the particular model used here is the
choice of power-law to describe the power-spectrum of spectral index variations C°.

Over a given range of scales £, < £ < lay, the standard deviation of 05, is given by

2041 B

2 Be c
= E - = —2C(—v. — 1)+ ((—.) — 4.1.2
o (BC) Zzgmin 47T CK 47T€’8/c [ C( ’YC ) C( IYC) 3]7 (3 )

where, in the second equality, ¢ is the Riemann “zeta” function, we have assumed
the power-law model used here (Eq. 3.2.2.12), and used {1, = 2, iax = 00. The
standard deviation therefore diverges for v > —2. The models used here, supported
by current measurements of the synchrotron and dust spectral index [198], satisfy
this constraint. However, as before, ultimately we only need this lowest-order
expansion to describe the data on a limited range of scales, in which case these

convergence constraints need not be strictly imposed.

3.4.2 Gaussian simulations

We evaluate the performance of our method with a set of Gaussian simulations
generated following the prescriptions described in Section 3.3.2. We will study this
performance as a function of the level of spectral index variation, parametrised by

the standard deviation oy rather than the amplitude parameters B..
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Figure 3.7: Power spectra of the average of ten Gaussian dust-only simulations, assuming
a spatially varying spectral index with o(fp) = 0.3 (black). The lines show the prediction
without accounting for this spatial variation (green), and with the inclusion the moment
expansion terms (red). The order-0 prediction clearly underestimates the power spectrum
on relevant frequencies (e.g. 93x93 GHz), likely leading to a bias on r. The inclusion
of the order-2 terms recovers the simulated data accurately up to effective frequencies
V' ~ 60 GHz. At the lowest frequencies (27, 39 GHz), where dust is subdominant to
synchrotron and CMB emission, the order-2 expansion underpredicts the power spectrum

significantly.
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3.4.2.1 Power spectrum predictions

First, we use these simulations to quantify the ability of the lowest-order moment
expansion to describe Gaussian simulated data containing all of the higher order
terms. The relevance of these terms will determine the bias on r associated with
the method, which should increase with increasing og. Figure 3.7 displays the
multi-frequency power spectra C} " in the range 30 < ¢ < 300 used here. The
spectral index variation is o(8p) = 0.3 with yp = —3.5 at 1y = 220 GHz. These
simulations contained only dust, the dominant foreground source for SO, with input
parameters Ap = 5 uK?, ap = —0.42, fp = 1.6, in order to study the recovery
of this particular component across the whole frequency range. Here the green
line shows the predicted dust spectrum assuming a homogeneous spectral index,
equal to the true mean fp used in the simulations. The red line then shows the
result of adding the 1 x 1 and 0 x 2 terms.

We can see that the order-0 prediction clearly underestimates the power spectrum
on relevant frequencies (such as the 93x93 GHz combination), likely leading to a
bias on r. However, in this particular example, considering only dust, the inclusion
of the order-2 terms is able to recover the simulated data accurately up to effective
frequencies v/vv' ~ 60 GHz. At the lowest frequencies (27, 39 GHz), where the
emission is dominated by synchrotron, the order-2 expansion again underpredicts
the power spectrum noticeably.

The 1 x 1 term in the moment expansion (Eq. 3.2.2.8) involves a convolution
of C¢° and CJ°. The associated sum over multipoles should in principle cover all
integer ¢; 2, however, in practice, it is only evaluated up to a maximum multipole
lhax. Figure 3.8 shows, as a dashed red line, the predicted dust auto-spectrum
at v = 93GHz using /., = 384, compared with the average of ten Gaussian
simulations with o5, = 0 (black points) and o, = 0.2 (red points). The figure
shows clearly that the moment expansion calculation becomes numerically inaccurate
on scales ¢ > /l,., showing that the impact of the choice of /., is limited to
multipoles similar or larger than that scale. Thus, when implementing the moment
expansion, it is sufficient to choose /.« to be slightly larger than the maximum

multipole used in the analysis.

3.4.2.2 Constraints on r

In order to propagate these results to final constraints on the tensor-to-scalar ratio,
we proceed with the multi-frequency power spectrum likelihood analysis described

in Section 3.2.5. We start by producing a suite of 500 Gaussian simulations with
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constant spectral indices and Ap = 5 uK?, ap = —0.42, Ag = 2uK?, as = —0.6
as described in Section 3.3.2. These simulations are used throughout this analysis
to compute the power spectrum covariance matrix and to validate our method.
We also used these simulations to validate our pipeline and implementation of the
[121] likelihood, by making sure that we are able to recover the input foreground
and CMB parameters in a subset of the suite.

In the presence of spatially-varying spectral indices, a significant bias in the
tensor-to-scalar ratio can arise if the corresponding effect in the multi-frequency
spectra is not taken into account in the model. In the case of Gaussian simulated
data, higher B, values generally correspond to higher biases on r. This is illustrated
in Figure 3.9, which shows the recovered best-fit values of r and their 1o uncertainty
for simulations run with increasingly larger values of o5 (equal for both synchrotron
and dust). For each value of 03, a set of 20 simulations were generated, with the
same seeds in each set, and the figure in the upper panel shows the individual
results from each simulation as well as the average over simulations to minimise
the impact of sample variance. All simulations were run with an input » = 0, and

therefore the bias on r is directly given by its mean measured value. Results are
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Figure 3.8: Upper panel: Dust power spectrum at 93 GHz. The red and black points
show the average of 10 Gaussian simulations with oz, = 0 and 0.2 respectively. The
dashed red line shows the theoretical prediction with the moment expansion method using
a maximum multipole fpa.x = 384 when convolving C§¢ and C}° in the 1 x 1 term (Eq.
3.2.2.8). As shown in the inset, the impact of this choice is limited to scales ¢ 2 fiax,
and thus this value must simply be chosen to lie outside the range of scales used in the
analysis. Lower panel: Fractional difference between the model and the simulated power
spectra. The black error bars are recovered from the 10 realisations.
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Figure 3.9: Upper panel: Best-fit values of r for twenty realisations of the sky calculated
at different values of og, (the same for synchrotron and dust). Results are shown for
a model assuming constant spectral indices (black) and using the moment expansion
method (red). The position of each simulation in the z axis is shifted slightly from its
true og, for clarity. The larger, solid dots, at the centre of each g, value show the mean
and standard deviation of each suite of simulations. Lower panel: Statistical uncertainty
o(r) averaged over the ten realisations in the case of constant spectral indices (black) and
using the moment method (red). The moment expansion is able to correct the bias on r
for all values of o, considered, at the cost of increased final uncertainties with respect to
a model with constant spectral indices (which themselves increase monotonically with

Uﬁc)

shown for the final constraints on r found assuming constant spectral indices (black
dots) and using the moment expansion method to account for their spatial variation
(red dots). We see in the bottom panel of 3.9 that the statistical uncertainty on
r consistently increases with higher values of o, when accounting for spectral
index variation. The upper panel figure shows that the bias on » when ignoring
the spatial variation of 3. grows with oz , becoming of the same order as the
statistical uncertainties (o(r) =~ 0.002) for o5, ~ 0.25. Accounting for the spectral
index variation through our minimal moment expansion consistently corrects this
bias, making it compatible with zero for the full range of o4, studied here, which
encompasses the range of variation allowed by current data [193].

It is worth noting that the mean of the posterior distribution of r for data
with no (or mild) spectral index variation analysed using the moment expansion
is consistently biased low by Ar ~ —g(r) ~ —0.002. This is due to the parameter

degeneracy between r and the spectral index amplitudes B., coupled with the
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Figure 3.10: Upper panel: Mean best-fit values of r for ten sky simulations with varying
levels of spectral index variation parametrised by og, without accounting for moments
(black) and with moments correction (red). Results are shown when the analysis is done
using 40 GHz and 220 GHz as pivot frequencies for synchrotron and dust respectively
(crosses), and when using 23 GHz and 353 GHz (shaded circles). The simulations were
generated using the latter values as pivot frequencies for the foreground amplitude maps.
Using pivot frequencies that coincide with channels close to the experiment’s central
bands allows the moment expansion to recover unbiased results on r for the whole range
of 0g,, whereas the alternative pivot frequencies lead to a bias for large og,. Bottom
panel: Statistical uncertainty on r in the same cases.

positivity prior B. > 0 imposed on the latter. A positive B, increases the amplitude
of the corresponding component’s power spectra in the central, CMB-sensitive
frequencies (93 and 145 GHz), which the model can compensate through a slightly
negative r. We find, however, that the best-fit r value reported here is not
significantly biased. This is a well-known effect that arises also when parametrising
spectral index variation through a frequency decorrelation parameter A, when
imposing a physical prior A. < 1 (see Appendix F of [102]). The impact of
physically-motivated priors should therefore be considered when interpreting the
results of these analyses. We leave a more detailed study of this effect for future work.

The previous results were found with a model using pivot frequencies 1) =
220 GHz and 1§ = 40 GHz. This choice of pivot frequencies is motivated by the
fact that SO has two pairs of foreground monitor channels at 27/39 GHz and
220/285 GHz for synchrotron and dust respectively. Since the allowed variability of
B. is larger when the pivot frequencies are closer to the centre frequencies of the

experiment’s band, choosing the pivot frequencies to lie in the corresponding monitor
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channel lying closer to the CMB-sensitive bands ensures an accurate description
of the foregrounds at the monitor frequencies and a reasonable extrapolation in
the intermediate bands. An application of this method to instruments with more
frequency bands, such as future space-borne missions [199, 200], will likely require
a more careful analysis of the optimal pivots. The relevance of this choice is shown
in Figure 3.10, where we compare the results from our previous analysis with the
same method using pivot frequencies at vy = 353 GHz and v§ = 23 GHz, motivated
by the location of sensitive bands in previous experiments [192, 201]. When using
these more distant pivot frequencies, we find that the moment expansion is not able

to recover unbiased results for the highest value of o4, explored here.

It is worth noting that the results above were obtained for simulations in which
the spectral tilt of the spectral index fluctuations were yp = 75 = —3. This
corresponds to fairly steep power spectra, which induce substantial large-scale
variations of the spectral indices. Since we analyse cut-sky simulations, the effective
mean spectral indices in our sky patch are not necessarily centred at the fiducial
values (BD —= 1.6, B3 = —3) we assumed to generate the simulated data. In fact,
due to the large scale power associated with 0., the variation of the effective mean
spectral index in the analysed footprint can easily be as large as the o assumed
in our simulations. In order to avoid this, we use large Gaussian priors on [p
and fs (0.5 and 0.6 respectively). We have verified that the results presented here
hold also for simulations with flatter spectral tilts 7. = —2.1, in line with current
measurements of the synchrotron spectral index [148].

The posterior distributions for one realisation of a Gaussian simulation with
os, = 0.2, 05, = 0.3, Ap = 28uK?, As = 1.6pK? is shown in Figure 3.11. The
left panel shows the results for the tensor-to-scalar ratio and the average spectral
indices with and without the inclusion of the additional moments parameters in
blue and orange, respectively. The posterior distribution of the moment amplitudes
and spectral tilts, displayed in the right panel of Figure 3.11, shows that Bp and
Bg are not significantly larger than zero compared with their error bars. The power
spectrum-based approach used here is therefore unable to detect the spectral index
variation from the Gaussian simulated data, with a level of spectral index variation

compatible with existing measurements of s and fp.
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Figure 3.11: Left panel: posterior distribution for r, fp and fg in Gaussian simulations
with spatially-varying indices (og, = 0.2 and og, = 0.3). Results are shown for a model
assuming constant spectral indices (orange contours), and using the moment expansion
method (blue contours). The input parameters used to run the simulation are shown as
red points and dashed lines. Right panel: posterior distribution for the moment expansion
parameters. Note that the values of B, displayed in our analysis are 6 orders of magnitude
larger for clarity.

3.4.3 Realistic simulations

Having validated the method for simulations that follow the implemented theoretical
model, we now turn to simulations containing “realistic” foreground spectral index
maps and amplitudes that do not adhere to our model assumptions (Gaussian fields,
uncorrelated indices and amplitudes), as described in Section 3.3.3. As discussed in
Section 3.3.3, although the level of complexity increases compared to the Gaussian
simulations, these simulations contain a comparatively low level of spectral index
variation for both dust and synchrotron.

In Figure 3.12 the power spectrum of the “realistic” amplitude maps for dust
and synchrotron is compared with power-law fits. We find that, within the range
of scales considered here, the power spectra of the PySM maps are well described
by power laws with amplitudes (Ap, As) = (27.7, 1.6)uK? and tilts (ap, ag) =
(-0.16, -0.93). Thus, any bias on r resulting from the analysis of these simulations
can be attributed to the spatially-varying spectral indices, and not to an incorrect
modelling of the scale dependence of foreground amplitudes. We use these values
to generate another suite of 500 Gaussian simulations (described in Section 3.3.2),
which we use to estimate the power spectrum covariance. It is worth noting that
the foreground power spectra exhibit clear departures from a perfect power law on

scales larger than those used here [193], but this does not affect our results.
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Figure 3.12: Power spectra of the PySM polarised synchrotron and dust maps (red
and blue dots respectively) in the sky patch used in our analysis. The solid lines show
the best-fit power-law spectra with amplitudes (Ap, As) = (27.70, 1.58)uK? and tilts

(ap, ag) = (-0.16, -0.93).
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Figure 3.13: Left panel: posterior distribution of the multi-frequency power spectrum
likelihood for r, fp and [Bg from the realistic simulations. The green contours show
the baseline result assuming constant spectral indices, while the blue curves show the
constraints using the moment expansion method. Right panel: distribution of the moment
expansion parameters. No significant detection of spatially-varying indices is found with
this method. Note that all values of B, displayed in our analysis are 6 orders of magnitude

larger for clarity.
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Ten different realisations of these realistic simulations were generated using
the same foreground amplitude and spectral index maps, but varying the CMB
and noise components. These were then analysed through our pipeline with and
without the inclusion of the additional moments parameters to recover the posterior
distribution for r. The results for one realisation are shown in Figure 3.13. The
baseline result of the r posterior distribution is centred at 0.0029 + 0.0023 averaged
over the ten realisations. The higher complexity of these simulations introduces
a bias on r, which is comparable to the bias found with the Gaussian simulations
with a spectral index variation o3 = 0.3.

After including the higher-order foreground terms and marginalising over the
4 additional parameters, the constraints on r are r = 0.0005 & 0.0028 averaged
over simulations. Thus, the bias on r is corrected by over 1o if we include the
extra foregrounds parameters (the posterior of these is shown in the right panel of
Figure 3.13). The inclusion of moments induces a small increase in the uncertainty
on r, with o(r) = 0.0028 4 0.0004 averaged over simulations. This is visible in the
corresponding wider posterior distribution of r in Fig. 3.13. The spectral index
parameters, on the other hand, seem to absorb some of the additional parameter

freedom, with Sp increasing its posterior standard deviation by ~ 30%.

3.4.4 Simulation challenge

As a final validation test for our implementation of the moment expansion method,
we have carried out a “simulation challenge” to determine the ability of the method
to absorb a variety of foreground parametrisation. A set of 12 different simulations
were generated independently and then analysed blindly without knowledge of
the contents of each simulation. In order to quantify the performance of the
method, the analysis was carried out with and without the moment expansion.
Covariance matrices were estimated using the second suite of Gaussian simulations
described in Section 3.3.2. The simulations combined the levels of complexity
encoded in the Gaussian and realistic simulations described in the previous sections

with additional ingredients.

« Simulations were generated with Gaussian amplitudes, with Ap = 28 uK?,
ap = —0.16, Ag = 1.6 uK?, ag = —0.93 (labelled “G” in Table 3.3) and with
the realistic amplitude templates included in PySM (labelled “P” in Table 3.3).

» Two simulations were run with the realistic PySM amplitude templates for
synchrotron and dust and with the addition of spinning dust (AME) with a
2% polarisation fraction (labelled “P+A”).
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The thermal dust contribution was propagated in frequency using the modified
black-body spectrum in Eq. 3.2.1.3 (labelled “MBB”) as well as the model by
[179] (labelled “H&D”).

Foreground spectral indices were generated as Gaussian fields (labelled by
their standard deviation o), as well as using the more complex templates
described in Section 3.4.3.

The underlying value of r was varied between r = 0 and r = 0.01 in different

simulations.

Finally, two simulations were run using the statistical model described in [143]
(labelled “VS” in the table). In this model, the three-dimensional structure of
the GMF is described by a finite number of layers (we use Njayer = 7 layers).
The coherent component of the magnetic field is the same in all layers, while its
turbulent part is generated as a Gaussian random field. Once the direction of
the GMF is determined, maps of the () and U Stokes parameters are generated
by scaling the dust intensity map found by Planck [193]. As an additional
level of complexity, and in an attempt to describe the three-dimensional
distribution of the dust spectral index, we associate each layer with a different
Gaussian realisation of 6 fp with standard deviation oz, = 0.13 (the combined

RMS variation for 7 layers is og, =~ 0.35).

The results for the different simulations run as part of this challenge are
summarised in Table 3.3. Highlighted in red are the results of simulations in
which a the best-fit value of » was found to be more than 20 away from the input
value. We find that in most cases where foregrounds introduce a bias on r at
this level using the standard method, the moment expansion method is able to
recover unbiased results at the same level.

The results of the analysis for the first four simulations (rows 1-4 in Table
3.3) are consistent with the results presented in Section 3.4.2. When no spectral
index variation is introduced (o5 = (0,0)), the final results both with and without
moments are compatible with the true values of r within their respective o(r), with
a modest widening in the final constraints when moments are included. When
Gaussian spectral index variation is introduced (o3 = (0.2,0.3)), the baseline result
exhibits a bias up to the 30 level, which is reduced by 2¢ using the moment
expansion method, with a ~ 30% increase in uncertainty.

Similarly, the 1 — 20 (r) level bias induced by the PySM templates for the spectral

indices (rows 5 and 6) is reduced by 2 85% of o(r) compared to the baseline result,
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Simulation No moments With moments
Description; (og,, 044) Ttrue ray = o(r) 2 re; = o(r) x>
G, MBB; o5 = (0,0) 0 -0.0013 £ 0.0021 0.8 -0.0024 = 0.0024 0.8
G, MBB; o5 = (0,0) 0.01 0.0116 £ 0.0022 0.8 0.0099 £ 0.0025 0.8

G, MBB; 05 = (0.2,0.3) 0 0.0088 = 0.0023 0.9 0.0038 = 0.0035 0.8
G, MBB; 03 = (0.2,0.3) 0.01 0.0158 £+ 0.0025 0.9 0.0098 £ 0.0035 0.9

P, MBB; o3 = PySM 0 0.0051 £ 0.0022 0.9 0.0036 £ 0.0026 0.9
P, MBB; o3 = PySM 0.01 0.0130 £ 0.0023 0.9 0.0104 £ 0.0027 0.9

P+A, MBB; 03 = PySM 0 0.0071 £ 0.0022 1.1 0.0041 £ 0.0025 1.1
P+A, MBB; o =PysM 0.01 0.0148 + 0.0023 1.1 0.0127 £ 0.0026 1.1

G, H&D; o5 = (0,0) 0 0.0058 + 0.0026 1.1 0.0003 & 0.0037 1.1
G, H&D, o5 = (0,0) 0.0l 0.0122 +£0.0024 1.1 0.0055 + 0.0038 1.1
P, H&D; 05 = PySM 0  0.0052 & 0.0025 1.1 0.0001 £ 0.0033 1.1
P, H&D; 05 = PySM 0.0l 0.0120 & 0.0024 1.1 0.0069 + 0.0034 1.1

P, VS; o5 = (0.13,N.A) 0  0.01144 0.0024 1.0 -0.0036 + 0.0036 1.0
P, VS; 05 = (0.13,N.A.) 001 0.0184 + 0.0025 1.0 0.0029 + 0.0034 1.0

Table 3.3: Results from the simulation channel, where the x? is evaluated per degree of
freedom. The values marked in red show the results with a bias |rg; — rtrue| = 20(7).

with a 17% degradation in o(r). These results are unaffected by the addition of
spinning dust (AME) to the foreground components (rows 7 and 8).

When the H&D dust SED is used in the simulations (rows 9 to 12), the deviations
from the original MBB spectra introduce a bias at the 1 — 20 level. The additional
freedom in the dust model due to the inclusion of the moment parameters corrects
the bias whilst also widening the final constraints by ~ 40%.

Finally, the more complex non-Gaussian VS simulations induce a large bias on
r, which the moment expansion is able to correct at the cost of increasing the final
uncertainties by ~ 50%. We find, however, that for an input » = 0.01, the moments
method underestimates it by ~ 2.10. After finding this, we verified that the same
result is reproduced on a second realisation of the VS model, and therefore believe
that this is not due to a statistical fluke. The cause of this bias is not clear. It
could be due to the additional complexity of the VS simulations (non-Gaussianity,
additional spectral index variation and frequency decorrelation). It could also be
that the simulated data in this case differs significantly from the model used to
construct the covariance matrix and the resulting likelihood is ill behaved. We leave
a more thorough analysis of the performance of the lowest-order moment expansion

used here on data with this level of complexity for future work.



3. A minimal power-spectrum-based moment expansion 123

B Without moments
B Including moments
I Decorrelation
-3
L4
1.8 _5
£1-6 . °
14
Q5
-25 1
&0 ' ' "
wv
-35 >-4
-5
-4.0
0.0 0.1 14 16 18 -4 -3 1 5 9 -5 -4 -3 1 5 9 -5 -4 -3
r Bo Bs Bp Yo Bs Ys

Figure 3.14: Left: Posterior distribution of r, and spectral indices Sp and fg using
our analysis pipeline on the publicly available BK15X data. The green curves show the
baseline moments-less case and agrees with the BK15X published posterior distributions,
with r peaking at 0.023. Marginalising over foregrounds spatial variation shifts the r
curve closer to zero (orange) without a significant impact on the posteriors. The results
using the decorrelation parameter method, as done in [102], are displayed in purple. Right:
Distribution of the additional SED parameters corresponding to the moments of the
parameter distributions.

It is worth noting that none of the simulations analysed here included the
effects of polarised extragalactic sources, which may be relevant for future B-

mode searches [202].

3.4.5 BICEP2/Keck Array data

In order to further validate the moment expansion method, as well as to explore
the sensitivity of current B-mode constraints to the spatial variability of foreground
spectral indices, we have applied the method to the latest publicly available data
from the BICEP2/Keck collaboration [102] (BK15X hereon).

The BK15X dataset is fully described in [102]. The power spectrum data contain
cross-correlations between 12 frequency bands, including 3 BICEP2/ Keck bands
(at 95, 150 and 220 GHz), 7 Planck bands (30, 44, 70, 100, 143, 217 and 353 GHz)
[201] and 2 low-frequency WMAP bands (23 and 33 GHz) [192]. The analysis
is performed over the BICEP2/ Keck footprint, covering approximately 400 deg?.
All the information concerning cross-correlations between different frequencies and
polarisation bands, their covariance matrix, all frequency bandpass transmission

curves, and bandpower window functions are publicly available®. All power spectra

8See http://bicepkeck. org/bk15_2018_release.html.
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have been measured in a set of 9 equi-spaced bandpowers which cover the multipole
range ¢ < 400. The total size of the data vector is Ngaa = 2700, of which 702
elements correspond to B-mode-only correlations.

In order to validate the implementation of our multi-frequency foreground model,
we first reproduced the fiducial BK15X results by running our component separation
pipeline on the B-mode data using the same parameter priors used by BK15X. The
results are displayed in green in Figure 3.14. We recover the published r posterior
distribution [102] almost perfectly, and other foreground parameter constraints (e.g.
on fs, fp) agree to better than 5% with those presented in BK15X.

The orange contours in the same figure show the constraints after marginalising
over the four additional moment expansion parameters. We observe a small shift
in the r posterior mean towards smaller values, accompanied by a broadening of
the distribution by ~ 24%. The right panel of Figure 3.14 shows the posterior
distribution of the moment amplitudes and spectral tilts. We find no evidence
of spectral index variations in the BK15X data.

The original BK15X analysis studied the impact of spatially-varying spectral
indices by introducing two frequency decorrelation parameters [102] with different
levels of scale dependence. As we showed in Sec. 3.2.4, a constant decorrelation
parameter is equivalent to a non-perturbative moment expansion in the specific
case of scale-independent (i.e. uncorrelated) spectral index variations’. In order
to compare the impact of both parametrisations on the final constraints on r, we
reproduced the decorrelation results found by BK15X with our pipeline. The results,
shown as purple contours in Fig. 3.14, display a similar downward shift in the
r posterior, while its width is slightly smaller than the full moment expansion.
Thus, although parametrising the impact of spatially-varying indices in terms of
frequency decorrelation captures one of the most important effects in the data
vector, the moment expansion is able to effectively marginalise over additional
freedom in the scale dependence of these spatial variations. Although the relevance
of this additional freedom is small in current datasets, it may prove to be important

when more sensitive data become available.

9Note that, although the analysis of BK15X allowed for different forms of scale dependence for
the decorrelation parameter, these do not map directly onto a model for the spatial fluctuations
in the foreground spectral indices. We have only considered the constant decorrelation case here.
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3.5 Conclusion

A detailed characterisation of Galactic polarised emission is necessary to disentangle
CMB B-modes from other sources of polarised emission. In this context, multi-
frequency power-spectrum-based component separation pipelines have been used
by ground-based experiments to derive the current state-of-the-art constraints
on the tensor-to-scalar-ratio r from B-modes [102]. Cj-based methods provide
several advantages when handling ground-based B-mode data, since they are
computationally less challenging than pixel-based techniques, and allow for a
straightforward treatment of correlated noise, complicated map filtering, and
certain systematics [203].

This method, however, has major drawbacks when applied to data with higher
sensitivity over wider patches of the sky. In particular, the characterisation of
spatially-varying foreground spectra, being difficult to model at the power spectrum
level, poses major challenges. We have addressed this issue here by designing a
power-spectrum-based component separation approach, based on existing moment
expansion methods. In order to curb the number of new free parameters that
rapidly appear in the standard series expansion, which would degrade the final
constraints on r significantly, we impose three strong assumptions on the model:
spectral index variations are Gaussianly distributed, foreground amplitudes and
spectral index variations are uncorrelated, and spectral index variations of different
foreground sources are uncorrelated. Departures from these assumptions are thus
ignored as higher-order terms in the expansion. The resulting parametric model
has four additional free parameters: the amplitudes and slopes of the power spectra
describing the dust and synchrotron spectral index fluctuations.

In order to quantify the performance of this method, as well as the impact
of its assumptions on the final r constraints, we have made use of a suite of sky
simulations with increasing degrees of realism. These include Gaussian foreground
simulations following the same assumptions of the model (Section 3.4.2), as well
as more realistic simulations based on various models proposed in the literature
(Sections 3.4.3 and 3.4.4). These simulations assumed an instrumental setup similar
to that expected of the SO Small-Aperture Telescopes (~ 10% of the sky with a
~ 2uK arcmin white-noise level), accounting for both inhomogeneous sky coverage
and non-white noise. Finally, we have applied this method to the B-mode data
made publicly available by the BICEP2/ Keck collaboration.

Overall we find that the method is able to correct the bias to the tensor-to-scalar

ratio induced by spectral index variations for most realistic foreground models.
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From the Gaussian simulation suite we find that the leading-order expansion is able
to cope with spectral index variations at the level of o5 < 0.5, compatible with
existing measurements of the polarised foreground spectral indices [148, 193]. We
also find that a judicious choice of the pivot frequencies defining the amplitude
and spectral indices for a given foreground source can improve the performance
of the method. Although we do not attempt an exact derivation of the optimal
pivots, we follow the rule of thumb of using a pivot frequency corresponding to
the foreground monitor channel closest to the foreground minimum.

The additional freedom in the foreground model due to the four moment
parameters results in a moderate widening of the final constraints on r. In the
case of an SO-like dataset, this corresponds to a ~ 30 — 50% increase in o(r),
with a more moderate increase of ~ 20% for the current BICEP2/Keck data. As
shown in Sec. 3.2.4, the moment expansion used here is a generalisation of the
frequency decorrelation parameter used in the BK15X analysis, and we find that
both methods have a similar effect on the posterior distribution for those data.
Although the levels of spectral index variability explored here can induce a bias
on the measurement of r at the level of 1 or 20, we find that it is not possible to
significantly detect the effects of this variation on the foreground multi-frequency
power spectra for SO-like sensitivities.

The model used here is based on a leading-order expansion of the cross-frequency
power spectra with respect to the spectral index variations. We show in Sec. 3.2.4
that the impact of spatially-varying indices on the power spectrum can be calculated
exactly at all orders using methods developed in the context of CMB lensing
reconstruction. Although the applicability of other lensing-inspired techniques in
the context of non-Gaussian foregrounds may be limited, it could be an interesting
avenue to pursue in the future.

Given this option to include new foreground parameters, one natural question
to ask is whether these parameters are necessary to describe a given set of real
data. One could perform simple model selection tests using information criteria
or use a evidence-based methods [204] to judge whether moment parameters are
required by the data. Given that the results here show only a fairly moderate
increase in o(r), we leave this analysis to future work. It should be noted that
such an exploration is warranted even on the standard B-mode analyses in the
literature (e.g. to study whether, from a model selection perspective, frequency
decorrelation parameter needs to be included in the model [102]).

Our study has been limited to the analysis of primordial B-modes from ground-

based facilities targeting the recombination bump on scales 30 < ¢ < 300. Its
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applicability to space missions targeting the reionization bump on larger scales, and
covering a wider range of frequencies [199, 205], may be be limited, and the use
of pixel-based methods is likely more appropriate. Nevertheless, we expect that
the methodology presented here, as well as its potential extensions, some already
explored in the literature [176], will be useful in the analysis of future ground-based
observatories, such as the SO [108] or CMB Stage-4 [69], which will require the
characterisation of spatially-varying foreground spectra, and marginalisation over

them in order to achieve reliable constraints on 7.
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The Simons Observatory: pipeline
comparison and validation for
large-scale B-modes
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4.1 Introduction

In this work, we aim at validating three independent B-mode analysis pipelines. The
first, “pipeline A”, encompasses the pipelines explored in Chapter 3: the baseline
cross-Cy and the moment-based extension. The development, testing, and analysis of
the latter, which is the main focus of the results presented in this Chapter, was carried
out by the author of this thesis. We compare the performance of all three pipelines
regarding a potential r measurement by the Simons Observatory’s SATs, and
evaluate the capability of the survey to constrain o(r = 0) < 0.003 in the presence

of foreground contamination and instrumental noise. To that end, we produce

129
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sky simulations encompassing different levels of foreground complexity, CMB with
different values of r and different amounts of residual lensing contamination, and
various levels of the latest available instrumental noise.

We feed these simulations through the analysis pipelines and test their per-
formance, quantifying the bias and statistical uncertainty on r as a function of
foreground and noise complexity. The three pipelines are briefly described in
Section 4.2, together with a summary of the statistical tests adopted for to compare
the models of pipeline A. Section 4.3 presents the simulations used in the analysis,
and compares them with the simulations used in the previous Chapter 3. In
Section 4.4, we present our forecasts for r. Section 4.4.2 shows preliminary results
on a set of new, complex foreground simulations. In Section 4.5 we summarise

and draw our conclusions.

4.2 Methods

In this section we present the three component separation pipelines, that adopt
complementary approaches widely used in the literature: power-spectrum-based
parametric cleaning ([89, 102]), Needlet Internal Linear Combination (NILC) blind
cleaning [206-208], and map-based parametric cleaning [209]. In the following,
these are denominated pipelines A, B and C, respectively. The cleaning algorithms
operate on different data spaces (harmonic, needlet and pixel space) and vary in
their cleaning strategy (parametric, meaning that we assume an explicit model for
the frequency spectrum of the foreground components, or blind, meaning that we
do not model the foregrounds or make any assumptions on how their frequency
spectrum should be). Hence, they do not share the same set of method-induced
systematic errors. This will serve as an important argument in favour of claiming

robustness of our inference results.

4.2.1 Pipelines

o Pipeline A: Cross-C; cleaning. Pipeline A is based on a multi-frequency
power-spectrum-based component separation method, which is equivalent to
the baseline “moment-less” pipeline described in Chapter. 3, where the data
vector is the full set of cross-power spectra between all frequency maps, C} v
and the model is equivalent to the C}K”/|0X0 term in Eq. 3.2.2.3. The power
spectra are measured using a pseudo-C} approach with B-mode purification
as implemented in NaMaster [79] (unlike the previous Chapter 3, where the

purification step was bypassed (see Sec. 3.3.6). The full pipeline is publicly
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Alens r Ad Qy ﬁd As Qg ﬁs €ds Bs Vs Bd Yd

TH TH TH TH G TH TH G TH TH TH TH TH

1.0
1.0

00 25 00 154 20 -10 -30 00 00 —-40 50 —4.0
0.1 25 05 011 20 1.0 03 1.0 100 20 50 2.0

Table 4.1: Parameter priors for pipeline A, considering both the Cy-fiducial model and
the Cp-moments model. The first line displays the full list of the model parameters. The
second line specifies the prior types, either Gaussian (G) or top-hat (TH), considered
distributed symmetrically around the centre value (specified in the second line). The last
line displays the standard deviation (in the case of G priors) or the half width (for TH
priors).

available!. We will refer to results using this model as “C,-fiducial”. This
terminology is used to distinguish this pipeline from the expansion provided
by the moment-based parameterisation, described in Ch. 3, used to describe
the spatial variation of 5; and §;. We will refer to results using this method as
“Cy-moments”, or “A + moments”. Table 4.1 lists the priors on the parameters.
It is worth noting that this model is equivalent to the fiducial model in the

absence of spatial variations of the spectral parameters.

Pipeline B: NILC cleaning. The second pipeline is based on the blind
Internal Linear Combination (ILC) method, which assumes no information
on foregrounds whatsoever, and instead only assumes that the observed data
contains one signal of interest (the CMB) plus noise and contaminants [210].
The method assumes a model for the data d, that can be defined in either pixel
or harmonic space as d,, = a,s + n,, where a, is the spectrum of the CMB, s
is its amplitude, and n, is the contamination in channel v, which includes the
foregrounds and instrumental noise. The method aims at reconstructing a
map of the CMB component § as a linear combination of the data with a set

of weights w, allowed to vary across the map,

§=Y w,d, =w'd, (4.2.1.1)

where both w and d are N, x Npix matrices,with Ny being the number of

pixels. Optimal weights are found by minimising the variance of s. The result

is given by:
aTc—l
wli= (4.2.1.2)
a’Cla

1See github.com/simonsobs/BBPower.
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where a is the black-body spectrum of the CMB (i.e. a vector filled with
ones if maps are in thermodynamic temperature units) and C = (dd”) is the
frequency-frequency covariance matrix per pixel of the observed data. Note
that we assume no correlation between pixels for the optimal weights. In this
analysis, the Needlet ILC method (NILC) [206-208] has been used. NILC
uses localisation in pixel and harmonic space by finding different weights w
for a set of harmonic filters, called “needlet windows”. These windows are
defined in harmonic space h;(¢) for i = 0, ..., Nyindows — 1 and must satisfy
the constraint Y irdov="1 h,(¢)2 = 1 in order to preserve the power of the
reconstructed CMB.

o Pipeline C: map-based cleaning. Our third pipeline is a map-based para-
metric pipeline and is described in more detail in Sections 2.3.3,5.2.1,5.2.1.2.
Pipeline C also offers the option to marginalise over a dust template, with a
similar approach to earlier methods [211, 212]. The model of the component-

separated CMB map include an additional dust term:
CPMB = CEMB (1 Ajons) + Adqust O (4.2.1.3)

In principle one could add synchrotron or other terms in Equation 4.2.1.3
but we limit ourselves to dust as it turns out to be the largest contamination.
In the remainder of this chapter, we will refer to this method as “C + dust

marginalisation”.

4.2.2 Model comparison for pipeline A

The {2, goodness of fit is a statistical test used to evaluate how well a theoretical
model fits to a set of observed data points, and is described in this Section. This
test will be used in Sec. 4.4 to evaluate the goodness of the fit for the Cy-fiducial and
the moment expansion models of pipeline A. We also make use of a refined model
comparison tool that quantifies the preference toward either model, considering
every individual simulation seed: the Akaike Information Criterion (AIC, [213]).

This is also described below.

4.2.2.1 X2, goodness of fit

Aside from studying the data products at the end of the B-mode analysis, namely
the clean CMB power spectra and the marginalised r posterior, we can take a step
back and ask how well the input data are described by our theoretical models. With

pipelines B and C, the input data are multi-frequency maps that are not directly
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compared to a likelihood model, instead a map-based cleaning step produces clean
CMB maps that are fitted on the power spectrum level with a cosmological model,
and therefore the goodness of the model fit with pipelines B and C will not be
considered. With pipeline A, this question has a more straightforward answer: here,
the input data are multi-frequency power spectra directly fitted by a Cj-likelihood
model describing CMB, Galactic synchrotron and dust. Another interesting aspect
that can be addressed in the same context is the comparison of the goodness of
the fit between the C)-fiducial and the C)-moments model. We will therefore focus

on pipeline A and A + moments. The (2. statistic is defined as
Xin = (d = t)TCH(d — t), (4.2.2.1)

where d is the data vector, t is the best-fit theory prediction, and C is the data
covariance. From the definition of the likelihood in Eq. 2.3.3.6, it is easily found
that —2In £ o x?2, therefore, maximising the likelihood function is equivalent to
minimising the x? statistic. It can be shown that for Gaussian distributed data,
the minimum-? statistic follows a x? distribution with N — P degrees of freedom,
where N is the number of data points and P is the number of parameters (see e.g.
[214]). In our case (N — P = 567), this is approximately a Gaussian distribution
with mean N — P and variance 2(N — P). If we use Gaussian foregrounds, our
likelihood is accurate since a) the model is known, b) the power spectrum data are
very close to Gaussian (owing to the central limit theorem), and ¢) the covariance
is accurate, since it was estimated from the corresponding set of simulations. If our
guess of the covariance was an over- or under-estimation of the data covariance,
then the {2, would peak at lower, or higher values, respectively. The 2. is
calculated and discussed in Sec. 4.4.3 for the models of pipeline A (fiducial or

moment-based expansion, described in Sec. 4.2.1).

4.2.2.2 Akaike Information Criterion (AIC)

While the X2, statistic evaluates the goodness of the fit for each model indepen-
dently, we also make use of a refined model comparison tool: the Akaike Information
Criterion (AIC, [213]). The AIC is a statistical measure used to compare the

goodness of fit of different models to a given dataset, and is defined as:
AIC = X2, + 2k. (4.2.2.2)

where k is the number of free parameters in the model. The AIC penalises the

model for having more free parameters, which can lead to overfitting of the data
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Baseline Goal Pessimistic Optimistic

Frequency FWHM N, white N, white Eknee Eknee Qknee
27 91 46 33 30 15 -2.4
39 63 28 22 30 15 -2.4
93 30 3.5 2.5 50 25 -2.5
145 17 4.4 2.8 50 25 -3.0
225 11 8.4 5.5 70 35 -3.0
280 9 21 14 100 40 -3.0

Table 4.2: Instrument and noise specifications used to produce the simulations in this
work. Note that these levels correspond to homogeneous noise, while our default analysis
assumes noise maps weighted according to the SAT hits map.

and a decrease in the model’s ability to make accurate predictions for new data.
Thus, a simpler model is preferred over a more complex one, provided that it
fits the data almost as well, and the best model is the one with the lowest AIC
value. The difference in AIC values between two models provides a measure of their
relative likelihood, with a higher difference indicating strong evidence in favour
of the model with the lower AIC value. This is used in Sec. 4.4.3 to quantify the
preference toward either model of pipeline A, considering every individual simulation
seed. Specifically, we compute the difference AAIC = 2Ak + 2, (moments) —
i, (fiducial), where Ak = 4 is the number of excess parameters of the C-moments
over Cyp-fiducial, penalising the former for its higher complexity. Following e.g.
[215], the number exp(AAIC/2) can be interpreted as the relative model odds
P(Cy — fiducial)/P(Cy, — moments).

4.3 Simulations

A set of dedicated simulations was produced to test our data analysis pipelines and
compare results. The simulated maps include cosmological CMB signal, Galactic

foreground emission as well as instrumental noise.

4.3.1 Instrumental specifications and noise

We simulate polarised Stokes () and U sky maps as observed by the SO-SAT
telescopes. All maps are simulated using the HEALPix pixelation scheme [110]
with resolution parameter Nggqe = H12.

We model the SO-SAT noise power spectra as

E Qknee
N¢ = Nynite [1 + ( ) } (4.3.1.1)

Eknee
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where Nypite 1S the white noise component while £y6e, and aypee describe the contri-
bution from 1/f noise. Following [108] (hereinafter SO2019), we consider different
possible scenarios: “baseline” and “goal” levels for the white noise component, and
“pessimistic” and “optimistic” correlated noise. The values of (Nynite, Cknees Qknee )
associated with the different cases are reported in Table 4.2. Note that the values
of Ngnite correspond to noise on a sky fraction of fgy, = 10% and 5 years of
observation time, as in SO2019. Differently from SO2019, we cite polarisation
noise levels corresponding to a uniform map coverage, accounting for the factor
of ~ 1.3 difference compared to Table 1 in SO2019. We simulate noise maps as
Gaussian realisations of the N, power spectra. In our main analysis, we use noise
maps with pixel weights computed from the SO-SAT hits map (see Figure 3.3)
and refer to this as “inhomogeneous noise”. In Section 4.4.1, all results assume
inhomogeneous noise. Note that, although inhomogeneous, the noise realisations
used here lack some of the important anisotropic properties of realistic 1/ f noise,
such as stripes due to the scanning strategy. Thus, together with the impact of
other time-domain effects (e.g. filtering), we leave a more thorough study of the
impact of instrumental noise properties for future work.

In all simulations, the CMB contribution was generated as described in Sec. 3.3.1.

4.3.2 Foregrounds
We use four sets of models to simulate the sky emission:

o Gaussian foregrounds: thermal dust emission and synchrotron radiation are
simulated as Gaussian realisations of power law EE and BB power spectra,
as described in Sec. 3.3.2. This idealised model has been used to validate the
different pipelines and to build approximate signal covariance matrices from

500 random realisations.

e d0sO model: the d0sO PySM model includes the same templates for both dust
and synchrotron emission specified in Sec. 3.3.3 for d1s1, but the SEDs are

considered to be uniform across the sky.

e disl model: this is equivalent to the d1s1 model described in Sec. 3.3.3,

which includes spatial variability for spectral parameters.

o dmsm model: for synchrotron, this is equivalent to the dmsm model described
in Sec. 3.3.3, while dust is a simplified version, where we smoothed the 3; and
T, templates at an angular resolution of 2 degrees, in order to down-weight

the contribution of instrumental noise fluctuations in the original PySM maps.



136 4.4. Results

® opt. noise Pipeline A Pipeline C —— Pipeline B
0.0084 X pess. noise + moments  —— + dust marg.

0.006 -

i i

—0.004 -

—

r=+o(r)

—0.006 -

Gauésian ddsO dllsl dm'sm

Figure 4.1: Compilation of the mean r with its (16, 84)% credible interval as derived
from 500 simulations, applying the three nominal pipelines (plus extensions) to four
foreground scenarios of increasing complexity. We assume a fiducial cosmology with
r = 0 and Ajeps = 1, inhomogeneous noise with goal sensitivity and optimistic 1/f
noise component (dot markers), and inhomogeneous noise with baseline sensitivity and
pessimistic 1/f noise component (cross markers). Note that the NILC results for Gaussian
foregrounds are based on a smaller sky mask

As for the CMB simulations, the multi-frequency foreground maps at the SO
reference frequencies have been convolved with Gaussian beams, to reach the
expected angular resolution. We assume delta-like frequency bandpasses in order
to accelerate the production of these simulations, although all pipelines are able
to handle finite bandpasses. Therefore this approximation should not impact the

performance of any of the pipelines presented here.

4.4 Results

Simulations were generated for 4 different noise and foreground models, respectively,
(see Section 4.3), for a total of 16 different foreground-noise combinations. For the
main analysis, we consider a fiducial CMB model with Aje,s = 1 (no delensing)
and 7 = 0 (no primordial tensor fluctuations). In addition, we explored three
departures from the fiducial CMB model, with input parameters (Ajeps = 0.5, 7 = 0),
(Ajens = 1, 7 = 0.01) and (Ajns = 0.5, 7 = 0.01). Here we report the results

found for all these cases.

4.4.1 Constraints on r

Let us start by examining the final constraints on r obtained by each pipeline

applied to 500 simulations. These results are summarised in Figure 4.1, which
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shows the mean r and (16, 84)% credible intervals found by each pipeline as a
function of the input foreground model (labels on the z axis). Results are shown
for 5 pipeline setups: pipeline A using the Cj-fiducial model (red) and using the
Cr-moments model (yellow), pipeline B (blue), pipeline C (green) and including
the marginalisation over A, (cyan). For each pipeline, we show two points with
error bars. The dot markers and smaller error bars correspond to the results found
in the best-case instrument scenario (goal noise level, optimistic 1/f component),
while the cross markers and larger error bars correspond to the baseline noise
level and pessimistic 1/f component.

We will first discuss the nominal pipelines A, B and C without considering
any extensions. We find that for the simpler Gaussian and d0s0O foregrounds, the
nominal pipelines obtain unbiased results, as expected. Pipeline B shows a slight
positive bias for Gaussian foregrounds, which can be traced back to the pixel
covariance matrix used to construct the NILC weights. The more complex di1s1
foregrounds lead to a ~ 1o bias in the goal and optimistic noise scenario. The
dmsm foregrounds lead to a noticeable increase of the bias of up to ~ 20, seen with
pipeline C in all noise scenarios and with pipeline A in the goal-optimistic case, and
slightly less with pipeline B. The modifications introduced in the dmsm foreground
model include a larger spatial variation in the synchrotron spectral index [, with
respect to d1s1, and are a plausible reason for the increased bias on r.

Remarkably, we find that, in their simplest incarnation, all pipelines achieve
comparable statistical uncertainty on r, ranging from o(r) ~ 2.1 x 1073 to o(r) ~
3.6 x 1072 (a 70% increase), depending on the noise model. Changing between the
goal and baseline white noise levels results in an increase of o(r) of ~ 20 — 30%.
Changing between the optimistic and pessimistic 1/f noise has a similar effect on
the results from pipelines A and B, although o(r) does not increase by more than
10% when changing to pessimistic 1/f noise for pipeline C. These results are in
reasonable agreement with the forecasts presented in [108].

Now let us have a look at the pipeline extensions, A + moments and C +
dust marginalisation. Notably, in all noise and foreground scenarios, the two
extensions are able to reduce the bias on r to below 1o. For the Gaussian and d0s0
foregrounds, we consistently observe a small negative bias (at the ~ 0.1c level for
A + moments and < 0.50 for C + dust marginalisation). This bias may be caused
by the introduction of extra parameters that are prior dominated, like the dust
template’s amplitude in the absence of residual dust contamination, or the moment
parameters in the absence of varying spectral indices of foregrounds. If those extra

parameters are weakly degenerate with the tensor-to-scalar ratio, the marginal r
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Figure 4.2: Results on r and the (16, 84)% credible interval derived from 500 simulations,
applying the three nominal pipelines plus extensions, assuming input models including
primordial B-modes and 50% delensing efficiency. We assume baseline noise level with
optimistic 1/f component and the dis1 foreground template.

posterior will shift according to the choice of the prior on the extra parameters.
The observed shifts in the tensor-to-scalar ratio and their possible relation with
these volume effects will be investigated in a future work. For the more complex
dis1 and dmsm, both pipeline extensions effectively remove the bias observed in
the nominal pipelines, achieving a ~ 0.5¢ bias and lower.

The statistical uncertainty o(r) increases for both pipeline extensions, although
by largely different factors. While C + dust marginalisation yields o(r) between
3.0 x 1072 and 5.9 x 1073, the loss in precision for A 4+ moments is significantly
smaller, with o(r) varying between 2.7 x 1073 and 4.0 x 10~ depending on the noise
scenario, an average increase of ~ 25% compared to pipeline A. In any case, within
the assumptions made regarding the SO noise properties, it should be possible to
detect a primordial B-mode signal with r = 0.01 at the 2-30 level with no delensing.
The impact of other effects, such as time domain filtering or anisotropic noise may
affect these forecasts, and will be studied in more detail in the future.

This analysis was repeated for input CMB maps generated assuming r = 0 or
0.01 and Ajeps = 0.5 or 1. For simplicity, in these cases we considered only the
baseline white noise level with optimistic 1/f noise, and the moderately complex
d1s1 foreground model. The results can be found in Figure 4.2. A 50% delensing
efficiency results in a reduction in the final o(r) by 25-30% for pipelines A and B,
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~10-20% for A 4+ moments, and 0-33% for C + dust marginalisation. The presence
of primordial B-modes with a detectable amplitude increases the contribution from
cosmic variance to the error budget, with o(r) growing by up to 40% if r = 0.01,
in agreement with theoretical expectations. Using C 4+ dust marginalisation, and
considering no delensing, we even find o(r) decreasing, hinting at the possible
breaking of the degeneracy between r and Ag,st. We conclude that all pipelines
are able to detect the r = 0.01 signal at the level of ~ 30. As before, we observe a
0.5-1.20 bias on the recovered r that is eliminated by both the moment expansion

method and the dust marginalisation method.

4.4.2 More complex foregrounds: d10s5

During the completion of this work, the new PySM3 Galactic foreground models
were made publicly available. In particular, in these new models, templates for
polarised thermal dust and synchrotron radiation have been updated including

the following changes:

1. Large-scale thermal dust emission is based on the GNILC maps [164], which
present a lower contamination from CIB emission with respect to the di

model, based on Commander templates.

2. For both thermal dust and synchrotron radiation small scales structures are

added by modifying the logarithm of the polarisation fraction tensor”.

3. Thermal dust spectral parameters are based on GNILC products, with larger
variation of B4 and T, parameter at low resolution compared to the d1 model.
Small-scale structure is also added as Gaussian realisations of power-law power

spectra.

4. The new template for £, includes information from the analysis of S-PASS
data [148], in a similar way as the one of the sm model adopted in this work.

In addition, small-scale structures are present at sub-degree angular scales.

These modifications are encoded in the models called d10 and s5 in the updated
version of PySM. Although these models are still to be considered preliminary, both
in terms of their implementation details in PySM* and in general, being based on

datasets that may not fully involve the unknown level of foreground complexity, we

2See pysm3.readthedocs.io/en/latest /preprocess-templates.

3The PySM library is currently under development, with beta versions including minor
modifications of the foreground templates being realised regularly. In this part of our analysis we
make use of PySM v3.4.0b3.


https://pysm3.readthedocs.io/en/latest/preprocess-templates/small_scale_dust_pysm3.html
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decided to dedicate an extra section to their analysis. For computational speed, we
ran the five pipeline set-ups on a reduced set of 100 simulations containing the new
d10s5 foregrounds template, CMB with a standard cosmology (r = 0, Ajens = 1) and
inhomogeneous noise in the goal-optimistic scenario. The resulting marginalised pos-

terior mean and (16, 84)% credible intervals on r, averaged over 100 simulations, are:

r =0.0194 £ 0.0021 (pipeline A)
r = 0.0025 + 0.0031 (A 4+ moments)
r = 0.0144 £ 0.0023 (pipeline B) (4.4.2.1)
r = 0.0220 + 0.0026 (pipeline C)
r = —0.0015 £ 0.0051 (C + dust marg.)

Note that the respective bias obtained with pipelines A, B and C are at 9, 6 and
80, quadrupling the bias of the dmsm foreground model. Crucially, this bias is reduced
to ~ 0.80 with the A + moments pipeline, with a 40% increase in o(r) compared
to pipeline A, and ~ 0.3c with the C + dust-marginalisation pipeline, with a 95%
increase in o(r) compared to pipeline C. This makes A + moments the unbiased

method with the lowest statistical error, and was therefore highlighted above.

4.4.3 Model comparison for pipeline A

The x?2,, described in Sec 4.2.2 for 100 simulated data realisations containing
standard cosmology (r = 0, Ajens = 1), inhomogeneous noise in the goal-optimistic
scenario, is calculated and discussed for the models of pipeline A (fiducial or
moment-based expansion, described in Sec. 4.2.1), and in four foreground cases
(Gaussian, d0s0, disl, dmsm).

As shown in Figure 4.3, the C,-fiducial model achieves minimum x? values of
~ 6004:40. Although this is an increase of Ax? ~ 30 with respect to the less complex
foreground simulations, the associated probability to exceed is p ~ 0.16 (assuming
our null distribution is a x? with Ngata — Nparameters = D67 degrees of freedom),
therefore it would not be possible to identify the presence of a foreground bias by
virtue of the model providing a bad fit to the data. On the other hand, A 4+ moments
achieves best-fit x? values of ~ 531 & 33, with a < 5% decrease in Ax? with respect
to less complex foreground simulations, indicating an improved fitting accuracy.

We also find that the empirical distribution of the {2, statistic matches the
theoretical expectation not only for Gaussian foregrounds, but also the non-Gaussian
cases. This shows that our estimate of the covariance matrix is appropriate, even

for the more complex foreground models.
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Figure 4.3: Empirical distribution of the AIC-based relative model odds (see Sec 4.2.2 for
details) between the Cy-fiducial and the Cy-moments model, evaluated for 100 simulations
and generated with five different Galactic foreground templates, including the new PySM
foreground model d10s5. We find strong preference for the C-moments model in the
d10s5 foreground scenario, and only then.

The relative model odds between Cy-fiducial and Cy-moments vary between
10726 and 1072, clearly favouring Cp-moments. Out of 100 d10s5 simulations, 99
yield model odds below 1% and 78 below 107°. As opposed to the less complex
foreground simulations (d0s0, dis1 and dmsm), d10s5 gives strong preference to
using the moment expansion in the power spectrum model. Note that the AIC-based
model odds are computed from the differences of x? values that stem from the same
simulation seed, while the x? analysis only considers the models individually, which
explains why the former makes for a much more powerful model comparison test.

These results consider only the most optimistic noise scenario. Other cases would
likely lead to larger uncertainty and, as a consequence, lower relative biases. In this
regard, it is highly encouraging to see two pipeline extensions being able to robustly
separate the cosmological signal from Galactic synchrotron and dust emission with
this high-level complexity. This highlights the importance of accounting for and
marginalising over residual foreground contamination due to frequency decorrelation
for the level of sensitivity that SO and other next-generation observatories will
achieve. These results should also be accompanied by a comprehensive set of
robustness tests able to identify signatures of foreground contamination in the

data. This will form the basis of a future work.
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4.5 Conclusions

In this chapter, we have presented three different component separation pipelines
designed to place constraints on the amplitude of cosmological B-modes on po-
larised maps of the SO Small Aperture Telescopes. The pipelines are based on
multi-frequency Cy parametric cleaning (Pipeline A), blind Needlet ILC cleaning
(Pipeline B), and map-based parametric cleaning (Pipeline C). We have also studied
extensions of pipelines A and C that marginalise over additional residual foreground
contamination, using a moment expansion or a dust power spectrum template,
respectively. We have tested and compared their performance on a set of simulated
maps containing lensing B-modes with different scenarios of instrumental noise and
Galactic foreground complexity. The presence of additional instrumental complexity,
such as time-domain filtering, or anisotropic noise, are likely to affect our results.
The impact of these effects will be more thoroughly studied in future work.

We find the inferred uncertainty on the tensor-to-scalar ratio o(r) to be compat-
ible between the three pipelines. While the simpler foreground scenarios (Gaussian,
d0s0) do not bias r, spectral index variations can cause an increased bias of 1-20
if left untreated, as seen with more complex foreground scenarios (dis1, dmsm).
Modelling and marginalising over the spectral residuals is vital to obtain unbiased
B-mode estimates. The extensions to pipelines A and C are thus able to yield
unbiased estimates on all foreground scenarios, albeit with a respective increase
in o(r) by ~20% (A + moments) and > 30% (C + dust marginalisation). These
results are in good agreement with the forecasts presented in [108]. After testing on
simulations with an » = 0.01 cosmology, we conclude that under realistic conditions,
SO should be able to detect a » = 0.01 signal at ~ 2-30 after 5 years of observation.

We have also carried out a preliminary analysis of new, more complex, foreground
models recently implemented in PySM3, in particular the d10s5 foreground template.
The much higher level of spatial SED variation allowed by this model leads to a
drastic increase in the bias on r by up to ~ 90, when analysed with the nominal
pipelines A, B and C. Fortunately, this bias can be reduced to below 1o when
using A 4+ moments and C 4+ dust marginalisation. These extensions lead to a
40% and 95% degradation of the error bars, respectively. Our results highlight the
importance of marginalising over residuals caused by frequency decorrelation for
SO-like sensitivities. Although we have not analysed d10s5 to the same depth as
the other foreground models presented here, it is encouraging to confirm that we
have the tools at hand to obtain robust, unbiased constraints on the tensor-to-scalar

ratio in the presence of such complex Galactic foregrounds.
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5.1 Introduction

In the context of foreground component separation techniques, a generalisation
of the Cy-based “multi-frequency power spectrum likelihood” approach [101, 102,
169, 170, 216] was proposed in Chapter 3, using a minimal moment expansion of
the foreground SEDs to account for both the amplitude and scale dependence of
the effect induced by spatial variation of spectral parameters, within a consistent
physical model. Chapters 3-4 have shown that the method can significantly improve

over the vanilla approach, being able to mitigate the foreground bias for realistic

143
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sky models over areas much larger than that covered by BICEP-Keck. This
minimal expansion can be fully generalised, including all potential correlations
between different spectral parameter variations and amplitudes, and avoiding any
assumptions about their non-Gaussianity. This has been shown [2, 217]to yield
unbiased results given a sufficiently large number of frequency channels. However,
this methodology suffers from two main shortcomings: first, it implicitly treats
foregrounds as statistically isotropic fields by compressing their information into
the power spectrum, ignoring couplings between different angular modes, and
approximating the power spectrum covariance as that of a Gaussian field. Secondly,
by adopting a simple functional form for the power spectrum of the foreground
amplitudes, which are the dominant sky components, the model may lead to biases
if the real sky deviates from this functional form on the range of scales explored.
This is particularly relevant for experiments targeting the low-¢ regime, but it may
be important at any scale given enough sensitivity.

At the other end of the spectrum, parametric map-based methods aim to describe
the sky at the map level, separating the CMB component and using it to constrain
cosmological parameters [161, 162, 164, 167, 176, 218-220]. An example was
provided in Ch. 4, described under the name of “pipeline B”. Note that, while these
methods mostly exploit the frequency information to separate components at the
map level, recently studies have been carried out on techniques to separate out
Galactic foreground purely based on their spatial statistics [185, 221]. Map-based
methods have several advantages: first, they are manifestly optimal for any specified
sky model'. Secondly, since all components are modelled at the map level, it is
natural and simple to account for spatial variations in the foreground spectra.
Finally, foreground amplitudes are reconstructed in each pixel without assuming a
specific model for their spatial correlations, thus avoiding potential biases inherent in
assuming a functional form for the foreground power spectra. This approach is not
without shortcomings, however: first, while it is easy to incorporate spatially varying
spectra in the model, controlling the scales over which spectral parameters vary is
not straightforward. The most conservative approach, allowing for uncorrelated
variations over all pixels in the map, can lead to significant degradation in the final
cosmological constraints, especially if only a small number of frequency channels
are available [158, 167, 222]. Several methods have been proposed to select larger
regions over which spectral parameters can be held constant or develop strong
correlations, leading to rich and complex Bayesian forward modelling schemes [167,

168, 223]. The computational complexity of the resulting frameworks, particularly if

L Although C; methods will always achieve equivalent constraints if all components are Gaussian.
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simultaneously sampling the CMB power spectra, is another disadvantage of these
methods. While computing time is often a fair price to pay for improved or more
robust constraints, it is often necessary to carry out multiple analyses of the same
data before a clear understanding of all relevant sources of systematic uncertainty
is achieved. Thus, fast, lightweight methods are extremely useful when confronted
with new data. Finally, incorporating the impact of real-world imperfections in the
data (e.g. filtering, gain or polarisation angle variations) is often not straightforward
in map-based methods, or may increase their computational complexity significantly.

In this chapter, we explore an alternative method combining features from
map-based and Cy-based analyses. In this hybrid approach, foreground amplitudes
are determined at the map level, free of assumptions regarding their statistical
correlations, assuming homogeneous spectral properties. We then subtract the
contribution from these foregrounds from the data, and model the residual fore-
ground contamination (due to imperfect subtraction or spatial SED variations),
at the power spectrum level. The methods is thus robust to most assumptions
(Gaussianity, power spectrum form) about the dominant foreground amplitudes,
while limiting the degradation in the final constraints caused by spectral index
variations by imposing those assumptions on the smaller foreground residuals,
while retaining information about their frequency dependence. We will study the
applicability of this method for next-generation ground-based B-mode experiments
targetting large sky areas (fsy 2 0.1) in the presence of inhomogeneous, correlated
instrumental noise, for foreground models with varying degrees of complexity. We
will also study the potential limitations of the method when employed on larger
sky fractions, with consequently larger foreground contamination, quantifying its
applicability for future space-based missions.

The chapter is structured as follows. Section 5.2 presents the method in detail.
The simulations used to validate it are described in Section 5.3, including the
instrumental setup assumed. The method is then validated in Section 5.4, where
we explore its performance as a function of foreground complexity and sky fraction.

The main conclusions of this study are summarised in Section 5.5.

5.2 Formalism

The component separation method proposed here consists of two stages:

1. We find a set of well-educated constant spectral indices 85 and fp and clean
out the spatially-constant part of the foregrounds at the map-level using the
methods described in [158, 166168, 224]. In practice, this step returns a filter
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Q that de-projects the linear combinations of the data that follow the best-fit
SEDs of the foreground sources under consideration (dust and synchrotron in

this case). This step is described in Section 5.2.1.

2. We use the results of the previous step to measure the auto- and cross-power
spectra of the map residuals at all frequencies after removing the constant-
SED foreground components. Then, under the assumption that the residual
foreground contamination is small, we can model its contribution to the
multi-frequency power spectrum assuming a relatively simple model, with the
frequency dependence given by the derivatives of the foreground SEDs with
respect to the spectral indices. As done in Chapter 3, we assume a power
law model for the scale dependence of the foreground residual power spectra.

This step is described in Section 5.2.2.

5.2.1 Map-domain cleaning

5.2.1.1 Map-level parametrisation

At the map level, we model the sky signal using matrix notation as:
m=ST+n. (5.2.1.1)

where

m is the map vector containing the measured polarised sky signal (Q, (1), U, (7))

at angular coordinates n in each observing frequency v.

— S is the so-called mixing matrix, with dimension N, x N., where N, is the
number of components, and NN, is the number of frequencies. This matrix
encodes the emission law S¢(5.(7)) of each component. We assume the same
SEDs for both ) and U.

— T is a vector of size N, containing the amplitude of each component for a

given pixel.

— n is a vector containing the instrumental noise at different frequencies for a

given pixel. Its covariance matrix will be labelled N = (nnT).

Note that, implicitly, we have assumed that all quantities in Eq. 5.2.1.1, including
the foreground spectra, depend on sky coordinates 7.

We consider three components, with a given spectral dependence, as described in
Sec. 3:
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1. Thermal dust: as described in Sec. 2.5, dust is the most relevant foreground
for B-mode searches on frequencies v 2 100 GHz. Thermal dust emission is
thought to be well-characterised by a modified black-body spectrum, of the
form given by Eq. 3.2.1.3, parametrised by fp and Tp, the dust spectral index

and temperature, respectively.

2. Synchrotron: as described in Sec. 2.5, synchrotron is strongly polarised,
and is characterised by a smooth power-law spectrum tracing the energy
distribution of cosmic ray electrons. Thus, the synchrotron spectrum used
here is modelled as a power law, a described by Eq. 3.2.1.5, and parametrised

by (s, the synchrotron spectral index.

3. CMB: the spectrum of CMB temperature anisotropies is expressed in antenna

temperature units, and described by Eq. 3.2.1.2.

We will consider spatial variations in (p, which takes values fp ~ 1.6. The
restricted frequency range available to most ground-based experiments, including
the Simons Observatory (v < 280 GHz) makes B-mode studies almost insensitive to
the value of T, and therefore we fix it to Tp = 19.6 K here. (g is the synchrotron
spectral index, which takes values g ~ —3.

We can separate the spectra S into two parts: a spatially-independent “mean”
S and a perturbation AS, such that Eq. 5.2.1.1 becomes

m = ST + AST +n. (5.2.1.2)

In the first term, S represents our best guess of the mean spectra of all components.
Here, we will determine best-fit constant spectral indices (fs, fp) using the map-
based spectral likelihood described in Section 5.2.1.2, and S is given by evaluating
the spectra above at these best-fit values. The residual AS includes the spatially-
dependent part of the foreground spectra, as well as any difference between the
estimated best-fit spectral indices and their true spatial average. The subsequent

treatment of AS does not change as long as these differences are small.

5.2.1.2 Map-level spectral likelihood

The procedure to obtain the best-fit spectral indices at the map level follows the
methods described in [158, 166, 167]. Given the model in Eq. 5.2.1.1, the posterior
marginalised distribution for 8 = (fp, fs) is given by

—2In Ly = (SN"'m)" (S'N'S) " (S"N"'m), (5.2.1.3)
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where N is the noise covariance matrix. As described in [158], this results from
analytically marginalising over the linear amplitude parameters T, and imposing a
Jeffreys-like prior that corrects for volume effects in the spectral index parameters
due to their non-linear nature in the model. We obtain the best-fit spectral indices
Bgr, defining S, as the values that maximise this likelihood, Bgr = argmax (L),
assuming that they are homogeneous across the sky. Furthermore, we use a
Fisher-matrix approach to estimate the uncertainty on the spectral parameters.
The inverse covariance of Bgp is therefore approximated as the Hessian of the

log-posterior at the best fit:

82 In ﬁg
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(5.2.1.4)
This approximation is accurate for sufficiently constraining data [157, 225] (as is
the case of SO), and allows us to avoid sampling the full two-dimensional parameter
space (although this can be done if necessary)?.

A number of technical aspects regarding the implementation of this method in
practice must be noted at this stage. First, we assume that the data is provided
in the form of splits, i.e. a set of maps containing the same sky but different
noise realisations (e.g. corresponding to observations at different times). We
use differences between these splits, containing only noise, to estimate the noise
covariance matrix N. Moreover, we assume, for simplicity, that the noise covariance
matrix is diagonal in pixel space (i.e. noise in different pixels are uncorrelated). In
this work we also assume that the noise covariance is diagonal in frequency space,
although accounting for off-diagonal correlations would pose no additional difficulty
to the method. It is worth emphasizing that, even though our implementation of
the method assumes uncorrelated noise for computational efficiency, this is never
the case in real observations, nor in the simulations used here. As we will see,
this does not spoil the validity of the method, since this first step only requires
us to find spectral index values that are sufficiently close to the spatial mean over
the observed footprint. Note that we do account for inhomogeneity in the noise
component, using the hits count map. After calculating N, we coadd all data splits

into a single set of maps, which we then process as described above to find S.

2The pipeline implemented is based on the public code available at github.com/damonge/BFoRe.


https://github.com/damonge/BFoRe_py
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5.2.1.3 Map-level residuals

After determining the best-fit spectral indices and the corresponding mixing matrix

S, the corresponding best-fit amplitudes can be found analytically by solving Eq.

5.2.1.2 as a least-squared problem:
Tpr = (S'N'S) " SN "'m. (5.2.1.5)

It is worth emphasizing that, at this stage, we have not imposed any priors on
the statistical correlations of foreground amplitudes, and instead treated them
as an independent parameter in each pixel. This is one of the key differences
with the usual power-spectrum-based methods, where a functional form for the
foreground power spectra is often assumed.

From Tgr in Eq. 5.2.1.5 we can get a best-fit estimate of the foreground
contribution to our observations as m5& = SPTgp, where P = diag(1, 1, ...,1,0) is
an N, x N, diagonal matrix that selects only the non-CMB components of Tgp
(we have assumed the CMB to be the last component). We can then subtract

mkES from the data to obtain the residual maps:
r=m—mL% = Qm, (5.2.1.6)
where the matrix Q is
Q=1-5P(5"N'S) SN, (5.2.1.7)

The matrix Q is a projector (Q? = Q), and satisfies the nice property that QS =
S(1 — P), where 1 — P selects only the CMB component. Note also that, since the
spatial and frequency dependence of N is factorisable, Q is constant across the sky.
Finally, it is straightforward to show that Tr(Q) = N, — N. + 1. Thus, in our case,
with N, = 3, Q projects the N,-dimensional dataset onto a subspace of dimension
N, — 2, eliminating two independent modes corresponding to synchrotron and dust
assuming constant spectral indices (i.e. QSP = QS° = 0).

Substituting our model for m (Eq. 5.2.1.1) into Eq. 5.2.1.6, and using the

properties of Q, we obtain
r=Q(ST+AST +n), (5.2.1.8)
where (mcup), (7) = SSMBToyp () is the CMB component of the maps. Since the

CMB row of AS is zero (given that the CMB spectrum is constant), the second

term in the equation above only contains foreground sources.
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Assuming that the fluctuations in the spectral indices with respect to their
constant best-fit values are small, we can use a linear expansion of AS around

Bpr (as in Chapter 3):
AS;(n) = 95,5, 65 (7). (5.2.1.10)

where 0g, = 0/00,, and we do not implicitly sum over ¢. Then, we can rewrite

Eq. 5.2.1.9 as:
ry(R) = SSMPTong (R) + SSTL(R) + 71, (R), (5.2.1.11)
where the modified spectra and amplitudes are:
Se=Qy 95,85, T.(h) = 6B(A)Tu(h), (5.2.1.12)

and we implicitly sum over v/. The pipeline that was implemented for this part
of the study, BBHybrid, is publicly available®

It is worth noting that, if the spectral indices are truly constant across the
sky, and if the inferred value of B is equal to the true one, then r in Eq. 5.2.1.6
is a set of multi-frequency maps, each containing the same copy of the CMB.
Otherwise each map in Eq. 5.2.1.6 contains a spectral residual, with a frequency
dependence given by the first-order expansion of each component’s SED. We will
then model and marginalise over these residuals at the power spectrum level, as

described in the next section.

5.2.2 () likelihood on deprojected spectral modes

To separate the CMB contribution at the level of the power spectrum, we use
a multi-frequency power spectrum likelihood, similar to that used in the latest
analysis carried out by the BICEP-Keck collaboration [89, 102]. In this case, the
data vector is the full matrix of cross-power spectra C} ¥ between all pairs from
a set of frequency maps®. The model used to describe this data vector, and the

procedure used to estimate it from the data are described here.

3See github.com/susannaaz/BBHybrid.
4The code is available at github.com /simonsobs/BBPower.
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5.2.2.1 Power spectrum model

Here, the map model described above gets propagated through to power spectrum.

We start from a linear model of the form:
dy (1) = 8 Te(R) + nu, (5.2.2.1)

where d,, (1) is a set of frequency maps, 7.(7) is a set of component amplitude maps,
and S¢ is a constant matrix characterising the spectra of the different components.

Here we will explore two possible approaches:

1. In the baseline case, d, is the raw set of frequency maps, and S5 and 7. are

the SEDs and amplitude maps of dust, synchrotron, and the CMB.

2. In the hybrid case, d, is the set of residual maps described in the previous
section, and (S¢, 7;) are given by the modified spectra and amplitudes (S¢, T.)
in Eq. 5.2.1.12, complemented with the CMB SED and amplitude map.

Since we assume the mixing matrix S5 to be spatially constant, the theoretical
prediction for the multi-frequency power spectrum of the map-level model in

Eq. 5.2.2.1 is simply given by

cy =3"8esy o8 (5.2.2.2)

c,c!

where Cgcl is the cross-power spectrum between the amplitude maps of compo-

nents ¢ and c.

Following the model used by [102], we parametrise C§¢ for the different com-

ponents described above as follows.

» Foreground auto-correlations are modelled as power-laws of the form:

W+ e o (L™
o CE_AC<£O> : (5.2.2.3)

with ¢ € {D, S}, ¢y = 80.

o The dust-synchrotron cross-correlation is parametrised through a scale-independent

correlation coefficient epg:

OP% = epsy/CPPCPS (5.2.2.4)
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e The CMB B-mode power spectrum is parametrised as

OZCMB _ Alens Céens 4 Cgens , (5225)

r=1

where C}™ and Cf*"|,_; are templates for the B-mode power spectrum caused
by gravitational lensing and by primordial tensor fluctuations with tensor-to-
scalar ratio r = 1 respectively. We assume no correlation between the CMB

and foreground components.

In both the “baseline” and “hybrid” approaches, the model has a total of 9 free
parameters: @ = {Aeys, 7, Ap, ap, Bp, As, as, Bs, eps }. However, since the bulk of
the foreground contamination is removed at the map level in the hybrid approach,
we will fix epg = 0 in that case, and explore the impact of freeing up this parameter.
Note that, although the best-fit fp and s have been determined in the first step of
the “hybrid” method, we allow for them to vary in the power spectrum likelihood,

with a prior given by the uncertainties calculated in that step.

5.2.2.2 Power spectrum likelihood

Given a set of measured power spectra CA'}{ v and their theoretical prediction outlined

in the previous section, construct a Gaussian likelihood of the form

X2 = —2lnp(C|0) = ST[CF — CI1(EDijemne [CE™(0) — Co™],  (5.2.2.6)
ab

where X is the covariance matrix of the power spectrum measurements. Note that,
strictly speaking, power spectra of Gaussian fields follow a Wishart distribution,
which can be approximated as proposed by [121], but we verified that the Gaussian
approximation is sufficiently accurate on the scales used here (30 < ¢ < 300). This
approximation becomes inaccurate on larger scales, where the small number of
available modes invalidates the central limit theorem and, as quadratic functions
of Gaussian fields, power spectra follow a markedly non-Gaussian distribution.
To account for this effect, we employ the method of [121] (“HL” hereon) when
including scales ¢ < 30 (see Section 5.4.3).

As described in Ch. 3, we estimate the cross-correlation of the data splits
introduced in Section 5.2.1.1 in order to avoid modelling and subtracting the noise
bias. We also make use of 100 Gaussian simulations, described in Section 5.3.2, to
estimate the covariance matrix X.. In order to avoid numerical noise in the covariance,

we set all off-diagonal elements coupling two fs separated by more than 2 bandpowers
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to zero. When applying our method to simulations with larger sky areas, in Section

5.4.3, we will approximate the covariance using the “Knox formula” [226]:

Coech? 4+ cotche
20+ DAL fuy

Yot = (ACSPACSY) = 64 (5.2.2.7)

where A/ is the number of multipoles in the bandpower labelled with multipole
¢, and fqy is the usable sky fraction.

We measure power spectra using bandpowers of width A¢ = 10. By default,
we will only include scales in the range 30 < ¢ < 300, appropriate for a ground-
based experiment, affected by atmospheric noise, targeting a B-mode detection

from the recombination bump.

5.2.2.3 Residual C;s and covariance

In both the “baseline” and “hybrid” approaches, the parameter inference starts
from the full set of cross-correlations between all raw frequency maps, C,. In
the “baseline” approach, these are compared directly with the model in Section
5.2.2.1. In the “hybrid” approach, however, we must first construct the power
spectra of the residual maps.

The residual maps r are related to the raw maps m via Eq. 5.2.1.9, where Q is
the projector matrix defined in Eq. 5.2.1.7, and estimated in the first step of the
method from the map-level likelihood. The power spectrum of the residual maps,

Cj is thus related to the power spectrum of the raw maps simply via
1 =Q-C- Q. (5.2.2.8)

Although it would be tempting to simply apply the modelling and likelihood
described in the preceding sections to (A:QZ calculated as above from the raw power
spectrum measurements, this is, unfortunately, not possible. Since Q projects out
the two independent modes corresponding to synchrotron and dust with constant
spectral indices, the rank of Cj; is N, — 2, and not NN, and therefore it has null
eigenvalues. This will also be the case for the power spectrum covariance, which
is therefore not invertible. This makes the Gaussian likelihood in Eq. 5.2.2.6
numerically unstable.

To solve this problem, rather than making use of pseudo-inverses, we explicitly
construct a new basis for our data in the subspace defined by the image of Q,
and express the data and covariance in this lower-dimensional space. Since Q is

a projector, and Tr(Q) = N, — 2, we can diagonalise it as

Q=BDB™, (5.2.2.9)
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where B is a matrix containing the eigenvectors of Q as columns, and D =
diag(1,...,1,0,0) is the eigenvalue matrix. We have arbitrarily selected the eigen-
vector order such that the two null eigenvectors are at the end. Let D be the
matrix that results from removing the last two null rows of D, and define the matrix
R = DB~!. R has dimensions (N, — 2) x N, and preserves the important property
of Q that RSP = RSP = 0. Thus R projects general N,-dimensional vectors onto
the (N, — 2)-dimensional image of Q, explicitly reducing the dimensionality of
the resulting vector. In order to obtain non-singular residual power spectra and
covariances, we therefore use R instead of Q.

In summary, given the N, x N, matrix of multi-frequency power spectra C¥”,
and its covariance matrix, we construct the (N, — 2) x (N, — 2) residual power

spectrum matrix
C" = Ry, R CY (5.2.2.10)
and its covariance matrix
Cov (Ci, C3°) = Rauy Rou, Ry Ravy Cov (C712C) . (5.2.2.11)

Note that the transformation in Eq. 5.2.2.10 is applied to both the input power

spectrum data, and to the theoretical prediction described in Section 5.2.2.1.

5.2.3 Summary of the method

The hybrid method proposed here can be summarised as follows.

1. Starting from a set of N, frequency maps m, we obtain the best-fit spectral
index parameters Bpp, the associated spectra, and the projector Q that
removes the best-fit dust and synchrotron components from the data, using
the map-level spectral likelihood of Section 5.2.1.2. We also construct the
(N, — 2) x N, matrix

R=DB™!, (5.2.3.1)

where B is the matrix of eigenvectors of Q, and D selects only the rows of B~*

corresponding to the non-zero eigenvalues of Q.

2. We estimate the full set of power spectra between all pairs of frequencies, C’é’ v

from the same maps, and their covariance matrix.

3. We use R to deproject the constant dust and synchrotron modes from @” v

and its covariance, according to Eqs. 5.2.2.10 and 5.2.2.11.
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4. We calculate the theoretical prediction for these power spectra according to
Eq. 5.2.2.2, using simple power-law models to describe the scale dependence
of the foreground residuals, and the derivative of the foreground SEDs to
describe their frequency dependence (see Section 5.2.1.3). We apply the R

matrix to this prediction using again Eq. 5.2.2.10.

5. We use a Gaussian likelihood to obtain parameter constraints by comparing the
data against this theoretical prediction. When inferring parameter constraints,
by default we vary the CMB parameters {Ajps, 7}, the foreground power
spectrum parameters {A., a.} (¢ € {D,S}), and the spectral indices {5p, fs},

imposing a prior on the latter based on the map-level constraints.

The main differences with respect to the “baseline” power-spectrum-based
approach are that the latter skips steps 1 and 3 above, applies the power-law
modelling for the full foreground power spectra (instead of the residuals), assuming
constant spectral indices, and therefore does not make use of the R matrix to
project onto the space of residuals. The assumption of constant spectral indices
can be relaxed at the power spectrum level by implementing a moment expansion
method, as done in Ch. 3, or by allowing for frequency decorrelation [143]. The
main shortcomings of these purely Cj-based methods, which the hybrid approach
is able to address, are the need to assume a model for the scale dependence of
the foreground amplitudes, and to either ignore spectral index variations, or to
assume a model for their statistics (e.g. Gaussian, uncorrelated with amplitude
variations, or with a flat scale dependence). In turn, the hybrid approach only
assumes a model for the scale dependence for the much smaller foreground residuals,
limiting the number of parameters needed to model them.

It must be noted that, as described above, the method proposed is not rigorous
from a statistical point of view, as it does not propagate the uncertainties of all
parameters self-consistently. Instead of splitting the parameter inference into two
stages (map-based and Cy-based), a more principled approach, similar to [161], would
simultaneously sample the linear foreground and CMB amplitudes, the constant
spectral indices, the power spectrum of the foreground residuals, and the CMB
power spectrum parameters, in a joint map-level likelihood, effectively treating
the foreground residuals as a two-dimensional Gaussian process. While fully self-
consistent, this kind of approach is significantly more computationally demanding,
although not intractable. Instead, we first use the maps to obtain tight constraints
on the average spectral indices, and then reuse the data at the power spectrum level

to marginalise over the foreground residuals. As we will show, however, in practice
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we find that the method proposed here is able to produce reliable constraints when
applied to simulated data. The main reason for this is the fact that the information
contained in the maps, for the instrumental sensitivities explored here, allows for
a very precise measurement of the mean spectral indices in the first step. This
first step is therefore akin to obtaining an external, high-precision measurement
of B, which can be used to deproject the constant foreground amplitudes from

the data, rendering the procedure fully self-consistent.

5.3 Simulations

In order to test the validity of the hybrid component separation method described
in the previous section, we test it on a suite of sky simulations. These simulations
include the most relevant sky components, as discussed in Section 5.2. In all
simulations, the CMB contribution was generated as a Gaussian random field drawn
from the power spectrum in Eq. 5.2.2.5. We use fiducial values (Ajens = 1, 7 =
0), unless otherwise stated. The simulations also incorporate the contribution
from instrumental noise and the effects of a limited sky coverage as described in
Section 5.3.1. We generate simulations of the polarised Stokes () and U sky maps
in six frequency bands as described in Table 3.2. These maps are generated using

the HEALPix pixelisation scheme [110] with resolution parameter Ngqo = 256.

5.3.1 Instrumental effects

All the simulations produced in this work include a model of the instrumental noise
which replicates the characteristics of the Simons Observatory (SO), as described
in [108] (SO19 hereon). The most relevant effects are the scale dependence and
inhomogeneity of the noise, and the limited sky coverage, which are briefly described

below (refer to Sec. 3.3.4 for more details).

e Scale-dependent noise. The noise is modelled using a power spectrum N,

described as in Eq. 3.3.4, for which more details are provided in Table 3.2.

o Sky footprint and inhomogeneous noise. Except in Section 5.4.3, we
will assume a sky footprint that follows the hits count map in Fig. 3.3. We
use this mask to compute all power spectra (except in Section 5.4.3) using a
pseudo-C; algorithm with B-mode purification as implemented in NaMaster®
[79].

Sgithub.com/LSSTDESC/NaMaster.
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Note that we have not included the effects of an instrumental beam in these
simulations in order to simplify the analysis. The impact of beams is straightforward
to incorporate in the power spectrum analysis, and thus does not impact this method.
At the map-level stage, maps should be pre-smoothed to a common beam before
obtaining the best-fit spectral parameters. Again, this should not invalidate any
of the results presented here.

As mentioned in Section 5.2.1, for each sky simulation, we generate 4 independent
noise maps, each with a noise amplitude twice as large as the target sensitivity.
This allows us to use these 4 realisations as independent data splits. Therefore, each
simulation consists of 24 pairs of (@, U) maps, corresponding to the 6 frequency
channels and 4 data splits. In the map-domain cleaning described in Section 5.2.1,
the data vector which enters the spectral likelihood in Eq. 5.2.1.3 is given by

1 Nsplits

s+mn;), 5.3.1.1
Nsplits Z ( ) ( )

i

m =

i.e. the map of the coadded splits. When computing the multi-frequency power
spectrum matrix that forms the basis of the Cy-cleaning stage, we start by computing
all BB auto- and cross-correlations between different pairs of maps, for a total of
300 different BB power spectra between all Ng,jits = 4 splits and N, = 6 frequency
bands. In order to avoid modelling the noise bias as part of the likelihood described
in Sec. 5.2.2), we then generate a coadded power spectrum matrix by averaging over
all power spectra combining different data splits for each frequency pair. This results
in a collection of 21 distinct coadded power spectra, which form the independent

elements of the 6 x 6 multi-frequency power spectrum matrix.

5.3.2 Foreground simulations

The simulations described below were created using the publicly available code
BBSims®. We generate two classes of foreground simulations: gaussian and “more
realistic”. The latter comprises three models, which we label as dism, HD and
VS, that introduce different aspects of foreground complexity and include the
foreground templates provided by PySM. These models include “realistic” non-
Gaussian amplitude and spectral index maps that are based on existing observations,

and described below.

6See github.com/susannaaz/BBSims.


https://github.com/susannaaz/BBSims
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» Gaussian foreground simulations. We generate a large suite of “Gaussian’
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Y

foreground realisations, following the same procedure described in Sec 3.3.2.
For these, we simulate sky maps for the amplitude (T.(72)) of each component
as Gaussian random fields governed by power spectra following the power-law
model in Eq. 5.2.2.3. The aim of these Gaussian simulations is twofold. First,
we employ them to compute the power-spectrum covariance as described in
Section 5.2.2.2. To estimate covariance matrices, we generate a suite of 100
Gaussian simulations with constant spectral indices. Secondly, we use these
Gaussian simulations to study the performance of the method proposed here
with different levels of spectral index variation. We parametrise this variation
in terms of the standard deviation of o(f,) (see Eq. 3.4.1.2) as in Ch 3, with
increasing values o(8.) = {0,0.1,0.2,0.3} for both synchrotron and dust. We
fix the spectral tilt 7. to (yp,7s) = (—3.5,—2.5). We then add the mean
spectral indices 3. to 63.(72) and use PySM", [188]) to generate observed sky
maps in the six frequency channels of Table 3.2. All the Gaussian simulations
presented here use the same values for the constant spectral indices (fp = 1.6,
Bs = —3) and the same pivot frequencies (v} = 353 GHz, 1§ = 23 GHz).
The dust-synchrotron correlation coefficient was set to esp = 0. We use the
foreground parameters that best fit the dust and synchrotron template maps
used in the realistic set of simulations, described in Section 5.3.2, within the

footprint used here, and listed in Eq. 3.3.2.1.

dism model. A set of 20 realisations is produced, where for the dust amplitude
and spectral index map we adopt the templates included in the d1 model;
similarly, the synchrotron amplitude follows the s1 model, while its spectral
index map is created by re-scaling the s1 map and extending it to smaller
scales using a power-law spectral index power spectrum Cf S consistent with
the measurements of [148]. For more details on the d1sm model, please refer to
Sec 3.3.3. The level of realism included in these simulations is compatible with
the one used to assess the performance of forthcoming B-mode experiments in
e.g. [108, 194, 195]. Assuming free amplitudes at the first step of our pipeline,
as described in Sec. 5.2.1, should allow us to account for the higher complexity
of these models. The foreground amplitude maps used in these simulations
reproduce the properties of the power spectrum used to generate the Gaussian
realisations described in the previous section within the footprint use here,

and within the scales (¢ € [30,300]) we use in our main analysis. It should be

Tegithub.com/bthorne93/PySM_ public.
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pointed out that, on scales larger than those analysed here, the foreground
power spectra present obvious departures from a perfect power law [193], but
this does not affect our analysis. Therefore, our model of the scale dependence
of foreground amplitudes described in Section 5.2.2 will not induce any bias
on r for these simulations; the bias will arise because of the spatially-varying

spectral indices.

« Hensley & Draine (HD). additional sets of 20 simulations The thermal
dust contribution is modelled using the specifications provided by [179], which
we label “HD” hereafter. This is based on a micro-physical model of dust
grains, taking into account the strength of the local radiation field, the
grain compositions (carbonaceous, and silicate with varying degrees of iron
abundance) and the temperature distribution depending on grain size. In
these simulations, the synchrotron SED still corresponds to the sm model

described above.

« Vansyngel (VS). An additional suite of 20 simulations was run using the
statistical model described in [143] (labelled “VS”). This model takes into
account the spin orientation of the dust grains, in order to simulate the diffuse
polarised emission from galactic dust. The three-dimensional structure of the
GMF is described by a finite number of layers (we use Njuyer = 7 layers). The
coherent component of the magnetic field is the same in all layers, while its
turbulent part is generated as a Gaussian random field. Once the direction of
the GMF is determined, maps of the () and U Stokes parameters are generated
by scaling the dust intensity map found by Planck [193]. As an additional level
of complexity, and in an attempt to describe the three-dimensional distribution
of the dust spectral index, we associate each layer with a different Gaussian
realisation of §fp with standard deviation oz, = 0.13 (the combined RMS
variation for 7 layers is o5, =~ 0.35). In these simulations, the synchrotron

SED still corresponds to the sm model.

5.4 Results

We now report on the performance of the hybrid component separation methodology
proposed here, as a function of different aspects of foreground complexity. We will
present the best-fit and standard deviation on r, obtained with the hybrid method,
and compare it with the results found using the baseline Cy-based method, and

with its moments-based extension, described in Ch 3.
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Figure 5.1: Upper panel: Best-fit values of r for 20 realisations of the sky calculated at
different values of o, (the same for synchrotron and dust). Results are shown for the
baseline cross-Cy pipeline assuming constant spectral indices (turquoise), adding moments
(purple) and using the hybrid method (orange). The position of each simulation in the x
axis is shifted slightly from its true og, for clarity. The larger, solid dots, at the centre
of each o3, value show the mean and standard deviation of each suite of simulations.
Lower panel: Statistical uncertainty o(r) averaged over the twenty realisations in the case
of constant spectral indices (turquoise), adding moments (purple) and using the hybrid
method (orange). Both the hybrid and the moments method are able to correct the bias
on 7 for all values of o3, considered, at the cost of increased final uncertainties with respect
to a model with constant spectral indices (which themselves increase monotonically with

O‘ﬂc) :

5.4.1 Gaussian foreground simulations

We use 20 Gaussian simulations with varying values of o3, representative of the
range allowed by current data [193], to explore the impact of increased spatial
variability of the spectral indices.

The results are shown in Fig. 5.1 as a function of o4 (equal for synchrotron and
dust). The upper panel shows the best-fit and standard deviation of 8 for each
simulation, for the baseline, moments, and hybrid methods in turquoise, purple,
and orange, respectively. The darker, larger points, show the overall mean and
standard deviation of all simulations for each value of o3. The lower panel then
shows the standard deviation obtained by each method. The mean measured value
of r effectively correspond to the bias we get at different levels of spectral variation,
since all the simulations were run with an input r = 0.

We find that, as o increases, the bias on r obtained by the baseline method
grows up to 6r = 0.017 for the highest value of o3 = 0.3 explored. Since the
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Figure 5.2: Signal-to-Noise Ratio (SNR) of SNR of the amplitudes of the foreground
residual maps, dust AZP (in blue) and synchrotron AZB (in red), using the hybrid
method for the Gaussian foreground simulations with increasing spectral index variation
(05 = 0 — 0.3, the same for dust and synchrotron). For both components, the dots
correspond to the SNR of each realisation, the line is the mean and the shaded area covers
the 1o standard deviation. We find that, at values of o3 > 0.1, it is possible to significantly
detect the effect of the spatial variation of the spectral parameters, particularly the dust
spectral index, on the foregrounds multi-frequency power spectra for SO-like sensitivities.

baseline method achieves uncertainties o(r) ~ 0.002, this corresponds to a large,
~ 8¢ parameter bias. The hybrid method is then able to correct for this bias in
all cases, at the cost of a slight increase in the final parameter uncertainty, with
o(r) growing to ~ 0.0024-0.0033 (a ~ 20-50% increase). The moments expansion
method is also able to correct this bias, as was shown in Chapter 3, although at
a higher cost in terms of o(r), which rises by ~ 50 — 70%.

At SO-like sensitivities, we are able to detect the impact of spatially-varying
foreground SEDs, particularly in the case of dust. Figure 5.2 shows the Signal-
to-Noise Ratio (SNR) of the foreground amplitudes using the hybrid method
for the Gaussian foreground simulations with increasing spectral index variation
(05 = 0 — 0.3, the same for dust and synchrotron). The SNR is calculated for each
foreground component (c) as the ratio of the amplitude (AP for dust, ABB for
synchrotron) to the respective o obtained from the posterior distribution. We find
that, at values of o3 > 0.1, it is possible to significantly detect the effect of the spatial
variation of the dust spectral index for SO-like sensitivities, while a scatter at the

level of o3 2 0.3 is required to detect variations in the synchrotron spectral index.
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Figure 5.3: Best-fit values of r for 20 sky simulations for different types of realistic
simulations, displayed on the z-axis (d1sm, HD, VS). The orange dots show the baseline
cross-Cy results assuming constant spectral indices, while the purple and orange dots
show the results of the hybrid method and the moments method, respectively. The larger,
solid dots at the centre of each simulation type show the mean of each suite of simulation.
The hybrid method is able to correct the bias on r for all the different types of realistic
simulations that appears when assuming constant spectral indices. The moments method
recovers unbiased results for the d1sm and VS simulations, but introduces a negative 3o
bias in the HD case.

5.4.2 Realistic foreground simulations

Having used the Gaussian simulations to explore the performance of the method
as a function of spatial spectral index variability, we now make use of the realistic
foreground simulations described in Section 5.3.2 to validate the method in the
presence of other aspects of foreground complexity. The d1sm simulation includes
non-Gaussian and statistically inhomogeneous foreground amplitudes, and realistic
spectral index maps. The HD simulations make use of a dust spectral law that is
not a modified black-body in detail. Finally, the VS simulations account for the
three-dimensional variability in the dust spectral index, and include an enhanced
level of non-Gaussianity in the dust amplitude. The results are shown in Fig. 5.3
for the three different models (shown in the z axis).

For d1sm, the mean best-fit r from 20 realisations using the baseline method
is centered at 0.0059 £ 0.0023, corresponding to a ~ 2.50 bias. With the hybrid
method, this reduces to r = —0.0004 + 0.003. The bias is eliminated at the cost
of increasing uncertainties by ~ 25%, as expected from the results found with the
Gaussian simulations. Similarly, the moments method recovers unbiased results

with a ~ 40% increase in o(r).
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The conclusions are similar when analysing the HD simulations. The different
dust SED used in this model introduces a bias at the 1 — 20 level when analysed
with the baseline method, obtaining » = 0.0033+0.002. The hybrid method corrects
this bias (we obtain a mean r = 4.3 - 107°), with a widening of the final constraints
by ~ 40%. The analysis with the moments method introduces instead a negative 3o
bias. This must be due to the foreground bias departing from the theoretical model
used here. The two main assumptions are that the variations in Sp are small enough
that the residual spectrum can be described by the Taylor expansion of the modified
black-body SED, and that the residuals follow a power-law scale dependence. The
additional complexity in the way the non-Gaussian foreground amplitude maps
are generated might contribute to either of these causes. It could also be that the
simulated data in this case differs significantly from the Gaussian assumption used
to construct the covariance matrix and the resulting likelihood is ill behaved.

The significantly more complex VS simulations introduce a much larger bias
on r, at the level of 160, when using the baseline method. As in the dism case,
both the hybrid and the moments method eliminate this bias, with an increase in
uncertainties by ~ 30% and ~ 40% respectively. This is in agreement with the
findings of Ch. 3. Note that one of the key advantages of the hybrid method is that
it does not rely on any assumption regarding the Gaussianity of the spectral index
variations, unlike the moments method, and therefore it provides more flexibility to
handle the additional complexity of the VS model. The impact of this additional
complexity, however, does not seem to hamper the moments expansion method

significantly by comparison with the hybrid approach explored here.

5.4.3 Larger sky fractions

The ability of the hybrid method to remove the bulk of the foreground contamination
at the map level, without assuming a model for their spatial correlations, or for
the correlation between them and the foreground residuals resulting from spatially-
varying spectra, could potentially allow us to obtain constraints on sky areas
significantly larger than the footprint explored so far. This is relevant in the
context of future space missions, such as LiteBIRD [199, 205, 228], or when B-mode
constraints become cosmic-variance dominated due to imperfect delensing. We have
therefore generated and analysed a new set of simulations covering larger sky areas.

In this case, we generate three new sky masks three masks by setting different
thresholds on the polarised intensity (P = /@Q? + U?) of the Planck 353 GHz map
[227], smoothed on a scale of 1°. The thresholds are defined to yield observable
sky fractions fgy = {0.3,0.6,0.8}. The resulting sky masks, avoiding the Galactic



164 5.4. Results

0.3 sky 1

Figure 5.4: Masks applied to the simulations in Section 5.4.3, which exclude the Galactic
plane from the estimation of the data. Three masks are created by setting different
threshold on the polarisation intensity (P = /Q? + U?) of the Planck 353 GHz map
[227], to obtain sky cuts fe, = 0.3 (dark blue), 0.6 (lighter blue) and 0.8 (grey). The
yellow area corresponds to the observed footprint in galactic coordinates.

plane, are displayed in Fig. 5.4. These are smoothed with a 10° FWHM beam
and made differentiable with the application of a “C1” apodization with a scale
of 5° to the resulting map [79]. The result is similar to the sky mask used in
[139]. The larger sky fractions cover regions where foreground contamination is
higher, and where spectral index variation is potentially more damaging. For
example, in Figure 5.5 we find that the mean SNR of the amplitudes of the
foreground residual maps recovered with the hybrid method in the dism model
is SNR = 0.2,2.1,8.9 (for dust) and SNR = 1.2,2.7,7.9 (for synchrotron) in the
fsy = 0.3, 0.6, and 0.8 footprints, respectively.

In order to avoid the computational cost of re-calculating the power spectrum
covariance matrix from hundreds of simulations for each sky fraction, here we
use the approximate formula in Eq. 5.2.2.7. Note that this approximation is not
accurate enough for actual data analysis, which should involve extensive simulations,
but it serves the needs of this forecasting exercise, as illustrated in [108]. The
power spectra introduced in the formula contain both signal and noise contributions.
Although the approximation accounts for the impact of incomplete sky observations
in reducing the number of available independent modes, it does not account for
the effects of mode-mode coupling, or the mixing of £ and B modes. To get
around this limitation, we have also modified the simulations used for this part
of the analysis. We remove any E-to-B leakage from the simulations by hand,
by transforming the original () and U maps into F and B, setting the E-mode
component to zero, and transforming back to ) and U. Although this degrades the

level of realism used in the previous sections, it allows us to account for the main
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Figure 5.5: Signal-to-Noise Ratio (SNR) of the amplitudes of the foreground residual
maps, dust AP (in blue) and synchrotron AZ® (in red), using the hybrid method for
the dism foreground simulations with increasing observed sky fractions (fsy,0.3 —0.8).
For both components, the dots correspond to the SNR of each realisation, the line is the
mean and the shaded area covers the 1o standard deviation. We find that at increasingly
larger sky fractions, the foreground contamination is higher, and we can significantly
detect the effect of the spatial variation of the spectral parameters on the foregrounds
multi-frequency power spectra at fg, > 30%.

impact of foreground complexity: the large dynamic range of foregrounds on large
scale areas, and the departure from perfect power-law behaviour on large scales.
For simplicity, in these simulations we assume the same noise power spectrum
used before (Eq. 3.3.4.1), with a flat sky coverage (i.e. the noise properties are
homogeneous throughout the observed footprint).

Fig. 5.6 shows the constraints on r found with the “baseline”, “moments”, and
“hybrid” methods, as a function of sky fraction, for the d1sm foreground model. Over
the 30% footprint, all methods obtain unbiased constraints on r. This, however,
changes rapidly as we increase the sky area. At fg, = 0.6 and 0.8, the baseline
method yields » = 0.004 4+ 0.0008 and r = 0.013 %+ 0.0009, corresponding to a
~ Ho and a ~ 160 bias, respectively. Remarkably, the hybrid method is able to
absorb this bias in all cases (r = 0.00001 + 0.0011 and —0.0007 &+ 0.0012 for 60%
and 80% fay respectively), even when using 80% of the sky. The validity of this
result, obviously depends on the level of realism of the foreground simulations
used here, which may not be sufficiently accurate close to the Galactic plane.
However, the result highlights the robustness of the method to high levels of
foreground contamination, in comparison with standard approaches. Similarly, the

moments method is able to recover unbiased results, recovering » = 0.0 & 0.0013
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Figure 5.6: Constraints on r obtained by the “baseline”, “moments”, and “hybrid”
methods (in turquoise, purple and orange), as a function of sky fraction, for the dism
foreground model. With sky areas wider than 30% (fsy > 0.3), the baseline pipeline
yields biased results. Both the hybrid method and the moments method are able to
eliminate this bias, with an increase in o(r) by 30 — 40% (hybrid) and by 50 — 80%
(moments) with respect to the baseline constraints.
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Figure 5.7: Best-fit values of r for 20 sky simulations observing 80% of the sky ( fsy = 0.8)
across different ranges of angular scales (from f,i, up to £ = 300) for input r» = 0 (upper
panel) and r = 0.01 (lower panel). The x—axis displays increasing values of angular scales
(lower fyin). The red dots show the baseline cross-Cy results, while the green dots show
the results of the hybrid method. The larger, solid dots at the centre of each suite of
simulation show the mean across simulations. The hybrid method is able to correct the
bias on r even at higher angular scales down to £, = 2.
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and —0.0001 £ 0.0015 for 60% and 80% fay, but with a 20 — 30% increase in o(r)
compared to the hybrid method constraints.

The availability of a larger sky area allows us to constrain primordial B-modes
using larger scales. Fig. 5.7 shows the constraints obtained when using the fq, = 0.8
footprint as a function of the minimum multipole, ¢,,;,, included in the analysis.
The two panels in this figure show the results for simulations with an input » = 0
(top), and for r = 0.01 (bottom), which thus allows us to study the performance
of the method in the presence of a detectable B-mode signal. For our default
lmin = 30, we obtain unbiased constraints on r with the hybrid approach in both
cases (r = —0.0007+0.0012 and r = 0.009 £+ 0.0013), whereas the baseline approach
recovers a biased r at the same level as that displayed in Fig. 5.6. When including
larger angular scales ({in < 30), we use the HL non-Gaussian likelihood [121],
as described in Sec. 5.2.2.2. When extending the scale range to f,;, = 10, the
hybrid method obtains r = 0.0005 £ 0.0013 (input r = 0) and r = 0.0099 £ 0.0013
(input r = 0.01). When including even larger scales, down to y,;, = 2, the hybrid
method recovers again unbiased results, i.e. 7 = 0.0002 £ 0.0011 (input r = 0)
and r = 0.0096 £ 0.0012 (input r = 0.01), compared to the 19¢ bias introduced
by the baseline cross-Cy pipeline. Similarly, the moments method recovers the
input 7 value on all scales, with a ~ 10% increase in o(r) compared to the hybrid

method, and introducing a small negative < 0.2¢0 bias.

5.5 Conclusion

Here, we investigate a hybrid approach that combines characteristics from both
map-based and Cp-based studies. In the first step of the method, we determine
foreground amplitudes at the map level without making any assumptions about their
statistical correlations and assuming spatially uniform spectral characteristics. We
next take this spatially-homogeneous foreground contribution away from the original
data, and the residual foreground contamination (due to inaccurate subtraction or
spatial SED fluctuations) is modelled at the power spectrum level. This allows us
to retain the same Cjy-level assumptions, imposing a model for the scale dependence
of the foreground amplitudes, while also limiting the degradation in the final
constraints brought on by spectral index variations, by applying those assumptions
to the smaller foreground residuals (instead of the full foreground spectra) and
retaining information about their frequency dependence. Therefore this method

allows us to overcome the limitations imposed by Cj approaches (Gaussianity,
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power spectrum form), limiting the number of parameters needed to model the
smaller foreground residuals.

We have applied this method to simulated data including realistic foreground
models and instrumental noise. We have shown that we are able to obtain unbiased
constraints on 7 in the presence of realistic (and often pessimistic) foreground
complexity. We compare this with the results of a “baseline” fiducial cross-C} analysis
(analogue to the method used to derive the current state-of-the-art constraints on
the tensor-to-scalar-ratio r from B-modes [89]), and with the extended “moments”
approach described in Chapter 3, which is able to further mitigate contamination
from foreground residuals. Generally, we find that the hybrid method outperforms
the baseline one in terms of bias, and the moments method in terms of o(r) (and
bias for some of the most complicated foreground models).

In the simpler foreground scenario, which includes no spatial variation of the
spectral parameters (corresponding to the Gaussian simulations with o3 = 0),
we obtain unbiased tensor-to-scalar ratio r with all the three pipelines, with a
respective increase in o(r) by ~ 30% (moments) and < 10% (hybrid) compared
to the baseline approach. In Section 5.4.1, we find that increasing spectral index
variations (o5 = 0.1 — 0.3) can introduce a bias on r of up to 8¢ with the baseline
method, which both the hybrid and the moments methods are able to correct for
at the cost of an increase in statistical uncertainty (the former by ~ 20 — 50%,
the latter by ~ 50 — 70%).

We have also explored more realistic foreground simulations based on various
models proposed in the literature (Section 5.4.2) with different levels of complexity.
Overall, we find that the hybrid method is able to correct the bias on r for all
the different types of realistic simulations that appears when assuming constant
spectral indices, at the cost of a limited o(r) increase by < 30%. The moments
analysis recovers unbiased results for most of these simulations. However, the
reliance of the moments method on simplifying assumptions (Gaussianity of the
spectral index variations, uncorrelation among spectral indices and foreground
amplitudes) limits its ability to recover unbiased results for one type of complex
foreground model explored here.

Unlike the moments method, the hybrid approach has the advantage of not
relying on any assumptions about the shape of the spectral index fluctuations,
and proceeds by removing the bulk of the foreground contamination at the map
level, without assuming a model for their spatial correlations, or for the correlation
between them and the foreground residuals resulting from spatially-varying spectra.

This allows us to obtain constraints on increasingly larger sky areas and at larger
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angular scales in Section 5.4.3. Here we find that the results remain largely unbiased,
even for experiments covering ~ 80% of the sky, suggesting the potential application

of this method to future satellite missions such as LiteBIRD.



170



Chapter 6

Half-Wave-Plate rotational
instabilities propagated through an
end-to-end pipeline for LiteBIRD
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6.1 Introduction

Here we study the propagation of a specific class of instrumental systematic effects
that bias the final constraints on r. More specifically, we focus on the effects of
the rotational variability of the Half Wave Plate (HWP), a polarisation modulator
that will be deployed by future CMB experiments, such as the phase-A satellite
mission LiteBIRD [199, 200] (see Sec. 2.2.2).

171
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Holder mechanism

Figure 6.1: LiteBIRD Half-Wave Plate (HWP) and encoder mechanism.

The HWP angle is measured using an optical encoder, which is illustrated in
Fig. 6.1. However, intrinsically imperfect instruments will lead to inconsistencies
between the reconstructed HWP angle and the underlying true angle. Through the
analysis of the HWP phase instabilities, the required instrument calibration can be
determined, including the precision needed for the encoder measurement to prevent
introducing bias into the cosmological analysis. Failure to calibrate the polarisation
angle accurately can lead to significant systematic errors, resulting in leakage of
E-modes into B-modes and biasing the estimation of the tensor-to-scalar ratio.
This is described below in Sec. 6.2, where a general formalism for the treatment of
instrument systematics is presented before describing the specific case of interest.

To propagate the systematic errors to cosmology, we have developed a stand-
alone end-to-end simulation pipeline adapted to LiteBIRD, described in Sec. 6.2.4.
Through the latter, we simulate CMB-only observations at single frequencies (140
GHz) to emphasise the systematic effects on the B-mode power spectrum CP?. We
analyze the effects of a possible mismatch between the measured HWP properties
(used in the time-ordered data stage) and the actual profiles (used in the map-
making step of the pipeline).

Sec. 6.3 describes the ingredients of the synthetic simulations of the systematic
effects introduced by the HWP rotational instabilities, which are propagated to the
analysis pipeline. The systematic effects are first quantified in terms of a bias on
CPPB with respect to the ideal “no-systematics” case, and then propagated to the
tensor-to-scalar ratio r. At the present stage, we impose the requirement on the
specification of individual systematics to result in 1% of the expected LiteBIRD

sensitivity (i.e. dr ~ 107°). The results are reported in Sec. 6.4.
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6.2 Formalism

However, introducing a new element in the optics chain of the instrument un-
avoidably introduces new instrumental systematic effects. To benefit from HWP
advantages without loosing too much because of new systematics, we therefore
need to carefully model HWP-induced effects.

As introduced in Sec. 2.4, the HWP is used to modulate the polarised sky

signal, and introduces several advantages:

1. the HWP modulates the polarised sky signal at higher frequencies than the 1/ f
noise component of the atmosphere, reducing noise correlations in the time-
domain data. This high-frequency modulation also mitigates low-frequency

sources of contamination, such as long-time noise drifts;

2. The HWP can also minimise beam, bandpass, and gain systematics by allowing
separate polarised sky maps for each detector separately. As a result, the

impact of mismatched detector properties in a detector pair is reduced;

3. the higher frequency sampling of the sky polarisation vector results in more
independent measurements of each pixel, known as cross-linking, which further

reduces systematics.

However, the introduction of a new element in the optical chain of the instrument
inevitably creates new instrumental systematic effects. Therefore, careful modeling
of the HWP-induced effects is necessary to benefit from its advantages while
minimising new sources of systematics. To do so, we adopt the Mueller description

of the instrument, introduced in Sec. 2.4.2.

6.2.1 The HWP Mueller matrix

As an example, we use Eq.2.4.2.6 to define the relation between the Stokes parameters

of the light incident on the detectors to those of the light incoming from the sky as

I(t,v,n) Ln(t,v,n)
Q(t, v, ’fl) = MOPT(Q)MH(H,Q, I/) Qin(ta v, TAL) (6211)
U(t,v,n) Un(t,v,n)

where I,Q,U are the Stokes parameters after the HWP, Mopr(6) is the Mueller
matrix of the light transfer in the optical system and My(0, o, v) is the Mueller
matrix of the HWP, where 6 is the incident angle with respect to the aperture,
a = wywp(t)t is the HWP azimuthal rotation angle and wgwp(t) is the HWP
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revolution rate. For this discussion, we consider any other optical elements other
than the HWP to be described by the identity matrix. Furthermore, here we assume
no input V' term, since the HWP is the first element in the LiteBIRD’s optical system.

The Stokes parameters, contained in the vector S , propagated through a

rotating HWP become

—

Sout = R(=0)MypypR(0) S, (6.2.1.2)

where the first and final operators on Sj, are rotation matrices

1 0 0 0
0 cos20 —sin20 0

R(0) = 0 sin20 cos20 O (6.2.1.3)
0 0 0 1

that describe the rotation of the Stokes vector into and out of the HWP.

The HWP is used to modulate the polarisation, and in the ideal case the input
polarisation is flipped with respect to the HWP’s extraordinary axis. In terms of
the Stokes parameters, this operation is equivalent to inverting the +U polarisation
component to —U (and +V to —V). Therefore, the HWP Mueller matrix in the

ideal scenario reduces to the identity matrix

10 0 O
- 01 0 O
ideal __

00 0 -1

6.2.2 HWP systematics

Consider a measured polarised signal [@ £ iU]’, that is the true sky signal [Q £ U]
modified by a systematic effect. In general, one can define the vector S that
describes the uncertainties in the Stokes parameters in terms of the Mueller matrix

for a given systematic error Mgy [229],
65 = 0Myy - Sy = %ar dqq dqu dqv | g (6.2.2.1)

where §5 = Gmeas _ Gsky , and Smeas ig the vector of measured Stokes parameters
and S¥ is the vector of the Stokes parameters coming from the sky.

In a more realistic scenario, different systematics of the HWP will affect different
terms in My, in Eq. 6.2.1.4, which will become non-zero. These systematic

effects are related to several HWP properties:



6. Half-Wave-Plate rotational instabilities in LiteBIRD 175

0rr: Reduction of intensity

0@, duu: polarisation efficiency

dqu, Ougq: polarisation rotation

010, Orv: Instrumental polarisation

In this work, we consider an ideal HWP where the only systematic effects is due
to its rotational instabilities, i.e. where the HWP angle is shifted by da. In this
case, the measured polarised signal [Q 4 iU]" corresponds to the true sky signal

[@ £ iU] modified by a polarisation angle rotation of da, such that:
(Q +iU) = e 2*[Q + iU] (6.2.2.2)

In this case, the error matrix then reduces to the rotation matrix:

0 0 00 0 0 0 0

awp | 0 ¢ p O | | 0 cos20a  sin20a O
OM,™ = 0 —p e 0| | 0 —sin2da cos20a 0 |° (6.2.2.3)

0 0 00 0 0 0 0

where only the polarisation efficiency and rotation terms (i.e. the central block
of the HWP matrix) are affected. The complex term e changes the amplitude
of polarisation, and p mixes both @ and U [125, 229]. This becomes clear when

propagating to power spectra.

6.2.3 Propagation of systematics to power spectra

Generally, one can propagate Eq. 6.2.2.1 to harmonic space. Here, we define a
general expression that relates the observed power spectra to the Mueller matrix
of the HWP systematics.

Starting from the spin-2 polarisation, defined in Eq. 2.1.2.3 we recover an

expression for () and U in terms of the decomposition coefficients:

N . 1
Q=" [(02.6m2Yem (7)) + (a-2.0m 2Yem(R))] - 5 (6.2.3.1)
Im
N . 1
U=> [(ag,m2Yem(n)) = (a_2,0m —2Yem())] - % (6.2.3.2)
Im
From Eq. 2.1.2.8 we have:
nm = —iaG, — Qfh;  G_oem = iaf, — ap, (6.2.3.3)
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Combining the equations above, and re-arranging the terms, we can recover the

Stokes @Q,U in terms of af  al.

R . 1
Q=3 [of (=Y () -2 Yo (8)) + afi (=¥ () +-2 Ve (R))] - 5 (6:2:3.4)
. . . 1
U = 3 [ (=aYim(R) + -2 Yo () + a7, (=ia¥im(R) =2 Yo ()] - 5
This allows us to write a matrix of the spherical harmonics:
M Mg My
M., =| Mor Moo Moy (6.2.3.5)
My Myg Myy
Yo () 0 0
=10 Yim(1) +—2 Yo () —5 (2Yem(R) ——2 Yem (7)) |,

—5 (3
0 (Yim(R) =2 Yem(R)) =1 (Yem(R) +_2 Yo (R))

such that the full vector of ay,,’s in terms of the Stokes parameters is:

K
2

a’fm
/ M,,, d, (6.2.3.6)

afm

which combined with Eq. 6.2.3.5 gives
ay,, ~ M T (6.2.3.7)
Afy, ~ MooQ + MouU
ap, ~ MygQ + MyyU = —MouQ + MgoU
This is useful to define a general expression that relates the matrix of Fourier

coefficients M,, —of the observed CMB power spectra, defined in Eq. 6.2.3.5, to
the Mueller matrix of the systematics 6 Mgys :

ay I
m
at | = / M,, My, | @ |dn (6.2.3.8)
ag. U
M Mg M orrl +019Q + 01U
= MQ[ MQQ MQU 5@][ + 5QQQ + 5QUU (6239)

Myr Myq Muyu ovr!l +0uQQ + duvU
The approach described above is general and can be used to describe a wide
variety of systematic effects.
In the specific case of interest, defined by Eq. 6.2.2.3, we can easily recover
the modified Fourier coefficients that are affected by the systematic in terms of
the observed ag,’s in Eq. 6.2.3.7:

~FE
afm — 8afm + paém

al =eal — pall . (6.2.3.10)
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We can then recover the error on the affected power spectra §C;XY | using the relation

in 2.1.3.6, where the relevant expectation values are given by

(afmify,) = (afmat,) + p* (afnag, ) (6.2.3.11)
(apmif,) =< (agnag,) + p* (afnal,) (6.2.3.12)
(afmafy,) = —ep{afm,af,) +ep(al, af),) (6.2.3.13)
where we have made use of the fact that <afn”fbafm> = <afn’;afm> = 0 due to

parity violation.
The measured spectra are then given by the original power spectra with an
additional error term induced by the HWP systematic, CXY + §C*Y | such that

CZEE,meas _ CéEE + €QC€EE + pQCeBB (62314)
CfB,meas _ CeBB + EZCZBB + pZCgEE (62315)
CKE‘B,meas _ _ngfE + ngZBB (62316)

where CFF/BB:m 16 the E- and B-mode power spectra including systematic

Cf BIBB he underlying power spectra. Thus, we find that the measured

effects,
spectra are given by the original ones with an additional error term induced by
the HWP systematic. The equations 6.2.3.14-6.2.3.16 above clearly show that
the efficiency term affects the amplitude of the E/B-mode power spectra, and
the rotation term yields a E-B mixing.

It is worth noting at this point that, using the equations above, it is straight-
forward to forecast the propagation of the errors to the tensor-to-scalar ratio r, in
the case of a global rotation angle error, i.e. da(t) = dav is constant. Consider the
relation between the systematics parameters and the uncertainty in the polarisation

angle da, implicitly defined in Eq. 6.2.2.3, whereby:
p =sin(20a), € = cos(20a), (6.2.3.17)

and the equations for the measured power spectra above. Noting that the inflationary
parameter r measures the ratio of B-mode power to E-mode power, we can roughly

estimate the bias on r:
6r ~ sin?(20a). (6.2.3.18)

Therefore, any miscalibration of HWP phase given by a global dar = const needs
to be < 1 degree for 6r < 1073 (or < 0.01 for 1% of the LiteBIRD systematic
budget). In the case of more realistic HWP angle errors, it is more complicated to
analytically predict how they would propagate to the final cosmological parameters.
Thus we resort to simulation and propagate them through an end-to-end analysis

pipeline, described below.
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Figure 6.2: Schematics of the end-to-end analysis pipeline STOMPer, used in this study
to propagate the HWP systematics at the TOD level to the cosmological parameter r.

6.2.4 Analysis pipeline

A realistic analysis of the systematics induced by the HWP angle errors requires
a framework that goes from the time-ordered data (TOD), to cleaned maps and
finally to the cosmological parameter r. To this end, the end-to-end analysis

pipeline STOMPer' has been developed.

6.2.4.1 From TOD to sky maps

As described in Sec. 2.3.1, the time-ordered data (TOD) is represented as a sum

of signal and noise
d=Pm+n (6.2.4.1)

where d is a vector, P is the pointing matrix that relates the sky pixel Stokes
parameters represented as a vector m with the sampling time, and n is the noise
vector. What we want to do is to estimate the vector m given the observed data
d with the noise characteristics.

The noise is assumed to be Gaussian, and for the purpose of this work it will
be sufficient to consider the idealised case of uncorrelated detectors at the focal

plane, such that the noise matrix can be modeled as diagonal®. The noise realisation

lgithub.com/susannaaz/STOMPer
2Although the map-maker is suitable to work with non-diagonal noise covariance matrices of
the form N;; = (n (t;) n(t;)) as well.
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n is then independently drawn for each detector from a Gaussian distribution
with zero mean and variance o2, .

The map is then reconstructed through map-making (see Sec. 2.3.2). To this
end, a Preconditioned Conjugate Gradient (PCG) method, based upon [119], was

implemented. This method aims to minimise the y? of the data:
X’ =n"N"'n=(d - Pm)'N"*(d — Pm) (6.2.4.2)
such that 9x%/0m = 0 to obtain the minimum variance map, with solution:
-1
m = (PTN"'P) P™N"'d (6.2.4.3)

The linear system is solved iteratively by means of the PCG to invert the covariance
without ever explicitly building the matrix (PTN~'P). This is done by defining a
“preconditioner”, i.e. a best estimate of the matrix to invert, by computing exactly

its diagonal. To do so, we assume the following:

o (Gaussianity: this ensures that only the second-order moments are needed to
describe the noise statistics, which is then fully described by cross- and auto-

power spectra of the noise.

o Stationary noise: this implies that the matrix is circulant, i.e. the matrix to

invert is diagonal in Fourier space.
o Continuous data stream: there are no gaps in the data.

This allows us to apply the matrix (PTN=*P)~" PTN~! directly to d to produce the
map, treating it effectively as an operator. The PCG requires several iterations to
arrive at an acceptable estimate of the map. The number of required iterations
strongly depends on the noise model and on which maximum scale we aim to recover
in the map. In our case, we set dx?/dm = 107!, and the map is reconstructed
at Ngge = 256, requiring O(10) iterations.

A schematics of the full analysis pipeline is displayed in Fig.6.2. This end-to-end
simulation pipeline has been adapted to LiteBIRD but can be easily repurposed
for other experiments. In this preliminary study, we simulate single-frequency,
CMB-only observations to emphasise the systematic effects on the B-mode power
spectrum CPB. We analyse the effects of a possible mismatch between the measured
HWP properties (included in the TOD simulation step of the pipeline) and the

actual profiles.
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6.2.4.2 Propagation of errors to tensor-to-scalar ratio r

In LiteBIRD, we impose the requirement on each individual instrumental systematic
effect contributing to the total systematic error, to result in less than 1% of the
lensing B-mode power spectrum [8].

The LiteBIRD mission aims to measure the tensor-to-scalar ratio with a total
systematic error of dr < 0.57 x 1073, which is estimated using the likelihood
function defined as:

ABB C’ZBB BB 20—1 ABB
—2IP (CPP|r) = (20+1) @an — I mCPt. (6244)

The data vector is generated as C’fB = Tinput C’f W C’éens + N, fB and the fiducial
model is given by CPB = rC§W + Ol + NPB| where CFW is the primordial
gravitational wave spectrum with 7 = 0.06 and C}*™ is the lensing contribution.

The white noise spectrum is defined as
2

NpE = | T w? (6.2.4.5)
¢ 110800 pK arcmin | T

and the total likelihood function is given by In £(r) = 32% In P (C’fB | r), from
which we recover 0r to 1 sigma level by solving [ £(r)dr/ [° L(r)dr = 0.68. In the
white noise, w,’ 1/2 is estimated to be 7.6k, given the sensitivity of the LiteBIRD

detector array design, which achieves ér = 0.57 x 1073, Based on the above, we set

the accuracy requirement for measuring the HWP properties to be
5r < 5.7-1079, (6.2.4.6)

which corresponds to 1% of the expected LiteBIRD sensitivity on 7.

6.3 Simulations

The scanning strategy implemented in the analysis pipeline follows that of LiteBIRD,
as described in [8, 199] and illustrated in Figure 6.3. The simulated scan pattern
and telescope response thus go into the pointing P. For the maps m, we simulate
the set of the Stokes parameters, starting from CMB maps at 140 GHz, with the
aim of eventually including foregrounds. The maps are then used to produce 1
year TOD simulations for a single detector.

Here we describe the simulations of the HWP angle error da. We start from a
simplistic (and unrealistic) assumption that the angle error is constant over time,
which incidentally corresponds to the worst-case scenario in terms of bias to r,
in Sec. 6.3.1, to more realistic models for the angle error, going from a random
jitter in Sec. 6.3.2 to a drift over time in Sec. 6.3.3.
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Figure 6.3: LiteBIRD scanning strategy. During the scan, the spacecraft will rotate at
a rate of 0.1rpm around its spin axis. The spin axis will also rotate, but at a much slower
pace, ranging from 90 minutes to almost a day in current studies. The spin axis will be
angled at a = 45° to the Sun-L2 axis, while the angle 8 between the boresight and the
spin axis is 50° [199].

6.3.1 Constant offset

We start by considering a constant offset over time of the measured HWP angle, i.e.
a HWP phase lag that is fixed throughout the mission. We use these simulations to
compare the results of the analysis pipeline with the formalism described in Sec. 6.2.3.

Propagating the Stokes parameters to angular power spectra, we can analytically

recover the error on the observed E- and B-mode power spectra:

SCPE = cos?(26a)OPP + sin?(200) CFF (6.3.1.1)
SCFF = cos?(26a)CFF + sin?(26a)CFE (6.3.1.2)

where 0C, = C}"** — )y and we have used the expression for the measured spectra
defined in Eqns. 6.2.3.14,6.2.3.15, including the definitions in Eq. 6.2.3.17 to relate
the uncertainty in the polarisation angle da(t) to the systematics parameters.
We include a global polarisation rotation systematic in our simulations in
Sec. 6.4.1, and propagate it through the analysis pipeline. The aim of this exercise

is to see if we can recover the power-spectrum model.

6.3.2 Random jitter

We consider a random jitter of the HWP angle, i.e. to simulate da we draw

random samples from a normal Gaussian distribution with probability density
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Figure 6.4: The HWP angle a position over a short period of time, including the angle
error d« simulated as a random jitter and determined for increasing standard deviations
ow (for a single realisation). The angle increases over time as it tracks the actual HWP
position as it rotates, so the “slope” is given by the rotation rate.

(z—p)?

p(z) =e 2% /,/2mo2, where u is the mean and o, the standard deviation. In

Fourier space, this corresponds to a white noise spectrum of the form
P(f) =02 (6.3.2.1)

In our simulations, we set 4 = 0 and we increase o, in order to get the
requirements for 1% of the total systematic budget. This is illustrated in Fig. 6.4,
where the HWP angle, for different values of the angle error o, increases as a
function of time. We parametrise the angle error da with the root mean square

(RMS) of the TOD of the angle variation per bolometer sample, corresponding to

gla — / P(f) df. (6.3.2.2)
which is a function of the single model parameter 0% (c,,) and has angle units.

6.3.3 Drift between measurements

A more realistic model of the error includes a drift in the HWP rotational variation,
whereby the angle error is accumulated over time in between two measurements, until
the encoder “re-calibrates” by measuring the HWP position. In this case, da(t) is

sampled from a Gaussian with zero mean and variance given by the power spectrum

P(f) = op, ll + (i)a] _1. (6.3.3.1)

where the angle error is parametrised by the knee frequency fi,ee of the spectrum

and again the RMS of the TOD of the angle variation per bolometer sample,
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corresponding to 2% (see Eq. 6.3.2.2). We set a = 2, such that the model of
the angle over time corresponds to a random walk. The aim is then to constrain
frnee, the frequency corresponding to the inverse of the separation in time between
two measurements made by the encoder.

To simulate this effect realistically, for different values of the model parameters

we iterate over several steps:

1. Generate a HWP phase time-stream with no corrections from the
encoder. This corresponds to a drifting signal over 1 year, with data points
at sampling frequency femp. We implement it as a random walk in real space,
which corresponds to a 1/f? power spectrum. This allows us to avoid Fourier

domain transforms, hence reducing the overall computational cost.

2. Determine the data points measured by the encoder, including some
random error in time. The encoder data is sampled at a higher frequency
than that of the bolometer/data sampling frequency (~ 10 times higher). We
simulate the HWP angle data acquired by the encoder using a spline fit.

3. Calibrate. We subtract the spline fit from the angle data to isolate the
residual HWP angle error da(t), which will need to be introduced in the full
TOD generator code where the data is sampled at the bolometer sampling

frequency fyo = 19Hz.

4. Downsample the residual da to fpo. To do so, we bin the angle residual
at every 1/ fyo Hz, and we extrapolate the value at each bin using linear
interpolation. These values make up the error to the HWP phase TOD d«
that are added to the HWP angle in the full TOD generator code.

Given the LiteBIRD instrument specifications [8], we know the HWP is spinning
at 46 rpm, and so its frequency is fpwp = 0.766 Hz. From this, we define the period

of time that elapses in between two encoder measurements,

1 1

fHWP Nholcs

Toneas = (6.3.3.2)

where Nypies is the number of slots in the encoder used to gather the HWP angle mea-

surements. The frequency at which the angle starts drifting in Eq. 6.3.3.1 is given by

1
fknee = T b (6333)

meas

and the frequency at which data are sampled in the laboratory is approximately
10 times higher, i.e. foamp = 10 X finee- We then use this model to test the
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effect of varying degrees of angle drift, by varying the number of encoder slots
(and hence finee)-

The aim of this exercise is three-fold. First, we can constrain the HWP drift with
fimee- Secondly, we obtain the HWP requirements for 1% of the total systematic
budget, in terms of the model parameters, finee, 00%. Third, we can further obtain
requirements for the number of holes that need to be included in the encoder in
order to have accurate HWP angle measurements. Currently, Npoes = 128 slots
are included, and we want to test whether this number can be decreased without
biasing the cosmology. We therefore include different values of Nyes in our analysis

in Section 6.4.3, and summarised in Table 6.1.

6.4 Results

We now report on the results of the simulations run through the analysis pipeline
described in Section 6.3. We will present the best-fit and standard deviation on 7,
as a function of different levels of HWP angle error, for increasingly realistic

models of the error.

6.4.1 Constant offset

As described in Sec. 6.3.1, we use CMB-only simulations with different constant
values of da, corresponding to a constant HWP angle offset over time, which is
introduced at the TOD level. The simulations are then propagated through the
analysis pipeline, where in the map-making stage we assume da = 0, i.e. an unbiased
HWP. From the produced maps, we calculate the power spectra and compare
these with the power-spectrum model that was derived in Eqns. 6.3.1.2,6.3.1.1.
The result for one of the input systematic error, corresponding to da = 0.18° is
reported in Fig. 6.5, where the “measured” power spectra, corresponding to the

ones calculated from the map-maker output maps, which include the systematic

Table 6.1: Tabulated values of the model parameters for the angle drift, assuming
different values for the number of encoder slots.

WHWP N holes Tmeas f knee f samp

[rpm] [s] [Hz]  [He]
46 128 0.010 98.05 980.48
46 40 0.033  30.64 306.40

46 10 0.131 7.67 76.6
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Figure 6.5: The measured power spectra of the polarisation maps that are produced
from the biased TOD simulations, for a fixed HWP angle error da is compared with the
model. We find that, for the systematic error considered here, the power spectra of the
biased maps are well described by the analytic model with da = 0.18°, which corresponds
to the input systematic error included in the TOD simulation.
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Figure 6.6: E- and B-mode power spectra (left and right, respectively) of the recovered
output maps for increasing constant values of the HWP angle error da. With an increase
in error values, the output spectra progressively deviate from the power spectrum of the
input map (black dashed lines) exhibiting clear EB-mixing. This effect is particularly
noticeable in the B-mode spectrum for higher da’s, due to the larger amplitude of the
E-mode spectrum.

bias, overlap with the model of Eqns. 6.3.1.2,6.3.1.1. The dotted lines show the
best-fit model with error dav = 0.18°, which is consistent with the value that was
inputted in the TOD simulation.

The results for different values of d« is illustrated in Fig. 6.6, which shows the

E- and B-mode power spectra calculated from the map-maker’s output maps as a
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Figure 6.7: F and B-mode power spectra of the recovered output maps (top panel)
and the residual maps (below) for different values of the random jitter angle error 055% D-
We see that, for higher values of the angle error, the output spectra increasingly depart
from the power spectrum of the input map (black dashed line), resulting in an increase in
amplitude of the residual spectra and a net depolarisation effect.

function of the angle error. As expected, we find that higher values of the angle error
correspond to more biased power spectra. There is a very dominant £ — B leakage,
thus for higher da’s the BB output spectra (on the right) resemble the input EE
spectrum and shifts away from the input BB, depicted by the black dashed line,
indicating that the p term dominates the power spectrum model in Eq. 6.2.3.15.

6.4.2 Random jitter

As described in Section 6.3.2, the error on the HWP angle da can be characterised
as a random jitter, parametrised by 09% . By increasing the level of random jitter,
we seek to ascertain the degree of bias that the HWP angle error da introduces
to the tensor-to-scalar ratio r.

The results are shown in Fig. 6.7, which illustrates the F- and B-mode power

spectra calculated from the maps that are produced by the map-maker, and from
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Figure 6.8: Top panel: recovered ér from simulations as a function of the angle jitter
error. We find that at 09, = 0.7°, the bias 67 = 2.94 - 1075, and values of 09%,,, > 0.9°
significantly bias the tensor to scalar ratio, as dr exceeds the 1% of the total systematic
budget (i.e. dr > 1077, illustrated by the horizontal dashed red line). Bottom panel: o,
the error on the recovered best fit §r, slightly increases at higher values of arj;p% D-

their difference with the ideal input map, as a function of the angle error 63%,,. As

expected, we find that higher values of the angle error correspond to more biased
power spectra, thus the corresponding residual increases. The output C}’s mainly
scale in amplitude compared to the input C, in black, inducing a net depolarisation.
However, they only negligibly vary their shape, which indicates that the £ B-mixing
effect is negligible. Thus, the angle uncertainty averages over sky, and p term in
Eqns. 6.2.3.14,6.2.3.15 cancels out, while the ¢ term dominates. This is consistent
with the result that C;"™ ™ is compatible with zero. This happens because the
angle error is randomised, and so the uncertainty builds up over time and eventually
averages over the sky. Therefore, the random jitter of the angle has the effect of
reducing the amplitude of the polarisation maps by a global factor.

The bias on the tensor-to-scalar ratio or is illustrated in Figure 6.8 as a function
of 09% . We find that values 09%,, > 0.9 degrees significantly bias the tensor to
scalar ratio, as or exceeds the 1% of the total systematic budget, illustrated by the
horizontal dashed red line. For example, for 03%,, = [0.7, 1.4, 2.8] degrees we recover
or =[2.9-107%,2-107%,1.8 - 1074]. To reiterate, these results are valid under the
assumption that the angle error is purely random. A more accurate physical model

for the angle error, including a drift over time, is analysed in the following section.
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Figure 6.9: Left: The TOD of the HWP angle is illustrated for the “input” data
generated as a complete drift over time with no corrections from the encoder (orange), its
spline fit (blue), and the residual between the two (green) which determines the angle
error da. Right: The corresponding power spectral density (PSD) of each component is
shown.
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Figure 6.10: The PSD of the downsampled residual (green) is well fitted by the
overlapping grey line, which is the best-fit model of Eq. 6.3.3.1 with parameters aﬁ}% D=
0.0002 rad/vHz and f; = 0.0001 Hz. The residual (green) is dominated by white noise
for f < f.

6.4.3 Drift between measurements

As explained in Section 6.3.3, the error associated with the HWP angle, da(t), can
be represented as a drift that is characterised by the model parameters 03¢, and fy.
Using the procedure described in Section 6.3.3, simulations are produced for different
values of the model parameters, of which Figure 6.9 illustrates an example. The
error da(t) is obtained from the difference between the input data shown in orange
and the spline fit shown in blue, of which the the PSD is obtained in the right figure.

The PSD of the residual d« is compared with the model of Eq. 6.3.3.1 in the
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Figure 6.11: Recovered 0r for increasing values of afsp% p and Npeles. Note that each
value of the number of slots in the encoder Nyges is directly related to the knee frequency,
according to the values in Table 6.1). For low values of Nypges, the bias on 7 increases
more rapidly, and the black dotted line corresponds 1% of the total LiteBIRD systematic
budget.

Fig. 6.10, where the best-fit model with parameters o3%,,, = 0.0002 rad/vHz
and fr = 0.0001 Hz is observed to be a good fit for the data. The PSD of
the residual da is approximately flat at f < fi, thus for fiy — 00 (Npoles > 1)
the spectrum is dominated by white noise. Given the relations in Eqns. 6.3.3.2-
6.3.3.3, we have fr o Npoes, thus for high number of slots in the encoder we
expect the results to be compatible with those of the random jitter angle error
presented in the previous Section.

The residual da(t) is included in the HWP angle defined in the TOD simulation
step of the analysis pipeline described in Sec 6.2.4. The systematic error for different
values of 099, and Nygles, corresponding to a specific finee, following the relations
6.3.3.2-6.3.3.3 (the values are displayed in Table 6.1), gets propagated through the
pipeline to recover the corresponding bias on the tensor-to-scalar ratio or. The
results are illustrated in the contour plot of Fig. 6.11. We find that for lower Nyqjes,
the bias dr increases more rapidly. Higher r values are obtained for lower fiyce
and higher 0%, ., corresponding to the bottom right corner in the Figure. The
1% of the total LiteBIRD systematic budget corresponds to the black dotted line.
Interestingly, we find that a dr > 10° is achieved for values of Nyoes > 40 with a
drift corresponding to oyoq 2 0.13 rad (or 2 7.4 degrees). This suggests that the
number of encoder slots currently adopted in LiteBIRD for measuring the HWP
angle can widely be relaxed. For Ny = 10, the 1% of the total bias dr allowed
by LiteBIRD corresponds to oy q ~ 3.4 degrees.
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6.5 Conclusions

In this Chapter, we have investigated the impact of half-wave-plate (HWP) rotational
instabilities on measurements of the Cosmic Microwave Background. By studying
the HWP phase instabilities we can address the issue of the encoder polarization
angle uncertainties for LiteBIRD. The miscalibration of the polarization angle
can be a major source of the systematic error, yielding a mixing of EF-modes and
B-modes which biases the estimation of the the tensor-to-scalar ratio . Therefore,
the question we have been trying to address is: how well do we need to measure the
HWP angles in order to prevent certain systematics? The answer has ultimately
allowed us to set the instrumental requirements for the HWP angle encoder.

We have utilized the HWP Mueller matrix formalism to model the effects of
HWP systematics, as described in Sections 6.2.1,6.2.2. This allowed us to build a
general formalism to describe the propagation of different instrumental systematics
to power spectra, described in Sec. 6.2.3. For this study, we have built an end-
to-end analysis pipeline, which includes the transformation of time-ordered data
(TOD) to sky maps and the propagation of errors to the tensor-to-scalar ratio
r, was described in Sec. 6.2.4.

With this, we propagate the simulations of HWP angle systematics to final
constraints. The systematic effect was simulated as originating from increasingly
realistic error of the HWP rotation angle, starting from a constant offset, to a
random jitter, and finally to a drift between measurements, as described in Sec. 6.3.
Our results have shown that these effects can introduce significant biases in the
power spectra, with constant offset having the largest impact. However, the more
realistic models for the angle error reveal that the effect on the final cosmological
constrain is negligible, suggesting that the number of slots that are physically
allowed in the LiteBIRD encoder mechanism can effectively be relaxed.

It is worth noting that this study was performed using CMB-only simulations
at single frequencies (140 GHz). Whilst this allows us to emphasize the systematic
effects on CPP, a more thorough study including foreground components and multi-
frequency observations should be considered. In this setup, three HWPs, each
corresponding to a dedicated telescope (low-, mid-, and high-frequency) should
be included. This will be investigated in a future work.

Furthermore, the HWP rotational instabilities may introduce an effective 1/ f
signal for the polarization. The tail from this effective 1/f signal would appear
at four times the HWP rotation frequency in the modulated timestreams. The

coupling of the large modulated signal at 4 fywp, where the monopole sits, with
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other systematic effects such as non-linearities or time-varying gains, could induce
artefacts in the data. This analysis would allow us to set some requirements for
the instrumental polarization, whilst also mitigating the focal plane temperature
variations induced by the gain. We leave a more thorough study of the impact of

HWP rotational instabilities coupled with other systematic effects for future work.
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“The Answer to the ultimate question of Life,
The Universe and Everything is...42!”

— Douglas Adams, The Hitchhiker’s Guide to the Galaxy

Chapter 7

Conclusions

The potential of primordial CMB B-modes to open a new window into the physics
of the very early Universe makes the search for this faint CMB polarization signal
one of the most compelling goals of modern cosmology. A strict upper constraint
on the large-scale amplitude of tensor fluctuations has the potential to further
support or disprove various inflationary models [61].

However, as explained in Chapter 2, their detection is complicated by several
analysis and technical challenges. Many sources of systematic uncertainty con-
taminate the faint primordial B—modes with the creation of “spurious” B—mode
signal. Among these, the most significant astrophysical source is coming from
Galactic polarized foregrounds [98]. In particular, the combination of polarized
synchrotron and thermal dust emission predominates over the CMB B-mode signal
on degree angular scales over the whole frequency range covered by current and
forthcoming CMB experiments.

Therefore, one of the most important steps in the analysis of CMB B-mode
data is the separation of the multi-frequency data into its different components.
In principle, the separation of CMB radiation and foregrounds can be performed
either in real space, dealing with maps of the ) /U Stokes parameters, or in Fourier
space, processing the £'/B modes power spectra. Different CMB experiments have
followed either approach, revealing their advantages and caveats. Whilst achieving
satisfactory results on simulated data, current methods are facing additional
challenges put forth by the increasing sensitivity of the next-generation CMB
experiments, where the precision of the different approaches will become crucial.

In Chapters 3-5, I have explored new methods to do component separation in
the presence of spatial variations in the spectral properties of Galactic foregrounds
and their impact on parameter inference. In Chapter 3, I led the development
of a power-spectrum-based component separation approach, based on a moment

expansion method. The method is able to account for the spatial variability while
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recovering unbiased constraints on r in the presence of complex foregrounds and
noise. The expansion of this method has also been developed in the context of
space-based experiments in a collaborative effort within LiteBIRD [2].

To achieve these results, I led significant contributions to the Simons Observatory
(SO) cross-spectrum analysis pipeline BBPipe, and I implemented and tested the
submodule BBPower in the case of higher levels of Galactic foregrounds complexity.
This has become the main Small Aperture Telescope forecast likelihood pipeline
adopted by SO. This analysis pipeline has been employed within a collaborative
effort, where we produce the forecasts of different component separation methods, in
order to reach an agreement on unified frameworks for forecasting, as presented in
Ch. 4. This work has revealed that the moments-based method is currently the most
promising avenue for SO, being the only pipeline able to extract unbiased constraints
in the presence of realistic foregrounds and correlated and inhomogeneous noise,
with a small degradation in statistical uncertainties.

In Chapter 5, I have extended this methodology through the development of a
two-step hybrid method, which makes use of both map-based and power-spectrum-
based techniques, and found that it achieves tighter constraints while remaining
unbiased, even on larger sky fractions (up to fsr, = 80%). This method addresses
the intrinsic shortcomings of the method described in the previous chapter, and
has the potential to adapt to the higher sensitivity needs of different forthcoming
CMB experiments, both ground- and space-based.

Furthermore, an excellent control of instrumental systematic contamination is
needed to image the low primordial B-mode polarization signature. For example,
any mismatches in the polarized beams or detector gains will lead to contamination
of the measured polarization by the much stronger unpolarised signal, referred to as
[-P leakage [131]. These issues can be mitigated by including additional polarization
modulation schemes into the instrument design, which motivates the use of Half
Wave Plates (HWPs) by several ground-based experiments. For the first time on a
CMB satellite mission, the HWP will also be a key element of LiteBIRD, with the
ability to overcome low frequency noise and to remove many systematic effects, but
which will potentially introduce important new systematic effects to model.

The detailed study of HWP systematics and their impact on cosmological param-
eters is therefore crucial for the success of the next-generation CMB experiments.
For this purpose, in Chapter 6 I led a study on the precision of measurement of the
HWP angular position in the context of LiteBIRD. I implemented a stand-alone
simulation pipeline, STOMPER, going from time-ordered-data (TOD) to maps through
a preconditioned conjugate gradient (PCG) map-making algorithm to mitigate the


https://github.com/simonsobs/BBPipe/tree/moments_work
https://github.com/simonsobs/BBPower/tree/hybrid
https://github.com/susannaaz/STOMPer/tree/SA_version
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propagation of HWP systematic effects to final constraints. This study is used as a
reference within the collaboration and was recently published in the collaboration’s
article [228] and my first-author publication is in preparation.

This thesis presents robust data analysis methods and pipelines that will
empower the upcoming generation of CMB polarization experiments to acquire
competitive constraints. With increased observational power comes increased
sensitivity to astrophysical and systematic sources of noise, which most dominantly
limit our ability to extract information from the data. The methods developed
here aid in characterizing and evaluating both sources of noise, allowing us to
explore an uncharted region of parameter space. This will enable us to answer
fundamental questions about the early Universe and potentially provide evidence
for the quantization of gravity, while uncovering new physics at the level of grand
unified theories.

Although in this thesis we develop several complementary frameworks to
analyse CMB polarization data at different stages, CMB polarization studies
often require consistent data analysis starting from raw unprocessed TOD to final
cosmological parameters. Thus, it would be desirable to develop more comprehensive
integrated data analysis techniques, whereby a set of modules are iterated between to
accomplish the analysis goal, as opposed to modular, non-integrated pipelines. This
approach supports simultaneous treatment of different instrumental systematics,
noise processing and foreground errors. Most of the current data analysis pipelines
are divided into stages: analysis of the raw data to clean up the instrumental
effects; map-making; foreground cleaning; likelihood analysis. Whilst modular
approaches are more intuitive, their division is far from optimal, because the
projections of different systematics on the final maps are correlated. Moreover,
the astrophysical component maps can be affected differently from frequency to
frequency by a single systematic effect, thus leaving a residual on the CMB maps
after component separation. This introduces the need for fully integrated pipelines
for end-to-end simulations. Many examples of integrated data processing pipelines
have demonstrated the advantages of this approach, for example in the context of
Planck, [227, 230-233], where fitting for multiple systematics jointly maximizes the
signal-to-noise ratio (SNR). The tools developed in this thesis, in the context of
LiteBIRD and SO, should be expanded in the future to include different experiments,
and classes of systematics, both in time-domain and pixel-space, that are of interest
for forthcoming CMB surveys. An integrated analysis will be able to make use
of the full statistical power of the experiment, where maximising the SNR is of

the essence, whilst also allowing a detailed control over systematics. The joint
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analysis of different datasets, which will be crucial for the first data releases of
future experiments, would also favour this approach.

Future work should also address the need for consistent analysis pipelines which
account for the volume of likelihood space for non-linear parameters. The effects
of priors and marginalization on the current Bayesian constraints on the tensor-
to-scalar ratio r and other parameters can be highly influential. For example, the
results of Chapter 3 revealed a parameter degeneracy between r and the amplitudes
of the spectral indices f#s. This is a well-known effect that arises when imposing
physically-motivated priors on the parametrization used for spectral index variation
[102]. One common solution is to use Jeffreys’ priors for the spectral parameters
[161] implemented in Bayesian MCMC analyses, although the comparison with
other likelihood sampling techniques has not been explored in this context. A
contingent exploration would be that of optimal power spectrum estimators, which
is currently limited to the Pseudo-C; method in this thesis.

Although primarily applied to the analysis of CMB data in this thesis, many
of the techniques introduced can be applicable to other areas of astrophysics. For
example, the “discarded” higher order terms of the moments method in Chapter 3,
that are of no use to recover r, potentially encode valuable information on the
foreground components that can be used for galactic science studies. Similarly, a
frequency-dependent residual as that obtained with the hybrid method in Chapter 5
has the potential to open up the exploration of many spatially varying components,
for example to extract the kSZ signal accurately and to study the large-scale
structure of the Universe. Another example is the formalism introduced in the
study of the HWP angle errors introduced in Chapter 6, which is general enough
that it can be used to study parity-violating £ B physics induced by any angle
error. The primary objective of the techniques used throughout this thesis is to
detect correlations in data that are plagued by noise and may possess unknown
characteristics. This enables the extraction of a large amount of information
from regions of parameter space that have not been thoroughly explored. By
accomplishing this goal, there is a tantalising prospect of obtaining competitive

constraints on fundamental physics through innovative approaches.
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Appendix A

A.1 SVT decomposition

The perturbed geometry can be parametrised in terms of SVT as follows:
hdatde” = —2Adn* — 2B;dndx’ + 2H,;dx'da’ (A.1.0.1)

where A corresponds to the scalar perturbation, B; is the vector perturbation,
and the H;; is the tensor perturbation.

We therefore consider each term separately below.

o Scalars - A scalar function can generally be decomposed into a “background”

mode A and a perturbation term §A,

A=A+6A (A.1.0.2)

e Vectors - By Helmholtz’s theorem, any 3-vector can be split into the gradient
of a scalar B and and the curl of a vector B; (i.e. a divergenceless, or

“transverse” vector, such that 9'B; = 0):
o Tensors - The tensor perturbation, defined by H;j, is traceless (H; = 0) and

transverse (V'H;; = 0). Similarly to vectors, any rank-2 symmetric tensor

can be written as

where the first two terms correspond to a scalar quantity, the third to a vector,

the fourth to a tensor, and we define

) 3 (A.1.0.5)
0k = 5 (&Fj + @'Fi)

where " indicates transverse quantities, as is the vector F (9;F; = 0).
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A.2 Gauge transformations for linear perturba-
tions

 Scalars. Consider a scalar function ¢(z) which, in coordinates z* is composed

of a “background” mode gfs(x) and a perturbation d¢, i.e.:

o(x) = o(x) + do(x). (A.2.0.1)
Since ¢ is a scalar, in the new coordinates ¢(z) = ¢(z), therefore:
O(F) = ¢(x) = (T — &) = ¢(T) + 6(T) — €99, (A.2.0.2)

where we have ignored all terms of higher order than 1 in d¢ or £. In the new

coordinates, the perturbation is therefore
0p = ¢ — £"5,,0. (A.2.0.3)

An example of such a scalar is the energy density p, which can be expressed
as p = UrU"T,,.

+ Vectors. As before, contravariant vector V#(x) = V#(x) + 6V* . In this
case, we need to take into account the transformation law for vectors, and

expanding to linear order:

N
VH(z) = @V (z)

= (0 +0,€") (V"(@) +6V" — £°9,1)

= VH(E) + ov* — £ 0,V" + V*0,8", (A.2.0.4)

and thus the perturbation is modified as
SV! = 6VH — €79, VH + V79,E0. (A.2.0.5)

Examples of contravariant vectors include displacement vectors, velocity
vectors, and momentum vectors in classical mechanics, as well as four-
momentum vectors and electromagnetic four-potentials in special and general

relativity.

IThe term “contravariant” refers to the fact that the components of the vector transform in
the opposite way to the basis vectors of the coordinate system. In other words, if the basis vectors
transform covariantly (i.e., with the Jacobian matrix), then the components of a contravariant
vector transform contravariantly (i.e., with the inverse of the Jacobian matrix).
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e Tensors. For a rank-2 covariant tensor, such as the metric,

p 90

G (Z) = g;g;ugw(””)' (A.2.0.6)
To derive the transformation law for linear perturbations of the metric tensor,
we start by considering a small perturbation of the metric tensor, dg,,(z),
and a small diffeomorphism transformation, £*(z). We then consider the
transformed metric tensor, §,,(Z), where 7# = z* + £"(x). Using the chain
rule for partial derivatives, we can express the transformed metric in terms of

the original metric and the perturbations as follows:

o oxP 0x°

G (T) = @@gpg(x +£)
B (48 oz’ ox°
e D+ &) D(a” + &)

= Goo(x+ &) (0 + 0uE") (67 + 0,57

= G () + 09 () — §°0,9, () — 9up0u€” — 90" + 0(&?),
(A.2.0.7)

where we have expanded the transformed metric to linear order in both the
perturbation and the diffeomorphism transformation. This gives us the desired

transformation law for linear metric perturbations:
09, = 09 — E0,G — GupOvl” — G0’ (A.2.0.8)

Inspecting Eqs. A.2.0.3, A.2.0.5, and A.2.0.8, a general transformation law is easy

to infer for tensor of arbitrary rank and index position.

A.3 Spin-weighted decomposition

The conventional spherical harmonics on the surface of a sphere are insufficient
for expanding polarisation. Instead, the appropriate mathematical framework for
representing the angular distribution of the polarization of the CMB on the celestial
sphere is given by the spin-weighted harmonics sY ¢m(n). These functions constitute

a comprehensive and orthonormal basis set on the sphere:

[ 49X 10(0..0) Yo (6, 6) = by (A30.1)
Z Y (0,0)Yim (0/,¢)) =0 (¢ — ¢')d (cosf — cos@'). (A.3.0.2)
lm

The parity relation for these functions is

Yo — (=1 Yo, (A.3.0.3)
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A pair of raising and lowering operators, namely d and 9, are available to modify
the spin-weight of a function. These operators raise and lower the spin-weight

of a function, i.e.

(0.f) = e T (0, 1), (A.3.0.4)
(8.5) = eV (5.1), (A.3.0.5)

where the prime refers to a quantity in a frame rotated v from the original frame.

The explicit form of these operators is

0sf(0,¢) = —sin’ 0 {89 + sii@ad)} sin™* 0, £ (0, ), (A.3.0.6)

8.f(0,6) = —sin~* 0 [a(, - Siigaﬁ] sin® 0, £(0, ). (A.3.0.7)

Using the raising and lowering operators, one can relate the spin- s spherical

harmonics and the usual spherical harmonics

g_ ' 1/2
Yo = KH 3] 3*Yim (A.3.0.8)
for 0 < s < /, and
04 N2 N
Yim = l&_i” (—1)*5 Yy (A.3.0.9)

for —¢ < s < 0. Hence, using these, we can obtain

i ] 1/2
+2Yom = lM] [892 — cot 00y &

(64—8)' (89—00t9)8¢—

| Yem.
(A.3.0.10)

7
sin 6 sin? ¢

Useful properties of the spin-weighted spherical harmonics include

Yo = (=1)"" Y, (A.3.0.11)
0sYim = [(€ — ) (0 + 5+ 1)]Y% 11 Yim, (A.3.0.12)
( )
( )

0sYim = —[(+ 8)(0 — s+ 1)]V2_1Yim, A.3.0.13
00, Yo = —(0 — 5) ({4 5+ 1), Yy A.3.0.14

A.4 (C)s and 2-point correlation function

Using the Legendre polynomials

) 2641
2 Vi (03) Yo (05) = ——Fi (8 - ) (A.4.0.1)
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and the addition theorem, we can establish a connection between the angular power

spectrum and the 2-point correlation function in real space as follows:

£(0) = Z ﬂcm ;) (A.4.0.2)

Due to the isotropy of the universe, the two-point correlation function only depends
on the angular separation 6 between two points on the sky, and not on the specific
orientation of the separation.

The two-point correlation function, £(#), is less informative than the angular
power spectrum, Cy, because it lacks distinguishing features, such as the prominent
acoustic peaks. Additionally, £(6) suffers from correlated errors. However, it can be
useful for certain calculations, such as replacing the convolution of two C, values

with the product of two £(#) values in some cases, as demonstrated by [234]:
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