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Nils Matthes

Abstract We give an overview of some work on elliptic multiple zeta values. First
defined by Enriquez as the coefficients of the elliptic KZB associator, elliptic mul-
tiple zeta values are also special values of multiple elliptic polylogarithms in the
sense of Brown and Levin. Common to both approaches to elliptic multiple zeta
values is their representation as iterated integrals on a once-punctured elliptic curve.
Having compared the two approaches, we survey various recent results about the al-
gebraic structure of elliptic multiple zeta values, as well as indicating their relation
to iterated integrals of Eisenstein series, and to a special algebra of derivations.

1 Introduction

The purpose of this article is twofold. The first goal is to unify two different ap-
proaches to elliptic multiple zeta values in the literature: the approach of Enriquez,
using elliptic associators [21, 22] on one hand, and the approach of Brown and
Levin, using multiple elliptic polylogarithms [15] on the other. Comparing the two
approaches also highlights the analogy between elliptic multiple zeta values and
multiple zeta values. The second goal is to collect various results on the structure of
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the algebra of A-elliptic multiple zeta values, which appeared in work of the author
[36], as well as in joint work [5, 6].1

1.1 Multiple zeta values

Multiple zeta values are defined by nested sums

ζ (n1, . . . ,nr) = ∑
0<k1<...<kr

1
kn1

1 . . .knr
r
∈ R, (1)

for integers n1, . . . ,nr ≥ 1, with nr ≥ 2. The weight of ζ (n1, . . . ,nr) is n1 + . . .+nr,
and its depth is r. For r = 1, they are the values of the Riemann zeta function at pos-
itive integers. Multiple zeta values appear in mathematics and physics in many dif-
ferent contexts, for example in the context of periods and motives [9, 19, 26]. Also,
multiple zeta values arise naturally in the study of the Knizhnik-Zamolodchikov
(KZ) equation from quantum field theory [20, 29], which in turn is important in
both knot theory [30], as well as quantum groups [20] and associators [23]. On the
side of mathematical physics, multiple zeta values occur in the computation of Feyn-
man integrals in renormalizable quantum field theories [4], and in the computation
of superstring amplitudes at tree-level [7, 8, 40].

In all of these contexts, a central problem is to find a complete description of
all Q-linear relations between multiple zeta values. The Q-vector subspace Z ⊂
R, spanned by the multiple zeta values is a Q-subalgebra of R. Conjecturally, the
weight is a grading on Z , while the depth defines an ascending filtration on Z . Set

DdZN = 〈ζ (n1, . . . ,nr) ∈Z | n1 + . . .+nr = N, r ≤ d〉Q. (2)

The Broadhurst-Kreimer conjecture [4] gives a formula for the dimensions of the
associated graded DN,d = dimQ grDd (ZN) := Dd(ZN)/Dd−1(ZN), and suggests a
relation between multiple zeta values and modular forms for SL2(Z) [11, 12, 24,
25]. Work of Zagier [45] and Goncharov [25] implies that the Broadhurst-Kreimer
formula gives an upper bound in depths d ≤ 3, for arbitrary N.

1.2 The algebra of A-elliptic multiple zeta values

In [22], Enriquez introduced an elliptic analogue of multiple zeta values, which has
found recent applications in superstring theory [5]. Elliptic multiple zeta values are
defined by integrating the elliptic Knizhnik-Zamolodchikov-Bernard (KZB) con-
nection [16] along paths on a once-punctured elliptic curve E×τ =C/(Z+Zτ)\{0}
with τ ∈H. There are essentially two choices of paths on E×τ , corresponding to the

1 See also Section 1.4.
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two natural homology cycles α and β on the elliptic curve, giving rise to two alge-
bras of elliptic multiple zeta values, namely A- and B-elliptic multiple zeta values.
The two types of elliptic multiple zeta values are related to each other by a modu-
lar transformation formula [22] and, for simplicity, we will only consider A-elliptic
multiple zeta values.

The Q-vector space spanned by A-elliptic multiple zeta values is a Q-subalgebra
E Z A of the C-algebra O(H) of holomorphic functions on the upper half-plane H.
The analogous notions of weight and depth for multiple zeta values are the weight
and the length for A-elliptic multiple zeta values. Denote by E Z A

N ⊂ E Z A the
subspace spanned by A-elliptic multiple zeta values of weight N. The analogue of a
conjecture of Zagier’s for multiple zeta values is:

Conjecture 1. The weight defines a grading on E Z A, i.e.

E Z A =
⊕
N≥0

E Z A
N . (3)

Similar to the case of multiple zeta values, the length defines an ascending filtration
L•(E Z A

N), and we denote by grL• (E Z A
N) the associated graded. In light of the

Broadhurst-Kreimer conjecture for multiple zeta values, it is natural to pose:

Problem 1. Compute the dimension

Dell
N,l = dimQ grLl (E Z A

N) (4)

of the space of A-elliptic multiple zeta values of weight N and length l, for all
N, l ≥ 0.

A first step towards a solution to this problem is taken in [36].

Theorem 1. We have

Dell
N,0 = δN,0, Dell

N,1 =

{
1 N ≥ 2 even
0 else,

(5)

and

Dell
N,2 =

{
0 N even
bN

3 c+1 N odd.
(6)

Also, we have the weight grading in lengths 0,1 and 2, i.e., for l = 0,1,2, we have

Ll(E Z A) =
⊕
N≥0

Ll(E Z A
N). (7)

The proof uses a linear independence result for a certain family of elliptic multiple
zeta values, as well some basic invariant theory. For more details, see Section 4.3,
and also [6], in particular Section 4.5 for related work in higher lengths.
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1.3 Structure of the article

In Section 2, we give a very brief overview on multiple zeta values, multiple poly-
logarithms and the Drinfeld associator. This section is primarily intended to make
the analogy with elliptic multiple zeta values transparent. In Section 3, we introduce
elliptic multiple zeta values, comparing the works of Enriquez and of Brown and
Levin. The main ingredient in both approaches, namely the universal elliptic KZB
equation [16, 32], is introduced in Section 3.1.

In Section 4, we begin the study of A-elliptic multiple zeta values. All of the
results of this section can be found in [5, 6, 36], and are primarily concerned with
explicit algebraic relations between A-elliptic multiple zeta values. Finally, in Sec-
tion 5, we draw the connection between A-elliptic multiple zeta values, iterated
integrals of Eisenstein series, and a special algebra of derivations ugeom on a free
Lie algebra on two generators [13, 16, 32, 37].

1.4 Note added in print

This article was written in 2015 and therefore does not reflect more recent progress
on the subject of elliptic multiple zeta values. See in particular [33] for a study of
double shuffle relations in the context of elliptic multiple zeta values and the author’s
PhD thesis [35] for a more detailed discussion of elliptic multiple zeta values.

2 Multiple polylogarithms and the Drinfeld associator

Multiple zeta values can be defined either as special values of multiple polyloga-
rithms, or equivalently as the coefficients of Drinfeld’s associator. A common theme
of the two definitions is the theory of iterated integrals on P1 \{0,1,∞}. Of particu-
lar importance is the concept of homotopy invariance of iterated integrals, because
of the connection to the unipotent fundamental group of P1 \{0,1,∞}.

2.1 Iterated integrals

We begin with a brief reminder on iterated integrals. More background can be found
for example in [17, 27].

Let M be a smooth manifold over k, where k denotes either the field of real or
complex numbers, γ : [0,1]→ M a piecewise smooth path, and (ω1, . . . ,ωr) an r-
tuple of smooth differential one-forms on M. Write fi(t)dt for the pullback γ∗(ωi)
of ωi along γ . Then we define
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γ

ω1 . . .ωr =
∫ 1

0
f1(t1)

∫ t1

0
f2(t2) . . .

∫ tr−1

0
fr(tr)dtr . . .dt2dt1, (8)

and call this integral an iterated integral. If r = 0, then we define
∫

γ
≡ 1. Many

properties of iterated integrals are known, for example the shuffle product formula
[39] ∫

γ

ω1 . . .ωr

∫
γ

ωr+1 . . .ωr+s = ∑
σ∈Σr,s

∫
γ

ωσ−1(1) . . .ωσ−1(r+s), (9)

where Σr,s denotes the set of all (r,s)-shuffles, i.e. Σr,s consists of all permutations
on the set {1, . . .r+s}, which preserve the order of the first r elements and the order
of the last s elements.

Now let PM denote the set of all piecewise smooth paths on M. Fixing an r-tuple
(ω1, . . . ,ωr) of differential forms as above, we obtain a function∫

ω1 . . .ωr : PM→ k

γ 7→
∫

γ

ω1 . . .ωr.
(10)

We call
∫

ω1 . . .ωr a homotopy invariant iterated integral, if (10) depends only on
the homotopy class of γ , i.e., if for every pair γ0,γ1 ∈ PM of paths, which are ho-
motopic relative to their extremal points, we have

∫
γ0

ω1 . . .ωr =
∫

γ1
ω1 . . .ωr. The

importance of homotopy invariant iterated integrals can be seen from Chen’s π1
de Rham theorem: the affine ring of functions on the unipotent completion of the
fundamental group of a smooth manifold M is given by the ring of all homotopy
invariant iterated integrals on M [17, 27].

Finally, the following shorthand will come in useful later on. Denote by C〈〈x,y〉〉
the C-algebra of formal power series in non-commuting variables x,y, equipped
with the concatenation product and let I ⊂ C〈〈x,y〉〉 be the augmentation ideal, i.e.
the two-sided ideal generated by x and y. For a differential one-form ω with values
in I, we set

exp
[∫

γ

ω

]
= 1+ ∑

k≥1

∫
γ

ω
k ∈ C〈〈x,y〉〉, (11)

where ωk := ω . . .ω︸ ︷︷ ︸
k−times

.

2.2 Multiple polylogarithms

From now on, we work over the field C of complex numbers.
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2.2.1 Sum representation

For integers n1, . . . ,nr ≥ 1, define the multiple polylogarithm to be

Lin1,...,nr(z) = ∑
0<k1<...<kr

zkr

kn1
1 . . .knr

r
. (12)

The sum converges absolutely and locally uniformly for all z ∈ C with |z|< 1, thus
defines an analytic function on the open unit disk. Moreover, if nr ≥ 2, then (12)
also converges for z = 1, and in that case, Lin1,...,nr(1) is equal to the multiple zeta
value ζ (n1, . . . ,nr) (1).

2.2.2 Integral representation

It follows directly from (12) that multiple polylogarithms satisfy the differential
equation

∂

∂ z
Lin1,...,nr(z) =

{
1
z Lin1,...,nr−1(z) nr ≥ 2

1
1−z Lin1,...,nr−1(z) nr = 1.

(13)

As a consequence multiple polylogarithms can be represented by iterated integrals.
Consider the holomorphic differential one-forms ω0 = dz

z and ω1 = dz
1−z on P1 \

{0,1,∞}. Then for |z|< 1, one has

Lin1,...,nr(z) =
∫ z

0
ω

nr−1
0 ω1 . . .ω

n1−1
0 ω1, (14)

where the path of integration is the straight line path from 0 to z. Note that although
ω0 has a pole at 0, the iterated integral is still well-defined, since the integration
starts with ω1, which is analytic at z = 0. Moreover, if nr ≥ 2, then (14) gives a
representation of multiple zeta values as iterated integrals, namely

ζ (n1, . . . ,nr) =
∫ 1

0
ω

nr−1
0 ω1 . . .ω

n1−1
0 ω1. (15)

The integral representation shows also that multiple polylogarithms can be extended
to multi-valued functions on P1 \ {0,1,∞}. For many more properties of multiple
polylogarithms, see for example the lecture notes [10].

2.3 The Drinfeld associator

Now we let C′ be the set of complex numbers with the two half-lines (−∞,0] and
[1,∞) removed. There exists a unique solution G0 : C′→ C〈〈x,y〉〉 to the Knizhnik-
Zamolodchikov equation (KZ-equation for short)
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∂

∂ z
g(z) =

(
x
z
+

y
z−1

)
·g(z), (16)

which satisfies G0(z) ∼ zx as z→ 0 on C′ [20]. Similarly, there exists a unique
solution G1 : C′→ C〈〈x,y〉〉 to the KZ-equation such that G1(z)∼ (1− z)y as z→ 1
on C′. The quotient

Φ(x,y) = G−1
1 (z)G0(z) ∈ C〈〈x,y〉〉, (17)

which does not depend on z, is called the Drinfeld associator. An explicit formula
in terms of iterated integrals can be given as follows (cf. [41], Section 2). Let ΩKZ
denote the C〈〈x,y〉〉-valued one-form given by

ΩKZ = ω0 · x−ω1 · y. (18)

Then

Φ(x,y) = lim
t→0

e− log(t)y exp
[∫ 1−t

t
ΩKZ

]
elog(t)x, (19)

where the iterated integration is performed along the straight-line path from t to
1− t, and exp was defined in (11). The coefficient of the word xnr−1y . . .xn1−1y in
(19) is given by (−1)rζ (n1, . . . ,nr), as can be seen from the integral representation
of multiple zeta values (15).

3 Multiple elliptic polylogarithms and the elliptic KZB associator

Both multiple polylogarithms and the Drinfeld associator possess elliptic analogues.
In the case of polylogarithms, one obtains (multiple) elliptic polylogarithms as func-
tions on the once-punctured elliptic curve E×τ ∼= (C∗/qZ)\{1} by averaging the or-
dinary polylogarithms along the spiral qZ, where q = e2πiτ with τ in the upper half-
plane. This definition of elliptic polylogarithms was pioneered by Bloch [3] in the
case of the single-valued dilogarithm, and later extended by Zagier [43] to all single-
valued polylogarithms. Finally, Brown and Levin treated the case of multi-valued
multiple polylogarithms [15]. Furthermore, they also established a representation
of multiple elliptic polylogarithms as homotopy invariant iterated integrals, thus
paralleling the dichotomy between the sum and the integral representation of mul-
tiple polylogarithms (cf. Section 2.2). While the integrands for multiple zeta values
were given by the Knizhnik-Zamolodchikov equation, the integrands of the multiple
elliptic polylogarithms are constructed from the elliptic Knizhnik-Zamolodchikov-
Bernard (KZB) differential equation [16, 32].

On the other hand, Enriquez introduced the notion of an elliptic associator in the
context of an elliptic version of Drinfeld’s version of Grothendieck-Teichmüller the-
ory [21]. Furthermore, he constructs an explicit elliptic associator (Φ ,A(τ),B(τ))
from the regularized monodromy of the KZB equation. Here, Φ denotes the Drin-
feld associator, and A(τ), B(τ) are certain group-like elements of exp(̂t1,2) (where
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t̂ denotes the completion of the elliptic braid Lie algebra on two strands), depend-
ing holomorphically on the coordinate τ in the upper half-plane. The group-likeness
implies that the coefficients of the series A(τ) and B(τ) give rise to Q-algebras
E Z A and E Z B, which are called the algebra of A-elliptic multiple zeta values and
B-elliptic multiple zeta values respectively.

3.1 An elliptic analogue of the KZ-equation

The starting point for the construction of both multiple elliptic polylogarithms and
the elliptic KZB associator is an elliptic analogue of the KZ-equation (16), namely
the universal elliptic KZB equation [16, 32]. It is defined by a connection on a certain
vector bundle over the universal elliptic curve. We will consider only its restriction
to a fiber of the universal elliptic curve, and moreover work with a certain real
analytic trivialization of this restricted bundle, which was introduced in [15].

3.1.1 A meromorphic Jacobi form

Let H = {z ∈ C |ℑ(z) > 0} denote the upper-half plane, and fix a point τ ∈ H. We
consider the following Jacobi theta function

θτ(ξ ) = ∑
n∈Z

(−1)nq
1
2 (n+

1
2 )

2
e(n+

1
2 )2πiξ , q = e2πiτ . (20)

Definition 1. We define a meromorphic function on C×C by the formula

Fτ(ξ ,α) =
θ ′τ(0)θτ(ξ +α)

θτ(ξ )θτ(α)
. (21)

Following [15], we call Fτ(ξ ,α) the Kronecker function, [42]. The terminology for
(21) varies in the literature. In [44], it is called “a meromorphic Jacobi form”, while
in [1], it is referred to as “the Kronecker theta function”.

Since Fτ is meromorphic, it has a Laurent expansion in α . In what follows, we
will consider Fτ(ξ ,α) as a formal series in α , whose coefficients are functions in ξ

(with τ being fixed). Note that the Kronecker series has simple poles for ξ ∈Z+Zτ ,
and is holomorphic outside of that lattice.

3.1.2 Differential forms on a punctured elliptic curve

Now consider the complex elliptic curve Eτ = C/(Z+Zτ) with canonical coordi-
nate ξ = s+ rτ , where r,s ∈ R. Write E×τ for Eτ with the origin 0 removed. Since
the Kronecker series is quasi-periodic
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Fτ(ξ +1,α) = Fτ(ξ ,α), Fτ(ξ + τ,w) = e−2πi ℑ(ξ )
ℑ(τ)

α Fτ(ξ ,α), (22)
(23)

(cf. [15], Proposition 5), the smooth differential one-form (where α is viewed as a
formal variable)

Ωτ(ξ ,α) = e2πirα Fτ(ξ ,α)dξ (24)

descends to E×τ .

Definition 2 (Brown-Levin). Define a family {ω(k)}k≥0 of real analytic, differential
one-forms on E×τ by

Ωτ(ξ ,α) = ∑
k≥0

ω
(k)

α
k−1. (25)

3.1.3 The elliptic KZB equation

With the differential form Ωτ(ξ ,α) in hand, we can now write down the elliptic
KZB equation, following [15], Proposition 23. It is defined by a differential form
JKZB, which takes values in the lower central series completion L̂C(x,y) of the free
Lie algebra LC(x,y) over C, which we will now describe. Let U ⊂ C be an open
subset.

Definition 3. For a function g : U → C, the elliptic KZB equation is the differential
equation

dg(ξ ) = JKZB ·g(ξ ), (26)

with
JKZB =−2πidr · x+ ad(x)Ωτ(ξ ,ad(x))(y). (27)

An important property of the form ωKZB is that it satisfies the flatness condition

dJKZB + JKZB∧ JKZB = 0, (28)

which is straightforward to verify.

3.2 The elliptic KZB associator

Having described an elliptic analogue of multiple polylogarithms, we now turn to an
elliptic analogue of the Drinfeld associator, the elliptic KZB associator [21]. Again,
fix τ ∈H. The starting point for the definition of the elliptic KZB associator is also
the elliptic KZB equation

dg(ξ ) =−JKZB ·g(ξ ), (29)

here with an additional minus sign, where g : S→ C〈〈x,y〉〉 is defined on the simply
connected domain S = {u+ vi ∈ C | u,v ∈ (0,1)} ⊂ C. This equation has a unique
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solution G defined on S, which satisfies G(ξ )∼ (−2πiξ )−ad(x)(y), where the branch
of the logarithm is chosen such that log(±i) =±πi

2 . The following definition can be
found in [21], Section 5.

Definition 4 (Enriquez). The elliptic KZB associator is the triple (Φ ,A(τ),B(τ)),
where Φ denotes the Drinfeld associator and A(τ),B(τ)∈C〈〈x,y〉〉 are formal series,
defined by the formulae

A(τ) = G(ξ )−1G(ξ +1), B(τ) = G(ξ )−1G(ξ + τ). (30)

By the same reasoning as for the Drinfeld associator, neither A(τ) nor B(τ) depend
on the variable ξ . Since G(ξ ) can be expressed as an iterated integral

G(ξ ) = lim
ε→0

exp
[∫

ε

ξ

JKZB

]
(−2πiε)−ad(x)(y), (31)

one obtains explicit formulae for A(τ) and B(τ)

A(τ) = eπiad(x)(y) lim
ε→0

(−2πiε)ad(x)(y) exp
[∫ 1−ε

ε

−Jop
KZB

]
(−2πiε)−ad(x)(y), (32)

B(τ) = e−πiad(x)(y) lim
ε→0

(−2πiε)ad(x)(y) exp
[∫ (1−ε)τ

ετ

−Jop
KZB

]
(−2πiε)−ad(x)(y).

(33)

where JKZB is now considered as a C〈〈x,y〉〉op-valued formal differential form, i.e.
multiplication of words in x,y has been reversed.

The series A(τ) and B(τ) have a number of interesting properties, first found
by Enriquez. They satisfy a number of functional equations, which relate them to
elliptic braid Lie algebras, and as τ→ i∞, they degenerate to the Drinfeld associator.
For all these properties and much more on elliptic associators in general, see [21].

3.3 Multiple elliptic polylogarithms

Multiple elliptic polylogarithms give a second perspective on elliptic multiple zeta
values.

3.3.1 Series representation

Roughly speaking, multiple elliptic polylogarithms are obtained from multiple poly-
logarithms by averaging along the spiral qZ, where q = e2πiτ . This uses the Jacobi
uniformization Eτ

∼= C∗/qZ given by ξ 7→ z = e2πiξ , and yields functions of the
schematic form

∑
n∈Z

Lin1,...,nr(q
nz). (34)
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In order to make this approach rigorous, one has to employ a delicate regularization
process, which in particular requires extensive knowledge about the singularities of
(multi-variable) multiple polylogarithms. We cannot give the technical details here,
and refer instead to Sections 6 and 7 of [15].

3.3.2 Integral representation

In [15], one also finds an approach to multiple elliptic polylogarithms via iterated
integrals. Consider the formal series of iterated integrals on E×τ

T = exp
[∫

JKZB

]
∈ Hom(PE×τ , L̂C(x,y)), (35)

where Hom(PE×τ ,C) denotes the set of complex-valued functions on the set PE×τ
of piecewise smooth paths on E×τ , and the tensor product is completed. The flatness
of (28) implies that in fact every coefficient of T , viewed as a power series in x,y, is
a homotopy invariant iterated integral. One of the main results of [15] is:

Theorem 2 (Brown-Levin). Every homotopy invariant iterated integral on E×τ
arises as a C-linear combination of coefficients of T . Moreover, the Q-vector space
spanned by the coefficients of T is equal to the Q-vector space spanned by the mul-
tiple elliptic polylogarithms, as subspaces of the Q-vector space of multi-valued
functions on E×τ .

In this way, one obtains a complete description of multiple elliptic polylogarithms in
terms of homotopy invariant iterated integrals on a once-punctured complex elliptic
curve, which is the elliptic analogue of the iterated integral representation of the
classical multiple polylogarithms (14).

3.3.3 Elliptic associators via elliptic polylogarithms

The relation between [15] and the work of Enriquez is established by the fact that
the series A(τ) and B(τ) are restrictions of (35) to certain natural paths on E×τ .
This follows from the explicit description of the KZB-associator (32), (33). The
construction of the elliptic KZB-associator using the function T has the advantage
that elliptic multiple zeta values are exhibited as restrictions of homotopy invariant
iterated integrals, which is a necessary prerequisite for any sort of relation to unipo-
tent fundamental groups [18]. It also tightens the analogy with multiple zeta values,
which are given by homotopy invariant iterated integrals on P1 \{0,1,∞}.
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4 The algebra of A-elliptic multiple zeta values

In the last section, we have given a very short introduction to multiple elliptic poly-
logarithms and the elliptic KZB associator, indicating how the two objects are re-
lated. On the other hand, in Section 2, we saw that multiple zeta values can be de-
fined as special values of multiple polylogarithms, or equivalently as coefficients of
the Drinfeld associator. In light of this fact we are lead to a definition of elliptic ana-
logues of multiple zeta values as special values of multiple elliptic polylogarithms
or as coefficients of the series A(τ) and B(τ). However, we proceed slightly dif-
ferently, first giving a direct definition of A-elliptic multiple zeta values as iterated
integrals IA(n1, . . . ,nr;τ) over the differential forms ω(k) (25). That this Q-vector
space of iterated integrals is equal to the Q-vector space spanned by the coefficients
of (a slight variation of) the series A(τ) was shown in [36].

4.1 Definition of A-elliptic multiple zeta values

Definition 5. We define IA(n1, . . . ,nr;τ) to be the shuffle-regularized2 iterated inte-
gral

IA(n1, . . . ,nr;τ) =
∫

α

ω
(nr) . . .ω(n1). (36)

We call IA(n1, . . . ,nr;τ) an A-elliptic multiple zeta value. It is said to have weight
n1+ . . .+nr and length r. The Q-vector space E Z A spanned by the IA(n1, . . . ,nr;τ)
will be called the space of A-elliptic multiple zeta values.

By the shuffle product formula for iterated integrals, it follows that E Z A is a Q-
subalgebra of the C-algebra of holomorphic functions O(H) on H. In particular, the
rational number 1∈Q is an A-elliptic multiple zeta value of weight and length equal
to zero, in accordance with our conventions for the empty iterated integral.

It is known that the algebra of multiple zeta values is also the Q-vector space
spanned by the coefficients of the Drinfeld associator. There is an analogous result
for A-elliptic multiple zeta values. Write

Ã(τ) = e−πiad(x)(y)A(τ) = ∑
w∈〈x,y〉

Ã(τ)w ·w. (37)

Note that the constant pre-factor e−πiad(x)(y), which is multiplied to A(τ), is an arti-
fact of the difference between the regularization procedure for the KZB-associator,
and the regularization of the iterated integrals (35).

Proposition 1. We have an equality of vector spaces

E Z A = 〈Ã(τ)w | w ∈ 〈x,y〉〉Q. (38)
2 Iterated integrals starting or ending with ω(1) diverge, and need to be regularized, such that the
shuffle product formula remains valid. See [22, 36] for details on this regularization procedure.
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Proof. See [36], Proposition 2.3.

4.2 Relations between A-elliptic multiple zeta values

Recall that A-elliptic multiple zeta values are defined as iterated integrals over the
differential forms ω(k), which in turn are the coefficients of the Kronecker differen-
tial form

∑
k≥0

ω
(k)

α
k−1 = Ωτ(ξ ,α) = e2πirα θ ′τ(0)θτ(ξ +α)

θτ(ξ )θτ(α)
dξ , (39)

where ξ = s+ rτ .

4.2.1 Shuffle relations

From (9), one deduces a shuffle product formula for A-elliptic multiple zeta values,
which is conveniently expressed using the generating series

I A(X1,X2, . . . ,Xr;τ) =
∞

∑
n1,...,nr=0

IA(n1, . . . ,nr;τ)Xn1−1
1 Xn2−1

2 . . .Xnr−1
r , (40)

of A-elliptic multiple zeta values of length r, for r ≥ 0. Explicitly, we have

I A(X1, . . . ,Xl ;τ)I A(Xl+1, . . . ,Xn;τ) = ∑
σ∈Σl,n−l

I A(Xσ−1(1), . . . ,Xσ−1(n);τ), (41)

where Σl,n−l denotes the set of (l,n− l)-shuffles. For example, in small lengths we
get

I A(X1;τ)I A(X2;τ) = I A(X1,X2;τ)+I A(X2,X1;τ), (42)

I A(X1;τ)I A(X2,X3;τ) = I A(X1,X2,X3;τ)+I A(X2,X1,X3;τ)

+I A(X2,X3,X1;τ).
(43)

4.2.2 Reflection relations

Further relations between A-elliptic multiple zeta values can be inferred from func-
tional equations for Ωτ , for example, the symmetry equation (cf. [44], Theorem.(i)
in Section 3)

Ωτ(−ξ ,−α) = Ωτ(ξ ,α). (44)

Writing ω(k) = f (k)dξ , for some real-analytic function f (k) : E×τ → C, (44) implies

f (k)(−ξ ) = (−1)k f (k)(ξ ). (45)
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Using (45) and the reversal of paths formula for iterated integrals, one obtains the
reflection relation for A-elliptic multiple zeta values (cf. [6], eq. (2.13))

IA(n1, . . . ,nr;τ) = (−1)n1+...+nr IA(nr, . . . ,n1;τ), (46)

which, on the level of generating series, simply becomes the functional equation

I A(X1, . . . ,Xr;τ) = I A(−Xr, . . . ,−X1;τ). (47)

4.2.3 Fay relations

The second, more interesting, functional equation satisfied by Ωτ is the Fay identity
(cf. [15], Proposition 4)

Ωτ(ξ1,α1)∧Ωτ(ξ2,α2) = Ωτ(ξ1−ξ2,α1)∧Ωτ(ξ2,α1 +α2)

+Ωτ(ξ2−ξ1,α2)∧Ωτ(ξ1,α1 +α2).
(48)

The Fay identity for Ωτ(ξ ,α) implies quadratic relations for the functions f (k),
namely

f (m)(ξ1) f (n)(ξ2) =− (−1)n f (m+n)(ξ1−ξ2)

+
n

∑
r=0

(
m+ r−1

m−1

)
f (n−r)(ξ2−ξ1) f (m+r)(ξ1)

+
m

∑
r=0

(
n+ r−1

n−1

)
f (m−r)(ξ1−ξ2) f (n+r)(ξ2).

(49)

The Fay identity also yields Q-linear relations between A-elliptic multiple zeta val-
ues, which are again most conveniently expressed as functional equations for the
generating series I A. In length two, we have (cf. [36], eq. (2.40))

I A(X ,Y ;τ)+I A(X +Y,−Y ;τ)+I A(−X−Y,X ;τ) = 3ζ (2). (50)

Observe that the right hand side of (50) corresponds to a subset of divergent A-
elliptic multiple zeta values, such as IA(1,1;τ), which require a regularization pro-
cedure. While A-elliptic multiple zeta values have been regularized in a way com-
patible with the shuffle product, one can ask whether there is a “Fay-regularization”
for a priori divergent A-elliptic multiple zeta values. In a similar vein, note that the
stuffle regularization for multiple zeta values differs from the shuffle regularization,
and that there is an explicit formula for the difference between the two regulariza-
tions (cf. [38], Proposition 2.4.14). For A-elliptic multiple zeta values, for example,
the first equation in (50) suggests the convention

I A
∗ (X ,Y ;τ) := I A(X ,Y ;τ)−ζ (2) = I A(X ,Y ;τ)+

1
2

IA(2;τ), (51)
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such that I A
∗ (X ,Y ;τ)+I A

∗ (X +Y,−Y ;τ)+I A
∗ (−X −Y,X ;τ) = 0. See also [6],

Section 2.2, for Fay relations in higher lengths.

4.3 The dimension of the space of A-elliptic multiple zeta values

Now that we have seen that there are many relations between A-elliptic multiple zeta
values, it is a natural next step to try and count these relations, in order to get upper
bounds on the dimensions of the space of A-elliptic multiple zeta values. To arrive
at a more precise formulation, consider for non-negative integers N, l the Q-vector
subspace

Ll(E Z A
N) = 〈IA(n1, . . . ,nr;τ)∈ E Z A | n1+ . . .+nr = N, r≤ l〉Q ⊂ E Z A, (52)

spanned by A-elliptic multiple zeta values of weight N and length at most l. From
(41), it is clear that the length filtration is compatible with the algebra structure of
E Z A, and that therefore E Z A is a filtered Q-algebra. Denote by grLl (E Z A

N) =

Ll(E Z A
N)/Ll−1(E Z A

N) the associated graded. Since there are only finitely many
A-elliptic multiple zeta values of a given weight and length, grLl (E Z A

N) is a finite-
dimensional Q-vector space, and as outlined in Problem 1, we would like to compute
the dimension

Dell
N,l = dimQ grLl (E Z A

N), (53)

for all N, l ≥ 0.
The case l = 0 is of course trivial: we have Dell

N,0 = δN,0, since the empty iterated
integral

∫
γ
= 1 has weight zero, by definition. In the cases l = 1,2, a complete

solution to Problem 1 has been obtained in [36], on which we will report briefly in
the rest of this section.

4.3.1 Elliptic zeta values

We begin our investigation of Problem 1 in length l = 1. It is clear from Definition
5 that for a given weight N, there is only one A-elliptic multiple zeta value of length
one, namely IA(N;τ). Thus Dell

N,1 ≤ 1.
Now by (46), we have

IA(N;τ) = (−1)NIA(N;τ), (54)

which immediately yields IA(N;τ) = 0, if N is odd, hence Dell
N,1 = 0 in that case. In

Section 5.4, we will see that for even N ≥ 0

IA(N;τ) =−2ζ (N), (55)

and we obtain a complete solution of Problem 1 in the length one case
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Dell
N,1 =

{
0 N = 0 or N odd
1 else.

(56)

Also, note that since the even zeta values ζ (2n) are linearly independent over Q,
it follows that the space of elliptic zeta values L1(E Z A) = ∑N≥0 L1(E Z A

N) is
graded for the weight, i.e.

L1(E Z A) =
⊕
N≥0

L1(E Z A
N). (57)

4.3.2 Elliptic double zeta values of even weight

We now investigate the case l = 2 and N even, i.e. A-elliptic multiple zeta values of
length two and even weight. From (42) together with (55) and the fact that ζ (N) ∈
〈(2πi)N〉Q, if N is even, we know that

IA(n1,n2;τ)+ IA(n2,n1;τ) = IA(n1;τ)IA(n2;τ) ∈ 〈(2πi)n1+n2〉Q ⊂L1(E Z A
n1+n2

).
(58)

On the other hand, if the weight N = n1 +n2 is even, then it follows from (46) that

IA(n1,n2;τ)+ IA(n2,n1;τ) = 2IA(n1,n2;τ), (59)

and therefore in that case, by (55),

IA(n1,n2;τ) =

{
0 n1,n2 odd
2ζ (n1)ζ (n2) n1,n2 even.

(60)

In particular, Dell
N,2 = 0, if N is even.

4.3.3 Elliptic double zeta values of odd weight

So far, we have seen that both the elliptic zeta values IA(n;τ), as well as the elliptic
double zeta values IA(n1,n2;τ) of even weight are constant as functions in τ , and
that they are equal to rational multiples of powers of (2πi)N , where N is the weight.
If the weight is odd, this is no longer true, since in that case (46) gives no new in-
formation about elliptic double zeta values of odd weight. Indeed, since the product
of two elliptic zeta values of weights of different parities necessarily vanishes, the
shuffle product formula becomes

IA(n1,n2;τ)+ IA(n2,n1;τ) = 0, (61)

which is also precisely the reflection relation in the case of odd weight.
In order to attack Problem 1 in the odd weight case, we first count the number of

linearly independent Fay and shuffle relations. For this, we denote by V̂N ⊂Q(X ,Y )
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the Q-vector space of rational functions P(X ,Y ) in the variables X and Y , such that
the product XY ·P is a homogeneous polynomial of degree N +2.

Definition 6. We define the length two Fay-shuffle space FSh2(N) of weight N to
be the subspace FSh2(N)⊂ V̂N of elements, satisfying the Fay and shuffle equations

P(X ,Y )+P(X +Y,−Y )+P(−X−Y,X) = 0, P(X ,Y )+P(Y,X) = 0. (62)

In particular, since in the length two case the right hand side of (50) and the left hand
side of (42) vanish in grL2 (E Z A), as both are contained in L1(E Z A) by (55)), we
see that the elliptic double zeta values satisfy the defining equations of FSh2(N),
modulo elliptic zeta values. As a consequence, we have:

Proposition 2. ([36], Proposition 3.10) The dimension of the Fay-shuffle space
gives an upper bound for Dell

N,2, i.e.

Dell
N,2 ≤ dimQ FSh2(N−2), (63)

for all N ≥ 0.

The dimensions on the right hand side can in fact be computed using invariant the-
ory.

Theorem 3. ([36], Theorem 3.11) We have

dimQ FSh2(N) =

{
0 if N is even⌊N

3

⌋
+1 if N is odd.

(64)

It remains to show that Dell
N,2 ≥ b

N
3 c+1 for odd N, and this follows from:

Theorem 4. ([36], Theorem 3.15) Let N ≥ 1 be odd. The family of elliptic double
zeta values

{IA(r,N− r;τ) | 0≤ r ≤ bN/3c} (65)

is linearly independent over Q.

The proof uses an explicit representation of elliptic double zeta values as indefinite
integrals of Eisenstein series (88). Using in addition the fact that there are no non-
trivial relations between elliptic double zeta values of different weights (cf. [36],
Theorem 3.6), the two preceding theorems also imply that every relation between
elliptic double zeta values is a consequence of Fay and shuffle relations.

5 Elliptic multiple zeta values and iterated Eisenstein integrals

In this section, we will discuss the relation between A-elliptic multiple zeta val-
ues and indefinite iterated integrals of Eisenstein series [12, 34]. This relation has
first been established by Enriquez [21, 22], who showed that the derivative of an
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A-elliptic multiple zeta value of length r can be expressed using A-elliptic multiple
zeta values of length r−1 and Eisenstein series. Moreover, the boundary condition
for Enriquez’s differential equation is given explicitly in terms of multiple zeta val-
ues. Using Enriquez’s ideas as a starting point, one finds in [6] completely explicit
formulae for A-elliptic multiple zeta values as linear combinations of iterated inte-
grals of Eisenstein series and multiple zeta values. It turns out that the precise linear
combinations of iterated Eisenstein integrals, which appear as elliptic multiple zeta
values are controlled by a certain well-studied Lie algebra ugeom of derivations of a
free Lie algebra on two generators [13, 16, 32, 37].

5.1 Reminder on iterated Eisenstein integrals

For k ≥ 1, define the Eisenstein series Gk(τ) to be

G2k(τ) = ∑
(m,n)∈Z\{(0,0)}

1
(m+nτ)k , (66)

where for k = 1,2, we use Eisenstein summation for double series, i.e.

∑
(m,n)∈Z\{(0,0)}

am,n = lim
N→∞

lim
M→∞

N

∑
n=−N

M

∑
m=−M

am,n. (67)

We also set G0(τ) ≡ −1. It is well-known that the Eisenstein series G2k(τ), k ≥ 1,
can be expanded as a Fourier series in q = e2πiτ

G2k(τ) = 2ζ (2k)+2
(2πi)2k

(2k−1)! ∑
n≥1

σ2k−1(n)qn, (68)

where σk(n) = ∑d|n dk denotes the sum of the k-th powers of the divisors of n.
In [12], one finds a definition of iterated integrals of Eisenstein series (and even

of iterated integrals of more general modular forms, the so-called iterated Eichler
or iterated Shimura integrals)

G (k1, . . . ,kr;τ) =
∫ i∞

τ

Gk1(τ1)dτ1 . . .Gkr(τr)dτr, (69)

where the integral has to be regularized suitably at the boundary i∞. Since the Eisen-
stein series are holomorphic functions on a one-dimensional complex manifold, the
iterated integral (82) is independent of the choice of path from τ to i∞. We refer
to [12], Section 4, for the precise regularization scheme, which involves tangential
base points, and confine ourselves with giving explicit formulae in lengths one and
two:
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G (k;τ) =− 1
2πi

(
2ζ (k) logq+

2(2πi)k

(k−1)!

∞

∑
m,n=1

mk−2

n
qmn

)
, (70)

and

G (k1,k2;τ) =
1

(2πi)2

(
2ζ (k1)ζ (k2)(logq)2

+2ζ (k2)
2(2πi)k1

(k1−1)!
logq

∞

∑
m,n=1

mk1−2

n
qmn

+2ζ (k1)
2(2πi)k2

(k2−1)!

∞

∑
m,n=1

mk2−3

n2 qmn

−2ζ (k2)
2(2πi)k1

(k1−1)!

∞

∑
m,n=1

mk1−3

n2 qmn

+
4(2πi)k1+k2

(k1−1)!(k2−1)!

∞

∑
mi,ni=1

mk1−1
1 mk2−2

2
(m1n1 +m2n2)n2

qm1n1+m2n2

)
,

(71)
which both follow from [12] Example 4.10, and from (68). Note that

∂G (k;τ)

∂τ
=−Gk(τ),

∂G (k1,k2;τ)

∂τ
=−Gk1(τ)G (k2;τ), (72)

which can be verified directly, and generalizes to

∂G (k1, . . . ,kr;τ)

∂τ
=−Gk1(τ)G (k2, . . . ,kr;τ), (73)

using a general property of iterated integrals (cf. [12], Proposition 4.7, for the case
of iterated Eichler integrals).

5.2 The differential equation for A-elliptic multiple zeta values

As proved by Enriquez (cf. [22], Théorème 3.10), A-elliptic multiple zeta values sat-
isfy a differential equation involving Eisenstein series. This differential equation is
most conveniently written down in terms of the generating series I A(X1, . . . ,Xr;τ)
of A-elliptic multiple zeta values of length r (40).

Theorem 5 (Enriquez). For all r ≥ 0, we have
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2πi
∂

∂τ
I A(X1, . . . ,Xr;τ) =℘

∗
τ (X1)I

A(X2, . . . ,Xr;τ)−℘
∗
τ (Xr)I

A(X1, . . . ,Xr−1;τ)

+
r−1

∑
i=1

(℘∗τ (Xi+1)−℘
∗
τ (Xi))I

A(X1, . . . ,Xi,i+1, . . . ,Xr;τ),

(74)
where Xi, j := Xi +X j and ℘∗τ (α) = ∑

∞
k=0(2k−1)G2k(τ)α

2k−2. ut

Note that ℘∗τ is related to the Weierstrass ℘τ -function by the formula ℘∗τ (α) =
℘τ(α)+G2(τ). The proof of Theorem 5 uses special properties of the Kronecker
series, in particular that it satisfies the mixed heat equation (cf. [15], Proposition 4).
The upshot is that the derivative of an A-elliptic multiple zeta value of length r can
be expressed using A-elliptic multiple zeta values of lengths r− 1 and Eisenstein
series. This in turn identifies A-elliptic multiple zeta values as iterated integrals of
Eisenstein series of length r−1, up to a constant term, the reconstruction of which
we turn to next.

5.3 Restoring the constant terms of A-elliptic multiple zeta values

By definition, the generating series of A-elliptic multiple zeta values is given by a
version of Enriquez’s A-associator [22, 36]

Ã(τ) = ∑
r≥0

(−1)r
∑

n1,...,nr≥0
IA(n1, . . . ,nr;τ)adnr(x)(y) . . .adn1(x)(y). (75)

From [21], Proposition 5.4, it follows that Ã(τ) satisfies Ã(τ +1) = Ã(τ) and that it
is holomorphic at infinity. Thus, it possesses a Fourier expansion in q = e2πiτ , and
the same is true for every A-elliptic multiple zeta value. Moreover, Enriquez has
shown that the coefficients of the Fourier expansion of A-elliptic multiple zeta val-
ues are essentially given by multiple zeta values. We state this result as a proposition
(cf. [22], Proposition 5.2).

Proposition 3 (Enriquez). Every A-elliptic multiple zeta values can be written as a
Fourier series

∑
n≥0

anqn, (76)

where an ∈Z [(2πi)−1], and Z ⊂R denotes the Q-algebra spanned by the multiple
zeta values.

An immediate consequence of the last proposition is that the constant term IA
0 of an

A-elliptic multiple zeta value can be retrieved as the limit limτ→i∞ IA(n1, . . . ,nr;τ).
In order to compute this limit, we use the following result of Enriquez (cf. [22],
eq. (7)).

Theorem 6 (Enriquez). The generating series of A-elliptic multiple zeta values has
the following asymptotic behavior
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lim
τ→i∞

Ã(τ) = eπit
Φ(ỹ, t)e2πiỹ

Φ(ỹ, t)−1, (77)

where t =−ad(x)(y), ỹ =− ad(x)
e2πiad(x)−1

(y) and Φ denotes the Drinfeld associator.

We end this section by giving a few examples of constant terms of A-elliptic multi-
ple zeta values (cf. [6], Section 2.3). If all of the indices n1, . . . ,nr 6= 1, then a closed
formula for the constant term IA

0 (n1, . . . ,nr) of IA(n1, . . . ,nr;τ) is easy to give, since
in that case, only the factor e2πiỹ in (77) yields a non-trivial contribution, and there-
fore

IA
0 (n1,n2, . . . ,nr)

∣∣∣
ni 6=1

=


0 at least one ni is odd and all ni 6= 1

1
r!

r

∏
i=1

(−2ζ (ni)) all ni even.

(78)

On the other hand, if several of the ni are equal to one, then the formulae become
more cumbersome to write down, since in that case the extraction of the relevant
terms from (77) combined with the translation from the {ỹ, t} alphabet (in which
(77) is expressed) to the x,y alphabet (which is used for A-elliptic multiple zeta val-
ues) requires many more steps. An implementation of this procedure, using Mathe-
matica, yields for example

IA
0 (1,0) =−

iπ
2
, IA

0 (1,0,0) =−
iπ
4
, IA

0 (1,0,0,0) =−
iπ
12

+
ζ (3)
(2πi)2 , (79)

which generalizes to

IA
0 (1,0, . . . ,0︸ ︷︷ ︸

r

) =− 2πi
4(r−1)!

+
br/2c−1

∑
k=1

1
(r− (2k+1))!

ζ (2k+1)
(2πi)2k , (80)

and shows that every odd Riemann zeta value arises as the constant term of some lin-
ear combination of A-elliptic multiple zeta value. Also, multiple zeta values, which
cannot be written as polynomials in Riemann zeta values are found to appear as
constant terms of higher length A-elliptic multiple zeta values. Conjecturally, the
first such multiple zeta value appears in weight 8, for example ζ (3,5), and we have

IA
0 (1,0,0,1,0,0,0,0,0) =

1
(2πi)6

(
−ζ (3,5)−2ζ (2)ζ (3)2− 1

15
iπ5

ζ (3)

+ζ (5)ζ (3)+2iπ3
ζ (5)− 21

2
iπζ (7)+

π8

945

)
,

(81)
which casts ζ (3,5) as the constant term of some linear combination of A-elliptic
multiple zeta values.
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5.4 Explicit formulae for A-elliptic multiple zeta values

We now combine the results of the last two sections to write down explicit formu-
lae for A-elliptic multiple zeta values in terms of iterated Eisenstein integrals and
multiple zeta values. Denote by (cf. [6], eq. (4.2))

γ(k1,k2, . . . ,kr;τ) = (2πi)−rG (kr, . . . ,k2,k1;τ) (82)

the shuffle-regularized iterated integral of the Eisenstein series Gk1 , . . . ,Gkr as in
Section 5.1 (the scaling factor (−2πi)−r is adapted to the differential equation sat-
isfied by A-elliptic multiple zeta values (74)).

5.4.1 Length one

Let us begin by completely giving all A-elliptic multiple zeta values of length one.
Comparing coefficients on both sides of (74), one sees that

2πi
∂

∂τ
IA(n;τ) = 0. (83)

Thus IA(n;τ) is constant, and the precise value can be obtained from (78) as

IA(n;τ) =

{
−2ζ (n) n even
0 else,

(84)

in accordance with the results of Section 4.3.

5.4.2 Length two

We now move on to the length two case. In even weight, we already know the answer
by the results of Section 4.3.2: it is

IA(n1,n2;τ) =

{
0 n1,n2 odd
2ζ (n1)ζ (n2) n1,n2 even.

(85)

Alternatively, this result could have also been obtained by a similar method as in the
length one case, using the differential equation (74) and the constant term procedure
(77). In the odd weight case, we encounter non-trivial iterated Eisenstein integrals
for the first time: By (74), we see that for odd n

2πi
∂

∂τ
IA(0,n;τ) =−2nζ (n+1)G0(τ)−nGn+1(τ). (86)

Together with (77), this gives, all in all
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IA(0,n;τ) = δ1,n
πi
2
+n
(
γ(n+1;τ)+2ζ (n+1)γ(0;τ)

)
. (87)

The general case of an A-elliptic multiple zeta value of length two and odd weight
can be reduced to this case, using the formula

IA(n1,n2;τ) = (−1)n1 IA(0,n1 +n2;τ)

+2δn1,1ζ (n2)IA(0,1;τ)−2δn2,1ζ (n1)IA(0,1;τ)

+2
d 1

2 (n2−3)e

∑
p=1

(
n1 +n2−2p−2

n1−1

)
ζ (n1 +n2−2p−1)IA(0,2p+1;τ)

−2
d 1

2 (n1−3)e

∑
p=1

(
n1 +n2−2p−2

n2−1

)
ζ (n1 +n2−2p−1)IA(0,2p+1;τ) ,

(88)
(cf. [6], eq. (2.33)). This identifies A-elliptic multiple zeta values of length two as
certain linear combinations of products of Eisenstein integrals and powers of 2πi.

5.4.3 Length three

We end this section by giving explicit formulae for A-elliptic multiple zeta values of
length three. Given the simplicity of (87), it is natural to first compute IA(0,0,n;τ) in
terms of iterated integrals of Eisenstein series. Using again the differential equation
together with the constant term procedure, one finds

IA(0,0,n;τ) =


δ1,n

πi
4 +n

( 1
2 γ(n+1;τ)+ζ (n+1)γ(0;τ)

)
n odd

− 1
3 ζ (n)−n(n+1)(γ(n+2,0;τ)+2ζ (n+2)γ(0,0;τ)) n even.

(89)
Using reflection and shuffle product formulae, the A-elliptic multiple zeta values
IA(0,n,0;τ) and IA(n,0,0;τ) are readily expressed using IA(0,0,n;τ) and products
of A-elliptic multiple zeta values of lower length:

IA(n,0,0;τ) = (−1)nIA(0,0,n;τ), (90)

IA(0,n,0;τ) = IA(0,n;τ)IA(0;τ)− IA(0,0,n;τ)− IA(n,0,0;τ). (91)

Moreover, up to and including weight 7, every A-elliptic multiple zeta value of
weight n can be expressed as linear combinations of IA(0,0,n;τ) and products, ho-
mogeneous of weight n, of powers of 2πi and A-elliptic multiple zeta values of
lower length (cf. [6], Section 2.2).

However, beginning with weight 8, the situation changes. For example,
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IA(0,3,5;τ) =−405γ(10,0;τ)−75γ(6,4;τ)−ζ (6)(150γ(0,4;τ)+90γ(4,0;τ))

−1008ζ (10)γ(0,0;τ),
(92)

and since γ(6,4;τ) appears in (92), but neither in (89), nor in any Q-linear com-
bination of A-elliptic multiple zeta values of lengths one or two, this shows that
IA(0,3,5;τ) cannot be expressed using IA(0,0,8;τ) and lower length A-elliptic
multiple zeta values alone.

5.5 A special algebra of derivations

It turns out that the precise linear combinations of iterated Eisenstein integrals,
which appear in any linear combination of A-elliptic multiple zeta values are con-
trolled by a special algebra of derivations ugeom of the free Lie algebra L(x,y) over
Q on two generators, which we describe next.

Consider the Lie algebra DerΘ L(x,y) of derivations of L(x,y), which map the
commutator [x,y] to zero. There exist distinguished elements ε2k ∈ DerΘ (x,y), for
k ≥ 0, which satisfy

ε2k(x) = ad2k(x)(y), (93)

and their value on y is uniquely determined by demanding that they be homoge-
neous for the bigrading (∗,∗) on L(x,y), under which x has bidegree (1,0) and y
has bidegree (0,1). Explicitly (cf. [37], eq. (2))

ε0(y) = 0 (94)

ε2k(y) = ∑
0≤ j<k

(−1) j[ad j(x)(y),ad2k−1− j(x)(y)]. (95)

Definition 7. Define ugeom ⊂ DerΘ L(x,y) to be the Lie subalgebra spanned by the
ε2k.

The derivations ε2k occur for example in [2, 16, 32, 37]. They are related to universal
mixed elliptic motives [28], as well as to polar solutions of the linearized double
shuffle equations [14, 13].

By work of Pollack [37], the derivations ε2k satisfy many relations, which are
linked to the existence of cusp forms for SL2(Z). In [6], Section 4.3, it is described
how relations between ε2k constrain the linear combinations of iterated Eisenstein
integrals which can possibly appear as A-elliptic multiple zeta values. The starting
point is the generating series of A-elliptic multiple zeta values

e−πi[x,y]A(τ) = Ã(τ) = ∑
r≥0

(−1)r
∑

n1,...,nr≥0
IA(n1, . . . ,nr;τ)adnr(x)(y) . . .adn1(x)(y).

(96)
By [22], eq. (7), and since every ε2k annihilates [x,y], this series satisfies the differ-
ential equation
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2πi
∂

∂τ
Ã(τ) =−∑

k≥0
(2k−1)G2k(τ)ε2k

(
Ã(τ))

)
, (97)

which is in fact equivalent to Theorem 5, as shown in [22], Section 4. Note that in
(97), the derivation ε2k is coupled to the Eisenstein series G2k(τ). Iteratively inte-
grating this differential equation leads to a coupling of iterated integrals of Eisen-
stein series of length r and commutators of derivations ε2k of depth r.

As a simple example, consider the “Ihara-Takao relation” in ugeom

[ε10,ε4]−3[ε8,ε6] = 0, (98)

whose existence can be traced back to the unique, up to a scalar, cusp form for
SL2(Z) of weight 12 [37]. It implies that the iterated Eisenstein integrals γ(10,4;τ)
and γ(8,6;τ) only appear in a special ratio. More precisely, it follows from the
differential equation (97) and from (98) that the only linear combination of the two
double Eisenstein integrals, which appears as an A-elliptic multiple zeta value is, up
to a scalar, given by

81γ(10,4;τ)+35γ(8,6;τ). (99)

If one introduces a different normalization of iterated Eisenstein integrals, namely

γ(k1, . . . ,kr;τ) =
r

∏
i=1

(ki−1)γ(k1, . . . ,kr;τ), (100)

then (99) becomes
3γ(10,4;τ)+ γ(8,6;τ). (101)

Viewing γ(k1,k2;τ) as dual to [εk1 ,εk2 ], we see that (101) is orthogonal to the rela-
tion (98). In this way, the linear combinations of iterated Eisenstein integrals which
appear in elliptic multiple zeta values are orthogonal to relations between commu-
tators of the ε2k (see also [12], Section 12). For much more detailed treatments of
the relation between ugeom and elliptic multiple zeta values, see [6, 33, 35].
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