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Abstract

This thesis presents results from two strands of work towards realizing a free-electron
laser (FEL) driven by electron bunches generated by a laser-wakefield accelerator (LWFA).
The first strand focuses on selecting operating parameters for such a light source, on the
basis of currently achievable bunch parameters as well as near-term projections. The vi-
ability of LWFA-driven incoherent undulator sources producing nanojoule-level pulses of
femtosecond duration at wavelengths of 5nm and 0.5nm is demonstrated. A study on the
prospective operation of an FEL at 32nm is carried out, on the basis of scaling laws and
full 3-D time-dependent simulations. A working point is selected, based on realistic bunch
parameters. At that working point saturation is expected to occur within a length of 1.6m
with peak power at the 0.1 GW-level. This level, as well as the stability of the amplification
process, can be improved significantly by seeding the FEL with an external radiation source.

In the context of FEL seeding, we study the ability of conventional simulation codes to
correctly handle seeds from high-harmonic generation (HHG) sources, which have a broad
bandwidth and temporal structure on the attosecond scale. Namely, they violate the slowly-
varying envelope approximation (SVEA) that underpins the governing equations in conven-
tional codes. For this purpose we develop a 1-D simulation code that works outside the
SVEA. We carry out a set of benchmarks that lead us to conclude that conventional codes
are adequately capable of simulating seeding with broadband radiation, which is in line
with an analytical treatment of the interaction.

The second strand of work is experimental, and focuses on on the use of coherent transi-
tion radiation (CTR) as an electron bunch diagnostic. The thesis presents results from two
experimental campaigns at the MPI fiir Quantenoptik in Garching, Germany. We present
the first set of single-shot measurements of CTR over a continuous wavelength range from
420nm to 7um. Data over such a broad spectral range allows for the first reconstruction
of the longitudinal profiles of electron bunches from a laser-wakefield accelerator, indicat-
ing full-width at half-maximum bunch lengths around 1.4 um (4.7fs), corresponding to peak
currents of several kiloamperes. The bunch profiles are reconstructed through the appli-
cation of phase reconstruction algorithms that were initially developed for studying x-ray
diffraction data, and are adapted here for the first time to the analysis of CTR data. The
measurements allow for an analysis of acceleration dynamics, and suggest that upon deple-
tion of the driving laser the accelerated bunch can itself drive a wake in which electrons
are injected. High levels of coherence at optical wavelengths indicate the presence of an
interaction between the bunch and the driving laser pulse.
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Chapter 1

Introduction

Since the dawn of mankind, one of the hallmarks of sentient thought has been the desire
to explore our surrounding environment. While this desire is not unique to us as a species,
humans are the only ones who have created instruments specifically for the purpose of ex-
ploration. In many cases, these instruments have allowed us to overcome the intrinsic lim-
itations of our sensory organs — and none of our senses has been as crucial for exploration
as our sight. In first-century Rome, emperor Nero’s tutor observed that [1]

Letters, however small and indistinct, are seen enlarged and more clearly through
a globe of glass filled with water.

During the two millennia since then we have engineered increasingly sophisticated optical
devices, which have allowed us to overcome the limits of our vision and observe objects on
smaller and smaller scales.

Fundamentally, however, the spatial resolution of optical microscopes using visible light
is limited by the wavelength of the light to a few hundred nanometers — corresponding to
photon energies of a few electronvolts. The first half of the 20"
of electron microscopy, which instead of using photons to probe the samples, bombarded
them with electrons accelerated to energies of many kiloelectronvolts. The effective (de
Broglie) wavelength of these electrons brought the resolution down to mere fractions of a
nanometer, allowing the observation of single atoms. During the second half of the century,
the desire to find out still more about the basic constituents of our world led us to the
development of neutron and muon sources at even higher energies, allowing us to probe
matter further. The Large Hadron Collider, of course, is currently at the frontier of these
developments: promising to illuminate the fundamental laws of our Universe by smashing

century saw the development

together protons at teraelectronvolt energies.

1.1 Light sources

Returning to the nanoscale, transmission electron microscopy has seen broad use in deter-
mining the atomic structure of materials, however in order for the samples to remain trans-
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parent to the electrons, they must be prepared in slices of thickness ~ 100nm [2]. Moreover,
in many cases the electrons can induce sample damage, making electron microscopy unsuit-
able. These limitations can to some extent be overcome by replacing the keV electrons with
keV photons — in other words x-rays — that interact with the atoms more weakly and can
penetrate deeper into the sample. A resounding success in this respect has been the ap-
plication of x-ray crystallography to find the molecular structures of a wealth of materials
— including the double-helix structure of DNA in 1953 [3] — thereby providing invaluable
knowledge to many spheres of science [4]. X-ray crystallography relies on the scattering of
x-rays by a crystal composed of a large number of the target molecules, arranged along the
regular crystal lattice. The resulting diffraction pattern contains a series of interference
peaks (Bragg peaks), from which the structure of a single molecule can be retrieved.

The “workhorses” behind some of the most important (and certainly most challenging)
x-ray crystallography studies have been synchrotron light sources. These are large facil-
ities where bunches of electrons are accelerated to ultra-relativistic gigaelectronvolt-scale
energies, and deflected along a pseudo-circular path around a storage ring with a circumfer-
ence of typically several hundred meters'. Radiation is generated at several points around
the ring: either in bending magnets, which literally force the electron along a curved path,
causing it to emit broadband synchrotron radiation; or in so-called “insertion devices”. In-
sertion devices — typically regular lattices of magnets of alternating polarity — produce a
periodically varying magnetic field along the path of the electron bunch, introducing peri-
odic transverse deflections in its motion. The period of the resulting transverse oscillations
is usually several millimeters or centimeters, however due to relativistic contraction and

~2 Here

Doppler-shifting, the emitted radiation has a wavelength that is scaled by ~ y
y = E/mc? is the relativistic Lorentz factor of a bunch of energy E, and m and c are the
electron rest mass and speed of light in vacuum, respectively. Insertion devices are broadly
classified by their strength, where weaker “undulators” produce quasi-monochromatic radi-
ation, while in stronger “wigglers” considerable spectral broadening and harmonic emission
take place. For a more detailed discussion of undulator and wiggler radiation see Section

2.3.1.

While synchrotrons produce intense, tightly-focused beams of tunable short-wavelength
radiation, they still normally require the materials under investigation be crystallized —
containing many regularly-arranged copies of the sample molecule — in order for the diffrac-
tion pattern to have sufficient contrast. At the same time, only a small fraction of materials
are amenable to crystallization to sufficiently large sample sizes. Powder diffraction can
offer a middle ground in this respect, where instead of a single crystal the sample comprises
a large number of randomly oriented micro-crystals, still allowing for a certain degree of
structural reconstruction [5]. In some sense, though, the holy grail is obtaining x-ray diffrac-
tion patterns from single molecules, through small-angle x-ray scattering (SAXS) [6]. Such
single-molecule diffraction requires the delivery of a high dose of radiation — however since
delivering this dose within a short time would damage or destroy the sample, the diffraction
pattern needs to be recorded over an exposure time of roughly a second. On the atomic time-

1For an up-to-date list of facilities and their parameters see http://www.lightsources.org/cms/7pid=
1000098.
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Figure 1.1: Creating a “movie” of a chemical reaction with a femtosecond x-ray free-electron
laser. 1. Laser flash triggers reaction; 2. Laser flash makes instantaneous “snapshot”.

scale a second is eternity, and only the average atomic positions (over, e.g., thermal motion)
are recorded, leading to low resolution.

The solution to this is presented by x-ray free-electron lasers. A free-electron laser (FEL)
is akin to a synchrotron source, in that high-energy electrons propagate through a set of
undulators and generate radiation due to the induced periodic transverse motion. However,
in an FEL the coupling between the electrons and the radiation is strong enough that the
emitted radiation feeds back on the electrons, causing them to micro-bunch at the radiation
wavelength and emit coherently. The gain process is similar to that in a normal laser, with
the ultra-relativistic electron bunch constituting the gain medium. The electron bunch is
accelerated in a linear accelerator (linac) prior to entering the undulators, and is discarded
after it has emitted the x-ray pulse. The process of FEL amplification is treated in detail in
Section 2.3.2.

The radiation from an x-ray FEL has a peak brightness® that can be 10 orders of mag-
nitude greater than that from the best synchrotron sources [8] — partly due to the higher
number of coherently emitted x-ray photons, partly due to the much shorter timescale of
emission, and partly due to the better transverse characteristics of the emitting bunch. In
particular, while the minimum x-ray pulse duration at synchrotron sources is already a mere
~ 50 picoseconds, at FELs it is below 100 femtoseconds, almost three orders of magnitude
shorter. This allows a dose of x-rays that is sufficient for the measurement of single-molecule
diffraction to be delivered — and for the pattern to be recorded — before the sample has ex-
ploded due to radiation damage [9, 10].

X-ray FELs can generate radiation that has an unprecedented combination of short

2

2The number of photons emitted per second per mm? crosssection per mrad? divergence per 0.1% band-

width.
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wavelength, extremely high brightness, ultra-short pulse duration and if desired a very
small — sub-micron scale — focal spot with transverse coherence. This opens up myriad
possible applications [8, 11, 12], including the tantalizing prospect of femtosecond-resolution
“molecular movies” of intermolecular or photon-molecule interactions (Fig. 1.1). The first
(and so far only) hard x-ray FEL in operation is the Linac Coherent Light Source at SLAC,
which achieved lasing in 2009 [13, 14]. Already, results from it have successfully been
used for the reconstruction of a membrane protein structure [15], as well as that of a non-
crystalline virus [16]. Two other x-ray FELs: SPring-8 in Japan [17, 18] and the European
X-ray Free Electron Laser (XFEL) at DESY, Hamburg [19] are also set to begin operation
during the coming years, broadening the available parameter space. The latter, in particu-
lar, builds on the success of FLASH [20] — the first operational soft x-ray FEL and initially a
testbed for the XFEL, but currently a user facility in its own right, operating at wavelengths
down to 4.12nm.

1.2 Laser-driven acceleration of electrons in plasma

While synchrotron sources and free-electron lasers are invaluable to scientific research, the
availability of experimental time on them is very limited due to the substantial expendi-
ture involved in designing, constructing, and running such large facilities — and the corre-
spondingly small number of sources in operation. A significant part of this expenditure is
associated with the equipment required to generate electron bunches and accelerate them
to GeV-scale energies. Since conventional radio-frequency (RF) accelerators are limited by
electrical breakdown to accelerating fields of around 50 MV/m, the required energies call for
linear accelerators that are hundreds of meters long® — or a kilometer in the case of the
LCLS linac, for an energy of 14.35GeV.

The advent of the plasma accelerator, however, allows us to overcome this upper limit
on the accelerating field, and build smaller accelerators. The concept was first proposed by
Tajima and Dawson in 1979 [21]: the ponderomotive force of an intense laser beam can drive
a density wake in a plasma, in which electrons are accelerated. The plasma mediates the
transfer of energy from the laser to the electron bunch. The wake is analogous to that set
up behind a motorboat in water, and the electrons have been said to “surf” down the crests
[22]. This concept was extended by Chen et al. [23] to include wakefields driven by particle
beams instead of lasers. Because plasma is already ionized, it is not subject to the same
electrical breakdown limits that afflict conventional accelerators: instead, a plasma can
sustain accelerating gradients of several hundred GV/m — over three orders of magnitude
greater than an RF accelerator.

For many years, experimental research into plasma accelerators failed to turn Tajima
and Dawson’s proposal into reality. A plasma wake can only be driven efficiently if the
driving pulse has a length shorter than the plasma period. For typical plasma densities

3The case is somewhat different for synchrotron sources, where a bunch from a linear pre-accelerator ex-
periences gradual acceleration over a number of revolutions through a “booster synchrotron”, before it is en-
ergetic enough for injection into the main storage ring. While the full acceleration does not take place over a
single linear stretch, the size of the facility is still of order hundreds of meters across.
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Figure 1.2: Electron spectrometer image showing the first electrons from a laser-wakefield
accelerator to reach an energy of 1GeV. A second bunch at ~800MeV is also visible.

(ne ~ 108 cm™3), this period is of order 10 microns, requiring sub-100-femtosecond drivers.
As these were not available, through the late ’80s and ’90s early successes included the
plasma beat-wave accelerator (PBWA) [24, 25] and the self-modulated laser-wakefield ac-
celerator (SMLWFA) [26-28]; in both schemes a relatively long (picosecond) laser pulse in-
teracts respectively either with another pulse to form a beat-wave, or with the plasma —
which induces intensity modulations via Raman scattering — in order to generate a peri-
odic ponderomotive force with spatial modulations that are sufficiently short to drive a wake
[29]. However, most of these experiments demonstrated only modest increases in electron
energy (albeit over just millimeters of acceleration) and the resulting electrons had very
broad thermal energy spectra.

It was the advent of chirped pulse amplification (CPA) of laser pulses that transformed
the playing field. First developed by Mourou and Strickland in the mid-1980s [30, 31], CPA
involves stretching the laser pulse in time before it is amplified in the gain medium, then
compressing it back to its original length. This eliminates the previous limits on intensity
that were imposed by the damage threshold of the gain medium, and nowadays allows the
generation of pulses with peak powers of hundreds of terawatts and durations below 50fs
[32]. During the first years of this century, developments in high-power CPA-based laser
systems led to a watershed moment in laser-wakefield acceleration, as the available inten-
sities and pulse durations edged into the parameter space originally envisioned by Tajima
and Dawson. This allowed a single pulse to efficiently drive a wake, into which electrons
from the background plasma were trapped and accelerated — culminating in the “dream-
beam” experiments of 2004 [33-35]. These experiments demonstrated for the first time
the ability of a laser-wakefield accelerator to generate quasi-monoenergetic bunches at the
100-MeV level. These bunches contained a high (100-pC level) charge within a narrow (few
percent) energy spread and a narrow angle of divergence.

The dream-beam experiments set off unprecedented growth in the field of laser-wakefield
acceleration, with many experimental successes taking place in the years that followed. No-
tably, in 2006 plasma channeling of the laser pulse was used to extend the acceleration
length to 33mm, allowing the acceleration of bunches to an energy of 1GeV [36] — a cele-
brated result that is depicted in Figure 1.2. While this concludes our historical overview of
laser-wakefield acceleration, Section 2.1 provides some details on the underlying theory, as
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well as a summary of the diverse experimental achievements in the field since the dream-
beam experiments.

1.3 Light sources driven by laser-wakefield accelerators

The ability of laser-wakefield accelerators to produce high-energy electron bunches with
qualities approaching (or exceeding) those from conventional accelerators has brought up
the possibility of using them as drivers for light sources. This would lead to dramatic re-
ductions in both the size and cost of these facilities, meaning they could be housed within
university, industrial or medical laboratories. Access to intense femtosecond pulses of short-
wavelength radiation would become much more readily available to researchers, at a much
lower cost to cash-strapped funding bodies. This sort of commoditization would have a trans-
formational effect on countless fields of science.

The production of synchrotron radiation from laser-accelerated electrons has already
been demonstrated down to soft x-ray wavelengths [37, 38], and is likely to be pushed to
higher energies in the near future. Moreover, since the electron bunches intrinsically are of
femtosecond duration due to the size of the plasma wake in which they are accelerated, the
corresponding kiloampeére peak currents suggest that operation in the free-electron regime
could be a possibility [39, 40]. As described previously, this would result in the emission
of exceptionally bright femtosecond pulses, which would in addition be intrinsically syn-
chronized in time to the drive laser, making them particularly appealing for time-resolved
pump-probe studies.

1.4 OQOutline of the thesis

The prospect of driving a free-electron laser using electrons from a laser-wakefield acceler-
ator is the subject of theoretical, computational and experimental work presented in this
thesis. The primary aims are to establish viable machine parameters for a LWFA-driven
FEL source and to characterize its projected performance; as well as to develop and carry
out LWFA diagnostics that would afford the community a better understanding of the prop-
erties of the electron bunches and the acceleration process. The topics covered are as follows:

Chapter 2 An overview of the components of a “compact light source”, which we take to
mean a short-wavelength (XUV or x-ray) light source driven by electrons from a laser-
wakefield accelerator. The background theory of LWFA is presented, as well as a
summary of experimental results, on the basis of which sample parameter sets are es-
tablished for electron bunches produced currently, and in the near future. The concept
of emittance is introduced, and some details of beam transport from the accelerator to
the undulator are given, including focusing and space-charge effects. The basic the-
ory of undulator radiation is presented, together with an overview of the free-electron
laser regime of operation, and of electron bunch dynamics in the undulator. Relevant
undulator technology is also summarized.
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Chapter 3 A selection of parameter scans and simulations to characterize the operation of
a compact light source. Preliminary studies on the production of incoherent undulator
radiation at wavelengths of 5nm and 0.5nm are presented. A comprehensive study
on the prospective operation of an FEL at 32nm follows. A set of machine parameters
are selected on the basis of scaling laws, and the results are complemented with a set
of full 3-D time-dependent simulations for a wide range of bunch parameters. These
demonstrate the need for comprehensive and reliable electron bunch diagnostics. The
effect of seeding with a high-harmonic generation (HHG) source on the output level
and stability of FEL operation is investigated.

Chapter 4 Results from preliminary diagnostics experiments based on coherent transition
radiation (CTR). The theory of CTR is given, and the evolution of the experimental
setup is described. Several different measurements are presented, which as a broad
theme illustrate the presence of sub-structure in the bunch that leads to the emission
of coherent transition radiation at optical wavelengths. Preliminary tests demonstrate
the potential for CTR to be used as a non-destructive transverse profile diagnostic.

Chapter 5 Results from broadband CTR measurements allowing longitudinal bunch pro-
file reconstruction. The first set of single-shot measurements of CTR spectra over a
continuous wavelength range from 420nm to 7 um is presented. A method for recon-
structing the longitudinal bunch profiles from these spectra is adapted from phase
reconstruction algorithms that were initially developed for studying x-ray diffraction
data. The reconstructed profiles — in conjunction with the other diagnostics — allow
for a comprehensive analysis of acceleration dynamics including dephasing, pump de-
pletion, injection into multiple buckets and the existence of beam-driven wakes. This
bunch profile diagnostic also allows a more accurate evaluation of the projected per-
formance of LWFA-driven light sources. Finally, the seemingly anomalous levels of
coherence at certain optical wavelengths are analyzed.

Chapter 6 A treatment of issues related to the simulation of FELs seeded with broadband
radiation. A theoretical representation of seeding in the 1-D linearized regime is pre-
sented. In the context of FEL seeding, the ability of conventional simulation codes to
correctly handle seeds from high-harmonic generation (HHG) sources, which have a
broad bandwidth and temporal structure on the attosecond scale, is studied. Namely,
these seeds violate the slowly-varying envelope approximation (SVEA) that conven-
tional codes rely on. A 1-D simulation code that was developed for this purpose and
works outside the SVEA is described, and FEL simulations of broadband seeding are
benchmarked against conventional codes. Finally, the possibility of obtaining resonant
FEL gain due to the interaction of non-resonant seed components and non-resonant
longitudinal modulations on the electron bunch is highlighted.

Chapter 7 A summary of results, together with an overview of future work towards realiz-
ing a free-electron laser driven by electron from a laser-wakefield accelerator.
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1.5 Role of the author

The data presented in Chapter 4 was collected during an experimental campaign at the
Atlas laser facility at the MPI fiir Quantenoptik in Garching, Germany in June 2010. This
was led by the author, and carried out in collaboration with the research group of Stefan
Karsch at MPQ, the members of which made sizable contributions to the experiments. The
equipment required to generate and record the transition radiation — including appropriate
shielding from stray radiation — was designed and produced by the author prior to the
experiment. Data acquisition for all non-CTR related diagnostics was carried out by a semi-
automated system in place at MPQ; CTR data acquisition was carried out by the author.
All data analysis was carried out by the author, using codes written by the author for this
purpose.

The data presented in Chapter 5 was collected during an experimental campaign at MPQ
in March/April 2011. It was again carried out in collaboration with the research group of
Stefan Karsch and was led by one of its members, Matthias Heigoldt, who had constructed
and commissioned the terahertz spectrometer. The author was responsible for the set-up
and operation of the other two (visible and near-infrared) spectrometers, with data acquisi-
tion tasks being divided likewise. The author contributed to setting up the experiment and
calibrating the visible and near-infrared spectrometers, and was present during two of the
three data acquisition runs. All data analysis — except for theoretical calibration of the THz
data — was carried out by the author. During the course of analysis, the author designed
thirty-six different metrics that were evaluated (usually, but not always, automatically) on
the basis of the raw data for each of the 2974 recorded shots, in order to identify meaningful
trends in the large dataset. The longitudinal profile reconstruction algorithm was designed
and coded by the author, prompted by a suggestion (and some preliminary analysis) from Si-
mon Hooker to use phase retrieval algorithms to analyze the CTR data. These results are to
be submitted for publication, pending the absolute calibration of the terahertz spectrometer
at a light source later this year.

The theoretical work presented in Chapter 6 was carried out in collaboration with Bill
Fawley and Carl Schroeder at Lawrence Berkeley National Laboratory. The code AURORA
was designed and written by the author and is not based on pre-existing codes. All simu-
lations were carried out by the author. The work on resonant gain due to the interaction
of non-resonant longitudinal modes of the seed radiation and electron bunch is entirely the
author’s own.

The author also participated in a number of experiments that are not presented in this
thesis. These include a LWFA campaign at the Gwangju Institute of Science and Technology
in Korea in May 2008; a LWFA campaign at the Astra-Gemini laser in June/July 2008 [41];
preparations for a campaign to measure LWFA electron bunch emittance using a pepper-pot
at MPQ in November/December 2009 that never took place due to laser malfunction; and
during April-June 2010 a set of emittance measurements using transition radiation at the
conventional accelerator driving the Diamond Light Source [42].

All figures are the author’s own work, unless credited otherwise.



Chapter 2

Overview of Components and Design
of a Compact Light Source

As stated in the introduction, one of the most alluring uses of laser-wakefield accelerators
is as drivers for short-wavelength undulator-based light sources. This chapter and the next
are dedicated to an analysis of how these light sources — hereafter referred to generally as
‘compact light sources’ — might be achieved in practice. Broadly speaking, such a source
comprises three stages: the laser-wakefield accelerator, the beam transport, and the undu-
lator where radiation is generated. These are pictured in Figure 2.1, and are the subject of
the current chapter. Details on the production of the driving laser pulse and on the poten-
tial applications of such a light source can be found in e.g. Refs. [30-32, 43—45] and Refs.
[9, 10, 15, 46], respectively.

We begin by introducing the theory of laser-wakefield acceleration, together with a re-
view of recent experimental achievements and a summary of future projections. From there
we move to a discussion of issues concerning beam transport from the accelerator to the
undulator — including emittance, focusing, and space-charge effects. Finally, in Sec. 2.3 we
present the basic theory of undulator radiation, including a discussion of operation in the
free-electron laser regime. This allows us to, in Chapter 3, present proposals for concrete
machine parameters, and analyze the expected performance of these future light sources.

laser pulse

electron tunable, short
bunch x-ray pulses

_ B E > l .
1 i applications

plasma undulator

electron
channel

transport

Figure 2.1: Layout of a compact light source driven by electrons from a laser-wakefield
accelerator. After injection and acceleration of an electron bunch in the plasma (described
in Sec. 2.1) and appropriate transport (Sec. 2.2), the bunch drives the generation of short-
wavelength femtosecond pulses of radiation in an undulator (Sec. 2.3) that can be used for
various applications (Sec. 1.1). Image credit: Simon Hooker.
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2.1 Laser-wakefield accelerator

While Sec. 1.2 introduced the development of plasma-based acceleration as an experimental
field in a historical context, here we present the elementary theory of laser-driven plasma
accelerators. Here we focus on the case of the laser-wakefield accelerator, where the pulse
length of the driving laser is similar to the plasma wavelength — as opposed to, e.g., the self-
modulated laser-wakefield accelerator [26, 27] or the plasma beat-wave accelerator [24, 25],
which can be driven by longer pulses — though much of the theory will be applicable in
other contexts. Following this, we review recent experimental results and novel approaches,
in order to establish a viable parameter space for electrons accelerated by a laser-wakefield
accelerator.

2.1.1 Theory of laser-wakefield acceleration

The basic concept behind the proposal by Tajima and Dawson [21] is the creation of a plasma
density wake behind a driving laser pulse, in which the electrons are accelerated. We there-
fore begin with a discussion of the ponderomotive force of the laser that leads to the gener-
ation of this wake, and of the plasma oscillations that govern the wake’s behavior.

Ponderomotive force

The processes associated with intense laser-plasma interactions are often represented in
terms of the normalized electrostatic potential, ¢ = e®/mc?, and the normalized electro-
magnetic vector potential, a = eA/mc, where @ and A are the corresponding non-normalized
potentials in the Coulomb gauge. The constants e, m, and c are respectively the elementary
unit of charge, the electron rest mass, and the speed of light in vacuum. SI units are used
here and throughout this thesis.

A linearly polarized laser pulse with peak intensity Iy and peak power Py, and a Gaus-
sian transverse profile of spot size wg, has a peak normalized vector potential [47]

e2)2]
a = —_—
0 2n2egm?2cd
~ 8.6 x 10" A [um]\/ I [W/cm?]

_A_[PIGW]
Two\ 215

(2.1)

where A is the laser wavelength and ¢ is the vacuum permittivity. This is based on a vector
potential of the form

a=a e cos(kz —wt)e,, (2.2)

where k£ =27/A and w = ck; r and z are the radial and longitudinal coordinate, respectively;
and e, is the unit vector along the direction of laser polarization, here chosen to be x. The
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corresponding electric field, in the absence of a space-charge contribution, V¢ = 0, can be
expressed in terms of the potential as

E=—dA/dt = —Ege "% sin(kz — wt)e,,

where E( = (mc/e)wag. An electron in this field undergoes transverse oscillatory ‘quiver
motion’ at the driving laser frequency.

Conservation of canonical momentum implies u;, = a,, where u; = p,/mc is the nor-
malized transverse momentum of the electron. This is true in 1-D, as well as in 3-D for
the case of a sufficiently large spot size, wo > A, > A, in which case the quiver motion is
still the leading order motion in the transverse dimension [47, 48]. Here A, is the plasma
wavelength, which we introduce shortly.

Let us now take a potential with a more general spatial envelope, d(r,z), such that
a| = d cos(wt)e,. Inserting this into the momentum conservation equation, we obtain the
time-average (ui) =G%/2, and the corresponding kinetic energy

(E?) = mc*(1+4%/2).

This indicates that a gradient in laser intensity would correspond to an energy gradient,
and therefore a force due to F = —VE,

mec
F,o=—— ¢ vyg2 (2.3)
P 4vi+ae

Equation (2.3) is the ponderomotive force, also known as radiation pressure, which pushes
electrons away from areas of high intensity. Ponderomotive motion of heavier charged par-
ticles falls off quadratically with particle mass’, e.g. by a factor ~3x 1077 for protons, there-
fore the effect of F, on the plasma ions can be neglected [49].

Finally, we note that electrons undergoing quiver motion will have a time-averaged
squared Lorentz factor of (yz) =1+4%/2, and can thus become significantly relativistic for
a > 1, which corresponds to laser intensities > 10 W/ecm?. Most recent LWFA experiments
have taken place in this relativistic intensity regime, and relativistic corrections have to
be taken into account in many contexts, in particular as relating to the change in effective
electron mass.

Plasma waves

The ponderomotive force of a laser propagating through a plasma perturbs the plasma den-
sity, and can drive a plasma density wake that trails the laser pulse. The behavior of this
wake is governed by plasma oscillations, which we go on to describe. Here we assume the
plasma is cold and unmagnetized, i.e. the thermal motion of electrons is negligible compared

IEquation (2.3) in its current form is only valid for electrons. To find the appropriate relation for particles
of arbitrary mass mj we need to express the force in terms of the gradient in the electric field amplitude, VE?2,
which cancels the m in the numerator and introduces a factor m; in the denominator. The corresponding
acceleration is then a factor (ml[,/m)2 less than that caused by the same field in the case of electrons.
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to the quiver motion. Furthermore, the much heavier ions are assumed to remain stationary
throughout the interaction.

The equations governing the propagation of an electromagnetic wave are the Maxwell-
Faraday equation and Ampere’s law,

0B
V X E =——, (24)
ot
OE
V x B = pod + poeo—, (2.5)

ot

where J is the current density and g is the permeability of free space. For small perturba-
tions in plasma density, general solutions to these coupled equations can be decomposed as
sums over the wavevectors, Kk, of the corresponding plane wave solutions:

Ee/ 8Tkl Byeilkr-oxt), g pitkr-oid) (2.6)

Additionally, from the Lorentz force we obtain the electron velocity corresponding to a wave
of vector k to be vi = —ieEyx/mwy, omitting the oscillating exponentials for clarity. This is
valid for non-relativistic motion.

Substituting this velocity in the current density, J = —n.ev, where n, is the plasma num-
ber density, we obtain Ji = in.e?Ex/mwy. This expression can be substituted into equations
(2.4) and (2.5), for a plane wave of particular vector K,

k x Ex = wBk; (2.7)
nee?

k x B = po——Ek — wk poeoEx. (2.8)
maowx

Two classes of wave solutions exist for equations (2.7) and (2.8): those where k || Ef,
and those with k | Ex. The first class of equations are longitudinal electrostatic plasma
oscillations, or Langmuir waves, for which from Eq. (2.7) we have By = 0. Substituting this
into equation (2.8) we obtain the plasma frequency in the linear regime,

wp = Wk = (2.9
The frequency of these oscillations is only dependent on the plasma density, n,, and due to
the independence of w, on Kk, their phase velocity is undefined. Important related quantities
are the wavelength of the oscillations, A, = 27¢/wp, also known as the plasma period, and
the associated wavenumber &, = 27/1,,. Evaluating the constants,

3.3x 1010
Vnelem3]

It is these plasma oscillations that provide the longitudinal accelerating fields in laser-
wakefield accelerators.

Ap[um] = (2.10)

For the other class of waves, where k || Ex, we can substitute equation (2.7) into equation
(2.8) to obtain the dispersion relation

ck? :wi—wg, (2.11)
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that governs the propagation of electromagnetic waves through plasma. We will designate
the frequency of these electromagnetic waves w = wg. Since k is imaginary for w < wy,
the plasma only allows the unattenuated propagation of waves with frequency w > wy.

Their phase velocity is v, = w/k = ¢/4/1 —w%/wz, and their group velocity is vy = Ow/0k =

cy/1 —w%/aﬂ. For typical laser-wakefield accelerator parameters where the driving laser

wavelength is A ~ 1um — w ~ 2 x 10'°s7!, and the plasma density is 7, ~ 5 x 1018ecm™3 —

wp ~ 101471 (Ap ~ 15um), we have w%
these conditions the laser pulse propagates through the plasma at a group velocity

<« w?, known as the “underdense regime”. Under

vg = (1-0320%). (2.12)

More general, longitudinal plasma waves in an initially uniform plasma driven by the
ponderomotive force of a laser pulse obey the relations [48, 50]

0* 2)| One 202 2
— + — =c¢*V%a“/2,
(atZ wp) Neo ¢ “

a2 ¥ ¢ =wpa®/2,
where n, o is the background plasma density and [6n¢/neol < 1 is the normalized density
perturbation corresponding to the electrostatic potential ¢p. The solutions for this density
perturbation and the associated electric field are [48]

one [t ro. / 2 2 '

= —f d¢' sin [wp(t - )] VZa“(r,t)/2, (2.13)

Neo WpJo

E ¢
7= ¢ f dt’ sin [wp(t — )] Va?(x,t)/2, (2.14)

0 0

where the latter is normalized to
mcwp
Eo= , (2.15)
e

the cold non-relativistic wave-breaking field [51]. This is the peak field for waves in the
linear regime; the field that can be sustained by nonlinear waves can be significantly more,
for reasons that we outline shortly. Evaluating the constants, Eq[V/m] = 96y/n.[cm™3],
indicating the possibility for plasma waves to sustain field gradients of over 200 GV/m for
ne ~5x1018 cm™3. The phase velocity of the plasma wave is determined by the group velocity
of the driving laser pulse, v}, wake =~ c(1 - wg/2w2).

Solutions to equations (2.13) and (2.14) indicate that for optimal plasma wake genera-
tion, the pulse length of the driving laser, i.e. the extent of the envelope a? in time, should
be close to the plasma wavelength, A,. This is a key reason for the historical connection
between the development of ultrashort-pulse lasers (lengths ~ 100fs) and the proliferation
of LWFA experiments.

Figure 2.2a illustrates the (sinusoidal) normalized density perturbation and electric field
of the wake trailing a pulse with peak ag = 0.5 and rms length A,/27. As noted earlier,
however, recent LWFA experiments have in general employed relativistic laser intensities,
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Reproduced with permission from [48]. Copyright © 2009 American Physical Society.

Figure 2.2: Plasma wakes in 1-D driven by laser pulses in (a) the linear regime, ag = 0.5
and (b) the nonlinear regime, ag = 2.0. The driving pulse is centered at (z — ct) = 0 and has
an intensity envelope with a Gaussian profile of rms length o.; = 1,/27. Note the wavefront
steepening and elongation of the period in the nonlinear regime.

ag 2 1. This regime calls for a nonlinear treatment of the problem: one that no longer
assumes the normalized density perturbation to be small, and includes relativistic effects.
Nonlinear models have been developed in the 1-D limit and can be found in e.g. Refs. [47, 48],
where the case of a non-evolving drive pulse is treated. Figure 2.2b illustrates the key
features of a nonlinear wake: the density perturbations are steeper, and the plasma period
is elongated with respect to A,. The non-linear plasma wavelength is [48]

2 ~
Apn =~ (Emax +Ep (2.16)
T

max) 4
where E.y is the peak electric field of the wake, normalized to the peak field in the lin-
ear regime, Ey. For a drive pulse with a square temporal profile and an optimum length
Emax = (3/2) (1 +a(2)/2)_1/2, though for other pulse shapes it usually needs to be evaluated
numerically. For a Gaussian pulse it is around 0.7-0.8 of that value.

The nonlinear 1-D regime illustrated in Fig. 2.2b is valid in the limit of broad drive
pulses, k,wo > 1, where the laser and plasma characteristics have only a weak dependence
on the transverse dimension. For relativistically intense laser pulses that are more tightly
focused, in the regime k,wo < 1, the nonlinear (intensity-dependent) aspects of the wake
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characteristics acquire an additional transverse dependence. For instance, due to the non-
linear dependence of plasma period on wake amplitude, the wavefronts of the wake become
curved. Effects such as this lead to more complex interplays that can no longer be modeled
analytically, and require numerical simulation. Due to this complexity, the remainder of
this discussion will be of a more qualitative nature.

The bubble regime

In the extreme nonlinear case, a relativistically intense (a% > 1) laser pulse that is focused
to a sufficiently small spot size, wo < (2/ky)/ao, can ponderomotively expel all plasma elec-
trons from its axis of propagation in what is known as the “bubble”, “blow-out”, or “cavita-
tion” regime [52—-56]. The column of positively charged background ions that is left behind
the laser pulse attracts the radially expelled electrons — they swing back and overshoot,
forming a wake. The end result is illustrated in Figure 2.3a: here the acceleration param-
eters have been matched in a way that produces a spherical cavity of radius R = \/agAy/7,
corresponding to an effective plasma wavelength in the bubble regime of

N

v/

App = Ap. (2.17)
This matched regime was identified by Lu et al. [55, 56]; it corresponds to optimum wake
generation and occurs for a laser spot size® wg = vaoAp/m and pulse length c7 < \/agAy/m at
normalized laser potentials ag = 4. In this case, the two-way interaction between the laser
pulse and the wake is such that transverse focusing of the pulse is maintained and this
accelerating structure can in principle propagate stably over many Rayleigh lengths.

At the rear edge of the bubble, the longitudinal accelerating field reaches its peak value
of £y, = \/agE(, where Ej is the cold non-relativistic wave-breaking field (cf. Eq. (2.15)).
The field falls off approximately linearly with z for locations further forward in the bubble;
it is zero at the center, and is decelerating in the front hemisphere. Additionally, the bubble
exerts a transverse focusing force on electrons inside it that is approximately linear in  and
broadly independent of z. This leads off-axis electrons to perform characteristic transverse
“betatron” motion, often leading to the emission of betatron radiation in the x-ray spectral
region [57-59].

Injection of electrons into the wake

A key step towards the acceleration of an electron bunch to high energy is its injection into
the accelerating structure — either a plasma bubble or a regular plasma wave. This can
either take place spontaneously — e.g. due to electrons that were perturbed by the laser
entering the wake and being trapped in it — or in a controlled fashion. According to sim-
ulations [56, 60], in the bubble regime self-injection can take place with high probability
for ag = 3, e.g. as seen in Fig. 2.3a-b; experiments support this assertion [41, 61-63]. The

2Note that for these conditions the radius of the bubble is equal to the laser spot size.
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Reproduced from [56] under Creative Commons license.

Figure 2.3: A sequence of 2-D slices from a particle-in-cell simulation of laser-wakefield
acceleration in the bubble regime. Electron density is represented in blue, while laser in-
tensity is orange. The near-spherical shape of the cavitated region is clearly visible in slices
(a)—(b), emphasized by a dashed white circle. Self trapped electrons in the first bucket are
visible at z = 2.0mm (b) and beyond, and beam loading due to their space-charge is observed
to distort the spherical shape of the cavity. As the front of the laser pulse diffracts and is
etched away, the back is self-guided and the wakefield remains relatively robust even after
a propagation distance of 7.5mm (5 Rayleigh lengths). After this the depleted laser pulse
can no longer sustain self-focusing and diffracts, terminating the acceleration process. Each
plot is a rectangle of size z = 101.7 um in the longitudinal direction and x = 129.3 um in the
transverse direction.
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drawbacks of self-injection are the lack of shot-to-shot stability and a decreased bunch qual-
ity. Despite the existence of certain conditions which electrons need to meet for them to be
trapped in the wake [48], injection can take place during different stages of the accelera-
tion process, and the electrons are injected at a range of locations within the wake, with
a range of initial (transverse and longitudinal) velocities. This can lead to fluctuations in
the final energy, energy spread, bunch length, charge, transverse bunch size, pointing, and
divergence.

A number of schemes for controlling injection have been implemented in recent years:
here we present a brief overview of the most successful ones. So-called “colliding-pulse
injection” was one of the first schemes to be proposed [64, 65], and was realized soon after
the initial generation of quasi-monoenergetic beams, see e.g. Refs. [66—70]. In this scheme
an intense ‘pump’ laser pulse drives the wake, and a weaker counter-propagating ‘injection’
pulse collides with it at the desired injection point. The interference of the two pulses creates
a standing beatwave that exerts a strong ponderomotive force on the background plasma
electrons, and under certain conditions has the potential to inject them into the wake.

Another proposal by Bulanov et al. [71] involves a downward transition in plasma den-
sity. Such a transition leads to an increase of the plasma period, A, ngl/z , cf. Eq. (2.10),
and an increase in the group velocity of the laser (cf. Eq. (2.12)) and correspondingly the ve-
locity of the wake. Under certain conditions this can lead to wave-breaking: namely, despite
the acceleration of the front of the wake, the lengthening of the plasma period slows down
the phase velocity of the actual wake crests, thus briefly lowering the threshold velocity for
electrons to be trapped in the wake. The injection process can be controlled by tailoring the
plasma density profile. Experimentally, this has been demonstrated by Geddes et al. [72],
Faure et al. [73], and Gonsalves et al. [74]. In the latter case a gas jet down-ramp is used
purely for injection, while acceleration takes place in a separate stage. Finally, Schmid et al.
[75] demonstrated a related injection mechanism that relies on a sharp shock-front-induced
density transition.

Finally, recent experiments demonstrated the possibility of injecting electrons by ioniza-
tion of additional species present in a partially-ionized plasma: this was done by Oz et al.
in 2007 [76] for the case of beam-driven acceleration, and by McGuffey et al. [77] and Pak
el al. [78] in 2010 for laser-driven acceleration. In the laser-driven case, this mechanism
relies on the fact that these additional species (dopants) have higher optical field ionization
thresholds for certain electron shells. While the background plasma (typically hydrogen or
helium) would be fully ionized by the front of the laser pulse, the interaction can be tai-
lored so that some of the electrons in the dopants would only ionize at a certain point near
the peak of intensity of the driving laser, thereby giving control over the injection position
and velocity. Several groups have recently employed this method for inducing injections in
regimes where it does not normally occur, and controlling it [77-81]. In particular, Pollock
et al. [81] demonstrated the operation of a two-stage accelerator, where the injection — from
ionization of 0.5% Ny gas in a 99.5% He background — and acceleration stages are separate
from each other.

We conclude our brief overview of injection with a mention of beam loading. The charge
that has been injected in the wake exerts its own electrostatic repulsion, which alters the
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shape of the wake and thus degrades its accelerating properties. This can for instance be
observed in Fig. 2.3b as the deviation of the wake shape from an ideal sphere in the region
behind the injected bunch. In the simplest sense, beam loading sets a limit on the amount
of bunch charge that can be sustained by a wake, but it also imposes a trade-off between the
injected charge and the energy to which it can be accelerated. The effects of beam loading
have been studied theoretically and computationally [82, 83], and clear signatures have
been observed in experiments [68, 84].

Laser evolution

A further aspect that affects acceleration is the evolution of the laser pulse through nonlin-
ear interactions with the plasma. Two important phenomena in this respect are relativistic
self-focusing, and pulse compression [85-87]. Self-focusing occurs due to the fact that the
relativistic quiver motion of the electrons increases their effective (relativistic) mass, and
correspondingly the local refractive index of the plasma. This leads to a gradient in re-
fractive index that scales with the intensity gradient of the laser — with a peak on-axis —
that can lead to self-focusing. The critical laser power at which self-focusing can counteract

diffraction is [85]

8reom2e® w? 2

Po= g 2 < 1475 [GW, (2.18)
P P
where w is the angular frequency of the laser. In particular, while a pulse in vacuum under-
goes Rayleigh diffraction with its spot size w evolving in z as w2/w(2) =1 +22/Z§, where Zy
is the Rayleigh length, in the case of self-focusing for a laser pulse with peak power Py this
is modified to w2/w(2) =1+(1-Py/P.) 22/Z1% [48]. In theory, this will cause a sufficiently pow-
erful laser to self-focus to a spot size wgr = (\/%/ﬂ) Ap, the matched spot size in the bubble
regime [56] — that is the point at which full cavitation occurs and the radial ponderomotive
force of the laser is balanced by the radial attractive force of the ion channel, leading to no
further self-focusing. Substituting for a¢ from Eq. (2.1), we can re-express wgr in terms of

the critical power for self-focusing,

\/§ PO 1/6
=—A | = 2.19
Wef oz P ( P, ) ( )

This matched self-focused spot size corresponds to a peak normalized potential of
P 1/3
sf 0

=~2—] . 2.20
ai~2(7] (2:20

While this is the ideal case, in practice the evolution of the laser pulse may proceed differ-
ently, and analysis through simulations is advisable. In particular, if electrons are injected
before the laser has self-focused to the matched spot size, their space-charge could alter
the profile — and thus focusing effect — of the channel (see below), leading to different
evolution.

Despite the effect of relativistic self-focusing, outward ponderomotive pressure causes
the build-up of a plasma density gradient at the front of the pulse — the resulting gradient
in refractive index serves to almost exactly negate the effect of relativistic self-focusing.
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In the absence of an external guiding structure, therefore, the front of the laser pulse will
always diffract, while the rest of the pulse is guided behind it. This is less problematic in
the case where the rate at which the front of the pulse etches away due to energy transfer
to the wake is faster than the rate at which it diffracts, which in the bubble regime happens
for powers above

P = (1/8)(w/w,)¥5 P, (2.21)

known as the critical power for self-guiding [56, 88].

These conditions can be relaxed through the use of external guiding structures, such as
preformed plasma channels. A plasma channel is a plasma column with a radial density
profile — corresponding to a gradient in the index of refraction — that can guide a laser
pulse of a certain matched spot size without diffraction. These channels can be created
either by laser-induced hydrodynamic expansion (the “ignitor-heater technique”) [35, 89,
90], or by a capillary discharge [36, 41, 49, 91-93]. Use of the latter for LWFA was pioneered
by Simon Hooker’s group at Oxford, which the author belongs to, in collaboration with the
group of Wim Leemans at LBNL. It was key to the first acceleration of electrons to GeV
energies in a laser-wakefield accelerator [36].

Pulse compression occurs due to similar considerations. The longitudinal density gra-
dient created by ponderomotive pressure at the front of the pulse results in a gradient in
the index of refraction, which in turn results in a gradient in the laser group velocity. This
leads to steepening of the leading edge of the pulse and shortening of its overall duration.
This happens in conjunction with a redshifting of the photons at the front of the pulse — a
natural consequence of energy transfer to the wake [56].

Limits to acceleration

So far we described a process where a laser pulse drives a wake in which electrons are
trapped and accelerated, although we gave few details of the dynamic evolution — and
indeed termination — of this process. Here we briefly cover the key points in this respect.
Broadly speaking, electron acceleration comes to an end upon one of three possible limiting
events: the diffraction of the laser pulse, the depletion of its energy, or the dephasing of
the electron bunch within the wake so that it no longer experiences an accelerating (and
focusing) field.

Above we briefly discuss laser diffraction, and in particular ways that it can be counter-
acted. Virtually all contemporary acceleration experiments ensure guiding of the laser pulse
over many Rayleigh lengths by either operating in the parameter range for self-guiding, or
by employing external guiding structures. Termination of the acceleration process due to
laser diffraction is therefore rarely a limiting factor for well-designed systems.

The regime where acceleration is terminated due to depletion of the pump laser (or
‘pump depletion’), on the other hand, is more common. This depletion process can be thought
of as taking place somewhat differently in the 1-D (w¢ > A;) nonlinear (a% > 1) regime, and
in the bubble regime. In the 1-D case we can consider the overall transfer of energy from
the drive pulse to the wake, and by equating the energy in the wake to that of the pulse we
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obtain a pump depletion length of [48]
V2ao Ay
ﬁ.

In the bubble regime, only the front of the laser actually interacts with the plasma, since

Lpin= (2.22)

all plasma electrons behind it have been expelled. This causes the front to etch at a rate
Vetch ~ cw2/w? [94], which for a laser pulse of length 74 results in a bubble-regime pump

depletion length of [56]
/12
Lpd,b = A_IZ)CTd' (2.23)

The final limiting factor is electron dephasing. Electrons are only accelerated towards
+z in the part of the wake that has a negative electrostatic potential gradient along z, i.e.
E, < 0. This roughly corresponds to the rear half of each “bucket” of the wake, see Fig. 2.2.
When it reaches the middle of the bucket the bunch is no longer accelerated, and in the
front of the bucket it is decelerated. This movement of the bunch towards the front of the
wake during the acceleration process is inevitable, since under typical conditions the group
velocity of the driving laser — and thus the phase velocity of the wake — corresponds to
a relativistic Lorentz factor y(vg) = w/w, ~ 20, while electron bunches are frequently accel-
erated to energies corresponding to Lorentz factors y ~ 1000. In other words, the bunch
velocity (after some acceleration) can be far closer to ¢ than the wake velocity, causing it to
outpace the wake. The dephasing length in the nonlinear 1-D regime [48],

Qa0 A
Lgn= \/;“0 7 (2.24)
again differs from that in the bubble regime [56],
2,/ag A
Lap= ;/;:_0/1—2, (2.25)

although only by a small constant factor. Here we have neglected the requirement for trans-
verse focusing of the bunch throughout its acceleration, which in the nonlinear 1-D regime?®
would have reduced L4, by a further factor of 2. Note that in this regime the dephasing
length is equal to the pump depletion length, Ly, = Lyq,n. For typical parameters, accelera-
tion takes place over a distance of a few to a few tens of millimeters.

For the case where acceleration is limited by dephasing, the maximum energy gains are

given in literature as [48]

4001 [W/cm?
Ade[MeV]z—[ _cm] (2.26)
’ nelem—3]

for the 1-D nonlinear regime, and as [56]

1 4/3
AWd,b[MeV]z0.25(7p) VPIGW] (2.27)

for the bubble regime. Note that even though E, the peak accelerating field in the linear
regime, scales with the square root of plasma density (cf. Eq. (2.15)), the dephasing length

3In the bubble regime transverse focusing occurs at all longitudinal positions within the bubble.
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3/2
e

with decreasing plasma density. Both of these idealized relations give energies in the range
of several 100 MeV to several GeV for typical acceleration parameters — particle-in-cell sim-
ulations are generally necessary to capture the full dynamics of the acceleration (including,
e.g., laser evolution and beam loading effects) and obtain more reliable estimates.

has an inverse dependence on n%“, and therefore the total energy gain achievable grows

This subsection aimed to give an overview of the key concepts behind laser-wakefield
acceleration. Many details were omitted here: theoretical treatments of the nonlinear
regimes; details of the criteria for self-injection; a more detailed theory of laser evolution;
or indeed scaling laws for acceleration in the linear regime, which is not frequently used in
practice. For further information we direct the reader to the many excellent publications
on the topic, and in particular the comprehensive review articles by Esarey, Sprangle, Krall
and Ting [47], and by Esarey, Schroeder and Leemans [48]. We go on to discuss recent
experimental achievements in the field.

2.1.2 Review of recent experiments

Since the initial generation and acceleration of quasi-monoenergetic “dream beams” in the
experiments by Mangles et al. [33], Geddes et al. [35], and Faure et al. [34], the field of laser-
wakefield acceleration has practically ballooned: in terms of the number of research groups
involved in experiments, as well as theory and simulations; the number of laser facilities
dedicated to LWFA experiments; and the number of publications. Here we give a brief
overview of recent experimental trends, on the basis of which we select viable parameter
sets for electron bunch production, now and in the near future.

Table 2.1 summarizes the approximate acceleration (laser and plasma) parameters for
which recent laser-wakefield acceleration experiments have been carried out, and lists fig-
ures of merit for the quality of the produced electron bunches. The parameters P and I
are respectively the peak power and intensity of the driving laser, and 74 is the full-width
at half-maximum (FWHM) pulse duration; E is the energy of the best quasi-monoenergetic
bunches that were produced, and og/E is their FWHM energy spread; @ is the charge,
which is sometimes quoted as the charge over all detected energies — explaining the very
high values given in some cases — though more often the charge in the quasi-monoenergetic
peak; o, is the FWHM divergence; ¢, is the normalized emittance (only where it was de-
duced experimentally — many publications quote figures of a few mm mrad based on simu-
lation results); and o, is the FWHM bunch duration, again only where this was measured
experimentally. The experiments are listed in roughly chronological order. The years are
approximate.

A simple skim down the table reveals a number of general trends: the frequency of
LWFA experiments — or at least the frequency of those that yielded publishable results
— has increased significantly, as has the diversity of the high-power laser facilities where
the experiments are taking place. As the experiments mature the application of controlled
injection techniques is becoming more commonplace, with ionization injection in particular
gaining recent popularity. More sophisticated bunch diagnostics are also now being carried
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out, such as measurements of emittance using pepper pots [95, 96], or of bunch length via
coherent transition radiation [97] (also Chapter 5 of the present thesis) and direct imaging
inside the wake [98].

A trend that is less clear from the presented figures is the fact that the stability of ac-
celeration has increased dramatically: while earlier publications were based around data
taken for a small number of successful shots, during more recent experiments regimes have
been identified where quasi-monoenergetic electron bunches are produced for > 90 % (some-
times > 99 %) of laser shots [99, 100], with corresponding stability improvements in bunch
energy and pointing (typically < 10% and a few mrad, respectively). The contribution of
better pulse quality and stability of the driving lasers in this respect cannot be overstated.

Nonetheless, it seems that some bunch parameters have not improved as significantly
during the seven years since the initial “dream-beam” experiments. One of these is the
bunch energy spread, which appears to have remained stubbornly at a level 2> 2% FWHM.
A closer look reveals that for typical experiments this is close to the resolution limit of the
electron spectrometer [35, 36, 101, 102], which clearly calls for more sophisticated diag-
nostics, for instance bunch focusing in the spectrometer as reported by Weingartner et al.
[100].

Bunch charge measurement is also an issue of some contention. One reason for this is the
lack of definition of what the “bunch charge” actually comprises: whether it is the charge
in the entire bunch, or above some cut-off energy, or in the quasi-monoenergetic peak —
though in the last case, there is no universal definition of the bounds on the peak. This
is particularly an issue in the (common) cases where the quasi-monoenergetic peak in the
electron spectrum is superimposed on a background with a broad quasi-thermal spectrum,
which can itself contain a lot of charge. Recent experiments where charge at the 10pC
level was consistently observed in the high-energy quasi-monoenergetic peak [97, 99] have
called into question the reliability of earlier measurements of nanocoulomb-level bunches
[34, 35]; the latter imply ~ 10 % conversion efficiency of laser into electron energy. In either
case, reliable calibration of the scintillating screens used in electron spectrometers — as
recently carried out by e.g. Nakamura et al. [103] and Buck et al. [104] — and its consistent
application across experiments are of crucial importance.

Based on the results in Table 2.1 and the above considerations, in Table 2.2 we present a
summary of current experimental capabilities for stable operation. While the experimental
values quoted in Table 2.1 correspond to full-width at half-maximum measures of spread
(e.g. in energy, divergence and bunch length), the values given in Table 2.2 have been con-
verted to root-mean-square, assuming a Gaussian distribution, i.e. by dividing by 2@.
This reflects the fact that root-mean-square measures are more common when dealing with
topics pertinent to conventional accelerators, and will facilitate the discussion in the re-
mainder of this chapter, and the next.

In Table 2.2 we also present projected parameters for stable operation in the near fu-
ture. These projections are in the context of a number of concepts that are currently being
developed and tested, that are expected to lead to notable improvements in the near term.
Of these, controlled injection is probably the most important, but certainly not the only one.



Table 2.1: Overview of recent LWFA experimental parameters and results. Quoted spreads (o) are full-width at half-maximum.

Laser Plasma Electron bunch
P T4 1/1018 neo/10'®  Target Inj. E og/E @ g, €n o, Ref. Facility Year
(TW) (fs) (W/em™2?) | (cm™®) (MeV) (%) (pC) (mrad) (um) (um) (~)
12 40 2.5 20.0 v 72 3 22 87.0 [33] ASTRA (RAL) 2004
30 33 3.2 6.0 v 170 24 500 5.0 [34] LOA 2004
9 55 11.0 19.0 Y 86 2 320 3.0 [35] LoAsis (LBNL) 2004
30 30 3.2 6.0 v 170 24 [106] LOA 2005
30 30 3.0 6.0 v 200 5 10.0 13.0 [107] LOA 2006
24 30 3.4 7.5 v C 125 9 25 4.0 [66] LOA 2006
35 35 4.0 20.0 v 150 7 [568,61] Lund 2006
8 80 50.0 40.0 v 47 4 10.0 [108] Jena 2006
40 38 1.0 4.3 © 1000 2 30 1.6 [36, 109] Loasis (LBNL) 2006
11 45 15.0 v 40 30 30 13.6 [110] ASTRA (RAL) 2006
14 50 2.2 7.5 v 80 6 5.0 [111] ASTRA (RAL) 2007
18 42 1.5 3.2 © 300 3 45 1.3 [112] ATLAS (MPQ) 2007
8 40 19.0 10.0 v C 9 7 1.3 [113] ASTRA (RAL) 2007
13 45 0.8 8.0 © I 200 5 100 1.5 [93] ASTRA (RAL) 2007
10 47 16.0 22.0 v D 1 22 500 20.0 [72] LoaAsis (LBNL) 2007
5 80 5.0 20.0 v 64 2 28 1.6 [37,101] Jena 2008
20 42 1.7 7.3 ] 198 8 10 1.8 [99] ATLAS (MPQ) 2008
11 40 3.0 20.0 v 134 8 9 4.0 [70] J-KAREN (JAEA) 2008
30 4.6 5.7 v C 180 5 20 [68] LOA 2008
30 80 2.5 © 540 10 250 [41,88] GEMINI (RAL) 2008
200 55 19.0 5.7 v 800 550 3.6 [114] GEMINI (RAL) 2008
5 8 12.0 20.0 v 25 3 3 6.3 [115] LWS-10 MPQ) 2009
20 37 1.7 8.0 ] 210 7 0.7 [38] ATLAS (MPQ) 2009
30 30 3.3 ® 80 [116] HERCULES (MI) 2009
30 4.6 5.7 v C 206 7 13 4.5 [67,84] LOA 2009

Continued on next page
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Table 2.1: Overview of recent LWFA experimental parameters and results. (cont.)

P 14 I10"™ |n.10'® Target Inj.| E op/E @Q o €n 0. | Ref Facility Year
65 60 3.0 v 720 7 100 2.9 [63] CALLISTO (LLNL) 2009
72 32 47.0 8.0 v 230 11 200 3.8 [59] HERCULES (MI) 2009

8 8 2.5 19.0 v D 24 4 2 0.5 [75] LWS-10 (MPQ) 2010
23 37 7.7 ] 170 23 [117] ATLAS (MPQ) 2010
24 30 35.0 25.0 v I 110 10 15 3.0 [77] HERCULES (MI) 2010
11 45 14.0 v I 92 [78] UCLA 2010
30 30 2.0 10.0 v 125 3.0 2.2 [95] ALPHA-X (Strath.) 2010
10 8 50.0 v D 20 1 6.0 2.3 [96] LWS-10 (MPQ) 2010

110 60 31.0 1.3 v I 1450 50 4 25.0 [79] CALvLisTo (LLNL) 2010
30 30 3.6 8.5 v C 100 10 100 4.3 [73] LOA 2010
30 30 3.6 10.0 v C 84 25 15 6.0 1.1 [97] LOA 2010
16 8 6.0 32.0 v 19 12 2 11.0 5.3 [98] LWS-20 (MPQ) 2010
28 30 40.0 14.0 v 190 [118] HERCULES (MI) 2011
23 37 ] 190 2 3.2 [100] ATLAS (MPQ) 2011
45 40 5.7 v I 800 15 4 2.6 [80] Shanghai 2011
40 60 3.0 v I 460 5 35 2.3 [81] CALLISTO (LLNL) 2011
Key:

vV gasjet colliding-pulse injection (collinear or colliding)
(] gascell ionization-induced injection

© discharge capillary waveguide D density-ramp or density-transition injection

® ablated capillary waveguide

Y plasma channel by laser pre-ionization
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Table 2.2: Sample electron bunch parameters from a LWFA source: current state and near-
term estimate. All spreads are root-mean-square.

Current Future

Energy E, <800 <1500 MeV
Energy spread og/E 1 05 %

Bunch charge Q 20 100 pC
Bunch length o, 0.5 0.5 pum
Transverse size o 1 1 pm
Divergence a, 1 0.5 mrad
Geometric emittance € 1 0.5 pm mrad
Normalized emittance €n 1.5 1.5 mm mrad

The separation of the injection from the acceleration stages (demonstrated recently by Pol-
lock et al. [81] and Gonsalves et al. [74]) presents another significant advance, since the
conditions required for injection are often very different from those desired for acceleration.
Namely, while injection typically requires high plasma densities*, the optimum conditions
for acceleration to high energies are obtained in lower density plasmas (see e.g. Ref. [105],
and the scalings in Sec. 2.1.1). Further target optimization, such as tailoring of the plasma
density profile, as well as improvements in laser stability and reliability, are likely to lead to
continued improvements in the observed bunch characteristics. At the same time, improved
and more advanced diagnostics (see e.g. [96-98] and Chapters 4-5 of the current thesis) will
continue to shed light not just on these characteristics, but on the acceleration process itself.

2.2 Beam transport

Upon exiting the plasma accelerator, the electron bunch will propagate a certain distance
in vacuum before reaching its intended target, in this case the undulator. In this section
we discuss the dynamics of the bunch during free-space propagation, and highlight ways
in which it can be manipulated — using so-called beam optics — in order to bring it to the
state required for optimum generation of radiation. We also discuss the issue of repulsion
due to space-charge forces.

2.2.1 Introduction to beam emittance

The electrons that comprise a bunch will have a certain distribution of positions, x,y,z, and
corresponding momenta, p.,py,p;, that are all functions of time. We may introduce a func-
tion, f(x,px,¥,Py,2,P2,t), that describes this distribution in 6-D phase space, representing
it as a continuous particle density rather than a collection of discrete particles. According
to Liouville’s theorem [119], this density — and hence the volume in phase space occupied

4Even though self-injection is also observed at low densities, higher densities almost universally lead to
higher injected bunch charges.
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by f — will remain constant under the action of conservative forces. This fact underpins
the definition of emittance, denoted &, as a measure of the phase-space volume occupied
by f [120, 121]. Emittance, in the simplest sense, is a measure of the bunch quality: in-
corporating in it the bunch length and energy spread, as well as the transverse size and
divergence. It is conserved under propagation of the bunch through drift space, or a linear
focusing system (see Sec. 2.2.2).

Typically, emittance along the spatial dimensions x, y and z is considered separately,
by projecting the volume of f onto the orthogonal planes x — p,, y—py, and z — p,. In fact,
the unqualified term “emittance” is frequently used to refer to transverse emittance (along
X —Px; ¥ —Dy) alone. Furthermore, the “trace-space” quantities x' = p,/p, and ¥’ = p,/p, are
often used as a more convenient (angular) measure of deviation from straight motion along
the z-axis, than the momenta p,,p, [122]. This assumes p,,p, < p,, which is true for the
relativistic bunches considered here.

Here we focus on transverse emittance, and for illustrative purposes limit ourselves to
the x-dimension. While definitions vary, a common measure of emittance is the root-mean-
square emittance, which in 1-D is

Exrms = \/ (x2) (x2) = (xx!)?. (2.28)
sms = \/ (x2) (x'2)

Transverse emittance is commonly normalized by the mean relativistic Lorentz factor of
the bunch, y, to obtain the normalized emittance, £, = ye. As well as being conserved under
the above-mentioned conditions, normalized emittance is also conserved under perfect ac-
celeration or deceleration of the bunch. For clarity, non-normalized emittance is sometimes
referred to as ‘geometric emittance’.

One of the advantages of representing a bunch by the collective phase-space distribution
of the particles — rather than by their individual positions in phase space — is the simpli-
fications of calculations of bunch evolution along the beamline: the tracking of individual
particle trajectories is no longer necessary, as this representation allows for the propaga-
tion of the overall distribution. Such calculations are normally carried out by representing
the bunch distribution in each spatial dimension as an ellipse, e.g. in x — x’ space, which in
particular allows for analytical propagation. Figure 2.4 illustrates this phase ellipse repre-
sentation.

The Twiss parameters®, also known as transport parameters, at, fr, and YT, together
with the emittance, completely describe the phase ellipse boundary via the relation

yra? + 2apxx’ + Pra’? =€, (2.29)

e.g. as shown in Fig. 2.4. In particular, the projected bunch size — i.e. the size measured
experimentally by a device, such as a scintillating screen, that only records particle positions
and not directions of motion — is X = \/Bre, while the spread in propagation angles is
X' = /yre. Correspondingly, the Twiss parameters S and yr have dimensions of length

5We use the subscript 1 to denote Twiss parameters in order to avoid confusion, in particular with the
normalized particle velocity B or Lorentz factor y.
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Figure 2.4: Phase ellipse representing the distribution of particles in x—x’ space, i.e., particle
location along the horizontal axis and divergence (angle of propagation with respect to the
z-axis) along the vertical axis. The area of the ellipse is the emittance, ¢,, multiplied by
n. The Twiss parameters fr and yr represent the projected bunch size and divergence,
respectively, while at is a measure of whether the bunch is converging towards a waist in x
(at > 0), or diverging away from one (at < 0; blue ellipse). The yellow ellipse represents a
bunch at waist (a7 = 0).

and length™!. During propagation through a free space of length L, the three parameters
evolve according to the transformation

an 1 0 -L\(ar
pr|=|-2L 1 L*||pr]|, (2.30)
ve) Lo o 1)\

where the primed quantities are those after the drift space.

Experimentally, transverse emittance is a useful quantity because it encapsulates both
the size and the angular divergence of the bunch. It represents a limit on the ability to keep
the bunch transversely focused to a narrow cross-section over a long distance — a topic that
is the subject of the next subsection.

2.2.2 Focusing optics

An electron bunch exiting the laser-wakefield accelerator typically has a transverse size
on the micrometer scale, in part imposed by the transverse plasma bubble dimension, and
transverse divergence on the milliradian scale. While the combination of these parameters
results in a low normalized emittance of order Il mmmrad (see e.g. Sec. 2.1.2), the relatively
large divergence leads the bunch to expand transversely in size to several millimeters over
just a meter or two of drift space. A bunch of this size would be useless for most radiation
generation applications.

Ideally, we would like to exploit the low emittance and achieve a better balance between
transverse size and divergence. In practice this means going from an ellipse that is narrow
(in x) but tall (in ") — such as the one colored yellow in Fig. 2.4 — to one that is wide but
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Reproduced with permission from World Scientific Publishing Co [123]. Copyright © 2000.

Figure 2.5: Cross-section of a quadrupole magnet lens, with magnetic field lines shown
emanating from the electromagnets.

short. The latter represents a bunch of the same emittance that has a larger transverse
size (at focus), but a lower divergence. Key to achieving this transformation is the use of a
focusing system. The basic component of such a system is the quadrupole lens, a schematic
of which is shown in Fig. 2.5. The field strengths in x and y are proportional to the distance
from the axis [124]:

0B, 0B,

y=kqy, By= P kqx, (2.31)

where kg is the quadrupole gradient. Via the Lorentz force, this results in transverse accel-
eration [123]

d?x d?y

7= kX, i —kqy, (2.32)
i.e., while particles in one of the dimensions are pushed back towards the axis® in the other
dimension they are accelerated away from it. Due to this, a quadrupole is either horizontally
focusing and vertically defocusing, or horizontally defocusing and vertically focusing.

For quadrupoles that are relatively short, so that particles undergo negligible change
in transverse position during the time they take to propagate through them, we may em-
ploy the thin-lens approximation, yielding the changes in angular direction as functions of
transverse position,

Ax' = —K¢lx = —;, Ay =~Kely= %, (2.33)

where K¢ = eky/(ymc) is the focusing parameter, / is the quadrupole length, and f is the
effective focal length. The thin-lens approximation is valid for focal lengths f > [. In the
nomenclature of Twiss parameters, a thin lens leads to the transformation

arn 1 1/f 0\(ar
pil=lo 1 ol|pe]. (2.34)
vo) \2r v 1)\

6For instance, for kq <0, particles at x < 0 are accelerated towards positive x and particles at x > 0 are
accelerated towards negative x.
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cf. equation (2.30).

In Section 2.2.1 we noted that Liouville’s theorem, which underpins emittance conser-
vation, is applicable under the action of conservative forces. The forces that result from an
ideal quadrupole magnet’s linear field gradients, cf. Eq. (2.31), are indeed conservative, as
verified by Wiedemann in Ref. [120], where he also provides a generalized quantitative cri-
terion for the class of transformations that preserve the phase-space volume of a bunch. On
the other hand, nonlinearities in these fields may increase emittance — an effect that can
be compensated using beamline optics with higher-order fields, such as sextupole magnets
[124].

A related effect — chromaticity — arises when an electron bunch with a finite energy
spread passes through the quadrupole. Since the focusing strength of a quadrupole, Ky,
depends on the electron energy, electrons of different energies are deflected in somewhat
different directions. After passing through a focusing system, the transverse bunch size will
therefore be larger than the focused size of a monochromatic bunch at the design energy.
This can especially be an issue for electrons from a laser-wakefield accelerator, with energy
spreads on the 1-% level. Chromatic effects should therefore be taken into account — and if
possible minimized — when designing quadrupole focusing systems for light sources driven
by LWFA-generated electrons.

Synchrotron radiation sources commonly employ lattices comprising quadrupoles with
alternating focusing directions that are interspersed with drift spaces, known as “FODO
lattices”, that provides continuous transverse focusing [124]. Moreover, this focusing is
periodic, whereby the Twiss parameters at the end of each FODO cell” are equal to those at
the beginning, provided they are initially matched. This introduces the notion of a ‘matched
B-function’ for a particular focusing configuration. In a storage ring the characteristics of
an initially matched bunch can be preserved over large numbers of circulations around the
ring.

In the case of a compact light source driven by bunches from a laser-wakefield acceler-
ator, however, FODO lattices are unlikely to be employed, at least in the first instance. All
the proposals outlined in Chapter 3 assume that radiation is generated in a single undula-
tor, with a single set of beam optics (a quadrupole doublet or triplet) present between the
accelerator and the undulator — rather than a series of undulators interspersed with beam
optics. There are several reasons for this, apart from the obvious savings of cost and space.
One of the arguments for a single-undulator setup is that the transverse bunch emittance
is predicted to be low enough to allow a single set of focusing optics to focus the bunch to
a sufficiently narrow transverse size (~ 30 um) that can be maintained over a sufficiently
long distance (~ 2m) for FEL saturation to occur (cf. Table 3.3). Another argument is that
in light of shot-to-shot fluctuations in a LWFA, it would be difficult to consistently produce
bunches with parameters — such as transverse size and divergence, but also energy — that
comply with the more restrictive matching conditions along the full length of a multi-stage
focusing system.

A single cell comprises a lens that is focusing in x (defocusing in y), a drift space, a lens that is defocusing
in x (focusing in y), followed by another drift space.
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The research group of Florian Griiner at the Max-Planck-Institut fiir Quantenoptik
in Garching, Germany has in recent years carried out research towards the realization
of a “table-top” FEL source [39]. A significant outcome of that research has been the
development — together with external collaborations — of miniature permanent-magnet
quadrupoles with very high field gradients, k4 = 500T/m [125, 126]. Refs. [39, 125] describe
particular focusing schemes employing pairs of these quadrupoles, while Ref. [100] presents
an experimental analysis of this focusing in practice. We direct the reader to these refer-
ences for details of concrete quadrupole arrangements that may be used for focusing in a
compact light source. For a wealth of further discussion on emittance, focusing, and bunch
dynamics in general, we moreover direct the reader to the excellent texts by Wiedemann
[120] and Humphries [121].

2.2.3 Space-charge considerations

Electron bunches produced in a laser-wakefield accelerator can have charge of order 100 pC
confined within a volume with micrometer-scale dimensions both longitudinally and trans-
versely. This raises the question of possible degrading effects due to space-charge forces.
These effects have been the subject of several recent studies [39, 127-130], where a range
of theoretical and computational approaches has been applied to the problem. Space-charge
forces were also the subject of an internal study which was carried out under the guidance
of the author [131], the key conclusions of which are also published in Ref. [132]. Here we
present a brief summary of the main findings in these publications.

In the longitudinal dimension, in its rest frame the bunch size is relativistically ex-
panded by its Lorentz factor to o), = yo,, whereby the space-charge force is greatly reduced
[39]. Under these circumstances, even for ultra-high-current bunches with I, ~ 50kA, as
long as the bunch energy is moderately high, y ~ 600, the induced energy chirp and the in-
crease in bunch length after approx. 1 m of propagation are both at just the few-percent level
[129]. While this level of bunch expansion is not notable, the energy chirp may be an issue
in the context of driving a free-electron laser, where energy spreads below 1% are normally
required (see Secs. 2.3.2, 3.2.2). Refs. [39, 129] offer some suggestions on how to counter
this chirp, for example by driving the laser-wakefield accelerator just past dephasing, so
that the bunch emerges with a negative energy chirp that is then negated by the positive
chirp induced by the space-charge forces.

In the transverse dimension, on the other hand, the bunch is not relativistically ex-
panded and the contribution of space-charge effects to transverse growth may be more sig-
nificant. It has been demonstrated, however, that space-charge driven expansion is only sig-
nificant during the very earliest stages of bunch evolution after exiting the plasma, before
it has expanded to a transverse size of ~ 100 um at which point space-charge forces again
become negligible [129, 131]. This is again only an issue for bunches of extremely high
charge, ~ 0.5nC. Moreover, any transverse Coulomb expansion has already taken place
at the point at which the divergence of the bunch is experimentally measured, therefore
current diagnostics already account for space-charge induced divergence.
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With these considerations in mind, and on the basis of theoretical evidence in the cur-
rently available body of work on the subject, it appears that space-charge effects should be
insignificant for the regimes that we go on to consider. In particular, they are not expected
to strongly manifest for bunch charges below approx. 100 pC and bunch energies = 200 MeV.
We will therefore not treat space-charge effects further in our analysis of bunch evolution.
We now go on to a discussion of the final components of a compact light source.

2.3 The generation of undulator radiation

Having followed the path from injection and acceleration through beam transport, the elec-
tron bunch now reaches its ultimate goal — the generation of radiation in an undulator.
The present section provides a theoretical description of the generation of undulator radi-
ation, extending to free-electron lasers, in order to allow us to make informed predictions
and suggest optimized parameters for a future lights source driven by electrons from a
laser-wakefield accelerator. In the following subsection, we describe the motion of electrons
through an undulator, and derive the spatial and spectral characteristics of the emitted
incoherent radiation. Subsequently, we assess the possibility of feedback of the emitted ra-
diation on the electrons, and describe how this may lead to exponential gain in the radiation
intensity, in the process harnessed by free-electron lasers.

The final subsections give a treatment of transverse bunch dynamics in the undulator,
as well as a brief overview of presently available undulator technology. Here we use the
term “undulator” to refer to periodic magnetic lattices of any strength, despite a distinction
in some literature between “undulators” and “wigglers”, where the latter term is used for
lattices with stronger fields.

2.3.1 Incoherent undulator radiation

Figure 2.6 shows schematically the propagation of an electron through an undulator. Here
we consider an undulator with a plane-polarized magnetic field that has an on-axis magni-
tude

B,(2) = Bgcos(kyz2),

where &y = 27/Ay, Ay is the undulator period, and B is the peak field strength. The treat-
ment that follows is similar to that for a helical undulator (which is carried out in e.g. [133]),
and the main differences will be highlighted in the text.

Figure 2.6: The path of an electron (red) as it traverses the alternating magnetic fields of an
undulator assembly. The electron propagates along the z-axis, while a sinusoidal magnetic
field oriented along the y-axis deflects it alternatingly towards +x and —x.
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If, as a first approximation, we take the speed of the electron along z to be ¢, we can
write the Lorentz equation for acceleration along x as

d
ym% =—ev,B, = —ecBgcos(ky2),
which can be integrated to give
2
Uy =— v2cay sin(ky2). (2.35)
Y
Here we have introduced the normalized rms undulator strength parameter,
eB 0
Qy=——"—. (2.36)
h V2mecky,

It should be noted that in a significant part of the literature on the topic, the peak undulator
parameter, K = v2a,, is used instead. As alluded to previously, when this parameter is
much greater than unity the term “wiggler” is sometimes used instead of “undulator”. This
corresponds to a regime where the maximum deflection angle of the electrons away from the
axis, ~ \/ﬁau/y, is greater than the emission angle of the radiation, ~ 1/y [134]. While some
of the radiation characteristics do indeed differ between the two regimes, the fundamental
emission processes are equivalent, and therefore we simply use the designation “undulator”
throughout.

Assuming no significant deflection along y, from the definition of y = 1/y/1 - |v|2/c2 we
obtain

This relation stems from the fact that a static magnetic field cannot do work on a charged

particle, therefore y is conserved. Substituting v, from Eq. (2.35) and carrying out a bino-

mial expansion of the square root, the expression becomes

1+ai)+aic (2ky2) (2.37)
—=CO0S 2). .

27/2 27’2 u

The first (bracketed) term corresponds to the overall speed of propagation of the electron

along z, which is reduced by about (aﬁ/2y2)c with respect to the speed of direct propagation

in the absence a deflecting structure. Based on this, we introduce the normalized mean

vzzc(l—

longitudinal velocity
1+a?
2y2
The second term is an oscillation in the speed along z that is coupled to the magnitude of
vy, corresponding to the characteristic “figure-8” motion of the electron in x-z space. This

Bzo=(v)c=1-

oscillation is the source of higher odd harmonics of the fundamental emission wavelength,
and is not present in the case of a helical undulator.

As we established, an electron of nominal energy ymc? is moving through the undulator
at a mean speed along z of 8,9c. The corresponding frame of reference moving at this mean

speed has a Lorentz factor of
* Y

"o \/1+a%’
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see e.g. [124, 134]. In this frame, the electron will experience a magnetic lattice that is
relativistically contracted in the longitudinal direction by a factor y*. The transverse motion
of the electron will therefore have a period of 1* = 1,/y*, corresponding to the emission of
dipole radiation of frequency .

= e
Transforming back to the lab frame, an on-axis observer downstream from the undulator
will see this emission with an additional relativistic Doppler shift:

fr c

= = . 2.38
Y*(l_ﬁZO) Au(l_ﬁzo) ( )

f

Finally, since for ultra-relativistic electrons, (1 — ) = 1/(2y?), this frequency corresponds to
a wavelength of emission of

AR=—= =—(1+d?). (2.39)

This is the undulator equation in its most basic form, describing the emission by a rela-
tivistic electron traveling on-axis through a quasi-infinite undulator. It can be extended to
account for off-axis observation by multiplying .0 in equation (2.38) by a factor cosf, where
0 is the angle of observation. This yields

Ay 2, .22
)LR:2—Y2(1+au+)/0 ), (240)
i.e. photons emitted off-axis are less energetic. We go on to discuss further modifications
that adapt the undulator equation to more realistic operating conditions.

Due to the finite time of travel of the electron through the undulator, the emitted ra-
diation pulse will have a finite duration and thus a finite bandwidth. An electron making
N, oscillations in an undulator of length Ny, will emit a wavetrain with that same num-
ber of periods, corresponding to a Fourier-transform-limited spectrum with a sinc? distri-
bution around the central frequency. The full width at half-maximum of this spectrum is
Aw/wg = 0.89/N,, where wgr = 2nc/AR is the central angular frequency of emission.

Furthermore, while equation (2.39) is limited to a single electron of energy ymc? nom-
inally propagating along the undulator axis, a realistic electron bunch will not be purely
monoenergetic (or “cold”), nor mono-directional. Both the finite energy spread and the fi-
nite angular divergence of the bunch will affect the radiated spectrum in similar ways, as
they both cause a spread in the rates of propagation along z. In other words, f,0 and cor-
respondingly y* now take a range of values. For any given electron, a deviation from the
central energy by Ay leads to a radiation frequency deviation of Aw/wg = 2Ay/y, while an
angular deviation of a@ with respect to the z-axis leads to a reduction in radiation frequency

of Aw/wg = —y*2a?.

The true linewidth of on-axis undulator emission at the fundamental wavelength will
be the result of convolving the spectral broadening effects outlined here, as well as others
that may result from e.g. nonuniformities in the undulator magnetic field. In particular, we
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Figure 2.7: Scaling of [JJ]? with ay, as well as overall dependence on a, of energy emitted
into the central cone and natural bandwidth at the first harmonic (that is, [JJ1? - 2a2/(1 +
a2)?). For details refer to text, in particular Eq. (2.43).

have assumed that the magnetic field has only a z dependence, while in reality (even in the
ideal case), it will vary with transverse position as well. This means electrons entering the
undulator at different transverse positions will emit differently, leading to additional modi-
fications in the spectral and spatial characteristics of the radiation. For further information
on transverse effects, including transverse focusing effects of the undulator, we direct the
reader to Reiche’s treatment in Ref. [133, Sec. 2.1], and references therein.

As well as emission at the fundamental, electrons traveling through a planar undulator
will emit higher odd harmonics due to the z-dependent variation of v, described in equation
(2.37). This can be illustrated by integrating equation (2.35) to first order (i.e., assuming
z = B,oct) in order to obtain the transverse electron position as a function of time, ¢,

V2a,

x(2) =
qu 20

cos(kyv,t). (2.41)

Substituting the expression for v, from Eq. (2.37) here, and again only retaining first order

terms in ¢, we obtain
2

Zu Zu (2())
COoSs
'}/kuﬁzo 272:620

where { = kyf,0ct is the oscillation phase of the bunch along the undulator. One of the ap-
proaches to analyzing this expression is to express the cosines as sums of exponentials and

x(¢) = cos

>

((1+

expand the outer ones into Taylor series. One thus obtains a series of exponentials of the
i@+ where n is an integer. These are the odd harmonics of the fundamental that
are emitted due to the oscillations of v, in the planar undulator, and their emission ampli-
tudes are strongly dependent on a, (for a quantitative treatment see Kim’s 1989 monograph
[135]). Even harmonics are also emitted off-axis, and are again significantly more intense
for higher a,. In a helical undulator the longitudinal velocity is constant, therefore the odd
on-axis harmonics are generally not present, though harmonic emission can still be observed
off-axis, especially for larger a,,.

form e

The total energy radiated over all frequencies and into all directions by an electron bunch
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with N, electrons propagating through an undulator with N, periods is

Nee?y?Nyk2a2
36‘0

Eyaq = > (2.42)
as presented in the detailed work by Hofmann [124]. More specifically, the total energy
emitted into the central radiation cone, O, = 1/(y*y/Ny), within the natural relative spec-
tral bandwidth, Aw/wy = 1/N, at just the 15t harmonic, is [134]

Neezyzku a?

u 2
% 1 a%)z [JJ]. (2.43)

Erad,l =

Here [JJ] is a coupling factor that quantifies the fraction of radiation emitted at the fun-
damental, versus the higher harmonics. For a planar undulator, [JJ] = Jy(&) — J1(&), where
¢ =a2/(2+2a2) and Jy 1 are Bessel functions. Figure 2.7 shows a plot of [JJ]? as well as the
overall scaling of the emission for 0 < a, < 2. Since for the case of a helical undulator there
is no on-axis emission at the high harmonics, there [/J] = 1.

In Ref. [124], Hofmann also presents full analytical derivations of the spatial, angular
and spectral characteristics of undulator radiation, complementing previous work by Kim
[135]. For the purposes of the present discussion, we will use numerical means to further
determine these characteristics. In particular, it is possible to obtain the emission proper-
ties for an arbitrary electron bunch propagating through any undulator by integrating the
Liénard-Wiechert potentials of the oscillating electrons. This method is implemented in the
SPECTRA code [136].

Figure 2.8, for instance, shows the spectrum from a bunch of 500 MeV electrons through
a 2cm-period (a, = 1.06) undulator, both on-axis and integrated over a 1mrad acceptance
half-angle. The difference between the two curves clearly highlights (a) off-axis spectral
shifting; and (b) rich off- and on-axis harmonic content. Having described the emission prin-
ciple of incoherent undulator radiation, we continue with a discussion of the free-electron
laser regime.

2.3.2 Free-electron lasers

Undulator radiation is incoherent by nature. Barring special manipulation, the longitudinal
distribution of electrons in the bunch will be more or less homogeneous, therefore the phases
of radiation emitted by all electrons will not be correlated. Correspondingly, the output
energy scales linearly with electron bunch charge. When the system meets certain criteria,
however, the emission can become coherent in a regime known as a free-electron laser. This
can significantly enhance output energy level.

In a free-electron laser the spontaneous undulator radiation impacts a degree of lon-
gitudinal microbunching on the electrons, on the scale of the radiation wavelength. The
microbunching imparts a degree of coherence on the newly emitted photons, leading to an
increase in radiation intensity, which in turn increases the degree of microbunching. This
positive feedback process leads to an exponential gain in power output as the electrons
travel along the undulator.
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Figure 2.8: Undulator spectra from a 100pC bunch of 500MeV electrons (1% rms energy
spread) with 1 mm - mrad normalized emittance, focused at the center of a 1 m long undulator
of period 2cm with a, = 1.06. Blue line represents on-axis photon count per unit solid angle
(per 0.1% bandwidth); dashed line represents photon count integrated over a solid angle of
17 mrad?.

Microbunching due to a resonant electric field

To illustrate the basic physics, let us consider the way an electric field affects the energy of
electrons propagating through the undulator. From the zeroth component of the covariant
form of the Lorentz force, we obtain

% = %E-v, (2.44)
where E is the electric field vector [133, p. 20]. Limiting ourselves to electron motion
in the x-z plane and an electric field polarized along x, the electrons will gain energy
whenever E, and v, are parallel, or lose energy whenever they are antiparallel. In ad-
dition, let us remind ourselves that the electrons nominally propagate along z at a speed
of Boc=[1-(1 +ai)/(2y2)] ¢, while the radiation field® will propagate at c¢. The electrons
therefore slip behind the radiation at a rate of exactly one resonant wavelength, AR, for each
undulator period, Az = 1, (cf. Eq. (2.39)). These considerations underpin the microbunching
process, as illustrated in Figure 2.9.

Let us consider the sample electrons in Fig. 2.9. In frame (1) of panel (a), both electrons
have v, > 0, however they interact with different phases of the radiation field. This causes
the one colored cyan to lose energy, while the one colored magenta gains energy — corre-
sponding to the relative directions of £, and v, for each. In frame (2) the electron phases
with respect to the undulator field have advanced by n and they both now have v, < 0,
however the electric field has slipped over them by 7 and reversed sign. This means the
cyan-colored electron is still losing energy, while the magenta-colored one continues to gain
energy. In frame (3) the phases have advanced by 7 once again and the situation of frame

8For the moment we ignore diffraction effects.
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Figure 2.9: (a) The left panel illustrates qualitatively how an electric field of wavelength
AR leads to an energy modulation. The electrons, represented by magenta and cyan circles,
follow a quasi-sinusoidal path in x (green line) as they propagate along z. The radiation
field, pictured in red, propagates along with them, but slips forward of the electrons by
one radiation wavelength (Ag) for each advance of the electrons by an undulator period
(Aw). (b) The right panel illustrates the evolution of the relative energies and positions of
sample electrons at different initial phases with respect to the radiation. Electrons at the
initial energy are colored green, while red signifies higher energy and blue signifies lower.
Detailed explanations of both panels are given in the text.

(1) is repeated, though the electrons are now interacting with the next cycle of the radiation
field.

Consequently, for a radiation field of wavelength Ag with constant amplitude and phase,
the energy modulation is enhanced over subsequent undulator periods. The accumulated
modulation is sinusoidal, with a period equal to that of the radiation. This is illustrated in
panel (b) of Fig. 2.9, where sample electron positions are shown with respect to the frame
moving at f,9c. The evolution of the energy modulation of each electron (represented by
its color), and the corresponding position changes are shown at different points along the
undulator in frames (0)—(4). A snapshot of the electric field that interacts with the bunch is
shown for reference. In this case the snapshot is of the field overlapping the bunch when it is
at z = Ay/4, i.e., when its velocity along x is maximum (cf. Eq. (2.35)), which is the situation
depicted in frame (1) of panel (a).

The energy modulation can be thought of as arising from a ponderomotive potential that
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is the result of the combined effects of the undulator and the radiation. Since this potential
is constant in the reference frame moving together with the electron bunch (i.e., at B,9c),
we introduce the ponderomotive phase

0 =(kr+ky)z —kgret. (2.45)

The coordinates commonly used when characterizing the free-electron laser interaction are
z, the distance the electron bunch has traveled along the undulator, and 68, the position
within the electron bunch at which an event takes place. Somewhat counter-intuitively,
then, the z coordinate indicates the stage of evolution of the system.

The interaction described above can be quantified by substituting the appropriate values
of E, and v, in equation (2.44). Expressing the radiation field in terms of an envelope and
a carrier wave of wavenumber k£ and phase v,

E.=Ecos|k(z—ct)+vy]

3 mec2k

= aro cos[k(z—ct)+y],
e

where a, = eE,/(mc?k) is the dimensionless magnetic vector potential of amplitude a.g, we
obtain
dy _ \/§Ckauar0
dt

Ignoring the constant phase y, the product of the trigonometric functions is oscillating as

cos [k(z — ct) + ] sin(ky2). (2.46)

(kB +ky)z —kct. For a resonant build-up of energy modulation this, therefore, needs to be
zero. Setting z = ,9ct, the resonance condition becomes

k
Etk,

,320 =

Ignoring the ‘~’ sign in the denominator since it requires v, > ¢, we note that the resonance
condition B, = k/(k +k,) is exactly matched when & = kg = 27/1R (cf. Eq. (2.39)). That is, the
radiation wavelength required to induce a resonant energy modulation is the same as the
resonant wavelength of the undulator radiation emitted by the electrons. This reinforces
the pictorial treatment provided earlier.

FEL performance metrics

Since radiation emitted by monoenergetic electrons in an undulator can induce microbunch-
ing of the electrons with a period equal to the radiation wavelength, the degree of coherence
of the emitted radiation can increase, thereby leading to a power output that grows expo-
nentially in z. While this process is analyzed in detail in Chapter 6 (and further literature,
such as Refs. [133, 137]), here we provide some simple metrics that can be used to charac-
terize the performance of an FEL. These are also outlined elsewhere, e.g., by Pellegrini in
Ref. [138] in relation to the proposed (at the time) operation of the LCLS.

The high-gain FEL collective instability that leads to coupled exponential enhancement
in electron microbunching and radiation intensity was identified in the late 70s [139] and
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developed theoretically through the early 80s [140-142], with Haus [140] providing the first
treatment of start-up from noise. The 1-D model of Bonifacio, Pellegrini, and Narducci [142]
has proved particularly valuable in underpinning further theoretical developments. I this

model the Pierce parameter,
1/3

) (2.47)
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plays a central role. Broadly speaking, this parameter characterizes the strength of the
coupling of the electron beam to the radiation field in the undulator. In the context of
this model, we will refer to electron beam rather than bunch, since the model assumes
uniformity in the longitudinal dimension. Here I}, is the peak electron beam current; 1A =
mc3/e =~ 17 kA is the Alfvén current; o, is the transverse rms electron beam size; and [JJ]
is a factor that was defined after equation (2.43). Within this model the radiation intensity

grows as
I
I~ 30 exp(z/L¢) (2.48)
where z is the distance along the undulator and L¢ is the exponential gain length, given by

Ay
4\/§np’

(2.49)

and I, is the spontaneous coherent radiation intensity from an undulator of length L.
Even if the electrons have not been explicitly manipulated to induce microbunching prior to
their entry into the undulator, the “shot noise” — the random fluctuations in their discrete
positions — will lead to a small degree of coherent emission that will then be amplified by
the FEL in what is known as self-amplification of spontaneous emission (SASE). The number
of such coherent photons spontaneously emitted by N, electrons is Ny, = naNealzl/(l + aﬁ),
where a is the fine structure constant [138].

Saturation is reached when the energy radiated by the electrons causes them to lose
sufficient energy so as to no longer radiate within the FEL bandwidth? AAg = pAg. This
results in a saturation power of

Psat = p Ppeam, (2.50)

where Ppeam = (y)1 pch/e is the electron beam power. The saturation length, Lg,¢, is then
the distance at which the emitted power is Pg,¢, normally Lg,¢ = 20L¢.

While the radiation field slips over the electrons by one resonant wavelength, Ag, for
each undulator period, 1,, the total slippage over one gain length is the so-called cooperation

length [146],
A
L.=-—Lg, (2.51)
A
which is the distance over which a phase correlation between the electrons and field is es-
tablished. The temporal structure of the FEL output thus comprises a sequence of longitu-

dinally coherent spikes of duration At = L./c. Transverse coherence is similarly established

91t is possible to extract more energy by tapering the undulator period to shift the resonance to lower
electron energies, see e.g. Fawley et al. [143] for a proposal, and Ratner et al. [144] or Giannessi et al. [145] for
discussions of experimental implementations.
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through the diffraction of the radiation field over a gain length. Coherence-related aspects
of spontaneous FEL radiation are further discussed in Ref. [147].

While radiation diffraction enhances transverse coherence, efficient gain cannot occur if
the diffraction is too great, imposing the condition

Lg < Zg. (2.52a)

Here Zy is the Rayleigh range, Zg = nwg/)LR, where the radiation width, wg, can be taken to
equal the beam size, g,, under equilibrium. Additionally, the electron beam should not di-
verge faster than the radiation, setting the following condition on its transverse emittance:

£E<—. (2.52b)

The final condition that delineates the validity of this 1-D model concerns the energy spread
of the electrons,
Oy
—<p, (2.52¢)
Y

since only electrons that have energies within a factor p of the resonant energy will emit at
wavelengths that undergo exponential FEL gain.

While the model described above captures the key physics, it can give misleading re-
sults if the parameters of operation are not all well within the limits set out above. A full
three-dimensional treatment was carried out by Ming Xie [148] by solving the eigenmode
equations and carrying out a variational analysis to obtain a set of scaling laws'?. The
model allows the derivation of a scaling constant A that aims to capture the degrading ef-
fects on FEL gain of radiation diffraction, transverse electron bunch emittance, and energy
spread. This constant relates the 3-D solutions to the 1-D ones as psp = p/(1+ A), and cor-
respondingly Lgsp = (1+ A)Lg. In the next chapter we will use Xie’s scaling in order to
quickly scan a large parameter space and identify the most favorable working points for a
proposed FEL, before carrying out more detailed simulations.

Seeding with high harmonics

The longitudinal coherence length of FEL radiation can be extended beyond L. via seed-
ing by an appropriately coherent external radiation source. The presence of a sufficiently
11 seed ensures that the phase of microbunching is the same along the entire elec-
tron bunch — or at least to the extent to which the seeding source is temporally coherent.
However, conventional lasers operating at wavelengths shorter than ~ 200nm wavelength
are not readily available for use as seed sources. Recently there has been great interest at
numerous laboratories in seeding FELs directly with coherent radiation produced by high
harmonic generation (HHG) from intense visible laser pulses interacting with a gas. This
scheme has been tested experimentally in single pass FEL amplifiers to wavelengths as

intense

10A]s0 see references therein for other FEL analyses in three dimensions.
HThe seed needs to be more intense than the shot noise emission by the electrons. Giannessi derives a
quantitative criterion in Ref. [149].
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Adapted with permission from Macmillan Publishers Ltd: Nature Physics [152]. Copyright © 2007.

Figure 2.10: (a) An intense drive laser field (yellow) extracts an electron wavepacket (red
circle) from an atom or molecule (blue potential). The electron is pulled away from the
atom and accelerated in the continuum, then driven back towards the atom when the field
reverses (b,c). During a small fraction of the laser oscillation cycle, the electron can recollide
(d). During this recollision the kinetic energy gained by the electron while in the continuum
can be converted to an attosecond optical pulse, which adopts the amplitude and phase
imparted on the electron wavepacket during interaction with the laser.

short as ~60nm (13th harmonic of Ti:sapphire) [150, 151] and, in principle, can work down
to the few-nm regime. We will further consider the implications of HHG seeding on FEL
performance in Chapter 6, here we briefly introduce the high harmonic generation process
and the characteristics of the generated short-wavelength radiation.

In HHG an intense drive laser pulse ionizes atoms in a low-density gas medium. Each
ionized electron is accelerated in the continuum by the laser’s electric field and can recollide
with the parent ion. Upon recombination, the energy gained by the electron due to the laser
field is emitted in the form of a high-energy photon. This process is described in considerable
detail in a review article by Corkum and Krausz [152], from which we have adapted Figure
2.10.

During recombination, the most energetic photons are emitted by electrons ionized at
a fixed offset from the extrema of the driving pulse. Due to this condition, HHG emission
nominally comprises a series of sub-femtosecond spikes, one for each half-cycle of the driving
laser. This corresponds to a spectrum containing all odd harmonics of the driving frequency,
up to a cut-off determined by the wavelength and intensity of the driving laser, as well as
the ionization potential of the gas [152, 153].

Apart from seeding with high harmonics of an optical driving laser, it is also possible to
directly use an optical laser seed to modulate the electron bunch energy in one undulator
(the “modulator”), followed by a dogleg in which the induced energy modulation is converted
to a spatial modulation — i.e., microbunching — and a second undulator (the “radiator”)
where the electrons radiate at a high harmonic of the initial optical laser [154, 155]. This
process is known as high-gain harmonic generation (HGHG), and can be used to efficiently
produce emission at wavelengths shorter than the resonant, although it clearly requires a
more complex setup than simple HHG seeding.
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2.3.3 Transverse electron motion in an undulator

Apart from the quasi-sinusoidal transverse oscillations of the electron bunch as it passes
through the undulator, it is also subject to separate “bulk” transverse evolution. This evo-
lution was not considered thus far, partly because its effect can generally be treated as a
higher-order correction to the resonant oscillations, and partly because a full treatment can
introduce considerable complexity and detract from the fundamental picture.

In Section 2.3.1 we discussed the fact that angular divergence of the electron bunch shifts
emission to longer wavelengths, due to the decrease in the axial velocity of the electrons.
Here we elaborate on the dynamics of the bunch itself, without reference to the effect on
emission — this is treated by Reiche in Ref. [133]. In particular, we discuss focusing of the
beam due to the variation in magnetic field strength away from x = y = 0, referred to as
“natural” undulator focusing.

A realistic magnetic field inside the undulator gap must satisfy Maxwell’s equations in
a source-free environment, namely V-B =0 and V x B = 0. This means the field can be
represented in terms of a scalar potential, B = —V¢, which itself must be a solution of the
Laplace equation, V2¢ = 0. A realistic potential that satisfies this for an undulator geometry
is

B
¢b=- k_;) cosh(k,x) sinh(k,y) cos(ky2),

where %, and &, satisfy k2 + k?v = k2 (see e.g., Refs. [120, 133]). For flat magnetic pole faces
k, =0, for poles bent towards each other it is > 0, and for poles that are bent outwards it is
imaginary. In the limit k,x,k,y < 1, i.e., for small excursions of the electrons from the z-
axis compared to the undulator period — as is the case generally — the hyperbolic functions
can be expanded into Taylor series around x = y = 0. To 2" order in x and y this gives the
components of the magnetic field as

k2xy cos(kyz)

2,2
k%xz + kyy

1+ =% 5 ) cos(ky2) |. (2.53)

B=8,

—kyy sin(kyz)

Working out the trajectories of motion in x and y (see e.g., Ref. [133]), and averaging out
any components with variation on the scale of an undulator period, we obtain,

! 2
dy' ky\2
g

where the primed quantities are the angular directions with respect to the z-axis. This leads
to harmonic oscillations in x and y at the frequencies in brackets, corresponding to a beam
envelope with a f-function of Bt = (y/ay)Ay (cf. Sec. 2.2.1). The focusing can be along both
dimensions, with e.g., kx = k) = ky/ V2 for appropriately curved undulator poles. For flat
pole faces the focusing is only along y, with £, =0 and k&, = k. In the next chapter we will
exploit this as part of optimizing the radiation generation process.
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Reproduced with permission from [135]. Copyright © 2000, American Institute of Physics.

Figure 2.11: Schematic of a hybrid undulator based on permanent magnets (e.g., NdFeB
or SmCos) with a period of 1,. The path of the electron bunch and radiation cone are also
depicted.

2.3.4 Undulator technology

Finally, we would like to develop a sense of the range of undulator parameters that are
available based on current technologies. Broadly speaking, undulators can be constructed
in the following ways: [156, 157]

(a) a pure sequence of permanent magnets of alternating polarity;

(b) a sequence of permanent magnets separated by flux-concentrating poles made of steel
(so-called “hybrid undulators”, see Fig. 2.11);

(c) same as (a) or (b), with cryogenic cooling applied to the magnets in order to increase the
magnetic flux;

(d) a sequence of electromagnets;

(e) a sequence of superconducting electromagnets.

Despite significant recent progress — especially in superconducting technologies — elec-
tromagnetic undulators are generally limited to longer periods (> 10mm) due to the space
required by the windings. Due to this, and their more complex nature, we will not further
consider options (d) or (e). Cryogenically-cooled undulators, option (c), can offer somewhat
improved performance over ones operating at room temperature [156], however the tech-
nique is relatively unproven, and as such not optimal for our needs.

Currently the best trade-off between performance, reliability, and simplicity is generally
achieved through the use of hybrid undulators, and these will be the basis for discussion
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here and in the following chapter. Nearly 30 years ago, Halbach expressed the optimum
peak magnetic field that can be obtained from a hybrid undulator in the form [158]

2
bE 1e (é)
Aw o My

Bg=aexp , (2.56)
where g is the gap between opposing poles of the undulator, a is a constant with units
of Tesla, and b and ¢ are dimensionless constants. In Ref. [157] Elleaume et al. give the
values of these constants for several different undulator types. Of those listed, the hybrid
undulator that can deliver the highest on-axis magnetic field consists of NdFeB magnet
blocks and vanadium permendur poles, for which

a=3.694T, b=-5.068, c=1.520.

The peak on-axis field as a function of g/, is plotted for this as well as several other config-
urations in Figure 2.12. For the pure permanent magnet and the hybrid undulators (cases
A-E), the gap can vary in the range 0.11, < g < A,. Further aspects of undulator and beam-
line technology are covered by Ciocci in Ref. [123].
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Figure 2.12: Peak magnetic fields versus g/A, for different undulator types. A-C: pure
permanent magnet undulators; D—E: hybrid undulators; F—G: superconducting undulators;

H: electromagnetic undulator.



Chapter 3

Parameter Optimization and
Simulations for a Compact Light
Source

In this chapter we build on the background developed previously in order to establish a
suitable parameter range for operation of a light source driven by a laser plasma accelerator,
which we refer to here as a “compact light source”. We describe proposals for compact light
sources producing incoherent soft x-ray radiation, as well as a free-electron laser. We will
carry out initial parameter studies based on the established analytical scaling laws, and
subsequently carry out more detailed simulations in order to firm up the proposals.

3.1 Production of incoherent soft x-ray radiation

The scalings for producing incoherent radiation are really rather simple. As shown is Sec-
tion 2.3.1, the main parameters that determine the characteristics of the output radiation
are the electron bunch energy and charge, and the undulator period. Most others — such as
electron bunch energy spread, length, and transverse emittance — lead to corrections to the
base performance that can be considered separately. This is in contrast to the case of the
free-electron laser that will be considered in the following section, where the performance
can have strong non-linear dependence on the operating parameters.

Common sense dictates that best performance is achieved for electron bunches with max-
imum charge, minimum energy spread and minimum transverse emittance — allowing the
emission to be intense, have a narrow bandwidth, a small source size, and small divergence.
Increases in the transverse emittance or energy spread will generally lead to a deterioration
in emission quality, therefore they would ideally be minimized during the injection and ac-
celeration processes. For discussions on how to achieve this, we refer the reader to Section
2.1 and references therein.

Besides these parameters, however, selecting a combination of the optimal undulator
parameters (a, and 1,) and the optimum electron energy in order generate a given radia-

46
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tion wavelength is not an entirely trivial problem. In the following subsection we present
the scaling of output power in the fundamental for different parameter combinations. Sub-
sequently we present simulations of the full output characteristics for the chosen working
points.

3.1.1 Scaling of output with undulator parameters and electron en-
ergy

We carry out parameter scans for target (fundamental) emission wavelengths in the x-ray
part of the spectrum, at 5nm (248eV) and 0.5nm (2.48keV). The free parameters are the
undulator period, the undulator strength and the electron energy. If any two of these are
fixed, the third can be varied in order to ensure emission takes place at a particular wave-
length (to within some limits).

In order to better assess the physical feasibility of a given set of parameters, instead of
directly scanning the undulator strength, a,, we scan the undulator gap, g. We then employ
the relation By = 3.694[T] exp [~5.068g/A,, + 1.520(g/A,)?] (see Sec. 2.3.4, in particular Eq.
(2.56)) to find the peak on-axis magnetic field for a state-of-the art hybrid undulator, and
obtain the corresponding value of a, using equation (2.36).

For each of the two target emission wavelengths we perform a wider scan to choose a
set of realistic undulator periods, 1,. For each of the chosen periods we perform scans over
ranges of electron energies, E. = ymc?, and undulator gaps, g, that lead to emission of
the desired wavelength. We then compute the output energy at the fundamental within
the central emission cone and natural bandwidth (see Eq. 2.43) for each set of parameters.
Throughout, we choose a bunch charge of 100pC. The contributions of further factors such
as bunch energy spread and divergence will be considered in the next subsection.

A source of 5 nm radiation

Figure 3.1a shows the scaling of emitted energy at 5nm for undulators with A1, = 8mm,
10mm or 12mm, electron energies in the energy range 500-1000MeV and an undulator
gap between 1 and 3mm. The scalings show that higher electron energies coupled with
longer undulator periods and smaller gaps (i.e., higher a,) generally lead to higher emission
levels, as a rough examination of equation (2.43) would suggest. However, the dependence
we observe here is relatively weak for 1, = 10mm and E. =700 MeV.

Examining the scalings, a good working point appears to be an undulator of 10mm
period and 2mm gap — for which ay = 0.936 — with a driving electron bunch of energy
700MeV (y = 1370). We note that this value of a is close to the optimum in terms of emis-
sion scaling with a, alone, see Fig. 2.7.

These parameters are a compromise in terms of achieving an emission level close to the
maximum available within the range, while not excessively challenging the machine param-
eters in terms of electron energy or undulator gap. In particular, a 2mm gap would provide
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some scope for fluctuations in electron pointing and divergence — as well as for energy fluc-
tuations that could contribute to divergence due to the chromaticity of the electron focusing
optics. If a variable gap undulator is used, Figure 3.1a also illustrates the ability to tune

the fundamental emission to 5nm for a range of electron energies’.

A source of 0.5 nm radiation

Figure 3.1b shows the scaling of emitted energy at 0.5nm for undulators with A, = 5mm,
6mm, and 7mm, electron energies in the energy range 1000—1800MeV and an undulator
gap between 1 and 3mm. The trends are broadly in line with those observed in Figure
3.1a, however it is evident that in this case the output level is much more sensitive to the
parameters. This is partly because the shorter undulator period — which is necessary for
the emission of short-wavelength radiation using realistic electron energies — leads to a

lower? a,, and thus weaker emission (see Fig. 2.7).

In this case it is evident that closing the undulator gap is advantageous in terms of
output energy. In order to allow reasonable propagation of an electron bunch from a laser-
wakefield accelerator through the undulator it would, however, be unwise to go below g =
Imm. Even though 1mm is an aggressive gap size, in recent experiments an undulator
with a gap of 1.2mm was used to generate radiation from laser-accelerated electrons — and
led to the detection of undulator radiation on over 70 % of shots [38]. Here, the 6 mm-period
undulator appears to offer a significant advantage over the 5mm-period one in terms of
output level, however the case for going to a 7mm-period undulator is not as clear. We will
thus select 1, =6mm, g = 1mm — therefore a,, =0.661 — and E, = 1500 MeV.

3.1.2 Simulations

Table 3.1 provides a summary of the working points chosen in the previous subsection.
Based on the discussion in Sec. 2.1.2, we complement them with further projected electron
bunch parameters. In both cases the total length of the undulator is chosen to be 0.6m, in
line with this being a “compact” light source. In this section we do not consider interference
effects, therefore the bunch length has no effect on the total output energy, only on the
radiation pulse length.

In both cases the electron bunch is focused in the center of the undulator. We have
selected focusing strengths that maintain transverse sizes < 40um — i.e., significantly
smaller than the undulator gap — while ensuring the divergence does not contribute ex-
cessively to the spectral and angular spread of the radiation. This is especially important in
the case of 0.5nm radiation, where the central wavelength is more sensitive to divergence
effects. This is because divergence causes a broadening of the emission towards longer

LConversely, it is of course also possible to tune the output wavelength by changing the electron energy
and/or undulator gap (see Eq. (2.39)).

2The effect of reducing Ay, on ay is twofold: it enters linearly in the basic equation for ay, Eq. (2.36), but
reducing A, also increases the ratio g/A, in Eq. (2.56), thereby generally reducing the peak field, By, for a
given undulator gap.
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Figure 3.1: Scaling of energy emitted at the fundamental wavelength within the central
emission cone and natural bandwidth versus undulator gap and electron energy, for three
different undulator periods. The target fundamental wavelengths are (a) 5nm and (b)
0.5nm. Thick lines are representations in 3-D, while the thin lines are the correspond-
ing projections onto each set of axes. The orange dots represents the chosen working points
for both cases.

wavelengths that scales with y? — this can be seen for on-axis emission in Figure 3.3.

We use the SPECTRA code [136] to complement the analytical scalings and to obtain more
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Table 3.1: Parameters for incoherent light sources at 5nm and 0.5nm.

Radiation

Resonant wavelength AR 5 0.5 nm
Electrons

Energy E, 700 1500 MeV
Lorentz factor Y 1370 2935

Energy spread (rms) ayly 1 0.5 %

Bunch charge Q 100 100 pC
Normalized emittance €n 1.5 2 mm mrad
Geometric emittance € 1.09 0.68 pm mrad
Undulator

Period A 10 6 mm

Gap g 2 1 mm
Strength (rms) ay 0.936 0.661

Number of periods Ny 60 100

Total length Ly, 0.6 0.6 m
Focusing

B-function at waist Br 0.8 24 m

Waist size Ormin 296 404 pm

Size at und. entrance 0, max  31.6  40.7 um

detailed performance indicators. The code calculates the radiation emission by integrating
the Liénard-Wiechert potentials for a single (idealized) electron trajectory, and then applies
the corresponding convolutions with transverse size and energy spread to obtain the actual
emission characteristics. It has the capability to calculate emission in the near as well as
the far field — the present simulations are all carried out in the far field.

Figure 3.2 shows the results of simulations carried out using SPECTRA for the 5nm case.
The spectral density plots clearly illustrate the broadening that occurs for radiation emitted
off-axis, as characterized by e.g., Eq. (2.40). The angular dependence of the emission also
exhibits notable characteristics: while emission at the fundamental, (b), is broader along the
y-axis than along the x-axis (as expected, see e.g., Ref. [124]), emission over all wavelengths,
(a), is broader along the x-axis — due to the fact that the higher harmonics have significant
off-axis components along that direction. Emission within the natural bandwidth of the
fundamental, (c), is as expected almost exclusively on-axis, with the ring at ~ 1mrad arising
due to shifting of the second harmonic wavelength at that emission angle (cf. Eq. (2.40)).

The characteristics of emission at 0.5nm, shown in Fig. 3.3, follow a broadly similar
pattern. It is notable that due to the lower a, there is less emission at higher harmonics.
This is evident both from the spectral flux density plot, as well as from the relative heights
of the peaks in the angular energy density plots, (a) and (b).

The parameters proposed here, and the output characteristics projected by the simu-
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Figure 3.2: Results from simulation of emission at 5nm for the parameters in Table 3.1.
Top: On-axis (blue) and total (dotted black) spectral flux density. Bottom: angular energy
density: (a) total over all wavelengths; (b) at wavelengths longer than 4.68 nm, i.e., mostly
fundamental; (¢) within natural bandwidth of fundamental emission, i.e., Gaussian filter of
FWHM 0.074nm centered on 5nm.

lations, can be used as guidelines on the performance of future compact light sources of
incoherent x-rays driven by electrons from a laser-wakefield accelerator. This chapter now
turns to a similar — but more detailed — analysis of the feasibility and performance of
future FELs driven by such electrons.

3.2 Production of coherent XUV radiation in a free-elec-
tron laser

While undulator radiation is relatively straightforward to produce and has many uses, it
lacks coherence and its intensity scales only linearly with the charge in the driving bunch.
This limits the amount of emission, especially in the case of bunches from laser-wakefield
accelerators, where the bunch charge is of order 10-100pC. Despite this relatively low
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Figure 3.3: Results from simulation of emission at 0.5nm for the parameters in Table 3.1.
Top: On-axis (blue) and total (dotted black) spectral flux density. Bottom: angular energy
density: (a) total over all wavelengths; (b) at wavelengths longer than 0.479nm, i.e., mostly
fundamental; (¢) within natural bandwidth of fundamental emission, i.e., Gaussian filter of
FWHM 0.0045nm centered on 0.5nm.

charge, however, laser-accelerated electron bunches can be very short — of order 1 um rms
— meaning their peak current is at the kiloampere level. This makes operation in the free-
electron laser regime — where the output can scale with the square of the bunch charge —
a tantalizing prospect.

Here we investigate the possibility of driving a free-electron laser in the XUV spectral
range with electrons from a laser-wakefield accelerator; see Sec. 2.3.2 for background on
FELs. We first discuss some of the scaling laws that can be applied to the problem. We then
use them to select a viable working point, and finally carry out full simulations of the FEL
emission process.



3.2 Production of coherent XUV radiation in a free-electron laser 53

3.2.1 Scaling laws

As indicated in Section 2.3.2, a fully analytical characterization of FEL performance beyond
the 1-D regime is prohibitively complex. Nevertheless, in Ref. [148] Ming Xie has carried out
a variational analysis of the growth of the eigenmodes in an FEL in order to allow factors
such as electron energy spread, emittance and radiation diffraction to be incorporated as a
simple scaling of 1-D growth.

An additional effect not accounted for by these scalings is the reduction in gain due to
the short bunch length. When the bunch length is on the order of a few cooperation lengths,
L. (c.f. Eq. (2.51)), radiation slips over the bunch at a rate that is too fast to allow full
amplification to take place.

This subsection gives a summary of Xie’s 3-D scaling laws, and outlines empirically de-
rived scaling laws that allow for the characterization of the impact of short bunch length.

3-D scaling laws by Ming Xie

Xie introduces four parameters on the basis of which his analysis is carried out. These are
as follows:

® The radiation diffraction contribution,

_ LgAr

Nd =
402’

where the transverse radiation size is assumed to be matched to the electron bunch
size, 0.

* The emittance (and thus electron divergence) contribution,

where €, is the normalized transverse emittance and fr is the Twiss f-function (see
Sec. 2.2.1). Xie’s model assumes continuous transverse focusing that maintains a con-
stant B-function in the undulator.

* The electron energy spread contribution,

Ny =4n I/{—S % )
where g,/y is the relative energy spread.
* The frequency detuning parameter,
Lgw—-wr

—47=C
Nw ”Au OR
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The 1-D limit described in section 2.3.2 corresponds to the case where all these parameters
are zero, i.e., the gain is the maximum achievable for a given set of v, ay, Ay, Ip, 0. For non-
zero electron energy spread, emittance, or radiation diffraction, the gain length is greater
with respect to that in the 1-D limit by

Lgsp=0+A)Lg, (3.1)

where Lg is the 1-D gain length as defined in Eq. (2.49), and A is a function of ng4, . and 7,
at the optimum detuning, ;. Xie gives a fit for A as [148]

A :a17732 +(13T](;4 +a517§l,6 (32)
S @)
+al67731777g1877(;19~ (3.4)

The 19 fitting parameters {a} are given in Table 3.2. We will use this scaling in Section 3.2.2
in order to facilitate the choice of a realistic working point.

Table 3.2: Xie fitting parameters for gain length scaling.

a1 =0.45 ag =0.57 a3 =0.55 as=1.6
a5:3 a6:2 aq =0.35 a8:2.9
ag=24 ajp=51 a11 =0.95 a2 =3
ais =54 a14:O.7 ais = 1.9 ale = 1140
a7 = 2.2 aig = 2.9 aig = 3.2

Gain degradation due to short bunch length

All the characteristics of FEL gain described hitherto — in 1-D as well as in 3-D — have been
derived under the assumption that the electron beam current is constant in time; this is the
so-called “coasting beam”, or steady-state regime. It is broadly applicable to the majority of
conventional short-wavelength FELs currently in operation or under construction, since the
electron bunches driving them are much longer than the total slippage of the radiation over
the electron bunch during the gain process® [13, 17, 19, 20]. This long bunch length allows
radiation “born” at the tail of the bunch to reach saturation while it is still interacting with
the bunch, i.e., before it has slipped over it.

However, in the case of electron bunches from laser-wakefield accelerators the scenario
is likely to be different: for a large range of FEL parameters radiation originating at the tail
of the bunch would slip over the entire bunch well before reaching saturation. This is also
the case for certain short-bunch modes of operation at conventional facilities such as LCLS
[159] and SPARX [160, 161]. The regime where the bunch length is short compared to the
FEL cooperation length is known as the (weak*) “superradiant” regime of FEL operation

3This total slippage is the number of gain lengths required to reach saturation, normally ~ 20, times the
cooperation length, L., which is the slippage over a single gain length.

4The term “weak superradiance” is often used to distinguish this from the “strong” superradiant regime,
where the bunch length is much longer than the cooperation length, and spikes in the temporal profile of the
output radiation occur specifically for radiation originating in the tail of the bunch.
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[146, 162, 163], leading to emission characteristics that are different from the steady-state
regime. In particular, the total emitted radiation energy scales as Ng, where N, is the
number of electrons in the bunch, rather than o« N¥3, as is the case in the steady-state
regime. Gain in the superradiant regime is slower, saturation is reached later, and the

pulse length at saturation is shorter than in the steady-state regime.

In Ref. [162] Bonifacio, Maroli and Piovella present an analytical treatment of FEL gain
in the short-bunch limit, based on a top-hat temporal bunch profile. They derive the expo-
nentially growing component® of the peak power to be

Ppeak exp

5 L 2/3
3\/512,},’3(7*’) ] (3.5)

3n(z _Lb)2

for zZ = Ly,, where Z = (4np/A,)z is the normalized distance along the undulator and Ly, =
(4mp/AR)Ly, = L,/(v/3L,) is the normalized bunch length. For reference, in the steady-state
case the power grows as P o exp [V/3z]/3.

Ideally, we would like to obtain a scaling law that describes the effect of electron bunch
length on gain length, and potentially on saturation length. Due to the fairly involved
dependence on z and L}, of the expression in Eq. (3.5), and the lack of characterization of
saturation dynamics in the linear regime in which the expression is derived, it is not trivial
to obtain such a scaling based on Ref. [162]. We face similar challenges in the context of
other analytical treatments, such as the result for an arbitrary longitudinal bunch shape
obtained by Dattoli et al. in Ref. [164].

Due to these considerations, here we present an empirical scaling law that has been
obtained from a set of simulations of FEL gain driven by bunches with Gaussian temporal
profiles. These simulations were carried out in a 1-D time-dependent environment with no
transverse effects (e.g. diffraction or emittance) and no electron energy spread, using the
code described in Appendix B. Although a range of values of p = {1,2,5} x 1073 was used in
the simulations, the final results for the measured gain and saturation lengths were only
significantly dependent on the ratio 0,/L., where o, is the rms bunch length and L. is the
cooperation length. In all simulations an initial microbunching level of 10~ was introduced
at the same phase along the bunch, in order to avoid ambiguities associated with start-up
from shot noise.

The deviation in mean gain length and the saturation lengths for different values of
0,/L. are plotted in Figure 3.4. Since the rate of growth in peak power is dependent on z (as
Eq. (3.5) suggests), the gain lengths are averaged over z between the onset of exponential
gain and the point at which the gain drops below 75 % of the median gain, which we take to
be the saturation point. The parameter 7, plotted in Figure 3.4 is the fraction by which the
gain length observed in the short-bunch regime is greater than the steady-state gain length,
Lg, that is,

Lgetr=(1+n;)Lg.

5As opposed to the oscillating or exponentially decaying components, see e.g., Ref. [142].
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Figure 3.4: Empirical scaling of FEL gain length and saturation length versus rms length of
driving Gaussian bunch relative to the FEL coherence length. Red (blue) crosses and solid
(dotted) curve represent simulation results and fit for scaling of gain length (saturation
length). The gain length is expressed as a fractional increase over the steady state gain
length. The saturation length is expressed as number of effective gain lengths for that

bunch length. The functions for the fit curves are given in the text.

The choice of functions for fitting was such that

li =0
UZ/I}?loonz
and
lim  Lgat/LG.eff = Co
0,/L.—00
for some constant cg. The best fits were obtained using the functional forms
Lgefr A
=——-1=b ba|— ,
1= 95y )
with fit parameters
by = 16.7512,
by = -3.0420,
bs = 0.3267,
and
Lat 4 (Uz )C3 }
=CotcCiexp|(ca|— ,
LG,eff Lc
with fit parameters
co = 19.8202,
c1 = —4.7141,
co = —0.2778,

c3 = 1.2367.

(3.6)

(3.7
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These are the fits shown in Figure 3.4.

Finally, we would like to combine the 3-D Xie scaling and the bunch length scaling in
order to fully take into consideration the presence of radiation diffraction, bunch emit-
tance, energy spread, and finite bunch length. This can be done by first finding the Xie
scaling parameter A from Eq. (3.4), and the corresponding 3-D cooperation length L. 3sp =
(AR/AwLg,3p = (1+ A)L.. On the basis of this we can find 7, for the bunch length scaling,
and thus the effective overall gain length,

Lgesr=(1+n,)1+A)Lg, (3.8)

where 7, is a function of o, and (1+ A)L.. This is based on the assumption that the 3-D
steady-state scaling is not substantively altered in the case of a finite bunch length, and that
the bunch length scaling is only dependent on the effective 3-D steady-state gain length,
rather than the underlying effects. I.e., gain degradation due to finite bunch length is an
effect that is secondary to the 3-D effects characterized by the Xie scaling.

Having found the effective gain length, the saturation length can be approximated us-
ing equation (3.7). It should be noted that while the o, scaling was derived for a bunch
with constant-phase prebunching, start-up in the SASE regime is likely to proceed differ-
ently, with different longitudinal modes initially in competition for gain until a dominant
one emerges. The signatures of this are likely to be delayed saturation, a fluctuation in
saturation power, and possibly multiple saturation points (along z) at different peak powers
[147].

Using the scaling laws established here, we proceed to select a working point for a pro-
posed free-electron laser operating in the XUV.

3.2.2 Selection of working point

A graphical user interface was developed in order to carry out FEL parameter optimization.
This is described in more detail in Appendix A. It can be used to find suitable electron bunch
and undulator parameters for a given target emission wavelength. For the purposes of
designing a proof-of-principle free-electron laser driven by electrons from a laser-wakefield
accelerator, we select an operating wavelength of 32nm. As we will later demonstrate,
this should be a reasonable choice given currently available electron bunch parameters, see
e.g., Sec. 2.1.2. Moreover, this wavelength is amenable for seeding with the 25" harmonic
of an 800nm driving laser. Other proposals for initial operation of FELs driven by laser-
accelerated electrons have selected similar wavelengths — see e.g. Refs [39, 165, 166] —
though our choice was made independently of those.

The optimal undulator parameters and electron bunch energy selected to minimize the
gain length were 1, = 8mm, g = 1.2mm — thus a, = 0.878 — and E, = 240.4MeV (y =
470.5). These, as well as the further electron bunch parameters selected are given in Table
3.3. The table also gives a sample set of parameters for operation at a resonant wavelength
of 2nm, which we will not discuss in detail. It is, however, notable that the optimized
undulator parameters for operation at 2nm are the same as for 32nm, and the only change
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is a quadrupling of the electron energy. The undulator parameter, a,, = 0.878, is close to
the optimal for incoherent emission (cf. Fig. 2.7). Acceptable operation in the 2nm case also
requires lower electron energy spread and transverse emittance, due to the smaller p and
correspondingly slower gain and longer undulator. These criteria can be relaxed somewhat
if a greater bunch charge or shorter bunch length were achieved, though p only scales as
~1 ;/ 3. Back to the 32nm case that is the topic of discussion of this section, we can confirm
that the simple criteria for FEL operation set out in equations (2.52), namely

(Lgefr="7.Tcm) < (Zg = 8.4cm);
(¢ =1.1nm) < (Ag/47 = 2.6 nm);
(oyly =5x 1073) < (Pefr="7.4 x 10_3),

are met.

Figure 3.5 shows contour plots of the dependence of saturation length on many of the
parameters listed above. Plots (a) and (b) are for the undulator parameters and electron
energy —i.e., the parameters that need to be balanced to obtain the desired output radiation
wavelengths — while plots (c) and (d) illustrate how other electron bunch parameters affect
performance. Figure 3.5a shows that a narrower undulator gap would have decreased the
saturation length, although such a gap is unlikely to be achievable in practice.

Clearly, in the context of recent experimental achievements (cf. Sec. 2.1.2), achieving
an electron energy above the target 240.4MeV would not be challenging, and at the same
time Fig. 3.5b indicates that for a given undulator period a higher electron energy would
improve performance. However, this would again require decreasing the undulator gap in
order to maintain the same resonant emission wavelength. If we instead kept the undula-
tor period and gap constant while increasing the electron energy, we would achieve emission
at a shorter wavelength. While this may at first appear desirable, it means that the elec-
trons would also need to be microbunched at a shorter wavelength, imposing more stringent
criteria on their other characteristics.

Figure 3.6 complements Figs. 3.5¢—d and shows how the gain length scales when electron
bunch charge, bunch length, energy spread, and normalized emittance are varied around
the selected working point. This allows a preliminary assessment of the sensitivity of gain
on these essentially variable parameters.

3.2.3 Full simulations of FEL operation

In order to verify the viability of the parameters selected in the previous subsection, we
carry out a number of full 3-D time-dependent FEL simulations using the GENESIS 1.3
code [167]. For this purpose the author created a set of computer scripts to automatically
compose input files for the GENESIS simulations, run the simulations on a remote computer,
and retrieve and synthesize the results from multiple simulations.

The bulk of the simulations are carried out in the SASE regime, with electron shot
noise enabled but without an initial radiation seed. Since in the SASE regime the emission
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Table 3.3: Parameters for free-electron lasers at 32nm and 2nm.

Radiation

Resonant wavelength AR 32 2 nm
Electrons

Energy E. 2404 961.6 MeV
Lorentz factor Y 470.5 1882
Energy spread (rms) oyly 0.5 02 %
Bunch charge Q 50 50 pC
Bunch length O, 0.5 0.5 pum
Peak current I, 12 12 kA
Normalized emittance €n 0.5 0.2 mm mrad
Geometric emittance € 1.06 0.106 pm mrad
Undulator

Period A 8 8§ mm
Gap g 1.2 1.2 mm
Peak on-axis magnetic field By 166 166 T
Strength (rms) ay 0.878 0.878
Number of periods Ny 200 350

Total length L, 1.6 2.8 m
Focusing

Mean S-function in x Pr. 0924 1617 m
Mean fS-function in y pr,y 0.682 1.617 m
Mean transverse size o 29.2 131 um
FEL gain

1-D gain length Lg 3.73 8.75 cm
Xie 3-D scaling parameter A 0.547 0.435

3-D gain length Lgsp 5.77 12,55 cm
Bunch length scaling parameter 12 0.334 0.009
Effective gain length Lgesr 7.70 12.67 cm
Cooperation length L cfr 308 31.7 nm
Effective Pierce parameter Peff 739 4.16 x1073
Saturation length L.t 1.35 251 m

59
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Figure 3.5: Contour plots of saturation length versus (a) undulator period and gap; (b)
undulator period and electron energy; (c) bunch charge and bunch length; (d) energy spread
and normalized emittance. In each case the ‘x’ symbol marks the selected working point,
and each plot shows variation in L, around that point for changes in the corresponding
parameters.
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Figure 3.7: Samples of FEL power evolution with z, against ct. The color scale is linear,
therefore the emission only appears close to saturation. The bunch current profiles — whose
position within the ponderomotive window, ct —(Ar/14)z, remains constant during evolution
in z — are shows for reference.

process is dependent on the initial phases of the shot noise microbunching — which are
random for each bunch — the gain length and saturation power differ from shot to shot.
This is documented in e.g., Refs. [147, 168, 169]. In particular, Bonifactio et al. point out that
shot-to-shot fluctuations in SASE emission increase as the bunch length decreases relative
to the coherence length. In order to therefore more completely capture the predicted FEL
performance, for each set of conditions we carry out 10 simulations, where the random shot
noise is initialized differently in each simulation.

The electron bunch is focused in x to a waist half-way along the undulator, at z =0.8m,
and natural undulator focusing is used to maintain a constant size in y. The simulation is
actually run over an undulator distance somewhat greater than that specified in Table 3.3,
in order to obtain a clearer picture of the saturation dynamics. Wakefields and magnetic
field errors are not considered, but short-range longitudinal space-charge effects are.

Emission characteristics

Figure 3.7 shows the simulated evolution of emitted power versus undulator location, z,
and location along the ponderomotive coordinate, 0/kgr = ct — (Ar/Ay)z, for three different
shots at the selected working point parameters. Additionally, Figure 3.8 shows the output
profiles and spectra obtained at z = 1.6 m for all 10 cases. These plots serve to illustrate the
shot-to-shot fluctuations in emission in the SASE regime for such short electron bunches.

Figures of merit for the simulated radiation characteristics near saturation (around
z = 1.5-1.6m) are given in Table 3.4. The bandwidth, pulse length, source size and di-
vergence quoted in the table are root-mean-square quantities. It is clear that the majority
of performance metrics exhibit low shot-to-shot fluctuations, with the exception of the actual
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Figure 3.8: (a) Simulated temporal emission profiles for 10 shots at the parameters in Table
3.3 at z=1.6m, i.e., at or near saturation. (b) Corresponding spectra.

emission level (number of photons), which varies by approximately an order of magnitude
for different initial shot noise. The range of peak brilliance is given based on the brilliances
calculated independently for each shot, rather than superficially from the metrics given in
the table.

Table 3.4: Simulated emission characteristics at FEL saturation. Ranges observed over 10
SASE simulations with randomized initial noise.

Number of photons Npn 3-20 x1010
Peak wavelength A 32.3-32.5 nm
Bandwidth o/l 3-5 %

Pulse length (rms) o, 0.42-0.48 pm
—14-16 fs

Source size o 50 — 60 pHm
Divergence at source o, 0.55-0.70 mrad
Peak brilliance B ~10%6-10%7" photons /second /mm?

/mrad? /0.1% B.W.

Sensitivity to electron bunch characteristics

Following our discussion of SASE fluctuations, Fig. 3.9a illustrates the evolution of peak
power along z for the selected working point parameters, in terms of the mean and rms
levels from the 10 simulations. It also shows how this evolution differs for different bunch
charges.

Furthermore, Figures 3.9b, 3.9¢ and 3.9d show the evolution of peak power for different
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values of bunch length, energy spread and normalized emittance. Note in particular the
high sensitivity of gain to bunch charge and energy spread, and the relatively low sensitivity
to bunch length. These are all in line with the predictions of the analytical and empirical
scalings presented in Fig. 3.6. In particular, the bunch length is involved in a trade-off where
although shorter bunches have higher peak currents, they lead to partial gain degradation
as described in Sec. 3.2.1.

Another striking feature is the surge in output by a factor of ~ 60 when the transverse
emittance is decreased by 50% — this exceeds the change expected on the basis of the gain
length scaling in Fig. 3.6, and suggests that emittance effects may play a greater role than
the Xie scaling accounts for.

These sets of simulations aim to elucidate some of the different ways in which FEL per-
formance may be affected by fluctuations in bunch characteristics. Even in state of the art
laser-wakefield acceleration systems, such fluctuations are unfortunately all too common.
Parameters such as energy spread and charge will clearly have to be kept to the specified
levels, as Fig. 3.9 illustrates. This emphasizes the need for accurate diagnostics.

Seeded operation

Finally, we simulate the amplification of radiation seeds of relatively low mean powers,
10kW and 50kW. From the results in Figure 3.10 it is clear that these seeds not only have
the potential to significantly enhance gain, but they dramatically decrease the shot-to-shot
fluctuations in output that are inherent to start-up from shot noise.

Seeding levels of 10 or 50kW at 32nm would be readily achievable with present high-
harmonic generation technology — see e.g., Refs. [150, 170] where pJ-level harmonic ener-
gies are reported within pulse durations of order 50fs. As described previously, the temporal
profile of HHG emission is not smooth but instead comprises a series of sub-femtosecond
spikes. We show in Chapter 6 that in the general case this temporal structure does not
impact the actual gain process. In Section 6.5 we discuss a possible interplay between the
temporal (and spectral) structure of the seed radiation and that of the electron bunch.

It should be noted that while temporal and spatial synchronization of the HHG pulse
and the electron bunch — both of which have fs-order lengths — may be challenging, it is
facilitated by the fact that both the seed and bunch can be generated using intrinsically
synchronized laser pulses originating from a single laser system.

In terms of peak brilliance in the seeded case, the 10kW seed leads to 7.7 + 0.3 x 10%7
photons /second /mm? /mrad? /0.1% B.W., where the error given is standard deviation. This
is almost an order of magnitude greater than the unseeded case, and as Fig. 3.10 suggests
the most significant reason for this is the increase in output level itself. The only other
significant change in the output characteristics with respect to those listed in Table 3.4 is
an approximate halving of the bandwidth of emission, though this is partly attributable to
the fact the idealized seed used is monochromatic. For the 50kW seed the peak brilliance is
yet higher, at 1.8+ 0.2 x 1028 photons /second /mm? /mrad? /0.1% B.W.
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We conclude this chapter by presenting the brilliance figures obtained here, as well as
those for the unseeded case, alongside those for existing conventional light sources in Figure
3.11. Clearly, while the photon energies discussed here are not as high as those achievable
at conventional free-electron lasers (in particular FLASH, which is closest in performance),
the projected brilliance is in a comparable range. The operation of a proof-of-principle XUV
FEL driven by laser-accelerated electrons in the near future seems increasingly likely. This
would be a major milestone along the way to building a compact and affordable LWFA-based
light source for real-world applications.
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Figure 3.9: Evolution of FEL peak power for different bunch parameters. In each case one
parameter is varied: (a) bunch charge, @; (b) energy spread, o,/y; (c) bunch length, o,; (d)
normalized emittance, €,. All parameters other than the one that is varied are according to
the selected working point, Table 3.3. Solid lines represent the mean level observed over 10
simulations starting from randomized shot noise; shaded areas represent the rms variation.
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(c) Bunch length dependence

S

9]

3

o

o

X

(1]

(o)

a
104 ' ' '

0.0 0.4 0.8 1.2 1.6 2.0
Distance along undulator (m)
(d) Emittance dependence
10" . . :
Ep——— '
2 0.75um !
10° L 0.50 ym i 4
0.25 ym !
8

S 10

g i

o 10 F '

g ; ]

X 1

3 :

a 10° } ! 3
105 3 i =
104 1 1 1 :

0.0 0.4 0.8 1.2 1.6 2.0

Distance along undulator (m)

Figure 3.9: Evolution of FEL peak power for different bunch parameters. In each case one
parameter is varied: (a) bunch charge, @; (b) energy spread, o,/y; (c) bunch length, o; (d)
normalized emittance, €,. All parameters other than the one that is varied are according to
the selected working point, Table 3.3. Solid lines represent the mean level observed over 10
simulations starting from randomized shot noise; shaded areas represent the rms variation.
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Chapter 4

Preliminary Diagnostics Based on
Coherent Transition Radiation

Having established a suitable parameter space for operating a free-electron laser, it is im-
portant to determine whether the electron bunches produced by a laser-wakefield acceler-
ator are of sufficiently high quality. The bunch charge, energy, and energy spread can be
measured to a high degree of accuracy, however there have been few reliable measurements
of transverse and longitudinal emittance!. On a simplistic level, to find the transverse
emittance one needs to simultaneously measure the transverse bunch size and angular di-
vergence; while the longitudinal emittance is a product of the bunch length and energy

spread.

In this chapter we present initial experiments towards reliably and repeatably carry-
ing out a selection of these measurements. These experiments are based on the detection
of transition radiation (TR) that is emitted by the electron bunch as it passes through a
screen, and we therefore begin with a discussion of the theory of transition radiation. The
experiments presented here were carried out at the Max-Planck-Institut fiir Quantenoptik
in Garching, Germany, where coherent transition radiation from laser-accelerated electron
bunches was observed at optical frequencies. In the next chapter we discuss a second ex-
perimental campaign where the electron bunch and acceleration process were more fully
characterized through a broadband CTR measurement.

4.1 Theory of transition radiation

Transition radiation is emitted whenever a charged particle traverses a boundary between
two regions with different dielectric constants. It was first postulated by Ginzburg and
Frank in 1945 [171], when they — following Cherenkov [172] — dispensed with the notion
that a charged particle does not radiate unless it is accelerating. Indeed, in a later work
Ginzburg and Tsytovich give a generalized definition of transition radiation as “radiation
emitted in the case of uniform and rectilinear motion of a charge [...] under inhomogeneous

IFor an introduction to emittance see Section 2.2.1.
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E = ymc?

Figure 4.1: Basic setup for emission of transition radiation from relativistic electrons. In
the text, the material (orange) is assumed to be a perfect conductor (e2 = €9 — ico), while the
background medium is vacuum (&1 = €¢). As well as forward transition radiation, backward
TR is emitted for reflective materials.

conditions” [173].

Conceptually, transition radiation is emitted due to the self-field of the particle® being
different for media of different dielectric constants: therefore when transiting between me-
dia, the change in this self-field leads to emission of radiation. Mathematically, the process
can be approached in one of several ways. Ginzburg and Tsytovich offer a simple treatment
in terms of the radiation emitted at the interface between vacuum and a perfect conductor,
upon the effective disappearance of the charge (and its corresponding image) at the moment
when it enters the conductor [173, p. 14]. When the medium is not a perfect conductor, emis-
sion can still result from a qualitatively similar process, with characteristics corresponding
to the particular alteration in the self-field caused by the medium’s dielectric constant.

Rather than working in terms of the self-fields, a more versatile model can be developed
by following Jackson’s approach [174] and considering the polarization induced in a mate-
rial’s surface by a transiting charge. We adopt this method in the following subsection, in
order to evaluate the angular, spatial and spectral characteristics of transition radiation
from ultra-relativistic electron bunches. Subsequently, in Section 4.1.2 we consider how
these characteristics differ in the case where a number of electrons emit coherently at the
observed wavelengths.

4.1.1 Incoherent transition radiation

An electron crossing the surface of a perfect conductor (Figure 4.1) leads to the following
time-dependent radial and longitudinal fields at the surface [174, p. 650]:

2The self-field is the solution to Maxwell’s equations in the vicinity of the particle.
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where fc and y are respectively the velocity and Lorentz factor of the electron. Here r is the
vector in the transverse plane and z is the longitudinal coordinate (see Figure 4.1), while
k = w/c is the angular wavenumber corresponding to the frequency-space representation of
the field’s temporal variation, and Ky ; are modified Bessel functions of the second kind.
Since the strength of the longitudinal field is a factor y less than the radial field, it can be
neglected for ultra-relativistic electrons.

By carrying out the far-field diffraction integral on E, (see e.g. Casalbuoni [175]), we can
obtain the Ginzburg-Frank formula for the spectral energy as a function of emission angle
0 for a single electron,

d?Ugr €2 p?sin?0
dodQ  4m3egc (1 - p2cos26)2’

(4.3)

where Q is the solid angle subtended at the observation screen. Investigation of Eq. (4.3)
shows that the angular distribution of the emission peaks at 8 = 1/y, with no emission
on-axis (as crudely illustrated in Figure 4.1). Furthermore, the intensity of emission is
independent of frequency, meaning TR is extremely broadband. This latter consideration
may appear to imply that the total emitted energy is infinite, which would, of course, not be
physical: in reality, TR has a high-frequency cut-off around w = yw,,, the plasma frequency of
the screen material multiplied by the Lorentz factor of the electron; additionally, equation
(4.1) implies an effective source size on the screen of reg = YA, where A is the emission
wavelength — therefore a finite screen size, a, introduces an additional term on the r.h.s. of
Eq. (4.3) that suppresses emission at frequencies < w = 27cy/a.

In the current treatment, we focus on transition radiation in the wavelength range A =
0.3—10 um from electron bunches with y = 600 crossing a steel screen of diameter a = 10 mm.
Under these conditions, equation (4.3) is a good representation of the spectral response of
incoherent radiation from single electrons when imaged in the far field. However, in the
experiments described in Sections 4.3 and 4.4, the radiating screen is imaged in the near
field rather than the far field. A different treatment of the radiation propagation is thus
required.

For this purpose it is instructive to take the Fourier transform of the radiating field,
equation (4.1), in the transverse plane:

- 1 -1
E(c,k) = ie K
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We proceed with the approach taken by Loos et al. [176] (or see Castellano & Verzilov
[177] for a more detailed treatment), integrating over a lens of radius r| and focal length
f1 at a distance z = z; = 2f] from the screen, which focuses the radiation onto a detector at
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Figure 4.2: The norminal arrangement in a 4-f imaging system of the source plane, lens,
and image plane.

z =22z, as illustrated in Fig. 4.2. The field at the image plane is therefore

kri/zy . B
Eq(r k)= f a2k e T E(x0),

where we work in the Fraunhofer regime and ignore variation of phase with r. In Ref. [177]
this approximation is justified for the imaging at visible wavelengths of the field due to a
single electron, whenever 1y? < z;. The justification is based on the fact that the extent of
the field profile due to a single electron — the so-called point spread function (PSF) — is
small enough, ~ yA, that there will be no appreciable difference in the phase acquired by
different parts of the PSF during propagation through the imaging system. This assumption
can be extended to emission due to multiple electrons, since the field at any given point on
the screen is the combined emission from sources only within a transverse extent of ~yA at
the source plane.

The above expression for E{(r, %) can be approximated as

37 )l

for r1/z; > 1/y. Figure 4.3 shows a comparison of the squared moduli of the source function
(Eq. (4.1)) and of the focused fields (Eq. (4.5)) for a lens aperture of r}/z; = 0.075 and y = 500
or co. We can see that a realistic imaging system suppresses the central part of the field,
resulting in a ring with a peak at around 0.41 z)/r}, with emission extending out to ~ yA.

—e

r
Ei(r,k)= ——+ - 4.5
1(r, k) 1n%eq e ; (4.5)

r

For N, electrons, the total field at the image plane will be the sum of the fields from each
individual electron,

N, )
En(r,k)=) e " Ei(x—x;,k),
j=1
with the phases corresponding to the longitudinal positions of the electrons, z;, taken into
account. In the limit of an electron bunch that is long compared to the emission wavelength,
the radiation phases, kz;, are evenly distributed and the emission is incoherent. In this
case the square modulus of the field on the screen is
2

|EN incon(®, &)|* =Nefd2r'dzp(r’,z) |Ei(x-r',k) (4.6)
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Figure 4.3: Source field on screen for electron with y = 500 at wavelength A = 1 um (blue),
and point spread functions at detection plane after lens of acceptance angle ri/z; = 75 mrad
for y =500 (red) and y = oo (green). From Loos et al. [176].

where we have represented the sum over the N, > 1 electrons as an integral over the nor-
malized electron distribution, p(r,z). For short bunches, however, the emission phases, kz;,
may not be evenly distributed, and coherence effects come into play. These can be quantified
by means of the full integral representation of the sum,

2
IEn(r, k)2 = N2 f A%r' dze % p(r',2)E1(x -1, R)| | (4.7)

where the emitted intensity scales with N, e2 rather than with N.. We, and others [178], have
observed transition radiation from laser-accelerated electron bunches to exhibit coherence
even at optical wavelengths — we thus go on to study this aspect of it.

4.1.2 Coherent transition radiation

Substituting in E; from Eq. (4.5), we obtain

Nee kri/z1 9 KeixT
E k)= — d*x p(x, k) V————. 4.8
N, k) Zineoﬁc_[ K pl, )’K2+(k/ﬂ’}/)2 (4.8)

We split the Fourier transform of the electron density into independent transverse and
longitudinal components, p(x,k) = p(x)p(k). Each of these is independently the Fourier
transform of the real-space distributions:

~ 1 o —ikz
pib =5 [ azpire i,
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1 [ .
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where for the case of a radially symmetric transverse electron distribution, the transform
can be expressed as

~S 1 o S
p(x)= %fo dr p7 (r)rdo(xr).
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With these considerations in mind, Eq. (4.8) becomes

Ey(r, k)=
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where 1 is a radial unit vector. Clearly, the Fourier transform of the longitudinal electron
distribution, p;(k), plays a key role in determining the spectrum of the emitted radiation
— and this spectrum therefore contains much information about the longitudinal bunch
profile. We later evaluate this integral numerically, in order to model source distributions
for experimentally recorded spatially resolved TR spectra.

As a final analytical consideration, provided the Fourier transform of the transverse
distribution, g (x), does not have significant frequency components above xyax = kr)/z; or

2

Kmax = k/Y, the term x“ can be dropped in the denominator of Eq. (4.8) and the integral can

be evaluated to
_ pi(k)Nee y*

2megfc k2

Therefore the transverse distribution of coherent transition radiation is proportional to the
gradient of the transverse distribution of the electron bunch, leading to characteristic ring-
shaped images for regular electron bunch profiles. Qualitatively, this is due to the fact
that the field arising from a single electron, E;, has opposite signs on different sides of
the electron. This means that fields from neighboring electrons that are emitting in phase
almost completely cancel out, except where there is a gradient in the electron density.

En(r,k) =

Voi(r). (4.10)

4.2 Introduction to the experimental setup and prelim-
inary considerations

As discussed in the previous section, and defined in Eq. (4.9), the spectrum of coherent tran-
sition radiation has a strong dependence on the longitudinal profile of the emitting bunch.
The transverse distribution of the emission is also related in a known way to the trans-
verse distribution of the coherently emitting electrons (c.f. Eq. (4.10)). Experimental mea-
surements of the spatial and spectral characteristics of CTR emitted from laser-accelerated
electrons were carried out at the Max-Planck-Institut fiir Quantenoptik (MPQ) in Garching,
Germany.

MPQ houses the ATLAS Ti:sapphire CPA laser system, which can deliver pulses of en-
ergy 1.2J with a 28fs FWHM duration on target at a wavelength of approximately 800 nm.
These pulses were focused by an f/22 off-axis parabola to a spot of transverse size wg =
18.7 um. This resulted in a vacuum intensity of 7.7 x 10'® Wem™2, corresponding to a nor-
malized laser vector potential of g = 1.9. In the experiments discussed here the target was
a steady-state-flow gas cell. The gas cell was constructed in the form of a miniature cylin-
der with one open end, where a piston was inserted, as depicted in Figure 4.4. The laser
entered through a hole in the piston face, propagating along the cylinder’s axis, where it in-
teracted with gas constrained by the piston to an interaction length in the range 2—14mm.

The density of the hydrogen gas in the cell was varied in the range 5-9 x 108 cm 3.
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~2 mm

Figure 4.4: Variable length gas cell used as a plasma target in laser-wakefield acceleration
experiments at MPQ. (a) Cross-section of the gas cell, showing the the volume occupied by
gas (blue shading) and the direction of laser incidence. (b) 3-D schematic of the assembly,
with photographs of the gas cell. Image credit: Antonia Popp, MPQ.

This (or a similar) setup has been used successfully for a number of laser-wakefield
acceleration experiments at MPQ, the results of some of which are documented in Refs.
[38,99, 100, 112, 117]. The details of the acceleration process will therefore be omitted here.
The electron bunches obtained here had characteristics broadly similar to those documented
in previous experiments.

Over the course of the experimental campaign we observed quasi-monoenergetic bunches
with energies in the range 150—-400MeV; energy spreads of = 10% FWHM; bunch charges
of 5-20pC; and transverse pointing fluctuations and divergences of a few mrad. In the
following sections we present details of particular shots, as well as multi-shot statistics,
side-by-side with the corresponding TR data. However before presenting the experimen-
tal setup and data for the spectral distribution measurements that form the crux of this
chapter, we first explore some of the considerations and preliminary measurements that
underpin them.

4.2.1 Separation of electrons and transition radiation

Due to the large quantities of x-rays generated during scattering and the potential for nu-
clear activation, it is undesirable for the ultra-relativistic electron bunches to enter any
bulk® material other than a designated beam dump at the end of the beamline. Therefore,

3].e. more than just a thin screen.
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detecting the transition radiation requires separating it from the electron bunch.

As Figure 4.1 illustrates, in the forward direction TR is emitted along the propagation
direction of the electrons. Although strictly speaking it is emitted into a cone, its opening
angle of 1/y is of order 1 mrad, which is comparable to the angular divergence of the electron
bunch itself. Spatial separation of the forward TR from the electrons is therefore not practi-
cal without deflecting the electron bunch. This can be achieved by use of a bending magnet,
although this may introduce undesirable constraints on the setup.

In the case of backward TR emission*, however, the path of the radiation overlaps the
path of electron propagation only in the case of an electron bunch that is normally incident
on the radiator surface. When the bunch is incident at an angle a to the surface normal,
the radiation is reflected at an angle @ away from the normal: thus a screen oriented at
45° to the incident electron bunch will lead to TR emission at 90°. In this context, using
a tilted screen and observing the backward rather than the forward TR appears to be a
straightforward way to avoid interference of the electron bunch with the radiation detector.
We carried out such a measurement using the experimental setup outlined in Figure 4.5.

This method, however, has a potential drawback when used in conjunction with a laser-
wakefield accelerator. If the laser pulse driving the acceleration is not blocked, it will co-
propagate with the electron bunch and be reflected into the TR detector — drowning out
the TR signal, or even damaging the detector. On the other hand, introducing a screen to
block the laser pulse as it exits the accelerator means the electrons too will cross this screen
and generate transition radiation at it. This additional radiation, co-propagating with the
electrons, will then be reflected off the tilted screen and enter the detector together with
the radiation from the tilted screen, potentially leading to interference or other undesirable
effects. Despite these concerns this was the setup used initially, as described below.

4.3 Transverse profile measurements in two-screen ex-
periment

Figure 4.5 illustrates the two-screen version of the setup, where the purpose of the first
screen is to block the driving laser beam after it exits the gas cell, and we aim to observe
radiation from the second screen, which is tilted at 45° w.r.t. the electron beam path. The
radiation is imaged outside the vacuum chamber using an f/2.5 Navitar Zoom 7000 lens
mounted on a Point Grey Flea2 12-bit CCD camera of resolution 800 x 600. Table 4.1 gives
the absolute positions of the components shown in Figure 4.5.

Due to the fact that upon interaction and exit from the gas cell the intense driving laser
beam is scattered throughout the vacuum chamber, the TR screens had to be built into a
light-tight enclosure. This consisted of a modular array of aluminium tubes and connectors.
Care was also taken to ensure no light enters the imaging setup at the point where the
radiation exits the vacuum chamber. The light-tight enclosure, together with the screens,
was mounted on a motorized vertical translation stage and could be withdrawn from the

4Note that backward emission occurs only for reflective screen materials, to which we limit ourselves here.
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Figure 4.5: Schematic of two-screen TR experiment at MPQ. The laser beam, entering from
the left, accelerates an electron bunch in the gas cell. The bunch (blue) enters the light-tight
enclosure through one screen (S1) and crosses another (S2), oriented at 45° to its direction of
propagation. A camera outside the vacuum chamber captures the transition radiation (red).
The electron bunch continues through a lanex screen where its pointing and transverse
profile are measured and is deflected by a dipole magnet onto a second screen, before being
discarded into the beam dump.

beamline — e.g. during initial set-up of the accelerator.

A custom mount was designed by the author to ensure the TR screens were as flat as
possible, while allowing them to be very thin. Pictured in Figure 4.6, it consists of a ring-
shaped base with an inside diameter of 23.5mm, with a thin groove etched into one face.
The screen material is placed against this face, and a rubber O-ring matching the groove
is overlaid. When the cap is placed over the O-ring and screwed into the base, the O-ring
recedes into the groove, gripping the screen material and stretching it out evenly in all
directions. Such a mount can either be attached directly to a post; or to a custom-made foot
that allows better control over orientation angle; or be mounted flush against the open end
of the light-tight tubing.

The most common screen materials used — depending on the requirements — were
aluminium foil of thickness 5-10 um, aluminized Mylar foil of thickness 5um, or 10 um-
thick steel. The choice of screen material was made on the basis of a compromise between
reliable blocking of the laser beam (esp. at S1), and minimum scattering of electrons. For

Table 4.1: Beamline component locations for two-screen experiment.

Component z (mm)

Gas cell exit 0+1¢
TR screen S1  561+2
TR screen S2  676+2
Flea2 CCD  1217+5°
Profile lanex 1461+5

%The gas cell was moved in z during the run in order to optimize acceleration, hence the uncertainty.
bThis is the sum of the distances from the gas cell exit to the center of S2, and from there to the CCD.
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Figure 4.6: Scale drawing of mount for transition radiation screens. The red color and
transparency are used solely for illustrative purposes and are not representative of the
screen’s real-life appearance.

this two-screen setup, the main set of data was taken with 10 um-thick Al foil blocking the
laser at S1 and 5 um-thick aluminized Mylar foil at S2.

The zoom of the Navitar lens was adjusted so that screen S2 filled the field of view,
and stopped down to = f/3 in order for the depth of field to be enough to have a sufficient
part of the tilted screen in focus. Since this depth of field was still much narrower than
the distance between S1 and S2, we assumed the radiation generated at S1 would have a
minimal contribution to the transverse profile measurements.

4.3.1 Results from two-screen experiment

Using the setup described above, after tuning the accelerator to obtain stable electron beams
and making minor adjustments to alignment, transition radiation was observed fairly easily.
Part of this ease is attributable to the brightness of the radiation, which far exceeded initial
projections based on the bunch charges expected from a laser-wakefield accelerator.

The primary aims of this experiment were an initial detection of optical transition ra-
diation, and a proof-of-principle demonstration of the use of OTR as a transverse profile
diagnostic for laser-accelerated electron bunches. However, the transverse profiles of the
emitted radiation could not conclusively demonstrate the setup’s fitness for this purpose.

Figure 4.7 shows a side-by-side comparison of bunch profiles measured at the lanex be-
fore the electron spectrometer (column (a)), and OTR emission at screen S2 (column (b)). The
lanex profiles are comparable to those measured without the OTR setup in place, demon-
strating that the OTR screens do not scatter the electrons significantly. The emitted OTR
appears at the same angular position with relation to the gas cell exit, and it has a trans-
verse size that is strongly correlated with the size of emission from the lanex. The OTR
emission, however, exhibits very strong spatial modulations in the majority of cases. More-
over, the intensity of the emitted OTR was not observed to reliably correlate with the fluo-
rescence intensity at the lanex screen, which nominally scales linearly with charge.

These features, together with the brightness of the optical transition radiation, led us
to conclude that the observed radiation was most likely coherent. As such, it is possible
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Figure 4.7: Measurements of transverse electron bunch profile at a lanex screen (columns
(a)), and corresponding optical transition radiation measurements (columns (b)) for a selec-
tion of shots. All plots have an angular scale of 5mrad per division with respect to the gas
cell exit, and the false color scaling is kept constant for each shot.

that the observed modulations are due to interference of radiation from both screens S1
and S2, rather than intrinsic features in the transverse profile of the electron bunch. On
the other hand, similar “hot spots” in the transverse profile of COTR emission have been
observed several meters downstream from the accelerator by Lin et al. [179], therefore we
can also not exclude the possibility that the observed features correspond to the presence of
microbunching at optical wavelengths at certain transverse locations. In order to eliminate
any ambiguity, however, we instead reconfigured the setup so as to only observe radiation
from a single screen — as we go on to describe next.
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Figure 4.8: Schematic of single-screen TR experiment at MPQ. The laser beam, entering
from the left, accelerates an electron bunch in the gas cell. The bunch (blue) passes through
a steel tape and through a TR screen. It copropagates with the transition radiation and is
then deflected by a dipole magnet spectrometer onto a lanex screen. The transition radiation
from S1 (red) is either imaged onto a CCD camera or spectrally dispersed in an imaging
spectrometer.

4.4 Transverse and spectral measurements from single
TR screen

In order to be certain we are not observing interference between coherent transition radia-
tion from two separate screens, it is necessary to observe forward TR from a single screen.
We achieved this by placing a screen close to the gas cell exit and imaging the transition
radiation from it after the electron bunch had been deflected by the dipole magnet spec-
trometer. Figure 4.8 shows a schematic of this setup.

Here we aimed to detect and characterize TR generated very close to the gas cell exit,
in order to measure the electron bunch properties at an early stage of its evolution through
the drift space. For this purpose, a “tape drive” consisting of two rollers with 20 um-thick
steel tape stretched between them was placed directly behind the gas cell exit. This allowed
significant attenuation of the driving laser, but did not block it completely. A TR screen like
the one pictured in Figure 4.6 was then placed at z = 72mm from the gas cell exit. It was
mounted at one end of a light-tight enclosure that extended along the electron beam path,
into the next chamber that is itself shielded from the laser beam.

The TR screen and enclosure were mounted on a vertical translation stage, which al-
lowed the screen to either be retracted to allow free-space propagation of the electrons, or to
be exchanged for a pinhole. The pinhole was placed at the same position in z as the screen
(100 um), and it was used for setting up the imaging system. The imaging was carried out
using a 100mm-diameter achromatic lens with a focal length of 1000mm placed just out-
side the vacuum chamber, approx. 2m after the gas cell exit (L1 in Fig. 4.8). Meanwhile, the
electron bunch was deflected by a permanent magnet dipole spectrometer onto an absolutely
calibrated lanex screen.

The transition radiation was directed to another optical table where it was either imaged
by a 12-bit PCO pixelfly CCD camera or, using a kinematic flip mirror (M2 in Fig. 4.8),
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Figure 4.9: Relative spectrometer sensitivity over different spectral ranges, as determined
using a blackbody radiation source. The sensitivity is scaled to unity at 632nm for the SR2
spectral range, where the absolute calibration was carried out. In the grayed out ranges, 1 <
480nm and A > 1100nm, either the sensitivity of the CCD or the intensity of the blackbody
source were too low to carry out a reliable calibration.

directed into an Oriel MS 127i Czerny-Turner imaging spectrograph and dispersed onto
an Andor DV420 16-bit CCD camera. The pixelfly CCD and the spectrometer’s entrance
were both = 2m from the achromat® L1, and positioned so that radiation from screen S1
is in focus. The aperture of this imaging system was limited by the size of the exit of the
light-tight enclosure and by the electron spectrometer to an estimated half-angle of 20mrad,
corresponding to an aperture of f/25.

The grating used in the spectrometer had 400 lines/cm and was suitable for measure-
ments across the operating wavelengths of the silicon CCD, =~ 450-1100nm, however, the
spectral range at any given micrometer setting® was limited to about 450nm. Calibration
spectra from a mercury-neon gas-discharge lamp were taken for each of the four different
micrometer settings at which TR spectra were measured.

Subsequently, an Ocean Optics HL-2000-CAL light source was used for calibrating the
spectrometer sensitivity. The calibration spectra were not recorded for the exact same mi-
crometer settings (i.e. spectral ranges) as those used for taking the data, but pairing them
with Hg-Ar discharge spectra allowed them to be adapted for application to the data. A
further feature that allowed for this adaptation is the fact that the sensitivity at any given
wavelength appeared to be largely independent of the particular micrometer setting, as il-
lustrated in Figure 4.9. A HeNe laser with a known intensity at 632nm was shone through
a 100 um pinhole and used to obtain an absolute calibration of 7.0 x 10717 J/count at that
wavelength, which was then scaled using the relative calibration to cover the full spectral

5This arrangement corresponds to a 4f imaging system, since the total distance from the object plane to
the image plane is four times the focal length of the lens."

6The Oriel MS127i is equipped with a micrometer that rotates the grating, thus allowing for different
wavelength ranges to be dispersed onto the CCD.
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range.

Most of the spectral data was taken with the spectrograph’s entrance slit removed, as
it was found to be prohibitively difficult to match the transverse location of the imaged
radiation with the slit location. This introduced an uncertainty in the absolute wavelength
range of the overall spectrum, however since the transverse size of the imaged TR emission
was itself limited to = 250 um by the electron bunch size (see e.g., Fig. 4.10), a relative
resolution of ~ 15nm was maintained.

4.4.1 Transverse profile measurements

Before recording transition radiation spectra, we recorded a number of images of the trans-
verse profile of the emitted radiation. The primary purpose of these was to verify the emis-
sion of transition radiation with the single-screen setup, but they could also be useful as
a diagnosis of the transverse size of the electron bunch. Here we present and analyze the
results from these measurements.

Experimental measurements

Figure 4.10a shows a representative sample of transverse profile measurements. The ring-
like shape was prevalent among the intensity profiles measured, and is consistent with
theoretical predictions for coherent emission in the near field, cf. Eq. (4.10) and Ref. [176].

Note that since this was a near-field measurement, the ring-like shape is not related to
the (conical) angular emission profile of TR (Eq. (4.3)), but is rather a result of the transverse
coherence of the emitted radiation. Since the transverse electric field at the screen due
to a single electron at r = 0 is E,(r) ~rf(r) (Eq. (4.1)), the field polarized along either x
or y will be positive on one side of the electron and negative on the other (e.g., E,(r) ~
x f(r)). Therefore the fields due to a number of evenly (and sufficiently densely) distributed
electrons will cancel out everywhere, except at the distribution’s edge. Correspondingly, the
fields due to a general transverse distribution will be proportional to the gradient of the
distribution, as we concluded in equation (4.10).

Analysis

According to equation (4.10), En(r,k) ~ Nep (k) }f2/k2 Vp.(r). As outlined in Sec. 4.1.2,
this is a simplification of the general integral, Eq. (4.9), based on the assumptions that the
transverse electron distribution does not have spatial frequency components x,,x greater
than kry/z; or k/y, where k = 271/A is the wavenumber of the observed radiation. While the
first condition limits the accuracy of our 15 order approximation to kmax ~ 27/30 um, the
second condition imposes a more stringent limit of ka5 = 27/300 pm.

Further limitations include the fact that we lack direct knowledge of the wavelength of
the observed TR, though based on the camera’s quantum efficiency curves and observations
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Figure 4.10: Three measurements of transverse profiles of TR intensity are shown in column
a. Column b contains theoretical fits to the data, with the corresponding transverse electron
bunch profiles shown in column c¢. The color scales are relative, and normalized to the
maximum intensity for each shot, with the same color scale used for each pair of images in
columns a and b.

presented in the following subsection we estimate it to be 500-700nm. Furthermore, al-
though the electron energy spectra of these bunches exhibit quasi-monoenergetic peaks in
the range 200-300 MeV, the energy spreads are rather large (~ 50MeV FWHM) and in some
cases there are multiple peaks, therefore it is difficult to determine the precise energy of the
electrons that are emitting the observed coherent transition radiation.

With these considerations in mind, it is nonetheless illustrative to carry out a first order
reconstruction of the transverse electron bunch profile by employing the simplified rela-
tion Ex(r,k) ~ Vp(r). Since this corresponds to an observed intensity profile I (x,y) ~
[0xp 1 (x, 2+ [0y01(x, ¥)2, the direct reconstruction of p,(x,y) is strictly speaking an ill-
posed problem. However, the knowledge that the charge density is non-zero within only a
limited range of (x,y), and has a positive peak near the middle of the “ring” of emission,
allows us to satisfactorily reconstruct its profile.



4.4 Transverse and spectral measurements from single TR screen 84

We proceed with the reconstruction by generating a sample initial distribution g (x,,x,)
on a 18 x 18 grid in transverse Fourier space. Since 0(y ,)p1 = & _l[iK(x,y)ﬁ L], this distribu-
tion results in a real-space intensity profile of I n(x,y) ~ (9'1[i1<xﬁl])2 + (9'1[i1<y,5ﬂ)2.
Using the trust-region-reflective algorithm of MATLAB’s 1sqnonlin function, we carry out a
least-squares minimization on I¢n(x,y), in order to obtain the target distribution g, (x,,x,)
that most closely corresponds to the observed intensity profile. Note that since p,(x,y) =
F _1[ﬁ 1(xx,x,)] must be a real function, and since its absolute offset from 0 is unimportant,

the total number of parameters to fit is reduced to 182/2 + 1.

Sample results of this process are shown in Figure 4.10, where column (b) shows the
reconstructed transverse intensity profiles, and column (c¢) shows the corresponding den-
sity distributions. Clearly, despite the limitations outlined above, it is possible to obtain
reconstructed intensity profiles that match the observations very closely.

With further improvements, such as the introduction of spectral filters into the imaging
setup, and the inclusion of higher-order contributions in the model used for fitting, it may
be possible to employ COTR measurements for accurate reconstruction of electron bunch
transverse profiles. It should be reiterated that this treatment pertains to electrons emitting
coherently at the observed wavelengths, therefore further studies are required to establish
how their transverse profile relates to that of the electron bunch overall.

4.4.2 Spectral measurements at visible wavelengths

Generally, the primary objective of measuring coherent transition radiation is its use as a
bunch length diagnostic. This application has been demonstrated several times previously
(see e.g. Refs. [110, 180-182]), with recent measurements by Lundh et al. at the Laboratoire
d’Optique Appliquée in Paris, France, indicating bunch lengths of approx. 1.5fs rms [97] for
laser-accelerated electrons. Most of these measurements were carried out at near-infrared
or terahertz frequencies, corresponding to the wavelength range 1-50 um.

The measurements at visible wavelengths (approx. 480-1100nm, cf. Fig. 4.9) that we
carried out are not dissimilar to those carried out by Glinec et al. [178] where the coherence
of the observed transition radiation was to a large extent attributed to fine longitudinal
structure that the laser pulse imprints on the bunch during the acceleration interaction.
Here we present the results of experiments undertaken at MPQ, and after analyzing them
reach broadly similar conclusions.

General trend in CTR emission

A total of 126 OTR spectra were recorded during the course of the experiment, with corre-
sponding electron energy spectra. The conditions for electron acceleration remained broadly
the same throughout, the main change occurring to gas pressure in the cell, which was var-
ied over the range 110-180mbar (n, = 5.3-8.7 x 10'8cm™3) in order to optimize electron
acceleration. A simplified analysis was carried out on the data from each shot in order to
obtain a summary and look for statistical correlations.
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Figure 4.11: Plot of total transition radiation energy (integrated over different spectral
ranges) over total electron bunch charge (integrated above 183MeV). Dotted circles indi-
cate bunches whose energy spectra exhibit clear quasi-monoenergetic features. Due to the
optical spectrometer’s response (Fig. 4.9), the actual integration ranges for SR1 and SR3
were limited to 450-698 nm and 756-1150nm respectively. The “theory” line is empirical
and corresponds to E [pd] = 1.2(Q [pCl)2.

A plot of total detected OTR energy versus total electron charge, as shown in Figure 4.11,
reveals evidence of the quadratic dependence typical of coherent emission. The plotted inte-
grated charge only accounts for electrons of energy above 183MeV, as the dipole spectrom-
eter deflects those with lower energies outside the imaged lanex. The upper energy limit
was 587MeV, and does not appear to have been exceeded by any electrons. Furthermore,
data points with dots inside them indicate that the electron energy spectrum contains one or
more clear quasi-monoenergetic peaks. Such data points appear to adhere to the quadratic
trend more closely.

Analysis of individual shots

Due to the significant shot-to-shot variation in electron bunch parameters such as charge,
energy, and transverse size, and the strong dependence of CTR emission on these, it is
difficult to draw general conclusions based on limited data in such a multi-dimensional pa-
rameter space. It therefore seems beneficial to more closely analyze individual data points.
Here we select a few representative ones for which we have good measurements of both the
transition radiation spectrum and the electron energy spectrum.

The analysis is performed by fitting a theoretical prediction derived from equation (4.9),

p(k)Nee f’“”’zl a5 () K21 (xr) .
€ofc PL k2 +(k/By)2

to the observed data. The charge, Nee, is taken to be the total charge detected on the elec-

Ey(r, k)=
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tron spectrometer, while y is assumed to be the Lorentz factor corresponding to the most
prominent peak in the electron energy spectrum; y > 1 in all cases, therefore we approx-
imate B = 1. Since we only have transverse resolution along one direction, the transverse
form factor, 59 (x), is assumed to correspond to a radially symmetric Gaussian transverse
electron density distribution of rms size o, i.e., p5 (k) = exp[—K20%/2]/(27t)2.

Based on knowledge of N, and y as well as the parameters o, and p (%) (the longitudinal
form factor of the bunch), we can obtain the transverse and spectral dependence of the
emission profile E{ (r,k). Since we used the spectrometer without an entrance slit, the
transverse extent of this profile in x — i.e. the direction that is not spatially resolved — will
be preserved and in fact cover an area on the CCD that in principle corresponds to multiple
wavelengths. To account for this, the fitting procedure is as follows:

1. Construct a blank map of the actual CCD’s full pixel count: 1024 in x (corresponding
to different wavelengths) and 255 in y (spatially resolved).

2. For each pixel along the spectrally dispersed direction, x, calculate the transverse

. . 2 . .
intensity profile ’Eﬁ\,(\/ x2+y2 k x)‘ for the corresponding k&, = 27/1, and add it to the
appropriate pixels on the CCD map, taking into account the spectral bandwidth.

3. Convert the thereby obtained full intensity map into predicted energy incident on each
CCD pixel.

MATLAB’s 1sqcurvefit function was used to vary o, and a discretized p|(k) in order to ob-
tain an intensity distribution that most closely resembled the recorded spectrometer data
(in the sense of minimum sum of squared differences over all pixels). Two additional pa-
rameters were used to account for absolute vertical offset of the emission, and tilt angle due
to grating misalignment in the spectrometer.

In order to illustrate the degree of success of the fitting procedure, Figure 4.12 shows
the results for data from two shots, while Fig. 4.13 shows the corresponding electron energy
spectra. These two datasets are representative in that they yield a coherence level g that
is greater for longer wavelengths, yet exhibits a rather gentle increase. This is consistent
with the hypothesis that we are not observing an onset of coherence due to the actual bunch
shape — which would be much steeper, and would only occur in the visible part of the
spectrum for bunches of rms length < 0.3 um — but are instead seeing coherent emission
due to sub-structure in the bunch.

Longitudinal form factors

To illustrate this for the dataset as a whole, Figure 4.14 shows a plot of observed coherence
levels (i.e. form factors) obtained from fits for a larger selection of shots, measured at differ-
ent spectrometer ranges. While there are significant shot-to-shot fluctuations, the coherence
levels are mostly within an order of magnitude. Moreover the dependence on wavelength of
p| exhibits a trend that many of the shots appear to have in common.
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Figure 4.12: False color plots of spatially resolved, sensitivity-corrected transition radiation
spectra for two shots (#113: top; #163: bottom). The theoretical fits are shown below the
data, together with the corresponding plots of Neep(1) obtained from the fit. The beam
sizes, 0,, obtained from the fit were 137 um and 89.5 um for shots #113 and #163, respec-
tively. The bunch charges and electron energy spectra are given in Fig. 4.13.
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Figure 4.13: Electron energy spectra for shots #113 and #163. The integrated bunch charges
were 26.0pC and 14.7pC, respectively.
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Figure 4.14: Deduced longitudinal form factors (from fitting) for a range of shots where both
good OTR signal and good electron energy spectra were observed.
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To reiterate, the relatively homogeneous coherence levels that we observed over this
spectral range do not appear to be consistent with coherent emission due to the overall
bunch shape. The latter would be expected to lead to a difference in coherence level of one
or more orders of magnitude over the selected spectral range. This leads us to believe that
the observed coherence is due to fine structure in the bunch, rather than a signature of the
overall longitudinal bunch profile.

The fine structure that appears to be the cause of the coherence here has been observed
before, in particular by Glinec et al. [178], while Németh et al. [183] present a theoretical
justification in terms of the interaction of the electron bunch with the laser pulse during
acceleration. Evidence for this interaction is presented by, among others, Mangles et al. [58],
and in Chapter 5 of the present thesis. Although the distinct shapes of the longitudinal form
factors shown in Figure 4.14 hint at a rather more systematic source for this fine structure,
it is difficult to identify one beyond the effects described in the preceding references.

In the next chapter we describe an experimental campaign where CTR was measured
over a significantly broader spectral range. In that case the results obtained in the visible
part of the spectrum were broadly consistent with those presented here in terms of coher-
ence level — though they exhibited a more structured dependence on wavelength. Mea-
surements at longer wavelengths provided context for the coherence levels observed in the
visible part of the spectrum, and allowed reconstruction of the full bunch profile. Before
continuing to a discussion of that experiment, we take a moment to consider whether the
radiation detected in the experiment described here could in fact have been something other
than transition radiation.

A note on coherent synchrotron radiation

Since in this setup we used a dipole spectrometer to bend the electron bunch away from the
path of the transition radiation, it is possible that some of the observed emission is bending
magnet radiation (also known as synchrotron radiation, SR) that co-propagated together
with the transition radiation. It is indeed even possible that this radiation was emitted
coherently, thereby enhancing its intensity to levels comparable to those of the CTR.

This possibility was considered in some detail, especially noting the fact that the general
wavelength dependence of the observed spectra bears some resemblance to the predicted
wavelength dependence of SR emitted by ~ 100MeV electrons going through a dipole mag-
net of field ~ 0.2T (see e.g. Refs. [134, 135]), which are in line with our operating conditions.
This suggestion, however, is subject to a number of inconsistencies. The greatest of these
stems from a mismatch between the expected transverse profile of the synchrotron radiation
on the CCD, and what is observed.

Since this synchrotron radiation would be generated in the bending magnet, around
0.5m upstream from the focusing optic (L1 in Fig. 4.8), two rays that are divergent by just
2mrad at that point would end up around 3mm apart in the image plane. Taking into
account the fact that at that point the electron bunch has a transverse size of = 2mm and
a divergence of at least ~ 2mrad rms, and that the natural cone of emission of SR for our
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conditions has a half-angle of approx. 10mrad (Eq. (3.28) in Ref. [135]), we would expect this
to result in a diffuse image that covers several millimeters in the image plane. Instead, we
consistently observe well-defined images of transverse size on the order of several 100 pum,
consistent with radiation originating from the TR screen.

Moreover, the expected synchrotron radiation intensity — assuming incoherent emis-
sion — is several orders of magnitude less than what we observe. This difference could be
accounted for by allowing for reasonable levels of coherent emission’, however in that case
the spectral profile of the radiation will again be primarily dictated by the longitudinal form
factor of the bunch. This largely invalidates the initial reason for suggesting that we may
be detecting synchrotron radiation — namely the characteristic spectral response — but it
also means that even if we were looking at SR, the conclusions we drew above regarding the
“flat” dependence of coherence level on wavelength still hold true.

7Although this is unlikely, in part due to the relatively large transverse bunch size at that point.



Chapter 5

Bunch Characterization via
Broadband Measurement of Coherent
Transition Radiation

In the previous chapter we described some preliminary experiments to characterize the
emission of coherent transition radiation by electron bunches from a laser-wakefield accel-
erator. We observed coherence in the visible part of the emitted spectrum, with indications
that the degree of coherence increased at longer wavelengths, cf. Fig. 4.14. This is also con-
sistent with the fact that a significant fraction of the electrons in the bunch will be emitting
coherently at wavelengths approaching (or longer than) the bunch length. Quantitatively,
ignoring transverse effects, the spectral intensity of the emitted radiation is proportional to
the Fourier transform of the longitudinal bunch profile,

dv?  dU&; 2
= NZ|p 1
dwdQ dwdQ © |p||(w) ’ (5.1

where dUgr/(dwd(2) is the angular emission profile according to the Ginzburg-Frank for-
mula, Eq. (4.3), N, is the total number of electrons, and gj(w) = F[p|(¢)] is the Fourier
transform of the longitudinal bunch profile'.

Clearly, then, for a comprehensive longitudinal profile diagnostic for femtosecond-scale
bunches it is necessary to characterize the emission of coherent transition radiation over a
range of wavelengths that extends to the near-infrared and terahertz parts of the spectrum.
The 1-10 um spectral range is indeed where a significant onset of coherence is expected for
electron bunch lengths on the order of a micrometer (i.e., a few femtoseconds). Coherence
in this range has been detected previously, see e.g., Refs. [180, 181], however those mea-
surements were not frequency-resolved. A frequency-resolved measurement up to 5.5 um
was carried out recently by Lundh et al. [97], although, since the spectrum was recorded
by a monochromator, data was only taken at a single frequency for each shot. The full
reconstructed spectra in Ref. [97] therefore combine data from multiple shots, with a cor-
responding loss of fidelity due to the shot-to-shot fluctuations inherent to laser-wakefield

IIn the Chapter 4 we had p| as a function of z and ) correspondingly a function of k. Since we assume
z = ct and w = ck, the two definitions are equivalent.
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accelerators.

In this chapter we present the first single-shot measurements of coherent transition
radiation (CTR) spanning the wavelength range 0.4—7 um. This is achieved by simultane-
ously measuring the radiation using a conventional visible spectrometer based on a Si CCD
sensitive to wavelength below 1.1 um, a liquid nitrogen-cooled InGaAs diode array for the
range 1-2.2um, and two custom-built pyroelectric detector arrays for wavelengths longer
than 1.7 um.

We first describe the experimental apparatus and data acquisition procedures. We then
go on to discuss the possibility for reconstructing the full bunch profile using a phase-
retrieval algorithm derived from ones used in crystallography, which we adapt for the pur-
pose at hand. Based on this analysis of CTR data — to our knowledge the first of its kind —
we analyze the dependence of bunch length on the different acceleration parameters. Sub-
sequently, we present and analyze evidence for the acceleration of multiple bunches, and
the dependence of this phenomenon on the parameters of the laser-plasma system. Lastly,
we consider the possibility that an anomalously high level of coherence at a small range of
short wavelengths (~ 500+ 100nm) is the result of interaction between the driving laser and
the electron bunch during acceleration.

5.1 Experimental setup

The experimental setup used for these measurements was broadly similar to that used in
the first experimental campaign, described in Sec. 4.2, at least insofar as the production
of ultra-relativistic electron bunches is concerned. The collection and characterization of
transition radiation, on the other hand, were carried out in a more sophisticated way. The
overall setup is shown in Fig. 5.1, while Fig. 5.2 illustrates the gas target, CTR collection
optics, and THz spectrometer.

The laser energy on target was 1.4-1.6J within a FWHM pulse length of 28fs, focused
to a waist of spot size of wg = 18.7+ 1.2um. This gave a peak intensity of about 1.2 x
10 Wem ™2, corresponding to a peak normalized vector potential in vacuum of ag = 2.4.

The gas cell pictured in Fig. 4.4 was again used as the plasma target where acceleration
took place. The length was varied in the range 2-14 mm, while the Hy pressure was varied
in the range 65260 mbar, corresponding to plasma densities of 3.1-12.6 x 108 cm=3. Upon
exiting the gas cell, the accelerated electron bunch passed through a pair of 20 um-thick
steel tapes immediately behind the cell. The first tape served to block the laser beam,
while the second one was the source of transition radiation. The transition radiation was
reflected aside by a pellicle placed directly behind the tape drive?, while the electron bunch
continued forward; the bunch was dispersed by a dipole magnet spectrometer, and its charge
and energy spectrum were recorded by means of detecting the fluorescence of an absolutely

2Since the distance between the tape drive and pellicle was much smaller than the CTR formation length
at the observed wavelengths, this setup should minimize the possibility of interference between TR from the
tape drive and TR from the pellicle.
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Figure 5.1: Experimental setup for characterization of coherent transition radiation across
the visible, near-infrared and terahertz ranges of the electromagnetic spectrum. See text
for details.

calibrated lanex screen.

After reflection off the pellicle, the transition radiation was collimated by a 2" off-axis
paraboloid of focal length 19cm. This corresponds to an f-number of f/7.5, or an accep-
tance half-angle of 133mrad. Part of the collimated radiation propagated forward through
a 20 um-thick silicon wafer, and was reflected into a separate vacuum chamber that housed
the THz spectrometer. This spectrometer was based on a design employed for CTR measure-
ments at DESY, which is described in more detail by Delsim-Hashemi [184]. It employs two
gratings; the zeroth order reflection from the first one is directed towards the second one.
They each dispersed different parts of the spectrum onto two pyroelectric detector arrays,
where custom-made gold mirrors were used to refocus the radiation onto the detectors. Two
different grating configurations were available, allowing measurements either in the range
1.7-7um or 5-25um. The raw detector signal was processed and digitized by an array of
electronics described in Ref. [184].

The first silicon wafer mentioned above directed part of the radiation out of the vacuum
chamber and over to a separate in-air spectrometry setup. There, a 60-cm-focal-length lens
was used to refocus the collimated transition radiation onto the entrance slit of an Oriel
MS260 imaging spectrometer based on a 1024 x 256 silicon CCD chip, and onto the entrance
slit of a Princeton Instruments near-infrared (NIR) spectrometer based on a 1024-element
OMA-V liquid nitrogen-cooled InGaAs diode array. The former, hereafter referred to as the
“visible” spectrometer, was used for detection in the spectral range 421-1096 nm, while the
latter was used over three different ranges — each spanning approx. 700nm — at wave-
lengths between 1033nm and 2135 nm.

Since silicon has good reflectivity (= 0.3) over both the visible and near-infrared, but
only transmits wavelengths longer than ~ 1050nm [185], a second silicon wafer served as
the beamsplitter between the visible and NIR spectrometers, which measured the reflected
and transmitted radiation, respectively. By this token, a third silicon wafer (not pictured in
Fig. 5.1) was placed directly at the entrance of the NIR spectrometer in order to eliminate
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Figure 5.2: Detector setup for CTR measurements in the THz range. The laser-accelerated
electrons propagate along the path indicated by the dark blue arrow and generate transition
radiation at the double tape drive, which also serves to block the laser. The transition
radiation is collimated using an off-axis paraboloid and dispersed by a pair of gratings, after
which it is refocused onto two pyroelectric detector arrays so that different wavelengths are
incident on different detectors. Image credit: Matthias Heigoldt, MPQ.

stray laser radiation that could manifest as anomalous signal due to higher-order reflection
off the NIR spectrometer grating.

Through the use of an 1100K tungsten blackbody source and an Ocean Optics HL-2000-
CAL calibration source, the relative spectral responses of the visible and NIR spectrometers
were established. A 50mW helium-neon laser placed at the CTR source position was used
with a chopper in order to obtain an absolute sensitivity calibration for the visible spectrom-
eter, from which an absolute calibration of the NIR spectrometer could also be established.
Due to lack of easy access to a well-characterized terahertz source, however, the relative cal-
ibration of the THz spectrometer is only based on knowledge of the nominal reflectivities of
the gratings and of the spectral range covered by each of the pyroelectric detectors. The ab-
solute level of terahertz emission was determined by means of cross-correlation of readings
in the spectral region overlapping that of the NIR spectrometer. The terahertz spectrometer
will be absolutely calibrated during an upcoming timeslot at a light source.

5.2 Bunch profile reconstruction

The primary objective of measuring the spectrum of coherent transition radiation from elec-
tron bunches is to deduce the bunch length, and potentially the full longitudinal bunch
profile. As we showed in Chapter 3, knowledge of the bunch length is crucial to assessing
the performance of future free-electron lasers driven by electrons from a laser-wakefield
accelerator. In this section we describe a phase-retrieval algorithm and — using synthetic
data — demonstrate its ability to closely reconstruct the bunch profiles for many common
cases, while also outlining its limitations in the context of the actual spectral range of our
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experimental measurements. We then carry out the first application of a phase-retrieval
algorithm on CTR spectra taken during the experiment in order to reconstruct the profiles
of the accelerated bunches. In the following sections we discuss the dependence on acceler-
ation parameters of the bunch profiles deduced in this way.

5.2.1 Introduction to phase-retrieval algorithms

In many situations in experimental science, the measured data is the Fourier transform of
the information being sought. Commonly, however, the measurements can only capture the
amplitude and not the phase of this transform — thereby not allowing for a simple inverse
transform. This is a problem pertinent to disciplines as diverse as x-ray crystallography,
astronomy, electron microscopy, holography, particle scattering, as well as many other prob-
lems in optics. It is also a key limitation in the context of retrieving the longitudinal electron
bunch profile from the transition radiation spectrum, for which we cannot measure phase
information.

The notion that phase information can, nonetheless, be retrieved a posteriori is under-
pinned by a 1952 note by Sayre [186], who pointed out that a function with finite support
is uniquely defined by knowledge of its Fourier transform at a limited number of points. In
particular, a function with support in real space over the range x € [-a/2,a/2] is completely
specified by the values of its Fourier transform at the points £ = 0,+2n/a,+4n/a,.... There-
fore, in an experimental measurement it is possible to oversample the transform’s amplitude
by measuring it at a higher resolution than this minimum, and use the additional data to
deduce the phase of the limited set of points required for reconstruction of the function. The
first practical phase-retrieval algorithm was introduced in 1972 by Gerchberg and Saxton
[187], for the purpose of reconstructing the 2-D profile of an object from its diffraction pat-
tern. The Gerchberg-Saxton algorithm is of an iterative nature, as are all others that have
come after it; there is no known one-step reconstruction method.

Gerchberg-Saxton algorithm

We first present the Gerchberg-Saxton algorithm, as its operation informs that of the more
advanced ones discussed later. Our treatment follows that of Fienup, who presents a com-
parison of phase retrieval algorithms in Ref. [188]. We introduce the function f(x) that we
are trying to reconstruct based on the known modulus of its Fourier transform, |F(k)| =
|Z[f(x)]]. The function g,(x) is our estimate of f(x) at the n' iteration, and G,(k) is its
Fourier transform. Figure 5.3 illustrates the four-step iteration cycle.

The algorithm continually switches between Fourier space and real space, and ensures
that the candidate estimate g matches the constraints present in each domain. In the
Fourier domain the only constraint is that the modulus of G must be equal to the measured
amplitude of the spectrum, |F|. Since we have no phase information about F', however, we
instead retain the current phases of G, ¥(k). The modulus of G is only set to |F| for the
points at which we have measured values of |F'|; the iterative estimate G is preserved at the
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Figure 5.3: Outline of the Gerchberg-Saxton phase-retrieval algorithm. For further de-
tails on each step see the text. Dashed boxes indicate the steps that form projections of
a candidate function onto the support constraints, 7supp, and the Fourier-space modulus
constraints, my0q-

remaining points. According to the formalism utilized by Elser [189] this — together with
the forward and inverse Fourier transforms — constitutes a “projection”, 7,04 of g onto the
closest function that satisfies the Fourier-space modulus constraint, g’ = mynealg].

The real-space constraints can be more diverse. In particular, we require f(x) to be zero
outside a certain support; additionally, we require it to be positive-valued inside the support.
We can also require it to be a real function, however this is automatically satisfied for all
iterates g, if the initial estimate g is real-valued®. We can therefore define a set of points
Y at which g}e(x) violates the support and non-negativity constraints, for which we set the
function’s value to zero:

g,(x), x¢v,

(5.2)
0, XEYy.

gr+1(x) = {

In Elser’s formalism, this constitutes the support projection, msypp.

The modifications to g and G described above are the minimum changes to the functions
that are required to make them compliant with the constraints in each domain. As Fienup
points out, each iteration leads to a reduction of the error on the estimate, where the error
at the k'™ iteration is defined as

Ey= ¢Z |gh 1) — g, (). (5.3)

The Gerchberg-Saxton algorithm is therefore also known as the error-reduction algorithm.
However, even though at each iteration the difference between the estimate, g, and the
target function, f, decreases, this algorithm is prone to stagnation. After a number of itera-
tions convergence can become very slow, and sometimes the candidate function can converge
towards a local minimum [188]. This is in part a symptom of the fact that the algorithm

3The Fourier transform of a real-valued g(x) is characterized by G(~k) = G*(k), correspondingly w(-%) =
—y(k). Since |F(—k)| = |F(k)|, we will also have G'(-k) = G'*(k), and thus a real-valued g’(x). In other words,
applying the Fourier-domain constraint to a real-valued input will yield a real-valued output.
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has a tendency to “explore” a relatively small set of candidate functions with respect to the
starting point go(x).

Hybrid input-output algorithm

The Gerchberg-Saxton algorithm can be enhanced in several ways. One of them involves
recognizing that g (x) does not need to be the current best estimate of f(x), but can instead
be thought of as the driving function for the next input, g}e(x). In this sense the left-hand
side of the procedure in Figure 5.3 need not force g(x) to satisfy the actual real-space con-
straints, but can instead be an arbitrary manipulation, such that the next g'(x) will be
closer to convergence. This approach forms a class of algorithms known as “input-output”
algorithms.

Fienup compares several such input-output algorithms, as well as a number of others,
alongside the Gerchberg-Saxton algorithm. Empirically, the best-performing one appears to
be the hybrid input-output (HIO) algorithm, in which the input function g, 1(x) is obtained
from the output g}, (x) via

g, (x), x ¢y,
gr(x)—pg,(x), xey,
where y is again the set of points at which g’k(x) violates the support and non-negativity
constraints, and f is a free parameter. Fienup’s numerical tests — where an object is recon-
structed from a 2-D diffraction pattern — indicate best performance for § = 1. The hybrid
input-output algorithm has been applied successfully for reconstruction of object data from
a range of diffraction patterns, notably by Marchesini et al. [190].

gr+1(x) = { (5.4)

Difference map algorithms

Throughout this subsection we referred to the projections mgupp and mmeq, part of Elser’s
nomenclature in Refs. [189, 191]. The Gerchberg-Saxton algorithm consists of alternating
application of this pair of projections: g5 = moed © Tsupp - - - © Tmod © Tsupp [L0]. Elser introduces
another class of algorithms that utilize so-called “difference maps” to facilitate convergence
to a fixed point, i.e., a function f that remains unchanged under either of the two projections.

For further background theory on difference maps and their application to phase re-
trieval we direct the reader to Ref. [189] and references therein; here we simply present
Elser’s result for the optimum difference map:

gri1=8r+ ﬁdm{ﬂsupp (1 + B3L) Tmoa g 2] - By 8]

~TTmod [(1_,65111)7[supp [gk]‘l'ﬂ&élgk] }’ (5.5)

where B4 is a free parameter. Elser selects unity as a suitable value for B4y,. Incidentally,
the projection carried out by the difference map algorithm with B4, = 1 is equivalent to the
projection carried out by the hybrid input-output algorithm with =1, which Fienup found
to be the optimum value for that case. Keeping this equivalence in mind, we later compare
the performance of these two algorithms when applied to 1-D CTR data.
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Choice of function support and initial estimate

The initial estimate, go(x), is generally taken to be a randomly generated real function
— not necessarily compliant with the support constraint — in order not to bias the phase
retrieval algorithm towards a particular shape. This approach allows an algorithm to be run
multiple times for different initial values of g¢ in order to obtain a set of target functions
that match all constraints, and to correspondingly verify the uniqueness of the reconstructed
function.

In addition to this, an appropriate choice of support is crucial to the successful execu-
tion of a phase-retrieval algorithm. It has to be large enough to accommodate the entire
reconstructed function, while being sufficiently restrictive for quick convergence to an un-
ambiguous target function to occur. In particular, an excessively large support may yield
significantly differing results for runs with different initial conditions.

The support can be chosen on the basis of additional information: for example in the case
of x-ray diffraction, a low-resolution image of the object obtained using conventional optics
or scanning electron tomography can inform the choice of support; or on the basis of phys-
ical considerations: e.g. the length of an electron bunch from a laser-wakefield accelerator
is expected to be limited by the bubble size, or plasma wavelength. In addition, the auto-
correlation function of the measured spectrum, & -1 [IF |2], can be used as an indication of
the outer limits of the reconstructed object*, provided |F| is known over a sufficiently broad
range of frequencies. Marchesini et al. [190] give further details on possible support choices,
with references to more detailed treatments of the relevant methods.

Adaptive support selection: the Shrinkwrap algorithm

In light of the importance of the choice of function support, a key recent development has
been the suggestion by Marchesini et al. to adaptively change the support during the recon-
struction process, shrinking it around subsequent iterates of the candidate function [190].
The initial support is obtained by thresholding the autocorrelation of the diffraction pattern
(or spectrum) after applying a Gaussian blur to it. The HIO algorithm is then applied for 20
iterations with f=0.9. At that point the candidate function is convolved with a Gaussian of
rms o, and a threshold is applied at 20% of its maximum in order to obtain a new support.
After another 20 iterations of the HIO algorithm the support is recalculated again by the
same means, and so forth. Initially the blurring Gaussian has width o = 3 pixels, though
every 20 iterations this is decreased by 1% until it reaches 1.5 pixels — thereby each time
the support is recalculated it follows the outline of the candidate function yet more closely.
Correspondingly, this is known as the “Shrinkwrap” algorithm.

This algorithm has been applied successfully to a range of diffraction-related problems,
demonstrating the possibility for successful reconstruction without a priori information
[192, 193]. However, after some attempts we found its present form inadequate for the
reconstruction of bunch profiles from hypothetical or real CTR spectra, presumably due to

4As a rule of thumb, the size of the reconstructed object is approximately half the size of the autocorrelation
function.



5.2 Bunch profile reconstruction 99

the fact it is optimized for operation on 2-D data. In the following subsection we describe
a new algorithm that combines several of the ideas presented here and is tailored to recon-
struction of longitudinal bunch shapes from CTR spectra.

5.2.2 Algorithm for reconstruction of bunch shapes from CTR data

A comprehensive survey of the algorithms described previously — the Gerchberg-Saxton
algorithm, the hybrid input-output algorithm, and the difference map algorithm — was
carried out, where they were applied to hypothetical CTR spectra corresponding to realistic
bunch profiles, as well as to experimentally recorded data. For the HIO and the difference
map algorithms, a range of values of the corresponding parameters  and B4, were utilized.
A range of approaches for adaptive support selection were also tested. Here we present the
results of this survey, and outline the approach that appeared to yield the best performance
under a broad range of circumstances.

Selection of algorithm

Preliminary tests were carried out with synthetic longitudinal bunch profile data for Gaus-
sian bunches of rms length 0.5 —3 um. The simulated spectral data was truncated so as to
only include the spectral components actually measured in the experiment, up to 7 um, in
order to emulate realistic reconstruction from experimental data. The Gerchberg-Saxton
algorithm was found to perform reasonably well for a number of iterations, but did have a
tendency to stagnate or produce incorrect reconstructions — for example multiple bunches
— whenever the support allowed for such ambiguity.

The HIO algorithm with g =1 did well at probing a broader range of candidate functions.
In conjunction with this, though, it induced rather large changes in the candidate function
from one iteration to the next, even when the function appeared to be close to a suitable
solution. A compromise could be reached by reducing f, which correspondingly reduced
the change in the candidate function at each iteration (cf. Eq. (5.4)). Figure 5.4 illustrates
the variation in the final error and the rms length of the reconstructed function after 990
iterations of the HIO algorithm followed by 10 iterations of the Gerchberg-Saxton algorithm,
performed on input data corresponding to a single Gaussian of rms length 2 um, on a support
of width 15um. Ten reconstructions were performed for each value of 8, which was varied
between 0.1 and 1.2 in steps of 0.1. For these conditions, the HIO algorithm appeared to
perform best around = 0.3-0.4.

Similarly to Fienup [188], we found that performing a small number of iterations of the
Gerchberg-Saxton algorithm after a sequence of HIO iterations helps minimize the error.
They were particularly good at eliminating non-zero values of the candidate function out-
side the support — i.e., forcing it to satisfy the support constraint — without significantly
affecting the values inside the support.

In the case presented here the reconstructed function generally has an rms length of
somewhat less than the original 2 um. This is due to the fact that we allowed all spectral
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Figure 5.4: Performance of the hybrid input-output algorithm for different values of the
parameter B, when reconstructing the spectrum of a Gaussian of 2 um rms length on a fixed
support of length 15um. The spectrum is truncated at wavelengths above 7 um, leading
to consistent underestimates of 0,. Each phase retrieval process consists of 990 iterations
of the HIO algorithm followed by 10 iterations of the Gerchberg-Saxton algorithm. Ten
reconstructions were carried out for each value of S.

components at wavelengths longer than 7 um to vary freely, as we would with experimental
data. Empirically, for a Gaussian of rms length o, to be reconstructed accurately, all spectral
components up to a wavelength of ~ 270, need to be fixed.

Finally, the difference map algorithm suffered from the same issue of large iteration-to-
iteration changes that impeded the HIO algorithm’s ability to converge on a solution. This
is natural, as the two algorithms are equivalent for B4, = 8 = 1. However, as we showed,
in the case of the HIO algorithm this issue could be addressed by reducing . In the case
of the difference map algorithm, on the other hand, changing the parameter B4, changed
the algorithm’s behavior [189], but did not appear to improve its performance with respect
to several scenarios involving 1-D data. With these considerations in mind, we select the
HIO algorithm as our primary means of phase retrieval, and note the benefit of applying
the Gerchberg-Saxton algorithm at the final stages of reconstruction.
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Adaptive support selection

A suitable support is crucial for a successful reconstruction. We observe that a Gaussian of
rms length 1 um is reconstructed correctly after 990 iterations of the HIO algorithm followed
by 10 iterations of the Gerchberg-Saxton algorithm in virtually every case on a support of
length 10 um, but almost never on a support of length 15 um, independent of the value of g.
Obtaining a support from the spectrum’s autocorrelation function is not viable here, since
we have no knowledge of the long-wavelength components. In addition, a priori knowledge
of the rough bunch length is not available. Deducing a support on the basis of physical
considerations, i.e., using the theoretical plasma wavelength as a limit on the bunch length,
is possible — but unlikely to be restrictive enough for robust reconstruction.

It therefore appears inevitable that the support would have to be calculated adaptively
during the course of the reconstruction, as in the Shrinkwrap algorithm. The Shrinkwrap
algorithm itself, as described in Ref. [192], tends to lead to reconstructed profiles that are
consistently shorter than the synthetic profiles used to generate input data. This is a natural
outcome of the algorithm’s tendency to restrict the size of the support as much as possible.
Such a restrictive approach may be valid for reconstructing the images of collections of
compact and possibly scattered objects, like those considered in Ref. [192], but it does not
appear to be suitable for accurate bunch profile reconstruction in 1-D. We go on to describe
potential modifications to this end.

In the original Shrinkwrap algorithm the threshold level applied to the candidate func-
tion each time the support was recalculated was fixed at 20%. In the case of CTR data
this level results in a support that consistently cuts off any low-current tails in the electron
bunch profile. We find that a good way to address this is by starting at a high threshold
level, and subsequently reducing it at each recalculation of the support. This ensures that
the function reconstructed during the initial stages of the phase retrieval process is still
as compact as possible, however during the latter stages more subtle details are allowed
to emerge near the edges. Furthermore, we find it beneficial to initially run the HIO algo-
rithm with a high value of B, to allow probing over a wider range of candidate functions —
subsequently, as the reconstruction progresses and the function converges towards a target
profile, B is reduced in order to prevent excessive changes occurring.

Parameters

After trialling different combinations of parameters, the following approach appears to yield
good results for a range of inputs:

¢ Initial support of length 20 um. This can shrink or grow during the process, so the
initial value is not crucial.

* Between each recalculation of the support, the HIO algorithm is run for 45 iterations,
and the Gerchberg-Saxton algorithm is run for 5 iterations. We will henceforth call
this set of 50 iterations an iteration cycle.
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* The reconstruction process is run for a total of 10,000 iterations, i.e., 200 iteration
cycles.

* The initial B for the HIO algorithm is set to 1.0, and decreased by 1.5% after each
iteration cycle, bringing it down to a final value of 0.05.

* The initial threshold for support recalculation is set to 25% of the maximum, and
decreased by 2.5 % after each iteration cycle, bringing it down to a final value of 0.16 %.

* The initial blurring width, o, is set to 3 data points and decreased by 0.5% after each
iteration cycle, bringing it down to a final value of 1.1 data points.

These parameters are far from universally applicable — for instance some phase re-
trievals may require more iterations, and some may reach the target function after much
fewer — however they form a good basis set. They can be adjusted further based on observa-
tion of the algorithm’s performance. The number of data points used in the reconstructions
presented here is 212 = 8,192, however a significantly smaller number can be used without
substantively affecting the operation of the phase retrieval process. This is discussed fur-
ther in Sec. 5.2.4. In the following subsection we present the ability of this algorithm to
reconstruct a range of profiles from synthetic data, and outline its limitations.

5.2.3 Reconstruction of profiles from synthetic spectral data

We applied the reconstruction procedure described in the previous subsection to a number
of spectra, corresponding to sample bunch shapes. These synthetic spectra were truncated

0rad s~ were left as free pa-

up to a wavelength of 7um, i.e., frequencies below 2.7 x 1
rameters in the reconstruction. Since phase retrieval cannot fix the absolute position or
the direction of the reconstructed function, in order to compare the reconstructed profiles
they were shifted so that their peaks overlap, and if necessary inverted. Finally, they were
rescaled so as to have the same maximum value. Ten reconstructions were carried out for

each input spectrum, in order to ascertain the stability of the reconstruction.

For the cases of simple Gaussian functions, we find that the lack of spectral data at long
wavelengths impedes the accurate reconstruction of longer profiles, leading to underesti-
mates of their length. Despite the shorter lengths, though, the reconstructed bunch shape

Table 5.1: Phase retrieval for synthetic Gaussian bunch data. The given error margins are
standard deviation over the 10 reconstructions (or subsets thereof, in the case of 3 um).

Original o, (um) Retrieved o, (um)

0.5 0.500+0.001
1.0 0.978 £0.004
1.5 1.414+0.006
2.0 1.736£0.019

2.066 +0.053 (7/10 cases),

3.0 4.369+0.270 (3/10 cases)
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Figure 5.5: Reconstruction of sample asymmetric bunch profiles. Initial profiles are shown
as gray lines in (a) and (c), with the data points shown. The mean of the reconstructed pro-
files — from 10 reconstructions with randomized initial data — are shown as blue lines. The
light blue shading represents three-o deviation from the mean. Profile (a) is a combination
of half-Gaussians of rms lengths 0.5 um (to the left of z = 0) and 1 um (to the right); for profile
(c) the lengths are correspondingly 1 um and 2 um. The spectral amplitudes corresponding
to the original and reconstructed profiles are shown in (b) and (d). The reconstructed spectra
(blue) are only shown for w < 2.7 x 1014 rad s™!, where the data is withheld from the phase
retrieval algorithm.



5.2 Bunch profile reconstruction 104

(®)]

|F1,|G|

o (rad s7) x 10"

(d)

[F1,|G|

5 0 5 10 0 2 4 6 8 10
z (um) o (rad s™) x 10"

A ' ' ' (@]
0.8} “

06}

fig
|F1,|G|

04¢f

41

-5 0 5 10 15 20 0 2 4 6 8 10
z (um) o (rad s x10"

Figure 5.6: Reconstruction of sample bunch profiles consisting of two Gaussians. Initial
profiles are shown as gray lines in (a), (c) and (e). The mean of the reconstructed profiles
are shown as blue lines, and light blue shading represents three-o deviation from the mean.
For details of the sample profiles see text. The spectral amplitudes corresponding to the
original and reconstructed profiles are shown in (b), (d) and (f).
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is still approximately Gaussian, occasionally with slight asymmetries. Table 5.1 summa-
rizes the accuracy of reconstruction for several sample cases. We see that for bunches of
length 2 2um the deviation in reconstructed bunch length becomes significant. As the fig-
ures in the table indicate, for the case of the 3 um-rms profile, for some inputs the phase
retrieval converges on a profile containing a pair of peaks rather than a single one. This is
because for bunches of that length most of the spectral data is at wavelengths longer than
7 um, and truncating it leads to ambiguity.

Furthermore, we consider reconstruction of asymmetric Gaussian profiles, as illustrated
in Figure 5.5. Again, we see that whenever important spectral components of the original
profile are left as free parameters during the phase retrieval, the quality of the reconstruc-
tion suffers. Finally, Figure 5.6 presents the original and reconstructed profiles of “double-
bunch” scenarios, where two Gaussian profiles are either overlapping or separate. In each
case, one Gaussian has half the peak height of the other. In profile (a) both have rms length
1um, and their centers are separated by 3 um; in profile (b) the separation is the same, but
the smaller Gaussian has an rms length of 2 um; in profile (c) the rms lengths are 0.5 um for
the larger Gaussian and 1.5 um for the smaller one, and the separation is 15 um.

A subset of the above reconstructions were also performed after introducing Gaussian
noise to the synthetic data, at levels of 10% and 20% rms. For the reconstruction of regu-
lar Gaussian profiles, we found the noise to introduce random uncertainties in the recon-
structed bunch lengths that are commensurate with, or less than, the applied noise level.
Notably, applying such non-systematic high-frequency noise in the Fourier domain results
in the anomalous reconstruction of bunch features at long distances from the main bunch
in the real-space domain — these can normally be disregarded on the basis of physical con-
siderations. In order for measurement errors to introduce actual variations in the bunch
shape — or the appearance of features close to the main bunch — they would need to be
systematic, altering the actual shape of the recorded spectrum over a range of frequencies.
Such errors may for instance arise from a miscalibration of the detectors’ spectral response.

This brief treatment should inform our expectations regarding the algorithm’s ability to
reconstruct bunch profiles from real-world CTR data. It is notable that in each of the cases
considered here the reconstructed profiles exhibit very little to no dependence on the initial
randomized candidate function. We observe that this is not as often the case for spectra
corresponding to profiles that cannot be reconstructed accurately, such as the 3 um-rms-
length bunch referred to in Table 5.1. In the following subsection we go on to apply the
algorithm to a selection of experimentally recorded spectra.

5.2.4 Reconstruction of longitudinal bunch profiles from CTR data

The phase retrieval algorithm described in the previous subsection was applied to each ex-
perimental shot where good spectral data was available through the visible, near-infrared,
and terahertz, for cases where the 1.7-7um grating configuration was used on the THz
spectrometer — altogether 816 shots. There were a further 538 shots with good data that
were taken using the 5-25um grating configuration, however the gap in the spectrum at
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2-5um precluded reliable application of the phase retrieval algorithm in those cases. More-
over, without an absolute calibration or an overlap region with the calibrated NIR data, it
was difficult to determine the absolute level of the THz signal for these long-wavelength
measurements.

In this section we present the results of the bunch profile reconstruction from actual
CTR data for a small number of representative cases. We use a grid of 2048 points for
the reconstruction (hereafter the “reconstruction grid”), which in the Fourier domain spans
frequencies from wpmi, = 0 Up t0 Wmax = 27¢/(420nm) = 4.48 x 10'°rad s1 where the latter
corresponds to the shortest wavelength recorded on the visible spectrometer. This highest
frequency also determines the data point spacing in real space as Az = 210nm, since by
Nyquist’s theorem wpax = 27¢/(2Az). The number of data points then sets the total span of
the reconstruction window to approx. 430 um. Since the total length of the electron bunch
— including secondary features — is unlikely to exceed 50 um, the reconstruction is largely
insensitive to the concrete numbers of data points used, as long as this number is greater
than ~ 500. In particular, even though the reconstructions of synthetic data in the previous
subsection were carried out on grids of 8192 points, the same results are obtained for grids
of 2048 points.

Since the data from the visible and NIR spectrometers has a resolution that is higher
than (or comparable to) the resolution of the reconstruction grid in Fourier space, we use
simple linear interpolation to populate the initial candidate spectrum function, G, with the
amplitude data (i.e., the square roots of the measured intensities). On the other hand, the
terahertz data has a relatively low resolution, with much fewer experimental data points
than points on the reconstruction grid. In this case, we populate G by taking each of the
terahertz data points and assigning its amplitude to the nearest corresponding point on the
reconstruction grid. The rest of the points are left unassigned, and their amplitudes are free
to vary during the phase retrieval process.

Having populated G¢ for a particular shot, the profile reconstruction process is carried
out 10 times, using different seeds. This allows the stability of the reconstruction to be
evaluated, and allows us to pick the most representative profile of the 10. In order to do
this, we first align the profiles so that their peaks are centered on the grid; if necessary
their direction is then reversed. These steps are carried out since the reconstruction process
cannot determine the absolute offset of the profiles with respect to the grid origin, or their
left-right orientation (i.e., direction in time). Namely, the offset and direction are solely
determined by the spectral phases and have no relation to the spectral amplitudes, leading
to a random offset and orientation for each reconstruction.

We then carry out a process of iterative elimination on the set of reconstructed profiles.
Starting with all 10 profiles, at each iteration the profile that is most different from the
others — in a least squares sense — is removed from the set. This elimination is repeated
on the remaining set until only three profiles are left. Of those, the profile that is most
similar to the other two is selected at the most representative. This process appears to work
satisfactorily for most shots. Even in cases where the reconstruction produces diverging
results for some initial seeds, eliminating the outliers appears to ultimately lead to the
selection of a representative profile.
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(a) Shot 1930:
P =83mbar (n, =4.0 x 101 em™2); Lo = 6 mm;
E oo =507+ 92MeV (FWHM); Qpeak = 8.7pC; Qtotal = 34.6pC.
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Figure 5.7: Reconstruction of longitudinal bunch profiles from experimentally recorded CTR
spectra: (i) electron spectrometer lanex image; (ii) reconstructed profiles, where the most
representative one is colored red; (iii) measured spectral data (black line and black crosses),
as well as spectra corresponding to the reconstructed profiles (colored lines). A Gaussian
smoothing filter with o = 2.2 x 1012rads™! is applied to the latter.
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(b) Shot 2168:
P =82mbar (n, = 4.0 x 1018 cm™3); Lo = 14 mm;
Epeax =599 £47MeV; Qpeak = 3.8pC; Qiotal = 22.5pC.
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Figure 5.7: Reconstruction of longitudinal bunch profiles from experimentally recorded CTR
spectra: (i) electron spectrometer lanex image; (ii) reconstructed profiles, where the most
representative one is colored red; (iii) measured spectral data (black line and black crosses),
as well as spectra corresponding to the reconstructed profiles (colored lines). A Gaussian
smoothing filter with o = 2.2 x 1012rads™! is applied to the latter.
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(¢) Shot 2147:
P =82mbar (n, = 4.0 x 1018 cm™3); Lo = 13mm;
Ecax =585 £ 48MeV; Qpeak = 2.8pC; Qiotal = 21.0pC.
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Figure 5.7: Reconstruction of longitudinal bunch profiles from experimentally recorded CTR
spectra: (i) electron spectrometer lanex image; (ii) reconstructed profiles, where the most
representative one is colored red; (iii) measured spectral data (black line and black crosses),
as well as spectra corresponding to the reconstructed profiles (colored lines). A Gaussian
smoothing filter with o = 2.2 x 1012rads™! is applied to the latter.
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Figure 5.7 shows the reconstructed profiles for three representative shots (panels (ii)
of each subfigure), with a summary of acceleration and electron bunch parameters given
for each at the top. The lanex images (panels (i)), and the experimental and reconstructed
CTR spectra (panels (iii)) are given for reference. The figure illustrates the general shape
of the reconstructed profiles — occasionally with secondary or even tertiary bunches, the
interference of which causes characteristic oscillations in the CTR spectrum.

The small pedestal to the left of the main bunch in Fig. 5.7a(ii) is also present in many of
the other reconstructed profiles, and occurs due to the lower-than-expected values recorded
by the pyroelectric detectors at the longest wavelengths (lowest frequencies), which lead
to the large-scale modulation of the reconstructed spectra seen in Fig. 5.7a(iii). Without
a proper calibration of the THz spectrometer it is difficult to say whether these spectral
modulations — and the corresponding pedestals in the bunch profiles — are a real feature,
or artifacts due to a miscalibration in the long-wavelength region.

While when dealing with synthetic data in Section 5.2.3 we consistently used a root-
mean-square measure of the bunch lengths, here it is necessary to switch to a full-width at
half-maximum measure. This must be done since the presence of noise in the reconstructed
profile at large distances from the main bunch — and indeed any pedestals or secondary
bunches around it — would interfere with an rms measurements of the overall bunch length.
A FWHM measure is more appropriate when dealing with non-ideal experimental data. In
the particular case of a Gaussian, the FWHM is a factor of ZM =~ 2.35 greater than the
rms width. Therefore if we approximate the bunch profiles reconstructed from experimental
data as Gaussians, their corresponding rms widths would be well within the range for which
we observe reliable reconstruction in Sec. 5.2.3.

Since both the electron and the CTR spectra are absolutely calibrated®, we can check
that the total amount of observed radiation corresponds to the amount of TR expected from
a bunch with the measured energy spectrum and the reconstructed longitudinal profile.
This gives us a tentative verification the validity of the construction. To do this, we can
take as a starting point the formula for total energy emitted by a single electron, dU;/dw =
e?/(2n%eyc)logy, which is the integral of Eq. (4.3) over all angles in the limit y > 1 (after Ref.
[194]), where v is the Lorentz factor of the electron. Taking into account the total number of
electrons, N,, and the frequency-dependent longitudinal coherence factor, p(w) introduced
in Sec. 4.1.2, the total coherent spectrum is given by

dUctr
dw

where (logy) = / dEflc‘;gEig/(gg)/dE) is the weighted average of logy over the electron energy

spectrum, d@Q/dE. Due to the small variation in logy (= 6-7) over the range of observed elec-
tron energies, the use of this weighted average to represent the scaling with y — instead of
separately considering the emission from parts of the electron bunch with different energies
— should not lead to a significant discrepancy.

2
= N2|51(@)]? —— (log ), 5.6
s |1 ()| SnZese W08 (5.6)

If the reconstructed bunch profile accounts perfectly for the absolute level of observed

5To within the limits of the cross-calibration of the NIR and THz spectrometers, and of the theoretical
relative calibration of the THz spectrometer.
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emission from the number of electrons observed on the spectrometer, N, = [dE (dQ/dE)/e,
the corresponding Fourier transform of the profile, or longitudinal coherence factor, F' =
py(w), should be unity® at frequency w = 0. Within a small error margin, we observe this to
be true in most cases, and certainly for those shown in Fig. 5.7.

Note that there is a certain possibility that not all electrons that emit transition radia-
tion are observed on the electron spectrometer. Additionally, the absolute calibration of the
THz detectors is only obtained by cross-calibration with the NIR spectrometer at a small
number of data points around 2 um, and may be unreliable. Therefore, the above verifica-
tion of reconstruction validity should only be used as a rough guide.

Finally, it is worth noting that phase retrieval is far from the most obvious means of
determining the bunch length from CTR data — in fact, to our knowledge this is the first
time it has applied to this problem. A more rudimentary method of establishing the bunch
length involves fitting a Gaussian spectrum (corresponding to a bunch with a Gaussian
longitudinal profile) to the measured data. Applying this method to our data and comparing
the FWHM lengths obtained by Gaussian fitting to those obtained by phase retrieval, we
see that for each shot the length obtained by phase retrieval is almost universally in the
range 1.1 +0.1 times the length obtained by Gaussian fitting. Such a small discrepancy
lends further credibility to the bunch profiles obtained by phase retrieval. The existence of
the discrepancy itself highlights the fact that the assumption of a Gaussian profile is likely
to limit the accuracy of bunch length estimation by simple fitting, by e.g. not accounting for
second or third bunches, or asymmetry.

Based on the reconstructed profiles for the full dataset, we go on to consider multi-shot
statistics and evaluate several aspects of the acceleration process.

5.3 Variation of bunch length with acceleration param-
eters

This single-shot non-destructive diagnostic of electron bunch length can be combined with
information from further electron bunch diagnostics in order to carry out a more thorough
analysis of the acceleration dynamics. In this section we present a summary of results from
runs taken at two different pressures, where in each the gas cell length was varied over a
range of values. Setting the gas cell length to a particular value allows us to, in a sense,
obtain a snapshot of the bunch at a particular stage of the acceleration process. Combining
data obtained at a series of gas cell lengths, then, allows us to build a picture of the evolution
of the bunch along the full acceleration process, together with either its dephasing, or the
defocusing or depletion of the driving laser.

The two nominal pressures used here are 80 and 170mbar, corresponding respectively
to plasma densities of n, = 3.8 x 1018cm ™3 and 8.2 x 10 cm ™2, and to plasma wavelengths
of A, =17.0pum and 11.7um. We begin our discussion by presenting statistics for the de-
pendence on gas cell length of the central energy of the main electron bunch (i.e., the high-

6The zero-frequency Fourier component of a function’s transform is the integral of the function in real space.
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Table 5.2: Overview of acceleration parameters.

80 mbar 170 mbar
ne 3.8x10¥cm3 ne 8.2x10¥cm™3
Ap 17.0pm Ap 11.7pm
P, 77TW P, 3.6TW
Pt 37 6TW PYf 12 3TW
Py, 54.0TW Py 54.0TW
ago 3.8 ao 4.9
wer 10.6pum wer 7.3um
1-D nonlin. [48] bubble [56] 1-D nonlin. [48] bubble [56]
Apn  25.3um App 21.6um Apn 18.6um App 16.5um
Lgn, 13.8mm Lgp 3.3mm Lqn 5.5mm Lap 1.2mm
Ly, 13.8mm Lyap 3.8mm Lpgn 5.5mm Lyap 1.8mm

energy peak on the electron spectrometer), and of the reconstructed bunch length (FWHM)
of the main bunch. These are shown in Figures 5.8a and 5.8b, respectively.

Looking at the bunch energies alone, Fig. 5.8a, it is clear that for each pressure there is
an optimum acceleration length, for which the highest energy is achieved. At 170 mbar this
appears to be 5mm, while for 80 mbar is it somewhat longer, around 9mm. The notion of
an optimum acceleration length also broadly corresponds to the dependence of bunch length
on acceleration length shown in Fig. 5.8b, though there are discrepancies between the two
figures that we go on to address shortly.

While at 170mbar the electron energy drops sharply for L. > 5mm, at 80 mbar it only
tails off slightly past Lcenn > 9mm. This suggests the mechanisms that limit acceleration are
different in the two cases. We investigate this in the context of the acceleration parameters
presented in Table 5.2, calculated based on the equations in Section 2.1.1. There is some
ambiguity regarding whether we are operating in the bubble regime or whether the mode
of operation is closer to the 1-D (broad-pulse) nonlinear regime. In some PIC simulations
it has been observed that self-injection at early stages causes beam-loading of the wake,
which leads to a termination of self-focusing before the matched self-focused spot size, wqr,
is actually reached [195]. Due to this ambiguity, Table 5.2 presents the parameters of both
regimes.

We see that in the 1-D regime at 80 mbar the dephasing length is Lg, = 13.8mm, while
at 170mbar it is Lq, = 5.5mm. It therefore appears that at 170mbar dephasing is the
likely cause of the decrease in energy at L. > 5mm, while it appears that another process
stops the acceleration process at lengths = 9mm in the case of 80 mbar. This may either be
complete depletion of the laser pulse, or its diffraction due to lack of self-guiding after its
partial depletion. Namely, at low pressures the critical laser power required for self-guiding
is greater, and for our parameters at 80 mbar it is rather close to the initial peak laser power
(837.6TW and 55TW, respectively). Thus even partial depletion of the laser pulse may lead
to diffraction and termination of the acceleration process. We will refer to these processes
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collectively as “laser depletion”.

These considerations are in line with the dependence of bunch energy on acceleration
length at high pressure (170mbar), which suggests the onset of dephasing — and thus a
decrease in energy — while at low pressure (80mbar) the driving laser diffracts and the
electron bunch continues to coast through the plasma, only losing a small amount of energy.
This explanation is corroborated by the evolution of bunch charge with gas cell length shown
in Figure 5.9. For 80 mbar, at lengths above L. ~ 8mm there is a gradual decrease in bunch
charge, even though the bunch energy remains the same. This may be due to attrition of the
bunch as it propagates through the plasma when there is no longer a laser driving a bubble.
On the other hand, at 170 mbar (Fig. 5.9b) the abrupt drop in bunch charge for L = 6 mm
corresponds very closely to the drop in electron energy at those gas cell lengths — behavior
that is in line with the electron bunch dephasing within the bubble.

In the context of the above discussion, the evolution of bunch length with L. can be
explained more adequately. At 80 mbar for 2mm < L. < 8mm the measured bunch length
decreases with increasing L. This is consistent with the rear of the bunch experiences a
stronger accelerating field than the front, as is expected to be the case. Beyond Lce ~ 8mm,
the point at which the driving laser appears to no longer drive a wake, bunch shortening
continues at a slower pace, and is more likely to be a result of attrition of the front of the
bunch as it propagates through the plasma, which is also in line with the decreasing charge
seen in Fig. 5.9a.

At 170mbar, on the other hand, the acceleration dynamics appear to be more complex
with respect to bunch length. While the initial bunch shortening as the electron energy
increases with L.y is again clearly present, the bunch remains relatively short even after
dephasing, and only appears to become longer for very long gas cell lengths. It is possible
that the range of effects that occur during dephasing — such as loss of bunch charge —
collectively ensure the short bunch length is maintained.

In any case, even from the small data sample presented here it is clear that an elec-
tron bunch length diagnostic can be highly beneficial in analyzing and understanding the
acceleration dynamics. Ultimately, bunch length measurements would be crucial for the se-
lection of a suitable working point for a laser-wakefield accelerator operating in a production
environment, such as a driver for a compact light source.

5.4 Acceleration of multiple electron bunches

As Figs. 5.7b and 5.7c illustrate, some of the observed transition radiation spectra ex-
hibit high-contrast modulations in frequency. Such modulations are a signature of interfer-
ence between transition radiation emitted from multiple bunches. The separation of these
bunches in z can be inferred from the modulation frequency, and the relative sizes of the
bunches can be determined from the contrast. In our case, this is all done automatically
as part of the phase retrieval process. As can be seen in Figs. 5.7b and 5.7¢, the process
also appears to successfully fill in the missing spectral data between the THz data points
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Figure 5.8: Dependence of (a) electron bunch energy and (b) full-width at half maximum of
the reconstructed bunch on gas cell length. Statistics are over ~ 30 shots for 80 mbar and
~ 20 shots for 170mbar, where the data points represent mean values and the error bars
are standard deviation.
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Figure 5.9: Dependence of accelerated bunch charge on gas cell length at (a) 80 mbar and
(b) 170mbar. The total represents all the charge observed above 180MeV, the spectrometer
cut-off energy. In the 80mbar case the bunch charge in the quasi-monoenergetic peak is
also shown in green, defined as the sum of charge within the FWHM (in terms of dQ/dE)
of that peak, and at higher energies. This statistic was omitted at 170mbar as in many of
the spectra the peaks were less well-defined. Statistics are over ~ 30 shots for 80 mbar and
~ 20 shots for 170mbar, where the data points represent mean values and the error bars
are standard deviation.
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Figure 5.10: The observation of secondary bunches during a gas cell length scan at 80 mbar.
Dot positions represent the distance of secondary (or tertiary) bunches from the main one,
with dot sizes denoting their peak current as a fraction of the peak current of the main bunch
— here also called “relative size”. Blue dots represent bunches separated by Az < 19um
from the main bunch, while red dots represent separations larger than 19 um. The blue
and red curves show the mean of the relative sizes of bunches observed at Az < 19um and
Az > 19 um, respectivaly. These means are computed over all shots recorded at each gas cell
length, including those where no secondary bunches are observed, for which a zero relative
size is taken.

(marked with crosses). In the case of 5.7c, it has also picked up simultaneous modulations
at two different frequencies, resulting in the reconstruction of three bunches.

In order to understand the conditions required for the acceleration of additional electron
bunches — and the properties of those bunches — we carried out an analysis of all secondary
and tertiary bunches observed during the 80-mbar run that was presented in more detail in
Section 5.3. The key statistics are shown in Figure 5.10. One of the most striking features
exhibited by the data is the apparent discreteness of the observed separation between the
main bunch and additional bunches. There appear to be at least two clear regimes, with
some bunches separated by Az ~ 15um from the main bunch (blue dots in Fig. 5.10), and
some by Az ~ 22 um (red dots), but practically no bunches seen at intermediate separations.
A third mode appears to occur at Az ~ 26 um, however the bunches seen there are much
smaller. We have verified that this “modularity” of bunch separations is not just an artifact

of the reconstruction process by carrying out Fourier analyses of the modulations on the
NIR data alone.

After observing this modularity, in our analysis we recorded the separation and size’

of bunches observed at Az < 19um as well as at Az > 19 um for each shot, thus being able
to account for multiple additional bunches. A prime example where this is required is the

"Represented as peak current of the secondary bunch as a fraction of the peak current of the main bunch.
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profile shown in Figure 5.7c, where additional bunches occur at both Az = 15um and Az =
22.5 um.

From this information we can determine the probability of secondary bunches appearing
in either the “small-separation” or “large-separation” regimes. In Figure 5.10 we have rep-
resented this probability as the mean relative size of bunches appearing in the two regimes.
For the large-separation bunches we see this rise with increasing gas cell length, and peak
at 13-15% at L = 9-10mm, then drop off sharply. On the other hand, small-separation
bunches are almost non-existent for L. < 9, but their mean relative size rises sharply for
longer gas cell lengths and peaks at 30% for L. = 12mm. Indeed, bunches at Az ~ 15um
with peak currents of at least 10 % of that of the main bunch are observed in ~90% of shots
for all gas cell lengths above 11 mm.

The facts that secondary bunches occur only at discrete separations, and that their occur-
rence has a clear dependence on acceleration length, suggest the presence of two different
acceleration mechanisms for bunches at different separations. At this point it is helpful to
refer again to Table 5.2. At 80 mbar the non-linear plasma wavelength in the bubble regime
is App = 21.6 um, and in the 1-D regime it is only slightly longer, 1,, = 25.3um. Clearly,
these values are very close to the separation at which we see the more distant secondary
bunches at acceleration distances L. = 6-11mm, suggesting that they are simply accel-
erated in the second bucket behind the driving laser. This second-bucket acceleration is
readily seen in simulations as well as experiments, e.g. in Figs. 2.3b—c, or in Ref. [36].

At Lo = 11mm a sort of transition occurs, with far fewer (and smaller) bunches seen to
be accelerated in the second bucket, while bunches separated from the main one by approx.
15 um become both common and relatively large. Our interpretation is that these “small-
separation” bunches are accelerated in a bubble driven by the main bunch itself, after the
driving laser has depleted or diffracted — indeed, the point during the acceleration pro-
cess at which these bunches appear corresponds very closely to the laser depletion point
established in Section 5.3.

Beam-driven plasma acceleration is of course a well-known phenomenon, both theoreti-
cally [23] and experimentally [196]. Recently, Hidding et al. [197] proposed the idea of using
a “hybrid” laser-plasma wakefield accelerator consisting of two stages: in the first stage a
laser pulse drives a wake and accelerates two bunches — one in the first and one in the sec-
ond bucket — then in the second stage the leading bunch drives a wake through a plasma of
lower density (and thus longer period), so that the trailing (witness) bunch is trapped at the
back of the bubble driven by the first bunch, and is accelerated to double its initial energy.
Further simulations were carried out by Pae et al. [198], where a similar process is demon-
strated to occur in a single (uniform density) plasma column. In that case the witness bunch
that is ultimately injected in the beam-driven wake does not exist independently prior to the
creation of that wake — as is the case in the scheme by Hidding et al. — but appears to be
injected from the remnants of the laser-driven wake upon its breakup after laser depletion.
The present experimental data strongly indicates that a similar scenario arises here.

Further verification of the above hypothesis regarding the acceleration dynamics will
be sought through 3-D particle-in-cell simulations of the exact conditions under which this
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Figure 5.11: Sample CTR spectrum showing data from the visible spectrometer (blue line),
NIR spectrometer (green line) and THz spectrometer (red crosses). The “bump” in the spec-
trum at around 450nm is clearly visible, and is shown magnified in the inset.

experiment was performed. A clear demonstration that a laser-accelerated electron bunch
can itself drive a plasma accelerator in which a witness bunch is accelerated would certainly
open up new research areas within the field. Moreover, reliable self-injection of a witness
bunch — as we appear to be observing — would remove the requirement for an externally
injected bunch from a prior stage (as recommended by Hidding et al. [197]) and significantly
simplify the operation of such a “hybrid accelerator”.

5.5 Short-scale modulations in the longitudinal electron
bunch profile

In a number of past experiments [178, 179], including the experimental campaign described
in Chapter 4, significant coherent transition radiation was observed at optical frequencies,
indicating the presence of short-scale substructure in the longitudinal bunch profile. In
the present campaign, however, a particular feature in the visible spectrum was especially
prominent. In the majority of cases where electrons were accelerated, a “bump” was seen
in the transition radiation spectrum, centered at a wavelength of approx. 430-550nm and
having a width of ~ 100nm. A sample CTR spectrum showing this bump in the context of
the full spectrum is shown in Figure 5.11. In this case it was centered towards the short-
wavelength end of the spectral range.

The position and shape of this bump vary from shot to shot, and we observe them to de-
pend on the various acceleration parameters such as gas pressure, gas cell length, and laser
pulse length. While it is difficult to completely exclude the possibility, we find it unlikely
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that the origin of this bump is in fact radiation from the driving laser (possibly from second
harmonic generation) or other stray radiation, rather than actual transition radiation from
the electron bunch. One of the clearest indications that this bump is in fact CTR stems
from the fact that in many of the cases where the overall CTR spectrum is modulated due
to interference of multiple bunches, the bump itself also exhibits modulations at the same
frequency.

Assuming that this bump in the spectrum is indeed CTR due to short-scale longitudinal
modulations in the electron bunch, seeking to explain the origin of these modulations is
the obvious next step. While no definitive explanation stands out, interaction with the
driving laser pulse is a potential candidate. Glinec et al., in particular, observe coherent
structures at very similar wavelengths and perform 3-D PIC simulations that indicate these
arise from interactions with the laser [178]. Such interactions have also been observed by
others: in PIC simulations [183, 199], as well as experimentally [58, 179, 200, 201]. In
theory, interaction of the bunch with the laser pulse alone (in the absence of a plasma wave)
can lead to microbunching of the electrons at half the drive laser wavelength [202], however
the betatron oscillations of the bunch in the plasma channel can modify the dynamics [183].
With these considerations in mind, and observing that the wavelength of microbunching
is indeed close to half the drive laser frequency — which is initially 800nm, but will be
redshifted through interaction with the plasma — interaction with the drive laser appears
to be a plausible source of the observed fine structure.

Some of the “bump” data is summarized in Figure 5.12, again for the 80 mbar experi-
mental run described in Sec. 5.3. We see that the central wavelength of the bump varies
unambiguously with gas cell length, albeit over a relatively small wavelength range. In a
very simple picture, this may be due to the bunch interacting with different parts of the
laser pulse — which have different wavelengths due to chirp — as it moves forward through
the plasma bubble.

A further striking feature is the fact that modulations of the “bump” are observed for
gas cell lengths = 9mm, corresponding precisely to the regime where secondary bunches
are observed close to the main bunch (cf. Fig. 5.10), but not to the regime where secondary
bunches are observed further away (e.g. L¢ = 6-9), as discussed in Sec. 5.4. Indeed, if
a bunch is accelerated in the second bucket behind the drive laser, we do not expect it to
be modulated by the laser. Therefore only the bunch accelerated in the first bucket will
have fine structure, and the “bump” in the spectrum would be present but not modulated
due to interference. On the other hand, under the scenario described in Sec. 5.4, where for
L .1 = 10mm the laser no longer drives a wake but the electron bunch does, it is possible
to envisage both electron bunches interacting with the (weakened but still present) laser
pulse. Especially so considering the fact that the electron bunches, with relativistic Lorentz
factors of order 1000 — would outpace the laser, which has a group velocity corresponding
to a Lorentz factor yz = A,/Aq = 20.

This phenomenon certainly warrants further investigation, in part by carrying out a full
analysis — and possibly simulations — of the mechanisms that may cause laser-induced
microbunching during acceleration, and in part through further experimental investigation,
possibly with a spectrometer capable of detecting emission at shorter wavelengths. As we go
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Figure 5.12: The central wavelength of the “bump” in the CTR spectrum, computed by
taking the center of mass of the spectrum in the wavelength range 420-640nm is shown
as gray circles (error bars represent rms variation over ~ 30 shots). Blue crosses indicate
the probability of the bump exhibiting modulations due to interference of multiple bunches
with fine structure. The bump was observed on all shots taken at L = 3mm during this
70mbar run.

on to describe in Section 6.5 of the next chapter, such short-scale longitudinal modulations
of the electron bunch may have implications for the operation of future free-electron lasers
driven by laser-accelerated bunches.



Chapter 6

Theory and Simulation of
Free-Electron Lasers Seeded with
Broadband Radiation

In this chapter we return to the subject of free-electron lasers. While in Chapter 3 we
presented realistic simulations of a proposed FEL driven by electrons from a laser-wakefield
accelerator, in this chapter we explore a related topic — the seeding with high-harmonic
radiation — from a more idealized viewpoint. In particular, we aim to determine whether
the broad bandwidth of HHG seeds — and the fact they often violates the commonly-used
slowly-varying envelope approximation (SVEA) — precludes the use of conventional FEL
codes for simulation of FELs seeded with them.

To this end, we begin by introducing a linearized analytical model for the amplification
of radiation in an FEL. In Section 6.2 we then flesh out the problem at hand by introduc-
ing the slowly-varying envelope approximation, along with undulator-period averaging, and
discussing their implications for simulation codes. We also present preliminary arguments
for the applicability of the SVEA even in the case of broadband seeds. The non-SVEA,
non-undulator-period-averaged code AURORA that we use to further test this hypothesis
is presented in Section 6.3, and results from it as well as a conventional SVEA code (de-
scribed in Appendix B) under various “challenging” conditions are presented in Section 6.4.
Finally, in Section 6.5 we discuss the potential for coupling between non-resonant longitu-
dinal modes of the radiation seed and the electron bunch profile that may result in resonant
FEL emission.

The bulk of Sections 6.1-6.4 is based on material that has undergone peer review and is
published in Physical Review Special Topics — Accelerators and Beams, Ref. [203].

6.1 The linearized analytical model of a seeded FEL

Before we begin the discussion of the slowly-varying envelope approximation and its impli-
cations for FEL simulations, in this section we present an analytical FEL model that pro-
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vides another useful point of a reference. It treats the case of gain due to a radiation seed
and an initially cold and uniform electron beam, and is based on the linearized Maxwell-
Vlasov equations (within the SVEA), similar to the development in Refs. [204, 205].

For a seed field A(0,0), represented in terms of magnetic vector potential, the field at
a given distance along the undulator { = £z, and a given ponderomotive phase, 6 = kr(z —
ct) + kyz, can be expressed as

A(C,0)=g(¢,0) = A(0,0),

where * represents convolution with respect to 8. Previous treatments have employed the
saddle-point approximation when evaluating an expression for g((,60), thereby precluding
the correct modeling of fast-varying seed envelopes. In order to allow such envelopes to be
modeled, here we avoid this approximation and derive an expression based on the general-
ized hypergeometric function ,F, [cf. Egs. (6.11) and (6.13)]:

3
2(0,0)=5(C —0)+8i({ —0)0p> o Fo ;5,2;2i<c—6)29p3 H(-0), 6.1)

where H is the Heaviside step function.

We begin by introducing the function f({,0,n) that is used to characterize the electron
distribution in phase space, where 7 = (y —yRr)/yR is a dimensionless energy-spread variable.
The distribution’s evolution is governed by the Vlasov equation,

df = (o, + 009 + 710y) f =0. (6.2)
The dotted terms are derivatives of the phase space variables w.r.t. {, correspondingly
6 =2n,
)= —KB aeig,

where a = eA/mc is the normalized field envelope. The Maxwell equation governing the
latter is

(07 + ) a :KMe_igfdnf. (6.3)

The two dimensionless constants are
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where n, is the peak electron density and all other parameters are as defined in Section
2.3.2. We note that kg = 4p2, where p is the Pierce parameter (cf. Eq. (2.47)).

We rewrite the distribution function as f = fy + f1, where fj is the initial distribution
and f7 accounts for FEL-induced modulation. The shot-noise contribution is not considered
here. Linearizing Eq. (6.2) results in

(6( + 909) fo =0 (6.4)
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and

(6(+903) fl ZKBaeiganf(), (6.5)

which are valid during the start-up and exponential gain regimes, where a << 1. Rearrang-
ing Eq. (6.5), we obtain
[0 +60G +09)] (e7* f1) = kB a 0, fo.

We solve this in the Fourier domain, Z[f(0)] = F(v):
Fle O f1]= fo ( ¢’ e 0V p Zla(()dy Fol()].
Carrying out the inverse transform and integrating over v we obtain
= [0 NOal 000,

with 0’ = 0—0({—{"). Finally, from Eq. (6.4) fo({,0,n) = fo(6 —0,n) and thus also fo((',0',n) =
fo@—0¢,m).

Substituting the above into Eq. (6.3) yields
(O¢ + 0g)a ZKMfdne_ie fi (6.6)
=4p f d¢’ -0 ("0 f dna, fo0 —0¢,m). (6.7)

This is amenable to solution via a Laplace transform, Z[a({)] = A(s),
(s +0g)A(s,0)—a({ = 0,0) = 4p f dge™s¢ f ¢’ e 0 (0" f dnd,fo - 6¢,m).

Since a(68")fo(6 — ) contains higher-order terms, under linearization it becomes a(8)fo(6):

(s +09)A(s,0) —a({ =0,0) = 4p f dnd, fo(0,m) f dg e~ (s+i0% f ¢’ e’ a(’,0)

: 0
_4P fdﬂanfo(e n)] dcl —-s( a(( )
s+i6
A(s,0)
—4 f dnd,fo0m
p n0onlo 0
Rearranging and integrating by parts, we obtain
f 0(9 77)

(s +09)A(s,0) = ag(0) +i(2p)> A(s,0) f dn ey

where the initial (seed) field is represented by a¢(0) = a({ = 0,8). Finally, we assume an
initially cold, longitudinally uniform electron beam, fy(8,n) = 6(n):

.2 3
[S+03— A g)
S

A(s,0) =ao(0). (6.8)
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The solution to this equation is
(210)3

Acs, 6)—] do’ exp

—S+

)(e 0)] a0(0),

and carrying out the inverse Laplace transform,

3
all,0)= L {exp 9+L(2p) ]}*ao(e), (6.9)

where * represents convolution with respect to 6.

Defining y = 1(2p)30, we go on to evaluate the inverse transform in Eq. (6.9). From the

power series expansion
n

1 N\_w X
gexp(s—2) B ,LZ::O s2ntlnl’

applying the relation £ ~! snﬂ } =& -7, we obtain the inverse Laplace transform

~ 1 nCZn
< {sexp( )} Z NTOISY =G((,0).
Using
L HsF(s)} = Q)+ F(0)8(D),
and

fé’_l{exp(—se)F(s)} =f((-0)H( -0),
where £ HF(s)} = f({), and H is the Heaviside step function, we obtain

£ exp(—s0)exp(y/s2)} = %(( —0,0)H({ —0)+6( —0). (6.10)

The solution for 0G/0{ can be expressed in terms of the generalized hypergeometric func-
tion, ,Fg,

x [i(20)%0]" (- 6)>" 1

a_((( 99)_,; nl@n - 1)
=0F2(;1,1/2;i(20%)0 %), (6.11)

where
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6.12
=0 01)R(b2)k ... (by)r k! (6.12)

qu(al,...,ap;bl,...,bq;z) =
with (), =ala+1)...(a +k —1); (a)g = 1.

The series of Eq. (6.11) is the same as that obtained by Krinsky in Ref. [206]. For values
of { < 71/p (beyond which non-linear effects manifest) and 6 € (0,{), it is accurately approxi-
mated by its first four terms:
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In obtaining this expression we have not used the saddle-point approximation when
evaluating the inverse Laplace transform. It is customary to apply this approximation (see
e.g. [137, 205]), and indeed it yields the familiar expression for exponential FEL growth in
the linear regime — however, it leads to expressions that cannot have short-scale variations
in 0, thus precluding the modeling of gain due to fast-varying seeds. The present expression
does not suffer from this drawback and can be used to model gain due to seeds with an
arbitrary temporal profile.

6.2 The slowly-varying envelope approximation in con-
ventional FEL codes

As discussed in Sec. 2.3.2, FEL seeds produced by high-harmonic generation comprise a
series of sub-femtosecond spikes — as short as = 100 attoseconds [207] — and can have
a very wide bandwidth. At the same time, conventional SVEA codes such as GENESIS
[167] or PERSEO [208] (see also Appendix B) normally represent the seed field in terms of
the complex amplitude of the field’s resonant component on a grid of spacing 1y = nAg, for
integer n = 1. This can support a bandwidth of %)LR < A < 2AR with a resolution in frequency
of 2mc/(LAR), where L is the total number of data points on the grid.

For a resonant FEL wavelength Ag = 32nm, an HHG burst of length 100as corresponds
to just a single data point on this grid (for n = 1, Ay = Ag). Correspondingly, the limited
bandwidth that an SVEA code supports precludes the inclusion of the broad range of fre-
quencies that are present in these HHG seeds. We would like to investigate the extent to
which the omission of these frequencies compromises the ability of single-frequency codes
to correctly simulate the seeding process.

The effects of an HHG seed’s rich spectral content and sub-femtosecond temporal struc-
ture upon FEL gain have been considered previously by Giannessi et al. [209], McNeil et al.
[210] and Wu et al. [211], among others. In Refs. [209] and [210] the authors dismiss such
effects reasoning that since the FEL gain bandwidth typically encompasses only a single
harmonic of the seed, the presence of the other harmonics will therefore negligibly affect
FEL dynamics. In both cases, simple filtering of the HHG seed in Fourier space was carried
out in order to use numerical codes based on the slowly-varying envelope approximation
(SVEA); in general, such codes support only a limited frequency domain around a central
frequency. Such filtering can lead to non-causal changes in the temporal structure, e.g.,
making radiation artificially appear in the valleys between the strong HHG spikes. Wu et
al., on the other hand, discuss smearing of the seed’s temporal structure within an analyti-
cal framework.

A related approximation used by nearly all conventional FEL simulation codes is the
so-called undulator-period-averaging in which the particle-field interaction is locally in time
and z reduced to only the resonant component. Since a particle slips relative to the radiation
field one resonant wavelength in time for each undulator period travelled in z, as with
SVEA it is not clear that such averaging will work well for temporal radiation structures



6.2 The slowly-varying envelope approximation in conventional FEL codes 126

with spikes of order a single resonant wavelength in duration. At the other extreme —
wavelengths much longer than that corresponding to FEL resonance — it is not clear that
the strong radiation components in the HHG spectrum at the low harmonics of the drive
laser can be safely neglected in terms of their effects upon the particle dynamics and, if not,
whether the combination of spectral filtering and undulator-period averaging accurately
capture these effects.

Here we revisit the issue of the use of SVEA and undulator-period averaging in FEL sim-
ulation and, more specifically, the applicability of the SVEA when modeling the HHG seed’s
temporal and spectral structure vis-a-vis FEL amplification. Since the SVEA assumes a ra-
diation amplitude and phase that implicitly varies slowly compared to a central wavelength
Ao and a radiation spectral content that can be mapped to a relatively narrow region around
Ao, it is not immediately clear that conventional FEL codes operating within the constraints
of SVEA will accurately capture all the important details of HHG seeding.

We begin the discussion with an introduction to the slowly-varying envelope approxima-
tion in the context of its application in free-electron laser simulation codes, together with
some qualitative arguments for why the SVEA in 1-D geometries can handle a surprisingly
wide spectral content range for an FEL seed.

6.2.1 Simulation framework and core equations

Simulating gain in a free-electron laser involves the evaluation of the combined action of
the undulator and radiation fields on the electrons at each position along the undulator, as
well as the evaluation of the emitted field, based on the electron positions and velocities at
that point. Generally these interactions are averaged over one or more undulator periods,
with all variables propagated from one undulator position to another. At any given inter-
action point within the classical framework, the effect of the radiation on the electrons is
independent of the emission of radiation by the electrons. From a numerical standpoint the
effect of a seed is entirely mediated by the electrons, in the sense that the seed causes en-
ergy modulation and then microbunching, which in turn causes emission of radiation. When
the microbunched electrons radiate, the presence of the seed radiation has no explicit effect
on the newly emitted radiation and the two radiation fields add linearly. This view of the
emission process is completely independent of the adoption of the SVEA.

Radiation emission is calculated from Maxwell’s wave equation for the transverse com-
ponents of the field’s magnetic vector potential in the Lorenz gauge, A, and for the source
current density, J/,

21 42 1
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where c is the speed of light and ¢ is the vacuum permittivity. In this paper we restrict
ourselves to a 1-D model and have accordingly dropped the diffraction term, V?_A L.

At this point one may proceed in two different fashions in regards to the eventual appli-
cability of the SVEA in the context of FEL emission. In the strict 1-D case, we can factor
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the left-hand side of Eq. (6.14) to obtain
0 10)\(0 1090 1

(2.10)(2 1), 1, 615
With B, =V xA, and E| = -0A,/0t, one may separate Eq. (6.15) into two separate equa-
tions for the forward-going wave E | —Z x ¢cB | and the backward-going wave E | +Z xcB . In
the FEL context, this result was previously obtained by Maroli [212]; it is commonly used as
a means of of advancing Maxwell’s equation for electromagnetic codes in different contexts
of plasma physics [213].

Given our focus upon short wavelength FELs for which there is no resonant gain in
the backward wave, we neglect it and set ¢cB, = Z x E| exactly. We then make a Galilean
transformation to the frame of reference moving forward in z at velocity ¢ by carrying out
the substitutions # = ¢ — z/c and 2 = z, resulting in the exact first order equation

OB =, . (6.16)
0z 2€epcC
This equation can be integrated forward in z in either the time or frequency domain without
strictly requiring the application of the SVEA. In this situation the radiation bandwidth that
can be supported by the code is of course still dependent on the resolution of the grid in £ on
which £ | and J, are recorded.

However, this approach has no equivalent for higher dimensions; including physical ef-
fects such as diffraction brings in non-trivial complications, even for the forward-going ra-
diation wave. Accordingly, we proceed along a second path that will illustrate the approx-
imations required for the SVEA. Using the Galilean transformations mentioned above, we

rewrite Eq. (6.14) as
0% 2 9 1
—_— =———=dJ. 6.17
(622 c aéat) coc2” (6.17)
The field and source current may be represented as the products of envelopes and oscilla-
tions at an angular frequency wg = 27m¢/Ag, where A is typically chosen equal to the resonant

wavelength Ag (and in an SVEA code wg is the center of the frequency window),
A(3,D) = Ag(3, D e ",
J(2,8) = Jo(2, e 0",
where we have dropped the ;| subscript to aid readability. Notably, this representation

makes no assumptions regarding the envelopes — it still allows for variations on arbitrarily
short timescales. Hereby Eq. (6.17) can be recast as

2i(x)() aAO _ 1 62A0 + 2 62A0
¢ 02 eoc2” " 032 ¢ osot

(6.18)

6.2.2 The slowly-varying envelope approximation

The slowly-varying envelope approximation consists of dropping the last two terms on the
right-hand side (r.h.s.) of Eq. (6.18). SVEA is applicable provided that

%A, 0A¢
052 0%

wo
< 2—
c

(6.19)
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and

%A,
050t

040
02 |

< 20 (6.20)

Condition (6.19) applies strongly for the forward wave component of essentially all realistic
FEL configurations, especially those with A < A, since for p < 1072 the exponential gain
length Lg = 51, > AR, and the rate of change of Ay along the undulator scales as the gain
length, 0A¢/02 ~ Ayg/Lg. Here p is the FEL Pierce parameter introduced in Eq. (2.47), and
Lg = Ao/(4V37p) is the gain length (cf. Eq. (2.49)). Although the backward wave can violate
condition (6.19) as mentioned above, there is no resonant gain for this component and its
effective strength is a factor ~ O(yzitu/lb) less than the forward wave where [, is the electron
bunch length.

With regard to condition (6.20) in Eq. (6.18), the 02A(/020¢ term is a correction that is
relevant only when the change in the field, 0A(/d2, is fast-varying in £ — therefore, the ini-
tial radiation seed, which is invariant with z in the 1-D approximation whatever its spectral
content, does not contribute to this term.

Strong initial modulations on the bulk current or externally produced initial microbunch-
ing bring about effects such as coherent spontaneous emission (CSE) that might violate con-
dition (6.20); these have been discussed in detail elsewhere [214—218] and are outside the
scope of our focus on seeded FELs. A recent paper by Maroli et al. [219] discusses FEL
simulations outside the SVEA and also highlights CSE as an important effect that is not
observed in conventional undulator-period-averaged codes.

On the other hand, whether or not such modulations in the electron beam may develop
in z in response to structures in the seed whose characteristic frequency w is far from wg
depends on their evolution with z. Realistic FELs with p < 1 will have resonant growth
only for modulations whose frequencies lie within a narrow bandpass Aw ~ pwg centered on
wo (ignoring higher harmonics and presuming 1yp = Ag). Non-resonant seed structures are
expected to lead at most to short-lived (in z) modulations in electron beam energy and pon-
deromotive phase. Unless these modulations are sufficiently strong to either affect growth
at the central resonant wavelength AR (e.g., strongly increasing the coarse-grained energy
spread and thus reducing gain) or to shift growth to neighboring wavelengths (e.g., sideband
formation), one expects condition (6.20) to remain valid and application of the SVEA to be
justifiable in the context of coherent radiation emission even when the initial field envelope
is fast-varying (in phase or amplitude) compared to wy.

As a final point, here we transformed to a frame of reference moving at ¢, rather than,
as is more common in FEL codes, to a frame moving at ,c. In the latter the radiation slips
over the electrons at a rate of (1 - 8,)c, thus even in the absence of a source current the field
is not invariant. This would pose a problem if the propagation of the field along the wiggler
was evaluated by means of the wave equation, which within the SVEA would not handle
a fast-varying temporal profile correctly. However, 1-D FEL codes use a simpler approach
and advance the radiation field by translating it by the required amount, At = Az/(1 - 8,)c
[133]. In the absence of a source current this does leave the field invariant, except for the
position shift. This procedure deals correctly with any field, regardless of whether it obeys
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the SVEA or not. Due to the way radiation is advanced between integration steps in FEL
codes, therefore, the above discussion, for a reference frame moving at ¢, will also be valid in
the ponderomotive reference frame moving at (1 — f8,)c that is conventionally used in codes.

In order to check these preliminary indications that the slowly-varying envelope approx-
imation can still be applied in the context of FELs seeded with broadband radiation, in
Section 6.4 we compare simulation results from a conventional 1-D SVEA code, in this case
the one described in Appendix B, to those from the non-undulator-period-averaged, non-
SVEA code AURORA that we introduce next. The results are also compared to those from
the linearized model of Section 6.1.

6.3 The 1-D non-undulator-period-averaged, non-SVEA
code AURORA

For the purposes of numerically evaluating the effects of the slowly-varying envelope ap-
proximation and of undulator-period averaging in FEL simulations, we developed the non-
SVEA, non-undulator-period averaged code AURORA [203, 220], which we present here. As
a multi-frequency code it shares a number of features with MUFFIN by Piovella [214]. We
note that Campbell et al. [221] have developed a fully 3D, non-SVEA code that also follows
Piovella and advances the wave equation (i.e., our Eq. (6.18) with diffraction terms) in
Fourier space.

6.3.1 General framework

In AURORA, the FEL interaction is simulated within a moving time window of duration
LAR/c, where L is an integer, and adopts periodic boundary conditions. As the window prop-
agates down the undulator at a constant speed of +c, the evolution of the radiation field and
the electron positions and energies are computed at M points per undulator period. The
coordinate within the window is the phase measured relative to a resonant, monochromatic
plane wave, ¢ = kgr(z — ct) where kg = 271/AR is the resonant wavenumber. The usual pon-
deromotive phase is 0 = ¢ +{ where { = kyz is the distance along the undulator normalized
by the undulator wavenumber k&, = 271/1,,.

In AURORA the radiation is represented by the transversely-polarized, normalized mag-
netic vector potential, a(z,¢) = eA,(z,p)/mc. Recording this on a grid of M points per
wavelength allows a simulation bandwidth of 2Agr/M < A < LAg. The electron bunch is
represented by a set of P macroparticles whose weights, w;, determine the number of elec-
trons represented by each. The macroparticles are free to move within the window (i.e.,
are not confined to “bins”, as in undulator-period-averaged codes) with any electrons es-
caping through the back of the window re-entering through the front. Initial shot-noise
microbunching can be modeled by introducing a certain microbunching level at the funda-
mental as suggested by Giannessi [149] or — preferably — by a Poissonian distribution of
either macroparticle displacement [143, 222] or weights w;, as suggested by McNeil et al.
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[217].

The bunch cross-section X, is assumed to be constant and matched to the radiation cross-
section, and, given our 1-D geometry, diffraction effects are not considered. Our studies
adopt a linearly-polarized undulator with constant period A, and constant rms strength
parameter a.

6.3.2 FEL equations

The transverse current density at location z, J,(z, ), is evaluated through

2ay P w,
Tu(e, ) = 22 cos(kuz) Y. =L Clo - ¢y), (6.21)
Z:r i=17i

where k& = 271/1, is the undulator wavenumber, i runs over the macroparticle indices, y; are
the macroparticle Lorentz factors, and ¢; are the resonant radiation phases at the macropar-
ticle locations. The distribution C represents the particle-in-cell weighting applied to the
macroparticles in order to project their distribution onto the radiation grid.

In AURORA, the current density </, is transformed to Fourier space,
J(z,w) = f dt J.(z,t) e,

and filtered with a Gaussian of width ~ 30w centered at w = 0 in order to reduce high-
frequency noise. The result is then inserted into the Fourier-transform of Eq. (6.17), omit-
ting the second derivative with respect to z:

. 1 1 .
—d Az,w)= ——d,(z,w), (6.22)
dz 2iw €pc

to compute the field evolution.

Macroparticle energies and positions are propagated using

: 2
% =- ;//_ni(z; cos(kuz) Ex(z, ), (6.23)
l
and q .
d";’ = —ﬁ{l+ai[1+cos(2kuz)]} (6.24)
i

with E, = —0A,/0t. The cosine term in Eq. (6.24) corresponds to the oscillation of the elec-
tron’s longitudinal velocity that is characteristic of planar undulators, naturally leading to
the emission of odd radiation harmonics of the fundamental.

Since AURORA does not explicitly compute the transverse particle trajectories, the above
equations omit higher order terms (relating z; and ¢;) in the longitudinal trajectories. As
normally done in FEL simulation codes, the radiation field contribution (i.e., the quiver
velocity) to Eq. (6.24) is neglected, and macroparticle motion is assumed to be dominated by
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the undulator field. We have verified that this is justified since a <« a, for all normalized
seed and undulator potentials considered in Sec. 6.4.

Finally the computation of long-scale length space-charge forces is implemented in AU-
RORA, based on the treatment by Griiner et al. [129], but was not switched on for the sim-
ulations presented here. For several of the cases presented, corresponding simulations in-
cluding space-charge effects were run in order to verify that they do not introduce any new
physics, other than the expected reduction in gain.

6.3.3 Benchmarking

We verified AURORA’s performance in benchmarks against PERSEO. The latter was chosen
since in the case of a slowly-varying field envelope, small electron energy spread and no
coherent spontaneous emission, the output from AURORA should match PERSEO’s. Here we
present results from a steady-state and a time-dependent SASE benchmark. The parame-
ters used are close to the values discussed in Sec. 3.2.2; they are given in Table 6.1:

Table 6.1: Parameters for AURORA benchmark

Electrons

Energy E  320MeV
Yy 625

Energy spread oyly 0.1%

Peak current I, 10kA

Transverse bunch size o, 100um

Undulator

Period Auy  20mm

rms strength ay, 0.5

Resonant wavelength AR 32nm
Pierce parameter p  0.0041
Gain length Lg 0.23m

We found a configuration of M = 256 and 800 macroparticles per wavelength (i.e., P =
800 x L) to be sufficient for good agreement with analytical predictions for the gain length,
as well as energy conservation (both within ~ 0.5%). Figure 6.1 shows a comparison of the
results of a steady state simulation, i.e. L = 1.

A time-dependent SASE benchmark was also performed in a window of L = 500: the out-
put profiles near saturation are shown in Fig. 6.2. The phases of the initial shot noise bunch-
ing were random, but identical for both codes. The beam current was constant throughout
the window. In order to compare the profile of the power output from AURORA to that from
PERSEO, the E-field was split into slices of length 1y, and the power carried by the fun-
damental Fourier component of each slice was evaluated, thus reducing the effective band-
width to match PERSEO’s. A similar — but more sophisticated — conversion was applied
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Figure 6.1: Steady state benchmark of output power (a) and gain length (b). In (a) solid lines
represent emission in the fundamental, dashed lines are 3™ harmonic and dash-dotted are
5% The horizontal black line in (b) is the 1-D analytical gain length for an initially cold
beam.

for the other results presented in this chapter, as described next. These plots clearly show
that the AURORA output matches that of PERSEO in these benchmark cases.

6.3.4 Conversion from a broadband to an SVEA-compatible field

The conventional undulator-period-averaged SVEA code used for the present studies (here-
after “SVEA code”) is a 1-D code based on the model of PERSEO [208] that is described in
Appendix B. The time grid spacing is typically Ag/c, where Ag is the bin size, which we as-
sume to be equal to the FEL's resonant wavelength 1y = Agr. Hence, there is support for
angular frequencies in the range [w(/2, 3wy/2], where wy = 2mc/Ag. A key first step towards
using the SVEA code to simulate the FEL response to a broadband seed is the requirement
to re-bin the seed onto a relatively coarse (relative to that of AURORA) time grid, while
ensuring important characteristics of the seed are retained.

The re-binning process consists of two steps. First, a Gaussian spectral filter of root-
mean-square (rms) width wo/(27) centered on wg is applied. This spectral filter serves to
remove spectral components of extremely high and extremely low frequencies that may
otherwise lead to aliasing anomalies; at the same time the filter remains broad enough to
preserve the temporal profile of the seed — and therefore of the FEL output during early
stages of gain — on scales of 2 Ag.

Second, the filtered radiation field is transformed to the time domain and split into sec-
tions of length A1g. The binned field then comprises the complex amplitudes of the funda-
mental spectral component of the broadband field in each section. The approach of this
second step is informed by the discussion in Appendix C, where the energy modulation that
a broadband seed induces on the electron bunch is analyzed. The spectral filtering in the
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Figure 6.2: SASE output profiles near saturation (z = 6.9 m) at the fundamental. The coop-
eration length, L, = Ar/47mp, is also indicated.
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Figure 6.3: The procedure for binning a broadband field to a grid of spacing A, applied to a
sample randomly-generated field. Blue is the original electric field; red sinusoids represent
the phase and amplitude obtained for the fundamental frequency component within each
bin of width Ay.

first step of the conversion procedure is required to address the caveats of simple binning
discussed at the end of Appendix C.

Figure 6.3 illustrates the effects of the procedure described here on a sample seed. Note
that this is carried out on the electric field, E, rather than the magnetic vector potential
A. In order to allow easier comparison of results from the two simulation codes, the same
process is applied to the AURORA radiation output.

In the frequency domain, this filtering process is equivalent to multiplication of the input
field E(w) with a filter function W),(z1,w) that is the product of a Gaussian filter and the
Fourier transform of a top-hat of width A¢, centered at the bin location z; =ct—2z. On a
discretized mesh the correct filter to convolve with is

V2 i /
Wi, (z1,0) = ver exp[—2n2(a) —a)o)z/w%] X ‘sm(nw wo) exp(—izijwce), (6.25)
wo sin[rw/(Mwo)]

where A1o/M is the data point spacing on the grid on which the full broadband seed is dis-
cretized.
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6.4 Simulation results

In this section we compare AURORA results with those from the SVEA code and, in one case,
from our analytic model. We first examine the FEL response to an ultrashort input seed and
then go on to examine several situations involving HHG seeds.

6.4.1 Ultrashort seeds

Our first simulation study involves an FEL seeded with a single ultra-short spike of ra-
diation, whose high frequency components strongly violate the SVEA. The relevant FEL
parameters include resonant wavelength Ag = 32nm, undulator period 1, = 20mm and rms
strength a, = 0.5, and a monoenergetic, zero emittance electron beam with y = 625 and a
current density corresponding to an FEL parameter p = 0.002. The following figures use
normalized units for space, time, and field measures

z=2kypz, (6.26)

Z1 :2kup1ﬁ2_ (ct—2), (6.27)
— Pz

A= M € (6.28)

4y kop? me
where §, =/1- 1/)/% is the mean normalized electron velocity in z.

Our results show that even for this case where the input seed amplitude exhibits signifi-
cant variations on the scale of a resonant wavelength, there is excellent agreement between
results from the SVEA and non-SVEA codes and the analytical model in the great majority
of cases. Figure 6.4 presents a comparison between the radiation output profiles from the
non-SVEA code AURORA, the conventional SVEA code presented in Appendix B, and the
linearized analytical model of Sec. 6.1 at different stages of gain.

270 2
(€ty20500 and rms

The initial seed has a Gaussian profile with amplitude Aggeeq ~ €
duration 0geeq = 1¢/8. In terms of normalized variables, the rms width of the seed spike is
21 =n-1073 (in other words, much shorter than the cooperation length L.. In the SVEA
code the time grid spacing for the radiation and particle quantities is Ag/c and the central
wavelength 1o = Ag. The evolution of the output radiation profiles illustrate the high degree
of correspondence between the results yielded by the different approaches. At zZ = 10 the
simulations approach saturation and predictably begin to deviate from the analytical model.
Simulations of other ultrashort seeds with rms widths as short as ~ 1¢/100 showed similar
excellent agreement between results from the SVEA code initialized from a filtered seed and

the non-SVEA AURORA and analytic model.

6.4.2 Seeding with full HHG spectrum

In order to test further the capabilities of the simulation codes we turn to an example that
better illustrates actual HHG seeding, with an input seed spectrum comprised of odd har-
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Figure 6.4: Evolution at various Z locations of the intensity of the radiation A for a system
seeded with a single ultra-short spike of rms width o;, = 7- 1072 (corresponding to Ag/8)
located at 21 = 0. The thick gray curve is from the analytical model, the solid blue from the
non-SVEA code AURORA, and the dashed red curve from the conventional SVEA code. The
latter almost perfectly overlaps the blue curve.
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Figure 6.5: Relative intensities of harmonic orders 1-35 and 245-299 of an input HHG
seed spectrum. The shaded green Gaussian around the 255" harmonic (also plotted on a
logarithmic scale) represents the FEL gain curve for p =5 x 1073,

monics of a hypothetical drive laser. In the time domain, this corresponds to a sequence
of ultra-short spikes, two for each cycle of the driving laser. We simulate seeding with an
idealized infinite sequence of such spikes by using a periodic simulation window of size
Aq = 800nm, the drive laser wavelength. FEL resonance was set to Ag = 3.14nm, the 255
harmonic of the 14. Other relevant simulation parameters include A1, = 5mm, a, = 0.5,
v =998, and FEL parameter p =5 x 1073,

The corresponding input spectrum is shown in Fig. 6.5 where we also presumed that
all harmonics are exactly in phase. The adopted spectrum has an exponential drop-off of
intensity at the lowest harmonics and a plateau region of constant intensity per harmonic,
in line with theoretical predictions and experimental observations [223]. The normalized
amplitude of each of the plateau harmonics (¢ =21 to ¢ =281) is Aq =2.3x1072,

Despite the large electric fields associated with the seed’s long-wavelength components,
their dimensionless amplitudes ageeq = €Aseeq/(mc) are still much less than the undulator
parameter a,, therefore we may continue to disregard their direct contribution to electron
motion (cf. Eq. (6.24)). Additionally, although in reality these long-wavelength components
are likely to diffract significantly over the course of FEL gain (or even during pre-undulator
transport), by neglecting diffraction effects we may consider a limiting case in terms of their
potential effect on gain.

Figure 6.6 plots simulation results at an early stage of gain, Z = 4, and close to FEL
power saturation, Z = 14, where |A| = 1. Comparing the time-dependent output profiles,
it is clear that the SVEA code results match those from AURORA very closely — to within
the few-percent level — at all stages of gain. The radiation phases exhibit a similar degree
of correspondence. For purposes of comparison here, the AURORA results have also been
filtered and binned according to the procedure outlined in Sec. 6.3.4. This does not, how-
ever, limit their validity, as we have verified that the filter’s bandwidth covers all spectral
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Figure 6.6: Radiation output profiles versus time at Z =4 (a) and z = 14 (b) resulting from
broadband HHG seeding (cf. seed spectrum in Fig. 6.5). The simulation window has a width
of 14 =800nm with periodic boundary conditions. The gray line represents the initial seed
profile, with the characteristic two spikes per driving laser wavelength — this seed profile
has been subtracted from the other results, leaving only radiation generated during FEL
gain. Non-SVEA AURORA results are in blue while SVEA code results using a seed filtered
with a Gaussian of RMS width w¢/27m are in red. The solid (dotted) green line represents
SVEA simulation results where the input seed was filtered with a 1.67x broader (10x nar-
rower) Gaussian bandpass.
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components that experience gain.

To demonstrate the sensitivity of the SVEA code results to details of the initial Gaussian
spectral filter described in Sec. 6.3.4, we have also plotted results for filters with both a wider
bandwidth (1.67 wy/27) and a narrower one (0.1 wo/27). For the case with a broader filter, the
high intensities at low harmonics of the drive laser lead to an anomalous contribution to the
seed that distorts the gain profile, as well as the total output power. In the narrowband case
the seed’s initially sharp temporal profile is smeared out, and thus also the profile of the
output. This smearing does not, however, generally lead to large deviations in output power
— especially at advanced stages of gain. This is because even the narrow filter’s bandwidth
still covers most of the FEL's gain bandwidth, and there is no interplay between different
spectral components.

Based on the analytical arguments of Sec. 6.2 and the numerical analysis presented here,
it appears possible to accurately simulate FELs seeded with broadband radiation using
conventional single-frequency codes. This is in part a manifestation of the strong mode
selection that takes place during FEL gain.

6.4.3 Evolution of HHG harmonics within FEL gain bandwidth

The full harmonic content of the seed is clearly also of importance in cases where the gain
bandwidth encompasses more than one harmonic of the seeding laser. This may readily
occur at high harmonic orders, where the relative difference in frequency between adja-
cent harmonics becomes small. We consider again the example from the previous subsec-
tion: seeding with the 255
tive frequency separation between adjacent harmonics of that order is (wo55 — wo57)/was5 =
1-255/257 = 7.8 x 103, which is comparable to the gain bandwidth of a hypothetical FEL
with Pierce parameter p =5 x 1073, In this regime the presence of harmonics other than the
primary seeding one may affect the gain dynamics, particularly near saturation.

harmonic of an 800nm driving laser at 3.14nm. The rela-

We simulate this scenario in AURORA with a full seed comprising all plateau harmonic
orders from 215 to 2815 at equal intensities, as illustrated in Fig. 6.5, and also with a fil-

5" harmonic. The results are presented in Fig. 6.7. Due

tered seed only containing the 25
to the imposed absence of initial electron bunch shot noise, for the case of the filtered seed
the 255" harmonic is the only spectral component that achieves appreciable gain. The ad-
ditional harmonics in the full seed undergo gain in accordance with the FEL's gain curve
(inset). This difference in behavior leads to different saturation dynamics: the full seed en-
ters saturation sooner, but takes longer to reach maximum intensity. Correspondingly, there
is a period around z = 15 where the filtered seed actually yields a marginally greater inten-
sity than the full seed. The “tapered saturation” exhibited by the full seed is attributable to
the fact that different modes within the gain curve saturate at different times, and in doing
so inhibit the saturation of other modes. Thus, for example, in the case of the full seed the
255 harmonic can never reach the same saturation intensity as in the case of the filtered

seed.
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Figure 6.7: Evolution of HHG seed harmonics around the FEL-resonant 255" harmonic of
an 800nm driving laser, for the cases of a full and a filtered seed. The full seed (cf. Fig.
6.5) contains several harmonics that fall within the gain bandwidth (p =5 x 10~2), whereas
the filtered seed case contains only the 255™ harmonic. Spectral components of FEL out-
put resulting from the full seed are represented by solid lines, where the gray line is total
normalized field due to harmonics 249 through 261; the output from the filtered seed is rep-
resented by the dotted green line. Inset: harmonic content of the full seed (vertical lines),
set against the FEL gain bandwidth (gray).

As demonstrated in the previous subsection, even this case — where seed harmonics
other than the primary seeding harmonic have an effect on FEL gain — can in fact be simu-
lated in a conventional SVEA-compliant FEL code, as long as the seed field is appropriately
binned. This relates to the arguments of section 6.2, where we showed that dropping the
SVEA is not necessary even when the FEL is seeded with radiation that violates the ap-
proximation. Indeed, the SVEA only needs to be dropped when the radiation emitted by the
FEL has a fast-varying profile — the most striking regime where this is the case is when
the Pierce parameter approaches unity, i.e. we no longer have p <« 1. This corresponds to
very broadband emission, as well as significant amplification on the scale of a single undu-
lator period. Initial studies in this regime suggest that working outside the SVEA is indeed
necessary in order to accurately simulate it.

These results consider a single spatial dimension. While transverse effects such as radi-
ation diffraction will affect the FEL’s overall characteristics, it is unlikely there would be an
interplay between these effects and the temporal and spectral characteristics of FEL gain,
such that wideband effects are more important in 3-D than 1-D. In fact, the much greater
amount of diffraction at long wavelengths suggests that there will be an automatic high
passband filtering of HHG seeds, even further limiting non-SVEA effects.
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6.5 Coupling between longitudinal modes of bunch cur-
rent and seed field

The final topic of this chapter focuses on a class of FEL interactions that, to the best of the
author’s knowledge, have so far been overlooked in literature. This is not surprising, as
their effect under normal circumstances is minor, however they may — as we go on to show
— have implications for future FELs driven by laser-accelerated electron bunches. These
interactions may arise from the coupling between non-resonant frequency components of
the electron bunch and the radiation seed that ultimately lead to resonant gain.

In Section 6.1 we derived an analytical 1-D model for the amplification of a radiation
seed in an FEL driven by an electron beam with a flat longitudinal profile. Our result, Eq.
(6.11), is in agreement with the one obtained by Krinsky in Ref. [206] (cf. Eq. (5.11) therein).
Krinsky’s work, however, also allows for the case of an electron bunch with an arbitrary
longitudinal profile, and includes a treatment of SASE radiation emitted due to variations
in the beam current. Here we summarize his main result, which is that in the linear regime
the radiation field envelope, A((,0), evolves as

A(,0)=Ao(0-0)
0

+ do’ g.(¢,0,0") Ay(0)
0-¢

dikr (°
YR Jo-¢

+ 46’ g+(¢,0,60")D(0")e ', (6.29)

Where d; = ne,0e2au/(2c€0m) is a scaling factor similar to the « s introduced in Sec. 6.1, with
neo the peak electron line density. Note the absence of the [JJ] factor from the expression
for dq, since here we consider a helical undulator for which [JJ] = 1. In Eq. (6.29) Ay(8)
represents the initial seed field at { = 0, while D(0) is the electron bunch profile, normalized
to 1 so that n.(0) = D(0)n.o. The first line of the equation therefore represents the slippage
of the original seed field through the ponderomotive window; the second line represents the
amplification of that field through the interaction with the electron bunch; and the third
line represents SASE radiation due to the electron bunch profile itself. Correspondingly, g,
and g. are the Green’s functions for the coupling of the radiation seed and of the electron
bunch profile to FEL emission, respectively. They can be represented as the following series

expansions:
0o 6 l ((_9_'_9/)21—1
N — . "D@©" . .
£((,6,6) ZZZI ia | d6"D(© )] TSR (6.30)
,0,0") = OZO" a adg”D(g”)]l w (6.31)
BTIIE LM nen '

where a = (2p)%. The two functions exhibit a significant degree of similarity, representing
the fact that the process of radiation growth due to amplification of a seed field is similar to
that due to amplification of noise (or modulations) in the bunch profile. In this section we
focus on the coupling of seed radiation through g,. Note that the expression for g, above is
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Figure 6.8: Contributions to resonant FEL gain by the first four terms in the summation
in equation (6.32). The horizontal gray line is the initial seed intensity. The dotted black
line is the sum of the terms — since consecutive terms are 7 out of phase, the amplitudes of
individual terms are occasionally greater than the total. The horizontal axis is normalized
distance along the undulator, z = 2p(.

equivalent to the one we obtained in Section 6.1, as presented in Eq. (6.11), for the case of a
flat electron beam, D(0) = 1.

We proceed by taking a closer look at the second line of equation (6.29). To simplify our
analysis, we can bring the summation in ggr outside the integral over 6’,

l ({_0+91)2l—1

0
. //D i
lafe/ d6"D(® )] 12— 1)!

00 0
AGO=Y { [ e

l:l _(

Ao(a’)} , (6.32)

and consider the integration for successive values of /. Figure 6.8 illustrates the contribution
of these different summation terms to conventional FEL gain driven by a flat electron beam
and a resonant seed. Furthermore, we will represent the radiation seed envelope and the
bunch profile in terms of their Fourier transforms, D) = ZID@O)], Ao(v) = F[Ap(0)], in
order to aid the representation of longitudinal modes. The real-space functions are therefore

D(e):i f dvD(v)e?;
27 J—co

1 [ .
Ag(0) = — f dvAy(v)e'?.
21 J-co
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Thus, we can reformulate equation (6.32) as

S / 1 A i0'vy
ACO=) fe 0 (% f v, Ag(ve)e )

0 1 B o V1L =6+ 62T
. d@”(—fd D 10 vl) ,
“"f, o ) dViPvoe 1@l - 1)

where v, and v; are the frequency variables corresponding to the seed field and the electron
bunch, respectively. The —oo to +oo limits of integration over v,; have been omitted for
clarity. Taking only the first term in the series, [ = 1, rearranging the order of integration,
and carrying out the integral over 6", we obtain

1 - .
An@,0)= 1 f f vy dv1 Ao(ve) DV1) gro1(C, 0 Ve, v1), 6.33)
where
6 oy ei9V1 _ ei@’vl
Zre1((,0;ve,v) =ia | dO e ——————((-0+0)
0-C 1A%}

is the first-order Green’s function for the coupling between longitudinal modes of the elec-
tron bunch and the radiation. Carrying out the integral over 6", we obtain the expression

ei@(vr+v1) 1 ' 1 . 1 1
s =a S | L (1 gon) - L i) (Lo L)),
Vi Vi (ve+v1) Vr Vrt+Vi

(6.34)

This function only leads to significant growth for vi = —v,.. For the specific case of v; =
vy =0, 1.e. a flat electron bunch and a resonant seed, it evaluates to

5’

8re,1(¢,0;0,0) = a R (6.35)

represented by the blue line in Fig. 6.8. This constitutes a contribution to the characteristic
exponential dependence of FEL output on distance along the undulator, z, that in this case

grows as z°.

Notably, though, growth also occurs in the general case of vi = —v, # 0, where the seed
is not resonant and the bunch has a modulation at a frequency equal to the detuning of the
seed from resonance. In that case the coupling has the following dependence on (:

—ig (l—e‘ifvr) ril s &

—. 6.36
Vy V% 2vy ( :

gre,l((> 9; Vr, _Vr) = as

In this case output grows as ~ z2, slower than the resonant growth with z3, though the
multiplier can be large for small detuning v,. This contribution will be insignificant for
most conventional scenarios, however it can have a noticeable effect (at the few-percent
level) in cases where the electron bunch is strongly modulated and the seed has off-resonant
frequency components.

One such scenario may arise when an FEL is driven by electron bunches accelerated
in a laser-wakefield accelerator that is itself driven by a laser of wavelength 14, where a
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Figure 6.9: FEL harmonic growth for a resonant wavelength equal to the 25" harmonic of a
A4 =800nm drive laser, AR = 14/25 = 32nm. The FEL is seeded with only the 23 harmonic
of the drive laser (green line), and the electron bunch is modulated at the 2”9 harmonic
(leading to oscillating emission at that harmonic; blue line). Despite the lack of seeding
— either directly or through shot noise — at the resonant wavelength, exponential gain
occurs due to coupling between the off-resonant radiation seed and the longitudinal bunch
modulations.

laser of the same wavelength is used to drive the HHG process used to provide the FEL
seed. In Section 5.5 we saw indication that laser-accelerated electron bunches may have
longitudinal modulations at approximately half the laser wavelength, 14/2. For a resonant
FEL wavelength of Ar this corresponds to a normalized frequency of vi = 2Agr/14q. At the
same time, the frequency spacing between adjacent HHG harmonics, normalized to the
resonant FEL frequency, is also v, = 2Ar/A4.

We simulate this scenario using the code AURORA described in Sec. 6.3. We take 14 =
800nm and AR = 32nm, i.e., the 25" harmonic. The simulation parameters are as given
in Table 6.1, except for a lower peak current of I, = 6kA, corresponding to p = 3.4 x 1073,
For purposes of illustration, we assume a maximally modulated electron bunch — D(0) =
[1+cos(v10 + ¢))/2, where ¢ is a constant phase offset — and shot-noise microbunching is
turned off. We consider the case of a seed containing all odd harmonics of the drive laser at
equal intensities, as well as the case where only one non-resonant harmonic at v, = —2Agr/A4
is present.

The case of seeding with only one non-resonant harmonic, the 23", is illustrated in
Figure 6.9. We observe that the bunch modulation induces oscillating emission at the second
harmonic of the drive laser (blue line), and couples to the 23"4-harmonic seed (green line),
leading to exponential gain in the 25" harmonic (the resonant FEL wavelength; magenta
line). At larger Z we also observe a higher-order coupling of the modulated bunch current
to the seed, which leads to gain in the 27" harmonic. We note that no significant gain is
observed at any other harmonic. Additionally, there is no gain at the (resonant) 25%, nor
at the 27th harmonic, for the control cases where there is either no seed radiation, or the
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Figure 6.10: Ratio between gain in the fundamental for the case of an FEL seeded with all
odd harmonics of an 14 = 800nm drive laser, AA% , and gain in the fundamental of an FEL
seeded with only the resonant 25™ harmonic, Ag = 32nm, AA%. The driving electron bunch
is modulated at 14/2 = 400nm, thus allowing coupling of the non-resonant harmonics to the
resonant, and leading to the observed discrepancy. Different lines represent different phase
relations between the seed harmonics and the modulations on the bunch. Sharp bends in
the lines are due to the limited number of data points used in the plot, and are not features
of the system.

electron beam is not modulated.

Following up on this, Figure 6.10 illustrates the discrepancy in emission in the funda-
mental induced by the presence of additional harmonics, the effect of which is mediated by
the presence of modulations on the electron bunch. The “full seed” case here (AA% ) is seeded
with all odd harmonics of 14 up to the 35" at equal levels. Clearly, for the present case of an
electron bunch that is maximally modulated at 400nm, the discrepancy at the fundamental
can be rather large (30-40 %) at initial stages of gain — however it becomes less significant
later on, when regular gain sets in and the stronger resonant coupling, Eq. (6.35), becomes

more important than the non-resonant, Eq. (6.36).

While the present analysis only deals with first-order couplings, i.e. those arising from
the [ = 1 term in the series of Eq. (6.32), higher-order ones may arise as well, where resonant
gain can occur due to the coupling of one frequency component of the seed to two or more
longitudinal modes of the bunch (vg 3 ). Additionally, a similar analysis of the last line of
equation (6.29) demonstrates that multiple (off-resonant) longitudinal modes of the bunch
can couple to each other in order to also produce resonant gain. One key point, however, is
that only a single mode of the seed can contribute to these couplings, since terms containing
Ap(0) to a power greater than 1 never occur in the expansion of Eq. (6.29). Therefore, the
only way for an off-resonant seed to lead to resonant gain is via a coupling to electron bunch
modulations.

Although the couplings discussed in this section are unlikely to lead to significant cor-
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rections in the projected performance of conventional future FELs, they do suggest the po-
tential for tailoring the interaction between the longitudinal modes of the radiation seed
and electron bunch. This is of particular interest in future facilities where a single drive
laser may be used to generate the radiation seed, as well as accelerate (and modulate) the
electron bunch.



Chapter 7

Conclusion

The present thesis discusses a number of theoretical and experimental aspects pertaining to
the realization of a free-electron laser driven by electrons from a laser-wakefield accelerator.
In this chapter we summarize its findings and assess the overall outlook for the field, as well
as suggest further work towards achieving the above-mentioned goal.

7.1 Summary

In Chapter 1 we introduced light sources — in particular synchrotrons and free-electron
lasers — and their capabilities, and motivated the desire to use electrons from a laser-
wakefield to drive them. Namely, the high accelerating gradients achievable in LWFA allow
the electrons to be accelerated to the target energy over a distance that is as much as three
orders of magnitude less than the distance required by a conventional accelerator. This has
the potential to dramatically decrease the size and cost of light source facilities, meaning
they could become more commonplace, and more readily available to scientists. For the
sake of brevity, we dub light sources driven by electrons from a laser-wakefield accelerator
“compact light sources”.

Although not yet proven in this role, laser-wakefield accelerators are anticipated to offer
a number of particular advantages as light source drivers. Some of these stem from the
fact that the length of the electron bunches corresponds to a few femtoseconds: to a large
degree, this sets the length of the output radiation pulses', resulting in pulses that can be
used to probe matter with exquisite temporal resolution; in addition, it means that even a
modest bunch charge of a few picocoulombs leads to peak currents of several kiloamperes,
thus presenting the potential for operation in the free-electron laser regime. Moreover, since
the electron bunches are intrinsically synchronized to the drive laser, a part of that pulse
can be split off and either itself used in the light source target area, or it can be used for
the generation of secondary radiation sources, such as high-harmonics. This allows pump-
probe experiments with pulses across a broad range of the electromagnetic spectrum that
are intrinsically synchronized at the femtosecond level.

IThough in the case of a free-electron laser additional effects come into play, see e.g. Sec. 3.2.
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In order to treat the problem in more detail, in Chapter 2 we gave an overview of the
key components of a compact light source. We began by covering the background theory
of laser-wakefield acceleration and summarized the key experimental results from recent
years, in order to produce a set of realistic electron bunch characteristics that can be recre-
ated under current experimental conditions. Recently, at the more advanced laser facili-
ties, bunches have been stably and reproducibly accelerated to energies of approximately
800MeV with rms energy spreads down to about 1%. Bunch charges of around 20pC are
common, though there is a certain trade-off between the energy to which a bunch is accel-
erated and its charge. There have been few measurements of bunch length (see e.g. Chap.
5), though they have yielded values around 0.5 um (~ 1.7fs) rms. Emittance measurements
are also rare, however a normalized emittance of 1.5 mmmrad appears to be achievable.

We outlined that in the near term, the energy range is expected to be extended to about
1.5GeV (an energy that has already been demonstrated, though not with high reproducibil-
ity), with energy spreads ideally remaining at approximately the same absolute level, i.e.
relative energy spread going down to 0.5% rms. The main drivers behind these trends
are expected to be further development and implementation of controlled injection as well
as separation of the injection and acceleration stages, with recent advances in these fields
[67, 74, 78, 81] being consolidated and built upon in the near future. In addition, the prac-
tically inevitable improvements in laser performance and stability should translate into di-
rect advances in LWFA performance. These developments are expected to also increase the
achievable bunch charges to about 100pC, and allow the normalized emittance to be main-
tained at 1.5mmmrad even as the electron energy is increased. The presented overview
highlighted the need for bunch diagnostics that are more accurate and more consistently ap-
plied across experiments — in particular where measurements of energy spread and bunch
charge are concerned. The recent diagnostic measurements of bunch length and emittance
were commended, since, as we saw further on in the thesis, they constitute key parameters
when evaluating the potential operation of an FEL.

Chapter 2 also covered the elementary theory pertaining to bunch dynamics between the
accelerator and the undulator components of the light source. Focusing systems were dis-
cussed, and in particular the possibility of using recently-developed miniature permanent
magnet quadrupoles for focusing within a compact system. The final part of the chapter was
dedicated to the theory of generation of undulator radiation, and a discussion of operation
in the free-electron laser regime, including the key parameters required for attaining it. We
concluded with a summary of modern undulator technology, which highlights hybrid undu-
lators based on permanent magnets as the most suitable type to meet the requirements of
a compact light source.

After this qualitative overview, in Chapter 3 we presented a collection of parameter
optimization studies and simulations in order to assess the performance of future LWFA-
driven free-electron lasers as well as incoherent undulator radiation sources. These were
based around target wavelengths for operation of 5nm and 0.5nm for incoherent radiation
and 32nm and 2nm for an FEL. For incoherent radiation, optimization studies were carried
out based on varying electron energy and undulator gap for a selection of undulator periods,
in order to obtain a high value for output energy whilst remaining within realistic parameter
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bounds. For operation at 5nm, electrons of energy 700 MeV could be used with an undulator
of period 1, = 10mm and gap g = 2mm, to yield nominal output in the fundamental of
0.4nd (for a bunch of 100pC charge). Increasing the energy to 1500MeV and decreasing
the period and gap to 1, = 6mm and 1, = 1mm, respectively, would lead to 2.9ndJ of output
at 0.5nm. While this undulator gap may appear overly aggressive, in recent experiments
an undulator with a gap of 1.2mm was used to generate radiation from laser-accelerated
electrons — leading to the detection of radiation on over 70 % of shots [38]. Via simulations
with the SPECTRA code, we gave the predicted spectral and spatial characteristics of the
radiation for electron bunches with realistic spread, emittance, and transverse focusing.

In the case of the free-electron laser, the 32nm wavelength was selected in part because
it would be amenable for seeding with the 25" harmonic of an 800nm laser, and partly
because it appears to be a realistic wavelength at which to achieve lasing with current
bunch parameters. Performance scaling is far more complex in the case of an FEL due to the
highly nonlinear interplay between some of the parameters. For the bulk of the work here
we relied on the scaling laws constructed by Ming Xie [148], however we also empirically
developed an addition to these that allows for the characterization of gain degradation in
the case of electron bunches with a length close to or shorter than the FEL cooperation
length. We selected a set of bunch parameters based on modest improvements over those
currently achievable, as presented previously: an energy of 240.4 MeV with 0.5 % rms energy
spread and a charge of 50pC; an rms bunch length of 0.5 um and a normalized emittance of
0.5mmmrad, corresponding to a transverse size of 1 um rms and a divergence of 1 mrad rms.
It is hoped that by having a target energy reasonably far below the bounds of the attainable,
achieving improvements in the other metrics such as bunch charge or emittance would be
possible. The selected undulator parameters were a period of 8mm and a gap of 1.2mm,
corresponding to an rms strength parameter of a, = 0.878. For these parameters, scaling
laws predict the gain length to be Lg = 7.7cm and the saturation length to be Lgy; = 1.35m.

A series of 3-D time-dependent simulations of SASE gain were carried out in order to
evaluate performance for these parameters, and to assess the effects of parameter varia-
tions. For the selected working point, as an average over 10 SASE simulations, saturation
was observed to occur after about 1.6m with a peak power of 0.1 GW. The total number of
photons produced was of order 10!, which together with the other radiation source charac-
teristics corresponded to a peak brightness on the scale of 1026-1027 photons /second /mm?
/mrad? /0.1% B.W.. The range is due to variations resulting from differences in initial shot
noise in the SASE simulations.

Carrying out a range of simulations for other bunch parameters revealed some strong
dependences, which were already hinted at by the scaling laws. For example, decreasing
the bunch charge from 50 pC to 30pC led to a significant drop in gain, and while saturation
still appeared to occur around 1.6 m, it was at a peak power of about 1 MW — a decrease of
two orders of magnitude. Increasing the energy spread to 0.7% had a similar effect. Addi-
tionally, increasing or decreasing the emittance by just 0.25 mmmrad caused the saturation
power to respectively go down or up by 1.5 orders of magnitude. The one parameter that did
not appear to have a significant effect was the bunch length: while a shorter bunch length
resulted in a higher peak current, the gain was degraded due to the fact the bunch length



7.1 Summary 149

was close to the cooperation length. For our proposed parameters these two effects to some
extent canceled out, though the benefit of shortening the bunch length and thus increasing
the current the current did slightly outweigh the associated degradation in gain. Under
other operating regimes, for example at shorter FEL wavelengths where the cooperation
length is likely to be shorter, variations in the bunch length would have an effect of simi-
lar magnitude to that seen here as a result of variations in the bunch charge. Finally, we
evaluated the effect of seeding with HHG radiation, and observed that even a modest seed
(10kW peak power) would lead to almost an order of magnitude increase in output level —
though, maybe more importantly, it significantly decreases shot-to-shot fluctuations due to
shot noise start-up. A 50kW seed was seen to practically eliminate these fluctuations, and
to bring the saturation point forward to Lg =~ 1m. Considering the fact that a portion of the
laser that drives LWFA can be used for the production of HHG radiation that is intrinsically
synchronized with the accelerated electron bunches, the prospect of seeding appears to be a
natural choice for a compact FEL source.

Having observed the strong dependence of FEL performance on the various bunch pa-
rameters, in Chapter 4 we switched gear and turned to electron bunch diagnostics in an
experimental context. These diagnostics were based on measurements of the transition
radiation that is emitted when bunches of electrons (or other charged particles) cross a
dielectric boundary. In the case of electrons from a laser-wakefield accelerator, we found
the spatial and spectral characteristics of this radiation to contain a wealth of information
about the bunches. A set of preliminary measurements at the MPI fir Quantenoptik in
Garching, Germany, highlighted the presence of high levels of coherence in the radiation
emitted at visible wavelengths, indicating that the bunches possess fine structure at those
scales. These preliminary measurements allowed us to evaluate suitable experimental se-
tups for measuring the radiation, while eliminating light contamination from the bright
drive laser. They also underscored the possibility of using CTR at visible wavelengths as a
non-destructive bunch profile measurement — a topic we will further discuss below.

After these preliminary measurements, we focused on performing a single-shot broad-
band measurement of transition radiation, which had not been realized in the past. The
primary purpose of this was to allow us to deduce the electron bunch length, which, while
a crucial parameter, had so far evaded reliable measurement?. Detection over the spectral
range 0.4-7 um was carried out by simultaneously using three spectrometers, one of which
was a custom-built terahertz spectrometer based on pyroelectric detectors. Nearly 3000
shots with data were taken, though not each of them had data from all three spectrometers.
A number of gas cell length and plasma density scans were carried out, as well as scans of
laser pulse length. Of these, the gas cell length scans proved the most informative.

As part of the data analysis process we developed an algorithm for longitudinal bunch
profile reconstruction by phase retrieval on a Fourier spectrum?®, based on phase retrieval
algorithms that are frequently used in fields such as x-ray crystallography and astronomy.

2The multi-shot CTR measurements by Lundh et al. [97] were a significant step towards this, though in
any case they were performed long after planning for this experiment had begun.

3The measured CTR intensities correspond to the amplitudes of the Fourier transform of the bunch profile,
however phase data is not available.
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We demonstrated the ability of this algorithm to successfully retrieve synthetic bunch pro-
files from simulated CTR data, and established the bounds on its reliability in the context
of the actual spectral range that we observe. This algorithm was applied in order to recon-
struct the bunch profiles on all shots for which reliable spectral data was available from all
three spectrometers. For successful acceleration of quasi-monoenergetic electron bunches
— which was observed in roughly 99% of cases — the full-width at half-maximum bunch
lengths measured were mostly in the range 1.2-2.0 um, corresponding to Gaussian fits of
rms length 0.51-0.85 um (1.7-2.8fs).

The retrieved bunch lengths, together with other diagnostics such as bunch energy and
charge, allowed us to build a reasonably complete picture of the evolution of the acceleration
process for different plasma densities. In particular, this included identification of the onset
of dephasing at higher densities, or of laser defocusing at lower densities. In addition, the
CTR data often exhibited spectral modulations that indicated interference due to emission
from multiple electron bunches, which the profile reconstruction algorithm was able to iden-
tify. By analyzing the occurrence of additional bunches — and the distance by which they
were separated from the main one, as well as their relative sizes — we were able to identify
signatures of acceleration not just in the second bucket of the wake, but also the accelera-
tion of bunches in a wake that appeared to be driven by the main bunch after the laser had
defocused and the laser-driven wake had correspondingly disintegrated. This regime would
be a first step towards realizing the “hybrid” laser-plasma accelerator proposed by Hidding
et al. [197]. A final observation we made based on this dataset is that fine structure in the
electron bunch appears to often occur in the wavelength range 400-600nm, with a depen-
dence on acceleration length that suggests it is due to interaction between the bunch and
the driving laser.

After this experimental detour, in Chapter 6 we returned to free-electron laser theory in
order to discuss the simulation of seeding with broadband radiation, in particular seeds ob-
tained via high-harmonic generation. While this is a topic that appears especially pertinent
to potential LWFA-driven light sources, the idea (and implementation) of FEL seeding is
gaining momentum at many short-wavelength conventional FELs. Since HHG seeds often
have temporal profiles that vary on the attosecond scale, they violate the slowly-varying
envelope approximation that underpins the dynamical equations in most conventional FEL
codes. We set out to evaluate the validity of this approximation in this context. Based on
a number of preliminary theoretical arguments, we concluded that there are no fundamen-
tal reasons why conventional FEL codes should not be able to adequately simulate seeding
with broadband seeds. We then presented a number of tools for benchmarking, including a
linearized theoretical 1-D model for gain in a seeded FEL, for the case of an infinite electron
bunch, as well as the non-SVEA non-undulator-period-averaged simulation code AURORA.

Benchmarks using a conventional SVEA code, the theoretical model, and AURORA indi-
cated that for the simple case of seeding with an ultra-short spike of radiation, there are
no discrepancies between the results — until saturation sets in, at which point the linear
model is no longer correct, although the two codes still give identical results. One of the
keys to achieving this level of correspondence appeared to be the application of a filtering
and binning procedure to the full broadband seed, in order to make it amenable for use as
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an input in the conventional SVEA code. We went on to consider the more sophisticated
case of seeding with a full idealized HHG seed, in which case we demonstrated how a dis-
crepancy between the results from the SVEA and non-SVEA codes may arise for different
initial filters on the broadband seed. In the case of seeding with a full HHG seed, we also
considered the effect of filtering out all but the central resonant harmonic of the seed, for
the regime where the gain bandwidth covers multiple harmonics. Observing the growth of
the harmonics in the filtered and unfiltered cases, we concluded that filtering allows the
central harmonic to reach a somewhat higher saturation level.

In the context of seeding with broadband seeds, we also considered the interplay between
the spectral components present in seed radiation and longitudinal density modulations
in the bunch. Using a linearized theoretical model similar to the one developed at the
beginning of Chapter 6, we identify cases where non-resonant components of the seed can
couple to non-resonant density modulations in the bunch and lead to resonant FEL gain. We
went on to demonstrate this through simulations in AURORA, and evaluated the strength
of the coupling with respect to the “regular” FEL coupling for the case of a resonant seed
and an electron bunch with a flat profile, which for common FEL parameters can be of order
10%, provided the electron bunch is maximally modulated. While this is unlikely to have
a notable effect in most cases — largely because such large modulations are seldom seen
in practice — we pointed out the intriguing perspective of tailoring the bunch profile in
a LWFA through interactions with the drive laser during acceleration, in order to induce
desired modifications to the FEL interaction upon coupling of the bunch modulations with
seed radiation.

7.2 Further work

The material presented in this thesis highlights certain areas with particular scope for fur-
ther work. Here we give an overview of the most important ones, from the point of view of
the author.

With respect to evaluating the performance of FELs driven by laser-accelerated bunches,
there are a number of factors that our present simulations did not take into account. One of
these is the effect of variations in the transverse position and pointing of the bunches, which
would be non-negligible for laser-driven acceleration. Their effects are expected to manifest
in a manner similar to the variations in transverse emittance, and can by that token be
significant. On the other hand, high reproducibility would not be the primary concern* for a
proof-of-principle FEL experiment — rather it would be a matter of having some fraction of
the bunches propagate sufficiently close to the undulator axis to achieve lasing. Moreover,
for a proper study of gain degradation due to pointing fluctuations, the actual magnetic field
profile (in 3-D) of the undulator used in the experiments would need to be known, as well as
that of the quadrupoles used in the focusing system. Correspondingly, studies of the effect
of errors in these field profiles would be appropriate.

40f course, sufficiently large pointing fluctuations could lead to undulator damage, in which case it would
be a concern.
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There are a number of aspects of the propagation of the electron bunch itself that deserve
further attention. One of these is the effect of space-charge forces that — while we dismissed
based on theoretical studies — should be investigated further. In particular, experimental
studies of the bunch size evolution (in all three dimensions) directly after the accelerator
exit are required in order to settle any remaining doubts. A related effect is the generation
of wakefields [224] that may result from propagation of the bunch through a narrow-gap
undulator, and a study of their potential to degrade gain would be appropriate.

Most of the above-mentioned aspects have already received substantial attention from
the conventional accelerator community, as their effect on the operation of FELs driven by
conventional accelerators is often comparable. This highlights an overriding theme con-
cerning the proposed operation of an FEL by a laser-wakefield accelerator: increased and
enhanced engagement of the LWFA community with the conventional accelerator commu-
nity is paramount to the success of such a project. Fortunately, the interactions between the
two communities have intensified in recent years, and have been overwhelmingly construc-
tive — with many researchers either transferring between the two fields, or working at the
(increasingly blurred) interface between them.

As laser-wakefield accelerators mature, one field within conventional accelerator physics
that is becoming especially relevant is bunch diagnostics. In particular, the development of
reliable and consistent methods for measuring key bunch parameters such as energy, charge
and emittance to high precision is crucial. While in the early days the laser-acceleration of
quasi-monoenergetic electron bunches to any energy was a breakthrough in its own right,
these bunches could only ever be relevant in real-world applications if we are able to char-
acterize them sufficiently well — which would in turn be a step towards consistently repro-
ducing the desired characteristics.

Nevertheless, one diagnostic that does not have a ready-made equivalent in conventional
accelerator physics is a diagnostic for bunch lengths of just a few femtoseconds, such as
those produced by laser-wakefield accelerators. In the present thesis we demonstrated the
ability to reconstruct such short longitudinal profiles based on broadband measurements of
coherent transition radiation. This appears to be a particularly fruitful field of work that
deserves further pursuit. One aspect of this work could involve improvements and better
characterization of the bunch profile reconstruction algorithm, for instance in order to better
establish the reliability with which the algorithm can determine the “correct” profile from a
given spectrum.

Based on our experience, it should be possible to develop a production-quality “black
box” CTR diagnostic setup, which can be seamlessly implemented into a LWFA experiment
in order to provide real-time longitudinal bunch profile information, with minimum or no
disruption to the bunch itself. As we saw in Chapter 5, a relatively simple initial analy-
sis of the CTR spectra can uncover a wealth of information about both the bunch and the
acceleration process, and further studies are only likely to reveal more.

Apart from obtaining longitudinal profile information from the CTR spectrum, the near-
field transverse profile of CTR emission at visible wavelengths appears to contain informa-
tion about the transverse profile of the bunch itself, as shown in Section 4.4.1. While our
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Figure 7.1: Schematic of a proposed experiment to evaluate the viability of a CTR-based
diagnostic for the transverse bunch profile. The laser beam, entering from the left, acceler-
ates an electron bunch in the gas cell. The bunch (light blue path) passes through a steel
tape and through a lanex screen (green) and a transition radiation screen (gray), mounted
back-to-back. The transition radiation profile is imaged in the near-field and processed by
the algorithm outlined in Sec. 4.4.1, in order to obtain a transverse profile that is compared
to the one recorded on the lanex screen. If necessary, the transition radiation may be filtered
by a polarizer or a spectral filter.

results do not provide conclusive evidence on the reliability of such a transverse profile di-
agnostic, a follow-up experiment will aim to study this in the near future. The basic setup
for this experiment is outlined in Figure 7.1, where the key difference with respect to pre-
vious experiments is that a lanex screen will be mounted back-to-back with the TR screen,
in order to establish the degree of correlation between the bunch profile deduced from the
transition radiation diagnostic and the actual transverse profile.

Finally, as others have pointed out [218, 219], if bunches of the lengths measured here
are used to drive free-electron lasers at resonant wavelengths that are a significant fraction
of the bunch length, the longitudinal bunch shape itself may lead to coherent spontaneous
emission, which could even enhance the FEL start-up process. Further studies of effects
in this context are warranted, and could be carried out with a new class of non-SVEA non-
undulator-period-averaged codes that have emerged recently, such as AURORA, although
3-D simulations, e.g. using the code described in Ref. [221], may be more accurate. On a
related note, coherent spontaneous emission may in some cases lead to unexpectedly high
output levels, which may be mistaken for actual FEL gain. In order to eliminate any doubts,
it would be advisable to include multiple diagnostics that could identify free-electron lasing,
such as CTR-based diagnostics to measure the associated microbunching at the resonant
wavelength [225-228].

With this, we conclude the present discussion of the realization of an FEL driven by
laser-accelerated electrons. Intensifying work in this field by a number of research groups
has the clear potential to turn such a system into reality in the coming years. This would
bring us to yet another watershed moment in the explosive development of laser-wakefield
accelerators: machines that would allow us even greater freedom to explore the extreme
scales of our world.



Appendix A

Optimization of FEL parameters

In order to conveniently optimize the FEL working point, the author created a MATLAB-
based graphical user interface for parameter optimization. The scalings employed by it are
derived from the formulae presented in Sections 2.3.2, 2.3.3, 2.3.4 and 3.2.1. Notably, the
3-D Xie scaling and the bunch length scaling of Sec. 3.2.1 are implemented. The undulator
is assumed to be a planar hybrid NdFeB undulator as described in Sec. 2.3.4.

A screenshot of the interface is pictured in Figure A.1. The user first selects a target
operation wavelength. They can then select values for two parameters out of the undulator
period, undulator gap and the electron energy, and allow the code to choose the third in a
way that the target output wavelength is achieved. The undulator parameter a, is auto-
matically calculated for the given combination of 1, and undulator gap. The B-functions of
the electron beam in the undulator are either based on natural undulator focusing in y (see
Sec. 2.3.3) and regular quadrupole focusing in x (so that the mean transverse size over the
undulator length is minimized), or on a regular focusing lattice.

The selected normalized emittance of the electron bunch is used to obtain the geomet-
rical emittance and the corresponding mean transverse bunch size. The charge and bunch
length are used to obtain the peak current for a Gaussian bunch. These parameters, to-
gether with the electron energy spread, are fed into the scaling laws of Sec. 3.2.1 in order to
evaluate the 1-D, 3-D, and effective gain lengths, and the saturation length. The values of
the Xie scaling parameters 74, 7¢, 7y, as well as the bunch length scaling parameter, 7., are
displayed in order to give the user an idea about the factors impacting gain at the selected
working point.

Contour plots of the variation of saturation length with undulator period, undulator gap,
electron energy, energy spread, bunch charge, bunch length, and normalized emittance al-
low the user to visualize the dependence of FEL performance on these parameters. This
allows for the selection of suitable values of the undulator parameters and the target elec-
tron energy, and for an evaluation of the dependence of FEL performance on bunch quality.
The user is able to click on any point of interest on the contour plots in order to automatically
retrieve the parameters corresponding to that point.

When a suitable working point has been selected, the code can automatically generate
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Figure A.1: Screenshot of FEL parameter optimization interface.

input files for steady-state and time-dependent GENESIS simulations based on the param-
eters, as well as input files for simulating the transverse bunch dynamics in MAD. Batch

files for running the resource-intensive GENESIS simulations on a cluster are also auto-

matically generated.



Appendix B

Conventional 1-D FEL Code Under the
SVEA

A time-dependent 1-D FEL code can be used to quickly estimate FEL performance under a
proposed set of parameters. Here we describe such a code, which was used at several points
during the work described in this thesis. The equations underpinning it are equivalent to
those used in the code PERSEO, described in Ref. [208], and it has a comparable feature set.
Indeed, the present code has been benchmarked against PERSEO in the steady-state as well
as the time-dependent regime. It is also equivalent to the code AURORA described in Sec. 6.3
— in the case where the longitudinal profiles of the radiation envelope and electron bunch
vary slowly in time, as quantified in Sec. 6.2. In order to contrast the features of the present
code with those of AURORA, throughout this thesis it is referred to as the “conventional
SVEA code”.

The code employs a simulation window in 6 that spans L resonant wavelengths 1y =
AR, with one “bin” per wavelength. For steady-state simulations, L = 1. The radiation
field is represented by the envelope of the normalized magnetic vector potential, ag(z,0) =
eAy(z,0)/mc, where the complex value of aq is recorded for each bin. In terms of this en-
velope, the full field is A, = Age 't where wg = 2mc/Ay. The corresponding electric field
is E, = —0A,/0t. A fixed number, P, macroparticles are used to represent the electrons
within each bin. Since the primary purpose of this code was to carry out SVEA simulations
for comparison with equivalent AURORA simulations, the initial degree and phase of mi-
crobunching for each bin were obtained from the binned initial macroparticle distribution
in AURORA. The latter, as described in Sec. 6.3, is generated using Poissonian statistics on
the macroparticle weights.

After this initialization procedure, the macroparticle energies and positions, and radia-
tion amplitude and phase, are propagated according to the following equations:

do;

k() 2
—=ky—-—5(1 ; B.1
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Here subscripts i represent the macroparticle indices within the bin. In Eq. (B.3) a¢ and
n. are the values for the current bin, and the average in the angled brackets is over all
macroparticles in the bin. G is a gain scaling factor that is nominally unity, but can be
reduced in order to account for effects that may degrade gain, such as those described by
Xie [148] and discussed in Sec. 3.2.1 here. All other parameters are as introduced in Sections
2.3.2 and 6.3, and k¢ = 27/Ag.

The above equations are integrated over one undulator period at a time, using a Runge-
Kutta 4! order formula [229]. After each of these steps of size Az = A, through the undula-
tor, the radiation field values are shifted by one bin in the +60 direction in order to account
for the slippage of the radiation over the electrons, as described in Sec. 2.3.2. A periodic grid
is used, whereby radiation slipping out of the front of the window is re-inserted at the back.
Finally, a graphical user interface allows monitoring of the output in real time.



Appendix C

FEL electron energy modulation due
to a broadband seed

In a free-electron laser, a radiation seed co-propagating with the electrons modulates their
energy. Through the dependence of the evolution of electrons’ longitudinal positions on their
energy (Eq. (6.24)), this may lead to microbunching. Therefore, it is instructive to consider
the modulation of electron energy caused by an arbitrary (broadband) seed, and how this
seed may be reduced to a form that is amenable for use in a conventional SVEA code, yet
has the same modulating effect.

From the relativistic Lorentz equation, the change in electron energy is

dy e
i %E B, (C.1)
where E is the electric field and f3 is the normalized electron velocity. We assume a seed field
that is linearly polarized along x and a planar undulator in which the transverse normalized
electron velocity is 8, = (\/Qau/y) cos(kyz), where the parameters are as in Section 2.3.2. For
this simplified treatment we neglect higher-order terms in the longitudinal motion of the
electrons down the undulator, thus setting z = foct, where o =1-(1 +a121)/(2)/%{) is the mean
normalized velocity along z. In terms of the angular variables { = kyz and ¢ = kr(z —ct),
such that 6 = { + ¢, the energy modulation becomes

dy _ V2eay,

T mBochuy E .(¢) cos(0). (C.2)

We consider an initially cold beam of electrons at the resonant energy ygr. While evalu-
ating the modulation in energy, i.e. change in y, we assume y = yR on the r.h.s. of equation
(C.2), and correspondingly assume the longitudinal locations of the electrons in 6 remain
constant. The change in y for an electron at ponderomotive location 6, Ay(8) = y(0) — YR,
induced by the field E,(¢p) is therefore

Ay@)=n f d¢ E (6 — ¢) cos({), (C.3)
where the constants have been collected in ) = V2eay/(m ,Boczku)fR).
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Figure C.1: Energy modulation due to E (¢) = 0.5[sin(5¢/17)—0.5] on the interval ¢ €[0,27]
integrated from { = —2x to { = 47. As expected, the full and binned seeds lead to identical
modulation over 6 € [0,47], however not in regions of 8 with which only part of the seed has
interacted.

Let us assume that E,(¢) is zero everywhere except in the interval ¢ € [0,27] — in a
conventional SVEA code this corresponds to a single radiation bin of width Ag. In order
to find the energy modulation at a fixed location 8 due to this seed we therefore need to
integrate over { € [0 —27,0]. Expressing Eq. (C.3) as an integral over ¢, we obtain

27
Ay(0) =1 A dg E () cos(6 — )

2

= n?R[ | dp E (@) e’ (C.4)

=nR[e"E|, (C.5)

where E1 = foz TdpE(p)e ' is the complex amplitude of the fundamental frequency com-
ponent of the full seed E,. Taking the real part of the entire integral rather than just the
complex exponential in Eq. (C.4) is valid since E, is a real-valued function. Equation (C.5) is
precisely the method by which energy modulation is calculated in conventional FEL codes,
where the radiation is resolved on a gird of spacing = Ag. Thus, it appears that if the full
seed field over a resonant wavelength is converted to a single complex amplitude, E1, it
should lead to an equivalent energy modulation and therefore bunching in a conventional
SVEA code.

Finally, a limiting feature of this binning approach is the fact that it gives the correct
energy modulation only when the entire field, over ¢ € [0,27], has interacted with an elec-
tron at certain 6. The modulation differs for electrons that either started off within the
seed field (and have only interacted with its tail), or for electrons over which the field is
currently passing (which have only interacted with its head). This situation is illustrated
in Figure C.1, where the binned field has induced the correct modulation on electrons in the
ponderomotive range 0 € [0,47], but not on electrons in the ranges 6 € [-27,0] or 6 € [47,67].
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