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Abstract

In this thesis, I present my research on the numerical simulation of finite-size
strongly-correlated lattice systems using the density matrix renormalisation group
(DMRG). Ultracold gases in optical lattices have become the experimental setup of
choice to simulate models from condensed-matter physics, because of their high degree
of tunability and control. Their inherently finite size and alternative implementation
call for a more in-detail study of how to define and characterise the phases of the
models that they simulate.

I use DMRG to implement lattice Hamiltonians of highly-correlated systems with
long-range interactions and identify their ground states on a finite system geometry.
I describe in detail the process of constructing long-range Hamiltonians for their use
in DMRG. I then apply these numerical methods to two fundamental models. T study
the ground state of a fractional quantum Hall system and identify it as the well-known
Laughlin state in a still unexplored parameter regime, by calculating its topological
entanglement entropy and by using a set of physical observables that are available in a
finite cylindrical geometry. I then study a dipolar Bose-Hubbard model and perform
a systematic study of the order parameters that can best be used to characterise its
phases in an ultracold gas setting by comparing how different types of observables
are sensitive to finite-size and boundary effects.

My results are meant to provide guidance for future experimental realisations of
bosonic lattice models of small sizes.
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Chapter 1

Introduction

Characterising the phases of many-particle quantum systems is perhaps one of the
most exciting and challenging aims of condensed-matter physics. The presence of
interactions and strong correlations are believed to be the source of new exciting
phenomena and phases, from fractional quantum Hall states [1] to high-temperature
superconductors [2]. A complete understanding of strongly-correlated systems is sig-
nificantly sought after not only for theoretical purposes but also for the potential
technological applications, from high-temperature superconductivity [3| to quantum
computation [4].

This thesis contributes to classical simulation techniques as well as guiding quan-
tum simulation experiments. Regarding classical simulation, we expand density
matrix renormalisation group (DMRG) [5] methods to study two-dimensional (2D)
strongly-correlated quantum lattice systems. We also suggest relevant parameter
regimes to consider in quantum simulation experiments with ultracold gases in opti-
cal lattices.

To achieve this, we focus on two compelling quantum lattice systems which prove
to be computationally challenging to study and which provide exciting theoretical

insights and future technological applications. First, we consider the fractional quan-



tum Hall physics of ultracold bosonic atoms in a 2D optical lattice. We ask whether
fractional quantum Hall ground states can be realised on finite-size cylindrical lattices
with a fixed number of particles, in the presence of a large magnetic flux through the
lattice. Second, we consider a system of polar molecules in a 2D lattice interacting
through a long-range static dipole-dipole interaction. We look for a set of order pa-
rameters that can be measured in current ultracold gas experiments to characterise
the phase diagram of the system.

Let us start by motivating our development of the numerical methods. The inter-
play between a set of quantum objects brings about complex behaviours that cannot
be strictly understood from the study of the single constituents of the system by
themselves. Analytical methods are typically only tractable when the particles com-
prising the systems are free or weakly correlated. In this case, theoretical insight
can be used to parametrise the ground state of the system with few parameters.
These approaches break down when the interactions play a significant role, and dif-
ferent length and energy scales need to be simultaneously taken into account. The
number of parameters necessary to exactly describe the full many-body state of the
system typically grows exponentially with the number of particles. This causes the
description of macroscopic properties of the system to be extremely challenging to
obtain. Successful numerical techniques used to study many-particle systems still
present limitations, such as exact diagonalisation [6] being limited to small system
sizes, or quantum Monte Carlo |7, 8] being afflicted by the sign problem. It is there-
fore of great relevance to have access to a numerical method that can efficiently treat
strongly-correlated many-particle systems, while being able to avoid these limitations.

The DMRG algorithm addresses explicitly this problem [5]. It uses matrix product
states (MPS), which efficiently parametrise the relevant subset of the Hilbert space
where the ground states live [9, 10|, as a variational optimisation ansatz to find the

ground state of a system [11]. It is of pivotal importance to be able to implement



the Hamiltonians of strongly-correlated systems having long-range interactions for
2D DMRG numerical simulations. This is what we set out to do in the first part
of the thesis. In Chapter 2, we review the concept of a finite-state automaton to
build the matrix product operator representing the Hamiltonian of the system. In
particular, we describe how to implement the interacting bosonic Harper-Hofstadter
Hamiltonian, characterised by the presence of complex hopping factors representing
the artificial gauge field necessary to simulate quantum Hall physics. Additionally,
we implement long-range interactions typical of a dipolar Bose-Hubbard model.

Let us now consider the common context surrounding the quantum simulation of
the two physical systems we study. Ultracold gases in optical lattices are nowadays
considered as one of the most tunable and controllable setups to explore many-body
physics [12, 13, 14]. Such setups allow for the simulation of physical models originating
from solid-state systems, are amenable to exploring their emergent behaviour, and
give access to parameter regimes otherwise unattainable [15, 16, 17|. These systems
can successfully implement the Bose-Hubbard model [18], which is the prototypical
model exhibiting a quantum phase transition and which can be tuned to reach the
strongly-correlated regime. The quantum simulation of the systems we consider is
implemented using ultracold gases in optical lattices.

We now focus on the first physical system that we study: the ground states of a
fractional quantum Hall model. Traditionally, phase transitions are underpinned by
Landau’s theory, based on the idea that spontaneous breaking of different symmetries
allows different phases to be distinguished [19]. The discovery of the integer and frac-
tional quantum Hall effects [20, 21| profoundly challenged this paradigm, by introduc-
ing phases that could no longer be identified through the measurement of a local order
parameter [22|, but are instead characterised by long-range entanglement features [23]
and topological invariants such as the Chern number [24]. Most interestingly, frac-

tional quantum Hall states present several unusual properties, such as ground-state



degeneracy that depends on the genus of the manifold the system is embedded in and
which cannot be lifted by local perturbations [25], and quasiparticle excitations car-
rying fractional charge [26] and having fractional statistics, called anyons. Moreover,
fractional quantum Hall states present an avenue for ground-breaking technological
advancement, from quantum memories [27] to topological quantum computers [23],
implemented through a subset of fractional quantum Hall states supporting non-
Abelian anyons [4].

The ultracold gas toolbox can be used to simulate quantum Hall physics. The
Alkali atoms used in optical lattice setups are neutral and are not affected by the
Lorentz force of a charged particle in a magnetic field. Artificial gauge fields have
been proposed to overcome this limitation [28, 29, 30, 31, 32| and have been exper-
imentally realised in optical lattices [33]. The progress in this area resulted in the
experimental implementation of the Harper-Hofstadter Hamiltonian [34, 35, 36, 37]
and the measurement of topological quantities such as the Chern number of Hofs-
tadter bands [24, 38]. The addition to the Hofstadter model of on-site interactions,
which is fundamental for the implementation of quantum Hall physics, has also been
realised in optical lattices [39]. All of the ingredients necessary to simulate quantum
Hall physics in an optical lattice are therefore available for its realisation with ul-
tracold atoms. The high level of control of such experiments also makes them as a
potential setting for technological developments. Bosonic quantum Hall states that
support non-Abelian anyons can be a means to realise topological quantum compu-
tation [4, 40].

It is of fundamental importance to predict the behaviour of quantum Hall systems
on a lattice, to study the type of phases they support and compare them with those
available in the continuum, where quantum Hall physics originates. Studies of small
lattice systems [41, 42, 43, 44|, allowing for exact diagonalisation, have shown the

existence of fractional quantum Hall ground states and analysed them by comparing



their overlap with the Laughlin wavefunction [26]. They concluded that in the large
magnetic flux regime, available to experiments, the overlap is small.

In Chapter 3, we use DMRG to calculate fractional quantum Hall ground states
on a finite cylindrical lattice. We compute the topological entanglement entropy of
the state as a sign of topological order. Additionally, we take advantage of the finite
geometry, giving access to both bulk and edge properties of the state, to calculate a
set of physical quantities showing that, in the large magnetic flux regime available
in optical lattice experiments, the ground state of the system is compatible with the
Laughlin ground state.

Let us now consider the context surrounding the second system of interest of
this thesis, dipolar molecules in a 2D lattice. Quantum simulation of Bose-Hubbard
models is implemented with Alkali atoms, for which the atom-atom interaction is
short-ranged. The characteristic length of interatomic potentials is typically of the
order of 10-100 Bohr radii, and hence much smaller than the optical-lattice spacing
(100-1000 nm). However, new experimental setups have been developed and are
currently subject to investigation, where the interactions between particles are long-
ranged, such as atomic ions in Penning traps [45, 46] and systems with dipole-dipole
interactions like Rydberg atoms [47, 48, 49|, highly-magnetic atoms [50, 51, 52, 53, 54],
or ultracold molecules |55, 56, 57|. For such systems, the interactions typically decay
with the cube of the distance, and it is no longer sufficient to consider only on-
site interactions. This leads to the open question of which new phases these long-
range interacting systems can realise. Many theoretical and numerical calculations
have approached this problem and have suggested the existence of exotic phases such
as supersolid [58|, spin-glass [59] and spin-ice [60] phases. We focus our study on
lattice systems made from dipolar molecules. Ref. [58] studied the phase diagram
of the dipolar Bose-Hubbard model using Quantum Monte Carlo methods in the

grand-canonical ensemble and showed how this system supports novel phases. Solid



phases appear at fractional fillings, such as the checkerboard and star solid, and a
supersolid phase, which is characterised by the simultaneous presence of solid order
and superfluid order, appears when doping the system in the solid phase.

The motivation for our study of this system is determining whether such phases
will occur in small lattices with a fixed number of particles, similarly to their exper-
imental realisation. In Chapter 4, we obtain the phase diagram of a dipolar Bose-
Hubbard model on a finite square lattice in the canonical ensemble. We consider sev-
eral observables available in optical lattice setups and assess how well they perform
as order parameters. We find that, in small systems, the appearance of a supersolid
phase is very sensitive to boundary effects, potentially making its observation chal-
lenging. Additionally, we show how density measurements obtainable using quantum
gas microscopes enable us to distinguish between solid and superfluid phases using
unsupervised machine learning methods.

The remainder of this chapter introduces the main concepts used throughout this
thesis and is structured as follows. Section 1.1 describes the main features of quantum
Hall physics, from the classical Hall effect to the integer and fractional quantum
Hall effects. Section 1.2 describes the Bose-Hubbard model and its extensions used
in quantum simulation with ultracold gases in optical lattices. Finally, Section 1.3
covers the fundamentals of the numerical methods used throughout the thesis: matrix
product states and the density matrix renormalisation group.

The results presented in this thesis in Chapter 3 have been published in Ref. [61]

and the results in Chapter 4 have been published in Ref. [62].



1.1 Quantum Hall physics

1.1.1 Introduction

The quantum Hall effect is the collective class of phenomena that occur when electrons
are constrained to move in two dimensions (2D) in the presence of a strong orthogonal
magnetic field. Under these conditions, the system shows unusual properties. The
most prominent is the Hall conductivity o, taking on quantised values. The Hall
conductivity is the off-diagonal component of the conductivity tensor o that describes
the current density J induced by an electric field E: J = oFE. Fig. 1.1 shows a
schematic representation of the system in a 2D geometry.

The Hall conductivity takes on the quantised values: o0,, o v, where v is the
filling fraction, defined as the number of Landau levels filled by the electrons in the
system. The filling fraction v is related to the magnetic field B as: B oc =, where n
is the density of electrons.

(Classically, the Hall conductivity is expected to show a linear relation with the
inverse of the magnetic field. However, it is observed to take on quantised values.
When v is an integer, this phenomenon is called the integer quantum Hall effect, and

when it is a rational number, it is called the fractional quantum Hall effect.

1.1.2 Classical Hall effect

The classical Hall effect, discovered by Edwin Hall in 1879 [63], is a consequence
of the dynamics of charged particles in a magnetic field. The experimental setup
comprises a two-dimensional metallic strip in the presence of an orthogonal magnetic
field. A depiction of the setup is shown in Fig. 1.1. When a potential difference
V' is imposed on the system in the z direction, inducing the flow of a current I, a
voltage Vp is observed in the y direction, orthogonal to both the magnetic field and

the potential V. This voltage is proportional to the magnitude of the magnetic field.
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Figure 1.1: Schematic representation of the experimental setup used to observe the
classical Hall effect.

This phenomenon is a consequence of the Lorentz force for a charged particle in a
magnetic field

F=q(E+vxB), (1.1)

where ¢ is the charge of the particle, E is the electric field, B is the magnetic field and
v is the velocity of the particle. In free space, the orthogonal magnetic field causes the
particles to move along circular orbits, called cyclotron orbits, with angular frequency
wp = %, where m,, is the mass of the particle. The Lorentz force causes the electrons
moving through the sample to drift and accumulate at the edges. This displacement
of charges induces the orthogonal potential difference Vy and a corresponding electric
field that compensates for the Lorentz force.

The value of the Hall voltage Vi and conductivity o, is classically calculated
using the Drude model [64], the simplest model of charge transport that treats the
electrons as if they were colliding elastically. The motion of the electrons is described

by

dv v
mpE:qEJrqva—m: , (1.2)

where the last term of the equation represents a friction term and 7 is the scattering



time.
Solving Eq. (1.2) for its equilibrium state leads to the relation between the electric
field E and the current density J = nqv, where n is the 2D particle density. This

relation takes the form J = o FE, where o is the conductivity tensor defined as

Oze  Oay o 1 —wpT

1 +w%r2

, (1.3)

—Ogy Oyy wpT 1

where oy = ”glj is the conductivity in the absence magnetic field. The Hall conduc-
P
tivity o,, is the off-diagonal term of the conductivity tensor.

Let us consider the resistivity, which is the inverse of the conductivity. In this

case
1 1 WBT
p=o0'=— : (1.4)
90 —WpRT 1
The off-diagonal term p,, = "Z’—;;B is the Hall resistivity and is no longer dependent

on the scattering time 7. This indicates that the Hall resistivity is a fundamental
property of the system which is independent of the noise causing the scattering.

The resistance R, which is the quantity usually measured, is related to the resis-
tivity by a geometric factor that depends on the dimensionality of the system [65]. In
2D, resistance and resistivity coincide because their relation reads R oc L?>~%p. In the
2D geometry we have considered, the transverse resistance reads R,, = Vp /I, and
the resistivity reads p,, = % These two quantities are the same since Vi = L, FE,
and I, = L,J,, where L, and L, are the lengths of the metallic strip in the x and y
direction respectively. This means that the resistance of the system is invariant of its
scale.

An additional important quantity to consider is the Hall coefficient, defined as

Ry=—%=tw_ (1.5)



The Hall coefficient depends on the density n and on the charge ¢ of the particles,
and its measurement is used to determine whether the charge carriers are electrons
or holes. Despite this model being crude, it is able to give reasonable estimates of

the experimental results [64].

1.1.3 Quantum Hall effect

When the temperature of the system is low, and the magnetic field is strong, the
classical description introduced in the previous section is no longer sufficient to explain
the behaviour of the system. Two different phenomena arise, which are the integer
and fractional quantum Hall effect. They were first discovered experimentally and
only later understood theoretically.

The first observation of the integer quantum Hall effect was achieved in 1980 [20].
It was observed that both the diagonal and off-diagonal components of the resistivity
tensor showed a peculiar behaviour, as presented in Fig. 1.2. The Hall resistivity
Pay, instead of growing linearly with B as predicted in the classical regime, showed
plateaus and jumps at specific values of the magnetic field. In particular, it was found
that

_27rh1

Pay = , (1.6)

e v
where e is the charge of the electron, h the reduced Planck’s constant, v an integer
and 27h/e? is the quantum of resistivity. A striking quality of this formula is that v
takes on integer values with extreme precision, of the order of 1078, Such a degree
of accuracy has led this measurement to become the standard measure of resistivity
and was even introduced as a way to calculate the fine structure constant a through

oz_l—%

T e

% [20], where c is the speed of light and pq is the permeability of free space.

The plateaus in the off-diagonal part of the resistivity appear when the magnetic

10
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Figure 1.2: Integer quantum Hall resistivity measurements. The plot shows the
measurements of the plateaus for the Hall resistivity p,, and peaks for the longitudinal
resistivity p,, respectively, as a function of the magnetic field. The label i = v is the
number of occupied Landau levels. Figure from Ref. [67].

field is
B=———=—-0g, (1.7)

where &g = 27h/e is the flux quantum. The value of the magnetic field for which the
resistivity has a jump corresponds to a change in the number of filled Landau levels
in the system. However, along the plateaus, the value of the resistivity stays constant
even when the magnetic field strength varies. The diagonal terms of the resistivity
also show unexpected behaviour. Along a plateau of the p,,, the diagonal component
of the resistivity p,. is zero. A key component necessary to explain this behaviour is
the presence of disorder in the system [66].

When the disorder in the system is diminished, the diagonal resistivity peaks
disappear, but other plateaus appear at fractional values. This is the fractional
quantum Hall effect, first discovered in 1982 [21]. The Hall resistivity has the same
value as for the integer quantum Hall effect, as in Eq. (1.6), but the values of v are

no longer integer but fractional, although only specific fractions are present.
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A significant difference in the theoretical explanation of the integer and fractional
quantum Hall effects is that the integer is understood through single-particle physics.
For the fractional effect, single-particle physics is not able to predict plateaus of the
conductivity at fractional values of the filling, therefore the interactions between the
electrons need to be taken into account.

The experimental observation of these phenomena occurs when the movement of
electrons is constrained to two dimensions. The first observation of the integer quan-
tum Hall effect was performed in a Si metal-oxide-semiconductor-field-effect transistor
(MOSFET) which is a system where electrons are trapped between an insulator and
semiconductor layers. The integer quantum Hall has been observed in heterostruc-
tures [20, 21, 68, 69|, graphene [70], surface of 3D topological insulators [71]. The
fractional quantum Hall effect was observed in a GaAs-GaAlAs heterostructure. Al-
though much of the subsequent experiments have been carried out in GaAs systems,

both effects have been observed in other systems such as graphene [72].

1.1.3.1 Landau level physics

To get a better understanding of the integer and fractional quantum Hall effects, we
introduce some results on the quantum mechanical behaviour of charged particles in
a magnetic field. We will present only the necessary facts, not including the complete
derivations for the sake of brevity, which can be found in Ref. [73].

Let us consider an electron in a magnetic field. When the magnetic field is suf-
ficiently strong, we can consider the electron to be effectively spinless. In this case,
assuming a non-zero g-factor, the Zeeman splitting is sufficiently large for the low
energy spectrum of the system to consist of only one spin type.

The Hamiltonian of an electron in a magnetic field reads

1 2
= — 1.
H 5 (p+eA)”, (1.8)

12



where p is the canonical momentum operator and A is the vector potential such that
B =V x A. The momentum and position operators obey the commutation relations
[z, p;] = ihd;; and [x;, x;] = [pi, pj] = 0. The gauge symmetry of the systems is such
that the solution of the Schrodinger’s equation for the wavefunction v is invariant

under the transformations

A— A+Vy (1.9)

Y- e X, (1.10)

where x is a scalar field. We consider the electron to be constrained to move in the
(x,y) plane and for B to be purely in the z direction: B = (0,0, B). Because of the
relation between A and B, the choice of A is not unique. The two preferred choices
of the gauge are the Landau gauge, where Ay = (0, Bz, 0) and the symmetric gauge
where Ag = $(—By, Bx,0).

We define the mechanical momentum: 7 = p + eA = m.x, where m, is the
electron mass, with commutation relations [r,, m,] = —iehB. This allows us to rewrite
the Hamiltonian in the form of a harmonic oscillator as

1 1
H=_—m m=hwg <aTa—|—§> ) (1.11)

2m

where wp = eB/m, is the cyclotron frequency. The lowering and raising operators a

and af are defined as

1
vV2ehB

1
v2ehB

(mp —im,) and af =

a= (e +imy) (1.12)

with commutation relations [a, a'] = 1. This is the familiar Hamiltonian of a harmonic
oscillator, and we know its eigenstates and energies. Using the standard notation,

the eigenstates read |n) with af|n) = vn+1|n + 1) and aln) = /nln — 1) and

13



have energy FE, = hwp (n + %) The eigenstates of the Hamiltonian are equally
spaced with spacing proportional to the magnetic field. Each level is called a Landau
level [74]. Unlike in the standard harmonic oscillator case, all of these levels are
highly degenerate. To show this, let us introduce the operators ® = p — eA, with
commutation relations [7,, 7| = iehB. Using the symmetric gauge Ag, the operators
7 and 7 commute: [7;, 7;] = 0 and can be simultaneously diagonalised. We can define

a new set of rising and lowering operators b and bf

1 1

b= —— (7, +1i7,) and b = Fp — 17,) 1.13
Bz ( v) 575 ( v) (1.13)
with commutation relations [b,b] = 1. This set of lowering and raising operators

explain the degeneracy for the Landau levels. We define the ground state as |0, 0)

with @ ]0,0) = b]0,0) = 0, so that the general state of the system reads

AL

The energy of the state only depends on n and not [.
Let us now find an explicit expression for the wavefunctions of the system and

start with the Landau gauge A;. The Hamiltonian of the system reads

1
H=5— (p2 + (py + eBx)?) . (1.15)

Since H has no explicit dependence on y, it commutes with p, and they can be
simultaneously diagonalised. The eigenstates of H are a product of plane waves in

the y component with wave vector k£, and they read

Ui(z,y) = ™ fi(z). (1.16)
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Using this ansatz, we solve the eigenvalue problem for

1 Mew?
Hk = —pi + 9 B

5 (z + KkiE)?, (1.17)

which is the Hamiltonian for a harmonic oscillator with a shift in z of magnitude ki%,
where [g is the magnetic length: (5 = @/eiB. The full eigenstates of the system take
the form:

Uiz, y) ~ e™H, (x + ki2 o~ (@ ki) /20 , 1.18
9 B

where H,(x) are Hermite polynomials, and the wavefunctions depend on two quantum
numbers n and k. By looking at the form of v, x(z,y) we see that they are localised
in the x direction but extended in the y direction. Since the energy of the state solely
depends on n, the eigenstates are degenerate. If the (z,y) plane is constrained to a

square with sides L, and L, and area A = L,L,, the number of degenerate states is

N dk

o L./, 2ml% - 2rh Dy’

L, /0 _L,L, eBA AB (1.19)

where &y = 2%

h is the magnetic flux quantum. N particles can occupy each Landau
level.

Let us consider the symmetric gauge Ag. This choice of vector potential preserves
the rotational symmetry of the uniform magnetic field. It is, therefore, possible to
use the angular momentum as a quantum number and diagonalise the Hamiltonian
simultaneously with the angular momentum operator J = h(xa% — y%). Let us
directly present what the eigenstates of the system look like in this gauge, without

the derivation steps. Introducing the modified complex coordinates: z = x — iy and

Z = x + 1y, the lowest Landau level wavefunctions take the form

Yrrn(z,2) = f(2) o171 /41 , (1.20)
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where f(z) is a holomorphic function. A basis for the lowest Landau level wavefunc-

tions is obtained by selecting polynomials as the functions f(z) to obtain

l
wLLL,l ~ (;) €_|Z|2/4I2B ) (121)

B

These functions are the eigenstates of the angular momentum operator with eigenvalue
hl. In contrast to the Landau gauge, in the symmetric gauge, the wavefunctions
distribute in concentric circles, and their radius grows for larger values of the angular
momentum eigenvalue. Such a difference in the structure of the wavefunctions is not

unphysical because the form of the wavefunctions is gauge dependent.

1.1.4 Integer quantum Hall effect

The integer quantum Hall effect is characterised by a Hall resistivity that takes on
discrete values and shows plateaus when plotted as a function of the magnetic field, as
shown in Fig. 1.2. The Hall resistivity p,, reads p;, = iif % From the Drude model,
the Hall resistivity is pgy = %. The density corresponding to the plateau labelled by
visn = %’, which is the density needed to fill v Landau levels. This suggests that
a relationship exists between the position of the plateaus and the number of filled
Landau levels. Moreover, when a Landau level is filled, the system is gapped. In the
presence of an electric field, there are no other states accessible to electrons, which
will not move, as if they were in an insulator. The scattering time becomes 7 — oo
which explains the zero value of the longitudinal resistivity from Eq. (1.4), when the
temperature of the system is sufficiently small and the higher Landau levels are not
occupied: kpT < hwg.

This argument explaining the relation between the position of the resistivity

plateaus and the number of filled Landau levels was based in part on the classi-

cal results from the Drude model. Let us calculate the conductivity and resistivity
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taking into account the quantum nature of the system for a single free particle. The
current of a particle is I = —ex, where « is the velocity operator x = p+ eA and p

is the canonical momentum. The total current then reads

I=—— > (W] - ihV +eAl)). (1.22)

filled states

Using the Landau gauge Ay, and adding an electric field E = (F,0,0) in the x direc-
tion the system Hamiltonian from Eq. (1.15) has an additional term —eEx and the
wavefunctions from Eq. (1.17) become v, (7, y) — ¥ x(x — m.E/eB? y). Consider-

ing v filled Landau levels we find that

:——ZZ Uk — zh [t} = (1.23)

n=1 k

and

v v

> (Wnil- zh —|—e:cB]1pnk > (np|hkteBli i) . (1.24)
k k

n=1 n=1

Using this gauge, the |4, ) are the product of a standing wave and a shifted harmonic

oscillator eigenstates and we find that

E
I, = —eyzﬁ, (1.25)
k

and the sum over k is the number of states which is equal to N = AB/®,. Using the

current density J = I /A we obtain

E 0
E = = J= : (1.26)

—evE/®q
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which gives as a result the conductivity and resistivity tensors

dp 1 orh 1

e
Oz =0 and o0y =—v = p; =0 and pwy:—e;_ =Ry

Do

These relations describe the position of the resistivity plateaus observed in the integer
quantum Hall experiments as a function of the number of completely filled Landau
levels.

A remarkable feature of quantum Hall systems is the presence of edge modes. The
classical description of the system gives the intuition for their existence. Charged
particles in a magnetic field will move along cyclotron orbits. In a finite system, the
trajectories of the particles are modified in the proximity of the boundaries of the
system. The particles are constrained to stay inside of the system and can no longer
perform a circular motion. When they collide with the boundaries, they bounce back
and keep moving in the same direction. This leads to a current close to the edge. On
the opposite edge, the motion of the particles is in the opposite direction because of
their circular trajectories. These particles will collide and bounce back, leading to
an opposite current. Currents flowing in opposite directions are called chiral and are
such that the total current in the system vanishes in the absence of an external field.

The quantisation of the Hall conductivity can be additionally explained through
Laughlin’s thought experiment [75]. Let us consider electrons constrained to move on
the surface of a cylinder in the presence of a magnetic field orthogonal to its surface.
Let us thread a magnetic flux ® through the axis of the cylinder. Since the flux is
inside of the cylinder, it does not directly affect the electrons that lie on its surface.
However, the corresponding vector potential becomes non-zero on the surface of the
cylinder. By slowly adding one flux quantum through the cylinder, from 0 to &y, an
electric field is induced around the cylinder, which affects the motion of the electrons.

Laughlin showed that when v Landau levels are filled, then exactly v electrons will
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be transferred between the two edges of the cylinder, leading to the Hall conductivity
o2
Opy = 57 V-

When a Landau level is completely filled, the calculation of the conductivity result-
ing in Eq. (1.27) explains the position of the peaks and plateaus for the conductivity
and the resistivity. It does not, however, explain why the plateaus extend through a
range of values of the magnetic field, for which the occupation of a Landau level is
only partial. In order to understand this, the role of disorder needs to be taken into
account. Any experimental sample is not perfect and presents impurities. The impu-
rities are modelled in the Hamiltonian through an external potential V. Let us assume
that this potential is sufficiently small such that V' < hwp. From perturbation theory,
the effect of the potential, which will be random because it represents the presence of
impurities, is that of breaking the degeneracy of the Landau levels. The spectrum of
the Landau levels will not only be peaked at the values E,, = hwg(n + 1/2) but will
spread around these values. Secondly, the effect of the potential is that of turning
some of the states from extended to localised. By localised, we mean that the state
occupies a finite region of the sample, whereas an extended state spreads throughout
the sample. We can intuitively understand this behaviour using a classical argument
assuming that the potential varies on a scale greater than the magnetic length. When
this is the case, the cyclotron orbit of the electrons will occur in a region of space
where the potential is essentially constant, and the orbit of its guiding centre will
drift along equipotential lines. Because of the randomness of the sample, some of the
equipotential lines will be localised; however, there will be equipotential lines that
extend throughout the borders of the sample close to its edges. States at the edges of
the band, which are constrained to move along the higher or lower equipotentials of
V', will be localised and the ones in the centre of the band will be extended. Only the
extended states can transfer charge between the edges of the system and contribute

to the conductivity [76]. We can, therefore, explain the existence of the plateaus,
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Figure 1.3: Fractional quantum Hall resistivity measurements from Ref. [77]. The
plot shows the measurements of the plateaus and peaks for the Hall resistivity pg,
(Ry in the plot) and resistivity p,, (R in the plot) respectively as a function of the
magnetic field.

noticing that when the magnetic field changes, only localised states of a higher band

will be first occupied. These states will not affect the conductivity of the system since

they are localised.

1.1.5 Fractional quantum Hall effect

Single-particle physics is no longer sufficient to explain the presence of resistivity
plateaus for fractional values of v |21, 77| as shown in Fig. 1.3. It becomes necessary
to take the interactions between the electrons into account. The Hamiltonian for a

system of IV, interacting electrons in a magnetic field reads

1
H = —(pj -+ €Aj)2 + Z e 6. K (128>
J
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where € is the electric permittivity.

When a Landau level is only partially filled, the ground state of the system is highly
degenerate because the Landau orbitals can be filled in a large number of ways. This
makes the system hard to treat perturbatively, and other methods become necessary.
The problem is simplified, assuming that the interaction is weak compared to the gap
between Landau levels. Under this assumption, the kinetic part of the Hamiltonian
can be neglected, and it is assumed that all of the electrons occupy the lowest Landau
level.

Laughlin first introduced a wavefunction that explains the physics of the fractional
quantum Hall effect for filling fractions v = 1/m, for m an odd integer [26]. Laughlin’s

wavefunction reads

Ne

W(z1,...,2N,) = 1_[(2Z —z;)"e” S lal? /4 ) (1.29)
i<j

where z; = ;—1y; are the complex coordinates of the electrons and [ is the magnetic
length. For m odd, the wavefunction is anti-symmetric for the exchange of any two
particles, as it should be for fermions. The factor multiplying the exponential is such
that the wavefunction has zero value whenever two particles are in the same position.
This is a consequence of the particles interacting through Coulomb interaction, which
energetically favours electrons being far apart. At the same time, the exponential
factor becomes small when particles are far away from the origin, as a consequence of
the particles being in the lowest Landau level as per Eq. (1.20); so the wavefunction
describes the competition between these two terms. The Laughlin wavefunction is an
educated guess for the ground state of the system. It has been numerically shown
that, for a small number of particles, the overlap of the Laughlin wavefunction with
the exact ground state of the system is greater than 99%, for v = 1/3 and v =

1/5 [78, 79]. Although this wavefunction is accurate for a small number of particles,
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it is appropriate to think of it as being in the same universality class of the actual
ground state and to be able to describe many of its properties. When m is even, the
Laughlin wavefunction has bosonic symmetry properties and describes the bosonic
version of the fractional quantum Hall effect which could be obtained with ultracold
atoms [42].

By setting m = 1, the wavefunction describes the v = 1 integer quantum Hall state
where a single Landau level is completely filled. As mentioned in the previous section,
the integer quantum Hall effect is explained through single-particle physics. There-
fore, its many-particle wavefunction will be a Slater determinant of single-particle
wavefunctions in the lowest Landau level. The form of the LLL wavefunctions with

increasing angular momentum is
U(z) ~ 2 1A (1.30)

where [ goes from 1 to N.. The result of the Slater determinant becomes

Ne
Wiz, oozw,) = [[ (i — 2y)e Bl (1.31)
i<j
and corresponds to the Laughlin wavefunction for m = 1 indicating that it also

accurately describes the ground state of the v = 1 integer quantum Hall state. The
term Hf\ij(zl — z;) is the so-called Vandemonde determinant.

When m > 7, the Laughlin state is no longer the energetically preferred configura-
tion for the electrons. In that case, they will position themselves into a 2D triangular
lattice called Wigner crystal [80].

The Laughlin wavefunction is shown to be the exact ground state of a different

Hamiltonian (81, 82]

H= inlPl(ij), (1.32)

=1 <j

22



where P;(ij) is an operator that projects the wavefunction onto the state where
particles ¢ and j have relative angular momentum [. By choosing the values of v,
such that v; = 1 when [ < m and zero otherwise, the Laughlin wavefunction becomes
the exact ground state of the Hamiltonian when a confining potential is added. The
Laughlin wavefunction is, in fact, the ground-state wavefunction with the smallest
spatial extension.

A staggering property of the Laughlin state is that it supports exotic excitations,
which carry a fractional charge. Quasi-holes for a Laughlin state at filling v = 1/m
carry charge ¢ = e/m, and quasiparticle excitations have charge ¢ = —e/m. This
property is remarkable but does not defy any physical law. In fact, despite the
excitations having fractional charge, the complete system still has a total charge
which is an integer multiple of the electron charge. When a new particle is added to
a Laughlin function, it will split into m independent quasiparticles, each carrying a
fractional amount of charge. This phenomenon has been experimentally observed [83].

Probably the most striking property of these excitations is that they have frac-
tional statistics [84]. Particles are either bosons or fermions in three dimensions, but
this distinction no longer holds in two dimensions. Particles in two dimensions can
have any intermediate statistics and are called anyons [85]. The quasiparticle excita-
tions of a v = 1/m Laughlin state have statistics 1/m. A 2-quasiparticle wavefunction
acquires a complex phase i27/m when the two quasiparticles are interchanged. This
behaviour is neither fermionic nor bosonic.

The Laughlin state also supports another type of excitation, which is neutral. This
excitation is similar to the phonon excitation of a superfluid, but it is gapped. The
energy dispersion relation of the excitation shows a minimum at a fixed momentum
k, which is called a magneto-roton [73].

The Laughlin state also reproduces the correct value of the Hall conductivity.

Repeating Laughlin’s thought experiment |75, 76| it is shown that threading a flux
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® = m®P, through the cylinder, one electron charge is transferred between the two

e 1
2rhm”

edges. This leads to a fractional Hall conductivity: o,, =

The experimental results for the Hall conductivity and resistivity show the exis-
tence of several other values of the filling fraction, apart from v = 1/m, exhibiting
conductivity plateaus which are not described by the Laughlin function. A set of these
plateaus is explained by the so-called hierarchical states |81, 86, 87]. The intuition
behind these states is that of considering a modified density of particles compared to
a Laughlin state to account for the different filling fraction. These configurations are
thought of as a Laughlin state with the addition of a fixed number of quasiparticle
excitations. The quasiparticles configure themselves in a quantum Hall state as if

they were electrons. These states explain plateaus at filling fractions v = for

1
mi2—1p
m and p integers. This procedure can be repeated again leading to filling fractions:

vV = ﬁ This set of states can also be interpreted using the concept of

201 e
composite fermions [88]. The general idea is that of defining a composite fermion as
an electron with an even number of magnetic flux quanta attached to it. Because of
this, they experience a modified magnetic field B’ and a modified filling fraction /.

A remarkable result of this approach is that the fractional quantum Hall effect can

be interpreted as an integer Hall effect for composite fermions.

1.1.6 Topological order and topological entanglement entropy

Fractional quantum Hall ground states are a prime example of topologically ordered
phases.

The topological entanglement entropy is used as a means of characterising the
topological order of a system [89]. Let us consider a system divided into two sub-
systems, named A and B, and calculate the bipartite entanglement entropy between
them in the ground state |W). By tracing out the degrees of freedom of B from

the density matrix of the system p = |¥) (U], we obtain the reduced density matrix
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pa = Trp|¥)(¥|. The entanglement entropy S, is defined as the von Neumann
entropy of pa: Sa = —Tralpalnpa] [90]. For systems in d dimensions with a fi-
nite correlation length [, the entanglement entropy satisfies the area law [91, 92
Su ~ aL% " where £ > [ is the length that defines the scale of the boundary of
A and « is a non-universal constant [93]. The physical meaning of this statement is
that the entanglement between A and B lies at the boundary between the two parts.

For topological phases in two dimensions, a correction term exists to the area law
expression [89] S4 = aL — v + ..., where the ellipses represent terms that vanish
for £ — oo and 7 is the topological entanglement entropy. It is a universal additive
constant that characterises a global entanglement feature of the ground state, as
opposed to the area law term that arises from the correlations close to the boundaries
between the two parts.

The topological entanglement entropy can then be used as a way to characterise
the topological order of a phase, but it does not uniquely determine it. The advantage
of this quantity is that it reduces the information contained in the reduced density
matrix to a single number. Therefore, to see if the system is in a topological phase, it
is sufficient to calculate the topological entanglement entropy. If it is non-zero, then
the system shows topological properties.

Additional information about the entanglement properties of the ground state is
obtained from the entanglement spectrum, which also carries information about the
excitations of the system [94]|. Let |¥) be a quantum state which is decomposed in
the basis |\), and let us assume that this basis can be written as the tensor product
of two orthonormal bases |\) , and |\) ; with [A) = |\), ® |A) 5. This gives a natural

bipartition of the system into part A and B. The state |V) is written as

|\I/> - Z Cxa 2B |/\>A ® |/\>B : (1'33)
AaAB
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The coefficients ¢y, », are thought of as the elements of a matrix C, which has
dimensions equal to those of the subsystems A and B. Performing a singular value
decomposition of this matrix we get: C = USVT, where UTU = 1 and VVT = 1,
which means that U and V have orthonormalised columns and rows respectively. S
is a diagonal matrix whose entries are all non-negative and can be written as e~ /2.

The singular value decomposition is used to get the Schmidt decomposition of |U):

T) =) e 2 |A:i)®|B i) (1.34)
where [A:d) = >, U;AA [Aa) and [B:d) = 3, V,J/\B |Ag). This way of writing
the wavefunction is particularly appropriate to calculate the spectrum of the reduced
density matrix. Taking p = |¥) (V| and tracing out B to get pa, the spectrum of p4
is given by the square of the Schmidt coefficients e~%. It is worth pointing out that
both p4 and pp have the same spectrum. The entanglement spectrum is defined as

the set {&;}.

1.1.7 Bosonic quantum Hall states

As introduced in Section 1.1.5, the Laughlin wavefunction at filling fraction v = 1/m,
with m even, describes a fractional quantum Hall state for bosonic particles. One
motivation of this thesis is to guide future experiments, mainly using ultracold atoms
in optical lattices. Because experimental capabilities with regard to bosonic particles
have been longer developed than the corresponding capabilities with fermions, and
there exists a more extensive literature with bosons, this thesis will consider the
study of bosonic gases. The high degree of tunability and control of ultracold gas
experiments makes them an ideal alternative to condensed matter systems, where
impurities are present. This makes them a promising setting for the development of

topological quantum computing utilising non-Abelian anyons, which are argued to
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be present as excitations for the bosonic quantum Hall states with filling v = 1 and
v = 3/2 |4, 29]. Moreover, through the use of artificial gauge fields, optical lattice
setups allow for the achievement of parameter regimes unattainable in solid-state
settings. In particular, because of the small size of the crystal lattice in solids, high
values of the magnetic flux density require huge magnetic fields. The large magnetic
flux regime is however reachable with artificial gauge fields.

Because of this, we will focus our analysis on studying fractional quantum Hall
states made with bosonic particles.

In the next section, we will introduce the Bose-Hubbard model and two of its
extensions, which are at the basis of the experimental realisation of the systems we

consider.

1.2 Quantum simulation with ultracold atoms

Optical lattices populated with ultracold atoms can be used as quantum simulators
to study Hamiltonians characteristic of condensed matter systems in a way that can
outperform other numerical means computation [15, 95]. Quantum simulation is
naturally able to deal with the exponential increase in the size of the Hilbert space [96].
The ultracold atom setting is highly and reliably tunable and gives access to regimes
not available in condensed matter systems.

A significant amount of progress has been made recently on the quantum sim-
ulation of several models using ultracold atoms in optical lattices. The superfluid-
to-Mott insulator transition in the Bose-Hubbard model was achieved in 2002 [97],
and a Mott insulator state of the Fermi-Hubbard model was realised in 2008 [98].
The development of quantum gas microscopes both for bosons and fermions [99, 100]
has enabled the detection of single atoms and made ultracold atoms an even more

versatile toolbox.
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In the next sections, we will introduce the Bose-Hubbard model, which is the
archetypal model describing ultracold atoms in optical lattices, and two of its exten-
sions. Firstly, we will consider the dipolar Bose-Hubbard model, in which the bosons
interact with a long-range dipolar interaction, appropriate to describe interacting po-
lar molecules. Secondly, we will consider the bosonic Harper-Hofstadter model in the
presence of local interactions, which can be thought of as a Bose-Hubbard model with
the addition of an artificial gauge field. This model describes quantum Hall physics

in an optical lattice.

1.2.1 Bose-Hubbard model

We now introduce the Bose-Hubbard (BH) model [101] and describe its main prop-
erties. For a more comprehensive review of the topic, we refer to [13].

The BH model describes bosons hopping on a lattice and interacting via on-
site interactions. The BH model allows for the study of strongly-correlated particle
systems and provides the basic framework necessary to understand the models that
we will study in this thesis.

Let us consider a gas made of N interacting spinless bosons, in the presence of
an optical lattice described by the external potential V,,;. The Hamiltonian of the

system in second quantisation reads

2
0 = [ @i H’—w +vm] B(r, 1)+
m
1 N N A A
+5 / dr dr' Ut (v, )W (¢ )V (r — )V (r, )V (7 1), (1.35)
where UT(r,t) and W(r,t) are the bosonic creation and annihilation field operators

obeying bosonic commutation relations [U(r, ), Uf(r/ #)] = 6(r — 7/)6(t — '), m is

the mass of the bosons and 4 is the reduced Planck’s constant. The particles interact
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through a contact potential
V(ir—7)=gd(r—r), (1.36)

where g = 4h%as/m and a, is the s-wave scattering length that describes the inter-
action at low energies between neutral atoms. The actual interaction potential can
be described through the contact term when the de Broglie wavelength of the par-
ticles is much larger than its range. The scattering length is positive for a repulsive
interaction and negative when it is attractive.

Let us consider the three-dimensional potential V,,; that defines the lattice struc-

ture

Vewt = Z Vi sin?(mi/ay) . (1.37)

i=z,y,2
The lattice potential is generated by a set of counter-propagating lasers beams with
same phase and polarisation and with wavelength \;, which generates a standing
wave. The lattice constant is a; = A;/2 in the ¢ direction and V; is the amplitude of
the potential in each direction which is proportional to the intensity of the laser.
When the potential is sufficiently deep and the temperature sufficiently low, only
the lowest Bloch band of the potential needs to be considered. The field operators
¥ can be expanded into the basis of Wannier states [102, 103]. The Wannier states
are superpositions of the wavefunctions of the lowest band, which are highly localised
and centred at the lattice sites. They have the form w;(r) = w(r — R;), where R; is
the position vector of a minimum of the lattice potential. The expansion of the field

operators, covering the lowest band, in this basis reads [18]
U(r)=> wi(r)b. (1.38)
This is the so-called tight-binding approximation. The operators b; and BI are the
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annihilation and creation operators of bosons localised at site ¢ and obey the bosonic
commutation relations [ZA)“ l;;] = 0;;. Using this expansion for the field operators, we

obtain a new form of the Hamiltonian which reads

- _%Jﬁzgaﬁg;m(m_n —u;m, (1.39)
where (...) denotes a sum over nearest-neighbour sites, n;, = I;II;Z is the number
operator at site ¢ and p is the chemical potential. The first term in Eq. (1.39)
represents the hopping of bosons between nearest-neighbour sites, the second term
represents the on-site interaction and the third term controls the number of particles
in the system. This is the Bose-Hubbard Hamiltonian.

As a consequence of the highly localised form of the Wannier functions, the tun-
nelling between sites which are more than one site apart is neglected. The tunnelling

amplitude between neighbouring lattice sites J;; reads

2
Jij = —/d’r’ w; (1) {—;—mVQ + ‘/vext:| U)j(’l"), (1.40)

and the contact potential interaction term becomes

U :g/dr lw; (r)[*. (1.41)

In the presence of an external trapping potential Vj,q,, which has the purpose of
confining the particles, another term is added to the Hamiltonian: ﬁtrap =) &N,

The term

o= [ Vi) 0P % ViR, (1.42)

is an energy offset at each site and can be included in the previous Hamiltonian by

introducing a site-dependent chemical potential as p; = p + €;.
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To obtain a two-dimensional geometry on the (z,y) plane, we consider a lattice
potential in the x and y directions combined with a tight harmonic trapping potential

in the z direction. The overall external potential reads
1
Vewr(r) =V [sin® (7 /a,) + sin®(7y/a,)] + észzQ , (1.43)

where €, is the frequency a tight harmonic trapping potential.

The Bose-Hubbard model described by the Hamiltonian in Eq. (1.39) in the grand-
canonical ensemble, is characterised by three parameters: the hopping amplitude J
(assuming J;; = J for all 4, j), the on-site interaction strength U and the chemical
potential p. The phase diagram of the system is usually expressed as a function of
J/U and p/U. In the small interaction limit, when J/U > 1, the ground state of the
system is superfluid, it has gapless excitations, on-site density fluctuations and the
bosons are delocalised throughout the lattice. In the large interaction limit, J/U < 1,
and for integer filling of the lattice, the ground state is the so-called Mott insulator, in
which there are no on-site fluctuations, and each site is occupied by an integer number
of bosons. In this case, the system is gapped and incompressible because there is a
finite energy cost for adding an extra particle. The integer filling with n;, bosons per
site occurs when the chemical potential is n, — 1 < pu/U < n;. The regions in the
(u/U, J/U) phase diagram where the ground state is a Mott insulator are called Mott
lobes, and the critical values (J/U). depend on the dimensionality of the system as
well as on its geometry. When the filling is non-integer, the ground state is always

superfluid.

1.2.1.1 Extended Bose-Hubbard model

Let us consider an extension of the BH model where the interaction between the

bosons in Eq. (1.35) is no longer just a contact interaction but is long-ranged. Such
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an interaction can be realised through static dipole-dipole interactions. When all of
the dipoles are polarised in the same direction, the interaction potential takes the
form

Vaa(r —7') = gd(r — ') + D? (1.44)

where D is the dipole moment of the bosons and 6 is the angle between the direction
of the polarisation and the vector » — '. The interaction potential Vy(r — ') is
composed of a contact term and a long-range term which is anisotropic. Using the
expansion in the Wannier functions, the dipolar interaction term of the Hamiltonian

reads

Hi=Y" 2]"’ biblbLbr, (1.45)

with matrix elements Uj;; given by
Uijkl = /d’l"ld’l"g wf(rl)w;(rg)‘/(id(rl — TQ)wk(rg)wl(rl) . (146)

Assuming that the lattice potential is sufficiently deep that the spread of the Wannier
functions is much shorter than the inter-lattice spacing, then the Wannier functions
w;(r) will be significantly large only in proximity of the lattice sites R;. Therefore,
only some of the terms Ui will be non-negligible. These terms are the off-site terms

Uijij for k =i # j = [, and the on-site terms Uj;;. The off-site contribution reads
Ussis = Vaa(Ri — Rj)/dr1|wi(r1)|2/drg\wj(r2)|2, (1.47)

where the V4(r1 —7r3) have been substituted with V;(R; — Ry) under the assumption
that it changes slowly over distances larger than the spread of the Wannier functions.

The Hamiltonian for the off-site part of the dipolar interaction then reads

offmte_ _§ :

i#]

R | (1.48)
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where Vdd(Ri — RJ) = ‘/;j/‘l - 3’3

The on-site contribution reads

Usiii = /drld"'Qn("'l)Vdd("“l —r2)n(r2), (1.49)

where n(r) = |w(r)|?. The Hamiltonian for the on-site part of the dipolar interaction

then reads

& onosi U
Hgg™" = ?i Zﬁz(ﬁz - 1), (1.50)

i

where Uy = Uy;;. The dipolar part of the interaction then reads
2 off- 51te on site A Ud
Haq = HS! ——Zl T s + Zn (2 — 1). (1.51)
t—=]

The on-site term of the dipolar interaction can be merged with the on-site term from
the contact interaction of the BH model into a single term called U. When the dipoles
are all polarised perpendicular to the lattice, then the angle 6 in Eq. (1.44) becomes
6 = 7/2. This causes the dipolar interaction to be isotropic and we set V;; = V.

If we limit the interaction terms to be nearest neighbour (NN) only, we obtain the

extended Bose-Hubbard model that reads

Hepy = —JZBIBJ' + %Zﬁz(ﬁz —-1)+ g Zﬁl n; — Zﬂiﬁz‘ . (1.52)
‘ (i,3) i

(i.3)
The presence of the NN interactions affects the phase diagram of the system. For
integer fillings, the NN interaction induces the existence of a crystalline phase that
shows density modulations and diagonal order named charge density wave or Mott
solid. Another phase called bosonic Haldane insulator appears which presents non-
local string correlations, is gapped and does not break translational symmetry [104].

When the filling is non-integer, two possible states emerge [105]: one is the super-
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solid phase characterised by non-zero structure factor and diagonal long-range order
together with a non-zero superfluid density. The other one is a phase-separated state
which is characterised by a jump in the density as a function of the chemical po-
tential. The system is mechanically unstable and phase separates, i.e., it splits in
real space into domains where distinct phases are well defined. For smaller interac-
tion strengths, the phase separation regions disappear in favour of the supersolid for

filling larger than 1/2 [106].

1.2.2 Dipolar Bose-Hubbard model

Let us consider the full long-range character of the dipolar interaction, without im-
posing a cutoff at the nearest neighbours. The Hamiltonian of the system on a 2D
square lattice, when the dipoles are all polarised orthogonally to the lattice plane,

reads

:_JZbTb T Zn(n Z |z—j! hify — Y pif;. (1.53)

z#]

Let us consider the low filling case in the hard-core limit of U/J — oo, where double
occupations of a single site are suppressed and the local Hilbert space at each site is

limited to have either zero or one boson. The Hamiltonian becomes

= —JZbTb + = Z Ry — Y iy . (1.54)

2 li— J|

The phase diagram of this system was explored in [58] using Quantum Monte Carlo
calculations and is shown in Fig. (1.4). We will now summarise the main features
of the ground-state phase diagram, which is richer than the standard Bose-Hubbard
model. The quantum phases which are observed are the superfluid, the solid, which

is an insulating phase with a modulated density, and the supersolid phase which
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Figure 1.4: (a) Phase diagram of the dipolar BH model in the hard-core limit. Solid
density patterns at filling v = 1/2 (b), v = 1/3 (¢), v = 1/4 (d). The figure is from
Ref. [58].

presents superfluidity at the same time as a density modulation which is different
from the lattice [107, 108, 109]. Unlike in the Bose-Hubbard model, insulating phases
can also be obtained at fractional fillings.

For finite values of J/V the phase diagram shows the existence of three Mott
lobes characterised by a density v = 1/2,1/3 and 1/4. These are solid phases named
checkerboard, stripe and star, respectively, and their ground-state density pattern
is shown in Fig. 1.4 (b-d). These phases also survive in the presence of a confining
potential and at finite temperature.

In the limit of small hopping amplitude J/V < 0.1, the ground-state phase is
incompressible, with dp/du = 0 for most values of p and this is the analogue to
the classical devil’s staircase. A series of incompressible ground states which are
dense between p = 0 and p = 1 is present. These states have a structure which is

commensurate with that of the lattice for all rational fillings. There are no such states
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in the short-range interaction case [110, 111].

For large values of J/V| the ground state of the system is a superfluid for all values
of p. For small values of J/V, the system has many metastable states resembling a
glassy system which makes Quantum Monte Carlo calculations impractical. This is
why the region is greyed out in Fig. 1.4 (a).

For a region of values of J/V and p/V, a supersolid phase is found. Such a phase
shows superfluid and solid order simultaneously. The choice of parameters in the
system is such that the density of particles corresponds to a doped (by either adding
or removing particles) Mott solid. This doping is necessary for the supersolid state
to be present. The supersolid phase appears as a mid-step between the superfluid to
solid transition. The supersolid phase appears both in the presence of doping and
vacancies.

The long-range interactions stabilise the supersolid phase over a larger range of pa-
rameters. In the extended BH model, where the interaction is only nearest-neighbour,
the supersolid phase was observed only in the presence of doping and not vacancies,
although with the difference that soft-core bosons were considered [105].

In Chapter 4, we will ask which phases are supported in a finite-size dipolar BH
model, and how they can be characterised using quantities available in ultracold gas

experiments.

1.2.3 Lattice quantum Hall systems

The appearance of quantum Hall physics is typically induced by the presence of a
magnetic field. Ultracold gases used in optical lattice experiments are neutral and
therefore are immune to the Lorenz force of a charged particle in a magnetic field.
This impediment has been resolved by the engineering of artificial gauge fields, created
using rotating systems [31] or using light-atom interaction [30, 32, 112, 113]. The

goal of these methods is that of simulating the action of a magnetic field on a charged
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particle and therefore creating the analogue of an Aharonov-Bohm phase. When
a particle moves in a closed loop around a lattice plaquette, it picks up the same
complex phase it would if a uniform magnetic flux was flowing through the lattice.
The simplest way of modelling quantum Hall physics in this setting is that of
using the Harper-Hofstadter (HH) model [34, 35, 114] with the addition of local
interactions. The bosonic and fermionic versions of the HH model describe spinless
particles in a two-dimensional square lattice moving with nearest-neighbour hopping

in the presence of a magnetic field. The Harper-Hofstadter Hamiltonian reads

H= —JZ —ibule ¢;) + Hee. (1.55)

where ¢ and & are fermionic or bosonic annihilation and creation operators. The
complex phases i¢;; are chosen such that a particle hopping around a plaquette of

27T7L§A

the square lattice acquires a total phase e ®o l, where &y = h/2e is the magnetic
flux quantum, and A is the vector potential of the magnetic field. The gauge freedom
allows for different choices of the complex phases i¢;; leading to the same equivalent

magnetic field. We consider the ¢;; for the Landau gauge, which makes the hopping

complex in the y direction and real in the = direction, leading to the Hamiltonian

H=—7> (e o1y + e ¢oyir) + He, (1.56)

z,y

where the x and y coordinates of the lattice have been used explicitly to label the
lattice sites.

This Hamiltonian has the remarkable property that its one-particle spectrum has
a fractal structure as a function of «, known as Hofstadter’s butterfly. When « is
an integer, there is a single energy band. When « = p/q is rational, the band splits

into ¢ sub-bands. When « is irrational, the band splits into an infinite number of
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sub-bands. This leads to the fractal structure of the Hofstadter’s butterfly.
Laser-induced tunnelling in superlattices was one of the first methods proposed to
generate artificial gauge fields [30]. It works by considering atoms in an optical lattice
which can be in two internal hyperfine states |0) and |1). The potential traps the two
states in every other row of the lattice, at even and odd values of the y coordinate
respectively. Additionally, the lattice is tilted in the y direction, introducing an
energy shift A between neighbouring rows of the lattice. There is tunnelling in x
due to kinetic energy, whereas the tunnelling in y is suppressed by the energy shift,
assuming that A is larger than the hopping amplitude. The tunnelling in the y
direction is laser-assisted through two pairs of lasers that induce a Raman transition
between the states |0) and |1) between sites with y coordinate n and n+1. The energy
offset for these transitions is +A and the detunings of the lasers are chosen to cancel
the effect of the lattice tilting in the rotating frame. The lasers generate running
waves in the z direction so that the tunnelling amplitudes in the y direction gain a

+ikr where k is the running-wave wave vector. Such tunnelling term

local phase e
induces an Aharonov-Bohm phase on a neutral particle in the same way a charged
particle in a magnetic field would be affected.

The HH model, with the addition of local interactions, has all of the ingredients
we would find in a quantum Hall system, and can support quantum Hall states for
appropriate filling fractions v = ny/n,, with n, the density of magnetic fluxes per
plaquette and n; the density of particles. This filling fraction has the same role as

the filling fraction previously introduced for a two-dimensional electron gas. The

Hamiltonian for the bosonic HH model reads

H=-J) (e%bb; +He)+U Y ai(h — 1), (1.57)

(6,9) ¢

where b; and bj» are bosonic annihilation and creation operators at site ¢ respectively,
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and the on-site interaction term has been added.

1.2.3.1 Lattice fractional quantum Hall states

The bosonic HH model can also be thought of as a Bose-Hubbard model in the
presence of a magnetic field. This presents an additional parameter, the density of
magnetic fluxes per plaquette ny, on top of the density of bosons n;, and the interaction
strength U/J, that govern the Mott insulator to superfluid transition.

This system supports quantum Hall states for appropriate filling fractions v =
np/ng |20, 26, 115]. In the continuum limit, where U &~ n,, < 1, it has been established
that quantum Hall states appear [31, 40, 116, 117]. In the large flux limit available
in experiments, and where the physics of the system is no longer well described by
the continuum limit [43, 116, 118, 119, 120], the phase diagram of the system has not
yet been entirely explored. For values of v = 1/q, where ¢ is an even integer, exact
diagonalisation (ED) calculations of small system sizes with fully periodic boundary
conditions [41, 42, 43, 44, 121, 122] have shown that the ground state is compatible
with the lattice version of the Laughlin state. This was achieved by calculating the
overlap of the ground state with the Laughlin wavefunction. The overlap has been
shown to decay quickly for n, > 0.2. Calculation of the Chern number of the system,
as a measure of the topological nature of the state, and of the entanglement spectrum
give values compatible with the Laughlin state for n, < 0.4 [42, 44]|. The gap in the
hard-core limit is found to be of the range of 0.25.J when n, ~ 0.1.

The small overlap of the ground-state wavefunctions for values of n, > 0.2 is
due to two separate factors. First, the Laughlin wavefunction used to calculate the
overlap is not adapted for the lattice system. Second, for large values of n4, the effect
of the lattice plays a significant role [42| and differs most from the continuum limit
where the Laughlin function originates.

The previous works using ED [42; 44| has also explored the relevance of the inter-
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action in inducing the Laughlin state. For small flux densities n, < 0.2, the Laughlin
state is induced for any interaction strength, whereas for larger values of ny it is
induced for U/J > ng4. Studies concerning the bosonic HH model on a square lat-
tice [123, 124, 125] and on ladders have also shown the resemblance of their ground
states to fractional quantum Hall states [126, 127, 128|.

Studying larger sized systems becomes unfeasible using ED, and other numerical
methods are needed. Cluster mean-field [129, 130| has been used as well as tensor
network methods [131, 132, 133, 134, 135, 136, 123, 124, 137, 138].

In the high magnetic flux limit available to experiments, the phase diagram of the
system is not yet completely explored, and direct experimental evidence of fractional
quantum Hall states is still lacking [123].

In Chapter 3, we use DMRG to calculate the ground states of the system in the
large flux regime. Unlike in previous works utilising tensor networks, we will consider
a finite cylinder geometry, which gives us access to both bulk and edge properties of

the ground state.

1.3 Numerical methods

In this section, we will introduce the basic notions underlying the numerical methods
used throughout the thesis. We will describe the concepts of matrix product states
(MPS), matrix product operators (MPO) and the density matrix renormalisation
group (DMRG). This section is not meant to be a thorough exposition of the topic (a
complete review can be found in Ref. [11]), but rather an introduction to the concepts

needed to understand the numerical methods developed in Chapter 2.
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1.3.1 Introduction

The DMRG algorithm has become a powerful technique for studying one-dimensional
quantum lattice systems and can be formulated as a variational method that uses
MPS as a variational ansatz. Since the dimension of the Hilbert space of a many-
particle system grows exponentially with the system size, finding its ground state
using exact diagonalisation quickly becomes computationally prohibitive, so other
methods are necessary. The DMRG algorithm [5] is one such method, based on the
MPS formulation of the wavefunction of the system. MPS are used to represent
many-body wavefunctions of one-dimensional gapped systems efficiently, and their

accuracy is controlled by a parameter y called the bond dimension.

1.3.2 Matrix product states

Let us consider a 1D lattice made of NN sites and a local Hilbert space of size d on
each site. The local basis at site j reads {|i;)}, where j = 1,... N labels the site
and ¢ labels the d basis states at each site. A general many-body quantum state [1)),

defined on this system, has wavefunction

d

|¢) = Z Ciypomviin 115 IN) (1.58)

i1, in=0

where ¢;, . ;. 1s a set coefficients that completely describes the quantum state. The

N
number of coefficients necessary to completely define the state scales exponentially
with the system size. In fact, ¢;, ;. has dN elements.

Using the MPS formalism, we write the wavefunction of a many-body quantum

state [¢) as

d
oy = Y AN AR AN ) (1.59)

i1, inN=0

In this representation of the state, A is one of d matrices, labelled by 4,,, each with
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nlin

site-dependent dimension y,_; X X, and elements Ag-n_l - A" is a rank-3 tensor,
where i, is called the physical index and 7, ; and j, are called virtual indices. The
superscript between square brackets indicates that, for a general state, the tensors on

different lattice sites can be different. The set of coefficients ¢;, can be thought

----- iN
of as a rank-N tensor, which, in the MPS formulation, is re-written as a product of
N rank-3 tensors. The dimensions of the A" matrices for a fixed physical index 1,
are called bond dimensions and are usually represented with the letter y.

The advantage of the MPS representation lies in the fact that by setting a max-
imum value x to the bond dimensions of each matrix in Eq. (1.59) (x» < x), the
number of parameters required to describe the quantum state is bound by Ndy?,
which grows linearly with the system size compared to exponentially for the full state
representation of Eq. (1.58). Assuming that the wavefunction can be represented
by MPS with a small x, it becomes possible to overcome the exponential growth of
the Hilbert space. This is the case for the ground states of gapped, local and one-
dimensional Hamiltonians [139, 140|. For such systems, the problem of finding ground
states is highly simplified. The search for the ground state is no longer performed in
the full Hilbert space, but in the subspace parametrised by MPS with a fixed bond
dimension.

The MPS form of a state |¢)) can be formally obtained from its full expression in

Eq. (1.58) by using a series of singular value decompositions (SVD). Let us briefly

recall the main properties of the SVD. Any N; x Ny matrix M can be decomposed as
M =USVT, (1.60)

where U is a N; x min(Ny, Ny) unitary matrix such that UUT = UTU = I, V is
a min(Ny, No) x Ny unitary matrix such that VVT = VIV = [ and S is a square

min(Ny, Ny) X min(Ny, N3) diagonal matrix with non-negative entries S;; = s;. The
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set of s; are called the singular values and the number n of non-zero entries is called
the Schmidt rank of the matrix M.

We derive the MPS form of the wavefunction starting from Eq. (1.58) by using a
series of SVDs. Let us start by reshaping the coefficients of the state as

i1,(62,.0N)

(1.61)

Cit,in

with dimension d x d¥~!, and perform an SVD to obtain

(2, Z 11,71 J1 ]1,12, SIN) ) (1'62>

where U has dimension d x d. We repeat the same procedure by first multiplying

and reshaping S;, V! in) 35 Clirin), (ig,...in) With dimension d? x dN—2

i Vi (ia and applying

another SVD to obtain

_ T
Clininismmin) = O Ulinin)iaSis Vi (i iny (1.63)
J2
where U has dimension d? x d?. This procedure is repeated until all of the lattice

indices are used to write the state as

> Y CiinClrinis - Clinsin)lin-1)Clin—rinya lits i) -
Uy N J15e-0N—1
(1.64)
It is convenient to rewrite this expression in a more manageable form by introducing

a set of d matrices Al"i» for each site n, such that A[n = Cljnriin) -

By rep-
resenting the sum over the indices j,, through matrix multiplication, we obtain the
MPS form of the state as in Eq. (1.59).

The MPS representation of the wavefunction is not unique. Inserting the identity

T =TT~ between any two Al"in we obtain a new set of matrices A'lMin = AllinT
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and A'lHlinen — =1 gl llint1 | for some invertible matrix 7. The freedom in repre-
senting the MPS state is used to obtain the canonical form of the MPS [141, 142].

The left-canonical form of the MPS reads
oy = Y LM LR NNy (1.65)

where the matrices LI are left-normalised, meaning that Y-, LIM»TL0in = T The

right-canonical version reads
[y = Y RUARPE L RINENG iy (1.66)

where the matrices R are right-normalised: Y, RIM=RIMint — 7. Lastly, the

mized-canonical version of the MPS reads

[y = Y LM LR phim AR Rt RINEN G iy (1.67)
T
where A is a diagonal matrix with elements {si, ss,...}, and the L and R matrices
are left and right-normalised respectively. The left and right-canonical versions of
the MPS are obtained by iteratively applying SVDs to the A matrices and using the
orthonormality properties of the U and V matrices at each step. The mixed-canonical

form of the MPS gives the Schmidt decomposition [143| of the state as

) = A fun), Jun) g (1.68)
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where

)y = > LI L) (1.69)
1] 4eeyln

|Un>R = Z R[n+1]in+1 e R[N}ZN |'L.n+17 L aZN> . (]‘70)
Tty N

Let us again consider the general MPS formulation of the state as in Eq. (1.59).
The set of N matrices A"» that we have obtained have dimensions 1 x d, d x
d?, ..., dNFE o dN2 D aNi2 o @NPPEY L d? x d, dx1 respectively. The size of the
representation of the state still scales exponentially in the system size because the
bond dimension of the A matrices grows up to d™/>~1xd™/?. This MPS representation,
although exact, does not bring any computational advantage compared to the exact
representation of Eq. (1.58). This problem is solved through the compression of the
MPS which is performed by limiting the bond dimension of the A matrices to a fixed
value . The compression of MPS is based on the properties of the SVD. The optimal
approximation of a matrix M of Schmidt rank £ with a matrix M of Schmidt rank

k, with respect to the Frobenius norm [|M||* = 37, | M;;|*, is given by
M =USV! with S = diag(sy, s, ..., $1,0,...,0). (1.71)

The optimal approximation is obtained by taking the k largest singular values of
M and setting the other ones to zero [11]. We approximate a state [¢)) written as
MPS having bond dimension x with a new state [¢)') with maximal bond dimen-
sion y’ through an iterative procedure. Let us consider a state [¢)) written in the
mixed-canonical form of Eq. (1.67), where A" is diagonal with y elements and has
Schmidt decomposition as in Eq. (1.68). The best approximation of |¢) is obtained
by keeping only the \’ largest elements of A", This step compresses the matrix size

at only one site. However, it can be iteratively performed at each site, starting from a
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completely left or right-normalised state by consecutively applying a set of SVDs and
appropriately truncating them. This procedure is not optimal because it depends on
the order in which the compression is performed, and on the fact that each step is
affected by the previous one. An optimal compression procedure exists, and consists
of variationally minimising the norm ||1)) — |¢')| with respect to the A matrices that
make up [¢)'). This is, however, a complex optimisation problem and computationally
expensive, so the iterative SVD application and truncation is usually preferred.

So far, we have described how to obtain the MPS form of a quantum state and how
to approximate it using MPS with a fixed bond dimension. In the next section, we

will explain why MPS are useful as a representation of ground-state wavefunctions.

1.3.3 MPS and entanglement

The concept of entanglement is closely related to the MPS formulation. MPS are
an appropriate ansatz for the variational algorithm DMRG because ground states
of 1D gapped local Hamiltonians are efficiently approximated with MPS. The bond
dimension needed to represent their ground state to an arbitrary precision is finite
even in the thermodynamic limit. This is a consequence of the area law (92, 139] in 1D,
which states that, for one-dimensional gapped local Hamiltonians, the entanglement
entropy of a bipartite system grows linearly with the size of the boundary between
the two subsystems. For a 1D system, the boundary size is fixed and does not grow
with the system size.

Knowing that a system obeys the area law significantly simplifies the problem of
finding its ground state. We do not need to search the whole Hilbert space of the
system, but only the subspace in which the entanglement entropy grows according to
the area law. This corner of the Hilbert space is parametrised efficiently by matrix
product states [11].

Let us describe the relation between the entanglement entropy of a bipartite sys-
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tem and the amount captured by MPS. A state |¢)) defined on a system composed of

two subsystems A and B is written as
) = Wi li) 4 17)5s (1.72)
tj

where |i) , and |j) 5 are orthonormal bases on A and B respectively. The correspond-

ing density matrices for the two subsystems read
pa =TV and pp =TT, (1.73)

By performing an SVD on ¥ we write |¢)) as

n

) =D sulw) s [u)p (1.74)

u=1

where |u) , and |u) 5 are orthonormal bases on A and B respectively and u runs over
the n non-zero singular values of W. For n = 1 the state is a product state and for
n > 1 it is entangled. Using the results of the SVD, the reduced density matrices for

the two subsystems take on a convenient form

pa= ) (uly and pp =32 fu) (uly . (1.75)
u=1

u=1

The reduced density matrices share the same eigenvalues, equal to the square of the
singular values. From this expression of the density matrices, the von Neumann

entanglement entropy reads
S([)) = =Tr[palogpa] = = Y _ s logs?. (1.76)
u=1

This expression shows that S(|¢)) is upper-bounded. It reaches its maximum value
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when all of the s2 are equal and the entanglement entropy is bounded by

n

S(|y)) < —Z%log% =logn. (1.77)

u=1

The upper bound of the entanglement entropy grows logarithmically with the Schmidt
rank n of the density matrix. In a MPS with bond dimension y, the maximum
number of non-zero singular values of the density matrix is x. Therefore, such an
MPS captures, at most, an amount of entanglement entropy S = log y. This could
appear as a limitation of MPS because they capture a finite amount of entanglement.
However, it was shown that MPS are the correct description for ground states of local

gapped Hamiltonians in 1D that obey the area law [139, 144].

1.3.4 Matrix product operators

Matrix product operators (MPO) are the extension of the MPS formulation of wave-
functions to operators. A general operator O that acts on a 1D lattice with N sites

1s written as

d
A . . ./ ./
0= E Cil,...,iN,i’l,...,iQV Zl,...,ZN> <7’17"'7ZN N (178)
i1,0nyin=0
oyl =0
where Ciyooviin ity 18 @ €T of d*V coefficients and [i,) are the local states at site
n. Analogously to the MPS procedure, the set of coefficients Ci,oing oy, CAIL be

formally turned into a product of matrices by a set of consecutive SVDs to obtain

the operator in the MPO form as

O =Y v MUANREe NN iy i) (i (1.79)

110N
-/ -/
ey

where MM is one of d? matrices, labelled by 4, , having dimensions D x D and

vp and vg are 1 x D and D X 1 vectors respectively. We use D as the bond dimension
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Figure 1.5: Pictorial representation for the MPS [¢) and for the MPO O.

for an MPO.
A comprehensive description of MPO and how to construct them, without resort-
ing to the explicit use of consecutive SVDs, which can be computationally unwieldy,

will be given in Chapter 2.

1.3.5 Pictorial representation

MPS and MPO are conveniently represented in a pictorial way, which makes opera-
tions involving them intuitive by avoiding explicit matrix multiplications.

A tensor of rank n is represented as a square with n outgoing legs, and connecting
legs between squares represent tensor contractions. MPS are composed of a set of
tensors which are represented as a chain of squares with three outgoing legs each:
the two horizontal legs represent the virtual indices used for matrix multiplication,
whereas the vertical one represents the physical index corresponding to the local
Hilbert space. Fig. 1.5 shows the pictorial representation for the MPS of a state [)).
The tensors that constitute an MPO are represented as squares with four outgoing

legs. The two horizontal legs are the matrix multiplication indices, and the two
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vertical legs represent the indices of the local Hilbert space. Fig. 1.5 shows the MPO
pictorial representation of an operator 0.

Let us describe the main operations between MPS and MPO using the pictorial
representation. The overlap (¢|v) of two wavefunctions [¢)) and |¢) is obtained by
contracting the open legs of both MPS. The corresponding pictorial representation
is shown in Fig. 1.6 (we use the convention where upward-pointing legs of an MPS
matrix represent the Hermitian conjugate of the tensors). The absence of open legs in
the final contracted object implies that the result is a tensor of rank 0 and therefore
a scalar, as expected for the overlap of two wavefunctions. The overlap of two MPS

(p| 1) is written explicitly as

(p|g) = > Bln=pllar BNl gl ARl AN~ (1.80)

i1y

where |1)) consists of the set of matrices A™ and (¢| consists of the set of matrices B"™*.
The application of an MPO O to an MPS |4) leads to another MPS: [¢/) = O |1)).
This is seen by contracting the physical indices of the corresponding MPO and MPS.

The result is a tensor with a single physical leg per site which is therefore an MPS.

Using the matrix notation, O [¢) is written as

Oy =3 ( MW ppl2liniy M[N}im',v> ( Al g2 A[N]z’x) lin, N

U1yeesiN
4 -/
ey

(1.81)

writing the matrix multiplication explicitly

[1]i14, 5 r[2)ini! [NTin [ 2] [N]4, ‘ .
- Z Z (Ml,kll Mg -'Mkmﬁk%) (Al,ijjl,fz . 'AjNJV,jN> i, in)

115 IN 150N
ihpensily K1yenkN

(1.82)
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pairing matrices associated with the same site index

[1)é1e] 4 [1]e 2)igih, 4[2]i [N)int, [N, . .
= Z > <M1 A gf) (Mkl A gé) (Mkaﬁk]zvaijjO i1, in)

zN JisnJN

11, Sin kiseokn
(1.83)
renaming the terms in parenthesis
[1111 pl2i [Nin ) .
- Z Z ) (k) Blkr i) (koja)  * Bl v 1) gn) 115 - - IND 5 (1.84)
1150 IN  J1ysJ N
7,’1,,13\] k1, kN
using matrix multiplication implicitly
= > BUMnpBPE BN i), (1.85)
i1yein
where
[n]in _ [nliniy, 4 [nlis,
B kn—1,n—1),(kn,jn) Z Mn 1,kn Ajnfl,jn : (186)

) ety
The result is an MPS that consists of matrices whose bond dimensions are the product
of the dimensions of those of the original MPS and MPO. Thus, the application of
an MPO to an MPS leads to a new MPS with a larger bond dimension but retaining
the same MPS structure. The pictorial representation of this calculation is shown in
Fig. 1.6. This example shows how the pictorial notation simplifies the tedious explicit
tensor contraction procedure.

Lastly, we consider the calculation for the expectation value of an operator O with
respect to the wavefunction |¢)). We do not perform the calculation in matrix notation
as it is obtained by consecutively applying the previous two steps. The result of this
operation is the scalar (| O [t). This result is understood from the contraction of
both sets of physical indices of the MPO with those of the MPS and its Hermitian

conjugate, and is shown in Fig. 1.6.
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Figure 1.6: Pictorial representation for the multiplication of an MPO with an MPS:
O |1}, for the overlap of two MPS: (¢| ), and the expectation value of an MPO with
reference to an MPS: (4| O |1). The dotted lines indicate an arbitrary number of
additional squares in between the ones shown.

1.3.6 Density matrix renormalisation group

In this section, we describe how the DMRG algorithm works and how it is imple-
mented using the MPS and MPO formalism. DMRG is the numerical method that
we will use throughout this thesis to calculate ground states.

The DMRG algorithm is a variational optimisation method used to find the ground
state of a Hamiltonian H in the space of MPS with bond dimension x. Although
DMRG was originally conceived in terms of the reduced density operators of the
system [5], it can be equivalently cast in the MPS language [11].

The goal of the algorithm is finding the ground state |¢)) of the system with

Hamiltonian H by minimising its energy

vl H )

N
P= "0 (187)
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This minimisation problem can be written using a Lagrange multiplier v to consider

the normalisation condition for the wavefunction and is equivalent to minimising

L= (| H[p) — (| ) —1). (1.88)

When writing |¢) in the MPS formalism, the minimisation of Eq. (1.87) becomes
a highly nonlinear problem in the matrix elements of the MPS Agz]f’ll .- The DMRG
algorithm turns this problem into a set of linear problems that can be numerically
tackled. The idea behind the algorithm is to start with a guess for the initial MPS
state, select a site in the lattice and the corresponding MPS tensor, and optimise this
single tensor while keeping all of the other tensors of the MPS fixed. This is possible
because, under these conditions, the minimisation problem becomes quadratic and
can be solved. The outcome of this minimisation step leads to a new state with lower
energy, although not the optimal one since only a single tensor was updated. Re-
peating this procedure throughout the whole lattice leads to a state with increasingly
lower energy until the algorithm converges.

Let us evaluate the Lagrange multiplier problem of Eq. (1.88) in the MPS form.
We consider a mixed canonical form of the MPS for [¢), centred at site n as in

Eq. (1.67). We will optimise the matrix at this site while keeping all of the other ones
fixed. The overlap term (¢|v) reads

(@) =Y Flrlineplolin (1.89)

where Fl"in = LI"lin A"l Calculating the minimum for the energy expectation value
with respect to FI™in and taking into account the Lagrange multiplier leads to the
equation

Z E[Ln}M[n]z‘n,z‘;LEg]F[n]i; —\FMin = (1.90)

! !
T 5eensly
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Figure 1.7: Pictorial representation of the eigenvalue problem in Eq. (1.90).

where E[L"] and E%] are the environments obtained by contracting all of the tensors
to the left and right of those at site n respectively, as shown in Fig. 1.7. By defining
H = E,MEg and z = F at site n, where the matrix F' has been reshaped as a vector,

Eq. (1.90) is written as the eigenvalue problem
Hz =z, (1.91)

where H has dimensions dx? x dx®. A pictorial representation of the eigenvalue
problem is shown in Fig. 1.7. In general, the size of the H matrix is prohibitive to
fully diagonalise. However, only the smallest eigenvalue is required, so it is sufficient
to use an iterative eigenvalue solver such as the Lanczos method. The version of
DMRG here described is the so-called single-site DMRG. Although it is easier to
describe, it is prone to get stuck in local minima of the energy when searching for
the ground-state MPS. Throughout the thesis, we will use an improvement to the
algorithm, called two-site DMRG, in which two matrices of the MPS are optimised
at the same time and which is better suited to finding the global minimum of the
energy.

We have presented all of the ingredients necessary to describe the steps of the
DMRG algorithm. We start by choosing an initial wavefunction, either at random or

with an appropriate guess, written in the MPS form. Through a set of SVDs, we turn
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it into the left-canonical form. We take the MPS in this form, the MPO representing
the Hamiltonian and the Hermitian conjugate of the MPS and calculate all of the
environments Ej[g] for each site. Next, we turn the MPS into a mixed-canonical form
with centre at site 1 and solve the corresponding eigenvalue problem as in Eq. (1.91).

]

After this, we calculate the left environment Ej[vj and move the centre of the mixed-
canonical form to n = 2. This set of steps is repeated until the end of the lattice is
reached. At this point, the same procedure is performed again but in the opposite
direction, going from right to left. These are the so-called DMRG sweeps. We keep
performing a sequence of left and right sweeps until the energy converges to a chosen
accuracy. Given the variational nature of each step, the energy of the system is
ensured to decrease at each sweep.

At this point, we have introduced all of the concepts underlying the numerical
methods that we will develop and use in the following chapters. In Chapter 2, we will

describe the development of the MPO that we have used to study 2D lattice systems

in full detail.
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Chapter 2

Development of 2D long-range

interacting Hamiltonians for DMRG

A significant part of our efforts was devoted to the development of a general code
aimed at performing calculations for 2D lattice systems with long-range interactions
using the matrix product state (MPS) formalism, which we introduced in the previous
chapter. The implementation of these numerical methods was realised using the TN'T
library [145], which provides highly optimised code for operating on tensors. At
the time, however, the available routines in the library were limited to studying 1D
lattices. Therefore, we have worked to overcome this limitation by creating a general
matrix product operator (MPO) that can be used to simulate several 2D lattice
systems. The library has since been updated to include projected entangled pair
states (PEPS), which are a generalisation of MPS methods which naturally extend
their formalism to study 2D models [146, 147].

This chapter comprehensively describes the steps we took to build the MPOs and
is structured as follows. Section 2.1 describes the application of the density matrix
renormalisation group (DMRG) algorithm to 2D systems. Section 2.2 describes how

MPOs are built and introduces the concept of a finite-state automaton. Sections 2.3
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and 2.4 explain in detail the process of building the MPO for the interacting Harper-

Hofstadter model and the dipolar Bose-Hubbard model respectively.

2.1 2D density matrix renormalisation group

The physics of 2D systems is particularly exciting and significantly more diverse than
1D. However, it presents a challenge when treating the systems numerically, because
the systems present strong quantum fluctuations and mean-field calculations are, in
general, not effective. Moreover, due to the exponential growth of the Hilbert space
with the system size, using exact diagonalisation (ED) quickly becomes prohibitive [6].
Quantum Monte Carlo simulations have proven to be a powerful method to study
2D systems [148, 149]|, however, they suffer from the sign problem for fermions and
frustrated systems [150, 151].

Let us consider the use of DMRG to study 2D lattice systems. As a consequence
of the area law in 1D, ground states of a local gapped Hamiltonian can be accurately
described by an MPS with a fixed bond dimension [139]. This is because a subsystem
is entangled with its environment only through its boundary. Local gapped phases
in 2D also obey the area law, but in this case, the boundary size scales linearly
with the system width and so will the entanglement entropy of the subsystem. As a
consequence, the complexity of 2D DMRG calculations grows exponentially with the
width of the system [152|. This appears to be a severe drawback. However, it is a
definite improvement over ED. In ED, the complexity grows exponentially with the
number of sites in the system, which is the product of both dimensions. Additionally,
DMRG is not subject to the sign problem, and gives access to the full MPS form
of the ground state. DMRG is, therefore, a promising method to treat 2D lattice
systems.

2D lattice systems are studied with DMRG by mapping a 2D lattice to 1D. A 2D
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lattice with L, sites in the x direction and L, sites in the y direction is converted
into a 1D lattice with L, x L, sites. This comes at the cost of introducing long-
range terms, which have as range the width of the system L,, even when the original
Hamiltonian had exclusively local terms. This gives a sense for where the complexity
of the 2D DMRG calculations originates.

The boundary conditions imposed on the system play a significant role in deter-
mining the bond dimension y necessary for the computations to converge to a speci-
fied accuracy. It is preferable to use open boundary conditions (OBC) or cylindrical
boundary conditions. Fully periodic boundary conditions (PBC) in both dimensions,
which translate to using a torus geometry, require a bond dimension x? to obtain the
same accuracy as the OBC case [11]. This can be intuitively understood as a conse-
quence of the 2D-to-1D mapping. Whereas the distance between two neighbouring
sites in 2D is at most L, after the 2D-to-1D mapping with OBC, for fully PBC it can
become L, x L,,. Therefore, it is computationally more expensive for DMRG to retain

the same amount of entanglement between neighbouring sites when using PBC.

2.1.1 Tensor network methods

A set of generalisations of the MPS variational wavefunctions have been proposed
to overcome the exponential scaling of the bond dimension necessary to treat 2D
problems. These wavefunctions are called tensor network states [153| and can be
divided into two main classes: projected entangled pair states (PEPS) [146, 147] and
multi-scale entanglement renormalisation ansatz (MERA) [154, 155, 156, 157|.

In 2D, PEPS are a network made of rank-5 tensors. They have the advantage of
capturing the amount of entanglement needed by the area law in 2D, but they present
two main drawbacks. Their optimisation algorithm to minimise the system energy
scales very fast with their bond dimension and heavily depends on the algorithm

chosen. For example, the 'full update’ method scales with D'°, where D is the bond
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dimension of the PEPS, and the ’simple update’ method scales with D3 [158]. More-
over, the exact computation of observables cannot be performed efficiently, therefore
introducing approximations. However, they require much smaller bond dimensions
to represent a 2D wavefunction as compared to MPS [159]. PEPS are also suited to
work directly in the thermodynamic limit through the iPEPS method [160].

MERA are an extension of MPS where the tensors that make up the network have
a layered structure. Every layer represents a coarser length scale for the normalisation
group method [161, 162]. The optimisation method for MERA has an even higher
optimisation cost as compared to PEPS but observables can be computed without
approximation.

The very demanding scaling of the optimisation algorithms for PEPS and MERA

are such that, for small 2D systems, DMRG is still competitive with them [163].

2.2 MPO construction

In the previous chapter, in Eq. (1.79) we introduced how an operator O is written in

the MPO formalism

O = w MMl NINEN g iy i) (i (2.1)

1yeensin
! !
Uyl

It is convenient to introduce a more compact notation to write the operator in the
MPO form. Instead of explicitly separating the operator part of the MPO, represented
by the ket-bra term in Eq. (2.1), from the coefficient term represented by the product
of the M* matrices, we consider the set of matrices M* to have one-particle operators
as matrix elements. Using this notation, the MPO is written as

O:Z v MY M2 MY

JoJj1=""j1g2 ]N—leUR )

(2.2)

JOsesJ N
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where the M* are D x D matrices whose elements are one-particle operators acting
on site ¢ and the matrix multiplication has been written explicitly. From this point
forward, will be using this notation.

Let us consider the problem of writing matrices M that make up the MPO form
of an operator O, without resorting to using a series of SVDs, which, for a gen-
eral operator, can be computationally demanding. The MPO representation of local
Hamiltonians with short-range terms has a small bond dimension D and is straight-
forward to obtain. As an example, let us consider the MPO matrices M® for the
homogeneous Heisenberg model in the presence of a uniform field on a 1D lattice.

The Hamiltonian of the system reads
H =" (JoSISEy + JySUSYy + JSE 87 + ASE) | (2.3)

where SF for k = z,y, 2z are the Pauli spin operators at site 7. Since the system
is translationally invariant, the M* matrices of the MPO are not dependent on the

lattice site ¢ and read

1 J,5% J,58Y J.5% AS?
o 0 0 0 S
M=o o o 0o S|, (2.4)
o 0 0 0 S
o 0 o0 0 1

with
T
vL=(1, 0, 0, 0, o>, vgz(o, 0, 0, 0, 1) : (2.5)

By explicitly multiplying the M*® matrices for each site 4, all of the terms in the
Hamiltonian in Eq. (2.3) are created. This Hamiltonian contains only on-site and

nearest-neighbour terms and is represented exactly with an MPO having matrices
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M? with bond dimension D = 5.

As we have seen from this example, the MPO formulation is particularly efficient
when representing Hamiltonians with only nearest-neighbour terms. However, it can
also be used to describe more complex Hamiltonians. When only short-range terms
are present, the bond dimension of the MPO is small, and the elements of the corre-
sponding matrices are simple to derive. Long-range terms can still be represented by
the MPO at the cost of increasing its bond dimension. However, depending on the
type of Hamiltonian, it may no longer be straightforward to obtain the explicit form
of the MPO matrices M?. A more general method is necessary to solve this problem,

and we will present it in the next section.

2.2.1 Finite-state automata method

Let us consider the MPO formulation of an operator presented in Eq. (2.2). We are
interested in a technique that allows us to derive the elements of the matrices M*
starting from the Hamiltonian of the system. The transformation of the Hamiltonian
to an MPO can be performed using the finite-state automata method [164].

A finite-state automaton can be thought of as a graph made of nodes and links
between the nodes. A node is associated to each index a of the matrix element M,.
Any two nodes, a and b, will have a link between them if the corresponding matrix
element M, is non-zero. This matrix element represents the weight of the transition
between nodes a and b. The set of all non-zero matrix elements creates a path between
the starting and finishing nodes in the graph. This automaton is non-deterministic,
meaning that each node can be connected with more than one other node, and that
all of the different paths need to be taken in superposition. All of the terms of the
Hamiltonian will be obtained by starting at the first node and, after i steps, placing
the operator M/, on site i. The whole Hamiltonian is built by following all of the

paths that connect the starting node to the finishing node.
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Figure 2.1: (a) Finite-state automaton for the homogeneous Heisenberg model and
(b) the corresponding MPO matrix M.

2.2.1.1 Example: Heisenberg model

As an introduction to the method, let us consider as a textbook example the homo-
geneous Heisenberg Hamiltonian in Eq. (2.3), and derive its MPO formulation using
a finite-state automaton. Fig. 2.1 shows the automaton and the corresponding MPO
matrix M*. The starting node is labelled with 0 and the finishing node with 4. The
number of nodes in the automaton is equal to the bond dimension D of the MPO.
Wherever two nodes are connected by a link, the corresponding matrix element of
the MPO matrix M’ has a non-zero entry equal to the operator written on the link
multiplied by the corresponding coefficient, e.g. My, = J,S*. Going from the starting
node 0 to the finishing node 4 through all possible paths generates all of the terms in
the Hamiltonian. The matrix elements derived in this fashion are the ones written in
the matrix M, as shown in Fig. 2.1 (b).

In the remaining part of the chapter, we will apply the finite-state automata
method to build the MPO for the interacting Harper-Hofstadter model and the dipolar

Bose-Hubbard model.
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2.3 Interacting Harper-Hofstadter model

In the previous sections, we introduced the concept of a finite-state automaton and
explained how it can be used to build the MPO form of a Hamiltonian. In this
section, we will illustrate our application of this methodology to build the MPO for
the Hamiltonian of the interacting Harper-Hofstadter (HH) model [135].

The system we consider is made of spinless particles on a square lattice with
cylindrical boundary conditions. The particles hop through the lattice with nearest-
neighbour (NN) hopping, interact with NN density-density interactions, on-site inter-
actions, and are subject to a gauge field which represents an external magnetic field.
We have constructed the MPO for both bosonic and fermionic particles so, for the
sake of completeness, we will consider both in our explanation. However, the physical
systems we will study throughout this thesis are composed of bosons. We will start
our description for general spinless particles, and later in the chapter specialise it to
both fermions and bosons. The main differences between the two types of system are
their commutation relations and the type of interactions involved. For fermions, we
consider only NN interactions since the Pauli exclusion principle suppresses multiple
occupations of the same site. For bosons, we will consider only on-site interactions.
The bosonic version of the model is appropriate to study the quantum Hall physics
of ultracold atoms in optical lattices and we will use it in Chapter 3 to study bosonic
quantum Hall ground states on a cylindrical lattice.

The Hamiltonian describing the system reads
H = _JZ (ei%cjcj +He) + Vanj + UZnZ(nl - 1), (2.6)
(,9) (,9) @

where ¢; and c;r are the annihilation and creation operators for a particle at site 7. J is

the hopping amplitude, V' is the NN interaction strength, U is the on-site interaction
T

strength, n;, = c;c; is the number operator at site ¢, ¢;; is the phase acquired by a
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particle hopping from site i to j due to the gauge field, and (...) denotes NN pairs of
sites. We have dropped the hat symbol to indicate operators since, from now on, we
will be considering only operators in our description of MPOs. We will be considering
2D lattices with either open or cylindrical boundary conditions. Using a cylindrical
geometry which has physical edges, gives us the possibility to study both bulk and
edge properties of the system. This will be especially relevant for studying quantum
Hall physics.

The system Hamiltonian in Eq. (2.6) is written using the indices ¢, which label
the sites of the 2D lattice. To stress the two-dimensional nature of the system, it is
more convenient to use a pair of indices (z,y) representing the z and y coordinates
of the site with index i. We consider a square lattice with L, sites in the x direction
and L, sites in the y direction, and PBC along y (for the cylinder geometry). H is
written as the sum of a single-particle contribution Hy and an interacting part H;.

The single-particle part of the Hamiltonian in Eq. (2.6), Hy reads

Ly—1 Ly Ly Ly—1
z=1 y=1 z=1 y=1
(2.7)
where the complex phases have been written explicitly in the Landau gauge for a flux

density per plaquette ng = ¢. The interacting part of the Hamiltonian in Eq. (2.6),
H, reads

Lo—1 Ly L, Ly—1
E E Ny ynx+1,y+ E § nxy”z,y—l—l"" E Ng Lynxl

z=1 y=1 z=1 y=1

+U Zx: Xy:nm,y(n%y -1). (2.8)

z=1 y=1

The Hamiltonians Hy and H; present several types of terms, which need to be imple-

mented in the MPO representation. In particular, there are site-dependent complex
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Figure 2.2: Mapping of the 2D lattice to 1D. The lattice has PBC in the y direction
and a site with 2D coordinates (z,y) is mapped to 1D coordinate (x — 1)L, + .

hoppings, NN interactions and terms that represent the periodic boundary conditions.
All of these terms need specific attention when deriving the MPO matrices and we

will consider them in the following sections.

2.3.1 2D-to-1D mapping

To obtain the MPO formulation of the Hamiltonian, we start by explicitly mapping
the 2D lattice model to 1D. This is achieved by converting the pair of indices (x,y),
representing the coordinates in the 2D lattice, to a new single index (z —1)L, +y rep-
resenting the corresponding 1D lattice site. Fig. 2.2 shows how the 2D-to-1D mapping
is performed. As a consequence of this mapping, short-range terms in 2D, such as
the NN hopping and NN density-density interaction, become long-ranged in 1D, with
range up to L,. This is because neighbouring sites in 2D become L, sites apart after
the mapping to 1D. Throughout this chapter, we will need to simultaneously consider
both the 2D nature of the physical system and the 1D structure of its mapping.

We will examine how all of the terms in the Hamiltonian and the geometry of

the lattice affect the construction of the MPO matrices. We need to pay attention
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to the effects of the gauge field, the 2D-to-1D mapping, and the cylindrical boundary
conditions. All of these factors are connected and affect the structure of the MPO

matrices.

2.3.2 Periodicity of the MPO matrices

The MPO form of the Hamiltonian on a 1D lattice with N sites, shown in Eq. (2.2),
is made of N matrices M, one for each lattice site. However, depending on the
Hamiltonian, these matrices need not all be different. For example, in a 1D transla-
tionally invariant system, like the homogeneous Heisenberg model described in Sec-
tion 2.2.1.1, only one matrix M? is sufficient to build the whole MPO. The number of
different matrices necessary to represent the MPO over the entire lattice depends on
the translational invariance properties of the Hamiltonian after the 2D-to-1D map-
ping. Although the Hamiltonian has specific translational invariance properties in
2D, they will be modified after the mapping to 1D.

For the interacting HH model that we are considering, a set of different matri-
ces M is necessary to construct the MPO. Three sources break the translational
invariance of the 1D-mapped system. The first source is the presence of the gauge
field. The second source is the 2D-to-1D mapping, and the third is the presence of
cylindrical boundary conditions.

We will consider how all of these factors affect the construction of the MPO,

starting from the gauge field.

2.3.3 Effect of the gauge field

Even in the presence of a uniform magnetic field orthogonal to the lattice, the corre-
sponding vector potential, which affects the Hamiltonian, is not uniform and modifies
the translational invariance properties of the system. The complex phases that multi-

ply the hopping terms in the Hamiltonian of Eq. (2.6) are a consequence of using the
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Figure 2.3: Two different versions of Landau gauge A+ (a) and A_, (b) for a uniform
magnetic field B and their effect on the complex hopping coefficients.

Peierls substitution when writing the Hamiltonian for a charged particle in a magnetic
field B =V x A, where A is the vector potential. The complex phases are such that
a particle moving around the lattice in a closed loop acquires a total phase equivalent
to the Aharonov-Bohm phase which a charged particle would acquire in a magnetic
field. Because of the gauge freedom in choosing the vector potential A, the phases
®ij, in Eq. (2.6) are not uniquely defined. In a square lattice geometry, it is convenient
to use the Landau gauge, where both A and the phases ¢;; are non-zero only in one
direction for a magnetic field B = (0,0, B). The two choices of the Landau gauge for

the vector potential A in 2D read

A+ =(0,Bz,0) and A_, =(—By,0,0). (2.9)

Fig. 2.3 shows how the choice of gauge affects the phases ¢;;. Choosing the Landau
gauge Ay, the hopping in the = direction is constant and real and reads J while the

@2m¢z  Choosing the Landau

hopping in the y direction is z-dependent and reads Je
gauge A_,, the hopping in the x direction is y-dependent and reads Je??™¢ while the

hopping in the y direction is constant and real and reads J. Both choices of gauge
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are equivalent to having a magnetic flux density ng = ¢ through each plaquette of
the lattice in units of the magnetic flux quantum ®; = h/2e. The choice of either
one of these gauges affects the x and y dimensions of the unit cell of the system and
therefore modifies its translational invariance properties. For the gauge A; the ¢;;
are non-zero only in the y direction and when ¢ = p/q, with p,¢ mutually prime
integers, the 2D system has a ¢-site period along z and a 1-site period along y. For
the gauge A_,, where the ¢;; are non-zero only in the z direction, the system has a
1-site period along x and a ¢-site period along .

An additional consequence of the A_, gauge is that the circumference L, of the
cylinder needs to be a multiple of ¢. This is necessary for the complex hopping to be
compatible with the periodic boundary conditions.

Since the choice of gauge does not impact the expectation value of any observable,
we can choose which gauge to use according to our needs. In our case, it is essential
to recall that the complexity of DMRG calculations in 2D scales exponentially with
the width of the system L,. Thus, it is most convenient to use the A4 gauge as it

does not impose any constraints on the values of L,,.

2.3.4 Effect of the 2D-to-1D mapping and boundary condi-

tions

Let us consider the effect of the 2D-to-1D mapping and the use of the periodic bound-
ary conditions along the y direction. It is useful to recall the intuitive meaning of the
elements of the MPO matrices coming from the finite-state automata picture. The
one-particle operator, which is the element M, of the tensor M* at site 4, needs to be
inserted at the site ¢, depending on the appropriate set of operators that have been
inserted before, in order to complete the terms appearing in the lattice Hamiltonian.
The elements of M* must depend on the position of site i relative to the sites coming

before it in the 1D ordering. Because of the 2D-to-1D mapping, the set of L, MPO

68



matrices M at a fixed = coordinate are not all equivalent and we can divide them
into three groups according to their y coordinate. The bottom sites have y = 1, the
middle sites have 1 < y < L, and the top sites have y = L,.

We need to be aware of this grouping to understand how to build the matrices of
the MPO. The HH Hamiltonian involves four sets of terms. The first two are the NN
hopping term and its Hermitian conjugate, the third one is the NN density-density
interaction, and the fourth one is the on-site interaction. The first three involve NN
terms while the last one is purely an on-site term.

Let us write these two different types of terms as the explicit tensor product of
local operators acting at each lattice site 7. The on-site interaction term at site ¢

reads

The matrix elements M, are one-particle operators that need to be inserted at site i to
generate all of the terms of the Hamiltonian through their consecutive multiplication.
For the on-site interaction term, the one-particle operator needed is either the identity
1; or the operator n;(n; — 1). To create all of the terms of this type appearing in the
Hamiltonian, a string of identity operators will be inserted until site ¢ is reached.
At that point, one interaction operator n;(n; — 1) is added. Finally, another string
of identities is inserted until the end of the lattice is reached. Because this type of
operator is on-site, all of the sites in the lattice are equivalent and are treated in the
same way.

Using the NN hopping as an example, the NN terms in the Hamiltonian take the

form

C;-er = 11®12®...®12‘_1®C}L®1Z‘+1®...®1j_1®0j®1j+1®...®1N_1®]_N, (211)
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where ¢ < j. Compared to the on-site terms, the construction of the NN terms is
more complicated. There is going to be a string of identities followed by the first
operator that makes up the NN term, then more identities until the second term is
inserted. Finally, a string of identities is added until the end of the lattice is reached.

The distance between ¢ and 7 depends on the relative position of site ¢ with respect
to the boundaries of the lattice as a consequence of the 2D-to-1D mapping. There are
three relevant positions which we have previously defined as belonging to the bottom,
middle and top groups. We will describe the finite-state automaton for each of the

groups in the following sections.

2.3.4.1 Bottom terms

Let us start with a site at the bottom of the lattice, with coordinates (z, 1) and analyse
which terms of the Hamiltonian the corresponding MPO matrix needs to encode. This
site has four neighbouring sites: (z—1,1), (z+1,1), (z,2), (z, L,). Fig. 2.4 shows this
configuration. Because of the 2D-to-1D mapping, an order relation exists between
the lattice sites in 2D. Since we build the MPO using the finite-state automaton, the
one-particle operator inserted at any site is only affected by the previous sites and
not by the following sites. The 2D-to-1D mapping reads (z,y) — (¢ — 1)L, + y and
turns the 2D coordinates (x,y) into a single number (xr — 1)L, + y that labels the
lattice sites in 1D and explicitly defines an ordering of the sites in 1D. Site (z, 1) has

1D index (z — 1)L, + 1 and its four neighbouring sites in the 2D lattice map to

(x—1,1) = (z —2)L, + 1 (2.12)
(2,2) = (x — 1)Ly +2 (2.13)

(z, L) = (x — 1)L, + L, (2.14)
(x+1,1) = aL, + 1. (2.15)
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Figure 2.4: (Left) Finite-state automaton corresponding to one of the lattice sites at
the bottom of the lattice with coordinates (x,1). (Right) Position of the bottom site
in the 2D lattice in black and relevant NN term in red. The red link in the automaton
corresponds to the insertion of the one-site operator that completes the NN term with
the same colour in the lattice.

After the 1D mapping, only one of these four NN sites in 2D has a smaller index
and therefore comes before site (z,1) in the 1D representation. This is the site with
coordinates (x — 1,1), and this pair of sites forms the NN term in the x direction
starting at (z — 1, 1) and ending at (z,1). The MPO matrix M* corresponding to the
lattice site (x,1) has the purpose of completing only this hopping term. The other
operators that need to be inserted at this site are those starting a NN term that ends
on a successive lattice site or those adding an identity or a on-site interaction term.
Fig. 2.4 gives a graphical representation of the relevant terms on the lattice and
the corresponding finite-state automaton. The site (x, 1) is coloured black, and its
four NN are coloured white. The only link with a NN term with a smaller index is the
site (x —1, 1), which is coloured red. Therefore, this is the only NN term that needs to
be completed by the matrix element at that site. According to the 1D labelling, these
sites are L, sites apart, and the structure of the corresponding finite-state automaton
needs to encode this information. The finite-state automaton will encode the insertion
of the first term of the NN pair, then L, — 1 identities followed by the operator that
completes the NN term. The automaton has three branches for the three NN terms:

the NN hopping and its Hermitian conjugate and the NN density-density interaction.
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The on-site term is represented only by the link between the starting and finishing

node.

2.3.4.2 Middle terms

In the same manner, let us consider a central site in the lattice with coordinates (z, y)
and 1 < y < L,. This site has four neighbouring sites with coordinates: (xz — 1,y),
(x+1,y), (x,y+1), and (x,y—1). The 1D labelling for site (z, y) becomes (x—1)L,+y

and the four neighbouring sites map to

(x—1y) = (x—2)L,+y (2.16)
(x+1y) —»aly,+y (2.17)
(@y+1) = (x— 1)L, +y+1 (2.18)
(@y—1)— (-1, +y—1. (2.19)

Only the sites at (z — 1,y) and (z,y — 1) come before site (z,y) in the 1D ordering
so the MPO matrix M* for this lattice site needs to complete the NN terms starting
from both of these sites. Fig. 2.5 shows the corresponding finite-state automaton
and the coloured lines in the lattice indicate the connections between sites which are

considered in the automaton.
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Figure 2.5: (Left) Finite-state automaton corresponding to one of the lattice sites at
the centre of the lattice with coordinates (z,y) and 1 < y < L,. (Right) Position
of the middle site in the 2D lattice in black and relevant NN terms in red and blue.
The red and blue links in the automaton correspond to the insertion of the one-site
operator that completes the NN term with the same colour in the lattice.

2.3.4.3 Top terms

Let us consider a site at the top of the 2D lattice with coordinates (x, L,). This site
has four neighbouring sites: (v — 1, L,), (v + 1, L,), (x,L, — 1), and (x,1). The 1D
labelling for site (x, L,) becomes (z — 1)L, + L, and the four neighbouring sites map

to

(¢ —1,L,) = (x —2)L, + L, (2.20)

(2,1) = (z — 1)L, + 1 (2.21)
(@,Ly—1) = (= 1)Ly + L, — 1 (2.22)
(@+1,L,) = xLy, + L, . (2.23)

In this case, because of the mapping, the sites at (z—1, L), (z, L,—1) and (z, 1) come
before site (z, L,) in the 1D ordering and the MPO matrix M* at this lattice site needs
to complete the NN terms starting from each of these sites. It is worth observing that
this is the matrix which includes the term imposing the cylindrical PBC. This is a
consequence of the mapping. Fig. 2.6 shows the finite-state automaton for this site

and the coloured lines in the lattice highlight the corresponding terms.
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Figure 2.6: (Left) Finite-state automaton corresponding to one of the lattice sites at
the top of the lattice with coordinates (z, L,). (Right) Position of the top site in the
2D lattice in black and relevant NN terms in red, blue and green. The red, blue and
green links in the automaton correspond to the insertion of the one-site operator that
completes the NN term with the same colour in the lattice.

2.3.5 Additional consequences of the gauge field

So far we have considered how the finite-state automaton inserts the one-particle
operators at each site to form all of the terms in the Hamiltonian. These one-particle
operators need to be multiplied by the appropriate coefficients. The on-site interaction
term n;(n; — 1) is multiplied by U and the NN density-density interaction n;n; term
is multiplied by V', irrespective of the position of the sites. This is no longer the case
for the coefficients of the NN hopping terms, which are site-dependent.

Let us consider the effect of the gauge field. As described in Section 2.3.3 the choice
of gauge influences the periodicity of the 2D lattice in the = direction. Choosing the
Landau gauge A4 leads to a g-site periodicity in x for the 2D Hamiltonian while
choosing A_, leads to a 1-site periodicity. We will analyse the case with A4 since the
A_, case can be seen as a sub-case of Ay where ¢ = 1. In this gauge, the complex
hoppings in the y direction are dependent on x. After the 2D-to-1D mapping, the
g-site periodicity in the z direction is transformed into a L, x ¢ periodicity in 1D.
The effect of the ¢-site periodicity of the system in the x direction is implemented by

using site-dependent coefficients which multiply the operator that completes a NN
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hopping term.

It is worth noticing that the phase of the coefficient that multiplies the term repre-
senting the hopping around the boundary conditions has the opposite sign compared
to the terms that do not cross the boundary. This is a consequence of the ordering
in which the terms are inserted by the MPO while creating the Hamiltonian. The
complex phase i2mw¢x corresponds to the NN term CL L,Cal- However, due to the map-
ping, the two terms are inserted in the opposite order. This is equivalent to inserting
the Hermitian conjugate of the term, which requires using the complex conjugate of

the coefficient.

2.3.6 Explicit form of the MPO matrices

At this point, we are equipped with all of the tools necessary to write the explicit form
of the MPO matrices M*. For each lattice site, we build the finite-state automaton
that describes all of the terms that need to be inserted at that site. Starting from
the automaton, we obtain the explicit form of the matrix elements M, through the

procedure described in Section 2.2.1. As an example, the MPO matrix for a site i
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corresponding to one of the top lattice sites from Section 2.3.4.3 reads M* =

1]=Jet 0 0

0

—Jc

0 0

0

Vn 0 0

0

Un(n —1)

1
1

6127r¢xc

0
1 €—i2}r¢x c

&
1 671'27r¢>xCT

n
1

where, for the sake of visual order, the empty terms in the matrix represent zeros.
Each MPO matrix M* has bond dimension D = 3L, +2, and a total of ¢ x L, distinct

matrices are needed.

2.3.7 Bosonic and fermionic models

The previous analysis was carried out for spinless particles, without explicitly men-
tioning whether they were fermions or bosons. Let us describe what happens in each

case.

2.3.7.1 Bosonic case

For the bosonic case, we consider the bosonic Harper-Hofstadter model with the
addition of on-site interactions, so the NN interaction terms will not be present.
As a consequence, we remove the L, nodes that make up the central branch of the
automaton in Fig. 2.6. Fig. 2.7 shows the finite-state automaton that generates the

MPO matrix of the bosonic system for a site in the top group.
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Figure 2.7: Finite-state automaton corresponding to all of the terms necessary to
build the bosonic HH Hamiltonian.

The corresponding MPO matrix M* reads

1|—Jcr 00 ... 0]—=Je 0 0 ... 0|Un(n—1)

1 ei27r¢xc

1 0

M’i

Each MPO matrix M* has bond dimension D = 2L, + 2.

2.3.7.2 Fermionic case

Let us consider fermionic particles. We will include the NN interaction terms and the
on-site interactions will be absent because they are suppressed by the Pauli exclusion
principle. 'We need to take a more careful approach to generalise the methods we

have developed so far. The standard procedure to treat spinless fermions in DMRG
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Figure 2.8: Finite-state automaton corresponding to all of the terms necessary to
build the MPO of the fermionic Hamiltonian.

calculations is to map the fermionic operators ¢; and cj to spin 1/2 operators through

the Jordan-Wigner transformation [165]. This transformation reads

¢ = (H UJZ-) o7 and ¢ = (H UJZ-) o, (2.24)

J<i J<i

where o7, 0~ and o* are spin 1/2 operators. The effect of this transformation on
the Hamiltonian is that of introducing a string of ¢* operators between the terms
representing NN hopping terms. This string of operators will not be present between
the NN density interaction terms because the string cancels out when computed for
the number operators. Fig. 2.8 shows the finite-state automaton for the fermionic HH

model. The corresponding MPO matrix M reads
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1|—-Jot 0 0 ... 0|]—-Jo= 0 O ... 0|Vn 00 ... O 0
o7 ei27r¢1'0.7
o* 0

o7 e—z?ﬂ'd)za.—
p
671271'(1)10.4»

o* 0

M =

ei2ﬂ¢m0+

2.3.8 Extensions to long-range terms and other lattice geome-

tries

The methods we have developed so far have focused on systems on a square lattice
and with on-site or NN terms. However, they can be extended to treat different
lattice geometries and longer-range terms. Once equipped with the long-range term
toolbox, it is possible to convert the current model to another type of lattice such as
triangular or honeycomb. We can imagine the honeycomb lattice, for example, as a
square lattice with nearest-neighbour and next-nearest-neighbour terms, but where
some of these terms are selectively suppressed. The toolbox of MPO methods we
have created is therefore ready to be extended to new systems.

The next section will describe in detail how to implement the long-range interac-

tion terms needed to study the dipolar Bose-Hubbard model.
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2.4 Dipolar Bose-Hubbard model

We use the finite-state automata method to implement long-range interactions in
a 2D lattice. We consider the dipolar Bose-Hubbard model, which has anisotropic
interactions decaying with the cube of the distance between particles. We focus
exclusively on the dipolar interactions and neglect the kinetic and on-site parts of the
dipolar Bose-Hubbard Hamiltonian since the shorter-range terms have already been
thoroughly described in the previous section. We will use the dipolar Bose-Hubbard
model in Chapter 4 to study its ground states on a finite-size lattice.

For dipolar spinless bosons with polarised dipole moments, the long-range inter-

acting part of the Hamiltonian reads

Hag = ZV |Z?icj‘ss d—=3c0s) .. (2.25)

Z#J
where 6 is the angle between the polarisation direction of the dipoles and the vector
describing the relative position of coordinates 7 and j in the 2D lattice, and V = D?/a?
where D is the dipole moment and «a is the lattice spacing. When the polarisation
direction of the dipoles is orthogonal to the lattice (§ = 7/2), the interaction becomes

isotropic with Hamiltonian

-5

1753

(2.26
|i — J!3 )

The dipolar interaction decays with a power law and has infinite range. However, we
will cut off the interaction length at a fixed distance to limit the bond dimension of
the MPO matrices.

The explicit form of the interaction terms as a tensor product of local operators
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Figure 2.9: Long-range interacting terms considered in the MPO for the dipolar BH
model. We perform a cutoff of the interaction at 5NN equivalent to |i —j| = v/8. The
sites are colour-coded according to their distance from the site at coordinates (z,y)
labelled by the index 7, coloured in black.

on each lattice site reads

nin, =1®01L®.. 0L, 107,011®..01;10n;®1;1®..®ly1®1y, (2.27)

where ¢ < j. A string of identity operators are inserted before, between and after the
number operators n at sites ¢ and 5. We cut off the interaction terms in the 2D lattice
at a distance |i — j| = v/8, which means considering up to five nearest-neighbours
(BNN) terms. Fig. 2.9 shows the square lattice and the interaction terms we are
taking into account. As in the previous section, where only NN terms were present,
the position of the sites with respect to the lattice affects the 2D-to-1D mapping and
we need to consider its effect.

We are considering a significantly larger number of terms compared to the inter-
acting Harper-Hofstadter model, making the mapping more complicated. In the next
section, we will show how the translational invariance of the MPO is affected by the

2D-to-1D mapping and list the different terms that need to be taken into account.
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2.4.1 Translational invariance

In order to determine how many different M? matrices are necessary to build the MPO,
we need to consider all of the possible sources affecting the translational invariance of
the lattice after the 2D-to-1D mapping. For the current Hamiltonian, the translational
invariance of the system is only changed through the 2D-to-1D mapping and the
periodic boundary conditions. As a result, the matrices of the MPO describing the
dipolar interaction are subject to a translational invariance of period L,,. The position
of the lattice sites relative to the boundaries of the system in the y direction, and
the cutoff of the interactions at 5NN lead to five inequivalent lattice site positions.
A different matrix M* will be needed for the MPO, corresponding to the coordinates
(x,y) for the values of: y =1, y=2,y=L,—1,y=L,andfor2 <y < L, — 2.
In the next sections, we will present the lattice configurations and the corresponding

finite-state automaton for each of these cases.

2.4.1.1 Central term: 2 <y <L, —2

Let us start with the terms corresponding to a site in a central position of the lattice
with coordinates (z,y) and 2 < y < L, —2. Due to the position of this site within the
lattice and the cutoff of the interactions we have set, the longest-ranged term that
needs to be implemented still falls within the boundaries of the lattice. Consequently,
the periodic boundary conditions need not be taken into account explicitly. Fig. 2.10
shows the lattice sites that we need to consider, how far away they are from site (x,y),
and how they are distributed around it. To build the finite-state automaton, let us
repeat the type of reasoning we have followed in Section 2.3 but in a streamlined

fashion, since we are already familiar with how it works.
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Figure 2.10: (Left) Finite-state automaton generating the matrix elements M,;, cor-
responding to a site located at coordinates (z,y) with 2 < y < L, — 2. (Right)
Depiction of all of the long-range interacting terms implemented by the finite-state
automaton. The links in the automaton are colour-coded according to the interaction
term they implement.
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Site (x,y) has 24 sites surrounding, which are within the 5NN cutoff we have
imposed. However, for the purpose of building the MPO matrix, only the terms
corresponding to sites coming before it in the 1D ordering need to be taken into
account. There are 12 such sites which have a 1D distance from site (z,y) that
goes from 1 to 2L, + 2, corresponding to the sites with 2D coordinates (z,y — 1) and
(x —2,y—2) respectively. The 1D distance is going to affect the number of nodes that
make up the finite-state automaton and the corresponding MPO matrix. Fig. 2.10
shows the automaton that generates the MPO matrix. Let us describe it briefly. The
starting and ending nodes of the automaton have labels 1 and 3L, respectively, and
they each have a self-pointing link corresponding to an identity operator. All of the
other links ending at the node 3L, have no explicit label for the sake of visual clarity,
but they all represent the insertion of a density operator n. The links are colour-coded
to encode the distance of the interaction term they represent. Each different colour
corresponds to a different coefficient that multiplies the density operator and describes

the power-law decay of the interaction. This colour-code is shown in Fig. 2.9.
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In the next sections, we will show the lattice site configuration and the corre-
sponding automaton for each site with inequivalent coordinates. For the sake of
visual clarity, in all of the figures depicting the lattice, we will avoid drawing the links
between the site of interest and all of the sites it is connected to. We will instead
colour-code each site according to the scheme in Fig. 2.9, which uniquely identifies
the strength of the interaction according to their distance. This simplification is nec-
essary because all of the following cases contain interactions spanning through the
PBC, which would become cumbersome to represent neatly. The horizontal dashed
line cutting through the lattice symbolises an arbitrary number of additional lattice

sites positioned in between.

2.4.1.2 Top term: y = L,
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Figure 2.11: (Left) Finite-state automaton generating the matrix elements My, cor-
responding to a site located at coordinates (z,y) with y = L,. (Right) Depiction of
all of the long-range interacting terms implemented by the finite-state automaton.
The links in the automaton are colour-coded according to the interaction term they
implement.
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Figure 2.12: (Left) Finite-state automaton generating the matrix elements My, cor-
responding to a site located at coordinates (x,y) with y = L, — 1. (Right) Depiction
of all of the long-range interacting terms implemented by the finite-state automaton.

The links in the automaton are colour-coded according to the interaction term they
implement.
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Figure 2.13: (Left) Finite-state automaton generating the matrix elements My, cor-
responding to a site located at coordinates (z,y) with y = 2. (Right) Depiction of
all of the long-range interacting terms implemented by the finite-state automaton.
The links in the automaton are colour-coded according to the interaction term they
implement.



2.4.1.5 Bottom term: y=1
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Figure 2.14: (Left) Finite-state automaton generating the matrix elements My, cor-
responding to a site located at coordinates (z,y) with y = 1. (Right) Depiction of
all of the long-range interacting terms implemented by the finite-state automaton.
The links in the automaton are colour-coded according to the interaction term they
implement.
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2.4.2 Dipolar interaction coefficients

In the definition of the MPO formalism for a general operator O as in Eq. (2.1), we
have stated that the elements of each matrix M® are one-particle operators which
are multiplied by an appropriate coefficient. The finite-state automaton must encode
both of these pieces of information: the operator and the coefficient. So far, we have
described how the operator part is encoded in the finite-state automaton, glossing
over the choice of coefficient, which has just been implicitly stated through the colour-
coding of the sites. The structure of the graph that constitutes the automaton for
each inequivalent lattice site is similar. This is because the terms composing the
interaction span a similar range of distances when converted to the 1D lattice.

Let us consider the coefficients that multiply the one-particle operators. These
coefficients have the form V/|i — j|3, which describes the scaling of the interaction

energy with the distance. The coefficients depend on the relative position of the
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sites in the 2D lattice where the dipolar interaction actually exists, since they are
a function of |i — j|. Because there are five inequivalent lattice positions in the 2D
lattice, each of them needs to be treated differently. The relative position of sites
7 and j in 2D is described by the relative x coordinate Az and by the relative y
coordinate Ay. Because of the inequivalency of the sites in the lattice, pairs of sites
that have the same 1D distance have different distances in 2D, depending on their
position relative to the lattice boundaries in the y coordinate. Although the insertion
of the operators is not changed, the calculation of the multiplicative coefficients that
represent the power-law decay of the dipole interaction needs to be site-dependent.
Two different factors need to be considered. The first is the fact that distances in 1D
do not correspond to the same distance in 2D. As a simple example, let us consider
the case of two lattice sites (z,2) and (z,1). These are NN sites in the 2D lattice, as
well as after the 1D mapping. However, let us consider the sites (z,1) and (x —1, L,).
They have distance v/2 in the 2D lattice but have distance 1 in the 1D mapping.
Secondly, the mapping of the distances from 1D to 2D is not unique. A separate
mapping is necessary for each of the inequivalent lattice sites. For example, the
terms which have a 2D-distance v/8 have different distances in 1D according to their
position. For a central site, the corresponding 1D distance is 2L, — 2 and 2L, + 2,
but for a top site (y = L,) the same 2D distances map to the 1D distances of 2L, + 2
and 3L, — 2. This fact needs to be included in each separate automaton that builds

the MPO. Five different 1D-to-2D mappings to calculate Az and Ay are used.

2.5 Testing, benchmarking and applications

We have thoroughly tested the implementation of the MPO for the interacting Harper-
Hofstadter and dipolar Bose-Hubbard Hamiltonians by comparing the results ob-

tained from DMRG with quantities known in the literature. We have reproduced the
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correlation functions of a bosonic integer quantum Hall system on a square lattice
from Ref. [124] and the currents for a fermionic fractional quantum Hall system on a
cylindrical lattice from Ref. [166]. In addition, we have developed an exact diagonali-
sation code to compute the ground state of the bosonic Harper-Hofstadter model and
the dipolar Bose-Hubbard model for small systems with size of up to L, x L, =4 x 5
and up to 4 particles. We have confirmed the agreement between the energy and all
of the expectation values used throughout our calculations between the DMRG code
and the exact diagonalisation code.

The extensive development of the 2D lattice Hamiltonians that we have carried
out using the TNT library has produced a powerful and general tool to explore 2D
lattice systems. The types of particles that we can study are spinless fermions, spin-
less bosons and spins. We can define a general gauge field that affects the complex
phase of the particle hoppings and add arbitrary on-site terms. We can add on-site
interactions, NN, NNN etc. with site and range-dependent interaction strength. This
is a general tool that allows us to study a variety of different physical systems.

In the next chapters, we will consider two systems. Chapter 3 will discuss the
bosonic Harper-Hofstadter model and Chapter 4 will consider the dipolar Bose-
Hubbard model.
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Chapter 3

Bosonic fractional quantum Hall

ground states on a finite cylinder

In this chapter, we make use of the 2D DMRG methods presented in Chapter 2 to
study the ground-state properties of a bosonic Harper-Hofstadter (HH) model. With
the addition of on-site interactions, this model describes the physics of a quantum
Hall system in an optical lattice setting, using ultracold atoms [42, 114]. We will
consider a finite cylindrical geometry and a filling fraction v = 1/2.

We perform our calculations on a finite cylinder geometry. The reason for the
choice of a finite geometry is twofold. On the one hand, it gives access to the physical
boundaries of the system which show relevant properties for a quantum Hall state. On
the other hand, the experimental realisation of lattice systems is inherently finite, and
edge effects will play a role. A finite cylinder will therefore exemplify the behaviour of
an experimental setup. Moreover, a proposal has been put forward for the realisation
of an experiment that implements a fermionic version of this system on a finite real-
space cylindrical geometry [166]. This system is ideally suited to studying the edge
modes of the system and has been shown to support fermionic fractional quantum

Hall states [133, 166].
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To characterise the ground state of the system, we compute a set of observables
whose behaviour is known for a Laughlin state in the continuum in a finite geometry.
A fractional quantum Hall state with a gapped, insulating bulk and gapless edge
modes has been shown to have a uniform density in the bulk and a density spike
near the edges in the continuum [167, 168|. Moreover, chiral edge currents |76, 169|
and algebraically decaying one-particle correlation functions near the edge [123, 124]
are typical of the state. Additionally, we make use of the topological entanglement
entropy, which is known for the Laughlin state [89, 170, 171|, to unambiguously
characterise the topological nature of the state. We compute the zero-temperature
ground states of systems with size, geometry and parameters which are in line with
experimentally realisable systems and find that their ground states show a set of
physical properties compatible with those of a Laughlin state in the continuum. Our
results aim at providing guidance to experimentalists on how to observe fractional
quantum Hall grounds states in optical lattices in the limit of large magnetic fluxes.

This chapter is structured as follows. In Section 3.1, we describe the interacting
bosonic HH model. In Section 3.2, we calculate the topological entanglement entropy
for our system. In Section 3.3 we compute a set of observables that characterise
the edge and bulk properties of the state and in Section 3.4 we generalise the model
outside of the hard-core limit. Finally in Section 3.5 we discuss and summarise our
results.

The results presented in this chapter have been published in Ref. [61].

3.1 Bosonic Harper-Hofstadter model

We consider a bosonic HH model with the addition of on-site interactions. We have
introduced this model in Section 2.3, so we will only recall the relevant information

to describe our system. N, spinless bosons live on a square lattice with L, sites in
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the x direction and L, sites in the y direction, and mean particle density n,. We
impose periodic boundary conditions (PBC) in the y direction, turning the lattice
into a finite cylinder geometry.

The Hamiltonian of the system reads

H = Hyn + Hu, (3.1)

where Hy;, is the single-particle kinetic Hamiltonian and Hy; is the on-site interaction

Hamiltonian. Hy;, reads

Lz—1 Ly Ly Ly*l Ly
o i2wTd 2nxd T
Hy = —J g 5 cl’yczﬂﬁy + 5 g e cfv’ycx,yﬂ + E e ¢Ca¢,LyC$,1 + H.c.,
rz=1 y=1 z=1 y=1 =1

(3.2)
where ¢, , is the annihilation operator for a boson at site (z,y), obeying bosonic

commutation relations [c;, C}L] = 0;; and J is the hopping amplitude. The filling
fraction of the system is defined as v = ny,/n,, where ny, = ¢ is the flux per plaquette.

The interacting part of the Hamiltonian Hy in Eq. (3.1) reads

Lz Ly

Hy=U» Y ngy(ney, —1), (3.3)

z=1 y=1

where U is the on-site interaction strength and n,, = cl,ycw is the number operator
at site (z,y). Since the system is made of bosons, each site can be occupied by at
most N, particles. However, in our numerical calculations using DMRG, we need to
fix a maximum occupation number n,., at each site, to limit their computational
complexity. This limits the dimension of the local Hilbert space on each site to nyax.

Throughout this chapter, we will consider two interaction regimes. First, we will
work in the hard-core limit, where U/J — oo. No two particles are allowed to be in
the same lattice site, and the local Hilbert space at each site is constrained to have

either zero or one particle. This implies that n.,.. = 1 and the on-site interaction
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term in the Hamiltonian of Eq. (3.1) can be omitted.
Later in the chapter, we will drop the hard-core constraint and consider general
interaction strength U. In this case, we will choose ny.c in such a way that our

calculations converge.

3.2 Topological entanglement entropy

In order to investigate the topological nature of the system, we compute the topolog-
ical entanglement entropy ~ for its ground state. We use the scaling relation of the

entanglement entropy with the length of the bipartition boundary [92, 172]
S(L)=cL -7, (3.4)

where L is the length of the boundary and c is a non-universal constant. Obtaining
a non-zero value of v indicates that the ground state of the system is topologically
ordered and supports anyonic quasiparticle excitations. In order for Eq. (3.4) to
hold, it is necessary that only Abelian anyons be present in the system, and that
the degenerate ground states are in a proper linear superposition such that their
entanglement entropy is minimal, called minimally entangled states [173]. We assume
these conditions to hold and that the ground states we obtain are in the minimally
entangled basis as a result of DMRG selecting low entanglement states [174].

We perform the bipartition of the cylinder by cutting it in two equal parts along
the y direction. Each half-cylinder has size L,/2 x L,. We consider the ground state
for filling fraction v = 1/2 and ¢ = 1/6. We fix L, = 6 and scale the cylinder
circumference L,, which is the length of the boundary L that appears in Eq. (3.4).
Since the complexity of the DMRG calculation already scales exponentially with
the circumference of the lattice, we choose L, to be a small number to limit the

computational cost. The values of L, are constrained to be even, to ensure that the
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Figure 3.1: Entanglement entropy S for a cylinder of length L, = 6, filling fraction
v =1/2 and ¢ = 1/6 as a function of circumference L,. The blue crosses are the
results of an extrapolation of S to y — oo, and the red solid line is the linear fit to
these values. The inset shows the linear fit of S as a function of 1/y for L, = 14.

total number of particles in the system is an integer. For each size, we always obtain
two degenerate ground states. We selectively obtain either of the two ground states
by changing the starting wavefunction for DMRG. This two-fold degeneracy is typical

of topologically ordered systems and consistent with the centre-of-mass degeneracy of

the corresponding system on a torus, which has been shown to be size-dependent [175].
For each system size, we compute the entanglement entropy S from the MPS

formulation of the ground-state wavefunction. The MPS gives direct access to the

Schmidt values A; for the bipartition of the system, which we use to compute S as

S = —trlprIn(pr)] = - Z al* (Al (3.5)
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where py, is the density matrix of the left part of the system after a performing the
bipartition cut.

Having S(L,) for each value of L, allows us to derive the value of the topological
entanglement entropy as in Eq. (3.4). For each value of L, we perform a finite entan-
glement scaling by considering increasing bond dimensions x = 400, 500, 600, 1000.
We perform a linear fit of S, (L,) as a function of 1/x and extrapolate the value of

Seo(Ly) for x — co. We use these values Sy (L,) to calculate v
v~ 0.34 £ 0.05, (3.6)

where the error is for the 68% confidence interval of the result of the linear fit, shown
in Fig. 3.1.

The non-zero value of the topological entanglement entropy indicates that the
ground state of the system is topologically ordered. Analytical results for the topo-
logical entanglement entropy of a Laughlin state with filling fraction v = 1/¢ give
v = In/q [170, 171]. The value of v we obtain is in close agreement with the analytical
result v = In /2 ~ 0.347.

3.3 Quantum Hall signatures

To compare how accurately the ground-state properties of the system are compatible
with those of a Laughlin state, we calculate a set of observables whose behaviour is
known in the continuum version of the system, where the ground state is described
by the Laughlin wavefunction. The observables we consider are the particle density,
the currents and the correlation functions around the cylinder.

We consider the bosonic HH Hamiltonian on a finite cylinder and in the hard-
core limit for filling fraction v = 1/2 and ¢ = 1/3. The results coming from ED of

small systems [41, 42, 44] show that the overlap of the ground state with the Laughlin
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wavefunction is small, for large values of the magnetic flux ¢ > 0.2. Selecting ¢ = 1/3
is, therefore, a relevant parameter to choose in order to characterise the ground state
by going beyond the calculation of the overlap. Previous works have gone beyond
the overlap calculations by computing the Chern number [42] and considering the
pumping of charges through an infinite cylinder using DMRG [135].

We instead choose to use a finite cylinder geometry which gives access to the edge
properties of the system, which are especially relevant for quantum Hall physics, and
are not available in the torus or infinite cylinder geometry. We consider a system with
circumference L, = 6 and increasing cylinder lengths from L, =9 up to L, = 18, to
see how the system length affects the edge properties of the system. These system sizes
always lead to non-degenerate ground states, in agreement with the degeneracy of the
system on a torus geometry, where a unique ground state is found for appropriate
values of L, and L, [175|. For all of the system sizes that we have considered, we
obtain a non-degenerate ground state in the corresponding cylinder geometry. All
calculations have been performed with bond dimension y = 1000, which is sufficient
to obtain converged expectation values for all of our quantities of interest. We also
fix the total number of particles in the system by imposing U(1) quantum number

conservation symmetry [11].

3.3.1 Particle density

Let us consider the local density profile of the ground state, defined as the expectation

value of the number operator at each site, which reads

Ly

n(x) = = (el eas) (3.7)

Because of the rotational symmetry around the cylinder, the ground states are trans-

lationally invariant along y, so we average the expectation values over each ring at a
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Figure 3.2: Particle density n as a function of the x coordinate for system sizes
L, x L, (a) 9x6, (b) 12x6, (c) 15 x 6 and (d) 18 x 6. Lines connecting the data
points are a guide to the eye.

fixed y, making n(x) only dependent on the x coordinate. The rotational symmetry
in y and the need to only consider the x dependence of the observables is a further
advantage of our choice of cylindrical boundary conditions.

Previous works have calculated the density profiles of Laughlin states in the con-
tinuum for finite geometries such as the disk [167, 168]. They found that the density
spreads uniformly in the bulk and shows a peak close to the edges before going to
Zero.

Fig. 3.2 shows the density profile of the ground state for four different lengths of
the cylinder. In agreement with the behaviour of the Laughlin state in the continuum,

the density has a uniform value in the bulk, with constant value n ~ 0.17 ~ n;, where
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ny is the mean number of bosons. The density profiles have their lowest value at the
edges of the cylinder and show a spike in the second outermost ring. The change in
behaviour between bulk and edges become increasingly evident for larger values of
L,. The value of the density in the first and second ring, making up the spike, remain
constant, but the additional central rings, making up the bulk of the cylinder, become
progressively more uniform. We conclude that the density profiles are compatible with

the behaviour of a Laughlin ground state.

3.3.2 Edge currents

To further characterise the ground state of the system we consider the behaviour of
the currents around the circumference of the cylinder as a function of the x coordinate.
We define the current Z¥ around the cylinder in the y direction as
1
Y (x) = T Z(U@’Q”mcgycx,yﬂ +H.c.). (3.8)
y

y=1

Because of the rotational symmetry of the system around its circumference, the cur-
rent does not depend on y and we average its value over y. In the sum, the lattice site
with y = L, + 1 is identified with y = 1 as a consequence of the periodic boundary
conditions.

Fig. 3.3 shows the currents Z¥ as a function of the x coordinate for the four system
lengths. For all of the system sizes, the currents have their maximal magnitude at
the edges and have different signs at each edge. The sign difference indicates that
the currents are chiral, meaning that they flow in opposite directions around each
edge of the cylinder. The magnitude of the currents at the edges stays constant when
increasing the system size. In the bulk, the current fluctuates close to zero and gets
more uniform with a negligible magnitude for larger system lengths. The effect of the

boundaries penetrates the bulk of the system for three sites from the edge where the
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Figure 3.3: Current around the cylinder Z¥/J as a function of the z coordinate for
system sizes L, x L,: (a) 9x 6, (b) 12x6, (c) 15x 6 and (d) 18 x 6. Lines connecting
the data points are a guide to the eye.
current is significantly non-zero and oscillates around zero. These oscillations have
the same extension into the bulk of the system as for those in the density profiles. The
addition of more sites in the bulk does not affect the edge properties of the system.
This behaviour of the edge and bulk currents indicates the presence of conducting
edges states and an insulating bulk. They are compatible with the physics shown by
Laughlin states at filling v = 1/2. This further confirms the similarity of the lattice

ground state with the Laughlin wavefunction.
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Figure 3.4: Correlation functions CY for system sizes L, x L,: (a) 9 x 6, (b) 12 x 6,
(c) 15 x 6 and (d) 18 x 6. Each line represents the correlation function around a ring
identified by its x coordinate. Only the rings from x = 1 to x = L, /2 are shown due
to the inversion symmetry of the cylinder. Lines connecting the data points represent
a guide to the eye.

3.3.3 Correlation functions

To further characterise and distinguish the properties of the bulk of the system from
those of the edge, we consider the one-particle correlation functions around the cir-

cumference of the cylinder. We write the correlation function along y as

<C;r;,1cx,1+Ay>

CY(x, Ay) = n(2)

(3.9)

which measures the correlation of two particles with the same x coordinate but Ay

sites apart along y.
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In the proximity of the edge, the correlation function is expected to decay alge-

braically as a function of the distance

1
CY(x, Ay) A forx=~1, L,, (3.10)

indicating the presence of a gapless edge mode. In a gapped bulk, where currents are

absent, the correlation function is expected to decay exponentially
CY(x, Ay) oc e /¢ for o~ L,/2, (3.11)

where ¢ is the correlation length [123, 124].

Fig. 3.4 shows the correlation functions for each of the four system sizes we have
considered. The separate lines in each plot represent the correlation function for a
different value of x. The plots are similar for all system sizes. In each of the plots,
there is a significant change in behaviour between the correlation functions at the
edge of the cylinder, with x = 1, and all of the other ones in the bulk. Its decay is
much slower as opposed to all of the other correlation functions. We find that the
increased system size does not affect the edge properties of the system.

The behaviour of the correlation function is consistent with the slower decay in the
presence of a conducting edge, where long-range correlations are present, and with a
faster decay in the bulk, which is gapped and insulating. Despite the quantitatively
slower decay of the correlation functions at the edges, the circumference of the cylinder
is not sufficiently large to confidently conclude that the decay at the edge follows a

power law and the decay in the bulk is exponential.
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3.4 Interaction-strength dependence

The system we have considered so far was in the hard-core limit, corresponding to
having an infinite on-site interaction in the lattice. However, the condensed-matter
equivalent of the system is characterised by a finite interaction strength as a con-
sequence of the Coulomb interaction. It is therefore of interest to explore how the
ground state in the hard-core limit arises when increasing the on-site interaction
strength starting from zero. Additionally, an experimental setting would have control
over the on-site interaction strength of the bosons and would allow for the transition
to be explored.

We consider a system with lattice size L, x L, = 9 x 6 at filling fraction v = 1/2,
¢ = 1/3 and we vary the interaction strength U/J. For this value of ¢, all of the
observables we have previously studied confirm that the physics of the ground state
is compatible with that of a Laughlin state.

We will focus on the behaviour of the currents and the correlation functions around
the cylinder to characterise how the ground-state properties change with U/.J.

In our DMRG calculations, we used a maximal occupation number at each site of

Nmax = 4 and bond dimension y = 500. Only for U = 0 did we use ny., = 9.

3.4.1 Edge currents

Following the analysis performed in the previous sections, we start by calculating the
currents around the cylinder. We have already studied their behaviour in the hard-
core limit where U/J — oo. Now we explore how this limit is reached by increasing
U/J from the non-interacting case. Fig. 3.5 shows the currents Z¥(z) for four values
of the interaction strength from U/J =0 to U/J = 8. For U/J = 8 [see Fig. 3.5 (d)]
and above, the currents become almost indistinguishable from the hard-core limit.

For smaller values of the interaction strength, the magnitude of the currents in the
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Figure 3.5: Current around the cylinder Z¥(x)/J for an L, x L, = 9 x 6 lattice,
with v = 1/2 and ¢ = 1/3. The interaction strength takes values (a) U/J = 0, (b)
U/J=0.1, (c) U/J =2, (d) U/J = 8. Lines connecting the data points are a guide

to the eye.

v/ J

Figure 3.6: |Z¥%(z)| for an L, x L, =9 x 6 lattice, with v = 1/2 and ¢ = 1/3. Each
line represents a different value of the x coordinate. Due to the inversion symmetry
of the cylinder, only the first five lattice sites along = are considered.
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Figure 3.7: Correlation functions C¥ for an L, x L, = 9 x 6 lattice, with v = 1/2 and
¢ = 1/3. The interaction strength takes on values (a) U/J = 0, (b) U/J = 0.1, (c)
U/J =2, (d) U/J = 8. Lines connecting the data points are a guide to the eye.

bulk of the system increases and the edge currents are no longer dominant. For the
non-interacting limit, the ground state shows strong currents oscillating in the bulk.

We can better understand the behaviour of the currents by computing their value
around each ring of the cylinder as a function of the interaction strength. Fig. 3.6
shows such currents. Each line represents a different x coordinate up to the central
ring which is always zero as a consequence of the inversion symmetry of the cylinder.
The line of the central-most rings, with x = 3 and = = 4, have a non-zero current
and decrease monotonically. The line corresponding to the ring located at the edge,
with z = 1, quickly saturates after having a minimum around U/.J ~ 0.5. This shows

how, when increasing interaction strength, the edge currents become dominant.
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3.4.2 Correlation functions

Let us consider the decay of the correlation functions around the cylinder C¥Y(z, Ay)
as defined in Eq. (3.9), when varying the interaction strength of the system. For
the non-interacting limit where U = 0, we find that the correlation functions around
the cylinder are constant for every value of the x coordinate. Fig. 3.7 (a) shows the
correlation functions for U = 0. In Section 3.3.3, we found that, in the hard-core
limit, only the correlation function at the edge differs from the ones in the bulk.
Therefore, we plot only CY(1, Ay) and C¥(5, Ay). These values are representative of
the edge and bulk behaviour, respectively.

Fig. 3.7 (b-d) shows C¥(z,Ay) with x = 1 and = 5 for three representative
values of U > 0. In the hard-core boson case, we have observed that the decay of the
correlations is slower at the edges and faster in the bulk. We find that, for small but
positive values of U, this behaviour is reversed. In particular, up to U/J = 2.5, the
correlation at the edges decays significantly faster before showing a revival as shown
in Fig. 3.7 (b) and (c¢). When U/J > 2.5 the bulk correlations decay faster than the
edge ones, and when U/J = 8, they become close to the ones in the hard-core limit
as shown in Fig. 3.7 (d). All correlations show a peak at Ay = 3 and although we

cannot fully understand its presence, we assume it to be a finite-size effect.

3.4.3 Additional quantities

To further quantify how the hard-core limit is reached from the behaviour of the
currents and correlation functions, we compute two new quantities. Using the currents

from Eq. (3.8) we define
)

R
T o(bulk)’

(3.12)

where Z¥(1) is the edge current and o(bulk) is the standard deviation of the currents

in the bulk. Rz quantifies how dominant the currents at the edge are relative to the
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Figure 3.8: (a) Rz as defined in Eq. (3.12) for a system of size L, x L, = 9 X 6,
¢ =1/3 and v = 1/2. (b) Ratio |CY(5,2)|/|C¥(1,2)| of the decay after two sites of
the correlation function in the bulk (z = 5) and at the edge (z = 1).

currents in the bulk. Fig. 3.8 (a) shows Rz as a function of U/J. Rz > 1 when
U/J > 0.5 indicating that the edge current becomes dominant. For larger values of
the interaction strength, Rz increases monotonically and saturates for U/.J a 5. For
larger values, the behaviour of the currents becomes similar to that of the Laughlin-
like state in the hard-core limit.

We also calculate the ratio between the value of the correlation function in the
bulk (z = 5) and at the edge (x = 1) at a distance of two sites |C¥(5,2)|/|CY(1,2)].
This quantity expresses the relative rate of decay of the correlations and is shown in
Fig. 3.8 (b). For small values of U, this ratio has a larger-than-one value, becomes
smaller than one when U/J > 2.5, and then decreases monotonically for larger values
of U. This indicates the existence of a region of small U where the decay of cor-
relation functions is faster at the edges as compared to the bulk, before becoming
compatible with a Laughlin state. These results indicate that the transition from
the non-interacting case to the hard-core limit goes through a transitory state, where
|C¥(5,2)]/]CY(1,2)| > 1. This state has physical properties which are distinct from
those of a Laughlin state. The appearance of Laughlin-like physics only for large

values of U is consistent with the results coming from the ED of small systems.
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Fig. 3.8 (a,b) shows an additional striking feature of the transition from the non-
interacting system to the hard-core limit. The transition appears to be completely
smooth without a sharp change in any of the observables we compute. For small values
of the magnetic flux ¢ < 0.2, ED calculations for small systems [42] have shown that a
sharp phase transition occurs at U = 0, where the ground state shows no topological
order, to a topologically ordered ground state for U > 0. This transition is analogous
to the continuum case.

Our system does not show this type of transition. This is because we have consid-
ered a large value of ¢ = 1/3, where the discrepancy between the lattice system and
its continuum version becomes significant. ED shows that the overlap of the ground
state with the Laughlin function gradually increases as a function of U and no sharp
transition is present. Our analysis extracts further details about the transition which
complement the calculation of the overlap of the ground-state wavefunctions. Both
the correlations and the currents show that the system goes through a state where
the currents are dominant in the bulk, and the correlations decay faster at the edges,

before reaching the Laughlin-like state from the non-interacting case.

344 ¢=1/4

A different situation is expected for smaller values of ¢ where the overlap with the
Laughlin state at U = 0 is larger [42]. We study the transition that occurs as a
function of the interaction strength for a system with flux density ¢ = 1/4 to explore
whether a smaller flux density affects the smoothness of the transition we observed for
¢ = 1/3. We consider a system with size L, x L, =8 x4, ¢ =1/4 and v = 1/2 and
focus on the behaviour of the edge currents. Fig. 3.9 (a) shows Rz as a function of U/.J.
A sharp change in the value of Rz, caused by a decrease of the denominator, occurs
at U/J ~ 9.8 and then saturates. For small U, Rz increases sharply with U/J until

U/J =~ 3, where it levels off and subsequently decreases slightly until the transition
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Figure 3.9: (a) Rz for a system of size L, x L, = 8 x4, ¢ = 1/4 and v = 1/2. Current
ZY(zx)/J for the system in (a) for U/J = 9.6 (b) and U/J = 9.9 (c). Lines connecting
the data points in (b) and (c) are a guide to the eye.
point. Fig. 3.9 (b) and (c) show the corresponding edge currents immediately before
and after the transition. Before the jump, for U/J = 9.6 the currents grow in a
fashion close to linear with the distance from the centre. After the transition, for
U/J = 9.9, only the edge currents are dominant, and they become reminiscent of
the hard-core behaviour for the ¢ = 1/3 case as in Fig. 3.5 (d). This suggests that
lowering the flux density leads to a regime where a sharp transition occurs, in line
with the results from ED calculations.

For the DMRG calculations, we used a maximum occupation number per site

Nmax = 4, and bond dimension up to y = 300.
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3.5 Conclusion and outlook

The fractional quantum Hall effect is the paradigmatic physical system showing topo-
logical order. All of the ingredients necessary to simulate its physics, i.e. 2D geometry,
repulsive interaction potential and an orthogonal magnetic field have been realised
and are available in quantum gas experiments. Additionally, experimental proposals
for topologically non-trivial geometries, such as a finite cylinder, have been put forth
as a way to simulate quantum Hall physics. Previous numerical studies of the ground
state of such systems on a lattice using tensor network methods considered a torus
geometry or an infinite cylinder. We have instead considered a finite cylindrical ge-
ometry. Quantum Hall physics is characterised by a variation in behaviour between
the bulk and the boundaries of the system. The finite cylinder geometry has allowed
us to consider this discrepancy. Moreover, physical edges are also inherently present
in experiments as a consequence of their finite nature.

We have used the interacting bosonic Harper-Hofstadter model on a finite square
lattice with cylindrical boundary conditions and computed its ground-state wavefunc-
tions through DMRG calculations. We have shown how this system at filling fraction
v = 1/2 supports topologically ordered ground states by estimating its topological
entanglement entropy in Sec. 3.2. Not only was the value of the topological entangle-
ment entropy non-zero, but it was in good agreement with the theoretical prediction
for a v = 1/2 Laughlin state in the continuum. This was further confirmed by the
two-fold degeneracy of the ground states we have obtained.

Taking advantage of the finite cylindrical geometry of the system and the presence
of physical edges, we have computed a set of observables, related to edge properties,
to explore the compatibility of the ground state with the physical features typical
of a Laughlin state. Such properties cannot be inferred solely from the ground-state
overlap with the Laughlin wavefunction typically used as means of comparison in

small systems on a torus geometry using ED. For large values of the magnetic flux
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density, where the overlap quickly becomes small, additional quantities become useful
to make a comparison of the physical properties.

We have successfully studied the behaviour of the density profiles, the currents
and correlation functions around the cylinder. We find that all of these observables
are fully compatible with the features of a fractional quantum Hall ground state
corresponding to a Laughlin wavefunction in the continuum. The overall results are
indicative of a ground state with a gapped insulating bulk with exponentially decaying
correlation functions and gapless edge modes that lead to chiral edge currents with
power-law decaying correlations.

In the second part of the chapter, we have dropped the hard-core constraint to
consider general values of the on-site interactions. The correlations and the currents
show that the transition to the fractional quantum Hall state is smooth, indicating
the absence of a sharp transition. Moreover, for small values of U/J, a transient state
occurs where the correlations in the edge decay faster than those at the bulk. When
U/J > 2.5, the correlation functions and currents show the same qualitative behaviour
as the Laughlin state, and they become close to the hard-core boson limit when U & 8.
Additionally, the use of the ratio of the currents at the edge to the variation of the
currents in the bulk Rz, and the ratio of the correlations |C¥(5,2)|/|CY(1,2)| strongly
indicate that there is no sharp transition that induces the fractional quantum Hall
state from the non-interacting case. Considering a state with smaller flux density
¢ = 1/4 we observe from the currents around the cylinder that a sharp jump of the
ratio Rz occurs for large U. The behaviour of the currents become compatible with
the Laughlin state after the transition.

The physics of quantum Hall systems in lattices away from the continuum is still
not completely understood for a wide range of parameters. For large magnetic fluxes,
which can be experimentally reached, the physics of the system is the most different

from the continuum limit and most interesting to explore. The density profiles and the
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correlation functions that we have calculated for the ground states of the system can
be measured in experimental implementations of the system using ultracold atoms and
can be used as signatures for detecting fractional quantum Hall states. An additional
advantage of the cylindrical geometry is that it is suitable to reproduce Laughlin’s
thought experiment [75], in which one flux quantum is threaded through the cylinder
axis, inducing a transfer of particles from one edge of the cylinder to the other. In
this way, the Hall conductivity of the system can be derived. An interesting direction
of future research for this system is to implement the flux threading procedure to
further characterise the ground state of the system and explore how the presence of

physical edges affects the transfer of particles.
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Chapter 4

Dipolar Bose-Hubbard ground states

on a finite lattice

Quantum gases in optical lattices have become a powerful tool to perform quantum
simulation of strongly-correlated system models originating from condensed-matter
physics. The set of observables typically used in condensed-matter physics experi-
ments to characterise the state of the system is not always directly accessible when
using ultracold gases. Therefore, it is essential to investigate how order parameters
accessible in either type of system lend themselves to characterise the phases they
support.

Ultracold molecules in optical lattices are an attractive experimental implementa-
tion of a system with dipolar interactions, and we consider it as our system of refer-
ence. The progress in trapping and cooling dipolar molecules [176, 177] has led the way
to the realisation of ultracold polar molecules in optical lattices |55, 178, 56, 179|. The
dipolar interaction leads to the realisation of many different phases such as superfluid,
supersolid, solid [58, 180, 181, 182|, and even topological phases [183, 184, 185, 186].

Theoretical calculations and numerical simulations typically identify the phases

of the system in the grand-canonical ensemble through the use of order parameters,
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which show a sharp change as a function of a control parameter in the thermodynamic
limit where the number of particles N — oo. On the other hand, the experimental
implementation of such systems is characterised by a finite system size with the pres-
ence of boundaries, and a generally small number of particles. Moreover, many of the
order parameters used in numerical simulations come from a condensed-matter tradi-
tion. A clear example is the structure factor, which is accessible in solid-state physics
through neutron scattering and is, therefore, a natural quantity to consider. However,
in the ultracold gas implementation of these types of Hamiltonian, the structure factor
is not always accessible although it has been measured experimentally in cold-atom
setups through the measurement of compressibility or density fluctuations [187, 188].
Therefore, it becomes crucial to explore how different states can be identified in finite
systems using the toolbox of ultracold gases in an optical lattice.

In this chapter, using DMRG calculations, we systematically calculate and com-
pare a set of observables used in numerical simulations and available in ultracold gas
lattice experiments and analyse how well they are suited to determine the phase of a
finite-size dipolar Bose-Hubbard model on a 2D square lattice. This analysis aims at
giving guidance to experiments on how to practically observe the phases supported
by the system and to simulations by proposing observables which are relevant to
experiments.

This chapter is structured as follows: in Section 4.1 we introduce the dipolar
Bose-Hubbard model and the specifics of our system. Section 4.2 describes the re-
sults we obtained for the half-filled case, focusing on how to characterise solid order
in Section 4.2.1 and superfluid order in Section 4.2.2; in Section 4.2.3 we use the
entanglement entropy to further identify the transitions. Section 4.2.4 studies the
effects of the boundary conditions and finite size on the system. In Section 4.3, we
characterise the supersolid state that appears when adding an extra particle to the

half-filled system and in Section 4.4 we explore the star solid state of the system at
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quarter-filling. In Section 4.5, we use unsupervised learning techniques to explore
whether density measurements available from quantum gas microscope experiments
can be used to discriminate between the states of the system. Finally, in Section 4.6,
we summarise the results of this chapter.

The results presented in this chapter have been published in Ref. [62].

4.1 Dipolar Bose-Hubbard model

We consider a dipolar Bose-Hubbard (dBH) model composed of spinless bosons. The
bosons inhabit a square lattice with L, sites in the z direction and L, sites in the y
direction. We fix all dipole moments to be aligned and orthogonal to the lattice such
that the dipolar interaction becomes repulsive and isotropic. The Hamiltonian of the

system reads

1 V

— § ' t E :
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where b; is the annihilation operator for a boson at site i, satisfying bosonic commu-
tation relations [b;, b;] = 0;; and n; = bjbi is the number operator at site i. J is the
hopping amplitude, V' characterises the long-range static dipole interaction and it can
be expressed as V' = D? /a3 where D is the dipole moment and a is the lattice spacing,
such that |i — j| is the distance between sites i and j in units of a. (...) represents
nearest-neighbour pairs. The Hamiltonian in Eq. (4.1) describes molecules confined
to a 2D plane by a strong transverse trapping field, with harmonic frequency w,,
which prevents the molecules from collapsing from the attractive interaction between
aligned dipoles. By appropriately tuning w, [189, 190|, the minimum available inter-
particle distance suppresses the tunnelling to already occupied sites [191]. Assuming
that the initial configuration of the lattice has no double occupations, the molecules

effectively behave as if they were hard-core bosons and therefore collisionally stable,

avoiding losses in multiply-occupied sites due to inelastic collisions [192, 193] and/or
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so-called ‘sticky collisions’ (whereby two molecules form a long-lived complex which is
unobservable) [194, 195|. We impose a hard-core constraint such that the local Hilbert
space at each site is restricted to have either zero or one boson. As a consequence,
there is no on-site interaction term in the Hamiltonian of Eq. (4.1).

Although the dipolar interaction has an infinite range, we perform a cut-off of the
interaction length to |i — j| = /8 in units of the lattice spacing a. This corresponds
to considering terms up to the fifth nearest neighbour. In a cold molecule setup made
with RbCs (D =~ 1.2 Debye) and lattice constant a = 532nm, this cut-off corresponds
to neglecting interactions weaker than ~ kp x 3nK, as smaller interaction effects
would be washed out by finite temperature effects.

We work in the canonical ensemble by fixing the total number of bosons N in the
system and lattice filling v = N/(L,L,). We consider the lattice to have periodic
boundary conditions (PBC) along the y direction. This turns the square lattice into
a finite cylinder. The cylindrical geometry has several advantages. It gives access to
both bulk and boundary properties of the system and, as explained in Chapter 2, it
is amenable to getting accurate results thorough DMRG calculations. Besides, the
finite geometry that we are considering is similar to the experimental implementations
where boundary effects are present.

The finite size of the system affects the ground states that are supported. In the
presence of the repulsive dipolar interactions, the bosons are pushed away from each
other. If the system has boundaries, it is energetically advantageous for the particles
to localise in their proximity, because they will only be subject to interaction energy
of the bosons on the inside of the system. The bosons will, therefore, tend to move
close to the boundaries. Section 4.2.4 will analyse the effect of the edges and the use
of open boundary conditions (OBC).

The PBC around the cylinder also affect the sizes of the systems we study. As

an example, let us consider the system in the checkerboard solid ground state, which
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occurs for half filling ¥ = 1/2 in the strong interaction limit [see Fig. 4.1 (b)]. In this
case, the bosons occupy only one of the two checkerboard sub-lattices in the system.
If the lattice dimension L, is odd, the system becomes frustrated as the two distinct
checkerboard sub-lattices are no longer well defined. Throughout our analysis, we are
careful to choose system sizes that are compatible with this effect.

All of our DMRG calculations are carried out using the methods described in
Chapter 2. We fix the total number of particles in the system by imposing U(1)
quantum number conservation symmetry [11]. For all of the system sizes we consider,
a maximum bond dimension of y = 1000 ensures convergence for all of the expectation
values we have computed.

In the next section, we start considering the dBH system at half filling.

4.2 Half filling

In this section, we study how the dipolar interaction strength V//.J affects the ground
states of the dBH system in a finite cylindrical geometry at a fixed filling fraction
v = 1/2. We determine the state of the system by considering a set of observables used
as order parameters to identify solid order and superfluid (SF) order. We will use the
structure factor, the occupation imbalance and the density profiles to study the solid
order. We will calculate the one-body density matrix, the correlation functions, and
the natural occupation numbers to study the SF order. Finally, we will calculate the

entanglement entropy, which proves to be a versatile quantity to detect transitions.

4.2.1 Solid order

Solid order is characterised by a modulation of the density-density correlations. For
example, the structure of a crystal is determined through X-ray or neutron scattering.

The radiation hitting a periodic density distribution is scattered by it, and will show
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intensity peaks located at the maximum of the static structure factor. In our 2D
lattice, the static structure factor is defined as the Fourier transform of the density-

density correlations

1

S(ky, ky) = m

Z g Hiky ) Y (4.2)

YA
z,Y,T,Y

where the angular brackets represent the expectation value with respect to the ground-
state wavefunction and, for the sake of clarity, we have switched to a notation where
the subscripts (z,y) represent the x and y coordinates of the site in the 2D lattice.
A non-zero value of the structure factor at momentum (k,,k,) # (0,0) indicates
the presence of solid order and a single realisation of the state will show a periodic
modulation of the density. The density is defined as the expectation value of the

number operator at each site

Mgy = (Nay) - (4.3)

For example, for the checkerboard solid configuration present at filling v = 1/2, the
structure factor has a peak at (k,, k,) = (7, 7) and value S(m, 7) = 1/4 in the thermo-
dynamic limit. S(k,, k,) has been commonly used in numerical simulations [196, 197|
to identify solid order in optical lattice setups. Figure 4.1 shows instances of the
density pattern 7, in the limits of small interaction at V/J = 1, where the density
is uniform in the bulk, and for a large value of the interaction at V/J = 10, showing a
checkerboard pattern in the density characteristic of solid order. In the solid regime,
each realisation of the ground state occupies one of the two available checkerboard
sub-lattices.

In the presence of a discrete lattice, as in our dBH model, the lattice potential
provides a privileged frame from where to determine the density modulation. There-
fore, we choose the occupation imbalance as an alternative quantity which is able to

capture solid order and is accessible in quantum gas microscope setups [39, 198, 199].
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Figure 4.1: Local density 7., at V/J =1 (a), V/J = 10 (b) for lattice size L, x L, =
12 x 6 and v = 1/2.
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Figure 4.2: Structure factor S(m, 7) and occupation imbalance I as a function of the
interaction strength V/J at filling v = 1/2 for lattice size (a) L, x L, = 12 x 6 and
(b) L, x L, =16 x 8.

The occupation imbalance I, for the checkerboard solid, reads

) (4.4)

and it condenses the information of 7, , into a single number by quantifying how the
two equivalent checkerboard sub-lattices are populated. A uniform distribution has
occupation imbalance I = 0 and a checkerboard pattern has I = 1. We calculate the
structure factor and the occupation imbalance as order parameters to identify solid
order, and we examine the density profiles to obtain a more qualitative picture for

the properties of the ground state.
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We consider two system sizes, L, X L, = 12 x 6 and L, x L, = 16 x 8, to
explore how the size of the system affects the transition. Fig. 4.2 shows the structure
factor and occupation imbalance for both system sizes as a function of the interaction
strength V/J. For the smaller system size, the occupation imbalance and structure
factor behave differently in proximity to the transition point [see Fig. 4.2 (a)]. The
imbalance shows a sharp change from zero to a finite value, indicating the transition
to a state where the particle density has a checkerboard pattern. On the other
hand, the structure factor increases in a gradual way, showing no clear discontinuity.
This difference in behaviour is a consequence of the finite size of the lattice and a
manifestation of the effect of the boundaries. We can better understand this effect
by observing the density pattern in the window of interaction strength where the
imbalance is still zero, but the structure factor is non-zero. Fig. 4.3 shows the density
profile for V//J = 4.7. For this value of the interaction strength, we observe that the
checkerboard pattern is slowly starting to form at the centre of the lattice. We notice,
however, that this effect is minimal, as shown by the scale of the colour bar in the
figure. The difference in the value of the density between the central sites which are
seeding the checkerboard pattern is of the order of 1073. Such a small difference is
negligible for the overall occupation imbalance but affects the value of the structure
factor.

When we consider the larger system size with L, x L, = 16 x 8 the difference in
behaviour for the two observables diminishes considerably [see Fig. 4.2 (b)|. Close
to the transition point, both the occupation imbalance and the structure factor show
a sharp change. The discontinuity indicates that the transition is of the first order,
in agreement with the Landau-Ginzburg-Wilson theory for the transition from the
SF to the checkerboard solid phases which break two different symmetries: the Z,
symmetry of the checkerboard solid and the U(1) symmetry of the SF [200].

The analysis of the structure factor and occupation imbalance for the two system
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Figure 4.3: Density n,, for V/J = 4.7 at filling v = 1/2 for lattice size L, x L, =
12 x 6.

sizes brings us to the conclusion that the structure factor is more sensitive to finite-
size effects and is less accurate at capturing the position of the transition for small
systems. We consider the transition point given by the imbalance to be more accurate
than the one obtained from the structure factor in the smaller system. This is because
the transition point obtained from the imbalance agrees with the observables that we

calculate in the following sections.

4.2.2 Superfluidity and off-diagonal long-range order

In order to fully characterise the state of the system, it is necessary to find quantities
that signal off-diagonal long-range order typical of a SF. Superfluidity is a complex
phenomenon commonly associated with a range of properties of a system (dissipa-
tionless flow through narrow capillaries, quantised circulation, etc.) [201, 202|. It
often appears connected with Bose-Einstein condensation, which is the macroscopic
occupation of one single-particle state [201, 202]. Macroscopic occupation exists if
the largest eigenvalue of the one-body density matrix (OBDM) is of the order of the
number of particles in the system [203, 204, 205|. In two spatial dimensions, as for
our system of interest, the Hohenberg-Mermin-Wagner theorem precludes true long-

range order and condensation, because of the thermal phase fluctuations of the order
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parameter [202]. However, for finite two-dimensional systems, algebraic decay of cor-
relations in the OBDM is sufficient to imply a non-zero SF density and non-vanishing
condensate fraction, in agreement with the Josephson relation between these quanti-
ties [206, 207|. Experimentally, condensation in cold-atom lattice systems has been
determined by measuring the momentum distributions after release from the trap and
ballistic expansion [97, 198|, while superfluidity in two dimensions has been estab-
lished, e.g., by the observation of dissipationless flow of a cold atomic gas past an
obstacle moving below a critical velocity [208].

Based on these considerations, we have calculated the OBDM, from which we
obtain the condensate fraction and the non-local density correlations and analyse
their decay as a signal of superfluidity in 2D.

Having access to the full form of the ground-state wavefunction from the DMRG

calculation, we compute the OBDM as

p(l‘7 Y, xlv y/) = <bl’ybx’,y’> . (45)

Let us first consider the condensate fraction and the natural occupation numbers for
the ground state. We obtain the natural occupation numbers as the eigenvalues of the
OBDM and the corresponding eigenvectors are the natural orbitals [203, 209]. The
condensate is the orbital with the largest eigenvalue. Let us name the eigenvalues of
p(z,y,2',y') by e;, withi =1,..., L, L,. The condensate fraction of the ground state
is e;/N. The condensate fraction can be experimentally measured in optical lattice
setups, associating e; with the population of the lowest-momentum state [97, 198,
210]. Although there is no direct experimental access to higher occupation numbers,
ej>1, we also numerically consider the difference between the two largest natural
occupation numbers 6, = e;/N — ea/N.

Fig. 4.4 shows the behaviour of the condensate fraction e; /N and J. as a function
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Figure 4.4: Condensate fraction e; /N and d. at filling v = 1/2 for lattice size L, x L, =
16 x 8.
of the interaction strength V/J for the L, x L, = 16 x 8 lattice. The condensate
fraction of the ground state before the transition is an indicator of the SF regime
and is, therefore, a good order parameter for this finite system. For V/J > (V/J),,
the critical interaction strength for the appearance of solid ordering, the condensate
fraction is approximately 1/N, while it reaches ~ 0.4 for V//J — 0 in the L, x L, =
16 x 8 lattice, in agreement with the findings in [58]. The condensate fraction is still
considerably smaller than 1 as a consequence of the strong correlations in the system,
due to the hard-core constraint, leading to a depletion of the dominant single-particle
state. Looking closely at the behaviour of both observables, we see that J. reacts
more sharply through the transition as compared to the condensate fraction. This
is because, when there is no preferential occupation of the condensate state, . — 0
whereas e; /N — 1/N.

As an additional measure of SF order we consider the behaviour of the single-

particle correlation functions along the axis of the cylinder. The correlation function
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Figure 4.5: (a) Correlation functions C*(I) along the axis of the cylinder for four
interaction strengths for the L, x L, = 16 x 8 system. Both axis are in a logarithmic
scale. (b) C*(3) and C*(8) as a function of the interaction strength V/J. The
diamonds correspond to the interaction strengths chosen in (a).

in the 2 direction reads

C™(1) = (B busty) (4.6)

The phase of the ground state determines the type of decay shown by C*(I). In fact,
in two dimensions, a SF state has correlation functions that decay with a power law,
whereas in the solid state the decay is exponential, signalling a lack of long-range
coherence. Fig. 4.5 (a) shows the behaviour of the correlation functions for several
representative values of the interaction strength, chosen in the SF limit, immediately
before and after the transition, and in the solid limit. Using a logarithmic scale
for both axes of the plot stresses the difference between power-law and exponential
decay of the correlations. Power-law decay looks linear, whereas exponential decay
has a downward bend. Immediately before and after the transition, the correlation
functions behave differently indicating the change in state. To better show how
rapidly the decay changes at the transition, it is insightful to plot the value of the
correlation functions at a fixed distance, as a function of the interaction strength. For

the system length L, = 16, we choose two sample distances for C*(1) with [ = 3 and
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[ = 8. Fig. 4.5 (b) shows C*(3) and C*(8). They both show a sharp change at the
transition value (V/J). ~ 3.9. The difference in behaviour between the exponential
and power-law decay is particularly evident at a distance of 8 sites, where C?(8)
is negligible in the solid but still non-zero in the SF regime. The location of the
transition given by the correlations is in strong agreement with the other observables
we have considered, indicating a transition at V/J = 3.9 for the L, x L, = 16 x 8
lattice size. We have limited the maximum value of [ to 8 to avoid boundary effects,
and for each value of [ we only used sites in the centre-most area of the lattice,
always staying at least four sites away from the boundary, and averaged over all y

coordinates.

4.2.3 Entanglement entropy

A large body of research is focused on the study of the entanglement entropy of
strongly correlated systems as a means to characterise their properties [211, 212, 213].
For systems with local interactions, the entanglement entropy upon bipartition is
known to follow area laws [92, 139] that govern the scaling of the entanglement entropy
with the boundary area of the bipartition. The coefficients of the scaling contain
information on the nature of the ground state and the type of excitations it supports,
and can even be used to characterise topological order, as we have done in Chapter 3.
The entanglement entropy has been recently used to characterise the transition in
many-body localisation and topological phases in quantum gas experiments [199,
214]. The entanglement entropy of four-site and six-site one-dimensional (1D) Bose-
Hubbard systems in an optical lattice was measured through the quantum interference
of two copies of a state [214, 215]. Ref. [199] assessed the growth of entanglement
entropy in larger 1D systems by measuring local density fluctuations and comparing
with DMRG simulations.

We calculate the entanglement entropy of the ground state to investigate whether
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Figure 4.6: Structure factor S(m,7), occupation imbalance I, natural occupation
number difference ¢, and entanglement entropy Sey: as a function of the interaction
strength V/.J at filling v = 1/2 for lattice size (a) L, x L, = 12x6 and (c¢) L, x L, =
16 x 8.

it can be used as an additional quantity to discriminate between the states supported

by the system. For a bipartite system, the entanglement entropy Se,; reads

Sent = —tr[prIn(pr)] = — Z Adl* (M), (4.7)

where py is the density matrix of the left part of the system after the bipartition.
We perform the bipartition of the system by dividing the lattice into two equal parts,
each of size L, x L,/2. The second part of Eq. (4.7) indicates how we compute Sey
from the MPS formulation for the ground state. The \; are the Schmidt coefficients
which are directly accessible from the results of the DMRG calculations.

Fig. 4.6 shows Sg,¢ for both of the system sizes we have considered. In both cases,
it shows a sharp change in correspondence of the transition point. This suggests that
the entanglement entropy is highly sensitive to the transition and is a useful quantity
to identify its location. Additionally, the decrease in value for S at large values
of the interaction indicates the lack of long-range coherence for the solid state. Its
non-zero value before the transition signals the presence of long-range correlations in

the ground state.
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All of the order parameters and observables we have considered, shown in Fig. 4.6,
confirm the presence of a transition from solid to SF at a critical value of the interac-
tion strength (V//J). that only depends on the system size. For the L, X L, =12 x 6
system, it is (V/J). ~ 4.9, and for the largest system we have considered, L, x L, =
16 x 8, it is (V/J). ~ 3.9, which should be compared to the value of (V/J). =~ 3.5
obtained in the thermodynamic limit by quantum Monte Carlo methods [216]. All of
the observables agree on the position of the transition, and we conclude that, for small
system sizes and in the presence of boundary effects, the static structure factor is less
sensitive to the transition than the occupation imbalance. The occupation imbalance,
the condensate fraction, and the entanglement entropy are a set of experimentally ac-
cessible quantities that can accurately identify the location of the transition and the

type of states in this finite-size system.

4.2.4 Lattice size and boundary conditions

As mentioned in Section 4.1, the size and boundary conditions of the system strongly
affect its ground states. Let us consider a system size L, x L, = 12 x 6 with OBC.
Because the interaction is repulsive and the boundary conditions are open both in the
x and y directions, the occupation of the four corner sites of the system is energetically
preferred. Fig. 4.7 shows the density profile of the ground state for two interaction
strengths before the transition and deep into the solid limit. Fig. 4.7 (a) shows how,
before the transition to the checkerboard solid, the four corners of the system are
preferentially populated. Fig. 4.7 (b) shows how, after the transition, in the solid
limit, the ground state forms three domains. One domain extends throughout the
whole system, while the remaining two are confined around two opposite corners.

In the following section, we show an example of a checkerboard solid ground state
for a system size and filling fraction compatible with OBC, without the appearance

of domains.
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Figure 4.7: Local density n,, for V/J =5 (a), V/J = 10 (b) for lattice size L, x L, =
12 x 6, filling fraction » = 1/2 and OBC.

4.2.4.1 Checkerboard solid with open boundary conditions

We consider a system with OBC in both x and y direction with system size L, X L, =
7 x 13, and filling fraction v = 46/91. Both L, and L, are odd and the filling fraction
is chosen such that, in the strong interaction regime, all of the lattice sites for which
(—1)@*¥ =1 are occupied. Only one of the two available checkerboard sub-lattices
is compatible with the combination of system size, filling fraction, and hard-core
constraint.

Fig. 4.8 shows the local density configuration in the SF and the solid limit. This
choice of system size and filling fraction makes the open boundary conditions com-
patible with a checkerboard solid ground state because all of the lattice sites lying in
the corners are occupied. To achieve this, the filling fraction needs to be larger than
v =1/2, and we fix it at v = 46/91.

Fig. 4.9 shows how the observables introduced in the previous sections behave
in the transition from SF to solid. Compared to the system previously studied, at
half filling and with cylindrical boundary conditions, the observables show a smooth
change when increasing the interaction strength, suggesting that the transition is no
longer of first order. There are no longer two equivalent checkerboard sub-lattices
that break the Z, symmetry of the solid because only one sub-lattice is compatible

with the larger-than-half filling fraction in the strong interaction limit. This further
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Figure 4.8: Local density n,, for V/J =1 (a) and V/J = 10 (b) for lattice size
L, x L, =13 x 7 with filling fraction v = 46/91 and OBC.
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Figure 4.9: (a) Structure factor S(m, ), occupation imbalance I, natural occupation
number difference d, and entanglement entropy Se,; as a function of the interaction
strength V//J for lattice size L, x L, = 13 x 7 and OBC at filling fraction v = 46/91.
(b) C*(3) and C*(7) for the same system as (a).
indicates how, for the finite system, the lattice size and boundary conditions deeply
affect the ground states and the type of transition.

To avoid the occurrence of domains in the system, while keeping the filling fraction

at exactly v = 1/2, we employed cylindrical boundary conditions throughout our

calculations.
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4.3 Supersolidity triggered by one-particle doping

One of the most exciting predictions of Ref. [58] is the existence of a supersolid (SS)
regime in the phase diagram of the dBH model.

Supersolid states are considered extremely relevant because they show superflu-
idity and solid order at the same time. In continuous systems, supersolidity appears
when the two U(1) symmetries associated to the translational invariance of a crys-
talline structure and to the global phase of the SF state are simultaneously bro-
ken [217, 218]. They were first predicted to appear when zero-point defects in ‘He
condense without destroying the crystal structure at low temperatures [219, 220]. It
was later observed [221, 222| that properties characteristic of superfluidity appeared
in solid *He [223, 224, 225], although it was shown that the mechanisms originating
the SS were different from the original proposal.

Lattice systems have been considered as promising candidates to study superso-
lidity using ultracold gases trapped in optical lattices. In lattice systems, the spon-
taneous breaking of translation invariance is defined with reference to the discrete
translation symmetry of the Hamiltonian [218|. The SS states are realised by adding
interstitials or vacancies to the solid phases at a commensurate filling fraction. The
additional particles then form a Bose-Einstein condensate on top of the solid struc-
ture.

The mechanism explaining supersolidity in lattices can be understood using the
concept of superflow paths [226]. Extra particles or holes added to a solid can hop
around freely and create a Bose condensate. However, for the case where v = 1/2,
the solid state is a checkerboard solid and in the hard-core limit, there are no nearest-
neighbour free sites where an extra particle can move through. This means that the
superflow is inhibited. In particular, it was shown that there is no supersolid state on
the square lattice when only NN and NNN repulsive interactions are present [227].

The long-range tail of the dipolar interaction is needed to induce supersolidity [226].
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Figure 4.10: (a) Structure factor S(7, 7), occupation imbalance I, natural occupation
number difference J., and entanglement entropy Sen: as a function of the interaction
strength V//J for lattice size L, x L, = 12 x 6 and filling v = 37/72. (b) Correlation
functions along the cylinder C*(1) for four interaction strengths, starting from x = 0.

We explore whether the SS state can be detected in a small lattice system with a
fixed number of particles by doping the checkerboard solid. The set of quantities we
have defined in the previous sections allow us to detect the properties of the ground
state that define the SS. In particular, we expect the SS state to simultaneously show
off-diagonal long-range order characteristic of a SF and a density modulation typical
of a solid.

We consider the lattice size L, x L, = 12 x 6 at half filling and add one additional
boson, changing the filling fraction from v = 1/2 to v = 37/72. We study how the
increased number of particles affects the ground state. Fig. 4.10 shows the summary
of all of the observables we use to characterise solid and SF order. Between the SF
and the solid regimes, we highlight a region with 4.9 < V/J < 5.8 where the occupa-
tion imbalance and structure factor indicate solid order and the natural occupation
number difference signals the presence of condensation. This region corresponds to
a SS state. In the presence of the hard-core constraint, the extra particle added to
system delocalises and condenses over the checkerboard solid formed by the remain-

ing bosons. The natural occupation number difference J, shows a significant change
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Figure 4.11: Local density n,, for V/J =1 (a), V/J = 4.8 (b), V/J = 5.2 (c) and
V/J =8 (d) for lattice size L, x L, = 12 x 6 and filling v = 37/72.
in behaviour compared to the half-filled case. Instead of abruptly falling to zero at
the transition, it plateaus to 0. ~ 0.025 ~ 1/37 and then falls. This indicates that
the extra particle condensates on top of the checkerboard pattern. In fact, because
of the hard-core constraint, the extra particle cannot occupy any of the checkerboard
sites occupied by the other particles. The density profiles of the system give further
evidence of this mechanism. Fig. 4.11 shows the density profile 7, for four values
of V/J representative of the different ground states. In particular, in the SS regime,
for V/J = 5.2, the density profile shows a combination of the checkerboard pattern
and the SF behaviour where particles localise at both edges. In the large interaction
limit, the one extra particle localises to one single edge of the system on top of the
checkerboard solid.

The entanglement entropy is further able to capture the three distinct ground
states of the system. Two discontinuous changes at V/J &~ 4.9 and V/J ~ 5.8 signal

the presence of two transitions. This further suggests that Se,: is a good quantity
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to determine the presence and location of the transitions between SF and SS and
between SS and solid.

As an additional measure of long-range order, we observe the behaviour of the
correlation functions in the three regimes. Fig. 4.10 (b) shows the decay of the
correlation function C*(1), starting from the left edge of the cylinder at = 0 and
reaching the right edge. In the SF and solid regimes, the correlations functions decay
algebraically and exponentially respectively, as they did for the undoped system at
half filling. In the SS state, however, C*(l) shows a peculiar behaviour as its decay
is non-monotonic. It starts decaying in a fashion close to exponential but then has
a resurgence when reaching the opposite edge of the cylinder, showing a final value
reminiscent of the SF regime. This behaviour indicates the existence of long-range
correlations between the bosons at both edges.

To further explore this behaviour, we simultaneously look at the density profiles
and correlation functions along the y direction. Fig. 4.12 (a~c) shows the local density
Ny, for three representative values of the interaction strength V/J where the system
is in the SF, SS and solid regime respectively. As previously mentioned, the one extra
particle in the system occupies the lattice in a different way in each regime. In the
SS regime, for 4.9 < V/J < 5.8, it equally occupies the two edges of the cylinder. In
the solid regime, for V/J 2 5.8, it occupies only one. This preferential occupation
of the edges suggests that phase separation is occurring in the system, meaning that
the ground state is solid in the bulk of the system and it is in a SS state at the edges.
The phase separation is induced by the open boundary conditions in the x directions
which encourage the extra particle to inhabit the edge sites of the lattice because of
the lack of interaction energy from one of the sides. This energetic effect is expected
to play a role also in experiments on finite lattices, although it could be reduced with
the addition of an external harmonic trapping potential, which we do not consider in

our system.
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Figure 4.12: (a-c) Local density n,, for three representative values of the interaction
strength V/.J for lattice size L, x L, = 12 x 6 at filling v = 37/72. (d-f) Correlation
functions along the circumference of the cylinder CY(Ay|z) for the same system size
and interaction strengths. Each line represents a separate x coordinate.

Throughout the lattice, both in the SS and solid regions, the local density indicates
the presence of a periodic modulation characteristic of solid order. To establish that
the state located at the edge is SS, we calculate the correlation functions in the y

direction as a measure of long-range order. We define the correlation around the

cylinder at a fixed value of x as

CY(Aylz) = (Bl ybogoray) (4.8)

where, because of the PBC in y, Ay goes from 0 to L, /2 and y, is chosen such that
site (x, yo) belongs to the occupied checkerboard sub-lattice.

Since the phase separation occurs at a fixed x, CY(Ay|z) is be able to discriminate
between the different states. Fig. 4.12 (d-f) shows CY(Ay|z) for + = 1 and 12,
representing the left and right edge respectively, and for z = 6, representing the bulk

of the system, for three values of V/J in the SF, SS and solid regime. In the SF
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regime, shown in Fig. 4.12 (d), the correlation decays similarly in the bulk and at the
edges, showing a decay of around an order of magnitude and indicating the presence
of long-range order. In the solid regime, shown in Fig. 4.12 (f), a slower decay is
observed only at the value of x, which is occupied by the extra particle. For the other
values of x, both in the bulk and at the remaining edge, the decay is faster and the
correlation drops almost two orders of magnitude more as compared to the first edge.
Finally, in the SS regime, shown in Fig. 4.12 (e), there is a distinction in the decay of
the correlations between the edges and the bulk. The correlation in the bulk decays
almost an order of magnitude more than at the edges, which decay by around one
order of magnitude.

The change in behaviour of the correlation functions in correspondence to the
edges populated by the extra particle denotes the simultaneous presence of ODLRO
and density modulation. This indicates that the state close to the edge is a SS. The
resurgence of the correlation function in the z direction also suggests that the two
SS states at the edges are correlated. The existence of the long-range correlation
explains why, for 4.9 < V/J < 5.8, the 0, has a non-zero value.

To investigate whether the occurrence of this SS state is a finite-size effect, we
have considered a system at the same filling fraction v = 37/72 and size L, x L, =
24 x 6. The behaviour of the local density and of the correlation functions along the
y direction are similar to those shown in Fig. 4.12. The two extra particles localise
on opposite edges for values of V/J where the SF disappears, and the correlation
functions in the y direction indicate the presence of SS order localised at the edges.
However, there is a lack of simultaneous presence of solid order indicated by a non-
zero value of the structure factor S(m, 7) and superfluidity indicated by a non-zero d..
Additionally, for no value of V/J does the correlation function along = between the
two edges show a resurgence indicating ODLRO. The two edges for the 24 x 6 system

are not correlated and there is ODLRO only in the y direction, which is not captured
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by the ¢, or the entanglement entropy which is obtained by cutting the system along
the circumference. This statement is confirmed by all of the other observables we
have computed, and indicates a transition from a SF to a solid, analogue to the one
present in the L, x L, = 12 x 6 system at filling v = 1/2.

To further study the stability of the SS state, we have considered the L, x L, =
12 x 6 system at half filling after removing one particle. The system did not show
evidence of a SS state. Neither did the same system size with the addition of two
particles. The results in Ref. [58] predicted SS for both hole and particle doping and
our calculations are not compatible with such a statement. However, our system has
two different features. On the one hand, the system we have studied has a small size
and the presence of finite edges, which induce significant finite-size and boundary
effects. On the other hand, the range of the dipole interaction we consider is cut
off at five nearest neighbours. Our choices for the properties of the system have the
goal of describing an experimental implementation of the system, where only few
particles are present and the long-range tail of the interaction are washed out by
temperature effects. Calculations using quantum Monte Carlo methods where the
range of the interaction has been cut after few sites have also found the SS phase
to be mechanically unstable [228, 229]. From this analysis, we conclude that the
long-range correlation we have found between the two edges in the 12 x 6 system with
one-particle doping is a finite-size effect, which may render its observation challenging

in experimental setups, even at nK temperatures.

4.4 Star solid

Lower filling fractions are associated with different density modulation patterns in
the strong interaction limit, where the phase is solid. Quantum Monte Carlo simu-

lations have shown the existence of a Mott lobe with filling fraction v = 1/4 and a
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Figure 4.13: Local density n,, for V/J =0 (a), V/J = 11 (b), V/J = 25 (c) for
lattice size L, x L, = 11 x 6 and filling v = 3/11. (d) n,, at V/J = 25 for lattice
size L, X L, =12 x 6 and filling v = 1/4.

corresponding solid phase named star solid [58|. We explore how this phase is affected
by the finite system size. On the finite cylinder geometry, the effect of the bound-
aries severely modifies the ground state. Let us consider a system size where both
L, and L, are even. The cylinder circumference L, needs to be even in the presence
of cylindrical boundary conditions, in order to avoid frustration effects. Unlike in
the checkerboard solid, choosing an even value for L, introduces strong boundary
effects for the star solid. Fig. 4.13 (d) shows what happens in the large interaction
strength limit. The bosons preferentially populate the sites at the edge sites of the
lattice. Therefore, the star solid order gets pinned at both edges of the system and
propagates towards the centre from both directions. When L, is even, the two solid
order patterns do not match in the centre and the lattice does not support a star
solid pattern across the whole lattice.

To combine the effect of the boundaries with the solid density pattern, it is nec-
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essary to tune L, in such a way that the occupied lattice sites in the star solid fall
exactly at the edges of the system. To observe the star solid in our finite system, we
need to consider an odd value of L, and an adjusted filling fraction. We choose a
system with size L, x L, = 11 x 6 and filling fraction v = 3/11. Fig. 4.13 (a-c) shows
the density 7n,, of the ground state for three representative values of the interaction
strength in the SF, immediately before the transition and in the solid limit.

To characterise the transition from SF to star solid, we use the set of observables
we have previously defined for the checkerboard solid. Fig. 4.14 shows the structure
factor S(m,0), the occupation imbalance I, the natural occupation number difference
0. and the entanglement entropy Sene. All of the observables indicate a transition from
SF to star solid at V//.J =~ 12. Since the solid pattern is different from the checkerboard
one, the structure factor is computed at (k,, k,) = (7, 0) and the occupation imbalance
is defined as

I =

1
N(Zm—(l—u)Zm)‘. (4.9)

i€star i¢star

It has value 0 when the density is uniform and has value 1 when the star solid pattern
is present. The structure factor has value S(m, 0) = v* ~ 0.075 in the thermodynamic
limit and we observe this value for a large interaction strength even in our finite sys-
tem. The occupation imbalance shows a sharp transition at V/J ~ 12. However,
before the transition it increases steadily instead of staying at zero value: this hap-
pens because the density of the system does not remain uniform while increasing
the interaction strength, but has a density wave pattern along the x direction while
remaining uniform along y. Once again, the entanglement entropy Sey proves to be
a good indicator of the position of the transition.

We conclude that the ground state of the system for the filling v = 1/4 is highly
sensitive to the boundary conditions and system size parameters, and that the size

and filling fraction of the system need to be properly tuned to observe a star solid.
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Figure 4.14: Structure factor S(m,0), occupation imbalance I, natural occupation
number difference d., and entanglement entropy Sy as a function of the interaction
strength V/J for lattice size L, x L, = 11 x 6 and filling v = 3/11.

4.5 Machine learning approach

In the previous sections we have demonstrated how the structure factor S(k,,k,),
the occupation imbalance I, the correlation functions C*([), the natural occupation
numbers difference d, and the entanglement entropy Sey: allow us to identify the SF,
SS and solid states. The advent of quantum gas microscopes gives access to detection
methods with single-site resolution [99, 100, 230]. We, therefore, explore the question
of whether an experiment that only measures the local density at each lattice site can
discriminate between the states, and if further information can be extracted from the
density measurements.

We tackle this problem by employing unsupervised machine learning techniques.
Both unsupervised and supervised learning methods have proven to be effective in
recognising phases of matter and identifying phase transition points in several physical
systems [231, 232, 233, 234, 235, 236, 237|. Supervised learning methods are trained
on previously labelled data sets in order to draw conclusions regarding new data.

Unsupervised methods, on the other hand, are used to derive insights into the fea-
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tures of the systems without any prior knowledge of the underlying system properties.
Principal component analysis (PCA) has proven to be a powerful unsupervised learn-
ing method with the ability to recognise different types of order, symmetry breaking
and also identify transition points [232, 238|. This is the method we use in the next

section.

4.5.1 Principal component analysis

Let us briefly describe how PCA works [239]. Let us consider a matrix A where each
row represents a data sample and each column represents a feature associated with the
sample. The values of the features have been centred, meaning that the mean of the
feature over the samples has been subtracted from their original value. PCA performs
an orthogonal transformation on the matrix A. It transforms the set of initial features,
which are potentially correlated, to a new set of uncorrelated features. These new
features are called principal components (PC). The PC are labelled in decreasing
order, according to the amount of variance they represent between the data. The
first PC of a set of features is the linear combination of such features with the largest
variance throughout all of the samples. Each following PC has the largest variance
with the condition that it is orthogonal to all of the previous PC. The resulting set
of PC vectors forms an uncorrelated orthogonal basis.

The linear transformation that PCA implements reads B = AW. By considering
the orthogonal transformation as made of column vectors W = (wq, ws, . .., w,), then
w; is the weight of the PC in the configuration space. The set of w; are obtained by

solving the eigenvalue problem:

ATAU)i = Aw, (4'10)

where the eigenvalues A; are real numbers sorted in decreasing order, such that A; >
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Figure 4.15: Four instances of the simulated sampling obtained for lattice size L, X
L, =16 x 8 at filling v = 1/2. A blue square represents a measurement of the lattice
site resulting in finding a particle. A white square represents a measurement of the
lattice site resulting in finding no particle. The four plots represent instances in the
SF (a) and solid regime (d), and immediately before (b) and after (c) the transition.

Ay > ... A, > 0. The magnitude of the eigenvalues represents the amount of variance

of the original data in the direction of each of the PC.

4.5.2 Simulated measurement results of density configurations

The development of quantum gas microscopes has allowed experiments to detect
particles in a lattice with single-site resolution. We want to replicate the results
of the measurement of the occupation number in each site to get a set of density
configurations. In-situ detection is experimentally achieved by increasing the lattice
depth, thereby freezing the density distribution of the gas. Then fluorescence imaging

is used to obtain the parity of the occupation of each site [240]. This procedure is
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destructive for the many-body state, however, in addition to the particle density, the
measurement is able to capture fluctuations and correlations in the system. For the
case of hard-core bosons, the measurement of the parity is equivalent to observing
the presence or absence of a boson in each site.

We replicate the outcomes of this type of measurement by considering the ground-
state wavefunctions obtained from our DMRG calculations and numerically simulat-
ing a sequence of projective measurement at each site. The numerical procedure we
implement works as follows. We calculate the expectation value of the number op-
erator in the first site: ny. We simulate the outcome of a measurement resulting in
finding a boson at this site with probability n;. Depending on the outcome of the
measurement, we project the ground-state wavefunction onto the subset of the Hilbert
space compatible with the measurement outcome. This sequence of measurement and
projection is repeated for each site until all of the lattice sites have been measured.
This simulated measurement protocol leads to obtaining an occupation pattern for
the lattice which takes the correlations between particles into account, as achieved
in [240].

We start with a lattice size of L, x L, = 16 x 8 at half filling. Four sample
configurations representative of the system in the SF and solid regime and imme-
diately before and after the transition are shown in Fig. 4.15. A cursory look at
the configurations shows how the checkerboard pattern becomes apparent after the
transition and how, in the SF state, where the density is uniform, the configuration
appears random. We generate 2000 such particle configurations for the whole range
of interaction strengths.

We perform a PCA on the set of sample configurations we have generated. For each
particle configuration, we turn the set of L, x L, = 16 x 8 local-density values into a
128-feature vector, which becomes the set of features which describe each data sample.

The set of all feature vectors for all configurations is fed to the PCA algorithm. Each
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Figure 4.16: Summary of the PCA of the simulated samples for lattice size L, x L, =
16x8 at filling v = 1/2. (a) Fraction of the variance PC\,, of the first 20 PC. The inset
shows the representation of the first two PC. (b) Distribution of the samples when
projected on the first and second PC. Each data point is colour-coded according to the
interaction strength. (c) Projection on the first PC as a function of the interaction
strength V/J. (d) Projection on the second PC as a function of the interaction
strength V/.J.
data sample is also characterised by a control parameter, the interaction strength
V/J in this case, which is not used in PCA but is just kept as a label for the samples.

First, we want to determine whether PCA is able to separate the sample config-
urations according to their state. Secondly, we want to obtain the equivalent of an
order parameter to locate the transition and give it a physical interpretation.

A summary of the results of the PCA is shown in Fig. 4.16. Fig. 4.16 (a) shows the
fraction of the variance PC,, in the configuration samples captured by the first 20

PC. The values of PC,,, are normalised so that they sum to one. A single principal

component, PC1, is dominant and resolves 41% of the variance. The next PC are
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at least one order of magnitude less significant. This implies that the samples vary
significantly over a single PC. We can understand this by looking at the spatial
representation of the first two PC which are shown in the inset of Fig. 4.16 (a). The
first PC reproduces the occupation imbalance in the lattice. The second PC does not
capture any evident property of the density pattern although it picks up parts of the
checkerboard pattern. The principal components are orthogonal and have unit norm.

Projecting the configurations in the subspace generated by the first two PC shows
the formation of three clusters, shown in Fig. 4.16 (b), where PC1* and PC2* indicate
the coefficient of the of the corresponding component in the decomposition. The cen-
tral cluster is composed of the configurations corresponding to the SF state. This is
indicated by the colour coding of the points according to their corresponding interac-
tion strength. The two clusters at the left and right correspond to the checkerboard
solid state at a large interaction strength. Each of the two checkerboard solid clus-
ters represents the occupation of one of the two equivalent checkerboard sub-lattices.
Fig. 4.16 (c) shows the dependence of the projection of the data points on PC1 as
a function of the interaction strength V/J. A single branch at small values of V/J,
corresponding to the SF regime, splits off into two sub-branches after crossing the
transition point. Each branch indicates the population of one of the two sub-lattices.
PC1* precisely pinpoints the value of the interaction where the transition happens.
In agreement with the other observables calculated in the previous section, it points
to a critical value of the transition at V/J =~ 3.9. The same plot for PC2 is much less
informative since it shows no evident change in behaviour before and after the tran-
sition. From its spatial representation, we know that it is related to the checkerboard
pattern in some region of the lattice, but it still does not add relevant information
to discriminate between the states. An equivalent plot for PC3, which shows a com-
parable fractional variance as PC2, gives no additional insights and still captures the

checkerboard pattern in a sub-region of the lattice.
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Figure 4.17: Summary of the PCA of the simulated samples for lattice size L, X
L, =12 x 6 at filling v = 37/72. (a) Fraction of the variance PC,,, of the first 20
PC. The inset shows the representation of the first two PC. (b) Distribution of the
instances when projected on the first and second PC. Each data point is colour-coded
according to the interaction strength. (c) Projection on the first PC as a function of
the interaction strength V/J. (d) Projection on the second PC as a function of the
interaction strength V/J.

We, therefore, conclude that the PCA of the density configurations allow us to
separate the samples corresponding to the SF and solid states. Moreover, the first
PC is able to capture the relevant order parameter for the system, the occupation
imbalance, and can be used to pinpoint the value of V/J for which the transition
occurs.

Having successfully applied PCA to the half filling case, we explore whether the
density configuration information is sufficient to identify the supersolid state of the

system doped with one additional particle. We consider the system with size L, x L, =

126 and filling fraction v = 37/72, and perform a PCA on the configuration samples.
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A summary of the results of the PCA is shown in Fig. 4.17. The results of the PCA
is similar to those for the half-filled system. Fig. 4.17 (a) shows how the dominant
PC accounts for most of the variance between samples. The insets show how PC1
captures the occupation imbalance while PC2 represents boundary effects. The three
clusters in Fig. 4.17 (b) correspond to the SF state at low interaction V/J and to
states with solid order at large V/J. Overall, neither PC1 nor PC2 allow for the
separation of the SS state from the solid state. The one extra particle present in
the system increases the occupation of the empty sites in the checkerboard pattern;
however, this effect is not picked up by the PCA in this finite-size system where
the boundaries have a considerable effect. We, therefore, conclude that the use of
density information is not sufficient to identify the SS state and separate it from the
checkerboard solid. This is in agreement with the notion that long-range coherence

information is needed to characterise supersolidity.

4.5.3 PCA of the Schmidt values

In the previous section, we have seen how PCA is able to achieve two different goals.
On the one hand, it can separate the data samples into clusters that present similar
features, as shown in the PC'1*-vs-P(C2* plots. On the other hand, it can also extract
the relevant order parameters from the data it is fed, allowing to separate between
states.

We focus on this second property of PCA as a way to extract information about
the transition using quantities we have computed with our DMRG calculations. In
particular, we consider the set of Schmidt values that we have used to compute the
entanglement entropy in Section 4.2.3. The set of Schmidt values constitutes the
entanglement spectrum that has been shown to contain information about the phase
of the system [94]. Although the Schmidt coefficients are not experimentally available,

they are typically obtained in numerical simulations and we use PCA on the Schmidt
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Figure 4.18: (a,c) Projections on the first and second PC from the PCA of the Schmidt
values as a function of the interaction strength V/.J for lattice size L, x L, = 16 x 8
at filling v = 1/2. (b,d) Projections on the first and second PC from the PCA
of the Schmidt values as a function of the interaction strength V/J for lattice size
L, x L, =12 x 6 at filling v = 37/72.

coefficients to extract an order parameter that helps to discriminate between states
supported by the system.

We consider the Schmidt values obtained by cutting the cylinder in two equal
parts for the L, x L, = 16 x 8 at filling fraction » = 1/2. For each value of the
interaction strength V//.J, we use the Schmidt coefficients \; in decreasing order as
the set of features for the PCA. Fig. 4.18 (a,c) shows the first two PC projections as
a function of V/.J. PCI1* shows a sharp change in correspondence to the transition
point and its behaviour is reminiscent of the order parameter for a first-order tran-

sition. PC2* shows a cusp at the same position; however, we did not find a direct

physical interpretation for it. Both quantities are able to pinpoint the value of the

145



interaction where the transition happens, in complete agreement with all of the other
observables we have calculated using DMRG. This suggests that the set of Schmidt
values contains information which is sensitive to the state of the system and can be
used to discriminate between them. The PCA is able to extract this information as
the first and second PC.

Following the same steps, we perform the PCA for the systems of size L, X
L, = 12 x 6 doped with an extra particle to see if the additional SS state can be
distinguished. Fig. 4.18 (b,d) shows PC1* and PC2* as a function of V/J. Three
separate regimes can be distinguished, more directly from PC1*, corresponding to
the SF, SS and solid states respectively, in agreement with the analysis performed in
the previous sections.

It is worth noticing a similarity between the PC1* and the inverse of the entan-
glement entropy shown in Fig. 4.10. This similarity is less precise for the half-filled
system where PC1* grows monotonically, but 1/Se,; does not. This suggests that
there is not a 1-to-1 relationship between the PC1* and the entanglement entropy.

We have therefore shown how the PCA of the Schmidt values offers valuable insight
into defining the location of the transition. It is also able to extract information which
is not directly related to standard quantities derived from it such as the entanglement
entropy. We propose the use of PCA analysis of the Schmidt coefficients in numerical
simulations as an additional tool to pinpoint where the transition occurs. This can be
a starting point for determining what the relevant parameter range is to investigate

the transitions of strongly-correlated systems.

4.6 Conclusion and outlook

The implementation of Hamiltonians characteristic of condensed matter physics using

ultracold gases in optical lattices has allowed for the exploration of previously unavail-
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able physical regimes. The different way in which these systems are experimentally
realised raises the question of what the best observables are to characterise the phases
supported by the system. Often, numerical studies of such systems use quantities that
come from condensed matter physics, and cannot always be experimentally realised
in an optical lattice setting.

To draw a connection between numerical calculations and experimentally avail-
able quantities, we have calculated a set of observables available in either setting to
characterise the solid and SF states present in the dBH model. Our focus on a fi-
nite geometry and a fixed number of particles is in line with current experimentally
available setups for ultracold dipolar molecules in optical lattices. We compared the
structure factor and the occupation imbalance as order parameters for the solid state
of the system. They both capture the density modulations typical of solid order
and we concluded that the imbalance is less sensitive to finite-size effects and more
robust as compared to the structure factor. Additionally, the imbalance is directly
measurable in experiments whereas the structure factor is typically used in numerical
calculations.

We showed how the transition from SF to solid is additionally characterised by
the condensate fraction, which is an order parameter for superfluidity accessible in
experiments. The off-diagonal long-range order typical of a SF is further confirmed
by the behaviour of the decay of the correlation functions. We conclude that the
imbalance and the condensate fraction, which are both observables available in ul-
tracold gas experiments, are well suited to characterising the transition of the dBH
model, even for small system sizes. Moreover, when doping the half-filled system
with an extra particle, they are able to identify a SS state. The observation of su-
persolidity is particularly sensitive to finite-size effects and boundary effects in the
system. This may cause its detection in finite-size experiments to be challenging.

This degree of sensitivity may be connected with the results of quantum Monte Carlo
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studies of the stripe phase at filling v = 1/3 leading to opposing conclusions on its
stability in the thermodynamic limit [217, 241]. We attribute our results to a combi-
nation of the boundaries and the repulsive interactions which induce the particles to
energetically favour the edges of the system. The addition of an external harmonic
trapping potential may be able to compensate for this effect. Recent work concerning
a highly-magnetic atom gas in the absence of a lattice potential but in the presence
of a harmonic trap has indicated that the SS phase is not significantly affected by
finite-size effects [242]. It would therefore be an exciting direction for future research
to explore the effect of a harmonic trap on the stability of the SS state. We have
additionally shown how the calculation of the entanglement entropy helps to pinpoint
the location of the transitions, even offering insight into the correlation properties of
the ground states.

Drawing inspiration from recent progress in using machine learning methods to
identify phase transitions, we used principal component analysis as an unsupervised
learning method on simulated experimental measurements of the occupation of single
sites in the lattice to find out whether they are sufficient to discriminate between
the states of the system. PCA is able to differentiate between the SF and solid
state of small systems and captures the occupation imbalance as the natural order
parameter for the transition. We observed that PCA of the density configurations
could not identify the SS state when used on the system with one-particle doping.
This conclusion agrees with the expectation that density measurements do not contain
sufficient information to properly characterise the SS state. Long-range coherence
information is necessary to identify superfluidity, which is not available solely from
density measurements.

Finally, we have shown how performing PCA on the Schmidt coefficients obtained
from our DMRG calculations gives additional information on the phase diagram of a

strongly-correlated system. We observed that PCA can be used to extract information
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which is not directly connected to other well-known physical quantities such as the

entanglement entropy and helps to determine the position of the transition.
Exploring in more detail the scaling properties of the entanglement entropy with

the system size would be a fruitful avenue to continue this research and to obtain

more information on the phases supported by the system.
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Chapter 5

Conclusion and outlook

We end this thesis by recalling the main topics we have discussed and the results we
have obtained before mentioning some further directions of research.

In this thesis, we have applied the density matrix renormalisation group (DMRG)
algorithm, based on matrix product states (MPS), to study strongly-correlated two-
dimensional lattice systems on a finite geometry. A necessary part of using DMRG
to study 2D systems is representing their Hamiltonian as a matrix product operator
(MPO). In Chapter 2 we described in detail how to build the MPO for strongly-
correlated 2D long-range interacting lattice Hamiltonians. We used the finite-state au-
tomata method and applied it to derive the MPO for an interacting Harper-Hofstadter
model and a dipolar Bose-Hubbard model. We analysed in detail how the construc-
tion of the MPO is affected by the 2D-to-1D mapping necessary to model a 2D system
using MPS, the periodic boundary conditions and the long-range terms in the Hamil-
tonians. We obtained a general code that can be used to implement a large variety of
physical models, both fermionic and bosonic, in the presence of artificial gauge fields
and with site and range-dependent interactions.

In Chapter 3, we applied DMRG to calculate the ground states of a bosonic frac-

tional quantum Hall system on a finite cylindrical lattice. The choice of a finite
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cylindrical geometry gives access to physical edges. Quantum Hall physics is charac-
terised by a different behaviour of the edges of the system as opposed to the bulk. In
particular, we have calculated the currents around the cylinder to find the presence of
an insulating bulk and a conducting edge. Additionally, the correlation functions show
a power-law decay when close to the edges as opposed to an exponential decay in the
bulk. We used currents and correlation functions as a way of comparing the grounds
state properties of the system with those described by the Laughlin wavefunction
defined in the continuum, and found them to show compatible physical properties.
Moreover, we computed the topological entanglement entropy of the ground state and
showed how the system supports a topologically ordered phase. Finally, we showed
how the fractional quantum Hall ground state is reached by increasing the interaction
strength in the system and showed that the density of magnetic flux in the lattice
strongly affects the transition.

In Chapter 4, we calculated the ground states of a dipolar Bose-Hubbard model
on a finite lattice as a function of the dipolar interaction strength. We systematically
calculated a set of observables to explore the transition from a superfluid to checker-
board solid, for finite-size lattice systems at half-filling. We found that, for small
lattices, the occupation imbalance is better at identifying solid order as compared to
the structure factor, which is more sensitive to finite-size and boundary effects. When
doping the half-filled system with an extra particle, we found a region of the inter-
action strength where the ground state shows both off-diagonal long-range order and
solid order, typical of a supersolid phase. However, this phase does not survive when
changing the number of particles in the system or for larger system sizes, indicating
that the supersolid phase is very sensitive the specific system parameters and thus
difficult to observe. Additionally, by making use of unsupervised machine learning
techniques, we have shown how simulated density measurements from a quantum

gas microscope can be used to discriminate between solid and superfluid states of a
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dipolar Bose-Hubbard model at half-filling.

The numerical results of this thesis, for finite-size lattice systems, aim at provid-
ing experimentalists with insights into which states can be observed in small lattice
systems with few tens of particles.

A possible direction of further investigation for the dipolar Bose-Hubbard system
is to study the phase transition when the dipolar interaction becomes attractive, and
the case in which the polarisation of the dipoles is no longer orthogonal to the lattice,
to make the long-range interaction anisotropic. The effect of a harmonic confining
potential could help characterise the stability and the importance of finite-size and
boundary effects on the ground-states of the system.

For the fractional quantum Hall system, the use of the cylindrical geometry lends
itself to implementing Laughlin’s thought experiment to compute the Hall conduc-
tivity of the system: this could be an additional way to characterise the ground-state

properties of the system.
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