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Abstract

In this thesis, I present my research on the numerical simulation of finite-size
strongly-correlated lattice systems using the density matrix renormalisation group
(DMRG). Ultracold gases in optical lattices have become the experimental setup of
choice to simulate models from condensed-matter physics, because of their high degree
of tunability and control. Their inherently finite size and alternative implementation
call for a more in-detail study of how to define and characterise the phases of the
models that they simulate.

I use DMRG to implement lattice Hamiltonians of highly-correlated systems with
long-range interactions and identify their ground states on a finite system geometry.
I describe in detail the process of constructing long-range Hamiltonians for their use
in DMRG. I then apply these numerical methods to two fundamental models. I study
the ground state of a fractional quantum Hall system and identify it as the well-known
Laughlin state in a still unexplored parameter regime, by calculating its topological
entanglement entropy and by using a set of physical observables that are available in a
finite cylindrical geometry. I then study a dipolar Bose-Hubbard model and perform
a systematic study of the order parameters that can best be used to characterise its
phases in an ultracold gas setting by comparing how different types of observables
are sensitive to finite-size and boundary effects.

My results are meant to provide guidance for future experimental realisations of
bosonic lattice models of small sizes.
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Chapter 1

Introduction

Characterising the phases of many-particle quantum systems is perhaps one of the

most exciting and challenging aims of condensed-matter physics. The presence of

interactions and strong correlations are believed to be the source of new exciting

phenomena and phases, from fractional quantum Hall states [1] to high-temperature

superconductors [2]. A complete understanding of strongly-correlated systems is sig-

nificantly sought after not only for theoretical purposes but also for the potential

technological applications, from high-temperature superconductivity [3] to quantum

computation [4].

This thesis contributes to classical simulation techniques as well as guiding quan-

tum simulation experiments. Regarding classical simulation, we expand density

matrix renormalisation group (DMRG) [5] methods to study two-dimensional (2D)

strongly-correlated quantum lattice systems. We also suggest relevant parameter

regimes to consider in quantum simulation experiments with ultracold gases in opti-

cal lattices.

To achieve this, we focus on two compelling quantum lattice systems which prove

to be computationally challenging to study and which provide exciting theoretical

insights and future technological applications. First, we consider the fractional quan-
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tum Hall physics of ultracold bosonic atoms in a 2D optical lattice. We ask whether

fractional quantum Hall ground states can be realised on finite-size cylindrical lattices

with a fixed number of particles, in the presence of a large magnetic flux through the

lattice. Second, we consider a system of polar molecules in a 2D lattice interacting

through a long-range static dipole-dipole interaction. We look for a set of order pa-

rameters that can be measured in current ultracold gas experiments to characterise

the phase diagram of the system.

Let us start by motivating our development of the numerical methods. The inter-

play between a set of quantum objects brings about complex behaviours that cannot

be strictly understood from the study of the single constituents of the system by

themselves. Analytical methods are typically only tractable when the particles com-

prising the systems are free or weakly correlated. In this case, theoretical insight

can be used to parametrise the ground state of the system with few parameters.

These approaches break down when the interactions play a significant role, and dif-

ferent length and energy scales need to be simultaneously taken into account. The

number of parameters necessary to exactly describe the full many-body state of the

system typically grows exponentially with the number of particles. This causes the

description of macroscopic properties of the system to be extremely challenging to

obtain. Successful numerical techniques used to study many-particle systems still

present limitations, such as exact diagonalisation [6] being limited to small system

sizes, or quantum Monte Carlo [7, 8] being afflicted by the sign problem. It is there-

fore of great relevance to have access to a numerical method that can efficiently treat

strongly-correlated many-particle systems, while being able to avoid these limitations.

The DMRG algorithm addresses explicitly this problem [5]. It uses matrix product

states (MPS), which efficiently parametrise the relevant subset of the Hilbert space

where the ground states live [9, 10], as a variational optimisation ansatz to find the

ground state of a system [11]. It is of pivotal importance to be able to implement
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the Hamiltonians of strongly-correlated systems having long-range interactions for

2D DMRG numerical simulations. This is what we set out to do in the first part

of the thesis. In Chapter 2, we review the concept of a finite-state automaton to

build the matrix product operator representing the Hamiltonian of the system. In

particular, we describe how to implement the interacting bosonic Harper-Hofstadter

Hamiltonian, characterised by the presence of complex hopping factors representing

the artificial gauge field necessary to simulate quantum Hall physics. Additionally,

we implement long-range interactions typical of a dipolar Bose-Hubbard model.

Let us now consider the common context surrounding the quantum simulation of

the two physical systems we study. Ultracold gases in optical lattices are nowadays

considered as one of the most tunable and controllable setups to explore many-body

physics [12, 13, 14]. Such setups allow for the simulation of physical models originating

from solid-state systems, are amenable to exploring their emergent behaviour, and

give access to parameter regimes otherwise unattainable [15, 16, 17]. These systems

can successfully implement the Bose-Hubbard model [18], which is the prototypical

model exhibiting a quantum phase transition and which can be tuned to reach the

strongly-correlated regime. The quantum simulation of the systems we consider is

implemented using ultracold gases in optical lattices.

We now focus on the first physical system that we study: the ground states of a

fractional quantum Hall model. Traditionally, phase transitions are underpinned by

Landau’s theory, based on the idea that spontaneous breaking of different symmetries

allows different phases to be distinguished [19]. The discovery of the integer and frac-

tional quantum Hall effects [20, 21] profoundly challenged this paradigm, by introduc-

ing phases that could no longer be identified through the measurement of a local order

parameter [22], but are instead characterised by long-range entanglement features [23]

and topological invariants such as the Chern number [24]. Most interestingly, frac-

tional quantum Hall states present several unusual properties, such as ground-state
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degeneracy that depends on the genus of the manifold the system is embedded in and

which cannot be lifted by local perturbations [25], and quasiparticle excitations car-

rying fractional charge [26] and having fractional statistics, called anyons. Moreover,

fractional quantum Hall states present an avenue for ground-breaking technological

advancement, from quantum memories [27] to topological quantum computers [23],

implemented through a subset of fractional quantum Hall states supporting non-

Abelian anyons [4].

The ultracold gas toolbox can be used to simulate quantum Hall physics. The

Alkali atoms used in optical lattice setups are neutral and are not affected by the

Lorentz force of a charged particle in a magnetic field. Artificial gauge fields have

been proposed to overcome this limitation [28, 29, 30, 31, 32] and have been exper-

imentally realised in optical lattices [33]. The progress in this area resulted in the

experimental implementation of the Harper-Hofstadter Hamiltonian [34, 35, 36, 37]

and the measurement of topological quantities such as the Chern number of Hofs-

tadter bands [24, 38]. The addition to the Hofstadter model of on-site interactions,

which is fundamental for the implementation of quantum Hall physics, has also been

realised in optical lattices [39]. All of the ingredients necessary to simulate quantum

Hall physics in an optical lattice are therefore available for its realisation with ul-

tracold atoms. The high level of control of such experiments also makes them as a

potential setting for technological developments. Bosonic quantum Hall states that

support non-Abelian anyons can be a means to realise topological quantum compu-

tation [4, 40].

It is of fundamental importance to predict the behaviour of quantum Hall systems

on a lattice, to study the type of phases they support and compare them with those

available in the continuum, where quantum Hall physics originates. Studies of small

lattice systems [41, 42, 43, 44], allowing for exact diagonalisation, have shown the

existence of fractional quantum Hall ground states and analysed them by comparing
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their overlap with the Laughlin wavefunction [26]. They concluded that in the large

magnetic flux regime, available to experiments, the overlap is small.

In Chapter 3, we use DMRG to calculate fractional quantum Hall ground states

on a finite cylindrical lattice. We compute the topological entanglement entropy of

the state as a sign of topological order. Additionally, we take advantage of the finite

geometry, giving access to both bulk and edge properties of the state, to calculate a

set of physical quantities showing that, in the large magnetic flux regime available

in optical lattice experiments, the ground state of the system is compatible with the

Laughlin ground state.

Let us now consider the context surrounding the second system of interest of

this thesis, dipolar molecules in a 2D lattice. Quantum simulation of Bose-Hubbard

models is implemented with Alkali atoms, for which the atom-atom interaction is

short-ranged. The characteristic length of interatomic potentials is typically of the

order of 10-100 Bohr radii, and hence much smaller than the optical-lattice spacing

(100-1000 nm). However, new experimental setups have been developed and are

currently subject to investigation, where the interactions between particles are long-

ranged, such as atomic ions in Penning traps [45, 46] and systems with dipole-dipole

interactions like Rydberg atoms [47, 48, 49], highly-magnetic atoms [50, 51, 52, 53, 54],

or ultracold molecules [55, 56, 57]. For such systems, the interactions typically decay

with the cube of the distance, and it is no longer sufficient to consider only on-

site interactions. This leads to the open question of which new phases these long-

range interacting systems can realise. Many theoretical and numerical calculations

have approached this problem and have suggested the existence of exotic phases such

as supersolid [58], spin-glass [59] and spin-ice [60] phases. We focus our study on

lattice systems made from dipolar molecules. Ref. [58] studied the phase diagram

of the dipolar Bose-Hubbard model using Quantum Monte Carlo methods in the

grand-canonical ensemble and showed how this system supports novel phases. Solid
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phases appear at fractional fillings, such as the checkerboard and star solid, and a

supersolid phase, which is characterised by the simultaneous presence of solid order

and superfluid order, appears when doping the system in the solid phase.

The motivation for our study of this system is determining whether such phases

will occur in small lattices with a fixed number of particles, similarly to their exper-

imental realisation. In Chapter 4, we obtain the phase diagram of a dipolar Bose-

Hubbard model on a finite square lattice in the canonical ensemble. We consider sev-

eral observables available in optical lattice setups and assess how well they perform

as order parameters. We find that, in small systems, the appearance of a supersolid

phase is very sensitive to boundary effects, potentially making its observation chal-

lenging. Additionally, we show how density measurements obtainable using quantum

gas microscopes enable us to distinguish between solid and superfluid phases using

unsupervised machine learning methods.

The remainder of this chapter introduces the main concepts used throughout this

thesis and is structured as follows. Section 1.1 describes the main features of quantum

Hall physics, from the classical Hall effect to the integer and fractional quantum

Hall effects. Section 1.2 describes the Bose-Hubbard model and its extensions used

in quantum simulation with ultracold gases in optical lattices. Finally, Section 1.3

covers the fundamentals of the numerical methods used throughout the thesis: matrix

product states and the density matrix renormalisation group.

The results presented in this thesis in Chapter 3 have been published in Ref. [61]

and the results in Chapter 4 have been published in Ref. [62].
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1.1 Quantum Hall physics

1.1.1 Introduction

The quantum Hall effect is the collective class of phenomena that occur when electrons

are constrained to move in two dimensions (2D) in the presence of a strong orthogonal

magnetic field. Under these conditions, the system shows unusual properties. The

most prominent is the Hall conductivity σxy taking on quantised values. The Hall

conductivity is the off-diagonal component of the conductivity tensor σ that describes

the current density J induced by an electric field E: J = σE. Fig. 1.1 shows a

schematic representation of the system in a 2D geometry.

The Hall conductivity takes on the quantised values: σxy ∝ ν, where ν is the

filling fraction, defined as the number of Landau levels filled by the electrons in the

system. The filling fraction ν is related to the magnetic field B as: B ∝ n
ν
, where n

is the density of electrons.

Classically, the Hall conductivity is expected to show a linear relation with the

inverse of the magnetic field. However, it is observed to take on quantised values.

When ν is an integer, this phenomenon is called the integer quantum Hall effect, and

when it is a rational number, it is called the fractional quantum Hall effect.

1.1.2 Classical Hall effect

The classical Hall effect, discovered by Edwin Hall in 1879 [63], is a consequence

of the dynamics of charged particles in a magnetic field. The experimental setup

comprises a two-dimensional metallic strip in the presence of an orthogonal magnetic

field. A depiction of the setup is shown in Fig. 1.1. When a potential difference

V is imposed on the system in the x direction, inducing the flow of a current Ix, a

voltage VH is observed in the y direction, orthogonal to both the magnetic field and

the potential V . This voltage is proportional to the magnitude of the magnetic field.
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Figure 1.1: Schematic representation of the experimental setup used to observe the
classical Hall effect.

This phenomenon is a consequence of the Lorentz force for a charged particle in a

magnetic field

F = q(E + v ×B) , (1.1)

where q is the charge of the particle, E is the electric field, B is the magnetic field and

v is the velocity of the particle. In free space, the orthogonal magnetic field causes the

particles to move along circular orbits, called cyclotron orbits, with angular frequency

ωB = qB
mp

, where mp is the mass of the particle. The Lorentz force causes the electrons

moving through the sample to drift and accumulate at the edges. This displacement

of charges induces the orthogonal potential difference VH and a corresponding electric

field that compensates for the Lorentz force.

The value of the Hall voltage VH and conductivity σxy is classically calculated

using the Drude model [64], the simplest model of charge transport that treats the

electrons as if they were colliding elastically. The motion of the electrons is described

by

mp
dv

dt
= qE + qv ×B − mpv

τ
, (1.2)

where the last term of the equation represents a friction term and τ is the scattering
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time.

Solving Eq. (1.2) for its equilibrium state leads to the relation between the electric

field E and the current density J = nqv, where n is the 2D particle density. This

relation takes the form J = σE, where σ is the conductivity tensor defined as

σ =

 σxx σxy

−σxy σyy

 =
σ0

1 + ω2
Bτ

2

 1 −ωBτ

ωBτ 1

 , (1.3)

where σ0 = nq2τ
mp

is the conductivity in the absence magnetic field. The Hall conduc-

tivity σxy is the off-diagonal term of the conductivity tensor.

Let us consider the resistivity, which is the inverse of the conductivity. In this

case

ρ = σ−1 =
1

σ0

 1 ωBτ

−ωBτ 1

 . (1.4)

The off-diagonal term ρxy = mpωB
nq2 is the Hall resistivity and is no longer dependent

on the scattering time τ . This indicates that the Hall resistivity is a fundamental

property of the system which is independent of the noise causing the scattering.

The resistance R, which is the quantity usually measured, is related to the resis-

tivity by a geometric factor that depends on the dimensionality of the system [65]. In

2D, resistance and resistivity coincide because their relation reads R ∝ L2−dρ. In the

2D geometry we have considered, the transverse resistance reads Rxy = VH/Ix and

the resistivity reads ρxy = Ey
Jx
. These two quantities are the same since VH = LyEy

and Ix = LyJx, where Lx and Ly are the lengths of the metallic strip in the x and y

direction respectively. This means that the resistance of the system is invariant of its

scale.

An additional important quantity to consider is the Hall coefficient, defined as

RH =
Ey
JxB

=
ρxy
B

=
1

nq
. (1.5)
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The Hall coefficient depends on the density n and on the charge q of the particles,

and its measurement is used to determine whether the charge carriers are electrons

or holes. Despite this model being crude, it is able to give reasonable estimates of

the experimental results [64].

1.1.3 Quantum Hall effect

When the temperature of the system is low, and the magnetic field is strong, the

classical description introduced in the previous section is no longer sufficient to explain

the behaviour of the system. Two different phenomena arise, which are the integer

and fractional quantum Hall effect. They were first discovered experimentally and

only later understood theoretically.

The first observation of the integer quantum Hall effect was achieved in 1980 [20].

It was observed that both the diagonal and off-diagonal components of the resistivity

tensor showed a peculiar behaviour, as presented in Fig. 1.2. The Hall resistivity

ρxy, instead of growing linearly with B as predicted in the classical regime, showed

plateaus and jumps at specific values of the magnetic field. In particular, it was found

that

ρxy =
2π~
e2

1

ν
, (1.6)

where e is the charge of the electron, ~ the reduced Planck’s constant, ν an integer

and 2π~/e2 is the quantum of resistivity. A striking quality of this formula is that ν

takes on integer values with extreme precision, of the order of 10−8. Such a degree

of accuracy has led this measurement to become the standard measure of resistivity

and was even introduced as a way to calculate the fine structure constant α through

α−1 = h
e2

2
µ0c

[20], where c is the speed of light and µ0 is the permeability of free space.

The plateaus in the off-diagonal part of the resistivity appear when the magnetic
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Figure 1.2: Integer quantum Hall resistivity measurements. The plot shows the
measurements of the plateaus for the Hall resistivity ρxy and peaks for the longitudinal
resistivity ρxx respectively, as a function of the magnetic field. The label i = ν is the
number of occupied Landau levels. Figure from Ref. [67].

field is

B =
n

ν

2π~
e

=
n

ν
Φ0 , (1.7)

where Φ0 = 2π~/e is the flux quantum. The value of the magnetic field for which the

resistivity has a jump corresponds to a change in the number of filled Landau levels

in the system. However, along the plateaus, the value of the resistivity stays constant

even when the magnetic field strength varies. The diagonal terms of the resistivity

also show unexpected behaviour. Along a plateau of the ρxy, the diagonal component

of the resistivity ρxx is zero. A key component necessary to explain this behaviour is

the presence of disorder in the system [66].

When the disorder in the system is diminished, the diagonal resistivity peaks

disappear, but other plateaus appear at fractional values. This is the fractional

quantum Hall effect, first discovered in 1982 [21]. The Hall resistivity has the same

value as for the integer quantum Hall effect, as in Eq. (1.6), but the values of ν are

no longer integer but fractional, although only specific fractions are present.
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A significant difference in the theoretical explanation of the integer and fractional

quantum Hall effects is that the integer is understood through single-particle physics.

For the fractional effect, single-particle physics is not able to predict plateaus of the

conductivity at fractional values of the filling, therefore the interactions between the

electrons need to be taken into account.

The experimental observation of these phenomena occurs when the movement of

electrons is constrained to two dimensions. The first observation of the integer quan-

tum Hall effect was performed in a Si metal-oxide-semiconductor-field-effect transistor

(MOSFET) which is a system where electrons are trapped between an insulator and

semiconductor layers. The integer quantum Hall has been observed in heterostruc-

tures [20, 21, 68, 69], graphene [70], surface of 3D topological insulators [71]. The

fractional quantum Hall effect was observed in a GaAs-GaAlAs heterostructure. Al-

though much of the subsequent experiments have been carried out in GaAs systems,

both effects have been observed in other systems such as graphene [72].

1.1.3.1 Landau level physics

To get a better understanding of the integer and fractional quantum Hall effects, we

introduce some results on the quantum mechanical behaviour of charged particles in

a magnetic field. We will present only the necessary facts, not including the complete

derivations for the sake of brevity, which can be found in Ref. [73].

Let us consider an electron in a magnetic field. When the magnetic field is suf-

ficiently strong, we can consider the electron to be effectively spinless. In this case,

assuming a non-zero g-factor, the Zeeman splitting is sufficiently large for the low

energy spectrum of the system to consist of only one spin type.

The Hamiltonian of an electron in a magnetic field reads

H =
1

2m
(p+ eA)2 , (1.8)
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where p is the canonical momentum operator and A is the vector potential such that

B = ∇×A. The momentum and position operators obey the commutation relations

[xi, pj] = i~δij and [xi, xj] = [pi, pj] = 0. The gauge symmetry of the systems is such

that the solution of the Schrodinger’s equation for the wavefunction ψ is invariant

under the transformations

A→ A+ ∇χ (1.9)

ψ → e−
ie
~ χψ , (1.10)

where χ is a scalar field. We consider the electron to be constrained to move in the

(x, y) plane and for B to be purely in the z direction: B = (0, 0, B). Because of the

relation between A and B, the choice of A is not unique. The two preferred choices

of the gauge are the Landau gauge, where AL = (0, Bx, 0) and the symmetric gauge

where AS = 1
2
(−By,Bx, 0).

We define the mechanical momentum: π = p + eA = meẋ, where me is the

electron mass, with commutation relations [πx, πy] = −ie~B. This allows us to rewrite

the Hamiltonian in the form of a harmonic oscillator as

H =
1

2m
π · π = ~ωB

(
a†a+

1

2

)
, (1.11)

where ωB = eB/me is the cyclotron frequency. The lowering and raising operators a

and a† are defined as

a =
1√

2e~B
(πx − iπy) and a† =

1√
2e~B

(πx + iπy) , (1.12)

with commutation relations [a, a†] = 1. This is the familiar Hamiltonian of a harmonic

oscillator, and we know its eigenstates and energies. Using the standard notation,

the eigenstates read |n〉 with a†|n〉 =
√
n+ 1|n + 1〉 and a|n〉 =

√
n|n − 1〉 and
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have energy En = ~ωB
(
n+ 1

2

)
. The eigenstates of the Hamiltonian are equally

spaced with spacing proportional to the magnetic field. Each level is called a Landau

level [74]. Unlike in the standard harmonic oscillator case, all of these levels are

highly degenerate. To show this, let us introduce the operators π̃ = p − eA, with

commutation relations [π̃x, π̃y] = ie~B. Using the symmetric gaugeAS, the operators

π and π̃ commute: [π̃i, πj] = 0 and can be simultaneously diagonalised. We can define

a new set of rising and lowering operators b and b†

b =
1√

2e~B
(π̃x + iπ̃y) and b† =

1√
2e~B

(π̃x − iπ̃y) , (1.13)

with commutation relations [b, b†] = 1. This set of lowering and raising operators

explain the degeneracy for the Landau levels. We define the ground state as |0, 0〉

with a |0, 0〉 = b |0, 0〉 = 0, so that the general state of the system reads

|n, l〉 =
a†nb†l√
n!l!
|0, 0〉 . (1.14)

The energy of the state only depends on n and not l.

Let us now find an explicit expression for the wavefunctions of the system and

start with the Landau gauge AL. The Hamiltonian of the system reads

H =
1

2m

(
p2
x + (py + eBx)2

)
. (1.15)

Since H has no explicit dependence on y, it commutes with py and they can be

simultaneously diagonalised. The eigenstates of H are a product of plane waves in

the y component with wave vector k, and they read

ψk(x, y) = eikyfk(x) . (1.16)
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Using this ansatz, we solve the eigenvalue problem for

Hk =
1

2m
p2
x +

meω
2
B

2
(x+ kl2B)2 , (1.17)

which is the Hamiltonian for a harmonic oscillator with a shift in x of magnitude kl2B,

where lB is the magnetic length: lB =
√

~
eB

. The full eigenstates of the system take

the form:

ψn,k(x, y) ∼ eikyHn(x+ kl2B)e−(x+kl2B)2/2l2B , (1.18)

whereHn(x) are Hermite polynomials, and the wavefunctions depend on two quantum

numbers n and k. By looking at the form of ψn,k(x, y) we see that they are localised

in the x direction but extended in the y direction. Since the energy of the state solely

depends on n, the eigenstates are degenerate. If the (x, y) plane is constrained to a

square with sides Lx and Ly and area A = LxLy, the number of degenerate states is

N =
Ly
2π

∫ 0

−Lx/l2B
dk =

LxLy
2πl2B

=
eBA

2π~
=
AB

Φ0

, (1.19)

where Φ0 = 2π~
e

is the magnetic flux quantum. N particles can occupy each Landau

level.

Let us consider the symmetric gauge AS. This choice of vector potential preserves

the rotational symmetry of the uniform magnetic field. It is, therefore, possible to

use the angular momentum as a quantum number and diagonalise the Hamiltonian

simultaneously with the angular momentum operator J = ~(x ∂
∂y
− y ∂

∂x
). Let us

directly present what the eigenstates of the system look like in this gauge, without

the derivation steps. Introducing the modified complex coordinates: z = x− iy and

z̄ = x+ iy, the lowest Landau level wavefunctions take the form

ψLLL(z, z̄) = f(z) e−|z|
2/4l2B , (1.20)
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where f(z) is a holomorphic function. A basis for the lowest Landau level wavefunc-

tions is obtained by selecting polynomials as the functions f(z) to obtain

ψLLL,l ∼
(
z

lB

)l
e−|z|

2/4l2B . (1.21)

These functions are the eigenstates of the angular momentum operator with eigenvalue

~l. In contrast to the Landau gauge, in the symmetric gauge, the wavefunctions

distribute in concentric circles, and their radius grows for larger values of the angular

momentum eigenvalue. Such a difference in the structure of the wavefunctions is not

unphysical because the form of the wavefunctions is gauge dependent.

1.1.4 Integer quantum Hall effect

The integer quantum Hall effect is characterised by a Hall resistivity that takes on

discrete values and shows plateaus when plotted as a function of the magnetic field, as

shown in Fig. 1.2. The Hall resistivity ρxy reads ρxy = 2π~
e2

1
ν
. From the Drude model,

the Hall resistivity is ρxy = B
ne
. The density corresponding to the plateau labelled by

ν is n = Bν
Φ0

, which is the density needed to fill ν Landau levels. This suggests that

a relationship exists between the position of the plateaus and the number of filled

Landau levels. Moreover, when a Landau level is filled, the system is gapped. In the

presence of an electric field, there are no other states accessible to electrons, which

will not move, as if they were in an insulator. The scattering time becomes τ → ∞

which explains the zero value of the longitudinal resistivity from Eq. (1.4), when the

temperature of the system is sufficiently small and the higher Landau levels are not

occupied: kBT � ~ωB.

This argument explaining the relation between the position of the resistivity

plateaus and the number of filled Landau levels was based in part on the classi-

cal results from the Drude model. Let us calculate the conductivity and resistivity
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taking into account the quantum nature of the system for a single free particle. The

current of a particle is I = −eẋ, where ẋ is the velocity operator ẋ = p+ eA and p

is the canonical momentum. The total current then reads

I = − e

m

∑
filled states

〈ψ| − i~∇ + eA|ψ〉 . (1.22)

Using the Landau gauge AL, and adding an electric field E = (E, 0, 0) in the x direc-

tion the system Hamiltonian from Eq. (1.15) has an additional term −eEx and the

wavefunctions from Eq. (1.17) become ψn,k(x, y)→ ψn,k(x−meE/eB
2, y). Consider-

ing ν filled Landau levels we find that

Ix = − e

m

ν∑
n=1

∑
k

〈ψn,k| − i~
∂

∂x
|ψn,k〉 = 0 , (1.23)

and

Iy = − e

m

ν∑
n=1

∑
k

〈ψn,k|−i~
∂

∂y
+exB|ψn,k〉 = − e

m

ν∑
n=1

∑
k

〈ψn,k|~k+eBx|ψn,k〉 . (1.24)

Using this gauge, the |ψn,k〉 are the product of a standing wave and a shifted harmonic

oscillator eigenstates and we find that

Iy = −eν
∑
k

E

B
, (1.25)

and the sum over k is the number of states which is equal to N = AB/Φ0. Using the

current density J = I/A we obtain

E =

 E

0

 ⇒ J =

 0

−eνE/Φ0

 , (1.26)
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which gives as a result the conductivity and resistivity tensors

σxx = 0 and σxy =
e

Φ0

ν ⇒ ρxx = 0 and ρxy = −Φ0

e

1

ν
= −2π~

e2

1

ν
. (1.27)

These relations describe the position of the resistivity plateaus observed in the integer

quantum Hall experiments as a function of the number of completely filled Landau

levels.

A remarkable feature of quantum Hall systems is the presence of edge modes. The

classical description of the system gives the intuition for their existence. Charged

particles in a magnetic field will move along cyclotron orbits. In a finite system, the

trajectories of the particles are modified in the proximity of the boundaries of the

system. The particles are constrained to stay inside of the system and can no longer

perform a circular motion. When they collide with the boundaries, they bounce back

and keep moving in the same direction. This leads to a current close to the edge. On

the opposite edge, the motion of the particles is in the opposite direction because of

their circular trajectories. These particles will collide and bounce back, leading to

an opposite current. Currents flowing in opposite directions are called chiral and are

such that the total current in the system vanishes in the absence of an external field.

The quantisation of the Hall conductivity can be additionally explained through

Laughlin’s thought experiment [75]. Let us consider electrons constrained to move on

the surface of a cylinder in the presence of a magnetic field orthogonal to its surface.

Let us thread a magnetic flux Φ through the axis of the cylinder. Since the flux is

inside of the cylinder, it does not directly affect the electrons that lie on its surface.

However, the corresponding vector potential becomes non-zero on the surface of the

cylinder. By slowly adding one flux quantum through the cylinder, from 0 to Φ0, an

electric field is induced around the cylinder, which affects the motion of the electrons.

Laughlin showed that when ν Landau levels are filled, then exactly ν electrons will
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be transferred between the two edges of the cylinder, leading to the Hall conductivity

σxy = e2

2π~ν.

When a Landau level is completely filled, the calculation of the conductivity result-

ing in Eq. (1.27) explains the position of the peaks and plateaus for the conductivity

and the resistivity. It does not, however, explain why the plateaus extend through a

range of values of the magnetic field, for which the occupation of a Landau level is

only partial. In order to understand this, the role of disorder needs to be taken into

account. Any experimental sample is not perfect and presents impurities. The impu-

rities are modelled in the Hamiltonian through an external potential V . Let us assume

that this potential is sufficiently small such that V � ~ωB. From perturbation theory,

the effect of the potential, which will be random because it represents the presence of

impurities, is that of breaking the degeneracy of the Landau levels. The spectrum of

the Landau levels will not only be peaked at the values En = ~ωB(n + 1/2) but will

spread around these values. Secondly, the effect of the potential is that of turning

some of the states from extended to localised. By localised, we mean that the state

occupies a finite region of the sample, whereas an extended state spreads throughout

the sample. We can intuitively understand this behaviour using a classical argument

assuming that the potential varies on a scale greater than the magnetic length. When

this is the case, the cyclotron orbit of the electrons will occur in a region of space

where the potential is essentially constant, and the orbit of its guiding centre will

drift along equipotential lines. Because of the randomness of the sample, some of the

equipotential lines will be localised; however, there will be equipotential lines that

extend throughout the borders of the sample close to its edges. States at the edges of

the band, which are constrained to move along the higher or lower equipotentials of

V , will be localised and the ones in the centre of the band will be extended. Only the

extended states can transfer charge between the edges of the system and contribute

to the conductivity [76]. We can, therefore, explain the existence of the plateaus,
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Figure 1.3: Fractional quantum Hall resistivity measurements from Ref. [77]. The
plot shows the measurements of the plateaus and peaks for the Hall resistivity ρxy
(RH in the plot) and resistivity ρxx (R in the plot) respectively as a function of the
magnetic field.

noticing that when the magnetic field changes, only localised states of a higher band

will be first occupied. These states will not affect the conductivity of the system since

they are localised.

1.1.5 Fractional quantum Hall effect

Single-particle physics is no longer sufficient to explain the presence of resistivity

plateaus for fractional values of ν [21, 77] as shown in Fig. 1.3. It becomes necessary

to take the interactions between the electrons into account. The Hamiltonian for a

system of Ne interacting electrons in a magnetic field reads

H =
Ne∑
j=1

1

2m2

(pj + eAj)
2 +

Ne∑
j<k

e2

4πε|rj − ri|
, (1.28)
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where ε is the electric permittivity.

When a Landau level is only partially filled, the ground state of the system is highly

degenerate because the Landau orbitals can be filled in a large number of ways. This

makes the system hard to treat perturbatively, and other methods become necessary.

The problem is simplified, assuming that the interaction is weak compared to the gap

between Landau levels. Under this assumption, the kinetic part of the Hamiltonian

can be neglected, and it is assumed that all of the electrons occupy the lowest Landau

level.

Laughlin first introduced a wavefunction that explains the physics of the fractional

quantum Hall effect for filling fractions ν = 1/m, form an odd integer [26]. Laughlin’s

wavefunction reads

ψ(z1, . . . , zNe) =
Ne∏
i<j

(zi − zj)me−
∑Ne
i=1 |zi|

2/4l2B , (1.29)

where zj = xj−iyj are the complex coordinates of the electrons and lB is the magnetic

length. For m odd, the wavefunction is anti-symmetric for the exchange of any two

particles, as it should be for fermions. The factor multiplying the exponential is such

that the wavefunction has zero value whenever two particles are in the same position.

This is a consequence of the particles interacting through Coulomb interaction, which

energetically favours electrons being far apart. At the same time, the exponential

factor becomes small when particles are far away from the origin, as a consequence of

the particles being in the lowest Landau level as per Eq. (1.20); so the wavefunction

describes the competition between these two terms. The Laughlin wavefunction is an

educated guess for the ground state of the system. It has been numerically shown

that, for a small number of particles, the overlap of the Laughlin wavefunction with

the exact ground state of the system is greater than 99%, for ν = 1/3 and ν =

1/5 [78, 79]. Although this wavefunction is accurate for a small number of particles,
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it is appropriate to think of it as being in the same universality class of the actual

ground state and to be able to describe many of its properties. When m is even, the

Laughlin wavefunction has bosonic symmetry properties and describes the bosonic

version of the fractional quantum Hall effect which could be obtained with ultracold

atoms [42].

By settingm = 1, the wavefunction describes the ν = 1 integer quantum Hall state

where a single Landau level is completely filled. As mentioned in the previous section,

the integer quantum Hall effect is explained through single-particle physics. There-

fore, its many-particle wavefunction will be a Slater determinant of single-particle

wavefunctions in the lowest Landau level. The form of the LLL wavefunctions with

increasing angular momentum is

ψl(z) ∼ zl−1e−|z|
2/4l2B , (1.30)

where l goes from 1 to Ne. The result of the Slater determinant becomes

ψ(z1, . . . , zNe) =
Ne∏
i<j

(zi − zj)e−
∑Ne
i=1 |zi|

2/4l2B , (1.31)

and corresponds to the Laughlin wavefunction for m = 1 indicating that it also

accurately describes the ground state of the ν = 1 integer quantum Hall state. The

term
∏Ne

i<j(zi − zj) is the so-called Vandemonde determinant.

When m > 7, the Laughlin state is no longer the energetically preferred configura-

tion for the electrons. In that case, they will position themselves into a 2D triangular

lattice called Wigner crystal [80].

The Laughlin wavefunction is shown to be the exact ground state of a different

Hamiltonian [81, 82]

H =
∞∑
l=1

∑
i<j

vlPl(ij) , (1.32)
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where Pl(ij) is an operator that projects the wavefunction onto the state where

particles i and j have relative angular momentum l. By choosing the values of vl

such that vl = 1 when l < m and zero otherwise, the Laughlin wavefunction becomes

the exact ground state of the Hamiltonian when a confining potential is added. The

Laughlin wavefunction is, in fact, the ground-state wavefunction with the smallest

spatial extension.

A staggering property of the Laughlin state is that it supports exotic excitations,

which carry a fractional charge. Quasi-holes for a Laughlin state at filling ν = 1/m

carry charge q = e/m, and quasiparticle excitations have charge q = −e/m. This

property is remarkable but does not defy any physical law. In fact, despite the

excitations having fractional charge, the complete system still has a total charge

which is an integer multiple of the electron charge. When a new particle is added to

a Laughlin function, it will split into m independent quasiparticles, each carrying a

fractional amount of charge. This phenomenon has been experimentally observed [83].

Probably the most striking property of these excitations is that they have frac-

tional statistics [84]. Particles are either bosons or fermions in three dimensions, but

this distinction no longer holds in two dimensions. Particles in two dimensions can

have any intermediate statistics and are called anyons [85]. The quasiparticle excita-

tions of a ν = 1/m Laughlin state have statistics 1/m. A 2-quasiparticle wavefunction

acquires a complex phase i2π/m when the two quasiparticles are interchanged. This

behaviour is neither fermionic nor bosonic.

The Laughlin state also supports another type of excitation, which is neutral. This

excitation is similar to the phonon excitation of a superfluid, but it is gapped. The

energy dispersion relation of the excitation shows a minimum at a fixed momentum

k, which is called a magneto-roton [73].

The Laughlin state also reproduces the correct value of the Hall conductivity.

Repeating Laughlin’s thought experiment [75, 76] it is shown that threading a flux
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Φ = mΦ0 through the cylinder, one electron charge is transferred between the two

edges. This leads to a fractional Hall conductivity: σxy = e2

2π~
1
m
.

The experimental results for the Hall conductivity and resistivity show the exis-

tence of several other values of the filling fraction, apart from ν = 1/m, exhibiting

conductivity plateaus which are not described by the Laughlin function. A set of these

plateaus is explained by the so-called hierarchical states [81, 86, 87]. The intuition

behind these states is that of considering a modified density of particles compared to

a Laughlin state to account for the different filling fraction. These configurations are

thought of as a Laughlin state with the addition of a fixed number of quasiparticle

excitations. The quasiparticles configure themselves in a quantum Hall state as if

they were electrons. These states explain plateaus at filling fractions ν = 1
m± 1

2p

for

m and p integers. This procedure can be repeated again leading to filling fractions:

ν = 1
m± 1

2p1±
1

2p2±...

. This set of states can also be interpreted using the concept of

composite fermions [88]. The general idea is that of defining a composite fermion as

an electron with an even number of magnetic flux quanta attached to it. Because of

this, they experience a modified magnetic field B′ and a modified filling fraction ν ′.

A remarkable result of this approach is that the fractional quantum Hall effect can

be interpreted as an integer Hall effect for composite fermions.

1.1.6 Topological order and topological entanglement entropy

Fractional quantum Hall ground states are a prime example of topologically ordered

phases.

The topological entanglement entropy is used as a means of characterising the

topological order of a system [89]. Let us consider a system divided into two sub-

systems, named A and B, and calculate the bipartite entanglement entropy between

them in the ground state |Ψ〉. By tracing out the degrees of freedom of B from

the density matrix of the system ρ = |Ψ〉 〈Ψ|, we obtain the reduced density matrix
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ρA = TrB |Ψ〉 〈Ψ|. The entanglement entropy SA is defined as the von Neumann

entropy of ρA: SA = −TrA[ρA ln ρA] [90]. For systems in d dimensions with a fi-

nite correlation length l, the entanglement entropy satisfies the area law [91, 92]:

SA ' αLd−1, where L � l is the length that defines the scale of the boundary of

A and α is a non-universal constant [93]. The physical meaning of this statement is

that the entanglement between A and B lies at the boundary between the two parts.

For topological phases in two dimensions, a correction term exists to the area law

expression [89] SA = αL − γ + ..., where the ellipses represent terms that vanish

for L → ∞ and γ is the topological entanglement entropy. It is a universal additive

constant that characterises a global entanglement feature of the ground state, as

opposed to the area law term that arises from the correlations close to the boundaries

between the two parts.

The topological entanglement entropy can then be used as a way to characterise

the topological order of a phase, but it does not uniquely determine it. The advantage

of this quantity is that it reduces the information contained in the reduced density

matrix to a single number. Therefore, to see if the system is in a topological phase, it

is sufficient to calculate the topological entanglement entropy. If it is non-zero, then

the system shows topological properties.

Additional information about the entanglement properties of the ground state is

obtained from the entanglement spectrum, which also carries information about the

excitations of the system [94]. Let |Ψ〉 be a quantum state which is decomposed in

the basis |λ〉, and let us assume that this basis can be written as the tensor product

of two orthonormal bases |λ〉A and |λ〉B with |λ〉 = |λ〉A ⊗ |λ〉B. This gives a natural

bipartition of the system into part A and B. The state |Ψ〉 is written as

|Ψ〉 =
∑
λA,λB

cλA,λB |λ〉A ⊗ |λ〉B . (1.33)
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The coefficients cλA,λB are thought of as the elements of a matrix C, which has

dimensions equal to those of the subsystems A and B. Performing a singular value

decomposition of this matrix we get: C = USV †, where U †U = 1 and V V † = 1,

which means that U and V have orthonormalised columns and rows respectively. S

is a diagonal matrix whose entries are all non-negative and can be written as e−ξi/2.

The singular value decomposition is used to get the Schmidt decomposition of |Ψ〉:

|Ψ〉 =
∑
i

e−ξi/2 |A : i〉 ⊗ |B : i〉 , (1.34)

where |A : i〉 =
∑

λA
U †i,λA |λA〉 and |B : i〉 =

∑
λB
V †i,λB |λB〉. This way of writing

the wavefunction is particularly appropriate to calculate the spectrum of the reduced

density matrix. Taking ρ = |Ψ〉 〈Ψ| and tracing out B to get ρA, the spectrum of ρA

is given by the square of the Schmidt coefficients e−ξi . It is worth pointing out that

both ρA and ρB have the same spectrum. The entanglement spectrum is defined as

the set {ξi}.

1.1.7 Bosonic quantum Hall states

As introduced in Section 1.1.5, the Laughlin wavefunction at filling fraction ν = 1/m,

with m even, describes a fractional quantum Hall state for bosonic particles. One

motivation of this thesis is to guide future experiments, mainly using ultracold atoms

in optical lattices. Because experimental capabilities with regard to bosonic particles

have been longer developed than the corresponding capabilities with fermions, and

there exists a more extensive literature with bosons, this thesis will consider the

study of bosonic gases. The high degree of tunability and control of ultracold gas

experiments makes them an ideal alternative to condensed matter systems, where

impurities are present. This makes them a promising setting for the development of

topological quantum computing utilising non-Abelian anyons, which are argued to
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be present as excitations for the bosonic quantum Hall states with filling ν = 1 and

ν = 3/2 [4, 29]. Moreover, through the use of artificial gauge fields, optical lattice

setups allow for the achievement of parameter regimes unattainable in solid-state

settings. In particular, because of the small size of the crystal lattice in solids, high

values of the magnetic flux density require huge magnetic fields. The large magnetic

flux regime is however reachable with artificial gauge fields.

Because of this, we will focus our analysis on studying fractional quantum Hall

states made with bosonic particles.

In the next section, we will introduce the Bose-Hubbard model and two of its

extensions, which are at the basis of the experimental realisation of the systems we

consider.

1.2 Quantum simulation with ultracold atoms

Optical lattices populated with ultracold atoms can be used as quantum simulators

to study Hamiltonians characteristic of condensed matter systems in a way that can

outperform other numerical means computation [15, 95]. Quantum simulation is

naturally able to deal with the exponential increase in the size of the Hilbert space [96].

The ultracold atom setting is highly and reliably tunable and gives access to regimes

not available in condensed matter systems.

A significant amount of progress has been made recently on the quantum sim-

ulation of several models using ultracold atoms in optical lattices. The superfluid-

to-Mott insulator transition in the Bose-Hubbard model was achieved in 2002 [97],

and a Mott insulator state of the Fermi-Hubbard model was realised in 2008 [98].

The development of quantum gas microscopes both for bosons and fermions [99, 100]

has enabled the detection of single atoms and made ultracold atoms an even more

versatile toolbox.
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In the next sections, we will introduce the Bose-Hubbard model, which is the

archetypal model describing ultracold atoms in optical lattices, and two of its exten-

sions. Firstly, we will consider the dipolar Bose-Hubbard model, in which the bosons

interact with a long-range dipolar interaction, appropriate to describe interacting po-

lar molecules. Secondly, we will consider the bosonic Harper-Hofstadter model in the

presence of local interactions, which can be thought of as a Bose-Hubbard model with

the addition of an artificial gauge field. This model describes quantum Hall physics

in an optical lattice.

1.2.1 Bose-Hubbard model

We now introduce the Bose-Hubbard (BH) model [101] and describe its main prop-

erties. For a more comprehensive review of the topic, we refer to [13].

The BH model describes bosons hopping on a lattice and interacting via on-

site interactions. The BH model allows for the study of strongly-correlated particle

systems and provides the basic framework necessary to understand the models that

we will study in this thesis.

Let us consider a gas made of N interacting spinless bosons, in the presence of

an optical lattice described by the external potential Vext. The Hamiltonian of the

system in second quantisation reads

Ĥ(t) =

∫
dr Ψ̂†(r, t)

[
− ~2

2m
∇2 + Vext

]
Ψ̂(r, t)+

+
1

2

∫
dr dr′Ψ̂†(r, t)Ψ̂†(r′, t)V (r − r′)Ψ̂(r, t)Ψ̂(r′, t) , (1.35)

where Ψ̂†(r, t) and Ψ̂(r, t) are the bosonic creation and annihilation field operators

obeying bosonic commutation relations [Ψ̂(r, t), Ψ̂†(r′, t′)] = δ(r − r′)δ(t − t′), m is

the mass of the bosons and ~ is the reduced Planck’s constant. The particles interact
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through a contact potential

V (r − r′) = gδ(r − r′) , (1.36)

where g = 4π~2as/m and as is the s-wave scattering length that describes the inter-

action at low energies between neutral atoms. The actual interaction potential can

be described through the contact term when the de Broglie wavelength of the par-

ticles is much larger than its range. The scattering length is positive for a repulsive

interaction and negative when it is attractive.

Let us consider the three-dimensional potential Vext that defines the lattice struc-

ture

Vext =
∑
i=x,y,z

Vi sin
2(πi/ai) . (1.37)

The lattice potential is generated by a set of counter-propagating lasers beams with

same phase and polarisation and with wavelength λi, which generates a standing

wave. The lattice constant is ai = λi/2 in the i direction and Vi is the amplitude of

the potential in each direction which is proportional to the intensity of the laser.

When the potential is sufficiently deep and the temperature sufficiently low, only

the lowest Bloch band of the potential needs to be considered. The field operators

Ψ̂ can be expanded into the basis of Wannier states [102, 103]. The Wannier states

are superpositions of the wavefunctions of the lowest band, which are highly localised

and centred at the lattice sites. They have the form wi(r) = w(r −Ri), where Ri is

the position vector of a minimum of the lattice potential. The expansion of the field

operators, covering the lowest band, in this basis reads [18]

Ψ̂(r) =
∑
i

wi(r)b̂i . (1.38)

This is the so-called tight-binding approximation. The operators b̂i and b̂†i are the
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annihilation and creation operators of bosons localised at site i and obey the bosonic

commutation relations [b̂i, b̂
†
j] = δij. Using this expansion for the field operators, we

obtain a new form of the Hamiltonian which reads

Ĥ = −
∑
〈i,j〉

Jij b̂
†
i b̂j +

U

2

∑
i

n̂i(n̂i − 1)− µ
∑
i

n̂i , (1.39)

where 〈. . .〉 denotes a sum over nearest-neighbour sites, n̂i = b̂†i b̂i is the number

operator at site i and µ is the chemical potential. The first term in Eq. (1.39)

represents the hopping of bosons between nearest-neighbour sites, the second term

represents the on-site interaction and the third term controls the number of particles

in the system. This is the Bose-Hubbard Hamiltonian.

As a consequence of the highly localised form of the Wannier functions, the tun-

nelling between sites which are more than one site apart is neglected. The tunnelling

amplitude between neighbouring lattice sites Jij reads

Jij = −
∫
dr w∗i (r)

[
− ~2

2m
∇2 + Vext

]
wj(r) , (1.40)

and the contact potential interaction term becomes

U = g

∫
dr |wi(r)|4 . (1.41)

In the presence of an external trapping potential Vtrap, which has the purpose of

confining the particles, another term is added to the Hamiltonian: Ĥtrap =
∑

i εin̂i .

The term

εi =

∫
dr Vtrap(r) |wi(r)|2 ≈ Vtrap(Ri) , (1.42)

is an energy offset at each site and can be included in the previous Hamiltonian by

introducing a site-dependent chemical potential as µi = µ+ εi.

30



To obtain a two-dimensional geometry on the (x, y) plane, we consider a lattice

potential in the x and y directions combined with a tight harmonic trapping potential

in the z direction. The overall external potential reads

Vext(r)=V0

[
sin2(πx/ax) + sin2(πy/ay)

]
+

1

2
mΩ2

zz
2 , (1.43)

where Ωz is the frequency a tight harmonic trapping potential.

The Bose-Hubbard model described by the Hamiltonian in Eq. (1.39) in the grand-

canonical ensemble, is characterised by three parameters: the hopping amplitude J

(assuming Jij = J for all i, j), the on-site interaction strength U and the chemical

potential µ. The phase diagram of the system is usually expressed as a function of

J/U and µ/U . In the small interaction limit, when J/U � 1, the ground state of the

system is superfluid, it has gapless excitations, on-site density fluctuations and the

bosons are delocalised throughout the lattice. In the large interaction limit, J/U � 1,

and for integer filling of the lattice, the ground state is the so-called Mott insulator, in

which there are no on-site fluctuations, and each site is occupied by an integer number

of bosons. In this case, the system is gapped and incompressible because there is a

finite energy cost for adding an extra particle. The integer filling with nb bosons per

site occurs when the chemical potential is nb − 1 ≤ µ/U ≤ nb. The regions in the

(µ/U, J/U) phase diagram where the ground state is a Mott insulator are called Mott

lobes, and the critical values (J/U)c depend on the dimensionality of the system as

well as on its geometry. When the filling is non-integer, the ground state is always

superfluid.

1.2.1.1 Extended Bose-Hubbard model

Let us consider an extension of the BH model where the interaction between the

bosons in Eq. (1.35) is no longer just a contact interaction but is long-ranged. Such
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an interaction can be realised through static dipole-dipole interactions. When all of

the dipoles are polarised in the same direction, the interaction potential takes the

form

Vdd(r − r′) = gδ(r − r′) +D2 (1− 3 cos2 θ)

|r − r′|3 , (1.44)

where D is the dipole moment of the bosons and θ is the angle between the direction

of the polarisation and the vector r − r′. The interaction potential Vdd(r − r′) is

composed of a contact term and a long-range term which is anisotropic. Using the

expansion in the Wannier functions, the dipolar interaction term of the Hamiltonian

reads

Ĥdd =
∑
ijkl

Uijkl
2

b̂ib̂
†
j b̂
†
kb̂l , (1.45)

with matrix elements Uijkl given by

Uijkl =

∫
dr1dr2 w

∗
i (r1)w∗j (r2)Vdd(r1 − r2)wk(r2)wl(r1) . (1.46)

Assuming that the lattice potential is sufficiently deep that the spread of the Wannier

functions is much shorter than the inter-lattice spacing, then the Wannier functions

wi(r) will be significantly large only in proximity of the lattice sites Ri. Therefore,

only some of the terms Uijkl will be non-negligible. These terms are the off-site terms

Uijij for k = i 6= j = l, and the on-site terms Uiiii. The off-site contribution reads

Uijij ' Vdd(Ri −Rj)

∫
dr1|wi(r1)|2

∫
dr2|wj(r2)|2 , (1.47)

where the Vdd(r1−r2) have been substituted with Vdd(R1−R2) under the assumption

that it changes slowly over distances larger than the spread of the Wannier functions.

The Hamiltonian for the off-site part of the dipolar interaction then reads

Ĥoff-site
dd =

1

2

∑
i 6=j

Vij
|i− j|3 n̂in̂j , (1.48)
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where Vdd(Ri −Rj) = Vij/|i− j|3.

The on-site contribution reads

Uiiii =

∫
dr1dr2n(r1)Vdd(r1 − r2)n(r2) , (1.49)

where n(r) = |w(r)|2. The Hamiltonian for the on-site part of the dipolar interaction

then reads

Ĥon-site
dd =

Ud
2

∑
i

n̂i(n̂i − 1) , (1.50)

where Ud = Uiiii. The dipolar part of the interaction then reads

Ĥdd = Ĥoff-site
dd + Ĥon-site

dd =
1

2

∑
i 6=j

Vij
|i− j|3 n̂in̂j +

Ud
2

∑
i

n̂i(n̂i − 1). (1.51)

The on-site term of the dipolar interaction can be merged with the on-site term from

the contact interaction of the BH model into a single term called U . When the dipoles

are all polarised perpendicular to the lattice, then the angle θ in Eq. (1.44) becomes

θ = π/2. This causes the dipolar interaction to be isotropic and we set Vij = V .

If we limit the interaction terms to be nearest neighbour (NN) only, we obtain the

extended Bose-Hubbard model that reads

ĤeBH = −J
∑
〈i,j〉

b̂†i b̂j +
U

2

∑
i

n̂i(n̂i − 1) +
V

2

∑
〈i,j〉

n̂i n̂j −
∑
i

µin̂i . (1.52)

The presence of the NN interactions affects the phase diagram of the system. For

integer fillings, the NN interaction induces the existence of a crystalline phase that

shows density modulations and diagonal order named charge density wave or Mott

solid. Another phase called bosonic Haldane insulator appears which presents non-

local string correlations, is gapped and does not break translational symmetry [104].

When the filling is non-integer, two possible states emerge [105]: one is the super-
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solid phase characterised by non-zero structure factor and diagonal long-range order

together with a non-zero superfluid density. The other one is a phase-separated state

which is characterised by a jump in the density as a function of the chemical po-

tential. The system is mechanically unstable and phase separates, i.e., it splits in

real space into domains where distinct phases are well defined. For smaller interac-

tion strengths, the phase separation regions disappear in favour of the supersolid for

filling larger than 1/2 [106].

1.2.2 Dipolar Bose-Hubbard model

Let us consider the full long-range character of the dipolar interaction, without im-

posing a cutoff at the nearest neighbours. The Hamiltonian of the system on a 2D

square lattice, when the dipoles are all polarised orthogonally to the lattice plane,

reads

Ĥ = −J
∑
〈i,j〉

b†ibj +
U

2

∑
i

n̂i(n̂i − 1) +
1

2

∑
i 6=j

V

|i− j|3 n̂in̂j −
∑
i

µin̂i . (1.53)

Let us consider the low filling case in the hard-core limit of U/J →∞, where double

occupations of a single site are suppressed and the local Hilbert space at each site is

limited to have either zero or one boson. The Hamiltonian becomes

Ĥ = −J
∑
〈i,j〉

b̂†i b̂j +
1

2

∑
i 6=j

V

|i− j|3 n̂in̂j −
∑
i

µin̂i . (1.54)

The phase diagram of this system was explored in [58] using QuantumMonte Carlo

calculations and is shown in Fig. (1.4). We will now summarise the main features

of the ground-state phase diagram, which is richer than the standard Bose-Hubbard

model. The quantum phases which are observed are the superfluid, the solid, which

is an insulating phase with a modulated density, and the supersolid phase which
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Figure 1.4: (a) Phase diagram of the dipolar BH model in the hard-core limit. Solid
density patterns at filling ν = 1/2 (b), ν = 1/3 (c), ν = 1/4 (d). The figure is from
Ref. [58].

presents superfluidity at the same time as a density modulation which is different

from the lattice [107, 108, 109]. Unlike in the Bose-Hubbard model, insulating phases

can also be obtained at fractional fillings.

For finite values of J/V the phase diagram shows the existence of three Mott

lobes characterised by a density ν = 1/2, 1/3 and 1/4. These are solid phases named

checkerboard, stripe and star, respectively, and their ground-state density pattern

is shown in Fig. 1.4 (b-d). These phases also survive in the presence of a confining

potential and at finite temperature.

In the limit of small hopping amplitude J/V � 0.1, the ground-state phase is

incompressible, with ∂ρ/∂µ = 0 for most values of µ and this is the analogue to

the classical devil’s staircase. A series of incompressible ground states which are

dense between ρ = 0 and ρ = 1 is present. These states have a structure which is

commensurate with that of the lattice for all rational fillings. There are no such states

35



in the short-range interaction case [110, 111].

For large values of J/V , the ground state of the system is a superfluid for all values

of µ. For small values of J/V , the system has many metastable states resembling a

glassy system which makes Quantum Monte Carlo calculations impractical. This is

why the region is greyed out in Fig. 1.4 (a).

For a region of values of J/V and µ/V , a supersolid phase is found. Such a phase

shows superfluid and solid order simultaneously. The choice of parameters in the

system is such that the density of particles corresponds to a doped (by either adding

or removing particles) Mott solid. This doping is necessary for the supersolid state

to be present. The supersolid phase appears as a mid-step between the superfluid to

solid transition. The supersolid phase appears both in the presence of doping and

vacancies.

The long-range interactions stabilise the supersolid phase over a larger range of pa-

rameters. In the extended BH model, where the interaction is only nearest-neighbour,

the supersolid phase was observed only in the presence of doping and not vacancies,

although with the difference that soft-core bosons were considered [105].

In Chapter 4, we will ask which phases are supported in a finite-size dipolar BH

model, and how they can be characterised using quantities available in ultracold gas

experiments.

1.2.3 Lattice quantum Hall systems

The appearance of quantum Hall physics is typically induced by the presence of a

magnetic field. Ultracold gases used in optical lattice experiments are neutral and

therefore are immune to the Lorenz force of a charged particle in a magnetic field.

This impediment has been resolved by the engineering of artificial gauge fields, created

using rotating systems [31] or using light-atom interaction [30, 32, 112, 113]. The

goal of these methods is that of simulating the action of a magnetic field on a charged
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particle and therefore creating the analogue of an Aharonov-Bohm phase. When

a particle moves in a closed loop around a lattice plaquette, it picks up the same

complex phase it would if a uniform magnetic flux was flowing through the lattice.

The simplest way of modelling quantum Hall physics in this setting is that of

using the Harper-Hofstadter (HH) model [34, 35, 114] with the addition of local

interactions. The bosonic and fermionic versions of the HH model describe spinless

particles in a two-dimensional square lattice moving with nearest-neighbour hopping

in the presence of a magnetic field. The Harper-Hofstadter Hamiltonian reads

Ĥ = −J
∑
〈i,j〉

(
e−iφij ĉ†i ĉj

)
+ H.c. , (1.55)

where ĉi and ĉ†i are fermionic or bosonic annihilation and creation operators. The

complex phases iφij are chosen such that a particle hopping around a plaquette of

the square lattice acquires a total phase e
2πi
Φ0

∮
A·dl, where Φ0 = h/2e is the magnetic

flux quantum, and A is the vector potential of the magnetic field. The gauge freedom

allows for different choices of the complex phases iφij leading to the same equivalent

magnetic field. We consider the φij for the Landau gauge, which makes the hopping

complex in the y direction and real in the x direction, leading to the Hamiltonian

Ĥ = −J
∑
x,y

(
ĉ†x,y ĉx+1,y + ei2παxĉ†x,y ĉx,y+1

)
+ H.c. , (1.56)

where the x and y coordinates of the lattice have been used explicitly to label the

lattice sites.

This Hamiltonian has the remarkable property that its one-particle spectrum has

a fractal structure as a function of α, known as Hofstadter’s butterfly. When α is

an integer, there is a single energy band. When α = p/q is rational, the band splits

into q sub-bands. When α is irrational, the band splits into an infinite number of
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sub-bands. This leads to the fractal structure of the Hofstadter’s butterfly.

Laser-induced tunnelling in superlattices was one of the first methods proposed to

generate artificial gauge fields [30]. It works by considering atoms in an optical lattice

which can be in two internal hyperfine states |0〉 and |1〉. The potential traps the two

states in every other row of the lattice, at even and odd values of the y coordinate

respectively. Additionally, the lattice is tilted in the y direction, introducing an

energy shift ∆ between neighbouring rows of the lattice. There is tunnelling in x

due to kinetic energy, whereas the tunnelling in y is suppressed by the energy shift,

assuming that ∆ is larger than the hopping amplitude. The tunnelling in the y

direction is laser-assisted through two pairs of lasers that induce a Raman transition

between the states |0〉 and |1〉 between sites with y coordinate n and n±1. The energy

offset for these transitions is ±∆ and the detunings of the lasers are chosen to cancel

the effect of the lattice tilting in the rotating frame. The lasers generate running

waves in the x direction so that the tunnelling amplitudes in the y direction gain a

local phase e±ikx, where k is the running-wave wave vector. Such tunnelling term

induces an Aharonov-Bohm phase on a neutral particle in the same way a charged

particle in a magnetic field would be affected.

The HH model, with the addition of local interactions, has all of the ingredients

we would find in a quantum Hall system, and can support quantum Hall states for

appropriate filling fractions ν = nb/nφ, with nφ the density of magnetic fluxes per

plaquette and nb the density of particles. This filling fraction has the same role as

the filling fraction previously introduced for a two-dimensional electron gas. The

Hamiltonian for the bosonic HH model reads

Ĥ = −J
∑
〈i,j〉

(
eiφij b̂†i b̂j + H.c.

)
+ U

∑
i

n̂i(n̂i − 1) , (1.57)

where b̂i and b̂†i are bosonic annihilation and creation operators at site i respectively,
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and the on-site interaction term has been added.

1.2.3.1 Lattice fractional quantum Hall states

The bosonic HH model can also be thought of as a Bose-Hubbard model in the

presence of a magnetic field. This presents an additional parameter, the density of

magnetic fluxes per plaquette nφ, on top of the density of bosons nb and the interaction

strength U/J , that govern the Mott insulator to superfluid transition.

This system supports quantum Hall states for appropriate filling fractions ν =

nb/nφ [20, 26, 115]. In the continuum limit, where U ≈ nφ � 1, it has been established

that quantum Hall states appear [31, 40, 116, 117]. In the large flux limit available

in experiments, and where the physics of the system is no longer well described by

the continuum limit [43, 116, 118, 119, 120], the phase diagram of the system has not

yet been entirely explored. For values of ν = 1/q, where q is an even integer, exact

diagonalisation (ED) calculations of small system sizes with fully periodic boundary

conditions [41, 42, 43, 44, 121, 122] have shown that the ground state is compatible

with the lattice version of the Laughlin state. This was achieved by calculating the

overlap of the ground state with the Laughlin wavefunction. The overlap has been

shown to decay quickly for nφ > 0.2. Calculation of the Chern number of the system,

as a measure of the topological nature of the state, and of the entanglement spectrum

give values compatible with the Laughlin state for nφ < 0.4 [42, 44]. The gap in the

hard-core limit is found to be of the range of 0.25J when nφ ≈ 0.1.

The small overlap of the ground-state wavefunctions for values of nφ > 0.2 is

due to two separate factors. First, the Laughlin wavefunction used to calculate the

overlap is not adapted for the lattice system. Second, for large values of nφ, the effect

of the lattice plays a significant role [42] and differs most from the continuum limit

where the Laughlin function originates.

The previous works using ED [42, 44] has also explored the relevance of the inter-
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action in inducing the Laughlin state. For small flux densities nφ < 0.2, the Laughlin

state is induced for any interaction strength, whereas for larger values of nφ it is

induced for U/J > nφ. Studies concerning the bosonic HH model on a square lat-

tice [123, 124, 125] and on ladders have also shown the resemblance of their ground

states to fractional quantum Hall states [126, 127, 128].

Studying larger sized systems becomes unfeasible using ED, and other numerical

methods are needed. Cluster mean-field [129, 130] has been used as well as tensor

network methods [131, 132, 133, 134, 135, 136, 123, 124, 137, 138].

In the high magnetic flux limit available to experiments, the phase diagram of the

system is not yet completely explored, and direct experimental evidence of fractional

quantum Hall states is still lacking [123].

In Chapter 3, we use DMRG to calculate the ground states of the system in the

large flux regime. Unlike in previous works utilising tensor networks, we will consider

a finite cylinder geometry, which gives us access to both bulk and edge properties of

the ground state.

1.3 Numerical methods

In this section, we will introduce the basic notions underlying the numerical methods

used throughout the thesis. We will describe the concepts of matrix product states

(MPS), matrix product operators (MPO) and the density matrix renormalisation

group (DMRG). This section is not meant to be a thorough exposition of the topic (a

complete review can be found in Ref. [11]), but rather an introduction to the concepts

needed to understand the numerical methods developed in Chapter 2.
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1.3.1 Introduction

The DMRG algorithm has become a powerful technique for studying one-dimensional

quantum lattice systems and can be formulated as a variational method that uses

MPS as a variational ansatz. Since the dimension of the Hilbert space of a many-

particle system grows exponentially with the system size, finding its ground state

using exact diagonalisation quickly becomes computationally prohibitive, so other

methods are necessary. The DMRG algorithm [5] is one such method, based on the

MPS formulation of the wavefunction of the system. MPS are used to represent

many-body wavefunctions of one-dimensional gapped systems efficiently, and their

accuracy is controlled by a parameter χ called the bond dimension.

1.3.2 Matrix product states

Let us consider a 1D lattice made of N sites and a local Hilbert space of size d on

each site. The local basis at site j reads {|ij〉}, where j = 1, . . . N labels the site

and i labels the d basis states at each site. A general many-body quantum state |ψ〉,

defined on this system, has wavefunction

|ψ〉 =
d∑

i1,...,iN=0

ci1,...,iN |i1, . . . , iN〉 , (1.58)

where ci1,...,iN is a set coefficients that completely describes the quantum state. The

number of coefficients necessary to completely define the state scales exponentially

with the system size. In fact, ci1,...,iN has dN elements.

Using the MPS formalism, we write the wavefunction of a many-body quantum

state |ψ〉 as

|ψ〉 =
d∑

i1,...,iN=0

A[1]i1A[2]i2 . . . A[N ]iN |i1, . . . , iN〉 . (1.59)

In this representation of the state, A[n]in is one of d matrices, labelled by in, each with
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site-dependent dimension χn−1 × χn and elements A[n]in
jn−1jn

. A[n] is a rank-3 tensor,

where in is called the physical index and jn−1 and jn are called virtual indices. The

superscript between square brackets indicates that, for a general state, the tensors on

different lattice sites can be different. The set of coefficients ci1,...,iN can be thought

of as a rank-N tensor, which, in the MPS formulation, is re-written as a product of

N rank-3 tensors. The dimensions of the A[n]in matrices for a fixed physical index in

are called bond dimensions and are usually represented with the letter χ.

The advantage of the MPS representation lies in the fact that by setting a max-

imum value χ to the bond dimensions of each matrix in Eq. (1.59) (χn ≤ χ), the

number of parameters required to describe the quantum state is bound by Ndχ2,

which grows linearly with the system size compared to exponentially for the full state

representation of Eq. (1.58). Assuming that the wavefunction can be represented

by MPS with a small χ, it becomes possible to overcome the exponential growth of

the Hilbert space. This is the case for the ground states of gapped, local and one-

dimensional Hamiltonians [139, 140]. For such systems, the problem of finding ground

states is highly simplified. The search for the ground state is no longer performed in

the full Hilbert space, but in the subspace parametrised by MPS with a fixed bond

dimension.

The MPS form of a state |ψ〉 can be formally obtained from its full expression in

Eq. (1.58) by using a series of singular value decompositions (SVD). Let us briefly

recall the main properties of the SVD. Any N1×N2 matrix M can be decomposed as

M = USV † , (1.60)

where U is a N1 × min(N1, N2) unitary matrix such that UU † = U †U = I, V is

a min(N1, N2) × N2 unitary matrix such that V V † = V †V = I and S is a square

min(N1, N2) ×min(N1, N2) diagonal matrix with non-negative entries Sii = si. The
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set of si are called the singular values and the number n of non-zero entries is called

the Schmidt rank of the matrix M .

We derive the MPS form of the wavefunction starting from Eq. (1.58) by using a

series of SVDs. Let us start by reshaping the coefficients of the state as

ci1,...,iN = Ci1,(i2,...,iN ) , (1.61)

with dimension d× dN−1, and perform an SVD to obtain

Ci1,(i2,...,iN ) =
∑
j1

Ui1,j1Sj1V
†
j1,(i2,...,iN ) , (1.62)

where U has dimension d × d. We repeat the same procedure by first multiplying

and reshaping Sj1V
†
j1,(i2,...,iN ) as C(j1,i2),(i3,...,iN ) with dimension d2×dN−2 and applying

another SVD to obtain

C(j1,i2),(i3,...,iN ) =
∑
j2

U(j1,i2),j2Sj2V
†
j2,(i3,...,iN ) , (1.63)

where U has dimension d2 × d2. This procedure is repeated until all of the lattice

indices are used to write the state as

|ψ〉 =
∑

i1,...,iN

∑
j1,...,jN−1

Ci1,j1C(j1,i2),j2 . . . C(jN−2,iN−1),(jN−1)C(jN−1,iN ),1 |i1, . . . , iN〉 .

(1.64)

It is convenient to rewrite this expression in a more manageable form by introducing

a set of d matrices A[n]in for each site n, such that A[n]in
jn−1,jn

= C(jn−1,in),jn . By rep-

resenting the sum over the indices jn through matrix multiplication, we obtain the

MPS form of the state as in Eq. (1.59).

The MPS representation of the wavefunction is not unique. Inserting the identity

I = TT−1 between any two A[n]in , we obtain a new set of matrices A′[n]in = A[n]inT
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and A′[n+1]in+1 = T−1A[n+1]in+1 , for some invertible matrix T . The freedom in repre-

senting the MPS state is used to obtain the canonical form of the MPS [141, 142].

The left-canonical form of the MPS reads

|ψ〉 =
∑

i1,...,iN

L[1]i1L[2]i2 . . . L[N ]iN |i1, . . . , iN〉 , (1.65)

where the matrices L[n]in are left-normalised, meaning that
∑

in
L[n]in†L[n]in = I. The

right-canonical version reads

|ψ〉 =
∑

i1,...,iN

R[1]i1R[2]i2 . . . R[N ]iN |i1, . . . , iN〉 , (1.66)

where the matrices R[n]in are right-normalised:
∑

in
R[n]inR[n]in† = I. Lastly, the

mixed-canonical version of the MPS reads

|ψ〉 =
∑

i1,...,iN

L[1]i1L[2]i2 . . . L[n]inΛ[n]R[n+1]in+1 . . . R[N ]iN |i1, . . . , iN〉 , (1.67)

where Λ is a diagonal matrix with elements {s1, s2, . . .}, and the L and R matrices

are left and right-normalised respectively. The left and right-canonical versions of

the MPS are obtained by iteratively applying SVDs to the A matrices and using the

orthonormality properties of the U and V matrices at each step. The mixed-canonical

form of the MPS gives the Schmidt decomposition [143] of the state as

|ψ〉 =
∑
un

Λ[n]
un |un〉L |un〉R , (1.68)
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where

|un〉L =
∑
i1,...,in

L[1]i1 . . . L[n]in|i1, . . . , in〉 , (1.69)

|un〉R =
∑

in+1,...,iN

R[n+1]in+1 . . . R[N ]iN |in+1, . . . , iN〉 . (1.70)

Let us again consider the general MPS formulation of the state as in Eq. (1.59).

The set of N matrices A[n]in that we have obtained have dimensions 1 × d, d ×

d2, ..., dN/2−1 × dN/2, dN/2 × dN/2−1,...,d2 × d, d×1 respectively. The size of the

representation of the state still scales exponentially in the system size because the

bond dimension of the Amatrices grows up to dN/2−1×dN/2. This MPS representation,

although exact, does not bring any computational advantage compared to the exact

representation of Eq. (1.58). This problem is solved through the compression of the

MPS which is performed by limiting the bond dimension of the A matrices to a fixed

value χ. The compression of MPS is based on the properties of the SVD. The optimal

approximation of a matrix M of Schmidt rank k with a matrix M̃ of Schmidt rank

k̃, with respect to the Frobenius norm ||M ||2 =
∑

ij |Mij|2, is given by

M̃ = US̃V † with S̃ = diag(s1, s2, . . . , sk̃, 0, . . . , 0) . (1.71)

The optimal approximation is obtained by taking the k̃ largest singular values of

M and setting the other ones to zero [11]. We approximate a state |ψ〉 written as

MPS having bond dimension χ with a new state |ψ′〉 with maximal bond dimen-

sion χ′ through an iterative procedure. Let us consider a state |ψ〉 written in the

mixed-canonical form of Eq. (1.67), where Λ[n] is diagonal with χ elements and has

Schmidt decomposition as in Eq. (1.68). The best approximation of |ψ〉 is obtained

by keeping only the χ′ largest elements of Λ[n]. This step compresses the matrix size

at only one site. However, it can be iteratively performed at each site, starting from a
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completely left or right-normalised state by consecutively applying a set of SVDs and

appropriately truncating them. This procedure is not optimal because it depends on

the order in which the compression is performed, and on the fact that each step is

affected by the previous one. An optimal compression procedure exists, and consists

of variationally minimising the norm ||ψ〉 − |ψ′〉| with respect to the A matrices that

make up |ψ′〉. This is, however, a complex optimisation problem and computationally

expensive, so the iterative SVD application and truncation is usually preferred.

So far, we have described how to obtain the MPS form of a quantum state and how

to approximate it using MPS with a fixed bond dimension. In the next section, we

will explain why MPS are useful as a representation of ground-state wavefunctions.

1.3.3 MPS and entanglement

The concept of entanglement is closely related to the MPS formulation. MPS are

an appropriate ansatz for the variational algorithm DMRG because ground states

of 1D gapped local Hamiltonians are efficiently approximated with MPS. The bond

dimension needed to represent their ground state to an arbitrary precision is finite

even in the thermodynamic limit. This is a consequence of the area law [92, 139] in 1D,

which states that, for one-dimensional gapped local Hamiltonians, the entanglement

entropy of a bipartite system grows linearly with the size of the boundary between

the two subsystems. For a 1D system, the boundary size is fixed and does not grow

with the system size.

Knowing that a system obeys the area law significantly simplifies the problem of

finding its ground state. We do not need to search the whole Hilbert space of the

system, but only the subspace in which the entanglement entropy grows according to

the area law. This corner of the Hilbert space is parametrised efficiently by matrix

product states [11].

Let us describe the relation between the entanglement entropy of a bipartite sys-
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tem and the amount captured by MPS. A state |ψ〉 defined on a system composed of

two subsystems A and B is written as

|ψ〉 =
∑
ij

Ψij |i〉A |j〉B , (1.72)

where |i〉A and |j〉B are orthonormal bases on A and B respectively. The correspond-

ing density matrices for the two subsystems read

ρA = ΨΨ† and ρB = Ψ†Ψ . (1.73)

By performing an SVD on Ψ we write |ψ〉 as

|ψ〉 =
n∑
u=1

su |u〉A |u〉B , (1.74)

where |u〉A and |u〉B are orthonormal bases on A and B respectively and u runs over

the n non-zero singular values of Ψ. For n = 1 the state is a product state and for

n > 1 it is entangled. Using the results of the SVD, the reduced density matrices for

the two subsystems take on a convenient form

ρA =
n∑
u=1

s2
u |u〉A 〈u|A and ρB =

n∑
u=1

s2
u |u〉B 〈u|B . (1.75)

The reduced density matrices share the same eigenvalues, equal to the square of the

singular values. From this expression of the density matrices, the von Neumann

entanglement entropy reads

S(|ψ〉) = −Tr [ρA log ρA] = −
n∑
u=1

s2
u log s2

u . (1.76)

This expression shows that S(|ψ〉) is upper-bounded. It reaches its maximum value
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when all of the s2
u are equal and the entanglement entropy is bounded by

S(|ψ〉) ≤ −
n∑
u=1

1

n
log

1

n
= log n . (1.77)

The upper bound of the entanglement entropy grows logarithmically with the Schmidt

rank n of the density matrix. In a MPS with bond dimension χ, the maximum

number of non-zero singular values of the density matrix is χ. Therefore, such an

MPS captures, at most, an amount of entanglement entropy S = logχ. This could

appear as a limitation of MPS because they capture a finite amount of entanglement.

However, it was shown that MPS are the correct description for ground states of local

gapped Hamiltonians in 1D that obey the area law [139, 144].

1.3.4 Matrix product operators

Matrix product operators (MPO) are the extension of the MPS formulation of wave-

functions to operators. A general operator O that acts on a 1D lattice with N sites

is written as

Ô =
d∑

i1,...,iN=0
i′1,...,i

′
N=0

ci1,...,iN ,i′1,...,i′N |i1, . . . , iN〉 〈i
′
1, . . . , i

′
N | , (1.78)

where ci1,...,iN ,i′1,...,i′N is a set of d 2N coefficients and |in〉 are the local states at site

n. Analogously to the MPS procedure, the set of coefficients ci1,...,iN ,i′1,...,i′N can be

formally turned into a product of matrices by a set of consecutive SVDs to obtain

the operator in the MPO form as

Ô =
∑

i1,...,iN
i′1,...,i

′
N

vLM
[1]i1i′1M [2]i2i′2 . . .M [N ]iN i

′
NvR |i1, . . . , iN〉 〈i′1, . . . , i′N | , (1.79)

where M [n]ini′n is one of d2 matrices, labelled by ini′n, having dimensions D ×D and

vL and vR are 1×D and D×1 vectors respectively. We use D as the bond dimension

48



i1
<latexit sha1_base64="b7BubAM6qP1Knl+FWTT7to8Obdc=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpQfT9vlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AfTHjZE=</latexit><latexit sha1_base64="b7BubAM6qP1Knl+FWTT7to8Obdc=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpQfT9vlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AfTHjZE=</latexit><latexit sha1_base64="b7BubAM6qP1Knl+FWTT7to8Obdc=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpQfT9vlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AfTHjZE=</latexit><latexit sha1_base64="b7BubAM6qP1Knl+FWTT7to8Obdc=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpQfT9vlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AfTHjZE=</latexit><latexit sha1_base64="b7BubAM6qP1Knl+FWTT7to8Obdc=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpQfT9vlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AfTHjZE=</latexit>

i2
<latexit sha1_base64="5G41/ktPlmNFVbqyiT4lhU+U6ps=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpgQ9qg3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeO1nXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qudWvfurSuMmj6MIZ3AOl+BBHRpwB01oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPH/ZLjZI=</latexit><latexit sha1_base64="5G41/ktPlmNFVbqyiT4lhU+U6ps=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpgQ9qg3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeO1nXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qudWvfurSuMmj6MIZ3AOl+BBHRpwB01oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPH/ZLjZI=</latexit><latexit sha1_base64="5G41/ktPlmNFVbqyiT4lhU+U6ps=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpgQ9qg3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeO1nXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qudWvfurSuMmj6MIZ3AOl+BBHRpwB01oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPH/ZLjZI=</latexit><latexit sha1_base64="5G41/ktPlmNFVbqyiT4lhU+U6ps=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpgQ9qg3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeO1nXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qudWvfurSuMmj6MIZ3AOl+BBHRpwB01oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPH/ZLjZI=</latexit><latexit sha1_base64="5G41/ktPlmNFVbqyiT4lhU+U6ps=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpgQ9qg3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeO1nXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qudWvfurSuMmj6MIZ3AOl+BBHRpwB01oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPH/ZLjZI=</latexit>

in
<latexit sha1_base64="u2XQq6C3b5bzLEYYa+gO2/YpXHw=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis98L7su1Wv5s1BVolfkCoUaPTdr94gYVmM0jBBte76XmqCnCrDmcBppZdpTCkb0yF2LZU0Rh3k81On5MwqAxIlypY0ZK7+nshprPUkDm1nTM1IL3sz8T+vm5noOsi5TDODki0WRZkgJiGzv8mAK2RGTCyhTHF7K2EjqigzNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+AFFKjc4=</latexit><latexit sha1_base64="u2XQq6C3b5bzLEYYa+gO2/YpXHw=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis98L7su1Wv5s1BVolfkCoUaPTdr94gYVmM0jBBte76XmqCnCrDmcBppZdpTCkb0yF2LZU0Rh3k81On5MwqAxIlypY0ZK7+nshprPUkDm1nTM1IL3sz8T+vm5noOsi5TDODki0WRZkgJiGzv8mAK2RGTCyhTHF7K2EjqigzNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+AFFKjc4=</latexit><latexit sha1_base64="u2XQq6C3b5bzLEYYa+gO2/YpXHw=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis98L7su1Wv5s1BVolfkCoUaPTdr94gYVmM0jBBte76XmqCnCrDmcBppZdpTCkb0yF2LZU0Rh3k81On5MwqAxIlypY0ZK7+nshprPUkDm1nTM1IL3sz8T+vm5noOsi5TDODki0WRZkgJiGzv8mAK2RGTCyhTHF7K2EjqigzNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+AFFKjc4=</latexit><latexit sha1_base64="u2XQq6C3b5bzLEYYa+gO2/YpXHw=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis98L7su1Wv5s1BVolfkCoUaPTdr94gYVmM0jBBte76XmqCnCrDmcBppZdpTCkb0yF2LZU0Rh3k81On5MwqAxIlypY0ZK7+nshprPUkDm1nTM1IL3sz8T+vm5noOsi5TDODki0WRZkgJiGzv8mAK2RGTCyhTHF7K2EjqigzNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+AFFKjc4=</latexit><latexit sha1_base64="u2XQq6C3b5bzLEYYa+gO2/YpXHw=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis98L7su1Wv5s1BVolfkCoUaPTdr94gYVmM0jBBte76XmqCnCrDmcBppZdpTCkb0yF2LZU0Rh3k81On5MwqAxIlypY0ZK7+nshprPUkDm1nTM1IL3sz8T+vm5noOsi5TDODki0WRZkgJiGzv8mAK2RGTCyhTHF7K2EjqigzNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+AFFKjc4=</latexit>

iN�1
<latexit sha1_base64="qldCS3GY6zZxHL3LGBlKfvWjsis=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxJBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfy0UwS9CM6lDzkjBortXk/u7/wpv1yxa26c5BV4uWkAjka/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5uVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjtZ1wmqUHJFovCVBATk9nvZMAVMiMmllCmuL2VsBFVlBmbUMmG4C2/vEpal1XPrXoPtUr9Jo+jCCdwCufgwRXU4Q4a0AQGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8AwW2PLA==</latexit><latexit sha1_base64="qldCS3GY6zZxHL3LGBlKfvWjsis=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxJBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfy0UwS9CM6lDzkjBortXk/u7/wpv1yxa26c5BV4uWkAjka/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5uVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjtZ1wmqUHJFovCVBATk9nvZMAVMiMmllCmuL2VsBFVlBmbUMmG4C2/vEpal1XPrXoPtUr9Jo+jCCdwCufgwRXU4Q4a0AQGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8AwW2PLA==</latexit><latexit sha1_base64="qldCS3GY6zZxHL3LGBlKfvWjsis=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxJBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfy0UwS9CM6lDzkjBortXk/u7/wpv1yxa26c5BV4uWkAjka/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5uVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjtZ1wmqUHJFovCVBATk9nvZMAVMiMmllCmuL2VsBFVlBmbUMmG4C2/vEpal1XPrXoPtUr9Jo+jCCdwCufgwRXU4Q4a0AQGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8AwW2PLA==</latexit><latexit sha1_base64="qldCS3GY6zZxHL3LGBlKfvWjsis=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxJBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfy0UwS9CM6lDzkjBortXk/u7/wpv1yxa26c5BV4uWkAjka/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5uVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjtZ1wmqUHJFovCVBATk9nvZMAVMiMmllCmuL2VsBFVlBmbUMmG4C2/vEpal1XPrXoPtUr9Jo+jCCdwCufgwRXU4Q4a0AQGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8AwW2PLA==</latexit><latexit sha1_base64="qldCS3GY6zZxHL3LGBlKfvWjsis=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxJBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfy0UwS9CM6lDzkjBortXk/u7/wpv1yxa26c5BV4uWkAjka/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5uVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjtZ1wmqUHJFovCVBATk9nvZMAVMiMmllCmuL2VsBFVlBmbUMmG4C2/vEpal1XPrXoPtUr9Jo+jCCdwCufgwRXU4Q4a0AQGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8AwW2PLA==</latexit>

iN�1
<latexit sha1_base64="qldCS3GY6zZxHL3LGBlKfvWjsis=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxJBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfy0UwS9CM6lDzkjBortXk/u7/wpv1yxa26c5BV4uWkAjka/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5uVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjtZ1wmqUHJFovCVBATk9nvZMAVMiMmllCmuL2VsBFVlBmbUMmG4C2/vEpal1XPrXoPtUr9Jo+jCCdwCufgwRXU4Q4a0AQGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8AwW2PLA==</latexit><latexit sha1_base64="qldCS3GY6zZxHL3LGBlKfvWjsis=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxJBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfy0UwS9CM6lDzkjBortXk/u7/wpv1yxa26c5BV4uWkAjka/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5uVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjtZ1wmqUHJFovCVBATk9nvZMAVMiMmllCmuL2VsBFVlBmbUMmG4C2/vEpal1XPrXoPtUr9Jo+jCCdwCufgwRXU4Q4a0AQGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8AwW2PLA==</latexit><latexit sha1_base64="qldCS3GY6zZxHL3LGBlKfvWjsis=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxJBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfy0UwS9CM6lDzkjBortXk/u7/wpv1yxa26c5BV4uWkAjka/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5uVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjtZ1wmqUHJFovCVBATk9nvZMAVMiMmllCmuL2VsBFVlBmbUMmG4C2/vEpal1XPrXoPtUr9Jo+jCCdwCufgwRXU4Q4a0AQGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8AwW2PLA==</latexit><latexit sha1_base64="qldCS3GY6zZxHL3LGBlKfvWjsis=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxJBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfy0UwS9CM6lDzkjBortXk/u7/wpv1yxa26c5BV4uWkAjka/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5uVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjtZ1wmqUHJFovCVBATk9nvZMAVMiMmllCmuL2VsBFVlBmbUMmG4C2/vEpal1XPrXoPtUr9Jo+jCCdwCufgwRXU4Q4a0AQGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8AwW2PLA==</latexit><latexit sha1_base64="qldCS3GY6zZxHL3LGBlKfvWjsis=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxJBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfy0UwS9CM6lDzkjBortXk/u7/wpv1yxa26c5BV4uWkAjka/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5uVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjtZ1wmqUHJFovCVBATk9nvZMAVMiMmllCmuL2VsBFVlBmbUMmG4C2/vEpal1XPrXoPtUr9Jo+jCCdwCufgwRXU4Q4a0AQGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8AwW2PLA==</latexit>

i1
<latexit sha1_base64="b7BubAM6qP1Knl+FWTT7to8Obdc=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpQfT9vlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AfTHjZE=</latexit><latexit sha1_base64="b7BubAM6qP1Knl+FWTT7to8Obdc=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpQfT9vlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AfTHjZE=</latexit><latexit sha1_base64="b7BubAM6qP1Knl+FWTT7to8Obdc=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpQfT9vlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AfTHjZE=</latexit><latexit sha1_base64="b7BubAM6qP1Knl+FWTT7to8Obdc=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpQfT9vlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AfTHjZE=</latexit><latexit sha1_base64="b7BubAM6qP1Knl+FWTT7to8Obdc=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpQfT9vlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AfTHjZE=</latexit>

i2
<latexit sha1_base64="5G41/ktPlmNFVbqyiT4lhU+U6ps=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpgQ9qg3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeO1nXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qudWvfurSuMmj6MIZ3AOl+BBHRpwB01oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPH/ZLjZI=</latexit><latexit sha1_base64="5G41/ktPlmNFVbqyiT4lhU+U6ps=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpgQ9qg3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeO1nXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qudWvfurSuMmj6MIZ3AOl+BBHRpwB01oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPH/ZLjZI=</latexit><latexit sha1_base64="5G41/ktPlmNFVbqyiT4lhU+U6ps=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpgQ9qg3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeO1nXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qudWvfurSuMmj6MIZ3AOl+BBHRpwB01oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPH/ZLjZI=</latexit><latexit sha1_base64="5G41/ktPlmNFVbqyiT4lhU+U6ps=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpgQ9qg3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeO1nXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qudWvfurSuMmj6MIZ3AOl+BBHRpwB01oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPH/ZLjZI=</latexit><latexit sha1_base64="5G41/ktPlmNFVbqyiT4lhU+U6ps=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpgQ9qg3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeO1nXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qudWvfurSuMmj6MIZ3AOl+BBHRpwB01oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPH/ZLjZI=</latexit>

in
<latexit sha1_base64="u2XQq6C3b5bzLEYYa+gO2/YpXHw=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis98L7su1Wv5s1BVolfkCoUaPTdr94gYVmM0jBBte76XmqCnCrDmcBppZdpTCkb0yF2LZU0Rh3k81On5MwqAxIlypY0ZK7+nshprPUkDm1nTM1IL3sz8T+vm5noOsi5TDODki0WRZkgJiGzv8mAK2RGTCyhTHF7K2EjqigzNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+AFFKjc4=</latexit><latexit sha1_base64="u2XQq6C3b5bzLEYYa+gO2/YpXHw=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis98L7su1Wv5s1BVolfkCoUaPTdr94gYVmM0jBBte76XmqCnCrDmcBppZdpTCkb0yF2LZU0Rh3k81On5MwqAxIlypY0ZK7+nshprPUkDm1nTM1IL3sz8T+vm5noOsi5TDODki0WRZkgJiGzv8mAK2RGTCyhTHF7K2EjqigzNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+AFFKjc4=</latexit><latexit sha1_base64="u2XQq6C3b5bzLEYYa+gO2/YpXHw=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis98L7su1Wv5s1BVolfkCoUaPTdr94gYVmM0jBBte76XmqCnCrDmcBppZdpTCkb0yF2LZU0Rh3k81On5MwqAxIlypY0ZK7+nshprPUkDm1nTM1IL3sz8T+vm5noOsi5TDODki0WRZkgJiGzv8mAK2RGTCyhTHF7K2EjqigzNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+AFFKjc4=</latexit><latexit sha1_base64="u2XQq6C3b5bzLEYYa+gO2/YpXHw=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis98L7su1Wv5s1BVolfkCoUaPTdr94gYVmM0jBBte76XmqCnCrDmcBppZdpTCkb0yF2LZU0Rh3k81On5MwqAxIlypY0ZK7+nshprPUkDm1nTM1IL3sz8T+vm5noOsi5TDODki0WRZkgJiGzv8mAK2RGTCyhTHF7K2EjqigzNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+AFFKjc4=</latexit><latexit sha1_base64="u2XQq6C3b5bzLEYYa+gO2/YpXHw=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis98L7su1Wv5s1BVolfkCoUaPTdr94gYVmM0jBBte76XmqCnCrDmcBppZdpTCkb0yF2LZU0Rh3k81On5MwqAxIlypY0ZK7+nshprPUkDm1nTM1IL3sz8T+vm5noOsi5TDODki0WRZkgJiGzv8mAK2RGTCyhTHF7K2EjqigzNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+AFFKjc4=</latexit>

iN�1
<latexit sha1_base64="qldCS3GY6zZxHL3LGBlKfvWjsis=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxJBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfy0UwS9CM6lDzkjBortXk/u7/wpv1yxa26c5BV4uWkAjka/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5uVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjtZ1wmqUHJFovCVBATk9nvZMAVMiMmllCmuL2VsBFVlBmbUMmG4C2/vEpal1XPrXoPtUr9Jo+jCCdwCufgwRXU4Q4a0AQGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8AwW2PLA==</latexit><latexit sha1_base64="qldCS3GY6zZxHL3LGBlKfvWjsis=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxJBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfy0UwS9CM6lDzkjBortXk/u7/wpv1yxa26c5BV4uWkAjka/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5uVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjtZ1wmqUHJFovCVBATk9nvZMAVMiMmllCmuL2VsBFVlBmbUMmG4C2/vEpal1XPrXoPtUr9Jo+jCCdwCufgwRXU4Q4a0AQGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8AwW2PLA==</latexit><latexit sha1_base64="qldCS3GY6zZxHL3LGBlKfvWjsis=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxJBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfy0UwS9CM6lDzkjBortXk/u7/wpv1yxa26c5BV4uWkAjka/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5uVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjtZ1wmqUHJFovCVBATk9nvZMAVMiMmllCmuL2VsBFVlBmbUMmG4C2/vEpal1XPrXoPtUr9Jo+jCCdwCufgwRXU4Q4a0AQGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8AwW2PLA==</latexit><latexit sha1_base64="qldCS3GY6zZxHL3LGBlKfvWjsis=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxJBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfy0UwS9CM6lDzkjBortXk/u7/wpv1yxa26c5BV4uWkAjka/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5uVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjtZ1wmqUHJFovCVBATk9nvZMAVMiMmllCmuL2VsBFVlBmbUMmG4C2/vEpal1XPrXoPtUr9Jo+jCCdwCufgwRXU4Q4a0AQGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8AwW2PLA==</latexit><latexit sha1_base64="qldCS3GY6zZxHL3LGBlKfvWjsis=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxJBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfy0UwS9CM6lDzkjBortXk/u7/wpv1yxa26c5BV4uWkAjka/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5uVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjtZ1wmqUHJFovCVBATk9nvZMAVMiMmllCmuL2VsBFVlBmbUMmG4C2/vEpal1XPrXoPtUr9Jo+jCCdwCufgwRXU4Q4a0AQGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8AwW2PLA==</latexit>

i0N�1
<latexit sha1_base64="1H+fQQo7lh8/B5LP9WgoYcN37K8=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ6sSQi6LHoxZNUsB/QhrLZbtqlm03cnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSKFQdf9dpaWV1bX1gsbxc2t7Z3d0t5+w8SpZrzOYhnrVkANl0LxOgqUvJVoTqNA8mYwvJn4zSeujYjVA44S7ke0r0QoGEUrtcRJN7s788bdUtmtuFOQReLlpAw5at3SV6cXszTiCpmkxrQ9N0E/oxoFk3xc7KSGJ5QNaZ+3LVU04sbPpveOybFVeiSMtS2FZKr+nshoZMwoCmxnRHFg5r2J+J/XTjG88jOhkhS5YrNFYSoJxmTyPOkJzRnKkSWUaWFvJWxANWVoIyraELz5lxdJ47ziuRXv/qJcvc7jKMAhHMEpeHAJVbiFGtSBgYRneIU359F5cd6dj1nrkpPPHMAfOJ8/ItuPXQ==</latexit><latexit sha1_base64="1H+fQQo7lh8/B5LP9WgoYcN37K8=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ6sSQi6LHoxZNUsB/QhrLZbtqlm03cnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSKFQdf9dpaWV1bX1gsbxc2t7Z3d0t5+w8SpZrzOYhnrVkANl0LxOgqUvJVoTqNA8mYwvJn4zSeujYjVA44S7ke0r0QoGEUrtcRJN7s788bdUtmtuFOQReLlpAw5at3SV6cXszTiCpmkxrQ9N0E/oxoFk3xc7KSGJ5QNaZ+3LVU04sbPpveOybFVeiSMtS2FZKr+nshoZMwoCmxnRHFg5r2J+J/XTjG88jOhkhS5YrNFYSoJxmTyPOkJzRnKkSWUaWFvJWxANWVoIyraELz5lxdJ47ziuRXv/qJcvc7jKMAhHMEpeHAJVbiFGtSBgYRneIU359F5cd6dj1nrkpPPHMAfOJ8/ItuPXQ==</latexit><latexit sha1_base64="1H+fQQo7lh8/B5LP9WgoYcN37K8=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ6sSQi6LHoxZNUsB/QhrLZbtqlm03cnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSKFQdf9dpaWV1bX1gsbxc2t7Z3d0t5+w8SpZrzOYhnrVkANl0LxOgqUvJVoTqNA8mYwvJn4zSeujYjVA44S7ke0r0QoGEUrtcRJN7s788bdUtmtuFOQReLlpAw5at3SV6cXszTiCpmkxrQ9N0E/oxoFk3xc7KSGJ5QNaZ+3LVU04sbPpveOybFVeiSMtS2FZKr+nshoZMwoCmxnRHFg5r2J+J/XTjG88jOhkhS5YrNFYSoJxmTyPOkJzRnKkSWUaWFvJWxANWVoIyraELz5lxdJ47ziuRXv/qJcvc7jKMAhHMEpeHAJVbiFGtSBgYRneIU359F5cd6dj1nrkpPPHMAfOJ8/ItuPXQ==</latexit><latexit sha1_base64="1H+fQQo7lh8/B5LP9WgoYcN37K8=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ6sSQi6LHoxZNUsB/QhrLZbtqlm03cnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSKFQdf9dpaWV1bX1gsbxc2t7Z3d0t5+w8SpZrzOYhnrVkANl0LxOgqUvJVoTqNA8mYwvJn4zSeujYjVA44S7ke0r0QoGEUrtcRJN7s788bdUtmtuFOQReLlpAw5at3SV6cXszTiCpmkxrQ9N0E/oxoFk3xc7KSGJ5QNaZ+3LVU04sbPpveOybFVeiSMtS2FZKr+nshoZMwoCmxnRHFg5r2J+J/XTjG88jOhkhS5YrNFYSoJxmTyPOkJzRnKkSWUaWFvJWxANWVoIyraELz5lxdJ47ziuRXv/qJcvc7jKMAhHMEpeHAJVbiFGtSBgYRneIU359F5cd6dj1nrkpPPHMAfOJ8/ItuPXQ==</latexit><latexit sha1_base64="1H+fQQo7lh8/B5LP9WgoYcN37K8=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ6sSQi6LHoxZNUsB/QhrLZbtqlm03cnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSKFQdf9dpaWV1bX1gsbxc2t7Z3d0t5+w8SpZrzOYhnrVkANl0LxOgqUvJVoTqNA8mYwvJn4zSeujYjVA44S7ke0r0QoGEUrtcRJN7s788bdUtmtuFOQReLlpAw5at3SV6cXszTiCpmkxrQ9N0E/oxoFk3xc7KSGJ5QNaZ+3LVU04sbPpveOybFVeiSMtS2FZKr+nshoZMwoCmxnRHFg5r2J+J/XTjG88jOhkhS5YrNFYSoJxmTyPOkJzRnKkSWUaWFvJWxANWVoIyraELz5lxdJ47ziuRXv/qJcvc7jKMAhHMEpeHAJVbiFGtSBgYRneIU359F5cd6dj1nrkpPPHMAfOJ8/ItuPXQ==</latexit>

i0N
<latexit sha1_base64="7gfiNRnIIAJiHVh5QS2rS593Z/c=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvoqeyKoMeiF09SwX5Au5Rsmm1js8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YSK4sZ73jQorq2vrG8XN0tb2zu5eef+gaVSqKWtQJZRuh8QwwSVrWG4FayeakTgUrBWObqZ+64lpw5V8sOOEBTEZSB5xSqyTmvy0l91NeuWKV/VmwMvEz0kFctR75a9uX9E0ZtJSQYzp+F5ig4xoy6lgk1I3NSwhdEQGrOOoJDEzQTa7doJPnNLHkdKupMUz9fdERmJjxnHoOmNih2bRm4r/eZ3URldBxmWSWibpfFGUCmwVnr6O+1wzasXYEUI1d7diOiSaUOsCKrkQ/MWXl0nzvOp7Vf/+olK7zuMowhEcwxn4cAk1uIU6NIDCIzzDK7whhV7QO/qYtxZQPnMIf4A+fwBGe47r</latexit><latexit sha1_base64="7gfiNRnIIAJiHVh5QS2rS593Z/c=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvoqeyKoMeiF09SwX5Au5Rsmm1js8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YSK4sZ73jQorq2vrG8XN0tb2zu5eef+gaVSqKWtQJZRuh8QwwSVrWG4FayeakTgUrBWObqZ+64lpw5V8sOOEBTEZSB5xSqyTmvy0l91NeuWKV/VmwMvEz0kFctR75a9uX9E0ZtJSQYzp+F5ig4xoy6lgk1I3NSwhdEQGrOOoJDEzQTa7doJPnNLHkdKupMUz9fdERmJjxnHoOmNih2bRm4r/eZ3URldBxmWSWibpfFGUCmwVnr6O+1wzasXYEUI1d7diOiSaUOsCKrkQ/MWXl0nzvOp7Vf/+olK7zuMowhEcwxn4cAk1uIU6NIDCIzzDK7whhV7QO/qYtxZQPnMIf4A+fwBGe47r</latexit><latexit sha1_base64="7gfiNRnIIAJiHVh5QS2rS593Z/c=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvoqeyKoMeiF09SwX5Au5Rsmm1js8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YSK4sZ73jQorq2vrG8XN0tb2zu5eef+gaVSqKWtQJZRuh8QwwSVrWG4FayeakTgUrBWObqZ+64lpw5V8sOOEBTEZSB5xSqyTmvy0l91NeuWKV/VmwMvEz0kFctR75a9uX9E0ZtJSQYzp+F5ig4xoy6lgk1I3NSwhdEQGrOOoJDEzQTa7doJPnNLHkdKupMUz9fdERmJjxnHoOmNih2bRm4r/eZ3URldBxmWSWibpfFGUCmwVnr6O+1wzasXYEUI1d7diOiSaUOsCKrkQ/MWXl0nzvOp7Vf/+olK7zuMowhEcwxn4cAk1uIU6NIDCIzzDK7whhV7QO/qYtxZQPnMIf4A+fwBGe47r</latexit><latexit sha1_base64="7gfiNRnIIAJiHVh5QS2rS593Z/c=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvoqeyKoMeiF09SwX5Au5Rsmm1js8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YSK4sZ73jQorq2vrG8XN0tb2zu5eef+gaVSqKWtQJZRuh8QwwSVrWG4FayeakTgUrBWObqZ+64lpw5V8sOOEBTEZSB5xSqyTmvy0l91NeuWKV/VmwMvEz0kFctR75a9uX9E0ZtJSQYzp+F5ig4xoy6lgk1I3NSwhdEQGrOOoJDEzQTa7doJPnNLHkdKupMUz9fdERmJjxnHoOmNih2bRm4r/eZ3URldBxmWSWibpfFGUCmwVnr6O+1wzasXYEUI1d7diOiSaUOsCKrkQ/MWXl0nzvOp7Vf/+olK7zuMowhEcwxn4cAk1uIU6NIDCIzzDK7whhV7QO/qYtxZQPnMIf4A+fwBGe47r</latexit><latexit sha1_base64="7gfiNRnIIAJiHVh5QS2rS593Z/c=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvoqeyKoMeiF09SwX5Au5Rsmm1js8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YSK4sZ73jQorq2vrG8XN0tb2zu5eef+gaVSqKWtQJZRuh8QwwSVrWG4FayeakTgUrBWObqZ+64lpw5V8sOOEBTEZSB5xSqyTmvy0l91NeuWKV/VmwMvEz0kFctR75a9uX9E0ZtJSQYzp+F5ig4xoy6lgk1I3NSwhdEQGrOOoJDEzQTa7doJPnNLHkdKupMUz9fdERmJjxnHoOmNih2bRm4r/eZ3URldBxmWSWibpfFGUCmwVnr6O+1wzasXYEUI1d7diOiSaUOsCKrkQ/MWXl0nzvOp7Vf/+olK7zuMowhEcwxn4cAk1uIU6NIDCIzzDK7whhV7QO/qYtxZQPnMIf4A+fwBGe47r</latexit>

iN
<latexit sha1_base64="fcMQKFgvoSxXja87cjXW4ERoiiA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiyepYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl332ymtrW9sbpW3Kzu7e/sH1cOjlkkyzbjPEpnoTkgNl0JxHwVK3kk1p3EoeTsc38789hPXRiTqEScpD2I6VCISjKKVfNHP76f9as2tu3OQVeIVpAYFmv3qV2+QsCzmCpmkxnQ9N8UgpxoFk3xa6WWGp5SN6ZB3LVU05ibI58dOyZlVBiRKtC2FZK7+nshpbMwkDm1nTHFklr2Z+J/XzTC6DnKh0gy5YotFUSYJJmT2ORkIzRnKiSWUaWFvJWxENWVo86nYELzll1dJ66LuuXXv4bLWuCniKMMJnMI5eHAFDbiDJvjAQMAzvMKbo5wX5935WLSWnGLmGP7A+fwB5V+Oug==</latexit><latexit sha1_base64="fcMQKFgvoSxXja87cjXW4ERoiiA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiyepYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl332ymtrW9sbpW3Kzu7e/sH1cOjlkkyzbjPEpnoTkgNl0JxHwVK3kk1p3EoeTsc38789hPXRiTqEScpD2I6VCISjKKVfNHP76f9as2tu3OQVeIVpAYFmv3qV2+QsCzmCpmkxnQ9N8UgpxoFk3xa6WWGp5SN6ZB3LVU05ibI58dOyZlVBiRKtC2FZK7+nshpbMwkDm1nTHFklr2Z+J/XzTC6DnKh0gy5YotFUSYJJmT2ORkIzRnKiSWUaWFvJWxENWVo86nYELzll1dJ66LuuXXv4bLWuCniKMMJnMI5eHAFDbiDJvjAQMAzvMKbo5wX5935WLSWnGLmGP7A+fwB5V+Oug==</latexit><latexit sha1_base64="fcMQKFgvoSxXja87cjXW4ERoiiA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiyepYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl332ymtrW9sbpW3Kzu7e/sH1cOjlkkyzbjPEpnoTkgNl0JxHwVK3kk1p3EoeTsc38789hPXRiTqEScpD2I6VCISjKKVfNHP76f9as2tu3OQVeIVpAYFmv3qV2+QsCzmCpmkxnQ9N8UgpxoFk3xa6WWGp5SN6ZB3LVU05ibI58dOyZlVBiRKtC2FZK7+nshpbMwkDm1nTHFklr2Z+J/XzTC6DnKh0gy5YotFUSYJJmT2ORkIzRnKiSWUaWFvJWxENWVo86nYELzll1dJ66LuuXXv4bLWuCniKMMJnMI5eHAFDbiDJvjAQMAzvMKbo5wX5935WLSWnGLmGP7A+fwB5V+Oug==</latexit><latexit sha1_base64="fcMQKFgvoSxXja87cjXW4ERoiiA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiyepYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl332ymtrW9sbpW3Kzu7e/sH1cOjlkkyzbjPEpnoTkgNl0JxHwVK3kk1p3EoeTsc38789hPXRiTqEScpD2I6VCISjKKVfNHP76f9as2tu3OQVeIVpAYFmv3qV2+QsCzmCpmkxnQ9N8UgpxoFk3xa6WWGp5SN6ZB3LVU05ibI58dOyZlVBiRKtC2FZK7+nshpbMwkDm1nTHFklr2Z+J/XzTC6DnKh0gy5YotFUSYJJmT2ORkIzRnKiSWUaWFvJWxENWVo86nYELzll1dJ66LuuXXv4bLWuCniKMMJnMI5eHAFDbiDJvjAQMAzvMKbo5wX5935WLSWnGLmGP7A+fwB5V+Oug==</latexit><latexit sha1_base64="fcMQKFgvoSxXja87cjXW4ERoiiA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiyepYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl332ymtrW9sbpW3Kzu7e/sH1cOjlkkyzbjPEpnoTkgNl0JxHwVK3kk1p3EoeTsc38789hPXRiTqEScpD2I6VCISjKKVfNHP76f9as2tu3OQVeIVpAYFmv3qV2+QsCzmCpmkxnQ9N8UgpxoFk3xa6WWGp5SN6ZB3LVU05ibI58dOyZlVBiRKtC2FZK7+nshpbMwkDm1nTHFklr2Z+J/XzTC6DnKh0gy5YotFUSYJJmT2ORkIzRnKiSWUaWFvJWxENWVo86nYELzll1dJ66LuuXXv4bLWuCniKMMJnMI5eHAFDbiDJvjAQMAzvMKbo5wX5935WLSWnGLmGP7A+fwB5V+Oug==</latexit>

i0n
<latexit sha1_base64="K0Y1fQozU4o7t1FO8kC1zT7uO+s=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA9hV0R9Bj04jGCeUCyhNnJJBkzO7PM9AphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFiRQWff/bW1ldW9/YLGwVt3d29/ZLB4cNq1PDeJ1pqU0ropZLoXgdBUreSgyncSR5MxrdTv3mEzdWaPWA44SHMR0o0ReMopMa4qybqUm3VPYr/gxkmQQ5KUOOWrf01elplsZcIZPU2nbgJxhm1KBgkk+KndTyhLIRHfC2o4rG3IbZ7NoJOXVKj/S1caWQzNTfExmNrR3HkeuMKQ7tojcV//PaKfavw0yoJEWu2HxRP5UENZm+TnrCcIZy7AhlRrhbCRtSQxm6gIouhGDx5WXSuKgEfiW4vyxXb/I4CnAMJ3AOAVxBFe6gBnVg8AjP8ApvnvZevHfvY9664uUzR/AH3ucPdxuPCw==</latexit><latexit sha1_base64="K0Y1fQozU4o7t1FO8kC1zT7uO+s=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA9hV0R9Bj04jGCeUCyhNnJJBkzO7PM9AphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFiRQWff/bW1ldW9/YLGwVt3d29/ZLB4cNq1PDeJ1pqU0ropZLoXgdBUreSgyncSR5MxrdTv3mEzdWaPWA44SHMR0o0ReMopMa4qybqUm3VPYr/gxkmQQ5KUOOWrf01elplsZcIZPU2nbgJxhm1KBgkk+KndTyhLIRHfC2o4rG3IbZ7NoJOXVKj/S1caWQzNTfExmNrR3HkeuMKQ7tojcV//PaKfavw0yoJEWu2HxRP5UENZm+TnrCcIZy7AhlRrhbCRtSQxm6gIouhGDx5WXSuKgEfiW4vyxXb/I4CnAMJ3AOAVxBFe6gBnVg8AjP8ApvnvZevHfvY9664uUzR/AH3ucPdxuPCw==</latexit><latexit sha1_base64="K0Y1fQozU4o7t1FO8kC1zT7uO+s=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA9hV0R9Bj04jGCeUCyhNnJJBkzO7PM9AphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFiRQWff/bW1ldW9/YLGwVt3d29/ZLB4cNq1PDeJ1pqU0ropZLoXgdBUreSgyncSR5MxrdTv3mEzdWaPWA44SHMR0o0ReMopMa4qybqUm3VPYr/gxkmQQ5KUOOWrf01elplsZcIZPU2nbgJxhm1KBgkk+KndTyhLIRHfC2o4rG3IbZ7NoJOXVKj/S1caWQzNTfExmNrR3HkeuMKQ7tojcV//PaKfavw0yoJEWu2HxRP5UENZm+TnrCcIZy7AhlRrhbCRtSQxm6gIouhGDx5WXSuKgEfiW4vyxXb/I4CnAMJ3AOAVxBFe6gBnVg8AjP8ApvnvZevHfvY9664uUzR/AH3ucPdxuPCw==</latexit><latexit sha1_base64="K0Y1fQozU4o7t1FO8kC1zT7uO+s=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA9hV0R9Bj04jGCeUCyhNnJJBkzO7PM9AphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFiRQWff/bW1ldW9/YLGwVt3d29/ZLB4cNq1PDeJ1pqU0ropZLoXgdBUreSgyncSR5MxrdTv3mEzdWaPWA44SHMR0o0ReMopMa4qybqUm3VPYr/gxkmQQ5KUOOWrf01elplsZcIZPU2nbgJxhm1KBgkk+KndTyhLIRHfC2o4rG3IbZ7NoJOXVKj/S1caWQzNTfExmNrR3HkeuMKQ7tojcV//PaKfavw0yoJEWu2HxRP5UENZm+TnrCcIZy7AhlRrhbCRtSQxm6gIouhGDx5WXSuKgEfiW4vyxXb/I4CnAMJ3AOAVxBFe6gBnVg8AjP8ApvnvZevHfvY9664uUzR/AH3ucPdxuPCw==</latexit><latexit sha1_base64="K0Y1fQozU4o7t1FO8kC1zT7uO+s=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA9hV0R9Bj04jGCeUCyhNnJJBkzO7PM9AphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFiRQWff/bW1ldW9/YLGwVt3d29/ZLB4cNq1PDeJ1pqU0ropZLoXgdBUreSgyncSR5MxrdTv3mEzdWaPWA44SHMR0o0ReMopMa4qybqUm3VPYr/gxkmQQ5KUOOWrf01elplsZcIZPU2nbgJxhm1KBgkk+KndTyhLIRHfC2o4rG3IbZ7NoJOXVKj/S1caWQzNTfExmNrR3HkeuMKQ7tojcV//PaKfavw0yoJEWu2HxRP5UENZm+TnrCcIZy7AhlRrhbCRtSQxm6gIouhGDx5WXSuKgEfiW4vyxXb/I4CnAMJ3AOAVxBFe6gBnVg8AjP8ApvnvZevHfvY9664uUzR/AH3ucPdxuPCw==</latexit>

i01
<latexit sha1_base64="qD14ycGrcIkqYybMCVdS91ceElI=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvoqeyKoMeiF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+UWltfWNzq7xd2dnd2z+oHh61TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptL/HzgD6o1r+7NgVeJX5AaFGgOql/9YUxTyZSlghjT873EBhnRllPBZpV+alhC6ISMWM9RRSQzQTa/dYbPnDLEUaxdKYvn6u+JjEhjpjJ0nZLYsVn2cvE/r5fa6CbIuEpSyxRdLIpSgW2M88fxkGtGrZg6Qqjm7lZMx0QTal08FReCv/zyKmlf1n2v7j9c1Rq3RRxlOIFTuAAfrqEB99CEFlAYwzO8whuS6AW9o49FawkVM8fwB+jzB1WRjcI=</latexit><latexit sha1_base64="qD14ycGrcIkqYybMCVdS91ceElI=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvoqeyKoMeiF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+UWltfWNzq7xd2dnd2z+oHh61TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptL/HzgD6o1r+7NgVeJX5AaFGgOql/9YUxTyZSlghjT873EBhnRllPBZpV+alhC6ISMWM9RRSQzQTa/dYbPnDLEUaxdKYvn6u+JjEhjpjJ0nZLYsVn2cvE/r5fa6CbIuEpSyxRdLIpSgW2M88fxkGtGrZg6Qqjm7lZMx0QTal08FReCv/zyKmlf1n2v7j9c1Rq3RRxlOIFTuAAfrqEB99CEFlAYwzO8whuS6AW9o49FawkVM8fwB+jzB1WRjcI=</latexit><latexit sha1_base64="qD14ycGrcIkqYybMCVdS91ceElI=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvoqeyKoMeiF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+UWltfWNzq7xd2dnd2z+oHh61TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptL/HzgD6o1r+7NgVeJX5AaFGgOql/9YUxTyZSlghjT873EBhnRllPBZpV+alhC6ISMWM9RRSQzQTa/dYbPnDLEUaxdKYvn6u+JjEhjpjJ0nZLYsVn2cvE/r5fa6CbIuEpSyxRdLIpSgW2M88fxkGtGrZg6Qqjm7lZMx0QTal08FReCv/zyKmlf1n2v7j9c1Rq3RRxlOIFTuAAfrqEB99CEFlAYwzO8whuS6AW9o49FawkVM8fwB+jzB1WRjcI=</latexit><latexit sha1_base64="qD14ycGrcIkqYybMCVdS91ceElI=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvoqeyKoMeiF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+UWltfWNzq7xd2dnd2z+oHh61TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptL/HzgD6o1r+7NgVeJX5AaFGgOql/9YUxTyZSlghjT873EBhnRllPBZpV+alhC6ISMWM9RRSQzQTa/dYbPnDLEUaxdKYvn6u+JjEhjpjJ0nZLYsVn2cvE/r5fa6CbIuEpSyxRdLIpSgW2M88fxkGtGrZg6Qqjm7lZMx0QTal08FReCv/zyKmlf1n2v7j9c1Rq3RRxlOIFTuAAfrqEB99CEFlAYwzO8whuS6AW9o49FawkVM8fwB+jzB1WRjcI=</latexit><latexit sha1_base64="qD14ycGrcIkqYybMCVdS91ceElI=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvoqeyKoMeiF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+UWltfWNzq7xd2dnd2z+oHh61TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptL/HzgD6o1r+7NgVeJX5AaFGgOql/9YUxTyZSlghjT873EBhnRllPBZpV+alhC6ISMWM9RRSQzQTa/dYbPnDLEUaxdKYvn6u+JjEhjpjJ0nZLYsVn2cvE/r5fa6CbIuEpSyxRdLIpSgW2M88fxkGtGrZg6Qqjm7lZMx0QTal08FReCv/zyKmlf1n2v7j9c1Rq3RRxlOIFTuAAfrqEB99CEFlAYwzO8whuS6AW9o49FawkVM8fwB+jzB1WRjcI=</latexit>

i02
<latexit sha1_base64="WJlOA0nd9MMlIVRHfMHgS6s8E7w=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA9hd0g6DHoxWME84BkCbOT2WTIPJaZWSEs+QUvHhTx6g9582+cTfagiQUNRVU33V1Rwpmxvv/tra1vbG5tl3bKu3v7B4eVo+O2UakmtEUUV7obYUM5k7RlmeW0m2iKRcRpJ5rc5X7niWrDlHy004SGAo8kixnBNpfYxaA+qFT9mj8HWiVBQapQoDmofPWHiqSCSks4NqYX+IkNM6wtI5zOyv3U0ASTCR7RnqMSC2rCbH7rDJ07ZYhipV1Ji+bq74kMC2OmInKdAtuxWfZy8T+vl9r4JsyYTFJLJVksilOOrEL542jINCWWTx3BRDN3KyJjrDGxLp6yCyFYfnmVtOu1wK8FD1fVxm0RRwlO4QwuIYBraMA9NKEFBMbwDK/w5gnvxXv3Phata14xcwJ/4H3+AFcVjcM=</latexit><latexit sha1_base64="WJlOA0nd9MMlIVRHfMHgS6s8E7w=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA9hd0g6DHoxWME84BkCbOT2WTIPJaZWSEs+QUvHhTx6g9582+cTfagiQUNRVU33V1Rwpmxvv/tra1vbG5tl3bKu3v7B4eVo+O2UakmtEUUV7obYUM5k7RlmeW0m2iKRcRpJ5rc5X7niWrDlHy004SGAo8kixnBNpfYxaA+qFT9mj8HWiVBQapQoDmofPWHiqSCSks4NqYX+IkNM6wtI5zOyv3U0ASTCR7RnqMSC2rCbH7rDJ07ZYhipV1Ji+bq74kMC2OmInKdAtuxWfZy8T+vl9r4JsyYTFJLJVksilOOrEL542jINCWWTx3BRDN3KyJjrDGxLp6yCyFYfnmVtOu1wK8FD1fVxm0RRwlO4QwuIYBraMA9NKEFBMbwDK/w5gnvxXv3Phata14xcwJ/4H3+AFcVjcM=</latexit><latexit sha1_base64="WJlOA0nd9MMlIVRHfMHgS6s8E7w=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA9hd0g6DHoxWME84BkCbOT2WTIPJaZWSEs+QUvHhTx6g9582+cTfagiQUNRVU33V1Rwpmxvv/tra1vbG5tl3bKu3v7B4eVo+O2UakmtEUUV7obYUM5k7RlmeW0m2iKRcRpJ5rc5X7niWrDlHy004SGAo8kixnBNpfYxaA+qFT9mj8HWiVBQapQoDmofPWHiqSCSks4NqYX+IkNM6wtI5zOyv3U0ASTCR7RnqMSC2rCbH7rDJ07ZYhipV1Ji+bq74kMC2OmInKdAtuxWfZy8T+vl9r4JsyYTFJLJVksilOOrEL542jINCWWTx3BRDN3KyJjrDGxLp6yCyFYfnmVtOu1wK8FD1fVxm0RRwlO4QwuIYBraMA9NKEFBMbwDK/w5gnvxXv3Phata14xcwJ/4H3+AFcVjcM=</latexit><latexit sha1_base64="WJlOA0nd9MMlIVRHfMHgS6s8E7w=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA9hd0g6DHoxWME84BkCbOT2WTIPJaZWSEs+QUvHhTx6g9582+cTfagiQUNRVU33V1Rwpmxvv/tra1vbG5tl3bKu3v7B4eVo+O2UakmtEUUV7obYUM5k7RlmeW0m2iKRcRpJ5rc5X7niWrDlHy004SGAo8kixnBNpfYxaA+qFT9mj8HWiVBQapQoDmofPWHiqSCSks4NqYX+IkNM6wtI5zOyv3U0ASTCR7RnqMSC2rCbH7rDJ07ZYhipV1Ji+bq74kMC2OmInKdAtuxWfZy8T+vl9r4JsyYTFJLJVksilOOrEL542jINCWWTx3BRDN3KyJjrDGxLp6yCyFYfnmVtOu1wK8FD1fVxm0RRwlO4QwuIYBraMA9NKEFBMbwDK/w5gnvxXv3Phata14xcwJ/4H3+AFcVjcM=</latexit><latexit sha1_base64="WJlOA0nd9MMlIVRHfMHgS6s8E7w=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA9hd0g6DHoxWME84BkCbOT2WTIPJaZWSEs+QUvHhTx6g9582+cTfagiQUNRVU33V1Rwpmxvv/tra1vbG5tl3bKu3v7B4eVo+O2UakmtEUUV7obYUM5k7RlmeW0m2iKRcRpJ5rc5X7niWrDlHy004SGAo8kixnBNpfYxaA+qFT9mj8HWiVBQapQoDmofPWHiqSCSks4NqYX+IkNM6wtI5zOyv3U0ASTCR7RnqMSC2rCbH7rDJ07ZYhipV1Ji+bq74kMC2OmInKdAtuxWfZy8T+vl9r4JsyYTFJLJVksilOOrEL542jINCWWTx3BRDN3KyJjrDGxLp6yCyFYfnmVtOu1wK8FD1fVxm0RRwlO4QwuIYBraMA9NKEFBMbwDK/w5gnvxXv3Phata14xcwJ/4H3+AFcVjcM=</latexit>

j1
<latexit sha1_base64="/MicZIExGn1qcuzIPEFAYLpaxnA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3btZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbF6wEnC/YgOlQgFo2il+8e+1y9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwD2TY2S</latexit><latexit sha1_base64="/MicZIExGn1qcuzIPEFAYLpaxnA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3btZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbF6wEnC/YgOlQgFo2il+8e+1y9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwD2TY2S</latexit><latexit sha1_base64="/MicZIExGn1qcuzIPEFAYLpaxnA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3btZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbF6wEnC/YgOlQgFo2il+8e+1y9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwD2TY2S</latexit><latexit sha1_base64="/MicZIExGn1qcuzIPEFAYLpaxnA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3btZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbF6wEnC/YgOlQgFo2il+8e+1y9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwD2TY2S</latexit><latexit sha1_base64="/MicZIExGn1qcuzIPEFAYLpaxnA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3btZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbF6wEnC/YgOlQgFo2il+8e+1y9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwD2TY2S</latexit>

j2
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<latexit sha1_base64="U0WD+jTMiV8ozlF4RlQLfbuBEpk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FL56kgv2ANpTNdtKu3WzC7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3Uz91hMqzWP5YMYJ+hEdSB5yRo2VWo+97O7sfNIrV9yqOwNZJl5OKpCj3it/dfsxSyOUhgmqdcdzE+NnVBnOBE5K3VRjQtmIDrBjqaQRaj+bnTshJ1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1IRXfsZlkhqUbL4oTAUxMZn+TvpcITNibAllittbCRtSRZmxCZVsCN7iy8ukeV713Kp3f1GpXedxFOEIjuEUPLiEGtxCHRrAYATP8ApvTuK8OO/Ox7y14OQzh/AHzucPxHyPLg==</latexit><latexit sha1_base64="U0WD+jTMiV8ozlF4RlQLfbuBEpk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FL56kgv2ANpTNdtKu3WzC7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3Uz91hMqzWP5YMYJ+hEdSB5yRo2VWo+97O7sfNIrV9yqOwNZJl5OKpCj3it/dfsxSyOUhgmqdcdzE+NnVBnOBE5K3VRjQtmIDrBjqaQRaj+bnTshJ1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1IRXfsZlkhqUbL4oTAUxMZn+TvpcITNibAllittbCRtSRZmxCZVsCN7iy8ukeV713Kp3f1GpXedxFOEIjuEUPLiEGtxCHRrAYATP8ApvTuK8OO/Ox7y14OQzh/AHzucPxHyPLg==</latexit><latexit sha1_base64="U0WD+jTMiV8ozlF4RlQLfbuBEpk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FL56kgv2ANpTNdtKu3WzC7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3Uz91hMqzWP5YMYJ+hEdSB5yRo2VWo+97O7sfNIrV9yqOwNZJl5OKpCj3it/dfsxSyOUhgmqdcdzE+NnVBnOBE5K3VRjQtmIDrBjqaQRaj+bnTshJ1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1IRXfsZlkhqUbL4oTAUxMZn+TvpcITNibAllittbCRtSRZmxCZVsCN7iy8ukeV713Kp3f1GpXedxFOEIjuEUPLiEGtxCHRrAYATP8ApvTuK8OO/Ox7y14OQzh/AHzucPxHyPLg==</latexit><latexit sha1_base64="U0WD+jTMiV8ozlF4RlQLfbuBEpk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FL56kgv2ANpTNdtKu3WzC7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3Uz91hMqzWP5YMYJ+hEdSB5yRo2VWo+97O7sfNIrV9yqOwNZJl5OKpCj3it/dfsxSyOUhgmqdcdzE+NnVBnOBE5K3VRjQtmIDrBjqaQRaj+bnTshJ1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1IRXfsZlkhqUbL4oTAUxMZn+TvpcITNibAllittbCRtSRZmxCZVsCN7iy8ukeV713Kp3f1GpXedxFOEIjuEUPLiEGtxCHRrAYATP8ApvTuK8OO/Ox7y14OQzh/AHzucPxHyPLg==</latexit><latexit sha1_base64="U0WD+jTMiV8ozlF4RlQLfbuBEpk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FL56kgv2ANpTNdtKu3WzC7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3Uz91hMqzWP5YMYJ+hEdSB5yRo2VWo+97O7sfNIrV9yqOwNZJl5OKpCj3it/dfsxSyOUhgmqdcdzE+NnVBnOBE5K3VRjQtmIDrBjqaQRaj+bnTshJ1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1IRXfsZlkhqUbL4oTAUxMZn+TvpcITNibAllittbCRtSRZmxCZVsCN7iy8ukeV713Kp3f1GpXedxFOEIjuEUPLiEGtxCHRrAYATP8ApvTuK8OO/Ox7y14OQzh/AHzucPxHyPLg==</latexit>

j1
<latexit sha1_base64="/MicZIExGn1qcuzIPEFAYLpaxnA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3btZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbF6wEnC/YgOlQgFo2il+8e+1y9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwD2TY2S</latexit><latexit sha1_base64="/MicZIExGn1qcuzIPEFAYLpaxnA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3btZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbF6wEnC/YgOlQgFo2il+8e+1y9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwD2TY2S</latexit><latexit sha1_base64="/MicZIExGn1qcuzIPEFAYLpaxnA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3btZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbF6wEnC/YgOlQgFo2il+8e+1y9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwD2TY2S</latexit><latexit sha1_base64="/MicZIExGn1qcuzIPEFAYLpaxnA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3btZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbF6wEnC/YgOlQgFo2il+8e+1y9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwD2TY2S</latexit><latexit sha1_base64="/MicZIExGn1qcuzIPEFAYLpaxnA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3btZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbF6wEnC/YgOlQgFo2il+8e+1y9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwD2TY2S</latexit>

j2
<latexit sha1_base64="lSOmnUmd28XeY4j/Lpi1JbJHbBc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe0oWy2k3btZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3n1BpHssHM0nQj+hQ8pAzaqx0/9iv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqp5b9e4uKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gD30Y2T</latexit><latexit sha1_base64="lSOmnUmd28XeY4j/Lpi1JbJHbBc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe0oWy2k3btZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3n1BpHssHM0nQj+hQ8pAzaqx0/9iv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqp5b9e4uKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gD30Y2T</latexit><latexit sha1_base64="lSOmnUmd28XeY4j/Lpi1JbJHbBc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe0oWy2k3btZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3n1BpHssHM0nQj+hQ8pAzaqx0/9iv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqp5b9e4uKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gD30Y2T</latexit><latexit sha1_base64="lSOmnUmd28XeY4j/Lpi1JbJHbBc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe0oWy2k3btZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3n1BpHssHM0nQj+hQ8pAzaqx0/9iv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqp5b9e4uKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gD30Y2T</latexit><latexit sha1_base64="lSOmnUmd28XeY4j/Lpi1JbJHbBc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe0oWy2k3btZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3n1BpHssHM0nQj+hQ8pAzaqx0/9iv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqp5b9e4uKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gD30Y2T</latexit>

jn�1
<latexit sha1_base64="2qyVduY3nxefyv0Z0MPSqf55/mY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsB/QhrLZTtq1m03Y3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFS+7GfyQtv2i9X3Ko7B1klXk4qkKPRL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5ufOyVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhNd+xmWSGpRssShMBTExmf1OBlwhM2JiCWWK21sJG1FFmbEJlWwI3vLLq6R1WfXcqndfq9Rv8jiKcAKncA4eXEEd7qABTWAwhmd4hTcncV6cd+dj0Vpw8plj+APn8wfz149N</latexit><latexit sha1_base64="2qyVduY3nxefyv0Z0MPSqf55/mY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsB/QhrLZTtq1m03Y3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFS+7GfyQtv2i9X3Ko7B1klXk4qkKPRL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5ufOyVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhNd+xmWSGpRssShMBTExmf1OBlwhM2JiCWWK21sJG1FFmbEJlWwI3vLLq6R1WfXcqndfq9Rv8jiKcAKncA4eXEEd7qABTWAwhmd4hTcncV6cd+dj0Vpw8plj+APn8wfz149N</latexit><latexit sha1_base64="2qyVduY3nxefyv0Z0MPSqf55/mY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsB/QhrLZTtq1m03Y3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFS+7GfyQtv2i9X3Ko7B1klXk4qkKPRL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5ufOyVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhNd+xmWSGpRssShMBTExmf1OBlwhM2JiCWWK21sJG1FFmbEJlWwI3vLLq6R1WfXcqndfq9Rv8jiKcAKncA4eXEEd7qABTWAwhmd4hTcncV6cd+dj0Vpw8plj+APn8wfz149N</latexit><latexit sha1_base64="2qyVduY3nxefyv0Z0MPSqf55/mY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsB/QhrLZTtq1m03Y3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFS+7GfyQtv2i9X3Ko7B1klXk4qkKPRL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5ufOyVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhNd+xmWSGpRssShMBTExmf1OBlwhM2JiCWWK21sJG1FFmbEJlWwI3vLLq6R1WfXcqndfq9Rv8jiKcAKncA4eXEEd7qABTWAwhmd4hTcncV6cd+dj0Vpw8plj+APn8wfz149N</latexit><latexit sha1_base64="2qyVduY3nxefyv0Z0MPSqf55/mY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsB/QhrLZTtq1m03Y3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFS+7GfyQtv2i9X3Ko7B1klXk4qkKPRL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5ufOyVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhNd+xmWSGpRssShMBTExmf1OBlwhM2JiCWWK21sJG1FFmbEJlWwI3vLLq6R1WfXcqndfq9Rv8jiKcAKncA4eXEEd7qABTWAwhmd4hTcncV6cd+dj0Vpw8plj+APn8wfz149N</latexit>

jn
<latexit sha1_base64="IM/6YOBSogUchHjsKMpduCNvYPg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKpi20oWy2k3btZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfntJ1SaJ/LBTFIMYjqUPOKMGiv5j/1cTvvVmlt35yCrxCtIDQo0+9Wv3iBhWYzSMEG17npuaoKcKsOZwGmll2lMKRvTIXYtlTRGHeTzY6fkzCoDEiXKljRkrv6eyGms9SQObWdMzUgvezPxP6+bmeg6yLlMM4OSLRZFmSAmIbPPyYArZEZMLKFMcXsrYSOqKDM2n4oNwVt+eZW0LuqeW/fuL2uNmyKOMpzAKZyDB1fQgDtogg8MODzDK7w50nlx3p2PRWvJKWaO4Q+czx8Xlo7b</latexit><latexit sha1_base64="IM/6YOBSogUchHjsKMpduCNvYPg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKpi20oWy2k3btZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfntJ1SaJ/LBTFIMYjqUPOKMGiv5j/1cTvvVmlt35yCrxCtIDQo0+9Wv3iBhWYzSMEG17npuaoKcKsOZwGmll2lMKRvTIXYtlTRGHeTzY6fkzCoDEiXKljRkrv6eyGms9SQObWdMzUgvezPxP6+bmeg6yLlMM4OSLRZFmSAmIbPPyYArZEZMLKFMcXsrYSOqKDM2n4oNwVt+eZW0LuqeW/fuL2uNmyKOMpzAKZyDB1fQgDtogg8MODzDK7w50nlx3p2PRWvJKWaO4Q+czx8Xlo7b</latexit><latexit sha1_base64="IM/6YOBSogUchHjsKMpduCNvYPg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKpi20oWy2k3btZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfntJ1SaJ/LBTFIMYjqUPOKMGiv5j/1cTvvVmlt35yCrxCtIDQo0+9Wv3iBhWYzSMEG17npuaoKcKsOZwGmll2lMKRvTIXYtlTRGHeTzY6fkzCoDEiXKljRkrv6eyGms9SQObWdMzUgvezPxP6+bmeg6yLlMM4OSLRZFmSAmIbPPyYArZEZMLKFMcXsrYSOqKDM2n4oNwVt+eZW0LuqeW/fuL2uNmyKOMpzAKZyDB1fQgDtogg8MODzDK7w50nlx3p2PRWvJKWaO4Q+czx8Xlo7b</latexit><latexit sha1_base64="IM/6YOBSogUchHjsKMpduCNvYPg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKpi20oWy2k3btZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfntJ1SaJ/LBTFIMYjqUPOKMGiv5j/1cTvvVmlt35yCrxCtIDQo0+9Wv3iBhWYzSMEG17npuaoKcKsOZwGmll2lMKRvTIXYtlTRGHeTzY6fkzCoDEiXKljRkrv6eyGms9SQObWdMzUgvezPxP6+bmeg6yLlMM4OSLRZFmSAmIbPPyYArZEZMLKFMcXsrYSOqKDM2n4oNwVt+eZW0LuqeW/fuL2uNmyKOMpzAKZyDB1fQgDtogg8MODzDK7w50nlx3p2PRWvJKWaO4Q+czx8Xlo7b</latexit><latexit sha1_base64="IM/6YOBSogUchHjsKMpduCNvYPg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKpi20oWy2k3btZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfntJ1SaJ/LBTFIMYjqUPOKMGiv5j/1cTvvVmlt35yCrxCtIDQo0+9Wv3iBhWYzSMEG17npuaoKcKsOZwGmll2lMKRvTIXYtlTRGHeTzY6fkzCoDEiXKljRkrv6eyGms9SQObWdMzUgvezPxP6+bmeg6yLlMM4OSLRZFmSAmIbPPyYArZEZMLKFMcXsrYSOqKDM2n4oNwVt+eZW0LuqeW/fuL2uNmyKOMpzAKZyDB1fQgDtogg8MODzDK7w50nlx3p2PRWvJKWaO4Q+czx8Xlo7b</latexit>

jN�1
<latexit sha1_base64="VQjnM7qsUNci/DNEoY9pTi/LIHk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FL56kgv2ANpTNdtOu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Gbqt564NiJWDzhOuB/RgRKhYBSt1HrsZXdn3qRXrrhVdwayTLycVCBHvVf+6vZjlkZcIZPUmI7nJuhnVKNgkk9K3dTwhLIRHfCOpYpG3PjZ7NwJObFKn4SxtqWQzNTfExmNjBlHge2MKA7NojcV//M6KYZXfiZUkiJXbL4oTCXBmEx/J32hOUM5toQyLeythA2ppgxtQiUbgrf48jJpnlc9t+rdX1Rq13kcRTiCYzgFDy6hBrdQhwYwGMEzvMKbkzgvzrvzMW8tOPnMIfyB8/kDwvePLQ==</latexit><latexit sha1_base64="VQjnM7qsUNci/DNEoY9pTi/LIHk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FL56kgv2ANpTNdtOu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Gbqt564NiJWDzhOuB/RgRKhYBSt1HrsZXdn3qRXrrhVdwayTLycVCBHvVf+6vZjlkZcIZPUmI7nJuhnVKNgkk9K3dTwhLIRHfCOpYpG3PjZ7NwJObFKn4SxtqWQzNTfExmNjBlHge2MKA7NojcV//M6KYZXfiZUkiJXbL4oTCXBmEx/J32hOUM5toQyLeythA2ppgxtQiUbgrf48jJpnlc9t+rdX1Rq13kcRTiCYzgFDy6hBrdQhwYwGMEzvMKbkzgvzrvzMW8tOPnMIfyB8/kDwvePLQ==</latexit><latexit sha1_base64="VQjnM7qsUNci/DNEoY9pTi/LIHk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FL56kgv2ANpTNdtOu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Gbqt564NiJWDzhOuB/RgRKhYBSt1HrsZXdn3qRXrrhVdwayTLycVCBHvVf+6vZjlkZcIZPUmI7nJuhnVKNgkk9K3dTwhLIRHfCOpYpG3PjZ7NwJObFKn4SxtqWQzNTfExmNjBlHge2MKA7NojcV//M6KYZXfiZUkiJXbL4oTCXBmEx/J32hOUM5toQyLeythA2ppgxtQiUbgrf48jJpnlc9t+rdX1Rq13kcRTiCYzgFDy6hBrdQhwYwGMEzvMKbkzgvzrvzMW8tOPnMIfyB8/kDwvePLQ==</latexit><latexit sha1_base64="VQjnM7qsUNci/DNEoY9pTi/LIHk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FL56kgv2ANpTNdtOu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Gbqt564NiJWDzhOuB/RgRKhYBSt1HrsZXdn3qRXrrhVdwayTLycVCBHvVf+6vZjlkZcIZPUmI7nJuhnVKNgkk9K3dTwhLIRHfCOpYpG3PjZ7NwJObFKn4SxtqWQzNTfExmNjBlHge2MKA7NojcV//M6KYZXfiZUkiJXbL4oTCXBmEx/J32hOUM5toQyLeythA2ppgxtQiUbgrf48jJpnlc9t+rdX1Rq13kcRTiCYzgFDy6hBrdQhwYwGMEzvMKbkzgvzrvzMW8tOPnMIfyB8/kDwvePLQ==</latexit><latexit sha1_base64="VQjnM7qsUNci/DNEoY9pTi/LIHk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FL56kgv2ANpTNdtOu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Gbqt564NiJWDzhOuB/RgRKhYBSt1HrsZXdn3qRXrrhVdwayTLycVCBHvVf+6vZjlkZcIZPUmI7nJuhnVKNgkk9K3dTwhLIRHfCOpYpG3PjZ7NwJObFKn4SxtqWQzNTfExmNjBlHge2MKA7NojcV//M6KYZXfiZUkiJXbL4oTCXBmEx/J32hOUM5toQyLeythA2ppgxtQiUbgrf48jJpnlc9t+rdX1Rq13kcRTiCYzgFDy6hBrdQhwYwGMEzvMKbkzgvzrvzMW8tOPnMIfyB8/kDwvePLQ==</latexit>

jN�2
<latexit sha1_base64="U0WD+jTMiV8ozlF4RlQLfbuBEpk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FL56kgv2ANpTNdtKu3WzC7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3Uz91hMqzWP5YMYJ+hEdSB5yRo2VWo+97O7sfNIrV9yqOwNZJl5OKpCj3it/dfsxSyOUhgmqdcdzE+NnVBnOBE5K3VRjQtmIDrBjqaQRaj+bnTshJ1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1IRXfsZlkhqUbL4oTAUxMZn+TvpcITNibAllittbCRtSRZmxCZVsCN7iy8ukeV713Kp3f1GpXedxFOEIjuEUPLiEGtxCHRrAYATP8ApvTuK8OO/Ox7y14OQzh/AHzucPxHyPLg==</latexit><latexit sha1_base64="U0WD+jTMiV8ozlF4RlQLfbuBEpk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FL56kgv2ANpTNdtKu3WzC7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3Uz91hMqzWP5YMYJ+hEdSB5yRo2VWo+97O7sfNIrV9yqOwNZJl5OKpCj3it/dfsxSyOUhgmqdcdzE+NnVBnOBE5K3VRjQtmIDrBjqaQRaj+bnTshJ1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1IRXfsZlkhqUbL4oTAUxMZn+TvpcITNibAllittbCRtSRZmxCZVsCN7iy8ukeV713Kp3f1GpXedxFOEIjuEUPLiEGtxCHRrAYATP8ApvTuK8OO/Ox7y14OQzh/AHzucPxHyPLg==</latexit><latexit sha1_base64="U0WD+jTMiV8ozlF4RlQLfbuBEpk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FL56kgv2ANpTNdtKu3WzC7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3Uz91hMqzWP5YMYJ+hEdSB5yRo2VWo+97O7sfNIrV9yqOwNZJl5OKpCj3it/dfsxSyOUhgmqdcdzE+NnVBnOBE5K3VRjQtmIDrBjqaQRaj+bnTshJ1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1IRXfsZlkhqUbL4oTAUxMZn+TvpcITNibAllittbCRtSRZmxCZVsCN7iy8ukeV713Kp3f1GpXedxFOEIjuEUPLiEGtxCHRrAYATP8ApvTuK8OO/Ox7y14OQzh/AHzucPxHyPLg==</latexit><latexit sha1_base64="U0WD+jTMiV8ozlF4RlQLfbuBEpk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FL56kgv2ANpTNdtKu3WzC7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3Uz91hMqzWP5YMYJ+hEdSB5yRo2VWo+97O7sfNIrV9yqOwNZJl5OKpCj3it/dfsxSyOUhgmqdcdzE+NnVBnOBE5K3VRjQtmIDrBjqaQRaj+bnTshJ1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1IRXfsZlkhqUbL4oTAUxMZn+TvpcITNibAllittbCRtSRZmxCZVsCN7iy8ukeV713Kp3f1GpXedxFOEIjuEUPLiEGtxCHRrAYATP8ApvTuK8OO/Ox7y14OQzh/AHzucPxHyPLg==</latexit><latexit sha1_base64="U0WD+jTMiV8ozlF4RlQLfbuBEpk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FL56kgv2ANpTNdtKu3WzC7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3Uz91hMqzWP5YMYJ+hEdSB5yRo2VWo+97O7sfNIrV9yqOwNZJl5OKpCj3it/dfsxSyOUhgmqdcdzE+NnVBnOBE5K3VRjQtmIDrBjqaQRaj+bnTshJ1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1IRXfsZlkhqUbL4oTAUxMZn+TvpcITNibAllittbCRtSRZmxCZVsCN7iy8ukeV713Kp3f1GpXedxFOEIjuEUPLiEGtxCHRrAYATP8ApvTuK8OO/Ox7y14OQzh/AHzucPxHyPLg==</latexit>

| i =
<latexit sha1_base64="Vvc5zWljU09JTDRf13bbdhiiwcc=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokIehGKXjxWsB/QhrLZTtqlm03c3RRK7O/w4kERr/4Yb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHDR2nimGdxSJWrYBqFFxi3XAjsJUopFEgsBkMb6d+c4RK81g+mHGCfkT7koecUWMl/6mTaN5RVPYFXndLZbfizkCWiZeTMuSodUtfnV7M0gilYYJq3fbcxPgZVYYzgZNiJ9WYUDakfWxbKmmE2s9mR0/IqVV6JIyVLWnITP09kdFI63EU2M6ImoFe9Kbif147NeGVn3GZpAYlmy8KU0FMTKYJkB5XyIwYW0KZ4vZWwgZUUWZsTkUbgrf48jJpnFc8t+LdX5SrN3kcBTiGEzgDDy6hCndQgzoweIRneIU3Z+S8OO/Ox7x1xclnjuAPnM8f8qKSMg==</latexit><latexit sha1_base64="Vvc5zWljU09JTDRf13bbdhiiwcc=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokIehGKXjxWsB/QhrLZTtqlm03c3RRK7O/w4kERr/4Yb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHDR2nimGdxSJWrYBqFFxi3XAjsJUopFEgsBkMb6d+c4RK81g+mHGCfkT7koecUWMl/6mTaN5RVPYFXndLZbfizkCWiZeTMuSodUtfnV7M0gilYYJq3fbcxPgZVYYzgZNiJ9WYUDakfWxbKmmE2s9mR0/IqVV6JIyVLWnITP09kdFI63EU2M6ImoFe9Kbif147NeGVn3GZpAYlmy8KU0FMTKYJkB5XyIwYW0KZ4vZWwgZUUWZsTkUbgrf48jJpnFc8t+LdX5SrN3kcBTiGEzgDDy6hCndQgzoweIRneIU3Z+S8OO/Ox7x1xclnjuAPnM8f8qKSMg==</latexit><latexit sha1_base64="Vvc5zWljU09JTDRf13bbdhiiwcc=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokIehGKXjxWsB/QhrLZTtqlm03c3RRK7O/w4kERr/4Yb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHDR2nimGdxSJWrYBqFFxi3XAjsJUopFEgsBkMb6d+c4RK81g+mHGCfkT7koecUWMl/6mTaN5RVPYFXndLZbfizkCWiZeTMuSodUtfnV7M0gilYYJq3fbcxPgZVYYzgZNiJ9WYUDakfWxbKmmE2s9mR0/IqVV6JIyVLWnITP09kdFI63EU2M6ImoFe9Kbif147NeGVn3GZpAYlmy8KU0FMTKYJkB5XyIwYW0KZ4vZWwgZUUWZsTkUbgrf48jJpnFc8t+LdX5SrN3kcBTiGEzgDDy6hCndQgzoweIRneIU3Z+S8OO/Ox7x1xclnjuAPnM8f8qKSMg==</latexit><latexit sha1_base64="Vvc5zWljU09JTDRf13bbdhiiwcc=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokIehGKXjxWsB/QhrLZTtqlm03c3RRK7O/w4kERr/4Yb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHDR2nimGdxSJWrYBqFFxi3XAjsJUopFEgsBkMb6d+c4RK81g+mHGCfkT7koecUWMl/6mTaN5RVPYFXndLZbfizkCWiZeTMuSodUtfnV7M0gilYYJq3fbcxPgZVYYzgZNiJ9WYUDakfWxbKmmE2s9mR0/IqVV6JIyVLWnITP09kdFI63EU2M6ImoFe9Kbif147NeGVn3GZpAYlmy8KU0FMTKYJkB5XyIwYW0KZ4vZWwgZUUWZsTkUbgrf48jJpnFc8t+LdX5SrN3kcBTiGEzgDDy6hCndQgzoweIRneIU3Z+S8OO/Ox7x1xclnjuAPnM8f8qKSMg==</latexit><latexit sha1_base64="Vvc5zWljU09JTDRf13bbdhiiwcc=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokIehGKXjxWsB/QhrLZTtqlm03c3RRK7O/w4kERr/4Yb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHDR2nimGdxSJWrYBqFFxi3XAjsJUopFEgsBkMb6d+c4RK81g+mHGCfkT7koecUWMl/6mTaN5RVPYFXndLZbfizkCWiZeTMuSodUtfnV7M0gilYYJq3fbcxPgZVYYzgZNiJ9WYUDakfWxbKmmE2s9mR0/IqVV6JIyVLWnITP09kdFI63EU2M6ImoFe9Kbif147NeGVn3GZpAYlmy8KU0FMTKYJkB5XyIwYW0KZ4vZWwgZUUWZsTkUbgrf48jJpnFc8t+LdX5SrN3kcBTiGEzgDDy6hCndQgzoweIRneIU3Z+S8OO/Ox7x1xclnjuAPnM8f8qKSMg==</latexit>

Ô =
<latexit sha1_base64="pfvjdkKXIYlYSjCoZRscLTrcHAg=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OLNCvYD2lA22027dLOJuxOhhP4JLx4U8erf8ea/cdvmoK0PBh7vzTAzL0ikMOi6305hZXVtfaO4Wdra3tndK+8fNE2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo5up33ri2ohYPeA44X5EB0qEglG0Urs7pJjdTa565YpbdWcgy8TLSQVy1Hvlr24/ZmnEFTJJjel4boJ+RjUKJvmk1E0NTygb0QHvWKpoxI2fze6dkBOr9EkYa1sKyUz9PZHRyJhxFNjOiOLQLHpT8T+vk2J46WdCJSlyxeaLwlQSjMn0edIXmjOUY0so08LeStiQasrQRlSyIXiLLy+T5lnVc6ve/Xmldp3HUYQjOIZT8OACanALdWgAAwnP8ApvzqPz4rw7H/PWgpPPHMIfOJ8/9jOP5w==</latexit><latexit sha1_base64="pfvjdkKXIYlYSjCoZRscLTrcHAg=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OLNCvYD2lA22027dLOJuxOhhP4JLx4U8erf8ea/cdvmoK0PBh7vzTAzL0ikMOi6305hZXVtfaO4Wdra3tndK+8fNE2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo5up33ri2ohYPeA44X5EB0qEglG0Urs7pJjdTa565YpbdWcgy8TLSQVy1Hvlr24/ZmnEFTJJjel4boJ+RjUKJvmk1E0NTygb0QHvWKpoxI2fze6dkBOr9EkYa1sKyUz9PZHRyJhxFNjOiOLQLHpT8T+vk2J46WdCJSlyxeaLwlQSjMn0edIXmjOUY0so08LeStiQasrQRlSyIXiLLy+T5lnVc6ve/Xmldp3HUYQjOIZT8OACanALdWgAAwnP8ApvzqPz4rw7H/PWgpPPHMIfOJ8/9jOP5w==</latexit><latexit sha1_base64="pfvjdkKXIYlYSjCoZRscLTrcHAg=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OLNCvYD2lA22027dLOJuxOhhP4JLx4U8erf8ea/cdvmoK0PBh7vzTAzL0ikMOi6305hZXVtfaO4Wdra3tndK+8fNE2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo5up33ri2ohYPeA44X5EB0qEglG0Urs7pJjdTa565YpbdWcgy8TLSQVy1Hvlr24/ZmnEFTJJjel4boJ+RjUKJvmk1E0NTygb0QHvWKpoxI2fze6dkBOr9EkYa1sKyUz9PZHRyJhxFNjOiOLQLHpT8T+vk2J46WdCJSlyxeaLwlQSjMn0edIXmjOUY0so08LeStiQasrQRlSyIXiLLy+T5lnVc6ve/Xmldp3HUYQjOIZT8OACanALdWgAAwnP8ApvzqPz4rw7H/PWgpPPHMIfOJ8/9jOP5w==</latexit><latexit sha1_base64="pfvjdkKXIYlYSjCoZRscLTrcHAg=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OLNCvYD2lA22027dLOJuxOhhP4JLx4U8erf8ea/cdvmoK0PBh7vzTAzL0ikMOi6305hZXVtfaO4Wdra3tndK+8fNE2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo5up33ri2ohYPeA44X5EB0qEglG0Urs7pJjdTa565YpbdWcgy8TLSQVy1Hvlr24/ZmnEFTJJjel4boJ+RjUKJvmk1E0NTygb0QHvWKpoxI2fze6dkBOr9EkYa1sKyUz9PZHRyJhxFNjOiOLQLHpT8T+vk2J46WdCJSlyxeaLwlQSjMn0edIXmjOUY0so08LeStiQasrQRlSyIXiLLy+T5lnVc6ve/Xmldp3HUYQjOIZT8OACanALdWgAAwnP8ApvzqPz4rw7H/PWgpPPHMIfOJ8/9jOP5w==</latexit><latexit sha1_base64="pfvjdkKXIYlYSjCoZRscLTrcHAg=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OLNCvYD2lA22027dLOJuxOhhP4JLx4U8erf8ea/cdvmoK0PBh7vzTAzL0ikMOi6305hZXVtfaO4Wdra3tndK+8fNE2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo5up33ri2ohYPeA44X5EB0qEglG0Urs7pJjdTa565YpbdWcgy8TLSQVy1Hvlr24/ZmnEFTJJjel4boJ+RjUKJvmk1E0NTygb0QHvWKpoxI2fze6dkBOr9EkYa1sKyUz9PZHRyJhxFNjOiOLQLHpT8T+vk2J46WdCJSlyxeaLwlQSjMn0edIXmjOUY0so08LeStiQasrQRlSyIXiLLy+T5lnVc6ve/Xmldp3HUYQjOIZT8OACanALdWgAAwnP8ApvzqPz4rw7H/PWgpPPHMIfOJ8/9jOP5w==</latexit>

Figure 1.5: Pictorial representation for the MPS |ψ〉 and for the MPO Ô.

for an MPO.

A comprehensive description of MPO and how to construct them, without resort-

ing to the explicit use of consecutive SVDs, which can be computationally unwieldy,

will be given in Chapter 2.

1.3.5 Pictorial representation

MPS and MPO are conveniently represented in a pictorial way, which makes opera-

tions involving them intuitive by avoiding explicit matrix multiplications.

A tensor of rank n is represented as a square with n outgoing legs, and connecting

legs between squares represent tensor contractions. MPS are composed of a set of

tensors which are represented as a chain of squares with three outgoing legs each:

the two horizontal legs represent the virtual indices used for matrix multiplication,

whereas the vertical one represents the physical index corresponding to the local

Hilbert space. Fig. 1.5 shows the pictorial representation for the MPS of a state |ψ〉.

The tensors that constitute an MPO are represented as squares with four outgoing

legs. The two horizontal legs are the matrix multiplication indices, and the two
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vertical legs represent the indices of the local Hilbert space. Fig. 1.5 shows the MPO

pictorial representation of an operator Ô.

Let us describe the main operations between MPS and MPO using the pictorial

representation. The overlap 〈φ|ψ〉 of two wavefunctions |ψ〉 and |φ〉 is obtained by

contracting the open legs of both MPS. The corresponding pictorial representation

is shown in Fig. 1.6 (we use the convention where upward-pointing legs of an MPS

matrix represent the Hermitian conjugate of the tensors). The absence of open legs in

the final contracted object implies that the result is a tensor of rank 0 and therefore

a scalar, as expected for the overlap of two wavefunctions. The overlap of two MPS

〈φ|ψ〉 is written explicitly as

〈φ|ψ〉 =
∑

i1,...,iN

B[1]i1∗B[2]i2∗ . . . B[N ]iN∗A[1]i1A[2]i2 . . . A[N ]iN , (1.80)

where |ψ〉 consists of the set of matrices An and 〈φ| consists of the set of matrices Bn∗.

The application of an MPO Ô to an MPS |ψ〉 leads to another MPS: |ψ′〉 = Ô |ψ〉.

This is seen by contracting the physical indices of the corresponding MPO and MPS.

The result is a tensor with a single physical leg per site which is therefore an MPS.

Using the matrix notation, Ô |ψ〉 is written as

Ô |ψ〉 =
∑

i1,...,iN
i′1,...,i

′
N

(
M [1]i1i′1M [2]i2i′2 . . .M [N ]iN i

′
N

)(
A[1]i′1A[2]i′2 . . . A[N ]i′N

)
|i1, . . . , iN〉 ,

(1.81)

writing the matrix multiplication explicitly

=
∑

i1,...,iN
i′1,...,i

′
N

∑
j1,...,jN
k1,...,kN

(
M

[1]i1i′1
1,k1

M
[2]i2i′2
k1,k2

. . .M
[N ]iN i

′
N

kN−1,kN

)(
A

[1]i′1
1,j1

A
[2]i′2
j1,j2

. . . A
[N ]i′N
jN−1,jN

)
|i1, . . . , iN〉 ,

(1.82)
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pairing matrices associated with the same site index

=
∑

i1,...,iN
i′1,...,i

′
N

∑
j1,...,jN
k1,...,kN

(
M

[1]i1i′1
1,k1

A
[1]i′1
1,j1

)(
M

[2]i2i′2
k1,k2

A
[2]i′2
j1,j2

)
. . .
(
M

[N ]iN i
′
N

kN−1,kN
A

[N ]i′N
jN−1,jN

)
|i1, . . . , iN〉 ,

(1.83)

renaming the terms in parenthesis

=
∑

i1,...,iN
i′1,...,i

′
N

∑
j1,...,jN
k1,...,kN

B
[1]i1
(1,1),(k1,j1)B

[2]i2
(k1,j1),(k2,j2) . . . B

[N ]iN
(kN−1,jN−1),(kN ,jN )|i1, . . . , iN〉 , (1.84)

using matrix multiplication implicitly

=
∑

i1,...,iN

B[1]i1B[2]i2 . . . B[N ]iN |i1, . . . , iN〉 , (1.85)

where

B
[n]in
(kn−1,jn−1),(kn,jn) =

∑
i′1,...,i

′
N

M
[n]ini′n
kn−1,kn

A
[n]i′n
jn−1,jn

. (1.86)

The result is an MPS that consists of matrices whose bond dimensions are the product

of the dimensions of those of the original MPS and MPO. Thus, the application of

an MPO to an MPS leads to a new MPS with a larger bond dimension but retaining

the same MPS structure. The pictorial representation of this calculation is shown in

Fig. 1.6. This example shows how the pictorial notation simplifies the tedious explicit

tensor contraction procedure.

Lastly, we consider the calculation for the expectation value of an operator Ô with

respect to the wavefunction |ψ〉. We do not perform the calculation in matrix notation

as it is obtained by consecutively applying the previous two steps. The result of this

operation is the scalar 〈ψ| Ô |ψ〉. This result is understood from the contraction of

both sets of physical indices of the MPO with those of the MPS and its Hermitian

conjugate, and is shown in Fig. 1.6.
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Figure 1.6: Pictorial representation for the multiplication of an MPO with an MPS:
Ô |ψ〉, for the overlap of two MPS: 〈φ|ψ〉, and the expectation value of an MPO with
reference to an MPS: 〈ψ| Ô |ψ〉. The dotted lines indicate an arbitrary number of
additional squares in between the ones shown.

1.3.6 Density matrix renormalisation group

In this section, we describe how the DMRG algorithm works and how it is imple-

mented using the MPS and MPO formalism. DMRG is the numerical method that

we will use throughout this thesis to calculate ground states.

The DMRG algorithm is a variational optimisation method used to find the ground

state of a Hamiltonian H in the space of MPS with bond dimension χ. Although

DMRG was originally conceived in terms of the reduced density operators of the

system [5], it can be equivalently cast in the MPS language [11].

The goal of the algorithm is finding the ground state |ψ〉 of the system with

Hamiltonian Ĥ by minimising its energy

E =
〈ψ| Ĥ |ψ〉
〈ψ|ψ〉 . (1.87)
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This minimisation problem can be written using a Lagrange multiplier γ to consider

the normalisation condition for the wavefunction and is equivalent to minimising

L = 〈ψ| Ĥ |ψ〉 − γ(〈ψ|ψ〉 − 1) . (1.88)

When writing |ψ〉 in the MPS formalism, the minimisation of Eq. (1.87) becomes

a highly nonlinear problem in the matrix elements of the MPS A[n]in
jn−1,jn

. The DMRG

algorithm turns this problem into a set of linear problems that can be numerically

tackled. The idea behind the algorithm is to start with a guess for the initial MPS

state, select a site in the lattice and the corresponding MPS tensor, and optimise this

single tensor while keeping all of the other tensors of the MPS fixed. This is possible

because, under these conditions, the minimisation problem becomes quadratic and

can be solved. The outcome of this minimisation step leads to a new state with lower

energy, although not the optimal one since only a single tensor was updated. Re-

peating this procedure throughout the whole lattice leads to a state with increasingly

lower energy until the algorithm converges.

Let us evaluate the Lagrange multiplier problem of Eq. (1.88) in the MPS form.

We consider a mixed canonical form of the MPS for |ψ〉, centred at site n as in

Eq. (1.67). We will optimise the matrix at this site while keeping all of the other ones

fixed. The overlap term 〈ψ|ψ〉 reads

〈ψ|ψ〉 =
∑
in

F [n]in∗F [n]in , (1.89)

where F [n]in = L[n]inΛ[n]. Calculating the minimum for the energy expectation value

with respect to F [n]in and taking into account the Lagrange multiplier leads to the

equation ∑
i′1,...,i

′
N

E
[n]
L M [n]in,i′nE

[n]
R F [n]i′n − λF [n]i′n = 0 , (1.90)
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Figure 1.7: Pictorial representation of the eigenvalue problem in Eq. (1.90).

where E[n]
L and E[n]

R are the environments obtained by contracting all of the tensors

to the left and right of those at site n respectively, as shown in Fig. 1.7. By defining

H̃ = ELMER and x = F at site n, where the matrix F has been reshaped as a vector,

Eq. (1.90) is written as the eigenvalue problem

H̃x = λx , (1.91)

where H̃ has dimensions dχ2 × dχ2. A pictorial representation of the eigenvalue

problem is shown in Fig. 1.7. In general, the size of the H̃ matrix is prohibitive to

fully diagonalise. However, only the smallest eigenvalue is required, so it is sufficient

to use an iterative eigenvalue solver such as the Lanczos method. The version of

DMRG here described is the so-called single-site DMRG. Although it is easier to

describe, it is prone to get stuck in local minima of the energy when searching for

the ground-state MPS. Throughout the thesis, we will use an improvement to the

algorithm, called two-site DMRG, in which two matrices of the MPS are optimised

at the same time and which is better suited to finding the global minimum of the

energy.

We have presented all of the ingredients necessary to describe the steps of the

DMRG algorithm. We start by choosing an initial wavefunction, either at random or

with an appropriate guess, written in the MPS form. Through a set of SVDs, we turn
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it into the left-canonical form. We take the MPS in this form, the MPO representing

the Hamiltonian and the Hermitian conjugate of the MPS and calculate all of the

environments E[n]
R for each site. Next, we turn the MPS into a mixed-canonical form

with centre at site 1 and solve the corresponding eigenvalue problem as in Eq. (1.91).

After this, we calculate the left environment E[1]
L and move the centre of the mixed-

canonical form to n = 2. This set of steps is repeated until the end of the lattice is

reached. At this point, the same procedure is performed again but in the opposite

direction, going from right to left. These are the so-called DMRG sweeps. We keep

performing a sequence of left and right sweeps until the energy converges to a chosen

accuracy. Given the variational nature of each step, the energy of the system is

ensured to decrease at each sweep.

At this point, we have introduced all of the concepts underlying the numerical

methods that we will develop and use in the following chapters. In Chapter 2, we will

describe the development of the MPO that we have used to study 2D lattice systems

in full detail.
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Chapter 2

Development of 2D long-range

interacting Hamiltonians for DMRG

A significant part of our efforts was devoted to the development of a general code

aimed at performing calculations for 2D lattice systems with long-range interactions

using the matrix product state (MPS) formalism, which we introduced in the previous

chapter. The implementation of these numerical methods was realised using the TNT

library [145], which provides highly optimised code for operating on tensors. At

the time, however, the available routines in the library were limited to studying 1D

lattices. Therefore, we have worked to overcome this limitation by creating a general

matrix product operator (MPO) that can be used to simulate several 2D lattice

systems. The library has since been updated to include projected entangled pair

states (PEPS), which are a generalisation of MPS methods which naturally extend

their formalism to study 2D models [146, 147].

This chapter comprehensively describes the steps we took to build the MPOs and

is structured as follows. Section 2.1 describes the application of the density matrix

renormalisation group (DMRG) algorithm to 2D systems. Section 2.2 describes how

MPOs are built and introduces the concept of a finite-state automaton. Sections 2.3
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and 2.4 explain in detail the process of building the MPO for the interacting Harper-

Hofstadter model and the dipolar Bose-Hubbard model respectively.

2.1 2D density matrix renormalisation group

The physics of 2D systems is particularly exciting and significantly more diverse than

1D. However, it presents a challenge when treating the systems numerically, because

the systems present strong quantum fluctuations and mean-field calculations are, in

general, not effective. Moreover, due to the exponential growth of the Hilbert space

with the system size, using exact diagonalisation (ED) quickly becomes prohibitive [6].

Quantum Monte Carlo simulations have proven to be a powerful method to study

2D systems [148, 149], however, they suffer from the sign problem for fermions and

frustrated systems [150, 151].

Let us consider the use of DMRG to study 2D lattice systems. As a consequence

of the area law in 1D, ground states of a local gapped Hamiltonian can be accurately

described by an MPS with a fixed bond dimension [139]. This is because a subsystem

is entangled with its environment only through its boundary. Local gapped phases

in 2D also obey the area law, but in this case, the boundary size scales linearly

with the system width and so will the entanglement entropy of the subsystem. As a

consequence, the complexity of 2D DMRG calculations grows exponentially with the

width of the system [152]. This appears to be a severe drawback. However, it is a

definite improvement over ED. In ED, the complexity grows exponentially with the

number of sites in the system, which is the product of both dimensions. Additionally,

DMRG is not subject to the sign problem, and gives access to the full MPS form

of the ground state. DMRG is, therefore, a promising method to treat 2D lattice

systems.

2D lattice systems are studied with DMRG by mapping a 2D lattice to 1D. A 2D
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lattice with Lx sites in the x direction and Ly sites in the y direction is converted

into a 1D lattice with Lx × Ly sites. This comes at the cost of introducing long-

range terms, which have as range the width of the system Ly, even when the original

Hamiltonian had exclusively local terms. This gives a sense for where the complexity

of the 2D DMRG calculations originates.

The boundary conditions imposed on the system play a significant role in deter-

mining the bond dimension χ necessary for the computations to converge to a speci-

fied accuracy. It is preferable to use open boundary conditions (OBC) or cylindrical

boundary conditions. Fully periodic boundary conditions (PBC) in both dimensions,

which translate to using a torus geometry, require a bond dimension χ2 to obtain the

same accuracy as the OBC case [11]. This can be intuitively understood as a conse-

quence of the 2D-to-1D mapping. Whereas the distance between two neighbouring

sites in 2D is at most Ly after the 2D-to-1D mapping with OBC, for fully PBC it can

become Lx×Ly. Therefore, it is computationally more expensive for DMRG to retain

the same amount of entanglement between neighbouring sites when using PBC.

2.1.1 Tensor network methods

A set of generalisations of the MPS variational wavefunctions have been proposed

to overcome the exponential scaling of the bond dimension necessary to treat 2D

problems. These wavefunctions are called tensor network states [153] and can be

divided into two main classes: projected entangled pair states (PEPS) [146, 147] and

multi-scale entanglement renormalisation ansatz (MERA) [154, 155, 156, 157].

In 2D, PEPS are a network made of rank-5 tensors. They have the advantage of

capturing the amount of entanglement needed by the area law in 2D, but they present

two main drawbacks. Their optimisation algorithm to minimise the system energy

scales very fast with their bond dimension and heavily depends on the algorithm

chosen. For example, the ’full update’ method scales with D10, where D is the bond
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dimension of the PEPS, and the ’simple update’ method scales with D5 [158]. More-

over, the exact computation of observables cannot be performed efficiently, therefore

introducing approximations. However, they require much smaller bond dimensions

to represent a 2D wavefunction as compared to MPS [159]. PEPS are also suited to

work directly in the thermodynamic limit through the iPEPS method [160].

MERA are an extension of MPS where the tensors that make up the network have

a layered structure. Every layer represents a coarser length scale for the normalisation

group method [161, 162]. The optimisation method for MERA has an even higher

optimisation cost as compared to PEPS but observables can be computed without

approximation.

The very demanding scaling of the optimisation algorithms for PEPS and MERA

are such that, for small 2D systems, DMRG is still competitive with them [163].

2.2 MPO construction

In the previous chapter, in Eq. (1.79) we introduced how an operator Ô is written in

the MPO formalism

Ô =
∑

i1,...,iN
i′1,...,i

′
N

vLM
[1]i1i′1M [2]i2i′2 . . .M [N ]iN i

′
NvR |i1, . . . , iN〉 〈i′1, . . . , i′N | . (2.1)

It is convenient to introduce a more compact notation to write the operator in the

MPO form. Instead of explicitly separating the operator part of the MPO, represented

by the ket-bra term in Eq. (2.1), from the coefficient term represented by the product

of the M i matrices, we consider the set of matrices M i to have one-particle operators

as matrix elements. Using this notation, the MPO is written as

Ô =
∑
j0,...,jN

vLM
1
j0j1

M2
j1j2

. . .MN
jN−1jN

vR , (2.2)
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where the M i are D ×D matrices whose elements are one-particle operators acting

on site i and the matrix multiplication has been written explicitly. From this point

forward, will be using this notation.

Let us consider the problem of writing matrices M i that make up the MPO form

of an operator Ô, without resorting to using a series of SVDs, which, for a gen-

eral operator, can be computationally demanding. The MPO representation of local

Hamiltonians with short-range terms has a small bond dimension D and is straight-

forward to obtain. As an example, let us consider the MPO matrices M i for the

homogeneous Heisenberg model in the presence of a uniform field on a 1D lattice.

The Hamiltonian of the system reads

Ĥ =
∑
i

(
JxS

x
i S

x
i+1 + JyS

y
i S

y
i+1 + JzS

z
i S

z
i+1 + ∆Szi

)
, (2.3)

where Ski for k = x, y, z are the Pauli spin operators at site i. Since the system

is translationally invariant, the M i matrices of the MPO are not dependent on the

lattice site i and read

M i =



1 JxS
x JyS

y JzS
z ∆Sz

0 0 0 0 Sx

0 0 0 0 Sy

0 0 0 0 Sz

0 0 0 0 1


, (2.4)

with

vL =

(
1, 0, 0, 0, 0

)
, vR =

(
0, 0, 0, 0, 1

)T
. (2.5)

By explicitly multiplying the M i matrices for each site i, all of the terms in the

Hamiltonian in Eq. (2.3) are created. This Hamiltonian contains only on-site and

nearest-neighbour terms and is represented exactly with an MPO having matrices
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M i with bond dimension D = 5.

As we have seen from this example, the MPO formulation is particularly efficient

when representing Hamiltonians with only nearest-neighbour terms. However, it can

also be used to describe more complex Hamiltonians. When only short-range terms

are present, the bond dimension of the MPO is small, and the elements of the corre-

sponding matrices are simple to derive. Long-range terms can still be represented by

the MPO at the cost of increasing its bond dimension. However, depending on the

type of Hamiltonian, it may no longer be straightforward to obtain the explicit form

of the MPO matrices M i. A more general method is necessary to solve this problem,

and we will present it in the next section.

2.2.1 Finite-state automata method

Let us consider the MPO formulation of an operator presented in Eq. (2.2). We are

interested in a technique that allows us to derive the elements of the matrices M i

starting from the Hamiltonian of the system. The transformation of the Hamiltonian

to an MPO can be performed using the finite-state automata method [164].

A finite-state automaton can be thought of as a graph made of nodes and links

between the nodes. A node is associated to each index a of the matrix element M i
ab.

Any two nodes, a and b, will have a link between them if the corresponding matrix

element M i
ab is non-zero. This matrix element represents the weight of the transition

between nodes a and b. The set of all non-zero matrix elements creates a path between

the starting and finishing nodes in the graph. This automaton is non-deterministic,

meaning that each node can be connected with more than one other node, and that

all of the different paths need to be taken in superposition. All of the terms of the

Hamiltonian will be obtained by starting at the first node and, after i steps, placing

the operator M i
ab on site i. The whole Hamiltonian is built by following all of the

paths that connect the starting node to the finishing node.
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(a) (b)

Figure 2.1: (a) Finite-state automaton for the homogeneous Heisenberg model and
(b) the corresponding MPO matrix M i.

2.2.1.1 Example: Heisenberg model

As an introduction to the method, let us consider as a textbook example the homo-

geneous Heisenberg Hamiltonian in Eq. (2.3), and derive its MPO formulation using

a finite-state automaton. Fig. 2.1 shows the automaton and the corresponding MPO

matrix M i. The starting node is labelled with 0 and the finishing node with 4. The

number of nodes in the automaton is equal to the bond dimension D of the MPO.

Wherever two nodes are connected by a link, the corresponding matrix element of

the MPO matrix M i has a non-zero entry equal to the operator written on the link

multiplied by the corresponding coefficient, e.g. M01 = JxS
x. Going from the starting

node 0 to the finishing node 4 through all possible paths generates all of the terms in

the Hamiltonian. The matrix elements derived in this fashion are the ones written in

the matrix M i, as shown in Fig. 2.1 (b).

In the remaining part of the chapter, we will apply the finite-state automata

method to build the MPO for the interacting Harper-Hofstadter model and the dipolar

Bose-Hubbard model.
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2.3 Interacting Harper-Hofstadter model

In the previous sections, we introduced the concept of a finite-state automaton and

explained how it can be used to build the MPO form of a Hamiltonian. In this

section, we will illustrate our application of this methodology to build the MPO for

the Hamiltonian of the interacting Harper-Hofstadter (HH) model [135].

The system we consider is made of spinless particles on a square lattice with

cylindrical boundary conditions. The particles hop through the lattice with nearest-

neighbour (NN) hopping, interact with NN density-density interactions, on-site inter-

actions, and are subject to a gauge field which represents an external magnetic field.

We have constructed the MPO for both bosonic and fermionic particles so, for the

sake of completeness, we will consider both in our explanation. However, the physical

systems we will study throughout this thesis are composed of bosons. We will start

our description for general spinless particles, and later in the chapter specialise it to

both fermions and bosons. The main differences between the two types of system are

their commutation relations and the type of interactions involved. For fermions, we

consider only NN interactions since the Pauli exclusion principle suppresses multiple

occupations of the same site. For bosons, we will consider only on-site interactions.

The bosonic version of the model is appropriate to study the quantum Hall physics

of ultracold atoms in optical lattices and we will use it in Chapter 3 to study bosonic

quantum Hall ground states on a cylindrical lattice.

The Hamiltonian describing the system reads

H = −J
∑
〈i,j〉

(
eiφijc†icj + H.c.

)
+ V

∑
〈i,j〉

ninj + U
∑
i

ni(ni − 1) , (2.6)

where ci and c†i are the annihilation and creation operators for a particle at site i. J is

the hopping amplitude, V is the NN interaction strength, U is the on-site interaction

strength, ni = c†ici is the number operator at site i, φij is the phase acquired by a
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particle hopping from site i to j due to the gauge field, and 〈. . .〉 denotes NN pairs of

sites. We have dropped the hat symbol to indicate operators since, from now on, we

will be considering only operators in our description of MPOs. We will be considering

2D lattices with either open or cylindrical boundary conditions. Using a cylindrical

geometry which has physical edges, gives us the possibility to study both bulk and

edge properties of the system. This will be especially relevant for studying quantum

Hall physics.

The system Hamiltonian in Eq. (2.6) is written using the indices i, which label

the sites of the 2D lattice. To stress the two-dimensional nature of the system, it is

more convenient to use a pair of indices (x, y) representing the x and y coordinates

of the site with index i. We consider a square lattice with Lx sites in the x direction

and Ly sites in the y direction, and PBC along y (for the cylinder geometry). H is

written as the sum of a single-particle contribution H0 and an interacting part H1.

The single-particle part of the Hamiltonian in Eq. (2.6), H0 reads

H0 = −J
(
Lx−1∑
x=1

Ly∑
y=1

c†x,ycx+1,y +
Lx∑
x=1

Ly−1∑
y=1

ei2πφxc†x,ycx,y+1 +
Lx∑
x=1

ei2πφxc†x,Lycx,1

)
+ H.c. ,

(2.7)

where the complex phases have been written explicitly in the Landau gauge for a flux

density per plaquette nφ = φ. The interacting part of the Hamiltonian in Eq. (2.6),

H1 reads

H1 =V

(
Lx−1∑
x=1

Ly∑
y=1

nx,ynx+1,y +
Lx∑
x=1

Ly−1∑
y=1

nx,ynx,y+1 +
Lx∑
x=1

nx,Lynx,1

)

+U
Lx∑
x=1

Ly∑
y=1

nx,y(nx,y − 1) . (2.8)

The Hamiltonians H0 and H1 present several types of terms, which need to be imple-

mented in the MPO representation. In particular, there are site-dependent complex
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Figure 2.2: Mapping of the 2D lattice to 1D. The lattice has PBC in the y direction
and a site with 2D coordinates (x, y) is mapped to 1D coordinate (x− 1)Ly + y.

hoppings, NN interactions and terms that represent the periodic boundary conditions.

All of these terms need specific attention when deriving the MPO matrices and we

will consider them in the following sections.

2.3.1 2D-to-1D mapping

To obtain the MPO formulation of the Hamiltonian, we start by explicitly mapping

the 2D lattice model to 1D. This is achieved by converting the pair of indices (x, y),

representing the coordinates in the 2D lattice, to a new single index (x−1)Ly+y rep-

resenting the corresponding 1D lattice site. Fig. 2.2 shows how the 2D-to-1D mapping

is performed. As a consequence of this mapping, short-range terms in 2D, such as

the NN hopping and NN density-density interaction, become long-ranged in 1D, with

range up to Ly. This is because neighbouring sites in 2D become Ly sites apart after

the mapping to 1D. Throughout this chapter, we will need to simultaneously consider

both the 2D nature of the physical system and the 1D structure of its mapping.

We will examine how all of the terms in the Hamiltonian and the geometry of

the lattice affect the construction of the MPO matrices. We need to pay attention
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to the effects of the gauge field, the 2D-to-1D mapping, and the cylindrical boundary

conditions. All of these factors are connected and affect the structure of the MPO

matrices.

2.3.2 Periodicity of the MPO matrices

The MPO form of the Hamiltonian on a 1D lattice with N sites, shown in Eq. (2.2),

is made of N matrices M i, one for each lattice site. However, depending on the

Hamiltonian, these matrices need not all be different. For example, in a 1D transla-

tionally invariant system, like the homogeneous Heisenberg model described in Sec-

tion 2.2.1.1, only one matrix M i is sufficient to build the whole MPO. The number of

different matrices necessary to represent the MPO over the entire lattice depends on

the translational invariance properties of the Hamiltonian after the 2D-to-1D map-

ping. Although the Hamiltonian has specific translational invariance properties in

2D, they will be modified after the mapping to 1D.

For the interacting HH model that we are considering, a set of different matri-

ces M i is necessary to construct the MPO. Three sources break the translational

invariance of the 1D-mapped system. The first source is the presence of the gauge

field. The second source is the 2D-to-1D mapping, and the third is the presence of

cylindrical boundary conditions.

We will consider how all of these factors affect the construction of the MPO,

starting from the gauge field.

2.3.3 Effect of the gauge field

Even in the presence of a uniform magnetic field orthogonal to the lattice, the corre-

sponding vector potential, which affects the Hamiltonian, is not uniform and modifies

the translational invariance properties of the system. The complex phases that multi-

ply the hopping terms in the Hamiltonian of Eq. (2.6) are a consequence of using the
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(a) (b)

Figure 2.3: Two different versions of Landau gauge A↑ (a) and A→ (b) for a uniform
magnetic field B and their effect on the complex hopping coefficients.

Peierls substitution when writing the Hamiltonian for a charged particle in a magnetic

field B = ∇×A, where A is the vector potential. The complex phases are such that

a particle moving around the lattice in a closed loop acquires a total phase equivalent

to the Aharonov-Bohm phase which a charged particle would acquire in a magnetic

field. Because of the gauge freedom in choosing the vector potential A, the phases

φij, in Eq. (2.6) are not uniquely defined. In a square lattice geometry, it is convenient

to use the Landau gauge, where both A and the phases φij are non-zero only in one

direction for a magnetic field B = (0, 0, B). The two choices of the Landau gauge for

the vector potential A in 2D read

A↑ = (0, Bx, 0) and A→ = (−By, 0, 0) . (2.9)

Fig. 2.3 shows how the choice of gauge affects the phases φij. Choosing the Landau

gauge A↑, the hopping in the x direction is constant and real and reads J while the

hopping in the y direction is x-dependent and reads Jei2πφx. Choosing the Landau

gauge A→, the hopping in the x direction is y-dependent and reads Jei2πyφ while the

hopping in the y direction is constant and real and reads J . Both choices of gauge
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are equivalent to having a magnetic flux density nφ = φ through each plaquette of

the lattice in units of the magnetic flux quantum Φ0 = h/2e. The choice of either

one of these gauges affects the x and y dimensions of the unit cell of the system and

therefore modifies its translational invariance properties. For the gauge A↑ the φij

are non-zero only in the y direction and when φ = p/q, with p, q mutually prime

integers, the 2D system has a q-site period along x and a 1-site period along y. For

the gauge A→, where the φij are non-zero only in the x direction, the system has a

1-site period along x and a q-site period along y.

An additional consequence of the A→ gauge is that the circumference Ly of the

cylinder needs to be a multiple of q. This is necessary for the complex hopping to be

compatible with the periodic boundary conditions.

Since the choice of gauge does not impact the expectation value of any observable,

we can choose which gauge to use according to our needs. In our case, it is essential

to recall that the complexity of DMRG calculations in 2D scales exponentially with

the width of the system Ly. Thus, it is most convenient to use the A↑ gauge as it

does not impose any constraints on the values of Ly.

2.3.4 Effect of the 2D-to-1D mapping and boundary condi-

tions

Let us consider the effect of the 2D-to-1D mapping and the use of the periodic bound-

ary conditions along the y direction. It is useful to recall the intuitive meaning of the

elements of the MPO matrices coming from the finite-state automata picture. The

one-particle operator, which is the elementM i
ab of the tensor M i at site i, needs to be

inserted at the site i, depending on the appropriate set of operators that have been

inserted before, in order to complete the terms appearing in the lattice Hamiltonian.

The elements of M i must depend on the position of site i relative to the sites coming

before it in the 1D ordering. Because of the 2D-to-1D mapping, the set of Ly MPO
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matrices M i at a fixed x coordinate are not all equivalent and we can divide them

into three groups according to their y coordinate. The bottom sites have y = 1, the

middle sites have 1 < y < Ly and the top sites have y = Ly.

We need to be aware of this grouping to understand how to build the matrices of

the MPO. The HH Hamiltonian involves four sets of terms. The first two are the NN

hopping term and its Hermitian conjugate, the third one is the NN density-density

interaction, and the fourth one is the on-site interaction. The first three involve NN

terms while the last one is purely an on-site term.

Let us write these two different types of terms as the explicit tensor product of

local operators acting at each lattice site i. The on-site interaction term at site i

reads

ni(ni − 1) = 11 ⊗ 12 ⊗ . . .⊗ 1i−1 ⊗ ni(ni − 1)⊗ 1i+1 ⊗ . . .⊗ 1N−1 ⊗ 1N . (2.10)

The matrix elementsM i
ab are one-particle operators that need to be inserted at site i to

generate all of the terms of the Hamiltonian through their consecutive multiplication.

For the on-site interaction term, the one-particle operator needed is either the identity

1i or the operator ni(ni − 1). To create all of the terms of this type appearing in the

Hamiltonian, a string of identity operators will be inserted until site i is reached.

At that point, one interaction operator ni(ni − 1) is added. Finally, another string

of identities is inserted until the end of the lattice is reached. Because this type of

operator is on-site, all of the sites in the lattice are equivalent and are treated in the

same way.

Using the NN hopping as an example, the NN terms in the Hamiltonian take the

form

c†icj = 11⊗12⊗ . . .⊗1i−1⊗ c†i ⊗1i+1⊗ . . .⊗1j−1⊗ cj⊗1j+1⊗ . . .⊗1N−1⊗1N , (2.11)
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where i < j. Compared to the on-site terms, the construction of the NN terms is

more complicated. There is going to be a string of identities followed by the first

operator that makes up the NN term, then more identities until the second term is

inserted. Finally, a string of identities is added until the end of the lattice is reached.

The distance between i and j depends on the relative position of site i with respect

to the boundaries of the lattice as a consequence of the 2D-to-1D mapping. There are

three relevant positions which we have previously defined as belonging to the bottom,

middle and top groups. We will describe the finite-state automaton for each of the

groups in the following sections.

2.3.4.1 Bottom terms

Let us start with a site at the bottom of the lattice, with coordinates (x, 1) and analyse

which terms of the Hamiltonian the corresponding MPO matrix needs to encode. This

site has four neighbouring sites: (x−1, 1), (x+1, 1), (x, 2), (x, Ly). Fig. 2.4 shows this

configuration. Because of the 2D-to-1D mapping, an order relation exists between

the lattice sites in 2D. Since we build the MPO using the finite-state automaton, the

one-particle operator inserted at any site is only affected by the previous sites and

not by the following sites. The 2D-to-1D mapping reads (x, y)→ (x− 1)Ly + y and

turns the 2D coordinates (x, y) into a single number (x − 1)Ly + y that labels the

lattice sites in 1D and explicitly defines an ordering of the sites in 1D. Site (x, 1) has

1D index (x− 1)Ly + 1 and its four neighbouring sites in the 2D lattice map to

(x− 1, 1)→ (x− 2)Ly + 1 (2.12)

(x, 2)→ (x− 1)Ly + 2 (2.13)

(x, Ly)→ (x− 1)Ly + Ly (2.14)

(x+ 1, 1)→ xLy + 1 . (2.15)
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Figure 2.4: (Left) Finite-state automaton corresponding to one of the lattice sites at
the bottom of the lattice with coordinates (x, 1). (Right) Position of the bottom site
in the 2D lattice in black and relevant NN term in red. The red link in the automaton
corresponds to the insertion of the one-site operator that completes the NN term with
the same colour in the lattice.

After the 1D mapping, only one of these four NN sites in 2D has a smaller index

and therefore comes before site (x, 1) in the 1D representation. This is the site with

coordinates (x − 1, 1), and this pair of sites forms the NN term in the x direction

starting at (x− 1, 1) and ending at (x, 1). The MPO matrix M i corresponding to the

lattice site (x, 1) has the purpose of completing only this hopping term. The other

operators that need to be inserted at this site are those starting a NN term that ends

on a successive lattice site or those adding an identity or a on-site interaction term.

Fig. 2.4 gives a graphical representation of the relevant terms on the lattice and

the corresponding finite-state automaton. The site (x, 1) is coloured black, and its

four NN are coloured white. The only link with a NN term with a smaller index is the

site (x−1, 1), which is coloured red. Therefore, this is the only NN term that needs to

be completed by the matrix element at that site. According to the 1D labelling, these

sites are Ly sites apart, and the structure of the corresponding finite-state automaton

needs to encode this information. The finite-state automaton will encode the insertion

of the first term of the NN pair, then Ly − 1 identities followed by the operator that

completes the NN term. The automaton has three branches for the three NN terms:

the NN hopping and its Hermitian conjugate and the NN density-density interaction.
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The on-site term is represented only by the link between the starting and finishing

node.

2.3.4.2 Middle terms

In the same manner, let us consider a central site in the lattice with coordinates (x, y)

and 1 < y < Ly. This site has four neighbouring sites with coordinates: (x − 1, y),

(x+1, y), (x, y+1), and (x, y−1). The 1D labelling for site (x, y) becomes (x−1)Ly+y

and the four neighbouring sites map to

(x− 1, y)→ (x− 2)Ly + y (2.16)

(x+ 1, y)→ xLy + y (2.17)

(x, y + 1)→ (x− 1)Ly + y + 1 (2.18)

(x, y − 1)→ (x− 1)Ly + y − 1 . (2.19)

Only the sites at (x − 1, y) and (x, y − 1) come before site (x, y) in the 1D ordering

so the MPO matrix M i for this lattice site needs to complete the NN terms starting

from both of these sites. Fig. 2.5 shows the corresponding finite-state automaton

and the coloured lines in the lattice indicate the connections between sites which are

considered in the automaton.
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Figure 2.5: (Left) Finite-state automaton corresponding to one of the lattice sites at
the centre of the lattice with coordinates (x, y) and 1 < y < Ly. (Right) Position
of the middle site in the 2D lattice in black and relevant NN terms in red and blue.
The red and blue links in the automaton correspond to the insertion of the one-site
operator that completes the NN term with the same colour in the lattice.

2.3.4.3 Top terms

Let us consider a site at the top of the 2D lattice with coordinates (x, Ly). This site

has four neighbouring sites: (x − 1, Ly), (x + 1, Ly), (x, Ly − 1), and (x, 1). The 1D

labelling for site (x, Ly) becomes (x− 1)Ly +Ly and the four neighbouring sites map

to

(x− 1, Ly)→ (x− 2)Ly + Ly (2.20)

(x, 1)→ (x− 1)Ly + 1 (2.21)

(x, Ly − 1)→ (x− 1)Ly + Ly − 1 (2.22)

(x+ 1, Ly)→ xLy + Ly . (2.23)

In this case, because of the mapping, the sites at (x−1, Ly), (x, Ly−1) and (x, 1) come

before site (x, Ly) in the 1D ordering and the MPO matrixM i at this lattice site needs

to complete the NN terms starting from each of these sites. It is worth observing that

this is the matrix which includes the term imposing the cylindrical PBC. This is a

consequence of the mapping. Fig. 2.6 shows the finite-state automaton for this site

and the coloured lines in the lattice highlight the corresponding terms.
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(x, Ly)
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Figure 2.6: (Left) Finite-state automaton corresponding to one of the lattice sites at
the top of the lattice with coordinates (x, Ly). (Right) Position of the top site in the
2D lattice in black and relevant NN terms in red, blue and green. The red, blue and
green links in the automaton correspond to the insertion of the one-site operator that
completes the NN term with the same colour in the lattice.

2.3.5 Additional consequences of the gauge field

So far we have considered how the finite-state automaton inserts the one-particle

operators at each site to form all of the terms in the Hamiltonian. These one-particle

operators need to be multiplied by the appropriate coefficients. The on-site interaction

term ni(ni − 1) is multiplied by U and the NN density-density interaction ninj term

is multiplied by V , irrespective of the position of the sites. This is no longer the case

for the coefficients of the NN hopping terms, which are site-dependent.

Let us consider the effect of the gauge field. As described in Section 2.3.3 the choice

of gauge influences the periodicity of the 2D lattice in the x direction. Choosing the

Landau gauge A↑ leads to a q-site periodicity in x for the 2D Hamiltonian while

choosing A→ leads to a 1-site periodicity. We will analyse the case with A↑ since the

A→ case can be seen as a sub-case of A↑ where q = 1. In this gauge, the complex

hoppings in the y direction are dependent on x. After the 2D-to-1D mapping, the

q-site periodicity in the x direction is transformed into a Ly × q periodicity in 1D.

The effect of the q-site periodicity of the system in the x direction is implemented by

using site-dependent coefficients which multiply the operator that completes a NN
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hopping term.

It is worth noticing that the phase of the coefficient that multiplies the term repre-

senting the hopping around the boundary conditions has the opposite sign compared

to the terms that do not cross the boundary. This is a consequence of the ordering

in which the terms are inserted by the MPO while creating the Hamiltonian. The

complex phase i2πφx corresponds to the NN term c†x,Lycx,1. However, due to the map-

ping, the two terms are inserted in the opposite order. This is equivalent to inserting

the Hermitian conjugate of the term, which requires using the complex conjugate of

the coefficient.

2.3.6 Explicit form of the MPO matrices

At this point, we are equipped with all of the tools necessary to write the explicit form

of the MPO matrices M i. For each lattice site, we build the finite-state automaton

that describes all of the terms that need to be inserted at that site. Starting from

the automaton, we obtain the explicit form of the matrix elements M i
ab through the

procedure described in Section 2.2.1. As an example, the MPO matrix for a site i
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corresponding to one of the top lattice sites from Section 2.3.4.3 reads M i =



1 −Jc† 0 0 . . . 0 −Jc 0 0 . . . 0 V n 0 0 . . . 0 Un(n− 1)
1 ei2πφxc

1 0
. . . ...

1 e−i2πφxc
c

1 e−i2πφxc†

1 0
. . . ...

1 ei2πφxc†

c†

1 n
1 0

. . . ...
1 n

n
1



,

where, for the sake of visual order, the empty terms in the matrix represent zeros.

Each MPO matrixM i has bond dimension D = 3Ly+2, and a total of q×Ly distinct

matrices are needed.

2.3.7 Bosonic and fermionic models

The previous analysis was carried out for spinless particles, without explicitly men-

tioning whether they were fermions or bosons. Let us describe what happens in each

case.

2.3.7.1 Bosonic case

For the bosonic case, we consider the bosonic Harper-Hofstadter model with the

addition of on-site interactions, so the NN interaction terms will not be present.

As a consequence, we remove the Ly nodes that make up the central branch of the

automaton in Fig. 2.6. Fig. 2.7 shows the finite-state automaton that generates the

MPO matrix of the bosonic system for a site in the top group.
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Figure 2.7: Finite-state automaton corresponding to all of the terms necessary to
build the bosonic HH Hamiltonian.

The corresponding MPO matrix M i reads

M i =



1 −Jc† 0 0 . . . 0 −Jc 0 0 . . . 0 Un(n− 1)
1 ei2πφxc

1 0
. . . ...

1 e−i2πφxc
c

1 e−i2πφxc†

1 0
. . . ...

1 ei2πφxc†

c†

1



.

Each MPO matrix M i has bond dimension D = 2Ly + 2.

2.3.7.2 Fermionic case

Let us consider fermionic particles. We will include the NN interaction terms and the

on-site interactions will be absent because they are suppressed by the Pauli exclusion

principle. We need to take a more careful approach to generalise the methods we

have developed so far. The standard procedure to treat spinless fermions in DMRG
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Figure 2.8: Finite-state automaton corresponding to all of the terms necessary to
build the MPO of the fermionic Hamiltonian.

calculations is to map the fermionic operators ci and c†i to spin 1/2 operators through

the Jordan-Wigner transformation [165]. This transformation reads

ci =

(∏
j<i

σzj

)
σ−i and c†i =

(∏
j<i

σzj

)
σ+
i , (2.24)

where σ+, σ− and σz are spin 1/2 operators. The effect of this transformation on

the Hamiltonian is that of introducing a string of σz operators between the terms

representing NN hopping terms. This string of operators will not be present between

the NN density interaction terms because the string cancels out when computed for

the number operators. Fig. 2.8 shows the finite-state automaton for the fermionic HH

model. The corresponding MPO matrix M i reads
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M i =



1 −Jσ+ 0 0 . . . 0 −Jσ− 0 0 . . . 0 V n 0 0 . . . 0 0
σz ei2πφxσ−

σz 0
. . . ...

σz e−i2πφxσ−

σ−

σz e−i2πφxσ+

σz 0
. . . ...

σz ei2πφxσ+

σ+

1 n
1 0

. . . ...
1 n

n
1



2.3.8 Extensions to long-range terms and other lattice geome-

tries

The methods we have developed so far have focused on systems on a square lattice

and with on-site or NN terms. However, they can be extended to treat different

lattice geometries and longer-range terms. Once equipped with the long-range term

toolbox, it is possible to convert the current model to another type of lattice such as

triangular or honeycomb. We can imagine the honeycomb lattice, for example, as a

square lattice with nearest-neighbour and next-nearest-neighbour terms, but where

some of these terms are selectively suppressed. The toolbox of MPO methods we

have created is therefore ready to be extended to new systems.

The next section will describe in detail how to implement the long-range interac-

tion terms needed to study the dipolar Bose-Hubbard model.
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2.4 Dipolar Bose-Hubbard model

We use the finite-state automata method to implement long-range interactions in

a 2D lattice. We consider the dipolar Bose-Hubbard model, which has anisotropic

interactions decaying with the cube of the distance between particles. We focus

exclusively on the dipolar interactions and neglect the kinetic and on-site parts of the

dipolar Bose-Hubbard Hamiltonian since the shorter-range terms have already been

thoroughly described in the previous section. We will use the dipolar Bose-Hubbard

model in Chapter 4 to study its ground states on a finite-size lattice.

For dipolar spinless bosons with polarised dipole moments, the long-range inter-

acting part of the Hamiltonian reads

Hdd =
1

2

∑
i 6=j

V
(1− 3 cos2 θ)

|i− j|3 ninj , (2.25)

where θ is the angle between the polarisation direction of the dipoles and the vector

describing the relative position of coordinates i and j in the 2D lattice, and V = D2/a3

where D is the dipole moment and a is the lattice spacing. When the polarisation

direction of the dipoles is orthogonal to the lattice (θ = π/2), the interaction becomes

isotropic with Hamiltonian

Hdd =
1

2

∑
i 6=j

V

|i− j|3ninj . (2.26)

The dipolar interaction decays with a power law and has infinite range. However, we

will cut off the interaction length at a fixed distance to limit the bond dimension of

the MPO matrices.

The explicit form of the interaction terms as a tensor product of local operators
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|i � j| =
p

2
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|i � j| = 2
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Figure 2.9: Long-range interacting terms considered in the MPO for the dipolar BH
model. We perform a cutoff of the interaction at 5NN equivalent to |i− j| =

√
8. The

sites are colour-coded according to their distance from the site at coordinates (x, y)
labelled by the index i, coloured in black.

on each lattice site reads

ninj = 11⊗12⊗ . . .⊗1i−1⊗ni⊗1i+1⊗ . . .⊗1j−1⊗nj⊗1j+1⊗ . . .⊗1N−1⊗1N , (2.27)

where i < j. A string of identity operators are inserted before, between and after the

number operators n at sites i and j. We cut off the interaction terms in the 2D lattice

at a distance |i − j| =
√

8, which means considering up to five nearest-neighbours

(5NN) terms. Fig. 2.9 shows the square lattice and the interaction terms we are

taking into account. As in the previous section, where only NN terms were present,

the position of the sites with respect to the lattice affects the 2D-to-1D mapping and

we need to consider its effect.

We are considering a significantly larger number of terms compared to the inter-

acting Harper-Hofstadter model, making the mapping more complicated. In the next

section, we will show how the translational invariance of the MPO is affected by the

2D-to-1D mapping and list the different terms that need to be taken into account.
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2.4.1 Translational invariance

In order to determine how many differentM i matrices are necessary to build the MPO,

we need to consider all of the possible sources affecting the translational invariance of

the lattice after the 2D-to-1D mapping. For the current Hamiltonian, the translational

invariance of the system is only changed through the 2D-to-1D mapping and the

periodic boundary conditions. As a result, the matrices of the MPO describing the

dipolar interaction are subject to a translational invariance of period Ly. The position

of the lattice sites relative to the boundaries of the system in the y direction, and

the cutoff of the interactions at 5NN lead to five inequivalent lattice site positions.

A different matrix M i will be needed for the MPO, corresponding to the coordinates

(x, y) for the values of: y = 1, y = 2, y = Ly − 1, y = Ly and for 2 < y < Ly − 2.

In the next sections, we will present the lattice configurations and the corresponding

finite-state automaton for each of these cases.

2.4.1.1 Central term: 2 < y < Ly − 2

Let us start with the terms corresponding to a site in a central position of the lattice

with coordinates (x, y) and 2 < y < Ly−2. Due to the position of this site within the

lattice and the cutoff of the interactions we have set, the longest-ranged term that

needs to be implemented still falls within the boundaries of the lattice. Consequently,

the periodic boundary conditions need not be taken into account explicitly. Fig. 2.10

shows the lattice sites that we need to consider, how far away they are from site (x, y),

and how they are distributed around it. To build the finite-state automaton, let us

repeat the type of reasoning we have followed in Section 2.3 but in a streamlined

fashion, since we are already familiar with how it works.
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(x, y)
<latexit sha1_base64="k1Sj6xixu0gxSHFpNV94jHAB3YU=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJUkJKIoMeiF48VTFtoQ9lsN+3S3U3Y3Ygh9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YcKZNq777aysrq1vbJa2yts7u3v7lYPDlo5TRahPYh6rTog15UxS3zDDaSdRFIuQ03Y4vp367UeqNIvlg8kSGgg8lCxiBBsr+bWn8+ysX6m6dXcGtEy8glShQLNf+eoNYpIKKg3hWOuu5yYmyLEyjHA6KfdSTRNMxnhIu5ZKLKgO8tmxE3RqlQGKYmVLGjRTf0/kWGididB2CmxGetGbiv953dRE10HOZJIaKsl8UZRyZGI0/RwNmKLE8MwSTBSztyIywgoTY/Mp2xC8xZeXSeui7rl17/6y2rgp4ijBMZxADTy4ggbcQRN8IMDgGV7hzZHOi/PufMxbV5xi5gj+wPn8AfGkjho=</latexit><latexit sha1_base64="k1Sj6xixu0gxSHFpNV94jHAB3YU=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJUkJKIoMeiF48VTFtoQ9lsN+3S3U3Y3Ygh9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YcKZNq777aysrq1vbJa2yts7u3v7lYPDlo5TRahPYh6rTog15UxS3zDDaSdRFIuQ03Y4vp367UeqNIvlg8kSGgg8lCxiBBsr+bWn8+ysX6m6dXcGtEy8glShQLNf+eoNYpIKKg3hWOuu5yYmyLEyjHA6KfdSTRNMxnhIu5ZKLKgO8tmxE3RqlQGKYmVLGjRTf0/kWGididB2CmxGetGbiv953dRE10HOZJIaKsl8UZRyZGI0/RwNmKLE8MwSTBSztyIywgoTY/Mp2xC8xZeXSeui7rl17/6y2rgp4ijBMZxADTy4ggbcQRN8IMDgGV7hzZHOi/PufMxbV5xi5gj+wPn8AfGkjho=</latexit><latexit sha1_base64="k1Sj6xixu0gxSHFpNV94jHAB3YU=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJUkJKIoMeiF48VTFtoQ9lsN+3S3U3Y3Ygh9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YcKZNq777aysrq1vbJa2yts7u3v7lYPDlo5TRahPYh6rTog15UxS3zDDaSdRFIuQ03Y4vp367UeqNIvlg8kSGgg8lCxiBBsr+bWn8+ysX6m6dXcGtEy8glShQLNf+eoNYpIKKg3hWOuu5yYmyLEyjHA6KfdSTRNMxnhIu5ZKLKgO8tmxE3RqlQGKYmVLGjRTf0/kWGididB2CmxGetGbiv953dRE10HOZJIaKsl8UZRyZGI0/RwNmKLE8MwSTBSztyIywgoTY/Mp2xC8xZeXSeui7rl17/6y2rgp4ijBMZxADTy4ggbcQRN8IMDgGV7hzZHOi/PufMxbV5xi5gj+wPn8AfGkjho=</latexit><latexit sha1_base64="k1Sj6xixu0gxSHFpNV94jHAB3YU=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJUkJKIoMeiF48VTFtoQ9lsN+3S3U3Y3Ygh9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YcKZNq777aysrq1vbJa2yts7u3v7lYPDlo5TRahPYh6rTog15UxS3zDDaSdRFIuQ03Y4vp367UeqNIvlg8kSGgg8lCxiBBsr+bWn8+ysX6m6dXcGtEy8glShQLNf+eoNYpIKKg3hWOuu5yYmyLEyjHA6KfdSTRNMxnhIu5ZKLKgO8tmxE3RqlQGKYmVLGjRTf0/kWGididB2CmxGetGbiv953dRE10HOZJIaKsl8UZRyZGI0/RwNmKLE8MwSTBSztyIywgoTY/Mp2xC8xZeXSeui7rl17/6y2rgp4ijBMZxADTy4ggbcQRN8IMDgGV7hzZHOi/PufMxbV5xi5gj+wPn8AfGkjho=</latexit>

(x � 2, y)
<latexit sha1_base64="Oc0u7jw789L/mNSDIwhfSWwyJFI=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahgpbdIuix6MVjBfsB7VKyabYNTbJLkhWXpT/CiwdFvPp7vPlvTNs9aPXBwOO9GWbmBTFn2rjul1NYWV1b3yhulra2d3b3yvsHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyc3M7zxQpVkk700aU1/gkWQhI9hYqVN9PK+fpaeDcsWtuXOgv8TLSQVyNAflz/4wIomg0hCOte55bmz8DCvDCKfTUj/RNMZkgke0Z6nEgmo/m587RSdWGaIwUrakQXP150SGhdapCGynwGasl72Z+J/XS0x45WdMxomhkiwWhQlHJkKz39GQKUoMTy3BRDF7KyJjrDAxNqGSDcFbfvkvaddrnlvz7i4qjes8jiIcwTFUwYNLaMAtNKEFBCbwBC/w6sTOs/PmvC9aC04+cwi/4Hx8A84Tjo0=</latexit><latexit sha1_base64="Oc0u7jw789L/mNSDIwhfSWwyJFI=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahgpbdIuix6MVjBfsB7VKyabYNTbJLkhWXpT/CiwdFvPp7vPlvTNs9aPXBwOO9GWbmBTFn2rjul1NYWV1b3yhulra2d3b3yvsHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyc3M7zxQpVkk700aU1/gkWQhI9hYqVN9PK+fpaeDcsWtuXOgv8TLSQVyNAflz/4wIomg0hCOte55bmz8DCvDCKfTUj/RNMZkgke0Z6nEgmo/m587RSdWGaIwUrakQXP150SGhdapCGynwGasl72Z+J/XS0x45WdMxomhkiwWhQlHJkKz39GQKUoMTy3BRDF7KyJjrDAxNqGSDcFbfvkvaddrnlvz7i4qjes8jiIcwTFUwYNLaMAtNKEFBCbwBC/w6sTOs/PmvC9aC04+cwi/4Hx8A84Tjo0=</latexit><latexit sha1_base64="Oc0u7jw789L/mNSDIwhfSWwyJFI=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahgpbdIuix6MVjBfsB7VKyabYNTbJLkhWXpT/CiwdFvPp7vPlvTNs9aPXBwOO9GWbmBTFn2rjul1NYWV1b3yhulra2d3b3yvsHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyc3M7zxQpVkk700aU1/gkWQhI9hYqVN9PK+fpaeDcsWtuXOgv8TLSQVyNAflz/4wIomg0hCOte55bmz8DCvDCKfTUj/RNMZkgke0Z6nEgmo/m587RSdWGaIwUrakQXP150SGhdapCGynwGasl72Z+J/XS0x45WdMxomhkiwWhQlHJkKz39GQKUoMTy3BRDF7KyJjrDAxNqGSDcFbfvkvaddrnlvz7i4qjes8jiIcwTFUwYNLaMAtNKEFBCbwBC/w6sTOs/PmvC9aC04+cwi/4Hx8A84Tjo0=</latexit><latexit sha1_base64="Oc0u7jw789L/mNSDIwhfSWwyJFI=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahgpbdIuix6MVjBfsB7VKyabYNTbJLkhWXpT/CiwdFvPp7vPlvTNs9aPXBwOO9GWbmBTFn2rjul1NYWV1b3yhulra2d3b3yvsHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyc3M7zxQpVkk700aU1/gkWQhI9hYqVN9PK+fpaeDcsWtuXOgv8TLSQVyNAflz/4wIomg0hCOte55bmz8DCvDCKfTUj/RNMZkgke0Z6nEgmo/m587RSdWGaIwUrakQXP150SGhdapCGynwGasl72Z+J/XS0x45WdMxomhkiwWhQlHJkKz39GQKUoMTy3BRDF7KyJjrDAxNqGSDcFbfvkvaddrnlvz7i4qjes8jiIcwTFUwYNLaMAtNKEFBCbwBC/w6sTOs/PmvC9aC04+cwi/4Hx8A84Tjo0=</latexit><latexit sha1_base64="Oc0u7jw789L/mNSDIwhfSWwyJFI=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahgpbdIuix6MVjBfsB7VKyabYNTbJLkhWXpT/CiwdFvPp7vPlvTNs9aPXBwOO9GWbmBTFn2rjul1NYWV1b3yhulra2d3b3yvsHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyc3M7zxQpVkk700aU1/gkWQhI9hYqVN9PK+fpaeDcsWtuXOgv8TLSQVyNAflz/4wIomg0hCOte55bmz8DCvDCKfTUj/RNMZkgke0Z6nEgmo/m587RSdWGaIwUrakQXP150SGhdapCGynwGasl72Z+J/XS0x45WdMxomhkiwWhQlHJkKz39GQKUoMTy3BRDF7KyJjrDAxNqGSDcFbfvkvaddrnlvz7i4qjes8jiIcwTFUwYNLaMAtNKEFBCbwBC/w6sTOs/PmvC9aC04+cwi/4Hx8A84Tjo0=</latexit>

(x, y � 2)
<latexit sha1_base64="ydjg6jZzkRfMYlFc+xfzrkPzFV4=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahgpbdIuix6MVjBfsB7VKyabYNTbJLkhWXpT/CiwdFvPp7vPlvTNs9aPXBwOO9GWbmBTFn2rjul1NYWV1b3yhulra2d3b3yvsHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyc3M7zxQpVkk700aU1/gkWQhI9hYqVN9PEvP66eDcsWtuXOgv8TLSQVyNAflz/4wIomg0hCOte55bmz8DCvDCKfTUj/RNMZkgke0Z6nEgmo/m587RSdWGaIwUrakQXP150SGhdapCGynwGasl72Z+J/XS0x45WdMxomhkiwWhQlHJkKz39GQKUoMTy3BRDF7KyJjrDAxNqGSDcFbfvkvaddrnlvz7i4qjes8jiIcwTFUwYNLaMAtNKEFBCbwBC/w6sTOs/PmvC9aC04+cwi/4Hx8A86fjo0=</latexit><latexit sha1_base64="ydjg6jZzkRfMYlFc+xfzrkPzFV4=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahgpbdIuix6MVjBfsB7VKyabYNTbJLkhWXpT/CiwdFvPp7vPlvTNs9aPXBwOO9GWbmBTFn2rjul1NYWV1b3yhulra2d3b3yvsHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyc3M7zxQpVkk700aU1/gkWQhI9hYqVN9PEvP66eDcsWtuXOgv8TLSQVyNAflz/4wIomg0hCOte55bmz8DCvDCKfTUj/RNMZkgke0Z6nEgmo/m587RSdWGaIwUrakQXP150SGhdapCGynwGasl72Z+J/XS0x45WdMxomhkiwWhQlHJkKz39GQKUoMTy3BRDF7KyJjrDAxNqGSDcFbfvkvaddrnlvz7i4qjes8jiIcwTFUwYNLaMAtNKEFBCbwBC/w6sTOs/PmvC9aC04+cwi/4Hx8A86fjo0=</latexit><latexit sha1_base64="ydjg6jZzkRfMYlFc+xfzrkPzFV4=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahgpbdIuix6MVjBfsB7VKyabYNTbJLkhWXpT/CiwdFvPp7vPlvTNs9aPXBwOO9GWbmBTFn2rjul1NYWV1b3yhulra2d3b3yvsHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyc3M7zxQpVkk700aU1/gkWQhI9hYqVN9PEvP66eDcsWtuXOgv8TLSQVyNAflz/4wIomg0hCOte55bmz8DCvDCKfTUj/RNMZkgke0Z6nEgmo/m587RSdWGaIwUrakQXP150SGhdapCGynwGasl72Z+J/XS0x45WdMxomhkiwWhQlHJkKz39GQKUoMTy3BRDF7KyJjrDAxNqGSDcFbfvkvaddrnlvz7i4qjes8jiIcwTFUwYNLaMAtNKEFBCbwBC/w6sTOs/PmvC9aC04+cwi/4Hx8A86fjo0=</latexit><latexit sha1_base64="ydjg6jZzkRfMYlFc+xfzrkPzFV4=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahgpbdIuix6MVjBfsB7VKyabYNTbJLkhWXpT/CiwdFvPp7vPlvTNs9aPXBwOO9GWbmBTFn2rjul1NYWV1b3yhulra2d3b3yvsHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyc3M7zxQpVkk700aU1/gkWQhI9hYqVN9PEvP66eDcsWtuXOgv8TLSQVyNAflz/4wIomg0hCOte55bmz8DCvDCKfTUj/RNMZkgke0Z6nEgmo/m587RSdWGaIwUrakQXP150SGhdapCGynwGasl72Z+J/XS0x45WdMxomhkiwWhQlHJkKz39GQKUoMTy3BRDF7KyJjrDAxNqGSDcFbfvkvaddrnlvz7i4qjes8jiIcwTFUwYNLaMAtNKEFBCbwBC/w6sTOs/PmvC9aC04+cwi/4Hx8A86fjo0=</latexit><latexit sha1_base64="ydjg6jZzkRfMYlFc+xfzrkPzFV4=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahgpbdIuix6MVjBfsB7VKyabYNTbJLkhWXpT/CiwdFvPp7vPlvTNs9aPXBwOO9GWbmBTFn2rjul1NYWV1b3yhulra2d3b3yvsHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyc3M7zxQpVkk700aU1/gkWQhI9hYqVN9PEvP66eDcsWtuXOgv8TLSQVyNAflz/4wIomg0hCOte55bmz8DCvDCKfTUj/RNMZkgke0Z6nEgmo/m587RSdWGaIwUrakQXP150SGhdapCGynwGasl72Z+J/XS0x45WdMxomhkiwWhQlHJkKz39GQKUoMTy3BRDF7KyJjrDAxNqGSDcFbfvkvaddrnlvz7i4qjes8jiIcwTFUwYNLaMAtNKEFBCbwBC/w6sTOs/PmvC9aC04+cwi/4Hx8A86fjo0=</latexit>

(x � 2, y � 2)
<latexit sha1_base64="3FxTzKhiGW09fDk7Jmm+k5tv69c=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJUsGW3CHosevFYwX5IW0o2zbahSXZJsuKy9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5fsSZNq777aysrq1vbOa28ts7u3v7hYPDpg5jRWiDhDxUbR9rypmkDcMMp+1IUSx8Tlv++Gbqtx6p0iyU9yaJaE/goWQBI9hY6aH0VK6eJ+XqWb9QdCvuDGiZeBkpQoZ6v/DVHYQkFlQawrHWHc+NTC/FyjDC6STfjTWNMBnjIe1YKrGgupfODp6gU6sMUBAqW9Kgmfp7IsVC60T4tlNgM9KL3lT8z+vEJrjqpUxGsaGSzBcFMUcmRNPv0YApSgxPLMFEMXsrIiOsMDE2o7wNwVt8eZk0qxXPrXh3F8XadRZHDo7hBErgwSXU4Bbq0AACAp7hFd4c5bw4787HvHXFyWaO4A+czx+r1I8A</latexit><latexit sha1_base64="3FxTzKhiGW09fDk7Jmm+k5tv69c=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJUsGW3CHosevFYwX5IW0o2zbahSXZJsuKy9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5fsSZNq777aysrq1vbOa28ts7u3v7hYPDpg5jRWiDhDxUbR9rypmkDcMMp+1IUSx8Tlv++Gbqtx6p0iyU9yaJaE/goWQBI9hY6aH0VK6eJ+XqWb9QdCvuDGiZeBkpQoZ6v/DVHYQkFlQawrHWHc+NTC/FyjDC6STfjTWNMBnjIe1YKrGgupfODp6gU6sMUBAqW9Kgmfp7IsVC60T4tlNgM9KL3lT8z+vEJrjqpUxGsaGSzBcFMUcmRNPv0YApSgxPLMFEMXsrIiOsMDE2o7wNwVt8eZk0qxXPrXh3F8XadRZHDo7hBErgwSXU4Bbq0AACAp7hFd4c5bw4787HvHXFyWaO4A+czx+r1I8A</latexit><latexit sha1_base64="3FxTzKhiGW09fDk7Jmm+k5tv69c=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJUsGW3CHosevFYwX5IW0o2zbahSXZJsuKy9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5fsSZNq777aysrq1vbOa28ts7u3v7hYPDpg5jRWiDhDxUbR9rypmkDcMMp+1IUSx8Tlv++Gbqtx6p0iyU9yaJaE/goWQBI9hY6aH0VK6eJ+XqWb9QdCvuDGiZeBkpQoZ6v/DVHYQkFlQawrHWHc+NTC/FyjDC6STfjTWNMBnjIe1YKrGgupfODp6gU6sMUBAqW9Kgmfp7IsVC60T4tlNgM9KL3lT8z+vEJrjqpUxGsaGSzBcFMUcmRNPv0YApSgxPLMFEMXsrIiOsMDE2o7wNwVt8eZk0qxXPrXh3F8XadRZHDo7hBErgwSXU4Bbq0AACAp7hFd4c5bw4787HvHXFyWaO4A+czx+r1I8A</latexit><latexit sha1_base64="3FxTzKhiGW09fDk7Jmm+k5tv69c=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJUsGW3CHosevFYwX5IW0o2zbahSXZJsuKy9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5fsSZNq777aysrq1vbOa28ts7u3v7hYPDpg5jRWiDhDxUbR9rypmkDcMMp+1IUSx8Tlv++Gbqtx6p0iyU9yaJaE/goWQBI9hY6aH0VK6eJ+XqWb9QdCvuDGiZeBkpQoZ6v/DVHYQkFlQawrHWHc+NTC/FyjDC6STfjTWNMBnjIe1YKrGgupfODp6gU6sMUBAqW9Kgmfp7IsVC60T4tlNgM9KL3lT8z+vEJrjqpUxGsaGSzBcFMUcmRNPv0YApSgxPLMFEMXsrIiOsMDE2o7wNwVt8eZk0qxXPrXh3F8XadRZHDo7hBErgwSXU4Bbq0AACAp7hFd4c5bw4787HvHXFyWaO4A+czx+r1I8A</latexit><latexit sha1_base64="3FxTzKhiGW09fDk7Jmm+k5tv69c=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJUsGW3CHosevFYwX5IW0o2zbahSXZJsuKy9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5fsSZNq777aysrq1vbOa28ts7u3v7hYPDpg5jRWiDhDxUbR9rypmkDcMMp+1IUSx8Tlv++Gbqtx6p0iyU9yaJaE/goWQBI9hY6aH0VK6eJ+XqWb9QdCvuDGiZeBkpQoZ6v/DVHYQkFlQawrHWHc+NTC/FyjDC6STfjTWNMBnjIe1YKrGgupfODp6gU6sMUBAqW9Kgmfp7IsVC60T4tlNgM9KL3lT8z+vEJrjqpUxGsaGSzBcFMUcmRNPv0YApSgxPLMFEMXsrIiOsMDE2o7wNwVt8eZk0qxXPrXh3F8XadRZHDo7hBErgwSXU4Bbq0AACAp7hFd4c5bw4787HvHXFyWaO4A+czx+r1I8A</latexit>

(x � 2, y + 2)
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Figure 2.10: (Left) Finite-state automaton generating the matrix elements Mab cor-
responding to a site located at coordinates (x, y) with 2 < y < Ly − 2. (Right)
Depiction of all of the long-range interacting terms implemented by the finite-state
automaton. The links in the automaton are colour-coded according to the interaction
term they implement.

Site (x, y) has 24 sites surrounding, which are within the 5NN cutoff we have

imposed. However, for the purpose of building the MPO matrix, only the terms

corresponding to sites coming before it in the 1D ordering need to be taken into

account. There are 12 such sites which have a 1D distance from site (x, y) that

goes from 1 to 2Ly + 2, corresponding to the sites with 2D coordinates (x, y− 1) and

(x−2, y−2) respectively. The 1D distance is going to affect the number of nodes that

make up the finite-state automaton and the corresponding MPO matrix. Fig. 2.10

shows the automaton that generates the MPO matrix. Let us describe it briefly. The

starting and ending nodes of the automaton have labels 1 and 3Ly respectively, and

they each have a self-pointing link corresponding to an identity operator. All of the

other links ending at the node 3Ly have no explicit label for the sake of visual clarity,

but they all represent the insertion of a density operator n. The links are colour-coded

to encode the distance of the interaction term they represent. Each different colour

corresponds to a different coefficient that multiplies the density operator and describes

the power-law decay of the interaction. This colour-code is shown in Fig. 2.9.
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In the next sections, we will show the lattice site configuration and the corre-

sponding automaton for each site with inequivalent coordinates. For the sake of

visual clarity, in all of the figures depicting the lattice, we will avoid drawing the links

between the site of interest and all of the sites it is connected to. We will instead

colour-code each site according to the scheme in Fig. 2.9, which uniquely identifies

the strength of the interaction according to their distance. This simplification is nec-

essary because all of the following cases contain interactions spanning through the

PBC, which would become cumbersome to represent neatly. The horizontal dashed

line cutting through the lattice symbolises an arbitrary number of additional lattice

sites positioned in between.

2.4.1.2 Top term: y = Ly

Figure 2.11: (Left) Finite-state automaton generating the matrix elements Mab cor-
responding to a site located at coordinates (x, y) with y = Ly. (Right) Depiction of
all of the long-range interacting terms implemented by the finite-state automaton.
The links in the automaton are colour-coded according to the interaction term they
implement.
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2.4.1.3 Top term: y = Ly − 1

Figure 2.12: (Left) Finite-state automaton generating the matrix elements Mab cor-
responding to a site located at coordinates (x, y) with y = Ly − 1. (Right) Depiction
of all of the long-range interacting terms implemented by the finite-state automaton.
The links in the automaton are colour-coded according to the interaction term they
implement.

2.4.1.4 Bottom term: y = 2

Figure 2.13: (Left) Finite-state automaton generating the matrix elements Mab cor-
responding to a site located at coordinates (x, y) with y = 2. (Right) Depiction of
all of the long-range interacting terms implemented by the finite-state automaton.
The links in the automaton are colour-coded according to the interaction term they
implement.
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2.4.1.5 Bottom term: y = 1

Figure 2.14: (Left) Finite-state automaton generating the matrix elements Mab cor-
responding to a site located at coordinates (x, y) with y = 1. (Right) Depiction of
all of the long-range interacting terms implemented by the finite-state automaton.
The links in the automaton are colour-coded according to the interaction term they
implement.

2.4.2 Dipolar interaction coefficients

In the definition of the MPO formalism for a general operator Ô as in Eq. (2.1), we

have stated that the elements of each matrix M i are one-particle operators which

are multiplied by an appropriate coefficient. The finite-state automaton must encode

both of these pieces of information: the operator and the coefficient. So far, we have

described how the operator part is encoded in the finite-state automaton, glossing

over the choice of coefficient, which has just been implicitly stated through the colour-

coding of the sites. The structure of the graph that constitutes the automaton for

each inequivalent lattice site is similar. This is because the terms composing the

interaction span a similar range of distances when converted to the 1D lattice.

Let us consider the coefficients that multiply the one-particle operators. These

coefficients have the form V/|i − j|3, which describes the scaling of the interaction

energy with the distance. The coefficients depend on the relative position of the
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sites in the 2D lattice where the dipolar interaction actually exists, since they are

a function of |i − j|. Because there are five inequivalent lattice positions in the 2D

lattice, each of them needs to be treated differently. The relative position of sites

i and j in 2D is described by the relative x coordinate ∆x and by the relative y

coordinate ∆y. Because of the inequivalency of the sites in the lattice, pairs of sites

that have the same 1D distance have different distances in 2D, depending on their

position relative to the lattice boundaries in the y coordinate. Although the insertion

of the operators is not changed, the calculation of the multiplicative coefficients that

represent the power-law decay of the dipole interaction needs to be site-dependent.

Two different factors need to be considered. The first is the fact that distances in 1D

do not correspond to the same distance in 2D. As a simple example, let us consider

the case of two lattice sites (x, 2) and (x, 1). These are NN sites in the 2D lattice, as

well as after the 1D mapping. However, let us consider the sites (x, 1) and (x−1, Ly).

They have distance
√

2 in the 2D lattice but have distance 1 in the 1D mapping.

Secondly, the mapping of the distances from 1D to 2D is not unique. A separate

mapping is necessary for each of the inequivalent lattice sites. For example, the

terms which have a 2D-distance
√

8 have different distances in 1D according to their

position. For a central site, the corresponding 1D distance is 2Ly − 2 and 2Ly + 2,

but for a top site (y = Ly) the same 2D distances map to the 1D distances of 2Ly + 2

and 3Ly − 2. This fact needs to be included in each separate automaton that builds

the MPO. Five different 1D-to-2D mappings to calculate ∆x and ∆y are used.

2.5 Testing, benchmarking and applications

We have thoroughly tested the implementation of the MPO for the interacting Harper-

Hofstadter and dipolar Bose-Hubbard Hamiltonians by comparing the results ob-

tained from DMRG with quantities known in the literature. We have reproduced the
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correlation functions of a bosonic integer quantum Hall system on a square lattice

from Ref. [124] and the currents for a fermionic fractional quantum Hall system on a

cylindrical lattice from Ref. [166]. In addition, we have developed an exact diagonali-

sation code to compute the ground state of the bosonic Harper-Hofstadter model and

the dipolar Bose-Hubbard model for small systems with size of up to Lx×Ly = 4× 5

and up to 4 particles. We have confirmed the agreement between the energy and all

of the expectation values used throughout our calculations between the DMRG code

and the exact diagonalisation code.

The extensive development of the 2D lattice Hamiltonians that we have carried

out using the TNT library has produced a powerful and general tool to explore 2D

lattice systems. The types of particles that we can study are spinless fermions, spin-

less bosons and spins. We can define a general gauge field that affects the complex

phase of the particle hoppings and add arbitrary on-site terms. We can add on-site

interactions, NN, NNN etc. with site and range-dependent interaction strength. This

is a general tool that allows us to study a variety of different physical systems.

In the next chapters, we will consider two systems. Chapter 3 will discuss the

bosonic Harper-Hofstadter model and Chapter 4 will consider the dipolar Bose-

Hubbard model.
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Chapter 3

Bosonic fractional quantum Hall

ground states on a finite cylinder

In this chapter, we make use of the 2D DMRG methods presented in Chapter 2 to

study the ground-state properties of a bosonic Harper-Hofstadter (HH) model. With

the addition of on-site interactions, this model describes the physics of a quantum

Hall system in an optical lattice setting, using ultracold atoms [42, 114]. We will

consider a finite cylindrical geometry and a filling fraction ν = 1/2.

We perform our calculations on a finite cylinder geometry. The reason for the

choice of a finite geometry is twofold. On the one hand, it gives access to the physical

boundaries of the system which show relevant properties for a quantum Hall state. On

the other hand, the experimental realisation of lattice systems is inherently finite, and

edge effects will play a role. A finite cylinder will therefore exemplify the behaviour of

an experimental setup. Moreover, a proposal has been put forward for the realisation

of an experiment that implements a fermionic version of this system on a finite real-

space cylindrical geometry [166]. This system is ideally suited to studying the edge

modes of the system and has been shown to support fermionic fractional quantum

Hall states [133, 166].
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To characterise the ground state of the system, we compute a set of observables

whose behaviour is known for a Laughlin state in the continuum in a finite geometry.

A fractional quantum Hall state with a gapped, insulating bulk and gapless edge

modes has been shown to have a uniform density in the bulk and a density spike

near the edges in the continuum [167, 168]. Moreover, chiral edge currents [76, 169]

and algebraically decaying one-particle correlation functions near the edge [123, 124]

are typical of the state. Additionally, we make use of the topological entanglement

entropy, which is known for the Laughlin state [89, 170, 171], to unambiguously

characterise the topological nature of the state. We compute the zero-temperature

ground states of systems with size, geometry and parameters which are in line with

experimentally realisable systems and find that their ground states show a set of

physical properties compatible with those of a Laughlin state in the continuum. Our

results aim at providing guidance to experimentalists on how to observe fractional

quantum Hall grounds states in optical lattices in the limit of large magnetic fluxes.

This chapter is structured as follows. In Section 3.1, we describe the interacting

bosonic HH model. In Section 3.2, we calculate the topological entanglement entropy

for our system. In Section 3.3 we compute a set of observables that characterise

the edge and bulk properties of the state and in Section 3.4 we generalise the model

outside of the hard-core limit. Finally in Section 3.5 we discuss and summarise our

results.

The results presented in this chapter have been published in Ref. [61].

3.1 Bosonic Harper-Hofstadter model

We consider a bosonic HH model with the addition of on-site interactions. We have

introduced this model in Section 2.3, so we will only recall the relevant information

to describe our system. Nb spinless bosons live on a square lattice with Lx sites in
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the x direction and Ly sites in the y direction, and mean particle density nb. We

impose periodic boundary conditions (PBC) in the y direction, turning the lattice

into a finite cylinder geometry.

The Hamiltonian of the system reads

H = Hkin +HU , (3.1)

where Hkin is the single-particle kinetic Hamiltonian and HU is the on-site interaction

Hamiltonian. Hkin reads

Hkin = −J
[
Lx−1∑
x=1

Ly∑
y=1

c†x,ycx+1,y +
Lx∑
x=1

Ly−1∑
y=1

ei2πxφc†x,ycx,y+1 +
Lx∑
x=1

ei2πxφc†x,Lycx,1

]
+ H.c. ,

(3.2)

where cx,y is the annihilation operator for a boson at site (x, y), obeying bosonic

commutation relations [ci, c
†
j] = δij and J is the hopping amplitude. The filling

fraction of the system is defined as ν = nb/nφ, where nφ ≡ φ is the flux per plaquette.

The interacting part of the Hamiltonian HU in Eq. (3.1) reads

HU = U

Lx∑
x=1

Ly∑
y=1

nx,y(nx,y − 1) , (3.3)

where U is the on-site interaction strength and nx,y = c†x,ycx,y is the number operator

at site (x, y). Since the system is made of bosons, each site can be occupied by at

most Nb particles. However, in our numerical calculations using DMRG, we need to

fix a maximum occupation number nmax at each site, to limit their computational

complexity. This limits the dimension of the local Hilbert space on each site to nmax.

Throughout this chapter, we will consider two interaction regimes. First, we will

work in the hard-core limit, where U/J →∞. No two particles are allowed to be in

the same lattice site, and the local Hilbert space at each site is constrained to have

either zero or one particle. This implies that nmax = 1 and the on-site interaction
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term in the Hamiltonian of Eq. (3.1) can be omitted.

Later in the chapter, we will drop the hard-core constraint and consider general

interaction strength U . In this case, we will choose nmax in such a way that our

calculations converge.

3.2 Topological entanglement entropy

In order to investigate the topological nature of the system, we compute the topolog-

ical entanglement entropy γ for its ground state. We use the scaling relation of the

entanglement entropy with the length of the bipartition boundary [92, 172]

S(L) = cL− γ , (3.4)

where L is the length of the boundary and c is a non-universal constant. Obtaining

a non-zero value of γ indicates that the ground state of the system is topologically

ordered and supports anyonic quasiparticle excitations. In order for Eq. (3.4) to

hold, it is necessary that only Abelian anyons be present in the system, and that

the degenerate ground states are in a proper linear superposition such that their

entanglement entropy is minimal, called minimally entangled states [173]. We assume

these conditions to hold and that the ground states we obtain are in the minimally

entangled basis as a result of DMRG selecting low entanglement states [174].

We perform the bipartition of the cylinder by cutting it in two equal parts along

the y direction. Each half-cylinder has size Lx/2×Ly. We consider the ground state

for filling fraction ν = 1/2 and φ = 1/6. We fix Lx = 6 and scale the cylinder

circumference Ly, which is the length of the boundary L that appears in Eq. (3.4).

Since the complexity of the DMRG calculation already scales exponentially with

the circumference of the lattice, we choose Lx to be a small number to limit the

computational cost. The values of Ly are constrained to be even, to ensure that the
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Figure 3.1: Entanglement entropy S for a cylinder of length Lx = 6, filling fraction
ν = 1/2 and φ = 1/6 as a function of circumference Ly. The blue crosses are the
results of an extrapolation of S to χ → ∞, and the red solid line is the linear fit to
these values. The inset shows the linear fit of S as a function of 1/χ for Ly = 14.

total number of particles in the system is an integer. For each size, we always obtain

two degenerate ground states. We selectively obtain either of the two ground states

by changing the starting wavefunction for DMRG. This two-fold degeneracy is typical

of topologically ordered systems and consistent with the centre-of-mass degeneracy of

the corresponding system on a torus, which has been shown to be size-dependent [175].

For each system size, we compute the entanglement entropy S from the MPS

formulation of the ground-state wavefunction. The MPS gives direct access to the

Schmidt values λi for the bipartition of the system, which we use to compute S as

S = −tr[ρL ln(ρL)] = −
∑
i

|λi|2 ln(|λi|2) , (3.5)
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where ρL is the density matrix of the left part of the system after a performing the

bipartition cut.

Having S(Ly) for each value of Ly allows us to derive the value of the topological

entanglement entropy as in Eq. (3.4). For each value of Ly we perform a finite entan-

glement scaling by considering increasing bond dimensions χ = 400, 500, 600, 1000.

We perform a linear fit of Sχ(Ly) as a function of 1/χ and extrapolate the value of

S∞(Ly) for χ→∞. We use these values S∞(Ly) to calculate γ

γ ≈ 0.34± 0.05 , (3.6)

where the error is for the 68% confidence interval of the result of the linear fit, shown

in Fig. 3.1.

The non-zero value of the topological entanglement entropy indicates that the

ground state of the system is topologically ordered. Analytical results for the topo-

logical entanglement entropy of a Laughlin state with filling fraction ν = 1/q give

γ = ln
√
q [170, 171]. The value of γ we obtain is in close agreement with the analytical

result γ = ln
√

2 ≈ 0.347.

3.3 Quantum Hall signatures

To compare how accurately the ground-state properties of the system are compatible

with those of a Laughlin state, we calculate a set of observables whose behaviour is

known in the continuum version of the system, where the ground state is described

by the Laughlin wavefunction. The observables we consider are the particle density,

the currents and the correlation functions around the cylinder.

We consider the bosonic HH Hamiltonian on a finite cylinder and in the hard-

core limit for filling fraction ν = 1/2 and φ = 1/3. The results coming from ED of

small systems [41, 42, 44] show that the overlap of the ground state with the Laughlin
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wavefunction is small, for large values of the magnetic flux φ > 0.2. Selecting φ = 1/3

is, therefore, a relevant parameter to choose in order to characterise the ground state

by going beyond the calculation of the overlap. Previous works have gone beyond

the overlap calculations by computing the Chern number [42] and considering the

pumping of charges through an infinite cylinder using DMRG [135].

We instead choose to use a finite cylinder geometry which gives access to the edge

properties of the system, which are especially relevant for quantum Hall physics, and

are not available in the torus or infinite cylinder geometry. We consider a system with

circumference Ly = 6 and increasing cylinder lengths from Lx = 9 up to Lx = 18, to

see how the system length affects the edge properties of the system. These system sizes

always lead to non-degenerate ground states, in agreement with the degeneracy of the

system on a torus geometry, where a unique ground state is found for appropriate

values of Lx and Ly [175]. For all of the system sizes that we have considered, we

obtain a non-degenerate ground state in the corresponding cylinder geometry. All

calculations have been performed with bond dimension χ = 1000, which is sufficient

to obtain converged expectation values for all of our quantities of interest. We also

fix the total number of particles in the system by imposing U(1) quantum number

conservation symmetry [11].

3.3.1 Particle density

Let us consider the local density profile of the ground state, defined as the expectation

value of the number operator at each site, which reads

n(x) =
1

Ly

Ly∑
y=1

〈c†x,ycx,y〉 . (3.7)

Because of the rotational symmetry around the cylinder, the ground states are trans-

lationally invariant along y, so we average the expectation values over each ring at a
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Figure 3.2: Particle density n as a function of the x coordinate for system sizes
Lx × Ly: (a) 9× 6, (b) 12× 6, (c) 15× 6 and (d) 18× 6. Lines connecting the data
points are a guide to the eye.

fixed y, making n(x) only dependent on the x coordinate. The rotational symmetry

in y and the need to only consider the x dependence of the observables is a further

advantage of our choice of cylindrical boundary conditions.

Previous works have calculated the density profiles of Laughlin states in the con-

tinuum for finite geometries such as the disk [167, 168]. They found that the density

spreads uniformly in the bulk and shows a peak close to the edges before going to

zero.

Fig. 3.2 shows the density profile of the ground state for four different lengths of

the cylinder. In agreement with the behaviour of the Laughlin state in the continuum,

the density has a uniform value in the bulk, with constant value n ≈ 0.17 ≈ nb, where
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nb is the mean number of bosons. The density profiles have their lowest value at the

edges of the cylinder and show a spike in the second outermost ring. The change in

behaviour between bulk and edges become increasingly evident for larger values of

Lx. The value of the density in the first and second ring, making up the spike, remain

constant, but the additional central rings, making up the bulk of the cylinder, become

progressively more uniform. We conclude that the density profiles are compatible with

the behaviour of a Laughlin ground state.

3.3.2 Edge currents

To further characterise the ground state of the system we consider the behaviour of

the currents around the circumference of the cylinder as a function of the x coordinate.

We define the current Iy around the cylinder in the y direction as

Iy(x) =
1

Ly

Ly∑
y=1

〈iJei2πxφc†x,ycx,y+1 + H.c.〉 . (3.8)

Because of the rotational symmetry of the system around its circumference, the cur-

rent does not depend on y and we average its value over y. In the sum, the lattice site

with y = Ly + 1 is identified with y = 1 as a consequence of the periodic boundary

conditions.

Fig. 3.3 shows the currents Iy as a function of the x coordinate for the four system

lengths. For all of the system sizes, the currents have their maximal magnitude at

the edges and have different signs at each edge. The sign difference indicates that

the currents are chiral, meaning that they flow in opposite directions around each

edge of the cylinder. The magnitude of the currents at the edges stays constant when

increasing the system size. In the bulk, the current fluctuates close to zero and gets

more uniform with a negligible magnitude for larger system lengths. The effect of the

boundaries penetrates the bulk of the system for three sites from the edge where the
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Figure 3.3: Current around the cylinder Iy/J as a function of the x coordinate for
system sizes Lx×Ly: (a) 9×6, (b) 12×6, (c) 15×6 and (d) 18×6. Lines connecting
the data points are a guide to the eye.

current is significantly non-zero and oscillates around zero. These oscillations have

the same extension into the bulk of the system as for those in the density profiles. The

addition of more sites in the bulk does not affect the edge properties of the system.

This behaviour of the edge and bulk currents indicates the presence of conducting

edges states and an insulating bulk. They are compatible with the physics shown by

Laughlin states at filling ν = 1/2. This further confirms the similarity of the lattice

ground state with the Laughlin wavefunction.
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Figure 3.4: Correlation functions Cy for system sizes Lx × Ly: (a) 9× 6, (b) 12× 6,
(c) 15× 6 and (d) 18× 6. Each line represents the correlation function around a ring
identified by its x coordinate. Only the rings from x = 1 to x = Lx/2 are shown due
to the inversion symmetry of the cylinder. Lines connecting the data points represent
a guide to the eye.

3.3.3 Correlation functions

To further characterise and distinguish the properties of the bulk of the system from

those of the edge, we consider the one-particle correlation functions around the cir-

cumference of the cylinder. We write the correlation function along y as

Cy(x,∆y) =
〈c†x,1cx,1+∆y〉

n(x)
, (3.9)

which measures the correlation of two particles with the same x coordinate but ∆y

sites apart along y.
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In the proximity of the edge, the correlation function is expected to decay alge-

braically as a function of the distance

Cy(x,∆y) ∝ 1

∆yα
, for x ≈ 1, Lx , (3.10)

indicating the presence of a gapless edge mode. In a gapped bulk, where currents are

absent, the correlation function is expected to decay exponentially

Cy(x,∆y) ∝ e−∆y/ξ, for x ≈ Lx/2 , (3.11)

where ξ is the correlation length [123, 124].

Fig. 3.4 shows the correlation functions for each of the four system sizes we have

considered. The separate lines in each plot represent the correlation function for a

different value of x. The plots are similar for all system sizes. In each of the plots,

there is a significant change in behaviour between the correlation functions at the

edge of the cylinder, with x = 1, and all of the other ones in the bulk. Its decay is

much slower as opposed to all of the other correlation functions. We find that the

increased system size does not affect the edge properties of the system.

The behaviour of the correlation function is consistent with the slower decay in the

presence of a conducting edge, where long-range correlations are present, and with a

faster decay in the bulk, which is gapped and insulating. Despite the quantitatively

slower decay of the correlation functions at the edges, the circumference of the cylinder

is not sufficiently large to confidently conclude that the decay at the edge follows a

power law and the decay in the bulk is exponential.
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3.4 Interaction-strength dependence

The system we have considered so far was in the hard-core limit, corresponding to

having an infinite on-site interaction in the lattice. However, the condensed-matter

equivalent of the system is characterised by a finite interaction strength as a con-

sequence of the Coulomb interaction. It is therefore of interest to explore how the

ground state in the hard-core limit arises when increasing the on-site interaction

strength starting from zero. Additionally, an experimental setting would have control

over the on-site interaction strength of the bosons and would allow for the transition

to be explored.

We consider a system with lattice size Lx×Ly = 9× 6 at filling fraction ν = 1/2,

φ = 1/3 and we vary the interaction strength U/J . For this value of φ, all of the

observables we have previously studied confirm that the physics of the ground state

is compatible with that of a Laughlin state.

We will focus on the behaviour of the currents and the correlation functions around

the cylinder to characterise how the ground-state properties change with U/J .

In our DMRG calculations, we used a maximal occupation number at each site of

nmax = 4 and bond dimension χ = 500. Only for U = 0 did we use nmax = 9.

3.4.1 Edge currents

Following the analysis performed in the previous sections, we start by calculating the

currents around the cylinder. We have already studied their behaviour in the hard-

core limit where U/J → ∞. Now we explore how this limit is reached by increasing

U/J from the non-interacting case. Fig. 3.5 shows the currents Iy(x) for four values

of the interaction strength from U/J = 0 to U/J = 8. For U/J = 8 [see Fig. 3.5 (d)]

and above, the currents become almost indistinguishable from the hard-core limit.

For smaller values of the interaction strength, the magnitude of the currents in the
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Figure 3.5: Current around the cylinder Iy(x)/J for an Lx × Ly = 9 × 6 lattice,
with ν = 1/2 and φ = 1/3. The interaction strength takes values (a) U/J = 0, (b)
U/J = 0.1, (c) U/J = 2, (d) U/J = 8. Lines connecting the data points are a guide
to the eye.
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Figure 3.6: |Iy(x)| for an Lx × Ly = 9 × 6 lattice, with ν = 1/2 and φ = 1/3. Each
line represents a different value of the x coordinate. Due to the inversion symmetry
of the cylinder, only the first five lattice sites along x are considered.
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Figure 3.7: Correlation functions Cy for an Lx×Ly = 9× 6 lattice, with ν = 1/2 and
φ = 1/3. The interaction strength takes on values (a) U/J = 0, (b) U/J = 0.1, (c)
U/J = 2, (d) U/J = 8. Lines connecting the data points are a guide to the eye.

bulk of the system increases and the edge currents are no longer dominant. For the

non-interacting limit, the ground state shows strong currents oscillating in the bulk.

We can better understand the behaviour of the currents by computing their value

around each ring of the cylinder as a function of the interaction strength. Fig. 3.6

shows such currents. Each line represents a different x coordinate up to the central

ring which is always zero as a consequence of the inversion symmetry of the cylinder.

The line of the central-most rings, with x = 3 and x = 4, have a non-zero current

and decrease monotonically. The line corresponding to the ring located at the edge,

with x = 1, quickly saturates after having a minimum around U/J ≈ 0.5. This shows

how, when increasing interaction strength, the edge currents become dominant.
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3.4.2 Correlation functions

Let us consider the decay of the correlation functions around the cylinder Cy(x,∆y)

as defined in Eq. (3.9), when varying the interaction strength of the system. For

the non-interacting limit where U = 0, we find that the correlation functions around

the cylinder are constant for every value of the x coordinate. Fig. 3.7 (a) shows the

correlation functions for U = 0. In Section 3.3.3, we found that, in the hard-core

limit, only the correlation function at the edge differs from the ones in the bulk.

Therefore, we plot only Cy(1,∆y) and Cy(5,∆y). These values are representative of

the edge and bulk behaviour, respectively.

Fig. 3.7 (b-d) shows Cy(x,∆y) with x = 1 and x = 5 for three representative

values of U > 0. In the hard-core boson case, we have observed that the decay of the

correlations is slower at the edges and faster in the bulk. We find that, for small but

positive values of U , this behaviour is reversed. In particular, up to U/J ≈ 2.5, the

correlation at the edges decays significantly faster before showing a revival as shown

in Fig. 3.7 (b) and (c). When U/J > 2.5 the bulk correlations decay faster than the

edge ones, and when U/J ≈ 8, they become close to the ones in the hard-core limit

as shown in Fig. 3.7 (d). All correlations show a peak at ∆y = 3 and although we

cannot fully understand its presence, we assume it to be a finite-size effect.

3.4.3 Additional quantities

To further quantify how the hard-core limit is reached from the behaviour of the

currents and correlation functions, we compute two new quantities. Using the currents

from Eq. (3.8) we define

RI =
|Iy(1)|
σ(bulk)

, (3.12)

where Iy(1) is the edge current and σ(bulk) is the standard deviation of the currents

in the bulk. RI quantifies how dominant the currents at the edge are relative to the
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Figure 3.8: (a) RI as defined in Eq. (3.12) for a system of size Lx × Ly = 9 × 6,
φ = 1/3 and ν = 1/2. (b) Ratio |Cy(5, 2)|/|Cy(1, 2)| of the decay after two sites of
the correlation function in the bulk (x = 5) and at the edge (x = 1).

currents in the bulk. Fig. 3.8 (a) shows RI as a function of U/J . RI > 1 when

U/J > 0.5 indicating that the edge current becomes dominant. For larger values of

the interaction strength, RI increases monotonically and saturates for U/J ≈ 5. For

larger values, the behaviour of the currents becomes similar to that of the Laughlin-

like state in the hard-core limit.

We also calculate the ratio between the value of the correlation function in the

bulk (x = 5) and at the edge (x = 1) at a distance of two sites |Cy(5, 2)|/|Cy(1, 2)|.

This quantity expresses the relative rate of decay of the correlations and is shown in

Fig. 3.8 (b). For small values of U , this ratio has a larger-than-one value, becomes

smaller than one when U/J > 2.5, and then decreases monotonically for larger values

of U . This indicates the existence of a region of small U where the decay of cor-

relation functions is faster at the edges as compared to the bulk, before becoming

compatible with a Laughlin state. These results indicate that the transition from

the non-interacting case to the hard-core limit goes through a transitory state, where

|Cy(5, 2)|/|Cy(1, 2)| > 1. This state has physical properties which are distinct from

those of a Laughlin state. The appearance of Laughlin-like physics only for large

values of U is consistent with the results coming from the ED of small systems.
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Fig. 3.8 (a,b) shows an additional striking feature of the transition from the non-

interacting system to the hard-core limit. The transition appears to be completely

smooth without a sharp change in any of the observables we compute. For small values

of the magnetic flux φ < 0.2, ED calculations for small systems [42] have shown that a

sharp phase transition occurs at U = 0, where the ground state shows no topological

order, to a topologically ordered ground state for U > 0. This transition is analogous

to the continuum case.

Our system does not show this type of transition. This is because we have consid-

ered a large value of φ = 1/3, where the discrepancy between the lattice system and

its continuum version becomes significant. ED shows that the overlap of the ground

state with the Laughlin function gradually increases as a function of U and no sharp

transition is present. Our analysis extracts further details about the transition which

complement the calculation of the overlap of the ground-state wavefunctions. Both

the correlations and the currents show that the system goes through a state where

the currents are dominant in the bulk, and the correlations decay faster at the edges,

before reaching the Laughlin-like state from the non-interacting case.

3.4.4 φ = 1/4

A different situation is expected for smaller values of φ where the overlap with the

Laughlin state at U = 0 is larger [42]. We study the transition that occurs as a

function of the interaction strength for a system with flux density φ = 1/4 to explore

whether a smaller flux density affects the smoothness of the transition we observed for

φ = 1/3. We consider a system with size Lx × Ly = 8× 4, φ = 1/4 and ν = 1/2 and

focus on the behaviour of the edge currents. Fig. 3.9 (a) showsRI as a function of U/J .

A sharp change in the value of RI , caused by a decrease of the denominator, occurs

at U/J ≈ 9.8 and then saturates. For small U , RI increases sharply with U/J until

U/J ≈ 3, where it levels off and subsequently decreases slightly until the transition
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Figure 3.9: (a) RI for a system of size Lx×Ly = 8×4, φ = 1/4 and ν = 1/2. Current
Iy(x)/J for the system in (a) for U/J = 9.6 (b) and U/J = 9.9 (c). Lines connecting
the data points in (b) and (c) are a guide to the eye.

point. Fig. 3.9 (b) and (c) show the corresponding edge currents immediately before

and after the transition. Before the jump, for U/J = 9.6 the currents grow in a

fashion close to linear with the distance from the centre. After the transition, for

U/J = 9.9, only the edge currents are dominant, and they become reminiscent of

the hard-core behaviour for the φ = 1/3 case as in Fig. 3.5 (d). This suggests that

lowering the flux density leads to a regime where a sharp transition occurs, in line

with the results from ED calculations.

For the DMRG calculations, we used a maximum occupation number per site

nmax = 4, and bond dimension up to χ = 300.
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3.5 Conclusion and outlook

The fractional quantum Hall effect is the paradigmatic physical system showing topo-

logical order. All of the ingredients necessary to simulate its physics, i.e. 2D geometry,

repulsive interaction potential and an orthogonal magnetic field have been realised

and are available in quantum gas experiments. Additionally, experimental proposals

for topologically non-trivial geometries, such as a finite cylinder, have been put forth

as a way to simulate quantum Hall physics. Previous numerical studies of the ground

state of such systems on a lattice using tensor network methods considered a torus

geometry or an infinite cylinder. We have instead considered a finite cylindrical ge-

ometry. Quantum Hall physics is characterised by a variation in behaviour between

the bulk and the boundaries of the system. The finite cylinder geometry has allowed

us to consider this discrepancy. Moreover, physical edges are also inherently present

in experiments as a consequence of their finite nature.

We have used the interacting bosonic Harper-Hofstadter model on a finite square

lattice with cylindrical boundary conditions and computed its ground-state wavefunc-

tions through DMRG calculations. We have shown how this system at filling fraction

ν = 1/2 supports topologically ordered ground states by estimating its topological

entanglement entropy in Sec. 3.2. Not only was the value of the topological entangle-

ment entropy non-zero, but it was in good agreement with the theoretical prediction

for a ν = 1/2 Laughlin state in the continuum. This was further confirmed by the

two-fold degeneracy of the ground states we have obtained.

Taking advantage of the finite cylindrical geometry of the system and the presence

of physical edges, we have computed a set of observables, related to edge properties,

to explore the compatibility of the ground state with the physical features typical

of a Laughlin state. Such properties cannot be inferred solely from the ground-state

overlap with the Laughlin wavefunction typically used as means of comparison in

small systems on a torus geometry using ED. For large values of the magnetic flux
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density, where the overlap quickly becomes small, additional quantities become useful

to make a comparison of the physical properties.

We have successfully studied the behaviour of the density profiles, the currents

and correlation functions around the cylinder. We find that all of these observables

are fully compatible with the features of a fractional quantum Hall ground state

corresponding to a Laughlin wavefunction in the continuum. The overall results are

indicative of a ground state with a gapped insulating bulk with exponentially decaying

correlation functions and gapless edge modes that lead to chiral edge currents with

power-law decaying correlations.

In the second part of the chapter, we have dropped the hard-core constraint to

consider general values of the on-site interactions. The correlations and the currents

show that the transition to the fractional quantum Hall state is smooth, indicating

the absence of a sharp transition. Moreover, for small values of U/J , a transient state

occurs where the correlations in the edge decay faster than those at the bulk. When

U/J > 2.5, the correlation functions and currents show the same qualitative behaviour

as the Laughlin state, and they become close to the hard-core boson limit when U ≈ 8.

Additionally, the use of the ratio of the currents at the edge to the variation of the

currents in the bulk RI , and the ratio of the correlations |Cy(5, 2)|/|Cy(1, 2)| strongly

indicate that there is no sharp transition that induces the fractional quantum Hall

state from the non-interacting case. Considering a state with smaller flux density

φ = 1/4 we observe from the currents around the cylinder that a sharp jump of the

ratio RI occurs for large U . The behaviour of the currents become compatible with

the Laughlin state after the transition.

The physics of quantum Hall systems in lattices away from the continuum is still

not completely understood for a wide range of parameters. For large magnetic fluxes,

which can be experimentally reached, the physics of the system is the most different

from the continuum limit and most interesting to explore. The density profiles and the
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correlation functions that we have calculated for the ground states of the system can

be measured in experimental implementations of the system using ultracold atoms and

can be used as signatures for detecting fractional quantum Hall states. An additional

advantage of the cylindrical geometry is that it is suitable to reproduce Laughlin’s

thought experiment [75], in which one flux quantum is threaded through the cylinder

axis, inducing a transfer of particles from one edge of the cylinder to the other. In

this way, the Hall conductivity of the system can be derived. An interesting direction

of future research for this system is to implement the flux threading procedure to

further characterise the ground state of the system and explore how the presence of

physical edges affects the transfer of particles.
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Chapter 4

Dipolar Bose-Hubbard ground states

on a finite lattice

Quantum gases in optical lattices have become a powerful tool to perform quantum

simulation of strongly-correlated system models originating from condensed-matter

physics. The set of observables typically used in condensed-matter physics experi-

ments to characterise the state of the system is not always directly accessible when

using ultracold gases. Therefore, it is essential to investigate how order parameters

accessible in either type of system lend themselves to characterise the phases they

support.

Ultracold molecules in optical lattices are an attractive experimental implementa-

tion of a system with dipolar interactions, and we consider it as our system of refer-

ence. The progress in trapping and cooling dipolar molecules [176, 177] has led the way

to the realisation of ultracold polar molecules in optical lattices [55, 178, 56, 179]. The

dipolar interaction leads to the realisation of many different phases such as superfluid,

supersolid, solid [58, 180, 181, 182], and even topological phases [183, 184, 185, 186].

Theoretical calculations and numerical simulations typically identify the phases

of the system in the grand-canonical ensemble through the use of order parameters,
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which show a sharp change as a function of a control parameter in the thermodynamic

limit where the number of particles N → ∞. On the other hand, the experimental

implementation of such systems is characterised by a finite system size with the pres-

ence of boundaries, and a generally small number of particles. Moreover, many of the

order parameters used in numerical simulations come from a condensed-matter tradi-

tion. A clear example is the structure factor, which is accessible in solid-state physics

through neutron scattering and is, therefore, a natural quantity to consider. However,

in the ultracold gas implementation of these types of Hamiltonian, the structure factor

is not always accessible although it has been measured experimentally in cold-atom

setups through the measurement of compressibility or density fluctuations [187, 188].

Therefore, it becomes crucial to explore how different states can be identified in finite

systems using the toolbox of ultracold gases in an optical lattice.

In this chapter, using DMRG calculations, we systematically calculate and com-

pare a set of observables used in numerical simulations and available in ultracold gas

lattice experiments and analyse how well they are suited to determine the phase of a

finite-size dipolar Bose-Hubbard model on a 2D square lattice. This analysis aims at

giving guidance to experiments on how to practically observe the phases supported

by the system and to simulations by proposing observables which are relevant to

experiments.

This chapter is structured as follows: in Section 4.1 we introduce the dipolar

Bose-Hubbard model and the specifics of our system. Section 4.2 describes the re-

sults we obtained for the half-filled case, focusing on how to characterise solid order

in Section 4.2.1 and superfluid order in Section 4.2.2; in Section 4.2.3 we use the

entanglement entropy to further identify the transitions. Section 4.2.4 studies the

effects of the boundary conditions and finite size on the system. In Section 4.3, we

characterise the supersolid state that appears when adding an extra particle to the

half-filled system and in Section 4.4 we explore the star solid state of the system at
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quarter-filling. In Section 4.5, we use unsupervised learning techniques to explore

whether density measurements available from quantum gas microscope experiments

can be used to discriminate between the states of the system. Finally, in Section 4.6,

we summarise the results of this chapter.

The results presented in this chapter have been published in Ref. [62].

4.1 Dipolar Bose-Hubbard model

We consider a dipolar Bose-Hubbard (dBH) model composed of spinless bosons. The

bosons inhabit a square lattice with Lx sites in the x direction and Ly sites in the y

direction. We fix all dipole moments to be aligned and orthogonal to the lattice such

that the dipolar interaction becomes repulsive and isotropic. The Hamiltonian of the

system reads

H = −J
∑
〈i,j〉

b†ibj +
1

2

∑
i 6=j

V

|i− j|3ninj , (4.1)

where bi is the annihilation operator for a boson at site i, satisfying bosonic commu-

tation relations [bi, b
†
j] = δij and ni = b†ibi is the number operator at site i. J is the

hopping amplitude, V characterises the long-range static dipole interaction and it can

be expressed as V = D2/a3 where D is the dipole moment and a is the lattice spacing,

such that |i − j| is the distance between sites i and j in units of a. 〈. . .〉 represents

nearest-neighbour pairs. The Hamiltonian in Eq. (4.1) describes molecules confined

to a 2D plane by a strong transverse trapping field, with harmonic frequency ω⊥,

which prevents the molecules from collapsing from the attractive interaction between

aligned dipoles. By appropriately tuning ω⊥ [189, 190], the minimum available inter-

particle distance suppresses the tunnelling to already occupied sites [191]. Assuming

that the initial configuration of the lattice has no double occupations, the molecules

effectively behave as if they were hard-core bosons and therefore collisionally stable,

avoiding losses in multiply-occupied sites due to inelastic collisions [192, 193] and/or
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so-called ‘sticky collisions’ (whereby two molecules form a long-lived complex which is

unobservable) [194, 195]. We impose a hard-core constraint such that the local Hilbert

space at each site is restricted to have either zero or one boson. As a consequence,

there is no on-site interaction term in the Hamiltonian of Eq. (4.1).

Although the dipolar interaction has an infinite range, we perform a cut-off of the

interaction length to |i− j| =
√

8 in units of the lattice spacing a. This corresponds

to considering terms up to the fifth nearest neighbour. In a cold molecule setup made

with RbCs (D ≈ 1.2 Debye) and lattice constant a = 532nm, this cut-off corresponds

to neglecting interactions weaker than ≈ kB × 3nK, as smaller interaction effects

would be washed out by finite temperature effects.

We work in the canonical ensemble by fixing the total number of bosons N in the

system and lattice filling ν = N/(LxLy). We consider the lattice to have periodic

boundary conditions (PBC) along the y direction. This turns the square lattice into

a finite cylinder. The cylindrical geometry has several advantages. It gives access to

both bulk and boundary properties of the system and, as explained in Chapter 2, it

is amenable to getting accurate results thorough DMRG calculations. Besides, the

finite geometry that we are considering is similar to the experimental implementations

where boundary effects are present.

The finite size of the system affects the ground states that are supported. In the

presence of the repulsive dipolar interactions, the bosons are pushed away from each

other. If the system has boundaries, it is energetically advantageous for the particles

to localise in their proximity, because they will only be subject to interaction energy

of the bosons on the inside of the system. The bosons will, therefore, tend to move

close to the boundaries. Section 4.2.4 will analyse the effect of the edges and the use

of open boundary conditions (OBC).

The PBC around the cylinder also affect the sizes of the systems we study. As

an example, let us consider the system in the checkerboard solid ground state, which
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occurs for half filling ν = 1/2 in the strong interaction limit [see Fig. 4.1 (b)]. In this

case, the bosons occupy only one of the two checkerboard sub-lattices in the system.

If the lattice dimension Ly is odd, the system becomes frustrated as the two distinct

checkerboard sub-lattices are no longer well defined. Throughout our analysis, we are

careful to choose system sizes that are compatible with this effect.

All of our DMRG calculations are carried out using the methods described in

Chapter 2. We fix the total number of particles in the system by imposing U(1)

quantum number conservation symmetry [11]. For all of the system sizes we consider,

a maximum bond dimension of χ = 1000 ensures convergence for all of the expectation

values we have computed.

In the next section, we start considering the dBH system at half filling.

4.2 Half filling

In this section, we study how the dipolar interaction strength V/J affects the ground

states of the dBH system in a finite cylindrical geometry at a fixed filling fraction

ν = 1/2. We determine the state of the system by considering a set of observables used

as order parameters to identify solid order and superfluid (SF) order. We will use the

structure factor, the occupation imbalance and the density profiles to study the solid

order. We will calculate the one-body density matrix, the correlation functions, and

the natural occupation numbers to study the SF order. Finally, we will calculate the

entanglement entropy, which proves to be a versatile quantity to detect transitions.

4.2.1 Solid order

Solid order is characterised by a modulation of the density-density correlations. For

example, the structure of a crystal is determined through X-ray or neutron scattering.

The radiation hitting a periodic density distribution is scattered by it, and will show

115



intensity peaks located at the maximum of the static structure factor. In our 2D

lattice, the static structure factor is defined as the Fourier transform of the density-

density correlations

S(kx, ky) =
1

(LxLy)2

∑
x,y,x′,y′

eikx(x−x′)+iky(y−y′)〈nx,ynx′,y′〉 , (4.2)

where the angular brackets represent the expectation value with respect to the ground-

state wavefunction and, for the sake of clarity, we have switched to a notation where

the subscripts (x, y) represent the x and y coordinates of the site in the 2D lattice.

A non-zero value of the structure factor at momentum (kx, ky) 6= (0, 0) indicates

the presence of solid order and a single realisation of the state will show a periodic

modulation of the density. The density is defined as the expectation value of the

number operator at each site

ñx,y = 〈nx,y〉 . (4.3)

For example, for the checkerboard solid configuration present at filling ν = 1/2, the

structure factor has a peak at (kx, ky) = (π, π) and value S(π, π) = 1/4 in the thermo-

dynamic limit. S(kx, ky) has been commonly used in numerical simulations [196, 197]

to identify solid order in optical lattice setups. Figure 4.1 shows instances of the

density pattern ñx,y in the limits of small interaction at V/J = 1, where the density

is uniform in the bulk, and for a large value of the interaction at V/J = 10, showing a

checkerboard pattern in the density characteristic of solid order. In the solid regime,

each realisation of the ground state occupies one of the two available checkerboard

sub-lattices.

In the presence of a discrete lattice, as in our dBH model, the lattice potential

provides a privileged frame from where to determine the density modulation. There-

fore, we choose the occupation imbalance as an alternative quantity which is able to

capture solid order and is accessible in quantum gas microscope setups [39, 198, 199].
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(a) (b)

Figure 4.1: Local density ñx,y at V/J = 1 (a), V/J = 10 (b) for lattice size Lx×Ly =
12× 6 and ν = 1/2.
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Figure 4.2: Structure factor S(π, π) and occupation imbalance I as a function of the
interaction strength V/J at filling ν = 1/2 for lattice size (a) Lx × Ly = 12 × 6 and
(b) Lx × Ly = 16× 8.

The occupation imbalance I, for the checkerboard solid, reads

I =

∣∣∣∣∣
∑

x,y(−1)(x+y)ñx,y∑
x,y ñx,y

∣∣∣∣∣ , (4.4)

and it condenses the information of ñx,y into a single number by quantifying how the

two equivalent checkerboard sub-lattices are populated. A uniform distribution has

occupation imbalance I = 0 and a checkerboard pattern has I = 1. We calculate the

structure factor and the occupation imbalance as order parameters to identify solid

order, and we examine the density profiles to obtain a more qualitative picture for

the properties of the ground state.
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We consider two system sizes, Lx × Ly = 12 × 6 and Lx × Ly = 16 × 8, to

explore how the size of the system affects the transition. Fig. 4.2 shows the structure

factor and occupation imbalance for both system sizes as a function of the interaction

strength V/J . For the smaller system size, the occupation imbalance and structure

factor behave differently in proximity to the transition point [see Fig. 4.2 (a)]. The

imbalance shows a sharp change from zero to a finite value, indicating the transition

to a state where the particle density has a checkerboard pattern. On the other

hand, the structure factor increases in a gradual way, showing no clear discontinuity.

This difference in behaviour is a consequence of the finite size of the lattice and a

manifestation of the effect of the boundaries. We can better understand this effect

by observing the density pattern in the window of interaction strength where the

imbalance is still zero, but the structure factor is non-zero. Fig. 4.3 shows the density

profile for V/J = 4.7. For this value of the interaction strength, we observe that the

checkerboard pattern is slowly starting to form at the centre of the lattice. We notice,

however, that this effect is minimal, as shown by the scale of the colour bar in the

figure. The difference in the value of the density between the central sites which are

seeding the checkerboard pattern is of the order of 10−3. Such a small difference is

negligible for the overall occupation imbalance but affects the value of the structure

factor.

When we consider the larger system size with Lx × Ly = 16× 8 the difference in

behaviour for the two observables diminishes considerably [see Fig. 4.2 (b)]. Close

to the transition point, both the occupation imbalance and the structure factor show

a sharp change. The discontinuity indicates that the transition is of the first order,

in agreement with the Landau-Ginzburg-Wilson theory for the transition from the

SF to the checkerboard solid phases which break two different symmetries: the Z2

symmetry of the checkerboard solid and the U(1) symmetry of the SF [200].

The analysis of the structure factor and occupation imbalance for the two system
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Figure 4.3: Density ñx,y for V/J = 4.7 at filling ν = 1/2 for lattice size Lx × Ly =
12× 6.

sizes brings us to the conclusion that the structure factor is more sensitive to finite-

size effects and is less accurate at capturing the position of the transition for small

systems. We consider the transition point given by the imbalance to be more accurate

than the one obtained from the structure factor in the smaller system. This is because

the transition point obtained from the imbalance agrees with the observables that we

calculate in the following sections.

4.2.2 Superfluidity and off-diagonal long-range order

In order to fully characterise the state of the system, it is necessary to find quantities

that signal off-diagonal long-range order typical of a SF. Superfluidity is a complex

phenomenon commonly associated with a range of properties of a system (dissipa-

tionless flow through narrow capillaries, quantised circulation, etc.) [201, 202]. It

often appears connected with Bose-Einstein condensation, which is the macroscopic

occupation of one single-particle state [201, 202]. Macroscopic occupation exists if

the largest eigenvalue of the one-body density matrix (OBDM) is of the order of the

number of particles in the system [203, 204, 205]. In two spatial dimensions, as for

our system of interest, the Hohenberg-Mermin-Wagner theorem precludes true long-

range order and condensation, because of the thermal phase fluctuations of the order
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parameter [202]. However, for finite two-dimensional systems, algebraic decay of cor-

relations in the OBDM is sufficient to imply a non-zero SF density and non-vanishing

condensate fraction, in agreement with the Josephson relation between these quanti-

ties [206, 207]. Experimentally, condensation in cold-atom lattice systems has been

determined by measuring the momentum distributions after release from the trap and

ballistic expansion [97, 198], while superfluidity in two dimensions has been estab-

lished, e.g., by the observation of dissipationless flow of a cold atomic gas past an

obstacle moving below a critical velocity [208].

Based on these considerations, we have calculated the OBDM, from which we

obtain the condensate fraction and the non-local density correlations and analyse

their decay as a signal of superfluidity in 2D.

Having access to the full form of the ground-state wavefunction from the DMRG

calculation, we compute the OBDM as

ρ(x, y, x′, y′) = 〈b†x,ybx′,y′〉 . (4.5)

Let us first consider the condensate fraction and the natural occupation numbers for

the ground state. We obtain the natural occupation numbers as the eigenvalues of the

OBDM and the corresponding eigenvectors are the natural orbitals [203, 209]. The

condensate is the orbital with the largest eigenvalue. Let us name the eigenvalues of

ρ(x, y, x′, y′) by ei, with i = 1, . . . , LxLy. The condensate fraction of the ground state

is e1/N . The condensate fraction can be experimentally measured in optical lattice

setups, associating e1 with the population of the lowest-momentum state [97, 198,

210]. Although there is no direct experimental access to higher occupation numbers,

ej>1, we also numerically consider the difference between the two largest natural

occupation numbers δe = e1/N − e2/N .

Fig. 4.4 shows the behaviour of the condensate fraction e1/N and δe as a function
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Figure 4.4: Condensate fraction e1/N and δe at filling ν = 1/2 for lattice size Lx×Ly =
16× 8.

of the interaction strength V/J for the Lx × Ly = 16 × 8 lattice. The condensate

fraction of the ground state before the transition is an indicator of the SF regime

and is, therefore, a good order parameter for this finite system. For V/J > (V/J)c,

the critical interaction strength for the appearance of solid ordering, the condensate

fraction is approximately 1/N , while it reaches ≈ 0.4 for V/J → 0 in the Lx × Ly =

16× 8 lattice, in agreement with the findings in [58]. The condensate fraction is still

considerably smaller than 1 as a consequence of the strong correlations in the system,

due to the hard-core constraint, leading to a depletion of the dominant single-particle

state. Looking closely at the behaviour of both observables, we see that δe reacts

more sharply through the transition as compared to the condensate fraction. This

is because, when there is no preferential occupation of the condensate state, δe → 0

whereas e1/N → 1/N .

As an additional measure of SF order we consider the behaviour of the single-

particle correlation functions along the axis of the cylinder. The correlation function
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Figure 4.5: (a) Correlation functions Cx(l) along the axis of the cylinder for four
interaction strengths for the Lx×Ly = 16× 8 system. Both axis are in a logarithmic
scale. (b) Cx(3) and Cx(8) as a function of the interaction strength V/J . The
diamonds correspond to the interaction strengths chosen in (a).

in the x direction reads

Cx(l) = 〈b†x,ybx+l,y〉 . (4.6)

The phase of the ground state determines the type of decay shown by Cx(l). In fact,

in two dimensions, a SF state has correlation functions that decay with a power law,

whereas in the solid state the decay is exponential, signalling a lack of long-range

coherence. Fig. 4.5 (a) shows the behaviour of the correlation functions for several

representative values of the interaction strength, chosen in the SF limit, immediately

before and after the transition, and in the solid limit. Using a logarithmic scale

for both axes of the plot stresses the difference between power-law and exponential

decay of the correlations. Power-law decay looks linear, whereas exponential decay

has a downward bend. Immediately before and after the transition, the correlation

functions behave differently indicating the change in state. To better show how

rapidly the decay changes at the transition, it is insightful to plot the value of the

correlation functions at a fixed distance, as a function of the interaction strength. For

the system length Lx = 16, we choose two sample distances for Cx(l) with l = 3 and
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l = 8. Fig. 4.5 (b) shows Cx(3) and Cx(8). They both show a sharp change at the

transition value (V/J)c ≈ 3.9. The difference in behaviour between the exponential

and power-law decay is particularly evident at a distance of 8 sites, where Cx(8)

is negligible in the solid but still non-zero in the SF regime. The location of the

transition given by the correlations is in strong agreement with the other observables

we have considered, indicating a transition at V/J = 3.9 for the Lx × Ly = 16 × 8

lattice size. We have limited the maximum value of l to 8 to avoid boundary effects,

and for each value of l we only used sites in the centre-most area of the lattice,

always staying at least four sites away from the boundary, and averaged over all y

coordinates.

4.2.3 Entanglement entropy

A large body of research is focused on the study of the entanglement entropy of

strongly correlated systems as a means to characterise their properties [211, 212, 213].

For systems with local interactions, the entanglement entropy upon bipartition is

known to follow area laws [92, 139] that govern the scaling of the entanglement entropy

with the boundary area of the bipartition. The coefficients of the scaling contain

information on the nature of the ground state and the type of excitations it supports,

and can even be used to characterise topological order, as we have done in Chapter 3.

The entanglement entropy has been recently used to characterise the transition in

many-body localisation and topological phases in quantum gas experiments [199,

214]. The entanglement entropy of four-site and six-site one-dimensional (1D) Bose-

Hubbard systems in an optical lattice was measured through the quantum interference

of two copies of a state [214, 215]. Ref. [199] assessed the growth of entanglement

entropy in larger 1D systems by measuring local density fluctuations and comparing

with DMRG simulations.

We calculate the entanglement entropy of the ground state to investigate whether
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Figure 4.6: Structure factor S(π, π), occupation imbalance I, natural occupation
number difference δe, and entanglement entropy Sent as a function of the interaction
strength V/J at filling ν = 1/2 for lattice size (a) Lx×Ly = 12×6 and (c) Lx×Ly =
16× 8.

it can be used as an additional quantity to discriminate between the states supported

by the system. For a bipartite system, the entanglement entropy Sent reads

Sent = −tr[ρL ln(ρL)] = −
∑
i

|λi|2 ln(|λi|2) , (4.7)

where ρL is the density matrix of the left part of the system after the bipartition.

We perform the bipartition of the system by dividing the lattice into two equal parts,

each of size Ly × Lx/2. The second part of Eq. (4.7) indicates how we compute Sent

from the MPS formulation for the ground state. The λi are the Schmidt coefficients

which are directly accessible from the results of the DMRG calculations.

Fig. 4.6 shows Sent for both of the system sizes we have considered. In both cases,

it shows a sharp change in correspondence of the transition point. This suggests that

the entanglement entropy is highly sensitive to the transition and is a useful quantity

to identify its location. Additionally, the decrease in value for Sent at large values

of the interaction indicates the lack of long-range coherence for the solid state. Its

non-zero value before the transition signals the presence of long-range correlations in

the ground state.
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All of the order parameters and observables we have considered, shown in Fig. 4.6,

confirm the presence of a transition from solid to SF at a critical value of the interac-

tion strength (V/J)c that only depends on the system size. For the Lx×Ly = 12× 6

system, it is (V/J)c ≈ 4.9, and for the largest system we have considered, Lx × Ly =

16 × 8, it is (V/J)c ≈ 3.9, which should be compared to the value of (V/J)c ≈ 3.5

obtained in the thermodynamic limit by quantum Monte Carlo methods [216]. All of

the observables agree on the position of the transition, and we conclude that, for small

system sizes and in the presence of boundary effects, the static structure factor is less

sensitive to the transition than the occupation imbalance. The occupation imbalance,

the condensate fraction, and the entanglement entropy are a set of experimentally ac-

cessible quantities that can accurately identify the location of the transition and the

type of states in this finite-size system.

4.2.4 Lattice size and boundary conditions

As mentioned in Section 4.1, the size and boundary conditions of the system strongly

affect its ground states. Let us consider a system size Lx × Ly = 12 × 6 with OBC.

Because the interaction is repulsive and the boundary conditions are open both in the

x and y directions, the occupation of the four corner sites of the system is energetically

preferred. Fig. 4.7 shows the density profile of the ground state for two interaction

strengths before the transition and deep into the solid limit. Fig. 4.7 (a) shows how,

before the transition to the checkerboard solid, the four corners of the system are

preferentially populated. Fig. 4.7 (b) shows how, after the transition, in the solid

limit, the ground state forms three domains. One domain extends throughout the

whole system, while the remaining two are confined around two opposite corners.

In the following section, we show an example of a checkerboard solid ground state

for a system size and filling fraction compatible with OBC, without the appearance

of domains.
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(a) (b)

Figure 4.7: Local density ñx,y for V/J = 5 (a), V/J = 10 (b) for lattice size Lx×Ly =
12× 6, filling fraction ν = 1/2 and OBC.

4.2.4.1 Checkerboard solid with open boundary conditions

We consider a system with OBC in both x and y direction with system size Lx×Ly =

7×13, and filling fraction ν = 46/91. Both Lx and Ly are odd and the filling fraction

is chosen such that, in the strong interaction regime, all of the lattice sites for which

(−1)(x+y) = 1 are occupied. Only one of the two available checkerboard sub-lattices

is compatible with the combination of system size, filling fraction, and hard-core

constraint.

Fig. 4.8 shows the local density configuration in the SF and the solid limit. This

choice of system size and filling fraction makes the open boundary conditions com-

patible with a checkerboard solid ground state because all of the lattice sites lying in

the corners are occupied. To achieve this, the filling fraction needs to be larger than

ν = 1/2, and we fix it at ν = 46/91.

Fig. 4.9 shows how the observables introduced in the previous sections behave

in the transition from SF to solid. Compared to the system previously studied, at

half filling and with cylindrical boundary conditions, the observables show a smooth

change when increasing the interaction strength, suggesting that the transition is no

longer of first order. There are no longer two equivalent checkerboard sub-lattices

that break the Z2 symmetry of the solid because only one sub-lattice is compatible

with the larger-than-half filling fraction in the strong interaction limit. This further
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(a) (b)

Figure 4.8: Local density ñx,y for V/J = 1 (a) and V/J = 10 (b) for lattice size
Lx × Ly = 13× 7 with filling fraction ν = 46/91 and OBC.
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Figure 4.9: (a) Structure factor S(π, π), occupation imbalance I, natural occupation
number difference δe and entanglement entropy Sent as a function of the interaction
strength V/J for lattice size Lx×Ly = 13× 7 and OBC at filling fraction ν = 46/91.
(b) Cx(3) and Cx(7) for the same system as (a).

indicates how, for the finite system, the lattice size and boundary conditions deeply

affect the ground states and the type of transition.

To avoid the occurrence of domains in the system, while keeping the filling fraction

at exactly ν = 1/2, we employed cylindrical boundary conditions throughout our

calculations.
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4.3 Supersolidity triggered by one-particle doping

One of the most exciting predictions of Ref. [58] is the existence of a supersolid (SS)

regime in the phase diagram of the dBH model.

Supersolid states are considered extremely relevant because they show superflu-

idity and solid order at the same time. In continuous systems, supersolidity appears

when the two U(1) symmetries associated to the translational invariance of a crys-

talline structure and to the global phase of the SF state are simultaneously bro-

ken [217, 218]. They were first predicted to appear when zero-point defects in 4He

condense without destroying the crystal structure at low temperatures [219, 220]. It

was later observed [221, 222] that properties characteristic of superfluidity appeared

in solid 4He [223, 224, 225], although it was shown that the mechanisms originating

the SS were different from the original proposal.

Lattice systems have been considered as promising candidates to study superso-

lidity using ultracold gases trapped in optical lattices. In lattice systems, the spon-

taneous breaking of translation invariance is defined with reference to the discrete

translation symmetry of the Hamiltonian [218]. The SS states are realised by adding

interstitials or vacancies to the solid phases at a commensurate filling fraction. The

additional particles then form a Bose-Einstein condensate on top of the solid struc-

ture.

The mechanism explaining supersolidity in lattices can be understood using the

concept of superflow paths [226]. Extra particles or holes added to a solid can hop

around freely and create a Bose condensate. However, for the case where ν = 1/2,

the solid state is a checkerboard solid and in the hard-core limit, there are no nearest-

neighbour free sites where an extra particle can move through. This means that the

superflow is inhibited. In particular, it was shown that there is no supersolid state on

the square lattice when only NN and NNN repulsive interactions are present [227].

The long-range tail of the dipolar interaction is needed to induce supersolidity [226].
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Figure 4.10: (a) Structure factor S(π, π), occupation imbalance I, natural occupation
number difference δe, and entanglement entropy Sent as a function of the interaction
strength V/J for lattice size Lx × Ly = 12× 6 and filling ν = 37/72. (b) Correlation
functions along the cylinder Cx(l) for four interaction strengths, starting from x = 0.

We explore whether the SS state can be detected in a small lattice system with a

fixed number of particles by doping the checkerboard solid. The set of quantities we

have defined in the previous sections allow us to detect the properties of the ground

state that define the SS. In particular, we expect the SS state to simultaneously show

off-diagonal long-range order characteristic of a SF and a density modulation typical

of a solid.

We consider the lattice size Lx×Ly = 12×6 at half filling and add one additional

boson, changing the filling fraction from ν = 1/2 to ν = 37/72. We study how the

increased number of particles affects the ground state. Fig. 4.10 shows the summary

of all of the observables we use to characterise solid and SF order. Between the SF

and the solid regimes, we highlight a region with 4.9 < V/J < 5.8 where the occupa-

tion imbalance and structure factor indicate solid order and the natural occupation

number difference signals the presence of condensation. This region corresponds to

a SS state. In the presence of the hard-core constraint, the extra particle added to

system delocalises and condenses over the checkerboard solid formed by the remain-

ing bosons. The natural occupation number difference δe shows a significant change
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Figure 4.11: Local density ñx,y for V/J = 1 (a), V/J = 4.8 (b), V/J = 5.2 (c) and
V/J = 8 (d) for lattice size Lx × Ly = 12× 6 and filling ν = 37/72.

in behaviour compared to the half-filled case. Instead of abruptly falling to zero at

the transition, it plateaus to δe ≈ 0.025 ≈ 1/37 and then falls. This indicates that

the extra particle condensates on top of the checkerboard pattern. In fact, because

of the hard-core constraint, the extra particle cannot occupy any of the checkerboard

sites occupied by the other particles. The density profiles of the system give further

evidence of this mechanism. Fig. 4.11 shows the density profile ñx,y for four values

of V/J representative of the different ground states. In particular, in the SS regime,

for V/J = 5.2, the density profile shows a combination of the checkerboard pattern

and the SF behaviour where particles localise at both edges. In the large interaction

limit, the one extra particle localises to one single edge of the system on top of the

checkerboard solid.

The entanglement entropy is further able to capture the three distinct ground

states of the system. Two discontinuous changes at V/J ≈ 4.9 and V/J ≈ 5.8 signal

the presence of two transitions. This further suggests that Sent is a good quantity
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to determine the presence and location of the transitions between SF and SS and

between SS and solid.

As an additional measure of long-range order, we observe the behaviour of the

correlation functions in the three regimes. Fig. 4.10 (b) shows the decay of the

correlation function Cx(l), starting from the left edge of the cylinder at x = 0 and

reaching the right edge. In the SF and solid regimes, the correlations functions decay

algebraically and exponentially respectively, as they did for the undoped system at

half filling. In the SS state, however, Cx(l) shows a peculiar behaviour as its decay

is non-monotonic. It starts decaying in a fashion close to exponential but then has

a resurgence when reaching the opposite edge of the cylinder, showing a final value

reminiscent of the SF regime. This behaviour indicates the existence of long-range

correlations between the bosons at both edges.

To further explore this behaviour, we simultaneously look at the density profiles

and correlation functions along the y direction. Fig. 4.12 (a-c) shows the local density

ñx,y for three representative values of the interaction strength V/J where the system

is in the SF, SS and solid regime respectively. As previously mentioned, the one extra

particle in the system occupies the lattice in a different way in each regime. In the

SS regime, for 4.9 . V/J . 5.8, it equally occupies the two edges of the cylinder. In

the solid regime, for V/J & 5.8, it occupies only one. This preferential occupation

of the edges suggests that phase separation is occurring in the system, meaning that

the ground state is solid in the bulk of the system and it is in a SS state at the edges.

The phase separation is induced by the open boundary conditions in the x directions

which encourage the extra particle to inhabit the edge sites of the lattice because of

the lack of interaction energy from one of the sides. This energetic effect is expected

to play a role also in experiments on finite lattices, although it could be reduced with

the addition of an external harmonic trapping potential, which we do not consider in

our system.
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Figure 4.12: (a-c) Local density ñx,y for three representative values of the interaction
strength V/J for lattice size Lx × Ly = 12× 6 at filling ν = 37/72. (d-f) Correlation
functions along the circumference of the cylinder Cy(∆y|x) for the same system size
and interaction strengths. Each line represents a separate x coordinate.

Throughout the lattice, both in the SS and solid regions, the local density indicates

the presence of a periodic modulation characteristic of solid order. To establish that

the state located at the edge is SS, we calculate the correlation functions in the y

direction as a measure of long-range order. We define the correlation around the

cylinder at a fixed value of x as

Cy(∆y|x) = 〈b†x,y0
bx,y0+∆y〉, (4.8)

where, because of the PBC in y, ∆y goes from 0 to Ly/2 and y0 is chosen such that

site (x, y0) belongs to the occupied checkerboard sub-lattice.

Since the phase separation occurs at a fixed x, Cy(∆y|x) is be able to discriminate

between the different states. Fig. 4.12 (d-f) shows Cy(∆y|x) for x = 1 and 12,

representing the left and right edge respectively, and for x = 6, representing the bulk

of the system, for three values of V/J in the SF, SS and solid regime. In the SF
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regime, shown in Fig. 4.12 (d), the correlation decays similarly in the bulk and at the

edges, showing a decay of around an order of magnitude and indicating the presence

of long-range order. In the solid regime, shown in Fig. 4.12 (f), a slower decay is

observed only at the value of x, which is occupied by the extra particle. For the other

values of x, both in the bulk and at the remaining edge, the decay is faster and the

correlation drops almost two orders of magnitude more as compared to the first edge.

Finally, in the SS regime, shown in Fig. 4.12 (e), there is a distinction in the decay of

the correlations between the edges and the bulk. The correlation in the bulk decays

almost an order of magnitude more than at the edges, which decay by around one

order of magnitude.

The change in behaviour of the correlation functions in correspondence to the

edges populated by the extra particle denotes the simultaneous presence of ODLRO

and density modulation. This indicates that the state close to the edge is a SS. The

resurgence of the correlation function in the x direction also suggests that the two

SS states at the edges are correlated. The existence of the long-range correlation

explains why, for 4.9 . V/J . 5.8, the δe has a non-zero value.

To investigate whether the occurrence of this SS state is a finite-size effect, we

have considered a system at the same filling fraction ν = 37/72 and size Lx × Ly =

24× 6. The behaviour of the local density and of the correlation functions along the

y direction are similar to those shown in Fig. 4.12. The two extra particles localise

on opposite edges for values of V/J where the SF disappears, and the correlation

functions in the y direction indicate the presence of SS order localised at the edges.

However, there is a lack of simultaneous presence of solid order indicated by a non-

zero value of the structure factor S(π, π) and superfluidity indicated by a non-zero δe.

Additionally, for no value of V/J does the correlation function along x between the

two edges show a resurgence indicating ODLRO. The two edges for the 24×6 system

are not correlated and there is ODLRO only in the y direction, which is not captured
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by the δe or the entanglement entropy which is obtained by cutting the system along

the circumference. This statement is confirmed by all of the other observables we

have computed, and indicates a transition from a SF to a solid, analogue to the one

present in the Lx × Ly = 12× 6 system at filling ν = 1/2.

To further study the stability of the SS state, we have considered the Lx × Ly =

12 × 6 system at half filling after removing one particle. The system did not show

evidence of a SS state. Neither did the same system size with the addition of two

particles. The results in Ref. [58] predicted SS for both hole and particle doping and

our calculations are not compatible with such a statement. However, our system has

two different features. On the one hand, the system we have studied has a small size

and the presence of finite edges, which induce significant finite-size and boundary

effects. On the other hand, the range of the dipole interaction we consider is cut

off at five nearest neighbours. Our choices for the properties of the system have the

goal of describing an experimental implementation of the system, where only few

particles are present and the long-range tail of the interaction are washed out by

temperature effects. Calculations using quantum Monte Carlo methods where the

range of the interaction has been cut after few sites have also found the SS phase

to be mechanically unstable [228, 229]. From this analysis, we conclude that the

long-range correlation we have found between the two edges in the 12×6 system with

one-particle doping is a finite-size effect, which may render its observation challenging

in experimental setups, even at nK temperatures.

4.4 Star solid

Lower filling fractions are associated with different density modulation patterns in

the strong interaction limit, where the phase is solid. Quantum Monte Carlo simu-

lations have shown the existence of a Mott lobe with filling fraction ν = 1/4 and a
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Figure 4.13: Local density ñx,y for V/J = 0 (a), V/J = 11 (b), V/J = 25 (c) for
lattice size Lx × Ly = 11 × 6 and filling ν = 3/11. (d) ñx,y at V/J = 25 for lattice
size Lx × Ly = 12× 6 and filling ν = 1/4.

corresponding solid phase named star solid [58]. We explore how this phase is affected

by the finite system size. On the finite cylinder geometry, the effect of the bound-

aries severely modifies the ground state. Let us consider a system size where both

Lx and Ly are even. The cylinder circumference Ly needs to be even in the presence

of cylindrical boundary conditions, in order to avoid frustration effects. Unlike in

the checkerboard solid, choosing an even value for Lx introduces strong boundary

effects for the star solid. Fig. 4.13 (d) shows what happens in the large interaction

strength limit. The bosons preferentially populate the sites at the edge sites of the

lattice. Therefore, the star solid order gets pinned at both edges of the system and

propagates towards the centre from both directions. When Lx is even, the two solid

order patterns do not match in the centre and the lattice does not support a star

solid pattern across the whole lattice.

To combine the effect of the boundaries with the solid density pattern, it is nec-
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essary to tune Lx in such a way that the occupied lattice sites in the star solid fall

exactly at the edges of the system. To observe the star solid in our finite system, we

need to consider an odd value of Lx and an adjusted filling fraction. We choose a

system with size Lx×Ly = 11× 6 and filling fraction ν = 3/11. Fig. 4.13 (a-c) shows

the density ñx,y of the ground state for three representative values of the interaction

strength in the SF, immediately before the transition and in the solid limit.

To characterise the transition from SF to star solid, we use the set of observables

we have previously defined for the checkerboard solid. Fig. 4.14 shows the structure

factor S(π, 0), the occupation imbalance I, the natural occupation number difference

δe and the entanglement entropy Sent. All of the observables indicate a transition from

SF to star solid at V/J ≈ 12. Since the solid pattern is different from the checkerboard

one, the structure factor is computed at (kx, ky) = (π, 0) and the occupation imbalance

is defined as

I =

∣∣∣∣∣ 1

N

(∑
i∈star

ni − (1− ν)
∑
i/∈star

ni

)∣∣∣∣∣ . (4.9)

It has value 0 when the density is uniform and has value 1 when the star solid pattern

is present. The structure factor has value S(π, 0) = ν2 ≈ 0.075 in the thermodynamic

limit and we observe this value for a large interaction strength even in our finite sys-

tem. The occupation imbalance shows a sharp transition at V/J ≈ 12. However,

before the transition it increases steadily instead of staying at zero value: this hap-

pens because the density of the system does not remain uniform while increasing

the interaction strength, but has a density wave pattern along the x direction while

remaining uniform along y. Once again, the entanglement entropy Sent proves to be

a good indicator of the position of the transition.

We conclude that the ground state of the system for the filling ν = 1/4 is highly

sensitive to the boundary conditions and system size parameters, and that the size

and filling fraction of the system need to be properly tuned to observe a star solid.
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Figure 4.14: Structure factor S(π, 0), occupation imbalance I, natural occupation
number difference δe, and entanglement entropy Sent as a function of the interaction
strength V/J for lattice size Lx × Ly = 11× 6 and filling ν = 3/11.

4.5 Machine learning approach

In the previous sections we have demonstrated how the structure factor S(kx, ky),

the occupation imbalance I, the correlation functions Cx(l), the natural occupation

numbers difference δe and the entanglement entropy Sent allow us to identify the SF,

SS and solid states. The advent of quantum gas microscopes gives access to detection

methods with single-site resolution [99, 100, 230]. We, therefore, explore the question

of whether an experiment that only measures the local density at each lattice site can

discriminate between the states, and if further information can be extracted from the

density measurements.

We tackle this problem by employing unsupervised machine learning techniques.

Both unsupervised and supervised learning methods have proven to be effective in

recognising phases of matter and identifying phase transition points in several physical

systems [231, 232, 233, 234, 235, 236, 237]. Supervised learning methods are trained

on previously labelled data sets in order to draw conclusions regarding new data.

Unsupervised methods, on the other hand, are used to derive insights into the fea-
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tures of the systems without any prior knowledge of the underlying system properties.

Principal component analysis (PCA) has proven to be a powerful unsupervised learn-

ing method with the ability to recognise different types of order, symmetry breaking

and also identify transition points [232, 238]. This is the method we use in the next

section.

4.5.1 Principal component analysis

Let us briefly describe how PCA works [239]. Let us consider a matrix A where each

row represents a data sample and each column represents a feature associated with the

sample. The values of the features have been centred, meaning that the mean of the

feature over the samples has been subtracted from their original value. PCA performs

an orthogonal transformation on the matrix A. It transforms the set of initial features,

which are potentially correlated, to a new set of uncorrelated features. These new

features are called principal components (PC). The PC are labelled in decreasing

order, according to the amount of variance they represent between the data. The

first PC of a set of features is the linear combination of such features with the largest

variance throughout all of the samples. Each following PC has the largest variance

with the condition that it is orthogonal to all of the previous PC. The resulting set

of PC vectors forms an uncorrelated orthogonal basis.

The linear transformation that PCA implements reads B = AW . By considering

the orthogonal transformation as made of column vectors W = (w1, w2, . . . , wn), then

wi is the weight of the PC in the configuration space. The set of wi are obtained by

solving the eigenvalue problem:

ATAwi = Λiwi , (4.10)

where the eigenvalues Λi are real numbers sorted in decreasing order, such that Λ1 ≥
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Figure 4.15: Four instances of the simulated sampling obtained for lattice size Lx ×
Ly = 16× 8 at filling ν = 1/2. A blue square represents a measurement of the lattice
site resulting in finding a particle. A white square represents a measurement of the
lattice site resulting in finding no particle. The four plots represent instances in the
SF (a) and solid regime (d), and immediately before (b) and after (c) the transition.

Λ2 ≥ . . .Λn ≥ 0. The magnitude of the eigenvalues represents the amount of variance

of the original data in the direction of each of the PC.

4.5.2 Simulated measurement results of density configurations

The development of quantum gas microscopes has allowed experiments to detect

particles in a lattice with single-site resolution. We want to replicate the results

of the measurement of the occupation number in each site to get a set of density

configurations. In-situ detection is experimentally achieved by increasing the lattice

depth, thereby freezing the density distribution of the gas. Then fluorescence imaging

is used to obtain the parity of the occupation of each site [240]. This procedure is

139



destructive for the many-body state, however, in addition to the particle density, the

measurement is able to capture fluctuations and correlations in the system. For the

case of hard-core bosons, the measurement of the parity is equivalent to observing

the presence or absence of a boson in each site.

We replicate the outcomes of this type of measurement by considering the ground-

state wavefunctions obtained from our DMRG calculations and numerically simulat-

ing a sequence of projective measurement at each site. The numerical procedure we

implement works as follows. We calculate the expectation value of the number op-

erator in the first site: n1. We simulate the outcome of a measurement resulting in

finding a boson at this site with probability n1. Depending on the outcome of the

measurement, we project the ground-state wavefunction onto the subset of the Hilbert

space compatible with the measurement outcome. This sequence of measurement and

projection is repeated for each site until all of the lattice sites have been measured.

This simulated measurement protocol leads to obtaining an occupation pattern for

the lattice which takes the correlations between particles into account, as achieved

in [240].

We start with a lattice size of Lx × Ly = 16 × 8 at half filling. Four sample

configurations representative of the system in the SF and solid regime and imme-

diately before and after the transition are shown in Fig. 4.15. A cursory look at

the configurations shows how the checkerboard pattern becomes apparent after the

transition and how, in the SF state, where the density is uniform, the configuration

appears random. We generate 2000 such particle configurations for the whole range

of interaction strengths.

We perform a PCA on the set of sample configurations we have generated. For each

particle configuration, we turn the set of Lx×Ly = 16× 8 local-density values into a

128-feature vector, which becomes the set of features which describe each data sample.

The set of all feature vectors for all configurations is fed to the PCA algorithm. Each
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Figure 4.16: Summary of the PCA of the simulated samples for lattice size Lx×Ly =
16×8 at filling ν = 1/2. (a) Fraction of the variance PCvar of the first 20 PC. The inset
shows the representation of the first two PC. (b) Distribution of the samples when
projected on the first and second PC. Each data point is colour-coded according to the
interaction strength. (c) Projection on the first PC as a function of the interaction
strength V/J . (d) Projection on the second PC as a function of the interaction
strength V/J .

data sample is also characterised by a control parameter, the interaction strength

V/J in this case, which is not used in PCA but is just kept as a label for the samples.

First, we want to determine whether PCA is able to separate the sample config-

urations according to their state. Secondly, we want to obtain the equivalent of an

order parameter to locate the transition and give it a physical interpretation.

A summary of the results of the PCA is shown in Fig. 4.16. Fig. 4.16 (a) shows the

fraction of the variance PCvar in the configuration samples captured by the first 20

PC. The values of PCvar are normalised so that they sum to one. A single principal

component, PC1, is dominant and resolves 41% of the variance. The next PC are
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at least one order of magnitude less significant. This implies that the samples vary

significantly over a single PC. We can understand this by looking at the spatial

representation of the first two PC which are shown in the inset of Fig. 4.16 (a). The

first PC reproduces the occupation imbalance in the lattice. The second PC does not

capture any evident property of the density pattern although it picks up parts of the

checkerboard pattern. The principal components are orthogonal and have unit norm.

Projecting the configurations in the subspace generated by the first two PC shows

the formation of three clusters, shown in Fig. 4.16 (b), where PC1∗ and PC2∗ indicate

the coefficient of the of the corresponding component in the decomposition. The cen-

tral cluster is composed of the configurations corresponding to the SF state. This is

indicated by the colour coding of the points according to their corresponding interac-

tion strength. The two clusters at the left and right correspond to the checkerboard

solid state at a large interaction strength. Each of the two checkerboard solid clus-

ters represents the occupation of one of the two equivalent checkerboard sub-lattices.

Fig. 4.16 (c) shows the dependence of the projection of the data points on PC1 as

a function of the interaction strength V/J . A single branch at small values of V/J ,

corresponding to the SF regime, splits off into two sub-branches after crossing the

transition point. Each branch indicates the population of one of the two sub-lattices.

PC1∗ precisely pinpoints the value of the interaction where the transition happens.

In agreement with the other observables calculated in the previous section, it points

to a critical value of the transition at V/J ≈ 3.9. The same plot for PC2 is much less

informative since it shows no evident change in behaviour before and after the tran-

sition. From its spatial representation, we know that it is related to the checkerboard

pattern in some region of the lattice, but it still does not add relevant information

to discriminate between the states. An equivalent plot for PC3, which shows a com-

parable fractional variance as PC2, gives no additional insights and still captures the

checkerboard pattern in a sub-region of the lattice.
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Figure 4.17: Summary of the PCA of the simulated samples for lattice size Lx ×
Ly = 12 × 6 at filling ν = 37/72. (a) Fraction of the variance PCvar of the first 20
PC. The inset shows the representation of the first two PC. (b) Distribution of the
instances when projected on the first and second PC. Each data point is colour-coded
according to the interaction strength. (c) Projection on the first PC as a function of
the interaction strength V/J . (d) Projection on the second PC as a function of the
interaction strength V/J .

We, therefore, conclude that the PCA of the density configurations allow us to

separate the samples corresponding to the SF and solid states. Moreover, the first

PC is able to capture the relevant order parameter for the system, the occupation

imbalance, and can be used to pinpoint the value of V/J for which the transition

occurs.

Having successfully applied PCA to the half filling case, we explore whether the

density configuration information is sufficient to identify the supersolid state of the

system doped with one additional particle. We consider the system with size Lx×Ly =

12×6 and filling fraction ν = 37/72, and perform a PCA on the configuration samples.
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A summary of the results of the PCA is shown in Fig. 4.17. The results of the PCA

is similar to those for the half-filled system. Fig. 4.17 (a) shows how the dominant

PC accounts for most of the variance between samples. The insets show how PC1

captures the occupation imbalance while PC2 represents boundary effects. The three

clusters in Fig. 4.17 (b) correspond to the SF state at low interaction V/J and to

states with solid order at large V/J . Overall, neither PC1 nor PC2 allow for the

separation of the SS state from the solid state. The one extra particle present in

the system increases the occupation of the empty sites in the checkerboard pattern;

however, this effect is not picked up by the PCA in this finite-size system where

the boundaries have a considerable effect. We, therefore, conclude that the use of

density information is not sufficient to identify the SS state and separate it from the

checkerboard solid. This is in agreement with the notion that long-range coherence

information is needed to characterise supersolidity.

4.5.3 PCA of the Schmidt values

In the previous section, we have seen how PCA is able to achieve two different goals.

On the one hand, it can separate the data samples into clusters that present similar

features, as shown in the PC1∗-vs-PC2∗ plots. On the other hand, it can also extract

the relevant order parameters from the data it is fed, allowing to separate between

states.

We focus on this second property of PCA as a way to extract information about

the transition using quantities we have computed with our DMRG calculations. In

particular, we consider the set of Schmidt values that we have used to compute the

entanglement entropy in Section 4.2.3. The set of Schmidt values constitutes the

entanglement spectrum that has been shown to contain information about the phase

of the system [94]. Although the Schmidt coefficients are not experimentally available,

they are typically obtained in numerical simulations and we use PCA on the Schmidt
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Figure 4.18: (a,c) Projections on the first and second PC from the PCA of the Schmidt
values as a function of the interaction strength V/J for lattice size Lx × Ly = 16× 8
at filling ν = 1/2. (b,d) Projections on the first and second PC from the PCA
of the Schmidt values as a function of the interaction strength V/J for lattice size
Lx × Ly = 12× 6 at filling ν = 37/72.

coefficients to extract an order parameter that helps to discriminate between states

supported by the system.

We consider the Schmidt values obtained by cutting the cylinder in two equal

parts for the Lx × Ly = 16 × 8 at filling fraction ν = 1/2. For each value of the

interaction strength V/J , we use the Schmidt coefficients λi in decreasing order as

the set of features for the PCA. Fig. 4.18 (a,c) shows the first two PC projections as

a function of V/J . PC1∗ shows a sharp change in correspondence to the transition

point and its behaviour is reminiscent of the order parameter for a first-order tran-

sition. PC2∗ shows a cusp at the same position; however, we did not find a direct

physical interpretation for it. Both quantities are able to pinpoint the value of the
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interaction where the transition happens, in complete agreement with all of the other

observables we have calculated using DMRG. This suggests that the set of Schmidt

values contains information which is sensitive to the state of the system and can be

used to discriminate between them. The PCA is able to extract this information as

the first and second PC.

Following the same steps, we perform the PCA for the systems of size Lx ×

Ly = 12 × 6 doped with an extra particle to see if the additional SS state can be

distinguished. Fig. 4.18 (b,d) shows PC1∗ and PC2∗ as a function of V/J . Three

separate regimes can be distinguished, more directly from PC1∗, corresponding to

the SF, SS and solid states respectively, in agreement with the analysis performed in

the previous sections.

It is worth noticing a similarity between the PC1∗ and the inverse of the entan-

glement entropy shown in Fig. 4.10. This similarity is less precise for the half-filled

system where PC1∗ grows monotonically, but 1/Sent does not. This suggests that

there is not a 1-to-1 relationship between the PC1∗ and the entanglement entropy.

We have therefore shown how the PCA of the Schmidt values offers valuable insight

into defining the location of the transition. It is also able to extract information which

is not directly related to standard quantities derived from it such as the entanglement

entropy. We propose the use of PCA analysis of the Schmidt coefficients in numerical

simulations as an additional tool to pinpoint where the transition occurs. This can be

a starting point for determining what the relevant parameter range is to investigate

the transitions of strongly-correlated systems.

4.6 Conclusion and outlook

The implementation of Hamiltonians characteristic of condensed matter physics using

ultracold gases in optical lattices has allowed for the exploration of previously unavail-

146



able physical regimes. The different way in which these systems are experimentally

realised raises the question of what the best observables are to characterise the phases

supported by the system. Often, numerical studies of such systems use quantities that

come from condensed matter physics, and cannot always be experimentally realised

in an optical lattice setting.

To draw a connection between numerical calculations and experimentally avail-

able quantities, we have calculated a set of observables available in either setting to

characterise the solid and SF states present in the dBH model. Our focus on a fi-

nite geometry and a fixed number of particles is in line with current experimentally

available setups for ultracold dipolar molecules in optical lattices. We compared the

structure factor and the occupation imbalance as order parameters for the solid state

of the system. They both capture the density modulations typical of solid order

and we concluded that the imbalance is less sensitive to finite-size effects and more

robust as compared to the structure factor. Additionally, the imbalance is directly

measurable in experiments whereas the structure factor is typically used in numerical

calculations.

We showed how the transition from SF to solid is additionally characterised by

the condensate fraction, which is an order parameter for superfluidity accessible in

experiments. The off-diagonal long-range order typical of a SF is further confirmed

by the behaviour of the decay of the correlation functions. We conclude that the

imbalance and the condensate fraction, which are both observables available in ul-

tracold gas experiments, are well suited to characterising the transition of the dBH

model, even for small system sizes. Moreover, when doping the half-filled system

with an extra particle, they are able to identify a SS state. The observation of su-

persolidity is particularly sensitive to finite-size effects and boundary effects in the

system. This may cause its detection in finite-size experiments to be challenging.

This degree of sensitivity may be connected with the results of quantum Monte Carlo
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studies of the stripe phase at filling ν = 1/3 leading to opposing conclusions on its

stability in the thermodynamic limit [217, 241]. We attribute our results to a combi-

nation of the boundaries and the repulsive interactions which induce the particles to

energetically favour the edges of the system. The addition of an external harmonic

trapping potential may be able to compensate for this effect. Recent work concerning

a highly-magnetic atom gas in the absence of a lattice potential but in the presence

of a harmonic trap has indicated that the SS phase is not significantly affected by

finite-size effects [242]. It would therefore be an exciting direction for future research

to explore the effect of a harmonic trap on the stability of the SS state. We have

additionally shown how the calculation of the entanglement entropy helps to pinpoint

the location of the transitions, even offering insight into the correlation properties of

the ground states.

Drawing inspiration from recent progress in using machine learning methods to

identify phase transitions, we used principal component analysis as an unsupervised

learning method on simulated experimental measurements of the occupation of single

sites in the lattice to find out whether they are sufficient to discriminate between

the states of the system. PCA is able to differentiate between the SF and solid

state of small systems and captures the occupation imbalance as the natural order

parameter for the transition. We observed that PCA of the density configurations

could not identify the SS state when used on the system with one-particle doping.

This conclusion agrees with the expectation that density measurements do not contain

sufficient information to properly characterise the SS state. Long-range coherence

information is necessary to identify superfluidity, which is not available solely from

density measurements.

Finally, we have shown how performing PCA on the Schmidt coefficients obtained

from our DMRG calculations gives additional information on the phase diagram of a

strongly-correlated system. We observed that PCA can be used to extract information
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which is not directly connected to other well-known physical quantities such as the

entanglement entropy and helps to determine the position of the transition.

Exploring in more detail the scaling properties of the entanglement entropy with

the system size would be a fruitful avenue to continue this research and to obtain

more information on the phases supported by the system.
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Chapter 5

Conclusion and outlook

We end this thesis by recalling the main topics we have discussed and the results we

have obtained before mentioning some further directions of research.

In this thesis, we have applied the density matrix renormalisation group (DMRG)

algorithm, based on matrix product states (MPS), to study strongly-correlated two-

dimensional lattice systems on a finite geometry. A necessary part of using DMRG

to study 2D systems is representing their Hamiltonian as a matrix product operator

(MPO). In Chapter 2 we described in detail how to build the MPO for strongly-

correlated 2D long-range interacting lattice Hamiltonians. We used the finite-state au-

tomata method and applied it to derive the MPO for an interacting Harper-Hofstadter

model and a dipolar Bose-Hubbard model. We analysed in detail how the construc-

tion of the MPO is affected by the 2D-to-1D mapping necessary to model a 2D system

using MPS, the periodic boundary conditions and the long-range terms in the Hamil-

tonians. We obtained a general code that can be used to implement a large variety of

physical models, both fermionic and bosonic, in the presence of artificial gauge fields

and with site and range-dependent interactions.

In Chapter 3, we applied DMRG to calculate the ground states of a bosonic frac-

tional quantum Hall system on a finite cylindrical lattice. The choice of a finite
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cylindrical geometry gives access to physical edges. Quantum Hall physics is charac-

terised by a different behaviour of the edges of the system as opposed to the bulk. In

particular, we have calculated the currents around the cylinder to find the presence of

an insulating bulk and a conducting edge. Additionally, the correlation functions show

a power-law decay when close to the edges as opposed to an exponential decay in the

bulk. We used currents and correlation functions as a way of comparing the grounds

state properties of the system with those described by the Laughlin wavefunction

defined in the continuum, and found them to show compatible physical properties.

Moreover, we computed the topological entanglement entropy of the ground state and

showed how the system supports a topologically ordered phase. Finally, we showed

how the fractional quantum Hall ground state is reached by increasing the interaction

strength in the system and showed that the density of magnetic flux in the lattice

strongly affects the transition.

In Chapter 4, we calculated the ground states of a dipolar Bose-Hubbard model

on a finite lattice as a function of the dipolar interaction strength. We systematically

calculated a set of observables to explore the transition from a superfluid to checker-

board solid, for finite-size lattice systems at half-filling. We found that, for small

lattices, the occupation imbalance is better at identifying solid order as compared to

the structure factor, which is more sensitive to finite-size and boundary effects. When

doping the half-filled system with an extra particle, we found a region of the inter-

action strength where the ground state shows both off-diagonal long-range order and

solid order, typical of a supersolid phase. However, this phase does not survive when

changing the number of particles in the system or for larger system sizes, indicating

that the supersolid phase is very sensitive the specific system parameters and thus

difficult to observe. Additionally, by making use of unsupervised machine learning

techniques, we have shown how simulated density measurements from a quantum

gas microscope can be used to discriminate between solid and superfluid states of a
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dipolar Bose-Hubbard model at half-filling.

The numerical results of this thesis, for finite-size lattice systems, aim at provid-

ing experimentalists with insights into which states can be observed in small lattice

systems with few tens of particles.

A possible direction of further investigation for the dipolar Bose-Hubbard system

is to study the phase transition when the dipolar interaction becomes attractive, and

the case in which the polarisation of the dipoles is no longer orthogonal to the lattice,

to make the long-range interaction anisotropic. The effect of a harmonic confining

potential could help characterise the stability and the importance of finite-size and

boundary effects on the ground-states of the system.

For the fractional quantum Hall system, the use of the cylindrical geometry lends

itself to implementing Laughlin’s thought experiment to compute the Hall conduc-

tivity of the system: this could be an additional way to characterise the ground-state

properties of the system.
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[32] Dalibard, J., Gerbier, F., Juzeliūnas, G., and Öhberg, P. (2011) Colloquium:

Artificial gauge potentials for neutral atoms. Reviews of Modern Physics, 83(4),

1523.

[33] Aidelsburger, M., Atala, M., Nascimbène, S., Trotzky, S., Chen, Y.-A., and

Bloch, I. (2011) Experimental realization of strong effective magnetic fields in

an optical lattice. Physical review letters, 107(25), 255301.

[34] Harper, P. G. (1955) Single band motion of conduction electrons in a uniform

magnetic field. Proceedings of the Physical Society. Section A, 68(10), 874.

[35] Azbel, M. Y. (1964) Energy spectrum of a conduction electron in a magnetic

field. Sov. Phys. JETP, 19(3), 634–645.

[36] Aidelsburger, M., Atala, M., Lohse, M., Barreiro, J. T., Paredes, B., and Bloch,

I. (2013) Realization of the Hofstadter Hamiltonian with Ultracold Atoms in

Optical Lattices. Physical Review Letters, 111(18).

156



[37] Miyake, H., Siviloglou, G. A., Kennedy, C. J., Burton, W. C., and Ketterle,

W. (2013) Realizing the Harper Hamiltonian with Laser-Assisted Tunneling in

Optical Lattices. Physical Review Letters, 111, 185302.

[38] Aidelsburger, M., Lohse, M., Schweizer, C., Atala, M., Barreiro, J. T., Nascim-

bène, S., Cooper, N. R., Bloch, I., and Goldman, N. (2014) Measuring the Chern

number of Hofstadter bands with ultracold bosonic atoms. Nature Physics,

11(2), 162–166.

[39] Tai, M. E., Lukin, A., Rispoli, M., Schittko, R., Menke, T., Borgnia, D., Preiss,

P. M., Grusdt, F., Kaufman, A. M., and Greiner, M. (2017) Microscopy of the

interacting Harper–Hofstadter model in the two-body limit. Nature, 546(7659),

519–523.

[40] Cooper, N. R. and Dalibard, J. (2013) Reaching Fractional Quantum Hall States

with Optical Flux Lattices. Physical Review Letters, 110, 185301.

[41] Sørensen, A. S., Demler, E., and Lukin, M. D. (2005) Fractional Quantum Hall

States of Atoms in Optical Lattices. Physical Review Letters, 94(8), 086803.

[42] Hafezi, M., Sørensen, A. S., Demler, E., and Lukin, M. D. (2007) Fractional

quantum Hall effect in optical lattices. Physical Review A, 76(2), 023613.

[43] Möller, G. and Cooper, N. R. (2009) Composite Fermion Theory for Bosonic

Quantum Hall States on Lattices. Physical Review Letters, 103, 105303.

[44] Sterdyniak, A., Regnault, N., and Möller, G. (2012) Particle entanglement spec-

tra for quantum Hall states on lattices. Physical Review B, 86(16), 165314.

[45] Britton, J. W., Sawyer, B. C., Keith, A. C., Wang, C.-C. J., Freericks, J. K.,

Uys, H., Biercuk, M. J., and Bollinger, J. J. (2012) Engineered two-dimensional

157



Ising interactions in a trapped-ion quantum simulator with hundreds of spins.

Nature, 484(7395), 489.

[46] Schneider, C., Porras, D., and Schaetz, T. (2012) Experimental quantum simu-

lations of many-body physics with trapped ions. Reports on Progress in Physics,

75(2), 024401.

[47] Saffman, M., Walker, T. G., and Mølmer, K. (2010) Quantum information with

Rydberg atoms. Reviews of Modern Physics, 82(3), 2313.

[48] Löw, R., Weimer, H., Nipper, J., Balewski, J. B., Butscher, B., Büchler, H. P.,

and Pfau, T. (2012) An experimental and theoretical guide to strongly inter-

acting Rydberg gases. Journal of Physics B: Atomic, Molecular and Optical

Physics, 45(11), 113001.

[49] Günter, G., Schempp, H., Robert-de Saint-Vincent, M., Gavryusev, V., Helm-

rich, S., Hofmann, C., Whitlock, S., and Weidemüller, M. (2013) Observing the

dynamics of dipole-mediated energy transport by interaction-enhanced imaging.

Science, 342(6161), 954–956.

[50] De Paz, A., Sharma, A., Chotia, A., Marechal, E., Huckans, J., Pedri, P., San-

tos, L., Gorceix, O., Vernac, L., and Laburthe-Tolra, B. (2013) Nonequilibrium

quantum magnetism in a dipolar lattice gas. Physical Review Letters, 111(18),

185305.

[51] Lu, M., Burdick, N. Q., Youn, S. H., and Lev, B. L. (2011) Strongly dipo-

lar Bose-Einstein condensate of dysprosium. Physical Review Letters, 107(19),

190401.

[52] Böttcher, F., Schmidt, J.-N., Wenzel, M., Hertkorn, J., Guo, M., Langen, T.,

and Pfau, T. (2019) Transient supersolid properties in an array of dipolar quan-

tum droplets. Physical Review X, 9(1), 011051.

158



[53] Tanzi, L., Lucioni, E., Fama, F., Catani, J., Fioretti, A., Gabbanini, C., Bisset,

R., Santos, L., and Modugno, G. (2019) Observation of a dipolar quantum

gas with metastable supersolid properties. Physical Review Letters, 122(13),

130405.

[54] Chomaz, L., Petter, D., Ilzhöfer, P., Natale, G., Trautmann, A., Politi, C.,

Durastante, G., van Bijnen, R. M. W., Patscheider, A., Sohmen, M., Mark,

M. J., and Ferlaino, F. (2019) Long-Lived and Transient Supersolid Behaviors

in Dipolar Quantum Gases. Physical Review X, 9(2), 021012.

[55] Yan, B., Moses, S. A., Gadway, B., Covey, J. P., Hazzard, K. R., Rey, A. M.,

Jin, D. S., and Ye, J. (2013) Observation of dipolar spin-exchange interactions

with lattice-confined polar molecules. Nature, 501(7468), 521.

[56] Hazzard, K. R., Gadway, B., Foss-Feig, M., Yan, B., Moses, S. A., Covey, J. P.,

Yao, N. Y., Lukin, M. D., Ye, J., Jin, D. S., et al. (2014) Many-body dynamics

of dipolar molecules in an optical lattice. Physical Review Letters, 113(19),

195302.

[57] Blackmore, J. A., Caldwell, L., Gregory, P. D., Bridge, E. M., Sawant, R.,

Aldegunde, J., Mur-Petit, J., Jaksch, D., Hutson, J. M., Sauer, B. E., Tarbutt,

M. R., and Cornish, S. L. (2019) Ultracold molecules for quantum simulation:

rotational coherences in CaF and RbCs.Quantum Science and Technology, 4(1),

014010.

[58] Capogrosso-Sansone, B., Trefzger, C., Lewenstein, M., Zoller, P., and Pupillo,

G. (2010) Quantum phases of cold polar molecules in 2D optical lattices. Phys-

ical Review Letters, 104(12), 125301.

[59] Sanpera, A., Kantian, A., Sanchez-Palencia, L., Zakrzewski, J., and Lewenstein,

M. (2004) Atomic Fermi-Bose mixtures in inhomogeneous and random lattices:

159



From Fermi glass to quantum spin glass and quantum percolation. Physical

Review Letters, 93(4), 040401.

[60] Glaetzle, A. W., Dalmonte, M., Nath, R., Rousochatzakis, I., Moessner, R., and

Zoller, P. (2014) Quantum Spin-Ice and Dimer Models with Rydberg Atoms.

Physical Review X, 4, 041037.

[61] Rosson, P., Lubasch, M., Kiffner, M., and Jaksch, D. (2019) Bosonic fractional

quantum Hall states on a finite cylinder. Physical Review A, 99(3), 033603.

[62] Rosson, P., Kiffner, M., Mur-Petit, J., and Jaksch, D. (2020) Characterizing the

phase diagram of finite-size dipolar Bose-Hubbard systems. Physical Review A,

101(1), 013616.

[63] Hall, E. (1879) On a New Action of the Magnet on Electric Currents.. American

Journal of Mathematics, 2(3), 287–292.

[64] Ashcroft, N. W. and Mermin, N. D. (1976) Solid State Physics, Cornell Uni-

versity, Saunders College Publishing, Harcourt Brace Jovanovich College Pub-

lishers, .

[65] Lee, P. A. and Ramakrishnan, T. (1985) Disordered electronic systems. Reviews

of Modern Physics, 57(2), 287.

[66] Huckestein, B. (1995) Scaling theory of the integer quantum Hall effect. Reviews

of Modern Physics, 67(2), 357.

[67] Nobel Prize in Physics 1998, Press Release.

https://www.nobelprize.org/prizes/physics/1998/press-release/.

[68] Contreras, S., Knap, W., Skierbiszewski, C., Alause, H., Robert, J., and Khan,

M. A. (1997) Observation of quantum Hall effect in 2D-electron gas confined in

160



GaN/GaAlN heterostructure. Materials Science and Engineering: B, 46(1-3),

92–95.

[69] Tsukazaki, A., Ohtomo, A., Kita, T., Ohno, Y., Ohno, H., and Kawasaki, M.

(2007) Quantum Hall effect in polar oxide heterostructures. Science, 315(5817),

1388–1391.

[70] Ferrari, A. C., Meyer, J., Scardaci, V., Casiraghi, C., Lazzeri, M., Mauri, F.,

Piscanec, S., Jiang, D., Novoselov, K., Roth, S., et al. (2006) Raman spectrum

of graphene and graphene layers. Physical Review Letters, 97(18), 187401.

[71] Xu, Y., Miotkowski, I., Liu, C., Tian, J., Nam, H., Alidoust, N., Hu, J., Shih,

C.-K., Hasan, M. Z., and Chen, Y. P. (2014) Observation of topological surface

state quantum Hall effect in an intrinsic three-dimensional topological insulator.

Nature Physics, 10(12), 956.

[72] Zhang, Y., Tan, Y.-W., Stormer, H. L., and Kim, P. (2005) Experimental ob-

servation of the quantum Hall effect and Berry’s phase in graphene. Nature,

438(7065), 201.

[73] Yoshioka, D. (2013) The quantum Hall effect, Vol. 133, Springer Science &

Business Media, .

[74] Landau, L. D. and Lifshitz, E. M. (2013) Quantum mechanics: non-relativistic

theory, Vol. 3, Elsevier, .

[75] Laughlin, R. B. (1981) Quantized Hall conductivity in two dimensions. Physical

Review B, 23(10), 5632–5633.

[76] Halperin, B. I. (1982) Quantized Hall conductance, current-carrying edge states,

and the existence of extended states in a two-dimensional disordered potential.

Physical Review B, 25(4), 2185–2190.

161



[77] Willett, R., Eisenstein, J., Störmer, H., Tsui, D., Gossard, A., and English, J.

(1987) Observation of an even-denominator quantum number in the fractional

quantum Hall effect. Physical Review Letters, 59(15), 1776.

[78] Fano, G., Ortolani, F., and Colombo, E. (1986) Configuration-interaction cal-

culations on the fractional quantum Hall effect. Physical Review B, 34(4), 2670.

[79] Haldane, F. and Rezayi, E. (1985) Finite-size studies of the incompressible state

of the fractionally quantized Hall effect and its excitations. Physical Review

Letters, 54(3), 237.

[80] Lam, P. K. and Girvin, S. (1984) Liquid-solid transition and the fractional

quantum-Hall effect. Physical Review B, 30(1), 473.

[81] Haldane, F. D. M. (1983) Fractional quantization of the Hall effect: a hierarchy

of incompressible quantum fluid states. Physical Review Letters, 51(7), 605.

[82] Trugman, S. and Kivelson, S. (1985) Exact results for the fractional quantum

Hall effect with general interactions. Physical Review B, 31(8), 5280.

[83] de Picciotto, R., Reznikov, M., Heiblum, M., Umansky, V., Bunin, G., and Ma-

halu, D. (1998) Direct observation of a fractional charge. Physica B: Condensed

Matter, 249-251, 395–400.

[84] Arovas, D., Schrieffer, J. R., and Wilczek, F. (2002) Fractional statistics and the

quantum Hall effect. In Selected Papers Of J Robert Schrieffer: In Celebration

of His 70th Birthday pp. 270–271 World Scientific.

[85] Leinaas, J. M. and Myrheim, J. (1977) On the theory of identical particles. Il

Nuovo Cimento B (1971-1996), 37(1), 1–23.

[86] Laughlin, R. (1984) Primitive and composite ground states in the fractional

quantum Hall effect. Surface Science, 142(1-3), 163–172.

162



[87] Halperin, B. I. (1984) Statistics of quasiparticles and the hierarchy of fractional

quantized Hall states. Physical Review Letters, 52(18), 1583.

[88] Jain, J. K. (1989) Composite-fermion approach for the fractional quantum Hall

effect. Physical Review Letters, 63(2), 199–202.

[89] Kitaev, A. and Preskill, J. (2006) Topological Entanglement Entropy. Physical

Review Letters, 96, 110404.

[90] Bennett, C. H., Brassard, G., Popescu, S., Schumacher, B., Smolin, J. A.,

and Wootters, W. K. (1996) Purification of noisy entanglement and faithful

teleportation via noisy channels. Physical Review Letters, 76(5), 722.

[91] Srednicki, M. (1993) Entropy and area. Physical Review Letters, 71(5), 666.

[92] Eisert, J., Cramer, M., and Plenio, M. B. (2010) Colloquium: Area laws for the

entanglement entropy. Reviews of Modern Physics, 82(1), 277–306.

[93] Regnault, N. (2017) Entanglement spectroscopy and its application to the quan-

tum Hall effects. Topological Aspects of Condensed Matter Physics: Lecture

Notes of the Les Houches Summer School: Volume 103, August 2014, 103, 165.

[94] Li, H. and Haldane, F. D. M. (2008) Entanglement spectrum as a generaliza-

tion of entanglement entropy: Identification of topological order in non-Abelian

fractional quantum Hall effect states. Physical Review Letters, 101(1), 010504.

[95] Cirac, J. I. and Zoller, P. (2012) Goals and opportunities in quantum simulation.

Nature Physics, 8, 264.

[96] Feynman, R. P. (1982) Simulating physics with computers. International journal

of theoretical physics, 21(6), 467–488.

163



[97] Greiner, M., Mandel, O., Esslinger, T., Hänsch, T. W., and Bloch, I. (2002)

Quantum phase transition from a superfluid to a Mott insulator in a gas of

ultracold atoms. Nature, 415(6867), 39.

[98] Jördens, R., Strohmaier, N., Günter, K., Moritz, H., and Esslinger, T. (2008)

A Mott insulator of fermionic atoms in an optical lattice. Nature, 455(7210),

204.

[99] Bakr, W. S., Gillen, J. I., Peng, A., Fölling, S., and Greiner, M. (2009) A

quantum gas microscope for detecting single atoms in a Hubbard-regime optical

lattice. Nature, 462(7269), 74.

[100] Cheuk, L. W., Nichols, M. A., Okan, M., Gersdorf, T., Ramasesh, V. V., Bakr,

W. S., Lompe, T., and Zwierlein, M. W. (2015) Quantum-Gas Microscope for

Fermionic Atoms. Physical Review Letters, 114(19), 193001.

[101] Fisher, M. P., Weichman, P. B., Grinstein, G., and Fisher, D. S. (1989) Boson

localization and the superfluid-insulator transition. Physical Review B, 40(1),

546.

[102] Wannier, G. H. (1937) The structure of electronic excitation levels in insulating

crystals. Physical Review, 52(3), 191.

[103] Kohn, W. (1959) Analytic properties of Bloch waves and Wannier functions.

Physical Review, 115(4), 809.

[104] Dalla Torre, E. G., Berg, E., and Altman, E. (2006) Hidden order in 1D Bose

insulators. Physical Review Letters, 97(26), 260401.

[105] Sengupta, P., Pryadko, L. P., Alet, F., Troyer, M., and Schmid, G. (2005)

Supersolids versus phase separation in two-dimensional lattice bosons. Physical

Review Letters, 94(20), 207202.

164



[106] Maik, M., Hauke, P., Dutta, O., Lewenstein, M., and Zakrzewski, J. (2013)

Density-dependent tunneling in the extended Bose–Hubbard model. New Jour-

nal of Physics, 15(11), 113041.

[107] Bruder, C., Fazio, R., and Schön, G. (1993) Superconductor–Mott-insulator

transition in Bose systems with finite-range interactions. Physical Review B,

47, 342–347.

[108] van Otterlo, A. and Wagenblast, K.-H. (1994) Coexistence of diagonal and off-

diagonal long-range order: A Monte Carlo study. Physical Review Letters, 72,

3598–3601.

[109] Batrouni, G. G., Scalettar, R. T., Zimanyi, G. T., and Kampf, A. P. (1995)

Supersolids in the Bose-Hubbard Hamiltonian. Physical Review Letters, 74,

2527–2530.

[110] Hubbard, J. (1978) Generalized Wigner lattices in one dimension and some

applications to tetracyanoquinodimethane (TCNQ) salts. Physical Review B,

17, 494–505.

[111] Fisher, M. E. and Selke, W. (1980) Infinitely Many Commensurate Phases in a

Simple Ising Model. Physical Review Letters, 44, 1502–1505.

[112] Goldman, N., Juzeliūnas, G., Öhberg, P., and Spielman, I. B. (2014) Light-

induced gauge fields for ultracold atoms. Reports on Progress in Physics, 77(12),

126401.

[113] Ruseckas, J., Juzeliūnas, G., Öhberg, P., and Fleischhauer, M. (2005) Non-

Abelian gauge potentials for ultracold atoms with degenerate dark states. Phys-

ical Review Letters, 95(1), 010404.

165



[114] Hofstadter, D. R. (1976) Energy levels and wave functions of Bloch electrons in

rational and irrational magnetic fields. Physical Review B, 14(6), 2239–2249.

[115] Tsui, D. C., Stormer, H. L., and Gossard, A. C. (1982) Two-Dimensional Mag-

netotransport in the Extreme Quantum Limit. Physical Review Letters, 48(22),

1559–1562.

[116] Harper, F., Simon, S. H., and Roy, R. (2014) Perturbative approach to flat

Chern bands in the Hofstadter model. Physical Review B, 90(7), 075104.

[117] Scaffidi, T. and Simon, S. H. (2014) Exact solutions of fractional Chern in-

sulators: Interacting particles in the Hofstadter model at finite size. Physical

Review B, 90, 115132.

[118] Palmer, R. N. and Jaksch, D. (2006) High-Field Fractional Quantum Hall Effect

in Optical Lattices. Physical Review Letters, 96(18).

[119] Palmer, R. N., Klein, A., and Jaksch, D. (2008) Optical lattice quantum Hall

effect. Physical Review A, 78(1).

[120] Möller, G. and Cooper, N. R. (2015) Fractional Chern insulators in Harper-

Hofstadter bands with higher Chern number. Physical review letters, 115(12),

126401.

[121] Bauer, D., Jackson, T., and Roy, R. (2016) Quantum geometry and stability of

the fractional quantum Hall effect in the Hofstadter model. Physical Review B,

93(23), 235133.

[122] Andrews, B. and Möller, G. (2018) Stability of fractional Chern insulators in

the effective continuum limit of Harper-Hofstadter bands with Chern number|

C|> 1. Physical Review B, 97(3), 035159.

166



[123] Gerster, M., Rizzi, M., Silvi, P., Dalmonte, M., and Montangero, S. (2017)

Fractional quantum Hall effect in the interacting Hofstadter model via tensor

networks. Physical Review B, 96(19), 195123.

[124] He, Y.-C., Grusdt, F., Kaufman, A., Greiner, M., and Vishwanath, A. (2017)

Realizing and adiabatically preparing bosonic integer and fractional quantum

Hall states in optical lattices. Physical Review B, 96(20), 201103.
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