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Abstract The interference of two independent single-pho- microcavity. A theoretical description that applies to the
ton pulses impinging on a beam splitter is analysed in a genterference of independent single photons has been worked ou
eralised time-resolved manner. Different aspects of thee ph by Bylander et al.[[12].
nomenon are elaborated using different representatiahg of So far, all these experiments use photons that are short
single-photon wave packets, like the decomposition inte si compared to the time resolution of the employed photodetec-
gle-frequency field modes or spatio-temporal modes matchtors, and temporal effects are therefore neglected. Haweve
ing the photonic wave packets. Both representations lead tave have recently developed a novel type of single-photon
equivalent results, and a photon-by-photon analysis feveaemitter that employs a strongly coupled atom-cavity system
that the quantum-mechanical two-photon interference ean b[13,[14[15%] to emit single-photon wave packets2gfs du-
interpreted as a classical one-photon interference oncsta fi ration. This exceeds the typical response time of solitesta
photon is detected. A novel time-dependent quantum-beat ephotodetectors by more than three orders of magnitude and
fect is predicted if the interfering photons have differet  allows to study two-photon quantum interference effects in
guencies. The calculation also reveals that full two-photo a time-resolved manner. This paper therefore presents a de-
fringe visibility can be achieved under almost any circum- tailed analytical treatment of the two-photon interfeepoo-
stances by applying a temporal filter to the signal. cess. It takes into account the time evolution of the amghditu

and phases of the interfering single-photon wave packéts. T
PACS 42.50.Dv, 42.50.Ct analssis is valid for indepe?wdengt prf)otons, and tﬁerefore ex
tends the model for frequency-entangled photon pairs from
Steinberg et al[[16].

While preparing this paper, we realised that apparently
there is no commonly adopted approach to deal with free-
running single-photon wave packefs][17]. One possibifity i
to express the quantum state of a single-photon wave packet
) o as a superposition state of an infinite number of single-fre-
teleportation and quantum-communication protocols as$ Welquency modes, another approach uses a superpositionfstate o

as quantum computation with linear opti€s[J1,1Z]3, 4]. Many ?atio—temporal modes. To demonstrate that these ap@®ach

. S
of th_ese_z S_Chemes are based on the_ qqantum_ interference f25d to the same result, we now analyse the two-photon inter-
two indistinguishable photons that impinge simultanepusl ference effect along both routes

on different entrance ports of a 50:50 beam splitter. In this

case, both photons leave the beam splitter at the same output

port. This quantum interference effect was first observed b)@ Two-photon interference
Hong, Ou and Mandel with photons from a parametric down-
conversion source [>: 6.' 7]- When the two photons had differ- S a starting point for the following discussion, we first re-
ent frequencies, a spatial quantum-beat phenomenon was 06}—

served [[8]. The two-photon quantum interference effect ha

ew the two-photon interference phenomenon in the Fock-
X . tate picture, i.e. we consider two single photons thatmgi

also been observed with photons from independent down b gep

conversion sources$1[9,110], and the phenomenon has be

egéﬁ the entrance ports labelled ‘1’ and ‘2’ of the beam spilitte
used by Santori et al[_[11] to demonstrate the indistinqaish own in Figll. This initial situation corresponds to theu
bility of photons emitted from a quantum dot embedded in a

tum state|1115) = aia;m), which is obtained by applying
the appropriate photon-creation operatmfrson the vacuum

1 Introduction

Single-photon light pulses are a central ingredient of quran

Correspondence t@xel.kuhn@mpg.mpg.de state|0). The effect of the 50:50 beam splitter on the field is
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space is spanned by an orthonormal set of spatio-temporal
modes((t), so that the electric field operators read

EYO) =Y Gar  and  E-() = G ()
k k

(4)

Ry . Provided a photon is present in modethe probability to
A’I,{ measure it at a given timethen is

T Pi(t) = (LIE~ ()BT ()| L) = ¢ (0)¢(t) = le®)]?, (5)

Fig. 1 Two single-photon wave packets impinge with a relative de- Which is solely defined by the amplitude envelope of the pho-
lay of 57 on ports ‘1’ and ‘2’ of a beam splitter. The pulse duration ton, ¢;(¢). To analyse the effect of the beam splitter, we now
is longer than the time resolution of the detectors momigpports  attribute field OperatorsEljfzﬁA, to each of the four input/out-

‘3" and ‘4’ of the beam splitter. Therefore, the time difface, 7, put ports. For the two input ports we only consider the occu-
between two photon detections must be taken into accourtein t pied modes which are described by the mode functigfiy
analysis of the photon statistics. and (»(t), respectively. This restricts the Hilbert subspaces
of the input ports to single modes. Therefore the field op-
erators that belong to the two input ports can be written as

usually described by the unitary transformations, Ef“ — G andEj — Go(t)as, respectively. Using these

al=(@raDVT = (e VT e it ot outut madee o
ay = (a} —a})/V2 ay = (a} —al)/V2 P P '
Ef(t) = [BEf (t) + ES (0]/V2

If we use these relations to express the initial state inserin

photons created in the two output ports labelled ‘3’ and ‘4",
we immediately see that this leads to an entangled state with Ef(t)
either both photons in one or the other output port, =

—~

+
Ci(t)ar + G2
+

t)az]/ V2

Ef(t) - Ef (t)]/V2
G(t)ar — Ga(t)as]/V2

11:15) = alal|0) = %(ag +al)(al —al)|0) Note that this is a more general form than the simple opera-
1

(6)

_ 5([0%]2 _ [aﬁzim (2) tor relation Eq.[(L), which is equivalent to EQL (6) if all med

— (12504 — |0524))/V/2. functions,(;, are equal.

This simple picture qualitatively explains the observadin  2.1.1 Joint photon-detection probability:To obtain the prob-

ference phenomena, but since the photonic modes that belorapility for photon detections in the output ports ‘3’ and &’

to the creation operators are neither specified in space, frdimest, andt+7, respectively, we have to apply the field op-

quency nor time (albeit they are assumed to be identical foeratorsEy (to) and B (to 4 7). With two photons impinging

both photons), quantitative results for photon wave packeton the two input ports in modes(¢) and(z(¢), the incoming

cannot be obtained from this approach. state is%;,,) = ala}|0), and the joint probability for photon
detections reads

Pioint (tq, T) = 934(150, to +j') R
(0laras B3 (to) By (to + 7)Ef (to + 7)E (to)ala} o).

. o . - 7)
To obtain more insight, we now consider a description of . ) . ) . (
the arriving single-photon wave packets in the space-tioe d With the field-operator relations defined in EHd. (6) and the re

icti ingle- i Mgl = -
main. The free-running photons are not subject to boundar)ztr'cnon to_IS|ngIe_f_phottr(])r1[sEtate3, 'I'e‘ gs(tﬂm ol = aall) =
conditions that restrict the photon creation and annilitat ™ one easily verifies that EGI(7) leads to
T s
operatorsg, anday, to specific frequency modes. Therefore 1 9
we are free to define these operators in such a way that theyPJ‘”"t (bo,7) = 4 [CLlto+7)C2(t0) = Ca(to+7)Gi (o) (8)
create or ann.|h|Iate photons in arb.|trar|ly qhosen mo.ches (' The most striking feature of this joint probability funatids
belled by the index) in space and time, which we define by 5 it vanishes for = 0, no matter how different the mode
the one-dimensional spatio-temporal mode functions functions of the two incoming photons are. Moreover, if the
i (t— hase relation between and(, is lost forr > 7., where
t) = en(t — ipr(t—z/c) 3 ph: 162 _ > T,
G(z:1) = ex(t = z/c)e 3) 7. is the mutual coherence time of the incoming photons, the
Beside an arbitrary phase evolutiaf, (¢), the mode func-  interference term in EQ.Y8), averaged over an ensemble of
tions incorporate amplitude envelopes(t), which are as-  different photon pairs, is zero, arit),;,, reduces to
sumed to be normalised so thtit|e,(¢)|> = 1. By placing |
the beam splitter at = 0, we can omit the spatial coordinate, Fjoint(to, 7) =" 7 (Pi(to) P2(to + 7) + Pa(to) Pi(to + 7)) -
z, in the following. Now we assume that the whole Hilbert (9)

2.1 Space-time domain




Time-Resolved Two-Photon Quantum Interference 3

2.1.2 Photon-by-photon analysisDespite the fact that the 2.2 Single-frequency field modes

full interference phenomenon is described by Eb. (8), it is

hard to acquire an intuitive understanding of the interieee A standard way to attack the problem of two interfering pho-
process from the two-photon approach. This is not the castons is based on the decomposition of single-photon wave
if one analyses the effect step-by-step. We therefore wse thpackets into an infinite number of single-frequency field ed
same spatio-temporal mode functions as before and ask nowo do so, a single photon in one of the two spatio-temporal
for the probability to detect a photon in output port ‘4’ ahé  input modes(i = 1,2) is expressed as one quantum of ex-
to + 7 conditioned on a photon detection in output port ‘3’ at Citation occupying a superposition of all possible frequen

timety. The probability to find a photon in port ‘3’ reads modes,
L) = / dw :(w) al () [0), (14)
P3(to) = (Win| By (t0) B (t0)|Win) =
3(fo) _< B F_O> ’ (1 O)Al ) . where the spectral amplitude of the single-photon pdisey),
(Li12](Ey (to) + By (to))5(EY (to) + B3 (t))[1112) = is assumed to be normalised so tifatw &} (w)®;(w) = 1.
1 ) ) The continuum of spectral fields allows one to express the
§(|€1(t0)| + lea(to)[%)- time-dependent electric field operators as
(10)
Note that this expression includes no interference tenmegsi Ej(t) = 1 dw e~ *'a;(w) and
the initial product state is composed of single-photon Fock \/127T (15)
states that have no relative phase. The st&tg, ), condi- Ei— (t) = — [dw eiwtaz (w).
tioned on the detection of a photon in port ‘3’ at timig is V2m

obtained by applying the field operatEg*(to) to the incom-

: peic _ To evaluate the effect of the field operatEgT(t), acting on
ing state|1;12). After re-normalisation, this leads to

the single-photon staté;) defined in EqI{I4), we make use
of the fact that the Fourier transformation of the spectrum,
@, (w), equals the spatio-temporal mode-function,

norm Ga(t0)[1102) + Gi(t0)|011s) _ Weoma)-

\/|61(t0)|2+|62(t0)|2 1 _
(11) Gi(t) = — /dw D (w) e, (16)
The conditioned staté¥.,,.q), describes a single photon that V2m

either impinges on port ‘1’ or port ‘2’ of the beam splitter, \which leads to

with the amplitude and phase relations between these two . . i N

modes given by (to) and i (to). This photon now gives  £i (H)[1i) = &= [ dw di e™*"a;(w) @i(@)a; (@) |0)

rise to classical interference fringes that start in phasiena — % [ dw &;(w) e *|0) = ¢i(t) |0).

to, i.e. the second photon is found in the same port as the 2 (17)
first photon if it is detected at the same instant. However, th Therefore, one easily verifies that the probability to finl th
phase evolves in time accordingda(t) and(z(t). Therefore photon at time reads

the probabilities to detect the second photon in outputsport

‘3’ or ‘4’ attime to + 7 read Pi(t) = (LIE (O ES (H)]1,)

= (0I¢7 () €i(1)[0) = ()G (1),

Ef (to)|1115)

(18)

P3.,4(t0 + T) = <u7cond|E§74(tO + T)E;:4(t0 + 7')|Wcond> . i . .
9 which is equivalent to Eq5), since the two approaches were
_ Gt + 7)a(to) £ Ga(to +7)Gi (to)] _ mapped onto one another (see Egl (16)).
2(lex (o) [* + |e2(to)[?) 12) In the field-mode picture, the effect of the beam splitter
. - ) .~/ is described by the transformation relations in Eh. (1), and
Together with Eq[CﬂO), the joint photon—detectmn proligbi the quantum state of the two incoming photdis]s), is ex-
fora flrst;[ dete(cj:tlon n Ol'_'tpm port ‘3 a‘t4t’|m@_and a s_ubse— pressed as a product state of field-mode superpositiorsstate
quent photon detection in output port*4" at time-+ 7 Is as they are defined in EQ.{14). Therefore we make use of
the relations in Eq{1) and replagé(w; ) anda} (w) by the

Pjoint(to, ) = P3(to)Py(to + 7) respective sums and differencesadiw) anda} (w), which
= 1lG(to + 7)o (to) = Galto + 7)1 (t0)|(21-3) leads to
Result [IB) is identical to expressidi (8). However, theste  |1112) = [[ dwidws &1 (w1)Pa(w2) af (wi)ab(ws)|0)
by-step analysis reveals the equivalence between clasgsiea = [ dwydws Gy (w1) P2 (ws)
photon interference and two-photon interference conuiitib sl (w1) + af (w1)][af (w2) — al(ws)]]0)
on the detection of a first photon. Note that the field opegator 20l SR N a2 (1'9)

at the output-ports commute, ijd5 (to), £ (to + 7)] = 0.
Therefore the sequence of operators is irrelevant, ancefpr n
ative detection-time delay, which corresponds to areverse  Pjy;,.(to, 7) =

order of photon detections, the same results are obtained. (1, 15| E; (to)Ej (to + 7)Ef (to + 7)E4 (t0)|1212),

We now use Eq[{7) to calculate the joint detection-proligbil

(20)
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for two photons detected in output ports ‘3’ and ‘4’ at times
to andty + 7, respectively. We use E@.{|19) to express the
state|1;12) in terms of the creation operatoazé and a}l to
obtain the right-hand-side of the operator-bracket in [E@),(

Ef(to + 7)ESf (to)|1112) =

1 . .
— | dwi.. 4P (w1)§252 (w2)671w;;t671w4(t+.,-)

47
X [5((,«)3—&)2)5(&)4—&)1) — 5(&)3 —wl)d(w4—w2)] |O>
(21)
We now make use of the Fourier-transformation relation be-
tween®;(w) and(;(¢t) from Eq.[I6) to evaluate the above
integral, which leads to

SR
DOW . AL

NOOCOOONRY
\ .0:. W

E‘Z_(to +T)E;_(t0)|1112> =

1 (22)
S+ G0 - GG+ 7o), ‘
\ <
. ) _ I V)i AR
so that the joint photon-detection probability finally read 4 “\:%s\\ 'W’z’z’;””’”‘”’%”’

O

R W\
\ W

\
¥ QQ’Q’N“ \\\\\\\\\\\\\ N

R
N

2N
Pjomt(to, ) = 7GL(to + 7)C2(t0) — C1(t0)C2(to +7)I7, SO

(23)
which is again equivalent to EqJ(8). Therefore we conclude
that the different approaches of modelling single-photaav
packets all lead to the same expression for the joint two-
photon detection probability?; :n: (to, 7). But note that the
standard way of usingingle-frequency field modisnot well
adapted to the problem and requires a lengthy and cumber-
some calculation. This is not the case in #pace-time do-
main, where the joint detection probability can be calculated
in a fast and elegant way (sectibn 211.1). However, physical
insight is only obtained from thphoton-by-photon analysis

\,%\T&\\ N

(sectionZ.IIR), which reveals that the two-photon quantum %43 \\‘\ “ \iis\\‘w ~
interference is in fact equivalent to a classical intenfiese 0.2 N yA\\\\i\\\\\‘\\,‘.‘3"{\“\\\\\;\\3' C\S
phenomenon once a first photon detection has taken place. -} :&\\“IW\\ V. Sl

In the collapsed state, the relative phases and amplitudes o ' \’5\

the two interfering modes are fixed. Therefore an osciltptin

quantum-beat signal is expected if the two spatio-temporal

mode functionsg; (¢t) and(.(t), evolve at different rates.

3 Quantum beat Fig. 2 Joint probability, P>, , for the detection of photon pairs as

a function of the relative delay between the two impingingtoh
To illustrate the quantum-beat signal in the interference o wave packetsjr, and the delay between photon detectiorfar the
two photons with S||ght|y different frequency, we now con- thl’ee frequency differences = 0; 71'/2, 3. All times and fl’equen-
sider the case of two equally long Fourier-limited Gaussianci€s are normalised by the photon-pulse duradenand, hence, are
single-photon pulses that impinge on a 50:50 beam Sp"ttepmensmnless.
with a relative delay timér and carrier-frequency difference
A = wy — w1. These pulses are described by the two spatio-
temporal mode functions

Gu(t) = /2/mexp(—(t — 07/2)* —i(w — A/2)t)

and (24) maximum), while the frequencies,and A, are expressed in
Ga(t) = /2]mexp(—(t +67/2)% — i(w + A/2)1), units of 1/0t.
with w = (w1 + w2)/2. For the sake of simplicity, the time,
t, the photon delayjr, and the detection-time delay, are With the spatio-temporal modes defined in [EQl (24), a sttaigh

expressed in units of the pulse duratién(half width atl/e forward evaluation of EgL]8) leads to the joint photon-dtts
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probability

envelope (30 — )

0.25

—-——-30=m [5t]

Pjoint (th T, 67—1 A) =
cosh(27071) — cos(TA)

™

0.2
x exp(—4to(to + 1) — 672 — 27%),

(25)
which depends on the photon detection timgandty + 7.
To obtain the probability of detecting two photons in thetpor
‘3" and ‘4’ with a time differencer, we integrate over all
possible values ofy, which leads to

0.15

0.1

0.05

Coincidence probability P;,;, [3t™!]

-1 0 1
Detection-time difference T [8t]

Pony (7,67, A) = g8} (7) |57, =

[ dtoPjoint(to, 7,07, A) =
cosh(2707) — cos(TA)
Ve

Fig. 3 Time-resolved two-photon detection probabilify;.., as a
function of the detection-time difference, in case of simultane-
ously arriving equally long single-photon wave packets = 0)
for different inhomogeneous spectral widths, The solid line rep-
resents non-interfering photons and therefore reflectarnhaitude
envelope of the photonic wave packets.

(26)

2

x exp(—d7% — 7).

This joint two-photon detection probability is displayead i
Fig.d as a function of the photon-deldy, and the detection-
time delay,r, for three different values of the frequency dif-
ference A.

The case withA = 0 is depicted in Fid12(a). As ex-
pected, no coincidences are found if the photons arrive si-
multaneously, i.e. fof~ = 0. This situation is well explained
by the Fock-state model of two interfering indistinguiskeab
photons. Moreover, even if the two photons are delayed with
respect to each other, we see that simultaneous photon de-
tections (withr = 0) never occur. This is well explained by
Eq. @) which yields thaP;i,¢(to,7 = 0) = 0, no matter
how different the mode functions are. In particular, the-sec
ond photon leaves the beam splitter through the same port
as the first one, provided no dephasing takes place, i.e. for
|1 (to + 7)Ca(to) — Ci(to)Ca(to +7)] < 1.

. Figurel2(b and c) show situations where Fhe two Implng'Fig. 4 Total probability for the detection of photon pairs as a func
ing photon wave packets have a frequency differencé ef tion of the relative delay between the two impinging photoawvey

m/20r A= 37Ty_reSpeC_tiVe|Y- Mos_t remarkable is that simul- packetsgr, and the inhomogeneous spectral widkh, of the inter-
taneous detections (with = 0) still do not occur, although  fering photons.

the two photons are now distinguishable. Moreover, for si-
multaneously arriving photon wave packets (with = 0), . ]
the coincidence probability now oscillates as a functiom of Wave packets (witlir = 0) by evaluating
with the frequency differencd. We emphasise that this beat
note always starts at zero for= 0, due to the in-phase start-
ing condition imposed by the detection of the first photon.

It follows that the coincidence probability remains zero
even in case of an inhomogeneous broadening of the fre-
quency differences). To illustrate this, we assume a Gaus-
sian frequency distribution,

%%
555
555
0020022
20l

%

2%
%

262

Q ‘\‘\\“‘s&’?.

e

N
QN2
OO

th (7‘, 6w) dA f(;w (A)Pg;w (T7 oT = 0, A)

2

<1—exp<—< >>>

(28)
Figure[3 shows that the inhomogeneous broadening of the
photonic spectrum leads to a dip in the two-photon detection
probability with width2/éw (half width at 1/e dip-depth). We
emphasise that this dip iR;,;, reaches zero. Therefore it is
possible to achieve perfect two-photon coalescence if a tem
poral filter is applied that restricts the detection-timfeat
wheredw defines the bandwidth of the spectrum (half width ence to 7| < 2/dw.
at1/e maximum). The integral of this frequency distribution

T

2/0w

exp(—72)

2ym

f5,(4) exp(—(4/6w)?), (27)

1
N

To connect our results to previous experiments with ultra-

is normalised to one, so that we can use it to calculate the phashort photons, we now calculate the total two-photon ceinci

ton detection probability for simultaneously arriving pow

dence probability by integrating over the detection-tinee d



lay, 7. In case of inhomogeneous broadening, as discusseth
above, this leads to

11.

Piotal (0T, dw) // dr dA f5,(A)Popy (7,071, A)

29 12.

_ 1 exp(—d72) (29) 13
2 Vitw? '
14.

The total two-photon coincidence probability is shown ig.B
as a function of the arrival-time delays, and the inhomoge-
neous spectral widthiw. In this case, it is evident that the
two-photon coincidence dip reaches zero onlguif= 0, i.e.
only if the two photons are mutually coherent. Increasirgg th

bandwidth has no effect on the width of the dip, but only de- 1.

creases its depth. Therefore spectral filtering is manyaftor

the time resolution does not allow to filter photon-detettio 17.

times.

4 Conclusion

A rich substructure is expected in two-photon interference
experiments if the photons can be detected with high time
resolution. For example, distinguishable photons of difi
frequencies are expected to give rise to a pronouncedascill
tion of the joint photon-detection probability behind thesaim
splitter. The ability of generating long single-photon grd

by means of a strongly-coupled atom-cavity system opens up
the possibility to ‘zoom’ into the quantum state of a single-
photon pulse by measuring two-photon quantum interference
fringes as a function of time.
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