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Abstract

My DPhil thesis includes three essays on time series econometrics and financial
econometrics, preceded by a brief introduction.

The first essay proposes a new class of multivariate volatility models utilizing real-
ized measures of asset volatility and covolatility extracted from high-frequency data.
Dimension reduction for estimation of large covariance matrices is achieved by impos-
ing a factor structure with time-varying conditional factor loadings. The models are
applied to modeling the conditional covariance data of large U.S. financial institutions
during the financial crisis, where empirical results show that the new models have both
superior in- and out-of-sample properties. We show that the superior performance ap-
plies to a wide range of quantities of interest, including volatilities, covolatilities, betas
and scenario-based risk measures.

Time-varying volatility is common in macroeconomic data and has been incor-
porated into macroeconomic models in recent work. The second essay estimates dy-

namic panel data models with stochastic volatility by maximizing an approximate



likelihood obtained via Rao—Blackwellized particle filters. Monte Carlo studies re-
veal the good and stable performance of our particle filter-based estimator. When the
volatility of volatility is high, or when regressors are absent but stochastic volatil-
ity exists, our approach can be better than the maximum likelihood estimator which
neglects stochastic volatility and GMM estimators.

In the third essay, we test for the stable factor structure against considerable time
variation in the factor loadings in the form of martingales. We obtain the asymptotic
distribution of the test statistic by deriving the conditions under which the estimation
error of the common factors is asymptotically negligible for the test statistic. Monte
Carlo simulations show that the proposed test performs well. We apply the test to a
panel of macroeconomic and financial variables in the UK and find the evidence of

unstable factor structure during the recent financial crisis.
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1 Introduction

My DPhil thesis focuses on modeling and inference of large panels of time series data in
macroeconomics and finance. The models, the method and the test I propose are based on
an enlarged information set (intradaily financial data) or on more realistic specifications
(stochastic volatility or structural instability). Two chapters relate to the factor approach,
which has been shown to be an effective way to achieve dimension reduction. My research
is especially aimed at dealing with the data from the financial crisis of 2007-2009, so two
chapters involve applications to actual data of that period.

The first essay contributes to the recent literature of combining GARCH(Generalized
AutoRegressive Conditional Heteroskedasticity)-type dynamics and realized measures to
model multivariate volatility. A new class of multivariate volatility models is proposed
to utilize realized measures, which are estimators of daily volatility of asset returns using
intra-daily data, such as 1-minute asset prices. The simplest and most common realized
measure is realized variance, which estimates the quadratic variation of the intra-daily price
path using the sum of the squared high-frequency returns. If one considers the microstruc-
ture noise, the deviation from the fundamental value induced by the market specifics such
as the bid-ask bounce, one might use alternative solutions such as the realized kernel es-
timator (Barndorff-Nielsen et al., 2008), which is robust to the microstructure effect and
nonsynchronous trading.

Our models are aimed for large portfolios and high-dimensional covariances. Most
multivariate models are feasible when the number of assets is small, say 5 or fewer, but not
feasible when the number of assets is large because of the number of parameters and the

dimension of covariance matrix, due to a curse of dimensionality. The multivariate high



frequency model (HEAVY) (Noureldin et al., 2012), for example, suffers from it. That
model is directly parametrized in terms of the covariance matrix, so the number of param-
eters and the dimension of realized measure are large. For example, when modeling the
conditional covariance of 50 assets, a 50-dimensional realized covariance is required for the
multivariate HEAV'Y. Our models deal with the curse of dimensionality by parameterizing
the components of factor decomposition, so it only requires estimating low-dimensional
realized measures regardless of the number of assets. The basic idea is that we achieve
dimension reduction by imposing a factor structure on the individual asset return. Our
models then assume that the three components of the factor decomposition, which are fac-
tor volatility, factor loadings and idiosyncratic volatility, are driven by the corresponding
realized measure.

The models specify the dynamics of three groups of variables. The first group includes
the factor variance and the conditional mean of realized measure corresponding to the
factor. We assume both variables are driven by the realized measure corresponding to the
factor; the second group includes the beta and the conditional mean of realized betas. The
dynamic is similar to the factor covariance, but they are driven by realized betas. The third
group includes the idiosyncratic variance and the conditional mean of realized idiosyncratic
variance, which are driven by realized idiosyncratic variance. As a result, our models
have two components of equations. The first group concerns the dynamics of conditional
covariance of the low-frequency data. They are driven by corresponding realized measures
including realized variance or covariance matrix of the factors, realized betas and realized
idiosyncratic variance. The second group governs the dynamic of realized measures. We

estimate these two components separately, using a two-step maximum likelihood estimator



for each component.

We apply the models to a panel of 40 large U.S. financial institutions during the recent
financial crisis. Our models dominate other competing models, such as cDCC (Aielli,
2013), beta GARCH (Braun et al., 1995) and multivariate HEAVY, in terms of in-sample
fit of the data. The empirical results also show that our models have superior out-of sample
properties for a wide range of quantities of interest, including volatilities, covariation, betas
and scenario-based risk measures such as systemic risk like marginal expected shortfall.
The model’s performance is particularly strong at short forecast horizons.

A version of this essay is resubmitted to Journal of Financial Econometrics jointly with
Professor Kevin Sheppard.

In the second essay, we apply the particle filtering technique to estimate the dynamic
panel data models with stochastic volatility. Time-varying volatility is common in macroe-
conomic data. Several papers (e.g. Kim & Nelson, 1999; McConnell & Perez-Quiros,
2000; Blanchard & Simon, 2001) have studied the moderation of volatility in the U.S. real
GDP growth from the mid-1980s. Homescedasticity is traditionally assumed in macroe-
conometric models, but recently time-varying volatility has been incorporated into various
models like DSGE models (Fernandez-Villaverde & Rubio-Ramirez, 2007) and vector au-
toregressive models (Koop & Korobilis, 2010). Hamilton (2010) emphasized the impor-
tance of time-varying volatility by arguing that statistical efficiency can be improved by
incorporating appropriate features of time-varying volatility into estimation of the condi-
tional mean, which is often the direct object of interest.

Dynamic panel data models have been used to analyze macroeconomic data in which

the time series dimension is far larger than that of microeconomic panels. One can incor-



porate time-varying volatility into dynamic panel data models when studying the impact
of time variations in the volatility of business conditions or policy rules (so called uncer-
tainty shocks) on employment, output and other economic outcomes (Bloom, 2009). The
proposal is to estimate a dynamic panel data model with time-varying volatility in the in-
novations, which might be parameterized through stochastic volatility (Kim et al., 1998;
Fernandez-Villaverde & Rubio-Ramirez, 2007).

In the panel models with stochastic volatility, there is no closed-form expression for the
likelihood, so one needs to have recourse to simulation-based methods. Particle filters, also
known as sequential Monte Carlo methods, are simulation-based techniques for state space
models (Creal, 2012). In non-Gaussian and nonlinear state space models, the density of
state variables often does not have the closed form expression. Particle filters approximate
the density by a discrere distribution made of weighted simulation. There are many imple-
mentations of particle filters. Because of the special structure of the state space form of
dynamic panel data models, we use a specific particle filter called the Rao—Blackwellized
particle filter (Liu & Chen, 1998). The structure is special in that it is linear and Gaussian
conditional on a subset of state variables. The idea of Rao—Blackwellized particle filter
is to simulate those subset of state variables and the Kalman filter is then used for the
remaining state variable given the simulations.

Specifically, we estimate the dynamic panel data models with stochastic volatility in
a macroeconomic context where both cross section dimension and time series dimension
can be large. We transform the first difference of the models to a state space form and
then apply the Rao—Blackwellized particle filter to estimate the likelihood. Although this

estimated likelihood is unbiased under some regularity conditions, direct maximization for
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parameter estimation would fail due to the discontinuity induced from the generalized in-
verse operation at the resampling stage. We use the approximation method in Olsson &
Rydén (2008) to overcome this obstacle. The model parameters are estimated by max-
imizing the approximated likelihood. Monte Carlo studies show that the particle-filter
based estimator has good and stable performance. When volatility of volatility is high or
when regressors are absent, it can be better than the maximum likelihood estimator which
neglects stochastic volatility (Hsiao et al., 2002) and GMM estimators (e.g. Arellano &
Bond 1991; Blundell & Bond 1998).

A version of this essay is accepted for publication in Econometrics.

In the third essay, we study the high-dimensional factor models and focus on the test
for temporal stability in factor loadings. Factor models have been the main tool to analyze
big datasets in macroeconomics for more than 15 years (Bai & Ng, 2008b; Stock & Wat-
son, 2011). It has been very useful in macroeconomic applications as a small number of
common factors can account for a large fraction of the variation in a great number of ob-
servable series. In other words, a small number of factors can summarize the comovements
of a large number of series and drive the dynamic behavior of all those series. As suggested
by empirical evidence, the factor models fit macroeconomic data in many countries. An im-
portant application of factor models is to make forecasts for an individual variable through
the regression of that variable on the estimated factors and other predictors, which is called
the factor-augmented regression.

As the number of factors and factors themselves are unobservable, a large body of
research has been devoted to determining the number of latent factors and studying the

asymptotic properties of the principal components estimator of the factors. Under some as-
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sumptions, the estimators are consistent and the principal components estimator is asymp-
totically normal. Traditionally, the factor loadings are assumed constant over time. The as-
sumption of stable factor loadings is however not supported by empirical evidence (Stock
& Watson, 2009). In theory, the estimators of the number of the factors as well as the
principal components estimator of the factors can still be consistent provided that the mag-
nitude of the temporal instability in factor loadings is below the upper bound given in Bates
et al. (2013). If the time variation is stronger, however, the inference would be misleading
and the forecasts based on the estimated factors can be inaccurate. For this reason, one
needs to test whether there is considerable instability in factor loadings before every seri-
ous use of the factor models. There are generally two types of instability: discrete breaks
and continuous variations in the form of martingales such as random walk. The literature
on testing for stable factor models has focused on structural breaks so far. One can test
against multiple breaks in factor loadings of one specific variable (Breitung & Eickmeier,
2011), or common breaks in factor loadings of all variables (Chen et al., 2014; Cheng et al.,
2014; Corradi & Swanson, 2014; Han & Inoue, 2015).

Although the tests for structural breaks also have power to detect continuous variations
in factor loadings, we aim to develop the test directly against martingale-type alternatives
for the following four reasons. First, the test against martingales is more general, as the
model with multiple breaks is just a special example of the models with martingale-type
variations. Second, the continuous variation is a more serious issue than breaks that would
affect the forecasts based on factor-augmented regressions. It is well known that a fac-
tor model with breaks can be equivalently represented by a stable factor model with a

larger number of factors. Therefore, structural breaks have no theoretical influence on the
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forecasts based on factor-augmented regressions, if the number of factors is not ex ante
imposed but is instead estimated using the methods in the literature. On the other hand,
the factor models with a general martingale-type instability in loadings have no equivalent
representation of stable models, and the number of factors in those models can not be con-
sistently estimated. As a result, continuous variations in the form of martingales would
theoretically affect the forecasts. Third, Del Negro & Otrok (2008) developed a factor
model with random walk in loadings. If there is indeed strong instability of this type, their
model might be a better candidate than stable models for the purpose of forecasting. Fi-
nally, Hansen (1992) argued that specifying the parameter process as a martingale is more
appropriate if one is interested in testing whether the model captures a stable relationship,
because martingales capture the notion of unstable models that gradually change over time.

To that end, we adapt the Lagrange Multiplier test of Nyblom (1989) for the high-
dimensional factor models. Nyblom (1989) addressed the general issue of testing for pa-
rameter constancy against the alternative of martingales in a likelihood framework. The
key challenge of extending this framework to factor models is that the accumulation of
the estimation error of common factors would affect the conventional distributions of test
statistics. One therefore needs to ensure that the estimation error of factors is asymptoti-
cally negligible for the test statistic. We obtain the asymptotic distributions of the proposed
statistic by deriving the conditions on the relative rate of the number of cross sections and
the number of time periods under which insignificant estimation error is guaranteed. Gen-
erally it requires the number of cross sections is large enough compared to the number of
time periods after the change point from which the factor loadings can begin to evolve as

random walk. In the benchmark model we study, common factors are stationary. We also
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make an extension to cover the model with integrated factors.

We study the finite sample performance of the test statistic by Monte Carlo simula-
tions. When common factors are stationary, the test seems oversized, possibly due to the
finite sample bias of the estimator of the number of factors. It turns out that the rejection
frequencies become closer to the nominal size when the factors are integrated. The test
tends to be consistent in that the power increases with the sample size. In the case of in-
tegrated factors, the test suffers from the issue of nonmonotonic power. The results also
show that our test is more powerful than the tests designed for structural breaks to detect
martingale-type instability.

The factor models are often used for forecasting macroeconomic variables such as the
GDP growth. The forecasting performance varies with the target country however. The
models work well for the US data or European data, but the models seem less effective for
UK data especially during and after the recent finanial crisis. We suspected the temporal
instability is a potential source of the poor performance. To confirm our suspicion, we
apply the proposed test statistic to a panel of UK variables and find the evidence of unstable

factor structure during the recent crisis period.
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2 Factor High-Frequency Based Volatility (HEAVY) Mod-

els

2.1 Introduction

Conditional covariances are key inputs in risk management and portfolio optimization.
Traditionally, multivariate GARCH models based on daily data are used to capture the
dynamics of the second-order moments of asset returns (see Bauwens et al., 2006 for a
survey). While most multivariate volatility models are feasible when the number of assets
is small — 5 or fewer — only a small subset remain feasible when applied to large, empiri-
cally realistic portfolios. There are a number of difficulties in high-dimension covariance
modeling, including the computational effort required to invert large conditional covari-
ance matrices when evaluating the likelihood and the high-dimensionality of the parameter
space. Recent contributions to the literature have attempted to side-step these issues by
using alternative estimators or carefully designed models. Engle et al. (2014) construct the
composite likelihood by summing up the log-likelihoods of pairs of assets in order to avoid
the inversion of high-dimensional matrices. The Dynamic Equicorrelation model proposed
in Engle & Kelly (2012) leads to a simple analytic form of the inverse of the conditional
covariance by assuming that the time-varying correlations are identical across all pairs of
assets. A third, and older, approach to achieve dimension reduction is to exploit the strong
factor structure of asset returns when modeling conditional covariance. Early examples in-
clude Engle et al. (1990), who introduced the factor-ARCH model to price Treasury bills.

Recently, intra-daily estimators of volatility — collectively known as realized measures

— have been used to improve volatility models. Realized measures incorporate informa-
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tion from asset price paths to improve the measurement of volatility over a fixed horizon,
typically one day. The simplest and most common realized measure is realized variance,
which estimates the quadratic variation of the intra-daily log-price process using the sum
of the squared high-frequency returns. When the prices follows a diffusion process with
stochastic volatility and can be directly observed without error, realized variance converges
to daily integrated variance of the underlying volatility process (Andersen et al., 2001a;
Barndorff-Nielsen & Shephard, 2002). However, microstructure noise such as bid-ask
bounce is ubiquitous in high frequency data which limits sampling frequency. Several al-
ternative solutions exist in the literature to control microstructure effect, including two-
and multi-scale realized volatility (Ait-Sahalia et al. 2005; Zhang 2006), realized kernel
estimators (Barndorff-Nielsen et al., 2008), and the pre-averaging approach (Jacod et al.,
2009).

The multivariate extension of realized variance, known as realized covariance, was first
introduced to econometrics in Andersen et al. (2001b) and the asymptotic theory was first
studied in Barndorff-Nielsen & Shephard (2004). In the absence of market microstruc-
ture noise, and when prices are synchronously observed, realized covariance estimates
the quadratic covariation of prices. Estimators that are robust to microstructure noise and
non-synchronous trading include multivariate realized kernels (Barndorff-Nielsen et al.,
2011) and pre-averaging estimators (Christensen et al., 2010) and realized QMLE (Shep-
hard & Xiu, 2013). Like their low-frequency counterparts, multivariate realized measures
can be transformed to estimate other quantities, such as realized correlation or realized
factor loadings (also known as realized beta). Bollerslev & Zhang (2003) employ realized

factor loadings constructed in the Fama—French three-factor model to improve asset pric-
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ing predictions. Barndorff-Nielsen & Shephard (2004) derive the asymptotic distribution
of realized betas. Bandi & Russell (2005) study the finite-sample properties of realized
betas in the presence of market microstructure noise. Andersen et al. (2006) find that real-
ized betas are less persistent than realized variances and covariances and suggest modeling
them as short-memory processes, and Patton & Verardo (2012) study the effect of earnings
announcement on realized betas.

In this chapter, we introduce Factor HEAVY models, a new class of multivariate volatil-
ity models exploiting high frequency data and utilizing a factor approach to facilitate esti-
mation in empirically relevant scenarios. We exploit a factor decomposition of asset prices
to build the models which are feasible in high-dimensions and estimable with an imbal-
anced panel. Our models resemble 3-GARCH, which models the factor variance, condi-
tional B and idiosyncratic variance each with a GARCH-type evolution. Braun et al. (1995)
model returns on individual assets as related through a common factor, r;; = ﬁ,-vtrﬁ[ + &y,

so that the covariance dynamics in the B-GARCH model are given by

G]%J = 90+91r%7t_]+626]%7t_1

rfr—1Tir—1
Bi; = 0io+0i1 —* 0i2Bii—1 (D
Gf7t_l
2 2 2
Oy = 0ot (ri,tfl - Bi,tfl”f,tfl) + 0207 1,

where GJ% . 1s the variance of the factor, or in a conditional CAPM, the market return. This
specification uses natural proxies of the left-hand-side variables to act as shocks — squared
returns of the factor for the factor variance, standardized cross-products for the  dynamics

and squares of the innovation for the idiosyncratic variance.
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We contribute to a growing literature that combines multivariate GARCH-type dynam-
ics and realized measures, and explicitly model the closing return, not just the intra-daily
return.! In multivariate HEAVY models (Noureldin et al., 2012), the conditional covari-
ance is modeled as a smoothed function of recent lags of realized covariance matrix. Jin &
Maheu (2013) model daily returns using a Wishart-autoregressive-like structure and pro-
pose a Bayesian estimation method. Hansen et al. (2014) propose the realized  GARCH
model in which volatility and covolatility are separated modeled. In our models, daily re-
turns on individual assets are driven by common factors with time-varying factor loadings.>
The dynamics of factor volatility, conditional factor loadings and idiosyncratic volatility all
follow the HEAVY structure where realized measures drive the dynamics of daily covari-
ance (Shephard & Sheppard, 2010). Factor HEAVY models have two advantages over
multivariate HEAVY models. First, multivariate HEAVY models are directly parametrized
on variances and covariance and so specify common dynamics for all second moments of
asset returns. Second, multivariate HEAV'Y models suffer from the curse of dimensionality
— not only in terms of the number of parameters in the models, but also in the dimension
of the realized measure required to drive the dynamics. For example, when modeling the

conditional covariance of 50 assets, a 50-dimensional realized covariance is required each

1

Initial models that included realized measures focused primarily on realized measure only modeling
(Halbleib-Chiriac & Voev (2014), Golosnoy et al. (2012)). While the persistence of realized measures is
an interesting topic, it is not appropriate for most applications in portfolio allocation or risk-management.

2

The time-variation in conditional s has been debated in the literature for the last two decades. Braun
et al. (1995) use bivariate EGARCH models to find weak evidence of time-varying conditional s. Ferson
& Harvey (1993), Bali & Engle (2010), and Hansen et al. (2014) find significant time-series variation in the
conditional fBs. Bali et al. (2012) show the substantial time-varying conditional s in the cross-section of
daily stock returns.
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day. Our models only require estimating low-dimensional realized measures irrespective of
the number of assets in the models, and so can easily scale to empirically relevant dimen-
sions. In the empirical analysis, we show that Factor HEAVY dominates other competing
models in terms of in-sample performance. We also compare the out-of-sample ability of
Factor HEAVY and the cDCC GARCH models (Aielli, 2013) when forecasting volatility
and covolatility, Bs and marginal expected shortfall (MES). The results show that Fac-
tor HEAVY outperforms cDCC models, and that the gains are particularly substantial in
short term forecasting. The Factor HEAVY has greater advantage over the long memory
Riskmetrics model (Zumbach, 2007) than over cDCC models when forecasting volatility
and covolatility. This superior performance at short horizons is particularly useful from a
regulatory point-of-view since accurate and timely detection of changes in the covariance
structure of returns is required when considering interventions.

The remainder of the chapter is structured as follows. Section 2.2 introduces the Factor
HEAVY models and discusses their properties. We initially focus the exposition on the
1-factor version of the models, although the extension to more factors is straight-forward.
Section 2.3 discusses estimation and asymptotic properties. Section 2.4 describes the data
used in the chapter, presents the result of empirical analysis including parameter estima-
tion, in-sample performance, out-of-sample forecasting, the extension to multiple-factor
models and the robustness analysis. Section 2.5 concludes the chapter. The appendix is in

Section 2.6.
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2.2 Factor HEAVY Models
2.2.1 Notation and Model Setup

To facilitate the exposition of the model, the initial focus is on a 1-factor specification.
The full K-factor specification is presented in section 2.2.7. Let r; = (rf,t, FLts P2y enes rNJ)’
denote a N + 1 by 1 vector of low-frequency, typically daily, returns. The first return is a
pervasive factor and the remaining N are returns on individual assets assumed to be related
through the factors.> We denote the information set formed by the history of low-frequency
returns with .Z ¥ the natural filtration containing all past low-frequency returns. In the
standard multivariate ARCH literature, returns are typically assumed to be conditionally

normally distributed so that

r| FH ~N(0,9).

Our interest is in modeling the conditional covariance of low-frequency returns using high-
frequency derived realized measures, so we augment the information set with a realized
measure that estimates the quadratic covariation of the factor and individual assets, and
denote the time ¢ value of this N+ 1 by N + 1 matrix-valued random variable RM;. The re-
alized measure could be a realized covariance or a more sophisticated noise-robust measure
such as a realized kernel (Barndorff-Nielsen et al., 2011), pre-averaged realized variance

(Christensen et al., 2010) or realized QMLE covariance (Shephard & Xiu, 2013).* We use

3

While mixing intra-daily information and daily information is the natural application of the Factor HEAVY
models, this class of models is also useful for building models that mix daily (high frequency) and weekly or
monthly (low frequency) data.

4

While the choice of realized measure does not affect the description of the model, the steps required to
estimate the model may differ depending on the estimator used. These issues are discussed in section 2.3.
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FHF to denote the filtration that contains both the realized measures and low-frequency
returns, so that X ¢ FHE,

We assume that returns, conditionally on the high-frequency information set, are nor-
mally distributed

n|Z1 ~N(©0%,).

However, since the model now contains both high- and low-frequency data, it is necessary
to specify a model for the process generating the realized measures. We assume that the
realized measure is conditionally distributed as a Wishart with v degrees of freedom, so
that

RM,L@}IKIT ~ WN+1(V,Mt/v),

. " . . 1/2 12\’ 1/2 . .
where M; is a positive definite matrix so that RM; = M,/ g (M,/ 2) where M,/ ? is a matrix

square-root of M, and Z,|.ZHE ~ Wy (v, INT“) We use a partitioning of the realized

measures so that

RMf,l‘ RMfl,l‘ PR RMfN’[
RM\;, RMy, ... RMy
RM, = - ’ ‘| @)
| RMyy, RMin, ... RMyn, |

where RMy; is a scalar measuring the quadratic variation of the factor, RM;;, is a scalar
realized measure estimating the quadratic variation of the individual asset and RM;, is a
scalar measuring the quadratic covariation between the asset and the factors.

We propose to model the conditional covariance of returns, ¥, as well as the condi-

tional expectation of the realized measure, M;, using a factor structure. The conditional
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covariance of returns and the conditional expectation of the realized measures can be writ-

ten as
- G]%,; ﬁl,tﬁﬁt ﬁN,tG]%,, ]
Y, = [31,10%7; B%,t6%7z+612,; ﬁl,tﬁi\.f,tcy%; ’ 3)
i ﬁN,zO'J%J ﬁNJﬁIJG]%J ﬁ]%,tG]%,;+61%r,; ]
and
- Ly Alry AN lhf s -
M — 7Lu.lif,r Alz,tﬂf,.t-Hh,z AIJA'I?’,L‘.uf,t @
i Mvilbrs  AngAighpy oo ljgz,zlif,t‘HJMt |

The model then requires specifications for the dynamics of the factor variance, GJ%J (and
the corresponding value for the realized measure fif,), the factor loadings B;; (4;;) and the
idiosyncratic variances Gft (Wiy). Throughout the chapter, we use the notation E,_(.) =
E(. | ZHE) to denote the expectation conditional on the high frequency information set.
The Wishart distribution is in the linear exponential family and is the natural candidate
for positive definite matrix-valued shocks. Moreover, the transformations required when
building factor-based models are known in closed form and lead to simple expressions for

conditional expectations of the quantities of interest.

RM;;,
RMy

Proposition 1. Define the realized B and realized idiosyncratic variance as Rf3;; =

and RIV;; = RM;;, — (Rﬁ,-J)zRM +.1» respectively. Under the assumption
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RM, |ffEFl ~ Wyi1(v, %), the conditional expectation of realized 3, E;_1 [Rfi;] = Ai,

and that of realized idiosyncratic variance E,_ [RIV; | = VT’I Ui

2.2.2 Factor Variance Dynamics

The factor dynamics are assumed to follow a HEAVY structure. Suppose there is a single
factor, in which case the factor returns are assumed to be conditionally normal with mean
ZET0:

i = Or:St1,

yHF

where the conditional variance of the factor return is measurable with respect to .%,” and

Ei1 [Jjjzt] = 1. The conditional variance of the factor is driven by the realized measure

corresponding to the quadratic variation of the factor, and so
67, =60+ 61RMs 1+ 6,07, . )

This is not a complete model and only allows for 1-step forecasts, and so we complete the
model by specifying a model for the realized measure. The dynamics of the conditional

mean of the realized measure follow a similar process to the factor conditional variance,
Mpe =60+ 61 RMy 1 +63 s, 1. (6)

These two equations correspond to the HEAVY model (Shephard & Sheppard, 2010).
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2.2.3 Factor Loading Dynamics

Returns on individual assets are related through exposure to a common factor through a

time varying loading. The factor loading of asset i is

ﬁ. _ Glft _ COV [rfvt’ ri7t:|
,l — -
/ G}%,t \ [rfvti|

Factor loadings are also driven by realized measures, where the natural analogue of the 8
commonly referred to as the realized 8 is used. Without microstructure noise, Barndorff-
Nielsen & Shephard (2004) show that when the realized measure is realized covariance,
then the realized B is a consistent estimator of the ratio between integrated equity co-
variance with the factor and integrated variance of the factor return. The dynamic factor

loadings evolve as

Bis = 06,0+ 0 1RBi 1—1 + i 2Bi 11, (7

and we complete the model by specifying dynamics for the realized f3:
Aig = 81+ SMRBi—1 + 815 Ai—1. (8)

There is no observation equation for the realized 8 and its measurement occurs jointly with

the idiosyncratic variances.

2.2.4 Idiosyncratic Dynamics

The final component of the model is the idiosyncratic variance, defined as E;_; [(r,-,, — ﬁijtrfyt) 2] .

Since the factor and the individual asset return are assumed to be conditionally normally,
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we can define the idiosyncratic shock as

Eir="Tis— ﬁi,t’”f,n

where &, = 0;,&;; and Gft is the conditional variance of r;; given the factor return. By
construction, the N by 1 vector & = (81,z .. .,SNJ)/ is contemporaneously uncorrelated,
and we further assume that there are no volatility spill-overs between assets. We use the
realized idiosyncratic variance to drive the dynamics of the idiosyncratic variance. We

assume a univariate HEAVY-like structure for the idiosyncratic variance, so that
2 2
Oy = Qo+ 0 1RIVi;—1+ 020, ;. )

The model is completed by specifying the evolution of the realized idiosyncratic volatility
as

Hig = 06+ O RIV: 1 + 0031 (10)
2.2.5 Full Specifications

The model specifications contain two distinct components. The first component, which

determines the dynamics of the conditional covariance of the low-frequency data, is col-
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lectively referred to as the HEAV Y-P equations,

G]%,l = 90 + 61RMJ"7[71 + OZG%J—]
Bi: = Sio+ i 1RBis—1+ 8i2Bis—1 (11)

2 2
Oi; =00+ 0 1RIVi + 02071,

where the final two equations are repeated N times. We refer to the second component,

which governs the dynamics of the realized measure, as the HEAVY-M equations,

ufvt = 6(])‘4 + O{WRvatil + eéwufvtil
Aig =80+ S RBis—1+ 65 A -1 (12)

M M M
Mip = 0o+ O RIVis—1 + 0o ip—1,
where the final two equations are also repeated for each individual asset.

2.2.6 Forecasting

We focus on forecasting conditional factor variances, s and idiosyncratic variances. One-
step forecasts are directly given in the HEAVY-P equations. To compute multi-step fore-
casts, we utilize the recursive structure of the HEAVY-M equations.
Proposition 2. The s-step forecasts in the Factor HEAVY model is given by
1-6;57"

1-6,

— (o oty
1— (6} + 6l)

0F i = Bi(07,15)=65"07 41+ 60 (13)

s—=1 1 )
+61) 6,7 (6)' +(61+63) " Ty 1)
i=1
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5
ﬁi,z+s|z = E/(Bisss) = 5,2 ﬁzt+1+5zo

5i2
_(51' 6M)s 1—i .
+06; 5 4 (M L gMys—1—ip.
i,1 Z lO 1— (61-71 51.72) ( i1 l,2) l,H'l)
2 _ o s—1 .2 1_ 12
Oirrse = Eil lt+s) =&ir Oiryi +0‘i,01_—
s—1 _ s—1—i
ov—1 1— (%= +oc 2) v—1 L
+OC,"IZ(X;721( v OC% ‘E - M) +( v %+a12)s ! l.Lli,t+1)'

i=1

The proof is presented in the appendix. While these are the forecasts for the compo-
nents of the conditional covariance, they do not lead to direct forecasts of the conditional
covariance. An unbiased estimate could be computed using simulation, although we find

that this error is sufficiently small so that simulation is not warranted.

2.2.7 Multiple Factors

The 1-factor model can be directly extended to include multiple factors. In the multi-
factor HEAVY model, returns on individual assets are determined by K factors and an

idiosyncratic shock,

K K
rig =Y Bikalfis +&is = Y, BikiOprsesis + Oiseis,
=1 =1

in which rg; and oy, denote the daily return on the k™ factor and its volatility respec-
tively; B; x ; represents the conditional loading of r;; with respect to r s ;; {e ka} is an i.i.d.

innovation sequence with zero mean and unit variance. &;; is uncorrelated with each factor

27



return given ffﬂFl

We now assume that the return vector r; contains K factors and N individual assets
where the K factors are in the first K positions, and the realized measure is K+ N by K+ N
where the upper K by K block measures the quadratic covariation of the factors. We use

block-partitions of the conditional covariance and the realized measure

Zf,t Zf]J “ e ZfN,l RMf,l’ RMfl‘l e RMfN,l
Life Zitg oo Zing RMys, RMy1; ... RMy,
Zl‘ — 5 RM[ = ,
| INfe IN1g oo INNg | RMyyy RMing ... RMyn; |

where the upper left block is K by K, the if blocks are 1 by K and the ii blocks are scalars.
We allow for a general dependence structure of factors, and so the conditional loadings for

asset 7 are

B =271 Z51s
Similarly, define the multi-factor realized s for asset i as
RBi; = RM ;| RMji,,
where RM; is K by K and the RM(;, is K by 1, and the realized idiosyncratic variance as

RIV;; = RM;;; — RB; ,RM RpB;.

In the K-factor HEAVY model, the multiple factors follow a multivariate HEAVY
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model (Noureldin et al., 2012), while each of the factor loadings and idiosyncratic volatil-

ity follow the same dynamics as in the 1-factor model. The HEAVY-P equations are then

Y= cc’ —l—ARMfJ_lA/ + BZfJ_lB/
Bis = 0,0+ 0 1RBi1—1 + 6 2Bi1—1 (14)

) 2
Ciy = Qi+ & 1RIVi; 1 + 0207, 4,

where Bi; = (Bi1s,---,Biks), 8i0is a K by 1 vector, & ; and §; » are diagonal matrices and
A,B and C are parameter matrices which satisfy the assumptions given in Noureldin et al.

(2012). The HEAVY-M equations are similarly modified, and are

My, =CM(CM) + AMRM;, 1 (AM) +BMM;, , (BM)
Aig =80+ 8RB 1+ 85 Kis 1 (15)

M M M
Mip = o+ 0 (RIVi;—1 + 0G5 ir—1,

where My, =E,_{(RMy,). As before, the final two equations in (14) and (15) are repeated

for each asset. Equations (14) and (15) constitute the K-factor HEAVY model.

2.3 Estimation and Inference
2.3.1 Estimation

This discussion focuses on the 1-factor model, before turning to the K-factor models. The
conditional likelihood of the returns and the realized measures is the natural method to

estimate the parameters. The parameters in the HEAVY-P equations are estimated by max-
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imizing conditional likelithood

T
L:th(llfﬂ”t), (16)
=1

where II/: (017¢{7' . '7¢1/V>/7 0 = (60761762)/a ¢l' - (60,61,52,&0,&1,(12)/,
1 _
h(win) =~ (In| X | +7Z ) +c, (17)

and c is a term which does not depend on the model parameters.” The model structure
can be directly exploited to simplify estimation by expressing the log-likelihood in two
components — one which measures the likelihood of the common factor, and one which

measures the likelihood of the idiosyncratic errors, r;; — [3,-7trf,t.

Proposition 3. The joint log-likelihood of the daily returns can be equivalently expressed

1 2\ The

ly - factor

2
(’”i.,t - ﬁiJrf',t)
2 +c.
it
N -~ >
l; zidiosyncratici

ln(GI%t) +

N

| =

i=1

This decomposition leads to a natural 2-step estimator, where the parameters of the /5,
are first maximized, and then the parameters governing the conditional factor loadings and

idiosyncratic volatilities are estimated. The second step of the estimation process involves

5

The parameter dynamics are all recursive and so depend on values for initial observations. We use a
backward exponentially weighted moving average based on the first T = [7%-23] observations of the realized
measure to initialize the process so that My = Y7, w;M; where w, = .06 ( 94yt Yio1-06(.94) -
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N optimizations, although we refer to this is a single step since the ordering of the assets
does not matter.
The parameters of the HEAV Y-M equations are estimated by maximizing the standard-

ized Wishart log-likelihood,
T
=) ;" (v":RrM,),
t=1
where y¥ = [(04)', (of")' ... (o}/)'] 0" = ()1 61", 631)', 6} = (81,51, 51", o' ! )’
M- —%(ln|M,|+tr(Mt_1(RM,)))—|—cj“,4, (19)

and ¢ is a constant conditional on the shape parameter of the standardized Wishart, v.
Our interest is in the parameters of the dynamics, and so we do not estimate this param-
eter. Using the structure of M;, this log-likelihood can be similarly decomposed into two

components,

2
Vv RM N Vv <2'l.,tRMf7t - ZA‘IZRMfl,l —|_ RMI,Z‘)
M=y <1n (1rs) + “—ff) oY 2 g+ iy

3 P =1

; Ut

[

-~

M : factor -
fi M idiosyncratic i

(20)
This decomposition also leads to a natural 2-step estimation strategy, where the parameters
governing the factor dynamics are first estimated and then the parameters of the idiosyn-
cratic volatility are estimated. This decomposition comes directly from the model and does

not require correct specification or other restrictions on the realized measure. This is par-
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ticularly useful since estimation of the model parameters only requires storing the realized
measure for the factor, the assets and between the factor and assets, and not the complete
N+ 1 by N + 1 realized measure. The likelihood structure is particularly useful when us-
ing noise-robust realized measures which are known to suffer from data attrition due to
refresh-time sampling when the number of assets, N, is large.

The joint likelihoods of the K-factor model can be similarly decomposed so that

N . _yK g 2
b= _% (ln ’Zf,t| + r./f,rzf,}rf.,r> + Z —% <ln (G,%;) + (i Zk:;f”k’trfk’t> ) +c
- . it

Ly, factor .
’ l;;: idiosyncratic i

NS v =1

and

lf/[ — —§(1n|Mf7t‘_tr(M;,tl (Rva’))>

(.

-~

l%: factor
N A RM¢ Ai s —2A! RM i, + RM;;
\% NEd(N) N ot
DN (lnw— L S T )
i=1 Mi ¢

TV
lf"t[ : idiosyncratic i

where A;; = (Ai1y,...,Aik;)’. The Factor-HEAVY structure preserves the variation-free
nature of the HEAVY framework in the sense that the lagged terms from one set of equa-

tions do not appear in the other.

2.3.2 Quasi-likelihood Based Asymptotic Inference

Similar to the HEAVY models, the parameter estimators in Factor HEAVY equations have

the common asymptotic properties of quasi-maximum likelihood estimators. Since the pa-
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rameters have no link between factor and equity equations, and between HEAVY-P and
HEAVY-M equations, we can consider their asymptotic properties separately. Here we
focus on the 1-factor HEAVY model for simplicity. The score equations for the corre-

sponding likelihood, evaluated at the estimated parameters are

71~
&
/N
>
<)
N—
]
@]

T
Y S (8)=0
Py
T

Y S () =0

=1

-
[}

1~
/N
=
~.§>
SN——"
|
=

N
Il
—

where Sy, (6) = 917:/96, Si; (9:) = /g, S, (6M) = otfi/a(eM), S¥ (§M) = Itii/a ().
Let 6,, ¢; 0, GZ,V[ and q)% indicate the true parameter values. The scores evaluated at these
values are martingale difference sequences with respect to ﬁfﬁ Under certain regular-
ity conditions (see Bollerslev & Wooldridge (1992), Newey & McFadden (1994), White

(1996), inter alia.), we have

VEB-0) 0.5 sy ) V(O a) (0.0 S () )
VT (9= 9io) %N(O’j@l/@j&l) ﬁ(@_w) —>N(0, («/‘,fl”)l S g (J/tgf)l),

where

T (98,(0 d

1 9Si; (¢
So=—7 LE <$
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oM - __VE| L~ 7 —avar | — Y s (oM
’ Tt; ZICEI P VT ,:ZI 7 (8')
1 & [ osh(e!) 1 &
M — __YVE[ L M =avar | —= Y M (M) |.
; Tt; a(¢1M>/ oot 0; \/Tzzzl ,t( ,)

We have omitted calculation of the cross-terms in the variance covariance between com-
ponents of the model. While these are generally not of interest, calculation of these is
straight-forward. Inference in the Factor HEAVY model is simplified when compared to
typical multivariate volatility models since the estimating equations have a natural block

structure due to the factor structure.

2.4 Empirical Analysis and Model Evaluation
2.4.1 Data and Descriptive Statistics

We apply the model to a sample containing 40 large U.S. financial firms from July 1, 2000
to June 30, 2010 so that a maximum of 2,511 daily observations are available. The panel
is slightly heterogeneous since some of the included firms stop trading during the financial
crisis. High frequency quote and trade data are extracted from the Trade and Quote (TAQ)
database, and daily price data are extracted from Center for Research in Security Prices
(CRSP) stock database. High-frequency data typically contains mis-recordings and other
erroneous data, and so all price data was cleaned using a slightly modified set of rules to

those used in Barndorff-Nielsen e al. (2009).° Our initial focus is on a 1-factor model

6

The sole modification is to use the market each day that has the highest trading volume rather than always
selecting NYSE.
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similar to a conditional CAPM (Jagannathan & Wang 1996; Lewellen & Nagel 2006). We
choose the S&P 500 as the market proxy, and use the SPDR S&P 500 (SPY), a highly
liquid ETF that tracks the S&P 500 index.

In most of the application we use realized covariance as the realized measure. We sam-
ple all prices using last-price interpolation and use a sparse sampling scheme. Andersen
et al. (2000) argue that the optimal choice of sampling frequency for realized volatility
and correlation is some intermediate value. On the one hand, the effect of microstructure
noise is serious when sampling frequency is higher; on the other hand, sampling variation
is large when sampling frequency is lower. In Section 2.4.4, we show that the in-sample
performance of 10-minute realized covariance is slightly better than that of 5-minute re-
alized covariance. Consequently, our preferred estimator is based on 10-minute sampling
with subsampling every minute. Suppose p;, is the 7" log price vector on day ¢ containing
the log prices of the factor and the 40 firms. Then the sub-sampled realized covariance is
defined as

RCSS = m—_lnfn-’,?;’,,
=1

s(m—s) !

where 7;; = Z”;-:l- rivjr » s 1s the length of the block (e.g. 10), rj; = pj, — pj—1, are
the high-frequency returns, m is the number of price samples (e.g. 390 when using 1-
minute returns in U.S. equity data). We consider alternative specifications where we vary
s € {5,10,15,30}, as well as a realized kernel where we use the non-flat Parzen kernel and

the bandwidth selection procedure outlined in Barndorff-Nielsen et al. (2011).
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Figure 1: Top Left: Annualized realized volatility of SPY, the square root of the mean of
252 times 1-minute realized variance; Top Right: average annualized realized volatility of
all firm equity returns; Bottom Left: average realized correlations between SPY and firm
equity returns; Bottom Right: average realized fs.

Figure 1 shows annualized realized volatility of the factor, average annualized realized
volatility of all firm equity returns, average realized correlations between SPY and equity
returns, and average realized fs. It is obvious that from summer 2007, the beginning of

the financial crisis, daily returns become more volatile than before the crisis. The returns
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on the factor are less volatile than those on equity returns. During the crisis, the average
realized correlations increased relative to their pre-crisis values, although the changes in

dependence are far more striking in terms of the average realized fs.
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Figure 2: The left panel shows intra-daily and overnight market s for the 40 firms in the
applicaiton. The right panel shows the intra-daily and overnight correlations between the
firm returns and the market for the same firms.

One of the primary difficulties encountered when incorporating realized measures into
a model of the conditional covariance of low-frequency data is the missing overnight data.
In models of the conditional variance, it is common to assume that the full-day variance
can be simply scaled from the within trading-day variance. When studying multivariate
quantities, there are more possibilities, and in particular the covariance and the variances
may not scale with a common factor. We examine the choice of modeling space in Figure
2, where we compare the intra-daily and overnight s and as well as the intra-daily and
overnight correlations between the factor and equity returns. We compute these using only
the open-to-close and close-to-open returns (not the other intra-daily data). The result

shows 3 behaves very differently from correlation — most 3s lie near the 45-degree line,
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indicating that s are very stable throughout the entire day. The relationship between intra-
daily and overnight correlations appears to be more complicated, and many of the firms
have stronger correlations with the factor during the market opening hours than during the
overnight period. This is consistent with systematic news arriving during market hours and
idiosyncratic news arriving after the market closes. This difference indicates that models
incorporating high-frequency data that parameterize the conditional f are better suited than
models which use other transformations of the conditional covariance.

We are primarily interested in the covariance of returns over the entire day, including
both the period where markets are active and the overnight return. Realized measures
can only be computed for the period where the market is actively traded, so we use a
transformation to ensure that the average value of the realized measure is the same as the
average value of the outer product of returns (See the appendix for details).

Finally, a particular difficulty arises when using noise-robust estimators constructed
using only the K factors and the individual assets. This occurs since these estimators typ-
ically use some form of refresh time sampling and so will not produce identical estimates
of the quadratic covariation of the factors. We propose to first transform these so that they
have the same estimate of the quadratic covariation of the factors, and then standardize

these modified realized measures (Refer to Section 2.6.2).
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2.4.2 In-Sample Performance

B Idiosyncratic
5,'71 5,'72 511‘/11 5% + 5% o1 2 OC% OC% + OC%
Min 0.01 0.01 0.07 0.96 0.07 0.06 0.08 0.90
05 0.08 0.84 0.12 0.98 042 0.29 0.39 0.99
Mean 0.12 0.82 0.15 0.98 051 0.44 0.44 0.99
Median 0.10 0.89 0.15 0.99 049 042 045 0.99
Q75 0.13 092 0.17 0.99 0.64 0.54 0.50 0.99
Max 0.53 099 0.26 0.99 092 093 0.63 1.00

Table 1: Cross-sectional statistics of full-sample parameter estimates for the 40 finan-
cial firms. The left panel contains estimates from the  component of the HEAVY-P and
HEAV Y-M equations, and the right panel contains estimates from the idiosyncratic volatil-
ity component.

The Factor HEAVY model is estimated using the complete sample available for each firm.
Tables 1 presents the minimum, the 25th percentile, the mean, the median, the 75th per-
centile and the maximum of the parameter estimates across all firms. The estimates of the
dynamics of the conditional f3 lie in a narrow range, with most sensitivity parameters esti-
mated to be close to 0.10. The estimates of the parameters in the HEAVY-M equations fall
into a particularly narrow band. The estimated dynamics of the conditional idiosyncratic
volatilities are more dispersed, although mode series are highly responsive to idiosyncratic
news. The estimates from the idiosyncratic component of the HEAVY-M are also more
similar than the HEAV Y-P, with both high sensitivity to news and large persistence.

In traditional ARCH-type models, both volatilities and Bs are driven by daily shocks.

We consider an augmented model of the HEAVY-P equations which allow for the natural
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daily shock to enter the model. The modified equations are

G%,t = 6p+ 91RMfJ,1 + ezG%J_] + 931”]2%_]

Bir = Gio+6i1RB;,—+8i2Bis—1+ 5i,3”f,tflri,t71/6]%7t_1

2 2 2
Oi; = Qo+ 0iRIVi; 1+ 0207 |+ 0i3&; 1,

)

where 65 allows the daily factor return to influence the factor volatility, J; 3 allows a daily 8
shock to enter the 8 dynamics and ¢; 3 allows for an idiosyncratic shock where & ; = r;; —
Birr:. These are tested one-at-a-time, and all are conducted at the 5% level. Estimation is
conducted using the 2-step estimator described in section 2.3.1, and inference is conducted
using robust standard errors similar to those described in section 2.3.2. The daily shock in
the factor volatility equation is not significant. In the B equations, d; 3 is significant for 8
firms, but has a much smaller coefficient than &; ; indicating the changes in the fit value are
typically small. In the idiosyncratic equations, @; 3 is significant for 7 firms.

We conduct a number of other experiments to assess whether all components of the
models are necessary. We first compare the in-sample fit with that of the pairwise fit of
the cDCC model, which has recently been used to fit dynamic  models (Engle & Kelly
2012; Bali et al. 2012). The cDCC model specifies dynamics for the conditional variances
of the market and the individual asset as standard GARCH models, and the conditional
correlation is modeled using the standardized residuals.

We also compare the Factor HEAVY with the daily B-GARCH model (eq. (1)), as well
as the multivariate HEAVY estimated on the market and each individual asset. Finally,

we compare the Factor HEAVY to two nested specifications. The first assumes that the
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conditional factor loading is constant, which corresponds to restrictions that 5571 = 31~72 =0,
and the second which assumes that the idiosyncratic volatility is constant, corresponding

to the restrictions o; 1 = o2 = 0.

Daily High-Frequency Based
Constant Constant
B Factor Idiosyncratic Multivariate

cDCC GARCH Loading Variance HEAVY
Min 85.5 82.48 4.277 211.6 -23.340
25% 1379 1358 31.77 483.9 1.220
Median 1574 164.6 65.39 956.6 6.000
Mean 169.6 169.8 67.33 1004 6.356
75% 201.0 190.7 101.7 1206 9.074
Max 307.0 309.7 149.0 2441 42.05

Table 2: In-sample log-likelihood comparison between Factor HEAVY and competing
models for all equities. All comparisons are performed using the pair of the market and
one of the financial firms.

Table 2 contains the value of the difference in the log-likelihood of these models,

T

Z (lt7Factor HEAVY — lt,Alternative);
=1

evaluated using only daily data in the case of HEAVY models. Since all models assume that
returns are conditionally normal, these are directly comparable, and positive values indicate
that the Factor HEAVY produced a superior in-sample fit. The Factor HEAVY produces
much larger log-likelihoods than either of the daily-only models, and the closest daily
model differs by over 80 log-likelihood points. Moreover, the typical difference is more
than 150 points, indicating that there is substantial information in the high-frequency mea-

sures. The models nested in the Factor HEAV'Y — either with a constant factor loading or a
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constant idiosyncratic volatility — are also considerably worse, although the assumption of
constant factor loading does not always lead to large changes in the log-likelihood. On the
other hand, idiosyncratic volatilities appear to be time-varying with typical log-likelihood
differences of 1,000 points. Finally, the results comparing the Factor HEAVY with bi-
variate multivariate HEAVY models indicate some preference for the Factor HEAVY, with
better performance in more than 75% of the series examined.

We also examine the fit of the model using residual-based tests. We are primarily
concerned with misspecification of the conditional covariance between the returns on a
pair of equities since the model does not explicitly attempt to fit these. We are interested

in testing the null that

Ho :Er1 (rigrjs) = BisBjaGhs,

where we have suppressed the dependence of the factor loadings and market variance on
the model parameters,

¢ =(0,,8,,8.,),

i,00Yj.0

which includes the parameters of the conditional variance of the factor as well as the con-
ditional factor loadings of assets i and j. Since the parameter estimates are variation-free
across models, it is not necessary to include the parameters for the other components in {.

We use the robust regression-based specification tests developed in Wooldridge (1990).
We use z; j; = (L,ri;—1r j7,_1,r,~7,_2rj7t_2) as the vector of misspecification indicator vari-
ables. These indicators will have power against static misspecification (through the con-
stant term) as well as persistence in the cross-products. The test is implemented in two

steps. First, we regress each element of z; ;, on the gradient vector VCnt of Ny =rirj;—
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Bi:B MG]%J with respect to § evaluated at the estimate é‘ . We define Z; j, as the residual
vector obtained from this regression. Second, we regress unit on the vector 7),Z; j; where
f); is the value of 7, evaluated at é . The test statistic is then computed as T x R? where the
R? comes from the second regression. The test statistics is asymptotically distributed as
953? Figure 3 contains a histogram of the test statistics. We fail to reject the null of correct
conditional specification in 93% of the pairs tested (the 5% critical value of a x32 is 7.81),

and so the rejection rate is close to size.

2 4 6 8 10 12 14 16 18 20

Figure 3: Histogram of misspecification test statistics.

2.4.3 Out-of-Sample Forecasting Results

We next turn attention to assessing the out-of-sample performance of the Factor HEAVY,
and focus the out-of-sample comparisons on the cDCC model, as a leading example of
low-frequency models. All models are fitted using a recursive scheme where parameters
are updated once a week (on Fridays) starting from July 2005, which allows for a minimum
of 1,250 days in the smallest models. The cDCC models are always estimated pairwise

with only the market and one of the financial firms. We also present a volatility forecasting

43



comparison with the long memory Riskmetrics model (Zumbach, 2007). We will evaluate
the performance of the model using 1-day, 1-week and 2-week forecast horizons, which

are all important for risk management.’

[ T
a5 Factor HEAVY

i eDCC

05

T
|

! ! ! ! !
2006 2007 2008 2009 2010

Figure 4: 1-step B forecasts of cDCC and Factor HEAVY models for COF. Solid lines
denote the Factor HEAVY forecasts; while dash lines represent the cDCC forecasts.

Figure 4 shows the 1-step forecasts of ¢cDCC and Factor HEAVY models for COF.

The conditional B forecasts from the Factor HEAVY are more persistent than those from

7

Results for longer horizons, up to 1 months, indicate there is little difference between the models.
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the cDCC. This higher persistence originates from the direct modeling of conditional 3
in eq. (7) where the coefficients indicate considerable persistence and a slow response
to news. Both series of conditional Bs show large increases during the financial crisis
and the continuing turmoil of early 2009, although they differ markedly in the pre-crisis
period of 2007 until mid-2008, where the HEAVY model indicates substantial increases in

conditional 8 while the cDCC does not.

Statistical Accuracy We compare the statistical accuracy of all models using out-of-
sample comparisons. The QLIK loss function has recently emerged as a sensible method
to evaluate variance and covariance forecasts in the presence of noisy proxies (see Patton
& Sheppard (2009), Patton (2011) and Laurent et al. (2013)). The QLIK loss function uses
the kernel of the Gaussian log-likelihood to evaluate forecasts,

I (itﬂlt) = ln‘itﬂh}—f—f‘,_l tr(Crs) (21)

t+s|t

where s is the number of steps ahead and ﬁﬂr s|r 18 @ model-based time-7 conditional forecast
of the covariance of r;4; and Gy is the proxy for the unobserved covariance at time # +
s. The natural proxy is r,7/, although others, such as a realized measure, can be used.®
Suppressing the explicit dependence on fl,+s|t, the QLIK loss function can be decomposed

to isolate various component losses,

8

The proxy should satisfy the condition that E, (C,1s) = X4, so that it is unbiased. When forecasting the
covariance over the entire day, most realized measures will fail to meet this criteria.
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v N B2 i Viits = 2BisssitCrisss + Viass
‘ 2 f t+s bitsle T Al ’
- (et ) o )

f t+s)t i=1 Gi,t+s|t
factor idiosyncratic i
N
. 2 Vf,t+s Vl t+s
o In (Gf:t+5|t) - o2 + Z ln(Bz t+s|t0f st +0; t+s\t> 2 T o2
fot+s|t i=1 it+slt f t+slt t+s\t
factor individual equity i

+term corresponding to the dependence structure

N
= 7‘1 + Z lisJ + lé,n (22)
i=1

where Vi1, Visys and Cy; ;¢ are the proxies for the factor variance, equity variance and
their covariance on day 7 +s. While this decomposition is generally only applicable to
factor models, it also holds for any bivariate model which contains the factor, such as the
daily cDCC models.

All comparisons are implemented using Diebold & Mariano (1995) (DM) tests of equal
predictive accuracy where the covariance forecasts come from the Factor HEAVY and

bivariate cDCC models. The null in DM test statistics is of equal expected loss,

B[ (550)] = 1 (555,

and the alternative is two-sided. Define the loss differential as & = [ ()iffﬁf) I <i£§"*z\/Y) ,
then positive values correspond to superior performance of the Factor HEAVY while neg-

ative values correspond to superior performance of the cDCC. The test statistic is imple-
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mented as a simple t-statistic

1 Y&

DM = ,
VT —t+1/avar (&)

where avar (&) is a consistent estimator of the long-run variance of &. This is estimated

using a Newey-West covariance estimator with min <10, |1 27V 3J> lags.
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1 day 1 week 2 weeks

Joint Firm Copula Joint Firm Copula Joint Firm Copula
AET 442 325 1.44 240 2.64 -0.39 2.82 239 -0.53
AFL 314 1.79 3.30 1.37  1.35 0.36 1.62 147 -0.05
AIG -0.09 -1.00 1.20 -0.81 -1.27 1.60 -1.17  -1.42 -0.07
ALL 321 225 0.98 1.99 161 1.45 239 190 1.09
AXP 3.88 2.18 1.48 1.55  0.99 1.42 1.04 042 0.69
BAC 1.37  0.81 -0.24 -0.27  -0.67 0.41 -0.70  -1.07 0.34
BBT 422 2.61 1.06 1.05  0.36 0.99 245 233 0.84
BEN 3.70  2.10 0.72 1.86 1.24 1.14 211 143 1.08
BK 514  2.65 2.77 215 191 0.58 228  2.05 0.72
C 245 1.02 1.41 0.28 -0.73 1.37 -1.11 -1.77 -0.19
CB 556 2.96 4.69 273  1.63 1.89 340 199 0.47
CMA 4.00 2.06 1.86 236 1.64 1.68 316 291 1.45
COF 590 3.70 2.35 293 2.86 0.95 1.83 2.24 0.14
ETFC 1.88  2.08 0.01 1.36  1.66 0.76 1.81 1.65 1.22
EV 2.87 0.83 0.34 0.79 -0.70 1.61 1.69 097 0.47
FITB 4.07  2.69 2.01 098 0.29 1.58 1.86 1.28 1.03
FNM 1.37  1.12 0.44 1.38  1.11 1.31 1.70 1.46 0.55
FRE 0.88 0.99 0.00 -0.38  -0.59 1.36 -0.49 -0.73 1.50
GS 144 151 -1.30 0.65 1.76 -1.09 0.15 0.12 -0.48
HIG 0.85 1.99 -1.21 -0.41  -0.15 -0.73 1.13  1.30 0.59
HRB 273 234 -0.08 0.70  0.65 -0.04 -0.27  -0.20 -0.91
INS 4.02 2.27 2.64 1.32  1.12 0.73 1.02 0091 0.81
JPM 474 281 1.39 0.77 048 0.76 0.15 -0.36 0.66
KEY 224 -0.05 1.88 -0.29 -1.23 0.85 0.02 -1.05 1.03
LEH 205 1.94 0.17 1.20 1.87 0.29 -0.93  -0.79 -1.72
LM 3.08 1.28 0.92 2.04 2.28 -0.10 316 2.54 0.29
MER 434 399 1.75 1.08  0.83 0.76 -1.21  -1.16 -1.40
MET 5.00 1.72 3.10 215 1.10 1.99 0.92  0.66 0.30
MMC 5.34 3.63 0.25 0.61 3.93 -1.16 095 3.05 -1.12
MS 3.01 2.60 -0.61 047 094 -0.62 -0.98 -0.87 -1.30
PGR 217 243 -1.66 035 175 -1.61 0.52 149 -2.14
PNC 474 2.82 2.31 1.82 047 1.46 0.36 -0.13 1.85
PRU 313 271 -1.07 -0.46  0.57 -1.91 049 032 -0.19
SCHW  3.22 2.55 -0.54 .36 1.52 0.11 0.89 0.64 0.00
SLM 0.01 -0.51 0.53 -0.16 -0.24 -0.02 091 142 -1.28
STI 3.56 2.64 0.69 0.78 048 0.49 0.11  0.00 -0.23
STT 3.78 212 3.14 0.22  0.70 -0.27 0.70  0.93 0.00
TROW 253 044 0.62 -0.09 -0.80 0.45 0.98 -0.08 0.97
UNH 276 1.23 0.88 1.24  0.77 1.14 141  0.86 0.49
USB 2.01 0.69 0.10 -0.27 -0.70 0.22 -0.59 -0.71 -0.39

Table 3: Diebold-Mariano statistics for the null hypothesis that Factor HEAVY and cDCC forecasts
are equally accurate when forecasting 1-day, 1-week and 2-week ahead volatility of firm equity
returns, the dependence structure and the covariance matrix. Numbers in bold font indicate that
Factor HEAVY forecasts are more accurate than cDCC forecasts at the 10% significance level.
Italic numbers indicate the converse. 48



Table 3 contains the value of the DM test statistics for three distinct comparisons. The
first compares the bivariate loss (eq. (21)) applied to the market and the individual firm, the
firm only loss (li ;) and the copula (lé',t)' All comparisons are conducted for 1-day, 5-day
and 2-week horizons, and are implemented on point-wise forecasts and not cumulative —
that is, predicting X, , |, not Zj':1 ;1 jir- The out-performance of these models is so strong
at short horizons that cumulative comparisons are not useful. At the 1-day horizon, the
Factor HEAVY model is dominant in both the joint and firm tests, with strong rejections
for almost all pairs. The copula based comparisons are more mixed, although the null is
rejected in favor of the Factor HEAVY for 12 of the 40 series, and only once in favor of
c¢DCC. The results using 1-week forecasts are unsurprisingly weaker, although the Factor
HEAVY is still preferred. Finally at the 2-week horizon, a similar pattern is found, with
many statistically significant rejections both in the joint and firm volatility. The DM tests
for the factor variance also uniformly prefer the HEAVY model, and the test statistic at the
1-day horizon is 3.72. The Factor HEAVY has bigger advantage over the long memory
Riskmetrics model than over cDCC. In particular, at the 1-day horizon, Factor HEAVY
forecasts are more accurate than Riskmetrics forecasts for 21 firms in the copula based
comparison at the 10% significance level. Furthermore, there are still 23 firms for which
the Factor HEAVY is preferred significantly in the joint test at the 1-week horizon.”

The ability of models to forecast conditional 8 is also examined using the estimated
idiosyncratic variance as the loss function. The conditional 3 represents the optimal hedge

ratio and so an accurate forecast should lead to a small tracking error. This leads to the loss

9

The detailed result is omitted to save space, but available on request.
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function

2
lis,t = (”i.,t+s - Bi,t+s|trf.,t+s) .

I day 1week 2 weeks 1 day 1week 2 weeks
AET 1.56 1.71 1.83 HRB 1.75 1.79 1.73
AFL 2.10 2.33 2.70 JNS 1.85 1.76 0.89
AIG 1.07 1.24 1.14 JPM -0.27 1.09 1.17
ALL  -0.07 0.73 0.76 KEY 0.64 1.04 1.16
AXP  -0.01 0.37 0.96 LEH -1.08  -091 -0.96
BAC -0.12 0.30 0.57 LM 1.92 1.92 2.23
BBT 1.12 1.20 1.36 MER 1.66 1.70 1.23
BEN 1.35 2.04 2.18 MET 0.60 0.66 1.24
BK 0.77 2.81 2.68 MMC 1.07 0.92 1.13
C 0.79 0.80 0.83 MS 1.35 1.13 0.61
CB 0.01 1.71 2.27 PGR 1.00 1.10 1.22
CMA 1.06 1.65 1.99 PNC -1.27  -0.97 0.40
COF 1.70 2.31 2.60 PRU -0.91 -0.62 -0.65
ETFC -0.73 0.17 1.61 SCHW -0.65 -0.61 -0.78
EV -0.18 0.62 1.28 SLM 1.98 2.54 2.25
FITB -0.35 0.72 1.48 STI 0.87 1.55 1.83
FNM -0.76  -0.72 -0.29 STT 1.09 1.33 2.15
FRE -1.12  -0.14 1.06 TROW  -0.91 -0.59 0.91
GS 0.82 0.06 0.10 UNH 1.11 0.88 1.33
HIG 1.30 0.85 1.17 USB -0.99  -0.10 0.99

Table 4: Diebold-Mariano statistics for the null hypothesis that Factor HEAVY and cDCC
forecasts are equally accurate when forecasting 1-day, 1-week and 2-week ahead 8s. Num-
bers in bold font indicate that Factor HEAV'Y forecasts are more accurate than cDCC fore-
casts at the 10% significance level. Italic numbers indicate the converse.

Table 4 contains the result of DM tests of the null of equal idiosyncratic variance of
the residual, comparing the Factor HEAVY to the ¢cDCC. In most cases, the null can-

not be rejected. However, when it is, the rejections indicate superior performance of the
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Factor HEAVY. These results are weaker than in the QLIK tests, which may be due to
heteroskedasticity of the idiosyncratic error. The statistical tests all indicate that the out-
of-sample performance of the Factor HEAVY is superior to the leading low-frequency
model. Moreover, the gains are particularly striking in terms of predicting variance. The
gains in terms of predicting dependence, whether from the copula term which arises from
the QLIK loss function, or from measuring the idiosyncratic variance, are smaller. We
hypothesize that the gains to forecasting volatility may be larger since the range of con-
ditional variances is much larger than that of conditional correlations or s, which should

aid in finding the superior model.

Marginal Expected Shortfall Forecasting Risk forecasting, and in particular systemic
risk forecasting, is an important application of multivariate volatility models. Marginal
expected shortfall, introduced by Acharya et al. (2012), measures the expected loss condi-

tional on a factor being in a state of stress, and is defined as
MES;; = —E, (”i.,z+1|rf,t+1 < C) )

where c is a threshold which determine whether the factor is showing signs of stress. The

longer term s-step ahead MES is defined similarly but based on cumulative returns:
MESiz = -k (Ri,t+1:s|Rf,t+1:s < Cs) )

where R;;y1.s = exp(Y5_; 7is+7) — 1 is the cumulative return on firm equity from 7 + 1 to

t+5, Rf ;1.5 1s similarly defined and c; allows for explicit dependence between the horizon
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and the threshold for a stress event. We follow a similar procedure to that introduced in
Brownlees & Engle (2012) to estimate MES (Please refer to the appendix for details). MES
prediction accuracy is evaluated using Relative Mean Square Error (RMSE), which is used
in place of MSE to control for strong heteroskedasticity of time-varying losses. The RMSE

for s-step ahead MES is defined as

2
—Ris+1:s —MES;
RMSE}, = ( EST - :

Lic

where the period from 7, + 1 to . 4 s represents the event period of length s during which
the market experiences a loss larger than a pre-determined threshold. Since MES can only
be evaluated when the market suffers a relatively large loss, few data points are available
to evaluate the models.

Relative predictive accuracy is assessed using Diebold-Mariano tests where the loss

differential is &;;, = RMSE??E cc_ RMSEfthVY . The test statistic is

0

Vavar (&)

where 7, denotes the number of event days.

VT,
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Figure 5: Event days and the beginning days of event periods from July 2005 and the
corresponding market index losses. Event days are the days on which the daily market
index return declines by at least 2%. Event periods are those during which the market index
experiences more than the corresponding threshold loss. Actual equity losses of Capital
One (COF) and 1-day MES forecasts on event days from July 2005. Solid lines denote
the actual losses; circle and star markers represent Factor HEAVY and ¢cDCC forecasts,
respectively.

Figure 5 shows the actual event days and event periods and the corresponding market

index losses. The corresponding threshold market index losses are 2%, 4% and 6.5%,
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respectively.!? Under these settings, there are 84 event days, 90 1-week event periods and
51 2-week event periods in the sample. Figure 5 compares MES forecasts with the losses
for COF on event days.!! While it is not clear from the figure which model performs better
on average, Factor HEAV'Y forecasts are more accurate at the 10% significance level. The
figure shows that each model can track actual losses well on some event days. At the crisis
peak around autumn 2008, however, Factor HEAVY forecasts outperform cDCC forecasts
where ¢cDCC forecasts tend to seriously underestimate the actual losses. Forecasts from
Factor HEAVY models respond quickly to the shock while forecasts from cDCC models
adjust slowly. This fact may provide insight into the source of the forecasting gains of

Factor HEAVY models.

10

These values are chosen since larger values of the threshold index require extremely large bootstrap sam-
ples, especially in the period when volatility is low.

11

The bandwidth in kernel estimation is set equal to 0.05. This value is chosen to give stable results.
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I day 1week 2 weeks 1 day 1week 2 weeks

AET 380 234 2.92 HRB 0.04 1.98 2.74
AFL 283 0381 1.41 IJNS 2.58  2.02 2.00
AIG  -3.17 -1.48 0.31 JPM 0.89 0.29 -1.01
ALL 020 -0.73 -1.84 KEY -2.22 -1.58 -2.38
AXP 056  -0.99 -1.83 LEH -096 -1.21 -1.39
BAC -2.82 -1.72 -1.75 LM 271 2.08 1.19
BBT 1.31  -0.51 0.78 MER  -151 -1.19 -0.44
BEN 0.79 -1.14 -0.70 MET -1.28  -1.19 -2.05
BK 272 0.73 0.04 MMC 295 270 2.82
C -1.60  -1.87 -2.44 MS 0.65 -1.07 -2.32
CB 1.52 1.33 0.18 PGR 0.89  0.76 1.10
CMA 195 094 1.54 PNC 0.13 -1.16 -1.01
COF 316 219 2.26 PRU -1.34 -1.64 -2.17
ETFC -043 -0.21 -1.61 SCHW 3.16 1.95 2.27
EV -0.67  -1.09 -1.62 SLM 1.00 -1.03 3.36
FITB -1.61 -1.72 -1.94 STI -1.57  -1.98 -2.36
FNM -136 -0.92 1.22 STT 1.16  0.24 -1.05
FRE -2.98 0.36 -1.12 TROW -0.35 -1.00 -0.66
GS 0.98 0.71 0.46 UNH 1.66 2.81 247
HIG -1.18 -1.10 0.99 USB -0.14  -2.05 -1.48

Table 5: Diebold-Mariano statistics associated with the 1-day, 1-week and 2-week MES
forecasts. Numbers in bold font indicate that Factor HEAV'Y forecasts are more accurate
than cDCC forecasts at the 10% significance level for this firm. Italic numbers indicate the
superior performance by cDCC forecasts.

Table 5 presents the Diebold-Mariano statistics associated with the 1-day, 1-week and
2-week MES forecasts.!? 1-day Factor HEAVY forecasts are more accurate than the cDCC
forecasts for 23 firms, and 10 of these are significant at the 10% level. On the other hand,

c¢DCC forecasts are significantly more accurate for 4 firms. When looking at the 1-week

12

When doing bootstrapping for s-step forecasting, we fix the number of remaining simulation paths to 1000
which satisfy Ry ;1. < ¢s . Under this setting, the MES simulation result was found to be stable.
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MES, Factor HEAVY still enjoys an advantage over cDCC in terms of the number of
significant forecasts, but the advantage is somewhat smaller than for 1-day-ahead forecasts.
The gains from using Factor HEAVY models, however, are further reduced at the 2-week
horizon, although for some firms like COF, Factor HEAVY forecasts are significantly more
accurate than cDCC forecasts at all forecast horizons of interests.

It is noted that COF has consistently good performance when forecasting volatility,
covolatility, B and MES. Since MES is the expected equity loss of the firm conditional
on a threshold market index loss, we suspect that these all play a role in the 1-day MES
gains, although the performance in MES forecasting is stronger in models where the Factor
HEAVY performed better in terms of the copula. Factor HEAVY models are significantly
more accurate when forecasting both the MES and copula for the firms such as AET, AFL,
CMA, COF, INS, LM, MMC and UNH. This relation between MES and copula forecasting

remains but weakens at longer horizons.

2.4.4 Extensions

Three extensions to the one-factor HEAVY model are explored. The first examines the
gains to including multiple factors. The second examines the effect of changing the realized

measure. The third examines the evidence for including asymmetries in the model.

Multiple Factors We consider two specifications for the multiple-factor models. In the
first specification, we have prior knowledge of the number of factors K, and one of the
factors is an observable market proxy. The one-factor specification is therefore augmented

to a K-factor structure where the additional factors are constructed industry portfolios. The
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portfolio weights are computed using principle component analysis on CAPM residuals
on the daily data. Define &; =r;; — ﬂ'rf’, to be CAPM residuals where Bi is the usual
OLS estimator. Portfolios are then formed using the N x (K — 1) weight matrix W which
corresponds to eigenvectors associated with the K — 1 largest eigenvalues in the outer-
product of Q=1" Z;T: | &#&/. The new factors have daily returns rpca,; = Y W;&; where
W; is the ith row of W. High-frequency returns are similarly constructed using the intra-
daily data. Finally, realized covariances are computed using the high frequency returns of
the constructed portfolios, along with the market and each individual firm.

Alternatively, we can assume that the number of factors is unknown and all factors are
unobserved. In this specification, various methods in the literature of approximate factor
models can be employed to estimate the number of factors (See Choi & Jeong (2013) for
a review). In the empirical discussion below, we will apply Onatski (2010)’s estimator
based on the differenced eigenvalues, which is found to be more accurate than Bai & Ng
(2002)’s information criteria when the idiosyncratic errors are substantially correlated. Let
R indicate the 7 x N matrix of daily returns. The estimator of the number of factors is
specifically K = max{K < Ky, @y — Oyy1 > ¢} where @; is the kth largest eigenvalue
of R'R/T, c is a threshold value estimated from the empirical distribution of eigenvalues
(see Onatski (2010) for the calibration algorithm), and K4, is a given upper bound which
is set equal to 10 in our empirical discussion. As in the first specification, the factors for
daily returns are portfolios formed using principal component analysis on the daily returns.
Specifically, the N x K weight matrix W corresponds to eigenvectors associated with the K
largest eigenvalues of R'R/T. The daily returns of the factors are Fpcas = ZW,-riJ. High-

frequency returns of the factors are constructed using the intra-daily returns of the firms in
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the similar way, given the previously estimated number of factors.

Empirically, we present the results of a multiple-factor model with the second specifi-
cation for the 40 firms.!? The estimated number of factors is 2 by Onatski (2010)’s method.
Table 6 shows that the dispersion of the estimates in the 8 and idiosyncratic volatility equa-
tions is similar to that in the one-factor model in Table 1. The fit is also examined based
on the marginal log-likelihood of the firm. We find that the model with 2 factors improves
univariate fit for 26 out of the 40 firms. When forecasting 1-day ahead volatility of firm
equity returns, 2-factor model forecasts are more accurate than 1-factor model forecasts for
31 firms, and 14 of these are significant at the 10% level, while 1-factor model forecasts are
significant for only 1 firm. In sum, the multiple-factor models can have more successful

in-sample and out-of-sample performance.

Alternative Realized Measures As a robustness check, the model is fit using alternative
realized measures. The top panel of table 7 reports parameter estimates and the (joint)
log-likelihood across 5 choices of realized measure: realized covariance sampled between
5 and 30 minutes, all using 1-minute subsampling, and multivariate realized kernels. The
second panel reports DM test statistics from 1-day forecasts for COF against the cDCC
model using the same measures. All results are stable across alternative realized measures,
and realized measures which sample more often perform somewhat better both in sample
and out-of sample, with realized kernel producing the best in-sample fit. All key param-

eters which measure the sensitivity to the realized measure in the HEAVY-P equations,

13

If we still use S&P 500 and SPY as the market proxy, the results of the first model specification is close
to those of the second model specification, as the returns of S&P 500 and SPY are highly correlated with the
corresponding returns of the first estimated factors.
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01 (market) , & ; (factor loading) and o (idiosyncratic variance), decline as the real-

ized measure deteriorates, which is consistent with additional measurement noise when

sampling less-frequently. All estimators consistently out-perform ¢cDCC forecasts, and a

similar pattern appears in terms of using more precise estimators.

Factor
A An By Bn AY AM BY BY
042 035 090 094 0.62 0.36 0.79 0.93
B Idiosyncratic
Si1 21 Gip Gpp M, M 2t 5{}’2’,1 M, M 2t 5,41}/21,2 o1 o o o+ 06%

Min 0.01 0.14 0.00 0.00 0.02 0.97 0.00 0.72 0.03 0.00 0.23 0.92
025 0.07 082 001 091 0.10 0.99 0.01 0.92 047 0.22 0.39 1.00
Median 0.10 090 0.02 0.97 0.12 0.99 0.02 0.94 0.60 0.37 047 1.00
Mean 0.12 084 0.05 0.92 0.11 0.99 0.02 0.97 0.58 0.38 0.46 1.00
075 0.16 092 0.08 099 0.13 0.99 0.03 0.98 0.70 047 0.52 1.00
Max 039 098 0.19 1.00 0.19 1.00 0.09 1.00 1.00 0.97 0.66 1.00

Table 6: Cross-sectional statistics of full-sample parameter estimates of a two-factor

HEAVY model with unobserved factors for the 40 financial firms.

The bottom three panels of table 7 show the relative distribution of parameters using

the 25th quantile, median and 75th quantile of the estimates across all 40 assets, as well as

the distribution of likelihood differences relative to the likelihood of the 10-minute realized

covariance-based model (negative indicates better performance of the 10-minute model).

These are broadly consistent with the pattern for COF, where less frequent sampling leads

to smaller sensitivity to news as well as smaller likelihoods. The performance of the 5-

minute and 10-minute realized covariance is extremely similar.
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In-Sample
S5-minute 10-minute 15-minute 30-minute Kernel

0, 0.28 0.26 0.26 0.24 0.28
0;1 0.12 0.10 0.10 0.09 0.13
o 1 0.64 0.62 0.60 0.52 0.63
Likelihood  -9125 -9138 -9163 -9229 9115

Out-of-sample
5-minute 10-minute 15-minute 30-minute Kernel

Joint 5.93 5.90 6.07 6.56 6.03
Factor 3.57 3.72 3.74 3.99 3.74
Firm 3.67 3.70 3.75 3.89 3.77
Copula 2.36 2.35 2.54 3.09 2.42
B 1.81 1.70 1.54 1.19 1.78
MES 2.89 3.16 3.12 2.96 2.71
5-miunte realized covariance
Si1 a2 S o1 Oy o AL
05 0.07 0.74 0.15 041 025 041 -2.94
Median 0.11 0.86 0.18 0.54 0.38 048 -1.00
075 0.17 091 0.21 0.69 048 0.52 3.78
15-minute realized covariance
Si1 G2 8N o1 Oip o AL
05 0.06 0.85 0.10 0.35 0.33 0.35 -4.27
Median 0.08 0.90 0.12 045 049 041 -1.99
075 0.11 092 0.14 0.59 0.59 047 1.46

30-minute realized covariance
Si1 &2 O o1 Oy o AL
0 s 0.05 090 0.06 0.24 046 0.29 -19.33
Median 0.06 0.92 0.08 034 061 0.34 -14.79
05 0.08 094 0.10 0.53 0.71 0.40 -5.97

Table 7: Parameter estimates, in-sample likelihood and Diebold-Mariano statistics of 1-day
forecasts for COF using different realized measures, i.e. 5-minute, 10-minute, 15-minute
and 30-minute realized covariance matrices with 1-minute subsampling, as well as realized
kernels.
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Conditional Asymmetries in Volatility The third extension is to examine whether asym-
metries are needed in the model. GJR-GARCH and TARCH models have been broadly
found to fit conditional variances better than symmetric GARCH models (Glosten et al.
1993; Zakoian 1994). A GJR-like specification can be constructed in the HEAVY-P using

an indicator variable based on the daily return,
GJ%,Z = 6+ 91RMf7t_1 + 926]%,th + 93RMf7t_11(rf7,_1 < 0) (23)

We test the null that 63 = 0 which is strongly rejected. Without the asymmetry (imposing
6; =0), él = 0.26. When the asymmetry is introduced, él =0.12 and 93 =0.19. These
coefficient changes are large, and the full-sample marginal log-likelihood increases from
-3674 to -3611.

Following Braun et al. (1995), asymmetries are added to the conditional factor loading

through three terms,

Bi;: = 6Sio+8i1RBi—1+8i2Bi—1+8i3RBi—1I(rf—1 <0)

+6; aRBis—11(€i1—1 <0)+ & 5RB; —11(rfi—1€i1—1 <0),

where §; 3 allows for asymmetries due to the market return, 6; 4 allows asymmetries through
the idiosyncratic shock and &; 5 allows asymmetries through the interaction of the market
return and the idiosyncratic shock. This specification is fit to all 40 firms and the null
0;3 = 0;4 = 6;5 = 0 is tested using a Wald test with a sandwich variance-covariance for

the parameters. The null is rejected for 10 out of the 40, indicating mild evidence of
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asymmetries in 3. Finally, conditional asymmetries are added to the idiosyncratic variance

Gi%t = Qo+ 1RIVi; 1+ ai,20i%t—1 + OC,'73RIVZ'J,1](I’JCJ,1 <0)+ 0 4RIV, 11(gi,—1 <0),

where @; 3 allows for asymmetries due to the factor return and o; 4 allows for asymmetries
due to the sign of the idiosyncratic shock. When tested with a Wald test, only 5 of the 40
series reject the null ¢; 3 = @; 4 = 0, indicating that models for the idiosyncratic variance do
not require conditional asymmetries. These results contrast sharply with what is typically
found in standard low-frequency models, such as the conditional variance models in the

c¢DCC. Low-frequency GJR-GARCH models,
az%l = wiD + aiDriz,t—l —J’_szai%t—l + %Driz,t—ll(ri,lfl < O) )

are fit to the market return and the individual assets. In 35 of the 41 models fit, the es-
timate of y;D is statistically significant. Moreover, in the market model, the estimate of
oc}) drops from 0.08 to 0.00 (?}’ = O.l4> when the asymmetric term is introduced. The
median estimate of OCiD is 0.09 when no asymmetry is included in the 40 individual firms;
the introduction of asymmetries produces median estimates of 0.02 for OCiD and 0.11 for
)/;-D . This difference between the low-frequency models and the high-frequency models is
due to the decomposition which separates the market, which has a strong asymmetry from
the idiosyncratic volatility, which does not. This additional parsimony is not applicable
in standard low- (or high-) frequency cDCC-type models since the conditional variance

estimated includes both components.
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2.5 Conclusions

The chapter introduces a new class of multivariate high-frequency based volatility models
utilizing a factor structure for both the high- and low-frequency conditional covariances.
This structure allows for parsimonious models to be fit while simplifying the task of in-
corporating high-frequency realized measures. The factor volatility, f and idiosyncratic
volatility are modeled as separate HEAVY-type processes and the daily shocks in low-
frequency models are replaced with the corresponding realized measures. This modifica-
tion is supported by the empirical evidence that realized measures dominate daily measures
for most equities. The Factor HEAVY is also validated as a covariance model using the
specification tests. We show that this model improves on existing multivariate HEAVY
models, and are are especially useful for a large panels of assets.

In an empirical analysis of 40 systematically important U.S. financial firms, we find a
one-factor model is adequate to capture the dynamics of the conditional covariance. The
Factor HEAVY models perform better both in- and out-of-sample when compared to a
leading low-frequency model. We find that Factor HEAVY models have a large advantage
over cDCC in covariance matrix forecasting, and that the advantage appears in a variety of
dimensions including the forecast copula, f and MES. The out-of-sample forecast ability
is more pronounced at shorter forecast horizons which are the most relevant from a risk-
management point-of-view. We consider extensions to multiple-factor models, which is
shown to be empirically more successful than the one-factor model. Furthermore, we
check the robustness of the performance to some selected realized measures. We also
examine a number of extensions to the base model including the role of asymmetries in

the conditional variance, 8 and idiosyncratic variance, where we find that asymmetries are
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only needed for the conditional variance of the market.
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2.6 Appendix

2.6.1 The Sample of Financial Firms

AET
AFL
AIG
ALL
AXP
BAC
BBT
BEN
BK

C

CB
CMA
COF
ETFC
EV
FITB
FNM
FRE
GS
HIG

Aetna

Aflac

American International Group
Allstate Corp

American Express

Bank of America

BB&T

Franklin Resources

Bank of New York Mellon
Citigroup

Chubb Corp

Comerica inc

Capital One Financial
E-Trade Financial

Eaton Vance

Fifth Third Bancorp
Fannie Mae

Freddie Mac

Goldman Sachs

Hartford Financial Group
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HRB
JNS
JPM
KEY
LEH
LM
MER
MET
MMC
MS
PGR
PNC
PRU
SCHW
SLM
STI
STT
TROW
UNH
USB

H&R Block

Janus Capital

JP Morgan Chase
Keycorp

Lehman Brothers
Legg Mason

Merrill Lynch
Metlife

Marsh & McLennan
Morgan Stanley
Progressive

PNC Financial Services
Prudential Financial
Schwab Charles
SLM Corp

Suntrust Banks
State Street

T. Rowe Price
Unitedhealth Group

US Bancorp



2.6.2 Data Transformation

Transformed Realized Measures over the Entire Day The modified realized measure
is constructed as

RM, = ARM, A/,

where A=3"M "2, T =1 Y. i and M = T-'Y ]| RM,. This transformation has
some limitations, and in particular the matrix square-root of ¥ may not be precisely esti-
mated. Since our preferred estimator only uses the realized measure of the factor(s) and
the individual assets — but not the realized measure between the individual assets — we can
define a similar transformation using the K + 1 by K + 1 realized measures required by the
estimator,

WiJ — /A\IRMIJ/A\:, (24)

where A is estimated using only the K factors and asset i, and

RM RM ¢;
RM;, = fit fit

RM;r, RMi;i;

Transformed Realized Measures with the Same Estimate of the Quadratic Covaria-

tion of the Factors Begin by partitioning the individual realized measure

RMi.. RMg;
RMi,l — f’t it ,
RM;r; RM;;;
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where the notation RM }z is used to indicate that this estimate of the quadratic covariation
of the factors is specific to the noise-robust measure that includes asset i. Our solution is to
use a common estimator of the quadratic covariation of the factors, and then to enforce that
this common estimator is the same in all component realized measures. A natural estimator
would be the noise robust estimator (e.g. realized kernel) applied only to the factors on day
t. Denote that estimator RMCJ where the C denotes common. The modified estimators of

quadratic covariation are then
RMi,z = Hi,tRMi,tH;,n

where

1/2 . — 1/2
(RMS,) " (RMp,) 0
Hl [

0 1

When there is a single factor, the transformation matrix takes a simple form where

R, 0 i R, 0
Rt — | V™ Ry RMyi | o,
0 1 RM;r; RM;;, 0 1
[ c RME,
- RME,
RM;, W RM;; ;

Note that if a single realized measure is used across all assets, such as a single multi-

variate realized kernel (or realized covariance) to estimate the integrated covariance, then
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1/2 . 71/2
(RMI%) (RM }t> = Ix and the estimator is unmodified.

2.6.3 Stationarity

The model structure leads to a relatively simple condition to determine whether the model
is covariance stationary since both the HEAVY-P and the HEAVY-M components are
driven exclusively by the realized measures. In particular, the coefficients on the realized
measures in the HEAVY-P play no role in the stationarity since these simply act as sen-
sitivities and there is no feed-back from the low-frequency observations into the realized
measures.

From the properties of the Wishart distribution, all of the elements can be decom-
posed into their conditional expectation and a white noise error, so that RM ¢, = s + 17,
RBi; = Aiy + Tiy, and RIV;, = VT*I/,L,;I + 1 . Letting v, = (0,0,0,7¢,,%i/,1i;)', a mean-
zero white-noise vector, the standard Factor HEAVY have a VARMAC(1,1) representation.

Specifically,

a=c+Ba;—1+Vvi—Dv_y, (25)

where
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o7, 6o 000 0 O O
Bis 8i0 000 0 0 O
c? &0 000 0 0 O
dt— 7 ,C = 7D: )
RMy, 0} 0006 0 0
RBi; 8% 000 0 &4 0
RIV;, Yol 000 0 0 of
and
6 0 0 6, 0 0
0 82 O 0 81 0
0 0 OC,‘72 0 0 o
B=
0 0 0 oeMteM 0 0
0 0 0 0 §M+3Y 0
0 0 0 0 0 ol +al

The covariance stationarity for VARMA(1,1) requires that the eigenvalues of B are
all less than one in modulus. That is, the standard Factor HEAVY with a single factor
is covariance stationary if 0 < 6, <1,0< 8, <1, 0< 02 <1, 0< G]M—i— Géw <1,

0<8M+8M<1,0< oM +a <1
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2.6.4 Estimation of Marginal Expected Shortfall

The 1-step MES is particularly simple to compute, and is

MESi; = —E (Bist1rfie1 + &t |rpes1 <c)

= —Biss16p1E (Epart| &1 < Vorert) — Ot By (vt | Epavt < opanr) -

In the ¢cDCC model, ﬁm = (NTin,/&f’t, Oir = 61‘7;\/ 1 —p,2 and §,~,t = (ri,t — ﬁ,’ﬂ”ﬁ,) /GiJ.
Ei (&f 41| &1 < fopier) and By (& 41| Ef 141 < ¢/o7411) are estimated using a nonpara-

metric kernel estimation similar to that in Brownlees & Engle (2012),

1
) K af,+ TR
- =1
E; (Xt+1|§f,z+1 < "/Gf,r+1) =1 P ) (26)
K ( —&r1)
;’_1 Oft+1 Sf
where x is either & or &, K(z) = [~/ Ay u)du , k(-) is the Gaussian kernel and [ is the

bandwidth.

Longer-horizon MES forecasting is more complex and requires the use of a bootstrap to
simulate returns. The return simulation is constructed using standardized residuals, and, in
the Factor HEAVY, standardized realized measures. The s-step MES requires an estimate
of the expected (cumulative) loss conditional on the factor suffering a large (cumulative)

loss. In the Factor HEAV'Y, we construct the tuple of standardized innovations

/

(éfzangeCh(E' ) ) )
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where

[
|

. = M, (RM) M,

The values of the tuple v; are then used to simulate from the Factor HEAVY for a longer
horizon, and simulated cumulative returns are constructed for both the factor and the asset.

The s-step MES is then constructed as

B
b
Z ijt+1:s |:Rfl‘+l 5 < CS}
MES;, = —*= , 27)

B
pb
Y1 [RﬁHl:S < cs}
b=1

where I [x] = 1 if condition x is satisfied and equal to zero otherwise and Iéi,t+1: s 1s used to
denote that these are simulated returns. This is repeated across all assets using only pair-
wise measures. In the cDCC, the standardized innovations include only (é £t 557,) where
the standardization is computed using the cDCC-fit values of the conditional covariance.
The simulation procedure is otherwise identical. The entire procedure is recursively im-
plemented so that all estimates including both the parameters of the conditional covariance

models as well as the other inputs to the MES are “real-time”.

2.6.5 Proofs

Proof of Proposition 1 A k x k random symmetric positive definite matrix S is said to

follow a Wishart distribution Wy (v,X) with the degree of freedom v and scale matrix X if
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the density is given by
vfkfl

S| 2 . _wr(Z7'S)
Pyt 2 )

where [y (%) = afk=D/4T1E T(¥H=) is the multivatiate gamma function.

As we assume RM;|.ZH5 ~ Wy.1(v,M/v), the 2 x 2 reailzed covariance matrix

RM RM ¢; M:
RM”‘ O\tHFl — fJ fl’t ’ O\IEF ~ WZ(V Tlt))
RMi¢, RM;;,
Airld
where M;; = Hre T . It follows that (Gupta & Nagar, 2000)

Miehpe Afbra+ Mig

RM t _
RB; |- 7™ = RMJ;, |\ FH ~ T (v )“iJ».ule,“iJ)

2

RM?2.
RIV;, | FHE = (RMj;, — RMf 1 ZHE Wy (v —
fit

Hit
17 7)7
where T ~ T}, ,,(v,M,Z,Q) is the matrix variate ¢ distribution with the density written as

rp(v+m—+l’1)

”%Fp(wg ])

v+m+p 1

\Z*7|Q| 2|I +x T -Mm)Q N (T -M) |~

Since E[S] =vEand E[T]| =M if S ~ Wy (v,Z) and T ~ T}, ,n(V,M, 2, Q),

E; 1 [Rﬁi,t] =A

E;—1 [RIVi;) = (v=1/v) ti;.
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Proof of Proposition 2 The forecasts of G%t +¢» Biy+s and o2

{145 are derived by the same

procedure, so we would just present for G]%J o for simplicity. By (5), we have

Et [G]%,t—i-s} — 9() + 91E, |:RMf7t+S—1j| + QZE[ [Gf27l+s—1:| . (28)

The recursive equation (6) of the conditional mean of realized factor volatility gives

rise to

B [Wfits] = 66"+ OBy [RMy 1 i51] + 03By [pr 1] - (29)

Since E; (lf s+5) = B (Erys—1 (RMf145)) = E:(RM[ 1) by the law of iterated expectations,

(29) can be rewritten as
E; [RMy,15] = 63" + (61" + 63")E; [RMy 4 1]

when s > 2. Thus,

1- (6 +6))"!
M 1 2

+ (0 + 00 g,y (30)

By Substituting (30) for E; [RM ;1] into (28) and forward iterating, we finally have

the close-form of s-step forecast of (13).
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Proof of Proposition3 Here we only present the proof of (18), since (20) can be similarly

proved. We partition X; as follows

G]%J B] ,tG]%J Bz,t G]%J e BN,I G%l‘
B 0',%,; [312,,0,%,, + 0127, ﬁl,tﬁz,zo'%t e ﬁl,tﬁNJGJ%J
L = | B Gﬁt ﬁz;ﬁl,zcﬁt B3 ,GJ%J +05, - PBaBnio},
L ﬁNJG]%J ﬁN,tﬁl,tGJ%J ﬁN,tﬁz,th%J .BJ%JJGJ%J +61%1,z i
2 2 @/
o7, c Jﬁ,
- 2f 2 ' P2 | Gh
Gf,zﬁt Gj‘7tﬁtﬁt +0;

where Bl=(ﬁ1,t7 ~"7ﬁN,l)/ and

2
oj, O 0
2
, | 0 oy 0
o —
0 0 o3,

Using the partitioned inverse theorem,

—1
B A'+A"'B(D-cA'B)"lcA™! —A"'B(D-cA~'B)"!

C D —(D—-CcA™'B)"lca! (D—-CA~'B)~!

74



the inverse of (31) can be written as
—1

_1 o _
— G]%J G]%,z B B (G]%,t) +B/ (GtZ) 1 ;B! ( Gzz) 1
' 1

o},B o} ,B/B + 0} —(a®)7'B, (c2)”

Define 7; = (r1y,...,7n,) as the returns on the N assets, then

| = |
rfJ r17, rN”t t rf,t rl,t rN”,

-1 ~1 1
[ : } <GJ%¢) +5/(o7) B —B(o7) Tt
T Tt -1 -1 y

— (o) B (o7) 7

1 1 L o

= ((o2) " +B(2) " B) 32 (o) )

)

2
O/

2 B 2
_ :;_2J+ 5\]:1 (rl,[ Bt,trfﬁt) ) (33)
St

A B
The determinant of the invertible partitioned matrix is |A||D — CA~'B], and so
C D

N
% = o7, [] o7 (34)
i=1

Substituting (33) and (34) into (17), one can finally get (18).
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3 Estimation of Dynamic Panel Data Models with Stochas-

tic Volatility using Particle Filters

3.1 Introduction

Dynamic panel data models characterize the dynamic adjustment processes which are com-
mon in economic relationships. For estimation and inference, the literature has focused on
the generalized method of moments (GMM) approach (e.g. Arellano & Bond 1991; Blun-
dell & Bond 1998) and the likelihood approach (e.g. Hsiao ef al. 2002; Hayakawa &
Pesaran 2015). In this chapter, we estimate dynamic panel data models with stochastic
volatility by particle filters in a likelihood approach.

It has been well documented that there is time-varying volatility in macroeconomic
data. Kim & Nelson (1999), McConnell & Perez-Quiros (2000) and Blanchard & Simon
(2001), for instance, studied the moderated volatility in the U.S. real GDP growth. Stock
& Watson (2003) found the decline in volatility was common among many U.S. macroeco-
nomic time series. They argued that the moderation was associated more with a decrease
in the magnitude of unforecastable disturbances than with the propagation mechanism of
those disturbances. Fernandez-Villaverde & Rubio-Ramirez (2013) provided an updated
documentation of the great moderation in the U.S. economy. Besides, they showed the
presence of time-varying volatility of the Emerging Markets Bond Index+ spread reported
by J.P. Morgan. Blanchard & Simon (2001) and Stock & Watson (2003) revealed that
the time variation in volatility also existed in other developed countries. Traditionally ho-
moscedasticity is assumed for the innovations of macroeconomic time series. Recently,

motivated by the studies mentioned above, some papers incorporated time-varying volatil-
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ity in various models. Ferndndez-Villaverde & Rubio-Ramirez (2007) used the particle
filter to estimate DSGE models with stochastic volatility on the structural shocks. Koop
& Korobilis (2010) discussed the time-varying parameter vector autoregressive models
with multivariate stochastic volatility. Hamilton (2010) argued that time-varying volatil-
ity should be considered even when the conditional mean is the direct object of interest
in that statistical efficiency gains can be obtained by incorporating appropriate features of
time-varying volatility into estimation of the conditional mean.

Dynamic panel data models have become increasingly popular in macroeconomics to
study common relationships across countries or regions, such as growth convergence (e.g.
Islam, 1995), purchasing power parity (e.g. Frankel & Rose, 1996) and mean reversion of
interest rates (Wu & Chen, 2001). One example of incorporating time-varying volatility
into dynamic panel models is the study of uncertainty shocks, which are often modeled
as time variations in the volatility of business conditions or policy rules and can influ-
ence individual firm’s decisions and macroeconomic aggregates (Bloom, 2009; Basu &
Bundick, 2012; Fernadndez-Villaverde et al., 2013). To study the impact of such shocks
on employment, output and other economic outcomes, one might use firm-level panel data
in a standard model of the firm extended by introducing time-varying volatility of demand
and productivity (Bloom, 2009). The model’s solution involves estimating a dynamic panel
data model with time-varying volatility in the innovations, which might be parameterized
through stochastic volatility (Kim et al., 1998; Fernandez-Villaverde & Rubio-Ramirez,
2007). In the panel models with stochastic volatility, there is no closed-form expression
for the likelihood. Consequently, some simulation-based method is required for efficient

estimation.
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Particle filters, also known as sequential Monte Carlo methods, are simulation-based
techniques to estimate the posterior density of state variables for nonlinear and non-Gaussian
state space models, see Creal (2012). The methods approximate the continuous distribu-
tion by a discrete distribution made of weighted draws called particles. There are various
algorithms which differ mainly in the choices of the incremental importance distribution
and the resampling algorithm aimed to improve the level of statistical efficiency in terms
of Monte Carlo variation. We apply the Rao—Blackwellized particle filter (e.g. Chen &
Liu 2000; Doucet et al. 2000; Andrieu & Doucet 2002; Karlsson et al. 2005) in particu-
lar to the state-space representation of dynamic panel data models in first differences and
maximize the simulated likelihood using the approximation method in Olsson & Rydén
(2008). When estimating the coefficients in the panel equation, Monte Carlo studies show
that our estimator can be more precise than the maximum likelihood estimator which ne-
glects stochastic volatility (Hsiao et al., 2002) and GMM estimators (e.g. Arellano & Bond
1991; Blundell & Bond 1998) in the presence of stochastic volatility especially in the case
of high volatility of volatility. The advantage of the particle filter-based estimator is larger
in dynamic panel data models with no regressors.

The chapter is organized as follows. Section 3.2 presents the dynamic panel data mod-
els with stochastic volatility and the state-space representation. Section 3.3 introduces the
particle filter-based estimator. Section 3.4 reports some Monte Carlo simulations to study

finite sample properties. Section 3.5 concludes the chapter. Section 3.6 gives the appendix.
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3.2 The Models and State Space Representation

In general, we study the dynamic panel data models with time-varying volatility given by

Vit = B(L)yis—1 + VXit + li + O Uy, (35)

where i =1,....Nand ¢t = 1,...,T; B(L) denotes a polynomial of lag operators; x;; denotes
a vector of strictly exogenous regressors; (; is the individual-specific effect on which we
impose no restriction under the fixed effects specification; v;; is independently, identically
distributed (i.i.d.) across both i and ¢ and is independent of the volatility o;. We parame-
terize 6 through the stochastic volatility process to model conditional heteroskedasticity.

The specification is

log(o7) = (1— @)k + ¢log(c7 ) + 1. (36)

Furthermore, v;; and 7, follow a joint normal distribution

~ N(0, ), (37)
N 0 62

in which o2 is set to 1 for identifiability reasons. Various extensions of the basic specifi-
cation can be made. For example, it is possible to incorporate dependence between Vv;; and
N, which is called the leverage effect suggested by the evidence of stock returns; it is also
possible to model error terms using a fat-tailed distribution.

The focus of the chapter is on estimation of the coefficients in (35)-(37) in a likelihood

approach. Because of stochastic volatility, the tractable expression for the exact likelihood
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function is unknown. Consequently, we will compute the likelihood by simulation in the
state space form of the transformed model. For ease of exposition, we consider as the

benchmark model the AR(1) dynamic panel model with an exogenous regressor x;;:

Vit = BYig—1+ VXt + Wi + 1 V. (38)

The state space form of the first difference of the model can be written as

Ayi = |1 1 0 Axy| O 39)
BB 0 PBAxi 0
0 0 1 0 1
o = i1+ O Vir, (40)
0 00 0 —1
0 00 1 0
!/
where the state vector is O = |BAy;,—| OVi— 06— 1Vij-1 —6iVie y|- (39) is the

observation equation, while (36) and (40) are the state equations. This form is not the
only state space version of the model, but all versions have the same joint likelihood of
Ay; = (Ayi, ..., Ayir) given Ay;; and Ax; = (Axp, ..., Ax;r), which we will use for param-

eter estimation. In the special case where there is no regressor, the state space form is
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simplified to

Ayi = |1 1 0|0
B B O 0

0 = |0 0 1|%®s—1+| 1 |0:Vi,
0 0O —1

where the state vector is Oy = | BAy;,—1 Vi — Gr—1Vij—1 —OyVis

3.3 Estimation by Particle Filters

We aim to estimate the model in a likelihood approach. Since both o; and v;; are stochas-
tic, the model in first difference is non-Gaussian and a closed-form expression for the
exact likelihood of (Ayy,...,Ayy) given (Ay;y,...,Ayn1) and (Axy,...,Axy) does not ex-
ist. Conditional on the volatility process {o;}, however, the resulting system including
(37), (39) and (40) 1s a linear Gaussian state space model. It follows that the likelihood
of (Ayi,...,Ayn) given (Ayi1,...,Ayn1), (Axy,...,Axy) and (0, ...,0r) can be evaluated
analytically by the Kalman filter. This constitutes the basic idea of Rao—Blackwellized par-
ticle filters (e.g. Chen & Liu 2000; Doucet et al. 2000; Andrieu & Doucet 2002; Karlsson
et al. 2005).

Particle filters can be regarded as the extension of the Kalman filter to address nonlin-
ear and non-Gaussian state space models in which the posterior density of state variables
seldom has the closed-form expression. They are simulation-based techniques to obtain

filtered estimates of the states as well as an unbiased estimate of the likelihood. Particle
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filters can be implemented in several ways, which vary with the choices of the incremental
importance distribution and the resampling algorithm. The model containing (36), (37),
(39) and (40) belongs to a class of models suitable for Rao—Blackwellized particle filters,
which integrate out a subset of state variables (¢; in our case) in order to reduce the Monte
Carlo variation of the simulation-based estimators.

We apply the algorithm of Rao—Blackwellized particle filters to the panel data models.
Although we focus on the AR(1) dynamic panel model, the algorhtim can be adapted for
a general model straightforwardly. Let .#; denote the information set containing all obser-
vations of y; and x;; up to t. my,_; = E(0t|-7,-1, c?) and Lij—1 = Var(oci,|%7,_1,6t2)
represent prediction mean and variance of i, respectively. The algorithm produces M
simulated state variables and corresponding weights {G,Z(j ) ,ml(tf"i_l,z%ﬂ_l,wf(f_l}gi | for
t=2,....,Tandi=1,...,N. Given the values of parameters ® = (3,7, k, ¢, 0), the algo-

rithm is:

1)For j=1,...,M, draw log(622 (U )) from the stationary distribution

62

log(Gzz(j)) NN(K’I——q)z)’

and fori =1,..., N, set the initial values of prediction means and variances equal to expec-

tations and variances respectively conditional on Ay;q, 612 () ()

2
and o,
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BAyi
: 0
U) _
mié|1_
0
- ’y -
0 0 0 0
201 — , ~
Ao Zg2 G20 g
0 0 0 0

éj) = éill(j) where

Compute the conditional log-likelihood of (Ayjs,...,Ayy2) as l 5

15 = —0.5l0g V| —0.5v2 (v~ W)

with the forecast error vg) = Ay — [1 10 Axiz] mgfl and forecast variance

1
() G | !
Vo' =1 1 0 Axp| Xy

0

Axpp

The log importance weight is wé]| i = 0 and the normalized importance weight is Wg' i =

€L
i
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Fort=3,...,T,i=1,...Nand j=1,....M,

2) Update the weight by wil) :Aw(j )1‘ ot lt(j )1 to incorporate the new likelihood

tr—1 t— -
()
~(J) eXp(Wz\tfl)
Shephard, 201 d = —.
(Shephard, 2013) an Wili—1 Zj}ilexp(W,((,ll)

3) Draw

log(a7Y) = (1— @)+ glog(c”W) + 6,

where n,(j SN (0,1) is serially independent.

4) Run the Kalman filter as follows to obtain m(j ) and Z(j ) Let m(j )

it|t—1 itle—1° it|t—1,2 denote

the entry in the 2nd row of mgj‘z_l and ZE;@_LD
()

it|e—1°

denote the entry in the 2nd row and 2nd

column of £ After some algebra (see the appendix), we have

ﬁAyiJ—l
(J)
. m:
ml(t]|2_1: itlt—1,2 , 1)
0
- ’y -
and
0 0 0 0
(/) 2(J)
G |9 Eimin O 0
Zit\tfl - 2(j) 2(j) ’ (42)
0 —-o oV o0
0 0 0 0
such that
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2(J)
M2 = =g O = Bl AN Ly o) (49

it—1[r—222
and
() 20j) | ~2()) o _
J _ 20U J L
Zi—122 =01~ + 07 — () ' 9
it—1t—2,22
5) Compute the conditional log-likelihood of (Ayy,,...,Ayy;) by 1) = ¥ 1) such
that
19 = 051087 ~0.59) (V) Y.
where v,(tj) = Ayir — {1 10 Axi;] mEzJ\'Z—l and

V,-ﬁj)=[1 10 Ax,-t} i

6) Resample with replacement (discussed later) M particles GtZE{)’ O}Z(j ), mlg]@_l and

2%2_1 with the weight W[(‘Jt)_l every three increments.'* Then reset wt(ﬁ)_l =0and v?zl(‘jt)_l =
€1
-

14

It is an ad-hoc choice for stability of the algorithm, see Shephard (2013).
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The simulation-based estimate of the joint log-likelihood of (Ayy,...,Ayy) given (Ay;y,...

and (Axl,...,AxN) is

T Mz

CIUNIE CING) ()
Z log[ Y, exp(5")]- (45)
j=1

Note that this algorithm is appropriate when x;; is strictly exogenous. If it is prede-
termined or endogenous, the likelihood function would have a different form rather than
the one given above, because the conditioning set assuming strict exogeneity includes all
values of x;; fromr=1to T.

In practice, one particle’s normalized importance weight converges to one while the
others converge to zero over time. In other words, the discrete distribution made of weighted
draws would become degenerate. Resampling is crucial to stabilize the algorithm by
eliminating the particles which have low importance weights and multiplying the heavily
weighted particles. The simplest unbiased algorithm is multinomial resampling introduced

in Gordon et al. (1993). It draws new particles {5, ,6,2( J) ~l(tj‘z T ~Er]\2—1}1}/[:1 from the

point mass distribution {o, ,6,2( J) l(tj‘z I’Zz(t]|2 T t‘ e 1} We employ multinomial
resampling as it is a requirement for good asymptotic performance of the approximation
method in Olsson & Rydén (2008) used later.

Although (45) is an unbiased estimator of the exact log-likelihood under some regu-
larity conditions, direct maximization for parameter estimation suffers from discontinuity
induced from the generalized inverse operation at the resampling stage, which makes in-
valid the common gradient-based optimization methods. Olsson & Rydén (2008) approx-

imated the likelihood by means of step functions or B-spline interpolation and maximized

the approximate likelihood. They showed consistency and asymptotic normality of the
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estimators under some assumptions. This seems the only work that studies asymptotic
properties of parameter estimators in the particle filter literature. One of the assumptions
requires a compact state space which is obviously not true in our case. We however still use
this method for two reasons. One is that the compactness assumption can be potentially
released given new results of uniform convergence properties in time dimension, although
the full proof of the extension is beyond the scope of this chapter; the other reason is the
good finite sample performance shown below.

Specifically, Olsson & Rydén (2008) discretized the parameter space Q by a grid Q =
{wg}g: C Q. Let (@] denote the closest point in the grid to @ €Q."> The grid-based

approximation of the likelihood using piecewise constant functions is given by

A

[(w) ~I([]). (46)

The approximation can also be made via spline interpolation, which is more efficient than
piecewise constant functions but suffers from higher computational costs as the dimen-
sion of parameter space grows. Consequently, we maximize (46) to obtain the parameter

estimates.

3.4 Monte Carlo Studies

In this section, we investigate the finite sample performance of particle filter-based estima-

tors. The baseline data generating process in our Monte Carlo studies is an AR(1) dynamic

15

If there is more than one point having the smallest distance from ®, the point with lowest index g will be
chosen.
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panel model with an exogenous regressor

Vit = Byig—1 + ¥xie + (1 = B) i + 070

Xip = bxi;_1 + A&

log(o7) = (1— ¢)log(u) + ¢log(cf ;) + 1y,

where ¢; ~ )(12; Vi, €1,6 ~ N(0,1) and 1, ~ N(0,0?%); ¢;, Vi, €, ¢ and 7, are all i.i.d.
within series and independent of each other. '

We experiment with B =0.8, y=0.7, b=05, A =2 and 7= 1. N =50,100 and
T = 50,100 are typical in macroeconomic applications. According to the empirical results
of Fernandez-Villaverde & Rubio-Ramirez (2007), we consider 1 = 0.002, ¢ = 0.99 and
0 = 0.5. We also check the performance of the estimators in the absence of stochastic
volatility (¢ = 6 = 0) as well as in the case of higher volatility of volatility (¢ = 0.99,
6 = 1). We set y;o = 0 and discard the first 100 observations of simulated data in order that
the series is long enough to eliminate the initial effect. The number of the particles is set to
400, as we experimented with more particles up to 1000 but found few extra benefits. We

carry out 1000 replications for each experiment. The quality of the estimators are evaluated

16

7, which measures the degree of cross-section to time-series variation, can influence the finite sample
properties of GMM-type estimators.
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by biases and root mean square errors (RMSE).

When estimating 8 and 7y, we compare our estimator (PF) with some popular estima-
tors in the literature, including the maximum likelihood estimator based on the model
in first differences (FDML) (Hsiao er al., 2002), GMM (Arellano & Bond, 1991) and
system GMM (SGMM) (Blundell & Bond, 1998). Those estimators are still consistent
under stochastic volatility, as consistency does not require the correct specification of
the conditional second moments of the error term. However, they might be less effi-
cient than the one which takes account of time-varying volatility. Let &, denote the dis-
turbance in the level equation. GMM exploits a set of linear orthogonality conditions
E(yii—sA€y¢) =0 (r > 2; s > 2) and E(x;;Ag;) = 0(r > 2; s > 1) (strict exogeneity) for
the equation in first differences. We select a subset of these conditions often used in
practice to improve the finite sample performance (Hayakawa & Pesaran, 2015). That
is, E(yi;—s—2A€;) =0fort =2,s=0andr > 3, s =0,1. SGMM uses extra moment con-
ditions E(Ay; 1 ((1 — B)ui + €i)) =0 (¢ > 2) and E(Ax; ((1 — B) i + &) = 0(¢ > 2) for
the level equation. We use one-step GMM instead of two-step GMM for its better finite
sample performance. We use the pattern search method in Matlab to find the maximum of
the approximate likelihood function. PF is implemented at a quite low computational cost,
although still slower than the other methods considered here.

Table 8 lists the estimation results for  and y. The results seem quite mixed and no
single method is dominant in all designs. While FDML or GMM is most precise when
stochastic volatility is absent, PF can be preferred in the presence of stochastic volatility
especially when the volatility of volatility is high. As the volatility of volatility grows,

FDML, GMM and SGMM become much worse at estimating 7. This is not surprising as
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they neglect the information contained in stochastic volatility. Table 9 reports the estimates
of ¢, 6 and u in the stochastic volatility equation. The estimator ¢ in the models without
stochastic volatility has large bias. The results also show that the bias of fi increases in
the volatility of volatility. We also estimate an AR(1) panel model with no exogenous
regressor x;; (the data generating processes for the other variables are same as above). The
estimates of f3 are listed in Table 10. The absence of the regressor makes PF favoured when
stochastic volatility exists. The estimates of ¢, 8 and u in the model with no regressors
reported in Table 11 are similar to those in Table 9. In sum, as PF takes correct specification
into account, its performance is generally good in finite samples and relatively stable across

designs.
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T=50 T =100
N | ¢ | 6 |FDML | GMM | SGMM | PF N | ¢ | 6 |FDML | GMM | SGMM | PF
so] o [ o] 0000 [ 0000 [ 0001 [ 0003 [50] o [ o [-0.000] 0000 0002 [ 0.003
(0.000) | (0.001) | (0.002) | (0.003) (0.000) | (0.000) | (0.002) | (0.003)

-0.000 | 0.000 | 0.000 | 0.003 0.000 | 0.000 | 0.000 | 0.003

(0.000) | (0.000) | (0.001) | (0.003) (0.000) | (0.000) | (0.001) | (0.003)

099 | 0.5 | -0.003 | -0.002 | 0.000 | 0.002 0.99 [ 0.5 -0.001 | -0.002 | -0.000 | 0.003
(0.009) | (0.012) | (0.012) | (0.007) (0.005) | (0.009) | (0.010) | (0.005)

0.001 | 0.001 | 0.001 | 0.004 0.001 | 0.001 | 0.001 | 0.004

(0.017) | (0.017) | (0.016) | (0.013) (0.009) | (0.013) | (0.013) | (0.011)

099 | 1 | -0011 | -0.007 | -0.002 | 0.000 099 | 1 | -0.006 | -0.006 | -0.002 | 0.002
(0.022) | (0.035) | (0.023) | (0.037) (0.015) | (0.023) | (0.023) | (0.029)

0.078 | 0.002 | -0.037 | -0.008 20.010 | -0.042 | -0.062 | -0.001

(1.444) | (0.983) | (1.909) | (0.106) (1.664) | (1.800) | (2.418) | (0.082)

100 o [ o] 0oi6 | 0000 | 0001 | 0003 [ 100 0 | 0 | -0.000 | 0.000 | 0.001 | 0.003
(0.028) | (0.000) | (0.001) | (0.003) (0.000) | (0.000) | (0.001) | (0.003)

-0.007 | 0.000 | -0.000 | 0.003 0.000 | -0.000 | -0.000 | 0.003

(0.012) | (0.000) | (0.001) | (0.003) (0.000) | (0.000) | (0.000) | (0.003)

099 | 0.5 | 0.016 | -0.001 | -0.000 | 0.002 099 [ 0.5 | -0.001 | -0.001 | 0.000 | 0.003
(0.033) | (0.008) | (0.008) | (0.016) (0.004) | (0.006) | (0.006) | (0.004)

0.007 | 0.001 | 0.001 | 0.003 0.001 | 0.000 | 0.000 | 0.003

(0.018) | (0.017) | (0.017) | (0.027) (0.017) | (0.010) | (0.008) | (0.018)

099 | 1 | 0009 | -0.004 | -0.002 | -0.002 099 | 1 [ -0.007 | -0.003 | -0.001 | 0.003
(0.039) | (0.024) | (0.019) | (0.048) (0.013) | (0.019) | (0.017) | (0.037)

0.050 | -0.054 | -0.057 | -0.007 0.004 | 0.007 | -0.005 | -0.008

(1.134) | (2.978) | (3.046) | 0.103 (0.942) | (1.510) | (1.591) | (0.103)

Table 8: Estimates of ﬁA and 7. In each design, the upper two rows give the biases and
RMSE (in brackets) of 3, while the lower two rows give those of §. Numbers in bold font
indicate the smallest biases and RMSE.
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T =50 T =100
N | o | o ¢ 6 fl N | o |6 ¢ 6 il
50 o | 0] 0968 | 0242 | 0.077 | 50 | 0 | 0 | 0969 | 0.160 | 0.019

(0.968) | (0.275) | (0.172) (0.969) | (0.167) | (0.055)

099 [ 0.5] -0.052 | 0.082 | 0.254 0.99 [ 0.5] -0.029 | 0.063 | 0.233

(0.080) | (0.184) | (0.383) (0.038) | (0.149) | (0.366)

099 | 1 [ -0.058 | -0.091 | 0.447 099 | 1 [ -0.040 | -0.086 | 0.454

(0.091) | (0.186) | (0.571) (0.062) | (0.185) | (0.576)

100/ 0 | 0| 0968 | 0317 | 0.155 [100] 0 | 0 | 0968 | 0.182 | 0.054

(0.969) | (0.357) | (0.266) (0.968) | (0.204) | (0.149)

099 [ 05| -0.051 | 0.112 | 0.324 0.99 [ 05| -0.031 | 0.076 | 0.261

(0.081) | (0.208) | (0.441) (0.042) | (0.164) | (0.381)

099 | 1 | -0.060 | -0.096 | 0.476 099 | 1 [ -0.046 | -0.089 | 0.505

(0.091) | (0.191) | (0.588) (0.066) | (0.181) | (0.609)

Table 9: Estimates of ¢, 6 and u. In each circumstance, the first row gives the bias and the
second row gives RMSE in brackets.
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T =50

T =100

N | ¢ | 6 |FDML | GMM | SGMM | PF N | ¢ | 6 |FDML | GMM | SGMM | PF
0] o [ 0] -0002]-000 ] 018 [-0035[50] o [ o] 0000 [-003] 0181 [ -0011
(0.015) | (0.123) | (0.184) | (0.042) (0.009) | (0.053) | (0.182) | (0.014)

099 | 0.5 [ 0.020 | -0.057 | 0.085 | -0.028 099 | 0.5 | 0.026 | -0.032 | 0076 | -0.008
(0.059) | (0.110) | (0.121) | (0.042) (0.066) | (0.066) | (0.111) | (0.022)

099 | 1 | 0.030 | -0.068 | 0.065 | -0.009 099 | 1 | 0035 | -0.034 | 0048 | 0.004
(0.090) | (0.280) | (0.115) | (0.060) (0.089) | (0.084) | (0.099) | (0.054)

100 o [ o] -0.001 | -0058 | 0178 | -0033 [100] 0 | 0 | 0.000 | -0.021 | 0.173 | -0.009
(0.010) | (0.083) | (0.179) | (0.041) (0.007) | (0.032) | (0.174) | (0.016)

099 | 05 0025 | -0.038 | 0.079 | -0.021 099 | 0.5 | 0.033 | -0.021 | 0076 | -0.003
(0.063) | (0.083) | (0.112) | (0.040) (0.074) | (0.053) | (0.109) | (0.030)

099 | 1 [ 0.036 | -0037 | 0061 | -0.001 099 | 1 | 0.045 | -0.028 | 0.053 | 0.009
(0.093) | (0.096) | (0.107) | (0.073) (0.097) | (0.081) | (0.098) | (0.059)

Table 10: Estimates of 8 in an AR(1) panel with no regressors. In each design, the first
row gives the biases and the second row gives the RMSE in brackets. Numbers in bold font
indicate the smallest biases and RMSE.

T =50 T =100
N | ¢ |6 o 0 fl N | ¢ |6 o 0 L
50 0 | 0] 0955 | 0292 | 0.022 [ 50 | 0o | 0 | 0968 | 0.176 | 0.014
(0.956) | (0.367) | (0.034) (0.968) | (0.197) | (0.022)
099 [ 05| -0.109 | 0.227 | 0.167 099 [ 05| -0.073 | 0.211 | 0.151
(0.136) | (0.303) | (0.309) (0.089) | (0.280) | (0.278)
099 [ 1 | -0.092 | -0.012 | 0.321 099 [ 1 | -0.067 | 0.007 | 0.353
(0.123) | (0.101) | (0.488) (0.086) | (0.082) | (0.512)
100 0 | 0| 0935 | 0431 | 0033 |[100] 0 | 0 | 0960 | 0231 | 0.021
(0.936) | (0.530) | (0.047) (0.960) | (0.303) | (0.032)
099 [ 05| -0.128 | 0.251 | 0.151 099 [ 0.5 ] -0.084 | 0.273 | 0.149
(0.165) | (0.316) | (0.279) (0.104) | (0.328) | (0.272)
099 | 1 | -0.104 | -0.022 | 0.313 099 | 1 | -0.075 | 0.001 | 0.330
(0.137) | (0.109) | (0.476) (0.098) | (0.090) | (0.497)

Table 11: Estimates of ¢, 8 and u in an AR(1) panel with no regressors. In each circum-
stance, the first row gives the bias and the second row gives RMSE in brackets.

93




3.5 Conclusions

Motivated by time-varying volatility in macroeconomic data and the growing popularity of
dynamic panel data models in macroeconomics, we propose a particle filter-based method
to estimate the dynamic panel data models with stochastic volatility. Specifically, we rep-
resent the transformed model in the state space form and compute the simulated likelihood
by Rao-Blackwellized particle filters. The parameter estimates are obtained by maximiz-
ing the likelihood approximated by piecewise constant functions. Monte Carlo results
show our estimator is relatively stable across scenarios and has good performance in finite

samples, especially when the volatility of volatility is high or when regressors are absent.

3.6 Appendix

Here we derive the equations (41), (42), (43) and (44). For ease of notations, we omit the
superscript (7). We apply the standard Kalman filter recursive equations (see e.g. Durbin

& Koopman 2012) to our model:

Mgy 1)i,1 B B 0 BAxi| |myjy—1,
Mt 1)e,2 0 0 1 0 Myg|r—1.2
Miri1)e,3 0 00 0 Mig|r—1,3
| M p41]t.4 ] _0 00 1 1 Mit|e—1,4
K1
K:»
+ (Ayie — Mg 1,1 — Migjp—12 — DMy 4)
Kt,3
_Kt 4_
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where

Zi,t-i—l [£,11

Ei,t+1|t,21

T3l Zigs1)32
| Zisr1)al Zigr1)ra2
5 B 0 BAw| |z
0 0 1 0 X
0 0 0 0 X
000 1 ||z
[ B 0 0 o0

B 00 0

0 1 00 -
BAx, 0 0 1]
_0 0 0

0 c7t2+1 *Gtzﬂ
0 _Gtz—i-l Gtz-s-l
o 0 o0

Litr1f12

Liir122

itr)e13
Zi,z+1\t,23
Liir1)e33

it 1)r43

it|e—1,11
it|t—1,21
it|t—1,31
it|t—1,41

1

1

o o o o
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Z:i,t-H r,14
Zi,t+1|t,24

Liri1)34

Zi,t+1|t,44_

Tip—112 Zirf—113  Zitlr—1,14
Tif—122 Zit—123  Litlr—1,24

Tif—132 Zirl—133  Zitlr—1,34

Zit|t71.,42 Zit|t71,43 Zit|t71,44_

K1 K2 K3 K.4|)

) i

(47)



—Kt,l- _ﬁ B O ﬁAxit_ —Zit|t71,11
Ka| [0 0 1 0 | |Zyia
K3 000 0 ||Zyis
K4 00 0 1 | |[Sura

[{1 10 Ax,-t]

If

such as when t = 2,

0 O

0 207
Lo =

0 —o?

0 0

then
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o111 Zi—1,12 Zig—1,13 Zitf—1,14
Eiz\t—l,Zl Ziz\z—l,zz Z'iz\z—l.,23 Z'1'1\1—1,24
Tii—131 Zir—132  Zirr—133  Zitf—1,34

_Zit\tfl,él—l E1'1\171,42 Eit\171,43 Zit\tfl,44_

Eit|t71,12

Zil|t—l,22

Litj—132

Zit|t—1 42

-1, Zirj—1,12
Tij—121  Zirl—1,22
Tij—131 Zig—1,32

| Zirfi—1,41  Ziri—1,42

2
2
12)

0

Zit|t71,l3 Zit\tfl,lét
Tiri-123  Zitlr—1.24
Zit|tfl,33 Zit\t71,34

Tit—143  Zirlr—1,44 ]

Ti-1,13  Zirj—1,14

Tij—123  Zirr—1,24

ii-133  Zitl—1,34

Ziti—1,43  Zirlr—1,44]

0

0
0

o o o o

0 0

—o? o2
0 0

2
0 Xjp-122 —O;




o O O ™

Substituting (48) into (47) yields

DUFERIIRY
irrp21

Zi,t-i-l [,31

| X141

Litt1f12
Litr1e22
Zi,t—H 7,32

it 42

Z:i,z-H |£,13
Zi,z+1\t,23
L1033

Litr1)r43

which implies (42) and (44).

Further, if

2
—0; /Zit\tfl,zz

0
0

Zz',t-|-1|t,14
Ei,t+1|t,24

Liri1)34

0

0
0

Zi7t+1|t,44_

0 0 0 1
0 Zi-122 —O} 1
0 -0 o 0
0 0 0 Axit |
0 o of[1]
0 Zyp1220 —07 Of |1 =
—-c? o7 0|0
0 0 0 |Ax]
I 0
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_mit|t—1.,1_ _ﬁAyi,t—l_
Miglp—12 | Mir|r—1,2
- Y
Myr|r—1,3 0
| Mit|t—1,4 | L 7]
such as when t = 2,
-ﬁAyil-
0
mp|p = )
0
L 7
then we will have
_mi,t+l\t,1_ | ,BA)’it
Migp1p2 | — 07 (Ayie — BAYig—1 = Migs—12 — Axi¥) [Zirfe—1.22
My 12,3 0
LMt 4-1)2,4 ] L Y

which implies (41) and (43).
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4 Testing for the Stable Relationship in High-Dimension

Factor Models

4.1 Introduction

In the past decade, approximate factor models have been increasingly important in the
analysis of high-dimensional macroeconomic datasets, as a small number of common fac-
tors can summarize the comovements of a large number of series and the models are found
useful in forecasting and policy applications (Bai & Ng, 2008b; Stock & Watson, 2011).
Traditionally, factor loadings of each variable are assumed constant over time. Under this
assumption, various estimators of the number of factors as well as the principal compo-
nents estimator of the factors can be consistent within the framework of large observations
in both the time and cross-section dimensions. The assumption of loading constancy is
however not supported by empirical evidence (Stock & Watson, 2009). Given temporal
instability in the factor loadings, the estimators can still be consistent provided that the
magnitude of instability is not exceeding some upper bound shown by Bates et al. (2013).
If time variation is stronger, however, the inference would be misleading and the forecasts
based on the principal components estimator of the factors and the estimator of the num-
ber of factors might be affected. Testing for the constancy of factor loadings is therefore
necessary before every serious application of factor models. The literature on testing for
loading stability has focused on structural breaks, including Breitung & Eickmeier (2011),
Yamamoto & Tanaka (2013), Chen et al. (2014), Corradi & Swanson (2014), Cheng et al.
(2014) and Han & Inoue (2015). Breitung & Eickmeier (2011) and Yamamoto & Tanaka

(2013) tested whether the factor loadings of one specific variable have breaks, while the
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others concerned the shifts in the factor loadings of all variables.

In this chapter, we test against a martingale-type alternative which allows for the grad-
ual shifts in the factor loadings over time. We focus on martingale-type instability rather
than structural breaks for four reasons. Firstly, Hansen (1992) argued that specifying the
parameter process as a martingale is more appropriate if one is interested in testing whether
the model captures a stable relationship. Secondly, it is well known that a factor model with
structural breaks in the factor loadings can be equivalently represented by a stable factor
model with a larger number of factors. It follows that structural breaks in factor loadings
have no theoretical influence on the forecasts based on factor-augmented regressions, if
the number of factors is not ex ante imposed but is instead estimated by the information
criteria of Bai & Ng (2002), for example. Factor models with martingale-type loadings,
however, have no equivalent representations of stable models and the number of factors
can not generally be consistently estimated using the existing methods (Takongmo & Ste-
vanovic, 2014). Martingale-type time variation, in this sense, is a more serious issue than
structural breaks that would potentially affect the forecasts based on the estimators of the
factors. Thirdly, Del Negro & Otrok (2008) estimated a factor model with time-varying
factor loadings using the Bayesian technique. If there is indeed strong instability of the
type we aim to test against, their model might be a better candidate than stable models for
the purpose of forecasting. Finally, it is known that a model with multiple breaks is just a
special case of the models with time-varying parameters in the form of martingales.

Testing parameter stability against the martingale-type alternative was generally ad-
dressed in a likelihood framework in Nyblom (1989), which was extended to the mod-

els with integrated regressors in Hansen (1992) and to panel data models in Yamazaki &
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Kurozumi (2014). In this chapter, different from the literature on time-varying parameters,
the alternative of time variation in the form of martingales is assumed to start at a known
change point, which is not necessarily at the beginning of the sample. The main challenge
of adapting the general framework for high-dimensional factor models is the accumulation
of estimation error of common factors over time that might change the conventional dis-
tributions of the test statistics. As in Breitung & Eickmeier (2011), in order to obtain the
asymptotic distribution of the test statistic, we derive the conditions on the relative rates of
the number of cross sections and the number of time periods under which the estimation
error of common factors is asymptotically negligible for the test statistic. Generally the
number of cross sections is required to be large enough compared to the size of time peri-
ods after the change point. Our test aims to have nontrivial power against the instabilities
that are not tolerated by the principal components estimator of the factors and the estima-
tors of the number of factors. Simulation studies show that the proposed test has good
performance in finite samples and is more powerful than the tests designed for structural
breaks to detect unstable factor structure. We apply our test to a panel of macroeconomic
and financial data in the UK and find considerable time variation during the recent financial
crisis.

The rest of the chapter is structured as follows. Section 4.2 develops the test statistic,
introduces the assumptions and derives the asymptotic distributions of the test statistic.
Section 4.3 concerns the model with integrated factors. Section 4.4 presents the Monte
Carlo results of the proposed test, and compares the power of our test with that of the tests
designed for structural breaks. We apply the test to a UK dataset in Section 4.5. Section

4.6 concludes the chapter. The appendix is given in Section 4.7.
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4.2 The Model and Test Statistic for Stationary Factors
4.2.1 The model and test statistic

We study a factor model with individual-specific time-varying factor loadings given by

th :)LJI‘tF;‘f‘ujta

where X, is observed for j=1,...,N,t=1,...,T; F, is a k—dimensional vector of unob-
served common factors; Aj; is the vector of factor loadings of the jth variable at time #; and
uj; is the idiosyncratic error. The number of factors k is unobserved. The factor loadings of
a given variable i can evolve as the random walk after some known change point 7;, while

those of the other variables are constants over time. Specifically,

Ail t<T,
Ail =
Aig—1+e; t>T,

Ap = Ay t=1,... T;j=1,....i—1,i+1,...,N.

We assume E(ei,egl) = hytX, where the scalar hyr indicates the intensity of temporal
instability and might depend on N and 7', and X, is known and positive definite. Under this

assumption, the null hypothesis is that all factor loadings are constant over time:

Hy: hyt =0,
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while the alternative hypothesis is that the factor loadings of the ith variable evolve as a

martingale process after a change point:
Hy: hyr > 0.

Under the null hypothesis, the estimators of the number of factors in Bai & Ng (2002) and
the principal components estimator of the factors (Bai, 2003) are consistent under some
assumptions as N, T — oco. Under the alternative hypothesis, Bates ef al. (2013) showed in
general /iy = O(1/min(T, (NT)"/?)) is needed for consistency of Bai & Ng (2002)’s
estimators and /Ay = o(T’l/ 2) is required for mean square consistency of the principal
components estimator. Thus, the desired tests should have non-trivial power against the
instabilities which are not tolerated by the estimators, such as iyy = a/T with a fixed. Our
alternative hypothesis differs from the one in the literature of time-varying parameters in
that 7, is not necessarily equal to 1. When ¢ > T, the model can be written in the vector

form as

Xi =N F+v +uy,

where X; = (Xi7,...,Xni), At = (A1, A1) s ve = (0, B/ X g 1y einy -+, 0) , and uy =
(u1s,...,uny)" is independently and identically distributed (i.i.d.) over r with E(u,u)) = V.
We adapt the Lagrange Multiplier (LM) test of Nyblom (1989) for factor models. De-

fineT=T—-T,, X = (X1, +1,---,Xr) s F = (Fr,+1,...,Fr)', DF :diag(IN®F}a+l,...,IN®
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F})and Lisa T x T lower triangular matrix with all non-zero elements equal to 1. Let

L=1; @V +hyrDp(L® ) (If © Z.) (L' @ Iy ) D

denote the conditional covariance matrix of vec(X') given F where ¥, isa kN x kN sparse
matrix with the only non-zero k x k block from the ik + 1 th element to the (i + 1)k th

element on the diagonal being equal to X,. Under normality, the joint log-likelihood of

(X}a+17 .,X7) given (Ffaﬂ, . F) s

NT 1
lvec( )\F(AluhNTav )Y ) = —TIOg(27r) — 510g|2(hNT)|
1
—E[VCC()_(/) —vec(A1F)]'E vec(X') — vec(A1E")].

The maximum likelihood estimator of A; under the null hypothesis hyr = 0 is /A\l =

X'F(F'F)~". Let
A N 1 1 A
FXlFs AL V) = =Zlog(2m) — Slog|V] = S 1X, = A F)I'V ™ [Xi — Ay

denote the marginal density of X; given F; under the null and let C; be a N x N diagonal
matrix with the ith diagonal element being 1 and the others being 0. Define G = C;Q X, =
(Ci @Zec)(C; ®XL,) where X, = X,.X,. is the Cholesky decomposition of X,. The self-

normalized statistic adapted from Nyblom (1989) can be expressed as

L ofx|B) . & X,F,
ZZ 'GZ Af XiIF).
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where Vl.i_1 denote the ith diagonal element of V!, Let V;l denote the ith row of V1. It

follows that

df(X:|F
f(—’t’) = vec(FEX'VY) —vec(FF/(F'F) 'F'xv~1,
dvec(A))
and
L df (X |F; L
)y (Ci®2;c>f(—’|Af) = [ Y RV'X-
t=T,+7 aveC(A1) t=T,+1
T T T
Y BE(Y EF)' Y Rv'X]
t=T,+7 t=T,+1 t=T,+1
From these results, we obtain
LM : i’z
= =51 Sir~eSit,
T2Vii ’L'le
where
T,+7 T,+7 T T
sie = Y RV 'wtv)— ¥ RRC Y BE)TN Y RV (v
t=T,+1 t=T,+1 t=T,+1 t=T,+1
T,+7 T,+7 T T
= Y BV'X- Y EF(Y EE)T Y RVX.
t=T,+1 t=T,+1 t=T,+1 t=T,+1

Note that LM; contains unobserved common factors and unknown model parameters
including the number of factors k and the covariance matrix V. Given a consistent estimator
of the number of factors, IAc, the principal components estimator of the factors F is /T times
the eigenvectors corresponding to the k largest eigenvalues of XX’ where X = (X1,...,X7).

Let \71.._1 denote the ith row of V!, where V is a consistent estimator of V. After replacing
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Y, with ZA‘,EI where £p = %Zthl EF! in order to remove the nuisance parameters in the
asymptotic distribution (see more discussions in Section 4.2.2), the computable test statistic

LM; can be written as

_ 1 I
LM; = Y L0
~2A71 IT<F 1Ty
r Vii =1
where
T,+7 . T+t T . T |
R N A NP .o
Seo= ), BVIX - Y RBE(Y BENTU Y EVX.
1=T,+1 t=T,+1 1=T,+1 1=T,+1

4.2.2 Asymptotics for the test statistic

In order to derive the asymptotic distribution of the test statistic, we make the following
assumptions on common factors, factor loadings and idiosyncratic errors. Let || A ||=
\/tr(A’A) be the Frobenius norm, and let Ayin(A) and Amax(A) denote the minimum and

maximum eigenvalues of a symmetric matrix A, respectively.

Assumptions

1. (Common factors) {F;} is stationary and ergodic, E(F;F/) = X for some positive

definite Xr and E || F; ||*< o fort =1,...,T.

2. (Initial factor loadings) || A1 ||[< A < o for j=1,...,N and ||A]A]/N —E,|| = 0

as N — oo for some positive definite X 4.
3. (Factor loading innovations of the ith variable )
(a) ej is i.i.d. across ¢, E(e;) = 0 and E(e;€,) = hyrX, where X, is known and
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positive definite.

(b) ej; is independent of both Fy and u j; for all z, s, j.
4. (Idiosyncratic errors) M < oo is a positive constant. For all N, T and T,

(@) u isiid., B(u) =0, E(wuy) =V and E(u}) <eofor j=1,...,N.
(b) m?xzﬁjzl |Vij] < M for all N.

(c) E]N’l/z):];:] [ujsujr —E(ujsu;)]|* < M for every s and 7.

(d) Forevery t, E|| o ¥y XLy Filujouje — Eujsujo)]|* < M.

(e) For every 1, EH\/LNZIJV:I Al <M.

(f) uj and Fy are independent for all j,z,s.

(g) Let Vl]_] denote the ijth element of V1.

1. The number of non-zero elements in V;l is r; y which is finite when N —

oo,

1i. The number of non-zero elements in V;l is 7; ;y which is finite almost

surely when N — oo,
iii. \711_1 LN Vl.j_.1 for each i, j, N.
(h) % Zzl H\/;N*TZLI szyzl A1 (ujsuis —E(ujsuis))Hz = 0, (1) for each i.
Comments on the assumptions:

Part of Assumption 1, Assumptions 2 and 4(b)-(e): These assumptions are borrowed

from Bai (2003) and are aimed at consistent estimation of the common factors and the
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number of factors under the null hypothesis. Generally idiosyncratic errors are allowed to
be weakly dependent and heteroskedastic in the cross-section dimension.

Assumption 4(a): The assumption of i.i.d. idiosyncratic errors in the time dimension is
made for convenience only. It can be weakened to allow for limited time serial dependence
and heteroskedasticity.

Assumption 4(gi): Examples include cross-section heteroskedasticity with no depen-
dence and cross-section heteroskedasticity with block-diagonal correlation structure of
fixed block size (Choi, 2012), among others. The block-diagonal structure is motivated
by the fact that in macroeconomic or financial applications the idiosyncratic components
often represent industry-specific shocks and are almost uncorrelated among the variables
across different industries (Bai & Liao, 2013).

Assumptions 4(gii) and 4(giii): Let i, denote the residual vector from the principal
components estimation. The sample error covariance matrix V = %Z;T: | Gy can satisfy
these conditions provided we have the prior knowledge on the structure of the idiosyncratic
covariance matrix (e.g. block diagonal)(Choi, 2012). .

Assumptions 4(h): This condition is not so strict as all sums include variables with

Z€ro means.

T+ [T

Under the null hypothesis and Assumptions 1 and 4, as T — oo, # Yl F,V;W, L2
Vii’IZ}J/ 2W(r) where W (-) stands for a k-dimensional standard Brownian motion. As a

result,
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and

LM; %/ r)— W () E 22 2 (W (r) — rW (1))dr:

As is well known, one can only consistently estimate the k—dimensional space spanned by
the true factors. Let Vy7 denote the k X k diagonal matrix of the first k largest eigenvalues
of XX'/(TN). The principal components estimator F is a consistent estimator of the trans-
formed factors ¥ = FH where F = (Fy,...,Fr) and H = (A’Al/N)(F’lﬁ/T)VI\jT1 (Bai,

2003). Rewriting LM; by replacing F; with F; yields LM, = v =T ZT | §i.XeSiz where

T+t 1 Tge T T ]
Se= Y, RBVI'X,— Y RF(Y EF)' Y RV 'X.
t=T,+1 t=T,+1 t=T,+1 t=T,+1
ASN,T — oo,
1908 %/ P — W (1)) 2 HE AL (W (r) — W (1)
where H = plim H. The limit distribution of LM, can be free from nuisance parameters
N,T—eo
if X, is replaced with Z where ¥ = A'SpH = phm ( Zt:l FE)). After replacement,

N,T—eo
the new statistic is indicated by LM; = 2V—1 ZT (5150 ASN, T — oo,

LM; —>/ r)—rW(1) (W(r)—rW(1))dr,

which is the generalized Von Mises distribution with k degrees of freedom (parts of the
critical values are listed in Table 12). We are interested in the condition on the relative rates

of N, T, T under which the estimation error of factors and related variables is negligible for
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Significance Level
k| 1% 5% | 10%
1 |0.748 | 0.470 | 0.353
2 | 1.070 | 0.749 | 0.610
3 | 1.350 | 1.010 | 0.846
4 | 1.600 | 1.240 | 1.070
5 | 1.880 | 1.470 | 1.280
6 | 2.120 | 1.680 | 1.490
7 |2.350 | 1.900 | 1.690
8 2590 | 2.110 | 1.890
9 |2.820 | 2.320 | 2.100
10 | 3.050 | 2.540 | 2.290

Table 12: Parts of the critical values of the generalized Von Mises distribution with k
degrees of freedom (Source: Hansen (1990), Table 1)

the asymptotic distribution of Eﬁi.

Theorem 1. Under the null hypothesis and Assumptions 1-4, if L =o(1),
min(N2,NT,T?)

then LM, = LM;+0,,(1) as N, T — oo. Thus, LM; 3 [/ (W (r) —rW (1))! (W (r) — rW (1))dr.

Comments on Theorem 1: If 7 = T, the condition reduces to L =o(1),
min(N2,72)

which is same as the condition for the break tests in Breitung & Eickmeier (2011)if N <T.
Generally, N is required to be large enough for the estimator error of factors to become
asymptotically negligible.

As mentioned before, /Ayt = o(T_l/ 2) is required for mean square consistency of the
principal components estimator. Thus, we are interested in investigating the asymptotic
distribution of the test statistic under the local alternative. Specifically, in order for the limit
distribution under the alternative to be well defined, we choose hyr = a/ 72 with a fixed.
When the order of Ayt is larger, the test statistic will diverge. Under the assumptions, as
T — oo, IZ,ﬁ ™ F vy, b, vavy; IZFZI/Z Wa(r) where Wa(r) = [y W (s)ds. It follows

T,+1 l.
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that

1 1
LM; 2 = / Wi(r)Z W5 (r)dr,

where Ws(r) = vaV; 'S > (Wa(r) — rWa(1)) + / Vi 212 (W (r) — rW(1)). Further-

more,

/ Wi(r)Zg ' Ws(r)dr.

Note that the alternative distribution depends on Vj;, X and X,. The condition under which
the estimation error of factors is insignificant for the asymptotic alternative distribution of
the test statistic is same as that stated in Theorem 1.

Theorem 2. Given Assumptions 1-4, under the local alternative hyy = a/ T2 with a fixed,
if —— YT o(1), then LM, =LM, +0,(1) as N,T — oo. Therefore we have LM; >

min(N2,NT,T2)
7 Jo WA Ws(r)ar.

4.3 The Model and Test Statistic for Integrated Factors

In this section, common factors are assumed to be integrated of order one with no cointe-
gration among them. Specifically, F; = F;_1 +& fort =1,...,T where E(g¢€/) =X¢ and &
is independent of e;; and u s for all 7,5, j. As a result of integration, Assumption 4(d) does

not hold any longer. Now the statistic is defined as a function of the relative change point

T
1 T—[T7]
LM,‘(TL’) = S Z s/ (n)zesl‘c(n)7
TTz‘/ll 1 =~ 1T
[Tr]+t —1 [Tn]+7 T
where s;7(7) = Y, _ [T7r+1 X =), [T7r+1 F/(X,_ raj+1 FFe )" ):t a1 FVio Xi.
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Under Assumptions 4, - ZET@;]?I] FF 2yl f;f/ Ty (AW (F)drE? and

[T 7] +(T7] rT/T+n

/2
TZ [Tr]+1

EV_ > Iz V' “W (7)dW, (7) where Wy (-) stands for a standard

Brownian motion and is independent of W(+), so

where

T/T+m
W) = /ﬂ W (F)aws(7)

rT/T—Ht
—/ dr/W F)dF)~ /W YdWa (7).
T

Consequently,

1
LM;(7) > / W (r,m) =y * 2 5V W (r, 7)dr.
0

In the case of integrated factors, the principal components estimator £; becomes T times the
eigenvectors corresponding to the k largest eigenvalues of the matrix XX’, as in Bai (2004).
Let Viyr denote the k x k diagonal matrix of the first k largest eigenvalues of XX'/(T>N).

As in the case of stationary factors, one can transform the factors as F; +=H I’E where Hy =

(M AL/N)(F'E1/T?) V. We define LM;(7) = ):T_ [T §ie(m)E ;0 (1) where

TTZV !

. TA+T & - T+t g g _ L
Siz(7) :Zz[:@n]THF’JVi. 1Xf_zz[:7[r}n]r+1F’v’FI/,t(Zt:[Tn]JrlFIJFIJ) IZtT:[Tn]HFIJVi. 'X; and

—_— 1 ~ ~
LM,-(::)%/ W (r, )W (r,7)dr.
0
The distribution of fol W (r, )W (r,7t)dr depends on the relative change point 7 and the di-
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k=1 k=2 k=3 k=4 k=5

T 1% ‘ 5% ‘ 10% 1% ‘ 5% ‘ 10% 1% ‘ 5% ‘ 10% 1% ‘ 5% ‘ 10% 1% ‘ 5% ‘ 10%
04 | 0559 | 0242 | 0.149 | 0.644 | 0.308 | 0.207 | 0.637 | 0.323 | 0.228 | 0.618 | 0.318 | 0.234 | 0.546 | 0.313 | 0.232
045 | 0554 | 0.234 | 0.143 | 0.628 | 0.299 | 0.200 | 0.615 | 0.312 | 0.219 | 0.576 | 0.307 | 0.222 | 0.528 | 0.296 | 0.221
0.5 0.532 | 0.224 | 0.139 | 0.611 | 0.285 | 0.190 | 0.594 | 0.296 | 0.208 | 0.545 | 0.290 | 0.209 | 0.499 | 0.280 | 0.208
0.55 | 0.494 | 0.216 | 0.129 | 0.558 | 0.268 | 0.179 | 0.541 | 0.278 | 0.193 | 0.507 | 0.270 | 0.195 | 0.482 | 0.262 | 0.194
06 | 0476 | 0204 | 0.123 | 0.526 | 0.252 | 0.167 | 0.519 | 0.257 | 0.178 | 0.475 | 0.249 | 0.180 | 0.441 | 0.241 | 0.177
0.65 | 0.429 | 0.185 | 0.113 | 0488 | 0.228 | 0.151 | 0.461 | 0.235 | 0.163 | 0.427 | 0.227 | 0.162 | 0.399 | 0.217 | 0.161
0.7 | 0.384 | 0.166 | 0.100 | 0.426 | 0.204 | 0.137 | 0412 | 0.208 | 0.144 | 0.383 | 0.200 | 0.145 | 0.350 | 0.194 | 0.142
0.75 | 0336 | 0.145 | 0.089 | 0.379 | 0.177 | 0.118 | 0.362 | 0.180 | 0.124 | 0.337 | 0.172 | 0.124 | 0.298 | 0.165 | 0.121
0.8 | 0285 | 0.123 | 0.074 | 0.316 | 0.148 | 0.098 | 0.296 | 0.150 | 0.103 | 0.271 | 0.143 | 0.103 | 0.255 | 0.137 | 0.100

Table 13: Critical values of the distribution fol W (r,m)'W

(r,m)dr by simulation.

mension k. The critical values listed in Table 13 are obtained by simulating the distribution

of fol W (r, )W (r,7t)dr for the dimension k from 1 to 5 and a selection of 7z from 0.4 to 0.8.

We obtain a single realization from the distribution by simulating a k-dimensional Brow-

nian motion and a standard Brownian motion which are independent of each other. We

compute the quantiles from 500 realizations and then average them over 100 repetitions.

As for the case of stationary factors, we estimate LM;(7) by f1\71,(7r) such that

where $iz () =Y

LM;(7)

[Trm)+7
t=[Tn]+1

FIJ‘A/;lXt -X

1

T2V, !

1

[Tm)+7
t=[T7]+1

T—[Tn

A

Y Si(m)E S0 (m),

7=1

and 28 = ﬁff:—ll (FI,IH _Fl,t)(ﬁuﬂ _Fl,l)/-

Theorem 3. Under the null hypothesis, fh\dl(ﬂ) = LM;(7) + O,(

N,T — oo. Thus, fﬁ,(n:) 2 fol W (r,m)W(r,)dr.
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4.4 Monte Carlo Results

The Monte Carlo results are presented in this section. We consider a two-factor model with
N = 50,100, 150,200 and 7 = 100, 150,200, 250, which are typical in empirical applica-
tions. {F;} is either i.i.d. N(0,L) or random walk with Fy = [0,0]" and N(0, ) error terms.
In all cases, we estimate the number of factors using Onatski (2010)’s edge distribution
estimator. That is, k= max{k < kjqayx, O — Dp1 > ¢} where kyqy is a given upper bound
(set to 10 in our study), @y is the kth largest eigenvalue of X'X /T and c is a threshold
value estimated from the empirical distribution of eigenvalues. The idiosyncratic structure
is block diagonal, and the size of each block is 5 (Choi, 2012). We generate each block by
1.i.d. normal distribution. The idiosyncratic covariance matrix is estimated by the sample
error covariance matrix V = %ZITZI A, It is a consistent estimator under the assumption
of prior knowledge of the block diagonal structure.

Factor loadings for the variable i are generated by the random walk

}Lll t < Ta
lit =
Aig—1+ei t>T,,
1 1 o
where A;; is i.i.d.N( b); E(eye},) = % such that = 0,1,5,10,20 and G%
1 o 1
A

follows Uniform(0,0.9);!7 T, is set equal to %

We use 5000 replications for Monte Carlo simulation. Table 14 shows the results of

17

i is fixed in each experiment and is taken across 1,...,N.
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1(0) Factors I(1) Factors
T=100 | T=150 | T=200 | T =100 | T =150 | T =200
N =50 0.069 0.077 0.081 0.062 0.057 0.066
N =100 | 0.067 0.071 0.082 0.055 0.055 0.053
N=150| 0.070 0.068 0.071 0.051 0.050 0.051
N =200 0.063 0.070 0.071 0.052 0.049 0.049

Table 14: Empirical sizes (nominal size is 0.05).

empirical sizes. When common factors are stationary, the test tends to be oversized, due
to the finite sample bias of the estimator of the number of factors. If the number of factors
is set equal to the true value, the empirical sizes would become closer to the nominal size
of 0.05. In the case of integrated factors, the rejection frequencies turn out to be close
to the nominal size. Tables 15 and 16 report the results on the power of the tests for the
models with stationary factors and integrated factors respectively. In both cases, it seems
that the tests are consistent in that the power grows as N and T increase. When factors are
integrated, the test suffers from the issue of nonmonotonic power, which is not unusual in
the tests for structural stability.

The tests designed for structural breaks, such as likelihood ratio (LR), Wald and La-
grange multiplier statistics in Breitung & Eickmeier (2011), also have power for martingale-
type time variation. In Figure 6, we compare our LM statistic with them, which assume
there is a break at 7,. The result shows that the performance of the tests for breaks is infe-
rior to that of LM for the purpose of detecting continuous variation. One should note that
our LM test is specifically designed to detect the temporal variation after the change point,
while break tests can not tell what happens afterwards. As we said, martingale-type time
variation is more harmful in the sense that the model can not be transformed into a stable

one with constant factor loadings.
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a=1|a=5|a=10|a=20| a=30
N=50,T =100 | 0.448 | 0.688 | 0.778 | 0.831 | 0.850
N=50,T =150 | 0.562 | 0.805 | 0.871 | 0.906 | 0.915
N=50,T =200 | 0.620 | 0.858 | 0914 | 0.939 | 0.942
N=100,T =100 | 0.518 | 0.769 | 0.827 | 0.871 | 0.893
N=100,T =150 | 0.640 | 0.860 | 0.915 | 0.943 | 0.959
N=100,T =200 | 0.720 | 0.908 | 0.946 | 0.971 | 0974
N=150,T =100 | 0.544 | 0.781 | 0.842 | 0.880 | 0.903
N=150,T =150 | 0.662 | 0.874 | 0.924 | 0.948 | 0.962
N =150,T =200 | 0.742 | 0917 | 0.953 | 0.975 | 0.980
N =200,T =100 | 0.565 | 0.789 | 0.852 | 0.894 | 0.904
N =200,T =150 | 0.682 | 0.869 | 0.927 | 0.953 | 0.962
N =200,T =200 | 0.736 | 0.924 | 0.958 | 0.974 | 0.982

Table 15: Power (stationary factors).

a=1|a=5a=10|a=20| a=30
N=50,T =100 | 0.579 | 0.594 | 0.569 | 0.527 | 0.476
N=50,T =150 | 0.680 | 0.653 | 0.633 | 0.586 | 0.552
N=50,7T=200 | 0.726 | 0.691 | 0.651 | 0.608 | 0.578
N=100,T =100 | 0.626 | 0.646 | 0.627 | 0.554 | 0.526
N=100,T =150 | 0.731 | 0.702 | 0.674 | 0.606 | 0.561
N =100,T =200 | 0.778 | 0.734 | 0.699 | 0.641 | 0.593
N =150,T =100 | 0.639 | 0.647 | 0.638 | 0.597 | 0.564
N =150, T =150 | 0.745 | 0.729 | 0.699 | 0.647 | 0.593
N =150, T =200 | 0.796 | 0.774 | 0.721 | 0.681 | 0.624
N =200,T =100 | 0.652 | 0.671 | 0.659 | 0.621 | 0.580
N =200,T =150 | 0.751 | 0.745 | 0.717 | 0.672 | 0.640
N =200,T =200 | 0.804 | 0.779 | 0.740 | 0.707 | 0.654

Table 16: Power (integrated factors).
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Figure 6: Power comparison for testing against martingale-type variation, 7 = 100, N =
100, 1(0) factors, block diagonal idiosyncratics. The horizontal axis gives the indicator of
the strength of instability in factor loadings, while the vertical axis gives the power.
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4.5 An Application

One application of factor models is nowcasting quarterly GDP growth using hundreds of
predictors with different frequencies (Giannone et al. (2008) for Fed and Angelini et al.
(2011) for ECB, for example). In practice, the performance is mixed and varies with the
specific country to predict. It has good performance in the US and Euro Erea, but fails
to work well in the UK during and after the recession (Xu, 2014). One can use various
refinements, such as variable pre-selection prior to factor extraction and downweighting
past information, but the improvement is limited after the recent financial crisis. It implies
that structural instability might be a major concern. One alternative solution is the factor
model with time-varying loadings and stochastic volatility proposed in Del Negro & Otrok
(2008). Therefore, it would be helpful to test whether there has been temporal instability
since the crisis.

The raw dataset contains 134 UK series including survey and financial indicators, mea-
sures of demand, output, labor and housing activities, prices, and 18 US and Germany vari-
ables from 1990 to 2014. The series are either monthly or daily, and need to be transformed
into a quarterly and stationary quantity. The details on the composition and transformation
method of the dataset are listed in the Appendix. We use only the series for which there
are less the 1/3 of missing data and adjust for outliers and missing data to create a bal-
anced dataset.!® Although the tradition is to use as many series as possible, one reason
behind some unsatisfactory performance is perhaps the adverse influence of uninformative
predictors for the target variable to forecast. Boivin & Ng (2006) showed that as few as

40 pre-selected predictors can yield better forecasts than 147 predictors. Recently several

18Specifically, we replace the outliers and missing data with the median of a series.
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Figure 7: Relative rejection rates from 2007:01 to 2009:12.

attempts have been made to improve the forecasts based on estimated factors, including
pre-selection of the predictors (Bai & Ng, 2008a) and boosting (Bai & Ng, 2009), among
others. We pre-select 50 variables using the elastic net, which is known as an effective tool
to perform variable selection and shrinkage simultaneously (Bai & Ng, 2008a).

We test whether there was temporal instability from 2007:01 to 2009:12. Onatski
(2010)’s criterion indicates that the number of factors is 13, which is a little larger than
that extracted from the US dataset. Figure 7 reports the relative rejection rates, the shares
of the 50 variables for which instability in factor loadings is found. The rejection rate can
be as high as 55%, which implies the existence of instability during the financial crisis.
It can be seen that the time variation was most serious around the middle of 2007 and

gradually faded away afterwards.
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4.6 Conclusions

In the chapter, we adapt Nyblom (1989)’s statistic for high-dimensional factor models to
test for the stable factor structure against considerable time variation in factor loadings in
the form of martingales, which might affect the consistency of the factor estimator and
therefore the forecasting performance of factor-augmented regressions. Under plausible
conditions, the estimation error of factors and related variables is negligible for the asymp-
totic distribution of the test statistic. Although the tests designed for the alternatives of
multiple breaks also have power for time-varying parameters, our statistic iS more power-
ful to detect martingale-type time variation. We apply the test statistic to a UK dataset and
find that the time variation was most serious around the middle of 2007 but gradually faded
away afterwards.

One might be interested in the joint null hypothesis that there is no time variation in
the loadings of all variables. The pooled test statistic that combines EM,- is however not
normally distributed, because the rate at which Ijl\7[l- converges to fl\/]i is not sufficiently

high. We leave this for future research.

4.7 Appendix

In the appendix, we will prove the theorems stated in the chapter. The proofs make ex-
tensive use of the Cauchy-Schwarz Inequality. For expositional simplicity, we only show
the proof for the model with no cross-sectional dependence. Due to Assumption 4(g), it is

straightforward to extend to the more general case.
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4.7.1 Proof of Theorem 1

Following Bai (2003),
A 1 T T T T
h-HFE = Vi (¥ B ZF Z Z E&q), (49)
s=1 s=1 s=1 s=1

where ¥y = E(uu;) /N, Gy = [ubuy — E(ulu;)|/N; Ny = F;Nju; /N; &g = F/Aus/N. For
ease of notation, we set T, = 0 but distinguish between T and T to generalize the results.
Svr = min(v/N,v/T). We have the following lemmas under the null hypothesis and as-

sumptions for all N, T, and T.
T3
P(min(NZ,NT,TZ) )-

73
Lemma 2. ): X (B - H/Ft)uitHZ:Op(min(N2,T1vT,TT2))'

Lemma 1. le X (F—HF)F/||>=0

/ I _ 1
Lemma 3. 721‘:1 (E —HE>E = Op(m)

IvT (£ / _ 1
Lemma 4. 72[:1(E —H E)Mi[ = Op(m>
Lemma 5. %):thl |6 —H'E|)* = OP(W)'

Lemma 6. LYT (GF —~H'F(H'F)) =0 Therefore, £;' = £.! +
Op(l).

Proof of Lemma 1

P\ min(N,V/NT,T)

By (49),
T T 5 | T 15T 5 T v T 5
Z ZE—H’E)F/H SO IO WA TAISDD 7ZZF k|
=1 =1 =1 ' i=1s=1 =1 ' i=1s=1
1 bt
T 1 & T 5 T t T
+Z||?ZZ ALY TZZ EaF/| ).
=1 1 t=1s=1 =1l == .
T, v



First consider part /. By adding and subtracting terms,

Mﬂ

T T ) 1 T T
7 X X AP <20 X IE N

=1 t=ls

1 T T T
(BH RV P Y3 Y H P

il

N |

1

For the first term,

1 T T T T T T N
S Y IY Y (B -HEWEP < N—;ZHF HEID) Y Y I Y F Y. B
=1 t=1s=1 T=1s=1 =1 i=1
T T 1N ) T
< =(=) |IFs— H'F, — Y E(u F
- T;| )Gy L EGH)E I
73
= 0 (T6NT2)
by Theorem 1 in Bai & Ng (2002) and Assumptions 1 and 4(a).
Consider the second term,
1 T T T ) T T T N )
!/ /
=1 r=1s=1 =1 r=1s=li=1
Al 2
< 2II—ZE u)|[? ZIIEII )IH||
T3
= OP(E%
since ||H|| = O,(1) from (Bai, 2003). Therefore I is O ( SN%)
Consider part 11,
T 1 T T ) 1 T T T )
Y=Y Y EGFIP<2(= Y 1Y Y (F—H'F)F || ) ZHZZHF%FH
=1 Tt:ls:l T =1 t=1s=1 =1 t=1s=
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By Assumption 4(c),

p—

1 T T T )
LYY Y (BRI

1

T T N
ZHF H'FI) Y NI F 7 Y (st =Bt

T
<
=1 i=1s=1 NT Fo e s SRV Y|
T 1 T 2T T N )
< —(= F HF F; —] isUj; isHi
73 .
= Op(ﬁ5 7%)
By Assumption 4(d),
iffrnere < Lt ES f e
r— HEGF|]T < —) [l— Fy (uisuyr — E(uisuir) ) |12 Y |[F 7| H']
= a5 NT = VNT 55 =1
T3
= 0,(—).
o)

Thus, I1is O ( 5NT2)

Consider part I11.

T 1 Z T . . 1 T T T . 1
LIz X LAk <2075 LIl L L (R —HE)af |+ 75
T= t=1s= =1 t=1s=1

For the first expression in the bracket,

1 T Tt T 7 1 I T
== 2| (F—HFF|? < — (Y NE-HE[P) Y [IEIIPY | A F/|?
L IL R ) L IEP E I
72
= 0p( 7).
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For the second expression,

7L

HM’ﬂ

1z T T
B EIE B < T e 5. P
=1 t=1 =1

3\

Hl

As aresult, 711 is O (T—)

Finally consider part V.

T T 1 T T T 1 T T T
ZZ Gl | <25 LI R (R—HE)&F P35 Y1 Y Y H'BSrP)

=1 t=1s=1

N |

For the first term,

1 T v T ) - F o1 I . T 1, T
71 LIX LA HEIGEP < grlq IR~ HEIR Rl oAl (L A
= T 0,(8:7)0,(1)0,(T?)
= OP(TW36N72‘)

Consider the second term,

IR "2 T 1 & r 2201117112
= Y)Y, Y HEEF )P < —ll—== Y Fuil” (Y IIE]5)%]|H]|
== =3 NTNT = 7 =1

73
= 0,

» ﬁ)-

Thus, IV is Op(%B(S];TZ) As ||Vyr|| = Op(1) from Bai (2003), the proof is finished by

combining these results.
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Proof of Lemma 2

t=1s=1

1 n

T T T T
Z fullH +ZH_ZZ séstuth

v

T T T Tt T
1 1 N
—1
H/Ft)”ltH < 4HVNT||(Z||TZZ sst”ltH +Z||_ ZF st”lt||
7=1 =1 t=1s=1

HM«-\

Lt

’ﬂl
IIMa

£,

I
We begin with part /.

1 T T T
(Fy— H'Fy) Yyuir || + T—Z ZZ 'FyYeutie])*)

M'ﬂ

1

T 1 T T 1 T
ZHTZZ v'}’vt“ltH <2T_Z |Z
=1 =1 =1

t=1 t=l1s
The first expression on the right hand side is bounded by

T T 1

T N
;HE—H’FSH Z\/_Zu,tﬁglz(u;))z],

ﬂ|ﬂ’
HI

which is O (T2 8y2). The second term is bounded by

T2

T T
Z Z ZE o) | PI1H'| 2 = 0p(7)-

’ﬂ| ~h
’ﬂz

Thus, I is O ( 5NT2)

Part /1 is similar to the one in Lemma 1, which is O ( 5]\7T2)

Consider part /11.

v T 1 I T T 1 I t T
Y. ¥ Anonal P <2075 ¥ I Y XA~ HEnasl P+ 75 1LY Y H Femanal )

2
=1 r =1 t=1s=1

ST -

T
Yl
=1

t=1s
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The first term is bounded by NT( L NE-H'E|A) Y FIPEL w2 Y ||\LWA’1u,||2

which is O ( 5 2). For the second term,

1 T T T 1 T T 1 T
Al H'Fngug|* < 7( 15172 Hf AiuzuitHzHH'Hz
2T2 T 21 T T N ) i
< NT2 ZHFH ?Z| ZZ g1 (e — B(ujeuie)) |7 [H'|

—_

T=

T
T N
Y. (0 X 1Al g ) |

1t=1j

~

s=1 T

by Assumption 2, 4(b) and 4(h). /11 is thus Op(—NminTEN 7 ).

Consider part IV.

1 I T T T T
éstuit||2<2 T_ Z Z Z F HF évtuzt” + Z |Z ZHEv(éstuth )
=1 t=1s=1 =1 t=Ils=

||Ma
&Mﬂ

L

For the first expression in the bracket,

~

T 1 T

1 T T T T2 1
= 2 F)&guy||* < HF H'F|]%) A’1MH )= Y==Y. Fual?
T2 L
= OP(WSNT).

The second term is bounded by ;—;H%ZST:] A'IMSFSI||2%ZTT:1 ||\/L72f:1Fruit||2HH/
which is O ( ) Thus, IV is O ( 5NT2)
. 73
Asaresult, YT || X2, (£ — H'F )| |2 = 4| |V || (T + T+ THT+1V) = OP(—min(Nz,TNifrz))-
Proof of Lemma 3

The proof of Lemma 3 is straightforwardly adapted from that of Lemma B.2 of Bai
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(2003). The difference between Lemma 3 and Lemma B.2 is that Lemma 3 is a mean over
T periods while Lemma B.2 is a mean over T periods. The factors are estimated using the

data of T periods in both cases, however. As a result, they can be of different orders in

probability. Specifically,

1 T V*]} T T *7! T T
n ! / n / n /
=) (F-HFE)F = =23 ) EWF +20) ) FCF,
=1 N t=1s=1 , t=1s=1 ,
1 11
VAT o e o o) VAT o e 5
+2L Y Y EngF + 25 Y FEGF,
o T t=1s=1 J T t=1s=1 J
11 v
First consider 1.
LYy LYy LYy
= EyF = = (Fs —H'Fy)YaF, + == H'Fyyu F/,
TTt:1s=1 Tthls:1 Tthls:l
where
1 T T 1 T 21 T T 1
— (B, —H'F)y.F/|| < == F,—H'F, ) —E F/ 2
l77 L X FI < g (R IE-HE)ME LI E SEwu)E )
1 T , a1 T T 1 1 |
< (Y IE-HE)PHYE Y5 Eu)|P) Z|F|| )
s=1 s=1t=1 =1
1 1
= Op( ),
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and

1 LI 1
T—ZZH/F}%F/H = ||ﬁZH/Fth/%t||
t=1s=1 =1
[ — )3 1
< LY IERP zzmu )
t=1
1
= 0,(=
()
1
Thus IISO (\/»m)
Consider /1.
1 T T . 1 T T 1 T T
T—ZZFSM/ = 7= L Y (B -HF)F + =) Y HFF,
t=1s=1 t=1s5=1 t=1s=1
where
1 T T 1 T R N T T 1 .
==Y Y (E—HF)FI < ==Y [I(B—HF)?)> (Y)Y < uhw —E(ugu)|F[*)?
Tthlszl rT s=1 s=1 t:1N
1 T , o1 T T 1 1
< (Y NE-HF)P)(Y Y 5w —E(uu)]]]*)> ( ZHFH
rT s=1 s=1t=1 N
_ O(L;)
"N min(v/N,VT)"’

by Assumption 4(c), and

1TT / / HH/HT d 1 / ZlT 112y 4
_T ZZHFSCSthH < Z Z N —E(uu)|[1)2(), [|1F/117)2
t=1s=1 t=1 s=1 =1
— 0p(——)
- PNNTT
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by Assumption 4(d). As aresult, /] is OP(L.+).

VN min(vN VT)
Then consider 111.
LYy LYy LYy
== FngF = = (Fy — H'F)NoF + 5— H'FngF,.
T t=1s=1 T t=1s=1 T t=1s=1

The first term is

1 L [P v IAT e 12Y 5
= Y Y A= R < = (Y II(A HEIE yRA )
t=1s=1 s=1 s=1 =1
1 & A 1 241 d 1112\ %
< =Y (i-H )2 ( HZ Al”l A2 NIF17)2
T s=1 s=1
o 1 1 )
VNT min(v/N,VT)
The second term is
T S 77 W I o PP ]
~ sTist 'y — N t
Tthls:l thls:l N ’
I || d ,
= Nl LA F!HIZ/\lurFH
1
. 1
111 is therefore 01’<\/T7)'
Finally consider IV
LiZFg F = Lii(F H'F)égF 4 =— ZZHF§ F/.
TT sostt'y - TT St T s Sst
t=1s=1 t=1s=1 t=1s=

129



The first term is

1 I T 1 I 1 T T o
e X Y (B-HEVGFI < (Y I(B-HF)| zz|z L F A
t=1s=1 s=1 s=1 =1
Ly 2 l o 2\ 1 T /
< Fr L NE-HRIDHL IS VRIS Al
s=1 5= =1
o 1 1 )
PN min(VN,VT)"
The second term is
1 I T | I
~—ZZH’FS§WE’|I = |z L Y H'Fy L NuF)|
T == T 53
5], v ,
= =) Fudilll| ) BF||
NTT 521 Z
1
= 0,(—).
()
Thus IV is O (%m) As aresult, [+ I+ 111 +1V = O (%—(\}ﬁ)pr

1 _ _
0 (\/Nmm\f\f) ( )_Op(min(N,\/ﬁ,T)).

Proofs of Lemmas 4 and 5

The proofs of Lemmas 4 and 5 are straightforwardly adapted from those of Lemma
B.1 of Bai (2003) and Theorem 1 of Bai & Ng (2002), respectively. The difference is still
that the average is taken over T periods in my case, but is taken over T periods in Bai &
Ng (2002) and Bai (2003). The adaptation is therefore very similar to that in the proof of

Lemma 3, so we omit it here.
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Proof of Lemma 6

. 1 & . . 1 &
(RF/ -H'EHE)) = = ) (A-HE)E - HE))+% ), (h-HF)HE)

~p| —
-

t=T,+1 t=T,+1
1 T
+h Y HEE - (HE))
t=T,+1
1

= 0 — ,
g (min(N, VNT,T)

by Lemmas 3 and 5.

Proof of Theorem 1

A—— A——

Let di; = Z s,r where Z ! = (X;?)'2;? by Cholesky decomposition. Similarly,
- .1 R o - . B
dic = £.%5z. As LM; —LM; = szzldgrdif — #z'{:lcﬂ diz and V1 Byt
by Assumption 4(giii), we need to study the order of - 72 Z A,T 73 ZTT:1 cflfrdz-f. We

have

1 L, . 1 & 1 L. L
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R T U ey
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where

1L 1 &), 3
~_22||dzr_dw||2 = ~_22||2F2S1T_2F2S1T|| (51)
T 7=1 T 7=1
1L N A R
< 2|27 ﬁZH(SzT Sio)| |7+ 2|22 =X T_Z |Si]|
7=1 —1

Thus, the key is the order of 12 Z _11|(8iz — 8iz)||>. For expositional simplicity, we only
show the remaining proof for the models with no cross-sectional dependence. Due to
Assumption 4(g), it is straightforward to extend to the more general case. In the models

with cross-sectional independence, \7;1X, = \71.;1X,~, and Vl.le, = Vl-le,-t. Therefore,

T T T T T
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By Lemmas 1 and 2, Z )P =
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4.7.2 Proof of Theorem 2

Define &; = Te;; such that E(é;é),) = aX,. Under the local alternative

. 1. . r L
E-HF = Vit (Y B+ Z ZFnﬁZ E&y (54)
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Proof of Lemma 7
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We begin with part /.
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It follows that / = OP(TTZSIQ%).
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Part /1 is bounded by O ( ~2 5NT) proved in a similar manner. Consider part /11.
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Similarly, the second term is OP(%Z). As a result, 111 = OP(%Z). Part IV is similarly
I
0y (' Oy7).

Now study part V.

1 t T 1 T T 5
7 X X ARN vl P < 2 YA Y Y (B = HE)FAGE Z ik} Z Zim|
1 t=1s=1 =1 t=1s=1 m=1
1 T T T 5
/ / / ~ / -
+N2T2T4 Z || Z ZHFSEVAliFt Z eimF;j Z eim|| )
=1 t=1s=1 m=1 m=1
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The first term is bounded by
T 5 T = t - )
/ / ~ —

N2TT4 Z”F HE|P) Y (A Y (L (F Y @m)*) = 0p(5538v7),

because

T

- < ZHFHHZWH

=1 t=1 m=1 =1
T

T

< |F/ ||4ZH Z & |*
=5
= 0,(T).
For the second term,
g ! / 2 1 a / 2 I - / / 1112
N2T2T4 ;HIZT;HFFAMF Zeth Zeth < WHA;FSFSAUH ;(;(Ft mZ::1 HHH
T
= 01?(@)-

Thus, V = 0,,(1%) = OP(WZZ)). Part VI —IX are all op(#zﬂ)) in a similar
manner. The lemma is finally proved by combining the results of these parts.

Proof of Lemma 8

The proof of Lemma 8 is similar to that of Lemma 7 and is omitted here.

Proof of Theorem 2

In a similar manner, it can be shown that Lemmas 1-6 still hold under the local alterna-

tive hyr = a/T? with a fixed (The proofs are available on request). The proof is similar to
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that of Theorem 1. (52) still works. Now (53) changes to

T
Z |1|!2<3ZHZ F%1|!2+3ZHZ Ever2+3ZHZ — Fui .
=1

T3

By Lemma 7, Z _ 1]P= (m

) is same as before. By Lemma 8, Z _H))?=

p(Wj\m) The order of /11 is also unchanged. It follows that Theorem 2 is proved.

4.7.3 Proof of Theorem 3

The proof is similar to that for Theorem 1, so we only give the key points. Let &y y7 =

min(v/N, T). Following Bai (2004),
. , L 1 & 1 & 1 & .
FI,t _H]Ef - VNT T_ Z F,sCst + ﬁ Z Fl,srlst + ﬁ Z Fl,sést + ﬁ Z FI,sYSt)(55)
s=1 s=1 s=1 s=1

Frr2
Lemma 9. Y7 || X2, (Fry — HIE /| = Op (ol T ).

P min(N,72)
Lemma 10. Y7, || X%, (Fr, — HIF)uy||* = 0 (W}ﬁm) for each i.
Lemma 11. - Y\ (Fi—HR)F = pa— \f T))
Lemma 12. % Z,TZI (Fr— HjF)uy = p— fT/f T5/2/T))

Op(
Op(
Lemma 13. %ZITZ] ||FA‘[J —HI/F}HZ (WT/TTZ))
)

Lemma 14. %thzl(ﬁ},f], HF,(H/F)) = Therefore, ﬁ;l = i;l +

(T 1n(\f T)>
Op(l).

Proof of Lemma 9
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By (59),

ﬂ|)—ﬂ

[\_ﬂﬂz
-

T T
ZZ 15|17

J/

T=1

(.

a
I
—_
-
Il
_

[\

T T T T
A _ 1
(Fr—HR)F/|]> < 4||VNT1H(Z T_ZZ S%IFHZ_"Z’
1

11

T 1 & T 5 T 1 & T
+Z —Z): oMt F7 | +Z!—ZZ 158t F|7)-
7=1 r? t=1s5=1 L= r? t=1s5=1 ,

III IV

First consider part /. By adding and subtracting terms,

r 1 = I 1 I =T
Yl X Y A [P <2( YN Y (Fro—HiF) v P+ — ZIIZZH,F}/S,FH ).
T=1 t=1s=1

7=1 t=1s=1 =1 t=1s=

For the first term,

1 T T T F 1L 1N T
— YUY Y (Fs—HF)wF P < —5( ZHFLS—H}E!F)(NZE(M%)) (;HF!D

4
T =1 t=1s=1 s=1 i=1

IN
Q
=
s
~
P
L

by Lemma B.1 in Bai (2004) and (X7, [|F/||)2 < TXL, [|F/||* = 0,(TT?).

Consider the second term,

A 2 T o1& 2\2 2
/ / /
77 Z Y Y HFwF? < —T4||NZE(”1'1)H Y IEI17)71H]
=1 i=ls=1 i=1 =1

< OP(T)a

since ||H;|| = O,(1) from Bai (2004). Therefore I is O, (T).
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Consider part /1.

T T T . "o 1 T
YL Y Y AP <2 Yy

=1 t=1s=1 =1 t=ls

Mﬂ

1 T T
(s~ IR+ 2 X rZZH, RLaFP),
=1 t=Ils=

1

T T
Z s —HiF|P) Y 1B

s: =1

T T T
LYY Y B HEGE)? <

—

agh Z‘ﬂl

P
= ulvult ulsuit))]
t=1s=1 \/lel
T 2
< 0 (WSI,NT)v
and
1 4 = 2 T 4 2 2 T 2 1112
T—Z !ZZHIFCstH < N—Z |5l ZZH\/—Z wisttis — Euigu))|[* ) [|F]1*||H |
=1 t=1s= s=1 t=1s= t=1
[>T
= Op(—).
o)
Thus, 11 is 0,(LL).
Consider part /11.
T 1 & T s 1 T T T 2 T T
Z,IHEZZ 1sMseF || <2FZ’1H2121 Frs—HiF)naF/ ||+ Z ZZHanstH)
T= t=1s=1 =1 t=ls= —1 t=1s=1
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For the first expression in the bracket,

Mﬂ

T4

1y

1 t=l1s

(Frs = HIF)MaF/|I? < ZHFzs HiF|?) ZHFHZZHZAWFHZ

‘ N2T3

1T )
= Op( N 51NT)

1 I

T

as YT ||XF NuF!||* = 0,(NTT?) by FCLT.

For the second expression,

1 T T 1 T T T
DI WTEN S S WIS ol) AR
=1 s=1 =1 =1

t=1s=

TT?
= Op(—).
o)
As aresult, I11 is OP(TTTZ).
Finally consider part IV
T 1 T R "o 1 T T T )
Yl ¥ Y Al 1P <20 Y Y Y (o IR &P+ — ZHZZH, FEF 1)
T=1 t=1s=1 =1 t=1s=1 =1 t=1s=
For the first term
1 T T T ) ) T ’n
> / !/
2 L IY Y- HEVGF P < <oy ZHFH HiE,|?) ZH Nl PCY I1EIP)
=1 1=1s=1 =1
TT2 L,
= 0P(TSI,NT)'
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Consider the second term

T

. ~
B LI R HREE < o

T
< N2T4||Z‘,Fsué/\lllz(zIIFtIIZ)ZHH}II2
=1 t=1s= s=1 t=1
TT?
= 0 —),
o)

because || Y., FauiA1|| = O,(v/NT). Thus, IV is O (

(2004), the proof is finished by combining these results

Proof of Lemma 10

) As ||Vyr|| = O0,(1) from Bai

T T
Y Y (Fri— HiF |

J/

T 1 Z T T 1 & T .
< 4||V1\7T||(Z T_ZZ s'}/stultH +Z’T_ZZF sCstuth
=1 t=1s=1 =1 t=1s=

I

-

i

T 1 T T 1 T T R
+Z T_ZZ SnSlulfH +Z‘T_22Fs§stuzt”
=1 t=1s=1 — t=1s=

~

11

J/

<<\

We begin with part /.

T 17,'
LimXY

HM'\]

1 T T
,s%luitHz <2 T_ Z Z

\\Mﬂ

Fzs

1 T T
Fy) Yoruie| [+ toa Z > ZHIF Yorttie||%).
=1

t=1s=
The first expression on the right hand side is bounded by

T21T

1 T
77 L~ HEIP) g X (=

3\

T N
Z ZE u?
=1 j:1
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which is OP(%SI_A%T). The second term is bounded by

T 2 T
I Y Fi ZE ) PP = 0p(5).

=1 ]_

i Mﬂt

1
T4
by FCLT. Thus, I is O,(L).
Now Part 11.

T Tt T 1 T T T T T
Z T_ZZ sCstultH <2 F Z ||ZZ FIs Cstuth + Z ‘ZZH] SCSl‘ullH
=1 t=1s=1 =1 t=Ils=

=1 t=1s=1

The first is similar to that in Lemma 2, which is O, ( NTTZ Y IGT) The second is 01,(15—;).
Thus, 11 is 0,(L).

Consider part /11.
T 1 T T . 1 T T T 1 T T T
Z T—ZZF],snstuiszgz T_Z ZZ Fls nstuth T_Z ZZ FnslulfH )
=1 t=1s=1 =1 r1=ls=1 =1 1=ls=1

The first term is bounded by NT3( LW s—HF|DY FIPEL w2 Y, ||ﬁA’1u,||2,

which is OP(WSI_I\%T). For the second term, similar to that in Lemma 2,
LYIEY > < oI
= HIIanstuizH < Op(_)+0p(_)-
T4 = as N N?
I11 is thus 0,,(.T~—3~)).

Nmin(N,T
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Finally part IV
T 1 T T . 1 T T T 1 T T
Z T_ZZFl,sﬁsruier<2 7% : Z Y Y (Fis— HiFy) S|P + T4 Z \ZZHI F&yrui| ).
=1 t=1s=1 =1 r=1s=1 t=1 1=ls=

For the first expression in the bracket,

1 1

T T 1 I T =
I Frs—HiF)Equil > < 5 (2 ) s — HIF|*)( == A | 1Y B
o L4 & e~ HR) s = B P B
T ._
= OP(NSI,J\%T)'
The second term is bounded b NLHfT N ugF! | 2T |IEE, Fug|2||H)| |2, which

is 0,(L). Thus, IV is 0,(L).

Asaresult, YT ||X7_ (Fri— HJF ug||* = 4|V | I+ T+ ITT+1V) = O (WSTW))

Proofs of Lemmas 11-13

The proofs are straightforwardly adapted from Lemma B.4 of Bai (2004), Lemma B.1
of Bai (2003) and Theorem 1 of Bai & Ng (2002). The difference is mainly that the sum
is taken over T periods in my case, but is taken over T periods in Bai & Ng (2002), Bai
(2003) and Bai (2004). The adaptation is very similar to that in the proof of Lemma 3 and
is thus omitted.

Proof of Lemma 14

It is similar to Lemma 6 and is thus omitted.

Proof of Theorem 3

As the proof is similar to that of Theorem 1, we start with (52) which now becomes

1 T—[Tn] ) i 7
7z L, Gie(m) —se(m)]* < Z P+ = - Z||11H2+T . annz
=1 =1
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By Lemma 9 and 10, ZZ:] 11]|*> = OP(%) By Lemma 11,12 and 14, Zrll 111]|? =

OP($> By Lemma 10, Zg:l HIIIHZ = OP(%) As a result, LM,(TC) =

mi(”)JrOp(\/W)-

4.7.4 Dataset

We apply the following transformations to the raw data:
1. Take logs if Logs=1;
2. Take the first difference if Diff=1 or the second difference if Diff=2;

3. Apply an one-sided moving average filter with a 3-period window if Filter=3 or with

a 12-period window if Filter=12.
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Release Series ‘ Logs ‘ Diff ‘ Filter ‘
GFK consumer confidence Aggregate balance 0 1 3
How does the financial situation of your household 0 1 3
GFK consumer confidence ) .
now compare with what it was 12 months ago
How do you think the financial position of your 0 1 3
GFK consumer confidence .
household will change over the next 12 months
How do you think the general economic situation 0 1 3
GFK consumer confidence L
in this country has changed over the last 12 months
How do you think the general economic situation 0 1 3
GFK consumer confidence . . .
in this country will develop over the next 12 months
How do you think the level of unemployment 0 1 3
GFK consumer confidence .
will change over the next 12 months?
Do you think that there is an advantage for people 0 1 3
GFK consumer confidence . .
to make major purchases at the present time
Over the next 12 months how do you think the amount of money you’ll spend 0 1 3
GFK consumer confidence . . .
on major purchases will compare with what you spent over the last 12 months
ONS retail sale All Retailers (Volume seasonally adjusted) 1 1 3
ONS retail sale All Retailers (Value seasonally adjusted) 1 1 3
ONS retail sale Predominantly food stores (Volume seasonally adjusted) 1 1 3
ONS retail sale Predominantly food stores (Value seasonally adjusted) 1 1 3
ONS retail sale Non-specialised stores 1 1 3
ONS retail sale Textiles: clothing: footwear 1 1 3
ONS retail sale Household goods stores 1 1 3
ONS retail sale Non-store retailing & repair 1 1 3
CBI distributive trades Retailing Sales 0 1 3
CBI distributive trades Retailing Orders 0 1 3
CBI distributive trades Retailing Sales for Time of Year 0 1 3
CBI distributive trades Retailing Stocks 0 1 3
CBI distributive trades Wholesaling Sales 0 1 3
CBI distributive trades Wholesaling Orders 0 1 3
CBI distributive trades Wholesaling Sales for Time of Year 0 1 3
CBI distributive trades Wholesaling Stocks 0 1 3
CBI distributive trades Motor Traders Sales 0 1 3
CBI distributive trades Motor Traders Orders 0 1 3
CBI distributive trades Motor Traders Sales for Time of Year 0 1 3
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Release Series ‘ Logs ‘ Diff ‘ Filter ‘

CBI distributive trades Motor Traders Stocks 0 1 3
ONS travel UK visits abroad: Expenditure abroad 1 1 3
ONS travel OS visits to UK: Earnings 1 1 3
ONS trade BOP: Balance, sa, Total Trade in Goods 0 1 3
ONS trade BOP: Balance, Manufactures 0 1 3
ONS trade BOP: Balance, Intermediate goods 0 1 3
ONS trade BOP: IM: CVM: sa: Total Trade in Goods 1 1 3
ONS trade BOP: EX: CVM: sa: Total Trade in Goods 1 1 3
ONS trade BOP: Balance, Capital goods 0 1 3
ONS trade BOP: IM, price index, Finished manufactures 1 1 3
ONS trade Balance of Payments: Trade in Services: Total balance: CP 0 1 3

FTSE All Share Dividend Yield 0 1 3
FTSE All Share Price / Earnings Ratio 0 1 3
FTSE All Share Price Index 1 1 3
FTSE FTSE 100 1 1 3
Exchange rate Japanese Yen /£ 1 1 3
Exchange rate United States Dollar /£ 1 1 3
Exchange rate Effective exchange rate index, Sterling (Jan 2005=100) 1 1 3
Interest rate Bank Of England Repo Rate 0 1 3
Interest rate Overnight £ Inter-Bank Rate (Mean Libid/Libor)-8.30am 0 1 3
Interest rate ICE LIBOR GBP 3 Month 0 1 3
Interest rate 3 Month £ Inter-Bank Rate (Mean Libid/Libor)—10.30am 0 1 3
Interest rate 6 Month £ Inter-Bank Rate (Mean Libid/Libor)-8.30am 0 1 3
Interest rate Monthly average yield from British Government Securities, 20 years 0 1 3
Interest rate End month level of discount rate, 3 month Treasury bills 0 1 3
Volatility LIFFE FTSE 100 3 Months Constant Maturity: Implied Volatility 0 1 3
VRP VRPSPOT(NOM,UK,5) 0 1 3
VRP VRPSPOT(NOM,UK,10) 0 1 3
VRP VRPSPOT(REL,UK,5) 0 1 3
VRP VRPSPOT(REL,UK,10) 0 1 3
VRP VRPSPOT(INF,UK,5) 0 1 3
VRP VRPSPOT(INF,UK,10) 0 1 3
ONS labor Total Claimant count 0 1 3
ONS labor Claimant count rate 0 1 3
ONS labor AEI (including bonuses), whole economy 1 1 3
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Release Series ‘ Logs ‘ Diff ‘ Filter ‘

ONS labor AEFI (including bonuses), private sector 1 1 3
ONS labor In employment: UK: All: Aged 16+ 1 1 3
ONS labor Unemployed: UK: All: Aged 16+ 1 1 3
ONS labor Total actual weekly hours worked (millions): UK: All 1 1 3
ONS labor Unemployed up to 6 months: UK: All: Aged 16+ 1 1 3
ONS labor Unemployed over 6 and up to 12 months: UK: All: Aged 16+ 1 1 3
ONS labor Unemployed over 12 months: UK: All: Aged 16+ 1 1 3
ONS labor Unemployed over 24 months: UK: All: Aged 16+ 1 1 3
MST Monthly amounts outstanding of monetary financial institutions’ ) ) 3
sterling M4 liabilities to private sector
MST Monthly average amount outstanding of total sterling notes ) ) 3
and coin in circulation out-side the Bank of England

MST VQWK.M 1 1

MST Money Stock: Retail Deposits and Cash in M4: NSA 1 1
MST Monthly amounts outstanding of monetary financial institutions’ { i 3

sterling net lending to private sector

MST Monthly value of total sterling approvals for secured lending to individuals 1 1 3
CIPS manufacturing Consumer Goods Industries - Total New Orders 1 1 3
CIPS manufacturing Supplier’s Delivery Times 1 1 3
CIPS manufacturing Employment 1 1 3
CIPS manufacturing Stocks Of Finished Goods 1 1 3
CIPS manufacturing Investment Goods Industries 1 1 3
CIPS manufacturing Total New Orders 1 1 3
CIPS manufacturing Output 1 1 3
CIPS manufacturing Quantity Of Purchases 1 1 3
CIPS manufacturing Stocks Of Purchases 1 1 3
CIPS manufacturing Input Prices 1 1 3
ONS output Industry C,D,E: All production industries 1 1 3
ONS output Industry C: Mining & quarrying 1 1 3
ONS output Industry D: Manufacturing 1 1 3
ONS output Industry E: Electricity, gas and water supply 1 1 3
ONS output Industry DA: Manuf of food, drink & tobacco 1 1 3
ONS output Industry DB: Manuf of textile & textile products 1 1 3
ONS output Industry DC: Manuf of leather & leather products 1 1 3
ONS output Industry DD: Manuf of wood & wood products 1 1 3
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Release Series ‘ Logs ‘ Diff ‘ Filter ‘

ONS output Industry DE: Pulp/paper/printing/publishing industries 1 1 3
ONS output Industry DF: Manuf coke/petroleum prod/nuclear fuels 1 1 3
ONS output Industry DG: Manuf of chemicals & man-made fibres 1 1 3
ONS output Industry DH: Manuf of rubber & plastic products 1 1 3
ONS output Industry DI: Manuf of non-metallic mineral products 1 1 3
ONS output Industry DJ: Manuf of basic metals & fabricated prod 1 1 3
ONS output Industry DK: Manuf of machinery & equipment 1 1 3
ONS output Industry DL: Manuf of electrical & optical equipment 1 1 3
ONS output Industry DM: Manuf of transport equipment 1 1 3
Do you consider that in vo-lume terms,
CBI monthly trends ] 0 1 3
your present total order book is above normal?
Do you consider that in volume terms,
CBI monthly trends ) 0 1 3
your present export order book is above normal?
CBI monthly trends Adequacy of Stocks of Finished Goods 0 1 3
What is the expected trend over the next 4 months
CBI monthly trends . 0 1 3
with regards to your volume of output?
What is the expected trend over the next 4 months
CBI monthly trends ) ] . 0 1 3
with regards to average prices for domestic orders?

Experian Construction United Kingdom: Experian Construction Activity (Index) 1 1 3
Brent crude 1 Month Fwd, fob U$/BBL 1 1 3
Brent crude Physical Del., fob U$/BBL 1 1 3

ONS PPI NSI: All manufacturing: Materials only 1 2 3
ONS PPI Prod of man ind excl.f,b, p & t sa 1 2 3
ONS PPI Fuels Purchased by Man Ind Excl CCL 1 2 3
ONS PPI NSI: M & F purchased by Man: Excl FBPT Excl CCL NSA 1 2 3
ONS PPI Output of manufactured products 1 2 3
ONS PPI NSO: All Manufacturing excl duty: sa 1 2 3
ONS CPI Food And Non-Alcoholic Beverages 1 2 12
ONS CPI Alcoholic Beverages, Tobacco & Narcotics 1 2 12
ONS CPI Clothing And Footwear 1 2 12
ONS CPI Housing, Water And Fuels 1 2 12
ONS CPI Furn, Hh Equip & Routine Repair Of House 1 2 12
ONS CPI Health 1 2 12
ONS CPI Transport 1 2 12
ONS CPI Communication 1 2 12
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Release Series ‘ Logs ‘ Diff ‘ Filter ‘

ONS CPI Recreation & Culture 1 2 12
ONS CPI Education 1 2 12
ONS CPI Hotels, Cafes And Restaurants 1 2 12
ONS CPI Miscellaneous Goods And Services 1 2 12
HBF Change in net house prices during the month 0 1 3
HBF Site Visits, compared with a year ago 0 1 3
HBF Net Reservations, compared with a year ago 0 1 3
HAC RICS Housing Market Survey, Prices, England and Wales, Net Balance 0 1 3
HAC Ratio Of RICS Sales Series To RICS Stock Series 0 1 3
[N VIX 0 1 3
usS TED 0 1 3
usS Manufacturing PMI 1 1 3
[N IP manufacturing 1 1 3
UsS EXPORTS F.A.S. CURA 1 1 3
[N IMPORTS F.A.S. CURA 1 1 3
UsS Retail sales (current prices) 1 1 3
usS S&P/CASE-SHILLER HOME PRICE INDEX - 10-CITY COMPOSITE SADJ 1 2 3
[N} Employment 1 1 3
UsS Unemployment rate 0 1 3
[N M2 1 1 3
UsS S&P monthly average 0 1 3
Germany Assessment of business 1 1 3
Germany Bussiness expectation 1 1 3
Germany Consumer confidence 0 1 3
Germany Export 1 1 3
Germany Import 1 1 3
Germany IP manufacturing 1 1 3
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