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Some programs are not merely sets of batch instructions performed in iso-
lation. They interact, either directly with the user, or with other threads
and resources. This dissertation tackles the problem of mathematical
description (denotational semantics) of the observable behaviour of such
programs.

In the tradition of denotational semantics and functional programming,
one can distinguish between pure computations, which are regarded as
mathematical functions, and effectful ones, like those generating behaviour.
Both effects in general and behaviour of interactive systems have been
thoroughly studied, and they both have elegant category-theoretic expla-
nations: the frameworks of, respectively, monads and coalgebra. The
point of this dissertation is to explore the area where the two meet.

The thesis of this dissertation is that the right kind of monads to describe
the observable behaviour of programs are completely iterative monads
(cims), introduced by Elgot and more recently studied by Addmek and
others. They are monads equipped with a certain corecursion scheme that
allows us to describe the computation in a coinductive, step-wise manner.

To support this, we introduce a formal coinductive semantics parametrised
with a cim. We study its properties and show that it instantiates to a
number of known approaches, based on metric spaces and final coalgebras.

Then, we focus on studying properties of cims, especially those impor-
tant in semantics and programming, like composability. We show that a
number of constructions used in denotational semantics to model different
aspects of behaviour are instances of the constructions that we introduce.
The most important structure that we study are coinductive resumptions,
generalising previous results by Moggi or Hyland, Plotkin, and Power.

The language of our development is category-theoretic, and so are the
properties that we investigate. We are interested in universal properties,
distributive laws, algebras, and monadicity. Thus, the results apply not
only to semantics and programming, but can be construed as a general
investigation of algebraic structures with iteration.






There goes Bill
From the mill
Toting millet on his back.
But through a hole
The millet goes
Out from the sack.

‘The less in bag,
The less to carry,’
Enjoys himself Billy,
But when back home
The grains—all gone,
Realises silly.

So back he goes
Picking those
Crumbs he left behind,
Until the grains
Are all regained
And in the bag confined.

There goes Bill...

— Julian Tuwim

(A Polish repetitive nursery rhyme, trans. MP)
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Chapter 1

Introduction

1.1 In one sentence

In this dissertation, we use completely iterative monads—introduced in the 1970s by
Elgot and more recently studied by Adamek and others (see [84])—as a device for
specifying formal semantics of effectful coinductive programs and as useful structures

in programming with infinite data structures.

1.2 Motivation

Some programs cannot be treated merely as batch calculations that silently transform
a predefined input into a single answer, since they interact with their environment,
concurrent processes, the human user, or the network. In such cases, we are often
less interested in obtaining any final results than we are interested in the runtime
behaviour of the (possibly non-terminating) program itself—think a web server or
a system with a graphical user interface. A similar pattern can be identified in the
case of programming with infinite data structures common in non-strict languages,
such as Haskell [99]. A program—or, more often, a function that is a part of a
producer-consumer scheme (see Hughes [64])—incrementally unfolds the structure,
for example, a stream containing the subsequent digits of the expansion of 7 [45].
Such programs are often called corecursive or coinductive, as in the mathematical
principle of coinduction, which is used for defining and reasoning about structures in
terms of ‘decomposition’ or ‘observation’ (see Sangiorgi [107]).

The goal of this dissertation is to explore denotational (category-theoretic in par-
ticular) semantics of coinductive programs. Our starting point are the two following

general questions: 1) How does one describe the behaviour of a program? and 2) How
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does one model impurity in programming languages (for example, effects that gener-
ate behaviour)? Such considerations are hardly new to computer science. Both of
these questions have inspired a great amount of research, resulting in two successful
category-theoretic frameworks based on, respectively, coalgebra and monads.

Moggi [89] used monads to provide a modular semantics for A-calculus with com-
putational effects. Various kinds of effects are formalised as monads (possibly with
additional structure, like strength) on a category (also with additional structure, like
cartesian closure to model higher-order functions). An impure function that takes a
value of a type A to a result of a type B is not modelled simply as a mathematical
function A — B, but as a Kleisli arrow A — M B, where M is a monad representing
a particular kind of effects (like non-determinism, mutable store, or input/output).
In this setting, our question (2) becomes: What kind of monads can be used to model
effects that generate behaviour? An obvious instance of the problem is given for
the monadic input/output system implemented in Haskell, where the 10 monad is
used to explicitly structure code that generates behaviour. In this case, we ask for
mathematical models of the IO monad.

The problem of describing evolving systems is also not a new one. A plethora of
independent solutions have been proposed to deal with the notion of the behaviour of
a system, including automata theory initiated by McCulloch and Pitts [81], process
calculi invented by Milner [87], or modal and temporal logics first used for this purpose
by Pnueli [104]. More recently, a large class of these developments have found a
common description: the framework of coalgebra, which is the category-theoretic
implementation of the notion of coinduction (see, for example, Addmek [8] or Jacobs
and Rutten [68]). In a nutshell, it is simply the dual of the more common initial
algebra semantics [48]: we recognise the set of possible single observations about the
behaviour of a system as an endofunctor F' on a category, and we represent the system
as a morphism f : X — F'X, where we call X the carrier.

Coalgebra provides both operational and denotational approaches to semantics.
The former is obtained when we understand the coalgebra as a state-transition system
and the carrier is the type of internal states. The latter is obtained with finality. The
carrier of the final coalgebra for the functor, denoted v F', is identified with the type
of trees of execution possible for the given kind of behaviour. The induced unique
homomorphism [ f): X — vF is the ‘trace semantics’ of the system, which abstracts
away the notion of the internal state.

The question thus becomes how to combine these two frameworks. On one hand,

we want the semantics to be structured in a compositional way using monads. On
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the other hand, we want to employ a coalgebraic interpretation of programs.

An obvious example of a ‘coalgebraic’ monad is given by finite and infinite terms
generated by a signature, or, more generally, an endofunctor on a category. Formally,
for an endofunctor 3, it is given via the carriers of final coalgebras (provided they
exist) as

YPA=vXIX +A,

where v X. 3 X + A is the carrier of the final coalgebra of the functor ¥(-) + A, where
A acts as the type of variables. It is a monad, in which the multiplication is given by
substitution, while the unit by embedding of variables.

The endofunctor X is the behaviour endofunctor, and a value of the monad > is
a trace with variables, which allow sequential composition of programs. For example,
to model programs with input/output, we set ¥X = (O x X) + X!, for a type of
input I and output O.

In many cases, however, the construction given above is not enough, especially
when subsequent steps of the computation are meant to interact. A typical example
is given by mutable state. In the inductive case, it is often modelled by the state
monad in a cartesian closed category, St A = (S x A)°, where S is the type of state
being mutated. A computation in this monad, given an initial state, returns a final
state paired with a final value, forgetting all the states in between. In the coinductive
case, however, we often want to witness the alteration of the state, for example, in
form of a stream of the subsequent states. Such a stream can be defined by means of

infinite terms as
%

SA=(Sx(-)>*A.
A version of the state monad that coinductively unfolds such a stream of intermediate
states and gives a final answer (only when the stream is finite!) can be given as (see
Section 3.4)
A8
StsA=(S A)”.

Another relevant structure is resumptions, introduced by Milner [86] in the 1970s
to denote the external behaviour of a communicating agent in concurrency theory. As
given by Abramsky [2] in category-theoretic terms, a resumption is an element of the
carrier of the final coalgebra vR of the functor RX = (X x O)! on SET, where I and
O are the sets of possible inputs and outputs respectively. Informally, a resumption
is a function that consumes some input and returns some output paired with another
resumption, and finality implies that the process of consuming and producing can

be iterated indefinitely. There are many possible generalisations, for example to
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the final coalgebra of the functor Pi((-) x O)! for agents with finitely-branching
nondeterministic behaviour, or, depending on the computational effect realised by
the agent, any monad in place of P, as studied by Hasuo and Jacobs [55].

Cenciarelli and Moggi [28] noticed that, similarly to the monad of terms, resump-
tions can be given a monadic structure, and defined the inductive resumption monad
in a general fashion (in any category with coproducts and enough final coalgebras) as
TA=pX.M(EX + A) (the carrier of the initial algebra of a functor M (%(-) + A)),
where M is a monad, ¥ is an endofunctor, and A is an object of variables, which
allows to sequentially compose resumptions. Their resumption monad is given by
initial algebras, so it is not exactly a generalisation of the resumptions studied by
Milner. Intuitively, this monad models resumptions that can be iterated only finitely
many times. Thus, it is natural to ask about final coalgebras of functors of the shape
M(X(-) + A), that is, the coinductive resumption monad.

The inductive resumption monad can alternatively be given as the composition
M(XM)*, where (XM)* is the free monad generated by XM as an endofunctor. In
this dissertation, we discuss the monad M (XM)>. Also, we generalise the two con-
structions to, respectively, M S* and M S* for any right M-module S, see Chapter 4.

Constructions similar to the examples above appear in the literature in various
forms and disguises, see Section 6.2 for references. In this dissertation, we look for

their generalisations and unifying properties.

We turn our attention to the line of research initiated by Elgot et al. [36, 37], later
continued by Aczel, Adamek, Milius, and Velebil [6, 12, 14, 15, 84], as well as Moss and
Milius [85, 91]. Elgot’s original idea was to use algebraic tools to describe computation
in general, without recourse to domain theory. One of his results was the introduction
of completely iterative monads (cims) [37], later generalised by Adamek et al. [6],
which are monads equipped with a certain corecursion scheme. In short, a monad M

is a cim if for all morphisms (called equation morphisms)
e: X - M(X+A)
that satisfy a property called guardedness, there exists a unique ‘solution’ of e, denoted
el X — MA,

that is coherent with the monadic structure of M (all the necessary definitions are
given in Chapter 2). We think of X as the type of variables (or: seeds of the core-

cursion), while A is the type of final values (parameters). All three examples given
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above (infinite terms, coinductive state, and resumptions) are examples of cims. The
first example is a very important one: for an endofunctor ¥, the monad > is the
free object in the category of cims generated by X.

An advantage of the axiomatic approach of cims is that we can study properties of
coinductive programs independently of any (co)recursive structure of the underlying
category. Usually, one starts with a domain, that is a category of (or enriched with)
complete partial orders or complete metric spaces, and study fixed points a la Kleene
or Banach. Here, we are interested in the properties that follow solely from the
definition of monads with iteration. Obviously, concrete instances of such monads can
come from the domain-theoretic constructions. For example, in Chapter 3, we show
that the ‘delay’ monad known from the metric semantics is a cim, and the Banach
unique fixed point theorem accounts for the existence and uniqueness of solutions.
A similar approach was taken by Milius and Moss [85] in their category-theoretic
description of solutions to recursive program schemes using Elgot algebras [85] (that

is, Eilenberg—Moore algebras for free cims).

The category-theoretic approach has many advantages: generalisations to other
categories than SET, more conscious proof techniques and identification of assump-
tions, duality. Moreover, category theory provides guidelines on what kind of prop-
erties and structures one should look for in order to collect a number of useful tools.
For example, when introducing a new monad, one could try to find a ‘nicer’ or ‘easier’
characterisation of their Eilenberg—Moore algebras, which automatically gives one a
number of benefits, like a description of distributive laws of that monad [25, Ch. 9],

or its continuation-passing-style version via the codensity monad construction [59].

1.3 Goals and a by-product
There are two main goals of this dissertation:

— We show how one can use the solution property of cims (and other monads
with iteration) to give coinductive semantics to a programming language with
an iteration operator. The main gain is simplicity, since no reference to any
additional structure of the underlying category, like order or metric enrichment,
is required. We also manage to unify semantics based on different structures
(such as metric, ultrametric, and final coalgebras), and find a high-level, alge-
braic description of phenomena like extensional collapse, which relates metric

and cpo-based models.
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— We study cims: their properties, examples, and general constructions. Our
most important example is the coinductive resumption monad. Thanks to our
categorical, high-level approach, we obtain a number of interesting properties

of our constructions for free.

There are also some secondary goals, which are concerned with program construc-
tion and verification. They are not explored in detail in this dissertation, but the

constructions and properties tackled are relevant to the following applications:

— Since most of the constructions presented in this dissertation are constructed by
means of final coalgebras, they are expressible in any general-purpose program-
ming language that supports coinductive types. Thus, we provide a handful of
new data structures that can be used in program construction, together with
a formal theory behind them. Structures similar to resumptions do appear
in applications, for example in the context of so-called lazy input/output in
Haskell [72].

— Another reason to study such data structures is down-to-earth reasoning and
testing of interactive programs. The constructions that use final coalgebras to
describe semantics are expressible in Haskell, leading to what is known as func-
tional specification of effects. Such specifications were used by Swierstra [111] in
his PhD dissertation (see also Swierstra and Altenkirch [112]) to model Haskell’s
IO monad (but only in the inductive fashion). The gain is that we can reason
about effectful programs as if they were pure, and, more importantly, we can
automatically test them with tools such as QuickCheck [30].

There is also a by-product that is worth mentioning: We point out the relevance
of the notion of modules over monads in semantics and programming. For a monad
M, a (right) M-module is an endofunctor S together with a natural transformation
SM — S coherent with the monadic structure of M. Modules play two important
roles in this dissertation: they were used by Adamek et al. to formalise the notion
of guardedness (with some additional structure they can be seen as properties, see
Section 2.3.2), and they are used as building blocks of our resumption monads. For
example, given an endofunctor 3, the composition XM can—quite trivially—be given
a structure of an M-module. That is why our inductive resumption monad M S*

subsumes Cenciarelli and Moggi’s [28] construction M (XM )*.
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1.4 Contributions and structure

This dissertation is based on three conference papers [100, 101, 102]. They are co-
authored by Jeremy Gibbons, though all the technical results are mine. The material
was extended and the presentation improved. The material given in Chapter 4 and
Sections 4.2.2 and 5.3 has not been published before.

The following summarises the contributions presented in each chapter.

Chapter 2. This chapter introduces the preliminaries needed for the rest of the dis-
sertation. The first part of the chapter introduces the notations and assumptions that
are used throughout the dissertation. It surveys the definitions of monads, adjoint
functors, distributive laws, and liftings, and lists their most important properties.
They are basic fundamental results devised in the early days of category theory.

The second part of the chapter introduces completely iterative monads (cims),
and—as technical devices—completely iterative algebras (cias) and Elgot algebras.
All of this material can be found in Adamek et al.’s works [6, 12, 14, 15, 84].

Chapter 3. This chapter demonstrates how to use cims in semantics of program-
ming languages. We first introduce the composition theorem, which states that a
monad that arises as a composition of a cim with an adjunction (that is, UMF,
where M is a cim and F' - U) inherits the complete iterativity from M.

Then, we introduce a generic coinductive semantics of a generalised While lan-
guage. The semantics is parametrised with a cim that represents the underlying effect
(not necessarily mutable state). One instance of our generic semantics is the metric
approach in the style of America and Rutten [19] and Escardé [38]. We also show a
trace semantics, which is based on a version of the state monad that accumulates the

intermediate states.

Chapter 4. This chapter is an interlude concentrating on modules over monads.
In the first part of the chapter, we develop a basic theory of modules, which extends
some known results, for example by Dubuc [33]. In detail, we show a relationship
between modules and adjunctions, and establish an isomorphism between appropriate
distributive laws and liftings. These technical results are used in subsequent chapters
to deal with the notion of guardedness.

Then, we introduce the inductive resumption monad M S*, where M is a monad,
S is an M-module, and S* is the free monad generated by S as an endofunctor.

We show that M S* is canonical: it is the free monad generated by the module S.
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More precisely, MS* is the free object generated by S in the category of monads
with respect to a ‘diagonal’ functor from the category of monads to the category of
modules.

Finally, we introduce the notion of algebras for an M-module S. Such an algebra
consists of an algebra for S as an endofunctor, an Eilenberg-Moore algebra for M,
and a coherence condition. We show that algebras for an M-module S are precisely

Eilenberg-Moore algebras for the monad M S*.

Chapter 5. In this chapter, we introduce the coinductive resumption monad M 5.
We show that it is a cim. If M is also a cim, we show that there exist solutions of
equation morphism that unfold the structure of M and S simultaneously. This
result requires a more complicated proof technique than the composition theorem.
We characterise the monad M S with a universal property. If we consider a
slightly different category: the category of monads completely iterative with respect
to two-sided modules, it follows that the monad M (XM ) is a coproduct od M and
>:%°. This shift of categories is not too expensive: every cim has a free extension to
the two-sided case, and this extension does not change the ‘monad’ part of the cim.
We also discuss Eilenberg-Moore algebras for the coinductive resumption monad.
We characterise them as algebras similar to the algebras for modules: we additionally
want the property that the S-algebra part is an Elgot algebra with some additional

coherence.

Chapter 6. This section summarises the introduced constructions, puts them in
the context of related work, and discussed a number of ideas that are relevant to
the material presented in this dissertation, but have not yet been worked out in
detail. They include similar constructions (for example, coproducts of ideal cims,
or a finitary case), generalisations (like the 2-categorical approach), and applications

(different kinds of semantics, dualisation).

Appendix A. Because of their length, some proofs in the main text are omitted
or given only as sketches. In such cases, the reader will find the full proofs in this
appendix. The proofs are mostly longish calculations—not always trivial, but not

very enlightening either.
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Appendix B. The notion of guardedness of equation morphisms is formalised in
terms of ideal monads. They can be thought of as predicates on monads (intuitively,
‘this computation performs a visible action’). The second appendix expands on the
topic by proving that so-called strict ideals form a fibration (similar to the subobject
fibration) over the category of monads. We also discuss predicates on composite

monads that arise from distributive laws.
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Chapter 2

Preliminaries: monads and cims

In this chapter, we summarise some category-theoretic preliminaries needed for the
material presented in the subsequent chapters. In Section 2.1, we give the basic
notations. Then, in Section 2.2, we discuss the rudiments of the theory monads
and adjunctions. A reader familiar with the subject on the level of an introductory
textbook (such as Barr and Wells’s [25]) can in good conscience skip this part, since
the presented results are mostly standard and a summary of notation is displayed at
the very end of the dissertation in the ‘Index and notation’ section.

Finally, in Section 2.3, we discuss the essential definitions and results concern-
ing monads and algebras with iteration. This line of research was initiated by El-
got et al. [36, 37] and continued by Aczel, Addmek, Milius, and Velebil [6, 12, 14], as
well as Moss [91] and Ghani et al. [43, 42]. Again, a reader familiar with completely
iterative algebras and monads [84] and Elgot algebras [15] will not acquire much new
knowledge here. We aim for a compact presentation in reference style. For full proofs
and more examples see the relevant papers by the aforementioned authors and the
in-text references.

In detail, we discuss: monads and their relationship with adjunctions, free ob-
jects, and different kinds of distributive laws and their relationship with liftings to
Eilenberg—Moore and Kleisli categories. This gives us not only a better conceptual
understanding of the objects used in semantics and programming, but also a powerful
abstract tool set to manipulate and reason about them. A good example is the con-
struction proposed by Hyland, Plotkin, and Power [65] of the monadic structure of
Cenciarelli and Moggi’s [28] resumption monad, described in Section 2.2.8. A similar
approach is taken throughout this dissertation. Then, we concentrate specifically on
the theory of monads with iteration introduced by Adédmek et al. [6]. We introduce
modules over monads (which are structures composable with a monad on one side—

left or right), for which we find new applications in Chapters 4 and 5. We present the

11
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concept of idealised monads, which is used to model guardedness, and finally monads

and algebras with iteration.

2.1 Notation

By C,D,... we denote categories. We reserve C for some base category with finite
coproducts. Variables that represent objects in different categories are usually named
A B, C XY, Z.

By letters from the middle of the alphabet (F, G, H, J, ...) we denote functors. The
category with functors of the type C — D as objects and natural transformations as
morphisms is denoted D®. We denote the composition of functors by juxtaposition, so
FG is a functor defined as (FG)A = F(GA). The letters M, N, T, K usually denote
endofunctors furnished with a monadic structure. We always use n and p for the
unit and the multiplication respectively. If there is more than one monad in context,
we use superscripts, like ™ and p, to assign the natural transformation to the
appropriate monad. We abuse notation by identifying a monad with its underlying
endofunctor, but no confusion should arise. We follow the same pattern for other kinds
of endofunctors with additional structure, like modules over monads and idealised
monads.

For two natural transformations f : F' — G and g : G — H, we denote their
sequential composition in the same way as the composition of morphisms, that is
g-f: F — H. For two natural transformations h : F' — G and k : H — J, we denote
their parallel composition (aka the Godement product [47]) as hxk : FH — GJ.
The components of a natural transformation are accessed by subscripts, like k4 :
HA — JA, while the parallel composition of a natural transformation with a functor
is denoted kF' = k xidp : HF' — GF. For the sake of readability, we sometimes omit
the subscripts, especially in the cases when they can be easily reconstructed from the
explicitly given types of the domain and codomain.

Coproducts are denoted A+ B, the coproduct injections are called inl and inr, and
the coproduct mediator of two morphisms is displayed as [f, g]. Products are denoted

A X B, the projections are called outl and outr, and the mediator is denoted (f, g).
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2.2 Monads and adjunctions

2.2.1 Algebras and coalgebras

Definition 2.1. For an endofunctor F' and an object (called a carrier) A, we call a
pair (A, a: FA — A) an F-algebra (or: an algebra for F'). A morphism between two
algebras (A, a: FA — A) and (B, b: FB — B) is given by a morphism f: A — B
such that f-a = b- Ff. We call the category of F-algebras and their morphisms
ALG(F).

Notation 2.2. Since the morphisms of the categories ALG(F') and COALG(F) (de-

fined below) are also morphisms in the base category, to avoid confusion, we call them

homomorphisms.

An important role is played by the initial algebra (if it exists). Intuitively, it can

be seen as the least fixed point of a functor.

Notation 2.3. If it exists, the initial algebra for a functor F' (that is, the initial
object in ALG(F)) is denoted (uF, x* : FuF — pF). We omit the superscript in y'
when F' is obvious from the context. The unique homomorphism from the initial

algebra to an algebra (A, a: FA — A) (called a fold) is denoted (a) : uF — A.

Note that we use p both for the multiplication of a monad and the carrier of an
initial algebra for a functor. It is always clear from the context which one is meant.
The fact that pF is a fixed point was first noticed by Lambek [75]:

Lemma 2.4. If the initial F-algebra exists, the morphism x* is an isomorphism.
Dual to algebras are coalgebras:

Definition 2.5. For F' and A as above, we define an F-coalgebra as a pair (A, ¢ :
A — FA). A morphism between two coalgebras ¢ : A — FAand d: B — FB is
given as a morphism f : A — B such that d- f = Ff-c. We call the category of
F-coalgebras as objects and appropriate morphisms COALG(F').

Notation 2.6. If the final F-coalgebra (that is, the final object in COALG(F')) exists,
it is denoted (vF, ¥ : vF — FvF). We omit the superscript in ¢/ when F is obvious

from the context. The unique homomorphism from a coalgebra (A, ¢: A — FA) to
the final F-coalgebra (called an unfold) is denoted [[c]]: A — vF.

By duality, Lambek’s lemma holds for final coalgebras as well:

Theorem 2.7 (Lambek’s dual lemma). If the final F'-coalgebra exists, the morphism

YF s an isomorphism.
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2.2.2 Monads

Definition 2.8. A monad on a category C is a triple (M, n, u), where M : C — C is
an endofunctor, while 7 : Ild — M (called the unit of the monad) and pu: MM — M
(the multiplication) are natural transformations such that the following diagrams
commute:

Mp Mn nM
MMM MM M—MM-~—M

» NS

MM M M

We call n and p the monadic structure of M. Throughout this dissertation the
natural transformations that form the monadic structure of a monad are always called
1 and p, sometimes with superscripts to associate the natural transformations to the
appropriate monad. With this convention, we usually refer to the monad simply by

its endofunctor, as in the following definition:

Definition 2.9. A morphism between monads M and T is a natural transformation

m : M — T such that the following diagrams commute:

M

MM - M Id
S
ut m
TT - T M T

By MND(C) we denote the category with monads on C as objects and monad mor-
phisms as arrows. When the base category is obvious from the context, we write

simply MND.

Example 2.10 (Monads as algebraic theories). A great number of examples of mon-
ads come from the field of universal algebra. The simplest ones are the free algebras in
equational varieties, like free monoids, groups, rings, and such. For example, the free
monoid generated by a set X can be seen as a set of finite strings of elements from X,
usually denoted X* (the (-)* notation is also used in a more general construction of free
monads in Section 2.2.7). The functor part of the free monoid monad on SET takes
the set of generators to the set of strings (that is, X — X*) with the obvious action on
morphisms. The monadic structure is given by nx(z) = x (where the right-hand side
denotes a singleton string) and px((ay...a,)...(z1...2m)) = @1 ... Qp... 21 ... Zm,

that is, the concatenation of the string of strings.
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In the general case, for a variety given by a signature > and a set of equations F/|
its free monad is given by the functor X +— T5(X)/~g (that is, the quotient of the
set of X-terms with variables from X by the equivalence induced by E) with the
obvious action on morphisms. The unit is given by nx(xz) = x (the embedding of
variables), while the multiplication is defined on representatives of the equivalence
classes as pix([t]~y) = [tid]~,, Where the identity id : Tx(X) — Tx(X) is understood

as a substitution for 7x(X) treated as variables.

Example 2.11 (Monads in programming). In programming language semantics, as
proposed by Moggi [89], monads denote types of effectful computations. The multi-
plication amounts to sequential composition, while different kinds of monad represent
different computational effects, like the writer monad (X — O x X) for output, the
exception monad (X — X + E, for an object of exceptions E), the state monad on
cartesian closed categories (X + (S x X)%), or the list monad (aka the free monoid
monad) to represent finitary nondeterminism. Later, these ideas were adopted by
Wadler [119, 120] to structure functional programs. In this setting, monads become
first-class citizens of the language: the underlying endofunctor is a data type, while

the monadic structure amounts to two polymorphic functions.

2.2.3 Adjoint functors

Definition 2.12 (Kan [70]). Given two functors F': C — D and U : D — C, we say
that F'is a left adjoint to U (or, equivalently, U is a right adjoint to F') if there exists
a isomorphism ¢(-)x 4 : D[FX, A] — C[X,UA]| natural in X and A. We denote the
inverse of p(-) as ¢ 1(-).

By an innocuous abuse of notation, by F' 4 G we mean both a pair of adjoint
functors (that is, an adjunction, written also as FF 4 G : C — D to indicate the
involved categories) and the fact that the two functors are mutually adjoint. The
morphisms ¢(-) and ¢~'(-) are called, respectively, left and right adjuncts. The
morphisms of p(f) and ¢~1(g) are called transpositions of f and g respectively.

Lemma 2.13. A left adjoint to a functor is uniquely determined up to a natural
isomorphism, that is, if F 41U and F' 4 U then FF = F'. The same holds for right

adjoints.

Definition 2.14. For an adjunction F' 4 U : C — D, we define two natural trans-

formations 1 (the wnit of the adjunction) and e (the counit) as transpositions of
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identities:
n=(idp) : ldc = UF e = Yidy) : FU — Idp

Lemma 2.15 (Huber [63]). An adjunction F 4 U : C — D induces a monad on C
gwen as (UF, n:1d - UF, UeF : UFUF — UF).

Example 2.16 (Monads as algebraic theories, continued). Many examples of adjunc-
tions F' 4 U : C — D arise when D is a category of some kind of algebras, while C is
the category of their carriers or substructures (as in abelian group is a substructure
of a ring). The functor U (‘underlying’) forgets about the algebraic structure and
maps to the carrier, while F' maps a set of generators to its free algebra. For a more
concrete example, we can treat a variety of algebras V as a category with algebras
as objects and appropriate homomorphisms as arrows. For instance, there is a cate-
gory of monoids (MON), a category of groups (GRP), and so on. We can define the
forgetful functor U : V — SET that maps an algebra to its carrier in the category of
sets. In such a setting, U has a left adjoint and the composition of the two functors

induces the free monad of the variety, already described in Example 2.10.

Adjunctions enjoy a great number of useful properties. The ones that are used in

this dissertation include the following:
Lemma 2.17. Let F' U be a pair of adjoint functors. Then:
— U is continuous (preserves limits) and F' is cocontinuous (preserves colimits),
—eF-Fn=idp and Ue - nU = idy (‘zig-zag’ equalities),
— for f: FX — A, it is the case that o(f)x a2 =Uf - nx,
~ forg: X = UA, it is the case that ¢~ (g)x.a =€a - Fg.

As stated in the next lemma, adjunctions compose. This turns out to be our
ultimate tool to compose monads. It is rather ‘low-level’, so later on we present a

couple of more abstract constructions: distributive laws and liftings.

Lemma 2.18. For two adjunctions F; 41U, : C =D and Fy, 41Uy : D — K, it is the
case that FoF}, 41U Uy : C — E.
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2.2.4 Eilenberg—Moore algebras and monadicity

Definition 2.19 ([35]). For a monad M, an Eilenberg—Moore (or: monadic) M-
algebra is a pair (A, a : M A — A) such that the following diagrams commute:

MMA "+ pa A" A

N

MA A A

A homomorphism between two Eilenberg—-Moore M-algebras is an ordinary homo-
morphism between M-algebras. By MALG(M) we denote the category of Eilenberg—
Moore M-algebras as objects and homomorphisms as arrows. This category is called

the Eilenberg—Moore category of M.

Lemma 2.20. For a monad M on C, we define a forgetful functor UM : MALG(M) —
C as U™M(A, a) = A on objects and UM f = f on morphisms. It has a left adjoint
FEM . C — MALG(M) given as F*MA = (MA, pa: MMA — MA) on objects and
FEM £ — M f on morphisms.

Definition 2.21. For an object A, we call the algebra F*MA the free Eilenberg—
Moore algebra generated by A.

Corollary 2.22. One can verify that the monad induced by the adjunction F*M -
UEM . C — MALG(M) is equal to M. Hence, given an adjunction F U : C — D
and a monad M on D, the composition UMFEF = UUMFEME s by Lemmata 2.18

and 2.15, a monad.

The corollary above states that every monad is induced by an adjunction. More-
over, a monad can be induced by more than one adjunction (another one is, for

example, the Kleisli adjunction, see Section 2.2.6).

Definition 2.23. Adjunctions that give rise to a monad M on C form a category,
which we call ADJ(M). A morphism between F; HU; : C =D and F;, 40U, : C —~ E

is given by a functor G : D — E such that the following diagrams commute:

C C
o/ Ne /N
p—% g p—% .E
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Lemma 2.24. The Eilenberg—Moore adjunction F*M - UFM . C — MALG(M) is
the final object of ADJ(M). Given another adjunction FF 4 U : C — D, we call the
unique morphism K : D — MALG(M) in ADI(M) the comparison functor.

Let € : FU — Idp be the unit of F 4 U. The comparison functor can be given as
KA=(UA,UFUA LN UA) on objects and K f = U f on morphisms.
The category of Eilenberg—Moore algebras fully describes the monad. This can

be formalised as follows:

Definition 2.25. By EM we denote the category with objects givn by Eilenberg—
Moore categories of monads on C. Morphisms between MALG(M) and MALG(T)
are given by functors G : MALG(M) — MALG(T) that preserve carriers, that is,

ones for which the following diagram commutes:

MALG(M) —%—~ MALG(T)

UEI\\ UEM

C

Lemma 2.26 ([25], Ch. 3, Theorem 6.3). Consider the functor A : MND — EM®
defined as follows:

AM = MALG(M)

(A(k:T = KA, a: KA— A) = (A, TAS KA A)
(A(k:T = K))f=f

It is an isomorphism with the inverse defined as:

AT'(MALG(M)) = M
AYG : MALG(T) — MALG(M)) = (M ELUENS VAN T)

where G{T A, uYy : TTA — TA) = (TA, pa: MTA — TA) and pa form a natural

family of morphisms.

Eilenberg-Moore algebras for a monad M can often be alternatively described by
a different kind of objects, usually some kind of algebras whose additional structure
or constraints account for the monadic structure of M. Such a situation is referred

to as monadicity:
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Definition 2.27. Given an adjunction F' 4 U : C — D that induces a monad M, we

call it monadic if the comparison functor is an isomorphism.

Note that some authors call monadic functors ‘strictly monadic’, leaving the term
‘monadic’ to the broader case when the comparison functor K is an equivalence of

categories.

Example 2.28 (Monads as algebraic theories, continued). Let V be a variety of al-
gebras understood as a category, as in Example 2.16. The free-underlying adjunction
is monadic. In other words, V =2 MALG(M), where M denotes the free V-algebra
monad. For instance, the category of groups is isomorphic to the category of the

Eilenberg—Moore algebras for the free group monad.

A convenient set of necessary and sufficient conditions for an adjunction to be
monadic is given by (the strict version of) Beck’s monadicity theorem [26] (see also
Mac Lane [78, Ch. VL.7]). First, we need the following definitions:

Definition 2.29. A morphism ¢ : B — C'is a split coequaliser of two morphisms
ho,h1 : A — B if there exist morphisms s and ¢ such that the following diagram

commutes and in which the two horizontal compositions are the identities:

B - A - B
{c {hl {c
¢ ——B——C

Definition 2.30. A functor U : D — C creates coequalisers for a pair of morphisms
ho,h1 : A — B in D when for each coequaliser u : UB — X of Uhy and Uh; in C,
there exists a unique object C' and a unique morphism e : B — (' such that UC = X

and Ue = u, and e is the coequaliser of hg and h;.

Theorem 2.31 (Beck’s theorem). An adjunction F' 4 U : C — D is monadic if and
only if U creates coequalisers for those pairs of morphisms hg,hy : A — B in D for
which U f and Ug have a split coequaliser in C.

2.2.5 Distributive laws and liftings

Definition 2.32 (Beck [27]). For two monads M and T on a category C, a distributive
law between M and T is a natural transformation A : TM — MT such that the
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following diagrams commute:

TTM 2 TMT 22+ MTT M
{ o l A . A/ NMT (2.1)
TM A - MT TM A MT
TMM 2% MM 22 MMT T
JTMM {MMT TW% \]‘MT (2.2)
T™ a - MT TM —>— MT

If M is an endofunctor (not necessarily a monad) and the diagrams (2.1) commute,
we call A a distributive law of a monad over an endofunctor. Symmetrically, if T' is
an endofunctor (not necessarily a monad) and the diagrams (2.2) commute, we call

A a distributive law of an endofunctor over a monad.
A distributive law can be used to compose two monads:

Lemma 2.33. A distributive law between monads )\ : TM — MT induces a monad

structure on the composition M'T given by:

M
M7 = <Id LN U MT)

IVI* T
JMT — <MTMT MM N MTT A MT)

Moreover, the natural transformations nMT : T — MT and Mn* : M — MT are

monad morphisms.

Example 2.34 (Monads as algebraic theories, continued). The most obvious example
of a distributive law in the field of algebra are rings. A ring can be seen as a monoid
(‘multiplication’) and an abelian group (‘addition’) together with a distributivity of
the former over the latter. Indeed, the free ring monad arises as a composition of the

two simpler free monads via the obvious distributivity law.

Example 2.35 (Monads in programming, continued). Composition of monads is
useful when one wants to program with two different computational effects at once,
for example, both mutable state and exceptions. Some monads come equipped with a
distributive law over any other monad, for example, the exception monad X — X+ F
distributes over any other monad via [Minl, n-inr] : M+ FE — M (ld+E). Such monads
give rise to pointed endofunctors F' in MND, that is, endofunctors equipped with a
natural transformation |ld — F' in MND. Such endofunctors model so-called monad

transformers used in programming.
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A (not so) different way of specifying interaction between two monads is given in
terms of liftings. Liftings come in two kinds: Eilenberg—Moore and Kleisli. We first

discuss the former:

Definition 2.36. Let M and T be monads on C. We call a monad [M ] on MALG(T)

an Filenberg—Moore lifting of the monad M if the following conditions are met:

[M]

MALG(T) MALG(T) UFEMy[M] — pMTEM

UEM UEM [JEM Iu[z\ﬂ _ MMUEM
C - C

If M is an endofunctor (not necessarily a monad) and the diagram above commutes,

we call [M] an Eilenberg—Moore lifting of an endofunctor.

Note that [-] is not a function from monads (or endofunctors) to liftings. A monad

can have zero or more than one liftings.

Lemma 2.37. Distributive laws of a monad T over a monad M are in 1-1 corre-
spondence with liftings of M to MALG(T).

Given a distributive law A : TM — MT, the corresponding lifting is given as

follows:

[MV(A, a:TA— A) = (MA, TMA 2% MTA X% MA)

(M = Mk
Ml = pM
plM = M

Remark 2.38. Given a distributive law \ : TM — MT, the induced monad MT
can be described as MT = MUPMFEM = UEM(TA) FEM | which makes its monadic

structure an instance of Corollary 2.22.

2.2.6 Kileisli categories

Definition 2.39 ([73]). For a monad M on a category C, we define its Kleisli category,
denoted KLEISLI(M ), or simply KLEISLI when M is obvious from the context. It has
the same objects as C. For two objects A and B, an arrow A — B in KLEISLI is an
arrow f: A — MB in C. The identity is given by the C-morphism n’ : A — MA.
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The composition of KLEISLI-morphisms f : A — B and g : B — C' is given as the

following composition in C:
M
AL MB X% 2B 5 MB

Notation 2.40. Since C and KLEISLI share the collection of objects, to avoid con-

fusion, we use a different notation for morphisms in KLEISLI, namely —.

Lemma 2.41 ([73]). Define the forgetful functor UX! : KLEISLI — C as:
UNA = MA
M
UK\(f: A B) = <MA RN V) s R MB)
It has a left adjoint FX': C — KLEISLI defined as:
A=A
K1 foom M
F (f:A—>B):(A—>BHMB>
The adjunction F¥' 4 U induces M. In fact, it is the initial object in ADJ(M).

Remark 2.42. If C has coproducts, the fact that KLEISLI(C) and C share the col-
lection of objects enables us to define coproducts in KLEISLI. Left adjoints are co-

continuous (Lemma 2.17), so the F¥-image of the coproduct diagram of A+ B is the
coproduct diagram of F¥'A = A and FX'B = B.

Similarly to the liftings in Eilenberg-Moore categories, we can define Kleisli liftings

(sometimes called extensions, see Manes and Mulry [79] for discussion):

Definition 2.43. Let M and T be monads on C. We call a monad |7T'| on KLEISLI(M)

a Kleisli lifting of M if the following conditions are met:

LT

KLEISLI(M) KLEISLI(M) nlTI FKl — pKlpT

FKI FKI ulT) KL — R, T

C - C

There exists an equivalent of the isomorphism I', which leads to the following

corollary:

Lemma 2.44. Distributive laws of a monad T over a monad M are in 1-1 corre-
spondence with Kleisli liftings of T to KLEISLI(M).
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In detail, given a distributive law A : TM — MT, the Kleisli lifting |T'] is given

as follows:

IT|A=TA
IT|(f:A— MB) = <TAT—f>TMBA—B>MTB>

Tl — (Id LN AN MT)
pl™ = (17 L N MT)

In the other direction, concider the unit ¢ of the Kleisli adjunction FX 4 UX!,
For an object A in KLEISLI(T'), the morphism €4 : TA — A in KLEISLI(T) is given
by the morphism idps : TA — T A in C. Let |S] : KLEISLI(T) — KLEISLI(T) be a
Kleisli lifting. The distributive law induced by S is given by the family of morphisms
Mg = |S]eqa: STA— TSA.

2.2.7 Free objects and free monads

Definition 2.45. Given a functor U : D — C and an object X of C, a free object
with respect to U generated by X is an object B of D together with a morphism
emb : X — UB in C such that for every object A in D and morphism f: X — UA,
there exists a unique morphism ¢(f) : B — A in D such that the following diagram

commutes:
UB emb X
f
o |
UA (2.3)

Lemma 2.46. Let B together with emb form a free object as in the definition above.
Let f: X — UA be a morphism. Then, the following equalities hold:

— cancellation: (f)-emb = f

— reflection: 1(emb) = idyp

— fusion: Ug-Uu(f) =Uc(Ug - f) for any morphism g : A — C.
Proof. Cancellation is the diagram (2.3). Reflection:

id - emb = emb = «(emb) - emb (identity, diagr. (2.3))
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And so reflection follows from the uniqueness of «(-) in the diagram (2.3). Fusion:
Ug-U(f)-emb=Ug-f=U(Ug- f)-emb (diagr. (2.3) x2)
So fusion also follows from the uniqueness of ¢(-). O

An important example of a free object is the algebraically free monad generated
by an endofunctor. It is a generalisation of the monad of terms for a signature X with

the embedding of variables and the substitution as its monadic structure.

Definition 2.47. Let X : C — C be an endofunctor. If the initial (X(-) + A)-algebra
exists for all A, the assignment ¥*A = uX. XX + A together with the obvious action

on morphisms form an endofunctor. It can be given a monadic structure as follows:

* inr * xZO+A *
= (A—>ZE A+A—>2A>
'y = (fa), where

B(-)+A

fa= (TZA+TA TS sy A+ A+ T A 2 v 4)

Theorem 2.48 (Barr [24]). The monad X* together with the natural transformation

Xy x4 inl X xFOHA
emby = (TA = TXA T BT A+ A 5 w4
form the free object in MIND generated by .

To instantiate the definition of a free object, the above means that a natural
transformation f : ¥ — M uniquely extends to a coherent monad morphism ¢(f) :
¥* — M. In other words, ¢(f) is a unique monad morphism that makes the following

diagram commute:

emb

- )
k Jf (2.4)
M

We call ¥* algebraically free, because it arises from an adjunction between the

base category and the category of ¥-algebras:

Theorem 2.49. If uX.XX + A exists for all A, then the forgetful functor U® :
ALG(X) — C has a left adjoint FA%, and $* is the monad induced by FAe 4 UM,
Moreover, this adjunction is monadic, which entails that MALG(X*) = ALG(Y).
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2.2.8 Cenciarelli and Moggi’s resumption monad

We illustrate the results described in the previous sections with the example of Hy-
land, Plotkin, and Power’s [65] construction of the monadic structure for Cenciarelli

and Moggi’s generalised resumption monad [28]:

Theorem 2.50. Let M be a monad and 3 be an endofunctor such that (SM)* exists.
The composition M (XM)* is a monad.

Proof. We define a functor [M] on ALG(XM) as follows:

M M
[MV(A, a: SMA — A) = (MA, SMMA 225 014 % 4 "5 M A)
[M1f=f

We furnish [M] with a monadic structure induced by M, that is nq = 7} and
N?ﬁ,@ = p. Simple diagram chasing reveals that these are algebra homomorphisms,
so [M] is indeed a monad.

By Theorem 2.49, it is the case that ALG(XM) = MALG((XM)*), so [M] can
be seen as a monad in MALG((XM)*) and an Eilenberg—Moore lifting of M. Thus,
Theorem 2.37 gives us a distributive law A : (XM)*M — M(XM)*, and so, via

Theorem 2.33, a monadic structure on M (XM)*. O

The direct definition of A can be given by a fold Ax = (f4), that is the unique

homomorphism from the initial algebra, of the natural transformation f defined as:

nMEpM(SM)*+id

= (EMM(EM)* M s MSM(SM)* + M 2em20r, M(EM)*)

In the light of the rolling lemma (given below), we can see that Cenciarelli and
Moggi’s resumption monad can be given by carriers of initial algebras: M (XM)*A =
uX.M(EX + A).

Lemma 2.51 (rolling lemma, see [23]). For two endofunctors F' and G, if uF'G and
uGF exist, then nFG = FuGF.

Hyland, Plotkin, and Power [65] proved that Cenciarelli and Moggi’s resumption

monad is a coproduct:

Theorem 2.52. The monad M(XM)* is a coproduct of M and ¥* in MND.
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2.3 Monads and algebras with iteration

This section describes completely iterative monads (cims) introduced by Elgot [37]
and recently studied by Adamek et al. [6]. Cims are monads furnished with a certain
corecursion scheme. An example is the free cim generated by an endofunctor, which
can be seen as a generalisation of the monad of infinite terms. It plays an important
role in most of the constructions that we subsequently introduce in this dissertation.
As a technical device, we also describe algebras with iteration: completely iterative
algebras (cias) and complete Elgot algebras (Eilenberg—Moore algebras of the free
cim).

Recall that we work in a background category C with finite coproducts. Whenever
we use uF and vF as carriers of (co)initial (co)algebras, we implicitly assume they
exist, but in general we do not assume that every endofunctor on C has a (co)initial
(co)algebra. Some examples require additional structure on C, like products or ex-

ponentials; in such cases we are explicit about it.

2.3.1 A coalgebraic approach to effectful programs

Coalgebra is one of the basic tools to handle corecursive programs, both in terms of
presenting their semantics and in terms of structuring programs. In semantics, a G-
coalgebra (X, s : X — GX) in SET can be understood as a state transition system:
X is the set of possible states, GG is a functor that describes behaviours possible in
one step of the computation, and s is the transition function. For example, G could
represent a request-response behaviour, that is, GA = (A x O)! for a set of possible
requests (inputs) I and a set of possible responses (outputs) O. In such a case, the
type of s becomes X — (X x O)!, which is isomorphic to X x I — X x O (given a
state of the system and a request, it produces a response paired with a new state of
the system).

If G has a final coalgebra (vG, & : vG — GvG), the carrier vG is the set of all
possible traces of execution of the system. In the case of GA = (A x O)!, the set vG
is a set of all possible infinite request-response interactions. The unique coalgebra
homomorphism [[s]: X — vG is a function that executes the computation: given an
initial state, it returns a trace of execution.

For a concrete example, we model a counter that awaits commands: inc to incre-
ment the counter and dec to decrement the counter. As a response, it gives the state
of the counter after the operation. Let Z be the set of integers, GA = (A x Z){incdec}
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and s : Z — GZ be defined as follows:

s(n)(inc) = (n+ 1, n+1)
s(n)(dec) = (n—1,n—1)

In functional programming, similar constructions are used to handle infinite data
(codata). An endofunctor G is a shape functor and the carrier of the final coalgebra
(vG, & : vG — GuG) is the data type obtained as the greatest fixed point of G. The
action of an algebra (X, s: X — GX) encodes one step of the unfolding of a value,
and the unique morphism to the final coalgebra [[s]: X — vG is the unfolding.

For example, consider the following pseudo-Haskell program that produces a

stream of Fibonacci numbers:

data Stream = Cons Int Stream

fibAux :: (Int, Int) -> Stream
fibAux (a, b) = Cons a fibAux (b, atb)

fib :: Stream
fib = fibAux (1, 1)

The program above can easily be described in the coalgebraic setting: the Stream
data type can be interpreted as the carrier of the final coalgebra of the shape functor
data StreamS x = ConsS Int x, while fibAux is the unique homomorphism from

the coalgebra, whose action is given as:

s :: (Int, Int) -> StreamS (Int, Int)
s (a, b) = ConsS a (b, a+b)

How about effectful programs? Consider the following implementation of the

counter:

counter :: Int -> I0 ()
counter n = do x <- readln
let y = case x of
"Inc" -=>n + 1
"Dec" -=>n - 1
print y

counter y
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Clearly, this program is of a ‘coalgebraic’ shape. The type of the action of the
coalgebra is Int -> I0 Int.

Although the program above is given by a coalgebra of the shape X — MX,
we are not interested in the final coalgebra of M as a functor as our domain of
interpretation, because it does not take into account the monadic structure of M.

In other words, in the non-effectful case, we are looking for a morphism [[s] that

solves the following diagram:

X GX

JM {GKSE]

vG GvG

é—l

In the effectful case, we are interested in solutions s that solve the following diagram,

where 1 stands for the terminal object (unit type):

s

X MX

E 2

MlTMMl

We need to slightly complicate the diagram above, because we need to take into
account the fact that the monadic computation can return a value. For example,

consider the following echo program, which, upon termination, return a report:

echo :: Int -> IO String
echo n = do x <- readln
case x of
"stop" -> return ("Echoed " ++ show n ++ " times.")

cs -> putStrLn x >> echo (n+1)

Each step of this program either performs the next step by calling echo (n+1), or
returns a value "Echoed. ..". Thus, its coalgebraic description is rather of the form
s: X — M(X + A). Informally, if s returns a value in the left component (X), it
means that the computation should continue, while returning the value in the right
component (A) means that we have reached a final value. (Notice, though, that this

intuition is too simplistic if M can return more than one value, as in the list monad.)
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In the case of the program above, X is Int, and A is String. Thus, we are looking

for solutions s' to the following diagram:

X —— M(X +4)

JST {M[ST,T]}

MA ‘T MMA

Obviously, solutions s might not exist. For example, take M to be the state

monad on SET for a set of states given by integers:
MA = (Ax7Z)*

Consider a function s(x)(n) = (inlz, n 4+ 1). Informally, s describes a computation

that runs forever incrementing the state at each step. Clearly, it has no solutions.
We call a monad M completely iterative [6] if it has the property that there exist

unique solutions to a certain morphisms X — M (X + A), called guarded equation

morphisms, which we define in the next section.

2.3.2 Guardedness, modules over monads, and idealised mon-
ads

While the notion of induction is based on well-foundedness, coinduction often needs
a property called guardedness. Intuitively, it means that every step of a step-wise
coinductive computation needs to contribute in some non-cancellative way to the
result, so that every step brings some progress to the computation.

While it is fairly straightforward to capture the concept of guardedness or pro-
ductiveness in the case of pure data structures (each step of the computation needs
to create at least one constructor), it is far less obvious when dealing with monadic
computations. A general solution was proposed Adamek et al. [12], who used ideals
over monads to capture the subset of computations that allow iteration, for example,
computations with observable behaviour. Note that modules over monads have more

applications, which we discuss in Chapter 4.

Definition 2.53 ([33]). Let M be a monad. A pair (S, 1), where S is an endofunctor

and 71 : SM — S is a natural transformation (called an action), is an M -module (or:



30 CHAPTER 2. PRELIMINARIES: MONADS AND CIMS

a module over M) if the following diagrams commute:

Sn M
SM SMM —— SM

\J# {Syu k

S SM S

S

We define a morphism between an M-module (S, ) and an M’-module (S’, ') as a
pair of natural transformations (m : M — M’, f : S — S’) such that m is a monad

morphism and the following diagram commutes:

* MM

SM S'M’

T

S S’

Abusing notation in the usual, we often denote a module (S, ) simply as S.

Definition 2.54. We define the category MoOD of modules. The objects are pairs
(M, S), where M is a monad and S is an M-module. Morphisms are given by module

morphisms, with the composition given component-wise.

Remark 2.55. Note that we can also define a left module of a monad M as an
endofunctor L together with a natural transformation of the type ML — L such
that the obvious analogues of the diagrams above commute (that is, a left module
is an op-dual notion to a right module). The terms ‘M-module’ and ‘module over
monad’ are used with a number of slightly different meanings in the literature. For
example, some authors use them for Eilenberg—Moore algebras a : M A — A. Indeed,
Eilenberg-Moore algebras are exactly left modules for constant endofunctors. The
definition that we address in this thesis is discussed, for exampe, by Mac Lane [78,
Ch. VIL4] under the name actions (of monads on endofunctors). Modules can be
further generalised, by not assuming that M or L are endo: they can be, respectively,
functors to and from a category different than that of M. Such (left) modules were
used by Street [110] to define so-called Eilenberg—Moore objects in 2-categories, and
also by Hirschowitz and Maggesi [61, 62], and Ahrens [18] to model untyped A-calculus

and other reduction-based calculi.

Remark 2.56. A concise definition of a monad is that it is an internal monoid in

the category of endofunctors and natural transformations, understood as a monoidal
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category with the tensor given by the composition of endofunctors (see, for example,
Mac Lane [78]). Thus, modules over monads are simply modules over internal monoids

in the sense of monoidal categories.
Example 2.57. The following are examples of modules:

1. For a monad M, the pair (M, z*) is an M-module.

2. Let m : M — T be a monad morphism. Then the pair (T, p? - Tm) is an
M-module.

3. Let (S, ™) be an M-module and F be an endofunctor. Then, (FS, Fu™) is

an M-module.

4. With the definitions as above, let A\ : TM — MT be a distributive law between
monads. The pair (ST, (7™ * p?) - SAT) is a module of the induced monad
MT.

5. If (S, ;) and (S, @) are two M-modules, the pair (S + S’, 1 + 7') is also an
M-module.

6. Let I’ be an endofunctor with a right adjoint U. Then, F'is an U F-module with
the action given by ¢F' : FUF — F', where ¢ is the counit of the adjunction.

Modules often appear as subsets of computations with a certain closure property.
For example, for a fixed integer n > 1, the functor of lists with at least n elements
forms a module over the monad of non-empty lists. The closure property is the one
defining modules: given a list with at least n elements, if we substitute a non-empty
list for every element, we again get a list with at least n elements. Such a situation

is an instance of an idealised monad:

Definition 2.58. An idealised monad is a triple (M, M, o) that consists of: a monad
M, an M-module (M, i), and a natural transformation o : M — M such that (id, o)
is a module morphism (M, i) — (M, u). We say that M is idealised with (M, ).
An idealised monad morphism between M and T, where T is idealised with
(T, "), is a monad morphism m : M — T paired with a natural transformation

m : M — T, such that the following diagrams commute:

mx*xm —_— m

MM T M T
{ M { T J oM { oT
M—7 M—" 7
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If M = M +1d, we say that M is ideal. The category of idealised monads and idealised

monad morphisms is called :MND.

Note that we use the notation with the bar over a variable that stands for a
monad (as above, for example, M) when we mean modules of idealised monads, as
in Definition 2.58, while we use the variable S for modules that are not necessarily
parts of the idealised monads (see Chapter 4). Usually, we refer to an idealised monad
(M, M, o) simply as M.

Definition 2.59. For an endofunctor G' and an idealised monad M, we say that a
N M
natural transformation k : G — M is ideal if it factors as G --» M Z— M.

Example 2.60. Extending Example 2.57 (4) and (5), it is the case that:

1. Let M be idealised with M and X\ : TM — MT be a distributive law between
monads. The induced monad MT is idealised with MT. The associated module
morphism is given by oMT : MT — MT.

2. Let M be idealised with M as well as with M. Then, M is idealised with
M + M. The associated module morphism is given by [o,0] : M + M — M ,

where o and ¢’ are the respective associated morphisms of the two modules.

2.3.3 Completely iterative monads

Recall that we assume that the base category C has finite coproducts. In this section,

we assume that M is an idealised monad.

Definition 2.61. Let A and X be objects. A morphism e : X — M (X + A) is called

a guarded equation morphism if it factors as follows:

e

X M(X + A)
\\\ j
. %X+Aa NX+A -inrx, al
M(X+A)+A

We call X the object of variables, while A is called the object of parameters.
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Definition 2.62. Let ¢ : X — M(X + A) be a morphism. We call a morphism
el X = MA a solution of e if the following diagram commutes:

et

X - MA
e KA
Mlet,
M(X + A) leT,nal M2A

The monad M is completely iterative (is a cim) if every guarded equation morphism

has a unique solution.

Example 2.63. For a signature Y, the monad of possibly infinite ¥-terms on SET is
completely iterative. In categorical terms, if for an endofunctor X, the final (3(-)+ A)-
coalgebras exist for all objects A, we define ¥*A = v X. XX + A. It is a functor and
a cim with respect to the module X3°°. It is a very important example of a cim—it

is free, as discussed in the next subsection.

Example 2.64. The nomenclature of ‘equations’ and ‘solutions’ comes from the
following example. Let 3 on SET be polynomial. We can view an equation morphism
e: X — X®(X 4+ A) as a set of formal equations {z; = t;};c; for a (possibly infinite)
set of indices I. The left-hand sides of the equations are variables from X, while
the right-hand sides are (possibly infinite) terms with variables from the set X and
‘constants’ from the set A. A solution of such a set of equations is a substitution
el : X — YA with the property that it makes formal equations equalities, that is
x;el = t;el for all i € I. This equality is exactly the diagram for solutions. One easily
generalises this to any completely iterative monad M.

If M is ideal, the guardedness condition for e means that we do not consider sets
of equations like {z1 ~ x1} or {x; & x5, x5 = x1}, which clearly do not have unique
solutions, while M being idealised is a generalisation in which only certain operations

in M guarantee that such solutions exist.

Definition 2.65. Let M and T be cims with respect to modules (M, z™) and (T, ")
respectively. We say that a monad morphism m : M — T is coherent if there exists

a natural transformation 7 : M — T, such that the following diagram commutes:

T T
y J
T

(It is the second condition for an idealised monad morphism in Definition 2.58.)

I

M



34 CHAPTER 2. PRELIMINARIES: MONADS AND CIMS

An important property of coherent monad morphism is that they preserve solu-

tions:

Lemma 2.66 ([84]). Let M, T, and m be as in the definition above. For a guarded
equation morphism e : X — M (X + A), it is the case that (mx - e)t = my - ef,

where (-)T and (-)* denote solutions in M and T respectively.

To be precise, we should note that in the lemma above the morphism my, 4 - e

factors as follows:

e mx4+A

X = M(X + A) - T(X + A)
e
\\\\\ [gé\(/f+A, n¥+A.inr] [g§+A’ 77;(4_,4'""]
_* Mxia+id
MX+A+A ~T(X+A)+ A

(The triangle on the left is the guardedness diagram for e, while the square on the right
follows from the definition of solution-preserving monad morphisms and properties of
coproducts.) This means that mx, 4 - e is guarded, so the solution (my, 4 -e)* exists.

There are two ways in which we can define morphisms between cims. One preserves
the entire structure of idealised monads, while in the other the only requirement is

that they preserve solutions. Formally:

Definition 2.67 ([6]). The category with cims as objects and idealised monad mor-
phisms as arrows is called i{CiM. The category with cims as objects and solution-

preserving monad morphisms as arrows is called Cim.

Note that, quite obviously, every idealised monad morphism preserves solutions.

Hence, the category ¢CIiM is a subcategory of CiM.

Remark 2.68. Adamek et al. use mostly the category ¢CiM, while we concentrate
on CiM. A conceptual reason for this is that the defining property of cims is the
existence and uniqueness of solutions of guarded equation morphisms. The composi-
tion with a solution-preserving monad morphism preserves guardedness of equation
morphisms, though not necessarily the ‘way’ a morphism is guarded (formally, the in-
ternal structure of the associated modules is not necessarily preserved), but this does
not influence the solutions: we are not interested in what way an equation morphism
factors through the module—we want the morphism j in Definition 2.61 only to exist;
it is not a part of the data of a guarded equation morphism. A practical reason is
that solution-preserving monad morphisms are better-behaved in some situations, as

discussed in Section 5.5.
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2.3.4 Completely iterative algebras and free cims

Definition 2.69 ([6]). Let H be an endofunctor. For two objects A and X, we call a
morphism e : X — HX+A a flat equation morphism. We call a morphism ef : X — A

a solution in an H-algebra a : HA — A if the following diagram commutes:

el

X - A
e [a,id]
el +i
HX +A—29 gasa

The algebra (A, a : HA — A) is called completely iterative (is a cia) if every
flat equation morphism has a solution. By C1A(H) we denote the full subcategory of
ALG(H) with completely iterative algebras as objects.

Definition 2.70 ([6]). A endofunctor H is called iteratable if the final coalgebra
(VX HX + A, &) exists for all A. We call the full subcategory of C® with iteratable

endofunctors as objects ITER.

Theorem 2.71 ([6]). Let H be an iteratable endofunctor. Then, the obvious forgetful
functor U™ . C1A(H) — C has a left adjoint, which we call FC™. It is given
on objects as FC'AA = (vX.HX + A, 1), where 7% is a natural transformation
defined as:

. Hy—1
= (H@XHX + A) ™ H(yX HX + 4) + A O X HX + 4)
Notation 2.72. We denote the monad induced by FC™ + UCIA a5 [

Note that H*A = v X.HX + A is similar to the free monad generated by H, but
obtained with the greatest fixed point (v) instead of the least one (u). Thus, we can
see it as a generalisation of possibly infinite H-terms. The monadic structure can be
seen as embedding of variables and substitution. We denote it by 7> and > (or n~
and pf7™ when H is not obvious from the context). An important operation on H®

that we need is the following:

Lemma 2.73. Given a natural transformation f : H — G, consider the morphism
(fH® +id) - &H : H*® — GH®™ +1d. The morphism [(fH>® +id) - 7] : H® — G*

18 a monad morphism.

The fact that H*> is completely iterative was proven independently by Adamek
et al. and (in a slightly different formulation) by Moss [91]:
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Theorem 2.74. The monad H™ is completely iterative with respect to the module
(HH>, 7).

Example 2.75. In a category with the initial object 0, the regular notion of coin-
duction can be retrieved from the complete iterativity of H*>. Given a coalgebra
c: X — HX, it can be seen as a guarded equation morphism emb - Hinl - ¢ : X —
H>(X +0), with the unique solution (emb - Hinl-¢)" : X — (H*0 = vH). In this

case, the solution diagram instantiates to the coalgebra homomorphism diagram.
The monad H* is the free object generated by H in the category of all cims:

Theorem 2.76 ([6]). Let H be an iteratable endofunctor. Then, an ideal natural
transformation f : H — M wuniquely extends a monad morphism 1(f) that makes the

following diagram commute in C°:

embf

H*® ~——H

Moreover, the monad morphism ((f) is coherent.

The morphism ¢(f) can be defined directly as follows, where ¢ is an auxiliary

morphism. The guardedness of g follows from the fact that f is ideal.

g= (HHOO I v M M(HE® + Id)>
g' HH> — M
_ le's) gH 0 [gfvan
(f)=(H® =— HH>* +Ild —— M
Remark 2.77. For a natural transformation f : H — G the monad morphism
((fH>™ +id) - 7). H>® — G* described in Lemma 2.73 can alternatively be given
as t(emb® - f).

2.3.5 Elgot algebras

Another class of algebras with iteration are called Elgot algebras [15] introduced by
Adémek et al. Elgot algebras are similar to cias, but instead of unique solutions, they
come equipped with an assignment from equation morphisms to solutions subject to
two axioms. In this dissertation they are used as a technical device: they correspond

to Eilenberg—Moore algebras of free cims. First, we need the following:
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Definition 2.78. For flat equation morphismse : X — HX+Y and f : Y — HY + A,

and a morphism h : Y — Z, we define two operations. Renaming of parameters:
hoe=(X 5 HX +Y = HX 4+ 7)
Parallel composition:
f@e:(x+yMHX+YMHX+HY+AM>H(X+Y)+A)

Definition 2.79 ([15]). For an endofunctor H, a complete Elgot H-algebra is a triple
(A a: HA — A, (-)T), where (-) assigns to every flat equation morphism e : X —
HX + A a solution ef : X — A such that the following two conditions hold:

— Functoriality: For two equation morphisms e : X — HX + Aand f : Y —
HY + A understood as H(-) + A coalgebras, let h : X — Y be a coalgebra
homomorphism, that is f - h = (Hh +1id4) - e. Then, ef = fT.h.

— Compositionality: For two equation morphisms e: X —- HX +Y and f:Y —
HY + A it is the case that (fT@e)l = (f@e)' -inl.

Definition 2.80. For two complete Elgot H-algebras (A, a, (-)) and (B,b, (-)}), a
morphism h : A — B is said to preserve solutions if for every flat equation morphism
e: X — HX + A it is the case that (h©@e)* = h-el. Complete Elgot H-algebras and

solution-preserving morphisms form a category, which we denote as ELGOT(H ).

Lemma 2.81 ([15]). A solution-preserving morphism h : (A, a, (-)T) — (B, b, (-)}) is
a homomorphism of X-algebras (A, a) and (B,b).

One can prove that completely iterative H-algebras enjoy functoriality and com-
positionality, hence they are also Elgot algebras. Moreover, completely iterative al-

gebra homomorphisms preserve solutions. We denote the full embedding as J¥'# :
CiA(H) — ELcoT(H).

Lemma 2.82 ([15]). The obvious forgetful functor U : ELGOT(H) — C has a left
adjoint F™8 given as the composition F™& = JFP8FCIA which means that the free cia

15 also the free Elgot algebra.

Theorem 2.83 ([15]). The adjunction F™8 - U¥® js monadic. This entails that
there exists an isomorphism ELGOT(H) = MALG(H®™).
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Chapter 3

Cims 1n semantics

The purpose of this chapter is twofold: First, we introduce a general construction of
cims with adjunctions. Then, we use monads that result from this construction to
give semantics to a generalised While language.

In detail, we introduce the composition theorem that addresses the composition
of a monad with an adjunction (as described in Lemma 2.18). We show that if the
inner monad is a cim (or even a weaker notion that we call a relative cim), then the
monad that arises from the composition is completely iterative as well.

Second, we show how completely iterative and Elgot monads can be used in de-
notational semantics of programming languages. Our approach is axiomatic, which
means that the (co)recursion in the modelled language is provided by a cim that
is a parameter of the semantics. This way, we are able to study the semantics of
(co)recursion without explicitly settling for any additional structure of the base cat-
egory, like metric spaces or cpos.

Our running example is a generalised While language, parametrised with an un-
derlying computational effect. In the ordinary While, the effect is mutable state,
but other interesting and known constructions arise as different instances. We show
that some known semantics for the ordinary While are concretisations of our generic
semantics by an appropriate choice of the parametrising cim. Employing the com-
position theorem, we reconstruct two metric approaches: step-counting and trace

semantics.

3.1 Composition theorem

Huber [63] noticed that given an adjunction ¥ 4 U : C — D and a monad M
on D, the composition UMF is also a monad (see Lemma 2.15). We prove that

if additionally M is a cim, the resulting composition UM F' is also a cim. In this

39
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chapter, we instantiate this observation with the ‘currying’ adjunction (-) x Y - (-)¥
on two different categories: complete bounded ultrametric spaces and a cartesian
closed category. In the former case we instantiate M with a ‘delay’ modality, which
allows us to explicitly say that a stateful computation does not terminate. In the
latter case, we instantiate M with a form of a stream that accumulate the intermediate

states.

Theorem 3.1. Let C and D be two categories with binary coproducts, FF U : C — D
be an adjunction with the associated natural isomorphism isomorphism ¢, and T be
a cim on D with respect to a module T. Then, the induced monad UTF together with
the module

(T, UTFUTF YT urre Y25, uT

and the associated module morphism
o = U F . UTF - UTF

is completely iterative with respect to UTF. The solution of a quarded equation mor-
phism e : X — UTF(X + A) is given by p((¢~te)T).

Proof. We need to show that: (i) ¢~ le is a guarded equation morphism, hence (¢ ~te)t
exists, (i) ¢((¢~te)T) is a solution in the monad UTF, and (iii) it is a unique solution.

(i) Left adjoints are cocontinuous, hence there exists a natural isomorphism iy p :
F(A+B) - FA+FB. Let e: X - UTF(X + A) be a guarded equation morphism
in the monad UTF, that is, e = [0¥25, n¥2% - inrxia] - j for a morphism j : X —
UTF(X + A) + A. Consider the transposition of e, that is, the morphism ¢~*(e) :
FX — TF(X + A), and the morphism Ti - ¢~ '(e) : FX — T(FX + FA). The
following diagram commutes, which means that the latter morphism is a guarded
equation morphism in 7' (the right-most path is equal to T% - ¢~ 1(e) with ¢~1(e)

given via the counit, while the left-most path is an appropriate factorisation in 7T').
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FX

Fj
F(UTF(X + A) + A)

F(id +1) FlUsT, nUTF .inr]
! F[UsT, UnT - UFinr]

FUTF(X +A)+ UFA) - FUTF(X + A)

F[Uinl, Uin] FUle™, o - Find]
FU(TF(X + A) + FA) e
— ! [cT, nT - Finr]
TF(X+A)+ FA »TF(X + A)
Ti+ id Ti
— ) 6T, nT -inr]
T(FX+ FA) +FA »T(FX + FA)

(The square at the bottom follows from the cocontinuity of F—more precisely, i4 5 -
Finry p = inrpa pp. The rest is naturality.)

(ii) We show that ¢((p~e)") is a solution in the monad UTF. Since T'i - p~'e is
guarded, the morphism ¢~ te : FX — T(FX + FA) has a unique solution (¢ te)' :
FX — TFA. We define the solution of e as ¢((pte)!). The following diagram

commutes, which means that e has the solution property:

o((p~te)t) =U(p~te)t - nx

X
\77\)\(
Ulp~te)t
e UFX - UTFA
U(p~'e) Uut
UTF
UTF(X + A UT((oe)t, 0% 4] ka
( ) . UT2FA

~ UT(FX + FA)

\i‘x
(UTF)*A

UTF[U(go’le)Jr -nX,nXTF]

(The inner square is the U-image of the solution diagram for (¢~'e)!. The outer

triangles commute due to properties of adjunctions and the definition of pU7F.)
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(iii) For uniqueness, let g : X — UTFA be a solution of e. Substitute p~'g for
(p~Le)! in the above diagram. The outer square commutes, because (¢ ~1g) = g is a
solution, and the triangles commute because of properties of adjunctions, hence the
inner square precomposed with nx also commutes. For all morphisms f, f' : F'Y — B,
it Uf -ng = Uf'-np then f = f'. Therefore, ¢~1(g) is a solution of ¢~le, so
ptg = (¢ 'e)!, hence g = (v 'g) = p((¢"e)"). O

Note that the assumption that D has all binary coproducts is rather strong. For
example the category of Eilenberg-Moore algebras does not have all coproducts in
general. On the other hand, in the proof of the theorem above, we exploit only
solution morphisms in 7" of the shape FF.X — T(FX + FA), and the coproducts of
the shape F'X 4+ F'A exist as F-images of X + A (since F' is cocontinuous). Thus, we

can weaken our assumptions about ID and 7" as follows:

Corollary 3.2. Let F HU : C — D be an adjunction. We call an idealised monad
T on D an F-relative cim if every guarded equation morphism of the shape F X —
T(FX+FA) has a unique solution. In such a setting, the monad UTF is a completely
iterative with respect to the module UTF .

3.2 Generalised While

Now, we consider a generalised While language, similar to the one given by Rut-
ten [105]. The syntax is parametrised with two signatures: C' (intuitively, of state-
ments or commands) and B (of boolean expressions), both consisting of (possibly
infinitely many) nullary operations. For instance, in the ordinary While, the signa-
ture C' has all possible assignment statements = := e, where z is a variable from a
set X and e is an (arithmetic) expression that involves variables from X, and B is a
set of boolean expressions that involve variables from X (they may have side-effects).

The syntax of programs is given by the following grammar:
P = C | P;P |if B then P else P | while B do P

An interpretation of the generalised While language consists of the following ele-

ments:

— a category C with countable coproducts and a terminal object 1,

— acim M on C,
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— two guards, that is ideal natural transformations ~f, yWhile . |d. — M,

— two interpretations of commands and boolean expressions, [-]c : C' — C[1, M1]
and [-]g : B — C[1, M(1 + 1)] respectively, where C[-,-] is the hom-functor
of C.

The denotation of a program p is given by [p] : 1 — M1, defined as follows, where

o is the Kleisli composition:

[c] = [c]c
[p; a] = lal o [p]
[if b then p else q] = [[p]. [a]] o [t] o 1
[while b do p] = e, where e = ([p] + n}’) o [b]g o 7Pl

The denotation of a statement is given by the interpretation of the signature. The
composition of two programs is the Kleisli composition of their respective denotations.
The denotation of an if statement first performs the guard ~*, then b, and then
the appropriate branch is chosen (we use the left component of 1 4+ 1 to represent
‘true’). The denotation of while first builds an equation morphism by composing
the guard, the condition, and the choice between returning the right component of
the coproduct (a constant, which means ‘stop the iteration’), or performing the body,
and left-injecting the result (which makes it a ‘continue the iteration’ variable).

The purpose of guards is to make sure that the morphism e is indeed guarded.
We model loops as solutions to equation morphisms in a cim, so we need to make
sure that the body of each while loop is guarded. For example, in the step-counting
semantics, it is the guards that trigger the counting. That is why they are defined
as ideal natural transformations. The ‘if” guard can be used to specify an additional
action upon entering an if statement, if one wants the equivalence of programs
while b do p and if b then p; (while b do p) else skip.

The ordinary While is an imperative language, which means that commands (as-
signments) mutate global state. Usually, the state consists of a set of cells, but here,
for brevity, we simply use an abstract set (object in general) S of all possible states.
So, one could naively try to give the semantics to the language as follows. We set C to
be SET, and M to be the state monad St A = (A x S) for a set of states S (for now,

while _ nSt)

we ignore the guards, that is, we assume ¥ = . It is easy to calculate

that the solution property of ef instantiates to the following:

el(x)(s") if [b]s(x)(s) = (inlx, s") and [p]c()(s') = (*,s")

e = A€ 1)A(s € 5), {<*, $) i Bla(e)(s) = (inrs, )
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It is (modulo (un)currying and the isomorphism 1 x A = A) the equation for the loop
known from the domain-theoretic approach (see, for example, Nielson and Nielson’s
book [96]). Of course, it is not guaranteed to have a solution in SET. In the more
domain-theoretic category DCPO of pointed directed-complete posets, a solution ex-
ists, but it is not necessarily unique. Since we are interested in unique solutions, in
the next section we discuss the metric approach, in which unique fixed points exist

due to Banach’s theorem.

3.3 The metric state monad and step-counting

In this section, we discuss a metric approach to semantics of While. We first show the
usual way how a semantics for the ordinary While can be given using a step-counting
monad on the category of ultrametric spaces. Then, we prove that this monad is a
cim (by virtue of Theorem 3.1) and that the usual semantics is an instance of the
proposed generic semantics.

Metric methods in semantics were initiated in the 1970s by Arnold and Nivat
(see [21] for an overview) and later developed by Bakker and Zucker [32], and America
and Rutten [19]. Here, we present an ultrametric approach used, for example, by
Escardé [38] to model PCF, and Krishnaswami and Benton [74] to model functional

reactive programming.

3.3.1 Metric semantics—the usual way

The results and notations presented in this subsection can be found in Escardé [38].
In the subsequent subsections we show that this semantics is an instance of our generic

semantics.

Definition 3.3. A metric space (A,d4 : Ax A — R) is called an ultrametric space if
it enjoys a stronger ‘triangle inequality’, namely d4(x,y) < max{da(z,z),da(z,v)}.
It is complete if every Cauchy sequence has a limit in A. For a real ¢ > 1, the metric
space A is t-bounded if for all z,y € A, da(z,y) <.

For two metric spaces (A,d4) and (B, dg), we say that a function f : A — B
is non-expansive if dp(f(z), f(y)) < da(x,y). Additionally, we call f contractive if
there exists a non-negative k < 1 such that dg(f(x), f(y)) < k-da(z,y).

Definition 3.4. By CBUMS we denote the category of complete 1-bounded ultramet-

ric spaces as objects and non-expansive functions as morphisms.
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Theorem 3.5 (see [109]). The category CBUMS is cartesian closed and it is equipped

with coproducts.

In detail, the product of (A,d4) and (B, dg) is given by (A X B,daxp), where

daxp({x1,41), (T2, 42)) = max{da (a1, 22), dp(y1,y2)}-

The exponential object is equal to (B4, ds— 5) where

da=p(f,9) =sup{dp(f(z),9(z)) | v € A}.

The coproduct is given by (A + B, dap), where

da(x1,29) if p=inlz; and ¢ = inlzy
dars(p,q) = da(y1,y2) ifp=inry; and g =inrys,
1 otherwise

Each set A can be lifted to CBUMS using the discrete metric, that is, for all
x,y € A, the following holds:

da(z,y) =1 ifz#y

We use this lifting implicitly, that is, whenever a set A is mentioned as an object of

CBUMS without specifying the distance function, we mean the discrete lifting of A.

Lemma 3.6 (Banach’s theorem). A contractive function f: A — A on a non-empty

complete metric space A has a unique fixed point denoted as fix(f).

We interpret While programs in the following ‘step-counting lifting” of metric
spaces. The counting of steps necessary to complete the computation guarantees

that appropriate functions are contractive.

Definition 3.7. We set a non-negative real r < 1. We define an endofunctor L :
CBuUMS — CBUMS. For an object (A,d,) in CBUMS, we define LA = (Ax N)U {0},
and denote a pair (r,n) € A x N as (™. We define the distance function dr4 :
LA x LA — R as follows:
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The morphism part is given as follows:

Intuitively, two computations are closer together, if it takes more steps to distin-
guish between them. Note that two computations that result in the same value but

obtained in different number of steps are considered different.

Definition 3.8. We define a natural transformation delay, : LA — LA as follows:

delay , () = 2*+1)

delay 4 (00) = 00

Lemma 3.9. The endofunctor L is a monad with the monadic structure given as
775&(95) =20 and /Lﬁ((x(k))(t)) — (k)

We assume that the execution of a While program mutates the global state, repre-
sented as elements of a set S = {s, sg, 51, ...}. Given the interpretation of commands
[e]le : S — S and boolean expressions [b]g : S — (1 + 1) x S, which return a mod-
ified state and a boolean value, we can define the semantics of While programs as

[p]’ : S — LS as follows, where o denotes the Kleisli composition of the monad L:

if [b](s0) = (inl*, s1)

[if b then p else q]'(s0) = { if [0]g(s0) = (inr =, s1)

[while b do p]'(s) = fix(¥)(s),
where ¢ : (S — LS) — (S — LS) is given as:

50) — delay. 4 0PI (s1) if [li(so) = (inlx, s1)
Y(f)(s0) = delayg {né‘(sl) if [b]g(s0) = (inrx, s1)

One can prove that 1 is contractive, hence fix(¢) is well-defined.

3.3.2 The cim-based semantics

Now, we show that the semantics above is an instance of the generic semantics given
in the Section 3.2. First, we establish that L is a cim by means of existence of unique

fixed points.
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Theorem 3.10. The monad L is completely iterative with respect to (L, u"). The
morphism o* : L — L is given by delay.

Proof. 1t is easy to verify that L is idealised and that (id, delay) is a module morphism.
Thus, we need to check that a guarded equation morphism e : X — L(X + A) has a

unique solution. The fact that e is guarded means that it factors as follows:

[delay x| 4, W)L<+A'i"rX,A]
AN

XLLX+A)+A » L(X + A)

We define the morphism ef : X — LA as the unique fixed point of the following
function ¢ : (X — LA) — (X — LA):

W(f) = wi - LIfni]-e

= 4 - Lif, Uﬁ] : [delayX+A7 TI)L<+A : ian,A] J

One can easily see that any fixed point of ¢ is a solution (in the sense of cims),
and that the uniqueness of such a fixed point gives us that e has a unique solution.
We use Banach’s theorem to achieve both.

By Banach’s theorem, it is enough to show that 1 is contractive, that is, there
exists a non-negative real ¢ < 1 such that for two maps f, f' : X — LA, the following
holds:

dx=ra((f), () < ¢~ dxsralf, f) (3.1)
The left-hand side of the equation (3.1) is equal to:

dx=ra((f), 0 (f") = sup{dra(v(f)(z), ¥ (f)(z)) | = € X}

In turn, the right-hand side is as follows:

c-dx=rpalf, f') = c-sup{dra(f(z), f'(z)) | v € X}
= sup{c-dpa(f(z), f'(z)) | v € X}

Thus, it is enough to show that for all x € X, there exists y € X such that:

dra(W(f)(z), o(f)(2)) < c-dra(f(y), f'(y))

We show this for ¢ = r. We analyse three cases:
Case 1. j(x) = inra, for some a € A. It is easy to see that ¢ (f)(x) = ¥ (f')(z) =
/

ni(a) = al?, so dpa((f)(@), ¥(f)(2)) = dpa(@®,a¥) =0 < 7 dpa(f(2), f'(2)).
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Case 2. j(z) = inl (inra)®| for some a € A and k € N. We calculate:

delay v 4((inra)®))))
(D))

(f)(z) LLf, mx)(
L[fa nA](
([f. g (inr @) +)
(

ni(a)) )
(k+1)

= 14(
= 4 ( (inra)t
= 14(

= p5(

Similarly, ¢(f')(z) = a1, s0 dpa(¥(f)(2), ¥ (f)(2)) = da(a®V,a™*) =0 <
r-dpa(f(x), f'(2).
Case 3. j(z) = inl (inly)® for some y € X and j € N. We calculate:

U(f)(x) = pi(LLf, 5] (delay x y 4((inly) ™))
= i (LLf ) ((inly) D))
= i (([f, nA] (inly)) D)
= i ((f(y) ")

Let f(y) = a® and f'(y) = b™), for some ¢,h € N and a,b € A. In such a case:

dpa(0(f) (@), O(f) (@) = dpa(ui ((F ) * D), 1 ((f () D))
= dpa(ui (@) D), uG () D))
= dLA(a(k+1+t) b k+1+h))

= gy (a®, b0

=% dpa(a®, b))

<r- dLA(a(t),b(h)>

— v dpa(f(y), f'(y)) =

Since CBUMS is cartesian closed, for the set S there is an adjunction - x S - (-)%,
which induces the state monad St = (-xS)°. The composition theorem (Theorem 3.1)

immediately gives us the following:

Corollary 3.11 (the metric state monad). The monad MSt X = (L(X xS))* is com-

pletely iterative with respect to the module (MSt, uMSt) and the associated morphism
UXISt = (deIaY(AxS))S'

Using the obvious isomorphisms, one can express the interpretations from the

metric semantics [c]¢ and [b]g as a computation in the state monad: [c]¢ : 1 —
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(1 x8) and [b]g : 1 — ((1 +1) x S)°. They easily lift to the monad MSt as
(Mius)® - [ele =+ 1 = (L(1 x 8))* and (ni1),s)° - [lg + 1 = (L((1 + 1) x 5))°.
To complete an instance of the generic semantics, we need to make sure that the

equation morphism in the denotation of the loop is guarded. To achieve this, we set
ywhile — (delay;, ¢)% - pMSt 1 1 — MSt 1.

3.3.3 Equivalence of the two semantics

The two presented models—metric and cim-based—use the same building blocks:
the L monad and state transforming functions. The difference is that the latter is
more categorical, in the sense that it identifies state transformation as a monad and
the whole semantic universe as a standard composition of two monads. In terms of

the denotations, they are isomorphic:

Theorem 3.12. The metric and cim-based models are equivalent, that is, for any

program p, an initial state sg, and a final state s1, it holds that:

[Pl (%) (s0) = (%, 51)®) if and only if [p](s0) = sgk)

[p](*)(s0) = oo if and only if [p]'(so) = oo
Proof. We proceed by induction over the structure of p. The only non-trivial case
is p = while b do ¢q. In the following, (-)* denotes the solution in MSt, while (-)f
denotes the solution in L. We uses o™ for the Kleisli composition of a monad M.

In the cim-based semantics, it holds that [while b do ¢] = e, where e = ([¢] +
") oM ((1fi41yxs)” - [blg) oM (delay, , 5)% oMt 73t By the composition theorem
(Theorem 3.1), et = ¢((p'e)!), where the adjuncts o(-) and ¢~'(-) of - x S 4 (-)°
are currying and uncurrying respectively. To clarify, the types are as follows:

e:l— (L((1+1)x9))°
e le:IxS—=L(1+1)x8) =2 1xS—L(1xS)+(1x39))
e lel i 1xS—=L(1xS) = S—1LS
p((p7le)) 11— (L1 x 8))°
The morphism (¢~ 'e)' is given by fix(¢), where ¢ : (1 x S — L(1 x S)) = (1 x S —

L(1 x 8)) is given by (f) = pixs - LIf.nfxs] - ¢~ 'e, that is, &(f) = [f,m{ys] o
¢ 'e. Equivalently, we exploit the isomorphism outr : 1 x S = S : (lg,idg) (where
l4 : A — 1 is the unique morphism to the terminal object), and define (¢~'e)! as
L{lg,idg) - fix(x) - outr for x : (S — LS) — (S — LS) given as follows:

X(f: S — LS) = Loutr - (L(lg,ids) - f - outr) - (Ig,idg)
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By elementary calculation, one can show that x = v, so fix(x) = fix(¢).

Let i : A — B be an isomorphism between two ultrametric spaces. For a contrac-
tive function f : B — B, it is easy to show that i=!- f-i: A — A is contractive, and
that fix(s=' - f-4) =i '(fix(f)) € A. We sum up:

[while b do ¢](*)(s) = e*(x)(s) (det.)
= o((¢'e)N)(¥)(s)  (composition theorem (Theorem 3.1))
= (¢~ 'e)1(x,s) (uncurrying)
= fix(¥) (x, s) (def.)

= (L{lg,idg) - fix(x))(s) (isomorphism)
= (L({ls,idg) - fix(1)))(s) (the above)
= L(lg,idg)(fix(¢)(s)) (funct. composition)
= L(lg,ids)([while b do ¢]'(s)) (def.)

O

3.4 The states monad and trace semantics

In this section, we give another variation of the state monad that arises from the
composition theorem: the states monad. It is based on the existence of certain final
coalgebras—free cims in particular—rather than any structure of the base category.
We use it to instantiate the generic semantics for While to obtain a trace semantics:
for an initial state, the meaning of a program is given by a (possibly infinite) stream
of intermediate states.

We start with the following observation: Consider the category SET and a set S.
The functor - x S is iteratable, which means that the free cim (- x §)>* = v X (X x
S) 4+ (-) exists. We denote it as SA= (- x §)*®A. The instance S A can be regarded
as a set of possibly infinite streams that consist of elements of S, possibly (if the
stream is of finite length) terminated with a value a € A. Traces of computations
with final values from the set A are modelled as members of ?A.

Generalising this to any cartesian closed category with streams for an object S,

we use the composition theorem to define the states monad:

Definition 3.13. In a cartesian closed category, let S be an object such that ?
exists. We define the states monad as the composition Sts A = (?(A x S))5.
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One can easily see that it is similar to the metric state monad from the previous
section with ? substituted for L. Both are cims that ‘upgrade’ stateful computations
with iteration.

Intuitively, we think of Sts A as a set of functions that take an initial state and
return a stream of intermediate states S. If the stream is of finite length, it is
always terminated with a final state paired with a final value. The final state is not
necessarily a part of the trace, though. This means that the monadic composition
does not preserve it by default. Consider the following example, in which we denote

streams by juxtaposition:

(N5 € 8). 50... 8,8 (Nt €S). (to(t)) ...ty () (£' (1)) a(s)))
= A € 8).50...5,(to(")) ... (teesn (")) (F'(s")) als")

Though the value and number of values ¢t depend on s’ (the final state of the outer
computation), s’ does not appear in the stream after the composition. This means
that to log the current state in the stream, we need to duplicate it. To capture this,

we define the following operation dupl:

(id,outr)

dupl, = <A x g B4 s §) x & TP, T (A 5))

Thus, we can save the current state with the following operation:

save, = ((?(A « 5))5 B B (4% 5) i WAl (S (A x $))°)

The composition theorem (Theorem 3.1) entails complete iterativity of Sts:

Corollary 3.14. The monad Sts is completely iterative with respect to the module
(S?(A x S))® together with the associated module morphism (fos)s : (S?(A X
) = (S (A x 8))S.
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Chapter 4

Modules over monads

In this chapter, we present some new results regarding modules over monads (defined
in Section 2.3.2). Modules play two important roles in this dissertation: they are used
in the definition of idealised monads to capture the notion of the ‘iterative core’ of a
cim, but they also provide general building blocks for other constructions—inductive
and coinductive resumptions. Though this chapter does not deal with monads with
iteration, it can be seen as a prelude to the next chapter, in which we transfer most
of the theory presented here to the completely iterative setting.

First, we introduce the general theory of modules over monads, extending some
results by Dubuc [33] (scaled down to the 1-categorical setting; see Mac Lane [78,
Ch. VII, Sec. 4]). The results closely follow the basic theory of monads presented in
Chapter 2. In detail:

— We lift the connection between monads and adjunctions to a connection between

modules and adjunctions paired with a functor.

— We introduce distributive laws of monads over M-modules and M-modules
over monads, together with liftings of modules to Eilenberg—Moore and Kleisli
categories. Just as in the case of their monadic counterparts, the respective

notions are in 1-1 correspondence.

— We construct a monadic structure on the composition M S*, provided that S*
(that is, the free monad generated by S as an endofunctor) exists. The monadic

structure is induced by a distributive law between monads S*M — M S*.

— We introduce algebras for modules. For an M-module S, such an algebra con-
sists of an Eilenberg—Moore algebra for M and an algebra for S as an endofunc-

tor that satisfy a certain coherence condition. We prove that algebras for the

93
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module S coincide with Eilenberg-Moore algebras for the monad M S*, which

makes algebras for modules a useful technical device.

— We prove that M S* is freely generated by the M-module S.

From the perspective of programming and semantics, the monad M S* freely gener-
ated by the module S can be seen as a generalisation of Moggi’s inductive resumption
monad M (XM )* for an endofunctor ¥. (The original monad is obviously obtained
when S = X M.) The freeness entails a number of properties, like an elimination
principle (a fold) coherent with the monadic structure of M, which subsumes some
known results, for example the fact due to Hyland, Plotkin, and Power [65] (already
stated in Theorem 2.52) that M (XM)* is the coproduct of M and X* in the category
of monads, or Filinski and Stgvring’s ¥-and-M-algebras [39] used to model effectful
data types. We also show interesting instances of our monad in which S # ¥M.

Some results about modules are extended to the case of idealised monads. Such
technical results are needed in the subsequent chapters to study the notion of guard-

edness for cims obtained via distributive laws.

4.1 Liftings and distributive laws

In this section, we show two types of distributivity: a monad over a module and a
module over a monad. They turn out to correspond to obvious extensions of the

notions of Eilenberg—Moore and Kleisli liftings.

4.1.1 Eilenberg—Moore liftings and distributive laws

Definition 4.1. A distributive law of a monad T over an M-module S is a pair
(\:TM — MT, \: TS — ST), where ) is a distributive law between monads and A
is a distributive law of a monad over an endofunctor, such that the following diagram
commutes:

TsMv M srar 2 sy
(4.1)

TS ST

>

TS - ST

Definition 4.2. Let T be a monad and S be a right M-module. An FEilenberg—
Moore lifting of S as a module is a triple ([M], [S],7'°1), where [M] : MALG(T) —
MALG(T) is an Eilenberg-Moore lifting of M, [S| : MALG(T) — MALG(T) is a
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lifting of S as a functor, and z®! : [S][M] — [S] is a natural transformation such
that ([ST,7"") is a right [M]-module and the following condition holds:

We need the following technical lemma in the proof of the next theorem:

Lemma 4.3. Let T' be a monad, and let G be an endofunctor with a lifting to
MALG(T) denoted as [G|. Consider [G|-images of free Filenberg—Moore algebras:

[GTF™A = [G(TA, 1}y = (GTA, p§ : TGTA — GTA)

The family of morphisms p§ is natural in A. Moreover, it is universal in the sense that
for any Eilenberg—Moore algebra (B, b:TB — B), the value of [G](B, b: TB — B)

can be given in terms of p© as follows:
TGN o Gb
[G](B,b:TB — B)=(GB, TGB —= TGTB — GTB — GB)
Proof. See Tanaka’s PhD thesis [113, Ch. 3]. O

Theorem 4.4. Distributive laws of a monad over an M -module and Eilenberg—Moore

liftings of the module are in 1-1 correspondence.

Proof. First, we notice that the condition (4.2) determines 7'l uniquely. So, we
can equivalently define a lifting of a modules as a pair ([M],[S]) such that for
all Eilenberg-Moore T-algebras (A, a), the morphism 7% is a homomorphism of the
type [ST[M](A,a) — [S](A,a). Since distributive laws between monads are in 1-1
correspondence with Eilenberg—Moore liftings of monads, and the distributive laws
of monads over endofunctors are in 1-1 correspondence with Eilenebrg—Moore lifting
of functors (Lemma 2.37), it is left to prove that the additional conditions given in
the definitions above also correspond.

Let (\: TM — MT, X\ : TS — ST) be a distributive law of a monad T over
an M-module S. By Lemma 2.37, A\ corresponds to a lifting of a monad [M] :
MALG(T) — MALG(T), while X corresponds to a lifting of an endofunctor [S] :
MALG(T) — MALG(T). We need to show that ([M], [S]) is a lifting of a module,
that is, that the following morphism 7/ : [S][M] — [S] is indeed an algebra
homomorphism:

SMa

A raa - (SMA, TSMA 24 STAMA 2 sarrA S 504

5 (SA, TSA 24 STA 5% §4)
po =gt
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Let (A,a: TA — A) be an Eilenberg-Moore T-algebra. The fact that ,u[i]aTAHA)

an algebra homomorphism can be read from the following diagram:

TSMA 2 sTarA <2 s a =M sura
TS {u% {uﬁ
TSA A - STA—2%+ 54

(The part on the left-hand side is the diagram (4.1), the square on the right-hand
side is the naturality diagram of 7°.)

Conversely, let ([M7],[S],7°1) be a lifting of an M-module S to MALG(T). By
A:TM — MT and X\ : TS — ST we denote the corresponding distributive laws
(Lemma 2.37). We show that (\, \) is a distributive law of T over S as a module,
that is, that the diagram (4.1) from Definition 4.1 commutes. We unfold the definition
of A as given by Lemma 2.44:

A= (TM KRN YUARR MT)

where [M](TA, u) = (MTA, pa: TMTA — MTA). Similarly:

X:( 75 15, TST@ST)

where [ST(T'A, 1Y) = (STA, p, : TSTA — STA). We unfold these definitions in
the diagram (4.1) and obtain the following diagram:

TSnT M pM STMnT

TSM TSTM STM STMT SMT
wﬁjﬂ ‘
pMT
TSnTMT
RS TSMT - TSTMT EST
TET
A TS’V]T T) A
TS - TST - ST

The only non-trivial part is the hexagon in the bottom-right corner. To see that

it commutes, consider the type of ul°! as given by the universality specified in
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Lemma 4.3:
Tkt o - [STIM]FEMA

= [ST(MTA, pa)

T
TSnyra

= (SMTA, TSMTA —"4, TSTMTA 24 STMTA 224 SMT A)

— [S]F™™MA
— (STA, TSTA 22 STA)

The condition (4.2) states that u!®l = 7 as C-morphisms, thus the bottom-right

[S]

ren 4, therefore it commutes. [

hexagon is the algebra homomorphism diagram for 7

We extend the definitions above to the case of idealised monads, by requiring

additional coherence with the module homomorphism o.

Definition 4.5. Let T be a monad, (M, M,c™) be an idealised monad, and (X :
TM — MT, X\: TM — MT) be a distributive law of the monad T over the module
M. We say that (\,\) is a distributive law of the monad T over the idealised monad
(M, M,oM) if it is the case that A - ToM = oMT -\

Definition 4.6. An FEilenberg-Moore lifting of an idealised monad (M, M, o) to
MALG(T) is a lifting ([M7], [M], ™) of M as a module to MALG(T) such that
[M] is idealised with [A/] and the associated module morphism o1 : [M] — [M]

satisfies the following condition:
UEMIMT — M prEM (4.3)

Theorem 4.7. The notions of distributive laws of monads over idealised monads and

FEilenberg—Moore liftings of idealised monads are in 1-1 correspondence.

Proof. First, we notice that oM if it exists, is uniquely defined by its property
UBMgIM] — oMU7EM - Theorem 4.4 states that distributive laws of monads over M-
modules and Eilenberg—Moore liftings of modules are in 1-1 correspondence, so it is
enough to show that the additional conditions imply each other.

In one direction, assume that (X, \) is a distributive law of a monad over an

idealised monad. We need to prove that for every Eilenberg—Moore T-algebra (A, a :
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TA — A), the morphism o’ is a homomorphism [M (A, a) — [M](A,a) between
the induced liftings. It can be read from the following diagram:

A Ma

TMA ——— MTA MA

J TJ% J O'ék{A { 0'%
A

TMA —2+ 1A —2+ pra

(The square on the left follows from the fact that (A, ) is a distributive law of a
monad over an idealised monad. The square on the right follows from the naturality
of oM.)

In the other direction, let ([M7], [M], ™) be a lifting of an idealised monad to
MALG(T). We need to prove that the condition A - To™ = ¢MT - X holds for the
induced distributive law (A, A). We unfold the definitions of A and X as in the proof
of Theorem 4.4:

TMnT

A= (TvM B TMT 5 MT)
where [M](T A, u) = (MTA, pa: TMTA — MTA). Similarly:
TMnT

P (TM RN VAN MT)

where [M(TA, %) = (MTA, p, : TMTA — MTA). Therefore, it is enough to

show that the following diagram commutes:

__ TMqgT P _
TM TMT MT
J { (4.4)
ToM ToMT oMT
TMnT
TM TMT MT

The square on the left-hand side follows from the naturality of o . To show that the
square on the right-hand side commutes, we continue as follows.

The condition (4.3) states that the module morphism o™ : M — M is an algebra
homomorphism [M(T,a) — [M1(T, a) for every Eilenberg-Moore T-algebra (A, a :
TA — A). Unfolding [M] and [M] as in Lemma 4.3 yields that this means that the
following diagram commutes for every (A, a) in MALG(T):

_ TMn} - Pa Ma
TMA TMTA— MTA MA
oM Iy (4.5)
TA TA
TM”Z PA a
TMA TMTA—— MTA MA
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By instantiating the diagram (4.5) with (T'A, p% : TTA — T A) we obtain that the

following diagram commutes:

___ TMW%A Mu
TMTA TMTTA > TITTA —— T A
Toys o1 (46)
TMng 4 PTA My
TMTA TMTTA —> MTTA —> MTA
On the other hand, Lemma 4.3 gives us that:
(MTA, TMTA 2 MTA) = [M] <TA wh)
— (MTA, TMTA 220, rrrr A 2085 arrra 29 vray
Similarly for p:
(MTA, TMTA 2 MTA) = [M] <TA )
_ (TA, THTA 220, rorrr A Zoa, 5rrr A 2% 3774y

This means that the top edge of the diagram (4.6) is equal to p,, while the bottom
edge is equal to ps. In other words, the diagram (4.6) is the missing bit of the

diagram (4.4), so the latter commutes. O

4.1.2 Kleisli liftings and distributive laws

In this section, we introduce the definition of a distributive law of an M-module
over a monad. It mirrors the definition of a distributive law in the other direction
(Definition 4.1). In the obvious way, we define a lifting of an M-module to the Kleisli

category of a monad.

Definition 4.8. A distributive law of an M-module S over a monad T is a pair
(A\: MT — TM, X: ST — TS), where \ is a distributive law between monads and
A is a distributive law of a functor over a monad, such that the following diagram
commutes:

SMT -2 s M 1o
(4.7)

E5T TS

>

ST - TS
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Definition 4.9. Let T be a monad and S be a right M-module. A Kleisli lifting of
S as a module is a triple (| M|, | S|, 1), where | M| : KLEISLI(T) — KLEISLI(T) is
a Kleisli lifting of M as a monad, | S| : KLEISLI(T) — KLEISLI(T) is a Kleisli lifting
of S as a functor, and 7! : | S|| M| — |S] is a natural transformation such that
(|S], %)) is a | M ]-module and the following condition holds:

1S Kl — prigs (4.8)

We need an auxiliary lemma. The unit ¢ of the Kleisli adjunction F¥! 4 UX! is

universal in the sense that every lifting has the following factorisation:

Lemma 4.10. For a monad T' : C — C, a Kleisli lifting |S| : KLeEsLi(T) —
KLEISLI(T'), and a KLEISLI(T)-morphism f : A — B, the following diagram com-

mutes 1n C:

Proof. See Tanaka’s PhD thesis [113, Lemma 4.8]. O

We now prove the main result about Kleisli liftings and distributive laws of M-

modules over monads:

Theorem 4.11. Distributive laws of an M-module over a monad and Kleisli liftings

of the module are in 1-1 correspondence.

Proof. We proceed similarly to the proof of Theorem 4.4. Distributive laws are in 1-1
correspondence with the appropriate liftings (Lemma 2.44), so we just need to check
that the side conditions imply each other and that the natural transformation 7t/ is
uniquely determined.

In one direction, let (| M |, | S|, 771%!) be a lifting of an M-module S to KLEISLI(T).
We show that the diagram (4.7) commutes. Applying the definition of a distributive
laws via the counit ¢ (Lemma 2.44), the diagram in question becomes as follows:

M |e |S|eM

SMT STM

TSM

HST Tﬁs
|S|e
ST TS
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Due to Lemma 4.10, the horizontal path on top of the diagram is equal to |S||M |e.
Thus, one can easily see that the diagram in question corresponds to the following

diagram in KLEISLI(7'), where the equalities are instances of the condition (4.8):

[M]|S]e
SMT SM
FKIEST — ﬁLSJT FKlﬁS — ELSJ
|S|e
ST - S

This diagram is simply the naturality condition for 7l%), hence it commutes.

In the other direction, let (A : MT — TM, X : ST — TS) be a distributive
law of S as a module over M. The functor FFM is an identity on objects, so the
condition (4.8) is actually a definition. Thus, the natural transformation fl*) is

uniquely determined as F¥'® = nTS - 5. O

We also introduce the notion of a distributive law of an idealised monad over a

monad.

Definition 4.12. Let T be a monad, (M, M,o™) be an idealised monad, and () :
MT — TM, \: MT — TM) be a distributive law of the module M over T. We say
that (\, \) is a distributive law of the idealised monad (M, M,c™) over a monad T
if it is the case that A - c™T = ToM .\,

Such distributive laws are useful when we want to study idealised monads induced

by distributive laws:

Theorem 4.13. Let (), \) be a distributive law of an idealised monad (M, M, o™)
over a monad T. Then, the monad TM induced by X is idealised with T M.

Proof. First, we show that T'M together with the action

TAM

M (TMTM NN Y 1Y i TM)

is a module of TM. Indeed, the following diagrams commute. The unit law for

modules:
_ TMpTspM
™ — TMTM
?7’* P
dfbdj

TAM
id TTMM

T

uT o« M

™
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(The triangle on top follows from the definition of distributive laws, the triangle in the
bottom follows from monad laws for 7' and module laws for M.) The multiplication

law for modules:

_ TMTOMM TMpT «pM
TMTMTM TMTTMM TMTM
TAMTM TXT MM
_ ! TTMAM ) B
TTMMTM TTMTMM TAM
TTAMM
s TuT « MpM A
pt M TM TT'TMMM TTMM
UT * THJVIM #T * ﬁ]\/[
_ M i T
TMTM TTMM ~TM

(Top-left corner: naturality of A, bottom-left corner: distributive law of modules over
monads, top-right corner: distributive law of endofunctors over monads, bottom-right
corner: monad laws for T and module laws for M.)

We define the associated module morphism as follows:
™ =7 To™
oTM = (TM To¥, TM)

We verify that it is a module morphism:

ToMTM

TMTM TMTM
TAM TAM
oM \
TTMM —= e TTMM
MT % ﬁIVI MT % #M
_ ToM !
TM - TM

(Top square: distributive law of an idealised monad over a monad, bottom square:

naturality of u? and the fact that ¢ is a module morphism.) n

4.2 Free monads generated by modules and their
algebras

In the following, let M be a monad and S be a right M-module such that S* (that is,

the free monad generated by the endofunctor S) exists. In this section, we show that
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the composition MS* is a monad. Moreover, it is canonical in the sense that it is
the free monad generated by S understood as a module. Then, we introduce algebras
for the module S, which coincide with the Eilenberg-Moore algebras for the monad
MS*.

4.2.1 Monadic structure

We give the monadic structure of M.S* via a distributive law A : S*M — M.S*. Our
construction is an obvious adaptation of Hyland, Plotkin, and Power’s proof [65] that

the inductive resumptions M (XM)* form a monad (Theorem 2.50).

Theorem 4.14. Let (S,i°) be an M-module. Consider the following natural trans-

formation:
ﬁS 771\451
6= (M %5 8 25 M)
It is a distributive law of the functor S over the monad M.

The following theorem immediately follows from the correspondence between dis-

tributive laws and liftings (compare the proof of Theorem 2.50):

Theorem 4.15. The monad M has a lifting to ALG(S) given as:
[M(A, a: SA— A) = (MA, SMA 22 MSA XS 4)
[M]f=Mf

The monadic structure is inherited from M.

Theorem 4.16. The composition MS* is a monad.

Proof. Since ALG(S) is isomorphic to MALG(S*), by the above theorem there exists
a lifting of M to MALG(S*). It induces a distributive law A : S*M — MS*, which

gives us the monadic structure on M S*. O]

Remark 4.17. Using the definitions of the isomorphisms and with some calculation,
we can read the direct definition of the monadic structure in terms of a fold, that
is the unique algebra homomorphisms from the initial (S(-) + M A)-algebra to the
algebra

where 35 : SS*A — S* A is the action of the free S-algebra generated by the object A.

That is,
M= (uss - B3 Tigen, M) : STMA — MS*A

For a more detailed account, see Section A.2 in the appendix.
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The monad MS* can be seen as a generalisation of Moggi’s resumption monad
MEM)*A = uX.M(XX + A) for an endofunctor 3. Thus, in this dissertation,
we call it the inductive resumption monad, opposed to the coinductive resumption
monad M S* discussed in the next chapter. Moggi’s monad arises for the special case
S = X M—it follows from Example 2.57 that XM is an M-module. A distinctive
feature of this generalisation is that in general M S* is not given by the family of

carriers of initial algebras, like in the following example:

Example 4.18. In a cartesian closed category, we can define a version of the state
monad that keeps track of the intermediate states. It is similar but not identical to
‘states’ given in Definition 3.13 (compare also Ahman and Uustalu’s update mon-
ads [17]). Fix an object of states A, and consider the reader monad RX = X4
The writer WX = X x A is an R-module. The action can be given explicitly as
(evi,outr) : WRX = X4 x A — X x A =WX, where ev is the evaluation morphism
of the exponential object, outr is the right projection, and (-,-) is the product medi-
ator. Intuitively, for an initial state, the monad RW*X = ((- x A)*X)# produces a
(finite) sequence of intermediate states W*. The sequence is terminated with a final

value X.

4.2.2 Algebras for modules

Definition 4.19. An algebra for an M-module S is a triple (A, f : MA — A, g :
SA — A) such that the following conditions hold:

1. The morphism f is an Eilenberg—Moore M-algebra.
2. The morphism g is an S-algebra.

3. Coherence: the following diagram commutes:

smA—T L ga
E E
SA ? - A

A morphism between two algebras for modules is a pair of appropriate algebra homo-

morphisms. We denote the category of algebras for an M-module S as MODALG(M, S).
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Theorem 4.20. Let S be an M-module. If S* exists, the obvious forgetful functor
UMedAls . MobpALG(M, S) — C has a left adjoint given by:

FModAle A — (\VIS* A, f, g), where
M
f=MMS*A L4 (s A
* ﬁg*A * ﬁi * ng{‘A *
g=SMS*A—=—= SS*A = S*A —= MS*A
FModAlgk = MS*E

The monad induced by this adjunction is equal to MS*.

Proof. We show that the proposed adjunction is in fact a composition (see Lemma 2.18)
of two simpler adjunctions. First, consider the adjunction FA%8 4 A% : C — ALG(S).
The lifting [M] from Theorem 4.15 can be seen as a monad on ALG(S). It gives rise
to the Eilenberg-Moore adjunction FFM - UFM . Arg(S) — MALG([M]). This
gives us the composite adjunction FEMFAlE 4 ABUEM . C ~ MALG([M]). We
show that the categories MALG([M]) and MODALG(M, S) are isomorphic and that
FMedAls — pEM pAlg and MedAls — 7ABTEM (1h0dulo the isomorphism of categories).
To show the isomorphism of categories, we notice that the algebras in MALG([M])

are of the following shape:
((A,g: SA—= A), [ [M|(A g) = (A, g))

Unfolding the definitions of Eilenberg—Moore algebras and [M ], we obtain that the
pair above is an Eilenberg—Moore algebra of [ M] if and only if the following conditions

are met:

— The morphism g is an S-algebra (obviously).

— Since [M] inherits its monadic structure from M, the morphism f: MA — A
understood as a C-morphism has the Eilenberg—Moore property for M.

oA

— The morphism f is an algebra homomorphism between [M](A, g) = (M A, SMA —=

M
SA S A% MA) and (A, g). The homomorphism diagram is as follows:

M

ﬁf& g A
SMA— SA——A—— MA

Sf | f
Y

SA A

Since f has the Eilenberg—Moore property, it is the case that f -7} =id4 (as
indicated by the dashed arrow).
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These conditions are the same as the conditions for (A4, f, g) being an algebra for the
module S, which means that a triple (A, f, g) is an algebra for the module S precisely
when ((A, g), f) is an Eilenberg—Moore algebra for the monad [M|. Moreover, a mor-
phism in MALG([M]) between ((4, g), f) and ((B,¢’), f’) is given by a C-morphism
k: A — B such that:

— It is a morphism in ALG(S), that is, k- g = ¢’ - Sk.
— It is an algebra homomorphism, that is, k- f = f' - Mk.

Again, these conditions are the same as the conditions for £ being a morphism between
the corresponding algebras for S as a module (A, f, g) and (B, f’,¢’). This gives us
an isomorphism of categories MALG([M]) = MODALG(M, S).

By composing the adjunctions FA® 4 UAs . C — Arc(S) and FEM o UEM .
ALG(S) = MALG([M]), we get the following:

FEMpAle AlsEM . C¢ ~ MALG([MT]) =2 MoDALG(M, S)

Now, it is left to verify that this adjunction is as defined in the theorem. The right

adjoints:
UNSUPM(A, ), ) = UNE(A, g) = A= UNN5(A, £ )
Al EML. _ r7Alg). — I — 7ModAlgy,

The left adjoints (where 54 : SS*A — S*A is the action of the free S-algebra gener-
ated by an object A):

FEMpAlE g — FEM(G* A 3))
= ([M1(S"A, Ba), thigenp,)

" % g * Mp *
= ((MS*A, SMS*A =4 MSS*A 224 MS*A), gy 5.)

M .35.—S M
— ((MS*A, SMS*A " 2375 nrge gy ArMSTA US4 ApseA)
— FModAlgA

FEMFAlgk’ _ FEMS*]C = MS*E = FMOdAlgk; 0

Theorem 4.21. If S* exists, the functor UMM s strictly monadic. This entails

that the category MODALG(M, S) is isomorphic to MALG(M S*).



4.2. FREE MONADS GENERATED BY MODULES AND THEIR... 67

Proof. We use the strict version of Beck’s monadicity theorem. We have already
shown that UM°dAl8 ig a right adjoint, so it is left to show that it creates coequalisers
for those parallel hg, by in MODALG(M, S) for which UMedAlsp, and UMedAlsf, have
a split coequaliser in C.

Let ho, hy : (A, f4, g% — (B, fB,¢®) be such a pair. Let ¢ be a split coequaliser
of UMedAlep  and UMedAlep,  In other words, there exist morphisms s and ¢ such that
the following diagram commutes in C and in which the two horizontal compositions

are the identities:

t ho
B——A——B
b
C——B——C

We need to show that there exist unique f¢ : MC — C and ¢g¢ : SA — A such
that (C, f, g%) is an algebra for a module, and ¢ : (B, fZ,¢%) — (C, f%,¢°) is a
homomorphism and a coequaliser of hy and h;. From the monadicity of the forgetful
functors UM : MALG(M) — C and U8 : ALG(S) — B (see Theorem 2.49), we
obtain that there exist a unique Eilenberg—Moore algebra (C, f¢) and a unique S-
algebra (C, g¢) with such properties, with the actions defined respectively as:

€ <MCHMB B%C’)

(SC—>SB B%C)

It is left to check that the two put together form an algebra for a module, that is, that
the tuple (C, £, g“) satisfy the coherence condition from the definition of algebras

for modules:

C.8f¢=¢c-¢gP-Ss-Sc-SfP.-SMs (def.)
=c-gP%-Shy-St-SfP.SMs (diag. (4.9))
=c-hy-g* St-SfB-SMs (h1 homomorph.)
=c-hy-gt-St-SfP-SMs (¢ coequaliser)
=c-gP . Shy-St-SfP.SMs (ho homomorph.)
=c-g? - SfP.SMs (diag. (4.9))
=c-g% -5 SMs (coherence)
=c-g” - Ss- g (7° nat.)
= g% o (def.)

]
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Lemma 4.22. Let A denote the comparison functor MODALG(M, S) — MALG(M S*).

Its inverse is given as follows:

A"YA, a: MS*A— A) = (A, MA 45 VS A S A,
SA SPA, Gr g AL hrgea  A)

Ak=k

Proof. We need to see that A™! is a left and a right inverse of A. Since A is an
isomorphism (Theorem 4. 21) it is enough to show that A~ is a left inverse. We unfold
the definitions, where 5" and M are the counits of the FA8 4 UAls . C — ALnc(9)
and FFPM o UEM + Arg(S) — MALG([M]) adjunctions respectively (compare the
proof of Theorem 4.20):

AAA, MAL A, SA S A)

MeST eM =f
= A A, MS*TA —20 AL S g

— (A, MmA XA, M A i, “fan MAL A,

M Me?
S S0y gop Ty rge g Mo, g S, A)

We verify that each action is equal. The equality f - M 5?27 g M n% = f follows from
the properties of adjunctions (zig-zag equalities). The remaining equality can be

proven with the following calculation, where 54 : SS*A — S*A is the free S-algebra

action:

f- Msfgm Al cemby = fon - 5?:;@ -emb 4 (naturality of n™)
= Ea,g) -emb 4 (f is Eilenberg-Moore)
= 529;{@ Ba-SnS (def. of emb)
=gq- Sgaw - Sny (B is free)
=9 (zig-zag)

]

Example 4.23. Algebras for modules allows us to provide a simpler and more ab-
stract proof that M (XM )* is a coporduct of M and ¥* in MND. First, for two monads
M and T, we define an (M, T)-bialgebra as a triple (A, f: MA — A, g: TA — A),
where f and g are Eilenberg-Moore algebra actions. All (M, T)-bialgebras form a
category, BIALG(M, T), with morphisms given by pairs of algebra homomorphisms.
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As shown by Kelly [71], in a category with coproducts, if the obvious forgetful functor
from BIALG(M,T) to the base category has a left adjoint, the induced monad is a
coproduct of M and T in MND. Indeed, for an M-module XM, one can prove that
the category MODALG(M, ¥ M) is isomorphic to BIALG(M, ¥*) as follows:

First, by virtue of Theorem 2.49, MALG(X*) = ALG(X), so we can work with
Y-algebras (instead of Eilenberg—Moore ¥*-algebras) in the third component of bial-
gebras. Given an algebra for a module (A, f : MA — A g : ¥XMA — A), we
define the corresponding bialgebra as (A, f, g - Xnil : ¥A — A). Given a bialgebra
(A, f : MA — A, g: XA — A), we define the corresponding algebra for a module
as (A, f,g-2f : XMA — A). The coherence condition holds easily from the fact
that f is an Eilenberg—Moore algebra action. Simple calculation reveals that that the
two transformations are mutual inverses. It is also easy to verify that a morphism
between two algebras for a module is also a morphism between the corresponding
bialgebras and vice versa.

Theorem 4.20 characterises the left adjoint to UM°d4 (and so, to the forgetful
functor BIALG(M,>*)). The induced monad is indeed the free monad generated by
the module XM, that is M (XM)*.

Example 4.24. For a monad M and an endofunctor ¥ on the category C, we de-
fine a Y-and-M-algebra as a triple (A, m : MA — A, f : YA — A), where f is a
morphism, and m is an Eilenberg—Moore algebra action. Morphisms between two
Y-and-M-algebras are pairs of algebra homomorphisms. Filinski and Stgvring [39]
use the initial Y-and-M-algebra (whose carrier is given by uM> = M (uXM)) to
model effectful datatypes (see also Atkey et al. [22]). Employing the isomorphism
MALG(X*) &2 ALG(X), one can easily see that the category of 3-and-M-algebras is
isomorphic to BIALG(M, ¥*), and so, as described in the previous example, isomor-
phic to MODALG(M,XM). Since FMedAls . C — MoDALG(M, X M) is cocontinuous
(since it is a left adjoint), the initial ¥-and-M-algebra can be obviously reconstructed

as FModAls() wwhere 0 is the initial object of C.

Example 4.25. Another reason to study algebras for modules is the codensity monad
construction, which (via the coend formula for right Kan extensions), gives a ‘CPS-
ed’ version of a data structure; see Hinze [59] for an overview. This can be seen as
a unification of two approaches to resumptions in programming: the (co)data type
approach a la Haskell [54] and the continuation-based a la LISP [34, 57]
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4.2.3 Freeness

Every monad M can be seen as its own module with i = ™. Moreover, this trivial

construction is functorial:

Definition 4.26. We define a functor UM°d : MND — MoD as follows:

UMM = (M, M)
UM = ([, f)

For a monad M, the module UM°4 M is called a tautological module by Hirschowitz
and Maggesi [61], while Mac Lane [78] refers to it as right reqular representation of
M, since it resembles a construction with the same name in the theory of group
representation. In this section, we prove that the monad M S* is free with respect to

this functor. But first, we need some auxiliary definitions:

Definition 4.27. Let S be an M-module. We define the two following forgetful

functors:

UM : MopALG(M, S) — MALG(M) US : MODALG(M, S) — ALG(S)

UM(A, f.q9) = (A, f) U(A, f,9) = (A, g)
UMk =k Uk =k

Recall the isomorphism of categories A : MND — EM® (Lemma 2.26), where
EMP®P denotes the category of all Eilenberg—Moore categories of monads on the base
category and functors that preserve carriers. Since both MODALG(M, S) and ALG(S)
are monadic, the functors UM and US can be seen as (carrier-preserving) functors
between Eilenberg-Moore categories, that is, morphisms in EM. Their A~!'-images

are as follows, where 54 : S5*A — 5*A is the natural family of free algebra actions:

ATLUM = (M M MMSt D MS*), where UM FModAE 4 — (11G* A p,)

MM rarse B MS*) - <M Mn® MS*)

s 3™, oSt i> ss* &y gr 1157 MS*)

S 57, ggr By gr 1S MS*> (S emb, g M5 MS*)
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Theorem 4.28. The monad MS* is the free object in the category MND generated
by S with respect to the functor UMY, More precisely, this means that for monads
M and T, an M-module S, and a module morphism (m, f) : (M, S) — UMIT | there

exists a unique monad morphism v(m, f) : M\S* — T such that the following diagram

commutes:
Mg T g e g
T

Proof. We define a functor ® : MALG(T) — MODALG(M, S) as follows:

(A, a:TA— A) = (A, MAZSTAS A, SATS TAS 4)

Ok =k
We define t(m, f) = A7'®. To see that it makes the diagram (4.10) commute, it is
enough (via the isomorphism A) to show that the following diagram commutes:

M

MALG(M) MODALG(M, S) ALc(95)

N Iq) M (4.11)

MALG(T)
The left-hand side can be proven as follows:

UMO(A,TAS A) = UM(A, MA™5 TA% A SAISTAS A (def. of D)

= (A, MAZ5TAS A) (def. of UM)
= (Am)(A,TA % A) (def. of A)

For the right-hand side, we use the isomorphism ALG(S) = MALG(S*):

USO(A,TAS A) = US(A, MAZS TAS A, SAISTAS A) (def. of D)
— (A, SAISTAS A) e ALa(S) (def. of US)
— (A, %A YA A A) e MALG(SY) (monadicity)
= (AU(f))(A, TA S A) (def. of A)

To see that ® is a unique morphism that makes the diagram (4.11) commute,
consider a monad morphism r : M.S* — T such that the diagram (4.10) commutes if

we substitute r for ¢(m, f). Since p™ S* : S* — M S* is a monad morphism (since M S*
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is induced by a distributive law, see Lemma 2.33), the composition r-n*S* : S* — T

is a monad morphism, hence, from the freeness of S*, we obtain the following:

oMt = u(f) (4.12)
We calculate:

r=r-pM M5 NS (monads)
=7 (M) MAS* - (M ok MSY) (def.)
=7 (™5 ) - (M % MnSS*) (distr. law)
=7 (™M ) - (MM xS 57) (monads)
=7 (M ) MAS* - (M x ™M S) (distr. law)
=7 M5 (M« M S*) (def. of u™M5")
=t (rxr) - (M xMS*) (monad morphism)
=l (mxu(f)) (LHS of (4.10) and (4.12))

Thus, it is the case that:
(AF) (A, TA %S A) = (A, MS*A D ppa 4, NG N A) (4.13)

The right-hand side of (4.13) is (by Lemma 4.22) the following algebra for the mod-
ule S:

ma(f)

TTA L2 TA 4 A,

me(f)

(A, MA X hpgeq e,

SA SmPA, Gr g ISy ypgeq T g KA g 8 g

We simplify each component. The first action:

a-ph-(mxo(f)) - Mny =a-pl-(m*nj) (¢(f) is a monad morph.)

=a-m (monad laws)
The second action:

a-ph-(mxu(f)) nst,-emby =a-pk - (n" *u(f))-emby  (monad morphism)
=a-u(f) -emby (monad laws)

=a-f (free monad)
Thus,
(Ar)(A, TA% A) = (A, MAZS TAS A, SAIS TA S A) = d(A, TAS A)

This means that Ar = ®, and so r = A™'® = (m, f). O



Chapter 5

Coinductive resumptions

Resumptions (also known as transducers) were introduced by Milner [87] to model
communicating processes. Abramsky [2] presented them in the language of coalgebra
as elements of the carrier of the final coalgebra v X.(O x X)! in SET, where I and O
are sets of input and output symbols respectively. Intuitively, such a resumption is a
function that consumes a piece of input, and returns a piece of output together with
a new resumption, representing the behaviour of a process in a step-wise manner.
Since resumptions are given by final coalgebras, the consuming and producing can be
iterated indefinitely. A process can have a local effect, such as finite non-determinism,
described by a monad M. In such a case, Abramsky’s definition can be generalised
to vX.M(O x X)! (Hasuo and Jacobs [55]).

Moggi [88] introduced the resumption monad M (XM)* (on any category with
coproducts and enough initial algebras), where M is the local effect, while ¥ is a
generalisation of the ‘signature’ of communication (given in Abramsky’s resumptions
by (O x (-))!). Since Moggi’s construction is a monad, it can be used in the monadic
semantics of the computational A-calculus [89].

However, Moggi’s monad is given via initial algebra, so it is ‘inductive’. Thus, it
is natural to ask for the ‘completely iterative’ version. Goncharov and Schroder [50]
introduced a monad MM> = vX.M(X + (-)). In this chapter, we generalise this
construction to M S, for any right M-module S (where S as an endofunctor is
iteratable), mirroring the inductive resumption monad MS* given in the previous

chapter. More precisely, we show the following:

— The composition M .S* is a monad. Similarly to the construction of the monadic
structure of M S*, we adapt Hyland, Plotkin, and Power’s [65] proof for Moggi’s
resumptions. We use the isomorphism between Eilenberg—Moore algebras for

S and complete Elgot S-algebras (see Theorem 2.83).

73



74 CHAPTER 5. COINDUCTIVE RESUMPTIONS

— We show that M S is completely iterative. If M is also a cim, the monad M S
allows to unfold both the structure of S* and M simultaneously. Technically,
this means that M S* is a cim with respect to the module MS> 4 M SS*>.

— We introduce resumption algebras. They are similar to algebras for modules
(Definition 4.19), but the S-algebra part is a complete Elgot algebra and addi-
tional coherence is required. They correspond to Eilenberg—Moore algebras for
MS®.

— We characterise the monad M S* with a universal property similar to the uni-

versal property of MS* given in the previous chapter.

— We introduce two-sided cims, which are similar to cims, but have a slightly
different guardedness condition. We show that every cim freely extends to a
two-sided cims. This allows us to prove that the free two-sided extension of
the monad M (XM )> for an endofunctor ¥ is the coproduct in the category of
two-sided cims of a two-sided cim M and ¥*° (which happens to be two-sided
from the start).

5.1 Monadic structure

Let (S, 2°) be a right M-module such that S exists. We give a monadic structure to
M S via a distributive law [27], similarly to M.S* detailed in the previous chapter.
In this case, our construction is again an adaptation of Hyland, Plotkin, and Power’s
proof [65] that the inductive resumptions M (XM)* form a monad (Theorem 2.50).
We use the fact due to Addmek, Milius, and Velebil [15] that the category of complete
Elgot algebras is strictly monadic over the base category C (see Theorem 2.83). Note
that we cannot employ Uustalu’s construction on parametrised monads [116] (suc-
cessfully used by Goncharov and Schréder [50]), since M .S is not in general given by
the carrier of a final coalgebra; moreover, we make extensive use of the distributive

law in the subsequent developments.

Definition 5.1. For a monad M and a right M-module S, we define the following

two morphisms, both natural in A and B.

flatl = (S(MA + B) 290 g(ara+ mpy 2 shra + B) 55 S(A + B))
flatr = (S(A+ MB) 9 (A + mB) LM gnrA 1 B) B S(A+ B))
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Definition 5.2. Recall that (S,7°) is a right M-module. For a complete Elgot
algebra (A,a : SA — A, (-)T), we define an algebra (MA, @’ : SMA — MA, (-)%).

The action is defined as the following composition:

(SMA LNy RN MA)

For a flat equation morphism e : X — SX + M A, we define an auxiliary morphism

le| and the solution e*:

M:(&X+Aéi$a&x+Mm+A

flatrsx, o +id
—=

S@X+M+A)

[1\4

inl+id le|f+id JeltHid ) i MA A MA)

P (X 59X + MA ™ SX 4 A+ MA S5
Lemma 5.3. The triple (M A, d’, (-)*) from Definition 5.2 is a complete Elgot algebra.
Moreover, the assignment [M1](A,a,(-)") = (MA,d,(-)*) on objects and [M|f =
M f on morphisms is an endofunctor on ELGOT(S) with a monadic structure given

by the monadic structure of M.

Proof. The proof amounts to mundane verification that the necessary axioms of Elgot
algebras hold. See Section A.3 in the appendix for the details. O

Theorem 5.4. Given a monad M and an M-module S such that the free cim S
exists, the composition M S can be given a monadic structure via a distributive law
between monads X : S®M — MS>.

Proof. The assignment from Lemma 5.3 is a monad, so it is a lifting of M to ELcOT(S5)
with respect to U¥#. Thus, by Theorem 2.83, it is a lifting of M to MALG(S>). This
induces a distributive law between monads A : S®M — M S, which gives a monadic
structure to M S*. (Compare proofs of Theorems 2.50 and 4.16.) n

Example 5.5. Let C be SET, D be the monad of discrete probability distributions,
O ={a,b,...} beaset, and XX = Ox X be an endofunctor. An element of the carrier
of the monad of the monad D(XD)>*X is a countably branching, possibly infinite
decision tree in which the nodes (except for the root) are labelled with elements of
the set O, edges with probabilities, and leaves with elements of X. Such a structure
can be understood as a denotation of a possibly non-terminating, probabilistic process
that produces a stream of elements of O as its output.

From the technical perspective, it is important that the root has no label — we take
a probabilistic step before generating a label and a probabilistic step before reaching

a leaf. This way, when we substitute a tree for a variable, we take two probabilistic
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Figure 5.1: Example of a substitution in the D(O x D(-))* monad.

steps before generating a label or reaching a leaf. The monadic structure of D(XD)>X
takes care of flattening these to one probabilistic step by multiplying out the adjacent

distributions; see Figure 5.1 for an example.

Example 5.6. a) We can consider a coinductive version of the logging state monad
given in Example 4.18. It is defined as RW*X = ((- x A)*X)A. Given an initial
state, it unfolds a possibly infinite stream of states that the program runs through
during the execution.

b) The logging state monad is a bit different than the states monad defined in
Section 3.4. In the coinductive logging state monad, every new state is saved in the
stream, and the last element (if it exists) is the ‘current state’. In the states monad,
there is a separate ‘current state’ element, which can be saved (attached to the end of
the stream), and which is overwritten when it is composed with another computation.
The states monad, however, turns out to be an instance of the coinductive resumption
monad. Since W 4 R, Example 2.57 tells us that W is a module of RW. We instantiate
the coinductive resumption monad with this data, and obtain the monad RWW®,

which is isomorphic to states.

The direct definition of the distributive law can be given in terms of an unfold,

that is, as a unique homomorphism to a final coalgebra:

Ag = <S°°MA SMac g0 nr A 4 (A MY 95N A+ A+ MA

i ]V{)o , oo
(a4l J+id S®A 4 MA [M500 4 MN5] MSOOA>,
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where [|£74]) is the unique coalgebra homomorphism to the final coalgebra (S A, £4)
from the coalgebra (SS*MA + A,|ual), whose action is given by the following

composition:

Eral = (SS™MA+ A 245 §(SS=MA + MA) + A

flatrtid, G(SS®MA + A) + A)

Consult Section A.4 in the appendix for the details. This characterisation can be

applied to prove the following lemma:
Lemma 5.7. The following diagram commutes:

s §o° oo

SA

SS*M SMS> S5 S
{ o® M nk[soo
S M > - MS>
Proof. The following diagrams commutes for all A:
SA
N
Sng S(SS®A+ A) (5.1)
§5%A o . S(SS®A + A)

(The triangle on the left follows from the definition of 7°°, the triangle on the right
follows from the fact that £ is an isomorphism.)

The following diagram commutes for all A and B:

Sinr

SMA - S(B+ MA) ———
\ S(np + id)
Sinr i
S(MB + MA)
Ba S[Minl, Minr] flatrp, 4 (52>

SMinr A

SM(B + A)

BByA

SA Sinr S(B+A) <—/




78 CHAPTER 5. COINDUCTIVE RESUMPTIONS

(The two triangles follow from the properties of coproducts, the square in the bottom-
left corner follows from the naturality of 7z, the square on the right is the definition

of flatr)

The following diagram commutes for all A:

inr

A » SSOMA+ A —
SEIMA’M
S(SS*MA+ MA)+ A |€nsal
" flatrNA
sssemar a6
na S[lérral)+id
SSOO‘ +A
€'
N Ay P
(From the definitions of [[€a7al), |€ar4], and n°°; and properties of coproducts.)
The following diagram commutes for all A:
emb.4
sg TR ggros e ggreay A — ;'014 (5.4)
ey

SS*A+ A

(From the definition of emb and the fact that £ is an isomorphism.)
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The following diagram commutes for all A:

SMA - - SA ~
inl (A) - (B)
T 4+id v Sy +id
© SMA+A » SA+A —
Sinr+id (D) Sinr+id  (E)
S(SS®MA+MA)+A 0 §(SS*MA+A)+A
SNyt a I (F) .
S{(|€rralJHid
Searatid s5oArA — | (D)
—1
embasa (G) \
inl [€rral) !
SS®MA SS®MA+A - S®A
(H) linl 0 inl (J9) ol
inl+id ! [1€nralHid
SS®MA+MA —— SS®MA+A+MA » S®A+MA nie o
(K)
ﬁ;A L) [WédoomMﬁ;’N

A - MS™A

S*®MA
((A) naturality of inl, (B) definition of emb, (C) diagram (5.1) and naturality of inl, (D)
diagram (5.2), (E) diagram (5.3), (F) definition of [£p74], (G) [-)]is a morphism between
coalgebras, (H) diagram (5.4), (1) naturality of inl, (J) naturality of inl, (K) coproduct,

(L) direct definition of A.)
The following diagram commutes. Its perimeter is the desired diagram.

[e5s} %)

SA S o

~ 55M SMS> 55 5o
embS>° M JembMSoo embS>° g
g g — SN gooprgee §oo 5o
oM A M g0 §o0 M g
.y Y o
Mpu®®
e 5 4 S S

(The triangle on the left and in the top-right corner follow from the definition of o°.

The square in the top-left corner follows from the naturality of emb. The pentagon in
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the middle is the diagram (5.5). The square on the right follows from the naturality
of . The bottom pentagon follows from the fact that ) is a distributive law.) [

The lemma above is used in the proof of the following theorem, which states that
the distributive law preserves the module SS5* of S*°. The corollary is that the
monad M S™ is idealised with MS>® + MSS> (whenever M is, possibly trivially,
idealised with M), and, later on, that it is completely iterative with respect to this

module.

Theorem 5.8. We define the following natural transformation:
= (s57M D shge B gge T hrg5)

The pair (\,\) is a distributive law of the idealised monad (S, SS>, 0> over the
monad M.

Proof. Unpacking Definition 4.12, we need to check: (a) that X is a distributive law
of S5 as an endofunctor over the monad M, (b) a coherence condition saying that
(A, A) is a distributive law of the S®-module SS> over M (Definition 4.8), and (c)
that (A, \) commutes with ¢*.

(a) We show that the two desired diagrams commute:

SS°MM a - MSS®M i - MMSS>
\S\AM (A) TIMSS“’V ysx (B) MHMSV
S 8% M MS 5% (G)
SMS>M SS>®M () MSMS*> MS S
S8 uM SMX (D) N %/ISMSOO (F) 1M 55°d
\ S M S
SMMS> » SM S M S5
Ssoo
© St oo (H)
ﬁSSOO
SM S > ggoe
/S)\( 0] nMSSR\
SS>M & . VS5

((A) and (B) definition of A, (C) A is a distributive law of S> over M, (D) naturality
of 71, (E) and (F) naturality of n*, (G) right-unit monad law, (H) S is a module,
(1) definition of \.)
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TIIVISSOO
5.5 id
75500 Z\/Issoo
S50 —2 o gppge — - g5% —" MSS>®

(From left to right: X is a distributive law, 7% is a module, identity.)
(b) To see that (X, \) is a distributive law of a module over a monad, it is left to

verify the coherence condition given in Definition 4.8:

§5%°g% N 2N ggeo g A MSS®S
M SSOOV
SAS>®
\, ﬁSSOOSOO
SMS® 5 5.5 g
TOM = Sp>®M SMp> J Suce ME™ = MSp®
| 7SSoo
SMS® 55
/ "MW\
S5 M A . MSS>

(Clockwise starting with the pentagon on the left: \ is a distributive law, definition
of X, naturality of n™, definition of A\. The square in the centre follows from the
naturality of 7.)

(c) It is left to check that (A, \) also commutes with 0> (Definition 4.12). Consider

the following diagram:

e Mg
SM - - § —— MS
SMn>®
\S‘nooM \e\mb
ao5% oo 5.6
embM SS>°M ke S M S - S5 S Memb ( )
oo =\,
SN a - MS>

It commutes: the only non-trivial part is the hexagon on the bottom, which is given
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by Lemma 5.7. We use it to show that the desired diagram commutes:

S\ S §o° M g goo
S5 M SMS® §5% MSS*
wbSmM waSOO /
MembS®<®
oM | GG e GRS T VGG | o

/" M#N
Y 'u Y

S*M MS*>

(The pentagon at the top-right corner is the diagram (5.6) composed with S, the
pentagon at the bottom follows from the fact that A is a distributive law, the rest is

trivial.) ]

Corollary 5.9. Assume that M is idealised. Then, the monad M S is idealised with
MS> (by Ezample 2.60 (1)), MSS> (Lemma 4.13 together with the lemma above),
and MS>® + MSS> (by Ezample 2.60 (2)).

5.2 Complete iterativity

We show that the monad M S* defined in the previous section is completely iterative.

We consider two cases:

— M is any monad. In this case, M.S* is completely iterative with respect to the
module M S5S*. Informally, it means that a guarded equation morphism adds

at least one ‘level’ to the structure of S°°.

— M is a cim. In this case, the monad M S is completely iterative with respect to
the module M S> + M SS>°, which means that we do not have to add structure

to S, as long as we perform a guarded computation in M.

But first, we need a number of auxiliary lemmata.

5.2.1 More properties of cims

We give a few technical results concerning completely iterative monads. First, we
show that taking solutions of guarded equation morphisms is functorial in parameters.

We need the following technical lemma:

Lemma 5.10. Let f: A — B be a morphism, M be a cim, and e : X — M(X + A)
be a guarded equation morphism. Then, M f -ef = (M(id + f) - e)T.
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Proof. The diagram below states that M f - el is a solution of M(id + f) - e. The

lemma follows from the uniqueness of solutions.

ef Mf

X - MA - MB

€ NAW

' Mle7
M(X +A) il g wo

M2f
M(id + f)
M(et +id MI[MF,

M(X + B) 2 Ay gy ML T ep

(The top-left square is the solution property of ef. The square on the right is the

naturality of ;. The bottom pentagon follows from properties of coproducts.) n

We can construct a category GEQMOR with guarded equation morphisms as
objects. A morphism between e : X — M(X + A) and s : X — M(X + B) is
a C-morphism f : A — B such that s = M(id + f) - e. There are no morphisms
between equation morphisms with different objects of variables (although one can
easily find a similar parametricity for variables—we leave the details to the reader).
In the light of the lemma above, the operation (-)I (‘solving’) can be extended to a
functor (-)" : GEQMOR — ARR(KLEISLI(M)), where ARR(KLEISLI(M)) is the arrow
category of the Kleisli category of the monad M. The functor takes a GEQMOR-
morphism f: A — B to F¥'f =np- f.

Next, we show some alternative formulations of the notion of complete iterativ-
ity: slightly different guardedness conditions and additional monadic structure in the

parameter.

Lemma 5.11. Let M be completely iterative with respect to a module M. Let e :
X — M(X + A) factor as one of the following two:

€ €

X M(X + A) X M(X + A)
(a) \\\J /k‘v Minr] or (b) \\\] [w- Mo, n-inr]
M(X +A)+MA MM(X+A)+ A

Then, the morphism e has a unique solution.
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Proof. (a) To construct the solution of e, we first define the following morphism:

M (j+id) ‘M (id+id,na])

e= (M(X + A) MM (X + A) + MA + A)

MM (X + A) + MA) B (X + A) + A) S MOI(X + A) + A))

The morphism € is a guarded equation morphism in M, since the lattermost ¢ can be
factored as [0, 7 -inr] -inl. This means that € has a unique solution ef : M (X + A) —
M A. We define the solution of e as:

of = (X%M(X+A)+MAW—’“”>MA)

It is left to verify that e* is indeed a solution of e and that it is unique. The proof
amounts to mundane calculation. The details are given in Section A.5 in the appendix.

(b) We define the following morphism:

M (j+id)

f= (H(X + A) M(MM(X + A) + A+ A)

MG, TEON(X + A) + A) ™% FAIX + A) + A)

% M(M (X+A)+A))
Using the same argument as for € in (a), f is guarded, so it has a unique solution
f1:M(X + A) — MA. We define the solution of e as follows:

Mff+id

(X Iy MM(X + A) + A X paga 44 anal, MA)

The proof that et is a unique solution of e is shown in Section A.6 in the appendix. [

Corollary 5.12. Let M be completely iterative with respect to a module M. Let
e: X = M(X + A+ B) factor as follows:

e

X

M(X + A+ B)

N
A .
)
AN [o, M(inl -inr), n™ -inr-inr]
\\
<

M(X+A+B)+MA+B
Then, the morphism e has a unique solution.

Proof. Using properties of coproducts and the naturality of 7, the morphism e can

be rewritten as follows:
e = o, Minr] - (id + [Minl,n - inr]) - j

Thus, it factors as in Lemma 5.11 (a), so it has a unique solution. ]
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Lemma 5.13. Let M be a cim. Let e : X — M(X + MA) be a guarded equation
morphism. Then, there exists a unique solution to the morphism flatrx 4 -e : X —
M(X + A) given by piy - el

Proof. First, we show that the following diagram commutes:

M(X + MA) + MA—" L N(X + A)+ MA

(5.7)

[o, -inr] [o, Minr]

flatr

M(X + MA) - M(X 4+ A)

It is enough to prove this for each component of the coproduct. The left-hand side
component is trivial, since both paths are equal. For the right-hand component

consider the following diagram, whose bottom-right path is equal to flatr:

Minr

MA - M(X + A)
\‘ Minr 4
inr MA I
n
X +MA " MM(X + A)
M Minr A
U] MMA M[Minl, Minr]
w‘

Y Minr M(T]+id)

X+ MA - MM (X + A)

(Each part commutes due to naturality, monad laws, or properties of coproducts.)

The morphism e is guarded, which means that there exists a morphism j : X —

M(X + A) + A such that e = [0, n-inr] - j. The following diagram commutes:

Y X

J
. FE(X + MA) + MA flatr + id

[o,n - inr] W

N M(X 1 MA) M(X +A) + MA
flatr J
' [o, Minr]

M(X + A) -

(The square in the bottom-right is the diagram (5.7).)
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Following the path on the right-hand side of the diagram, we read that the mor-
phism flatrx 4 - e factors as in Lemma 5.11 (a), which means that the morphism
flatrx 4 - e has a unique solution. The following diagram commutes, which means that

this solution is equal to fi4 - €.

ef A

X MZ2A MA
e KM A
! Mlet,nal
M(X + MA) M3A pa
ﬂatl’X7A
) M(et +id Mua,
M(X—l—A) (e +id) M(M2A—|—A) [a,mal V2A

(The square in the top-left corner is the solution diagram of ef. The heptagon is

detailed in the following diagram, where the left-most edge is equal to flatr.)

Mlet, ]
M(X+MA) TomsA M2A MA
> (M)
(N) lee- et id]
M (ef+id) M2A ﬁ
© y
M (n+id) My, id] M
i p
M(M2A+MA) —2— M(M2A+MA »
(M) y
M(N(M—Hd)
i M(Met +id)
M(MX+MA) M(M3A+MA) ™M | (M)
4z,
M{[Minl, Minr] (N) M{[Minl, Minr] | (C) /4@,4@/
' M2 (et tid \
M2(X—|—A) (cT+id) . MQ(MQA—l—A) M3A
M2 [, ]
! ™ ) r
' M{(el +id \ M, ‘
M(X+A4) -  M(M2A+A) T g

((N) naturality, (M) monad laws, (C) properties of coproducts.)

5.2.2 An alternative definition of the Kleisli category

Below, we propose an alternative definition of the Kleisli category for M, which is
less customary but isomorphic to the usual one. Though the new definition makes

descriptions of some constructions a bit more cumbersome (for example, coproducts),
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its advantage is a straightforward correspondence between diagrams in KLEISLI and

the base category C.

Definition 5.14. For a monad M on the base category C, we define its Kleisli
category, denoted as KLEISLI. It has the same objects as C. For two objects A
and B, an arrow A — B in KLEISLI' is an arrow f : MA — MB in C such that
w-Mf = f-pu (that is, it behaves like a homomorphism between two free Eilenberg-

Moore algebras).

The categories C and KLEISLI’ share the collection of objects, so, to avoid confu-

sion, we use a different notation for morphisms in KLEISLI, namely —».
Theorem 5.15. The categories KLEISLI and KLEISLI are isomorphic.

Remark 5.16. The definition above is similar to the definition of the full subcategory
of MALG(M) with free Eilenberg-Moore algebras as objects (which is equivalent to
KLEISLI—see, for example, Lambek and Scott’s textbook [76, Part 0, Corollary 6.9])
with the difference that the algebras additionally keep the original C-object, instead
of its M-image only. This observation can be formalised by saying that KLEISLI
(and so, of course, KLEISLI) is the pullback in CAT of the functors M : C — C
and UFEMA - FEMA(M) — C, where FEMA(M) is the mentioned category of free
Eilenberg-Moore algebras for M, and UFEMA is the obvious restriction of the forgetful
functor UFM : MALG(M) — C.

Lemma 5.17. The category C has coproducts, which means that KLEISLI also has
coproducts. The coproduct of A and B is given by M(A + B). The injections are

giwen by the following morphisms in C:

Minl Minr

MA — M(A+B)+— MB
For two KLEISLI'-morphisms f : A — C and g : B — C, their mediator is given as
the following composition in C:

M M
M(X + A) X v x - Ay MY e M e

Remark 5.18. For two C-morphisms f : A — C and g : B — C, and a KLEISLI'-
morphism k : D — C, the coproduct mediators in KLEISLI’ simplify to the following
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compositions in C:

(M) = (M(A+ D) 250 a4+ D) 2 (e + e B
(C+C) |d id] MC)
[kng] = (M(D —|—B) n——i-d> M(MD+B) M(k+f) (MC+C) flatl

(M f, Mg] = (M(A+B) M), MC)

5.2.3 Lifting free cims to Kleisli categories

The distributive law A : S®°M — MS> gives rise to the lifting [ S*| in KLEISLI'. It
is given by:

|S°|A =8%A
[S%](f: A~ B) =

(MSOOA MS= arse A M5 s B MA AvraseB A MS°°B>

Since A is a distributive law between monads, | S| is also a monad. Its structure is

given by:
pls=) = (MSOOSOO MSOO)
57 = (0 2 ars)

Theorem 5.19. Let M be a monad and (S, %) be an M-module. For a morphism
f:A— B in KLEISLI, we define the following morphism in C:

= <SA S onva Sy svB By SB)
We define an endofunctor G on KLEISLI as follows:

GA=S5A
G(f: A— B) = (MSA MSB)

The monad | S| is a cim with respect to the module G| S*|. Moreover, it is the free

cim generated by G in KLEISLY .
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Proof. We show that for all objects A in KLEISLI', the object S| A is given by the
carrier of the final (G(-)®A)-coalgebra, and that the action of | S*° | on morphisms and
its monadic structure is as in Adamek et al.’s construction (Theorem 2.71). Hence,
by Theorem 2.74, it is the free cim generated by G.

Recall that by £4 we denote the action of the final (S(-) + A)-coalgebra. We first
show that for an object A, the tuple

(MS®A, M&y: MS®A — M(SS®A + A))

is the final (G(-) @ A)-coalgebra. Let f: X — GX @& A be a morphism in KLEISLI'.
It has the type M X — M(SX + A) in C. Consider Fi8X — S(SX +A). It is an
S((-) + A)-coalgebra, so it induces a unique homomorphism SX — vY.S(Y + A). By
the rolling rule, it holds that vY.S(Y + A) = SS* A, which means that there exists

a unique morphism Kfﬂ such that the following diagram commutes in C:

SG%A —— L S(SS%A+ A)
Kﬂ]‘ SAF)+id) (5.8)
SX ! - S(SX + A)

We define a morphism:

wy:(MxniAasx+¢w3ﬂ@ﬂ%ﬂﬂ59&4+A>%§+wumA>

The diagram (5.8) entails that [ f] = K/f\ﬂ Substituting K/f\ﬂ for [ f] in the definition
of [ )] and composing with M {Zl yields that the following diagram commutes in C:

M¢ga

MS>®A - M(S5%A + A)
Kﬂﬁ M)+ id) (5.9)
MX d - M(SX + A)

All the components of the above diagram are morphisms in KLEISLI', so, applying
the appropriate definitions, the diagram corresponds to the following composition in

KLEISLY:
MEa

15| A - G|S®|A® A

(] Glfleid (5.10)

X »GX DA
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This means that [[ f) is indeed a homomorphism (X, f) — (|.S>|A, ME,).
We need to show that [[f] is a unique morphism in KLEISLI' that makes the
diagram (5.10) commute. Assume that r is another morphism of this type, which

means that the following diagram commutes in KLEISLI':

Még

15| A - GS®|A® A
r Gr @id (5'11)
X d cGX @ A

Unfolding the appropriate definitions and applying Lambek’s lemma, the diagram

above corresponds to the following diagram in C:

Meg?
MS>A < M(SS*A+ A)
. M +id) (5.12)
MX e (s + 4) LD arsmx + 4) 2 arsarse + 4)
As a result, the following diagram commutes in C:
Sn Sr o
SX - SMX SMS>*A SS>*A
Sn SM(¢4")
SMX S5 SM(SS®A+ A)
Sf SM+id) | S5t (5.13)
' SM(Sn + id) SM(Sr + id)
SM(SX +A) — SM(SMX + A) » SM(SMS>*A+ A)
I
' S(Sn + id) S(Sr +id) S(p +id)
S(SX + A) S(SMX + A) — S(SMS>®A+ A) — S(SS*A+ A)

(The triangle in the top-left corner is trivial. The hexagon next to it is the S-image
of the diagram (5.12). The remaining part is the naturality of f.) The top edge of
the diagram (5.13) above is equal to 7, the left-most edge is equal to f, while the
bottom edge is equal to S(7+id). Thus, the diagram (5.13) is the following equality:

sext

EQTLSGBWA+JD——+SS“A>

%:@XLS@X+M

~

This means that 7 is an S((-) + A)-coalgebra morphism from (SX, f) to (SS®A, S€4).
Due to the uniqueness of Kfﬂ in the diagram (5.8), we obtain that 7 = Kfﬂ Together
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with the fact that r and Kfﬂ are coalgebra morphisms, this gives us that r = M, -
MF+id) - f = MG - M{F]+id) - f =[f].

The above means that (| S™ | A, M¢&,) is the final (G(-)® A)-coalgebra in KLEISLT',
which entails that G is iteratable (Definition 2.70) and it admits a free cim (Theo-
rem 2.74). We denote this free cim by GY. To complete the proof, we need to show
that [S°] and G agree as functors and monads.

Obviously, [ S*°| is equal to G° on objects. For morphisms, let C be a category and
F : C — C an endofunctor that generates the free cim F*° with the final coalgebra
map denoted as (. For a morphism f : A — B in C, its F*°-image is given by a
unique morphism k : F*°A — F*° B such that the following condition holds:

—1
k= (F‘X’A S, ppeg 4 A 2, ppep g gty F°°B)

Let f : A — B be a morphism in KLEISLI. In the case of GY the condition above

specialises to the following composition in C:

(M
k= (MSOOA Mea pp(ss=A + A) MBI a5 B 1+ MB)

flatr

a M(SS®B + B) 2, MS™B)

We check this condition for | S| f. First, unfolding one step of the distributive law

A, we obtain the following:

)\:(S‘X’MgSSOOMJrMMSMS”JrMMSSOOnLM

flatr

T M85 4+ M) M a5 4 1d) M MSOO)

For a KLEISLI' morphism f : A — B, we first calculate:

o —

[S=]Af
= ( definition )

Tig - S[S™|f - Sngho s
= ( definition )

Iy - Spdle s - SMAg - SMS>®f - SMS™ni - SniL. ,
= ( naturality and monad laws )

S - Shp - SS=f - S5
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We use this to prove the desired property of | S*]:
[5>f
= (lifting )
p e M- MS=(f - ™)
= ( one step of \ )
pM e MPET Mflate - MM - M(7° 4 id) - M(SX +id) - M&- MS®(f -n™)
= ( naturality and monad laws )
ME - flatr - M(ES +id) - M(SA +id) - M - MS™®(f - ™)
= ( naturality )
Me - flatr - M(% +id) - M(SA+id) - M(SS®(f - ™) + (f - ™)) - M€
= ( (the above) )
Meg* - flate - M([S%[f + (f - n™)) - Méa
To show that the monadic structure of | S| given by the lifting and G as the

free cim are equal, we first notice that the multiplication of pu% : F*F*A — F*A

can be described as a unique morphism with the following property:

px = (F=F=A S FFXF=A+ F*A ~25 PF=A+ FF*A+ A

lid,id] +id ¢! (5.14)
B FFeA+ A S FA)
We also notice the following:
pls=l = Sp* (5.15)

It can be proven as follows:

/SE
4

= (def. of pt))
T
= (def of ()
Tigooa - SMp% - Snjghe goo 4
= ( naturality of 7 )
SpZ - TWarogooa * Sk goo a
= ( modules )

Sux
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To show that !9 satisfies the property (5.14), we calculate:

S()O
e

= (detf.)

Mpy
— ( property (5.14) for p> )

Mg M([id, id] +id) - M[Sp3Y, €a] - MEgooa
= ((5.15))

MeGY - M([id,id] +id) - M[lﬁa §a] - M&soon

Applying the appropriate definitions, the ultimate morphism is equal to the following

composition in KLEISLI:

G LS=] Me¢
15| [5% A4 24 s[5 A @ [S®]A 4 T Gls=|Ae GlS®|A® A
id,id] @ id Mey!

GlS®|A® A —2 |S%|A

Therefore, pl5™) satisfies the property (5.14), hence 5} = uG°. The case nl5™) =
n% follows trivially by unfolding of the definitions. O

5.2.4 Resumptions over monads

Lemma 5.20. Let S be an iteratable module over a monad M, and let f : X —
| S [(X + A) be a guarded equation morphism in the monad |S™| with a solution
fT: X — | S®|A. Then, fT seen as a C-morphism is the unique morphism in C such

that the following diagram commutes:

fT
MX - MS*A
f s>
MS[ft - nM, nMsfx’]
MS>®(X + A) S MS®MS>™A

Proof. By Lemma 5.19 there exists a unique morphism fT: X — [S*|A such that

the following diagram commutes in KLEISLI':

It
X > [S>®|A
f uls™)

Lse £t nb "
15 (X @& A) “ - 1524
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We obtain that fT is the unique KLEISLI’ morphism such that the following diagram,

in which the right-most edge is equal to p*°~, commutes in C:

fT

MX » MS>®A
{f MpZ
MS(X 1 A) s=)irts™ M)A (5.16)
\ NSI,VIOOSOQA‘M/\S"OA
MS®[ft -, 5™

MS>®MS>®A

(The triangle on top follows from the appropriate definitions and coproducts in
KLEISLI. The fact that the bottom triangle commutes can be read from the fol-

lowing commutative diagram.)

LS J1fT, 1]

MS®(X + A) - M5 A
pigho so0 4 |
M0, M25%5% A
—_—
MS®M(X + A) ML - MS®MS®A
MS>M(n} +n}f MS>pghe 4

MS>=M([fT,n>]

MS=M(MX + MA) - MS®M2S% A

(The upper part follows from the definition of the action [S*°| on morphism, the
lower part follows from the definition of the coproduct mediator in KLEISLI'.)

For uniqueness, let r : M X — MS*A be a C-morphism. Assume that the dia-
gram (5.16) with r substituted for fT commutes. We notice that for any morphism
g : B — C, the morphism Mg is a KLEISLI' morphism, and up : MMB — MB is
also a KLEISLI’ morphism. Thus, since r factors as shown in the diagram (5.16), it is a
composition of KLEISLY-morphisms. This means that r is itself a KLEISLI-morphism,
and, since fT is the only morphism in KLEISLI that makes the diagram (5.16) com-

mute, we obtain r = fT. O

Lemma 5.21. Let M be a monad, and let S be an iteratable M-module. Consider
the monad MS* as defined in Theorem 5.4. Let e be a morphism that factors as
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follows:

X : MS>(X + A)
RN Mo, -inr]

M(SS®(X + A)+ A)
Then, e has a unique solution, which we denote e*.
Proof. The morphism p™ - Me is guarded in [S*|. For this, consider the following

diagram:

M

M2S=(X + A) —— MS®(X + A)

M ~inr] M{o,n*>° -inr]

2(SS>™(X +A)+ A) » M(SS®(X +A)+ A)

(The triangle on the left is the M-image of the guardedness condition of e. The square

on the right is the naturality of u™.)
Thus, the morphism p* - Me has a unique solution (u - Me)T. We define ef =
(M - Me)t - n™. The morphism e* has the desired solution property, which can be

seen from the following diagram (the left-most edge is equal to e):

X
k
M > MS‘X’A
Me
M25%(X + A) s
uM

M[(pM - Me)t M, M

MS®(X + A) - (MS>)2A

(The triangle on top is the definition of e*. The part below it follows from Lemma 5.20.)

For uniqueness, let r : X — MS®A be a solution. Note that r = pM - Mr -
n¥. Substituting p* - Mr for (u* - Me)' in the diagram above yields that the
bottom pentagon precomposed with 7 commutes. One can show that n™ is epic for
KLEISLI-morphisms (that is, f+-n = g-n implies f = g, for KLEISLI'-morphisms f and
g). This means that, since ™ - Mr is a KLEISLI'-morphism (as a composition of two
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KLEISLI-morphisms), the pentagon commutes, hence p - Mr is a solution of y™ - Me
in the sense of Lemma 5.20. This means that r = u™ - Mr-n¥ = (u™ - Me)" - nif =

t O
et.

Note that the property above is stronger than complete iterativity, since a wider
class of equation morphisms have unique solutions. A guarded equation morphism of
the form

°.inr]

X —o» MSS®(X + A) + A L7070y rgeo (x4 A)

can be seen in the form given by Lemma 5.21 as
inl, nM .inr o, n-inr
X~ MSS®(X+A)+A 200y 5600 (X 4 A)+ A) LT hrgeo(xy A),
Note that this more specific result can be obtained easier, using Theorem 3.1
(the composition theorem) together with Theorem 5.19. We need the generality of

Lemma 5.21 in order to show horizontal complete iterativity in the next subsection.

5.2.5 Resumptions over cims

Theorem 5.22. Let M be a cim and S be an iteratable M -module. The monad M S
(see Theorem 5.4) is completely iterative with respect to the module M S> + M SS>.

Proof. In this proof, for brevity, we denote S as T and its module SS> as T. Let
e: X = MT(X + A) be a guarded equation morphism. We construct a solution of e,
which we call ef, and then we show that it is indeed a solution and that it is unique.

The morphism e is guarded, which means that it factors as follows for some
morphism j:

M MoT, n™MT inr]

X 5 MT(X + A) + MT(X + A) + A Z

» MT(X + A)

By sym, 5 : A+ B — B + A we denote the canonical braiding of coproducts. We
define the following natural transformation. It is actually a natural isomorphism,

since it is a composition of two isomorphisms:

tea = (T(X+A4) S5 T(X 4 A) + X + A 225 X L T(X 4+ 4) + 4)

Consider the following morphism:

f= (X%MT(X+A)+MT(X+A)+A
MUFdT FEX 4 T(X + A) + A) + MT(X + A) + A

[eM, M(inlinr), n™ .inr|

» M(X +T(X + A) +A))
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The morphism f is a guarded equation morphism in the monad M in the sense of
Corollary 5.12 (we treat T(X + A) + A as the object of parameters). Therefore, there
exists a unique solution f1: X — M(T(X + A) + A). We define the following natural
transformation:

kxa=1[o",n" inf] : T(X +A)+ A— T(X + A)
The morphism Mk - fT: X — MT(X + A) is a guarded equation morphism in the
sense of Lemma 5.21, so it has a unique solution

ef = (Mk-fH . X - MTA

We show that ef is a unique solution of e in the monad MT. First, we need the
following equality:
Mty - f=e (5.17)
To prove it, we calculate:
Mty f
= (def. of f)
Mt~ [o™, M(inl-inr), ™ -inr] - (Mt +id +id) - j
= ( coproducts )
(Mt~ o™ Mt Mt~ - M(inl -inr), Mt 9™ -inr] - 5
= ( naturality of o™ )
(Mt Mt-o™, Mt~ M(inl-inr), Mt~ -5 -inr] - j
= ( (see below) )
(e, Mo, M7 inr] - j
The first component of the coproduct follows from the fact that ¢ is an isomorphism.
The second and third components follow from the fact that the following diagram
commutes (by properties of coproducts and definitions of o7 and n?), in which the
vertical ‘spine’ is 1

inl inr

T(X+A) "~ T(X+A)+A XAT(X+A)+A A
! sym~1 +id - J inr
T(X+A)+X+A , X+A

inr
5_1 /

T(X+A)
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We also need the following equality for all objects Y and B:

[y p-inl, kys) =ty (5.18)

We calculate:

[7717;+B ~inl, kY,B]

= ( def. of k)

T . T T .
[77Y+B inl, oy g, Ny - inr]

= ( coproducts )
[U$+Bv 773T/+B -inl, 77;‘C+B -inr] - (sym™! 4 id)
= ( definitions of o and 1" )
(&4 -inl, &hp inr-inl, &% 5 -inr-inr] - (sym™! +id)
= ( coproducts )
[g;iB ~inl, 537}”3 -inr] - (sym™! 4 id)
= ( coproducts )
f;}rB [inl, inr] - (sym™! 4 id)
= ( coproducts )
&hp - (sym™ +id)
= (def. of t71)
tyis
As the next step of the proof, we consider a series of commuting diagrams:

X > M(T(X + A) + A) 25 MT(X + A)

MTMTA

M

MMTMTA
M[MTIe?, pMT], nM)
f M(MT(X + A) + TMTA)  O19)

A
M(MEk + id)

M(M(T(X + A)+ A) + TMTA)
Mt +id) |

' M(id + k M(id + Tle?, n™T]))

MX+T(X+A)+A) — )M(X +T(X +A)) — M(X +TMTA)
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(This diagram states that the morphism MT[e*, n™MT]. Mk - T is a solution of M (id +
Tlef, nMT]) - M(id + k) - f, which follows from Lemma 5.10.)

MMT
MTMTA -~ MTA
“]\/f 'U'A/I
M},LMT

MMTMTA -~ MMTA
MMTIef, n™MT],nM]

M(MT(X + A) + TMTA) (5.20)

A
M(ME + id) Mleb, pMT . pM]

M(M(T(X + A) + A) + TMTA)

A
M(ft +id)

M(X + TMTA) /

(The square on top follows from the fact that ™7 is given by a distributive law. In
detail:

M% T M%MTA
= (def of pM)
MIMA ) MMMZ; * MAra - :U’%/[MTA
= ( naturality of pyMT )
piga - agra - MMMy - MM Mgy
= ( monad laws )
piga - Mpgly - MMM ply - MMAga
= ( def. of pMT )
piga - Mp'™
For the bottom part of the diagram, we consider each part of the coproduct X +

TMTA separately. The left-hand side is the solution property of e in the sense of
Lemma 5.21. The right-hand side is trivial.)
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M(id + k) M (id + T[ef, MT]) Mlet, pMT . pM) uM
M(X+T(X+A)+A) ~ M(X+T(X+A)) X+TMTA > MMTA—~ MTA
% et 1
‘; \ / Mid, M T M
>
S‘j( M(MTA+TMTA)
- M(id + T7id, id])
(5.21)
M(MTA+T(MTA+MTA)) (E) pMT
/ M[nT -inl,id]
(id + k)
MTA+T MTA+MTA)+ MT(MTA+MTA)
MTlef , nMT]
MT (X+A) - MTMTA

((A) naturality of t~', (B) naturality of k, (C) and (D) properties of coproducts,
(E) the diagram below, (F) the equality (5.18), (G) properties of coproducts.)

M (id + TYid, id]) Miid, pMT . pM) it

M(MTA+T(MTA+MTA)) —— M(MTA+TMTA) — MMTA — MTA

I M[nT,id] T
Mn* -inl,id] MnT,T(id,id]]

MT(id, id]
MT(MTA+MTA) - MTMTA

(The triangle on the left follows from properties of coproducts an the naturality of

n”', the triangle in the middle follows from properties of coproduct, while the square
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in the top-right corner is shown by the following calculation.)

parra - Mlid, 3" - nphr 4l
= ( monad laws )
parra s MU i, pa vl
= ( coproducts )
parra - Mp™ - MImira, 17074l
= ( calculation below the diagram (5.20) )
P igarra - MIMrras n7arral
= ( def. of n™T)
P ighera - M[0grra - Muras heral
= ( coproducts )
P v Mnpgra - Mg 4, id]

= ( monad laws )
pi - My g, id]

Now, to show that ef is indeed a solution of e in the monad M S>, we first notice
that

et = (Mk- f1)} =y - MT[(Mk- £, g}T)- Mk- f' = g7 MT[et, g7 Mk- f!

(The second equality is the solution property of (-).) Thus, the desired solution

property can be stated as
pi " MTIER, i) Mk - fY = T MT(ef ] - e

It can be obtained by factoring e as M t;(} .- [ (as given by the equality (5.17)) and
putting together the diagrams (5.19), (5.20), and (5.21):

MTef, n4IT] - Mk - fT pMT
X -~ MTMTA MTA
f (5.19) [(5.2%
= (5.22)
M(X+T(X+A)+A) M(X+TMTA) pi T
Mty (5.21)
MT[ef, n}T]

MT(X+A) ~ MTMTA
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For uniqueness, assume that a morphism r : X — MTA is a solution of e. We
show that the following diagram commutes, which gives us that r = (Mk - f1)¥ = ¢

from the uniqueness of solutions given by Lemma 5.21.

T

X - MTA ﬁ
NZMA
fT
MMTA
M(X+T(X +A)+ A) MMy i
MMTTA
Mk 1
MMAT A

' MT[r,n¥T]
MT(X + A) N MTMTA—

The longer path of the perimeter can be rewritten using Lemma 5.10 (the functoriality

of solutions) as follows:
- (M(id + M) - M(0d + M) - Md + Tl 7)) - MGid +F) - ) (5.29)

To show that 7 and (5.23) are equal, we use Lemma 5.13 ((flatr - €)' = p - ef). In
this case, it states that the morphism (5.23) is the unique solution of the following

morphism:
flatrx pa - M(id + MpY) - M(id 4+ Apa) - M(id + Tlr,nY7]) - M(id + k) - f (5.24)

It is left to show that r is also a solution of (5.24). It can be read from the following
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diagram:
X - MTA
iy (B) |
M(X+T(X+A )+A) - MT(X+A)
M(|d R y MTlr, YT
M(X +T X+A)) M TA
M(id + Tlr,n}T]) M\ﬂ MMr4
M(X+TMTA) TTA 1's
M(id + A1 a) MMpT
M(X+MTTA) Ml M - MMTA
M(id + MMA) M[r id]
M(X+MTA)
flatr
M(X+TA) Ml - MMTA

((A) the equality (5.17), (B) solution property of r, (C) the equality (5.18), (D) co-
products, (E) componentwise: properties of distributive law, (F) definition of p™7
(G) coproducts, (H) the diagram below.)

Mr,id] 1y
M(X + MTA) = MMTA MTA
M MnT A A
M(n¥ +id) W MMTA
' M[Mr, MnM
M(MX + MTA) T MMMTA
M{[Minl, Minr] / pu,
' nTA LT A
MM(X+TA)
“NI
' Mir,
M(X+TA) i MMTA

(Every part commutes due to monad laws, properties of coproducts, or naturality of
M and p.) O
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5.3 Resumption algebras

Definition 5.23. For an M-module S on the category C, a resumption algebra is a
tuple (A, f: MA — A, g: SA— A, (-)T), where:

1. The morphism f is an Eilenberg-Moore algebra.

2. The triple (A, g, (-)!) is an Elgot algebra.

3. Coherence: for a flat equation morphism e : X — SX + MA it holds that
(foe) =le|" (f ©e), where |e| is as given in Definition 5.2.

A morphism between two resumption algebras (A, f4, g4, (-)) and (B, fZ, g%, (-)%)
is a C-morphism h : A — B such that it is a homomorphism f4 — fZ. and that it
is solution-preserving, that is, for any flat equation morphism e : X — SX + A, it

holds that h - ef = (h @ e)*.
We denote the category of resumption algebras for the AM-module S and resump-

tion algebra morphisms as RESALG(M, 5).

Theorem 5.24. If an M-module S as a functor is iterative, the obuvious forgetful

functor UR®AlR : RESALG — C has a left adjoint given as follows:
FResAle g — (MS*A, f, g, (—)T), where
M
f=MMS®A 2524 N5~ 4
—S M
g = SMS®A L5=4, ggoo g T4y goo g K524, prgeo g
FResAlgh = MS>®h
The monad induced by this adjunction is equal to MS.

Proof. This proof is analogous to the proof of Theorem 4.20. Consider the adjunction
FEle 4 U¥e . C — ELGoT(S) and the Eilenberg-Moore adjunction of the monad [M]
from Lemma 5.3 FEM 4 UEM : ELcoT(S) — MALG([M]). Objects of MALG([M])

are tuples of the following shape:
<<Aag :SA — A7 (_)T>7 f : IVM—‘ <A797 (')T> - <A7g7 (_)T>>7
such that the following conditions are satisfied:

1. The triple (4, g, (-)T) is an Elgot algebra.
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2. The morphism f is an Eilenberg-Moore algebra action. Since the monadic struc-
ture of the lifting [M] is given by the monadic structure of M, this condition
is equivalent to saying that f is an Eilenberg-Moore algebra for M.

3. The morphism f is a morphism between two Elgot algebras, hence it preserves
solutions: for a flat equation morphism e : X — SX + MA, it holds that
(foe) = f-et where et denotes the solution of e in [M](A4, g, (-)).

The expression f - et from the condition (3) can be expanded as follows (compare
Definition 5.2):

X5 SX 4+ MA S gx oAy A g B g Sy
We calculate:

£ id] - (lelt +id) - (inl +id) - e

=[f i, f1-(le|" +id) - (inl +id) - e (coproducts)
= [id, f]- (le|" +id) - (inl +id) - e (f is Eilenberg-Moore)
= [id,id] - (Je|" +id) - (inl 4-id) - (id + f) - e (coproducts)
= [id,id] - ([g,id] +id) - (Sle|" +id +id) - (|e| +id) - (inl +id) - (id + f) - e (solution)
= [id,id] - ([g,id] +id) - (S|e|" + id 4 id) - (flatr 4 id + id) (def. of |-])

~(Se+id+id) - (inl +id) - (id + f) - e

= [id,id] - (g +id) - (Sle|" +id) - (flatr +id) - (Se +id) - (id + f) - e (coproducts)
= [id,id] - (g +id) - (Sle|" +id) - |e| - (id + f) - e (def. of |-|)
= lelt-(id+ f)-e (solution)
=le|"- (foe) (def. of ©)

This makes the condition (3) equivalent to the coherence condition of resumption
algebras. This means that the category MALG([M]) is equal to RESALG(M,S).
One can easily see that the composition UF8UM is equal to UR*A8 hence FEM [Pl
is the left adjoint to UR*A18. Simple unfolding of the definitions of F¥'® and F*M gives

us that the direct definition of their composition is as specified in the theorem.  [J

Theorem 5.25. For an M-module S, if S® exists, the functor URSA s strictly
monadic. This entails that the category RESALG(M, S) is isomorphic to MALG(M S>).
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Proof. Similarly to the proof of Theorem 4.21, we use Beck’s theorem. Theorem 5.24
already states that URAE is a right adjoint, so it is left to show that it creates co-
equalisers for those parallel ho, hy in RESALG(M, S) for which UR®Aehg and UReAlsh,
have a split coequaliser in C.

Let ho, by : (A, f4, g4, ()T — (B, fB,¢B,(-)}) be such a pair. Let ¢ be a split
coequaliser of UReAgh, and UReAlgh,. In other words, there exist morphisms s
and t such that the following diagram commutes and in which the two horizontal

compositions are the identities:

B—t-a-".p
lc lhl { (5.25)
¢ ——B——C

We need to show that there exist a unique resumption algebra (C, f¢: MC — C, ¢¢ :
SC — O, (-)%) such that ¢ : (B, fB,¢%, ()" — (C, £, g%, (-)%) is a homomorphism
and a coequaliser of hy and h;. From the monadicity of the forgetful functors UM :
MALG(M) — C and U¥® : ELcoT(S) — C, we obtain that there exist a unique
Eilenberg-Moore algebra (C, f€) and a unique Elgot algebra (C, g%, (-)}) with the

required properties. Their actions are defined respectively as:
B
€ = (MC%MBQB%C)
B
€ = (SC%SB%B%C)
For a flat equation morphism e : X — SX +C, its solution is defined as e} = c-(s©@e)*
(see Adamek et al. [15], proof of Theorem 4.8).
Thus, it is enough to show that the two existing algebras satisfy the coherence
condition. We need to show that for a flat equation morphism e : X — SX + MC,

it holds that (f¢ ®e)® = |e|® - (f© ® e). The morphism ¢ preserves solutions, which
means that for all flat equation morphisms k£ : X — SX + B, it holds that:

c-kt=(cokf=c-(socok) (5.26)

Using the fact that ¢-s = id, it requires simple diagram chasing (see Section A.7
in the appendix) to prove that the following holds for a flat equation morphism
e: X = SX+ MC.

(s©@le]) - (idsx +¢) = (S(idsx +¢) +idg) - (s©@c@ |[Ms© el) (5.27)
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Thus, by functoriality, we obtain:
(s©@le)) - (idsx +¢) = (s®co |Ms© e|) (5.28)
Together with (5.26), the above gives us the following:
c-(s@le))t(dsx +c¢)=c-(s@cO|Ms@e|)f =c-|[Msoel (5.29)

We calculate that the coherence condition holds:

(fCoe)f=c-(sofoe) (def. of (-))
=c-(soco fPoMsoe)t (def. of )
=c-(fPoMsoe) ((5.26))
—c- |Msoel' (fPoMsoe) (coherence)
=c-(s@e|)t- (idsx +¢)- (fPo@Msoe) ((5.29))
=c-(s0le))-(cofPoMsoe) (def. of ©)
=c-(sole) (f“o¢) (def. of f©)
= lef'- (f“ @) (def. of (-)°)

0

5.4 Universal property

In this section, we characterise the monad M S* by a universal property, similar to
the one given in Theorem 4.28 for ‘ordinary’ monads. This universal property can be

stated as follows:

Theorem 5.26. Let M be a monad, S be an M-module such that S as an enfunctor
is iteratable, T be a cim, and (m, f) : (M, S) — UM°IT be a module morphism such
that f is ideal. Then, there exists a unique monad morphism t(m, f) : MS>® — T

such that the following diagram commutes:

Mn>® JVISoo em
M N iy
T

In this section, we give a proof of this theorem, which is similar in structure to
the proof of Theorem 4.28, but is considerably more complex, because of the use of

Elgot algebras. First, we need a couple of auxiliary lemmata:
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Lemma 5.27. Let S be iteratable. For morphismse: X — SX+Y andh:Y — Z,
it is the case that S®h -[e)=[h@e): X — S>Z.

Proof. The following diagram commutes:

e id+ h

X SX +Y SX + 7
le] Sfe]+id Sfle]+id
sy — L gy 4y A goey 4 g
S%oh S8°h +id
sz & . SS%7 + 7

(Top-left corner: [e]]is a coalgebra homomorphism; top-right corner: + is a bifunctor;
bottom: naturality of &.)

This means that S>h -[[e]) is a coalgebra homomorphism from (X, (id+h)-e) =
(X, hoe) to (S*Z,&z). From the finality of the latter, we obtain S*®h -[e] =
(hoe) O

Lemma 5.28. Let T be a cim, e : X — T(X + A) be an equation morphism that
factors through a morphism g : X — T(X + A) + TA as in Lemma 5.11 (a), and
a:TA— A be an Eilenberg—Moore algebra. Let

— i — ol nT.inr
G = <X L P(X + A)+ TA TS T(X + A)+ A MT(XJrA))
Then, it is the case that a-e' =a-g'.

Proof. First, consider the following morphism:

T T(id4nT), o7 -inr]

p= <X LT(X +A)+TA Y T(X+TA)>

It is the case that flatr - p = e, hence, by Lemma 5.13, it is the case that ef = p? - p'.

Thus, we obtain:

a-el=a-p’ - pf (Lemma 5.13)
=a-Ta-p' (a is Eilenberg—Moore)
=a-(T(d+a) p) (Lemma 5.10)
=a-g ((see below))
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Now, it is enough to show that 7'(id + a) - p = g. We calculate:

T(id+a)-p=T(id+a)-[c"-T(id+n"), " -inr] - g (def. of p)
= [T(d+a)-o" -T(id+n"), T(id+a)-n" -inr]-g  (coproducts)
=[o7 - T(id+a) - T(id+n"), n* - (id+a)-inr]-g (naturality)

=[o"- (|d +a)-T(id+n"), n* -inr-a]-g (coproducts)
=[of, n"-inr-a]-g (a is Eilenberg—Moore)
= [o, n* inr]-(d+a)- g (coproducts)
=9 (def. of )
[l

Lemma 5.29. Let T be a cim, S be an iteratable endofunctor, e : X — SX + A
be a morphism, and f : S — T be an ideal natural transformation. Consider the

morphism

[Tinl, nT-inr]
_—

k:<X—>SX+Af+'d T px 4 A T(X+A))

Then, it is the case that
(X LN TA) - (X fed, goo g 10, TA)

Proof. We show that «(f) -[[e] is a solution of k, that is, that the following diagram

commutes:

fe] uf)

X 5%A - TA
. (A) -1 (B) W’
I Sle] +id ) +id Fid
SX+A SSOOA—l—A STA+ A TTA+ A
f+id © f+id (D) L
! T{e] +id Tu(f) +id
TX + A TS®A+ A
[Tinl, 7 - inr] ) [Tinl,n - inr] (F)
! T([(e] +id) T[(f)s ]
T(X + A) — s T(5%A + A) ! CTTA

((A) final coalgebra, (B) (see below), (C) and (D) naturality of f, (E) and (F) coprod-
ucts.)
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It is left to verify that the part (B) commutes. We express 1 as [u> -emb, 7] :
SS®A+ A — S®A, and proceed component-wisely. The left component:

S%A Y A
po° | uT‘
5005:0014 o(f) = o(f) . TTA
b fxu(f) f
ey

(Top-down: ¢(f) is a monad morphism, the universal property of S, natural trans-
formations.)

The diagram for the right component is simply 7 = +(f) - n°°, which follows from
the fact that ¢(f) is a monad morphism. O

Proof of Theorem 5.26. The structure of this proof closely follows the structure for
the equivalent result for inductive resumptions (Theorem 4.28). We use the isomor-
phism A (Lemma 2.26) to translate the problem into the language of functors between

Eilenberg-Moore categories. First, we define the two following forgetful functors:

UM RESALG(M,S) — MALG(M)  U®:RESALG(M, S) — ELGOT(S)

UM<A7 fa 9, (_)T> = <A> f) US<A7 f7 9, (_)T> = <A7 9, (_>T>
UMk =k Uk =k

Both RESALG(M, S) and ELGOT(S) are monadic, so the functors UM and U® can
be seen as (carrier-preserving) functors between Eilenberg—Moore categories, that is,
morphisms in EM. Their A~!-images are as follows, where 84 : SS®A — S®A is

the natural family of the actions of the free completely iterative S-algebras:
A-IUM — (M M pmse B MS°°>, where UM FReAE 4 — (V[S® A p,)

MM s 5T MSOO) - (M M, MS°°>

[SRAN ) Y NN MS°°> where USFCIAA = (524, q,)

§ 5™ gargee E25T, ggeo By geo MUST MS°°>

5 17, ggoo By goo MTST, MSOO) - (s emb, goo WS, MS°°>



5.4. UNIVERSAL PROPERTY 111

Since MALG(M S*®) = RESALG(M,S) and MALG(S*®) = ELcor(95), it is
enough to prove that there exits a unique carrier-preserving functor ® that makes

the following diagram commute:

UM U

MALG(M) RESALG(M, S) ELcor(S)

‘N Iq, / (5.31)

MALG(T)

Then, we take t(m, f) = A7'®. We proceed in a number of steps: (i) we define @
and show that it is a functor; (ii) we show that the diagram (5.31) commutes; (iii)
we show that @ is a unique such functor that makes the diagram (5.31) commute.

(i) First, we define ® and show that it is indeed a functor. Let (A, a: TA — A)
be an Eilenberg—Moore algebra. Since the composition of a monad morphism with
an Eilenberg—Moore algebra is again an Eilenberg—Moore algebra (Lemma 2.26), the
pair (A, S*®A LEPENG L RN A) is an Eilenberg-Moore S*-algebra. The corresponding
Elgot S-algebra is given as:

(A, SA Smbay goo g WA py o g (8 = (A, SA IS TAS A (O
where the solution for an equation morphism e : X — SX + A is given as follows:
e = (x 1 =AU ma s )
We define:

DA, a:TA— A) = (A, MAZS TAS A, SAISTAS A, ()
Oh=h

First, we need to check that for a cim 7" and an Eilenberg-Moore algebra (A, a :
TA — A), the tuple ®(A, a) is a resumption algebra. By Lemma 2.26, a - m4 is an
Eilenberg-Moore algebra. So, it is left to verify the coherence condition for resumption
algebras, that is, ((a-m4) @ e)* = |e|* - ((a - m4) © €). We calculate. The left-hand

side (where (-)T denotes solutions of guarded equation morphisms in the monad T):

a-u(f)a-[(a-ma)@c€] (def. of (-)})
([Tinl, pT -inr] - (f + (a-ma)) - )t (Lemma 5.29)
a- ([Tinl, Tinr] - (f +ma) -e) (Lemma 5.28)

((a-ma) ©e)’

a
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The right-hand side:

lel-((a - ma) @ ¢)

=a-[le])]- (id+ (a-m4))-e (def. of (-)%)

=a- ([Tinl, n* -inr] - (f +id) - |e])" - (id + (a-m4)) - e (Lemma 5.29)

=a-p’ - T[([Tinl, " -inr] - (f +id) - |e])T, 7] (solution)
(Tinl, " inr] - (f 4+ id) - |e] - (id + (a - m4)) - e

— a i TY(Tinl, o ine] - (f +id) - Jel)f, o) (def. of |
[Tinl, o7 -inr] - (f +id) - (flatr +id) - (Se +id) - (id + (a - m4)) - €

=a-p" - [T([Tinl, n" -inr] - (f +id) - [e])T, Tn" "] (coproducts)
~(f+id) - (flatr +id) - (Se +id) - (id + (a - m4)) - €

= [a-p" - T([Tinl, n" -inr] - (f +id) - le])', a-p” - Tn" 7] (coproducts)
~(f+id) - (flatr +id) - (Se+id) - (id + (a-ma)) - €

= [a-p" - T([Tinl, 57 -inr] - (f +id) - e])T, a-n"] (monad laws)
(f +id) - (Flatr +id) - (Se +id) - (id + (¢ - m4)) - €

= [a-p® - T([Tinl, n™ -inr] - (f +id) - [e])T, id] (a is Eilenberg-Moore)
~(f+id) - (flatr +id) - (Se +id) - (id + (a - m4)) - €

= [a-p" - T([Tinl, " -inr] - (f +id) - e])T, d] (coproducts)
~(f+id) - (flatr +id) - (Se +id) - (id +ma4) - e

= a-[p - T([Tinl, 57 -inr] - (f +id) - |e])T, id] (coproducts)

~(f+id) - (flatr +id) - (Se +id) - (id + ma4) - €

(T([Tinl, 9" -inr] - (f +id) - |e])T +id) (coproducts)
~(f+id) - (flatr +id) - (Se +id) - (id +m4) - e
=a-[p",id] - (f +id) - (S([Tinl, n* -inr] - (f +id) - |e|)! +id)  (naturality of f)

(flatr +id) - (Se+id) - (id +ma) - e

=a-[u",id -

To see that both sides are equal, it is enough to show that the latter without the
leading «a is a solution of [Tinl, Tinr] - (f + m4) - e. It can be proven by mundane
calculation, see Section A.8 in the appendix.

It is left to check that ® is well-defined also on morphisms, that is, ®(h : (4, a) —
(B, b)) is the appropriate homomorphism of Eilenberg-Moore algebras and that it
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preserves solutions. To check the former, we calculate:
h-a-my=">b-Th-my (h is an algebra homomorph.)
=b-mp-Mh (naturality of m)

We check that ® preserves solutions. In detail, it means that for any flat equation
morphism e : X — SX + A, it is the case that k - et = (h © e)*. We calculate:

h-et =h-a-u(f)a-[e] (def. of (-)*)
=b-Th-u(f)a-[e) (h is an algebra homomorph.)
=b-u(f)p- H h €] (naturality of ¢(f))
=b-u(f)p-[ho@e€) (Lemma 5.27)
= (hoe)t (def. of (-)*)

(ii) We show that the diagram (5.31) commutes. The left-hand side:

UMD(A, TAS A) = UM(A, MA X745 A, SA 2% A, (O (def. of @)

= (A, MA 24 TA S A) (def. of UM)
= (Am)(A, TA % A) (def. of A)
The right-hand side:
USD(A, TAS A) = US(A, MA “54 A, SA 204 4, (O (def. of )
— (A, SAISTAS A (Y (def. of US)
— (A, <A A e g (as discussed in (i))
= (Af)(A, TA S A) (def. of A)

(iii) We show that & is the only carrier-preserving functor that makes the di-
agram (5.31) commute. For this, consider a monad morphism r that makes the
diagram (5.30) commute when substituted for ¢(m, f). By the same argument as in
the proof of Theorem 4.28 (that is, u* is given by a distributive law), we obtain that
r=p’ - (mx*u(f)). That is, Ar understood as a functor to MALG(MS>) is given as

follows:
(AF)(A, TAS A) = (A, MS®A D4 ppg 4, NG N A) (5.32)
The above understood as a resumption algebra can be given as follows:

(A, MA 2, gy miDa, TTA—>TA£>A
SA Sm0a, goo g 1y prgee g MDAy g My g 2 g (-)%)
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where, for a flat equation morphism e : X — SX + A, its solution e* is defined as

follows:

] make(

el = (XKL>S°°A”—M—>MS°°A—’I)A>TTA“—A>TA1>A>
_ (X lel goo 4 W), oy 3 A) _ ot

We also obtain (again, by the same argument as in in the proof of Theorem 4.28)
that a-p - (m=*u(f)a) =a-ma and a -uly - (m*o(f)a) -0k, -emby = a- fa, which
means that (Ar)(A, a) = ®(A, a), hence r = 1(m, f). O

5.5 Two-sided modules

Adamek et al. first considered cims to be ideal monads [6], and later generalised them
to idealised monads [12]. The use of right modules emphasises the asymmetry of the
monadic composition when modelling computations. For example, let the monad in
question formalise 1/O, and the module be a subset of I/O programs that at some
point of execution prints out hello world. This property is clearly preserved by the
composition with any other computation on the right, since the latter is performed
after the message is printed out. However, it is not necessarily preserved by the
composition with an arbitrary computation on the left: if the latter fails with an
exception or loops indefinitely, the former never gets a chance to print out its message.

Nevertheless, in the case of cims, modules formalise a very concrete property: the
notion of guardedness, which ensures productivity; see the discussion in Section 2.3.2.
Informally, such a module contains effects that gradually contribute to the solution,
for example, in the case of 1/O, they perform observable actions. The values that are
not in the module might not contribute, but they also do not obstruct the computation
(this fact is formalised by Lemma 5.11). This leads to the corollary that every monad
completely iterative with respect to a right module can be extended to a monad
completely iterative with respect to a two-sided module without altering the monadic
structure.

A more practical reason for the use of two-sided modules in this section is that one
of our goals is to explore symmetries between the theory of ‘ordinary’ monads and
the theory of cims. For example, consider Hyland, Plotkin, and Power’s [65] result
that M (XM)* is a coproduct in Mnd.

Definition 5.30. A two-sided module over a monad M is a triple (M, W MM —
M, 7 : MM — M) such that the following hold:
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77) is a module over M.
2. (M,%%) is a left module over M, that is, the following diagrams commute:

M

M

\%
~
=
=<
=
=<
=
~

3. The morphisms <ﬁ and ﬁ are coherent in the sense that the following diagram

commutes:
_ M@ _
MMM — MM
pr w
_ W s
MM M

Definition 5.31. A morphism between a two-sided M-module (M, @™, M) and

a two-sided T-module (T, %T,ﬁT> is given by a pair of natural transformations
(m: M — T, f: M —T) such that:

1. m is a monad morphism,

2. the following diagram commutes:

MM
MM - M ~ MM
o
TT T T

As in the case of ordinary modules, we define the representation of a monad:

Lemma 5.32. Given a monad M, the triple (M,pM ™) is a two-sided module

over M.
We also define an equivalent of idealised monads:

Definition 5.33. A two-sided idealised monad is a triple (M, (M, 7, ﬁ)>, o), where
(M, %, ﬁ> is a two-sided M-module, and o : M — M is a natural transformation
such that (id, o) is a morphism between (M, v, 7') and (M, ™, u™).
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Definition 5.34. A two-sided idealised monad (M, (M, %, 1), o) is a two-sided cim
if every equation morphism e : X — M (X + A) that factors as

—_— o, nM.inr
X o> MX +A) + A2 arix 4+ 4)

has a unique solution.
Morphisms between two-sided cims are given, as in the case of cims, by coher-

ent monad morphisms. In detail, given two-sided cims (M, (M, @™, M), oM)

and
(T, (T, TS ﬁ)T% oT), a coherent morphism between them is given by a monad mor-
phism m : M — T such that there exists a natural transformation m : M — T such
that o7 -m =m - oM.

We call the category of two-sided cims and coherent monad morphisms T CiMm.

Given an iteratable endofunctor 3, the free cim (X%, (33 1i*°), 0°°) can be seen
as a two-sided cim. We need to construct the ‘left” module action ﬁ"o D UMY —
33> and show the necessary coherence conditions. For this, we use the following

lemma:

Lemma 5.35. Given a complete Elgot YX-algebra (A, a : ©A — A, (-)1), the tuple
(LA, Ya: XA = SA, (1)) (where for a flat equation morphism e : X — LX +
YA, we define et = [X(a ©® e)',id] - €) is a complete Elgot S-algebra. Moreover, the
morphism a is solution-preserving.

Proof. This lemma is a special case of Addmek et al.’s result [15, Lemma 5.6], which
states that for a morphism ¢ : Y — A, the tuple (XA +Y, (XA +Y) RN S RN
YA+Y, (-)F) (where fore : X — SX+YA+Y, we have et = ([S([a, g|@e)T, id]+id)-e)
is a complete Elgot ¥-algebra. Our case arises for Y = 0 (the initial object) and

g : 0 — A being the unique morphism from the initial object. O]
A corollary of the lemma above is the existence of a distributive law of ¥X°° over X:

Corollary 5.36. Let X be an iteratable endofunctor. Then, there exists a distributive

law of a monad over an endofunctor 0 : 3°°% — 33,

Proof. We define an Eilenberg-Moore lifting [¥] : ELcoT(X) — ELcoT(X) as fol-
lows:

[Y1{A,a,(-)T) = (SA, Xa, (-)*)  (see Lemma 5.35)

[YX]h=Xh



5.5. TWO-SIDED MODULES 117

We need to check that [3] is indeed a functor. It is left to see that if h : A — B
is solution-preserving for two complete Elgot Y-algebras (4, a, (-)') and (B, b, (-)°),
then X is solution-preserving for [L](A, a, (-)) = (24, La, (-)!) and [S](B, b, (-)°) =
(¥B,%b, (-)*). We calculate:

(Choe) =[2(boXhoe),id - (Shoe) (def. of (-)f)
= [2((b-Zh)©@e),id] - (Zh©e) (def. of ®)
= [2((h-a)©@e),id]- (Shoe) (Theorem 2.81)
= [S(h@a®e),id - (Shoe) (def. of ©)
= [Z(h-(a@e)l),id]- (Zhoe) (h is sol.-preserving)
= [Z(h-(a@e€)l),Zh] e (coproducts)
=Yh-[S(aoe)lid] e (coproducts)
= Yh-el (def. of (-)%)

O

Theorem 5.37. For an iteratable endofunctor 3, the triple
S = (X%, (X%, Xu*> - 05>, u™), o)
15 a two-sided cim.

Proof. Since we know that UT“™S is a cim, it is left to check the conditions for the
left module 5.30, and that (id, 0) is an aproppriate morphism of two-sided modules.
Left module:

o<}

nyy

23 2103
W )3k]
y IS

Zp

23

(The triangle of top follows from the fact that € is a distributive law, the bottom
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triangle follows from monad laws.)

e
DI I I e - D10

NeeHxee gx>°

A 00 Y100 b oo Y

X¥u ¥ Xp

[e’s} Y

oo ¥
o IO A ) 3N

\

PR el

(The top part of the diagram follows from the fact that 6 is a distributive law, the
bottom-left square follows from the naturality of 6, the bottom-right square follows
from monad laws.)

The coherence between the left and the right modules:

e}

Zp

210033103 203N
030 gx>°
Y EEOO,U, Y
213030030 20N
PIHILS Su
A E,LL Y
I eed D PN

(The top square follows from the naturality of 6, the bottom square follows from

monad laws.)
The proof that (id, o) is the appropriate morphism between two-sided modules is
a bit more involved. Of course, the right module part is trivial. For the left module

part, we need to show that the following diagram commutes:

oo >
seoyyioe IO N ) N

Jm J

ZOOEOO > EOO

For this, we use the definition of 6 from the lifting [3X] : MALG(X*°) — MALG(X*).

In detail:
0 — (zmz EEE srooyiyioo Py 22%)

where p4 is a natural family of morphisms such that

[ST(E®A, j1y) = (BE®A, B°NE®A 4 119 4)
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Thus, it is enough to show that the following diagram commutes:

D R M) Wies DR W) Vo DD Ve D)
F%w { (5.3)
DD - . 10

First, we show that the top part of the diagram commutes. Consider the family
of homomorphism between Eilenberg-Moore YX*°-algebras g : (E°X®A, fixecnq) —
(XA, pa) (the fact that it is a homomorphism is exactly the associativity diagram
for f1). This means that [X]pa = Zpa @ (EXCE®, puea) — (X3°°) py) is an algebra
homomorphism. Thus, we obtain the following diagram, where the square on the
right is the condition for [¥]ua being an algebra homomorphism, and the triangle

on the left follows from the monad laws:

e} oo

X%on

[e')

20NN 21003303 D)D) Vel

id JE‘”EAL
p
Yooy

To show that the bottom part of the diagram (5.33) commutes, it is enough
to show that o4 : ¥3¥*°A — 3°A is a homomorphism between [X](X®A, ua) =
(UXPA; pa: BOEY®A — EX®A) and (XA, ua). They can be seen respectively
as the following Elgot algebras:

D) D

[S](E®A, 04: SE®A = %A, (-)1) = (EXN¥A4, o, : UT®A - TE%A, (-)H

and
(U®A, 04:05%A = %A, (1)1

Moreover, o4 is a homomorphism from the latter to the former (since it is solution-
preserving, see Lemma 5.35), hence it is a homomorphism of the respective Eilenberg—
Moore ¥ *°-algebras. O

5.5.1 Free two-sided extension

Now, we show that very cim can be extended to a two-sided cim. Moreover, this

extension is canonical, as it arises as a left adjoint to the forgetful functor TCim —
CiM.
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Theorem 5.38. Let UTC™ : TCiM — CIM be the obvious forgetful functor. It has a
left adjoint FT¢™ . Cim — TCIM given as follows:

FTClmm —m

Proof. We need to show that: (i) FT“™ is a functor and (ii) it is a left adjoint to
UTCim'

(i) Given a cim (M, (M, 1), o), we need to check that (M, (MM, uM, Mzi), u-Mo)
is a two-sided cim. First, we check that (MM, M, Mf) is a two-sided module

over M:
1. It is a (right) module by Example 2.57 (3).

2. It is a left module: both necessary diagrams (that is, uM - nMM = id and
M - MuM = M - uM M) follow trivially from the monad laws.

3. Coherence (that is, uM - MM = M- pM M) follows from the naturality of .

We also need to check that (id, i - Mo) is a morphism between two-sided modules,

that is, the following diagram commutes:

__ uM __ M@ _
MMM — MM ~— MMM

MMo Mo MoM
M Mup \
MMM —— MM ~— MMM

Mp I M
4 Y A,

MM M MM

(Top-left corner: naturality of u, top-right corner: (id,o) is a module morphism,
bottom squares: monad laws.) Finally, we need to prove that an equation morphism

that factors as
X s MM(X + A) + A L1200 x4 a)

has a unique solution. This follows from Lemma 5.11 (b).
To see that UTC™ is a functor, it is left to see that for a coherent monad morphism
m (M, (M, 5™, o™) — (T,(T,i"),oT), the morphism UT™m is also coherent.
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For this, we see that the following diagram commutes, where m is any witness that

m is coherent:

M—"—T
‘NJ\/I UT
MM 7T
‘MO']” ‘TO'T
M " 7T

(The square on top: m is a monad morphism, the square on the bottom: coherence
of m.)
(ii) Tt is left to show that FT™ is a left adjoint to UT™. To do that, we define

the unit u and counit ¢ of the adjunction:

U ldCIM N UTClmFTCun

Uing et (M, (M), o) — (M, (MM, Mp), i - Mo)

c: FTClmUTCnn N ldTCIM

C(M,(Mfﬁ,ﬁ),a) : <M7 <MM7 Mﬁa E)% - MU> — <M7 <M7 <ﬁ7 ﬁ): U>
c=id

Note that the identities id above stand for identities in the base category, not the
categories CIM or T CiM. The fact that c is coherent can be read from the following

commutative diagram:
id

M M
w i
o MM
Mo

— nM _
M——— MM

(Top-right corner: monad laws, bottom-left corner: naturality of .) The fact that u
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is coherent follows from the following diagram:

id

M M
Iz
MM o
‘Mo
-

— 12 —
MM ——M

(This diagram follows from the fact that (id, o) is a morphism between two-sided

modules.) It is trivial that the zig—zag equalities hold. O

5.5.2 Coproduct with free cim

As the final result of this chapter, we show that the free two-sided extension of the
coinductive resumption monad M (XM)™ is the coproduct of M and 3> in TCiMm.

First, we need an auxiliary lemma:

Lemma 5.39. Let T be a two-sided cim, M be a cim, S be a (right) M-module, and
(m, f) be a module morphism from (M,S) to (T, T). Then, the mediating monad

morphism t(m, f) given in Theorem 5.20 is coherent.
Proof. We define the witness that «(m, f) is coherent as follows:
(77w (@ (f) + (moko(f))  MS™® + MSS® — T
To see that it is indeed a witness, we notice that the following diagram commutes:

m * (f) uM

MS*> - TT -T
[JJMSOO7MO'°°] [O'TT7 TO'T] ol

— (mx () +(mxu(f)) N T 2

MS>® + MSS* ~TT+TT T

(the square on the left: m and «(f) are coherent, the square on the right: (id,o”) is

a morphism of two-sided modules.) []
Theorem 5.40. By R we denote the monad
(M(SM)>, M(SM)®+MSM(SM)™, [oMS> Mo™])

Let M = (M, (M, M 7™My oMY be a two-sided cim, and ¥ be an iteratable endo-
functor. Then, the two-sided cim FTC'™R. is the coproduct of M and S (see Theo-
rem 5.37) in the category TCIM.
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Proof. Consider a two-sided cim T = (T, (T, %7, @T),07) and the cospan M
T < ¥ in MND such that both m and s are coherent. Consider the following
morphism:

s-emb)xm

f:<2M( TTiT)

We propose the monad morphism ¢(m, f) given in Theorem 5.26 as the coproduct
mediator. In detail, we need to show that ¢(m, f) is the unique monad morphism
that makes the following diagram in MND commute, and that all involved monad
morphisms are coherent:

M M
o NMM(EM)™ t(emb - Tn™M)

M(SM) (SM)™ %0

\ y(m’ f 5 (5.34)

T

We show that the diagram (5.34) commutes. The triangle on the left follows from
the universal property of coinductive resumptions (Theorem 5.26). For the triangle

on the right, we calculate:

v(m, f) - (SM)> - t(emb - Xn™)

= M (mxo(f) - ™M (M) - 1(emb - L) (def. of ¢(m, f))
= 1(f) - t(emb - Xp*) (m is a monad morph.)
= 1(4(f) - emb - XpM) (Lemma 2.46, fusion)
= 1(f - SnM) (Lemma 2.46, cancellation)
= (- ((s - emb) x m) - £n™) (def. of f)
= 1(s - emb) (m is a monad morph.)
= 5-1(emb) (Lemma 2.46, fusion)
=5 (Lemma 2.46, reflection)

We need to show that ¢(m, f) is a unique morphism that makes the diagram (5.34)
commute. For this, consider a monad morphism r : M(XM)>™ — T that makes the
following diagram commute:

M S M
o MH(EM) t(emb - Xn™)

M(SM) (SM)™ %0

\ J : (5.35)

T
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We show that r satisfies the universal property given in Theorem 5.26, that is, m =
r-Mn™, which follows trivially from the diagram (5.35), and f = r-n™ (SM)>-emb™ .
Unfolding the definition of f, we obtain that it is enough to prove that

pr - ((s-emb®) xm) = r - n™M(ZM)> - emb™

Substituting for s using the equality given by the right-hand side of the diagram (5.35),

it is enough to show that
ut - (- ™M (M) - 1(emb™M - M) - emb™) x m) = r - pM (BM)™ - emb™M
This equality is shown with the following commutative diagram:

emb® L(emb™M - TpM)M M (SM)>M

Y R O V'

(SM)®M - M(SM)®M

M
W emW nM(EM)OOMT]OO
4 YMM
emb>M JEMM A M(EM)OOM(EM)OO 4'7“*71 TT
XM
uT
‘ M (M) ' r

(SM)™ - M(SM)™ - T
The coherence of Mn : M — M(XM) is witnessed by
M M (EM)™ N R(SM)® - MEM(SM)™

oo
M (M) I

2 M(EM)®(M(SM)™ + MSM(SM)™)

The coherence of n™ (XM)> - L(emb - Xn™) is witnessed by

MynM ki (emb-Sn?)

e 2 sy MESM(SM)® 25 M(SM)™ + MEM(SM)™

M(SM)>® _
L M(EM)®(M(ZM)® + MXM(ZM)™)
To show the coherence of t(m, f) : FTY™R — T, it is enough to show the coherence
of o(t(m, f)) : R — UTC™T (where ¢ is the natural isomorphism associated to the

adjunction FTCm™ o UTCm) “which is shown in Lemma 5.39. O



Chapter 6

Discussion and related work

6.1 Summary

This dissertation is a collection of results concerning cims, their applications, proper-
ties, and constructions. We use the language and tools of elementary category theory,
especially that the studied objects are very categorical themselves: adjunctions, free
monads (generated by various entities), distributive laws, or liftings. Thus, in this
respect, the presented constructions feel natural and hardly surprising to a category
theory practitioner. Figure 6.1 shows a summary of the introduced constructions.

Importantly, the gain from the fact that we use only elementary category theory
is that the results are easily expressible in programming languages with coinductive
types. Haskell programmers already use instances of the coinductive resumption
monad, see Section 6.2, our aim was to provide some theory behind it.

This dissertation can be also understood as an attempt to better understand
completely iterative monads, which are important elements of the general theory of
recursion and iteration [36, 37, 6, 95, 91], which has been an active area of research

from the very beginning of computer science.

6.2 Related work

Foundations of coinduction. From the very first days of computer science, coin-
ductive definitions were needed to describe Turing-complete models of computation
(see Jacobs [67, Sec. 7] for a coalgebraic account). In semantics, the coinductive un-
derstanding of programs became necessary to deal with concurrency, see, for example,
Milner [87].

There has been a great amount of research on the mathematics behind coinductive

definitions. For example, for cardinality reasons, the powerset functor does not have a

125
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The composition theorem

general | UMF (F4U, M — cim), Theorem 3.1

the metric state monad

(L(- x S))® (L - step-counting lifting of a metric space,
instances cf. [38]), Corollary 3.11

the states monad

(S(-x5)% (SA=(-x 8)>A), Definition 3.13

The inductive resumption monad

general | MS* (M — monad, S — module), Section 4.2

the coproduct of M and ¥* in MND (cf. [65])

M(XM)* (3 — endofunctor, M — monad), Example 4.23
the inductive logging state monad

RW* (R — reader, W — writer), Example 4.18

mstances

The coinductive resumption monad

general | MS*> (M — monad, S — module), Section 5.1

the coproduct of M and ¥*° in TCim

M(XM)> (X — endofunctor, M — monad), Corollary 5.40
probabilistic process

D(¥XD)*> (3 — signature (endofunctor), D — probability dis-
instances tribution monad), Example 5.5

the coinductive logging state monad

RWee (R — reader, W — writer), Example 5.6(a)

the states monad (again)

RWW> (R — reader, W — writer), Example 5.6(b)

Figure 6.1: Summary of the introduced structures

final coalgebra (nor initial algebra). To allow models of unbounded non-determinism,
Plotkin [103] proposed the powerdomain construction in domain theory. Aczel and
Mendler [7] proved that every endofunctor on the category of sets has a final coal-
gebra in the category of proper classes. Aczel [5] also proposed an axiomatisation of
the non-well-founded set theory, which is ZFC with the foundation axiom replaced
by its negation. This allows a set to be a member of itself, thus eliminating the
cardinality issues. See also Turi and Rutten [115] for more detailed introduction on

the foundations of final coalgebra semantics.

Data types as final coalgebras. Coalgebraic models of infinite data types were
discussed by Wand [121] and Hagino [51]. In programming—especially in functional

languages—it led to the development of a number of corecursion schemes, which allow
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to define corecursive functions and reason about them using universal properties [40,
58, 60, 82, 117, 118]. Most of the constructions presented in this dissertation are built
around final coalgebras, so they can be easily expressed in lazy languages, such as

Haskell.

Semantics. Relevant work on semantics include a number of operational approaches.
We list some of them. Peyton Jones [98] introduced reduction semantics for the 10
monad in Haskell. Leroy and Grall [77] and Nakata and Uustalu [92, 93, 94] studied
coinductive proof trees together with structures like streams of states and resump-
tions. Coinductive techniques were used by Schmidt [108] to give abstract trace-based
semantics and Ancona [20] in the case of object-oriented languages.

In type theory, Hancock and Setzer [52, 53] and Michelbrink and Setzer [83] used
(weakly) final coalgebras to build ‘interaction trees’, to build models similar to those

given by the free cim.

Iterative and coalgebraic monads. Elgot pioneered a purely algebraic approach
to recursive definitions, with no reference to any background structure like order or
metric. He introduced the concept of iterative theories and monads [36] (which need
some finiteness constraints) and then, together with Bloom and Tindell, complete
iterative theories [37] (with no constraints on cardinality). Nelson [95] generalised
and simplified Elgot’s results on iterative theories via so-called iterative algebras (on
the category of sets).

Later, in a series of papers, Adamek et al. generalised Elgot and others’ results to
the category-theoretic, coalgebraic setting [6, 9, 12, 15, 16, 84]. Milius [84] discusses
the properties of the monad X (that it is a cim and the free cim) in the generality
presented in this dissertation.

The monad 3> was also discussed by Moss [91], who, independently of Addamek
et al. [6], proved a result equivalent to complete iterativity. Ghani et al. [31, 43, 80]
also worked on solving equations coalgebraically, and introduced so-called coalgebraic
monads to unify different kinds of term monads (finite, infinite, rational terms, term

graphs).

Resumptions. In semantics, domain-theoretic resumptions were studied by Mil-
ner [87], Plotkin [103], and Papaspyrou [97]. The version given by final coalgebras
vX.(O x X)! on SET is due to Abramsky [2] (who used resumptions in the definition
of interaction categories [3]). Later, the generalisation to vX.M(O x X)! (for any
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SET-monad M) was studied by Hasuo and Jacobs [55]. Importantly, such resump-
tions form a category, in which objects are given by objects on the base category,
while an arrow A — B is given by a resumption vX.M (B x X)#. Such categories are
traced monoidal (where the tensor is given by coproduct), which allowed Abramsky
to model typed concurrency using interaction categories [3] and to give a categorical
account [4] for Girard’s geometry of interaction [46], which is an important construc-
tion in proof theory. The generalised, monadic version of resumptions do not have a
natural notion of trace, even if they form a category. Even though, it is an interesting
question whether they can be used to build generalised interaction categories.

The monadic version pX.M (XX +(-)) (for an endofunctor X) is due to Cenciarelli
and Moggi [28]. Hyland, Plotkin, and Power [65] proved that it is the coproduct of
M and ¥* in the category of monads and monad morphisms. The coinductive version
in the form of v X. M (X + (-)) was studied by Goncharov and Schroder [50] to give
semantics of side-effecting processes. Note that our coinductive resumption monad
M S% is not in general given by carriers of final coalgebras.

In programming, different forms of resumptions have been independently redis-
covered dozens of times, and used for flexible structuring of programs, though usually
without much formal treatment. In the Lisp community, resumptions were dubbed
‘engines’ (Haynes and Friedman [57], Dybvig and Hieb [34]) or ‘trampolined’ programs
(Ganz, Friedman, and Wand [41]). All of those constructions were all given in terms
of continuations, and not (co)algebraic data types. However, in this dissertation, we
discuss non-trivial adjunctions that give rise to the (co)inductive resumption monads,
so we can obtain ‘CPS-ed’ versions via the codensity monads generated by the right
adjoints (see Hinze [59]). In Haskell, the resumption monad M (XM ) can be found
under the name ‘free monad transformer’ (since there exists a canonical monad mor-
phism M — M (XM ), the functor M +— M (XM)> is a monad transformer in the
sense of Moggi [88]). Different programming patterns that involve resumptions were
discussed by Claessen [29], Kiselyov [72], and Harrison [54]. Interleaving of data and
effects in the algebraic context was also studied by Filinski and Stgvring [39] (whose
M-and-F-algebras are subsumed by algebras for modules, see Example 4.24), and
Atkey et al. [22].

Generic trace semantics. A relevant construction is the generic trace semantics
introduced by Jacobs et al. [56, 69] (see also Goncharov [49]). It is given by final
coalgebras of an endofunctor > on a Kleisli category of a monad M. Just as in the

case of resumptions, the monad M is responsible for local effects. For example, a
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trace semantics of a probabilistic finite automaton can be specified by the functor
Y X = 2 x X! on SET, where I is the input alphabet and 2 is the set of boolean
values (accepting vs non-accepting states), and the probability distribution monad
that specifies the ‘branching’ of the system. We show that the coinductive resumption
monad is an example of the generic trace semantics, since it can be seen as a free cim

in the Kleisli category of M, see Theorem 5.19).

6.3 Future work

6.3.1 More abstract approach

Street [110] generalised the concept of monads to the 2-categorical setting. Given
a 2-category, a monad consists of an object C, a 1-cell M : C — C, and a pair of
2-cells n : Id - M and pu : MM — M that satisfy the obvious conditions. Most
of the theory presented in the first part of Chapter 2 has been generalised to the
new setting. Hyland, Plotkin, and Power [65] suggest investigating the construction
M(XM)* (see Section 2.2.8) in such a broader context. Concerning the constructions
presented in this dissertation, one can easily define a module over the monad M as
a 1l-cell S : C — C together with a 2-cell @ : SM — M that satisfy the conditions
given in Definition 2.53 in Section 2.3.2.

Although the definition of cims uses objects (of variables X and parameters A) of

the base category, one can easily prove the following:

Lemma 6.1. Let G and H be endofunctors, and ex : GX — M(GX + HX) be
a natural transformation with guarded components. Then, eTX : GX - MHX s
natural in X. The converse also holds: If for every such a natural transformation
e there exists a natural transformation e’ such that the appropriate solution diagram

commutes, then M is a cim.

This clearly generalises to a 2-categorical definition of complete iterative monads.
The question is how much of the theory presented in this dissertation can be given
in the more abstract setting of 2-categories and to what extent the corresponding
constructions in Chapters 4 and 5 have a common 2-categorical underpinning.

There are other incarnations of similar constructions. For example, Addmek et
al. [12, 13] consider also a finitary case: they define an iterative monad (without
‘completely’) as a finitary monad on a locally finitely presentable category, such that
all guarded equation morphisms with finitely presentable object of variables have

unique solutions. Similarly, there exists a finitary version of complete Elgot algebras
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(namely, Flgot algebras) together with an analogue of Theorem 2.83. This suggests
that the presented constructions should scale to the finitary case, but the details are
yet to be worked out.

Also, there are other similarities between different construction that scream for a
higher-category-theoretic treatment. For example, as we indicate in Chapter 4, the
theory of modules (adjunctions, distributive laws, liftings) is similar in nature to the
theory of monads. Such a general approach was taken, for instance, in the case of
distributive law in general; see Rypédcek’s PhD dissertation [106]. It is reasonable to
ask how the distributive laws presented in this dissertation fit in Rypacek’s framework.

On the practical side, we could benefit from such a more general approach by sim-
plifying proofs in this dissertation, which are mostly tedious calculations, especially
those deferred to Appendix A. Obviously, one could argue that there is a certain
amount of complexity built in the strucutre of cims. Epsecially the definition of
guardedness seems to be an obstacle, and the complexity doubles when one wants to
reason about composition of monads (although Uustalu [116] worked with a version

complete iterativity with a more abstract notion of guardedness).

6.3.2 Duality between monads and cims

Adéamek et al.’s and our results suggest a form of ‘least- vs greatest fixed points’
duality between ordinary monads and cims: free objects are given by F*A = uX. F X+
Aand F>*A = v X.FX+ Arespectively, and coproducts with free objects by M (3 M)*
and M (XM)>°. There are other constructions on monads that involve initial algebras,
for example the coproduct of two ideal monads, given by Ghani and Uustalu [44].
Recall from Definition 2.58 that a monad M idealised with a module M is called
ideal if M = M + 1d.

Ghani and Uustalu’s construction can be summarised as follows: Let C be a
category with binary coproducts, while M = M + Id and T = T + Id be two ideal
monads on C. First, we define a functor in the product category C x C via carriers

of initial algebras:
(M'A,T'A) = (X, Y)(M(Y + A), T(X + A))
The functor part of the coproduct of M and 7" in MND(C) is given as:
(MBT)A=MA+T A+ A

Intuitively, we can describe such a coproduct as a set of trees with interleaved M and

T as nodes and As in leaves.
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Consider two signatures ¥ and I', and their respective free cims on SET. Their
coproduct in CIM is given (by freeness) as (3 + I')*°, which is clearly different from
Y°HI™°. The corollary is that, in general, coproducts in MND of completely iterative
monads are not necessarily completely iterative. Or, more accurately, they might be
iterative with respect to, for example, trivial modules, but in such a case coproduct
injections are not solution-preserving.

The conjecture is that the coproduct in Cim of two ideal cims can be given sim-
ilarly to Ghani and Uustalu’s construction, but with v instead of u. Moreover, as
shown by Addmek et al. [11], Ghani and Uustalu’s formula can be applied to a wider
scope of monads (so-called consistent monads) on SET. It is an interesting question

to see if this approach also scales to the case of cims.

6.3.3 Type theory

Another interesting challenge is in formalising the results presented in this disserta-
tion in an interactive proof system, such as Coq or Agda. Modern proof systems
implement coinductive data types, but they are usually heavily restricted in order to
enjoy decidable type checking.

Such an implementation would be useful for reasoning about coinductive pro-
grams and coinductive data structures. So far, they can be implemented in a regular
programming languages with coinductive data types, and use, for example, to test
programs with 1/0O, using tools like QuickCheck [30].
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Appendix A

Proofs and calculations

A.1 The rolling rule

Lemma A.1. Let F', G be endofunctors. Then vF'G = FvGF.

Proof. Let (vVFG, B : vFG — FGrF@G) be the final FG-coalgebra, and (vGF,~ :
vGF — GFvGF) be the final GF-coalgebra. We define the following morphisms

(subscripts for the lens brackets indicate the functor for the final coalgebra):

r:vFG — FvGF
r=FGBlgr- B

r': FUGF — vFG
-1
r— =[Fy)re
To prove that 7 is an isomorphism, with r~! being its inverse, we show that 8- r~!.

r = FGr=!. FGr - 3, which means that r—! -7 is an FG-coalgebra homomorphism
r~t-r: (WFG,B) — (vFG, 3). By uniqueness and reflection, r=! - r =[[8] = id, r¢-

Bor=tor=B-[Fylpg- FlGB)up - B
= ( computation )
5'5_1'FGKFVHFG'F7'F7_1'FGFKGﬁﬂcF'FGB'ﬁ
= ( isomorphisms )
FG(Fy)pg - FGF[GBgp - FGB - 3
= ( definitions of r and r~')

FGr=' - FGFr- B

133
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To prove the converse, we first calculate:

rerTt= F(GBlgr - B-[FYV)pa

= ( computation )

FKGﬁﬂeF'ﬁ'ﬁ_l‘FGKF'YHFG'F’Y

= ( isomorphisms )
HGBlop - FGIFYpe - FY

The last expression is an F-image of r~!-r, but with ' and G swapped. Thus, we

can prove similarly to the previous case that it is equal to the identity on vGF. [

A.2 Direct definition of the monadic structure of
inductive resumptions

Step 1: A distributive law of a functor over a monad. We start with the

following distributive law of S (as a functor) over M.

5= (sM 558 25 ws)
Step 2: A lifting to the category of algebras. The distributive law induces the
following lifting:

M': Arc(S) — ALg(S)
M'(A, a:SA— A) = (MA, SMA 2 MSA X% M A)
Mf=Mf

Step 3: A lifting to the category of Eilenberg-Moore algebras. Consider

the free-forgetful adjunction:

FAlg
ALG(S)A/I\ B
UAle
where
FABA = (S*A 7:SS*A — S*A) UME(A a: SA— A)=A

FAlgf — S*f UAlgf — f
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The counit of this adjunction is given by:
€A, a:54-4) - (STA, T) = (A, a)
€04, a:54—4) = (a,id)
where (a, id)) is the unique algebra homomorphism induced by the morphism:
la,id] : SA+A— A
Consider the comparison functor ® : ALG(S) — MALG(S*):
P(A, a:SA— A) = (A, g0 =(a,id): STA — A)
of = f
The adjunction F' - U is monadic, so ¢ is an isomorphism. Its inverse is given as:
DA STA = A) = (4,5 <4 5x 4 & A)
o' f=f
We can define the lifting of M to MALG(S*) as follows:
[M](A,a:S*A — A) = dM'® (A, a)
= OM'(A,a-emby)
= O(MA, SMA 2 MSA M4 Nrse 4 M2 A)
=(MA, (Ma-Memby-04,id): S"MA — MA)
Obviously, the sole isomorphism ALG(S) = MALG(S*) is not enough to make [M] a
lifting; to make sure that the appropriate conditions hold, we need the isomorphism

in ADJ(M) (the category of adjunctions that induce M). Fortunately, this is the case

for every monadic adjunction.

Step 4: A distributive law of a monad over a monad. The distributive law
induced by the lifting [M] is given as follows. Consider the free Eilenberg-Moore
algebra (S*A, p% : S*S*A — S*A), and its [ M ]-image:

[M](S*A, p) = (MS*A, g : S"MS*A — MS*A),
where
g=(Mp}y - Membg.y - 554, id) = (b4 - Ta - g 4, id)
The distributive law is given by the following composition:
M= (5704 220 S ASTA S MSTA)

We can fuse the composition into one fold using the following lemma:
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Lemma A.2. Given two endofunctors F' and H together with two morphisms f :
FB — B and h: A — B, it holds that (f,h) = (f,id)- F*h : F*A — B.

This gives an alternative definition: Aa = (ud 4 - 74 - T2 4, Mn7).

A.3 Proof of Lemma 5.3

The value of the assignment is a complete Elgot algebra. Let e : X —
SX + MA be a flat equation morphism. To show that e! is a solution, we first

calculate:

S([a,id] - (S|e|t +id) - ((flatr - Se) +id)) - flatr
= ( coproducts )
S([a,id] - (S|e|" +id) - (flatr 4 id) - (Se + id)) - flatr
= ( functor )
Sla,id] - S(Sle|" +id) - S(flatr +id) - S(Se + id) - flatr
= ( naturality of flatr )
Sla,id] - flatr - S(Sle|' +id) - S(flatr +id) - S(Se + id)
= ( naturality of flatr )
S[id, id] - flatr - S(a +id) - S(Se|" +id) - S(flatr +id) - S(Se + id)
= ( flattening )
flat’ - S[n™,id] - S(a +id) - S(S|e|" +id) - S(flatr +id) - S(Se + id)

Now, we use it in the following calculation:

et
= ( definition of (-)*)
(™M id] - ((Je| - inl) +id) - e
= ( solution property of (-)1)
™, id] - (([a,id] - (S|e|" +id) - |e| - inl) +id) - e
= ( definition of |-| )
™, id] - (([a,id] - (S]e|t +id) - ((flatr - Se) +id) - inl) +id) - e
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= ( coproducts )
[™,id] - ((a - Sle|' - flatr - Se) +id) - e
= ( solution property of (-)1)
[™.id] - ((a- S([a,id] - (Sle|" +id) - |e]) - flatr - Se) +id) - e
= ( definition of |-| )
™ ,id] - ((a - S([a,id] - (S|e|t 4 id) - ((flatr - Se) 4 id)) - flatr - Se) +id) - e
= ( the above )
[™,id] - ((a - flat’ - S[p™id] - S(a +id) - S(Sle|" +id) - S(flatr + id)
-S(Se+id) - Se) +id) - e
= ( coproducts )
™ - a-flat' id] - (S([n™,id] - ((a - S|e|" - flatr
-Se)+id)-e)+id) - e
= ( coproducts )
™ - a-flat' id] - (S([n™,id] - (([a,id] - (S|e|" + id) - (flatr + id)
-(Se+id)-inl) +id) -e) +id) - e
= ( definition of |-| )
™ - a-flat’)id] - (S([n™,id] - (([a,id] - (S|e|" +id) - |e] - inl) +id) - €) +id) - e
= ( solution property of (-)')
™ - a-flat’)id] - (S([n™,id] - ((Je|" - inl) +id) - €) +id) - e
= ( definitions of ' and (-)*)
[@,id] - (Set 4 id) - e
For functoriality, assume that e : X — SX+MAand f: Y — SY+MA are equa-
tion morphisms, and let m : X — Y be an (S(-) + M A)-coalgebra homomorphism.
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The following diagram commutes:

. X Y ™
et e f fi
' Sm + id '

SX +MA - SY + MA

inl & id inl + id
' Sm + id + id '
SX+A+MA »SY +A+MA
le|t +id
|£It +id
A+ MA
J[nM,id]
_ VA - Y

The top square commutes because m is a homomorphism. The middle square com-
mutes due to the naturality of inl. The fact that the triangle commutes follows from
Sm being a coalgebra homomorphism |e| — |f| (which is easy to verify) and then
functoriality of (-)'.

To prove compositionality, let ¢ : X — SX + MA and k : Y — SY + X be

equation morphisms. We unfold the definitions:
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(ei ©) k)i =

Y
| »
SY + X
iid—l—e
CSY 489X+ MA
lid—‘rinl—‘rid
SY +SX+A+MA
lid+|e\T+id
SY+A+MA
lid-i—[nM,id]
SY + MA
linl—i—id

l:

-
I
|
|
|
|
|
!
!
!
|
|
|
|
|
|
|
|
!
!
|
|
|
|
|
|
|
|
|
!
!
|
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(e@k)*-inl =

Y
lim

Y+ X k
l [k, inr]

SY + X

. SY +SX+MA
} l[HinI,Hinr]—&-i%i
S+ X)+MA
r= int +id |
S(Y +X)+ A+ MA

l\e@kﬁ—i—id

s

To show that they are equal, it is sufficient to prove that the highlighted morphisms [

and r are equal. Since they do not interfere with the last component of the coproduct,

namely M A, we can ignore it. After simple transformations of coproducts, it means

that it is sufficient to prove that the following morphisms are equal:

I=

SY +SX+ A
iid+|e|T
SY +A
linIJrid
SY + A+ A
l|ei©k|T+id
A+ A
i[id,id]
A

SY +SX+ A
l[HinLHinl’] + id
S(Y + X) + A
[remwrr
A
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We calculate:

ll

( definition )
lid,id] - (Je* @ k|" 4 id) - (inl 4 id) - (id + |e|)
—  ( solution )
lid,id] - ([a,id] +id) - (S|e* @ k|" +id +id) - (|e* @ k| 4 id) - (inl +id) - (id + |e|")
—  ( definition of |(-)| )
lid,id] - ([a,id] +id) - (S|e* @ k|7 +id +id) - ((flatr - S(e* ® k)) + id + id) - (inl 4 id) - (id + |e|")
= ( coproducts )
[a,id,id] - (S|e* @ k|t +id +id) - ((flatr - S(e* © k)) + id + id) - (id + inr) - (id + |e|T)
= ( coproducts )
[a,id] - (S|et @ k|T 4 id) - ((flatr - S(e* ® k)) 4 id) - (id + |e|")
= ( definition of |(-)| )
[a,id] - (S|e* @ k|T +id) - (|ef @ k| +id) - (id + |e|")
= ( solution )
et @ k|- (id + |e|")

Hence:
SY +SX + A

lid—‘r\eﬁ

l'= SY + A
l\ei‘@w
A

In exactly the same manner we calculate that the following holds:
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efokl =
SY + A
lsm id
SSY +X)+ A SY + A
lS(id—&-e)—f—id l5k+id
S(SY + SX + MA) + A S(SY + X) + A
iS(id +inl + id) + id | sGd+e)+id
S(SY + SX + A+ MA) + A = S(SY +SX +MA)+ A
| sGd+1elt +id) +ia | iatr + id
S(SY +A+MA)+ A S(SY +SX+A)+ A
| s+ ™ id)) + i | sGd+ felt) + id
S(SY + MA) + A S(SY + A) + A
| flatr + i
S(SY + A) + A

id+|e|t et
Thus, one can easily show by naturality of + that SY +SX + A ﬂ> SY+A ﬂ

S(SY + A) + A is equal to:

( SY +SX + A

} lSk—l—id—i—id
 S(SY £ X)+S5X+A

3 lS(id—‘re)—&-id—l—id
S(SY +SX + MA)+ 5X + A

flatr + id 4 id

1
!
!
!
|
|
|
|
|
|
|
|
!
!
|
|
|
|
|
]

S(SY +A)+ A

Hence, by functoriality, I’ = |e* @ k|7 - (id + |e|T) = (¢ - p)T = (le|' ® p)!. By compo-
sitionality, I’ = (le|" ® p) = (Je| @ p)T - inl. Since p does not touch the second and
third components of the coproduct, we have that SY + SX + A+ SX + A |e|ﬂ>

S(SY + SX + A+ SX + A) + A SCHEDT 6oy L X 1+ A) + Ais equal to:
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SY +SX+A+SX+A
lid+[id,id}

SY +5X + A 3
v :
S(SY +SX +A)+SX + A |
iid+5’e+id 3
S(SY +SX +A)+S(SX + MA)+ A
iid+f|atr+id 3
S(SY +SX +A)+S(SX +A)+ A
i [Hinl, Hinr] + id 3
S(SY +SX+A+SX+A) +A
| 56 + fid. i) + ia ‘
S(SY +SX +A)+ A |

By functoriality, we get I’ = (le] @ p)T - inl = s' - (id + [id,id]) - inl = s.

On the other side, we have:

le®@ k| - ([Hinl, Hinr] +id) =

SY + SX + A | SY +SX+A
l[HinI,Hinr]-&-id i l[HinI,HinrH—id |
SY +X)+ A SY+X)+A4
| sikine] + id | | Stk inr) +id |
S(SY +X)+ A t—  S(SY+X)+A |
iS(id+e)+id = 3 | sGd+e)+id i
S(SY + SX + MA)+ A | S(SY +SX + MA)+ A
| scrinn, Hing +id) + id | flatr + id
S(S(Y+X)+MA) + A . S(SY +SX +A) +A
[ T |"Stistnn i) i) + i
S(S(Y + X)+ A) + A S(S(Y + X)+ A) + A

By functoriality, this means that ' = |e@k|'- ([Hinl, Hinr] +id) = ¢'. By a coproduct

and monad calculation, one can show that s = ¢, which yields I’ = st =t = ¢

The assignment is an endofunctor. Let h : (A a,(-)!) — (B,b,(-)°) be a

solution-preserving morphism. We need to show that Mh is also solution preserving
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(MA,d,(-)}) = (MB,V,(-)". Let e : X — SX + MA be a flat equation morphism.
We need to show that (Mh© e)* = Mh-e*. To distinguish the |(-)| constructions for
the algebras (A, a, (-)1) and (B, b, (-)°), we use subscripts |(-)|4 and |(-)| g respectively.

We calculate:

(A)
|Mh © €|B
= ( definition of |-| )
(flatr +idg) - (S(Mh ©® €) + idp)
= ( definition of ® )
(flatr +idg) - (S((id + Mh) - e) + idp)
= ( functor )
(flatr +idpg) - (S(id + Mh) +idg) - (Se +idp)
= ( naturality of flatr )
(S(id+ h) +idg) - (flatr +idg) - (Se + idp)
(B)
h ©® ’6‘,4
= ( definition of |-| )
h© ((flatr +id4) - (Se +id4))
= ( definition of ® )
(Id + h) . (flatr + IdA) . (Se + IdA)
(C)

|Mh®e|p-(id+h)
= ((A))

(S(id + h) +idp) - (flatr +idp) - (Se +idp) - (id + h)
= ( coproducts )

(S(id+ h) +idp) - (id + h) - (flatr +id4) - (Se +id4)
= ((B))

(S(id + h) +idp) - (h © |e]a)
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By functoriality, (C) entails that |[Mh ® el} - (id +h) = (h © |e|4)’.
(D)
|Mh o el -inlgx.p
= ( solution property )
[bidp] - (S|Mh @ el +idp) - [Mh©e|p - inlsx.p
= ((A)
[b,idg] - (S|Mh © €|}y +idp) - (S(id + h) + idg) - (flatr + idg) - (Se + idg) - inlsx.s
= ( coproducts )
b-S|Mhoe|y-S(id + h) - flatr - Se
= ( functoriality by (C) )
b-S(hole|a) - flatr- Se
= ( coproducts )
[b,idg] - (S(h© |e|4)” +idp) - (id + h) - (flatr +id,) - (Se +id4) - inlgx.a
= ((B))
[b,idg] - (S(h© [e|a)” +idp) - (h @ |e[a) - inlsx,a
= ( solution property )

(h©le|a) -inlsx,a

Finally:

(Mh o e)
= ( definition of (-)*)
(™ ,id] - (IMh© el}; +id) - (inlgx.p +id) - (Mh © €)
= (D))
[, id] - (h @ le[4)’ +id) - (inlsx 4 +id) - (Mh @ e)
= ( h preserves solutions )
(™ ,id] - ((h - |elly) +id) - (inlsx.a +id) - (Mh © e)
= ( definition of ® )
(™ id] - (R - |e[l)) +id) - (inlgx 4 +id) - (id + Mh) - e

= ( naturality of n™ and coproducts )
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Mh-[p™,id] - (lel, +id) - (inlgx 4 +id) - e
= ( definition of (-)*)
Mh - ¢t

The assignment is a monad. All we need to do is to prove that both n™ and p
preserve solutions. Below, we show the case for ™ and leave n™ to the reader. Let
h:X — SX + M?A be an equation morphism in ¢” = (a’)’. We denote its solution
as h*. We need to show that u™ - hf = (u™ © h)*.

First, consider the morphism ||A|| : S(SX+MA)+A — S(S(SX+MA)+A)+ A
(which is the operation |-| applied twice to h). Using naturality and basic coproduct
manipulations, one can prove that ||h|| - ((flatr- Sh) +id) = (S((flatr- Sh) +id) +id) -
((flatr - flatr - Sh) + id). Using functoriality, it means that [|h||" - ((flatr - Sh) +id) =
((flatr - flatr - Sh) +id)". We use this equality in the following calculation:

[|A]|T - ((flatr - Sh) 4 id)
= ( the above )
((flatr - flatr - Sh) + id)"
= ( monad laws )
((flatr - S(id + p™) - Sh) + id)"
= ( definition of © )
((flatr - S(u™ @ h)) +id)"
= ( definition of |-| )
1M @ hlf
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We can now prove that u™ preserves solutions. We calculate:
- nf
= ( definition of (-)*)
™ - |hJF-inlid] - B
( definition of (-)*)
- T (IRl ] B - inlid] <
( definition of |-| )
M ™™ B[ - inlid] - ((Flatr - Sh) +id) - inl,id] - A
( coproducts )
™™ - ||n||T - inl - flatr - Sh,id] - b
( coproducts and monad laws )
(™ - ||A]|T - inl - flatr - Sh, ™) - A
= ( naturality of inl )
(™ - ||A]|T - ((Flatr - Sh) 4 id) - inl, ™] - b
= ( the above )
™ - ™ @bl -inl, M) - h
= ( coproducts and definition of ® )
™ - | @ h['-inlid] - (1M © h)
= ( definition of (-)*)
(1" @ h)}

A.4 Direct definition of the monadic structure of
coinductive resumptions

Step 1: A lifting to the category of Elgot algebras. Let M be a monad
and S be a right M-module. We start with the following lifting of M to the category
ErcoT(5) of Elgot algebras for the endofunctor S:

[MV(A,a:SA— A (-)")=(MA, a : SMA — MA, (-)}),
where

, S .Y
a :<SMA—>SA—>A—>MA)
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For a flat equation morphism e : X — SX + M A, we define an auxiliary morphism

le| and the solution e*:

]e|:<SX+Am>S(SX+MA)+A

flatrsx,A +id
—

S(SX + A) + A)

IW

inl+id e|t+id Jel+id 4 i MA MA)

(X—>SX+MA—>SX+A+MA

Step 2: A lifting to the category of Eilenberg-Moore algebras of the free
cim. Consider the (monadic) adjunction F™8 4 U™, The left adjoint is given on

objects as:
FPEA = (S®A, a: SS®A — §%A, (-)1),

where the action is given as follows (£4 : S®A — 5SS + A is the final coalgebra
action):

— <SS°°A il ggoo A 4 A Ay S°°A),
and for a flat equation morphism e : X — SX + S A, the solution is defined via the

unique homomorphism from the equation morphism (understood as a (S(-) + S>*A)-

coalgebra) to the final coalgebra:
T Keﬂ 00 Qo0 u%o 00
el =X = %574 — STA
The counit of the adjunction is given as the solution to the final coalgebra action:

Ehain =€ 8FA— A

A,a

Thus, the comparison functor ¢ : ELGOT(S) — MALG(S) is given on objects as:
DA, a,()f) = (A2 )= (A€l
We need the inverse of ®. Our candidate is given on objects as:
DA, m: 5S4 — A) = (A, SA "4 g4 1 4 (),
where the solution to a flat equation morphism e : X — SX + A is given as:

o= (X s=am a)
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To prove that it indeed is an inverse of ®, we use the fact that for any isomorphism
f,if g- f=id, then g = f~ 1

OTID(A, K, (-)T) = @7HA,ET) = (A, €' - emb, (-)F)
= ( solution property for (-), twice )
(A, [k,id] - (S([k,id] - (SET +id) - §) +id) - € - emb, (-)*)
= ( calculation )
(A, K, ()
In this case, since et is defined as £7-[e)], by unfolding one step of the computation, we
get &-[e] = €671 (He)+id)-e = (S[e]+id)-e. So, by functoriality, e* = £T-[e] = .

Putting the pieces together, we can define the corresponding lifting of M to
MALG(S%), denoted as M, as:

M(A, m: S®A — A) = O[M]D (A, m)
= O[M](A, m -emby, (-)})
= (I)<MA7 77% m- embA : ﬁi7 (‘)T>

= <MA7 gj\/[A)?

where a solution to a flat equation morphism e : X — SX 4+ M A is given as:

ﬂatrSX,A—Hd

el = (SX + 4 24 S(SX + MA) + A S(SX + 4) + A)

inl+i eli+i M
ef = (X 55X + AT gx 4+ A T 4y U )

<X35X+MAM>SX+A+MAW>S°°A+MA

. ]\/Ii
m-+id A—f-MA [nA»d] MA)

The solution of &7 4 is thus given as:

6aral = (SS™MA+ A S22 §(SS=MA + MA) + A

flatr+-id
—_—

S(SS®MA + A) + A)

Elia = (SMA 22 S50 A+ 1A P S50 A+ A+ M A

i m+i M
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Step 3: A distributive law between monads. Consider the free Eilenberg-
Moore algebra (S®A, u : S©S®A — S*A) and its ]\//T—image (MS>A, f}wSOQA :
S®MS®A — MS*®A), where:

[€arsooa] = (SS®ME™ A+ 57 A4 S G55 N[5 4 4 MS*A) + 5 A

flatr+id
_—

S(SS®MA + S A) + S°°A>
éMSOOA — (SOOMSOOA §MS<>°A SSOOMSOOA+MSOOA
I, GG N[ 5% A 4+ §% A 4 NS A Warseealltid,

[nhid)

inl+id

STSCA+ MS™A
P S A+ M A TS MsA)
The distributive law is given as the following composition:
A= (57MA = 5= Ms<A GIELIN MS™A)
This definition can be slightly simplified. We start with a lemma:
Lemma A.3. The morphism [[|{prx|): SS®MX + X — S*X is natural in X .

Proof. For a morphism f : X — Y, we need to show that the following diagram

commutes:
SS®°Mf + f
SS*MX +X SS®MY +Y
(3% 4)) ([3%5 3
oo f
S*X - SV

Let k£ be a morphism defined as:

k= (SSOOMX+X St S(SS®MX + MX) + X 2, 5(55°M X + X) +Y>

One can show that both paths of the diagram above are equal to the unique coalgebra
homomorphism induced by k, that is, [k): SS®*MX + X — S>®Y. It is enough to
show that both paths are coalgebra homomorphisms from (SS*MX + X, k) to the
final coalgebra (S*°Y,&y), which is easy to verify using the computation law and

simple diagram chasing. O]

Using this lemma, we can ‘swap’ n% and [[|{y4|). We obtain:

inl+id

Mg = <S°°MA SMAC GG N A 4 MA MY g9 NrA 4 A+ MA

[1€nral)+id S*onT+Mny

STA+ MA S*CSC A4+ MS*A
p+id

MEH goo 4 ppgooq AN, S°°A)
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The monad laws give us:

inl+id

Ag = (SOOMA Sac goooNT A 4 MA MY Geo A+ A+ MA

[lgrral]+id Ngbo 4 MnT
S

S©A 1+ MA - ] MS‘X’A)

A.5 Proof of Lemma 5.11 (a)

First, we need the following technical lemmas:

Lemma A.4. Let M be a monad idealised with M, A and B be objects. The following
diagram commutes:

M(B+ MA) —>~ M(B + MA)

flatr flatr

_— (e

M(B + A)

M(B+ A)
Proof. We calculate:

o - flatr
= ( def. of flatr )

o -1 - M[Minl, Minr] - M(n + id)
= ( 0 is a module morphism )

p - o - M[Minl, Minr] - M(n + id)
= ( naturality of o )

w- M[Minl, Minr] - M(n+id) - o
— ( def. of flatr )

flatr - o O

Lemma A.5. Let M be a monad, A and B be objects, and f : B — MA be a

morphism. Then, the following diagram commutes:

MI[f,id,
M(B+ MA + A) Sl M2A
M(id + [id, n4]) BA
flatr MIf,nal HA
M(B+ MA) —— M(B+ A) M?*A MA
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Proof. We calculate:

pa - M[f,na] - flatr - M(id + [id, n4])
= ( def. of flatr )
pia - M[f,nal - pipya - M[Minl, Minr] - M(np +id) - M(id + [id, 7a])
= ( coproduct )
poa - M[f,nal - ppya - M[Minl, Minr] - M(ng + [id, 7))
= ( coproduct )
fra - M{f,na] - pipra - M[Minl - np, Minr, Minr - n4]
= ( naturality of u )
fra - piara - MM[f,nal - M[Minl - np, Minr, Minr - n4]
= ( coproduct )
fia - piaga - MIM(f,na] - Minl-ng, M[f,na]- Minr, M[f,na] - Minr - na]
= ( coproduct )
pra - pinga - MIMf-np, Mna, Mna -4
= ( monad laws )
pa - Mpa- MIMf-ng, Mna, Mna-na]
= ( coproduct )
pia- Mlpa-Mf-np, pa-Mna, pa- Mna-na]
= ( naturality of n )
pa - Mpa-naa- fo pra- Mna, pra- Mna - na
= ( monad laws )

pa - M(f,id, n4l O

It is left to verify that (i) et is indeed a solution, and that (ii) it is unique.

(i) We verify the solution property:

(def. of ef) . . (solution property of &)
et = [, id] - j =
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X

J
\

ﬁM(X—i—A)—FMA

M(j +id) +id

A

M(M(X +A)+ MA+ A)+ MA

e+id M(id + [id, n4]) + id

A

MM(X +A)+MA)+ MA

flatr + id

A,

MM(X +A)+A) +MA

o+id

N M(IT(X 4 A) + A) + MA
M[et, nal +id

M2A 4 MA
fa +id

MA+ MA

lid, id]

A

MA

(naturality of o and Lemma A.4)

PROOFS AND CALCULATIONS

X

J
\

M(X +A)+MA

o+id
Y

M(X +A)+ MA

M(j +id) +id
M(M(X + A) +‘MA+A) + MA
J M(id + [id, n.4]) + id
M(M(X +A)+ MA) + MA
Jﬂatr—f—id
M(M(X +A)+A)+ MA
Mef,nal +id
M2A 4 MA
pa +id

MA+ MA

lid, id]

\

MA
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(Lemma A.5)

(coproducts)

X

J
M(X+/'1) + MA
o+id

M(X+A)+MA

M(j +id) +id

4

MM(X +A) +MA+A)+ MA

MIet,id, na] +id
MQA;LMA
pa +id
MA—%V-MA

[id, id]

4

MA
X

J
M(X + ;1) + MA
o+id

M(X +A)+ MA

M(j +id) +id

MM(X+A)+MA+A) +MA

M([et,id] +id) +id

M(MA+ A)+ MA

Miid, na] + Mna

M?A + M?A

HA+ 1A

MA+ MA

id, id]

MA

(monads)

(coproducts)

M(M(X + A)+ MA + A)

153

X

J
\

M(X+A)+MA

o +id
Y

M(X+A)+MA

M(j +id) + id

A,

= MM(X+A) +MA+A) +MA

MIet,id, na] + Mna
M?A+ M?A
HA+ 1A

MA+ MA

lid, id]

MA

[o, Minr]

MX+ A —
( + ) M[eian]

M(j +id)

M([et,id] + id)
M(MA + A)

M[idv nA}

A

AFA‘;;;;;/

HA

A

MA
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(ii) It is left to check that et is a unique solution. Let r : X — M A be any solution
of e. Unfolding the definition of e* and the solution property of , we need to show

that the following two morphisms are equal:

T Jj = [E‘tﬂd]

er=X>MX+A)+MA—— MA

r=X LM+ A+ MA LY o g4y MU 2 g By g
Thus, it is enough to show that €' = p4- M[r,n4]-0 and that id = - M|[r,n4]- Minr.

The latter is trivial. For the former, we show that pa - M|r,n4] - o is a solution of €,

and the conclusion follows from the uniqueness of solutions.

o M(X + 4) M(X + A)
M(j +id) o
M(M(X +A)+ MA+ A) M(X‘+A)
M(id + [id, na]) M(j +id)
¢ MM(X+A)+MA) M(H(XJFA‘)JFMAJFA)
flatr M (o +id + id)
M(M(X + A)+ A) M(M(X—I—AV)+MA+A)
o M (id + [id, n.4])
\ (naturality of o) \

S M(M(X + A) + A) = M(M(X + A) + MA)

M(o +id) flatr

MM(X + A) + 4)

M(MIr,n4] +id)

M(M?A+ A)

Mlpa,nal

M?A

A

MA

MM(X + A) + A)

M(Mlr,na] + id)

M(M?A+ A)

Mlua,nal

A

M?A

A
A

MA
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(Lemma A.5)

(coproducts)

M(X + A)

o

Y

M(X + A)

M(j +id)

4

M(M(X +A)+ MA+ A)

(copr.4+monads)

M(o +id + id)

M(MX+A)+MA+ A)

M(M(X+f£) + MA+A)

Mlpa - Mlr,nal, id, nal
M?A

HA

MA

M(X + A)

+ A)

M(j +id)
(X+A)+ MA+A)

M (o +id +id)
(coproducts)

M([M[r,nal, M[r,na]- Minr] +id)
M(MQ‘A + A)

Mpa,nal

M‘QA

Ba

A

MA

155

M(X + A)

+ A)

M(j +id)

M(X
M(M(X+f£) + MA+ A)

M (o +id +id)
M(M(X+A‘) + MA+ A)
M([M[r,na], Mna] +id)
M(M2‘A + A)

Mlpa,nal

M‘2A

pa

A,

MA

M(X + A)

+ A)

M(j +id)
M(M(X +f£) + MA+ A)
M (o, Minr] + id)
M(M(X +f£) + MA+A)
M(M[r,n] +id)
M(MQ‘A + A)
Mlpa,nal
M‘2A

wa

\

MA
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M(X + A)

M(X + A)
(solution property of r)
- M[T7 77A]

4

M?A

HnA

MA

A.6 Proof of Lemma 5.11 (b)

We need the following lemmas:

Lemma A.6. Let M be a monad idealised with M, A and B be objects. The following
diagram commutes:
M(MB+ A) ——~ M(MB + A)

flatl flatl

g

M(B+ A)

M(B+ A)
Proof. 1t is a symmetric case of Lemma A .4. n

Lemma A.7. Let M be a monad, A and B be objects, and f : B — MA be a

morphism. Then, the following diagram commutes:

Mlpa-Mf, na, nal

M (id + [id, id]) A

flatl MIf,nal HA

M(MB+ A) —— M(B+ A) M2A

MA
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Proof. We calculate:

jia - MIf,na] - flatl - M(id + [id, id])
—  (det. of flatl )
pia - Mf,na] - fiman - M[Minl, Minr] - M(id +n4) - M(id + [id, id])
—  ( naturality of 4 )
fia - fiara - MMf,ma] - M[Minl, Minr] - M(id + ) - M(id + [id, id])
= ( coproducts )
pa - pinga - MIM([f,na] - inl), M([f, 4] -inr)] - M(id +n4) - M(id + [id, id])
= ( coproducts )
fia - piara - MIMf, Mia] - M(id + n4) - M(id + [id, id])
= ( monad laws )
pa- Mpa- MM f, Mna] - M(id + 1) - M(id + [id, id])
= ( coproducts )
pea - Mlpa - Mf, pa-Mna]- M(id +na) - M(id + [id, id])
= ( monad laws )
fia - Mg - M, id] - M(id +n,4) - M (id + [id, id])
= ( coproducts )
pa - Mpa - Mf, nal- M(id + [id, id])
= ( coproducts )
pa- Mlpa- MFf, na, na) L

It is left to prove that (i) et is a solution of e, and that (ii) it is a unique solution.

(i) We need to show that the following diagram commutes:

X
J
MM(X;LA)JFA Mt +id C MMA+ A [1a,n4) . MA
[k Mo, n-inr]
M(X + A) HaA
MG +id)
MOMTTX 4 A) £ A+ A S A+ A a) Ml g



158 APPENDIX A. PROOFS AND CALCULATIONS

To see that the big heptagon commutes, we consider each component of the outer
coproduct separately. The right-hand side component:

A = - MA

inr na id

X+ A
n ‘/// MA BA
M(X + A) " | Mua
Minr Minr
M(j +id)
_ ! M(Mft +id + id)

M(MM(X+A)+A+A)

M b b
M(MMA + A+ A) a2y

(Every part commutes from naturality, monad laws, or properties of coproducts.)

In case of the left-hand side component, we calculate as follows. We begin with
the ‘longer’ path of the perimeter.

MM(X+A) MM (X+A)
Mo JMM(J' +id)
MM (VX +A) MM(MM(X+A)+A+A)
’ JMU
M(X'+A) MM (MM (X+A)+A+A)
M(j +id) J“
Y (naturality of o and p) L
M(MM(X+A)+A+A) M(MM(X+A)+A+A)
M(M§ft +id +id) JM(MfT +id + id)
M(MMA+A+A) M(MMA+A+A)
Mipia,n4,04] Mlpia,ma,m]
MMA MMA
i pa
MA :

MA
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MM(X+A) MM (X+A)
MDM(j + id) l MM (j +id)
MM(MM(X+A)+A+A) MM (MM (X+A)+A+A)
Mo l Mo
MM(MM(X+A)+A+A) MM(MM(X+A)+A+A)
© lMM(id—i—[id,id])
M(MM(X+A)+A+A) MM(MM(X+A)+A)
(Lemma A.7) (naturality of y)
= M (id + [id, id]) - J Mflatl
M(MM(X+A)+A) MM(M(X+A)+A)
flatl MM(fT,na4]
MAT(X+A)+A) MMMA
J M[ft,na] KM A
MMA MMA
MA MA

159
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160
MM(X+A) MM (X+A)
| MDM(j + id) MM (j +id)
MM(MM(X+A)+A+A) MM(MM(X+A)+A+A)
MM (id + [id, id]) MM (id + [id, id])
MM(MM(X+A)+A) MM(MM(X+A)+A)
Mflatl Mflatl
MM(M(X+A)+A) MM(M(X+A)+A)
(naturality of o and Lemma A.6) (monad laws)
- Mo o Mo
MM(M(X+A)+A) MM (M(X+A)+A)
MM(f, 7] MMIfT,na]
MMMA MMMA
o JMM
M M A MMA
M A MA
MM(X+A)
M ff
(solution property) \
- MMA
HA
MA

(ii) For uniqueness, assume that r is a solution of e. Consider the following

morphism:

k= (H(X+A)MH(MA+A)MMMAE>MA$MA)

Below, we show that k is a solution of f, so k = fT.
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M(X + A)
J M (j+id)
M(MM(X+A)+A+A)
JM(id—i—[id, id])
M(MM(X+A)+A)
J flatl
M(M(X+A)+A)
J .
M(M(X+A)+A)
M (M (r+id)+id)
M(M(M ‘A+A)+A)
M (M[id, na]+id)
M (MM A+A)
M(Es+id)
M (M‘A+A)
Mo, m4]

MMA

HA

A

MA

161

M(X + A)
M{(j+id)
M(MM(X+A)+A+A)

g

M(MM(X‘JrA)+A+A)

M (id+id, id])

A,

M(MM(X+A)+A)

flatl
A,

MM (X+A)+A)

(naturality of o and Lemma A.6)

M (M (r+id)+id)

M(M(M ;1+A)+A)

‘ M (M[id, na]+id)
M(MMA+A)
M(Es+id)
M (M‘/H—A)
Mo, na]

MMA

A

A

MA
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M(X + A)
JM(j-i-id)
M(MM(X+A)+A+A)
(Lemma A.7) o JU
- M(MM(X+A)+A+A)
Mlpa-M(o - Fig - Mlr,nal), na, nal
MMA

HA

A

MA

M(X + A)
M (j+id)

M (MM (X +A)+A+A)

M[IU‘A . M)U‘A . MM[T)T/A] : MO’, nA, "7A}
(naturality of ¢ and o module morphism)

MMA

2
MA
{g
MA
M(X+A)
IM(jJrid)
M(MM(X+A)+A+A)

JM[MA ‘A MM(r,nal- Mo, na, 14
(monad laws)

MMA

fia
MA

[

MA
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(coproducts)
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M(X+A)
M (j+id)

M(MM(X ‘+A)+A+A)

MMA

fia
MA

g

A

MA
M(X+A)

M (j+id)

M(MM(X+A)+A+A)

M(M(X + A) + A)
M(M][r,na] +id)

M(MMA+A)
- M(pa +id)

M(MA+A)

M[id’ 77A]

MA

M([px4a - Mo, nara-nal +id)

Mlpa - Mlr,nal - px+a-Mo, pa-Mna-na, nal
= Mlpa-Mr,nal - px4a- Mo, pa - Mlr,Mna]- Minr-na, na)
= Mlpa-Mr,nal - px4a- Mo, pa-Mr,nal-nx4a-inr, na]

M(X+A)

M(r +id)

A,

M(MA+A)

Miid, 7]
(r is a solution)

MMA

Fia
MA

A

MA

Since f =k, we substitute k for fT in the definition of e*. We calculate:

163
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ﬁX
J

MM(X+A)+A

MM (r+id)+id
MM(M/'HA)JFA
MM]id, na)+id
MMM A+A
M(o - Tis)+id

MMA+A

(A, 4l

(monad laws) \

\

MMA+A

A

MA

+A)+A

MMMA+A
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X
J

MIT(X+A)+A
MM][r,na]+id

(coproducts) !

MMMA+A

A,

MMA+A

[na,nal

A

MA

J
MM(X

MM]r,nal+id
(naturality)

(unra - Mo)+id

(A, nal

(modules)

4

X

J
\

MM(X+A)+A

M [r, .]+id
Y

= MMMA+A
(Mpy - Mo)+id

A,

MMA+A

[na,nal

A,

MA

X

J

+A)+A

4

Y

(hx+a - Mo)+id

= M(X+A)+A

M(r,nal+id

MMA+A

(A, nal

MA
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¥ R

J
MM (X+A)+A e
[uxta-Mo, nxya-inr X

(r is a solution)
M(X+A) - / =

(coproducts)

r

M[T:WA] MA
MMA

pa

MA

A.7 Calculation from the proof of Theorem 5.25

Unfolding the definitions of ® and |-|, we want to show that the following diagram

commutes:

sx+B 2 55 x 4 M)+ B I g(sx 4 MB)+B TE 55X+ B)+B

id+c
S(SXJ‘FB)JFC

id+ ¢ id+s
S(SXJ‘FB)JFB

S(id + ¢) + id
SX 4 C S SSX MO+ T (X 4O O e S(SXAC)+B

We proceed component-wisely. The right component is trivial. The left component

is given by the following diagram:

ox — 5 L ssxeme) M g(sx4MB) — " L §(SX4B)
N(id +¢) l
S(SX+C)

(naturality of flatr and ¢ - s = id.)
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A.8 Calculation from the proof of Theorem 5.26

In this section, for brevity, we define:
red = [Tinl, n” -inr] : TX + A — T(X + A)
First, we need a couple of auxiliary lemmata:

Lemma A.8. For all objects A and B, the following diagram commutes:

S(A+MB) — A+ TB)

flatr flatr

S(A+ B) - T(A+ B)

Proof. We calculate:
f - flatr
= ( def. of flatr )
f -7+ S[Minl, Minr] - S(n™ +id)

T

= ( coproducts )

pt - T[Tinl, Tinr] - (f * (m +m)) - S(n™ +id)

= ( (m, f) is a module morphism )
(

f*m) - S[Minl, Minr] - S(n™ +id)

= ('m is a monad morphism )
pt - T[Tinl, Tinr] - (f * (n7 +m))
= ( coproducts )
p’ - T[Tinl, Tinr] - T(n" +id) - (f = (id +m))
= ( def. of flatr )
flatr - (f * (id +m)) O
Lemma A.9. For all morphism hy: A — C and hy : B — C, the following diagram

commutes:
TA+ B

[Tho,nT - hi]
red

Tlho, b
T(A+ B) ool g
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Proof. We calculate:

T'[ho, hy] - red
= (def. of red )
T[ho, h] - [Tinl, Tinr] - (id + ")
= ( coproducts )
[Tho, Thy] - (id +n")
= ( coproducts )
[Tho, Thy "]
= ( naturality of o7 )
[Tho, 0" - hi] O

Lemma A.10. For all objects A, the following diagram commutes:

flatr Tlid,n"]
T(TA+TA) »T(TA+ A) ~TTA
Tlid, id] uT
uT
TTA ~TA

Proof. We calculate:

pt - Tlid,n"] - flatr
= ( def. of flatr )

p - Tlid, "] - p* - T[Tinl, Tinr] - T(n" + id)
= ( naturality of p” )

p’ - p” - TTd, n") - T[Tinl, Tinr] - T(n" + id)
= ( monad laws )

p’ - Tu” - TT[id,n"] - T[Tinl, Tinr] - T'(n" +id)
= ( coproducts )

W Tl - Tlid, ") - Tinl -, - Tld, ") - T
= ( coproducts )

p' T ", T
= ( monad laws )

pt - Tid, id] O
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We need to show that the following diagram commutes:

X
SX + MA T px a4 a)
T(e + id)
id +m T(SX+>\4A+A)
T(id + m + id)
SX —;— TA T(SX +‘TA + A)
Se +id T(Se +id + id)
S(SX+MA)+TA T(S(SX+MA)+TA+A
flatr + id T(flatr + id + id)
S(SX+'A)+TA T(S(SX+/‘1)+TA+A
S(red - (f +id) - |e)t +id T(S(red - (f +id) - le])T +id +id)
STA V+ TA T(STA +‘ TA+ A)
f+id T(f +id +id)
TTA V+ TA T(TTA+TA+ A)
(1T, id] T[uT,id,n7]
T:4 > TTA

It is enough to show that the big square commutes. We proceed component-wisely.
The left component:

ph - fra-S(red - (f +id) - |e) - flatr - Se
= ( solution )
(5 fra - Spk - ST((red - (f +id) - e])T, 0] - Sred - S(f +id) - S|e| - flatr - Se
= (def. of |-])
g fra-Suy - ST((red - (f +id) - |e])T, m]
- Sred - S(f +id) - S(flatr +id) - S(Se +id) - flatr - Se
= ( naturality of f )
pho Tl - TT[(red - (f +id) - |e|)T, n] - Tred - T(f +id) - T(flatr +id) - T'(Se + id)
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- fsxia - flatr- Se

( Lemma A.8)

flatr - (f % (id +my4)) - Se
( naturality of f )

Aflatr - T(id+my) - Te - fx
( Lemma A.9)

flatr - T'(id + ma) - Te - fx

( naturality of flatr )

T Tk -T[T(red - (f +id) - |e])T, ok, - nk] - flatr - T(f 4 id) - T(flatr + id)

T(Se+id)-T(id+mya)-Te- fx

( monad laws )

p T[T (red - (f +id) - le))t, nfa -0y - flatr - T(f +id) - T(flatr + id)

T(Se+id) - T(id+my)-Te- fx
( Lemma A.8)

By -T[T(red - (f +id) - |e])T, nha] - T(f +id) - T(flatr 4 id) - T(Se + id)

T(id+myu)-Te- fx

( monad laws )

STk - T[T(red - (f +id) - [e|)T, n¥,]- T(f +id) - T(flatr +id) - T(Se + id)

'T(Id+mA)'T6'fX

( coproducts )

CTlphy - T(red - (f +id) - |e])T, phy - mra] - T(f +id) - T(flatr +id) - T(Se + id)

-T(id+ma)-Te- fx

( monad laws )

LTy -T(red- (f+id) - e, id] - T(f +id) - T(flatr 4 id) - T'(Se + id)

-T(id+ma)-Te- fx
( naturality of f )
Tlph - f-S(red - (f +id) - |e|)T, id] - T(flatr 4 id) - T(Se +id) - T'(id 4+ m.4)

169

LTk -TT[(red - (f +id) - [e])T,n}] - Tred - T(f +id) - T(flatr 4 id) - T(Se + id)

LT -TT[(red - (f +id) - [e])T,n]] - Tred - T(f +id) - T(flatr 4 id) - T(Se + id)

STy - T[T (red - (f +id) - le])t, nhy-n4] - T(f +id) - T(flatr 4 id) - T(Se + id)
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Te- fx

( coproducts )
ph - Tl id] - T(f +id) - T(S(red - (f +id) - |e|)T +id) - T(flatr 4 id) - T'(Se + id)
T(id+ma) - Te- fx
= ( coproducts )
ph - Tl id,nh) - T(f +id +id) - T(S(red - (f +id) - |e])T +id +id) - T'(flatr + id + id)
-T(Se+id+id) - T(id +ma +id) - T(e +id) - Tinl - fx

The right component:

ma
= ( monad laws )
1 - Ty - ma
= ( coproducts )
T id, 0] - T(f +id + id) - T(S(red - (f +id) - e])! + id + id) - T(flatr + id + id)
-T(Se+id+id) - T'(id+ma +id) - T'(e +id) - Tinr - m4



Appendix B

Strict ideals as predicates

One way to think about an idealised monad M is that M is a subset of computations
represented by M, especially when the associated natural transformation o : M — M
is monic. In case of cims, it is a subset of guarded (or ‘observable’, ‘productive’)
computations.

On the logical side, a subset can be viewed as a predicate (closed under compo-
sition with any other computation). From the perspective of categorical logic [66],
predicates are often modelled by fibrations. In this appendix, we give some prelimi-
nary results regarding strict ideals. We show that the category of idealised monads
in which the module is a strict ideal is fibred over the category of monads and monad
morphisms. Then, we sketch some results regarding strict ideals of monads induced
by distributivity laws, such as different kinds of resumptions introduced in this dis-

sertation.

B.1 Fibres over monads

Definition B.1. Let (M,n, 1) be a monad. For an endofunctor M, a natural trans-
formation o : M — M with monomorphic components is called a subfunctor of M.
We call o a strict ideal of M if there exists a natural transformation (a restriction of

p to the strict ideal) 7 : MM — M such that the following diagram commutes:

I oM

MM M?
\u lu
M - - M

171
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In such a situation we say that the pair (M, o) is a strictly idealised monad, and call
o an ideal injection.

For two strictly idealised monads (M, o™) and (N,o"), a monad morphism r :
M — N is idealised if it preserves the ideals, that is, there exists 7 such that r- o™ =
oV .7, for a natural transformation 7 : M — N. We denote the category of idealised

monads and idealised monad morphisms as ¢MND.

Note that due to the fact that ¢ is monic, the natural transformation 7 in the

definition above is always unique.

Remark B.2. Every monad is idealised by itself, that is when the strict ideal is
given by idy; : M — M. Moreover, in a category with the initial object 0 and monic
coproduct injections, every monad is idealised by !5, : 0 — M. Those are the maximal
and minimal ideals respectively, in a sense that they form the respective right and
left adjoints to the obvious forgetful functor U™n4 : {MND — MND:

F™rd - NIND — iMND pMnd .S NIND — MIND MND — iMND
F™MANr — (M id) 4 UMYM oY= M 4 M (MM
FIMndf — f UIMndf — f f — f

Assume that in the base category C the ideals have pointwise pullbacks along

monad morphisms. We can define the base change of an ideal as usually:

Theorem B.3. Ideals are stable under pullbacks along monad morphisms. In detail,
let M be a monad idealised by o™ : M — M, and let f : T — M be a monad
morphism. The left projection out of the pullback of these two natural transformations
poutl : T xpy M — T is an ideal of T.

Proof. Monomorphisms are stable under pullbacks, so poutl is monic. To define the

restriction of the monad multiplication, consider the following diagram, where the
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perimeter is the pullback daigram of T' x; M — T composed with 7.

— outr T’
(T x5 M)T -~ - T
ot o A/Mf
MM
b —_  poutr __ ‘/7M
Txy M—— M ®
poutl T’ poutl l JJM wMT (B1>
T ! M M
uT ™
/ MM
' T ™~ v
T - MT

The perimeter, the pentagon on the bottom, and the hexagon on the right all com-
mute. This means that the morphisms f - u” - poutl T and o™ - @™ - Mf - poutr T
are equal. Thus, from the universal property of the inner pullback, there exists a
unique 727 that makes the diagram commute. The trapezoid on the left is the desired

restriction property. O

Corollary B.4. One can immediately see that U™ : iNMIND — MND is a subobject-
like fibration. More specifically, since there is at most one morphism between two

IMnd

strictly idealised monads in a fibre Uy, "¢, it is a preorder-category fibration.

B.2 Distributive laws and idealisations

Now, we consider monads that arise from ideal-preserving distributive laws A : TM —
MT, like the resumption monads MS* and M S* discussed in Chapters 4 and 5
respectively. In the setting of strict ideals, the appropriate definitions simplify as
follows.

Let M and T be strictly idealised monads such that M preserves monomorphisms.
Let \: TTM — MT be a distributive law between monads that preserves the ideal of
T. In the case of strict ideals, this means that there exists a natural transformation
X:TM — MT such that the following diagram commutes:

™ MT
lUTM lMJT
A
TM MT

Moreover, since M preserves monomorphisms, A is unique with such a property.
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In such a setting, we know (see Example 2.60 and Theorem 4.13) that MT is
idealised with MT + MT, but this module is not necessarily a strict ideal. Intuitively,
a value of the type M T is both in components of the coproduct, so the associated
module morphism ¢ cannot be injective. Under some additional assumptions, we can
obtain a strict ideal of MT as an appropriate quotient of MT + MT obtained via a
pushout. B

Assume that the span M T iy MT > MT has a pushout MT pinl g pinr

MT. Using the universal property of the pushout, we define a natural transformation

oMT . [ — MT as the unique arrow that makes the following diagram commute (the

outer edges commute from the naturality of o™):

MoT

MT M

(B.2)

Theorem B.5. With the definitions given above, if the natural transformation o™M7 :

I — MT is monic, then it idealises the monad MT induced by the distributive law \.

Proof. The restriction of the multiplication of the monad MT is given by the pushout

mediator:

MTMT

oMTMT
MoTMT

p| rMT
MTMT"I T ~— MTMT

MXT MXT

4

MMTT

M MMTT

M

M M s ﬁT

M g

. Y
pinr

'
MT -1 - MT

The fact that the perimeter of the diagram above commutes can be read from the
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following commutative diagram:

o oMTMT
MAT
MoTMT
Y

MTMT MMTT MTMT

MMTT
MAT - Mot MNT
MMoTT
A Y Y

<
S|
<
S

We need to check that M7 is a restriction of ™7 to the subfunctor M T, that
is oMT . gMT = MT . oMTNT = (M % p7) - MAT - oMTMT. The following two

diagrams commute:

MTMT MTM
J\JTMT MTMT
MoeTMT MoTMT
pinlMT pintMT pinlMT pintMT

MTMT — IMT ~— MTMT MTMT — IMT ~— MTMT

o B - oM UA‘IW B
MNT MMNT MMNT MNT
L o 0 v MoTMT .
MMTT M MMTT MMTT MTMT MMTT
Mo T uM T M o T MAT uM @ T
_ pinl \ pinr '_ _‘ _
MT -] = MT MT MMTT MT
oMT r oMT uM T
I 7 McT MoT
MT MT

This means that oMT . gMT and (u™ * p7) - MAT - oMT MT are both mediators of the

same morphisms, hence they are equal. O

Below, we give a couple of sufficient conditions when the Theorem B.5 applies,

MT

that is, when the pushout mediator ™" is monic. The first one is when both involved

monads are ideal.
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Theorem B.6. Assume that the base category B has monic coproduct injections. Let
M and T be ideal monads. Then, the pushout diagram (B.2) specialises to:

Minl

T - F(T + 1d)

__ Minl+id
+T

|

M

Minl + inl

M(T +1d)+T +1Id

By Theorem B.5 we obtain that MT is strictly idealised with I = M (T + 1d) + Id.

Proof. We need to show that the top-left square is indeed a pushout. For two mor-
phisms f and g, we define their pushout mediator as [g, f - inr] as in the following
diagram:

Minl

M(T + 1d)

(B.3)

We need to show that this diagram commutes. The only non-trivial part is to show
that f = [g, f-inr]- (Minl+id) = [g- Minl, f-inr]. We show that f is the appropriate

coproduct mediator:

MT MT+T T
Minl f inr
- g f .
M(T + 1d) - A MT+T

The left square is the outer edge of the diagram (B.3), the right square is trivial.
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To show the uniqueness of the pushout mediator, substitute a morphism r : M (T+
Id)+T — A for [g, f-inr] in the diagram (B.3) and assume that the diagram commutes.

Then, the following diagram commutes:

inl —_— inr

M(T + 1d) M(T +1d) + T ~

N

+ |d) —FT inr

r (
A=

; MT+T

This means that r is the coproduct mediator of g and f -inr. From the uniqueness of

mediators, r = [g, f - inr]. O

Another situation in which MT is strictly idealised with I is when the base cat-
egory has a robust calculus of subobjects, namely, it is a topos. We also need to

assume that M and o™ have some additional properties:

Lemma B.7. Assume that the base category B is a topos, M preserves monomor-

phisms, and that the following naturality square is a pullback:

. MoT _
T AT
oMT oMT (B'4)
O'T
M7 —2 MT

Then, I is an ideal of MT.

Proof. First, note that if M preserves monomorphisms, then so does M. In a topos,
the intersection of two subobjects A = S and B 2. S is defined as their pullback
AL 4 xg B 2 B, while their union as a pushout of poutl and poutr. In our
case, because the diagram (B.4) is a pullback square and pullbacks are unique up to
isomorphism, the intersection of MT M—UT> MT and MT ﬂ MT is equal to M T.
Their union is then given by the pushout of MT gﬁ MT —@U—T% MT, that is I. [

Note that every topos admits an epi-mono factorisation system, which suggests
that we can use the factorisation of o7 as eM* =1 % J % MT to further quotient
I as J and take m as the strict ideal. However, it is not clear how one can define the
restriction of u*7 to J. A natural transformations that guarantee pullbacks like (B.4)

are called sub-cartesian. In detail:
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Definition B.8. A natural transformation g : G — H is called sub-cartesian if for

every monic f : A — B the naturality square gg - Gf = Hf - g4 is a pullback square.

A good source of sub-cartesian natural transformations are so-called sound endo-

functors on SET:

Definition B.9. Let C; be a constant endofunctor on SET, such that C; X = 1. Let
Cy be a functor such that

C()@:(Z)
CoX =1 where X #10

An endofunctor G on SET is sound if every natural transformation Cy — G has a

unique extension to C; — G.
Lemma B.10. The following hold:

— Let G and H be sound endofunctors. Every natural transformation g : G — H

with monic components is sub-cartesian [10].
— FEvery sound endofunctor preserves monomorphisms [114].

Therefore, if M and M are sound, then ¢ is sub-cartesian (since it has monic
components) and both M¢” and MoT are monic, which is enough (via Lemma B.7)
to show that [ is indeed an ideal.

Being sound is not a rare property to ask for. It is in accordance with the in-
tuition that endofunctors on SET are data structures, while natural transformations
manipulate only the values, leaving the structure intact. For example, all containers
in the sense of Abbott, Altenkirch, and Ghani [1] are sound.
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