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Theory of ab initio downfolding with arbitrary-range electron-phonon coupling
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Ab initio downfolding describes the electronic structure of materials within a low-energy subspace, often
around the Fermi level. Typically starting from mean-field calculations, this framework allows for the calculation
of one- and two-electron interactions, and the parametrization of a many-body Hamiltonian representing the
active space of interest. The subsequent solution of such Hamiltonians can provide insights into the physics of
strongly correlated materials. While phonons can substantially screen electron-electron interactions, electron-
phonon coupling has been commonly ignored within ab initio downfolding, and when considered, this is done
only for short-range coupling. Here we propose a theory of ab initio downfolding that accounts for short- and
long-range electron-phonon coupling on equal footing. Our practical computational implementation is readily
compatible with current downfolding approaches. We apply our approach to polar materials MgO and GeTe,
and we reveal the importance of both short-range and long-range electron-phonon coupling in determining the
magnitude of electron-electron interactions. Our results show that in the static limit, phonons reduce the on-site
repulsion between electrons by 40% for MgO and by 79% for GeTe. Our framework also predicts that overall
attractive nearest-neighbor interactions arise between electrons in GeTe, consistent with superconductivity in

this material.
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I. INTRODUCTION

Understanding the properties of materials with strong elec-
tronic correlations is a central challenge of condensed matter
physics. Strong correlations are often primarily present within
a low-energy subspace around the Fermi level, and can be
described using so-called downfolding schemes [1-7]. Within
these approaches, an accurate many-body representation of
the material is derived within the subspace, typically from
first-principles calculations. The high-energy electrons out-
side the subspace are treated at a lower level of theory, such
as mean-field approaches that include density functional the-
ory (DFT). A general Hamiltonian describing the electronic
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system within an active space is of the form

. 1 +
H = Ztlja;"a;‘. + 3 Z UijklafTaf'afa,f, ()

ijo ijklop

where o, p are spin indices, and i, j, k, / run over the elec-
tronic basis states of the system. The one-body terms ¢;;
represent hopping for i # j, and a chemical potential term
for i = j. The two-body terms U;jy represent the two-body
electronic interactions within the subspace. These inter-
actions are screened by the electronic states outside the
subspace and their magnitude may be written as U;j; =
[dr [dr'¢r(r)p;(m)W(r, v, w)i(x')pi(x'), where W is
the frequency-dependent electronically screened Coulomb in-
teraction, and ¢ denotes the electronic basis states. In the
context of downfolding, W*¢ is usually obtained within the
constrained random-phase approximation (cRPA) [8-10].

©2026 American Physical Society


https://orcid.org/0000-0003-3044-2224
https://orcid.org/0000-0002-9974-8611
https://orcid.org/0000-0003-3037-3695
https://orcid.org/0000-0002-3851-9241
https://orcid.org/0000-0002-2836-7619
https://orcid.org/0000-0001-5916-3419
https://ror.org/02acart68
https://ror.org/052gg0110
https://ror.org/04tft4718
https://ror.org/03taz7m60
https://ror.org/02ttsq026
https://ror.org/02jbv0t02
https://ror.org/01an7q238
https://ror.org/03c0kvc14
https://ror.org/02t274463
https://ror.org/02t274463
https://ror.org/02acart68
https://ror.org/00hj54h04
https://ror.org/00hj54h04
https://crossmark.crossref.org/dialog/?doi=10.1103/7hqv-hn2v&domain=pdf&date_stamp=2026-06-24
https://doi.org/10.1103/7hqv-hn2v

NORM M. TUBMAN et al.

PHYSICAL REVIEW B 113, 245144 (2026)

The ground and excited state properties of downfolded
Hamiltonians have been successfully obtained through a vari-
ety of methods, including exact diagonalization [11,12], quan-
tum Monte Carlo [13], and variational quantum eigensolvers
[14,15]. Downfolding methods have yielded insights into the
ground state properties of a variety of strongly-correlated
materials, including high-temperature superconductors [3,16—
19], excitonic insulators [15,20], charge-ordered systems
[21,22], and beyond, as well as into the excited state properties
in molecular materials [10,14].

Despite the above successes of ab initio downfolding ap-
proaches, the vast majority of studies in this context only
consider electronic effects within Hamiltonians of the form
of Eq. (1). However, it is established by this point that
lattice vibrations (phonons) can renormalize the electronic
properties of solids, such as their band gap [23-25], excited
state energies [26-28], electron-electron interactions [29,30],
and beyond. Indeed, some studies have introduced electron-
phonon coupling effects within a downfolding context [22,31—
34]. Specifically, Ref. [32] included the effect of short-range
electron-phonon coupling from a single optical phonon on
the downfolded Hamiltonian. Reference [31] developed con-
strained density functional perturbation theory (cDFPT), as a
means of appropriately screening the properties of phonons
within the subspace without double-counting interactions.
Reference [31] also derived expressions for electronic inter-
actions mediated by short-range coupling to phonons, and
subsequent works have shown that this coupling can cause
up to 27% reduction of the on-site electron-electron re-
pulsion, in systems that are predicted to be metallic by
DFT [35]. Reference [33] explored the implications of us-
ing cDFPT schemes for the phonon properties of molecular
systems, while Ref. [22] demonstrated the potential of us-
ing downfolded electron-ion Hamiltonians to efficiently drive
molecular dynamics simulations. Moreover, Ref. [34] pro-
vided a detailed investigation of how different approaches
to screening affect phonon properties, and provided evidence
that a combination of the cRPA and cDFPT schemes is appro-
priate for the downfolding of electron-phonon systems on a
subspace, without introducing double-counting errors.

Despite this progress, a theoretical framework that ac-
counts for arbitrary-range electron-phonon coupling on the
downfolded electronic Hamiltonian is still missing. The for-
mulations outlined above only account for the effect of
short-range electron-phonon coupling on electronic interac-
tions. While this can be appropriate in metallic systems and
nonpolar semiconductors and insulators, polar, long-range
electron-phonon coupling is not only important in the most
general case, but can in fact dominate the electron-phonon
interactions in a wide range of systems [36,37]. Several of
the systems within this category exhibit strong electronic in-
teractions near the Fermi level, and the rigorous application
of downfolding frameworks could greatly improve our micro-
scopic understanding of their physics.

Here we develop a theory of ab initio downfolding that
includes short- and long-range coupling between electrons
and phonons on equal footing. We derive expressions that
allow us to quantify the effect of phonons on electron-electron
interactions of arbitrary range. We formulate our theoreti-
cal approach in the basis of maximally localized Wannier

functions [38], making it immediately compatible with current
approaches for downfolding electronic degrees of freedom,
and allowing us to present an efficient computational imple-
mentation. We apply our formalism to semiconducting MgO
and GeTe, and show that apart from the previously discussed
renormalization of the on-site Coulomb repulsion, there can
be a strong influence of lattice motion on long-range electron-
electron interactions as well. For MgO, phonons reduce the
on-site electron-electron repulsion by 40%, primarily through
the deformation potential mechanism. For GeTe, phonon
screening results in attractive long-range electron-electron in-
teractions due to the interplay of the Frohlich, piezoelectric,
and deformation potential mechanisms of electron-phonon
coupling, offering a potential explanation for superconductiv-
ity in this system.

The structure of this paper is as follows. In Sec. II, we pro-
vide an overview of ab initio downfolding and the ingredients
for its computational implementation. Section III develops our
inclusion of phonon effects within ab initio downfolding, and
gives the main theoretical results of this paper. In Sec. IV, we
connect these theoretical results to the picture obtained from
the Lang-Firsov transformation to a coupled electron-phonon
system. Section V discusses the computational implemen-
tation of our formalism to efficiently account for phonons
within ab initio downfolding. We show the results of our
computational approach for MgO and GeTe in Sec. VII, and
we conclude the paper with a discussion in Section VIII.

II. BRIEF OVERVIEW OF AB INITIO DOWNFOLDING

Within ab initio downfolding, the aim is to derive a many-
body Hamiltonian of the form of Eq. (1), which represents the
physics of a material within an active space—typically around
the Fermi level. It is often convenient that the downfolded
many-body Hamiltonian describes interactions of electrons on
a lattice, making the choice of maximally localized Wannier
functions as the computational basis a natural one. Denoting
the ith Wannier orbital of our active space centered at lattice
vector R as ¢;gr, we can write the Hamiltonian in the case
where we ignore Coulomb terms beyond density-density in-
teractions as

— . ot o
H=)2 ) immrayd

o RR ij
+l Uirdlga’y a’y df )
D) iIRRUR G R YiREiR:
op RR' ij

The downfolding procedure is schematically illustrated in
Fig. 1.

The one-body and two-body terms #;g jr/, Uir jr’ appearing
in Hamiltonian of Eq. (2) are computed from first principles.
The hopping term is

P / dr gl (O H, b (1), 3)
\%4

where H, a single-particle description of the electronic
system, often taken to be equal to the Kohn-Sham Hamil-
tonian Hggs. The two-body Coulomb interaction is written
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FIG. 1. Schematic illustration of ab initio downfolding. Starting
from a description of the full system, an active space, typically
around the Fermi level, is downfolded onto an effective many-body
Hamiltonian on a lattice.

as [11]

Urjr ()

= /v dr /v dr'gR(OR@W (r, 1, 0)p R (1) (X).
“

The frequency-dependent screened Coulomb interaction
W (r,r', ) is commonly taken to be equal to the electroni-
cally screened Coulomb interaction, i.e., W = wel within the
cRPA, and in those cases we denote U = U*.

It is important to emphasize at this point that the Hamil-
tonian of Eq. (2) is of the extended Hubbard form and
constitutes a specific choice for the representation of the elec-
tronic structure within the active space of interest. In addition
to the one-body hopping and two-body Coulomb terms, a
two-body exchange term is also included in some cases [11].
Moreover, it is possible to incorporate terms beyond density-
density Coulomb interactions [39], as in the Hamiltonian of
Eq. (1). Our theoretical framework outlined below may be
readily extended to incorporate phonon effects on general
four-center integrals. Due to the more cumbersome notation
that this entails, we will present here our results primarily
for two-center integrals, however, in Appendix A, we give the
expressions for the more general case.

An important aspect of the two-body terms of Eq. (4) is the
frequency dependence of the screened Coulomb interaction.
This derives from the frequency dependence of the inverse di-
electric matrix € ~!, which screens the bare Coulomb repulsion
v [40-42]:

we(r, v, w) = /a’r”e‘l(r, r’, o)’ r), 5)

where v the bare (unscreened) Coulomb interaction. This ex-
pression may in turn be written as [43]

Wég (@, ®) = egg (g, w)v(g + G), (©6)

where here we work in reciprocal space and a plane wave
basis, denoting q as a vector within the first Brillouin zone,
and G as a reciprocal lattice vector. Within the cRPA, the
dielectric matrix is written as

€ce(q, ®) = dge — v(q + G)xce (q, w), (7
where the bare Coulomb interaction is

v(q +G) =47 /|q + GI?, ®)

and the polarizability is written as

0OCC unocc

Xee (@, @)= DY "> (1 = TykiqTu)
k n n

X Mnn’ (k7 q, G)M:n’(kv q, G,)

1
X
|:w - En’k+q + Enk + i
1
o+ En’k+q - Enk — i ’
where § — 0'. Here we sum over k points, occupied and

unoccupied bands, and we use the notation M,y (k, q, G) =
(nk + q| €96 T |p'k). Moreover, we take the definition

Nyvan

Tx = Z wllfiw:i*, (10)
i

®

where we sum over the number of Wannier states in the
subspace, and wrlfi are the rotation matrices that take us
from the plane wave to the Wannier basis [11]. The term
(1 — Tyx4qTx) excludes the screening of the states within the
subspace, hence avoiding double-counting. In regular RPA,
rather than cRPA, the polarizability is computed by setting
Tn’k+ank =0.

A common approximation to simplify the frequency de-
pendence of the screened Coulomb interaction is to take
the static limit w =0 in Egs. (6), (7), and (9). This is a
significant simplification; finding the eigenvalues of a down-
folded Hamiltonian which includes frequency dependence
constitutes a nonlinear problem [44], the accurate solution
of which is an active area of research. The static approxi-
mation can lead to both underscreening and overscreening
of Coulomb interactions depending on the details of a given
system [39,45], nevertheless its simplicity and practicality has
led to its widespread adoption. Our formalism for including
phonon effects in ab initio downfolding, as developed in the
following Sec. III, includes the full frequency dependence of
phonon screening, however, we will, in some cases, discuss
the static limit in order to develop intuition, and to understand
the impact of our approach on results similar to those reported
in the literature.

III. INCLUSION OF PHONON EFFECTS

The key element in determining the electron-electron in-
teractions Ujg jr’ Within a subspace is the screened Coulomb
interaction W, as expressed in Eq. (4). So far, we have
only considered the case where the Coulomb interaction is
screened electronically, i.e., W = Wel. However, it is estab-
lished that phonons can also screen the Coulomb interaction
between electrons. Within many-body perturbation theory and
to the lowest order in the electron-phonon interaction, the
phonon correction to the screened Coulomb interaction is
written as [46—48]

Wor ' ) = Y Dy (@)gqn(0)gh, ). (11)
q,v

Here Dy, (w) is the propagator of a phonon with branch index
v and at wavevector q, and gq,, is the electron-phonon vertex.

245144-3



NORM M. TUBMAN et al.

PHYSICAL REVIEW B 113, 245144 (2026)

The phonon propagator here already includes inter-phonon
mixing [49] as described by a nonanalytical contribution [50].
Phonon screening can result in attractive electron-electron in-
teractions and phenomena such as superconductivity [51], and
has also recently been incorporated in the ab initio calculation
of excited states within the GW -Bethe-Salpeter equation for-
malism [52], where it was shown that it can lead to strongly
temperature- dependent exciton binding energies. Moreover,
it was found in Refs. [52,53] that Frohlich-like long-range
coupling of electrons to longitudinal phonons dominates this
effect in semiconductors.

We now include phonon screening in the screened
Coulomb interaction appearing in Eq. (4), i.e., we take the
total screened Coulomb interaction to be

W=we+weh, (12)

where W is given by Eq. (5), and WP! is given by Eq. (11).
We therefore obtain the total Coulomb interaction

tot
Uilij,(a))

= /V dr /V dr' $p (DR OW(E, T, )¢ ()R (1)

+/‘;dl‘ /“/dr/(/)fkn(l‘)@R(l‘)th(l‘, v, )¢ig (X )pr (1)
(13)

The term U g (@) = (pir¢jr | W (@) [pir¢jr') in the sec-
ond row is the usual (extended) Hubbard term.

The phonon term of the third row is written as
UR (@) = (drdjr| WP () [rjr). S0 that overall we
can write the total Coulomb term in the compact form
U&‘{;R,(w) = Ufi{jR/(a))—i- U}l’{'jR/(w). We now evaluate the
phonon-mediated Coulomb term U. l.rl’?jR/ (w). The phonon prop-
agator appearing in Eq. (11) is written as

1 1
w— wq, + 8 _a)—i—a)q,v—iS’

Dy (0) = (14)

where g, the phonon frequency. Substituting the definition
of the phonon-screened Coulomb interaction of Eq. (11) in the
integral for U[.’;ij,(w):

Ui%th/ (@) = (prdjr | W™ (@) |pirdjr)

= iiqv(0)g};4,(R' — R)

q,v

X[ 1 — = 1 . } 15)
W —wq,y +id o+ wg, —1I8

A detailed derivation of this expression is given in Ap-
pendix A, where it is also generalized to the case of
four-center integrals. Here we use the mixed Wannier-Bloch
representation of the electron-phonon coupling matrix ele-
ment:

gmnqu(R) = (¢mr| 8qv |pnR)
=Y &Rl K+ Qgumy (K, Qwpa(K), (16)

n'm'k

where w,,, are Wannier rotation matrices, and g, (K, q) the
electron-phonon matrix element in the Bloch basis. As out-
lined in Appendix D, in principle, one should also account for
non-local electron-phonon coupling, captured through matrix
elements of the form gyuqv (R, R") = (¢ur| &qv |nr'). These
terms will couple electron hopping to phonons, and corre-
spond to a Su-Schrieffer-Heeger mechanism [54,55]. Given
the localized nature of Wannier functions, integrals of the
form (¢, | gqv |¢nr’) Will be small compared to the local cou-
plings (¢ur| gqv |#4r), and we will ignore nonlocal coupling
for the remainder of this manuscript. However, incorporating
these terms from first-principles calculations is an interesting
future avenue to pursue within downfolding approaches.

By taking the static limit w = 0 of Eq. (15), and by con-
sidering intraband terms (i = j), we obtain the simplified
expression

_ Z giiqv(o)g:‘kiqu (R/ - R) .

Wq,v

ph,st
UiRiR/ -

a7
qv

The superscript “st” will henceforth denote that we take the
static limit @ = 0. If additionally we consider on-site terms
R =R/, we get

iiq(0)[?
Ui;I){hi,Iit _ _ZZ lg 2)( )| . (18)
@ v

From Eq. (18), it is clear that in the static limit phonons con-
tribute an attractive term to the on-site Coulomb interaction of
electrons.

The effect of phonon screening on on-site Coulomb inter-
actions, similar to Eq. (18), has been computed previously for
metals and nonpolar semiconductors, where only short-range
electron-phonon coupling is present [3,35]. However, such an
approach breaks down for polar materials, where long-range
electron-phonon coupling emerges. In these cases, the matrix
element is typically written as a sum of a short-range and a
long-range terms [36,56]:

giqu = g}SJ"qy + gSqu' (19)

The reason for separating these two contributions is that
the long-range part g“ scales as 1/|q|, leading to a diver-
gence at q — 0. It is therefore subtracted from the total
electron-phonon coupling computed within density functional
perturbation theory (DFPT) on a coarse grid, in order to
perform a Wannier-Fourier interpolation of the well-behaved
short-range part onto a fine grid. The long-range contribution
is then added post fact, using an analytical expression [56].

Here we follow a similar approach, where the short-range
and long-range electron-phonon coupling are treated sepa-
rately. The long-range coupling gquv is computed using the
ab initio expression [36]:

.477 1 1/2(1 ! ZK : ew(‘l)
Sl ®) =17
V. = \2NM,wq, q-€x-q

x (pr(r) €9 [pr(T)), (20)

which is the first-principles generalization of the Frohlich
model. Here q is the phonon momentum, with the wave vec-
tor belonging to a regular grid of N points within the first
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Brillouin zone. For an atom «, M, and Z, are its mass and
Born effective charge tensor respectively, e., a vibrational
eigenvector, and €., the dielectric matrix. In writing expres-
sion Eq. (20), we have made the approximation q + G — q,
where G is a reciprocal lattice vector, and also et — 1,
where 7, the atomic positions. These approximations become
accurate in the long-wavelength q¢ — 0 limit, which domi-
nates the Frohlich coupling. Moreover, by not considering
the contribution of finite G vectors, we are ignoring local
field effects and considering the macroscopic high-frequency
dielectric response as defined by €.,. It is also worth noting
that Eq. (20) only allows for longitudinal phonons to couple
to the electrons. Transverse phonons have a polarization that
is perpendicular to the phonon wave vector q, and, in prin-
ciple, including the contribution of reciprocal lattice vectors
q + G could result in a finite contribution by these lattice
motions. Nevertheless here we focus on the effect of longi-
tudinal phonons, which is known to generally dominate the
long-range coupling to electrons by far [36].

We now insert the electron-phonon vertex of Eq. (20) into
Eq. (15) in order to derive the contribution of long-range
coupling to the phonon-mediated Hubbard term, denoted as
Uiﬂljiﬁ/ (w). As detailed in Appendix B, this gives us the
long-range contribution to the phonon-mediated Coulomb
interaction:

4r\? 1 1 1
UL == — —
wv@ =) 25 oo e
qm
1 MRR) g2, .

X 2
N(qu lql

. @20
(%62%%)2

where we have used the fact that Wannier functions are highly
localized around their centers, the index m runs over LO
phonons, and the frequency a)gm refers to the LO phonon.
Here we have defined the mode effective charge:

1
=LA

q- Z/( . eKv(q - 0) (22)

The expression of Eq. (21) is amenable to first-principles
computation, and its static limit is consistent with the ion part
of the total dielectric function that has been derived by Dol-
gov, Kirzhnits, and Maksymov [57]. This phonon-mediated
Coulomb interaction due to the Frohlich mechanism does not
overcome electron-electron repulsion in the static limit w = 0
[49,57]. Negative values of the total static dielectric function
are, in principle, permissible and consistent with a stable di-
electric at q # 0 [57], but the Frohlich interaction alone does
not give rise to such an effect.

The expression of Eq. (21) may be simplified significantly
for isotropic, or mildly anisotropic systems, as we demon-
strate in Appendix B. Here we give the final expressions in
the static limit, which can be generalized to finite frequencies
in a straightforward manner. In every case, the long-range
phonon-mediated electron-electron interaction assumes the
general form:

2

h, £
Ulng (0=0)= —m,

(23)

which is always an attractive interaction. For isotropic sys-
tems, the dielectric constant € is simply equal to €., and

47 |Z |2
2 m
=|— E _ 24
v (V) — €00 OL 0 @4

For systems with a mild anisotropy, we instead show in Ap-
pendix B that € = egg, with

1 E/dsz; 5)

et ] ar queap’
and
2 _ off giid Z 1 @M (26)
Vo= e Vv 2 4 0,2
o OLom (qaeaﬂqﬁ)

where here we take an orientational average over the unit
sphere.

Another interesting limit for the long-range phonon-
mediated interaction is obtained for systems where the phonon
eigenvectors at ¢ — 0 are equal to those at q = 0, despite a
jump in the frequency value, which is guaranteed by symme-
try in some cases. In those cases, the following condition holds
[50]:

47\ 196 20 .0)? ) )
)\ Maval 22 27
( 1% ) Queqp 0O @7

which for the isotropic case leads to the following simple
expression for the value of y2:

2 2
w —
2 2 : LO,m2 TO,m , (28)

m wLO ,m

and to the long-range phonon-mediated interaction:

phC, oy DLom = Drom 1

Unjr (@ =0)= Z ( @0 )eoo|R -R|

(29)
We emphasize here that using this simpler expression of
Eq. (28) requires one to check the validity of the condition
e(q — 0) = e(q = 0) on a material-by-material basis. While
we will not use Eq. (28) to obtain our computational results
for the long-range interaction in the main part of our article,
we discuss its validity in Appendix C for MgO and GeTe,
where it is demonstrated that it holds to good accuracy for
these systems.

Moreover, let us consider the long-range phonon-mediated
interaction under the assumptions in which the ab initio long-
range vertex of Eq. (20) reduces to the standard Frohlich
electron-phonon matrix element [58]:

Fr 1 4 wLo 1 1
TR = — | — — — — —
8iia®) lqly NV 2 (606 eo>

x (pr(r)] €4 [pr(T)), (30)

where ¢, the static dielectric constant. The assumptions that
reduce Eq. (20) to Eq. (30) are that of Ref. [59] taking the
q — 0 limit for all smoothly-varying quantities, having a
band structure identical to that of the electron gas model,
the permittivity being isotropic, and having coupling between
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electrons and a single Einstein LO phonon (hence we have
dropped the phonon index v in Eq. (30)).
Using the Frohlich vertex of Eq. (30) in Eq. (15) yields

ph Fr, [Z( )= @ 1 _ 1
IRJR/ 2 w — wLo w+ wro
1 1 1

) (—— =)o, 31)

€x €/IR—-R

which in the static limit gives the simple form
. 1 1 1

U'ph,'sl;Fr,ﬁ = (== )— 32
R/R €0 €o |R - R,| ( )

which is an attractive screened electron-electron interac-
tion, with both the high- and the low-frequency dielectric
constants determining the amount of screening. For €, —
oo, the phonon-mediated attraction approaches the value
—1/(ex|R — R’|), perfectly canceling the screened electron-
electron repulsion, but unable to result in net attraction,
consistent with the single-phonon limit of a dielectric dis-
cussed in Ref. [57].

IV. CONNECTION TO A LANG-FIRSOV
TRANSFORMATION PICTURE

We now connect our results of the previous Sec. III to those
obtained within a popular approach within polaron physics,
which is taking a Lang-Firsov transformation of a coupled
electron-phonon Hamiltonian [51]. This will allow us to de-
velop a better intuition of the underlying assumptions to arrive
at the result of Eq. (15). Here we will present the key steps of
the derivation, which is given in greater detail in Appendix D.

Consider the coupled electron-phonon Hamiltonian

pol - E E IR jR’ ij

o iR,jR’
T3 Z Z Uik, jr d R’a RAR
op iR, jR
+ Z qubqquv + Z Z 8ijqn(R)(bqy + b',q,,)
o ijRqv
x ‘lzRI ajR” 33)

where the operators a (alR) create (destroy) an electron of
spin o in band i/ and on lattice site R, and b » (bqy) creates
(destroys) a single phonon at branch v with momentum q. Let
us now perform a Lang-Firsov transformation of the Hamilto-
nian of Eq. (33). We define

S = ZZ a. &L guqv(R)(b

o iRqv

—b_qv) (34)

and perform the polaron transformation Hp, = €SHpoe™ to
eliminate the electron-phonon coupling term. Without relying
on any approximation, this leads to the renormalized two-
body interaction

(35)

. SiiqpR)g5 o, (R)
Urjg =Urjr —2 Z S a7

qv @av

Considering the Bloch periodicity Ug jr =
suggests that

UzR JR’ (w)

i0,jR—R, this

U jr (@) + UR s (36)

with U ilﬁl,’;;w the static limit of the phonon-mediated electron-
electron interaction, derived in Eq. (17).

Additionally, if we assume the phonon degrees of freedom
to be in thermal equilibrium, and trace them out within a
weak-coupling approximation, we can replace the phonon op-
erators with their expectation values, in a mean-field fashion.
Within its regime of validity, this approximation yields an
effective electronic Hamiltonian in the presence of phonons
at temperature 7':

el __ z . of o
Heff_E E iR, jR AR AR

o iR,jR
1 -
2 : 2 : of _pt p o
+ 5 UiR,jR/aiRajR,ajR/aiR, (37)
op iR,jR’

where we have ignored constant shifts to the electronic energy.
Here the modulated off-site interaction is

I R (T) =tir jr

X exp |: -
« <qu(T)+ %)} (38)

where Ny, (T) the Bose-Einstein distribution. The on-site en-
ergies are renormalized as

~ iiqv 0 :
fiRR =Rk — ) 810 T (39)

qv @qv

3 |gjjav(R") — giiqv (R)I?

2
qv qu

It should again be emphasized that the above result for the
temperature-dependent modulation of the hopping term relies
on the weak-coupling approximation, which is violated in sys-
tems with strong electron-phonon interactions, such as MgO.

Let us pause to consider what has been achieved at this
point. Eq. (37) is a generalized Hubbard model, including
only electronic terms, with the hopping and Coulomb inte-
grals renormalized by the magnitude of the electron-phonon
interactions. One can solve this Hamiltonian in exactly the
same manner as the original Hamiltonian (2), with the only
difference that the parameters entering it are renormalized.
Moreover the correction to the two-body Coulomb term due
to phonons is found to be identical to the static phonon-
mediated correction of Eq. (17). Therefore, starting from the
coupled electron-phonon Hamiltonian of Eq. (33), performing
a Lang-Firsov transformation and tracing out phonon degrees
of freedom, yields the static limit of including phonon screen-
ing in the Coulomb integral of Eq. (4).

It is interesting to note at this point some characteristics of
the temperature dependence of the effective electronic Hamil-
tonian of Eq. (37). The phonon-induced renormalization of
the hopping terms, as described by Eq. (38), is temperature-
dependent, with the hopping integrals reduced with increasing
temperature, indicative of a flattening of the electronic bands,
and real-space localization of electronic states, in agreement
with previous derivations [60,61]. However, the correction to
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the Coulomb term describes virtual phonon processes and
hence is temperature-independent. For the remainder of this
paper we will focus on the renormalization of the Coulomb
interactions.

V. COMPUTATIONAL IMPLEMENTATION

We now return to Eq. (15) for the general frequency-
dependent phonon correction to the Coulomb interactions,
and its computational implementation. Moreover, below we
discuss the practical calculation of the long-range part of the
electron-phonon interaction, which is treated separately in
order to allow for the Wannier-Fourier interpolation of the
short-range coupling g°.

A notable characteristic of Eq. (15) is that the electron-
phonon matrix elements appear in a mixed Wannier-Bloch
basis, for the electronic and phonon degrees of freedom,
respectively. Within our formalism, the lattice vectors R
indicate the centers of Wannier functions, with R = R’ rep-
resenting an on-site term and R # R’ off-site terms, the range
of which is determined by the distance of the Wannier centers.
The effect of phonons on each of the lattice terms U};{}R, (w)
is determined by summing over the phonon momentum grid
q, and the sum needs to be converged by using a fine mesh.
However, unlike most studies that evaluate electron-phonon
self-energies from first principles [52,62,63], here we do not
need to also evaluate the electronic degrees of freedom on a
dense grid. There is therefore only a need to perform Wannier-
Fourier interpolation for q-vectors (and not k vectors). As
discussed previously, we only perform Wannier-Fourier inter-
polation for the short-range electron-phonon matrix element
g%, in order to avoid the singular behavior of the long-range
term, which we add analytically, directly on a fine q-grid.

Similarly to using constrained RPA rather than regular RPA
to compute the polarizability of Eq. (9), as a means of exclud-
ing the screening of the states of the active space within which
we derive the Coulomb interactions, here we employ con-
strained density functional perturbation theory (cDFPT) [31]
rather than usual DFPT, to obtain the short-range electron-
phonon matrix elements g° entering the phonon-renormalized
Coulomb terms of Eq. (15). We use the modified version
of Quantum Espresso [64] of Ref. [34] to perform cDFPT
calculations on a coarse q grid, and we determine the Wan-
nier representation of our systems using Wannier90 [65].
Within the cDFPT calculations, we obtain phonon frequen-
cies and electron-phonon matrix elements of states within an
active space, which is defined on a case-by-case basis for
studied materials. We perform Wannier-Fourier interpolation
of short-range electron-phonon coupling matrix elements on
a fine q grid within the EPW code [66], and we extract
g‘quv(R) using a modified version of the code. Therefore we
obtain converged values for the short-range contribution to

the phonon renormalization of the Hubbard term U,%h}; (w) =
g 8o (085, R — R L__]. We obtain

ijqu W—wq,y+i8 - w+wg,y
the electronic Coulomb interactions within the same active
space using cRPA, and specifically Eqs. (4) and (9) as im-
plemented in RESPACK [67] in each case. We use Eq. (23) to
compute the long-range contribution U fl’:jiﬁ, (w), in its isotropic
or anisotropic manifestation depending on the studied mate-

(b)

FIG. 2. Structures of MgO (a) and GeTe (b). Mg atoms are shown
in orange, O in red, Ge in purple, and Te in gold. The structures are
visualized in VESTA [72].

rial, and yielding the overall result U};{1 r(@) = U},’{‘;ﬁ/ (w) +

ph,L
UiRjR, (w).

VI. STUDIED STRUCTURES AND COMPUTATIONAL
DETAILS

Below we outline the details of our calculations for MgO
and GeTe. We have chosen MgO since it is a prototypi-
cal bulk insulator with strong long-range electron-phonon
coupling, hence providing an excellent material to demon-
strate the impact of our formalism and of polar contributions
to its electron-electron interactions. Moreover, short-range
electron-phonon interactions are known to also modify the
electronic structure by a non-negligible amount [68], mak-
ing the interplay of these effects at different length scales
an interesting one to explore. Semiconducting GeTe on the
other hand is known to exhibit superconductivity and strong
electron-phonon interactions [69,70], we were therefore inter-
ested in understanding whether our framework could provide
an explanation for the formation of Cooper pairs in this ma-
terial. The structural details of MgO and GeTe are given in
Table I, and the studied structures are also visualized in Fig. 2.
The structures were taken from the Materials Project database
[71]. MgO forms a cubic rocksalt structure GeTe is studied
in its low-temperature trigonal phase, which consists of GeTe
bilayers along the ¢ axis.

We employ QUANTUM ESPRESSO [64] for all DFT and
DFPT calculations, Wannier90 [65] in order to generate
the Wannier representation of the active space of inter-
est, as discussed in Sec. VII, and EPW [66] in order to
perform Wannier-Fourier interpolation of electron-phonon
matrix elements. We employ scalar-relativistic optimized
norm-conserving Vanderbilt pseudopotentials (ONCV) [73]
with standard accuracy, taken from PSEUDO DOJO [74]. Specif-
ically, these include three valence electrons for Mg, two
valence electrons for O, three valence electrons for Ge, and
three valence electrons for Te.

For MgO, we work within the generalized gradient ap-
proximation (GGA) of DFT as formulated by Perdew, Burke,
and Ernzerhof (PBE) [75]. We use a plane wave cutoff of
80 Ry. As a starting point for downfolding calculations of the
electronic structure, we compute the electronic density on a
6 x 6 x 6 I'-centered k grid, and we include 300 bands in
the cRPA calculations, using a cutoff of 7 Ry, and having
excluded the three highest-lying valence bands as discussed
in Sec. VII. For cDFPT calculations, we use an electronic
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TABLE I. Studied materials, their structure, primitive lattice constants, angles, and volumes, space group, and identifier in the Materials
Project database [71]. For GeTe, we performed geometry optimization for the atomic positions and lattice parameters, using DFT within the
LDA, which has been discussed to yield accurate structural properties for this system [76].

Material Crystal System Structure a(A) o V (A% Space Group Identifier
MgO Cubic Halite, Rock Salt 297 60.0° 26.198 Fm3m mp-1265
GeTe Trigonal Halite, Rock Salt 4.19 59.08° 50.93 R3m mp-938

density computed on a 6 x 6 x 6 half-shifted k grid, and we
obtain the phonons on a 6 x 6 x 6 grid of q points. We in-
terpolate the phonon frequencies and electron-phonon matrix
elements on a 20 x 20 x 20 q grid, which we find is sufficient
to converge the values of the short-range phonon-mediated
contribution to the Coulomb interactions within the valence
bands, i.e., U};{IJ’.E, (w). When it comes to computing the long-
range phonon-mediated Coulomb term U};{’I’.ﬁ,(w), we use the
isotropic limit —y?/(exr), with y given by Eq. (24), given
the isotropy of the crystal and its dielectric properties.

For GeTe, we work within the local density approximation
(LDA), which is known to lead to accurate phonon and dielec-
tric properties for this system [76]. We optimize the atomic
positions and lattice parameter of the system prior to any other
calculations, using a plane wave cutoff of 100 Ry, on a 12 x
12 x 12 half-shifted k grid. The resulting structural param-
eters of Table I are in close agreement to previously reported
theoretical values [76]. Beyond the geometry optimization, we
use a plane wave cutoff of 100 Ry across all DFT calculations
on this system. As a starting point for downfolding calcula-
tions of the electronic structure, we compute the electronic
density on a 6 x 6 x 6 I'-centered k grid, and we include
700 bands in the cRPA calculations, using a cutoff of 7 Ry,
and having excluded the three highest-lying valence bands
as discussed in Sec. VII. For cDFPT calculations, we use an
electronic density computed on a 12 x 12 x 12 half-shifted k
grid, and we obtain the phonons on a 12 x 12 x 12 grid of
q points. We compute the short-range term U};?jiﬁ,(w) on the
same 12 x 12 x 12 grid, we therefore do not need to perform
any interpolation of phonon frequencies and electron-phonon
matrix elements in this case. Given the layered character of
this material, we utilize the anisotropic definition of Eq. (26)
for y and obtain U}l’lhjilf, = —y?/(e7).

VII. COMPUTATIONAL RESULTS

Below we outline our computational results for ab initio
downfolding of the electronic structure of MgO and GeTe, and
we include the effects of phonon screening.

A. MgO

We begin our analysis of MgO with a discussion of its
electronic band structure, visualized in Fig. 3(a). We focus
on computing the electronic interactions of carriers within the
subspace of the three highest-lying valence bands, for which
our Wannier-interpolated band structure is visualized in red
in Fig. 3(a). These bands are dominated by oxygen p orbitals,
and the Wannier functions are centered on O atoms, with a dis-
tance between neighboring sites that is equal to the primitive

lattice constant of 2.97 A. Below we focus on computing the
phonon-induced renormalization of the Coulomb interactions
within this subspace using ab initio downfolding and our
extension of it to account for phonon screening. The phonon
dispersion of MgO is visualized in Fig. 3(b). The unit cell of
this system consists of two atoms, and there are therefore six
phonons, with a single longitudinal optical (LO) mode with
a I" frequency of 86 meV, and two transverse optical (TO)
phonons with a I" frequency of 49 meV. We also compute the
Born effective charges associated with the Mg and O atoms,
reported in Table II, which are very close to the oxidation
numbers of these elements, indicating the strong ionic char-
acter of the bonding. In Table III, we give the values for the

(a) o

-4

—
O
~

90

70t

50 ¢

30r

Phonon Energy (meV)

10|

r X UIK r L w X

FIG. 3. Electronic band structure (a) and phonon dispersion
(b) of MgO computed at the DFT-GGA level of theory as dis-
cussed in the main text. The red dashed lines in (a) indicate our
Wannier-interpolated bands for the three highest valence bands,
which constitute our active space for ab initio downfolding.
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TABLE II. Born effective charges of MgO.

Atom z*
Mg 1.989
(0] —1.985

static intraband (band-averaged) on-site Hubbard term U® =
% > Ui‘i{iR(a) = 0) of the MgO valence bands within the ac-
tive space, where we have used the expression of Eq. (4). We
also report the nearest-neighbor (band-averaged) Coulomb
repulsion V' = 1 3" Usl (0 = 0), with the lattice vectors
R, R’ indicating nearest-neighbor positions in this case. Here
“nearest neighbor” refers to the distance between Wannier
function centers, which for MgO coincide with the positions
of O atoms. We find a U® = 6.826 eV on-site repulsion of
the electrons in the valence bands, and a V¢ = 1.393 eV
nearest-neighbor repulsion. While here we have focused on
the intraband electron-electron repulsion, the interband terms
are also found to be of comparable magnitude. Moreover,
we report in Table III the high-frequency and static dielectric
constants as obtained from DFPT.

We now consider the phonon-induced renormalization of
the intraband terms U®, V¢, in the static limit. The short-
range electron-phonon coupling contribution UPhst, yph:st.S
to the on-site and nearest-neighbor electron-electron interac-
tion respectively is computed using Eq. (17). As we report
in Table III, we find a renormalization of the on-site term of
UPhst = —2.720 eV, bringing the overall on-site interaction
to U(w =0)=U + UP"*' =4.106 eV, i.e., phonons re-
duce the repulsive interaction by 39.8% compared to the case
where their effect is ignored. Short-range electron-phonon
coupling also leads to a weak attraction VP**tS = —11 meV
between nearest neighbors. Moreover, we find for both the
on-site and nearest-neighbor terms that the correction to
the interband electron-electron interaction due to short-range
electron-phonon coupling is of comparable magnitude to the
intra-band values of these quantities.

Importantly, we find that long-range electron-phonon cou-
pling induces a large attraction between electrons in MgO,
particularly when these are on neighboring sites (the on-site
correction R = R’ is ill-defined for the long-range contribu-
tion). Given the isotropic character of MgO, we compute y>
using Eq. (24), and obtain the phonon-induced attraction in
the static limit as —y2/(€xr). We find an attraction VP44 =
—1.005 eV between electrons on neighboring sites in MgO,
as summarized in Table III together with our computed value
for y2. This strong effect is in addition to the weak effect
of short-range electron-phonon coupling on nearest neighbor
interactions, as incorporated within the established cDFPT
approach [3]. As we saw, for MgO, this short-range contri-
bution leads to an attraction of VP*$:S = —11 meV between
neighboring electrons. It therefore becomes clear that within
downfolded representations of polar materials, long-range
electron-phonon coupling can dominate, and including it is
imperative for the derived model Hamiltonians to faithfully
represent the low-energy physics.

We now turn to the frequency dependence of the correction
UP'(w) to the on-site Hubbard term, following Eq. (15). In
Fig. 4, we visualize U (w) = U (w) + UP"(w) over a range

=
o

U + UPM(®) (eV)

0 50 100 150
w (meV)

FIG. 4. Frequency-dependence of the total on-site Hubbard term
for the highest-lying valence band of MgO. The red vertical lines
indicate the average phonon frequencies on the 20 x 20 x 20 q grid
where UP" is computed, while the blue horizontal line marks the

value of the electronic Hubbard term of 6.826 eV for this band, in
the w = 0 limit.

of frequencies that covers the entire phonon spectrum of the
material. Within this range, the frequency dependence of the
electronic term is negligible, and oscillations are almost en-
tirely due to the phonon term. To improve visibility, which
can be obscured by strong oscillations in the vicinity of poles,
we have applied a Gaussian smoothing filter to reduce noise
and emphasize the overall trend. It is evident from Fig. 4 that
the Hubbard term exhibits a strong frequency dependence,
particularly around phonon energies (red dashed lines), where
it may even assume negative values depending on how finely
we sample on the frequency grid. As expected, at frequencies
above the highest phonon energy of the system, the Coulomb
term approaches the purely electronic value U®' (blue dashed
line). The importance of the frequency dependence for ob-
taining quantitatively accurate eigenstates of the downfolded
Hamiltonian has been discussed previously in the context of
excited state calculations [39].

We now analyze how different phonons contribute to the
overall renormalization of the electronic interactions. We vi-
sualize in Fig. 5 the phonon-resolved values of the on-site
correction UP™t, We see that the most important contribution

0.2/ % %
X

-0.4 1 X X
§’4L6-
% -0.8
5.1.0]

-1.21 Lo

\X
35 45 55 65
(wg) (meV)

FIG. 5. Contributions of individual phonon modes to the renor-
malization of the on-site Hubbard term of MgO.
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TABLE III. Numerical results for MgO: High-frequency and static dielectric constants, y* following Eq. (24), static on-site and nearest
neighbor Coulomb repulsion, static on-site and nearest-neighbor phonon-induced attraction due to short-range electron-phonon coupling, and
static nearest-neighbor phonon-induced attraction due to long-range electron-phonon coupling.

€so € y? U (eV)

Vel (eV)

Uph,sl (CV) Vph,st,S (CV) Vph,st,ﬁ (CV)

3.22 9.67 0.660 6.826

1.393

—2.720 —0.011 —1.005

arises from the LO phonon, but there are also significant
contributions from the TO and acoustic phonons of MgO.
Unlike the long-range electron-phonon interaction, which is
dominated by the Frohlich mechanism where exclusively
LO phonons contribute, short-range electron-phonon coupling
may be significant also for transverse optical and acous-
tic phonons, as we observe in Fig. 5. There have been
previous reports in the literature for the magnitude of the
short-range electron-phonon interaction in materials such as
TiO, [36], where it was found to be significant, although
substantially weaker than the long-range coupling. Indeed, for
off-site terms V, the long-range phonon-mediated electronic
interaction dominates over the short-range one as seen in
Table III. Nevertheless, short-range electron-phonon coupling
results in a significant renormalization of the on-site electronic
repulsion.

At this point, it is worth emphasizing some of the physical
characteristics of the contribution of the short-range electron-
phonon interaction to the renormalization of the Coulomb
interactions within the valence bands. In Fig. 6, we visualize
the on-site phonon-mediated Coulomb interaction UP™* in
the static limit, due to the LO phonon (panel (a)) and due
to one of the TO phonons (panel (b)), as a function of the
phonon momentum |q|. Here we have chosen two paths along
the Brillouin zone where the effect is significant. We see that
short-range electron-phonon coupling can cause an attraction
with complex dependence on |q|, unlike the 1/|q|?> depen-
dence due to long-range Frohlich coupling. This short-range
interaction is due to the so-called deformation potential mech-
anism. As discussed in analytic theories of electron-phonon
coupling [77], the matrix elements describing the interaction
within this mechanism generally consist of a constant part,
as well as octopole and higher-order terms that depend on
q, which vanish as q — 0. The g-independent part of the
deformation potential is highly band-dependent and can van-
ish due to symmetry in several cases, for example for the
LO phonons of direct gap semiconductors, and for coupling
within conduction bands [78]. Indeed we see that for MgO,
the short-range contribution to the phonon-mediated Coulomb
term vanishes for ¢ — 0 (Fig. 6(a)).

B. GeTe

Next we consider the effect of phonon screening on the
electron-electron interactions of semiconducting GeTe. The
electronic band structure and phonon dispersion of this system
are visualized in Fig. 7. We see that there exists a manifold
of three fairly isolated valence bands near the Fermi level,
and these form the active space within which we compute
the electron-electron interactions. Approximately 68% of the
wave function amplitude for these bands corresponds to con-
tributions from Te p orbitals, with the remaining 32% coming

from Ge p orbitals. As a result, the resulting Wannier func-
tions have strong p-orbital character, and are not perfectly
centered on either atom within the unit cell, having a nearest
neighbor distance of 4.19 A, i.e., equal to the primitive lattice
constant. Given the proximity of the conduction bands to the
valence band manifold within the DFT-LDA level of theory,
we repeated the analysis presented below, this time including
the three lowest conduction states in the active space. At least
for the phonon-mediated electron-electron interactions within
the top valence band, we found that this leads to only minor
differences in the results.

The trigonal phase of GeTe has two atoms in its primitive
cell, there are therefore six phonons, with a single LO mode,
highlighted in Fig. 7(b). The layered structure of GeTe makes

(a)
121
N
£ g
= r—L
29
5 4]
O_‘ T T T T
0 0.2 0.4 0.6
lq| (Bohr™*)
(b)
8_
N
g 6 L>W
2o 41
C_:)&
] 2
0_

09 1.0 1.1 1.2 1.3
|q| (Bohr!)

FIG. 6. Dependence of the short-range phonon-induced correc-
tion of the on-site Coulomb interaction on the phonon momentum,
in the static limit. This is visualized for the LO phonon of MgO,
along the I' — L path in reciprocal space (a), and for a TO phonon
along the L — W path (b).
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FIG. 7. Electronic band structure (a) and phonon dispersion
(b) of GeTe computed at the DFT-LDA level of theory as dis-
cussed in the main text. The red dashed lines in (a) indicate our
Wannier-interpolated bands for the highest three valence bands,
which constitute our active space for ab initio downfolding.

this system anisotropic, therefore, the precise energy of the
LO phonon depends on the direction of q, as q — 0. This
anisotropy is reflected in the values of the Born effective
charges associated with the Ge and Te atoms, as reported in
Table IV, which assume different in-plane and out-of-plane
values, and similarly for the high-frequency and static di-
electric constants reported in Table V. Given the anisotropy
of the system, the long-range phonon-mediated attraction is
obtained as —y2 /(€c57), where e is the spherical average
of the dielectric tensor following Eq. (25), and similarly y? is
obtained from Eq. (26), where an orientational average over
the unit sphere is taken. Table V reports the values for €.
and y? that we obtain here. The magnitude of the on-site
and nearest-neighbor electron-electron repulsion is given in
Table V, as is the phonon-induced renormalization of these.
Here we give the intraband values for the top valence band
within the active space, however, similar to the case of MgO,
the interband phonon-mediated interactions are found to be of
comparable magnitude. Despite the anisotropic character of
the system, the values of these quantities do not significantly
change depending on the spatial direction, we therefore only
give the values for the in-plane interactions for brevity. The

TABLE IV. Born effective charges of GeTe.

Atom zZy z7
Ge 7.139 5.081
Te —7.019 —4.995

first striking observation from the results of Table V is that the
on-site Coulomb repulsion U¢! = 1.102 eV is strongly renor-
malized by phonons, leading to a total interaction of U' =
U 4+ UP" = 0.229 eV in the static limit, i.e., amounting to
a 79% reduction of the electronic repulsion due to phonon
screening. The second interesting observation is that the to-
tal phonon-induced attraction between nearest neighbor sites,
due to the combined effects of short-range and long-range
electron-phonon coupling, is equal to VPhstot — yphstS 4
VPhstL — _0.166 eV, which will not only completely screen
out the repulsive electron-electron term Vel =0.118 eV, but
will even result in an overall attractive interaction of V¢ 4
yphstiot — —(,048 eV in the static limit.

Interestingly, unlike the case of MgO where the nearest-
neighbor phonon-induced attractive interaction is almost
entirely due to long-range electron-phonon coupling, we see
in Table V, that for GeTe the short-range term VP™$:S is
in fact more negative than the long-range part VP"st-£ To
better understand this result, we plot in Fig. 8 the spatial
decay of the static phonon-induced attraction for short-range
and long-range electron-phonon coupling. As expected, the
short-range part decays rapidly, quickly reducing to a negligi-
ble contribution with increasing distance between the lattice
sites |R — R’|. Its most important contributions are found for
small distances, primarily for the on-site interaction, where
as discussed previously, it induces a 79% reduction of the
electronic repulsion. Despite the fast decay of this term with
increasing distance, its strong on-site value leads to a still
appreciable contribution for nearest neighbors, which is in
fact more attractive than that of the generalized Frohlich ver-
tex. Nevertheless, here too the long-range mechanism of the
electron-phonon interaction leads to an appreciable renormal-
ization of the electron-electron interaction, and incorporating
it in the downfolded representation of GeTe is important to-
wards achieving predictive accuracy for the physics of this
system. Moreover, the Frohlich term remains finite at large
values of |[R — R’|, given its long-range character.

Now let us consider the frequency dependence of the
on-site electron-electron interactions, once phonon screening
is accounted for, visualized in Fig. 9. We see that already
for small values of the electronic frequency and as we are
approaching the phonon poles, the on-site Coulomb interac-
tion assumes negative values. Moreover, for larger frequency
values in the plotted range, the total electronic interaction
U® + UPM(w) approaches the static limit of the purely elec-
tronic contribution, as expected.

The strong variations of the frequency-dependent in-
teraction strength in Fig. 9 as one approaches the poles
corresponding to acoustic and optical phonons suggest that
the screening from several modes renormalize the electron-
electron interactions strongly. In Fig. 10, we plot the attractive
contribution of different phonons in the static limit. Similar

245144-11



NORM M. TUBMAN et al.

PHYSICAL REVIEW B 113, 245144 (2026)

TABLE V. Numerical results for GeTe: High-frequency and static dielectric constants, y2 following Eq. (26), static on-site and nearest
neighbor Coulomb repulsion, static on-site and nearest-neighbor phonon-induced attraction due to short-range electron-phonon coupling, and
static nearest-neighbor phonon-induced attraction due to long-range electron-phonon coupling.

el el et et e y? U (eV) Vel (eV) Ut (eV) YPhstS (eV) yehst.L (eV)
61.90 279.33 51.29 93.71 57.91 0.649 1.102 0.118 —0.873 —0.128 —0.038

to MgO, the LO phonon again dominates this short-range
contribution to the attractive interaction. However, it is worth
noting that acoustic modes also provide a very significant
attraction in this case. This is attributed to the strong piezo-
electric electron-phonon interaction in GeTe [76], which also
manifests as strong phonon screening from acoustic modes in
other piezoelectrics, such as CdS [52].

In order to gain more insights into the microscopic mech-
anism of the phonon-induced electron-electron attraction due
to short-range interactions, we plot in Fig. 11 the dependence
of UPM in the static limit on the phonon momentum |q],
for the LO phonon (panel (a)) and for the dominant acoustic
mode (panel (b)). For the LO phonon, we see that U ph g
roughly proportional to |q| and vanishes at I, in accordance
with a deformation potential mechanism. This channel is par-
ticularly strong in GeTe, due to the large values of the Born
effective charges in this material (Table IV), which consti-
tute the character of the Ge-Te bond mixed ionic-covalent;
a feature which is commonly associated with strong defor-
mation potential [79]. Intuitively, this can be understood as
having a significant charge localization on the atoms, making
distortions of the atomic configuration particularly impact-
ful on the properties of the electronic wave function. This
is similar to the mechanism of electron-phonon coupling in
molecular crystals and molecules in vacuum, where strong
electronic localization leads to stronger coupling to vibrations
associated with local atomic distortions [27,80]. The acoustic
phonon on the other hand, does not demonstrate behavior
consistent with a deformation potential mechanism as in the
case of MgO, with its contribution growing as we approach
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FIG. 8. Spatial decay of the static phonon-induced electron-
electron attraction in GeTe, due to short-range and long-range
electron-phonon coupling. The dashed lines serve as a guide to the
eye.

the I' point. As already stated previously, this is consis-
tent with the piezoelectric mechanism of the electron-phonon
interaction. These terms arise from long-range quadrupole
contributions, which are captured within DFPT calculations
of the electron-phonon matrix elements [81]. Similar to the
dipole terms, the quadrupole terms should be subtracted from
the electron-phonon matrix elements prior to Wannier-Fourier
interpolation [66,82], in order to avoid irregular behavior,
particularly in the q — 0 region. However, for GeTe, we do
not perform any interpolation of the electron-phonon matrix
elements, as outlined in Sec. VI, it is therefore not necessary to
subtract the quadrupole terms from our short-range electron-
phonon matrix elements computed from DFPT, and hence the
piezoelectric phonon-mediated electron-electron interaction
in GeTe is captured within our approach.

Our first-principles formalism predicts the emergence of
overall attractive nearest-neighbor interactions in the valence
bands of GeTe, in the static limit, which arise from the
interplay between the Frohlich, deformation potential, and
piezoelectric mechanisms of electron-phonon coupling. Such
an attractive nearest neighbor attraction has commonly been
connected to the emergence of superconductivity [82-85].
Additionally, the frequency dependence of the on-site Hub-
bard term due to phonon contributions, visualized in Fig. 9,
demonstrates that this term also becomes attractive at rel-
atively low electronic energies, which could be relevant
already at relatively low doping levels, and which could

Ue + UP(w) (eV)

0 20 40
w (meV)

FIG. 9. Frequency dependence of the total on-site Hubbard term
for the highest-lying valence band of GeTe. The red vertical lines
indicate the average phonon frequencies on the 20 x 20 x 20 q grid
where UP is computed, while the blue horizontal line marks the
value of the electronic Hubbard term of 1.102 eV for this band, in
the v = 0 limit.
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FIG. 10. Contributions of individual phonon modes to the renor-
malization of the on-site Hubbard term of GeTe.
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FIG. 11. Dependence of the short-range phonon-induced correc-
tion of the on-site Coulomb interaction on the phonon momentum, in
the static limit. This is visualized for the LO phonon of GeTe, along
the ' — L path in reciprocal space (a), and for the strongest coupled
acoustic phonon along the I' — L path (b).

further contribute to superconductivity [86]. Indeed, it has
previously been shown in the literature that a purely on-
site phonon-mediated attraction between electrons can alone
induce superconductivity, with appropriate retardation and
strength [87]. Therefore our findings of a strongly attractive
on-site interaction between electrons, which overcomes the
repulsion already at low frequencies, as well as the exis-
tence of a net attractive nearest neighbor interaction, already
in the static limit, are strongly suggestive of the emergence
of phonon-mediated superconductivity in GeTe, through the
combination of the Frohlich, deformation potential, and
piezoelectric mechanisms. GeTe was already proposed to be
a superconductor in 1969 by Allen and Cohen [69] based
on a deformation potential mechanism, which we indeed find
to provide a key contribution to the overall electron-electron
attraction. Recent experiments have confirmed GeTe to be
superconducting upon hole doping [70].

It is worth considering what makes GeTe unique within our
formalism in terms of its ability to generate attractive electron-
electron interactions compared to other semiconductors. The
long-range Frohlich coupling due to the single LO phonon in
this material is not sufficient to lead to an overall attractive
nearest-neighbor electron-electron interaction. As discussed
for Eq. (32), LO phonons can, at most, cancel the electron-
electron repulsion in the limit of €, — 0o, however, cannot
result in an overall attractive interaction, in agreement with
the prediction of Ref. [57]. Nevertheless, the strong dipolar
electron-phonon coupling effectively screens out long-range
electron-electron repulsion, and other mechanisms of electron
coupling to phonons, including the deformation potential and
piezoelectric mechanisms here, contribute to an additional
attraction, which can flip the overall sign of the interaction
between electrons. GeTe is known to exhibit significant piezo-
electricity [76], resulting in important contributions from this
mechanism of electron-phonon coupling. Additionally, the
large values of its Born effective charges indicate a significant
mixed ionic-covalent bonding character for the Ge-Te bond,
and the covalent character is associated with strong deforma-
tion potential coupling [79]. Overall, it is the combination of
the Frohlich, piezoelectric, and deformation potential mech-
anisms for the electron-phonon interaction of GeTe, which
are all substantial in this material, that results in an overall
attraction between electrons.

VIII. DISCUSSION AND CONCLUSIONS

In this work, we have developed a theoretical and com-
putational framework to account for phonon screening on
electron-electron interactions, entirely from first principles.
We account for short-range and long-range electron-phonon
coupling on equal footing, and we have demonstrated sim-
plifications of our expression in different limits, e.g., in the
static limit, in the case where long-range electron-phonon
interactions are described by the traditional Frohlich model,
and beyond. Moreover, we have demonstrated the connections
of our formalism to applying a polaron transformation to
a many-body electron-phonon Hamiltonian. Our theoretical
scheme for including phonon effects in electronic interactions
is directly compatible with ab initio downfolding schemes,
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which have grown in popularity for obtaining the properties
of strongly-correlated materials from first principles [1-4].

We have applied our computational framework to MgO
and GeTe, and in both cases we find significant phonon-
induced renormalization of the electron-electron interactions,
particularly for on-site Coulomb terms. This results mostly
from short-range electron-phonon interactions based on the
deformation potential mechanism, which, despite their fast
decay, still lead to substantial nearest-neighbor attraction
in GeTe. The interplay of this mechanism with long-range
electron-phonon coupling screens out repulsive electron-
electron interactions and leads to an overall attraction, which
could provide an explanation for superconductivity in this
system.

Our theoretical work could have important implications for
accurately predicting the electronic phase diagrams of diverse
materials and interpreting experiments. Ab initio downfolding
casts the problem of describing the electronic structure of
a material in the form of an extended Hubbard model (see
Eq. (2)), which generally allows capturing complex phases
such as charge density waves, spin density waves, and d-wave
superconductivity depending on the values of the parameters
t,U,V [87,88]. Therefore our approach to obtain the poten-
tially strong phonon-induced renormalization of the Coulomb
terms could significantly reshape theoretically predicted phase
diagrams. The impact of long-range electron-phonon cou-
pling, which our approach has incorporated into ab initio
downfolding for the first time, would be particularly pro-
nounced here, as this interaction can greatly renormalize the
nearest-neighbor Coulomb interaction V' (see our examples of
MgO and GeTe), which can often determine the electronic
phase of a material [87,88]. An implication of our work
relevant to experiment includes the potential emergence of
superconductivity in GeTe, due to static nearest-neighbor and
retarded on-site attractive electron-electron interactions medi-
ated by phonons. The renormalization of the Coulomb terms
will also affect the transport properties of materials, particu-

J

larly in the Mott insulator regime, where the conductivity can
depend sensitively on the U, V values [89,90].
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APPENDIX A: DETAILED DERIVATION OF THE PHONON CORRECTION TO THE COULOMB INTERACTION

The general 4-center Coulomb interaction appearing in downfolded Hamiltonians can be written as

Urjririr7 (@) = / dridry¢ip (r1) g (1)W (11, T2; 0)ip (X1 Prrr (12).
%

Taking W = W® 4+ WP the integral becomes

where the electronically screened Coulomb interaction is given by

and the phonon-screened term is

(A1)

Urjrir v (@) = Ui% JR’KR"IR" (w) + Uiﬂqu,kR,,,R,,, (w), (A2)
Ux RR R (@) = (PR jR W (@)|prPir), (A3)
(A4)

U fl){ljR/, e (@) = (BrOR WP (0)|rr P

We now focus on developing the expression for Ul.Il)ij,, e (@). Using Eq. (11) for WP and resolving the identity in the position

basis, we have

U s (@) = f AT (1)) (WP (1 13 )b (1 e (),

(AS5)
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which gives

U,'l;?jR/,kRH/RW (w) = Z qu(a)) / drldr2¢?i{(rl )¢jR’(r2)gqv (ry )gzu(r2)¢kk”(rl )R (12). (A6)
qv

The integral factorizes and so we have

U @) = 3 Dy (@) / 01§ (1) (1 iz (1) / A2 (02) (02 ) (). (A7)

qv

The typical electron-phonon vertex integral is given by

/dr1¢;kR(r1)gqv(r1)¢kR”(r1) = /dl’1¢;:)(l‘1 —R)gqu(r1)dro(r; —R"), (AB)
where we have used the property that ¢;r (r;) = ¢io(r; — R). Further, changing variables to r = r; — R, we have
/dn%(h — R)gq(r1)gio(ri —R") = /drd%(l‘)gqu(l’ +R)gi(r — (R” — R)) = giigy(R, R"), (A9)
where
Zmnay (R, R”) = ($r| gqv ) = Y e M ERRY! (K + @) g (K, @wpn(K), (A10)
w'm'k

w,,, being Wannier rotation matrices, and g, (K, q) the electron-phonon matrix element in the Bloch basis. Therefore we have

UiﬂljR/’kR,,lR,/, () = Zqu(w)gikqv(R, R”)g’l‘qu(R’”, R, (A11)
qv
and finally we have
1 1
URir s (@) = ) gk (R, R")gf o, (R, R - . Al12
iRjR’,kR”IR (0)) ngqv( )gz_/qv( )(w — g n ”} o+ gy — ”]) ( )

qv

The density-density interaction is given by the following matrix element
UiI;{th’ () = Uill)lth’,iR r(@) (A13)

which in the static limit w = 0 reduces to

8iiqpR)gh o, (R
Ulw = =2y =1~ (Al4)
Qv @av
where here we define
gmnqv(R) = gmnqv(Ry R) = Z eiqu;n’(k + Dgwmv(K, Qwprn(K). (A15)
n’'m'k
Using the translational symmetry of the lattice, we have
Urjr = Uipjr-r (Al6)
and so
s iiqu(0)g" ., (R" —R)
Ui =—2) Sia 811 : (A17)
q @qv
By focusing on the on-site interaction, we find
st |giiqn(0)[*
URkn =-2)_ T (A18)
Qv 4

APPENDIX B: DERIVATION OF THE LONG-RANGE CONTRIBUTION TO U*"

For brevity, below we drop band indices and we work in the static limit v = 0, however, the results immediately generalize
to the case of finite w. The long-range attractive electron-electron interaction due to phonons is written as (Eq. (A14))

L Lx R/
,(R)ggy (R)
U @=0)= -2y St s
Qv av

B

245144-15



NORM M. TUBMAN et al. PHYSICAL REVIEW B 113, 245144 (2026)

Using the expression for the generalized Frohlich vertex Eq. (20) gives

2
ph, L _ _ 4_7T 1 1 (q ! ZK : ew(‘l))(q ) ZK’ : ew(‘l))
URR’ (w=0)= 2( v ) ZZ <2Nw(2111> /MKMK’ (q - €xo ,q)2

qv  kk'

X (PR ;R ()] €T |Pir (1) R (1)) - (B2)

First let us focus on the matrix element (¢;r ()¢ jr ()] ) g e () ;v (r')). Written out in integral form, this factorizes as
(PR O)PjR ()] 4T [Pr(0)PR (1) = / dre' g ()] / dr'e™ " |¢ g ()] (B3)

For well-localized Wannier functions, the corresponding form factors F;(q) = f dr €97 |¢;r (r)|? are smooth and satisfy Fi(q) =
¢ R[] + O(¢?)]. Thus, to leading order in the long-wavelength regime, the matrix element reduces to ¢4 ®~R),

We can thus write

4 \* ! I @ Ze0@)@-Zo - 6y(@) o mr
Uph,,L —0)= -2 = K * Cxv K K'v iq-(R—R ). B4
RR (a) ) < 14 > %: %’: <2Nw(21v> vV MKMK’ ((1 “€xo t (I)Z ¢ ( )

This expression is amenable to first-principles calculation, as everything that enters it may be obtained through DFPT calcula-
tions. However, we are now going to make a few well-justified approximations, which will greatly simplify its form.

The long-range Frohlich interaction is controlled by the long-wavelength region of reciprocal space. In this regime, the optical
phonon eigenvectors and frequencies are smooth functions of |q| (for fixed direction ), and may be expanded as

ew(‘l) = e (q — 0)+ O(t]) (BS)
To leading order in the long-wavelength limit, we therefore replace the polarization vectors by their ¢ — 0 values,
e (q) ~ e (q — 0), (B6)

while retaining the explicit ¢ dependence of the Frohlich kernel. The neglected terms are higher order in g and contribute only
subleading corrections to UP™~,
We therefore have

47 \? 1 1 (q-Ze-ew(qg— 0)(q-Ze-eon(q— 0) , ,
Uph,/[l — )= —2f = Kk Cxv K K'v zq-(R—R)' B7
R (©=0) ( v ) ;Z (2Nwéu)¢M—KMK/ (- € - ) ‘ ®D

We now introduce the (mass-weighted) mode effective charge vector

Z Z ! Z (q—0) (B8)
va = 4 4x,ap ekﬂv )
kB MK
so that
1
qzv:;quf(ekv(q_)o) (Bg)
We therefore obtain
47 \? 1 1q-Z.7 . ,
UL =0) = —(—) VL i (R-RY) (B10)
o v qz Nw}, (q-€x- @)
Writing q = |q| §q, the quadratic contractions scale as
lq- Z,1° > 19’14 2,1, (B11)
(@€ @) = 1a* @ €x - @ (B12)

Thus we are left with an overall factor 1/|q|? in the denominator. For simplicity, we denote the directional components g,
simply by g, in what follows. We therefore have

4 2 1 iq-(R—R’) otZu N 2
Ulfo=0=-(—2) 3 € a2l - (B13)
V) G Nog 1P (gee5q5)

This expression is amenable to first-principles computation, and is consistent with the ion part of the total dielectric function that
was derived in the seminal review of Dolgov, Kirzhnits, and Maksymov [57], which the authors of Ref. [57] analyzed for the
case of a two-atom unit cell. Here we will not use Eq. (B13) itself, but instead the limiting case of an isotropic system and of a
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system with mild anisotropy, which we derive in the following sections. Finally, we will show how for certain systems Eq. (B13)
reduces to a simpler form that only requires knowledge of the dielectric constant and LO-TO splittings.

1. Long-range phonon-mediated interaction for an isotropic system

To make further progress from Eq. (B13), we assume that the long-wavelength interaction is isotropic, so that the dielectric
tensor may be written as eg% = €500up. In this limit,

(gu€qs)” = €. (B14)

Moreover, in an isotropic medium, the long-wavelength LO modes are characterized by a polarization parallel to q, so that the
associated mode effective charge is aligned with q. The contraction then becomes independent of direction and reduces to

g 200l = | 2,7 (B15)

The mode effective charge contributes to the long-range interaction only for LO modes. We therefore restrict the mode index
to the LO branches, labeled by m. Given the smooth variation of the LO phonon frequencies in the long-wavelength limit, we

substitute them by their ¢ — 0 values, i.e., wqn = wLo,m» Which is also independent of the direction of q under the isotropy
4 ear
NV Z.q |qP°

2
Up“@=0)=~3" (4—”> = — (B16)

V ) €0 g €x0/R = R|

assumption. Using the identity % = we arrive at

m

Finally, defining

4 |2
y?= (—)2—2, (B17)
\% ~ €00 Wi

we can write this in the compact form

2
4
U0 =0 =~ ®18)
OO

2. Long-range phonon-mediated interaction for a mildly anisotropic system

For an anisotropic system, we retain the full dielectric tensor 65% in Eq. (B13). In this case, the long-range interaction
acquires a directional dependence through the factor |y 2, 4|%/ (9a€qp9p )2. For use in an effective isotropic model, we define
an isotropized long-range interaction by replacing this directional dependence by its orientational average over the unit sphere.
This is a good approximation for systems with modest dielectric anisotropy. Restricting again to the LO branches labeled by m
and using wq, >~ Lo, in the long-wavelength limit, Eq. (B13) becomes

4 2 1 ds a<m,a ia-R-R)
UL (o :0):-(-”) y ! / taZnal” ) (B19)
v m NwLO,m 4 (% aﬂqﬂ) q |q|

Usmg = this yields the effective isotropic form

47 1 dQ |geZmal’ 1
Upw (@ = 0) —<—> > / — s : (B20)
V) S oton | ] 4T (guecyap)’ | R R

q Iq\2 ’

To retain a Coulomb-like screened form, we introduce an effective dielectric constant

1 dQ 1
— =] = —F (B21)
€eff 4 %60,,361 B
We then define y2 as
4 dQ 19eZmal®
y? = et , (B22)
w @Lom (g0€5545)”
so that the long-range interaction retains the compact Coulomb-like form
2
U (o =0)~ —— L B23
Ure (0= 0= eefr [IR —R|” (523
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3. Simplification to an expression involving the LO-TO splittings

In some cases, it is possible to make an additional simplification in the definition of y? and the final result for the phonon-
mediated electron-electron interaction. We demonstrate this in the case of an isotropic material, however it is straightforward to
generalize the discussion to an anisotropic system.

For certain materials, symmetry guarantees that the phonon eigenvectors at @ — 0 are identical to those at q = 0, even if the
frequencies differ. In those cases, the longitudinal projection of the mode effective charge is related to the LO-TO splitting via

(50]
47\ 190 200l
<7> e =0l — Oo, (B24)
%60,,34/3
Using this relation in the definition of y? yields
0l , — W
y? = Z Lo,m2 TO.m (B25)
" @Oro,m
and the phonon-mediated electron-electron interaction takes the simple form
w? — w? 1
Uph,/,C —0)= — LO,m TO,m ) B26
L (w=0) ;( o KRR (B26)

While this is a very convenient form for the Coulomb interaction, we emphasize again that it is only strictly valid when e(q —
0) = e(q = 0). For MgO and GeTe this condition holds to excellent accuracy, as discussed in the following Appendix C, and
hence Eq. (B26) may be used. In the more general case, y? is computed directly from the Born effective charges and phonon

eigenvectors through the mode effective charge defined in Eq. (BS).

APPENDIX C: VALIDITY OF EQS. (29) AND (B26)
FOR MGO AND GETE

The simplified form of the long-range interaction, Egs. (29)
and (B26), relies on the condition that the phonon eigen-
vectors at long wavelength coincide with those at the
Brillouin-zone center,

e,(q—0)=e(q=0), (C1)

up to an overall phase and possible unitary rotations within
degenerate subspaces. We verify this explicitly in MgO
and GeTe by computing the overlap between mass-weighted
phonon eigenvectors obtained from DFPT.

For a mode v at ¢ — 0 and a mode v’ at q = 0, we define
the squared overlap

2
Ow =Y el @ Dewr@=0),  (C2)

where « labels atoms and o = x, y, z Cartesian components.
The eigenvectors are normalized according to the convention
used in the DFPT output. This quantity is invariant under
overall phase changes and provides a direct measure of the
similarity between the two modes.

We also explicitly compare the values of y? that determine
the phonon-mediated interaction —y2/(e - r), when obtained
from the general isotropic expression that involves the mode
effective charges (Eq. (B17)), and the simpler expression in-
volving the LO-TO splitting (Eq. (B25)), which relies on the
approximation:

4\ 190 20,0 |2 2 2
A i L S — . C3
< v ) Ga€qp OV T “Tow ©)

While the simplified expression of Egs. (29) and (B26)
holds for the systems we studied here, we emphasize that

(

this should not be used without explicitly verifying that the
phonon eigenvectors do not change between the q = 0 point
and the q — 0 region. This is only generally true for materials
of certain symmetries and is not expected to hold in more
complex cases, such as, for example, in cubic perovskites. In
those cases, the Coulomb interaction will still be of the form
—y?/(€ - r), however, the strength of the electron-phonon
coupling y? should be evaluated using the more general
expressions we derived for isotropic and mildly anisotropic
materials, which involve the mode effective charges rather
than the LO-TO splitting (Eqgs. (B17) and (B22) for isotropic
and anisotropic systems, respectively).

1. Direct comparison of phonon eigenvectors at ¢ — 0
and q = 0 for MgO

In MgO, the optical modes at q =0 form a triply-
degenerate subspace. In this case, individual eigenvectors at
q = 0 are not unique and may differ by unitary rotations
within this subspace. A meaningful comparison is therefore
obtained by projecting the long-wavelength eigenvector onto
the entire degenerate subspace,

> Owl (C4)

v'edeg. subspace

Numerically, we find that this sum is equal to 0.994 for the LO
mode of MgO, demonstrating that the eigenvector at ¢ — 0
lies almost entirely within the optical subspace at q = 0. This
confirms that e(q — 0) and e(q = 0) coincide to excellent
accuracy.

To make the procedure fully reproducible, we list in
Table VI the DFPT eigenvector components used in the com-
parison. These correspond to the LO mode at ¢ — 0 and the
three degenerate optical modes at q = 0.
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TABLE VI. Mass-weighted phonon eigenvectors for MgO used in the overlap analysis. Components are listed in the order
(Mg, Mg,. Mg, O;, Oy, O;), as read from the DFPT eigenvector output files.

Mode Mg, Mg, Mg, O, (ON 0O,
q—0LO —0.549839 0 0.835271 0 0
qg=0opt. 1 0.411871 —0.256155 —0.026550 —0.741143 0.460940 0.047776
qg=0opt.2 0.203254 0.354090 —0.263184 —0.365747 —0.637170 0.473587
qg=0opt.3 —0.158140 —0.212043 —0.407416 0.284566 0.381563 0.733127

Using these values, the individual overlaps between the
long-wavelength LO eigenvector and the three optical modes
at ¢ = 0 are found to be 0.715, 0.174, and 0.105, respectively.
Their sum, 0.994, is very close to unity, confirming that the
long-wavelength eigenvector is essentially identical to the
corresponding zone-center optical eigenvector, up to a rotation
within the degenerate subspace.

This numerical result justifies the use of the relation

2
4\ 19420 .« ) 2
T T o = %Loy — Yro,w

C5
Vv Qaeglog%ﬁ ( )

for MgO. Using the more general isotropic expression that
involves the mode-effective charges (Eq. (B17)) for y2, we
find 2 = 0.660, whereas the simpler expression of Eq. (B25)
involving the LO-TO splitting yields y> = 0.667. Therefore
the two values are in excellent agreement.

2. Direct comparison of phonon eigenvectors at ¢ — 0
and q = 0 for GeTe

For GeTe, we verify the condition e(q — 0) ~ e(q = 0)
by explicitly comparing DFPT phonon eigenvectors. Since
GeTe is mildly anisotropic, y2 is evaluated using the orien-
tational averaging procedure outlined above. However, the
validity of the LO-TO simplification depends only on the
continuity of the eigenvectors between q — 0 and q = 0. For
brevity, we present the check for q || x; the same conclusion
is obtained for other directions.

Here too we quantify the agreement using the squared
overlap

2
Our =Y €i0 (@ = 0)era(q=0)| .

Ko

(Co)

with components listed in the order
Ge;; Tey, Tey, Te,).

At q =0, the optical modes at 8.6 meV are twofold
degenerate, corresponding to two orthogonal polarizations.
Therefore, as with MgO, we compute the total projection of

the eigenvectors onto the degenerate subspace:

Z O, >~ 1.

v'edeg. subspace

(Gey, Ge,,

(€7

Table VII lists the DFPT eigenvectors relevant for the
comparison along q || x: the LO mode at @ — 0 (mode 6 at
18.3 meV) and the two degenerate optical modes at q = 0.
Using these values, we find

Og—010, g=00pt.1 = 7.6 x 1071, (C8)

O(Q*O)LO, g=0opt.2 =~ 0.999995, (C9)

so that the projection onto the degenerate g = 0 subspace is
0.999995 ~ 1. This confirms that e(q — 0) ~ e(q = 0) to
excellent accuracy for GeTe as well, thereby justifying the
use of the LO-TO-based simplification when evaluating the
long-range interaction. Using the anisotropic expression that
involves the mode-effective charges [Eq. (B22)] for y2, we
find y? = 0.649, whereas the simpler expression of Eq. (B25)
involving the LO-TO splitting yields y2 = 0.78, therefore
slightly overestimating the long-range interaction.

APPENDIX D: CONNECTION BETWEEN DOWNFOLDING
WPt AND THE LANG-FIRSOV TRANSFORMATION

Here, we demonstrate the equivalence between the Lang-
Firsov transformation and the static expression obtained for
UP" when downfolded in an extended Hubbard model. We
work in a local basis and write the Hubbard model including
an electron-phonon and a phonon term as

+ 1 3 P
H = E fiR,jR’aiR“JR’+§ U, jR 4igd g /R 4R

iR,jR’ iR,jR’

+ Y o0bl,ba
qv

+ Y SR R)(bgy + b g )akaw. (DI
iRjR'qu

where we have dropped the spin indices for brevity; however,
these are given explicitly in the formulas in the main part of
the manuscript. This general Hamiltonian includes nonlocal
scattering between R and R’, caused by coupling to a single
phonon, described by the matrix element of Eq. (A10). For
R = R/, this expression yields g(R) (Eq. (A15)).

Let us first consider the nonlocal electron-phonon coupling
R # R/, which results in a modification of the hopping term

> (i jr + 8ija (R R))(bgy + b g, )alpaw,
iR, jR’

which describes a Su-Schrieffer-Heeger (SSH) mechanism
[54,55] of electron-phonon coupling. Given the strongly lo-
calized nature of Wannier functions, which is the basis we
employ here, we expect these nonlocal terms (¢,r| gqv |Pnr’)
to be small compared to the local terms gyqn(R) =
(dmr| &qv |Pnr). We will therefore ignore them moving for-
ward; however, it will be interesting to examine the impact of
these terms from first principles within a downfolding context,
as a part of future work.
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TABLE VII. Mass-weighted phonon eigenvectors for GeTe used in the overlap analysis along q || x. Components are listed in the order

(Gey, Gey, Ge,; Te,, Te,, Te,), as read from the DFPT eigenvector output files. Tiny ~107¢

components reflect printing precision.

Ge, Ge, Ge, Te, Te, Te,
gq—0LO(q | x) 0.869047 0 0 —0.494730 0 0
q=0opt. 1 1 x10°° 0.870151 0 0 —0.492785 0
qg=0opt.2 0.870151 —1x107° 0 —0.492785 0 0

We now restrict the electron-phonon interaction to the local
form

Vep = Y 8iiqy(R)(bgy + b' g, )ajpair.
iRqv

(D2)

We introduce the Lang-Firsov transformation on the Hamilto-
nian as

H=¢He S, (D3)
where
8iiqv(R)
S = i b, — b_qv). D4
> e R by o0

iRqv av

Application of this transformation results in the electronic
operators as

ag = e’ aire” = arXir (D5a)
with
aly = Salge™ = alg X%, (D5b)
where
_ giiqv(R) +
X = exp | =D =0 by, — boge) (D5¢)
The phonon operators transform as
_ 8iqu(R)
bqy = bgy — Z La;R,a R (D6a)
® P
with
T 8jj v(R,)
bjlv = bjlv - Z %@R,a iR (D6b)

i’ qv

The number operator is conserved since X; is a unitary
operator, i.e., X&X,-R = 1, which means that

,TRatR - ajRalR (D7)

Additionally, we have

: iiqu(R)
Xj=exp [ 3 8020, — by (D8)

o P

Thus the similarity transformed Hamiltonian becomes

_ 1
— E T T § 7ot
H = tiR.jR’Xi Xjal.RajR/ + 5 UiR,jR/aiRajR/ajR’aiR
iR,jR’ iR,jR'

o T )
qv

k /

(R
x | bgy = 3 000w

R P
8 jqnR)
+ 3 iR | bgy + 5, =23 2 ah ae
iRqv JR Wqv

X ApaR. (DY)

The transformation results in a cancellation of the electron-
phonon interaction, thereby giving

7 — oo xXix a4
H = Z lIR,ijXi XjaiRaer

iR, jR’
1
t3 Y Urjrdipdiparar + ) oqblby
iR, jR’ qv
8iiqu (R)gnqu(R,)
Z zRalRa R’a/R/
iRjR'qu @qv
iy (R)Z i, (R))
-2 Z 2T P C dlparajgar. (D10)
JjR/iRqV @qv
Now, using the anticommutation relations
{air, a;R,} = §;j0rr» (DI11)

we may rewrite the quartic terms generated by the Lang-
Firsov transformation to give

— |giiqu(O)* | +
H= Z liR,iR — Z % apar + Z iR, jR'
qv

iR qQ i#jRR

_ Z [gjqu(R/) — Siiqv (R)]

X exp (b}, — b_qv) |al
qQ @qv
Giiqy(R)g% 4, (R)
Xa]R/+ Z IR/R/—ZZW—“CIV
zR ,JR qv Wqy
X ajRaj'R’ajR’aiR + Z qubgquv, (D12)

qv

where we have used |giiqy R)]? =] iiqv (0)|?. The result of the
transformation is the effective interactions

- |giiqn(0)]?
liR,iR = liR,iR — Z .
w P

(D13a)

with the off-site interaction modulated by

LR, jR* = liR,jR’
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_ Z [gjjqv(R") = giigp(R)]

X ex bt —b_
Pl-2 o (b, — b-qu)
(D13b)
and the two-body interaction is renormalized as
- 8iiqv (R)gj‘qu (R")
Urjrg =Urjr—2) ———. D13c
R,jR R,jR Z - ( )

qv v

As we can see, the contribution to the two-body term is
exactly the static phonon-screened contribution so we may
write

Ur g = Ur jr + Uiﬁ’;ﬁ,. (D14)

J

off-site hopping term by

|gjqu (R") — giiqv(R)|2

Using these effective interactions, the similarity transformed
Hamiltonian takes the form

7 E z T
H = tiR,jR/aiRajR/
iR, jR’

1 - .
+ 5 Z UiR,era;rRa;R,ajR/a[R + Z qub('lquv-
iR, jR’ qv
(D15)

Assuming a coherent decoupling of the phonon and electronic
states, we may evaluate the temperature dependent trace of the

fim jr (T) ~ i jriexp | — Y
qv

1
— (NqV(T) + E) (D16)

qv
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