ISSN 1471-0498

UNIVERSITY OF

OXFORD

DEPARTMENT OF ECONOMICS
DISCUSSION PAPER SERIES

A TEST FOR WEAKLY SEPARABLE PREFERENCES

John K.-H. Quah

Number 708
May 2014

Manor Road Building, Manor Road, Oxford OX1 3UQ




A test for weakly separable preferences

John K.-H. Quah*®

May 21, 2014

Abstract: We identify necessary and sufficient conditions under which a finite data
set of price vectors and consumption bundles can be rationalized by a weakly separable
utility function. Our result could be understood as a generalization of Afriat’s Theorem.

Keywords: Afriat’s Theorem, utility function, revealed preference, generalized axiom
of revealed preference, consistent family of preferences

JEL classification numbers: C14, C60, C61, D11, D12
1. INTRODUCTION

Suppose we observe a consumer making purchases from ¢ goods, with a typical observation
t consisting of the bundle 2! € Rﬂ chosen by the consumer and the price vector p' € Rﬁ n
that the consumer faces. A finite data set O = {(p', 2*)}ie7 is said to be rationalized by the

function U : Rt — R if, for all t € T, the observed bundle ' maximizes U(x) in the set
B'={reR, :p x<p- a2} (1)

Afriat’s Theorem gives us the precise condition under which a data set can be rationalized by
a well-behaved, i.e., strongly monotone! and continuous, utility function U. It says that this
is possible if and only if the data set obeys the generalized axiom of revealed preference or
GARP, for short (see Afriat (1967) and Varian (1982)). This property requires that there be
no strict revealed preference cycles on the set of observed consumption bundles X = {x'}7,
where a bundle 2z is said to be revealed preferred (revealed strictly preferred) to another

bundle z* if p' - 2 > (>)p' - 2°. GARP is an easy to check property, either directly or
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! This means that U(z') > U(z) whenever 2’ > .



via a linear program, so Afriat’s Theorem has become the cornerstone of a large empirical

literature on consumer demand.

It is common in empirical and theoretical work to impose more conditions on the utility
function, in addition to requiring it to be well-behaved. A particularly common and con-
venient property is weak separability (which we shall often refer to in this paper simply as
‘separability’). For this reason, it is useful to develop a characterization of data sets that
could be rationalized by utility functions with this added feature. The objective of this paper

is to solve this problem.

We assume that the set of goods can be divided into non-overlapping subsets X7, Xs,...,
Xy, with X consisting of ¢; > 1 goods. We could interpret the set X; in different ways.
For example, it could represent a particular category of goods, say clothing items or food
items, it could represent goods consumed in period j in an inter-temporal model, or goods
consumed in state 7 in a model with uncertainty. In these cases and in many others, one may
wish to check whether the agent has a preference over bundles in X; that is independent of
her consumption of goods outside that set. We denote the agent’s consumption bundle by
x = (21,2, ...,x5), where the subvector z; € Rij gives his consumption of X,-goods. The
data set O = {(p*, 2*)}e7 is said to be rationalized by a weakly separable utility function if
there are well-behaved functions Uj : Rij — R, and I': R{ — Rsuch that G : HJJ:IR? — R,
given by

G(z) = F(Uy(21), Us(22), ... Unr (z01)), (2)

rationalizes O. It is not hard to see that if O can be rationalized by G, then the segmented
data set O; = {(p},})}ier can be rationalized by U; (where p} refers to the subvector of
p' corresponding to the prices of X;-goods). Consequently, O; must obey GARP. Thus it
is clear that for O to have a weakly separable rationalization, it is necessary that O and
O, (for all j) obey GARP. It may be reasonable to imagine that these conditions are also

sufficient for such a rationalization, but that turns out to be false (see Section 4).

To formulate a correct set of necessary and sufficient conditions, it is helpful to examine
Afriat’s Theorem more closely. Given a data set O, the revealed preference relations impose
an incomplete order on X = {z'},e7. It is easy to show that so long as there are no
strict revealed preference cycles — which is precisely what GARP guarantees — there will
be a preference > (i.e., a reflexive, transitive, and complete relation) defined on X that

is consistent with those revealed relationships, i.e. x' > (>)x® if x' is revealed preferred



(revealed strictly preferred) to z®. The non-trivial part of Afriat’s Theorem constructs a
well-behaved utility function, defined on the consumption space Rﬂ, that rationalizes the
data and agrees with > on X. In other words, we could understand the role of GARP as
ensuring the existence of a consistent preference > on X'; rationalization of the data set then
follows from the existence of >. It is this concept of a consistent preference that will play
a key role in our characterization of data sets that are rationalizable by weakly separable

utility functions.

Let {{Zj};ll, z} be a collection of preferences, where > is a preference on & and >;

a preference on &;. First, we require that the preference >; be a consistent preference on
X;. Given this, 2! € X is said to be conditionally revealed preferred to x* € X if there is a
bundle 2’ € H]‘llXj such that p' - 2" = p* - 2" and 2j >; x5 for all j; the conditional revealed
preference is said to be strict if either pf - 2t > pt - 2/ or x’; >; x} for some j. The collection
{{zj }jj:l, 2} is said to be a consistent family of preferences if (i) for all j, >, is a consistent
preference and (ii) the preference > is consistent with the conditional revealed relations on
X in the sense that ' > (>)z® whenever 2! is conditionally revealed preferred (strictly

revealed preferred) to x®. The main result of our paper says that

the data set O = {p', x'}er can be rationalized by a weakly separable utility

function if and only if it admits a consistent family of preferences.

Furthermore, if a consistent family of preferences exists, then we can choose U; such that
it extends >; and G such that it extends >. This theorem provides a test of whether a
data set has a weakly separable rationalization since whether or not a consistent family of

preferences exists on a finite set of bundles is clearly a finite problem.

Where is the difficulty in proving our main result? It is easy to see that the existence
of a consistent family is a necessary condition: we need only choose >; to be the preference
generated on U; on &; and > to be the preference generated by G on X. To prove sufficiency,
we first notice that Afriat’s Theorem guarantees that there is a well-behaved sub-utility
function U; that rationalizes O; and extends >;. This collection of sub-utility functions
{Uj}j‘-le, transforms the set O into @ = {(K*,u'}er, where ut = (Uy(z), Uy(ab), ..., Uj(x%)
and

K' = {(Uy (), Ua(ah), ... Us(y) : o' € B,

with B? given by (1). The next and final step of the proof consists of finding a function F
that rationalizes O in the sense that, for all ¢ € T, F(u') = F(u) for all u € K'; with this
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we can guarantee that G, as defined by (2) rationalizes the data. At this point, we appeal
to a recent result of Forges and Minelli (2009), which generalizes Afriat’s Theorem to non-
linear constraint sets. Their result guarantees that F' exists so long as O obeys a generalized
version of GARP. However, there are many functions that rationalize O; and extend >, so
there are many possible versions of O. The principal difficulty in the proof lies in carefully

constructing the correct sub-utility functions U; so as to ensure that O obeys GARP.

It is well-known that the rationalizing utility function provided by Afriat’s Theorem is
not just well-behaved but also concave. In our main theorem, the rationalizing function we
construct is such that the U;s can always be chosen to be concave functions but F' need
not be a concave function. Indeed, we give (in Section 4) an example of a data set that
admits a weakly separable rationalization, but where the weakly separable utility function
can never be a quasi-concave function.? This example highlights the difference between our
main theorem and the revealed preference test for concave weak separability developed by
Varian (1983) and extended by Diewert and Parkan (1985). These authors provide necessary
and sufficient conditions under which a data set is rationalized by a utility function G' such
that U;s and I’ are well-behaved and concave. The concavity assumption imposed on both
the sub-utility and aggregator functions makes for a relatively straightforward proof of the
validity of the test conditions. The example we provide shows that rationalization in the

sense of Varian is substantively different from the one considered in this paper.

Our main result can be extended to test for models of utility maximization involving
nested layers of weak separability. For example, we may be interested in testing whether a

data set can be rationalized by a utility function of the form
G (w0, 71, T, 23) = Up(w0, Ur (w1, Uz (72, Us(73)))),

where x; is a bundle of X;-goods (ori = 0,1,2,3). For example, z; € R, could be the agent’s
consumption in period ¢ and the agent has a forward looking utility function defined over
consumption in three periods. We show that a data set is rationalizable by a utility function
with nested weak separability if and only if it admits a consistent family of preferences on
the sets of observed consumption bundles, where the notion of consistency is now modified

to take into account the nested structure.

The rest of the paper is organized as follows. Section 2 gives a quick survey of basic

2 This is surprising since we know, from Afriat’s Theorem, that the data set can be rationalized by a
well-behaved and concave utility function; such a function cannot, however, be weakly separable as well.

4



concepts and Afriat’s Theorem. The Forges-Minelli Theorem plays a crucial role in the
proof of our main result and Section 3 is devoted to re-presenting and extending that result
in a way that suits our purposes. Section 4 presents the main result and discusses various
issues related to it. Section 5 shows how the test developed in the previous section can be

extended to test for nested weak separability.
2. Basic CONCEPTS AND AFRIAT’S THEOREM

Let O = {(p',2")}se7 be a finite set of T' elements, where p' € R’ and z' € R,. We
interpret O as a set of observations, where z' is the observed bundle of ¢ goods chosen by
the agent (the demand bundle) at the price vector p’. Given a price vector p € R and
income w > 0, the agent’s budget set is defined as the set B(p,w) = {z € R, : p-x < w}.
A function U : RY — R is said to rationalize the set O if, at all t € T, U(z') = U(z) for all
x > 0 such that p' -z < p' - 2'. In other words, x! is the bundle that maximizes the agent’s

utility function U within the budget set B = B(p', w'), where w' = p' - 2'.

We are interested in finding conditions under which O is rationalizable by a well-behaved
utility function U; by this we mean that U is continuous and strongly monotone (i.e. U(z') >
U(z) whenever 2’ > x). For this purpose, it is useful to introduce a number of concepts.
Denote the set of observed demands by X, i.e., X = {z'}icr. (X includes, if necessary,
multiple copies of the same vector.) For z, x° € X, we say that x' is directly revealed
preferred to x* if p; - x4 < p; - 1;; when this inequality is strict, we say that x! is directly
revealed strictly preferred to x°. We denote these relations by z' >* z° and z' »* z°
respectively. We say that x! is revealed preferred to x* (and denote it by z' >** %) if there
are observations t1, t,..., t, such that 2t >* ' 2t >* gt gb—1 >* gln and zlr >** 2%;
x' is said to be revealed strictly preferred to x* (denoted by x' »>** x°) if any of the direct
preferences in this sequence is strict. If ' >** 2% and 2® >** ', then we say that z' and z*
are revealed indifferent and denote it by z! ~** x*. We refer to >** and »-**, as the revealed

relations (or revealed preference relations) of O.

The set O is said to obey the generalized axiom of revealed preference (GARP) if whenever

there are observations (p', z') (for i = 1,2, ...,n) satisfying

pt1 . xtz < ptl . xtl; ptz . [Et3 < pt2 . $t2; L ;ptn—l . xtn < ptn—l . xtn—l; and ptn . ZEtl < ptn . xtn

then all the inequalities have to be equalities. One could re-formulate GARP in terms of the

revealed relations: the data set O obeys GARP if whenever there are observations (p'i, z')
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(for i = 1,2,...,n) satisfying

oht =% gl2 ) gtz >* gl gl >* ginand gl >* gl (3)

Y

then none of direct revealed preferences in this sequence can be replaced with the strict

revealed preference relation »*.3 4

Afriat’s Theorem says that the data set O can be rationalized by a well-behaved utility
function if and only if it obeys GARP. Standard proofs of this result (see, for example, Fostel
et al. (2004)) proceed by showing that GARP holds if and only if there are numbers \* > 0
and ¢' (for every t € T') that obey the Afriat inequalities, i.e.,

o < oF + NepP - (2t — 2*) for all k # ¢. (4)
The utility function U : R\, — R given by

U(z) = min {¢'+ Xp' - (z—2")} (5)

(pt,xt)eO

can then be shown to rationalize O, with U(z") = ¢' for all 2* € X'. This function is clearly

well-behaved and it is also concave.

Everything we have said so far is completely standard in the literature. To understand
Afriat’s Theorem better and to extend it in a way that is crucial for our purpose, we now

present this result again more carefully, taking an approach that is less familiar.

We call a binary relation on a set a preference relation (or simply a preference) if it
reflexive, transitive, and complete. Let > be a preference on X'. We write x > y if x > y
but y + x and x ~ y if x > y and y > x. The preference > is said to be consistent with
the revealed relations of O (or simply, a consistent preference) if it has the following two
properties: (i) z > y whenever x >** y and (ii) z > y whenever = $** y.> Note that (i) also
implies that x ~ y if x ~** y. It is clear that to check that (i) and (ii) holds, we need only
check these properties for the direct relations >* and $-*. The following result (whose simple
proof we shall skip) says that the existence of a consistent preference > on X is necessary

for rationalizability by a well-behaved utility function.

3 To say the obvious, even if ' >* 2° and z® * 2! we do not obtain z* »* x°.

4 GARP was first introduced by Varian (1983), who defined a data set O as obeying GARP if the following
holds: whenever there are two observed bundles z! and z” with ! >** 2", then 2" $* z°. This definition
is plainly equivalent to the one we have given, which is sometimes also referred to as cyclical consistency
(Varian (1983)). In defining GARP the way we did, we follow Fostel et al (2004), amongst others.

5 Note it does not say that « ~ y implies that & ~** y nor does it say that = > y implies that 2 »** y.



PROPOSITION 1 Suppose that O is drawn from an agent who mazximizes a locally non-
satiated utility function U.S5 Then the preference >y on X induced by U (i.e., 2t >y x°
if U(x') = U(x®)) is consistent with the revealed relations of O.

When does a data set O admit a preference on X that agrees with its revealed relations?
It is intuitive that GARP, which precludes the existence of strict revealed preference cycles
on X, should be both a necessary and sufficient condition for the existence of a consistent

preference. The following result is proved in the Appendix.

PROPOSITION 2 The set O admits a preference on X that is consistent with its revealed
relations if and only if it obeys GARP.

Note that Proposition 2 can be thought of as an elementary version of Afriat’s Theorem,
where GARP guarantees the existence of a preference > on X that rationalizes the data in the
following sense: ' > (>) x for all x € X such that p' -z < (<) p'-z'. The difference between
this result and the actual Afriat’s Theorem is that in the latter the agent’s consumption
space (and thus the domain of his utility function) is taken to be RY rather than X. The
following theorem is the main result of this section and the converse of Proposition 1; it says
that any consistent preference on X' can be extended to a utility function that is defined on

the whole consumption space Rﬂ and that rationalizes the data.

THEOREM 1 Suppose O admits a preference > (on X ) that is consistent with its revealed
relations. Then there exists a well-behaved and concave function U : Rﬂ — R with the
following properties: (i) it rationalizes O and (ii) the preference on X induced by U coincides
with >, i.e., U(x") > (=) U(2®) if and only if z* > (~)x® for z', x° in X.

REMARK: The function can be chosen to have the form given by (5).

With Theorem 1 we can now understand Afriat’s Theorem as the concatenation of two
results: first, GARP guarantees the existence of a consistent preference on X’ that rationalizes
the data (by Proposition 2); second, the consistent preference on X' can be extended to a well-
behaved and concave utility function defined on Rﬂ that rationalizes the data. Property (ii)
in Theorem 1 highlights a feature that hitherto has gone unnoticed or, at least, has not been

given much prominence: any consistent preference on X can be extended to a rationalizing

6 Local non-satiation means that, at any bundle z € Rﬂ and any open neighborhood of z, there is 2’ in
that neighborhood such that U(z’) > U(x). Note that any well-behaved utility function is strongly monotone
and hence locally non-satiated.



and well-behaved utility function. In other words, no consistent preference on X can be
eliminated by rationality. This strengthening of Afriat’s Theorem allows us to control more
carefully the utility function used to rationalize a data set and turns out to be crucial in
helping us develop tests for weakly separable preferences (in Section 4 and 5). It may also
be of useful in other ways. For example, a modeler may have some information on the
agent’s preference over X, in addition to that revealed by the agent’s demand at different
price vectors; Theorem 1 says that this information can always be incorporated into the

rationalizing utility function, so long as it is consistent with the revealed relations.

Instead of proving Theorem 1 we will prove a more general result in the next section
(Theorem 2), where the agent’s budget sets are allowed to be non-linear. The proof gives an
explicit procedure for constructing the rationalizing utility function U. Indeed, it proceeds
by first showing that the existence of > guarantees the existence of Afriat inequalities (4)
that also satisfy ¢' = (>)¢" if 2* > (>)z". The utility function given by (5) can then be

shown to rationalize the data and to obey property (ii).
3. A REVEALED PREFERENCE TEST FOR NON-LINEAR BUDGET SETS

There are a number of results that extend Afriat’s Theorem to account for budget (more
generally, constraint) sets that are nonlinear, including Matzkin (1991), Chavas and Cox
(1993) and Forges and Minelli (2009). The last of these is most relevant for our purposes.
Forges and Minelli consider a scenario where an observer has access to a set of observations,
with each observation consisting of a (possibly) nonlinear constraint set and a choice from
that set. There is a natural and obvious generalization of the GARP property for such a
set of observations; Forges and Minelli pointed out that this generalized GARP property is
necessary and sufficient for the observations to be rationalizable. The utility function they
construct for the rationalization has a form similar to the classic Afriat-form (see (5)); in
particular, it is the minimum of a finite family of functions, though the functions in that
family are no longer linear in x. Therefore, this utility function need not be concave and
indeed one could construct data sets where any rationalizing utility function must not be
concave. In other words, Afriat’s Theorem has a general extension to nonlinear constraint

sets, so long as we do not require the concavity of the utility function rationalizing the data.

In this section we re-present and generalize the Forges-Minelli Theorem in a form that
makes it convenient for our application of the result in Sections 4 and 5. This generalization is

analogous to our generalization of Afriat’s Theorem in Theorem 1. Our version of the result



emphasizes the flexibility of the utility function rationalizing the data set; in particular,
it is possible to construct a utility function that agrees with any consistent preference on
the observed choices. Our result also differs from Forges and Minelli’s in that we obtain
a slightly stronger property on the rationalizing utility function — it is well-behaved (i.e.,
strongly monotone and continuous) — rather than monotone’ and continuous, but this is
because we impose a slightly stronger restriction on the constraint sets. In our applications

of the Forges-Minelli Theorem, this modification turns out to be convenient.

A set K < RY is said to be a regular if it has the following properties: (i) there is z > 0
such that z € K; (ii) K is monotone, i.e., if x € K then any 2’ € RY such that 2’ < z is also
in K; and (iii) K is compact (iv) if = is on the upper boundary of K, (i.e., if, for all y » x,
y ¢ K) then Az is not on the upper boundary of K for all A € [0,1); and (v) if  is on the
upper boundary of K, then y ¢ K for all y > z. Clearly, the classical budget set B(p,w)
(for p » 0 and w > 0) is a regular set. In our formulation of the Forges-Minelli Theorem, we
shall be requiring the constraint sets to be regular. Forges and Minelli imposed conditions

(i) to (iv) on their constraint sets, but not (v).®

Denoting the upper boundary of K by 0K, it is straightforward to check that, when K
is regular, for every nonzero x € Rﬁ, there is a unique p > 0 such that puxr € dK. Define
g:RY — Rby g(z) = 1/u for z > 0 and g(0) = 0; we shall refer to g as K’s gauge function.
This function is continuous, 1-homogeneous and—because of (iv)—it is strongly monotone.”

Lastly, the set K can be characterized by the gauge function, i.e., K = {z € R, : g(x) < 1}.

Let O = {(K*, ") },c7 be a finite set of T elements, where K* = R’ _ is a regular set and
zt € K. We interpret O as a set of observations, where x! is the observed bundle of ¢ goods

chosen by the agent from the constraint set K*. The function U : Rﬁ — R rationalizes the
set O if 2t € argmax{U(z) : x € K'} for all t € T.

3.1 The Forges-Minelli Theorem

We are interested in finding conditions under which O is rationalizable. Fortunately, all

7 The utility function U is monotone if U(z') > U(x) whenever 2’ » .

8 For example, conditions (i) to (iv) will permit a constraint set like [0, 1] x [0, 1] but [0, 1] x [0, 1] U {(0,r) :
r € [1,2]} is excluded by (iv). Neither is a regular set, with the former excluded by (v). Adding assumption
(v) leads to a stronger conclusion: the rationalizing utility function in Theorem 2 is continuous and strongly
monotone, while the rationalizing function in the original Forges-Minelli Theorem (Proposition 3 in their
paper) is continuous and monotone. If we drop (v), then the same proof we give for Theorem 2 will still go
through, except that it leads to a monotone (rather than strongly monotone) utility function.

9 Suppose #’ > x but g(2’) = g(x) = 1/m. This implies that ma’ and ma are both on the upper boundary
of K, which is excluded by (v) since mz’ > mz.



the concepts and results we introduced in the previous section carry over naturally to this
more general setting. Denote (as before) the set of observed demands by X, i.e., X = {a'}ie7.
For zt, x° € X, we say that a! is directly revealed preferred to x* if x* € K*; if there is A > 1
such that A\z* € K* (so 2% ¢ 0K"'), we say that z' is directly revealed strictly preferred to

.TS

We denote these relations by 2t >* 2% and z' $»* x® respectively. From these we
may construct the revealed preferred (>=**), revealed strictly preferred (>**), and revealed

indifference (~**) relations, in exactly the same way as in Section 2.

It is clear that Proposition 1 remains true in this setting, i.e., if some locally non-satiated
utility function U rationalizes O then it induces a preference on X that is consistent with
the revealed relations of (. There is also an analog to Proposition 2: the existence of
a consistent preference on X is equivalent to GARP. In this context, O is said to obey
GARP if the following holds: whenever there are observations (K', z%) (fori =1,2,...n)
satisfying x'2 € K,z e K2 ,..., a'» € K'"=1 and 2" € K", then 22 € OK", 23 € 0K, ...,
and ' € 0K'™. More succinctly, the property could be described as such: if zft >* z'2,
gt >* gl it >* gl and x'» >* 2, then none of the direct revealed preferences can

be replaced with the strict preference »*. Last but not least, Theorem 1 generalizes in the

following way, which is our version of the Forges-Minelli Theorem.

THEOREM 2 Suppose O = {(K", z")},er admits a preference > on X that is consistent with
its revealed relations. Then there exists a well-behaved utility function U : R, — R with
the following properties: (i) it rationalizes O and (ii) the preference on X induced by U
coincides with >, i.e., U(x') > (=)U(z®) if and only if 2t > (~)z* for x', 25 in X. The
utility function U can be chosen to take the form

U(x) = min {¢" + X(g"(x) = 1)} (6)

where g' : R — R is the gauge function of K', ¢' and \' are scalars with \' > 0, and
' < O+ N (gF(at) — 1) forallk #t (7)

so that U(a') = ¢".

REMARK 1: This result includes Theorem 1 as a special case, where K' = B(p', p' - x).
With no loss of generality, we may normalize p’ so that p' - 2* = 1 for all t € T; the gauge
function of K* is then simply ¢'(z) = p' - x, so (6) has precisely the same form as (5) and
(7) reduces to the Afriat inequalities (4).
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REMARK 2: Since GARP guarantees the existence of a consistent preference on X, it follows
from Theorem 2 that if O obeys GARP then O can be rationalized by a well-behaved utility

function.

The proof of Theorem 2 requires the following lemma. In one guise or another, this

lemma is well-known but we include it here for completeness.

LEMMA 1 Given the data set O, suppose there are numbers ¢' and \' > 0 (for every t € T )
that obey the inequalities (7). Then the function U : R'. — R given by (6) rationalizes O,
satisfies U(x') = ¢*, and is well-behaved.

Proof: The fact that U(z') = ¢' follows immediately from the definition of U and (7).
Note that U is a continuous utility function since the gauge functions ¢' are all continuous
and it is strongly monotone since A, > 0 for all ¢ and ¢ is strongly monotone. To see that it
generates the observations in O, let € K* and thus g*(z) < 1. It follows from the definition
of U that U(z) < ¢5 and so U(z) < U(x®). Therefore, x° € arg max,ecxs U(x). QED

Proof of Theorem 2: With no loss of generality, write X = {x! 2%, ..., 2T}, where either
"t > " or 2" ~ 2" for n = 1,2,..T — 1. We need to find numbers ¢* and \* > 0
(for s = 1,2,...,T) that (a) obey the inequalities (7) and (b) satisfy ¢"™! > (=)¢" if 2" >
(~)z™. Then Lemma 1 guarantees that U (as defined by (6)) rationalizes the data set and
satisfies U(z") = ¢". Note that the latter property, together with (b), guarantee that (ii)
holds, i.e., the restriction of U to X coincides with >. We shall find ¢ and A" with a

step-by-step approach, explicitly constructing the numbers ¢™ and A" one at a time.'°

Denote ¢*(27) — 1 by a¥. Choose ¢' to be any number and A! to be any positive number.
Since 77 > z! for all j > 1, we have a7 > 0 (because if not, x! »** 2/ and 2! > 27 by the
consistency of >). Suppose 2% > z!; then min;~; a;; > 0. This is because if '/ = 0 for some
J > 1, then x! > 27 (again, by the consistency of >), which is impossible since 7 > z'. So
there is ¢? such that

P < ¢? < rjll>i{l{¢1 + Mal7}. (8)
On the other hand, if 22 ~ 2!, then we can choose ¢? such that

o = ¢ < minfo! + NV} ©)

10 Our construction is similar to that in Varian (1983) except that, since Varian does not pre-specify a
consistent preference > on X, his algorithm for constructing ¢™ and A" need not agree with > (in the sense
of (b)). Note also that Varian considers linear budget sets, rather than the general constraint sets considered
here, though that added generality requires just a straightforward modification of the argument.
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Now choose A\? > 0 sufficiently small so that
ot < ¢ + Na*.

Clearly this is possible if a?! > 0. If a*! < 0, then 22 > 2! (by consistency of >), in which

case ¢? > ¢!, and the inequality is still possible for a \? sufficiently small.

We now go on to choose ¢? and \3. It follows from 27 > z* for all j > 2 and i = 1,2 that

a =p'- (27 —2') = 0 for i = 1,2. Once again we consider two cases: when x® > 2% > !

=
and when 2 ~ 2% > z'. In the case of the former, we know that min;.»a® > 0 since, if

a* = 0 for some J > 2, then x? > 2/ which contradicts 7 > z%. Therefore,
¢* < min{¢® + \2a*}.
7j>2

Similarly, minj-» a* > 0; if '/ = 0 for some J > 2, then 2! > z”/ which contradicts =/ > z!.
Therefore,
$* < min{¢' + X\a'};
7>2

this is the case because either ¢? was chosen to satisfy (8) or ¢? = ¢'. We conclude that
there is ¢* such that

¢* < ¢’ < min {minwl +Ala"}, min{¢? + )\2a2j}} .
Jj>2 j>2

We turn to the case where 2° ~ 2% > z!. It follows from (8) and (9) that ¢* < min;-o{¢*+

Aa'7}. We also know that a® > 0 for all j > 2. Therefore, we can choose ¢* such that
¢* = ¢* < min {min{gbl + MaY}, min{¢? + /\2a2j}} :
7>2 7>2
Now choose A\* > 0 sufficiently small so that
¢ <+ Na¥ fori=1,2.

Clearly this is possible if a® > 0. If a* < 0, then 2® > z°, in which case ¢? > ¢', and the

inequality is still possible for a A\* sufficiently small.

Repeating this argument, we choose ¢* (for k = 2,3,...,T) such that if z¥ > 2%~ then

P! < ¢F < min { min {¢° + )\Sasj}} (10)

s<k—1 [ j>k—1
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and if 2* ~ 2~ then

Pt = ¢F < min { min {¢° + /\Sasj}} ; (11)

s<k—1 | j>k—1

and \; > 0 (for k = 2,3, ..., N) such that
o' < " + Nk fori <k — 1. (12)

For any fixed m, (10) and (11) guarantee that ¢™ < ¢° + A*a® for s < m (setting k = m
and letting j = m), while (12) guarantees that this inequality holds for s > m (with k = s
and ¢ = m). In other words, we have found A\° and ¢° to obey the (7). QED

3.2 Controlling utility outside the data set

Our final objective in this section is to develop a sharper version of Theorem 2 that allows
us to control utility levels achieved at constraint sets outside the set of observations. While
this result may be independently interesting, our reason for proving it is to use it later in
Sections 4 and 5 to establish the validity of our revealed preference test for separability. The
basic message of Theorem 3 is easy to explain. Given the utility function U, the indirect
utility at some regular set K is the highest utility achievable in K, i.e., Iy(K) = sup{U(x) :
x € K}. Suppose U rationalizes O and agrees with some consistent preference >. Clearly,
Iy(K) = U(z') for all ¥ € K n X. The corollary goes further by saying that we could
always choose U such that, if z° is ranked (by >) strictly above all bundles in K n X, then
Iy(K) < U(x®). In other words, U can be chosen so that I;;(K) will not be higher than the
utility of any bundle which it is not ‘required’ (by >) to be higher.

Ezample 1. Figure 1 depicts a situation with four observations, where the bundle 3 is
revealed strictly preferred to z2. A consistent preference on X = {z!, 22, 23 2} is

ot > 2% > 2% > o (13)

We know from Theorem 1 that there is a utility function that rationalizes the data and gives
the ordering (13). Now consider the budget set K with the bold budget line; that budget

set contains z3, so its indirect utility must be higher than the utility of z3. The claim in

Theorem 3 is that we can find a concave and well-behaved utility function U rationalizing
{(p*, 2")}}_, such that

U(z") > Iy(K) > U(2®) > U(z*) > U(z); (14)
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Figure 1: Data set with four observations

crucially the indirect utility of K is strictly lower than that of z%. The reader will have no
difficulty verifying the claim in this simple case by choosing a point on the bold budget line
to represent the agent’s demand and then drawing in a family of convex indifference curves

compatible with (14).

It is necessary to introduce a number of concepts formally before we state the result. For

any regular set K such that K n X is nonempty, we define
BK)={'e KnX:2'>zVre KnX} (15)

This is the set of elements that are ranked by > (at least weakly) ahead of the other elements
in K n X; clearly it is nonempty so long as K n X is nonempty. If K n X is empty, we
let B(K) = {0}. Let a(K) be the set of elements in X ranked strictly above B(K), i,
a(K)={re X :2>yVye f(K)} and define

BK)={2"eX :y>=a"VyealK)}. (16)

In other words, 3(K) is the set of elements in X' ranked just above (K ). Note that this set

is empty if K contains a highest ranked element of X (according to >).

THEOREM 3 Suppose O admits a preference > on X that is consistent with its revealed
relations. For any finite collection of reqular sets € = {K™}en, there is a well-behaved

utility function U : R — R satisfying (i) and (i) in Theorem 2 and the following properties:
U(B(K™)) > Iy(K™) = U(B(K™)) for allme M and (17)

14



UBIK™) = Ty(K™) if ™) < 0K™. (18)
REMARK: Since any rationalization of O that extends > must satisfy I;(K™) = U(B(K™)),
the substantive part of (17) lies in the claim that U can be chosen such that I/ (K™) is

bounded above strictly by U(8(K™)).
We prove Theorem 3 in the Appendix. The broad strategy of the proof is easy to

explain: we explicitly choose bundles 2™ € K™ such that the augmented data set O =
O U {(K™,2™)}men admits a consistent preference =" on X' U {2™},,cp that (i) extends
the given preference > and (ii) obeys the preference ordering implied by (17) and (18). If
M consists of just one element, this extension is quite straightforward (see Lemma 4 in the
Appendix); when M has multiple elements, the proof is more delicate. In any case, once O
has been constructed, an application of Theorem 2 then guarantees the existence of a well-
behaved function U with the required properties. Indeed U can be explicitly constructed,
with the form given by (6). Furthermore, when all the constraint sets (including { K™}, .enr)

are classical budget sets, then U is also a concave function.
4. WEAKLY SEPARABLE PREFERENCES

We assume that the agent chooses from a finite set of goods which can be divided into
non-overlapping subsets X, Xs,..., X7, with X, consisting of £; > 1 goods. We denote the set
{1,2,...,J} by J and agent’s consumption bundle by # = (zy, 73, ..., 77), where the subvector
x; € Rij gives his consumption of goods in X;. The prices of the goods in X; is denoted by
the vector p; € Rij+7 so p = (p1,p2,---,pj). Given a finite data set O = {(p’, 2") }ie7, the set
of observed consumption bundles of Xj-goods (alone) is denoted by &j, i.e., X; = {2 }c7.

As in the previous section, X = {x'},7.

We would like to know when O can be rationalized by a weakly separable utility function
(or, briefly, by a separable utility function). By this we mean that there are well-behaved

functions U; : Rij — R, and F': Ri_ — R such that G : H{leij — R, given by

G(x) = F(Ul(.ilfl),Uz(l’Q),...,UM(QTMD, (19)

rationalizes O = {(p', 2") }se7. There is no loss of generality in assuming that U;(0) = 0 (so
Uj(z;) > 0 for all ; > 0) and we shall be imposing this convenient condition throughout

this section. Note that G is well-behaved provided both U; and F' are well-behaved.

Included in our formulation is the important case where there is just a single non-trivial

separable commodity group. In this case, the goods can be partitioned into two sets, X
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and X (consisting of £y > 0 and ¢; > 0 goods respectively), and the agent’s preference over
bundles of X;-goods is independent of her consumption of Xy-goods but her preference over
bundles of Xy-goods is dependent on her sub-utility from X;-goods. This feature is captured
by a utility function G : R — R such that, at z = (z¢, 1),

G(z) = Up(xo, Ur (1)), (20)

where Uy and U, are well-behaved functions. The general formulation in (19) reduces to this
case if we set Xy = Uj\iz X, and, for all j > 2, X, consists of just a single good with Uj

chosen (with no loss of generality) to be the identity function.

The separable structure of G in (19) makes it possible for the agent’s decision to be

interpreted as a two-stage decision. At price p » 0 and income w > 0, we define
K(p,w) = {u € Ri_ u=(uy, ... uy), u; = Uj(z;), z € B(p,w)}. (21)

K (p,w) is the image of the budget set B(p,w) under the collection of subutility functions
U = {U,}jes; it gives the possibilities open to the agent at (p, w) in terms of the subutilities
derived from Xj-goods. The next result is well-known and has a straightforward proof which

we shall omit.

PROPOSITION 3 Suppose that G has the form given by (19) where U; is locally nonsatiated
(for all j), and F is strongly monotone. Then the following are equivalent:

[1] z e argmax{G(q): qe B(p,w)}

2] foreach j, Z; € argmax{U;(x;) : x; € B(pj,p;-%;)} and u € argmax{F(u) : ue K(p,w)},
where U = (Uj(jj)){:l;

3] for each j, z; € argmax{U;(z;) : x; € B(p;,p; - T;)} and, denoting p; - T; by w;,

J
(1, W3, ..., W) € arg max {F <{]Uj(pj,wj)}‘j]=1> : Z w; = w} 1
j=1

Statement [3] in Proposition 3 says that the agent’s decision can be thought of as con-
sisting of two parts. First, the agent’s choice of X;-goods maximizes U; at the level of ex-
penditure assigned to Xj-goods. Second, the expenditure devoted to each category of goods
is determined by maximizing F, after taking into account the indirect utilities I, (p;, w;).

The formulation [2] is closely related to [3], but imagines the agent as choosing from the

! Recall that Iy, (p;, w;) = sup{U;(z;) : pj - xj < w;}.
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constraint set K (p,w), having first worked out the sub-utilities derived from the Xj-goods;

this formulation of the agent’s choice problem turns out to be useful for our purposes.

4.1 Conditional GARP

To help us rationalize O with a separable utility function, we introduce a new concept
called conditional GARP. First, observe that if O can be rationalized by a utility function
of the form (19) then each segmented data set O; = {(p}, x})}ie7 must be rationalized by Uj;
(by Proposition 3) and hence O; will obey GARP. Now suppose O has the property that O;
obeys GARP (for all j) and let >; be a preference on X that is consistent with its revealed
relations. For z € X and 2’ € 1'[37:1%-, we say that x is directly revealed preferred (directly
strictly revealed preferred) to a’ if there is t € T such that (p',z) € O, and p' -2’ < (<) p' - .
We denote this relation by x >* (>*) z’. For bundles x and = in X, we say that z is directly
revealed preferred to T conditional on {>;},e7 and denote this by 2 >* Z if there is a bundle
2’ such that

If, in addition, either z »* 2’ or z/; >; T; for some j then we say that = is directly strictly
revealed preferred to T conditional on {>;};es and denote this by = »* 2’. From these
we may, by taking the transitive closure, construct the revealed preferred (>**) and re-
vealed strictly preferred (3-**) relations conditional on {>; }37:1. When there is no danger of
confusion, we shall refer to >** and »-** collectively as the conditional revealed relations,

omitting the reference to {>,},c7.

The set O is said to obey GARP conditional on {>;};c7 (or simply conditional GARP)

if, whenever there are observations (p'i, %) (for i = 1,2, ...,n) satisfying

gh =% glz gle >% gls - gln-1 >% gl and gln >* gl (22)

we cannot replace >* with »>*. Notice that conditional GARP reduces to GARP (in the
standard sense) if each X; consists of just one good. Put differently, we could think of the
role of conditional GARP in the following way: if X, consists of just one good, there can
only be one consistent preference >; on X, namely, o, >; z; if 2 > z;; in contrast, when
X; has more than one good, the preference >; on & that is consistent with the revealed

relations of O; is typically non-unique and so it has to be explicitly specified when defining
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the revealed relations. It is possible for a data set to satisfy GARP conditional on one set
of consistent preferences and to fail GARP when conditioned on another; we illustrate this

phenomenon in Example 2 later in this section.

The next result shows that conditional GARP is necessary for rationalization with a

separable utility function.

PROPOSITION 4 Suppose O is collected from an agent who maximizes a function G of the
form (19), where U; are locally non-satiated and F' is strongly monotone. Then O obeys

GARP conditional on {>;};c7, where >=; is the preference on X; induced by U;.

Proof: By Proposition 3, 2} € arg Max, e pt Uj(w;), where Bf = {x; € Rij L Py < pheahy,
for all ¢ € 7. Therefore, by Proposition 1, >; is consistent with the revealed relations of
O; = {(p}, %) }ier. Let x and 2’ be two bundles in X. If 2 is conditionally directly revealed
preferred to 2’ then there is 2" € Hjjlej such that z >* 2" and x7 >; ' for all j. Since
x >* 2", we have G(x) > G(2") because otherwise the agent is better off choosing . Since

F'is increasing in u; for all j € 7,
G(2") = F(Ui(aY), .. Us(z)) = G(') = F(Ur(2}), ..., Us(2F))-

Therefore, x >* 2/ implies that G(z) > G(2'). Now suppose x »>* 2’; then = >* 2",
v} >; o for all j € J, and either ¢ »* ¢" or z >; 2’ for some j. If 27 >; 2’ for some j,
then Uj(z%) > Uj(2}) and thus G(z) = G(2") > G(2') (because I is strongly monotone). By
definition, if x $-* 2", then there is price vector p* at which (p’,z) € O and p'-x > p'-2”. Since
U, is locally non-satiated, there is bundle 2% € R such that Uy («?) > U, (2%) and the bundle
a" = (o, x3,..2"%) obeys p' -z = p' - 2”. Since F is strongly monotone, G(z") > G(z")
and since x” is affordable to the agent at observation ¢, G(z) = G(z”). So we obtain
G(z) > G(2") = G(2').

To recap, we have shown that G(z) = G(2') if x =* 2’ and G(z) > G(2') if z >* 2.
Suppose the observations (p', x%) (for i = 1,2, ...,n) satisfy (22). Then we obtain

G(z") = G(z?) = G(2®)... = G(a™) = G(zM),

which holds only if G(z%) = G(z') for all i and k. Thus none of conditional revealed
preferences in (22) can be replaced with »>*. QED
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4.2 The main result

Suppose O obeys GARP conditional on the consistent relations {>;};c7. Then we know
(by Proposition 2) that there is a preference > on X” that is consistent with its conditional
revealed preference relations. In this case, we say that > is a consistent preference on
X, conditional on {>;};c7 and refer to these preferences collectively as a consistent family
of preferences. The next result spells out the conditions under which a data set can be
rationalized by a weakly separable utility function; it is the main result of this paper and

the converse of Proposition 4.

THEOREM 4 Suppose that the data set O admits a consistent family of preferences: >, on
X; forall j € J and = on X. Then O can be rationalized by a utility function G of the
form (19), where (1) U; is a well-behaved and concave function that rationalizes O;, with the
preference induced by U; on X; coinciding with >;; (i) F is a well-behaved function and the

preference induced by G on X coincides with >.

REMARK: In the case where X consists of just one good (for all j), the only consistent
preference on X says that @, >; z; if 2; > x;; we can choose U; to be the identity function
and this theorem reduces to saying that O can be rationalized by some well-behaved utility

function that agrees with > on X'. In other words, we recover Afriat’s Theorem.

It is instructive to consider how this theorem characterizes data sets that are rational-
izable by a utility function of the form (20). Given a data set O and a partition of the
goods into sets Xy and X, suppose that the segment Oy = {p!, 2! },c7 obeys GARP. Then
O; will admit a consistent preference >; on X; = {2} },7. Given >, we can construct the
revealed preference relations on X' = {z'},c7, which reduces to the following form in this
context: for z = (xg, 1) and T = (To, 1) in X', x =* T if there is a bundle 2] € X} such that
x >* (ZTo, ) and x] >; Ty; if, in addition, either x »* (Zo,x}) or ] > Ty, then = >* T.
We can check whether these conditional revealed relations obey GARP; if they do, there will
be a preference > on X that extends those relations. Theorem 4 says the following in this
context: if the data set O admits a consistent family of preferences comprising =1 on X,
and > on X, then there is a utility function G of the form (20) that rationalizes O, such
that G agrees with > on X and U, agrees with >; on X;.*?

FExample 2. Consider a data set with the following two observations, drawn from an

12-0f course, the existence of such a consistent family is also necessary for rationalizability by a utility
function G of the form (20).
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agent who is choosing a consumption bundle out of two Xy-goods and two X;-goods.

Pk, = (2.1). pk, = (1,3/2), 2} = (0.1), 2} = (1.2), w' = 5

P, = (1,2), P, = (3/2,1), a3 = (1,0), a3 = (2,1), w? = 5.

In this case, X = {z' 2%} and X; = {x],2?}. It is easy to check that (z},z}) >* (22, x})
and (23, 2%) »* (z}, %) but (zf,z}) +* (2, 2?) and (23, 2?) +* (x),21). These relations
are indicated by the dark arrows in Figure 2. Furthermore, there is no revealed preference
relation between z1 and 2%, so any preference between those two bundles is consistent with

the revealed relations.

2 1 2 2
(Xg X3 ) mmmmmmma- > (Xg, X, )
o~
1 1 . 1 2
(XO’XJ_) ------------ >(XO1X1)

Figure 2: Revealed relations in Example 2

Suppose we choose x1 ~1 x% as the consistent preference on X;. Then (2}, z]) >* (23, 2%)

because (zj, 1) »* (23, 21) an x] ~; 2. On the other hand, (x3,2%) >* (x},z]) because
(23, 2%) >* (x},2%) and 21 ~; 22. So the data set clearly violates GARP conditional on
2! ~; 2% On the other had, suppose we choose z1 >; 22 as the consistent preference on
X (as indicated by the dashed arrows in Figure 2). Then we obtain (z},z]) >* (22, 2%)
because (z3,x1) >* (z2,z}) and x' >; z%. This is the only revealed preference relation on
X, so this data set obeys GARP conditional on x! >; 2% In short, z{ >; 2% and z! > 2?2
form a consistent family of preferences. By Theorem 4, the data set is rationalizable by a

utility function of the form (20), with U;(x]) > Us(z?) and G(z') > G(2?).

4.3 The proof of Theorem 4

To have some sense of where the difficulty lies in proving Theorem 4, first note that
the existence of well-behaved and concave utility functions U; that obey property (i) is

guaranteed by Theorem 1. These functions map the data set O into the set
O = {(K",u")}er, (23)

where v’ = (Uy(zf, Us(ah),...,Us(z%)) and K* = K(p',p' - 2') is the image of B’ (in the

sense defined by (21)). We denote the direct revealed preference relations of @ (in the sense
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defined in Section 3) by >* and $*. The U, functions are not unique and thus neither is the
image (’3, so the issue is whether we can construct those functions in such a way that 9, obeys
GARP. If we can, Theorem 2 guarantees the existence of a well-behaved function F' that

rationalizes O and, by Proposition 3, the resulting G (as defined by (19)) will rationalize O.

O obeys GARP if and only if there exists a preference = on X = {u'}er that is consistent

with the revealed relations of O. An obvious candidate for = is the following;:
ut = ul if ot > 20 (24)

The relation > is a preference because > is a preference. What needs to be shown is that,
for some choice of U;s, $ is also consistent with the revealed relations if O. As we shall
show in the proof of Theorem 4, this consistency is guaranteed so long as the U; functions

are chosen to satisfy the following property:
u' =* (F) vt = 2t =* (%) 2°. (25)

Proof of Theorem 4: Lemma 2 (stated after this proof) provides a way of constructing
the functions U; such that the property stated in (25) holds, in addition to property (i). We
claim that the preference = on X (as defined by (24)) is consistent with >* and »*. This
means showing that (a) u'Su® if u! >* u® and (b) u'Su® if u! »* u®.

To show (a), observe that if u'="u?®, then z* >* 2° (by (25)). By definition, > is
consistent with >*, and so we obtain ! > 2* which, in turn, implies (by (24)) that u! >u?.
To show (b), first note that

ut > if ot > 2t (26)
Given the definition of = in (24), for (26) not to be true, there must exist ¢ and 5 such that
u! = u' and v = u® with #' < z°. But this cannot occur: if u! = uf, then z* >* 2! and
xt =* zt (by (25)) and the consistency of > guarantees that z! ~ z*; similarly, 2° ~ 2° and
thus z* > 2° if 2t > z°. By (25), if u* »* u®, then o' »* 2°. This implies that z* > x* (by
the consistency of > with »*) and thus u'>u® (by (26)).

Theorem 2 guarantees that there is a well-behaved function F' that rationalizes O and
induces £ on X. That G (defined by (19)) rationalizes O follows from Proposition 3 and it
follows from the definition of = that G agrees with > on X. QED

Our claim that U; can be chosen to obey (25) is stated formally below.
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LEMMA 2 Suppose that the data set O admits consistent preferences >; on X; for all j.
Then there are well-behaved and concave utility functions U; that satisfy condition (i) in

Theorem 4 and the property (25).

The proof of Lemma 2 is in the Appendix. By definition, u* >* u® if u®* € K, which
means that there is w; such that Z;I:l w; < p'-at, with Iy, (pf, w;) = u$ for all j. In other
words, the agent can divide his total expenditure in a way that allows him (at price p') to
achieve sub-utilities greater than u} (for each j). If 2* >=* 2°, there will be bundles z% € &}
such that ] >; %, and Z;}:lpﬁ -2 < p'-2'. Thus we obtain u* >* u®, so long as U; agrees
with >;. The principal claim in Lemma 2 (property (25)) is that, by a suitable choice of U;s
we can ensure that this is the only way of achieving u! >* u®. The following example gives

a sense of what is involved in the proof of Lemma 2.

FExample 3. Suppose we would like to rationalize a data set O with a utility function
of the form (20) and we know that O admits a consistent family of preferences consisting
of =1 on A7 and > on X. Theorem 1 guarantees that there is some well-behaved utility
function U; that rationalizes O and agrees with >;. This induces O = {(K*, u")}ye, where
ut = (xb,Uy(2t)) and

K' = {(z, Ui (})) : ' € B(',p"' - ")} .
To guarantee that O can be rationalized by a utility function G of the form (20) that extends
>, it suffices that =, as defined by (24), is consistent with the revealed relations of O. In
turn, this holds if U; can be chosen to obey property (25), which in this context can be

written in the following way:
(20, Ur(2)) =" (%) (a5, Ui(27)) = o' =* (%) " (27)

The claim in Lemma 2 is that this is possible.

To have a sense of what this claim involves, suppose that the data set consists of four
observations and the agent’s demand for X; goods is depicted in Figure 1. Clearly, O; obeys
GARP and the preference >; defined by z} >; 23 >, 23 >, z} is a consistent preference on

X;. Furthermore, suppose that the set K, demarcated by the bold line, is the budget set

3

2 .,.3 3 3 A
(me B pb oy <P 0 — i, - 2d):

i.e., it is the budget left for spending on X; goods should the agent buy z2 at t = 3.
It follows from Figure 1 that (z3,23) »* (22,2?) and (23, Uy(23))$" (22, Uy (22)) for any
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U, that rationalizes ;. Suppose that xj = x2, so that the budget left for spending on
X goods should the agent buy z§ at ¢ = 3 is again the set K. Notice that in this case
(23, 23) +* (23, 27). For (27) to hold, we require U; such that (z3, Uy (23)) ** (23, Ui(21));
equivalently, U;(z]) > Iy,(K). Clearly, this could be guaranteed. Beyond this simple
example, arguments of this type involve the application of Theorem 3, and this theorem

plays a crucial role in the proof of Lemma 2.

4.4 Is there a simpler characterization?

Theorem 4 says that a finite data set is rationalizable by a weakly separable utility
function if and only if it admits a consistent family of preferences. It is natural to ask
whether there is an easy-to-check necessary and sufficient condition for the admissibility
of such a family, similar to the necessity and sufficiency of GARP for the existence of a
consistent preference (see Proposition 2). There is at least one straightforward condition

that springs to mind and that we should investigate.

To fix ideas, consider the simpler problem of rationalizing a data set with a utility function
of the form (20) and define the relations >* and 3~ on X in the following way: for x = (x, z;)
and 2’ = (z),2)) in X, we say that x >* 2/ if there is 27 € X} such that (a) x >* (2, z})
and (b) z >* /. If, in addition, either x »=* (xf,2%) or 2 »* 2/, then x »>* /. In other
words, we are simplifying the construction of the revealed relations on X by not completing
the revealed relations on &A;. Consequently, =*C>* and $-fC3-*. It is clear that if the data
set is rationalizable by (20), then the relations >* and 3~ will not have any strict cycles; it
also clear that constructing >* and $-* and then checking for the absence of strict cycles is
computationally straightforward. But is this condition also sufficient for rationalizability?

Unfortunately, the answer is negative.

Ezxample 4: Consider a data set with the following four observations, drawn from an
agent who is choosing a consumption bundle out of two X;-goods and four Xy-goods.
pk, = (1,2), pk, = (2.5,1,100,100), 21 = (1,0), =5 = (2,1,0,0), w' =7
pgﬁ =(2,1), pX = (1,1.5,100,100), 22 = (0, 1), xo =(1,2,0,0), w?* =5
p%, = (2,1), p%, = (100,100,2.5,1), =¥ = (0,1), x§ = (0,0,2,1), w® =7
%, = (1,2), pk, = (100,100,1,1.5), zf = (1,0), =5 = (0,0,1,2), w* = 5.

One could check that the following holds: (i) (z),z1) >* (2% ,#1) and (x},z}) >*
(x5, 27); (1) (xg,27) »* (xg,27); (i) (23,29) >* (25, #}) and (23, 27) >* (25, 27); and

(iv) (xg, x1) >* (x3,x). This is an exhaustive list of revealed relations between distinct

0
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3 3

In particular, z} = 2] and 2? = 23 are not related by

>% or »¥. From (i)—(iv), we obtain (z},z1) ¥ (23,22) and (z3,23) > (x4, 21) and it is

elements, there are no others.!

clear that >* and > do not generate any cycles on X. However, the data do not admit a
consistent family of preferences. Indeed, since (x}, 1) =% (22, 22) and (23, 23) »-* (a2, 27),
any consistent preference on X will satisfy (xf,z]) > (23,23) and (23, 23) > (x5, 7). Let
>, be a preference on X; and suppose z? >; z}. This leads to a contradiction because (by
(i) (z2,23) >* (z3,2?) and so (z2,2?) > (x},z]). We conclude that =] >; z%; equivalently,
x} >1 x3. This also leads to a contradiction since (by (iv)) (xg,z]) >* (z3,z}) and thus
(0, 21) > (5, 27)-

This example is unsurprising given a recent finding of Echenique (2013), who showed that
the problem of checking whether a data set admits a rationalization by a weakly separable
preference is NP-complete. This result is also consistent with that of Cherchye et al. (2012),
who showed that checking the conditions for concave weak separability, as specified in Var-
ian (1983),4 is an NP-complete problem, even though that has not precluded empirically
viable procedures that test this hypothesis (see, for example, Fleissig and Whitney (2003),
Fleissig and Whitney (2008), and also Cherchye et al. (2012) itself). While it is clear that
applying Theorem 4 is less straightforward than applying Afriat’s Theorem (where a linear
program is all that one needs to solve), implementing the test is still feasible in cases where
the data set is not too large or when there are just a few separable groups.!® Integer pro-
gramming techniques of the type employed by Cherchye et al. (2012) for checking concave
weak separability are potentially useful for this purpose. We intend to explore the empirical

implementation of our test in future work.

13 Notice that no bundle involving z} or z§ is affordable at p! or p?; similarly, no bundle involving x} or
23 is affordable at p® or p*.

4 Varian (1983) and Diewert and Parkan (1985) provide necessary and sufficient conditions under which
a data set is rationalized by a utility function G such that U;s and F' are all well-behaved and concave.

15 To be specific, it is computationally undemanding to construct the revealed relations 2;’-‘ and >>;'-‘ and
also to check for conditional GARP, given a set of consistent preferences {>;};es. The difficulty lies in
the fact that there could be many preferences on X; that are consistent with the revealed relations on that
set, and its number can grow quickly with the number of elements in X;. However, this problem may be
manageable if the data set is fairly small and there are a small number (or just one, as in (20)) of separable
groups. It is common for revealed preferences tests to be implemented on small data sets (with, say, fewer
than 15 observations) because the tests take the form of discrete pass-fail tests where it is possible for a test
to fail with just a pair of inconsistent observations; when a data set is large, a revealed preference test ought
to be incorporated within a framework that allows for errors (see, for example, Varian (1985)).
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4.5 Can we guarantee that the utility function is quasiconcave?

In Theorem 4, while the subutility functions U; can be chosen to be concave, the aggre-
gator function F' was only specified as well-behaved, i.e., strongly monotone and continuous,
which means that G need not be a quasiconcave function. We know from Afriat’s Theorem
that any data set that is rationalizable by a well-behaved utility function is rationalizable
by a well-behaved and concave utility function, so it is reasonable to ask whether a data set
that is rationalizable by a well-behaved and weakly separable utility function can also be ra-
tionalizable by such a function with concavity as an added property. The following example
provides a data set that can be rationalized by a well-behaved and weakly separable utility
function, but such a function cannot be quasiconcave. In particular, this example confirms
that our test for weak separability is fundamentally different from the test for concave weak
separability in Varian (1983) and Diewert and Parkan (1985).

Example 5: Consider a data set with the following six observations of an agent choosing
from two Xi-goods and one Xp-good. Note that w! and w' denote the total expenditure on

the Xi-goods and the total expenditure over all goods respectively.

p}ﬁ = (1,2), p}(o =1, 2 = (1,1), 2} = 12, w}(l =3, w! = 15;
p§(1 =(1,2), pg(o =1, 22 = (4,4), 22 = 3, wg(l =12, w? = 15;
Pk, = (1,2), p%, = 1, 21 = (4,0), 2§ = 11, w}, = 4, w® = 15;
p}l(l =(2,1), p§(0 =1, 21 = (1,1), 2§ = 12, w§(1 =3, w* = 15;
p}l =(2,1), p_E;(O =1, 27 = (4,4), z§ = 3, wgﬁ =12, w® = 15;

pgﬁ =(2,1), pg(o =1, 28 = (4,0), =5 = 100, wgﬁ =8, w% = 108.

It is straightforward to check that Oy = {(p,, x})}}_; obeys GARP. Let U; be any well-
behaved utility function rationalizing ;. While there are six observations, there are only
three distinct budget sets. At observations 1, 2, and 3, the budget set is B((1,1,2),15),
though the choices made are distinct. In zg-u; space (think of zy and w; on the horizon-
tal and vertical axes respectively), the chosen bundles are (12,U;(1,1)), (3,U1(4,4)), and
(11,U,(4,0)). Since U, rationalizes Oy, these points must lie on the upper boundary of
K!' = K* = K3. (K' is the image of B' under U; (see (21)).) At observations 4 and 5,
the budget set is B((1,2,1),15). In x¢-u; space, the chosen bundles are (12,U;(1,1)) and
(3,U1(4,4)); they lie on the upper boundary of K* = K®. Note that the upper bound-
aries of K!' and K* intersect at two points at least. The budget set at observation 6 is
B((1,2,1),108) and the chosen bundle in xg-u; space is (100, U1(4,0)); the very high level
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of income guarantees that K° contains K' and K* in its interior.

We claim that {(K", (zf,u})}S_; obeys GARP, so there is a well-behaved function F
rationalizing those observations (and hence G(xg, 1) = F(x¢, U1(x1)) will rationalize O). To
check this, we note that K' and K* have at least two intersections, namely at (12, U;(1,1))
and (3,U;(4,4)); to check that GARP holds, all we need to do is check that (11,U;(4,0)),

which is also chosen at K3 = K, is not in the interior of K*. Indeed,
[U1<(27 1)74) < [U1(<27 1)78) = Ul(470) = IUI((172)74>7

where the strict inequality follows from the strong monotonicity of Uy, the first equality from

observation 6, and the second equality from observation 3. So we obtain
(11>[U1((271)74)) < (11?U1(4a0)) (28)

where (11, I, ((2,1),4)) is on the upper boundary of K* and (11,U;(4,0)) on the upper
boundary of K!.

Therefore there is a well-behaved function F that rationalizes O = {(K*, (4, u!)}¢_,.
However, G cannot be quasiconcave, and thus F' cannot be quasiconcave if U; is concave.

To see this, we choose 6 € (0, 1) so that 30 + 12(1 — #) = 11. Then

GO3.4,4) + (1—0)(12,1,1)) = FA1,U,(0(4,4) + (1 — 0)(1,1)))
< F(11,1y,((2,1),4))
< F(11,U,(4,0)) = G(3,4,4),

where the first inequality holds because 6(4,4) + (1 — 0)(1,1) € B((2,1),4) and the second
inequality from (28). Furthermore, G(11,4,0) = G(3,4,4) = G(12,1,1) because these three

bundles are observed choices at B! = B2 = B3. Thus there is a violation of quasiconcavity.
5. NESTED WEAKLY SEPARABLE PREFERENCES

The tools we developed in the last section can be adapted to test for more elaborate
models of utility-maximization that involve multiple layers of weak separability. These tests
take a form similar to that described in Theorem 4 for the basic model: it involves finding
preferences on the data set that obey certain properties consistent with the hypothesis and
then extending those preferences to the entire commodity space. To clarify what we mean,

we shall now consider a more elaborate model of weakly separable demand.
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We assume the agent chooses from a finite set of goods which can be divided into non-
overlapping subsets X, Xy,..., X7, with X; consisting of ¢; goods (j € J = {1,2,...,J}).
In addition, we now assume that the Xj-goods can be grouped into K categories; let
Vi = UL X, Ye = U0 Xje Ye = UL, 1 X, We denote the set {1,2,..., K}
by IC, the set {j : X, < Y} by J(k), the agent’s consumption of goods in Y}, by the vector
Y = (Tjp_ 41, Tjp_,+2, - Tj, ), and the price of goods in Yy by py, = (Dj,_y+1: Pjr_1425 s Dix)-
The agent’s (overall) consumption bundle can be written as x = (x1, 9, ..., ), which em-
phasizes the division along the X; subsets, or it could be written as y = (y1,y2, ..., yz ), which
emphasizes the division along the Y}, subsets. We adopt a convention which the reader should
bear in mind to avoid later confusion: if we denote a particular bundle by (say) z”, then it

could correspondingly be written as y”, with y; denoting the subvector over the Y;-goods.

The observer has access to a data set O = {(p',2")}e7. We can segment this data
set to focus on prices and demand for certain subsets of goods; let O; = {(p}, 7})}er and
Oy, = {(P%,: Vi) }rer- We now require that the demand for goods in Yy = (J;c;) X; be
separately rationalizable by a utility function that is weakly separable along the sets X, |1,
Xj,_ 424, Xj,. Formally, we wish to test the hypothesis that O can be rationalized by a
utility function G : R} — R with the following property:

(P) there is a well-behaved function F : RE — R, such that

at * = (x1,22,...,x5) = (Y1, Y2, ..., yi) and, for all k € K,

Vilyr) = Hi, (Uj_11(x5, 1 41), Ujpya2(g, 1 42)s - U (25,)) (30)

where Hy : RV®l — R and U; : Rij — R (and thus V}) are well-behaved functions.

It is certainly possible to test an even more elaborate hypothesis on O that involve adding
one or more layers of weakly separable commodity groups; i.e., with sub-utilities defined
over subsets of V}, sub-utilities defined over subsets of those sub-utilities, and so on. Such
an extension poses no difficulty: once the reader understands the one- and two-layer cases
covered in this and the previous section, it will be clear how cases with more layers can be
handled. We choose to proceed in this step-by-step manner because it is less notation-heavy

and easier to follow.

If O can be rationalized by a function obeying (P) in this sense then the following is also
true: for all k € K, Oy, can be rationalized by the utility function Vi (as defined by (30)).
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We know from Theorem 4 that this holds if and only if, for each k, there is a preference
>y, on Vi = {y,}er that is consistent, conditional on {>;};c;u), where >; is a consistent
preference on X; = {2%},c7. For O to be rationalizable, we require (in addition) a preference
on X that is consistent, conditional on {>;}jes and {>v, }rexc. To explain what we mean by
this, we first extend the notion of conditional revealed preference introduced in the previous
section. For bundles x and T in X, x is directly revealed preferred to T (x >* &) conditional
on {>;}jes and {>y, }rex if there are bundles 2" and z” such that:
(a) 2’ € HJ_ X; with z >* 2’ and

(b) 2" = y" € IE | Vi, with afy > o for all j, and y; >y g, for all ke K.

(Note that X < Hleyk c szlXj and 2’ need not be in Hk 1 Vk.) The revealed preference
relation is said to be strict (z »* 7) if, in addition, x »* 2" or z} >; 2§ for some j or
Yp >y, Ur for some k. Comparing this definition with the definition in the previous section,
we see that in both cases we require the existence of a bundle 2’ that is less costly than x
(at the prices prevailing when = was chosen) and then require that z’ to be superior to z via
some route, except that there are in this case, so to speak, more routes because one could

pass through the preferences >y, , rather than simply >;.

The data set O is said to obey GARP conditional on {>;},e7 and {>y; }rex if =* and
$>=* does not admit strict revealed preference cycles. By Proposition 2, conditional GARP is
necessary and sufficient for the existence of a preference > on X’ that is consistent with >*
and »-*; the preference > is said to be consistent, conditional on {>;}je7 and {>y, }rexc. A
data set that can be rationalized by a utility function that obeys (P) will admit preferences
{>,}je7, {>v. rer, and > that satisfy the following nested consistency conditions: for all j,
>; is a consistent preference on &; for all k, >y, is a consistent preference on Y, conditional
on {>;},esk); and > is a consistent preference on X, conditional on {>;};c7 and {>y, }rex.
To confirm this claim, simply choose >; to be the restriction of U; to &}, >y, to be the
restriction of Vi to )i, and > to be the restriction on GG to X. Extending the terminology
in the previous section, we say that {>;}je7, {>v, }rex, and > form a consistent family of

preferences. The next theorem says that the converse is also true.

THEOREM 5 Suppose that O admits preferences {>;}ies, {>v, }rex, and > that form a con-
sistent family. Then O can be rationalized by a utility function G : R* — R that satisfies
(P), with the preference induced by U; on X; agreeing with >, the preference induced by Vj,

on Yy agreeing with >y, , and the preference induced by G on X agreeing with >.
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An important special case of a utility function with property (P) is the following:

G(x) = Up(xo, Ur (21, Us(22))) (31)

where z = (9,21, 22), g € Rﬁf, T € Rﬂl, Ty € R?ﬁ and Uy, Uy, and U, are well-behaved

functions. This functional form generalizes (20) and is of a type often used to model in-
tertemporal consumption (with x; being the agent’s consumption in period 7). If O is ratio-
nalizable by (31), then the segmented data set O15 = {((p%, pb), (z%, 2%)) }ie7 is rationalizable
by V(x1,22) = Uy(z1, Us(22)) and thus admits a consistent family of preferences, consisting
of >5 on Xy = {ab}lier and >15 on Xyp = {(2%,24)}e7. Conversely, suppose Oz admits
a consistent family, comprising >5 and > on A5 and X5 respectively. Conditional on
this family, the revealed preference relations on X = {z'};c7 takes the following form: for
x = (zg,x1,22) and T = (T, T1,T2) in X, x >* T if there are bundles (2, 2%) € X5 and
xly € Xy such that o >* (Zg, 2, x4), xfy >o o, and (2], 2%) >12 (1, Z2). If, in addition, either
x >-* (To, 2y, xh) or afy >o ah or (2}, xh) >12 (T1,T2), then x »* Z. If the revealed preference
relations obey conditional GARP, then there is a preference > on X that is consistent with
those relations and X admits a consistent family, consisting of >4 on X5, >15 on X, and >
on X. By Theorem 5, O is rationalizable by a utility function of the form (31).

The proof of Theorem 5 is in the Appendix. The proof structure is essentially the same as
that of Theorem 4. Just as the proof of Theorem 4 uses Lemma 2, so a version of this lemma
is needed in the proof of Theorem 5. Given the data set O, we define O = {(K* 0"} ers
where v* = (Vi(y1), Va(4h), ..., Vk (y%)) and Ky is the constraint set induced by {Vi}rex, i.e.

K' = {(Vi(y1), Va(y2), -, Ve (yi)) - y € B(p', p" - 2')} (32)

We denote the direct revealed preference relations of @V by >* and »*. We know, from
Theorem 4, that there are functions U; and Vj, related by (30), such that U; agrees with >;

on X; and Vj, agrees with >y, on ). It is clear that with any such choice of functions,

What is needed is a lemma, similar to Lemma 2, saying that the U; and V}, can be chosen
such that the reverse implication holds as well. Then one could prove Theorem 5 with this

new lemma, by an argument similar to the one that establishes Theorem 4 with Lemma 2.

Our characterization of data sets that are rationalizable by weakly separable utility func-

tions uses the key concept of a consistent family of preferences. It is obvious that this concept,
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along with the related concept of conditional revealed preference, can be extended to account
for more layers of separable commodity groups. It is also intuitive that the existence of a
consistent preference family should characterize data sets that are rationalizable by weakly
separable utility functions, for any finite hierarchy of separable commodity groups; in other
words, Theorems 4 and 5, which cover the one- and two-layer cases, should be extendable in
a natural way. The proofs we provide for those two theorems in the Appendix, which uses

an inductive argument, will make it clear that that intuition is correct.

APPENDIX

Proof of Proposition 2

The proof of this proposition uses the following well-known result. The standard proof is an
application of Szpilrajn’s Theorem (see, for example, Ok (2007, Corollary 1, Chapter A)),
which in turn uses the axiom of choice. In the case where S is a finite set (which is the case
in our application of this result, where S equals the set of observed bundles X'), there is a

straightforward inductive proof on the number of elements of S which we shall omit.

LEMMA 3 Let S be a set and R a reflexive and transitive relation on S with P its asymmetric
part, i.e., xPy if Ry but not yRx. Then there is a reflexive, transitive and complete relation
(i.e., a preference relation) R that extends R in the following sense: if xRy then mRy and
x Py then xpy, where P is the asymmetric part of R.

Proof of Proposition 2: Suppose that O admits a preorder > that is consistent with its
revealed relations. To establish that GARP holds, let there be observations satisfying (3).

The consistency of > (in particular, with >*), guarantees that

o> gt > gt >

Loatnt > gphe > (33)

and hence z'" ~ z'+1 for i = 1,2,...,(n — 1). Furthermore, > is consistent with »* and so
xli $** pli+1in (3), as required by GARP.

For the “if” part of this proposition, first note that >* is a reflexive and transitive relation,
on X. We denote the asymmetric part of >* by >* ie., 2t >* 2" if 2! >* 2" and 2" %+* 2°.
Furthermore, GARP guarantees that if 2! >* 2" then 2" %* x!; therefore, if 2 »* 2" then
' >* 2", By Lemma 3, there is a preference > (with asymmetric part >) on X that extends
>* in the following sense: for any zf, 2" € X, o' > 2" if 2 > 2" and 2! > 2" if 2* >* 2",
The latter implies that a2t > 2" if 2 >* 2". QED

30



Proof of Theorem 3

We organize the proof of this result around several lemmas.

LEMMA 4 Suppose O admits a consistent preference > on X. Given a reqular set K < Rﬂ
with gauge function g, there exist & € K (so g(z) = 1) and a preference =" on X' = X u {2}
such that (a) =" is consistent with the revealed relations of O' = O v {(K,)}; (b) =" is an
extension of >; and (c) B(K) >" & >=' B(K).

If there is x € B(K) such that g(z) < 1, then we can let & be any element such that
g(®) = 1 and & > xz; in this case, we obtain B(K) > & >' B(K). If g(z) = 1 for all

z € B(K), then we can choose & to be any element in B(K); in this case, X' = X and >='=>.

Proof: We first consider the case where there is 2 € 3(K) such that g(z*) < 1 and
choose & € 0K (so g(2) = 1) with # > 2%, Let =’ be the extension of > such that 2" >’ &
and & > 2%, where 2" € 3(K). We need to show the consistency of >’ with the relations
>* and »* induced by O'.

. . . N N . A~ / /
It is clear from our construction that if & >* 2! then & >’ 2¢, since & >’ 2" and 2t >’ 2.

/ . ~ !/ .
¥ since & > . By the consistency of

Suppose that for some s, z* >* z. Then z* »>* x
> (with respect to the revealed relations of @), z® > 2. Therefore, z* ¢ K and we obtain
z* >z (by the definition of z*"). Since >’ is an extension of >, we also have z* >’ z!" and,

by construction of >, z" >’ #. By the transitivity of >/, we obtain z* >’ .

We now turn to the case where there is no z € S(K) such that g(z) < 1. Let & = 2,
where 2t is some element in B(K). We need to show that > remains consistent with the
revealed relations of . If & >* zt, then & = 2 > 2! by definition of &', If & = ¥ »* 2
then # = 2! > 2 since there does not exist ! ~ ' with g(x') < 1. Suppose that for some
s, 2° >* (»*)2 = 2", Then 2° > (>)& = 2%, by the consistency of > (with respect to the
revealed relations of O). QED

LEMMA 5 Suppose O admits a preference > on X that is consistent with its revealed rela-
tions. Let K be a reqular set with gauge function g, and construct & € K and the preference

>" on X' = X U {Z} in the way specified in Lemma /4. For any reqular set C, let

=X
8
I

{teCnX &> a2VeeCnX'Y} and
F(C) = {feX :2>"B(C) and ifye X' obeysy >' B'(C) theny =" 7 }.

Then 5'(C) =' B(C) and B(C) =’ F(C).
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Proof: In the case where & € X, these claims are trivially true since >=>'. So consider
the case where ¢ X. It is obvious that '(C') =" 5(C). So we focus on proving that
B(C) =" B'(C). This has to be true if # ¢ C, because then 3(C) = 3'(C). We make the
following claim: if # € C, then B(C) >' &. By definition of 5 and since >’ is an extension
of >, B(C) >' B(C); this observation, together with the claim, tells us that 3(C) >’ 5/(C).
Lastly, by definition of 3’, we obtain 3(C) =’ B'(C).

It remains for us to show that the claim is true. Recall that & was chosen to satisfy
2 > ' for some z' € B(K). Since C is regular, z* € C' and so 3(C) > B(K). Consequently,
B(C) = B(K) and since >’ extends > we obtain 3(C) =" B(K). Since, by construction,
B(K) >' &, we obtain B(C) >’ &. QED

LEMMA 6 Suppose O admits a preference > on X that is consistent with its revealed re-
lations. For any finite collection of reqular sets C = {K™},enr (with corresponding gauge
functions {g™}menm, there exist {T™}pmenr, where 2™ € K™, and a preference =" on X' =
X U {2} menm such that (a) =" is consistent with the revealed relations induced by X' =

X U@} em; (b) = is an extension of >=; (c)

B(K™) >"z™ =" B(K™) for allm e M, (34)
where we can choose #™ € B(K™) if ¢"(z) =1 for all x € B(K™).1

Proof: Let M = {meM:g"(z)=1Vz e f(K™)}. Choose m' e M and let #™ = 2
for some 2 € B(K™). By Lemma 4, > remains consistent with the revealed relations of
O = O U {(K™,i™)}. Now choose another element m’ in M (if one exists), &™" € B(K™")
and Lemma 4 again guarantees that > is consistent with the revealed relations of Q" =
O' U {(K™,2™")}. Repeating this procedure until all the elements of M are exhausted, we

conclude that > is consistent with the revealed relations of O = O U {(K™, ")}, i

Now choose an element n € M \]\7 . By Lemma 4, there is a bundle 2" and a preference
>t on X' = X U {2"} such that >! extends >, >' is consistent with the revealed relations
of O' = O U {(K™,4™)}, and the following holds:

BIK™) =' " =! B(K™). (35)

16 We deem B(K™) >’ &™ to be satisfied if S(K™) is empty. Note that 3 and § are defined with respect
to X.
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Suppose there exists n’ # n in M \M - by Lemma 4, there are 2" and a consistent preference
>2on O? = O' U {(K™,2")} that extends >' and that satisfy

!

BYK™) > " =2 BYK™) (36)

where, by definition,

BYUC) = {#eCnX':2='aVreCn X} and
BYC) = {zeX':7>!BYCO) and if y € X' obeys y >! B1(C) then y >=' 7 }

BK™) >2 2" =2 B(K™). (37)
Suppose there is n” € M \M ,n” # n', n. By an argument analogous to the one we just made,
we obtain 2" and a consistent preference >* on 0% = 0% U {(K™,32"")} that extends >2
and satisfy

B2<Kn”) >3 i,n" Z3 BQ(}(W’)

(where 5% and 32 are defined in a similar way to 8* and ', but with >? and X'? replacing >
respectively). By Lemma 5, 82(K™") =2 gY(K™), BY(K™) =2 B2(K™"), BY(K™) ="' B(K™"),
and B(K™) >=' B'(K™). Since >? extends >2 which extends >!, we obtain g?(K™") >3

B(K™) and B(K™) = B2(K™) and thus

"

BIK™) > 3" =3 B(K™). (38)

This argument can be repeated until we eventually obtain (34). QED

Proof of Theorem 3: By Lemma 6, there are {#™},,c)s and a preorder =" on X’ =
X U {&™}em satisfying properties (a), (b), and (c) in the lemma. By Theorem 2, there
exists a concave and well-behaved U that rationalizes O U {(K™,2")}men such that the
preorder induced by U on X’ coincides with >’. Therefore, (17) follows from (34) since 2™
maximizes U in K™ and so Iy(K™) = U(z™). If B(K™) < 0K™, then 2™ € f(K™), and so
Ip(K™) = U(B(E™). QED

Proof of Theorem 4
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To complete the proof of Theorem 4, we need only prove Lemma 2. We first introduce a
few useful concepts. Suppose that the set of goods is partitioned into subsets along the lines
described in Section 4 and, for each j, there is a consistent preference >; on &;. Let S < J
and z” and 2’ elements in [;csX;. We write 2" > 2’ if 27 >; 2, for all j € S and 2" ~; 2/

if x ~; 2’ for all j € S. Given a price vector p € Rt and income w > 0, we define
Bx(p,w) = {x € X : 3 2" € lje7X; such that 2" € B(p,w) and 2" >; x}.'17  (39)

We say that 2° € By(p,w) is in dBx(p,w), the upper boundary of Bx(p,w), if 2° € Bx(p, w)

and, for any 2” € IL;c;X; such that p-2” < w and 2" >; 2°, we have p-2” = w and 2" ~; 2°.

The following result is needed in the proof of Lemma 2.

LEMMA 7 (i) Suppose 2° € X\Bx(p,w). Then there are scalars w; = 0 with Zj;l wi = w,
such that for x5 >; Bx,(p;, w3) for all j.

(ii) Suppose x° € dBx(p,w). Then there are scalars w§ = 0 with ZJ L w; = w such that
x5 ~; Bx,(pj, ws) and Bx;(pj, ws) < dB(pj,ws) for all je J.

NotEe: By definition, By, (p;, w;) = {2 € B(p;, w3) n X : 2 >; x;¥x; € B(p;, ws) n X}

Proof: We first choose &* € argmin{p’ - 2’ : 2’ € ®(x*)}, where
P(x°) = {2’ € jes X : 2’ >, x°}. (40)

Note that 7° € argmin{p’ - 2’ : 2’ € ®(2*)} if and only if

S

&5 = argmin{p} - 2} : 2 € ®;(2*)} for all j € J, where (41)

() = {x; € &j - ) =5 a3} (42)

If 2° € X\Bx(p,w), then p - #* > w. Therefore, we can choose w; such that p; - &3 > wj for
all j € J and Z}]:1 w; = w. Because of (41), we obtain x§ >; Bx, (pj, w}).

If z° € 0Bx(p,w), then p-2° = w and &5 ~; =z} for all j € J. Let w} = p; - 73;
then Z;']=1 w3 = w. Again because z° € dBx(p,w), there does not exist &; € X; such that
Tj > &5 ~j x and p; - ¥; < wj. In other words, 3 € Bx, (pj, w;). Now let Z; € Bx,(pj, w;);
since I ~; x3, we obtain xj ~j 3. It follows from the definition of z% that p; - z; = wj.

Thus B, (p, w;) < 0B(p;, ws). QED

1"Note that By (p,w) need not be a subset of B(p,w).
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Proof of Lemma 2: First we note that property (25) is equivalent to the following pair
of conditions which are more convenient to prove: (I) if z* }* 2 then u' }** v and (IT) if
ot >* 2% and ' $* 2%, then u! >* v* and u! $* u®.

Let H = {(t,s) : o' * 2} and H' = {(t,s) : z' >* 2° and ' $* 25}.

CraM:  There are scalars fi* > 0 with Z‘j]:l fi? =p' -2, such that for (t,s) € H, x5 >;
B, (0%, 11°) and, for (t,s) € H', x5 ~; B, (0%, 1) and B, (P}, f}°) < OB(p5, [7°).

This claim follows immediately from Lemma 7. We need only note that for (t,s) € H,
x* € X\Bx(p',p' - 2'), so application part (i) of the lemma guarantees the existence of f;*®
with the desired properties. If (¢,s) € H', then x° € 0By (p',p" - 2), and so part (ii) of the

lemma guarantees that the claim holds.

For each j € J, we can apply Theorem 3 to O;, with
¢ ={B,.f°): (t,s)e HUH'}. (43)

This guarantees that there is a well-behaved and concave function U; that rationalizes O;
and agrees with >; on Aj; furthermore, we obtain (a) Iy, (p}, f;*) < Uj(«3) for all (t,s) € H
and (b) Iy, (p}, ;°) = U;(2%) = Uj(x5) for all (t,s) € H'. For a given (t,s) € H, (a) holds for
every j; in other words, there is f;* > 0 such that 237:1 fi*=p" -2t and Iy, (p}, f;°) < Uj(x3)
for all j. Therefore, u® ¢ K' as required by (I). For a given (¢,s) € H', (b) holds for every
J; in other words, there is f}* such that Z;Ll fi7=p"- 2" and Iy, (¢}, f1°) = Uj(«3) for all j.
Thus, u® € 0K*, as required by (II). QED

Proofs of Theorems 5 and related results.

Our objective here is not just to prove Theorem 5, but to prove it in a way that makes it
clear that analogous results for testing models with more nested layers of separability are
true and can be established by induction. For that purpose, the right results to prove are
not Theorems 4 and 5 as such, but stronger versions of those results, Theorems 6 and 7
respectively, that includes the property (é). This property, which we shall formally define
later, controls the indirect utility at some finite collection of linear budget sets {B%}.ca
that are not part of the set of observations, i.e., similar to the way Theorem 3 strengthens
Theorem 2. It is this family of stronger results that are extendable by induction in the

manner depicted below:

Theorem 3 — Lemma 8 — Theorem 6 — Lemma 10 — Theorem 7 ...
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So we use Theorem 3 to prove Theorem 6 (via Lemma 8), which covers the single-layer
weakly separable case. We then use Theorem 6 to prove Theorem 7 (via Lemma 10), thus
establishing the result for the two-layer weakly separable case. Theorem 7 can in turn be

used to establish the analogous rationalizability result for the three-layer separable case, etc.

THEOREM 6 Suppose that the data set O admits a consistent family of preferences: >, on
X; for all j and > on X. In addition, let € = {B®},ea be a finite collection of linear budget
sets, where B* = B(p®, w®), for p® » 0 and w* > 0. Then O can be rationalized by a utility
function G of the form (19), satisfying properties (i) and (ii) in Theorem 4 and following
property: (&) for any x € X and a € A such that x > Bx(p*, w®), we have

G(x) > Ia(p®, w?) = G(Bx(p", w")) (44)

and Ig(p*, w*) = G(Bx(p*, w®)) if Bx(p*, w*) S 0By (p*, w*).
NOTE: Ig(p,w) refers to the indirect utility at (p,w), given the utility function G, while
Ba(p®, w*) = {x’ € Bx(p*,w*) : 2’ > x ¥V x € Bx(p*,w*)}.

The proof of Theorem 6 uses Lemma 8 below, which is a stronger version of Lemma 2.

LEMMA 8 Suppose that the data set O admits consistent preferences >; on X; for all j.
Then there are well-behaved and concave utility functions U; that satisfy condition (i) in

Theorem 4, property (25), and the following properties:
u' e K* < z' € By(p*, w®); (45)
zt € 0Bx(p*, w*) = u' € OK* (46)

NoTE: K* is the image of B(p®, w*) under {U,}c7.

Proof: The proof of this result is an extension of the proof of Lemma 2. Recall that
the proof of that result involves applying Theorem 3 to a suitably constructed collection of
budget sets €;. We now have to construct U; to satisfy a longer list of conditions, which
means that €; has to be larger than the one specified in (54).

Let S = {(a,s) : ° € X\Bx(p*,w®*)} and S’ = {(a,s) : x* € By (p*,w*)}. The following
claim follows immediately from Lemma 7.

Cramm:  There are scalars wi® = 0 with Z;j:l w* = p'-at, such that for (a,s) € S,

5 > B, (0, i) and, for (a,s) € 5", a5 ~; B, (pf, wj®) and B, (pf, wj*) < OB(pf, wj®).
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For each j, we can apply Theorem 3 to O;, with
¢ = {BW} f{°): (t,5) e HU H'} | J{ B}, ws) : (a,5) e S U S'}.

This guarantees that there is a well-behaved and concave function U; that rationalizes O;,

with its restriction to X; agreeing with >;. We also obtain

(a) Iu; (9}, [;°) < Uj(x5) for all (t,s) € H and

(b) I, (3} ) = Uj(a3) for all (t,5) < I
from which one could show that (25) holds (see the proof of Lemma 2). Furthermore, we
obtain the following:

(¢) Iy, (p}, w§®) < Uj(z5) for all (a,s) € S and

(d) Iy, (p},ws*) = Uj(x3) for all (a,s) € 5"
It is clear that u® € K if 2® € Bx(p®*, w®), so the nontrivial part of (45) is the claim that
u® ¢ K% if 2° ¢ Bx(p®,w”). Indeed, if (a,s) € S, then (c) holds and (I, (p?,w;?s))]j:l e 0K*
because Zj;lw;’s = w® thus u® ¢ K° Lastly, it is clear that (d) implies that u® € 0K
whenever z® € 0By (p®, w®). QED

Proof of Theorem 6: The proof is a more elaborate version of the proof of Theorem

4. First we choose U; to obey the properties listed in Lemma 8. Following the proof of
Theorem 4, we know that, with this choice of Ujs, the preference = on X (as defined by

(24)) is consistent, i.e., ut>=u® if u* >** u* and u'>u® if ut >** u®. We also obtain
u' S vt = 2t > 2t (47)

(by combining (24) and (26)). We claim that, with this choice of U;s, the following two
properties are also satisfied: (A) u' € B(K®) if and only if z' € SBx(p*, w®) and (B) if
Ba(p®, w*) € dBx(p*, w®), then S(K*) < K.

To prove (A), suppose u! € B(K®), which means that u'>u® for all u® € K® where
ut € X. If #° € Ba(p®,w®), then v* € K (by (45)) and so u'Su®. By (47), we obtain
2t > 2%, Thus z' € By(p®, w). Similarly, suppose ! € Bx(p®, w®). For u® € X such that
u® € K then z° € By(p*,w®) (by (45)), which means that z* > z° and so u' > u® (by
(47)). Thus u' € B(K*). To prove (B), let u* € 3(K®). Then z' € Sx(p*, w®) (by (A)) and,
by assumption, in dBx(p®, w®). This implies that u’ € 0K (by Lemma 8), as required.
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Theorem 3 guarantees the existence of a well-behaved function F' that rationalizes O and

induces = on X. Furthermore, for all a € A,
F(B(K®) > Ir(K®) = F(B(K®)) (48)

and F(B(K®)) = Ip(K®) if B(K®*) < 0K*®. It follows from Proposition 3 that the resulting
function G (as defined by (19)) rationalizes O and induces > on X. Lastly, we need to show
that the property (&) holds. Suppose ! > Bx(p*, w®); then by property (A) and (47), we
obtain u'>B(K?), which implies that u*>3(K?). It follows from (48) that F(u?) > Ip(K®) >
F(B(K®)) which implies (44). Now suppose that Sy (p*, w®*) < dBx(p®*, w®); property (B)
tells us that S(K?%) < dK® Thus F(B(K?*)) = Ip(K®), which implies G(Bx(p®*, w?)) =
Io(p*, w®). So we have shown (é). QED

Instead of proving Theorem 5, we shall prove a stronger result, Theorem 7, which controls

for indirect utility at some finite family of budget sets {B%}qca.

Suppose that goods are partitioned in the manner described in Section 5, with two layers
of separability. Assume that, for all j, >; is a consistent preference on &; and, for all k, >y,
is a consistent preference on ), conditional on {>;};c ). Let C'c K and y” and ¢’ be two
elements in [y We write v” > o' if y; >y y;, for all k € C. For 2’ and z in X, we say
that 2/ > 5 x if there exists 2" = y” € kail . such that 2’ >; 2" and y” >k x. Given a

price vector p € R and income w > 0, we define
BX(p,w)z{xeX:H:v’eH]jz A; such that p* - 2/ < w® and 2’ >k x }. (49)

(This definition is the natural extension of (39) to this context.) We say that 2" is in
0Bx(p,w), the boundary of Bx(p,w), if 2° € Bx(p,w) and, for any 2’ € H]jzlz‘(j and 2" =
y' € H,If 1Yk such that p- 2’ < w, 2’ >; 2" and ¥’ >k x, we must have p- 2’ = w, 2’ ~; 2"

and 3" ~f .

THEOREM 7 Suppose that O admits a consistent family of preferences: {zj}jzl, {=v }E .,
and >. Let € = {B%}.ca be a finite collection of linear budget sets, where B* = B(p®,w®),
for p* » 0 and w* > 0. Then O can be rationalized by a utility function G obeying the
properties listed in Theorem 5 as well as the following: (&) for any v € X and a € A such
that x > By (p*, w*),

G(x) > Ia(p®, w) = G(Bx(p", w")) (50)

and IG(pa7 wa) = G(BX(paa wa)) Zf BX(pa7 wa) = aBX(paJ wa)'
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NoTE: By definition, Sx(p®, w*) = {2’ € Bx(p*,w®) : ' > xzVx € By(p*,w*)} with
Bx(p®, w") defined by (49).

LEMMA 9 (i) Supposex® = y* € X\Bx(p,w). Then there are scalars wi = 0 with Zkf(zl wy =
w, such that for wj(k) > By, (D), wi) for all k. 7

(ii) Suppose x* € 0Bx(p,w). Then there are scalars wi = 0 with Yt wi = w such that
Ty ~k By (Prwy, wi) and By, (psk), wi) € 0By, (P, wy) for all k.

Note: By definition, By, (psw), wi) = {yx € By, (Daw)> i) : ¥i =k Yk VY yx € By, (psy, wi)},
where By, (psw),w;) = {y € Vi : 3 xf’,(k) € (HjeJ(k)Xj) N B(py),wy) such that xf}(k) >7y}
(i.e., following the definition (39)).

Proof: We first choose 2° € argmin{p - 2’ : 2’ € ®(x*)}, where
P(z®) = {2’ € H]‘.;Xj ca’ >y 2.
Note that #* € argmin{p - 2’ : 2’ € ®(z*)} if and only if

Ty € ATgMIn{p ) - Ty * Ty € Pr(2%)} for all &, where

S

i (%) = {2y € Wiesmy Ay © 3 27y = yi € Wy with 2l >y 2%, and y" =5 25, = yi}

If 2° € X\Bx(p,w), then p-2° > w. So there are scalars wj > 0 such that )}, wj = w
and py) - ﬁ:f,(k) > wjy, for all k. Note that there does not exist Z ;) € ®4(2°) such that
Pik) - Tyky < wj, since this will mean that i"}(k) does not minimize p;,) - xf,(k) subject to
2y € Pu(2®). Hence x5y = yji >k By, Dy, wy)-

If 2° € 0Bx(p,w), p-&* = w and there is y” € ka{:lyk such that &7, ~; xz(k) =y, € Vi,
and y, ~p yp = T k) Let w; = pyu) - :i"f,(k). Furthermore, there does not exist g, € Vi
such that gy >x yp = a3, with gy € By, (psxy,wy). In other words, y; € By, (D), wi),
as required. Now let g € By, (Dsw), w}); since yy ~p xf](k), we have 9 ~p xj(k). Suppose
Tyk) € Hjej(k)Xj satisfies Dik) - Tk) S wy, and Tyk) =J Yk for 4. € YVy; then Tjk) € CIDk(xS)
and pyr) - Tjky = wj by the definition of w}. Furthermore, Z ) ~; ¥ since 2° € 0Bx(p, w).
Hence Ui, € aByk (PJ(k)a w,i) QED

LEMMA 10 Suppose that >; is a consistent preference on X; and >y, is a consistent prefer-
ence on Yy, conditional on {>;};csw). Then there exists U;, Hy such that Vi, given by (50),
rationalizes Oy, with the preference induced by U; on X; agreeing with >;, the preference

induced by Vi, on Vi agreeing with >y, . Furthermore, the following properties hold:
o= [E] vt = a2t =* [>X] 2% (51)
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v' e K* < 1' € Bx(p*, w"); (52)
xt € 0Bx(p*, w*) = v' € K (53)
NoTE: K®c R is the image of B(p® w®) under {V;}X,.

Proof: Our proof strategy is identical to the one used to prove Lemma 8. Just as the
proof of that result uses Theorem 3 to find functions U; obeying the specified conditions, so
this proof uses Theorem 6 to obtain Vj, so that properties (51) — (53) are satisfied. First, note
that property (51) is equivalent to the following pair of conditions which are more convenient
to prove: (I) if zf }* 2°, then o' %} v® and (II) if 2* >* 2% and z' $* 2%, then v* >} 0v*
and v' 5 x°. Let H = {(t,s) : ' $* 2°} and H' = {(¢,s) : 2* >* 2% and a' $* z°}.
CramM 1: There are scalars fi° = 0 with Y, f}* = p' - a' such that for (s,t) € H,
Ty >k B(sz(k)a i) and, for (s,t) € H', Ty = Yk ~k 5(?3(@7&8) and B(Ps(k)’ ©) <
0By, (th(k)7 )

This claim follows immediately from Lemma 9. We need only note that for (¢,s) € H,
r* € X\Bx(p',p' - '), so application part (i) of the lemma guarantees the existence of f;*
with the desired properties. If (¢,s) € H', then x° € 0By (p',p' - 2), and so part (ii) of the
lemma guarantees that the claim holds.

Let S = {(a,s) : ° € X\Bx(p*,w*)} and S" = {(a,s) : z° € dB%}. The following claim
also follows immediately from Lemma 9.

CLAmM 2: There are scalars wj® > 0 with 3, wi® = w?, such that for (a,s) € S, x5, =

U >k B wl®) and, for (a,5) € S, 235 = Uf ~x BB, wf) and Bp, uf) <
0By, (P, wi*)-
For each k, we can apply Theorem 6 to the data set Oy, = {(p},, %) }er, With
& = (B £ (ts) e HO HY By vi) : (5) e SUST. (34

We obtain U;, Hj, such that Vj, given by (30), rationalizes Oy, with the preference induced
by U; on X; agreeing with >;, the preference induced by V; on Y agreeing with >y, .

Furthermore, the following holds:
= Vi(y5,) = vj for all (¢, s
( (

Y5 ) = vy, for all

*) < Vi(@5) = Vi(yk) = v}, for all (a,s) € S; and
(d) Iy, pf,(k),w,’js = Vk(xf](k) = Vi(y5,) = v; for all (a,s) € 5.
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For a given (t,s) € H, (a) holds for every k; in other words, there is ff* > 0 such that
Zszl fig = pt- 2t and Iy, (ptj(k), 1) < Vk(xf](k)) for all k. Therefore, v* ¢ K* as required by
(). For a given (t,s) € H', (b) holds for every k; in other words, there is Y1, fi* = pt - 2!
such that Iy (p%): f5i)) = Vi(a3) for all k. Therefore, v* € 0K', as required by (II). This
establishes (51).

By an argument similar to the one we used for (¢, s) € H, we obtain v* ¢ K for (a, s) € S,
ie., if 2° ¢ By(p*, w?), then v* ¢ K® It is straightforward that if z° € By (p®, w®), then
v® € K Therefore, we obtain (52). By an argument similar to the one we used for (¢, s) € H’,
we conclude that v* € 0K* if (a,s) € 5, i.e., (53) holds. QED

Proof of Theorem 7: The final step in the proof is essentially the same as that for
Theorem 6 so we shall only sketch the argument. First, we choose V) to obey the properties
listed in Lemma 10. With this choice, we define the preference S on O = {(K*, 0" }er by
=0 if 2t > 2°. Applying Lemma 10 we can establish that = is consistent with the revealed

relations of O, i.e., v'>v® if v! >** v® and v'>v® if v! >** v¥, and we also obtain
t .8 t s
V=V = T =T .

Furthermore, the following two properties are satisfied: (A) v* € B(K?) if and only if z! €
Ba(p®, w”) and (B) if Bx(p®, w*) € dBx(p*, w*), then f(K*) <€ 0K*. Theorem 2 guarantees

the existence of a well-behaved function F that rationalizes © and induces S on X , with

F(B(K%)) > Ip(K*) = F(B(K®)) (for all a) and F(B(K*)) = Ip(K*) if 5(K*) < 0K® The
resulting function G (as defined by (29)) rationalizes O and induces > on X. Lastly, we can

use (A) and (B) to show that (&) holds. QED

It is clear that there is an analog to Theorem 7 for a model with three layers of nested
weak separability. The argument for that will rely on the analogous version of Lemmas 9
and 10, with the proof of the latter relying on the result for the two-layer case, Theorem 7.

And so our main result can be extended any finite number of times.
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