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A series of experiments has been conducted for comparison with the results of a computer code
called CHYMES. It is intended to calculate the coarse mixing of molten metal with water by
solving the equations of the Separated Flow Model. These are derived by volume averaging
and the terms that relate them to the particular case of particulate flow are discussed.

An experimental apparatus that is compatible with CHYMES and coarse mixing has been
constructed which projects a jet of ball bearings into a thin tank of water. Experiments over a
wide range of conditions were conducted at room temperature. Owing to practical difficulties
only one, poorly controlled experiment with hot ball bearings was performed.

Under nearly all sets of conditions an arrow-shaped plume was obtained. The speed of
penetration of the plume varied little with changes in experimental conditions. The width of
the plume was most strongly influenced by the widths of the tank and the jet. The individual
paths of some particles were followed; it appeared that their motion was mostly dependent on
their position in the plume. A model of the plume is proposed, based upon its front being
impermeable to water in the vertical direction.

Much of the detail of the experimental plumes was not present in the computational results
and they responded differently to changes in conditions. It is proposed that this is a result of
the different forms of the two sets of plumes. To rectify this an experimental plume was volume
averaged. A method to determine a suitable averaging volume size is described. The process
results in a plume similar to the computational ones. The length scales required for volume
averaging to be successful are discussed and the possibility that this method is inappropriate

for describing coarse mixing is admitted.
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Chapter 1

Introduction

Nuclear power stations have at their heart a reactor where heat is generated by the fission of
the nuclei of uranium atoms. It is this which differentiates nuclear power stations from other
power stations. The reactor is cooled by passing a fluid through it. The heat transferred can be
used for electricity generation, usually via a heat exchanger acting as a boiler in a conventional
power generation circuit. A disadvantage of this is that great pains must be taken to ensure
that the fission products, and the ionizing radiation they produce, are isolated from the outside
enviroment; failure may be dangerous to life, both immediately and over many years, and
it would be difficult and expensive to remedy its effects. Because the hazards of radioactive
material are imperceptible and long lasting, nuclear reactors are strictly regulated; more so
than nearly any other sort of plant, even though the consequences of an accident might be
comparable e.g. the Bhopal disaster in 1984.

Until now all commercial reactors in the U.K. have used gas as a coolant. The first one
to use water is being built now at Sizewell in Suffolk and will employ the Pressurised Water
Reactor(P.W.R.) design shown schematically in Figure 1.1. The structure of the reactor core
is shown in Figure 1.2. A public inquiry under Sir Frank Layfield was conducted into the
introduction of this type of reactor (F.Layfield [1]). A major part of the inquiry concerned the
risk of release of radioactive material into the enviroment. The likelihood of this happening
may be estimated using probabilistic safety analysis (The Uranium Institute [2]). This is used
to evaluate a wide variety of safety risks. In its simplest form a probability is assigned to each
of the events which might lead to a certain conclusion. Event trees are then constructed and
the overall probability of an event calculated. A refinement of this model is that probability
distributions rather than definite figures are assigned to each event; these are then sampled

numerically to produce the overall probability e.g. by a Monte-Carlo method (T.G.Theofanous









et al [3]; I.Cook [4]). This is not an absolute probability, but a relative one that allows the
comparison of the likelihood of different trains of events (American Physics Society [7]) . A
reactor is judged to be sufficiently safe if the expected frequency of a release of radioactive
material is less than once every ten million years [1]. The difficulties in this method of analysis
are determining which events might lead to a release, and what their probability distributions

are. Events of particular concern are those following the melting of the reactor core.

1.1 Core Melting Accidents

A reactor core will melt if it is not cooled. This problem is particularly severe in water cooled
reactors because if the water is replaced by a gas the rate of cooling of the reactor is reduced
by several orders of magnitude. This might happen through the draining of the water from
the cooling circuit, or the vaporization of the water in the core if it stops circulating; causes of
these include a breach in the primary circuit (e.g. because of failure owing to crack propagation),
equipment failure, fire, malicious damage, or operator error or perversity. If cooling should cease
the nuclear reaction is stopped by inserting neutron-absorbing control rods fully into the core
and introducing borated water into the primary circuit to prevent the generation of more heat.

Even after the reaction has stopped the core still requires cooling because unstable reaction
products generate some heat, called decay heat. This cooling may be provided by the emergency
core cooling system which consists of accumulators, low pressure pumps, and high pressure
pumps. Despite the diversity of safety systems available it is possible, though unlikely, for
them to fail or be ineffective e.g. a station blackout would stop the pumps working, or if there
is a large breach in the primary circuit the accumulator water might merely drain out of the
primary circuit. If all should fail the temperature of the core will rise. The reactor is designed
so that natural convection by the coolant will remove significant quantities of heat; this will be
very much less effective if the coolant in the core is replaced by vapour through evaporation or
drainage (R.J.Dallman and R.B.Duffey [8]). If the core temperature exceeds 800°C convection
is further restricted owing to the zircaloy cans surrounding the fuel swelling and buckling,
obstructing the coolant channels. Once their temperature is about 900°C the cans will react
with steam to produce zirconium oxide, hydrogen, and heat. If the core temperature exceeds
1200°C then this reaction becomes violent [7]. The heat from the reaction exacerbates the
situation and the hydrogen produced is a notable hazard in its own right.

Once the core reaches a temperature of 1800°C the fuel begins to melt. The melted portion
of the core will coincide with the boundary between the liquid coolant and its vapour so that
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Figure 1.4: Schematic Diagram of the Melt-Through of the Lower Core Plate [9]

it will melt through the lower head, probably near these tubes as the head is thinnest there [8].
It will then fall onto the floor of the reactor containment and attack the concrete floor.

It takes about half an hour from the start of an accident for the core to start melting and then
about another half hour for most of the core to melt [7]. Even at that stage there is no danger
to anyone outside the reactor containment; unfortunately there is a phenomena which might
threaten this state. It is known by many names (steam explosion, rapid phase transformation,

and, inaccurately, fuel-coolant interaction) but I will call it the vapour explosion.

1.2 The Vapour Explosion

The vapour explosion can occur when a very hot liquid comes in contact with a cooler, volatile
one. It is a wholly physical phenomenon caused by the rapid vaporization of the cooler liquid
that leaves the chemical composition of the ingredients unchanged. Normally heat transfer from
a body at a high temperature immersed in a liquid is by film boiling!. The rate of heat transfer
from the body is small owing to the low thermal conductivity of the vapour. A vapour explosion
requires a high heat transfer rate, typically one thousand times that of film boiling; therefore
the hot liquid must fragment rapidly to increase the area of contact between the liquids, and

to allow them to come into direct contact with each other. Vapour explosions have occurred in

'i.e. When sufficient vapour is produced through boiling to envelop the body in a film of vapour.



many situations: metal casting, paper making, and in experimental nuclear reactors (L.C.Witte
et al [10]). They have also taken place when water and liquified natural gas have mixed, though
the mechanism of these is thought to be different from that in other situations (R.C.Reid [11]).

A vapour explosion is dangerous in a P.W.R. as it might provide enough energy to form a

missile from the degraded core and breach the reactor containment.

1.2.1 Experimental Investigations of Vapour Explosions

Accidents in aluminium foundries instigated the first serious investigation into vapour explosions
(R.Long [12]). This consisted of an exhaustive series of experiments (880) involving the pouring
of molten aluminium into a container of water at room temperature. The conclusion of these

was that three conditions had to fulfilled for a vapour explosion to occur:

e Molten metal must penetrate down to the bottom of the vessel: no explosions occurred if
the pour diameter was too small or if the melt was broken up on entry either because of

a large drop height, or because a grill had been placed over the water container;

e Some sort of trigger must occur when the molten metal is covering the bottom: explosions

were suppressed if the container floor was coated with grease or paint;

e The melt temperature at the container floor has to exceed a certain value: in the ex-
periments the deeper the water pool was, the hotter the melt had to be to precipitate a

explosion.

It was postulated that vapour explosions were caused by the entrapment of water between the
melt and the container floor, whose vaporization caused the jet of melt to fragment so rapidly
that vapour blankets did not form over the resulting drops of melt, so allowing very high rates
of heat transfer. Support for this came from experiments where only a small amount of water
was present (water depth less than two inches): no explosion occurred, but molten aluminium
was projected throughout the experiment’s surroundings.

That this is the sole cause of vapour explosions has been disproved by two sets of small scale
experiments. In the first (R.H.Bradley and L.C.Witte [13]) small amounts of various metals
were injected through a one sixteenth of an inch hole into water with a temperature of 24°C. The
metals used were Mercury, Arsorcolo-1582, a lead-tin alloy, and tin. All four metals violently
fragmented at high temperatures; at low temperatures they were quenched. There was also an

intermediate state where the metal expanded into a porous mass. A sinuous instability could

>An alloy with a melting point of 70°C which does not contract a great deal on freezing.
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be seen on the jet, but no extensive hydrodynamic break-up was observed. The front of the jet
was shrouded in vapour and explosions often occurred at the point where its apex met the jet’s
neck. Explosions occurred without the jet being anywhere near a wall.

The second set of small experiments consisted of the pouring of a small amount of tin
(twelve grammes) into water (F.A.Dullforce et al [16]). Ciné photography showed that there
was a dwell time of 10-200ms before an interaction would occur which repeated itself three
or four times with a delay of a few milliseconds between each cycle. An interaction would
only occur spontaneously when the melt and coolant had certain temperatures, as shown in
Figure 1.5. This regime was called the Temperature Interaction Zone (T.I.Z.). Using the
percentage of material fragmented as a criteria, the most violent explosions took place close to
the boundary of the T.I.Z., to the right of the apex of the regime shown in Figure 1.5. The
same distinction between violent and non-violent explosions as in [13] could be made.

There have been larger scale experiments involving kilogrammes of corium®. These include

the SUW and the WUMT series at what was AEE Winfrith (see D.F. Fletcher [14]), and the

3Corium is the name given to an alloy containing those metals found in a melted core.
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experiments performed in the FITS vessel at the Sandia National Laboratory (M.L.Corradini
[17], [6] and see .F.Young [18]). Explosions in these experiments were triggered by the impact of
the melt with the water pool’s floor or surface (or sometimes by both). They were occasionally
triggered at other times as well. Again an intermediate interaction was observed where the
fuel-coolant interactions were isolated and no shock waves or fine fragmentation were observed:
rather than a large, sharp pressure peak, a much flatter profile is produced. This sort of
interaction has been called a steam spike or an incoherent event as opposed to a steam explosion

or coherent event.

1.2.2 The Progress of a Vapour Explosion

In light of the above results, and unpublished information, a model for the vapour explosion in

a P.W.R. has been widely adopted e.g. D.F.Fletcher [19]. This has four stages:

1. Coarse Mizing: Sometimes called premixing. At this stage the hot and cold liquids mix
for a time of the order of one second. Vapour is produced by film boiling around the edge
of the hot liquid. This allows only low heat transfer rates so there is a negligible pressure
rise. It has been suggested that the typical configuration of the phases at this stage is
that shown in Figure 1.6. During this stage the melt is fragmented into droplets with a

diameter of 5-10 mm, each of which is surrounded by a stable vapour film.

2. Triggering: This is some sort of event that causes the local fragmentation of the melt. If
the melt and coolant have suitable temperatures then an explosion will be spontaneously
triggered owing to the film boiling around a liquid sphere being inherently unstable,
especially if it is close to the minimum film boiling temperature (S.J.Correll {20]). Al
ternatively an external trigger might be provided by the melt striking a surface, or by a

pressure pulse in the coolant from a small chemical explosion or another vapour explosion,
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or from some mechanical blow;

3. Propagation: Once triggered the rapid heat transfer caused by the fragmentation of melt
particles enables a detonation wave to propagate through the melt-coolant mixture. It
is sustained by the extra heat transfer caused by the hydrodynamic fragmentation of
particles in its path [17]. It may be at this stage that the steam spike differs from the
vapour explosion: if there is too little melt or too much vapour close to the trigger the
detonation wave will not be sustained. In a vapour explosion the thermal energy of the

melt is liberated over a period of a few milliseconds;

4. Ezpansion: Finally the high pressure vapour resulting from the explosion will do work

against the mixture’s confinement.

1.2.3 The Vapour Explosion and Nuclear Reactors

When considering the danger of vapour explosions in nuclear reactors it is important to dis-
tinguish between core melt accidents, as described above, and core disruptive accidents. The
latter was a major event in the Chernobyl accident, and also occurred in the destructive tests
of some experimental reactors, such as SPERT-1 [10]. At Chernobyl, owing to the behaviour of
the operators, the nuclear reaction was allowed to get out of control, causing a large and sudden
increase in the power produced by the reactor. In that reactor the fuel rods were encased in
ceramic and lay within the coolant channels. The power surge disintegrated the ceramic and
projected it into the coolant (J.Gittus [21]). The effect of this was similar to that when molten
metal fragments: the rate of heat transfer suddenly greatly increased and a vapour explosion
occurred. The effects of this were compounded by a hydrogen and a graphite fire. Such an
accident cannot happen in a P.W.R. as similar power surges are not possible and the geometry
of the core is completely different [21].

Whether it is possible for a core melt accident to cause a vapour explosion, and whether
it matters if it does, is a matter of some controversy. The only serious core melt accident
involving a large reactor occurred at Three Mile Island. In this, again mainly through operator
behaviour* the core melted and relocated to the bottom of the reactor vessel. No fuel-coolant
interaction occurred.

Some people think that it is impossible for major damage to result from a vapour explosion

(B.Pershagen [23]), while others (e.g.[1]) do not find the evidence for this convincing. The

*The only equipment failure was the sticking of one valve (The Uranium Institute (22]).
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major problem is that no one can predict with any degree of certainty what happens during
a core melting accident. Even in simple conditions the mechanism of the vapour explosion is
far from clear and this is compounded by ignorance about how the melt, the coolant, and the
structures within the reactor core will behave in a core melting accident. It is unlikely that a

satisfactory, mechanistic model will be formulated in the near future.

1.2.4 The Importance of Coarse Mixing

Because of the incomprehension described above, attempts to evaluate the risk to the contain-
ment of a reactor from a vapour explosion have revolved around energy considerations. If the
entire core melted there would be about 140GJ of thermal energy available. From small scale
experiments, such as the FITS series, the efficiency of a steam explosion is 1-2% [17]. The
maximum explosion efficiency is thought to be 4% [1]; therefore 1.4-5.6 GJ is available if the
entire mass of metal took place in the explosion. It is estimated that about 1.5GJ of mechanical
energy is required to breach the reactor containment; therefore, even if the explosion efficiency
was definitely correct, it would be uncertain whether it was possible for the reactor containment
to be breached. However it is far from assured that the efficiencies from such experiments can be
applied directly to a full-scale situation and it is not known how much of the melt participates
in the explosion.

To resolve the latter problem work has mostly concentrated on coarse mixing. This is the
least opaque stage in a vapour explosion because its time scale is long, making experiments
easier, and it is controlled by the processes of fluid dynamics and heat transfer, both of which
are mature disciplines. If coarse mixing can be adequately modelled then the maximum amount
of melt that participates in an explosion can be determined, provided that suitable triggering
and propagation models are available to estimate the proportions of melt, liquid coolant, and
vapour necessary to support an explosion. The mass, or a probability distribution of the mass,
available to participate in an explosion can then be calculated and hence the amount of thermal
energy available. From this it should then be possible to construct a conservative probability
distribution of the energy available to propel a missile at the reactor containment.

Unfortunately for this approach, despite the claims of some [9], the modelling of coarse

mixing has proved to be far from easy.
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1.3 The Modelling of Coarse Mixing

1.3.1 Experiments

Two clouds of ignorance hamper the modelling of coarse mixing. The first is uncertainty of the
situation that is to be modelled; for example, the form, and the quantity of melt that might
enter a water pool can only be speculated on.

The second is what processes are operating during coarse mixing. Little is known about
how a heavy, immiscible jet behaves, and even less if the jet is very hot as well. It was reasoned
that it should be possible to model such jets using the extensive body of knowledge concerning
hydrodynamic and thermodynamic processes.

A model of coarse mixing is required to estimate the distribution of the phases involved
and their length scales. Direct experimentation is difficult owing to expense, complexity, and
difficulty in instrumentation. There is also the danger from vapour explosions. The role of
experimentation is, therefore, to provide information about the processes that influence coarse
mixing, and to check the validity of theoretical models.

There is a dearth of data for the transient behaviour of jets of a hot, heavy liquid entering
another liquid. A widely used source is the FITS series of experiments [18], [17], [6]. However
in these experiments because the interior of the jet was shrouded by steam and peripheral melt
drops, no detailed information could be obtained; instead overall parameters such as mixture
depth, mixture volume, and vessel pressure were measured. On leaving its original container
the melt broke into particles with a diameter of 10-20 mm. It was not possible to estimate how
this size changed owing to detail within the jet not being visible, and other problems such as
the particles’ luminosity. However inspection of the debris left after the experiments suggested
that the final average drop size was 10mm+5mm if a vapour explosion did not happen. This
agreed with estimations made of the minimum particle size based on the size at which particles
would be swept from the vessel by the vapour. A vapour explosion reduced the final particle
diameter by about ten times.

An impression of the mixing of the three phases is shown in Figure 1.7. The results from
the experiments were correlated using a non-dimensional time T, based on the inertia of the

liquids, defined as:

1/2
r+ - Yy (5)3) (1.1)
dmo pm

where the subscript m refers to the melt, subscript w to the water, d,,,, is the diameter of the

melt drops when they enter the water pool and U, is the terminal velocity of the drop. This
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Figure 1.7: Impression of the Melt Outline in the FITS Experiments [18]

worked well for mixture depth, but was not so effective for mixture volume. However that may
be because of the difficulty in defining, let alone measuring, such a volume. It was stated that
less mixing was observed than in experiments where the material simulating the melt and the
water were both at room temperature (‘isothermal experiments’).

More recently the MIX series of experiments have been performed at Winfrith (M.K.Denham
et al [24]). In these about three kilogrammes of corium with a temperature of 3600K were
released into a pool of saturated water. The melt was broken up into drops with a diameter
between 1 and 10mm by passing it through a grid of carbon rods. The width of the jet
entering the water pool was varied by changing the length of a skirt through which the melt
passed. Observations of the melt front location and level swell are shown in Figure 1.8, and
measurements of melt front penetration are shown in Figure 1.9. In MIXAO01 and, to a lesser
extent, MIXA04, the jet was wide enough for the drops to occupy the entire width of the tank
and to be greatly retarded by the upflow of the steam generated. After some time Rayleigh-
Taylor instabilities developed and the melt front accelerated. The profile of the leading edge
of the narrowest jet (MIXA06) was similar to those observed during experiments in the FITS
vessel. No vapour explosions occurred.

The mixing of molten metal and water was also examined at the Argonne National Labo-
ratory in the United States (S.K.Wang et al, [25]). Wood’s metal was used with a temperature
of 600°C~750°C, which is high enough to cause film boiling. The experiments were performed
to test a theoretical model of jet break-up. The jet took the shape shown in Figure 1.10 where

a ‘head’ is formed at the stagnation point, and is followed by a column of material. Break-up
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Figure 1.10: The Shape of a Jet of Molten Wood’s Metal in Water [25]

occurs through the Kelvin-Helmholtz instability acting between the column and its vapour film,
and by boundary layer stripping of the head by the flow of the vapour. As these mechanisms are
controlled by vapour production they would be greatly influenced by a fuel-coolant interaction
somewhere on the jet. Provided the metal temperature exceeded 600°C the experiments and
the theory agreed quite well.

The difference between the behaviour of the melt in the FITS and MIX series of experiments
and those in [25] may have two explanations: in the Argonne experiments the metal was melted
using direct heat, while in the FITS experiments the melt was generated by a thermite reaction.
There is evidence that this can pressurize the melt, causing it to fragment on leaving the nozzle
of its container. In the MIX experiments the melt was forced to fragment. In addition molten
corium is much hotter than Wood’s Metal so the rate of production of vapour will be much
larger and encourage the break-up of the melt jet.

Mercury jets with the same temperature as the water pool into which they drop have been
examined (M.Gilbertson et al [26]), resulting in pictures such as those shown in Figure 1.11.
The shape of the jet is similar to that of the jets in the Argonne experiments. Other notable
features are the sinuous instability of the column at later times, and the widespread dispersion

of mercury drops in the lower part of the tank once the head of the jet has broken up.
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From the above it is apparent that a variety of break-up mechanisms operate on a liquid
jet. Many of these are poorly understood, as are the circumstances under which each operate;
therefore it is not possible to construct a good model of jet break-up. This is bypassed by
assuming that the melt is dispersed into individual, spherical drops before entering the water
pool, which is what happened in the FITS experiments. Further hydrodynamic fragmentation

of these drops could be modelled using a simple model derived from the FITS experiments:

= eX
dmo P

(1.2)

An alternative approach would be to use a Weber number based model.

1.3.2 Theoretical Models

Most work on modelling coarse mixing has been on the separated flow model. This describes
the behaviour of each component (or phase®) of a multiphase flow separately using conservation
equations for mass, momentum, and, sometimes, energy similar to those used for single-phase
flow. In these, terms describing the distribution of mass, momentum, and energy within each
phase and their transfer between phases have to be determined; these are known as constitu-
tive relations. Various numerical codes have been formulated to solve these equations. Little
progress has been made in improving the equations and effort has instead been concentrated on
increasing the sophistication of the codes used to solve them. A steady, one-dimensional model
and then an unsteady, one-dimensional model were solved first (S.G.Bankoff and S.H.Han [15]).
Later a two-dimensional, unsteady model was developed using the PHOENICS solver (see [19]).
A similar model which used a different solver is found in [9]. The problem with these is that
they cannot allow the water and the steam to slip relative to each other i.e. they must travel
with the same velocity. When slip was permitted in one-dimensional models, the results were
very different from those when it was not [14]. This led to the current generation of models
which are two-dimensional, unsteady, three-fluid models. Its main members are the Advanced
Fluid Dynamics Model (A.D.F.M.) (W.R.Bohl et al [27]), the Integrated Fuel-Coolant Inter-
action (I.F.C.I.) model [18], the PM-ALPHA code (W.H.Amorasooriya and T.G.Theofanous
[28]), and the CHYMES code (A.Thyragarja and D.F.Fletcher [29]).

An alternative approach was that of the WISCI model, based on the FITS vessel experi-

®Used here this does not necessarily refer to the physical phase of a component of a flow. Indeed sometimes
two different phases can be composed of the same substance in the same thermodynamic state; an example of
this is annular flow in a pipe where the film of liquid around the walls and the droplets in the middle of the pipe

may be treated as separate phases.
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ments. It used a Lagrangian approach where a packet of melt which has been dropped into a
water pool was followed. The character of the packet was determined using correlations from
experiments. Not surprisingly the model agreed well with some of the experimental data, but
not with others, and has since been discarded. It had two main failings: experimental cor-
relations were used to estimate the quantity of each phase present, though it was impossible
to estimate these with any accuracy from three-dimensional experiments; secondly a conical

geometry was imposed on the path of the melt, but a glance at Figure 1.7 will demonstrate the

folly of this.

1.3.3 The Validation of Codes

The improvement of the codes solving the equations of the separated fluids model has allowed
them to conform to most of the gross physical requirements of the physical situation. By
comparison of the results of one model with another for fixed test cases® the accuracy of the
numerical method used to solve the equations can be tested. However there are still uncertainties

about how well this model conforms to the physical process of coarse mixing. These include:

e whether the equations adequately describe the processes in coarse mixing;
o the form of the constitutive relations;

e the implications of the assumptions made in the derivation of the equations of the sepa-

rated flow model.

The importance of constitutive relations is shown in (D.F.Fletcher [30]) where the results of
the CHYMES and PM-ALPHA codes are compared for various constitutive relations. These
codes were developed separately but produce very similar results when the same constitutive
relations are applied. If the constitutive relations are changed then very different results are
produced.

To clarify these uncertainties it is necessary to appeal to experimental studies. This process
is called the validation of the numerical codes. While full-scale experiments are not practically
possible, and it would be difficult to acquire detailed results from them anyway, experiments
which have some of the characteristics of coarse mixing are performed instead. Provided that
they do not have any features that contravene the physical assumptions made in formulating
the codes it should be possible to use the codes to model the results from such experiments. The

comparison of the experimental results with those of a code can help to improve its equations,

® A process called verification. The test cases are theoretically based.
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and show what conditions must be fulfilled for it to be applicable to a problem. Care has to be
taken that the presentation of the experimental data is similar to that of the codes. Also the
experimental data should not be used to tune the numerical codes i.e. any refinements should
‘not apply peculiarly to specific experimental conditions.

The experiments described in this thesis were performed to contribute to the validation of
the CHYMES model, developed at the Culham Laboratory of AEA Technology (once the United
Kingdom Atomic Energy Authority). The organisation of the thesis is as follows: Chapter 2
will describe the derivation of the equations of the separated flow model; Chapter 3 will describe
the constitutive relations employed; Chapter 4 will describe the experimental arrangement and
programme; Chapters 5, 6, and 7 the experimental results; these are discussed in Chapter 8;
the results of the experiments are compared with those of CHYMES in Chapters 9 and 10;

Chapter 11 will discuss the use of the separated flow model to model coarse mixing and conclude

the thesis.

19



Chapter 2

The Separated Flow Model

Numerical models of coarse mixing solve the partial differential equations of the separated flow
model. ‘Separated flow’ in this case means that equations are written for each phase rather
than for a mixture of phases; it should not be confused with a physically ‘separated flow’ such
as annular flow in a pipe, though the model can be applied to such a situation. The model
treats each of the phases of a multiphase flow as a continuum, and conservation equations are
written to describe their motion. To call a field a continuum is to say that its properties vary
continuously through space, and that the properties of the field may be assumed to be uniform
throughout the smallest volume that can (or need) be resolved. If an instrument is used to
measure a property of a flow, the above volume would be that which contains just enough
of the mixture for the instrument to make a measurement. This assumption is analogous to
that made in single-phase mechanics: a real fluid is composed of discrete molecules and at a
molecular level is anything but a continuum; but, for most applications, the smallest length
over which variations in properties need be perceived is larger, by several orders of magnitude,
than the spacing between molecules and the fluid may be treated as a continuum [28].

It is also assumed that the phases are interpenetrating. This means that any volume in a
flow will contain all the phases and that the proportion of each phase is independent, within
limits, of the size of the volume. The amount of a flow occupied by a phase, k, is determined
by the volume fraction, a;. This may be defined as the volume of phase k enclosed by some

region in the flow, divided by the total volume, V, of that region,

Vi
A = ‘7 (21)

How the phases interact with each other, and how they behave internally, is described by the
constitutive relations. These are the only way information relating to the real, discontinuous

nature of a flow may be included in the model.

20



Because each phase is treated separately the model can be applied to a flow of any number
of phases with boundaries of any shape using identical equations to those in this chapter. Most
of the rest of this chapter will refer to a dispersed’, two-phase flow for ease of description.

It is possible to postulate the equations used by the separated flow model from the Navier-
Stokes equations by using, for example, an effective density axpr [29]. This is not a useful
method : it does not expose the limitations of the separated flow model, nor does it yield any
information about the necessary form of the constitutive relations. Instead a more fundamental

approach is described below.

2.1 Averaging

Averaging is the process by which the irregular nature of multiphase flow may be presented as
that of a continuum. The concept of averaging is familiar from the treatment of experimental
results where a result is found from the mean of several trials. This may be called the en-
semble average. Other averages may be found by averaging over space (averaging over three
spatial dimensions is called volume averaging and over two area averaging) or over time (time

averaging).

2.1.1 The Volume Average

The most important average that is used is the volume average. It may be defined as:

(weh = [ edV, (2.2)

i.e. a quantity, v, associated with phase k is integrated over that portion of a defined volume
of mixture, V, (called the averaging volume) containing phase k, and divided by V. Note that if
Yr = 1 then ((¢x)) = ai. But, as the model describes each phase separately, one is interested

in just phase k; therefore the local volume average is employed. This is defined as

1
(Yk) = Ve /;/k YidV. (2.3)
The two averages may be related using (2.1) so that
{(¥k)) = ar (i) (2.4)

Three of the length scales that may be defined are: S, the separation of regions of the dispersed

phase in the averaging volume; [,, the size of the averaging volume; L, the length scale over

'i.e. one where a phase is in the form of discrete particles within another phase
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Figure 2.1: The Effect of the Averaging Volume Length Scale upon the Measured Value of
Density in a Single-Phase Fluid [31]. In a Multiphase Mixture the Particles will be Analogous
to the Molecules in a Single Phase Fluid.

which it is necessary to perceive variations in the flow properties. Volume averaging is subject
to two limitations on these length scales.

The first has already been touched upon and is a result of the requirement that the phases
should be treated as continua. To appreciate this, imagine an averaging volume in a flow
consisting of phases j and k. Let this volume be infinitesimal initially, and then increase in
size. If it is not situated within the phase being averaged, k, then any averaged quantity will
be zero at first. As it grows it will encounter regions of phase k and the averaged quantity will
acquire some value. At first it will fluctuate violently with increasing V as new particles are
encountered by the averaging volume and the number of particles partially within the averaging
volume is significant compared with the small number wholly enclosed by it. As V increases
further the effect of the partially enclosed particles decreases until it appears that the averaged
quantity is changing smoothly with averaging volume size. It is desirable that the separated
flow equations are generally applicable to a flow; the averaged quantity must be independent
of local variations in the spatial distribution of particles. For this to be true then the particle

spacing length scale must be small compared to the averaging volume length scale i.e.

Sp < 1. (2.5)

The situation is analogous to the definition of a continuum in a fluid. There the particles are
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molecules and their properties, such as their mass, are averaged within a volume to give overall
properties such as density. Density represents the same thing as particle volume fraction in
a multiphase mixture. The effect the size of the averaging volume has upon the value of the
averaged property is shown in Figure 2.1. If (2.5) is satisfied the averaging volume will be large
enough to lie to the right of point X; if not then the averaging volume will correspond to a
point to the left of X. Note that in air at standard pressure and temperature a control volume
that lies between points X and Y contains around 3 x 10'° molecules (G.K.Batchelor [31]).
The second limitation is that significant variations of averaged quantities should not be
eliminated. In other words the averaged quantity should be independent of small variations in
the size of the averaging volume and its contents approximately uniform. If this is so then an

averaged property should be independent of further averaging [29] i.e.

(0N = {(#))- (2.6)

where the parentheses indicate that two averaging operations are carried out. Now imagine
an averaging volume within a dispersed, two-phase mixture whose centroid coincides with the
origin of a coordinate system z;,7 = 1,2,3. If ((¢)) is expanded as a Taylor series, using the
repeated index notation?,
. {52
(o = (oo 2 (PRON) mi (D100 ) b 2.7)
where the subscript 0 means ‘evaluated at z; = 0’ i.e. at the centre of the averaging volume.

Averaging (2.7) results in [29]

(o = (o (o) L[ sy 4o 25)

The second term of (2.7) disappears because of the coincidence of the origin of the coordinate

system and the centroid of the averaging volume. If the approximations

l/ ziz;dV = O(L2) (2.9)
V /v,

and

_0 <<<¢>>> (2.10)

are used then

() ~ () + O (’v%‘f”) (2.11)

%i.e. all terms with a subscript represent the addition of that term over the system’s axes.
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therefore for (2.6) to hold

l, < L. (2.12)

In Figure 2.1 if this condition is not satisfied the averaging volume will correspond to a point
to the right of Y.

The average defined by (2.3) is derived from (2.4); therefore condition (2.12) will apply to
it as well. For the averaging process to be useful the averaging volume should be of a size so

that it lies between points X and Y on Figure 2.1.

2.1.2 The Area Average

An area average is defined as [29]

. 1
Y(2,3) = 5 - YrdA (2.13)

where the subscript (2,3) refers to the (2,3) plane in an orthogonal (1,2,3) space. Usually it is
used to replace the volume average in flows whose properties depend upon only one spatial co-
ordinate, but it has also been used for the derivation of equations of flows with more dimensions

by combination with the time average.

2.1.3 The Time Average

Multiphase flows are often treated in a similar manner as turbulent flows by being time averaged.

The time average is defined as (E.J.Hinze [33])

1 t+to
el = [ vt ey (2.14)

Like the size of an averaging volume, the value of ¢y is constrained: it must be large compared to
the time that the phase being averaged is not present at a point, and it must be small compared
to the time scale over which the overall behaviour of the flow changes significantly.

R.Panton [34] used the time average in conjunction with the area average for a pipe flow.
It was commented that the combination of averages places a new constraint on the flow that
stipulates that the distribution of particles over the section of the pipe must be uniform. This
is to be expected because time averaging an area average effectively converts it to a volume
average: the averaging volume will be a slice taken through the pipe with a thickness equal to
the phase’s velocity multiplied by the averaging time. To comply with (2.12) the distribution
of particles within this slice must be sufficiently uniform to avoid masking variations in the

averaged quantities.

24



The time average is most useful on its own for flows where the value of averaged properties
do not vary over space and, in combination with the area average, for flows where the flow
properties vary significantly only in one direction.

S.Bannerjee and A.M.C.Chan [35] considered it necessary to both volume and time average
to eliminate discontinuities in time. This operation is not necessary. The reason given for it is
that whenever a particle enters an averaging volume a discontinuity is introduced which must
be eliminated; but the reason for volume averaging (or area averaging in one-dimensional flows)
is to ensure that the effect of these discontinuities, is negligible compared with that of the
average value; therefore after volume averaging the flow should appear to be continuous. If a
discontinuity arrives at a point or area at a certain time, this discontinuity must have travelled
through preceding points at earlier times i.e. if a discontinuity is present within the flow at any
time it will be visible in space; it will not suddenly appear. As volume averaging eliminates
discontinuities in space then none can exist in time either; therefore, if volume averaging has
been performed time averaging is unnecessary for the formulation of the equations for the

separated flow model. The converse is also true.

2.1.4 Ensemble Averaging

A quantity measured in an experiment will often appear to have significantly different values
during different trials under the same conditions. In the absence of a systematic error the mean
value of this quantity will converge to a constant over many trials. The mean, otherwise known

as the ensemble average, may be defined for some quantity v as [29]:

1 N
W30 8) = 1 3 halx ) (2.15)
WY 0) = [ v, w)du(e). (2.16)

where ) denotes the set of all possible outcomes of an experiment, w is a particular outcome,
and p(w) is its probability distribution.

The ensemble average has sometimes been used to derive averaged equations for the sepa-
rated flow model e.g.[35]. This is not a satisfactory method as it does not relate the averaged
terms in an equation to the physical behaviour of a flow, nor give any indication of what the
constitutive relations should be. Ensemble averaging also suffers from the same limitations as

volume averaging. For example, the separated flow model equations were derived using ensem-
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ble averages in [36] (D.D.Joseph and T.S.Lundgren). In this an indicator function®, y4(z, t), is
defined as

0 if (z,t) lies within a particle
Te(z,t) = (2.17)

1 if (z,t) lies within the fluid.
Phase k is defined as a continuous fluid, and {7} is identified with a,, and {1 — 74} with a,,.
This identification is incorrect; for example, if a perfectly repeatable experiment with a single
sphere moving in a fluid was performed, then at any point along its path at the appropriate

time {7} would equal one. Clearly the particle volume fraction can never be this.

The form of the equations obtained by ensemble averaging is the same as that which results
from volume averaging where a weighting function is applied (R.Jackson and D.A.Saville [37],

T.B.Anderson and R.Jackson [38]). The weighting function, g(r), where r is the radial distance

from a point at which the average is evaluated, must have the following properties [38]:

g(r) is positive;

g(r) decreases monotonically as r increases;

g(r) tends to zero as r tends to infinity;
e g(r) is normalised such that 4= [;° g(r)r2dr = 1.

The Gaussian distribution function satisfies the above conditions when the averaged quantity
varies randomly from some mean value in different flows under the same conditions . The use
of the weighted average is subject to the same length scale restrictions as the unweighted
volume average [37], [38]. This suggests that ensemble averaging is a way of weighting volume
averaging and suffers from the same restrictions on length scales as volume averaging. If a flow
was observed several times, subject to the same nominal conditions, it would be expected that
the value of volume averaged quantities would vary randomly about some mean. This would
allow the identification of an ensemble average with a volume average and conforms with the
usual intention when ensemble averaging is employed: to obtain experimental results that may

be compared with those of a theoretical model.

2.1.5 Averaging and Coarse Mixing

Any of the averages described above might be applied to a general conservation equation to
obtain an expression that describes the distribution of some quantity associated with a phase,

though some are more suitable than others.

3This is described more fully in Section 2.2.
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The flows in coarse mixing will be at least two-dimensional if they act anything like liquid
jets; therefore area averaging is not suitable, either on its own, or in conjunction with the time
average because it would not be possible to define an area over which the properties of the jet
do not vary a great deal.

Ensemble averaging is not very useful because of the difficulty of relating averaged quantities
to a physical basis unless the distribution of particles is wholly random or volume averaging is
performed first.

The time average and the volume average may be interchangeable. The time average is
most suitable for steady flows where there is a significant spatial variation in properties, and
the volume average for the opposite situation. Most numerical codes, including CHYMES, are
Eulerian; therefore the flow in most places will be unsteady as the plume of particles passes

them. Volume averaging is then the most suitable method for modelling coarse mixing.

2.2 The Volume Averaging of Derivatives

Averaged equations should be composed of averaged variables if they are to be useful rather
than averaged functions, such as derivatives, of variables. It is then necessary to find a method
to allows the conversion of the latter to functions of averaged variables. The derivatives that will
be present in the separated flow model equations are those of space and time. The discussion
below follows the method found in W.G.Gray and P.C.Y.Lee [39]. There are alternative methods

e.g. J.C.Slattery [40], but all have a similar result.

Generalised Functions The separated flow model is based on the assumption that any
quantity associated associated with a phase (even a particulate phase) forms a field throughout
the whole flow. In other words the value of a property at any time of a small portion of a flow
is solely determined by its position, not on the presence of that certain portion of material;
that just provides material with which the field is associated. A discontinuous distribution
of a property is converted to a continuous one by averaging. The averaging process depends
only on the phase that is being averaged; it is independent of the contents of the intervening
space, several other phases could occupy that space, or just one. In the following discussion
the subscript k denotes the phase that is being averaged and the subscript j denotes whatever
might occupy the surrounding medium. This situation is ideal for the application of generalised
functions and the method described in [39] relies upon their use. Detailed information about

them may be found in Lighthill [41]. One such function is the Heaviside step function, defined
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as
0,z < a
H(z,—a) = (2.18)
1,211 Z a
in an orthogonal coordinate system (zi, 3, z3). Its derivative is
dH(:Bl — (l)

o = 81— a) (2.19)

where §(z) represents the dirac delta function evaluated at x. If a section is taken through a

one-dimensional multiphase mixture an indicator function may be defined
‘)‘k(.’l)l) = H(:Bl - ao) - H(I)l - bo) + H(:cl - al) - H((Ul - bl) + - (220)

where a refers to a transition from phase j to phase k and b refers to the opposite. This is
exactly the same as the indicator function defined by (2.17).
After differentiation

d‘7k(231)

o 6(z1 — ao) — 8(z1 — bo) + 6(z1 — ar) — 8(zy — by) + - -. (2.21)

In a three dimensional mixture where n; is the unit normal at a boundary pointing from phase

k to phase j and

ad 0 d
Py + l(‘?:cz + &62:3 (2.22)

V. =1

—

if similar expressions in the z, and z3 directions to (2.21) are used

V. 7e(2z) Z nb(z — z; (2.23)

where 2, is the coordinate of the boundary between the phases.

Now consider the coordinate system shown in Figure 2.2. An averaging volume is located
at £ with respect to some fixed coordinate system. z acts as the origin of a local coordinate
system, £, which is used to locate points within the averaging volume. The size and shape of
the averaging volume is assumed to be independent of time and space. For such a system (2.4)

may be written as

1

7 [n & 0w+ & ndv (2.24)

() =

2.2.1 The Average of a Space Derivative

Using the method in [39], from (2.24)

(V) = 35 [ [TV (2.25)
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(2.28) are equated,
1

is obtained. Sk 4+ A;, forms a closed surface; therefore

[ vemds + [ dindd =0, (2.30)
Sk Ak

whence

V() v /,k Yen,dA. (2.31)

2.2.2 The Average of a Time Derivative

Again, as in [39], from (2.24)

Using the chain rule, (2.23), and assuming that the size and shape of the averaging volume are

<<a¢k>> (b)) — ‘/ ,/,k?l'zdv (2.33)

The total derivative of vy, with respect to time is

independent of time,

ﬂ _ e  dz O  dzy 0y, dezg Ok
dt 0t dt Oz, dt Oz, dt Jza
Ok
= 37 + wy - Ve (2.34)

where w;, is the velocity of the interface between the phases. V1, only exists at a phase
boundary so the integral with respect to volume in (2.32) may be transformed to one with
respect to surface area. If an observer was positioned on the boundary no change with time

would be discernable; therefore
L

= 2.
7 0, (2.35)

Substituting (2.35) into (2.33)
O \\ _ () 1
<<W>> = " Vij Yrw - n,dA. (2.36)

2.3 The Averaging of Conservation Equations

The conservation equation of some property 1 is

Oprtr

s + V- petheu = V- @, + pibs (2.37)

where Qk is the non-convective part of the flux of ¢, and 8 is its specific rate of production.
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If the equation is volume averaged using (2.3) or (2.24),

<<apgt¢k>> + (V- petrwe)) = (X 9,)) + ((Pwbk))- (2.38)

To solve this equation it is necessary to express it in terms of individual averaged variables

rather than as averages of products or derivatives of variables. Applying (2.27) and (2.36)

gt<<”’°¢k>> + V- ((prdrewr)) = V- ((8,)) + ({pbk))

1
+~/ Wi — U -ndA+—/ -y dA 2.39
V Prbr(W,p — w) Vi, PrD, - T (2.39)

Converting volume averages to local volume averages using (2.2)

%ak(pkt/)k) + V- ar(pethr) = V- ak(d, ) + ar(pkbi)

1
+ v ‘/:4,7: Prdr(w;p — ug) - npdA + v /Aﬂc PrD, - nidA. (2.40)

This is still not in a useful form because of the products of quantities enclosed by averaging
brackets. As in single phase fluid mechanics further simplification may be made if it is assumed
that all the phases are incompressible; this eliminates all the products except for that in the
second term of (2.40), ¥,u,. A result of the continuum assumption is that the value of 9 is

nearly uniform in the averaging volume. Any property ¥, may then be defined as

Ve = (e) + U} (2.41)

where 9} is the variation of v, from (1, ) over space and where, by definition, (;) = 0. It can

then be shown that [34]
(Yrug) = (i) () + (diwr); (2.42)

hence (2.40) may be written in terms of averaged variables so that

aatakpk<¢k> + V- apr((n) (we) + (Wiuk)) = V- ar(g,) +

akpk<0k + _‘/ d)k(w]k — uk) nde + ?/_kL % . ﬂde (2.43)
7k

2.3.1 The Conservation of Mass

For the conservation of mass ¥, = 1, 6 = ¢, = 0; therefore (2.43) becomes

0 , 1
kYo = / (wjr — ug) - nydA (2.44)
at ‘ Ajk
because (1}) = 0. Note that
: Pk
jk
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where T is the rate of conversion of mass from phase j into phase k per unit volume of mixture;
therefore, if the three phases present in coarse mixing are denoted by m (melt), w (water), and

s (steam), the equations for the conservation of mass are:

%o 4T () = 0 (2.46)
at
P 9. () = - (2.47)
ot YATw Pw .
0% | 9 (aylu,) = T (2.48)
at A Ps )

2.3.2 The Conservation of Momentum

For the conservation of momentum v, = u; and 6, = g. ¢, is the stress tensor for phase k, o;;

its definition is problematic and controversial, and is dealt with in Section 3.1.

From (2.43)
0 . %
aakpk@k) + V- appr((we ) (wg) + (wrug)) = —axViay) +
Pk Pk
a +——/ u (w, —u -gdA——/ oL -n.dA. 2.49
kPkLY v 4 k( 7k k) k % e kT ( )
Setting
Pk
F l_tk(_uljk — uy) - nidA, (2.50)

P A .k - —
™m7 V Ajk

i.e. the force per unit volume of mixture owing to the conversion of phase j to phase k, and

b1
M_jk = vLik Qkﬂde, (2.51)

i.e. the momentum transferred from phase j to phase k, the resulting equations are:

d

Eampm(y_m) + V- ampm((gm><—um> + <y:ny-:n>)

= _vam<gm> + amPmg + MLm + M—Im (252)

0 bty + ¥ - topul () (1) + (uhus,))

Jat
= —Vay(o,) + awpwg — MY, — M —F_.. . (2.53)
a * *
ézaap.,(u,) + V- a,p((u,)(u,) + (uyu;))

= —VC!,<Q8> + Qg9 — M—lm + M‘La + E'rhwa (254)
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2.3.3 The Conservation of Energy

The steam and water fields are assumed to be isothermal and saturated; therefore provided the
pressure field does not vary a great deal and velocities are not very high, these do not require
conservation of energy equations. In the case of the melt if mechanical processes are negligible

compared with thermal ones v,, = emy 9, = 4, and 6, = 0; thus, from (2.43),

0

o Cmpm{em) + ¥ - apm{(em) ) + (€5,05,)) =
V.an(g )+ Pm g -n,dA. (2.55)
m V Amw m

Because the initial melt temperature is very high in coarse mixing (about 3000K), its change
in temperature while mixing should be small compared with the initial temperature; therefore

because the fluids are assumed to be saturated (g_) is a constant. Hence, as

Pk .
v " q_ - nagdA = my,hyg (2.56)
for saturated fluids, the melt energy conservation equation is

0ampm{em)
ot

V- Gmp({em) (tn) + {€tiin}) = tuahsg. (2.57)
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Chapter 3

Constitutive Relations

The equations (2.46)—(2.48), (2.52)—(2.54), and (2.57) and the constitutive relations o, M j,
F.. .. and m,,, constitute the separated fluids model used by numerical codes such as CHYMES.
The constitutive relations introduce the detail of a system into the model. For example in an
annular flow of water and air, the gas core would be one phase and the water cylinder enclosing
it another. To apply the separated flow model it would be necessary to define terms for the
stress distribution in each phase and the momentum exchange between them at their interface.
The flow of particles in a fluid has a complicated nature so simplification is necessary to provide
workable relations. In coarse mixing it is possible that the flow might consist of melt particles
in a churn flow there is a comparable amount of water and vapour present, or of all three phases
in similar amounts. In such cases the flow is practically indescribable at present. The discussion
will be therefore restricted mostly to a situation where the particles of one phase are moving
within another single, continuous phase.

The separated flow model demands the satisfaction of the length scale inequalities (2.5) and
(2.12) so that the size of the averaging volume is large compared with the particle spacing, but
small compared with the length over which averaged variables change significantly. The actual
value of a variable at any point may differ from the averaged one owing to local conditions,
but these should average out over the averaging volume; therefore the constitutive relations
may be evaluated by considering a single particle in a fluid, both of which have the average
characteristics of the material in the averaging volume and multiplying the result by the number
of particles. The number of particles in an averaging volume is equal to the volume occupied
by the particles divided by the volume of a single particle so that the number per unit volume

of mixture is

0 6ay,
p 3
7rdp

(3.1)
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3.1 The Stress Field

The definition of the stress fields and their relation to M ;. is controversial. This discussion
will begin with a review of the definition and evaluation of the stress field within a single phase

flow, taken from the description in [31).

3.1.1 Stress in a Single Phase Flow

Stress in a fluid is a result of short range forces between molecules. In this case ‘short’ means
small compared with the distance over which changes in the flow properties can be discerned.
It can be shown that stress may be expressed as a symmetrical tensor, the diagonal terms of
which represent the stresses normal to the surface of an element of fluid and the off-diagonal

terms the tangential stresses; hence stress can be written, in index notation, as
0i; = —pb;j + d;; (3.2)

where d;; is called the deviatoric stress tensor and §;; is the Kronecker delta function®. p is
defined as the mean normal stress with the sign reversed; under certain circumstances it can be
identified with the thermodynamic property, pressure, but here only the mechanical definition

will be used. After consideration of transport theory for simple shear it is assumed that

auk
dz] — Az;kl%{ (33)

where A;;k; is a tensor dependant on the local state of the fluid and symmetrical about i and

j- If the fluid is isotropic? it can be shown that
dij = 2ue;; + ;L,,A6ij (3.4)

where p, u" are scalar constants, e;; is the symmetrical part of du;/0z;, and A is the rate of

expansion of the fluid e, = V - U. For an incompressible fluid ey, = 0; therefore at any point

Ou; Ou;
oij = —pbij + 1 ((%. + 8::1-) (3.5)
7 1

3.1.2 Stress in the Continuous Phase

(3.5) can be applied directly at any point in the continuous phase of a multiphase flow. The

deviatoric stress tensor is difficult to handle because it is dissipative rather than conservative

'6:;=1if i=j, and =0 otherwise.

%i.e. the deviatoric stress tensor generated in an element of fluid by a given velocity gradient is independent

of the orientation of the element.
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in nature; hence Gauss’s theorem cannot be applied because what is happening at the edges
of the averaging volume may bear no resemblance to what is happening inside it; therefore
shear stresses are often neglected. This is equivalent to assuming that the continuous fluid is
potential flow, though effects caused by viscosity at the phase boundaries, such as separation
from the particles, may be incorporated through M, provided the relative velocity between
the particles and the surrounding fluid is large, and the boundary layers present within the low
are small compared with the particle spacing. Nevertheless attempts have been made to devise

terms to represent shear stress. For example, in [42](M.Ishii) the shear stress in the continuous

fluid is given as

r = ug (V) + (TN + s " (Vap(U,) + (U,) Varp) (3.6)

af
where (U,) = (U,) —(Uy) and b is called the mobility of the continuous phase and tends to zero
with a, and is equal to one if the interface is regular and not greatly affected by phase change.
There is no experimental evidence for (3.6) and it greatly complicates the model; therefore it
is neglected.

If the continuous fluid is incompressible and viscosity is neglected the averaged stress field

is

~

(ag) = as(ps)L. (3.7)

The gradient of this stress is

Vigs) = a;V(ps) + (ps)Vay (3.8)

As discussed in the next section on page 39 the second term of the above expression is often

neglected by taking into account the effect of the pressure field on the particles so that

Vios) = afVips) (3-9)

A similar result can be obtained by lumping the term dependent on the gradient of a; in with
the momentum exchange term M;f (D.A.Drew [49]); but if this is done the expression used to

evaluate the latter term must be able to take into account this force.

3.1.3 Stress in the Dispersed Phase

Modelling stress in the dispersed phase is less straightforward. In some models exactly the
same approach as for the continuous phase is taken e.g. [42]. The simplest definition of pressure

in the dispersed phase is that in a bubbly or droplet flow the pressure within the bubble is
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approximately the same as the pressure without provided the surface tension is low [42]. The

stress in the dispersed phase is similar to (3.8) so that

V<gp> = apV(py) + (ps) V. (3.10)

It has been a matter of controversy whether there is a force dependent on the volume fraction
gradient (i.e. whether the last term of (3.10) exists) (A.Prosperetti and A.V.Jones [43]) or even
whether a fraction of it should be included (W.T.Sha and S.L.Soo [44]). Arguments for each
case have been obscured by attempts to force the separated fluids model into specific situations,
and by the importance of the term to the stability of numerical codes. A result of such ad hoc
approaches is that terms may be neglected if they are not obvious, or the same elements may
appear in different terms and be counted twice.

There is a fundamental difficulty in applying the model of stress in a single phase fluid
to the dispersed phase of a multiphase flow: the particles do not really form a continuum
they just act like one; the pressure within one particle should not directly affect the motion
of other particles. A set of hollow spheres might be imagined. Their motion, and that of the
surrounding fluid, would be the same if the interior of all the spheres contained fluid with the
same pressure or if each contained fluid with different pressures in different spheres; there must
be some mechanism that allows the transmission of stress throughout the particulate phase if
stress is to have any meaning. Some have denied that any transmission occurs and have left
any sort of stress term out of the momentum equation for the particulate phase (J.D.Murray
[45]). This is not quite correct as there are two mechanisms that might allow the transmission

of stress: collisions between particles, and transmission through the continuous phase.

The Effect of Particle Collisions If the particles are not rigid if they collide they will
merge with each other and act as a continuum. Similarly such particles can break up as well.
If agglomeration occurs the change in size and shape of the components of the flow will affect
the constitutive relations.

If the particles are rigid collisions will involve the transfer of momentum. The estimation
of this is difficult as it requires the determination of the relative velocity between particles at
a given time and place. The transfer would not be significant unless there are large random
components in the particles’ velocity or the particles are close together. The momentum transfer
owing to these has sometimes been modelled as the turbulent dissipation term (U U;). An
obvious origin for fluctuations is a turbulence field in the continuous fluid whose length scale is

larger than the particle diameter, but this will only be important for small particles with a low
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inertia. (U U>) is thought to be zero in a sedimenting flow; this is discussed further on page 40

and in Section 3.1.4.

Transmission of Stress through the Continuous Fluid In the absence of collisions par-
ticles can only influence each other through the continuous fluid lying between them. This will
manifest itself in the stress at the surface of each particle which is modelled by the term M }k
in the momentum equations. It is possible to demonstrate the origin of the term containing

pressure, a,Vpy, in most sets of momentum equations derived for the separated flow model,

including those solved by CHYMES.

Let the stress around the surface of a particle be divided into two parts:

o, - equal to the stress variation within the bulk fluid and which does not reflect the presence

of individual particles;

g, - the perturbation in the bulk fluid stress field near the particles owing to their presence

and movement;

therefore

t 1

MM—WZA”%+QJA (3.11)
Defining
1
M - — a dA (312)
M, ¢ gy
P 4 Apf

and neglecting shear stress in the bulk fluid,

1
t
My, =My - /A fpfﬂpdA. (3.13)
b 4

The sign convention is that normals which point into the particles and momentum transferred
from the particles to the continuous fluid are positive. When considering o, the particles may

be replaced by spheres of fluid because its value is independent of the presence of the particles;

therefore

1 1 &
1 ndA= - Zj{ n,dA. 3.14
vV Lpf p.f-—P V — A; Py P ( )

For each of these spheres because ps changes slowly in space

py = (pe)(z;) + (2, — z;) - Vi(py) (3.15)

where g, is the position of the centre of the ith sphere of fluid, and z, is the coordinate of a

point on its surface. If the identity

7{4_(;_8 —z;)-n,dA =V, (3.16)



is used [43] then
1 n
My, = My~ 3 Ve Vipy). (3.17)
1=1

Assuming that Vp; is nearly the same for all the particles within the averaging volume as

required by (2.12)

M!, = My — a,V(py). (3.18)

which, if (g,,) is assumed to be zero as in [45], are the terms commonly found in the separated
flow model equations.

Similar steps can be followed in the continuous fluid. If the overall stress field in the liquid
is independent of the presence of the particles then the stress should be averaged over the entire

averaging volume, not just over the fluid so that as in [45]

(o) = (ps)L. (3.19)
By Newton’s Third Law _M_}p = ~le so that in the fluid’s momentum equation using (3.19)
and (3.18)
- <V0'f> + M}p - "V<Pf> - Mpf + apv<pf>'
= —asV(ps) - M. (3.20)

The pressure field in the continuous fluid will only be independent of the presence of the
particles if they are very small and dilute because the fluid pressure will depend on the fluid
motion and if that is significantly affected by the particles then so will be the pressure field. In

such a case a; will be nearly equal one anyway.
In [43] the particles dissected by the boundary of the averaging volume were considered very

carefully. A result of this was the inclusion of an extra term

-V (ap(pw))

where p,, is the average pressure on the particles’ surfaces. Unless the surface pressure is very
different from the volume averaged pressure (for example, if the particles’ size is changing, or

the velocity between the bubbles and the liquid is very large) this term will be small.

Alternative Definitions of Stress in the Particulate Phase The description of stress in
the particulate phase has suffered from a confusion in the definition of ‘pressure’. For example,

in [46] (R.C.Givler) pp was taken to be equal to the pressure disturbances caused by the motion
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Figure 3.1: Measurements of the Relationslip between Particle Pressure and Fluid Velocity in

a Gas- Fluidised Bed [48]

of a sphere. From viscous flow theory it was estimated that for an isolated sphere with a very

low Reynolds number (less than about 0.5)

9
m:m+§w@f. (3.21)

It is claimed that the right hand term represents the force necessary to overcome the inertia
of the fluid displaced by the particle, a task usually undertaken by an added mass term. It is
misleading to call this ‘pressure’ as it is not concerned with the transmission of stress through
the particulate phase.

An alternative definition of particle pressure is presented in [47](S.L.Passman). It is argued
that the definition of particle pressure in (3.18) causes the equations to be ‘ill-behaved’. To
prevent this the flow field’s properties should be incorporated into the definition of particle
pressure, but this is infeasible owing to its complicated nature; therefore, as in the kinetic
theory of gases, particle pressure is defined as the momentum flux of the particles crossing a
plane. This idea is taken further in [44] where a particle temperature is defined which is then
used to define various properties of the particulate phase such as pressure and viscosity. In [48]
(C.S.Campbell and D.G.Wang) particle pressure, when defined in this way, was measured in a
gas fluidised bed. An example of the pressures measured is shown in Figure 3.1. The point of
minimum pressure corresponds with that of minimum fluidisation, which is equivalent to steady
sedimentation. The subsequent rise in pressure is caused by large bubbles forming in the bed.

The minimum pressure was thought to be actually zero though it was not measured as this
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owing to measurement difficulties®. This definition of particle pressure is not connected with

the stress field and is actually about estimating the effect of particle fluctuations (see page 37);
in the absence of these the above definition would eliminate particle pressure from the separated

flow model equations.

3.1.4 Stresses Caused by Turbulence

The stress caused by turbulence (also known as the Reynolds stress) is represented by the term
(UpUy) in the momentum equations. The traditional way of modelling Reynolds stress in a

single phase fluid (e.g. see [32]) is to define an apparent viscosity, p?, such that
ps{UsUT) = —py (N(Uy) + (L(U))°)- (3.22)
This model can be extended to multiphase flows e.g from [49]
pr{UUS) = pp (V(Uyg) + (VU)Y) + agl + by (U, (U ) (3.23)

where ay is the induced eddy ‘pressure’ and by is associated with the passage of particles. From

a cell model? it can be estimated that

ar = épfl.UJI2 (3.24)
by = —p—zf (3.25)

and
(ULUL) = O (%w;u;)) . (3.26)

This model suffers from the same problems as the expression for shear stress in that it causes
complication but it has not been verified by any experimental data.

An attempt has also been made to derive a term for Reynolds stress using the cell model
(G.A.Arnold, D.A.Drew, and R.T.Lahey [51]), but results in a very long and practically useless
expression.

In [50])(C.Pauchon and P.Smerka) it was postulated that
(UU,) =0 (3.27)
and from the calculation of potential flow around a sphere in a current with a velocity gradient,

(U303 = —=(U,)% (3.28)

>The point of minimum fluidisation varied with position in the bed and its height was significantly smaller

than the size of the diaphragm used to measure particle pressure.

“This is where a representative particle is surrounded by a sphere of fluid and the flow in the sphere is ensemble

averaged over all possible positions of the particle within the sphere.
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These are not useful because the fluctuations here are caused by the deviation of the fluid
velocity from its average value owing to the presence of the particles, not by turbulence; (3.28)

is analogous to the second term of (3.21).

3.2 Momentum Transfer

Of all constitutive relations it is those which govern momentum transfer that have had the
most attention. Unfortunately this involves a large amount of complicated behaviour because
momentum transfer is a result of the stress fields in the flow which vary a great deal and are

established by a number of ‘microscopic’ processes which cannot be calculated exactly.

3.2.1 The Motion of A Single Particle

A common approach to the modelling of momentum transfer is to select terms that are analogous
to those in the equation of motion of a single particle; various modifications are then made to
allow for the real conditions within a multi-phase flow. The equation of motion of a single,

small, rigid sphere falling through a viscous, incompressible, quiescent fluid may be written as

(R.Clift et al [52], M.R.Maxey and J.J.Riley [53])

xD3  dU, xD3 v, 3, t 4
=y P _ —ps)——g — — ChompPt—b — = V t—de. (3.
6 Pp di (Pp = py) 6 g —3nDpsvUp — Cavmps dt 2D PV TV /;0 Vi—¢ e. (3.29)

This only applies to particles whose Reynolds number is less than one and can be solved exactly

[53]. It is thought that the form for higher Reynolds numbers is similar (T.S.Tsuji et al [56])

so that

D3 dU, nD3 1, dU, v R

= 0 () - Cpe - — Cymps P —CgD?psy/ /——“—d 3.30
§ P g = (Pp—Pt) 9~ CpooypsUs = Comps -, O pvmv | e (3-30)

where the coefficients Cpeo, Cym, and Cg are found empirically.

The various terms on the right hand sides of (3.29) and (3.30) can be identified with certain
forces. The first term is buoyancy®, and the second term is the drag on the sphere. In (3.29)
the exact form for a particle with a very small Reynolds number (< 1) is shown in (3.30) the
term is in a more general form where Cp, is the drag coefficient.

The third and féurth terms account for the forces owing to the transient motion of the

particle, virtual mass and the Basset force respectively. Virtual mass® is the force required to

*In this case, and in the future,the term ‘buoyancy’ means‘the difference between the weight of the particle
and the water it displaces.’

6Otherwise known as added mass.
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accelerate the fluid displaced by the particle as it moves. In an inviscid flow for an isolated
sphere C gym is equal to 1/2 (T.B.Benjamin [54]). The Basset force takes into account the
history of the sphere as it falls through the fluid (A.B.Basset [55]). Its form in (3.29) is exact.
At high Reynolds numbers the magnitude of these forces can be significantly affected by the
behaviour of a particle’s wake. From dimensional analysis it can be shown (T.S.Ternkin and

S.S.Kim [57]) that C,,, and Cy depend on the density ratio p,/p,, and the acceleration number

_ dy dU,
T Udt’

(3.31)

However they also depend on the nature of the acceleration because of the interaction between

the flow and vortices shed from the wake: in an oscillating flow the acceleration of the particle

increases the overall force on it while in a non-oscillating flow the opposite happens [56].
Experiments where p,/p; = 7.72 indicate that provided the flow was not oscillating a simple

model may be used to model the transient effects such that (P.R.Schéneborn [58]):
¢ Cpo equals that in a steady flow with the same Reynolds number at any time;
o Cym=0.5;
e Cyg=0.

These will not be accurate in an oscillating flow [58] and there is no indication of the range of

A, to which they might be applied.

3.2.2 The Form of M, used in Numerical Models

(3.29) and (3.30) apply to a single, rigid particle falling through a quiescent fluid. If the fluid
is not quiescent their form is much more complicated, even at low Reynolds numbers [53]. In
CHYMES the virtual mass force is neglected as well as the Basset force to simplify the coding.
If metal particles are falling through water a 6% error is introduced to the calculation of a
particle’s acceleration.

The melt particles in coarse mixing are likely to have Reynolds numbers much greater than
one because of their density and size; therefore the inertial forces on a particle will dominate
its motion and the drag will be independent of its Reynolds number. The drag coefficient
formulation” will then be suitable for expressing the drag force.

The form of the drag term used in numerical models is often arbitrary and not connected

with that for a single, isolated sphere; an example of such an expression is (F.H.Harlow and

"Which is effectively the ratio of the drag force to the inertia of the fluid moved by the particle.

43



A.A.Amsden [63]):

2
3 p'pkL'Lk 1 1

M = ajag~Cpo—2— — 4+ — | |U; = U|(U; - :

M = sk 40P s L+ puly \Ln T 1) 1057 UrlUi = T) (3:32)

where L; and L are the length scales of phases j and k. One of the reasons this equation is
liked by numerical analysts is that it gives the ‘correct behaviour’ where M, teﬁds to zero,
and the influence of each term evaluated as either phase becomes dilute. For many flows this
does not happen; an example is if the particles are rigid oy cannot be less than its value when
they are tightly packed. If the particles are not rigid their shape and size would change to
such a degree that the assumptions of the separated flow model would be breached. There is,
therefore, nothing to be gained in having this limit. No physical evidence is quoted to support
the form of (3.32).

(3.32) is not now commonly used and a more physical approach is taken instead. The drag

on a single, isolated particle is well known and given by

1 wD?

—pi—Cpoo|UU...
2pf 4 D l-—rl—r

If this is applied to the average particle discussed at the beginning of this chapter and the result

multiplied by the number of particles per unit volume, n,%, then

Cpoo
M SCp

Mo = 4 d, PuwQmy (U, )(U,). (3.33)

The a,, is included when three phases are present to prevent the drag between the particle and

the water being calculated if the melt collects in a pool.

3.2.3 The Effect of Flow Conditions

(3.33) may be applied in a model with Cpoo equal to that for an isolated sphere dropping
through a quiescent, boundless fluid with a given Reynolds number (Figure 3.2). For Reynolds
numbers of between about one hundred and one hundred thousand the drag coeflicient is 0.44
(52]. In a real multiphase flow there will be a number of other influences on the drag experienced
by individual particles. ‘Drag’ here means the overall force experienced by a particle owing to
the stress distribution over its boundary caused by its motion relative to the surrounding fluid.

In particular two influences may be important: that of the tank walls, and that of other particles.

The Effect of the Tank Walls It is well known that the boundary of even a very large vessel

can affect the motion of a particle falling within it (J.R.Strom and R.C.Kintner [61]). Only for

*Given by (3.1)
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Figure 3.2: The Relation of the Drag Coefficient of an Isolated Particle to its Reynolds Number
(B.S.Massey [59]).

very low Reynolds numbers can suitable modifications to Cpo, be found analytically because of
the importance of wakes if they are higher (S.Uno and R.C.Kintner [62]). Further uncertainty
exists if there is a group of particles whether the walls interact only with the particles closest to
them, or with the whole group; therefore the effects of the sides of the tank are ignored though

they may be significant.

The Effect of Other Particles The motion of a particle in a multiphase flow will be affected
by the influence the presence and the motion of other particles has on the flow. Much of the
data that allows the behaviour of particles in a group to be evaluated has been provided by
experiments on fluidised beds; fortunately it has been shown that the behaviour of beds near
the point of minimum fluidisation® is the same as that for a sedimenting bed (J.F.Richardson
and W.N.Zaki [64]).

It is assumed that the drag coefficient formulation can be used for a particle within a
uniform, sedimenting bed. If this is compared with the formulation for a free falling, isolated
particle then

U

Cp = Cpwo (i)z (3.34)

®i.e. when the force exerted on the particles by the fluid nearly matches their weight. If the fluid velocity is

increased beyond this point the particles will start to move within the bed
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where U, is the terminal velocity of an isolated particle, and Cpo, is its drag coefficient. The
velocity ratio in (3.34) can be found exactly for particles with small Reynolds numbers. One
approach is to treat a cloud of particles as a porous bed (H.C.Brinkman [65]), and another is
to treat the cloud as a liquid with a high viscosity (P.G.W.Hawksley [66]). One more method
is to postulate that a particle’s velocity is a function of the average velocity gradient, and a
characteristic length scale and then find the velocity ratio from a force balance (H.H.Steinour
[67]). This was verified by the results of experiments on particles with a very low Reynolds
number (about 2.5 X 10~3). These are not very useful in coarse mixing because they cannot be
applied to particles with a large Reynolds number.

An approach which can be related to the motion of larger particles may be found in[68]
(J.M.Burgers) and, in an improved manner, in [69](G.K.Batchelor) for particles with a low
Reynolds number. The modification to the velocity of a sphere owing to the presence of a given
configuration of particles is evaluated and integrated over the domain of all possible positions
to give the ensemble averaged velocity. The domain must contain many particles, and the mean
difference between the individual velocity of each particle and the average velocity must equal
zero [69]; in other words the length constraints (2.5) and (2.12) must be obeyed. The result of
this is

U,

~L =1- 3.35
Ut 1 kak ( )

where k=6.88 [68], or 6.55 [69] to an accuracy of order a}. It is assumed that the fluid flow
satisfies V2U2 = 0, that the cloud of particles is homogenous, and that the positions of the
particles are wholly random. The assumption that particles are randomly positioned may not
be true in real flows, even if the particles are very small. It was suggested that this was the
reason why k was measured experimentally as 3.77 (J.M.Han and G.M.Hansley [70}).

It is not possible to calculate U,/U, directly for larger spheres (i.e. where the Reynolds num-
ber is greater than one) as the introduction of inertia into the equations makes their solution
very hard, and such particles will have wakes whose structure is complicated and unpredictable;
therefore experimental data must be relied upon. In [64] from dimensional analysis and exper-

imental data it was found that
U» ne
7= (1 - ap)*! (3.36)
where n=4.65 if Re; < 0.2, or 2.39 if Re, > 500, or is given by various correlations for
intermediate Reynolds numbers.
In [71] (A.D.Maude and R.L.Whitmore) (3.36) is derived by considering the increase in

velocity of the water flow through a suspension owing to the conservation of mass. n accounts
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for the uneven distribution of the increase in flow around sedimenting particles and is dependent
on the drag coefficient and Reynolds number of an unhindered particle falling. This would
support the theory that the formation of any flow structure will affect the distribution of the
increased flow. After comparison with correlations for a single body it was postulated that
n for high Reynolds numbers should be half that for low ones. The theory agreed well with
Richardson and Zaki’s measurements.

An accurate correlation for n was deduced from the amalgamation of a large number of

experimental results taken from several papers (J.Garside and M.R.Al-Dibouni [72]); it is

5.09 —
;jﬁ% = 0.104Re%87, (3.37)

The drag coefficient can then be found from the combination of (3.34) and (3.36) so that
Cp = Cpoo(l — ap) 21, (3.38)

This may then be substituted into (3.33) to evaluate the drag force between the particles and

the surrounding fluid.

Note that if (3.36) is expanded as a Taylor series and n=k+1 then, to the O(a,), (3.35), for
small Reynolds numbers, and (3.36), for all Reynolds numbers, are similar.

It has been shown for two stationary cylinders standing in a flow strong forces exist between
them if they are within about five diameters of each other (see Figure 3.3, and M.M.Zdravkovich
[73]). Experiments with spheres show that they experience similar forces ([56], K.C.Lee [74],
P.N.Rowe and G.A.Herwood [75]). If a cylinder, or sphere, lies in front of another, the range of
its influence is large. It is difficult to be more accurate than this owing to the very complicated
nature of the wake.

The melt particles are likely to have Reynolds numbers between one thousand and ten
thousand so their wakes will be open and turbulent. Each wake will consist of two regions:
the primary wake, where vorticity is generated and which will follow the particle closely, and a
turbulent secondary wake that will be left far behind the particle (L.Fan and K.Tsuchiya [76]).
The detailed structure of the wake is complicated and not very predictable. The best thing that
might be said is that a particle will leave a region of turbulence behind it whose mean velocity
will be in the same direction as that of the particle, but less than it. It is this that causes the
reduction in the drag of a particle when it is following another.

A result of the strong forces between particles with high Reynolds numbers is that they can

give rise to highly ordered motion; for example two particles can have a regular cyclic motion as
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Figure 3.3: The Direction of the Force Experienced by a Cylinder if placed near the One Shown
(73]

they fall if one is following the other, and very stable structures can form, such as a line abreast

of particles (A.F.Fortes et al [77}). The formation of such structures may affect the value of n.

3.2.4 The Effect of Film Boiling on Drag

When a very hot particle drops through water it will be enclosed by a vapour film. Over the
front portion of the particle the vapour film is thin and might be assumed to be part of the body
of the melt particle. Even though the steam film will move relative to the particle’s surface,
the momentum exchanged should be small because of the low density of the vapour; therefore,
provided that the cavity of steam following the particle is not very large, the particle and
steam film may be modelled as a single entity behind which vapour bubbles (i.e. particles) are
forming. The drag on this entity should be slightly reduced because the vapour layer will shield
the sphere’s surface from the liquid and reduce surface friction. In addition as the sphere’s
temperature increases the vapour layer becomes thicker and increases the apparent buoyancy
of the particle.

M., has to be modified to account for these. Experiments indicate that the drag coefficient
is reduced by about 7% for a sphere free falling in saturated water with a temperature of about
500°C (D.H.Cho and G.A.Lambert 78], Y.Zvirin et al [79]). A similar reduction occurs in forced
convection, except at higher relative velocities where it is larger [79]. A reasonably accurate
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