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Abstract

Recent advances in deep learning have been significantly propelled by the increasing
availability of data and computational resources. While the abundance of data enables
models to perform well in certain domains, there are real-world applications, such as in
the medical field, where the data is scarce or difficult to collect. Furthermore, there are
also scenarios where the large dataset is better viewed as lots of related small datasets,
and the data becomes insufficient for the task associated with one of the small datasets.
It is also noteworthy that human intelligence often requires only a handful of examples
to perform well on new tasks, emphasizing the importance of designing data-efficient
Al systems. This thesis delves into two strategies to address this challenge: meta-
learning and symmetries. Meta-learning approaches the data-rich environment as a
collection of many small, individual datasets. Each of these small datasets represents
a distinct task, yet there is underlying shared knowledge between them. Harnessing
this shared knowledge allows for the design of learning algorithms that can efficiently
address new tasks within similar domains. In comparison, symmetry is a form of
direct prior knowledge. By ensuring that models’ predictions remain consistent despite
any transformation to their inputs, these models enjoy better sample efficiency and
generalization.

In the subsequent chapters, we present novel techniques and models which all aim
at improving the data efficiency of deep learning systems. Firstly, we demonstrate
the success of encoder-decoder style meta-learning methods based on Conditional
Neural Processes (CNPs). Secondly, we introduce a new class of expressive meta-
learned stochastic process models which are constructed by stacking sequences of
neural parameterised Markov transition operators in function space. Finally, we
propose group equivariant subsampling/upsampling layers which tackles the loss of
equivariance in conventional subsampling/upsampling layers. These layers can be

used to construct end-to-end equivariant models with improved data-efficiency.
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Chapter 1

Introduction

1.1 Motivation

Recent breakthroughs in deep learning can be largely attributed to the vast amount
of data available and the advancement of computational resources [Deng et al., 2009,
Raina et al., 2009, Silver et al., 2016, Jumper et al., 2021, Brown et al., 2020a]. While
training on large datasets enables deep learning models to excel in certain tasks, many
real-world applications only provide limited data for a specific task. For instance, in
medical fields, obtaining data, especially for rare diseases, is challenging and often
expensive. In drug development or recommendation systems, there will always be
insufficient data for new drugs/users, even though abundant data exists for other
drugs or users. Therefore, to apply deep learning to these fields, it is vital to develop
systems that are data-efficient. Moreover, for advanced Al systems, data-efficiency
can be a crucial ingredient: Firstly, Al systems should be able to generalize beyond
specific data distributions without relying on data; for instance, an image recognition
system should recognize objects regardless of their position or orientation. Secondly,
human intelligence can often solve new tasks with just a few examples. Thus, for Al

to emulate human-like intelligence, it should also have such capability.

From a Bayesian perspective, learning involves updating our beliefs about a model
(represented by ) given the data, i.e. p(6|Dgata). For a model to learn efficiently from
a small amount of data, it’s important to start with a good initial guess or "prior" p(6).
In this paper, we look at two directions to obtain such prior for data-efficient learning:

The first is meta-learning, which learns the prior (or the shared knowledge) from



similar tasks. It can be understood as "learning to learn more efficiently". The second
is symmetries in deep learning, which serves as a known prior for certain problems.
Symmetry, a fundamental concept in physics, represents a form of prior knowledge

that is ubiquitously observed throughout our physical world.

Meta-learning tackles a specific scenario in which the vast pool of data can be viewed
as many small datasets, each representing a distinct task. Yet, these tasks contain
underlying shared knowledge that can be harnessed to address new tasks within the
same category. This scenario is prevalent in many applications. Take, for instance,
an online retail company with data from customers worldwide. The data associated
with each user is typically sparse. In this context, predicting behaviours for each
user constitutes an individual task, but patterns among different users often exhibit
similarities. Meta-learning algorithms are designed to handle such circumstances. The
goal of meta-learning is to learn data-efficient learning algorithms that can later be
applied to a particular task. The training data for meta-learning comprises numerous
related tasks, each with a limited set of data points. After the meta-learning phase,
the learned learning algorithms can solve a new task in a data-efficient manner. In
contrast, the aim of conventional supervised learning is just to learn a predictive

model.

Meta-learning problems can be tackled from various perspectives, and these ap-
proaches can be understood through different viewpoints such as optimization-based ap-
proaches[Ravi and Larochelle, 2016, Finn et al., 2017a], metric-based approaches|Koch,
2015, Vinyals et al., 2016, Sung et al., 2018, Snell et al., 2017], and model-based
approaches[Santoro et al., 2016, Mishra et al., 2018, Garnelo et al., 2018a], among
others. Note that these views are not exclusive. For example, methods such as
prototypical Networks [Snell et al., 2017], MAML [Finn et al., 2017a], ML-PIP|Gordon
et al., 2018] etc. can be reformulated under a model-based framework that uses an
encoder-decoder setup. In this setup, the encoder produces a task representation
using training data, and the decoder then makes predictions based on the task rep-
resentation. These approaches transform the meta-learning challenge to resemble a
regular learning problem involving sequences, and it is also more computationally
efficient if no gradient computation is involved in both the encoder and the decoder
like CNP-type models [Garnelo et al., 2018a]. Our study in Chapter 3 explicitly
adopts this encoder-decoder framework for meta-learning. By using a functional task

representation, and iteratively updating the representation directly in function space,



we demonstrate that encoder-decoder approaches without gradient information can

also be competitive with other approaches, which has not been shown before.

Furthermore, because training data for each task in meta-learning is often limited,
uncertainty estimation becomes crucial. Stochastic Processes (SPs) (e.g. Gaussian
Processes (GPs)) can be used to make predictions with uncertainty estimation. Thus,
learning these processes can be seen as a way to approach meta-learning with uncer-
tainty in mind. In Chapter 4, we propose a new framework to construct expressive

neural parameterised SPs by parameterising Markov transitions in function space.

Unlike meta-learning above, which discovers shared knowledge from related tasks,
symmetry serves as a direct form of prior or inductive bias, integrated into deep
learning models without the need for pre-training. Symmetries refer to transformations
that maintain certain properties of an object of interest unchanged. These include
transformations such as image translation, rotation, or permutation of set elements.
By incorporating these symmetries into deep learning models, ensuring that the
outputs remain consistent (the same or undergo the corresponding transformation)
despite input transformations, the model inherently generalizes to transformed inputs.
Consequently, deep learning models equipped with these symmetries not only become
more data-efficient but also generalize better. A simple example of this is Convolutinal
Neural Networks (CNNs), which are invariant to input translations for classification
tasks, and perform significantly better compared to plain feed-forward networks.
Earlier research has introduced many methods to build convolutional [Cohen and
Welling, 2016, 2017, Cohen et al., 2019] and attention blocks [Hutchinson et al., 2021,
Fuchs et al., 2020] that are equivariant w.r.t. to various symmetries. However, the
pooling layers or subsampling/upsampling layers commonly used in various deep
learning architectures break these symmetries [Zhang, 2019]. In Chapter 5, we present

group equivariant subsampling/upsampling layers that have exact equivariance.

1.2 Thesis outline

In Chapter 2, we provide a short introduction to meta-learning, neural processes and

symmetries in deep learning, to set the stage for later chapters.

In Chapter 3, we introduce an iterative functional encoder-decoder method for su-

pervised meta-learning, which is based on Neural Processes (NPs) |Garnelo et al.,



2018a,b]. On standard few-shot classification benchmarks like minilmageNet and
tieredImageNet, it is demonstrated that meta-learning methods based on the neural
process family can be competitive or even outperform gradient-based methods such as
MAML [Finn et al., 2017a] and LEO [Rusu et al., 2019].

In Chapter 4, we introduce Markov Neural Processes (MNPs), a new class of Stochastic
Processes (SPs) which are constructed by stacking sequences of neural parameterised
Markov transition operators in function space. Therefore, the proposed iterative
construction adds substantial flexibility and expressivity to the original framework of
Neural Processes (NPs) without compromising consistency or adding restrictions. Our
experiments demonstrate clear advantages of MNPs over baseline models on a variety
of tasks. It’s noteworthy that SP models can be viewed through a meta-learning lens.
So the proposed method can also be seen as a meta-learning approach with principled

uncertainty estimation.

Chapter 5, we first introduce translation equivariant subsampling /upsampling layers
that can be used to construct exact translation equivariant CNNs. We then generalise
these layers beyond translations to general groups, thus proposing group equivariant
subsampling/upsampling. We use these layers to construct group equivariant autoen-
coders (GAEs) that allow us to learn low-dimensional equivariant representations. We
empirically verify on images that the representations are indeed equivariant to input
translations and rotations, and thus generalise well to unseen positions and orienta-
tions. We further use GAEs in models that learn object-centric representations on
multi-object datasets, and show improved data efficiency and decomposition compared

to non-equivariant baselines.

In Chapter 6, we summarize our findings and explore potential avenues for future

research to further advance the field.

1.3 Papers

This is an integrated thesis and includes the following published papers:

Chapter 3 contains:

Xu, J., Ton, J. F., Kim, H., Kosiorek, A., & Teh, Y. W. Metafun: Meta-



learning with iterative functional updates. International Conference on
Machine Learning (ICML), 2020 [Xu et al., 2020]

Chapter 4 contains:

Xu, J., Kim, H., Rainforth, T., & Teh, Y. (2021). Group equivariant sub-
sampling. Advances in Neural Information Processing Systems (NeurIPS),
2021 [Xu et al., 2021]

Chapter 5 contains

Xu, J., Dupont, E., Mértens, K., Rainforth, T., & Teh, Y. W. (2023).
Deep Stochastic Processes via Functional Markov Transition Operators.

Advances in Neural Information Processing Systems (NeurIPS), 2023 [Xu
et al., 2023]



Chapter 2

Background

2.1 Meta-learning

2.1.1 Conventional supervised learning and meta-learning

In conventional supervised learning, the objective is to learn a function f that maps
an input feature vector x € X to an output label y € ). Learning is based on example
input-output pairs in a training set Diyain = {(Xi,y;) }1~;. Common types of supervised
learning tasks include regression where output labels are real-valued, and classification
where the output labels represent different classes. The function f, often referred to

as the predictive model, is a member of a hypothesis class,

H = {f|f(x;0),¢ € R%}.

For each task, there is a risk function ¢(y, f(x)) which measures prediction error. As
an example, in the context of a regression task, ¢ often takes the form of a squared
error, {(y, f(x)) = (y — f(x))®. The training process of the model f translates to

solving an optimization problem defined as follows:

R R 1

f =argmin R(f; Diyain) = arg min — Zﬁ(yi, f(xi)). (2.1)
fer fen - m i—1

It is called empirical risk minimization because this objective is an estimation of

the population risk Ex, .y, )~pxy) [l (¥, f(X;))] based on the empirical distribution of

training data.



After training, the model should generalize effectively when presented with a test set,
denoted as Diest = {(Xi,¥;) }emi1- The model’s performance can be assessed using
the test risk R( f; Diest) Which serves as an estimate of the overall population risk

using unseen data.

Input features Context labels Target labels
Meta-training set Meta-test set
Y ca
Context Dy
Target | ca ?
Ty To Ts T

Figure 2.1: Data for a meta-classification problem. Both the meta-training and
meta-test sets consist of tasks (red rectangles) and are presumed to come from the
same task distribution p(7). Each of these tasks encompasses its own task-specific
training and test sets, which are commonly referred to as the context (yellow labels)
and the target (grey labels) respectively.

In practice, it is common to have scenarios where lots of supervised learning tasks
are related to each other, yet the number of data points for each individual task is
limited. Meta-learning emerges as a new learning paradigm to address such challenges.
Specifically, we have a meta-training set defined as My = {(DY. DY) (UL
and a meta-test set given by Mey, = {(Dgim, DY), K(j))}é\’: w41+ Bach element in these
meta-datasets is a tuple consisting of a training set (called the context), a test set
(called the target) and a risk function (typically the same within a meta-dataset). This
3-tuple characterizes a task 7; (see Figure 2.1 illustration). In supervised learning,
we use training data to train a predictive model, hoping it can generalize across the
entire data distribution. In meta-learning, the assumption is that there is a common
task distribution, denoted as p(7), from which both the meta-training set and the
meta-test set are drawn. Meta-learning algorithms aim to use meta-training data to

discover learning algorithms that can generalize across the entire task distribution.

More specifically, a learning algorithm for a supervised learning task takes in a training



set Dirain, & risk function ¢ and outputs a predictive model, written as:

A~

[ = ®arco(Dirain, £)- (2.2)

Since ¢ is usually fixed, we will omit the dependency on it in subsequent discussions.
For a particular task, the learning algorithm ®,rqo can be evaluated by the test risk

of the learned predictive model, denoted as:

R(f: Dyest)- (2.3)

Meta-learning finds a learning algorithm based on tasks from the meta-training set
Mrain, SO that this learning algorithm can be more efficiently applied to new tasks,
and generalizes across the task distribution p(7). The meta-learning algorithm can

be represented as:
(I)ALGO = MetaAlgO(Mtrain)- (24)
To evaluate the meta-learning algorithm, we can compute:

1
N-M

N
3" R(®Parco(Di,, (9); D). (2.5)

J=M+1

Lieta(Parco; Miest) =

While it resembles the test loss in supervised learning, the aggregated test risk for a

task replaces the traditional risk function for a data point.

It is worth noting that while we focus on supervised learning tasks here, meta-learning
can be extended to unsupervised learning [Edwards and Storkey, 2016, Reed et al.,
2018, Hsu et al., 2018] or reinforcement learning [Wang et al., 2016, Finn et al.,
2017a,b].

2.1.2 Different views of meta-learning

Bi-level optimization view Let us assume both the predictive model f and the
learning algorithm ®Apqo can be parameterised, and the parameters are denoted as ¢

and @ accordingly. That is to say, the learning algorithm can be written as:

¢ = ®aLco(Dirain; 0). (2.6)



Meta-learning can be formulated as the following bi-level optimization problem:
1 & A
mein Emeta(e; Mtrain) = Hleifl M Zl R(ij (Q>’ Dt(ggt) (27)
]:
where task-specific parameter ¢; depends on 6 through the inner-loop optimization:

;(0) = Parco(DY, :0) (2.8)

Many meta-learning algorithms are developed based on this bi-level optimization view,
such as Finn et al. [2017a], Nichol et al. [2018], Ravi and Larochelle [2016].

Hierarchical model view From a probabilistic perspective, the generative process

for each task 7; can be expressed as:

0~ p(6), d; ~ p(6;10), vy ~ p(y? x"¢;,0) (2.9)

Both the training set Dgim and the test set Dgggt follow the same distribution (as
illustrated in Figure 2.2). This can be seen as a probabilistic hierarchical model where
¢ indicates the high-level global parameters for all tasks and ¢; denotes the low-level
local parameters for each task. In this context, meta-learning is about inferring 6
from lots of tasks in the meta-training set, that is p(6|Myam). Learning, on the other
for task 7;, that is p(¢j|9,D(j) ).

train

hand, infers ¢; given the training set Défiin

20

Figure 2.2: Meta-learning as hierarchical models (A remake of Figure 1 in Gordon
et al. [2018]). Task-specific parameter ¢; depends on the global parameter §. Data
points in both the context and the target have the same generative process, which
depend on both ¢ and ¢,.

Note that p(¢;|f) can be seen as a prior for task 7; conditioned on 6. Therefore,
meta-learning can be seen as learning an empirical prior from the meta-training set.
Finn et al. [2018], Requeima et al. [2019] adopts this view.

9



Model-based view A learning algorithm f = ® 1,60 (Dirain) can be seen as a function
that takes in the entire training set and outputs a predictive model. The model is then
used to make predictions on test data in Die:. The learning and prediction processes
can thus be conceptualized as sequence-to-sequence mappings. For the sake of brevity,
let’s use a concise notation for data sequences, such as xi., = {x1,x%2,...,x,}. For a
specific task 7;, making predictions for test set data points based on those from the

training set can be described as the following inference task

p<ym+1:n|xm+1:naXl:m;Yl;m)- (210)

From this perspective, meta-learning is about creating this conditional model. Meta-
learning only differs from conventional supervised learning in that both the inputs
and output labels are data sequences. In order to formulate this sequence-to-sequence
model, one can harness attention mechanisms, as in Mishra et al. [2018]. When the
predictive model is parametric, ®a;,co outputs the parameters ¢. Then conditioned on
¢, the predictive model generates predictions. In this case, Parco and f can be seen
as the encoder and the decoder. And ¢ serves as the latent variables. This viewpoint

is embraced by NPs [Garnelo et al., 2018a,b].

2.1.3 Common approaches to meta-learning

From various perspectives on meta-learning, diverse approaches have been developed
to tackle these problems. To provide an overview, we roughly categorize previous
work into optimization-based, metric-based, and model-based approaches. However,
it is worth noting that these categories are neither exclusive nor exhaustive. Some
methods may not fit neatly into these categories, while others can be understood

through multiple lenses.

Optimization-based approaches Deep learning models are trained with backpropa-
gation, and first-order optimizers such as Adam optimizers [Kingma and Ba, 2014| are
employed to optimize the training objectives. However, such optimization algorithms
are designed to optimize over a large number of training examples, and they also
cannot converge within a few optimization steps. Optimization-based meta-learning
methods learn optimization procedures over lots of related tasks such that the learned
optimizers can be applied to a new task to handle a small training and converge within
a few steps. In particular, one idea is to learn the updating rule of optimization with

neural networks. Ravi and Larochelle [2016] uses Long short-term memory (LSTM)

10



to model the updating rules where the updates of the cell states are analogous to
the gradient-based updating. Instead of learning the entire optimization procedures,
Finn et al. [2017a] finds that learning a good initialization can already solve lots of

meta-learning tasks and this approach is both simple and efficient.

Metric-based approaches Metric-based meta-learning is based on comparisons.
This is similar to some nonparametric supervised learning methods such as K-nearest
neighbours. During the meta-learning phase, metric-based methods learn how to
compare. During test time, the learned comparison metrics are used to make predic-
tions. The comparison is often via a pairwise comparison function k¢ which measures
the similarity between input features of two data points ky(x,x’). Notable examples
of metric-based approaches include siamese neural network|Koch, 2015], matching
networks [Vinyals et al., 2016], relation networks|Sung et al., 2018|, prototypical
networks [Snell et al., 2017], etc.

Model-based approaches Recall that under the model-based view in Section 2.1.2,
the task of making predictions for tests inputs x,,11., based on training data xi.,,,
Y1i.. can be described as modelling/inferring p(y,, 1., Xm+1:n: X1:m: Y1.m)- Lherefore,
from this perspective, meta-learning transforms into a traditional supervised learning
task where both inputs and outputs are sequences. Santoro et al. [2016] delves into
this by treating learning and prediction as akin to storing and querying within a
neural memory. Meanwhile, Mishra et al. [2018| employs attention networks to model
these sequence-to-sequence mappings. Recently, the neural process family [Garnelo
et al., 2018a,b, Gordon et al., 2019, Bruinsma et al., 2021] adopts an encoder-decoder
framework to infer such conditional distributions on sequences (see next section for
details). In particular, when permutation invariance/equivariance of training/test sets
are considered, these sequences can be treated as sets, and neural networks e.g. deep
sets [Zaheer et al., 2017], set transformers [Lee et al., 2019a] that maps from sets to

sets can be employed in these methods.

2.2 Neural processes

The NP family [Garnelo et al., 2018a,b, Kim et al., 2018, Gordon et al., 2019] provide
more adaptable and scalable alternatives to the conventional nonparametric SPs such
as GPs. A SP is a (typically infinite) collection of random variables, whose distribution

can be indirectly defined via marginal distributions over arbitrary finite subsets of

11



these random variables. NPs use neural networks to parameterise these marginal
distributions while guaranteeing the Sp is properly defined. Enhancing NPs remains

an active area of research.

2.2.1 Stochastic processes

A SP can be considered as a random function F' : X — ) where inputs can be regarded
as indexing the output random variables. This random function f maps inputs x € X
to outputs y € ). It is difficult to define a proper density directly in function space,
but a SP can be indirectly defined via a collection of marginal distributions, denoted as
{Pxro, (V1) }xrexn. Kolmogorov’s Consistency Theorem states that the Sp is properly

defined if these marginals satisfy the exchangeability condition:

Pxin (Y1:n) = pﬂ'(xlzn)(ﬂ-(ylln)) = pxwu) ----- X (n) (yﬂ’(l)’ s 7y7r(n))’ (211)

and the consistency condition:

pxl:m(yl:m) = /pxlzn(yli’n) dmerl:n V1 S m<n. (212)

2.2.2 Neural processes as stochastic processes

A NP [Garnelo et al., 2018c¢| characterizes a SP by providing a collection of exchangeable
and consistent marginal densities, which are parameterized by neural networks. These

marginal densities take the form below:

P 3100) = [ o) [T N wilio(x.2).0%) 2 (213)

In this equation, z is a latent variable capturing dependencies across data points. The
term N (y;|ug(xi,2),0?) models the conditional distribution of each output y,, given
z and the corresponding input x;. Both py(z) and puy(x;,z) can be parameterized by
deep neural networks. This factorized expression of the marginal density corresponds
to a conditional version of de Finetti’s Theorem. In fact, it can be proved that the

marginal density of a SP can always be expressed with this factorisation.

For two arbitrary subsets of data points: a context denoted as D¢ = {(x;,y;) %1,
and a target denoted as Dy = {(x;,¥;)}i_,n41, the conditional density p(D7|Dc) :=

Pxomitomxtom Ymi1m|Y1am) can be computed. Notably, the collection of conditional
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distributions, {Px,., 1.nlx1m (Ymaim|Y 1:m) g1 Satisfies both exchangeability and con-
sistency, and thus defines a valid posterior SP. Many NP applications essentially
revolve around computing these conditional distributions. Under the formulation in

Equation (2.13), the conditional density can be calculated with:

Persaiin Gt l¥roni ) = [ plolxinv1i0) (] pyifexi0))dz 210

i=m-+1
As computing p(z|X1.m, ¥1.m; 0) is intractable, NP introduces an inference model (or an

encoder) denoted as q(z|X1.n, ¥1.m; #)- The generative model and the inference model

are trained together with training objectives discussed in Section 2.2.3.

The original NP tends to underfit in practice. Hence, subsequent research, such as
Attentive Neural Processes (ANPs) [Kim et al., 2018] and Convolutional Neural Pro-
cesses (CONVNPs) [Gordon et al., 2019, Foong et al., 2020], has enhanced expressivity

by incorporating attention modules and convolutional layers into the model.

2.2.3 Neural process training objectives

To learn a distribution over functions with NPs, we sample random functions and
evaluate them at a finite set of input locations x;., to get the corresponding outputs
V1., These data points are then split into the context De = {(x;,y;)}", and the
target Dr = {(x:,¥;) 1. To better reflect the desired test-time behaviour, we

maximize the log-marginal predictive likelihood 10g px., ... 1x1.m (Vs 120 Y1om)-

Given the generative model parameterised by 6 and the inference model parameterised

by ¢, the original NPs optimize a variational lower bound to the log-marginal predictive

likelihood, denoted as —Ly1(0, ¢):

]'Og pxm+1:n|x1:m (Ym+1n |Y1m)

= Q(lelsma Yims ¢)
Z E Z|X1:,Y 1.} |: 1ng(Yz|Z7XZa0)+lOg ]
4(2[X1:,¥1.050) ZZW:H (Z|X10, Y1m; @)

=—Lvi(0,9). (2.15)

NPs train the model by minimising Ly1(6, ¢) over randomly sampled pairs of context

and target, which indirectly pushes up the log-marginal predictive likelihood.

However, Foong et al. [2020] proposes an alternative maximum likelihood objective to

train NPs which usually leads to better predictive performance. This objective directly
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estimates Equation (2.14) with Monte Carlo estimation, i.e.

log pxm+l:n‘x1:m (Yerl:n |Y1:m)

= IOg Eq(z\th,yl:m) |: Z 10gp(y,|Z, X5 9)

i=m+1

L n
mlog%z Z log p(y;|z, xi; 0)

=1 i=m+1

= Lo (6, 9) (2.16)

This estimator has high variance so it often needs a large L to work sufficiently well.

2.2.4 A meta-learning perspective

NPs can be interpreted from a meta-learning perspective. Specifically, the context can
be equated to the training set for a specific task, while the target corresponds to the
test set, i.e. Déj ) = Dt(f;in, Dg) = Dt(ggt. The conditional mean (-, z) serves as the
predictive model, while the variance o2 represents observational noise. Note that each
latent variable z yields a unique predictive model. The posterior distribution over
these predictive models, conditioned on the context (training set) Déj ) is inferred with

the approximate inference model ¢(z|X1.m, ¥ 1.m; @)-

NPs can be used to solve meta-learning tasks. In the meta-learning phase, both the
generative model (referred to as the decoder) and the inference model (the encoder)
are trained by optimizing either Ly1 or Ly, with respect to parameters # and ¢. The
learning phase for a new task only involves a forward pass through the encoder while
making predictions is achieved via the decoder’s forward pass. Notably, the forward
passes for both the encoder and decoder in NPs don’t require gradient information.
For the original NPs, the computational cost for both learning and prediction linearly
scales with the number of training data points. This is particularly attractive when
compared with other meta-learning algorithms. Furthermore, NPs provides uncertainty

estimation along with predictions, which is a useful feature in a low-data regime.
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2.3 Symmetries in deep learning

2.3.1 Group, coset and quotient space

A group G is a set of elements equipped with a binary operation (denoted as -) that

satisfies the following group axioms:

1. (Closure) For all a,b € G, a-b € G.
2. (Associative) For all a,b,c € G, (a-b)-c=a-(b-c).

3. (Identity element) There exists an identity element e in G such that, for any

a€Gwehavee-a=a-e=a.

4. (Inverse element) For each a € G, there exists an element b € G such that

a-b=10-a= e where e is the identity element.

The centered dot - can sometimes be omitted if there is no ambiguity.

In this work, we are mainly interested in symmetry groups where each group element
is associated with a symmetry of a pattern, which is a transformation that leaves
the pattern invariant. In symmetry groups, the binary operation corresponds to

composition of transformations.

A subset H contained within G is a subgroup of G if it forms a group on its own under
the same binary operation. Given a subgroup H and an arbitrary group element

g € G, one can define left cosets of H as follows:
gH={g-h|heH}

The left cosets of H form a partition of G for any choice of H, i.e. the union of all cosets
is G and all cosets defined above are either identical or have empty interception. The
set of all left cosets is called the quotient space and is denoted as G/H = {gH | g € G}.

As an example, all integers Z under addition forms a group and all multiples of n,
denoted as nZ is a subgroup of Z. For any integer k € Z, the set nZ + k containing
all integers that has the remainder as k divided by n, is a coset of nZ. There are n

distinct cosets like this, and they form the quotient space Z/nZ.
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2.3.2 Group homomorphism, group actions and group equiv-
ariance

Given two groups (G, -¢) and (H,-y), a group homomorphism from G to H is function
f : G — H such that for any u,v € G

flu-gv) = fu)-u f(v).

It is a special mapping between two groups that is compatible with group structures.
If f is an one-to-one mapping, we call it a group isomorphism. Two groups G; and
(G5 are isomporphic if there is an isomorphism between them, and this is written as

G = Go.

A group action is a group homomorphism from a given group G to the group of
transformations on a space X. We say the group G acts on the space X and the

transformation corresponding to g € G is a bijection on X that maps x to g - x.

If the group actions of G on spaces X and ) are both defined, a function f: X — Y

is said to be group equivariant if

g9-f(x) =flg-x)

The function f is said to be group invariant if

f(x) = flg-x)

It is a special case of group equivariance where the group action on Y is trivial.

2.3.3 Homogeneous spaces and lifting feature maps

If the action of a group G on the space X is defined, and the action is transitive
(ie. Vx,x' € X,3g € G, s.t. X' = g-x), we refer to X as being a homogeneous
space for GG. There is a natural one-to-one correspondence between the homogeneous
space X and disjoint subsets of the group . Given an arbitrary origin x, € X,
H ={g € G|g-x¢=%¢} is a subgroup of G, where H is called the stabiliser of the
origin. Because the group action on X is transitive, every element z € X corresponds
to a left coset in s(x;x9)H € G/H, where s(x;Xg) is (any) group element that
transforms xg to x. It can be shown that for x,x" € X', x # x/, s(x;x0) and s(x’;xq)

are disjoint.
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Because spatial data is often represented as functions on the homogeneous space
fx : x; — f;, while lifting-based group equivariant neural networks operate on feature
maps defined on the group, there is usually an operation called [lifting, that maps
the data to the feature space of functions on the group, before applying equivariant
modules. Using the correspondence between X and the quotient space G/H, we can
map each pair (z;, f;) to the set {(g, fi)|lg € s(x;;x0)H}. It can be seen as lifting the
input feature map fy : x; — f; to the feature map LIFT(fy) : g — f; for g € s(zy;20)H.
In this work, we assume all input feature maps have been lifted to feature maps on

the group.

2.3.4 Feature maps in G-CNNs

A general mathematical framework is introduced in Cohen et al. [2019] to specify
convolutional feature spaces used in G-CNNs, and feature maps are treated as fields
over a homogeneous space. It covers most previous works on equivariant neural
networks including Cohen and Welling [2016, 2017], Cohen et al. [2018b], Weiler and
Cesa [2019b]. Under this framework, one way to represent fields is through constrained
functions defined on the whole symmetry group, also known as Mackey functions
[Cohen et al., 2019].

Formally, let G be a symmetry group, and H < G together with G determines the
homogeneous space G/H. For a group representation (p, V') of H, the action of the
whole group G on fields can be described by an induced representation m = Indflp,
whose realisation depends on how we represent these fields. Below we specify the
feature space Zy; ! for the Mackey function field representation discussed in [Cohen
et al., 2018c¢, 2019]:

T ={f: G = VIf(gh) = p(h™")f(9).Vg € G,h € H} (2.17)

which forms a vector space. Moreover, when p is a reqular representation, which is
the implicit choice of Gens and Domingos [2014], Kanazawa et al. [2014], Dieleman
et al. [2015, 2016], Cohen and Welling [2016], Marcos et al. [2016], fields can also be

represented as unconstrained functions on G and the feature space can be written as

IG:{fCG%V/}

17y corresponds to Zg in Cohen et al. [2019]

17



with V' being a different vector space from V. If p is a regular representation.

Feature maps are represented as functions on G in both Z; and Zs, even though
Ty have additional conditions given in Equation (2.17). Moreover, the induced

representation 7 = Ind% pp for them have the same form:

[m(u)f](g) = f(ug)

2.3.5 Group equivariant neural networks

Group equivariant neural networks parameterise a family of functions that have
guaranteed equivariance to specific symmetry groups. A well-known example of such
networks is CNNs [Lecun et al., 1998]. CNNs consist of alternating convolutional
layers and nonlinear layers such as pooling layers or activation functions, where each
convolutional layer is equivariant to translations. This means if the inputs undergo a
certain shift, the output feature maps will also shift correspondingly. In CNNs, feature
maps can be represented as functions evaluated on a grid, written as x(u), where u
denotes the integer grid coordinates. The convolutional layers can be represented by:

[ * x|y, Z or(v) - x(u —v). (2.18)

veZ?

where k indexes the output feature map channel and ¢, : Z2 — ) is the k-th convolu-
tional fitler. The convolutional layers have guaranteed translational equivariance. Let

us denote the translation operator as T, we have:

[T, (x)](w) := x(u — )
¢ x (T,(x)) = T, (¢ *x), Yo € Z* (2.19)

Compared to plain feed-forward networks, CNNs are more sample-efficient and gener-

alize better.

Group Equivariant Convolutinal Networks (G-CNNs) [Cohen and Welling, 2016] extend
this idea to symmetry groups beyond translations, e.g. rotations and reflections. In
G-CNNs, feature maps can be seen as functions on groups x : G — R%*. We use group
action to describe the transformations of feature maps, ¢ - x := T,(x). In this work,
we consider group action with the following form: [g - x](u) = x(¢g~" - u) (It is based
on regular representations of groups). The group convolution is then defined as:

[ xx|(u) = > @(g)x(g" - u) (2.20)

geG
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One can prove that the convolution operation is equivariant to any group action, i.e.

d*(9-x) =g (P*x). (2.21)

These group convolutional layers can then be combined with activation functions or
pooling layers to construct G-CNNs, which enjoys even better sample-efficiency and

generalization compared to plain CNNs.

Permutation symmetry A particular symmetry, not discussed in G-CNNs but
important to this thesis, is the permutation symmetry of a sequence. As an example,
to predict the attributes of a set, the predictive model we use should be invariant
to the order of set elements. For a sequence-to-sequence mapping ¢ : X" — V",

permutation equivariance means ® satisfies the condition
T D([xq,. %)) = P (x4, X)) = P(Xn(1)s - -5 Xn(n) (2.22)
for any permutation .

Deep sets [Zaheer et al., 2017] and set transformers |Lee et al., 2019a| are two popular
deep learning architectures that incorporate permutation symmetries. Deep sets

parameterise the sequence mapping by stacking equivariant layers as follows:
Pps (X1, ... ,X,) = o (AI[X1,...,X,] + ypool([xi, ..., X,])1). (2.23)

The computational cost of deep sets scales linearly with the size of the set, marking
them as highly efficient. However, their ability to capture interactions between set
elements is somewhat limited due to reliance solely on the pooling operation, which can
make them less expressive in real-world scenarios. Set transformers address this issue
by using self-attention blocks without positional encoding to model the interaction.

The attention module is provably permutation equivariant and is written as:
S arrN(xy, ..., X,) = MultiHead(K = X,Q = X,V = X) (2.24)

where X = [x1,...,X,] and X are used as keys, values and queries. These attention
modules can be combined with feed-forward networks and layer normalization [Ba

et al., 2016] to construct set transformers.
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Chapter 3

MetaFun: Meta-Learning with
Iterative Functional Updates

3.1 Introduction

The goal of meta-learning is to be able to generalise to new tasks from the same
task distribution as the training tasks. In supervised meta-learning, a task can
be described as making predictions on a set of unlabelled data points (target) by
effectively learning from a set of data points with labels (context). Various ideas
have been proposed to tackle supervised meta-learning from different perspectives
[Andrychowicz et al., 2016, Ravi and Larochelle, 2016, Finn et al., 2017a, Koch, 2015,
Snell et al., 2017, Vinyals et al., 2016, Santoro et al., 2016, Rusu et al., 2019]. In
this work, we are particularly interested in a family of meta-learning models that
use an encoder-decoder pipeline, such as Neural Processes [Garnelo et al., 2018a,b].
The encoder is a permutation-invariant function on the context that summarises the
context into a task representation, while the decoder produces a predictive model for
the targets, conditioned on the task representation. The objective of meta-learning is
then to learn the encoder and the decoder such that the produced predictive model

generalises well to the targets of new tasks.

Previous works in this category such as the Conditional Neural Process (CNP) and the
Neural Process (NP) [Garnelo et al., 2018a,b| use sum-pooling operations to produce
finite-dimensional, vectorial, task representations. In this work, we investigate the idea
of summarising tasks with infinite-dimensional functional representations. Although

there is a theoretical guarantee that sum-pooling of instance-wise representations can
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express any set function (universality) [Zaheer et al., 2017, Bloem-Reddy and Teh,
2020], in practice CNP and NP tend to underfit the context [Kim et al., 2019]. This
observation is in line with the theoretical finding that for universality, the dimension
of the task representation should be at least as large as the cardinality of the context
set, if the encoder is a smooth function Wagstaff et al. [2019]. We develop a method
that explicitly uses functional representations. Here the effective dimensionality of
the task representation grows with the number of context points, which addresses the
aforementioned issues of fixed-dimensional representations. Moreover, in practice it is
difficult to model interactions between data points with only sum-pooling operations.
This issue can be partially addressed by inserting modules such as relation networks
[Sung et al., 2018, Rusu et al., 2019] or set transformers [Lee et al., 2019a| before
sum-pooling. However, only within-context but not context-target interactions can be
modelled by these modules. The construction of our functional representation involves
measuring similarities between all data points, which naturally contains information

regarding interactions between elements in either the context or the target.

Furthermore, rather than producing the functional representation in a single pass,
we develop an approach that learns iterative updates to encode the context into the
task representation. In general, learning via iterative updates is often easier than
directly learning the final representation, because of the error-correcting opportunity
at each iteration. For example, an iterative parameterisation of the encoder in
Variational Autoencoders (VAEs) has been demonstrated to be effective in reducing
the amortisation gap [Marino et al., 2018], while in meta-learning, both learning to
learn methods [Andrychowicz et al., 2016, Ravi and Larochelle, 2016] and Model
Agnostic Meta Learning (MAML) [Finn et al., 2017a] use iterative updating procedures
to adapt to new tasks, although these update rules operate in parameter space rather
than function space. Therefore, it is reasonable to conjecture that iterative structures

are favourable inductive biases for the task encoding process.

In summary, the primary contribution of this work is a meta-learning approach that
learns to summarise a task using a functional representation constructed via iterative
updates. We apply our approach to solve meta-learning problems on both regression
and classification tasks, and demonstrate competitive results on heavily benchmarked
datasets such as minilmageNet [Vinyals et al., 2016] and tieredlmageNet [Ren et al.,
2018|, which has not been shown with meta-learning methods based on CNP [Garnelo
et al.; 2018a] and NP |Garnelo et al., 2018b|. We also conducted an ablation study to

understand the effects of the different model components.

21



(A) x Context Current model (B) @ Local updates U,

©) Functional update (D)
....... k(., Xi)ui

Figure 3.1: To illustrate the iterative procedure in MetaFun, we consider a simpler
case where our functional representation is just a predictor for the task. (A) The
figure depicts a 1D regression task with the current predictor. (B) Local updates
are computed by evaluating the functional representation (the current predictor) on
the context inputs, and comparing it to the corresponding context outputs. Here we
simply measure differences between evaluations (predictions) and outputs. (C) We
apply functional pooling to aggregate local updates into a global functional update,
which generalises the local updates to the whole input domain. (D) The functional
update is applied to the current functional representation with a learning rate a.

3.2 MetaFun

Meta-learning, or learning to learn, leverages past experiences to quickly adapt to
tasks T ~ p(7) drawn iid from some task distribution. In supervised meta-learning,
a task T takes the form of T = {¢,{(x,y;) }iec; {(X}, ¥}) }jer}, where x;,x); € X are
inputs, y;,y; € Y outputs, £ is the loss function to be minimised, {(x;,y;)}icc is
the context, and {(x},y})}jer is the target. We consider the process of learning as
constructing a predictive model using the task context and refer to the mapping from
context {(x;,y;)}icc to a predictive model f = ®({(x;,¥;) }icc; @) as the learning
model parameterised by ¢. In our formulation, the objective of meta-learning is to
optimise the learning model such that the expected loss on the target under f is

minimised, formally written as:
f=2{(x:,¥:) }icc; @)

T Ze ,y]] , (3.1)

¢" = argmin Er.,7)
¢ JeT
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Figure 3.2: This figure illustrates the iterative computation of functional representation
in MetaFun. At each iteration, we first evaluate the current functional representation
at both context and target points. Then the shared local update function u takes in
each context point and the corresponding evaluation as inputs, and produces local
update u;. Next, we apply (kernel-based or attention-based) functional pooling to
aggregate local updates u; into a functional update Ar(-), which for each query is a
linear combination of local updates u; weighted by similarities between this query and
all keys. Finally, the functional updates are evaluated for both the context and the
target, and are applied to the corresponding evaluations of functional representation
with a learning rate a.

where both {(x;,y;)}iec, {(X},¥})}ier come from task T.

3.2.1 Learning functional task representation

Like previous works such as CNP and NP, we construct the learning model using an
encoder-decoder pipeline, where the encoder ®.({(x;,y;)}icc; ¢e) is a permutation-
invariant function of the context producing a task representation. In past works,
pooling operations are usually used to enforce permutation-invariance. CNP and NP
use sum-pooling: r = Y.~ r;, where r; = h(x;,y;; ¢.) is a representation for context
pair x;,y;, and r is a fixed-dimensional task representation. Instead, we introduce
functional-pooling operations, which also enforce permutation-invariance but output a

function that can loosely be interpreted as an infinite-dimensional representation.

Definition 3.2.1 (Functional pooling). Let k(-,-) be a real-valued similarity measure,

and {(x;,r;) };iec be a set of key-value pairs with x; € X', r; € R. Functional pooling
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is a mapping FUNPOOLING : (X x R)I€l — H defined as

r(-) = FUNPOOLING({(xi, ) }iec) = » _ k(- X;)1;, (3.2)
ieC

where the output is a function r : X — R and H is a space of such functions.

In practice, we only need to evaluate this function on a finite query set {(x},y})}jco
(consisting of both contexts and targets; see below). That is, we only need to compute
R=[r(x}),... ,r(xi Q‘)]T, which can be easily implemented using matrix operations.
We consider two types of FUNPOOLING here, though others are possible. The kernel-
based FUNPOOLING reads as,

R=KrpP(Q,K,V) = kunt(Q, K)V, (3.3)
where ke is the RBF kernel, Q = [a(x)),. .. ,a(x‘/g)]T is a matrix whose rows are
queries, a(-) is a transformation mapping inputs into features, K = [a(x1), ..., a(x)]"
a matrix whose rows are keys, and V = [ry,...,r|¢j]" a matrix whose rows are values

(using terminology from the attention literature). Parameterising input transformation
a with a deep neural network can be seen as using deep kernels [Wilson et al., 2016]
as the similarity measure. The second type of FUNPOOLING is given by dot-product

attention,
R =DrP (Q,K,V) := softmax(QK " /\/d)V, (3.4)
where dj is the dimension of the query/key vectors.

Our second core idea is that rather than producing the task representation in a
single pass (like previous encoder-decoder meta-learning approaches), we start from
an initial representation 7 (-), and iteratively produce improved representations
rM ), .. At each step, a parameterised local update function u produces
local updates u; = u(x;,y;, r¥(x;)) for each i € C. These can then be aggregated
into a global update to the task representation using functional pooling. Finally, the

global functional update Ar®(.) is applied to r(-) with a step size a:

u; = U<Xi7 Yis T(t) (Xl)) )
Ar® () = FUNPOOLING ({(
D) = rO ) — aAr®()

Xi, ui)}ieC) )

, (3.5)
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Typically, the local update function u and the functional pooling operation can be
parameterised by multi-layer perceptron (MLP) and deep kernels/attentions respectively
(as we will discuss next). Equation (3.5) then defines a neural update rule operating
directly in function space. The functional update Ar((-) depends on the current
functional representation r*(-) and the context {(x;,y;)}icc. Figure 3.1 illustrates

our iterative procedure in a simplified setting.

The final task representation can then be decoded into a predictor f(-) = ®4(r™(-); ¢,).
The specific parametric forms of the decoder take different forms for regression and
classification, and are described in Section 3.2.2. The decoder requires the evaluation
of functional representation r(*)(x) at x only for predicting f(x). Therefore, it is
unnecessary to compute the functional representations r(-) (including their functional
updates) on all input points. Instead, we compute them only on the context {x;};cc
and target inputs {x/};er. We use r® =[r®(x;)...r0(xc)), r®(x}) ... 71 (x"T‘)]T to
denote a matrix where each row is r()(x) evaluated on either context or target inputs,
and let Q = [a(x1) ... a(x|c)), a(x)) ... a(xm)]T. Equation (3.5) can be implemented

using matrix computations as follows,

u” = u(x;, y;, i), (3.6)
U =, g, (3.7)
Ar) = kP or DFP (Q, K,UY) | (3.8)
r+D = r® _ g Ar® (3.9)

where ' denotes the i-th row of r®.

To obtain a prediction f; for the target (x},y}), we decode the final representation for

this target point: f; = @d(r%?ﬂ.; ¢4), and the overall training loss can be written as:

L 0.04) = 737 S HE.Y)). (3.10)

jET
where the predictions f; depend on u,a and ¢4.

Assuming the width and depth of all our neural network components are bounded by
W and D respectively, and the output dimension of w is also less than W, the time
complexity of our approach is O(W|C|(|C|+ |T|) + W2D(|C|T +|T|)), and the space
complexity is O((|C| + WT)(|C|+|T|) + W2D). For few-shot problems, |C| and |T|

are typically small, and 7" < 6 in all our experiments.
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3.2.2 MetaFun for regression and classification

While the proposed framework can be applied to any supervised learning task, the
specific parameterisation of learnable components can affect the model performance.
In this section, we specify the parametric forms of our model that work well on

regression and classification tasks.

Regression For regression tasks, we parameterise the local update function w(-)
using a multi-layer perceptron as u([x;,y;, 7(X;)]) = MLP ([x;,y;, 7(x;)]), ¢ € C, where
-] is concatenation. We also use an MLP to parametrise the input transformation a(-)
in the functional pooling. The decoder in this case is given by w = MLP (r(x)), another

MLP! that outputs w, which then parameterises the predictive model f = MLP (x; w).

Note that our model can easily be modified to incorporate Gaussian uncertainty
by adding an extra output vector for the predictive standard deviation: P(y|x) =

N (pw (%), 0w (x)), w = MLP (r(x)). For further architecture details, see Appendix.

Classification For K-way classification, we divide the latent functional representa-
tion r(x) into K parts [r1(x),...,r%(x)], where r¥(x) corresponds to the class k. Con-
sequently, the local update function u(-) also has K parts, that is, u([x;,y;, r(x;)]) =
[ul(:),...,u®(-)]. In this case, y;, = [y},...,yX] is the class label expressed as a

one-hot vector; the u* is defined as follows,

ut ([, yi, m(33)]) = yi s (m(r* (x:)), )

. . (3.11)
+ (1 =y )u-(m(r*(x;)), mi)

where m; = S0 m(r¥(x;)) summarises representations of all classes, and m, u,
u_ are parameterised by separate MLPs. With this formulation, we update the class
representations using either u; (when the label matches k) or u_ (when the label
is different to k), so that labels are not concatenated to the inputs, but directly
used to activate different model components, which is crucial for model performance.
Furthermore, interactions between data points in classification problems include both
within-class and between-class interactions. Our approach is able to integrate two

types of interactions by having separate functional representation for each class and

Tt might be desirable to use other parameterisations of the input transformation a(-), and the
decoder f(-), e.g., f(x) = MLP ([x,7(x)])), or feeding r(x) to each layer of the MLP.
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computing local updates for each class differently based on class membership of each
data point. In fact, this formulation resembles the structure of the local update rule
in functional gradient descent for classification tasks, which is a special case of our
approach (see Section 5.4). Same as in regression tasks, the input transformation
a(-) in the functional pooling is still an MLP. The parametric form of the decoder is
the same as in Latent Embedding Optimisation (LEO) [Rusu et al., 2019]. The class
representation 7%(x) generates weights w* ~ N (u(r*(x)), o(r*(x))) where y and o

are MLPs or just linear functions, and the final prediction is given by

T

P(y = k|x) = softmax(x’ w) , (3.12)

where w = [w!, ..., wK], k = 1,..., K. Hyperparameters of all components are

described in Appendix.

3.3 Related work

Functional Gradient Descent Functional gradient descent [Mason et al., 1999,
Guo et al., 2001] is an optimisation algorithm used to minimise the objective function
by moving in the direction of the negative gradient in function space. To ensure
smoothness, we may work with functions in a Reproducing kernel Hilbert space (RKHS)
[Aronszajn, 1950, Berlinet and Thomas-Agnan, 2011] defined by a kernel k(x,x’).
Given a function f in the RKHS, we are interested in minimising the supervised loss
L(f) = > icc U(f(xi),y;) with respect to f. We can do so by computing the functional

derivative and use it to iteratively update f (see Appendix for more details),

U (x) = fO(x) —a ) kxx) VI (%), y,) (3.13)

ieC
with step size a, and V/(f®)(x;),y;) denotes gradient w.r.t. to predictions in the loss

function 4.
The update rule in Equation (3.5) becomes that of functional gradient descent in
Equation (3.13) when
(i) A trivial decoder f(x) = ®4(r(x); ¢q)(x) = r(x) is used, so the functional
representation 7(x) is the same as the predictive model f(x).

(ii) Kernel functional pooling KFP is used and the kernel function is fixed.
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(iii) Using gradient-based local update function u(x,y, f(x)) = VL(f(x),y).

Furthermore, for a K-way classification problem, we predict K-dimensional logits

f(x)=[f(x),..., fE(x)]", and use cross entropy loss as follows:
Fr(x)
e
of Y log ————7—, (3.14)
-
where y = [y!,...,y®]" is the one-hot label for x.

The gradient-based local update function is now V(f(x),y) = [010(f(x),¥), - - ., Oxl(f(x),y)]"
where Opl(f(x),y) is partial derivative w.r.t. each predictive logit:

oI* ()
Sho e

Here 0x¢(f(x),y) is analogous to u*(-) in Equation (3.11), which is the local update

Ol(f(x),y) = —y*. (3.15)

function for class k.

If m,uy,u_ in Equation (3.11) are specified rather than being learned, more specifi-

cally:

i m( 7)) m) = PGy
u_(m( (). m) = "0

K
m=3 m(f ), (3.16)
Equation (3.15) can be rewritten as:

Oul(f(x),y) =y us (m(f*(x)),m)
+ (1 =y )u-(m(f*(x)), m), (3.17)

which has a similar form as Equation (3.11).

Therefore, our approach can be seen as an extension of functional gradient descent,
with an additional learning capacity due learnable neural modules which afford more
flexibility. From this perspective, our approach tackles supervised meta-learning

problems by learning an optimiser in function space.
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Supervised Meta-Learning Various ideas have been proposed to solve the problem
of supervised meta-learning. Andrychowicz et al. [2016], Ravi and Larochelle [2016]
learn the neural optimisers from previous tasks which can be used to optimise models
for new tasks. However, these learned optimisers operate in parameter space rather
than function space as we do. MAML [Finn et al., 2017a] learns the initialisation from
which models are further adapted for a new task by a few gradient descent steps. Koch
[2015], Snell et al. [2017], Vinyals et al. [2016] explore the idea of learning a metric
space from previous tasks in which data points are compared to each other to make
predictions at test time. Santoro et al. [2016] demonstrate that Memory-Augmented
Neural Networks (MANN) can rapidly integrate the data for a new task into memory,
and utilise this stored information to make predictions. Recently, Dhillon et al. [2019]
show that well-designed fine-tuning can provide strong baselines to meta-learning

methods, highlighting the limitations of current benchmarks.

Our approach, in line with previous works such as CNP and NP, adopt an encoder-
decoder pipeline to tackle supervised meta-learning. The encoder in CNP corresponds
to a summation of instance-level representations produced by a shared instance encoder.
NPs, on the other hand, use a probabilistic encoder with the same parametric form as
CNP, but producing a distribution of stochastic representation. The Attentive Neural
Process (ANP) [Kim et al., 2019] adds a deterministic path in addition to the stochastic
path in NP. The deterministic path produces a target-specific representation, which can
be interpreted as applying functional pooling (implemented with multihead attention
[Vaswani et al., 2017]) to instance-wise representation. However, the representation
is directly produced in a single pass rather than iteratively improved as we do, and
only regression applications are explored as opposed to few-shot image classification.
In fact, to achieve high performance for classification tasks, it is crucial for CNP to
only apply sum-pooling within each class [Garnelo et al., 2018a], and it is unclear
how to follow similar practices in ANP with both within-class and between-class
interactions still being modelled. Recently, Gordon et al. [2019] have also extended
CNP to use functional representations, but for the purpose of incorporating translation
equivariance in the inputs as an inductive bias rather than increasing representational
capacity as we do. Their approach uses convnets to impose translation equivariance

and does not learn a flexible iterative encoder.

Pooling operations are usually used in encoder-decoder meta-learning to enforce
permutation invariance in the encoder. As an example, encoders in both CNP and

NP use simple sum-pooling operations. More expressive pooling operations have been
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proposed to model interactions between data points. Murphy et al. [2019] introduces
Janossy pooling which applies permutation-sensitive functions to all reorderings and
averages the outputs, while Lee et al. [2019a| use pooling by multihead attention (PMA),
which uses a finite query set to attend to the processed key-value pairs. Loosely
speaking, attention-based functional pooling can be seen as having the whole input

domain & as the query set in PMA.

Gradient-Based Meta-Learning Interestingly, many gradient-based meta-learning
methods such as MAML can also be cast into an encoder-decoder formulation, because
a gradient descent step is a valid permutation-invariant function. For a model f(-, )
parameterised by 6, one gradient descent step on the context loss has the following

form,

O =0 — > Vol(f(xi50,).,) (3.18)

ieC

where /¢ is the loss function, « is the learning rate, and 6; are the model parameters
after ¢t gradient steps. This corresponds to a special case of permutation-invariant
functions where we take the instance-wise encoder to be h,(x;,y;;60;) = 60,/|C| —
aVl(f(x;;0;),y;) and apply sum-pooling 6,11 = >, hi(x;,y;; 0;). Multiple gradient-
descent steps also result in a permutation-invariant function, which can be proved by
induction. We refer to this as a gradient-based encoder. What follows is that popular
meta-learning methods such as MAML can be seen as part of the encoder-decoder
formulation. More specifically, in MAML, we learn an initialisation of the model
parameters 6y from training tasks, and adapt to new tasks by running 7" gradient steps
from the learned initialisation. Therefore, O can be seen as the task representation
(albeit very high-dimensional) produced by a gradient-based encoder. The success
of MAML on a variety of tasks can be partially explained by the high-dimensional
representation and the iterative adaptation by gradient descent, supporting our usage
of a functional ('infinite-dimensional’) representation and iterative updating procedure.
Note, however, that the update rule in MAML operates in parameter space rather than

function space as in our case.

Under the same encoder-decoder formulation, a comparison regarding MAML and
MetaFun can be made, which partially explains why MetaFun can be desirable:
Firstly, the updates in MAML must lie in its parametric space, while there is no
parametric constraint in MetaFun, which is better illustrated in Figure 3.3. Secondly,

MAML uses gradient-based updates, while MetaFun uses learned local updates, which
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potentially contains more information than gradient. Finally, MAML does not explicitly
consider interactions between data points, while both within-context and context-target

interactions are modelled in MetaFun.

3.4 Experiments

We evaluate our proposed model on both few-shot regression and classification tasks.
In all experiments that follow, we partition the data into training, validation and
test meta-sets, each containing data from disjoint tasks. For quantitative results, we
train each model with 5 different random seeds and report the mean and the standard
deviation of the test accuracy. For further details on hyperparameter tuning, see the
Appendix. All experiments are performed using TensorFlow [Abadi et al., 2015], and

the code is available online 2.

3.4.1 1-D function regression

We first explore a 1D sinusoid regression task where we visualise the updating procedure
in function space, providing intuition for the learned functional updates. Then
we incorporate GGaussian uncertainty into the model, and compare our predictive

uncertainty against that of a GP which generates the data.

Table 3.1: Few-shot regression on sinusoid. MAML can beneift from more parameters,
but MetaFun still outperforms all MAMLS despite less parameters being used compared
to large MAML. We report mean and standard deviation of 5 independent runs.

Model | 5-shot MSE ~ 10-shot MSE
Original MAML 0.390 +0.156  0.114 £ 0.010
Large MAML 0.208 +0.009  0.061 = 0.004
Very Wide MAML | 0.20540.013  0.059 + 0.010
MetaFun 0.040 4 0.008 0.017 + 0.005

Visualisation of functional updates We train a T-step MetaFun with dot-product

functional pooling, on a simple sinusoid regression task from Finn et al. [2017a], where

2A  tensorflow implementation of our model is available at github.com/jinxu06/
metafun-tensorflow
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(B) MAML (40x2)
-4 -2 0 2 3

(C) Large MAML (256x3) (D) Very Wide MAML (1024x3)
-4 -2 0 2 4 -4 -2 0 2 4
— target iter0 — iter2 — iter4d

+ context iterl —— iter3 —— iter5

Figure 3.3: MetaFun is able to learn smooth updates, and recover the ground truth
function almost perfectly. While the updates given by MAMLs are relatively not
smooth, especially for MAML with less parameters.

2 2

(A) MetaFun Prediction |C| =5 (B) GP Ground Truth |C| =5

(C) MetaFun Prediction |C| =15 (D) GP Ground Truth |C| = 15

-2

-2 -1 0 1 2 -2 -1 0 1 2
—— target (without observation noise) predictive mean
+ context predictive std

Figure 3.4: Predictive uncertainties for MetaFun matches those for the oracle Gaussian
Process (GP) very closely in both 5-shot and 15-shot cases. The model is trained on
random context size ranging from 1 to 20.
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each task uses data points of a sine wave. The amplitude A and phase b of the
sinusoid varies across tasks and are randomly sampled during training and test time,
with A € ¢4(0.1,5.0) and b € U(0, 7). The x-coordinates are uniformly sampled from
U(—5.0,5.0). Figure 3.3 shows that our proposed algorithm learns a smooth transition
from the initial state to the final prediction at £ =T = 5. Note that although only 5
context points on a single phase of the sinusoid are given at test time, the final iteration
makes predictions close to the ground truth across the whole period. As a comparison,
we use MAML as an example of updating in parameter space. The original MAML
(40 units x 2 hidden layers) can fit the sinusoid quite well after several iterations
from the learned initialisation. However the prediction is not as good, particularly
on the left side where there are no context points (see Figure 3.3 B). As we increase
the model size to large MAML (256 units x 3 hidden layers), updates become much
smoother (Figure 3.3 C) and the predictions are closer to the ground truth. We further
conduct experiments with a very wide MAML (1024 units x 3 hidden layers), but the
performance cannot be further improved (Figure 3.3 D). In Table 3.1, we compare the
mean squared error averaged across tasks. MetaFun performs much better than all
MAMLs, even though less parameters (116611 parameters) are used compared to large

MAML (132353 parameters).

Predictive uncertainties As another simple regression example, we demonstrate
that MetaFun, like CNP, can produce good predictive uncertainties. We use synthetic
data generated using a GP with an RBF kernel and Gaussian observation noise
(u=0,0 =0.1), and our decoder produces both predictive means and variances. As
in Kim et al. [2019], we found that MetaFun-DFP can produce somewhat piece-wise
constant mean predictions which is less appealing in this situation. On the other hand,
MetaFun-KFP (with deep kernels) performed much better, as can be seen in Figure 3.4.
We consider the cases of 5 or 15 context points, and compare our predictions to those

for the oracle GP. In both cases, our model gave very good predictions.

3.4.2 Classification: minilmageNet and tieredIlmageNet

The minilmageNet dataset |Vinyals et al., 2016] consists of 100 classes selected
randomly from the ILSVRC-12 dataset [Russakovsky et al.; 2015, and each class
contains 600 randomly sampled images. We follow the split in Ravi and Larochelle

[2016], where the dataset is divided into training (64 classes), validation (16 classes),
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Table 3.2: Few-shot Classification Test Accuracy

Models

minilmageNet
5-way 1-shot

minilmageNet

5-way 5-shot

(Without deep residual networks feature extraction):
Matching networks [Vinyals et al., 2016]
Meta-learner LSTM [Ravi and Larochelle, 2016]
MAML [Finn et al., 2017a]

LLAMA [Grant et al., 2018]

REPTILE [Nichol et al., 2018]

PLATIPUS [Finn et al., 2018§]

43.56 + 0.84%
43.44 +0.77%
48.70 + 1.84%
49.40 + 1.83%
49.97 +£0.32%
50.13 £+ 1.86%

55.31 £ 0.73%
60.60 £ 0.71%
63.11 £ 0.92%

65.99 £ 0.58%

(Without data augmentation):
Meta-SGD [Li et al., 2017]
SNAIL [Mishra et al., 2018§]
Bauer et al. [2017]

Munkhdalai et al. [2018§]
TADAM [Oreshkin et al., 2018§]
Qiao et al. [201§]

LEO

MetaFun-DFP

MetaFun-KFP

54.24 £+ 0.03%
55.71 £ 0.99%
56.30 £ 0.40%
57.10 £ 0.70%
58.50 £ 0.30%
59.60 £+ 0.41%
61.76 + 0.08%
62.12 + 0.30%
61.16 + 0.15%

70.86 £ 0.04%
68.88 £ 0.92%
73.90 £+ 0.30%
70.04 £ 0.63%
76.70 £ 0.30%
73.74 £ 0.19%
77.59 £ 0.12%
77.78 £0.12%
78.20 £ 0.16%

(With data augmentation):

Qiao et al. [2018§]

LEO

MetaOptNet-SVM [Lee et al., 2019b]*
MetaFun-DFP

MetaFun-KFP

63.62 £ 0.58%
63.97 £ 0.20%
64.09 + 0.62%
64.13 £ 0.13%
63.39 £ 0.15%

78.83 £ 0.36%
79.49 £ 0.70%
80.00 £ 0.45%
80.82 £ 0.17%
80.81 4+ 0.10%

tieredIlmageNet tieredIlmageNet

Models

5-way 1-shot

5-way 5-shot

(Without deep residual networks feature extraction):
MAML [Finn et al., 2017a]

Prototypical Nets [Snell et al., 2017]

Relation Net [in Liu et al. [2019]]

Transductive Prop. Nets [Liu et al., 2019]

51.67 + 1.81%
53.31 £ 0.89%
54.48 £+ 0.93%
57.41 + 0.94%

70.30 + 0.08%
72.69 + 0.74%
71.32 £0.78%
71.55 + 0.74%

(With deep residual networks feature extraction):
Meta-SGD

LEO

MetaOptNet-SVM

62.95 + 0.03%
66.33 £ 0.05%
65.81 £ 0.74%

79.34 + 0.06%
81.44 £ 0.09%
81.75 £ 0.58%

82.81 +0.15%
83.28 4+ 0.12%

67.72 £ 0.14%
67.27 £ 0.20%

MetaFun-DFP
MetaFun-KFP

and test (20 classes) meta-sets. The tieredImageNet dataset [Ren et al., 2018] contains
a larger subset of the ILSVRC-12 dataset. These classes are further grouped into 34
higher-level nodes. These nodes are then divided into training (20 nodes), validation
(6 nodes), and test (8 nodes) meta-sets. This dataset is considered more challenging
because the split is near the root of the ImageNet hierarchy [Ren et al., 2018]. For both

datasets, we use the pre-trained features provided by Rusu et al. [2019], where they train
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a 28-layer Wide Residual Network [Zagoruyko and Komodakis, 2016] to classify images
in the training meta-set, and extract the intermediate feature representation in layer
21. We use these image embeddings directly as input features in all our experiments.

For more details, please see https://github.com/google-deepmind/leo.

Following the commonly used experimental setting, each few-shot classification task
consists of 5 randomly sampled classes from a meta-set. Within each class, we have
either 1 example (1-shot) or 5 examples (5-shot) as context, and 15 examples as target.
For all experiments, hyperparameters are chosen by training on the training meta-set,
and comparing target accuracy on the validation meta-set. We conduct randomised
hyperparameters search [Bergstra and Bengio, 2012|, and the search space is given in
Appendix. Then with the model configured by the chosen hyperparameters, we train
on the union of the training and validation meta-sets, and report final target accuracy

on the test meta-set.

In Table 3.2 we compare our approach to other meta-learning methods. The numbers
presented are the mean and standard deviation of 5 independent runs. The table
demonstrates that our model outperforms previous state-of-the-art on 1-shot and 5-shot
classification tasks for the more challenging tieredlmageNet. As for minilmageNet, we
note that previous work, such as MetaOptNet-SVM [Lee et al., 2019b], used significant
data augmentation to regularise their model and hence achieved superior results. For
a fair comparison, we also equipped each model with data augmentation and reported
accuracy with/without data augmentation. However, MetaOptNet-SVM |[Lee et al.,
2019b] uses a different data augmentation scheme involving horizontal flip, random
crop, and color (brightness, contrast, and saturation) jitter. On the other hand,
MetaFun, Qiao et al. [2018] and LEO [Rusu et al., 2019], only use image features
averaging representation of different crops and their horizontal mirrored versions. In
1-shot cases, MetaFun matches previous state-of-the-art performance, while in 5-shot
cases, we get significantly better results. In Table 3.2, results for both MetaFun-DFP
(using dot-product attention) and MetaFun-KFP (using deep kernels) are reported.
Although both of them demonstrate state-of-the-art performance, MetaFun-KFP
generally outperforms MetaFun-DFP for 5-shot problems, but performs slightly worse
for 1-shot problems.
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Table 3.3: Ablation Study. We conduct independent randomised
hyperparameter search for each number presented, and reported
means and standard deviations over 5 independent runs for each.

Functional  Local update Decoder MinilmageNet
pooling function 5-way 1-shot 5-way 5-shot

Attention NN v 62.12 £+ 0.30% 77.78 £ 0.12%
Deep Kernel NN v 61.16 £ 0.15%  78.20 & 0.16%
Attention Gradient v 59.63 £ 0.19% 75.84 & 0.04%
Deep Kernel Gradient v 59.73 £ 0.21% 76.41 +0.14%
SE Kernel NN v 60.04 £ 0.19% 75.25 +0.12%
Deep Kernel Gradient X 57.67 £0.16% 73.55 + 0.04%

Functional = Local update Decoder tieredImageNet

pooling function 5-way 1-shot 5-way 5-shot

Attention NN v 67.72+0.14% 82.81 £0.15%
Deep Kernel NN v 67.27 £0.20%  83.28 £0.12%
Attention Gradient v 62.55 + 0.10% 78.18 £ 0.09%
Deep Kernel Gradient v 65.24 +0.11%  80.31 £0.16%
SE Kernel NN v 60.81 4+ 0.30% 79.70 £+ 0.20%
Deep Kernel Gradient X 62.53 £ 0.17% 76.86 + 0.07%

3.4.3 Ablation study

As stated in Section 3.2.2, our model has three learnable components: the local update
function, the functional pooling, and the decoder. In this section we explore the effects
of using different versions of these components. We also investigate how the model

performance would change with different numbers of iterations.

Table 3.3 demonstrates that neural network parameterised local update functions,
described in Section 3.2.1, consistently outperforms gradient-based local update
function, despite the latter having build-in inductive biases. Interestingly, the choice
between dot-product attention and deep kernel in functional pooling is problem
dependent. We found that MetaFun with deep kernels usually perform better than
MetaFun with dot product attention on 5-shot classification tasks, but worse on 1-shot
tasks. We conjecture that the deep kernel is better able to fuse the information across
the 5 images per class compared to attention. In the comparative experiments in

Section 3.4.2 we reported results on both.

In addition, we investigate how a simple Squared Exponential (SE) kernel would
perform on these few-shot classification tasks. This corresponds to using an identity

input transformation function @ in deep kernels. Table 3.3 shows that using SE kernel
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minilmageNet 1 shot minilmageNet 5 shot tieredimageNet 1 shot tieredimageNet 5 shot

T=1 T=1 T=1 T=1
T=2 T=2 T=2 T=2
T=3 T=3 T=3 T=3
T=4 T=4 T=4 T=4
T=5 T=5 T=5 T=5
T=6 T=6 T=6 T=6

59% 60% 61% 62% 63% 74% 75.25% 76.5% 77.75% 79% 64% 6525% 66.5% 67.75% 69% 76% 78% 80% 82% 84%

B MetaFun-DFP [ MetaFun-KFP

Figure 3.5: This figure illustrates the accuracy of our approach for varying number of
iterations T'=1,...,6, over different few-shot learning problems. For each problem,
we use the same configuration of hyperparameters except for the number of iterations
and the choice between attention and deep kernels. Error bars (standard deviations)
are given by training the same model 5 times with different random seeds.

is consistently worse than using deep kernels, showing that the heavily parameterised

deep kernel is necessary for these problems.

Next, we looked into directly applying functional gradient descent with parameterised
deep kernel to these tasks. This corresponds to removing the decoder and using deep
kernels and gradient-based local update function (see Section 5.4). Unsurprisingly,
this did not fare as well, given as it only has one trainable component (the deep kernel)
and the updates are directly applied to the predictions rather than a latent functional

representation.

Finally, Figure 3.5 illustrates the effects of using different numbers of iterations 7. On
all few-shot classification tasks, we can see that using multiple iterations (two is often
good enough) always significantly outperform one iteration. We also note that this
performance gain diminishes as we add more iterations. In Section 3.4.2 we treated

the number of iterations as one of the hyperparameters.

3.5 Conclusions and future work

In this paper, we propose a novel functional approach for meta-learning called Meta-
Fun. The proposed approach learns to generate a functional task representation and
an associated functional update rule, which allows to iteratively update the task
representation directly in the function space. We evaluate MetaFun on both few-shot

regression and classification tasks, and demonstrate that it matches or exceeds previous
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gradient-based methods on minilmageNet and tieredlmageNet few-shot classification
tasks.

Interesting future research directions include a) exploring a stochastic encoder and
hence working with stochastic functional representations, akin to the Neural Process
(NP), and b) using local update functions and the functional pooling components
whose parameters change with iterations instead of sharing them across iterations,

where the added flexibility could lead to further performance gains.

3.6 Supplementary materials

3.6.1 Functional gradient descent

Functional gradient descent [Mason et al.,, 1999, Guo et al., 2001] is an iterative
optimisation algorithm for finding the minimum of a function. However, the function
to be minimised is now a function on functions (functional). Formally, a functional
L : H — R is a mapping from a function space H to a 1D Euclidean space R.
Just like gradient descent in parameter space which takes steps proportional to the
negative of the gradient, functional gradient descent updates f following the gradient
in function space. In this work, we only consider a special function space called RKHS
(Section 3.6.1.1), and calculate functional gradients in RKHS (Section 3.6.1.2). The
algorithm is further detailed in Section 3.6.1.3.

3.6.1.1 Reproducing kernel Hilbert space

A Hilbert space H extends the notion of Euclidean space by introducing inner product
(-, )% which describes the concept of distance or similarity in this space. A RKHS
‘H;. is a Hilbert space of real-valued functions on X with the reproducing property
that for all x € X there exists a unique kyx € Hjy such that the evaluation functional
Ex(f) = f(x) can be represented by taking the inner product of this element k, and

f, formally as:

Ex(f) = (kx, [, (3.19)

Since ky € Hy, for any x' € X, we can define a kernel function k(x,x’) : X x X - R
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by letting
l{(X,X’) = k‘X/(X) = <k‘x, kx/>Hk- (320)

Using properties of inner product, it is easy to show that the kernel function k(x,x’)
is symmetric and positive definite, and we call it the reproducing kernel of the Hilbert

space Hy.

3.6.1.2 Functional gradients

Functional derivative can be thought of as describing the rate of change of the output
with respect to the input in a functional. Formally, functional derivative at point f in

the direction of g is defined as:

(3.21)

which is a function of g. This is known as Fréchet derivative in a Banach space, of

which the Hilbert space is a special case.

Functional gradient, denoted as V¢ L, is related to functional derivative by the following

equation:

oL

Thanks to the reproducing property, it is straightforward to calculate functional

derivative of an evaluation functional in RKHS:

Ex(f +eg) = (f + €9, kx)n,
= <f7 kX>Hk + €<g7 kx)?—lk (323)

OB (9) = (b g (3.24)

of

Therefore, the functional gradient of an evaluation functional is:

VEyx = ky. (3.25)

For a learning task with loss function ¢ and a context set {(x;,¥;)}icc, the overall

supervised loss on the context can be written as:

L(f) =) U(f(x:),))- (3.26)

i€C
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In this case, the functional gradient of L can be easily calculated by applying the

chain rule:
VL= C(f(x:).y:)kx, (3.27)
i€C
= k(L x)(f(x2), ). (3.28)
i€C

3.6.1.3 Functional gradient descent

To optimise the overall loss on the entire context in Equation (3.26), we choose a

suitable learning rate «, and iteratively update f with:

D (x) = fO(x) — aVL(fP)(x) (3.29)
= fOx) —a Y kExx)(fx),y,) (3.30)
1€C

In order to evaluate the final model f7(x) at iteration 7', we only need to compute

T—1
FO) = fO%) =Y ad kexx)l(fDx)y,), (3.31)
t=0 ieC
which does not depend on function values outside the context from previous iterations
t<T.

3.6.2 Experimental details

We run experiments on Nvidia’s GeForce GTX 1080 Ti, and it typically takes about
20-40 minutes to train a few-shot model on a single GPU card until early-stopping
is triggered (after seeing 10k—100k tasks). For minilmageNet and tieredlmageNet,
we conduct randomised hyperparameters search [Bergstra and Bengio, 2012| for
hyperparameters tunning. Typically, 64 configurations of hyperparameters are sampled
for each problem, and the best configuration is chosen by comparing accuracy on the
validation set. The considered range of hyperparameters is given in Table 3.4, and the
chosen hyperparameters are shown in Table 3.5. For regression tasks, we simply use
hyperparameters listed in Table 3.6 for both MetaFun-DFP and MetaFun-KFP.
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Table 3.4: Considered Range of Hyperparameters. The random generators
such as randint or uniform use numpy.random syntax, so the first
argument is inclusive while the second argument is exclusive. Whenever a
list is given, it means uniformly sampling from the list. u, and u_ will be
followed by a linear transformation with an output dimension of dim-reprs.

Components

‘ Architecture

Shared MLP m
MLP for positive labels u.
MLP for negative labels u_

Key/query transformation MLP a

nn-sizes X nn-layers
nn-sizes X nn-layers
nn-sizes X nn-layers

dim(x) X embedding-layers

Decoder linear with output dimension dim(x)
Hyperparameters ‘ Considered Range

num-iters randint (2, 7)

nn-layers randint (2, 4)
embedding-layers randint (1, 3)

nn-sizes (64, 128]

dim-reprs =nn-sizes

Initial representation r°

[zero, constant, parametric|

Outer learning rate

Initial inner learning rate
Dropout rate

Orthogonality penalty weight
L2 penalty weight

Label smoothing

107® x uniform (-5, -4)
0.1,1.0,10.0]

uniform (0.0, 0.5)
10uniform (-4, -2)

10uniform (=10, -8)

(0.0,0.1,0.2]
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Table 3.5: Results of randomised hyperparameters search. Hyperparameters shown in
this table are not guaranteed to be optimal within the considered range, because we
conduct randomised hyperparameters search. However, models configured with these
hyperparameters perform reasonably well, and we used them to report final results
comparing to other methods. Furthermore, dropout is only applied to the inputs.
Orthogonality penalty weight and L2 penalty weight are used in exactly the same way
as in Rusu et al. [2019]. Inner learning rate « is trainable so only an initial inner
learning rate is given in the table.

‘ minilmageNet ‘ tieredImageNet
Hyperparameters (for MetaFun-DFP) ‘ 1-shot 5-shot ‘ 1-shot 5-shot
num-iters 2 ) 3 )
nn-layers 3 2 2 3
embedding-layers 2 2 1 1
nn-sizes 64 128 128 128
Initial state Zero constant constant constant
Outer learning rate 856 x107° 3.71x107° | 5,55 x107° 5.78 x 107°
Initial inner learning rate 0.1 10.0 1.0 1.0
Dropout rate 0.397 0.075 0.123 0.223
Orthogonality penalty weight 3.28 x 107%  1.56 x 1073 | 1.37 x 1073  2.58 x 1073
L2 penalty weight 1.32x 1071 2,60 x 10710 | 1.92 x 1079 1.63 x 107°
Label smoothing 0.2 0.2 0.1 0.0

‘ minilmageNet ‘ tieredImageNet

Hyperparameters (for MetaFun-KFP) ‘ 1-shot 5-shot ‘ 1-shot 5-shot
num-iters 3 6 4 4
nn-layers 3 2 2 3
embedding-layers 2 2 1 1
nn-sizes 64 64 64 128
Initial state Z€ero parametric | parametric Z€ero
Outer learning rate 4.21 x 107°  8.60 x 1077 | 8.01 x 107° 4.50 x 10~°
Initial inner learning rate 0.1 0.1 0.1 0.1
Dropout rate 0.424 0.359 0.115 0.148
Orthogonality penalty weight 2.60 x 1073 2.73x107* | 1.06 x 10~* 7.33 x 1073
L2 penalty weight 1.19 x 1072 1.68 x 1072 | 4.90 x 107  6.22 x 107?
Label smoothing 0.2 0.2 0.1 0.1
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Table 3.6: Hyperparameters for regression tasks. Local update
function and the predictive model will be followed by linear transfor-
mations with output dimension of dim-reprs and dim(y) accordingly.

Components

‘ Architecture

Local update function

nn-sizes X nn-layers

Key/query transformation MLP a | nn-sizes X embedding-layers

Decoder
Predictive model

nn-sizes X nn-layers
nn-sizes X (nn-layers-1)

Hyperparameters ‘ Considered Range
num-iters )
nn-layers 3
embedding-layers 3
nn-sizes 128
dim-reprs =nn-sizes
Initial representation r° Zero
Outer learning rate 1074
Initial inner learning rate 0.1
Dropout rate 0.0
Orthogonality penalty weight 0.0

L2 penalty weight 0.0
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Chapter 4

Deep Stochastic Processes via
Functional Markov Transition
Operators

4.1 Introduction

sps are widely used in many scientific disciplines, including biology [Bressloff, 2021],
chemistry [van Kampen and Reinhardt, 1981], neuroscience [Laing and Lord, 2009],
physics [Paul and Baschnagel, 2000] and control theory [Bertsekas and Shreve, 2007].
They are formed by a (typically infinite) collection of random variables and can be
used to model data by considering the conditional distribution of target variables
given observed context variables. In machine learning, SPs in the form of Bayesian
nonparametric models—such as Gps [Rasmussen and Williams, 2009] and Dirichlet
processes [Teh et al., 2004]—are used in tasks such as regression, classification, and
clustering. SpPs parameterised by neural networks have also been used for meta-learning
[Garnelo et al., 2018a, Xu et al., 2020] and generative modelling [Mathieu et al., 2021,
Dupont et al., 2022].

With the increasing amount of data available, and the complex patterns arising in many
applications, more flexible and scalable SP models with greater learning capacity are
required. The NP family [Garnelo et al., 2018a,c, Kim et al., 2018, Gordon et al., 2019,
Foong et al., 2020] meets this demand by parameterising SPs with neural networks,
and enjoys greater flexibility and computational efficiency compared to traditional

nonparametric models.
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Step 0 (trivial SP) Step 1 Step 2 Step 3 (final SP)

Figure 4.1: MNPs construct expressive SPs via iterative transformations.
Here we use MNPs to model distributions over monotonic functions. We start with
trivial initial SPs and gradually transform them into more complex SPs conditioned on
observed context points marked as black crosses. The blue lines represent sampled
mean functions and the shaded region indicates one standard deviation.

Unfortunately, the original version of Nps |[Garnelo et al., 2018c| lacks expressivity and
often underfits the data in practice [Kim et al., 2018]. Various extensions have therefore
been proposed—such as ANPs [Kim et al.; 2018], CONVNPs [Gordon et al.; 2019, Foong
et al., 2020] and Gaussian Neural Processes (GNPs) [Bruinsma et al., 2021]—to improve
expressivity. These models—which we refer to as predictive SPs—are based around
directly constructing mappings from contexts to predictive distributions on targets,
and enhance expressivity by modelling context-target interactions with attentions or
convolutions. Predictive SP models map from a context C to a predictive sp p(f;C)
and make a clear distinction between the context and the target in model specification.
Consequently, for these models p(f;C) no longer corresponds to a posterior derived
from a certain prior p(f), though they are typically constructed to ensure p(f;C) is
itself a valid sP for new evaluations of f with C held fixed.

We propose an alternative mechanism to extend the NP family and provide increased
expressivity by generalising the marginal density functions of NPs. The generalised
form can be viewed as Markov transition operators with functions as states. This lays
the foundation for stacking these operators to construct more powerful SP models
that we call Markov Neural Processes (MNPs). MNPs can be seen as Markov chains in
function space, parameterised by neural networks: they make iterative transformations
from simple initial SPs into more flexible, yet properly defined, sps (as illustrated in

Figure 4.1), without compromising consistency or introducing additional assumptions.

To empirically demonstrate the value of our proposed approach, we first benchmark
MNPs against baselines on 1D function regression tasks, and conduct ablation studies
in this controlled setting. We then show that they can be used as a high-performing

surrogate for contextual bandit problems. Finally, we apply them to geological data,
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for which they demonstrate encouraging performance.

4.2 Background

A sp is a (typically infinite) collection of random variables defined on a common
probability space. We can consider a SP as a random function F': X — ) where
inputs can be regarded as indexing the output random variables. With a relaxed
use of notation, we employ p(f) in denoting a SP, where f maps inputs z € X to
outputs y € ). Kolmogorov’s Consistency Theorem shows that a SP can be indirectly
defined via a collection of marginal distributions, {p.,., (y1.n)}z,.,exn (we drop X"
from here on for conciseness) if they, for any permutation 7 and all possible sets of

inputs x1., € X", satisfy the exchangeability condition:

D1 (Y1:0) = Pr(ara) (T (Y1) == Par(yysesn(n) (Yr(1)s -+ s Yn(n))s (4.1)

and the (marginal) consistency condition:

Payory (Y1:m) = /pxlm (Y1) W1 V1 <m < n. (4.2)

If none of the random variables in a SP are observed, we call it a prior SP. For
any two distinct subsets of datapoints C = {(z;,v:;)}", (the context) and 7 =
{(zs,y:)}irny1 (the target), one can use this prior SP to compute the conditional
density pa,. 1. jz1m (YUm+1:n|Y1:m) via Bayesian inference. If inference is exact, it can be
proved that the collection of conditional distributions {pa,.,...|z1.m Ym+1m|Y1:m) Fomsim
also satisfy exchangeability and consistency, and hence define a valid posterior Sp,

p(f|C). We discuss the impact of approximate inference in Section 4.3.3.

Based on a conditional version of de Finetti’s Theorem, a NP [Garnelo et al., 2018¢]
defines a SP by providing a collection of exchangeable and consistent marginal densities
parameterized by neural networks. Specifically, they set up their marginal densities to

have the form:

o 13) = [ 0(e) T Mol 2), 03 i ) (43)

where z is a latent variable which captures dependencies across different input locations,
y; := f(x;), uy and oy are deep neural networks, and py(z) is a, typically Gaussian,
prior distribution on the latents. Note that this form is more general than the one in

[Garnelo et al., 2018c| where both py and oy are not learnt.
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4.3 Markov neural processes

To correct the shortfalls of NPs while maintaining their conditional consistency, we
now introduce a more expressive family of generative SP models termed Markov
Neural Processes (MNPs). Our starting point is to extend NP density functions into
a generalised form that can be viewed as a transition operator which transforms a
trivial SP to a more flexible one. MNPs are then formed by stacking sequences of these
transition operators to form a highly expressive and flexible model class. The training
and inference procedure for MNP mirrors that of NP, but we also introduce a novel

inference model that allows for efficient learning in our scenario.

4.3.1 A more general form of Neural Process density functions

Recall the form of the NP marginal density functions from Equation (4.3). One can

draw joint samples from p,,. (y1.,;0) via reparameterization using:
© _ N(0,1 . = AN : 4.4
Yin ~N(0.1), 2~ pp(2), yi = 0u(z.20) -y + oz, 20)- (44)

The key starting point for MNPs is to show that this can be generalised to the case
where yﬁo,)l is drawn from any given SP of its own, p(f(®)), and each y; is any invertible
transformation, Fy, of yz@, parameterized by z; and z. Specifically, we introduce the

following result (see Section 4.7.1 for proof).

Proposition 4.3.1. Let Fy(-;x,2) = Y +— Y denote an invertible transformation
between outputs, parameterized by the input and latent. If {pxl:n(yﬁi)}xlm is a valid
SP (i.e. it satisfies Equation (4.1) and Equation (4.2)) and

PO~ D N ey 2~ pa(2), Y = Fa(y 24, 2). (4.5)

then {pz,., (Y1:n) o1, @S also a valid SP.

Our next step is to realise that Equation (4.5) can be viewed as a Markov transition
in function space, denoted as p(f|f(?)), which transforms a simpler sp p(f(®) to a
more expressive one p(f). We can thus generalise things further by stacking sequences
of Markov transition operators in function spaces (FMTOs), denoted by p(f™M|f(©),
o p(fD D) together to form a Markov chain f© — ... — () in function
space. This will be the basis of MNPs.
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4.3.2 Markov chains in function space

Analogously to defining a sPs through its marginals, we indirectly specify FMTOs
using a collection of marginal Markov transition operators (MMTOs), denoted by
{pz1.. (ymlyﬂ)}xm, where each MMTO is just Markov transition operator over a

finite sequence of function outputs.

To adapt the definitions of consistency and exchangeability for sPs to the transition
operator setting, we say that the MMTOs are consistent if and only if, for any

1 < m < n and sequence xy., € X",

0 0 0
/ Do (Y1 U3) W10 = Dy, (Y Y1) = Do (Y1 Y3 ). (4.6)

Similarly, MMTOs are exchangeable if, and only if, for all possible permutations ,

0 0
s (Yt U3n) = Droron) (T (Y1) |7 (1), (4.7)
(0)

Note that, if we consider (z;,y; ’) as inputs, and y; as function outputs, the transition
operator p,,.. (yl:n|y§(:)13,) can be seen as the finite marginals of a random function
F' : X xY — Y whose distribution is a SP, and the conditions (4.6) and (4.7)

correspond to (4.2) and (4.1).

Provided that these MMTOs are consistent and exchangeable, the FMTOs in function
space will also be well-defined indirectly—i.e. the transition produces a well-defined sp
given input random functions from a SP—as per the following result (see Section 4.7.1

for proof):

Proposition 4.3.2. If the collection of marginals before transition {p.,., (yg)}xln
is consistent and exchangeable (as per Equations (4.1) and (4.2)) and the collection
of MMTOs {pm(ymyyi?,{)}m is also consistent and exchangeable (as per Equa-
tions (4.6) and (4.7)), then the collection of marginals after transition {p.,., (y1.m)} s

also consistent and exchangeable, hence defining a valid SP.

Furthermore, a Markov chain in function space can be constructed by a sequence of
FMTOs p(fO[f©), ..., p(f@|fT) where p(fO]f¢1) = {ps,.. Widlyis ) }or..
With repeated applications of Proposition 4.3.2, if the initial state {p,,., (yﬂ)}xln
is exchangeable and consistent, {p,,.. (yﬁ?)}xln at time 7T is also exchangeable and

consistent, hence defining a SP p(f(7)).
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Equation (4.5) then provides a valid construction of consistent and exchangeable
MMTOs by introducing an auxiliary latent variable z. The transition operator is
written as

n

0
o 1al:0) = [ o2 [0 = Fa”s1.2)) (18)
i=1
where both py and Fj in Equation (4.8) can be parameterised by neural networks. Criti-
cally, we can extend Proposition 4.3.2 to cover these auxiliary settings in Equation (4.8)

as well, as per the following result (see Section 4.7.1 for proof):

Proposition 4.3.3. MMTOs in the form of Equation (4.8) are consistent and ez-

changeable.

4.3.3 Parameterisation, inference and training

We can now define a MNP as a sequence of neural FMTOs, with each FMTO indirectly
specified via a collection of MMTOs in the form of Equation (4.8). If we specify a

distribution over the sequence of auxiliary latent variables py(z(*7)) along with an
(0)

initial SP with marginals p,,  (y;.,), we can write down the marginal distribution over
function outputs y;., := yﬂ) for a sequence of inputs x., under the MNP model as

(see Figure 4.2a for illustration and Section 4.7.1 for derivation):

T n
0 (0:7-1
Paron (Y10 0) = / P0G, (i) TLT L2 @ o™ 2Oy Va0

t=1 i=1

(4.9)

T n
8F )z, 2® .
= [ ot 2 TT T fa 22 5 gom

t=1 i=1 yz(

According to Propositions 4.3.2 and 4.3.3, {ps,.,, (Y1:n;0) }4,., defines a valid SP param-
eterised by 6. The initial SP can be arbitrarily chosen, as long as we can evaluate its
marginals pxlm(yg %) In our experiments, we use a trivial SP where all the outputs
are i.i.d. standard normal distributed. We adopt normalising flows [Rezende and
Mohamed, 2015, Papamakarios et al., 2019, Durkan et al., 2019] to parameterise the
invertible transformations Fe(t).

To integrate over latent variables z(*7) in Equation (4.9), we introduce a posterior

approximation ¢, (27 |y1..;¢). For many applications, we need to learn and
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—— st step
2nd step
—— 3rd step

Figure 4.2: (a) Consistent generative models on finite sets. Observed variables
are shown in white, and hidden variables are shaded. Stochastic paths are indicated
with dashed lines while deterministic paths are solid lines. Conditioned on the
function inputs x1., and the auxiliary latent variables z(T)| the function outputs are
transformed independently using instance-wise conditional normalising flows (CNFs).
If the initial states {(x;, y;)}i=1., come from a SP, the construction will ensure that
the collection of marginals p(yﬂ]xln) are consistent under marginalisation for any
t. (b) Permutation-invariant inference models. Auxiliary latent variables z(‘7)
are inferred in reverse order in our inference model. We reuse the parameters of
CNFs in the generative model to compute function values y%, at all time steps,
where each step has a different colour. We parameterise the conditional distribution

qg(fl):n(z(t) |2+ y%, ¢) with permutation-invariant neural networks.
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query the conditional distributions of a target T = {(zs,y:)}_,,,1 given context
C = {(zi,y;) }"1. To better reflect the desired model behaviour at test time, similar
to Nps [Garnelo et al., 2018¢|, we train the model by maximising the following
approximation of the conditional log-likelihood w.r.t. both model # and variational ¢

parameters:

£0,¢<yl:n; xl:n) =
Ql’l:n (Z(lT) | y1n7 ¢)

Where logp:vm+1;n|r1;m (ym-i-l:n ‘ Y1:ms 9) % £9,¢>(y1:n; ml:n)- Here C]xlim(Z(IZT) ’ylsm; ¢) can
be seen as an approximate prior conditioned on the context {(x;,v;)}™,, while

qul:n(z(liT) |y1:n§¢) logpx’mr‘rl:n (ym+1n ’ Z(I:T)7 9) + log

Grr (25D | y1n; @) is the approximate posterior after the target {(z;,yi)}" .1 is
observed. Thus the prior and the posterior share the same inference model with
parameters ¢. The training objective is optimised by stochastic gradient descent, and
the gradients Vo 4L 4(y1.n; T1.) can be efficiently estimated with low variance using

the reparameterisation trick [Mohamed et al., 2020].

Z(I:T

However, different from NPs, the latent variables ) for MNPs are a sequence.

Therefore, we propose a different inference model which shares parameters with the

generative model above. Firstly, we write ¢, (25T | y1.m; #) in a factorised form:

. T
Gorn O [yrmi ) =T [ _ a2, V120, 4105 9) (4.11)

where ¢ are variational parameters and we set z™+t) = 0, y1., = ?Jg;T)

implementation, we use a Gaussian distribution for each factor qgl)m, with mean

,u((;)(z(t“), ygle,xlzn) and variance Eg)(z(t“),yﬁzl, T1.)), Here ,u((;) and Zg) are param-

. In our

eterised functions invariant to the permutation of data points {(z;, y;)}1,, i.e.
t t t t
M((j))(z(t+l)? D 2) = u;)(z(m)’ y;()lm), Tr(1im))
Eg)(z(t+l)7 y§t7)17 xl:n) = Ef(ﬁt) (Z(t+1)7 yit()l;n)a xﬁ(l:n))-
We can parameterise them by first having

r® = SETENCODER (") | 21.1)) (4.12)

where SETENCODER could be a Set Transformer [Lee et al., 2019a|, Deep Sets [Zaheer
et al., 2017], then taking

) (2D ) 1) = MLP, (0 r0) (4.13)
oP (2D ) w1) = MLP, (204D 7 0), (4.14)
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1:7-1
(:n ) are not observed.

In Equation (4.11), the intermediate function outputs y;
However, we can sample them autoregressively by iterating between sampling z*! and
calculating 3\ = (F\") 1y Y; 2, 20+D) for each i (see Figure 4.2b). Therefore,
we share the parameters of the normalising flows FQ(LT) between the generative and
inference models, leading to better performance. This idea is originally was proposed
by Cornish et al. [2020], except that our normalising flows are applied to a sequence

of function outputs y;., given the inputs x1.,.

In practice, the inference model g, (27 | y1.n; @) provides an approximate prior /posterior.
Ideally, if it gives the exact posterior, conditional consistency would hold perfectly.
However, when the inference model is approximate, the degree of conditional consis-
tency depends on the discrepancy between the inference model and the true posterior.
Predictive SP models also have a stochastic mapping conditioned on the context,
represented as ., (257 |y1.m; ¢). However, it is important not to confuse this with

the inference model, as they do not serve to approximate the posterior.

4.4 Related work

Bayesian nonparametric models Bayesian nonparametric models such as GPs [Ras-
mussen and Williams, 2006, Ghahramani, 1999] and Student-t processes [Shah et al.,
2014, Bui et al., 2016, Chung and Turner, 2019| provide common classical approaches for
modelling distributions over functions. Under these models, any conditional distribu-
tion of a target given a context can be directly evaluated, and both marginal /conditional
consistency is guaranteed by construction (if all computation is exact). However, they
can be too restrictive for some applications, e.g. any conditional or marginal distribu-
tion of a GP is also Gaussian. Further, the evaluation of conditional densities is typically
computationally intensive (cubic w.r.t. the context due to matrix inversion). Deep
GPs [Damianou and Lawrence, 2013, Wilson et al., 2016] use GPs as building blocks to
construct deep architectures, designed to be flexible enough to model a wide range of
complex systems. However, only the hyperparameters for each GP layer are tunable,

which means they can still be restrictive when modelling highly non-Gaussian data.

Copula-based processes In multivariate statistics, a copula function refers to
a multivariate function that describes the dependence between random variables

and links the marginal distributions of each variable to the joint distribution of
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all the variables [Nelsen, 2007, Joe, 1997|. Similarly, a copula process [Wilson and
Ghahramani, 2010] describes the dependency between infinitely many random variables
independent of their marginal distributions. Korshunova et al. [2018, 2020], Maronas
et al. [2021] exploited this independence to specify the more flexible Copula-Based
Processes (CBPs) by combing the copula processes of existing Sps with flexible models
of marginal distributions based on normalising flows [Rezende and Mohamed, 2015,
Papamakarios et al., 2019, Durkan et al., 2019]; the consistency of CBPs is guaranteed
as long as the base SPs are consistent. However, CBPs are still restrictive in terms of
modelling relationship between variables because the underlying copula processes still
come from known sps. For example, BRUNOs [Korshunova et al., 2018, 2020] have
the same underlying copula processes as GPs, so they cannot be used to model data

with non-Gaussian dependencies.

Neural process family NpPs [Garnelo et al., 2018¢| are generative SP models which
specify a prior SP and rely on Bayesian inference to compute conditional densities. To
improve expressivity of the original NpPs, Kim et al. [2018], Foong et al. [2020], Bruinsma
et al. [2021] explore predictive SP models that directly learn mappings from context to
predictive sps. More specifically, ANPs [Kim et al., 2018] incorporate cross-attention
modules to model the interaction between context and target. CONVNPs [Foong et al.,
2020] produce a functional representation with a convolutional architecture which
parameterizes a stationary predictive SP over the target, given the context. In GNPs
[Bruinsma et al., 2021], predictive sPs are modelled by GPs where the mean /kernel func-
tions are directly produced by neural networks conditioned on the context. However,
simply setting the context to an empty set in these models does not yield more expres-
sive generative SP models. In the absence of context, ANPs and GNPs become standard
NPs and GPs respectively, without any additional expressivity. CONVNPs can indeed
be adjusted for generative SP models where the latent variables are random functions.
However, it remains unclear how to perform Bayesian inference in function space [Foong
et al., 2020]. Conditional NP families, e.g. CNPs [Garnelo et al., 2018a|, Convolutional
Conditional Neural Processes (CONVCNPs) [Gordon et al., 2019] are another category of
predictive SP models, which make a strong assumption that all targets are independent
given the context. Recently, Neural Diffusion Processes (NDPs) [Dutordoir et al., 2022]
provide an alternative to the NP models above, showing promising predictive perfor-

mance. However, both marginal and conditional consistency are sacrificed in NDPs.
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4.5 Experiments

Our experiments aim to answer the questions: 1) Can the proposed framework of MNPs
offer better expressivity than NPs? 2) Compared to Bayesian nonparametric models,
do neural parameterised SPs have advantages, especially on highly non-Gaussian
data? 3) How well do MNPs perform on scientific problems? All experiments are
performed using PyTorch [Paszke et al., 2019b]. For details about datasets, please
see Section 4.7.3. For additional experimental details such as hyperparameters and

architectures, please refer to Section 4.7.3.1.

The experiments below demonstrate that our extension to the NP framework indeed
enhances expressivity by generalizing the density functions of NP. However, combining
attention or convolutions with the MNP is non-trivial, so we leave that for future work.
As a result, we did not include empirical comparisons with ANP, CONVNP etc. In this
discussion, we do not claim having generalized density functions alone can lead to

best-performing NP models.

4.5.1 1D function regression

We first consider 1D function regression problems to perform controlled comparisons
between GPs, CBPs, NPs, and MNPs. Table 4.1 shows results across a range of datasets,
including samples from the GP prior (we consider three different kernels) as well as

more challenging non-GP data.

For datasets sampled from GPs, we also include the performance of oracle GPs with
the right hyperparameters for generating the data. As shown, GPs and CBPs are close
to the oracle except for samples generated using a periodic kernel, where CBPs struggle
to learn the right kernel hyperparameters due to the difficulty of optimisation. For
neural parameterised models, the performance gaps between the MNPs and the oracle

GPs are much smaller than for NPs.

For non-GP samples such as monotonic functions, convex functions and samples
from certain SDEs, MNPs perform the best across all models. CBPs obtain better
marginal log-likelihood than GPs because the pointwise marginals are transformed

using normalising flows, but their underlying copula processes (which capture the
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Table 4.1: Estimated marginal log-likelihood of sPs on 1D function regression
problems. We compare (a) Oracle models (when available). (b) GPs with optimised
hyperparameters for additive kernels with three component kernels including an RBF
kernel, a Matern kernel and a periodic kernel. (c¢) CBPs which combine Gaussian
copula processes with neural spline flows [Durkan et al.; 2019]|. (d) NPs. (e) MNPs
with 7 transition steps. Each experiment is repeated 5 times and we report the mean
and standard errors of the marginal log-likelihood normalised by the number of points
in the target. When latent models such as MNPs, NPs are used, we obtain estimations
of marginal log-likelihoods on test data using the IWAE objective Burda et al. [2016]
with 20 latent samples.

Samples from GPs Non-GP Data
Model RBF Kernel Matern Kernel Periodic Kernel | Monotonic Convex SDEs
Oracle 2.846+0.012 2.709+0.013 0.641+0.006 — — —
GPs 2.844+0.013 2.708+0.014 0.419+0.013 0.633+0.059  2.976+0.224  1.719+0.034
CBPs 2.628+0.016 2.604+0.015 0.169+0.022 1.776+0.088  4.268+0.035  1.842+0.024
NPs 0.935+0.019 1.115+0.021 0.35640.020 1.823+0.006  1.956+0.004  1.621+0.009
MNPs 2.491+40.024 2.290+0.021 0.594+0.032 2.755+0.010 5.582+0.081 1.9424+0.019

=09 0=095 §6=0.99

Figure 4.3: Wheel contextual bandits with varying exploration parameter . The
optimal actions are aq,...,as when the context point are in blue, yellow, red, green
and black regions respectively.

dependence between data points) are still Gaussian, restricting their ability to model

highly non-Gaussian data compared to neural parameterised models e.g. MNPs, NPs.

4.5.2 Contextual bandits

Contextual bandits are a class of problems where agents repeatedly choose from a
set of actions based on context and receive rewards. The goal is then to learn a
policy that maximizes expected cumulative reward over time. Contextual bandits find
applications in real-time decision making problems such as resource allocation and

online advertising.

Similarly to Garnelo et al. [2018c|, we use the wheel bandit problem [Riquelme et al.,

2018] (see Section 4.7.3) to evaluate our approach: a unit circle is partitioned into
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Table 4.2: Results on wheel contextual bandit problems. We use an increasing
value of §, where more exploration is needed with higher §. We report the mean and
standard deviation of both cumulative and simple regrets (a performance measure
of the final policy, estimated by the mean cumulative regrets in the last 500 steps)
over 100 trials. Results are normalised by the performance of a uniform agent which
chooses actions with equal probability.

1) 0.5 0.7 0.9 0.95 0.99
Cumulative regrets

Uniform 100.0+0.00 100.0=+0.00 100.0=+0.00 100.0=+0.00 100.0=+0.00
MAML 2.9540.12 3.11+o0.16 4.84+0.22 7.01+0.33 22.93+1.57
NPs 1.60+0.06 1.75+0.05 3.31+0.10 5.71+0.24 22.13+1.23
MNPs 1.08+0.00 1.23+0.01 2.10+0.01 2.07+0.01 5.4640.05
Simple regrets

Uniform 100.0+0.00 100.0=+0.00 100.0+0.00 100.0=+0.00 100.0=+0.00
MAML 2.4940.12 3.00+0.35 4.75+0.48 7.10+0.77 22.89+1.41
NPs 1.04+0.06 1.26+0.21 2.90+0.35 5.45+0.47 21.45+1.3
C-BRUNO 1.32+0.06 1.43+0.07 3.44+0.13 6.17+0.21 21.5240.41
MNPs 1.14+0.06 1.29+0.08 2.12+0.16 2.24+0.16 5.22+0.38

5 regions (see Figure 4.3) whose sizes are controlled by an exploration parameter
0. There are 5 actions aq, as, as, as, as, and their associated reward depend on a 2D
contextual coordinate X = (Xj, X3) uniformly sampled from within the circle. If
|X|] < 4, a; is the optimal action with reward sampled from A(1.2,0.012), and
taking any other action would yield a reward r ~ A(1.0,0.01%). If || X]|| > 4, the
optimal action depends on which of the remaining 4 region X falls into and choosing
it would yield a reward r ~ N(50,0.012). Under this circumstance, any other action
yield a reward N(1.0,0.01?) except that a; receives r ~ N(1.2,0.01?). We follow
the experimental setup from Garnelo et al. [2018¢| and only include models with a
pre-training procedure (see Section 4.7.3.1 for details). As can be seen in Table 4.2,
MNPs significantly outperform baselines (taken from the results of Garnelo et al.

[2018c¢|) across different exploration rates 9.

4.5.3 Geological inference

In geostatistics, one is often interested in inferring the geological structure of an
area given only a sparse set of measurements. This problem has traditionally been
tackled with variants of GP regression |[Cressie, 1990| (often referred to as Kriging in

this context). However, several geological patterns (e.g. fluvial patterns) are highly
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Ground truth 20 40 80 160 Top Left Center

Figure 4.4: Inferred geology conditioned on measurements. Given a small
number of physical measurements (red pixels indicate positive measurements while blue
pixels indicate negative ones), we show the predictive mean (first row in each panel)
and standard deviation (second row in each panel). Different columns correspond to
different context sets. As can be seen, MNPs make predictions that are consistent with
the data while showing larger uncertainty when fewer context points are available (or
when a prediction is made far from a context point).

Table 4.3: Test marginal log-likelihood on geology data. Uniform context points
are uniformly sampled from within the 2D square, while regional context includes the
top/left half or the central square with half the size.

Uniform Context Regional Context
@ N =20 40 80 160 Top Left Center

NPs —0.35+0.30 —0.31+0.20 —0.28+0.27 —0.25+0.27
MNPs 0.67+0.31 0.80+0.23 0.98+0.18 1.12+0.15

—39.63+304.08 —22.03+107.25 —1.18+4.20
0.44+0.59 0.22+0.61 0.65+0.39

complex and cannot be properly captured by these methods. To address this, several
geostatistical models use a single training image to extract geological patterns and
match these to the measurements [Strebelle, 2002, Zhang et al., 2006]. However, these

approaches generally fail to produce realistic patterns capturing the variability of real

geology.

More recently, deep learning approaches have been applied to this problem. Dupont
et al. [2018], Zhang et al. [2019], Chan and Elsheikh [2019] train GANs on large
geological datasets and use this as a prior for inferring geological structure given
sparse measurements. However, the resulting models do not provide any meaningful
uncertainty estimates, which are crucial for decision making in several applications.

As MNPs provide uncertainty estimates they may therefore be a compelling approach
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for this problem.

To evaluate MNPs on this problem, we introduce the GeoFluvial dataset, containing
more than 25k simulations of fluvial patterns as 128 x 128 grayscale images. The dataset
was generated using the open source meanderpy [Sylvester et al., 2019] package, which
itself simulates the geological patterns as SPs (see Section 4.7.3 for details). We train our
model on a training set of 20k simulations and evaluate it on a test set of 5k simulations.
We test our trained model on a variety of context point configurations, corresponding
to geological measurements taken at various spatial locations. Specifically, we consider
uniformly sampled measurements (at 20, 40, 80, and 160 locations) as well as scenarios
where measurements are spatially restricted to a certain area (top, left, and in the
center of the square). Quantitative results are shown in Table 4.3 and qualitative
results in Figure 4.4. As can be seen, our model achieves better likelihoods than NPs
on this problem for all context point configurations, while also generating patterns that
match the geological context. Further, as can be seen in Figure 4.4, the uncertainty
estimates of the model are consistent with expectations, i.e. the model is more
uncertain far from measurement locations or when there is ambiguity in the direction

of the fluvial pattern.

4.6 Discussion

Limitations and future work Because we apply only a finite number of Markov
transitions, the entire computational graph containing intermediate states is held in
memory for backpropagation. To alleviate this, an interesting direction for future work
would be to consider continuous-time Markov transitions, i.e. stochastic differential
equations in function space, which require less memory by using adjoint methods
[Chen et al., 2018a, Li et al., 2020]. While Equation (4.8) provides a valid general
construction of exchangeable and consistent MMTOs with latent variables, it may be
feasible to investigate other forms of MMTOs that do not necessitate latent variables,

thereby eliminating the need for variational approaches.

There are often inherent symmetries in data (e.g. translational symmetries for sta-
tionary Sps) and it may be possible to improve empirical performance of MNPs using
(group equivariant) convolutions that preserve certain symmetries [Gordon et al., 2019,
Kawano et al.; 2020, Foong et al., 2020]. These improvements are, however, orthogonal

to our contributions and combining them is an exciting direction for future work.
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Conclusions We have introduced Markov Neural Processes (MNPs), a framework
for constructing flexible neural generative SP models. MNPs use neural-parameterized
Markov transition operators on function spaces to gradually transform a simple initial
SP into a flexible one. We proved that our proposed neural transitions preserve
exchangeability and consistency necessary to define valid sps. Empirical studies
demonstrate that we can obtain expressive models of SPs with promising performance

on contextual bandits and geological data.

4.7 Supplementary materials

4.7.1 Proofs

Proof of proposition 4.3.1 (See page 47):

Proposition 4.3.1. Let Fp(-;x,2) : Y — Y denote an invertible transformation
between outputs, parameterized by the input and latent. If {pxl(ygoi)}xl is a valid
Stochastic Process (SP) (i.e. it satisfies Equation (4.1) and Equation (4.2)) and

U Do DN s 2~ po(2), yi = Fa(y” 2, 2). (4.5)

then {pz,.. (Y1.n) }ay., 1S also a valid SP.

Proof. Given an input z; and a latent variable z, y; is obtained by applying an

invertible transformation Fy to yi(o)

the Dirac delta:

. Therefore, we can represent p(yi]yi(o); x;, Z) using

Pl 25, 2) = 8(y — Fy(y”; 24, 2)) (4.15)

Furthermore, according to Equation (4.5), these transformations are independently

applied given the latent variable z. So we have:

Pl ion; 21n, 2) = [ [ 0(wi — Fo(u”; 21, 2)) (4.16)
Hence

Daro 1|1 = [ po(2)06 (1 |90 T1m, 2)d2 (4.17)

po(z — Fg(yl@); x;, 2))dz (4.18)

/
fmio
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As per Proposition 4.3.3, {pxl:n(y1:n|y§?’r)z)}wl:n is exchangeable and consistent. Further-
more, because {p,,. (1\°)},,. is a valid SP, {ps,. (Y1) }ur., is also a valid SP

4.7.1.1 Proof of proposition 4.3.2 (See page 48)

Proposition 4.3.2. If the collection of marginals before transition {p,,., (y§?)l)}m1m is
consistent and exchangeable (as per Equations (4.1) and (4.2)) and the collection of
marginal Markov transition operators (MMTOs) {pxl:n(yl;n|y§?z)}zlm is also consistent
and exchangeable (as per Equations (4.6) and (4.7)), then the collection of marginals
after transition {p.,., (y1.n)} is also consistent and exchangeable, hence defining a valid

SP.

Proof. According to the definitions of consistency and exchangeability for both the
collection of marginals {p,,., (yio,i)}m and the collection of transition operators
{(Por.. W1y}, ., we have the following (Equations (4.1), (4.2), (4.6) and (4.7)):

[ P01 = P 02
Pr(ar) (TSN = Par (Y1)
/ Pern G1nl9®) W = Do (romly®)
Prren W1l Y30) = Pr(or (7 (Gr:n) |7 (010))

where 1 < m < n.

The Markov transition on the function outputs are described by:

0 0 0
Parn (Y1in) = / s (Vo) D, (Y1on |y ) )
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For any finite sequence x1.,, we have
0 0 0
/pl‘hn (yl:n)dym+1:n = </px1:n (ygzr)z)pxl:n (ylzn’yiz’r)z)dyir)z) AYmt1:n

P (010 ( / Pr (V19850 AW 10 ) A

0 0 0
pml:n (yg’r)L)pxlm (y1m|y:(l2n>dy£T)L

0 0 0 0
([ Por 6 o ) 00,

0 0 0
Paron G ) Darer, 1o |y ) Ay,

I
— S

Por (Y1) Ay, (4.19)

Furthermore, we have
0 0 0
Pter (T01) = [ Brtony G e ()04

0 0 0
- /pxlzn(ygi’r)L)pzlzn (ylnlygr)z)dy§1)1

= DPz1.n (ylzn) (420)

Therefore, the collection of marginals {p,,., (41:n)}+,., are both consistent and ex-
changeable (Equations (4.19) and (4.20)), hence defining a valid SP.

Proof of proposition 4.3.3 (See page 49):

Proposition 4.3.3. MMTOs in the form of Equation (4.8) are consistent and ex-

changeable.

Proof. Recall that MMTOs in Equation (4.8) write as:

n

Por (1l 0) = / po(2) [[ 60 — Fo(y®s 0, ) s, (4.21)

=1

It is a special case of a more general form:

o 1al20) = [ () [ poton 7 ) (4.22)
=1
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Equation (4.22) becomes Equation (4.21) when py(y; | yl@), xi,2) = 0(y; — Fg(yl( )iz 2))
is a d-distribution. Below we prove that MMTOs are consistent and exchangeable for

the general form. We have

/pﬂcl;n (yln‘ygor)w 6>dym+1:n - / (/pg(Z) Hpe(yz' ‘ yz‘(O)a Zi, Z) dZ) dym—i-l:n
=1

Z/pe(z)Hpa(yi\y- Ti, 2 / H oy |y w2 )dym+1n>d

i=m+1

/ Hpe yz|y i, 2) dz

:pﬁlzm(yl:m‘ylzm; ) (423)
and
0
Pr(aro) (T (y1:0) |7 (100); 0) / H po(yi |9, xi, z)dz
i=m(1)
-/ ol [T ol |9, 2, )tz
i=1
= Do (rnlyiin: 0) (4.24)
Therefore, the collection {pﬂ(xlm)(ﬂ(ylzn)|7r(y§07)l) 0)}.,.. is both consistent (Equa-
tion (4.23)) and exchangeable (Equation (4.24)). O

Derivation of Markov Neural Process marginal densities:

T step Markov Neural Processes (MNPs) have marginal densities in the following form
(as in Equation (4.9)):

T n
0 1) (0:7—
o (130 = [ 9, ) [T TT 68007 2y~

t=1 i=1
(t)( (t=1),

r (1)
1T, 2 )
:/pe( D) () HH‘ . ) d-(17)

t=1 i=1 Z/

Proof. Given the sequence of latent variables 2™, our model becomes normalising
flows on the finite sequence of function outputs y;.,,, with a prior distribution p,, (y@l),

and the invertible transformation at each step Fe(t)(~; x5, 2%). According to Rezende
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and Mohamed [2015], Papamakarios et al. [2019], we have

. T .
Doy W10 257 0) = py. (9112057, )

( ) (o (T=1). (T)
_ (T-1)| _(1:T7—-1) (y; s T, 2))
= Doy (Yim |Z ’d t ay(T 0 ’

(2

T () (t-1), t
0 4 y Ly
= Pena (o) T[] ‘det (1) ‘
t=1 i=1 ayi

The marginal density pe,., (¥1:n; @) can be computed as:

T n
3F xz, 2 ,
= /pe(z( O)par.. (9o [T11 ‘d t (! — )|az0m (4.25)

t=1 i=1 yi( )

4.7.2 Implementation details
4.7.3 Data

Gaussian Process (GP) samples Three 1D function datasets were created, each
comprising samples from Gaussian processes (GPs) with different kernel functions:
RBF (length scale 0.25), Matern-2.5 (length scale 0.5), and Exp-Sine-Squared (length
scale 0.5 and periodicity 0.5). Observation noise variances were set at 0.0001 for RBF
and Matern kernels, and 0.001 for the Exp-Sine-Squared kernel. Function inputs
spanned from —2.0 to 2.0. To accelerate sampling, identical input locations were
employed for every 20 function instances. For this dataset, context size varies randomly
from 2 to 50.

Monotonic functions Our generation of monotonic functions starts by sampling
N ~ Poisson(5.0) to determine the number of interpolation nodes. We then sample
N + 1 increments Xi,crements Sampled from a Dirichlet distribution. These increments
are increased by 0.01 to avoid excessively small values, and are then normalized such
that their sum is 4.0. The final X values for interpolation nodes are obtained by adding

—2.0 to the cumulative sum of these increments so that these X values are within
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the range [—2.0,2.0]. For each X value, a corresponding Y value is sampled from
a Gamma distribution Y ~ Gamma(2,1). The cumulative sum of Y values ensures
monotonicity. A PCHIP interpolator [Fritsch and Butland, 1984] is then created
using these interpolation nodes (X and Y values) to generate function outputs. Given
the functions, we randomly sample 128 X values and compute their corresponding
function values. Note that these X values are now used to evaluate the functions,
rather than serving as interpolation nodes. The function values are normalized to the
range [—1.0,1.0]. Finally, Gaussian observation noise with a standard deviation of
0.01 is added to these function values. For this dataset, context size varies randomly
from 2 to 20.

Convex functions To create a dataset of convex functions, we compute integrals of
the monotonic functions previously created. These convex functions are then randomly
shifted and rescaled to increase diversity. The function values are normalized to the
range [—1.0,1.0]. Finally, Gaussian observation noise with a standard deviation of

0.01 is added to these function values. Context sizes varied randomly from 2 to 20.

Stochastic differential equations samples We create a dataset of 1D functions,
each of which represents a solution to a Stochastic Differential Equation (SDE). This
SDE is defined by the drift function f(z,t) = —(a+ 2 - b*) - (1 — 2%) and the diffusion
function g(z,t) = b- (1 — x?), with constants a and b both set to 0.1. The function
sets up a time span that includes 128 uniformly distributed points within the range
of [=5.0,5.0]. We then uniformly sample an initial condition, zo, between 0.2 and
0.6. We use the sdeint.stratkKP2iS function from the sdeint library to generate a
solution to the SDE. This solution forms a 1D function that depicts a trajectory of
the SDE across the defined time span, originating from the initial condition zy. Lastly,

we randomly alter the context sizes between 2 and 50.

For all the aforementioned datasets, we use the following set sizes: 50000 for the
training set, 5000 for the validation set, and 5000 for the test set.

Geological data We generate the GeoFluvial dataset using the meanderpy [Sylvester
et al., 2019| package. We first run simulations using the numerical model of meandering
in meanderpy with default parameters except for channel depth which we change from
16m to 6m. The resulting simulations correspond to images of shape (800, 4000). We

then extract 3 random non-overlapping crops of shape (700, 700) from these images,
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which are resized to (128, 128) and are used as data. We ran [25000/3] simulations,

resulting in a dataset of 25,000 images.

4.7.3.1 Model architectures and hyperparameters

Permutation equivariant/invariant neural networks on sets We implement
two versions of neural modules which operate on sets, both of which preserve the
permutation symmetry of the sets. They are known as deep sets [Zaheer et al., 2017]
and set transformers |Lee et al., 2019a]. To obtain an invariant representation, we
used sum pooling for deep sets, and pooling by multi-head attention (PMA) [Lee et al.,
2019a] for set transformers. Our experiments primarily employed set transformers,
chosen for their stronger ability to model interactions between datapoints. However,
for the wheel contextual bandit experiments, the context set often expanded to tens
of thousands. To circumvent memory issues, we use deep sets in this instance. For
set transformers, we stack two layers of set attention blocks (SABs) with a hidden
dimension of 64 and 4 heads. This is followed by a single layer of PMA, which was
subsequently followed by a linear map. In the case of using deep sets, we use a shared
instance-wise Multi-Layer Perceptron (MLP) that has two hidden layers and a hidden
dimension of 64. This MLP processes the concatenation of function inputs and outputs.
Following this, we add a sum aggregation which is then succeeded by a single-layer
MLP with ReLU (Rectified Linear Unit) activation.

Conditional normalising flows The instance-wise invertible transformation Fe(t)
at each time step ¢ is parameterised as a rational quadratic spline flow [Durkan et al.,
2019]. Note that we do not share parameters among iterations. To condition on an
input z; and a latent variable z, we use a Multi-Layer Perceptron (MLP) which takes
in z;, z and produces the parameters for configuring a one-layer spline flow with 10

bins.

Multi-Layer Perceptrons (MLPs) Except for the deep sets, we use MLPs to
parameterise continuous functions in two places. Firstly, we use it as a conditioning
component in conditional normalising flows Fg(t) (as we mentioned above). It has two
hidden layers and a hidden dimension of 128. Secondly, we use it to parameterise ,ug)
and aét) in the inference model (see Section 4.3.3). It has two hidden layers and a

hidden dimension of 64.
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We adopt the same pretraining approach as Garnelo et al. [2018¢| for the contextual
bandits problem, pretraining the model on 64 wheel problems {4;}%4,, where §; ~
U(0,1). Each wheel §; has a context size ranging from 10 to 512 and a target size
varying between 1 and 50. Here each data point is a tuple (X, a,r). Because the
context size can grow to tens of thousands during test time, for computational efficiency,
we use deep sets to implement SETENCODER and a linear flow rather than a spline

flow to parameterise Fe(t).

For optimisation, we use Adam [Kingma and Ba, 2014| optimiser with a learning rate
of 0.0001. We use a batch size of 100 for 1D synthetic data and a batch size of 20
for the geological data. In experiments, we find that it is often beneficial to encode
x; with Fourier features [Tancik et al., 2020], and we use 80 frequencies randomly

sampled from a standard normal.

4.7.3.2 Computational costs and resources

In our current implementation,the invertible transformations Fg(t) in the generative
model and the mean/variance function ,ug)ag) in the inference model do not share
parameters across iterations. However, we do share the SETENCODER across iterations.
Consequently, with our MNP, both memory usage and computing time increase
linearly with the number of steps. If the SETENCODER employs set transformers, the
computational cost becomes O(m?), where m stands for the context size. This cost,
however, can be decreased to O(mk) by replacing set attention blocks (SABs) with
induced set attention blocks (ISABs), where k& denotes the number of inducing points.
If deep sets are used to implement SETENCODER, the computational cost reduces to

O(m), despite the inference model being less expressive.

Training MNP is indeed resource-intensive; however, inference in MNP simply requires
a forward pass. On a single GeForce GTX 1080 GPU card, a standard 7-step MNP
takes approximately one day to train for 200k steps on 1D functions. If we use 20
latent samples to evaluate the marginal log-likelihood using the IWAE objective Burda

et al. [2016], inference runs typically in a few seconds for a batch of 100 functions.
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4.7.4 Broader impacts

Our work presents MNPs, a novel approach to construct SP using neural parameterised
Markov transition operators. The broader impacts of this work have many aspects.
Firstly, the proposed models are more flexible and expressive than traditional SpP
models and Neural Processes (NPs), enabling them to handle more complex patterns
that arise in many applications. Moreover, the exchangeability and consistency in
MNPs could improve the robustness and reliability of neural SP models. This could
lead to more trustworthy systems, which is a critical aspect in high-stakes applications.
However, as with any machine learning system, there are potential risks. For example,
the complexity of these models could exacerbate issues related to interpretability and
transparency, making it more difficult for humans to understand and control their

behaviour.

67



Chapter 5

Group Equivariant Subsampling

5.1 Introduction

Convolutional Neural Networks (CNNs) are known to be more data efficient and
show better generalisation on perceptual tasks than fully-connected networks, due to
translation equivariance encoded in the convolutions: when the input image/feature
map is translated, the output feature map also translates by the same amount. In
typical CNNs, convolutions are used in conjunction with subsampling operations,
in the form of pooling or strided convolutions, to reduce the spatial dimensions of
feature maps and to allow receptive field to grow exponentially with depth. Subsam-
pling /upsampling operations are especially necessary for convolutional autoencoders
(ConvAEs) [Masci et al., 2011] because they allow efficient dimensionality reduction.
However, it is known that subsampling operations implicit in strided convolutions
or pooling layers are not translation equivariant |Zhang, 2019, hence CNNs that
use these components are also not translation invariant. Therefore such CNNs and
ConvAEs are not guaranteed to generalise to arbitrarily translated inputs despite

their convolutional layers being translation equivariant.

Previous work, such as Zhang [2019], Chaman and Dokmanié¢ [2020], has investigated
how to enforce translation invariance on CNNs, but does not study equivariance
with respect to symmetries beyond translations, such as rotations or reflections.
In this work, we first describe subsampling/upsampling operations that preserve
exact translation equivariance. The main idea is to sample feature maps on an

input-dependent grid rather than a fixed one as in pooling or strided convolutions,
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and the grid is chosen according to a sampling index computed from the inputs
(see Figure 5.1). Simply replacing the subsampling/upsampling in standard CNNs
with such translation equivariant subsampling/upsampling operations leads to CNNs
and transposed CNNs that can map between spatial inputs and low-dimensional

representations in a translation equivariant manner.

We further generalise the proposed subsampling/upsampling operations from trans-
lations to arbitrary groups, proposing group equivariant subsampling/upsampling. In
particular we identify subsampling as mapping features on groups G to features on sub-
groups K (vice versa for upsampling), and identify the sampling index as a coset in the
quotient space G /K. We note that group equivariant subsampling is different to coset
pooling introduced in Cohen and Welling [2016], which instead gives features on the quo-
tient space G/ K, and discuss differences in detail in Section 5.4. Similar to the transla-
tion equivariant subsampling/upsampling, group equivariant subsampling/upsampling
can be used with group equivariant convolutions to produce group equivariant CNNs.
Using such group equvariant CNNs we can construct group equivariant autoencoders

(GAEs) that separate representations into an invariant part and an equivariant part.

While there is a growing body of literature on group equivariant CNNs (G-CNNs)
[Cohen and Welling, 2016, 2017, Worrall et al., 2017, Weiler et al., 2018b,a, Thomas
et al., 2018, Weiler and Cesa, 2019b], such equivariant convolutions usually preserve
the spatial dimensions of the inputs (or lift them to even higher dimensions) until
the final invariant pooling layer. There is a lack of exploration on how to reduce
the spatial dimensions of such feature maps while preserving exact equivariance, to
produce low-dimensional equivariant representations. This work attempts to fill in
this gap. Such low-dimensional equivariant representations can be employed in rep-
resentation learning methods, allowing various advantages such as interpretability,
out-of-distribution generalisation, and better sample complexity. When using such
learned representations in downstream tasks such as abstract reasoning, reinforcement
learning, video modelling, scene understanding, it is especially important for represen-
tations to be equivariant rather than invariant in these tasks, because transformations
and how they act on feature spaces are critical information, rather than nuisance as

in image classification problems.

In summary, we make the following contributions: (i) We propose subsampling /upsampling
operations that preserve translational equivariance. (ii) We generalise the proposed

subsampling /upsampling operations to arbitrary symmetry groups. (iii) We use
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Figure 5.1: Equivariant subsampling on 1D feature maps with a scale factor ¢ = 2. The
input feature map has length 8, and initially we sample from odd positions determined
by Equation (5.1) (top). When the original feature map is shifted to the right by 1
unit (bottom left), the sampling index becomes 1, so we instead sample from even
positions. When the feature map is shifted to the right by 2 units (bottom right), we
again sample from odd positions, but the outputs have been shifted to the right by 1
unit correspondingly.

equivariant subsampling/upsampling operations to construct GAEs that gives low-di-
mensional equivariant representations. (iv) We empirically show that representations
learned by GAEs enjoys many advantages such as interpretability, out-of-distribution

generalisation, and better sample complexity.

5.2 Equivariant subsampling and upsampling

5.2.1 Translation equivariant subsampling for CNNs

In this section we describe the proposed translation equivariant subsampling scheme
for feature maps in standard CNNs. Later in Section 5.2.2, we describe how this can

be generalised to group equivariant subsampling for feature maps on arbitrary groups.

Standard subsampling Feature maps in CNNs can be seen as functions defined
on the integer grid, e.g. Z for 1D feature maps, and Z? for 2D. Hence we represent
feature maps as f : Z — R, where d is the number of feature map channels. For
simplicity, we start with 1D and move on to the 2D case. Typically, subsampling in

CNNs is implemented as either strided convolution or (max) pooling, and they can be
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decomposed as

CONV§ = SUBSAMPLING® 0 CONV},

MAXPOOL§ = SUBSAMPLING® 0 MAXPOOL,;,

where subscripts denote kernel sizes and superscripts indicate strides. ¢ € N is the
scale factor for SUBSAMPLING, and this operation simply restricts the input domain

of the feature map from Z to c¢Z, without changing the corresponding function values.

Translation equivariant subsampling In our equivariant subsampling scheme,
we instead restrict the input domain to ¢Z + ¢, the integers = ¢ mod ¢, where i is
a sampling index determined by the input feature map. The key idea is to choose
i such that it is shifts by ¢(modc) when the input is translated by ¢, to ensure that
the same features are subsampled upon translation. Let ¢ be given by the mapping
®.: Ty — Z/cZ. Iz denotes the space of vector functions on Z and Z/cZ is the space

of remainders upon division by c.

i = @.(f) = mod (arg ma | /(2)]. ¢ (5.1)
where || - ||; denotes L'-norm (other choices of norm are equally valid). Other choices

for @, are equally valid as long as they satisfy translation equivariance, ensuring that

the same features are subsampled upon translation of the input:
O.(f(-—1t)) = mod(P.(f) +t,c). (5.2)

Note that this holds for Equation (5.1) provided the argmax is unique, which we
assume for now (see Section 5.7.1.1 for a discussion of the non-unique case). We can
decompose the subsampled feature map defined on ¢Z + i into its values and the offset
index i, expressing it as [fy, 7] € (Zoz,Z/cZ), where f;, is the translated output feature
map such that fy(cz) = f(cx + i) for z € Z.

The subsampling operation described above, which maps from Z7 to (Z.z,Z/cZ) is
translation equivariant: when the feature map f is translated to the right by ¢t € Z,
one can verify that f, will be translated to the right by CL%J, and the sampling index
for the translated inputs would become mod (i + ¢, ¢). We provide an illustration for
¢ = 2 in Figure 5.1, and describe formal statements and proofs later for the general

cases in Section 5.2.2.
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Multi-layer case For the subsequent layers, the feature map f, is fed into the next
convolution, and the sampling index i is appended to a list of outputs. When the
above translation equivariant subsampling scheme is interleaved with convolutions in
this way, we obtain an exactly translation equivariant CNN, where each subsampling
layer with scale factor ¢ produces a sampling index i, € Z/c,Z. Hence the equivariant
representation output by the CNN with L subsampling layers is a final feature
map fr and a L-tuple of sampling indices (i1,...,47;). This tuple can in fact be
expressed equivalently as a single integer by treating the tuple as mixed radix notation
and converting to decimal notation. We provide details of this multi-layer case in

Section 5.7.1.2, including a rigorous formulation and its equivariance properties.

Translation equivariant upsampling As a counterpart to subsampling, upsam-
pling operations increase the spatial dimensions of feature maps. We propose an
equivariant upsampling operation that takes in a feature map f € Z.z and a sampling
index i € Z/cZ, and outputs a feature map f, € Zz, where we set f,(cx +1i) = f(cx)
and 0 everywhere else. This works well enough in practice, although in conventional
upsampling the output feature map is often a smooth interpolation of the input feature
map. To achieve this with equivariant upsampling, we can additionally apply average

pooling with stride 1 and kernel size > 1.

2D Translation equivariant subsampling When feature maps are 2D, they can
be represented as functions on Z2. The sampling index becomes a 2-element tuple

given by:

(2", y") = argmax, )z f(x)[h

(1,7) = (mod(z*, ¢), mod(y*, ¢))

and we subsample feature maps by restricting the input domain to ¢Z* + (4, j). The

multi-layer construction and upsampling is analogous to the 1D-case.

5.2.2 Group equivariant subsampling and upsampling

In this section, we propose group equivariant subsampling by starting off with the
1D-translation case in Section 5.2.1, and provide intuition for how each component

of this special case generalises to arbitrary discrete groups G. We then proceed to
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mathematically formulate group equivariant subsampling, and prove that it is indeed

G-equivariant.

Feature maps on groups First recall that the feature maps for the 1D-translation
case were defined as functions on Z, or f € Zz for short. To extend this to the general
case, we consider feature maps f as functions on a group G, ie. f € Zo={f:G —
V1 where V is a vector space, as is done in e.g. group equivariant CNNs (G-CNNs)
[Cohen and Welling, 2016]. Note that translating feature maps f on Z by displacement
u is effectively defining a new feature map f’(-) = f(- — u). In the general case, we

say that the group action on the feature space is given by

[7(u)f1(9) = f(u""g) (5-3)

where 7 is a group representation describing how u € GG acts on the feature space.

Recap: translation equivariant subsampling Recall that standard subsampling
that occurs in pooling or strided convolutions for 1D translations amounts to restricting
the domain of the feature map from Z to ¢Z, whereas equivariant subsampling also
produces a sampling index ¢ € Z/cZ, an integer mod ¢, and that this is equivalent
to restricting the input domain to c¢Z + ¢. 7 is given by the translation equivariant
mapping ®. : Zy — Z/cZ. We can translate the input domain back to ¢Z, and
represent the output of subsampling as [f, 1] € (Z.z,Z/cZ), where fy is the translated
output feature map and f,(cx) = f(cx +1i) for z € Z.

Group equivariant subsampling Similarly in the general case, for a feature map
f € Zg, standard subsampling can be seen as restricting the domain from the group G
to a subgroup K, whereas equivariant subsampling additionally produces a sampling
index pK € G/K, where the quotient space G/K = {gK : g € G} is the set of
(left) cosets of K in G. Note that we have rewritten ¢ as p to distinguish between
the 1D translation case and the general group case. This is equivalent to restricting
the f to the coset pK. The choice of the coset pK is given by equivariant map
® : 7 — G/K (the action of G on G/K is given by u(gK) = (ug)K for u,g € G),
such that pK = ®(f). This restriction of f to pK can also be thought of as having

!This is not to be confused with the space of Mackey functions in, e.g., Cohen et al. [2019], and
rather it is the space of unconstrained functions on G.
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an output feature map f, on K and choosing a coset representative element p € pK,
such that f,(k) = f(pk). This choice of coset representative is described by a function
s: G/K — @G, such that p = s(pK). The function s is called a section and should
satisfy s(pK)K = pK.

Now let us formulate subsampling and upsampling operations Sbig and Sﬁg math-
ematically and prove its G-equivariance. Let Zx = {f : K — V'} be the space of
feature map on K. SbifG{ takes in a feature map f € Zs and produces a feature map
fo € Tx and a coset in G/K. In reverse, the upsampling operation SUTIG{ takes in a
feature map in Zx, a coset in G/K, and produces a feature map in Zg. We use a
section s : G/K — G to represent a coset with a representative element in G, and

point out that equivariance holds for any choice of s.

Formally, given an equivariant map ¢ : Zgz — G/ K (we will discuss how to construct
such a map in Section 5.2.3), and a fixed section s : G/K — G such that p = s(pK),
the subsampling operation SbLIG( : T — Ik x G/K is defined as:

pK = (f), fok) = f(pk) for k € K
[, DK = S5 (f; @), (5.4)

while the upsampling operation SuTg : Ik x G/K — Zg is defined as:

fulg) = f(ptg)if g€ K else 0

To make the output of the upsampling dense rather than sparse, one can apply arbitrary
equivariant smoothing functions such as average pooling with stride 1 and kernel size
> 1, to compensate for the fact that we extend with Os rather than values close to
their neighbours. In practice, we observe that upsampling without any smoothing

function works well enough.

The statement on the equivariance of Sbig and SUTIG( requires we specify the action

of G on the space Zx x G/K, which we denote as 7’. For any u € G,

PK =upK, fy=m(p"" up)fy
[fy, 1 K] = 7'(u)[ fo, PK] (5.6)

Lemma 5.2.1. 7 defines a valid group action of G on the space T x G/ K.
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We can now state the following equivariance property (See Section 5.7.3 for a proof):

Proposition 5.2.1. If the action of group G on the space Ig and Ix x G/K are
specified by 7,7 (as defined in Equations (5.3) and (5.6)), and ® : Iz — G/K is an
equivariant map, then the operations Sbig and Suﬁ;( as defined in FEquations (5.4)

and (5.5) are equivariant maps between Zg and I X G/K.

5.2.3 Constructing ¢

We use the following simple construction of the equivariant mapping ® : Zo — G/K
for subsampling/upsampling operations, although any equivariant mapping would

suffice. For an input feature map f € Zg, we define
PE = &(f) = (argmax || f(g)[) K (5.7)

Provided that the argmax is unique, it is easy to show that (up)- K = ®(7(u)f), hence
® is equivariant. In practice one can insert arbitrary equivariant layers to f before

and after we take the norm || - ||; to avoid a non-unique argmax (see Section 5.7.4).

In theory, there could exist cases where the argmax is always non-unique. We provide

a more complex construction of ® that deals with this case in Section 5.7.1.1.

5.3 Application: Group equivariant autoencoders

Group equivariant autoencoders (GAEs) are composed of alternating G-convolutional
layers and equivariant subsampling/upsampling operations for the encoder/decoder.
One important property of GAEs is that the final subsampling layer of the encoder
subsamples to a feature map defined on the trivial group {e}, outputting a vector
(instead of a feature map) that is invariant. For the 1D-translation case, suppose
the input to the final subsampling layer is a feature map f defined on Z. Then the
final layer produces an invariant vector f,(0) = f(iy) where i = argmax,cz || f(z)]|1.
Note that there is no scale factor ¢, here. Intuitively we can think of this as setting
the scale factor ¢;, = co. Hence the encoder of the GAE outputs a representation
that is disentangled into an invariant part z,, = f,(0) (the vector output by the final

subsampling layer) and an equivariant part zeq = (41, ..., i1,).
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For the general group case, instead of specifying scale factors as in Section 5.2.1,
we specify a sequence of nested subgroups G = Gy > G; > --- > G = {e},
where the feature map for layer [ is defined on subgroup G,. For example, for
the p4 group G = Z x C4, we can use the following sequence for subsampling:
ZxCy>2ZxCy>4Z x Cy >8Z x Cy > {e}. Note that for the final two layers of

this example, we are subsampling translations and rotations jointly.

We lift the input defined on the homogeneous input space to Zg, and treat fy € Zg as

inputs to the autoencoders. The group equivariant encoder ENC can be described as

follows:

Lfi, mGi] = Sbigi_l(G—CNN;E_1(fl—1); @)

[Zinvv Zeq] = [fL(e)a (plGlprGQa s 7pLGL>] (58)
where [ = 1,...,L and G-CNN(-) denotes G-convolutional layers before the Ilth

subsampling layer.

The decoder DEC simply goes in the opposite direction, and can be written formally

as:
fr is defined on G, = {e} and fr(e) = ziny
frer = G-eNND (816 (i pG)) (5.9)
where [ = L,...,1 and f' = fy gives the final reconstruction.
Recall from Section 5.2.1 that the tuple (i1, ...,7;) can be expressed equivalently as a

single integer. Similarly, the tuple (p1 Gy, p2Go, . .., prGr) can be expressed as a single
group element in G. We show in Section 5.7.1.2 that the action implicitly defined on
the tuple via Equation (5.6) simplifies elegantly to the left-action on the single group

element in G.

We now have the following properties for the learned representations (see Section 5.7.3

for a proof):

Proposition 5.3.1. When ENC and DEC are given by FEquations (5.8) and (5.9), and
the group actions are specified as in Equation (5.3) and Equation (5.6), for any g € G
and [ € Ig, we have

[Zimn g- Zeq] = ENC<7T(g>f)

~

7(9) f = DEC(Ziny, g - Zeq)
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5.4 Related work

Group equivariant neural networks The equivariant subsampling/upsampling
that we propose deals with feature maps (functions) defined on the space of the group
G or its subgroups K, which transform under the reqular representation with the
group action. Hence our equivariant subsampling/upsampling is compatible with
lifting-based group equivariant neural networks defined on discrete groups [Cohen
and Welling, 2016, Hoogeboom et al., 2018, Romero and Hoogendoorn, 2020, Romero
et al., 2020] that define a mapping between feature maps on GG. We also discuss the
extension of group equivariant subsampling to be compatible with those defined on
continuous/Lie groups [Cohen et al., 2018a, Esteves et al., 2018, Finzi et al., 2020,
Bekkers, 2020, Hutchinson et al., 2021] in Section 5.6. This is in contrast to group
equivariant neural networks that do not use lifting and use irreducible representations,
defining mappings between feature maps on the input space X. [Cohen and Welling,
2017, Worrall et al., 2017, Thomas et al., 2018, Kondor et al., 2018, Weiler et al.,
2018b,a, Weiler and Cesa, 2019b, Esteves et al., 2020, Fuchs et al., 2020].

Coset pooling In particular, Cohen and Welling [2016] propose coset pooling, which
is also a method for equivariant subsampling. Here a feature map f on G is mapped
onto a feature map ®(f) on G/K (as opposed to K, for our equivariant subsampling)

as follows:

®(f)(gK) = POOLkex f(gk) (5.10)

such that the feature values on the coset gK are pooled. For the 1D-translation case,
where G = Z, K = ¢Z, this amounts to pooling over every cth pixel, which disrupts the
locality of features as opposed to our equivariant subsampling that preserves locality,
and hence is more suitable to use with convolutions for translation equivariance. See
Figure 5.2 for a visual comparison. As such, the p4-CNNs in Cohen and Welling
[2016] use standard max pooling with stride=2 rather than coset pooling for Z?, and
coset-pooling is only used in the final layer to pool over feature maps across 90-degree
rotations, achieving exact rotation equivariance but imperfect translation equivariance.
In our work, we use translation equivariant subsampling in the earlier layers and
rotation equivariant subsampling in the final layers to achieve exact roto-translation

equivariance.
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Figure 5.2: Coset (max) pooling vs. equivariant subsampling.

Unsupervised disentangling and object discovery GAEs produce global equiv-
ariant (zeq) and invariant (zj,,) representations, effectively separating position and
pose information with other semantic information in single-object images. This re-
lates to unsupervised disentangling [Higgins et al., 2017, Chen et al., 2018b, Kim
and Mnih, 2018, Zhao et al., 2017] where different factors of variation in the data
are separated in different dimensions of a low-dimensional representation. However
unlike equivariant subsampling, there is no guarantee of any equivariance in the
low-dimensional representation, making the resulting disentangled representations
less interpretable. Works on unsupervised object discovery |Burgess et al., 2019,
Greff et al., 2019, Engelcke et al., 2020, Locatello et al., 2020] learn object-centric
representations, and we showcase GAEs in MONet [Burgess et al., 2019] where we
replace their VAE with a V-GAE in order to separate position and pose information

and learn more interpretable representations of objects in a data-efficient manner.

Shift-invariance in CNNs As early as Simoncelli et al. [1992], it has been dis-
cussed that shift-invariance cannot hold for conventional subsampling. Although
standard subsampling operations such as pooling or strided convolutions are not
exactly shift invariant, they do not prevent strong performance on classification tasks
[Scherer et al., 2010]. Nonetheless, Zhang [2019] integrates anti-aliasing to improve
shift-invariance, showing that it leads to better performance and generalisation on
classification tasks. Chaman and Dokmani¢ [2020] explore a similar strategy to our
equivariant subsampling by partitioning feature maps into polyphase components and
select the component with the highest norm. However, unlike the proposed group
equivariant subsampling /upsampling which tackle general equivariance for arbitrary

discrete groups, both works focus only on translation invariance.
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5.5 Experiments

In this section, we compare the performance of GAEs with equivariant subsampling
to their non-equivariant counterparts that use standard subsampling/upsampling
in object-centric representation learning. We show that GAEs give rise to more
interpretable representations that show better sample complexity and generalisation

than their non-equivariant counterparts.

Models and baselines (G-)Convolutional autoencoders (G)ConvAE are composed
of alternating (G-)convolutional layers and subsampling/upsampling operations with a
final MLPs applied to the flattened feature maps. We categorize models by the types
of equivariance preserved by the convolutional layers. We consider three different
discrete symmetry groups: pl (only translations), p4 (composition of translations
and 90 degree rotations), p4m (composition of translations, 90 degree rotations and
mirror reflection). The baseline models are: ConvAE-pl (standard convolutional
autoencoders), GConvAE-p4, GConvAE-p4m, where the corresponding equivariance
is preserved in the (G-)convolutional layers but not in the subsampling/upsampling
operations. The equivariant counterparts of these baseline models are GAE-pl, GAE-
p4, GAE-p4m, where the subsampling/upsampling operations are also equivariant.
For baseline models, we use a scale factor of 2 for all subsampling/upsampling layers.
For GAEs, we subsample first the translations, then rotations, followed by reflections,
all with scale factor 2. e.g. for GAE-p4m, the feature maps at each layer are defined
on the following chain of nested subgroups: Z% x (Cy x Cy) > (22)? x (Cy x Cy) >
(4Z)% x (Cy x Cy) > (8Z)2 x (Cy x Cy) > (16Z)2 x (Cy x Cy) > {e}. As in Cohen
and Welling [2016], we rescale the number of channels such that the total number of

parameters of these models roughly match each other.

Training objectives For single-object autoencoders including ConvAEs and GAEs,
we train these models to reconstruct the inputs by minimizing the Mean Squared
Error (MSE) loss between the inputs and output reconstructions. For multiple-object
scenarios, we follow the approach described in Burgess et al. [2019], which uses a

variational encoder (VAE) loss.

79



- Grot00° (+2eq)  gftip Gy+10  Gat10
t*) f > > > ~

Input movie

Input Reconstruction Reconstructed movie with replaced Ziny

Figure 5.3: (Left) Manipulating reconstructions by modifying the equivariant part zeq.
The second column are the original reconstructions, which match the inputs well. The
subsequent columns are reconstructions decoded from modified z.q. We transform zq
with a sequence of group elements, and show the resulting reconstructions. (Right)
Manipulating reconstruction shape by modifying 2y, .

Data To demonstrate basic properties of GAEs and compare sample complexity
under the single object scenario, we use Colored-dSprite [Matthey et al., 2017] and a
modification of FashionMNIST [Xiao et al., 2017], where we first apply zero-padding
to reach a size of 64 x 64, followed by random shifts, rotations and coloring. For
multi-object datasets, we use Multi-dSprites [Kabra et al., 2019] and CLEVR6 which
is a variant of CLEVR [Johnson et al., 2017] with up to 6 objects. All input images

are resized to a resolution of 64 x 64.

See Section 5.7.4 and our reference implementation ? for more details on hyperparam-
eters and data preprocessing. Our implementation is built upon open source projects
Harris et al. [2020], Paszke et al. [2019a], Yadan [2019], Weiler and Cesa [2019a],
Engelcke et al. [2020], Hunter [2007], Waskom [2021].

5.5.1 Basic properties: Equivariance, disentanglement and out-
of-distribution generalization

Equivariance The encoder-decoder pipeline in GAEs is exactly equivariant. In
Figure 5.3, we train GAE-pdm on 6400 examples from Colored-dSprites, and we show
how to manipulate reconstructions by manipulating the equivariant representation zeq
(left). If an image x is encoded Into [Ziny, Zeq), then decoding [2iny, g - Zeq] Will give g - &

where Z is the reconstruction of z.

Zhttps://github.com/jinxu06/gsubsampling
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Figure 5.4: Generalisation to out-of-distribution object locations and poses. During
training, we constrain shapes to be in the top-left quarter, and the orientation to be
always less than 90 degrees. On the right, we compare the error of reconstructions of
different models generalise on objects at unseen locations in the first row, and how
they generalise to unseen orientations in the second row.

Disentanglement The learned representations in GAEs are disentangled into an
invariant part zp, and an equivariant part z.,. In Figure 5.3 (left), we vary the
equivariant part while the invariant part remains the same. In Figure 5.3 (right), we
show the frames of a movie of a heart, and show its reconstruction after replacing 2z,
representing a heart with that of an ellipse. Note that the ellipse shape undergoes the

same sequence of transformations as the heart.

Out-of-distribution generalisation GAEs can generalise to data with unseen
object locations and poses. We train an GAE-p4 on 6400 constrained training examples,
where we only use examples with locations in the top-left quarter and orientations
within [0,90] degrees, as shown in Figure 5.4. During test time, we evaluate mean
squared error (MSE) of reconstructions on unfiltered test data to see how models
generalise to unseen location and poses. Both ConvAE-pl and GConvAE-p4 cannot
generalise well to object poses out of their training distribution. In contrast, GAE-
pl generalise to any locations without performance degradation but not to unseen
orientations, while GAE-p4, which encodes both translation and rotation equivariance,
generalises well to all locations and orientations. We only use heart shapes for

evaluation, because the square and ellipse have inherent symmetries.

5.5.2 Single object

Since GAEs are fully equivariant and can generalize to unseen object poses, it is

natural to conjecture that such models can significantly improve data efficiency when
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Figure 5.5: Reconstruction error on single object datasets

symmetry-transformed data points are also plausible samples from the data distribution.
We test this hypothesis on Colored-dSprites and transformed FashionMNIST, and
the results are shown in Figure 5.5. On both datasets, equivariant autoencoders
significantly outperform their non-equivariant counterparts for all considered training
set sizes. In fact, as shown in the figure, equivariant models trained with a smaller
training set size is often comparable to baseline models trained on a larger training
set. Furthermore, the results demonstrate that it is beneficial to consider symmetries
beyond translations in these problems: for both non-equivariant and equivariant
models, variants that encode rotation and reflection symmetries consistently show

better performance compared to models that only consider the translation symmetry.

5.5.3 Multiple objects

In multi-object scenes, it is often more interesting to consider local symmetries
associated with objects rather than the global symmetry for the whole image. To
exploit object symmetries in image data, one needs to first discover objects and separate
them from the background, which is a challenging problem on its own. Currently, GAEs
do not have inherent capability to solve these problems. In order to investigate whether
our models could improve data efficiency in multi-object settings, we rely on recent
work on unsupervised object discovery and only use GAEs to model object components.
More specifically, we explored replacing component VAEs in MONet [Burgess et al.,
2019] with V-GAEs (probabilistic version of our GAEs, where a standard Gaussian
prior is put on zi,, and z., remains deterministic), and train models end-to-end. Again

we study the low data regime to show results on data efficiency.

We train models on Multi-dSprites and CLEVR6 with training set sizes 3200, 6400 and
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Table 5.1: Reconstruction error MSE (x107?) (mean(stddev) across 5 seeds) on
multi-object datasets

Dataset ‘ Multi-dSprites ‘ CLEVR6
Training Set Size‘ 3200 6400 12800 ‘ 3200 6400 12800
MONet 2.661(0.382) 1.385(0.235) 0.326(0.076) [0.673(0.059) 0.562(0.057) 0.546(0.056)*

MONet-GAE-pl |0.659(0.103) 0.359(0.025) 0.264(0.042) [0.473(0.064) 0.432(0.052) 0.388(0.016)
MONet-GAE-p4 |0.563(0.195) 0.317(0.060) 0.231(0.067) [0.461(0.025) 0.414(0.022) 0.413(0.018)

Table 5.2: Foreground segmentation performance in terms of ARI (mean(stddev)
across 5 seeds)

Dataset ‘ Multi-dSprites ‘ CLEVRG6
Training Set Size‘ 3200 6400 12800 ‘ 3200 6400 12800
MONet 0.597(0.022) 0.747(0.049) 0.891(0.009) [0.829(0.055) 0.878(0.023) 0.865(0.033)!

MONet-GAE-pl |0.762(0.049) 0.823(0.042) 0.889(0.013) [0.921(0.015) 0.917(0.032) 0.920(0.025)
MONet-GAE-p4 |0.753(0.089) 0.833(0.072) 0.902(0.025) [0.878(0.055) 0.914(0.012) 0.910(0.011)

L We excluded 2 outliers here as the baseline MONet occasionally fails during late-phase training.

12800. We consider two evaluation metrics: mean squared error (MSE) to measure the
overall reconstruction quality, and adjusted rand index (ARI), which is a clustering
similarity measure ranging from 0 (random) to 1 (perfect) to measure object segmen-
tation. As in Burgess et al. [2019], we only use foreground pixels to compute ARI.
Component VAEs in MONet use spatial broadcast decoders [Watters et al., 2019] that
broadcast the latent representation to a full scale feature map before feeding them
into the decoders, and the decoders therefore do not need upsampling. It has the
implicit effect of encouraging the smoothness of the decoder outputs. To encourage
similar behaviour, we add average pooling layers with stride 1 and kernel size 3 to our
equivariant decoders. As shown in Table 5.1, using GAEs to model object components
significantly improves reconstruction quality, which is consistent with our findings in
single-object scenario. As shown in Table 5.2, using GAEs to model object components
also leads to better object discovery in the low data regimes, but this advantage seems

to diminish as the dataset becomes sufficiently large.

5.6 Conclusions, limitations and future work

Conclusions We have proposed subsampling/upsampling operations that ezactly

preserve translation equivariance, and generalised them to define exact group equiv-
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ariant subsampling/upsampling for discrete groups. We have used these layers in
GAEs that allow learning low-dimensional representations that can be used to reliably
manipulate pose and position of objects, and further showed how GAEs can be used

to improve data efficiency in multi-object representation learning models.

Limitations and future work Although the equivariance properties of subsampling
layers also hold for Lie groups, we have not discussed the practical complexities that
arise with the continuous case, where feature maps are only defined on a finite subset of
the group rather than the whole group. We leave this as important future work, as well
as application of equivariant subsampling for tasks other than representation learning
where equivariance/invariance is desirable e.g. object classification, localization.
Another limitation is that our work focuses on global equivariance, like most other
works in the literature. An important direction is to extend to the case of local

equivariances e.g. object-specific symmetries for multi-object scenes.

5.7 Supplementary materials

5.7.1 Equivariant subsampling and upsampling

5.7.1.1 Constructing ¢

In Section 5.2.3, we provide a simple construction of the equivariant map ¢ : Z; —
G /K which gives the sampling indexes. The construction is a valid one if the argmax
is unique. In practice one can insert arbitrary equivariant layers to f before and
after we take the norm || - ||; to avoid a non-unique argmax (see Section 5.7.4). In
practice, inserting smoothing layers such as convolutions or pooling can also improve
the stability of & when introducing noise, so that perturbation of the inputs does not
dramatically change the output of the subsampling/upsampling layers. However, in
theory, there could be cases that the argmax is always non-unique. We discuss this

case below and provide a more complex construction for it.

One cannot avoid a non-unique argmax in Equation (5.7) when the input feature map
f € I has inherent symmetries, i.e. there exists u € G, u # e, such that f = mw(u)f.

Assuming there is a unique argmax ¢* such that ¢* = arg max,eq || f(9)||1, we would
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have:
flu-g*) = f(g") = max || f(9)|
geG

Therefore u - g* is also a valid argmax, hence the argmax is not unique. For example,
when f is a feature map representing a center-aligned circle, we would have f = 7(u)f,
where u € O(2) is associated with an arbitrary rotation around the center. One cannot
find a unique argmax ¢g* for this example, because the feature map would take the

same function values at u - g*.

Under the circumstance described above, the argmax operation would return a set
of elements where each one attains the function’s largest values. We denote it as
S* = argmaxyeq || f(g)]|1, where S* is a subset of G. To obtain the sampling index (a
coset) pK, we sample uniformly from the set S*, and let ® outputs pK where p ~ S*.
In this case, the map & is still equivariant in distribution even though it is now a

stochastic map.

Note that it is possible to consider more sophisticated solutions or even use learnable

modules for ®, which we leave for future work.

5.7.1.2 Multiple subsampling layers

Translation equivariant subsampling We can stack convolutional and translation
equivariant subsampling layers to construct exactly translation equivariant CNNs.
Unlike standard CNNs, each translation equivariant subsampling layer with a scale
factor ¢ outputs a subsampling index 4, in addition to the feature maps. Hence the
equivariant representation output by the CNN with L subsampling layers is a final

feature map fr and a L-tuple of sampling indices (iy, ..., 7).

In the multi-layer case, the [-th subsampling layer takes in a feature map f on
HZ_:II cxZ and outputs: 1) a feature map on ka:l cxZ and 2) a subsampling index
i € Hﬁc;ll ckZ/ H;zl cxZ = Z/cZ given by:

-1 !

(ITex) it = po = ®e(f) = mod (arg max, 1 o 71 £ (@)1, 1)
k=1 k=1

This is equivalent to treating the input feature map f as a feature map f’ defined

on Z (i.e. mapping the support of f from Hf,f_:ll ciZ to Z via division by Hi;ll Ck)s
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and the subsampling layer outputting: 1) a feature map on ¢Z and 2) a subsampling

index i, € Z/¢,Z given by:

i = mod (arg max, || f'(x)]l1, 1)

Hence the tuple (iy,...,i;) that contains the sampling indices of all layers can be

expressed equivalently as a single integer:

L
’]"eq = E pl =
=1

where req € Z/(Hﬁz1 cx)Z. Note that the conversion between re, and (i1, ...,71) can

1

(] exr) i

L 1
=1 k=1

l

be seen as the conversion between mized radix notation and decimal notation. Mixed
radix notation is a mixed base numeral system where the numerical base varies from
position to position, as opposed to base-n systems that have the same base for all
positions®. Thus there is an one-to-one correspondence between the two. Moreover,
when the input feature map is translated to the right by ¢t € Z, r,q would become
mod (req 4+ t, [[5_, ¢x). See the statement of this result for the general group case in

Proposition 5.7.1 and its proof in Section 5.7.3.

Group equivariant subsampling Similarly, given an input feature map f € Zg,
we can construct CNNs/G-CNNs with multiple equivariant subsampling layers by
specifying a sequence of nested subgroups G = Gy > Gy > --- > Gr. The [-th
subsampling layer takes in a feature map on G;_1, outputs a feature map on G; and a
sampling index p;G; € G;_1/G,. Formally, the [-th subsampling layer can be written

as:
Sbing :IGLA — IGZ X Gl—l/Gl

The equivariant representation output by the CNNs/G-CNNs with L subsampling
layers is a feature map in f; € G and a L-tuple (p1G1, p2Go, ..., prGL).

Similar to the 1D translation case, the sampling index tuple (p1G1, p2Go, ..., prGL)

can be expressed equivalently as a single element in the quotient space G/G:

Teq = (P1D2 - - pr)Gr = v(p1G1, p2Go, . .., prGr) (5.11)

3A commonly used example of mixed radix notation is to express time, where e.g. 12:34:56 has a
base of 24 for the hour digit, base 60 for the minute digit and base 60 for the second digit.
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where p; denote the coset representive for the quotient space G;_1/G;. v is a bijection

from 7., to the tuple, whose inverse can be computed by the following recursive

procedure:
pllGL = Teq
P = ﬁ;j Pl
(pllGlap,QG% s 7p,LGL) - V_I(Teq) (512)

Proposition 5.7.1. v~ is the inverse of v, hence v is bijective. And Yu € G we

have:

u-v(piG1,p2Go, ..., pGr) = v(u- (p1G1,p2Go, ..., prGL)).

5.7.2 Group equivariant autoencoders

In Section 5.7.1.2 we discussed that we can stack multiple subsampling layers by
specifying a sequence of nested groups G = Gy > G; > --- > G, and the CNN/G-
CNNs with L subsampling layers would produce a feature map on GG and a tuple
Zeq = (P1G1,p2Ga, ..., prGr). Furthermore, we know from Proposition 5.7.1 that
there is an one-to-one correspondence between the tuple representation z., and the
single group element representation req = v(zeq) € G/Gr. For group equivariant
autoencoders, we specify a sequence of subgroups but with G, = {e}. In this case,
Teq Would simply become a group element in G. And the group action simplifies to

left-multiplying the corresponding group elements.

Although one can simply use the tuple output by the encoder to perform upsampling
in the decoder (and hence use the same sequence of nested subgroups), this is not
strictly necessary as one can use a different sequence of nested subgroups for the
decoder and obtain the tuple using the decomposition procedure in Equation (5.12).
Moreover, for more efficient implementation of GAEs, one does not need to pass
through ® in Equation (5.7) for every subsampling layer. It would suffice to obtain

the tuple of subsampling indexes from the first subsampling layer using:

(p1G1,p2Ga, . .., prGL) = v ' (arg maxc |/(9)]1) (5.13)
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5.7.3 Proofs

Proof of lemma 5.2.1 (See page 74)
Lemma 5.2.1. 7 defines a valid group action of G on the space T x G/K.
Proof. Since p and up are coset representives for pK and (up)K, we can let p = pk,,

up = upky,, where k,, k,, € K. From Equation (5.6), note that p’ = up = upk;pl.

Hence

P up = (upk,,) tu(pk, ")
= kupp’lu’lupkp’l
= kyk,' € K (5.14)

Hence 7’(u) (as defined in Equation (5.6)) defines a transformation from the space
Ik x G/K to itself.

To prove 7’ is a group action, we would like to show that for all u, v’ € G

' (W)@ (u)[fo, pK]) = 7'(W'u)[fy, pK]
Let [f;, P'K| = 7'(u)[fp, pK] and [f}, p"K| = 7'(v'u)[fy, pK], by the definition of 7’
in Equation (5.6), we have
K = (Wu)p) K = o (upK) = o (7K
and
p =m0 Wuwp) fy = 70" P )0 up) fo = 7w (PN D) £

Hence

11, p"K] = 7' () [fy, p'K]

It is easy to also check that

/o, PK] =7 (€)[fo, PK]

Therefore 7’ defines a valid group action. O]
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Proof of proposition 5.2.1 (See page 75)

Proposition 5.2.1. If the action of group G on the space Zg and I x G/K are
specified by 7,7 (as defined in Equations (5.3) and (5.6)), and ® : Iz — G/K is an
equivariant map, then the operations Sbif( and SUT%; as defined in Equations (5.4)

and (5.5) are equivariant maps between Zg and I x G/ K.

Proof. We first define a restrict operation on f € Zs and an extend operation on
J1 € Ik:

LGk = f(k), keK
flTK( ) = {fl( 9) 9g€K

0 g¢ K
where f|% € Tx and f11% € Zg.

Recall that s : G/K — G is a function choosing a coset representive p for each
coset pK. Using the restrict operation, the subsampling operation Sbif(( f;®) in
Equation (5.4) can equivalently be described as:

pK = ®(f)
fo =) %
[fb, pK] = Sb\LK(f; q’)

And the upsampling operation SuTg can be rewritten using the extend operation as:

fu - UTK<f1 pK) _7T( )(flTK>

For any u € G let f' = w(u)f and [f], K] = 7'(u)[fy, pK] where 7 and 7’ are
specified in Equation (5.3) and Equation (5.6) respectively. Since ® is equivariant, we

have

O(f) = e(r(u)f) =u-O(f) =u-pK =p'K (5.15)

Recall that p'~'up = kyyk, ' from Equation (5.14). Hence p'~' = kyk, 'p~'u~" and

we have

(0D FNE = [rlkupky '~ u ™) PR

= 7 (kupk, (0 )m(u) fIE
= 7 (kuphy, (P~ FIN%
= m(kuphy, ) fo = (5.16)



From Equations (5.15) and (5.16), Syl% is equivariant, i,e.

7 ()il (f; @) = Spli (m(w) f; @)
For the upsampling operation, let [f], pi K] = 7'(u)[f1,p1 K] and f, = 7(u) f,,. From
Equation (5.6) we have f| = 7(p""up)f;. Hence

S, 0 K) = n(7) fi15

() [w (' up) A1
()
(

(0 up) (fi15)
up) i1y = m(u) fu = £,

I
3

|
3

Therefore, SuTg is equivariant, i.e.

7T<U>SHTIG(([JC1;Z91K]) = Squ((Wl(u) Lf1,p1K])

Proof of proposition 5.7.1 (See page 87)

Proposition 5.7.1. v~ ! is the inverse of v, hence v is bijective. And Yu € G we

have:
u-v(piG1,p2Go, ..., prGr) = v(u- (p1G1,p2Go, ..., pLGL)).

Proof. Firstly, we prove that v~! o v is an identity map, i.e. v~

v(p1Gr, p2Ga, ..., pLGL) = (Pib2 ... pr)Gr and (PG, pyGa,. .., P GL) = v (1eq).
From Equation (5.12), we know that p| G|, = req. Hence we can let pj = p1ps ... DLgr

ov=1,. Let req =

where gy, € Gp. Since (paps...pr) € Gy, for [ =1 we have

P=n
/ —/—1 / — _
DPo=DpP1 "P1=DP2P3---PLYL
And recursively, for [ = 1,..., L we would have
P =D
Dig1 = Dit1 ---PLOL

Hence (p1G1, p2Go, ..., prGr) = (0\G1, phGo, ..., ppGr) and vl ov = 1.,.
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! is also an identity map, i.e. vov=!t = 1,. Let

Secondly, we prove that v o v~
(p/1G17p/2G27 s 7p/LGL) - V_l(/req) and Téq = V(pllGlap/QG% s 7p/LGL) From Equa'

tion (5.12), we have 7., = p{G1, and p} = p,"} - pi_1. Hence
req = P1GrL =D105Gr =+ = PPy .. D1 PLGL = PPy . DLGL =g
Therefore v o v~! = 1, and v is bijective.

Lastly, we prove v is equivariant. Let (pi G, pyGa, ..., 0. Gr) = u(p1G1,p2Ga, ..., pG1L)
where the group action is implied by Equation (5.6). From Equation (5.14), we know
that when u € G, 7(p) 'up;) € G;. Recursively, we have

gt Dy Py upipe - € G (5.17)

for ! =1,...,L. When | = L, from p;'...p, 'p 'upips ... py € G, we have

Dby DG =u- (p1p2...prLGL)

Hence u - v(p1Gy, p2Ga, ..., prGr) = v(u- (p1G1,p2Ga, ..., prGyr)). So that the group
action given by Equation (5.6) is simplified to the left-action on the single group

element. []

Proof of proposition 5.3.1 (See page 76)

Proposition 5.3.1. When ENC and DEC are given by Equations (5.8) and (5.9), and
the group actions are specified as in Equation (5.3) and Equation (5.6), for any g € G
and f € Ig, we have

[Zinw g- Zeq] = ENC(W(g)f)

A

ﬂ-(g)f = DEC(Zimn g- Zeq)

Proof. Let f, f' € Zg be the input feature maps where f' = 7(g)f. Let [f;, pGi] and
[f], piGi] be the feature maps and subsampling indexes output by the I-th subsampling
layer for f and f’ respectively. Let [ziny, zeq] = ENC(f) and [2],, 2.,] = ENC(f’) and

inv’ “eq

let Teq = V(2eq); Teq = V(24,) Where v is given in Equation (5.11).
From Equation (5.6) and the equivariance of G-CNN;(-), we have
fi=m(@ gp) fr
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and recursively:
fi =m((BiPs - 5) " g(Brpa - .. 1)) fi (5.18)
where [ = 1,..., L and (p\ph...p)) Lg(piDs - .. p1) € G (see Equation (5.17)).
Since G, = {e} when [ = L, we have
(P\Dh .- D7) 'g(Pipa ... L) =€
Hence

f'(e) = f(e)
(Prphy - PL) =g+ (P1P2---Pr)

which can be rewritten as

Ziny = Finv

Teq = 9 Teq
From Proposition 5.7.1 we have
Zeq =V (1) =V (ureq) = g - v (Teq) = - 2eq
Therefore, for the encoders we have [y, g - Zeq] = ENC(7(g) f).

For the decoders, let

Zéq = (p/lGlap/2G27 <. 7p,LGL) =g:- Zeq

Since the feature map at the /-th subsampling layer is transformed according to

Equation (5.18), the sampling index is transformed accordingly:

piGr= Py ... Py Dy Lgpiba - )G
fFrom the definition of equivariant upsampling in Equation (5.5), we have

/—

Sl =m@ .05 P gpbe - - Pim1) fiea
where [ = L,...,1. When [ = 1, we have f] = m(g) fo so that W(g)f = DEC(Ziny, g Zeq)-
]
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) Colored-dSprites (b) FashionMNIST
) Multi-dSprites (d) CLEVR6
Figure 5.6

5.7.4 Implementation details

In this section, we outline a few important implementation details, and leave other

details to the reference code at https://github.com/jinxu06/gsubsampling.

5.7.4.1 Data

For Colored-dSprites and FashionMNIST datasets, we add colours to grayscale images
from Matthey et al. [2017] and Xiao et al. [2017] by sampling random scaling for
each channel uniformly between 0.5 and 1 following Locatello et al. [2019]. For
FashionMNIST, we also apply zero-paddings to images to reach the size of 64 x 64.
We then translate the images with random displacements uniformly sampled from
{(z,y)| = 18 < z,y < 18,x,y € Z}, and rotate the images with uniformly sampled
degrees from {360)(’c |k =0,...,32}. We use the original Multi-dSprites dataset as
provided in Kabra et al. [20 19]. For CLEVR6, we crop images from the original
CLEVR [Johnson et al., 2017| at y-coordinates (29,221) bottom and top, and at
x-coordinates (64, 256) left and right as stated in Burgess et al. [2019]. We then resize
the images to 64 x 64 so that we can use the same model for both multi-object datasets.
We only use images with up to 6 objects in CLEVR following Greff et al. [2019]. For
evaluation, we use a randomly sampled test set with 10000 examples that has no
overlap with training data for all datasets. In Figure 5.6, we show examples from

different datasets.
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5.7.4.2 Model architectures

The equivariant map ® One can insert arbitrary equivariant layers before and
after we take the norm || - ||; in Equation (5.7). In experiments, we apply mean
subtraction followed by average pooling with kernel size 5 before taking the norm,
and apply Gaussian blur with kernel size 15 after taking the norm. They are inserted
in the purpose of smoothing feature maps and avoiding non-unique argmax when
possible (in Section 5.7.1.1 we discuss the case when non-unique argmax cannot be
avoided). In practice, we use Equation (5.13) to obtain all subsampling indexes at the

same time rather than passing through ® multiple times.

Autoencoders For all single object experiments, we use 5 layers of (G-)equivariant
convolutional layers in encoders, and the decoders mirror the architecture of the
encoders except for the output layers. In baseline models, we use strided convolution
as a way to perform subsampling/upsampling, while in equivariant models we use
equivariant downsampling/upsampling. We rescale the number of channels such that
the total number of parameters of the models roughly match one another. However,
exact correspondence is not achievable because exact equivariant models use equivariant
subsampling to transform feature maps into vectors at the final layer of the encoder,
while baseline models apply flattening. Please see the reference implementation for

other details about network architectures.

We use scale factor 2 for all subsampling and upsampling layers in baseline models.
For GAE-pl, the feature maps at each layer are defined on the following chain of
nested subgroups: Z? > (2Z)% > (4Z)? > (82)* > (162)? > {e}. For For GAE-p4,
we use Z2 x Cy > (2Z)2 x Cy > (4Z)? x Cy > (8Z2)* x Cy > (16Z)* x Cy > {e}. And
for GAE-pdm, we use Z? x (Cy x Cy) > (2Z)? x (Cy x Cy) > (4Z)? x (Cy x Cy) >
(82)% x (Cy x Cy) > (16Z)% x (Cy x Cy) > {e}.

Object discovery For baseline models, we adopt the exact same architecture as the
original MONet [Burgess et al., 2019] using the implementation provided by Engelcke
et al. [2020]. For MONet-GAEs, we simply replace Component VAEs in the original
MONet with our V-GAEs. Both Component VAEs and V-GAEs have a latent size of
16.
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5.7.4.3 Hyperparameters

For all single object experiments, we use Adam optimizer [Kingma and Ba, 2015] with
a learning rate of 0.0001 and a batch size of 16. We use 16-bits precision to enable
faster training and reduce memory consumption. For experiments on multi-object
datasets, hyperparameters will match the original MONet [Burgess et al., 2019] except
that we still use a batch size of 16 instead of 64 stated in the original paper. This
is because we observed that in the low data regime, batch size 16 trains faster and

performs no worse than batch size 64 for the problems we considered here.

5.7.4.4 Computational resources

In theory, the only computational overhead is caused by computing sampling indices,
which is negligible compared to the forward pass of (G-)Convolutional layers. In
practice, our current implementation uses torch.gather to perform subsampling,
and relies on for-loops over data batches when applying group actions to feature
maps, which we believe can be made more efficient. Hence on a single GeForce GTX
1080 GPU card, a standard GAE-pl takes around 30 minutes to train for 100k steps,

compared to 16 minutes for standard ConvAEs.
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Chapter 6

Conclusions and Future Outlook

Throughout this thesis, we explored various approaches towards more data-efficient

deep learning models.

In Chapter 1, we discussed the importance of data-efficient deep learning and the two
recipes we will pursue: meta-learning and symmetries. To contextualize our work, in
Chapter 2, we provided a brief introduction to meta-learning, neural processes, and

the role of symmetries in deep learning.

In Chapter 3, we introduced MetaFun, a meta-learning method based on the encoder-
decoder architecture similar to Conditional Neural Processes (CNPs). The main
innovation of this work is to learn iterative updates to encode the context into the
task representation directly in functions space. We demonstrated that CNP-style
meta-learning method can match or surpass previous gradient-based methods on
standard few-shot benchmarks. This work proved that meta-learning can be tackled
under the conventional setting of supervised learning, providing a new ground to

develop meta-learning algorithms.

To address meta-learning while factoring in uncertainty estimation, we introduced
MNP in Chapter 4, a novel framework for constructing expressive neural generative Sp
models. By leveraging neural-parameterized Markov transition operators in function
spaces, MNPs evolve a basic starting SP into a more flexible one. Our theoretical
results confirmed that these neural transitions maintain the essential properties
of exchangeability and consistency. Practical experiments further highlighted the

potential of our approach on a variety of tasks. This work brings us one step closer
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to constructing powerful neural SPs with theoretical guarantees. It also provides an

effective means to construct data-efficient probabilistic models.

Meta-learning learns the prior from related tasks and the number of these tasks can
be limited for some applications. So it is always good to incorporate prior known
to us without relying on data, such as symmetries. In Chapter 5, we introduced
group equivariant subsampling /upsampling, addressing the issue of broken symmetries
observed in conventional subsampling or pooling layers. This work filled in the gap
that previous work on equivariant models only focus on convolutional or attention
layers. One can now construct equivariant models end-to-end such as equivariant

autoencoders.

Having highlighted our research contributions, let us delve into potential future avenues

and interesting open questions.

Firstly, few-shot learning, characterized by its ability to generalize from a limited
number of examples, stands as a hallmark of intelligent systems. The fast advancements
in this domain have been remarkable. Lately, the field is witnessing lots of new
developments around large language models [Brown et al., 2020b|, and in particular
in-context learning [Xie et al., 2021, Min et al., 2022|, which is analogous to CNP-type
models but the backbone models are only trained for language modelling tasks. On
the other hand, methodologies developed for meta-learning have found applications
in other domains sharing similar hierarchical structures. This includes amortized
optimization [Amos, 2022], differentiable optimization [Agrawal et al., 2019], Meta
Optimal transport [Amos et al., 2022|, and Meta-PDE [Qin et al., 2022|. These
emerging areas or methods hold immense promise, and we anticipate their future

progress.

Furthermore, in both our research and numerous other studies in the domain, it is
been shown that leveraging symmetries can enhance sample efficiency. However, it’s
important to note that while symmetries are prevalent in the physical world, they may
not always manifest in the observation space. For instance, translational and rotational
symmetries in 3D spaces aren’t necessarily maintained in 2D observations. Even within
a 2D context, the symmetries of objects can be obscured due to occlusion. Moreover,
while physical systems operate following conservation laws, our measurements are noisy
so the exact conservation laws cannot hold. In addition, designing neural networks

that preserve specific symmetries can be challenging. Practitioners might also be

97



unaware of certain symmetries present in their data. The discussion above highlights
the importance of being able to automatically discover symmetries, bringing together
learning and symmetries. Learning algorithms could discover symmetries through
meta-learning [Zhou et al., 2020, and then utilize these symmetries for subsequent
learning tasks. Recent findings even indicate that, in larger models, symmetries might

spontaneously arise |[Gruver et al., 2023].

Finally, a significant barrier to "learning to learn" for some applications is the lack
of tasks in these domains. A potential solution lies in the use of synthetic data. For
instance, in our experiments with geological data, we utilize a simulator that can
generate an endless stream of examples. Within the realm of NPs, it is feasible to
sample from existing SPs such as GPs and use this data to train NPs when real-world
data is insufficient. Better usage of synthetic data might be a key ingredient in building

data-efficient deep learning models suitable for a broader spectrum of problems.
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