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ABSTRACT

The following game was introduced in a list of open problems from 1983 attributed to Erdds: two players take turns
claiming edges of a K, until all edges are exhausted. Player 1 wins the game if the largest clique that they claim at
the end is strictly larger than the largest clique of their opponent; otherwise, Player 2 wins the game. Erdés
conjectured that Player 2 always wins this game for n > 3. We make the first known progress on this problem,
proving that this holds for at least 3/4 of all such n. We also address a biased version of this game, as well as the
corresponding degree-building game, both of which were originally proposed by Erdés as well.

1 | Introduction

In a list of open problems from 1983, Richard Guy [1] mentions three game-theoretic questions attributed to Erdds,
with these questions appearing jointly as problem # 778 on Thomas Bloom's list of Erdds problems and reiterated
recently by Bloom at the 2024 British Combinatorial Conference.

Each of these games (defined formally below) follows the same broad framework: two players take turns claiming
previously unclaimed edges of a complete graph K,, until all edges have been claimed. The winner is then declared to be
the player who has claimed as their own the largest “structure” of a given type, and in the case of equal-sized
structures, the “weaker” player (in a suitable sense) is declared to be the winner.

All the games we study here fall into the classical paradigm of (finite) positional games: they are two-player,
deterministic games with perfect information. We quickly take stock of the standard terminology we will use. We
say a game is a Player 1 (2) win if, whenever both players play optimally, it is always Player 1 (2) who is
guaranteed to win. It is a standard fact due to Zermelo [2] that all positional games in which a draw is not possible
are either Player 1 wins or Player 2 wins, and the central question is to identify which of the two categories a
given game falls into. For a comprehensive treatise on the subject of positional games and more, we refer the
reader to the classical monograph of Beck [3] as well as the more condensed book of Hefetz, Krivelevich,
Stojakovi¢ and Szabo [4].
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To the best of our knowledge (and that of several colleagues we have asked), no results related to games of the type
suggested by Erdds in [1] have been obtained until now. In this note, we take a first step towards understanding these
three games of Erdés. We begin by formally defining each of the games in turn and stating our corresponding results.

Definition (Clique-building game). Given an integer n > 1, we define the two-player game Clique(n) as follows.
Two players take turns claiming previously unclaimed edges of K, until all edges have been claimed. They each claim
precisely one edge on each of their respective turns, with Player 1 going first. Let G; and G, be the two graphs claimed
by Player 1 and Player 2, respectively, at the end of the game (so that E(G,) = E(K,)\E (Gy)). Player 1 wins the game if
and only if they have claimed a strictly larger clique than Player 2, i.e. if w(G;) > w(G,) where w(G) denotes the clique
number of a graph G. Otherwise, Player 2 wins.

Conjecture (Erdés [1]). For each n > 3, Clique(n) is a Player 2 win.

Let us first give some background and motivation for this problem. A classical argument of strategy stealing originally
due to Nash shows that Player 1 can always guarantee at least w(G;) > w(G;). Indeed, suppose that Player 2 had a
strategy S which guarantees that w(G;) < w(G,). Then Player 1 could make an initial, arbitrary move and on subse-
quent turns ignore their initially claimed edge and instead pretend they were the second player; thus, following the
strategy S they can also guarantee that w(G1) > w(G,), a contradiction (see also [3, 4] for details).

Therefore, the most that Player 2 could hope for in this sort of clique-building game is to guarantee a largest clique of
size equal to that of Player 1 but no larger. Strategy stealing thus formalizes the intuition that the player who goes first
in these kinds of games should have an advantage with regards to building a ‘target’ structure. We think of the above
conjecture as precisely saying that this advantage is negligible: while Player 1 can always do at least as well as Player 2
(in terms of size of the largest clique), they should not be able to do strictly better.

While we are unable to prove this result for all values of n, we are able to show that it holds for most values.

Theorem 1. LetC C N be the set of all natural numbers n for which the Clique(n) game in a Player 2 win. Then C has
asymptotic density at least %.

We will prove Theorem 1 by a strategy stealing argument. More precisely, we will show that if Player 1 wins for a given
value n, then this will imply that Player 2 wins at the values n + 1, n + 2, and n + 3; see Section 2 for more.

We now turn to our second game.

Definition (Star-building game). Given an integer n > 1, we define the two-player game Star(n) as follows. As in
the Clique(n) game, Players 1 and 2 alternate claiming previously unclaimed edges of K, until all edges have been
claimed. Player 1 wins if and only if, after all edges have been claimed, the largest star they have claimed is strictly
larger than the largest star claimed by Player 2, i.e. if A(G;) > A(G,). Otherwise, Player 2 wins.

It was asked in [1] who wins this game, and as in the case of Clique(n), we manage to show that it is Player 2 a majority
of the time.

Theorem 2. Let S be the set of all natural numbers n for which the Star(n) game is a Player 2 win. Then S has
asymptotic density at least %

Again, we will prove Theorem 2 by a strategy stealing argument by showing that if Player 1 wins for a given value n,
then this will imply that Player 2 wins at the valuesn + 1 and n + 2.

We now consider our final game, which is a generalization of Clique(n).

Definition (Biased clique-building game). Given integers n, p, q > 1, we define the two-player game Clique (, ;,(n)
as follows. Players 1 and 2 alternate claiming previously unclaimed edges of K,, with Player 1 going first. Player 1
claims p edges on each of their turns, while Player 2 claims g edges on each of their turns (unless it is the beginning of
Player 1's next turn, and there are fewer than p edges remaining, or the beginning of Player 2's turn and there are fewer
than g edges remaining, in which case the player to move simply claims all remaining unclaimed edges). If p > g, then
Player 1 wins if and only if their largest clique is strictly larger than the largest clique of their opponent, i.e. if
w(G1) > w(G,), and otherwise Player 2 wins. If p < g, then Player 2 wins if and only if their largest clique is strictly
larger than the largest clique of their opponent, i.e. if w(G,) > w(G;), and otherwise Player 1 wins.
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Note that when p = g = 1 this game exactly recovers Clique(n), and in general this game follows the philosophy that
the “stronger” player (i.e. the one who claims strictly more edges on their turn) needs to make a strictly larger clique at
the end to be declared the winner.

It was suggested in [1] that Player 2 can always win the game Clique, ,(n) for n > 4, i.e. that the advantage of Player 1
going first in the game Clique(n) is completely eliminated if Player 2 gets to claim more edges with each of their moves.
While we are unable to show Player 2 wins Clique(l,q)(n) for g = 2, we are able to do this for a somewhat weaker value

of q. Indeed, the original version of this paper gave a simple proof showing Player 2 wins Clique; 4 (n) for ¢ = 15 for
large n, and somewhat more generally that Player 2 wins Clique, ,,(n) whenever g >16° and n is large. After

submitting our paper, a referee pointed out a substantial refinement of our argument, allowing us to prove the
following.

Theorem 3. For all p > 1, there exists an integer ng such that Player 2 wins Clique (p.y(M) for all n > ngy provided
12log,log,(p + 1)

q>12+ p + 2.
log,(p + 1)

In particular, for all sufficiently large n, the game Clique , ,(n) is a Player 2 win.

That is, Player 2 can win Clique , ,(n) for ¢ = (2 + 0(1))p. This bound appears to be quite close to best possible, as we
believe that Player 2 cannot win if ¢ < p - see Conjecture 1.

As a final aside, we note that the above games can all be viewed as examples of Maker-Breaker games (see [3, 4] for
formal definitions). Indeed, the winning sets for Maker are precisely the graphs G C K,, which satisfy «(G) > «(G) (in
the case of Clique(n) and Clique , ,(n)) or A(G) > A(G) (in the case of Star(n)). That being said, there is a clear
departure of the games studied here from the spirit of more traditional Maker-Breaker games whose winning sets
typically have a simpler structure, such as being connected or Hamiltonian. In particular, the ‘self-dual’ nature of the
games proposed by Erdds makes it difficult to apply classical tools from the study of Maker-Breaker games. Indeed, we
could only make use of Beck's method of ‘building by blocking’ and the Erdés-Selfridge criterion in our analysis of the
the Clique, ,,(n) game for g large relative to p. We therefore need to employ different methods in our proofs of
Theorems 1 and 2.

Remark 4. In what follows, we will make heavy use of the monotonicity of all of the above games. Namely, if the
current state of the game is a Player i win and we decide to give a set of additional edges to Player i (thus breaking the
usual pattern of players alternating turns), then the game stays a win for Player i.

2 | The Clique-Building Game

In this section we prove Theorem 1, showing that the clique-building game Clique(n) is a Player 2 win for at least 3/4 of
the possible values of n. As mentioned in the introduction, we will prove the following stronger statement: if n
sufficiently large is such that Clique(n) is a Player 1 win, then Clique(n + 1), Clique(n + 2) and Clique(n + 3) are all
Player 2 wins, which immediately gives Theorem 1. We prove each part of this stronger result as separate propositions.

Proposition 5. If Clique(n) is a Player 1 win for some n > 2, then Clique(n + 1) is a Player 2 win.

Proof. Suppose n > 2 is such that Clique(n) is a Player 1 win. We use a strategy stealing argument, in the sense that in
order for Player 2 to win the Clique(n + 1) game, they will make use of the winning strategy of Player 1 from the
Clique(n) game. To avoid confusion, we find it helpful at this stage to introduce names for our two players, namely Red
and Blue, where we use “she” to refer to Red and “he” for Blue. Specifically, we will consider the Clique(n + 1) game
with Red going first and will show that Blue has a winning strategy (while playing as the second player).

Red can only ever begin the Clique(n + 1) game by claiming some arbitrary edge, say uv. By monotonicity of the game
(see Remark 4), Blue may at this point choose to give more edges to his opponent. In particular, he now chooses to give
all the edges {vw : w € V (K, +1)} to Red. At this stage, the remaining edges that have not been claimed by either player
form precisely the edge set of a K,,, and it is Blue's turn to move (see Figure 1). By our assumption on n, we know that
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FIGURE 1 | The game state before Blue claims his first edge. We are guaranteed a strictly larger Blue clique than Red inside the
K, subgraph indicated above when Blue follows Player 1's winning strategy from Clique(n).

V2

V1 . ;
FIGURE 2 | The position S;.

Blue has a winning strategy in the Clique(n) game as the first player, i.e. he can build a strictly larger clique than his
opponent inside this K,,. Blue now follows this strategy until the end of the game.

Let Gy, Gp be the graphs claimed by Red and Blue in K, at the end of this game, and let G%, G be the subgraphs they
claim in the K, subgraph K, .;\{v}. Because Blue used the winning strategy for Clique(n) in K, 1\{v}, we must have
w(Gp) > w(GYy). Note also that w(Gr) = w(GYy) + 1 since v is adjacent to every vertex of G by construction, and also

w(Gp) = w(G%). We conclude that
w(Gp) = w(Gp) 2w(Gp) + 1 = w(Gg),

and hence Blue wins the Clique(n + 1) game as Player 2 regardless of how Red plays. |

We next prove that if Clique(n) is a Player 1 win for some n > 2, then Clique(n + 2) is a Player 2 win. A referee pointed
out to us that there is in fact a very simple proof of this result which we sketch here: Below we present our

Proposition 6. If Clique(n) is a Player 1 win for some n > 2, then Clique(n + 2) is a Player 2 win.

After submitting our paper, a referee pointed out that there is in fact a relatively simple proof of this result which we
sketch now: if Player 1 starts with some edge xy € E (K, ,), then Player 2 can use a strategy stealing argument on the
remaining n vertices except when Player 1 picks an edge of the form xz or yz, in which case Player 2 picks the edge yz
or xz, respectively. With this, x, y can not belong to a largest clique of Player 1 (unless this largest clique has size 2, in
which case they will lose the game), and hence the largest clique of Player 1 is at most one more than their largest
clique in K,,\{x, y}, which by the strategy stealing argument is in total at most that of Player 2's largest clique.

Below we present our original (and more complicated) proof of Proposition 6, largely because this serves as a warmup
to the more complicated argument we make in Proposition 7.

Proof.  The result is straightforward to prove for n = 2, so suppose n > 3 is such that Clique(n) is a Player 1 win. We will
prove Clique(n + 2) is a Player 2 win by making use of a strategy stealing argument (similar to the previous proof) together
with a case analysis of Player 1's second move. As before, we introduce the names Red and Blue for the two players and
show that if Red plays first in the Clique(n + 2) game, then Blue has a winning strategy (as Player 2) in this game.

Consider the configuration S in the Clique(n + 2) game, where v; and v, have all the edges to the K, present in red, as
depicted in Figure 2:
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Claim. 1f Red and Blue alternate claiming one edge starting from S; with Red going first, then Blue has a strategy to
end the game with a clique of size at least as large as that of Red.

Proof. Note that the restriction of S; to the K, subgraph K,,,\{v,, v} pictured above is precisely an instance of the
Clique(n) game in which Blue has made the first move, and no other move has been played yet. By our assumption that
Clique(n) is a Player 1 win, it follows that Blue has a strategy which guarantees him a strictly larger clique than any of
Red's cliques inside the K,, subgraph at the end of the game. Re-adding the vertices v; and v, to this K,, and noting that
the edge v, v, is blue, we see that Red's largest clique can increase in size by at most 1 in K,,,, so it can be at most equal
to Blue's largest clique. 1

It remains to show that Blue, playing second starting from the empty board on K}, ,, can always arrive at state S;. Red
necessarily starts by playing an arbitrary edge u;v; of K, ;. Blue's strategy then is to play an edge uu, incident to the
one Red has just played. There are then five cases (up to isomorphism) for Red's next move as depicted below:

It is not difficult to see that each of these game states are (colored) subgraphs of S;; indeed, one can see this by taking v, to
be an isolated vertex in the first and second pictures (which exists since n + 2 >5) and by taking v, to be any of the
unlabeled vertices in the last three pictures. Indeed, in all five of these cases, every red edge is incident to precisely one of
v; and v,. With this, we see that Blue can play his next move by adding a blue edge between these two vertices identified
as vy, v, and then strengthen his opponent by giving up to Red all the remaining edges needed in order to arrive at exactly
state S;. This proves that Blue can always reach position S, and the result follows by the above claim. |

Proposition 7. If Clique(n) is a Player 1 win for some n > 25, then Clique(n + 3) is a Player 2 win.

Proof. We use strategy stealing together with a case analysis of Player 1's second move and a mirroring strategy. Suppose n
is such that Clique(n) is a Player 1 win. As usual, we will play the Clique(n + 3) game with Red going first and show that
Blue has a winning strategy. However, unlike in the previous two proofs, we will not be able to guarantee that we reach our
“good” game state S after some fixed number of moves, and in particular, we will need to allow for the K, subgraph of K, ;
to be essentially any graph that comes about from Blue playing the winning strategy as Player 1 in Clique(n).

With this in mind, fix some arbitrary winning strategy S of Player 1's in Clique(n) and define a 2-colored subgraph H C K, to
be good if (1) H occurs as a game state at some point during a run of the Clique(n) game in which Blue goes first and follows &
for Clique(n); and (2) H is such that either Blue has claimed one more edge than Red or all edges have been claimed.

For such a graph H, we define the following game state S,(H) as a (coloured) subgraph of K, 3, in which each of the
vertices v; and v, have the same three red neighbors in H and u has red degree equal to n into H - see Figure 3.

Claim. 1If H is a good state and if Red and Blue alternate claiming one edge starting from S, (H) with Red going first,
then Blue has a strategy to end the game with a clique of size at least as large as that of Red.

Proof. Blue plays as follows. Every time Red makes a move inside the subgraph K,, = K, ;3\{u, v1, v}, Blue responds
according to the winning strategy S of Player 1 for the Clique(n) game (which he can do, since H is a good state). If Red
has just claimed the last edge of K,,, then Blue skips his turn (which is allowed by Remark 4). Whenever Red instead
makes a move of the type v;w for some i € {1, 2} and w € K,,, Blue responds by playing v;_;w. This sequence of play
continues until all edges of K, .3 have been claimed.

Let Gg and Gg be the graphs claimed by Red and Blue respectively at the end of this game, and let G} and G be the
subgraphs claimed by Red and Blue on the vertex set V (K,3)\{u, v, v,} respectively. By assumption, we know that

FIGURE 3 | The position S,(H).
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w(G%) >w(Gy) + 1.

By definition of S,(H) and the strategy used above, v;, v, will end with at most three common neighbors in Gg, and
therefore

w(Gr) <max{w(Gg) + 1, 5},

since any clique in Gk must either have size at most 5 or use at most one of the three vertices u, vy, v,. Finally, because
the Ramsey number R(4, 5) is well known to equal 25 < n, we must have

(Gp) > (Gl = max{w(Gy), @ (G} > 5.

Combining the three inequalities above yields w(Gg) > w(Gg), proving the result. O

Using the above claim, it remains to show that Blue can always arrive in the state S, (H) for some good H while playing
the Clique(n + 3) game as Player 2. As in the proof of Proposition 6, Blue will play his first edge xy incident to the first
edge that Red plays, implying that after Red's second move, the game will be in one of the five (unlabeled) states
depicted in Figure 4. We aim to show that in each of these possible states, Blue can play in such a way that the game
can eventually be embedded into S, (H) for some good H. To this end, we define z to be any vertex which is not in a red
edge with either x or y and which is incident to every red edge not containing x or y; see Figure 5 below for how z is
defined in each of the five possible states.

The vertices denoted by x, y and z will ultimately play the roles of v;, v, and u, in some order to be decided later.
Blue's strategy from here onwards is as follows: play as the first player in the Clique(n) game on the sub-board
K,+3\{x,y, 7} (skipping his turn if Red just claimed the last edge of this K,;) until Red claims some edge e incident
to (at least) one of the vertices x, y, z. From here, Blue claims one of the two edges xz or yz (which is possible since
at least one of these edges does not equal e and since neither of these edges were claimed earlier, by how we
defined z not to be in any edge with x, y). He then labels whichever vertex in {x, y} has blue degree 2 as u and the
other two vertices in {x, y, 2} as vy, v, and finally Blue gives up to Red all the remaining edges that are necessary to
arrive at state S, (H), where H is defined to be the sub-board K, ;3\ {x, y, z} before edge e was claimed. Note that this
last step is possible since by construction, the set {x, y, z} sees at most 3 total red edges after e is claimed, and hence
this set in total has at most 3 red edges into K,,. This establishes that Blue can always arrive at S,(H) for some good
H, proving the result by the claim. O

Remark 8. 1t is possible to extend Proposition 7 to all n > 2. For example, one can easily achieve n > 9 by noticing
that we can always achieve a state S%(H) in which the vertices v; and v, only share two red neighbors in H together
with the fact that R(3, 4) = 9. Indeed, in the very last step of the proof, we can have Blue claim one of xz and yz in such
a way that there are at most two red edges between {x, y, z} and the other vertices. In fact, one can even ensure that

Ul ¢——o U U1 ('5) U1 Ug Ul U U1 (5]

V1 oe—— v1 [ (%1 [ l (%1 [ : U1 1 l

FIGURE 4 | The five possible game states after Red's second move given that Blue played his first move incident to Red's
first move.

_ Yy x Yy x Y x Yy T Yy
/ N [
—— o ° ° V4
z z z

FIGURE 5 | The five possible game states depicted in Figure 4 together with an appropriate choice for the vertex z.
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V1, v, either have a blue edge between them or at most one red neighbor by being slightly more careful with the strategy
used to push the bound all the way to n > 2, but this approach requires us to deviate from the notation of the current
proof. We choose not to give all the details of this analysis here for ease of reading.

We now formally put these propositions together to prove our main result.

Proof of Theorem 1. By the propositions above, for each integer n > 25, at least three of the numbers in
{n,n+ 1,n + 2,n + 3} are such that Clique(n) is a Player 2 win. It follows then that the set of winning values for
Player 2 has asymptotic density at least 3/4. O

3 | The Star-Building Game

Similarly to the clique-building game Clique(n), we establish Theorem 2 by proving that if Star(n) is a Player 1 win for
some n > 3, then Star(n + 1) and Star(n + 2) are Player 2 wins.

Proposition 9. If Star(n) is a Player 1 win for some n > 3, then Star(n + 1) is a Player 2 win.

Proof. Suppose n is such that Star(n) is a Player 1 win. We play the Star(n + 1) game with Red going first and show
that Blue has a winning strategy as Player 2. Call Red’s first edge uv. Blue then chooses to play some arbitrary edge not
incident to either u nor v, which exists since n + 1 >4 - see Figure 6.

From here on, Blue plays as follows. Whenever Red makes a move inside the K, subgraph not containing the
vertex v, then Blue responds according to the winning strategy of Player 1 in the Star(n) game. If Red has just
claimed the last free edge of the K,, subgraph, then Blue simply skips his turn. Whenever Red instead plays an edge
incident to v, Blue responds by picking another, unclaimed edge also incident to v arbitrarily (unless all edges
incident to v have been claimed, in which case Blue again skips his turn). We claim that this is a winning strategy
for Blue as the second player.

In order to see this, let G, Gp be the graphs claimed by these two players at the end of the game and G%, G the graphs
they claim in K41\ {v}. The two key observations that we will need about our strategy outlined above are

deg; (v) =1+ [(n —1)/2], 1)
since Red claims the first edge on v together with half (rounded up) of the remaining n — 1 edges incident to v; and that
A(G) > A(GY),

because Blue plays in such a way that he wins the Star(n) game played on the K,, sub-board as Player 1.

Let w be a vertex of K, (i.e., not v) such that degG;B (w) = A(GY%). The inequality above then implies that

degGB(w) >deg, (w) > maxdeg (x) + 1 > maxdeg (x),
B x€K, R x€kK, R

FIGURE 6 | The game state after Blue claims his first edge.
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with this last step using that the degree of any x € K}, can increase by at most 1 from G} to G due to v. With this, we
see that the only possible way for Blue to lose is if we have deg, (v) > deg; (w). To show that this cannot happen, we
distinguish two cases based on the parity of n.

Case 1. n = 2k. By Equation (1) we have degGR(v) = k + 1. However, we cannot have degcg(w) <k, since this would

imply that every vertex of the K}, sub-board sees precisely k blue edges and k — 1 red edges (since otherwise Red would
have a vertex of degree at least degG%(w) = A(G%)). In total this would mean that the number of red edges claimed in

this sub-board is only %(k — 1)n = (k — 1)k, contradicting the fact that the number of red edges is exactly

E(’;” _ B(zk - 1)kJ > (k — Dk,

with this last inequality holding for all k > 2. We conclude that degcg(w) >k + 1 = degg (v) as desired.

Case 2. n =2k + 1. In this case deg, (v) =k + 1, and again we cannot have degGrB (w) <k as this would imply
degG;g (w) < degG;g (w), a contradiction to the fact that degGrB w) > degG;g (w). We again conclude that
degy (W) 2k + 1 = degg, (v), proving the result. O

Proposition 10. If Star(n) is a Player 1 win for some n > 3, then Star(n + 2) is a Player 2 win.

Proof. Suppose n is such that Star(n) is a Player 1 win. We play the Star(n + 2) game with Red going first and show
that Blue has a winning strategy.

Consider the configurations S; and S4 depicted in Figure 7. In each case, there are precisely two red edges drawn and
we include the possibility that the blue edge u; u, contained in the K,, might be incident to one or both of the red edges
(i.e. we might have u; = wj; for some i and j), but we require that the two vertices w, and w, be distinct.

Claim. 1f Red and Blue alternate claiming one edge starting from either S; or S4 with Red going first, then Blue has a
strategy to end the game with a star of size at least as large as Red's largest star.

Proof. Note that the restriction of both S; and S, to the K,, subgraph K, ,,\{v,, v,} pictured is precisely an instance of
the Star(n) game in which Blue has made the first move, and no other move has been played yet. Blue now plays as
follows.

Whenever Red makes a move inside K, Blue responds according to the winning strategy of Player 1 for the Star(n)
game. If Red has just claimed the last free edge of K,,, Blue skips his turn. For all other moves, Blue plays according to
an explicit pairing strategy for all of the unclaimed edges incident to one of v; and v,. More specifically, we pair up these
unclaimed edges as (v1x, v,x) for each x € K,,\{wy, w,} together with either the pair (v;w,, v,w,) (if we started from S;)
or (viwy, vw,) (if we started from Sy). Blue then plays so that whenever Red claims one element of any of these pairs,
Blue responds by claiming the other element from the same pair.

Let Gg, Gp be the final graphs claimed at the end of the game and G%, G the subgraphs on K, ,\{vy, v,}. It is not
difficult to check that regardless of whether we started from S; or Ss;, at the end of the game we have
degg, (v1) = deg, (v2) (and therefore also deg; (v1) = degg, (v2)), so neither v, nor v, can be the center of a winning star

V1 v1 w1
w1

Vg ¢ (%)
Wo w2

S3 Sy
FIGURE 7 | The positions S; and S, respectively.
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for Red (as Player 1). Now, the crucial observation is that at the end of the game, Blue attains a Player 1 winning
position inside the K}, sub-board, and moreover, every vertex x € K,, except for exactly one of the vertices w; or w, sees
precisely one red edge and one blue edge among the edges v;x and v,x. Write y € {wy, w,} for the vertex in K, which
does not satisfy this property, and let z € K, be such that it maximizes degG%(z).

Case 1. y # z. In this case we have by the definition of y that z has exactly one blue neighbor in {v;, v}, and hence

deg; (z) = degy (z) + 1> max degy (x) + 1= max deg; (x)
B xeK,\{y} R xeK,\{y} K

and also
deg;, (z) = degg () + 1 > degy (¥) + 2 = degg, (1),
so we conclude that deg; (z) > maxycx, degg, (x). Combining this with the above observation that deg (v1) = degg (v2),

we see that the largest blue-degree in the game is at least as large as the largest red-degree in this case.

Case 2. y = 2. In this case,
degG Z) = degGr Z) > max degG/ xX)+ 1= degG X).
B( ) B( ) xeK,\{z} R( ) R( )

It remains then to verify deg; (z) > deg, (z), which we do by further breaking our argument into subcases based on the
parity of n.

If n = 2k, then exactly as we argued in Case 1 of Proposition 9, we find that we must have deg (z) >k + 1 since

otherwise all vertices of K,, would have blue degree k and red degree k — 1, contradicting the fact that Red has claimed
half the edges of the K,. This implies deg (z) <k — 2, and hence in particular

degg, (z) = degg, (z) > degg, (z) + 2 = degg, (2).

If instead n = 2k + 1, then here we must have degGrB(z) >k + 1 since degcg(z) > degck(z), o) degG;{(z) <k -—1and
hence

deg,,(2) = degg, (2) > degy (2) + 2 = degg, (2).

We conclude that regardless of the parity of n we always have that deg (z) > maxyc, deg, (X). Again combining this
with the fact that deg; (v1) = degg, (v2), we conclude that the largest blue-degree in the game that has just been played
is at least as large as the largest red-degree. 1

Using the above claim, it remains to show that Blue can always arrive in one of S; or S, while beginning the Star(n + 2)
game as Player 2. To do this, Blue will play his first edge incident to the first edge played by Red, and then after
Red's second move we will end up in one of the 5 (unlabeled) diagrams depicted in Figure 4. In Figure 8 below we show
how one can label each of these 5 cases (possibly after introducing an isolated vertex) so as to be contained in a
subgraph of either S; or Sy.

Ul 9———o U U1 Ug Ul U U1 V2 U1 Ug
o U2 : : l
V] o— (% o U9 V1 V2 U1 (15) (% (%)
Sy Sy S3 Sy S3

FIGURE 8 | The five possible game states depicted in Figure 4 together with an appropriate choice for the vertices uy, uy, vy, v;.
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With this, Blue now plays his second edge to be whichever one of v;v; or u; u; he has not already been played. The game
is then precisely in state S; or S, with Red to move, so the result follows by the above claim. |

We again close this section by formally putting these results together to prove our main result for this
section.

Proof of Theorem 2. By the propositions above, for each integer n >3, at least two of the numbers in
{n,n + 1, n + 2} are such that Star(n) is a Player 2 win. It follows then that the set of winning values for Player 2 has
asymptotic density at least 2/3. O

4 | The Biased Clique-Building Game

In this section we prove Theorem 3, which we recall says that Player 2 wins the Clique (p,q)(n) game for all g, n
sufficiently large in terms of p. Roughly speaking, we will prove this by having Player 2 dedicate s of their q edges each
round towards blocking Player 1 from making a large clique, while simultaneously using their remaining ¢t := q — s
edges to build as large of a clique as possible for themselves'.

For this proof approach to work, we need to argue both that Player 2 can stop Player 1 from making a large clique, and
that they can build a large clique themselves. Each of these parts relies on existing results in the literature on Maker-
Breaker games. The first is a biased form of the Erdés-Selfridge theorem due to Beck, which we have specialized below
to the particular case of building cliques of a given size.

Theorem 11 (Beck [5]). Suppose two players take turns claiming previously unclaimed edges of a K,, with Player 1
claiming p edges and Player 2 claiming s edges every turn. If k is such that

n (%), 1
(k)(s + 1) (2) P < m, (2)

then Player 2 can play in a way which guarantees that at the end of the game, Player 1 has not claimed all of the edges of a
clique on k vertices.

We also need the following result of Gebauer [6], whose notation we have altered to better match our forthcoming
strategy stealing argument.

Theorem 12 ([6]). Suppose two players take turns claiming previously unclaimed edges of a K,, with Player 1 claiming
p edges and Player 2 claiming t edges every turn. Then Player 2 can play in a way which guarantees that at the end of the
game, Player 2 has claimed all of the edges of a clique on

t

[m - 0(1)]10g2(n - 2p),

vertices, where here the o(1) term tends towards 0 as n tends towards infinity.

We note that the statement of this result differs slightly from that of [6], in that the original refers to Player 1 claiming a
large clique and the log,(n — 2p) term is replaced by log,(n). The present statement follows from the original simply by
having Player 2 ignore the at most 2p vertices that Player 1 touches in their first move and then having Player 2 follow
the first player's strategy from [6] to construct this large clique.

Combining these two results and our outlined strategy above gives the following.

Proposition 13. If p, s, t > 1 are integers satisfying
tlog,(s + 1) > 2plog,(p + 1),

then there exists an integer no such that Clique , +n(n) is a Player 2 win for all n > n.

10 Journal of Graph Theory, 2026



Proof.  As usual we let Red and Blue denote the two players of Clique, s, (n) with Red going first. For each of his
turns, Blue will use s of his s + ¢ edges to play according to the strategy of Player 2 given in Theorem 11 with

k:=1+ [2plog,,,(n)].

Note that this is a valid choice of k provided n is large enough to ensure k >s + 2, since in this case

(”) s+ (8P <rotnk s+ 1) (B)P < Lo 4 pytommer-(5)p L
k s+ 2

q+2
with this last step using log, ,(n) < i(k — 1) by definition of k. In total, this ensures that regardless of Red's strategy,
she will end the game without claiming all of the edges of a clique on k vertices.

It remains to argue that Blue can use their remaining ¢ edges, whose use we have not yet specified, to construct a clique
strictly larger than this. For this, he uses his remaining ¢ edges each round to follow the strategy of Player 2 given in
Theorem 12. In doing so, Blue is guaranteed to end the game having claimed all of the edges of a clique with

( — 0(1))log,(n — 2p) vertices. By our hypothesis on p, s, t, we have for n sufficiently large that

t
log,(p+1)

t 2p
—  — o) ]lo n—2 2710 I’l+22k.
(logz(p Py ( )] g,( p) og,(s + 1) g,(n)

That is, Blue can guarantee that their largest clique is strictly larger than Red's largest clique for n sufficiently large,
proving the result. U

It remains now to optimize the choices of s, ¢ in Proposition 13. For example, a simple choice of parameters gives the
following.

Corollary 14. If p, q > 1 are integers satisfying q > 3p + 1, then there exists an integer ng such that Clique o) isa
Player 2 win for all n > n,.

Proof. Observe that the integers s = p and t = 2p + 1satisfy t log,(s + 1) > 2plog,(p + 1). Therefore, Proposition 13
implies the result when g = 3p + 1, and the result holds for larger g by monotonicity. [l

A slightly more careful optimization allows us to prove the result for ¢ = (2 + 0(1))p, which is the optimal range one
can prove things for using Proposition 13 alone.

Proof of Theorem 3. For notational convenience, let

_ 4log,log,(p + 1)
log,(p + 1)

Recall that Theorem 3 claims that for all p > 1 and integers
q>2+3¢)p + 2,

the game Clique , ,,(n) is a Player 2 win for all n sufficiently large. If € > 1 (which does hold for some small values of

D), then this result immediately follows from Corollary 14, so we may assume from now on that p is such that e <2.
Similarly if p = 1 then € = 0 and the result again follows from Corollary 14, so we may assume p > 2. With this these
two assumptions in mind, we aim to show the following.

Claim. The real numbers s:=¢(p + 1) — 1 and ¢ := (2 + €)p satisfy s, t > 0 and
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tlog,(s + 1) > 2plog,(p + 1).

Proof. We havet > 0 for all values of p > 1, and it is straightforward to check that s > 0 holds due to our assumption
that p > 2, so it remains only to prove the last inequality. Note that

1
tlog,(s + 1) = 2 + &)plog,(p + 1) + log,(£)) = 2plog,(p + 1) - (1 + %)(1 + I%Oé%],
2

so it remains to show that the second term in this product is strictly greater than 1, that is, that

- € N log,(¢) N log,(¢)

€
2 logy(p+1) 2 log,(p+1)

Using our assumption that ¢ <2 on the last term in this sum yields that it suffices to show

e _ 2log,(e)
2 log,(p + 1)’

or equivalently that

log,(p + 1)

log,(p+1)>4e!-log,(e) = —=——"—
2 2 log,log,(p + 1)

- (log,log,(p + 1) — log,(4log,log,(p + 1))),

and this does indeed hold since log,(4log,log,(p + 1)) > 0 for p > 2. O

With the above claim in mind, the integers [s] and [¢] are both positive and satisfy the conditions of Proposition 13. As
such, we conclude that Player 2 wins Clique (p,q)(n) for n large and q at least

[s]+t]<s+t+2=Q2+2)p+e+1<(2+ 3¢)p + 2,

proving the result. O

5 | Concluding Remarks

In this paper, we showed that in the games Clique(n) and Star(n) introduced by Erdés, Player 2 wins for most
possible values of . In order to show that Player 2 wins for all n sufficiently large, it is natural to try and prove this
for a more general set of games. There are many such games one could consider; we mention one natural case
here.

Definition Given a graph H, we define the two-player game Clique(H) as follows. Two players take turns claiming
previously unclaimed edges of H until all edges have been claimed. They each claim precisely one edge on each of their
respective turns, with Player 1 going first. Let G; and G, be the two graphs claimed by Player 1 and Player 2,
respectively, at the end of the game (so that E(G,) = E(H)\E(Gy)). Player 1 wins the game if and only if they have
claimed a strictly larger clique than Player 2, i.e. if w(G1) > w(G»).

Note that in this definition, Clique(K,) = Clique(n). For this more general version of the game, a natural followup
question to the conjecture of Erdds in Section 1 would be: is Clique(H) a Player 2 win for all H # K;? A little bit of
thought yields that this is not the case.

Proposition 15. If H, is the graph which consists of t > 2 copies of K4 sharing a common edge uv, then Player 1 wins
the Clique(H;) game.
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Sketch of Proof. LetC,, ..., C; denote the copies of K4 in H,. In this game, Player 1 starts by claiming the edge uv, after
which Player 1 allows Player 2 to claim one edge from each C; # C,, and then Player 1 claims the edge in C; opposite uv.
We then claim that Player 1 can play such that (1) whenever Player 2 claims an edge in C;, Player 1 also claims an edge in
C;, (2) Player 2 never manages to claim a triangle, and (3) Player 1 claims a triangle in C;. And indeed, a little bit of case
analysis shows that it is possible to play while ensuring all of these conditions hold, giving the result. O

It is possible to extend this class of examples, and in particular it is possible to find d-regular graphs H for any d > 5
such that Clique(H) is a Player 1 win®. Still, it is natural to ask if there exist a “richer” set of counterexamples.

Question 1. Do there exist graphs H with arbitrarily large clique number such that Clique(H) is a Player 1 win? Do
there exist infinitely many edge-transitive graphs such that Clique(H) is a Player 1 win?

Of course, one can also introduce the games Star(H) and Clique(p,q)(H ) defined analogously as above for Clique(H).

Again one can easily construct infinitely many examples where Player 1 wins these games (e.g. H = Kj 5, for Star(H)
and any triangle-free graph for Clique, ,,(H) with p < g), and again it is natural to ask if there exists a “richer” set of

counterexamples. In particular, the following would be of interest.
Question 2. Do there exist infinitely many regular graphs H such that Star(H) is a Player 1 win?

For the biased clique-building game Clique(p,q)(n), we proved that Player 2 wins for all ¢ > (2 + o(1))p which, by the

same token, implies that Player 1 wins for all p > (2 + 0(1))g. We are inclined to believe that the following should
hold.

Conjecture 1. If p > q then Player 1 wins Clique, ,,(n) for all n sufficiently large. If ¢ >p then Player 2 wins
Clique, . () for all n sufficiently large.

That is, if a player is allowed to make more moves than their opponent during the game, then they can construct a
strictly larger clique than their opponent.

Finally, we note that just as we defined the biased clique-building game Clique, ,,(n) as a generalization of Clique(n),
one can also define an analogous biased star-building game Star, 4y(n) in a similar way. Here the most natural question
to ask is whether Star( ¢)(n) is a Player 2 win for all ¢ > 2 and n sufficiently large, and indeed this is easy to prove: if
Player 1 claims an edge uv, then Player 2 can simply use their next turn to claim edges incident to u and v. The more
general games Star(, )(n) would also be of interest to study further.
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Endnotes

'Our original proof had Player 2 dedicate all g of their edges towards making Player 1's largest clique as small as possible. This new
approach, essentially due to an anonymous referee, significantly improves upon our previous bounds by dedicating more edges
towards building Player 2's own clique.

21t suffices to show that there exist d-regular graphs H such that (1) H; C H for some t > 2 and (2) every edge of H — H, is not
contained in a triangle of H (since in this case Player 1 can simply give every edge of H — H; to Player 2 at the start and play their
winning strategy in H; to create a triangle). Such an H can be constructed by taking H; together with a union of copies of K4_1 41
such that every part in some K4_1,4-1 is adjacent to a vertex in H; in an appropriate way.
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