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Abstract

A new test for non-linearity is developed using weighted barations of regressor powers based
on the eigenvectors of the variance-covariance matrix. t€eeextends the ingenious test for het-
eroskedasticity proposed by White (1980), but both circemts problems of high dimensionality
and collinearity, and allows inclusion of cubic functionstnsure power against asymmetry or skew-
ness. A Monte Carlo analysis compares the performance de#ido the optimal infeasible test
and to a variant of White’s test. The relative performanctheftest is encouraging: the test has the
appropriate size and has high power in many situationshEurtore, collinearity between regressors
can increase the power of the test.
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1 Introduction

The validity of the functional form of a model is an essentiamponent of its specification. Conse-
qguently, a test for non-linearity is required that can eatduhe ‘goodness’ of a postulated model against
a general non-linear alternative. Evidence of non-lingamplies that an alternative functional form
should be utilized. Non-linear models are becoming inénggys popular, and include switching regres-
sion models (Quandt, 1983), with models in this class inagidmooth-transition regression models (see
Granger and Terasvirta, 1993, and Terasvirta, 1994)p#imbansition autoregressive models (see Chan
and Tong, 1986, and Luukkonen, Saikkonen and Terasv®®8)1 threshold autoregressive models (see
Tong, 1990), and exponential autoregressive models (destlBy, 1981); Markov switching models

(see Hamilton, 1989); bilinear models (see Subba Rao and, G8®4, and Subba Rao, 1985); chaotic
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processes (see Lorenz, 1989, and Puu, 1989); through talmeiwork models (see White, 1989, 1992,
and the related model selection algorithm of Perez-Am&allo and White, 2003). Given the range of
possible non-linear functional forms, correctly specifya specific parametric alternatiagriori seems
infeasible, so we propose a general test against non-ipear

Many direct and estimation-based tests of linearity havenh@oposed in the literature, including
Ramsey (1969), White (1980), McLeod and Li (1983), Keen®8%), Tsay (1986), Brock, Dechert and
Scheinkman (1987) and Lee, White and Granger (1993); seeg€rand Terasvirta (1993, ch.6), for an
overview of many of the tests.Ramsey proposed tests for specification errors in regmgsisioluding
unmodelled non-linearity, based on adding powers of tredfitlues: Doornik (1995) provides a careful
evaluation of both the numerical and statistical propertitthe RESET test. Keenan (1985) developed
a univariate test for detecting non-linearity (which is adpl case of the RESET test) and Tsay (1986)
extended Keenan's test to allow for contemporaneous maadity. White's test added all squares of
regressors, or squares and cross-products, to test faobletelasticity, implicitly testing for omitted
non-linearity as well. This has been investigated by numneuthors, including a recent appraisal in
Hendry and Krolzig (2003) in the context of model selectidasts against specific alternatives include
tests based on chaotic processes such as Bxoalk(1987), tests against ARCH such as that developed
by McLeod and Li (1983), and neural network tests proposelddaet al. (1993).

A test of functional form is developed that extends and meslifhne test for heteroskedasticity pro-
posed by White (1980), where the heteroskedastic-consisbariance matrix estimator will differ from
the conventional formula when the squares and cross-pt®ddiche regressors would be significant if
added to the model. There are three practical drawbacksest atich as White’s: first, its high dimen-
sionality; secondly, the potentially high level of collarity between products of regressors; and third,
the possibility that the second derivative is not the sowfcthe departure from linearity, which may
depend on asymmetry or skewness, and be better reflected thittl derivative. To rectify these po-
tential drawbacks, our test forms a composite function loprdduct terms of the regressors, based on

weights given by the eigenvalues of the variance-covaeianatrix. Thus, for fixed regressors the test

The list is by no means exhaustive.



is an exacF-test withn degrees of freedom (whereis the number of regressors) on the standardized,
mutually-orthogonal combinations of squares and crosgtmts of the original data matrix, solving the
problems of high dimensionality and collinearity. Thissien of the test will not have power when the
second derivative is zero and higher orders are non-zetin buch a case, cubic terms of the composite
function are easily included as well, yielding Brtest with2n degrees of freedom. The corresponding
‘unrestricted’ function of all terms up to cubic would invel adding abou2n? elements, which would
often prove infeasible.

The structure of the paper is as follows. Section 2 consitfergieneral problem of functional form
testing, and proposes a new test for settings where moreajeests (e.g., White, 1980) are infeasible.
Section 3 discusses the power of the proposed test, comgpilittnnon-centrality and examining the
power approximations for polynomial functions. Sectiomlertakes a set of Monte Carlo experiments
to examine the power of the test for various DGP designsndetin section 5 to some dynamic models.

Finally, section 6 concludes.
2 A guadratic approximation test

Consider the relationship:

yr = f(@1t.. Tng) + € (1)

where(zy; ... zn,) = x| are strongly exogenous aad~ IN [0, 52]. The linear approximation is:

Yo = Bo + Bz + -+ Bpng + e = Bo + B'x: + e (2)

To evaluate the goodness of (2) requires testing the validithe functional form approximation. Using

the mean value theorem around a fixed pait

0 , 07
f (Xt) =/ (Xp) * %z(lt)]m:xz) (Xt N XIU) " (Xt - Xp) #éxxtgjmzx* (Xt B Xp)
= f(xp) —|—,8; (xt — xp) + (xt—xp)/A* (%t — xp)
= B+ Bpx: + x;A™x, )



wherex* € [x;,x,|, and the value o8, depends o, whenf (-) is not linear. Thus, a ‘natural’ test is

to consider the importance of the quadratic terjA*x, added to (2). Since:
x;Ad*x;, = tr (xjA'xy) = tr (A" x4x}) 4)
for fixed regressors, an exact test would bd-atest ofd; = 0 in:
Yt = Bo + Byxi + 81wt + e (5)
where:
W, = (xtx;)”e (6)

anduv, vectorizes and selects non-redundant elements from ttex loiangle (including the diagonal) of
the outer product. This procedure is close to the test farbekedasticity proposed by White (1980),
where his heteroskedastic-consistent covariance mattimator will differ from the conventional for-
mula when the squares and cross-products of the regreseald be significant if added to the model.
There are three main drawbacks to such a test: first, its higaraionality; secondly the potentially
high collinearity between the elementswof; and thirdly, the possibility that the second derivativads
the source of the important departure from linearity, whtdly depend on asymmetry or skewness, and
be better reflected in the third derivative. To rectify thpstential drawbacks, we develop an alternative

test.
2.1 Improved testing
First, consider the optimal test 6f = 0 when f (x;) is the exact quadratic:
[ (%) = By + B'x¢ + x;Axy (7)

and A is known and symmetric. LeA = KYK’, whereY is the matrix of eigenvalues oA and
g: = K'x;, so that

n
x Ax, = x KYK'x; = g g = Z Tigz?,t =7'ny (8)
=1
wherer is the vector of diagonal elementsWfandr, is then x 1 vector with elementgﬁt. Then:
yr =B+ 8%t +a(r're) + e = By + B'x + awy + & 9)

4



say, so d-test ofHy: a = 0 will be the most powerful test for non-linearity when = 7'r;.

To provide an operational counterpart wh&ns unknown, let:
x¢ ~ Dy [, 9] . (10)
For the present, we tak® to be known such tha®? = HAH' andz; = H'x; whereH'H = I, so that:
z; ~ D, [Hp, A]. (11)

Finally, take deviations from their mean&gt = 2z{y — f then scale using the square roots of their

corresponding\;:

V4
Y= i (12)
SO.
Z¢ g5 Dn [0,1]. (13)

Thus, thez; ; are standardized and mutually orthogonal combinationgjefies and cross-products of
the originalz; ;.

As (4) is a scalar:
tr (xiA"x) = tr (x] (A") ) = gtr (x [A" + (4] ) = tr (x{Bx) (14)
whereB is symmetric. Hence, we can talke’ to be symmetric without loss of generality. Next:
tr (x;A*x;) = tr (x;H (HA*H) H'x;) = tr (H'A*H) z;2;) = tr (Czz;) . (15)

Under the null of a linear functiorC = 0, so for a local alternative, exploiting symmetry, we exp&hd

aroundo asC = A,, for a diagonalA,, (= 0 under the null). Hence, from (15):
tr (Cztzé) ~ tr (Anztzt =z Az = Z 01 Zzlt (16)

Thus, the test has the same form as that in (9), but with= zﬁt in place ofw; ;. Relative to (5), there
are onlyn elements inu, as opposed to (n + 1) /2, but every element potentially depends on squares

and cross-products of every;. Thus, the first and second objectives of effecting a majoedisionality



reduction and formulating a test in terms of non-collineanables are achieved. Additional terms from
the next sub and super diagonaldtould also be used; or going in the opposite direction, astast
corresponding to (9) could be constructed usin§_, zﬁt as a single regressor.

Under the null, for fixed regressors aad~ IN [0, 02], the test o, = 0 in:
yr = By + B'xt + g + e (17)

whereu; ; = zﬁt, is an exacE-test withn degrees of freedom. Under the alternative, the test shavie h
power against quadratic departures that are not orthogonia¢w; ;. Finally, it is easy to accommodate
the third drawback, and generalize the test for highewdtvie departures from the null by also including
{#},} terms. When the additional terms’_, ds ;27 , are included, the test is an exdetest, with2n

degrees of freedom, under the null&f = §, = 0.

3 Test Power
3.1 Non-centrality
The easiest case to consider is (7), dstest ofHy: 6 = 0 will be the most powerful test for non-

linearity in (9). Letting3, = 0 andp = 0 for simplicity, so all linear terms have means of zero, where

y’ = (y1 . yT) andX’ = (Xl . XT), then:

y = XB+ wd + ¢, (18)
with e ~ IN [0,02I7]. Then:
/
VT (5-9) = (17'w'Qw)™ W\/(%e LNTo,07] (19)

for:

Q=Ir - X (X'X)"'X

where:

0% = o2 plim (T_IW/QW)_I ) (20)

T—o0



After double de-meaning to ensure the squares and crodsiisoare not highly collinear with the

x4, Qw should be approximately, leading to?

1

o3 = o2 plim (T7'w'w) ™. (21)
T—o0
From (8):
T n n
T'ww=17" Z Z ZTZ'TjT‘th‘?’t — 17'RT (22)
t=1 \i=1 j=1
andR is the limit of the matrix with elements~ 3=/, r2,r2,. Then:
VT <;5\— 5) DN [O, o? (’T/RT)_I] . (23)
Under the sequence of local alternatives that ¢//T"
s (7'RT)
tho= —5—— (24)
JG
has a local non-centrality parameter:
(TRt
yp=TRT) (25)
O-E

To relate the operational test in (17) to the optimal, andvdethe non-centrality corresponding to

(25), again for3, = 0, consider (15) forA = A* and symmetric:
x;Ax; = x;H (H'AH) H'x; = z; ( HKYK'H) z; = 2;Cz, (26)

where:

C=HAH=A, +D, (27)
whereD has a zero diagonal. Then:
Yt = ,B;Xt + ngnzt + Z; (C — An) Zy + € = B;,xt + 5'1ut + Z;DZt + €t. (28)

Thus, the closeD is t0 0, the less the power loss. If, for example was positive definite, theH could

jointly diagonalizeA and(2, such thatA,, = I,, and soD = O (see, e.g., Hendry, 1995, p.631).

2See Castle and Hendry (2005).



3.2 Power derivations

To derive the power function analytically, we approximﬁf;e_ . by ay? with k degrees of freedom:

F5 i (0ra) ~ Xk (024) - (29)

Next, we relate that non-centrgP distribution to a centra}? using (see, e.g., Hendry, 1995, p.475):

X% (‘p?,a) = hX?n (O) ) (30)
such that:
k4202, kE+ 2,
h=—15°% dm=—"—. 31
T @%,a and m A (31)

Finally, we calculate the power function of thg (7 ,) test in (29) using:
P [xi (gpia) > Cq | Hl] ~ P [an (0) > h_lca} (32)

For example, whet = 20 andgo%a = 5, thenh = 70/45 ~ 1.56 andm ~ 29 with ¢, ~ 31.4 for
X3, (0) soP [ng (0) > 20.1] ~ (.89, delivering high power. Reducing the degrees of freedonhef t
test would increase power at the same,, or more generally there is a trade-off between fewer terms

and the value op, .
3.3 Powerlesscase

The test will have no power if the departure from linearitjnighe direction ofu; | , which would require
A, = 0, whenD # 0. This may occur if ther; ;s were perfectly orthogonal, such ti§at= o1, and
the non-linearity entered in the form of a cross-producthls case, the matrix of eigenvectors would be
the identity matrix, and the resulting linear combinatiovsuld exclude cross-product terms. However,
the practical relevance of such a case is likely to be limiEadthermore, the test would have no power if
the second derivative ¢f(-) was zero, but the third was non-zero: this is precisely thsamr for seeking
to include the additional terms’"_, d9,523 . If the first non-zero derivative is the fourth, the test will
have power, as the second derivative will almost certairlgdrrelated with the fourth; similarly for the

third and fifth. Monte Carlo experiments are undertaken tdiom these conjectures.



3.4 Power approximationsfor a polynomial function

Consider a polynomial DGP given by:

Yyt = 5@ + €, (33)

wheree, ~ IN [0, 1] andz; ~ IN[0,1], fort = 1,...,T, andi = 1, ..., 4, such that the four cases are a

linear, quadratic, cubic and quartic function. The analgistribution is calculated as:

~2 -\ 2
THE | (i)
% ~ X3 (%) (34)
with non-centrality:
T3%E (ocg‘)2

whereE [(z;)?] = 1; E [(2})?] = 3; E [(2})?] = 15; andE [(z})?] = 105.

Power functions for the four DGPs are recorded in Figure 4etdan 10,000 replications fmaﬂ- =
1, ..., 6, along with the analytic power function calculated usingth-approximation outlined in Section
3.2. In finite samples (panels a and/b= 100) the divergence between the analytic and Monte Carlo test
powers is substantial for cubic and quartic, particulaslyifitermediate non-centralities. This is probably
due to the high skewness and kurtosis of the distributiopfofwhich impacts on the distribution of the

t-statistic under the alternative, as the sample mean caar MmE [(z})?].
4 Power Smulations

Monte Carlo experiments are undertaken to examine the pofitbe test (hereafter denoted the index
test) for static DGPs, for varying degrees of collinearityd amumbers of regressors. Four tests are un-
dertaken, namely: the optim&-test on the known non-linear functions in (9), which has imasn
power; White's test, which is aR-test on the squares and cross-products of all the regsegberindex
test, which computes the-test for the orthogonalized quadratic functions; and tttereded index test
including orthogonalized cubic functions. To summaribe, four fitted models on which the respective

tests are based have the forms:



T=100; 5% significance level 1.0 T=100; 1% significance level

0.2% —— analytic —— Linear —— analytic —— linear
— — quadratic-++-- cubic — = quadratic---- cubic
— — quartic — — quartic
1 1 1 1 1 1 1 1
1 2 3 4 6 1 2 3 4 6
Non-centrality Non-centrality
1.0 T=1,000; 5% significance level 10 T=1,000; 1% significance level
5 0.75- 5 0.75-
2 =
g c
%050 0.50-
0.25 —— analytic —— linear 0.25- —— analytic —— linear
— — quadratic------- cubic — = quadratic -+ cubic
— — quartic — — quartic
1 1 1 1 1 1 1 L
1 2 6 1 2 6

Ngn—centréflity Ngn—centréllity

Figure 1:Analytic and Monte Carlo power functions for a polynomiahétion

1. Optimal testHy : ¢ = 0 for:

o= Biwis+ 69 (T1e. - Tni) + 1 (36)
i=1
2. White’s testH, : § = 0 for:
Y = Z Biwit + Z Z 0,k tTh,t + Ut. (37)
i=1 J=1k=1
3. Index testH, : v = 0 for:
Yt = Z Bixie + Z ’szjz',t + €. (38)
i=1 j=1

4. Extended index testy : v» = 6 = 0 for:
ye= Biwia+ Y Wiz + Y Okzi 0y (39)
i=1 j=1 k=1
The data are generated by:
x; ~ IN,, [0, Q] (40)

whereV [z; ;] = 1, Vi, andcov [z; ;x| = p, Vi # j. n is the number of linear regressors in each model,
increasing from two to twelve in the general unrestrictediaipof which only two £, ; andz, ;) are in

fact relevant.
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4.1 Quadratic DGP

Consider the DGP given hy:

ye = Brm1s + Boway + Baat , + €, (41)

wheree, ~ IN[0,1] fort =1,...,T.
The optimal test oH, : 33 = 0, has a non-centrality o,bf,a = 3Tﬂ§, which is independent af,
the degree of collinearity.

The power of White's test for (41) will depend on:
51$it + 52$§,t + 031,122 ¢, (42)
and the non-centrality of the test is given by:
07 o =T [307 + 206162 + 12p6165 + 355 + 12p0263 + p°53) - (43)

As §, = 63 = 0, the test non-centrality collapses to the optimal test cemirality of 37°5%. Hence,
the difference between the optimal test and White's tedthweila function of the number of degrees of
freedom alone.

The index test for (41) is based opz7 , 4 7,23, where:

210 = Tig+ KTy (44)

Zot = o4+ KaXyy (45)

wherek is based on the eigenvalues, of © (assuming a zero mean, thg are given by(H'x;) A‘%).
If @ = I, this impliesA = I, andH = I, such that?, = 27, andz3, = 3 ,. In practice, sampling

errors will implyﬁ # I, such thatz; comprises a linear combination of tles:

2 2. 2
2y = Ty RIToy F 26121 T2y (46)

2 2 2 2
23y = Tyt RGTT, + 262X T2y (47

3Using the fact that the fourth cumulant of a normal is zeray#a (1970, p.23) shows that:
E [w1,sw2 w3 cwa ] = 2 {E [w1,twa,¢] E [ws,twa,e] + E [wiws,e] E [we rwa ] + E [wi rwa,e] E [wa,rws ]} .

Wherex?,txg,t comprise the foutw; +.

11



so the index test power will depend on:
Y1 (ac%t + K%Z’%t + 2H1$1,t$2,t) + Y2 (mgt + “%xit + 2’f2$1,t$2,t) (48)

which can be solved using:

T+ 7k & B (49)
ME +72 & 0 (50)

Under orthogonality, the analytic non-centrality collapso that of the optimal test7'v?, but with fewer
degrees of freedom than White’s test. Collinearity impacishe non-centrality via the weighting.

Two sample sizes are considerdd= 100 and300, andM = 10, 000 replications are undertaken.
We sets, = 3, = 0.3 and; = 0.1732 in (41), which results in non-centralities &ffor all regressors
under orthogonality, fofl' = 100. The coefficients are fixed foff = 300 to assess the impact of
increasing sample size. The results are reported in Figuneh@re the number of linear regressors is
recorded along the horizontal axis and power is recordeti@neértical axis. The top two panels record
results forT" = 100, and the bottom two panels record results for= 300. The divergence between
the analytic and optimal test is evident, as discussed alidgnté the White and index test have a similar
power forn = 2, but White's power declines rapidly asincreases because the degrees of freedom
increase by’%. The decline in the index test power asincreases is not as sharp, because the
degrees of freedom increase hy The extended index test (including cubic terms) has a |goerer
than the index test using squares, although the magnitutteedbss in power is not substantial and is
fairly constant across andp. The index test has a higher power under collinearity duatractions
between sampling error and collinearity; ﬁs;é Q, under orthogonality, the cross-products would be
contaminated, whereas a highwould increase the power to detect non-linearity via cellinsquares
and cross-products. AE increases ta300, the power of all tests increase, with a unit power for the

analytic calculation, and near unit for the infeasible iati test.
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1.00 T=100, Significance level =5% T=100, Significance level =1%
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Figure 2: Power of non-linearity tests for a quadratic figrct
4.2 Quadratic DGP including a cross-product

We next consider augmenting the DGP with a cross-produect, tgiven by:
Y = B, + BoToy + 53$%¢ + Bax1,4T2, + €, (52)

wheree; ~ IN [0, 1] andx; is generated by (40). We sét = 3, = 3, = 0.2 and/3; = 0.1155, to result
in non-centralities of for the individual regressors whén= 100 under orthogonality. A conventional

t-test of each null would, therefore, have power of approxétya0.5 at 5% when the specification in

(52) was known.

As the power of the optimal test depends on:

2
By 4 + B4t

the non-centrality of the optim#l-test is:

w2 =T [305 + Bip* + 1285840 . (53)

Hence, the non-centrality of the joifttest isy, , = 5.7 for p = 0.9, delivering a much higher power

for all tests under collinearity.
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T=100, Significance level =5%,=0 T=100, Significance level =1%=0

e

2 4 6 8 10 1
—— Optimal =0) White (p=0) -4+ Index (=0) -+-+- Index +cubic =0)
T=100, Significance level =19%%,=0.9

i L L L | L L L |
2 4 6 8 10 12 2 4 6 8 10 12
—— Optimal p=0.9) =« White (p0=0.9) -e—=- Index ©=0.9) -=—=- Index +cubic =0.9)

Figure 3: Power of non-linearity tests for a quadratic ara$sfproduct function

Under orthogonality, the test must have low power agairestthss-product term in (52). However,
as the index is based d, sampling errors will result in a non-zero off-diagonal ag46) and (47).
For the test to have power against (52), we require a low weigtthez3 , term in thez{, equation.

Consider a weighted average of the regressors:
zit + 5z§7t =(1+ 5K3) mit + (6 + H%) x%t + 2 (K1 + 0K2) T1 4224 (54)

Hence, a negativéwould down weight the:%vt, yielding the highest power for the index test: regression
should select such a weighting. Nevertheless, there is o8& @pproximation t%m%t + By1 20

sinced = —x? yields (normalizing onzit):

2 2.2 2.2\ .2 2
214 — K254 = (1 - Iilliz) x4+ 2K (1 — KiK2) Ty Ty 4+ 2611472, (55)

which will be close only whe, = 2,35 for smallx;.
Under orthogonality, White’s test has a higher power thanrnhex test for smaik, with the degrees
of freedom advantages of the index test only resulting inghdr power whem is larger than 8. Under

collinearity, the index test has a much higher power, ofitpering White’s test for all.
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Figure 4: Power of non-linearity tests for a cubic function
4.3 Cubic DGP

We next consider the case in which a cubic term is includederiGP:
Yt = Brare + Boway + Baxt, + e, € ~IN[0,1]. (56)

Under orthogonality, the non-centralities dre:

e
@r,a(ﬁl) = —2:04T617 (57)

(o2
Yra(Bs) = TS (58)
Roloy = HERT]

€

— 6T33. (59)

such that we can analyzg ; independently.

We set3; = 0.4743, B8, = 0.3 and3; = 0.1225, which results in non-centralities &f for all
regressors fof” = 100 under orthogonality, and again hold the coefficients candtaassess the impact
of increasing the sample sizeto= 300.

Figure 4 records the results. The cost of including the ctdgim in the index, in terms of degrees

of freedom, is small compared to the loss in power if the ctidims are excluded. Both the index test

4Using partitioning (see, e.g., Hendry, 1995, p.700), wheeedefineQ = I — x; (x’lxl)*lx’l, andQ =1I-
3 ( 3,3\~ 1 _3s
X7 (Xl Xl) X7 .
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including squares and White’s test have similar powers,there is no benefit to using the index test as
n increases. The extended index test naturally declinesviepasn increases, so there may be benefits
to specifying a parsimonious model, although care is reguif the non-linear function does not also

enter linearly. A high degree of collinearity is again beciefi the linear combination of the;s for z;

is:

3 2 2 2 3,.3
ZLt = wl’t + 3ﬁlxl7tw27t + 3H1w17tx27t + lez’t (60)

3 3 2 2 2 33
Zyy = Tyt 3Roh X1t + 3RGT24 XY + KOTT (61)

Therefore, ifp = 0.9, the index test will gain power to detect , via the linear combinations;? ;5 ;

and xlvtxgvt. The gap between the analytic and optimal test is larger tbathe quadratic DGP, in
keeping with our previous analysis. Furthermore, for smathe extended index test has a power close
to that of the optimal test, especially At= 300, despite the test including all the irrelevant quadratic

terms as well.
4.4 Quartic DGP

While a quatrtic function is somewhat extreme, and the sraatide distribution of the-statistic is poor,
we investigate whether the index test based on quadratatifurs has power against quartic functions

due to the collinearity between the two. Hence, we assesard@DGP given by:

Y = P21t + Bowoy + 5395‘11,t + M (62)

where, = 3, = 0.3 and3; = 0.0293, which delivers non-centralities &ffor all regressors under
orthogonality, forl" = 100.

The results are recorded in Figure 5, where the substamtpbgtween the analytic and optimal test
is evident due to regressor kurtosis. While the power is talvan that for the quadratic function, both
White’s test and the index test do have power against a guariction. The patterns exhibited by the
power functions correspond to those for the quadratic fanctlthough the power does not decline to
the same extent asincreases. Including the cubic term in the index test doegnmarove the power as

there is no correlation between the third and fourth ordérmmonials.
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Figure 5: Power of non-linearity tests for a quartic funatio

45 LSTR modd

There are many feasible non-linear functional forms forakigerimental design. We focus on the LSTR
model as this nests aspects of threshold models, reginieksmg models, Markov switching models

and neural networks, and is therefore representative ohargkeclass of non-linear models. The Monte
Carlo is necessarily equation specific, but it is indicatif’the performance of the index test both against

White’s test and absolutely to detect this type of departliree DGP is given by:

Yyt = By + Brx1t + Boxar + (6o + 1214 + d2xay) [1 4+ exp (— (21, — N + e, (63)

wheree; ~ IN [0, 1] and thex; process is generated by (40). Two parametrizations arédsyes, given
by 5, =0.2, 6o = 0.8, 3; = 1 = 0.3, By = 02 = 0.4, v = 2.5, andc = 0.5; and alternatively3, = 0,

d0p = 0.2, 8; = By = 0.2, = 02 = 0.4, v = 2, ande = 0.1. The first parameterization delivers
‘strong non-linearity’, in the sense that the two regimesaearly distinct. The second parameterization
delivers ‘weak non-linearity’, as the two regimes are ctdeamean, and the transition function is less
rapid. T" = 100, and is increased t6 = 200 andT" = 300 for the ‘strong’ and ‘weak’ cases respectively,
for M = 10,000 replications.

While the optimal infeasible test based on the LSTR spedificas not computed, we do compute
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the power of the feasible test based on a third-order Tayppraximation. Replacing the transition

function by:

3
[I+exp{—y(rri -} =5+ - : (64)

results in the approximation of (63):
Yr = 00 + 01214 + 02204 + 0327 + 04z} + 0527 + 061422, + 0727 204 + 0323 ;2 + 4. (65)

Hence, the Taylor approximation test is highly paramegekiand there may be degrees of freedom gains
from the index test.

The results are recorded in Figures 6 and 7 for the two aligenBGPs. All tests have high power
under ‘strong non-linearity’, indicating that polynomiapproximations do capture non-linearities that
are generated by a smooth transition model. The power urddlarearity is substantially and consis-
tently higher than the power under orthogonality for altée§ he index test including cubic terms does
not deliver a higher power than just including the quadraims, indicating that the third order terms in
the approximation do not contain substantial extra infagimmaon the non-linearity despite (65). Under
weaker non-linearity, the power function for White’s teshibits much higher power fdf' = 300 when
p = 0.9 than would be anticipated given the results Tor= 100. Alternative LSTR specifications are
needed to draw more precise conclusions, but to the extan(@b) is a reasonable approximation, our
proposed test will have power against (63). Converselgctigjg an initial specification does not entail

that the alternative must be a polynomial function.
5 Dynamic models

So far we have considered static equations with stronglgexous regressors, essentially a cross-section
context. There are numerous well-known problems in geizérglto a non-linear dynamic context, but
some can be addressed. To assess the properties of thesteghiamic context we undertake simultation

experiments based on an ADL(1,1) given by:

Yt = 121t + Boyt—1 + Bari—1 + 5433%,t—1 + €& (66)
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Figure 6: Power of non-linearity tests for an LSTR functisirong non-linearity
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where|3,| < 1 andx; is generated by:
Xp = AX4—1 + ay—1 + €2 (67)

where|A| < 1 and|a| < 1, and

€11 0 011 012
— ’ NIN n s . 68
“ ( €2t > o [( 0 > < o1 02 >] (68)

We generate, = 1, ..., 5 regressorsx,, based on (67), of which one) enters the DGP (67). Under the
null of linearity, 3, = 0. Strong exogeneity requires no feedback, suchdhat0. The requirement for
weak exogeneity is that = 0121 = 0, whereo 5.1 corresponds toov [y, xl].5 As the DGP is unknown
to the econometrician, a test of non-linearity will requinelusion of all non-linear functions of the
information sef White’s test will check for the significance gf_l, xft 95127t—1v Yt-1Tity Yt—1Tit—1,

T 1% -1, V1,7 < 5, resulting in2n + 1 regressors anw degrees of freedom. The index test
will have 2n+ 1 degrees of freedom and the extended index test will Bg2e + 1) degrees of freedom.

First consider the case of strongly exogenous dynamic segre. The experiments are conducted
for parameter values @f = 0, 012 =0, 8, = 0.3, 8, = 0.5, 83 = 0.3, A = 0.5, 011 = 022,; = 1 for
i=1,..,5,andE [ex; t€2 ;] = 022.i; = 0.5 Vi # j. For more persistent dynamics, we Sgt= A = 0.8
where all other parameters are held the same. We also cotisédienpact of increasing the sample size
to 300, holding the parameters fixed. Figure 8 records thes sind powers of the tests.

The results support the contention that the propdséekt has a large-sample actual size close to its
nominal, at least at 5% and 1%. As the degree of persistenite itagged dependent variable and the
exogenous regressors increases, the size becomes stlgdsted as more variables are included. This
is particularly evident for the extended index test, whiels | size of approximately 6% at a nominal

size of 5%. The size is close to the nominal size for less gtersi processes. The large-sample power

®Under the null, the joint density of the DGP is givenwy|w:_1 ~ Nz [i1,, 2], wherew; = (y;, z1,+) and

b = < Bra+ By BiA+ By ) ( Ye—1 )791_1 _ ( o114+ B0 + 28,0121 0121 + By0221 ) (69)

e A T1,6—1 o12.1 + B1022.1 022.1

5We assume the lag length is determined in advanced and isféixéie test.

"For brevity, we only report results f@f = 100. As the sample size increases, the size of the test is siarihithe power
increases, in keeping with asymptotic theory. We only réqmwers for a 5% significance level as the powers are sinolar f
the 1% significance level. Full results are available on estu
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Figure 8: Size and power for ADL(1,1) model with strong exogjéy

is reasonable and delivers similar results to the statiescasnsidered above: White's test has a higher
power than the index test initially, given the DGP desigrt, dgiadditional regressors are included the
power declines more rapidly than the index and extendedximels. A higher correlation between
regressors, or a more complex form of non-linearity, willdar the index test.

Secondly, if the levels data are non-stationary, the sizlhefest is distorted. Figure 9 (panel a),
records the size fol(1) exogenous regressors & 1): it is evident that the size increases rapidly as
more variables are included due to correlations betweenelegant and irrelevant variables driven by
the unit roots. However, if the dependent variable containgit root but the exogenous regressors are
stationary, there are no size distortions. Panel b recdrelsize wherg, = 1 and A = 0.5. A unit
coefficient on the lagged dependent variable results infardificed process estimated in levels, given
the precision of the estimated lagged dependent variagdelting in a stationary process. Non-linear
functions of the lagged dependent variable will be noriestary, but regression dfl) variables on a
I(0) process does not lead to spurious regression, see HEM@RH, p.129). Hence, unit roots in the
conditional model result in a size equal to the nominal size.

As size distortions can occur due to unit roots in the matgimadel, the data can be reduced ()

by appropriate differencing and cointegration transfdiromes. This will recreate the strongly exogenous
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Figure 9: Size and power for strongly exogenous ADL(1,1) et@dth unit root or differenced model

dynamic casein the transformed variables, assessed dbove: (3, = 1, we can define the DGP under

the null as:

Ay = B1Ax1 4 + B3Az1 -1 + & (70)

where

X = X¢—1 + €24 (71)

The size of the test under appropriate differencing is dlogke nominal size, recorded in figure 9c, and
the power, recorded in figure 9d at the 5% significance legélkats that of the stationary dynamic case.
If the original formulation is in non-stationary variables the non-linear functions have complicated
behaviour, but are nevertheless strongly exogenous, tan tneF-distribution is the relevant one based
on conditioning, although the power may not be well-desttiby a non-centrdt, as with the problems
seen in section 3.4.

Thirdly, if the regressors are only weakly exogeneous, #gain, the null distribution is close to the
F-distribution derived earlier at least in large sampleghwimilar power behaviour. We confirm this
by relaxing strong exogeneity in the above example andvset—0.5. To calculate the power, we set

B, = 0.15 to ensure convergence, giving a non-centrality of apprakéty 3.5. In these experiments,
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we setoa;; = 0, Vi # j. The sizes and powers of the test are recorded in figure 1@Jgparand c.
Relaxing the assumption of weak exogeneity as well as steangeneity, by setting12; = 0.7 and
a = —0.5, does not distort the size of the test and furthermore, leads increase in power for both
White’s test and the index test: see panels b and d.

Finally, we consider the choice of the matrix to be factatimeorder to orthogonalize the regressors,
namelyQ or Q = AQ\' + €, the standardized second-moment matrix (about meansg &f thiven by
(67). The natural choice would seem to Qe especially a@ is readily available, and does not depend
on postulating a model like (67) for the. In the dynamic case, th@ matrix may not be feasible as
the orthogonalization is required fgf_; andx;_; as well asx;. One option would be to specify an
autoregressive model for each of the + 1 regressors, including sufficient lags to ensure the relsdua
are white noise, then the residuals can be used to formia®@ matrix.

We undertake a simulation experiment based on the stromglgemous dynamic model, in which
we orthogonalize using eith@ or 2, whereQ is computed as a diagonal matrix with the variance of

the residuals from an AR(1) process for each regressor odittgonal$ In the first experiment)

8In practice, the lag length of the AR processes should baméted by testing for white-noise residuals, for example by
using a general-to-specific lag selection strategy.
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is diagonal, so each marginal model is an autoregressiveepso Figure 11 records the sizes for both
methods of factorization in panels a and b: the sizes are ttode nominal sizes in both cases. As there
is little to distinguish between the two options, the faidation based on available data usﬁgwould
be recommended as the easiest.

In the second experiment, we examine the case wherentains non-zero off-diagonal elements,
such that the marginal model for the relevant regressay, is a function of other variables. The DGP is

given by (66), but (67) is replaced with:
Tip = A12%24—1 + A1,3%34—1 + €214 (72)

where

Tjt = VTji—1 1 €25t for j=2,...,5 (73)

We set\; o = A1 3 = v = 0.5. The size for each factorization is recorded in figure 11,&&nAgain,
the factorization has no impact on the size of the test, wih slose to the nominal size in both cases.
Constructing the matrix to be diagonal will give zero weight on the cross picidarms in the factor-
ization. Thus, if the DGP does contain linear combinatiohthe regressors, thé} orthogonalization

will clearly be preferable. In the above case, this would\odent if z; , were excluded.
6 Conclusion

To conclude, we find that White’s test and the index test perimomparatively for smatt, but the power

of White’s test declines more sharply m$ncreases due to the rapidly increasing degrees of freedom.
preferable test may be to use White’s testfor-> n? and smalln, and then switch to the index test as
n? > Tk, wherek is some threshold value such as 0.25. Furthermore, whigrpany delivers a higher
power, such that selection prior to implementing the testld/@ppear to be beneficial, this may be a
hazardous strategy if the linear term is irrelevant, bugesthe DGP in a non-linear function. Thus, there
is a trade-off between a higher power after selection anskaofi eliminating variables that are relevant
via a non-linear transformation, resulting in a lower powedetect non-linearity if such a variable is

excluded.
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Figure 11: Sizes for ADL(1,1) model with diagonal and noagtinal strong exogeneity, compariﬁg
andQ

When the functional form and the set of relevant variablesbath unknown, but nest the local DGP,
the extended index test using quadratic and cubic termsdwsrgo reject a false null in a wide range
of circumstances: pure quadratic, pure cubic, pure quaatid these in combinations, even for highly
collinear data. We surmise it will have some power to detacttars, but doubt the relevance of that case.
The index test outperforms White's test in most of theseasibns, and can even be close to the optimal
infeasible test. For larger departures from linearity, rghgeveral non-linear terms occur for several
variables, its power will dominate that in the experimeniissirated here. Furthermore, simulation
experiments suggest the test has the appropriate size amt pmperties for dynamic models. Thus, it
promises to be a useful mis-specification test, providingssofor examining the functional form of the

initially-specified general model.
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