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Abstract

Generative models parameterized through large neural networks are now ubiquitous
across machine learning. These models are able to generate highly realistic samples,
ranging from human-like text to novel chemical compounds. With the ever growing
list of potential application areas comes the need to continually adapt generative
models to the complex data types that appear in the real world. This thesis aims to
endow generative models with the ability to operate over generic data, requiring our
generative frameworks to be general enough to handle any structures and regularities
that may be present in the dataset. We focus on the subfamily of generative models
that create data by simulating an iterative generative process which have become
the best performing model class across a range of tasks due to their simple training
procedure and high quality samples. This brings new challenges for generic data
modelling because appropriate generative processes must be designed to operate on

complex data spaces.

We begin by developing a method for generating discrete data through simulating
continuous time Markov chains (CTMCs). Our approach translates techniques
from continuous space diffusion models parameterized by stochastic differential
equations into discrete space. We then turn our attention to data that can vary
in dimensionality by giving continuous space diffusion models the ability to add
dimensions as needed during generation. In the second half of the thesis, we switch
focus to flow-based generative models which offer a simple alternative approach
to creating generative processes. We first apply flows operating on the space of
rigid body motions to the task of protein motif-scaffolding. We then expand flow-
based modelling to discrete data and multi-modal data by utilizing CTMCs in
combination with continuous space flows. We apply our method to protein co-design,
simultaneously generating the continuous protein 3D structure and corresponding

discrete amino acid sequence.






(1 __Introduction|

(1.1  Why is Generative Modelling Difhicult?|
[ Varational 2 o

(1.3.1 Training Difficulties|

[1.3.2  Mode Collapse|

(1.4 Multi-Stage Generative Models|

(L.4.1  Hierarchical VAES

[1.4.2  Progressive GANS|

(1.4.3 Normalizing Flows|

2 TG Reviewl

[2.1 ~ Continuous Space Diffusion Models|

[2.2  Discrete Space Diffusion Models|

[2.2.1  Discrete Space Approaches|

[2.2.2  Continuous Embedding Approaches|

VL

Contents

© oo Ut W =



Vil Contents

[2.4.3  Normalizing Flows| . . . . . ... ... .. ... ... .... 44
[2.4.4  Autoregressive Models| . . . . . . ... ..o 45
2.4.5 Diffusion and Flow-Based Models . . . ... ... ... ... 47

[3 A Continuous Time Framework for Discrete Denoising Models| 49

[4  Trans-Dimensional Generative Modeling via Jump Diffusion Mod- |

[_eld 95
M1 Additional Notes . . . .. .. ... ... oo 137
(5 Improved Motif-Scaffolding with SE(3) Flow Matching] 139

[6 Generative Flows on Discrete State-Spaces: Enabling Multimodal |

[ Flows with Applications to Protein Co-Design| 163
(__Conclusions and Discussionl 225
[(.1  Conclusions| . . . . . . . . . 225
[(.2  Limitationsl . . . . . . . . . 227
(.3  Extensions|. . . . . . . . . .. .. 228
[(4  Future Outlookl . . . . . ... ... oo oo 229



Introduction

Contents
1.1 Why is Generative Modelling Difficult?| . . . ... ... 3
(1.2 Variational Autoencodersl. . . .. ... ... ... ..., 5
1.3 Generative Adversarial Networksl . . . . ... ... ... 8
[1.3.1 Training Difficulties| . . . . . ... .. ... ... ... .. 9
[1.3.2 Mode Collapse| . . . . . ... ... ... ... ...... 10
1.4 Multi-Stage Generative Models| . . . . .. ... ... .. 11
(.41 Hierarchical VAES . . . . ... ... ... .. 11
[1.4.2  Progressive GANs| . . . . . ... ... ... ... ..., 12
[1.4.3  Normalizing Flows| . . . . .. ... ... ... ... ... 13
1.5 From Generative Models to Generative Processes/. . . 13
[1.6 Stochastic Processes|. . . . . . ... ... ... ...... 14
[1.6.1 Stochastic Differential Equations| . . . . . . . . ... .. 14
1.6.2 Continuous Time Markov Chainsl . . . . . ... ... .. 15
[1.6.3  Fokker-Planck-Kolmogorov| . . . . . ... ... ... .. 16
1.7 Diffusion and Flow-Based Models|. . . . . ... ... .. 20
[.L7.1  Diffusion Models . . . . ... ... ... ... 20
[1.7.2 Flow-Based Modelsl. . . . .. ... ... ... ...... 24
[1.7.3  Comparing Diffusions and Flows| . . . . .. ... .. .. 27
[1.7.4  Training Objectives and Likelihoods| . . . . . . ... .. 27
(1.8 Thesis Outlinel . ... ... ... ... 0000 29
1.9 Papers Omitted from Thesis|. . . . . . ... ... .... 30

Generative modelling is the act of taking a dataset of observed samples and then
creating new samples that are in some way similar to those examples in the dataset

but are not exact replicas. The generative modelling problem is underspecified
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because we have no rigorous definition of the way in which we desire samples to
be ‘similar’ to the dataset and no definition of how different we need the new
samples to be from those examples we already have. The success criteria, in the
end, come down to the specific application. For example, when generating novel
protein structures, we desire the samples to be similar to the observations in the
sense that they are thermodynamically stable and utilize folding mechanisms that
are physically plausible but different in the sense that they are novel combinations
of structural motifs or achieve folds not seen in nature. Any useful generative model

needs to achieve a balance between these two counteracting requirements.

In this chapter, we explore the concept of generative modelling as a whole.
We start by considering why we need to go to such lengths in the first place to
construct elaborate probabilistic models to generate data. Utilizing this intuition,
we detail ‘classical’ approaches to generative modelling, specifically Variational
Autoencoders (VAEs) (Kingma et al. 2013) and Generative Adversarial Networks
(GANSs) (Goodfellow et al. 2014) and see how they approach the generative modelling
problem. By understanding the limitations of these classical approaches in terms of
sample quality, training stability and mode coverage we can motivate the use of

generative processes as a technique to generate data.

We then introduce the broad framework of generative processes. We aim
to provide a unifying perspective encompassing diffusion and flow-based models
on continuous and discrete data. We postpone a detailed literature review of
these methods until Chapter 2] Here, we will provide an introduction to some
core stochastic process concepts, importantly including continuity equations on
continuous and discrete spaces. We will utilize continuity equations to unify the

approaches and discuss the training of generative process methods.
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1.1 Why is Generative Modelling Difficult?

Assume we are given a dataset of samples D = {x,,}__, from some underlying data
distribution pgaga (x). Our task is to generate new samples from pgae. A first attempt
at creating a generative model for this task could be to approximate pqa.in With the

‘empirical data distribution’, pqa¢a, that is the distribution given by the samples,

ﬁdata(x) = ]1[ Zl 5(X = Xn) (11)

where §(x = x,,) is a Dirac delta distribution centred at x,. We do generative
modelling by sampling from pgata. Unfortunately, this is not very useful because
sampling from pPgata Simply recapitulates samples from the training dataset. In order
to proceed, we need to make some use of a neural network that learns generalizable

features from D and can recombine those features in new ways to make new samples.

To train this neural network, we need to come up with some learning objective.
We are not in a supervised learning setting - there are no input-output pairs to
learn from. We only have access to the empirical data distribution pg.s. formed by
our dataset of samples. Therefore, the most simple loss to try would be to take a

neural network with inputs all set to 0 and have it try and predict data points.

min Ep,, 00 |ll90(0) — x|’ (1.2)

where gy is our neural network with parameters 6 and we use E;,.,. to refer to the
expectation taken with respect to samples from our training set D. Of course, this
learning method will fail because it can be easily proven that the optimal solution
to Eq. is the mean gp+(0) = E;,...(x) [X]. A network that simply outputs the

dataset mean is not useful for generative modelling.

To remedy the issue in the prior approach, we can try to artificially create
input-output pairs for training the neural network. For lack of a better alternative,

we could assign a random vector, € ~ N (€;0, 1), to each sample in the training set
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to create an augmented dataset, D*'¢ = {x,,,€,}»_,. The corresponding empirical

data distribution becomes

Aaug 1 o
pdata X, 6 N Z = 6”) (13>

We then train our neural network to predict x given its corresponding e.

ata

min Ege [llgo(e) — x]I?] (1.4)

The solution to this learning problem is a neural network gy~ that predicts the
training set datapoint corresponding to the noise vector that was assigned to it,
go(€n) = X,,. If we were to sample a fresh e ~ N(¢;0, 1) and input this into gs-,
the network would output something novel, however it would be unlikely that the
sample would resemble the training dataset because there was no structure imparted
into the ¢ — x mapping during the construction of our training set. When the
mapping is completely arbitrary, the neural network simply memorizes the training

set and this does not induce generalization.

This can be demonstrated on the MNIST dataset of handwritten digits. A small
network using the U-Net architecture (Ronneberger et al. [2015) was trained using
the objective given by Eq . We show the outputs of the neural network gy(e)
in Figure [[.LT. We can see that for e inputs that are seen during training paired
with a data sample x,, the neural network is able to almost exactly reproduce
the corresponding x,, datapoint. However, when sampling fresh e ~ N(¢;0, ) the
neural network entirely fails to produce realistic data samples.

To fix this you could try to randomize the € sample that gets assigned to each

X giving a training joint distribution of

Afresh
pdata X, 6

E_I N(€:0,1) = Paaa(x)N (€0, 1) (1.5)

Z\H

However, since € and x become completely uncoupled in pie!, one can again prove

the optimal network outputs the dataset mean gg-(€) = Ep,. .. (x) [X].
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e ~N(e&0,1)

€

Figure 1.1: Top row ¢ inputs into the neural network. Bottom row gy(e) outputs
from the neural network. Left Block ¢ inputs are taken from the empirical distribution
used during training. Right Block fresh e values are sampled from N (€;0, I).

These previous examples show the difficulty in developing a working generative
model. Classical generative models overcome these limitations from two angles.
The first is to come up with a better way to assign neural network inputs €, to
training datapoints x, so that new datapoints not seen in the dataset can be
created. This line of attack leads to Variational Autoencoders. The second is to
try to loosen the training objective so that we do not have specific targets for
the network output for each input but we instead try to match the distribution
of network outputs to the distribution of the training dataset. This line of attack

leads to Generative Adversarial Networks.

1.2 Variational Autoencoders

Variational Autoencoders (VAEs) (Kingma et al. can be thought of as a way
to create better € - x pairs for training the generative network with. The idea
is to introduce a second encoder neural network, E,(x), that gives us an € value
associated to each x. We then train the generative network, termed the decoder,
Dy(€), that maps from e back to x. To sample new datapoints, we create a fresh e
that is not associated to any x in the training dataset, push it though the decoder

and hopefully obtain a novel datapoint.

Given just this motivation, naively one could train Ey and Dy by simply

minimizing a cyclic reconstruction loss whereby we take a training datapoint, encode
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Figure 1.2: Simple encoder-decoder generative model trained using Eq Top row
Training datapoints. Middle row Reconstructions of the datapoints by passing them
through the encoder and then the decoder. Bottom row Freshly sampled datapoints
through first sampling new latent vectors € and then passing these through the decoder.

it, decode it and then compare this decoded sample to the original datapoint.

min B0 [[1Do(Eo(x)) - x|I° (L6)

After training with this loss, to generate new datapoints, we could try creating
fresh latent vectors that are not associated to any existing training datapoint
and pushing these through the decoder. For simplicity, we could create new e

by sampling a standard normal,
e ~N(e0,1), x = Dy(e). (1.7)

Figure [1.2] shows the result of this approach on MNIST. We can see that the
model can very successfully reproduce training examples, however, it entirely fails to

produce realistic looking novel samples when using fresh latent vectors e ~ N (¢€; 0, I).

The problem with this approach is that the distribution of latent vectors that
the decoder sees during training, [, Paata(x)d(€ — Ey(x))dx, can be entirely different
to the distribution of latent vectors we use at test time to sample novel datapoints
e ~N(€0,1). VAEs seek to remedy this by adding additional regularization to
the training latent vector distribution so that it matches the distribution we will

sample from at test time.

VAEs are defined as a probabilistic model. In the generative direction, we have

a decoding distribution py(x|€) typically parameterized using a a neural network
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Latent dimension 4 Latent dimension 1024

- HEAARN BEBEHA
a0 [ BIHAE BEBEB
e~ N(g0,1) ino(x|f)nﬂ

Figure 1.3: VAE generative models trained with varying latent vector e dimensionality.
The dimensionality 4 model is shown on the left and the dimensionality 1024 model is
shown on the right. Top Row Training datapoints. Middle Row Reconstructions of
training datapoints by first sampling the encoder € ~ g4 (€[x,) and then sampling the
decoder % ~ py(x|e). Bottom Row Novel synthetic datapoints created by first sampling
e from the prior N'(¢;0, 1) and then sampling the decoder % ~ py(x|e).

that gives the mean of a Gaussian distribution with fixed variance py(xle) =
N (x; Dg(€),02I). This decoding distribution can be easily modified for other
data types as we discuss later in Section 2.4.1 We also maintain an encoding
distribution, again a Gaussian distribution parameterized using a neural network
qo(€]x) = N (& Ef(x), B (x)?). Weuse p(e) = N(€;0,I) as the test time distribution
over fresh latent vectors. py and ¢, are trained jointly by maximizing a lower bound

on the model’s log-likelihood assigned to the training datapoints.

log pp(x) = log Eye) [po(x[e)] (1.8)
::bgm%wwlqﬁﬁlym@kﬂ (1.9)

S (1.10)
=y o o po(x16)] — KL(go(el)15(6) (1.11)

where KL is the Kullback-Leibler divergence. Eq. is analogous to a regularized
form of Eq |1.6{ whereby E, (c|x) [log pa(x|€)] penalizes the cyclic reconstruction loss
and KL (g4(€|x)||p(e)) regularizes the encoder to match the test distribution. We
trained a small network using Eq. for e € R* and for € € R, The results
are shown in Figure [I.3]
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When e € R*, we see that the model generates semi-realistic novel datapoints
however the samples look over-smoothed. This can be diagnosed by examining
datapoint reconstructions which are also smooth suggesting the model is unable to
store enough information in the latent vector € to reconstruct the datapoint. To
counter this, we could increase the e dimensionality to a large value e.g. 1024. This
correspondingly improves the reconstructions, however, now the generative model
entirely fails to generate novel samples. To understand the issue, we can consider
the aggregate posterior, p**(€) = [, Pdata(X)qe(€[x)dx which is the distribution over
¢ that the decoder sees during training. In the high dimensional case, p3*(¢) can
be far from p(€) creating a train-test shift and poor sample quality. This inherent
trade-off between over-smoothed samples and train-test mismatch prevents VAEs

achieving all of our generative model desiderata.

1.3 Generative Adversarial Networks

Generative Adversarial Networks (GANs) (Goodfellow et al. 2014) tackle the
generative modelling problem by using a distributional loss that does not require
the direct specification of € - x pairs. The generative network or ‘Generator’ is
written as Gy(€) and is applied to latent vectors € ~ N (€; 0, I). We aim to minimize
the discrepancy between the generated distribution p,(x) = J. p(€)d(x — Gy(€))de

and pgata(x). The objective chosen in Goodfellow et al. 2014| to minimize is
Lean = 2JSD (pdatal [pg) — log 4 (1.12)

where JSD is the Jensen-Shannon Divergence defined as

1

1
§<pdata +pg)> + iKL (pg

1

5 (Paes +pg>) C(113)

1
JSD (pdata pg) = iKL (pdata

It can be shown that Lgan can be written in terms of a classifier p(Y = 1]x) that

predicts if a given sample x comes from either pgata (Y = 1) or p, (Y = 0).

Laan = Epgypato [log p(Y = 1x)] + Ep () [log (1 = p(Y = 1[x))] (1.14)
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p(Y = 1|x) is approximated using a second neural network, the discriminator Dy(x).
It turns out Eq. can also be used as a maximum likelihood objective for Dy(x),

enabling the simultaneous training of Gy and D, by minimax optimization,
i Voan = B0 108 Do(x)] + By flog (1 = Dy(Gale)))). (1.15)

1.3.1 Training Difficulties

The minimax optimization procedure requires careful balancing between the opti-
mization of the generator and the discriminator. To understand this issue, we can
examine the gradient that is used to update the generator parameters. Suppose the
discriminator Dy (x) is parameterized by applying a sigmoid non-linearity to the
output of the neural network. Letting Dpre(x) be the pre-sigmoid activation, we

have Dy(x) = o(Dy“(x)) with o(2) =

i + —. The generator gradient is then

VoVaan = Epo [Volog (1 — Dy(Gy(e)))]
o0 [Volog (1 - a(DE(Go(e)))]
e>[ o(DY(Go(€))) x VoDE(Gy(e))]
-

t_n
—_
~

—_
—_
oo

o) |~ Ds(Gal€)) x VoDE*(Go(e))]

We see that the discriminator’s estimated probability that Gg(e) is a data sample,
D4(Gy(€)), modulates the magnitude of the overall VyVgan gradient. This is an
issue when the discriminator is very well trained and can confidently differentiate
between generated and real samples. In this case we will have Dy(Gy(e)) ~ 0
resulting in a poor gradient signal for training the generator. To avoid this problem,
the learning rate and number of update steps for the discriminator needs to be
carefully controlled so that it is not able to confidently distinguish between real and

generated samples during the entire training run.

Furthermore, we see that the gradient signal for updating the generator parame-
ters 0 flows through the discriminator network, Vo DE™(Gy(e)). This can cause issues

when the input-output relationship for the discriminator Dy(x) does not produce a
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useful gradient signal for updating the generator. We would like V4D 4(x) to point
in the direction towards real samples. However, this is not a given, especially when
the Lipschitz constant of D, is large. In this case, there can be regions of x space
that have very little change in Dy value with respect to x and some regions where
D, changes very quickly. This is not a well conditioned landscape for optimization.
Wasserstein GANs (Arjovsky et al. 2017; Gulrajani et al. 2017)) go some way to

fixing this issue by regularizing the Lipschitz constant of the discriminator network.

1.3.2 Mode Collapse

A further common issue with GANSs is their tendency to drop modes in the data
distribution, thereby ‘collapsing’ onto the remaining modes. This problem originates
from the divergence measure used to derive the GAN objective (Eq. . To
understand the issue, let us first consider a mode-covering divergence: the forward

Kullback-Leibler divergence.

Forward Kullback-Leibler KL (pdatal [Pg) = Epyra(x) llog pdaté();)] (1.20)
Pg(X

We say the forward KL is mode-covering because it includes an infinite penalty
if there are regions of x space for which pg.;. places mass but the generated
distribution p, does not. To see this, we consider the case of sampling an x in
the Paata(x) > 0,py(x) — 0 region and then evaluating log p;‘;gtig‘)g‘). As py(x) — 0,

the divergence diverges, applying an infinite penalty. Now, we can compare this

behaviour to the Jensen-Shannon divergence that a GAN is minimizing.

1 | 1 1
ISD (pasal | ) = 55T (Pasa |5 (s + 24) ) + 5KL (o] |5 (s + 1)) (1:21)
1 pdata(x) ]
= K, |l0g + 1.22
g Pania(x) l 5 (Pdata(X) + py(x)) (122
1 Py(X) ]
“E, o |lo g 1.23
2 Pg( ) [ g % (pdata(x) +pg<x)) ( )

Now, for the first term, consider the same case where we sample X ~ pgata(X)
in a region over which the generated distribution p,(x) places no mass. The

divergence contribution in this case is

log . Pdata (X)

I (paata(x) +0) log 2. (1.24)
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Therefore, the JSD does not applying an infinite penalty when the generated

distribution drops modes of the data distribution.

At a high level, the fundamental aspects of a mode covering objective are that
we need to first sample X ~ pgaa(X), evaluate py(x) and then apply a diverging
penalty as py(x) — 0. This requires the ability to ‘invert’ the generative model.
Rather than always sampling an input € ~ p(¢) and running this forward through
the generative network, we need to be able to take a desired output, X ~ pgata(X)
and work backwards through the network to assess what volume of the input space
corresponds to generating this given x. If the measure of this volume under p(e) is
vanishingly small then our generative model will never generate the given x and
so we can apply an infinite penalty. Unfortunately, this is intractable to do in
the standard GAN setup. In comparison, VAEs are trained with a mode-covering
maximum likelihood objective which is achieved by using the posterior g4(e|x) as

the inversion tool.

Due to their mode-seeking behaviour, GANs tend to produce high quality
samples but due to issues relating to mode coverage and unstable training they

are far from a perfect generative modelling paradigm.

1.4 Multi-Stage Generative Models

The previously described generative models generate data in a single step, i.e. in
one forward pass of the neural network. Improvements have been found by stacking
multiple generative layers together which splits the overall generative modelling

task of going from € ~ p(€) to X ~ Pgata iNto more manageable chunks.

1.4.1 Hierarchical VAEs

A hierarchical VAE (Vahdat et al. [2020; Tomczak et al. 2018; Klushyn et al. 2019),

is defined by splitting the latent variable up into L chunks, € = [ey,...,€ez]. The
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prior is then defined as an autoregressive distribution over e,
L
ple) = HP(GZ\Q;ZA)- (1.25)

=1

The posterior also splits autoregressively,

qs(€[x) = ll:[ g (€rl€r4-1,%). (1.26)

In this case, the log-likelihood lower-bound becomes

log pp(x) > By, (ex) [log pa(x|€)] — KL (gy(€[x)||p(€)) (1.27)
= Eq, (cx) [log po(x|€)] — ;Eqdj(elzzfllx) (KL (gg(el€ra-1,%)|[p(erl€ra-1))] -
) (1.28)

The splitting of the latent variable into L components with an autoregressive
posterior allows the posterior to be much more expressive and results in the ability
to store more information about x into the latent state whilst still ensuring the
aggregate posterior matches the prior. However, the large stack of parameterized
distributions is difficult to train jointly as the gradient must propagate through all
layers during the calculation of the log-likelihood lower bound thus being susceptible
to vanishing or exploding gradients. Vahdat et al. 2020 attempt to control this

through spectral normalization of the neural network weights.

1.4.2 Progressive GANs

A similar observation was made in the training of GANs, in that splitting the
generative modelling task into smaller subtasks can improve performance. Karras
et al. [2018] for example, introduce the progressive growing of GANs where training
starts with training at low resolutions and then proceeds to higher resolutions only
once the initial training stage has had the chance to converge. This improved

training stability and sample quality.
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1.4.3 Normalizing Flows

Normalizing flows (Rezende et al. 2015; Dinh et al. 2015) are an alternative
approach to multi-step generative models that stack together a series of invertible
transformations, x = fxo---ofy0fi(€y) with parameters 6. This transforms an initial
prior distribution p(eg) into a complex output distribution py(x), the log-likelihood
of which can be calculated through an iterated change of variables formula

2L

Oex—1

det (1.29)

K
log po(x) = log p(eg) — > _ log
k=1

This allows the use of mode-covering maximum likelihood training but also requires
the use of specialized network architectures that are invertible and have tractable
determinants. The idea can be extended to continuous time ordinary differential
equations (ODEs) (Chen et al. 2018a) which track the probability distribution shift

through integrating an instantaneous change of variables formula.

1.5 From Generative Models to Generative Pro-
cesses

Multi-stage generative models go some way towards solving the issues of the single
step models presented in Sections & [1.3] through splitting up the generative task
into smaller pieces. However, multi-stage models face issues with training because
the training gradients must propagate through the entire generative stack. This
necessitates the use of spectral normalization for hierarchical VAEs, progressive

training in GANs and ODE solvers running at training time for normalizing flows.

It is in this landscape that generative processes were developed which parame-
terize the generative model through a process e.g. Markov chain, ODE or SDE that
generates data. Rather than simply learning the entire process from scratch, the
key insight of generative processes is that we must impart some prior structure onto
the mechanism through which data is generated. This structure, in a sense, ‘guides’

the model towards learning a specific desired behaviour during the generating
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process. Explicitly, diffusion models desire the generative process to be the time
reversal of a pre-specified corruption process that destroys information in the data.
Flow-based models, on the other hand, desire the generative process to be a mixture

of conditional processes, each of which would converge towards a specific datapoint.

These structures remove the need to backpropagate through the entire generative
process during learning. The model can instead be learned by taking intermediate
points in the process in isolation leading to stable training. The prior imparted
structure has the additional benefit of providing a form of inversion which results
in the learned models being mode-covering. To fully understand and make explicit

these intuitions, we must first introduce concepts from stochastic process theory.

1.6 Stochastic Processes

1.6.1 Stochastic Differential Equations

Stochastic Differential Equations (SDEs) are a commonly used class of stochastic
process for continuous data, x € R". An SDE is defined through a time dependent
drift term f;(x) : R",R — R" and a time dependent diffusion coefficient g; :
R — R. We can write the dynamics of an SDE in the following differential
form (Sarkka et al. |2019),

dx = fiy(x)dt + g;dwy (1.30)

where dw; is a Brownian motion increment. The dynamics can be understood
intuitively as that in the next infinitesimal update step dt, the state moves a small
increment in the direction of the drift, f;(x)d¢ and a small amount of noise is
added g;dw;, with the level of noise dictated by ¢;. There are multiple ways to
define Brownian motion, here we will use the approach of Del Moral et al. 2017, In
infinitesimal timestep dt, a particle undergoing 1D Brownian motion dx = g;dw,; will
either move +¢;v/dt or —g;v/dt each with probability % In the multi-dimensional

case, each dimension propagates as its own independent Brownian motion.
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Figure 1.4: An example trajectory for a three state CTMC. Jump times are labelled as
7-17 T27 T3'

1.6.2 Continuous Time Markov Chains

For data living in a discrete space, x € {1,2,...,S}?, we can define a stochastic
process using a Continuous Time Markov Chain (CTMC). A particle following
CTMC dynamics alternates between resting in its current state and jumping
to a randomly chosen other state, Figure A CTMC is defined by an initial
distribution pg(xp) and a rate matrix R, : R — RS”*S”  The rate matrix determines
both the frequency at which jumps occur during the trajectory and the destinations
of those jumps. Within the next infinitesimal timestep dt, if the current state is x;,
then the probability that the particle will jump to state j is given by R;(x, j)dt
where we have used R;(xy,j) to denote the x,’th row and j’th column of the rate
matrix. This transition probability can therefore be written as

Ry(xy, j)dt forj # x;

| . (1.31)
L =2, Ry(xs, j)dt  forj = x;.

pt+dt|t(j|xt) = {

If we then make the definition that the diagonal entries of the rate matrix are

equal to the negative row sum,

Ri(xe,x¢) 1= — Y Ri(%4,7), (1.32)

J#x¢

then this transition probability can be written succinctly as

pt+dt|t(j|Xt) = 0{x; = j} + Ru(xy, j)dt. (1.33)

where §{x; = j} is a Kronecker delta function that is 1 when x;, = j and

is 0 otherwise.
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1.6.3 Fokker-Planck-Kolmogorov

A Fokker-Planck-Kolmogorov (FPK) equation can be understood as a continuity
equation for probability mass. The rate of accumulation of probability mass in state
x, Oypy(x), can be related to the incoming and outgoing flows of probability mass
under the stochastic process dynamics. This general concept has different specific
instantiations depending on the type of stochastic process under consideration. We

here describe the FPK equation for SDEs and CTMCs.

FPK equation for SDEs

We will derive the FPK equation for the SDE defined in Eq. [I.30] The general
proof technique is to consider an infinitesimal volume surrounding state x. For ease
of exposition, we will assume a 3-dimensional space, however, the results generalize
to higher dimensions. Our infinitesimal volume has extent vy, 15, v3 in the 3 spatial
dimensions for each v; € R << 1. One corner of the cube has coordinate x whilst
the 3 adjacent corners of the cube have coordinates x + 11€1, X + 10€5 and X + v3e3
respectively. e, represents a unit vector pointing along the d-th dimension. For
particles following the motion defined by Eq. there are two mechanisms by
which mass can flow into and out of an infinitesimal volume. The first is due to
the drift and the second is due to the Brownian motion. We will first consider

the contribution to the change in probability mass inside the volume due to the drift.

Drift Contribution Consider an infinitesimal timestep d¢. For the 1-st dimension,

the probability mass that enters this side of the volume is

AV (x)dtvavsp, (x) (1.34)

because ft(l)(x)dt gives us the total distance particles can travel in time dt in the
1 direction so multiplying this by 1513 gives the volume within which particles

will enter our infinitesimal volume, Finally, multiplying by p,(x) then results in



1. Introduction 17

the total probability mass entering. Looking at the other side of the volume,

the total mass exiting is

SO (x + e ) dtvauspy (x + viey) (1.35)

= (8(1)ft(1)(x)1/1 + ft(l)(x)) dtvyus (8(1)pt(x)y1 + pt(x)) , (1.36)

where we have used a first order Taylor expansion on both ft(l) and p;. We use
0 to represent the partial spatial derivative in the 1 direction. The total profit
in probability mass is therefore,

profit =" (x)dtvyvsp, (x)—

(8(1)ft(1)(x)yl + ft(l)(x)) dtvavs (8(1)pt (x)vy + pt(x))

=— 8(1)ft(1)(X)pt(x)dtylng,—

1.37

—
w

)
8)
9)

)

—
(V]

1

(
(
(
(1.40

t(l)(x)ﬁ(l)pt(x)dtylng + higher order terms.

This analysis can be repeated in the other dimensions giving a total profit of

probability mass due to the drift, ignoring higher order terms, of

total profit =dtu,vyvs ( — W I (x)py(x) — £ (x)0Vpy(x) (1.41)
— 0P ()pi(x) — £ (x)0Ppi(x) (1.42)

— 0 £ (x)pu(x) = £ (x)a(‘”’)pt(x)) (1.43)

=dtvivnvs (=V - (fi(x)pe(x))) - (1.44)

where V is the gradient operator, V = [01), 9@ BT,

Brownian Motion Contribution To sum up the total increase in probability
mass inside the volume due to Brownian motion, we will consider the distribution
over jumps that occur due to the Brownian motion in time step dt. We will
consider jumps that take the particle from position x to position x 4+ p for p € R3.
We let P(p|x) be the jump distribution for time step d¢. Using our construction

of Brownian motion, we have

B(aabe) = TT (50010 — 00/ + 3610+ 90/a0) ) (1.45)

d=1 2
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We will now consider a system with Brownian motion but without drift. We let
p¢ be the probability density at time ¢ for this Brownian motion only system. At
location x, we can relate the probability density at time ¢ 4+ d¢ to an integral over
the probability density at time ¢ by adding up all the possible ways a particle

could jump to location x in time step dt,

Drrar(x /Pt (x — N|X) (1.46)

Our first step is to expand py;(x — p) using a Taylor expansion,

Pr(x — p) = pr(x) — 23: O'Vpu(x)a + 5 Z Z
d=1

zlkl

,uk + higher order terms.
(1.47)

8

Integrating the Taylor expansion, ignoring higher order terms, gives

ﬁt+dt(X)=/< Z(’? X)pa + = ZZ gpg u)IP’(MX)du (1.48)

— hi(x) — Za )5 (x /udIP’ p|x)dpt (1.49)

lzz g;gx / papu P () dp (1.50)

Za (2 WVt — ;gt@) + (1.51)
S ] )

(1.52)

= py(x) + ; Z a;ﬂt;() gidt (1.53)

= p(x) + ;dtgtzAﬁt(X)- (1.54)

where A is the Laplacian operator A = V - V.

Combining Contributions We can now consider the total change in probability
mass inside the infintesimal volume due to both the drift and the Brownian motion.

We relate this to the time derivative of the probability mass. We have

Prrar(X)Vivavs = vivors ( t(x) +dt (=V - (fe(x)pe(x))) + ;dtgfﬁpt(x)) (1.55)

= v11ovs (p(Xx) + Oypy(x)dt + higher order terms), (1.56)
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where the second line is simply a Taylor expansion of p;,q;(x) in the time variable.

Ignoring higher order terms, we therefore find that

1
Opr(x) = =V - (fi(x)pe(x)) + igtzApt(X)a (1.57)
giving us the Fokker-Planck-Kolmogorov equation in continuous state spaces.

FPK equation for CTMCs

The FPK equation for CTMCs can also be derived as an accounting of incoming
and outgoing probability mass. If we consider a current state x;, then the total
incoming probability mass in infinitesimal timestep dt will be 3, .., R (j, x¢)p:(j)dt.
The total outgoing probability mass will be >3, .., Ri(%, 7)p:(x;)dt. The difference

between these two gives the overall accumulation of probability mass with state x;,

Oipi(x;)dt = Z Ry (g, x¢)pe(j)dt — Z Ry(x¢, )pe(x¢)dt. (1.58)
J#Xt JF#Xt

Dividing by dt provides the FPK equation for CTMCs,

atpt Xt Z Ry ];Xt)pt Z Rt Xty J )pt(xt> (1'59)
JF#Xt JF#Xt

In Figure we pictorially represent the incoming and outgoing flows leading

O
™ o
P
O
O

Figure 1.5: The accumulation of probability mass in state x; is the difference between
incoming and outgoing flows, Oips(xt) = 2 jax, Re(d, Xe)pe(d) —
Incoming flows are depicted in orange whereas outgoing flows are depicted in blue. The
probability mass within each state p; is depicted as the shade of grey. The width of the
arrow represents the overall amount of flow between a pair of states, R;(j,x¢)p:(j).

to the FPK equation.
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If we make the definition that the diagnoal entries of our rate matrix are equal
to the negative row sums i.e. Ry (X, X;) = — X;4x,) (X, ) then the FPK equation

can be written in a concise form as

Opy(x¢) = ZRt(Xt7j>pt(j)' (1.60)

1.7 Diffusion and Flow-Based Models

Using the tools of stochastic process theory, we are now able to describe the
construction of generative processes, specifically diffusion and flow-based models on
both continuous and discrete data spaces. Both techniques use a prior imparted
structure to define a desired set of marginal distributions {p;(x;)}!=} through time
t. The initial marginal distribution at time ¢ = 0, po(xp), is a simple distribution
that is easy to sample whilst the final distribution p;(x;) is equal to the data
distribution pgata(x1). The aim is to learn a process that has p, as its marginal
distribution at all times ¢ such that simulating this process from ¢ = 0 to ¢t =

1 generates data from noise.

1.7.1 Diffusion Models

Diffusion models (Sohl-Dickstein et al. [2015; Ho et al. [2020; Song et al. 2021b))
impart structure onto the generative process by first defining a corruption process
through which data samples are transformed into pure noise. This corruption
process defines a series of marginal distributions. The generative model then aims
to learn an SDE that has those same marginal distributions but can be simulated

in the opposite temporal direction, from noise to data.

Continuous Space Diffusion Models We begin by defining a corruption SDE
with drift f;(x) and diffusion coefficient g; that runs from time ¢t =1 to t = 0. The
drift and diffusion coefficient are chosen so that the information in p;(x1) = Pgata(X1)

is gradually destroyed over time and the process should converge to the simple
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Po(x%0) at time ¢ = 0. The FPK equation allows us to relate this defined SDE

to the progression of marginals,

~0mx) =~V - (b)) + 500, (1.61)

where we note the negative sign on the LHS of Eq. is due to this SDE
corresponding to the reverse time progression of marginals from time ¢ = 1 to time
t = 0. Now, suppose we wish to find some drift ft(xt) and diffusion coefficient
g: of an SDE such that simulating with this SDE forward in time from ¢ = 0
to t = 1 results in the same marginal distributions as defined by Eq. [1.61] In

other words, we wish to satisfy

Omi(xe) =~V - (Fxo)pi(x)) + 53 Api(x.). (1.62)

Note the lack of a negative sign this time on the LHS of Eq. as our SDE
corresponds to the forward in time progression from ¢t = 0 to ¢t = 1. Since both of

these equations correspond to the same marginal progression, we can equate them

!

V- (fux)pi(x)) — ;ngPt(Xt) = =V (filxe)p(xt)) + 2gt2Apt<Xt) (1.63)
V- (ft(xt)pt(xt)) = =V - (filxe)ps(xs)) + ; (9,52 + gf) Apy(x)

1.64)

V- (felxelpi(xi)) = =V - (fulxe)pi(x)) + (1.65)

(9::2 + f]?) V - (Vlog py(x:)pe(x4)) (1.66)

V. (ft(Xt)pt(Xt)> =V- <<—ft(xt) + ; (93 + gf) Vlngt(Xt)) pt(xt)> .
(1.67)

DN | —

From this relation, we can infer that a suitable drift f, to achieve the same

marginal progression is

fe(xe) = —fi(xe) + ; (9152 + gf) V log py(x¢). (1.68)

We see that this is achievable for any value of g; > 0. The choice of §; = ¢,
corresponds to the choice made in Song et al. 2021b and corresponds to the

celebrated reverse time diffusion equation (Anderson 1982)). The choice of g, = 0
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corresponds to using a deterministic ODE to simulate the marginal progression and
is referred to as the ‘Probability Flow ODE’ form of a diffusion model within the

literature (Song et al. 2021b)).

The implication of this result is that if we can calculate f;, then we could
simulate the SDE defined by f, and g from ¢ = 0 to ¢t = 1 thus converting samples
of noise to samples from the data distribution. The difficulty in calculating f; is
in the calculation of the score, V logp;(x;), which is analytically intractable. To
circumvent this, Song et al. [2019| apply the denoising score matching technique
(Vincent 2011; Hyvérinen et al. 2005) to learn an approximation to the score,

se(x¢,t), over all times ¢,

. 2
m@ln Eu(t;071)pdata(xl)pt|l(xt|x1) |:H89(Xt7t) - vxt 1ngt|1(xt|X1)H } ’ (169>

which has the desired optimum because the solution to the L2 regression prob-
lem is the conditional expectation of the target variable and Vy,logpi(x;) =
Ep, . (xilx:) [V, 1og pe(x¢[x1)]. We make particular note of how the learning objective
for our score neural network is an expectation over losses computed at individual
intermediate points ¢ in the the generative process. This avoids any need to simulate
a process at training time because pyj; (x¢|x;) is available in closed form. In addition,
we do not need to backpropagate through an entire stack of probabilistic layers
which led to training difficulties in prior multi-step generative models as discussed
in Section [1.4] Furthermore, we describe in Section how this objective controls
the likelihood of the generative process leading to mode-covering behaviour of the
resulting generative model. We note that our generative process defined by the drift
in Eq. operates in a fixed dimensional space x;, € R?, V¢t and we explore ways

to allow the process to generate across different dimensions in Chapter [
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Discrete Space Diffusion Models These models employ CTMCs as the base
stochastic process in order to generate discrete data, x € {1,...,S}. We defer
discussion of the multi-dimensional case to Chapter [3] A corruption process that
gradually destroys information in the data is again employed to define the set of
marginals {p;(x;)}!=3. The corruption process is defined through a choice of rate
matrix R; and runs from time £ = 1 back to time ¢ = 0 as in the continuous space

case.

One example choice is to corrupt data by causing transitions to other states
chosen uniformly at random, R; = 5,117 — (5,51, where 1 is the vector of all ones
and [3; is a scalar that describes the speed at which these transitions happen. The
B¢ schedule is chosen such that after a unit interval of time, samples following this
process are distributed uniformly in the state space. With this choice of corruption,
our simple starting distribution is the uniform distribution over the state space,

Po(x0) = % Other choices are explored in Chapter .

Our choice of corruption R; sets the marginal progression through the FPK

equation on discrete spaces,

—Oipi(%s) = ZRt(ja X¢)pe(J)- (1.70)

Now, we would like to find a new CTMC with rate matrix R, that goes through

the same marginal progression, however, runs forward in time from ¢ = 0 to
t = 1. In other words, we desire
dpe(X¢) = Z Rt(j: X¢)pi(J)- (1.71)

J

Equating [1.70| and [1.71] we obtain

ZRt(jaXt)pt(j) = _ZRt(jaXt)pt(j)- (1.72)
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This is not straightforward to solve directly, but we can propose a solution and

verify that it indeed satisfies Eq. This proposed solution is

~ { Ry (J; Xt) plzt((xjt)) forx, # j

Ri(x¢,7) = , 1.73
o, 5) _Zj;éxt R(J, Xt)plit((it)) forx; = j. ( )

To verify this solution indeed works, we substitute it into the LHS of Eq. [1.72]

LHS = Y Ri(j,x)pe(j) + Re(xe, x0)pi(x2) (1.74)
J#Xt
= X¢, J ZM ) — X M X
— j;t Ry(x4,7) ) pe(J) j;t Ry(4, t)pt(Xt)pt( ¢) (1.75)
= =2 Ri(G, x)pe(j) (1.76)
= RHS. (1'77>

We have therefore found a rate matrix, R, that we can use to simulate a CTMC
and proceed through the marginal progression from noise at ¢t = 0 towards the
data distribution at time ¢ = 1. In the same way that in the continuous space
case, this required us to know the intractable score, V log p;(x;), here we instead
need to know the intractable probability ratio z%' In Chapters |3| and @ we
explore methods to parameterize and learn this ratio. Furthermore, the R, chosen
here corresponds to the time reversal, similar to the choice §; = ¢; for continuous
diffusion models. Other choices also give the same marginal progression as we

again explore in Chapters [3] and [6]

1.7.2 Flow-Based Models

In contrast to diffusion model’s utilization of a corruption process to define the
marginal progression, {p;(x;)}=}, flow-based models (Peluchetti 2021; Liu et
al. 2022; Albergo et al. 2023b; Lipman et al. 2022) instead use conditional pro-
cesses, {py1 (x¢|x1)}i=0, that converge to a given datapoint x;. These conditional
processes are mixed together using the data distribution to give the final uncon-
ditional generative process marginals, p;(x¢) = Ep .. (x1) [pt|1(xt|x1)}. We require
the conditional distribution to be simple and not dependent on x; at ¢ = 0,

Pe1(X¢|X1) = Psimple(X0). This results in a simple unconditional distribution too,
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Po(%0) = Epya(x1) [Psimple(X0)] = Dsimple(X0). We require the conditional distribution
to be a delta mass on x; at time ¢ = 1, py1(x¢|x1) = 0(x; — x1). This sets the
marginal at ¢ = 1 to the data, pi(x1) = E,,,,.x1) [0(X¢t — X1)] = Pdata(x1). This

means our {p;(x;)}i=}, marginals transition from pgmple towards pyat. as desired.

Continuous Space Flow-Based Models For continuous data, the conditional
marginal distributions are defined using Gaussian distributions. A simple choice
meeting our requirements could be py (x¢|x1) = N (x4 tx1, (1 —¢)?1). Once we have
defined py; we use the FPK equation to infer which conditional process achieves

the desired conditional marginals,

Oipep (x%¢]x1) = =V - (ve (3¢ [x1) 01 (¢ [x1)) - (1.78)

Here we have assumed a noise free process to align with how flow-based models
are commonly presented in the literature, however stochastic versions are possible
(Peluchetti2021; Albergo et al.2023al). To continue with our simple running example,
if 1 (xe|x1) = N (x¢;txq, (1 — £)21) then v, (x¢[x;) = *=2 is one solution to Eq.

We now take the expectation with respect to pgata of both sides of Eq. [1.7§]

Bopnen ) [0ep1 (Ke[%1) | = By [=V - (w62l (361[x1))] (1.79)
OB pner) [P (Xe[31)| = =V - (B ) [0 6e]30)pe (e[ )] ) (1.80)
(1) = =V - (Epy, o) [0 Go1l30) pi(30) ) (1.81)

Pt (xt le )pdata (Xl)
pe(xt)

where pyj(xi1]x;) = . Therefore, we have shown that if we have
access to vy(X;) == By, (xy|x) [Ve(Xe[X1)] then we can perform generative modelling
by simulating a process with the unconditional marginal progression starting from
pure noise and ending at the data distribution. As in the continuous space diffusion
case, this guiding drift term is intractable to calculate analytically but can be

learnt as the solution to an L2 regression problem (Peluchetti [2021; Liu et al. [2022;
Albergo et al. 2023b; Lipman et al. |2022))

. 2
m@ll’l ]Eu(t;o,l)pdm(m)pm(Xzle) [HU@(Xt,t) - vt(xt’X1>H } : (182>
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Flows on continuous spaces can be extended to operate on manifold data by defining
the flow to move across the manifold surface. We explore the application of these

approaches to tasks in protein design in Chapter [5

Discrete Space Flow-Based Models In the discrete data case, we can follow the
exact same recipe as used for continuous data. A simple choice for our conditional
marginals is py1 (x¢/x1) = t0{x; = x1} + (1 —t) i.e. the conditional process linearly
interpolates between a delta function on the conditioning datapoint and the uniform
distribution on the state space. It is not trivial to obtain a conditional rate matrix
Ry(x,j]x1) that corresponds to the conditional marginal distributions py; (x¢|x1)
and we describe in Chapter [6] how this can be achieved. Now, suppose we have

access to a R (X, j|x1) that is consistent with our desired conditional marginals, i.e.

e (Xe[x1) = ZRt(J} X |x1)pe(J|X1)- (1.83)

We can apply the same trick as the continuous space case by taking the expectation

of both sides of Eq. |[1.83]

Bpator) [ 0201 (%1%1)] = B | D2 Rl xelx1)peiilxi) (1.84)
J
OB pyuentoer) [Pt (5a30)| = D By [RG xilx)mi(ilxa)] (1.85)
J
Oipe(xt) = Z]Eput(xllxt) [Re(7, %e|x1)] pe (5)- (1.86)
J

We recognise the final line as an unconditional FPK equation with rate matrix given

by,

Rt(Xt,j) = EP1|t(x1|Xt) [Rt(], Xtyxl)] . (187)

This rate matrix is intractable to calculate directly, we cover how it can be
approximated with a neural network in Chapter [f] With this rate matrix in
hand, we can simulate the unconditional marginals from noise to data and thus

perform generative modelling.
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1.7.3 Comparing Diffusions and Flows

With a unifying description of diffusion and flow-based models, we can here describe
some of the key differences in these approaches. Diffusion models define the
generative process through first constructing a corruption process which is defined via
process infinitesimal quantities: the drift and diffusion coefficient in the continuous
case and the rate matrix in the discrete case. These are then ‘integrated’ through
the FPK equation to result in the final set of marginals {p;}i=} used for the
generative process. In contrast, for flow-based models, the generative process is
constructed through first defining conditional marginal distributions. These are
then ‘differentiated’ via the FPK equation to find the corresponding conditional

process infinitesimals: the velocity and the conditional rate matrix.

In many cases, these two approaches can yield the same generative process, as
we briefly touch on in Chapter 5 and is shown by Albergo et al. [2023b; Zheng
et al. 2023. However, operating at the distributional level first (as in flow-based
models) can have advantages in some cases. For example, in the discrete case,
integrating the corruption rate matrix to find the required py (x¢|x;) conditional
marginals for a diffusion model is often a difficult operation to do involving the
matrix exponential as described in Chapter 3} Instead, starting with conditional
marginals and differentiating down to the rate matrix as in Chapter [0 is an easier
calculation to carry out. Treating the marginal distributions as the first class
citizens as opposed to process infinitesimals also allows the user to reason about
the corruption schedule versus ¢ in a more natural way and makes clearer the range

of process dynamics that are available for a given marginal progression.

1.7.4 Training Objectives and Likelihoods

In the previous section we discussed objectives that can be used to train networks
that parameterize our generative processes. Through simulation, these networks
in turn define distributions over the data space and therefore it is important to

understand how the training objective links to the likelihood assigned by the
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generative process to the training datapoints. Specifically, does minimizing the
objective correspond to maximizing the log-likelihood of the model on the training

data?

We first consider the continuous state space diffusion model case. It was shown
by Song et al. [2021a} Huang et al. [2021| that a weighted form of the denoising score
matching loss in Eq. is equal to an upper bound on the negative log-likelihood

up to a constant. Reproducing the result here, we have

— Byt [l0g 95" (x1)] < (1.88)

1 /1 2
5 A Epdata(xl)pt‘l(xﬂxﬂ |:gt2 HSQ(XIH t) - vxt 10gpt|1(xt|X1)H2 :| dt + COI’lSt, (189>

where p3P¥(x;) is the distribution over final samples when simulating the generative

SDE,
dx = (—ft(xt) + gfse(xt, t)) dt + g;dwy, (1.90)

from t = 0 tot = 1. We can therefore see that achieving a low denoising score
matching loss is directly related to improving the log-likelihood of the generative
model defined by the generative process and leads to desirable mode-covering
behaviour. Relating back to our prior discussions on ‘inversions’ within generative
models, this log-likelihood result is derived by utilizing the corruption process as that
inverting tool. The corruption process describes the ‘inputs’ to the model (corrupted

samples) that correspond to ‘outputs’ of the model (slightly less corrupted samples).

When the generative process is a flow model that is simulated with an ODE,
then controlling an L2 distance on the drift is not sufficient to control the likelihood
in general, as shown in Albergo et al. 2023a. Of course, the likelihood of the output
of the model can be calculated using tools from Continuous Normalizing Flows
(Chen et al. 2018a)) however, the loss itself doesn’t directly control this likelihood.
Wildberger et al. 2023 refine this analysis and find that under sufficiently strong

regularity conditions on the true score and vector field, the L2 loss can indeed
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control the likelihood of the model.

In discrete state spaces, for diffusion style models, the objective used to learn
the generative process is directly derived from a bound on the log-likelihood and is
detailed in Chapter [3] For flow-based models where the required generative rate
matrix is written directly in terms of a an expectation of a conditional rate with
respect to a denoising distribution, Eq. , one can directly learn the pyj(x;|x;)

distribution using a cross entropy loss

mng Epdata(xl)p1|t(xt|x1) [logpg\t(xﬂxt)} . (1'91>

However, as we detail in Chapter [0 this does not directly control the log-likelihood

as the diffusion style objective does.

1.8 Thesis Outline

In the remainder of this thesis, we will outline the extension of the generative
process approach to generic data by expanding the state-spaces over which these

processes can operate.

o Chapter [2 reviews the development of diffusion and flow-based approaches for
continuous data and discrete data. We then detail existing methods for generic
data modelling by first covering more classical approaches that utilize VAEs
and GANs before moving onto other generative models including normalizing

flows, autoregressive models and diffusion /flow-based models.

o Chapter |3| translates continuous space continuous time diffusion models to
the discrete state space case through utilizing CTMCs. We derive a training
objective, sampling procedure and design corruption processes that enable

efficient training.

+ Chapter [ expands continuous space diffusion models to the case where the
dimensionality of the data can change during generation. We construct a

generative process with jumps that can add dimensions enabling the model
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to decide on a suitable dimensionality for the generated sample based on any

conditioning information.

Chapter [5| utilizes a flow-based framework on manifold valued data for the
task of protein motif-scaffolding. The flow on the space of rigid body motions

generates a plausible scaffolding structure that can hold in place a given motif.

Chapter [0] builds on continuous flow ideas by expanding the methodology
to discrete data and multi-modal data. Through considering mixtures of
conditional CTMCs, a generative CTMC can be constructed. We then combine
a CTMC with a continuous flow creating a model capable of generating multi-
modal data. We apply the model to protein co-design where a single model

generates a protein’s structure and sequence simultaneously.

Chapter [7] concludes the thesis by summarizing the main arguments and
discussing limitations and avenues for further work touching on extensions to

highly multi-modal data and generative modelling fine-tuning.

1.9 Papers Omitted from Thesis

For completeness, this section lists published papers I have contributed to during

the DPhil but are omitted from this thesis due to scope and space constraints.

1. Online Variational Filtering and Parameter Learning, A. Campbell*, Y.

Shi*, T. Rainforth, A. Doucet, NeurIPS 2021

. Diffusion Schrodinger bridge matching, Y. Shi, V. De Bortoli, A. Campbell,

A. Doucet, NeurIPS 2023

. Fast Protein Backbone Generation with SE(3) Flow Matching, J. Yim, A.

Campbell, A. Y K Foong, M. Gastegger, J. Jiménez-Luna, S. Lewis, V.
Garcia Satorras, B. S Veeling, R. Barzilay, T. Jaakkola, F. Noé, Machine
Learning in Structural Biology Workshop NeurilPS 2023
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4. Score-Optimal Diffusion Schedules, C. Williams, A. Campbell, A. Doucet,
S. Syed, NeurIPS 2024
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In this chapter we first review significant pieces of work in the development
of diffusion and flow-based modelling. In contrast to the previous chapter which
aimed to take a unifying perspective, this section discusses model parameterizations
as they appeared in the original works. In the second half of this chapter, we
review existing approaches for modelling generic data utilizing a range of generative

model types from VAEs to autoregressive models.
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2.1 Continuous Space Diffusion Models

The idea of generative models based on diffusion processes was first introduced in
Sohl-Dickstein et al. 2015/ who introduced the idea of a hierarchical VAE style model

where the multi-level posterior is defined by a fixed and pre-defined noising process
T

Q(Xl:T|X0) = H Q(Xt|Xt—1)7 (2‘1>
t=1

where xq is the datapoint and q(x;|x;_1) = N (x¢; x¢-1v/1 — B4, I5;) is a Gaussian
distribution that adds a small amount of noise to the previous state. For the

decoder, a Markov chain is again used,
T-1
Po(Xor—1]x7) = tl:[o Po(Xi[xXe11), (2.2)
with pg(x|xi11) = N (X5 po(Xer1, ¢ + 1), Xo(X411, ¢ + 1)). The log-likelihood lower
bound objective for the hierarchical VAE is then manipulated so that the entire
probabilistic stack need not be evaluated to train the generative decoder but can

be trained considering only a single layer at a time allowing for efficient training.

Specifically, the objective is,

T
L=- ZEq(xU,Xt) [KL (q(x¢—1]%¢, %0) | |po(xe-1[x¢))] + (2.3)
t=2
Eq(xo.x1) [log pa(x0|x1)] + const. (2.4)

This is significant as it allows training a very deep hierarchical VAE a single layer at
a time without needing to propagate gradients through a deep encoder stack. The
model was parameterized with a simple convolutional architecture giving samples

that did not look realistic.

Considering the stack of generative transition densities [, po(x;_1|x;) as a
learned Markov chain, other work also considered the use of Markov chains to
generate data. Song et al. 2019 aimed to generate data by using annealed Langevin

dynamics. The Langevin dynamics update is of the form

Q;
X 4 X1+ vat_l Ingai (Xt—l) + \/Oé_iﬁta (2-5)
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where €, ~ N (e;0, 1), c; is the step size and p,, is the target distribution defined by
noise level 0y, Py, (X) = [ Pdata(X)N (x; X, 021). The intractable score, Vy log p,, (x)

is approximated using a neural network, trained through denoising score matching
min  ||sp(X,0) — Vi log p,(X[x)|]?, (2.6)

where p,(x|x) = N(x;x,0%I) is the noising distribution used to define p,. The
score network was parameterized with a modern U-Net architecture (Ronneberger
et al.[2015) which then enabled high quality samples to be generated on small image

datasets.

In 2020, two papers then took the initial ideas presented in this initial work
and greatly popularized diffusion models as a viable generative modelling paradigm.
The first by Ho et al. 2020| built upon the probabilistic framework of Sohl-Dickstein
et al. 2015, They fixed the p; hyperparameters, to a fixed schedule that linearly
interpolates between 10~* and 0.02. Refinements were also made to the parameteri-
zation and learning of the py(x;_1|X;) generative transition kernel. If we consider the
t point in the hierarchical model, by marginalizing the forward transition operators
we find that x; = /ayxo + /1 — ave where a = [['_;(1 — ;) and € ~ N'(€;0,1).
Ho et al. 2020 then define py(x;_1|x;) through a noise predictor model ey(xy,t)
that approximates the noise component € in x;. The noise predictor is trained

with an L2 loss over all noise levels,

MmN Ey1,7)paaia (x0)a i o) [llea (i, t) — €l ?] (2.7)

Xy = v/auXo + V1 — e, e~ N(g0,1). (2.8)

This loss can be derived by manipulating the terms KL(q(x;_1|x¢, X0)||pe(Xi—1]%¢)),
however, a weighting with respect to t appears inside the expectation. A key
contribution of Ho et al. 2020 was to remove this weighting and train on an
unweighted L2 loss which, in combination with a modern U-Net architecture, lead

to high quality samples on high resolution image data.
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The second paper released in 2020 that defined our current understanding of
diffusion models is the work by Song et al. [2021bl Here, diffusion models were
presented using the language of stochastic differential equations (SDEs) for the
first time. The paper presented the ideas described in Section in continuous
state spaces. The previous view of diffusion models as a hierarchical VAE with a
fixed posterior presented by Ho et al. 2020; Sohl-Dickstein et al. 2015 could then be

understood as a certain discretization of an underlying SDE.

Since these initial seminal papers, notable further works have refined and
extended the diffusion modelling paradigm in continuous spaces. To highlight
key examples, Karras et al. 2022 analyzed the sampling and training dynamics of
diffusion SDEs to create a high performance framework. They modified the schedule
of noise as to reduce curvature in the generative process enabling fast and accurate
simulation. They also derived loss weightings and network preconditioning factors
so that all neural network training targets are zero mean and unit variance which

conforms to well known rules of thumb for network training.

In a separate line of work, effort has been placed into improving the sampling
efficiency of diffusion models which naively require 1" function evaluations to simulate
the entire generative process. Luhman et al. 2021 exploit the deterministic sampling
provided by the probability flow ODE (Song et al. 2021b) to define a mapping
between prior samples x7 and synthetic datapoints xy. They then use a distillation
loss to train a student network to directly output the synthetic datapoint xq
corresponding to the starting point x7. This idea is refined by Salimans et al. [2022
where instead of tasking the student network to directly learn the noise to data map
from scratch, the student network is trained such that simulating a generative process
defined by the student network with a coarse discretization schedule matches the
generation trajectory of a teacher diffusion model sampled with a fine discretization
schedule. This procedure is iterated setting the teacher model to be the student from

the previous round until a single step model is learned. This iterative procedure
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improves sample quality. Current methods for fast sampling, aim to learn the
student models directly through a trajectory matching loss (Song et al. 2023b;
Song et al. 2023al) and with the integration of adversarial style losses (Sauer

et al. 2025, Kim et al. [2023).

2.2 Discrete Space Diffusion Models

Discrete diffusion models utilize the same fundamental idea as continuous space
diffusion models by defining a corruption process that can be used to derive a
scalable learning objective to train a generative process. The corruption process
however is defined to operate over representations of discrete data. In this section,
we split the approaches into those that operate directly in the discrete space and

those that instead embed discrete data into a continuous representation.

2.2.1 Discrete Space Approaches

Sohl-Dickstein et al. 2015 first introduced diffusion models directly in discrete
space, where, instead of parameterizing q(x;|x;—1) and pp(x¢|Xs11) using Gaussian

distributions, they are parameterized using Binomial distributions. Specifically,

q(xe|xi-1) = (1 — B)o{xt = X1} + ;Bt; (2.9)

Po(Xe|X11) = 0{xy = 0} fo(xpp1, t + 1) + 0{x; = 1}(1 — fo(x¢11,t+ 1)), (2.10)

where fy is parameterized using the neural network. This again creates a process
that gradually corrupts data in the forward direction by replacing bits with samples
of uniform random noise. The generative process then reverses this and generates

data from random noise. The model was demonstrated only on toy binary data.

After the popularization of diffusion models in continuous space, effort was
then made to continue the development of diffusion in discrete space. Hoogeboom

et al. 2021b| experiment with categorical state spaces with K > 2 categories,
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switching the Binomial noising process of Sohl-Dickstein et al. 2015 for a Categorical

noising process,

q(xe|xi-1) = (1 — B)o{xe = %41} + [1(5,5 (2.11)

For the generative direction, py(x;|xsy1) is parameterized by having the neural
network output a distribution over the data point predicted to correspond to
X¢11, Po(Xo|X¢y1). This is then converted into a single step distribution through
marginalization, ps(X¢|Xi+1) = Y, Po(Xo|Xe+1)q(Xe[Xs41,%0) where g(x¢[x¢11,%0)
can be calculated exactly from our definition of the noising process. The sum over
Xy is tractable to carry out in high dimensions because py(xg|x;11) is defined to
factorize over dimensions. Hoogeboom et al. 2021b| carry out experiments on text
and segmentation maps demonstrating that diffusion models on discrete space can

scale to complex high dimensional tasks.

Austin et al. 2021] further explore the possible styles of corruption process
on discrete data. In addition to the ‘uniform’ noise style of corruption used by
Hoogeboom et al. [2021b|, they explore an ‘absorbing state’ style process that has

a small probability to transition to a mask token for each timestep,

q(Xe|xe-1) =0{x4_1 £ M} | (1 — B)d{xs = x4_1} + {xy = M} 5, | + (2.12)

Mq{xi—1 = M}o{x; = M}, (2.13)

where we can see that once a position has transitioned to the mask state, it will
remain there for the remainder of the noising process. For discrete data that is
ordered, a discretized Gaussian style corruption was introduced that biases states
to transition to nearby states in the ordering. Finally, a corruption process that
biases tokens to transition to other token values that are similar in an embedding
space was proposed for text data. Austin et al. 2021| found that the best performing
corruption for text remained the absorbing state style. This may be expected due to
absorbing state corruption resembling the generation process of autoregressive large

language models that gradually generate text by revealing one token at a time. For
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all of these corruption processes, the generative process can be parameterized using

the definition of pp(x¢|x¢41) through marginalization over xq prediction as before.

2.2.2 Continuous Embedding Approaches

These styles of approach utilize standard continuous space diffusion model techniques
to model discrete data by embedding the discrete data into a continuous space. This
can be as simple as assigning a binary code to all discrete categories and then treating
the {0, 1} vector as real valued (Chen et al. 2022). The diffusion model learns that
all data values are either 0 or 1 meaning that even though intermediate values during
the diffusion process are not valid discrete datapoints, the final generated values are

close to 0 or 1 which are easily converted back to discrete data through quantization.

This approach does not make use of any structure available when operating in
continuous space. Dieleman et al. 2022 model text by embedding each discrete
category in the vocabulary into a continuous vector which are jointly learned with
the diffusion score model. The embedding learning signal is backpropagated from
the denoising loss requiring regularization of the embeddings to avoid degenerate
behaviour. Gulrajani et al.|[2024| refine the approach by training a joint embedding +
diffusion model for text generation using a well-posed log-likelihood bound meaning

that embedding regularization is no longer required.

2.3 Flow-Based Models

As described in Section [I.7.2] flow-based models define a generative process through
a mixture of conditional processes. These ideas were first explored by Peluchetti
2021| and then later expanded on by Liu et al. [2022; Albergo et al. 2023b}; Lipman
et al. 2022, In our initial exposition of flow-based ideas, we considered processes
conditional only on x;, however, Peluchetti 2021] treat these models in their full
generality, pinned on both x, and x; and in the stochastic case. Peluchetti 2021

starts by considering a simple SDE of the form,

dXt = ft(Xt)dt + gtdwt, (214)
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which is initialized at xy. Using Doob’s h-transform, this SDE is then converted into
a pinned SDE that is guaranteed to hit a given point x7 at time 7" by modifying

the drift with a score forcing term,

dx; = (ft(xt) + g?vXt logP(XT|Xt)) dt + geduwy, (2.15)

where log p(x7|x;) is the transition probability between times ¢ and T" implied by
the SDE in Eq. 2.14] The SDE in Eq. therefore begins at xy and ends at
x7. Now, the key is to consider the mixture of these pinned processes with respect
to a joint distribution over x¢ and xr, II(xg,x7). As an example, we could set
I1(X0, X7) = Pprior(X0)Pdata(X7) to Obtain a case similar to standard diffusion and
flow-based models, however, the joint need not be factorized and the xq distribution
doesn’t have to be simple. The SDE in Eq. [2.15] when started at x, and pinned
to finish at x7, has marginal distributions {p(x;|xo, x7)}!=F". The aim is to find
an SDE that has marginal distributions m;(x¢) = Eri(xoxp) [P(X¢|X0, X7)]. Peluchetti
2021 prove the following SDE has the desired m;(x;) marginals,

dx; = (ft(xt) + 67 Epixerixe) [V, logp(xﬂxt)]) dt + gidwy, (2.16)

where p(xr|x;) is the posterior over x; when x; is generated by first sampling the

Xo, X7 joint distribution and then sampling p(x;|xq, X7) i.e.

plcrlx,) = I O X RB0 1) 2.1)

The term Epx,|x,) [Vx, log p(x7|x;)] is intractable to calculate directly but can be

approximated with a neural network trained using the following objective,

Eut(0,m) s x1 w0 o) ||| Ve 108 P(xerlxe) = so (i, D)13] (2.18)

To consider the use of this framework specifically to the generative modelling
case, we again consider our simple example I1(Xg,X7) = Pprior(X0)Pdata(X7). At

time T we have,

Tr(xr) = / T(x0, %7 )p(x7|X0, K)dxod%r (2.19)
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= [ Dorerl0)paa(Fr)0 37 — S by (2.20)
X0,XT

:pdata(XT)~ (221)

Therefore, by simulating the SDE in Eq. we can transform samples from the
prior distribution to the data distribution, using a score network trained in a very
similar way to denoising score matching. This style of model can in fact be shown
to be equivalent to diffusion models in this case (Gao et al. [2024). Peluchetti 2021

demonstrated the model on toy data.

In 2022, 3 papers (Liu et al. 2022; Albergo et al. 2023b; Lipman et al. 2022])
independently developed a similar mixture of processes approach to generative
modelling and demonstrated this model class can scale to high dimensional image
datasets. Rather than constructing the generative modelling framework through
considering pinned SDEs, these works use conditional ODEs as the building blocks.
Specifically, they first consider an ODE that will hit a terminal point x; at time
t = 1 when initialized from any starting point xy. The simplest example is the

‘linear interpolant’ conditional ODE,
dx; = (x3 — xg)dt. (2.22)

We can see that the conditional ODE has both information regarding the starting
point xo and the end point x;. To perform generative modelling, a mixture of
these conditional ODEs is considered, with respect to a joint distribution IT(xg, x;).
As before, if the marginal distributions of the process defined by Eq. [2.22] are
denoted p(x;|xg,x1) then we can obtain an ODE with marginal distributions

T1(Xt) = Jro s (X0, X1)P(X¢|X0, X1 )dxodx; by simulating the following ODE,
dXt = EP(XO,X1|Xt) [Xl — XO] dt, (2.23)

where p(xg,x1|x;) is the posterior over xy and x; when x; is sampled from

I1(x0, x1)p(x¢|x0, X1) i.c.

H(XOa Xl)p(Xt |X0, Xl)
Wt(Xt)

p(xo0,X1(Xt) = (2.24)
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The expectation E,x,x|x,) [X1 — Xo| can again be approximated with a neural

network trained with an L2 loss,

min  Eyonneoxptelxon) |[|50(e1) = (a =xo) [I3] . (2:25)

Albergo et al. [2023bj Lipman et al. [2022 used II(xg, X1) = Dprior(X0)Pdata(X1) i
order to use these flows for generative modelling and achieved high quality samples
on image datasets. Liu et al. 2022 additionally considered a non-factorized joint
distribution II(xg,x;) and use the approach to learn mappings between arbitrary
distributions with a low transport cost. This is achieved by iterating the learning
procedure in Eq. They start with an independent coupling between two
distributions II(xg,x1) = po(xo)p1(x1) and learn a velocity for an ODE that
transports between py(xo) and p;(x;). The insight of Liu et al. [2022| is to then
iterate this procedure by pushing py(xo) forward through the learned ODE to obtain
a new coupling between pg(xg) and p;(x;), this time one that is not factorized.
They show that this procedure reduces the transport cost between the starting point
and end point. This technique is demonstrated on high dimensional image data
with the method able to provide meaningful translations between vastly different

image datasets such as animals to humans faces.

Further work built on these ideas, such as Albergo et al. [2023a] which provided
a unifying overview of deterministic and stochastic mixture of bridges approaches.
Shi et al. [2024] also built on the iterative procedure of Liu et al. 2022 in the
stochastic case, creating an algorithm that can approximate the Schrodinger Bridge

between high dimensional distributions.

2.4 Generic Data Generative Models

The previous generative frameworks are usually constructed assuming data lies in a
simple euclidean space x € R?. As generative model methodology has evolved, there
have been parallel developments in their application to non-standard datatypes

such as discrete data, data lying on a complex manifold or multi-modal data.
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2.4.1 Variational Autoencoders

Miao et al. 2016; Bowman et al. 2015 are two early examples of VAEs developed
to generate discrete text data. This is achieved by using a decoding distribution
po(x|€) suitable for discrete data. Miao et al. 2016| utilize a factorized distribution
parameterized by a softmax on the neural network output ps(x'P|e) = [T7_; po(x?|¢)
whereas Bowman et al. 2015 use an autoregressive decoder parameterized by a
recurrent neural network pp(x'P|e) = [T5_, po(x%x?~1 €). The VAE framework
introduces challenges ranging from low quality samples in the factorized case to a

failure to use the latent encoding due to a powerful decoder in the autoregressive case.

To model data that lies on a non-euclidean manifold, Falorsi et al. [2018| use
a VAE with a latent space that is homeomorphic to the assumed manifold that
the data lies on. This requires modifications to the encoder g,4(€|x) such that it
defines a distribution on the appropriate manifold. Falorsi et al. 2018 experiment
specifically with rotation data on SO(3) utilizing a reparameterized encoder network
that first generates a noise sample around the origin using the isomorphism between
R3 and the tangent space of SO(3) at the origin. The noise is then rotated by
another output of the neural network allowing the encoder to parameterize a flexible
distribution over SO(3). To complete the generative model, a decoder is used to

map from the manifold valued latent space back to the observed data space.

In order to perform generative modelling on multi-modal discrete and continuous
data, Ma et al. 2020| define a two-stage hierarchical VAE with a joint distribution
p(eM)py(eB|e?)po(x]eP). Here x is multi-modal with the final py(x|e”) decoder
splitting over D different modalities as py(x|e?) = [T2, po(xa4leF). The separated
data modality decoders py(xg4|e?) are trained individually with their respective
encoders in a pre-training stage before being integrated into the multi-modal joint
eBlet

model. The py( ) latent decoder enables the model to capture dependencies

between modalities.
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2.4.2 Generative Adversarial Networks

Discrete data presents unique challenges for the training of GANs due to the non-
differentiability of the state-space. The computation of the gradient of the training
objective for standard GANs involves differentiating through the output of the
generator, VyDg"(Gy(e)) see Eq. . To circumvent the non-differentiability
issue when generating sequences of text tokens Yi.r, Yu et al. 2017 make use
of the REINFORCE method from reinforcement learning (Williams |1992). The
generator is parameterized autoregressively, Gy(Y;|Y1..—1), whilst the discriminator
operates on entire sequences, Dy(Y1.7). The challenge is to obtain the generator
gradient for timestep ¢. A value function is used @Q(Y;,;) which approximates

Ecy(Visrzvi) [Do(Yir)] leading to a gradient,

VoEq,viivie_1) [Q(Y10)] = Eg,(vivie-1) [Volog Go(Yi|Y1:-1)Q(Y1:)] - (2.26)

Due to the high variance of REINFORCE style methods, the adversarial approach

failed to scale to complex text generation tasks.

GANSs can also be adapted to operate on manifold data. For example, Dey
et al. |2020 utilize a rotation invariant convolutional network (Cohen et al. 2016])
to define a discriminator on image data that has no preferred orientation. A

rotationally equivariant generator then learns to generate data of all orientations.

2.4.3 Normalizing Flows

Normalizing flows have also been applied to the generic data modelling problem.
For discrete data, Tran et al. 2019, modify normalizing flow layers to operate in
the discrete state space. The layers define deterministic transformations between
input and output discrete points and are Jacobian free as there are no spatial
volumes to track changes in. The stack of layers can then be thought of as
a learned re-labelling of the discrete base distribution to match the observed
data. The base distribution parameters can be learned through backpropagating

a maximum likelihood objective, however, the transformation parameters require
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discrete gradient estimation techniques (Bengio et al. 2013; Maddison et al. 2017}
Jang et al. 2017).

Mathieu et al. 2020 extend the continuous normalizing flow formulation onto
manifold valued data for example data lying on a Torus or Sphere. The velocity
field defining the ODE map is first translated onto a tangent space valued vector
that defines a flow on the manifold surface. The change of variables formula is also
adapted utilizing the structure of the space, taking into account the Riemannian

metric when accounting for changes in probability volumes.

Finally, continuous normalizing flows have been applied to data involving discrete
jumps embedded in a continuous space by Chen et al. 2021l The standard generative
process is combined with a point process to model jumps requiring the continuous
change-of-variable formula to also be adapted to additionally sum over these discrete
events. We utilize similar techniques in Chapter {4] to include jumps within a

continuous diffusion generative process.

2.4.4 Autoregressive Models

Autoregressive models are those that model a complex data distribution pgata(x)
by parameterizing the model’s joint distribution as a series of autoregressive
distributions, py(x*P) = [T, pe(x?x'4~1). In contrast to VAEs, GANs and
diffusion models, autoregressive models are most commonly used for discrete data
with continuous data modelling being the rarer use-case. For discrete data, each
autoregressive distribution is a categorical distribution parameterized by a softmax

non-linearity applied to the output of an unconstrained neural network.

To model continuous data with autoregressive models, two styles of approach
have been used. The first is to translate the structure of the data into discrete
tokens. For example Gebauer et al. [2019|, generate molecules in 3D space requiring

a generative model over continuous positions that should be invariant to rigid body
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rotations of the molecule. This is achieved by having the model output the relative
distance between the new atom and the previously placed atoms. These relative
distances are binned to provide a discrete modelling problem for the autoregressive
model. Hayes et al. 2024] carry the general idea further with the aim of modelling
continuous protein structures using a discrete autoregressive model. In a pretraining
stage, a VAE with a discrete latent space (Van Den Oord et al. 2017) is trained
to generate discrete encodings of local 3D protein structures that are invariant to
rigid body rotations. This way, a standard discrete autoregressive model can be
trained on the discrete tokens, obviating the need to handle complex continuous
structure with the autoregressive distributions.

The second approach is to use a continuous distribution as the py(x?|x'¢—1)
autoregressive distribution. This could be as simple as a mixture of Gaussians (Uria
et al. 2013; Theis et al. [2015) or as complex as an entire diffusion model ran for
each dimension (Zhou et al. 2024)). In order to model multi-modal data, the above
approaches for continuous data can be intermixed with standard discrete token

modelling resulting in a powerful joint model of mixed-type data.

An additional benefit of using autoregressive models for complex data structures
is that data of varying lengths is handled naturally. Whereas diffusion models, VAEs
and GANSs typically require that the total dimensionality of the data to be generated
is set at training time, autoregressive models can avoid this by being parameterized
to also output a probability over a ‘stop token’ (Sutskever et al. 2014]). During
generation, the conditional py(x4|x1.4_1) distributions are iteratively sampled until
the stop token is produced enabling the model to define a distribution over sequence

lengths.

One drawback of using autoregressive models for multi-modal modelling is
the necessity in defining a way to segment and order the data such that the

series of autoregressive distributions can be defined. For data such as images,
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there are multiple ways this ordering could be defined e.g. raster-scan ordering
or zig-zag ordering (Chen et al. 2018b). The chosen ordering can then affect
the performance of the model. To circumvent this, some works have aimed to
learn a single model amortized over possible orderings (Yang 2019; Hoogeboom

et al. 2021a; Pannatier et al. 2024).

2.4.5 Diffusion and Flow-Based Models

In the previous discussion, diffusion and flow-based models have been described for
continuous and discrete data. There have been works extending these approaches

to other complex data types.

Diffusion models have been adapted for data lying on a non-euclidean manifold
by defining the corruption and generative stochastic processes to occur directly
on the manifold (De Bortoli et al. 2022} Huang et al. 2022)). The denoising score
matching objective of Song et al. 2021b| requires extra care to translate in this
case as the Vy, log p(x;|xg) term is not always analytically tractable and needs to
be approximated. Sampling occurs via a geodesic random walk, with the score
providing an update direction in the tangent space which is translated into movement

along the manifold through the exponential map.

Chen et al. 2024 simplify these approaches with a flow-based model for general
geometries. Instead of requiring the definition of an appropriate stochastic process
on the manifold and approximation of Vy, log p(x;|X¢), the flow matching approach
trains to match a conditional vector field vy(x;|x;) which can be found analytically
on a wider class of manifolds than Vy, log p(x;|xo). A deterministic flow is used
for sampling which does not require the definition of a stochastic process on the

manifold.

In order to model multi-modal data, methods for applying diffusion models

to continuous and discrete valued variables can be combined. This is a common
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problem when generating new molecules that consist of both discrete atom types and
continuous atom positions. In Hoogeboom et al. 2022, the authors embed the discrete
atom types as one-hot vectors which are then treated as an additional continuous
variable. Building on this work, Hua et al. 2023; Vignac et al.|[2023; Peng et al. 2023
use a discrete state space diffusion process for the atom types and atom connectivity
graphs and achieve superior performance. All these approaches faced the challenge
of scheduling between the different modalities. The relative speed of corruption for
atom types versus the atom positions defines an approximate ordering in which these
modalities are generated, either atom types first or atom positions first. A common

finding is that performance is better when atom positions are generated first.
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Abstract

We provide the first complete continuous time framework for denoising diffusion
models of discrete data. This is achieved by formulating the forward noising process
and corresponding reverse time generative process as Continuous Time Markov
Chains (CTMCs). The model can be efficiently trained using a continuous time
version of the ELBO. We simulate the high dimensional CTMC using techniques
developed in chemical physics and exploit our continuous time framework to derive
high performance samplers that we show can outperform discrete time methods
for discrete data. The continuous time treatment also enables us to derive a novel
theoretical result bounding the error between the generated sample distribution and
the true data distribution.

1 Introduction

Diffusion/score-based/denoising models [1, 2, 3, 4] are a popular class of generative models that
achieve state-of-the-art sample quality with good coverage of the data distribution [5] all whilst using
a stable, non-adversarial, simple to implement training objective. The general framework is to define
a forward noising process that takes in data and gradually corrupts it until the data distribution is
transformed into a simple distribution that is easy to sample. The model then learns to reverse this
process by learning the logarithmic gradient of the noised marginal distributions known as the score.

Most previous work on denoising models operates on a continuous state space. However, there are
many problems for which the data we would like to model is discrete. This occurs, for example, in
text, segmentation maps, categorical features, discrete latent spaces, and the direct 8-bit representation
of images. Previous work has tried to realize the benefits of the denoising framework on discrete data
problems, with promising initial results [6, 7, 8, 9, 10, 11, 12, 13].

All of these previous approaches train and sample the model in discrete time. Unfortunately, working
in discrete time has notable drawbacks. It generally forces the user to pick a partition of the process at
training time and the model only learns to denoise at these fixed time points. Due to the fixed partition,
we are then limited to a simple ancestral sampling strategy. In continuous time, the model instead
learns to denoise for any arbitrary time point in the process. This complete specification of the reverse
process enables much greater flexibility in defining the reverse sampling scheme. For example, in
continuous state spaces, continuous time samplers that greatly reduce the sampling time have been
devised [14, 15, 16, 17] as well as ones that improve sample quality [4, 18]. The continuous time
interpretation has also enabled the derivation of interesting theoretical properties such as error bounds
[19] in continuous state spaces.
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Discrete Data Denoising Network

£=0 {A,A,A,B,B,B,C,C,C}“t=0m A,AAA, 0,1, AR,
{%I%I%IBIBIBICIQIC} %) r 1 1B,/By ' AT A
Z Ry By ,M,H,H,\,\,,\J Q roor oo ’I(’
9 0 H
[ IS H
] ~
4 g T
8 =state change o
N0
Rt E can occur at any t € R E Rt """""" p0|t(330|$t)
Q © T
® 13
o (DVESWI W, BRI RFAINT a
{DJE Wy W, By &R AN} 3 {D,E,W,W,F,X,K, A, N}
t:TV{DI PIWIWI FIXIKIAIN} t=T

Figure 1: The forward noising process corrupts data according to Ry, the rate of corruption events
at time ¢. The noising process’ time reversal gives the generative process which is defined through
RY, the rate of generative events at time ¢. Rt@ is parameterized through the denoising network,
pg‘ +(wo|z¢), which outputs categorical probabilities over clean x values conditioned on a noisy ;.

To allow these benefits to be exploited for discrete state spaces as well, we formulate a continuous
time framework for discrete denoising models. Specifically, our contributions are as follows. We
formulate the forward noising process as a Continuous Time Markov Chain (CTMC) and identify
the generative CTMC that is the time-reversal of this process. We then bound the log likelihood
of the generated data distribution, giving a continuous time equivalent of the ELBO that can be
used for efficient training of a parametric approximation to the true generative reverse process. To
efficiently simulate the parametric reverse process, we leverage tau-leaping [20] and propose a novel
predictor-corrector type scheme that can be used to improve simulation accuracy. The continuous
time framework allows us to derive a bound on the error between the true data distribution and
the samples generated from the approximate reverse process simulated with tau-leaping. Finally,
we demonstrate our proposed method on the generative modeling of images from the CIFAR-10
dataset and monophonic music sequences. Notably, we find our tau-leaping with predictor-corrector
sampler can provide higher quality CIFAR10 samples than previous discrete time discrete state
approaches, further closing the performance gap between when images are modeled as discrete data
or as continuous data.

Proofs for all propositions and theorems are given in the Appendix.

2 Background on Discrete Denoising Models

In the discrete time, discrete state space case, we aim to model discrete data xy € X with finite
cardinality S = |X|. We assume x¢ ~ pgaa (o) for some discrete data distribution pga, (o). We
define a forward noising process that transforms pga (o) to some distribution qx (25 ) that closely
approximates an easy to sample distribution pyf(x ). This is done by defining forward kernels
Qr+1] & (Trs1|z)) that all admit p.r as a stationary distribution and mix reasonably quickly. For
example, one can use a simple uniform kernel [6, 8], @it 1|k (Tht1|Tx) = Oz 10 (1 — B) + (1 —
Oapsr,a)B/ (S — 1) where § is a Kronecker delta. The corresponding prr is the uniform distribution
over all states. Other choices include: an absorbing state kernel—where for each state there is a small
probability that it transitions to some absorbing state—or a discretized Gaussian kernel—where only
transitions to nearby states have significant probability (valid for spaces with ordinal structure) [8].

After defining gy1|x, we have a forward joint decomposition as follows

K—1
qo:x (To:x0) = Paata(T0) [ 1o Tegre(@rr1]zn)-
The joint distribution go. x (0. ) also admits a reverse decomposition:

o1k (k1 |Tw) g (Tk)
qr+1(Tr41)

K—
Q.1 (To.x) = Qi (i) TTho’ Qhjirs (Tk|Trr1) Where grppyr (zr]zrgr) =

Here g, () denotes the marginal of qo.x (0.5 ) at time k. If one had access to gy, and could

sample g exactly, then samples from pgu, () could be produced by first sampling xx ~ gx (+)
and then ancestrally sampling the reverse kernels, i.e. 1 ~ q|p41(-|Zr41)-
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However, in practice, gy ;41 is intractable and needs to be approximated with a parametric reverse
kernel, pz| ki1 This kernel is commonly defined through the analytic gy x41,0 distribution and a
parametric ‘denoising” model pg‘k 41 [6, 8],

pZ|k+1(«Tk|«Tk+l) £ Zxo Qk|k+1,0($k\$k+1,xo)pg|k+1($0|$k+1)

qrjo(Tr|To)

(4
Zo qk+1|o(1k+1\m())p0|k+1(x0|xk+1)' 1

= Qk+1\k($k+1|$k) >
Though g (2 k) is also intractable, for large K we can reliably approximate it with peef(x g ). Note
that the faster the transitions mix, the more accurate this approximation becomes. Approximate
samples from paa (o) can then be obtained by sampling the generative joint distribution

K—1
pg:K(xO:K) = Dret(ZK) Hk=0 pz|k+1(xk|xk+1)a

where 6 is trained through minimizing the negative discrete time (DT) ELBO which is an upper
bound on the negative model log-likelihood
0 0. K
Epau o) [~ 108 P8(20)] < By c(ro.re) |~ 08 720500 ) — (),

It was shown in [1] that Lpt can be re-written as

‘CDT(Q) = Epdz\[u(z()) {KL(qK\O(xKMO”‘pref(xK)) - qum(wl\zo) {Inggu(xO‘xl)}

K-—1
+ Ek:l ]Eqk+1|o(1k+1|ﬁfo) [KL(qk|k+1,O(xk|xk+17IO)sz|k+1(xk|xk+l))} }

where KL is the Kullback-Leibler divergence. The forward kernels g1 are chosen such that
qk|o(Tk|T0) can be computed efficiently in a time independent of k. With this, 6 can be efficiently
trained by taking a random selection of terms from Lpr in each minibatch and performing a stochastic
gradient step.

3 Continuous Time Framework

3.1 Forward process and its time reversal

Our method is built upon a continuous time process from ¢ = 0 to ¢ = T'. State transitions can occur
at any time during this process as opposed to the discrete time case where transitions only occur when
one of the finite number of transition kernels is applied (see Figure 1). This process is known as a
Continuous Time Markov Chain (CTMC), we provide a short overview of CTMCs in Appendix A
for completeness. Giving an intuitive introduction here, we can define a CTMC through an initial
distribution ¢¢ and a transition rate matrix R; € RS5*S_If the current state is 7, then the transition rate
matrix entry R;(Z, x) is the instantaneous rate (occurrences per unit time) at which state Z transitions
to state x. Loosely speaking, the next state in the process will likely be one for which R (%, z) is
high, and furthermore, the higher the rate is, the less time it will take for this transition to occur.

It turns out that the transition rate, R;, also defines the infinitesimal transition probability for the
process between the two time points ¢t — At and ¢
Qtjt—nt(T|T) = 0z + Re (T, 2) At 4 0(At),

where o(At) represents terms that tend to zero at a faster rate than A¢. Comparing to the discrete time
case, we see that Ry assumes an analogous role to the discrete time forward kernel gy, 1|z in how we
define the forward process. Therefore, just as in discrete time, we design R, such that: i) the forward
process mixes quickly towards an easy to sample (stationary) distribution, pref, (€.g. uniform), ii) we
can analytically obtain g, (x¢|x¢) distributions to enable efficient training (see Section 4.1 for how
this is done). We initialize the forward CTMC at ¢ (o) = Pdaa(z0) at time ¢ = 0. We denote the
marginal at time ¢ = T as qr(z1), which should be close to prer(2T).

We now consider the time reversal of the forward process, which will take us from the marginal
qr (x7) back to the data distribution pyu, (7o) through a reverse transition rate matrix, Ry € R9*:

Gtje+at(ZlT) = 07,2 + Ry(z,&)At + o(At).
In discrete time, one uses Bayes rule to go from g4 1) to qrp+1. We can use similar ideas to
calculate R, from R, as per the following result.
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Proposition 1. For a forward in time CTMC, {xt}te[O,T]» with rate matrix Ry, initial distribution
Ddata(T0) and terminal distribution qr (xr), there exists a CTMC with initial distribution qr(xr) at

t = T, terminal distribution pau. (o) at t = 0 and transition rate matrix Ry that runs backwards
in time and is almost everywhere equivalent to the time reversal of the forward CTMC, {37t}te[T,0]~

Furthermore, Ry is related to R, by the following expression

Ri(e.#) = R(@,2) T, 1 dop(wole) for a7,

where qyo(x|xo) are the conditional marginals of the forward process and qo(volr) =
@t10(%|70)Paaa(T0) /gt () with qi(x) being the marginal of the forward process at time t. When

=7 Ry(z,x) = — PO Ry (x,2) because the rows must sum to zero (see Appendix A).

Unfortunately, R, is intractable due to the intractability of ¢;(z) and thus of qoj¢(wo|r). Therefore,
we consider an approximation }?f of R, by approximating qo|¢(wo|x) with a parametric denoising
model, pg‘t(z0|x):

RY(,5) = Ry(i,2) 3, L0000 (wola) for = #

zo Qt\o(ﬂxo)po\t

and RY (z,z) = — PO RY(z, ') as before. As a further analogy to the discrete time case, notice

that when = # 7, Rf has the same form as the discrete time parametric reverse kernel, pz‘ kil defined
in eq (1) but with the forward kernel, gy, 1|, replaced by the forward rate, R;.

3.2 Continuous Time ELBO

In discrete time, 6 is trained by minimizing the discrete time negative ELBO, Lpr, formed from
the forward and reverse processes. We mirror this approach in continuous time by minimizing the
corresponding continuous time (CT) negative ELBO, Lcr, as derived below.

Proposition 2. For the reverse in time CTMC with initial distribution pyf(xr), terminal dis-
tribution pf(zo), and reverse rate RY, an upper bound on the negative model log-likelihood,
E g (20) [ 108 P (20)], is given by

['CT(Q) = TEtNU(O,T)qt(m)n(fc\m) [{ Zz’;«éz R?(x, I/)} — Zt<x) log (Rf(.’f, I)) ] + C,
where C'is a constant independent of 0 and
ZHx) = 3 sy Relz,2) re(Z|z) = (1 — 0z,2)Re(x, T) | 2 (2).

Here r(Z|z) gives the probability of transitioning from x to &, given that we know a transition occurs
at time t. We can optimize this objective efficiently with stochastic gradient descent. For a gradient
update, we sample a batch of datapoints from pga, (o), noise each datapoint using a random time,
t ~U(0,T), x ~ qyo(z|2o) and finally sample an auxiliary & from 7;(Z|z) for each x. Intuitively,
(z, T) are a pair of states following the forward in time noising process. Minimizing the second term
in Lcr maximizes the reverse rate for this pair, but going in the backwards direction, & to z. This is
how Rf learns to reverse the noising process. Intuition on the first term and a direct comparison to
Lpr is given in Appendix C.1.

The first argument of Rf is input into pg , SO we naively require two network forward passes on z
and Z to evaluate the objective. We can avoid this by approximating the g;(x) sample in the first term
with £ meaning we need only evaluate the network once on . The approximation is valid because,
as we show in Appendix C.4, T is approximately distributed according to g, for 6t very small.

4 Efficient Forward and Backward Sampling

4.1 Choice of Forward Process

The transition rate matrix R; needs to be chosen such that the forward process: i) mixes quickly
towards prr, and ii) the g;o(x|xo) distributions can be analytically obtained. The Kolmogorov
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differential equation for the CTMC needs to be integrated to obtain g;|o(|zo). This can be done
analytically when R; and R; commute for all ¢,#’, see Appendix E. An easy way to meet this
condition is to let R; = B(t)Rp where Ry, € R5%S isa user-specified time independent base rate
matrix and 3(t) € R is a time dependent scalar. We then obtain the analytic expression

. ) t -
ano(e = ileo = i) = (Qexp |A g Bls)ds| @)
where R, = QAQ ™1 is the eigendecomposition of matrix R, and exp|-] the element-wise exponential.

Our choice of 3 schedule is guided by [3, 4], 8(t) = ab’log(b). The hyperparameters a and b
are selected such that g7(x) = prer(x) at the terminal time ¢ = T while having a steady speed of
‘information corruption’ which ensures that R; does not vary quickly in a short span of time.

We experiment with a variety of R, matrices, for example, a uniform rate, R, = 117 — SId, where
117 is a matrix of ones and Id is the identity. For problems with a heavy spatial bias, e.g. images,
we can instead use a forward rate that only encourages transitions to nearby states; details and the
links to the corresponding discrete time processes can be found in Appendix E.

4.2 Factorizing Over Dimensions

Our aim is to model data that is D dimensional, with each dimension taking one value from S
possibilities. We now slightly redefine notation and say '*” € X7, |X| = S. In this setting,
calculating transition probabilities naively would require calculating S rate values corresponding
to each of the possible next states. This is intractable for any reasonably sized S and D. We
avoid this problem simply by factorizing the forward process such that each dimension propagates
independently. Since this is a continuous time process and each dimension’s forward process is
independent of the others, the probability two or more dimensions transition at exactly the same
time is zero. Therefore, overall in the full dimensional forward CTMC, each transition only ever
involves a change in exactly one dimension. For the time reversal CTMC, it will also be true that
exactly one dimension changes in each transition. This makes computation tractable because of
the S rate values, only D x (S — 1) + 1 are non-zero - those corresponding to transitions where
exactly one dimension changes plus the no change transition. Finally, we note that even though
dimensions propagate independently in the forward direction, they are not independent in the reverse
direction because the starting points for each dimension’s forward process are not independent for
non factorized pya,- The following proposition shows the exact forms for the forward and reverse
rates in this case.

Proposition 3. If the forward process factorizes as qs (w2 |2iP) = H4D:1 a5 (zd|zd), t > s,
then the forward and reverse rates are of the form

R%:D(QNSLD, $1:D) = 25):1 R?(fﬂd, xd)émlzD\d,ilzD\d7
Al D ~1- D - . 0 (24 2l
Rtl'D(illl'D, :l:l'D) = Zd:l Rf(id, l’d)(smhp\djhp\d ng qo‘t(a:g\:cl'D)%,

where R € RS*% and Og1:0\a g1:0\a IS 1 when all dimensions except for d are equal.

To find RY P we simply replace go|,(z{|x*") with pg‘t(xg@l:D) which is easily modeled with
a neural network that outputs conditionally independent state probabilities in each dimension. In
Appendix C.3 we derive the form of Lcr when we use this factorized form for R}'? and R 1:D.

4.3 Simulating the Generative Reverse Process with Tau-Leaping

The parametric generative reverse process is a CTMC with rate matrix Rf 1:D Simulating this process
from distribution prr(x}:P) at time t = T back to ¢ = 0 will produce approximate samples from
pdata(a:}):D). The process could be simulated exactly using Gillespie’s Algorithm [21, 22, 23] which
alternates between i) sampling a holding time to remain in the current state and ii) sampling a new
state according to the current rate matrix, f{f 1D (see Appendix F). This is inefficient for large D
because we would need to step through each transition individually and so only one dimension would
change for each simulation step.

Instead, we use tau-leaping [20, 23], a very popular approximate simulation method developed in
chemical physics. Rather than step back through time one transition to the next, tau-leaping leaps
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from ¢ to ¢t — 7 and applies all transitions that occurred in [t — 7,¢] simultaneously. To make a
leap, we assume RY P and x}*P remain constant in [t — 7, ]. As we propagate from ¢ to t — 7,
we count all of the transitions that occur, but hold off on actually applying them until we reach
t — 7, such that z}*” remains constant in [t — 7, ¢]. Assuming Rf 1:D and }*P remain constant, the
number of times a transition from 2;*” to #'*” occurs in [t — 7, ] is Poisson distributed with mean

TROLD %ml D g%P). Once we reach t — 7, we apply all transitions that occurred simultaneously

ie. i) = al'P? + 3, Pi(&lP — x}'P) where P; is a Poisson random variable with mean

PRD (e}, 3 )
? Z

. Note the sum assumes a mapping from X to Z.

Using our knowledge of f%f 1:D "we can further unpack this update.

Namely, R? 1P (g}:P a:l‘D) can only be non-zero when &P has
a different Value to w1 D in exactly one dimension (rates for multi-
dimensional changes are zero) Explicitly summing over these options
we get zp D =z} P + Zd 1 Zs_l\ri Pys(s — z¢)e? where e? is
a one-hot vector with a 1 at dimension d and P, is a Poisson random
variable with mean 7 R¢ VP (2} a}P 4 (s —xd)e?). Since multiple
P, can be non-zero, we see that tau-leaping allows x; " to change
in multiple dimensions in a single step. Figure 2 visualizes this idea.
During the [t — 7,t] interval, one jump occurs in dimension 1 and
O\O two jumps occur in dimension 2. These are all applied simultaneously
g, S5 —"" once we reach ¢t — 7. When our discrete data has ordinal structure (e.g.
Section 6.2) our mapping to Z is not arbitrary and making multiple

jumps within the same dimension (Zs—l\zd Pys > 1) is meaningful.

In the non-ordinal/categorical case (e.g. Section 6.3) the mappmg to
Z is arbitrary and so, although taking simultaneous jumps in different
dimensions is meaningful, taking multiple jumps within the same
Figure 2: 3D visualization dimension is not. For this type of data, we reject changes to x¢ for
of one tau-leaping step from any d for which Zg —1\ad Pys > 1. In practice, the rejection rate is

2 = {84,5} tox}2 = very small when R}*" is suitable for categorical data (e.g. uniform),
{S2,S3}. Here, D = 2, see Appendix H.3. In Section 4.5, our error bound accounts for this
|X| =5, Pla = 1, Poo = 2, low probability of rejection and also the low probability of an out of
all other P;s = 0. bounds jump that we observe in practice in the ordinal case.

S
18253545
S

The tau-leaping approximation improves with smaller 7, recovering exact simulation in the limit as
7 — 0. Exact simulation is similar to an autoregressive model in that only one dimension changes
per step. Increasing 7 and thus the average number of dimensions changing per step gives us a
natural way to modulate the ‘autoregressiveness’ of the model and trade sample quality with compute
(Figure 4 right). We refer to our method of using tau-leaping to simulate the reverse CTMC as TLDR
(tau-leaping denoising reversal) which we formalize in Algorithm 1 in Appendix F.

We note that theoretically, one could approximate 1?9 1:D a5 constant in the interval [t — 7, ], and
construct a transition probability matrix by solvmg the forward Kolmogorov equation w1th the
matrix exponential P, |, ~ exp(T R9 1:D) However, for the learned R‘9 LD ¢ RSTXST matrix, it is

intractable to compute this matrix exponentral so we use tau-leaping for sampling instead.

4.4 Predictor-Corrector

During approximate reverse sampling, we aim for the marginal distribution of samples at time ¢ to be
close to q;(z;) (the marginal at time ¢ of the true CTMC). The continuous time framework allows
us to exploit additional information to more accurately follow the reverse progression of marginals
{qt(a:t)}te[T o] and improve sample quality. Namely, after a tau-leaping ‘predictor’ step using rate

Rt , we can apply ‘corrector’ steps with rate R{ which has ¢;(x) as its stationary distribution. The
corrector steps bring the distribution of samples at time ¢ closer to the desired ¢;(x;) marginal. R{ is
easy to calculate as stated below

Proposition 4. For a forward CTMC with marginals {q;(x¢) } (o, 1), forward rate, Ry, and corre-
sponding reverse CTMC with rate Rt, the rate R = R; + Rt has g (x+) as its stationary distribution.
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In practice, we approximate R{ by replacing R, with Rf . This is directly analogous to Predictor-
Corrector samplers in continuous state spaces [4] that predict by integrating the reverse SDE and
correct with score-based Markov chain Monte Carlo steps, see Appendix E.2 for further discussion.

4.5 Error Bound

Our continuous time framework also allows us to provide a novel theoretical bound on the error
between the true data distribution and the sample distribution generated via tau-leaping (without
predictor-corrector steps), in terms of the error in our approximation of the reverse rate and the mixing
of the forward noising process.

We assume we have a time-homogeneous rate matrix 2; on X, from which we construct the factorized
rate matrix R} on X'P by setting R = R; for each d. Note that by rescaling time by a factor of
B(t) we can transform our choice of rate from Section 4.1 to be time-homogeneous. We will denote
|R| = supse(o,1),ex [Be(z, )|, and let tyix be the (1/4)-mixing time of the CTMC with rate R,
(see [24, Chapter 4.5]).

Theorem 1. For any D > 1 and distribution pga, on X7, let {xt}iejo,1) be a CTMC starting in

Pdaa With rate matrix Ry'P as above. Suppose that Rf LD js an approximation to the reverse rate
matrix and let (yi)k=01,... N be a tau-leaping approximation to the reverse dynamics with maximum
step size T. Suppose further that there is some constant M > 0 independent of D such that

> )E:D(%y) -~ RfliD(:ﬂ,y)’ <M )
y#z

forallt € [0,T). Then under the assumptions in Appendix B.5, there are constants C,Cy > 0
depending on X and Ry but not D such that, if L(yo) denotes the law of yo, we have the total
variation bound

1£(%0) = Paaallrv < 3MT + {(|R|SD01)2 + %CQ(AI + C1SD|R‘)} 7T + 2 exp {—%}

The first term of the above bound captures the error introduced by our approximation of the reverse

rate Z%tl:D with Rta 1:D The second term reflects the error introduced by the tau-leaping approximation,
and is linear in both 7" and 7, showing that as we take our tau-leaping steps to be arbitrarily small,
the error introduced by tau-leaping goes to zero. The final term describes the mixing of the forward
chain, and captures the error introduced since pr.s and g7 are not exactly equal.

We choose to make the dependence of the bound on the dimension D explicit, since we are specifically
interested in applying tau-leaping to high dimensional problems where we make transitions in different
dimensions simultaneously in a single time step. The bound grows at worst quadratically in the
dimension, versus e.g. exponentially. The bound is therefore useful in showing us that we do not
need to make 7 impractically small in high dimensions. Other than gaining these intuitions, we do not
expect the bound to be particularly tight in practice and further it would not be practical to compute
because of the difficulty in finding M, C; and Cs.

The assumptions listed in Appendix B.5 hold approximately for tau-leaping in practice when we use
spatially biased rates for ordinal data such that jump sizes are small or uniform rates for non-ordinal
data such that the dimensional rejection rate is small. These assumptions could be weakened, however,
Theorem 1 would become much more involved, obscuring the intuition and structure of the problem.

5 Related Work

The application of denoising models to discrete data Was first described in [1] using a binomial
diffusion process for a bmary dataset. Each reverse kernel pk‘ p+1 Was directly parameterized without
using a denoising model p0| %+ In [25] an approach for discrete categorical data was suggested using a
uniform forward noising kernel, gy, 1%, and a reverse kernel parameterized through a denoising model,
though no experiments were performed with the approach. Experiments on text and segmentation
maps were then performed with a similar model in [6]. Other forward kernels were introduced in [8]
that are more appropriate for certain data types such as the spatially biased Gaussian kernel. [9, 13]
apply the approach to discrete latent space modeling using uniform and absorbing state forward
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Figure 3: Left: Hellinger distance between the true training distribution and generated sample
distributions with exact simulation or tau-leaping. With 7 small, we simulate the reverse CTMC
with the same fidelity as the exact simulation. Top Right: Histograms of the marginals during the
reverse generative process simulated using tau-leaping with 7 = 0.004. Darker and larger diamonds
represent increased density. Bottom Right: The same for 7 = 0.1, note the reduced sample quality.

kernels. Whilst a link to continuous time for the forward process is mentioned in [8], all of these
approaches train and sample in discrete time. We show in Appendix G that this involves making
an implicit approximation for multi-dimensional data. We extend this line of work by training and
sampling in continuous time.

Other works also operate in discrete space but less rigidly follow the diffusion framework. A
corruption process tailored to text is proposed in [12], whereby token deletion and insertion is also
incorporated. [26] also focus on text, creating a generative reverse chain that repeatedly applies
the same denoising kernel. The corruption distribution is also defined through the same denoising
kernel to reduce distribution shift between training and sampling. In [7], a more standard masking
based forward process is used but the reversal is interpreted from an order agnostic autoregressive
perspective. They also describe how their model can be interpreted as the reversal of a continuous
time absorbing state diffusion but do not utilize this perspective in training or sampling. [27] propose
a denoising type framework that can be used on binary data where the forward and reverse process
share the same transition kernel. Finally, in [11], the discrete latent space of a VQVAE is modeled by
quantizing an underlying continuous state space diffusion with probabilistic quantization functions.

6 Experiments

6.1 Demonstrative Example

We first verify the method can accurately produce samples from the entire support of the data
distribution and that tau-leaping can accurately simulate the reverse CTMC. To do this, we create a
dataset formed of 2d samples of a state space of 32 arranged such that the histogram of the training
dataset forms a ‘7’ shape. We train a denoising model using the Lct objective with pg , parameterized
through a residual MLP (full details in Appendix H.1). We then sample the parameterized reverse
process using an exact method (up to needing to numerically integrate the reverse rate) and tau-
leaping. Figure 3 top-right shows the marginals during reverse simulation with 7 = 0.004 and we
indeed produce samples from the entire support of pg,,. Furthermore, we find that with sufficiently
small 7, we can match the fidelity of exact simulation of the reverse CTMC (Figure 3 left). The value
of 7 dictates the number of network evaluations in the reverse process according to NFE = T'/7. In
all experiments we use I" = 1. Exact simulation results in a non zero Hellinger distance between the
generated and training distributions because of imperfections in the learned R? model.

6.2 Image Modeling

We now demonstrate that our continuous time framework gives us improved generative modeling
performance versus operating in discrete time. We show this on the CIFAR-10 image dataset. Images
are typically stored as discrete data, each pixel channel taking one value from 256 possibilities.
Continuous state space methods have to somehow get around this fact by, for example, adding a
discretization function at the end of the generative process [3] or adding uniform noise to the data.
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Table 1: Sample quality metrics and model likelihoods for diffusion methods modeling CIFAR10
in discrete state space. Diffusion methods modeling CIFAR10 in continuous space are included for
reference. The Inception Score (IS) and Fréchet Inception Distance (FID) are calculated using 50000
generated samples with respect to the training dataset as is standard practice. The ELBO values are
reported on the test set in bits per dimension.

Method IS(1) FID(}) ELBO (1)
Discrete state D3PM Absorbing [8] 6.78 30.97 —4.40
D3PM Gauss [8] 8.56 7.34 —3.44
TLDR-0 (ours) 8.74 8.10 —3.59
7LDR-10 (ours) 949 3.74 —-3.59
Continuous state  DDPM [3] 9.46 3.17 —-3.75
NCSN [4] 9.89 2.20 -
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Figure 4: Left: Unconditional CIFAR10 samples from our 7TLDR-10 model Right: FID scores
for the generated CIFAR10 samples versus number of pg‘ , evaluations during sampling (variation
induced by varying 7). Calculated with 10k samples, hence the discrepancy with Table 1 [28].

Here, we model the images directly in discrete space. We parameterize pg‘t using the standard

U-net architecture [3] with the modifications for discrete state space suggested by [8]. We use a
spatially biased rate matrix and train with an augmented Lct loss including direct Poje supervision,

full experimental details are in Appendix H.2.

Figure 4 left shows randomly generated unconditional CIFAR10 samples from the model and we
report sample quality metrics in Table 1. We see that our method (7LDR-0) with O corrector steps has
better Inception Score but worse FID than the D3PM discrete time method. However, our TLDR-10
method with 10 corrector steps per predictor step at the end of the reverse sampling process (t < 0.17)
greatly improves sample quality, beating the discrete time method in both metrics and further closes
the performance gap with methods modeling images as continuous data. The derivation of the
corrector rate which gave us this improved performance required our continuous time framework.
D3PM achieves the highest ELBO but we note that this does not correlate well with sample quality.
In Table 1, 7 was adjusted such that both 7TLDR-0 and TLDR-10 used 1000 po‘ , evaluations in the
reverse samphng procedure. We show how FID score varies with number of pO , evaluations for
7LDR-{0, 3, 10} in Figure 4 right. The optimum number of corrector steps depends on the sampling
budget, with lower numbers of corrector steps being optimal for tighter budgets. This is due to the
increased 7 required to maintain a fixed budget when we use a larger number of corrector steps.

6.3 Monophonic Music

In this experiment, we demonstrate our continuous time model improves generation quality on
non-ordinal/categorical discrete data. We model songs from the Lakh pianoroll dataset [29, 30].
We select all monophonic sequences from the dataset such that at each of the 256 time steps either
one from 128 notes is played or it is a rest. Therefore, our data has state space size S = 129 and
dimension D = 256. We scramble the ordering of the state space when mapping to Z to destroy
any ordinal structure. We parameterize pg‘ , with a transformer architecture [31] and train using a

conditional form of L¢r targeting the conditional distribution of the final 14 bars (224 time steps)
given the first 2 bars of the song. We use a uniform forward rate matrix, R;, full experimental details
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Table 2: Metrics comparing generated conditional samples and ground truth completions. We
compute these over the test set showing mean=std with respect to 5 samples for each test song.

Model Hellinger Distance  Proportion of Outliers

TLDR-0 Birth/Death  0.3928 + 0.0010 0.1316 +£0.0012
TLDR-0 Uniform 0.3765 £ 0.0013 0.1106 + 0.0010
TLDR-2 Uniform 0.3762 £ 0.0015 0.1091 +0.0014

D3PM Uniform [8] 0.3839 + 0.0002 0.1137 £ 0.0010

Original Sample 1 Sample 2
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Figure 5: Conditional completions of an unseen music sequence. The conditioning 2 bars are shown
to the left of the black line. More examples and audio recordings are linked in Appendix H.3.

are given in Appendix H.3. Conditional completions of unseen test songs are shown in Figure 5. The
model is able to faithfully complete the piece in the same style as the conditioning bars.

We quantify sample quality in Table 2. We use two metrics: the Hellinger distance between the
histograms of generated and ground truth notes and the proportion of outlier notes in the generations
but not in the ground truth. Using our method, we compare between a birth/death and uniform
forward rate matrix R;. The birth/death rate is only non-zero for adjacent states whereas the uniform
rate allows transitions between arbitrary states which is more appropriate for the categorical case thus
giving improved sample quality. Adding 2 corrector steps per predictor step further improves sample
quality. We also compare to the discrete time method D3PM [8] with its most suitable corruption
process for categorical data. We find it performs worse than our continuous time method.

7 Discussion

We have presented a continuous time framework for discrete denoising models. We showed how to
efficiently sample the generative process with tau-leaping and provided a bound on the error of the
generated samples. On discrete data problems, we found our predictor-corrector sampler improved
sample quality versus discrete time methods. Regarding limitations, our model requires many model
evaluations to produce a sample. Our work has opened the door to applying the work improving
sampling speed on continuous data [14, 15, 16, 17, 32] to discrete data problems too. Modeling
performance on images is also slightly behind continuous state space models, we hope this gap is
further closed with bespoke discrete state architectures and corruption process tuning. Finally, we
note that the ELBO values for the discrete time model on CIFAR10 are better than for our method. In
this work, we focused on sample quality rather than using our model to give data likelihoods e.g. for
compression downstream tasks.
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The appendix is organized as follows. In Section A, we provide a short introduction to Continuous
Time Markov Chains, including the relevant results we use in this work. Proofs for all the Propo-
sitions and Theorems from the main text are in Section B. We then describe in Section C some
additional intuitions and forms of our proposed objective, Lcr. In Section D, we describe how an
additional direct denoising model supervision term can be added to the objective to improve empirical
performance. Details for how we define the forward process in our model can be found in Section
E. Section F describes in more detail how CTMCs can be simulated and includes the algorithmic
description of tau-leaping. We argue in Section G that operating in discrete time forces an implicit
assumption when using a factorized forward process on multi-dimensional data. Full experimental
details for all investigations can be found in Section H as well as additional plots and results from our

models. Finally, in Section I, we consider the social impacts of our research.
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Figure 6: Schematic representation of a 1-dimensional CTMC with 3 states.

A Primer on Continuous Time Markov Chains

A Continuous Time Markov Chain (CTMC) is a right continuous stochastic process {mt}te[o’ﬂ
satisfying the Markov property, with x; taking values in a discrete state space X'. Since the CTMC is
Markov, future behaviour of the process depends only on the current state and not the history. A
schematic representation of a CTMC path is shown in Figure 6. The process repeatedly transitions
from one state to another after having waited in the previous state for a randomly determined amount
of time.

A CTMC can be completely characterised by its jumps and holding times. Specifically, the time
between each jump or holding time is exponentially distributed with mean v(z) where x is the state
in which the process is holding. The next state that is jumped to is drawn from a jump probability
distribution r(Z|z). The holding and jumping procedure is then repeated.

There is an equivalent definition involving the transition rate matrix, R € RS*5 that we use in the
main paper. The transition rate matrix is defined as

~ o Qjt—ne(2|T) — 01,3
R(& z) = AI%TO At

3)

where R(Z,x) is the (Z, z) element of the transition rate matrix and g, a.(2|%) is the infinitesimal
transition probability of being in state x at time ¢ given that the process was in state Z at time ¢ — At.
Conversely, the CTMC can itself be defined through this infinitesimal transition probability

Qtjt—at(T|T) = 0z, 5 + R(T, x) At + o(At) “)

where o(At) represents terms that tend to zero at a faster rate than A¢. From this definition of the
transition rate matrix, we can infer the following properties:

R(Z,z) >0 for I #ux, R(z,z) <0, R(z,z) = — Zz,;ﬁz R(z,2")  (5)

R(Z, x) is the rate at which probability mass moves from state 7 to x. R(x,z) is the total rate at
which probability mass moves out of state x and is thus negative.

In the time-homogeneous case, R has simple relations to the jump and holding time definitions.
1 R(x, )
S Flo) = (1 — 8- ) )
/(@) = ~ g (@) = (1= 65.0) Zp s
In the time-inhomogeneous case, our transition rate matrix will now depend on time, R;, and these

simple relations to the jump and holding time definition do not hold. However, R; will still follow
equations (3), (4) and (5).
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The CTMC transition probabilities satisfy the Kolmogorov forward and backward equations. For
t>s,

Kolmogorov forward equation  0yqy|s(|Z) = Z qy1s(Y|T) Re(y, )

Kolmogorov backward equation 0,y |s(x|%) = ZR (@, 9)qys(z|y)

The Kolmogorov forward equation also gives us a differential equation for the marginals of the
CTMC.

() = ZQt )R (y, )

Exponential and Poisson Random Variables In the time homogeneous case, holding times are
exponentially distributed with mean v(z) = —1/R(z, x). The tau-leaping algorithm relies on the fact
that the number of events in interval [0, ¢] is Poisson distributed with mean %t when the inter-event
times are exponentially distributed with mean v.

B Proofs

B.1 Proof of Proposition 1

Proof. We recall that a process {x},c[o,7) taking values in X' is called a CTMC if it is right-
continuous and satisfies the Markov property. Denote {y; }:c(0,7] = {Z7—¢}+cjo, 1) €Xcept at the

jump times of the forward process 7, withn € N, where yr_., =z = lim;<-, +—-, «;. Hence,

{vt }refo,r) is almost surely equal to {z7_¢}+cjo,7) and is right-continuous. Since the Markov
property is symmetric, we get that {y; }+c[o,7] is a CTMC. We now compute its transition matrix. Let
x, & € X with ¢ # Z, using the Kolmogorov forward equation, we have

atpt\s(‘ﬂx) = Zye){ pt|s(y|x)RT—t(yvj) ;

where {py|s, s,t € [0,T], t > s} is the transition probability system associated with {y; };c[0,7) and
{RT,t}tE[O,T] is the transition rate matrix associated with {y; },<[o,7]. Note that

ps(x =jlz =1) =Py = j | ys = 1)

Plrr—¢ =j | or—s = 1)
P Plrr—: = j)
P(zp_s =1)
qr— t(l' —J)
qr—s(T = 1)

(-%.T—s - i|xT—t )
=dqr—s|T- (@ =ilz =j)

where {5, s,t € [0,7],t > s} is the transition probability system associated with {x; };co, 7] and
{q:,t € [0, T]} are the marginals of {x;}c[o, 7). Now, writing the backward Kolmogorov equation
for {xt}te[O,T]

asqt|s(i|x) = - ZyEX Rs(x7 y)‘]t|s(53|y)

Re-labeling the time indices we obtain,

antQTfs|T7t(i‘|$) = ZyGX Ry (=, y)‘]Tfs\Tft(jly)
Oar—sjr—1(Z2) = 3 e x Br—i(z,y)ar— 57—+ (Z[y)
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Letting s — t and using that lim,_,; g7_s7—¢(z|Z) = 0, we get that

Ry_4(z,2) = llgi atpﬂs(x‘x)

= hmat <QT s|T—t (z12) ((1117: z(l’g

= hm [815 (QT s|T— t($|$)) e~ t(( ; +QT?S|T?t(x|£)%
= EH% Oy (QTfs\T*t(‘T'j)) Zz:iix%

- - qr—+(Z)

= Rr—+(%, )qT_t(m)

Re-labeling the time-indices on the rate matrices, we obtain

Rz, &) = T,x e (%)
Rl D) = &2 )

Now we write the marginal ratio ntL; in a different form

:Eg: pd;za(%O)qto(f|xo)

Zo

QO\t(x0|fU -
= Z Qt|o(37‘330)-

Qt\o($|l"0

Substituting in this form for the marginal ratio concludes the proof.

B.2 Proof of Proposition 2

In this section, we detail two proofs for Proposition 2. The first is a formal proof using results from
stochastic processes. We then provide a second informal proof for the same result to gain intuition
into the Lt objective that only relies on elementary results from CTMCs.

Proof 1 - Stochastic Processes

Proof. Let us write QQ for the path measure of the forward CTMC with rate matrix R, Q for the path
measure of its exact time reversal and P? for the path measure of the approximate reverse process with

rate matrix Rf . Also, we use superscripts to notate conditioning on the starting point, for example
Q70 denotes the path measure of the forward process conditioned to start in x.

With this notation, we have

logpo(xo) = log/pref(de)/ pYer (dw)

WT o}

A dpref dPQ’IT
= —log/q dx / Q*" (dw x - w
rio(dzT) . ( )qu‘O( 7) Qe )

dprer dpl-er

daro () dQer

d 0.73'1"

/qT|o (dzr) /Q dw|Wo—IT,WT—$0){10g 10er (w )}JFC,

= *10g/QT|o(de) /Q(dw|Wo = ap, Wr = Z0) (w)QIT{WO =xo}

where P?, Q run in the reverse time direction. Writing W, for a reverse path and integrating wrt
Pdata(dzg) We have
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/ Paa (0) [~ Jog Y (20)] < / Paa (o) / grio(der) / QAW |Wo = oz, Wi = 20)

T
y / RO (Wods— 3 logPh (WiIW, )RI_,(W, ) b+ C,
s=0 S:WS,;ﬁ‘;VS
where RY(z) is shorthand for —R? (z, z).
When 9 ~ paatas T~ qT‘0(~|xo),W ~ @(dW\WO = ap,Wr = ), the reverse
path is distributed according to pgaw(dzo)Qu, (dW) and therefore (Wg_, WS) is distributed like
(Wr_s, Wr_s)—) and thus we have

/ Pasa (20) [~ J0g ) (o))

T
< [ pranlen)@uy @) S [ B Wi s ST logPh (Wire - [Wr)RE (W) § +C
s=0 sWip_sy- #Wr_s

Using Dynkin’s lemma and the fact that P¢ (z|y) R? (y) = R?(y, =) we can re-expresss this final line
as

— //TO qr—s(dz) Z R%,S(x, z) — Z Rr_y(z, 2) Zyim Ry_g(z,y) logR%,s(y, 2)

z#x z#T Zz;éz RT*S(x’ Z)

— //:0 qr—s(dx)rr_s(dy|z) Z RS (z,2) — Z Ry_y(z,2)log Ro_(y, )

z#x z#x

T
— [] adorn(aylo)§ 3 RiGw2) - 3 Rula,2) log Ry,
s=0 z#T 24T
which rearranges to give the continuous time ELBO in the form of Proposition 2.

Proof 2 - Limit of Discrete Time ELBO

Proof. Consider a partitioning of [0,7],0 =tg < t1 < -+ < tp_1 <tp <tgpy1 < - <tg_1 <
tx =T. Letty, — tp_1 = At for all k. In subscripts we use k as a shorthand for ¢;, when this does
not cause confusion. Considering a CTMC with this time partitioning converts the problem into
a discrete time Markov Chain with forward transition kernel, ;11 (2x+1|7%) and parameterized

reverse kernel, pzlk 41 (zg|Tr+1). Therefore, we can write the negative ELBO in its discrete time
form, Lpr

£DT(9) = Epdm(wn) {KL(‘]KK)@K‘xO)HPref(xK)) - ]Equo(xllxn) {Ingg\l(xoul)}
K—1

9
" By oennnlen) [KLksno(@rleps, 2o)lIp e (wloea)] |
k=1
In the following, we will write the transition kernels in terms of the CTMC rate matrices and take the
limit as At — 0 to obtain a continuous time negative ELBO.

First, consider one item from the inner sum of Lpt

0
Ly = EFd;\ta(mo)Qk+l\O(zk+l|-TO) [KL(qk\k+1,O(xk|xk+1v xO)Hpk|k+1(‘rk|xk’+1))}
(2
= 7Epdum(10)q1g+1\0(l'k+l‘i’«‘())qu+1,0(iﬂk‘zk+117«'()) |:10gpk\k+1(xk"zk+1):| + C

= 7]E(1k(zk)fhc+1\k(mk+l‘mk) {IngZ\kH(xk‘kaLl)} +C
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where we have absorbed terms that do not depend on ¢ into C'. We now write pz‘ jt1 (Tr|Tr41) in

terms of RZ

pz\kJrl(Ik‘karl) = 6$k,l’k+1 + RZ(J:/C+1¢ xk)At + O(At)

10gp2|k+1(xklxk+1) =log (6zk,zk+1 + f%Z(xkﬂ, )AL + o(At))
=0y 141 108 (1 + R (e, i) AL+ o(At))
+ (1= day0041) 108 (Rﬁ(xzm, rp) At + O(At))
=0uy it (Rﬁ(xk, xy) At + O(At))

(1= G ) 10 (R (asn, )AL+ 0(AD)) ©)

where on the last line we have used the series expansion for log(1 + z) = z — § + 0(z?) valid
for |z| < 1,z # —1. For any finite RY (z, zx), At can be taken small enough such that the series
expansion holds. We now substitute this form for log pZ| w41 into Ly and further write the expectation

over Qi1 1k(Tht1]|Tr) = dup zpyy + Bi(Th, Try1) At + o(At) as an explicit sum.

Lp = _EQk(xk) [ Z { {5'”’%“ + Belo, or) At + O(At)} %

Th41

[5%““ (Rﬁ (21, 21) AL+ o(At))

+ (1 _ 51%11"#1) log (Z%Z({L‘k_._l, Ilc)At + O(At)) } } +C
Ly = —Eqy(z1) [ Z {6$k,9€k+1RZ(wkvrk)At
Thk+1
+ (1 = Oupzpsr ) Bi (T, Ty1) At X
log (ﬁz(l‘kH,Ik)At + O(At)) + O(At)} +C

We can isolate RZ within the log through the following re-arrangement
Atlog (RZ(mkH, xp) At + 0(At)>
= Atlog At + Atlog (Rﬁ(mkﬂ, zp) + 0(1))
= Atlog At + Atlog (1 + o(1)) + Atlog (Rg(xk+1,mk))
where the first two terms are independent of 6 and tend to 0 as At — 0. Note that we assume

RZ(zkH, xy) > 0 for x41 # xy pairs which have Ry (xx, 2g+1) > 0. This assumption is valid
because, for xy1 # x, we have

R} (ps1, 71) = Ri(h, Tes1) Z

qrjo(Tr]20)
‘ DYy (olzas)
) )

Qjo(Tr+1]T0

and we assume ), (zo|y+1) > 0 which is valid when we parameterize pf),, with a softmax output.
We assume an irreducible Markov chain, hence qo > 0 for ¢, > 0.
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With this re-arrangement, and absorbing constant terms into C, we obtain

Lk = _EQk(wk) [ Z {5Ik,zk+1RZ(l‘k,1‘k)At

Th1

+ (1 - 6$k,1k+1)Rk(xk7 xk+1)At log (RZ('I‘/H-L Ik))

+ O(At)} +C

Ly = —Eqg, (21) Rz(xk,xk)At—l— Z Rk(xk,ka)Atlong(ka,xk)+0(At)

Tk+1FTk

The second term can be re-written so that it is more efficient to approximate with Monte Carlo.
Currently the denoising model pg‘ ;; has to be evaluated for each term in the sum kaﬂ 4, Which
would require multiple forward passes of the neural network. We can instead create a new probability
distribution to sample from as follows. Define
Ry (T, Tp41)

ZF (k)

Zk () = Z Ry (g, T)qq)

x;c+17é$k

Tk (Tr+1]2k) = (1 = Oy zpy)

where

So we now have
L, = _EQk(Ik)Tk(Ik+llzk) [RZ(CEk, CIJk)At + Zk(xk)At log RZ(mkH, Ik) + O(At)}

Examining the other terms in Lpt we have E,, . (z) [KL(qK‘O(a: Kk |20)||Dret(z K))] which does not

depend on @ and E, (2, |) {logpg‘1 (x0|x1)} which we expand here

]th|o($1|$0) [logpg\l(xdxl)}
= Z {021 30 + AtR1(z0, 1) + o(Al)} logpgu(mokz:l)

1

= logpgll(:co|xo) + Atz Ry(x0, 1) logpgll(x0|x1) + o(At)

1

= AtRY (20, 10) + At Z Ry (zo,1) logpgll(mo\xl) + o(At)

where on the final line we have used eq 6. In summary,

‘CDT :AtEpdana(ﬂCo)quo(ﬂﬂl\wo) —R?(xo, {L‘Q) + Z R1 (fo, 131) 10gp81($0|$1):|
K-1
— At Z E%(ﬂﬂk)m(wkﬂ\%) {RZ(xkvmk) + Zk(xk) log RZ(karl?xk)}
k=1
+o(At)+C

We now take the limit of Lpt as At — 0 and K — oo.

T
dim Lot = Ler = - /0 Equ ool | 70 (@,2) + 2 () log (R (3,2) ) | dt + C

We can estimate the integral with Monte Carlo if we consider it to be an expectation with respect to a

uniform distribution over times (0, T'). We also write R (x, ') explicitly as the negative off diagonal
row sum to obtain

Ler(0) = T Epnito myq eyra(ale) [ { S B, 7)) = 21(2) log (RE(3,2)) | + €.
O
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B.3 Proof of Proposition 3

Proof. We assume qt‘s(wt D|xl:P) factorizes as HdD:1 qt‘s(xﬂzg) where qt|s(wt\x ), d =

1,..., D are the transition probabilities for independent singular dimensional CTMCs each with
forward rate R¢(34, 2%). In the following, we will drop time subscripts on = arguments. To find the
correspondence between R}‘P and R¢, we use the Kolmogorov forward equation

atQt\s(wl:Dkil:D) _ Z qt‘s(yLD|:1~31:D)R%:D(y1:D,:IIl:D)

ylzD

Substitute in our factorized form for g4 into the LHS

D
atQt\s(w1:D|fE1:D) =0 {H Qt|s(xd|jd)}
d=1
D

= Z Qt\s(mlzD\d‘il:D\d)atQHS(xd'i'd)
d=1

D
_ Z qt\ 2l D\d‘ ~1: D\d Z Qt|s(yd|3~3d)R?(yd7 :L'd)
d=1 yd

D
= Z Z qt‘s(:Itl:D\d‘:i:lzD\d)qt‘s(yd|i’d)R?(yd7 ll'd)&ml:D\d’yl:D\d

d=1y1:D
D
=D s (P E ) gy (v 3 Ry, )0 00a 100
d=1y1:D
D
= Z Qt\s(yl Dlml D) Z (yd7 xd)dz:l:D\d,ylzD\d
yl: d=1
We therefore obtain
D
3 0o PPV EEP P2 0) = 3 g 12 ) S R s
yl:D yl:D d=1

This must be true for all possible factorizable forward process transitions, g s, including
@5 (y" P2 P) = 6,10 z1.0. This choice gives us our forward rate relation

D
R ( LD wliD) = ZR?(i’d,xd)CSwl:D\d’il:D\d
d=1

Substituting this into our expression for the reverse rate from Proposition 1 we obtain

~q. . ~1- xr ) . .
Rtl'D(ml'D,wl'D) — Z ZRt .Z' $ qt( | v D;QOlt( 1: D‘wl'D)(Swl;D\d,il:D\d

aeerra q (Pl
d
T |x
S R oty WO i) o
P e

qt 0( |I ) :D\d
—ZRd(x 2%)6 41000 mw\quou zg|@® )g > qope(zg Mad, 2
d=1

qt|0(1‘d|1}0) 1:D\d
zg Zo

D Qt|0(i’d|xg)
Z (x T )6331 D\d z1:D\d Z do|t 330@ )7

= qyo(x? )

= TO
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B.4 Proof of Proposition 4

Proof. By the Kolmogorov forward equation applied to the forwards process, we have

Deaqr(w) = Z Ri(y, z1)a:(y)

In addition, applying the Kolmogorov forward equation to the reverse process, which has the same
marginals as the forward but time-reversed, we get

—0vqe(2¢) = Z Rt(% 7¢)qe(y)

Summing these two equations gives

Z {Rf(y’ z¢) + Rt(yvxt)} qt(y) =0

Y

Therefore, by comparison with the Kolmogorov equation, R; + Ry is the rate matrix of a CTMC with
invariant distribution g;. O

B.5 Proof of Theorem 1

In this section, we derive a bound on the error of our tau-leaping diffusion model. Because the tau-
leaping approximation is only interesting in the case where multiple jumps are made along different
dimensions in a single step, we choose to make the dependence of our bound on the dimension of our
model explicit, rather than simply considering the case of fixed D and 7 — 0.

Recall from the main text that we have a time-homogeneous rate matrix R; on X, from which we
construct the factorised rate matrix R} on X'P by setting R¢ = R, for each d, and will denote
|R| = sup,e(o,1),0cx [Fe(z, )|, and let tmix be the (1/4)-mixing time of the CTMC with rate R;.

We also define addition on the state space X" using a mapping from X to Z as in Section 4.3 and
component-wise addition.

Theorem 1. For any D > 1 and distribution pyy, on X7, let {@¢}iejo,r) be a CTMC starting in

Pdaa With rate matrix RY'P as above. Suppose that ﬁif 1D s an approximation to the reverse rate
matrix and let (yy)k=0,1,....N be a tau-leaping approximation to the reverse dynamics with maximum
step size T. Suppose further that there is some constant M > 0 independent of D such that

S |REP @y - BP @y < M
y#x

forallt € [0,T). Then under the assumptions listed below, there are constants C1, Cy > 0 depending
on X and Ry but not D such that, if L(yo) denotes the law of yo, we have the total variation bound

1£(y0) — pawallrv < 3MT+ {(IRISDCY)” + LCo(M + C1SDIR) | 7T+ 2exp { - L2 |

" tmix log 4D

The above theorem holds under the following assumptions, where we write z ~ y for z,y € S? if
they differ in at most one coordinate.

Assumption 1. The data distribution pqa, is strictly positive.
Assumption 2. There exists a constant Cy > 0, depending on S and R; but not D, such that for all
t €10,T) and v,y € SP such that v ~ y, we have
x
Qt( ) <0y
at(y)

Assumption 3. There exists a constant Cy > 0, depending on S and R; but not D, such that for all
t €10,T) and all x,y € SP such that v ~ y, we have

3 |Ruteo+2) = Rilyy+2)| < G
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If instead we were to allow C; and C5 to depend on the dimension D, then Assumptions 2 and
3 follow trivially from Assumption 1 and the finiteness of the state space. However, we choose
the stronger formulation above in order to make explicit the dependence of the error bound on the
dimension, as previously explained.

As remarked in the main text, in most cases of practical interest (including the two examples explored
in Section 6), Assumption 3 holds only approximately. However, we still expect the bound in
Assumption 3 to hold whenever z, y are in addition chosen such that the tau-leaping approximation
of the reverse process makes a jump between them with reasonably high probability. For example, in
the case where our data is ordinal, we expect that for any x ~ y jumps from x to y are only common
when z is close to y, and thus R, (z,x + z) and R, (y, y + ) should be reasonably close whenever a
jump from x to y occurs. Under a weaker assumption of this form, the proof of Theorem 1 can be
adapted to work along similar lines, at the cost of a significant increase in technicality. We therefore
choose to focus on the simpler case where Assumption 3 holds as it illustrates the key ideas.

In order to prove Theorem 1 we will require the following lemmas.

Proposition 5. Let (x1):cp0,r) and (y:)icjo, 1) be continuous time Markov chains on a finite state
space S with generators G and Hy respectively which are both bounded and continuous in t. Let the
Markov kernels associated to X and'Y be K and L respectively. Then for any probability distribution
v on S we have

T
[lvK — vL||ty g/ sup{z |Ge(x,y) — Ht(x7l/)|} dt
0

z€S
z€ y#x

Proof. We define a coupling of (¢):cjo,7) and (yz):e[o,] as follows, based on the construction in
Chapter 20.1 of [24]. First take Z ~ v and set zo = yo = Z. Also define the variables o = 7y = Z.

Next, fix A such that |Gy (x, z)|, |[Hi(x,x)| < Aforallz € S, t € [0,T], let (Ns)1<s<7 be a Poisson
process on [0, 7] of rate A, and set Ny = 0. We write N = N, and Sy, 53, ..., Sn for the arrival
times and set S,,+1 = 7. We construct x; and y; for ¢ > 0 inductively as follows. For ¢t € [0, .57) let
xy =y = xo. Let 1 < j < N. Given (z, : v < S;), (yr : 7 < S;), and Z;, g;, define the following
probability measures

e L st(i’j,w)/)\, w;éoﬁj
p](xJ,W) = {1—st(j]7w)/)\’ w:i‘J’

/(= HSj (Z}j;w)/>H w 7& gj

(g, w) == ~ ~
pj(y] ) {I_HSj(ijw)/)‘: w =1Yj-

Sample (Z;1,7;+1) from a maximal coupling of (p;, p;) and for t € [S;, Sj1) set z; = Tj41,
Yt = Yj+1. Finally set x7 = x5, and yr = ys, .

Now, observe that (x4, %;):cjo,7) defined in this way is a coupling of the given Markov chains.
Moreover,

WK — vL[[rv <P(er # yr)

N
=E Zﬂ{xs =Ys, §< Sj}ﬂ{xsj 7595.7‘}

=1

- Z I
70 n.

ZE [H{xs =Ys, s < Sj}H{‘TSj 7& ysj}}

=0
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and using the fact that jumps are coupled maximally

n

= \eA _
=3 S Y B[ = s s < 85 < N0y (X)X, v ]

n=0 n! 7=0
e A 1

=Y Y E[Hae =y s < S} 5 1G5, (@5, 2) — Hs, (ws,,.2) |
n=0 7j=0 z

=1E[ Y YIGu a2 - Hilra )]

ST FLs— 2

— i/sTO]E[)\Z |Go(26_, 2) — Hs(:rs_,z)l}

/STOIE[Z |Gs(xs—, 2) — Hs(xs_,2)|:|ds

as required. O

Proposition 6. Forallt € [0,T] and z,y € XP such that x ~ y, we have
|3th($ay)| < 2\R|QSD012

Moreover, it follows that Rt is bounded and continuous in t.

Proof. Omitting the superscripts for brevity where the notation is clear, we have

AR ) = mw o {2
= |t {2 ) e R

< 2|R|?SDC}

where the second line follows from Kolmogorov’s forward equation and the final inequality follows
from Assumption 2 plus the fact that R:(z, x) (resp. R:(z,y)) is only non-zero when x ~ z (resp.
y ~ z), and there are at most |S||D| values of z (resp. y) for which this holds. O

We now give the proof of Theorem 1.

Proof of Theorem 1. Let us label the time steps used in tau-leapingby 0 =tg < t; < --- <ty =1,
denote 75, = t, — t_1, and denote the target stationary distribution by 72 (z1:2) = ]2, = (2?),
where 7 is the invariant distribution of the single-dimensional transition matrix R}.

Also, let RZ’(T) be the Markov kernel corresponding to applying the tau-leaping approximation with
rate matrix Rfk to move from ¢, to t_1, and denote R%(7) = R?\}(T)Rf\}(j .. .R?’(T) so that R%(7)
expresses the full dynamics of the tau-leaping process and we have £ (o) = mPR%(7).

Then, as in [19] we can decompose
||7TDR9’(T) _deTV < H?TDRG’(T) _ WD(IPR)T\O”TV + HWD . QTHTV

where PF is the path measure of the exact reverse process.

We deal with the second term first. Let ¢,;x be the (1/4)-mixing time of the single-dimension CTMC
with rate matrix R}, i.e.

. 1
tmix = inf {t >0: sup [[go( - lzg) — ||ty < 4}
zj€eS
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It then follows from
D

llago( - 126) = 7P llev <D llgrjo( - 12§) — llry
d=1

that 2. | the (1/4)-mixing time of the full CTMC with rate matrix R}*?, satisfies the inequality
tD . < {1+ [logy D] Hmix. If we view (2,0 )men as a discrete-time Markov chain, then standard

mix

results on Markov chain mixing (see, for example, Chapter 4.5 of [24]) show that

[|@men jo( - |25 P) — 7Py <27

mi c

It then follows that for any 7" > 0 we have

T log 2 Tlog?2
D

T —q SQexp{— }SQexp{—
] vllry th. tmix log 4D

completing the bound on the second term.

To bound the first term, we define P, = (]P’R)T,tkfﬂ;p,tk and decompose it as
|7 RE(T) — T(P®)ppollrv < sup HI/R,O ) ’R?’(T) — VPN ... Pil|tv
< sup HI/R%/(T)R?\}(:—{ .. .R?’(T) — I/R%(T)IPN_l o Prllry

+ Sup HZ/R?\}(T)'PN_l ... P1—vPNPNn-1... PIHTV

0,(7)

< sup HI/Re ) .Rf’(ﬂ —VvPN_1 ... Pilltv + sup VRN — vPn]|Tv

N
0,(r
< E sup||1/72k'( )—I/PkHTV
k=1 Y

by proceeding inductively. So it suffices to find bounds on the total variation distance accumulated on
each interval [tg_1, tx].

Let RY be the Markov kernel corresponding to running the chain from ¢, to ¢;_; with constant rate

matrix Rfk Since by Proposition 6 the reverse rate matrix R, is bounded and continuous in ¢, using
Proposition 5 we made deduce that for any distribution  on S we have

tr

|[VPy — vRY| |ty < / sup { Z ’Rt(x,y) — Rfk (x,y)‘} dt

S
tro—1 *€ y#T

S/ttk sup { 3 [Ru(e,9) = Ruy (9|}

k_1 TES e
tr
[ s {3 (o) - B ()|} e
tp_1 TES B
The first half of this expression can be bounded using the Mean Value Theorem, according to

th th
/" SUP{Z‘Rt z,y) — Rtk(x y)‘}dtg/" |t—tk|-2\R|252D2012 dt
t

k_1 TES te—1
< (IR|SDCy7)?

where in the first line we have used that the summand is only non-zero when y ~ z, and there are at
most |S||D| values of y for which this holds. The second term can be bounded using condition (2),
to get

th A )
/ Sup{z‘Rtk(x,y)_R?k(l‘,y)’}dtSMTk
t

S
k—1 TE i
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Combining these two expressions, we get a bound on |[vP), — vRY||rv.

2
[vPe — vRY|lrv < (|R|SDCi7k)” + M,

It remains to bound |[vRY — VRZ’(T) ||ITv. Note that performing tau-leaping with rate matrix Rfk

starting in x,, is equivalent to running a continuous time Markov chain from time ¢, to t;_; with

constant rate matrix Rf ;(T) given by

~0, (T ~
Rtk( )(x’y) = Rtek- (Tt y — T+ 24,)

(followed potentially by a clamping operation to keep us within X”). By an analogous argument to
the proof of Proposition 5,

tr

9 0, Ao A0

162, RE = 82, RE i < [ B[ 3 Rl (mre) = Bl o= 0 )]
b1 Yy#£Tt

where the expectation is taken over (2)sc[,_, ] distributed according to the exact CTMC with

rate matrix Rfk (Note we have disregarded the clamping operation, since this can only decrease the

resulting total variation distance.)

We may rewrite this bound in terms of the exact reverse process using condition (2) to get

ty « .
,RZ’(T)HTV < / EPM + Z |Re, (z1,y) — Rey (@, — 20 + $tk)|} dt

F t
k=1 YF£Tt

||5 ’R’g _5$t,

Tty

Let J; be the number of jumps that (z;) makes between ¢, and ¢, and label the times of these jumps

as s1,...,5; wheret < sy <--- <s; <t and j = J; for convenience. Then by Assumption 3, we
have
Z ‘Rtk(xt7y) - Rtk(ajtk)y — Xy + ‘Ttk)| < Z |Rtk(zt7wt + Z) - ﬁgtk(zsl7xsl + Z)| +..
YFTe z

+ Z |Rtk (s, 0, +2) — Rtk, (w4, 24, + 2|
z
< Coldy
where we have made the substitution z = y — x, . We conclude that

tk
160, RE =62, RE Tl < [ BRM + Co]

tr—1

tr R
<2M |ty — tr—1| + C'g/ |ty —t|-sup |R} (z,z)| dt
xT

tr—1
< 2M + SCol R, Ir?
< 2Mmy, + %CQ(M + C1SD|R|)7}
where to bound E[J;] we have observed that jumps of (x;) occur at a rate bounded above by

sup, |Rfk (z, )|, and in the last line we have used the condition (2) and Assumption 2. Since the
above holds for any choice of z;, , it follows that

. 1
sup [vRf, — vRY iy < 2Mry. + 5 Co(M + CLSDIR)
Summing over k and putting all our bounds together, we get

1£(y0) — pawallrv < 3MT + {(IRISDCY)" + LCo(M + C1SDIR) } 7T+ 2exp { - L2 |

as required.
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C Continuous Time ELBO Details

C.1 Comparison with the Discrete Time ELBO

It is easiest to gain intuition on the Lcr objective by comparing it to its discrete time counterpart,
Lpr, and examining the way in which Lpr in the limit becomes Lct when we take the time step size
to be very small. We repeat the definition of Lt here for convenience

Ler(0) = T Eogg(0.1y01 () (312) [{ S B2, x’)} _ Zt(z)log (Rf(gz, x)) ] i)

Recall that a single term from the KL sum in Lpr up to an additive constant independent of 6 is

0
7EQ1«(%)%+1\1«(%+1\$1«) {Ingk\kH(xk‘xkﬂ)} .
Minimizing this term is to sample (zy, zx11) from the forward dynamics and then maximize the
assigned model probability for the pairing in the reverse direction. A similar idea can be used to
understand Lct. First, we write log pzl Kt (zk|Tk+1) in terms of Rz as

logpzlk+1(a:k|xk+1) =0ap .z (RZ(JJk, x) At + O(At))

(1= G ) 10 (R (i1, )AL+ 0(AD))

where we have separated the cases when xj, = z;41 and when xj, # x4 (see the proof of Lcr
for the full details). The first term will become the ), £u RY(x,2") term in Lcr whilst the second

term will become the Z*(x) log (R? (Z,z)) term. Now, when we minimize Lcr, we are sampling
(x, %) from the forward process and then maximizing the assigned model probability for the pairing
in the reverse direction, just as in Lpt. The slight extra complexity comes from the fact we are
considering the case when xj, = x4, and the case when xj, # x4 separately. When xp, = xg1,
this corresponds to the first term in Lcr which we can see is minimizing the reverse rate out of «
which is exactly maximizing the model probability for no transition to occur. When xj, # 41, this
corresponds to the second term in Lct, which is maximizing the reverse rate from & to « which in
turn maximizes the model probability for the & to x transition to occur.

C.2 Conditional Form

For the conditional form of Lcr, denoted as Ler, we instead upper bound the negative conditional
model log-likelihood, E,,,... (zo.) [— 108 p§ (20 |y)] where y is our conditioner. Lt has the following
form

Ler(0) = TEonit(0.Popuatzo acsoelrorrs 3l | { Lo B (@,01y) }= 21 () log (R (E,2ly) ) | +C,
where

@jo(F|z0)
Qt|0($‘x0)

RY(w, &ly) =Re(#,7) Y
xo
=— Z RV(z,2'|ly) for z=37
z'#x
This follows easily from considering the conditional form of the discret time ELBO, Lpr and using
the same arguments as before to go from discrete time to continuous time.

pglt(xo\x,y) for = # 7.

0
Po. 1 (Zo: =
o.K( 0K|y) Lot

0
Epdam('rﬁ-,y) [_ logpo(xo|y)] S EPdma(Iow)QLK\o(fl:K|-TO) [_ log q1-K\0(‘T1‘K‘xO)

C.3 Continuous Time ELBO with Factorization Assumptions

In the following Proposition, we show the form of Lcr when we use a factorized for-
ward process. We note that in the proof we rearrange the sampling distribution from
pdata(m6:D)Qt\0(wl:D|m(1):D)7"t(j1:D|w1:D) to pdata(w(]j:D)wt(:ilzD|w(1):D)¢t($1:D|jl:D’ w(l):D). This
is not strictly necessary but it allows us to analytically sum over the intermediate 22''? variable which
greatly reduces the variance of the resulting objective.
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Proposition 7. The Lcr objective when we substitute in the factorized forms for the forward and
reverse process given in Proposition 3 is

D
p0d( . 1:D _sd
Ler = TEypso mpantet Do 2ley) |2 D B,
d:1$/d7gwd
— T By 40,1 puns (w2 (317 1) Z 3 Gu@d@ P, @b P) 24 (@ P/ o 2 log (Red( ,zd))]
d= 1:8‘1;512‘1
+C
with o
A~ 7 |T
RO4(z1D 54 :R;i(jd’l,d)Zpg‘t(xmwl:D)qt\O( d‘ 0)
o qt \O(I ‘xo)
0
D
(@) =3 Y Rl
d=1 gdo£gd
( d|~1D 1:D) o R:‘,i(xd>x )Qtlo( 1D\d | (1):D)
~1: D R rd! gd ~1- ’ ’ .
Zt(wl'D\doxd) Zd/:l Zx/d’;ég“cd’ Zt(;“zl(:i)\d’iz/?i’)qt‘o(wl'D\d Ox/d ‘w(l)D)

where o represents the concatenation of a D — 1 dimensional vector, VP\% with a scalar %, such

that the resultant D dimensional vector has x? at its dth dimension. (2P |2y P) is deﬁned as the
marginal of the forward noising process joint, [ qyo(x" PP )r (@0 |xP)dxP.

Proof. We first re-write the general form of Lcr here

Lct(0) =T Evnta(0,1)q, () (2]2) [{ PR Rf(ac,x’)} — Z'(z)log (éf(@ 33)) } +C
where
Zi(x) = Zx/#c Ri(z,z") re(Z|z) = (1 — 0z ) Re(x, T) /| 2t (z).

With a factorized forward process, Rf becomes

D
R?LD(QSIZD,@LD): E R?d(a:l:D,jd)émlzD\d,@LD\d
d=1

where

50d/ . 1:D ~d di~d ..d 0 /. d.1:D Qt\O(id‘xg)
Ry (77, ):Rt(ja T )Zpo‘t(l‘dw' )7

d qﬂO(Id‘xg)
T

Substituting this form for fif 1D jnto the first term in Lot we get

D
E E R?d(:El:D,l’/d)(sml;D\dTmll;D\d

x/1:D£g1:D d=1

D
= ZZR?(Z($1:D,QL‘/(Z) Z 5m1:D\d7m/1:D\d(1 — 6m/1:D7w1:D)

d=1 g’d a/1:D\d
D
pOd( . 1:D _.d
= E E Ry (™", 2'%)
d=1 g'd#£gd

Now we tackle the second term in Lctr. We first re-arrange the distribution over which we take the
expectation:

1:D‘m(1):D

pdata(m(lj:D)QHO(m )rt(il:Dh:l:D):pdata( )1/%( lD\w )¢t(ﬂ’f‘1:D|5ff'1:D7w(l):D)
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We have,

¢t($1:D|i1:D )O( qt\O(m D|.’L'0 D)?” ( 1D‘$ )

Zfl):l Rf(l’d, j'd)(swlzD\d7i:1:D\d

= qujo(@" P |ax5”) (1 = 0310 g1:0) ZH(zl D)

d~d

- Z Zt(ml D\ ° d)QfIO(

1:D\d o Id|$é:D)(Sml:D\d7ﬁl:D\d(1 - 5@1:[)@1:[))

To find the normalization constant, we can sum the proportional term over "

R x?, 74 .
PP PR IARLEUNEE I IPRAENS SP

xl:D d=1

)

Rt( dv ~d) q (
= — 0
d=1 zd#zd ZH (@ D\d o 2)

1:D\d g 1:D)

| o
Therefore,

D
¢t($1:D|:i1:D, $5:D) = (1 - 5@1:D7w1:D) Z (bt(l‘d|i1:D7 w(l):D)(Sml:D\dﬂ':l:D\d
d=1

where

1:D) _ Rf(xd,x' )Qt|0( 1: D\d |w(1):D)

t(s1:D\d o d) 5D R (@' &%) ~1:D\d’ o od! | gpl:D
Z ((B \ o )Zd':l Zz’d’;é;id’ Zt(;lzD\d'Ox/d’)Qt\O(w \ ox ‘(130 )

¢t($d|i1:D

Now we write the second term as

T Bt it4(0,7) pua () P ) e (810 | l:P) { Z du(x P |2" P 2 P) 2 (2 P) log RY VP (&P xlzD)]

xl:D

= —T B 00(0,T) paa (i P )b (£1:0 |} D)[Z Z oo (2@, 2y ) 21 (@ P/ 0 27) log (Red( 1D’$d))]
d=1 gd£zd

O

C.4 One Forward Pass

To evaluate the Lot objective, we naively need to perform two forward passes of the denoising
network: pg‘t(wopc) to calculate RY(z, z’) and pg‘t(xgkﬁ) to calculate RY(Z,z). This is wasteful
because Z is created from x by applying a single forward transition which on multi-dimensional
problems means Z differs from x in only a single dimension. To exploit the fact that £ and x are very
similar, we approximate the sample & ~ ¢;(x) with the sample & ~ > ¢:(x)r:(Z|x). This gives the
more efficient objective,

Lecr(0) = T Boio 110,y ote) [{ S BE2) | = 24()log (B3, 2)) | + €
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Table 3: Metrics on the monophonic music dataset comparing training with the efficient Lct objective
vs the original Lcr objective. We compute these over the test set showing mean=-std with respect to
5 samples for each test song.

Model Hellinger Distance  Proportion of Outliers

TLDR-0 Uniform Lecr  0.3765 4 0.0013 0.1106 £ 0.0010
TLDR-0 Uniform Lcr 0.3797 4 0.0009 0.1128 £ 0.0007

The approximation is valid because ¢;(x) and ) g;(x)r¢(&|x) are very similar distributions, as we
now show.

S oL gy FED)
2l = > a@( = bea) s~ p

o —qi(F)Re(%,2) + Y _ qr(w) Re(x, &)

= ¢:(%) Z Ri(Z,2") + 0,q:(2)

z' #£T
.
Ew’;ﬁx Rt(fi:,x’)
= q¢(Z) + 0t Orq4(T)

o g (%) + 0rqs ()

where on the third line we have used the Kolmogorov forward equation and defined
6 = 1/ .4, Re(Z,2'). The distribution 3 g:(z)r:(Z|z) is therefore gi4s:(Z) approxi-
mated using a first-order Taylor expansion around ¢; (). We notice that 0t is the average time to the
next transition at time ¢. §t can be calculated for the practical settings we consider, its varies between
2x107%7T and 2 x 10787 in the image modelling task and is 1 x 10~37 in the monophonic music task.

We perform an ablation experiment comparing between training with L.ct and Lt on the mono-
phonic music dataset, the results are shown in Table 3. We find that we gain a small boost in
performance when using the more efficient L.ct objective alongside the improved efficiency. We
hypothesize that this is because of a slight reduction in variance for the L.ct objective due to increased
negative correlation between the two terms in the objective when Z is shared between them.

D Direct Denoising Model Supervision

Following [8], we can introduce direct pgl , supervision into the optimization objective which has

been found empirically to improve performance. We first contextualize the change by expressing Lcr
with the dependence on pg‘ , made explicit.

o («'|z0)
or = TBuasomatentsi[{ 32 Ru's2) 32 Lo yob(ouk) )
x'#x zg

— 2Z4z)log (Rt(x, Hy

o

sG] €

T|T
uo(l®o) \aro can also
qt)0(Z|z0)

provide a direct denoising signal by predicting the clean datapoint x( from the corrupted version z
and using the negative log-likelihood loss.

The signal for pgl ,(wo|x) comes through a sum over o weighted by the ratio

Lu(0) = T Eotd (0,7)paaa w0z (zlz0) |~ 108 PG, (zo|z)

Proposition 8. The true denoising distribution, qo|;, minimizes Ly
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Proof.
T Erato,1,(x) [KL (ao1e (w0l 19 (ole) )|

= TEtNM(O’T)pdam(IU)qt\O(I‘ZO) |:_ logpglt(xo‘x)} + O

where C'is a constant independent of §. Therefore, minimizing L;; is equivalent to minimizing the
KL divergence between gq|; and pg‘ ;» which is minimized when pg‘ + = qoj¢- O

If we obtain the true denoising distribution, pg‘ + = qo|¢> then we will have the true reverse rate, Rt.

[8] find that optimizing with an objective combining L;; and Lpr performs best, which we can also
do in continuous time

min Ler(0) + ALu(0)

where )\ is a hyperparameter. In [8], it was found that training with L;; alone resulted in poorer
performance than when the ELBO was included in the loss. We provide a theoretical hypothesis
as to why this may be the case here. We show that minimizing L;; is equivalent to minimizing an
upper bound on the negative ELBO in discrete time and thus by training with L;; we are simply
minimizing a looser bound on the negative model log-likelihood than if we were to use the negative
ELBO directly.

Proposition 9. Minimizing the sum of negative log-likelihoods
K-1

(]
Z Epda(a(IO)Qk+l\0(mk+1|-770) [_ 10gp0\k+1(x0|x’f+1)
k=0

is equivalent to minimizing an upper bound on the negative ELBO.
Proof.
Lor(0) = By o) K10 (| 20) [P (210)) = By s [l08 201 (ol
+ Y B 10(zks1lz0) [KL(Qk|k+1,o($k|3«"k+17 $0)|\Pi|k+1($k|$k+1))} }
Consider one term from the sum
Ly = Bpga(@0)aiso(@ria]20) [KL(quH,o(xk\kaaxo)\lpz\kﬂ(mxkﬂ)}

(7
= EQk+1(mk+1)q1c\k+1(xk|l'k+1) [7 logpk\lc+1 (wk ‘$k+l)}

+ Epdana(wo)%+1|o(ka+1 [£0)qk|k+1,0(Tk|Tr41,%0) [lOg Qk|k+1,0($k ‘$k+1, .%‘0)}

Now,

0
]quc+1(1k+1)qk\k+1(rk |Tk41) [7 10gpk|k+1 (‘T’C|‘/Ek+1>}

- 0 -
= Eqk+1(rk+1)qk\k+1(wk\l‘k+1) [ log Z q(‘rk |l‘0, CEkJrl)pO\lc+1 (LEO xk+1):|

Zo

ok (TolTr) qrjkt1 (Tr|TRr1) 4 ~
p0|k+1($0|$k+1)

Eq'““(xk“)q““(x”k“)[ tog Z qojk+1(TolTry1)

Qi1 (Tk|Trt1) 4

<E Hea Goloni)
(Jo\k+1($o|$k+1) Olk-+1

log

Gr+1(Th+1)qk k41 (Tk|TH+1) 0k (Fo|TR) |:_

0
= Epdam(ﬂco)QkJruo(warl|T/0) [_ 10gp0|k+1('r0|$k+1)}

Tk lk+1(Tk xk+1)]

— log
qojk+1(To|Try1)

+ Epdam(l‘o)qmo(wk|Zo)f1k+1\k(zk+1\Ik) {
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Therefore,

K-1

Lpr < Z {Emum(mo)qk+1o(’rk,+1|ro) [7 Ingg‘kJrl(Io‘karl)} }
k=0
+ Eppua(ao) [KL(arcj0(@r |[20)|Ipx (1))

K—1
+ E : ]Epdam(wo)%+1|o(xk+1\ﬂfo)q/c|k+1,o(90k|$k+1w0) [IOng|k+1,0($k‘$k+1,xo)]
k=1

Qkk+1($k|$k+1)] }

+E —1
Pdata (£0)qk |0 (Tk [T0) Q111 (Tht1]TK) |: ok (xO ‘xk+1)

We can see that only the first term depends on 6. O

E Choice of Forward Process

We need to choose the structure of R; such that we can analytically obtain g;o marginals to enable
efficient training.

Proposition 10. If R; and Ry commute for all t, t' then qyo(x = jlro = i) = (exp[fot des])

j
where exp here is understood to be the matrix exponential function.

Proof. Let (P)ij = qo(x = jlxo = ). We show that P, = exp (fot des) is a solution to the

Kolmogorov forward equation, which in matrix form reads, 0;P; = P,R;. Writing the matrix
exponential in sum form

00 t
X (), 7e)
k=0 =~ WO
3

t 1 t 1 t
:Id+/R9dS+'</ de8> +'</ de8> + ...
) 21 \ s 31 \ s

Now, differentiating and using the fact that R;, Ry commute.

k

Py

2

2

t 1 t
3tPt=Rt+/deth+</ des> R+ ...
0 0

2!
9] 1 t k
= Z Il </ de8> Rt
k=0"" /O
= PR

As stated in the main text, we achieve the commutative property by selecting R; = S(¢) R;, where 3(t)
is a time dependent scalar and R, is a constant base matrix. We can utilize the eigendecomposition
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of Ry, = QAQ ™! to efficiently calculate P;,

P, = exp ( /Otﬁ(s)Rbds>

4 ([ o)

> (ena [ o)
Zk (3 [ o)
:{ a(nf oo )%1
— Qexp {A /0 ﬂ(s)ds] Q!

Since A is a diagonal matrix, the matrix exponential coincides with the element wise exponential
making the final expression tractable to compute. We choose () = ab’ log b because this makes the

integral which dictates the variance of ¢;|o have a simple form fot B(s)ds = abt — a.

MS I Mﬁ%

??“;—A

For categorical problems, we found a uniform rate matrix works well, R; = G117 — BSId. This
is directly analogous to the discrete time uniform transition matrix: P = o117 + (1 — Sa)Id with
« depending on the time discretization used. Indeed, if one calculates the corresponding discrete
transition matrix for the uniform R; rate through the matrix exponential, the uniform transition matrix
is obtained. Another categorical corruption process is the absorbing state process. In discrete time,
the transition matrix is given by P = ale! + (1 — a)Id where e, is the one-hot encoding of the
absorbing state. The corresponding absorbing state continuous time process has transition rate matrix:

= Blel — BId. The correspondence for more complex transition matrices e.g. the Discretized
Gaussian matrix in [8] is much harder to find analytically especially if the time inhomogeneous case
is considered. For datasets with an ordinal structure, we construct a new rate matrix that maintains a
bias towards nearby states using a similar approach as that taken by [8] to construct the Discretized
Gaussian matrix.

We construct this matrix by first picking a desired stationary distribution, p¢, and then filling in
matrix entries such that we encourage transitions to nearby states whilst keeping pyr as our stationary
distribution. Specifically, we let p.r be a discretized Gaussian over the state space, i.e.

(z — po)®
203

To find a condition on the rate such that this is the case, recall the Kolmogorov differential equation

for the marginals

Dref(x) X exp [

Orqy(z Z%(l Ry(Z,x)

Now, consider a rate that is in detailed balance w1th Dref
Dret(Z) Ro(Z, ) = prer(z) Ry (2, 7)
Substituting this rate into the Kolmogorov equation, we see that py is the stationary distribution

Oepres() = Zpref(fc)Rb(i', x)
:memm>
= Dre() Z Ry(x, %)

=0

82



where the last line follows from the fact that the row sum of a rate matrix is zero. Note that any
R; = S(t) Ry will also have this stationary distribution as the multiplication by 3(¢) can be seen as
just a scaling of the time axis. From the detailed balance equation, we gain a condition on R; such
that our desired pr is the stationary distribution

Ru#,e) _ () _ [(F = p0) (= o)’

Ry(x.7)  per@) P 203 202
This gives constraints on diagonal elements within R} but does not fully define the entire matrix. To
do this, we first make the assumption that x is selected to be at the center of the state space. Then we
set off diagonal terms to the right of the diagonal in the top half of the rate matrix and off diagonal
terms to the left of the diagonal in the bottom half to be 1. Finally, progressing in from the top and
bottom of the rate matrix we make definitions of rate matrix values that have not already been defined
by the detailed balance condition. For clarity, we provide a pictorial representation of this scheme for
an 8 x 8 rate matrix below

r- 1 0 0 0 0 0O 0O
A 1 0000 A
AN -1 O D0 A A
AN AN - 1T AA A
AN AN A - AN A
AN A O 1 - A A
A AN ODDODO 1T - A
A OO 0O DO 1 -]

where [ represents a value we will define, /A represents a value that is defined relative to another
entry through the detailed balance condition and - is a diagonal entry that is equal to the negative off
diagonal row sum. We could define [] values to be 0 to gain a sparse rate matrix, however, we found
in early experiments that allowing transitions to further away states greatly reduces the mixing time
and gives better performance. We define [J in each row similarly, by setting it equal to exp[—i2 /2]
where 7 is the distance away from the ‘1’ value in that row and o, is a hyperparameter defining the
length scale in state space of a typical transition. This biases our forward process to make transitions
between nearby states, at a length scale of o,..

F CTMC Simulation

F.1 Exact CTMC and Tau-Leaping

In this section, we first describe exact CTMC simulation before giving an algorithmic description of
tau-leaping.

When a CTMC has a time-homogeneous rate matrix, we can use Gillespie’s Algorithm [21, 22, 23] to
exactly simulate it. This algorithm is based on the jump chain/holding time definition of the CTMC.
It repeats the following two steps:

* Draw a holding time from an exponential distribution with mean —1/R(z, ) and wait in
the current state x for that amount of time.

* Sample the next state from r(Z|z) = (1 — (5“3)%
This Algorithm can be adjusted for the case when we have a time-inhomogeneous rate matrix using
the modified next reaction method [33]. However, both algorithms still step through each transition in
the CTMC individually and are thus unsuitable in our case because only one dimension would change
for each simulation step making it very computationally expensive to produce a sample. Instead we
use tau-leaping that allows multiple dimensions to change in a single simulation step. We detail this
method in Algorithm 1.

F.2 Predictor-Corrector Discussion

In this section we compare predictor-corrector sampling schemes as applied to continuous state
spaces and discrete state spaces.
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Algorithm 1: Generative Reverse Process Simulation with Tau-Leaping

t<T

m%:D ~ pref(m%“:D)

while ¢ > 0 do
Compute pf, (z|z;™),d = 1,..., D with one forward pass of the denoising network
ford=1,...,Ddo

for s = 1:75\1'?(10
A : . , (l/ d)
R}, 5) < R (s, ) X0 pf), (a8t ?) 20550

¢1t|o(1'f|$g)
Pys < Poisson (Tﬁfd(:ctl:D, s))
end
end
ford=1,...,Ddo
if data is categorical AND Zle Py, > 1 then

¢ <+ 2@ // reject change
else
s
o, a4+ X5, Pa x (s —af)
end
end
D« Clamp(z;Z, min = 1, max = 9)
t<—t—7

end

The predictor-corrector scheme in continuous state spaces was introduced in [4]. It consists of
alternating between a predictor step and a corrector step:

Predictor @; + @11 + viso(®ir1,i+ 1) + 7z, 2z~N(0,1I)
Corrector x; < x; + €;89(xs,1) + V2€,2, 2z~ N(0,1)

where x; is the state at sampling step i, sy is the learned score model approximating V, log ¢:(x)
and 7;, €; are the step sizes for the predictor and corrector respectively. We see that both take similar
forms, except the corrector adds in a factor /2 more Gaussian noise during the update step.

In discrete state spaces, rather than sampling using gradient guided stochastic steps as in the continu-
ous state space case, we sample by simulating CTMCs with defined rates. When we take a predictor
step, we simulate using Rf and when we take a corrector step we simulate using R§? = Rf + R;.
If we simulate the CTMC exactly, we have seen in the previous section that this amounts to sam-
pling next states from the categorical distribution defined by normalizing the row of the rate matrix
corresponding to the current state. Therefore, corrector sampling can be seen as sampling from a
slightly noisier categorical distribution defined through R¢% as compared to the predictor categorical

distribution defined through I%f . This is analogous to the increased Gaussian noise applied during a
corrector step in continuous state spaces.

Adding corrector steps brings the marginal of the samples closer to ¢;(x) and continued application
of the corrector will further explore the domain of ¢:(x). In previous work on continuous state
predictor-corrector methods, the number of corrector steps has been small (e.g. 1 or 2 corrector steps
per predictor step) or indeed the corrector steps have been removed altogether. In this work we have
found that using up to 10 corrector steps per predictor steps can be beneficial during certain regions
of the reverse generative process. Additionally, in continuous state spaces, it has been observed that
too many corrector steps can result in unwanted noise in the generated data [34].

We hypothesize that corrector steps are better utilized in discrete state spaces to explore the domain of
¢: () than in continuous state spaces. This is because, the corrector update is defined largely through
the reverse rate itself, Rf , just with the categorical probabilities being annealed slightly more towards
uniform through the addition of the forward rate I2;. This may be a more effective update than simply
adding extra Gaussian noise in the continuous state space case. Furthermore, the denoising model in
continuous state spaces can be seen as outputting a point estimate of x( of dimension D. However,
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Figure 7: Progression of x; for t = 0.4 by repeated application of corrector steps. In each pair of
rows, the top row is @; whilst the bottom row is the o prediction made by pglt(wo |z;) (argmax of
the categorical probabilities in each dimension). Each column represents an additional 100 corrector
steps.

in discrete state spaces, the denoising model outputs a categorical distribution over every dimension
(output dimension D x S) allowing it to express some uncertainty information in the x prediction,
albeit with conditional independence between the dimensions. Adding corrector steps in discrete state
spaces would then allow information to mix between dimensions for the current time step, exploring
modes of ¢;(x).

We explore this idea on the image modelling task in Figure 7. We run the reverse generative process
until time ¢ = 0.4 at which point we hold the time constant and apply 1000 corrector steps. We see
that the resulting progression of x; states explores potential local modes of ¢;(x) in the local region
of image space.

G Implicit Dimensional Assumptions Made in Discrete Time

In discrete time, the parametric reverse kernel, pzlk 41- is commonly defined through a denoising
model pglk 41+ Here, we examine this definition in the multi-dimensional case where the forward

process factorizes, as in Appendix C.3 and previous discrete time work [8]. We begin by writing the
true full dimensional reverse kernel, gy 1, in terms of the true denoising distribution, qo|x41-

D
Qe (@E P |2 D) = T arpn (@) 2ii)
d=1

1:d—1 1:
= HZQkO|k+1 (2, xgle~h 2iif)

d=1 gd

= H Z qolk+1 $o|-’”k -’Ek+1)%|0 ka1 (]2, $Z+1)
d=1 gd

where on the final line we have used the fact that the forward process is independent across dimensions.
. ] . d|pl:d 1:D 3
To create our approximate reverse kernel, py, ;. we approximate qojk+1(xh|xy, ok 1) with
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pg\k+1(xg‘wllcfl)7
D
pZ\kH(m}{D\w}cﬁ) = H Zp&kﬂ(xglwiﬂ)qmo,w(xilxﬁ,xi+1)
d=1 gd

We throw away the extra m,lc:dfl conditioning because we use a non-autoregressive model that

takes in wifl and in a single forward pass gives conditionally independent probabilities over zg,
d=1,...,D. For finite K, this approximation can never match the true kernel because we are not
conditioning on all relevant information. Of course, as K gets larger, this approximation becomes
more accurate. Since we operate in the continuous regime, we do not have to make this approximation
because the conditionally independent denoising model, goj¢ (xd|xP), appears directly in our reverse

rate, Rtl:D , when we factorize the forward process (see Proposition 3).

H Experimental Details

In this section, we provide additional details for the experiments we performed ap-
plying our method to practical problems. The code for our models is available at
https://github.com/andrew-cr/taulDR. Before describing the specifics for each ex-
periment, we first explain the implementation details common to all.

When we evaluate the objective Lct on each minibatch of training datapoints, we must sample a
time for each from ¢ ~ U(0,7T") which represents the point in the forward process which we will
noise to. Training instabilities can be found if ¢ is sampled very close to 0 because the reverse rate,
Ry, becomes ill-conditioned in this region. This phenomenon is also observed in continuous state
space models because the score, V log ¢;(x), becomes ill-conditioned close to ¢t = 0. The reverse
rate and score become ill conditioned close to the start of the forward process because the marginal
probability, ¢:(x), will be highly peaked around the data manifold and log ¢;(x) will explode in
regions that are not close to the data. To avoid these issues, a common trick is to set a minimum
time such that t ~ U(e, T). € is set such that the level of noising at ¢ = € is very small and reverse
sampling to this point will produce samples very close to pga,. In our experiments, we set € = 0.017".

During reverse sampling, we use tau-leaping to simulate the reverse process from ¢ = 7T until ¢ = €
because the reverse rate is not trained for ¢ < e. This produces a sample close to pgu.. We found
improved performance in metrics such as FID if we then complete a final step to remove the small
amount of noise that may still be present in the sample. Specifically, we pass the sample through
the denoising model pf)'t(xo\wt) with ¢ = € to obtain an output of shape D x S where D is the
dimensionality of the problem. This is a probability distribution over the states for each of the
dimensions. We set the value of each dimension to the state with the highest probability. This then
produces a sample which has all of the noise removed.

The specific value of T' within our model is arbitrary because the forward process can be scaled in
the time axis to provide the same noising process for any 7'. Therefore, we simply set 1" = 1.

H.1 Demonstrative Example

Our 2d dataset is created by sampling 1M 2d points from a 32 x 32 state space with probability
proportional to the pixel values of a 32 x 32 grayscale image of a 7 character.

For our forward process, we use a Gaussian rate (see Appendix E) with stationary distribution stan-
dard deviation og = 8 and rate length scale o, = 1. We use a rate schedule of 3(t) = 5 x 5! log(5).

To represent pg‘ . we use a residual MLP. The architecture consists of an input linear layer to lift

the input dimension of 2 to the internal network dimension of 16. Then, there are 2 residual blocks
each consisting of: a single hidden layer MLP of hidden dimension 32, a residual connection to the
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input of the MLP, a layer norm, and finally a FiLM layer [35] modulated by the time embedding.
At the output, there is a single linear layer with output size of 2 x 32 = 64 representing state
probabilities in each of the 2 dimensions. The time is embedded using the Transformer sinusoidal
position embedding [36] creating an embedding of size 32. Then, the embedding is further processed
by a single hidden layer MLP with hidden layer size 32 and output size 128. To create the FiLM
parameters in each residual block, the time embedding is passed through a linear layer with output of
size 32 to provide a multiplicative and additive modulation to the state dimension of 16. We minimize
the Lcr objective using Adam with a learning rate of 0.0001 and batch size of 32 for 1M steps.

For the exact simulation we use the next reaction method with modifications for time dependent tran-
sition rates [33]. This method steps through each transition in the exact simulation path individually
by calculating the time to the next occurrence of each transition type and applying the transition that
occurs soonest. Exact algorithmic details can be found in [33]. To calculate the time to the next
occurrence for a transition, we need to integrate the reverse rate matrix (eq (13) in [33]). We do this
with euler integration with a step size of 0.001.

H.2 Image Modeling

We train on the CIFAR10 training dataset that contains 50000 images of dimension 3 x 32 x 32.
We evaluate the test ELBO on the CIFAR10 test dataset which consists of 10000 images. For the
forward noising process, we use the the Gaussian rate (see Appendix E) with stationary distribution
standard deviation of oy = 512 and rate length scale o,, = 6. This effectively defines a uniform
stationary distribution since the state space is of size 256. We found this performs better than a more
concentrated Gaussian. Our 3 schedule is 3(t) = 3 x 100? log 100. This was selected in accordance
with o such that the overall shape of progression of the g;|o variances approximately matches that of
the schedule proposed in [3].

Our pgl , model is parameterized with the standard U-net [37] architecture introduced in [3]. The
network follows the PixelCNN++ backbone [38] with group normalization layers. There are four
feature map resolutions (32 x 32 to 4 x 4) in the downsampling/upsampling stacks. At each
resolution there are two convolutional residual blocks. There is a self-attention block between the
residual blocks at the 16 x 16 resolution level [39]. The time is input into the network by first
embedding with the Transformer sinusoidal position embedding [36]. This time embedding is passed
into each residual block by passing it through a SiLU activation [40] and then a linear layer before
adding it onto the hidden state within the residual block between the two convolution operations.

The original architecture of [3] has an output of dimension 3 x 32 x 32 as it makes a point prediction
of x( given x;. In order for the model to output probabilities over zq (i.e. an output dimension of
3 X 32 x 32 x 256) we make the adjustments suggested in [8]. Specifically, we use their truncated
logistic distribution parameterization where the model outputs the mean and log scale of a logistic
distribution i.e. an output dimension of 3 x 32 x 32 x 2. The probability for a state is then the
integral of this continuous distribution between this state and the next when mapped onto the real
line. To impart a residual inductive bias on the output, the mean of the logistic distribution is taken to
be tanh(z; 4+ p1') where x; is the normalized input into the model and y’ is mean outputted from the
network. The normalization operation takes the input in the range 0, . . ., 255 and maps it to [—1, 1].
In total, our network has approximately 35.7 million parameters.

We optimize with the auxiliary objective described in Appendix D with A = 0.001. Within the
auxiliary objective, we use the one-forward pass version of the continuous time ELBO, L.ct. We
optimize with Adam for 2M steps with a learning rate of 0.0002 and batch size of 128. We use the
standard set of training tricks to improve optimization [3, 4]. Throughout training we maintain an
exponential moving average of the parameters with decay factor 0.9999. These average parameters
are used during testing. At the start of optimization we use a linear learning rate warm-up for the first
5000 steps. We clip the gradient norm at a norm value of 1.0. We set the dropout rate for the network
at 0.1. The skip connections for each residual block are rescaled by a factor of % The input images

have random horizontal flips applied to them during training.
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For sampling in Table 1 we set 7 = 0.001 for 7TLDR-0 and set 7 = 0.002 for TLDR-10. The
10 corrector steps per predictor steps for TLDR-10 are introduced after ¢ < 0.17. We found that
introducing the corrector steps near the end of the reverse sampling process had the best improvement
in sample quality for the smallest increase in computational cost. When performing tau-leaping
with the corrector rate, R§, we have control over what 7 we use since we are sampling a different
CTMC (with ¢, as its stationary distribution) to the original reverse CTMC. We found that setting the
corrector rate 7 to be 1.5 times the original 7 for the reverse CTMC achieves the best performance in
this example.

We train using 4 V100 GPUs on an academic research cluster. To calculate Inception and FID values,
we use pytorch-fid [41] and a further development '. We verified this library produced comparable
values to previous work by calculating the Inception and FID scores for the published images from
the DDPM [3] method.

We show a large array of unconditional samples from the TLDR-10 model in Figure 8. We now also
present statistics from the reverse sampling process with standard tau-leaping with 7 = 0.001. Figure
9 shows the proportion of dimensions that transition during a single step of tau-leaping. We see that
during the initial stages, every dimensions changes during every tau-leaping step, but nearer the end
of the process, more dimensions will have settled in their final positions and the proportion is less. In
Figure 10 we show the proportion of dimensions that are clipped due to proposing an out of bounds
jump. Overall, the proportion is small. It is largest at the start of the process when we have initially
sampled from the approximately uniform p.¢ and there will be dimensions close to the boundary.
As pixel values settle to their final values, the proportion reduces. Figure 11 shows the progression
of a selection of dimensions during the reverse sampling process. A similar picture emerges where
dimensions eventually settle in a region of the state space. We also note that larger jumps are made in
a single tau-leaping step nearer the start of the reverse process and smaller jumps are made nearer the
end.

H.3 Monophonic Music

We generate our training dataset from the Lakh pianoroll dataset [29, 30] (license CC By 4.0). This
dataset consists of 174,154 multitrack pianorolls. We go through all songs and all tracks within each
song and select sequences that match the following criteria: they are monophonic (only one note
played at a time), there is not a period longer than one bar in which no note is played, there is more
than one type of note played in the sequence and finally there is no one note played for more than
50 time steps out of the total 256 time steps. This removes the uninteresting and trivial sequences
present within the dataset. We then remove any duplicates in the result. This leaves us with 6000
training examples and 950 testing examples. Each song consists of 256 time steps (16 per bar) and
each time step takes one from 129 values i.e. we have D = 256 and S = 129. This state value
represents either a note from 128 options or a rest. We scramble the ordering of this state space when
mapping to the integers from O to 128. When we input into the denoising network, we input as
one-hot 129 dimensional vectors.

For the forward noising process, we use a uniform rate matrix, R, = 1 17 — SId and set 8 (t) = 0.03.
We found a constant in time 3(¢) was sufficient for this dataset. In our comparison, we used a
birth/death rate matrix defined as

A A 0 0 ... 0 0
A =20 A 0 ... 0 0
0 A —20 A ... 0 0
0 0 0 0 ... A —A

this is the rate matrix for a birth/death process. We set A = 1 and 3(t) = % x 10000 log 10000.
These hyperparameters were selected such that the forward process has a steady rate of noising
whilst still having gp very close to ps. We chose to compare these types of rate matrix because

the birth/death rate is inappropriate for this categorical data as adjacent states have no meaning

"https:/github.com/w86763777/pytorch-gan-metrics
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Figure 8: Unconditional CIFAR10 samples from our 7TLDR-10 model.
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Figure 9: Proportion of dimensions that transition during a single step of tau-leaping during the

reverse sampling process.
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Figure 10: Proportion of dimensions that are clipped during a tau-leaping step due to proposing an
out of bounds jump during the reverse sampling process.
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Figure 11: The progression of a selection of dimensions during the reverse sampling process.

since the mapping to the integers was arbitrary. The uniform rate is suitable for this categorical data
because, during a time interval, it has a uniform probability to transition to any other state. The
D3PM baseline was implemented also with a time homogeneous uniform forward kernel set such
that the rate of noising is matched in the discrete and continuous time cases.

We define our conditional denoising network, pg| . (@o|x, y) using a transformer architecture inspired
by [31]. It takes an input of shape (B, D, S) where B is the batch size, D is the dimensionality (256)
and S is the state size (129). This final dimension contains the one-hot vectors. The conditioning on
the initial bars is achieved by concatenating the conditioning information y with the noisy input x. At
the start of the network, there is an input embedding linear layer with output of size 128 which is our
model dimension for the transformer. Then a transformer positional embedding is added to the hidden
state. Next a stack of 6 transformer encoder layers are applied which consist of a self attention block
and a one hidden layer MLP. The self attention block uses 8 heads and the MLP has a hidden layer
size of 2048. At the output of each internal block, we apply dropout with rate 0.1. Finally, there is a
stack of 2 residual MLP layers. Each consists of a one hidden layer MLP with a hidden dimension
of 2048. There is a residual connection between the input and output of the MLP. A layer norm is
applied to the output of the block. To create the output of the network, there is an output linear layer
with an output shape of (B, D, S) where now the S dimension has logit probabilities. To instill a
residual bias into the network, we add the one-hot input to the output logits. All activations are ReLLU.
The time is input into the network through FiLM layers [35]. First, the time is embedded using the
sinusoidal transformer position embedding as in the U-net architecture used for image modeling to
create an embedding size of 128. This is then passed into a single hidden layer MLP with hidden size
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Figure 12: Proportion of jumps rejected during reverse sampling. The rejection rate is calculated
as the proportion of dimensions in a tau leaping step that have their jump rejected. The results are
averaged over a batch of 16.

2048 and output size 512. Within each encoder and residual MLP block, there is a FiLM linear layer
which takes in the 512 time embedding and outputs two FiLM parameters each of size 128. These are
the scale and offset applied to the hidden state. In the encoder blocks, this FILM transform is applied
after the self attention block and again after the fully connected block. In the residual MLP blocks, it
is applied after the layer norm operation. Our network has approximately 7 million parameters in total.

We optimize using Adam for 1M steps with a batch size of 64 and learning rate of 0.0002. We use
the conditional L¢1 objective with additional direct Pg|t supervision as described in Appendix D with

weight A = 0.001. We also make the same one forward pass approximation as explained in Appendix
C.4. We use the standard set of training tricks to improve optimization [3, 4]. Throughout training we
maintain an exponential moving average of the parameters with decay factor 0.9999. These average
parameters are used during testing. At the start of optimization we use a linear learning rate warm-up
for the first 5000 steps. We clip the gradient norm at a norm value of 1.0. We train on a single V100
GPU on an academic cluster.

For sampling with TLDR-0 we use 7 = 0.001 and for sampling with TLDR-2 we include 2 corrector
steps per predictor step after t < 0.97". The corrector rate is simulated with 7 = 0.0001 which we
found to perform best. We reject any dimension in which 2 or more jumps are proposed as this
is categorical data. We plot the rejection rate in Figure 12. Most of the time, the rejection rate
is zero and there are few steps for which it increases slightly. We show a large batch of samples
from the first 10 songs in the test dataset in Figure 13. We see that there is variation between the
sampled completions and they consistently follow the style of the conditioning first two bars of the
song. Audio samples from the model are available at https://github. com/andrew-cr/taulDR.
Finally, we examine the progression of a random selection of dimensions during reverse sampling for
the uniform and birth/death rate matrix cases. Figure 14 shows the progression for the uniform case,
we see that large jumps through the state space are made throughout the reverse process. Figure 15
shows the progression for the birth/death case. At the start of reverse sampling, no dimensions move
as the rejection rate is high in this case because the rate matrix is not suitable for categorical data.
Nearer the end, small jumps are made between adjacent states but since large jumps between any
category do not occur for this rate matrix, the performance will overall be worse.

I Ethical Considerations

Our work increases our theoretical understanding of denoising generative models and also improves
generation capabilities within some discrete datasets. Deep generative models are generic methods
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Figure 13: Two conditional samples from the TLDR-0 model for each of the first 10 songs in the test
dataset.
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Figure 14: The progression of a selection of dimensions during the reverse sampling process for the
uniform rate matrix.
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Figure 15: The progression of a selection of dimensions during the reverse sampling process for the
birth/death rate matrix.

for learning from unstructured data and can have negative social impacts when misused. For example,
they can be used to spread misinformation by reducing the resources required to create realistic fake
content. Furthermore, generative models will produce samples that accurately reflect the statistics
of their training dataset. Therefore, if samples from these models are interpreted as an objective
truth without fully considering the biases present in the original data, then they can perpetuate
discrimination against minority groups.

In this work, we train on datasets that contain less sensitive data such as pictures of objects and music
samples. The methods we presented, however, could be used to model images of people or text from
the internet which will contain biases and potentially harmful content that the model will then learn
from and reproduce. Great care must be taken when training these models on real world datasets and
when deploying them so as to mitigate and prevent the harms that they can cause.
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Abstract

We propose a new class of generative models that naturally handle data of varying
dimensionality by jointly modeling the state and dimension of each datapoint. The
generative process is formulated as a jump diffusion process that makes jumps be-
tween different dimensional spaces. We first define a dimension destroying forward
noising process, before deriving the dimension creating time-reversed generative
process along with a novel evidence lower bound training objective for learning
to approximate it. Simulating our learned approximation to the time-reversed
generative process then provides an effective way of sampling data of varying
dimensionality by jointly generating state values and dimensions. We demonstrate
our approach on molecular and video datasets of varying dimensionality, report-
ing better compatibility with test-time diffusion guidance imputation tasks and
improved interpolation capabilities versus fixed dimensional models that generate
state values and dimensions separately.

1 Introduction

Generative models based on diffusion processes [1-3] have become widely used in solving a range
of problems including text-to-image generation [4, 5], audio synthesis [6] and protein design [7].
These models define a forward noising diffusion process that corrupts data to noise and then learn the
corresponding time-reversed backward generative process that generates novel datapoints from noise.

In many applications, for example generating novel molecules [8] or videos [9, 10], the dimension of
the data can also vary. For example, a molecule can contain a varying number of atoms and a video
can contain a varying number of frames. When defining a generative model over these data-types,
it is therefore necessary to model the number of dimensions along with the raw values of each of
its dimensions (the state). Previous approaches to modeling such data have relied on first sampling
the number of dimensions from the empirical distribution obtained from the training data, and then
sampling data using a fixed dimension diffusion model (FDDM) conditioned on this number of
dimensions [8]. For conditional modeling, where the number of dimensions may depend on the
observations, this approach does not apply and we are forced to first train an auxiliary model that
predicts the number of dimensions given the observations [11].
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Figure 1: [lustration of the jump diffusion generative process on videos and molecules. The generative
process consists of two parts: a diffusion part which denoises the current set of frames/atoms and a
jump part which adds on a suitable number of new frames/atoms such that the final generation is a
clean synthetic datapoint of an appropriate size.

This approach to trans-dimensional generative modeling is fundamentally limited due to the complete
separation of dimension generation and state value generation. This is exemplified in the common
use case of conditional diffusion guidance. Here, an unconditional diffusion model is trained that
end-users can then easily and cheaply condition on their task of interest through guiding the generative
diffusion process [3, 12—14] without needing to perform any further training or fine-tuning of the
model on their task of interest. Since the diffusion occurs in a fixed dimensional space, there is no
way for the guidance to appropriately guide the dimension of the generated datapoint. This can lead
to incorrect generations for datasets where the dimension greatly affects the nature of the datapoint
created, e.g. small molecules have completely different properties to large molecules.

To generate data of varying dimensionality, we propose a jump diffusion based generative model that
jointly generates both the dimension and the state. Our model can be seen as a unification of diffusion
models which generate all dimensions in parallel with autoregressive type models which generate
dimensions sequentially. We derive the model through constructing a forward noising process that
adds noise and removes dimensions and a backward generative process that denoises and adds
dimensions, see Figure 1. We derive the optimum backward generative process as the time-reversal
of the forward noising process and derive a novel learning objective to learn this backward process
from data. We demonstrate the advantages of our method on molecular and video datasets finding
our method achieves superior guided generation performance and produces more representative data
interpolations across dimensions.

2 Background

Standard continuous-time diffusion models [3, 15-17] define a forward diffusion process through a
stochastic differential equation (SDE) where xg ~ pgata and, for ¢ > 0,

%
dx; = by(x;)dt + gidwy, 9]

where x, € R? is the current state, b, : R? — R? is the drift and g; € R is the diffusion coefficient.
dw, is a Brownian motion increment on R%. This SDE can be understood intuitively by noting that

in each infinitesimal timestep, we move slightly in the direction of the drift b ; and inject a small
amount of Gaussian noised governed by g;. Let p;(x;) denote the distribution of x; for the forward

diffusion process (1) so that pg(xg) = pda[_a> (x0). b and g; are set such that at time ¢t = T, pr(xr)
is close to pref(x7) = N (x7;0,14); e.g. by(x¢) = —3Bixs, g = /By for B > 02, 3].

The time-reversal of the forward diffusion (1) is also a diffusion [18, 19] which runs backwards in
time from pr(x7) to po(xo) and satisfies the following reverse time SDE

dx; = <Et(Xt)dt + gedwy,

- . .. .. . A
where gt(xt) = b(xt) — g7 Vx, logpi(x;), dt is a negative infinitesimal time step and dw,
is a Brownian motion increment when time flows backwards. Unfortunately, both the terminal
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distribution, py (xr), and the score, Vy, log p;(x;), are unknown in practice. A generative model
is obtained by approximating pr with prr and learning an approximation s?(x;) to Vy, log p;(x;)

typically using denoising score matching [20], i.e.
min - Ey/(:0,1)0, 0 (0.0 [l157 (%2) = Vi, 10g pjo (2 %) |]- )

0

For a flexible model class, s?, we get s¥(x;) & Vy, log p;(x;) at the minimizing parameter.

3 Trans-Dimensional Generative Model

Instead of working with fixed dimension datapoints, we will instead assume our datapoints consist of
a variable number of components. A datapoint X consists of n components each of dimension d. For
ease of notation, each datapoint will explicitly store both the number of components, 7, and the state
values, x, giving X = (n, x). Since each datapoint can have a variable number of components from
n = 1ton = N, our overall space that our datapoints live in is the union of all these possibilities,

XekX= Ufj:l{n} x R™?, For example, for a varying size point cloud dataset, components would
refer to points in the cloud, each containing (x,y, z) coordinates giving d = 3 and the maximum
possible number of points in the cloud is N.

Broadly speaking, our approach will follow the same framework as previous diffusion generative
models. We will first define a forward noising process that both corrupts state values with Gaussian
noise and progressively deletes dimensions. We then learn an approximation to the time-reversal
giving a backward generative process that simultaneously denoises whilst also progressively adding
dimensions back until a synthetic datapoint of appropriate dimensionality has been constructed.

3.1 Forward Process

Our forward and backward processes will be defined through jump diffusions. A jump diffusion
process has two components, the diffusion part and the jump part. Between jumps, the process
evolves according to a standard SDE. When a jump occurs, the process transitions to a different
dimensional space with the new value for the process being drawn from a transition kernel K;(Y|X) :
X x X — Ryxo. Letting Y = (m,y), the transition kernel satisfies >, fy Ki(m,y|X)dy =1 and

fy Ki(m = n,y|X)dy = 0. The rate at which jumps occur (jumps per unit time) is given by a rate
function A\;(X) : X — R>(. For an infinitesimal timestep d¢, the jump diffusion can be written as

X with probability 1 — A\¢(X¢)dt
X/ _ t
Jump t {Y ~ K,(Y|X,) with probability A, (X, )dt
Diffusion Xerds = X; + by (X})dt + gy dwy A

with X; £ (ns,x;) and Xy q: = (n¢gde, Xe1a¢) and dw; being a Brownian motion increment on

R™4, We provide a more formal definition in Appendix A.

With the jump diffusion formalism in hand, we can now construct our forward noising process.
We will use the diffusion part to corrupt existing state values with Gaussian noise and the jump
part to destroy dimensions. For the diffusion part, we use the VP-SDE introduced in [2, 3] with

B)t(x) = —%6tX and 7t = \/EWlth ﬁt 2 0

When a jump occurs in the forward process, one component of the current state will be deleted. For
example, one point in a point cloud or a single frame in a video is deleted. The rate at which these
deletions occur is set by a user-defined forward rate X(X). To formalize the deletion, we need to
introduce some more notation. We let K%!(i|n) be a user-defined distribution over which component
of the current state to delete. We also define del : X x N — X to be the deletion operator that deletes a
specified component. Specifically, (n—1,y) = del((n,x),7) where y € R("~14 has the same values
as x € R™ except for the d values corresponding to the ith component which have been removed.

We can now define the forward jump transition kernel as }?t(Y|X) =30 K®(i|n)dgex,i) (Y).

We note that only one component is ever deleted at a time meaning K ;(m,y|X) = 0 form # n — 1.
Further, the choice of K9!(i|n) will dictate the behaviour of the reverse generative process. If we set
K%!(i|n) = I{i = n} then we only ever delete the final component and so in the reverse generative
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Table 1: Summary of forward and parameterized backward processes
Direction b, gt At (X) K (Y|X)

Forward —%ﬂtx VBt t(n) Z? 1 Kdel(“")édel(X,i)(Y)
Backward —18x—s{(X) VB A{(X) Jyuaa S0 AL (y 1K) By 0 1 (Y ) dy ™

direction, datapoints are created additively, appending components onto the end of the current state.
Alternatively, if we set K%!(i|n) = 1/n then components are deleted uniformly at random during
forward corruption and in the reverse generative process, the model will need to pick the most suitable
location for a new component from all possible positions.

The forward noising process is simulated from ¢ = 0 to ¢ = 7" and should be such that at time
t = T, the marginal probability p;(X) should be close to a reference measure p.(X) that can be
sampled from. We set prer(X) = I{n = 1}N(x;0,1;) where I{n = 1} is 1 whenn = 1 and 0
otherwise. To be close to pr, for the jump part, we set X high enough such that at time t = T’
there is a high probability that all but one of the components in the original datagomt have been
deleted For simplicity, we also set N to depend only on the current dimension X ¢(X) = X +(n)

with X +(n = 1) = 0 so that the forward process stops deleting components when there is only 1 left.
In our experiments, we demonstrate the trade-offs between different rate schedules in time. For the
diffusion part, we use the standard diffusion 3; schedule [2, 3] so that we are close to N/ (x; 0, I).

3.2 Backward Process

The backward generative process will simultaneously denoise and add dimensions back in order to
construct the final datapoint. It will consist of a backward drift b ;(X), diffusion coefficient ?t, rate

A +(X) and transition kernel %t (Y|X). We would like these quantities to be such that the backward
process is the time-reversal of the forward process. In order to find the time-reversal of the forward

process, we must first introduce some notation to describe %t(Y|X). ?t (Y|X) should undo the

forward deletion operation. Since ?t(Y|X) chooses a component and then deletes it, £ (Y |X)
will need to generate the state values for a new component, decide where the component should
be placed and then insert it at this location. Our new component will be denoted y*d¢ € R¢. The
insertion operator is defined as ins : X X R x N — X. It takes in the current value X, the new
component y*¢ and an index i € {1,...,n + 1} and inserts y** into X at location i such that the
resulting value Y = ins(X,y®¢ 4) has del(Y,i) = X. We denote the joint conditional distribution
over the newly added component and the index at which it is inserted as A;(y*4, i|X). We therefore

have % (YIX) = [ju S A (7799, 1) X) Sis(x yuae 1) (Y )dy*. Noting that only one component
is ever added at a time, we have % (m,y|X)=0form #n+ 1.

This backward process formalism can be seen as a unification of diffusion models with autoregressive
models. The diffusion part %t denoises the current set of components in parallel, whilst the
autoregressive part A;(y®,i|X) predicts a new component and its location. A +(X) is the glue
between these parts controlling when and how many new components are added during generation.

<_
We now give the optimum values for b, (X), ‘g4, A (X) and A, (y*,4|X) such that the backward
process is the time-reversal of the forward process.

Proposition 1. The tlme reversal of a forward jump diffusion process given by drift b +, diffusion
coefficient ¢ 4, rate w +(n) and transition kernel ;| K% (i|n)8gex,+)(Y) is given by a jump

$—
diffusion process with drift %Z‘(X), diffusion coefficient *q¥, rate '\ F(X) and transition kernel
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f ad ZnH A (y*d 4] X)s ins(X,y™d ) (Y)dy* as defined below

Et( X)= B>t( X) — Vxlog pi(X), gt—?t,
P\

o Zn+1 Kdel( ‘Tl-f— 1) fyadd pt(iHS(X add ))dyadd

Ni(X) = Xun+1)

pt(X) ’
A (y*,i]X) o py(ins(X, y*, i) K®(i]n + 1).

All proofs are given in Appendix A. The expressions for g;‘ and ?;“ are the same as for a standard
diffusion except for replacing Vy log p;(x) with V log p:(X) = Vx log p:(x|n) which is simply the
score in the current dimension. The expression for A { can be understood intuitively by noting that the
numerator in the probability ratio is the probability that at time ¢, given a deletion occurs, the forward
process will arrive at X. If this is higher than the raw probability at time ¢ that the forward process is

&
at X (the denominator) then we should have high X ; because X is likely the result of a deletion of a
larger datapoint. Finally the optimum A} (y2 i|X) is simply the conditional distribution of y*44 and
i given X when the joint distribution over y*¢ i, X is given by p; (ins(X, y?4,4)) K% (i|n + 1).

3.3 Objective for Learning the Backward Process

The true (Ef, A7 and Aj are unknown so we need to learn approximations to them, gf , A

and AY. Following Proposition 1, we set gg(X) - b +(X) — s¢(X) where s¢(X) approximates
Vi log p:(X). The forward and parameterized backward processes are summarized in Table 1.

Standard diffusion models are trained using a denoising score matching loss which can be derived
from maximizing an evidence lower bound on the model probability for E,,,. x,) [log pf(x0)] [21].
We derive here an equivalent loss to learn s¢, A ¢ and A? for our jump diffusion process by leveraging
the results of [17] and [22]. Before presenting this loss, we first introduce some notation. Our
objective for s¢ (X;) will resemble denoising score matching (2) but instead involve the conditional
score Vi, log pyo(X¢|Xo) = Vi, log pyo(x¢|Xo, n¢). This is difficult to calculate directly due to a
combinatorial sum over the different ways the components of X can be deleted to get to X;. We avoid
this problem by equivalently conditioning on a mask variable M; € {0, 1} that is O for components
of Xy that have been deleted to get to X; and 1 for components that remain in X;. This makes

our denoising score matching target easy to calculate: V, log pyjo(x¢|Xo, ¢, M) = %:,O)_Xf
where a; = exp(— fo s)ds) [3]. Here M(xg) is the vector removing any components in xg for

which M; is 0, thus Mt(xo) and x; have the same dimensionality. We now state our full objective.

Proposition 2. For the backward generative jump diffusion process starting at prer(Xr) and finishing
at p§(Xo), an evidence lower bound on the model log-likelihood Ex, ~p,..[log p(xo)] is given by

T
L(0) = —§E [9t2||5t9(xt) — Vi, log pyjo(x¢|Xo, ne, My)||* |+ (3)

TE{f NO(X,) + Xo(ne)log NO(Y) + X () log A? (x2 z|Y)] +C, @

where expectations are with respect to U(t; 0, T)po +(Xo, X¢, My) K% (i[ns)8gerx,,0)(Y), Cis a
constant term independent of 6 and X; = = ins(Y, %394 4). This evidence lower bound is equal to the
log-likelihood when b7 = b7, N0 = N and AY = A:.

We now examine the objective to gain an intuition into the learning signal. Our first term (3) is an Lo
regression to a target that, as we have seen, is a scaled vector between x; and /o M¢(x(). As the
solution to an Ly regression problem is the conditional expectation of the target, s¢(X;) will learn to
predict vectors pointing towards x( averaged over the possible correspondences between dimensions
of x; and dimensions of xo. Thus, during sampling, s/ (X;) provides a suitable direction to adjust the
current value X, taking into account the fact X; represents only a noisy subpart of a clean whole X,.

(_
The second term (4) gives a learning s1gna1 for A ¢ and AY. For Af, we simply have a maximum
likelihood objective, predicting the missing part of X; (i.e. x34) given the observed part of X,

(i.e. Y). The signal for \ Y comes from balancing two terms: — A Y(X;) and X +(nt) log bY. 7(Y)
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which encourage the value of A ¢ to move in opposite directions. For a new test input Z, A Y(Z)’s
value needs to trade off between the two terms by learning the relative probability between Z being

the entirety of a genuine sample from the forward process, corresponding to the A ¢(X;) term in
(4), or Z being a substructure of a genuine sample, corresponding to the A (Y) term in (4). The
optimum trade-off is found exactly at the time reversal A ; as we show in Appendix A.5.

We optimize £(6) using stochastic gradient ascent, generating minibatches by first sampling ¢ ~
U(0,T), Xo ~ Paata and then computing X, from the forward process. This can be done analytically

for the Yt(n) functions used in our experiments. We first sample 7, by analytic integration of the

dimension deletion Poisson process with time inhomogeneous rate DY +(n). We then add Gaussian
noise independently to each dimension under p;|o(x;|Xo, 74, M;) using a randomly drawn mask
variable M;. See Appendix B for further details on the efficient evaluation of our objective.

3.4 Parameterization

<_
s9(X4), AY(y*d §|X;) and A ¢(X;) will all be parameterized by neural networks. In practice, we
have a smgle backbone network suited to the problem of interest e.g. a Transformer [23], an EGNN

[24] or a UNet [25] onto which we add prediction heads for s{(X;), A?(y™,i|X;) and A bY. Y(X4).
sY(X4) outputs a vector in R™t¢, A% (y*d 4|X,) outputs a distribution over z and mean and standard

deviation statistics for a Gaussian distribution over y*¥. Finally, having A O(Xt) € Ry be the

raw output of a neural network can cause optimization issues due to the optimum A ; including
a probability ratio which can take on very large values. Instead, we learn a component prediction
network pOI +(no|X;) that predicts the number of components in X given X;. To convert this into
A G(Xt) we show in Proposmon 3 how the optimum N: *(X4) is an analytic function of the true
Poj¢(no|X¢). We then plug po‘ +(no|X;) into Proposition 3 to obtain an approximation of N (X4).

Proposition 3. We have

Pejo(ne + 1|no)
Pt\o(n Ino)

Ni(X,) = N, nt+1)z

no=1

Poj¢(no|Xs¢),

where X; = (n¢,X¢) and pyo(n: + 1|ng) and pyo(ns|no) are both easily calculable distributions
from the forward dimension deletion process.

3.5 Sampling Algorithm 1: Sampling the Generative Process

t<T
To sample the generative process, X ~ pret(X) = I{n = 1IN (x;0, 1)
we numerically integrate the learned while ¢ > 0 do

back_ward jump diffugion process us- ifu < ?f(X) 5t with u ~ 24(0, 1) then
ing time-step Ot. Intuitively, it is sim- Sample x4, i ~ A (x* |X)
ply the standard continuous time diffu- X  ins(X, x4, §) '

sion sampling scheme [3] but at each
timestep we check whether a jump has
occurred and if it has, sample the new
component and insert it at the chosen
index as explained by Algorithm 1.

end
X ¢ X — (Ef(X)ét + giV/dte with € ~ N(0, I,q)
X+ (n,x),t «t— 05t

end

4 Related Work

Our method jointly generates both dimensions and state values during the generative process whereas
prior approaches [8, 11] are forced to first sample the number of dimensions and then run the diffusion
process in this fixed dimension. When diffusion guidance is applied to these unconditional models
[14, 26], users need to pick by hand the number of dimensions independent of the conditioning
information even though the number of dimensions can be correlated with the conditioning parameter.

Instead of automatically learning when and how many dimensions to add during the generative
process, previous work focusing on images [27, 28] hand pick dimension jump points such that the

101



resolution of images is increased during sampling and reaches a certain pre-defined desired resolution
at the end of the generative process. Further, rather than using any equivalent of AY, the values
for new dimensions are simply filled in with Gaussian noise. These approaches mainly focus on
efficiency rather than flexible generation as we do here.

The first term in our learning objective in Proposition 2 corresponds to learning the continuous part
of our process (the diffusion) and the second corresponds to learning the discrete part of our process
(the jumps). The first term can be seen as a trans-dimensional extension of standard denoising score
matching [20] whilst the second bears similarity to the discrete space ELBO derived in [29].

Finally, jump diffusions also have a long history of use in Bayesian inference, where one aims to draw
samples from a trans-dimensional target posterior distribution based on an unnormalized version
of its density [30]: an ergodic jump diffusion is designed which admits the target as the invariant
distribution [30-32]. The invariant distribution is not preserved when time-discretizing the process.
However, it was shown in [33, 34] how general jump proposals could be built and how this process
could be “Metropolized” to obtain a discrete-time Markov process admitting the correct invariant
distribution, yielding the popular Reversible Jump Markov Chain Monte Carlo algorithm. Our setup
differs significantly as we only have access to samples in the form of data, not an unnormalized target.

5 Experiments

5.1 Molecules

We now show how our model provides significant benefits for diffusion guidance and interpolation
tasks. We model the QM9 dataset [35, 36] of 100K varying size molecules. Following [8], we consider
each molecule as a 3-dimensional point cloud of atoms, each atom having the features: (z,y, 2)
coordinates, a one-hot encoded atom type, and an integer charge value. Bonds are inferred from
inter-atomic distances. We use an EGNN [24] backbone with three heads to predict s?, pg‘ (o] Xe),
and AY. We uniformly delete dimensions, K%!(i|n) = 1/n, and since a point cloud is permutation
invariant, A% (y*44|X;) need only predict new dimension values. We set X to a constant except
fort < 0.1T, where we set X ;<o.17 = 0. This ensures that all dimensions are added with enough
generation time remaining for the diffusion process to finalize all state values.

We visualize sampling from our learned generative process in Figure 2; note how the process jointly
creates a suitable number of atoms whilst adjusting their positions and identities. Before moving on
to apply diffusion guidance which is the focus of our experiments, we first verify our unconditional
sample quality in Table 2 and find we perform comparably to the results reported in [8] which use
an FDDM. We ablate our choice of X'; by comparing with setting \; to a constant for all ¢ and
with setting X; = 0 for t < 0.97 (rather than just for ¢ < 0.17). We find that the constant X;
performs worse due to the occasional component being added late in the_}generation process without
enough time for the diffusion process to finalize its value. We find the X ;.o 97 = 0 setting to have
satisfactory sample quality however this choice of X introduces issues during diffusion guided
<g_eneration as we see next. Finally, we ablate the parameterization of Proposition 3 by learning

A Y(X;) € R directly as the output of a neural network head. We find that this reduces sample quality
due to the more well-behaved nature of the target, pg‘ +(n0]|X;) when using Proposition 3. We note
pure autoregressive models perform significantly worse than diffusion based models as found in [8].

Figure 2: Visualization of the jump-diffusion backward generative process on molecules.

102



Table 2: Sample quality metrics for unconditional molecule generation. An atom is stable if it has the
correct valency whilst a molecule is considered stable if all of its atoms are stable. Molecular validity
is measured using RDKit [37]. All methods use 1000 simulation steps and draw 10000 samples.

% Atom % Molecule

Method Stable (1)  Stable (1) % Valid (1)
FDDM [8] 98.7 82.0 91.9
TDDM (ours) _, 98.3 87.2 92.3
TDDM, cgnst At 96.7 79.1 86.7
TDDM, Xi<o.97 =0 97.7 82.6 89.4
TDDM w/o Prop. 3 97.0 66.9 87.1

Table 3: Conditional Molecule Generation for 10 conditioning tasks that each result in a different
dimension distribution. We report dimension error as the average Hellinger distance between the
generated and ground truth dimension distributions for that property as well as average sample quality
metrics. Standard deviations are given across the 10 conditioning tasks. We report in bold values that
are statistically indistinguishable from the best result at the 5% level using a two-sided Wilcoxon
signed rank test across the 10 conditioning tasks.

Dimension % Atom % Molecule

Method Error ({) Stable (1) Stable (1) % Valid (1)
FDDM 0.511+0.19 93.5+1.1 31.3+6.3 65.2410.3
TDDM N 0.134+0.076  93.5+2.6 59.1+11 74.849.3
TDDM, const X; 0.226+0.17 88.9+4.8 43.6+15 63.4+14
TDDM, X;<o97 =0 0.390+0.38 95.0+2.1 61.7+17 77.8+13
TDDM w/o Prop. 3 0.2194+0.12  93.8+3.2 55.0+19 73.8+13

5.1.1 Trans-Dimensional Diffusion Guidance

We now apply diffusion guidance to our unconditional model in order to generate molecules that
contain a certain number of desired atom types, e.g. 3 carbons or 1 oxygen and 2 nitrogens. The
distribution of molecule sizes changes depending on these conditions. We generate molecules
conditioned on these properties by using the reconstruction guided sampling approach introduced
in [9]. This method augments the score s/ (X;) such that it approximates Vy, log p;(X;|y) rather
than Vy, log p:(X;) (where y is the conditioning information) by adding on a term approximating
Vi, log pe(y|X) with pL(y|Xt) = o fxO P(y|Xo)poj¢(Xo|X¢)dxo. This guides x; such that it is
consistent with . Since A f(Xt) has access to x;, it will cause n; to automatically also be consistent
with y without the user needing to input any information on how the conditioning information relates
to the size of the datapoints. We give further details on diffusion guidance in Appendix C.

We show our results in Table 3. In order to perform guidance on the FDDM baseline, we implement
the model from [8] in continuous time and initialize the dimension from the empirically observed
dimension distribution in the dataset. This accounts for the case of an end user attempting to guide a
unconditional model with access to no further information. We find that TDDM produces samples
whose dimensions much more accurately reflect the true conditional distribution of dimensions given
the conditioning information. The X ;<¢.97 = 0 ablation on the other hand only marginally improves
the dimension error over FDDM because all dimensions are added in the generative process at a time
when X is noisy and has little relation to the conditioning information. This highlights the necessity
of allowing dimensions to be added throughout the generative process to gain the trans-dimensional
diffusion guidance ability. The ablation with constant X ; has increased dimension error over TDDM

< .
as we find that when X)t > 0 forall ¢, \ Y can become very large when ¢ is close to 0 when the model
has perceived a lack of dimensions. This occasionally results in too many dimensions being added
hence an increased dimension error. Not using the Proposition 3 parameterization also increases

dimension error due to the increased difficulty in learning \ .
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5.1.2 Trans-Dimensional Interpolation

Interpolations are a unique way of gaining in- 30
sights into the effect of some conditioning pa-
rameter on a dataset of interest. To create an
interpolation, a conditional generative model is
first trained and then sampled with a sweep of
the conditioning parameter but using fixed ran-
dom noise [8]. The resulting series of synthetic
datapoints share similar features due to the fixed
random noise but vary in ways that are very in-
formative as to the effect of the conditioning
parameter. Attempting to interpolate with an
FDDM is fundamentally limited because the en- Figure 3: Number of atoms versus polarizability
tire interpolation occurs in the same dimension for 3 interpolations with fixed random noise. The
which is unrealistic when the conditioning pa- dataset mean and standard deviation for the num-
rameter is heavily correlated with the dimension ber of atoms is also shown. FDDM interpolates
of the datapoint. We demonstrate this by fol- entirely in a fixed dimensional space hence the
lowing the setup of [8] who train a conditional number of atoms is fixed for all polarizabilities.
FDDM conditioned on polarizability. Polariz-

ability is the ability of a molecule’s electron cloud to distort in response to an external electric
field [38] with larger molecules tending to have higher polarizability. To enable us to perform a
trans-dimensional interpolation, we also train a conditional version of our model conditioned on
polarizability. An example interpolation with this model is shown in Figure 4. We find that indeed
the size of the molecule increases with increasing polarizability, with some molecular substructures
e.g. rings, being maintained across dimensions. We show how the dimension changes with polariz-
ability during 3 interpolations in Figure 3. We find that these match the true dataset statistics much
more accurately than interpolations using FDDM which first pick a dimension and carry out the entire
interpolation in that fixed dimension.

—— Dataset

N
o

iy
w

Number of Atoms

=
o

550 60 70 80 90
Polarizability

Figure 4: Sequence of generations for linearly increasing polarizability from 39 Bohr® to 66 Bohr®
with fixed random noise. Note how molecular size generally increases with polarizability and how
some molecular substructures are maintained between sequential generations of differing dimension.
For example, between molecules 6 and 7, the single change is a nitrogen (blue) to a carbon (gray)
and an extra hydrogen (white) is added to maintain the correct valency.

5.2 Video

We finally demonstrate our model on a video modeling task. Specifically we model the RoboDesk
dataset [39], a video benchmark to measure the applicability of video models for planning and control
problems. The videos are renderings of a robotic arm [40] performing a variety of different tasks
including opening drawers and moving objects. We first train an unconditional model on videos
of varying length and then perform planning by applying diffusion guidance to generate videos
conditioned on an initial starting frame and a final goal frame [41]. The planning problem is then
reduced to “filling in” the frames in between. Our trans-dimensional model automatically varies the
number of in-filled frames during generation so that the final length of video matches the length of
time the task should take, whereas the fixed dimension model relies on the unrealistic assumption
that the length of time the task should take is known before generation.

We model videos at 32 x 32 resolution and with varying length from 2 to 35 frames. For the network
backbone, we use a UNet adapted for video [42]. In contrast to molecular point clouds, our data is no
longer permutation invariant hence AY(y*,i|X;) includes a prediction over the location to insert
the new frame. Full experimental details are provided in Appendix D. We evaluate our approach
on three planning tasks, holding stationary, sliding a door and pushing an object. An example
generation conditioned on the first and last frame for the slide door task is shown in Figure 5, with
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the model in-filling a plausible trajectory. We quantify our model’s ability to generate videos of a
length appropriate to the task in Table 4 finding on all three tasks we generate a more accurate length
of video than FDDM which is forced to sample video lengths from the unconditional empirically
observed length distribution in the training dataset.

CITHNN i

e B

Figure 5: A sample for the slide door task conditioned on the first and last frame (highlighted).

Table 4: Dimension prediction mean absolute error for three planning tasks with standard deviations
estimated over 45 samples.

Method Stationary (}) Slide Door (}) Push Object (J) Average ({.)

FDDM 14.16+1.41 13.39+1.34 17.06+1.47 14.87
TDDM 9.70+0.99 11.47+0.74 15.43+0.90 12.2

6 Discussion

In this work, we highlighted the pitfalls of performing generative modeling on varying dimensional
datasets when treating state values and dimensions completely separately. We instead proposed a
trans-dimensional generative model that generates both state values and dimensions jointly during the
generative process. We detailed how this process can be formalized with the time-reversal of a jump
diffusion and derived a novel evidence lower bound training objective for learning the generative
process from data. In our experiments, we found our trans-dimensional model to provide significantly
better dimension generation performance for diffusion guidance and interpolations when conditioning
on properties that are heavily correlated with the dimension of a datapoint. We believe our approach
can further enable generative models to be applied in a wider variety of domains where previous
restrictive fixed dimension assumptions have been unsuitable.
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Appendix

This appendix is organized as follows. In Section A, we present proofs for all of our propositions.
Section A.1 presents a rigorous definition of our forward process using a more specific notation. This
is then used in Section A.2.1 to prove the time reversal for our jump diffusions. We also present an
intuitive proof of the time reversal using notation from the main text in Section A.2.2. In Section
A.3 we prove Proposition 2 using the notation from the main text. We prove Proposition 3 in Section
A.4 and we analyse the optimum of our objective directly without using stochastic process theory in
Section A.5. In Section B we give more details on our objective and in Section C we detail how we
apply diffusion guidance to our model. We give the full details for our experiments in Section D and
finally, in Section E, we discuss the broader impacts of our work.

A Proofs

A.1 Notation and Setup

We here introduce a more rigorous notation for defining our trans-dimensional notation that will
be used in a rigorous proof for the time-reversal of our jump diffusion. First, while it makes sense
from a methodological and experimental point of view to present our setting as a transdimensional
one, we slightly change the point of view in order to derive our theoretical results. We extend the

space R? to R = R4 U {00} using the one-point compactification of the space. We refer to [43] for
details on this space. The point co will be understood as a mask. For instance, let x1, 22, x3 € R,
Then X = (z1,29,23) € (RY)N with N = 3 corresponds to a vector for which all components
are observed whereas X' = (x1,00,x3) € (R?)N corresponds to a vector for which only the
components on the first and third dimension are observed. The second dimension is masked in that

case. Doing so, we will consider diffusion models on the space X = (R%)N with d, N € N. In
the case of a video diffusion model, NV can be seen as the max number of frames. We will always
consider that this space is equipped with its Borelian sigma-field X’ and all probability measures will
be defined on X.

We denote dim : X — {0, 1} which is given for any X = {;}}¥, € X by
dim(X) = {8z (2},

In other words, dim(X) is a binary vector identifying the “dimension” of the vector X, i.e. which
frames are observed. Going back to our example X = (z1,2,23) € (RY)N and X' =
(21,00, z3) € (RY)N, we have that dim(X) = {1,1,1} and dim(X"’) = {1,0,1}. For any vector
u € {0,1}" we denote |u| = Zfil u;, i.e. the active dimensions of u (or equivalently the non-
masked frames). For any X € X and D € {0,1}", we denote Xp = {X/}¥, with X! = X; if

We denote C¥(IRY, R) the set of functions which are k differentiable and bounded. Similarly, we
denote C’g(Rd7 R) the set of functions which are k differentiable and compactly supported. The set
Ck(R?, R) denotes the functions which are k differentiable and vanish when ||z|| — +oc. We note
that f € C(RY),if f € C(R?) and f — f(c0) € Co(R?) and that f € C*(R?) for any k € N if the
restriction of f to R? is in C*(R%) and f € C(R%).

A.1.1 Transdimensional infinitesimal generator

To introduce rigorously the transdimensional diffusion model defined in Section 3.1, we will introduce
its infinitesimal generator. The infinitesimal generator of a stochastic process can be roughly defined
as its “probabilistic derivative”. More precisely, assume that a stochastic process (X;):>o admits a
transition semigroup (P;);>0,1.e. foranyt >0, A € X and X € X we have P(X; € A | X, =
x) = Py(z, A), then the infinitesimal generator is defined as A(f) = lim,_,o(P.(f) — f)/t, for every
f for which this quantity is well-defined.

Here, we start by introducing the infinitesimal generator of interest and give some intuition about its
form. Then, we prove a time-reversal formula for this infinitesimal generator.
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We consider b : R — R4, o : {0,1}¥™ — R, Forany f € C%(X) and X € X we define

A)(X) = S {B(X0), Vo, (X)) + 300, F(X) }8pa (X)) 5)
_ZchDOAO ”'ZDMCDAM 1 a(DOV'"DJW)ZAI 1(f(X) f(X z+1))6Dz‘(dim(X))v

where M € N, Dy = {1}¥, {7,151 € NM such that ijol Aj < N and for any j €
{0,..., M —1}, DJ.Aj is the subset of {0, 1}{1+N} uch that D;; € DjA ifandonly if D; D11 =
D41, where - is the pointwise multiplication operator, and |D;| = |D,41| + A;. The condition
D; - Dj4+1 = Dj 1 means that the non-masked dimensions in D1 are also non-masked dimensions
in D;. The condition |D;| = |D;,1| + A; means that in order to go from D; to D; 1, one needs to
mask exactly A; dimensions.

Therefore, a sequence {A; }M 01 € NM such that Z =0 A < N can be interpreted as a sequence
of drops in dimension. At the core level, we have that |[D/| = N — Z;Viol A;. For instance if
|Das| = 1, we have that at the end of the process, only one dimension is considered.

We choose « such that ZchDOAO ”'ZDMCDiffII a(Dg,...,Dy) = 1. Therefore,
a(Do, ..., D) corresponds to the probability to choose the dimension path Dy — -+ - — Djy.

The part X — (b(X;), Va, f(X)) + 1 A,, f(X) is more classical and corresponds to the continuous
part of the diffusion process. We refer to [44] for a thorough introduction on infinitesimal generators.
For simplicity, we omit the schedule coefficients in (5).

A.1.2 Justification of the form of the infinitesimal generator

For any dimension path P = Dy — - -- — D (recall that Dy = {1}V), we define the jump kernel
JP as follows. For any z € X, we have JP(X,dY) = Zi\igl op, (dim(X))8x,,, (dY). This
operator corresponds to the deletion operator introduced in Section 3.1 . Hence, for any dimension

path P =Dy — - -- — D)y, we can define the associated infinitesimal generator: for any f € CQ(X)
and X € X we define

AP(F)(X) = S A bl@a), Vi S (X)) + 380, f(X)8a(X0) + 5 (F(V) = F(X)IP(X,dY).

We can define the following jump kernel
J= ZchDOAO e ZDMCDAM 1 CK(D(), ey D]\/[)JP.

This corresponds to averaging the jump kernel over the different possible dimension paths. We have
that for any f € C?(X) and X € X

ANX) = S {b(@s), Vo, F(X)) + 580, f(X)}0ra(X) + [ (F(Y) = F(X)I(X, dY)~6
6)

In other words, A = ZchDAO . ZD CDAM L a(Do, ..., DM)AP~
0

In what follows, we assume that there exists a Markov process (X¢):>o with infinitesimal generator
A. In order to sample from (X;):>0, one choice is to first sample the dimension path P according
to the probability . Second sample from the Markov process associated with the infinitesimal
generator AP, We can approximately sample from this process using the Lie-Trotter-Kato formula
[44, Corollary 6.7, p.33].

Denote (P;);>o the semigroup associated with AP, (Q;);>0 the semigroup associated with the
continuous part of AP and (J f)t>o the semigroup associated with the jump part of A”. More
precisely, we have that, (Q;)¢>0 is associated with Acong such that for any f € C?(X) and X € X

Acont(f)(X) = Zz:l{<b(X’L)’ viﬂlf(X» + %Allf(X)}

In addition, we have that, (Q;);>0 is associated with A" " such that for any f € C2(X) and X € X

jump

lump (H(X) = [ (f(Y) - F(X)IP(X,dY).
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First, note that A, corresponds to the infinitesimal generator of a classical diffusion on the
components which are not set to co. Hence, we can approximately sample from (Q;)¢>o by sampling
according to the Euler-Maruyama discretization of the associated diffusion, i.e. by setting

X; ~ Xo + th(Xo) + V2, (7
where Z is a Gaussian random variable.

Similarly, in order to sample from (J;);>0, one should sample from the jump process defined as
follows. On the interval [0, 7), we have X; = Xo. At time 7, we define X; ~ J(Xo, -) and repeat
the procedure. In this case 7 is defined as an exponential random variable with parameter 1. For ¢ > 0
small enough the probability that ¢ > 7 is of order ¢. Therefore, we sample from J, i.e. the deletion
kernel, with probability t. Combining this approximation and (7), we get approximate samplers for
(Q¢)¢>0 and (J¢)>0. Under mild assumptions, the Lie-Trotter-Kato formula ensures that for any
t>0
Py= lim (Qi/nde/n)".

n—-+oo

This justifies sampling according to Algorithm 1 (in the case of the forward process).

A.2  Proof of Proposition 1

For the proof of Proposition 1, we first provide a rigorous proof using the notation introduced in A.1.
We then follow this with a second proof that aims to be more intuitive using the notation used in the
main paper.

A.2.1 Time-reversal for the transdimensional infinitesimal generator and Proof of
Proposition 1

We are now going to derive the formula for the time-reversal of the transdimensional infinitesimal
generator A, see (5). This corresponds to a rigorous proof of Proposition 1. We refer to Section A.2.2
for a more intuitive, albeit less-rigorous, proof. We start by introducing the kernel K” given for any
dimension path Dy — - -+ — Dy, forany i € {0,...,M —1},Y € D, ; and A € X by

M—1 . Pt ((Xp,\D; 4 1:YD; 1) dim(X¢)=D;)P(dim(X)=D;)
KP(Y,A) = 35350 8ou (dm(Y)) farp, =503, Tam(X0=0r @K =br ) GXDD: -

Note that this kernel is the same as the one considered in Proposition 1. It is well-defined under the
following assumption.

Assumption 1. For anyt > 0and D C {0,1}", we have that X, conditioned to diim(X;) = D
admits a density w.r.t. the |D|d-dimensional Lebesgue measure, denoted p;(-|dim(X;) = D).
The following result will be key to establish the time-reversal formula.

Lemma 1. Assume Al. Let A,B € X. Let P be a dimension path Dy — --- — Dyy with M € N.
Then, we have

E[1a(X,)IP(X;, B)] = E[15(X,)KF (X, A)].

Proof. Let A,B € X. We have
E[1a(X:)I7 (X, B)] = L2055 B[1a(X)80, (dim (X)) 18((Xe)o,.,)]

=315 Jaep, Pe(Xp,]dim(X,) = D;)P(dim(X,) = D;)1s(Xp,.,)dXp,

=y M Jano, Pr(Xp, [dim(X,;) = Dy)P(dim(X,) = D;)1(Xp,,,)dXp,,,dXp,\p,,,
M—
= Zi:O ' fBﬂDiJrl 1B(XD~;+1)
X (fAmDi 1a(Xp,)pt(Xp, |dim(X;) = D;)P(dim(X;) = D;)dXp,\p,,, )dXp,,,

M-1
= 2izo meDiJr1 18(Xp,,,)
X KP(XDHNA)pt(XDi+1|dim(Xt) = Dl+1)P(dlm(Xt) = Di+1)dXDi+1
= S Efdo,,, (dim(X,)KP (X0, A)ls(X,)],

which concludes the proof. O
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Lemma 1 shows that KP verifies the flux equation associated with J®. The flux equation is the discrete
state-space equivalent of the classical time-reversal formula for continuous state-space. We refer to
[45] for a rigorous treatment of time-reversal with jumps under entropic conditions.

We are also going to consider the following assumption which ensures that the integration by part
formula is valid.

Assumption 2. Foranyt > O0andi € {1,...,N}, X; admits a smooth density w.r.t. the Nd-

dimensional Lebesgue measure denoted p, and we have that for any f,h € C2((RY)N) for any
uwe[0,t]andiec{l,...,N}

E[éRd((Xu)i)<vxif(Xu)7 vzih(xu»]
= —E[dpa ((Xu)i)h(Xu) (A, f(Xu) + (Va, log pu(Xu), Va, f(Xu)))].

The second assumption ensures that we can apply the backward Kolmogorov evolution equation.

Assumption 3. For any g € C?(X) and t > 0, we have that for any u € [0,t] and X € X,
Oug(u, X) + A(g)(u, X) = 0, where for any u € [0,t] and X € X, g(u, X) = E[g(X;) | X, = X].

We refer to [19] for conditions under A2 and A3 are valid in the setting of diffusion processes.

Proposition 4. Assume Al, A2 and A3. Assume that there exists a Markov process (X;)¢>o solution
of the martingale problem associated with (6). Let T > 0 and consider (Y¢)icj0,1) = (X1—¢)1e[0,1)-
Then (Y+)ie(o,1] is solution to the martingale problem associated with R, where for any f € C*(X),
t € (0,T) and x € X we have

R, X) = 2N {=(b(X:) + Vi, log pe(X), Vo, F(X)) + 2A,, F(X)}8pa(X,)
+ () = F(X)K(X, dY).

Proof. Let f,g € C?(X). In what follows, we show that for any s,¢ € [0, T] with ¢t > s

E[(f(Y:) — f(Y))g(Y,)] = Elg(Ys) [TR(f)(u, Y, )du].

More precisely, we show that for any s,t € [0, T] with ¢ > s

E[(f(X:) — F(Xe)g(Xe)] = E[~g(Xe) [ R(f)(u, Xy)du].

Let s,t € [0,7], with ¢ > s. Next, we denote for any v € [0,¢] and X € X, g(u,X) =
Elg(X;) | X, = X]. Using A3, we have that for any v € [0,¢] and X € X, 9yg(u,X) +
A(g)(u, X) = 0,1e. g satisfies the backward Kolmogorov equation. For any u € [0,¢] and X € X,
we have

A(f9)(u, X) = Dug(u, X) F(X) + 300, ((0(Xi), Ve, g(u, X)) + 380, 9(u, X:)) F(X)8pa (X))

+ S (0(X0), Vi, F(X)) + 300, £(X))g(u, X)8ra (X))
+ 300 Bpa(Xi)(Va, f(X), Va,g(u, X)) + (X, fg)

= Oug(u, X) f(X) + A(g)(u, X) f(X) + I(X, fg) — J(X, 9) f(X)
+ O (B(X0), Vi f(X)) + LA, F(X))g(u, X)ba (X))
+ 3 e (X3) (Vi f(X), Vi, g (u, X))

= SN (0(X0), Vi, (X)) + A0, (X)) g (1, X)8ga (X5)
+ 300 Spa(Xi)(Va, £(X), Va,g(u, X)) + (X, fg) = J(X,9) f(X).  (8)

Using A2, we have that for any u € [0,¢] and i € {1,..., N}
E[8za ((Xu)1)(Va, f(Xu), Va,g(u, X,,)]
= —E[8za ((Xu)1)g (1, Xu) (As, f(Xu) + (Vi log pu(Xa), Vi, f(X)))]. - (9)

In addition, we have that for any X € X and u € [0,¢], J(X, fg) — J(X,9)f(X) =
Sy g(u, Y)(f(Y) — f(X))J(X,dY). Using Lemma 1, we get

E[J(Xua fg) - J(Xua f)g(u, Xu)] = _E[g(u» Xu)K(Xm f)] (10)
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Therefore, using (8), (9) and (10), we have
E[A(fg)(u, Xy)] = E[=R(f)(u, Xu)g(u, Xu)].

Finally, we have
E[(f(X4) = f(Xs))g(Xe)] = Elg(t, Xe) f(Xe) — f(Xs)g(s, Xs)]
E[[; A(fg)(u, X.,)du]
~E[f RO (w, Xu)g(u Xo)du] = ~E[g(Xe) [ R() (1, X ),
which concludes the proof. O
A.2.2 Intuitive Proof of Proposition 1

We recall Proposition 1.

Proposition 1. The tzme reversal of a forward jump diffusion process given by drift b +, diffusion
coefficient ¢y, rate X ¢(n) and transition kernel 3", K% (z\n)édel(x o (Y) is given by a jump

diffusion process with drift % ), diffusion coeﬁ‘iczent g 7, rate \§(X) and transition kernel
yodd i add as defined below
n+1 A* yadd X)& ins(X,y 1) Y dyadd d d bel
B0 = BuX) - VeloendX), T =70
n+1 del : add add
- K% (i[n 4+ 1) [ w0 pe(ins(X, y*4,4))dy
/\:(X):yt(nH)Z (iln 4 1) [y pe(ins( ’
pe(X)

A7 (v 0|X) o pe(ins(X, y*9,4)) K% (i|n + 1).
Diffusion part. Using standard diffusion models arguments such as [18] [45], we get
b1(X) = Bu(X) = Vlogp(XIn).

Jump part. We use the flux equation from [45] which intuitively relates the probability flow going
in the forward direction with the probability flow going the backward direction with equality being
achieved at the time reversal

PO X CORGYIX) = () X (W) R (X]Y)
Pt(X f o S0 A (v, Z|X) ins(X, st ) (Y ) dy*d
— (V)X (V) X0 K (ifn + 1)8gery i) (X)- (11)
To find i;‘ (X), we sum and integrate both sides over m and y, with Y = (m,y),
St fyesona D) NF () s I A (59,1381 ) (¥ ) dy ey

= Zm:l y€ERmd pt(Y) t( ) Z?:ll Kdel Z‘n + 1)6del(Y,i) (X)dy
Now we use the fact that 84e(y ) (X) is 0 for any m # n + 1,

<_* - n e
pe(X)AF(X) = Xy(n+1 nyR(ﬂ+1)d pe(Y )Z +1 K¢ 1( In + 1)6del(Y,i)(X)dy

)
)

-~ n
= Xi(n+1 21:11 K®(iln +1) fyeR<n+1>d Pt(Y)daer(y i) (X)dy.
Now letting Y = 1ns(X y2dd ),
p(X)NF(X) = X (n+1) i K il + 1) Jyuaa pe(ins(X, y*44, 1)) dy ¢

A ~ mHL K (i n41) i (ins(X,y™ §))dy "
)\t(X)x:)\t(n+1>z iln {)fz;(p)tms Y™ )y

To find A} (y®,i|X), we start from (11) and set Y = ins(X, 2%, j) to get
F>f< * [, al . ~ el/
pe(X) A £ (X) A7 (2*Y, 51X) = pe(Y) X (n + DE*(j|n + 1).
By inspection, we see immediately that

A7 (2", 51X) oc py(ins(X, 2, ) K (j|n + 1).
add

and j we achieve the desired form
Az (7™ 0|X) o py(ins(X, y™9, i) K (i|n + 1).

With a re-labeling of z
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A.3 Proof of Proposition 2

In this section we prove Proposition 2 using the notation from the main paper by following the
framework of [17]. We operate on a state space X = Ui:[:l{n} x R™, On this space the gra-
dient operator V : C(X,R) — C(X,X) is defined as Vf(X) = vﬁc”d)f( X) where ved
the standard gradient operator defined as C(R"? R) — C(R"¢,R"?) with respect to x € R”d.
We will write integration with respect to a probability measure defined on X as an explicit sum
over the number of components and integral over R™¢ with respect to a probability density de-
nd N

fined on R" ie. [y f(X)u(dX) = 32,1 [icpna f(X)p(n)p(x|n)dx where, for A C R™,
f(n Ay HdX) = Jee a P(n)p(x|n)dx. We will write p(X) as shorthand for p(n)p(x|n).

Following, [17], we start by augmenting our space with a time variable so that operators become
time inhomegeneous on the extended space. We write this as X = (X, ¢) where X lives in the
extended space S = X x R>¢. In the proof, we use the infinitesimal generators for the the forward
and backward processes. An infinitesimal generator is defined as

E o [f(V)] - f(X
A (X) = lim e'd )[f: )= f(X)

and can be understood as a probabilistic version of a derivative. For our process on the augmented
space S, our generators decompose as A = J; +.A; where A; operates only on the spatial components
of Xie X [17].

We now define the spatial infinitesimal generators for our forward and backward process. We will
change our treatment of the time variable compared to the main text. Both our forward and backward
processes will run from ¢ = 0 to ¢ = T, with the true time reversal of X followméthe forward
process satisfying (Y):cp0,7] = (X7-t)te[o,]- Further, we will write Jras g and gy = gr_; as
we do not learn g and this is the optimal relation from the time reversal. We define

£i()(X) = B o(X)VFX)+E2ASEK)+X(X) SN [ s FOY)(E (Y X) 5 (Y))dy,
as well as

Ro(£)(X) = bI(X)-VIX)+ 13 AFE)+NX) SN [ s FOO K (Y |X) 5 (Y))dy

m=1

where A = (V-V) is the Laplace operator and § is a dirac delta on X’ i.e. 22:1 yerma Ox(Y)dy =
N
Land SN [, s F(YV)0x(Y)dy = F(X).

Verifying Assumption 1. The first step in the proof is to verify Assumption 1 in [17]. Letting
1 (X) = pr_¢(X), we assume we can write 9;p;(X) = K;p(X) in the form Mv + cv = 0 for
some function ¢ : S — R, where M is the generator of another auxiliary process on S and K} is the
adjoint operator which satisfies (K f, h) = (f, Kih) i.e.
N o N c
2 n=1 Jxerna XKL (F)(X)dx =320 Jyepna F(X)Ki(h)(X)dx

We now find I@;‘ We start by substituting in the form for Kt

PN f<x>/€t<h><x>dx:zi§ e FEO{(BY(x) - VR)(X) + Lg3_, AR(X)+
NOXK) SN, cqma HOY)( %i’ (Y[X) - 5x(Y))dy}dx

We first focus on the RHS terms corresponding to the diffusion part of the process
SV feemea FEOL(B - VR)(X) + g3, AR(X)}dx
= 5N fcnna (DY VR)(X) + 163, F(X)V - VA(X)dx
=5 frcnna FX)(BY - VI)(X) + 163 h(X)V - VF(X)dx
= 5N e~V - (FB0)(X) + Lg3_ h(X)V - VF(X)dx
= SN focmnd A=V - (fDO)(X) + 393,V - VF(X) }dx
= SN e M)~ FX)V - BIX) — VAX) - BI(X) + 163,V - VF(X)}dx.
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where we apply integration by parts twice to arrive at the third line and once to arrive at the fourth
line. We now focus on the RHS term corresponding to the jump part of the process

SV fecnna FEOUNX) SN [ s h<Y><?9<Y|x> — 5x(Y))dy}dx
e yewwdh(Y){zn oemna FONOX)(KO(Y[X) - 5x(Y))dx}dy
= SN frcmna ROOLEN [ e JOONI(Y )(R?( \Y>76Y<x>>dy}dx,

where on the last line we have relabelled X to Y and Y to X. Putting both re-arranged forms for the
RHS together, we obtain

S ooy fregna MK (F)(X)dx =
SV cmna M)~ £V - BIX) — VA(X) - BIX) + 563,V - VI(X)+
SN fyemma FOONOY)(EUXIY) - 5y (X))dy}dx.
We therefore have
K3 (£)(X) =~ FX)V - BUX) — VAX) - BIX) + Lgh_,Af(X)+
SN e FOONOY) (KXY - 5x(Y))dy.
Now we re-write 9;p;(X) = Kp;(x) in the form Mv + cv = 0. We start by re-arranging
Ope(X) = Kipe(X) = 0= 8 (X) + K0 (X).
Substituting in our form for K} we obtain
0=0,4(X) ~ 1 (X)V - b, (X) — B, (X) - Vir(X) + Lg2 A (X)
SN e (V)N (V) (K, (X]Y) - 5x(Y))dy (12)

We define our auxiliary process to have generator M = 0; + M, with

M(f)(X) = b (X)-VF(X)+507AF X)AA(X) iy fyepma £V EM (YX)=5x(Y))dy

which is a jump diffusion process with drift b}/, diffusion coefficient g;, rate A\ and transition
kernel KM . Then if we have b = —b§._,,
, N
AMX) = SN[ a N (V) K (X[Y)dy, (13)

and
KM(Y[X) & N0 (Y)KE_,(X]Y). (14)

Then we have (12) can be rewritten as
0 =0 (X) — n(X)V - b%_,(X) + bM (X) - Vir(X) + L2 Any(X)
XN (X) + zzt(X) zfﬁ:l s N Y)? (X|Y)dy+
AM (%) Sy [ eqma ve(Y) (KM (Y[X) = 8x(Y))dy
which is in the form M (v)(X) + ¢(X)v(X) = 0 if we let

“— “—
e(X) =~V Bh,(X) = N, (X) + TN [, g A (YK, (X[Y)dy

Verifying Assumption 2. Now that we have verified Assumption 1, the second step in the proof is
Assumption 2 from [17]. We assume there is a bounded measurable function o : S — (0, 00) such
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that aM f = L(fa) — fLa« for all functions f : X — R such that f € D(M) and fa € D(L).
Substituting in M and £ we get

0 (X)[0./(X) — bY_,(X) - VF(X)
+ 3OS (X) + N (X) S fyepma SOOI (Y]X) = 8x(Y))dy]
= 3u(far)(X) + B4(X) - V(fa)(X) + LA (far)(X)
XX SN [ cma FY)a(Y)(E(YIX) - 5x(Y))dy
— F(X) (000 (X) + B4(X) - Veu(X) + bg?Aan(X)
+ XK TN L, cqme ae(Y)(E(Y[X) — 5x(Y))dy] (15)

Since f does not depend on time, ¢ f (X) = 0 and 9¢(far)(X) = f(X)I:¢(X) thus the 9; terms
on the RHS also cancel out. Comparing terms on the LHS and RHS relating to the diffusion part of
the process we obtain

—a(X)(B9_(X) - VA(X)) + Lou(X)g?AF(X) =
_)

B1(X) - V(far) (X) + 22 A(fan)(X) = FX)B(X) - Vau(X) = 5/ (X)g? Aar(X).
Therefore, we get
~ (OB (X) - VI + (XA (X) =
B(X) - (F(X)Var(X) + ae(X) V(X))
# AR CVI00 - Veu(X) + £(X)A0(X) + a0 (X)AF(X))
— FX)BL((X) - Var(X) — 3 F(X)g?Aay(X).
Simplifying the above expression, we get
~a(X)(bG_(X) - V(X)) = ar(X)B(X) - VI (X) + g2V (X) - Vau(X)
(~ae(X) b4, (3)) - VF(X) = (@) B(X) + 7 Vau (X)) - Vf(X).
This is true for any f implying
—au(X) b (X) = ae(X) B (X) + g Veu (X).
This implies that o (X) satisfies
Viogay(X) = f%(ﬁt(X) + F“’T,t(X)) (16)
Comparing terms from the LHS and RHS of (15) relating to the jump part of the process we obtain
(XN (X) S0y fyemma FOY) KM (Y[X) — 8x (Y))dy =
X)) SN emma FY) () (B (Y[X) — 5x(Y))dy
— FEOX O LN fyesms (YK (Y]X) = 8x(Y))dy.
Hence, we have
@t(X) et Syemma OO (X)EM (Y]X)dy — ar(X)AM (X) f(X) =
Yt<x> SNy egma F(V )0 (Y) K ((Y[X)dy
— SRR AX) SN, cgona 00 (V) E (Y X)dy.
Recalling the definitions of AM (X) and K™ (Y|X), (13) and (14), we get
(X)X [ s FY) N ?% J(X[Y)dy
— (X)) SN, [, cpma Mo (V)G (X[Y)dy
- N

Xo(X) Sy Sy FOY ¥ o (V)R (Y1 )y
— SR AX) SN, cgma 0 (V)R (Y X)dy.
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This equality is satisfied if o (X) follows the following relation

A% (V)KL (X]Y)
Xi(X) K(YIX)

a(Y) = ay(X) forn #m a7n
We only require this relation to be satisfied for n # m because both ?t(Y\X) and %%_t(X|Y)
are 0 for n = m. We note at this point, as in [17], that if we have a;(X) = 1/p;(X) and A\ 5._,

and %GT_t(X|Y) equal to the true time-reversals, then both (16), and (17) are satisfied. However,
a(X) = 1/p;(X) is not the only a to satisfy these equations. (16) and (17) can be thought of as
enforcing a certain parameterization of the generative process in terms of o [17].

Concluding the proof. Now for the final part of the proof, we substitute our value for a into the Zisy
loss from [17] which is equal to the negative of the evidence lower bound on E,, (x,)[log p5(Xo)]
up to a constant independent of 6. Defining 3;(X;) = 1/a;(X;), we have

Tism(S fo e Al Cﬁﬁt)(gf) + L, log By (X,)]dt

We split the spatial infintesimal generator of the forward process into the generator corresponding to
the diffusion and the generator corresponding to the jump part, £ = L3 4 £ with

EIT(F)(X) = B4(X) - VF(X) + Lg2AF(X).

and

EA(NX) = XuX)The i TV (E(YIX) = 5x(Y))dy.

m=1Jycrmad
By comparison with the approach to find the adjoint K, we also have £} = L3 4 £ with
Adi - -
LI (HX) = —f(X)V - bu(X) = VF(X) - bu(X) + 567 AF(X).
In addition, we get
~ % %
B ()X) = SN [ e OO TV (E((X]Y) - 5x(Y))dy.

Finally, Zispm becomes

T Adiff+ A . ~ B T “Jt* A . ~
Tisw(B) = fy Epuix) [  + L8 og Bu(X)]dt + [y By, x,) (575052 + £ log B(X,)]dt
= ZE0 (8) + Tsm(B),

where we have named the two terms corresponding to the diffusion and jump part of the process as
T T\ respectively. For the diffusion part of the loss, we use the denoising form of the objective
proven in Appendix E of [17] which is equivalent to Z&i up to a constant independent of ¢

, T L9 (py o (1Xo)au (N (Xe)  Adi
T () = Jo By oo %0 [“ 5 R R — £4 log (pyjo(-Xo) e () (Xt + const,

To simplify this expression, we first re-arrange ﬁ‘giff(h) for some general function  : S — R.

L§"(h)

A qe Exg
- — L9 (log h) = b +% —fbt Vliogh — $giAlogh

=1g3(¥¥E — V- Viogh)
= 39; HVlog hl%.
Setting i = py|o(-|Xo)a(-), our diffusion part of the loss becomes
i T
Zigm(B) = 3 Jo 97Bpo..(x0.x0) [V 10g prjo (X4 |Xo) + Vlog ay(Xy) [[]dt + const
We then directly parameterize V log ay(X;) as —s¥(X;)

i T
Zig(B) = 5 Jy 97Epo..(x0,x0) IV 10g prjo (X |Xo) — 57 (X,)|*]dt + const.
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We now focus on the expectation within the integral to re-write it in an easy to calculate form
]Epo,t(xo,xt) [Hv logpt\O(Xt|X0) - S?(Xt>||2]
=Epo  (x0.x0)[ll7 (X)) || — 257 (X4) TV 10g po.+ (X0, X¢)] + const

Now we note that we can re-write V log po (X, X;) using M; where M, is a mask variable
M, € {0,1}™ that is O for components of X, that have been deleted to get to X; and 1 for
components that remain in X.

= 5 VPo,t(Xo, X¢)

VIOgPO,t(Xth) = W
= stV 2o, ot (Xo, X, My)
=M, mvPO,t(XOaXt;Mt)

_ p(ne, M, Xo)
=220, poiiXe Xy VPro(Xe|ne, Xo, M)

M| Xo,Xt
= ZMt pf,(ct|n|t,)207M)t)th\o(xtmt,Xth)
= Epar,1x0,%x,) [V 10g pyjo (%t |14, Xo, My)]

Substituting this back in we get

EPO +(Xo0,X4) [HVIngt|O(Xt|XO) - S?(Xt)Hﬂ
=Epy . (X0.X1) H|5t (X4)[|2 — 2s¢ (Xt)TEp(Mt|X0 x.) [V 10g pyjo(x¢|n¢, Xo, My)]] + const
= Epo,t,(xmxmf\/ff,) [HV 10gpt|0(xt|nt7 XOa Mt) — S5t (Xf) H ] + const.

Therefore, the diffusion part of Zigy can be written as

Ildsilfxgl(ﬁ) = %Eu(t§OvT)P0,t(Xoyxt,Mt)[gt2‘|V10gpt|O(Xt|nt’X07Mt) o sg(xt)”ﬂ -+ const.

We now focus on the jump part of the loss Zj,. We first substitute in £] and £]*

T -~ L
Tism = Jo met)[z Jyema Xe(Y) 2400 (K (X, [Y) — 8y (X)) dy +

RiX) SN [ g K o(Y[X) log B (Y)dy — X o(X,) log B (X,)]dt

(18)
Noting that 3;(X;) = 1/a+(Xy), we get
—
BuX)) _ N (DK ((XeY) 19
3. (Y) X (X o (Y X0 orng #m (19)
or swapping labels for X; and Y,
<o 0
Be(Y) _ N (X0 KG_(Y]Xe) f 20
ﬁt(xt) )\ t(Y)?r(Xt‘Y) or nt ié m ( )

Substituting (19) into the second line and (20) into the first line of (18) and using the fact that
+(X:]Y) = 0 for ny = m, we obtain

-

J _ T N ~ A%,t(Xt)?"T,t(let)
Tigm = fo Ept(Xt)[Zvnzl\m fyeR""i AulY) X ()R (X, [Y)
X

- 257, 1 JycRrmd t(Y) ﬁ‘it((;;)) 6Y(Xt)dy

%
+ XX e 1\ Jyemma K (Y|X:){log B:(X,) — log N_,(Y)
— log %T_t (X¢]Y) + log Tt(Xt) +log ?t(Y\Xt)}dy

— N o(Xy) log B:(X,)]dt.

K(X,[Y)dy

Hence, we have
T < % (X
T = Jo B[N (K0 SN, fyemmna K (Y[Xi)dy — X, (X)) 250
- “—
Xe(X0) SN o fycnma Bo(Y1X0){~log X9_,(Y) — log K_,(X,|Y)}dy]d + const.
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This can be rewrltten as
T = i By [N (X0) + Xu(X0)E, gy, [ 108 N (¥) —log K, (X,[Y)]Jdt + const.
Therefore, we have
— - S -
Tt = Ty 0.1, 00 7w e LN e (X0) = XX log N, (Y) — Xo(Xo) log K, (X,[Y)] + const

Finally, using the definition of the forward and backward kernels, i.e. ?t(Y|X,§) =
>y K(i|n)8gacxi) (Y) and ?OT_t(XJY) = Jrta 2oy AT (X4 0[Y ) Bing v ot 5y (X)X,
we get
N e e S - <
Tisw = TEu(s:0,1)p0(x0) [ Zomei Jycmma 2oin K (iln)8geicx,o) (V) (A G- (Xe) — Xo(Xi) log MG ()

~ X 4(X,) log ?T_t(xtw))dy] + const
We get
Z-IJSM = TEu(t§0,T)Pt (X)) Kl (i|ne) Sgerx4,1) (Y)
& - S ~
[\ %7t(Xt) — X¢(X¢) log A ‘9T7t(Y) — X¢(Xy) log %GT%(XAY)} -+ const.
Therefore, we have
Tism = TEu(1:0,7)p0 (X0 K& (iln)Suacxs o (Y)
N - kY DY i
[AG (X)) — Xi(Xe)log MG, (Y) — Xi(Xy)log AG_,(x*4,4]Y)] + const.
Putting are expressions for Z&fl and Zj,, together we obtain
Tism =ZE[g? ||V 1og pejo(xe|ne, Xo, My) — s2(Xy)[|?]+

— —
TE[NG_,(Xs) — Xo(Xe)log NG, (Y) = Ni(Xy) log A%, (x*9,i[Y)] + const.
We get that —Zjsy gives us our evidence lower bound on E,, (x,)[log p8(Xo)] up to a constant that
does not depend on 6. In the main text we have used a time notation such that the backward process
runs backwards fromt =T tot = £ To align with the notation of time used in the main text we
change 7' — t to t on subscripts for A%, and A% _,. We also will use the fact that Yt(Xt) depends
only on the number of components in X, ?t(Xt) = Yt(nt).

L(0) = ]E[gt |5 (X¢) — Vi, log pyjo(x¢|ne, Xo, My)|1?]+
TE[-N0(X,) + Xi(ne)log N0(Y) + Xe(ne) log A?(x*4 [Y)] + const.

Tightness of the lower bound Now that we have derived the ELBO as in Proposition 2, we show
that the maximizers of the ELBO are tight, i.e. that they close the variational gap. We do this by
proving the general ELBO presented in [17] has this property and therefore ours, which is a special
case of this general ELBO, also has that the optimum parameters close the variational gap.

To state our proposition, we recall the setting of [17]. The forward noising process is denoted
(Y4)+>0 and associated with an infinitesimal generator L its extension (¢, Y);>¢ is associated with

the infinitesimal generator £, i.e. £ = 0; + L. We also define the score-matching operator ® given
for any f for which it is defined by

(f) = L(f)/f — L(og(f))-
We recall that according to [17, Equation (8)] and under [17, Assumption 1, Assumption2], we have
log pr(Yo) > Ellogpo(Yr) = fy L(v/B)/(v/B) + L(log B)dH],
with v, = pp_, for any ¢ € [0, T]. We define the variational gap Gap as follows
T
Gap = Ellog pr(Yo) — logpo(Yr) + [y L(v/B)/(v/B) + E(log B)dt].

In addition, using Itd Formula, we have that log vr (Y1) — log vo(Yo) = fo v)dt. Assuming that
E[|logvr (Y1) —logve(Yo)|] < 400, we get

Gap = E[f, —L(logv) + L(v/B)/(v/B) + L(log )] = E[ [, @(v/B)dt].
In particular, using [17, Proposition 1], we get that Gap > 0 and Gap = 0 if and only if §  v. In
addition, the ELBO is maximized if and only if 5 o v, see [17, Equation 10] and the remark that
follows. Therefore, we have that: if we maximize the ELBO then the ELBO is tight. Combining this

with the fact that the ELBO is maximized at the time reversal [17], then we have that when our jump
diffusion parameters match the time reversal, our variational gap is 0.
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Other approaches. Another way to derive the ELBO is to follow the steps of [15] directly, since
[17] is a general framework extending this approach. The key formulae to derive the result and the
ELBO is 1) a Feynman-Kac formula 2) a Girsanov formula. In the case of jump diffusions (with
jump in R?) a Girsanov formula has been established by [22]. Extending this result to one-point
compactification space would allow us to prove directly Proposition 2 without having to rely on the
general framework of [17].

A4 Proof of Proposition 3

We start by recalling the form for the time reversal given in Proposition 1

Ni(X) = R+ 1) S0 K+ 1) 01 (ins(X, 32, 1)) dy* /py(X).

We then introduce a marginalization over X

N5(X) = Neln+ 1) X0 K0+ 1) fus S e, Po (Ko, ins(X, y*9, 6))dxody™ /p, (X)
Tl + 1) S K il 1) [y Y Loy 2258y (X, y*, )] X ) dxeody™
Xiln+1) DI KO0 +1) [y S Sy Bt Prio(ins(X, y*4, )| Xo)dxody ™
o+ 1) T K0+ 1) [y Yoy Ly o R e

o Ptjo(n|Xo)peo(x[Xo,n)
Pijo(n + 1|Xo)pyjo(2(X, y*4, )| Xo, 7 + 1)dxedy™*

where (n + 1,2(X, y*, 7)) = ins(X, y*,4). Now using the fact the forward component deletion
process does not depend on xg, only ng, we have py|o(1n|Xo) = pyjo(n|n0) and pyo(n + 1|Xo) =
Pejo(n + 1|ng). Using this result, we get

S ~ tjo(n+1Ino)

N1(X) =X (04 1) 5, {ERlet ) (g X)

I S KM (1) [ pejo((X,y* 6 Xo,mt1)dy*
X0 Pt)o(x|Xo,n)

poje(x0|X,no)dxo}.  (21)

We now focus on the probability ratio within the integral over xo. We will show that this ratio is 1.
We start with the numerator, introducing a marginalization over possible mask variables between X
and (n + 1,2), denoted M "+ with M (**+1) having n + 1 ones and ng — (n + 1) zeros.

S K il 4 1) [ pejo(2(X, v, 1) [Xo, o+ 1)dy*
= S R i + 1) 3 e Sysao Pejo (MY 2(X, y*4,0)| Ko, n + 1)dy*®
=D M ZnH K% (i|n + 1)pyo (M D[ Xg,n + 1) fyadd pio(z(X, y*44,1)[Xo, n + 1, M (HD)dyadd
Now, for our forward process we have
Peio(2(X, y*, )Xo, n + 1, MTHD) = TTIH N (29); y/ag M+ (Xo) 7, (1 = o) 1)

where z is shorthand for z(X, y*d i), z) is the vector in R? for the jth component of z and

M+ (X,)7 is the vector in R? corresponding to the component in X, corresponding to the jth
one in the M ("+1) mask. Integrating out y*4 we have

Sy Peio (2(X, 344, 1) [ Xo, nt1, MO+ )dy* = TT7_, N (xV); /e MV (Xo), (1) ),

where M ("TD\i denotes a mask variable obtained by setting the ith one of M ("*1) to zero. Hence,
we have

ST K (iln 4 1) [y prio(2(X, 3, 6) [Xo, 14 1)dy*
=3 o o K (i + Dpyjo (M1 Xo,n + 1)
[Ty N (x5 o MUV (Xo), (1= ) ). (22)
We now re-write the denominator from (21) introducing a marginalization over mask variables, M (")

Peo(xXo, ) = 37 10 Pejo(M ™ [Xo, n)pyo (x| M ™), Xg, n). (23)
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We use the following recursion for the probabilities assigned to mask variables
Pro(M T [Xo,n) = X gonsny St MOV = MDY (il + 1)pygo (M) X, m 4+ 1),
Substituting this into (23) gives
Pro(X1X0, 1) = 3 ppe Lopseneny iy M TN = MOVYKE (jjn 1)
Pejo(M "1 Xo, n + 1)pyyo (x| M ™, X, n)
= 3 Cppnen Sopmy {MOHIN = MY RG] 4 1)
X peo(M Y| Xg, n 4 1) [T- N (x; Jag M™ (Xo)7, (1 — ay) 1)
= Mt ZnH K% (iln + 1)pt\0(M(n+1)|XOa n+1)
X [Ty N(x9; g M HDN(X ), (1 — ag)La).
By comparing with (22), we can see that
Pejo (x| X0, n) = S0 K€ (ijn + 1) Jyusa ejo(2(X, ¥, 1) X, 0+ 1)dy* .
This shows that the probability ratio in (21) is 1. Therefore, we have
<_* v tlo(1 T
NI(X) = Ne(n+1) zno{%pw n0X) [, Poje(x0/X, m0)dxo }
v t1o(n+1|n
= Xiln+1) %, 2ot by (noX),
which concludes the proof.

Ptjo(n|ng) can be analytically calculated when Yt(n) is of a simple enough form. When Yt(n)
does not depend on n then the dimension deletion process simply becomes a time inhomogeneous
Poisson process. Therefore, we would have

)\ ds)™o™" t
pro(nlng) = Yo 2e8 0 oxp(— [0 X ods).
In our experiments we set DY t(n=1) =0to stop the dimension deletion process when we
reach a single component. If we have X,(n) = X +(m) for all n,m > 1 then we can still use

the time inhomogeneous Poisson process formula for n > 1 and find the probability for n = 1,
D)o (n =1 |n0) by requiring py|o(n|ng) to be a valid normalized distribution. Therefore, for the case

that X +(n) = (m)foralln m > 1and X +(n=1) =0, we have
(s )\ sds)"0" exp(— fot 7

(no—n)!

(nlno) 1<n<ng
pt|0 ning) = t ng—m
1= U Aedymor exp(— fot Nods) n=1

m=2 (no—m)!

In cases where Yt(n) depends on n not just for n = 1, pyo(n|ng) can become more difficult to
calculate analytically. However, since the probability distributions are all 1-dimensional over n, it is
very cheap to simply simulate the forward dimension deletion process many times and empirically
estimate py|(n|no) although we do not need to do this for our experiments.

A.5 The Objective is Maximized at the Time Reversal

In this sectlon we analyze the objective £(f) as a standalone object and determine the optimum

values for 57, A bY. and AY directly. This is in order to gain intuition directly into the learning signal of
L(6) without needlng to refer to stochastic process theory.

The definition of £(6) as in the main text is
L(0) = —FE[g7 |57 (Xs) — Vix, log prjo (x¢|Xo, me, My ) ||*]+
TE[~ NI(X,) + Xi(n) log XI(Y) + X, () log AL (x4, i[Y)] + C.
with the expectations taken over U (t; 0, T)po +(Xo, X, JV[t)Kde'(i|nt)6del(xhi) (Y).
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Continuous optimum. We start by analysing the objective for s?. This part of £(6) can be written
as

T
_% fo ggEPO,t(XO;XmA{t)[HS?(Xt) - Vx, logpt‘o(xt\Xo,nt, Mt)||2]dt
We now use the fact that the function that minimizes an Lo regression problem mfin Ep(ap[llf(2) —

y||?] is the conditional expectation of the target f*(2) = E,yz)[y]. Therefore the optimum value for
s9(Xy4) is
51 (Xt) = Epoar, Xo1%:) [V, 108 Dejo (%4 Xo, 12¢, My)]
=2 um, Zno 1 Jxeyermoa P(M, no,X0|X¢) Vx, 10g pyjo(x¢]X0, no, ne, My )dxo
=3 o Mo XolXe) 7 o (x4 %0, M0, e, M) dxo

no=1 JxgeRm0d Peo(X¢e|x0,m0,m6,M¢)

p(x0,n0,m¢,M¢)
= Z]\/jt Zno 1 JxqeRmod (e, %) vxtpt\O(Xt|X07 1o, T, Mt)dXO

= P(’”t X¢) ZM, Z’no 1 Jxg€eRn0d vxr,p(xta X0, M0, T, Mt)dX()

N
= p(7lt7xt) Xt ZZ\L Zn[]zl xoERm0d p(xt,xo,no,nt,Mt)dxo

= ;thp(xt,nt) = Vg, 10gp(Xt)-

p(ne,x¢)

Therefore, the optimum value for s/ (X;) is V, log p(X;) which is the value that gives (Et to be the
time reversal of b ; as stated in Proposition 1.

<_
Jump rate optimum. The learning signal for A ¢ comes from these two terms in £(6)
< - <
TE[=A{(Xy) + Xi(ny) log A{(Y)] 24)

This expectation is maximized when for each test input Z and test time ¢, we have the following
expression maximized

n . . . . ; <—
p(Z)N0(Z) + S L pe(ins(Z, y99, 6)) K9 (il + 1)dy™ x Ni(ns + 1) log X (2),

because p:(Z) is the probability Z gets drawn as a full sample from the forward process and
St Jyua e (ins(Z, v ) K% (ijn, + 1)dy* is the probability that a sample one component
bigger than Z gets drawn from the forward process and then a component is deleted to get to Z.
Therefore the first probability is the probability that test input Z and test time ¢ appear as the first
term in (24) whereas the second probability is the probability that test input Z and test time ¢ appear

as the second term in (24).
We now use the fact that, for constants b and c,

argmax, —ba+cloga = {.

%
We therefore have the optimum ) ¢(Z) as

S SR [ aaa pe(ins(Z,y* i) K* (i n 2 +1)dy™
Ni(2Z) = Xi(n. +1) SE—y

which is the form for the time-reversal given in Proposition (1).

Jump kernel optimum. Finally, we analyse the part of £(6) for learning A% (x4 4Y),
TE[X 1 (n¢) log A (x4, i[ Y )]
= Jy Epx, PR Sueo () [ X e(ng) log A7 (x99, 3| Y)]dt
= o By o) X 0By (s 1) 6 (1m0 5, () (108 AL (63, 1Y)t
We now re-write the joint probability distribution that the inner expectation is taken with respect to,

pe(xe|ne) K9 (in)8geix, i) (Y) = B(Y [ne)p(x3%, i Y) 8y (x5°°).
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with
p(Y|ny) = ZZL X, pt(Xt|nt)Kdel(i|nt)5de1(xt,i)(Y)dXt>
and
P, iY) o py(xe|ne) K (ifny),

and x?°¢ ¢ R(~1D? referring to the n; — 1 components of x;, that are not x4 ie. X, =
ins((xy*¢, ny — 1), %% 7). We then have

TE[ ¢(ny) log A? (x244 4 Y)]
=T Em(m)[ﬁ (VB e (et )5 ooy (108 AY (3394, 1Y)t
= 3 Byt (X (0B 3, 1) ey 108 A (3943 Y)] e
— J0 Bt [X 000 ot 305, (o) [108 P, 1] Y]t + comst
= o Byt [ X () By s, ey [ KL(p(3%%, 6] Y) || AZ (3399, 4| Y)]Jdt + const.

add

Therefore, the optimum AY (x4 ;|Y') which maximizes this part of £(8) is

A*( add Z|Y) _ ( add zlY) O(pt(Xt)K el (Z‘nt)

which is the same form as given in Proposition 1.

B Training Objective

We estimate our objective L(f) by taking minibatches from the expectation
U(t;0,T)po,(Xo, Xy, My) K4 (ing)8gerx, 1) (Y).  We first sample ¢ ~ U(t;0,7) and then
take samples from our dataset X ~ pgaa(Xo). In order to sample pyo(X¢, M¢|Xo) we need
to both add noise, delete dimensions and sample a mask variable. Since the Gaussian noising
process is isotropic, we can add a suitable amount of noise to all dimensions of X and then delete

dimensions of that noised full dimensional value. More specifically, we first sample X; = (no, Xt)
with X; ~ N (X5 Jarxo, (1 — a;)In,q) for ap = exp < fo ds) using the analytic forward
equations for the VP-SDE derived in [3]. Then we sample the number of dimensions to delete.
This is simple to do when our rate function is independent of n except for the case when n = 1 at

which it is zero. We simply sample a Poisson random variable with mean parameter fg ysds and
then clamp its value such that the maximum number of possible components that are deleted is
no — 1. This gives the appropriate distribution over 7, pyjo(n|no) as given in Section A.4. To sample
which dimensions are deleted, we can sample K%!(i1|ng) K% (ia|ng — 1) ... K% (i _p,|ms + 1)
from which we can create the mask M; and apply it to Xt to obtain X;, X; = Mt(f(t). When
K%!(i|n) = 1/n this is especially simple to do by simply randomly permuting the components of
X, and then removing the final ny — n; components.

As is typically done in standard diffusion models, we parameterize s¢ in terms of a noise prediction
network that predicts ¢ where x; = /o, My (x0) + V1 — aye, € ~ N(0, I,,4). We then re-weight
the score loss in time such that we have a uniform weighting in time rather than the ‘likelihood
weighting’ with g? [3, 21]. Our objective to learn s¢ then becomes

B (1:0,T) s (Ko )p (M1 [ Ko N (€50, 1, a) LI €0 (Xt) = €l|?]

with x; = \/a; My (x0) + /1 — aze, s9(X;) = ﬁe?(Xt).

Further, by using the parameterization given in Proposition 3, we can directly supervise the value of
pg‘ A ) by adding an extra term to our objective. We can treat the learning of pg‘ (no|Xy) asa
standard prediction task where we aim to predict ny given access to X;. A standard objective for
learning pf), (no|X) is then the cross entropy

mg’x Epo,t(xmxt) 10gpg\t(n0|xt)}
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Our augmented objective then becomes

~ 1 — — ) )
£(0) = TE[~ 5 lef(X0) =€l = X (X0)+ X (1) log N (Y)+ X (1) log AL (<, i Y) 4y 1og pfy (no[ X )]

(25)
where the expectation is taken with respect to

U(t; 0, T)paaa(Xo)p(My, 1| X0 )N (€; 0, Iy, a) K (i) Sger x,.,) (Y)

where x; = /azM:(xg) + +/1 — are and 7y is a loss weighting term for the cross entropy loss.

C Trans-Dimensional Diffusion Guidance

To guide an unconditionally trained model such that it generates datapoints consistent with
conditioning information, we use the reconstruction guided sampling approach introduced in [9].
Our conditioning information will be the values for some of the components of Xy, and thus the
guidance should guide the generative process such that the rest of the components of the generated
datapoint are consistent with those observed components. Following the notation of [9], we denote
the observed components as x* € R™¢ and the components to be generated as x* € R™?, Our
trained score function s?(X;) approximates Vy, log p;(X;) whereas we would like the score to
approximate Vy, log p,(X;|x{). In order to do this, we will need to augment our unconditional
score s?(X;) such that it incorporates the conditioning information.

We first focus on the dimensions of the score vector corresponding to x*. These can be calculated
analytically from the forward process

Ve log p(X¢|xG) = Ve log pyjo(xf x5, 724

with pyjo(x¢[x§,n¢) = N(xf;/aex§, (1 — a;)In,q). Note that we assume a correspondence
between x{ and x§. For example, in video if we condition on the first and last frame, we assume
that the first and last frame of the current noisy x; correspond to x§ and guide them towards
their observed values. For molecules, the point cloud is permutation invariant and so we can
simply assume the first n, components of x; correspond to x§ and guide them to their observed values.

Now we analyse the dimensions of the score vector corresponding to x°. We split the score as
Ve log p(Xi[x() = Vi log p(x5]X¢) + Vo log pe(Xe¢)

p(x%|X;) is intractable to calculate directly and so, following [9], we approximate it with
N (xg; %x§%(Xy), %Imd) where %§(X) is a point estimate of x¢ given from sY(X;) calculated
as
x{ 4 (1 — )] (X))

NG
where again we have assumed a correspondence between x{ and x§. Our approximation for
Vo log p(x§|X¢) is then

X04(Xy) =

Qi

50
x?ml\XS — %0 (Xy)[I?

Ve log p(x§|X¢) ~ =V
which can be calculated by differentiating through the score network s¢.

We approximate y,’f (X¢|x3) and Af (y*%, 4| X, x3), with their unconditional forms if(Xt) and
A?(y*4 §|X,). We find this approximation still leads to valid generations because the guidance of
the score network s?, results in X; containing the conditioning information which in turn leads to
A 9(X;) guiding the number of components in X to be consistent with the conditioning information
too as verified in our experiments. Further, any errors in the approximation for A% (y* i|X,) are
fixed by further applications of the guided score function, highlighting the benefits of our combined
autoregressive and diffusion based approach.
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D Experiment Details

Our code is available at https://github.com/andrew-cr/jump-diffusion

D.1 Molecules

D.1.1 Network Architecture

Backbone For our backbone network architecture, we used the EGNN used in [8]. This is a
specially designed graph neural network applied to the point cloud treating it as a fully connected
graph. A special equivariant update is used, operating only on distances between atoms. We refer to
[8] for the specific details on the architecture. We used the same size network as used in [8]’s QM9
experiments, specifically there are 9 layers, with a hidden node feature size of 256. The output of the
EGNN is fed into a final output projection layer to give the score network output s (X;).

Component number prediction To obtain pg‘ (no]|X;), we take the embedding produced by
the EGNN before the final output embedding layer and pass it through 8 transformer layers each
consisting of a self-attention block and an MLP block applied channel wise. Our transformer model
dimension is 128 and so we project the EGNN embedding output down to 128 before entering into
the transformer layers. We then take the output of the transformer and take the average embedding
over all nodes. This embedding is then passed through a final projection layer to give softmax logits
over the pg‘ +(no|X4) distribution.

Autoregressive Distribution Our AY(y* i|X;) network has to predict the position and features
for a new atom when it is added to the molecule. Since the point cloud is permutation invariant, we
do not need to predict 7 and so we just need to parameterize A?(y*4|X;). We found the network
to perform the best if the network first predicts the nearest atom to the new atom and then a vector
from that atom to the location of the new atom. To achieve this, we first predict softmax logits
for a distribution over the nearest atom by applying a projection to the embedding output from the
previously described transformer block. During training, the output of this distribution can be directly
supervised by a cross entropy loss. Given the nearest atom, we then need to predict the position
and features of the new atom to add. We do this by passing in the embedding generated by the
EGNN and original point cloud features into a new transformer block of the same size as that used
for pgl ,(no|X¢). We also input the distances from the nearest atom to all other atoms in the molecule

currently as an additional feature. To obtain the position of the new atom, we will take a weighted
sum of all the vectors between the nearest atom and other atoms in the molecule. This is to make
it easy for the network to create new atoms ‘in plane’ with existing atoms which is useful for e.g.
completing rings that have to remain in the same plane. To calculate the weights for the vectors, we
apply an output projection to the output of the transformer block. The new atom features (atom type
and charge) are ggenerated by a separate output projection from the transformer block. For the position
and features, A?(y*%|X;) outputs both a mean and a standard deviation for a Gaussian distribution.
For the posmon dlstrlbutlon we set the standard deviation to be isotropic to remain equivariant to
rotations. In total our model has around 7.3 million parameters.

D.1.2 Training

We train our model for 1.3 million iterations at a batch size of 64. We use the Adam optimizer with
learning rate 0.00003. We also keep a running exponential moving average of the network weights
that is used during sampling as is standard for training diffusion models [2, 3, 16] with a decay
parameter of 0.9999. We train on the 100K molecules contained in the QMO training split. We model
hydrogens explicitly. Training a model requires approximately 7 days on a single GPU which was
done on an Academic cluster.

In [8] the atom type is encoded as a one-hot vector and diffused as a continuous variable along with
the positions and charge values for all atoms. They found that multiplying the one-hot vectors by
0.25 to boost performance by allowing the atom-type to be decided later on in the diffusion process.
We instead multiply the one-hot vectors by 4 so that atom-type is decided early on in the diffusion
process which improves our guided performance when conditioning on certain atom-types being
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present. We found our model is robust to this change and achieves similar sample quality to [8] as
shown in Table 2.

When deleting dimensions, we first shuffle the ordering of the nodes and then delete the final ng — n;
nodes. The cross entropy loss weighting in (25) is set to 1.

Following [8] we train our model to operate within the center of mass (CoM) zero subspace of
possible molecule positions. The means, throughout the forward and backward process, the average
position of an atom is 0. In our transdimensional framework, this is achieved by first deleting any
atoms required under the forward component deletion process. We then move the molecule such
that its CoM is 0. We then add CoM free noise such that the noisy molecule also has CoM= 0. Our
score model sY is parameterized through a noise prediction model €/ which is trained to predict the
CoM free noise that was added. Therefore, our score network learns suitable directions to maintain
the process on the CoM= 0 subspace. For the position prediction from AY(y*4|X,) we train it to
predict the new atom position from the current molecules reference frame. When the new atom is
added, we then update all atom positions such that CoM= 0 is maintained.

D.1.3 Sampling

During sampling we found that adding corrector steps [3] improved sample quality. Intuitively,
corrector steps form a process that has p;(X) as its stationary distribution rather than the process
progressing toward po(X). We use the same method to determine the corrector step size ¢ as in
[3]. For the conditional generation tasks, we also found it useful to include corrector steps for the
component generation process. As shown in [29], corrector steps in discrete spaces can be achieved
by simulating with a rate that is the addition of the forward and backward rates. We achieve this in

<_
the context of trans-dimensional modeling by first simulating a possible insertion using A ¢ and then
simulating a possible deletion using X)t. We describe our overall sampling algorithm in Algorithm 2.

Algorithm 2: Sampling the Generative Process with Corrector Steps

Input: Number of corrector steps C'
t«T
X ~ pre(X) = I{n = 1IN (x;0, 1)
while ¢ > 0 do
if u < X\ 0(X)5¢ with u ~ 14(0, 1) then
Sample x4 § ~ A% (x*4 j|X)
X < ins(X, x4 4)
end
X X — %f(X)ét + giV/Ste with € ~ N(0, I,,q)
forc=1[1,...,C] do
X x+(8? 5,(X) + v/2Ce with € ~ N(0, I,4)
ifu < N0 5, (X)5t with u ~ (0, 1) then
Sample x4 i ~ A9 ¢ (x*4 §|X)
X <+ ins(X, x4 4)
end
if u < Xi_s:(n)5t with u ~ 24(0,1) then
X ¢« del(X, ) with i ~ K% (i|n)
end
end
X ¢+ (n,x),t«t— 5t
end

D.1.4 Evaluation

Unconditional For our unconditional sampling evaluation, we start adding corrector steps when
t < 0.17 in the backward process and use 5 corrector steps without the corrector steps on the number
of components. We set d = 0.05 for ¢ > 0.57" and & = 0.001 for ¢ < 0.57 such that the total number
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Figure 6: Distribution of the size of molecules in the QM9 dataset as measured through the number

of atoms versus the distribution of the size of molecules generated by our unconditional model.

of network evaluations is 1000. We show the distribution of sizes of molecules generated by our
model in Figure 6 and show more unconditional samples in Figure 7. We find our model consistently
generates realistic molecules and achieves a size distribution similar to the training dataset even

though this is not explicitly trained and arises from sampling our backward rate '\ {. Since we are

numerically integrating a continuous time process and approximating the true time reversal rate A},
some approximation error is expected. For this experiment, sampling all of our models and ablations
takes approximately 2 GPU days on Nvidia 1080Ti GPUs.

Conditional For evaluating applying conditional diffusion guidance to our model, we choose 10
conditioning tasks that each result in a different distribution of target dimensions. The task is to
produce molecules that include at least a certain number of target atom types. We then guide the first
set of atoms generated by the model to have these desired atom types. The tasks chosen are given
in Table 5. Molecules in the training dataset that meet the conditions in each task have a different
distribution of sizes. The tasks were chosen so that we have an approximately linearly increasing
mean number of atoms for molecules that meet the condition. We also require that there are at least
100 examples of molecules that meet the condition within the training dataset.

For sampling when using conditional diffusion guidance, we use 3 corrector steps throughout the
backward process with 6t = 0.001. For these conditional tasks, we include the corrector steps on
the number of components. We show the distribution of dimensions for each task from the training
dataset and from our generated samples in Figure 8. Our metrics are calculated by first drawing
1000 samples for each conditioning task and then finding the Hellinger distance between the size
distribution generated by our method (orange diagonal hashing in Figure 8) and the size distribution
for molecules in the training dataset that match the conditions of the task (green no hashing in Figure
8). We find that indeed our model when guided by diffusion guidance can automatically produce a
size distribution close to the ground truth size distribution found in the dataset for that conditioning
value. We show samples generated by our conditionally guided model in Figure 9. We can see that
our model can generate realistic molecules that include the required atom types and are of a suitable
size. For this experiment, sampling all of our models and ablations takes approximately 13 GPU days
on Nvidia 1080Ti GPUs.

Interpolations For our interpolations experiments, we follow the set up of [8] who train a new
model conditioned on the polarizability of molecules in the dataset. We train a conditional version of
our model which can be achieved by simply adding in the polarizability as an additional feature input
to our backbone network and re-using all the same hyperparameters. We show more examples of
interpolations in Figure 10.
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Figure 7: Unconditional samples from our model.

D.1.5 Ablations

For our main model, we set YKO 17 = 0 to ensure that all dimensions are added with enough
generation time remaining for the dlffumon process to finalize all state values. To verify this setting,
we compare its performance with )\ t<0.037 = 0and X;<g.37 = 0. We show our results in Table
6. We find that the X t<0.037 = 0 setting to generate reasonable sample quality but incur some
extra dimension error due to the generative process sometimes observing a lack of dimensions near
t = 0 and adding too many dimensions. We observed the same effect in the paper for when setting

_)
X to be constant for all ¢ in Table 3. Further, the setting )\ t<0.37 = 0 also results in increased
dimension error due to there being less opportunity for the guidance model to supervise the number

of dimensions. We find that X;-¢.17 = O to be a reasonable trade-off between these effects.

D.1.6 Uniqueness and Novelty Metrics

We here investigate sample diversity and novelty of our unconditional generative models. We measure
uniqueness by computing the chemical graph corresponding to each generated sample and measure
what proportion of the 10000 produced samples have a unique chemical graph amongst this set
of 10000 as is done in [8]. We show our results in Table 7 and find our TDDM method to have
slightly lower levels of uniqueness when compared to the fixed dimension diffusion model baseline.
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Table 5: The 10 conditioning tasks used for evaluation. The number of each atom type required for
the task is given in columns 2 — 5 whilst the average number of atoms in molecules that meet this
condition in the training dataset is given in the 6th column.

Mean Number

Task Carbon Nitrogen Oxygen Fluorine of Atoms
1 4 1 2 1 11.9
2 4 3 1 1 13.0
3 5 2 1 1 13.9
4 6 0 1 1 14.6
5 5 3 1 0 16.0
6 6 3 0 0 17.2
7 6 1 2 0 17.7
8 7 1 1 0 19.1
9 8 1 0 0 19.9
1 8 0 1 0 21.0
1.0 0.6
0.4
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Figure 8: Distribution of molecule sizes for each conditioning task. Tasks 1 — 5 are shown left
to right in the top row and tasks 6 — 10 are shown left to right in the bottom row. We show the
unconditional size distribution from the dataset in blue vertical/horizontal hashing, the size distribution
of our conditionally generated samples in orange diagonal hashing and finally the size distribution
for molecules in the training dataset that match the conditions of each task (the ground truth size
distribution) in green no hashing.

Measuring novelty on generative models trained on the QM9 dataset is challenging because the
QMO dataset contains an exhaustive enumeration of all molecules that satisfy certain predefined
constraints [46], [8]. Therefore, if a novel molecule is produced it means the generative model has
failed to capture some of the physical properties of the dataset and indeed it is found in [8] that during
training, as the model improved, novelty decreased. Novelty is therefore not typically included in
evaluating molecular diffusion models. For completeness, we include the novelty scores in Table 7 as
a comparison to the results presented in [8] Appendix C. We find that our samples are closer to the
statistics of the training dataset whilst still producing ‘novel’ samples at a consistent rate.

D.2 Video

D.2.1 Dataset

We used the VP2 benchmark, which consists of 35000 videos, each 35 frames long. The videos
are evenly divided among seven tasks, namely: push {red, green, blue} button, open
{slide, drawer}, push {upright block, flat block} off table. The 5000 videos for
each task were collected using a scripted task-specific policy operating in the RoboDesk environ-
ment [40]. They sample an action vector at every step during data generation by adding i.i.d. Gaussian
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Figure 9: Samples generated by our model when conditional diffusion guidance is applied. Each row
represents one task with task 1 at the top, down to task 10 at the bottom. For each task, 10 samples
are shown in each row.

noise to each dimension of the action vector output by the scripted policy. For each task, they sample
2500 videos with noise standard deviation 0.1 and 2500 videos with standard deviation 0.2. We filter
out the lower-quality trajectories sampled with noise standard deviation 0.2, and so use only the
17500 videos (2500) per task with noise standard deviation 0.1. We convert these videos to 32 x 32
resolution and then, so that the data we train on has varying lengths, we create each training example
by sampling a length [ from a uniform distribution over {2, ..., 35} and then taking a random [-frame
subset of the video.

D.2.2 Forward Process

The video domain differs from molecules in two important ways. The first is that videos cannot be
reasonably treated as a permutation-invariant set. This is because the order of the frames matters.
Secondly, generating a full new component for the molecules with a single pass autoregressive
network is feasible, however, a component for the videos is a full frame which is challenging for a
single pass autoregressive network to generate. We design our forward process to overcome these
challenges.
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Figure 10: Interpolations showing a sequence of generations for linearly increasing polarizability
from 39 Bohr® to 66 Bohr® with fixed random noise. Each row shows an individual interpolation with
Bohr® increasing from left to right.

131



Table 6: Ablation of when to set the forward rate to 0 on the conditional molecule generation task.
We report dimension error as the average Hellinger distance between the generated and ground truth
conditional dimension distributions as well as average sample quality metrics. Metrics are reported
after 620k training iterations.

Method Dimension Error % Atom stable % Molecule Stable % Valid
%

At<0_03T =0 0.227+0.16 91.5+3.7 56.5+9.8 72.0+11
At<0_1T =0 0.162+0.071 92.442.8 53.9+12 72.7+9.6
Aicosr =0 0.266+0.11 92.0+3.2 53.5+13 66.6+12

Table 7: Uniqueness and novelty metrics on unconditional molecule generation. We produce 10000
samples for each method and measure validity using RDKit. Uniquenss is judged as whether the
chemical graph is unique amongst the 10000 produced samples. Amongst the valid and unique
molecules, we then find the percentage that have a chemical graph not present in the training dataset.

Percentage of Valid and Unique

Method % Valid % Valid and Unique Molecules that are Novel
FDDM [8] 91.9 90.7 65.7
TDDM (ours) _, 92.3 89.9 53.6
TDDM, c_)onst A 86.7 84.4 56.9
TDDM, A i<por =0 89.4 86.1 51.3
TDDM w/o Prop. 3 87.1 85.9 63.3

We define our forward process to delete frames in a random order. This means that during generation,
frames can be generated in any order in the reverse process, enabling more conditioning tasks since
we can always ensure that whichever frames we want to condition on are added first. Further, we use
a non-isotropic noise schedule by adding noise just to the frame that is about to be deleted. Once it
is deleted, we then start noising the next randomly chosen frame. This is so that, in the backward
direction, when a new frame is added, it is simply Gaussian noise. Then the score network will fully
denoise that new frame before the next new frame is added. We now specify exactly how our forward
process is constructed.

We enable random-order deletion by applying an initial shuffling operation occurring at time

t = 0. Before this operation, we represent the video x as an ordered sequence of frames,

Xo = [X1,X2,...,Xp,]. During shuffling, we sample a random permutation 7 of the integers

1,...,ng. Then the frames are kept in the same order, but annotated with an index variable so that
1 2

we have xo+ = [(x(), 7(1), (x5, 7(2)), ..., (x5 7 (no))].

We will run the forward process from ¢ = 0 to t = 100N. We will set the forward rate such we delete
down from n; to n; — 1 at time (N — n; + 1)100. This is achieved heuristically by setting

Y(n)* 0 fort < (N —n;+1)100,
BT oo fort > (N — ny +1)100.

We can see that at time t = (IV — n; + 1)100 we will quickly delete down from n; to n; — 1 at which

point 725 (ny) will become 0 thus stopping deletion until the process arrives at the next multiple of
100 in time. When we hit a deletion event, we delete the frame from X that has the current highest
index variable 7(n). In other words

(1)
. 1 forn, =x;7[2],
Kdel(z|xt) - {0 otherivise P

where we use xf) [2] to refer to the shuffle index variable for the ith current frame in x;.

We now provide an example progression of the forward deletion process. Assume we have ng = 4,
N =5 and sample a permutation such that 7(1) = 3, 7(2) = 2,7(3) = 4, and 7(4) = 1. Initially
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the state is augmented to include the shuffle index. Then the forward process progresses from ¢t = 0
to ¢t = 500 with components being deleted in descending order of the shuffle index

=[(x",3). (x”.2), (x{V, 1), (x{V, 1)]
xi00+ = [(x1,3), (x17,2), (x{V,4), (x{V, 1)]
xa00+ = [(x1,3), (x17,2), (x{V), 1)]
xz00+ = [(x(7,2), (x{V, 1)]
xg00+ = [(xtV, 1)]

In this example, due to the random permutation sampled, the final video frame remained after all
others had been deleted. Note that the order of frames is preserved as we delete frames in the forward
process although the spacing between them can change as we delete frames in the middle.

Between jumps, we use a noising process to add noise to frames. The noising process is non-isotropic
in that it adds noise to different frames at different rates such that the a frame is noised only in the
time window immediately preceding its deletion. For component i €[1,...,n], we set the forward
noising process such that pt|0(xgl) \x((f M) = N(x\; x0 00 (x\7)2) where x((f) is the clean frame

(@)

corresponding to x; ’ as given by the mask M; and o4 (x; )) follows

| 0 fort < (N —x\"[2])100,
ar(x{”) = { 100 fort > (N — x\?[2)100,
t— (N —x[2])100  for (N —xV[2])100 < ¢ < (N — xV[2] +1)100

where we again use x( )[ 2] for the shuffle index of component 4. This is the VE-SDE from [3] applied
to each frame in turn. We note that we only add noise to the state values on not the shuffle index itself.

ﬁ .
The SDE parameters that result in the VE-SDE are b; = 0 and ¢y = \/215 —2(N — xgz) [2])100.

D.2.3 Sampling the Backward Process

When ¢ is not at a multiple of 100, the forward process is purely adding Gaussian noise, and so the
reverse process is also purely operating on the continuous dimensions. We use the Heun sampler
proposed by [16] to update the continuous dimensions in this case, and also a variation of their
discretisation of ¢ - specifically to update from e.g. ¢ = 600 to t = 500, we use their discretization of
t as if the maximum value was 100 and then offset all values by 500.

To invert the dimension deletion process, we can use Proposmon 3 to derive our reverse dimension
generation process. We re-write our parameterized A bY. { using Proposition 3 as

Pejo(ne + 1|no)]

S -
MN(X,) = Ni(ne+DEpo [
¢Xo) e+ DEyg ol Pejo(ne|no)

Dot

At each time multiple of 100 in the backward process, we will have an opportunlty to add a component.
At thls time point, we estimate the expectation with a single sample ng ~ po\t(”O |X:). If ng > ny

then )\ ?(X¢) = co. The new component will then be added at which point )\ 7(X¢) becomes 0 for
the remainder of this block of time due to n; becoming n; + 1. If ng = ny then A7 7(X¢) = 0 and no

new component is added. )\ 7(X) will continue to be 0 for the remainder of the backward process
once an opportunity to add a component is not used.

When a new frame is added, we use AY(y*i|X;) to decide where the frame is added and its initial

value. Since when we delete a frame it is fully noised, A?(y*,4|X;) can simply predict Gaussian
noise for the new frame y*%. However, A? (y*4,i|X;) will still learn to predict a suitable location i
to place the new frame such that backward process is the reversal of the forward.

We give an example simulation from the backward generative process in Figure 11.
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Figure 11: An example simulation of the backward generative process conditioned on the first and
last frame. Note how the process first adds a new frame and then fully denoises it before adding the
next frame. Since the first and last frame are very similar, the process produces a short video.

D.2.4 Network Architecture

Our video diffusion network architecture is based on the U-net used by [42], which takes as input
the index of each frame within the video, and uses the differences between these indices to control
the interactions between frames via an attention mechanism. Since, during generation, we do not
know the final position of each frame within the x(, we instead pass in its position within the ordered
sequence X;.

One further difference is that, since we are perform non-isotropic diffusion, the standard deviation
of the added noise will differ between frames. We adapt to this by performing preconditioning, and

inputting the timestep embedding, separately for each frame th) based on oy (xgl) ) instead of basing
them on the global diffusion timestep ¢. Our timestep embedding and pre- and post-conditioning of
network inputs/outputs are as suggested by [16], other than being done on a per-frame basis. The
architecture from [42] with these changes applied then gives us our score network s?.

While it would be possible to train a single network that estimates the score and all quantities needed
for modelling jumps, we chose to train two separate networks in order to factorize our exploration
of the design space. These were the score network s?, and the rate and index prediction network
modeling pg‘t (no|X¢) and AY(i|X;). The rate and index prediction network is similar to the first half
of the score network, in that it uses all U-net blocks up to and including the middle one. We then
flatten the 512 x 4 x 4 hidden state for each frame after this block such that, for an n, frame input,
we obtain a n; x 8192 hidden state. These are fed through a 1D convolution with kernel size 2 and
zero-padding of size 1 on each end, reducing the hidden state to (n: + 1) x 128, which is in turn fed
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through a ReLU activation function. This hidden state is then fed into three separate heads. One
head maps it to the parameters of Af(i|X;) via a 1D convolution of kernel size 3. The output of size
(ng + 1) is fed through a softmax to provide the categorical distribution A%(i|X;). The second head
averages the hidden state over the “frame” dimension, producing a 128-dimensional vector. This is
fed through a single linear layer and a softmax to parameterize pg‘ ,(n0]|X4). Finally, the third head

consists of a 1D convolution of kernel size 3 with 35 output channels. The (n; + 1) x 35 output is
fed through a softmax to parameterize distributions over the number of frames that were deleted from
X which came before the first in x;, the number of frames from X which were deleted between
each pair of frames in x;, and the number deleted after the last frame in x;. We do not use this head
at inference-time but found that including it improved the performance of the other heads by helping
the network learn better representations.

For a final performance improvement, we note that under our forward process there is only ever one
“noised” frame in x;, while there are sometimes many clean frames. Since the cost of running our
architecture scales with the number of frames, running it on many clean frames may significantly
increase the cost while providing little improvement to performance. We therefore only feed into the
architecture the “noised” frame, the two closest “clean” frames before it, and the two closest “clean”
frames after it. See our released source code for the full implementation of this architecture.

D.2.5 Training

To sample ¢ during training, we adapt the log-normal distribution suggested by [16] in the context
of isotropic diffusion over a single image. To apply it to our non-isotropic video diffusion, we first
sample which frames have been deleted, which exist with no noise, and which have had noise added,
by sampling the timestep from a uniform distribution and simulating our proposed forward process.
We then simply change the noise standard deviation for the noisy frame, replacing it with a sample
from the log-normal distribution. The normal distribution underlying our log-normal has mean
—0.6 and standard deviation 1.8. This can be interpreted as sampling the timestep from a mixture

of log-normal distributions, % Zijigl LN (t — 1004; —0.6, 1.82). Here, the mixture index 7 can be
interpreted as controlling the number of deleted frames.

We use the same loss weighting as [16] but, similarly to our use of preconditioning, compute the

weighting separately for each frame th‘) as a function of o (xii)) to account for the non-isotropic

noise.

D.2.6 Perceptual Quality Metrics

We now verify that our reverse process does not have any degradation in quality during the generation
as more dimensions are added. We generate 10000 videos and throw away the 278 that were sampled
to have only two frames. We then compute the FID score for individual frames in each of the
remaining 9722 videos. We group together the scores for all the first frames to be generated in the
reverse process and then for the second frame to be generated and so on. We show our results in Table
8. We find that when a frame is inserted has no apparent effect on perceptual quality and conclude
that there is no overall degradation in quality as our sampling process progresses. We note that the
absolute value of these FID scores may not be meaningful due to the RoboDesk dataset being far out
of distribution for the Inception network used to calculate FID scores. We can visually confirm good
sample quality from Figure 5.

Table 8: FID for video frames grouped by when they were inserted during sampling.
Ist 2nd 3rd | 3rd last 2nd last last
34.2 349 34.7 | 34.2 34.1 34.4

E Broader Impacts

In this work, we presented a general method for performing generative modeling on datasets of
varying dimensionality. We have not focused on applications and instead present a generic method.
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Along with other generic methods for generative modeling, we must consider the potential negative
social impacts that these models can cause when inappropriately used. As generative modeling
capabilities increase, it becomes simpler to generate fake content which can be used to spread
misinformation. In addition to this, generative models are becoming embedded into larger systems
that then have real effects on society. There will be biases present within the generations created
by the model which in turn can reinforce these biases when the model’s outputs are used within
wider systems. In order to mitigate these harms, applications of generative models to real world
problems must be accompanied with studies into their biases and potential ways they can be misused.
Further, public releases of models must be accompanied with model cards [47] explaining the biases,
limitations and intended uses of the model.
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4. Trans-Dimensional Generative Modeling via Jump Diffusion Models 137

4.1 Additional Notes

We note that as part of this work, we applied continuous diffusion models to the task
of generating molecular point clouds. Point cloud data has a natural permutation
invariance as no matter the ordering in which the nodes are represented when stacked
into a vector RV*3, these all refer to the same underlying molecule. When applying
diffusion models to this data, we treated the position data as standard vectors for
simplicity. However, this disregards the permutation symmetry present in the data.
For example, when training the denoising model, the fixed vector representation,
in effect, applies a completely uninformed matching between the predicted node
positions and true node positions. In concurrent work, Klein et al. [2023| experiment
with adding a permutation matching step to the calculation of the loss in order
to take the permutation invariance structure into account during training. They
find this results in shorter sampling paths during generation that can be useful for
simulation efficiency. It would be an exciting avenue for further work to combine

this matching approach with our jump-diffusion model.
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Abstract

Protein design often begins with the knowledge of a desired function from a motif which
motif-scaffolding aims to construct a functional protein around. Recently, generative models
have achieved breakthrough success in designing scaffolds for a range of motifs. However,
generated scaffolds tend to lack structural diversity, which can hinder success in wet-lab
validation. In this work, we extend FrameFlow, an SE(3) flow matching model for protein
backbone generation, to perform motif-scaffolding with two complementary approaches. The
first is motif amortization, in which FrameFlow is trained with the motif as input using a
data augmentation strategy. The second is motif guidance, which performs scaffolding using
an estimate of the conditional score from FrameFlow without additional training. On a
benchmark of 24 biologically meaningful motifs, we show our method achieves 2.5 times
more designable and unique motif-scaffolds compared to state-of-the-art. Code: https:
//github.com/microsoft/protein-frame-flow

1 Introduction

A common task in protein design is to create proteins with functional properties conferred through a pre-
specified arrangement of residues known as a motif. The problem is to design the remainder of the protein,
called the scaffold, that harbors the motif. Motif-scaffolding is widely used, with applications to vaccine
and enzyme design (Procko et al., 2014; Correia et al., 2014; Jiang et al., 2008; Siegel et al., 2010). For this
problem, diffusion models have greatly advanced capabilities in designing new scaffolds (Wu et al., 2023;
Trippe et al., 2022; Ingraham et al., 2023). While experimental wet-lab validation is the ultimate test for
evaluating a scaffold, in this work we focus on improving performance under computational validation of
scaffolds following prior works. In-silico success is defined as satisfying the designability® criteria which
has been found to correlate well with wet-lab success (Wang et al., 2021). The current state-of-the-art,
RFdiffusion (Watson et al., 2023), fine-tunes a pre-trained RosettaFold (Baek et al., 2023) neural network
with SE(3) diffusion (Yim et al., 2023b) and is able to successfully scaffold the majority of motifs in a
recent benchmark.? However, RFdiffusion suffers from low scaffold diversity which can hinder chances of a
successful design. Moreover, the large model size and pre-training used in RFdiffusion makes it slow to train
and difficult to deploy on smaller machines. In this work, we present a lightweight and easy-to-train model
with improved performance.

Our method adapts an existing SE(3) flow matching model, FrameFlow (Yim et al., 2023a), for motif-
scaffolding. We develop two approaches: (i) motif amortization, and (ii) motif guidance as illustrated in
Fig. 1. Motif amortization simply trains a conditional model with the motif as additional input when
generating the scaffold. We use data augmentation to amortize over all possible motifs in our training set
and aid in generalization to new motifs. Motif guidance relies on a Bayesian approach, using an unconditional
FrameFlow model to sample the scaffold residues, while the motif residues are guided at each step to their
final desired positions. An unconditional model in this context is one that generates the full protein backbone
without distinguishing between the motif and scaffold. Motif guidance was described in Wu et al. (2023) for
SE(3) diffusion. In this work, we develop the extension to SE(3) flow matching.

The two approaches differ in whether to use an conditional model or to re-purpose an unconditional model
for conditional generation. Motif guidance has the advantage that any unconditional model can be used to
readily perform motif scaffolding without the need for additional task-specific training. To provide a con-
trolled comparison, we train unconditional and conditional versions of FrameFlow on a dataset of monomers
from the Protein Data Bank (PDB) (Berman et al., 2000). Our results provide a clear comparison of the
modeling choices made when performing motif-scaffolding with FrameFlow. We find that FrameFlow with

LA metric based on using ProteinMPNN (Dauparas et al., 2022) and AlphaFold2 (Jumper et al., 2021) to determine the
quality of a protein backbone.
2First introduced in RFdiffusion as a benchmark of 24 single-chain motifs successfully solved across prior works published.
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Figure 1: We present two strategies for motif-scaffolding. Top: motif amortization trains a flow model to
condition on the motif (blue) and generate the scaffold (red). During training, only the scaffold is corrupted
with noise. Bottom: motif guidance re-purposes a flow model that is trained to generate the full protein
for motif-scaffolding. During generation, the motif residues are guided to reconstruct the true motif at t = 1
while the flow model will adjust the scaffold trajectory to be consistent with the motif.

both motif amortization and guidance surpasses the performance of RFdiffusion, as measured by the number
of structurally unique scaffolds® that pass the designability criterion.

This work is structured as follows. Sec. 2 provides background on SE(3) flow matching. We present our main
contribution extending FrameFlow for motif-scaffolding in Sec. 3. We develop motif amortization for flow
matching while motif guidance, originally developed for diffusion models, follows after drawing connections
between flow matching and diffusion models. Next we discuss related works Sec. 4 and present empirical
results Sec. 5. Our contributions are the following:

e We extend FrameFlow with two fundamentally different approaches for motif-scaffolding: motif amor-
tization and motif guidance. We are the first to extend conditional generation techniques with SE(3)
flow matching and apply them to motif-scaffolding. With all other settings kept constant, we perform a
empirical study of how each approach performs.

e On a benchmark of biologically meaningful motifs, we show our method can successfully scaffold 20 out of
24 motifs in the motif-scaffolding benchmark which is equivalent to previous state-of-the-art, while achiev-
ing 2.5 times more unique, designable scaffolds. Our results demonstrate the importance of measuring
diversity to detect mode collapse.

2 Background

Flow matching (FM) (Lipman et al., 2023; Albergo et al., 2023) is a simulation-free method for training
continuous normalizing flows (CNFs) (Chen et al., 2018). CNFs are deep generative models that generates
data by integrating an ordinary differential equation (ODE) over a learned vector field. Recently, flow
matching has been extended to Riemannian manifolds (Chen & Lipman, 2023), which we rely on to model
protein backbones via the local frame SE(3) representation. Sec. 2.1 gives an introduction to Riemannian
flow matching. Sec. 2.2 then describes how SE(3) flow matching is applied to protein backbones.

2.1 Flow matching on Riemannian manifolds
On a manifold M, a CNF ¢;(-) : M — M is defined via an ODE along a time-dependent vector field
v(z,t) : M x R — T_M where T, M is the tangent space of the manifold at z € M and time is ¢ € [0, 1]:

%d&(zo) = v(¢t(20),1), Po(z0) = 20 (1)

3The number of unique scaffolds is defined as the number of structural clusters. See Sec. 5.1
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Starting with 2o ~ po from an easy-to-sample prior distribution pg, simulating samples according to Eq. (1)
induces a new distribution referred as the push-forward p; = [¢:].po. One wishes to find a vector field v
such that the push-forward p;—1 = [pi=1]+po (at ¢ = 1) matches the data distribution p;. Such a vector
field v is in general not available in closed-form, but can be learned by regressing conditional vector fields
u(ze, t]z1) = %zt where z; = ¢ (20]21) interpolates between endpoints zg ~ pg and z; ~ p1. A natural choice
for 2 is the geodesic path: z; = exp,, (t log., (zl)), where exp,  and log,  are the exponential and logarithmic
maps at the point zp. The conditional vector field takes the following form: wu(z,t|z1) = log,, (21)/(1 — ).
The key insight of conditional? flow matching (CFM) (Lipman et al., 2023) is that training a neural network
¥ to regress the conditional vector field u is equivalent to learning the unconditional vector field v. This
corresponds to minimizing

~ 2
L= Eu(t;[ovl])%(21),170(20) ||’U,(Zt, t|Z1) - U(Ztv t)”g:| (2)

where U(¢; [0, 1]) is the uniform distribution for ¢ € [0,1] and ||||§ is the norm induced by the Riemannian
metric g : TM x TM — R. Samples can then be generated by integrating the ODE in Eq. (1) with Euler
steps using the learned vector field ¥ in place of v.

2.2 Generative modeling on protein backbones

The atom positions of each residue in a protein backbone can be parameterized by an element T € SE(3) of
the special Euclidean group SE(3) (Jumper et al., 2021; Yim et al., 2023b). We refer to T' = (r, x) as a (local)
frame consisting of a rotation r € SO(3) and translation vector z € R3. The protein backbone is made of N
residues, meaning it can be parameterized by N frames denoted as T = [T(M ..., T(MM] ¢ SE(3)". We use
bold face to refer to vectors of all the residues, superscripts to refer to residue indices, and subscripts refer
to time. Details of the SE(3)" backbone parameterization can be found in App. B.1.

We use SE(3) flow matching to parameterize a generative model over the SE(3)N representation of protein
backbones. The application of Riemannian flow matching to SE(3) was previously developed in Yim et al.
(2023a); Bose et al. (2023). Endowing SE(3) with the product left-invariant metric, the SE(3) manifold
effectively behaves as the product manifold SE(3) = SO(3) x R® (App. D.3 of Yim et al. (2023b)). The
vector field over SE(3) can then be decomposed as vé%)(g)(-,t) = (vﬂgl)(-,t),vgg(g)(-,t)). Our goal is train a
neural network to parameterize the learned vector fields,

21"(T,) — 2"

~(n) ~(n) log, ¢ (7" (T))
Up (T4, t) = - 1_: vso(g)(Ttat) = 1 5 -

1-t¢

and f%n) which are used to calculate the

3)

The outputs of the neural network are denoised predictions ﬁvgn)

vector fields in Eq. (3). The loss becomes

~ 2
Lse) = E |[[usee) (T tT1) = Fse (T )]s | (4)
~ ~ 2
= E{ g (s, t)%1) — =(Ts, )2 + lusoe) (re, tlr1) — o) (T, t)HSO(S) } (5)

where the expectation is taken over U(t;[0,1]), p1(T1), po(To). We have used bold-face for collections of
elements, i.e. ¥(-) = [6(V(.),..., 9N ()]. Our prior is chosen as po(To) = U(SO(3))N @ N (0, I3)N, where
U(SO(3)) is the uniform distribution over SO(3) and N (0, I3) is the isotropic Gaussian where samples are
centered to the origin. Details of SE(3) flow matching such as architecture and hyperparameters closely
follow FrameFlow (Yim et al., 2023a), details of which are provided in App. B.2.

3 Motif-scaffolding with FrameFlow

We describe our two strategies for performing motif-scaffolding with the FrameFlow model: motif amor-
tization (Sec. 3.1) and motif guidance (Sec. 3.2). Recall the full protein backbone is given by T =

4Unfortunately the meaning of “conditional” is overloaded. The conditionals will be clear from the context.
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Figure 2: Motif data augmentation. Each protein in the dataset does not come with pre-defined
motif-scaffold annotations. Instead, we construct plausible motifs at random to simulate sampling from the
distribution of motifs and scaffolds.

(T, 7@ TM} ¢ SE3)Y. The residues can be separated into the motif TM = {7() T}
of length k where {iy,...,i1} C {1,..., N} are motif residue indices, and the scaffold T* is all the remaining
residues, such that T = TM U T9. The task can then be framed as the problem of sampling from the
conditional distribution p(TS|TM).

3.1 Motif amortization

We train a variant of FrameFlow that additionally takes the motif as input when generating scaffolds (and
keeping the motif fixed). Formally, we model a motif-conditioned CNF via the following ODE,

d
o (TRITY) = v(g0, HTY),  6o(TG|TY) = TG, (6)
The flow ¢; transforms a prior density over scaffolds along time, inducing a density p;(-|T™) = [¢¢]«po(:|TM).
We use the same prior as in Sec. 2.2: po(T5|TM) = po(T5). FrameFlow is trained to predict the
conditional vector field u(T¢,¢|Ty, TM) where T is defined by interpolating along the geodesic path,

T = exprs (t long(Tf )) The implication is that u is conditionally independent of the motif T given

T7. This simplifies our formulation to u(T, /T, TM) = u(T7,# TY) that is defined in Sec. 2.2. However,
when we learn the vector field, the model needs to condition on T since the motif placement T™ contains
information on the true scaffold positions T7. The training loss becomes,

A~ 2
E |:HuSE(3) (Ttsv t|Tf) — VSE(3) (Ttsv tlTM)HSE(g)} (7)

where the expectation is taken over U(t; [0, 1]), p(T™), p1(TF|TM), po(T§). The above expectation requires
access to the motif and scaffold distributions, p(T™) and p;(T7|TM), during training. Future work can
look into incorporating known motif-scaffolds such as the CDR loops on antibodies (Dunbar et al., 2014).
While some labels exist for which residues correspond to the functional motif, the vast majority of protein
structures in the PDB do not have labels. We instead utilize unlabeled PDB structures to perform data
augmentation (see Sec. 3.1.1) that allows sampling a wide range of motifs and scaffolds.

To learn the motif-conditioned vector field ©;, we use the FrameFlow architecture with a 1D mask as ad-
ditional input with a 1 at the location of the motif and 0 elsewhere. To maintain SE(3)-equivariance, we
zero-center the motif and initial noise sample from po(T5|TM). Zero-centering the motif also prevents the
model from using the motif offset from the origin to memorize scaffold locations which helps generalization.

3.1.1 Data augmentation.

The flow matching loss from Eq. (7) involves sampling from p(T™) and p;(T$|T™), which we do not have
access to, but can be approximated using unlabeled structures from the PDB. Our pseudo-labeled motifs
and scaffolds are generated as follows (also depicted in Fig. 2). First, a protein structure is sampled from the
PDB dataset. Second, a random number of residues are selected to be the starting locations of each motif.
Third, additional residues are appended onto each motif thereby extending their lengths. The length of each
motif is randomly sampled such that the total number of motif residues is between vin and ymax percent of
all the residues. We use vYpin = 0.05 and ymax = 0.5 to ensure at least a few residues are used as the motif
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but not more than half the protein. Finally, the remaining residues are treated as the scaffold and corrupted.
The motif and scaffold are treated as samples from p(T™) and p;(TF|TM) respectively. Importantly, each
protein will be re-used on subsequent epochs where new motifs and scaffolds will be sampled. Our pseudo
motif-scaffolds cover a wide range of scenarios that cover multiple motifs of different lengths.

The lack of functional annotations in the PDB requires training over all possible motif-scaffold annotations
to handle new scenarios our method may encounter in real world scenarios. In our experiments, we evaluate
how this data augmentation strategy transfers to real motif-scaffolding tasks. A similar strategy is used in
image infilling where image based diffusion models are trained to infill randomly masked crops of images to
approximate real image infilling scenarios (Saharia et al., 2022). Motif-scaffolding data augmentation was
mentioned in RFdiffusion but without algorithmic detail. Since RFdiffusion does not release training code,
we implemented our own data augmentation algorithm in Algorithm 1.

3.2 Motif guidance

We now present an alternative Bayesian approach to motif-scaffolding that does not involve learning a motif-
conditioned flow model. As such it does not require having access to motifs at training time, but only at
sampling time. This can be useful when an unconditional generative flow model is already available at hand
and additional training is too costly. The idea behind motif guidance, first described as a special case of
TDS (Wu et al., 2023) using diffusion models, is to use the desired motif T™ to bias the model’s generative
trajectory such that the motif residues end up in their known positions. The scaffold residues follow a
trajectory that create a consistent whole protein backbone, thus achieving motif-scaffolding.

The key insight comes from connecting flow matching to diffusion models to which motif guidance can be
applied. The following ODE describes the relationship between the vector field ¥ in flow models — learned
by minimizing CFM objective in Eq. (5) — and the Stein score V log p:(T;),

AT, = (T4, £)dt = | £(Ty, 1) — %g(t)QVIngt(Tt) dt. (8)

The gradient is taken with respect to the backbone at time ¢ which we omit for brevity, i.e. V = Vr,.
Eq. (8) shows the ODE used to sample from flow models can be written as the probability flow ODE used
in diffusion models (Song et al., 2020) with f and g as the drift and diffusion coefficients. The derivation of
Eq. (8) requires standard linear algebra and calculus for our choice of vector field (see App. D).

Our goal is to sample from the conditional p(T|TM) from which we can extract p(T%|T™). The benefit of
Eq. (8) is we can manipulate the score term to achieve this goal. We modify the above to be conditioned on the
motif TM followed by an application of Bayes rule where V log p;(T¢|T™) = V log p:(T;) + V log p: (T |T}).

1
AT, = |£(T0,t) = 59(t)*V logpu(T,|T™) |t ©)
1 ,
= [£(T01) = 59()? (T log pu(Te) + Vlog pe(T¥|T1) ) |t
= [ Fsp (i 1) —1g()? Viogp: (TM|Ty) |at. (10)
——— —
unconditional pred. guidance term

We can interpret Eq. (9) as doing unconditional generation by following Vsg3)(T,t) while V log pe(TM|Ty)
guides the noised residues so as to be consistent with the true motif. Doob’s H-transform ensures Eq. (9)
will sample from p(T|TH) (Didi et al., 2023). The conditional score V log p;(T™|T,) is unknown, yet it can
be approximated by marginalising out T and using the neural network’s denoised output (Song et al., 2022;
Chung et al., 2022; Wu et al., 2023),

p(TM|T,) = / p(TM T )py o (T4 T,)dT, (11)

= [ DUV T2) gy, (T = p(T (T (L), (12)
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We now have the choice to define the likelihood in Eq. (12) to have higher probability the closer it is to the
desired motif:

PUTMTI(T) o exp (=[x — 5 (TR /w2) exp (— e = £ (T) 2oy /) (13)

which is inversely proportional to the distance from the desired motif. Following SE(3) flow matching, Eq. (9)
becomes factorized into the translation and rotation components. Plugging p(T™|TH(T)) in Eq. (9), we
arrive at the following ODE we may sample p(T|T*) from

Translations: dx; = [VR(Tt, £) + Lg(t)2Vy, [xM — M (T,)|12 /wﬂ dt. (14)
Rotations: dr, = [oso(g) (T, 1) + Lg(t)* Vi, I — 2 (T1) 2oy /wtﬂdt. (15)

wy is a hyperparameter that controls the magnitude of the guidance towards the desired motif which we set
to w? = (1 —1)2/(t? 4+ (1 — t)?) as done in Pokle et al. (2023); Song et al. (2021). While different choices of
g(t) are possible, Pokle et al. (2023) proposed to use g(t) = (1 — )/t with the motivation that this matches
the diffusion coefficient for the diffusion SDE that matches the marginals of the flow ODE. For completeness,
we provide the proof for g(¢) in App. D. A similar calculation is non-trivial for SO(3), hence we use the same
g(t) as a reasonnable heuristic and observe good performance as done in (Wu et al., 2023).

4 Related work

Conditional diffusion and flows. The development of conditional generation methods for diffusion and
flow models is an active area of research. Two popular diffusion techniques that have been extended to flow
matching are classifier-free guidance (CFG) (Dao et al., 2023; Ho & Salimans, 2022; Zheng et al., 2023)
and reconstruction guidance (Pokle et al., 2023; Ho et al., 2022; Song et al., 2022; Chung et al., 2022).
Motif guidance is an application of reconstruction guidance for motif-scaffolding. Motif amortization is most
related to data-dependent couplings (Albergo et al., 2023), where a flow is learned with conditioning of
partial data.

Motif-scaffolding. Wang et al. (2021) first formulated motif-scaffolding using deep learning. SMCDiff
(Trippe et al., 2022) was the first proposed diffusion model for motif-scaffolding using Sequential Monte
Carlo (SMC). Twisted Diffusion Sampler (TDS) (Wu et al., 2023) later improved upon SMCDiff using
reconstruction guidance for each particle in SMC. Our motif guidance method follows from TDS (with one
particle) by deriving the equivalent guidance vector field from its conditional score counterpart. RFdiffusion
(Watson et al., 2023) fine-tunes a pre-trained neural network with motif-conditioned diffusion training. Our
FrameFlow-amortization approach in principle follows RFdiffusion’s diffusion training, but differs in (i) using
flow matching, (ii) not relying expensive pre-training, and (iii) uses a 3x smaller neural network®. Didi et al.
(2023) provides a survey of structure-based motif-scaffolding methods while proposing Doob’s h-transform
for motifs-scaffolding. EvoDiff (Alamdari et al., 2023) differs in using a sequence-based diffusion model
that performs motif-scaffolding with language model-style masked generation but performance falls short of
RFdiffusion and TDS.

5 Experiments

In this section, we report the results of training FrameFlow for motif-scaffolding. Sec. 5.1 describes training,
sampling, and metrics. Our main results on motif-scafolding are reported in Sec. 5.2 on the benchmark
introduced in RFdiffusion. Additional motif-scaffolding analysis is provided in App. G.

5.1 Set-up

Training. We train two FrameFlow models. FrameFlow-amortization is trained with motif amortization
as described in Sec. 3.1 with data augmentation using hyperparameters: ~min = 0.05 so the motif is never

5FrameFlow uses 16.8 million parameters compared to RFdiffusion’s 59.8 million.
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Figure 3: Motif-scaffolding results. Top plot: RFdiffusion achieves the most designable scaffolds amongst
all methods in 9/24 test motifs compared to FrameFlow-amortization’s 7/24 and TDS’ 6/24; 2/24 are ties.
Bottom plot: However, we observe that RFdiffusion produces the highest number of unique designable scaf-
folds for only 2 out of the 24 test motifs. Therefore, previous approaches that only measure designability
(top plot) may be misleading since those generative models that may have the best designability can also be
repeatedly sampling similar scaffolds. This demonstrates the need to measure diversity alongside designabil-
ity and use the number of unique designable scaffolds as the metric of success.

degenerately small and Yyax = 0.5 to avoid motif being the majority of the backbone. FrameFlow-guidance,
to be used in motif guidance, is trained unconditionally on full backbones. Since unconditional generation
is not our focus, we leave the unconditional performance to App. F where we see the performance is slightly
worse than RFdiffusion — as we will see, the motif-scaffolding performance is better. Both models are trained
using the filtered PDB monomer dataset introduced in FrameDiff. We use the ADAM optimizer (Kingma
& Ba, 2014) with learning rate 0.0001. We train each model for 6 days on 2 A6000 NVIDIA GPUs with
dynamic batch sizes depending on the length of the proteins in each batch — a technique from FrameDiff.

Sampling. We use the Euler-Maruyama integrator with 500 timesteps for all sampling. Following the
motif-scaffolding benchmark proposed in RFdiffusion, we sample 100 scaffolds for each of the 24 monomer
motifs®. For each motif, the method must sample novel scaffolds with different lengths and different motif
locations along the sequence. The benchmark measures how well a method can generalize beyond the native
scaffolds for a set of biologically important motifs.

Hyperparameters. Our hyperparameters for neural network architecture, optimizer, and sampling steps
all follow the best settings found in FrameFlow (Yim et al., 2023a). We leave hyperparameter search as a
future work since it is not the focus of this work.

5.2 Motif-scaffolding results

Baselines. We consider RFdiffusion and the Twisted Diffusion Sampler (TDS) as baselines. RFdiffusion’s
performance is reported based on their published samples. TDS reported motif-scaffolding results with
arbitrary scaffold lengths that deviated the benchmark. Therefore, we re-ran TDS with their best settings
using k = 8 particles on the RFdiffusion benchmark. We refer to FrameFlow-amortization as our results
with motif amortization while FrameFlow-guidance uses motif guidance.

Metrics. Previously, motif-scaffolding was only evaluated through samples passing designability (Des.).
For a description of designability see App. E. Within the set of designable scaffolds, we also calculate the

6The benchmark has 25 motifs, but the motif 6VW1 involves multiple chains that FrameFlow cannot handle.
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Figure 4: FrameFlow-amortization diversity. In blue is the motif while red is the scaffold. For each
motif (1QJG, 1YCR, 5TPN), we show FrameFlow-amortization can generate scaffolds of different lengths
and various secondary structure elements for the same motif. Each scaffold is in a unique cluster to showcase
the samples’structural diversity.

diversity (Div.) as the number of structurally unique clusters. This is crucial since designability can
be manipulated to have a 100% success rate by always sampling the same scaffold with trivial changes.
In real world scenarios, diversity is desired to gain the most informative feedback from expensive wet-lab
experiments (Yang et al., 2019). Thus diversity provides an additional data point to check for mode collapse
where the model is sampling the same scaffold repeatedly. Clusters are computed using MaxCluster (Herbert
& Sternberg, 2008) with TM-score threshold set to 0.5.

Benchmark. Fig. 3 shows how each method fares against each other in designability and diversity on each
motif of the motif-scaffolding benchmark. While it appears RFdiffusion gets lots of successful scaffolds, the
number of unique scaffolds is far lower than both our FrameFlow approaches. TDS achieves lower designable
scaffolds on average, but demonstrates strong performance on a small subset of motifs. There are some motifs
that only RFdiffusion can solve (TMRX 85, TMRX 128) while FrameFlow is able to solve cases RFdiffusion
cannot (1QJG, 4JHW, 5YUI).

Table 1: Motif-scaffolding aggregate metrics

Method Solved (1) Div. (1) Speed ({)
FrameFlow-amort. 20 353 18s
FrameFlow-guid. 20 192 18s
RFdiffusion 20 141 50s
TDS 19 217 117s

Tab. 1 provides the number of motifs each method solves — which means at least one designable scaffold is
sampled — and the number of total designable clusters sampled across all motifs. Here we see each method
can solve 19-20 solves motifs, but FrameFlow-amortization can achieve nearly double the number of unique
scaffolds (clusters) as RFdiffusion. FrameFlow-amortization outperforms FrameFlow-guidance on diversity.
A potential reason for the improved diversity is the use of SE(3) flow matching in the unconditional model
whereas TDS uses SE(3) diffusion (Yim et al., 2023b). Bose et al. (2023) found SE(3) flow matching to
provide far better designability and diversity than its diffusion counterpart. Empirically, it is known flow
matching outperforms diffusion on Riemannian manifolds (Chen & Lipman, 2023).

In the last column we give the number of seconds to sample a length 100 protein on a A6000 Nvidia GPU with
each method. Both FrameFlow methods are significantly faster than RFdiffusion and TDS. TDS is notably
slower since its run time scales with its number of particles. We conclude that FrameFlow-amortization
matches RFdiffusion and TDS on the number of solved motifs while achieving much higher diversity and
faster inference.
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Figure 5: Secondary structure analysis. 2D kernel density plots of secondary structure composition of
designable motif-scaffolds from FrameFlow-amortization and RFdiffusion. Here we see RFdiffusion tends to
mostly generate helical scaffolds while FrameFlow-amortization gets much more scaffolds with strands.

Diversity analysis. To visualize the diversity of the scaffolds, Fig. 4 shows several of the clusters for motifs
1QJG, 1YCR, and 5TPN where FrameFlow can generate significantly more clusters than RFdiffusion. Each
scaffold demonstrates a wide range of secondary structure elements across multiple lengths. To quantify
this in more depth, Fig. 5 plot the helical and strand compositions (computed with DSSP (Kabsch &
Sander, 1983)) of designable motif-scaffolds from FrameFlow-amortization compared to RFdiffusion. We see
FrameFlow-amotization achieves a better spread of secondary structure components than RFdiffusion. A
potential reason for RFdiffusion’s overall lower diversity is due to its lack of secondary structure diversity
— favoring to sample mostly helical structures. App. G provides additional analysis into the FrameFlow
motif-scaffolding results. We conclude FrameFlow-amortization achieves much more structural diversity
than RFdiffusion.

6 Discussion

In this work, we present two methods building on FrameFlow for tackling motif-scaffolding. These methods
can be used with any flow-based model. First, with motif-amortization we adapt the training of FrameFlow
to additionally be conditioned on the motif — in effect turning FrameFlow into a conditional generative
model. Second, with motif guidance, we use an unconditionally trained FrameFlow for the task of motif-
scaffolding though without any additional task-specific training. We empirically evaluated both approaches,
FrameFlow-amortization and FrameFlow-guidance, on the motif-scaffolding benchmark from RFdiffusion
where we find both methods achieve competitive results with state-of-the-art methods. Moreover, they are
able to sample more unique scaffolds and achieve higher diversity. It is important to note amortization
and guidance are complementary techniques. Amortization outperforms guidance but requires conditional
training while guidance can use unconditional flow models without further training. Guidance generally
performs worse due to approximation error in Eq. (12) from using an unconditional model in conditional
task. We stress the need to report both success rate and diversity to detect when a model suffers from mode
collapse. Lastly, we caveat that all our results and metrics are computational, which may not necessarily
transfer to wet-lab success.

Future directions. We have extended FrameFlow for motif-scaffolding; further extensions include binder,
enzyme, and symmetric design — all which RFdiffusion can currently achieve. For these capabilities, we
require extending FrameFlow to handle multimeric proteins. While motif guidance does not outperform motif
amortization, it is possible extending TDS to flow matching could close that gap. Related to guidance, one
could explore conditioning mechanisms to control properties of the scaffold such as its secondary structure.
We make use of a heuristic for Riemannian reconstruction guidance that may be further improved. Despite
our progress, there still remains areas of improvement to achieve success in all 25 motifs in the benchmark.
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Appendix

A Organisation of appendices

The appendix is organized as follows. App. B provides details and derivations for FrameFlow (Yim et al.,
2023a) that we introduce in Sec. 2.2. App. D provides derivation of motif guidance used in Sec. 3.2. Des-
ignability is an important metric in our experients, so we provide a description of it in App. E. Lastly, we
include additional results on unconditional generation App. F and motif-scaffolding App. G.

B FrameFlow details

B.1 Backbone SE(3) representation

A protein can be described by its sequence of residues, each of which takes on a discrete value from a vocabu-
lary of amino acids, as well as the 3D structure based on the positions of atoms within each residue. The 3D
structure in each residue can be separated into the backbone and side-chain atoms with the composition of
backbone atoms being constant across all residues while the side-chain atoms vary depending on the amino
acid assignment. For this reason, FrameFlow and previous SE(3) diffusion models (Watson et al., 2023; Yim
et al., 2023b) only model the backbone atoms with the amino acids assumed to be unknown. A second
model is typically used to design the amino acids after the backbone is generated. Each residue’s backbone
atoms follows a repeated arrangement with limited degrees of freedom due to the rigidity of the covalent
bonds. AlphaFold2 (AF2) (Jumper et al., 2021) proposed a SE(3) parameterization of the backbone atoms
that we show in Fig. 6. AF2 uses a mapping of four backbone atoms to a single translation and rotation
that reduces the degrees of freedom in the modeling. It is this SE(3) representation we use when modeling
protein backbones. We refer to Appendix I of Yim et al. (2023b) for algorithmic details of mapping between
elements of SE(3) and backbone atoms.

\ ______ 0@ r = GramSchmidt(vy, v2)
r=C,cR3
T = (r,xz) € SE(3)
Y € SO(2)
. (b) Backbone atoms of (c) SE(3) parameterization of
(2) Protein backbone atoms a single residue backbone atoms of a single residue

Figure 6: Backbone parameterization with SE(3). (a) Shows the full protein backbone atomic structure
without side-chains. (b) Zooms in the backbone atoms of a single residue. Note the repeated arrangements
of backbone atoms in each residue. (c¢) The transformation of turning each set of four backbone atoms into
an element of SE(3).

B.2 SE(3) flow matching implementation

This section provides implementation details for SE(3) flow matching and FrameFlow. As stated in Sec. 2.1,
SE(3)" can be characterized as the product manifold SE(3)" = RY x SO(3)". It follows that flow matching
on SE(3)" is equivalent to flow matching on R3Y and SO(3)". We will parameterize backbones with N
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residues T = (x,r) € SE(3)" by translations x € R3N and rotations r € SO(3)". As a reminder, we use
bold face for vectors of all the residue: T = [TM ... . TM] x = [2M) ... 2] r=[pM . W]

Riemannian flow matching (Sec. 2.1) proceeds by defining the conditional flows,
wgn) =(1- t)x(()n) + L‘ac(ln)7 7"15") = exp, (tlogrén) (r§”))) , (16)

for each residue n € {1,...,N}. As priors we use x(()") ~ N(0,I3) and r(()n) ~ U(SO(3)). N(0,13) is the
isotropic Gaussian in 3D with centering where each sample is centered to have zero mean — this is important
for equivariance later on. U(SO(3)) is the uniform distribution over SO(3). The end points z.™ and r{" are

samples from the data distribution p;.

Eq. (16) uses the geodesic path with linear interpolation; however, alternative conditional flows can be used
(Chen & Lipman, 2023). A special property of SO(3) is that exp,, and log, can be computed in closed form
using the well known Rodrigues’ formula. The corresponding conditional vector fields are

(n) _ () log, (™)

n n n z - n n n
W@, el = LTIl o, o) =

T Ug(3) (17

We train neural networks to regress the conditional vector fields through the following parameterization,

- (n) (n) log_m (™ (T4))
n T:) — n g,.(m) t
f’u(z )(Ttat) = %7 @éo)(g)(Ttat) = %» (18)

where the neural network outputs the denoised predictions :%gn) and fYI) while using the noised backbone

T, as input. We now modify the loss from Eq. (5) with practical details from FrameFlow,

Lsu3) = Bu(1:0,1),p1(T1)po(To) [LR(Te, T1,t) + 2Ls0(3)(Ty, T1, t) + 1(t > 0.5) Loy (Ty, T, t)]

(19)
Lr(Ty, T t) = 5~ ea(Ty. )| = P =Sl 20
R( ty L1 )_ ”uR(Xt‘le )_VR( s )”R_ (17min(t,0.9))2 ( )
(n) L (n) 2
o ) o 7 T |
Lso3)(Ts, T1,t) = |[usos) (refry, t) — ¥50(3) (Tt 1) [ g0 3) = (1 = min(t,0.9))2 - (21)

We up weight the SO(3) loss Lgo(3) such that it is on a similar scale as the translation loss Lgr. Eq. (20)
is simplified to be a loss directly on the denoised predictions. Both Eq. (20) and Eq. (21) have modified
denominators (1 —min(¢,0.9))~2 instead of (1 —¢)~! to avoid the loss blowing up near ¢ ~ 1. In practice, we
sample ¢ uniformly from U[e, 1] for small e. Lastly, L, is taken from section 4.2 in Yim et al. (2023b) where
they apply a RMSD loss over the full backbone atom positions and pairwise distances. We found using L,,x
for all £ > 0.5 to be helpful. The remainder of this section goes over additional details in FrameFlow.

Alternative SO(3) prior. Yim et al. (2023a) reported using the IGSO3(c = 1.5) prior (Nikolayev &
Savyolov, 1970) for SO(3) instead of U(SO(3)) lead to improved performance. The choice of o = 1.5 will
shift the ryp samples away from 7 where near degenerate solutions can arise in the geodesic. We follow using
IGSO3(o = 1.5) for training while using the ¢(SO(3)) prior for sampling.

Pre-alignment. Following (Klein et al., 2023) and Shaul et al. (2023), we pre-align samples from the prior
and the data by using the Kabsch algorithm to align the noise with the data to remove any global rotation
that results in a increased kinetic energy of the ODE. Specifically, for translation noise xo ~ N(0,13)" and
data x; ~ p; where xg,x; € R3>*¥ we solve r* = arg min, o) [[7x0 — x1/|3 and use the aligned noise 7*xq
during training. Yim et al. (2023a) found this to aid in training efficiency which we adopt.

15/



Published in Transactions on Machine Learning Research (07/2024)

Symmetries. We perform all modelling within the zero center of mass (CoM) subspace of RV *3 as in Yim
et al. (2023b). This entails simply subtracting the CoM from the prior sample x( and all datapoints x;. As
X; is a linear interpolation between the noise sample and data, x; will have 0 CoM also. This guarantees
that the distribution of sampled frames that the model generates is SE(3)-invariant. To see this, note that
the prior distribution is SE(3)-invariant and the learned vector field vggs) is equivariant because we use an
SE(3)-equivariant architecture. Hence by Kohler et al. (2020), the push-forward of the prior under the flow
is invariant.

Auxiliary losses. We use the same auxiliary losses in (Yim et al., 2023a).

SO(3) inference scheduler. The conditional flow in Eq. (16) uses a constant linear interpolation along
the geodesic path where the distance of the current point x to the endpoint x; is given by a pre-metric
dg : M x M — R induced by the Riemannian metric g on the manifold. To see this, we first recall the
general form of the conditional vector field with x, 2, € M is given as follows (Chen & Lipman, 2023),

dl t Vd(z,xq
ug(x|zr) = %ﬁc()d(az,xl)m (22)
_ dlogk(t) Vd(z,x1)?
=T a2V, )| (23)
_ dlogk(t) —log,(x1)
ST a [Vdwa)|? (24)
_ fdl(()sff(t) log., (1), (25)

with x(t) a monotonically decreasing differentiable function satisfying £(0) = 1 and k(1) = 0, referred as the
interpolation rate 7. Then plugging in a the linear schedule x(t) = 1 — ¢, we recover Eq. (17)

—dlog k(t)

B tog, (1) = 1 log, (). (26)

wi(aler) = —
However, we found this interpolation rate to perform poorly for SO(3) for inference time. Instead, we utilize
an exponential scheduler k(¢) = e~ for some constant c¢. The intuition being that for high ¢, the rotations
accelerate towards the data faster than the translations which evolve according to the linear schedule. The
SO(3) conditional flow in Eq. (16) and vector field in Eq. (17) become the following with the exponential
schedule,

re = exp,, ((1—e ) log,, (r1)) (27)
U,En) = clogr(m (T’Agn)) . (28)

We find ¢ = 10 or 5 to work well and use ¢ = 10 in our experiments. Interestingly, we found the best
performance when () = 1 —¢ was used for SO(3) during training while x(¢) = e~ is used during inference.
We found using x(t) = e~ during training made training too easy with little learning happening.

The vector field in Eq. (28) matches the vector field in FoldFlow when inference annealing is performed (Bose
et al., 2023). However, their choice of scaling was attributed to normalizing the predicted vector field rather
than the schedule. Indeed they proposed to linearly scale up the learnt vector field via A(t) = (1 — ¢)c at
sampling time, i.e. to simulate the following ODE:

dry = A(t)v(re, t)de.

However, as hinted at earlier, this is equivalent to using at sampling time a different vector field o(r,t)—
induced by an exponential schedule %(t) = e~ “*—instead of the linear schedule k(t) = 1 —t (that the neural

"r(t) acts as a scheduler that determines the rate at which d(-|z1) decreases, since we have that ¢; decreases d(-, z1) according
to d(¢¢(zolz1), 1) = k(t)d(xo,x1)(Chen & Lipman, 2023).
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network 7#{ was trained with). Indeed we have

- —0: log k() ~
O Togn(t) 0y log k(t) log,., (71) (29)

= —c(1 —t)0;log k(t) log,. (71) = c(1 —t) v(re, t) = A(t) v(re, t). (30)

0(r¢,t) = —0; log k(1) log,. (71) =

C Data augmentation

Algorithm 1 Motif-scaffolding data augmentation
Require: Protein backbone T; Min and max motif percent ymin = 0.05, Ymax = 0.5.

1: s ~ Uniform{| N - Ymin], - - -5 [V * Ymax] } > Sample maximum motif size.
2: m ~ Uniform{1,...,s} > Sample maximum number of motifs.
3 TM 0

4: fori e {1,...,m} do

5: j ~ Uniform{1,...,N}\ TM > Sample location for each motif
6 ¢ ~ Uniform{1,...,s —m+i— |[TM|} > Sample length of each motif.
7 ™ « TM U {Ty,... s Trnin(j+0,N) } > Append to existing motif.
8: end for

9: TS« {T,..., Ty} \ TM > Assign rest of residues as the scaffold

10: return TM TS

D Motif guidance details

For the sake of completeness, we derive in this section the guidance term in Eq. (8) for the flow matching
setting. In particular, we want to derive the conditional vector field v(ay,t|y) in terms of the unconditional
vector field v(zy,t) and the correction term Vlogp:(y|z:). Beware, in the following we adopt the time
notation from diffusion models, i.e. ¢ = 0 for denoised data to t = 1 for fully noised data. We therefore need
to swap t — 1 — t in the end results to revert to the flow matching notations.

Let’s consider the process associated with the following noising stochastic differential equation (SDE)
dzy = f(z,t)dt + g(t)dB, (31)
which admits the following time-reversal denoising process
A, = [f (2, 1) — g(t)*V1og py ()] At + g(t)dB,. (32)

Thanks to the Fokker-Planck equation, we know that the the following ordinary differential equation admits
the same marginal as the SDE Eq. (32):

oy = | Flwert) — 5900V logpi(eo) | dt
= v(zy, t)dt. (33)
with v(z¢,t) being the probability flow vector field.
Now, conditioning on some observation y, we have

dz; = v(zy, tly)dt

= |70 - Jo(0PT 10wl

= [ )= 30007 (V1o mi(a0) + V10 pulyf0))]

= [ota) = o0V g (ol | dr (30
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Eq. (34) follows from the same reverse SDE theory of Eq. (32) except the initial state distribution is p(z¢|y)).
The drift f(x:,¢) and diffusion ¢(t) coefficients are unchanged while only the score reflect the new initial
distribution. More details can be found in App. I of Song et al. (2020). We only need to know g(¢) to
adapt reconstruction guidance—which estimates V log p:(y|z:)—to the flow matching setting where we want
to correct the vector field. Given a particular choice of interpolation x; from flow matching, let’s derive the
associated g(t).

Euclidean setting Assume zg is data and z; is noise, with x1 ~ A(0,I). In Euclidean flow matching, we
assume a linear interpolation z; = (1 — t)xg + tx;. Conditioning on zp, we have the following conditional
marginal density p;o = N ((1 — t)xo,tQI). Meanwhile, let’s derive the marginal density pyo induced by
Eq. (31). Assuming a linear drift f(wz:,t) = u(t)x:, we know that pyo is Gaussian. Let’s derive its mean
my = E[z;] and covariance X; = Cov|x]. We have that (Sarkka & Solin, 2019)

d

b =B (f(w. )] = u(tym. (3
thus
B[] = exp ( /O t u(s)ds) 20, (36)
Additionally,
= [f(u )me — 20 T] 4B [F(a (e — )] + (1)1 (37)

= 2u(t); + g(t)?1, (38)

Matching py|o and pyjo, we get

exp ( /0 t ,u(s)ds) 20 = (1— t)o (39)

& /0 p(s)ds =1In(1 —t) (40)
& ) =~ (41)
and
2u(t)t® + g(t)* = 2t (42)
& - 2%’52 +g(t)? =2t (43)
s g(t)? =2t + 21#_#2 (44)
&gl = (45)

The equivalent SDE that gives the same marginals is Therefore, the following SDE gives the same conditional

marginal as flow matching:
-1 [ 2t

SO(3) setting The conditional marginal density pyo induced by Eq. (31) with zero drift f(rs,t) = 0 is
given by the IGSO(3) distribution (Yim et al., 2023b): pyo = IGSO(3) (r¢,70,t). We are not aware of a
closed form formula for the variance of such a distribution.

On the flow matching side, we assume rg is data and 7, is noise, with r; ~ U(SO(3)), and a geodesic
interpolation r; = exp,, (tlog, (r1)). We posit that the induced conditional marginal py|o is not an IGSO(3)
distribution. As such, it appears non-trivial to derive the required equivalent diffusion coefficient g(¢) for
SO(3). We therefore use as a heuristic the same g(t) as for R
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Success (designable): if (1) and (2) satisfied. 1. Scaffold RMSD < 2.0
Report % of samples that are designable. /\
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\ 2. Motif RMSD < 1.0 /

Figure 7: Schematic of computing motif-scaffolding designability. "Generative model" is a stand-in for the
method used to generate scaffolds conditioned on the motif. From there, we use ProteinMPNN (Dauparas
et al., 2022) to design the sequence then use AlphaFold2 (AF2) (Jumper et al., 2021) in predicting the
structure of the sequence. The RMSD is calculated on the scaffold (blue) and motif (red) separately with
alignments. A generated scaffold passes designability if the scaffold RMSD < 2.0 and motif RMSD < 1.0.

E Designability

We provide details of the designability metric for motif-scaffolding and unconditional backbone generation
previously used in prior works (Watson et al., 2023; Wu et al., 2023). The quality of a backbone structure
is nuanced and difficult to find a single metric for. One approach that has been proven reliable in protein
design is using a highly accurate protein structure prediction network to recapitulate the structure after
the sequence is inferred. Prior works (Bennett et al., 2023; Wang et al., 2021) found the best method for
filtering backbones to use in wet-lab experiments was the combination of ProteinMPNN (Dauparas et al.,
2022) to generate the sequences and AlphaFold2 (AF2) (Jumper et al., 2021) to recapitulate the structure.
We choose to use the same procedure in determining the computational success of our backbone samples
which we describe next. As always, we caveat these results are computational and may not transfer to
wet-lab validation. While ESMFold (Jumper et al., 2021) may be used in place of AF2, we choose to follow
the setting of RFdiffusion as close as possible.

We refer to sampled backbones as backbones generated from our generative model. Following RFdiffusion,
we use ProteinMPNN at temperature 0.1 to generate 8 sequences for each backbone in motif-scaffolding and
unconditional backbone generation. In motif-scaffolding, the motif amino acids are kept fixed — Protein-
MPNN only generates amino acids for the scaffold. The predicted backbone of each sequence is obtained with
the fourth model in the five model ensemble used in AF2 with 0 recycling, no relaxation, and no multiple
sequence alignment (MSA) — as in the MSA is only populated with the query sequence. Fig. 7 provides
a schematic of how we compute designability for motif-scaffolding. A sampled backbone is successful or
referred to as designable based on the following criterion depending on the task:

o Unconditional backbone generation: successful if the Root Mean Squared Deviation (RMSD)
of all the backbone atoms is < 2.0Aafter global alignment of the Carbon alpha positions.

« Motif-scaffolding: successful if the RMSD of motif atoms is < 1Aafter alignment on the motif
Carbon alpha positions. Additionally, the RMSD of the scaffold atoms must be < 2Aafter alignment
on the scaffold Carbon alpha positions.
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F FrameFlow unconditional results

We present backbone generation results of the unconditional FrameFlow model used in FrameFlow-guidance.
We do not perform an in-depth analysis since this task is not the focus of our work. Characterizing the
backbone generation performance ensures we are using a reliable unconditional model for motif-scaffolding.
We evaluate the unconditionally trained FrameFlow model by sampling 100 samples from lengths 70, 100,
200, and 300 as done in RFdiffusion. The results are shown in Tab. 2. We find that FrameFlow achieves
slightly worse designability while achieving improved novelty. We conclude that FrameFlow is able to achieve
strong unconditional backbone generation results that are on par with a current state-of-the-art unconditional
diffusion model RFdiffusion. We perform secondary structure analysis of the unconditional samples in Fig. 8.

Table 2: Unconditional generation metrics.

Method Des.(1) Div. (1) Nov. ({)
FrameFlow 0.86 155 0.61
RFEdiffusion 0.89 159 0.65

We find FrameFlow has a tendency to sample more alpha helical structures than the data distribution but
still has roughly the same coverage of structures. Future work could investigate the cause of such helical
tendency and improve the secondary structure sample distribution.

Sampled secondary structure Data secondary structure

0.6 0.6
c c
0093 805
x =
[7)] [7)]
8-0.4 g- 0.4
£ £
8 0.3 8 0.3
T T
c 0.2 c 0.2
o ©
5 =
0 0.1 b 0.1

0.0 \ 0.0

0.0 0.2 0.4 0.6 08 1.0 0.0 0.2 0.4 06 0.8 1.0
Helix composition Helix composition

Figure 8: Secondary structure analysis of unconditional samples. Using FrameFlow we sample 100 proteins
for each length 70, 100, 200, and 300. The 2D kernel density estimation plot of the secondary structure
composition is shown on left. On the right, we show the secondary structure composition of all length 70,
100, 200, and 300 proteins in the training set. We find FrameFlow has a tendency to sample more alpha
helical structures than the data distribution.

G FrameFlow motif-scaffolding analysis

In this section, we provide additional analysis into the motif-scaffolding results in Sec. 5.2. Our focus is
on analyzing the motif-scaffolding with FrameFlow: motif amortization and guidance. The first analysis is
the empirical cumulative distribution functions (ECDF) of the motif and scaffold RMSD shown in Fig. 9.
We find that the main advantage of amortization is in having a higher percent of samples passing the motif
RMSD threshold compared to the scaffold RMSD. Amortization has better scaffold RMSD but the gap is
smaller than motif RMSD. The ECDF curves are roughly the same for both methods.

Tab. 3 shows the average pairwise TM-score for all designable scaffolds per motif. We report this for each
method where we find our FrameFlow approaches get the lowest average pairwise TM-score in 19 out of 24
motifs. The average pairwise TM-score is meant to complement the cluster criterion for diversity in case
where clustering leads to pathological behaviors. Both metrics have their strengths and weaknesses but
together help provide more details on sample diversity.
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Lastly, we visualize samples from FrameFlow-amortization on each motif in the benchmark. As noted in
Sec. 5.2, amortization is able to solve 21 out of 24 motifs in the benchmark. In Fig. 10, we visualize the
generated scaffolds that are closest to passing designability for the 3 motifs it is unable to solve. We find the
failure to be in the motif RMSD being over IARMSD. However, for 4JHW, 7TMRX_ 60, and 7TMRX_ 128 the
motif RMSDs are 1.2, 1.1, and 1.7 respectively. This shows amortization is very close to solve all motifs in
the benchmark. In Fig. 11, we show designable scaffolds for each of the 21 motifs that amortization solves.
We highlight the diverse range of motifs that can be solved as well as diverse scaffolds.

1.0 1.0

Method
—— FrameFlow-amortization
—— FrameFlow-guided

0.8

0.6

0.4

Method
—— FrameFlow-amortization
~—— FrameFlow-guided

) 1 2 3 4 5 o
Motif RMSD Scaffold RMSD

Figure 9: Empirical cumulative density plot of designability RMSD over the motif (left) and scaffold (right)
for FrameFlow-amortization (blue line) and FrameFlow-guidance (orange line).

Table 3: Under each method name are average TM-score over all designable scaffolds for each motif. Lower
is better which indicates more dissimilar pairwise scaffolds. N/A indicates no designable scaffolds were
sampled. We find our FrameFlow approaches have the lowest average TM-scores among all methods.

Motif FrameFlow-amortization FrameFlow-guidance TDS RFdiffusion
6E6R__med 0.3 0.31 0.36 0.39
2KL8 0.95 0.86 0.88 0.98
472YP 0.55 0.44 N/A N/A
5WN9 0.53 0.45 0.48 N/A
5TRV__short 0.48 0.42 0.46 0.66
TMRX_ 60 N/A N/A 0.29 0.59
6EXZ_ short 0.48 0.49 0.47 0.35
1YCR 0.34 0.3 0.4 0.48
5IUS 0.6 N/A N/A 0.73
6E6R__short 0.37 0.35 0.39 0.41
3IXT 0.4 0.47 0.46 0.62
TMRX_85 N/A 0.36 N/A 0.56
1QJG 0.34 0.44 0.33 N/A
1BCF 0.76 0.69 0.5 0.83
5TRV__med 0.34 0.37 0.38 0.43
5YUIL N/A N/A N/A N/A
5TPN 0.48 0.54 N/A 0.61
1PRW 0.75 0.66 N/A 0.76
6EXZ_med 0.37 0.38 0.36 0.49
5TRV_ long 0.3 0.31 N/A 0.39
4JHW N/A N/A N/A N/A
TMRX_ 128 N/A N/A N/A 0.5
6E6R_long 0.28 0.28 0.46 0.35
6EXZ_long 0.3 0.3 0.38 0.38
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A T T

4JHW TMRX_60 7MRX_128 SWN9
Motif RMSD: 1.2 Motif RMSD: 1.1 Motif RMSD: 1.7 Motif RMSD: 0.75
Scaffold RMSD: 1.5 Scaffold RMSD: 1.3 Scaffold RMSD: 1.4 Scaffold RMSD: 5.6

Figure 10: Closest motif-scaffolds from FrameFlow-amortization on the three motifs it fails to solve. We
find the > 1.0Amotif RMSD is the reason for the method failing to pass designability.

Designable motif-scaffolds Motif Scaffold

g B L=

1BCF 1PRW 1QJG 1YCR 2KLS8
3IXT 51US 5TPN 5TRV_long 5TRV_med
5TRV_short 47YP 5YUI 6E6R_long 6E6R_med

%W%w%

6E6R_short 6EXZ_long 6EXZ_med 6EXZ_short 7MRX 85

Figure 11: Designable motif-scaffolds from FrameFlow-amortization on 20 out of 24 motifs in the motif-
scaffolding benchmark.
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Abstract

Combining discrete and continuous data is an
important capability for generative models. We
present Discrete Flow Models (DFMs), a new
flow-based model of discrete data that provides
the missing link in enabling flow-based gener-
ative models to be applied to multimodal con-
tinuous and discrete data problems. Our key in-
sight is that the discrete equivalent of continuous
space flow matching can be realized using Contin-
uous Time Markov Chains. DFMs benefit from a
simple derivation that includes discrete diffusion
models as a specific instance while allowing im-
proved performance over existing diffusion-based
approaches. We utilize our DFMs method to build
a multimodal flow-based modeling framework.
We apply this capability to the task of protein
co-design, wherein we learn a model for jointly
generating protein structure and sequence. Our
approach achieves state-of-the-art co-design per-
formance while allowing the same multimodal
model to be used for flexible generation of the
sequence or structure.

1. Introduction

Expanding the capabilities of generative models to handle
discrete and continuous data, which we refer to as multi-
modal, is a fundamental problem to enable their widespread
adoption in scientific applications (Wang et al., 2023). One
such application requiring a multimodal generative model is
protein co-design where the aim is to jointly generate con-
tinuous protein structures alongside corresponding discrete
amino acid sequences (Shi et al., 2022). Proteins have been

*Equal contribution 'Department of Statistics, University of
Oxford, UK *Department of Electrical Engineering and Com-
puter Science, Massachusetts Institute of Technology, Mas-
sachusetts, USA. Correspondence to: Andrew Campbell <camp-
bell @stats.ox.ac.uk>, Jason Yim <jyim@csail.mit.edu>.

Proceedings of the 41°% International Conference on Machine
Learning, Vienna, Austria. PMLR 235, 2024. Copyright 2024 by
the author(s).
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well-studied: the function of the protein is endowed through
its structure while the sequence is the blueprint of how the
structure is made. This interplay motivates jointly generat-
ing the structure and sequence rather than in isolation. To
this end, the focus of our work is to develop a multimodal
generative framework capable of co-design.

Diffusion models (Sohl-Dickstein et al., 2015; Ho et al.,
2020; Song et al., 2020) have achieved state-of-the-art per-
formance across multiple applications. They have potential
as a multimodal framework because they can be defined
on both continuous and discrete spaces (Hoogeboom et al.,
2021; Austin et al., 2021). However, their sample time in-
flexibility makes them unsuitable for multimodal problems.
On even just a single modality, finding optimal sampling
parameters requires extensive re-training and evaluations
(Karras et al., 2022). This problem is exacerbated for mul-
tiple modalities. On the other hand, flow-based models
(Liu et al., 2023; Albergo & Vanden-Eijnden, 2023; Lipman
et al., 2023) improve over diffusion models with a simpler
framework that allows for superior performance through
sampling flexibility (Ma et al., 2024). Unfortunately, our
current inability to define a flow-based model on discrete
spaces holds us back from a multimodal flow model.

We address this by introducing a novel flow-based model
for discrete data named Discrete Flow Models (DFMs) and
thereby unlock a complete framework for flow-based mul-
timodal generative modeling. Our key insight comes from
seeing that a discrete flow-based model can be realized us-
ing Continuous Time Markov Chains (CTMCs). DFMs are
a new discrete generative modeling paradigm: less restric-
tive than diffusion, allows for sampling flexibility without
re-training and enables simple combination with continuous
state space flows to form multimodal flow models.

Fig. 1A provides an overview of DFMs. We first define a
probability flow p; that linearly interpolates from noise to
data. We then generate new data by simulating a sequence
trajectory z; that follows p; across time which requires
training a denoising neural network with cross-entropy. The
sequence trajectory could have many transitions or few,
a property we term CTMC Stochasticity (Fig. 1B). Prior
discrete diffusion models are equivalent to picking a specific
stochasticity at training time, whereas we can adjust it at
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Figure 1. Overview. (A.) A DFM trajectory with masking over a 3-dim. sequence with 4 possible states. (B.) CTMC stochasticity
controls the number of transitions in a sequence trajectory while respecting the flow p;. Shown is a 1-dim. sequence with 5 states. (C.)
Sampling with Multiflow can start from noise (bottom left) or with either the structure or sequence given (top left and bottom right). Any
sampling tasks (structure/sequence generation, forward/inverse folding, co-generation) can be achieved with a single Multiflow model.

inference: enhancing sample quality and exerting control
over sample distributional properties.

Using DFMs, we are then able to create a multimodal flow
model by defining factorized flows for each data modality.
We apply this capability to the task of protein co-design
by developing a novel continuous structure and discrete se-
quence generative model named Multiflow. We combine
a DFM for sequence generation and a flow-based struc-
ture generation method developed in Yim et al. (2023a).
Previous multimodal approaches either generated only the
sequence or only the structure and then used a prediction
model to infer the remaining modality (see Sec. 5). Our
single model can jointly generate sequence and structure
while being able to condition on either modality.

In our experiments (Sec. 6), we first verify on small scale
text data that DFMs outperform the discrete diffusion alter-
native, D3PM (Austin et al., 2021) through their expanded
sample time flexibility. We then move to our main focus,
assessing Multiflow’s performance on the co-design task of
jointly generating protein structure and sequence. Multiflow
achieves state-of-the-art co-design performance while data
distillation allows for obtaining state-of-the-art structure
generation. We find CTMC stochasticity enables control-
ling sample properties such as secondary structure com-
position and diversity. Preliminary results on inverse and
forward folding show Multiflow is a promising path towards
a general-purpose protein generative model.

Our contributions are summarized as follows:

* We present Discrete Flow Models (DFMs), a novel dis-
crete generative modeling method built through a CTMC
simulating a probability flow.

* We combine DFMs with continuous flow-based methods
to create a multimodal generative modeling framework.

* We use our multimodal framework to develop Multiflow,
a state-of-the-art generative protein co-design model with
the flexibility of multimodal protein generation.

2. Background

We aim to model discrete data where a sequence x &
{1,...,S}? has D dimensions, each taking on one of S
states. For ease of exposition, we will assume D = 1; all
results hold for D > 1 as discussed in App. E. We first ex-
plain a class of continuous time discrete stochastic processes
called Continuous Time Markov Chains (CTMCs) (Norris,
1998) and then describe the link to probability flows.

2.1. Continuous Time Markov Chains.

A sequence trajectory z; over time ¢ € [0, 1] that follows
a CTMC alternates between resting in its current state and
periodically jumping to another randomly chosen state. We
show example trajectories in Fig. 1B. The frequency and
destination of the jumps are determined by the rate matrix
R; € RS*9 with the constraint its off-diagonal elements
are non-negative. The probability x; will jump to a different
state j is R;(xy, j)d¢ for the next infinitesimal time step d¢ .
We can write the transition probability as

ol = { Bt o,
AT 1+ Ry, @i)dt for j =

:6{$t:]}+Rt($t7.])dt (2)

where 6 {4, j} is the Kronecker delta which is 1 when i = j
and is otherwise 0 and Ry (2, z¢) := — >3y 4, Re(24, k) in
order for p;y q4¢(+|7) to sum to 1. We use compact notation
Eq. (2) in place of Eq. (1). Therefore, p; 1 qy); is a Categor-
ical distribution with probabilities & {x, -} + Ri(x¢, -)dt
that we denote as Cat(d {x¢, j} + Ri(x¢, 5)dt):

ey

3~ Peyare(jlee) == j~ Cat(d {w, 5} + Re(xe, 7)dt).

In practice, we need to simulate the sequence trajectory
with finite time intervals At. A sequence trajectory can be
simulated with Euler steps (Sun et al., 2023b)

Tiyar ~ Cat(d {ze, Tipae} + Re(@e, Tepar)At), (3)
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where the sequence starts from an initial sample xg ~ pg
at time ¢ = 0. The rate matrix [?; along with an initial
distribution pg together define the CTMC.

2.2. Kolmogorov equation

For a sequence trajectory following the dynamics of a
CTMC, we write its marginal distribution at time ¢ as p;(z;).
The Kolmogorov equation allows us to relate the rate matrix
R, to the change in p; (). It has the form:

Ope(ws) = > Rl w)pe(§) = D Relwe, j)pe(a) @)
i Ao

incoming

outgoing

The difference between the incoming and outgoing
probability mass is the time derivative of the marginal
O¢pt(x4). Using our definition of R;(x,2:), Eq. (4) can
be succinctly written as O;p; = RtT pt where the marginals
are treated as probability mass vectors: p; € [0, 1]°. This
defines an Ordinary Differential Equation (ODE) in a vector
space. We refer to the series of distributions p, Vt € [0, 1]
satisfying the ODE as a probability flow.

Key terms: A CTMC is defined by an initial distribution
po and rate matrix R;. Samples along CTMC dynamics
are called a sequence trajectory z;. The probability
flow p; is the marginal distribution of x; at every time ¢.
We say R; generates p; if 9;p; = R, p; Vt € [0, 1].

3. Discrete Flow Models

A Discrete Flow Model (DFM) is a Discrete data generative
model built around a probability Flow that interpolates from
noise to data. To sample new datapoints, we simulate a
sequence trajectory that matches the noise to data probability
flow. The flow construction allows us to combine DFM
with continuous data flow models to define a multimodal
generative model. Proofs for all propositions are in App. B.

3.1. A Flow Model for Sampling Discrete Data

We start by constructing the data generating probability
flow referred to as the generative flow, p;, that we will later
sample from using a CTMC. The generative flow interpo-
lates from noise to data where po(Zg) = Pnoise(To) and
p1(21) = pdata(z1). Since p; is complex to consider di-
rectly, the insight of flow matching is to define p; using a
simpler datapoint conditional flow, py|; (-|z1) that we will
be able to write down explicitly. We can then define p; as

Pe(x4) = Epy () [Pea (el x)] - )

The conditional flow, py|; (-|21) interpolates from noise to
the datapoint z;. The conditioning allows us to write the
flow down in closed form. We are free to define py; (-|z1)
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as needed for the specific application. The conditional flows
we use in this paper linearly interpolate towards x; from a
uniform prior or an artificially introduced mask state, M :

Pt (xe|21) = Cat(td {1, 2} + (1 - 1) 3), (6)
P (welan) = Cat(td {a1, x} + (1 — )3 {M, 2 }).

We require our conditional flow to converge on the datapoint
xyatt = 1,1ie. pyr(@e]21) = 0 {w1, z¢}. We also require
that the conditional flow starts from noise at t = 0, i.e.
P (2e}e1) = Poise(). In our examples, pinif () —
+ and pa(z,) = § {M,z;}. These two requirements
ensure our generative flow, p;, defined in Eq. (5) interpolates
from ppoise at t = 0 towards pgata at t = 1 as desired. Next,
we will show how to sample from the generative flow by

exploiting p;’s decomposition into conditional flows.

3.1.1. SAMPLING

To sample from pgata using the generative flow, p;, we need
access to a rate matrix R;(x:,j) that generates p;. Given
a Ry(x¢,7), we could use Eq. (3) to simulate a sequence
trajectory that begins with marginal distribution pyeige at
t = 0 and ends with marginal distribution pgat, at ¢t = 1.
The definition of p; in Eq. (5) suggests R;(x¢,j) can also
be derived as an expectation over a simpler conditional rate
matrix. Define R, (z;, j|z1) as a datapoint conditional rate
matrix that generates py|; (z¢|x1). We now show R (x4, j)
can indeed be defined as an expectation over Ry (z¢, j|z1).

Proposition 3.1. If R;(x:, j|x1) is a rate matrix that gener-
ates the conditional flow py (x¢|x1), then

Ri(zt,7) = Epw(zl\zt) [Re(2t,j|z1)] @)

is a rate matrix that generates p; defined in Eq. (5). The
DPt|1 (fEt \Oﬁl)Pdam(ﬂvl)

expectation is taken over py(x1|x:) = (@)

Our aim now is to calculate Ry (¢, j|o1) and pyj¢(z1|2¢) to
plug into Eq. (7). pyj¢(z1|z;) is the distribution predicting
clean data x; from noisy data x; and in Sec. 3.1.2, we will
train a neural network p(l’l (@1]2¢) to approximate it. In
Sec. 3.2, we will show how to derive R;(z¢, j|x1) in closed
form. Sampling pseudo-code is provided in Alg. 1.

Algorithm 1 DFM Sampling
1: init ¢ = 0,9 ~ po, choice of Ry (x¢,-|z1) (Sec. 3.2)
2: whilet < 1 do
33 RY(zy,-) + Ep (21]21) [Ri(xy, -|x1)]

Pyt
4. T+ At ™~ Cat ((5 {It, xt+At} + R?(It, LL‘t+At)At)
50 t«+t+ At
6: end while
7. return x;

We discuss further CTMC sampling methods in App. G. Our
construction of the generative flow from conditional flows
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Table 1. Comparison between continuous space linear interpolant flow models and DFMs with masking. Both start with a conditional

flow py|1 (z¢|z1) interpolating between data and noise. For continuous, py |1 (z¢|z1) = N (tz1, (1 — ¢)*I) and for discrete we use Py

mask

Solving the Fokker-Planck or Kolmogorov equations with py; (z¢|x1) gives a data conditioned process, specified either by the velocity
field (1) or the rate matrix (R;). We train a model to learn the unconditional process — written analytically as the expected value of the
conditional quantity — which is then used for sampling. The side-by-side comparison reveals the similar forms of each quantity.

QUANTITY CONTINUOUS DISCRETE
FOKKER-PLANCK-KOLMOGOROV ~ ypy = —V - (vipt) dipe = R p:

— . 5{7,
CONDITIONAL PROCESS vi(ae|zr) = Z=2t Ri(we, jlz1) = 2§ {oy MY

GENERATIVE PROCESS
GENERATIVE SAMPLING

ve(@e) = Epy |, o1 )20) Ve (@e|21)]

Tepar = Te + ve(x) At

Ri(we,§) = Epy |, (o1]20) [R(21, j|21)]
Tipar ~ Cat(d {xe, e ac} + Re(zt, ey ar) Al)

is analogous to the construction of generative probability
paths from conditional probability paths in Lipman et al.
(2023), where instead of a continuous vector field generating
the probability path, we have a rate matrix generating the
probability flow. We expand on these links in Table. 1.

3.1.2. TRAINING

We train a neural network with parameters 6, p‘f‘ (w¢|xy),
to approximate the true denoising distribution using the
standard cross-entropy i.e. learning to predict the clean
datapoint x; when given noisy data z; ~ py|1 (@¢]21).

Lee = Epdaca(wl)u(t;oal)mu(It|301) [Ing(i\t(xlmt)} (®)

where U(t; 0, 1) is a uniform distribution on [0, 1]. z; can
be sampled from py|; (7¢|x1) in a simulation-free manner by
using the explicit form we wrote down for py); e.g. Eq. (6).
In App. C, we analyse how L. relates to the model log-
likelihood and its relation to the Evidence Lower Bound
(ELBO) used to train diffusion models. We stress that L.
does not depend on R;(z¢, j|z1) and so we can postpone
the choice of R;(z¢, j|21) until after training. This enables
inference time flexibility in how our discrete data is sampled.

3.2. Choice of Rate Matrix

The missing piece in Eq. (7) is a conditional rate matrix
Ry (w4, j|z1) that generates the conditional flow py |1 (z¢|x1).
There are many choices for R;(x, j|z1) that all generate
the same py, (¢|21) as we later show in Prop. 3.3. In order
to proceed, we start by giving one valid choice of rate matrix
and from this, build a set of rate matrices that all generate
pej1- At inference time, we can then pick the rate matrix
from this set that performs the best. Our starting choice for
a rate matrix that generates py|; is defined for z; # j as,

) . _ ReLU (0ipy1 (j]x1) — Oepeps (2] 1))
Rf (2, jlo1) := S py1(we|wy)

where ReLU(a) = max(a,0) and O;ps; can be found
by differentiating our explicit form for p;;. This as-
sumes py1(z¢|r1) > 0, see App. B.2 for the full form.

We first heuristically justify R} and then prove it gener-
ates py|1(w¢|r1) in Prop. 3.2. R} can be understood as
distributing probability mass to states that require it. If
Oipy)1(Jlz1) > O¢pyj1(w¢|r1) then state j needs to gain
more probability mass than the current state x; resulting in
a positive rate. If 9;py|1 (j|x1) < Oipy1 (i]x1) then state x;
should give no mass to state j hence the ReLLU. This rate
should then be normalized by the probability mass in the
current state. The ReLLU ensures off-diagonal elements of
R} are positive and is inspired by Zhang et al. (2023).

Proposition 3.2. Assuming zero mass states, py1 (jlz1) =
0, have O;py|1(jlw1) = O, then R} generates pyj1 (w¢|x1).

The proof is easy to derive by substituting R} along with
pyj1(z¢|z1) into the Kolmogorov equation Eq. (4). The
forms for R (2, j|1) under pifff" or pji** are simple

R:unif _ z1,j (A—=d0{z1,2¢}) Rz«mdsk _ o{z1,j}o{ze, M}
- 1—t ’ -

1—t
as we derive in App. F. Using R} as a starting point, we
now build out a set of rate matrices that all generate py|;.
We can accomplish this by adding on a second rate matrix
that is in detailed balance with py|;.

Proposition 3.3. Let RPP be a rate matrix that satisfies the
detailed balance condition for py|y,

pep(ilen) RYP (i, jloy) = pya(Glan) RPP (G ilz), . (9)
Let R} be defined by R}, RP® and parameter n € R=°,
R} := R} +nRP".
Then we have R} generates py1 (x¢|z1), Vi € R0,

The detailed balance condition intuitively enforces the in-
coming probability mass, py 1 (jlz1) R (j,i|21) to equal
the outgoing probability mass, py1(ilz1)RPB (4, jla1).
Therefore, RPE has no overall effect on the probability
flow and can be added on to 2} with the combined rate still
generating py|;. In many cases, Eq. (9) is easy to solve for
RPP due to the explicit relation between elements of RPB
as we exemplify in App. F. Detailed balance has been used
previously in CTMC generative models (Campbell et al.,
2022) to make post-hoc inference adjustments.
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CTMC stochasticity. We now have a set of rate matrices,
{R{ : n > 0}, that all generate p;;. We can plug any
one of these into our definition for R;(z;, j) (Eq. (7)) and
sample novel datapoints using Alg. 1. The chosen value
for n will influence the dynamics of the CTMC we are
simulating. For large values of 7, the increased influence
of RPB will cause large exchanges of probability mass
between states. This manifests as increasing the frequency
of jumps occurring in the sequence trajectory. This leads
to a short auto-correlation time for the CTMC and a high
level of unpredictability of future states given the current
state. We refer to the behaviour that 7 controls as CTMC
stochasticity. Fig. 1B shows examples of high and low 7.

On a given task, we expect there to be an optimal stochas-
ticity level. Additional stochasticity improves performance
in continuous diffusion models (Cao et al., 2023; Xu et al.,
2023), but too much stochasticity can result in a poorly per-
forming degenerate CTMC. In some cases, setting 7 = 0,
i.e. using Ry, results in the minimum possible number of
jumps because the ReLLU within R} removes state pairs that
needlessly exchange mass (Zhang et al., 2023).

unif

Proposition 3.4. For P and pﬁ‘fSk, R} generates py
whilst minimizing the expected number of jumps during the
sequence trajectory. This assumes multi-dimensional data
under the factorization assumptions listed in App. E.

3.3. DFMs Recipe

We now summarize the key steps of a DFM. PyTorch code
for a minimal DFM implementaton is provided in App. F.

1. Define the desired noise schedule py|; (z¢|z1) (Sec. 3.1).
2. Train denoising model p‘flt(:ﬁl |x+) (Sec. 3.1.2).

3. Choose rate matrix R} (Sec. 3.2).

4. Run sampling (Alg. 1).

4. Multimodal Protein Generative Model

Using our flow formulation on discrete state spaces, we can
now combine a DFM with a flow on a continuous space
to define a multimodal generative flow. We use this to per-
form protein joint structure-sequence generation. A protein
can be modeled as a linear chain of residues, each with an
assigned amino acid and 3D atomic coordinates. Protein co-
design aims to jointly generate the amino acids (sequence)
and coordinates (structure). Prior works have used a genera-
tive model on one modality (sequence or structure) with a
separate model to predict the other (see Sec. 5). Instead, our
approach uses a single generative model to jointly sample
both modalities: a DFM for the sequence and a flow model,
FrameFlow (Yim et al., 2023a), for the structure. We refer
to our multimodal flow model as Multiflow.
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4.1. Multimodal Flows

Following FrameFlow, we refer to the protein structure
as the backbone atomic coordinates of each residue. We
leave modeling side-chain atoms as a follow-up work. The
structure is represented as elements of SE(3) to capture the
rigidity of the local frames along the backbone (Yim et al.,
2023b). A protein of length D residues can then be repre-
sented as {(z?,r¢,a?)}L_, where z € R is the translation
of the residue’s Carbon-a atom, 7 € SO(3) is a rotation
matrix of the residue’s local frame with respect to global
reference frame, and a € {1,...,20} U {M} is one of 20
amino acids or the mask state M. For brevity, we refer to
the residue state as 7% = (2%, 7%, a?) and let the full pro-
tein’s structure and sequence as T = {79} . We define
the multimodal conditional flow as py|; (T;|T1) which is
a shorthand for a probability density over the continuous
variables and a probability mass function over the discrete
variables. We define py;(T;|T1) to factorize over both
dimensions and modality.

D

Pe1 (T4 T1) = HPt|1($?\$f)pt|1(Tf\ril)pm(aﬁaf) (10)
d=1

Following Yim et al. (2023a), py1 (z{|2{) and py1 (rf|r{)
are defined implicitly through specifying how samples x¢,

r¢ are generated from py(1 (¢ |2%), py1 (ri|rf),

od =tad + (1 - t)ad, 23 ~ N(0,1) (11)

ri = expy (Hlog,g (1)) 18 ~ Usos),  (12)

where exp and log are the exponential and logarithmic maps.
Uso(3) is the uniform distribution on SO(3). Following
Sec. 3, pyj1(af|af) is defined explicitly.

pei(aflal) = Cat(ts {af,af} + (1 — )0 {M,al}) (13)

Our conditional trajectory that follows this conditional flow
will be an ODE on the continuous modalities with a CTMC
for the amino acids. The conditional ODE on translations
and rotations is parameterized through conditional velocities
vi(aflzf) € R? vl (rf|r{) € Tan,4SO(3) (Yim et al,
2023a). v is a standard Euclidean vector field whereas v¢
is a vector field on the Riemannian Manifold SO(3) (Chen
& Lipman, 2023). The trajectory can be simulated using
Euler steps with step size At,

Itd+At = o + v (zf]2f) At

iy ar = exp,g (At - vl (rf|r{)) (14)

a?—s—At ~ Cat(6 {af, agl+At} + R{(af, af+At\a§l)At).
We choose v such that it individually generates the

pi (z]xf) given by Eq. (11) if it were simulated by it-
self in R3. Similarly, for v¢ and R, they are chosen such
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that they individually generate py1 (rf|r{) (Eq. (12)) and

pm(aﬂa‘f) (Eq. (13)) respectively. The explicit forms for
d

T

vd, v? and RY are as follows,

vl (aflal) = (af — =)/ (1 - 1)
vl (rfr)) = log,a(rf)/(1 — 1) (15)
Ri(af, j%af) = 6 {j% af} 6 {af, M} /(1 —1).

wth velocities following Yim et al. (2023a) and rate matrix
derived in App. F.1 assuming 1 = 0. The following propo-
sition verifies these choices are consistent with our initial
definition of py; (T;|T1).

Proposition 4.1. The multimodal process defined by
Eq. (15) has the flow py1 (T¢|T1) given by Eq. (10).

We would now like to be able to sample a trajectory that fol-
lows the unconditional flow. Mirroring Prop. 3.1, we again
find that the desired unconditional velocities and rate matrix
are expectations of their respective conditional quantities.

Proposition 4.2. The following velocities and rate matrix
together generate pi(T;) = E,, . (1)) [pt‘l(Tt|T1)],

vH(Ty) = Ep (910 (v (zf|2])]
v} (Ty) = Ep. . rtTy) [vd(rir)]

RY(Ty,j%) = Ep. . (ag1T0) [R{(af, j%af)] .

We note that even though the conditional flow is defined to
factorize over modality and dimension, the unconditional
generative flow has coupled modalities and dimensions be-
cause each velocity and rate matrix depends on the entire
corrupted protein state T.

Thus far, we have assumed the same noise level in all modal-
ities. To enable flexible sampling options, we can use a
noise level for the structure, ¢, that is independent to the
noise level of the sequence, t (Albergo et al., 2023). We let
T, ; = (¢{P, 7, a;"P) and use a conditional flow of

D

pein(TeilT) = T pep (@ lad)po (1 pay (afaf).
d=1

The unconditional flow then becomes p, ;(T;;) =
Epyaea(T) [Pe71 (T 7| T1)], with the expectations for the
unconditional velocities and rate matrix in Prop. 4.2 now
computed using py, 7(|T, ;) instead of py(+[Ty).

4.2. Training

During training, our network will take as input the noised
protein T, ; and predict the denoised translations Z1 (T 7),
rotations 71 (T, 7), and amino acid distribution p(a1|T, ;).
We then parameterize the unconditional velocities and rate

matrix in terms of these predicted quantities.

log, (#(T, 7))
—t )

~d N_..d
VT, 5) = SR (T, =

T 1—t [

. (a?=j|T, ;)
RET, 1.g) = 25205 {af M}

In order for these to match their optimum values given in
Prop. 4.2, we minimize the following loss

#{(T, ) —=f|”
E[Zfﬂi” - ! —logpe(af|T,7)  (16)
log, a ff(Tt) —log,. Tf ?

 Lross ) -los )l )

where the expectation is over ¢, ~ U(0,1), T1.1 ~ Ddata
and T, 7 ~ p, 71 (T, /T1,1). Our independent ¢, t objective
enables the model to learn over different relative levels of
corruption between the sequence and structure. Eq. (16)
corresponds to the flow matching loss for continuous data
and the DFMs loss Eq. (8) for discrete amino acids. The
neural network architecture is modified from FrameFlow
with a larger transformer, smaller Invariant Point Attention,
and extra multi-layer perception head to predict the amino
acid logits.

4.3. Sampling

To sample the generative model, we use the update equations
from Eq. (14) but with the learned unconditional velocities
and rate matrix. Furthermore, we find sample quality can
be improved by using the exponential rate scheduler for
rotations from Bose et al. (2023). In practice, this means vf
has the following form,

VAT, 1) = ¢ log,a (F{(T, 7).

We use ¢ = 10 following (Yim et al., 2023a). When sam-
pling the amino acids, we also found it beneficial to utilize
purity (Tang et al., 2022) to choose which indices to unmask
at each step. The advantage of training with decoupled time
schedules is that we have freedom to arbitrarily sample with
any combination of (¢,). We use this to perform condi-
tional inpainting where one of the modalities is fixed by
setting ¢ or £ equal to 1. For example, setting ¢ = 1 then
using Euler steps to update  from 0 — 1 performs sequence
generation conditioned on the structure. We summarize the
capabilities in Fig. 1C and in Table. 2.

Table 2. Flexible multimodal sampling.

Codesign | Inverse folding = Forward folding
T, Tt é:0—>1 ~t:1 t:~0—>1
az t:0—1 t:0—1 t=1
S. Related Work

Discrete Diffusion Models. Our continuous time flow
builds on work that extends discrete diffusion (Hoogeboom
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etal., 2021; Austin et al., 2021) to continuous time (Camp-
bell et al., 2022; Sun et al., 2023b; Santos et al., 2023; Lou
et al., 2023) but we simplify and extend the framework. We
are not restricted to noising processes that can be defined
by a matrix exponential as we just write p;; down directly
and we have the freedom to choose R;(xy,j|x1) at infer-
ence time rather than being restricted to the time reversal.
We show how DFMs encompasses prior discrete diffusion
models in App. H. For molecular retrosynthesis, Igashov
et al. (2023) also considered a data conditional process, but
did not build a modeling framework around it. Zhang et al.
(2023) constructed low-stochasticity rate matrices and their
derivation provides the building blocks of Prop. 3.2. Some
works have built a multimodal diffusion model for molecule
generation (Peng et al., 2023; Vignac et al., 2023b; Hua
et al., 2023) whereas we focus on protein co-design using
flows. We discuss further related work in App. D.

Protein Generation. Diffusion and flow models have
risen in popularity for generating novel and diverse protein
backbones (Yim et al., 2023b;a; Bose et al., 2023; Lin &
AlQuraishi, 2023; Ingraham et al., 2023). RFDiffusion
achieved notable success by generating proteins validated in
wet-lab experiments (Watson et al., 2023). However, these
methods required a separate model for sequence generation.
Some works have focused only on sequence generation with
diffusion models (Alamdari et al., 2023; Gruver et al., 2023;
Yang et al., 2023; Yi et al., 2023). We focus on co-design
which aims to jointly generate the structure and sequence.

Prior works have attempted co-design. ProteinGenerator
(Lisanza et al., 2023) performs Euclidean diffusion over
one-hot amino acids while predicting the structure at each
step with RosettaFold (Baek et al., 2021). Conversely, Prot-
pardelle (Chu et al., 2023) performs Euclidean diffusion
over structure while iteratively predicting the sequence. Mul-
tiflow instead uses a generative model over both the structure
and sequence which allows for flexibility in conditioning at
inference time (see Sec. 6.2.1). Luo et al. (2022); Shi et al.
(2022) are co-design methods, but are limited to generating
CDR loops on antibodies. Lastly, Anand & Achim (2022)
presented diffusion on structure and sequence, but did not
report standard evaluation metrics nor is code available.

6. Experiments

We first show that tuning stochasticity at sample time im-
proves pure discrete generative modeling performance by
modeling text data. We then evaluate Multiflow, the first
flow model on discrete and continuous state spaces. We
show Multiflow provides state-of-the-art-performance on
protein generation compared to prior approaches that do not
generate using a true multimodal generative model. Finally,
we investigate Multiflow’s crossmodal properties of how
varying the sequence sampling affects the structure.
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Figure 2. Negative log-likelihood as measured by GPT-J-6B versus
sample entropy. For DFM, D3PM and autoregressive, we sweep
the logit temperature for pf‘t(ml |x¢) over {0.5,0.6,,...,1}. We
aim to minimize NLL whilst staying close to the dataset entropy.

6.1. Text Modeling

Set-up. We model the text dataset, text8 (Mahoney, 2006),
which is 100MB of text from English Wikipedia. We model
at the character level, following (Austin et al., 2021), with
S = 28 categories for 26 lowercase letters, a white-space
and a mask token. We split the text into chunks of length
D = 256. We train a DFM using p?llfSk and parameterize
the denoising network using a transformer with 86M non-
embedding parameters, full details are in App. L.

Results. Text samples are evaluated following Strudel et al.
(2022). A much larger text model, we use GPT-J-6B (Wang
& Komatsuzaki, 2021), is used to evaluate the negative log-
likelihood (NLL) of the generated samples. The NLL metric
alone can be gamed by repeating similar sequences, so the
token distribution entropy is also measured. Good samples
should have both low NLL and entropy close to the data dis-
tribution. For a given value of 7, we create a Pareto-frontier
in NLL vs entropy space by varying the temperature ap-
plied to the pfl . (x1]2¢) logits during the softmax operation.
Fig. 2 plots the results for varying levels of 1 and sampling
temperature. For comparison, we also include results for
the discrete diffusion D3PM method with absorbing state
corruption (Austin et al., 2021) as well as the Score Entropy
Discrete Diffusion (SEDD) method of Lou et al. (2023) us-
ing both uniform and absorbing style corruption. SEDD
does not have logits that can be temperature scaled and so
only single points in NLL vs entropy space are shown. We
find the DFM performs better than D3PM and SEDD due to
our additional sample time flexibility. We are able to choose
the value of 7 that optimizes the Pareto-frontier at sample
time (here = 15) whereas D3PM and SEDD do not have
this flexibility. We show the full  sweep in App. I and show
the frontier for n = 0 in Fig. 2. When n = 0, performance
is similar to D3PM due to DFMs being a continuous time
generalization of D3PM at this setting, see App. H.2. We
also include results for an autoregressive model in Fig. 2 for
reference; however, we note this is not a complete like-for-
like comparison as autoregressive models require much less
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compute to train than diffusion based models (Gulrajani &
Hashimoto, 2023).

6.2. Protein generation

Metrics. Evaluating the quality of structure-sequence sam-
ples is performed with self-consistency which measures how
consistent a generated sequence is with a generated struc-
ture by testing how accurately a protein folding network
can predict the structure from the sequence. Specifically,
either AlphaFold2 (Jumper et al., 2021) or ESMFold (Lin
et al., 2023), is first used to predict a structure given only the
generated sequence. Our results will use ESMFold but we
show results with AlphaFold2 in App. J. Then, we calculate
scRMSD: the Root Mean Squared Deviation between the
generated and predicted structure’s backbone atoms. The
generated structure is called designable if scRMSD < 2A.

Structure-only generative models such as RFdiffusion first
use ProteinMPNN (PMPNN) (Dauparas et al., 2022) to
predict a sequence given the generated structure in order to
then be able to use the self-consistency metric. We present
three variants of self-consistency:

* Co-design I: use the sampled (structure, sequence) pair.

* PMPNN 8: take only the sampled structure and predict 8
sequences with PMPNN. Then use ESMFold to predict
a new structure for each sequence. The final structure-
sequence pair is the original sampled structure along with
the PMPNN sequence with minimum scRMSD.

e PMPNN 1I: same as PMPNN 8 except PMPNN only
generates one sequence.

PMPNN 8 and PMPNN 1 evaluate only the quality of a
model’s generated structures whereas, for co-design mod-
els, Co-design 1 evaluates the quality of a model’s gener-
ated (structure, sequence) pairs. The comparison between
PMPNN 1 and Co-design 1 allows for evaluating the qual-
ity of co-designed sequences. PMPNN 8 is the procedure
used in prior structure-only works. As our main metric of
sample quality, we report designability as the percentage of
designable samples. As a further sanity check, designable
samples are then evaluated on diversity and novelty. We use
FoldSeek (van Kempen et al., 2022) to report diversity as
the number of unique clusters while novelty is the average
TM-score (Zhang & Skolnick, 2005) of each sample to its
most similar protein in PDB.

Training. Our training data consisted of length 60-384
proteins from the Protein Data Bank (PDB) (Berman et al.,
2000) that were curated in Yim et al. (2023b) for a total
of 18684 proteins. Training took 200 epochs over 3 days
on 4 A6000 Nvidia GPUs using the AdamW optimizer
(Loshchilov & Hutter, 2017) with learning rate 0.0001.

Distillation. Multiflow with PDB training generated highly
designable structures. However, the co-designed sequences

suffered from lower designability than PMPNN. Our analy-
sis revealed the original PDB sequences achieved worse des-
ignability than PMPNN. We sought to improve performance
by distilling knowledge from other models. To accomplish
this, we first replaced the original sequence of each structure
in the training dataset with the lowest sScRMSD sequence
out of 8 generated by PMPNN conditioned on the structure.
Second, we generated synthetic structures of random lengths
between 60-384 using an initial Multifiow model and added
those that passed PMPNN 8 designability into the training
dataset with the lowest sScRMSD PMPNN sequence. We
found that we needed to add only an extra 4179 examples
to the original set of 18684 proteins to see a dramatic im-
provement. This procedure can be seen as a single step of
reinforced self training (ReST) (Gulcehre et al., 2023).

6.2.1. CO-DESIGN RESULTS.

Following RFdiffusion’s benchmark, we sample 100 pro-
teins for each length 70, 100, 200, and 300. We sample
Multiflow with 500 timesteps using a temperature of 0.1
(PMPNN also uses 0.1) and stochasticity level n = 20. We
compare our structure quality to state-of-the-art structure
generation method RFdiffusion. For co-design, we compare
to Protpardelle and ProteinGenerator. All methods were ran
using their publicly released code and evaluated identically.

Our results are presented in Table. 3 where report the aver-
age of three seeds for each metric — see Table. 6 for results
with standard error. We find that Multiflow’s co-design capa-
bilities surpass previous co-design methods, none of which
use a joint multimodal generation process. Multiflow gener-
ates sequences that are consistent with the generated struc-
ture at a comparable level to PMPNN which we see through
comparing the Co-design 1 and PMPNN 1 designability.
On pure structure generation, we find that Multiflow outper-
forms all baselines in terms of structure quality measured by
PMPNN 8 designability. Multiflow also attains comparable
diversity and novelty to previous approaches. We ablate our
use of distillation and find that distillation results in overall
designability improvements while also improving diversity.
Finally, we train our exact same architecture except only
modeling the structure on the distilled dataset using the loss
presented in Yim et al. (2023a). We find our joint structure-
sequence model achieves the same structural quality as the
structure-only version, however, additionally including the
sequence in our generative process induces extra structural
diversity.

Crossmodal modulation. We next investigate how modu-
lating the CTMC stochasticity of the sequence affects the
structural properties of sampled proteins. Fig. 3 shows that
varying the stochasticity level 7 results in a change of the
secondary structure composition (Kabsch & Sander, 1983)
of the sampled proteins. This is an example of the flexibil-
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Table 3. Co-design results. Abbreviations: Designability (DES.), Diversity (DIV.), Novelty (NOV.). For Protpardelle, we report Co-design
1 as same numbers as PMPNN 1 since their co-design approach employs PMPNN. We note this is not co-generation since PMPNN is
used while Multiflow explicitly learns co-generation without using PMPNN.

METHOD CO-DESIGN 1 PMPNN 8 PMPNN 1
DES. (1) Div. (1) Nov. () | DEs. Div. Nov. | DEs. Div. Nov.
PROTPARDELLE 0.63* 38%* 0.60* 0.90 47 0.59 | 0.63 38 0.60
PROTEINGENERATOR 0.37 35 0.69 0.89 75 0.65 | 0.78 64 0.66
RFDIFFUSION N/A 0.87 158 0.63 | 0.66 111 0.64
MULTIFLOW 0.86 143 0.61 099 156 0.61 | 0.88 143 0.61
MULTIFLOW W/O DISTILLATION 0.42 72 0.62 0.89 126 0.62 | 0.71 101 0.63
MULTIFLOW W/O SEQUENCE N/A 099 116 0.63 | 0.86 97 0.62
7. Discussion
, 0.701 | 015
X [} / \_/ 2 We presented Discrete Flow Models (DFMs), a flow based
£ 0.68- >- | L0.13 g generative model framework by making analogy to continu-
N o \_/ By L o ous state space flow models. Our formulation is simple to
implement, removes limitations in defining corruption pro-
0.661 . ——— r0.11 cesses, and provides more sampling flexibility for improved
0 10 20 40 100

CTMC Stochasticity n
Figure 3. Multiflow structural properties. Average proportion of
residues that are part of an alpha helix or beta strand versus the
CTMC stochasticity level. Proportions of helices or strands can be
desirable based on the family of proteins to generate (Vinothkumar
& Henderson, 2010). Error bars show the standard error.

ity our multimodal framework provides to tune properties
between data modalities at inference time.

6.2.2. FORWARD AND INVERSE FOLDING

Multiflow can achieve state-of-the-art codesign perfor-
mance, but can accomplish more tasks as described in
Fig. 1B and Table. 4. Expanding Multiflow to achieve com-
petitive performance on all tasks is a future work. Here,
we take the same model weights for co-design and evalu-
ate forward and inverse folding without additional training.
We compare performance to ESMFold and ProteinPMNN
which are specialized models for forward and inverse fold-
ing. We curated a clustered test-out set of 449 monomeric
proteins with length < 400 from the PDB using a date split
of our training set. Details of forward/inverse folding and
these experiments can be found in App. J. We find Multi-
flow can achieve very close performance with ProteinMPNN
while it achieves poor results compared to ESMFold. This
highlights a limitation that Multiflow cannot perform com-
petitively at every generation task, but leaves exciting future
work for a potential general-purpose generative model.

Table 4. Forward and inverse folding: mean =+ std.

Inverse folding , Forward folding
Method scRMSD ({) RMSD ({)
ProteinMPNN 1.9+2.7 N/A
ESMFold N/A 27+£39
Multiflow 22426 153 +45
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performance compared to previous discrete diffusion mod-
els. Our framework enables easy application to multimodal
generative problems which we apply to protein co-design.
The combination of a DFM and FrameFlow enables state-
of-the-art co-design with Multiflow. Future work includes
to develop more domain specific models with DFMs and
improve Multiflow’s performance on all protein generation
tasks including sidechain modeling.
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Impact statement

In this paper we work to advance general purpose generative
modeling techniques, specifically those used for modeling
discrete and multimodal data. We apply these techniques to
the task of protein generation. Improving protein modeling
capabilities can have wide ranging societal impacts and care
must be taken to ensure these impacts are positive. For
example, improved modeling capabilities can help design
better enzymes and drug candidates that can then go on to
improve the lives of many people. Conversely, these general
purpose techniques could also be misused to design toxic
substances. To mitigate these risks, we do not present any
specific methods to apply Multiflow to tasks that could be
easily adjusted to the design of harmful substances without
expert knowledge.
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Appendix to:

Generative Flows on Discrete State-Spaces:
Enabling Multimodal Flows with Applications to Protein Co-Design

A. Organization of Appendix

The Appendix is organized as follows. App. B provides proofs for all propositions in the main text. App. C analyses the
cross entropy objective used to train DFM and links controlling the cross entropy to controlling the model log-likelihood.
App. D discusses further related work. App. E shows how DFM can be applied to multidimensional data through applying
factorization assumptions to p;j;. App. F gives concrete realizations with PyTorch code for DFM using the masking or
uniform forms for p;j;. App. G discusses methods for sampling from CTMCs and discusses their relation to our sampling
method. App. H compares DFM to classical discrete diffusion models in discrete and continuous time finding that they
can be fit within the DFM framework. App. I gives further details and results for our text experiment. App. J gives further
details and results for our protein co-design experiments.

B. Proofs
Notation When writing rate matrices, R (i, j), we will assume 7 # j unless otherwise explicitly stated.

We write Rt(@) = Z];ﬁ? Rf(@,])

B.1. Proof of Proposition 3.1

We simply take the expectation with respect to pqata Of both sides of the Kolmogorov equation for py|; (z¢|z1) and
Ry(z, jlz1). Note we use the fact that Ry(i, i) = — >_.; R:(4, j) for compactness.

Ospey1 (w¢|m1) = Z R(j, z¢|w1)pepi (J]21)

J

Epaua(an) [0epe1 (@] 1)] = By (an) ZRt(j, we|z1)pe (§]71)
J

NEpn(ar) [Pe1 (@e|z1)] = ZZpdata(xl)pﬂl(ﬂxl)Rt(jv x¢|21)

Opelwe) = DD pe(pre(@r ) Rej i)

Ope(x4) = ZEpmmm [Re (g, zi]w1)] pe ()

J
Where we notice that the final line is the Kolmogorov equation for a CTMC with marginals p;(z:) and rate
Ep. . (er)ze) [R¢(x¢, j|zt)]. Therefore we have shown that Ep, . (a1)z) [Ri(x¢, j|z¢)] generate py(xy).

B.2. Proof of Proposition 3.2

In the main text we provided the form for R} under the assumption that p;|; (j|z1) > 0 for all j. Before proving Prop. 3.2,
we first give the full form for R;. First, assuming x; # j and py|; (2¢|x1) > 0 we have,

ReLU (atpt\l(j‘xl) - atpt\1(xt|xl))
Zipy1(we]w1)

Ry (w4, jla1) =
where ReLLU(a) = max(a,0) and Z; is the number of states that have non-zero mass, Z; = [{z; : pyj1(z¢|z1) > O}].

Ry (x4, jlz1) = 0 when pyjy (z¢]x1) = 0 or py1 (jl21) = 0. When @y = j, Ry (e, me|21) = — 32,4, B (24, j|21) as we
have defined before.
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For our proof, we assume that py|1 (j|z1) = 0 = 01 (j|o1) = 0. This assumption means that when we have dead
states with zero probability mass, they cannot be resurrected and gain probability mass in the future. We begin the proof
with the Kolmogorov equation for processes conditioned on x1,

Oy (we|w1) = Z Ry (7, z¢|21)pei (fl21) — Z Ri(xt, jlz1)pe (ze|z1) (17
itm o

We will now verify that R} satisfies this Kolmogorov equation and thus generates the desired py|; (2¢|x1) conditional flow.
We will first check that the Kolmogorov equation is satisfied when py|; (z¢|x1) > 0. With this form of rate matrix, the RHS
of equation (17) becomes

RHS — Z ReLU (Ospy1 (e|z1) — Oepepr (1))
Zipyr (jlr1)

Py (lz1)

J#xe,pe1 (Jlz1)>0

B Z ReL.U (3tpt\1(j|1’1) - 8tpt\1(35t|$1))
Zipyj1(we|w1)

pt\1($t|$1)
J#ze,pe)1(Jlz1)>0

1 .
= — Z ReLU (9ypy1 (ze|z1) — Oyper (jla1))

t . :
J#xe,pe)1 (Jle1)>0

1 .
- = Z ReLU (0ipy1(jlz1) — Oepe1 (we|z1))

t . .
J#Te,pe)1 (flz1)>0

- Zi > (Oepea (we]x1) = Depar (G]21))

t . .
J#x,pe)1 (Jlz1)>0

Z—1 1 .
== Ospey1 (w¢|m1) — =z Z Orpe (1)

Zy t . .
J7#xe,pe)1 (Gle1)>0

Z—1 1

= tZt Oy (we]w1) — Zat(l — pej1(@e]@1))
Z—1 1

= tZt Orpep (we|xr) + Zatptu(ﬂidm)

= 8tpt|1(xt‘$1)

= LHS

In the case that py|; (z¢|z1) = 0 by assumption we have that O;p 1 (z¢|z1) = 0. We have both R} (x4, jlz1) = 0 and
R (j,xz¢|z1) = 0 because pyj; (2¢|z1) = 0. Therefore we have LHS = RHS = 0 and thus the Kolmogorov equation is
satisfied.

Intuitively, we require the assumption that dead states cannot be resurrected because R; is designed such that all states can
equally distribute the mass flux requirements of making sure the marginal derivatives J;p, 1 (¢|1) are satisfied. If there is a
state for which py (x¢|x1) = 0 but Oyp; 1 (a¢|21) > 0 then this state would require mass from other states but could not
provide any mass of its own since py|; (z¢|x1) = 0. This would then violate the sharing symmetry required for our form
of R;. We note that this assumption is not strictly satisfied for the masking interpolant at £ = 0 or ¢ = 1 and not satisfied
for the uniform interpolant at ¢ = 1. However, it is satisfied for any ¢ € (0, 1) and so we can conceptualize starting our
process at t = ¢, € < 1, € > 0, approximating a sample from p.(z.) with a sample from po(zo) and running the process
until ¢ = 1 — € and stopping here. The approximation can be made arbitrarily accurate by taking e — 0.

B.3. Proof of Proposition 3.3

A rate matrix that satisfies the detailed balance condition (9) will result in 9;py|; (i]z1) = 0 when simulating with this rate.
This can be seen by substituting into the conditional Kolmogorov equation (17)

Oupep (welz1) =Y RPP(, ilw1)pe (4]21)
j?élt,
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= RPP(x. jlan)pys (ze|71)
J#xe
e (we|21) = Z RP® (2, )y (wi]21)
J#Tt
- Z RP (4, jlay )pay (w421
J#Te

atpt|1<xt|x1) =0

Given a rate matrix R¢ (x4, j|z1) that generates py|1 (|21 ), we first prove that Ry (s, j|z1) +nRPE (w4, j|21) also generates
pip (z¢]x1) for any € R=C. We show this by verifying that the combined rate matrix satisfies the Kolmogorov equation
for conditional flow py|; (¢|x1). The right hand side of the Kolmogorov equation is

RHS = Z (Ri(x1, jlea) +nRP® (4, jl21)) pep (d]21)
J
= Ru(wr, jlen)pn(Glen) +n Y RPP (@, dlen)pe (]21)

J J

=0
= ZRt(wt,j xl)pt\l(ﬂxl)
J
= atpt\l(xtlml)
= LHS

where we have used the fact that RPB is in detailed balance with py1(jlz1) and that Ry (x¢, j|o1) generates pyy. Since Ry
is a matrix that generates py|;, we also have the stated result as a specific case: R} + nRPB generates Def1-

B.4. Proof of Proposition 3.4

We will assume we have D dimensional data x1'” with each z¢ € {1,...,5}. We give an overview of how our
method operates in the multi-dimensional case in Appendix E. Namely, we assume that our conditional flow factorizes as
pp (2 Plai?) = H(?:l pe1 (zf|2f). We also assume that our rate matrix is 0 for jumps that vary more than 1 dimension
at a time. Our optimality results are derived under these assumptions.

B.4.1. MASKING INTERPOLANT

We first prove that R} achieves the minimum number of transitions for the masking interpolant case. We have

D
pt|1($%:D|x}:D) = H Pt\1($g|$(1i)
d=1

with
pur(aflat) = t6 {at, ot} + (1 - 8 {af, M}

Our rate in dimension d is

ReLU(8:py1 (5% 2¢)—0ipe )1 (2f|25))
Ry (e, %)) = 2T
=0 otherwise

fOfpt|1(17(ti|xil) > 07Pt|1(jd|$(11) >0

with Z = [{j? : p1(j?|={) > 0}|. Substituting in d;p|1 and py|; in the masking case gives
1

We refer to Appendix F.1 for the details of this derivation. Since R;‘d depends only on x¢, j¢ and z{ and not values in any
other dimensions, each dimension propagates independently and we can consider each dimension in isolation. Consider the

179



Discrete Flow Models

process for dimension d. The CTMC begins in state 4 = M. We have R;*(x = M, j%|z{) = 6 {4 x{}. Therefore,
the only possible next state that the process can jump to is 2¢. Once the process has jumped to 2, the rate then becomes
Ry (xf = 24, j%a$) = 0. We also know that the process must jump because p; (v{|z¢) = & {af,2¢}, 2¢ # M and we
know our rate matrix traverses our desired marginals by Proposition 3.2. Therefore, exactly one jump is made in dimension
d. In total, our D dimensional process will make D jumps. Under our factorization assumption, during a jump no more than
one dimension can change value. Therefore, the absolute minimum number of jumps for any process that starts at z.5?
with 2§ = M, Vd and ends at 21", z{ # M,Vd is D. Our prior distribution is po(z¢) = ¢ {z¢, M} and so for any z,
sample, we will always need to make D jumps. Therefore, the minimum expected number of jumps is D and R} achieves
this minimum.

B.4.2. UNIFORM INTERPOLANT

We now prove that R} achieves the minimum number of transitions for the uniform interpolant case. The conditional flow is

1
pt|1(xf|x‘f) =1t {xf,x‘f} +(1— t)g

With this interpolant, our rate matrix becomes
1
«d . .
Ry ($?7Jd|f(1i) = 17—t5 {Jdvffﬁi} (1 —0 {1’?7»”5?})

We refer to Appendix E.2 for the derivation. As before, R depends only on the values in dimension d, z¢, j¢, 2¢ and
therefore each process propagates independently in each dimension and we can consider each dimension in isolation.
Considering dimension d, the process begins in state zd. Both xd = ¢ and # # 2{ are possible in the uniform interpolant
case. In the case that 28 = z{, then R,’fd = 0 for all ¢ and therefore no jumps are made in this dimension. In the case
that 28 # ¢ then before any jump is made we have R} (z¢, j?|z{) = 1156 {j¢, ¢} and so the only possible next state

the process can jump to is z¢. Once the process has jumped to ¢, the rate then becomes R} (z¢ = z¢, j4|z¢) = 0 and
s0 no more jumps are made. We also know that the process must jump at some point because p; (zf|z{) = 6 {z{, z{}
and we know our rate matrix traverses our desired marginals by Proposition 3.2. Therefore, in the case that z8 # x4,
exactly one jump is made for the process in dimension d. In total, the number of jumps made in all D dimensions is
dr(wo, 1) = |{d : ¢ # x¢}| which is the Hamming distance between g and 1. The expected number of jumps for our
process with Ry is thus Ep, (20 )pauea(z1) [dH (20, 71)].

Now consider an optimal process that makes the minimum number of jumps when starting from zy and meets our
factorization assumptions. By this assumption, during a jump only one dimension can change in value. Clearly we have that
the minimum number of jumps required to get from x to x; is dg (o, x1). Therefore, for this optimal process we also
have that the minimum number of expected jumps is E, (0)paaca (z1) [d2 (%0, 21)]. Therefore, R} achieves the minimum
expected number of jumps.

B.4.3. DISCUSSION

We have proven x; conditioned optimality only for the two simple conditional flows featured in the main text and we note
that this result in not generally true for any conditional flow. Intuitively this is because R} treats the distribution of mass
symmetrically between states, considering only the local differences in 0;p,|; between pairs of states. In general, the optimal
rate would need to solve a global programming problem.

We also note that although we have masking and uniform optimality for R (z;,j|z1) when conditioned on 1, this
is not necessarily the case when we consider the unconditional version E,, , (4, z,) [1} (21, j|z1)]. There may exist
rate matrices that achieve a lower number of average jumps and successfully pass through the unconditional marginals
pe(ze) =K, ... e1) [Pe1(ze|21)]. This is analogous to continuous flow-based methods which can create optimal straight-
line paths when conditioned on the end point 1, but don’t necessarily achieve the optimal transport when considering the
unconditional vector field (Shaul et al., 2023).
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B.5. Proof of Proposition 4.1

We have that the individual velocities and rate matrices independently generate their respective flows in each dimension.
Specifically, for ¢ € R3, we have that it satisfies the following Fokker-Planck equation,

8tpt|1(37g|$111) =-vi. (Ug(xf\xil)pt|1(xf|x’f)) .
where V(4. is the divergence operator for elements in dimension d. Similarly for -, € SO(3),
Oepya (1) = =V (o (rf|r{)pya (1))

where the divergence operator now acts on elements in Tan,,gSO(B) (Yim et al., 2023b). Finally, for af, we have the familiar
Kolmogorov equation,

drpi(aflad) = 37 ReG, aflad)ps (Glad)-
J

For the joint space T € (R? x SO(3) x {1,...,20, M})? and process defined by the updates in Eq. (14), we also have a
joint continuity equation known as the Fokker-Planck-Kolmogorov equation (Bect, 2010),

atptu(Tt|T1) =-V- (Uac($%:D|$%:D)Pt\1(Tt|T1)) -V (Ur(rtl:D|T%:D)Pt\1(Tt|T1)) +
>RGP, al Pal ) py (2P P, 51P) | T). (18)
jl D

Our aim is to show that the following choices of py|1, vs, v and R; corresponding to independent processes within each
modality and dimension are consistent under Eq. (18) i.e. these choices of v, v,- and R; will actually generate p;; when
simulated using Eq. (14) with At — 0. The choices are as follows:

D
P (ToT1) = [ oo @ la)pe (rf 17 peps (af o)
d=1
[ vy (@)
vy (P |21) = :
o7 (2P |2P)
vp(rilry)

’UT(’I“LD ‘TI:D) _

0P (P 1)
D

Ry, PlabP) = 37 8 {51\, ap P\ BRI, afaf)
d=1

More discussion regarding the form of R;(j%?, a;*P|a}P)

Eq. (18) becomes

can be found in Appendix E. Under these choices, the LHS of

LHS = 0;py1 (T¢|T1)

D
P (T Ty Py (T Ty P (T¢|Ty)
= > Ottty P oy ooty P )
d=1

+ Oypypn (af|af) ==
| pi(aflad)

Pt\l(xf\f‘f) Pt|1(7“fsi\7"‘1i)

by the product rule for differentiation. The RHS of Eq. (18) becomes

D
RHS = Y =V (vd(af[a))pys (Te|T1)) = VD - (0 (rf | )pep (T4 T1))
d=1
D
-1 1:D\d . . . -
I Z 25 {]1.D\d7at \ }R;l(]d’a;il&tli)pt‘l((x%.D’Ttl.D,Jl.D‘TO
jUD d=1
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D
py1(T¢|Ty) py1(Te|Ty)
=3 VD (e (aflat)) o = VO @ Dpn (1)) S
o] pt|1($t\95 ) Pt\1(7t|7' )
D
+Z {H ptu ¢ pt\l(r rf }ZRf(jd,afa‘f)p“(jdm‘f)
d=1 d'=1 jd
D
Z 5{ 1:D\d gL D\d} H e (¥ af) ]
j1:D\d d'=1\d
D
P (Te|Ty) i1 (T Ty)
= Z tpt\l(l’t |2] )tlﬁ + atpt\l(rﬂrf)t‘i
i pt\l(xt‘xl) 1(r t‘ﬁ)
D
+ Z { H pt\l(x t|1(rt |7"1 }ZRf(jdaa?|aii)Pt|1(jd|a(11) H Ptu(af jaf )
d'=1 g d'=1\d

D

Pe1(T¢[T1) pen (T¢|Th) Pt 1(T¢|T4)
= 2 O (afla) s+ () ‘ > R{G aflat)pgn (7))
d=1 t

t
\1(35?‘37%) D1 NG t‘rl) Pe1 at|a’1 I

D

py1(Te|T1) P (Te|Th) pen (Te|Th)
Zatptu(x?\xd)tlﬁ + 8tpf\1(7"f|rf)t‘7d + 8tpf\1(atd|a’1) f
— pe (o |z) P (rf|reh) o1 (af|af)

d
= LHS
Therefore we have shown that our choices of v, v, and R; will generate the desired py|; .
B.6. Proof of Proposition 4.2

Our proof will mirror that of Proposition 3.1 by taking the expectation with respect to pqasa(T1) of both sides of the
Fokker-Planck-Kolmogorov equation (Eq. (18)).

IEpd(M(Tl) [atptll(Tt|T1)} pddtd(T1) [ V- (Uz(xtl:D‘xi:D)ptu(Tt‘Tl)) -V. (Ur(rtl:DV}:D)ptu(Tt‘Tl)) +
th )y (22, 1P 1P T) |
D

Oipe(Ty) :Z {Epdata(Tl) {_v(d) ) (vg(xﬂxf)pm(TﬂTl))} +

d=1

Epauatrs) [~V - (020 r)ps (TuT1))] +

D I(Tt|T1
Eppron(T1) |~ ZRd(J cafla)pe (5%af) (19)

pf\l at

where on the second line on the left hand side we have used the fact that p;(T;) = E,,... (T,) [p1(T¢|T1)]. We shall first
examine the v term on the right hand side in isolation.

By [V - (e ep (TT)] = - / / S paaea TV - (u e pp (T T)) dof P}
xy : 1:D
— V@, / / S ptata(T1)u(aad)pyps (To| T1)dat Py P
wi:D T‘}:D al:D
1

1:D\d :
= 7v(d) ! /md ’Ug(xﬂx(ll) L}:D\d /T%:D ;pdata(Tﬂpm(TdTl)dxl \ d’r‘%'Ddxill

1
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= _y@ . (/

1

et ot
= VD (B, gy [vE(@d2d)] pi(T0))
The same argiments follow through for the v¢ term giving
Epars) |-V - (0 Dpen (TT)) | = =V (E,, gy, [0 (1)) pi(T))

We finally analyse the R¢ term in isolation. In the following, we will use ai D\ j? to refer to the D dimensional discrete
variable with the values ai P\ iy all dimensions except d and the value 5% in dimension d.

Py1(T¢|Ty) . .
E pjaa(T1) > REGY, aflaf)pia (5%af)

Ptll(at “11 I ]

P 1 Tt|T1
/ / Zpdata(Tl Zpi el 21 E RY (5 at‘al)pt\l(] laf)day P dry P
1:D 1:D

pf‘l(at|a’1 jd

. . lDd . : :
/. 5 5 e (7 P 09 1) R i P
xl:D TAl:D " "
1 1 l,D d
1:Dd . 1:D\d .
S 0 3 > (C LR ) P CIE R P REtD)
1:D 1:D

1 D ‘

p (@2, P 0y P \Dlad, (@82, r P 0y PV © 1)) B aflad)datPar}?

: : 1Dd . : : lDd
=3 pe (@2 a0 ) S oy (@2 P al PN © ) RIGY, afaf)
jd d
d : d
Lo Lo 2 (Pt el et 2.k, a0 ) aakPr”

1 D\d

=1

. : : 1:D d
= Z p1je(ad|(@lD D PN g jay [R?(]d7ag|allj }pt ((mtI.DartLD \ ©J ))

Now we substitute these simplified forms back into Eq. (19).

D
() =Y { =V (B, oy [02@H2D] pT) = VO (B, arry 20 HD] p(T0) ) +
d=1
Z]Eput(a |($1 D,T% D al D\d d) [R (] at ‘al)] Dt <( 1:D Ttl D’ atl:D\d @jd)) } (20)
jd

We will now show that Eq. (20) is the Fokker-Planck-Kolmogorov equation for p;(T:) with the following choices for the
velocities and rate matrix.

[ By, ol [vs(@i]ad)]
v, (Ty) = :

(Epyy (o imy [02 (27 |27)]

[ Bt [0 (i)
v (Ty) = :

_Epm(r |T:) [ Uy (Tt ‘7"1 )]
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D
Ri(Ty,75) = 36 {ay PN L, ey [REGE, 7%ad)] 1)
d=1

We shall substitute the choices in Eq. (21) into the Fokker-Planck-Kolmogorov equation for p;(T) and show that this equals
Eq. (20).

Oipe(Tt) = =V - (v2(Te)pe(Te)) — V - (vr(Te)pe(Ty)) + Z Rt (I T Ty D7 I:D)va )pt (( P Ttl val:D))

JlD

d=1

/—/H

=V (B, i [ D] pe(T0) = VO - (B, ey, [0 041 pu(T) }+

D
25{ -1: D\d LD\d}Ele(a |(m1D . 1) I:Rt (] at‘al)] Pt ((I 1 D7 1:D))

i1:D d—1

<.

I
Mu

R.

D
{ VO (By, agrry [0 @2 pi(T0) = VO - (Byy ppmy PO rD] po(T0)) +
=1

Epm(aﬂ(xw LD PG jdy [Rf(jd,aﬂa‘f)] Pt ((z}: TtlD tl:D\ded))}
]d

which we see matches Eq. (20). Therefore, we have shown that the choices for the velocities and rate matrix in Eq. (21)
create a process that generates p;(T}) as desired.

C. Analysis of Training Objective

In this section we analyse how our cross entropy objective L, relates to the log-likelihood of the data under the generative
model and to the ELBO used to train classical discrete diffusion models.

Our proof is structured as follows. We first introduce path space measures for CTMCs in Section C.1 that we will require
for the rest of the derivation. In Section C.1.1 we then derive the standard evidence lower bound, Lg; go on the model log
likelihood, E, . (1) [log pe(x1)]. We then decompose Lgy po into the cross entropy, a rate regularizer and a KL term in
Section C.2. Finally in Section C.2.1 we show that Lg; go corresponds exactly to the weighted cross entropy loss for the
masking interpolant case.

C.1. Introduction to CTMC path measures

Before beginning the proof, we introduce path space measures for CTMC processes, following the exposition in (Del Moral
& Penev, 2017), Chapter 18. A path of a CTMC is a single trajectory from time O to time ¢. The trajectory is a function
w:s € [0,t] — ws € {1,..., S} that is everywhere right continuous and has left limits everywhere (also known as cadlag
paths). Intuitively, it is a function that takes in a time variable and outputs the position of the particle following the trajectory
at that time. The cadlag condition in our case states that at jump time 7 we have w, taking the new jumped to value and
w; = limg, w, being the previous value before the jump, see Fig. 1B.

A trajectory drawn from the CTMC, W, can be fully described through its jump times, 77, ...7T,, and its state values
between jumps, Wy, Wi, ..., W, where at jump time 7}, the CTMC jumps from state value W_; to value Wj,. A path
space measure [P is able to assign probabilities to a drawn trajectory W from time O to ¢ in the sense of

]P’(W € dw) = P(W() € d(UQ, (Tl7 WT1) S d(tl,wtl), C.. (Tn, WTT,,) € d(tn,wtn'),Tn+1 > t)

where dw;, and d¢,, denote infinitesimal neighborhoods around the points w;, € {1,...,S} and ¢,, € [0,¢]. This is the same
sense in which a probability density function assigns probabilities to the infinitesimal neighborhood around a continuous
valued variable.

To understand the form of P(W € dw) we remind ourselves of the definition of a CTMC with rate matrix R;. The CTMC
waits in the current state for an amount of time determined by an exponential random variable with time-inhomogeneous
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rate Ry(Wy) := 32y, Re(Wi, k), see Norris (1998) and Campbell et al. (2022) Appendix A for more details. After the
wait time is finished, the CTMC jumps to a next chosen state where the jump distribution is
Ry(W , Wy,) (1 -0 {Wt;, Wtk})

Ry(W;,)

PW:, W) =
For an exponential random variable with time-inhomogeneous rate, the cumulative distribution function is given by

P < =1-ew (- [ - (07 )ds )

s=0

Therefore, the probability density function, p(t) = %P(T <t),is

)= (~ [ R as) mOv)

=0

We finally note that if we wish to know P(T} < ¢|Tj—1) i.e. the probability that the k-th jump time is less than ¢ given we
know the £ — 1-th jump time, then this is just an exponential random variable started at time T} _; when the previous jump

occurred,
s=t

=Tk-1

P(Ty < t|Tp—1) =1 —exp <—/ RS(WS_)ds>

In other words, we simply start a new exponential timer once the previous jump occurs and the same equation carries
through.
We can now write the form of P(W € dw). We split it into a series of conditional distributions

P(W S dw) :P(WO S dwo)]P’((Tl, VVT1 (S d(tl,wtl)\Wo) X ...

X P((T’ru WTn) S d(t'ruwtn”WOa (Tla WT1)7 RS} (Tn—h WTn_l))
X ]P)(TrH»l Z t|W07 (Tla WT1)7 ey (Tn7 WTn))

S:Tl

POW € dw) = po(Wp) exp < / RS(WS‘)ds) Ry (Wi P(Wi, Wi ) ...

Wi ) exp <_ / . RS(W;)ds>

=T,

=0

s=T,
X exp <_ / RS(WS‘)ds> Ry, (W )B(Wr,

=Th_1
s=t

P(W € dw) = po(Wo) exp (—/ RS(Ws)ds> I &w:w)
5=0 W AW

where py is the initial state distribution.

We will also need to understand Girsanov’s transformation for CTMCs. Girsanov’s transformation can be thought of as
‘importance sampling’ for path space measures. Specifically, if we take an expectation with respect to path measure P,
Ep [f(W)], then this is equal to Eg [ fw) %(W)} where Q is a different path measure and % is known as the Radon-

Nikodym derivative. The path measure Q will result from considering a CTMC with a different rate matrix to our original
measure P. Girsanov’s transformation allows us to calculate the expectation which should have been taken with respect to
the CTMC with P rate matrix instead with a CTMC with rate matrix corresponding to Q.

The Radon-Nikodym derivative in our case has a form that is simply the ratio of P(W € dw) and Q(W € dw). Let Ry, po
be the rate matrix and initial distribution defining P and let R}, p{, be the rate matrix and initial distribution defining Q.

ap po(Wo)exp (= 2 Ro(Wi)ds) Ty, o Bo(We  W2)
dQ o (Wo) exp (— = R;(W;)ds) Lo RL(Ws W)
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C.1.1. DERIVATION OF Lg1 o

In this section we will derive the standard evidence lower bound for the model log-likelihood assigned to the data,
Epuia(z1) 108 Po(1)] when using our learned generative process to generate data. The entire structure of this section can
be understood intuitively by making analogy to the derivation of the evidence lower bound for VAEs, (Kingma & Welling,
2013; Rezende et al., 2014; Huang et al., 2021). In a VAE, we have a latent variable model py(z, ) for observed data x. To
derive the ELBO, we introduce a second distribution over the latent variables ¢(z|z) with which we will use to take the
expectation. The ELBO derivation proceeds as

log pe(z) = log Z po(2, )
log pg(z) = log Z pe( ) Girsanov’s transformation / Importance sampling
10 1 (Z? ) S%q 1 1'

g po(x Z z|z) log q(z\x) Jensen’s inequality

Epgaa () [Po(2)] 2 ]Epdmmq(zm [log po(z, )] + C

In our case, x corresponds to the final state of the generative process at time ¢ = 1, x1. The latent variable z corresponds
to all other states of the CTMC W,, ¢ € [0, 1). Our model py(z, =) corresponds to our generative CTMC with rate matrix
R)(24,7) = Epy(wy)2) [Re (2, j|21)] and initial distribution po(z). Our latent variable distribution g(z|x) corresponds to
the ; conditioned CTMC that begins at distribution pg|; (o|x1) and simulates with 21 conditioned rate matrix R (¢, j|=1).
We note here that R;(x;, j|z1) can be any rate matrix that generates the desired x; conditional flow, py|;(z¢|z1) as we
described in the main text.

We now derive Lg1 go using our path space measures for CTMCs. We will use P? to denote the path measure corresponding
to the CTMC simulating from po (o) using the generative rate matrix RY (z¢,j) = E,, (2, |2,) [Re (¢, j|21)]. We will use
Ql*1 to denote the path measure corresponding to the CTMC simulating from Poj1(zo|z1) using the x; conditioned rate
matrix Ry(z¢, j|z1).

We begin by marginalizing out the latent variables, W, ¢t € [0, 1) for our generative CTMC
logpa(or) =log [ P'(aw)
W1 =T

We now apply Girsnov’s transformation using our z; conditioned CTMC

log po (1) = log / Q"1 (dw) ()

W1:Jl1 d@‘xl
where
t=1 — _
aP po(Wo)exp (=[5 REOW;)at) Ty, BEOW W)

W) = =
A o (Wolen) exp (= [ Re W, [20)d) Ty, - ReWi, Wila)

we note at this point that po; (Wo|z1) = po(Wo) and the two intial distribution terms cancel out. Now, apply Jensen’s
inequality

|z dp?
log py(x1) > Q" (dw) log ~=r—(w)
Wi=x4 d@ b
and take the expectation with respect to the data distribution
]P>9
Ep i (z1) l0g Do (71)] > /pdata(dxl)@lh (dw) log —— Q= (w)

Finally, substitute in the form for -4£_ and take terms that don’t depend on  out into a constant

Q\Ll

t=1
Epdata(:m) [Ingﬂ (1'1)} > /pdata(d-%l)(@‘wl (dw) - / R?(Wt_)dt + E 10g Rf(Wt_v Wt) + C
t=0 _
LW #W,
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t=1
- /pdata(dxl)Q‘xl(dW) {_/ 0 Rf(Wt_)dt + Z log ]Epe(fh\Wf) [Rt(Wt_’ Wtﬁl)] } o
t=

LW AW,
= Lrigo +C

where

t=1
Leigo = / pdam(dxl)(@“(dw){— / RY(W)dt+ Y 10gE,, 21w [Rt(W{,thil)}} (22)
t=0

LW AW,

C.2. Decomposition of Lgigo

Consider the term log (Em(il‘wg) [R(W,, Wt\il)])

- ~ p9(9”51|W_) - -
log (Emwwm (B (W th|11)]) = log (Ep(mw:) {mRt(Wt , Wil|Z1)
_ pg(i‘ﬂW;) — ~
= log (Ep(amwn [WRt(Wt , Wi|Z1)
po(T1[Wy)
By ) [log (p(ﬁclIWt‘) Ry(Wy, Wi|21)

po(T1IW;)

t
e [0 (e P i)
=B, w; logpe(21|W,7)] + C

po(Z1|W;)
tlog (B, oy [P D = W,
Og( PEIW) {P(571|Wt_) S

po(T1[Wy)
_E o |loe [ PO
bl W) [Og ( p(&|W;)
=E ;1w [logpe(2:1|W; )] +C
po(Z1|W,) . o
+ log (Ep(j|wt) [WP(Wt|Wt 1) Ry (Wi [21)

po(Z1[W,) . . >]
—E_ - - |1 —————=P(W|W, R.(W,
p(Z1|W,) |:Og ( p(i’1|Wt_) ( t‘ t ,1‘1) t( t |$1)

R,(W , Wy|21) }

where we have used our definition of the jump distribution of

Ry(Wy, Wi|24)

BVW,,31) = ==
(ANSE

Now we define two new distributions,
po(T1[Wy )P(W Wy, 1) = po(Wi|Wy )po (1 [W,, Wh)

where
po(WelW,) := Y pa(a|[W; )P(Wi Wy, 31)

and
po (T4 | W, )P(Wi W™, 71)

2 ay Po (@ [W )P(Wi W, 27)

po(Z1|W;, Wy) = (23)
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Substitute in these newly defined distributions into our equation for log (Epe @) [R(W W, |:i1)]) to get

log (]Eps(a'cIW{) [Rt(Wf»WtW?l)]) = Ep(:zl\wt*) [IOgW(fl‘W;)} +C

po (We|W, )po(21|W,, We) . ])
+ lo <]E J—— [ Z = R,(W: |z
g\ ey (W) (W ld1)
po(Wi W, )pe(21|W,;, Wy) o
_Ep(il‘wti) |:10g< p(:f1|Wt_) Rt(Wt |$1)

= Ep(il\W,,_) [10gp0<531‘wt_)} +C
(@1 | W, Wh)

o T o (B |2 s v )
Lo AT ~ By, flow (PSS R v )|

p(Z1|Wy)
= Ep(ﬂh\W[) [1ng9(j1‘W;)}
+log (Em(illwf,wt) [Rt(Wt_|551)])
+ KL (p(@1| W) || po (21| W, Wy)) + C
Substituting this into our form for Lg o given in equation (22) gives
t=1
Leipo = /pdata(dxl)(@lwl(dw){ —/t RI(W, )dt+ Y (Ep(il|wt) [log pe(Z:/W,7)] +

=0 W AW,

log (Epe(fcuwg,wt) [Rt(Wt_\ffl)]) +
KL (p(21|W,) || po (21| W, WA)) > }

Substituting this into our original bound on the model log-likelihood gives

Epyoia(a) logpo(x1)] > Lo + C = Lee + Lp + Lk +C

where

Lee = /pdata(dxl)(@lxl(dw) Z B, w;) logpe(T1[W,)]

LW, #We
t=1
ER = /pdata(dx1)(@|m1 (dW){ _/ Rf(Wt)dt + Z log (Eps(ﬁIWf,Wt) [Rt(Wt7|f1)}) }
t=0 —
LW, #W,
Lxr = /Pdata(dx1)(@|z1(dw) Z KL (P(i1|W[) ||p9(1~:1|W;,Wt)>
BW, AW

and C is a constant term independent of 6.

In the next stages of the proof, we going to show that L. is the weighted cross-entropy, Lp is a regularizer towards the
arbitrarily chosen z; conditioned rate matrix that we argue we can ignore and Ly is a KL term that we will absorb into the
bound on the model log-likelihood.

In order to proceed, we will need to make use of Dynkin’s formula

/pdata(dxl)(@‘xl(dw) Z f(Wt_,Wt) Z/pdata(dxl)@lxl(dw) ) Z Re(Wy,ylz1) f(Wy,y)dt

W AW, =0 yzw,
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where f(-,-) is a two-argument function. This formula can be understood intuitively as allowing us to switch from a sum
over the jump times to a full integral over the time interval appropriately weighted by the probability that a jump occurs and
the destination to which a jump goes to.

Weighted Cross Entropy We first show that L. is the weighted cross entropy.

Lee = /pdata<dxl)(@|xl(dw) > E, . w) [logpo(Z1[W,7)]
W, #W,
t=1

= /pdata(dxl)(@lzl(dw) Z Ry(Wy, ylz1)Ep ez, w,) [log pe(Z1|W;)]dt Dynkin
=0 y#Wy

// Ddata(d21 Q‘ l(dw)Ep(:vﬂWt) [log pe(Z1|W4)] Re(Wi|xy)dt
¢

= Epuon (e U (10, )p(ae|21) [ Bt (@e|21)Ep(z, |2, [log po(E1]a4)]]

= Epon (o) U(5:0,1)p (e 21)p(31 |2) [t (Te]71) log po(T1|24)]

= By t:0,1)p(a1,00)p(@1 |20) [Be(Te|71) log pa(F1|24)]

= Eu(450,1)p(z0)p(a1 w0 (@1 o) [Be(@e|1) log po(Z1]a)]

= Eu(50,1)p(e0)p(1 [20)p(a1 |20) [Be(Te|T1) log po(w1]w¢)] Relabel z1 > &1
= Eu(0,1)p(e)p(ai lo0) [Bp(arlan) [Re(ze]Z1)] log po (w1 |2¢)]

= Eu(4;0,1)p(z0)p(a1 |z0) (W (@) log po(1]2:)]

where on the second line we apply Dynkin’s formula with f(W,", W) =E ;| W) [log po(Z1|W; )] which we note is
independent of W;. wy(x) is a weighting function. In diffusion model training it is common for the likelihood based
objective to be a weighted form of a recognisable loss e.g. the L2 loss for diffusion models. Here we have a ‘likelihood
weighted’ cross entropy. We can then make the same approximation as in diffusion models and set w(z;) = 1 to equally
weight all loss levels. This also has the benefit of making our loss independent of the arbitrarily chosen rate matrix R; that
could have been any rate that generates the desired conditional flow.

Rate Forcing Term We now analyse the term £r. We will show that it is approximately equal to an objective which at
its optimum sets the learned generative rate matrix to have the same overall jump probability as the arbitrarily chosen rate
matrix that generates our py|; (z¢|z1) conditional flow.

t=1
Lp= / pdm(dm)@“(dw){— / RJ(Wy)dt+ > log (Em(fl‘wg,wt) [Rt(thazl)])}
t=0 _
LW, #Wy
t=1

t=1
= /pdata(dml)(@‘ml (dw){ — Rf(Wt)dt +/ Z Rt(Wt7y\x1)log (Epg(il\Wt,y) [Rt(Wt‘il)D dt}

t=0 t=0 y£<W,

where on the second line we have applied Dynkin’s formula with f(W,”, W) =E . W [R.(W,"|&1)]. To further
understand this term, we make the following approximation '

Epy @1 1we.y) [Be(WelZ1)] = By, jwy) [Re(We|Z1)]

po(Z1|Wse,y) is the Bayesian posterior update given by equation (23) starting with prior pg(Z1|W;) and with likelihood
P(y|Wy, Z1). Tt is therefore the models prediction of Z; updated with the information that the process has jumped to new
value y. When our CTMC is multi-dimensional then a single jump will change only a single dimension, see Appendix E,
and so when we operate in high-dimensional settings, the Bayesian posterior will be close to the prior.

We will denote the approximate form of Ly as Lp.

b= / pdm<dx1>@'ﬁ<d@{ - /t, RY(Wy)dt + / > Re(We,yler) log (Bpy(ayjwi) [Re(Wel1)]) dt}

= y#EWy
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:/pdam(dxl)(@lm(dw){ —/tz Rf(Wt)dH/t:: 1og (Epy (2, W) [Rt(thil)])Rt(thxl)dt}

=0

= //i;l pdata(dl’l)(@‘% (dw){ — Rf(Wt) + Ry (Wy|z1) log Rf(Wt)}dt

= But(6:0,1)paua (1 )pe (e J21) |~ BY (€2) + Re(w¢|21) log RY (z4)]
= Fu(t:0.)p (o) [~ RE (@) + Ep(oy ) [Re(wi|21)] log RY (w1)]

where on the third line we have used the definition of R} (W,) = E,,, z,w,) [R:(W¢|Z1)]. Now consider maximizing Lr
with respect to the value of R?(z) at test input z and test time 7. Differentiating £z with respect to R’ (z) and setting to 0

gives
OLR
OR,(z)

1
=p.(2) (—1 + EP(M\Z) [RT(Z|LE1)] 1%?.(2)) =0
= RY(2) =Ep(, ) [Rr(2|z1)]  at stationarity

Therefore, we have found that maximizing £ encourages RY(z) to equal Ep(ay|2) [Re(we]x1)]. However, Ry(x¢|x) is
the overall rate of jumps for the arbitrarily chosen rate matrix that generates the py|; (x¢|x1) conditional flow. This rate of
jumps is completely dependent on the level of stochasticity chosen for R;(z¢|z1) which does not have any a priori known
correct level. Therefore, we do not want to be encouraging our learned generative rate matrix RY to be matching this
stochasticity level and so the term L is undesirable to have in the objective. The true evidence lower bound includes the
term L which we expect to have a similar effect as Ly as we argued previously.

KL Term When we maximize the Lg; o objective, we would try to maximize the Ly term i.e. we try and push p(Z1|W,")
and pg(Z1|W, , W,) as far apart as possible. This makes sense to do as we try and push the posterior over Z; given the
information contained in both the pre-jump state W, and the post jump state W; away from the distribution over Z; given
just the information within W, . Digging into this term deeper we see that

KL (p(21|W,7) || po (21 |W;, W2))

o og p(@ W) }
p(Z1|W,) po(@1 W, Wy)
=B,y | — 108 (po (@1 W )P(Wi Wy, 1)) +log | Y pa(@y Wi )P(Wi Wy, ah) | | +C

W
Ty

=E

=B, wr) | ~logpe(Z1|W;) + log Zpg(xﬂW{)]P’(Wt\W[, ) || +C

/
Ty

where we have substituted in our definition of pg(Z1|W, , W;) given by equation (23). We see that the first term
—log pg(Z1|W; ) cancels with our cross entropy term. This then makes clear how we have arrived at our cross en-
tropy decomposition of Lgrgo. LeLpo Will usually remove the cross entropy training signal and replace it with the term
log (Zx; po(z |W, ) P(W W, x’l)) which will be used as the training signal for the denoising model py(z1|W, ). The
denoising model is encouraged to be such that the expected jump probability assigns high likelihood to the jump observed
under the 2; conditioned process QI*1. This is an indirect training signal for pg(z1|W,”) and one that relies on the arbitrary
specification of our QI*1 process. We instead show how we can replace this po(x1|W,) training signal with the cross
entropy loss and be left with a KL term showing that the cross entropy is a lower bound on Lg; go minus the rate regularizing
term. We summarize this argument in the next section.

Summary To summarize, we have first derived the standard evidence lower bound on the model log-likelihood when
using our specific generative rate matrix, RY (z¢,7) = E [R¢(2¢, j|x1)] for some arbitrarily chosen Ry (x+, j|z1)
that generates the py|1 (z¢|1) conditional flow.

po (z1|xe)

]Epdata(zl) [Inga(xl)} > Leipo + C
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We then split Lgp go into three terms L. + L + Lxi.. We have seen how the term Lk allows us to remove the standard
L1 po training signal for the denoising model py(z1|z+) and replace it with the cross entropy, creating the L term. This
creates a looser bound if we are to train without the Lxp, term,

Epdam(ml) [logpe(l’l)] >Le+Lr+C

We then argue that L is close to L g which is an unnecessary forcing term encouraging our generative rate to achieve a
similar jump rate to our chosen R;(z¢, j|x1) even though this R; matrix is an arbitrary decision and will have a different
jump rate depending on which R; is chosen. We are then left with the standard cross entropy term as our final objective for
po(x1|z:) with a final modification to its unweighted form for implementation ease.

C.2.1. OBJECTIVE FOR THE MASKING INTERPOLANT

In this section we will show that Lg; o is exactly the weighted cross entropy for the case when we use the masking form for
Pe1(w¢|21). We note that a similar result has been proven by Austin et al. (2021) for the discrete time diffusion model, and
here we verify that this result also holds for our DFM model. We will assume multi-dimensional data, 1 € {1,...,S}7.
We refer to Appendix E for the details of the multi-dimensional setting. We will also assume that we use R} as our rate
matrix that generates the py|; (2¢|z1) conditional flow.

Before we manipulate Lg go, we will first find the forms of R} (v}, i1 P |21 P), R (P, j%P) and RY (x}*P) for the
masking case. From Appendix F.1, equation (31) we have,

R;‘d(xf,jd\a: )— (5{] w‘li}d{a:t,M}

and so

Il
WE

Ry (2P, P12t P) = 30 6 {ar P\, P Ry (af, jad)

&
Il
—

(a5 (ot 8 {af M

I
NE

)
Il
—

From Appendix F.1, equation (32) we have that,

d _ ;d|.1:D
Rl ) = POAZTR)5  ay

and therefore,

RO(zlP, j1D) = 6{951 D\ St D\d}RGd( D jdy

M= £

d _ ;d|,.1:D
5 {x;:D\dijD\d} w(s {af, M}

i
I

We now find R? (x}*7)

Ri(ziP)= > R/ j"7)

grP#wy P
D
. 1: 1:D\d pe(»’lC =7 |11?
_;(_5{3117 2D 25{1D\d } 117tt 6{xf,M}
d=1
D
Z 5{J1 D\d o 1: D\d} {z “M} Z (1= 6 {51, 21PY) po (2t = j9alP)
=1 1 jd
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1 . . .
5 {af MY 102 30 (1= 6 {5 el ) polad = 7l ?)

jd,

1 . .
§ {af, M} 1-¢ Z po(af = jatP)
ji#ad

I
M= Is B0

5{$t’M}17t

Y
Il
—

where on the final line we have used the fact that pg(z§ = M|z P) = 0.

We are now ready to manipulate the form of Lg go. We start with

t=1

Lr1so :/pdata(dxl)(@‘ml(dw) —/ RI(Wydt+ Y log (R{(W;, W) | +C
=0 t:W, #W,
We then apply Dynkin’s formula
t=1
Lo = /pdata(dxl)@lxl(dw) / —RY (W) + Z R; (Wi, yla1) log (R{ (Wy,y)) dt | +C
=0 y#Wy

We now substitute in the masking forms for R (W;), R} (W;,y|x1) and R (W, y)
t=1 D 1
LerBo = /pdata(dxl)(@lm(dw)(/ (‘ 25 {(wi, M} 1t> +
t=0 d=1 B
Z {<Z5{ D\ 1D\d}5{y xf}é{WﬂM})x

yl:D;éwl:D

. 1
log <Z§{ 1 D\d 1: D\d} ) {‘/1/1:617]\4}1)(9 |Wt1.D)1_t> }dt) +C

t=1 D

LeLgo = /pdata(dxl)@lxl dw)( Z Z s {w, M} {y? x‘f}

t=0 4—1 YW

log (po(y? WD) dt) +C

where we have moved terms that don’t depend on 6 into the constant.

t=1 D
LeLso = /pdata(dwl)lel (dw) (/ Zd{Wtd7M} ; log (po (5 |W D)) dt) +C
t=0 d—1
D
1 .
= Eut(t:0,1)paata(@)pi (o1 ]21) [Zé {af, M} T logpo(ailz;”)| + C (24)
d=1

where we have arrived at the weighted cross entropy, weighted by i and only calculated for dimensions that are masked
in our corrupted sample x;.

D. Discussion of Related Work

Flow based methods for generative modelling were introduced by (Liu et al., 2023; Albergo & Vanden-Eijnden, 2023; Lipman
et al., 2023). These methods simplify the generative modelling framework over diffusion models (Sohl-Dickstein et al.,
2015; Ho et al., 2020; Song et al., 2020) by considering noise-data interpolants rather than considering forward/backward
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diffusions. This work brings these benefits to discrete data denoising models which previously have used the diffusion
methodology (Sohl-Dickstein et al., 2015; Hoogeboom et al., 2021; Austin et al., 2021) relying on forward/backward
processes defined by Markov transition kernels. Specifically, prior discrete diffusion works first define a forward noising
process with a rate matrix Rt. This defines infinitesimal noise additions. To train the model, we need access to the equivalent
of D1 i.e. the total amount of noise added simulating from 1 to ¢. To find this value, the matrix exponential needs to be

applied to the forward rate matrix, p;; = exp ( ftl RS ds). This means that discrete diffusion models are limited in the

choice of forward noising process. The choice of R, must be such that the matrix exponential is tractable. For DEM, we
simply write down py); rather than implicitly defining it through the matrix exponential and then can find a rate matrix
to simulate with by differentiating p;; and using R;. Furthermore, the standard ELBO objective used to train discrete

diffusion models depends on the initial choice of R,. At sample time, it is then standard to simulate with the time reversal of
R;. This needlessly limits the choice of simulation process as we have shown in this work that there are infinitely many
valid choices of rate matrices that could be used for sampling.

There have been post-hoc changes to the sampling process made in prior work e.g. corrector steps used by Campbell
et al. (2022), however due to the ELBO maximizing the model log-likelihood under the assumption of sampling using the
time-reversal, the diffusion framework still revolves around one ‘canonical’ sample time process (the time-reversal) whereas
DFM makes it clear this choice is arbitrary and the sample process can be chosen at inference time for best performance.

Previous discrete diffusion works have also suggested alternatives to the ELBO. Sun et al. (2023b) introduce a categorical

score matching loss that resembles the cross entropy, however, the denoising network is required to make a prediction g

based only on the other D — 1 dimensions of the input noisy state, x% DAL Thig requires specialized architectures and
methods to remain computationally efficient. Vignac et al. (2023a) propose to learn a diffusion based model solely using the
cross-entropy but do not analyse the link between the cross-entropy and the log-likelihood of the model as we do in App. C.
Meng et al. (2022) propose to learn a discrete score model based on data ratios using an L2 based loss which has some
undesirable properties such as not penalizing mode dropping as described by Lou et al. (2023). Lou et al. (2023) refine
this approach and propose to learn data ratios using the score entropy loss which, like the standard cross entropy, does not
depend on the choice of forward rate matrix. However, in order for the score entropy to be a true ELBO, the forward rate
matrix needs to be used as a weighting factor.

Multimodal diffusion models have been applied to tabular data (Kotelnikov et al., 2023) where continuous diffusion is
used for continuous features and a uniform style of corruption under a discrete diffusion framework is applied to discrete
features. This idea was then expanded to molecule generation where the task is to generate a molecules atom types, their
positions and their connectivity. Peng et al. (2023) use a masking process for the discrete atom types and bond types with
a continuous space process for the atom positions. Vignac et al. (2023b) use a discrete process converging towards the
independent marginal distribution in each dimension (Vignac et al., 2023a) for atom types, bond types and formal charges of
the molecules along with a continuous process for atom positions. Hua et al. (2023) use a uniform discrete process for bond
types with a continuous space process applied to atom positions as well as atom features embedded in continuous space.
These works also investigate the importance of the multimodal noise schedule. Peng et al. (2023) find that corrupting the
bonds first and then the atom positions improves performance by avoiding unphysical bonds appearing in the corruption
process. Vignac et al. (2023b) have a similar finding that during corruption, the atom types should be corrupted first, then
the bond types and finally the atom positions. We generalize these ideas by using the approach of Albergo et al. (2023) and
learning our model over all relative levels of noise between our modalities. This allows picking the desired path through the
multimodal noise landscape at inference time either performing co-generation, inverse folding or forward folding.

Other approaches for discrete data modelling opt to embed the data into a continuous space in order to still use the continuous
diffusion framework (Li et al., 2022; Chen et al., 2023a; Richemond et al., 2022; Gong et al., 2023; Dieleman et al., 2022;
Han et al., 2022; Strudel et al., 2022; Gulrajani & Hashimoto, 2023; Floto et al., 2023), however, this loses the discrete
structure of the data during generation. This can be important when the quantity that is represented by the discrete variable as
algorithmic importance. For example, Qin et al. (2023) perform sparse graph generation where the discrete token represents
the existence of an edge. It is then important for the edge to be known to physically exist or not so that sparse graph networks
can be applied to the problem.

General Fokker-Planck equations on discrete state spaces (Chow et al., 2012) have been used to construct sampling methods
for energy functions (Sun et al., 2023a). Further, in a generative modelling context, the Kolmogorov equation has been used
to construct equivalent diffusion processes with fewer transitions (Zhang et al., 2023) making links to optimal transport. We
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take this idea further to build a generative modelling paradigm around the flexibility of the Kolmogorov equation.

The construction of discrete diffusion model from a marginal distribution perspective as opposed to a forward corruption
process has also been used by Chen et al. (2023b). Their method defines the marginal distribution at time ¢ as a combination
of the data and a noise sample and then finds a process that generates those marginals, for the masking and uniform case.
They use this to create a faster sampling algorithm by exploiting the fact that if you have a low stochasticity process, you
know there should only be D transitions in the masking case (although this is not the case in the unconditional uniform
case). Therefore, when conditioning on these times, only D function evaluations are needed. This approach could also be
used with a DFM when n = 0, however, our general framework also demonstrates the benefits of allowing 1 > 0.

The consideration of flows on discrete state spaces has also been used to construct GFlowNet algorithms (Bengio et al.,
2023) which aim to sample from a given energy function. Here we instead focus on the the generative modeling context
where we aim to sample novel datapoints when only given access to some dataset of training examples. GFlowNets also can
use the detailed balance equation Eq. (9) as a training training objective. Detailed balance is also used in Markov Chain
Monte Carlo methods (Metropolis et al., 1953; Hastings, 1970) to construct a transition probability with the desired energy
function that we wish to sample from as its stationary distribution. In our work, we use the detailed balance condition as a
way to increase the inference time flexibility in our framework

E. Multidimensional Data

In this section we derive how we can efficiently model D dimensional data, z; € {1,...,S}” by using factorization
assumptions. When we wish to emphasize the multidimensional aspect we can write }'” and use z¢ € {1, ..., S} to refer

to the value in dimension d. We use 1 : D\d to denote all dimensions except d. To operate in multidimensional spaces, we
will make the following assumptions

. D1 D
* Assumption 1 pj (2P [217) = [T, peya (2 |2)
* Assumption 2 pyi(zf|2f) =0 = Oypy (zf]a]) = 0,Vd

. D 1 . D 1:D\d .1. ,
e Assumption 3  R;(z}'P, j1P |2} P) = >0 6{x, \ ,JEPNY R (24 524

The first assumption creates independent corruption processes in each dimension, similar to the factorization assumptions
made in diffusion models where the forward noising processes proceed independently in each dimension. Assumption 2 is
the same assumption we made in order to derive R} in 1-dimension but now we assume it individually for every dimension.
Finally, assumption 3 states that for our data conditional rate matrix, it decomposes into a sum of rate matrices for each
dimension and so the rate for transitions that change more than 1 dimension at a time are 0. This is the same assumption
made by Campbell et al. (2022) in order to make calculations tractable. We will enable our process to make multiple
dimensional changes simultaneously later when we come to derive our sampling algorithm.

Under these assumptions, we will now derive DFM for the multidimensional case. We start with the data conditional
Kolmogorov equation

Oper (o P2y ) = Y RGP a P e P )pyr (5P |2 ) (25)
jl D

We now substitute the form for the rate matrix under Assumption 3 into the RHS of (25) to get

D
1:D\d .1: . .1 .
RHS = %>~ o{ay M VY REG 2 e )pi (51 21)
j1D d=1

D
=33 RIGE afla)pu (27N © 22k P) (26)

d=1 jd

where we use :1:% :D\d ® j% to denote a vector of dimension D where in the d-th dimension it has the value of j¢ and in the
other dimensions it has values ri PN We now verify that the following form for R{ satisfies the Kolmogorov equation,
ReLU(9upej1 (5%29) = 0upyj1 (2f|2))
Ry, %)) = 2T
=0 otherwise

forpt|1($g‘$%) > 07pt|1(.]d|xtli) > 0 (27)
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where Z = [{j? : py1(j%x{) > 0}| and we only define R;? for off-diagonal entries, 2 # j¢ remembering that
xd *
Ry (xf, af|zf) = Zjd;émf R; (mt>Jd|$1)

We first assume py 1 (¢ 2{) > 0Vd and substitute in R} “ into equation (26).

D .
ReLU (0;p; 1($d‘$d) — Oty 1(Jd|$d) .D\d __ . .
D o e - = BN
d=1 jiztz{,pe1 (772§)>0 i (51)
B ReLU (3tpt\1(jd|gg‘f) - atpt‘l(:vf\:cil)) ( 1:D| 1:D)
zd d|..d DTy |27
tpt\l(xt |z¢)
2
:D\d )
RHS = Z det\l(wl \ |x1 D) Z (RGLU (@pm(xﬂz‘f) _ 3tpt\1(]d\sc‘1i))
d=1 §9#i%,py)1 (§%2$) >0
— ReLU (8tpt|1(jd|x(11) - 8tpt|1(l’f|$(1i)) )
1 : .
RHS = detll(xi D\d|${D) Z <8tpt|1($§l|x‘1i) — 3tpt1(]d|xf)>

G ,per () >0

i (PN 22Oy (22

= i1

Y
Il

1

D
_ 5 (Hptmzw))
d=1

= LHS

where we have used the fact that p,, (1221 ?) = [T, pi (zd]af).

For the case that there exists a d’ for which py|; (24 |29) = 0 we have Oepe1 (z&'|z9") = 0 by assumption. We first examine
the LHS of equation (25) in this case.

LHS—atpt‘l(act |t )

=0 (H Ptl(ﬁﬁ))

d=1

D
:D d D
zptu l’tl \ 1 \d )atpt|1($t‘wl)

:D\d’ 1:D\d’ 1 D\d 1 D\d
= pep (ar PN 2y PNy (2 |2 Z po (21 PN 2 PN Oy ()
d= 1\d’
:D\d’ 1:D\d’ 1:D dd 1:D\d,d
—pt\l(%’t \ |y \ )8tpt|1 »”Ct |5€1 Z Pt|1 % |$1 Pin 1(zy \ |z, \ )atpt\1($t|$1)
N—————’ de 1\d’ﬁ_/

0
=0

where we use 1 : D\d, d’ to mean all dimensions except d and d’. We now examine the RHS of equation (25).

RHS = Z ZR*d Jj, @ |~T1)Pt\1($t 4 ® Yzl

dl]d
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D
wd [ . 1:D xdg - 1:D\d . .
=Y BTG e o @ 0 5 2P+ Y Y RG ala g (a7 © 5t P)
4 d=1\d’' jd
«d /.
=Y BTG ol )o@ © 5 )
” \—f—/o
D
sd/ . Yod 1:D\d,d’ 1:D\d’
+ 30 D ORIG e pon | ) popa (e @ ay )
d=1\d' —
=0
= LHS
where we have used the fact that R;"d/ (G, 2% |2%) = 0 because pt‘l(jd |24} = 0 Therefore, for both cases we have

R} satisfies the conditional Kolmogorov equatlon (25) and thus we have found a rate matrix that generates our desired
conditional flow. The final step is to convert this rate matrix conditioned on z1*” into an unconditional rate matrix that can
be used for generative modeling. We first write down the unconditional multi-dimensional Kolmogorov equation

Oype (D) ZR 1P 2 Py (517) (28)

We now make the following assumption for the form of the unconditional rate matrix and verify that it indeed satisfies the
unconditional multi-dimensional Kolmogorov equation, (28).

R(lD 1D)_Z(§{ 1D\d 1D\d}Rd(1D, d) (29)
d=1

with
Rd( 7j ) Ep(LdLLl D) |:Rt (xf?.]d|x1)i|

with R (24, j%|2%) being given by (27). Substitute this form into (28)

D
.1 :D\d
RHS = ZZ&JLD\d»xz \ YEp(ad)j1:0) {Rt (j xt|$1)] pe(17)

jl:D d=1

D
wd 1:D\d . -
= ZZ]E’p(x‘f\zz:D\d@jd) {R (J xt|x1)] pe(y \ @jd)
d=1 jd

—ZZprx”\d iR, 22 Dpy (2PN @ )

d=1 jd gd

D\d . * . D\d . :D\d :D\d .
—ZZZP(% VOV @GN RG e PN © ) 3 play PN a2 PV © 54

d=1 jd ¢ aj}:D\d

D
=33 S Pl M 0 5 Ry alebpe (e PN © )

d=1 jd gD

_Zzzpddtd pt\l(xt 10 P R (5, 2 )

d=1 jd gD

sxd
Ep g (a}® Zzptu M@ 2l P) Ry, a2
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= Epyn @12y [Oipep (2P |21P)] by (26)
= atpt(xt'D)
— LHS

where we have used Eq. (26) with the fact that we know R} given by Eq. (27) satisfies the conditional Kolmogorov equation
Eq. (25). We have now verified that the rate given by Eq. (29) gives us our desired unconditional flow and we can use it for
generative modeling.

E.1. Training

In order to approximate the true generative rate matrix given by equation (29), we need approximations to the denoising
distributions in each dimension, p(z{|z}P), ford = 1,..., D. We can parameterize these conditionally independent ¢
distributions through a neural network that outputs logits of shape D x S when given input x}*? of shape D. We then apply
a softmax to the logits to obtain approximate denoising probabilities pp (v¢|x1 ), d = 1,..., D of shape D x S. We learn
the parameters of the neural network with the cross entropy loss for each dimension

D
L:ce = Epdata(l’%:D)M(t;O,l)p”l(:L’%:DliL’%:D) |:Z logpf|t(xtli|x%D)‘|
d=1
E.2. Sampling

The standard Euler step transition probability for our CTMC defined through our learned denoising model with time step At
is

Peare (i atP) = 0{a; P, i) + R‘g(mLD,jLD)At

_5{x1D 1D}+Z(5{x1D\d 1D\d}]E
d=1

1oy [RY(af, )] At (30)

po (2 |z

In this form, we would be unable to make transition steps that involve more than 1 dimension changing at a time due to our
factorized form for RY (z}P, j1:P). To enable multiple dimensions to transition simultaneously in a single update step we
can approximate the standard Euler transition step (30) with a factorized version P, a4+ ( §1P|2FP) with the following
form

D
ﬁt+At|t(j1: Hpt+At|t 7oz P)
o
H {5{xt G+ Epy(2d|z:0) [Rt (z2, |x1)] At}

=6{z}P, 1D}+26{x1 PN GED\DY R aroy [Riad, jad)] At + O(AF)
d=1

where we can see on the final line that p; { A¢|; approximates p;; a¢; to first order. Sampling from p; | A4 can be seen as
taking an Euler step in each dimension independently for each simulation step.

We note this sampling method is similar to the tau-leaping method used in prior CTMC based approaches (Gillespie, 2001;
Campbell et al., 2022) however tau-leaping allows multiple jumps to be made in the same dimensions which is unsuitable
for categorical data.

E.3. Detailed Balance

In this section we verify that if we achieve detailed balance individually and independently in each dimension, then our full
dimensional process will also be in detailed balance.

Consider the multidimensional detailed balance equation

P (P D) Re(ay 5P |210) = popn (P 210 Re (517, 2P |217)
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1:D 1
t 9

Now, substitute in our factorized forms for Ry (z{*?, jP|2z1"P) and py1 (v P |21 )

D D D D
: d .1: . d . .1 : d .
(Hpm(xﬂx'f)) (Zé{xi 0 ,f-D\d}Rfuf,ﬂxB)) - (Hpm(ﬂx‘f)) (Zé{fﬂ\d,xi o }Rf(ﬂzﬁx;‘))
d=1 d=1 d=1

d=1

Now, both sides are 0 for when x; and j differ in more than one dimension. Consider the case when they differ in exactly
one dimension, call it d. The detailed balance equation simplifies to

di,.dypd/..d :d| .d d| d\pd(:d d|..d
pt|1(xt|x1)Rt(xt7] ‘xl):pﬂl(.] |z7) Ry (5, v¢|2T)

which we note is the standard single dimensional detailed balance equation for dimension d. Therefore, if our R{ matrices
are all in detailed balance with their respective pt‘l(z‘f\x‘f) conditional marginals, then the full dimensional rate matrix
Ry(z}P, j1P|21*P) will also be in detailed balance with the full dimensional conditional marginals py|; (7 °|2{?).

F. Implementation Details

In this section we provide concrete derivations of our DFM method. We use a masking process in App. F.1, a uniform process
in App. F.2 and explore the general case for any given py|; in App. F.3. We also provide minimal PyTorch implementations
for our training and sampling loops in each case. We will assume multi-dimensional data under the factorization assumptions
listed in App. E.

Notebooks containing these minimal examples can be found at https://github.com/andrew-cr/discrete_
flow_models.

F.1. Masking Example

Here, we assume the masking form for p;|;. We begin by writing this data conditional flow

o

pep (P |21P) = [ [ oo (afl29)

Y
Il

1

—

(t0 {af, 2} + (1= )3 {«f, M})

Y
Il
—_

PPl ?)

This is the distribution we will use to train our denoising model p(f‘ N . PyTorch code for the training loop is given

in Listing 1
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Listing 1. Masking Training loop

import torch
import torch.nn.functional as F

# Variables, B, D, S for batch size, number of dimensions and state space size
respectively

# Assume we have a model that takes as input xt of shape (B, D) and time of
shape (B,) and outputs x1 prediction logits of shape (B, D, S-1). We know
the clean data contains no masks and hence we only need to output logits
over the valid values.

mask_index = S - 1 # Assume the final state is the mask state

for x1 in dataset:
# x1 has shape (B, D)
optimizer.zero_grad()
t = torch.rand((B,))
xt = x1.clone()
xt [torch.rand ((B,D)) < (1 — t[:, None])] = mask_index
logits = model (xt, t) # (B, D, S-1)
x1[xt != mask_index] = -1 # Don’t compute the loss on unmasked dimensions
loss = F.cross_entropy (logits.transpose(l, 2), x1, reduction='mean’,
ignore_index=-1)
loss.backward/()
optimizer.step ()

We will also derive the form for R*%(i?, j%|x%). For this we need to find Apep (x| x?).

8tpt|1(xg|x(11) =0 (t5 {ﬂvgaﬂl} + (1 —1)8 {vaM})
=0 {af 2} — 6 {af, M}
We can now find R;‘d(xf, j%2¢). When working with rate matrices in this section, we will always assume z¢ # j? and
calculate the diagonal entries as Ry (i,i) = — 3 ,_; Ru(i, j) later. We note that R;®(x, j%|2{) = 0 for py1 (xf]x{) = 0 or
i1 (j4l2f) = 0. Further, our initial distribution po(z§") = H§:1 § {xd, M }. Therefore, at all points in our CTMC, z is
only ever M or z{. Furthermore, we only ever have to consider transitions to a j¢ that is either j¢ = M or j¢ = 2¢. Now,
for pyj1 (@) > 0 and pyj1 (j%=17) > 0 we have
_ ReLU (9ipyr (5%25) — Oipya (2] 29))
B Z{py (zf )
ReLU (6 {4, 28} — 6 {j4, M} — 6 {ad, 2} + 6 {zf, M })

) 2(t0 {of. 2} + (1 = 0)5 {of.21})

sd .
Ry (x?:]d‘xtli)

1
=13 for j¢ = ¢, 2¢ = M and 0 otherwise (31

We note here that our calculation may not strictly be valid for exactly ¢t = 0 or ¢ = 1 but are valid for any ¢ € (0, 1) and so
we can simply ignore these edge cases, see App. B.2 for further discussion. Now we find our unconditional rate matrix

0d : -d xd/ d .d| .d
Rt (l‘% Dy] ):Ep?“(ac‘ﬂm%‘D) [Rt (Itv.] |x1):|

1
= Byt wtlat) [H‘S{jd’xf}é{zg’M}}

P (et = 5 ayP)
a 1—t

5 {xf, M} (32)

Our transition step is then
Perare(i¥ey?) = 6 {54 2l } + R{ (2, j) AL
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For j¢ # ¢ this is

(4 d -d|,.1:D
L Pi (et = 3%z ™)
Preae(G2lP) = At — § {xd, M} (33)

For j¢ = z¢ this is

Praan(i? = 2flayP) = 1= prpane(klai®)

k#zd
0 d 1:D
_ p1|t(xl = k“rt ) d
=1- ) At = 8 {af, M}
k;ﬁzf

where on the final line we have used the fact that when p?l t(a:‘li = M|xz}*P) = 0. Therefore, if #¢ = M then we have a

% chance of flipping to some unmasked state with the probabilities for the token to unmask to given by pfl t(x‘li |zh D). If

xd # M (i.e. it has already been unmasked) then we simply stay in the current unmasked state.

Listing 2 shows PyTorch code that implements this sampling loop.

Listing 2. Masking Sampling loop

import torch
import torch.nn.functional as F
from torch.distributions.categorical import Categorical

# Variables, B, D, S for batch size, number of dimensions and state space size
respectively

# Assume we have a model that takes as input xt of shape (B, D) and time of
shape (B,) and outputs x1 prediction logits of shape (B, D, S-1). We know
the clean data contains no masks and hence we only need to output logits
over the valid wvalues.

t = 0.0
dt = 0.001
mask_index = S-1

xt = mask_index % torch.ones((B, D), dtype=torch.long)

while t < 1.0:
logits = model (xt, t % torch.ones((B,))) # (
x1_probs = F.softmax(logits, dim=-1) # (B, D
x1 = Categorical (x1_probs) .sample() # (B, D)
will _unmask = torch.rand((B, D)) < (dt / (1-t)) # (B, D)

, S-1)

will_unmask = will_unmask % (xt == mask_index) # (B,D) only unmask currently
masked positions

xt [will_unmask] = x1[will_unmask]

t += dt

F.1.1. DETAILED BALANCE

In order to expand our family of rate matrices that we can use at sampling time, we want to find a detailed balance rate
matrix RPB that satisfies the detailed balance equation

pe (ilz1)RPE (i, jl21) = pu (jlz) RPE (4, i) 1)

We now have to make some assumptions on the form for RP®. With this masking noise a process that is in detailed balance
will have some rate for transitions going from a mask state towards x; and some rate for transitions going from x; back
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towards the mask state. Such a rate would have the following form
RPP (i, jlan) = ayd (i, 21} 6 {3, M} + 0,0 {i, M} 6 {j, 21}

for some constants a; and b, that we must find. Substituting this into the detailed balance equation along with the masking
interpolation form for py; (2¢|21) gives

(t6 {i,x1} + (1 —1)6 {i, M}) (ard {i,x1} 6 {j, M} + bed {i, M} 6 {j,x1}) =
(04,21} + (L = )6 {j, M}) (a0 {j, z1} 6 {i, M} + be6 {j, M} 6 {i, z1})

tad {i,z1} 6 {j, M} + (1 — )0 {i, M} 6 {j,x1} = tad {j, 1} 0 {&, M} + (1 — t)bs0 {j, M} 6 {4, 21}
This equation must be true for all ¢, j. Pick ¢ = x1 and j = M to get
tCLt = (1 — t)bt

If we pick i = M and j = x; then we would obtain the same equation and if we pick any other values for ¢, j with i # j
then we would get 0 = 0. Note that we will find RPE for i # j and then the value for RPB (i, 4) is simply calculated using
RPP(i,i) = =32, RPP (i, j). Since we will obtain no more constraints on the values of a; and b;, we will need to pick
a value for one of them. We can simply set a; = n where 7 is our stochasticity parameter since this value sets the rate at
which points that are already at 21 will come off z; and travel back to the mask state. This gives b; = "t and so for ¢ # 7,

t
RPP(i,jla1) = nd {i, 21} 6 {3, M} + 706 {3, M} 8 {1}

We now combine this rate with R;*d that we calculated previously to find a new unconditional rate matrix with a variable
amount of stochasticity.

wd .
R?d('rl b d) ]Epfl (x| P) |:Rt (xgvjd‘xil) +RDB ($t7jd|$1)]

. )[ 0 {5ty o {at M) 4 (afaty 6 (%00} + b {at b)Y 8 {57,
P (@] = 5%y .
— Lt 11 5{ M}Jrnp?‘t(xl—xthtD)é{j M}+75{1‘t,M}p1‘t(a¢1—jd|x Py

1+nt . . .
e plat = 5t P)0 {af, M} + (1 =8 {a, M})5 {57, M}

where on the final line we have used the fact that pflt(a:f = 28|2}P) = 0 for 2§ = M and pl‘t(ac1 = 2¢|2}'P) = 1 when

x¢ # M because if a dimension is unmasked then it must be the true 1 value under our definition of Pe1(w¢|21). We now
find our transition probabilities

Peraee(i2fP) =6 {9, af} + R (P, ) At
For j¢ # x4,

1+ .
pt+At\t(] s D) = At nt p§|t($lli = Jd|37 )5 {vaM} + Atn(l -6 {37?, M})5 {Jd»M}

and for j¢ = z

pt+At\t(j =T ‘l't D) =1- Z pt+At\t(k|$t )
k;éa:t

=1— Z (Atl + "tpﬁt( = klayP)s {af, M} + Atn(1 — 6 {«f!, M })5 {k,M})
k#xd
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1 t
= 1— AT Lo MY - At(1 - 5 {af, M))
where again we have used the fact that p{|, (z{ = M|z{*”) = 0. Inspecting pry ase (7]xt ) for j¢ # xf, we see that if
x¢ = M then we have an overall probability of unmasking of %At and once we do unmask, the new value is drawn from

p‘f‘ ((z¢]z}P). This is like before but now there is a bonus probability of unmasking of ;. When x{ # M then we have a
probability of nAt of jumping back to the mask state. This creates a flux of states switching back and forth between masked
and unmasked for 7 > 0 hence why these processes are more ‘stochastic’. However, because when 7 is increased we also
increase the rate at which we unmask, the desired conditional flow p; (z¢|z1) is maintained for any value of 7. Listing 3

shows PyTorch code that implements sampling with this extra stochasticity.

Listing 3. Masking sampling loop with noise

import torch
import torch.nn.functional as F
from torch.distributions.categorical import Categorical

# Variables, B, D, S for batch size, number of dimensions and state space size
respectively

# Assume we have a model that takes as input xt of shape (B, D) and time of
shape (B,) and outputs x1 prediction logits of shape (B, D, S-1). We know
the clean data contains no masks and hence we only need to output logits
over the valid values.

t = 0.0
dt = 0.001
mask_index = S-1

N = 10 # Level of stochasticity
xt = mask_index % torch.ones((B, D), dtype=torch.long)

while t < 1.0:

logits = model (xt, t % torch.ones((B,))) # (B, D, S-1)

x1_probs = F.softmax(logits, dim=-1) # (B, D, S-1)

x1 = Categorical (x1_probs) .sample() # (B, D)

will_unmask = torch.rand((B, D)) < (dt * (1 + N = t) / (1-t)) # (B, D)

will_unmask = will_unmask % (xt == mask_index) # (B,D) only unmask currently
masked positions

will_mask = torch.rand((B, D)) < dt = N # (B, D)

will _mask = will_mask » (xt != mask_index) # (B, D) only re-mask currently
unmasked positions

xt [will_unmask] = x1[will_unmask]

t += dt

if t < 1.0: # Don’t re-mask on the final step
xt [will_mask] = mask_index

Our method has similarities to other discrete diffusion models when using this form for p;|; and we clarify these links in
App. H.2.

F.1.2. PURITY SAMPLING

When using the masking form for p;; we can also easily implement a purity sampling scheme (Tang et al., 2022). This
sampling method decides which dimensions to unmask based on an estimate of the model confidence in that dimension’s
final value. Currently, our sampling method will uniformly at random choose which dimension to unmask. To improve upon
this approach, purity sampling will instead rank dimensions based on which dimension has the highest model probability.
More specifically, for each dimension we calculate a purity score for dimension d defined as

purity; = max  pf), (] ")
1

For the next simulation step, we then decide how many dimensions should be unmasked. The number of dimensions to
At

unmask is binomially distributed with probability of success ;=7 and number of trials equal to the number of dimensions
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that are currently masked. Once we have sampled a number of dimensions to unmask from this binomial distribution, we
then unmask that number of dimensions starting from the dimension with highest purity score, then the dimension with
second highest purity score and so on. We only consider dimensions that are currently masked to be eligible for unmasking.
When using 7 > 0, the probability of success in our binomial distribution increases to At 11+_"tt and so on average more
dimensions get unmasked during each simulation step. At the end of each simulation step, we then remask a sample of
randomly chosen dimensions which are uniformly chosen at random each with a probability A¢n of being chosen.

F.2. Uniform Example

In this section we walk through the derivation and implementation of DFM when using the uniform based interpolation
distribution. We start with the data conditional marginal distribution

D
e (2 P)at?) = [T o (af )
d=1

= dﬁl <t5 {af 20} + (1 - t);)

This distribution is all that is needed to train the denoising model p‘flt (1 P|x}P). We give PyTorch code for the training
loop with the uniform interpolant in Listing 4.

Listing 4. Uniform training loop

import torch
import torch.nn.functional as F

# Variables, B, D, S for batch size, number of dimensions and state space size
respectively

# Assume we have a model that takes as input xt of shape (B, D) and time of
shape (B,) and outputs x1 prediction logits of shape (B, D, S).

for x1 in dataset:
# x1 has shape (B, D)
optimizer.zero_grad/()
t = torch.rand((B,))

xt = xl.clone()

uniform_noise = torch.randint (0, S, (B, D))
corrupt_mask = torch.rand((B, D)) < (1 - t[:, Nonel)
xt [corrupt_mask] = uniform noise[corrupt_mask]

logits = model (xt, t) # (B, D, S)

loss = F.cross_entropy (logits.transpose(l,2), x1, reduction='mean’)
loss.backward()

optimizer.step ()

In order to sample our trained model, we will need to derive R;%(i?, j%|x¢). The first step is to find Op (z|2d),
1
Oaflat) = 0, (1 {ut. ot} + (1- 05 )
=0 {af,2{} - 1
trl S

We will now find R;%(z¢, j%x¢). As before we will always assume ¢ # 5% and calculate diagonal entries as needed using
the relation 12y (i,4) = — 3, ; Re(d, ).

_ ReLU (0ipy1 (549) — Oepe (xf]x]))

- Zipy (af]29)

B ReLU (5 {jd,xil} - % — §{xf,x‘f} + %)

B Sts{zd,zd} +(1-1)%)

s*d .
Rt (.Z’(ti,jd|.7}(11)
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~ ReLU (6 {jd,xil} -4 {xf@‘f})
o Ste{ad,att+ (1-t)%

The only non-zero value is when j¢ = z¢ and 2% # ¢ and so R:%(2%, j¢|z%) is

xd 1 d d d ,.d
Rt (xtvj |1'1) ?5{] vml}(l_é{xt’xl})
We can now find the unconditional rate matrix, still assuming z§ # ;¢

RGP 5 = By ogiopey [ Bt 300
1 )
=By @dlat:P) [Ha {7%af}(1-d {I?»I’f})}
1
=l (at = 2t ?)
Our transition step is

Peare((leiP) = 0 {j% af} + R{(a P, j7) At

For j¢ # x¢ this is

d
Peyare(i |$t ) = Put(% =7 \x )
and for j¢ = x¢ this is
pt+At\t(j =Ty \37 =1- Z Pt+At\t(k|$t1:D)
k#zd
At
—1- Y et = kjai)
k#£zd

At
=l-1— (1 pl(a = zf|z}’ ))

Listing 5 shows PyTorch code that implements this sampling loop.
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Listing 5. Uniform sampling loop

import torch
import torch.nn.functional as F
from torch.distributions.categorical import Categorical

# Variables, B, D, S for batch size, number of dimensions and state space size
respectively

# Assume we have a model that takes as input xt of shape (B, D) and time of
shape (B,) and outputs x1 prediction logits of shape (B, D, S).

t = 0.0

dt = 0.001

xt = torch.randint (0, S, (B, D))

while t < 1.0:
logits = model(xt, t % torch.ones ((B,
x1_probs = F.softmax(logits, dim=-1)

))) # (B, D, S)
# (B, D, 9)

# Calculate the off-diagonal step probabilities
step_probs = ((dt / (1-t)) * x1_probs).clamp(max=1.0) # (B, D, S)

# Calculate the on-diagnoal step probabilities

# 1) Zero out the diagonal entries

step_probs.scatter_ (-1, xt[:, :, None], 0.0)

# 2) Calculate the diagonal entries such that the probability row sums to 1

step_probs.scatter_ (-1, xt[:, :, None], (1.0 - step_probs.sum(dim=-1,
keepdim=True) ) .clamp (min=0.0))

xt = Categorical (step_probs) .sample() # (B, D)

t += dt

F.2.1. DETAILED BALANCE

Here we derive the form of RP® for the uniform interpolant case which we can use to vary the stochasticity of sampling.

RDB satisfies the detailed balance equation

pep (i) RPP (i, jlw1) = popn (il ) RP® (4, i)

We now make some assumptions for the form of RPB. We will assume there will be some rate of transitions from x; back
towards a random other state and a rate towards x1 in order to cancel out this effect and achieve detailed balance. We note
there are other choices for detailed balance, some of which we explore in App. H.1. We will again be assuming ¢ # j in the

following calculations.
RPP (i, jlar) = ard {i, 21} + b6 {4, 21}

We have parameterized RP® with some time-dependent constants a; and b;. Substituting this into the detailed balance

equation gives

(w (i, o)+ (1— t);) (8 {i, 21} + bid {j,21}) = (t6 Ghan} +(1— t);) (6 {j, 21} + bid {i, 21))

Now, this equation must be true for any ¢ # j. Pick ¢ = x; and j # x; to get

<t+(1—t);> 0 = (l—t)ébt
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St+1—t

= _— 4
a = (34)

We would obtain the same equation if we were to instead pick i # x7 and j = ;. Therefore we have to fix one of a; or b;.
If we want a stochasticity level of 7 then we can set a; = 7 which is the rate at which points that are at the clean data come
back off the clean datapoint. b; can then be found from equation (34). This gives a form for RP® of

. . St+1—t_ .
RPP(i, jler) = nd {i, e} + 7717_155{%901}

This can now be combined with R % to create a new unconditional rate matrix with a variable amount of stochasticity.

. . «d . d .
RVl i) = ]Ep?“(m‘ﬂz%‘D) |:Rt (zf,j%x{) + RPP, (l’fdduf)}

1 . St+1—t .
=By aflo} ™) [l_tﬂﬂwil} (1= 6 {af,al}) + 0o {af, 2t} + n=—F——0 {J‘lax‘f}}

14+n+n(S—1Dt_,.
By oty | I ot} (1= 6 ot + 0 fat o)

L+n+n(S =Dt o 4 .4 1 0 .d
= T p1le(af = ay?) + npl) (2] = ooy

:D)

We can interpret this rate, with the first term being the rate at which we should transition to states that are predicted to
correspond to the clean data. The second term is a ‘noise term’ which creates transitions away from the current state if it
is predicted to correspond to the final clean data. The first term then has additional weighting as 7 is increased to counter
act this effect. The effect of the stochasticity is then to create a flux going on and off the predicted final clean state during
generation. We now find our transition probabilities

pt+At\t(jd|xt1:D) =9 {jdvxf} + Rfd(mi:Dyjd)At

For j¢ # 24,

1+n+n(S—-1)¢ ,
1—¢ Prje

Prean(§92y") = At (af = jlaiP) + Aty (af = af[ay?)

We can find py aq4( j2FP) for j1 = x¢ programmatically as before by requiring that the probability vector sum to 1.
Listing 6 shows the implementation for the uniform interpolant with noise.
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Listing 6. Uniform sampling loop with noise

import torch
import torch.nn.functional as F
import torch.distributions.categorical import Categorical

# Variables, B, D, S for batch size, number of dimensions and state space size
respectively

# Assume we have a model that takes as input xt of shape (B, D) and time of
shape (B,) and outputs x1 prediction logits of shape (B, D, S).

t = 0.0
dt = 0.001
noise = 1

xt = torch.randint (0, S, (B, D))

while t < 1.0:
logits = model (xt, t x torch.ones((B,))) # (B, D, S)
x1_probs = F.softmax(logits, dim=-1) # (B, D, S)
x1_probs_at_xt = torch.gather (xl_probs, -1, xt]

# Don’t add noise on the final step
if ¢t + dt < 1.0:
N = noise
else:
N

=0

# Calculate the off-diagonal step probabilities

step_probs = (
dt * ((1 + N+ N % (S - 1) » t ) / (1-t)) % xl_probs +
dt * N % x1_probs_at_xt

) .clamp (max=1.0) # (B, D, 9)

# Calculate the on-diagnoal step probabilities

# 1) Zero out the diagonal entries

step_probs.scatter_ (-1, xt[:, :, None], 0.0)

# 2) Calculate the diagonal entries such that the probability row sums to 1

step_probs.scatter_ (-1, xt[:, :, None], (1.0 - step_probs.sum(dim=-1,
keepdim=True) ) .clamp (min=0.0))

xt = Categorical (step_probs) .sample() # (B, D)

t += dt

F.3. General Case

We now describe the training and sampling loop for a general conditional flow py; (z¢|x1). We require this interpolant to be
factorized, pypy (P21 ) = T2, iy (z]2%), be differentiable and have pyjy (j9)24) = 0 = dypy1 (j%)2F) = 0. We
assume that we have access to functions that can sample from py|; (24|21 ), evaluate pyj; (2¢]21) and evaluate O;py |1 (z¢]21).

Our training loop consists of sampling data, sampling x; ~ py|; (z¢|71) and training with the cross entropy loss, see Listing
7.
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Listing 7. General training loop

import torch
import torch.nn.functional as F

# Variables, B, D, S for batch size, number of dimensions and state space size
respectively

# Assume we have a model that takes as input xt of shape (B, D) and time of
shape (B,) and outputs x1 prediction logits of shape (B, D, S).

def sample_p_xt_g_x1(xl, t):
# x1 (B, D)
#t (B,)
# Returns xt (B, D)

for x1 in dataset:
# x1 has shape (B, D)
optimizer.zero_grad()
t = torch.rand((B,))
xt = sample_p_xt_g_x1(x1l, t)
logits = model(xt, t) # (B, D, S)
loss = F.cross_entropy(logits.transpose(l,2), x1, reduction='mean’)
loss.backward()
optimizer.step ()

Now for sampling we can programmatically calculate R;fd(xf, j%|z¢) using Eq. (27). It may not be possible to analytically

calculate the expectation with respect to pf|, (2177 |y’

D)) but we note that our Euler step is still valid if we instead take a

sample from pf|, (217 |z}*7) and substitute into R (, j¢|2{), see App. G. We assume access further to a function that can
produce samples from the prior distribution pp;se corresponding to the chosen pyj;. We provide the general case sampling

loop in Listing 8.
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Listing 8. General sampling loop

def dt_p_xt_g_xt(x1l, t):
# x1 (B, D)
# t float
# returns (B, D, S) for varying x_t wvalue

def p_xt_g_x1(x1l, t):
# x1 (B, D)
# t float
# returns (B, D, S) for varying x_t wvalue

def sample_prior (num_samples, D):
# num_samples, D both integer
# returns prior sample of shape (num_samples, D)

t =0.0

dt = 0.001

num_samples = 1000

xt = sample_prior (num_samples, D)

while t < 1.0:
logits = model(xt, t * torch.ones((num_samples,))) # (B, D, S)
x1_probs = F.softmax(logits, dim=-1) # (B, D, S)
x1 = Categorical (x1_probs) .sample() # (B, D)

# Calculate R_t =

# For p(x_t | x_1) > 0 and p(j | x_1) > 0

# ROt x(x_t, 7 | x_1) = Relu( dtp (7 | x_1) - dtp(x_t | x_1)) / (Z_t = p(x_t
[ x_1))

# For p(x_t | x_1) = 0 or p(j | %x_1) = 0 we have R_t"x =0

# We will ignore issues with diagnoal entries as later on we will set
# diagnoal probabilities such that the row sums to one later on.

dt_p_vals = dt_p_xt_g xt(xl, t) # (B, D, S)
dt_p_vals_at_xt = dt_p_vals.gather (-1, xt[:, :, Nonel]).squeeze(-1) # (B, D)

# Numerator of R_t "«
R_t_numer = F.relu(dt_p_vals - dt_p_vals_at_xt[:, :, None]) # (B, D, 9)

pt_vals = p_xt_g_x1(x1l, t) # (B, D, S)
Z_t = torch.count_nonzero (pt_vals, dim=-1) # (B, D)

pt_vals_at_xt = pt_vals.gather (-1, xt[:, :, Nonel]).squeeze(-1) # (B, D)

# Denominator of R_t " x
R_t_denom = Z_t * pt_vals_at_xt # (B, D)

R_t = R_t_numer / R_t_denom[:, :, None] # (B, D, 9)

# Set p(x_t | x_1) = 0 or p(j | x_1) = 0 cases to zero
R_t[ (pt_vals_at_xt == 0.0)[:, :, None].repeat(l, 1, S)] = 0.0
R _t[ pt_vals == 0.0] = 0.0

# Calculate the off-diagonal step probabilities
step_probs = (R_t * dt).clamp(max=1.0) # (B, D, 9)

# Calculate the on-diagnoal step probabilities

# 1) Zero out the diagonal entries

step_probs.scatter_ (-1, xt[:, :, None], 0.0)

# 2) Calculate the diagonal entries such that the probability row sums to 1

step_probs.scatter_ (-1, xt[:, :, None], (1.0 - step_probs.sum(dim=-1,
keepdim=True) ) .clamp (min=0.0))

xt = Categorical (step_probs) .sample() # (B, D)
t += dt
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F.3.1. DETAILED BALANCE

There are many ways one could solve the detailed balance equation for RPP as the choice will depend on what kinds of
noise are desirable to include in the generative process. A baseline example of how you could solve the detailed balance
equation for generate py|; (2¢|21) is to note

RPP (i, jlw1)pep (ile1) = RPP (G ilw1)pep (Glw1)
RPB(i, jlay) _ o (i)
RPB(j,ilz1)  pea(dlen)

which gives a relation between the diagonal elements of RP®. As a first choice we could simply set the upper triangular

section of RP® to 1 and set the lower triangular part to the ratio % which would satisfy detailed balance.

G. CTMC Sampling Methods

In the main text, our sampling algorithm Alg. 1 first constructs the unconditional rate matrix RY(x,7) =

Ei’?u (21]z0) [L¢(%¢, j|z1)] and then samples the next state from the Euler step,

Zeyae ~ Cat (5 {4, Tene} + RY (24, xt-q—At)At) .

The form of this update means that we don’t necessarily need to calculate the full expectation over R;(xy, j|z1). We can
simply sample z; from pf‘t(xﬂxt) and then plug this sample into R;(z;,j|z1) which we then use in the Euler update.
To see that this strategy still samples from the same distribution over x4 A¢, we can write the distribution over x4 a; as

Pt+At|ts
Perat(@ipaclre) = 0{xe, Topack + ]EP?H(CEI‘QH) [Ri(zy, xiqne|T1)] At
= Epf‘t(zl\xt) [0{zt, xrpaet + Re(we, xepac]zr) At
= Zp%t(zl|xt)pt+At|t(«rt+At‘x17 xt)
1
where

Dot (Teraelr, xe) 1= 6 {xs, xeyae} + Re(xe, jloy) At

and so Py a¢j¢(Te4a¢|T¢) can be seen as the marginal of joint distribution p‘f‘t(xl|xt)pt+At‘t(:ct+At|x17xt). There-
fore, to produce a sample x+;A; from p; At‘t(xﬂr At|x), we can instead sample x1, 1y a¢ from the joint distribution
(2 1:D
put(x 1]z ™)
Another method to simulate a CTMC is 7-leaping, (Gillespie, 2001; Campbell et al., 2022) which allows multiple jumps
to be made both across dimensions and within each dimension. Multiple jumps within a single dimension does not make
sense for categorical data where there is no ordering, however, it can be useful for ordinal data such as a discretized image
where the 7-leaping update allows multiple jumps to be applied at once to cover a larger distance. To calculate a 7-leaping
update, a Poisson random variable needs to be drawn with the rate matrix giving the rate parameter. Therefore, for this type
of update, the full unconditional R? (x;, j) would need to be calculated.

Pitat)t(Terat|T1, 2¢), and take only the 44 A; part of this joint sample.

We finally note that there is a body of work creating CTMC samplers for generative models (Sun et al., 2023b; Lou et al.,
2023) that may be faster to simulate than the standard Euler step. In this work, we focus on framework simplicity, not
optimizing for sampling speed and leave application of these approaches as future work.

H. Comparison with Discrete Diffusion Models

In this section we clarify the relationship between DFM and classical discrete diffusion models. In App. H.1 we compare
to continuous time models using the uniform corruption process as an example. In App. H.2 we compare to discrete time
models using the masking process as the example.
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H.1. Continuous Time Discrete Diffusion Models

Here we compare to continuous time discrete diffusion models (Campbell et al., 2022) using the uniform corruption process
as an example. In this section, we will assume ¢ = 0 is pure noise and ¢ = 1 is clean data which we note is a flipped
definition of time to classical diffusion models to aid in our comparison with DFMs.

For discrete diffusion, we first specify a corruption process and then approximate its time reversal to give us the generative
process. Our corruption process will evolve from ¢ = 1 back to time ¢ = 0. It will be specified using a rate matrix R;.
In order to make calculation of py|; (z¢|x1), R; needs to be of a special form, namely R; = 3(t) R, where 3(t) is a time
dependent scalar function and Ry is a base rate matrix that can be decomposed using the eigendecomposition R, = QAQ .
For uniform corruption, we can set R, = 117 — ST where 1 is a vector of all 1’s. We will now assume S = 3 so we can
carry out all calculations explicitly.

We have R, = QAQ ™! with

-1 -1 1 -3 0 0 -3 4 3

-1 2
Q=[0 1 1 A=10 =30 Q'=|-5 F -3
1 0 1 0 0 0 ro1

To calculate py|; (x¢|x1) we can use the equation

t
P, = Qexp (A/1 6(5)(15) Q!

where (P;)i; = py1 (2 = jlo1 = i) and exp is the element wise exponential. By the symmetry of the problem, we can
infer that p;|; (z; = j|z1 = 7) will have only two possible values. Either j = i and we are finding the probability of staying
at ¢, or j # 4 and we are finding the probability of having left ¢, and since uniform corruption treats all states equally, these
will be same quantities for any starting state and any state j # 7. So to find our schedule we just need to consider one
element of the matrix P;. Let us consider an off-diagonal element ¢ # j of P;, which will have probability

(P)i, = é (1 —exp <—3 /jﬁ(s)ds)) —y

We will try and match this to the simple linear schedule that we have had as our running example in the explanation of DFM.

(oo o o)) -

= B(t) = §

Therefore, we have found that a corruption rate matrix of R; = % (]1]1T — 3]1) gives a conditional flow of p; (z¢|z1) =
t0 {ap, a1} + (1 —t)3.

The next step in a discrete diffusion model is to find the time reversed rate matrix R, which gives a CTMC that runs in the
opposite direction to R; and generates novel data from noise. Here R, is running from time ¢ = 0 at noise towards clean
data at t = 1. From Campbell et al. (2022), we have

ZRt ptll N ))p1|t($1 i F ]

We notice a similarity to the DFM equations, where the generative rate is the expectation of a quantity with respect
pea(dley) -
pej1(ilw1)
conditional flow py|; (i|z1). Consider the Kolmogorov equation

to p1j¢(x1 7). Indeed we now show that Ry(j,1) is a 21 conditioned rate matrix R{if(i, j|z;) that achieves the

Oy (iler) =D BRI ila1 )per (ler) — > RV, jloa)pya (i)
J#i J#i
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Substitute in our form for R%M

p x p
RHS = Y R, (i Prlilen) Gl - Y Ri(j PRl
= P| 1(jlw1) pt\1(| 1)
i VED
= E Ry (i, 7)pep1 (] z1) — E Ri(7,7)pe1(j]71)
Jj#i J#i

> Ry i) (Glea) = > Reliy §)pep (i)
J#i JF#i
= — [_atpt|1(i|$1)}
= LHS
where on the second to last line we have used the fact that the corruption matrix R:(7, j) when started at p;—1 (z¢|x1) =

0 {x¢, x1} will evolve the marginals according to py|; (x¢|x1) because this is how we derived py|; (z¢|x1) in the first place.
Note R, runs in the reverse direction hence the negative sign.

Therefore, the diffusion framework has made an implicit choice for Ry (i, j|z1) = RYf(4, j|z1) and this choice is made at
training time. We now show on our uniform noise example that RS is simply R} + RP® for a specific choice of RPE.

Firstly, we write out the explicit form for RI™ using RIM(i, j|lz1) = Ry(j,i )%, R, = 3 (117 —3I) and
py1(ilzr) = td {xy, w1} + (1 — t)%

4 142t 149t 1
. 1 1—-t 1-t
R _ 1—¢ ot 1-¢
t = 112t 112t 112t
3t 1 15360 4142t
¢ T—¢

We will now find RP® such that Ry = R} + RPB. We will need a slightly more general form for RP® than was previously
derived for the uniform noise case. We will have
RPP (i jlan) = ad {i, a1} + b6 (o1} + e(1 =0 {i, a1 })(1 = 6 {j.21})
Using the detailed balance equation, py1 (i|z1)RP® (i, j|z1) = py1(jlo1) RPE (5, i|21), we find that we need
(1—t)ib,
ap = ———3—
Tt (-0l

with b, and ¢, being fully flexible (provided they are positive). Using the form for R (i, j|z1) = 16 {j,z1} (1 —6 {i,z1})
that we derived in Appendix F.2 we have

_1£t_bt_ct 1t+bt Ct
* DB __ (1-t)%b, (1-t)%b, (1-t)1b,
Rt +Rt - t+(1—i)% 2t+(1 t) % t+(1—i)§
ct b —a— b
which is equal to R‘tjiff if we have b; = ¢; = %

In summary, we have found that classical discrete diffusion models make an implicit choice for R (%, j|z1) which corresponds
to a certain level of stochasticity in the CTMC and that the choice is made at training time because the rate matrix is used in
the ELBO objective. Further, we have seen it is much harder to derive the noise schedule p;|; (z¢|x1) in classical discrete
diffusion models due to the need to be able to apply the matrix exponential to R;. In DFM, we can simply write down the
P¢1(@¢|21) noise schedule we want and we are not restricted in having to pick R; that are amenable to matrix exponentiation.
We also get to choose any R; (i, j|x1) at test time rather than being fixed to the implicit choice of R%,

H.2. Discrete Time Discrete Diffusion Models

In this section we will clarify the link to the discrete time diffusion method D3PM (Austin et al., 2021) when using the
masking process for both methods. Here, we will use the convention from Austin et al. (2021) of using ¢ = 0 for clean data
and ¢t = T for noise.
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We will first summarize the key results from (Austin et al., 2021) when using the absorbing state process which is a different
name for a masking type process (the mask is the absorbing state). ¢ can take on any discrete value in t € {0,1,...,T}.
The diffusion model is first defined using a noising transition kernel

1 let = Tt—1 = M
plrelre 1) =41 -0 fay =m0 #M
Bt ifxt:M7It_17éM

From this transition kernel, we can then calculate the noise marginals, p(x:|zo)

pzewo) = [ 1= JJ(1 = 8) | 6z, MY+ | [T = Br) | 6 {ws, 20}

k<t k<t
We then define our generative reverse process as
po(we—1lze) =Y p(xi—1|ze, 20)po(To|a:)
o

where py(xo|z;) is the learned denoising model. Note how this is similar to our generative process, RY(z¢,j) =
Epg (21 )20) [Re (¢, j|o1)] where now p(x—1|x¢, o) is the transition kernel for the clean data conditioned process. We
then create our generative model by taking the expectation of this conditional kernel with respect to our denoising model.

Continuing with the D3PM example using the absorbing state process, we obtain the following form for pg(z¢_1|z:)

I_Hkgf,71(1_ﬁk)

—Bl_nnkgt(}_ﬂg)) lf.%'t =Tt—1 = M
er1(1=Bs .
p9(It—1|xt) = Lfi;—M;pg(Io = xt_l\xt) lfl‘t = M, Ti_1 7é M
§{$t_1,l‘t} lfl‘t #M
When we set 5; = T%Hl we obtain a linear noise schedule giving
(1-14 ifo, =21 =M
po(we—1lze) = { tpo(wo = wpalzy) ifawy =M,z # M
(S{.’Etf]_,ﬂjt} 1f$t #M

Now, let us define £ := % to be the proportion that the process is through the total number of time steps. £ € [0, 1] and if we
consider it to be an analogue of our continuous time variable, we can see that the original discretization steps of D3PM
correspond to a discretization of the [0, 1] interval with timesteps of At = % Substituting these definitions into our update
step gives,

(1-4) if oy =21 =M
po(xi—1]|e) = %Atpg(xo =xpqlay) fey=Mai 1 #M
5{It,17$t} 1fxt #M

Now we can see a clear comparison to Eq. (33) noting the flipped definition of time. With our method we can pick any
time discretization at test time because our method has been trained on all possible ¢ € [0, 1]. We also derive RP® for the
masking case which is not included in the prior D3PM framework. For training we note that the ELBO also simplifies down
to a weighted cross entropy term for D3PM as noted by (Austin et al., 2021) and is also the case in our framework, see
Appendix C.2.1.

I. Text Experiment Details

Code for our text experiments can be found at https://github.com/andrew-cr/discrete_flow_models.

For our denoising network we use the transformer architecture (Vaswani et al., 2017) as implemented in the nanoGPT
repository, https://github.com/karpathy/nanoGPT. We generally follow the smallest GPT2 architecture
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(Radford et al., 2019). At the input we have our input tokens x; of shape B, D where B is the batch size and D is the
number of dimensions i.e. the sequence length, our time ¢ of shape B, and, if we are self-conditioning, prior z; prediction
tokens of shape B, D. We embed the x; and x; tokens using the same learned embedding, and use a model embedding
size of 768 resulting in tensors of shape B, D, 768. We embed the position of each token using a learned embedding for
each possible position. We embed the time ¢, using Transformer sinusoidal embeddings following (Ho et al., 2020). We
train all our diffusion models with self-conditioning (Chen et al., 2023a). To input the prior x; prediction, we stack the
embedded tensor B, D, 768 with the z; prior prediction token tensor B, D, 768 to obtain a tensor of shape B, D, 768 x 2.
We then apply a linear layer to project down to the model embedding dimension resulting in a tensor of shape B, D, 768.
Before applying transformer blocks, we add together the z; (and z;) embedding tensor, the position embedding and the
time embedding to obtain the final B, D, 768 input tensor.

The transformer stack consists of 12 transformer blocks, each block consisting of a LayerNorm, SelfAttention, LayerNorm,
MLP stack. Within our SelfAttention block, we use 12 heads and apply Qk-layernorm (Dehghani et al., 2023) to our query
and key values as we observed this improved convergence. Our MLP blocks consist of a 768 — 768 x 4 linear layer,
followed by a GELU activation, followed by a 768 x 4 — 768 linear layer. We do not apply dropout. Our output layer
consists of a linear head with output dimension 28. We use 28 token categories, 26 lower case letters, a whitespace character
and a mask token. The model outputs logits of shape B, D, 28 which we then apply a softmax to, to obtain pg(z1|z:)
probabilities.

The dataset text8 is 100MB of text data from English Wikipedia. The text is all converted to lower case letters, i.e. capital
letters are converted to lower case and numbers are written as text, i.e. 8 becomes ‘eight’.

During training, we use a batch size of 256 with 8 gradient accumulation steps. We train on sequences of length 256.
The model is therefore trained on 524, 288 tokens per gradient update. To train self-conditioning, on 50% of training
iterations, we input prior z; prediction tokens as all masks so that the model learns to be able to predict 1 without any prior
information. On the other 50% of training iterations, we perform two model forward passes. We first predict 21 using masks
as the prior x; tokens to obtain an initial set of pg(x1|x;) logits. We then sample from the initial pg (z1|z;) distribution to
obtain predicted x; tokens. We then feed these tokens back into the model through the self-conditioning input and predict
the = logits once more. These logits are then used in the loss. We only back propagate through the second forward pass of
the model.

When training the D3PM model, we found that the default cross entropy weighting of 1/¢ (with a flipped definition of time)
resulted in poor convergence and so we applied an equal weighting of the cross entropy across time to be consistent with the
DEFM loss.

We train our D3PM and DFM models for 750k iterations on 4 Nvidia A40 GPUs using a learning rate of 10~* and 1000
linear warm up steps. We use a cosine decay schedule after the initial warm up towards a minimum learning rate of 10>
which would be reached at 1M iterations. We use the AdamW optimizer (Loshchilov & Hutter, 2017) with weight decay
parameter 0.1. We monitor the validation loss throughout training. Validation loss continues to drop throughout training and
we evaluate the final 750k model in our experiments. When training the autoregressive model, we use the same architecture
but find that it begins to overfit the data much faster than the diffusion based models. After 3500 iterations the validation loss
begins to increase and so we use the model with minimum validation loss in our evaluations. This is consistent with findings
that autoregressive models require much less compute to converge than diffusion based models (Gulrajani & Hashimoto,
2023).

We use the masking interpolant in our DFM with linear interpolant, as described in Appendix F.1. For D3PM, we use the
absorbing state corruption process, the links to the DFM process are described in Appendix H.2.

For the SEDD baseline, we train two models from scratch using the provided code for 750k training iterations with an
effective batch size of 2048 to be consistent with the DFM and D3PM training runs. All other parameters are left at their
default values with the transformer using the same hidden size, number of blocks and number of layers as our other runs.

For evaluation, we sample the DFM with At = 0.001. We simulate up to ¢ = 0.98 and then for any remaining tokens that
are still mask, we set them to the most likely token under the model’s denoising distribution, py(x1|x:). We stop simulating
at t = 0.98 to avoid any singularities similar to how diffusion models stop near ¢ = 0. For D3PM we train with 1000
timesteps to match DFM.

For each temperature setting applied to the py(x1|z) logits, we sample 512 sequences all of length 256 tokens. We then
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Figure 4. Curves in Entropy-NLL space for varying noise levels used during sampling. For each noise level, the temperature applied to the
logits of the pg(z1]z+) prediction is varied over values 0.5, 0.6,0.7,0.8,0.9, 1.0.

Method BPC

DFM7n =0 <141
Multinomial Diffusion (Hoogeboom et al., 2021) < 1.72
MAC (Shih et al., 2022) <1.40
BFN (Graves et al., 2023) <1.41
D3PM Uniform (Austin et al., 2021) <1.61
D3PM Absorb (Austin et al., 2021) <1.45
SEDD Uniform (Lou et al., 2023) <141
SEDD Absorb (Lou et al., 2023) <1.32

Table 5. Model log-likelihoods computed on the test set of text8 in bits-per-character (BPC).

calculate the negative log-likelihood assigned to each sequence using GPT-J-6B (Wang & Komatsuzaki, 2021) and the BPE
tokenizer (Radford et al., 2019). We then average the negative log-likelihoods over the 512 sequences. The sample entropy
is calculated by first tokenizing with the BPE tokenizer and then calculating the entropy as >, —p; log p; where p; is the
empirical probability of token ¢ estimated using the full set of 512 samples. Tokens for which p;, = 0 are not included in the
sum. For reference, the dataset achieves a negative log-likelihood of 4.2 as measured by GPT-J-6B.

L.1. Stochasticity Sweep

Here we examine the effect of the noise level n on the sample quality of generations from our DFM method. We follow the
follow the same procedure as before but vary n with values n = 0, 1, 2, 5, 10, 15, 20, 30, 50. We plot the results in Figure 4.
We find that generally, as the noise level increases, we lower our negative log-likelihood. However, we find that if the noise
level is increased too much, then degenerate behaviour can occur, for example when 1 = 50, at high logit temperatures the
negative log-likelihood increases and the sample entropy decreases away from the dataset. Observing the samples, we find
that the model generates incoherent text at this point. We find that the intermediate noise level 7 = 15 provides good sample
quality whilst avoiding this behaviour.

1.2. Model Log-Likelihoods

Here we calculate bounds on the log likelihood log pg(z1) that the model assigns to the test set of text8. We use Eq. (24) to
calculate this bound. We compare our log-likelihoods to other discrete diffusion style methods in terms of bits-per-character
in Table. 5, reporting the numbers from Lou et al. (2023). We find that DFM achieves a similar BPC to previous masking
style diffusion models with the recent work of Lou et al. (2023) achieving the lowest BPC.
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Figure 5. The temperature settings for each model for which we will examine sample generations. The selected temperature setting is
highlighted with a black circle.

L.3. Example Text Generations

In this section we provide non cherry picked generations from the text models. For each model we have swept over the
temperature applied to the logits and it would be impractical to include examples for all models for all temperature settings.
Instead, we select one temperature setting for each model such that the samples have similar entropy but vary in negative
log-likelihood. We show the selected temperature settings in Figure 5. For SEDD the method does not have a temperature
setting and we select the corruption style that is closest in entropy-NLL space to the other methods.

SEDD Uniform
Samples:

change status regional courses and markets especially canada sport in canada and tennessee in canada
the official light offered an newspaper licence named liu beijing world s main neighbouring fan site
was sugar the only man with major historical works lic

ions of extension one or at least four subsets of a unique value of one example all these extensions
heard of the function is called real line the implementation comes distributed with a continuous input
extension to input and two classes the diagram emplo

of physics the radio atomic institutions independently the eastern united states followed into four
six countries norway thus was the father of the university of gloucester but while also the father of
germany can we also announce the coexistence of limit

D3PM Temperature 0.8
Samples:

ved as a personal area to form the five counties of the area and a country with their own which is
usually called paris gietgothic can also lead an area to work in divisions over a pileur as in the name
of man the bears have over the last two years from th

one five zero zero zero zero press money to present this to a meschasel linear industrial base ulse
sudan expanded its economy and accounts for car prices and two eight five more than one zero zero
of the largest industrial inventions over the world were

eed alternatively as human being and the anti constitutionalay doctrines a particular example of the
concept is one reason for human rights or as in certain regions there is a double constitution more
recognized region of europe in this region the glass an
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DFM 7 = 0 Temperature 0.8
Samples:

ed era vol seven one nine one one december one nine six one junju that s one of nine one one country
page of love footnote pages charles s feadman history of the red sea corea one nine nine one red sea
vol one january one nine nine seven flying profiles ch

allowes the vectores to be composed as systems of data for example no machine is a computer one
would do not know where there are undirected storage of other data storage particularly the computer
science eve to substitute such a based data that is one of

me io the plate n and feminine along the trail to change the amount of naturated information in the
start tape selective figurative memory the mind is determined by the second net on the string ¢ with
two buttons the tag retes the header when queued the se

Autoregressive Temperature 0.9
Samples:

licklyn american football coach to holy roman emperor and roman stories radio and facilities in the
u s civil rights movement the dc circuit collection of the witches leading the transissario times and
spinoffs to american cartoonists cartoonist kyle marci

the british one one eight four minamoto minister or al di nortello ministries son of monte oise klepe
which chose to give up its character on the go he was known to publish a wade of white performances
started in one eight five one kleine married the gigan

mausoleum in one eight one six alabama was engaged by a large scale as we know alabama migration
the palace of westminsters and proceeded to father she also learned to speak with the abramic mouth
of the space the replica was apparently built de provence g

DFM 7 = 15 Temperature 0.8
Samples:

e curous greek by alexander van hep ven see archaic origin of the word cupola another meaning
suggests that the word kupola is the latin word cupei kupolum old german derived from the latin word
for the river the name comes from a latin word for tree with

es so balloonists refine this combination specifically to preserve your own land in the runner both
examples of clean steering creating agout like rods that produced successful rods and for the end the
first few pistols compact stunt a musical setting mult

by reign over agassi is considered a greatest match by the day he will never play and will continue
to be imitated agassi can play determinedly but agassi would always look to the victorious build he
should not finish years going up to then that he would b

J. Protein Generation Experiment Details
We present additional experiment details and results for protein generation with Multiflow.

Code for Multiflow and experiments can be found at https://github.com/jasonkyuyim/multiflow

J.1. Experimental Details

Model Architecture. We use an architecture modified from the FrameDiff architecture from Yim et al. (2023b). This
architecture consists of Invariant Point Attention (Jumper et al., 2021) combined with transformer blocks, we refer to Yim
et al. (2023b) for in-depth details. We modify this network architecture by increasing the number of network blocks to 8,
increasing the number of transformer layers within each block to 4, decreasing the number of hidden channels used in the
IPA calculation to 16, removing skip connections and removing psi-angle prediction. To enable our model to output logits
for the discrete p‘f‘t(xl |+) distribution, we add an output 3 layer MLP with the same embedding size as the main trunk.
This results in a network with 21.8M parameters.
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In Yim et al. (2023b), psi-angle prediction is used to infer the location of oxygen atoms, however, this position can be
inferred to high accuracy using prior knowledge of the backbone structure of proteins, following (Yim et al., 2023a).

When training with our ¢, # objective that enables the model to learn over different relative levels of corruption between
structure and sequence, 10% of the time we set ¢ = 1 and draw ? ~ U(0,1) and 10% of the time we set t = 1 and draw
t ~ U(0,1). The remaining 80% of the time we draw both ¢ and ¢ independently from ¢,¢ ~ (0, 1).

J.2. Additional Multiflow Results

We show results of Multiflow across more lengths than done in Sec. 6.2.1 and show that using the ESMFold oracle for data
distillation still gives improved performance when we switch the evaluation oracle to AlphaFold2.

Main metrics with standard error. Table. 6 presents results of Table. 3 with standard error. We see our interpretation of
the results do not change.

Larger length range. Our results in Sec. 6.2.1 only evaluated 4 lengths (70, 100, 200, 300) to match the benchmark in
RFdiffusion. However, other works have evaluated designability across all the lengths the method was trained on. We follow
Protpardelle (Chu et al., 2023) to use Multiflow in generating 8 samples per length in the range {50, 51, ..., 400}. Fig. 6
shows the results in the same format as Figure 2B in Protpardelle. We see Multiflow achieves near perfect designability
up to around length 350 at which point designability starts to drop. This is expected since Multiflow was only trained on
lengths up to 384, but also demonstrates the ability to generalize beyond the lengths it was trained on. We see Multiflow
also achieves a desirable spread of secondary structure. We show samples above length 370 with the highest and lowest
Co-design 1 RMSD in Fig. 7.
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Figure 6. Multiflow results on Protpardelle benchmark. (Left) PMPNN 8 scRMSD and designability versus length. Designability is
computed as the proportion of samples that have scRMSD < 2A within a sliding window of size 11. Average pLDDT as computed by
ESMFold for each sample is plotted as the colour of the scatter point. (Right) Secondary structure distribution. For each sample the
proportion of residues as part of an alpha helix or beta strand is measured giving an Xy scatter point coordinate.

Undesignable Designable

Length 376 Length 373 Length 386 Length 398
scRMSD 14.4 scRMSD 22.5 scRMSD 0.9 scRMSD 1.4

Figure 7. Multiflow samples. (Left) 2 undesignable Multiflow samples with the highest sScRMSD from the benchmark. (Right) 2
designable Multiflow samples with the lowest sScRMSD from the benchmark.

AlphaFold2 evaluation oracle. In Sec. 6.2.1, we presented a distillation technique of filtering out training examples that did
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not pass the designability criterion. This also involved adding more proteins to the training set after sampling structures with
Multiflow and filtering with designability using ProteinMPNN and ESMFold. A potential risk of distillation is our model
may overfit to ESMFold since this model is used to filter training data and also for evaluation. We show this is not the case in
Table. 7 by presenting the Co-design 1 results using AlphaFold2 (AF2) as an alternative oracle. Our main results do not use
AF2 since it is very slow and cumbersome to run and evaluate all our baselines. We evaluated Multiflow with and without
distillation to test if distillation with ESMFold provides an improvement regardless of the oracle used at evaluation. Overall
designability numbers are lower with AF2; however, in both columns we see there is a two fold improvement regardless of
the evaluation oracle. This demonstrates distillation is not overfitting to the oracle used at evalution.

Table 7. Co-design 1 designability results based on oracle.
Designability with ESMFold | Designability with AF2

Multiflow w/o distillation 0.41 0.38
_ Multifiow w/ distillation | _____08 | ____ 08 _____
Net improvement +0.47 +0.45

J.3. Uniform Conditional Flow Ablation

We ablate our use of the masking conditional flow and train a version of our Multiflow model using the uniform conditional
flow ( see App. F.2). We assessed the model’s co-design performance by measuring the Co-Design 1 designability and
diversity versus stochasticity level used at inference time. We also measure the secondary structure composition of the
generated samples versus stochasticity level. Our results are given in Fig. 8. We find that in general, the Co-Design 1
designability increases with increasing stochasticity whilst the diversity as measured by the number of structural clusters
decreases. We can see the reason when examining the secondary structure statistics versus stochasticity. We see that at
high stochasticity levels, the model heavily favours generating alpha helices at the expense of beta strands thus reducing
the overall structural diversity. This will be due to interactions between errors in the model and the ‘churn’ induced by
extra stochasticity. It may be counter-intuitive that extra stochasticity reduces model diversity however we hypothesize that
this is linked to the stochasticity inducing the model to converge on local optima in the likelihood landscape. When the
model is generating a sample that it is confidence about, extra stochasticity will not shift it away from continuing down this
simulation trajectory. However, when the model is exploring lower likelihood regions, the stochasticity can shift the models
trajectory until it becomes stuck in a local optima again.

We find an overall worse trade-off between diversity and designability when using the uniform interpolant and so opt to use
the masking interpolant in our main models.
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Figure 8. Sample metrics for Multiflow trained with the uniform interpolant on the discrete sequence modality. (Left) Co-Design 1
designability and diversity versus stochasticity level used when simulating the discrete CTMC. Higher is better for both designability
and diversity. (Right) Average proportion of residues that are part of an alpha helix or beta strand versus the stochasticity level used to
simulate the CTMC. Each point corresponds to the mean over 400 samples, 100 samples each for lengths 70, 100, 200, 300. Error bars
show the standard error of the mean.
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J.4. Forward and Inverse Folding Experiments

The goal of our work is to develop the missing piece for a general-purpose framework for protein generation — namely DFM
to integrate discrete data generation with a flow model. We combined DFM and FrameFlow to develop Multiflow where we
have flexibility at inference time to choose which modality to provide and which to generate. The task we focus on in this
work is co-generation where the structure and sequence are jointly sampled rather than one after the other as done in prior
works. The other useful tasks in protein modeling are forward and inverse folding. The two tasks are briefly described as
follows; more in-depth description can be found in Gao et al. (2020).

1. Forward folding: the task is to take the sequence as input and predicts the most thermodynamically plausible structure
of the sequence. During evaluation, the ground truth structure is known, so we calculate the aligned structure erorr
between the prediction and the ground truth. Several metrics exist to compute structure error, such as the Global
Distance Test (GDT) commonly used in biophysical modeling (Pereira et al., 2021). We choose to use the aligned
backbone RMSD error to keep our analysis simple and intuitive. The most well-used methods are AlphaFold2 (Jumper
et al., 2021), RosettaFold (Baek et al., 2021), and ESMFold (Lin et al., 2023). AlphaFold2 and RosettaFold rely on
using evolutionary information which our model does not have access to (though can be extended to use). We compare
against ESMFold, which does not use explicit evolutionary information, and due to its speed.

2. Inverse folding: the task is to use the structure as input and predict the most likely sequence that would forward fold
into the structure. By this definition, the most sensible metric is the designability metric also used for co-generation.
Specifically, the inverse folding model generates a sequence and we use ESMFold to predict the structure given this
generated sequence. We call the self-consistency RMSD (scRMSD) as the RMSD between the structure predicted by
ESMFold and the original input structure (Trippe et al., 2022). The objective is to minimize scRMSD. The de facto
method for inverse folding is ProteinMPNN (Dauparas et al., 2022). Hence we compare against ProteinMPNN.

It is important to emphasize that different deep learning models have been specifically developed for forward and inverse
folding, but no method can accomplish both tasks nor co-generate both sequence and structure. Multiflow is unique in this
regard to be able to perform co-generation, forward folding, and inverse folding. We leave improving forward and inverse
folding performance as a future work. Our aim is to demonstrate baseline performance of using a co-generation method
to perform forward and inverse folding. We hope others can aid in advancing general purpose protein generative models.

Test set. ESMFold and ProteinMPNN have their own training and test sets which makes rigorous comparison impossible.
Re-training ESMFold and ProteinMPNN with the same training set of Multiflow is beyond the scope of our work. Our
results are a initial baseline of how Multiflow generally fares to specialized models on forward and inverse folding.

Our test set is based on a time-based split of the PDB. We downloaded structures and sequences from the PDB that were
released between 1st September 2021 and 28th December 2023. This time-based split ensures that none of the test set
proteins are present in the training data for Multiflow, ProteinMPNN or ESMFold. We then select all single chain monomeric
proteins with length between 50 and 400 inclusive. We further filter out proteins that are more than 50% coil residues and
proteins that have a radius of gyration in the 96th percentile of the original dataset or above. We also filter out structures that
have missing residues. We cluster proteins using the 30% sequence identity MMSeqs?2 clustering provided by RCSB.org.
We take a single protein from each cluster that matches our filtering criteria. This gives us a test set of 449 proteins with
minimum length 51 and maximum length 398.

J.4.1. FORWARD FOLDING RESULTS

As described in Table. 2, forward folding with Multiflow is performed by fixing the sequence time to ¢ = 1, providing the
ground truth sequence as input, and running DFM from¢ =0tot = 1.

In Fig. 9 we examine the distribution of errors on our test set for both ESMFold and Multiflow. We find that generally
Multiflow can have some success with proteins of smaller length but struggles with longer proteins. We investigate salient
test examples from the plot to understand success and failure modes of our model. Multiflow is generally able to predict
realistic protein structures with often similar secondary structure distributions as to the ground truth example seen by having
similar proportions of non-loop residues between the ground truth and predicted structure. However, Multiflow often fails to
predict the exact folded structure with high accuracy.

We quantify the secondary structure prediction accuracy in Fig. 10 by comparing the secondary structure present in the
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ground truth versus the structure predicted by Multiflow. We find good correlation between the predicted secondary structure
and ground truth highlighting that Multiflow is able to use information present within the given sequence to generate
structures.
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Figure 9. Forward folding RMSD metrics (Left) RMSD error between ground truth and predicted structures for Multiflow along the
x-axis versus RMSD error for ESMFold on the y-axis. Each dot represents a protein in the test set. The shading of each point represents
the length of the protein. (Right) Visualizations of ground truth structure (left) in grey and predicted structure (right) in color for 4 salient
examples highlighted on the RMSD error plot. For each, the Multiflow RMSD error is given along with the proportion of non-loop
residues for both the ground truth and prediction.
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Figure 10. Proportion of residues that are part of secondary structure elements for both the Multiflow predicted structure and the ground
truther structure. We plot the ground truth proportion of residues in a secondary structure element along the x-axis and the proportion of
residues in the predicted structure on the y-axis. The left plot examines alpha helices whilst the right plot examines strand elements. Each
scatter point represents a test set protein with the colour indicating the length. The perfect result of exactly matching proportion with the
ground truth is plotted as a dashed diagonal line. We also report the correlation coefficient for each plot.

J.4.2. INVERSE FOLDING RESULTS

Similarly to forward folding, inverse folding with Multiflow is performed by fixing the structure time to ¢ = 1, providing the
ground truth structure and running the sequence flow from¢ =0to¢ = 1.

We plot our results in Fig. 11. We find that Multiflow performs competitively with PMPNN across a wide range of protein
lengths with PMPNN achieving slightly lower scRMSD values on average. For both models, scRMSD tends to cluster
around 1 to 2 scRMSD. There are test proteins for which PMPNN achieves a lower scRMSD and also cases protein for
which Multiflow acheives the lower scRMSD.
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Figure 11. Multiflow scRMSD versus PMPNN scRMSD on our test set. Each scatter point represents a protein with the shading giving
the length. We also plot the dividing line of equal scRMSD for the two models for ease of comparison.
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7.1 Conclusions

This thesis explored methods for performing generative modelling on complex
data such as discrete data, trans-dimensional data, data lying on a manifold
and multi-modal data.

In Chapter [, we explored the problem of generative modelling from first
principles. We understood the challenge in even defining the generative modelling
problem and why complex probabilistic models are required to train networks to
replicate and generalize the patterns observed in a dataset. By covering classical
approaches to generative modelling through VAEs and GANs we discovered these
pre-diffusion techniques fail to achieve all three of: high sample quality, good
distributional coverage and stable training simultaneously. We then introduced

the general concept of generative processes (of which diffusion models and flow-
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based models are specific instances) on both continuous and discrete state spaces.
Through their use of an iterative generative procedure, guided in some form by
a fixed corruption process, we found generative processes can achieve all three
generative modelling desiderata.

In Chapter 2, we reviewed existing work tackling the generative modelling
and generic data problems. We covered the developments leading up to the
popularization of diffusion models and correspondingly the development of flow-
based models. We covered works expanding these techniques to discrete data,
manifold data and multi-modal data as well as covering other generative techniques
for these complex data types.

In Chapter [3| a formalism for discrete data diffusion modelling was introduced.
Instead of using the discrete time hierarchical VAE style of diffusion model, the
model is constructed through considering continuous time Markov chains (CTMCs)
which led to more flexible sampling options. We derived a training objective and
described efficient sampling methods for simulating the CTMCs at inference time
enabling the method to achieve state of the art performance on high-dimensional
discrete image modelling.

In Chapter [4] the task of modelling data with varying dimensionality using
diffusion models was tackled. To enable the generative process to also generate the
length of the datapoint, jumps were introduced into the diffusion process so that
the model can add dimensions as necessary until a complete datapoint is created.
We defined a model parameterization with a shared backbone to predict both a
score and a jump component as well as training and sampling algorithms. The
model enabled the generation of molecules and videos of varying dimensionality.

In Chapter |5, we introduced the use of flow-based models for the protein
motif-scaffolding problem. The model is required to produce a protein structure
that can hold in place a small number of pre-specified residues. An SE(3) flow
model is used to perform the infilling by generating the required positions and

rotations of scaffolding residues.
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In Chapter [0, a multi-modal discrete continuous flow-based model was developed
for the protein co-design task. We developed a framework for modelling discrete data
using flows, again through the language of CTMCs. This framework was combined
with continuous flows to create a generative model capable of simultaneously
generating continuous protein structure jointly with the corresponding discrete
amino acid sequence. Our approach was found to match the performance of the best

two-stage single modality generation procedures whilst requiring only a single model.

7.2 Limitations

As described in Section [2.4.5 when applying diffusion or flow-based approaches
for multi-modal data, a relative noise schedule between the modalities needs to be
defined. This can affect the model performance as it implicitly defines an ordering
in which modalities are generated. In Chapter [0 we dealt with this problem by
learning a model over all relative levels of corruption between continuous structure
and discrete sequence, enabling the choice of ordering to be made at inference time.
However, this approach may not scale to many modalities in which case there is
a combinatorial explosion of possible orderings. This leaves an open problem as
to a principled approach for learning a suitable generation ordering. Any method
needs to be influenced by the inductive biases of the neural network used because,
theoretically speaking, all orderings are equally valid decompositions of the joint
likelihood. The difference between the orderings will only become apparent if the
learning problem for the generative network is easier under some orderings versus

others.

In Chapter [ our generative process includes jumps at which point an extra
dimension can be created. This probabilistic model could be made more flexible
by also allowing for deletions of dimensions during generation in case the model
decides fewer dimensions are required. This addition would require careful changes
to the corruption process because if the generative process includes deletions, the

corruption process is required to include insertions. It is unclear exactly what
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values should be inserted during corruption, previously deleted values could be
used, however, this would result in a non-Markovian corruption process. Extending
flow-based methods to the trans-dimensional problem may circumvent the need for

Markovian corruption and enable the use of more flexible corruption processes.

Finally, we note there remains a disparity in performance between autoregressive
models and discrete diffusion/flow models on the important modality of text. Due
to their fixed left-to-right decomposition, autoregressive models can benefit from
efficient training with causal masking in addition to the left-to-right ordering
seeming a natural fit for text generation. In theory, the ability of a model to
generate in any ordering can be beneficial for some tasks such as infilling, code
generation or editing which naturally lend themselves to a parallelized back-and-
forth reasoning style. It remains to be seen if a suitable corruption process and
parameterization of discrete diffusion/flow models can be found to exploit these

parallel structures and close the performance gap.

7.3 Extensions

The ideas in this thesis have subsequently been built-upon and refined by the
research community. With regards to discrete data diffusion models, Sun et al. [2023;
Benton et al. 2024; Lou et al. 2023 refine and simplify the training objective and
sampling procedure. Zhao et al. 2024 build upon the observed improvement with
the use of corrector steps by learning the corrector model whilst Wang et al. 2024
utilize the CTMC formalism to perform reinforcement learning based fine tuning
of a discrete diffusion model. The CTMC approach has been used for generating
diverse datasets such as graphs (Xu et al. [2024)) and DNA (Nisonoff et al. 2024),
the latter of which also introduced the use of guidance based approaches for CTMCs.

With respect to discrete flows, the design space of the methodology has been
thoroughly explored by Gat et al. 2024 and the work of Shaul et al. [2024| deepens

our theoretical understanding of discrete interpolants. The method has been
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applied for graph generation by Qin et al. 2024] who make extensive use of the
sampling time flexibility for improved generation performance whilst Hua et al. 2024
utilize the multi-modal flow framework to generate enzymes that are able to

catalyse desired reactions.

7.4 Future Outlook

Although diffusion and flow models achieve high sample quality and good diversity,
they are expensive to sample owing to the requirement of simulating an entire
generative process which can necessitate hundreds of calls to the denoising network.
In continuous spaces, there is a large body of work aiming to speed up the process
through distillation and adversarial objectives as described in Section The large
simulation cost is also a problem in discrete spaces however it is less clear how speed
ups through distillation can be achieved. This is because whereas a continuous ODE
generative model defines a deterministic mapping between a continuous latent space
to the data space, a discrete diffusion model is inherently stochastic. For example,
a masking style generative model always begins generation at the same starting
point, the all mask state, necessitating noise in the generative procedure to provide
diversity in the sampling distribution. Procedures to distil a discrete trajectory
would need to reparameterize the generative process and could also potentially

revive the use of discrete adversarial objectives, as described in Section [2.4.2]

Another future direction is to build upon the dramatic performance improvement
observed in Chapter [6] when the model was trained on a self-distillation dataset.
This can be interpreted as a form of reinforcement learning whereby the model is
aiming to more frequently sample high reward samples that have been discovered
through previous sampling rounds of the model. The reward here being defined
by a user specified utility function. The recipe of an initial generative modelling
pre-training stage followed by reinforcement learning based fine-tuning has already
proven successful for autoregressive models (Ouyang et al. |2022) and diffusion

models (Wallace et al. [2024). These techniques have begun to be explored with
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diffusion models on complex spaces (Li et al. [2024) whereby a value function is
learned that guides the generative procedure towards higher reward samples. The
possibility of these approaches, specifically in discrete spaces, could be further
enhanced through taking other ideas from the reinforcement learning literature,
such as Monte Carlo Tree Search (Silver et al. [2016). Powerful search strategies
could be combined with an iterative procedure of re-training the generative model
on discovered high reward samples, akin to iterative policy improvement (Sutton

2018), to enable highly desirable out-of-distribution samples to be created.
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