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Abstract

We consider hybrid spatial modeling approaches for ecological systems with a generalist predator utilizing a prey and either a
second prey or an allochthonous resource. While spatial dispersion of populations is often modeled via stepping-stone (discrete
spatial patches) or continuum (one connected spatial domain) formulations, we shall be interested in hybrid approaches which we
use to reduce the dimension of certain components of the spatial domain, obtaining either a continuum model of varying spatial
dimensions, or a mixed stepping-stone-continuum model. This approach results in models consisting of partial differential equations
for some of the species which are coupled via reactive boundary conditions to lower dimensional partial differential equations or
ordinary differential equations for the other species. In order to demonstrate the use of this approach, we consider two case studies.
In the first case study, we consider a one-predator two-prey interaction between beavers, wolves and white-tailed deer in Voyageurs
National Park. In the second case study, we consider predator-prey-allochthonous resource interactions between bears, berries and
salmon on Kodiak Island. For each case study, we compare the results from the hybrid modeling approach with corresponding
stepping-stone and continuum model results, highlighting benefits and limitations of the method. In some cases, we find that the
hybrid modeling approach allows for solutions which are easier to simulate (akin to stepping-stone models) while maintaining
seemingly more realistic spatial dynamics (akin to full continuum models).
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1. Introduction

Mathematical modeling of interactions between coexisting
species is an important tool in ecology, with a wide range
of practical applications. In particular, understanding ecosys-
tem dynamics can help to streamline conservation efforts, for
example by uncovering the impact of human activity in ma-
rine ecosystems (Crowder and Norse, 2008) or predicting the
spread of an invasive species (Okubo et al., 1989; Williamson,
1996; Murray, 2002). Mathematical models show that the spa-
tial complexity of an ecosystem, and the way in which species
move and interact can have a fundamental impact on population
dynamics (Holmes et al., 1994; Tilman and Kareiva, 1997).

Many population models assume that all of the interacting
species exist at the same point (or are well-mixed such that spa-
tial dispersal can be neglected) and can thus be modeled by a
system of ordinary differential equations (ODEs). This assump-
tion dates back to the origins of population dynamics, when
Malthus discussed the growth of populations with ‘ample re-
sources’ which could grow exponentially (Malthus and Apple-
man, 1976). This was later extended by Verhulst to incorporate
resource limitations (Bacaër, 2011) in the form of the Logis-
tic Equation. The classical predator-prey model proposed in-
dependently by Lotka and Volterra (Volterra, 1928) was based
on the principle of mass action, and assumed that the rate of
predation is proportional to the densities of the predator and
prey. The Lotka-Volterra equations neglect environmental limi-
tations and predict unbounded growth of the prey in the absence

of predation. A more realistic model for many species accounts
for the fact that, in the absence of predation, the prey popula-
tion is more accurately governed by Verhulst’s Logistic Equa-
tion. Holling (1959) extended this theory to include satiation,
whereby the predator is only able to consume a limited amount
of prey in a finite amount of time:

dx
dt

= rx
(
1 −

x
k

)
− θ

(
x

x + h

)
y,

dy
dt

= θ

(
εx

x + h

)
y − δy. (1)

Here x and y are the biomass of the prey and predator popula-
tions, r is the intrinsic growth rate of the prey; k is the prey’s car-
rying capacity, which determines how readily the environment
can sustain the prey; θ is the maximum rate at which preda-
tors can consume prey; h is a half-saturation constant; ε is the
conversion efficiency of prey into new predators; and δ is the
predator death rate. This model is typically referred to as the
Rosenzweig-Macarthur model, due to a seminal paper on its
analysis and applications to predator-prey interactions (Rosen-
zweig and MacArthur, 1963).

ODE models such as (1) provide a good basis for modeling
species interactions. They are simple and hence accessible to a
variety of different scientists, can be easily adapted to account
for environmental factors, and produce analytically tractable re-
sults. For these reasons they have traditionally been favored by
the biological community. However, the influence of spatial
effects, in particular motion or diffusion of populations, can of-
ten play a role in modifying such ODE dynamics (Levin, 1974,
1976; Scheffer and De Boer, 1995; Weisser and Hassell, 1996;
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Weisser et al., 1997; Jansen, 1995; Ripa, 2000; Jansen et al.,
2000; Jansen, 2001; Okubo and Levin, 2013; Pilyugin et al.,
2016). In some cases, spatial dispersion of predator or prey
(particularly when this dispersion results in spatial heterogene-
ity within the population distributions) may have a stabilizing
effect on the dynamics of the model (Jansen, 1995; Gurney and
Veitch, 2000; Briggs and Hoopes, 2004; Goldwyn and Hast-
ings, 2008, 2009; Ruokolainen et al., 2011). Spatial dispersal
can also lead to more complex spatiotemporal behavior, possi-
bly accounting for observed variation in species’ abundance, or
enhancing persistence across large regions (Hassell et al., 1991;
Ranta et al., 1997; Liebhold et al., 2004; Petrovskii et al., 2004).

Two common paradigms for modeling spatial variation in
predator-prey systems are stepping-stone models (or, network
models) which formulate space as a collection of discrete points
or locations, and continuum models, which formulate dynamics
on explicit spatial domains. Nonlocal dispersal, structured pop-
ulations, and other complicated effects can be captured by more
complex mathematical frameworks, such as integrodifferential
or integrodifference equations (Andersen, 1991; Van Kirk and
Lewis, 1997). For simplicity, we will focus on stepping-stone
and spatially continuous models which involve classical differ-
ential equations, and which are widely used to capture spatial
variation in population dynamics.

Stepping-stone models assume that space can be partitioned
into discrete groups or islands, and these are modeled mathe-
matically by way of networks (Kareiva, 1990; Neubert et al.,
2002; Amarasekare, 2007; Baggio et al., 2011). Stepping-
stone models have seen applications in the conservation of
species living in fragmented habitats (Burkey, 1989; Lima,
2002) as well as in population genetics (Shiga, 1988). Re-
cent works have considered generalist predators on stepping-
stone domains, with the abundance of each food source vary-
ing at each patch in the network (Levy et al., 2016; Shen and
Van Gorder, 2017). In Jansen (1995); Jansen and Lloyd (2000);
Neubert et al. (2002); Plitzko and Drossel (2015); Shen and
Van Gorder (2017), it was seen that the stepping-stone model
may modify non-equilibrium dynamics such as limit cycles in
generalist predator dynamics. Non-equilibrium dynamics, such
as limit cycles, destabilize the predator and prey populations,
and can occur in non-intuitive settings such as in the paradox
of enrichment (Roy and Chattopadhyay, 2007). Such desta-
bilization (or lack thereof) can have important consequences
for conservation and persistence of coexisting species (Rosen-
zweig, 1971). A two-patch system with a migratory predator
moving between patches with separate prey-population on each
patch was found to be stabilized by dispersion of the preda-
tor (Holt, 1984), whereas a corresponding model with two prey
populations and one predator in a single patch was been shown
to exhibit a variety of non-equilibrium dynamics (Hutson and
Vickers, 1983). On the other hand, Jansen (2001) considered a
two-patch Rosenzweig-MacArthur model with a predator and
prey population on each patch, where the predator was al-
lowed to migrate by discrete diffusion, finding quasi-periodic
and chaotic oscillations. Chaotic dynamics and multistability
were also observed by Suzuki and Yoshida (2012) when study-
ing a three–trophic–level (predator–prey–resource) system con-

nected by dispersal. Shen and Van Gorder (2017) considered a
variety of network configurations of greater than three nodes,
and found that increasing the predator migration rate may sta-
bilize or destabilize the dynamics, depending on the specific
network configuration employed.

Other models consider space as a continuum, and motion
as diffusion (or, Brownian motion) over this continuous do-
main. This results in partial differential equations (PDEs) for
all species which both move in time and in space (Levin, 1976;
Kareiva, 1990; Cantrell and Cosner, 2004; Bassett et al., 2017).
One advantage of using continuum models is the ability to ob-
serve spatial patterning on scales determined by both nonlin-
ear species’ interactions as well movement rates. Interactions
which are stable in the absence of diffusion can give rise to spa-
tially heterogeneous solutions when diffusion is added (Alonso
et al., 2002; Murray, 2002; Baurmann et al., 2007). Addition-
ally, environmental features and structure can be considered
with an arbitrary precision, allowing gradients or localization
of resources and hazards (Holmes et al., 1994).

In the case of a generalist predator, Bassett et al. (2017) ex-
tended the ODE model of Nevai and Van Gorder (2012) to
a continuous spatial domain with spatially heterogeneous al-
lochthonous resource distributions, and patterning induced by
a spatially localized allochthonous resource was possible. Fur-
thermore, dynamics from PDE predator-prey systems can still
admit oscillatory or even chaotic solutions in some regimes
(Pascual, 1993). Indeed, the emergence of spatio-temporal
chaos, permitting spatial regions of relatively large popula-
tions which offset regions of negligibly small populations, has
been suggested as one resolution to the paradox of enrichment
(Petrovskii et al., 2004).

At first glance, continuum models would seem like an obvi-
ous choice for modeling two-dimensional spatially continuous
habitats. However, this approach has several important limita-
tions. Mean-field approximations of populations (and other ap-
proaches for justifying classical differential equation-type mod-
els) require a suitably large number of interacting individu-
als, especially if one is considering their density over space to
evolve according to a PDE (Metz, 2000). In this sense, con-
sidering a well-mixed but sparse population to evolve in time
but neglecting space may be more appropriate than modelling
detailed spatial evolution which may no longer correspond to
the population of interest. Additionally, in comparison with
the more analytically tractable ODE models, the continuum
models less readily permit the consideration of environmen-
tal stochasticity (Crowley, 1981), and involve more parameters
which need to be estimated. Moreover, there exist habitats such
as networks of islands surrounded by sea, which would not nat-
urally fit into the continuum framework. Understanding the im-
pact of complex environments on population interactions is an
important area of research, and models with few tunable param-
eters which can still capture spatial variability are invaluable in
understanding interacting and dispersing populations (Hanski,
1998). Additionally, a system of PDEs is less computationally
tractable than a system of ODEs, so it would be useful to know
for which cases a high level of spatial detail adds value and
for which cases simpler models are sufficient to recapitulate the
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dynamics of interacting populations.
Density-dependent dispersion (Huang and Diekmann, 2001;

Nathan, 2001; Hauzy et al., 2007; El Abdllaoui et al., 2007) has
also been considered in stepping stone models (Hauzy et al.,
2010; Kang et al., 2015) as well as continuum models (Holmes
et al., 1994). In such models, not only will the spatial posi-
tion matter, but the concentration of a species at that location
in space will also modify diffusion of the species. Additionally,
there exist models which include conditional dispersion, or ad-
vection toward resource or fecundity gradients, rather than sim-
ple Brownian motion (Grindrod, 1988; Armsworth and Rough-
garden, 2005; Chen et al., 2008; Kurowski et al., 2017). Spatial
structure, both of the domain and the constituent populations, is
essential to the dynamics emergent from such models; indeed,
such models have no sensible ODE analogue, and hence one
must consider spatial effects in more detail.

Spatially-homogeneous ODE, spatially discrete stepping-
stone, and spatially continuous PDE models can provide valu-
able insights into species interactions, but making a rigid choice
between the three approaches is limiting. Many ecological sit-
uations can be best understood by combining features of mul-
tiple modeling approaches. For example, we see features of
both stepping-stone and continuum models in a system where a
predator disperses across a large range in search of distinct prey
colonies, with minimal prey migration between colonies. In
other scenarios, we may only be interested in observing spatial
effects in one part of the domain with high fidelity, and neglect-
ing detailed spatial effects in other regions (either for simplicity
or due to lack of information necessary for accurate parameter
estimation). In these cases, a hybrid continuum-stepping-stone
model may be more appropriate. Such a hybrid model could
employ PDEs in some parts of the domain and lower dimen-
sional PDEs or ODEs on subregions of the domain, such as
boundaries. For example, one could couple a two-dimensional
PDE with one-dimensional PDEs on the boundaries of the do-
main, or couple a one-dimensional PDE with ODEs. These
kinds of models have seen applications in diverse fields ranging
from the modeling of hydrocarbon production in rock fractures
(Moinfar et al., 2013; Council, 1996) to the modeling of tumour
growth in mathematical physiology (Anderson, 2005). The re-
duction to lower-dimensional models, say an ODE from a PDE,
has previously been considered in ecology, but often the di-
mension of the entire system is reduced (Maciel and Kraenkel,
2014), while we shall consider situations where only part of
the spatial domain is reduced, resulting in a mixed domain with
spatial components of differing dimension.

In the present paper we shall focus on spatial modeling
approaches for ecological systems with a generalist predator
which utilizes a prey and then either a second prey or an al-
lochthonous resource. In order to extend (1) to a generalist
predator, note that Nevai and Van Gorder (2012) considers the
case where a generalist predator feeds on both prey and a sec-
ondary food source in the form of an allochthonous resource.
On the other hand, Yamauchi and Yamamura (2005) propose a
model where the generalist predator has two prey, which both
undergo logistic growth. We shall consider the extension of
both of these ecological systems under a hybrid spatial model-

ing approach.
In order to better understand these spatial modeling

paradigms and to develop a hybrid modeling approach, we shall
first formulate prototypical models in Section 2. In Section 3
we shall introduce our hybrid modelling approach, and relate it
to the other modelling frameworks discussed. We shall then
compare these modeling approaches through two case stud-
ies. In Section 4, we consider different spatial models for a
one-predator two-prey interaction between wolves, deer, and
beavers. In Section 5, we consider predator-prey-allochthonous
resource interactions between bears, salmon, and berries. For
each case study, we will make comparisons between the four
models and weigh the benefits and costs of using each ap-
proach. We discuss our results in Section 5.

2. Canonical modeling approaches

We first present a description of three canonical modeling
approaches of a three species interaction between a predator y,
prey x, and the predator’s secondary food source s (which may
be either an allochthonous resource, or a second prey) involv-
ing continuous time mathematical models for population densi-
ties. In the first case we consider ODE models which neglect all
spatial effects, and in the other extreme we consider continuum
models, which aim to make no simplification of the spatial do-
main. We will also discuss a common approach to discretizing
space into stepping-stone domains. In the following sections,
we investigate the similarities and differences between the so-
lutions of the four models under ecologically relevant case stud-
ies.

We remark that the nonlinear interaction terms in these equa-
tions will depend implicitly on the spatial scale, even when dis-
persal is not accounted for. In the next subsections we will
consider different models of spatial dispersal of populations but
will assume the same population interactions will occur locally
in space, which is a simplification for two reasons. Firstly, pa-
rameters in models over different spatial scales will have dif-
ferent dimensional properties, as the population density will
be with respect to the space within which the populations are
evolving, and hence will vary in their numerical values. More
striking, however, is that it is not clear a priori that the same
functional responses should necessarily carry across scales, as
the individual and probabilistic interactions between organisms
may emerge differently at different scales, leading to a variety
of possibly nonequivalent models (Kareiva, 1990; Tilman and
Kareiva, 1997; ter Braak et al., 1998; Levin, 2003; Guo et al.,
2005). Here we will assume the same functional responses in
species’ interactions for simplicity, as is common, and assume
parameters that are of the same order of magnitude, which we
vary in order to elucidate qualitative differences between these
approaches. We do not claim to suggest quantitative differences
which may be due to details specific to a particular ecological
setting, but instead we will emphasize qualitative phenomena
such as population persistence, oscillations, and spatial organi-
sation.
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2.1. ODE models

ODE models are the mathematically simplest way of model-
ing populations evolving in continuous time, where any spatial
dependence of the population is neglected, so that only the av-
erage or total population dynamics are modeled. The domain is
treated as a single point in space and the system is governed by
three ordinary differential equations:

dx
dt

= f (x) − g(x, s, y), (2)

ds
dt

= F(s) −G(x, s, y), (3)

dy
dt

= H(x, s, y) − δy, (4)

with initial conditions x(0) = x0, s(0) = s0, y(0) = y0 ∈ [0,∞).
The functions f (x) and F(s) account for the growth and in-
trinsic mortality (intraspecies competition) of the prey and sec-
ondary food source in the absence of predators. The growth
term could take a variety of forms, including exponential, logis-
tic, parabolic, or Gompertz forms, and should be selected based
on prior knowledge of the species and environmental conditions
(Gamito, 1998). The functions g(x, s, y) and G(x, s, y) repre-
sent the effect of predation on the prey and the secondary food
source, and any cross-dependence here is due to effects of the
total food resources on predation (e.g. due to satiation). The
function H(x, s, y) is often a linear combination of g(x, s, y) and
G(x, s, y) and represents the benefit to the predator gained by
consuming prey and secondary food source. Finally, δ is the
predator mortality rate.

There are several possible formulations of this generalist
predator model, but for concreteness we will use the basic
Rosenzweig-Macarthur model given by (1) with a specific sec-
ondary predator resource. We investigate two possible mod-
els of a secondary predator resource: an allochthonous subsidy,
and a secondary prey species. Nevai and Van Gorder (2012)
proposed a further extension of (1), where the predator, y, feeds
on both prey, x, and a secondary food source in the form of an
allochthonous resource, s:

dx
dt

= rx
(
1 −

x
k

)
− θ

(
x

x + s + h

)
y, (5)

ds
dt

= i − γs − ψ
(

s
x + s + h

)
y, (6)

dy
dt

=

(
εθx + ηψs
x + s + h

)
y − δy, (7)

where ψ and η are the rate and efficiency of the allochthonous
resource or subsidy consumption respectively, i is the al-
lochthonous resource or subsidy input rate and γ is the natural
decay rate of the allochthonous resource.

Instead of an allochthonous resource, the predator’s sec-
ondary food source could take the form of a secondary prey,
as in Yamauchi and Yamamura (2005), where the predator, z,

has two prey, x and y, which both undergo logistic growth. In
this case, the governing equations are:

dx
dt

= r1x
(
1 −

x
k

)
− θ

(
x

x + y + h

)
z, (8)

dy
dt

= r2y
(
1 −

y
K

)
− ψ

(
y

x + y + h

)
z, (9)

dz
dt

=

(
εθx + ηψy
x + y + h

)
z − δz. (10)

The functional response of the predator in these models is the
natural extension of the Holling Type II functional response
seen in (1). It accounts for the fact that the predator can now be
satiated by both food sources.

We note that in both of the above models, the satiation term
involves a sum of either the density of the prey and the sub-
sidy, or the density of two distinct kinds of prey, and these are
not generally commensurate quantities. The studies where we
have borrowed these nonlinear interaction terms from, (Nevai
and Van Gorder, 2012; Yamauchi and Yamamura, 2005), get
around this in two distinct ways. The first considers the mod-
els to be over total biomass entering and leaving the predator-
prey-subsidy compartments, and hence the system is already
dimensionally consistent in modelling transfer of biomass be-
tween species. The second study instead defines a predator en-
counter rate and attack probability for each prey, and then mul-
tiplies both prey terms by the handling time effectively scaling
this sum to be dimensionless. For brevity we will assume such
choice of nondimensionalization has already been carried out,
noting that dimensional consistency is an important modeling
requirement.

2.2. Stepping-stone models

We now consider discrete spatial domains consisting of N
nodes or patches, representing distinct spatial regions. Within
each patch spatial detail is neglected, as the populations are as-
sumed to be well-mixed with no net dispersal within a patch.
Assuming that the predator, prey, and secondary food source
are each defined at all N nodes, we have a system of 3N ordi-
nary differential equations:

dx( j)

dt
= f ( j)(x( j)) − g( j)(x( j), s( j), y( j)) +

N∑
i=1

(
Ai, jx(i) − A j,ix( j)),

(11)
ds( j)

dt
= F( j)(s( j)) −G( j)(x( j), s( j), y( j)) +

N∑
i=1

(
Bi, jy(i) − B j,iy( j)),

(12)
dy( j)

dt
= H(x( j), s( j), y( j)) − δ( j)y( j) +

N∑
i=1

(
Ci, jy(i) −C j,iy( j)). (13)

For nodes j = 1, . . . ,N, we define adjacency matrices A = (Ai, j)
for the prey, B = (Bi, j) for the allochthonous resource or sec-
ond prey, and C = (Ci, j) for the predator which specify edges
for the passage of prey, secondary food source, and predator
between nodes as well as the permissible directions of travel.
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In the present paper we will assume that A, B, and C are sym-
metric, so that the underlying graph is undirected. This en-
sures that if travel is allowed in one direction it must also be
permitted in the opposite direction. We note that the diagonal
entries of these matrices do not enter into (11)-(13), so we set
Ai,i = Bi,i = Ci,i = 0 for i = 1, ...,N. If a species does not move,
its adjacency matrix can simply be set to a matrix of zeros, leav-
ing interactions between species in disjoint spatial patches be-
ing mediated only by mobile species. In the limiting case where
all three adjacency matrices are identically zero, then this cor-
responds to N uncoupled ODE models. We also mention that
the dependence of the kinetic functions on the nodal variable
j allows for stepping-stone models where some species are not
present in some nodes, or other spatial heterogeneity is present.
While equations (11)-(13) consist of coupled systems of ODEs,
for the sake of nomenclature, we will always refer to this kind
of model as a stepping-stone model.

2.3. Continuum models

In continuum models, all three species are modeled as dis-
persing in two spatial dimensions, and the local density of the
population is modeled at every point in space. Dispersal is mod-
eled by assuming random migration of individuals leading to
diffusive fluxes of each species with diffusion coefficients d1,
d2, and d3 representing the rate of movement along density gra-
dients. The relative sizes of these coefficients will depend on
the typical range of each species (Lewis et al., 2013; Okubo
and Levin, 2013). For example, if the secondary food source is
a plant or slow moving prey, we will impose d2 � d1, d3. This
system can be written as three partial differential equations:

∂x
∂t

= d1∆x + f (x, α, β) − g(x, s, y, α, β), (14)

∂s
∂t

= d2∆s + F(s, α, β) −G(x, s, y, α, β), (15)

∂y
∂t

= d3∆y + H(x, s, y, α, β) − δy, (16)

where ∆ = ∂2

∂α2 + ∂2

∂β2 is the Laplacian operator on the spatial vari-
ables (α, β). The initial conditions are x(α, β, t = 0) = x0(α, β),
s(α, β, t = 0) = s0(α, β), y(α, β, t = 0) = y0(α, β). The prey
x is defined on Ωx, the secondary food source s is defined on
Ωs, and the predator y is defined on Ωy. We denote with Ω the
whole domain and impose Ω = Ωx ∪ Ωs ∪ Ωy. The choice of
these three domains allows for a variety of models of habitats,
depending on their intersections. In some cases, it is useful to
think of population interactions only occurring on the boundary
between disjoint regions, such as land-based predators consum-
ing fish around the edges of bodies of water, and we will explore
such models in detail in the next section. Finally, the spatial het-
erogeneity of the kinetics (dependence on α and β) will be used
here to demarcate regions where species are present, rather than
modeling any explicit environmental heterogeneity.

A variety of domains and boundary conditions have been
used to model confined populations, sources of invading

species, etc. For simplicity, we consider no flux boundary con-
ditions

−n · ∇x = 0, (α, β) ∈ ∂Ωx, (17)

−n · ∇s = 0, (α, β) ∈ ∂Ωs, (18)

−n · ∇y = 0, (α, β) ∈ ∂Ωy, (19)

on some parts of the boundary, where ∇ =
(
∂
∂α
, ∂
∂β

)
, ∂Ω repre-

sents the boundary of the region Ω, and n is the outward unit
normal along this boundary. For instance, all external bound-
aries will use these conditions, so that overall, all populations
are confined to Ω. Similarly, internal boundaries where some
species are unable to move into another region (such as a body
of water) will use these conditions if there is no interaction be-
tween these species in neighboring regions.

We will also consider reactive boundary conditions at bound-
aries of the domain where Ωy meets Ωx or Ωs, in order to repre-
sent predation in the case that these species only interact along
the boundary. For example, one could have a situation where
Ωs and Ωy share an overlapping region, but Ωx only meets Ωy

along a line L = ∂Ωy ∩ ∂Ωx. Then g(x, s, y) does not appear
in Equation (14), and we write H(x, s, y) = H1(s, y) in Ωy to
represent predation only on s, and we instead have the reactive
boundary conditions

−d1n · ∇x = −g(x, y), (α, β) ∈ L, (20)

−d3n · ∇y = H2(x, y), (α, β) ∈ L, (21)

where H2(x, y) is the predation of the predators on the prey x
along this boundary. These boundary conditions represent a
flux of the species into or out of the domain corresponding to
the rate of predation, which depends on the local densities of
the populations. We will derive them via a limiting argument in
the next section.

3. General spatial modeling and hybrid models

Here we will present a method to reduce ‘high-dimensional’
continuum models into lower dimensional ones, as well as con-
sider hybrid modeling approaches whereby one part of the do-
main becomes lower-dimensional while retaining an interaction
with the higher-dimensional regions of the domain. This will
allow us to describe all of the modelling frameworks above as
reductions of some ‘higher-resolution’ spatial model, assum-
ing that such a model is valid. The use and justification of the
various ODE and PDE models above can vary widely depend-
ing on the ecological system of interest. For instance, if there
are too few individuals to justify a continuous population in a
small region of space but sufficiently many individuals over a
larger region, then it may be unreasonable to represent the pop-
ulation using spatially continuous models, but averaged ODE
models may be reasonable approximations. In particular, even
if one has suitably detailed information about the environment
and dispersal of various organisms in some region, it is not nec-
essarily true that the populations are sufficiently large enough
to invoke the continuum hypothesis and consider the popula-
tion dynamics to evolve in continuous space, time, and density.
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It may instead be the case that these necessary criteria are only
satisfied if space is discretized into patches, leading to stepping
stone models, or if populations are averaged across the whole
region (and dispersal is negligible), island (ODE) models. Nev-
ertheless, here we will begin with spatially continuous models
and then reduce these in various limits, assuming that the neces-
sary population sizes and dispersal mechanisms are appropriate
for such a model to be valid. One could of course work in the
other direction, expanding the dimension of modelling compo-
nents where necessary to account for populations with different
characteristics in sub-regions. In this direction one would want
to derive each component via individual-based models and av-
erage these suitably to obtain population dynamics at different
scales (Metz, 2000; Levin, 2003). We leave such derivations to
future work.

3.1. Example of Dimensional Reduction: Reactive Boundary
Conditions

Consider the setting of the continuum model from Section
2.3. We will use a simple situation to provide a justification for
the boundary conditions given by (20)-(21). We consider the
density of a predator y, such as bears, that primarily forage for
food on land, but also wade into the shallow part of a river to
hunt salmon, whose density we denote by x. The salmon will
inhabit both the shallow and deep parts of the river, so we de-
note the region where both populations overlap as the region
Ωε = Ωx ∩ Ωy. An alternative population interaction with sim-
ilar geometric complexity would be competing bacterial phe-
notypes within biofilms, for which a continuum model may be
more appropriate (Nadell et al., 2016). We parameterize this
region by a ‘width’ ε > 0, and in the limit ε → 0, we assume
that the two-dimensional region collapses smoothly to a bound-
ary curve between the land and the river, i.e. limε→0 Ωε = L. A
diagram of these regions is given in Figure 1.

Neglecting any other population interactions (such as the sec-
ond prey or resource s), and assuming the prey growth kinetics
are spatially homogeneous, the population dynamics can be de-
scribed by

∂x
∂t

= d1∆x + f (x) −

 g(x,y)
ε
, (α, β) ∈ Ωε,

0, (α, β) < Ωε,
(22)

∂y
∂t

= d3∆y − δy +

H2(x,y)
ε

, (α, β) ∈ Ωε,

0, (α, β) < Ωε,
(23)

where the scaling by ε does not indicate any dimensional re-
lationship but will instead be used to approximately retain the
total amount of predation in the limit ε→ 0. It is typical for H2
and g to be proportional, as in equation (1). On all other bound-
aries except for internal boundaries along ∂Ωε, we assume that
these species are confined (e.g. that (17) and (19) hold). We
will also assume that the kinetic functions g and H2 are suf-
ficiently smooth, and that solutions to (22)-(23) are uniformly
convergent in the width of the overlap region, ε, to avoid any
technical analytical issues. Similarly, we assume reasonably
smooth geometric properties of this limiting process (e.g. that

Ωy Ωx

Ωɛ

ɛ

L

Figure 1: A diagram of the overlapping spatial domain given by (22)-(23). In
the limit ε→ 0, the overlap region Ωε will become the curve L.

we are reducing a two dimensional set to a one dimensional
smooth curve in a smooth manner).

Integrating (22)-(23) over (α, β) ∈ Ωε, and taking the limit
ε → 0, we see that the time derivatives and spatially homoge-
neous kinetics will vanish in the limit so that we obtain

d1 lim
ε→0

∫
(α,β)∈∂Ωε

n · ∇xdS = lim
ε→0

∫
(α,β)∈Ωε

g(x, y)
ε

dV (24)

and

d3 lim
ε→0

∫
(α,β)∈∂Ωε

n · ∇ydS = − lim
ε→0

∫
(α,β)∈Ωε

H2(x, y)
ε

dV, (25)

where dS and dV denote the usual surface and volume forms
on these respective regions. To compute the limits, we con-
sider a small region around the final curve L which has width
ε. We then parameterize this region using new coordinates,
σn ∈ [− ε2 ,

ε
2 ] which is locally normal to the curve, and σL ∈ L

which is a dimensional arclength coordinate along the limiting
curve. Then the integrals and limits in (24)-(25) are indepen-
dent of σL, and so the limiting behaviour will occur pointwise
along L. For each such point, we can evaluate the limits as

[d1n · ∇x]+
− = lim

ε→0

∫ ε
2

− ε
2

g(x, y)
ε

dσn, (26)

[d3n · ∇y]+
− = − lim

ε→0

∫ ε
2

− ε
2

H2(x, y)
ε

dσn, (27)

where we define the limiting jump condition

[ f ]+
− = lim

ε→0

{
f
(
σn =

ε

2

)
− f

(
σn = −

ε

2

)}
. (28)

We identify the jump in the boundary fluxes as the limiting flux
along the curve. Finally, applying the Fundamental Theorem
of Calculus to the right hand sides of (26)-(27) (as functions of
σn), we obtain the reactive boundary conditions given by (20)-
(21).

As mentioned above, a detailed spatially continuous model
may not be valid for the interactions between bears and salmon,
depending on the spatial scales and number of individuals in-
volved, but we find this setting illustrative of the approach.
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One alternative population interaction with similar geometric
complexity would be competing bacterial phenotypes within
biofilms, for which a continuum model may be more appropri-
ate (Nadell et al., 2016). Reaction-diffusion models have also
been successfully applied to insect invasions and other settings
wherein dispersal may occur over regions of different spatial
scales, and hence simplifying such boundaries may be appro-
priate there (Hopper and Roush, 1993).

3.2. Hybrid modeling approaches

We now discuss more general hybrid modeling approaches.
These models can be derived via similar arguments to the re-
active boundaries in the previous section, where some region is
dimensionally reduced via a limiting process while maintaining
the same total rate of population interactions. This approach
can result in combinations of features of the continuum and
stepping-stone models. Typically, at least one species will be
assumed to disperse in a spatially continuous domain and will
be modeled by a partial differential equation, and at least one
species will be modeled either at discrete nodes or in one spa-
tial dimension only. For the purposes of presenting a general
framework, we will assume that x is the species that is mod-
eled in a reduced dimension domain and that s shares the same
domain as y. As with many features of our models, other spec-
ifications are possible depending on the ecological situation of
interest.

Let Ω be a one-dimensional or two-dimensional domain in-
habited by s and y and let Ω be connected to components
Ω1,Ω2, ...,ΩN . The predator and secondary resource are mod-
eled in the continuum setting and the prey population is divided
into sub-populations x(1), x(2),...,x(N) which reside at the com-
ponents Ω1,Ω2, ...,ΩN , respectively. Let L1, ..., LN denote the
respective parts of ∂Ω1, ..., ∂ΩN which share boundaries with Ω

and suppose they are parameterized by γ. The equations are
then

dx( j)

dt
= f ( j)(x( j))−g( j)(x( j),Y ( j))+

N∑
i=1

(
A(i, j)x(i)−A( j,i)x( j)), (29)

∂s
∂t

= d2∆s + F(s, α, β) −G(s, y), (30)

∂y
∂t

= d3∆y + H1(s, y) − δy, (31)

where j = 1, ...,N and Y ( j) is defined as

Y ( j) =

∫
L j

ydγ. (32)

The boundary conditions are given by

n · ∇s = 0, (α, β) ∈ ∂Ω, (33)

−d3n · ∇y = H2(x( j), y), (α, β) ∈ L j, j = 1, ...,N, (34)

n · ∇y = 0, (α, β) ∈ ∂Ω \

N⋃
j=1

L j, (35)

which represent no-flux conditions on species s and species
y away from regions where species x lives, and reactive con-
ditions on these boundaries representing the consumption of
species x by y.

Another version of the hybrid model represents the situation
where the prey is able to move in one spatial dimension along
the boundary of Ω, where Ω is two-dimensional. Let L be a
segment of the curve ∂Ω along which the prey resides. Suppose
that α = α0 along L and L is parameterized by γ. Then, the
resulting hybrid partial differential equation for x is

∂x
∂t

= d1
∂2x
∂γ2 + f (x, γ) − g(x, y). (36)

Let β1, β2 be the two endpoints of L. Then the no flux and
reactive boundary conditions become

∂x
∂β

= 0, β = β1, β2 (37)

n · ∇s = 0, (α, β) ∈ ∂Ω, (38)

−d3n · ∇y = H2(x, y), (α, β) ∈ L, (39)

n · ∇y = 0, (α, β) ∈ ∂Ω \ L. (40)

Reactive boundary conditions akin to what we have obtained
here have been explored in other settings, such as Maciel and
Kraenkel (2014), who relate the population flux and density by
mixed boundary conditions in order to model habitat loss. How-
ever, in that case a PDE model was directly reduced to an ODE
model through a process akin to coarse graining, whereas the
reactive boundary conditions here connect populations present
in different regions within our model wherein the populations
can vary spatially.

In what follows, we will apply these distinct modeling ap-
proaches to two specific case studies of ecological relevance.

4. Case Study 1: Beavers, wolves and white-tailed deer in
Voyageurs National Park

Voyageurs National Park in northern Minnesota is home to
a large population of wolves (Canis lupus). White-tailed deer
(Odocoileus virginianus) make up a large part of wolf diets
and beavers (Castor canadensis) act as a secondary prey, par-
ticularly in the ice-free season (Gogan et al., 2004; Johnston,
2017; Gable et al., 2018). Beavers characteristically build dams
in streams and rivers which result in so-called beaver ponds
(Windels, 2017). Colonies of beavers live in lodges inside these
beaver ponds which provide access to forests for food and pro-
tection from predators.

Voyageurs National Park has a large range of habitats and
population interactions, and we do not hope to model realistic
spatiotemporal dynamics across this range. Rather, we focus on
trying to understand plausible behaviours involving predation
near a river. What does spatial localization of the beaver popu-
lation within a river, which may be inaccessible to wolves, do to
the long-term stability of species coexistence? Does such spa-
tial localization impact the possibility of limit cycles emerging
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from the dynamics? It turns out that the answers to these ques-
tions will vary from one modelling framework to another, in-
dependent of quantitative readjustments of parameters. Which
modelling framework is appropriate will depend on the density
of the populations, but it may also be possible to infer an ap-
propriate framework from the dynamics which are precluded
by some approaches.

We consider a rectangular domain flanked by a river contain-
ing two beaver dams. We describe the following four models:
an ODE model, a stepping-stone model, a continuous disper-
sal model, and a hybrid continuum-stepping-stone model. We
denote the deer (primary prey) by x, the beavers (secondary
prey) by s, and the wolves (predator) by y. We do not claim
to recapitulate the population dynamics throughout any partic-
ular region of Voyageurs National Park; instead, we will use
this simplified predator-two-prey example to elucidate differ-
ences in model behaviors characteristic of each of these model-
ing paradigms.

4.1. ODE model
Motivated by the ODE model of Yamauchi and Yamamura

(2005), we formulate the model

dx
dt

= rx
(
1 −

x
k

)
− θ

(
x

x + s + h

)
y, (41)

ds
dt

= qs
(
1 −

s
K

)
− ψ

(
s

x + s + h

)
y, (42)

dy
dt

=

(
εθx + ηψs
x + s + h

)
y − δy, (43)

with initial conditions x(0) = x0, s(0) = s0, y(0) = y0. Re-
lated models have been studied in various contexts by others
(Abrams, 2006; Mougi, 2010). Although we shall not do so
here, note that this model may be generalized to include deple-
tion of a common resource for both prey species, which results
in a logistic term involving both x and s (Genkai-Kato and Ya-
mamura, 1999; Toyokawa, 2017).

Here r and q are the intrinsic growth rates of the primary prey
and secondary prey, respectively, and k and K are the corre-
sponding carrying capacities. The parameter θ is the maximum
rate at which wolves can consume deer and ψ is the maximum
rate at which wolves can consume beavers. Parameters ε and
η are conversion factors of the deer and beavers, respectively,
which indicate how much the wolves benefit from each food
source. Finally, h is a half saturation parameter and δ is the
wolf mortality rate. We assume that all constants are positive,
and that x0, s0, and y0 > 0. To simplify notation, let c = εθ − δ
and d = ηψ − δ. In Table 1 we summarize the values of steady
states and parameter regimes where these steady states are fea-
sible and stable to small perturbations (for details, see Appendix
A).

For our numerical simulations of the ODE and stepping-
stone models we used MATLAB’s ‘ode45’ solver. We used
absolute and relative tolerances of 10−9 and we ran the simula-
tions for 104 time units. A solution was classified as display-
ing equilibrium dynamics if, for each species, the mean abso-
lute value of the difference between the population size at the

0 50 100 150 200 250 300
0

0.05

0.1

0.15

0.2

0 100 200 300 400 500
0

0.2

0.4

0.6

0.8

0 100 200 300 400 500 600 700 800
0

0.1

0.2

0.3

0.4

1000 1050 1100 1150 1200 1250 1300 1350 1400
0

0.2

0.4

0.6

Figure 2: Dynamics of the ODE model (41)-(43) with parameters r = 0.1,
θ = 5, h = 1, q = 0.1, ψ = 5, ε = 0.1, η = 0.1, δ = 0.1. The four cases
are (a) Predator-free equilibrium: k = 0.1, K = 0.05, (b) Secondary prey-free
equilibrium: k = 0.8, K = 1, (c) Positive equilibrium: k = 0.4, K = 0.2,
(d) A stable limit cycle: k = 1.6, K = 0.6. Initial conditions are x(0) = 0.2,
s(0) = 0.1, y(0) = 0.1.

last time step and the population size averaged over the last
103 time steps was less than 10−4. The solution was classi-
fied as a non-equilibrium point otherwise, but the type of non-
equilibrium solution was not classified. In all of our time se-
ries plots, we observed convergence to a stable limit cycle in
the non-equilibrium regime, but other non-equilibrium behav-
ior may be possible. We note that random initial conditions
were used (N(0, 1) represents a normally–distributed random
variable with mean zero and unit variance), but that our bifur-
cation diagram was identical across 10 realizations, suggesting
that these dynamics are robust.

In Figure 2, we show time series plots for four different pairs
of the primary prey carrying capacity k and the secondary prey
carrying capacity K. Note that we do not observe any primary
prey-free region for these parameters. This can be explained by
the mutually exclusive necessary conditions

ηψ > δ and (ψr − θq)(ηψ − δ)K + θqδh < 0 (44)

and
εθ > δ and (εθ − δ)(ψr − θq)k − θqδh > 0, (45)

for the feasibility and stability of the primary prey-free and sec-
ondary prey-free equilibria respectively. For the numerical sim-
ulations shown in Figure 2, the second of these conditions is
satisfied, so we observe secondary prey-free equilibria.

In Figure 3, we see a predator-free equilibrium for k and K
sufficiently small. This is consistent with the stability condi-
tion εθk + ηψK < δπ. As k increases, the positive equilib-
rium changes to a secondary prey-free equilibrium, owing to the
fact that the predator can sustain higher numbers when primary
prey numbers are high. We also observe the paradox of enrich-
ment, whereby increasing the carrying capacity of the primary
or secondary prey beyond certain threshold values destabilizes
the equilibrium. In this parameter regime we satisfy the con-
ditions of Equation (45), so the primary prey is more resilient
to predation. Therefore when non-equilibrium behavior results
from increasing the secondary prey carrying capacity, increas-
ing the primary prey carrying capacity stabilizes the dynamics,
whereas the opposite is not the case.
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Equilibrium x∗ s∗ y∗ Feasible Stable
Secondary
prey-free δh/c 0 rεh(ck − δh)/kc2 εθ > δ and k > δh/c

(ψr − θq)ck > ψrδh
and r(1 − 2x∗/k)π2 < θhy∗

Primary
prey-free 0 δh/d qηh(dk − δh)/kd2 ηψ > δ and K > δh/d

(θq − ψr)dK > θqδh
and q(1 − 2s∗/K)π2 < ψhy∗

Predator-free k K 0 Always εθk + ηψK < δπ

Positive x∗ s∗ y∗

(ηψ − δ)/(εθ − δ) > 0 and

0 <
δh
c −k(1− θq

ψr )
d
c +

kθq
ψrK

< min{K, δhd },

(ηψ − δ)/(εθ − δ) < 0 and
δh
c −k(1− θq

ψr )
d
c +

kθq
ψrK

> max{0, δhd }

ω1, ω3 > 0,
ω1ω2 > ω3

Table 1: Feasibility and stability criteria of steady states for the system (41)-(43).

Figure 3: Bifurcation diagram showing the impact of varying the primary prey
carrying capacity (k) and the secondary prey carrying capacity (K) on steady
state solutions to the ODE model (41)-(43). Parameter values are r = 0.15,
θ = 5, h = 1, q = 0.1, ψ = 5, ε = 0.1, η = 0.1, δ = 0.1 and initial conditions are
x(0) = 0.02+0.02N(0, 1), s(0) = 0.01+0.01N(0, 1), y(0) = 0.01+0.01N(0, 1).
Non-equilibrium dynamics correspond to limit cycles or other unsteady behav-
iors.

4.2. Stepping-stone model
In the stepping-stone model, we use three nodes to represent

the regions accessible to the wolves, and two to represent beaver
dams. We label the patches with dams as patches 1 and 2, and
the patch on land as patch 3. We consider two cases, depending
on whether or not we consider movement of the beavers. For a
first version, we assume that the only species able to travel be-
tween nodes are the wolves. Beavers are confined to the two
dams and deer populate node 3 only. However, we assume
wolves are only able to travel across land and not rivers, so
there is no wolf migration between nodes 1 and 2. Therefore
we have two edges connecting the dams to node 3 to repre-
sent the movement of the wolf population. See Figure 4a for a
schematic diagram.

A system of six ordinary differential equations models the
dynamics between the populations at the three nodes. We as-
sume logistic growth of the beaver and deer populations in the
absence of predation. We have

dx
dt

= rx
(
1 −

x
k

)
− θ

(
x

x + h

)
y(3), (46)

(a) (b)
Figure 4: (a) Stepping-stone network of beavers, wolves and deer on three
inter-connected nodes with wolf movement only. Dashed lines denote the edges
of the domain and solid lines denote edges which wolves can move along. (b)
Stepping-stone network of beavers, wolves and deer on three inter-connected
nodes with wolf and beaver movement. Beavers may travel between nodes 1
and 2 and the other edges are for wolf travel only.

ds( j)

dt
= q( j)s( j)

(
1 −

s( j)

K( j)

)
− ψ

(
s( j)

s( j) + H

)
y( j), j = 1, 2, (47)

dy( j)

dt
=



(
ηψs( j)

s( j) + H

)
y( j) − δ( j)y( j) + λ(3, j)y(3) − λ( j,3)y( j), j = 1, 2,(

εθx
x + h

)
y( j) − δ( j)y( j) +

3∑
i=1

(
λ(i, j)y(i) − λ( j,i)y( j)), j = 3.

(48)
The initial conditions are x(0) = x0, s(1)(0) = s(1)

0 , s(2)(0) = s(2)
0 ,

y(1)(0) = y(1)
0 , y(2)(0) = y(2)

0 , y(3)(0) = y(3)
0 . The summation

accounts for migration of the predator between nodes i and j.
Note that λ(i,i) = 0 for i = 1, 2, 3, as there is no migration within
a patch.

We can also extend the stepping-stone model to allow the
movement of beavers between dams via the river. This intro-
duces a further edge to connect nodes 1 and 2, along which only
the beavers can move. See the schematic diagram presented in
Figure 4b.

These additional edges leave the x and y equations un-
changed, and change the s equations in the following way:

ds(1)

dt
= q(1)s(1)

(
1−

s(1)

K(1)

)
−ψ

(
s(1)

s(1) + H

)
y(1)+Λ(2,1)s(2)−Λ(1,2)s(1),

(49)
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(a) λ = 0.1 (b) λ = 0.2 (c) λ = 0.5

Figure 5: Bifurcation diagram showing the impact of varying the primary prey carrying capacity (k) and the secondary prey carrying capacity (K) in the stepping-
stone model (46)-(48) corresponding to Figure 4a with predator migration rate (a) λ = 0.1, (b) λ = 0.2, (c) λ = 0.5. Other parameter values are r = 0.15, θ = 5,
h = 1, q(1) = q(2) = 0.1, K(1) = K(2) = K, ψ = 5, H = 1, ε = 0.1, η = 0.1, δ(1) = δ(2) = δ(3) = 0.1 and initial conditions are x(0) = 0.02 + 0.02N(0, 1),
s(1)(0) = s(2)(0) = 0.01 + 0.01N(0, 1), y(1)(0) = y(2)(0) = y(3)(0) = 0.01 + 0.01N(0, 1).

ds(2)

dt
= q(2)s(2)

(
1−

s(2)

K(2)

)
−ψ

(
s(2)

s(2) + H

)
y(2)+Λ(1,2)s(1)−Λ(2,1)s(2).

(50)
Note that we have used symmetric adjacency matrices (λ and

Λ) corresponding to an undirected graph to represent two way
passage between nodes. An alternative model might use a non-
symmetric adjacency matrix for the beavers, corresponding to
beavers swimming in only one direction, for example.

In our numerical simulations of the stepping-stone mod-
els, the classification of a solution as an equilibrium or non-
equilibrium solution is the same as in the ODE case, where now
the size of the predator population at time t is averaged over the
three nodes:

y(t) =
y(1)(t) + y(2)(t) + y(3)(t)

3
, (51)

and the size of the secondary prey population at time t is aver-
aged over the two nodes representing dams:

s(t) =
s(1)(t) + s(2)(t)

2
. (52)

We carry out simulations of the stepping-stone model corre-
sponding to the diagram in Figure 4a and produce bifurcation
diagrams examining the impact of varying the primary prey
and secondary prey carrying capacities k and K for a variety of
predator migration rates, λ(i, j), shown in Figure 5. We assume
that λ(i, j) is constant across the network, so we set λ(i, j) = λ.

Comparing the stepping-stone model bifurcation diagram,
Figure 5a, with the ODE model bifurcation diagram, Figure 3,
we notice that introducing inter-patch migration at a low rate
results in the loss of the secondary prey-free equilibrium, and a
wider region of positive equilibrium dynamics, corresponding
to coexistence of all three species. This effect arises because
migration forces the predator to spend less time at the dams,
lessening the impact of predation on the secondary prey. How-
ever, when the inter-patch migration rate is increased further,
the secondary prey-free region reappears. For large k, migra-
tion is a good strategy for the predator. Since the predator has

to travel via the primary prey to get from one dam to another,
by migrating, it will spend more time feeding on primary prey,
which can sustain a higher population than the secondary prey.
This in turn leads to a predator increase which the secondary
prey cannot withstand.

As λ increases, the predator-free region stretches out along
the k axis for small values of K and, to a lesser extent, along the
K axis for small values of k. This is because there is nothing
to gain from moving to empty patches. The effect is stronger
along the k axis, because if K = 0 then two out of three patches
are empty and the effect is weaker along the K axis, since if
k = 0 there is just one empty patch.

Bifurcation diagrams for the stepping-stone model corre-
sponding to the diagram in Figure 4b, with both predator and
secondary prey migration, are very similar those in Figure 5,
so they are omitted. It appears that introducing the migration
of the secondary prey does not have a significant effect on the
long-term dynamics since the predator is equally likely to be at
either of the dams. A network without the symmetry between
nodes 1 and 2 would be more affected by the introduction of
secondary prey migration, but we do not pursue this here.

Ω1 Ω2

L1

Wolves and
deer

Beavers

Figure 6: Beaver, wolf, and deer habitat in Voyageurs National Park.

4.3. Continuum model

We consider a rectangular domain Ω = [0, L0]× [0, L1] com-
posed of several disjoint regions depicted in Figure 6. The
spatially continuous model consists of three partial differential
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Figure 7: Dynamics of the continuum model (53)-(64) with parameters d1 =

d2 = d3 = 0.1, r = 0.15, θ = 5, h = 1 q = 0.1, ψ = 5, H = 1, ε = 0.1, η = 0.1,
δ = 0.1. Initial conditions are x(0) = 0.2, s(0) = 0.1, y(0) = 0.1. We observe
(a) A predator-free equilibrium: k = 0.1, K = 1, (b) A positive equilibrium:
k = 0.75, K = 1, (c) Coexistence in a stable limit cycle: k = 1.7, K = 1.8.

equations

∂x
∂t

= d1∆x + rx
(
1 −

x
k

)
− θ

(
x

x + h

)
y, (α, β) ∈ Ω1, (53)

∂s
∂t

= d2∆s + qs
(
I(α, β) −

s
K

)
, (α, β) ∈ Ω2, (54)

∂y
∂t

= d3∆y +

(
εθx

x + h

)
y − δy, (α, β) ∈ Ω1, (55)

where we define

I(α, β) =

1, if (α, β) ∈ Ω0,

0, if (α, β) < Ω0.
(56)

Here Ω0 is the combined region of the two dams, indicated by
the shaded regions in Figure 6.

The function I models the fact that the beaver population can-
not grow outside Ω0. Deer, beavers, and wolves are allowed to
disperse with diffusion rates d1, d2, and d3, but beavers are con-
fined to the rectangle encompassing the dams and river, and the
deer and wolves are confined to the larger adjacent rectangle of
land. This represents beavers which may leave their dams and
enter the river to forage for food, and wolves which are able to
come up to the edge of the river to hunt the beaver, but can-
not swim in the river itself (Gable et al., 2016). The boundary
conditions are

n · ∇x = 0, (α, β) ∈ ∂Ω1, (57)

n · ∇s = 0, (α, β) ∈ ∂Ω2 \ L1, (58)

−d2n · ∇s = −ψ

(
s

s + H

)
y, (α, β) ∈ L1, (59)

−d3n · ∇y =

(
ηψs

s + H

)
y, (α, β) ∈ L1, (60)

−n · ∇y = 0, (α, β) ∈ ∂Ω1 \ L1. (61)

Figure 8: Bifurcation diagram showing the impact of varying the primary prey
carrying capacity (k) and the secondary prey carrying capacity (K) in the con-
tinuum model (53)-(64) with parameters r = 0.15, θ = 5, h = 1, q = 0.1, ψ = 5,
H = 1, ε = 0.1, η = 0.1, δ = 0.1, d1 = d2 = d3 = 0.1, and initial conditions
x(0) = 0.2, s(0) = 0.1, y(0) = 0.1.

The initial conditions are

x(α, β, t = 0) = x0(α, β), (α, β) ∈ Ω1, (62)

s(α, β, t = 0) = s0(α, β), (α, β) ∈ Ω2, (63)

y(α, β, t = 0) = y0(α, β), (α, β) ∈ Ω1. (64)

We simulated the continuum model using the coefficient
form PDE interface of the commercially-available finite-
element software COMSOL. We defined coefficient form PDEs
for the primary prey x and predator y on a 1.5 × 1 rectangle,
Ω1, and coupled these with a coefficient form PDE for the sec-
ondary prey s on an adjacent 0.5 × 1 rectangle, Ω2. We used
domain probes to measure the mean sizes of the three popula-
tions across their respective domains. That is, we obtained time
series of the integrals

x̄(t) =

∫
Ω1

x(α, β, t)dαdβ, (65)

s̄(t) =

∫
Ω2

s(α, β, t)dαdβ, (66)

ȳ(t) =

∫
Ω1

y(α, β, t)dαdβ. (67)

In Figure 7, we plot the solutions x̄(t), s̄(t), and ȳ(t) for three
different pairs of the primary prey carrying capacity k and sec-
ondary prey carrying capacity K. In Figure 8, we carry out a pa-
rameter sweep to obtain a bifurcation diagram showing the im-
pact of varying the prey carrying capacity (k) and the secondary
prey carrying capacity (K). We used 3, 230 triangular mesh el-
ements to discretize the domain, and integrated the equations
forward in time using a tolerance of 10−4. As before, we com-
puted the solution for 104 time units. A solution was classified
as an equilibrium point if, for each species, the mean absolute
value of the difference between the (spatial) mean value of the
population at the last time step and this spatial mean averaged

11



(a) Secondary prey

(b) Predator

Figure 9: Spatial spread of predator and secondary prey at positive equilibrium
in the continuum model (53)-(64) with parameters as in Figure 8 and k = 0.4,
K = 2.

over the last 103 time steps was less than 10−4. The solution
was classified as a non-equilibrium point otherwise; as in the
discrete case, we only observed limit cycle non-equilibrium dy-
namics but cannot rule out other behaviors such as chaos.

From Figure 8, we observe that a secondary prey-free equi-
librium, which was present in the ODE model, does not occur
in the continuum model. This is the same effect we saw in
the stepping-stone model with low migration rate, where move-
ment allowed the predator to better utilize both food sources,
so that less pressure was put on the secondary prey population.
Although it is not immediately clear in Figure 8, we did not
observe non-equilibrium behavior for large values of the sec-
ondary prey carrying capacity and small values of the primary
prey carrying capacity. This is due to the fact that the predator
and secondary prey are never mixed together; they only interact
at a boundary.

Spatial plots of the prey and predator at positive equilibrium
in Figure 9 show clustering of the prey away from the boundary
of the river where it experiences predation. The prey popula-
tions are highest in the corners of each dam, since these are the
areas of prey reproduction which are furthest from predation.
As we would expect, the predator gravitates towards the nutri-
tionally dense river edge, and its population gradient gradually
decreases to its lowest at the opposite side of the region. We
note that varying the dispersal rates and other parameters can
accentuate or dampen the spatial heterogeneity of each popula-
tion, but that the spatial population structure typically has the

same qualitative spatial variation as shown.

4.4. Hybrid continuum-reduced-dimensional model
One can think of the width of the river as being thin, and ap-

proximate it as a one dimensional domain along the boundary
of the region where the wolves and deer move. Such a hybrid
model consists of a partial differential equation for the move-
ment of the wolves and deer in two spatial dimensions, and a
partial differential equation for the movement of the beavers
between the two dams in one spatial dimension. The river is as-
sumed to be much more narrow than the land, therefore in this
model it is flattened to a line. We introduce a reactive bound-
ary condition at the right-hand edge of the domain to reflect the
uptake of beavers from the dams. Suppose that the right-hand
edge corresponds to α = α2. See Figure 10 for a schematic
diagram.

Figure 10: Hybrid model in which the beaver domain is modeled as a line.

We then have the following hybrid system:

∂x
∂t

= d1∆x + rx
(
1 −

x
k

)
− θ

(
x

x + h

)
y, (α, β) ∈ Ω1, (68)

∂s
dt

= d2
∂2s
∂β2 + qs

(
1 −

s
K

)
− ψ

(
s

s + H

)
y(α2, β), β ∈ L1, (69)

∂y
∂t

= d3∆y +

(
εθx

x + h

)
y − δy, (α, β) ∈ Ω1. (70)

The boundary conditions are

−n · ∇x = 0, (α, β) ∈ ∂Ω1, (71)

−n · ∇y =

(
ηψs

s + H

)
y, (α, β) ∈ L1, (72)

n · ∇y = 0, (α, β) ∈ ∂Ω1 \ L1. (73)

The initial conditions are

x(α, β, t = 0) = x0(α, β), (α, β) ∈ Ω1, (74)

s(β, t = 0) = s0(β), β ∈ [β1, β2], (75)

y(α, β, t = 0) = y0(α, β), (α, β) ∈ Ω1. (76)

In the hybrid model, we used the domain probes defined in
Equations (65) and (67) to find the average primary prey and
predator densities, but since the secondary prey was defined on
a line, we used a boundary probe to calculate the average sec-
ondary prey density as

s̄(t) =

∫ β2

β1

s(β, t)dβ. (77)
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Figure 11: Bifurcation diagram showing the impact of varying the primary prey
carrying capacity (k) and the secondary prey carrying capacity (K) in the hybrid
model (68)-(76) with parameters as in Figure 8.

Figure 12: Spatial spread of predator at positive equilibrium in the hybrid model
(68)-(76) with parameters as in Figure 8 and k = 0.4, K = 2.

In Figure 11, our bifurcation plot shows that the hybrid model
exhibits a secondary prey-free equilibrium region, where the
continuum model did not. This is to be expected as the hybrid
model prevents the secondary prey from dispersing away from
the predator and hence the secondary prey is being eaten in all
parts of its domain, rather than at a single boundary. Qualita-
tively, the appearance of a region of secondary prey-free equi-
librium is the main difference between the hybrid and contin-
uum model and we suspect that for higher diffusion rates in
the continuum model, the secondary prey-free region would ap-
pear. We note that to make a quantitative comparison of the two
models, parameters should undergo a length scaling, since Ω2
has changed from a two-dimensional to a one-dimensional do-
main. This has not been implemented in our simulations as
we are primarily interested in qualitative comparisons. We also
note that the bifurcation boundaries near the non-equilibrium
regimes are rough, and sensitive to the choice of thresholds; in
a realistic ecological situation, small differences between be-
haviors would not be observable due to stochastic fluctuations.

The spatial spread of the predator at the positive equilibrium
in the hybrid model, shown in Figure 12, closely resembles
the distribution seen in the continuum model, shown in Figure
9b. This is in spite of the fact that spatially heterogeneous sec-

(a) Secondary prey

(b) Predator

Figure 13: Spatial spread of predator and secondary prey at positive equilibrium
in the continuum model (53)-(64) with parameters as in Figure 8 except for
d2 = 10−4 and k = 0.4, K = 2.

ondary prey growth was implemented in the continuum model
and not in the hybrid model. If the dispersal rate of the sec-
ondary prey is substantially reduced, this will not be the case,
and the predator distribution in the continuum model will be
heterogeneous in β. We show an example of this in Figure 13,
where the predator population varies in β only slightly, even for
d2 = 10−4. This is due to the predation only occurring along the
boundary L1, which minimizes the impact that the secondary
prey can have on the predator’s spatial distribution.

4.5. Hybrid continuum-stepping-stone model

Another approach to simplifying the full geometry shown in
Figure 6 would be to assume that the dams can be modeled as
points, and that the wolves are unable to eat migrating beavers
within the river, but can only consume them at these dams. One
can then adopt the stepping-stone formalism for the beavers as
given by (49)-(50), where the value of the predator at these
dams can be given as the local densities y(1)(t) = y(t, 1.5, 0)
and y(2)(t) = y(t, 1.5, 1), and then couple these values at the cor-
ners of the geometry given in Figure 10. However, there is a
subtle problem in modifying the continuum dynamics, as the
approach we have shown in Section 3.1 can only suggest lim-
iting forms of fluxes across boundaries. Nevertheless, applying
this argument twice to first reduce the river to a line, and then
to reduce the length of a one-dimensional dam to a point, we
obtain an expression for the pointwise contribution of the pop-
ulation dynamics at these dams via a Dirac δ-function at the
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relevant corners. We use equation (68) for the primary prey,
and write the predator dynamics as

∂y
∂t

= d3∆y +

(
εθx

x + h

)
y − δy + Dirac(1.5,0)(α, β)

(
ηψs(1)

s(1) + H

)
y

+ Dirac(1.5,1)(α, β)
(
ηψs(2)

s(2) + H

)
y,

(78)
for (α, β) ∈ Ω1, where we define Dirac(α0,β0)(α, β) to represent
the Dirac δ-function centered at the point (α0, β0) in the problem
domain. (We avoid the more common δ(α0,β0)(α, β) notation, in
order to avoid confusion with the death rate parameters.) Fi-
nally, we specify no-flux conditions on all boundaries of the
two-dimensional region Ω1.

We remark that this formulation is equivalent to the approach
used in Section 3.1, if we had instead placed Dirac δ-functions
along the boundary curve L, but the derivation there clearly ex-
plains the limiting flux. Here it is more complicated to think of
‘flux’ reactions coming from a point in two spatial dimensions.
Nevertheless, simulations of this model give qualitatively sim-
ilar behaviour to the full continuum model, with some spatial
localization as one might expect; see Figure 14, and compare it
with Figure 13b. Note that the quantitative differences here are
due both to different choices of parameters, and to the models
being somewhat incomparable (as there is no predation along
the rightmost boundary, but it is instead localized at these cor-
ners). The spatial structure of solutions is qualitatively similar
across the parameter ranges we have considered, with the main
qualitative difference arising due to this effect of spatial local-
ization. As with the continuum and the other hybrid model, this
approach does not lead to non-equilibrium dynamics for large
beaver carrying capacities, suggesting that the spatial localiza-
tion in all three models involving only boundary or pointwise
interactions between species, does not permit sustained oscilla-
tions. As in the previous hybrid model, beaver-free equilibria
exist if the value of k is sufficiently large.

5. Case Study 2: Bears, berries and salmon on Kodiak Is-
land

High densities of Kodiak Brown Bear (Ursus arctos mid-
dendorffi) inhabit Kodiak Island in the Gulf of Alaska. Their
primary food source is Pacific Salmon (Oncorhynchus spp.)
(Barnes Jr, 1990; Reimchen, 2000), while they consume berries
as an allochthonous resource (Berns and Hensel, 1972; Berns
et al., 1980; Willson, 1993). As with the previous case study,
we are interested in the possible dynamics emergent from dif-
ferent choices of how to model nontrivial spatial structure. As
an exemplar region, we consider a rectangular domain with a
river running along the right-hand side. To the left of the river
is an area of land where berries grow. While such a caricature
region may be overly simplistic to understand the population
dynamics of the bears across the whole island, it provides a use-
ful setting in which to observe qualitative differences between
modelling approaches.

We will model the populations of bear (predator), salmon
(prey), and berry (allochthonous resource or subsidy) in the

(a)

(b)
Figure 14: Spatial spread of predator at positive equilibrium in the hybrid model
given by (49)-(50), (68), and (78) with parameters as in Figure 13b. In (a) we
view the whole domain whereas in (b) we show the distribution near the second
prey point at the corner.

following settings: an ODE model at one point in space, a
stepping-stone model, a continuous dispersal model, and two
distinct hybrid continuum-stepping-stone models. Let x, s, and
y denote the population densities of the salmon, berries, and
bears, respectively.

5.1. ODE model

The simplest model ignores spatial effects entirely and con-
sists of a system of three ODEs at a single point. We have the
system

dx
dt

= rx
(
1 −

x
k

)
− θ

(
x

x + s + h

)
y, (79)

ds
dt

= i − bs − ψ
(

s
x + s + h

)
y, (80)

dy
dt

=

(
εθx + ηψs
x + s + h

)
y − δy, (81)

with initial conditions x(0) = x0, s(0) = s0, y(0) = y0. Here r is
the intrinsic growth rate of the prey and k is the carrying capac-
ity. The parameter θ is the maximum rate at which bears can
consume salmon and ψ is the maximum rate at which bears can
consume berries. Parameters ε and η are conversion factors of
the salmon and berries respectively, which indicate how much
the bears benefit from each food source. Finally, h is a half sat-
uration parameter, i is the constant berry input rate, b is the rate
of berry decay, and δ is the bear mortality rate. It is assumed
that all constants are positive, and that x0, s0, and y0 > 0.
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Equilibrium x∗ s∗ y∗ Feasible Stable
Subsidy-only 0 i/b 0 Always Never
Predator-free k i/b 0 Always k/k + i/bl < 1

Prey-free 0 l (η/δ)(i − bl) i > bl i > i∗

Positive x∗ s∗ y∗
k > k and 0 < i < i∗

k < k and i∗(k) < i < i∗
ω1, ω3 > 0,
ω1ω2 > ω3

Table 2: Feasiability and stability of steady states solution to the model (79)-(81).

Figure 15: Dynamics of the ODE model (79)-(81) with parameters r = 0.1,
θ = 5, h = 1, b = 1, ψ = 5, ε = 0.1, η = 0.1, δ = 0.1. We observe four cases: (a)
predator-free equilibrium: k = 0.1, i = 0.12, (b) prey-free equilibrium: k = 0.1,
i = 0.3, (c) positive equilibrium: k = 0.4, i=0.2 and (d) Stable limit cycle:
k = 2, i = 0.05. Initial conditions are x(0) = 0.2, s(0) = 0, y(0) = 0.1.

For the predator-prey-subsidy ODE model in Section 5, we
are able to find steady states and investigate local stability an-
alytically as in Nevai and Van Gorder (2012). Since our ODE
model is a relabeling of their model, we do not reproduce their
analysis here. A summary of the steady state feasibility and
stability is provided in Table 2. In this table, we make use
of the quantities k = δh

εθ−δ
, l = δh

ηψ−δ
, i∗ =

δh(b+(rψ/θ))
ηψ−δh , i∗(k) =(

1− k
k

)
δh

ηψ−δ
, ω1 = −tr(J), ω2 = J11J22−(J12J21+J13J31+J23J32),

ω3 = − det (J), where J is the Jacobian of the system (79)-(81).
We again use MATLAB to produce time series plots of the

solution to the ODE model for four different pairs of prey carry-
ing capacity k and allochthonous resource or subsidy input rate
i, shown in Figure 15. We use the same numerical procedures
and parameters as in Section 4 unless stated otherwise.

The (k, i) bifurcation diagram supports our analytical predic-
tions for the predator-free and prey-free equilibrium regions.
As in Table 2, the predator-free region is both feasible and sta-
ble for k < (1 − i/bl)k, which is precisely the lower left region
that appears in Figure 16. As expected biologically, a higher
allochthonous resource availability reduces the predator’s re-
liance on the prey. This is reflected in the boundary of the
stability region, k = (1 − i/bl)k, which is a decreasing func-
tion of i. The prey-free region is both feasible and stable for
i > (b + rψ/θ)l, which is precisely the prey-free region we see
in Figure 16. It is intuitive that the boundary of the prey-free
region is an increasing function of the prey growth rate r, as
the predator must be better subsidized to drive a faster growing
prey population to extinction.

In the lower right corner of Figure 16 we see the shape of the

Figure 16: Bifurcation diagram showing the impact of varying the prey carrying
capacity (k) and the allochthonous resource input rate (i) in the ODE model
(79)-(81). Parameter values are r = 0.1, θ = 5, h = 1, b = 1, ψ = 5, ε = 0.1,
η = 0.1, δ = 0.1, and initial conditions are x(0) = 0.01 + 0.01N(0, 1), s(0) =

0.01 + 0.01N(0, 1), y(0) = 0.01 + 0.01N(0, 1).

non-equilibrium region, which Nevai and Van Gorder (2012)
were unable to determine analytically. The transition from a
positive equilibrium to non-equilibrium dynamics as the prey
carrying capacity increases is an example of the paradox of en-
richment (Roy and Chattopadhyay, 2007). Increasing the al-
lochthonous resource input rate stabilizes the dynamics to a
positive equilibrium followed by a prey-free equilibrium, as
seen in Nevai and Van Gorder (2012).

Figure 17: Stepping-stone domain for bears, berries, and salmon on Kodiak
Island.

5.2. Stepping-stone model
In the stepping-stone model, we can view the domain as

a network of two nodes, where berries exist at node 1 only,
salmon exist at node 2 only, and bears are able to travel be-
tween the two nodes. See the schematic diagram presented in
Figure 17.

If we refer to the node on land as node 1 and the node in the
river as node 2 and we denote y( j) as the density of bears at node
j, then the following ODEs describe the population dynamics:

dx
dt

= rx
(
1 −

x
k

)
− θ

(
x

x + h

)
y(2), (82)

ds
dt

= i − bs − ψ
(

s
s + H

)
y(1), (83)
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(a) λ = 0.1 (b) λ = 1
Figure 18: Bifurcation diagram showing the impact of varying the prey carrying capacity (k) and the allochthonous resource input rate (i) in the stepping-stone
model (82)-(85) with predator migration rate (a) λ = 0.1, (b) λ = 1. Parameter values are r = 0.1, θ = 5, h = 1, b = 1, ψ = 5, ε = 0.1, η = 0.1, δ(1) = δ(2) = 0.1,
λ(i, j) = λ, for all i, j, and initial conditions are x(0) = 0.01 + 0.01N(0, 1), s(0) = 0.01 + 0.01N(0, 1), y(1)(0) = y(2)(0) = 0.01 + 0.01N(0, 1).

dy(1)

dt
=

(
ηψs

s + H

)
y(1) − δ(1)y(1) + λ(2,1)y(2) − λ(1,2)y(1), (84)

dy(2)

dt
=

(
εθx

x + h

)
y(2) − δ(2)y(2) + λ(1,2)y(1) − λ(2,1)y(2). (85)

The initial conditions are x(0) = x0, s(0) = s0, y(1)(0) = y(1)
0 ,

y(2)(0) = y(2)
0 .

In our numerical simulations of the stepping-stone model
corresponding to the diagram in Figure 17, our classification
of a solution as equilibrium or non-equilibrium was the same as
in the ODE case, where now the size of the predator population
at time t is averaged over the two nodes:

y(t) =
y(1)(t) + y(2)(t)

2
. (86)

Motivated by our findings in the non-spatial case, we inves-
tigate numerically the (k, i) dependence of the stepping-stone
model for different values of the predator inter-patch migration
rate λ(i, j), which we assume to be constant across the network,
λ(i, j) = λ. Bifurcation plots are shown in Figure 18. Increas-
ing λ does not have a qualitative effect on the dynamics, but we
do observe quantitative differences between the three bifurca-
tion diagrams. First note that introducing inter-patch migration
increases the threshold value of k at which non-equilibrium dy-
namics invade the positive equilibrium.

In the ODE model, limit cycles first appear at approximately
k = 1.4 for small values of i, but in the stepping-stone mod-
els, non-equilibrium behavior is not seen until approximately
k = 2.2 (for λ = 0.1). As predator movement increases, the
minimum prey carrying capacity which can support a positive
non-subsidized predator population increases and the minimum
allochthonous resource input rate that can support the preda-
tor when prey is scarce increases. This is due to the energy
wasted by moving unnecessarily to the empty patch. We also
observe that an increased inter-patch migration rate leads to a
smaller prey-free region. This mirrors the results obtained in
Nevai and Van Gorder (2012) and suggests that increasing the

predator migration rate decreases the time the predator is able
to spend consuming its preferred resource. In contrast to Nevai
and Van Gorder (2012), where resources are limited in one of
the patches, we observe that increasing the predator migration
rate increases the size of the non-equilibrium region. Desta-
bilization due to migration in the presence of abundant food
sources has been observed in Shen and Van Gorder (2017) for
a larger network structure (a complete graph on ten nodes).

5.3. Continuum model

The continuous dispersal model allows bears and berries to
disperse throughout the central rectangle and salmon to disperse
in the river. See Figure 19 for a schematic diagram.

Ω1 Ω2

L1

Bears and
berries

L2

L3

L4

Salmon

Figure 19: Bears, berries, and salmon in a rectangular domain with a river along
the right-hand side.

The system is modeled by the three PDEs

∂x
∂t

= d1∆x + rx
(
1 −

x
k

)
, (α, β) ∈ Ω0, (87)

∂s
∂t

= d2∆s + i − bs − ψ
(

s
s + H

)
y, (α, β) ∈ Ω1, (88)

∂y
∂t

= d3∆y +

(
ηψs

s + H

)
y − δy, (α, β) ∈ Ω1, (89)

with boundary conditions

n · ∇x = 0, (α, β) ∈ L3, (90)
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Figure 20: Dynamics of the continuum model (87)-(99) with parameters r =

0.1, θ = 20, h = 1, b = 1, ψ = 5, H = 1, ε = 0.1, η = 0.1, δ = 0.1, κ = 0,
d1 = d3 = 0.1, and d2 = 0.001. Initial conditions are x(0) = 0.1, s(0) = 0.1,
y(0) = 0.1. We observe three cases: (a) A predator-free equilibrium: k = 0.1,
i = 0.12, (b) A prey-free equilibrium: k = 1, i = 0.6, (c) A positive equilibrium:
k = 1, i = 0.15.

−n · ∇x = −θ

(
x

x + h

)
y, (α, β) ∈ L1, (91)

−n · ∇x = κi, (α, β) ∈ L2, (92)

−n · ∇x = −κox, (α, β) ∈ L4, (93)

n · ∇s = 0, (α, β) ∈ ∂Ω1, (94)

−n · ∇y =

(
εθx

x + h

)
y, (α, β) ∈ L1, (95)

−n · ∇y = 0, (α, β) ∈ ∂Ω1 \ L1, (96)

and initial conditions

x(α, β, t = 0) = x0(α, β), (α, β) ∈ Ω0, (97)

s(α, β, t = 0) = s0(α, β), (α, β) ∈ Ω1, (98)

y(α, β, t = 0) = y0(α, β), (α, β) ∈ Ω1. (99)

The allochthonous resource (berries) is allowed to disperse but
naturally at a lower rate than the bears and salmon, so we im-
pose d2 � d1, d3. The constant flux κi at L2 represents the in-
flow of salmon to the river and the flux −κox at L4 accounts for
salmon flowing out of the river (in general the rates here need
not be equal, but for simplicity we assume κ ≡ κi = κo).

Using COMSOL, as in Section 4, we simulated the contin-
uum model across a range of parameters. We defined PDEs
for the allochthonous resource s and predator y on a 1.5 × 1
rectangle, Ω1, and coupled these with a PDE for the prey x on
an adjacent 0.5 × 1 rectangle, Ω0. We used a domain probe to
measure the spatial means of the three populations across their
respective domains. That is, we calculated the time series

x̄(t) =

∫
Ω0

x(α, β, t)dαdβ, (100)

s̄(t) =

∫
Ω1

s(α, β, t)dαdβ, (101)

ȳ(t) =

∫
Ω1

y(α, β, t)dαdβ. (102)

Figure 21: Bifurcation diagram showing the impact of varying the prey carry-
ing capacity (k) and the allochthonous resource input rate (i) in the continuum
model (87)-(99). Parameter values are r = 0.1, θ = 20, h = 1, b = 1, ψ = 5,
ε = 0.1, η = 0.1, δ = 0.1, κ = 0, d1 = d3 = 0.1, d2 = 0.001, and initial
conditions are x(0) = 0.1, s(0) = 0.1, y(0) = 0.1.

In Figure 20, we plot the solutions x̄(t), s̄(t), and ȳ(t) for three
different pairs of the primary prey carrying capacity k and al-
lochthonous resource input rate i. In Figure 21, we carry out a
parameter sweep to obtain a bifurcation diagram showing the
impact of varying the prey carrying capacity (k) and the al-
lochthonous resource input rate (i). A solution was classified
as an equilibrium point if, for each species, the mean abso-
lute value of the difference between the probe value at the last
time step and the probe data averaged over a set of the last time
steps was less than 10−4. The solution was classified as a non-
equilibrium point otherwise.

In contrast with the discrete models, we do not observe any
non-equilibrium dynamics in the continuum model. This is due
to the fact that the predator and prey now occupy separate do-
mains, so they can only interact at the boundary where their two
domains meet. The predator and allochthonous resource on the
other hand do mix in the same domain, however the positive
equilibrium in a pure predator-subsidy system is never unstable
(Nevai and Van Gorder, 2012). Other than this, the continuum
model has the same qualitative features as its discrete counter-
parts.

The continuum model allows us to observe the spatial dis-
tribution of the three species over time. In Figure 22, we ob-
serve how, at equilibrium, the predator has higher density at the
boundary of the river, gradually decreasing to its lowest value
at the left-hand border of the domain. The opposite is true for
the prey: x is highest on the boundary furthest from the river
and is lowest beside the river where it experiences predation.

5.4. Hybrid continuum-stepping-stone model

A hybrid model will combine features of both the stepping-
stone model and the continuum model. Experimental data indi-
cates that at Karluk Lake on Kodiak Island, the home range for
brown bears is at least 0.5km and could be up to 49.2km (Berns
et al., 1980). Since the bears and berries naturally spread over a
wider space relative to the salmon, we permit dispersal of bears
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(a) Prey

(b) Predator

Figure 22: Spatial spread of predator and allochthonous resource at equilibrium
in the continuum model (87)-(99) with parameters as in Figure 21 and k = 0.6,
i = 0.25.

and berries on land but model the salmon population with a re-
duced dispersal region. See Figure 23.

(a) River modeled as a line

(b) River modeled as a point

Figure 23: Two possible domains for hybrid continuum-stepping-stone model.

In Figure 23a, L1 is the line which divides the river from the
land. In this case, we have the following system of PDEs:

∂x
∂t

= d1
∂2x
∂β2 + rx

(
1 −

x
k

)
− θ

(
x

x + h

)
y(α2, β), β ∈ L1, (103)

∂s
∂t

= d2∆s + i − bs − ψ
(

s
s + H

)
y, (α, β) ∈ Ω1, (104)

∂y
∂t

= d3∆y +

(
ηψs

s + H

)
y − δy, (α, β) ∈ Ω1. (105)

The boundary conditions are

∂x
∂β

= −κox, β = β1, (106)

∂x
∂β

= κi, β = β2, (107)

n · ∇s = 0, (α, β) ∈ ∂Ω1, (108)

−n · ∇y =

(
εθx

x + h

)
y, (α, β) ∈ L1, (109)

n · ∇y = 0, (α, β) ∈ ∂Ω1 \ L1. (110)

The initial conditions are

x(β, t = 0) = x0(β), β ∈ [β1, β2], (111)

s(α, β, t = 0) = s0(α, β), (α, β) ∈ Ω1, (112)

y(α, β, t = 0) = y0(α, β), (α, β) ∈ Ω1. (113)

The domain shown in Figure 23b is formed by removing the
β axis from Figure 23a. This simplification is suitable when
conditions do not vary in β, for example when κ = 0 (as before,
we set κ ≡ κo = κi). The equations reduce to an ODE for x and
partial differential equations for s and y:

dx
dt

= rx
(
1 −

x
k

)
− θ

(
x

x + h

)
y(α2), (114)

∂s
∂t

= d2
∂2s
∂α2 + i − bs − ψ

(
s

s + H

)
y, α ∈ [α1, α2], (115)

∂y
∂t

= d3
∂2y
∂α2 +

(
εθx

x + h

)
y +

(
ηψs

s + H

)
y − δy, α ∈ [α1, α2]. (116)

The boundary conditions are

∂s
∂α

= 0,
∂y
∂α

= 0, α = α1, (117)

∂s
∂α

= 0,
∂y
∂α

=

(
εθx

x + h

)
y, α = α2. (118)

The initial conditions are

x(0) = x0, (119)

s(α, t = 0) = s0(α), α ∈ [α1, α2], (120)

y(α, t = 0) = y0(α), α ∈ [α1, α2]. (121)

For the two-dimensional hybrid model shown in Figure 23a,
we use the domain probes defined in Equations (101) and (102)
to find the average allochthonous resource and predator den-
sities, but since the prey is now defined on a line, we use a
boundary probe to calculate the average prey density:

x̄(t) =

∫ β2

β1

x(β, t)dβ. (122)

The (k, i) bifurcation plot for the two-dimensional hybrid model
is shown in Figure 24a.

In the one-dimensional hybrid model corresponding to Fig-
ure 23b, the averaged allochthonous resource and predator pop-
ulations are given by the line integrals

s̄(t) =

∫ α2

α1

s(α, t)dα, (123)
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(a) Bifurcation diagram for Figure 23a (b) Bifurcation diagram for Figure 23b
Figure 24: Bifurcation diagrams showing the impact of varying the prey carrying capacity (k) and the allochthonous resource input rate (i) in the hybrid continuum-
stepping-stone model corresponding to the domain in (a) Figure 23a (given by (103)-(113)), (b) 23b (given by (114)-(121)), with θ = 10. Parameter values and
initial conditions are as in Figure 21.

Figure 25: Spatial spread of predator at positive equilibrium in the two-
dimensional hybrid model with parameters as in Figure 21 and k = 0.6,
i = 0.25.

ȳ(t) =

∫ α2

α1

y(α, t)dα. (124)

The (k, i) bifurcation plot for the one-dimensional hybrid model
is shown in Figure 24b.

Note that the different scalings of the continuum model and
the two hybrid models produce quantitatively different bifurca-
tion boundaries, however all three plots show the same qual-
itative behavior. This suggests that the reduction of the two-
dimensional continuum model to a line and an ODE, which
is both much simpler mathematically and computationally, is
a reasonable approximation. The predator also has the same
spatial spread at positive equilibrium in the two-dimensional
hybrid model as in the continuum model, shown in Figure 25.
Thus we can get an idea of the spatial heterogeneity without
needing to solve the full two-dimensional system.

Our analysis thus far has considered the case of no exter-
nal flow of salmon (e.g. κ = 0), corresponding to a fixed body
of water, rather than to a flowing river. We now demonstrate
spatially heterogeneous solutions in Figure 26 in the case of
nonzero inflow and outflow of salmon. For this case, the one
dimensional-hybrid model is insufficient to capture the spatial

structure of the two-dimensional continuum model, although
the two-dimensional hybrid model has qualitatively similar
spatial heterogeneity in the bear population to the continuum
model.

6. Discussion

Considering a hybrid modeling approach to spatial dynamics
involving a generalist predator, we have compared ODE, con-
tinuum, stepping-stone, and hybrid continuum-stepping-stone
models for both of our ecological case studies based on carica-
ture representations of the spatial structure of their habitats. In
each of our ODE models, we have derived feasibility and sta-
bility criteria for the steady states of the system and outlined
how this could also be done for the stepping-stone models. For
each model, we have produced bifurcation diagrams showing
the long-term population dynamics under a range of parameter
regimes and we have used these bifurcation plots to see how the
different models compare in their predictions.

In our analysis of the predator-two-prey model, we observe
that introducing inter-patch migration at a low rate can have a
positive effect on secondary prey populations. When the inter-
patch migration rate was sufficiently small, secondary prey-free
dynamics, seen in the ODE model, were lost and the three
species were able to coexist. For high migration rates, this ef-
fect disappears and the bifurcation diagram is qualitatively sim-
ilar to the ODE case. Transitioning from the stepping-stone to
the continuum model, we again see the prevalence of the sec-
ondary prey for small diffusion of the predators. The approxi-
mation of the river by a line in the hybrid model has a negative
effect on the secondary-prey population, since they experience
predation everywhere in their domain. For this reason, the prey-
free steady state is feasible in the hybrid model, even when the
predator diffusion is small.

A feature present in all of our predator-two-prey models is
a region of non-equilibrium dynamics when the primary-prey
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(a) Continuum Prey

(b) Continuum Predator

(c) Hybrid Predator
Figure 26: Spatial spread of predator and prey at positive equilibrium in the
continuum model in (a) and (b), and the predator in the two-dimensional hybrid
model in (c), all with parameters as in Figure 21 and k = 0.6, i = 0.25. We set
κ = κi = κo = 1.

carrying capacity is sufficiently large, due to the paradox of en-
richment. In the ODE and stepping-stone models we also see
a region of instability when the secondary prey carrying capac-
ity is large, which can be mitigated by increasing the primary
prey carrying capacity. This region is not present in the contin-
uum or hybrid models, because in these models the secondary
prey and predator only interact at a boundary. The fact that this
spatial localization of the secondary prey precludes the possi-
bility of the predator and prey to become locked in limit cycle
dynamics suggests that whether or not these populations can be
considered as spatially separated is an important question.

Neglecting the non-equilibrium region for high K, the
predator-two-prey continuum model with low diffusion is quali-
tatively similar to the stepping-stone model with low inter-patch
migration rate. Provided that the secondary prey (which we as-
sume to be less resilient than the primary prey) has a low car-
rying capacity and predator movement is slow, we believe that
the stepping-stone model is a good approximation to the con-
tinuum model. The hybrid model is a poor approximation when
diffusion rates are low, because it is precisely the ability of the
secondary prey to move around Ω2 which prevents it from be-
coming extinct. This is demonstrated in the spatial plots of Fig-
ure 9, where the secondary prey is seen to cluster away from
the river edge.

When the predator has a high rate of motion, there is little
to gain qualitatively from using a stepping-stone model over
an ODE model. However, if an ecologist were interested in
estimating the value of k at which the prey-free equilibrium
appears or is destabilized, the stepping-stone model would be
a preferable choice because these bifurcation points vary with
the migration rate λ. For situations with large dispersal rates,
the hybrid model produces qualitatively similar results to the
stepping-stone models. The key advantage of the hybrid model
is that it can be used to visualize the spatial spread of the preda-
tor and allochthonous resource. We did not produce a con-
tinuum model bifurcation plot for high diffusion rates, but the
probe plot for d1 = d2 = d3 = 0.5 and k = K = 1 converges to
a secondary prey-free equilibrium and we hypothesize that the
dynamics would be similar to the hybrid model, again without
the non-equilibrium region for large K values. Therefore, the
main advantage of using the continuum model, for any diffu-
sion rate, would be to observe the spatial distribution of species
in each sub-domain.

In our analysis of the predator-prey-subsidy model, we ob-
serve that the stepping-stone model produces a qualitatively
similar bifurcation diagram to the ODE model. Quantitatively,
the stepping-stone models have smaller prey-free regions than
the ODE model, and a higher prey carrying capacity is re-
quired to induce instability. We observe three changes in so-
lutions to the stepping-stone model as the predator migration
rate increases: for small values of the allochthonous resource
input rate, i, the predator-free region extends further along the
k axis and for small values of the prey carrying capacity, k, the
predator-free region extends further along the i axis; the sec-
ondary prey-free region decreases in size; and we see a larger
region of non-equilibrium dynamics. The first of these effects
occurs because the predator population decays rapidly while
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dispersing through nutritionally poor patches. The second ef-
fect is also a result of the predator’s inefficiency; at high mi-
gration rates, the predator population cannot aggregate around
its preferred food source and hence, without sufficient subsi-
dization, does not grow large enough to kill off the prey. The
third effect is a phenomenon similar to the paradox of enrich-
ment, and has been observed to occur when a predator migrates
through a network with abundant food sources. However, from
the literature, we know that this destabilization effect is highly
dependent on the network structure. In a range of other net-
works, increased movement was found to have an opposite, sta-
bilizing effect (Shen and Van Gorder, 2017).

In our predator-prey-subsidy case study, we see no qualita-
tive differences between the ODE model and the stepping-stone
model for any values of the predator migration rate. However,
the non-equilibrium region in the discrete models, which grows
as the predator migration rate increases, is in stark contrast
with the continuum and hybrid models where the domain sep-
aration completely eliminates non-equilibrium behavior. This
occurs as a result of the strict sub-division of the predator and
prey habitats and the fact that non-equilibrium dynamics cannot
arise from a simple predator-allochthonous resource interaction
(Nevai and Van Gorder, 2012). One may question whether in
reality there would exist such a hard boundary between regions
Ω1 and Ω0 or whether there could be some level of overlap.
A hybrid model where the predator can enter part of Ω0, such
as shown in Figure 1, would be an interesting extension to our
model. It would be useful to compare such a model with a three-
node version of the stepping stone model where the added node
is a prey refuge, and the prey travels between the refuge node
and the predator-bearing node. Of course, on small scales the
continuum assumption needed to use the formalism of partial
differential equations may break down as well.

Unlike in the predator-two-prey case study, the predator-
prey-subsidy model demonstrates the same qualitative equilib-
rium behavior for all four model types. Therefore, if one is in-
terested in studying only stable long-time dynamics, each of our
models would give a similar qualitative picture, and the ODE
model would be the obvious choice for simplicity. However,
in order to study instability in the predator-prey-subsidy sys-
tem, our investigations reveal that a detailed understanding of
the crossover between the predator and prey domains is vital. If
complete separation is falsely assumed, then non-equilibrium
behavior will be missed. On the other hand, an overly patchy
model with a fast-moving predator may exaggerate any under-
lying instability inherent in the model dynamics.

Our analysis may help to distinguish when spatial effects
are most likely to have an impact and which types of models
can capture the types of spatial influence they are interested in.
When choosing a model, one must also take into consideration
the field data they have available. It should be noted that, even
if a model is theoretically a good fit, if the parameters involved
cannot be realistically estimated, the model may have no chance
of performing well. The continuum model poses the most chal-
lenges in this respect, requiring estimates of diffusion coeffi-
cients and multiple length scales. Additionally, such reaction-
diffusion models are not always good representations of popu-

lations, particularly when the local spatial density is small so
that stochastic effects involving individuals come into play.

The motivation of our analysis was the predator-prey-subsidy
interaction between bears, salmon, and berries on Kodiak is-
land, and the predator-two-prey interaction between wolves,
deer, and beavers in Voyageurs National Park. With suitable
parameter and domain adaptations, similar analyses and re-
sults could be applied to related interactions in spatially struc-
tured environments, such as the interaction between polar bears,
ringed seal, and ground-nesting bird colonies in areas of sea
ice break-up (Hamilton et al., 2017), or the interaction between
golden eagles, feral pigs and island foxes on the California
Channel Islands (Roemer et al., 2002). One might also con-
sider the effect of seasonality on the dynamics (Levy et al.,
2016; Jansen and Van Gorder, 2018). For example, it has been
suggested that beavers are at lower risk of predation in win-
ter months when they spend most of their time inside their
lodges buried under a thick layer of snow. However, in early
spring, wolves are known to use abandoned beaver lodges as
dens for raising pups (Johnston, 2017), so predation of beavers
by wolves during this time of year is likely to increase. As in
any kind of modeling, there are numerous trade–offs between
model complexity and realism that must be made. Balancing
simplicity and realism is a crucial part of investigating any eco-
logical phenomena.

Appendix A. Steady state analysis for the system (41)-(43)

We are not aware of an analysis of the precise model (41)-
(43) in the literature, so we provide the following feasibility
and stability analysis for completeness.

In the predator-two-prey ODE model of Section 4, note that
the steady states (x∗, s∗, y∗) satisfy the following equations:

0 =

[
r
(
1 −

x∗

k

)
−

θy∗

x∗ + s∗ + h

]
x∗, (A.1)

0 =
[
q
(
1 −

s∗

K

)
−

ψy∗

x∗ + s∗ + h

]
s∗, (A.2)

0 =

[
εθx∗ + ηψs∗

x∗ + s∗ + h
− δ

]
y∗. (A.3)

We will examine the feasibility and stability of each type of
steady state. The feasibility condition amounts to checking that
x∗, s∗, and y∗ are non-negative, since a negative population size
is biologically unrealistic. The stability of the steady states will
depend on the eigenvalues λ1, λ2, and λ3 of the Jacobian matrix

J =

J11 J12 J13
J21 J22 J23
J31 J32 J33

 , (A.4)

where

J11 = r(1 −
2x∗

k
) −

θ(s∗ + h)y∗

π2 , J12 =
θx∗y∗

π2 , J13 = −
θx∗

π
,

J21 =
ψs∗y∗

π2 , J22 = q(1−
2s∗

K
)−

ψ(x∗ + h)y∗

π2 , J23 = −
ψs∗

π
,
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J31 =
1
π2 ((εθ(s∗ + h) − ηψs∗)y∗) ,

J32 =
1
π2 ((ηψ(x∗ + h) − εθx∗)y∗) , J33 =

εθx∗ + ηψs∗

π
− δ,

and we define π = x∗ + s∗ + h. For linear stability of the steady
state, we require Re(λi) < 0, for i = 1, 2, 3.

Appendix A.1. Prey-free equilibrium
Setting (x∗, s∗, y∗) = (0, 0, y∗) implies that δy∗ = 0, hence the

only possible prey-free equilibrium is when all three species are
extinct: (x∗, s∗, y∗) = (0, 0, 0). The Jacobian matrix has diago-
nal form

J =

 r 0 0
0 q 0
0 0 −δ

 .
Since the Jacobian has at least one positive eigenvalue, namely
λ1 = r, the prey-free equilibrium is unstable.

Appendix A.2. Secondary prey-free equilibrium
With s∗ = 0, x∗ and y∗ satisfy

r
(
1 −

x∗

k

)
−

θy∗

x∗ + h
= 0, (A.5)

or
εθx∗

x∗ + h
− δ = 0. (A.6)

Equation (A.6) implies that x∗ = δh
εθ−δ

, so for feasibility we must
have εθ > δ. Solving for y∗ (using (A.5) and this expression for
x∗), we arrive at

y∗ =
rεh[(εθ − δ)k − δh]

k(εθ − δ)2 .

Thus for feasibility, we require (εθ − δ)k − δh > 0. Overall we
have the secondary prey-free equilibrium

(x∗, s∗, y∗) =

(
δh

εθ − δ
, 0,

rεh[(εθ − δ)k − δh]
k(εθ − δ)2

)
,

which is feasible for εθ > δ and k > δh
εθ−δ

. The corresponding
Jacobian matrix is

J =


r
(
1 − 2x∗

k

)
−

θhy∗

π2
θx∗y∗

π2 − θx∗
π

0 q − ψy∗

π
0

εθhy∗

π2 (ηψ(x∗ + h) − εθx∗) y∗

π2 0

 ,
where J33 = 0 comes from the fact that δ(x∗ + h) = εθx∗.
Clearly, J22 = q − ψy∗/π is an eigenvalue of J, so for stability
we require qπ − ψy∗ < 0. Substituting for y∗ and rearranging,
we arrive at the condition (θq−ψr)(εθ−δ)k +ψrδh < 0. Denote
the other two eigenvalues of J by λ1, λ2. Then λ1, λ2 satisfy
λ1 +λ2 = (r(1− 2x∗/k)π2 − θhy∗)/π2 and λ1λ2 = εθ2hx∗y∗/π3 >
0. Since λ1λ2 > 0, for both eigenvalues to be negative, we
require λ1 + λ2 < 0 and hence the second stability condition is
r(1−2x∗/k)π2−θhy∗ < 0. Overall, for stability of the secondary
prey-free equilibrium, we require

(θq− ψr)(εθ − δ)k + ψrδh < 0 and r
(
1−

2x∗

k

)
π2 − θhy∗ < 0.

Appendix A.3. Primary prey-free equilibrium
The analysis from Subsection Appendix A.2 follows through

for the primary prey-free steady state with a change of notation.
The steady state is

(x∗, s∗, y∗) =

(
0,

δh
ηψ − δ

,
qηh[(ηψ − δ)K − δh]

K(ηψ − δ)2

)
,

with corresponding feasibility conditions ηψ > δ and K > δh
ηψ−δ

.
The stability conditions are

(ψr−θq)(ηψ−δ)K +θqδh < 0 and q
(
1−

2s∗

K

)
π2−ψhy∗ < 0.

Appendix A.4. Predator-free equilibrium
If y∗ = 0, we have

r
(
1 −

x∗

k

)
x∗ = 0, q

(
1 −

s∗

K

)
s∗ = 0,

so the possible predator-free equilibria are

(x∗, s∗, y∗) ∈ {(0, 0, 0), (0,K, 0), (k, 0, 0), (k,K, 0)},

and these are all feasible. The equilibrium (0, 0, 0) was found to
be unstable in Section Appendix A.1. At (0,K, 0), the Jacobian
matrix is

J =


r 0 0
0 −q −

ψK
π

0 0 ηψK
π
− δ

 .
The Jacobian has at least one positive eigenvalue, namely λ1 =

r, therefore (0,K, 0) is an unstable equilibrium point. Similarly,
the equilibrium point (k, 0, 0) is unstable, since the Jacobian
matrix would have positive eigenvalue q. At (k,K, 0), the Ja-
cobian is

J =

 −r 0 −θk/π
0 −q −ψK/π
0 0 (εθk + ηψK)/π − δ

 ,
with eigenvalues −r,−q and (εθk + ηψK)/π − δ, so the stability
condition is

εθk + ηψK
π

− δ < 0.

Appendix A.5. Positive equilibrium
Conditions for the feasibility of the positive equilibrium for

the model (41)-(43) were previously discussed in the appendix
of Mougi (2010), with numerical simulations supporting some
of their assertions. We shall now go through the feasibility and
stability conditions for this state in detail.

We now examine the feasibility of the positive steady state,
x∗, s∗, y∗ > 0. From (A.2), we have

y∗ = q
(
1 −

s∗

K

)
(x∗ + s∗ + h),

so for y∗ > 0 we require s∗ < K. Using (A.3), we obtain x∗ in
terms of s∗:

x∗ =
δ − ηψ

εθ − δ
s∗ +

δh
εθ − δ

.
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Thus, for x∗ > 0, we require

δ − ηψ

εθ − δ
s∗ +

δh
εθ − δ

> 0.

Substituting (A.1) into (A.3), an alternative expression for x∗ is
found:

x∗ = k −
kθq
ψr

(
1 −

s∗

k

)
.

Equating the two expressions for x∗ and rearranging for s∗, we
arrive at

s∗ =
k(1 − θq

ψr ) − δh
εθ−δ

δ−ηψ
εθ−δ
−

kθq
ψrK

.

Combining the feasibility conditions for x∗ and y∗ and imposing
s∗ > 0, we must have

0 <
k(1− θq

ψr )− δh
εθ−δ

δ−ηψ
εθ−δ −

kθq
ψrK

< min{K, δh
ηψ−δ
}, if ηψ−δ

εθ−δ
> 0,

k(1− θq
ψr )− δh

εθ−δ
δ−ηψ
εθ−δ −

kθq
ψrK

> max{0, δh
ηψ−δ
}, if ηψ−δ

εθ−δ
< 0.

We are able to carry out stability analysis of the positive equi-
librium, similar to that of Deka et al. (2016). The Jacobian is
given by (A.4). A necessary condition for the positive equi-
librium to be stable is that the characteristic polynomial of J,
ω(λ) = λ3 + ω1λ

2 + ω2λ + ω3, has positive coefficients. These
coefficients are

ω1 = −tr(J),

ω2 = J11J22 − (J12J21 + J13J31 + J23J32),

ω3 = − det (J).

By the Routh-Hurwitz criteria (Gantmakher, 1998), a necessary
and sufficient condition for these coefficients to be positive is

ω1 > 0, det

 ω1 1 0
ω3 ω2 ω1
0 0 ω3

 > 0, and det
[
ω1 1
ω3 ω2

]
> 0.

Therefore, the positive steady state is locally stable if and only
if

ω1, ω3 > 0 and ω1ω2 > ω3,

where
ω1 = −(H∗1 + H∗2),

ω2 = H∗1H∗2 −
θψ

π4 x∗s∗y∗2 +
θx∗y∗

π3 (εθ(s∗ + h) − ηψs∗)

+
ψs∗y∗

π3 (ηψ(x∗ + h) − εθx∗),

ω3 =
( ψ
π3 H∗1 s∗y∗ −

θψ

π5 x∗s∗y∗2
)(
ηψ(x∗ + h) − εθx∗

)
+

( θ
π3 H∗2 x∗y∗ −

θψ

π5 x∗s∗y∗2
)(
εθ(s∗ + h) − ηψs∗

)
,

H∗1 = r
(
1 −

2x∗

k

)
−
θ

π2 (s∗ + h)y∗,

H∗2 = q
(
1 −

2s∗

K

)
−
ψ

π2 (x∗ + h)y∗.
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