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Abstract

In this paper, we introduce fully implementable, adaptive Euler-Maruyama schemes for McKean-
Vlasov stochastic differential equations (SDEs) assuming only a standard monotonicity condition on
the drift and diffusion coefficients but no global Lipschitz continuity in the state variable for either,
while global Lipschitz continuity is required for the measure component only. We prove moment
stability of the discretised processes and a strong convergence rate of 1/2. Several numerical exam-
ples, centred around a mean-field model for FitzHugh-Nagumo neurons, illustrate that the standard
uniform scheme fails and that the adaptive approach shows in most cases superior performance to
tamed approximation schemes. In addition, we introduce and analyse an adaptive Milstein scheme
for a certain sub-class of McKean-Vlasov SDEs with linear measure-dependence of the drift.

Keywords: McKean-Viasov equations, interacting particle systems, strong solutions, numerical schemes
for SDEs

1 Introduction

A McKean-Vlasov equation (introduced by McKean [37]) for a d-dimensional process X = (Xt):e0,17,
with a given T' > 0, is an SDE where the underlying coefficients depend on the current state X; and,
additionally, on the law of X, i.e., they have the form

dX; =b(t, Xy, Lx,)dt + o(t, X¢, Lx,) dWs,  Xo € Ly (RY), (1)

where W = (Wt)te[o,T] is a k-dimensional standard Brownian motion and Lx, denotes the marginal law
of the process X at time t. Here, for m > 2, LT*(R?) denotes the space of R%valued, Fo-measurable
random variables Y satisfying E[|Y|™] < co.

The existence and uniqueness theory for strong solutions of McKean-Vlasov SDEs with coefficients of
linear growth and Lipschitz conditions with respect to the state and the measure is well-established; see,
e.g., [45] for the classical setting. For further specific existence and uniqueness results on weak and strong
solutions of McKean-Vlasov SDEs we refer to [5, 22, B9] and references cited therein. Most relevant to
this work, in the case of super-linear drift and diffusion, it is known from [42] B0] that McKean-Vlasov
SDEs admit a unique strong solution under a monotonicity condition and Lipschitz continuity of the
coefficients in the measure component.

Our motivation to study McKean-Vlasov SDEs with non-globally Lipschitz drift (and diffusion) is
that several important models in practice involve mean-field terms and do not exhibit the classical global
Lipschitz conditions on the coefficients of the SDE. For example, some models in neuroscience, such as the
Hodgkin-Huxley and FitzHugh-Nagumo models [2], ], or mean-field equations describing the behaviour
of a (large) network of interacting spiking neurons [I6], do not satisfy the classical assumptions (e.g.,
linear growth) on the drift coefficient.
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The simulation of McKean-Vlasov SDEs of the form typically involves two steps: a particle
approximation and a time stepping scheme. For a seminal work on numerical schemes for McKean SDEs
we refer the reader to [7].

In the first step, at each time ¢, the true measure Lx, is approximated by the empirical measure

(dx = Z 5X, ~(dz), (2)

where (XiN)te[o,T] = (x}N, ... ,XfV’N)Zé[O 7 (so-called interacting particle system) is the solution to the

(R4)N_dimensional SDE with components
dx;N = o, XN, p )y dt+ o (e, XN )y awi, o XgN = X4, (3)

and (W% X{),i € {1,..., N}, are independent Brownian motions (independent of W) and i. i. d. random
initial values with Law(X}) = uo, respectively. Furthermore, §, denotes the Dirac measure at x.

Key to the convergence as N — oo is the concept of propagation of chaos. Consider N (independent)
processes X (with initial value X}) driven by independent Brownian motions W¢ i € {1,..., N},

which are standard McKean-Vlasov SDEs (and by uniqueness £ xi =L x,). Then pathwise propagation
of chaos refers to the property

lim max E l sup | XN —szl =0.
N—ooie{l,...,N} t€[0,T)

This type of result is classical under global Lipschitz conditions (see, e. g., [9]), and has been proven in [41],

Proposition 3.1] under super-linear growth conditions of the drift. While the rates for the propagation of

chaos shown in [41] suffer from the curse of dimensionality (i.e., the rate depends on d and diminishes as

d — 00) [I7, Lemma 5.1] gives for p <4 and any i € {1,..., N} the bound

E l sup | Xi — XNP| < ONTP/2)

t€[0,T)

where the constant C' > 0 is dimension-independent. However, in [I7, Lemma 5.1], the drift coefficient of
the underlying McKean-Vlasov SDE is assumed to satisfy strong regularity assumptions (differentiability,
along with Lipschitz and boundedness conditions on the state and measure components) and the diffusion
coefficient is assumed to be constant, i.e., the framework is much more restrictive than the setting of the
present article (in particular, the super-linear growth case is not covered in [I7]).

As McKean-Vlasov equations typically arise from a mean-field approximation to a high- but finite-
dimensional particle system, a particle approximation to the McKean-Vlasov equation simply reverses this
step. To be more concrete, the FitzHugh-Nagumo model for N interacting neurons from P populations
with different characteristics is a system of N three-dimensional SDEs of the form

. . . d 7
dXZ’N :fa(t,XZ’N)dt—i—ga(t,XZ’N) [ Wi }

dw;v

+Z x 3 ( oy (XN XPNY At + By (XPY, XJN)dWW) (5)
Jp(F)=

where N = Z 1 IV, and f, satisfies a monotone growth condition but is not globally Lipschitz continuous
(see Example 1in Sectlon [£.4) for a detailed description). It is shown in [2, [8] that the mean-field limit
N — oo is described by the three-dimensional McKean-Vlasov SDE

P P
dX? = fa(t, Xta) dt + Z]EZ[bOt’Y(Xta7 Z;/)] dt + goz(t7 Xta) tha + Z EZ [ﬂa’y()_(taa Zg)] thaWa (6)
y=1 =1



for a € {1,..., P}, where Z is a vector-valued process independent of X with the same law. Conversely,
can be interpreted as a particle approximation to @

The focus of our paper is a time-stepping scheme for the particle system in over some finite
time horizon [0,7]. We have in mind systems which arise from particle approximations of McKean-
Vlasov equations, but equally the scheme is of interest for interacting particle systems, potentially high-
dimensional ones, in their own right. Note that at each time-step, the computational cost of simulating
the particle system is usually O(N?), as interaction terms due to the dependence of the coefficients on
the empirical measure have to be computed for each particle. Strategies to reduce this cost include the
projected particle method of [0].

In the context of classical SDEs; it is well-documented that the explicit Euler-Maruyama scheme (see
[29]), for which strong convergence results of order 1/2 are known under Lipschitz-type conditions, is
generally not appropriate if we work with drift terms of super-linear growth. Specifically, it was shown in
[25] for a certain SDE that the uniform time-step Euler-Maruyama scheme is not stable, i.e., the moments
of the discretised process explode as the mesh-size tends to zero, even though a unique solution of the
original SDE with bounded moments exists. A similar phenomenon is observed in the context of particle
systems in [41], namely that during the simulation some of the particles strongly oscillate and eventually
diverge (as also illustrated by Figure |5al in our paper for the FitzHugh-Nagumo model).

To overcome this problem in the setting of classical SDEs, several stable time-discretisations have been
introduced, including tamed explicit Euler and Milstein schemes [24] [43, [20], balanced schemes [47] [34],
an explicit adaptive Euler-Maruyama method [I8], a truncated Euler method [36] and an implicit Euler
scheme [23]. For these methods, stability of the discretised process and strong convergence results have
been proven. In [26], an explicit and a semi-implicit adaptive scheme for classical SDEs with non-
globally Lipschitz continuous coefficients is studied, assuming a monotonicity property resulting from a
Khasminskii-type condition [2§], and additionally differentiability of the coefficients. A backstop scheme
with a strict upper and lower bound on the time-step immediately gives attainability of the final time T,
and convergence arbitrarily close to order 1/2 is shown for a choice of the time-step which depends solely
on the growth of the drift term. An adaptive time-stepping Milstein method for SDEs with one-sided
Lipschitz drift was developed in [27], which also relies on such a backstop scheme.

In [41], the tamed Euler scheme and an implicit scheme were introduced for McKean-Vlasov SDEs
with super-linearly growing drift and a diffusion coefficient which is globally Lipschitz in the state variable.
Both coefficients are assumed to be Lipschitz continuous in the measure. In this setting, besides pathwise
propagation of chaos, the paper establishes strong convergence of the time-discretised particle system
to the SDE (3). The recent papers [4, [3, BI] introduce and analyse tamed Milstein schemes for (delay)
McKean SDEs with a one-sided Lipschitz condition on the drift and a globally Lipschitz continuous
diffusion coefficient (in both, the state and measure component), while [30] extends this analysis to the
framework of McKean SDEs with common noise, where the diffusion coefficient is also allowed to grow
super-linearly. We refer to [30] for examples of equations exhibiting such super-linear diffusion.

The first contribution of the current article is to introduce implementable adaptive time-stepping
methods for McKean-Vlasov SDEs with super-linear growth in the drift and diffusion, assuming only a
monotonicity condition (see (H[3|[2)) in Section below). The adaptive scheme has to cope with the
fact that different time meshes will generally be used for different particles and the mean-field term needs
to be approximated efficiently on all such time meshes, a difficulty not encountered for standard SDEs.

First, we will present an explicit adaptive Euler-Maruyama scheme for the setting where the diffusion
coefficient is globally Lipschitz in both components. Here, we need only a mild assumption on the choice
of the adaptive time-step (in the spirit of [I8]) in order to achieve stability of the scheme. Then, we
remove the Lipschitz assumption on the diffusion coefficient and impose only a certain Khasminskii-type
monotonicity condition. However, we will need stronger assumptions on the time-step function, in order
to also control the growth in the diffusion coefficient. The original analysis is not applicable in this more
general setting and a new time-step control with a suitable stopping time argument is needed, which
ultimately gives attainability of the final time and stability of the scheme. This extension is achieved
without the need for a (semi-implicit) backstop scheme if the proposed adaptive time-step becomes too
small and equally forms a contribution to the existing literature on adaptive time-stepping schemes for
classical (non-measure dependent) SDEs.

Moreover, we prove moment stability and strong convergence of order 1/2 in the time-step. Several
numerical examples in Section [4 demonstrate that our adaptive scheme often outperforms the tamed
Euler scheme introduced in [41], i.e., in many cases it gives more accurate numerical approximations or



even achieves superior strong convergence rates.

Additionally, we present an adaptive Milstein scheme for a sub-class of McKean-Vlasov SDEs where
the drift depends on the state and linearly on its law but the diffusion coefficient is only state dependent,
see equation below for details. We consider this special class firstly because many relevant examples
arising in practical applications have this form (see, e.g., [II] and the references cited therein), and
secondly to avoid introducing a notion of derivatives for functions depending on probability measures
(e.g., the Lions derivative; see [I0L B, 1] for details). We do not foresee any fundamental difficulties in
extending the analysis to a more general setting, and leave it to future work.

A new difficulty for the computation and the analysis of adaptive schemes for particle systems, as
mentioned above, is the approximation of the empirical measure at all adaptive time points. If the
number of particles is large, as for particle approximations of McKean-Vlasov equations, this may result
in a high computational cost if the empirical measure is re-evaluated at the smallest time-steps dictated
by any particle. To avoid this, we present a second scheme where the empirical measure is kept constant
over larger, fixed time-steps. This procedure avoids this extra cost but still allows us to obtain the same
stability and convergence results as for the more expensive scheme. We prove stability for both these
Euler-Maruyama schemes in the super-linear drift case, and convergence for the second scheme, while
the convergence proof for the first scheme is found in the arXiv version of this article. Similarly, we only
give the stability proofs for super-linear diffusion and the Milstein scheme for the first variant; while the
stability results for the second variant follow along similar lines as the results presented in this paper,
the proofs of strong convergence are subject to future research.

The remainder of this article is organised as follows: In Section [2] we describe the particle method
and our adaptive schemes, and give the main convergence result (concerned with a globally Lipschitz
continuous diffusion); the proof thereof is deferred to Section [5| Section [3]introduces an adaptive Euler-
Maruyama scheme for a more general class where we allow both coeflicients to grow super-linearly, and
an adaptive Milstein scheme for a more specific class of McKean-Vlasov equations with linear measure-
dependence; the proofs are again given in Section[5] The numerical results for several standard test cases
taken from the literature, notably the FitzHugh-Nagumo model, are presented in Section []

We end this section by introducing some basic notations and give background results needed through-
out this article.

Preliminaries

Throughout this paper, let (R, (-,-),|-|) represent the d-dimensional Euclidean space, and (Q, F,F =
(Ft)iefo,1), P), for a given T' > 0, will be a complete filtered probability space, where F is the natural
filtration of the k-dimensional Brownian motion (W;).c[0,r) augmented with an independent o-algebra
Fo.

In addition, we use P(R?) to denote the family of all probability measures on (R%, B(R?)), where
B(R?) denotes the Borel o-field over R?, and define the subset of probability measures with finite second
moment by

Py (R?) = {u € P(Rd)} /Rd |lz|?u(da) < oo}.

As metric on the space Pa(RY), we use the Wasserstein distance. For y,v € Pa(R?), the Wasserstein
distance between u and v is defined as

1/2
Walur)i= it ([ Jo-yinanan)
R4 x R4

weC(p,v)

where C(u,v) means all the couplings of p and v, i.e., 7 € C(u,v) if and only if 7(-,R?) = u(-) and
7(R%,.) = v(:). Further, for p > 2, SP([0,T]) refers to the space of R-valued continuous, F-adapted
processes, defined on the interval [0,T], with finite p-th moments, i.e., processes (X;);c[o,r) satisfying
E [supte[oﬂ |Xt\p} < 00.

For all linear operators (e.g., matrices A € R?*¥) appearing in this article, we will use the standard
Hilbert-Schmidt norm denoted by || - ||.



2 Time-stepping scheme for super-linear drift coefficient

In Section we give a precise set of assumptions for the McKean-Vlasov equation which guarantee
well-posedness and are needed in the stability and strong convergence analysis of the time-stepping scheme
introduced later in this section. Here, we first focus on a diffusion coefficient which is globally Lipschitz
continuous in the state and measure component, while in Section we will allow a diffusion coefficient
growing super-linearly in the state variable. The non-uniform Euler-Maruyama scheme will be presented
in Section and the adaptive choice of time-steps and main convergence result in Section

2.1 Problem formulation

We consider the McKean—Vlasov equation defined by , repeated here for convenience,
dX; = b(t, Xy, Lx,) dt + o(t, Xz, Lx,) AW, Xo € LT(R?), (7)

where W is a k-dimensional Brownian motion and m > 2. We impose the following assumptions for the
coefficients:

H.1 The mappings b : [0,T] x R? x Py(R?) — R? and o : [0,T] x R x Po(R?) — RX* are measurable
and satisfy:

(1) (Lipschitz condition for diffusion coefficient): There exists a constant L > 0 such that

lo(t,, 1) — a(t,a, 1)) < Lilz — 2’| + Walp, 1)), ¥t € [0,T], Vo € R and Vpu, i/ € Pa(RY),

(2) (One-sided Lipschitz condition for drift): There exists a constant Ly > 0 such that

(x — 2/, b(t,x, ;) — b(t, 2, w)) < Lyl — 2’|, Vt €[0,T), Vo, 2’ € R and Vi € Po(RY).

(8) (Lipschitz measure dependence of drift): There exists a constant L > 0 such that

b(t, 2z, 1) — b(t, z, 1) < IWalp, i), Yt €[0,T], Yo € RY and Yu, i’ € Pa(RY).

(4) (Polynomial growth condition): There exists a constant L > 0 and q € N, ¢ > 0, such that

b(t,x, ) — b(t, 2’ p)| < L1+ |z|? + |2/ ||z — 2’|, Vte€[0,T], Va,2' € R and Vi € Po(RY).

(5) (1/2-Hélder-continuity in time): There exists a constant C > 0 such that

|b(t,.’L‘7,U,) _b(t/axaﬂ)‘ + Ha(tvxvﬂ) _U(t/af,ﬂ)” < C|t_t/|1/27 Vtatl € [OvT]7 Vo € Rd,V/’L € PQ(Rd)

(6) There exists a constant C > 0 such that |b(0,0, )| + ||a(0,0,u)|| < C, Vu € P2(R?).

Remark 1 Note that the above assumptions imply the so-called monotone growth condition, i.e., there
exist non-negative constants Cy and Cy such that for allt € [0,T] and all measures p € Po(R?)

1
<z,b(t,:c,,u)>+§H0(t,x,u)||2 SC’1<FC’2|£E|2 (8)

This condition, frequently employed in the literature (see, e.g., [41]]), is needed to guarantee the moment
boundedness of our numerical scheme @ presented below.

Under Assumptions (H)f(H) and for Xy € LI(R?), it is known from [42] that the SDE
has a unique solution X € §™([0,7T]). In Section (H[1{1)) and (H[L[2)) will be replaced by the
weaker Assumption (H) which enables us to consider non-globally Lipschitz diffusion coefficients.

We will now briefly illustrate that the interacting particle system defined in is indeed well-posed.
Set

B(:cN) = (b(ml,u“’N’N), A b(xN,/ﬂN’N)), E(wN) = diag(o(ml,,uwN’N), . ,J(mN,/ﬂN’N)),



where p=" N (dz) == & Z;V:1 6, (dz) for @V := (z1,22,...,2x) € R, Note that

N
1 1
Wi NNy < 5 e -l = le -y VP ey e R,
i=1

which is a standard bound for the Wasserstein distance between two empirical measures, see, e.g., [9].
Hence, from Assumptions (H[I|(T)))-(H[L|@)), we readily deduce that there exists a constant L > 0 such
that

(¥ —y", Ba") - B(y")) < Liz" —y™?, (") - By")|* < Liz™ — yV|?
for any =, y™ € R4 and the claim follows from [40, Theorem 3.1.1]. In addition, we have the stability
estimate max;e(1,... vy E[sup,e(o 1) (XN [P) < Cpr(1 + E[|X§[P]), for some constant Cp, > 0, see, e.g.,
[41, Proposition 5.1].

2.2 Adaptive Euler-Maruyama scheme for super-linear drift

For some integer M > 0, we define a uniform stepsize h := T/M. We start by stating the standard
Euler-Maruyama scheme with uniform time-steps for , forn e {0,...,M — 1},

XzNM XlNM—f—b(t )(zNM7 NM)h—f—O’(tn,XZNM NM)AW;, (9)

tnt1

where t, = nh, AW} =W}

tni1

i NM .
-Wi, Xg™" = X§, and

ANM
(d:v NJZICS JNM(dx)

Extending @D, we introduce now an adaptive Euler-Maruyama scheme for the particle system . A
difficulty arises if we compute for each particle adaptive time-steps based on XZ’N, as a different time
mesh may result for each particle. Then, at a time point associated with a specific particle, we need an
approximation of the empirical measure for the computation of the mean-field term in order to evaluate
the update for the next time-step. However, we do not have the value of each particle available at that
time point. Hence, an approximation to the mean-field term is not readily computable.

We now propose a first scheme that allows the computation of an empirical measure i for all . To
do so, we start at t = 0 with X(Z)’N = X{ foralli € {1,...,N}. At step n > 0, we compute for each
particle the size of the adaptive time-step h! := h%(X%N), with the time-step function h° introduced
precisely below. We then perform the Euler-Maruyama update as

Scheme 1: XN )A(ZWN + b(tn,XZ’N,ﬂiV) hmin 4 J(tn,XZ;N, fi ) AW}

the1 —

with stepsize h™® := min{hl R}, tng1 = tn + h2™ and AW} = W} . — W and with

nyce

i =¥ Zéxj ~ (dz). (10)

tn

We will later use the notations n; := max{n : t < t} and ¢ := max{t, <t}. This allows us to introduce

the piecewise constant interpolant process X = X “N and measure o= ut , and also the continuous
interpolant processes

Xy = XN o XN ) (- 1) ot X0 a0 (W - W),
with the associated interpolant empirical measure i, so that (XZ’N)te[o,T} is the solution to the SDE
axXN =o(t, XN, pY) At + o (6, XN, @) AW (11)

The stability of this scheme is analysed in Proposition [2| while for the strong convergence analysis, we
refer to Section 5.2 of the arXiv version.



In the above discretisation, we compute for each particle i the size of the time-step, determine the
smallest one and simulate each particle with the same (small) stepsize in order to approximate the
measure. This is computationally expensive, as it requires us to take the minimal time-step taken over
a large number of particles. As N — oo, at each ¢t and for all = there will almost surely be some ¢ for
which XZ N x, thus requiring a step-size adapted to this extreme scenario. Typically, however, at any
given time only a very small proportion of the particles will require such a small step-size for stability
of the overall system. Choosing the smallest such time-step for the evolution of all particles introduces
a dominant, unnecessary cost, which will significantly increase the complexity order. However, for a
moderate number of particles this scheme is still tractable.

We will now define a more practical scheme for the case that N is large. For our final numerical
procedure, hence, we keep the empirical measure constant in an interval of length §7', where M = 1/4.
This avoids having to recompute the measure at each adaptive time point. In the sequel, let k,, be the
integer for which t,, € [k,0T, (k, +1)0T). Note that k, might have the same value for different n. Then,
our adaptive Euler-Maruyama method becomes:

Scheme 2: XpM = XEN bt X0V Y ) Bl + 0 (b, XpN R 5) AW
where hi, := min{h?(X;"), (kn + 1)6T — to}, tns1 = to + hi, AW; = Wi =W and XgV = X{.
Similar to above, we have
N
1
~N . .
fi,, 57 (dw) := N Z%za%(dx)o
j=1
We introduce the piecewise constant interpolant process :Z’N = ~£’N and measure il = ﬂkN, s> and

also the continuous interpolant
X = XN b, PN Y s ) (=) 4 o (6 XPN Y s ) (W) = W),
so that ()N(Z’N)te[oﬂ is the solution to the SDE
X = (e, X, ) dt o (8 XN ) dW (12)

Given this framework, we will impose in Section [2.3] conditions on the size of the time-step which will
allow us to prove attainability of T, stability and strong convergence of the scheme. The complexity of
the scheme and the main results are also given there.

2.3 Choice of time-step function and main result

Compared to the classical, uniform Euler-Maruyama scheme with a uniform step size, we use adaptive
steps h‘s()A(ti;LN) depending on the state )A(ZHN of the i-th particle at the current (n-th) time-step. For each
0 < 6 < 1, the time-step function h® : R® — Rt hence controls the size of the time-step, which is relevant
especially for large arguments to prevent instabilities. Convergence is then considered as 6 — 0.

We make the following assumptions (based on Section 2 in [I8]) on the function h?:

H.2 There exists a continuous function h : R — Rt for which

(1) the time-step function h’ satisfies
Smin(T, h(z)) < h®(z) < min(0T, h(x)),

where the following hold for h:
(2) there exist constants a,b,c > 0, such that

h(z) > (alz|®+b)7', Ve R%
(8) there exist constants L., Lq > 0, such that
1
(@, b(t,z, 1)) + §h(x)|b(t, z,1)|? < Le|x|* + Ly, YVt €[0,T), Vo € R? and Yu € Py(R?).

For the adaptive Milstein scheme (see Sectionfor details), the factor 1/2 is replaced by 3/2.



Here, Assumption (H) ties the dependence of h?(x) on x, for each 6, to that of a generic function h.
Note that the schemes are fully defined in terms of k%, while the existence of A is only needed to ascertain
the desired theoretical properties of the scheme. Specifically, Assumption (H) lower bounds the speed
of decay of the function h as |z| — oo and is necessary to derive a bound for the expected number of
time-steps; Assumption (HP|[3) in conjunction with (H[1}{4)) is used to control the super-linear growth
of the drift term. A suitable choice of ¢ in (H]2J2)) can be deduced from ¢ in Assumption (H[IJ{])), while
a depends on the constant factors in (H), and b simply eliminates a singularity at = 0.

Conversely, one can use an appropriately chosen h to define h° systematically. Consider for simplicity
a one-dimensional setting where the drift asymptotically behaves like —z97! (as per (H)) choosing
first A(x) = min(1,|z|79) and then A’ as either the lower or upper bound in the double inequality in
(H) gives a viable time-step function h%. We give an explicit example for the construction of h?,
with a suitable choice of h satisfying (H[2)), in Section

Given now the randomness of the stepsize at time ¢ through its dependence on XZ ’N, the number of
time-steps M up to time T is a random variable for each particle i. The total expected complexity is

therefore characterised by vazl E[MZ], and can be estimated as follows.

Proposition 1 Under (H@) and for (XZ’N)te[o,T} with bounded moments up to order c, there exists
C > 0 independent of 6 and N such that

1oL .
ElNZM}

i=1

< o5t (13)

Proof. As the upper and lower bounds in (HJ2|(2))-(H{2{(3])) only depend on the state variable (and not
on the measure), the analysis of [I8, Lemma 2] is readily adapted to our setting assuming a moment
bound[] We have

. 1
Mi<1+T sup ——— +T5"
T tefo,r] B3 (XN)

<1476 | sup max{h (X} V), T7'}+1
t€[0,T]

<76t (a sup | XPNC+b+ (1 +6)T + 1> :
t€[0,T]

Note that the term 76! in the first inequality appears because h! may take a value which is smaller
than the stepsize computed by h%, but this happens at most once in each subinterval of length 67",
This estimate implies 1' because of the assumed moment bound on (X; ’N)te[o,T]- O

We now give our main result on strong convergence of the adaptive Euler-Maruyama scheme, Scheme 2,
and recall pathwise strong propagation of chaos (from [41]). To do so, we require the following definition:

N2 for d < 4,
o(N)={ N~'/2log N, ford=4,
N—2/d for d > 4.

Theorem 1 Let the SDE (@ satisfy Assumption H, Xo € LF(RY), for a sufficiently large m, and
assume that the time-step function h® satisfies (H|4). Then there exist constants C,C > 0 such that

N -1
L 1 _
max [E [ sup | X7 — X2 N E M%]) + Cp(N), (14)
i=1

te[0,T)

§0(5+¢(N))§5<E

where Xt and X*N are defined by and , respectively.

'We will show this in Proposition [2| In our case, in contrast to [I8], where the initial data is deterministic we require
enough regularity of the random initial value.



The proof of the first inequality in is found in Section specifically while the second
inequality follows immediately from Proposition

Theorem [1| shows a strong convergence of order 1/2 in terms of the expected average number of time-
steps over all particles. Also, recall that the additional complexity in terms of number of particles is, in
the worst case, of order N2. This results from evaluating potentially different functions of the empirical
measure (with NV terms) for all particles. In many examples, like in our tests in Sections and where
the interaction term is simply an expectation and identical for all particles, the complexity is O(N).

3 Extension to super-linear diffusion and higher order schemes

Here, we will discuss additional adaptive time-stepping schemes. Specifically, in Section we propose
a stable Euler—-Maruyama scheme allowing for a super-linearly growing diffusion coefficient, in addition
to a super-linear drift term, subject only to a mild monotonicity assumption. In Section we will
present an adaptive Milstein scheme for a special class of McKean-Vlasov equations where the diffusion
only depends on the state of the process and is assumed to be globally Lipschitz continuous.

3.1 Super-linear diffusion coefficient

We will consider an adaptive Euler-Maruyama scheme, defined as in and , in the setting where
both the drift and diffusion coefficient grow super-linearly in the state component. To guarantee well-
posedness of in this more general framework and stability of the resulting adaptive Euler-Maruyama
scheme, we will need to replace (H[I|[T))), (H[T}{2)) and (H]2|3)) by the following new set of assumptions:

H.3 (1) (Lipschitz measure dependence of diffusion coefficient): There exists a constant L > 0 with

lo(t, @, 1) — ot @, @) || < LWalp, i), Yt €[0,T), Vo € RY and Vu, i’ € Po(R).

(2) (Monotonicity condition): There exist constants Ly, Ly > 0 such that

p+1
2

for allt € [0,T)], z,2' € R? and p € P2(R?).
Note that equation and (HI1|(6])) imply (see, e.g., [41])

(x— 2 b(t, @, 1) — b(t, 2', ) + lo(t,z,p) —o(t,a', w)|> < Ly + Lolz — 2/, (15)

1
5 lo(t,x, w)||* < Ly + La|z>, ¥Vt €[0,T)], Vo € R? and Vu € Po(RY),

(w,b(t,x, 1)) + b

for some Lz, Ly > 0.

Under Assumptions (H, (H)f(H@) and for X, € LE(RY), it is known from [30] that the
SDE (7)) has a unique solution X € §™([0,T7]) for any m < p. A similar monotonicity condition to (2)) is
imposed in the works [44] [32] on tamed schemes for non-measure dependent equations with super-linearly
growing diffusion coefficient. We refer the reader to [35, Chapter 5] for a general discussion of such a
monotonicity condition in the framework of SDEs with locally Lipschitz continuous coefficients.

To make the adaptive scheme stable in this framework, we require a modification of (H)

H.4 For some constant C > 0 and q from (H[1|{{])) we have
h(z) < C(+ |29~ Vo e RY

Remark 2 Due to (H[1|{})), (H[](6)) and (H[J(3)), there exist constants Ly, Ly > 0 (depending on the
constants appearing in these three assumptions) such that

b(t, z, ;)| < Ly(1+ |z|9T), VYt €[0,T], Yz € R? and Yu € Po(R?),
lo(t,z, w)||* < La(1 + |2[772), Vt € [0,T], Vo € R and Yu € Pa(R?).

These growth estimates along with (H imply that for some constant L > 0,

b(t, z, )| (t, z, ) ||(M(x)/? < L(1 + |z|?), VYt e[0,T], Vo € R? and Yu € Po(R?),



which will be employed in Section[5.3 to prove stability of the Euler-Maruyama time-stepping scheme.

The condition (H[J]) is stronger than (H[(3)). Assume (H[]|{#)) holds for some q, then |b(t,z,p)| =
O(|z|9MY), and it is sufficient to choose h(x) = O(|x|~9), as noted earlier. The stronger decay imposed
by (H does not lead to a worse complexity order.

Note that the structure of Assumption (H still allows us to impose (H)7 which guarantees the
boundedness of the expected number of time-steps.

We formulate the strong convergence result only for Scheme 1. In Section we will prove stability
of the scheme only, as the convergence analysis follows closely the arguments presented in [30, Theorem
3.1] once stability is established.

Theorem 2 Let p > 0, Xy € L(RY), for a sufficiently large m (depending on p), and the conditions

(Hl3) and (H(@)f(H@) be fulfilled. If the time-step function h® satisfies Assumptions (H and
(H ), then there exists a constant C' > 0 such that

max  E| sup |[XpV - XPN[P| < Cor/?,
ie{l,....N}  |¢ef0,7]

where XN and XN are defined by and , respectively.

3.2 Adaptive Milstein scheme

Here, we consider for ease of demonstration specifically McKean-Vlasov SDEs of the form (see [3] 3] for
tamed schemes in a more general framework)

dX; = b(Xy,y) Lx, (dy) dt + o(X,) dW,, X, € Li (RY), (16)
Rd

for some m > 2.
Using the standard particle method to approximate the true measure, we arrive at

N
dx N = v SOb(XPN XN dt + o(X)) AW, XgN = X, (17)
j=1
where X} are again independent copies of Xg. In the sequel, we use o = (01,09,...,0%), where o; =
(014y--y0a4)T, fori € {1,...,k}. For x = (z1,...,24), we denote L/1 := Zi@:l Tm.jr %'

We then make the following assumptions on b and o:

H.5 (1) (Lipschitz condition for diffusion coefficient): There exists a constant L > 0 such that

lo(z) —o(2))|| < Llz — 2|, Vz,2’ € R%
(2) Every o;, i € {1,...,k}, is continuously differentiable and there exists a constant L > 0 with
|l oy, (z) — Loy, (2')| < Lz — /|, ji,j2 € {1,...,k}, Va,2’ € R%
(3) (One-sided Lipschitz condition for drift): There exists a constant Ly > 0 such that
(x—m’,b(x,y) *b(ﬁCl7y)> < Lb|I*y|27 anmlay eRd
(4) (Polynomial growth condition): There exists a constant L > 0 and an integer ¢ > 0 such that
[b(z,y) = b(a’,y)| < L1+ |e|? + [2'|) |z — 2’|, Va,2',y e RY
(5) (Lipschitz condition for drift kernel): There exists a constant L > 0 such that

b(z,y) — b(z,y)| < Lly —¢/|, V=z,y,y € R%

10



(6) There exists a constant C > 0 such that |b(0,y)| < C, Vy e RZ

These assumptions will guarantee the existence of moments of the processes defined by and
below.
To prove a strong convergence result, additional assumptions on b are needed:

H.6 The functions R > z + b(x,y) and R? > y s b(x,y) are continuously differentiable for all y € RY
and x € R?, respectively, and there exist constants Ly, Lo > 0 and an integer r > 0, such that

102b(x, y) = Oxb(z’, y)|| < Li(L+ |2]" + [2'|") ] — 2],
18,b(x,y) — bz, y' )| < Laly —y'l, Va,y,a’,y" € R

In the sequel, we further impose for simplicity a commutativity condition on the diffusion matrix,
Loy gy = L0 1, j1,02 €{1,....k}, me{l,....d}. (18)

This implies that the so-called Lévy area (see, e.g., [29]), the double stochastic integral appearing in the
construction of the Milstein scheme, is zero. Then, the adaptive Milstein scheme has the form

N k
: , ) . , 1 , . . ,
X =X+ Z (XY X + o (XENAW] 4+ 5 Y Loy (X3 (AW AW — 65, 5, hit),
Jj=1 J1,52=1
(19)
where h™" .= min{hl,...,hN} and t,,41 = t, + AP, Analogously to the adaptive Euler-Maruyama

scheme, one can also deﬁne the process XN with plecewise constant measure over time intervals of
length 67T, as well as the continuous-time interpolants of XN and X6V, _

We give a result for the stability and strong convergence of the process ()A(Z’N)te[oﬂ, which is the
Milstein version of Scheme 1, but do not pursue the analogue of Scheme 2 for simplicity.

Theorem 3 Let p > 0 and Xy € LT (RY), for a sufficiently large m (depending on p). If the conditions
(H[3) and (H[B) hold and the time-step function satisfies Assumptwns (H[3(3))-(H[3(1)), then there
exists a constant C' > 0 such that for the solutions XN and XiN of (L7) and ( .)

max E | sup |X]N —XNV]P| < CoP.

i€{1,...N}  |te0,1]

Recall that for the adaptive Milstein scheme Assumption (H) has a different constant than for the
adaptive Euler-Maruyama scheme as pointed out there. We will only prove moment boundedness of this
scheme in Section as the rest of the strong convergence analysis then follows by analogous steps to
those in the proof of the main results in [3], B1].

4 Examples and numerical illustration

In this section, we present some numerical examples for the adaptive schemes and compare them with
tamed Euler and Milstein schemes ([41] and [311 [3], respectively).

The first three tests are modifications of tests from the literature to illustrate certain features of the
method: in Sections and [£.2] by adding a mean-field term to SDEs with non-Lipschitz drift; in Section
3 by adding a non-Lipschitz drift to a McKean-Vlasov SDE. In Section [£:4] we apply the method to
the FitzHugh-Nagumo model from neuroscience. Then, in Section |4.5] we give a numerical illustration
for the performance of our proposed adaptive Milstein scheme.

The first two examples are initially formulated as McKean-Vlasov equations and then approximated
by a particle system in the canonical way, while the remaining examples are directly formulated as par-
ticle systems.

Tamed Euler scheme

11



The tamed Euler scheme (see ([4I]) for the particle system with h := T/M, where M denotes the
number of (uniform) time-steps, reads

b(t Xi,N,M ,[J/N’M)
XONM _ giNM n, ) H ht ot XzNM ANMYAWE  XBNM i
tnt1 tn 1—|—M_O‘|b(t X,lN1\/‘[”1111{/\7{]\/[)| ( H,, ) tn 0 0
for i € {1,..., N}, where the N Brownian motions are independent, o = 1/2 (to achieve strong conver-

gence of order 1/2) or & = 1 (to enable strong order 1 for a constant diffusion term) and

N
1
j=1

Tamed Milstein scheme
The tamed Milstein scheme for is a special case of the schemes in [31] [3] and has the form
1~ A .
i, N,M @ N,M i,N,M ,N,M
XMM = XMy RN N,
k
i 1 j i ij ij i i
+o (X AW] o Y Loy (X @AWI AW = 6, 5, XgM = XG,
Ji,J2=1
(20)
=0, for j1 # jz2, and

where 5j1,j2 =1, for j; = j2 and 6j1;j2

Z;\;l b(Xi,N,M Xj,N,I\/f)

1+h %Zjvlb(X”VM XJNM)

7/vi,N,M ~-3,N,My ,__
b(Xt an )_

A continuous time interpolation of the tamed Milstein scheme (and similarly for the tamed Euler scheme)
can be written in the form

. . 1~ as . . ) )
XM = XN RPN PN - 1) 4 o (VM (08— W)

+ = Z Loy, (XM (WP — WP (W72 — W)72) — 65, 4, (t = 1),

Jl]z 1

where t € [0,T] and ¢t := sup{s € {0, h,2h,...,Mh}: s <t}. The moment-stability (under Assumption
(H) and the strong convergence of X" follows from [3, Theorem 2.2].

To illustrate the strong convergence behaviour in h, we compute the root mean square error (RMSE)
by comparing the numerical solution at level [ (of the time-discretisation) with the solution at level [ —1,
at the final time T,

1 N 5
2 : }?',N,M iﬂ',N,M _

N ( Z l l 1) ’
i=1

where M; = [2!T7 and the two particle systems at each level are generated by the same Brownian motions.
For our numerical experiments, we choose § to be of the form 1/2!, for I € N, and the final time is 7' = 1.

4.1 Example 1 — the Fang and Giles test with added mean-field term

Consider the one-dimensional SDE

Xi
dX; = | ———= +E[X{] ) dt+ d Xo =
t < 1— ‘Xt|2 + [ t]) + Wta 0 03

adapted from [I8] by including the term E[X;]. The tamed Euler scheme reads

N,M N,M b( Xz N ﬂiv M) 1
X’Ln+1 Xln + i, N, J\Z ~N,M h + AWgn’
1+ M- |b(tna th »,Utn’ )|

12



where

i, N,M N
. )(17 s 1 .
N,M ~X N t N,M
b(tn, )('L» 5 s ): _ n + )(]1 5
tn o M, SLNMg TN tn -
1- |th | j=1

As the diffusion is constant, one would expect a strong convergence order of 1 for the tamed scheme.
Hence, one would set o = 1 to achieve this rate. However, as we will illustrate later the choice a = 1
seems not to give any rate of convergence, while the stronger taming with o = 1/2 at least recovers the
expected rate of order 1/2.

Though this example does not satisfy the assumptions listed above, it was numerically shown in [I8]
for the corresponding SDE without the mean-field term that the adaptive Euler-Maruyama method with
h?(z) = §(1 — |x|?) outperformed the tamed Euler scheme and an implicit scheme.

If a newly computed approximation th .1 exceeds a predefined radius rpax = 1 — 10710, this value is
)X

replaced by rmax and (Tmax/ |Xt in the one- and multi-dimensional setting, respectively.

n+1 ‘ n+1

RMSE
\

—5— Adaptive
——— Tamed (a = 0.5)
Tamed (a = 1)

average time-step

Figure 1: Strong convergence of the adaptive Euler time-discretisation applied to Example 1.

Fig. [1] plots the root-mean square error (RMSE) against the average time-step size; this is to make
the comparison of the tamed Euler scheme and the adaptive method fair. Here, and for the following
examples, “average time-step” refers to the harmonic mean of the step-size, i.e. we average number of
time steps over all particles and then take the reciprocal. The number of particles was set to N = 10%.

Note that in Fig. [I| results for the exponent —1/2 (i.e., « = 1/2) are shown for the tamed scheme in
addition to a = 1 (chosen in [I8]), as the latter yields an even worse convergence rate. Furthermore, it
illustrates that the adaptive scheme achieves strong convergence order of 1 (as the volatility coefficient
is constant) in this example compared to the order 1/2 for the tamed Euler method with o = 1/2. That
we only observe convergence for o = 1/2 in the case of tamed schemes, could be argued by the fact that
the choice of @ = 1/2 results in a stronger taming.

To justify the approximation of the true mean-field term by the arithmetic mean over all particles,
we numerically investigate the weak and strong convergence in IV of the solution to the particle system,
XN as in (@), to the solution of the limit McKean-Vlasov SDE, X" as in (4.

To be precise, for the weak convergence we study E[X*V] — E[X?], which we expect to be of order
1/N. To do so, we fix a fine time-grid and compute

1 K 1 N; ) ) 1 N1 ‘ 0
error 1= | — — N xeNuM(G) XN G) | |
Kj; N, ; T Nit1 ; T

i.e., we compute the mean-field at final time 7" using two particle systems with a different number of
particles (e.g., N; and N;y; = 2N;) but using the same time-discretisation for both of them. This
procedure will be repeated (independently) K € N times (indicated by the superscript j) and we finally
compute the sample mean of these K realisations. Also, note that N; Brownian motions are used for the
simulation of X*Nt:M.(7) | out of the set of N;,; Brownian motions used for the simulation of XNi+1:M.()

This is done for several levels [, where a level refers here to the number of particles.

13



For the strong pathwise propagation of chaos result, we compute for a fixed fine time-grid

N
1 GNGM i N M 2
RMSE 1= [ 1= > (MM — M)
N
where the particle system X“NoM ;¢ {1,...,N;}, is obtained by splitting the set of Brownian motions

driving the particle system X“MM i € {1 ... N}, in two sets of size N; /2, such that (Xi’Nl’M’(l))izL_”’Nl/2
is a particle system obtained from the Brownian motions (Wi)izlwle/g and (X'UVZ*M’@))i:Nl/QH’MNl
from (W?),_ Ni/2+1,...,N;- In particular, for these two smaller particle systems only N; /2 particles are used
to approximate the mean-field term. For our numerical test, we set M = 28.
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Figure 2: Example 1: Weak (left) and strong (right) convergence with respect to the number of particles.

We observe in Fig. 2| a weak and strong convergence rate of order roughly 1 (in accordance with the
result in [I2]) and roughly 1/2, respectively. Recall that the pathwise propagation of chaos result in [41]
establishes a strong convergence rate of order 1/4 only, for dimensions d < 4. However, one expects to
have strong convergence of order 1/2 in N, which was indeed proven in [I7] under a more restrictive
set-up than here.

This illustration is only given for Example 1. For the remaining examples we use the same way of
approximating the mean-field term and the results would be similar.

4.2 Example 2 — Ginzburg-Landau with added mean-field term

As a second example, we consider the one-dimensional McKean—Vlasov SDE

2
dX, = (‘;Xt - X7+ cE[Xt]> dt+oX, dW;, Xo=1,

which is a variation of the stochastic Ginzburg-Landau equation (see [46]) with the addition of a mean-field
term. This classical, non-globally Lipschitz SDE satisfies all assumptions listed above (except (H),
which is not needed for the well-posedness) and therefore has a unique strong solution.

Here, we choose h?(x) = dmin(1, |#|~2), which can be motivated as follows: as the drift is mainly
influenced by the —X7 term, the choice h(z) = min(1,|z|~2) yields (z, b(t,z, 1)) + $h(z)[b(t, =, p)|* < 0,
for large x. It is then easy to verify that Assumption (HJ2) is satisfied for a = b = 1, ¢ = 2, and sufficiently
large L. and L, depending on the model parameters.

In all tests, we take the parameters ¢ = 1.5 and ¢ = 0.5, and N = 10* particles. We set o = 1 in the
tamed scheme. Although, the choice a = 0.5 would be sufficient to achieve a strong convergence order
of 1/2, we observed that the performance of the tamed scheme with this taming was significantly worse
than with a = 1.

The strong convergence depicted in Fig. [3a] supports an order of roughly 1/2 for both the adaptive
and tames schemes, but the absolute error is smaller by a factor of roughly 10 for the adaptive scheme.

In addition, we present in Fig. [3d| a histogram for (N%.), i € {1,..., N}, i.e., the number of adaptive
time-steps required for all particles, for § = 27° and § = 277, with bin-width 23 and 2°, respectively.
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The average number of time-steps is approximately 55 for § = 27° = 1/32 and 218 for § = 277 = 1/128,
consistent with E[Mr] = O(571).

T 102f
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Figure 3: Strong convergence for (a) Example 2 and (b) Example 3. A histogram for the number of
time-steps in case of Example 2 for (¢) § =275 and (d) 6 = 27".

4.3 Example 3 — Kuramoto model with added non-Lipschitz drift

Next, we consider a modification of the one-dimensional Kuramoto model (see [I]) of the form
. . , 1 X , . ,
AXPY = |t XY = (XN D sin(XEY = XY | de+ oW, XGY = ap,
j=1

where 0 € R is a constant and 7’ are i. i. d. random variables and independent from the set of i. i. d.
random variables x{ and the Brownian motions W*, for i € {1,..., N}. We set 0 = 1, z{, ~ U4(0.5,1) and
n* ~ N(0,1). The term X, — X, which does not appear in the original model, was added to illustrate
the effect of a super-linear drift term. As in the previous example, we choose h’(x) = § min(1,|z|72).

Our numerical tests shown in Fig. [3a] verify the strong convergence of order 1 for the adaptive scheme,
which is due to the constant volatility term in this example. It is only in this special case that we find
the adaptive and tamed schemes to behave similarly. The number of particles was set to N = 103.

To achieve a strong convergence rate of 1 for the tamed Euler method, the taming exponent « has
to be chosen as 1. For the choice v = 1/2 suggested in [41] [43], one only achieves the expected strong
order of 1/2. (In the generality of the SDEs considered there, the aim in [41], 43] was only to prove strong
convergence rates of order 1/2.)

4.4 Example 4 — FitzHugh-Nagumo model

As main application, we consider a standard model from neuroscience, the FitzHugh-Nagumo network
(see, e.g., |2, [8[38]). For N neurons and P different neuron populations, we denote for i € {1,..., N} by
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p(z) =a,ac {1, ..., P}, the population the i-th particle belongs to. For the state vector (Xf’N)tE[QT} =
VN wi y;)N)tE[O,T} of neuron i, we consider the 3-dimensional SDE

i i i dw}
AXPN = fo(t, XENY dt + go(t, XPN) [dW;’y]
P
1 i j i j i
FY S (e XN XYY AL+ oy (5 X W)
=177 jp(i)=v

for ¢ € {1,..., N} and where N, denotes the number of neurons in population 7. For v,a € {1,..., P},
I*(t) :=1, Vt € [0,T], Ve, for some constant value I,

I L A 0 R0
Fat XPN) = | caWiN fag — bawi™) |, ga(t,X)N) =] 0 R
ag Sa (Vi) (1 = yp™) — agyp™ 0 ad(Vi" L y)
and
R e (e SOl v oy [P =™
by (XN, XTN) = 0 v Bary (X7 XY = 0
0 I 0
Moreover,
. T . i, N 2
N\ _ max LNy ) —A/(1-(2yy " —1)7)
Sa(‘/t ) - 14 e*)‘a(vf,i’N*V;*’N) ) X(yt ) = Hy?NE(Ovl)Fe t )

oB (VN i) = \Jagsa ()1 — ™) + aj Y xi),

and the standard Brownian motions (W% W) are mutually independent for all i € {1,...,N}. For
our numerical tests, we use the parameter values listed in [41] (with cext = 0,07 = 0.00002 and eyt =
0.5,07 = 0.2, respectively), where the tamed Euler scheme was numerically tested, and also use the same
type of random initial values presented there.

In our numerical experiments, we set P = 1 and N = 103. Note that the functions f, and g, are
uniformly locally Lipschitz continuous with respect to the second variable. Moreover, the functions S~
and b, are globally Lipschitz continuous and satisfy the growth condition . These conditions give the
existence of a unique solution to the above limit SDE and propagation of chaos results as shown in [§].

The function y is modelled in a way such that it is a bounded Lipschitz function with compact
support included in the interval (0,1). Moreover, the value of y* such that a2 S, (V?)(1 — y*) + ajy® =0,
for a2S,(V?),a) > 0, never belongs to [0, 1]. Thus, the square root term in o¥ is not zero for y* € [0, 1].
In addition, [8, Proposition 3.3] proves that for 0 < yi < 1 a. s., also ]P’(Vt >0, 0<yi < 1) = 1.
For the numerical approximation with the Euler scheme, there is a positive probability that y becomes
negative. We address this by an adaptation of the full-truncation Euler scheme, i.e., by simply setting this
expression to zero, which has been shown to have good stability and accuracy for square-root diffusions
(see, e.g., [33, 14 [15] 3], noting that they consider the more challenging case where the process can get
arbitrarily close to the singularity).

For the adaptive time-step, we choose

h?(x) = §min(T, ~[a]*/| fa(t, ) ),

for some parameter v > 0. To motivate this choice, we note that for large | X}|, fo(t, X}) is the driving
part of the drift term and therefore we essentially achieve by this choice that h(z)|b(t,z, u)| ~ c|x|? for
h(z) = h°(z)/d.

The strong convergence rates of the tamed and adaptive schemes are depicted for two different volatil-
ities in Fig. [fa] and Fig. [db] We can deduce from Fig. [a] that the adaptive scheme has a practical strong
convergence rate of order 1, as the components of the diffusion matrix are either zero or close to zero.
The rate is asymptotically 1/2 for larger volatilities (Fig. .
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Figure 4: Strong convergence for Example 4.
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Figure 5: Simulations of the FitzHugh-Nagumo network. (a) “Particle corruption” (in the first compo-
nent) for a standard Euler-Maruyama scheme. (b) Approximation of the joint density of (Vip,wr), i.e.,
the first two components.

To additionally illustrate the importance of using a tamed or an adaptive time-stepping scheme for
this model instead of a standard Euler-Maruyama scheme, we demonstrate numerically in Fig. that
this scheme yields approximations which start to strongly oscillate and potentially diverge after a finite
time (“particle corruption” from [41]). For this test, we used M = 23 and N = 103.

Our scheme can be used to approximate marginal densities of the above limit equation derived from the
FitzHugh-Nagumo network. Fig. was obtained by the adaptive time-stepping method with § = 1/28,
T =1and N =2-103. We used a kernel density approach to obtain the density from the simulated data.

4.5 Example 5 — Milstein scheme
To illustrate the performance of the adaptive Milstein scheme, we consider the following particle system
N N 1M , ) .
dx;t = <— (X + ;ﬁ”) dt+xpNawy, xgN =1,
and use as benchmark the tamed Milstein scheme
OO R DINED. i

KONM _ i NM — s
1+h‘_(Xt;’ AR PINED Sl ‘

tn+1 tn

. ) 1 .. )
ht X PMAWG S XEEM (AW )P - h),

where Xé’N’M =1, foralli € {1,...,N}. Fig. IE' illustrates the predicted strong convergence of order
1 for both the tamed and adaptive Milstein scheme. For the adaptive time-step function, we choose
h°(z) = 6 min(1, |#|~*). The number of particles was set to N = 10%.
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Figure 6: Strong convergence of the Milstein schemes.

5 Proofs of main results

We start by giving stability results for the processes XN and X%V defined in and , respectively,
fori € {1,..., N}. Note that generic constants used in the proofs only depend on p, T', the moment bounds
for the initial data and the constants appearing in the assumptions on b, ¢ and h, but are independent
of N and 6.

5.1 Moment stability for super-linear drift coefficient

In this section, our main result on stability is first proven for p > 4. Then, Holder’s inequality allows to
deduce the claim for 0 < p < 4.

Proposition 2 Let p > 0 and Xo € LE(R?). If the SDE satisfies Assumption (H, and the time-step
function satisfies (H@@), then T is almost surely attainable, i.e. P(3 M(w) < 00, s.t. tpre) > T) = 1.
Moreover, there exists a constant C > 0 such that

sup | X; NP
te[0,T]

max E[sup |)A(Z’Np‘| V. max E <C.

t€[0,T)

Proof. We follow a strategy similar to that in [I8, Theorem 1] for non-Lipschitz standard SDEs and adapt

the necessary steps for the measure dependence. Let K > 1 be an integer, then we define a K-truncated
K,i,N i

process by X, = Py (X{) and

XN = Pre(X N bt XN AR 4 o (b, X5 ) AW, ), (21)

tnt1
where, ﬂfi N is the empirical measure (defined as above in , but using the N truncated processes
Xt{f’i’N), Pr(Y) := min(1, K/|Y|)Y, and consequently \Xﬁl Y|< K, forallie{l,...,N}and n>0.
The continuous time interpolation for Xf( N s defined analogously to above (see )

The reason for introducing X %" is that one can guarantee that the time-step function has a strictly
positive lower bound, i.e., inf ;< h(x) > 0. Hence, T' is attainable. Showing that the moments of the
K-truncated processes are bounded by some constant C' > 0 independent of K allows to send K to

infinity and the result will then follow in combination with the monotone convergence theorem.
The following analysis is performed for a fixed particle. We get, using (21)),

tn+1

e o ) o o 1 . o
|XK,z,N‘2 < |thi,z,N|2 +2h§1n <<X15I:7Z’Nab(tnaXf:ﬂ,N7/-11]5\7{)> + 2h21n|b(tn7xfi,z,N’ﬂi\fn)|2>
2 (SN G, o, XN VAW ) ot KN AN )AWE 2 (22)

n

where o o . o
S(XN Ny = XN pming (e, XN ),
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Using Assumption (H) for the time-step function, we get for

|XtK’i’N|2 < |Xf:7i,N|2 + QLC‘XSJ,Nthlin + 2thfin

n+1

+ 2 (SN A, (o, KN AW )+ o (b, XN GN)AWE 2 (28)

Summing over multiple time-steps, adding the contribution from t to ¢ and then using Jensen’s
inequality, results in

) ) t p/2
XS <G|l (20 [ XN Pas) 4 @
0

t o e \ |P/2
b2 [ (oI, 1), (s, XN, ) )
0

ng—1 p/2
N (z |a<tk,xz,§w,ugzmw,z|2)
k=0

L L L ) o\ |P/2
(XN b, XN B @ - 0,0t XN G W= W)
+ o (t, X, m (W — Wf)”], (24)

where we recall n, = max{n : ¢, < t} and C, > 0 is a constant depending on p only. Taking the
supremum (over t) and the expectation in gives

E| sup |X/HNP
te[0,T]

5
< Cp anv
=1

where

M=K XV +E + (2Lg)P?,

p/21

t p/2
<2LC / |XSK7“N|2ds>
0

2 [ (ORI ). XL, ) awr)
0

I, :=FE | sup
_Se[o7ﬂ

- p/2
v K,i,N — 4
HS =K ( E ‘U(tkath7 ,‘Ui\Z)AWk2> ’
k=0

o - o , .\ |P/2
Iy :=E | sup ‘2<XSK’Z’N + b(s, XSK’Z’Nvﬁév)(s —s5),0(s, XSKJ’N"E?I)(W; N W§)>‘ ] ’
s€[0,t] B

I O ws‘w] .
_se[o,t] B

Note that Assumption (HJ2|(3)) implies that

(XN )P = | X0 4 hieb(s, X0V plh) )P
< XEONP 2R (Le| XN P + Lg)
< (14 2L.1)|XK5N 12 4 2L,T,

and consequently

[G(XEN, @) P/2 < 207 (14 2L DY K EAN P12 4 (2T L)) (25)
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Further, we have that
XN (e, XN ) (- P < Gy (IKFN P 4 1)) (26)

where we employed HI. ) and C), 7 > 0 is a constant depending on p, T and the constants appearing
in the assumptions on the coefficient b and in (H[2{(3)).

Using this, we note that each of the terms Iy, ...,II5 can be estimated similarly to the proof of [I8
Theorem 1], employing additionally the bound

lorte, KON, M) < € (1K 1),

for C > 0 (depending on the Lipschitz constant for o and the constant appearing in (HJ1{(6])))
be precise, having estimates and in mind, along with the fact that the initial data has finite
moments up to order p, each II;, j € {1,...,5}, can be bounded by

IL; < Cpr+ Cyr / l sup] |X51N|p] ds,
u€l0,s]0

where C, 7 > 0 is a constant independent of K, and N and the particle index 7. This allows to conclude
the stability of the processes X“V-X using Gronwall’s inequality.

It remains to show the attainability of T for the non-truncated particle system. The stability
of X“N will then be a consequence of the monotone convergence theorem. We have, for any w €
,,,,, N} XN (W) = max;c(1,... N} XN (w) for all t € [0,7] if and only if the inequality

MaX;e(1,..., N} SUPse[o, 7] |X§N(w)| < K holds. Employing Markov’s inequality, we derive

&K i, N
E {SUPte[o,T] | X, |4]
K4

— 1,

P max sup | X/ <K|=P| max sup X"V <K]|<1-N
J€{1,--.N} tefo, 1] J€{1,...N} tef0, 1)

as K — oo, which implies that max;cqi,.. N} SUP;efo,7] |X7N(w)| < oo and hence T is attainable. The
remaining arguments follow along the same lines as in [I8, Theorem 1, step 4].
The moment stability of X*V can be proven in a similar manner by using Assumption ( HI@ O

5.2 Convergence of Scheme 2 (Proof of Theorem

Proof. Let XN be given by (3)), for any i € {1,...,N}. It is shown in [4I, Proposition 3.1] that
maxe(1,... N} E {SUPte[o,T] | X} — Xti’N|2} < Cp(N) for some C independent of N. It therefore remains

to show here that max;cq1,.. Ny E [supte[oﬂ | XN — X‘Z,N|2] < (¢ for some C independent of N and 6.

In what follows, we will drop for ease of notation the explicit time-dependence of the coefficients.
Then, we may write for ¢ € [t,, ;1] for some n > 1,

XN = K = XN = X [ ) ds b A ) 1)
2

t
[ o ) QW = (X i) W] - W)
+

Squaring the term on the right side and taking expectations yields

Efx;" - X0V < EIXpY - XN+ 2B

t
/ BTN iy ds — DN A o)t — 1)
t
|

. . t . .
o (XY - XY, [0 ) s - W e -0). D
x| :

428 U/ (XN ) AW = o (RN il ) W — W)
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Now, observe that Holder’s inequality implies

E

t .
/ BN i) ds — BN A o) (1)
t

t ) .
<GB (-0 [ 10X )P as] + CB 8. i o) Ple - 7] < 082
t

for some constant C' > 0, due to Assumptions HI. and H" and the moment stability of X*¥
and XN Also, recall that t —t < &T.
Next, we bound

|

t B
/t (XN Ny AWE — o (XN i ) (Wi — W)

t
I, — 3E /U(Xi’N,us)dwl—U( XN Wi - W)
t

M, = 3E |[o(X™, u )W = W) — o (XPN, i) (W) — W)

1
1

lo (XN, 1) = o (XN, w12 < € (1Y = XV 2+ W (el ) )

5 = 3E ||o(X;N, 5 ) (Wi = W) — o(X]N, id s7) (W) — W})

By virtue of Assumption (HJ1|1))), we get the estimate

Recalling the bound
N
1 N N
Wi i) < Z XN = xPNP,

along with the standard one-step estimate E[sup ¢, | XN — XN 2] < 06 and 1t6’s isometry, allows us
to show IT; < C§?, for some constant C' > 0. Using again ( HI. a conditional expectation argument
and estimates for Brownlan increments, we derive

I, < COE[ XN — XV

It remains to analyse Il3, where, for ease of notation, we consider k, = 1 and T = 1 so that 6T = 4.
Hence, we observe for s € [4,2)

E[IX0Y — X3N] = BIXON + b(s, X0V, i) (s — 8) + o (s, X0V, 3 )(WE = W) = X5 P?)
21

+2E [/ lo(w X’N,uuN)||2du}

=El/:b(u, XN, il >du+/;( N AN A

2

S

b(u, XlN,,ufY)du

<omls b(u,)?;vN,uun?du]wE [/ o, X ,Mn?du}
L )
< s, (28)

for some C' > 0 and where the last inequality is due to the polynomial growth bounds on b and o and
the moment stability of the process X*. Hence, H“ and estimates for Brownian increments allow
us to deduce that IIs < C62.

Returning to , we write the last term there as

t
BN = X, [BOE s b A0 0) = YA where
t X
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N ~ t . .

A =E <th’N - XtZ7N7/ b(XngML]sV) ds — b(XtZ7N>//*£V)(t - t)>
s A

Az = B (XN = XPN N i ) (- ) = (RPN i) (- )

As =B (XN = PN (RPN i) — ) = oK i sr) (= 0)

In the sequel, we will analyse these terms one-by-one. First, using Young’s inequality and Holder’s
inequality plus taking (HJ1)(3)) and (H) into account, we get

M <E [|XZ’N — XN|gt/251

t .
o s oo - |
t

< COR [|xPN — XPVPP] 4+ 05

t .
/ BN, ) ds — (XN ) (¢ — 1)
i N )

21
. ~ 7 t . .
< CoE |1XpN = XV P + C5T'E [(t — 1) / XN, 1) = 0(X N )P ds}
- t

- . . _ t ) ) ) .
< OB [IX{Y = V] 4 CB | [ (01X VIR - X W) ]
- - t

< COR [|XPN = XPV ] + o2,

where we also used the one-step estimate E[sup¢y; 4 | XoN — Xz’N|p] < CP/? and the stability of XN,
By similar arguments, in combination with (HJ1|[2])), we derive

Az < COE [|x™ - K72
In a similar manner, recalling estimate , we obtain for the last term
As < COR [|xN - Z)NP] + o,
Collecting the above estimates, we conclude
E[lx;Y - XpV PP < o1+ OE[|IX,Y - XV + C82

An inductive argument over all time-steps in combination with Proposition [I] gives the claim. O

5.3 Moment stability for super-linear diffusion coefficient
The proof of Proposition [4] below will make use of the following result:

Proposition 3 (Lemma 3.2 in [21]) Let f = (fi)i>0 and g = (g¢)t>0 be non-negative continuous Fi-
adapted processes satisfying

E [fT]Iy(JSC] <E [QT]Ig(JSC] )

for any bounded stopping time T < T, where ¢ > 0 and T € [0,00] are any constants. Then, for any
bounded stopping time 7 < T and for any v € (0,1),

2 _
E [sup f:ﬂgo<c} < 27 Vg g, <)
t<rt 1 v

Proposition 4 Let p > 0 and X, € L5(R?). If the SDE satisfies Assumptions (H@ and (H(@)f
(H[1(d)), and the time-step function satisfies (H[J), then T is almost surely attainable, i.e. P(3 M(w) <
00, 8.t. tprwy > T) = 1. Moreover, for any m < p, there exists a constant C > 0 such that

sup |Xti,N|m
te[0,T]

<C.

max E
ie{1,...,.N}
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Proof. We get for some C, > 0, using equation
~i,N _ i,N i, N Si,N ; ;
X = XU < Gyl XL m )P (= )P + Cplo(t, Xy, 5 ) (Wi = WP,
which on multiplying with the drift and taking expectations on both sides yields
B[ IXY — % e, XY, )

< GE [Ib(t X, i )PP (= 07| + GE [Jot, XN i)W = W FIb(e, Xi™ i)

p
)
< GE[(1+ XV PP] + GEE [Jo(t, XN, 55N Wi - whle(e, X0, i )| 7|

< GE|(1+1X;V 2] (29)

where we used E [|W; — Wti|p|}“4 < Oy(t —t)P/2, for some C), > 0, along with (H ) and Remark This
one-step error estimate will be essential at a later stage of the proof.

Now, we consider the stopping time 7 := min;c(1 .. Ny 7%, where 7} := inf{t > 0 : \X;N| > R}.
Due to (H7 T A TR is attainable. Therefore, It6’s formula for the stopped process XZ’AI\T[R gives

i, N /2 i, N 2\ P/
(1R = (1 15 E) e [

TR cin 2\ 2T ) oiN Fi,N —N i
wp [ (THIREVE)TT (R s, X0V, ) awy)
0

tATR

ciN 2\ 2 ) oiN Fi,N -N
(1 1REN)7 (R0Yb(s, X0V, ) ) ds

—9 tATR . p/2-2 =i i
B A (R D i S AN T
0

tAT _
2L () ot X 0 s,

almost surely for any ¢t € [0,7]. Thus, on taking expectation and using the Cauchy-Schwarz inequality,
5i,N /2 5i,N /2
E[(1+IX5,2)"] <E[(1+1X5VF)"
tATR . p/2—1 o o -1 .
+ pE U (1+1%22) <<X;’N,b(s, XoN i) + %—)Ila(ﬁ, Xé’N,/?LﬁV)H2> ds}
0
tATR . p/2—1 . . o
+ pE { [ (e ) R - Y s X)) ds} .
o s
Hence, by (H) we further obtain, for some constant C), ;, > 0 (depending on the constants in (HI3|[2))))
t
i,N,n 2 i 2 S 2
E {(1 + XN zype/ } <E [(1 + XN )Y } + C,,,L/ sup E {(1 + XN ) } ds+pF, (30)
0

rel0,s]

for any ¢ € [0, T], where F is is given by
e oo N2\ 2T SN N i, N -N
F=E / (1 1XEN) T (R = XN (s, XEN ) ) ds|
o s

This gives, using Holder’s inequality along with equation and (H7
t . tATR . . .
F<Cy [ s B[(1+IX50, )] +GE [ [y X b, X, i ds]
0 relo,s] ) 0 -
t
<G, sup E [(1 + |Xﬁ}fiR|2)p/2} . (31)
0 relo,s]
for some generic constant C, > 0. Combining equations and yields the claim, up to time T'A g,
in combination with Gronwall’s inequality and Proposition [3] Now, note that
|2} CN

1 N
IP’(TRgT)ng[ max | X7 Sﬁ,

ic{l,..N}  TATR
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and hence,

P max  sup |[X[V|<R|=1-P(rp <T)—1, as R — oc.
i€{1,...N} te[0,T]

Therefore, almost surely, max;e (1, N} SUPseo, 1) \XZN| < oo and T is attainable. Using this and the
stability up to time T A 7g, the claim follows from the monotone convergence theorem. ([

5.4 Moment stability of Milstein scheme

Proposition 5 Let p > 0 and X, € LE(R?). If the SDE satisfies Assumption (H@, and the time-step
function satisfies (H@@), then T' is almost surely attainable, i.e. P(3 M(w) < 00, s.t. tpry > T) = 1.
Moreover, there exists a constant C' > 0 such that for X defined in ,

max [E l sup | X NVP| <

ie{l,...,N} t€[0,T)

Proof. We outline the difference to the proof of the moment stability of the adaptive Euler-Maruyama
scheme. The K-scheme for the Milstein discretisation reads as follows:

tnt1

XK,i,N_PK< KzN Zb KzN A K,j,N )hmln

+o(XN)AW + 3 Z Lo, (XN (AW AW — 5, hmm))

J1,32"'n
J1,d2=1
Hence, using
) 1 k
Mt{?l = 2 Z LJth(XtKZN)(AWZ7J1AW1&7J2 _631 J2hrr?m)?
J1,j2=1
we get
2
N N
XK1N2< XK,i,NQ thin K7,N KzN Xj,N 1hmin 1 bXK,i,N XjaN
LN < XN 4o | (X Z PN XD ) b | BN, X
j=1 j=1

+2 (XN, o (XN AW ) + o (XN AW P+ M2

N
s . 1 N .
+2<thial,N,M£ﬂ>+2< ( KlN)AWf 7 >+2hm1n<N§ b(thjyl,N’Xg;N),Mifn>
Jj=1
2
; Nl KiN 4N 3 1 & KiN $j.N
o K0, N min o K,i,N v K1, s min v K1, v Js
< R o | (Y, LS 1) )+ S| LS )

+2 (SR, o (XINAWE ) + 200 (R[N AW 24+ 3|2 2 (RN [T

Now, using the same techniques as in Proposition [2] the bound (see [20] for details)

ne—1 p/2 ¢
(Z |MI§’Z|2> < Cp,T,L/ E
n=0 0

for some constant Cp 1 1, > 0, and Gronwall’s inequality readily allows to prove stability of the truncated
particle system. The attainability of 7' can be argued as in the proof of Proposition 2] Then, a monotone
convergence argument yields the claim for the particles XN, (]

sup [ X0
u€l0,s]

ds+ Cp 1.1,
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