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Abstract

Higher-order constrained Horn clauses (HoCHC) are a fragment of higher-
order logic modulo theories recently introduced by Cathcart Burn et al.
(2018). This thesis explores the adequacy of HOCHC as a unifying frame-
work for the algorithmic verification of higher-order programs, through
links with existing approaches to program verification as well as a sound

and refutationally complete solution method for HoCHC.

We establish a continuous interpretation for HoOCHC in which the semantic
domains are restricted to Scott-continuous functions. We show that the
continuous HoCHC decision problem is equivalent to the original problem.
This continuous interpretation serves as a foundation for a sound and
refutation-complete resolution proof system—based on SLD-resolution—
for solving unsatisfiable instances of the HoCHC problem over a semi-

decidable background theory.

To address the relation between HoCHC and higher-order model checking,
we introduce a coinductive version of HoOCHC that is characterised by a
greatest fixpoint construction. We define an encoding of higher-order re-
cursion schemes into a HOCHC logic program, which can be used to reduce
the open higher-order recursion scheme equivalence problem—and thus
the NY-calculus Bohm tree equivalence problem—to semi-decidability of
coinductive HOCHC over Maher’s complete and decidable background the-
ory of trees (Maher, 1988; Djelloul et al., 2008).

Finally, we develop an axiomatic basis for relations as higher-order pro-
gram invariants in the form of a Hoare logic. Our approach to Hoare logic
for higher-order programs distinguishes itself from the literature through
the combination of a higher-order assertion logic and a relatively complete

proof system.
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Chapter 1

Introduction

In recent years, first-order logic has emerged as a framework in which to understand
automatic verification of first-order imperative programs. Automatic safety verifica-
tion algorithms can be understood in terms of the logical character of the invariants
they construct. Thus, first-order logic provides a universal setting in which even dis-
parate verification algorithms can be compared. In a sense, first-order logic acts as
a neutral intermediate language for automatic first-order verification, independent of

application or programming language.

However, such a principled approach to understanding the breadth of automatic ver-
ification appears to be lacking for functional programs. Although first-order logic
plays an important role in many approaches to higher-order program verification,
it fails to provide a unifying paradigm, as many invariants synthesized by estab-
lished approaches to higher-order program verification do not have a natural descrip-
tion in first-order logic (e.g. intersection types and higher-order pushdown automata,

see Ramsay, 2014, and Hague et al., 2008, resp.).

Cathcart Burn, Ong, and Ramsay (2018) have proposed a promising logical frame-
work in which to understand higher-order program verification, following advances in
the first-order verification community (Bjorner et al., 2013a, 2015): the higher-order

constrained Horn clause (HoCHC) fragment of higher-order logic.

The HoCHC fragment has been shown to express certain invariants of higher-order
programs quite directly, yet retains many of the excellent algorithmic properties to
which first-order constrained Horn clauses owe their suitability for first-order model
checking. In fact, HOCHC seems to be a remarkably well-behaved fragment of higher-

order logic, which is otherwise renowned for its intractability.



This thesis explores two questions pertaining to the adequacy of HoOCHC as a setting

for higher-order program verification:

(i) Is the fragment sufficiently expressive to capture the problems typically studied

by the higher-order program verification community?

(ii) Are there (relatively) complete solution methods (e.g. algorithms that are sound

and complete in the presence of an oracle for first-order constraint solving)?

We expect these questions to establish HoOCHC as a robust fragment of higher-order
logic, algorithmically and semantically, paving the way for HoOCHC as a compre-
hensive verification framework to rival existing approaches to higher-order program

verification.

1.1 First-order program verification

Because thorough testing of software is excessively expensive and does not provide
strong guarantees about correctness, the field of verification has gained a lot of trac-
tion. In this area, we employ mathematical techniques to prove whether a given pro-
gram has a specified property. Properties of interest include safety properties (can a
‘bad’ event ever happen?) and liveness properties (is a ‘good’ event guaranteed to

happen?).

Using (first-order) constrained Horn clauses for expressing first-order verification
problems was advocated by Bjorner et al. (2013a); these are Horn clauses of first-
order logic containing constraints from some suitable background theory. Bjorner
et al. argue that Horn clauses are a suitable standard format for verification prob-
lems, because many first-order verification problems can be framed as satisfiability
problems for systems of constrained Horn clauses (see Beyene et al., 2013; Bjorner
et al., 2013b, 2015).

The (purely logical) ‘unifying framework’ for first-order verification provided by con-
strained Horn clauses has two main benefits. On the one hand, it facilitates the
development of a vast collection of benchmarks to understand and compare different
approaches to verification. On the other hand, it enables the reuse of tools; highly
efficient SMT and constrained Horn clause solvers (e.g. Z3!' by de Moura and Bjorner,

2008, and SeaHorn? by Gurfinkel et al., 2015) can be exploited by a large number

https://github.com/Z3Prover/z3
Zhttps://seahorn.github.io/
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of program verification tools that offload some complex task (invariant finding is a

typical example) to a solver by framing it in terms of constrained Horn clauses.

1.1.1 Coinductive logic programming

Some programs do not have natural inductive interpretations, notably programs over
infinite data types like infinite lists, infinite trees, and streams. Such data types typi-
cally arise as the observable behaviour of a program that runs forever and can be repre-
sented in functional programming languages with lazy evaluation—as in Haskell—and

in logical programming languages (Gupta et al.; 2007; Simon et al.; 2007).

Coinduction allows us to reason about unfounded sets and unbounded data types in
a way that induction does not. Coinductive interpretations correspond to greatest

fixpoint semantics (cf. the least fixpoint semantics of induction).
Let us consider the following logic program that defines a list.
list([n|1]) := integer(n), list(1)

Under the usual least fixpoint semantics, 1ist is assigned the empty relation, because
there is no ‘base case’ without self-references. If we interpret the program coinduc-
tively, however, then 1ist holds of all infinite lists of integers. Consider the extension

of this program with a base case:

list([]).
list([nl1]) := integer(n), list(1l)

Then, of course, the inductive interpretation is the set of all finite lists. The coinduc-
tive interpretation of this program is the set of all finite and infinite lists, since the

least fixpoint is included in the greatest fixpoint by virtue of the base case.

Induction and coinduction have their roots in category theory. An inductive (least fix-
point) interpretation corresponds to an initial algebra, an initial object in the category
of F-algebras for an endofunctor F'. This initiality provides a general framework for
induction and recursion. A coinductive (greatest fixpoint) interpretation is precisely

its dual: a final coalgebra in the category of F'-coalgebras.

Intuitively, coinduction ‘observes’ the structure of an object (destructs it), instead of
building up an object over base cases (constructing it), as induction does. Induction

describes terminating computations, while coinduction describes observable behaviour



of (possibly non-terminating) processes. Like inductive definitions use recursion, so

do we refer to coinductive self-referential definitions as corecursion.

The following simple program has vastly different inductive and coinductive interpre-

tations.
P(X) := P(X)

In the inductive setting, the least model is built up from the empty relation. Because
there is no base case, the empty relation is also the least model. In a coinductive

interpretation, the greatest model is derived from and is, in fact, the universal relation.

Co-logic programming (CoLP) extends the traditional declarative and operational
semantics of logic programming to allow reasoning over infinite structures and prop-
erties (Gupta et al., 2007; Simon et al.; 2007), thus unifying logic programming and
coinductive logic programming. Key to the operational semantics of coinductive logic
programming—which may not be captured by finite proofs—is the introduction of the
coinductive hypothesis rule, reminiscent of the bisimulation proof method (Sangiorgi,
1998). According to this rule, if the current resolvent contains a call C' that unifies

with an earlier call C’, then the call succeeds.

CoLP can only handle those infinite proofs that are regular, i.e. have a finite number
of distinct subproofs (see e.g. Komendantskaya et al.; 2016; Komendantskaya and Li,
2018). Although Komendantskaya and Johann (2015) and Basold et al. (2019) have
since extended this proof search to include some irregular proofs, proof search for

coinductive programs remains incomplete.

As Gupta et al. (2007) point out, verifying liveness properties in CoLP is natural and
elegant. CoLLP has been implemented in Prolog and Logtalk (Ancona, 2013; Moura,
2013).

1.2 Higher-order program verification

Nowadays higher-order constructs such as lambdas and streams are standard features
of some of the most frequently used programming languages, e.g. C++, Java, C#,
and Python. On top of that, functional languages are often favoured in parallel
and distributed programming because of the lack of side-effects. With functional
programming moving into the mainstream from niche applications in academia and
the financial sector, the need for methods to verify higher-order programs has never

been greater.



Functions are the building blocks in functional programming languages like Haskell,
Standard ML, OCaml, and F#. Functional programming becomes truly higher-order
when functions take other functions as input and output, rather than mere objects.
An archetypical example is the Haskell map function that applies a function element-

wise to a list and returns the resulting list:

map :: (a -> b) -> [a] -> [b]
map _ [] =[]

map f (x:xs) = f x : map f xs

To derive properties of such a function, higher-order program verification must rea-
son about all functions of the appropriate type, while simultaneously accounting for
recursion and infinite data types. First-order imperative programming has a clear
distinction between data (objects) and control (states), whereas this line blurs in
higher-order programming. As a consequence, higher-order program verification faces

unique challenges.

The two leading approaches to fully automatic verification of higher-order programs
are higher-order model checking (HoMC, see Ong, 2000) and refinement type inference
(RTI, see Vazou et al., 2014). HoMC can capture complex higher-order control flow
accurately, but only in the context of data types inhabited by finitely many objects;
given such finite base types, it is sound, complete, and automatic for a range of
verification problems such as reachability and flow analysis. RTI, on the other hand,
supports infinite data types through first-order theory reasoning, but not without a
cost; even some finite data type programs are not verifiable using standard techniques

of RTIL.

Thus, both HoMC and RTT lack the combined reasoning power to reliably verify
higher-order programs that arise in practice, but in disparate manners. This gap
seems symptomatic of the deeper lack of common foundation for automated higher-
order verification in general. Consequently, research into higher-order program ver-
ification is fragmented, with no unifying concepts through which to understand the

work of different communities.

Higher-order verification has an important empirical component. Given how time-
consuming the development of prototype verifiers is, it is unfortunate that there is
little opportunity to reuse components from one project to another. For example,
verifiers based on type inference are typically tailored to a particular programming

language. HoMC, on the other hand, is programming language independent but



awkward to reuse: regular properties of an infinite tree and the usual restrictions to

simply typed rules and call-by-name evaluation are at odds with common applications.

We hope that HoOCHC, as a shared framework for understanding higher-order program
verification, will lead to greater modularity through a separation of concerns: a pro-
gram can be modelled as a HoOCHC instance that can be solved using an SMT-solver,

independent of the source language.

1.2.1 Higher-order model checking

Higher-order model checking refers to higher-order extensions of ordinary finite-state
model checking. Since a model-checking problem consists of a model £ (a system
to be verified) and a property ¢, one can conceive higher-order extensions in either

argument: the model and the logic.

Typically, higher-order model checking refers to HoRS model checking, in which
models are extended to higher-order recursion schemes (HoRS), building on work
by Knapik et al. (2002). However, HFL model checking has also gained traction in
recent years. In this form of model checking, the property logic is replaced with

higher-order modal fixpoint logic (HFL, see Section 1.2.2).

HoRS model checking, hereafter HoMC, concerns the model checking of (poten-
tially infinite) trees generated by higher-order recursion schemes or, equivalently,
AY-calculus. A HoRS of order n is essentially a closed ground-type term definable
in the nth-order fragment of simply typed \Y-calculus with recursion and first-order
constant symbols as tree constructors. Collapsible pushdown automata of order n are

another equi-expressive formalism (Hague et al.; 2008).

Recursive schemes are an expressive family of tree generators. The trees generated at
orders 0, 1 and 2 correspond to regular trees, algebraic trees (i.e. those generated by
context-free tree grammars), and hyperalgebraic trees, respectively (Courcelle, 1978).
The trees generated by HoRS correspond to (abstractions of) computation trees of

higher-order functional programs.

Ong (2006) has proved that model checking of HoRS is decidable with respect to
monadic second-order (MSO) and modal p-calculus properties. However, the worst-
case time complexity is n-EXPTIME in the order n of the HoRS.

Despite a hyperexponential worst-case complexity, significant advances have been



made in (automated) HoMC. The state-of-the-art model checker MoCHi? developed
by Kobayashi et al. (2011) is a fully automated verification tool for a subset of OCaml
that combines HoRS model checking with predicate abstraction (Clarke et al., 2003).
The underlying HoRS model checker HorSat2* readily scales to HoRS consisting of
thousands of rewrite rules (I[Xobayashi, 2019). However, due to HoMC’s inherent lack
of support for data types with infinitely many inhabitants, this does not generally
scale to large real-life programs. Programs beyond a few hundred lines are already
infeasible for tools like MoCHi and its extensions that use refinement type inference
to aid predicate abstraction (Sato et al.; 2019).

The HoRS equivalence problem asks whether two given HoRS generate the same tree.
Decidability of this problem is perhaps the best known and most challenging open
problem in higher-order model checking. The problem is recursively equivalent to
the AY-calculus Béhm tree equivalence problem (Clairambault and Murawski, 2013),

which asks whether the Bohm trees of two given AY-terms are equal.

1.2.2 Higher-order fixpoint logic

Higher-order fixpoint logic (HFL) is a higher-order extension of the modal p-calculus.
HFL model checking checks whether a given finite state system satisfies the prop-
erty described by a given HFL formula. HFL model checking was introduced by
Viswanathan and Viswanathan (2004). Although it has received less attention than
HoMC, it was picked up by Kobayashi et al. (2017), who have found mutual trans-
lations between HoRS and HFL model checking. In fact, various classes of program
verification problems can be reduced to HFL model checking (IKobayashi et al., 2018;
Watanabe et al.; 2019) even more naturally than to HoRS model checking, according

to Kobayashi.

This recent interest in HFL model checking is partly due to awareness of the limita-
tions of HOMC. HFL model checking provides a more uniform approach to verification
of programs with infinite data types and naturally extends other popular approaches
to automated program verification, such as program verification based on constrained

Horn clauses (Bjorner et al.; 2013a, 2015).

Thus, the motivations for HFL resemble the motivations for HoOCHC. HoCHC roughly

corresponds to a modality-free, alternation-free fragment of HFL.

3https://github.com/hopv/MoCHi
4https://github.com/hopv/horsat2
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1.2.3 Higher-order constrained Horn clauses

Earlier approaches to the verification of functional programs that were based on
constrained Horn clauses required intelligent intervention by the program verifier to
circumvent the inherent mismatch between the higher-order nature of the program

and the first-order logic in which the Horn clauses are expressed.

Cathcart Burn et al. (2018) have developed a notion of higher-order constrained Horn
clauses (HoCHC) to bridge this discrepancy between constrained Horn clauses and
higher-order program verification. These clauses form a fragment of higher-order
logic, a generalisation of first-order Horn clauses with constraints from a first-order

background theory.

Consider the following higher-order OCaml program, adapted from Cathcart Burn
et al. (2018).

let add x y = x + y;;
let rec iter f s k =
if k <= 0 then
S
else
f k (iter £ s (k - 1))
in
fun (m : int) -> assert (m <= iter add O m);;
The term iter add O m in the assert statement denotes the sum of integers from 1
to m (for positive m; 0 otherwise). This program with assertion can be considered an

instance of the safety verification problem; it is safe if the assertion is never violated.

Safety verification can be understood in terms of finding an invariant that implies the
required property. We can think of a program invariant as an overapproximation of
the input-output graphs of the functions defined in the program. If there exists an
overapproximation of the graph of iter add 0 that does not contain a pair (m,n)

such that m <= n, then the assertion is never violated and the program is safe.

Analogous to the first-order case, we characterise this problem of finding invariants

logically, by framing it as a satisfiability problem for the following set of higher-order



constrained Horn clauses:

Veyz.z=x+4+y= Addryz
Visnm.n<0Am=s= Iter fsnm
Visnm.n>0Adp. Iter fs(n—1)pA fnpm = Iter f snm
Vnm. Iter AddOnm A n > m = false

We have effectively adopted a continuation-passing style (i.e. where functions are
relations between inputs and outputs). Constraints, such as n < 0, are formulas from
a first-order background theory. Here, the background theory could be Linear Integer
Arithmetic.

A model of this set of clauses is an assignment of relations to the variables Add
and [Iter such that the above clauses are satisfied. Note that models are precisely
overapproximations of the input-output graphs. For example, the universal relation
that takes three natural numbers as arguments is a model of Add that strictly over-
approximates the function add in the original program. The final clause, however,
qualifies that an overapproximation must be precise enough to exclude the possibility
of relating an input n of Iter Add 0 to a greater output m. We conclude that a model
of these clauses is, in fact, an invariant that witnesses the safety of the program. The

larger the model, the coarser the invariant.

Existence of canonical solutions. Consider the following model of the above set

of clauses, expressed in higher-order logic.

Add — Mxyz.z=x+y

Iter = Afsnm. (Veyz. foyz=(0<z=>y<z2)A0<s)=n<m

This model is rather coarse. In particular, under this model the relation described by

Iter Add (—1) relates every pair of integers n, m.

In first-order constrained Horn clauses over the theory of Linear Integer Arithmetic,
if a set of clauses has a model, then it has a least model. Many applications and
algorithmic properties of first-order constrained Horn clauses are a direct result of

this least model property.

Higher-order (constrained or not) Horn clauses do not generally enjoy a least model
property, as pointed out by Charalambidis et al. (2013). However, if we restrict the

semantic domain to hereditarily monotone elements, such a property does arise for



HoCHC. In fact, a set of HOCHC clauses is satisfiable under the standard interpreta-
tion if and only if it is satisfiable under the monotone interpretation (Cathcart Burn
et al., 2018).

Compositionality. Whole-program verification is possible in the higher-order set-
ting, because a program usually has a first-order type like int — int. However, it is
natural to want to express and verify properties of higher-order functions, say of type
(int — int) — int, in a compositional approach to higher-order program verification;
large programs can be broken down into smaller components that can be verified
independently, even if the ultimate goal is still a whole-program analysis. Cathcart
Burn et al. (2018) prove that higher-order properties definable using refinement types

can also be expressed in higher-order constrained Horn clauses.

Solution methods. Deciding whether a given set of higher-order constrained Horn
clauses is satisfiable is known as solving a HoOCHC problem. The solution method for
HoCHC proposed by Cathcart Burn et al. (2018) uses a refinement type system to
transform a HoCHC problem to a first-order constrained Horn problem. This method

is sound but incomplete.

The first sound and refutation-complete solution method for HoCHC relies on a
Reynolds-style defunctionalisation to reduce sets of higher-order Horn constraints
to first-order Horn constraints (Pham et al., 2018). This allows for the exploitation

of the efficiency of SMT solvers for first-order Horn clauses.

1.3 Hoare logic

The field of Hoare logic (Hoare, 1969; Floyd, 1967) is concerned with the annotation
of programs with logical formulas and the extraction of logical formulas from anno-
tated programs, for the purpose of verifying program correctness, either manually or
mechanically. Hoare logic has become one of the most prolific subfields of program
verification due to its compositional, syntax-driven nature that allows for straightfor-
ward adaptation to different program languages. An exhaustive survey of the field is
available in Apt and Olderog (2019).

Hoare logic was first employed for a simple imperative ‘while language’ that includes

an iteration construct and a fixed number of mutable global variables (a state). It has

10



since been extended to include more complicated constructs such as pointers (Jian-
hua and Xuandong, 2013), nondeterminism (Dijkstra, 1975; de Bakker, 1980), par-
allelism (Hoare and Perrott, 1972; Owicki, 1975), and objects (de Boer and Pierik,
2004; Apt et al., 2010).

Typically, the underlying assertion logic is a form of first-order logic. This standard
first-order notion of Hoare logic allows for two different correctness statements, with

formulas ¢, drawn from the assertion language:

e Partial correctness: Do all terminating executions of program II in a state ¢

result in a state 7

e Total correctness: Do all executions of program II in a state ¢ terminate in a
state 7

Note that ¢ = true and ¢ = false in the former statement yields the (undecidable)

halting problem for the simple ‘while language’.

First-order Hoare logic is sound for partial correctness. That is, every Hoare triple
{¢} 1 {1y} that can be derived in the proof system is valid. Completeness is a different

matter. This is due to the nature of the consequence rule, depicted in Figure 1.1.

For—=@a {pa} IH{th} o Fyhr = 1y
{901}1_[{%}

Figure 1.1: Consequence rule for first-order Hoare logic.

The first and the third premise of the consequence rules are not Hoare triples but
statements of first-order logic. Since first-order logic is undecidable, the validity of
these two premises cannot generally be decided. Therefore, any notion of completeness
of first-order Hoare logic is relative to an ‘oracle’ as a source for valid first-order

implications; this result is due to Cook (1978).

As a consequence, automated proof generation is notoriously hard for Hoare logic, but
this does not preclude the existence of procedures for proving many useful theorems.
Automated proof verification is feasible as well.

1.3.1 Hoare logics for higher-order programs

To our knowledge, there have been two adaptations of Hoare logic to a call-by-value

functional programming language.

11



Régis-Gianas and Pottier (2008) have used a higher-order Hoare logic for a language
that contains higher-order functions, algebraic data types, and a polymorphic type

system in the style of Hindley and Milner, but no state.

Preconditions and postconditions are encoded as a pair in the type of a program.
However, due to polymorphism, the logic is not simply typed. Instead, they extend
higher-order logic with a form of explicit quantification over types that is embedded

within the Calculus of Inductive Constructions (Paulin-Mohring, 1993).

Régis-Gianas and Pottier focus on partial correctness. Because they lift only values—
not expressions—to the logical level, they can ignore non-termination issues, and
their semantic domains do not contain diverging (non-terminating) elements. This

approach is sound for call-by-value semantics but is incomplete.

Another higher-order approach to Hoare logic was taken by Honda et al. (2006),
which has since been followed up by Berger et al. (2007); Yoshida et al. (2008); Honda
ot al. (2014). They annotate call-by-value PCF and an imperative extension thereof
with assertions from an extended first-order logic. Their approach is descriptively
complete for both partial and total correctness, which implies relative completeness

and observational completeness.

Finally, we mention Hoare Type Theory (Nanevski et al., 2006, 2008). It is not strictly
a Hoare logic, but it offers type-checking and generation of proof obligations through
embedding Hoare-style specifications in types; a Hoare triple { P}z : A{Q} is a type
that denotes computations with a precondition P and postcondition () that return a
value of type A, where A can be an arbitrarily complex expression. However, Hoare
Type Theory is far more ambitious than the higher-order approaches to Hoare logic

we mentioned earlier, as Hoare types are a dependently typed version of monads used
in Haskell.

1.3.2 Relational Hoare Logic

Benton (2004) has adapted Hoare logic from correctness proofs of programs to cor-
rectness proofs of program transformations. His Relational Hoare Logic reasons about
pairs of imperative programs whose variables are related by some precondition and

postcondition.

The role of Hoare triples is subsumed by judgements of the form

SlNSQZ\IJ:>CI)
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where Sy, Sy are programs and W, ® relations on program states.

Intuitively, such a judgement states that if the relation ¥ holds between the variables
of programs S; and S, then ® holds between these variables after the (independent)
execution of S7 and S5. Up to variable renaming—to ensure disjointness of the respec-
tive program variables—the above judgement is equivalent to the traditional Hoare
triple {U} S1;55 {®}.

Although judgements in Relational Hoare Logic have ‘relations’ as precondition and
postcondition, these relations are assertions that relate the variables of S; and Ss,
rather than terms of relational type as in the context of higher-order logic (see Chap-
ter 2.2). Thus, Relational Hoare Logic introduces little new from a semantic per-
spective. Its main result is that the correctness of (first-order imperative) program

transformations can be verified in a way analogous to Hoare logic.

1.4 Contributions

Our aim is to explore the adequacy of higher-order constrained Horn clauses (HoCHC)
as a unifying framework for higher-order program verification. As mentioned before,

we are interested in the following two questions:

(i) Is the fragment sufficiently expressive to capture the problems typically studied

by the higher-order program verification community?

(ii) Are there (relatively) complete solution methods (e.g. algorithms that are sound

and complete in the presence of an oracle for first-order constraint solving)?

1.4.1 Continuous interpretation for HoCHC

Logic programming is inherently monotone, because models are built up incremen-
tally in the least fixpoint interpretation of a logic program. However, as soon as
we start looking at resolution proof methods, monotonicity turns out too liberal for
HoCHC; Charalambidis et al. (2013) show that a refutation-complete proof system
for a HoCHC-like fragment requires a continuous interpretation, because continuity
makes the difference between a countably and uncountably infinite search space, and

thus semi-decidability and undecidability.

To this end, we establish a continuous interpretation for HoOCHC in Chapter 3, in
which the semantic domains are restricted to only those functions that are Scott-

continuous, i.e. which preserve least upper bounds of directed sets. We prove that
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this interpretation of HoOCHC is well-defined and well-behaved; it enjoys a least model
property, and the associated continuous HoCHC decision problem is equivalent to
the monotone decision problem (and hence to the standard problem). We provide
a direct translation between the continuous problem and the monotone problem.
Finally, we show that there exist HoOCHC problem instances where the monotone one-
step consequence operator is not continuous, which demonstrates that the continuous

interpretation of HoCHC is, in fact, new.

1.4.2 Higher-order model checking via HoCHC

Regarding (i), we choose higher-order model checking (HoMC) as a representative
of the class of problems studied in higher-order program verification. As a widely
studied approach with extensive literature, HoMC is the basis for state-of-the-art
model checker MoCHi (Kobayashi et al., 2011) and is often chosen for comparison
with other approaches (see e.g. [Kobayashi et al., 2017). On top of that, the meaning
of a HoRS is a least fixpoint construction, which aligns it—at least in theory—close

to the construction of a least model in HoCHC.

Although the meaning of HoRS and HoCHC are both given by least fixpoints over
posets of trees, there is a fundamental disparity due to the orderings on the respec-
tive posets. The deterministic HOMC safety problem can be encoded in a decidable
fragment of HoOCHC (Wagner, 2019, private communication) solely by virtue of only
having to inspect finite prefixes of trees. Wider classes of HoMC problems require

inspection of the infinitary behaviour of HoRS, including liveness, which is at odds

with HoCHC.

To address this disparity, we define a coinductive HoCHC framework in Chapter 4
that enjoys a greatest model property under the monotone interpretation. This new
framework allows us to reduce decidability of the (open) HoRS equivalence prob-
lem (i.e. whether [Gi] = [Gs] for deterministic HoRS Gy, Gs) to semi-decidability of
coinductive HoOCHC over a decidable background theory.

In particular, we encode a HoRS into a HoCHC logic program over a complete and
decidable background theory of trees first introduced by Maher (1988). We anticipate
that this HoRS-to-HoCHC encoding can be employed for a wider range of HoMC

problems, including checking HoRS against Biichi tree automata and possibly liveness.

Our result on the HoRS equivalence problem has implications for the \Y-calculus
2013), which asks

y &

B6hm tree equivalence problem (Clairambault and Murawski
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whether the Bohm trees of two given \Y-terms are equal. Since this problem is
recursively equivalent to the HoRS equivalence problem, it can also be reduced to

semi-decidability of coinductive HoOCHC over Maher’s theory.

1.4.3 Solving HoCHC through SLD-resolution

With the logical foundations of HoOCHC in place, the next step is looking at sound
and refutation-complete solution methods for HoOCHC, as per (ii), to bridge the gap

between theory and practice.

In Chapter 5, we introduce a sound and refutation-complete resolution proof system
for semi-deciding (unsolvable) instances of the HoOCHC problem—the first such system

at the time of writing, but another has been published since (Ong and Wagner, 2019).

Our system is based on Selective Linear Definite clause (SLD) resolution. This system
is known to be sound and refutation-complete for first-order Horn clauses (I[Xowalski,
1974). We build on work by Charalambidis et al. (2013) on a sound and refutation-
complete SLD-resolution proof system for a fragment of higher-order logic that is
closely related to HOCHC, namely a positive, existential fragment that corresponds

to higher-order Horn clauses without constraints.

Because we are interested in (un)solvability rather than solution sets, we can elimi-
nate higher-order existential quantification from goal terms thanks to our continuous
interpretation of HoOCHC. This allows us to simplify our proof system compared to

Charalambidis et al.

1.4.4 Axiomatic basis for relations as higher-order program
invariants

HoCHC is an application of higher-order logic to higher-order program verification
that defers to SMT solvers for the first-order background theory. Higher-order Hoare
logic is another, related application that annotates programs with formulas of a

higher-order logic or extracts such formulas from annotated programs.

Typically, Hoare logic—the line of work initiated by Hoare (1969) and Floyd (1967)—
annotates programs with formulas from a first-order logic. However, with HoCHC as
a robust logical framework for automated higher-order program verification, we look
at the potential of HOCHC, and particularly the higher-order relations that are key
to HoCHC, in a higher-order Hoare logic.
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Chapter 6 introduces a sound and relatively complete Hoare logic for call-by-value
PCF where preconditions are formulas of higher-order logic and postconditions higher-
order relations. Useful program logics can be obtained from this general system

through restrictions on the syntax. For example, we can restrict ourselves to HoOCHC.

Our approach to a Hoare logic for higher-order functions is novel in the sense that our
assertion logic is strictly higher-order (cf. Honda et al.; 2006) and our proof system

relatively complete (cf. Régis-Gianas and Pottier, 2008).

1.4.5 Outline

The definitions of domain theory and higher-order logic used throughout this thesis
are presented in the first two sections of Chapter 2. Higher-order constrained Horn
clauses (HoCHC) are introduced in Chapter 3, including the new continuous inter-
pretation that we prove to be equivalent to the monotone interpretation. Chapter 4
establishes a connection between HoCHC and higher-order model checking, building
on preliminary definitions of higher-order model checking provided in Chapter 2.3.
We introduce a coinductive version of HOCHC and an encoding of higher-order re-
cursion schemes into HoCHC logic programs. This allows us to reduce decidability
of the (open) higher-order recursion scheme equivalence problem to semi-decidability
of coinductive HoCHC over the complete and decidable background theory of trees
by Maher (1988). Chapter 5 provides a sound and refutation-complete resolution
proof system—based on SLD-resolution—for HoCHC over a semi-decidable back-
ground theory. Finally, Chapter 6 takes a related but different approach to higher-
order program verification: via higher-order Hoare logic. We introduce a sound and
relatively complete proof system for annotating call-by-value PCF programs in which

higher-order relations take a prominent position, as they do in HoCHC.
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Chapter 2

Preliminaries

2.1 Domain theory

Many of the formalisms in this thesis are rooted in domain theory, which uses par-
tially ordered sets (posets) to model domains of computation. Elements of a poset
are thought of as information or (partial) results of a computation, such that larger
elements—with respect to the partial order—extend the information of smaller ele-
ments. Plotkin’s Pisa Notes (1983) are among the most authoritative references on

domain theory and are referenced throughout this section.

Partially ordered set. A partially ordered set or poset is a set P equipped with
an order—written C C P x P unless we are comparing natural numbers and write <
instead—that is reflexive, antisymmetric, and transitive. If the order is only reflexive

and transitive, we call it a preorder.

If aCborbC a, then a,b are comparable; otherwise a, b are incomparable. A poset

P such that a C b implies a = b, for all a,b € P, is discretely or trivially ordered.

Directed (sub)sets. In a poset P, a (nonempty) subset D C P is directed if for
every x,y € D there exists z € D such that x C z and y C z. That is, if D contains

an upper bound for every pair of elements.

One might think of directed sets as consistent computations, because the information
in every pair of elements in D is consistently extended by a larger element in D.
In particular, we might be interested in the limit of a directed set, because that is
the most general piece of information that describes the information contained in the

directed set. Such a limit coincides with the least upper bound (lub).
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The least upper bound of a directed set does not always exist within the underlying
poset. However, if we restrict ourselves to directed-complete posets (dcpos), then
these lubs do exist by definition. We use | |.S to denote the lub of subset S. Note
that dcpos are not assumed to have a least element, written 1 ; those that do are

called pointed.

A poset in which all subsets have both a least upper bound and a greatest lower bound
(glb), written [ ]S for subset S, is called a complete lattice.

Chain. A chain C is a totally ordered subset of a poset (i.e. in which a C b or
b C a, for all a,b € C). We distinguish non-decreasing (or ascending) chains that

have a least element from non-increasing chains that have a greatest element.

Finite and infinite elements. In a poset A, z approzimates y (written z < y, for
x,y € A) if there exists d € D such that x C d for all directed D C A with y C | | D.
We may also say that x is an approzimant of y. In a poset A, an element z € A is
finite (also known as compact) if x < x. Complementarily, « is infinite if x & x. We
write fin(A) for the set of finite elements of A.

The intuition is that a finite element cannot be obtained as a limit of a directed set

in which it does not already occur.

A relevant question is whether we can guarantee that all elements of our domain can
be obtained as a limit of approximants. This guarantee would give us a method of

approximating infinite elements, which cannot be computed directly.

Continuous functions. For posets A and B, a function f : A — B is monotone
if it preserves the order, i.e. a; C ag implies f(a;) C f(az) for all a;,as € A. The
function f : A — B is (Scott-)continuous if it additionally preserves least upper
bounds of directed subsets D C A for which this least upper bound exists in A,
ie. f(LUD) = sep f(d) for all D C A such that | | D € A.

Continuous functions do not ‘invent’ things at infinity. Their behaviour on infinite
elements—those occurring as the limit of directed sets—is determined by the function
values at the smaller finite elements. This makes continuous functions exceedingly
suited for modelling the semantics of computer programs, where infinitary behaviour

is dictated by finite approximations.
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Basis of a poset. For a poset P, the basis B C P is a subset such that, for each
x € P, the set of elements in B that approximate x contains a directed set with lub

x, or equivalently a non-decreasing chain with lub .

A poset with a basis consisting of solely finite elements is called algebraic. If this

basis is countable, we say the poset is w-algebraic.

Given an w-algebraic depo (D, C), we write (Bp, C) for the poset of finite elements

of D, which is precisely the basis of D.

Ideals. An ideal of poset P is a subset X C P that is downward closed (i.e. z C y
and y € X implies x € X, for all x,y € P) and directed (i.e. for every z,y € X there
exists z € X such that  C z and y C z).

Given a countable pointed preorder (P, C), its ideal completion (IdI(P), C) is the set
of ideals ordered by inclusion. Let |p : P — IdI(P) denote the (continuous) function
that maps x € P to the principal ideal |z := {2’ € P | 2/ C z}.

Theorem 2.1 (Plotkin’s Pisa Notes, 1983).

(i) For any countable pointed preorder (P,C), (IdI(P),C) is an w-algebraic depo
where P, Bp, and {P := {lp | p € P} are all isomorphic. Further, for any
other w-algebraic decpo D and monotone map f : P — D there exists a unique
continuous map f: IdI(P) — D such that f = ]/“\o Ip.

(ii) For any w-algebraic D, D is isomorphic to |dl(Bp). Further, for any countable
pointed preorder (P,C), Biap)y = P/ ~, where = is the equivalence associated

with the preorder C.

Fixpoint. A fizpoint of a function f : A — A is an element a € A such that
a = f(a). Furthermore, a prefized point of f is an element a € A such that f(a) C a
(cf. a postfized point a € A such that a C f(a)).

Theorem 2.2 (Knaster-Tarski Theorem, Tarski, 1955). Let L be a complete lattice
and f : L — L a monotone function. Then, the set of fixpoints of f in L is also
a complete lattice, guaranteeing the existence of a least and a greatest fizpoint of f
in L. Furthermore, the least fixpoint coincides with the least prefized point, and the

greatest fixrpoint with the greatest postfixed point.
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Theorem 2.3 (Kleene’s Fixed-Point Theorem). For a pointed dcpo L (with least
element 1), a continuous function f : L — L has a least fizpoint, written Ipf(f), that
1s the least upper bound of the ascending Kleene chain of f:

Ipf(f) = | [{f"(L) | neN}

Proposition 2.4. For every monotone function f : A — B and directed subset
D C A, the set {f(d) | d € D} is directed.

Proof. Because D is directed, for all z,y € D there exists z € D such that z C 2

and y C z. By monotonicity of f, for all x,y € D there exists z € D such that
f(z) C f(z) and f(y) C f(2). Thus, {f(d) | d € D} is a directed subset of B. O

Notation 2.5. While we write f : A — B for a function f with domain A and
codomain B, we use A = B or [A = B| to denote the entire space of functions with
domain A and codomain B, so that e.g. f € [A = B.

Proposition 2.6. For every directed subset F C [A = B] and all a € A, the set
{f(a) | f € F} is directed.

Proof. Because F' is directed, for all f, g € F' there exists h € F' such that f C h and
g C h. By the pointwise order, f(a) C h(a) and g(a) C h(a) for all a € A. Thus,
{f(a) | f € F} is a directed set for each a € A. O

Proposition 2.7. Let A be a poset and B a complete lattice. For all FF C [A = B],
([£)a) =[;er f(a) for all a € A.

Proof. Let h : A — B be defined by h(a) = [];cp f(a) for all a € A. This greatest
lower bound is well-defined because B is a complete lattice. Clearly, h is a lower
bound of F'.

Now let g : A — B be an arbitrary lower bound of F'. For each a € A, it holds that
g(a) is an lower bound of {f(a) | f € F'}, thus [];c f(a) C g(a), which means that
h C g. Therefore, h =[] F. O

We are interested in two cases of the following proposition. First, the proposition
holds for directed sets FF C [A = B], because {f(a) | f € F} is a directed set
for all @ € A by Proposition 2.6, which implies that | |, f(a) is an element of B
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for all @ € A. Second, if B is a complete lattice, then the proposition holds for all
FC[A= B|.

Proposition 2.8. Let A be a poset and B a dcpo. If | |;cr f(a) is defined in B for
F C[A= B| and for all a € A, then (|| F)(a) = |;cp f(a).

Proof. Let h : A — B be defined by h(a) = | |;p f(a) for all a € A. Note that h is
an upper bound of F'. Now let g : A — B be an arbitrary upper bound of F'. For each
a € A, it holds that g(a) is an upper bound of { f(a) | f € F'}, thus | |;c, f(a) E g(a),
which means that h C g. Therefore, h = | | F. O

Lemma 2.9 (Tennent, 1991). If C is a dcpo, and (a;)ien and (b;)jen are non-

decreasing chains in C such that for all i € N there exists j € N such that a; T b;,
then | |,y ai © |_|jeN b;.

Proposition 2.10. Let P be a poset and L a dcpo. Let f : Px P — C be a monotone
function, and let D C P be a directed set. Then:

L L f@w =[] L] ) = | fa2).

zeD yeD yeD xeD zeD

Proof. 1t suffices to show the above for all non-decreasing chains D = (i);ey in P,
so let (i);eny be such a chain. By monotonicity, f(i,0) C f(i,1) C f(4,2) C ... and
f(0,7) C f(1,7) C f(2,7) C ... are non-decreasing chains in C for all i € N. Thus,
their respective lubs exist in dcpo C. Let d;,, and d.;, resp., be these lubs. This

gives us the following to prove:
| |dico = | | doj = | | f(k. E) (2.1)
i€N jEN keN

First, we need to prove that these lubs exist as well. For the RHS, by monotonicity,
fk,K)E f(k+1,k)C f(k+1,k+1) for all k € N, and thus f(0,0) C f(1,1) C ...
is a non-decreasing chain in dcpo C, so that | | . f(k, k) is well-defined.

Pertaining to the first and second lub, resp., Lemma 2.9 gives us djs E d(j4+1)o and
dooj E dog(j41) for all 2, 7 € N. This means that dpoe E dioo E ... and dogg E de1 T ...

are non-decreasing chains whose lubs exist in dcpo C.

The two equalities in (2.1) remain to be proved. Let us consider the first equality.
For all i,j € N, f(i,7) C dioo. By Lemma 2.9, do; = | |;cy f(4,5) T |;en dico- This
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proves J. Similarly, we can prove the other direction: for all 7, j € N, f(4, j) T du;.
By Lemma 2.9, dise = | ;e f (2, 7) E |jen dooj-

Finally, consider the second equality in (2.1). The direction J is trivial. For C, it
suffices to show that doo; T | |,cy f(k, k) for all j € N. It is clear that f(i, j) T f(k, k)
where k& = max{i, j}, for all j € N. Thus, by Lemma 2.9, do; = | |;cy f(4,7) E
| lsen f(E, k), which proves the claim. ]

The remaining proofs in this chapter concern the properties of continuous function
spaces. These results are due to or inspired by Charalambidis et al. (2013) and

attributed appropriately.

Proposition 2.11. For a poset A and a complete lattice L, the continuous function

space A =. L is a complete lattice.

Proof. Let FF C [A =. L]. We prove that | |F € [A =, L] and omit the proof
of [1F € [A =, L] because it is symmetrical. Let h : A — L be defined by
h(a) = |;ep f(a) for all a € A. By Proposition 2.8, h = [ | F.

It remains to show that h is continuous. Let us first show that it is monotone.
Consider z,y € A such that z C y. For all f € F, we have f(z) C f(y) due to
monotonicity of f. Since |_|f€F f(y) is an upper bound of {f(y) | f € F}, it is also
an upper bound of {f(z) | f € F}. Therefore, | | f(z) C |;cp f(y) and R is

monotone.

Now, for continuity of h, let D C A be a directed subset. We rely on Proposition 2.10
and continuity of all f € F for:

n(LIp) =L r(Lp) = L L #@ = L L @ = L] w@

fer feF deD deD feF deD

Thus, h is continuous, and F' has a lub in A =, L. Combined with the symmetrical
argument for [ ], this proves that the continuous function space A =. L is a complete
lattice. O

Definition 2.12 (Step function, Plotkin’s Pisa Notes, 1983). Let A be a poset and
P a pointed poset with least element L p. For alla € A and p € P, we define a step
function (a \(p) : A — P by, for allz € A:

(a \up)() ;:{ h ifaCa }

otherwise
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Notation 2.13. Let A be a poset. Given S C A and a € A, we write
S[a] ::{b€S|bEa}
for the set of elements in S below a.

Lemma 2.14 (Charalambidis et al.,; 2013). Let A be a poset and P a pointed poset.
Then, for each step function (a ~\, p) and for every monotone f : A — P it holds

that (a \,p) C f if and only if p C f(a).

Proposition 2.15 (Charalambidis et al.; 2013). Let L be a complete lattice and
assume there exists S C fin(L) such that for every x € L it holds that x = | | S}
Then L is an algebraic lattice (w-algebraic if S is countable) with basis fin(L) =
{LIM | M is a finite subset of S}.

The following proposition was adapted from Charalambidis et al. (2013)’s monotone
setting to a continuous setting. Their approach to show that f(a) C g(a) breaks
down for infinite a € A because (a N\, ¢) is not necessarily continuous. As a result,
the set T, = {(a \, ¢) | ¢ € fin(L)[s(a)} may not be included in Sj;. We can work
around this by requiring the poset A to be algebraic.

Proposition 2.16. For an algebraic poset A and an algebraic lattice L, the contin-

uous function space A =. L is an algebraic lattice with basis
B = {I_lM ‘ M s a finite subset ofS},
where
S=A{la\c)|a€ fin(A),ce fin(L)}.
Additionally, A =. L is w-algebraic if L is w-algebraic and A is countable.
Proof. Let A be an algebraic poset, and L an algebraic lattice. By Proposition 2.11,
the continuous function space A =. L is a complete lattice. It remains to show that

A =, L has a basis consisting of only finite elements, and that this basis coincides
with B.

We show that every continuous function f € [A =, L] is the lub of Sjy = {s € S|
s C f}. Since f is clearly an upper bound of this set, we let g be an arbitrary upper
bound of Sy and show that f = g by showing that f(a) E g(a) for all a € A.
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Let a € A. Because A is algebraic, there exists a non-decreasing chain (z;);en of finite

elements in A such that a = | |(x;)ien. Let z; be one of those elements. Let

T, = {(zi \v0) | ¢ € fin(L) (g } -

By Lemma 2.14 and definition of fin(L)(f(,), we have for all h, € T, that h, C f,
and thus T, is a subset of Sjy. Since g is an upper bound of S}y, it must also be an
upper bound of T,,. Therefore, h. C g for each h. € T,.. Applying this inequality
for z; we get that ¢ T g(x;) for each ¢ € fin(L)(s(z,y, and thus | | fin(L)[s@ C g(2:).
Since L is an algebraic lattice, f(z;) is the least upper bound of fin(L)(f(,). Thus,
f(z;) E g(z;) E g(a). Because f is continuous, f(a) = f(U(z:)ien) = [ien f(i)
Since each f(z;) C g(a), this then gives us f(a) C g(a), as required.

We know from Plotkin’s Pisa Notes (1983) that all step functions in S are finite
elements of A =, L, so for each f € [A =, L] we have S;;y C S C fin(A =, L),
which implies that A =, L is an algebraic lattice. Note that if A is countable and L
w-algebraic, then S is countable and A =, L is w-algebraic. By Proposition 2.15, the
basis fin(A =. L) of A = L coincides with B, as required. O

Proposition 2.17. For poset A and algebraic depo C, the continuous function space
A=.C is a depo.

Proof. Following the proof of Proposition 2.11, where F' C [A =. C] is a directed set,
and each lub |_|f€F f(a) exists due to Proposition 2.6 and C' being a dcpo. ]

Proposition 2.18. For algebraic poset A and algebraic depo C', the continuous func-

tion space A =. C' is an algebraic dcpo with as basis
B = {I_lM ‘ M is a finite subset ofS},

where
S={(a\yc)|a€ A e fin(L)}.

Additionally, A =. L is w-algebraic if L is w-algebraic and A is countable.

Proof. Following the proof of Proposition 2.16, where fin(L),) is a directed set

for finite element z; € A, and each lub exists due to Proposition 2.6 and C' being a
dcpo. O
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2.2 Higher-order logic

Higher-order logic is a predicate logic that subsumes first-order logic. It is distin-
guished from its first-order counterpart through the existence of higher-order quanti-
fiers, which allow quantification over higher-order variables such as sets (second-order

variables), sets of sets (third-order variables), etc.

We present higher-order logic as a typed lambda calculus in line with Cathcart
Burn et al. (2018). The syntax of higher-order logic is commonly described through
types (Church, 1940) that we call sorts to distinguish them from refinement types,
dependent types, etc.

2.2.1 Syntax

Sorts. Given a sort ¢ of individuals (e.g. integers or lists), and a boolean sort o of

propositions, sorts are the simple types that can be generated from:
ocu=1t]o| oy — o3
The order of a sort o, written order(c), is defined as:
order(¢) :=0 order(o) :=1 order(oy — 02) := max{order(oy) + 1, order(o9) }

We call a sort or an element inhabiting it first order if it has order 0 or 1 (cf. higher

order).

We usually write sorts as o or 7, unless we are specifically talking about a relational
sort, written p, which has sort o in tail position and whose higher-order subsorts are
also relational:

pr=olt—=plp—p

Terms. We consider terms of an applied lambda calculus, i.e. those generated by
M,N:=z|c|MN|X:0. M

for variable x and constant ¢, where M : ¢ — 7 and N : 0. We assume that
application associates to the left and the scope of the abstraction extends as far to

the right as possible. We identify terms up to a-equivalence.

Sometimes we write sorts as superscripts, particularly if they occur in an application,
e.g. M°77 N? for M N. The sort of a bound variable may be omitted if it is irrelevant

or clear from the context, i.e. Ax : 0. M becomes Ax. M.

The order of a term is the largest order of any of the variables occurring in it.
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Sorting. A sort environment, denoted A, is a finite sequence of distinct (in the first
argument) pairs = : 0. A term ¢ : o is well-sorted under A if the judgement A F+¢: o
can be derived from the following proof rules:

AFs:o — oy AFt:o;

(SCst) —F———
AFc:o, (SApp) AFst: o,

Ay, x:01,AF 5: 09
AFAx.s:01 = 09

(SVar)

A,z:0 M Fx:0 (SAbs)

x ¢ dom(A)

We may write A(z) for the sort of 2 € dom(A), where dom(A) denotes the domain
of A.

Formulas. Let X be a first-order signature specifying a collection G of ground
sorts (including o) and sorted constants. We consider higher-order formulas over ¥
by considering well-sorted terms of sort o generated from ¥ and the following set

LSym of logical constant symbols:

true,false : o - 0—=o0
AV, = @ 0—>0—0 Vo,3o ¢ (0 —0) —o0

We abbreviate 3,(Az : 0. M) to 3z : 0. M or simply Jz. M.

Formulas are terms, so the notion of order carries over without modification.

Substitutions. Our substitutions coincide with the usual notion of substitution in
lambda calculus. A substitution 0 is a finite set, written as [M;/zq,..., M, /x,] or
[z — My, ..., x, — M,], where each x; : 0; is a variable and each M; : o; a term.

We define a term N under substitution 0, written (N), by structural induction:

R B
0(c) = c
O(M M) = (M) (M)

O(Az. M) = . 0(M)

The substitution corresponding to the empty set is called the identity substitution and
will be denoted by €. Substitutions are closed under composition, which is associative.
Thus, the set of substitutions with composition forms a monoid. Finally, note that
(MO)y = M(6v), for all terms M and substitutions 6 and .
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2.2.2 Standard semantics

Let A be a Y-structure, i.e. an interpretation of the sorts and the constants in ¥. We
assume that A assigns a nonempty set A, to each ground sort ¢+ € G and the complete
lattice B = {0 < 1} to the boolean sort o of propositions. Furthermore, A assigns an
element A(c: o) € S[o] to every constant ¢ : 0 € ¥, where S[o] is the interpretation

of sort o, as follows.

Interpretation of sorts. Regarding each A, as a discrete poset, we define the sort
frame by induction:

S[i] := A, Slo] :=B Slo1 = o9] :=S[o1] = S[o2]

where X = Y is the full set-theoretic function space between posets X and Y. The

lattice S[o] supports the following functions:

Or(bl)(bg) = max{bl, bz} not(b) = 1-b
and(by)(by) = min{by, by} implies(by)(by) = or(not(by))(b2)
exists,(f) = max{f(v)|v e S[o]} forall,(f) = not(exists,(noto f))

We extend the order on S[o] to an order on the set S[p], for every relational sort p.
The order C, is defined pointwise by induction on the structure of p. Let o be either

L or a relational sort p'.
e For all bl, bg c SIIO]]Z if bl S bQ then b1 Eo b2
e For all ri,ry € S[o — p]: if r1(s) C, r2(s) for all s € S[o], then r T, , 7o.

This ordering determines a complete lattice structure on each S[p]. We denote the
least upper bound (lub) and greatest lower bound by | | , and [ ,» respectively, where

we omit the superscript for readability.

Interpretation of terms. Sort environment A is interpreted by indexed product
S[A] :=TIz € dom(A). S[A(z)],

which is the set of functions that map each x € dom(A) to an element of S[A(z)].
We refer to the elements of S[A], typically « or 8, as valuations. The order on S[p]
extends pointwise to an order on S[A], with f; Ca fo just if fi(x) C, fo(z) for all
x:o €A,

Note that if A contains an element x : ¢, then o C 8 implies a(x) = f(x) due to the

trivial order on individuals in S[:].
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The logical symbols from LSym are interpreted according to the functions given earlier.
The interpretation of a term A = M : o is a function S[A F M : o], the X-structure
A left implicit, that belongs to the set S[A] = S[o] and is defined by the following

equations.

S[AFz: 0]

S[AFc: ]
S[AF M N : 09]

S[AF Xz :01. M : 01 — 03]

a(x)
Alc)
S[AFM : 01— 02](a) (S[AF N : 0¢](e))
M € Sfo1]. S[A,z 01 = M : o] (a]x — v])

«

«

«

~—~ I~ N

)
)
)
)

«

We may write S[M] for S[A F M : o] when the judgement A - M : ¢ is clear from

the context.

Satisfaction For a X-structure A, a formula A = M : 0 and a valuation a € S[A],
we say that (A, «) satisfies M and write A,aF M just if S[AF M : o](a) = 1. We
define entailment M F N between two formulas M and N in terms of satisfaction as
usual. That is, for formulas M and N, M E N if A,a E M : o implies A,a F N : o
for all o € S[A].

2.2.3 Henkin semantics

In addition to the standard semantics of higher-order logic and fragments thereof, the
well-established Henkin semantics are frequently employed (Henkin, 1950). Rather
than interpreting higher-order sorts as full function spaces, Henkin semantics fixes a

subspace for each higher-order sort.

Henkin semantics are less rich but enjoy better algorithmic properties than the stan-
dard semantics of HolL for some choices of the semantic domains. Note that the

standard semantics are an instance of Henkin semantics.

Henkin frame. A Henkin frame F is a family of mutually disjoint domains, one

for each sort, that satisfies the following criteria:
(i) F[¢] is an arbitrary set of individuals
(ii) Flo] =B
(ili) Floy = o2] C [Flo1] = Floz]], for all sorts oy, o9
)

(iv) and,or € Flo — 0 — 0]
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(v) fexists, € F[(c — 0) — o] for all relational or individual sorts o

where fexists,(f) := max{f(v) | v € F[o]} for all f € Fo — o], and other logical

constants are defined as in the previous subsection.

Let A be a Y-structure. Analogous to the standard semantics, a Henkin frame F

interprets sort environment by indexed product
FIA] :==1xz € dom(A). F[A(x)],

which is the set of (F-)valuations of the variables in A. Similar to the standard
semantics, the order on each F[p] extends pointwise to an order on F[A], with
fi Ea fo just if fi(z) C, fo(z) for all x : 0 € A, where the subscripts are often

omitted.

We require the frame F to contain enough elements so that any well-formed formula
can be evaluated, i.e. the domains of function types are rich enough to satisfy compre-
hension: for each signature X, sort environment A, Y-structure A over F, valuation
a € F[A], positive existential Y-term A F Az. M, and r € F[A(z)],

FlAz. M](a)(r) = F[M](a]x +— 7]).

Normally, a Henkin frame requires this equality to hold for all X-terms. However,
positive existential terms suffice for our purpose, which are those terms that do not
contain negation, implication, or universal quantification. This nonstandard notion

of a Henkin frame is also used by Ong and Wagner (2019).

Interpretation of terms. The interpretation of a term A+ M : ¢ is a function
F[A F M : o], E-structure A left implicit, that belongs to the set F[A] = F|o]
and is defined by the following equations.

FIAF x:o](a)

FI[AF c:o](a)
FIAFMN : o5] ()

F[AF Xz 0. M : 01 — 03] ()

a(z)
A(c)
FIA+E M : 01 = o] () (F[AF N : 01](a))
v € Floi]. F[A,z : o1 B M : os](afz — v])

We will write F[M] for F[A = M : o] whenever the judgement A + M : o is clear

from the context.
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The monotone and continuous Henkin frames. In this thesis we use two

Henkin frames, namely monotone frame M and continuous frame C, defined by:
Moy — 03] := M[o1] =m M[os] Clo1 = 03] :=Clo1] = C[o2]

These are the monotone and continuous function spaces, respectively. It is easy to
show that M[p] and C[p] are complete lattices—like S[p]—and that their respective
orderings extend to complete lattices M[A] and C[A] of valuations. Cathcart Burn
et al. (2018) prove this for the monotone frame. For the continuous frame, it follows

from Proposition 2.16 and a straightforward inductive argument.

2.3 Higher-order model checking

Terms over (. Like in higher-order logic (Section 2.2), we consider terms of an

applied lambda calculus, but we restrict ourselves to sorts generated by
ogu=1|01 = 09,

where the sort ¢ of individuals corresponds to trees. We may refer to a sort o of this
form as a sort over ¢ and to a term with subsorts over ¢ as a term over .. Whenever

we consider higher-order recursion schemes, we assume sorts and terms over ¢.

An applicative term over a set © is a term is constructed from © using only the

application rule; it does not contain lambda-abstractions and is generated by:
tZZ:S€@|t1t2

Higher-order recursion scheme. A higher-order recursion scheme (HoRS) is a

simply sorted (typed) generator of possibly infinite ranked trees over a finite alphabet.

A HoRS is defined as a quadruple G = (N, X, R, S) where:

e Y is a finite set of ranked terminal symbols. That is, each f € ¥ has an arity
ar(f) > 0suchthat f:p— - =1 —0.
—_————
ar(f)

e N is a finite set of sorted nonterminal symbols.
e R is a finite set of well-formed rewrite rules, each of the form
F=XMry...x,,. t

where F' : 0y — --+ — 0, — ¢ is a nonterminal symbol in N, each z; : o; is

distinct, and ¢ is an applicative term over X UN U {xq,..., 20}
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e S: 1€ N is the distinguished start symbol.

We assume that each x; is drawn from a suitably large but finite set Vrg of recursion
scheme variables. We often refer to (non)terminal symbols as (non)terminals, and
may write X(f) to denote the sort o of f : o € X, and N(F) for the sort o of
F:oeN.

The nonterminal symbols in A are the productive symbols in the grammar; they may
be rewritten in a reduction step (see below), as opposed to the terminal symbols in

Y. that are tree constructors that remain unchanged once produced.

A HoRS is deterministic if for every nonterminal F : o € N there exists exactly one
rewrite rule in R. In this case, R is a function, so that we can write R(F : o) or just
R(F) for the RHS of the unique rewrite rule of F' : ¢ € N. Henceforth, we assume
that HoRS are deterministic.

Order of a HoRS. As usual, the order of a term is defined as the type-theoretic
order of its sort. We choose the order of ground sort ¢ to be 0, as is customary in

higher-order model checking:
order(¢) :=0 order(o; — 03) := max{order(oy) + 1, order(o2)}

The order of a HoRS G, written order(G), is given by the highest order of its nonter-
minals. Note that this definition of order is consistent with the one we have seen for

higher-order logic.

Meaning of a (deterministic) HoRS. The meaning (or value tree) of a HoRS is
a possibly infinite applicative term over X U{_L} or, equivalently, a (X U{_L})-labelled
tree. It is obtained by unfolding the rewrite rules of G ad infinitum, replacing formal

by actual parameters each time, beginning with start symbol S.

For a HoRS G, we formally define the reduction relation —¢g by induction over the

following rules:

R(F):)\xl...a:m.t t—)gt/ t—)gt/
Fty.. .ty —gtlti/z, .. tn/Tm) st —g st ts—gts

The reflexive transitive closure of —g is denoted by —, using the Kleene star * that
stands for 0 or more (but a finite number of) iterations. The subscript G is often

omitted when the scheme is clear from the context.
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A Y-labelled tree is a partial function s from {1,..., M}* to ¥, where M is the
maximal arity of any f € X, such that dom(s) is prefix-closed; we assume that s is
ranked: if s(w) = a and ar(a) = r, then {i | wi € dom(s)} = {1,...,r}.

Given a term ¢, we define a (X U {L})-labelled tree t* by:

f ift=feX
tt={ titd  ift=tityand t{ # L
i otherwise

This operation substitutes L for terms headed by nonterminals, which are essentially
‘unfinished’ computations. For example, (f (Fa)b)t = f Lb.

Let C be the least partial order on ¥ U {_L}, written X, , such that Va € X. L C a.

We extend C to a partial order on trees by:
s Ct:=Yw € dom(s). (w € dom(t) A s(w) C t(w)).

Eg LT f1L1C fLlbC fab. Finally, we define the meaning of G, the value tree
of G, by
9] :=| [{t" | S =5t}

By construction, [G] is a possibly infinite (X U {_L})-labelled tree.

Note that this least upper bound exists due to t; —¢ t5 implying t{ C 3 and the set
of trees ordered with respect to C being a dcpo, as a consequence of Theorem 2.1.

We formalise this in Lemma 4.8.

Set of trees. Let ¥, = {¥U_L}. The set of all finite and infinite ¥ -labelled trees
is denoted by Ty, . Clearly, [G] € Ts, for every HoRS G = (N, %, R, S).

1-freeness of a HoRS. We say that a HoRS G (or its value tree [G]) is L-free
if L does not occur in [G]. To be precise, this happens when there does not exist
w € dom([G]) such that [G](w) = L. For example, the HoRS given by S = f (F a),

F=MXe.Gzx, and G = Ax. F x is not L-free, because the reduction sequence
S— f(Fa)— f(Ga)— f(Fa)—...

repeats ad infinitum, so that [G] = f L.
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Chapter 3

Higher-order constrained Horn
clauses

Higher-order constrained Horn clauses (HoCHC) are a fragment of higher-order logic
that extends the first-order constrained Horn clauses known from logic programming,
which are Horn clauses of first-order logic containing constraints expressed in some

suitable language (and interpreted in a suitable background theory).

We present the HOCHC fragment as a sorted (typed) lambda calculus. We largely
follow the notations of Cathcart Burn et al. (2018), building on the definitions of
higher-order logic introduced in Chapter 2.2. The definitions in the first three sections
of this chapter are largely due to Cathcart Burn et al. (2018).

Background theory. Fix a first-order language over a first-order signature X,
consisting of distinguished subsets of first-order terms T'm and first-order formulas
@ € Fm, and a first-order theory Th in which to interpret those formulas. We refer to

this first-order language as the constraint language, and Th as the background theory.

Atoms and constraints. An atom is an applicative formula X M, - - - M}, in which
X is a relational variable and each M; a term. A constraint, ¢, is just a formula from
the constraint language. For technical convenience, we assume that atoms do not
contain any constants (including logical constants), and constraints do not contain

any relational variables.
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3.1 Constrained definite clauses

Constrained Horn clauses. Let A be a sorting of relational variables. The con-
strained goal formulas over A, typically G, and the constrained definite formulas over

A, typically D, are defined by induction over
G:=M|¢|GANG|GVG|Tzr:0.G
D:=true|Vz:0.D|DAND|G=XT

where o is an individual or a relational sort, M is an atom—its head variable not

required to occur in dom(A), ¢ a constraint, X a relational symbol inside dom(A),

and T = x1 - - -, a sequence of pairwise distinct variables.

It will often be convenient to view a constrained definite formula equivalently as a
conjunction of (constrained) definite clauses, which are those definite formulas with
shape: Vz.G = X 7.

Problem. A (higher-order) constrained Horn clause problem is given by a tuple
(A, D, G) in which:

e A is a sorting of relational variables.

e AF D:ois a constrained definite formula over A.

e A G :ois a constrained goal formula over A.

We say that such a problem is solvable just if, for all models A of the background
theory Th, there exists a valuation « of the variables in A such that A,a F D, and
yet A,a G.

In practice, we may restrict ourselves to a single (standard) model of the background

theory, e.g. the standard model of Linear Integer Arithmetic.

3.2 Constrained logic programs

The HoCHC fragment and the associated decision problem can be equivalently defined
in terms of logic programs. The logic program definition brings us closer to related
work on the extensional semantics of higher-order logic program by e.g. Wadge (1991)
and Charalambidis et al. (2013). Furthermore, it is a natural choice of definition if

we restrict the semantics to a Henkin frame (defined in Chapter 2.2.3) consisting of,
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say, monotone relations, as it eliminates the need for the (non-monotone) implication

operator.

Goal terms. The class of well-sorted goal terms A F G : p is given by the sort-
ing judgements defined by the rules below, where o stands for an individual or a
relational sort. The constrained goal formulas, defined in the previous section, are a

propositional sorted subset of the goal terms.

(GCSt) mc S {/\a \/, ElL} U {Elp ‘ p} (GVar) A17$ 2P, AQ |— x:p

AFG:p— po AFH:p

(GConstr) AFgp:o€ Fm (GAppR)

Al gp:o AFGH:py
AFG:1t—p Az:obFG:p
(GAppl) AFGN ) AFN:ve€ Tm (GAbs) r:o¢ A

AFXe.G:0—p

Logic programs. A higher-order constrained logic program, P, over a relational
sort environment A = x1 : p1,..., Ty : Pm 1S just a finite system of (mutual) recursive

definitions of shape:
l'lipl:Gl, SRR xmpm:Gm

Such a program is well sorted when, for each 1 <7 < m, A+ G; : p;. Since each z;
is distinct, we may regard a program P as a finite map from variables to terms such
that P(x;) = G;. We will write - P : A to abbreviate that P is a well-sorted program

over A.

The logic program of a definite formula. Every definite formula D gives rise
to a logic program if we collapse clauses that share the same head X 7, take the
disjunction of their bodies, and view the resulting expression as a recursive definition
of X.

The formulation as logic program is a natural object to which to assign a monotone in-
terpretation, since we have eliminated implication—which does not act monotonically

in its first argument—in favour of definitional equality.

Consider a definite formula A - D : 0. We assume, without loss of generality, that D
has the shape

Vi, .Gi= X, T A - A VT, Go= X, T,
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over a sort environment A = {Xj : p1,..., Xg: pp},ie. {1,...,k} = {r,...,r}. We

construct a program over A, called the logic program of D and denoted Pp, as
X1 =XM1 Gy, ., X = AT Gy

where G = \/{G; | r; = j} such that {G; | r; = j} are exactly the bodies of all the
definite clauses in D whose heads are X;. The fact that = Pp : A follows immediately

from the well-sortedness of D.

Problem. A (higher-order) constrained Horn clause problem is given by a tuple
(A, Pp,G) in which:

e A is a sorting of relational variables.
e - Pp: Ais a logic program of a constrained definite formula D over A.
e AF (G:ois a constrained goal formula over A.

We say that such a problem is solvable just if, for all models A of the background
theory Th, there exists a valuation « of the variables in A such that A, o E Pp, and
vet A, K G. Again, we may restrict ourselves to a single (standard) model of the

background theory.

3.3 Interpretation

A crucial part of the HoOCHC decision problem is still missing: the interpretation
of terms and formulas. As Cathcart Burn et al. (2018) point out, higher-order con-
strained definite formulas do not necessarily possess least models under the standard
semantics (written S, see Chapter 2.2.2). However, Cathcart Burn et al. also show
that a monotone interpretation does yield a least model property. In such an inter-
pretation, higher-order sorts are interpreted as the monotone function space, rather
than the full function space. Ong and Wagner (2019) recently showed that the mono-
tone interpretation for HoOCHC is a Henkin frame (Chapter 2.2.3). Furthermore, we
know from both Cathcart Burn et al. and Ong and Wagner that the HoOCHC decision
problem under the standard semantics is equivalent to the HoCHC decision problem

under the monotone semantics, written M.

In Section 3.4, we introduce a continuous semantics, written C, in which the semantic
domain is restricted even further to only those functions that are (Scott-)continuous.

As the reader will see, this interpretation of HoOCHC enjoys a least model property
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as well and is, in fact, equivalent—though not identical—to the monotone interpreta-
tion (and hence to the standard interpretation). This result has since been subsumed
by Ong and Wagner. However, our proofs of equivalence also provide a direct trans-
lation between models in one interpretation and models in another. On top of this,
we show that the continuous interpretation is indeed a restriction compared to the
monotone interpretation; there exist HoOCHC problem instances where the monotone

one-step consequence operator is not continuous, unlike in first-order Horn clauses.

In the remainder of this section we fix a Henkin frame F, as per Chapter 2.2.3. In
particular, let F € {S, M,C}.

F-sort frame. We define the F-sort frame by induction over the background theory
A; we inherit this definition from HoL. Recall that A, is a set, regarded as a discretely

ordered poset, so that
Fl] = A, Flo] =B Flow = 03] := Flo1] =5 Flos],

where X =, Y is a subset of the function space between posets X and Y as dictated
by the Henkin frame:

(X =Y] itF=8§

X=;Y: = [X=,Y] it F =M

X =.Y] it F=C
Le. for F/ = § this is the full function space, for F = M the set of all functions
g € [X = Y] that have the property x; C x5 implies g(z1) C g(x2) for all 21,20 € X,
and for F = C the set of all functions g € [X = Y| such that directed set D C X
implies g(L| D) = |sep 9(d).

As we have seen before in HoL, the lattice structure on B extends to a pointwise
ordering C,, or just &, on each relational semantic domain F [p]- It is worth noting

that X = Y coincides with the full function space if X is a discrete poset A,.

Let us consider what it means for a relation, which is a propositional function, to be
monotone. A relation r is an element of X; =, - - - =,,, X} =, B just if it is upward
closed: whenever r is true of z1,..., 2z and z; C 2} for all ¢ € [k], then r must also
be true of x,...,z},. In particular, when r € [X =, B], then r can be thought of as

an upward closed set of elements of X.

37



Interpretation of goal terms. Recall that HoOCHC is a fragment of HoL. As
such, its interpretation is inherited from Hol.. Nonetheless, we provide the explicit

denotational semantics of goal terms here.

FIAF z: p](«
FIAF ¢ :o](c
F[AF G H : po](«

(@) = a(z)
(
(
F[AE GN :p](a
(
(
(
(

S[AF ¢ :o](a)

FIAEG:p1 = p2](a)(F[AF H 2 01](e))
FIAEG o= p)(a)(S[AF N =] (a))
Az’ e]—“[[a]] FlA 0 F G p](afr = 2'])

FIAF Xz :0.G: p](a
FIAEA:0—0— o](c

F[AEV:0—o0— o]«
F[AF 3, : (60— 0) = o] (a

)
)
)
)
)
)
)
)=

fexists,

Quantification is relativised to the sort frame: fexists,(r) = max{r(d) | d € F[o]},
where o is either ¢ or a relational sort. As usual, the fixed interpretation A of the
background theory is left implicit; we fall back on this interpretation for constraint

formulas and terms of sort ¢, as demonstrated by the invocation of § in those cases.

We define a function 7%, : F[A] — F[A] on semantic environments, also called
the one-step consequence operator in logic programming literature, by interpreting
the RHSs of the HoCHC logic program: T% A (a)(z) = F[A F P(x) : A(z)](a). A
prefixed point of T3, is called a model of the program P.

Cathcart Burn et al. (2018) establish a standard and a monotone interpretation for
HoCHC. Pertaining to the latter, they show that the semantics are well-defined,
ie. M[AF G :p] € M[A] =, M]p] for all A+ G : p, and that the one-step conse-
quence operator T is monotone. Furthermore, it follows from the Knaster-Tarski
Theorem 2.2 that, unlike the one-step consequence operator arising from the standard
interpretation, T/ has a least prefixed point—or least fixpoint. Consequently, logic

programs F P : A have a canonical least model under the monotone interpretation.

In the sequel, we introduce the continuous interpretation and establish similar results.

3.4 Continuous interpretation

We define the continuous sort frame by induction over the background theory A:
Clef==A  Clo]:=B  Clpr = p2] == Clou] = Clpe]
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where A, is a discretely ordered poset and X =, Y is the (Scott-)continuous function
space between X and Y, which is the set of all functions ¢ € [X = Y] such that
directed set D C X implies g(| | D) = | |,cp 9(d).

This coincides with the definition of the F-sort frame in Section 3.3, where F = C.

The interpretation of goal terms is given in that section as well.

As mentioned in Chapter 2.2, it follows from Proposition 2.16 and a straightforward
inductive argument that each (C[[p], C,) is an algebraic lattice, w-algebraic if each A,

is countable. The same holds for C[A] for any relational sorting A:
C[A] := [« € dom(A).C[A(2)],

with valuations a, 8 € C[A] ordered pointwise over their elements, i.e. « C f for
a, p € C[A] if and only if a(x) C B(x) for all x : p € Al
Under the continuous interpretation C, an instance (A, P, G) of the HoCHC problem,
with a logic program P,

P:={F,: A(F))=P(F), ..., F,:A(F,) =P(F,},
where each P(F;) is a goal term, gives rise to a one-step consequence operator:

Th.a : C[A] — C[A], Ti.a (@) (F;) :==C[AF P(F) : A(F)](a).

A prefixed point of TS, 5 is a model of P. Showing that the continuous interpretation
has the least model property thus boils down to whether there exists a least prefixed

point of TS A.

By Kleene’s Fixed-Point Theorem 2.3, if C[A] is a pointed dcpo (which it is, as above)
and TS, is continuous, then TS o has a least prefixed point—least fixpoint—that is
the supremum of the ascending Kleene chain of T .. Thus, to establish the least
model property it suffices to prove that TS, , is continuous, as we do in the following

subsection.

Similar to the monotone HoOCHC problem, a HoOCHC problem (A, P, G) is solvable
under the continuous interpretation just if, for all models of the background theory,
there is a prefixed point a of TS, . such that C[G](a) = 0.
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Comparison to first order. In general, the least fixpoint (and the greatest fix-
point) of a monotone function f on a complete lattice, like of T24 on M[A], is
computed through transfinite induction on the ordinal powers of f (Lloyd, 1987); the

usual induction on natural numbers does not suffice, because

L[/ (L) I ne Ny

is not necessarily a fixpoint. The least fixpoint can be attained by induction beyond
the natural numbers (i.e. transfinite induction). However, if f is continuous, then
the above is—in fact—the least fixpoint (by Kleene’s Fixed-Point Theorem 2.3) and

induction on natural numbers suffices.

In first-order logic programming, the monotone one-step consequence operator is al-
ways continuous. However, as Section 3.4.2 shows, continuity does not come ‘for free’
for higher-order Horn clauses, so that the monotone and continuous interpretations
are distinct for HoOCHC. If we were to restrict ourselves to first-order variables and
quantification, we would again obtain continuity ‘for free’ in the monotone interpre-

tation, as in first-order logic.

3.4.1 Least model property

When we say that the monotone interpretation has a least model property, we mean
that there exists a model Mp of logic program P, for every monotone HoCHC problem
(A, P,G), such that Mp C « for all models « of P. Due to monotonicity, this means
that a HoCHC problem (A, P,G) is solvable under the monotone interpretation if
and only if M[G](Mp) = 0.

By Kleene’s Fixed-Point Theorem (Theorem 2.3), if we show that the C semantics of
a goal term are, in fact, continuous, and thus that the one-step consequence operator
is continuous, then we have proved that the HoOCHC problem under the continuous

interpretation also enjoys a least model property.

The bigger chunk of the work in this section is done in Lemma 3.4, with Theorem 3.6

establishing the least model property.

Proposition 3.1. For all terms A =T : o that do not contain relational variables,
S[AF T : o] is continuous.

Proof. Recall that the ordering on S[A] is pointwise with respect to relational vari-

ables, and trivial on individuals. That means that if 7" does not contain relational
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variables then S[A + T : o] is trivially monotone, as a C § for «, € S[A] means

that @ and  map individuals in A to the same element in S[¢], and thus:
S[AFT :o](a) =S[AFT : a](B).

By extension, every [ in a directed set Z of valuations maps an individual in A to
the same element in S[¢], and so does | |Z. It follows that S[A F T : o] is trivially

continuous. [
Lemma 3.2. The codomain of a € C[A] is a depo.

Proof. The codomain of a € C[A] is [],.,)ea Clo], as @ maps each 2 : 0 € A to an

element of C[[o], where o is either ¢ or a relational sort p.

The discrete poset C[t] is a depo. Each C[p] is a complete lattice and therefore a
dcpo. As the finite product of a number of dcpos is itself a dcpo, [],.,ca Clo] is a
dcpo. O

Lemma 3.3. For all goal terms A = G : p, (1) C[A F G : p] : C[A] — C[p] is
monotone, and (2) C[AF G : p](«) is monotone for all « € C[A] (i.e. ifp=0 — p'
then C[A + G : p](«) : C[o] — C[p'] is monotone).

Proof. We proceed by induction on the structure of G.

For (1), let «, 5 € C[A] such that o« C . The base cases are:

CIAF z: p](a) = a(x)

C 8(=)

= C[AFz: p](B)
CIAF ¢:o](a) =S[AF ¢:0](a)

=S[AF ¢:0](B) Prop 3.1

=C[AF ¢:0](B)

For (2), the cases where G : o are trivial since C[o] = M[o] = S[o], so suppose that

G : 0 — p. The relevant base case is:

C[AFz:0— p](a) =a(zx) € Clo — p]
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Now suppose that (1) and (2) hold for all simpler goal terms. For (1), let a, 8 € C[A]
such that o C (. It is clear that the claim holds for monotone operators and, or, and

cexists,. The remaining inductive cases are:

C[AF Hy Hy : po () = C[AF Hy: pr = po] () (CIA F Hy = p1]())
CCIAF Hy:pr = po](B)(CIAF Hy o pi](B)  TH
=C[A* Hy Hy: p2](B)

CIAFHN :pJ(a) =C[AF H :v— p](a)(S[AF N : ()
CC[AFH:v— p](B)(S[AF N :(](a)) IH
=C[AFH:v— p](B)(S[AF N :](B)) Prop 3.1
—CIAFHN : p](9)
CIAF Xz :0.H : p](a) = v € Clo].C[A,z: o F H : p](afr — v])
C M e C[o].C[A,z: 0 H: p](B[z — v]) IH
=C[AF X x:0. H:p](B)

This proves that C[A F G : p] is monotone for all goal terms A F G : p, which is (1).

Finally, for (2), again the cases where G has sort o are trivial, so let G : 0 — p. Then,

the inductive cases are as follows.

For CJAF HN : 0 = p]J(a) =C[A+ H : v — 0 — p](a)(S[A F N](«)), we
know by the IH that C[A+ H : © — 0 — p](«) is a monotone function from C[:] to
Clo — p]. It follows that C[A = HN : 0 — p](«) is an element of C[oc — p], and
thus that CJA+ HN : 0 — p](«) : CJo] — C[p] is monotone, as required.

For C[A+ Hy Hy : 0 — p](a) we follow a similar reasoning using the IH twice.

And finally, for A+ Xz : 0. H : p, let fi, fo € C[o] such that f; T fs. Then:

CIAF Xz :0.H:pl(a)(fi) =C[A,z:0F H: p](afz — fi])
CC[A,z:0F H:p](afx— fo]) IH
=C[AF Mz :0.H: p](a)(f2)

This proves that C[A F G](«) is monotone for all goal terms A F G, which is (2). O

Lemma 3.4. For all goal terms A = G : p, (1) C[A + G : p] : C[A] — C[p] is
continuous, and (2) C[AF G : p](a) € C[p] for all v € C[A].
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Proof. We proceed by induction on the structure of G. By Lemma 3.3 we already
have that C[A - G : p] is monotone, and that C[A F G : p](«) is monotone for all
a € C[A]. Let Z C C[A] be a directed subset of valuations. Proving continuity of
C[A F G : p], which is (1), then comes down to showing that

CIAF G : ] (|_|z) = | |elara: o).

IeZ

For (1), the base cases of the induction are follows:

CIAF z: ] (|_|z) - (|_|z) (z)

= |_| I(x) Prop 2.8, Lem 3.2

1€l

= |clatz:p)(n)

1€l

C[AF p: 0] (UI) =S[AF p: ] <|_|I>
:USﬂAl—gO:O]](I) Prop 3.1

Iel

= |clat¢:ol(1)

Iel

For (2), the cases of sort o are trivial since Clo] = M[o] = S[o], so let G be of sort

o — p. The relevant base case is:
C[AFz:0— p](a) =a(zx) € Clo — p]
Now suppose that (1) and (2) hold for simpler goal terms. It is clear that and, or,

and cexists, are all continuous operators. For (1), let Z C C[A] be a directed set of

valuations.
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The remaining inductive cases are:

CIA - Hy Hy : po] <|_|I>
—C[AF H, : p1 — ps] (|_|z> (C[[A - Hy: 1] (|_|I))

— <|_| C[AF Hy:py — ,02]]([)) (|_| C[AF H, : pl]](J)) H

IeT JeT

:UC[[AI—H1:P1—>,02]](I)(UC[[AI—Hg:pl]](J)> Prop 2.8

IeT JeT
= | | CIAF Hy:pr— p](I) (CIAF Hy: pi](J))  Prop 2.4, IH
= | |CIA+ Hi:pr = pa](T) (C[AF Hy: pi](1))  Prop 2.10

1€l

= | |clat+ HiHy: p] (1)

IeT

C[AFHN : /] (|_|I)
=C[AFH:t— p] (l_lI) (S[[AI—N:L]] <|_|I>>

_ (Uc[[A%H:L—w]](I)) (5[[AHV:LH <|_|I>> IH

Iel

—LerarHivs o)) (SIar N (LJT))  Prop 28

1€l

= |_|C[[A FH:o—p](]) (|_| S[AF N : L]](J)) Prop 3.1

IeT JeT
= || ClatH:v—p)(1)(S[A+ N :J(J))  Prop 2.4, TH
:UC[[AI—H:L—>,0]](])(S[[AI—N:L]](I)) Prop 2.10
= | |cla+HN:pl(1)

IeT
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C[AF Mz :0.H:p] <|_|I)
=\ eC[o].C[Az: 0 H : g <(|_|I) [+ v])

=X eC[o].C[A,x:0F H:p] <|_|[[x»—>v]> x ¢ dom(A)

Iel

= v € C[o]. UCHA,x:UI—H:p]](I[xHU]) TH

1€l

:|_| (M eClo].C[A,x:0F H: p]({[x — v])) Prop 2.8

IeT

= |clar a0 H:p](])

Iel

This proves that C[A  G] is continuous for all goal terms A F G, which is (1).

Finally, for (2), again the cases where G is of sort o are trivial, so let G : 0 — p.

Then, the inductive cases are as follows.

For CIAF HN :0 — pJ(a) =C[AF H : v —» 0 — p](a)(S[A F N](«)), we know
by the IH that C[A+ H : v — 0 — p](a) € C[t = 0 — p]. It follows directly that
C[A+ HN :0 — p](«a) is an element of C[o — p], as required.

For C[A+ Hy Hy : 0 — p](a) we follow a similar reasoning using the IH twice.
And finally, for AF Az :0.H : p,let F' C C[o] be a directed subset. Then:

C[AF Xz :0.H: p](a) <|_|F> =C[A,z:0F H:p] (a [xl—>|_|F])
=| |claz:o-H:pJ(alz f]) IH

fer

= | |ClAF z:0 H : p(a)(f)

fer

This proves that C[A = G : p](«) € C[p] for all goal terms A+ G : p, i.e. (2). O
Corollary 3.5. TS, is continuous for all programs = P : A.

Theorem 3.6 (Least model property). The continuous interpretation of the HoCHC
problem has the least model property.

Proof. By Corollary 3.5 and Kleene’s Fixed-Point Theorem (see Theorem 2.3). [
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3.4.2 The monotone one-step consequence operator is not
continuous

Unlike in first-order Horn clauses, the monotone one-step consequence operator is
not always continuous for HOCHC. We demonstrate this through an example HoCHC
problem for which the one-step consequence operator in the monotone interpretation

is not continuous.

Let us define a goal term A F G : p and directed set of monotone valuations Z C
M][A] such that:

AﬂAFGmMLp>#UAﬂAPG4mD

1€l

Let A = {Foo: ((t = 0) = 0) — o,Bar : (t — 0) — o} be a sorting of relational
variables, interpreted over the set of individuals M[¢] = NU {oco}.

For all i € NU {00}, we define the (monotone) function

PN 0 ifx<i
v ’ 1 if x > 1.

Let us also define 1 that maps all inputs to 0. This gives us the following ordering;:

Jor1t C [ B C i fo

Note that while we regard N U {co} as a discretely ordered poset (consistent with
a HoCHC sort frame), we can still use the ordering 0 < 1 < 2 < --- < o0 in
our definitions. Intuitively, each f; is the upward-closed characteristic function of
i€ NU{oo}.

HO 1 00
forr ][O0 ... 0
f|0 0 ...] 1
alo T 1
folll 1 1

Figure 3.1: The result of f: ¢ — o (left) applied to i : ¢ (top)
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We define a family of (monotone) functions of sort (¢« — 0) — o by

0 tf=fC/
gi:(t—0)—o, fr>4q 1 if f=f23Ff
g:(f;) it fi=[Nfe|k€Nand fC fi}

where j € NU {00,000 + 1}, for all i € NU {co}. Additionally, we define

. 0 iffC fs
Joo-1: (e > 0) =0, f { 1 otherwise

It is clear that g.,_1 is monotone, as well as each ¢;. This gives us the following

lemma.

Lemma 3.7.

Jgo L g1 L Joor1
Proof. First we show that g; C ge—1 for all i« € N, and then that g; C g; for all
1,7 € N such that ¢ < j.

Let ¢ € N. Suppose that go_1(x) = 0, then either z = fo, or x = f,41. In both
cases, z [ f; and thus g;(z) = 0. We conclude that g; C g1 for all i € N, where

fir1 is a witness to the strictness of this inclusion.

Let ¢, € N such that ¢ < j. Note that f; T f;. We proceed by case analysis on
z € M[v— o]:

(i) If x = fi, T f;, then by transitivity « C f; and g;(xz) = 0 = g;(z).
(i) If z = fi, 3 f;, then g;(z) =1 and trivially g;(x) C g;(x).

(iii) Otherwise, i.e. there does not exist £ € N U {oo, 00 + 1} such that z = fj, let

fo=THf | k€ Nand = T fi}, so that ¢g;(z) = ¢;(f¢) and g;(x) = g;(fe). We
can now apply either (i) or (ii) to f,.

We conclude that g; C g; for all 4, j € N such that 7 < j. O]

Lemma 3.8 (g1 is an infinite element).

Joo—1 = |_| gi

ieN
Proof. Let x € M[t — o]. We aim to show that ge—1(2) = (| ;cn 95) (@) = ;en 9:(2)-

(i) If x = f; C fw, then goo—1(x) = 0 = g;(2) for all i € N.
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| foor1 foo oo fo i fo

W] 0 0 0 0 1
g 0 0 0 1 1
G| O 0O [T 1 1
G| O 1 1 11

Figure 3.2: The result of g : (¢ — 0) — o (left) applied to f: ¢ — o (top)

(i) If 2 = f; 3 foo, then goo1(z) = 1= g;(2) = [icn 9:(%)-
(iii) Otherwise, let fy =[{fx | ¥ € Nand 2 C fi}, so that geo—1(%) = goo—1(fe) = 1.
Clearly, gi(x) = ge(fe) = 1 = Lien 9:(fe) = Lien 9i(2).

We conclude that go—1 = | |;cy gi- Furthermore, go—; is an infinite element, because
we have obtained ¢.,_1 as the limit of a directed set in which it did not already

occur. N

Theorem 3.9. The one-step consequence operator in the monotone interpretation of

the HoCHC' problem is not generally continuous.

Proof. Recall our sorting of relational variables:

A ={Foo:((t—0)—0)—o0,Bar:(t.—0)— o}

Now consider the function h : ((¢ = 0) — 0) — o that maps all elements g.,_; and
larger to 1 and all other/smaller elements to 0. It is clear that h is an element of

MI[A(Foo)], as it respects the ordering of the input elements in M[(¢: — 0) — 0].

Recall that continuity of a function is determined by its behaviour on infinite elements.
In particular, consider goo—1 = |J;cygi» an infinite element by Lemma 3.8. This

function witnesses that A is not continuous:

Maw) =170 =L Ala)

i€EN

Consider a directed set Z = {ly, I1,...} of valuations (pointwise) determined by
I;(Bar) = g; and [;(Foo) = h. Thus, (| |Z)(Bar) = ge—1. This gives us the following

semantics for the term Foo Bar
M{[Foo Bar] <|_|I) = M[Foo] <|_|I> <M[[Bar]] (UI)) = h(goo—1) =1
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but

|_| M([Foo Bar](I) = I_l M([Foo](I)(M[Bar](l)) = |_| h(g;) = 0.

IeT Iel 1€N

O

Thus, we have proved the existence of HOCHC problem instances where the monotone
one-step consequence operator is not continuous. This demonstrates that the contin-

uous interpretation of HoOCHC is, in fact, distinct from the monotone interpretation.

3.4.3 Equivalence with monotone interpretation

Cathcart Burn et al. (2018) have proved that every solution to a HoOCHC problem in-
stance (A, P, G) under the standard interpretation determines a solution to (A, P, G)
under the monotone interpretation and vice versa. In this subsection, we show in-
terreducibility between the monotone interpretation and the continuous interpretation
(culminating in Theorem 3.18), which yields an equivalence between the standard and

the continuous interpretation by transitivity.

Our approach is remarkably similar to Cathcart Burn et al.’s. We too rely on two
Galois connections, pairs of adjoints, between complete lattices of monotone relations
and—in our case—those of continuous relations. In fact, our approach is all but
identical. This is due to Cathcart Burn et al.’s (monotone) Galois connections being
continuous in our setting, which is precisely what we require. This subsection heavily

relies on their work, albeit with small modifications.

We start by proving an auxiliary result left to the reader in Cathcart Burn et al.
(2018), our Proposition 3.10. This is also where we first deviate from them, by
correcting a minor error in the statement of their version of this proposition: for
f and g to be well-defined we need f : [P, =, Pi| = [Q2 =, Q1] rather than
f [P =m B — [Q1 = Q], and similarly for g. That is, we swap P, P, and

1, Q)2 in the domains and codomains of f and g.

Of course, the second and crucial modification is that now we work with continuous
function spaces rather than monotone ones, which brings us to a third difference: to
ensure that f and g are well-defined (that they map continuous functions to contin-

uous functions), we assume that fi, f2, g1, go are all continuous.

PI'OpOSitiOIl 3.10. ]ffl P — Ql; g1 - Ql — Pl, fg Py — QQ and gs - QQ — P
with fi 4 g1 and fy 4 go are continuous functions, then it follows that the pair of
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functions [ : [Po =, Pi] = [Q2 = Q1] and g : [Q2 = Q1] — [Py =. P1] defined by
f(h) = fiohogy and g(k) = g1 o ko fo forms a Galois connection f - g between the

corresponding continuous function spaces (ordered pointwise).

Proof. Let fi, fa, f1,92 and f, g as stated. Then, f(h) and g(k) are well-defined for
all h € [Py =, Pi] and k € [Q2 =, Q1], since they are a composition of continuous

functions. Thus, f and g are well-defined.
It can easily be verified that f - g is indeed a Galois connection:
o f(g9(k))=f(grokofs)=fiogioko frog <k
e h<giofiohogyo fo=g(fiohogs)=g(f(h))
for all h € [P, =. Pi] and k € [Q2 = Q1] O
Definition 3.11 (Embedding the continuous relations). Every complete lattice of

continuous relations C[[p] can be embedded into the complete lattice of monotone re-

lations M[p] in the following two ways:

P

M[p] ¢

Iy c U, M

7 Clo] $=—= M{/]

We define a family of right adjoints I, and a family of left adjoints J, by induction
on sort p. In the definition, L, is the uniquely determined left adjoint of 1, and U,.

I,(b):=b Jo(b) :=b
[L*)p</r) = IpOT' Jbﬁp(r) = JpOT'
]p1—>p2(r) = Ipz OTOLpl Jp1_>p2(7”) = Jp2 oro Up1

Lemma 3.12. For all relational sorts p, (1) L, 4 1,, (ii) J, 4 U,, and (iii) all four

adjoints are continuous.

Proof. We show only L, 4 I, and continuity of L,, I, because the proof for J,, U, is
analogous. We show that I, : C[p] — M[p] is a well-defined continuous right adjoint

by induction on p.

e When p = o, C[o] = M[o] and I, is the identity, which is continuous and is its
own left and right adjoint.

e When p is of shape ¢ — py, it follows from the induction hypothesis that I,, :
Clp2] = M[p2] is a well-defined continuous right adjoint. By Proposition 3.10,
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the mapping
r> Iy, oroidepy =1y, 0r = IL—>p2(7“)

is a well-defined right adjoint, using that C[:] =, A coincides with the full
function space for all posets A due to the trivial ordering on the individuals in
Clle] = M]¢]. It remains to show that I,_,,, is continuous, so let D C C[[v — po]
be a directed set. For all z € C[¢]:

o (U9) =1 () )

=1, <|_| d(@)
= | | I.(d(x))

deD

= || Lo (@)(@)

deD

- (l_l 1Hp2<d>) (x)

deD

Thus, I,-,,, well-defined continuous right adjoint. Similarly, L, ,, can be shown

to be continuous.

When p is of shape p; — ps, we decompose the definition as follows:

rslpy0roLy,

Clpi] = Clp:] M[pi] =c M[p2] == Mp1] = M]p2]

By the induction hypothesis, I,, : C[p1] = M[p1] and 1, : C[p2] — M[p2] are
well-defined continuous right adjoints, from which we may infer the existence

of a continuous left adjoint L,, : M[p:] — C[p1].

By Proposition 3.10, 7 — I,,0roL,, : [C[p1] =¢ Clp2]] = [M[p1] = M[p2]] is
a well-defined right adjoint. Observe that there is a canonical inclusion between
the continuous and monotone function spaces which, since it trivially preserves

meets, is an right adjoint. The result follows because right adjoints compose.

Finally, we show that I, _,,, is continuous. To this end, let D C C[p; — p2] be
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a directed set. For all « € C[[p:]:
I (LUD) @) = L (LI D) (L)
-1, (I_l AL, <m>>)

deD

= | | 1,.(d(L,,(x))) IH

deD

= || Inosm(@) (@)

deD

= ('_I [P1HP2<d)) (.T)

deD

Thus, 1,,,,, is continuous, and similarly L, ,,, can be shown to be continuous.

]

These Galois connections provide a canonical way of moving between the universes
of continuous and monotone relations. We extend these connections to mappings on

valuations.

Definition 3.13 (Embedding the continuous valuations). Let o € C[A] and let
g e M[A]. Analogous to Definition 3.11, we define In, Ja : C[A] — M[A] and
La,Ua : M[A] — C[A]. Let K €{I,J} and H € {L,U}, so that:

| az) if Alx) =
Ka(o)(z) = { K (a(z)) otherwise

[ Ba) if Alz) =
Ha(B)(z) := { Hagy(B(z)) otherwise

Corollary 3.14. For each sorting A, La =1 In and Jan 7 Ua are well-defined Galois

connections.

Lemma 3.15. For sorts o :=1 | p, cexists, o U,_,, C mexists, C cexists, 0 Ly_,.

Proof. For 0 = 1, cexists, = mexists, by definition. Furthermore, U,_,,(s) = s =
L, ,(s), so the result is clear. Otherwise, o is some relational sort p and we observe
that both of the following are true for all s € M[p — o]:

(i) for all 7 € Cp]: U,o(s)(r) = 1 implies s(J,(r)) =1
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(ii) for all t € M[p]: s(t) =1 implies L, ,(s)(L,(t)) =1

To see that (i) is true, we observe that U,_,,(s)(r) = 1 can be rewritten to s(J,(r)) = 1.
We reason as follows to show that (ii) holds: if s(¢t) = 1, then since I,,, 0 L, , is
inflationary, also I, ,,(L,-.(s))(t) = 1. Unfolding the definition of I,,, and I, =
idego) then yield L, ,(s)(L,(t)) = 1.

Hence, by (i), witnesses r to the satisfiability of U,_,,(s) can be mapped to witnesses
J,(r) to the satisfiability of s, and by (ii) witnesses ¢ to the satisfiability of s can be
mapped to witnesses L,(t) to the satisfiability of L,_,,(s), thus proving the lemma. O

Lemma 3.16. For all goal terms A+ G : p, J,0C[G]oUx T M[G] C 1,0C[G]oLa.
Proof. We prove the inclusion J, 0 C[G] o Ux € M[G] by induction on the structure
of goal terms; showing the inclusion M[G] € I,0C[G] o L is dual. Let 8 € M[A].
e For A x:p,
JCL)UA(B)) = J,(U,(B(@)) T Alz) = M=1(8),
using the definition of Ux and the fact that J, o U, is deflationary.
e For Ay :o,

Jo(CLel(Ua(B))) = Slel(Ua(B)) = Sl (8) = Mle](5),

using that J, = id¢e) and the variables of ¢ are assumed to be first-order.

e For AFGH : py with AFG:py — py and A+ H : p;, we reason as follows.
First observe that

Jo (CIGH](Ua(B))) = Jo, (CIGIUA(8))(CIH](Ua(5)))
C Jp, (CIGT(UA(B)) (U, (o, (CTHT(UA(P))))),
because J,,(C[G](Ua(f))) is monotone and U,, o J,, is inflationary. Then,
Joo (CIGT(UA(B)) (U, (J,, (CIH](UA(5)))))
= o1 (CIGI(UA(8))(J,, (C[H](Ua(5))))
C Jpi—pe (CIGI(UA(B))(MIH](B))
using J,, _, (1) = J,,0roU,,, the induction hypothesis, and J,, _, ,,oC[G](Ua(B))

being monotone. Finally,

Jp1=02 (CIGT(UA(B))  MIH](B)) E MIGI(B)YMIH](B)) = MIGH](5)
by the induction hypothesis.
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e For AFGN :pwith AFG:1t— pyand A+ N : 1, we reason in a similar

fashion to previous case but now using the identity J,_,,(r) = J, o r to obtain:

Jo(CIGN](UA(B))) = J,(CIGT(Ua(B)))(SINT(Ua(5)))
= Jsp(CIGTUAB)SIN](Ua(B)))
= Jp(CIGI(UA(B)(SINT(B))

C MIGT(B)(SINDB)
= M[GN](B)

e For A x. H : py — po with Az : py = H @ pg, we first observe that for all
S € Mﬂpl]]

Jor=p2 (C[AT- HJ(Ua(8)))(8) = Jpo (C[Az. HI(UA () (Upy (5)))
= Joo (CIH](Ua(B[z = 5])))

This is due to the identity J,,_,,(r) = J,, or o U,, and the definition of Ua.

Then, we note that
Jp (CTH)(Ua(Blz = 5]))) E M[H](B[z = s])) = M[Az. H](B)(s)

by the induction hypothesis.

e For A Xx.H :1— pwith A,x : v+ H : p, we reason in a similar way as in

the previous case but now use the identity J,,,(r) = J, o7 to obtain, for all

s € MJ]:

Jisp(C[Az. H[(Ua(B)))(s) = Jo(C[Az. H[(Ua(B)))(s)
= Jo(CIH)(Ua(Blz = s])))
C MH](Blx — s])
= Mz H](5)(s)

e f AFV:o—0—00r A A:0— 0— o, the claim holds by definition.
e For A+ 3, : (0 — 0) — o, the result follows from Lemma 3.15:
‘](U*)O)*)O(C [[HUH(UA (ﬁ))) = J(Uﬁo)%o(ceXiStsU)

= cexists, o U,_,,

C mexists,

= M[31(8)
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Lemma 3.17 (Model translation). Fiz a program = P : A.
(i) If B is a prefized point of T, then Ua(B) is a prefived point of TS .

(ii) If o is a prefized point of TS. A, then Ia() is a prefized point of THL .

Proof. Let 3 be a prefixed point (model) of T4, and a of TS .. It follows from
Lemma 3.12 and Lemma 3.16 that for any goal term G : p:

CIGIUA(B) E U,MIGT(B))  MIGTa(e)) E L(CIG](a))

The former follows from J, o C[G] o Ux T MJ[G], composing with U, on the left
and using that idep,) © U, o J,. The latter follows from M[G] T I, o C[G] o La,
composing with /x on the right and using that La o Ia C idepag.

By definition, TS A (o) (z) = C[P(z)](a) and T4 (8)(z) = M[P(2)](B) for goal term

P(z), so that we can deduce the following from the above inclusions:
Tpa (Ua(B) EUA(Tpa(B))  Tria (Ia(@) E Ia (Tpala))

For part (i), observe that T44 (8) C 8 (which holds because f3 is a prefixed point of
T4 implies Ua (T34 (B)) E Ua(B) by monotonicity. By the above inclusions, we
then have TS A (Ua(B)) T Ua(B). Thus, Ux(B) is indeed a prefixed point of TS .

Part (ii) is analogous. O

Theorem 3.18. The HoCHC problem (A, P,G) is solvable under the monotone in-

terpretation if and only if it is solvable under the continuous interpretation.

Proof. Suppose that (A, P, G) is solvable under the continuous interpretation. Then,

for all models of the background theory C[G](C[P]) = 0 for least model C[P] of
F P : A. Let us fix a model of the background theory.

We compose L, on the left and I on the right of Lemma 3.16 to obtain L, o M[G :
ol o In C C[G : 0]. This means that L,(M[G](Ia(C[P]))) = 0. Since L, is the
identity on Clo] = M[o], this gives us M[G](Ia(C[P])) = 0. By the same lemma
(composing I on the right), this gives us

MIGI(Ia(CIP])) E L(CIGI(CIP])) = ClGIClP]) =0
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and thus M[G](Io(C[P])) = 0. By Lemma 3.17, I5(C[P]) is a model of T3,. We

conclude that (A, P, G) is solvable under the monotone interpretation.

The proof in the other direction is analogous, using the first parts of Lemma 3.16 and

Lemma 3.17, respectively. O

3.5 Effectively continuous interpretation

Charalambidis et al. (2013) have defined a semantics for a positive existential frag-
ment of higher-order logic programs—essentially higher-order Horn clauses without
constraints—that they show to be continuous, even though it is not explicitly so. One
would expect their semantics to coincide with our continuous semantics for HoCHC.
This is indeed the case.

However, their sort frame is only explicitly monotone, not continuous. Hence, we call

their semantics effectively continuous:
EC[] = A, EC[o] :=B ECo — p] == fin(EC[a]) =m EC[p]-

The difference with our continuous semantics lies in the definition of function spaces.
The intuition is that continuity ensures that ‘nothing is invented at infinity’. Thus,
for any function f € C[p1 — p2], the value of f(x) for an infinite element x € C[p;]
is uniquely determined by f(y) of its smaller finite/compact elements y € C[p1].

Formally, for an infinite element z € C[[p;], there exists a non-decreasing chain (x;);e,
of elements in fin(C[[p1]) such that z = | |(z;)ic. Now, if we consider a continuous
function f : C[pi] — C[p2], then it must be that f(z) = | |,., f(z;). Thus, f(z) is
uniquely determined by all f(z;).

Our proof of interreducibility of the HOCHC problem under the continuous interpre-
tation C and the HoOCHC problem under the effectively continuous interpretation £C
consists of two parts. First, we establish a bijection between C[p] and EC[p] for
each relational sort p, which establishes a stronger equivalence than e.g. between the
monotone and continuous interpretation (see Section 3.4.3). Second, we show that

there exists a mapping from models of C to models of £C and vice versa.

Let us define the £C semantics of goal terms. The meaning EC[A F G : p] of a goal
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term A - G : p is defined as:

EC[AF z: p](«
EC[AF ¢ : o] (a

a(z)
S[AF ¢ o](a)

U{gc[[A = G py— p2] (@) (D) Z Ejzré([[ijr[[—pﬁ]fa]’(a)}

ECIAF G :v— p](a)(S[AF N : (](a))
=\ Eﬁn(SCﬂa]]) EC[A,z o F G : p](afz — 2')

EC[AFGH : pso](

EC[AF Mz :0.G : p](«
EC[AFN:0—0— 0](c
EC[AFV:0—0— o](x

EC[AF 3, : (0 — 0) = o](«

(@) :
(@) :
(@) :
EC[AFGN : p](c) :
(@) :
(@) :
(@) :
(@)

ecexists,

Quantification is modelled by ecexists,(r) := max{r(d) | d € fin(EC[o])}, for o =+
and ¢ = p. The two application cases could be merged into a single case but are
worth spelling out, because the subcase for ¢ = ¢ is simpler and identical to the

corresponding case in the continuous semantics.

The effectively continuous interpretation £C is strictly speaking not a Henkin frame,
due to its interpretation of the arrow sorts. A Henkin frame F typically requires that
Flo1 — 03] is interpreted as a subspace of F[o,] = F[oz]. However, the elements
of ECJoy — o9] are only partial functions on the domain EC[o;], rather than total

functions. This then requires a nonstandard semantics of application.

The effectively continuous interpretation may not be a Henkin frame by definition,
but it is one in spirit; there exists a family of bijections between the continuous and
effectively continuous sort frames. Furthermore, these bijections—rather than mere
Galois connections—make the equivalence between the continuous and effectively con-
tinuous interpretations stronger than those between the other HoCHC interpretations:

standard, monotone, and continuous.

Under the effectively continuous interpretation, an instance (A, P, G) of the HoCHC

problem, with a logic program P,
P:={F :A(F)=P(F), ..., F,:A(F, =P(F,},
where each P(F;) is a goal term, gives rise to a one-step consequence operator:
Tpia  ECIA] = ECIAD, T () () = EC[A = P(F) : A(F)](a).
A prefixed point of T8, is a model of P. An element o € EC[A] is a valuation.
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Definition 3.19. For algebraic poset A and complete lattice B, we define a bijection
hap:[A=.B]— [fin(A) =, B] as

ha,B(9) = Gifin, hAB {( I_lk T )

1EW

|_| x; = x infinite, each x; ﬁm’te} Dk

S

for all g € [A =, B] and k € [fin(A) =, B], where gz, : fin(A) — B is the
restriction of g to a domain with only finite elements, and a & o' is the overriding

union of a : A — B and a' : A" — B (which is the set-theoretic union of the graphs

of a’ and aja\a).
Lemma 3.20. hy p and hZ}B form a continuous bijection.

Proof. Let g € [A =, B] and k € [fin(A) =, B].

- ([
hAB(hAB {( |_|g|ﬁn Z; >

Monotonicity of h4 p and h;LlB is trivial. Continuity of h4 p follows from:

nas (LID) = (LUP) . d|€_| djn = | | hasld

deD

|_| r; = x infinite, each x; ﬁnite} ® k:) =k

€W |fin

|_| x; = x infinite, each x; ﬁnite} D gifin =9

€W

For continuity of h's, we need to show that hy's (L] D)(x) = | ,ep ha'p(d)(z) for all
directed sets D C [fin(A) =, B] and all x € A. The case where x € fin(A) follows

directly from Proposition 2.8, while x ¢ fin(A) requires some more work:

hZ}B <|_| D> () = |_| (I_l D) (x;) for |_| x; = x, each z; finite

1EW 1EW

=L d)

1€w deD

- |_| le(xi) Prop 2.10

= || hals(d)(2)

deD

We conclude that h4 p and hAT}B are continuous bijections. O
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Lemma 3.21. For algebraic poset A and complete lattice B,
hap(g) = gohaa(ida)

for all g € [A =, B].

Proof. Let g € [A =, BJ, so that:

g0 haa(ida) = goidsuay = 9ifin = ha,(g)

]

Lemma 3.22 (Charalambidis et al., 2013). For every relational sort p, EC[p] is an

algebraic lattice (w-algebraic if A, is countable).

Theorem 3.23. There is a continuous bijection ¢, between C[p] and EC[p], for all

relational sorts p.

Proof. By induction on p. For p = o0, ¢, = ¢, ! is the identity on C[o] = EC[o].
Suppose that p = ¢ = py. By the induction hypothesis, ¢,, : C[p2] — EC[p2] is a
continuous bijection (with continuous inverse ¢, !). Since C[¢] = EC[¢], the function
Oispy 1 Cle = p2] = EC[t — po] defined by

Crspa(f) =m0 i ob,(9) =) og

is a bijection for all f € C[t — p2] and g € EC[t — po]. Tt is not hard to see that
both ¢,,, and ¢, % », are continuous by appealing to the induction hypothesis and

the fact that the composition of multiple continuous functions is itself continuous.

Suppose that p = p; — po. By the induction hypothesis, ¢,, : C[p1] — EC[p2] and
©py : Clp2] = EC[p2] are continuous bijections, with continuous inverses ¢, " and ¢!

resp. Let us define ¢, _,,, : C[p1 = p2] = EC[p1 — p2] in the following way:

9091*02(10) = $Ppa © fo hfc[[ﬂl]]vc[[m]](gp;ll)’ ('Dﬁ_ll—>p2 (g) = 90;21 © hgé[[ﬂl]]ﬁc[[/’z]] (g) © Pors

for all f € C[p1 — po] and g € EC[p1 — p2]. We verify that ¢,,_,,, is indeed a
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bijection using the induction hypothesis and repeated applications of Lemma 3.21.

Co1-02 Py (9)) = Poroa (P © hzgpmpccton1(9) © Por)
= 0p 0¥y, © hgcl[[m]],scgpz]](g) © Pp1 © heclplcion) (V)
= Pp2 © 90;21 © hgcl'[[pl]],EC[[pg]]<g) ©¥p © 90;11 © hectpil o (idecgon)
= hgé[[mﬂ,gc[[pg]](g) o heeppiy,econ (idecpn])
= heclecioa (hecgy.ectpa(9))
=4

Porsor (o1 (F)) = 0y (000 © f © hectpulclon) ()
= 90;21 © hgé[[pl]LgC[[pﬂ]((pr ofo hEC[[pl]],C[[m]](SD;ll)) © ¥Pp
= Pp © hecpppectpa)(Por © f 00, 0 hecppuecto (ecgnl)) © 9
- 90;21 © hgcl[[pl]]zcupz}](hSC[[pl]]ﬁC[[m]](90/32 ofo 90;11)> © o
=0, 0P o fop,l 00,
=f
Finally, ¢,, ., and gp;lg 2, can be shown to be continuous by appealing to the induc-

tion hypothesis and the fact that the composition of multiple continuous functions is

itself continuous. 0

These bijections provide a canonical way to move between the universes of continu-
ous and effectively continuous relations. We extend these bijections to mappings on

valuations.

Definition 3.24. Let o € C[A] and 5 € EC[A]. We define pa : C[A] — EC[A]
and its inverse o : EC[A] — C[A]:

o(a) i A) =
oa@)(a(z)) otherwise

pala)(x) = {

B(x) if Alx) =1
903@(5(:1?)) otherwise

e (8)) = {

Corollary 3.25. For each sorting A, pa : C[A] — EC[A] is a continuous bijection.

Lemma 3.26. For sorts o :=1 | p, cexists, = ecexists, © Q0.
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Proof. Let 0 = 1. Note that fin(C[t]) = C[i] = EC[] = fin(EC[:]). It follows that
Cle — o] = EC[Jv — o]. Clearly, any witness to the satisfiability of s € C[t — o] is

also a witness to the satisfiability of ¢, ,,(s) and vice versa.
Let o be some relational sort p. We observe that for all s € C[p — o]:

e Suppose that ¢, ,,(s)(r) =1 for some r € fin(EC[p]). Then,

(#0080 hecgaerr (0, ))(r) = (s 0@, o heegece (idecqo)) (r) = 1

However, since hgcppp.ecqpp(idecqyp) is simply the inclusion from fin(EC[p]) into
EC[p], this means that s(p,'(r)) = 1. Thus, witnesses r € fin(EC[[p]) to the
satisfiability of ,,(s) € EC[p — o] can be mapped to witnesses o, ' (1) € C[p]
to the satisfiability of s € C[p — o].

e Suppose that s(t) = 1 for some t € C[p]. Using a chain of equivalences:
5(t) = 050 (Pp0())(1)

= (05" © hgep i) (Posols)) © ) (2)

- hgé[[p],gc[[o]] (@pﬁo(s)) (90P<t>>

If we unpack the definition of hgclup]] eclo] W€ obtain the following:

- { Ppro(5) (25 (t)) if ,(t) is finite
e @o—so(s)(2s) if ©,(t) = |J(2;)icw for finite z;s

In latter case, there must exist (a finite) x; such that ¢,_,(z;). This means that
a witness t € C[[p] of the satisfiability of s € C[p — 0] can be mapped to either
a witness ¢,(t) € fin(EC[p]) or a witness z; € fin(EC[p]) to the satisfiability of
Ppso(s) € EC[p — o].

]
Lemma 3.27. For all goal terms A+ G : p, p,0C[AF G : plopx' = EC[AF G : p].

Proof. We proceed by induction on the structure of goal terms. Let 5 € EC[A].

o For Ax:p,

2o(Clzl(ea'(B)) = wp(ea' (B)(x)) = @,(¢, ' (B(x))) = B(z) = EC[=](B)-
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e For A F 1 : 0 with ¢ a formula of the constraint language,

Lo(C[¥1(0a' (8))) = C[¥1(2a' (B)) = S[¥(pa'(B)) = S[W](B) = EC[V](B).

using that the free variables of ¢ are assumed to be first-order.

e For AFGH : py with AFG:p; — ps and A+ H : py, we reason as follows,
aided by the induction hypothesis:

20 CIC H](¢5"(3))
= 0, (CIC1@3 B)(CIHIE B)

= 2 (CIC1 (3 (8)) (05 (o (CLHN (2 (B)))

= 0, (CICT@5 B)(e;, (ECTHI(B))

— L {om(CIG1R ) 5 et setmlidees) )| § Eoeirt )}

= {%2 C[[G]](@Zl(ﬁ))(hgcumﬂ,cumﬂ(w;f)(b))) ‘ Z ??é([[%]]ﬂ(pl%])’}

— | [{2nn (CIGI(LE (B))B) | b € fin(EC[pi]). b C ECH](B)}
= | J{eclGlp)o) b e ﬁn<86ﬂplﬂ>,b C EC[H](8)}
= £C[G H](8)

To see that the introduction of the least upper bound is valid, we use case
analysis on EC[H](B). If this is a finite element, then heep,,q.ecpo](idecp]) is
the identity function on £C[o] and this step is clear. Otherwise, if EC[H] () is
an infinite element, then heepy,y.ecpp,y(idecyp,]) is the embedding of fin(EC[p:])
into EC[p1]. Because EC[[p1] is an algebraic lattice (Lemma 3.22), EC[H](p) is

the least upper bound of all smaller, finite elements, so that:

e For AFGN :pwith AFG:t— pyand A F N : ¢, we use the induction
hypothesis to obtain:

£o(CIG N](24'(8)) = ¢o((CIG](2a' (B)))(SIN] (2" (8))))
= 2i-p(CIGT (21! (B) (SN (2 (8)))
= 2o (CIG] (22 (B))(SINT(B))
= EC[GT(B)(SINI(P))
= EC[G N1(B)
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e For A Xx. H:py — po with Az : py F H : po, for all s € fin(EC[p1]):

P (C[Az H] (021 (5)))(5)

= ©p (C[Az. H] (02! (B)) (hectom1clon (¢ )(5)))

= 00, (C[Ax. H (011 (8)) (2, (hecpo.ecton (idecgon]) (5))))
= 00, (CIH] (02" (B) [ = @, (hecppecton] (idecto) (5))]))
= 0 (CLH] (A (Bla = hecppip.eciom(idecton)) (5)])))

= EC[H](Blx = hecppiy.ectp)(decipn) (5)])

Note that hecpp,).ecipi](idecyp,)) is simply the embedding from fin(EC[p:]) into
EC[p1], which means the above is equal to EC[Ax. H](S)(s).

e For AF ) x. H: 1 — pwith Az :tF H : p, we reason similarly to the previous

case, using the induction hypothesis to obtain for all s € C[¢]:

oo (CIAT. H] (05" (8))(5) = @, (C[Ax. H] (¢4 (B)))(5)

= ¢, (CLH] (93! (Blx v s1))
— EC[H](Blx  ¢])
— £C[Az. H](8)(s)

e For AFV:o—0—o0or AFA:0— 0— o, the claim holds by definition.
e For AF3,: (0 —0) — o,
Plo0)20(C[Fo] (92" (8))) = P(o0)so(cexists,)
- CeXiStSo o hSC[[U—)o]],C[[U%O]] (gpz:io)
= cexists, 0 ", 0 heclo—so]ecfo—so] (Idecio—o])
= cexists, 0 o L
= ecexists,

=¢&C [[Elo]] (6)

using Lemma 3.26 and that hecpo—so) ecfo—o] (ideco—o]) is the embedding from
fin(ECJo — o]) into EClo — 0].

Lemma 3.28 (Model translation). Fix a program + P : A.

(i) If B is a prefivzed point of TES\ then ©X'(B) is a prefived point of TS .
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i) If o is a prefized point of TS. A, then pa() is a prefived point of TES.
PA P:A

Proof. Let 8 be a prefixed point of T5%, and « of TS, . It follows from Lemma 3.27
that for any goal term G : p:

EC[Gl = ¢, oClGlowy  CIGI =g, 0 £C[G]opn

By definition, TS A (o) (x) = C[P(x)](«) and TE (B)(x) = EC[P(x)](B) for goal term

P(z), so that we can deduce the following from the above equalities:

Tralea'(8) = 0, (TpaB),  Tpalpal)) = ¢,(Tala)

For part (i), observe that TE% (8) C 3 (which holds because f3 is a prefixed point of
TEC,) implies ' (TE5 (B)) E »x'(B) by monotonicity. By the above equalities, we
then have TS A (px'(8)) E ¢x'(B). Thus, ¢x'(B) is indeed a prefixed point of T 4.

Part (ii) is analogous. O

Corollary 3.29. The HoCHC problem (A, P,G) is solvable under the continuous in-

terpretation if and only if it is solvable under the effectively continuous interpretation.
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Chapter 4

Higher-order model checking via
HoCHC

Any new approach to (higher-order) program verification prompts the question how
this new approach relates to existing techniques. One of the most promising forms of
higher-order program verification has been higher-order model checking (HoMC, see
Chapter 2.3).

Given a higher-order recursion scheme (HoRS) G and a property ¢ expressed in some
logic, the higher-order model checking problem seeks to answer the question whether

the (potentially infinite) tree generated by G satisfies .

Higher-order model checking is known to be decidable for monadic second-order logic,
whereas HoOCHC is generally only semi-decidable, given a suitable background theory.
For HoCHC to be a useful fragment for higher-order program verification despite its
complexity, it should ideally extend the expressivity of established approaches such
as HoMC.

The HoMC safety problem, where ¢ is a safety property expressed by (say) a determin-
istic trivial automaton, can be solved via a decidable fragment of HoOCHC (Wagner,
2019, private communication). Of course, safety is concerned with finite prefixes of
trees; we do not need to encode an entire HoRS or value tree into HoCHC. However,
if we look at a bigger class of HOMC problems, such as liveness, finite prefixes no

longer suffice.

Although the meaning of HoRS and (monotone or continuous) HoCHC are both
given by least fixpoints over posets of trees, there is a fundamental disparity due to

the orderings on the respective posets. The meaning of a HoRS is a least fixpoint
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with respect to the subtree ordering; HoCHC, on the other hand, concerns logically
ordered relations, which are trivially ordered with respect to data types and trees in

particular.

Let us consider the simplest example of a HoRS that generates an infinite tree. This
HoRS contains a single rewrite rule S = a .S and generates a*, the unary tree of only
as, in its least fixpoint. In HoCHC, we might encode this as a relation Rg of sort
t — o that is the characteristic function of a*. However, due to the discrete order
on trees in HoOCHC, there does not exist a HoCHC goal clause G : ¢« — o such that
an infinite tree arises in the least fixpoint of the ascending Kleene chain, which is a

consequence of the following proposition.

Proposition 4.1. There does not exist a non-decreasing chain C C Cv — o] such
that | |C = xs, the characteristic function of s € C[i], and xs & C.

Proof. Let C C C[t — o] be an increasing chain such that | |C' = y, and x, € C, for

some s € C[¢]. This means that C' is an infinite set.

Let C' = {co,c1,¢a,...}. Because each ¢; C | |C, ¢;(t) = 0 for all ¢t € C[¢] distinct

from s. Furthermore, | |C is strictly larger than ¢;, so it must be that ¢;(s) = 0.

This is a contradiction, because | |C' = x5, not the constant false function. m

Due to this intrinsic disparity between HoRS and HoCHC, it is unlikely that HoRS
can be successfully embedded into HoOCHC in their entirety. However, a coinductive
version of HoOCHC does allow for an intuitive encoding of HoRS into HoCHC. We

introduce this coinductive HoOCHC in Section 4.1.

In fact, the open HoRS equivalence problem (i.e. whether [G] = [G2] for two de-
terministic HoRS Gy, Gs) can be reduced to semi-decidability of coinductive HoCHC,

giving rise to the following theorem.

Theorem 4.44. The HoRS equivalence problem is decidable if the HoRS-to-HoCHC
encoding lives in a semi-decidable fragment of coinductive HoCHC' over Maher’s com-

plete and decidable theory of trees.

Note that we could have taken a different approach to defining the relation Rg : ¢t — o
corresponding to starting nonterminal S. Instead of aiming for the characteristic func-

tion, we could define a relation that captures all finite prefixes of the tree generated

66



by S. After all, a tree is uniquely identified by its finite prefixes. This approach,

however, would not allow us to reduce the HoRS equivalence problem to HoCHC.

We deviate from the canonical way to present HoRS semantics—which we have seen
in Chapter 2.3—in Section 4.2. By adopting an equivalent semantics that is closer to
HoCHC, we simplify our proofs. We introduce coinductive HoOCHC in Section 4.1 be-
fore presenting the encoding of HoRS into a HoCHC logic program in Section 4.3 and
its correctness in Section 4.4. We provide some examples of our encoding (Section 4.5)

and apply this encoding to the HoRS equivalence problem (Section 4.6).

4.1 Coinductive HoCHC

Coinductive higher-order constrained Horn clauses allow us to reason about programs

with infinite data types, notably the (potentially) infinite trees generated by HoRS.

A coinductive goal clause is syntactically identical to a traditional goal clause, and a
coinductive logic program to a traditional logic program. If we think of the HoCHC
problem as a triple (A, D, G), then the coinductive definite clauses in D are given
by V.G < X 7 instead of VZ.G = X Z. An intuitive way of thinking about this
reversal of implications is taking the backwards closure of the logic program of the
definite clauses. As a result, a coinductive model becomes a postfixed point, rather

than a prefixed point, of the one-step consequence operator.

Definition 4.2 (Coinductive HoCHC problem). We say that a coinductive HoCHC
problem (A, D, G) is solvable just if, for all models A of the background theory Th,
there exists a valuation a of the variables in A such that A,a E D and A,a E G.

Note that the problem statement differs from the (inductive) HoOCHC problem, where

solvability requires the existence of a valuation « such that A,aF D and A, a ¥ G.

In the logic program presentation of the problem, this modified problem statement is
the only difference with respect to traditional HoOCHC. As a consequence, existing re-
sults for the monotone interpretation carry over. A dual argument to Cathcart Burn
ot al. (2018)’s Lemma 5 for inductive HoOCHC shows that a coinductive HoCHC prob-
lem is solvable under the standard interpretation iff it is solvable under the monotone

interpretation. Furthermore:

Lemma 4.3 (Cathcart Burn et al, 2018). M[AF G : p] € M[A] =, M[p] and
T € M[A] =, M[A].
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By the Knaster-Tarski Theorem 2.2 and M[A] being a complete lattice, the set of
fixpoints of the monotone one-step consequence operator T4% is a complete lattice.
This guarantees the existence of a greatest fixpoint of 724 . Thus, monotone HoCHC

enjoys a greatest model property.

Theorem 4.4 (Greatest model property for monotone HoCHC). Under the monotone

interpretation, HoCHC' definite clauses (and logic programs) possess greatest models.

Furthermore, a greatest model witnesses the solvability of a coinductive HoCHC prob-
lem in the monotone or continuous setting, as in the example above, like a least model

witnesses solvability for traditional HoCHC.

Theorem 4.5. A coinductive HoCHC problem (A, P, G) is solvable under the mono-
tone interpretation if and only if, in all models of the background theory, it holds that
M[G](Mp) =1 for greatest model Mp of P.

Proof. Recall that a coinductive HoCHC problem (A, P,G) is solvable under the
monotone interpretation if and only if, for all models A of the background theory Th,
there exists a valuation « of the variables in A such that A,a E P and A,a E G.

Clearly, M[G](Mp) = 1 for greatest model Mp of P and all models of the background
theory implies solvability of (A, P,G). For the converse, let A be a model of the
background theory and let a € M[A] be a valuation such that A, F P and A, o F G.
By Knaster-Tarski, « T Mp. By monotonicity, A,a F G implies A, Mp E G, as
required. O

HoCHC and coinductive HoOCHC are not equivalent in the sense that (say) the stan-
dard and the monotone interpretation are, as the following example demonstrates; it
is not the case that a HoCHC problem (A, D, G) is solvable if and only if the corre-
sponding coinductive HoOCHC problem (A, D, G) is solvable (with the implications in

the definite clauses reversed).

Example 4.6. Consider the HoOCHC problems given by Ping = ({Rs}, Dind, Rs a*)
and P/, = ({Rs}, Dind, Rs b*), where Djnq consists of:

Vr. (3ri1.(ary =r) AN Rsr1) = Rgr
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Compare to the corresponding coinductive HOCHC problems Pe, = ({Rs}, Deo, Rs a*)
and P/, = ({Rs}, Deo, R b”), where D¢, consists of:

Vr. (3ri1.(ary =r) AN Rsry) < Rgr

Both problems have the same two models of the definite clauses. The relational
variable Rg corresponds to the empty set in least model My, and to the singleton set

{a*} in greatest model My,ey.

Both Pi,q and P/ 4 are solvable, since My is a witness to the refutation of both goal
clauses. However, P, is solvable, while P/, is unsolvable. This follows from M.,
witnessing the acceptance of goal clause Rga®, while neither M4y nor My witnesses

the acceptance of Rg b“.

Coinductive HoCHC is not merely an academic indulgence. There is a tradition
of coinduction and corecursion in logic programming (see [Komendantskaya and Li,
2017; Gupta et al., 2007; Simon et al., 2007; Jaffar and Stuckey, 1986). This is hardly
surprising, given that some well-formed logic programs do not have natural inductive
interpretations. Examples of infinite data types that arise in practice—besides infinite
trees—include infinite lists and streams (which are unary trees). Let us consider such

an example.

Example 4.7. Given two individual sorts, sort N of natural numbers and sort [N] of

lists over natural numbers, we define the following logic program:

zeros = A(. 3tl. (¢ = [0 | tl] A zerostl)
incr =M. 3ntltl. (0 =[n |t Atl=[n+1]tl] Aincrtl)
map = )\f El 62. HTLLQ t|172. (él = [n1 | tll] VAN fz = [77/2 | tlg] A fm Ny N mapft|1 tlg)

where zeros : [N] — o, incr: [N] — 0, and map: (N —- N — 0) — [N] — [N] — o.

Clearly, this logic program has no natural inductive interpretation. None of the
clauses contain base cases to break out of the recursion, which means that the least

model is empty. It is, however, intuitive to interpret them coinductively.

The first predicate is then interpreted as the characteristic function of the infinite list
of zeros. The second predicate holds for all infinite lists of consecutive, increasing
natural numbers. Finally, the predicate map becomes the relational representation of
the usual map on (infinite) lists: its second list argument is the result of applying a

function f to each argument of the first list.
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4.1.1 Relation to Herbrand models

Herbrand models play a key role in the foundations of logic programming. A Her-
brand model is an interpretation of a logic program characterised by the fact that
constants—for us the first-order symbols from signature >—are interpreted as ‘them-

selves’.

This notion is more common in intensional logic programming than in eztensional
logic programming like HOCHC (see Chapter 7.1.2 for a comparison). In intensional
logic programming, models are term models, sets of terms, rather than elements from

a fixed semantic domain. There, it makes sense to interpret a symbol as itself.

The remainder of this chapter considers HOCHC with a sort of individuals interpreted
as the set of finite and infinite trees. Because trees can be thought of as terms, we use
an extensional ‘Herbrand’ interpretation (see Section 4.2 and 4.6). Our ‘Herbrand’

interpretation is complete; it is allowed to contain infinite trees.

4.2 HoRS semantics

Although we have already defined higher-order recursion schemes and the trees they
generate in Chapter 2.3, here we present an equivalent semantics that is closer to

HoCHC and, thus, simplifies our proofs.

We fix a ranked alphabet ¥ and write ¥, for XU{_L}. The set of all finite and infinite
> -labelled trees is denoted by 7Ty, . A tree context C[.] € Ty_yus, is simply a tree
over ¥, that contains some occurrences of a ‘hole’; if we substitute a tree t € Ty
into the hole, we obtain a tree C[t] € Ty, .

In the sequel, we consider 7Ty, as a pointed poset with least element L over the
subtree ordering =, which is defined as the least partial order such that C[L] C C[t]
for every tree context C[.] € T_juz, and every t € Ty, .

Let G = (N,3,R,S) be a deterministic higher-order recursion scheme (HoRS) as
defined in Chapter 2.3. That is, N’ maps a nonterminal symbol to its sort, ¥ maps a
terminal symbol to its sort, S € N is the designated start symbol, and there is one
rewrite rule in R for each F' € N such that

R(F) = A\zy ... 2.1,

where t : ¢ is an applicative term over NUX U {xzy,...,x,} such that z1, ..., 2,€ Vis

for some finite set of distinct recursion scheme variables Vgg. We refer to any subterm
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of \x1...xz,.t as a HoRS term to distinguish it from HoCHC terms, which are terms

of higher-order logic.

We assume that the tree generated by G does not contain 1. This assumption is

without loss of generality for our purpose, as we shall see in Section 4.6.2.

The meaning of a HoRS can be given by a number of different formalisms. We intro-
duce an ‘infinite Herbrand interpretation’ that treats the rewrite rules as definitional
equality in the style of a HoCHC logic program. Models are built incrementally
from the smallest tree L. We adopt the typical Herbrand feature that constants
and function symbols are assigned very simple meanings (the semantic counterpart
of ‘itself’, as for term models). Because our models may contain infinite terms, our
interpretation of HoRS is essentially the least complete Herbrand model (Levi et al.,
1987).

Let us define an interpretation of the sorts over ¢ (i.e. the sorts of HoRS terms):
H[e] = (T, ,C) Hlor — o9] :=H[o1] = H[o2]

where X =. Y is the continuous function space between dcpos X and Y with respect

to the subtree order C on H[¢], which is a non-trivial order if 3 is non-empty.
Lemma 4.8. Each H[o] is an algebraic dcpo.

Proof. The set of finite trees over ¥, is a countable pointed poset. There exists an
isomorphism between the set of ideals over this poset (ordered by inclusion) and our
poset Ty, of finite and infinite trees. By appealing to this isomorphism, Theorem 2.1
tells us that (7s,,C) is an w-algebraic dcpo. A straightforward inductive argument

with Proposition 2.18 gives us that H[o] is an algebraic dcpo for all sorts o over ¢. [

Given the environment I' = {1 : 7,..., 2 : 7%}, let N7 denote the extended environ-
ment A, T':= N UT, which we view as a function with domain dom(N)U{z1, ..., x4},
mapping each symbol to its sort. Set H[N'] : [[z € dom(N”). H[N'(x)] with typical

element «. This gives rise to a function
H[GIv - HIN' ] = HIN'D, RG] (o) (F) :=HIN'FR(F) : N(F)] ()

where each

HIN' Ft: o] : HIN'] = H]o]
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is defined by cases and recursion on syntax:

HIN' F 2] (a) = a(x)
HIN'F fl(@) = Fy
HIN' F st](a) = HIN' F s](a)(H[N' = t](«))
HIN' F Az :op.t: () = M € H]ow]. HIN 2 : o1 F t](afz — v])

for ]/7; the usual Herbrand interpretation of f € 3.
A fixpoint of H[G]a~ : H[N'] = H[N"] is a model of H[G]n.

In the sequel, we prove that our semantics is well-defined. In particular, it is con-
tinuous and has a least model that captures the meaning of the input HoRS (see
Theorem 4.12).

Lemma 4.9. ]/7; € H[>) — 4] for all f ™) — € X

Proof. This is straightforward from the subtree ordering. It follows that C[s] C Ct]
for all tree contexts C[.] € Ty_jus, and trees s,t € Ty, = H[:] such that s T ¢t. We
can extend this inductively to multi-holed tree contexts: C[sy,...,Sn] T Clt1, ..., tn]
for all tree contexts C[.] € Ty yux, and trees s;,t; € H[¢] such that s; T ¢; for all
i € [m]. Monotonicity of E follows directly.

To show continuity, let Dy, ..., Da(y) be directed sets in H[¢]. Using a straightforward

inductive argument, we can show that the least upper bound of the set
{Ff dy... dar(f) | di € Dy, ... ,dar(f) S Dar(f)}

Fr () - (U Pen) -

and ﬁ’; is continuous. O

Lemma 4.10. For all HoRS terms N' =t : o, (1) H[N' F t : o](«) is continuous
for all « € H[N], and (2) HIN' -t : o] : HIN'] — H][o] is continuous.

Proof. We proceed by structural induction on t. Let a, 8 € H[N"] such that a C §3,
and let Z C H[N"] be a directed set of valuations.

Case t = x : 0 € N'. Note that a € H[N’] implies
HIN' + z](a) = a(z) € H[o]
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and thus (1). For (2),
HIN' F z](a) = a(x) E B(z) = HIN'F 2] (8)

and

HIN' F 2] (|_| I) - (|_| z) (z)
= |_| I(x) Prop 2.8, Lem 4.8

= | |HWV'+ 2](D).

1€l

Case t = f : 0 € . Lemma 4.9 gives us the first claim: H[N" - f](a) = F; € H[o].
For the second claim, observe that the meaning H[N’ F f](«) is independent of the

valuation a.

Case t = st'. The first claim follows directly from the IH: H[N" F s](a) € H]o — 7]
and H[N' F ¢'](«) € H[o] for some sorts o and 7. For the second claim,

HIN' F st'](e) = H[N F s](a) (KN F ] ()
CHIN F sl(@)(HN' FE](8) 1H
CHN Fs](B)(HIN'FE](B)  1H
=H[N' F st](8)

and
HIN' - st <|_|I> = H[N F 5] <|_|I> <H[[N’ -] (|_|z>>
= <|_| H[[N’Fs]]([)) <|_| H[[N’H’]](J)) IH

1€ JeT

= | |HINV'+ s](D) <|_| HIN t’]](J)) Prop 2.8

Iel JeT
= || ®HIV'Fs[(D) (HIN' - ¢](J))  Prop 24, TH

1,JeT

= | |HIN'F s(1) (KN = #](1))  Prop 2.10

IeT

= | |HIN'F st](D).

Iel
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Case t = Av : 0.s. For (1), let 21, 20 € H[o] such that z; C z5. Then,

HIN'E XAz :o.s](a) 2 = HIN',z : o+ s](afx — z])
CHIN z:0F s](alz— 2]) IH
=H[N' F Az : 0. s](a) 2.

Let D C H[o] be a directed set. Then,
HIN' F Az 2 0. 8] () <|_|D> =H[N" z:0t 5] (a [w»—>|_|D]>
=H[N ,x:0F 5] <|_| oz[x»—>d})

deD

=YHIV\zior sl d) 18

deD

= |_| HIN' F Az 2 0. s](a) d.

deD
For (2),

HIN'F Az 2 0. s](a) = . HIN z : o+ s]|(afz — v])
C . H[N z: 0k s](Blx— v]) IH
=HIN'+ Az : 0. s](B)

and
HIN' = Az 2 0. 5] <|_|I> =M. H[N", z:0F 5] ((I_lI) [z v])
=M. H[N z:0F §] <|_| I[:L'i—H}])

Iel

= \v. (UH[[N’,x:al—s]](][va])) H

Iel

= |_| Ao.HIN 2o b s](I[x—v])  Prop 2.4, 2.8
= |_|”H[[./\/" Az o s](1).

1€l

This concludes the proof. n

Corollary 4.11. H[G]y is continuous for all deterministic HoRS G = (N, X, R, S).
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Theorem 4.12. There exists a least model of H[G]r, for all deterministic HoRS
G=(N,5,R,S).

Proof. By Corollary 4.11 and Kleene’s Fixed-Point Theorem. O

Thus, Ifp(H[G]x)(S) denotes the meaning of G = (N, X, R, S), written [G].

4.3 Encoding HoRS into a HoCHC logic program

In this section, we encode a HoORS G = (N, X, R, S) into a HoCHC logic program that
captures the meaning of the HoRS under the coinductive monotone interpretation.
We assume that [G] does not contain L, which is WLOG by Section 4.6.2.

1 -freeness assumption. This assumption allows us to distinguish ‘finished’ trees
from ‘unfinished’ trees; whenever a tree contains L, we know this a partial computa-
tion of a tree [G], not the entire tree. In more technical terms, in Definition 4.20 we
define an embedding i, : H[] — M[t — o] of trees into relations by i,(t) = As.t C s,
for all trees ¢t € H[t]. This embedding is key to our correctness proof. We rely on
the fact that i,(¢) becomes the characteristic function of ¢ at the end of the ascending

Kleene chain of HoRS semantics.

Example 4.13. Given a HoRS G = ({S}, {a},{S = a S}, 5), the ascending Kleene

chain looks like this, with the trees written as terms:
lCalCa(el)Ca(a(al))C...

The limit of this chain is a“, the infinite tree of as, for which it holds that

because a* does not contain 1. Thus, L-freeness allows us to capture characteristic

functions of infinite trees generated by HoRS.

Determinism assumption. Embedding trees (of sort ¢) into HoOCHC relations of
sort ¢ — o allows us to define a relational variable Rg : ¢ — o that holds of precisely
the trees generated by a particular HoRS (in the greatest model). If HoRS G; and
G, are deterministic, they each generate exactly one tree, and Rg, : ¢ — o and
Rg, : t — o are the characteristic functions of those respective trees. This allows us

to query the existence of two trees tq,ty such that Rg, t1 A Rg, t2. Because G; and
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G, are deterministic, these trees t; and t, are unique, so that t; = t, corresponds to

equivalence of the original HoRS and t; # t5 to inequivalence.

If the HoRS are not deterministic, then these queries become meaningless: the ex-
istence of t1,ty such that Rg, t; A Rg,t2 A t; = to would merely mean G; and G,
have a tree in common, while Rg, t1 A Rg, to At # ty would mean nothing at all.
Thus, determinism is key to defining the positive and negative HoCHC instance, as

in Section 4.6.3, for ‘deciding’ the HoRS equivalence problem (Theorem 4.44).

The relational lift on sorts. We define a constrained logic program = Py : Ag over
the coinductive monotone HoCHC interpretation where the set M[:] of individuals

is interpreted as the set of finite and infinite trees, which is the underlying set of

H[] = (Ts., B

Intuitively, our constrained logic program is a continuation-passing style encoding of
an input HoRS, where functions are embedded in predicates. This logic program con-
tains one relational variable Rp (a predicate) of arity n+1 for each HoRS nonterminal
F € N (a function) of arity n.

We lift HoRS terms of sort o to HoCHC terms of sort Rel® (o) using a relational
lift on sorts and terms. The lifted sort Rel™ (o) has an additional ‘result’ argument
compared to o (the propositional o in tail position). Additionally, the arguments of o
of order 1 and higher are lifted hereditarily, while arguments of sort ¢ are unaffected

by the relational lift; hence Rel™ (7, — 75) = Rel™ (7, — 7») but Rel™(¢) = ¢.

Definition 4.14 (Relational lift on sorts). Given HoRS sort o, we call Rel™ (o) the
relational lift of o, defined by:

Rel™(¢) :=1 Rel™ (07 — 03) := Rel™(07) — Rel™(0y)

Rel*(t):=t—0 Rel™ (0 — 03) :=Rel (01) — Rel™(0y)

Example 4.15. A HoRS terminal symbol f : :*) — ; is lifted to a HoOCHC term of
sort Rel™ (1) — ;) = (/) —  — 0. For higher-order HoRS terms, arguments are
also lifted. E.g. the sort « — (v — ¢) — ¢ is lifted to:

Rel*(t = (t - ¢) = ¢) = Rel (1) = Rel™ (1 — ) — Rel* (1)
=1 —=Rel™L—=1) 2 1—0

=1 (t—=1—=0)—=1—o0
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The relational lift on terms. The constrained logic program F FPg : Ag is defined
by

Ag:={Rp:Rel"(0) | F:0 e N}
Pg:={Rp:Rel*(c) ="R(F)"|F:0 €N}

where "7 denotes the relational lift on terms of R(F) as defined in Definition 4.17.
The following example gives an intuition of how the relational lift operates on HoRS

terms.

Example 4.16. The first-order HoRS rewrite rule S : « = I (G'z) is mapped to the

following HoCHC definition in the constrained logic program:
Rs:t—o=Xr.3rir. Rymir ANRgrari A (z=1s)

Note that each HoRS subterm is represented by conjunct whose (existentially quanti-
fied) arguments r; are bound by a subsequent conjunct. Now consider a higher-order

rewrite rule H : (1 — t) = ¢ = A\p.s (F ¢z), which is mapped to:
Ry:(t—=1—=0)—=t—=o0=Ar.Irirers.(sri =17)ARr Ayr'. ' yr'Yrsri Az =13)

Now we see that r; of sort ¢ are indeed bound by subsequent conjuncts, while r; of
higher-order sorts are redundant; instead, we in-line the lift of such a higher-order

argument, like ¢ above.

In the HoRS-to-HoCHC encoding below, we annotate variables with superscripts of
not merely sorts but of interpreted sorts—H[o] or M[o] for sort o—to distinguish
HoRS and HoCHC variables.

Definition 4.17 (HoRS-to-HoCHC encoding). Let the metavariable $ : 7 — -+ —
T =0 — - — 0, =t range over NUXUVgzs. We define a transformation $ — §'

according to the following table:

$ $'
Variables ) D, : Rel™ (1)
T:0, — 0y | 7' Rel™ (0 — 03)
Terminals fit" =0 | Dy:Rel™(1" — 1)
Nonterminals | F : o Rp : Rel™(0)

where

Df = )\1'1 - Lar(fHT- (fxl <o Lar(f) = T)'
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Note that Rp is a relational variable, but Dy is merely a shorthand; Dy is not a
symbol—and neither is D,, which is defined analogously. This shorthand allows us
to present the relational lift " —" on terms in a simpler way. Whenever Dy occurs in
some "e’, it occurs in a fully applied term Dyt .. .ty 1, which is 3-equivalent to

fti.. tagpy = 7. It is this latter term we use in practice (and similarly for D, ).

For each F : 0 € N, we define "R(F)™ : Rel* (), called the relational lift on terms, in
the following way. We write x’ : Rel™ (1) for the HoCHC variable that is the relational
clone of HoRS variable x : 7 € VRs, such that:

-
m e

'—Ax?ﬂclﬂ L aiOn] 7= /\x'fA[[Reli(Cl)ﬂ g MIRT(E]

For HoRS term $e; ...e;, we define the relational lift as:
)\yi\/i[[Relf(Ul)}] N ‘yé\/l[[Re'*(Un)]] .

T$er...e "= $ ™ (er, )™ (e, ) MY Yn T
E|7°1 LT l
A N Prop(e;, ;)
with fresh HoCHC wvariables yy, ..., y,, where

Te:o'r ifo=1

T(e:o,r)M:= { r g;; ‘ Prop(e :o,r) = { true 0/W.

Te:o!
It is worth pointing out the sorts of the following terms:

"e: 07 : Relt (o) T(e:o,r)™: Rel (0) Prop(e:o,r):o

It is known as a general folklore result that imperative or functional programs can be
represented as logic programs akin to continuation-passing style. The above definition
provides a systematic way of doing this for higher-order functions without increasing

the order (except for order-0 HoRS, which yield order-1 logic programs).

Note there is nothing intrinsically coinductive about the HoRS-to-HoCHC encoding.
It is easily adapted to reason about finite prefixes of a tree or about HoRS that
generate finite trees, so that the encoding can be used in the inductive HoOCHC setting

too (as in Example 5.26).

Example 4.18. Consider the order-2 HoRS given by G = ({S, F, B}, {c,s,z}, R, S)

and the following rewrite rules in R
S:v=7Fs
F:(t—1) = 1=Xp.c(ez)(F(Bpy))
B:(t—=1)=(t—=1) == vz (W)
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This is transformed into the following logic program:

Rs=Mr.Rp(Myr'.sy=1")r
Re =X r.Arirars.(crima=r)AN@' rsri A(z=13) ANRr (Ayr". Rp ' " yr')ry
R =X Y &' r.3rire. @ rir AN rory A (2 = 1g)

Again, the intuition is that each HoRS subterm is represented by a conjunct whose
arguments are existentially quantified r; bound by a subsequent conjunct (if a tree)

or in-lined (if higher sort).

Further examples of encoded HoRS, the trees they generate, and their correctness are

presented in Section 4.5.

4.4 Correctness

Our encoded HoRS-to-HoCHC logic program = Py : Ag contains a relational variable
for each nonterminal symbol in the original HoRS G = (M, X, R, S). We claim that
the HoCHC variable Rg : ¢« — o corresponding to HoRS start symbol S : ¢ valuates
to the characteristic function of [G] in the greatest model of F Pg : Ag:

Theorem 4.32. M[Ag F Rs](gfp(Thia,))t = 1 if and only if t = [G].

To prove the correctness of the HoRS-to-HoCHC encoding, we establish a lockstep
between iterations of the HoRS function H[G]x (in the ascending Kleene chain) and

iterations of the HoCHC one-step consequence operator Tﬁ/gl: Py

The proof consists of four parts. First, we define two pairs of mappings between HoRS
semantics and (coinductive) HoOCHC semantics in Section 4.4.1. These mappings
allow us to embed HoRS semantics into HoCHC. Second, in Section 4.4.2 we show
that there exists a L-free tree ¢ such that M[Ag I—kS'—']](T}é‘;‘:Zg(TAQ))t = 1, for
every iteration n of the one-step consequence operator. Third, we show that each
M[Ag = "ST(TRlA, (T ag)) is included in the embedding of H[N = SJ(H[G]R(La))
into HoCHC, in Section 4.4.3, which is our lockstep.

Finally, in Section 4.4.4 we prove that these ‘nonemptiness’ and ‘inclusion’ results
suffice to that show that Rg valuates to the characteristic function of [G] in the
greatest model of - Py : Ag (Theorem 4.32).
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4.4.1 Mappings
Definition 4.19 (Relatively monotone sort frame). For each sort o over ¢, we define
Im, := {6 € D[Rel(0)] | 3h € H[o].i, (k) = 6}
where D[—] denotes the relatively monotone frame:
D[] :== M[.]
D[Rel™(1)] := M[t — 0]
D[Rel* (61 — 03)] := [D[Rel™ (61)] =mim,,] P[Rel™ (02)]]

The latter denotes the space of functions that are monotone with respect to Im,,. That

is, f : D[Rel™(01)] — D[Rel*(0)] is an element of D[Rel™ (o1 — 02)] just if: 21 C 2

implies fz1 C f 2o for all z1, 25 € Im,,.

Note that D[Rel™(1)] = D[t — o] = M|t — o]. For higher-order relational sorts p,
Dlp] captures a larger set of functions than M[p] does.

Definition 4.20. For all sorts o over , we define two pairs of mappings:

D[Rel* (0] <J:> H[o]  DIRel (0)] <J:> [o]

For sort v, all t € H[i] and p € D[Rel™ (1)], we define:

o . (1 if p=2Xs.0
lL(t) = As.t Ls JL(p) = { choice Hlln{t ‘ pt} O/W

where choice denotes an arbitrary choice function, which exists by the Aziom of

Choice.
Foro=o01— -+ — 0, — t withm > 0, we define the following for all h € H[o]:
iy b= Mgy IR OO G PIR Ol 5 (5 ) (G )

with

. - | inclusion D[] — H][:] ifo =1
Jo : D[Rel™ (0)] = Ho] = { Jo otherwise.
Similarly, for all § € D[Rel*(a)]:

jo 0 := choice max{h € H[o] | 0 C i, h}

with

inclusion H[] — D[] ifo =1
iy otherwise.

iy H[o] — D[Rel(0)] = {
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The top case of j, is not used in practice.

Lemma 4.21 (Well-sortedness). For all sorts o over t,
(1) i (J—H[[crl]) = TD[[ReH(a)}]
(2) 0 € D[Rel™(0)] implies j,(0) € H[o]
(3) h € H[o] implies that i,(h) € D[Rel®(o)]
(4) i, is injective
(5) i, is antitone
(6) jo 0 iy = idy
(7) Jg ©iy = idu[o|
Proof. We proceed by induction on sorts.

Case 0 = . For (1),
iL(J_) = )\S. (J_ E S) = )\S. 1 = TD[[RE|+(L)H‘

For (2), let § € D[Rel™(1)]. Observe that L € H[:] and {t | 6t} C H[:], so that the

claim follows.

For (3), observe that i,(h) takes an argument from D[] = M][:] and returns an
element from M|o], for all h € H[]]. Trivially, i,(h) € D[Rel* ()] = Mt — 0].

For (5), let hy, he € H[¢] such that hy C hy. Then:
iL(hl) = \s. (hl C S)

(hy E s)

 As.
=1i,(h2)

It follows that i, is antitone.

For (6), let t € H[], so that
J.(,(8)) = j.(As. t T s) = choice min{t' | (As.t C s)t'} = choice {t} = t.

Claim (7) is trivial because both i and j; are identity mappings on the underlying
set of D[¢] and H[.].

Finally, claim (4) is a consequence of (6).
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Case 0 =0y, — -+ — 0,, — ¢ for m > 0. For (1),

io (Lago) = Aap e b g PIR LS (L) (g 20) - (i, #m)
= Az IR ODL PR @] (1)

= )\I'ID[[Reli(o'l)]] N :L,?Z[[Rel*(am)}]‘ TD[[RE|+(L)]] IH

= Tp[Rel*(o)]-
For (2), let § € D[Rel™(c)]. Then,
jo(0) = choice max{h € H[o] | 0 C i, h}.

Because i, (L#[o]) = Tprert(oy) Py (1), the set {h € H[o] | 0 C i, h} is nonempty.
Clearly, j,(0) € H[o].

For (3), let h € H[o]. Let ij (d;),i; (dj) € Im,, such that i_ (d;) C i (d}), for all
i € [m]. By the IH, in particular injectivity and antitonicity of i,,, it holds that
d; 3 d;. Then,

i(h) iy, d1) - .- (i, dm)

i,(h (o, (g, 1)) - (o, (s, dm)))
i,(hdy...dn) IH

(hdy...d,) IH
i, (h) (l; ) ... (i, dy,)
where we rely on monotonicity of h € H[o] and antitonicity of i,. We conclude that
i, (h) € D[Rel™(0)].

II—I

1L

For (4), let hy,hy € H[o] such that hy # he. Suppose for a contradiction that
iy(h1) = i,(hg). It follows from hy # hy that there exist z; € H[o;], for i € [m], such
that hy z1... 2, # ha21...25,. This means that i,(hy 21 ... 2,) # 1.(ha 21 ... 2m) by
injectivity of i,. We rewrite both sides of the inequality using the IH on (6) to obtain

io(h) (iy, 21) - - (i, 2m) 7 15(h2) (15, 21) - - (i, 2m)-

However, since i,(h1) = i,(h2), this is a contradiction. We conclude that i, is injec-

tive.

For (5), let hy, ho € H[o] such that hy T hy. Let 2; € H[oy], for all i € [m]. Then,

ig(h1) 21 2 = 1,(h1 (G5, 21) - - - (g, Zm))
Fi(h2 (g, 21) - - - (o, 2m)) IH



It follows that i, is antitone.

For (6), let h € H[o]. Then,
jo(iy h) = choice max{h' € H[o] | i, h C i, h'} = choice {h} = h
using (4) (injectivity of i,). Claim (7) is a consequence of (6). O

Lemma 4.22. For all directed sets D C H][:],

LQJD)erM®|dED}

Proof. Recall that H[:] is a dcpo and D[Rel* ()] a complete lattice, so that the

bounds are defined.

i, (|_|D> = )s. (I_lD Es)
:)\s.|—|{dES|d€D} *
=[ {As.(dCs) | d e D}
=@ | d e D}

*: Suppose that | |D C s for s € D[] = H[:]. By transitivity, d T | |D C s
for all d € D. Since the greatest lower bound on MJo] is conjunction, this implies
[{d C s | d € D}. For the converse, suppose [ {d C s | d € D}. This means that
d C s, for all d € D. Thus, s is an upper bound on D. However, | | D is the least
upper bound on this set, so | | D C s. O

4.4.2 Nonemptiness

We aim to show there exists a tree ¢ that does not contain L, for every n > 0, such
that M[Ag F "ST(TH!R,(Tag))t = 1 (Corollary 4.26). To this end, we define a
family of logical relations in Definition 4.23 to capture this notion at higher sorts and

for larger sort environments, as proved in Lemma 4.25.

Intuitively, such a relation holds whenever a predicate maps nonempty inputs to

nonempty outputs, where ‘nonempty’ is with respect to 1-free trees.
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Definition 4.23. We define a family of logical relations L —free, C M[o]:

t has no L -labelled leaves

ds € M. L—free,(s) Aps=1

Vs € M[Rel™ (01)]. L—freege-(5,)(s) = L—freegey+(,,) (P 5)
dom(T7) =dom() A\ L—freegy-(,(0(2'))

z/:Rel™ (o)™

1 —free,(t

)
)(p)
L —freerer+ (o) 509) (D) :
L —freegg—(ry(0)

L —freegei+(,

Alternatively, we can define:

J—_'FreeRelJr((f1—>--~—>t7m—”) (p>

=Vs € M[Rel” (0)]. /\ 1L —freege-(5,)(8i) | = L—freegei+(y(Ps1-..5m)

i€|m]

Lemma 4.24. For all py,py € M[Rel™(0)], if p1 E p2 and L—freegg+(,y(p1), then
L —freeger+(,)(p2)-

Proof. Straightforward, using that a witness t € M[:] of L —freegy+,)(p1) is also a
witness of | —freegg+(,) (p2)- O

Lemma 4.25. For all n > 0, all typing judgements N, T' & e : o of the HoRS G
where T = {xy : 71,..., 2% : T}, and valuations § € M[T7],

N, F l_ e:oN J__freeRd—(r) (9) = J_ freeRe|+ (M [[Ag, l—F—l l_ l—e—l]] (ﬁn))
where

T7:={z] :Rel™(7),..., 2} : Rel” ()}
A" = (THA,(Tag)) [ — 0(a')] € M[Ag,"T7].
Notice that N',T I e : o implies Ag,"T7F Te : Relt (o).
Proof. We proceed by induction on n > 0 within which (both in the base case and the
induction step) we use structural induction on HoRS term e. Some parts of the proof

are presented out of order to avoid duplication. Figure 4.1 outlines the structure of
the proof. We assume WLOG that e contains no As.

We use the following shorthand fore: o =0y — -+ — 0, = ¢ and z; € M[Rel (0;)]
such that | —freeg-(,,)(2:), for all i € [m]:

A= M[Ag, T"FTe:0(f")Z
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Our proof strategy is to rewrite A and provide a witness to | —freegg+ () (M[Ag, T
"e:0](B") %), which proves L —freegg+ ) (M[Ag, T Te: o [(8")).

We present the following base cases w.r.t. the structure of e (also denoted b for base

case expression). These cases hold for all n > 0.
Casee=a:tr€ X. For all n > 0:
A= M[Ag," T Ta](8")
= M[Ag," T Ar.a =r](8")
= As € M[:]. <E = s)
The L-free tree F, is a witness to L —freege+(,) (M[Ag, T = Ta(B")).
Case e =x : 1 € Vig. For all n > 0:
A= M[Ag,"TTF "z (5")
= M[Ag, T A2’ =r](5")
= As € M[]. (B"(a") = s)
= As € M[]. (8(2') = s)

The tree 0(z') is a witness to | —freegg+ () (M[Ag, " T+ "z (8")), because we know
0(z') to be L-free thanks to | —freegq - (0).

In the sequel, where e : 0y — -+ — o0, — ¢, let z; € M[Rel (0;)] such that
1L —freege - (5;)(2i), for each i € [m].

Casee=f:01—> -+ =0, —>1eX. Foralln>0:
A=M[Ag," T ETfT(8")Z
= M[Ag," T = Xgr. fg=r](B")Z
= As € M[]. (F}z - s)
The 1-free tree ]/7;2 is a witness to L —freegy+ () (M[Ag," T = T f7](8") %), which
proves L —freege+ (o) yom ) (M[Ag, "I ETFT](B™)).
Casee=x:01— - —> 0y, —tE Vgs and m > 0. For all n > 0:
A= M[Ag, TTF "2 (5")Z
= M[Ag, T Agr.2'yr] (") z
=As € M[].8"(2) Z s
=0(z")z
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Since L —freegei+ (o). 0,00 (0(7')) and L —freegy-(,,)(2:), for each i € [m], it holds
that | —freege+(,)(0(2') Z). This proves that L —freegeq+(,)(M[Ag, " T 2T (5")).

This remaining base case expression is where we start needing induction on n > 0.
Casee=F:01— - —0m —tEN, andn =0.
A= M[Ag, TTFTF(B%)z
= M[Ag, T+ gr. Reyr](8°) Z
=As € M[i]. B°%(Rr)Z s
= As € M[t]. T pprer+ (o)) Z 8

Any tree t € M| such that | —free, () is a witness to L—freege+(,)(M[Ag," T =
"FT)(8°)Z). Such a tree exists due to [G] not containing bottom. This proves that
L —freeger+ (o) (M[Ag, T TFT(5%)).

This covers n = 0 for all base case expressions. We distinguish three induction

hypotheses, where S(n, e) denotes that the claim holds for n and expression e:
I[H1  S(0,¢) for all expressions €’ simpler than e

IH2  S(n,ée"”) for n and all "

IH3  S(n+1,¢€) for all expressions e’ simpler than e

The proof consists of four parts (in a logical sense but not a physical, to prevent

duplication) which are related as in Figure 4.1.

TH1

Wl

Vb. S(0, b)

Ve. S(0,e)
\IHZ

Vb.S(n+1,b) T Ve.S(n+1,e)

Figure 4.1: The inductive structure of the correctness proof of the HoRS-to-HoCHC
encoding.

Thus, we have proved S(0,b) for all base case expressions b. Next, we use IH1 to

show that S(0, e) for all expressions e.

In this inductive case we consider expressions e = $e;...ep: 01 — -+ — 0y, — ¢ for
some £ > 0. As before, let z; € M[Rel”(0;)] such that |—freegq-(,,)(2:), for each
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i € [m]. We introduce some shorthands:
AG = Ag," T 7, r
AG = ANg," TG, r,T
5= By Z,r > 8]
Note that the sort 7 of $ is of the form
T=T— =T = 01— — Oy — 1

where ey : 71, ...,¢e,: Ty, for some £ > 0. Sometimes we abbreviate oy — -+ — 7, — ¢

to o.
In the sequel, steps marked with { use [H1 for n = 0, and IH3 for n > 0.

For all n > 0 and expressions e = $€, we can rewrite A to obtain:

A= M[Ag," T T$e(8")

z
= M[Ag, TF Ayr. 37§ T (eg, 1) ™. .. " (eg,70) "G T A /\ Prop(e;,m:)](8")Z

1€[4]

=As. M[Ag E 378 T (e, ) ... T (eg, o) TY T A /\ Prop(e;, ;)] (8™%°)
i€l

= As. max{
min{
MIAG S ™ (er, )™ ... " (eg,70) "y 7] (B4 1)),
min{ M[Af b Prop(e;, ;)] (8> — 1']) | i € [(]}
}
| Vi € [0).7] € M[Rel™ ()]}
= As. max{
min{
MIAG = ST [ = ) (MIAG F (e, m1) "B [F = 17]))
o (MIAG T (e, o) (B F > 1)) Z 8,
min{ M[A} b Prop(e;, ;)| (8">°[F — 1']) | i € [(]}
}
| Vi € [0). 7} € M[Rel™ ()] |

We now distinguish two cases for each subexpression e; : 7;, namely 7, = ¢ and

T =T, — Th.

87



If e; is of sort ¢, then the following holds:

M[AG F Prop(e; : v, 1) (8™>°[F — 7)) = MAL F Te ] (8757 = )
= M[AG F e (B0 = 7)) 7y
= M[[Ag’ - I—ei—l]](ﬁn) 7,;
MIAL ™ (e; = 0yr) (B F v 7)) = MIAG b 1] (8757 v 7))
— rg
We know from f that | —freegqy+ () (M[Ag," T "e;](6")). This means that there
exists r” € M([¢] such that L—free,(r”) and M[Ag," T+ e, (5") " = 1.

Otherwise, in case e; : 7, = 7; — 73, the following holds:

MIAG - Propes s 7 r ([ = 7)) = MIAG - true] (8"54[7 = 7)
=1
MIAGE (e s 7i,m) TN(BY[F = 1)) = MAG F Te; [ (BV5[F — 1))
= M[Ag,"T7F e (8")

We know from { that | —freege+(,,)(M[Ag,"T7F "e; [ (8")).

As ‘semantic equivalents’ of the above terms, let us write

T Myl n / 3 J—
R:o::{M[[Ag’ PTECe (8™ b=

. ) ’
1 iftrn, =1 — 1,

and .
! ifr, =1

_ T}
e )= { g e oo
for all ¢ € [¢]. Additionally, we define:

rY ifr, =1

Si i Rel™ (1) := { M[Ag, T e (") if 7y =7 — 7

where r{ is an arbitrary (L-free) witness to L —freegq+(,)(M[Ag, T = Te; [(8")),
which exists by f. This gives us L —freeg-(,,)(5;) for all i € [m].

We derive by abuse of notation, using the above:

A=xs. 37 | MIAGEST(B> F )T zs A )\ P
€[4

We continue by case analysis on $.
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Case e = fey...ep with f € 3. For all n > 0:

A=Xs. 3. (M[[Ag = DB )T Es A\ M[Ag, T Te T (B7) 7!
i€[(]

— 2. T | Fj 2 =5 A \ M[Ag, T e (8" 7
i€[¢]

 As. (EFEZS) T

The L-free tree @FE witnesses L—freegq+(, (/\S. (EF? = s)) and, therefore,
1 —freege+ () (M[Ag, " TTETfET(B")Z). It follows that | —freegy+ ) (M[Ag, T
"feen).

Case e =xey...e, with x € Vgs. For all n > 0:

A=Xs. T | MIAG )8 [F ) Tzsn )\ P,
1€[{]

=Xs. 37 | B F 7)) T 2s A\ P

=As. . | O(2a") T Zs A /\ P,

I

(z')Szs 7
(') Sz

AS.
0

Recall that | —freegy+(-)(0(2")). All arguments S and 7 are also L-free, so it follows
that J_—freeReH(L)(H(x’)??), which proves | —freegg+ (o) (M[Ag, T "ze](8")).
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Casee=Fe,...eqwithF:0€N, andn = 0.

A=)s. 3. [ M[AL F Re](B%%°[F 7)) T Z s /\
i€l
=Xs. 37 | B = V)(Rp) T 2s A J\ P
i€f]

= )\3377 TM[[RelJr(T)]]TzS/\ /\ B
1€l

=Xs. 3. [ 1A /\ P,
= As. 1 TH1

Any tree L-free t € M[] is a witness to L—freegg+ () (M[Ag, T = "FET(5°)2).
Such a tree exists due to [G] not containing bottom. Finally, this proves that

L freeRe|+ (M [[Ag, ,_F—l l_ ,_F e—l]] <BO))

We have now established that S(0, e”) holds for expressions all €”. The following case

is the last remaining case to prove S(n + 1,b) for all base case expressions b:

Casee=F:0c€eN, forn—+1.

A= M[Ag, T FTF (") z
= M[Ag, T+ M\yr. Rpyr] (8™t 2z
= \s. BTV (RE) T s
= \s. 3" (Rp)Z s
= As. M[Ag, T "R(F)(B") Z s
= M[Ag,"TTETR(F)T(6") 2

[H2 gives us L —freegei+(,) (M[Ag, T = "R(F) (")), from which it follows that
L —freegei+(,) (M[Ag, " T = "R(F)T[(B") Z) and, thus, | —freegg+ () (M[Ag," T I
"FT(BM).

Finally, we present the remaining case to prove the claim that S(n’,e”) for all n’ > 0

and all expressions e”.
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Case e = Fey...e; with F € N and { >0, forn+ 1.

A=Xs. 3. | MIAL F Re] (B> [F s 7)) T 2 /\/\P-
=As. 37 | B F s ) (Rp) T Zs A\ P,
1€[(]

=Xs. 3. | BN (Rp)TZs A\ P
i€[¢)

= Xs. I, [ M[Ag, T FTR(E)()T Zs A /\ P,

O Xs. M[Ag, " TTFT"R(F)(B") S zs IH3
= M[Ag, T "R(F)(B") S z

By IH2, L —freeg+(r)(M[Ag," T "R(F)T(5")). All arguments S and Z are also
L-free, so it follows that | —freege+ () (M[Ag, "T"F"R(F)(8") S %), which proves
that | —freege+ (o) (M[Ag, T+ rFE—']](B”“)) O

Corollary 4.26. For alln >0, L—freegy+ (M[Ag = "ST[(B")). Le. there exists a
1 -free tree t € M[] such that M[Ag F"S7](5™)¢t.

Lemma 4.27. There ezists a L-free tree t € M[i] such that M[Ag =TS ([]8") t

Proof. Note that the constructed HoCHC logic program F Py : Ag is ‘incremental’; in
the sense that each iteration of the one-step consequence operator (further) constrains
a finite prefix of the trees it generates. This means that either a contradiction occurs
in finite time (e.g. Ir;.ar; = r Abry = r where a,b are distinct unary alphabet

symbols) or no contradiction occurs and the program is strictly incremental.

By Corollary 4.26, no contradiction occurs after finite time. This means that no
contradiction occurs at all and - Pg : Ag is strictly incremental. It follows that there
exists a L-free tree t € M[¢] such that M[Ag F"ST] ([]5"™) t. O

4.4.3 Inclusion

We aim to show that, for every n > 0, M[Ag F "S7] (nggg (Tag)) is included in
i, (HIN F ST((H[GIR(Lar))). To this end, we define a family of logical relations in
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Definition 4.28 to capture this notion at higher sorts and for larger sort environments,

as proved in Lemma 4.30.

The intuition is that the relation comprises pairs that preserve order on order-

preserving arguments.

Definition 4.28. We define a family of logical relations Incl, C M[o] x D[o]:

|nC|L(t1,t2) : tl tg

Inclgei+(,) (P1; p2) = p1 E pa
INClRet (5y 00) (P1, P2) = Vw € M[Rel™ (01)]. V2 € H[o1].

|nC|Re|_(0' )(w710'1( )) = |nCIRe|+(0'2)(p1 w7p2 i;l (Z))
Inclp (63, 0,) :=dom("I'") = dom(fg) A dom(I") = dom(f,,) A

/\ Inclger- (o) (05(2"), 1, (0a(2)))

z:.o€l’

Alternatively, InClger+ (5, ...y, i) (P1, P2) can be defined as

Vw. Vz. /\ InClgel— (o) (Wi, 1, (2i)) | = InClgeit () (Pw1 - . . Wiy 2 iy, (21) .- i, (2m))

1€[m)|
for all W and Z from the appropriate domains.

Note that in general M[o] differs from D[o] and the arguments of Incl, do not
necessarily live in the same set. However, for the sort we are interested in, namely
Rel™ (1) = ¢ — o, the denotations M[t — o] and D[t — o] coincide (idem for ¢), so

that the relations are well-defined.

Lemma 4.29. For FF € H]oy — -+ = o > 11 — -+ = 70 = 1], t; € H]o;] for all
i € k], and z; € H[r;] for all j € [(],

where T =11 ...1, t=1t1...ty, and Z =2, ... 2.

92



Proof.

As. P F7Z=5A /\ tCr | C
1€[k]

I

]

Lemma 4.30. For all n > 0, all typing judgements N',T' & e : o of the HoRS G
where I' = {xy : 71, ...,z : Tx}, and valuations 6, € H[I'] and 65 € M["TT],

N, TFe:oAlnclr(05,0,) =
Inclgeit () (M[Ag, T e (8"), i, (KN, I €] ("))

where

T7:={z] :Rel™(7y),..., 2} : Rel”(13,)}
(H[[g]]N(J-N)) [ = ba(z )] e 1IN, T]
g" = ( TAQ ) x’ H@g E M[[Ag,l—r—']]

Notice that N',T e : o implies Ag, T F"e™: Rel (o).

Proof. We proceed by induction on n > 0 within which (both in the base case and the
induction step) we use structural induction on HoRS term e. Some parts of the proof
are presented out of order to avoid duplication. In fact, the structure of this proof
and the order of presentation correspond to the proof of Lemma 4.25, the structure

of which is outlined in Figure 4.1. We again assume WLOG that e contains no As.

We use the following shorthands for e: o0 =0y = -+ — 0, — ¢, w; € M[Rel™ (0;)],
and z; € H[o;] such that Inclgg- () (wi, 17, (2:)), for all i € [m]:

B=M[Ag, T+ e (8w
C =i, (H[N, T+ e](a")i(z)

Thus, both B and C' are both elements of M[c — o] = D[t — o], and it suffices to
show that B C C.
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We present the following base cases w.r.t. the structure of e (also denoted b for base

case expression). These cases hold for all n > 0.
Casee=a:t € X. For all n > 0:
B = M[Ag," T+ "a](8")

= M[Ag," T Ar.a = r](8")

= As € M[]. (ﬁ - s)

= i(F)

=i, (H[N,T F a](a™))

=C

Case e =x :1 € Vgg. For all n > 0:

B = M[Ag,"T7F T2 (8")
= M[Ag, T Ar.2" = r](8")
=As € M[]. (B"(z") = s)
=As € M[]. (a"(z) = s)
C i (a"(x))
=1i,(H[N,T F z](a"))
=C

Note Inclp (63, 6,,) implies Incl,(5"(z'),i; (a"(x))) and f"(z') = a"(z), as used above.

(a2

In the sequel, where e : 0y = -+ = 0,,, = ¢, let w; € M[Rel™ (0,)] and z; € H]o;]
such that Inclgg-(,,)(w;,i;,(2;)), for each j € [m]. Similar to what we just used,

o; = ¢ implies w; = z;.
Casee=f:01 >+ =0, >1eX. Foralln>0:
B = M[Ag,"TTETf)(8")w
= M[Ag," T Xyr. fg=r](B")Z
= As € M[.]. (1/7;2 = s)
Ci(Fy2)
=i,(H[N, T F fl(a™)2)
=iy oy (R[N, T F f](@™)i~(2)  Lem 4.21
=C
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Casee=x:01— -+ —> 0, — € Vgs. For all n > 0:

B = M[Ag, T7F"27(8™)w
= M[Ag, T Mgr.2'gr] (") w
=As € M[]. 8" (2" )w s
- )
C iy, o (@7(2)17(2)
= oy (KN T F 2] (@) T (2)
=C

Since InCIReI_(01—>---—>am—>L)(ﬁn(x/)ﬂ iglﬁ---%amaL(an(x))) and Inc'ReI_(a]-)<wj7i;j (Zj)>7 for

all j € [m], the inclusion above holds.
This remaining base case expression is where we start needing induction on n > 0.

Casee=F:0eN, andn = 0.

B = M[Ag, TF TF)(8°) @
= M[Ag, T N\gr. Reyr](BY) w
=As € M[i]. B°(Rr)ws
= As € M[t]. T prert (o)) @ 8
= T MIRer* ()]

= Tp[Rel* ()]

= T p[Rel* (0)] i~(2)

=i, (Lypy)i=(2) Lem 4.21
io(a"(F))i(2)

i (HIN. T - F](a%) ()
C

This covers n = 0 for all base case expressions. We distinguish three induction

hypotheses, where S(n,e) denotes that the claim holds for n and expression e:
IH1  S(0,¢) for all expressions e’ simpler than e
IH2  S(n,e"”) for n and all e’

IH3  S(n+1,¢€) for all expressions e’ simpler than e
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The proof consists of four parts (in a logical sense but not a physical, since parts of

the proof would need to be duplicated) which are related as in Figure 4.1.
In the above, we have showed that S(0,b) for all base case expressions b.

We rewrite B for the inductive case where e = $e; ... ey, using the shorthands:
A,g = AQ? rF_‘? y? r
AG = Dg," T 5,7, T

S = B My > W, > 8]

Recall that oy — -+ — 0, — ¢ is the sort of e = $ey...¢p, for some m > n > 0.

This means that the sort 7 of $ is of the form
T=T| = T =0 = = O — 1
where ey : 71,..., ey : 7y, for some ¢ > 0. We may shorten 0y — --- — 0, = ¢t to 0.

For all n > 0 and expressions e = $€, we can rewrite B to obtain:
B = M[Ag," T F"$e (") w
I

= M[Ag," T Ayr.3r.§ (e, r) ... " (eg,m0) "7 A /\ Prop(e;,r)](B") w
1€f]

= Xs. MIAG 378 ™ (e, ) (e, re) TG A J\ Prop(es,ri)[(8™)
€[4

= As. max{
min{
M[AG S T (er,m)™. .. (e, ro) Ty r](BVE[F = 1)),
min{ M[Af t+ Prop(e;, r;)[(8"°[F — 1']) | i € [{]}
}
| Vi € [0). 7} € M[Rel™ ()] }
= As. max{
min{
MIAG E ST = ') (M[AG = T (er, ) TN [F = 7))
o (MIAG E T (ee, o) TI(B T 7)) W s,
min{ M[Af = Prop(e;, r;)[(B"°[F — 1']) | i € [{]}
}
| Vi € [0). 7} € M[Rel™ ()] }
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In the sequel, steps marked with { use IH1 for n = 0, and IH3 for n > 0.

We now distinguish two cases for each subexpression e; : 7;, namely 7, = ¢ and

T, =T, = Th.
If e; is of sort ¢, then the following holds:

M[[Ag F Prop(e; : ri)]](ﬂ"@,s[F N F]) _ M[[A/g/ - e ] (511,@,5[? . F])
= M[AG e (B [ = 1)) 7
= M[Ag, T Te, (8" 7
MIAGF (e e,m) ™ (B0 [F = 1)) = MIAG F 7] (B0 [F = 1))

We know from t that Inclge+ () (M[Ag, "T7ETe; |(87), L.(HIN, T = e;] ().

Otherwise, in case e; : 7; = 7{ — 75, the following holds:

MAL & Prop(e; : 7, )| (8™ ™4[ = 17]) = M[A% F true] (8™ 7*[F — 7))
=1
M[[Ag - ”'(ei : Tiari)mﬂ(ﬁn’msﬁ s F]) — M[[A/é - [‘ei—l]](ﬁn,ﬁ,s[? s F])
= M[Ag," T e, (8")
We know from t that Inclge+ .,y (M[Ag, "T7 = Te; |(87), in (HIN, T = e ().

As ‘semantic equivalents’ of the above terms, let us write

{ M[Ag," T Te,(B™) 7! ifr, =1
P:o:= . , /
1 itr, =717 —m
and

T if ;=1

Ty s Rel™(ri) := { M[Ag,"TTE=Te (B fm=1 =
for all i € [¢]. Additionally, we define
o { L(HIN, T Fe](am)r: ifrn=1

P :o .
1 itr, =71 — 1)

7

and
T ifr, =1

/. () — i
T : Rel (r) { L(HIN.TFel@)  ifn=r -1
for all 7 € [¢], to be used after applying the induction hypothesis {. And finally, for
all i € [/],

! ifTi:L

_ T
S; i Rel™(7;) := { HIN,T - e](a”) if =1 — 7
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We derive by abuse of notation, using the above:

B = \s. 3. (M[[Ag, T8 Tws A N R-)

1€l

We continue by case analysis on $.

Case e = fey...ep with f € X. For all n > 0:

i€[f]

B=Xs. 3. | M[Ag," TTEDyJ(B") 7 ws A J\ M[Ag, T+ e, (8" fré)

= @FE =5sA /\ M[Ag,"TFTe; (8") r;)

i€[f]

CAs. 3. [ Frrw=sA \L(HIN. T e](@")
i€f]

i€[f]

=\s. 37 [ Frrz=sA \ (HIN.TFe](a

i€[¢]

N
= \s. 3. | Fy 7 w—s/\/\ (HIN, T F &](« )
s

C As. (@H[{N,F Fe(a). . HN, T F e (™) Lem 4.29
=i, (FyHIN. T Fes](a”) .. HN, T Fef](a") %)
=i, (H[N, T F fI(@")i, (HIN, T Fe(a™)...i, (HIN, T e (a”)z

=C
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Case e =xey...ep with x € Vgs of sort T =1 — 1. For all n > 0:

B=Xs. 3. | M[Ag, T H2[(BYTws A J\ P
1€f]
= \s. 3. (m(f)?m WA P,)
1€[(]

CAs. 3. [ i (@"(@) T i (2) s A\ 1%) t

C s 3. i (a"(2) T i (2)s A /\ PZ/) T

=As. 3. |i(a"(2)SZ)s A /\ R’) Lem 4.21

=As. " | H[N, T F 2] (@™) SZC s A /\ PZ-')

€[4
CAs. (H[N, T Fze](a™)z C s) Lem 4.29
=i,(H[N, T Fze](a™)z
=i (H[N, T Fze](a”)) i
=C

2) Lem 4.21

Recall that Inclgg- () (8"(2'),1i; (" (x))). The IH t gives us Inclgy- (., (T, T}). Because

’oT

we also have Inclge- (5 ) (w;, 1, (2;)), we derive the first inclusion.

Casee=Fey...e;withF:0 €N, andn = 0.

B = \s.3r. (M[[Ag,'—l“"' - Re)(BNT ws A\ P)

iel]

C As. 1
i, (L) Lem 4.21
(J_H[[JHH[[NFI—Q]]( N HIN, T F e () 2)
=i, (?(FYH[N,T F e](@°) ... H[N, T F e](a’) %)
=i, (H[N, T F FJ(a®) H[N,T e (@) ... H[N, T F e (o) 2)
=i, (H[N,T F F](a’ Ni (HIN, T+ el](a")). ..i;é(?—[[[]\f,r - 6@]](040»%
=C
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We have now established that S(0, e”) holds for expressions all €”. The following case

is the last remaining case to prove that S(n + 1,b) for all base case expressions b:

Casee=F:0ceN, forn+1.

B=M[Ag, T+ TFT (") w
= M[Ag, T N\gr. Reyr](8"TH w
= \s. " Y Rp)w s
= \s. M[Ag, T TR(F))(B") @ s
C s ig(H[N, T F R(F)](a")i~(z)s IH2
= Xs.i ("N (F)) i (2) s
=i, (H[N, T F F](a"))i(2)
=C

Finally, we present the remaining case to prove the claim that S(n’,e”) for all n’ > 0

and all expressions e”.
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Case e = Fey...e; with F € N and { >0, forn+ 1.

B = \s. 3. (M[[AQ,FF—' - Rp](BHT /\ )

=Xs. 37 | BN (Rp)Tws A J\ P
i€f]

= As. 37 | M[Ag, TTTR(F) (BT ws A J\ R-)

i€[¢]

=Xs. I | L(H[N. T R(F)])(a")S2)sn )\ P! Lem 4.21

=As. . | HIN, T = R(F)](a") SZE s A /\ P()

1€[(]

=Xs. . | "N (F)SZE s A /\ P»')

=As. . | H[N,T = F](a"t) S ZEs/\/\P{)
€[4

Ci,(H[N, T Fe](a"th) ) Lem 4.29

=i (H[N,T F Fe](a™)i(2) Lem 4.21

=C

4.4.4 Main result: equality

Lemma 4.31. For all typing judgements N+ e : o of the HoRS G, and non-
increasing chains of valuations T C M[Ag],

M[AGF Te: o] <|_|I> = [ MI2g F e : (D).

IeT
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Proof. Recall that M[Ag] and M[p] are complete lattices for each relational sort
environment Ag and relational sort p. Thus, we know that the greatest lower bounds

exist.

To perform induction on the structure of HoRS term e : o, we strengthen the claim

to the following.

For all typing judgements N, T" - e : o of the HoORS G where I' = {xy : 7, ..., 2 : Tk},
for all non-increasing chains of valuations Z C M[Ag], and valuations § € M[T7],

M[Ag, TTFTe: 07 ((|_|z) @ W])
= [ MI[Ag, T7F e o (I[2" — 0(x"))).

1€l

where "I = {2} : Rel”(7),...,a} : Rel”(7)}. We abbreviate I[z' — 6(z')] to I'.

Note that
(M) @ = 8] = [ 17 o) =[] 1

1€l IeT

so that we shorten the above equation to

M[Ag, T FTe: 0] <|_| 1’> =[ | M[Ag, T+ Te: o) (I').

IeT 1€l

Casee = f € ¥. The meaning of " f 'is independent of the valuation, as demonstrated
by
"=k (fye e =)

where f :* — 1. Thus, this case trivially holds.

Case x € Vgs. The meaning of "z ' relies only on the 6 part of the valuation, as

evident from

Tr =AM (2f =)

"riop == =y YT

for £ > 0. Thus, this case trivially holds.
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Case F e N. Let F: 0y — -+ — 0, — ¢ for some k& > 0.
M[Ag,"TTETFT] <|_| I') =M[Ag, T Ays...yxm Rrvh ...y 7] (|_| I')

1€ IeT

Iel

=AYy .. Yp T <|_|[> (Re)y1 - ypr

Iel

=AYy ... YpT (l_II(RF)> Yi.. YpT Prop 2.7

=[]1(Rp)

IeT

=[17(rwr)
1€l

= [ [MIAg, T+ Re](I')
1€l

— |_| M[Ag, T Ayy - .yem- Reyr -y ] (1)

IeT
— |_| M[Ag, T+ TF(I)
IeT
Note that the application of Proposition 2.7 is warranted by the codomain of Z being
a complete lattice (namely, a finite product of complete lattices M{p]).

Case e = $€ with € = ey...e; for £ > 0. This case follows from applying the
induction hypothesis in a straightforward though laborious unfolding of the lift and

the semantics. Recall that:

M[[AQ,VF - |—$€—|]] (l_l I/)

Iel

= M[Ag, T = Xyr. 7.8 ™ (e1, 7). .. " (e, 70) YT A /\ Prop(e;,r;)] <|_| I/)

1€[f] Iez

The previous cases show that the greatest lower bound is preserved by M[$']. Observe
that ™(e;, ;)™ is r; or Te; . Either way, the greatest lower bound is preserved by
M[™(e;,r;) ™. Similarly, Prop(e;,r;) is either "e;'r; or true, and the greatest lower

bound is thus preserved by M[Prop(e;,r;)]. This concludes the proof. O

Theorem 4.32. M[Ag RS]](gfp(Tlé\;‘:Ag))t =1 if and only if t = [G].
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Proof. Given a HoRS G = (N, X, R, S) we define, for all n > 0:
a" = RGN (Ly) € HN]
B = Th R, (Tag) € M[Ag]

It holds that:

M[Ag + Rs](gfp(Thra,) = M[Ag TS (gfp(Tha,))

= Mlag 87 ([167)
=[ fMIAgFTST[(B") | n >0}  Lem 4.31
C[ Hi(HINF S](@™) |n >0} Lem 4.30
— i, <|_|{’H[[J\/’ - S](a™) | n > 0}) Lem 4.22
=i, (HIVF ST (o)) Lem 410
=1,([9])
— . ([G]=r)  L-freeness

Note that we rely on Proposition 2.4 to apply Lemma 4.22 in the above.

Either M[Ag F"S7(gfp(T.a,)) is the constant false function, or it is Ar. ([G] = 7).
By Lemma 4.27, M[Ag F "S™(gfp(Tha,)) is not Ar.0, so we conclude that it is
Ar. ([G] = r), instead.

It follows that M[Ag F "ST] (gfp(TIé\;:Ag))t = 1if and only if t = [G]. O

4.5 Examples

In this section, we provide examples of an order-0, order-1, and order-2 HoRS and
their encodings into (coinductive) HoCHC logic programs. We outline the correctness
of the encoded program in each example. The HoRS-to-HoCHC encoding is defined

and described in Section 4.3 and its correctness in Section 4.4.
Notation 4.33. For HoRS G = (N, X, R, S), we write
H =HIGIN (L) T :=TH A, (Tag)

for all n > 0.
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Example 4.34. Consider the order-0 HoRS Gy = ({a}, {S}, R, S) where R consists
of:
S=a¥

This rewrite rule is lifted as follows:

CaS7T=MXr.3r.(ary =7r) ATSry

rst = /\T’Q. RS T2
By p-equivalence, this is equivalent to
"Ro(S)"="aS"=M.3r1.(ary =7) AN Rgmy
which means that
Hg,(S) =L
H&+1(S) _ CLn+1 i
| [{HZ(S) [ n >0} = a
TCOO(RS> = )\7’. 1
T (Rg) = M. 3s. (@™ s = 1)
[ HTw(Rs) | n >0} = Ar.(a® =1).
Correctness follows from
TCOO(Rs) =Ar.1
=1i,(1)
- IL(HCOO(S))
T (Rs) = M. ("™ L Ct)
=1i,(a"" 1)
= 1L(HL(9))
and finally

[HTw(Rs) [0 =0} = Ar. (0 = r) = i, _IL(|_|{ |n>0}>

Example 4.35. Consider the order-1 HoRS G; = ({a,b,c}, {S, F'}, Ry, S) where R4

consists of:

S=Fc
F=Xe.ax(F (bx))
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These rewrite rules are lifted as follows:

"Fecl'=Ar.dri. Rprir ATc'ry
Tl = Arg. (¢ =19)
"Ae.ax (F (bx)) =X’ rg. Fryrs. (argrs =r3) ATz rg ATF (bx) rs
T2 = Mrg. (2' = 1g)
"F(bx) = Arp. Jrg. Rprgrs ATbaxrg

Tbx' = /\Tg. 37"10. (b?”l[) = 7”9) AT T10
By af-equivalence and moving around existential quantifiers, this is equivalent to:

TRy(S) 1 ="Fc7
=Ar.3dri. Rprir A(c=11)
"Ro(F)'="Ax.az (F (bx))”

= At ro. Irs_g. (arzry =ro) A& =1r3) ARprsry A (brg =15) A (' = 16)

We define a family of trees, for n > 0,

tolr, L] = toolx] =

/\ /\
P b/\
b a

a
T b2 x o bt

| | |
e a x

N

b L

|

X

which means that

He,(S) = Heo(S) = L
HEP(S) = tle, L]
| [{HZ(S) [ n > 0} = too[d]
HY(F)=\v. L
HEYWF) = M. ty[z, L]
| HHL(F) | n >0} = M.t 2]

106



and

TO(Rs) = T4 (Rs) = M- 1
T2(Rg) = M. 3. (tafe, 7] =7)
[ HTW(Rs) | n > 0} = Ar. (tuc[c] = 1)
T2 (Rp) = Axr. 1
T Y Rp) = der. 3. (t,[z, 7] = 71)
|_|{T” Rp) | n >0} =Xxr (teo[z] =1).

Correctness follows from

To(Rs) = T (Rs) = 1,(Hy,(S)) = i,(HL(9))
T™2(Rg) = M. (tp[c, L] T t)
= 1,(tn[c, 1])
=i,(HL™(9))

for all z € H[:], and finally
[HTa(Bs) [ 12 0} = Ar. (tocle] = 1) = iultocle]) = i, (|_[{H2(S) | n > 0}).

Example 4.36. Consider the order-2 HoRS G, = ({f, g,a},{S, B, F'}, Ry, S) where

R consists of:

S=Fg
B =Xtz o (1))
F=Xp.f(pa)(F(Bgpyp))
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These rewrite rules are lifted as follows:

"Fg'=MAr.dri. Rp"g'r A true

"9 =Xy (gy =m1)
Aoz (px) =M Y ' ro. Irs. ' rarg AT g

T = Ay Irs Y sy ATy

T2 = Mrg. (2' = 1g)
"X flea) (F(Byw) =X rr.3rsrg. (frsrg =r7) ANTpars N\TF (B )

Tpa = Aryg. Iri. @' riirig ATa g

Ta™ = Aryg. (a = r12)
FE(Bp@)? = Ari3. Iriy. Re "B o 'rig A true
"Bopp'= Ay ri5. Irigrir- Re o "o Ty ri5 A true A true

"o = Ayaris. ' yaig

After simplification, this becomes:

"Ro(S)T'= M. Rp(Ayri.gy=r11)7r
,_RZ(B)—l = /\QO/ ¢, x’ ro. drsry. QDI 379 A Qﬁl r4aT3 N\ (ZL‘/ = 7‘4)
FRQ(F)—l = /\50/ r5. Irg_s. (fT’@ ry = 7’5) A QOITS 6 /\ ((I — 7"8) A Rp (RB 90, S0/) -

We define a family of trees, for n > 0,

sulp, L] = f Soolp] 1= /f\
@ f p f
EL S02/\f EL gp/\f
| /\ E\i g04/\
a i Lo
| |
a f 2
QH/\
%) 1
|
a
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which means that:

Heo(S) = Heo(S) = L
Hn+2<5) = Snlg, 1]
|_|{ S)|n >0} = swl9
HY(F) = Ap. L
HPHF) = M. salp, L]
| HHL(F) | n >0} = Xp. swl]
H(B) = pypx. L
H™ (B |_|{ B)|n>0}=Xpvx.p(x)
TBO<RS> — TL(Rg) = Ar.1
T2 (Rg) = Ar. 3r1. (sulg,m1] = 7)
(T (Rs) | 1> 03 = Ar. (swclo] = 1)
T2 (Rp) = Mo/ 1
T Y Rp) = Ao r.3r. (su]p,m1] = 7)
[ HTe(Re) [ 0> 0} = Mg 7. (s0clie] = 7)
T8 (Ra) = A ¥/ a' . 1
T (Rp) = [ {Tw(Rp) [ n >0} = X' ¢/ 2’ r. (p (Y x) = 1)

Note that we have taken some liberties with notation. Correctness follows from

To(Rs) = Teo(Rs) = 1,(Hgy(5)) = 1,(He(S))
T (Rs) = Ar. (snlg, L] E7)
= i.(snlg, 1])
L (HG™(9))
To(Rr) iy (21) = L(HG(F) 21)

T Y Re) iy (21) = M 3y (spfz1,71] = 7)
C A (splz1, L] Cr)
=1,(sn[z1,1])
= 1,(He ' (F) z1)
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and finally

To(Rp)i, (1)1, ,,(22) i, (23) = i,(HO(B) 21 22 23)
T (Rp) i, (21) 1, (22) 1) (23) = M. (21 (22 23) = 77)
Ar.(z1 (22 23) E 1)

(22 23))

Hn+1( ) 21 %9 Zg)

M1

i, (21
=i

for all zq, 290 € H[t — ¢] and z3 € H[¢]. Tt follows that:

[HTza(Rs) [ 12 0} = Ar. (sxlg] = 1) = ilswclg]) = i (|_{HE(S) [ 7> 0})

4.6 HoRS equivalence problem

The higher-order recursion scheme (HoRS) equivalence problem asks whether two
given deterministic recursion schemes G;,G, generate the same tree (i.e. whether
[G1] = [G2], see e.g. Ong, 2015).

The HoRS equivalence problem is recursively equivalent to the A\Y-calculus Béhm
tree equivalence problem, which asks whether the Bohm trees of two given AY-terms
are equal (Clairambault and Murawski, 2013). The question of the decidability of
the latter “has been there from the beginning of the subject” (Walukiewicz, 2016).
To the best of our knowledge, this problem is still open. Notice, however, that the
related \Y-calculus word problem (whether two AY-terms are fnY-equivalent) is
undecidable (Statman, 2004).

y &

Restricted to order 1, the HoRS equivalence problem is equivalent to the DPDA
equivalence problem (Courcelle; 1978). Thus, the fundamental result of Sénizergues
(2001), and subsequent refinements by Stirling (2001), Sénizergues (2002), and Jancar

(2012) provide a decision procedure for the equivalence of first-order HoRS.

In this section, we reduce decidability of the HoRS equivalence problem to semi-
decidability of coinductive HoOCHC. Our procedure formulates a positive and nega-
tive instance of the (monotone) coinductive HOCHC problem over a decidable back-
ground theory, corresponding to equivalence and inequivalence of the input HoRS,
respectively. We present the background theory in Section 4.6.1 and the two HoCHC

instances in Section 4.6.3.
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If coinductive HoCHC is semi-decidable over a decidable background theory—or
specifically if the image of our HoRS-to-HoCHC encoding is semi-decidable over Ma-
her’s theory of trees (Maher, 1988)—then these two instances can be solved concur-

rently to obtain a full decision procedure for the HoRS equivalence problem.

Theorem 4.37. The HoRS equivalence problem is decidable if the HoRS-to-HoCHC
encoding lives in a semi-decidable fragment of coinductive HoCHC' over Maher’s com-

plete and decidable theory of trees.

Recall that our HoRS-to-HoCHC encoding from Section 4.3 assumes an input HoRS
that generates a L-free tree. This allows us to distinguish ‘finished’ trees from ‘un-
finished’ trees, as required for correctness and described in Section 4.3. Therefore, we

first transform a HoRS into a L-free tree generating HoRS.

The ‘decision procedure’ for the HoRS equivalence problem consists of the following

stages:
1. L-free transform on HoRS (Sec 4.6.2)
2. Encoding HoRS into HoCHC (Sec 4.3)

3. Concurrently solving the positive and negative HoOCHC instance (pending semi-

decidability)

4.6.1 Maher’s theory of trees

A theory T is a set of sentences (i.e. closed formulas), which is complete if either
T E por T E —p, for every sentence . An axiomatisation of an algebra 2 is a
recursive set of sentences which are true of 2. The theory of an algebra 2 is a the set

of all sentences true of 2.

Maher’s first-order equational theory of trees, denoted by T%, is complete for any

finite or infinite alphabet 3 (Maher, 1988). It is axiomatised by three axioms:

VieX., VIyfr=fy<1=7 (4.1)
Vi,g€X.  [f#g—=VIY.fT#gY (4.2)
V(z=tz,y). z=tzy)>r=2 (4.3)
where x = t(x,y) ranges over all rational solved forms (see Maher, 1988, p. 355).
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The first two axioms specify what it means for two trees to be equal: they have the
same root (4.2) and the children are equal (4.1). Furthermore, if two trees have the

same ‘definition’ (rational solved form), then they must be equal (4.3).

In case ¥ is finite, we need to add the Domain Closure Axiom to obtain completeness:

Vo, \/ Fza=fz (DCA)
fex

Fix a ranked alphabet 3, viewed as tree constructors. We write Ty for the first-
order theory of equations of finite and infinite trees constructed from . The theory
Ty has good algorithmic properties, making it an exceedingly appropriate choice of
background theory for HOCHC. Maher (1988) first showed that the theory is not only
complete but also decidable. The theory has several models, including the set of finite
and infinite trees over X—which we are interested in—and the set of rational trees.
Henceforth, we call Ty, the Maher theory.

Theorem 4.38 (Maher, 1988; Djelloul et al.; 2008). The Maher theory of finite and
infinite trees over X3, Tk, is complete and decidable. It has several models, including
the set of finite and infinite Y-labelled trees.

More recently Djelloul et al. (2008) presented a so-called full first-order constraint
solver for (an augmented version of) the theory 7%. Their algorithm transforms a
first-order formula of T%; into a disjunction of simple formulas; each disjunct is either
the formula true, the formula false, or a formula with at least one free variable (which
is equivalent to neither ¢true nor false) with an explicit description of the solutions of
the free variables. Questions of expressivity and complexity of the Maher theory are
explored in Colmerauer and Dao (2003). Recent work by Zaiser and Ong (2020) has
improved the performance of Djelloul et al. (2008)’s solver and adapted the theory to

algebraic (co)data types.

We are interested in the Maher theory 7%, over a finite alphabet ¥, =X U {1}, for
input HoRS G; = (N1, X, Ry, S1) and Gy = (Mo, X, Ra, S). Note that the assumption
that both HoRS have the same alphabet ¥ is WLOG; if they have distinct alphabets
21 and X9, respectively, we can take X to be their union. In the Maher theory Ty ,

the ‘unfinished’ tree L is treated as any other nullary terminal symbol.
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4.6.2 Computability of |-free transform of HoRS

Intuitively, eliminating L from [G] allows us to distinguish ‘unfinished’ trees from

‘finished’ (but diverging) trees in e.g. the proofs in Section 4.4.

As usual, let ¥, be a finite ranked alphabet ¥ extended with (nullary) L. Let
b:t—1¢ %, (for ‘bottom’) be a fresh terminal symbol.

Definition 4.39. Given a X, -labelled tree, its 1-free conversion is obtained by re-

placing every L -labelled node by the infinite linear tree b (b (b ---)).

Lemma 4.40 (Computability of L-free transform of HoRS). There is an algorithm
that, given a HoRS G, returns a HoRS——call it the 1-free transform of G—that gen-

erates the L-free conversion of [G].

For clarity, we convert trees, but transform HoRS (their generators).

It is clear from freshness of b: ¢ — ¢ ¢ X, that the following holds.

Proposition 4.41. Two HoRS are equivalent if and only if their respective 1 -free
transforms are equivalent.

Before we present a three-stage algorithm to transform a HoRS G = (N, X, R, S) to

its 1 -free transform and an example, we require some background on logical reflection.

Some background on HoRS and logical reflection. Let R be a class of gen-
erators of Y-labelled trees, and £ be a logical language for describing correctness
properties of these trees. Define the ranked alphabet X' := {f : o | f : 0 € ¥} that
is a copy of X. Given a generator G € R and property ¢ € L, we say that G, is a
p-reflection of G just if

1. G and G, generate the same underlying tree, and

2. if node a of the tree [G] has label f, then node « of [G,] is labelled f if a

satisfies ¢ and f otherwise.

We say that R is reflective w.r.t. L just if there is an algorithm that transforms a

given pair (G, ) to G..

Theorem 4.42 (Broadbent et al.; 2010). HoRS are reflective w.r.t. modal p-calculus

and monadic second-order logic.
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Stage 1: X U {b}-labelling G;. The input HoRS G is first transformed to a b-
productive counterpart Gy := (N, X U {b}, R/, S). The idea is that in the potentially
infinite process of generating the tree [G;] from the start nonterminal S by leftmost-
outermost rewriting, each rewriting step is witnessed by either a terminal symbol
from X or by b. The set R’ of rewrite rules of G; is defined as follows. For every

F:o— - —=0,—teEN,letT=ux... 2, so that:
o if R(F)=AZ. fty...t, for some f € 3, then R'(F) :=R(F)
o if R(F)=AT.$t;...1, for $ € N'UVgs, then R'(F):=XZ.b($t1...1t)

Notice that the tree [G;], by construction, does not have any 1-labelled nodes. In-
tuitively we can get [G] back from [G;] by erasing finite b*, and replacing infinite b
by L.

Stage 2: From X U {b}-labelling G, to ¥ U {b, s}-labelling G,. We define a

modal p-calculus formula:

©:=py A\ pX. (\/ @pf\/@X>

fex
where p, (resp. py for f € X) is a propositional variable that denotes that a node
is labelled with b (resp. f € ). Because u is a least fixpoint operator and @ P
means that predicate P holds for the leftmost child of a node, this formula holds for
b-labelled nodes (p, holds) that are not part of some infinite branch ¥* (after finite
time we encounter a descendant that is labelled from ¥, not b). Please refer to Kaivola

(1995) for the precise syntax and semantics of the modal p-calculus.

Let s : © — ¢ ¢ ¥, (for ‘step’) be another fresh terminal symbol. Consider the
following operation on ¥ U {b}-labelled trees.

For every node «, if a F ¢ then rewrite the label at a to s, otherwise do

nothing.

This operation leaves exactly those occurrences of b in some infinite b (which wit-
nesses L) intact, while rewriting finite paths b* to s*. We call this operation b-to-s

CONVETSION.

Thanks to Theorem 4.42, the main result in Broadbent et al. (2010), there is an
algorithm that, given G, returns a HoRS G, over X U {b, s} that generates the b-to-s
conversion of [Gi]. In the language of Broadbent et al. (2010), Gy is the w-reflection

of G; where ¢ (above) is a property definable in the modal p-calculus.
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Stage 3: From ¥ U {b, s}-labelling G, to ¥ U {b}-labelling G;. Although the
tree [Gs] does not have infinite paths exclusively labelled by s, it may still have nodes
labelled by s. We construct a X U {b}-labelling HoRS G3 that generates the tree
[G2] but with these remaining s-labelled nodes cut out, which is easily achieved by
replacing every occurrence of the terminal symbol s in the rewrite rules of Gy by the
identity nonterminal /. To be precise, if Ry is the set of rewrite rules of G,, then the
resultant HoRS

G3:=(NU{I},XSU{b},{F = z.t[I/s] | F = A\T.t € Ry} U{I = \x.xz}, S)
is the 1 -free transform of the input HoRS G.

Example 4.43. Let G = ({S, F, G}, {cons, succ, zero}, R, S) be a HoRS with R:

S = F zero
F = \z.cons (G z) (F (succx))
G = \z. G (succz)

In stage 1, our X -labelling HoRS G is transformed into a ¥ U {b}-labelling HoRS
G1 = ({5, F,G},{cons,succ, zero, b}, R1,S) where Ry contains some bs (in red) to

make each rewrite rule productive:

S = b (F zero)
F = \z.cons (G z) (F (succx))
G = \z.b (G (succx))

Figure 4.2 shows the effect on the tree generated by the HoRS.

Stage 2—where a XU {b}-labelling G, is transformed into a XU {b, s}-labelling Go—is
generally non-trivial, because some rewrite rules may produce bs in both finite b* and
infinite b, hence we rely on Theorem 4.42 by Broadbent et al. (2010). However, in this
example, stage 2 happens to be straightforward; the above situation does not occur.
This yields a ¥ U {b, s}-labelling HoRS G, = ({S, F, G}, {cons, succ, zero, b, s}, R, S)
with Rao:

S = s (F zero)
F = \z.cons (G z) (F (succx))
G = M\x.b(G (succz))
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Stage 3 finally gives us the 1-free transform of the original HoRS G. The resulting
HoRS is G3 = ({5, F, G}, {cons, succ, zero, b}, R3, S), where R has all occurrences of
s replaced by the identity nonterminal I:

S = I (F zero)

F = Xz.cons (G z) (F (succx))
G = Mx.b(G (succz))

The following figure shows the conversion on trees corresponding to the three stages

of the HoRS transformation.

cons —> b —> s —> cons

1 cons cons cons b cons
PN PN PN N

I b  cons b  cons b b

b b ... b b - b

. . |

b b -

| |

Figure 4.2: Conversion [G] — [G1] — [G2] — [G3]

4.6.3 ‘Decision procedure’

Let Gy = (N1,3,Rq,51) and Gy = (N5, X, Ro, So) be deterministic HoRS. Assume
the trees they generate are |-free, which is WLOG due to Section 4.6.2. Consider
these HoOCHC goal formulas:

Eq, :=3rire. (Rg, r1 A Rg,12) A (11 = 13)
qu = E|T'1 Ta. <R51 (&1 A R52 7”2) A (7"1 7£ 7"2)

Using the definitions from Section 4.3, we define HoOCHC problems
Pi = <Agl U Agw Pgl U PQQ? qu)?

for i € {0,1}, with the Maher theory Ty, as the constraint language and the set 75,
of finite and infinite trees as the designated model. Note that r; = ry and r; # ry in

the goal formulas are tree constraints from the Maher theory.

Thanks to Theorem 4.32, we have
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e [Gi] = [G2] iff P is solvable,
o [Gi] # [G2] iff Py is solvable.

Recall that the Maher theory Ty, is decidable—to be exact, the question Ty, F ¢
for first-order tree constraints ¢ like 71 = ro and r; # ry above. Note, however,
that P; and Py are coinductive HoOCHC problems. It is an open question whether
coinductive HOCHC problems over a (semi-)decidable background theory—Ilike the
Maher theory Ty, —can be semi-decided via a reduction to a first-order problem, like
inductive HoOCHC can (Pham et al., 2018; Ong and Wagner, 2019).

If there exists a such semi-decision procedure for solving coinductive HoCHC over
Ty, then we can decide [Gi] = [Gz] by dovetailing our two HoCHC problems to

obtain a full decision procedure.

Theorem 4.44. The HoRS equivalence problem is decidable if the HoRS-to-HoCHC
encoding lives in a semi-decidable fragment of coinductive HoCHC over Maher’s com-

plete and decidable theory of trees.
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Chapter 5

Solving HoCHC through
SLD-resolution

Once we have established the logical foundations of HoOCHC, the next step is looking
at solution methods. Such methods bridge the gap between theory and practice and

allow us to use HoOCHC in higher-order program verification.

Resolution proof methods for higher-order logic go back decades in theory (An-
drews, 1971; Huet, 1973; Benzmiiller and Kohlhase, 1998) and implementation (see
e.g. Jensen and Pietrzykowski; 1976). Because the standard semantics of higher-order
logic is wildly undecidable (Godel, 1931), such proof methods are only refutation-
complete for the Henkin semantics, where a formula is deemed valid just if it is true
in all Henkin frames. Some of these resolution proof methods have been compared
by Benzmiiller (2002).

The HoCHC fragment of HoL, however, enjoys better algorithmic properties—as long
as the background theory is semi-decidable. In this chapter, we provide a sound and
refutation-complete resolution proof system that semi-decides HoOCHC (unsolvability).
We employ the continuous semantics in our proofs, relying on the standard-continuous

equivalence from Chapter 3.4.3 to generalise our result to the standard semantics.

We adapt an approach called Selective Linear Definite clause resolution. This SLD-
resolution is a refinement of resolution that is sound and refutation-complete for
first-order Horn clauses (Iowalski, 1974). It relies on an SLD-inference rule:

G=ULy N NLi gy NKy N ANKyy ALy A Ly)0

0 unifies L, L;
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That is, given a goal clause G we derive another goal clause G’ using a substitution ¢
that effectively substitutes the RHS of a definite clause for a fully applied occurrence

of a relational variable in G.

SLD-resolution is selective in that at most one literal is chosen to be ‘unfolded’ in
each step. It is linear in the sense that SLD-proofs have a linear shape rather than a
more complicated tree structure. SLD-resolution is the main computation procedure

used in Prolog.

Resolution proof systems create less overhead than Reynolds-style defunctionalisation
algorithms like the one employed by Pham et al. (2018) for solving HoCHC. As
a consequence, our SLD-resolution is more user friendly and easier to understand
than Pham et al. (2018)’s work. Implementation, however, might be harder, because

it involves a higher degree of nondeterministic choice.

Charalambidis et al. (2013) have developed SLD-resolution for a fragment of higher-
order logic that is closely related to HoOCHC, namely a positive existential fragment
that corresponds to higher-order Horn clauses without constraints. SLD-resolution

is sound and refutation-complete for this fragment. Charalambidis et al. (2013) also

created a prototype implementation of their procedure in Haskell'.

How can SLD-resolution help us solve the HoOCHC problem? Given a HoOCHC problem
(A, P,G), if SLD-resolution derives a satisfiable background formula from G, then the
least model of P satisfies G, and (A, P, G) is unsolvable. Furthermore, if satisfiability
of background formulas is semi-decidable, then we can use SLD-resolution to semi-
decide unsolvable HoCHC instances over this background theory. In this chapter, we

work towards the following theorem.

Theorem 5.22 (Reduction). A HoCHC problem (A, P, G) is unsolvable if and only

if there exists an SLD-refutation G — ¢ for some constraint formula .

SLD-resolution is recursively enumerable; there are countably many possible (finite)
SLD-refutations that we can iterate over. As such, SLD-resolution provides us with
a semi-decision procedure for HoOCHC that is guaranteed to terminate for unsolvable

instances.

http://code.haskell.org/hopes
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Theorem 5.24 (Termination). If a HoCHC problem (A,¢, P, G) is unsolvable over a
semi-decidable background theory, then an SLD-refutation of (A,e, P, G) can be found

in finite time.

Note that Charalambidis et al. (2013) come from a logic programming perspective,
whereas ours is purely logical. Their work on SLD-resolution for higher-order Horn
clauses without constraints is motivated by finding solution sets. HoCHC, on the
other hand, concerns safety problems, where we are interested in the existence of a

violation. Furthermore, our goal clauses are closed (over the relational variables).

Our lack of interest in full solution sets gives us an advantage over Charalambidis et al.
(2013), because we can eliminate higher-order (existential) quantification from goal
clauses if we use the monotone or continuous semantics. We substitute the greatest
relation of sort p for all occurrences of an existentially quantified variable of sort p,
following Cathcart Burn et al. (2018).

Let us define the universal relation of sort p by U, : p := A%.true. Note that U, is
a well-formed goal term for all relational sorts p. Because of monotonicity of our

semantics, it holds that:
Cl[Fx : p.G : 0] =C[G|U,/x]]

Thus, a syntactic substitution allows us to eliminate higher-order existentials from

goal clauses and logic programs.

This means that only individually sorted variables occur under quantifiers, and SLD-
refutations for HoOCHC never have to ‘guess’ higher-order substitutions. Even with
this simplification, we can still find witnesses to the unsolvability of a HoOCHC prob-

lem. We do not lose all witnesses, merely the full solution set.

We can simplify even further. Because a first-order background theory is incorporated
in HoCHC as constraints, we resolve a goal clause GG : o to some satisfiable constraint
formula ¢ instead of all the way to true. This means that we do not have to assign
meaning to free variables during an SLD-derivation. In fact, this allows us to get rid

of substitutions altogether.

Eliminating substitution increases the power of our proof system, because the use of
substitutions requires definability of the set of individuals to achieve completeness.
That is, every element of the semantic domain must be captured by the meaning

of some finite term definable in the logic. Without substitutions, we do not need
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definability. Maher’s theory of trees (Maher, 1988) is an example of a background
theory that is decidable in which not all individuals are definable in this sense (infinite
trees are generally not). Yet without substitutions, we can solve HoOCHC instances

over the Maher theory.

Before we present our SLD proof system in Section 5.2, we introduce some HoCHC
notation in Section 5.1. Correctness of the system is outlined in the subsequent three
sections: soundness (Section 5.3), refutation-completeness (Section 5.4), and termi-
nation (Section 5.5). We provide some example derivations in Section 5.6. Finally,
Section 5.7 outlines the additional steps we would need to take—and sacrifices to

make—if we were interested in full solution sets.

Note that since the author started this work on SLD-resolution for HoOCHC, another
resolution proof system has been published by Ong and Wagner (2019). Our approach
is more algorithmic than their strictly logical approach. However, the approaches are
morally identical even if they differ in the details. One such detail is that we use a
continuous interpretation of HoOCHC, while Ong and Wagner (2019) work with the

standard interpretation directly.

5.1 Input HoCHC problem

The work in this chapter does not rely on the choice of background theory, as long as
the theory is semi-decidable, unlike in Chapter 4 where we fix a specific background

theory. Without semi-decidability, only soundness can be attained.

The HoCHC fragment of higher-order logic is larger than the fragment studied by
Charalambidis et al. (2013), which coincides with higher-order Horn clauses (i.e. with-
out constraints). To see that this is the case, observe that we allow V, =, and — in
constraint formulas—provided these are part of the constraint language—while Char-

alambidis et al. (2013) do not allow these operators at all.

Because of this, we need to assume that our background theory Th is semi-decidable
if we are to obtain a refutation-complete method for semi-deciding unsolvable HoCHC

instances via SLD-resolution. This assumption is not required for soundness.

Our instance (A, P, G) of the (continuous) HoOCHC problem has the following form:

Arel::{$1:p17 SR Ik5pk}
P:={x1:p =Gy, ..., xp:pr =G}
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and a goal term A, - G : o, for some goal terms A, F G; : p;, for all 1 <i < k.

Notation 5.1. A sort environment A can be partitioned into A, and A,,. that
denote the relational variables and the remaining free variables, resp. Similarly, a
valuation « € C[A] can be partitioned into a,¢ € C[A,¢] and ayer € C[Ayar]. We

Write aep U Qg for a and Ao, Ay for A.

5.2 Proof system

Charalambidis et al. (2013)’s proof system consists of over a dozen proof rules. Many
of these rules are redundant for us due to our deferring to the semi-decidable back-
ground theory, rather than resolving down to true. Furthermore, most rules simply

distribute and propagate without doing any heavy lifting.
We use the following definitions, where the first two rules roughly correspond to the

SLD-inference rule and the remaining rules are syntax-directed ‘bookkeeping’.

Definition 5.2 (Proof rules). Let = P : A, be a program. We say that A"+ G’ : o
is derived from A F G : o in one step—and denote this by G — G'—if G and G’

match one of the following:
(1) yEy...E, = P(y)Ey...E, fory € A,y
(2) Axy...2,.G)Ey ... E, = G[Ey/x1,...,E,/x,]
(3) G1V Gy — Gy
(4) G1V Gy — G
(5) .G - G
(6) Gy NGy — G} NGy if Gy — G
(7) G1 AN Gy — Gy NGy if Gy — G,

We assume that the LHS is not a constraint formula. Furthermore, we write G — G’
if there exist Gy, Gq,...,G, such that G = Gy — Gy — --- — G, = G', for some
n > 0.

Note that G — G’ means that A+ G : 0 and A’ - G’ : 0 such that A’ is either A or

A, x : ¢ for some variable x : ¢.
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Intuitively, we unfold rules from the logic program until we derive a formula from the

background theory that can be decided.

Definition 5.3 (SLD-derivation). An SLD-derivation of (A, P,G) is either
(i) a finite sequence G = Gy — G1 — -+ — G, of goal terms, or

(i1) an infinite sequence G = Gy — G1 — Gy — ... of goal terms.

Definition 5.4 (SLD-refutation). Assume that (A, P,G) has a finite SLD-derivation
G = Gy — G, = ¢ for some satisfiable constraint formula ¢. Then, we say that
(A, P,G) has an SLD-refutation (of length n).

SLD-resolution typically involves substitutions and a form of higher-order unifica-
tion (Dowek, 2001). Unlike in first-order unification, most general unifiers do not
always exist in the higher-order setting, although higher-order matching—where one
of the two terms is closed—enjoys better algorithmic properties and is, in fact, decid-
able (Stirling, 2009).

We have eliminated higher-order existentials, though, so our only ‘unification’ is in-

stantiating bound variables.

5.3 Soundness

Lemma 5.5 up to Lemma 5.7 show that the semantics is invariant over [-reduction.

We rely on this in the soundness proofs, culminating in Theorem 5.10.

Lemma 5.5 (Substitution Lemma, sort ¢). Let T' be a term sorted over v. Let o =
(et U ygr) € C[A] be a valuation, and 6 a substitution of some variables in A,q;.
Then,

S[AFO(D)](@) = S[AF T(ara U aiy,,),

var

where
S[AFO(z)](«r)  if x € dom(#) and x : ¢
() =1 C[AF 0(2)](a) if € dom(0) and not x : ¢

var
Qyar (T) otherwise
Proof. By induction on the structure of T': o, where o is a sort over «¢.

T =feX then 0(f) = f and trivially S[A F 0(f)](a) = S[A F fl(we U l,,).

var
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If T =x€ Ay, and x € dom(6), then = : ¢ and

S[AF0(x)](a) = ), () = S[A F 2] (e U y,).

var var

If T =x € Ay and z & dom(0), then 6(z) = x and

S[AF0(2)](a) = S[A F z](a)
= avar(x)
= a’ua?‘(‘r)

=S[AF z](a,q Ual,,).

var

Suppose that the claim holds for all for all 7”7 smaller than 7.

S[AF (T T)[(a) = S[AF O(T1)](e) (S[A - 0(T2)](a))
=S[AFT (o U, (S[AF TL](aqUda,,,)) IH

= S[[A [ Tl Tz]] (Ckrel U a;ar)

S[AF Oz : 0. T)](a) =S[AF Az : 0. 0(T)] ()
=M. S[A,z: o FO(T")](afz — v])
=M. S[Az: o F T (e U, )z —v]) TH
=S[AF Xz : 0. T (v U

UO/’")

]

Lemma 5.6 (Substitution Lemma, sort p). Let A = G be a goal term. Let o =

(et U ygr) € C[A] be a valuation, and 6 a substitution of some variables in A,q; .
Then,

CIA F 0(G)](a) = C[A F G](ara U aly,),

var

where
S[AF ()] () if x € dom(0) and = : ¢
() =1 C[AF 0(2)](a) if € dom(0) and not x : ¢

Qpar (T) otherwise
Proof. By induction on the structure of G.

Let G=xz:p. Ifx:pe A, then

CIAF 6(x)](a) = C[A F z] (o) = C[A F z](ctrey U Al ).

var
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Otherwise, x : p € A, and either € dom(0) or z € dom(f). In the former case:

C[AF 0(x)](a) = al . (z) =C[AF z](aq Ual

var var)

In the latter case:

C[AF 6(x)](a) = C[A F z] (@) = par(z) = . (2) = C[A F 2] (e U A

var var)

Let G = ¢ : 0. We proceed by induction on the structure of ¢ : 0. The claim trivially
holds for true and false. If G = P T, ... T, for some (first-order) predicate P, then we

use Lemma 5.5 to obtain:

CIAF O(PT;...T,)](a)

= S[AFO(PT: ... T,)](a)

=S[AF6(P)](a) (S[AFO(T1)](a)) ... (S[A F 6(T,)] ()

= S[AF P(ava U dly,) (S[A F0(T1)](@)) - . . (S[A F O(T,)]())

=S[AF Plla,qUd,,) (S[AF T (a,qUl,,)) ... (S[AF T J(a,aU,,,))

var

=S[AFPT,... T, ]J(a,qUal,)
=C[A+PTy... T,](e Uar,,,)

The cases where G is a logical operator (e.g. conjunction, disjunction, implication,
negation) or quantifier follow from the fact these are constants. This establishes the

case where G = ¢ : 0. Now suppose the claim holds for all goal terms smaller than

G.
Let G =G' H.

CIA F 0(G" H)](a) = C[A F 8(G") 6(H)](«)
=C[AF O(G)](a)(C[A F O(H)](ax))
= C[AF G'(ara Udl, )C[AF H](arq U, ) TH

var

=CJ[AF G H](a,q U,

UaT)

Let G=HN.

C[AF6(H N)](a) =C[AFO(H)O(N)] ()
= C[AF O(H)[(a)(S[AF O(N)](a))
=C[A+ H](ape U )y, ) (S[A F N (trer U

var var

=C[A+ H N](a,q U,

UQT)

)) IH, Lem 5.5
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Let G = \z. H.

C[AF O(A\z. H)](a) =C[A + Xz. 0(H)]()
=X € C[o].C[A,z: o - 0(H)](a]x +— v])
=X € Co].C[A,z: o - H|((pq U, )|z — v]) TH
=C[AF \z. H](apeg U &)

UCLT‘)

Finally, the equality holds trivially if GG is a constant A, V, or 3,. ]

Lemma 5.7. Let AF (Az:0.G)E be a goal term. For all a € C[A],
CIAF (Az:0.G) E](a) =C[A F GIE/x]] ().

Proof. We need to distinguish the cases where x and E have sort ¢ and where they

have relational sort p.
First, if  : ¢, then Az : 1 G. Let a € C[A], and let 8, 5" € C[A, x : ¢ such that

Jw ifr=y oy ) S[Az o FE(B) ifr=vy
={ oy ez P0={ o a4y

for some arbitrary w € C[¢].

CIAF Az :t.G)E](a) =C[AF Xz : o. G (a)(S[AF E : (] (a))
=C[A,z: - G](a]zr — S[A F E](a)])
=C[A,z: - G](a]z — S[A,z : = E](5)])
=C[A,z: - G)(B)
=C[A,z: = GIE/z]](B) Lem 5.6
= C[AF G[E/]](a)

The second case, where x : p and A, x : p+ G, is very similar. Let a € C[A], and let
8,8 € C[A,x : p] such that

Jw ife=y oy ClAx:pE E](B) ife=y
=1 wary 0= ifz 4y
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for some arbitrary w € C[p].

CIAF (Az:p.G)E](a) =C[AF Az : p. G](a)(C[AF E : p](«))
=C[A,z:pF G](afz — C[AF E : p](a)])
=C[A,x: pk Gl(alz = C[A, 2 : pF E](B)])
=C[A,z:pF G](5)
=C[A,z: pF GIE/x]](5) Lem 5.6
=C[AF G[E/z]](«)

]

Lemma 5.8. Lett+ P : A, be a program, let A+ G : 0 and A"+ G’ : 0 be goal terms
such that G — G'. Then, for every model M € C[A] of P, every e € C[Avar],
and every ol .. € C[AL,,] such that aye C o, it holds that:

var var var’

CIA F G(M U apey) I C[A' - G(M U,

var

Proof. Note that A’ is either A or A, x : ¢ for some variable x : ¢. Let us write « for
M U aygr and o for M U,
Let G=G{ A--- ANG,,. We proceed by induction on m.

Base case m = 1. By case analysis on G.

e Let G = yFE;...E, with y € A,y. The inclusion C[A + y E;...E,](a) 3
C[A & P(y) E;...E,](«) follows from the fact that M in a@ = M U g, is a
model of P.

o Let G=(\zy...z,.H)E; ... E,. By repeated application of Lemma 5.7.
o Let G:Gl\/GQ.

C[AF G1V Gy](a) = max{C[A F Gi](«),C[A F Gs] ()}
JC[AF Gi](a) for all i € {1,2}
e et G=Tz:..G.

C[AF Tz : 1. G](a) = max{C[A F Az : .. G](a)(r) | r € C[¢] }
=max{C[A,z : 1 F G](a[z — r]) | r € C[L]}
JC[Ax: o= G](a]z — 1)) for all r € C[]
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Inductive case m > 1. Let G = Gy A G5. Suppose WLOG G; — G.

C[A F Gy A Go](«) = min{C[A F G1](a),C[A F Go] () }
JImin{C[A"F G|](),C[A F Go] () } IH

min{C[A"F G1](/),C[A" F Go] (')}

C[A"F Gy A Ga](a)

O

Lemma 5.9. Let - P : A,¢ be a program and A = G : o a goal term. Let G — ¢
be an SLD-refutation. Then, for every model M € C[A,q] of P, every valuation
Qpar € C[Avar], and every valuation o . € C[A!,] such that A, AL, = ¢ and

var var

/
var*

Ayar g «

C[AF G(M U aye) DCIA"F (M U

var)

Proof. Using Lemma 5.8 and induction on length n of the (finite) SLD-refutation. [

Theorem 5.10 (Soundness). If G — ¢ for a satisfiable background formula p, then
the HOCHC problem (A, P, G) is unsolvable.

Proof. A direct consequence of Lemma 5.9. O]

5.4 Completeness

Definition 5.11. Let - P : A, be a program and let A+ G : 0 be a goal term. We
define S¢g to be the set of goal terms that can be obtained from G by replacing zero or
more occurrences of relational variables y € A,¢ by P(y). Additionally, define G to

be the goal obtained by replacing every such occurrence.

Lemma 5.12. Let = P : A, be a program, A+ G a goal term, and .o € C[Aq]
and par € C[Avar]. Then, C[A F G(TE.A(ret) U ctpar) = C[A F Gl (atrer U tyar ).

Proof. By structural induction on G. We write a for au.¢; U auq-. The cases for logical

constants are independent of valuation and, therefore, trivial. The remaining two
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base cases are as follows:

CIAF 2 : p)(TE.p(Cret) U Qpar) = T p(trer)(7)
=C[Asa = P(z)](arer)
= C[Avea = 2] (vrer)
=C[A+ Z](a)

CIAF ¢ : o) (TEA(Crer) U par) = S[A F ¢ 2 0] (TS A(ret) U Qtyar)
=S[AF ¢:o](a)
=C[AF ¢:o](a)

=C[AF ¢](a)
There are three inductive cases.

CIAF Az : 0. H|(TS A(ret) U )

=\ € C[o].C[A,x: 0 F H]((TS.A(trer) U atyar) [ +> v])
=\ € C[o].C[A,x : 0 F H|(TE.A(tret) U tyar [z > v])
=\ € C[0].C[A,z : o - H](a]z — v]) IH

= C[A+ Az : 0. H](e)

= C[A+ Az : 0. H](e)

CIA F H N](Th.a(0rea) U agar)

= C[A + H](Th.a(ra) U e ) (SIA F NJ(Ta(rer) U tyar))
= C[A+ H(Th.a(et) U war) (S[A F N]())

=C[AF H](a)(S[AF N](e)) IH

=C[A+ H N]()

= C[A+ HN](a)

C[A F Hy Hy (TS A (trer) U atyar)

= C[A b Hi[(Tf.a(0rar) U ttar) (CIA F Ho) (T A (pet) U )
= C[AF Hi(0)(C[A - H](e)  TH

= C[A F H, Hy](a)

= C[A+ H, H3](a)
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Lemma 5.13. Let = P : A, be a program, and A+ G : 0 and A+ G’ : 0 goal terms
such that G' € Sq. If G' — H', then G — H where H' € Spg.

Proof. Let G =Gy A --- ANG,,. We proceed by induction on m.
Base case m = 1. By case analysis on G.

e Let G=ykE,...E, withye A,y,s0G =yE|...El orG' =Py E]...E],
where either E] = E; (if E; : ) or E! € Sg,, for all i € [m)].

Suppose the former. Then, H' = P(y) E} ... E/ .

Suppose the latter. If y : o, then G = y — P(y) - H' = H. Otherwise, P(y)
is of the form A\Z. J, so that H' = J[E}/x1,... E!, /xn].

o Let G = (A\vy...2p.G1) Ey...Ep. Then, G' = (A\vy...2,.G)) E} ... E], for
some G} € Sg, and, for all i € [m], either E! = E; (if E; : ) or E! € Sg,.
Furthermore, H' = G} [E} /21, ..., El,/Tm).

G = (/\C(]llL‘mGl)ElEm — Gl[El/l'l,...7Em/[Em] =H

o Let G = Gy V Gy Then, G = G| V G, for some G} € S¢, and G € Sg,, and
H' = G for some i € {1,2}.

G:Gl\/GQ—)GZ’:H

e Let G =3dx.G1. Then, G' = Jx. G for some G| € Sg,, and H' = G.

GZHIG1—>G1:H

Inductive case m > 1. Let G = Gy A Gy. Then, G' = G| A G}, where G| € Sg,
and G5 € Sg,. Assume WLOG that G| — Hj, so that H' = H| A GY. By the IH,
G| — Hj gives us G; — H; such that H| € Sy, .

G:Gl/\GQ—»Hl/\GQZH
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Lemma 5.14. Let = P : Ao be a program, and A+ G : 0 and AF ¢ : o goal terms
such that ¢' € Sq. If ¢ is satisfiable, then there exists an SLD-refutation G — .

Proof. Let G =Gy A---NG,,. We proceed by induction on m. Suppose that ¢’ € Sg
is satisfiable. Note that if G is a background formula then G = ¢’ = .

Base case m = 1. By case analysis on G.

o Let G=yFE,...E, withy € A,. Note that it cannot be that ¢’ =y E| ... E/
as relational variables do not occur in background formulas. Instead, it must be
that ¢’ = P(y) E4 ... E/ . For this to indeed be a background formula, y : o or
all ; are of sort ¢. In the former case, clearly, G =y — P(y) = ¢. In the latter
case, ¢ = P(y)Ey...En and also G =y E,...E, —» Py)Ey...E, = ¢.

o Let G = GV Gy Then, ¢ = ¢ Vo, € S for | € Sg, and ¢}, € Sg,, with
at least one of these satisfiable. By the induction hypothesis, there exists an
SLD-refutation G; — 1 or Gy — @s. It follows that G = G V Gy, — G; — @;
is an SLD-refutation for some ¢ € {1, 2}.

e Let G = Jx.Gy. Then, ¢ = Jx. ¢} for some satisfiable ¢} € Sg,. By the
induction hypothesis, there exists an SLD-refutation Gy — ¢;. It follows that
G = El.fCGl —>G1 — (1.

Note that the case where G = (Azy ... 2,.G1) Ey ... E,, does not apply.

Inductive case m > 1. Let G = G; A Go. Then, ¢' = ¢| A ¢}, € Sg for satisfiable
Y] € Sg, and ¢, € Sg,. By the induction hypothesis, there exist SLD-refutations
G1 — 1 and Gy — . It follows that

G=GI NGy~ 1 NGy — o1 N\ o

is an SLD-refutation. O

Lemma 5.15. Let = P : A, be a program, and A+ G : 0 and A+ G’ : 0 goal terms
such that G' € Sg. If there exists an SLD-refutation G' — ', then there also exists
an SLD-refutation G — .

Proof. By induction on the length n of the SLD-refutation G’ — ¢’. The result for
n = 0 is proved in Lemma 5.14. In the remainder of the proof, we assume that G'—
and thus G—is not background formula, because these cannot occur on the LHS of

a proof rule.
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Case n = 1. We proceed by structural induction G.

e Let G=ykE,...E, withye A,y,s0G =yE|...El orG'=P(y) E]...E],
where either E = E; (if E; : ¢) or E! € Sg,, for all i € [m].

Suppose the former. Then, ¢ = P(y) E ... E!,. For this to indeed be a back-
ground formula, y : 0 or all x; are of sort ¢. Both of these mean that G = &,

and the claim trivially holds.

Suppose the latter. If y : o, then G — G’ and the claim holds. Otherwise, P(y)
is of the form Az ...z,,. Gy for m > 0, so that ¢’ = G1[E}/x1,... E],/xy]. For
this to be a background formula, knowing that m > 0, only x; of sort ¢+ may
occur in Gy. It follows that ¢’ = G1[E}/x1, ... El Jxn] = Gi[Ey /21, ... Byt

and
is an SLD-refutation.

o Let G = (A\zy...2p,.Gy) Ey ... E,, for some m > 0. Then, G’ is of the form
(Axy...20.GY) Ey ... E! for some G| € S, and, for all i € [m], either Ef = E;
(if E; : 1) or B} € Sg,. Furthermore, ¢’ = G| [E}/x1, ..., E! /x,]. For this to be
a background formula, knowing that m > 0, only x; of sort « may occur in G/.
Then, ¢ = GY[E}/x1,..., Bl /tn| = Gy [E1/x, ..., Ey/Ty], which we shorten
to G4[E /7).

Note that G} € Sg, implies G4[E/7] € Sen[E/m- Since @' = G\[E/Z] is a

satisfiable background formula, we can use the induction hypothesis for SLD-

refutations of length 0 to obtain G1[E£/Z] — ¢. Then,
G = ()\.%1 .. mel) El .. Em — Gl[El/iCl,. . ,Em/:cm] —» Q.

e Let G = G1VGy. Then, G' = G VG, for some G € S, and G, € Si,. Recall
that G’ cannot be a background formula, so at most one of G} and G, can be a
constraint. Furthermore, because G’ must resolve to a background formula in
one step, exactly one of G} and G is a constraint. Suppose WLOG that this
is G and so ¢’ = G7.

By the induction hypothesis for SLD-refutations of length 0, we obtain G| — ¢.
It follows that
G:G1VGQ—>G1—»Q0

is an SLD-refutation.
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o Let G = dx.Gy. Then, ' = Jz. G for some G| € S¢,. In fact, G| must
be a constraint, so ¢’ = G. By the induction hypothesis for SLD-refutations
of length 0, we obtain G; — ¢. Clearly, G = Jdx.G; — G; — ¢ is an SLD-

refutation.

e Let G = (G A G2, which is the inductive step in the proof for SLD-refutations
of length 1. In this case, G' = G} A G}, for some G| € Sg, and G € Sg,. By
assumption, G' = G} A G — ¢, so ¢’ must be a conjunction ¢ A ¢). One of
two cases holds: G} — ¢} and G, = ¢}, or G5 — ¢4 and G| = ¢.

Suppose WLOG that the former holds. By the induction hypothesis for length
1 (on smaller goal terms), we obtain G; — ¢;. By the induction hypothesis for

length 0, we obtain Gy — @s. It follows that
G:Gl/\GQ—»@l/\GQ_»(pl/\()DQ

is an SLD-refutation.

Case n > 1. We again proceed by structural induction on G. Suppose that G’ —
G" —* ¢’ and the claim holds for all 0 < k < n.

e Let G=ykE,...E, withye A,y,s0G =yE|...El orG'=P(y) E]...E],
where either E = E; (if E; : 1) or E € Sg,, for all i € [m].

Suppose the former. Then, G” = P(y) £} ... E,,. Then, G" € Sp)g,..5,,- By
the induction hypothesis, P(y) F; ... E,, — ¢. Clearly,

G=yE, ...E,— Py E,...E,, »¢

is an SLD-refutation.

Suppose the latter. If y : o, then G — G’ and the claim holds. Otherwise, P(y)
is of the form Az ...z,,. Gy for m > 0, with G” = G, [E{/z1, ... E!, /xy]. Then,
G" € Sg,(E/z- By the induction hypothesis, G [E/Z] — ¢. Clearly,

is an SLD-refutation.

e Let G = (A\ry...2,.Gy) Ey ... E,, for some m > 0. Then, G’ is of the form
(Azy...20.GY) E} ... E! for some G} € Sg, and, for all i € [m], either E! = E;
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(if E; 1 v) or E! € Sg,. Furthermore, G = G[E}|/x1,...,E] /x,]. Note that
G" € Sg,m/m- By the induction hypothesis, G4 [E/z] — . Clearly,

G = (/\lemG1> Ei...E, — Gl[El/xl,...,Em/xm] —

is an SLD-refutation.

Let G = G1V Gy. Then, G' = G| V G, for some G| € Sg, and G}, € Sg,.

Suppose WLOG that G” = G|. By the induction hypothesis, G; — ¢. Clearly,
G:G1VG2—>G1—»Q0

is an SLD-refutation.

Let G = 3x.G;. Then, G’ = Jx. G} for some G| € Sg,, and G” = G). By the
induction hypothesis, G; — ¢. Clearly,

GzﬂxG1—>G1—»gp

is an SLD-refutation.

Let G = G1 A G5, which is the inductive step in the proof for SLD-refutations
of length greater than 1. In this case, G’ = G| A G}, for some G| € S, and
GY € Sg,. Then, G" = G| A G} and one of two cases holds: G} — G and
G, =GY, or Gy — G and G = GY.

Suppose WLOG that the former holds. Note that ¢’ must be a conjunction
O N ¢y such that G) — G — ¢ and G, = G — ¢,. By the induction
hypothesis for length k+ 1 (on smaller goal terms), we obtain G; — ¢;. By the
induction hypothesis for length k, we obtain Gy — 5. It follows that

G=GI NGy~ 1 NGy — 01 N\ o

is an SLD-refutation.

]

Corollary 5.16. Let = P : A, be a program and A+ G : o a goal term. If there
exists an SLD-refutation G — ¢, then there exists an SLD-refutation G — .

We now present three auxiliary lemmas to support the proof of Theorem 5.20, which

is the main technical result for completeness (Theorem 5.21).
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Lemma 5.17. Let = P : A, be a program, and A+ G : o a goal term such that
C[A F G : o](Lefa, ] U dwar) = 1 for some cyar € C[Ayar]. Then, there exists an
SLD-refutation B — ¢ such that ¢ is satisfiable over a,,., where B is the [-normal
form of G—uwritten G =3 B.

Proof. Let G = G; A\ --- N G,,, where each (; is not a conjunction. We proceed by

induction on m. We assume WLOG that constraint formulas are in S-normal form.

Base case m = 1. We use induction on length n of the S-reduction of G to B, within
which we use structural induction on GG. However, only the last subcase for G differs
between n = 0 and n > 0 (in fact, n = 0 does not occur there), so we present the

induction out of order to prevent duplication.

o Let G =¢:o0and C[AF ¢ :0](Lepa,.,] U uer) = 1 for some ey € C[Aye].
Clearly, ¢ is satisfiable, and G is in f-normal form, so G = ¢ — ¢ is an

SLD-refutation with ¢ satisfiable over ;.

o Let G=yty...t, with y € A,.. This case does not occur, since the goal term
CIAF yty .. . ti](Lega,u) U war) would valuate to 0, because y is assigned the

least element.

o Let G = G1 V Gy. Suppose C[A F Gy V Ga](Lega,,] U awer) = 1 for some
Qyar € C[Ayg,]. This means that C[A F G;](Lega,.g U ower) = 1, for some
i €{1,2}. Assume WLOG that i = 1.

Let By and B denote the S-normal forms of G; and Gy, resp. By the induction
hypothesis on smaller goal terms, B; — ¢ is an SLD-refutation with ¢ satisfiable

OVer (.. Clearly,
G:G1VG2:>BBl\/B2_>Bl_»QO

is an SLD-refutation that fits the criteria.

o Let G = Jx. H. Suppose C[A F Jz. H](Lega, ) U wer) = 1 for some oo, €
C[Ave]. Thus, there exists ¢ € C[¢] such that C[A,z : « = H](Lepa,. Y
Qpar|T — t]) = 1.

Let B denote the S-normal form of H. By the induction hypothesis on smaller
goal terms, B — ¢ is an SLD-refutation for some ¢ satisfiable over v, [x +— t].
It follows that

G=3dr.H=3dx.B— By
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is an SLD-refutation that fits the criteria.

o Let G = (Awqy...ap. H)ty ...ty and C[A F (Azy ... xp. H)ty .. 8] (Lega, ) U
Qyar) = 1 for some ayer € C[Avg,]. Thus, C[AF Hty/x1, ... te/x]](Lega, g U

Qpar) = 1. Note that it must be that n > 0, because G is not in f-normal form.

Let B be the f-normal form of Hlt;/xy,...,tx/zx] and G. By the induction
hypothesis on length n of the S-reduction, there exists an SLD-refutation B — ¢

for some ¢ satisfiable over .. Clearly,

is an SLD-refutation that fits the criteria.

Inductive case m > 1. Let G = G1 A Gy and C[A - G1 A Go](Lega,.,] YU Qvar) = 1
for some vy € C[Ayr]. This means that C[A F G;](Lefa,u) U twer) = 1, for all
ie{1,2}.

Let By and B, be the S-normal forms of G; and G, resp. By the induction hypothesis
on m, By — ¢ and By — @9 are SLD-refutations for some 1, o satisfiable over
Qyar- Let ki be the length of SLD-derivation By — @1 and ko the length of By — .

Note that the SLD-derivations may yield some additional free variables: A+ B; but
AJA; F gy, for i € {1,2}. If ky = 0 (ko = 0 analogous), then A; = (). This means
that 1 A o is satisfiable over a,,,.. It follows that

G:Gl/\nggBl/\Bg—»(pl/\(pg

is an SLD-refutation that fits the criteria.

Now suppose the claim holds for pairs (kq, ko) up to (¢1, f2). We prove that the claim
holds for k; = ¢; + 1 and kg = ¢5 (WLOG). We may assume that k; > 0 and ky > 0.

We proceed by induction on the structure of Bj.

o Let By = ¢ :0, By = yty...tg, or By = (Axy...xp. H)ty...tp. This is a
contradiction of k; > 0, C[A F G1](Lepa,.,jUwer) = 1, and By being -normal

form, resp.

o Let By = By1 V By, so that C[A = G A Ga](Leja,) YU Qwar) = C[A F By A
B2]](J_C|IA'P€IHUO{U‘”‘) - C[[A - BIH(LcﬂArelHUOZUQT) = C[[A - BQ]](J_C[[Arel]]UOéUaT) =
1. Thus, C[A F By;](Lega,. YU Quar) = 1 for some j € {1,2}. Assume WLOG
that j = 1.
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It follows that C[A F By ABs](Lega,..]U0wer) = 1. By the induction hypothesis
on shorter SLD-refutations, By; A By — ¢ is an SLD-refutation for some ¢

satisfiable over ay,,. It follows that
G:GIAG2:>581/\BQ—>BH/\BQ—»QD

is an SLD-refutation that fits the criteria.

Let By = 3z. B', so that C[A F Jx. B'](Lega,. U Gwer) = 1. Thus, there exists
t € C[¢] such that C[A,z : ¢ F B'](Leja,.g Y e[z = t]) = 1.

rel

It follows that C[A,z : « = B'AB,]|(Lega
hypothesis on shorter SLD-refutations, B’ A By — ¢ for some ¢ satisfiable over
Qpar- 1t follows that

(Uer [z + t]) = 1. By the induction

G:GlAngﬂBl/\Bg—)B//\BQ—»gO

is an SLD-refutation that fits the criteria.

]

Lemma 5.18. If B is the 3-normal form of goal term G : o—written G =5 B—and

does not contain relational variables, and B — ¢ is an SLD-refutation, then G — ¢

1s also an SLD-refutation.

Proof. Our outer induction is on length n of f-reduction G=-3 B. If n = 0, the result

is immediate, so suppose n > 0.

Let G = G1 A--- NG, where each (G; is not a conjunction. We proceed by induction

on m. Again, we assume WLOG that constraint formulas are in S-normal form.

Base case m = 1. By case analysis on G.

e Let G = ¢ : 0. This case does not occur, because it contradicts n > 0.

o Let G = yty...t, with y € A,¢. This case does not occur, since B is free of

relational variables but S-reduction does not get rid of head variable y € A,.;.

e Let G = G; V Gy. Suppose By V By — ¢ is an SLD-refutation for Bj, By
such that Gy =3 By and Gy =3 By. Note that By V By — ¢ is of the form
BV By — B; — ¢, for some i € {1,2}.
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By the induction hypothesis on smaller goal terms, B; —» ¢ gives us G; — ¢.
It follows that
G:Gl\/GQ—)Gi—»gD

is an SLD-refutation.

e Let G = dx. H. Suppose dx. B — ¢ is an SLD-refutation for B such that
H =3 B. Note that dz. B — ¢ is of the form Jdz. B — B — ¢.

By the induction hypothesis on smaller goal terms, B — ¢ gives us H — ¢. It
follows that
G=dz.H—H—»yp

is an SLD-refutation.

o Let G = (A\zy...x,. H)ty ... tp. Suppose B — ¢ is an SLD-refutation for B
such that G =3 B. Note that also H[t\/z1,...,tx/xr] =5 B. Because the
latter requires one fewer reduction step than GG, we can invoke the induction

hypothesis on n to give us H[t;/x1,. .., tx/xk] = @. It follows that
G=xy...xp. H)ty ...ty = H[t1/21,.. . ti/xk] = ¢

is an SLD-refutation.

Inductive case m > 1. Let G = G1 AG5. Suppose By A By — ¢ is an SLD-refutation
for B17 B, such that G1 =3 Bj; and G2 =3 Bs.

Suppose that the S-reduction Gy =3 B has length ny > 0 (the case for G, is analo-

gous). We proceed by case analysis on Gj.
e Let Gy = ¢ : 0. This case does not occur, because it contradicts n; > 0.

o Let Gy =yty...t with y € A,. This case does not occur, since By is free of

relational variables but S-reduction does not get rid of head variable y € A,.;.

e Let Gi = Gy1 V Gh2. Note that we have (By; V Bia) A Be — ¢ for Byy, Bys such
that G111 = B11 and G2 = By2. In particular, there exists an SLD-refutation
of the form

(B11V Bi2) A By = Byj A By — ¢

for some j € {1,2}. The induction hypothesis on smaller goal terms gives us
Gij NGy = . Finally,

G:Gl/\GQI<G11VG12)/\G2—>GU/\G2—»§0.
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e Let G; =3dx. H. We obtain H =4 B from Gy =3 By = Jz. B|. Thus,
H NGy =5 B] A\ By — .
The induction hypothesis on smaller goal terms gives us
G=GNGy=3v. HNGy — HNGy — ¢,

as required.

o Let Gy = (A\ay...ap. H)ty ... tp. We obtain H[ty/xy, ..., /2] =5 By from
G1 =3 B;. Thus,

H[tl/xl, . ,tk/ZL’k] VAN G2 =3 Bi N By — Q.
The induction hypothesis on shorter S-reductions gives us
G = G1 /\G2 = ()\1‘1...$k.H)t1...tk/\G2 — H[tl/xl,...,tk/xk] /\G2 - Q,

as required.

[]

Lemma 5.19. Let = P : Ao be a program, and A = G : o a goal term such that
C[A F G : o](Lefa,u) YU awar) = 1 for some ayar € C[Avar]. Then, there exists an
SLD-refutation G — .

Proof. Suppose C[A F G : o](Lea,., ) U war) = 1. By Lemma 5.17, there exists an
SLD-refutation B — ¢ for ¢ satisfiable over a4, and B the S-normal form of G.

Before we can apply Lemma 5.18, we need to prove that B does not contain relational

variables. We proceed by induction on the structure of B.

e Let B = ¢ : 0, which is a formula of the background theory that trivially does

not contain relational variables.

o Let B=yty...tp with y € A,¢. The semantics is invariant over S-reduction,
so that we obtain C[A F B : o](L¢pa,.] U wer) = 1 from our assumption.
However, y is assigned the least relation under valuation L¢pa,, ,jU Quar, SO that
C[AF B :o](Lepa

o] U Qar) = 0. This is a contradiction.

o Let B= (A\xy...x24. B')ty ...t for k > 0. This case does not occur, because B

is not in S-normal form.
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The remaining cases follow directly from the induction hypothesis. We conclude that

B does not contain relational variables.

Finally, we apply Lemma 5.18 to obtain that G — ¢ is also an SLD-refutation. [

Theorem 5.20. Let = P : A,¢ be a program and A+ G : o a goal term. Suppose
that C[A F G : o] (Mp U ayer) = 1 for some aer € C[Avar], where Mp is the least
model of P. Then, there exists an SLD-refutation G — .

Proof. Let T" := T (Lega,)) € C[Ara] denote the nth iteration the one-step
consequence operator, for all n > 0. Note that continuity of our semantics guarantees
that C[A F G : o](Mp U cyer) = 1 implies C[A F G : o] (T™ U qiyyr) = 1 for some
n > 0.

We prove by induction on n that C[A F G](T™ U e, ) = 1 for some e € C[A] and
n > 0 guarantees the existence of an SLD-refutation G — . Lemma 5.19 corresponds

to the base case n = 0.

Suppose the claim holds for some n > 0. Assume that C[A = G(T"™ U aper) = 1
for some . € C[A]. By Lemma 5.12, C[A @]](T” U tyar) = 1.

By the induction hypothesis, there exists an SLD-refutation G — ¢'. Finally, Corol-
lary 5.16 implies that there is also an SLD-refutation G — . O

Theorem 5.21 (Completeness). If HoCHC problem (A,q, P,G) is unsolvable, then

G — ¢ for some satisfiable background formula .

Proof. Let Mp be the least model of P. Suppose (A,., P,G) is unsolvable. This
means that C[A,q - G](Mp) = 1, so that completeness follows from Theorem 5.20
(with A,q empty). O

5.5 Termination

Theorem 5.22 (Reduction). A HoCHC problem (A, P, G) is unsolvable if and only

if there exists an SLD-refutation G — @ for some constraint formula .

Proof. A consequence of soundness (Theorem 5.10) and completeness (Theorem 5.21).
O
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The question remains whether we can always find an SLD-refutation in finite time,
given an unsolvable HoOCHC instance over a semi-decidable background theory. This
matter comes down to countability; do we have a countable number of potential

SLD-refutations that we can iterate over in some clever order?
Proposition 5.23. There are countably many SLD-refutations for each (Ae, P, G).

Proof. We proceed by induction on the length n of SLD-refutations to show that
there are countably many SLD-refutation G — ¢ (for some ¢) of length at most n.
Recall that SLD-refutations have finite length.

If n =0, then G = ¢ : 0 is satisfiable, and we are done. There is one SLD-refutation
of G.

Suppose the claim holds for SLD-refutations up to some length n > 0. Suppose
G — G’ and there are countably many SLD-refutations G’ — ¢ of length up to n.
We show that there are countably many SLD-refutations G — ¢ of length up to n+1

by case analysis on G.

e fG=yFE ... En G=Ar1...00 H)E,...E,, or G =3x. H, then there is
only one goal term G’ such that G — G’, and the claim is trivial.

e If G = (G1 V (G5, then there are two G’ such that G — G’, so there is still a

countable number of SLD-refutations.

e Otherwise, if G = G; A G, then G' = G} A G}, where either G; — G and
Gy = G, or Gy — G, and G; = GY. We invoke the induction hypothesis on

the smaller goal terms, from which the claim then follows.

]

Theorem 5.24 (Termination). If a HoCHC problem (A,¢, P, G) is unsolvable over a
semi-decidable background theory, then an SLD-refutation of (A,e, P,G) can be found

in finite time.

Proof. A direct consequence of semi-decidability of the background theory and dove-

tailing the countably many higher-order SLD-refutations of Proposition 5.23. O

141



5.6 Examples

We provide two examples of unsolvable HoCHC instances for which a counterexample
can be found using SLD-resolution. The first uses the background theory of Linear
Integer Arithmetic with its standard model and the second Maher’s theory of trees

(from Chapter 4.6.1) with the set of all finite and infinite trees as designated model.

Example 5.25 (HoCHC over Linear Integer Arithmetic). Consider HoOCHC problem
({Sum : v — 1 — o}, P,G) over Linear Integer Arithmetic with program P:

Sum =Anm.(n<0Am=0)V(n>0AIp.Sum(n—1)pAm=mn+p)
Goal term G is given by:
G:=3kl.SumklNk <l

Note that Sum nm holds of precisely those pairs n,m where m =14+2+4+3+---+n.
Before we proceed with an SLD-refutation of ({Sum : ¢ — ¢ — o}, P,G), let us first

consider two subrefutations. We label the first subrefutation i:

Ipy. Sum (k — 2) po

— Sum (k — 2) py

— (Anm.(n<0Am=0)V(n>0AIps.Sum(n—1)ps Am=n+p3)) (k—2)pe
— (k—2<0Ap;=0)V(k—2>0A3ps. Sum (k—3)ps Apy =k — 2+ p3)

S k—2<0Ap =0

The second subderivation is labelled T and relies on 1 in the final step:

Ip1. Sum (k — 1) py

— Sum (k—1)py

- Mnm.(n<0AMm=0)V(n>0ATps.Sum(n—1)ppAm=n+p))(k—1)p
= (k—1<0Ap=0)V(k—1>0A3ps. Sum (k—2)pa Ap1 =k —1+p)
—k—=1>0A3py. Sum(k—2)po Ap1 =k —1+py
—k—1>0Nk—=-2<0Ap=0Ap1=k—1+p
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Finally, we obtain an SLD-refutation of ({Sum : ¢ — ¢+ — o}, P,G), using t in the
final step:

Jkl. SumkINk <l
— . SumklINk <l
— SumklINEk <l
= Mnm.n<0AM=0)V(n>0A3p;.Sum(n—1)pr Am=n+p))kl
N k<l
= ((k<OAl=0)V(E>0ATp.Sum(k—1)pr ANl=k+p)) Nk <l
S k>0ATp. Sum(k—)p Al=k+p Ak<l
—k>0Nk—1>0ANE—2<0Ap,=0Api=k—14+pAl=k+p Nk<I

We have now derived a formula of the background theory of Linear Integer Arithmetic.
This formula is satisfied for k£ = 2 and | = 3. Thus, the HoOCHC problem ({Sum :
L — t — o}, P,G) is unsolvable.

Example 5.26 (HoCHC over finite trees). Let us consider HoOCHC problem (A, P, G)
over Maher’s decidable theory of trees with equality from Chapter 4.6.1 (Maher, 1988),

where A is the set consisting of

S:t—=o
B:t—=1t—0)—=(t—=1t—0—1t—>1—0
F:(tL—=1—=0)—1—o0

Sub:t—1—o0
and F P : A is given by:

S=MF(Ayri.gy=mr1)r

B=Xppxry. Irs.orsrg Abars

F=Xprs.Argrr. (frerr=15) ANparg AN(rr =aV F(Byp)ry)
Sub=Ast.(s=t) V3" (t=gs ANSubss')V(t=fss"N(Subss Vv Subss"))

Note that Subst holds if and only if s is a subtree of t—assuming terminal symbols
drawn from ¥ = {f, g,a}. Furthermore, St holds for precisely those (finite) trees of

the form
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/\
g f
‘ /\
a g° f
| 4/\
a g
| |
a f
P
g’ a
|
a

for some n.

Goal term G is defined by:
G:=3t.StASub(g*a)t

Intuitively, this goal term states that there exists a tree in the language of S that
has subtree g (ga). We can now use SLD-resolution to demonstrate unsolvability of
(A, P,G). We combine pairs of relational variable expansions and lambda reductions

in one step to save space. Let us write X as a shorthand for \yry. gy = 1.

3t.StASub(g®a)t — St A Sub(g®a)t

— FXtASub(g®a)t
— Jrgrr. (frers =t) AN X arg

A (rr=aV F(BXX)r:) ASub(g®a)t
— Jdrr. (frerr=t) AN Xarg

A (r;=aV F(BXX)r;)ASub(g*a)t
— (frerr=1t)ANXarg

A (rp=aVF(BXX)r;) ASub(g®a)t
= (frerr=t) AN(Ari.ga=11)1%

A (rr=aV F(BXX)r:) ASub(g®a)t
— (frers=1t) AN (ga=1¢)

A (r;=aV F(BXX)r;)ASub(g*a)t
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Let us reduce F' (B X X)) r; separately:

F(BXX)r; — Jrgrs. (frers=1m1) ABX Xarg
A (rs=aVF(B(BXX)BXX))rs)
— Jdrg. (frers =1r7) N\BX X arg
AN (rs=aVF(BBXX)BXX))rs)
— (frers=17) NABX X arg
A (rs=aV F(B(BXX)(BXX))rs)
frers=r) ABX Xarg A (rs =a)
frers=r7) Adrs. Xrsrg A X ars A (rs = a)
frers=r7) ANXrsrg ANXars A (rg =a)
frers=17)A(grs=16) NX ars A (rs = a)

fT6T8=7”7

A

(

( )

( )

(frers=r7) N(Ari.grs=mr1)r¢ N X ars A (rs = a)
( )

( )

( )

A
AN(grs=r16) N(Ari.ga=11)r3 A\ (13 = @)
A

frers=rr grs=1¢) AN (ga=r3) A (rs =a)

Note that all variables but r7 are free, so that this simplifies to r7 = f (g (ga)) a. We

continue our SLD-refutation of GG, in-lining the above:
(frers =t)A(ga=16)A(rs =aV F(BX X)r;) A Sub(g®a)t
—*(frerr=1)A(ga=1¢) NF(BX X)r; ASub(g?a)t
=" (frerr=t)A(ga=16) A(r7 = f(g(ga))a) A Sub(g®a)t

It is not hard to see that Sub behaves as expected, and that this will derive a witness

t= f
PN
g
|
a

) -

®» —0] —0Q

to the unsolvability of (A, P, G).
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5.7 Solution sets

Recall that the HoCHC problem is not interested in solution sets of all witnesses
to unsolvability. In fact, the goal term G : o in (A,, P,G) takes its variables only
from A, so strictly speaking there are no witnesses. However, in practice, a goal
term contains internal existential quantifiers, so we do end up with witnesses to

unsolvability (provided the HoOCHC problem is indeed unsolvable).

Because we do not care about solution sets, we have eliminated higher-order exis-
tential quantification from goal terms and logic programs, as described at the start
of this chapter. This simplifies the proof system greatly, while still preserving some

witness-finding, just not all.

Finding the full solution set to a HoOCHC problem requires several (five) sacrifices of
simplicity and genericity with respect to the background theory to achieve complete-

ness.

The completeness proof by Charalambidis et al. (2013)—who use full solution sets—
relies on a one-to-one correspondence between enumerable compact elements of ar-
gument sort (i.e. either ¢ or a relational sort)—called basic elements—and terms of
a particular form—basic expressions. To define these basic expressions and ensure
there are countably many, they impose the following restrictions on the background

theory:
1. Assume the poset of individuals is definable and countable

2. Assume equality is part of the background theory

Definition 5.27 (Definable poset of individuals). The (discretely ordered) poset A,
of indwiduals is definable in background theory Th if for every element b € A, there
exists a closed applicative term B : v over ¥ such that b = S[B].

Example 5.28 (Undefinable poset of individuals). Consider X = {f, a} with f unary
and a nullary, and A, the set of all finite and infinite trees over . There exists a basic
element that does not have a syntactic equivalent of sort ¢; the infinite tree f f f ...
cannot be captured by the meaning of some basic expression, which is a finite term

by definition.

The Maher theory of trees (Maher, 1988) is an example of a background theory that

does not allow this modified SLD-resolution-with-solution-sets; although tree equality
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is part of the theory and recursive definitions are allowed, infinite trees (in particular,

irregular ones) are not definable as per Definition 5.27.

Furthermore, the resolution procedure would be more complicated if we were to com-
pute solution sets. SLD-refutations would ‘guess’ values for higher-order relations

and, thus, be annotated with a substitution:
3. Use substitutions in SLD-refutations
4. Add a proof rule x E ... E, — (z E ... E,)[B/x] for higher-order variables

Finally, to establish completeness of SLD-resolution-with-solution-sets for HoCHC,
we would need to demonstrate that these basic expressions capture the full semantic
domain. The intuition is that, because resolution uses syntactic substitutions and
rewrites, finite terms must encompass the entire semantic domain for completeness.
In a continuous semantics, this is straightforward from definability of the individuals.
After all, nothing is ‘invented’ at infinity. For any function f € C[[p; — po], the value
of f(z) for an infinite element = € C[p;] is uniquely determined by f(y) of all its
smaller, finite/compact elements y € C[[p1].

Charalambidis et al. (2013) use a variant of the continuous semantics for which this
finite-sufficiency is more apparent: an effectively continuous interpretation in which
function domains are restricted to finite elements. We show this interpretation to
be isomorphic with the continuous interpretation in Chapter 3.5. Although it may
not be strictly necessary to adopt the effectively continuous interpretation of SLD-
resolution-with-solution-sets for HoOCHC, it would simplify correctness proofs, partic-

ularly completeness.

5. Use an effectively continuous interpretation (optional)
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Chapter 6

An axiomatic basis for relations as
higher-order program invariants

Hoare logic is a deductive system for reasoning about the correctness of (first-order
imperative) programs first introduced by Hoare (1969), building on work by Floyd
(1967). The original paper by Hoare provides axioms and inference rules for the
constructs of a simple imperative programming language containing iteration in the

form of a while loop.

A formula of Hoare logic is an asserted program {p}II1{t¢} where II is a program
and ¢, are assertions from an assertion logic. The intuition is that, given a state
in which ¢ holds (the precondition), every terminating execution of the program II

results in a state in which ¢ holds (the postcondition).

We also call {p} IT {4} a Hoare triple or a partial correctness statement. If, in addition
to partial correctness, we require the execution of II in a state ¢ to terminate, we

obtain total correctness:
total correctness = partial correctness + termination

Although the language of programs varies across different applications of Hoare
logic—with the inference rules adapted accordingly—assertions are typically expressed

in first-order logic or an extension thereof.

Hoare logic has found applications in program verification as well as contract pro-
gramming, which is natively supported by languages such as Eiffel, Ada, and Scala.
Due to the soundness of Hoare logic, i.e. only valid triples can be proved, the ex-

istence of a proof implies the correctness of a program with respect to a pre- and
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postcondition. In contract programming (Meyer, 1992; Findler and Felleisen, 2002),
the designer must formally specify a precondition, postcondition, and invariant for

each method, analogous to Hoare logic, which enforces a priori program correctness.

For verifying higher-order programs, and specifically for compositional verification
where a program may not be of ground sort, it is natural to consider assertions
expressed in a higher-order logic to capture a wider range of correctness properties of

higher-order programs.

In this chapter, we develop an axiomatic basis for relations as higher-order program
invariants, which is a form of higher-order Hoare logic. As before, we work in a

presentation of higher-order logic as a simply sorted (typed) lambda calculus.

We choose call-by-value PCF as our source language. PCF is a prototype functional
language that lies at the core of Haskell and ML but is syntactically and—especially—
semantically simpler than those languages. It has simple sorts over a single base sort.
The lack of polymorphism (compared to e.g. System F) allows us to relate it to

HoCHC in a natural way.

First, we present call-by-value PCF in Section 6.1. Then, we introduce the proof
system in Section 6.2, as well as the higher-order Hoare triples lying at its core.
Correctness of the proof system is established in Section 6.3. Finally, we relate our
higher-order Hoare logic to the HoOCHC fragment and to refinement types (Section 6.4
and 6.5, resp.).

6.1 Call-by-value PCF

We assume that our programs are expressed in PCF ( Programming Computable Func-
tions), which is a simple, typed functional language first introduced by Plotkin (1977)
based on Dana Scott’s LCF (Logic of Computable Functions, written in 1969 but un-
published until Scott, 1993). In particular, we use a call-by-value variant of this
language, denoted by PCF,, that was studied in detail by Sieber (1990).

The syntax of PCF, is straightforward. It is a simply sorted lambda calculus endowed

with conditional and fixpoint operators and some first-order arithmetic operators.

We refer to PCF,, programs exclusively as (program) expressions to distinguish them

from HoCHC logic programs.
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Expressions. Expressions are defined by the following grammar, where e denotes

an expression and v a value:

vi=neN|Ar:o.e

ex=ux|v|e ey ]|if(er, e, e3)|fixe|er+ex|er—ex| e <es|pif(er,es,es)

We define the free variables FV(e) of an expression e as usual. An expression with no
free variables is said to be closed. If an expression e : o is well-sorted over some sort

environment A D FV(e), we write A e : 0.

To be precise, PCF, generates natural numbers from constant 0 through successor
and predecessor functions, i.e. from finite signature {0 : ¢,succ : ¢ — ¢, pred : ¢+ — ¢}.

For convenience, however, we regard each natural number n as a constant of sort ¢.

Sorts. Sorts are defined by the following grammar:

ou=1|01 = 03y

Note that PCF, is often assumed to have simple sorts over boolean sort o as well
as over individual sort ¢. However, we choose to consider booleans as integers to
not conflict with the relations in the preconditions and postconditions of our Hoare
triples, defined in Section 6.2. This difference arises only in the conditional, where
we treat all nonzero guards as if they were true; the interpretations are otherwise

identical.

6.1.1 Semantics

There are several different semantics for PCF, expressions. We present three equiv-
alent ones and move between them at our convenience. They share the following

interpretation of sorts.

Sort interpretation. For each sort o, we distinguish a dcpo of values V7 and a
dcpo of computations C” that differ in the addition of a divergent (non-terminating)
element | to the dcpo of computations. For a dcpo D, we write D, for D with the

addition of least element L. Thus, for all o, C7 = V7.
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PCF, sorts are interpreted inductively as

Ve=(N,=)

Cri=(N, =)y
VOO = VO =, 7
CoT =V =0,

where A =, B denotes the continuous function space between dcpos A and B. Note
that (N, =) is a discrete poset, which we may write as simply N, so that (N, =), is a

flat dcpo of incomparable natural numbers with least element 1.

We shall write L+ for the (unique) least element of V7, the constant function that

maps all inputs to L in the codomain, not to be confused with divergent element

1L gve.

These definitions extend pointwise to sort environments. Thus, we write V2 for

Il,.,eaV?, where A is a sort environment.

The meaning of a closed expression - e : ¢ is an element of C?. The meaning of a

general expression A F e : ¢ is a function from V2 to C°.

6.1.1.1 Operational semantics

One way of defining the meaning of an expression is through its computational be-

haviour. The operational semantics e | v of closed expression e is defined in Fig-

ure 6.1.
er d m ex I mo er 4 ea |} no
<
viv er<ex 1 (m < m2) eg<e |0 (m > ms)
er 4 my ez b no . er 4 my ex I no . .
e teln (n =n1 + ny) e1—ey (n =mny = ny)
erdn e llw et b0 ez3lw
0
if(e1, e2,e3) Jv (n>0) if(e1, ea,€3) b w
erd dre e lw elw/z] | v er v
eres v fixe; Y Az.v (fixv)
erdn ex v (n > 0) er 0 es w e n esdn
pif(e1, e2,€3) J v pif(eq, ea,e3) I w pif(e1, ea,€3) I n

Figure 6.1: Operational semantics of PCF, program expressions
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Note that subtraction is interpreted as a monus operation, written —, to account for

the lack of negative integers:

e = T 0 if?’L1<’I’L2
1 — 2 .= .
ny — Na if ny > no

We define the short-hands:
el :=dv.elv eff:=—Jv.el v

A closed expression e is said to converge just if el and diverge just if ef).

The call-by-value nature of PCF, is apparent in the application rule, where the ar-
guments are evaluated before the application itself is evaluated. In particular, this

means that if e; diverges so does e; es, regardless of whether e; uses its argument.

6.1.1.2 One-step semantics

Another formalism of meaning is given through a one-step (operational) semantics.

The one-step semantics e — €’ of closed expression e is defined in Figure 6.2.

(OSlfy) if(n,e1,e0) — €1 (n>0)

(OSilfy) if(0,e1,e0) — eo

(OSIf) if(e,e1,e0) — if(€,e1,€0) (e =€)

(OSPlus) ni+ny — n (n' =ny +ng)

(OSMin) ny—ng — n (n' =ny = ny)

(OSLeq;) np<ny — 1 (n1 < ng)

(OSLeqp) n<ns — 0 (n1 > ng)

(OSConsl) epcey — €jcey (e = e, ce {+ —,<})
(OSConsR) epcey — e1cél (ea > eh,ce {+,—,<})
(0S5,) (Az.e)v — ev/z]

(OSFixEv) fixp(v) — Azr.v(fix,(v))x  (fresh z)

(OSFixRed) fixy(e) — fix,(€) (e =€)

(OSAppL) eres — €je (e1 — €})

(OSAppR) ves — Ve (ea — €)

(OSPifL) pif(e,e1,e0) — pif(€, e, ep) (e =€)

(OSPifM)  pif(e,e1,e9) — pif(e, e, ep) (e1 — €})

(OSPifR) pif (e, e1,e0) — pif(e, er,ep) (e0 — €)

(OSPify) pif(n,e;,eg) — e (n > 0)

(OSPify) pif(0,e1,e0) — e

(OSPify) pif(e,n,n) — n

Figure 6.2: One-step semantics of PCF, program expressions
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The relation e; — ey on closed expressions ey, es denotes that e; reduces to ey in a
single step. Again, call-by-value demands that all arguments in an application are
evaluated as far as they can—until they are values—before the application itself can

be evaluated.

Many of these one-step semantics rules could be replaced by a single reduction-in-
context rule. Compared to Sicber (1990), we have added (OSFixRed), because we do
not treat fix, like a value (and thus (OSAppR) cannot apply to reduction-in-context
of the argument of fix,). Even with this addition, the reflexive, transitive closure

e —* v captures precisely e |} v, as demonstrated by Lemma 6.6 and 6.7.

6.1.1.3 Denotational semantics

The last PCF, semantics that we use is a denotational semantics, where meaning is

inductively assigned to subexpressions.

Let n? : V7 — (C7 be an inclusion map, for all sorts . Let app”™ : C°77 x C7 — C7

be defined by
o L ifr=1lory=_1
app”” (z,y) ¢={xy O/W Y

forall z € C°77 and y € C°.

The denotational semantics of expression A F e : o under some valuation p € V2,
written |e : o|(p) € C7, is given in Figure 6.3, where ¢ € {+,1,<}, 0/’ =0 — 7, and
lfp,.(h) is a shorthand for the least fixpoint of h, i.e. | [{h"(L\./) | n € w}. Note that
Ifp,, exists in the pointed dcpo V7 =, V7.

Lemma 6.1. For all sorts o, 7, the mapsn® : V7 — C? and app®” : C°7"x(C? — C7

are continuous.

Proof. Continuity of n? is straightforward from the fact that C? is V' augmented

with a least element.

Let x1, 25 € C777 such that x1 C x5. Let yq,y2 € C7 such that y; C 4. If 21 = L or
y; = L, then app”(x1,71) = L and the claim is trivial, so suppose both z; and y;
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Iol(p) = ()
o ol(p) = 1 ()
70 = eV Ay € Ve
ez e51p) = app™(leal o). lezl()
s e ) = 0 € Ve s - )
Ifixg: | (p) = 77 72 (Af € VI 7 (Ifp,,(A\g € VT . dv € V.
app””(f 9,71 (v)))))
It ol(p) if sl(p) > 0
o (st t0)l(0) = { Tto 1) it Isl(p) = 0
L it Isl(p) = L
=y
el = 9 5" ) = o ) =
1 0/W

Figure 6.3: Denotational semantics of PCF, program expressions

are convergent elements.

app”’ (21, y1) = x1 Y1
C z1y2 1 mon

) r1 & 2o

= app” (22, Y2)

Let X C C?7" and Y C (7 be directed sets. Similar to before, the claim is trivial if
| JX = Lor||Y = L. And, because a directed set with at least two elements is still
directed with the same lub if we remove its least argument, we assume WLOG that

neither X nor Y contains L.

e (UxL0Y) - (UY) (V)
= |_| x <|_| Y> Prop 2.8

reX

= |_| |_| xy each x cont
zeX yeYy

= ||| ]app™"(z,9)
zeX yeYy
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The following lemma shows that the denotational semantics are well-defined with

respect to the semantic domain.

Lemma 6.2. For all expressions Ae: o and p € V2,
(i) le: ol(p) € C°, and

(i1) |e : o| is continuous.

Proof. By induction on the structure of e : o.

Case e = n. Because n € V', |n|(p) = n'(n) € C*. The semantics is invariant over

valuations, so (ii) is trivially satisfied.
Case ¢ = 1. Because p(z : 0) € V°, |2 : o|(p) = n°(p(z : 7)) € C?. Let py,pa € VA
such that p; C ps.

|z = al(pr) = n7(pr(2 - 0)) En7(pa( o)) = [ : ol(p2)  Lem 6.1

Let P C V2 be a directed set.

Case ¢ = 77", It is clear that Axy.xcy € V77" due to its inputs from V*
(which is a discrete poset, so the continuous function space V* =, B coincides with
the full function space V* = B for all dcpos B). It follows that |7 7|(p) =
N7 (Axy. z cy) is an element of C*7*7*. The semantics is invariant over valuations,

so (ii) is trivially satisfied.

Case ¢ = ey e9. By the IH, |ey : 0 — 7|(p) € C777 and |ez : o|(p) € C7, so:

lex eall(p) = app”" ([er][(p), le2l(p)) € C.
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Let p1, p2 € VA such that p; T ps.

lereaf(p1) = app” " (le1](p1), le2l(p1))
C app” " ([e1] (p2), le2](p2))  IH, Lem 6.1
= |e1ea](p2)

Let P C V2 be a directed set.

lex ez <|_| P) = app’ " <||€1|| <|_| P) ezl <|_| P))
— app™T <|_| Jea (o), |l ||<p>> 11

p'eP peP
= || app” " (leal(0), le2l(p))  Lem 6.1

p,p'€P

= | Japp" " (leal(p). leall(p))  Prop 2.10
peP

= |_|U€1 ea| (p)

peEP

Case e = Az : 0.¢ : 7. By the induction hypothesis, |’ : 7|(p[z — d]) € CT for all
d e V7. Clearly, \d € V7. |e : 7|(p[z — d]) is an element of V7 = C7. It remains to

show that it is continuous. Let x1, x5 € V7 such that x; C x».

(Ad e V7. e 7| (plx = d])) 21 = €' : 7|(p[z — 21])
C e :7|(plz = a2]) IH
=\ e V. |e:7|(p[x — d]))zs

Let D C V7 be a directed set.

(M e Vo |e : 7|(plx v d))) (|_| D) = ¢ 7] (p [a: - | DD
= | |l 7l(plx —» )  TH

d'eD

= (e v rl(ple = d))d

d'eD
We conclude that A\d € V7. |e' : 7|(plx — d]) € V777, and thus |Az : 0.¢' : 7|(p) €
C°>7. Let p1, ps € VA such that p; T ps.
[Az:o.e:7l(pr) =n"7T(Ad € V. e : 7|(pr[z — d]))
C 77" (M e V. |e:7|(p2fz — d])) IH, Lem 6.1
= | z:0.€:7|(p2)
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Let P C V2 be a directed set.

Mz:o.e 7 (|_| P) — T </\d e Ve || (<|_| P) [z d]))
=" [N e V. |¢| (|_| plx — d]))

peEP

=077 (A eV | |I€l(plx — d])) IH

peP

=077 M e Ve (ol = d]))

peP

= || (M eV |¢(ple > d]))  Lem6.1

peEP

= |_|||)\m co.e 7| (p)

peP
Case ¢ = fix,_,,. Recall that:
”ﬂXO-/ ||(p) _ ,,,,(O”—)a’)—)g’()\f e VU/—)U" ng/(lfpgl()\g e VUI_ )\/U c VU. appU7T<f g7 770’(,0)))>)

For (i), we first prove that the argument to lfp_,, let us call it {, is an element of
Vo =,V for all f € V727 It is straightforward to verify that it is of the right
type, since app”(f g,n°(v)) € C™ and V7 = [V =, C7]. Continuity follows from

f, n°, and app”” being continuous (Lemma 6.1).

Thus, Ifp,. (1) € V7 and 07 (Ifp,.(1)) € C°". It remains to show that Af.n° (Ifp,.(1)))
is continuous. This follows from continuity of 57", lfp,,, app®”, and 7. We conclude
that ”fixo_, ”(p) c C(a”—)o”)—hﬂ'

Part (ii) of the claim is trivial, because |fix,|(p) does not depend on p.

Case e = if,(s,t1,tg). All three cases are elements of C, partly thanks to the IH.
Let p1, p2 € VA such that p; C po. By the IH, |s| is monotone, so |s|(p1) E |s](p2),
which means that either |s|(p1) = L or |s|(p1) = |s|(p2) = n. In the former case:

[ifo (s, 21, 20)[[(p1) = L E ifo(s, 11, %0)[ (p2)

In the latter case:

[ifo (s, 21, 20)[(p1) = [t:il ()~ for i = (n>0)
C Jtil(p2)  TH

= |ifo(s,t1,t0) | (p2)
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Let P C VA be a directed set. Thanks to flat decpo C*, the set

{Isl(e) | p € P}

is either a singleton set or {_L,n} for some n. Either |s| (L|P) = |,cp[s|(p) = L or
Is| (LUP) = cplsl(p) = n. In the former case:

lifo s, 1 t0)| (L] P) = - = Ll (s, 1 t0) (o)

peP

In the latter case:

lif. (s, t1, o) (|_| P) — It : o] (|_| P) for i = (n > 0)

= ltizollp)  1H
= | |lifo(s. t1. t0) 1 (p)

Case e = pif(s,t1,t9). All four cases are elements of C*, partly thanks to the IH.
Let p1, po € VA such that p; C po. By the IH, ||s| is monotone, so |s](p1) C |s](p2),
which means that either |s|(p1) = L or |s|(p1) = |s]|(p2) = n. The former case is the
one that differs w.r.t. if (s, t1,), so suppose that |s|(p1) = L. If |s](p2) = L, then:

Ipif(s, t1,t0)|(p1) = { [1 = e[ (p1) if [t1 2 ef(p1) = [to = t[(p1) =m

L O/W
Ite (o) if [t : e (p2) = [to = e (p2) =m

= { L 0O/W 11
It ef(p2)  if [t : e (p2) = [to : e (p2) =m

= { 1 O/W H

= [pif(s, t1, 20)| (p2)

If |s](p2) = n, then:

e L R
E{ “f 2] (p1) g%lv t(p2) = lto : el (p2) = m N
E{ “f 2] (p2) g%lv t(p2) = lto : el (p2) = m N
£ e[ (p2) if [s[(p2) = n and i = (n > 0)
C 9 ltaelpe) it it el (p2) = lto - el (p2) = m
L O/W
= [pif(s, 1, 20) [ (p2)
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Let P C VA be a directed set. Thanks to flat decpo C*, the set

{Isl(p) [ p € P}

is either a singleton set or {_L,n} for some n, and similarly for ¢; and ¢y,. The claim

then follows straightforwardly from the IH and monotonicity. m

6.1.1.4 Equivalence

The following theorems and lemma establish an equivalence between the three se-

mantics for PCF, that we have presented.

Theorem 6.3 (Adequacy, Plotkin, 1977, Sieber, 1990). Given k- s : o,
(1) if s v then |Fs:o|=|Fv:o|, and

(2) sl if and only if ||s| # L.

The converse of adequacy is computational soundness, which does not hold for PCF,

without the parallel if operator (under the standard Scott-continuous model).

Theorem 6.4 (Computational soundness, Sieber, 1990). If |Fe: | =|F n: ¢, then
el n.

Without the parallel if operator, pif, there exist elements in the semantic domain that
cannot be captured by an expression. Plotkin (1977) first established the relationship
between computational soundness and definability of finite elements: for a model to
be fully abstract (i.e. for both adequacy and computational soundness to hold, Hyland

and Ong, 2000), we require definability of finite elements.

Proposition 6.5 (Definability of finite elements, Sicher, 1990). For each finite/com-
pact element t € V7, there exists a closed fixpoint-free PCF, expression e such that
e = 2.

Computational soundness holds only at ground sort ¢, not at higher sorts. To see
that this is the case, consider closed values An.5+1 and An. 6. Both expressions have

An. 6 as denotational semantics, but converge to themselves operationally.

The following two lemmas establish an equivalence between the (big-step) operational

semantics and the one-step semantics.
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Lemma 6.6. For closed expression e and value v,

*

ellv = e—="w.

Proof. By induction on the operational semantics.
Case v. Then, v | v and v —* v.

Case e¢; < ey. Let e; < ey | n. This means that e; || ny and es |} ny for some nq,ngy €
N, and n € [0,1]. By the induction hypothesis, e; —* ny; and es —* ny. Combined
with (OSConsL), (OSConsR), and (OSLeq,) if n; < ny and (OSLeqg) otherwise, this
gives us

e1 < e — e <ng—"ng < ng—n.

Case e; + e3. Let e; + es || n. This means that e; || n; and ey || ng for some
ni,ng € N such that n; + no = n. By the induction hypothesis, e; —* n; and
ey —* ng. Combined with (OSConsL), (OSConsR), and (OSPlus), this gives us

€1+€2—>*€1+n2 —>*n1—|—n2—>n.

The case for e; — ey is analogous using (OSMin).

Case if(ey, €9,€3). Let if(e1, eq,€3) |} v. This means that e; | n and e; | v for some
i € {2,3}. By the induction hypothesis, e;, —* n and ¢; —* v. Combined with (OSIf),
and (OSIf;) if n > 0 and (OSlfy) otherwise, this gives us

if(e1, e, €3) =" if(n,ea,e3) — e; =" v.

Case e ey. Let e ey || v. This means that e; | Ax.e, e5 |} w, and e[w/x] || v. By
the induction hypothesis, e; —* Ax.e, e =* w, and e|w/x] —* v. Combined with
(OSAppL), (OSAppR), and (0SS, ), this gives us

epea =" (Az.e)es = (A\xr.e)w — efw/x] =" v.

Case fixe;. Let fixe; || Ax.v (fixv) z. This means that e; || v. By the induction
hypothesis, e; —* v. Combined with (OSFixRed) and (OSFixEv), this gives us

fixe; =" fixv — Az. v (fixv) z.

Case pif(ey, e9,e3). Let pif(er,es,e3) || n. We proceed by case analysis on e;. If
er 4 m, then e; | n with i =2 if m > 0 and i = 3 if m = 0. By the IH, e; =" m
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and e; —* n. Combined with (OSPifL), (OSPif,) if m > 0 and (OSPify) if m = 0, this
gives us

pif (e1, €2, e3) =" pif(m, ez, €3) — €; =" n.
If e ft, then es | n and e3 |} n. By the IH, es —* n and e3 —* n. Combined with
(OSPifM), (OSPifR), and (OSPif ), this gives us

pif(ey, ea, €3) =" pif(ey, n,e3) =~ pif(e;,n,n) — n.

Lemma 6.7. For closed expression e and value v,

*

e—=>"v = elw

Proof. 1t suffices to show that e — ¢’ and €’ || v implies e |} v. We proceed by case
analysis on e — €', where we distinguish between base case rules (those that do not
depend on any €’ — ¢"”) and inductive rules (those that do). Let us start with the

base case rules.

Case (OSIf;). Suppose that e; |} v. Trivially, n |} n. The operational semantics

then gives us if(n, ey, e) | v.
The case for (OSlfy) is similar.

Case (OSPlus). The RHS is a value, so n' || ' = v. Trivially, ny { ny and ns |} ns.

The operational semantics then gives us n; + ns |} v, as required.
The case for (OSMin) is similar.

Case (OSLeq;). The RHS is a value, so 1 | 1 = v. Trivially, n; | n; and ny | no.

The operational semantics then gives us n; < ns |} v, as required.
The case for (OSLeqy) is similar.

Case (0Sg,). Suppose that e[v’/x] |} v. Trivially, Ax.e || Ax.e and v' | v'. The

operational semantics then gives us (Az.e) v || v, as required.

Case (OSFixEv). The RHS is a value, so Azx. v (fix,(v')) z § Az. v’ (fixy(v')) x. Triv-

ially, v’ |} v. The operational semantics then gives us fix,(v') |} v, as required.

Case (OSPif;). Suppose that ey |} v. Trivially, n |} n. The operational semantics

then gives us pif(n, es, e3) | v, as required.
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The case for (OSPify) is similar.

Case (OSPif ). The RHS is a value, so n || n = v. The operational semantics then

gives us pif(ey,n,n) | v, as required.

For the inductive rules e — €', suppose that the claim holds for dependent rules

n

e’ — €. These cases are straightforward reductions-in-context.

Case (OSIf). Suppose that if(¢/,eq,e9) | v. This means that ¢ |} n for some n.
Since we have e — ¢/, the IH gives us e |} n. It follows from the operational semantics
that if (e, e, eq) | v.

Case (OSConsL). Suppose that €} ces |} n = v. This means that ¢} | n; and
es | ny. Since we have e; — ¢}, the IH gives us e; | n;. It follows from the

operational semantics that e; ces || v.
The case for (OSConsR) is similar.

Case (OSFixRed). Suppose that fix,(¢’) { v. This means that ¢’ || v'. Since we

have e — €/, the IH gives us e |} v’. It follows from the operational semantics that
fixy(e) § v.
Case (OSAppL). Suppose that €] ey |} v. This means that e} || \x.e, ey |} w, and

elw/z] | v. Since we have e; — ¢/, the IH gives us e; || Az.e. It follows from the

operational semantics that e; ey || v.
The case for (OSAppR) is similar.

Case (OSPifL). Suppose that pif(e], e, e3) || ' = v. Consider the subcase where
there exists n such that €} |} n. Since we have e; — ¢/, the IH gives us e; | n. It
then follows from the operational semantics that pif(eq, es, e3) |} v. Now consider the
subcase where €] ff. Then, ey || n’ and ez || n'. Again, this gives us pif(e, ez, e3) | v

by the operational semantics.

Case (OSPifM). Suppose that pif(eq, €5, e3) | ' = v. We distinguish three exhaus-

tive subcases.

Suppose that e; |} n > 0 and €, || n’. Since we have ey — €, the IH gives us ey | n'.

The operational semantics then give us pif(eq, €9, e3) || v.
Suppose that e; |} 0 and ez || n’. The result is immediate.
Suppose that e; f, €5 | n/, and e3 | n’. Since we have e; — €, the IH gives us

es || n’. The result follows from the operational semantics.
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The case for (OSPifR) is similar. O

Adequacy and computational soundness provide an equivalence between the deno-
tational semantics and the operational semantics for sort ¢ (Theorem 6.3 and 6.4).
Lemma 6.6 and 6.7 establish an equivalence between the operational semantics and

the one-step semantics of PCF,. By transitivity, this gives us the following result.

Corollary 6.8 (Equivalence of PCF, semantics). For closed expression e : ¢ and
value n : ¢,

lef =In] < edn < e="n

6.2 Higher-order Hoare triples

We make our usual assumptions about higher-order logic (HoL). Please refer to Chap-

ter 2.2 for definitions. Notably, we assume that all sorts are generated by:
ogu=1t]o|oy— oy

These sorts are interpreted by the usual continuous sort frame of (Scott-)continuous
functions, where the sort ¢ of individuals is interpreted as the set of natural numbers
(regarded as a discrete poset) and the sort o of propositions as the complete lattice

of boolean truth values:
Cl] = (N, =), Clo] :=B, Cllor — 02] :=C[o1] = Co2].

We may write T for the HoLi formula true to save space.

The choice of the continuous interpretation suits the continuous semantics of PCFy;
we need continuity to make sense of the fixpoint operator. Furthermore, finite el-
ements can be captured by the meaning of a finite HoL term (Theorem 6.20). By
continuity, this allows us to restrict our proofs to HoL: terms rather semantic elements,

e.g. in Theorem 6.21.

6.2.1 Syntax

A higher-order Hoare triple (or just Hoare triple) has the form

{Aye{P}

where
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e AFe:oisaPCF, expression,
e 'URel (A)F A:ois a HoL term,
e [URel (A) F P:Rel™(0) is a HoL term,
and Rel™(¢) and Rel* (o) are defined as in Chapter 4.3, which is by induction over:
Rel™ (1) :=1 Rel™ (07 — 03) := Rel (1) — Rel™ (0y)
Rel*(1):=1—0 Rel*(o, — 03) :=Rel (07) — Rel*(0y)
This relational lift of sorts extends pointwise to sort environments A.

Note that A is a sort environment of program variables, i.e. A O FV(e). The (re-
lational) sort environment I', on the other hand, contains ghost variables that may

occur in the pre- and postcondition but not in the program expression e. Thus,
dom(A) Ndom(T") = 0.

We assume the existence of relational clone 2’ : Rel” (o) € Rel™ (A) for each z : 0 € A.

Useful program logics can be obtained from this general system through restrictions
on the syntax. For instance, if we restrict the precondition A to definite clauses and
the postcondition P to goal terms, then we recover the higher-order constrained Horn

clause fragment of HoLL, as shown in Section 6.4.

6.2.2 Lift from program expressions to property terms

We define a transformation of PCF, program expressions A - e : o to property terms
Rel (A) + [e] : Rel™ (o) of higher-order logic in Figure 6.4. This transformation

essentially captures the strongest postcondition of a program expression.

In this definition, x’ is the relational clone of z, the sequence Z of elements denotes
21...2pr for z;: Rel” (1) and r : ¢ with 7 =7 — -+ = 7, — (, and ¢ denotes a HoL

term relationally equivalent to c.

Our PCF, expressions contain three constants ¢ of sort « — ¢ — «. We define

relationally equivalent HoL terms ¢’ : Rel™ (1 — ¢t — 1) =1 — 1 — ¢ — o0 by:
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[n] = =n
" g1—02 o

[2'] := =7
[I014)0'2 c—

I'S(J—>U’)—>T tU—)U’

/\

/\

AZ. Jx. [tz A [s]az
HW

Y

AZ.

= A\r.

Ik
Ik
1
Ik
s
=
1
Ik
1
Ik

[Az7.s7] = Az’ [s7]
[if-(s,t1,t0)] :=AZ.(Fz.x > 0N [s]z A [t1]Z) V ([s]OA [to] Z)
[pif(s,t1,t0) (Fz.x >0A[s]z At r)V([s]OA [to] )V ([t] 7T A [to] T)
[fiXor(5)] = YRt (o) ([S])

Figure 6.4: Lift from PCF, program expressions to property terms of HoL

Well-sortedness of the lift, i.e. that [e: o] : Rel™(o) for all expressions e : o, is
established in Lemma 6.14 in Section 6.3.

6.2.3 Semantics
Intuitively, a Hoare triple {A} e { P} is valid, written = {A} e { P}, if postcondition P

is a (relational) overapproximation of the program in the presence of A.

Closed program expressions. The meaning of a Hoare triple with closed program

expression - e : ¢ is given by

= {A}e{P}:=AFE[e]CP.

A valid triple £ {A}e{P} is implicitly universally quantified over its free program
variables. Therefore, we consider a triple with a non-closed program expression valid

if and only if it is valid under all (closed value) substitutions.

Similar to a valid triple F {A}e{P}, we write £ {A}6{S} just if the relational

substitution S is an overapproximation of the substitution € of the program variables.

Closed value substitutions. We extend this judgement to pairs (0,S) of closed
value substitutions 6 over A and relational substitutions S over I' U Rel”(A) in the
following way. We say that F {A} 6 {S} just if:

e for cach x: 1 € A, O(x) = S(2'), and
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e for each x: 07 — 09 € A, E{S(A)}0(x) {S(z')}, i.e. S(A) E [0(z)] T S(z').

We often refer to such a pair (0,S) as a closed value substitution (over A, if this is

unclear from the context).

These closed values substitutions allows us to define the meaning of a Hoare triple

for a general program expression.

General program expressions. Finally, we define F {A} e {P} for general pro-

gram expression e just if, for all (6, S),

F{A}0{S} = S(A)FES([e]) ES(P).

Lemma 6.9. For all expressions A b e and closed value substitutions (0,S) over A
such that E {A} 6 {S},
S,AE[6(e)] C Je].

Proof. Suppose A e and F {A}8{S} for a closed value substitution (¢,S) over A.
Recall that this means that

e forcach x: 1 € A, f(x) = S(2'), and

e for each x: 07 — 09 € A, E {S(A)}0(x) {S(z')}, i.e. S(A) E [0(z)] T S(z').

We proceed by a straightforward inductive argument on e. Suppose S(A). It suffices
to show that C[[[6(e)]] C C[S([e])], relying on [0(e)] being closed, so S([0(e)]) =
[6(e)].

Casee=nor e=c""

. These are constant, so the result is trivial.
Case e = z'. This follows from 6(z*) = n = S(2’) for some n € N:
Cllo(*)1] = Clini]

= C[Am.m = n]

= C[Am.m = S(2')]

= C[S(Am.m = 2]

= CIS(T= 1]

Case e = 271772, We obtain S(A) F [0(x)] C S(2’) as a consequence of F {A} 0 {S}.

The result follows from [x] = .
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The remaining (inductive) cases are simple substitutions. For proof of concept, we

present the fixpoint case.

Case e = fix,(s).

Cl10(fix, (s))1] = Cl[[fix, (6(s))1]
= C[Yrert (o) (10(5)])]
= lip(C[6(s) D)
C ifp(C[S([s])]) IH, mon of Ifp
(

= C[[YRe|+(J) S([s1)]
= C[S(Yrart()([51))]
= C[S([fixs(s)])]

Corollary 6.10. For all program expressions e,
F{T}reflel}.

6.2.4 Proof system
A Hoare triple is derivable, written = {A} e{P}, just if there exists a proof with
{A} e{P} as root, in the proof system presented in Figure 6.5.

Lemma 6.11 (Left-monotonicity).

(1) If - {B} s{P} and E A= B, thent {A}s{P}.

(2) IfE{B}s{P} and E A= B, then F {A}s{P}.
Proof. The former follows directly from the Conseq rule for . For the latter, suppose
F{B}s{P} and F A= B.

Let I'4,I'g be the ghost variables of A and B, resp. It holds that I'g C I'4. Take
a substitution pair (04,S,) satisfying F {A} 04 {Sa}. It suffices to show S4(A) F
Sa([s]) ESa(P).

It follows from E {A} 04 {Sa} that F {B} 60 {Sp}, where (65,Sg) is the restriction
of (#4,S4) to I'p (and the program variables). Since F {B} s{P} by assumption,
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(Varl) (AEP2) (VarH) (AEZ CP)

{A} = {P}

(AF[CP) o A5 (P}
[AYfix(s) (Y (P)}
{A}snom T (PY (A} o7 {Q)
{Ayst{PQ)

{Aps77 Py {A{Q}
{A}st{ z.Jz. (Qx ANPxZz)}

{Aya"=7 {P)

(Const)

{A} e {P}

(AppH)

(Appl)

{A}s{r} ,
(AbS) e s D Py (o EFVIA))

(Cond) {A}s{Q} {ANTz.z>0NQz}t: {P} {AANQO0}t{P}
{A} If(S,tl,t()) {P}

(PCond) {As{Qt  {AA(Cr.z>0AQz)vV-Iz.Qu)}ti {P} {AA(QOV3z.Qux)}t{P}
{A} pif (s, t1, to) {P}

FA=B {B}s{P} BEPLCQ
{A}s{Q}

Figure 6.5: Proof rules for higher-order Hoare triples.

(Conseq)

Because (0p,Sg) is the restriction of (04,S4), Sa(B) F Sa([s]) C Sa(P). Finally,
F A = B (which implies Sy F A = B) gives us Ss(A) F Sa([s]) T Sa(P), as
required. O

Lemma 6.12 (Right-monotonicity).

(1) If - {A}s{P} and AE PC Q, then - {A}s{Q}.

(2) If E{A}s{P} and AE PC Q, then F {A}s{Q}.
Proof. The former follows directly from the Conseq rule for . For the latter, suppose
that E {A}s{P} and AF PC Q.

Let I'p,I'g be the ghost variables of P and (), resp. It holds that I'g C I'p. Take a
substitution pair (6p,Sp) satisfying E {A}0p {Sp}. Let (0, Sq) be the restriction of
(0p,Sp) to I'g (and the program variables). Note that every (8, Sg) is the image of
such a (6p,Sp) and that = {A} 0o {Sq}. It suffices to show Sg(A4) E So([s]) C So(Q).
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Because F {A} s {P} by assumption, we have Sp(A) F Sp([s]|) E Sp(P). We obtain
Sp(A) E Sp([s]) C Sp(Q) from A E P T @ (which implies Sp,A F P C Q).
Finally, because (6g,Sq) is a restriction of (6p,Sp) and Sg(A) E Sg([s]) C So(Q),

as required. O

Lemma 6.13. For all program expressions e,
F{T}e{lel}.

Proof. The constant and variable cases follow directly from the proof rules. So do

the application, abstraction, and fixpoint cases.

For the conditional, [if(s,t1,t5)] = AZ.(3x.x > 0A [s]z A [t1]Z) V ([s] 0 A [to] Z).
By the IH, there exists a proof A, of {T}s{[s]|}, a proof A, of {T}t {[t1]}, and a
proof Ay, of {T}to{[to]}, so that we can prove = {T }if(s, t1,t0) {[if(s,t1,t0)]}:

Ato

{510} to{[to]}
{[s]10}to {[if (s, t1,t0)]}

Ay,
{Fz.2 > 0A [s]x} 1 {[t:]}
{3z.x > 0A [s]a}ty {[if(s,t1,t0)]}
{T}if(s, ta,to) {[if (s, 11, 20) T}

(Conseq)
(Conseq)

(Conseq)
(Conseq)

(Cond) —2

The parallel conditional is similar, but with pif(s,t;,to) instead of if(s,t,t) and

V —dz. [s] x tagged on to the non-trivial preconditions. O

6.3 Correctness

The correctness of our system relies on a correspondence between provable Hoare
triples and valid Hoare triples. If all provable triples are valid, then our system
is sound (i.e. if = {A}e{P} implies F {A}e{P}). If the converse holds, and all
valid triples are provable, then the system is complete. We establish soundness in
Section 6.3.2.

Recall that Hoare logic is incomplete even for first-order logic. In particular, formulas
involving implications tend to be undecidable. The use of the consequence rule, which
relies on implications, then renders the Hoare logic incomplete. Since higher-order
logic subsumes first-order logic, we too can only hope for a relativised completeness,
which is with respect to some oracle for deciding implications/inclusions. We prove

relativised completeness of our proof system in Section 6.3.3.
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Because the lift [e] of an expression e serves as an intermediate step in our proofs of
correctness, Section 6.3.1 performs a sanity check on this lift. It shows that it is well-
sorted (Lemma 6.14) and, therefore, compatible with our definition of Hoare triples.
Furthermore, we show in Proposition 6.18 that the lift is invariant over one-step
reduction. That is, that e — ¢’ implies C[[e]] = C[[€']].

6.3.1 Lift

Lemma 6.14 (Well-sortedness of the lift). If e : o, then [e: o] : Rel* (o).

Proof. By a straightforward structural induction on e.

Case ¢ = n : . Note that m has sort ¢ too, so that [n] = Am.(m =n): 1t — o=
Rel*(4).

Case e = ¢ : L — ¢ — 1. The formal parameters x,y, z in ¢ all have sort ¢, so that

[cl=cd:t—1—=1—0=Rel*(1L =1 —1).

Case e =z : 1. As case n : ¢ above, relying on 2’ : Rel™ (1) = ¢.

Case ¢ =z : 0; — 0. This follows from 2’ : Rel” (o7 — 03) = Rel™ (07 — 03).

Case ¢ = s 7" t'. Let 7 =7 — ... 7T, — . This means that Rel*(7) = Rel™(r;) —
- — Rel (7,) = ¢ — o. By the IH, [s] : Rel (+ = 7) = ¢ — Rel™(7) and

[t] : Rel™ (). Since x : c and Z = z; ...z, r for z; : Rel”(7;) and 7 : ¢, the terms [s] zZ

and [t] z have sort 0. So does Jz. [t] z A [s] xZ. The claim follows straightforwardly

from the formal parameters z.

Case ¢ = s(°77)27¢7>7" By the IH, [s] : Rel™((c — ¢/) = 7) = Rel™ (¢ — ¢') —
Rel*(7) and [t] : Rel* (¢ — ¢’), so the claim follows directly.

Case e = \1°.s". By the IH, [s] : Rel™(7). The relational clone 2’ has sort Rel™ (c),
so that [Az.s] = A\2’. [s] : Rel (o) — Rel™(7) = Rel™ (¢ — 7), as required.

Case e = if,(s,t1,t0). Let 7 = 71 — ...7, — t. This means that Rel™(7) =
Rel™ (1) — --+ — Rel™(7,) — ¢ — o. By the IH, [s] : Rel™(+) and [¢;] : Rel™(7),
for j € {0,1}. Since z : ¢ and Z = z;...z,7r for 2z; : Rel”(7;) and r : ¢, the terms
[s]z, [t1]%, [s]0, and [ty] Z have sort 0. We conclude that if,(s,t,ty) : Rel™(7), as

required.

Case e = pif(s, t,tp). Similar to the previous case.
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Case ¢ = fix, ,,(s). By the IH, [s] : Rel"((c = 7) - 0 — 7) = Rel" (0 = 7) —

Rel* (0 — 7). The claim follows directly from the fixpoint construction. H

Lemma 6.15. For all closed expressions e v — 71, and b n:,
Clle n]] = C[[e"" n]
Proof.
Cl[e "™ n]] =C[ z. Fz. [n]x A [e] 2 Z]
=C[ z.qx.n=xA[e]zZ]

=C[Az. [e]nZ]
= Cle1n]

Definition 6.16. Let us define:
v ifo=1

T { e

Lemma 6.17. For all Rel” (A), 2’ : Rel* (o) F [e], closed values v of sort o, and
valuations a € C[Rel™ (A)],

Cllelle" = Tv]™]I(a) = Cllelz = v]T](a).

Proof. By induction on the structure of e. That is, given some e, we prove that the
claim holds for all sort environments Rel™ (A), values v of sort o, and a € C[Rel™ (A)]
such that Rel (A),x : o F [e]. Note that the latter implies that [e][z’ — [v]"] and
[e[z — v]] are well-sorted over Rel” (A). Furthermore, A e[z — v]. We omit the

sort environment for brevity.

Case e=ce {+,—, <} UN.

Cllelle" = Tol"]l(e) = C[[cl](a)
= Cl[elz = v]1](«)

Case e =y € A.

Cllyl[z" = Tl ]1(e) = ClIy1](a)
= Cllylz = vl]] (@)
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Case e = 2.

Cllz]lz" = To] ][(@) = C[(Am.m = 2")[z" = [v]"][(a)
= C[Am.m = v](«)
= C[v1](a)
= C[[z]z = v]]](e)

Case ¢ = 1792,

Cll«]la’ = [v] 1l(a) = Cl2'[z" = [v]"]](a)
= C[[v]](e)
= C[[z[z = o]]](«)

Now suppose the claim holds for all subexpressions. The arguably most interesting

inductive case is abstraction.

Case e = \y.€.

CliAy-ela" = [v]"])(a) = CL(AY"- [€])[2" =
=C[\y. [e'[2
= Ny C[[e[z" = T
=\ . C[[e[x — v]]
=C[\y [e'lz = o]]](a)
= C[[Ay. e[z = v]]](a)
= C[[(Ay- €[z = v]]]()

Since the other inductive cases are straightforward substitutions, we provide one more
case as a proof of concept. We abuse notation by using the same symbols for variables

as for semantic elements.
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Case e = e; €.

Cllerez][2" = [v]7]](e)

=C[(Azr. Fy. [ealy A [er]yzr)[2" — [v]]](a)

= C[\zr. Jy. [ex][a" = Tolly A fer]fa” = TollyZr](a)
= Azr.3y.Cl[ez][z" = [v]]](e) y AC[er][z" = [v]]](a) yZ
= Azr.Jy.Clleafr = v]]](a) y AC[[er]z = v][](e) y Z

= C[\zr. Jy. [es[z — v]] y A [er[z — v]] yZr](«@)

= C[Je1]x — v] es]x — v]]] ()

= C[[(e1 e2)[x = v]]]()

IH

ﬁ

Proposition 6.18. For all closed expressions b e and values v,
e—="v = C(C[lel] =C[[v]]

Proof. 1t suffices to show that e — ¢’ implies that C[[e]] = C[[€']]. We proceed by

induction on the —-rules.

Case (OSIfy). if(n,e1,e0) = e with n >0

Cl[if(n,e1,e0)]] =C[ 2. (Fx.x > 0A [n]x Afer]Z) V ([n]0A [e] Z)]
=C[)z. [e1] Z]
= Cllel]
The (OSlfy) case is similar.

Case (OSPlus). n; +ny —n’

C[[n1 + nal] = C[[+] n1 na] Lem 6.15
=C[Ar.ny +ng =]

= C[In'T]

The (OSMin) case is similar.
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Case (OSLeq;). 1 <ny — 1

Cl[[n1 < nal] = C[[<] n1n2] Lem 6.15
=C[M.(r=1An; <ny)V(r=0An; >ny)]
=C[ .7 =1]
= C[[1]

The (OSLeqq) case is similar.
Case (0S3,). (A\z.e)v — e[t/ /x]

ClI(Az*. e)n]]

[Az.e]|n] Lem 6.15
(Az'. [e]) n]

[e][n/a]]

[e[n/z]]] Lem 6.17
[

(

[

[

®

C
C
C

CIT(Az"772. ) ']

Az.e] [V]]

Al [el]) [v]
el[[v']/2]]

e[v'/z]]] Lem 6.17

Cl
[
[
[
Cl
[
[
[

C
C
C

Case (OSFixEv). fix,_,;(Ay.e) = Az. (Ay. €) (fixg—r(Ay.€)) x
C[”fixg_”- (>\y 6)”] = C[[YReIJr(o%T) [)\y 6”]
= C[[Ay. €] (Yrert (osm) [Ay-€])]
= C[[My- €] [fixgr(Ay. €)]]
= C[[(M\y.e) (fixomr(Ay. €))]]

Now, if 0 = ¢, then we proceed with:
CIT(\y.e) (fixy—r(My. €))]] = C[A2' Z. [(Ay. €) (fixg—sr(Ay. €))] 2" Z]
=C[ ' Z. [(\y. €) (fixosr (Ay. €)) | nZ A In. [2] n]
= C[[Az. (\y. e) (fixo—-(Ay. €)) z]]

Otherwise:

C[T(Ay-e) (fixy—r(Ay.€))]] = C[A'. [(Ay. €) (fixg—r(Ay. €))] 2]
=C[ . [(\y.e) (fixyr(Ay.€)) x]]
= C[[Az. (\y. e) (fixo—-(Ay. €)) z]]
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Case (OSPif;). pif(n, ez, e3) — ex with n >0

ClIpif(n, ez, e5)]]
=C[Ar.(Fz.x > 0A [n]xzAfea]r)V ([n]OAJes]| )V (Jea] m A Tes] r)]
= C[Ar. [ea] 7]
= C[[e:]]
The (OSPify) case is similar.

Case (OSPif,). pif(e;,n,n) = n

Cl[pif(e1,n,n)]]

=C[Ar.(3z.x >0A Jer ]z An]r)V ([er]OA [n]r)V ([n]rAn]r)]
= C[Ar. [n] ]

= C[[n1]

The inductive cases are straightforward reductions-in-context that can be proved by
simply writing out the [—]s and substituting C[[e"]] for C[[e]] whenever we rely on
a rule e — €’. For proof of concept, we present one case. We again abuse notation by

using the same symbols for variables as for semantic elements.

Case (OSAppL). e e; — €] eq, provided that e; — €]

Clleres]] = C[AZ. 3. [ea] x A [er] 2 Z]
= Xz.3z.C[[ea]] x AC[[er]] xZ
= \z.3z.C[[ex]]x AC[[€}]]zz  TH
=C[l€} e2]]
Cller 377 1] = C[[ex1] [e2]]
= C[[ed1]C[Te21]
=CllerllClle=1]  IH
[

/
1
/
1

=C[[e] e2]]

Lemma 6.19. IfFe: ¢ and e}, then Am. (m = |e|) = C[[e]].
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Proof. Let e : 1 and e ||. Thus, there exists n such that e || n. By Lemma 6.6,
e —* n. Then, it follows that:

Ar.(r=|e|) = Ar. (r = |n|) Thm 6.3
= Ar.(r =n)
=C[Am.m =n]
= C[[n1]
=C[[el] Prop 6.18

6.3.2 Soundness

We show in Proposition 6.20 that any finite element in a complete lattice of relations
C[p] can be described by some term of higher-order logic. Intuitively, continuity plus
definability of finite elements allows us to capture the entire semantic domain using

terms rather than semantic elements.

This definability property simplifies the proof of soundness in Theorem 6.21, because
we can prove inclusions A F P C () by showing that each A F Pv : o implies

AFE QU : o, for all terms U = vy ...v, of the appropriate sorts.

Proposition 6.20 (Definability). For all finite elements b € C[p]|, there exists a
closed term t : p of higher-order logic such that C[t : p] = b.

Proof. We proceed by induction on sorts. The result is trivial for propositional sort

0; the formulas false and true correspond to 0 € CJo] and 1 € C[o], respectively.

For higher-order sorts, recall C[o — po] is an algebraic lattice (by Proposition 2.16)
with basis
B,_sp, = {|_| M ’ M is a finite subset of Sa—>p2} ,

where
Somspe ={(a i) | a € fin(C[o]), c € fin(C[p2])}
and the step function (a N\ ¢) is defined by, for all x € C[o]:

c falx

N0 =y O

Now suppose the claim holds for all relational sorts smaller than p.
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Case p =1 — po. Let (a \,c) € S,_,,,. By the induction hypothesis, there exists a
term ¢ : py such that C[[t : po] = ¢, so that (a \y¢) =C[MZ.n=aANtZ].

Now, let M = {my,...,my} such that | | M € B,_,,,, with terms ¢, ..., capturing
its respective elements. Then, | |M =C[AZ.tynZV --- Vi nZ].

Case p = p1 — p2. Let (a Ny ¢) € Sp,—p,- By the induction hypothesis, there exist
terms ¢, : p; and t. : po such that C[[t, : p1] = a and C[[t. : p2] = ¢. Then,

(aNyc)=C[ Z (Vy.t, 7 = 27) Nt2Z].

Note that this has a meaningful continuous interpretation despite the implication,
because variable x occurs ‘positively’ (i.e. in the head). Of course, we already knew

from Proposition 2.16 that (a \ ¢) is continuous.

Now, let M = {my,...,my} such that | |M € B,,_,,,, with terms ¢y, ..., t; capturing
its respective elements. Then, | |M =C[AzZ.tyzZV -Vt x Z]. O

Theorem 6.21 (Soundness). If - {A} s{P} then F {A} s{P}.

Proof. We proceed by induction on the proof tree of - {A} s {P} (see Figure 6.5 for
the proof rules). To prove F {A} s { P}, it suffices to show that S; A F [s] C P for all
substitution pairs (¢,S) such that F {A} 6 {S}.

Case Varl. Suppose that = {A}z* {P}. Take a substitution pair (6,S) satisfying
F {A}0{S}. By the side condition of the proof rule, A F P a2’ and thus S, A F Pa’.
Note that [x] = Am.(m = z’) is the characteristic function of 2’ (and S([z]) of
S(z')). It follows that S, A F [z] C P, as required.

Case VarH. Suppose that - {A}z {P}. By the side condition of the proof rule,
A E 2/ C P. The definition of the semantics along with 2’ = [z] gives us the result:
F{A}z{P}.

Case Const. This follows immediately from the side condition.
This concludes the base cases of the induction.

Case Appl. Suppose that - {A} s*77 ¢ {A\z.3z. (Qx A PxZ)}. By the IH on the
premises of the rule, F {A}s{P} and F {A}t{Q}. Take a substitution pair (f,S)
satisfying F {A} 0 {S}. This givesus S,AF [s] C P and S,AF [t| C Q.

To prove that S, A F [st] C Az.3z.(Qx A PxZ), assume S, A F [st]v for some

terms ¥ of the appropriate sorts (which suffices by Proposition 6.20). That is, assume
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S,AE Jx. [t]x A [s]zv. It follows from S, A F [s] C P and S, A F [t] C @ that
S,AFE Jz.Qx A Pxv. Finally, we conclude F {A} st{\z.3z. (Qx A PzZ)}.

Case AppH. Suppose that - {A} s"77t° {P Q} for 0 = 01 — 0y. By the IH on the
premises of the rule, F {A}s{P} and F {A}t{Q}. Take a substitution pair (f,S)
satisfying F {A} 0 {S}. This givesus S,AF [s] C P and S,AF [t| C Q.

To prove that S;A F [st] C PQ, assume S, A F [st]v for some terms v of the
appropriate sorts. That is, S, A F [s] [t|v. It follows from monotonicity and S, A F
[s]C Pand S,AFE [t| C @ that S, AE PQ7u. Finally we conclude F {A}st{P Q}.

Case Abs. Suppose that - {A} Az.s{\z’. P}, where z,2’ ¢ FV(A). Take a sub-
stitution pair (#,S) satisfying F {A} 6 {S}. By the IH on the premise of the rule,
F {A} s{P}. This gives us S, A F [s| C P. Clearly, also S, A F \z’.[s| C \z'. P.
The claim F {A} A\x. s {\z’. P} follows from [Az.s] = A\z'. [s].

Case Cond. Suppose - {A}if,(s,t1,t0) {P}. By the IH on the premises of the
rule, F {A}s{Q}, F {AATz.x > 0ANQa}t {P}, and F {AANQO0}to{P}. Take
a substitution pair (0, S) satisfying F {A} 6 {S}. This gives us S, A F [s] C @ and
SSANQOE [to] EPand S, AANTz.x >0ANQa E [t] C P.

To prove that S, A E [if,(s,t1,t0)] © P, let S, A F [if,(s,t1,t0)] v for some terms
v of the appropriate sorts. This means that S;A F Jz.x > 0 A [s]z A [t1]7 or
S, AE [s]0A [to] T

Consider the latter case (the former is analogous). It follows from S, A E [s] C @ that
S,AE QOA[tg] v. Thisimplies that S, AANQ 0 F [to] T, which givesus S, AAQ O F P 7.
However, Q) 0 was already modelled by S, A, so S,AF P7.

The former case also results in S, A F Pv using similar reasoning, so we conclude

S; A F [if0<87 t17 tO)—I E P and F {A} ifg(S, t17 to) {P}

Case PCond. Suppose + {A} pif(s,t1,t0) {P}. By the IH on the premises of the
rule, F {AAN((Fz.2 >0ANQz)V-Tx.Qx)} t1 {P}, F{AAN(QOV —-Tz.Qx)}to{P},
and F {A} s{Q}. Take a substitution pair (6,S) satisfying £ {A} 6 {S}. This gives
us S;AFE [s] £ Q and S;,AAN ((Fzee > 0A Qo) V —3z.Qx) F [t1] T P and
S,AN(QOV —3x.Qx) E [ty] E P.

To prove that S, A E [pif(s,t1,t0)] E P, let S, A F [pif(s,t1,t0)| v for some value
v : ¢. This means that S,A F Jz.x > OA [s|x A [t1]vor S;AFE [s]0A [tg|v or
S, AE [tl—l v A I_to-l .
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The first two cases are the same as for Cond. The first results in S;A A Jx.x >
OANQxFE Pv and the second in S, AANQO0F Po.

Note that (Jz.x > 0AQx) vV Q0 V —3x. Qx = true. If one of the first two disjuncts
holds, then we already have P v, so consider S, AA —3x. Qz E [t1] v A [to] v for case
three. This immediately gives us S, AN —-Jx. Qx F Po.

We have now covered all cases of (), so that S, A E Pv. We conclude that S, A E
[pif(s,t1,t0)] C P and E {A} pif(s, t1,t0) { P}, as required.

Case Fix. Suppose that = {A}fix, (s) {Yget(s) (P)} for 0 = 01 — 0. Take a
substitution pair (0, S) satisfying F {A} 6 {S}. By the IH on the premise of the proof
rule, F {A}s{P} and S,A F [s] C P. By monotonicity of Ygg+(,), it holds that
S, A Yrert (o) ([5]) E Yrert(o)(£?). We conclude that F {A} fix, (5) {Yre+ (o) (P)}-

Case Conseq. Suppose F {A} s{Q}. Note that we have F A = B and BF P C Q.
By the IH on the remaining premise of the rule, E {B} s{P} and B F [s] C P. It
follows from B F P C @ that B F [s| C Q. Finally, F A = B gives us the result,
AE [s] C Q and thus F {4} s{Q}. O
6.3.3 Completeness

Definition 6.22 (Cook expressivity, Cook, 1978). We say that a higher-order logic
is Cook expressive if, the strongest postcondition [e] is expressible by an assertion in

the logic for each program expression e.
Note that higher-order logic is Cook expressive under the continuous interpretation;

the strongest postconditions do not contain implication or negation.

Theorem 6.23 (Relativised completeness). If a higher-order logic is Cook expressive,
then E {A}e{P} implies - {A} e {P}, for all closed expressions e.

Proof. We prove the following sequence:
1. E{A} e{P} by assumption
2. AE [e] C P by the definition of the semantics (thanks to Cook expressivity)
3. F{T}e{[e]} by Lemma 6.13
4. F{A}e{[el]} by left-monotonicity

5. = {A} e{P} by right-monotonicity
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6.4 The HoCHC fragment

If we restrict the precondition to HoCHC definite clauses and the postcondition to

goal clauses, then we obtain a HoCHC-like fragment of higher-order Hoare logic.

Example 6.24. Let us consider the following PCF, program:
SuM := fix (Af. An.if n < OthenOelsen + f (n — 1))
In our syntax, this is:
SUM := fix (Af. An.if(n < 0,0,n+ f(n—1)))
Let A be the set of definite clauses in the unknown Sum : Rel™ (v — ¢):

Vnm.n<0Am=0 = Sumnm

Vnm.n>0A3p.Sum(n—1)pAm=n+p = Sumnm
Let B be the set of definite clauses in the unknown F : Rel*((v — ¢) — ¢ — 1):

Viinmn<0Am=0 = Ffnm
Vifnm.n>0A3p. f(n—1)pAm=n+p = Ffnm

The following proof shows that any solution of SUM is an invariant of Sum:

(Const)

< 2.z =
(Cond) AN {AANBANn<0}0{rz.z=0} Ay

{AANB}ifn<O0thenOelsen+ f(n—1){dm.(n<0AmMm=0)V(n<O0AIp.f'(n—1)pAm=n+p)}

(Conseq)

(Abs) {AAB}ifn <0thenOelsen + f (n —1){F f'n}
(Abs) {AAB}An.ifn < 0OthenQOelsen+ f (n — 1) {F f'}

Fi {ANB}Af.An.if n < OthenOelsen + f (n — 1) {F}
(Fix) {AA B}ix(A\f. An.ifn < OthenOelsen + f (n — 1)) {Sum}

where we use Y(F') = Sum, and in the Conseq rule that
AANBE(Mn.(n<0Am=0)V(n<O0AIp.f'(n—1)pAm=n+p)CF f'n.

Subproof Ay proves {AA B} n < 0{Am.m = (n <0)} as follows:

(Const)
(Appl)

(Varl)

{AANB}_ < _{Paym.m=(z <vy)} {AAB}n{dm.m=n}

{AANBIn< _{Dym.m=(n<y)}
(Appl) {AANB}n<0{dm.m=(n<0)}

(Const) A BYO ([0])

Subproof Ay proves {AABAn >0}n+ f(n—1){Am.3p. f'(n—1)pAm =n+p},
where we write C as shorthand for AA B An > 0:
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(Const)
(Appl)

{C}_+_{hazym.m=z+y} (varl) {CYn{Am.m =n} (VarH) {CYF{fY As

(App|) {C}n-h{)\ym.m = n+y} (App|) {C}f(n_ 1) {f/ (n_ 1)}
(Chn+fn—1){m.3p. f (n—1)pAm=n+p}

Subproof Ag proves {AA B An > 0}n—1{Am.m =n — 1}, again with shorthand
Cfor ANBAnRn>O0:

(Const)
(Appl)

(Varl)

{C}_—_{hzym.m=z—vy} {C}n{Am.m =n}

{Ctn—_{Dym.m=n—y}
(Appl) {Chn—1{m.m=n—1}

(Const) g T omom = 1

Valid postconditions of PCF expressions can be modelled in HoOCHC over the back-
ground theory of Linear Integer Arithmetic. For fixpoint-free expression e, we define

a relational variable P, through
P.:=Te],

which is a well-defined HoCHC goal term. For fixpoint expression fix(\f. e), we define
Prixpf.e) = [e][f — Prix(ry. e)]-

Models of a definite clause headed by P, correspond to valid postconditions of PCF,

expression e. In particular, the strongest postcondition [e] is the least model of P,.

Example 6.25. Consider SUM := fix (Af. An.if n < OthenOelsen + f (n — 1)) from

our previous example. The above encoding of postconditions into HoOCHC yields
Psyy =An'r.(n' <OAr=0)V (0 >0A3z. Psyy (' — 1)z Ar=n'+x)

after some simplification. Clearly, the least fixpoint of Pgy, coincides with [Sum].

6.5 Refinement types

There is a natural crossover between Hoare logic and refinement types, which are
types endowed with predicates that further restrict the elements inhabiting a type
(Freeman and Pfenning, 1991); a refinement type corresponds to a precondition when
passed as function argument, while a return type resembles a postcondition. This
relation between Hoare logic and refinement types goes back to Back and Wright’s

work on Refinement Calculus (1998).

It is not surprising that we can obtain refinement type systems within our higher-order

Hoare proof system through a relational interpretation of the dependent arrow.
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Define the following family of predicates 8, : Rel” (¢) — Rel* (o) — o by induction on

the sort o, written as infix between its arguments of sort Rel™(c) and Rel* (), resp.:
e Wheno =1, M$ R:=RM.
e Wheno=0y—> - —0, >t, MSR:=V2,...20,,. Mxy...2,, = Rx1... 2.

Assume the operator § binds its arguments more tightly than implication. Note that

M 8 R is read as R refines M, and the subscript is omitted for brevity.

We define the family of terms T (corresponding to types, T, for the subset of sort
Rel*(0)), writing T, T; for elements of T:

Av:iibp:0€e Fm
AF .o Rel' (1) €T 4

AFT :Rel*(0) €T  A,x:Rel (0y) F Ty : Rel* ()
AFXrz.28Ti = ThzZ:Rel™(0p = 09) €T

We use the following notation/shorthands:

{v:iv] e} = v.p
e :T1. T =X xZzZ.x8T1 =T Z
Al,AQ = Al /\A2

Suppose we have a constant fail for every sort that denotes failure (divergence). Fur-

thermore, we define a refinement type T(c) : Rel* (o) for all other constants c : o:

We write N for {v : ¢ | true}. Note that this definition resembles the respective

relational lifts of these constants.

It is not immediately clear these types have (meaningful) continuous interpretations,
due to the implications. However, variables only occur ‘positively’ in implications, so
refinement type do have continuous interpretations. It follows that they are suitable

postconditions.

The following rules are admissible in the proof system:
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{A}e{T(c)}

{A;zs{v:t|p}ta{{v:ie|v=21}}

{Ayz sy : 1. To} o {Ily : T1. To}

{A,z 8T} e{T>}

{A}Y M. e{llz : T1. T} x & FV(A)

(Aye, {Ile: .o} {A}es {1}

(At er ey (To} z & FV(T3)

{A,x8T}e{T}
{A} fix (\z.e){T}

x & FV(T)

{A,2 > 0}e  {T} {A,2 =0} e {T}
{A} if zthene; else ey {T'}

F A= false
{A} fail {T'}

{Aye{Th} AFTVCT,
{A}e{Tn}

These rules are essentially the type system by Unno and Kobayashi (2009), from

which the following example is adapted.

Example 6.26. Consider the incremental function inc : ¢ — ¢, which can be defined
in PCF, as Az.z + 1. This function inhabits refined type Tic:=1vy : N.{vg : ¢ | vy =
v + 1}. Now, we can prove that term inc3 inhabits type {v : ¢ | v = 4}:

(RConst)
(RSub)
(RApp)

{true} inc{lz : N{v:¢|v=2+1}}
{true} inc{Iz : {v': ¢ |V =3} {v:e|v=4}}
{true} inc3{{v:¢|v=4}}

(RConst) {true}3{{v:¢]v=23}}
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Chapter 7

Conclusion

The introduction posed two questions pertaining to the adequacy of HoCHC as a

setting for higher-order program verification:

(i) Is the fragment sufficiently expressive to capture the problems typically studied

by the higher-order program verification community?

(ii) Are there (relatively) complete solution methods (e.g. algorithms that are sound

and complete in the presence of an oracle for first-order constraint solving)?

We first addressed (i) in Chapter 3, where we have seen that there exists a contin-
uous semantics for HoOCHC that is well-defined and well-behaved. On top of that,
the associated continuous HoCHC problem is equivalent to the standard problem.
The continuous semantics closely aligns with the operational semantics of higher-
order programs and is, thus, a natural choice of semantics for higher-order program

verification.

Again addressing (i), Chapter 4 established connections between HoCHC and higher-
order model checking—an archetypical representative of the problems studied by the
higher-order verification community. We indicate that the HoMC safety problem
can be reduced to coinductive HoOCHC—as well as to (inductive) HoOCHC—through
an encoding of HoRS into HoCHC logic programs. Furthermore, we show that this
encoding can be used to reduce the open HoRS equivalence problem to coinductive
HoCHC over Maher (1988)’s complete and decidable theory of trees. The most inter-
esting of further directions following from this chapter is whether coinductive HoCHC
over a decidable background theory is semi-decidable. If it is, then this chapter de-
scribes a full decision procedure for the HoRS equivalence problem and the recursively

equivalent AY-calculus Bohm tree equivalence problem.
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Even though there seems to be a disparity between HoMC and inductive HoCHC,
coinductive HoOCHC provides a promising alternative that may allow full incorporation
of HoMC into HoOCHC. The relationship of HoOCHC and coinductive HoOCHC to higher-
order fixpoint logic—another notable approach to higher-order program verification—

remains to be formalised.

For our reduction of HoRS equivalence to coinductive HoOCHC, we proved the existence
of an algorithm that generates the | -free transform of a HoRS. This algorithm allows
us to decide productivity of HoRS terms; the presence of b in the value tree of the
L-free transform signals unproductivity and its absence productivity. This result
subsumes a first-order result by Fu (2017), who developed a second-order type system
to represent nontermination in (first-order) rewrite systems. Productivity checking

in their system is decidable via a mapping to the AY-calculus.

Our continuous semantics of HoCHC admits a sound and refutation-complete so-
lution method for the HoCHC problem over a semi-decidable background theory
(Chapter 5), which addresses (ii). Our proof system based on SLD-resolution was the
first resolution-based solution method at the time of writing. The next step in this
line of work is the implementation of a HoCHC solver, building on Charalambidis
et al. (2013)’s solver for a positive existential fragment of higher-order Horn clauses
without constraints. We also aim to identify decidable fragments of HoOCHC for which

a full solver can be obtained.

Finally, Chapter 6 developed an axiomatic basis for relations as higher-order program
invariants in the form of a Hoare logic. Our approach to Hoare logic for higher-order
programs is new by virtue of a combination of a higher-order assertion logic and a
relatively complete proof system. Restrictions on the syntax of preconditions and
postconditions allow us to obtain useful program logics like HOCHC. The strongest
postconditions that are key to relative completeness of our Hoare logic are express-
ible in HoCHC; we expect valid Hoare triples to correspond to HoCHC invariants

(overapproximations of a program).

Our main motivation for studying HoCHC was to provide a unifying framework
for higher-order program verification. After relating higher-order model checking
to HoCHC in Chapter 4, we show in Chapter 6 that Unno and Kobayashi (2009)’s
refinement type system can be modelled in our Hoare logic, which allows us to relate

refinement type inference to HoCHC via the above correspondence.
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This thesis makes a case for the HOCHC as a framework for higher-order program
verification. It is semantically and algorithmically robust; our continuous interpre-
tation is equivalent to the standard and monotone interpretations, and there exist
sound and refutation-complete solution methods. On top of that, HoOCHC allows for
the reduction of certain HoMC and RTT problems and has applications in Hoare logic,

which testifies to its versatility.

We conclude that the HOCHC fragment of higher-order logic is well worth studying

in the context of higher-order program verification.

7.1 Further directions and related work

7.1.1 Coinductive HoCHC

Our work on coinductive HoOCHC in Chapter 4 prompts several directions of further
research, many of which pertain to decidability of (monotone) coinductive HoCHC

over a decidable background theory.

7.1.1.1 Decidability

Refutation-complete resolution proof systems that semi-decide (inductive) HoCHC
over a decidable background theory—like the proof system presented in Chapter 5—
do not simply carry over to coinductive HoOCHC, as proofs for coinductive programs
may have infinite length. This is already apparent in the HoRS determined by single
rewrite rule S = a S, whose logic program {Rg = Ar.3ry. (ar; =r) A Rgry} contains

no ‘base cases’, so that any proof must be infinite.

For first-order Horn clauses, CoLP (Coinductive Logic Programming, Gupta et al.,
2007; Simon et al.; 2007) provides an approach to computing solutions for infinite
sequences of reductions. Resolution for coinductive logic programs relies on loop
detection (see e.g. Komendantskaya et al., 2016; Komendantskaya and Li, 2018),
which might argue against semi-decidability of coinductive HoOCHC; loop detection in

coinductive HoOCHC may not be any simpler than loop detection directly on HoRS.

In CoLLP, if there exists a circular unifier—and thus a loop—then an answer is found.
CoLP is sound but incomplete. It terminates only if the term computable at infinity
is a rational term (i.e. a term corresponding to a tree with a finite number of distinct

subtrees). However, progress has been made in the proof search for (first-order)
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conductive predicates by Komendantskaya and Johann (2015), as well as Basold et al.

(2019), via a framework called coinductive uniform proofs (CUP).

Basold et al. (2019) identify fragments of coinductive clauses that “give a precise
proof-theoretic characterisation to the different kinds of [first-order] coinduction de-
scribed in the literature”, of which coinductive higher-order hereditary Harrop clauses
are the most subsuming. Coinductive uniform proofs are proved to be sound relative
to an intuitionistic first-order logic. A notable result is the extension of proof search
to some irregular proofs, which seem to cover encoded HoRS of order-1. CUP is

incomplete, however, because it is intuitionistic and lacks an admissible cut rule.

Unfortunately, it turns out that cut cannot be eliminated from coinductive cal-
culi (Komendantskaya et al.; 2020). As a consequence, we cannot hope to prove all
relevant theorems analytically, and the situation for semi-decidability of coinductive

HoCHC over a (semi-)decidable background theory looks, perhaps, bleak.

HoRS equivalence problem. In case of semi-decidability of coinductive HoCHC,
we would obtain a full decision procedure for the (open) HoRS equivalence prob-
lem (see e.g. Clairambault and Murawski, 2013; Ong, 2015) by dovetailing two coin-
ductive HoCHC instances, as demonstrated in Chapter 4.6. A weaker result also
suffice: (a) if coinductive HoOCHC over the Maher theory of trees is semi-decidable,
or (b) if the image of our HoRS-to-HoCHC encoding over the Maher theory (Chap-

ter 4.3) lives in a semi-decidable fragment of coinductive HoOCHC, as in Theorem 4.44.

AY-calculus Bohm tree equivalence problem. The HoRS equivalence problem
is recursively equivalent to the long-standing open AY-calculus Bohm tree equiva-
lence problem, which asks whether the Bohm trees of two given AY-terms are equal
(Clairambault and Murawski, 2013). Thus, semi-decidability of coinductive HoCHC

would also allow us to decide this problem.

Note that the closely related \Y-calculus word problem is undecidable (Statman,
2004); it is generally undecidable whether two closed \Y-terms are SnY-equivalent,
which is relevant because HoRS are programs of a simply sorted (typed) AY-calculus
constructed from a set of uninterpreted function symbols. This may indicate that the
HoRS equivalence problem—and thus coinductive HoOCHC over the Maher theory—is
undecidable. However, HoRS define the same set of trees as ground-type AY-terms

with free variables (corresponding to terminal symbols) of order at most 1 (Salvati
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and Walukiewicz, 2014) and are, thus, a strict subsystem of the AY-calculus; the

HoRS equivalence problem may still be decidable.

7.1.1.2 Solving HoMC problems

Recall that, given a higher-order recursion scheme G and a property ¢ expressed in
some logic, the higher-order model checking problem seeks to answer the question
whether the (potentially infinite) tree generated by G satisfies ¢ (Ong, 2006). The
problem is decidable for MSO properties.

Safety. The arguably simplest version of this problem is the safety problem, where
property ¢ is a safety property expressed by—say—a trivial automaton. Although
we already know that the HoMC safety problem can be solved via a decidable higher-
order Datalog fragment of HoCHC (Wagner, 2019, private communication), we can

also reduce it to coinductive HoCHC in the following way.

Let G = (N, X, R, S) be the HoRS. Tag the states of the automaton onto the relational
variables Rp we generate from nonterminals F' € N—e.g. R% for state ¢—where
we switch to a different state if § € ¥ and stay in the same state otherwise (see
Chapter 4.3). Each RY, then denotes a smaller relation than Rp. If RY is assigned a
larger relation than Ar. 0 for initial state ¢ (in which case it is assigned a characteristic
function of a single tree), then the trivial automaton runs on [G] without crashing,

and [G] is accepted.

Liveness. Another class of HoMC problems is given by Biichi automata, which
accept a tree [G] if there exists a run of the automaton on [G] in which all infinite
paths in the run tree contain an infinitely occurring final state. Finally, for the full
class of HOMC liveness problems (Ong, 2006) we would need to consider alternating

parity tree automata or equivalent.

Our motivation for moving from inductive to coinductive HoOCHC was the ability to
check entire trees for the HoRS equivalence problem. This is ideal for liveness, for

which checking a finite prefix of a tree is also inconclusive.

In addition to tagging states on to the relational variables of our encoded HoRS-to-
HoCHC logic program, we would need to encode the acceptance condition, perhaps via
an additional parameter—giving us R%’b for state ¢ and boolean b—to denote whether

a final state or even priority has been seen since the last unfolding. Alternatively,

188



it might be possible to tag modal p-calculus formulas on to the relational variables

instead of pairs ¢,b and change ‘state’ (i.e. formula) accordingly.

Thus, we anticipate that the HoMC liveness problem can be reduced to coinductive
HoCHC over Maher’s theory too, similar to how first-order liveness can be “elegantly”
verified via (first-order) CoLLP, according to Gupta et al. (2007).

7.1.1.3 Relation to HFL

Higher-order fixpoint logic (HFL) is a higher-order extension of the modal u-calculus
(Viswanathan and Viswanathan, 2004) with mutual translations between HoMC and
HFL model checking ([Kobayashi et al., 2017). Like HoCHC, HFL deals with functions

in continuation-passing style and is semi-decidable.

HoCHC roughly corresponds to a fragment of (extended) HFL without modal op-
erators and fixpoint alternations, where solvability of HoOCHC is reduced to the va-
lidity of (extended) HFL formulas. HoCHC (unsolvability) captures the negation of
Kobayashi et al. (2018)’s may-reachability, which is non-reachability: given a program
P and event a, P never raises a. For coinductive HoCHC, it is solvability that is po-
tentially semi-decidable. Thus, although we have not proved this formally, it seems
that coinductive HoOCHC corresponds to the negation of must-reachability: P does

not always raise a. This relation remains to be clarified.

7.1.2 Intensional higher-order logic programming

An important characteristic of HoOCHC is that it is extensional. That is, predicates
are solely identified by the arguments for which they are true. This sets our work
apart from e.g. AProlog (Miller and Nadathur, 1986) and HiLog (Chen et al.; 1989),

both of which are intensional higher-order languages.

Example 7.1 (Charalambidis et al., 2013). Consider this AProlog program:

rp.
pX:-—-gX
gX :-pX

The goal r q is false for this program. Any extensional interpretation, however, would

recognise that p and g both denote the same semantic element.
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In HoCHC, p and q would be assigned the same element, so that C[p] = C[q]. The
clause r p is interpreted as ‘r holds for whatever p is’. Therefore, r p would imply

r q, and r q would hold.

Intensionality complicates the interpretation of uninstantiated relations. How do we
interpret a goal R john mary where R is free? For this to be a meaningful goal, the
programmer would need to specify the predicates R is allowed to range over (Nadathur
and Miller; 1998, p. 50), because the semantic domain depends on the available terms

rather than a domain-theoretic interpretation of sorts.

The syntax of AProlog is based on an intuitionistic theory of higher-order hereditary
Harrop formulas, which generalise higher-order Horn clauses to allow nested implica-
tion. The result is a highly expressive language that can still facilitate extensionality.
Unfortunately, leaving the realm of classical logic comes at the cost of extensionality

of the system as a whole.

The semantics of functional programming languages tends to be extensional, which
motivates our choice for—the extensional—HoCHC as a unifying framework for higher-
order verification over e.g. the richer (perhaps too rich), intuitionistic higher-order

hereditary Harrop clauses.

Despite this fundamental disparity between HoCHC and AProlog, our goal-oriented
and syntax-driven resolution proof system may remind the reader of the uniform
proofs underpinning AProlog (Miller et al.; 1991). These uniform proofs are a class of
cut-free sequent proofs that, too, are goal-oriented and syntax-driven: “the notion of a

uniform proof reflects the search instructions associated with the logical connectives.”

For higher-order Horn clauses (i.e. in classical logic), there exists a uniform proof for
a goal if, and only if, this goal is valid. Thus, our resolution refutations correspond
to sequent proofs. This correspondence between proofs and resolution dates back
to Girard et al. (1989)—who suggested using the cut rule to model resolution for
Horn formulas—and can be understood in the wider context of Curry-Howard. Both
sequent proofs and SLD-refutations represent the operational semantics of a program.
Note, however, that uniform proofs are much more powerful than resolution because

they do not rely on classical logic.

The work in Chapter 5 is theoretical; we have shown there exists a sound and
refutation-complete proof system for HoCHC, but have not ventured into implemen-

tation. The implementation from Charalambidis et al. (2013) for higher-order Horn
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clauses was also largely a proof of concept, but progress has been made in efficient res-
olution proof systems in the context of (the intensional) AProlog. Work by Dunchev
et al. (2015) is believed to have been the most efficient implementation of AProlog at

the time of publication.

The Curry-Howard correspondence and AProlog may provide further insights into
higher-order Horn clauses, as demonstrated by e.g. ['u and Komendantskaya (2017),

who interpret Horn formulas as types to show completeness of SLD-resolution.

7.1.3 Higher-order Hoare logic

Our approach to Hoare logic for higher-order programs distinguishes itself from the

literature through an aggregate of three components:
(i) our assertion logic is higher-order (cf. Honda et al., 2006, 2014),

(ii) our proof system is relatively complete (cf. Régis-Gianas and Pottier, 2008),

and
(iii) we use a fully abstract model of PCF, (cf. Reus and Streicher, 2011).

The main contribution is a truly higher-order assertion logic for a functional pro-

gramming language that does not preclude relative completeness.

Perhaps this result has come at the cost of the expressivity of our programming
language, call-by-value PCF. Although we appreciate the ‘pureness’ of the higher-
order assertion logic used in Chapter 6, we recognise that practical applications may

require sacrificing some of this logical purity for expressivity.

An earlier strain of work on Hoare logic for higher-order programs was conducted in
the 70s and 80s (Clarke, 1977; German et al., 1984; Damm and Josko, 1984; Goerdt,
1985). As one of the field’s pioneers—Clarke (1977)—proved, there does not exist a
sound and complete Hoare logic for Algol-like or Pascal-like programming languages,
which are equipped with recursive, higher-order procedures, global variables, and
static scoping. However, Clarke’s proof does not contradict our result, because he
assumes that the underlying assumption language is first-order. Damm and Josko
(1984) first pointed out that Clarke’s result does not necessarily hold for higher-order

assertion languages.

Reus and Streicher (2005) studied first-order imperative programs with access to a

higher-order store, which facilitates recursion through stores rather than fixpoints.
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Their Hoare logic is sound; whether it is relatively complete is unknown, to the best
of our knowledge. Reus and Streicher (2011) later deviated from Hoare logic for a

sound and complete program logic for functional programs.

The programs studied by Honda et al. (2006, 2014) are essentially a higher-order
counterpart of Reus and Streicher (2005)’s imperative programs. Their system is
sound and relatively complete for an imperative version of PCF,, with global references

that can store higher-order procedures.

7.1.3.1 Extensions to other languages

Régis-Gianas and Pottier (2008) made the trade-off between completeness and ex-
pressivity in favour of a more expressive language that includes algebraic data types.
Incorporating algebraic data types into PCF, and higher-order logic is possible as
long as long as we can pattern-match on elements of these new types. We expect
that such an incorporation would preserve soundness and relative completeness of

our proof system.

Another natural line of work extends to call-by-name languages, starting with PCF
proper. Régis-Gianas and Pottier (2008) explicitly state that their proof system is
not sound for call-by-name. However, this is at least partly due to the definitions of
their semantic domains, which do not contain divergent arguments. Beyond call-by-
name PCF, one could consider Reynolds (1997)’s Idealized Algol. Its strict separation
between expressions and commands leans itself well for program logics, like Reynolds’s

specification logic.

7.1.3.2 Higher-order relational Hoare logic

Some correctness properties from the literature cannot be captured by Hoare triples,
particularly properties that relate pairs of executions, be it different programs or the
same program with different inputs. Program equivalence is a clear example of such
a property. To this end, relational Hoare logic was developed (Benton, 2004; Barthe
et al., 2009; Barthe, 2020). It is a natural step to develop a relational version of our

higher-order Hoare logic, in view of the relational form of ambient higher-order logic.
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