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Abstract
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The successful application of in-situ testing of soils heavily depends on development of
methods of interpretation of the tests. The purpose of this thesis is to develop a consistent
theoretical basis for the interpretation of pressuremeter tests in cohesive and frictional
materials. The research programme 1s based on cavity expansion theory with additional
details provided by a large strain finite element analysis.

A unified analytical solution is developed for the expansion and contraction of both
cvlindrical and spherical cavities in dilatant elastic-plastic soils. For the first time, ex-
plicit solutions for the pressure-expansion and pressure-contraction relationships are de-
rived without any restriction being imposed on the magnitude of the deformation.

In addition, the finite element method is adopted for solving the cavity expansion prob-
lem. This 1s mainly due to the fact that only in special cases when simple material models
and boundary conditions are involved has it been possible to solve the problem analyti-
cally. A finite element analysis of the cone-pressuremeter test in sand is described.

A series of two-dimensional finite element calculations on both the self-boring pres-
suremeter test and the cone-pressuremeter test is performed. In modelling the penetration
process of cone-pressuremeter tests, the stresses evaluated by the cavity expansion theory
are used as the starting condition for the finite element analysis. Emphasis is placed on
quantifying the effects of pressuremeter geometry on derived deformation and strength
parameters.

In the finite element formulation, a special effort is devoted to developing a lower order
finite element suitable for analysing axisymmetric elastic-plastic problems which involve
incompressibility constraints. The formulation of a new six-noded isoparametric displace-
ment finite element is presented. To account for large strain (rotation) effects, an Eulerian
description of deformation is adopted and the Jaumann stress rate is used in the soil con-
stitutive equations.

The suitability of the conventional interpretation methods for pressuremeter tests is
critically assessed in the light of the finite element results. Based on the numerical results,
improved procedures for obtaining in-situ soil parameters from pressuremeter tests in both
clay and sand have been proposed.
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Chapter 1

Introduction

1.1 Background

Site investigation and assessment of the characteristics of soil or rock are essential parts
of the geotechnical design process. The principal parameters of interest to designers are
strength, deformation moduli, in-situ horizontal stress and permeability. In-situ testing
to complement laboratory tests in obtaining these fundamental soil properties i1s becom-
ing increasingly important in practice. It is alwavs good practice to undertake different
types of test in order to obtain as broad a view as possible of the geotechnical properties
of the strata being considered. Demand for in-situ testing has developed with a grow-
ing appreciation of the inadequacy of conventional laboratory testing. Inevitable sample
disturbance affects laboratory test results and raises questions as to the validity of the
soil strength and deformation properties measured. As was reported by Marsland(1973),
work at the Building Research Station has shown that, for example, the actual defor-
mation moduli of the ground may be several times greater than those measured in good
quality tests in the laboratory on good quality samples. Consequently predictions of the
deformation of the ground around a foundation based on laboratory data may be grossly
overestimated. and the resulting design could be unnecessarily conservative and expen-
sive. Another important advantage of in-situ testing is that the soil in question will be
tested at the relevant level of effective stress, presuming that disturbance of the ground

due to insertion of the instrument has been kept to a mimimum. However. in-situ testing
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generally involves more complex boundary conditions. and less control over stress path.
than conventional laboratory testing. and therefore considerable difficulities exist for the
interpretation of in-situ test data (see. for example. Wroth. 1984: Wroth. 1988).

The reason for the rapid development and wide use of the self-boring pressuremeter
as a site investigation tool is that, in theory. the boundary conditions are relatively well
defined. as are the stress and strain conditions in the surrounding soil mass (Wroth and
Hughes. 1973). The basis of the test 1s the expansion of a long cylindrical membrane
installed in the ground with the minimum of disturbance using the self-boring technique.
In-situ strength and deformation properties of the ground can then be deduced from
the measurements of the pressure and the change in volume or radius of the expanding
membrane using cavity expansion theory. In doing this, some simplifving assumptions
about the boundary conditions and soil stress-strain behaviour may need to be made.

As an alternative to the self-boring pressuremeter, the cone-pressuremeter is a new
in-situ testing device which combines a 60° electric piezocone with the pressuremeter test.
The full development of the cone-pressuremeter test. however. is subject to the rational
theoretical modelling of initial installation of the full displacement pressuremeter in both
undrained and drained soils. Although the Strain Path Method (Baligh, 1985; Tumay et
al., 1985) has proved to be a successful method in modelling steady cone penetration in
undrained soils, it is not vet possible to apply this approach to deep foundation problems
in drained soils. Teh (1987) has implemented the Strain Path Method for the analysis
of the 60° cone and found that the stresses calculated using the Strain Path Method do
not fully satisfv equilibrium. This failure is reflected in the dependence of the octahedral
mean stress on the integration path. On the other hand, it can be shown theoretically
that cylindrical cavity expansion theory models correctly the penetration of a cone with
a small tip angle. but is only approximate for the 60° cone tip (Norbury and Wheeler,
1987). In addition, Teh’s analysis shows that the stress distribution far behind the cone
tip is very close to the distribution created by the expansion of a cvlindrical cavity from
zero radius followed by a small amount of contraction. The use of large strain cylindrical
cavity expansion or contraction theory for the interpretation of cone-pressuremeter tests

in both clays and sands is justified provided that the bottom of the pressuremeter section
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is located far enough behind the cone tip.

In the analysis of cavity expansion or contraction. onlv in special cases has it been
possible to solve the problem analvtically and so a numerical treatment has often been
used. particularly when more realistic constitutive models and boundary conditions have

been emploved.

1.2 Interpretation of pressuremeter tests

1.2.1 Self-boring pressuremeter tests
Pressuremeter tests in clay

The development of the self-boring pressuremeter test allowed the pressuremeter to be in-
serted into the ground with minimum soil disturbance. The pressuremeter test simulates
the expansion of a cylindrical cavity and because it has well defined boundary conditions.
it is more amenable to rigorous theoretical analysis (1.e. cavity expansion theory) than
most other in-situ tests.

For an elastic-perfectly plastic undrained soil with a Tresca plastic model, an exact
solution for the relation between cavity pressure and cavity strain was first derived by
Gibson and Anderson (1961) using large strain analvsis in the plastic zone and small
strain analysis in the elastic zone.

As the cavity pressure is increased, the response is initially elastic with small strains.
Once the cavity pressure is increased above the yield value, an expanding annulus of
plastic soil develops around the cavity while clay further away from the cavity continues

to respond elastically. During the plastic phase, we have:

P:P1+suln{1_(€c+1)-2} (1)

where P and ¢, denote the cavity pressure and cavity strain respectively and the limit

pressure F; can be written as follows:

Pi=op~s,l~Inl, (2)
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in which

I, =— (3)

Sy

where o014, s, and I, denote the initial in-situ horizontal stress, undrained shear strength
and rigidity index. respectively. Having used the above analysis. the stiffness and undrained
shear strength for clay can be deduced from the cavity pressure-cavity strain relationship
obtained from pressuremeter tests. Palmer (1972) presented an alternative method of
analysis in which the precise form of shear stress-shear strain curve can be deduced from
the measured pressure-strain relationship. The exact expression for the shear stress. 7,

at a cavity strain ¢, in undrained clay is:

1 JP
T = gcc(l-LEc)(Q—%Gc)ée— (4)

The Gibson and Anderson and the Palmer analyses are in no way contradictory. Each

of them can be used for different purposes.

Pressuremeter tests in sand

The interpretation of pressuremeter tests in sand is complicated by the fact that all tests
are drained tests, and volume changes in the sand around the expanding cavity are able to
occur freely. Therefore. any reliable analysis has to take account of the effects of volume
change during the test. The most widely used method of interpretation is based on the
analysis presented by Hughes et al.(1977) assuming that the pressuremeter is long enough
for the test to be simulated by the expansion of a cylindrical cavity. Their analysis is
summarised here.

Hughes et al. described a model in which the sand is assumed to be isotropic linear
elastic until yield occurs when the Mohr-Coulomb condition is satisfied. The material
then flows plastically at a constant angle of dilation. The elastic deformation in plastic
zones 1s assumed to be small compared with the plastic strain component and is therefore
ignored in the analysis for simplicity. The stress-dilatancy flow rule of Rowe (1962) was
used to relate the ratio of moblised friction angle and dilation angle in terms of the angle

of friction at constant volume (i.e. critical state friction angle).
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With these assumptions about the behaviour of the sand, plasticity is initiated at the

wall of the cavity when

A2}
~——

P — ug=0,,(1 ~sing) (

Once plasticity has been initiated. small strain cavity expansion theory can be used

to give the following relationship between the cavity pressure and cavity strain.

IH(P~Uo):Sd1ﬂ(€C+§)‘T‘A (6)
where
1 — sin v
Sq = (—S.liqf—?smo" (7)
(1 —sino’)

and wg, 0y, denote the in-situ pore pressure and the in-situ horizontal effective stress: 4
and c¢ are constants; ¢',v denote the effective mobilised angle of friction and mobilised
dilation angle.

By using Rowe’s stress-dilatancy flow rule, we can deduce v and ¢’ from the value of

the pressuremeter loading slope Sy as follows:

., (KW=1)5

Sm@_(K—l)Sd+2 (8)
2KS; - (K -1

sy = dK£1 ) (9)

and
1+ sin ¢!
Ko LTl (10)

1 —singl,

where ¢ denotes the angle of friction at constant volume.

A new method of analysis related to the cavity contraction phase of the pressuremeter
test has been presented by Houlsby et al.(1986), based on the same soil model as described
above. The data may be obtained from a loading stage as well as from an unloading stage.
The key advantage of the unloading analysis is that the method is less sensitive to any

initial disturbance caused by the installation of the pressuremeter. It could therefore be
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expected that for the cone-pressuremeter test an unloading analysis will be more useful
than a loading analysis.

Recently an analogous analysis to Palmer’s for the pressuremeter test in sand has
been developed by Manassero (1989). in which a flow rule such as the stress-dilatancy
expression of Rowe (1962) is adopted. This analyvsis allows a stress ratio-shear strain

relationship to be derived from a pressuremeter test in a drained material.

1.2.2 Cone-pressuremeter tests
Cone-pressuremeter tests in clay

The cone-pressuremeter is an in-situ testing device which shows clear promise for the rapid
measurement of undrained strength and shear stiffness. An analysis for full displacement
pressuremeter tests in undrained clay soil has recently been presented by Houlsby and
Withers (1988) using a large strain cavity expansion and contraction theory.

The main conclusion of their analvsis is that some soil properties can be deduced
from measured plastic unloading curves. The analysis of the loading phase is similar to
that derived by Gibson and Anderson (1961). In the Houlsby and Withers analysis. the
following plastic unloading curve for Tresca soil was derived :

2(2 — +1 N . 1
P=p- (—Bﬂsu{l — Inisinh n (€cm — €.). — Inisinh T

i} (11)

where
1 for cylindrical cavity
m = (12)
2 for spherical cavity
and P}, I. denote the cavity limit pressure and rigidity index of clay; P is the cavity
pressure: €. and €., denote cavity strain and maximum cavity strain.
The above equation implies that the slope of the plastic unloading curve. when it is

2(24m)
3

plotted as P against — ln{l";—l(ecm — €.);. s approximately $y. In addition, the shear
modulus and in-situ horizontal stress can be obtained from the measured loading and
unloading curves. The derived stiffness and strength parameters using cylindrical cavity

contraction theory are found to be in good agreement with some other measurements. The
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failure of using their analyvsis in obtaining realistic in-situ horizontal stresses indicates.
however. that further research is needed in order to obtain reliable horizontal stress using

the cone-pressuremeter.

Cone-pressuremeter tests in sand

The first attempt to improve the understanding of the cone-pressuremeter tests in sands
by determining the stress path followed by the tests was presented by Hughes and Robert-
son (1985). They found that the elastic shear moduli from cone-pressuremeter tests show
remarkable agreement with the values obtained from self-boring pressuremeter tests. This
means that the elastic shear modulus obtained by performing an unloading-reloading cy-
cle during a pressuremeter expansion test 1s insensitive to the method of installation.

In addition, results comparing cone-pressuremeter tests and the self-boring pres-
suremeter tests suggest that in sands the lift-off pressure obtained from the cone-pressuremeter
1s probably of the same order of magnitude as the initial in-situ horizontal stress. How-
ever, calibration chamber tests by Schnaid (1990) have shown a very poor relationship
between the lift-off pressure and the applied lateral boundary stress.

Because of the large initial disturbance caused by the installation of the cone pres-
suremeter, application of the small strain analysis presented by Hughes et al.(1977) to
the cone-pressuremeter tests for a radial displacement of up to 10 %. gives unacceptably
high values of friction angle. A similar finding has also been reported by Withers et
al.(1989) based on field test results and Schnaid (1990) using the chamber tests. This
evidence suggests that 1t is necessary to use a large strain analysis to interpret the full
displacement pressuremeter test in sand, which requires a significant development of the

closed form solution for large strain cavity expansion or contraction in dilatant materials.

1.3 Objectives of the investigation

As mentioned above, there is an urgent need to conduct further research into the de-

velopment of the closed form solution for large strain cavity expansion or contraction in
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dilatant materials. in order to provide a theoretical basis for interpretation of the cone-
pressuremeter test in sand. Any further development of the cone-pressuremeter test maxy.
to some extent. depend on the availability of a rational method of interpretation. The
first objective of the work described in this thesis is to develop a closed form solution for
large strain cavity expansion or contraction in soils with dilation.

Since the development of the self-boring pressuremeter. the pressuremeter test has
become a frequently used method of deriving strength and stiffness parameters for both
clay and sand. The method of deriving both stiffiness and undrained shear strength pro-
posed by Gibson and Anderson (1961) and the method of estimating friction angle and
dilation angle developed by Hughes et al.(1977) have been widely used to interpret the
results of self-boring pressuremeter tests in clay and sand respectively. However, the val-
ues obtained from the pressuremeter test are consistently higher than those traditionally
used 1n design or obtained from other measurements. The high values of strength and de-
formation parameters obtained from pressuremeter tests may be partly due to the lower
disturbance associated with the pressuremeter as compared with laboratory tests. Consis-
tently high strength parameters obtained from the pressuremeter test may also be related
to the validity of the assumption that the expansion of the pressuremeter is identical with
that of an infinitely long cavity; i.e. that the effects of the finite length to diameter ratio
can be neglected in the analysis. In addition, the failure of cavity expansion theory to
allow derivation of realistic in-situ horizontal stress values from the cone-pressuremeter
test may be largely explained by the finite length of the pressuremeter. It is therefore
appropriate to re-evaluate some of the assumptions on which the methods of interpreta-
tion are based. Starting from this basis, the extension and development of the methods
for interpretation of both self-boring pressuremeter test and the cone-pressuremeter test
to deal with the effects of finite length of probe on derived parameters, and the effects of
finite boundary of laboratory calibration chamber on observed pressuremeter behaviour,
is the second objective of the research.

In order to achieve the second objective, a finite element analysis was adopted. It is
well accepted. however, that severe numerical difficulities arise when using the conven-

tional displacement finite element to analyse soils because of incompressibility constraints
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(Sloan. 1981). This effect 1s caused by a conflict between the plastic flow rule and the
finite element discretization. Although several approaches have been proposed to deal
with this difficulty. none of these have proved to be wholly satisfactory. It is the third
objective of the research presented in this thesis to develop a rational large strain dis-

placement type finite element for modelling soil behaviour under axisymmetric loading

conditions.



Chapter 2

Finite Cavity Expansion and

Contraction in Dilatant Materials

2.1 Introduction

Cavity expansion theory was first developed for application to metal indentation problems
(Bishop, Hill and Mott, 1945; Hill, 1950). The application of cavity expansion theory
to geotechnical problems came later (e.g. Gibson and Anderson. 1961: Meverhof, 1951)
and has been progressively refined in the last two decades. The analysis of a cylindrical
cavity has been applied to practical problems such as the interpretation of pressuremeter
tests (Gibson and Anderson, 1961; Ladanyi, 1963: Ladanyi, 1972; Palmer. 1972: Hughes,
Wroth and Windle, 1977: Houlsby, Clarke and Wroth, 1986; Houlsby and Withers. 1988)
because the pressure-expansion curve obtained in a pressuremeter test directly reflects
some properties of the soil stress-strain relationship. A detailed study of the application
of cylindrical cavity expansion in modelling the installation of driven piles was given
by Randolph and Wroth (1979) and Randolph, Carter and Wroth (1979). The effect
of longitudinal shaft friction in a cylindrical expanding cavity, which is important for
application to pile bearing capacity analysis, has also been considered recently (Sagaseta,
1984). It should be noted that all the analvtical studies mentioned above are either
large strain analysis in an incompressible soil or small strain analysis in a dilatant soil.

The large strain cavity expansion problem in dilatant soil is therefore generally solved

10
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by a finite element method (e.g. Carter and Yeung. 1985). However. it is well accepted
that severe numerical difficulties arise when using the finite element method to analvse
constrained problems (e.g. incompressible and dilatant solids). Hence care must be
taken when using the conventional finite element approach to model elastic-plastic soil
behaviour. A comprehensive study of the numerical difficulties in using the conventional
finite element method to model elastic-plastic deformation involving incompressibility
and dilatancy will be given in Chapter 3 and Chapter 5.

As far as the spherical cavity problem is concerned ., some solutions have been ob-
tained for cavities in various types of materials. Hill (1950) gave a general solution of
the finite expansion of the spherical cavity by using the Tresca yield function. Later
Chadwick (1959) presented a more comprehensive solution for the expansion of a spher-
ical cavity in an elastic-plastic material obeyving the associated Mohr-Coulomb flow rule.
The closed form limit pressure for the special case of a purely cohesive incompressible
material was also presented in the same paper. However. it is believed that the derivation
of unloading solution in the paper is not fully correct. This is due to the fact that the
parameter x defined in equation (60) of the paper could well be negative for a material
with a high dilation angle. Hence the solution of equation (60) in the paper may become
undefined. Vesic (1972) extended the analysis to compressible soils by assuming that
the soil volumetric strain is not zero but a finite value and presented an approximate
solution for limit pressure for spherical cavity expansion. He applied this solution to the
determination of bearing capacity factors for deep foundations. More recently, Carter,
Booker and Yeung (1986) presented an analytical solution for limit pressures for cavity
expansion in a non-associated Mohr-Coulomb material by assuming that a pseudo steady
state deformation is approached at a very large deformation. It is the author’s opinion
that this assumption is not fully justified and the limit pressure solution presented in
their paper can only be treated as an approximate solution. The important role of the
elastic deformations in the plastic zone for the cavity expansion problem i1s emphasised
by Bigoni and Laudiero (1989) using numerical (Gaussian) integration. In their paper, a
similar approach to Chadwick’s is used and the non-associated Mohr-Coulomb criterion

i1s adopted. The longitudinal normal stress is assumed to coincide with the mean of the
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other two principal stresses for the case of the cvlindrical cavity. However. it is believed
that they made an assumption about the stress and strain condition in the axial direction
which results in a violation of the plastic flow rule.

In this chapter. a unified analvtical solution is presented for the expansion of both
cylindrical and spherical cavities in dilatant elastic-plastic soils by using the Aohr-
Coulomb vield criterion with a non-associated flow rule. For the case of cvlindrical
cavity expansion. the axial (or vertical) stress is assumed to be the intermediate stress
and the assumption of plane strain conditions in the axial direction has been made. An
explicit expression for the pressure-expansion relation is derived without any restriction
being imposed on the magnitude of the deformations. This is achieved by integrating
the governing equation with the aid of a series expansion. Consequently. the limit cavity
pressure when the radius of the cavity approaches infinity can be determined analytically
with no additional assumption being made about the deformation mode. In addition.
closed form solutions for residual stress and displacement distributions are obtained at
any stage of the unloading process. For the unloading analysis the problem. which was
found in the paper of Chadwick (1939), has been avoided by adopting a new means of
transformation for integration variables in forming the displacement governing equation

in the plastic zone.

2.2 Definition of the problem

An unbounded three-dimensional medium of dilatant soil contains a single cylindrical or
spherical cavity. Initially the radius of the cavity is @y and a hydrostatic pressure pg
acts throughout the soil which is assumed to be homogeneous. An additional pressure
p 1s then applied inside the cavity and increased sufficiently slowly for dynamic effects
to be negligible. The major concern of this chapter is the distribution of stress and
displacement in the soil as the additional pressure p increases from zero and when removal
of this pressure subsequently takes place.

The soil is modelled as an isotropic dilatant elastic-perfectly plastic material. It be-

haves elastically and obevs Hooke’s law until the onset of yielding which is determined
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by the Mohr-Coulomb criterion. When the principal stress components satisfy the in-

equalities 0; < o; < 0. the Mohr-Coulomb vield function takes the form

ac, —o; =Y (13)
where
0:1*‘5%110 (14)
1 —smo
. 2 1)
y = 22222 (15)
1l —sino

in which ¢ and ¢ denote the cohesion and friction angle of the soil respectively.
The solutions for the cylindrical cavity and the spherical cavity can be developed

together by defining

1 for cylindrical cavity
= ‘ : (16)
2 for spherical cavity
The initial position of a particle of soil is specified by spherical polar coordinates
(ro,f.w) for a spherical cavity and by cylindrical polar coordinates (r¢.6, z) for a cvlin-
drical cavity. Plane strain conditions in the : direction are assumed for the cylindrical
cavity. In addition. the vertical stress ¢. is assumed to be the intermediate principal stress
and therefore there is no component of plastic strain in the vertical direction. These two
assumptions are sufficient for determining the vertical stress as long as the other two
stress components are known. This can be achieved simply by calculating the increase in
0. in both elastic and plastic zones from the following equation:

7. = v(d, — de) (17)

where v denotes Poisson’s ratio. The implication of these two assumptions will be dis-
cussed at length later.
Before any additional pressure is applied within the cavity wall (f = 0), the cavity has

a radius ag and an internal pressure py. At time t after application of additional pressure
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p. the cavity radius increases to a. A typical material point now has moved to radius r
from 7g.
At the current position. the total stress must be in equilibrium with the current

boundary traction. Because of symmetry. this requirement can be expressed as

r Jo, (18)
og = 0, — — «
¢ m Or '
subject to the two general boundary conditions:

o.(a) = —p = po (19)
hm o, = —pg (20)

noting that the notation of tension positive is used in this thesis.

The displacement defined by

u=r—rg (21)

is purely radial and Young’s modulus E and Poisson’s ratio v are used to define the elastic
behaviour of the soil. As soils are characterized by the strong inequality ¥ < E for both
total stress undrained analysis and effective stress drained analysis, the use of the small
strain theory throughout the initial phase of elastic deformation is justified provided that
po < E because the strain to the initiation of plasticity is then small. A combination
of a large strain analyvsis in the plastic region and a small strain solution in the elastic

region 1s adopted in this chapter.

2.3 Elastic response

As the applied pressure p increases from zero, the deformation of the soil at first is purely
elastic. Under conditions of radial symmetry the elastic stress-strain relationship may be

expressed as:

,_511_1—1/2(2-771) ) mu

Y T M gy L
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) . i 1— 32 —m) 7 ] . o )
=e=-= 7 {—1_1/(2_m)(rrv11—z/(m—l)gag} (23)

where the vertical strain for a cylindrical cavity is assumed to be zero.
The solution of equations ( 22),( 23) and ( 18) subject to the boundary conditions

( 19) and ( 20) can be easily shown to be:

7= —po = p(=)"7 (24)

a
06 = —po ~ (=) (25)

m T

r 4\ ¢
= - 26
ZmG( 7’) (26)
where G denotes the shear modulus.
Since a compressive negative notation is used, the yvield equation takes the form:

ooy — o, =Y (27)

As the pressure p increases further, an initial yielding starts at the cavity wall when
the following condition is satisfied:
m(} = (a —1)po)
pP=p1= (28)

m -«

The consistency of the stress and strain assumptions in the axial direction used for
the expansion of a cylindrical cavity is discussed now. The assumption of plane strain
conditions and the intermediacy of o. results in two relationships between stresses in
the plastic zone. They are defined by equation ( 17) and equation ( 27). Before the
soll becomes plastic. the radial stress decreases while the hoop stress increases and the
vertical stress remains unchanged. Once the soil deforms plastically, all three stresses
start to decrease. The relative magnitude of the decrease in each stress can easily be

derived from equation { 17) and equation ( 27) as follows:

o (20)
o, 1 —-smo
ﬁ_l—sin@ (30)

6 1l-=sine —
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From the above two equations. we can conclude that the sufhcient condition for o. to
remain as the itermediate stress is
g. _ Og

-2 - (31)

a, o,

which can be further simplified to:

2v>1~sino (32)

The condition defined by equation (32) breaks down only when both Poisson’s ratio
and friction angle of a soil are rather small. Even if this condition is violated, then the
assumption that the axial stress remains intermediate may still be valid throughout the
analysis, since, even though o, is approaching oy, 1t may not reach it before the end of
the analysis is reached. This has been proved by looking at the stress distributions when

the cavity limit pressure is reached.
2.4 Elastic-plastic response : stress analysis

After an initial yielding takes place at the cavity wall, a plastic zone within the region
a < r < bis formed around the inner wall of the cavity with the increase of the applied

pressure p. We now consider the plastic and elastic regions of the soil separately.
The plastic region, a <r <b

The stress components which satisfy the equilibrium equation ( 18) and yield condition

( 27) can be found to be:

}'/— _mia—1)
o, = + ArT 7 (33)
o—1
}'7 A _mio—1} (34
o = - —7r o
f a—1 o )

where 4 is a constant of integration.

The elastic region. r > b
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The stress components in the elastic zone may be obtained from equations ( 18)-( 20)

and ( 22). { 23) as follows:

o, = —po — Br~i7m (35)
1 —{1~m] P
o = —po — — Br ’ (36)
™m

where B 1s a second constant.
The continuity of stress components at the elastic-plastic interface can be used to
determine the constants 4 and B in terms of the interface radius &:
1-m)a(Y —(a—1 i o—1) _
‘4:_( ) )pO)b_—(. (3‘)

fa —1)m—a)

5o Y —(a =T,

m — Q

(38)

Combining equations ( 19) and { 33) allows the elastic-plastic interface radius to be

expressed in terms of the cavity pressure ratio op and the current cavity radius a:

b
— = (gg)eT (39)

a

where the cavity pressure ratio og is defined by:
(m +a)(Y + (e =1)(p~ po))

R Tl = mY ~fa - po) 40

The relationship between the stress distribution and the elastic-plastic interface radius
in the soil has now been established. Once the elastic-plastic interface radius is known.

the stress can be determined using the expressions developed in this section.

2.5 Elastic-plastic response : displacement analysis

As we know, the results obtained above cannot be used to calculate the distribution of
stress until the displacement field is known. On substituting from equations ( 35),( 36),( 38)

into ( 23) the displacement in the elastic zone, r > b, can be shown to be :
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. (¥ *(0‘1)?0)(9)1—mr (41)

2(m — o) T

The determination of displacement field in the plastic zone requires the use of a plastic
flow rule which indicates the relative magnitude of plastic strains in different directions.
It 1s assumed that while yield is occurring. the total strain is decomposed additively
into elastic and plastic components. Indices e,p are used to distinguish the elastic and
plastic components of the total strains. Following Davis (1969), the soil is assumed to
dilate plastically at a constant rate. The non-associated flow rule combined with the
Mohr-Coulomb yield criterion has been well established for modelling soil behaviour with
dilation. For the phase of loading in cavity expansion. the non-associated flow rule may

be expressed as:

& m )
€, ) -
where
1 —sinw
[ = iﬁ (43)
1 —sinw

in which ' denotes the angle of dilation for the soil.
Substituting equations ( 22),( 23) into the plastic flow rule defined by equation ( 42)

results in:

. 1—032—-m) . mv .
Be + = b - —— 0,
€, — Mg 7 {i8 1-—1/(2—m)"0
. 3 i
—im —vm® - my — —m—y——mf@} (44)
: 1-v(2-m)

The distributions of stress and strain in the soil at the initiation of plastic yield are
obtained from equations ( 22)-( 26) by putting p = p;. The integral of equation ( 44)

subject to these conditions is found to be:

1— 122 — .
Se, —mes = 1/;5 m){is— muv
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, ” Amuy
—m — vm- — my — #’j o
) — 2 —=my

mu(l —3) . ;
e S 45
pr——_l (49)

— B =m=-mv—muv-—

In order to account for effects of large strain in the plastic zone. the logarithmic strain

is adopted. namely

d
€, = hl(d—;) (46)
€6 =In— (47)
To

Substituting equations ( 46),( 47) and ( 33), ( 34),( 37) into equation ( 45) leads to:

T ow odr. b mia-1)
Inl( ) S =y 0 18)

To dT’O )

where

B-m)(1l=2v)(Y =(a—1)p)l=(2—m)r,
Ela-1)8

n = el'p{( } (49)

1222 -m)|(1 =m)(Y = (a~—1)po).

Q = - — —
E(a - 1)8(m - ) 5= m —my

mv(a ~8) |

2 -
— —{a-1)8 - ———— 0
m'v = (a ) 1—v(2-m) (50)

By means of the transformation

b mia—1) -

p=(=)"" (51)
r

7’0 £A+m -

C=(5)7 (52)

and the use of equation ( 41), equation ( 48) can be integrated over the interval ib.r],

leading to:




Chapter 2. Closed form solution 20

By putting 7o = ag.7 = a. and making use of equation ( 39), we have

e Hern

m(a —1)8n . (}/'—(Q—l)PO)j”—}’—”—

Q(B —m) {1

Thna—Li Qg ._],,
(—)77

2(m - a)G - 7R a b=

“OR (1)
/ fﬂpp* 7n|u~ly/-1_1dp
1

A
ot
T

N

For spherical cavity expansion in the associated Mohr-Coulomb material (i.e. m = 2
and J = «) equation ( 54) reduces to the solution given by Chadwick (1959).

With the aid of the series expansion

o n
Cﬂp _ Y‘ (QP) ( - 5)
L ! e
— n!
n=0
the following explicit expression for the pressure-expansion relationship is obtained:
al A+
a J_ T a—1)9 "
R £ .
R e (56)
0 _ Wrla—lipa)=~ _ o(B=m]
‘1 2(m-+a)G - m(a—l)BnAl(JB"Q)
where
o
— 1 el
A1<2: y) - Z‘An (D‘)
n=0
in which
n . 3+
Zlne if n = &Brm)
1 n! mia—-1)5
‘471 = - al A+
n— — ] .
— Y 1z wa-1@ — 1] otherwise
nlin— alf Ly N
. mia—1)4"
. . . Yi(a—1)pn .
Having noted that Q is a small value with an order ~—(°;§—)p', we can easily prove that

the series defined by equation ( 57) converges very rapidly for all values of a,3 of the
soil. In general, the first few terms in the series may be used to give satisfactory results.
By putting - — oc. the limit applied pressure p,. may be obtained {rom:
mia =18, (¥ =(a=1)po) s

A1(Re. ) = a8 - m) 1= 2(m - )G - " (58)

where
(m—=a)(Y +(a—1)(pe ~ po))
a(l=m)(Y «~(a—1)po)

ORoc =
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By contrast, it can be shown that the small strain assumption will lead to the following

closed form expression for displacement in the plastic zone:

. Y ~(a=1)po) adf
T 2(m —a)G " m(a —(a-1)3) - 3a
{ 3
3ln77.‘3(§)?b_ , lnnr
g-m'r 9 —m
Qj}\Q Z) Tl =14
- (=)= r (60)

m(a—-(a—-1)3)—38a r
which 1s only applicable to the situation where the maximum value of the applied pressure
is sufficiently small for the squares and higher power of strains included in the large strain
definition ( 46)-( 47) to be negligible.
In addition. neglecting the elastic deformation in the plastic zone results in the rela-

tively simple large strain pressure-expansion expression:

B
1 — (“-'L) i mia—1)8
a

} at 4+ (61)

op =
R {1 _ [1 _ (}’ﬁ-(a—l}po)'%

2{m-a)G -

The comparison between large strain solution equation ( 61) and the small strain
solution given by Hughes,Wroth and Windle (1977) clearly indicates that effects of large
strain in the plastic zone are closely related to the magnitude of deformations and dila-

tancy of the soil.

2.6 Elastic unloading and reverse yielding

Assuming that an elastic-plastic state of the soil around the cavity has been reached by
monotonically increasing the applied pressure to the value p, the effect of monotonically
reducing the pressure to the value (1 — z)p.0 < 2 < (1 + ";‘) is now considered. The
restriction imposed on the value of z allows us only to consider the case when all stress
in the soil remains compressive. The configuration of the system on the completion

of loading 1s used as a reference state from which the stress and displacement of the
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unloading process are measured. Deviations from this state are denoted by a single

prime and current values of fleld quantities by a double prime.

ol =0, — 0! (62)
oy = 0g — Oy (63)
' = —u (64)

As 7 increases from zero, the soil at first unloads elastically. Superimposing upon
the stress distribution at the completion of loading (see equations ( 33)-( 38)) an elastic

stress field produced by the application of an additional pressure —zp at the cavity wall.

we find.

v Y al=m)(Y —(a—1)po) b me—y e -
g, = a—1 (a—l)(mra) (7‘) ~.”cp(r,,) (60)
" Y (1*m)(}'*(a_1 P) b mia-n 1 a” -m :
of = —— 1T o) Bymezn Loy Ly (66)
a-—1 (a —1)(m— «a) r m " r

for a” <" < b"”. and

" m(Y ~(a—=1)po) b a’ . -
0 = —po— (=)~ ap( =) (67)

" y’ — (Q _ l)p b +m 1 a‘” +m q
T = —Po T — 0(; - ;ifp(;)l (68)

for " > b".
As z increases, o increases and o, decreases, the reverse vielding will commence

when

aoc. —og =Y (69)
Recalling equations ( 65) and ( 66) it can be shown that this condition is first satisfied

at the cavity wall r” = ¢” when = = z,. where

m(l - a)(Y = (a—1)(po+p))
a(l —ma)p

Lo =
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which implies that if p > p,. where

m(l —al(Y —(a—1)po) all—ma) o

P2 = - Po (71)

m— a m— a
then 0 < 2, < (1 — %) and a reverse plastic zone must be formed around the cavity
during the unloading.

Following the same procedure in determining the consistency of stress and strain
assumptions in the axial direction of a cylindrical cavity expansion. it can easily be
proved that the sufficient condition for keeping the vertical stress as the intermediate

stress in the reverse plastic zone is

2v<1-+sino (72)

Because the value of Poisson’s ratio can not be greater than 0.5, the above condition

1s automatically satisfied for a soil with any real soil parameters.

2.7 Plastic unloading : stress analysis

Consider now the situation when p > p, and ¢ > z,. We denote the outer radius of the
reverse plastic zone by d” and assume, for the present. that d” < b". The distribution of
stress in the soil is now obtained by considering the regions ¢’ < 7" < d"” and d" < r”
separately and matching the solutions at the interface r” = d”. The general results of
this analysis, which i1s not described here in detail. are as follows,

LY (L=m)(Y —(a=1)po) b w1

— _ YT e ymia—1) 7
o= (o—1jm=a) () (=) (73)

" Y ol =m)(Y +~(a—1)po) b
a—-1 (@ —1)(m+ a) ¥

11
mia~1) T
o

(e (74)
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I (1—'77])(1—C\)(,}"—(a;l)po)(é)—““”_l\(d_u)l~m /—'6)
76 = (a—=1)m <+ a) d r' H
for " > d".
The stress condition at the cavity wall
o'(a") = —po— (1 —z)p (77)
can be used to provide the additional relation,
(a_”)m(a_l)(g)'rm(;—l) _ a(l——ma)f}'_‘i(o”—l)(po—‘—(l—:c)p)‘ (78)
d" d (m —a)(Y —(a—1)(po~p))
The unloading displacement in the region r"” > d” can be shown to be
1-m)(1l~+ Y — -1 b me-1 d"
/:__( m)( a)( (Q )pO)(_)—u—' __)1-.—7717,// (79)
2(m - a)(1 = ma)G d !
and in particular we have
d — dl/ _ ul(dll)
. 1 - , 1 —-— & }r - _ 1 b mia—1} _
gy L mil=e)Y (0 = 1)po) b et .

2(m + a)(1 -~ ma)G d
The consistency of the above results and the earlier assumption d’ < b can be

generally proved as follows. Combining equations ( 70) and ( 78) leads to:

H

a a. mo-1)
(_ —

- <1 81
d// d) ( )

Inequality ( 81) and a” < d” imply that @ < d. Use of the condition that at the

ymei(

cavity wall the value of the displacement after reverse vielding exceeds elastic unloading

!
a!

. . : a
displacement may be made to give § > %.

From equations ( 39) and ( 78) we have

1"
mier—1) a

¥

il a=1)

)m(a—l)( )m(o—l)(

(

b
by
_ -ma)¥ (== (1—zp) .
- 1—m)(Y ~(a—1)po) = (82)

Al o
&
\Y%

a
d

Hence we have d < b and d" < b".
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2.8 Plastic unloading : displacement analysis

The non-associated plastic flow rule for the reverse plasticity defined by

~p//
€

— = —ms3 (83)
D

€
6
can be used for the evaluation of the displacement in the reverse plastic zone. " < r” <
d//
Substituting the elastic solutions provided by equations ( 22}, ( 23) into the reverse

plastic flow rule ( 83) leads to

-2 - 3
....‘777,/3(1“‘V‘TI’LI/)~ #(121/_771—)100” (84)

The differential relation ( 84) can be integrated subject to the condition for the initial

reverse vielding to occur. The total stress-strain relation is found to be

! / 1—‘1/2(2"777') m3v o
¢ —mBe, = B {! T m)
) 501 - my 7
—im ( - V—ml/)—l__y(z_m)_‘av
v . | myr(l +08) .
ol mBl v —my) 1-v(2—m)
(a=1)m=a) 1= v(2—m)
b mio—1)
~mB(l v —mv)— = S (89)

1—v(2-—m) r

The logarithmic strain components measured from the fully loaded state are

dr”

"= 1n{— 86
T”

€g = ln — (87)
r

Substituting equation ( 73),( 74) into { 85) results in the differential equation
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1 ' )mﬁdrﬁ} )\( ' )m(avl (d)——mm_l' (QQ)
; —_— = — —_— Kl — " QC
il r dr” d" r
where
\ 1:1—1./2(2—m)}(1v777,)()'~—('a—1)p0){ m3v
N (a —1)(1 —ma)LE 1 ~v(2—m)
31 muv . }(b)mm—u 89)
l-v-rmv)- —— - o s
Im 3| v —mv) 1~1/(2—'m)‘a 7
1 -2~ m)(l -—m)(Y +~(a—1)p) . . m3v
K = = - {a]] - ———
(a —1)(m—a)E : 1—-v(2—m)
(1 ) i }/b)u (90)
m Tro Y 1—v(2—-m) kd
By means of the transformation
d nla—=1i
r=(-)"= (91)
T
P _
v= (e o2
Equation ( 88) can be integrated over the interval d".r" to give the solution
4ozt
[} o _ull*m/ﬂ\_l e
a/ T I e £
1
d” (%)m‘u_” 1+mA—mla—1)
S [Ty EERSRT vy = 0 (93)
d 1
putting 7 = a,7"" = a” and with the aid of a series expansion, equation ( 93) can be
integrated to give
d | d" rmd a”
where
Aolz,y) = 3 42 (95)
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in which
"mia=1] : (1 31
, [ e i = 2
;1;1 = " mio—lie odlewdy
4l$ — B €y - - npir—31 < 3
71!-’11—“'1""""7{3} win=1: — 1} otherwise
- mia—1) -
and
oc n .
T mia—1){ne Azl .
Aslz.y) =Y — Y et 1) (96)
77:077'(77_ mla—l‘l)

By combining equations ( 39),( 78),( 80) and ( 94) we can obtain an equation for
As the value of a is known from the loading solution, the outer radius of the reverse
plastic zone d".d will be specified if we know the unloading pressure. Alternatively. we
can first specify % and f and then equation ( 80) and equation { 94) can be used to

a'!

determine ;d,—, and d,: respectively. With the known values of ¢, 2 and

% d,, the cavity

contraction ratio gal can be easily evaluated. Finally. equation ( 39) and equation ( 78)
can be used to calculate the loading cavity pressure and the unloading cavity pressure
respectively. Following this procedure. the whole unloading pressure-contraction curve

can be obtained.

When the elastic deformation in the plastic zone is neglected. equation { 94) becomes:

(éf)zma 1= (5 (o7)
d 1 - (d,,) 1-m8
Consequently, the equation for § may be shown to be
1_( )1-»m6 } B
_ feil=-ma)Y+ia-1){pa+(1—z)p) "1,-::'” 9_ _lxms B
1 { {(m=a)(Y+{a—1)(purp)) } e d
1 “" (83 }7 —(a — 1 - a mio—1)
{1 . ( )( ( )(PO p),)(_)—T—}—(1+mB) (98)

2a(1 — ma)G d

2.9 Results

A selection of results is now presented in order to indicate the effects of various key

parameters on the behaviour of cavity expansion and contraction. Solutions for the
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Figure 1: A typical pressure expansion curve for cylindrical cavity
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Figure 2: The initial portion of a typical pressure expansion curve for cylindrical cavity



Chapter 2. Closed form solution

D
o—1 "PTPu

o—1 TPu

L
a Z[‘ = 00
+ v =15
° v = 30°
T T
9
a
an
Figure 3: A typical pressure expansion curve for spherical cavity
20
19 +
18 1
17 4
RN 16 1
=1 ks Puo 15 -
TP 14 4
13
12 -
11 7
10 1
9 —
8 —
7
6 —
5 - =y =00
4 - L I— 150
3 Ly — 0
, v = 30
1 T T T T T T T T T T T T T T T T T T T
1 1.02 104 106 1.08 1.1 112 114 116 1.18 1.2

a

au

Figure 4: The initial portion of a typical pressure expansion curve for spherical cavity
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pressure-expansion relationship. defined by equation ( 56}, have been evaluated for ma-
terials with Poisson’s ratio v = 0.3. friction angle o of 30° and various values of dilation

angle v. The general stiffness index for cohesive-frictional materials —%5— has been

Pu—~

ter—110

set to be 260. These results are presented graphically in Figure 1 and Figure 3 for a
cvlindrical cavity and Figure 2 and Figure 4 for a spherical cavity in two different scales.
Figure 5 presents the variation of the limit pressure with dilation angle, which are ob-
tained from equation { 58). The distributions of stresses defined in equations ( 33}-( 38)
when the cavity expansion ratio equals ten and Y = 0.5py are presented in Figure 6 and
Figures 7- 8 for both cylindrical and spherical cavities respectively. Perhaps the most
interesting feature of these results is the strong dependence of both the cavity pressure
expansion curves and stress distributions on the dilation of the soil.

As far as cavity contraction is concerned, a selection of results for a soil with a value
of stiffness index j—E_o of 1300 and a Poisson’s ratio of 0.3 is presented. The cohesion

ta=1}

of the soil is assumed to be zero (i.e. —

{a—1)

= 0) and the unloading is assumed to start
after cavity expansion has reached a cavity expansion ratio of 5. A set of values for
friction angle and dilation angle of the soil was chosen to investigate the significance of
dilatancy of the soil during unloading. Figure 9 and Figure 10 present the cylindrical
cavity pressure contraction curves for a soil with different dilation angles on linear and
logarithmic plots respectively. The spherical cavity unloading curves for different cases
are shown in Figure 11 and Figure 12. It is interesting to note that the plastic unloading
curves are approximately straight on a logarithmic plot. This is particularly true for
the soil with a low dilation angle. The slope of the plastic unloading curve is generally
found to increase with dilation angle. By contrast, the small strain unloading analysis
indicates that the plastic loading curve should be a straight line on such a logarithmic
plot (Houlsby et al., 1986; Withers et al., 1989). It would therefore appear that the small
strain unloading analysis is less suitable for approximating large strain cavity contraction

in a dense sand than in a loose sand.
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2.10 Conclusion

A unified analvtical solution is presented for stress and displacement field for the ex-
pansion and contraction of both cylindrical and spherical cavities in dilatant soils. The
approach using the direct integration of strain rate and the logarithmic strain definition
has been used so that large strain effects can be taken into account. The dilatancy of the
soil 1s accounted for by adopting the Mohr-Coulomb vield criterion with a non-associated
plastic flow rule. An explicit expression for the pressure-expansion relationship has been
obtained for a displacement with arbitrary magnitude. The analytical limit pressure can
then be determined as a special case when the cavity radius approaches infinity. Finally.
closed form equations for solving residual stress and displacement distributions are de-
rived at any stage of the unloading. Some selected results are presented to highlight the

capability of the proposed solutions.



Chapter 3

One Dimensional Finite Element

Formulation for Cavity Expansion

3.1 Introduction

Closed form solutions are presented in Chapter 2 for the expansion of cylindrical and
spherical cavities in an infinite, homogeneous and isotropic medium. In the analysis. the
soil has been idealised as an elastic and perfectly plastic material. As more realistic soil
behaviour and boundary conditions are taken into account, analytical treatment becomes
exceedingly difficult to handle and it is normally necessary to adopt a numerical approach.

In this chapter, the basic equations governing one-dimensional cavity expansion in an
elasto-plastic material are formulated using the principal of virtual work. These equations

are subsequently solved numerically by the finite element method.

3.2 Consideration of incompressibility constraints

The correct prediction of failure loads is of major importance in soil mechanics problems.
Unfortunately, the literature shows clearly that in conventional finite element computa-
tions using the displacement formulation with elastic-plastic soil models, theoretical limit
loads are often overpredicted (Sloan, 1981). The reason for this is discussed in several

papers. In agreement with others, Sloan and Randolph (1982) state that the problem is

36
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related to the ability of the displacement based finite element to model an incompressible
deformation mode. Nordal and Antonsen (1985) show that an overprediction of limit
loads is due to a conflict between the plastic flow rule and the finite element discretiza-
tion. The conflict arises when a plastic deformation mode, as defined by the flow rule,
cannot be modelled by the shape functions and the available degrees of freedom for an
element.

The incompressibility condition also affects the quality of the stresses calculated using
the finite element method. Naylor (1974) and Burd and Houlsby (1990) show that when
exact integration is used, and as incompressibility is approached, a reduction in the
accuracy of stress calculations occurs. taking the form of stress oscillations across the
element. It was found that these inaccuracies are mainly confined to the mean stress
terms.

Several methods have been proposed to improve the performance of the displacement
method, when used to model an incompressible deformation mode. Examples of these
approaches are the Mixed Finite Element Formulation (Fraeijs de Veubeke. 1965; Her-
rmann. 1965) , Uniform Reduced Integration Element (Navlor, 1974; Zienkiewicz et al.,
1971), Reduced-Selective Integration Elements (Doherty et al., 1969: Malkus, 1976) and
High Order Elements (Sloan, 1981; Sloan and Randolph, 1982: de Borst and Vermeer.
1984).

The Mixed Finite Element Formulation was discussed by Fraeijs de Veubeke (1965)
and Herrmann (19635). Herrmann developed a reduced form of Reissner’s variational
principle particularly suited to problems of incompressible elasticity and, based on this
principle, established the first effective finite element for such cases.

The first example of a Uniform Reduced Integration Element was apparently the plate-
shell element presented by Zienkiewicz et al.(1971). The same concept was emploved for
other applications. In particular. Naylor (1974) advocated the use of the eight-node
serendipity element in problems involving incompressibility. The procedure, however.
has disadvantages as well as advantages.

The concept of Selective Integration was emploved by Doherty et al.(1969) to obtain

improved bending behaviour in simple four-node elasticity elements. One-point Gauss
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quadrature was used for the shear strain term. and 2>2 Gauss quadrature was used
to integrate the remaining terms. Although improved behaviour was noted in some
configurations, the lack of coordinate invariance opened the approach to criticism. Malkus
(1976) proved the equivalence of a class of mixed models to reduced selective integration
single-field elements in linear elasticity theory, for plane strain and three dimensional
analysis. However, the equivalence breaks down in the case of axisymmetry. In addition,
for both Uniform and Selective Integration Elements. there is a danger of exciting “zero
energy modes” which can communicate to form a singular, or nearly singular, global
stiffness. In the singular case. no solution 1s possible.

After a comprehensive study, Sloan and Randolph (1982) showed that if the total
number of the degrees of freedom are held constant, then the total number of constraints
can be reduced by using High Order Elements. A satisfactory finite element solution can
thus be obtained for nearly incompressible behaviour without having to resort to the use
of reduced integration. Although this approach works well. it suffers from the drawback
that for some problems very high order elements must be developed, with penalties on
development time and to a lesser extent on computing time.

Little effort has been devoted in the past to the effects of changes of the displacement
mmterpolation on the quality of limit pressure predictions, and the stresses calculated using
displacement finite element methods. As Nordal and Antonsen (1985) pointed out, the
shape functions may have significant influence on finite element predictions when elastic-
plastic models are used in the analysis. This is because in the elastic-plastic finite element
analysis, overshoot of limit loads sometimes occurs due to a conflict between the plastic
flow rule and the finite element discretization.

The effects of changes in the displacement interpolation on the finite element predic-
tion of limit pressures and stresses are studied in this chapter. Analyses of cvlindrical
and spherical cavity expansion problems have been used to highlight the suitability of

the numerical formulation.
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3.3 Finite element formulation

In the analysis of cylindrical cavity expansion, the expansion is assumed to occur under
conditions of plane strain and axial symmetry in a medium of either finite or infinite
extent. In the numerical analysis, the cavity expansion is assumed to start from a small
rather than zero radius to avoid numerical difficulties. In order to model this problem
of infinite extent using a mesh of finite dimensions, aﬁ outer infinite spring element is
introduced (Yeung, 1988).

In order to carry out the analysis for both cylindrical and spherical cavity expansions

at the same time, the following notation which is defined in Chapter 2 has been retained:

1 for the cylindrical case

2 for the spherical case

An Eulerian definition of strain rate is adopted, in which the Eulerian strains at each
Gauss point within the element are accumulated as the calculation proceeds. The strain

rate vector is defined as:

€
€=< ¢, ¢ =[Lu (99)
6.9
where
8 (m-1) 1.7
L =57 (100)
and the velocity in the radial direction is given by u.
The stress rate vector is defined as follows:
g,
g=< 7, (101)
O¢

A two-node element was adopted in this study, so that the velocity field around a
cavity is represented by values at the connecting nodes. For the element e;;, connecting

nodes ¢ and j, we have:



(Chapter 3. One dimensional formulation 40
I

o)
u= (102)
1 Uj J
The continuous velocity field in the element u can be approximated by the following

equation:

u= Niu (103)

where the shape function matrix is defined:

N = No N (104)

From equations ( 99) and ( 103) the strain rates are related to the nodal velocities by

the following equation:

¢ = LI Nu= Bju (105)
where
AN, oN,
or ar
By = | Bzl mol (106)
N N
T r

From the principle of virtual work, the nodal forces P in equilibrium with a set of

stresses o are:

ity

P- 7'/ BT o(2r)" dr (107)

If we ignore the effects of element distortion (i.e. limit the analysis to small strain

increments), the rate form of the virtual work principle may be written as follows:

P=Ku (108)

where:

117t

Ky =n [V BLD" B2 dr 1109)
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and D' is the elastic-plastic matrix which links a stress increment to a strain increment
for the given material. The general expression for D'’ in an elastic-perfectly plastic

analvsis may be shown to be:

. . ‘Dbl a TiIDe
,D‘EPZ‘D]‘E—> ';‘J’, - 110
R D .
where
a = (?f (111)
do
dg
b= — 112
oo ( )

in which, f and g denote the vield surface and plastic potential respectively for the given
material.

In order to model an infinite medium using an outer infinite spring element. the
interface between the last annular element and the spring element should be selected
such that the spring element always remains elastic. Hence, the radial stiffness A,
which relates the radial force acting at the interface to the radial displacement at the
interface can be computed from the cavity expansion theory in an infinite elastic medinm

and may be shown to be:

R, = 4m*rG(r, )" (113)

where G denotes shear modulus, 7, 1s radius of the interface between the last annular
element and the infinite spring element.

To evaluate the shape function matrix {N};;, some assumptions about the displace-
ment interpolation are needed. Following the conventional approach, in which a linear
displacement interpolation along an element is assumed, the two-node element ¢;; has

the following shape function matrix:

Ny = —L—, - (114)

The above shape function matrix is derived using the conventional linear displacement

interpolation. namely:
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u :(.7(]*('17' (11:))

In this chapter. the following novel non-linear displacement interpolation is assumed
within each element:
Co
u=——(Cyr (116)

7.771
where (g and (') are constants for a given element.
Based on this displacement interpolation the new shape functions are derived as fol-

lows:

P pmsdypm
[ I A (117)

(75 =T )rm

i (,r,m~‘—1 _ m+1 ),r'r_n
N, = - _ 118
J (T;n+1 o :n-‘-l )T‘m ( )

The rationale behind the new approach is as follows. As the material becomes almost
incompressible, the displacements around the cavity in an infinite medium become of
the form v = C/r™ where C is constant. The conventional displacement expansion is
unable to capture this mode exactly, whereas the new expansion does. Furthermore the
new expansion captures exactly the elasticity solution for general cavity expansion in

compressible or incompressible materials.

3.4 Singularities in the yield surface

Ideal elastic perfectly plastic behaviour has been adopted in this chapter for modelling
both clay and sand. The most common constitutive laws used in finite element models to
represent cohesive and frictional soils are the Tresca {(or von Mises) and Mohr-Coulomb
models. These models have been deliberately chosen here mainly for their simplicity.
The Tresca and Mohr-Coulomb models., however, contain discontinuous vield surface

with ‘edges’ at which the yield function is not differentiable. These singularities deserve
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special treatment as they are particularly important for cavity expansion problems. Sev-
eral approaches exist for dealing with these singularities. One of the classical approaches
is due to Nayak and Zienkienicz (1972) and consists in using only one vield function in
combination with a rounding off procedure for points at which two planes of the vield
function meet (so-called corner point). Sloan and Booker (1986) adopted a modified
surface to round off the corners so that a smooth vield surface may be obtained. Al-
though these approaches prove to be effective to some extent. they are mathematically
inconvenient and physically too artificial.

In this chapter, these singularities are dealt with by using the assumption that the
total plastic strain rate 1s the sum of the individual contributions of the two flow rules

(Koiter, 1960). This assumption may be simply expressed as:

€ = Aby — Aoby (119)

where
b = ";ig (120)
by = ?95: (121)

and Ap, A, are scalar multipliers, g1, g, are plastic potentials.
If the corner is defined by two vield functions fi(¢) = 0, fo(¢) = 0, then on plastic

vielding, the stress state will stay on the vield surface, thus,

a6 =0 (122)
a6 =0 (123)
where
a = % (124)
as = %]: (125)

The total strain rate may be decomposed into elastic and plastic strain rates:

E=c — e (126)
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The elastic strain rate is related to the stress rate through Hooke's law:

5= D*e (127)
where (D¢ is a matrix of elastic constants.

Substituting equations ( 119)( 126)( 127) into the equations ( 122)( 123) gives:

al;D' bl 01>D:‘ 62 A1 _ alLDl ¢ (128)

az D*by  as D*b, A az Di%€

Equation ( 128) has a general solution which is of the form:
A = hyé (129)

where h, and h, can be easily derived from equation ( 128).
The above two equations may be substituted into equations ( 119) ( 126)( 127) to

obtain a relationship between the stress rate and the total strain rate:

& = [DP¢ (131)

where

DI = D" = "D*lbslhy — DFfbalh, 132)

Although the expression of the elastic-plastic stiffness, as defined by equation ( 110)
or equation ( 132), seems somewhat complicated, it is in fact very simple. as we can

deduce for the Mohr-Coulomb criterion that

(K = £)(1~sine)(1 + sinv) (K - 28)(1 ~sin¢) (K~ £)(1~sime)(1 - siny)
D = ¢, (K - 28)(1 ~ sinv) (K(1 - 3sinosing) ~ £G) (K - 22)(1 - sinw) (133}
(K—-%)(l—-sina’))(l-‘rsinw) (K - %)(1—sinq‘)) (K + %—)(l—sinaﬁ)(l—sind')
in which
G
Cy = (134)

G+~ (K + ;G)sinosine

when the stress state Lies on the vield surface
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f=03-0,~ (03 —0y)sino—2ccosg =0 (135)
and
(1 -sine)(l —sinv) (1 —sino)(l—-sinv) (1-sno)(l—smu)
D" = (3| (1 -sino)(l —sine) (1 —sino)(1 —sinv) (1 —sino)(l —sinv)
(1 —sino)(1l —sinv) (1 —sino)(l-sinv) (1 —sno)l—snv)
(136)
in which
9K G ;
('3 = (137)

12K sinosinv — G(3 —sino)(3 — sinv)
for the case when the stress state lies on the corner defined by the following two vield

functions:

fi=03—01— (03— 01)sino — 2ccoso =0 (138)
fo=00—01— {02+ 01)sin® —2ccoso =0 (139)

where o, v and ¢ denote friction angle, dilation angle and cohesion of a soil respectively
and the condition ¢; < g, < 03 < 0 is assumed to be satisfied.
The expression of the elastic-plastic stiffness for the Tresca plasticity can be easily

obtained by putting @ = 0,v = 0 in equations ( 133) and ( 136).

3.5 Global solution scheme

In order to give a complete description of some basic procedures in the non-linear
finite element analysis. a discussion on the solution scheme is given in this section and
this follows closely the discussion given by Burd (1986). In general, many different ap-

proaches have been proposed and these may be divided into two main categories.
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Figure 13: Newton-Raphson solution scheme (after Burd. 1986)

The simplest solution algorithm is the Euler scheme in which the exact curve is ap-
proximated by a series of straight lines having a slope equal to that of the exact curve at
the start of the increment. More refined variants of this sort have also been used success-
fully. Carter et al.(1977) modified the basic scheme by using the slope of the exact curve
at the mid-point of the increment. Another variation employs the stiffness at the start
of the load increment but provides a correction procedure for the out-of-balance nodal
forces at the next increment (Sloan, 1981).

An alternative to the Euler based schemes is the Newton-Raphson set of algorithms,
the basic form of which is illustrated in Figure 13. An approximation to the exact curve is
again made based on the slope at the start of the increment but the approximation is then
refined using an iterative procedure in which the stiffness 1s updated at each iteration.
This can lead to excessive computing time because of the need to evaluate and invert the
stiffness matrix for each iteration. A possible refinement is to use the stiffness matrix
calculated at the start of the increment for all the iterations within that increment. as

described by Nayak and Zienkiewicz (1972).

The choice of solution scheme for a non-linear finite element formulation depends
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Figure 14: Modified Euler solution scheme (after Burd, 1986)

on the tvpe of non-linearities present and the available computational facilities. In this
thesis, the modified Euler scheme described by Sloan (1981) is adopted, partly because
it tends to be more robust than the Newton-Raphson scheme and partly because this
algorithm has been shown to be efficient and numerically stable in a series of collapse load
calculations by Sloan. The particular form of the modified Euler scheme used to obtain
all of the finite element solutions presented in this thesis is illustrated diagrammatically

in Figure 14 with reference to a single degree of freedom system.

At the start of the 1*" load step, the individual element stiffness matrices are calculated
and assembled for solving a set of incremental nodal displacements 2Aé;. The next step
is to calculate a set of stress increments /\o at each Gauss point, corresponding to the
set of incremental nodal displacements AAé;. The final step in the solution scheme is to
calculate the nodal loads equivalent to the updated stresses in the updated geometry,
denoted by F; in Figure 14. These forces are calculated from the virtual work principal.
A set of unbalanced nodal loads /A R; are then calculated and applied as an equilibrium

correction during the next load increment.
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One Dimensional Finite Element
Analysis and the

Cone-Pressuremeter Test in Sand

4.1 Introduction

The cone-pressuremeter test is a relatively new in-situ test in which a pressuremeter 1s
combined with a standard cone. The interpretation of the test is more complex than that
of the self-boring pressuremeter, because of the influence of the prior cone penetration.
An interpretation method for the test in clay has been proposed (Houlsby and Withers,
1988). but interpretation methods for tests in sand have not yet been developed.

A research programme aimed at understanding the cone pressuremeter test in sand is
currently in progress at Oxford University. The programme includes large scale calibra-
tion chamber tests (Schnaid. 1990). and also finite element analysis of the test. The latter
part of this programme is the subject of this chapter. Whilst a comprehensive analysis of
the cone pressuremeter test requires a two-dimensional axisvmmetric analysis. significant
progress can be made by analysing the test as a one-dimensional cavity expansion, and
this chapter concentrates on this approach.

As well as developing methods of interpretation of the test in the field, cavity expan-

sion analysis can be used to aid interpretation of the chamber tests. In particular it 1s

48
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found that the effects of chamber size on cone and pressuremeter tests in chambers can

largely be explained by a cavity expansion process.

4.2 Verification of the finite element formulation

Before the finite element formulation is used to carry out the analvsis of the cone-
pressuremeter. it is necessary to validate the numerical formulation by analvsing some
test problems, for which closed form solutions are available.

The finite element formulation developed in Chapter 3 can be used to predict the
limit pressure for cavity expansion. and stress states around the cavity during any stage
of expansion. Analytical solutions of pressure-displacement curve for cylindrical and
spherical cavity expansion in undrained Tresca materials were obtained by Gibson and
Anderson (1961) and Chadwick (1959). In order to avoid unnecessary complication,
large strain theory is used in the plastically deforming region and small strain theory is
adopted for the outer elastic zone. As soils are characterized by the fact that the rigidity
index 1s very large and the strain to the initiation of plasticity is then small, the use
of small strain theory in the elastic region is acceptable for all realistic soil parameters.
The generalisation of the results of Gibson and Anderson (1961) to a dilating material
has been presented in Chapter 2 using the non-associated Mohr-Coulomb criterion. To
investigate the effects of incompressibility on the quality of limit pressure and stress data
calculated by the finite element method, the analytical solution is used to verify the
numerical formulation for the special case of the cavity expansion in undrained cohesive
materials and purely frictional soils without volume change.

For convenience of comparisons. a relative error parameter is defined as follows:

n t
L

{

x 100 (%) (140)

where P and P} denote the predicted limit pressure by the finite element and analytical
solution respectively. In the finite element solution for cavity expansion limit pressures
presented in this chapter. an expansion ratio of four is applied to the radius of the cavity.

As a simple procedure 1s used for stress update calculations, which does not include the
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stress correction at end of the increment. the use of a very small increment is necessary
in the analysis in order to obtain a correct solution. The calculation is performed in 6000
displacement increments for expanding the initial cavity radius by a factor of four. In
the calculation of the stiffness matrix, both one point Gauss quadrature and two Gauss
point quadrature have been used.

The material properties used for the von Mises and Tresca models are: Poisson’s ratio
v=0.49. rigidity index I, = G,/s, = 100. in-situ hydrostatic stress po=0. The theoretical
solution for cavity expansion in undrained Tresca materials may be written in an equation
with the following form (Gibson and Anderson, 1961: Chadwick. 1959):

L

P ==

T eul—Inl, —In(l — (2)ym=1y (141)
a

where m = 1 and m = 2 represent the cvlindrical cavity and spherical cavity respectively;
+ denotes the cavity expansion ratio.

For the cvlindrical cavity expansion problem, the solution for the von Mises material
can also be obtained from the above equation. This can be achieved by using the plane
strain undrained shear strength, which i1s equal to the triaxial undrained shear strength
multiplied by a factor of % For spherical cavity expansion, the von Mises and Tresca
solutions are the same.

The material properties used for the Mohr-Coulomb model are: Poisson’s ratio v=0.49,
the ratio of shear modulus to in-situ hydrostatic stress G/po=100, dilation angle v'=0,
friction angle ¢ = 30°. The theoretical solution for the expansion of both cylindrical
cavity and spherical cavity in the Mohr-Coulomb material is given by equation ( 56) in
Chapter 2.

For the material models with the above properties, 50 two-node elements are used in
conjunction with an outer infinite spring element to model cavity expansion in an infinite

soil mass.
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Table 4.1 Comparisons of The Relative Error Parameters ERR%

Element Integration Cvlindrical cavity ‘ Spherical cavity
type ‘ rule Tresca . Mises  Coulomb  Tresca Mises Coulomb
Conventional 1x1 ©-0.072 © -0.144 © +0.094 -0.161  -0.242 -0.616
element 132 ~38.38% 33875 -1200% 11437 -114.24% —1.988%
Proposed 1x1 -0.253 ., -0.369 -0.223 -0.429 -0.496 -0.599
element . 1x2 - -0.180 | -0.241 ; -0.070 -0.349 -0.429 -0.372

I failure of the numerical prediction of stress distributions

In Table 4.1 the values of relative error parameter from the numerical study and an-
alvtical solutions for different cases are shown. The results suggest that the conventional
two node element with two Gauss point integration predicts the limit pressure with lower
accuracy for the Mohr-Coulomb material, and fails to predict the limit pressure for both
the von Mises and Tresca materials. This procedure also results in poor estimates of
the stress states for all these material models. This is reflected by a strong oscillation of
the stress distribution in the soil surrounding the cavity. It is interesting to note that
the conventional two node element with one point Gauss quadrature could be used to
improve the numerical performance for both limit pressure prediction and stress calcula-
tions in some cases. The dependence of the performance of the analvsis on the number
of Gauss points for the conventional two node element may be due to the effects of the
incompressibility constraint. By contrast, the proposed two node element has been used
successfully for the prediction of the cavity limit pressure and stress states. The result of
the analysis using the proposed element is largely independent of the number of Gauss
points used in forming the stiffness matrix. All the results presented in this section are
in agreement with the argument put forward in Chapter 3 suggesting that the proposed
two node element is superior to the conventional one. This conclusion is justified because
the proposed element gives a consistent numerical performance with both one and two

Gauss point integration rules.
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Although several methods have been used in the past in order to reduce the con-
straints imposed on the nodal velocities by the incompressibility condition. none has
been based on the appropriate choice of displacement interpolation to minimise the con-
straints. When compared to the conventional one-dimensional two node element. the
proposed two node element with a non-linear displacement interpolation gives higher ac-
curacy for both cylindrical and spherical problems which involve nearly incompressible
behaviour. The new displacement interpolation function described in this chapter has
been developed further by the author to suit two-dimensional axisymmetric elastic-plastic
problems. Full discussion of this novel two-dimensional finite element formulation will be

given in Chapter 5.

4.3 Analysis of the cone-pressuremeter

Expansion of a cylindrical cavity in an infinite soil and in a finite soil cylinder has been
used to simulate the cone-pressuremeter test in the field and in a laboratory calibration
chamber respectively. In this study, an expansion ratio of four is applied to the radius
of the cavity, which may be assumed to model numerically the expansion of the cone
pressuremeter membrane following installation of the instrument. The calculation is
typically performed in 6000 displacement increments.

Experimental results for a cone-pressuremeter in a large calibration chamber show
a well defined limit pressure after a cavity strain of approximately 20% (Schnaid and
Houlsby. 1990: Schnaid, 1990). Calculations have been carried out to model as closely as
possible the conditions for each test, using measured values of soil shear modulus, and
friction and dilation angles estimated using the procedure described by Bolton (1986,
1987). The parameters used in the analysis for a total of 28 tests are listed in Table
4.2, with measured and predicted limit pressures. The tests are classified in the same
way as Schnaid (1990), where the pressuremeter probe size is given first, followed by the

abbreviation of the cone-pressuremeter (CMPT) and finally the test number.
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Table 4.2 Prediction of the cone-pressuremeter limit pressure

Test

14 | (1‘

m

Ry 00 Tho 6] uy vy

(kPa) ' (kPa) (MPa) (kPa) (kPa)

L0CPMTO02 027 -39.60  -46.60 37.68 423 701 410 567

10CPMTO3 © 0.16  -64.80 =~ -34.10 34.27 0.04 - 61.76 325 366
L0CPMTO04 017 -89.80 -96.60 33.94 -046 8534 750 1023
10CPMTO05 0.26  -139.60  -T1.60 36.39  2.61 ~ 84.60 630 833
10CPMTO6 | 0.21 | -189.80 | -196.60 ' 34.27 ' -0.04 . 113.61 1400 = 2110

10CPMTO7 * 0.26 © -49.60 -116.60 36.39 © 2.61  95.34 . 830 1365
10CPMTO08 0.24 * -289.70 -146.60 34.98 0.85 105.76 1090 1599 .
10CPMTO9 * 0.60 -88.80  -96.60 ' 45.67 14.21 ' 176.77 1490 1510 \
10CPMT10 0.62 -138.70 © -71.60  46.22 14.90 | 165.97 = 1310 1140 ‘
10CPMT11 0.61 -88.80 & -96.60 45.94 ' 14.55 179.33 1500 = 1521
10CPMT12 0.63 -138.70  -71.60 46.49  15.24  167.52 1310 1148
10CPMT13 . 0.62 -48.70 ' -116.60 46.22 ' 14.90 188.85 1600 1850
10CPMT14  0.63 -288.70 ' -146.60 44.21 12.38 | 230.42 2080 = 2108
| 10CPMT15: 0.68  -63.70 ' -3410 50.44 20.17 | 10550 640 = 604 |
| 10CPMT16 * 0.60 -188.70 | -196.60 ' 43.50 11.50 | 246.27 2450 = 2888
10CPMTIT | 0.89 © -63.10 | -34.10 56.98 : 28.36 136.01 790 . 683
10CPMTI18 0.83 | -138.10 -71.60 51.96 - 22.07 22671 - 1540+ 1315 |
| 10CPMT19 ' 0.86 -88.10 | -96.60 52.77 ' 23.00 | 274.07 - 1890 1791%
10CPMT20  0.85 | -89.10 | -96.60 52.49  22.41 275.67 ~ 1930 1788

C10CPMT21  0.84 | -48.10  -116.60 . 52.23 = 22.41 | 203.27 = 2120 & 2145

| 15CPMTO02 . 0.88 = -88.10  -96.60  53.32 23.78 | 222.76 = 1420 = 1824

15CPMTO03 0.67  -88.80 | -96.60 - 47.58 16.60 | 160.08 ' 1160 1589

15CPMTO04 | 023 | -89.80 = -96.60 35.57 159 | 8220 ' 615 = 1089
15CPMTO05  0.84  -88.10 | -96.60 5223 | 22.41, 210.60 1460 = 1777

05CPMTOL ' 0.84  -63.10 | -34.10 5543 26.41| 173.91 = 1120 674
05CPMT02  0.87 | -138.10 | -T1.60 : 53.05 23.43 | 281.63 1930 | 1342 |
- 05CPMTO3  0.64  -138.70 | 7160 4676 15.58 | 181.56 1460 = 1153 |
05CPMTO04 + 0.65 | -88.80 | -96.60 47.03 | 15.92 | 220.67 | 2050 = 1566 ‘

Lo
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Figure 15: Comparison between measured and calculated limit pressures

For example, 10CPMT02 means a 10cm? cone-pressuremeter test. test number 2. Ry
denotes relative density of the sand and v[", %[ represent the measured and predicted
limit pressures for the cone-pressuremeter test. ¢.v are angles of friction and dilation of
the sand and G denotes the shear modulus measured from the unloading-reloading loop
of the cone-pressuremeter test.

The calculated imit pressures are compared with the measured ones in Figure 15.
The slight underprediction of limit pressures for dense sands is almost certainly because
the end effects on the actual pressuremeter of finite length result in a higher limit pressure
than for an ideal, infinitely long, cavity. Investigations of the effects of the finite length
of the pressuremeter are presented in Chapter 6. The overprediction of limit pressure for
loose and to a lesser extent for medium sands is probably due to use of slightly too high
a friction angle and stiffness in the calculations. Overall the agreement is remarkably

good, considering the simplicity of the theoretical model.

The recent analysis of the cone-pressuremeter test in clay suggests that the difficulties

in modelling the disturbance caused by installation of the cone-pressuremeter may be
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overcome by using the plastic unloading curve from the pressuremeter test to derive
the soil parameters (Houlsby and Withers. 1988). The small strain unloading analysis
(Houlsby. Clarke and Wroth, 1986) for the Mohr-Coulomb material shows that the plastic
unloading slope in a plot of In v against — In(€., — €c) 1s primarily controlled by the soil
strength parameters and to a small extent by soil stiffness, where v is the cavity pressure
and €.n and €. denote the maximum and current cavity strain. The slope S; of the
unloading curve in this plot may be approximately expressed as a function of the angles
of friction and dilation as follows:
-3
So= -t (142)

n

where N = (1 —sino)/(1—sine) andn = (1 —sinv)/(1 +sinv). in which ¢ and v denote
the plane strain friction angle and dilation angle respectively.

This finding has been supported to some extent by the large strain unloading solution
developed in Chapter 2. Comparison of the large strain solution and the small strain
solution suggests that the small strain unloading analysis developed by Houlsby et al.
(1986) may be used to give an approximate solution for large strain contraction of a
cavity in sand. This is particularly true for both loose and medium sands. For dense
sands, the large strain solution illustrates that the plastic cavity pressure-contraction
curve is not in general a straight line on the logarithmic plot. which may suggest that the
small strain solution is less satisfactory in approximating the cavity pressure-contraction
relationship for the large strain cavity contraction in dense sands. In general, the small
strain solution tends to overestimate the plastic unloading slope by few percent for both
loose and medium sands. For dense sands. it is found that the small strain analysis
may underestimate the large strain plastic unloading slope by more than 10%. The
agreement for dense sands may be improved by ignoring the initial portion of the plastic
unloading curve in determining the unloading slope. In agreement with the large strain
unloading analysis, results of the present large strain finite element analysis using the
Mohr-Coulomb yield criterion further confirm that the slope of large strain unloading
can be predicted by the small strain solution with a reasonable accuracy. An example of

the results of a numerical analvsis 1s plotted as In zi;«% against — In(e.,, — €.) in Figure 16,
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Figure 16: Example of a numerical cavity expansion-contraction curve

showing that a substantial section of the curve is straight in this plot. It 1s therefore
justified to use the simple closed form solution obtained from the small strain theory
in highlighting the possibility of deriving strength parameters of a soil from the cone-
pressuremeter unloading test results.

Equation (142) 1s inconvenient in that it involves both the friction and dilation angles. It
1s convenient to introduce a relationship between these angles, and Rowe’s stress dilatancy
relationship (Rowe, 1962), which can be written:

SIN @ — SIN Qg

sin v = - - (143)
1 — sin @ s1n @,

1s well established empirically, and allows the dilation angle to be eliminated from equa-
tion(142). introducing instead the ¢, value which can be easily determined by independent

tests. The result is:

. . 1 —sIn @e L 1 — sin @ )
SIN@ = (SIN Qg ~ ———— ) — 4/ (SIN Qg — ———— )% —
\ S

Sq

The above equation may be used to obtain the soil strength parameters from the

1 (144)

in-situ cone-pressuremeter tests in sand. This relationship for different values of critical
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Figure 17: Relationship between friction angle and plastic unloading slope

state friction angle is plotted in Figure 17.

The above relationship has been developed using the assumption that the comne-
pressuremeter test can be explained as a cylindrical cavity expansion process. This
assumption may be justified either by testing the above proposed correlation using field
test data or by comparing the cavity expansion analysis in a finite cvlinder with the large
calibration chamber test data. The latter approach has been used because of the lack of
field data for the cone-pressuremeter test. The numerical analysis has been carried out
by using some best estimates of the soil parameters for the chamber tests.

A typical experimental cone-pressuremeter expansion and contraction curve carried
out at Oxford by Schnaid is shown in Figure 18 (Schnaid and Houlsby. 1990). A clearly
linear unloading curve i1s defined. which was found generally to be the case for tests on
loose sand. For medium and dense sands the slope of the unloading curve on this plot is
much less well defined. Although the shape of the theoretical and experimental unloading
curves are similar, 1t 1s found unfortunately that the S; values do not compare well. In
general the calculated Sy values are significantly higher than those measured. and in any

case (apart from for loose sand) there is a significant scatter in the observed Sy values.
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Figure 18: Example of a cone-pressuremeter loading-unloading curve from a chamber
test

The disagreement of the calculated 54 values and the measured Sy values may be partly
due to the unrealistic modelling of stress-strain behaviour of a soil during unloading. The

explanation of these topics deserves further careful investigation.

4.4 Estimate of the chamber size effect

One of the aspects of the calibration chamber tests which needs further research is the
quantitative estimate of the effects of chamber size on the calibration results. It is usu-
ally thought that calibration chamber tests in loose and medium sands represent field
conditions reasonably well, but dense tests are significantly effected by the proximity of
the chamber boundary (Lunne and Parkin, 1982). Hence. corrections have to be made
before applying chamber test results to field conditions.

Based on the assumption that the cone-pressuremeter test can be explained as a cvhn-
drical cavity expansion process, it may be reasonable to suggest that the chamber size
effects can be accounted for by considering the difference between the analysis of cav-

ity expansion in an infinite medium and in a finite cyvlinder. First of all, some insight
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into this problem can be gained from cone penetrometer test results. By analvsing an
extensive database of approximately 400 chamber tests on cone penetrometers carried
out in Norway. Italy and the U.K.. approximate relationships between the ratio of tip
resistance g;50 measured in a calibration tank of 50 cone diameters to the g, value in
smaller tanks of different diameter ratios ('; have been obtained for different ranges of
sand density. In addition, the cone-pressuremeter tests in a large calibration chamber
carried out by Schnaid (1990) at Oxford provide some useful experimental data regarding
to the chamber size effect on the cone-pressuremeter himit pressure v;. Schnaid’s results
suggest that the chamber size has a very significant effect on the observed pressuremeter
limit pressure for both medium and dense sands. No significant difference of the magni-
tude of the chamber size effect is observed for medium and dense sands. In other words.
the chamber size effects for the tests on medium sand and the tests on dense sand are
very similar. No general conclusion for loose sand can be drawn, mainly because few
tests have been carried out on loose sand.

A comparison is made between the magnitude of the effect predicted by cavity ex-
pansion analysis, and the observed chamber diameter effect on the cone and the cone-
pressuremeter tests. This comparison is based on the hypothesis that cone penetration
resistance and the cone-pressuremeter limit pressuremeter are controlled. at least in part.
by a cavity expansion process. In the calculations. an isotropic initial stress state is as-
sumed. The values of the stiffness index (%) of 500,1000 and 3000 are used to represent
loose, medium and dense sands respectively. Similarly, the friction angle ¢ is given the
values of 33°,42° and 53° for loose, medium and dense sands respectively. In addition,
the critical state friction angle is assumed to equal 33° and dilation angle v is obtained
from Rowe’s stress-dilatancy equation.

Figure 19 shows the comparison of these ratios with the ratios calculated for the
cvlindrical cavity expansion limit pressure. using large strain analysis. The calculations
show that a chamber diameter effect would be expected even for loose sands, with an
increase in the magnitude of the effect for medium and dense sands. Because of the many
different factors which can affect chamber tests (sand density, stiffness. and particle size

as well as cone and chamber size), it is difficult to separate out the effect solely of the
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Figure 19: Comparisons between the numerical predictions and test results of chamber
size effect

chamber to cone size. However, the experimental results seem to indicate only a very
small effect for chamber to cone diameter ratios greater than 20 for loose sand. but a more
significant effect for medium and dense sands. The experimental points for medium and
dense sands shown in Figure 19 are approximate only and deduced from a large number
of rather scattered test data.

For medium and dense sands the boundary effects of small chambers seem to be
slightly greater than indicated by the calculations. These comparisons do. however, give
some confidence that cavity expansion analysis could be used to improve the interpre-
tation of cone and pressuremeter tests in calibration chambers. A similar approach was

successfully used by Jewell, Fahey and Wroth (1980).

4.5 Conclusions

A relatively simple approach based on cavity expansion theory has been developed to

perform an analysis of the cone-pressuremeter test both in the field and in a calibration
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chamber. The proposed method uses large strain theory with a novel finite element formu-
lation which is able to minimize the excessive constraints caused by the immcompressibility
and constant dilation rate conditions.

Calculations of limit pressures agree well with observed values in a large calibration
chamber. except that for loose sands the limit pressure is overestimated, probably due to
the use of a too high friction angle.

In field conditions. a semi-analytical correlation between the soil strength parameters
(0.v) and the cone-pressuremeter plastic unloading slope 53 has been proposed based on
analvses using a large strain cavity expansion model. The application of this correlation
to field problems must be considered with caution because verification of the proposed
correlation using field test data is still required. Quantitative agreement between analvses
and laboratory test results 1s not good.

Together with an extensive database of more than 400 tests. the proposed numerical
method has been used to quantifv the chamber size effects. The comparison between
the analysis and test data is encouraging, indicating that the assumption that both
penetration pressures and the cone-pressuremeter limit pressures are controlled by a

cavity expansion process can at least in part explain observed chamber size effects.



Chapter 5

Large Strain Finite Element
Formulation for Two Dimensional

Axisymmetric Problems

5.1 Introduction

In deriving shear strength from pressuremeter tests in clay, the rate of installation and ex-
pansion is generally considered to be sufficiently fast to give rise to undrained conditions.
The constant dilation rate condition is commonly assumed for interpreting self-boring
pressuremeter tests in cohesionless soils. In both of these conditions, the soil behaves
as either incompressible or with a constant volume change rate. These features must be
considered in developing the finite element formulation.

When analvsing the cone-pressuremeter test, where a large displacement may need
to be reached during the test, it is important to take into account large strain effects in
the formulation of finite element equations in order to obtain a correct solution. For this
case, where large displacement and large soil rotations are involved. care should be taken

in choosing the stress rate definition.

62
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Figure 20: Description of kinematics

5.2 Consideration of large displacement analysis

5.2.1 Description of kinematics

In the infinitesimal theory of elastic-plastic deformations. it is possible to define strain in a
unique and unambiguous way. This is not true when the deformations are large. however,
since a variety of co-ordinate systems may be used which will inevitably result in different
strain definitions. In continuum mechanics, the deformation of a body subjected to large
displacements is usually described by either a Lagrangean or an Eulerian reference system.

Consider a body subjected to large displacements as illustrated in Figure 20. The
motion begins at time t = Ty and ends at time ¢t = 7. At a given time 7y, the position of
a typical material point, Fy. in the deforming body is described by the co-ordinate vector,
a;, relative to some fixed reference. At time 7, the same material point has moved to

position P. which 1s described by the vector, z;, in the same reference frame.

In the Lagrangean description, the co-ordinate vector z; is related to a; in an equation

of the form:



Chapter 5. Two dimensional formulation 64

r; = x:a;. 1) (145)

and this approach lends itself to a description of the deformation in terms of the Green-

Lagrange strain. which is given by the expression:

Oz Oz .
r”CJ\ er _&j; (146)
“da; Ja; ’

E;, =

PO =

where &;; i1s the Kronecker delta.

An alternative to the Lagrangean approach is the Eulerian description which, although
currently less popular than the Lagrangean formulation, can sometimes lead to simpler
forms of the finite element equations. The basis of the Eulerian approach is to consider
the velocity of a material point. u, . in the current configuration. to be related to the

co-ordinate of the material point, . and the time ¢ in a relationship of the form:

U; = ui(mi,t) (147)

The deformation of the material is described by the rate of deformation tensor defined

as:

Jui
ail?j

These two kinematical descriptions have both been used in finite element analysis of

di; = (148)

large strain problems (Hibbitt et al., 1970; Carter et al., 1977; Osias and Swedlow, 1974;
McMeeking and Rice, 1975). The choice of kinematic description depends mainly on the
form of the material behaviour that is being modelled, but may be influenced by the
ease with which the appropriate material properties can been measured and. to a certain
extent. on personal preference. The Lagrangean approach is best suited to those problems
where the constitutive law mayv be written in terms of the total deformation of the material
and therefore lends itself to the description of materials with a natural reference state.
The Eulerian description. however, is well suited to the analyvsis of material for which

the constitutive laws are conveniently expressed in terms of stress and strain rates, as is
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often the case in Soil Mechanics. It is for this reason that the Eulerian description has

been adopted in this thesis for developing finite element formulations.

5.2.2 Objective stress rates

For a mathematical description of material behaviour to be consistent within the frame-
work of continuum mechanics. it is necessary that the stress rate used in the constitutive
equation should be ‘objective’. This condition requires that the stress rate must vanish
under conditions of rigid body motion.

It may be shown (Prager. 1961) that the definition of ‘objectivity’ i1s not sufficiently
restrictive to give a unique definition of stress rate. As a result. several different ‘objec-
tive’ stress rates have been proposed (Jaumann. 1911; Truesdell, 1953: Oldrovd. 1950).
Amongst these, the Jaumann definition has been almost universally adopted for use
in large strain computations in recent vears. This popularity stems from the desirable
feature of the Jaumann definition that vanishing of the stress rate implies stationary
behaviour of the stress invariants.

In spite of the fact that the Jaumann stress rate may give rise to physically unrealistic
solutions to problems where shear strains become very large (Dienes, 1979). the original

form of the Jaumann stress rate, as defined by:

Oy = 0ij — OupWii — O kWi (149)
has been adopted in this study, since the shear strains expected in the analysis are not
sufficiently large to justify the additional complexity of any modification. The superior

dot denotes the Cauchy stress rate. and u;; is the skew-symmetric spin tensor:

: 8_3:] (%:i‘

o=

f)ui 5uj,‘

t

5.3 Incompressibility constraint

A particularly comprehensive analvsis of the difficulties associated with finite element cal-

culations in the fully plastic range was given by Nagtegaal et al.(1974). Having identified
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the detrimental effect of incompressibility constraints, they proposed a criterion which
must be satisfied if the finite element analysis is to vield a satisfactory solution. This
criterion. which is based on a limiting mesh consisting of an infinite number of elements
of identical type, requires that the number of degrees-of-freedom in an element must be
greater than the number of constraints imposed by the incompressibility condition. They
further showed that for plane strain problems. only a few of the classical lower order el-
ements are able to meet this requirement, while for axisymmetric problems the situation
appeared to be much worse, as none of the common lower order elements would be able
to predict collapse loads accurately. To obviate this problem, they proposed an approach
in which the volumetric strain rates and the nodal velocities are admitted as indepen-
dent variables and different geometric expansions are used for each of these variables.
Later this approach was applied to undrained Soil Mechanics problems by Toh and Sloan
(1980).

As an extension to the analysis for the hmiting mesh, Sloan and Randolph (1982) also
analysed the necessary conditions for a mesh consisting of a finite number of elements to
be suitable for collapse load calculations. This analvsis has shown that the suitability of
any finite element mesh is governed by the number of degrees-of-freedom per constraint
for an element. When the number of degrees-of-freedom per constraint for an element
1s greater than unity, most meshes generated will be suitable for limit load calculations.
The reverse is true when the number of degrees-of-freedom per constraint is less than
unity. When the number of degrees-of-freedom per constraint is equal to unity. it has
been demonstrated that at least half of the boundary degrees-of-freedom must be left
unrestrained in order to satisfy the criterion. They have shown that this criterion can be
satisfied by the use of higher order elements. This is because as the order of an element is
increased, the number of degrees-of-freedom per element increases faster than the number
of incompressibility constraints. According to Sloan (1981), the lowest order of triangular
element suitable for this approach for axisymmetric problems is the cubic strain element.
Although this approach works well, it suffers from the drawback that due to the large
bandwidth in the stiffness matrix caused by higher order elements, some sophisticated

techniques (e.g. the frontal equations solver) must be emploved. with penalties on higher
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costs.

An alternative approach which has been widely used to obviate the problems caused by
the incompressibility constraints is the so-called Reduced Integration Method (Zienkiewicz
et al., 1971: Malkus and Hughes, 1978). The idea of this approach is to use a Iimited
number of sampling points in evaluating the element matrices and load vectors. One
major effect of this method is to decrease the number of incompressibility constraints
on the nodal velocities. This is clearly seen by noting that the maximum number of
constraints per element must be less than, or equal to, the total number of integration
points used in forming the element stiffness matrices. A theoretical justification for using
Reduced Integration in a nearly incompressible displacement formulation has been given
by Malkus and Hughes (1978). They proved that displacement formulations with Re-
duced Integration are in certain cases equivalent to mixed formulations (i.e. formulations
in which the finite element discretization is based on the use of mixed variable types).
This equivalence typically holds in plane strain and three dimensional analysis. however,
it breaks down for the case of axisymmetry. In addition, it has been shown (de Borst
and Vermeer, 1984) that in problems in which, besides the kinematic constraints of in-
compressibility, many geometric constraints are present (e.g. the deep cone penetration
with a rigid. rough shaft, and a rough tip), the Reduced Integration approach may result
in inaccurate solutions.

A further effect that can be used to advantage, but has received little attention in
the past, is that the number of incompressibility constraints may be reduced by choosing
appropriate displacement interpolation functions. An example of this tvpe of approach
for one-dimensional problems is given in Chapter 3.

In this chapter, the theoretical criterion originally developed by Nagtegaal et al.(1974)
has been used to assess the suitability of a particular displacement interpolation function
when 1t 1s to be used with any constitutive law which attempts to enforce the constant
volume condition at failure. After a detailed theoretical study of the influence of the
displacement interpolation function on the number of the incompressibility constraints,
a novel displacement interpolation function with a six-noded triangular element is found

to be able to satisfy the Nagtegaal criterion in axisymmetry. Based on the proposed
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displacement interpolation function and the concept of isoparametric elements, two al-

ternative new displacement finite element formulations are developed.

5.4 Suitability of the proposed displacement inter-
polation function

According to the criterion of Nagtegaal et al.(1974). 1t is necessary to determine the
number of degrees-of-freedom per constraint for the limiting case of a very fine mesh
in order to ascertain whether a particular element assemblage is suitable for accurate
elastic-plastic analysis. The number of degrees-of-freedom per constraint is defined as
the ratio of degrees-of-freedom to constraints for an element. A general procedure for
determining this ratio for any given element type has been described in detail by Sloan
and Randolph (1982).

Following this procedure, the conventional six-noded triangular element is used to
demonstrate that an analysis of axisymmetric constraint problems is more difficult than
that of plane strain problems. It is then shown how the conventional six-noded triangular
element can be modified for an elastic-plastic analysis under axisymmetric loading.

Consider a body, loaded under plane strain or axisyvmmetric conditions, which is
discretized arbitrarily using elements of identical tvpe. The number of degrees-of-freedom

per element is:

me=—9Y 6 (151)

where ¢ denotes internal angle for node ¢ of element e; n is the number of nodes per
element.

Equation ( 151) was first derived by Nagtegaal et al.(1974) and thought to be only
correct for straight-sided elements. Later Sloan and Randolph (1982) showed that the
equation is also true for a grid with curved boundaries provided a relatively fine mesh
discretization 1s used.

Figure 21 shows a conventional six-noded triangular element with straight sides. The
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Y

r

Figure 21: A six-noded triangle element

displacement increments within each element are usually expressed as:

: - 2 2 .
U=T = ¢ — CaT = €35 — C47° — C57Z — Cg2 (152)
: : 2 2 .
T = 2= ¢r— CgT — €92 — C1o7° — C11TZ — €122 (153)
where 7 and © denote velocities in r and = directions respectively; and the ¢;.....cy; are

unknown coefhcients which are functions of nodal velocities and coordinates only.
For plane strain conditions, the incompressibility condition is given by:
ou Ot

5—75—:—:0 (154)

Differentiating equations ( 152)-( 153) and inserting into equation ( 154) results in:

(c2—cg) = (2c4 —c11)r — (2¢12 —¢5)2 =0 (L

)

(i}
ot

In evaluating the element stiffness matrix. the incompressibility condition. represented
by equation ( 153). needs to be satisfied at all Gauss sampling points. For the six-noded

triangular element, three and six points Gaussian quadrature is often used for plane strain



Chapter 5. Two dimensional formulation 70

and axisymmetric loading respectively. This order of numerical integration corresponds
to what is commonly denoted by the term “Full-Integration’ (Laursen and Gellert. 1978).
In general. the constant volume condition which requires equation ( 155} to be satisfied at
three or more integration points for plane strain finite element calculations only 1mposes

a maximum of three independent constraints on the ¢;. namely:

2C12"'C5:2C4—C11:C2*C9:0 (156)

Using equations ( 151) and ( 156), it 1s now possible to ascertain whether the conven-
tional six-noded triangular element is suitable for plane strain elastic-plastic analysis. For
this element m, 1s equal to four in equation ( 151) and hence. as the finite element mesh
1s refined, the number of degrees-of-freedom per element tends to approach four. From
equation ( 156) we can see that for plane strain problems the incompressibility condition
imposes three independent constraints upon the nodal velocities per element. Therefore,
in the hmit, the number of degrees-of-freedom per constraint is equal to %, which 1s
greater than unity. Hence the conventional six-noded triangular element is deemed to be
generally suitable for plane strain elastic-plastic analysis.

For the case of an axisvmmetric analysis. the constant volume condition is given by:

Ju u OF
or v 0z

Substituting equations { 152) and ( 153) into equation { 157) results in the following

0 (157)

incompressibility condition:

1 z 22
(2¢9 — cg) — (3cg — c11)r — (205 = 2¢19)z — 1~ + Ca— - Co— = 0 (158)

If six point integration (conventionally referred to as ‘Full-Integration’) is used then
the constant volume condition, represented by equation ( 158), imposes six independent

constraints on the nodal velocities:

200 - cg=3cs—cy1 =2¢; 2010 =c1=c¢c3=¢ce =0 (159)
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For axisymmetric conditions. equations { 151) and ( 159) reveal that the hmiting ratio

of degrees-of-freedom to constraints is equal to % which is less than unity. As a result. the
element is thought to be generally unsuitable for finite element analyses of axisymmetric
problems of elastic-plastic deformation.

Comparing the constant volume condition equation ( 154) for plane strain and equa-
tion ( 157) for axisvmmetric conditions. it may be seen that the three additional con-
straints imposed in the axisymmetric formulation are caused by the additional hoop strain
term. These additional constraints may be removed if the formulation is based on the
generalized radial coordinate R and its velocities R which satisfy the following condition:

OR &u 4 o 7

ﬁ_a;;:a—; (160)

The incompressibility condition. equation ( 157), for axisymmetric cases may now be
cast in the same form as the incompressibility condition equation ( 154) for plane strain:
dR 02

ﬁ_gzo (161)

If the formulation is based on the use of a quadratic expansion for the velocities, then:

R = ¢y — R = 3z = ca R — cs Rz = cg2? (162)
f=cr—cgR = coz =~ c1oR? + ¢y Rz + ¢102° (163)

If equations ( 162) and ( 163) are substituted into equation ( 161) then it may easily

be shown that the number of incompressibility constraints is three, rather than the six

that are obtained using the conventional displacement formulation. Equation ( 160) can

be solved to give solutions for R and R as follows:

oy
I
=3
L&)
—
—t
e
N

In conclusion, the above analysis suggests that under plane strain conditions, the

conventional six-noded triangular element can be used to furnish accurate solutions for
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elastic-plastic analysis, provided it is used in a mesh which is sufficiently fine. as this
element provides more degrees of freedom than the constraints imposed by the mmcom-
pressibility condition. However. for axisymmetric loading the conventional six-noded
triangular element fails to satisfy the criterion of Nagtegaal et al.(1974), and 1s unsuit-
able for elastic-plastic analysis. It has been shown that the six-noded triangular with
the modified displacement interpolation function. as defined by equations ( 162)-( 165),
can be used to meet the requirement that the limiting number of degrees-of-freedom per
constraint must exceed unity in axisvmmetric conditions.

The analysis presented so far is limited to the use of straight-sided six-noded triangles
for finite element calculations based on any constitutive model which enforces the constant
volume condition. However. it is evident that similar problems of over-constraint caused
by constant dilation rate conditions will arise when using the conventional displacement
formulations together with frictional-dilational plasticity models. The arguments for
determining the suitability of an element for nearly incompressibility analysis may also
be adopted to assess the suitability of an element for dilational materials (Sloan. 1981).
Although an extension of the theory to a dilational material is not presented in this thesis,
numerical examples will be given later to investigate the performance of the proposed six-
noded element used for elastic-plastic axisvmmetric analysis of a Matsuoka material.

Although the assumption of straight-sided triangular elements is reasonable for many
problems, it is not true in some cases (e.g. large displacement analysis). It is therefore
necessary to study the effect of curved-sided triangular elements on the analysis for the
suitability of straight-sided elements presented in this section. The detailed discussion of

this effect will be given in a later section.

5.5 Finite element formulation based on modified
primary variables

The new velocity expansion function, as defined by equations { 162)-( 165), has been

proved to be suitable for general elastic-plastic analvsis under axisymmetric conditions.
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Based on this expansion. two alternative approaches may be used to form an i1sopara-
metric displacement finite element formulation. Firstly. in order to implement the new
velocity expansion, we can adopt the velocity of the generalized radial coordinate. R. as
an independent variable and the conventional axial velocity I as another basic variable.
Then application of the principle of virtual displacement to an element in the original
coordinates (r.z) may be expressed purely in terms of the variables defined in the gen-
eralized coordinates (R.z). It should be noted that the new formulation based on the
generalised coordinates 1s valid for elements of an arbitrary order but it 1s illustrated with
reference to the six-noded triangle in this thesis. As a result, a finite element formula-
tion based on the generalized coordinates (K. z) can be formed simply by applyving the
principle of virtual displacement. In the second approach, the primary variables i, ¢'7

are left unchanged but modifications are made to the element shape functions.

This section is devoted to a description of the first of these two approaches.

The Strain Rate - Velocity Relationship

Figure 22 shows an isoparametric six-noded triangular element, e, plotted in the
original coordinate (r,:z), the generalized coordinates (R,z) and the area coordinates

(a, ) which correspond to the element ¢ in the generalized coordinates.

The velocity field vector, up. 1s defined :

um = (R, 27 = 20r.¢ 7T (166)

the strain rate vector may be written in terms of the velocity vector :

€ = {61.'7-7 6.;.:-, eééaﬁ;:s 2“}}1— = Lum (167)

where the linear operator matrix L is defined:
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Figure 22: Mapping of an isoparametric six-noded triangular element

- 1 -
3% T IR 0
8
0 5
— 1
L= E 0 (168)
10 5.8
2\/§E 2\/R5§
18 5.8
L 2Vﬁg —2\/Ré§ J
The Strain Rate - Nodal Velocity Matrices
The nodal velocity vector, a$,, is defined :
a® = [2uyry, vy ... 2ugrg. Ve T (169)

m

The nodal velocity vector is related to the velocity field vector by :

um = Na&, (170)

where N, the shape function matrix. contains the conventional quadratic shape functions

written in the area coordinates:
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N0 N, 0 .0 ANg O
N = (171)
0 ‘7\'1 O ‘7\72 O 3\76
where
1
7\1:2(a~—3—1)(a~»3—;) (172)
1 -
.\3:20(0—;) (173)
. 1 -
1\3:26(5—5) (174)
Ny = —dala—-58-1) (175)
Ny = 4a8 (176)
Ne=—-43(a -3 1) (177)
The strain rate vector 1s given by:
¢ = Luy, = LNaj, = Baj, (178)
where
BEL aNg N
SR~ 0 e
N AN
0 5 0 o
—_— —_— ]\' J\',
B =LN = M 0 o 0 (179)
AN, HON AN, /B ON
2\@62 2\/}25%1" PN 2\/?82 2\/ R"é_}%
8N, /AN BN, D ON
L 2'\/§8: 2\ RG_RL P 2‘V/§8: 2\/.Rﬁ& i

The Nodal Force - Nodal Velocity Relationship

The application of the principle of virtual displacement to an element in the original
coordinates (7. x) can be used to give the following nodal force - nodal velocity relation-

ship, which may be expressed in terms of the variables in the generalized coordinates

(R.z) as follows:
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 S— / / BT rdRd- (130)
. Ve

Equation ( 180) can be transformed using the reference coordinates (a.3) into:

Po,

=7 / / BT odetJdads (131)
J Jve

The rate form of the above equation may be shown to be:

pe — w/ | BTsdetidadd - 7'//‘ (BTdetJ jodads (182)

where
Pg, = [(7ps.27rp, )y oy 2mrp ) T (183)
in which p; and p, are nodal force increments per unit length in radial and axial directions

respectively.
The relationship between the Jaumann stress rate and the total strain rate may be

expressed as:

& = DIP¢ (184)

where the elastic-plastic matrix [D'*® was defined in Chapter 3 for the case of perfect
plasticity.
By using the definition of the Jaumann stress rate, which can be written in the

following form for axisymmetry:

& =& — |Ri (185)

where
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¥4 Tensile Stress Positive

Tg6

Figure 23: Definition of stresses in axisvmmetric geometry

0 000 Tr
0 000 —7.
R=]10000 0 (186)
0 000 o3
_0 0 00 0 ]
and
g = [O’n-ff;:-ﬂeeﬁr:sojT (187)

the equation relating the Cauchy stress rate to the total strain rate may be obtained as:

&= (ID'* — R))é (188)

The Cauchy stresses for the axisvmmetric problem are defined graphically in Fig-

ure 23.

Substituting the above stress-strain relationship into equation ( 182) leads to:
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where

K = ~/ / BT((D* — R))BdetJdad3 *,7// Cdad3
17}' B ‘,',

1in which

Ca’, = (BTdetd)o

By expanding the above equation. we may obtain:

Ciy Cip oo Ciy |
02,1 02,2 s CZ.I?
C =
L C1')1 C12'> Clo 12
in which
.. ) . (Urr - 099)‘7\vi(‘7\vj - R%)d +J Tr:]\rj 8]\.id +J Trz detl]
'21-1,25—-1 — QRQ € - 4\/@ a: € - 2\/@ et ij
s ‘ ((799 — O’,.T)]\’v{ 8]\’
621_1’2]' = O’TTdCiJij -+ SR 8:] detJ
, - Tr:]\'vj 8 A‘N’z’
(/22‘,2‘7'_1 = —O’::det;/ij it \/’ﬁ’ ﬁdet(}

C’zi_gj = 2\’/’}—zTT:d€tJij

and

=1

lo'd]

(189)

(190)

(191)

(193)
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ax, an,
detJj; = 2% o (197)
a5 o3
The Jacobian determinant detJ/ in equation (181) is defined by
6R  OR
detJ = 9+ 99 (198)
o:  o:
da 9.3

For isoparametric formulations. the coordinate and velocity polynomial expansions

are of the same order. namely:

R — z“?\ijj (199)
==Y Nz (200)

where (R;.z;) denotes generalised coordinates of node j.

By using the above equations, the Jacobian determinant may be determined by:

vp o aa_'\'z R,
=G — 58
detJ = °. ° j (201)
S DA PR oA S
— 5o ~i— 36 I |

Once the Jacobian determinant is computed, the derivatives defined in matrices B

and C may be determined as follows:

ON; an, 8=
75 = ;: b Jdet] (202)

e 85

oN; 2 an
—= e T Jdet] (203)

The Nodal Force Vectors

Expressions for each of the three nodal force vectors, are now given for axisymmetric

elastic-plastic analvses performed with the new six-noded triangular element.
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Residual Stresses

The element nodal force vector. as a result of residual stresses oy. i1s determined in

the following manner beginning with equation { 180):

Pe - // BT oodetJdad3 (204)
Jodia B

moO

Body Forces

The body forces per unit volume in the radial and axial directions are defined as b,
and b. respectively. The corresponding nodal force vector is evaluated by applying the

virtual work principle to an element in the original coordinates,

ST / " NZbdetJdads (205)
{a,3)
where
=0 ... 20
N = " (206)
0 N 0 N
and
b= [b..5."7 (207)

Surface Tractions

The integral representing the nodal force vector as a result of the surface traction is
not a volume integral, but rather a surface integral.

Figure 24 shows a distributed pressure defined by two components ¢ and p acting on
one of the edges of an element. For an infinitesimal section along the loaded boundary,

dl. inclined at an angle § to the positive r direction, the applied surface pressures can be
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z . ’ : :
A
i G
LA
1 -—'r"\ 4 dz
dr

Figure 24: Calculation of distributed surface loadings
resolved into two surface traction s, and s. which are in the direction of the coordinate

axes 7 and z,

s,dl = gdl cos 8 — pdlsin 6 (208)

s.dl = qdlsin 6 4 pdlcos 6 (209)

The above equations may also be written in terms of the generalized coordinates R

and z by:
. ZdR - pd
g | FOTTPE (210)
S, gdz +~ 2dR

By using the virtual work principle, the equivalent nodal force vector can be shown

to be:

_q_@_pé’_:
e _ +T 2r 8¢ ¢
Pms_ﬂ-/z\nlm

¢ : | pOR

: ¢ (211)
az
93¢ T 2 a¢
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where

2 1‘7\71 T 0 2 ;?\‘72 T 0 2 ]\v4 T

in which o = %(5 —1).

5.6 Finite element formulation based on modified
shape functions

An alternative procedure for implementing a finite element formulation based on the
velocity expansions given in equations ( 162) and ( 163) is described in this section.
In this approach, the conventional primary variables are retained but modifications are

made to the shape functions.
The Strain Rate - Velocity Relationship

The velocity field vector u is defined in the conventional way:

u=ir:T = a0l (213)

The strain rate vector is written in terms of the velocity vector:

€ = €y, €rzn €.z 20T = Lyu (214)

where the linear operator matrix Ly, 1s

3
or 0

8
0 oz
s &
5 or
s _ 8
Oz or




Chapter 5. Two dimensional formulation

The Strain Rate - Nodal Velocity Matrices
In this approach, the conventional nodal velocity vector a® is used:
ae = [u'l.l"l ..... | (216)
The proposed velocity expansion function defined by equations { 162)-( 165) is used

to relate the velocity field vector u to nodal velocity vector a® as follows:

u=N,a*® (217)
where the new shape function matrix Ny, is defined by
N0 Ne 0
Njp = (218)
N 0 N
and
- N
N, = (219)
7
in which the functions N;. Ny, ... . ] N¢ are given by equations ( 172)-( 177).
Substituting equation ( 217) into ( 214) results in:
¢ = Lyu =L,Npa® = Bpa® (220)
where
[ an Y ]
. % 0
8N aNg
0 % o
Bn = LnNn = A;L 0 l} 0 (221)
&z or 8z or
L gz ar =5 ar |




Chapter 5. Two dimensional formulation R4

and
anN; N, N,
= 22 : 222)
o "R 7R 222
./{7 j’\}'
T R
aN, 7. 0N, ;
- 1 224)
0z r Oz (=24)
in which %ﬂ and %t—} are defined by equations ( 202)-( 203).

The Nodal Force - Nodal velocity Relationship

Following the same procedure used earlier. the virtual work principle can be used to

give the following nodal force - nodal velocity relationship:

Pe = K a° (

b
Do
X

where the nodal force vector is defined by:

Pe = {(27rrph,27rrpt)1...(27r7‘ph‘27rrp1.)6}T (226)

in which p, and p, represent nodal force increments per unit length in radial and axial

directions respectively: The element stiffness matrix Ky, is defined as :

Ky, = 7-// BI (D' + fR})BndetJdadﬂ‘—r// C"dads (227)
1,7(1 Vf:

where matrix C", which 1s defined by

C"a® = (BTdetJ)o (228)

may be shown to be
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Ty s (1o
Cyr 5, T
C" = (229)
L Clan (o (oo |
in which
21’7\77']\v' / R7R7d€t.] v;R{R . '/RiR 'j\’jd(;"[,]
CV'Z‘_I 251 7A - - (Urr — 0'95) -2 ]detjij‘r,: — v ! 7
T R? \ "R R
oN: 2N /RiR; ON. 0= AN, =
Rl ST S — o (== — — 230
“es e 85 T 96 oo (250)
— (0o¢ — 0, )Nin/R: ON;OR ON; OR
cn 9_:2 - //R{d tl]z_'_ y g7 J ¥ 231
2imizg = SOy AHAEHA R 63 6o da 83 (231)
. 27,..N.detJ ON;, — =
C?,i,:%j—l == \/iﬁ 8}2 \/R]‘ - 20;:\/ Rjdeth-j (232)
O3 o, = 23 Rry.detJ; (233)

and detJ;; and the Jacobian determinant detJ are as defined by equations ( 197) and

( 198) in the previous section.

The Nodal Force Vectors

In contrast to the formulation presented in the previous section, different velocity and

nodal force vectors are used in this section. Hence. it is necessary to derive expressions

for the nodal force vectors caused by some common loadings.

Residual Stresses
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By using the equation ( 225), we may write the element nodal force vector as a result

of residual stresses oy as follows:

S = ~/ " BToydetdads (234)
fa,5)
Body Force

The application of virtual work principle to an element may be used to give:

[}
w
Ut
-

pe — ﬂ/ ' NI'bdetJdads (-

—
{

where the body force vector b is defined by equation ( 207).

Surface Tractions

Applyving the virtual displacement principle to the element shown in Figure 24, the

equivalent nodal force vector may be shown to be:

_9_@_1)&

pe :%/NET zoe —FEe | g (236)
¢ 9z . p OR
93¢ T 27 B¢

where

;\«1 0 ]‘:2 0 .’7\_.4 O
0 N 0 N, 0 Ny
in which the relationship between a and £ is the same as defined earlier for the formulation

based on modified primary variables.

5.7 Finite element discretization and effects of ele-
ment shape

The two key ideas of the finite element method are: (a) discretization of the region being
analvsed into finite elements and (b) the use of interpolating polynomials to describe the

variation of a field variable within an element (see, for example, Zienkiewicz. 1977). The
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development of a rational displacement interpolation function has been discussed in the
preceding section.

As far as discretization is concerned. there are two ways which may be used for finite
element calculations using the new six-noded triangular element described in this the-
sis. First of all, the region being analvsed defined in the original coordinates (r.z) can
be discretized into many six-noded triangular elements and then these triangles can be
mapped into the generalized coordinates (R. =) element by element. Alternatively. we can
first map the whole region from the original coordinates into the generalized coordinates
and then generate an element mesh in the configuration of the region being analvsed in
the generalized coordinates. Because of the mapping. the use of the first approach for
discretization produces triangular elements with curved sides in the generalized coordi-
nates, whilst the second approach may generate straight-sided triangles in the generalized
coordinates, which correspond to curve-sided elements in the original coordinates. As the
element stiffness matrix, as defined by equation ( 190) or ( 227). can be calculated using
an element geometry defined in the generalized coordinates (R.z), the second approach,
which may be used to produce straight-sided elements in the generalized coordinates,
1s preferable. The second approach is also more convenient for practical use. especially
when a suitable mesh generator is available.

In previous sections, the suitability of the new six-noded triangular element was as-
sessed by assuming that all triangles had straight sides. Although this assumption is
satisfactory for many problems, it is necessary to employ elements with irregular shapes
in some cases (e.g. the first approach of discretization: the second approach of discretiza-
tion for a large displacement analysis). In order to assess the effect of element shapes
used for calculations, the suitability of the new six-noded triangular element with curved
sides used n elastic-plastic analyses under axisymmetric conditions was investigated.

For a mesh of six-noded triangles for which the sides are not necessarily straight. the
generalized area coordinates (a.3) are no longer coincident with the global coordinates
(HR.z). Use of the proposed velocity expansion function (equation { 162)-( 165)) may be

made to give the velocity at any point within an element in the following form:
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N

R = €1~ a0 — €33 — cqa° — csad — cg3” (238)
= Cr — Cg@x — Cg)'3 - C10&2 - C1103 - C1232 (239)
using the chain rule:
OR ORda ORI3 B
= - (240)

R~ da OR 03 OR

and

dz Jid0a 0:03 e
T A T 53 AT (241)
dz  Oadz 08 0: '
Differentiating equations ( 238) and ( 239), inserting in equations ( 240) and ( 241).
and utilizing the axisymmetric incompressibility condition defined by equation ( 161)

results in:

9 a3
(Cg - 2640. - C58)£ - (Cg - C5(x 2C63)—8§ +
da 83
(es = 2e100 = en) 5~ — (o = ena = 2e138) 5= = 0 (242)

By using the definition of the Jacobian, we have:

sa  da 8: _ 4R
oR &: | _ _! 35 a6 (243)
85 83 detJ | _8: bR
OR 0= Ba da
where Jacobian determinant detJ is defined by equation ( 201).
Substituting the above equation into equation ( 242) furnishes:
0z 0z
(Cg - 2C4Q - 655)% — (Cg - CyQx — 2666)% -
OR IR
(cs = 2¢c100 + 118 ) == — (co —cr1a + 2c128)=— = 0 (244)
a3 Jo

For isoparametric formulations, the geometry expansion and velocity expansion are of

the same order. The location of any point within a six-noded triangular element is thus

defined by:
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R = bl - Z)QO - Z133 - b4ag - b;,Cllj — b632 (2«15)
2= br — bga — by3 — bpa” — bj1ad — by 3° (246)
where by.bs.. ... b1, are functions of generalized nodal coordinates only.

Differentiating equations ( 245) and ( 246) and inserting equation ( 244) gives the

following incompressibility condition:

G — Ga — @38 — G0° + Gaf ~ 87 =0 (247)
where
€1 = cabg — c3by — cgbs — caby (248)
Py = Cobyy — 2¢4bg — 2¢3b1g — ¢5b11 — csbs — 2¢10bs — 2¢10bs — c1102 (249)
C3 = C5bg + 2¢ob1p — c3bi1 — 2¢ebs — 2¢gbig — C11b3 = Cobs + 2¢12by (250)
Cy = 2¢4b11 — 205610 — 2¢10b5 — 2¢11 b4 (251)
s = 4degbiy — degbip — 4dciobs — 4eiaby (252)
Ce = 2¢5b19 — 2¢6b11 — 201106 — 21005 (253)

Before we can assess the number of constraints imposed by the incompressibility
condition equation ( 247) on nodal velocities, the appropriate order of Quadrature for the
new six-noded triangular element used for axisymmetric problems needs to be discussed.
The best order of Quadrature is usually decided after numerical testing, since the profits
and pitfalls of a particular rule are hard to forsee. Often it is best to use as low an order
as possible without precipitating a numerical disaster because a rule using fewer points
results in lower computational cost.

There 1s a lower limit on the number of sampling points because the Quadrature
rule must be competent enough to integrate the element volume exactly. The argument
begins with the observation that as a mesh is refined and a constant strain condition

comes to prevail in each element. which implies a constant strain energy density for
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elastic materials. the strain energyv for an elastic structure is correctly assessed if the
volume of the structure is correctly computed. For the new six-noded triangular element
of finite size used for axisymmetric problems. we need to find a rule which can correctly

integrate the element volume. as defined by:

17¢ = 27// rdrd: = 77// dRd: = ﬁ/ / detJdo3 (254)
Jir.z) (R‘:‘l fa, 30

From equations ( 201) and ( 172)-( 177) we may note that the Jacobian determinant detJ
contains a® and $3%, so a three-point rule is needed. It can easily be proved that for the
conventional six-noded triangular element used for plane strain problems a three-point
imtegration rule is needed to assess the element volume correctly.

For the conventional six-noded triangular elements used for axisymmetric configura-

tions, the element volume may be defined in the form:

Lo
O
[

Ve = 277// rdrdz = Qﬂ// _rdetJdad3
(r,z) {&,8)

note here &, denote the conventional area coordinates of the element defined in the
coordinates (7. z). For an isoparametric element, rdetJ may be proved to contain a* and
5%, so a six-point rule is needed to assess the element volume correctly. This order of the
Quadrature rule corresponds to the so-called ‘Full-Integration’.

If a three-point rule is used, the incompressibility condition, represented by equation
( 247), needs to be satisfied at three independent locations within the element. Adopting

matrix notation, the constant volume requirement may be written in the matrix form:

1
€2
1 Qq [7)1 (6 5] 0161 1312
C3
1 (6 3] 132 O*?Z Clng »’33 =0 (236)
2 Cs
1 6 3] 83 O3 O¢333 32
5
o

In general, the above matrix is of rank three (Sloan, 1981) and hence there are a maximum

of three independent constraints on the ¢;. For the new six-noded triangles with curved
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sides used in axisvmmetric conditions. the three-point integration rule implies that for
the limiting case of a very fine mesh the number of degrees of freedom per constraint 1s
equal to . It is interesting to note that if a higher order Quadrature scheme is used. for
example a six-point rule, then the left hand side of equation { 256) will have rank six.
which will increase the number of constraints per element from three to six.

In sumimary. it is suggested that the new six-noded triangle 1s not only suitable for use
in axisymmetric grids where all the element sides are straight. but is also satisfactory for
use in axisymmetric configurations where all triangles sides are curved provided a three-
point rule is used. It has been shown that a three-point rule used in the new six-noded

triangles under axisymmetric loading is able to assess the elastic strain energy correctly.

In order to make the finite element formulation developed in the previous sections
complete, the next section is devoted to a description of the constitutive models and
their implementations. With respect to the constitutive models, a special effort is made
by the Author to develop a new method of implementing the Matsuoka model so that
the dilation of the soil can be properly accounted for. This development is described in
Section 5.8.2. By comparison, the theory of the von Mises plasticity is relatively well
understood. The formulation of the von Mises plasticity model described by Burd (1986)
and Teh (1987) has been retained and repeated in the next section purely for the sake of

entirety.

5.8 Constitutive laws

An 1deal elastic-perfectly plastic model has been adopted for both clay and sand, since
most of the analyses of pressuremeter tests are developed by assuming perfectly plastic
behaviour of soils. The most common constitutive laws used in finite element models to
represent cohesive and frictional soils are the Tresca and Mohr-Coulomb models. These
constitutive laws. however, contain discontinuous vield surfaces with edges at which the
vield function is not differentiable. Although these singularities are not often approached
for plane strain conditions, they are important for a number of problems involving axi-

svmmetric loading (Sloan. 1981). In order to implement the material model correctly. two
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Matsuoka Mohr—Coulomb vyon Mises

Tresca

._0-3 —0» -—0'3

Figure 25: Relationship between different yield surfaces (after Burd. 1986)

possible methods may be used. The first option is to apply the method of dealing with
corners of vield surfaces described in Chapter 3 to two dimensional cases. Alternatively,
we can adopt the von Mises and Matsuoka plasticity models to model clay and sand
respectively in the two dimensional analysis. Both von Mises and Matsuoka models
have the advantage over the Tresca and Mohr-Coulomb models that they are evervwhere
differentiable (except at the origin for the case of the Matsuoka vield function) and are
more realistic for modelling soil behaviour (Wroth and Houlsby, 1985). For these reasons,
the latter approach has been adopted. The relationship between these two sets of vield
surfaces is illustrated in Figure 25, which shows sections through the vield loci in the ‘#’
plane for the special case when they coincide at the ‘corners™ of the Tresca and Mohr-
Coulomb surfaces.

In order to compare the results of plane strain analyses based on these two sets of
constitutive laws, it is necessary to find relationships between the material properties
used in the corresponding models. The plane strain undrained shear strength s,,,. plane
strain friction angle, @,, and plane strain dilation angle v,, will be used to obtain these

relationships. and are defined:
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Sups = 5 (257)
i 0y — O3 -
SIN Op, = (258)
gy, — 03
: €1 — €3 ox
SIN U'pe = — R {239)
€1 — €3

where o, and o3 are the major and minor in-plane principal stresses respectively. In this
section. values of s,,, and o,, defined above are related to the equivalent values of triaxial
compression shear strength s,... friction angle, ¢, and dilation angle v;.. that are used
in the von Mises and Matsuoka models. These relationships will be derived for the case

of plane strain in following sections.

5.8.1 von Mises plasticity

The von Mises vield function is defined as:

o .

f(O’) = (CT,.,. —0:2) — (U:: - 089)2 - (0'00 - 0,”)2 - 67',2: — 8‘Sitc (260)
An alternative form of the equation is:
flo) = (o1~ 0'3)2 (o1 —02)* ~ (02 — 03)2 - Ssitc (261)

The plastic strain rates are derived from an associated flow rule which gives zero
plastic volumetric strain and is therefore suitable for the modelling of undrained clay
behaviour. Using equation ( 110). the plastic material stiffness matrix may be derived

as:

SET SrrS:z STTSGG Srr/—r:
$.S. S 5.5 S

0
0
- P 3G 2 RO
D = —482 59851'7 5995:: Sé& SOGT z 0 (“6‘)
utc
SrrTr: 7’7‘:5;: TT:SGG ,TZZ: 0
0 0 0 0 0
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where S...S5¢ and S.. are the deviatoric stresses. which are defined by equations (2&84)-
(285).

The associated flow rule may be used to show that. in the limit that the elastic strain
rates are negligible in comparison with the plastic strain rates. The intermediate stress

may be expressed by:

gy — O3
2
By substituting this equation into the von Mises vield surface and using equation

( 257). the following relationship may be obtained.

5.8.2 Matsuoka plasticity

The Matsuoka vield function (Matsuoka, 1976) may be written as a function of the
principal stresses:
(01—02)2 (09 — 03)° ‘ (03 — 1)

flo) = - - ~ 8tan’ o, (
T109 0203 T30

Lo
<D
[
N

where o, is the triaxial compression friction angle. An alternative expression for the

vield surface may be written in terms of stress invariants:

flo) = 1L1, — I (266)
where ¢ = 9 — 8tan® ¢;. and
.[1:01—‘(72‘50'3 (267)
I, = 0,00 ~ 0003 — 030, (268)
Is = 0,003 (269)

Two methods may be used to derive an approach by which a plasticity formulation

may be developed. based on the Matsuoka vield function. in such a way that the dilation
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and friction angles may be specified independently of each other. In the first approach as
described by Burd (1986). a procedure is used to interpolate between plastic strain rates
corresponding to two limits of behaviour. These two limits are known to be the case of
the fully associated flow rule and the case in which the flow rule is associated in *7" plane
but with zero plastic volumetric strain rate.

Following the classic way of dealing with the Mohr-Coulomb plasticity. in this study.
an alternative approach 1s developed in which the plastic strain rates are derived from

the flow rule:

e = A (270

where g 1s the plastic potential as defined by:
gloi;) = 1117 = I3¢” (271)

and

¢" =9 — 8tan” v, (272)
| = 0] =0y =03 (273)
I; =0j0; —050; ~0,0] (274)
3 = 010,0% (275)
0’;]- = O'ij - ]C(Sij (276)

This plastic potential function is of a similar form to the Matsuoka vield function. but
the triaxial friction angle is replaced by the triaxial dilation angle w;.. and the apex of the
surface 1s moved from the origin to the point in principal stress space with the coordinates
(—k,—k,—k). The parameter k is calculated on the basis that the plastic potential and
the vield function must coincide at the current stress state. This condition is used to

derive a cubic equation in k from which the required root may easily be selected.
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Relationships between triaxial and plane strain parameters

It is of interest to consider the relationships between o, and vy, and the parameters
defined in equations ( 258) and ( 259) for the case where the proposed plasticity model
1s used under conditions of plane strain. Firstly, it is instructive to consider the two
limiting cases, i.e. the full association and the zero dilation, for which 1t 1s possible to
derive closed form expressions for these relationships.

In order to find the relationship between triaxial compression and plane strain friction
angle for the case of full association (where the yield function and plastic potential are
identical). it is necessary to consider the limiting case for which the elastic strain rates are
neghgible in comparison with the plastic strain rates. This implies that the intermediate
plastic strain is zero. An expression for the intermediate plastic strain rate may be derived

from equation ( 270) which. if set to zero, gives the relationship:

Ty = /0103 (277)

where o, 1s the out of plane principal stress. If equation ( 258) and equation ( 277) are

substituted into the Matsuoka yield function then the following relationship is obtained:

2 ! 2 ld
25€C” Oy = SEC Pp, — SEC” G (278)

The case of zero plastic volumetric strain rate is obtained in the limit when £ tends to
infinity. In this hmit case in the limit that the elastic rates are negligible in comparison
with the plastic strain rates and ¢, may be shown to be:

1

02:_(Ul+03) (279)

2

The triaxial and plane strain friction angles in this case may be shown to be related

by the expression:

tan® ¢, = 2 tan’ Ops (280)

A general relationship between the Mohr-Coulomb and the Matsuoka constants when

the dilation angle lies between zero and the friction angle may again be obtained by
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considering the limiting case for the Matsuoka model in which the intermediate plastic
strain rate 1s zero. The intermediate plastic strain rate may be derived from equation

( 270). which. if equated to zero. gives the following equation:

—2)(o] —0;) =0 (281)

Table 5.1 Relationships
between the triaxial and

plane strain parameters

: Ops Ute Qtc Ups

0.05°  26.56°  (.06°

- 4.78%  26.480 5590

|
| 10.01° - 26.42° 11.54°
|

1300 1 15.840 26.340 | 18.210

19720 26310 22.62° |
' 96.200 26990 ‘ 30.00° \‘
0.06°  36.00° | 0.07°

6.15° 35.83°  7.10° |
£ 12.94% 1 35.67° |

—
S
©
[}
=]

40° | 20.66° . 35.52% | 23.69°

[SV]
©
[@p}
(%)
[

25.96° = 35.45°

35.39°  35.39° © 40.00°

0.03° © 45.90° i 0.04°
. 6.36° 1 45.68° . 7.330

0 12.85°

50° . 19.63%  45.250 | 22590

1 33.36° ' 44.93%  37.79°

| 44.82° 44.82° 1 50.00° |

Since in this general case it is not possible to obtain an expression that can be used

to eliminate o, from the Matsuoka yield function. a numerical method must be used to

calculate combinations of the parameters o,.. v used in the Matsuoka model and ¢,,. v,
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defined in equations ( 258) and ( 259). Some selected comparisons between the triaxial

and the plane parameters calculated in this way are listed in Table 5.1.

5.9 Calculation of strain rates from nodal velocities

The basic non-linear finite element equations normally need to be solved by an incre-
mental approach using sufficiently small load increments. After each step, the Gauss point
stresses are evaluated by using incremental stress-strain relationship. and this requires the
determination of the strain rate at each Gauss point. In this thesis. the approach making
use of the averaged geometry of finite element meshes during the load increment is used
to derive strain rates for given nodal displacements. This method has been successfully
used by Carter et al (1977) and Teh (1987).

To provide a complete understanding of the numerical implementation of the plasticity
models. a description of the procedure of stress update calculation is given in the next
section and this is mainly based on the formulation described in Chapters 4 and 5 of the
thesis by Burd (1986) for plane strain problems. Fundamentally, there 1s no difference in
the procedure of the stress update calculations used in the plane strain and axisymmetric
cases. This means that the stress update routines used for the plane strain finite element

analysis may be used for the stress update calculation in axisymmetric analysis.

5.10 Stress update calculation

5.10.1 Integration of stress-strain laws

In the calculation of the updated Gauss point stresses. several cases of constitutive be-
haviour need to be considered and these are dealt with in turn. In addition, it is necessary
to evaluate yield surface intersections for the case when the material changes state during
the calculation step.

In this study, all stress increments are initially assumed elastic. regardless of the initial

state. If the resulting final stress point lies outside the vield surface, the stress update
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calculation is repeated using the appropriate elastic-plastic constitutive relationship. thus
the possibility of elastic unloading 1s taken into account (Davis et al.. 1974).

The mean pressure p. and volumetric strain rate v are defined as:

Lo
0]
o

T o= €;r - 6;: - ééﬁ (

where the superior dot denotes a derivative with respect to a fixed Cartesian reference

frame. Deviatoric stresses S.,..5.. and deviatoric strain rates €,,.e.. are defined by:

Sp = r — p (284)

=0 —p (285)

e (286)

€ = € — = (287)
3

In all of the solutions described in this section, the material deformation is defined
by the strain rates derived by the approach described in the last section. in which the

calculation increment is taken to occur during the time interval /0.1 .

Elastic behaviour with Jaumann rotation terms

The mean pressure at time t is given by:

p = po— Kot (288)

where pg is the mean pressure at time t = 0 and A is the bulk modulus. The constitutive
equation relates strain rates to Jaumann stress rates which, for elastic behaviour gives

the following relationship between the deviatoric components:

S = 2Ge,., (289)
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5. =2Ge.: (290)

where (7 is the shear modulus.

The deviatoric forms of the Jaumann stress rates given in equation ( 149) are:

Srr = Sr'r 27—7‘:“’1‘: (292)
Sie= 8.~ 27 (293)
TA: - T;-: - w;-:(srr - S::) (294)

Equations ( 292)-( 294) may be solved using the constitutive equations ( 289)-( 291)

to give a solution for the stresses (Houlsby, 1987):

Srr - 5:: Srr - S:z . - . . . in 2wt
S.. = 9 5 Lol 5 Ocos2wt——G\_e”—e:;—i—(e”—e_,.:)SH;..
1 — cos 2wt . e 150
*A’”(—Q—\—)‘f — Trz0 SIN 2w1 {295)
Srr —_S:’ Srr '_S'z . - . . in 2wt
S.. = 0 5 2 _ g 5 ”OCOSwaTG{e,,—‘ezzw(e,, €22 s1nglw
w
. 1 —cos2uwt C oA
—"IIT.Z(T—)J — Tr.0 SII1 2wt (296)
in 2wt 1 A
Tre = Trs0COS 201 = Gq;;ﬂ_—w— — —(8,;70 — S.20) sin 2wt
2w 2
o1 - 2wt
~Glen — ) (297)

where S,,0.5..0.7,20 are the values at the start of the calculation step and w is used

to denote w,. for simplicity. When the rotation rate is very small, the use of equations
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( 295)-( 297) leads to significant ‘round off " errors since the evaluation of these expressions
involves dividing by the rotation rate. In this case. expanded equations in which the
rotation terms appear only in the numerator should be used to avoid this difficulty. If
an expansion is used in which only the first order rotation terms are retained. then the

above equations reduce to:

Spr = Sppo ~ Gler — €1z — (€1 — €22)t — Apet’ — 27,00t (298)
S:: - S:zO - Glé,.r - 6.‘:: - (6,'., - e-:: )1‘ - ’\/7':“'}2l2 - 27',.:0;‘..71‘ (299)
Tr: = Trz0 — Gﬂjr:f - (Srro - S:ZO)“}-[ - G(C;’T - 6:‘-’: )““)tz (300)

von Mises plasticity. Jaumann terms excluded

A closed form solution exists for the case of von Mises plasticity when the Jaumann terms
are not mcluded (Krieg and Krieg, 1977).
The volumetric behaviour is always elastic and the mean pressure may be derived

from equation ( 288) . The solution for the deviatoric stresses is:

Ser .
S = 20 Soge, (301)
o
Sv, ~
S.. =220 Soge, (302)
no
S Trz0 - 5@7;: (303)
7
where
¢ = (Zysinh(2t) = (Sxeosh( 1) — (2 304
: .3
n = cosh(—t) ~ ysinh(—t) (305)
8% (63
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2
G = 761“(- (‘))Ob)

N
2 2- 2 {2 - )
3% = 4G e + eprel — et — (307)

! 1

208y = 2GS 0(2€0 — €)= S.0(2€. — €10) — Trz0mirs (308)
and S,.0.5..0. Tr-0 are the values of the stresses at the start of the calculation increment.

von Mises plasticity. including Jaumann rotation terms

It 1s necessary to use a numerical method to integrate the constitutive laws for the case of
von Mises plasticity when rotation effects are present. The algorithm used in this thesis 1s
based on a Runge-Kutta integration scheme in which the updated stresses are evaluated
by dividing the calculation step into a number of sub-increments. In order to improve the
efficiency of this calculation. a procedure is used in which the size of the sub-increment is
varied automatically in order to perform the integration at each of the Gauss points to a
specified accuracy. In this algorithm, which is described by Sloan (1987), an estimate is
made of the errors occurring at each sub-increment. The magnitude of the error is then
used to determine the size of the following sub-increment. or if the error is unacceptable,

the size of the sub-increment is reduced. and the calculation repeated.

Matsuoka plasticity

Since no closed form solution exists for the stress update calculation in which the consti-
tutive law is based on the Matsuoka yield function. the error-control algorithm described
above 1s used to perform stress update for Matsuoka plasticity for both cases of small

strain and large strain.

5.10.2 Determination of yield surface intersection

For the case when material becomes plastic during the calculation step. it i1s necessary

to determine the point in the increment at which yvield surface intersection occurs. This
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can be found by substituting the elastic stresses solution into the vield equation.

von Mises plasticity

The elastic equations may be substituted into the von Mises vield function to give an

equation that defines the time, ¢. at which intersection with the von Mises vield surface

occurs:
1 — cos 2wt in 2wt
At + Apt — Ag— = g PR 4= (300)
where
A, =12G7 (e + €22 )’ (310)
Ag = IQG(STTO - Szzo)(é;.,. - 6::) (311)
‘43 = QVbG[zTrzO(e;r - e.:.:) - A/'r:(SrrO - S:z )1 - 2G2")r: - (C;r - 6.::)2 (312)
-44 - 2G[27r207;‘: B (Srro - SZZO)(C‘;'T - 6::)) (313)
c o2 2 2 45 -
‘45 == 4‘»5”,0 - STT’OSZZO e S::z e TrzO - §sutcj (314)
For the case of the small rotation. equation ( 309) reduces to:
(4 + 2-43)12 — (A =244t - 4:=0 {315)

The above equation may be used to calculate the time ¢ at which the vield surface
intersection occurs for the case where the rotation rate 1s very small. The general solution
for equation ( 309) may be obtained using a Newton-Raphson iterative scheme. The small
rotation solution may be used as an initial estimate when using a numerical iteration

scheme.
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Matsuoka plasticity

The Matsuoka yield function may be rearranged into the following form:

Iy~ plyls = 3) = p(s = 9) = 0 316)

where ¢ 1s defined 1n equation ( 266). p is the mean pressure and I,.[; are deviatoric
stress invariants.

From the elastic equations derived for the case when rotation effects are absent. we

have:
I, = ap — a1(2G1) — a5(2G1) — as(2G1)? (317)
pIh = by — by(2GH) — by(2G1)? — bs(2G1)° (318)
P° = co+ c1(2Gt) — co(2G1)* = ¢5(2G1)? (319)
where
S.o. ,
a0 = = 2Mrlg ~ Sjp — Sl (320)
. 2 . Sa [N . - éa - 9 n oA
ay = €470 = Yr:Tr205a0 — —2—0‘_%500 ~ €810 — 185 - Siy (321)
A';': . . .a - . - Sa ro. .9~
R L %leasao — S = e — 6" (322)
a-_ﬁc A 323)
3 4' a € — Vrz (*’

382, — Sk, —4r?

K¢, 352, — S& ~ 47;2:01 3€,5.0 — €550

b = — _
! oG 4 LT o 2

- A]';':Tr:Oj (325)
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K rgc‘a SaO - 6lebO PR Po - 2

s . BLYE
2= — — roirz0 T _/_1'-)’60 — €y T Trz (JZ())

. 2G - 2

- .9 .o .0
Ko 3€,” — €," —A,.7.

b = - — 32;—
: 2G 4 (32%)
co = py (328)
:‘]\’,l.y /On’)g)

C1 = 2P 20 (22

R
2= 3pg == 330
Co Po 5z (330)
CRT
s = “90113 (331)
and

SaO = SrrO + S:zO (332)
SbO = Sr'rO - S;zO (333)
éa = 6;.7 - 6;: (334)
€p = €pp — €:: (335)

The deviatoric strain rates €,,,e.. and stress components S,.¢. 5..0. Tr20 are as defined
before, pg is the value of the mean stress at the start of the increment.

The cubic equation ( 316) 1s used to find ¢ when the vield surface intersection occurs
for the case of zero rotation. Care is necessary in selecting the appropriate root. For the

case of large rotation, the zero rotation solution is used to give an initial estimate of the

intersection, which is then refined using a Newton-Raphson iterative scheme.

5.10.3 Yield surface correction

When a numerical method is used to update stresses, there is a possibility that the final
stress state may lie outside the yield surface. The error associated with such a violation

of the yield criterion is cumulative and the offending stress state is normally corrected
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back to the current vield surface in order to avoid unacceptable errors in subsequent
computations.

Because there is no unique way to scale the stresses, it 1s usually assumed that the
correction 1s applied along a direction which 1s normal to the vield surface and yield
surface corrections are carried out by keeping the direction of the principal stresses fixed

(Carter et al.. 1977).

von Mises plasticity

For the von Mises plasticity, it is possible to derive a set of corrected stresses which
guarantee that the stress correction is normal to the current corrected vield surface. The

normal correction condition may be written as:

o] = 0; = fBa; (336)

where

and 5 is a scale parameter.

By combining this equation and the corrected vield equation as:

flef) =0 (338)

the corrected stress may be shown to be:

gi =P

— 5 3
ot =p= T (339)
where
O - (07— 03)* = (03— 02)° — (01 — 03)? (340)
85utc

for von Mises plasticity.
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Matsuoka plasticity

For Matsuoka plasticity. however. the correction procedure which ensures the correction
is normal to the corrected vield surface may lead to severe mathematical difficulties.
unless a Newton-Raphson strategy is used to solve a single non-linear equation defined
by equation ( 336).

Bearing in mind that departure from the vield surface is small. an alternative cor-
rection procedure which assumes the correction is normal to the current vield surface
defined by uncorrected stresses, is adopted here for simplicity. This assumption leads to

the following equation:

of:ai——ﬁa,- (341)
where
af

(902'

The corrected stresses defined by equation ( 341) may be substituted into the Mat-

(342)

a;

suoka yield function to give a cubic equation in the scale multiplier 3:

A8 — A3* ~ 418~ A4,=0 (343)
where
Ao = o1(0y — 03)° + aa(0y — 0'3)2 —o3(o1 — 02)° — 8010905 tan’ oy, (344)
A, = [(0'2—0'3)2—40203+201(02+03)—80203tran2@tc1a1—f{<0'1—0'3)2"40'10"3
~2049(0y — 03) — 80103 tan’ Griay — (03 — 01)F — 4oy0y
—203(01 — 04) — 80105 tan® o las (345)
As = lay — a3)’ — dasas + 2a;(as = ag) — 8asastan® .10y — [(a; — as)’ — 4ajas

—2as{a; — az) — 8a,az tan® Oreios ~ [(as — (11)2 —4dajar — 2as(a; + az)

—8ayas tan® @105 (346)
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< 2
Az = ai(as — 03)2 — as(a; — 03)3 —az{a, — 02)2 — 8ajasaz tan” o,
and
9 a , 39
2 e (00 —a3)” (07 —03)" (07 —02)°
tan” ¢, = — - - ‘
80903 80,03 8g,09

a; = (o9 — 03)? — 40203 + 201(0y — 03) — 86405 tan” &5,
) ) 0 -
a, = |01 — 03)2 — 40,03 — 209(0y + 03) — 80103 tan” &,

azg = (o9 — 01)? — 40105 — 203(01 + 02) — 8070, tan® &5

(349)

In the case when one or more principal stresses become positive (i.e. tensile). it is

not possible to correct the stresses back to the vield surface using the approach described

above since an appropriate vield surface defined by uncorrected stresses does not exist.

This situation is dealt with by correcting the stresses back to the origin of stress space,

a procedure that may be justified by the fact that tensile stresses arise only when the

magnitude of the stress is very small.



Chapter 6

Two Dimensional Finite Element

Parametric Studies of Pressuremeter

Tests

6.1 Introduction

In the early stage of development of pressuremeters, the results of pressuremeter tests
were interpreted by means of empirical expressions to give parameters for design such as
allowable bearing capacity factors and moduli for allowable settlement. The first funda-
mental interpretation of an expansion test was published by Gibson and Anderson (1961)
in which the pressuremeter was considered to be infinitely long so that the deformation
of the surrounding soil was assumed to be in conditions of axial symmetry and plane
strain. The interpretation was developed for both undrained expansion tests in clay and
expansion tests in cohesionless soils, for which the soil is assumed to behave elastically
until failure occurs at a constant effective stress ratio and with no volume change.

Over the last two decades. both of these analyses have been improved. The undrained
expansion test can be interpreted without a prerequisite assumption of stress-strain re-
lationship for the soil being tested (e.g. Palmer. 1972). However this approach has been
found to be very sensitive to the disturbance of the soil caused by installation, and the re-

sulting uncertainty about the reference strain. By comparison, it is well accepted that the

109
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original Gibson and Anderson analvsis is preferable in deriving undrained shear strength
as recommended by Mair and Wood (1987). It is recognised, however. that it often leads
to overestimation of undrained strength.

As far as the drained expansion test is concerned. the analysis was modified by Hughes,
Wroth and Windle (1977) to account for soil dilation. From the analvsis the strength
parameters and shear modulus can be derived from the test. The relevance of this new
analysis to pressuremeter tests in sand was confirmed by Fahey {1980) by a special series
of laboratory tests under carefully controlled conditions.

Although the Gibson and Anderson analysis and Hughes et al’s analysis have been
widely used to interprete self-boring pressuremeter tests in clay and sand respectively.
significant uncertainty remains due to the effects of finite length of pressuremeters and
the simple stress-strain relationship assumed in the analysis. There are possible errors
due to disturbance created by the insertion of the probe into the ground. The degree of
disturbance and its influence on the test results is believed to be large and of unknown
magnitude (Jamiolkowski et al., 1985). A possible alternative to self-boring pressureme-
ters. in which the aim is to install the pressuremeter in the ground with minimal distur-
bance, is to allow a repeatable amount of ground disturbance prior to the pressuremeter
test. The installation of the pressuremeter behind a solid tip. which is driven in or pushed
into the ground, should result in such a repeatable disturbance. This is why the cone-
pressuremeter has attracted a lot of attention over last few vears (Withers et al.. 1986).
Houlsby and Withers (1988) published an analvsis by which undrained shear strength
and stiffness can be deduced from the test data. In theory the horizontal stress can also
be derived, but this approach was found to give excessive values for the horizontal stress.
The assumption of cylindrical cavity expansion theory could well be the major source of
the errors in derived soil properties, although a length/diameter ratio of 10 was used for
cone-pressuremeter tests.

The literature contains several well-documented reports of tests on clays with the
self-boring pressuremeter. Results indicate important disagreement with the results of
good laboratory tests or other in-situ tests. Baguelin et al. (1972) reported that the soil

strength determined by the pressuremeter is 50% larger than in-situ vane strengths for the
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Saint-Andre-de-Cubzak clay. Pressuremeter tests on South Gloucester clay (Eden and
Law, 1980) vielded strengths about 85% and 20% larger than the vane and conventional
triaxial strengths respectively. Consistently higher undrained strength and modulus val-
ues from pressuremeter tests. compared to those from laboratory or other field tests were
also reported by Wroth and Hughes (1974). Baguelin et al.(1978).Ghionna et al.(1981),
Fahev and Carter (1986} and Lacasse et al. (1990). among others.

In cohesionless soils, friction angles obtained from pressuremeter tests using Hughes et
al.’s method are tvpically larger than those from empirical approaches used with the cone
penetrometer (see, for example. Hughes et al., 1977; Bruzzi et al., 1986). This difference
may be due to the combined effects of finite length of pressuremeter probes and different
soll stress paths generated by pressuremeter tests and cone pentrometer tests.

In this chapter. a series of parametric studies on pressuremeter tests was carried out
using the finite element formulation developed in Chapter 5. The main objective of the
parametric studies is to quantify the eflects on derived soil parameters of pressuremeter

geometry and soil stress-strain relationships.

6.2 Verification of the finite element formulation

6.2.1 A small strain thick cylinder problem

In order to investigate the effects of incompressibility on the quality of stress data cal-
culated using the displacement finite element formulation developed in Chapter 5, the
analysis of a small strain thick cvlinder problem was carried out. The problem consisted
of a thick-walled cylinder. with inner radius a and outer radius b. subjected to an internal
pressure P. To isolate possible errors due to the non-linear solution algorithm, a material
with infinite strength has been assumed so as to ensure a purely linear elastic response.
The expansion of an infinitely long cvlinder was modelled by prescribing a plane strain
condition in the vertical direction. The mesh used for calculation 1s shown in Figure 26.
A Poisson’s ratio of 0.49 was used to approximate incompressible material behaviour.

The expansion of the cylinder was carried out by applving a radial pressure along the
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Figure 26: Finite element mesh and results for cvlinder expansion

inner boundary of the cylinder.

The computed stresses were normalised by the applied internal pressure P and plotted
in Figure 26. The analytical solutions by Hill (1950) are also shown in the same diagram.
It is found that the finite element results approximate closely the exact solutions for the

perfectly incompressible case.

6.2.2 Large strain cavity expansion problems

As a further investigation into the effects of incompressibility constraints on finite element
analyses, two large strain cavity expansion problems have been studied. These problems
represent severe tests for the finite element formulation since they include the analysis of

material that has yielded, as well as including large displacement effects.

Cylindrical cavity expansion in infinite von Mises materials

The expansion of a cvlindrical cavity in an infinite von Mises material is one of few
examples of a large strain elastic-plastic problem with a known closed form solution for

the stresses (Sagaseta, 1984).
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The theoretical analysis assumes a continuum of infinite extent. In order to model
this using a mesh of finite dimensions, a correcting layer is added to the perimeter of the
mesh (Burd, 1986). Burd shows that if a is the outer radius of the mesh. it is possible
to simulate correctly the material behaviour of the infinite medium with a radius a from
the axis by the addition of a correcting layer with outer radius of b provided that the
following relationship is satisfied.

b2 - o -
&G 21}(1—21/) (352)

G 1—(2)(1- 207

a

where G is shear modulus of the continuum and G~ and v~ are the shear modulus and
Poisson’s ratio of the correcting laver.

The mesh used for the finite element calculation is shown in Figure 27. The soil was
assumed to have a rigidity index of 50, where the rigidity index is defined as ratio of
shear modulus and undrained shear strength. Again a Poisson’s ratio of 0.49 was used
to approximate the incompressibility condition used for the analytical solution. In this
study, an expansion ratio of four was appled to the cavity.

The comparison of the finite element calculated stresses with the analytical solution

is found to be remarkably good as shown in Figure 28.

Cylindrical cavity expansion in Matsuoka materials

The objective of the analysis described now is to investigate the capability of the fi-
nite element program for calculations of cohesionless material behaviour involving large

strain. The mesh used for the large strain cavity expansion in von Mises materials has
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Figure 28: Comparison of stresses from finite element solution and analytical solution

been retained. The material behaviour was described by a stiffness index of P% = 50 and
a Poisson’s ratio of 0.2. The triaxial friction angle and dilation angle were assumed to be
35.83% and 6.15°, which correspond to the plane strain friction angle and dilation angle
of 40° and 7.10° respectively. A radial displacement controlled analysis was used in the
finite element calculation.

The load-displacement curve from the finite element analysis is shown in Figure 29.
The cavity pressure. P. is normalised by the initial stress F,. Plotted in the same dia-
gram 1s the analvtical pressure-displacement solution for finite cavity expansion in Mohr-
Coulomb materials. as described in Chapter 2. A very good comparison between the

finite element solution and the analytical solution has been observed.

6.2.3 Small strain collapse load analyses

It is well known that finite element plasticity solutions often become highly inaccurate
in the fully plastic range. This difficulty is associated with the conflict between finite
element discretization and plastic flow rule (Sloan, 1981). Since the analysis of the cone

pressuremeter tests is a large strain problem where a large volume has yielded, it 1s
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Figure 29: Comparison of pressure-displacement curve from the finite element solution
and analytical solution

necessary to check that the proposed finite element formulation is capable of predicting
collapse loads for materials in which incompressibility or constant dilation rate constraints
are present.

In all the calculations presented in this section, the mesh shown in Figure 30 has been
used. The semi-infinite soil mass is modelled by a square mesh with each side equal to
10B. where B is the radius of the footing. Around the edge of the footing, a refined mesh
system 1s used to correctly model the high stress gradients and failure mechanism. Note
the slightly curved element edges, since they are straight in the generalized (R. z) space

which 1s defined in Chapter 5.

Circular smooth footing in von Mises materials

A collapse load calculation for a smooth footing resting on weightless von Mises soils
has been performed. In the calculation. a uniform vertical displacement was prescribed
to the footing base and horizontal movement of the nodes in contact with the footing

was left free to simulate a smooth footing. The resulting load displacement curve i1s
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Figure 30: Finite element mesh for collapse load analyses

plotted in Figure 31. For a perfectly plastic von Mises material, no exact collapse load is
known. However the collapse load must be greater than the solution obtained for a Tresca
material (Shield, 1955; Chen. 1975) and less than the solution for the Tresca material
multiplied by a factor of % This is because in triaxial stress states the von Mises vield
surface is equivalent to the Tresca vield surface and in plane strain conditions the von
Mises vield surface represents the Tresca surface scaled by a factor of ;—/13- The stress
state created by loading a circular footing corresponds neither to a triaxial stress state
nor plane strain conditions. As shown in Figure 31. the finite element analysis yields a

collapse load which is between these two collapse loads for triaxial stress states and plane

strain conditions.

Circular smooth footing in Matsuoka materials

A collapse load calculation involving a smooth footing on frictional soils with surcharge
has been performed in order to check the capability of the proposed finite element formula-
tion in modelhing materials with dilation. The Matsuoka plasticity formulation described

in Section 5.8 was used to represent the soil, and a triaxial friction angle of 26.29° was
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Figure 31: Numerical footing pressure-displacement curve for von Mises material

used in conjunction with an associated flow rule, which corresponds to a plane strain
friction angle of 30°. For the collapse load problem. it is well known that the collapse
load 1s relatively independent of dilation angle. Therefore. 1t does not really matter what
value of dilation is used. The Poisson’s ratio was assumed to be 0.2 and the initial stress
state was assumed to be isotropic.

The load displacement curve obtained from the finite element analysis is plotted in
Figure 32 and the resulting collapse load is comparable to the theoretical value obtained
by the slip line theory for a Mohr-Coulomb material with a plane strain friction angle of
30° (Houlsby, 1990). The slight oscillation observed before the limit state may be due to
the finite element discretization and could be eliminated by using a refined mesh in the

calculation.

6.3 Finite element modelling of pressuremeter tests

The application of the proposed finite element formulation to the analysis of pressureme-

ter tests is described in this section. A series of parametric studies has been carried out
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Figure 32: Numerical footing pressure-displacement curve for Matsuoka material

for self-boring pressuremeter tests in both clay and sand and cone-pressuremeter tests in
clay. The parameters investigated include the pressuremeter geometry, the soil rigidity
index and soil density.

The self-boring pressuremeter was assumed to be installed deep into the ground with-
out any disturbance and the initial soil stress state was assumed unchanged by the instal-
lation of the pressuremeter. When modelling the cone-pressuremeter test, the installation
was modelled as a cylindrical cavity expansion process and the pressuremeter expansion
was modelled by the two dimensional finite element method. In other words, stresses
derived from cavity expansion were used as initial stresses when modelling the cone-
pressuremeter expansion tests. which have been pushed into the ground. As pointed out
by Houlsby and Withers (1988), this modelling of the installation will be somewhat in
error. as the penetration of a rod tipped by a 60° cone involves different stress paths from
the cavity expansion. However the analysis using the Strain Path Method (Teh, 1987:
Teh and Houlsby, 1988) shows that the stress distribution far behind the cone tip 1s sim-
ilar to the distribution created by the expansion of a cvlindrical cavity from zero initial

radius. The use of the simpler cvlindrical cavity expansion theory is therefore justified,
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Figure 33: Finite element mesh used for simulation of pressuremeter tests

provided that the bottom of the pressuremeter section is located more than about 10
diameters behind the cone tip.

In order to isolate effects due to the finite length of the pressuremeter from possible
numerical errors due to the non-linear solution algorithm, a calibration calculation with
an infinitely long pressuremeter was carried out for each pressuremeter test with a finite
length of probe. Figure 33 shows a mesh for real pressuremeter calculations which consists
of 288 modified 6 node triangular elements and the mesh shown in Figure 27 is used for
infinitely long pressuremeter calculations. Care was taken in designing these meshes so
that possible regions with higher stress gradients have a higher density of elements. The
pressuremeter membrane was modelled by 6 elements and boundary conditions used in

calculations are shown in Figure 33.

A fixed ratio of the total height of mesh to half length of the pressuremeter has been
used and different length to diameter ratios are obtained by multiplving the vertical
coordinate of all meshes by a certain factor. The material behaviour of the infinite
medium was simulated by a correcting layver for which the continuum properties and the

correcting layer properties are related by Equation ( 352).
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The analvtical stress solution for cavity expansion in the von Mises material devel-
oped by Sagaseta (1984) using large strain theory throughout both elastic and plastic
regions has been used to approximate the stress state due to the installation of the cone-
pressuremeter test in clay.

In the analysis of self-boring pressuremeter tests, a small strain finite element formu-
lation was adopted because the maximum cavity strain used in self-boring pressuremeter
tests is not large. When modelling cone-pressuremeter tests. large soil rotations around
the membrane edge are expected because the maximum cavity Hencky strain could be
up to 40%. Therefore it is necessary to use a large strain finite element formulation to

account for the large soil rotation and geometry change.

6.4 Analysis of self-boring pressuremeter tests in clay

6.4.1 Parameters for the analysis

Whilst the self-boring pressuremeter eliminates or reduces the problems associated with
sampling and laboratory testing. the design parameters deduced from the tests are based
on the shape of the expansion curve which may be affected by many factors. For tests
carried out relatively quickly in clay, it is assumed that idealised undrained conditions
exist although some dissipation of pore pressure will inevitably occur. The effects of
partial drainage on the pressuremeter tests have been studied by a number of researchers
(see, for example. Pyrah and Anderson, 1990; Fukagawa et al., 1990).

To quantify the effects due to the finite length of pressuremeter probes, numerical
simulations of self-boring pressuremeter tests in clay have been carried out using the
axisymmetric finite element method developed in Chapter 5. The soil mass has been
idealised as an elastic-perfectly plastic medium which obeys the von Mises yvield criterion
and deforms under constant volume conditions. Pressure controlled ‘quick’ expansion
tests were simulated and each test was continued to a cavity strain € = 10% for centre of
pressuremeter membrane. Effects due to finite stiffness of membrane are ignored in this

study.
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Table 6.1 summarises all values of the key parameters varied in the numerical sim-
ulations. An isotropic initial stress state with zero value for all stress components was

assumed.

Table 6.1 Numerical tests of

self-boring pressuremeter in clay

O 50 100 200 300 500
4 F& Fl12 F16 F20 F4

6 F7 Fl11 F15'F19 - F3
8§ 'F6 F10 Fl14 FI18 F2
"~ F5 F9 F13 Fi17 F1

Figure 34 shows a typical set of results of numerical simulations of the self-boring
pressuremeter test in clay. The pressure-expansion curve from each numerical simulation
was interpreted as if it were derived from a real field test. using the standard technique
proposed by Gibson and Anderson. The shear modulus G has been derived from the
initial pressure-expansion curve over the range v = 0 — s,. which is the elastic range for
the Tresca material. For the von Mises material used in this section, the elastic range is
expected to be even larger than that for the Tresca model. With respect to determination
of shear strength, two approaches were recommended by Mair and Wood (1987). The
plot of ¥ against Iln ¢, is usually used to define s,. which can either be estimated from
the slope of the curve or the extrapolated limit pressure at ‘—}L = 1. As pointed out
by Mair and Wood, strengths obtained with the limit pressure method appear to be
less sensitive to the assumed reference conditions. and hence less sensitive to disturbance
associated with installation of the pressuremeter. Both of these approaches have been
used to derive undrained shear strength from the expansion curve for comparisons. In
order to investigate possible effects of using different volumetric strain definitions. two
different ways of deriving it namely, €, = 2In(). &, = ln(“—“) were used. where a.aq are
the current and initial radius of the middle point of the pressuremeter membrane and V. 1}

are the current and initial pressuremeter volumes respectivelv. A least squares method

was used to find the slope in deriving the shear strength. Two different strain ranges
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measured by strain magnitude of the middle point of the membrane (ie. ¢, =2 — 5%
and ¢, = 2 — 109 ) were chosen for deducing the undrained shear strength so that the

analvsis may be objective and possible effects due to different strain ranges used for
deriving the undrained shear strength could be quantified.

When the undrained shear strength is estimated from the limit pressure by extrapo-
lation. the so-called Menard limit pressure is used for interpretation. The Menard limit
pressure is defined as the pressure at which “— = 2, corresponding to = = \'2. The choice
of Menard limit pressure instead of the true limit pressure at which g—“ = oc allows the
interpretation to be made using the two different volumetric strain definitions described
earlier. In determining the effects due to finite length of pressuremeters. we need to in-

vestigate the ratio of limit pressures of pressuremeter tests with an infinitely long probe

and those with a finite length. The following expression was assumed:

; G
Vim :S‘u(l*ln(s—])) (353)

where v, denotes the Menard limit pressure. which 1s found by extrapolating the ex-
pansion curve in the range ¢, = 5 — 10%. and s represents the undrained shear strength
corresponding to the Menard limit pressure. After obtaining vy, for each pressuremeter

test. equation { 353) can be used to derive s using a Newton-Raphson solution scheme.

6.4.2 Numerical results

The derived undrained shear strengths for each pressuremeter test are summarised in
Table 6.2 and Table 6.3. Table 6.4 shows the derived shear moduli. For all the cases,
Suze = 1.0 1s used which corresponds to a plane strain undrained shear strength of j—g The
derived values of plane strain undrained shear strength from the numerical analyses of the
pressuremeter tests with an infinitely long probe are found to be in good agreement with
the actual shear strength used in the analysis. The maximum error i1s found to be less
than about 2%. This evidence suggests that the performance of the numerical method
used 1n the analysis i1s very satisfactory. It is also necessary to note that in Table 6.4

the actual values of shear moduli used in the analysis are equal to the values of rigidity
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Figure 34: A typical set of results for numerical simulations of the self-boring pressureme-
ter test in clay

index (i.e. I, = % ) listed 1in the Table because a value of unity for sy is used in the
calculation.

In general it can be seen that the use of conventional one dimensional cavity expansion
theory to pressuremeter tests with finite length of probes tends to overestimate both
undrained shear strength and shear moduli. When the volumetric strain 1s defined by
twice central strain of the membrane, the overestimation of shear moduli was found to be
negligible even for the pressuremeter tests with a length/diameter ratio of 4. Significant
overprediction of shear moduli was observed, however, when the volumetric strain is
calculated from the actual volume of the pressuremeter membrane. As far as undrained
shear strength 1s concerned, the numerical results suggest that the overestimation due to
the finite length/diameter ratio, using the approach of deriving undrained shear strength
from the slope of logarithmic plot of expansion curve, largely depends on the rigidity
index of the soil. The rigidity index 1s defined as ratio of shear modulus to undrained
shear strength. By comparison. it is interesting to note that the effect on undrained shear
strength due to pressuremeter geometry, using the approach of deducing undrained shear

strength from the limit pressure, are relatively independent of the rigidity index. The
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following sections are devoted to examining the variation of the length/diameter ratio

effects with different parameters for the pressuremeter tests.

Table 6.2 The derived shear strength for self-boring pressuremeter test in clay using loading slope

£ L 50 | 100 200 300 500
e - 2-38% 2-10%  2-58% ! 2-10% 2-35% " 2-10% 2-5% i 2-10% 2-5% ! 2-10%
4 s, . 13227 0 13506 ; 13546 = 1.3673  1.3625  1.3686 1.3653  1.3563 | 1.3627
se  1.3434 . 1.4057  1.4312  1.4553 14530 ., 14430 1. 14172 1.3947 | 1.35%4
6 s, . 1.2692 . 13055  1.3141  1.3330  1.3390 - 13582 1. 1.3668  1.3624 = 1.2705
se  1.2514 © 1.3077 . 1.3207 . 1.377T  1.4042 | 1.4309 14358 1.4269 © 14217
D& see 12329 12776 | 1.2883 . 1.3017  1.3046 - 1.3328 1. 1.3510  1.3478 . 1.3648
| suc , 1.2144 - 1.2582 | 1.2648 © 1.3123 ' 1.3404 | 1.3842 1. 14130 1.4125 | 1.4264
o s | 11488 - 1.1707 | 11676 | 1.1777  1.1666 = 1.1787 1. 11798 1.1697 | 11814
sec 11555  1.1744 | 11664 © 1.1769  1.1666 = 1.178¢ 1. 11790 11695 | 1.1812

Table 6.3 The derived shear strength for

self-boring pressuremeter test in clay using limit pressure

£ 1, 50 100 200 | 300 500
4 & 12857 .1.3099  1.3006 ' 1.3091 :  1.3104
s, 1 1.2689 1.3045 | 1.3022 : 1.3005 |  1.3073
6 s, 1.2270 1.2478 | 1.2692 . 1.2734 = 1.2808
sho 11,1938 1 1.2303 | 1.2545  1.2598 |  1.2762
8 o, | 11690 1.2057 | 12363  1.2395 |  1.2483
s, 111363 ' 11779 | 1.2072 | 1.2260 | 1.2483
oo sh, 1.0395 1.0491 ' 1.0798 ' 1.0844 |  1.0938
sl 1.0474 © 1.0491 | 1.0745 : 1.0844 |  1.0923
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Table 6.4 The derived shear moduli for

self-boring pressuremeter test in clay

L 50 100 | =200 300 500

I el

G, 58.5628 | 116.8647 233.4681 | 350.0718 583.2787 |

G,  49.8962 © 095284 198.7926 - 298.0567 = 496.5848

& G, 55.0649

109.8705 © 219.4812 . 329.0920 548.3132
G,  48.9956 | 97.7274

195.1905 . 292.6537 : 487.5797

| 53.4678 | 106.6770 = 213.0952 . 319.5133 - 532.3491 -

G, - 48.8132 97.36250  104.4609 291.5592 485.7556

o0
D
[

o G, 481071  95.9503 191.6364 & 287.3225  478.6946

G, 485762 | 96.8885 ' 193.5128 | 200.1371 ' 483.3856

6.4.3 Effects of length to diameter ratio

The effects of length to diameter ratio on derived soil properties may be examined in de-
taill by considering the case where the rigidity index is equal to 100. The ratio of derived
parameters from pressuremeter tests with an infinitely long membrane to derived param-
eters from pressuremeter tests with a finite length of membrane was used to measure the
effects of finite length.

The variation of the effects on stiffness, due to the finite length of pressuremeter
probe, with length to diameter ratio is shown in Figure 35. It can be seen that the
membrane end effects for the case when volumetric strain is calculated from the volume
of the pressuremeter are more significant than the case when volumetric strain is assumed
to be twice the central strain of the membrane. For the pressuremeter tests with a length
to diameter ratio of 6, the overestimation of shear modulus is about 13% when the
volumetric strain is calculated from volume of pressuremeter.

As far as the shear strength is concerned, different ways of deriving the strength
were distinguished. The variation of the effects due to finite length of pressuremeter

with length to diameter ratio is shown in Figure 36 to Figure 37 for different ways of
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Figure 35: Effects on shear modulus due to length to diameter ratio

calculating the volumetric strain. It can be seen that the effects of finite length of the

pressuremeter increases when the length to diameter ratio decreases.

6.4.4 Effects of soil rigidity index

Five different values of rigidity index, denoted by I,, have been used in the numerical
calculations so that the possible effects due to variation of rigidity index on the derived
soil properties may be fully quantified. To isolate the effects of rigidity index from the
effects due to different length to diameter ratios, the case when the length to diameter
ratio 1s equal to 6 was chosen to highlight the importance of rigidity index.

From Table 6.4. it is easily noticed that the variation of effects on shear modulus, due
to the finite length of pressuremeter probes. with rigidity index is very small, and could
be neglected in practice.

The numerical results of the effect on undrained strength due to finite length of
pressuremeters for the case when length to diameter ratio is equal to 6 are shown in
Figure 38 to Figure 39 for two different ways of deriving the volumetric strain used in

the analvsis. It can be seen that the ratio of the derived undrained shear strength for
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Figure 36: Effects on strength due to finite length using central strain
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Figure 37: Effects on strength due to finite length using volumetric strain
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Figure 38: Variation of finite length effects on strength with rigidity index using central
strain
pressuremeter tests with an infinitely long probe to the derived shear strength for the

pressuremeter tests with a length to diameter ratio of 6 is less than unity for all cases.

It suggests that the use of the conventional one dimensional interpretation method for
the real pressuremeter tests with a finite length tends to overestimate the ‘true’ undrained
shear strength. It is interesting to see that the effects due to finite length are relatively
independent of the rigidity index if the undrained shear strength is derived from the
limit pressure. The average overestimation of undrained shear strength for this case is
about 15%. For the case when the undrained shear strength is deduced from the slope of

pressuremeter expansion curve, the finite length effects increase with the rigidity index.

6.5 Analysis of self-boring pressuremeter tests in sand

6.5.1 Parameters for the analysis

Two possible sources of error in deriving the fundamental soil parameters from pres-

suremeter tests in sand, when the conventional Hughes et al’s interpretation method 1s
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Figure 39: Variation of finite length effects on strength with rigidity index using volu-
metric strain

applied, are studied in this section. First of all, the pressuremeter geometry assumed in
the Hughes et al’s analysis may not be appropriate for the field conditions. In practice.
the inflatable membrane i1s of limited length with a finite length to diameter ratio. An-
other basic assumption made in the analyvsis regarding the behaviour of the soil is that
the elastic deformation in the plastic zone surrounding the cavity is small and may be
ignored. The importance of this assumption can be assessed by comparing the analytical
solution developed in Chapter 2 which includes elastic deformation, with the Hughes et
al’s analvsis.

Twelve sets of numerical tests were designed to investigate possible effects due to finite
length of pressuremeters for different soil density and stiffness. The detailed variation of
parameters are shown in Table 6.5 and the initial stress state was assumed to be isotropic.
A value of 100k Pa was assumed for all initial stress components. The correlation between
the triaxial parameters used in the Matsuoka plasticity and plane strain parameters used
in Mohr-Coulomb model was described in Chapter 5. In this section. a length to diameter
ratio of 6 was used for all analyses. Numerical pressuremeter tests with an infinitely long

probe were also carried out in order to eliminate possible errors due to the proposed
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non-linear solution algorithm. In the analyses. the critical state friction angle with the

value of o, = 33% is assumed for all cases. For a given value of stiffness index (i.e.
I, = £, the possible effects due to friction angles of the soil can be investigated by

T hn

varying peak friction angles. Friction and dilation angles were assumed to be related by

Rowe’s stress-dilatancy equation.

Table 6.5 Numerical tests of self

boring pressuremeter in sand

oy [N 200 | 500 1000 |

'48°1 6 D2 D4 D6

'« | DI D3 D5

43° 6 D14, D16 DIS8

oo D13 D15 DiT
6

'38°, 6 D20 D22 D24
< D18 D21 D23
33°| 6 D& D10 D12

o DT D9 D11

6.5.2 Numerical results

The pressuremeter tests are simulated by applying an uniform radial pressure incremently
across the membrane wall. Each test was continued until the cavity strain reached 5%
and the least square method was applied to a strain range of between 1 — 5% to derive
the slope of pressuremeter expansion curve in logarithmic scale. Figure 40 shows a typical
set of results of numerical simulations of the self-boring pressuremeter test in sand. After
obtaining a value of loading slope. the conventional Hughes et al's method was used to
backcalculate the friction angle and dilation angle using the input critical state friction
angle and Rowe’s stress-dilatancy relationship.

Table 6.6 and Table 6.7 show the derived plastic loading slopes and backcalculated
strength parameters for all numerical tests. (S57.4.¢0.) and (S7,¢.@%5,¢) represent the

derived loading slopes and friction angles from the pressuremeter tests with % = 6 using
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central strain and volumetric strain measurements respectively. and (S7._.&5 ) and

(ST - O ) denote the derived loading slopes and friction angles from the pressuremeter
tests with % = oc for both central strain and volumetric strain measurements.

Also summarised in the Tables are the loading slopes S%_ and friction angles o},
for cylindrical cavity expansion when an exact small strain analytical solution is used to

produce the expansion curve. The importance of the elastic deformation in the plastic

zone may be quantified by comparing these derived parameters with those denoted by

ta
doo

and oY derived from the cylindrical cavity expansion curve when the elastic com-
pressibility is ignored. The soil parameters were derived using two different plots. namely
In v against In(In(-)) and In v against In( % 111(1‘—,;)). where a. ag are the current and initial
radius of the middle point of membrane and V.1, denote current and initial volume of
the pressuremeter respectively.

It 1s evident from Table 6.6 and Table 6.7 that the values of derived parameters

(Shec: Pivee ) and (Si.o: Pheee) from the numerical analysis of the infinitely long pres-

te ite )

suremeter tests are in remarkably good agreement with the theoretical values of (S5 . &5 ).

with a maximum deviation of less than half a percent. This suggests that the numerical
method developed in Chapter 5 can be used with confidence for analysing the pressureme-

ter tests.
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Figure 40: A typical set of results for numerical simulations of the self-boring pressureme-

ter test in sand

Table 6.6 The derived slopes for self-boring

pressuremeter test in sand

! d)Ps | Is ‘ S;?x) ! Séfx» i ngoc i *’zrilcoo ngG ; SZCG
200 0.5684 0.4719  0.4740 | 0.4737  0.5341  0.5355

48° | 500  0.5684 |

0.4955 . 0.4996 | 0.4991

0.5907 0.6046 °

1 1000 0.5684

0.5123 * 0.5162 | 0.5156

|
T

0.6302 ' 0.6495

200 0.4941 0.4249  0.4263 | 0.4261 = 0.4837 = 0.4860
43% © 500  0.4941 ' 0.4448 0.4462 | 0.4458 (.5308 0.5443

1000 0.4941 | 0.4573 - 0.4596 | 0.4593 ' 0.5636 \ 0.5820

. 200 | 0.4218 | 0.3747 , 0.3750 | 0.3749 0.4277 | 0.4306

80 . 500  0.4218

0.3896 - 0.3911 | 0.3909 '

0.4654 | 0.4778 '

1000 : 0.4218

0.3980 ' 0.4007 | 0.4005

£ 0.4910 ' 0.5072 |

200 0.3526

29 | 0.3224

0.3666  0.3696

30‘ 500  0.3526

0.3967 . 0.4072

1000 . 0.3526

0.3226 . 0.32
3327 . 0.3333 } 0.3333
0.3400  0.3405 | 0.3404

0.4153 ' 0.4286 |
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6.5.3 Effects of length to diameter ratio

The ratio between the derived parameters for the numerical pressuremeter test with an
infinitely long membrane and the derived parameters for the pressuremeter test with a
finite length to diameter ratio of 6 may be used to indicate the effects due to finite length
of pressuremeters.

Figure 41 and Figure 42 show the ratios of loading slopes derived from the two different
plots. It was found that the use of the conventional Hughes et al’'s approach for the
pressuremeter test tends to overestimate the pressuremeter expansion slope for all values
of stiffness. The implication of the overestimation of the loading slope may be assessed
by using the conventional way to backcalculate friction angle and dilation angle from
the derived slopes. The critical state friction angle was assumed to be unchanged due
to the pressuremeter geometry in the backcalculations. The significant overestimation
of friction angle due to finite length of the pressuremeter can be seen in Figure 43 and
Figure 44. In general, it was observed that a slightly smaller overestimation of derived
friction angles 1s suggested by adopting the plot of pressure against volumetric strain
than the plot of pressure against the central strain of the membrane. The overprediction
of friction angles by ignoring the pressuremeter geometry could be up to 17% for stiff

soils.
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Table 6.7 The derived friction angles for self-horing

pressuremeter test in sand

Poan ta i te : ‘n in . n i i
‘@psl I Pde . P4 P dvoc Pheoc édvG L Pdes

200 48.00 41.49°  41.63° 41.61° 45700 ¢ 45.80°

489 500  48.0° © 43.10°  43.37°  43.34° 49.48° | 50.400

1000 48.0°  44.24° 1 4450° 44.46° 52.11°  53.39°

0200 43.0° 38.22° | 38.32° 38.30% « 42.29° ' 42.45°

39.710 . 39.68° |

1439 500 43.0°  39.61°

-

ot

(@ e
o

S

N

o

o

o0

[=)

1000 43.0°  40.48° © 40.64° 40.61° 47.6

200 38.0° & 34.63° 34.65°  34.64° ' 38.410 - 38.620

35.710 * 35.810 © 35.80° | 41.040 41.89°

| 38° | 500 . 38.0°

11000 © 38.0° 1 36.31° | 36.500  36.49° © 42.79° | 43.89°
| 200 33.0° ' 30.75° | 30.71°  30.720  34.03° ‘ 34.25¢
1330 500 | 33.0°  31.51°0 31.56° 31.56° 36.220 | 36.97°

11000 | 33.00 32.060 | 32.000 32.00° . 37.550 | 38.48°

The numerical results allow the conclusion to be drawn that a length to diameter
ratio of 6, as in the case of the Cambridge self-boring pressuremeter. is insufficient to
eliminate the finite length effects of the membrane on the values of the derived strength
parameters. The finite length effects result in the deduction of non-conservative strength

parameters.

6.5.4 Effects of friction angle

As was shown in Table 6.7. four different friction angles were chosen for each case with
the same stiffness so that possible effects due to soil density could be quantified. In all
numerical analyses presented in this section. the variation of friction angle was found to
have little influence on the finite length effects, which can be seen clearly in Figure 41
to Figure 44. The finding is in agreement with Laler et al.(1975) who, based on large

chamber test results, found that the effect on the pressuremeter limit pressure due to the
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Figure 41: Variation of finite length effects on slope with stifiness index using volumetric
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Figure 42: Variation of finite length effects on slope with stiffness index using central

strain
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Figure 43: Variation of finite length effects on friction angle with stiffness index using
volumetric strain
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Figure 44: Variation of finite length effects on friction angle with stiffness index using
central strain
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finite length of probe is largely independent of the soil density. The important quantities

which influence in-situ test results are discussed fully in the next section.

6.5.5 Effects of stiffness

The variation of the finite length effects on the derived strength parameters with soil
stiffness index is shown in Figure 41 to Figure 44. Here the stiffness index was defined
by the ratio of shear modulus to initial horizontal stress. As far as the friction angles are

concerned, the effects of the stiffness index may be approximately expressed by

Sdvee 1,076 — 0.03241n 1, (354)
Odvﬁ

for the case when the volumetric strain i1s used. and by

Zéece _ 1129 — 0.0431n I, (

dc6

o
Ut
Ot

for the case when the central strain is used. I, denotes the stiffness index for sand.

The advantage of the numerical analysis is that both strength and stiffness of the
soil can be investigated independently. As far as the finite length effect on the derived
strength parameters is concerned, the numerical results suggest that the stiffness has
a more important influence than that of the soil strength. The important effects of
the stiffness on the results of in-situ tests have been discussed at length by Houlsby and
Wroth (1989) based on the results from both laboratory and theoretical studies of various
in-situ tests. The significant influence of the stiffness on the finite length effects for the
self-boring pressuremeter tests provides more evidence to suggest that the stiffness is one

of the most important quantities in the understanding of in-situ tests.

6.5.6 Effects of elastic deformation in plastic regions

In addition to the finite length effects, the elastic deformation in the plastic zones may
have some effects on derived strength parameters based on Hughes et al's simplified
analysis. The ratio of the derived parameters for the case when the exact cavity expansion

solution is used to produce the expansion curve to those derived for the case when the
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Figure 45: Variation of effects on slopes due to elastic deformation with stiffness index

Hughes et al’s analysis is used may be used to assess the effects of the elastic deformations.
The resulting ratios of cavity slopes and backcalculated friction angles are shown in
Figure 45 and Figure 46 respectively. Both soil density and stiffness index are found to
have significant influence on the effects of elastic deformation. It is important to note
that the Hughes et al’s simplified analysis tends to underestimate significantly the derived
loading slopes and backcalculated strength parameters. As was expected. the effect of
elastic deformation in the plastic zones is particularly marked for dense soil with low

stiffness index.

6.6 Analysis of cone-pressuremeter tests in clay

6.6.1 Parameters for the analysis

The cone-pressuremeter is a new in-situ testing device which combines a 60° electric
piezocone with the pressuremeter test. The new test is intended to combine some of the
merits of pressuremeter test with the operational convenience of the cone penetration test.

By using the analysis published by Houlsby and Withers (1988), the cone-pressuremeter
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Figure 46: Variation of effects on friction angles due to elastic deformation with stiffness
index
test allows the shear modulus and undrained strength to be determined. In the analysis,
the initial installation of the full-displacement pressuremeter is modelled theoretically
as the expansion of a cylindrical cavity expansion within the soil. The expansion phase
of the pressuremeter test is modelled as a continued expansion of the same cylindrical
cavity, and the contraction phase as a cylindrical cavity contraction. This modelling of
expansion and contraction phases of the pressuremeter will be somewhat in error. as the
pressuremeter has a finite length instead of an infinitely long length as assumed in the
analysis. The error due to the finite length of pressuremeter membrane can be assessed
by modelling the pressuremeter expansion and contraction phases using the finite element
method.

In the numerical analyses, a length to diameter ratio of 10, which is the same as
that used for the Fugro prototype device, was assumed. The large strain finite element

formulation was adopted in order to be consistent with the Houlsby and Withers analysis.
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Table 6.8 Numerical tests of

cone-pressuremeter in clay

Ir

N\ 200 300|500 : 800
10 R& R4 | R6 R2
~ R7 R3R5 RI

The parameters of four sets of numerical pressuremeter tests are shown in Table 6.8.
The installation of the cone-pressuremeter is modelled by setting up initial stresses ac-
cording to the large strain cavity expansion solution developed by Sagaseta (1984). The
expansion phase of pressuremeter tests is carried out by further applyving an uniform
normal pressure incremently along the membrane wall. The incremental nodal force in-
duced by the applied normal surface pressure is calculated when the element geometry 1s
updated. As the initial stresses represent the limit stress state of cavity expansion, it is
necessary to use a very small increment of pressure for performing pressuremeter expan-
sion in order to achieve a stable numerical solution. For the case of pressuremeter tests
with an infinitely long membrane. it is not possible to perform pressuremeter expansion
numerically by a pressure controlled analysis. Hence a displacement controlled analysis

was used for modelling pressuremeter test with an infinitely long membrane.

6.6.2 Numerical results

Each set of numerical pressuremeter expansion tests with the same rigidity index was con-
tinued to the same maximum cavity strain before performing pressuremeter contraction
tests so that possible effects due to the variation of the maximum strain were eliminated.
Figure 47 shows a typical set of results of numerical simulations of the cone-pressuremeter
test in clay. The Houlsby and Withers method is used to derive shear modulus, undrained
strength and horizontal initial stresses. In order to do so, the pressuremeter expansion
and contraction curve has to be plotted as pressure v against —lIn(e., — ¢.). In this
section. the results derived from the plot using cavity strain at the middle point of mem-

brane are presented. The derived initial stress. stiffness and undrained shear strength are
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Figure 47: A typical set of results for numerical simulations of the cone-pressuremeter
test in clay

shown in Table 6.9. The triaxial undrained strength s, is assumed to be unity in the
analysis and it corresponds to a plane strain undrained strength of ;% It 1s found that
for the cone-pressuremeter test with an infinitely long probe the derived undrained plane
strain shear strengths for all cases are in good agreement with the actual values used in
the calculations with a maximum error of less than 1%. This indicates that the quality

of the numerical method adopted in the analysis is very high.

Table 6.9 Summary of derived parameters for

cone-pressuremeter test in clay

10 ! o

L 1 G | sy ol G 1 sy oo

200 | 187.14 1 1.2377 | 1.016 | 209.39 | 1.1644 0.0

\ |
300 | 272.91 + 1.2450 * 1.051 | 312.56 | 1.1556 ; 0.0 -

500 | 446.60 ' 1.2725 | 1.085

011.1623 0.0

800 . 684.91 | 1.3025 ' 1.119

535.6
8

80 11599 0.0

The ratio between the derived parameters from pressuremeter tests with a finite length
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of probe and the derived parameters from pressuremeter tests with an infinitely long
probe may largely represent the effects of finite length of pressuremeter membrane. [t
was found that the application of the Houlsby and Withers method in deriving soil
parameters for real cone-pressuremeter tests tends to overestimate the shear strength s,
and initial stresses o9 and underestimate the shear modulus G. As was expected. the
overestimation of shear strength is relatively small due to the large length to diameter
ratio used in the cone-pressuremeter. For clays where the rigidity index is under 600,
the overestimation of the shear strength is under 10%. The underestimation of the shear
modulus, however. could be up to 20%. In agreement with Houlsby and Withers (1988),
it was found that the estimation of initial horizontal stress is so significantly affected by
the pressuremeter geometry that the direct use of the cavity expansion theory may not

be able to give any sensible results.

6.6.3 Effects of rigidity index

Figure 48 and Figure 49 show the variation of finite length effects on derived soil strength
and stiffness with rigidity index. It was observed that the overestimation of shear strength
and the underestimation of shear modulus increases with rigidity index. This variation

may be expressed by the following expression

= 1.131-0.03551n 1, (356)
S'U.

for shear strength and
G*= ‘ 3 .
el 0.606 — 0.09581n I, (357)

for shear modulus.

6.6.4 Effects on initial stresses

The horizontal stresses derived from Houlsby and Withers method are known to be too
high if cylindrical cavity expansion is used (Houlsby and Withers, 1988: Powell, 1990).

The numerical analyses presented in this section highlight the significant effects due to
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Figure 48: Variation of effects on undrained strength due to finite length with rigidity
index
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Figure 49: Variation of effects on stiffness due to finite length with rigidity index
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Figure 50: Variation of effects on initial stress due to finite length with rigidity index

finite length of pressuremeters. The use of Houlsby and Withers method for the cone-
pressuremeter tests in field conditions tends to overestimate the initial horizontal stress
significantly. In order to quantify this effect, the variable defined as (is:"i was plotted
against input soil rigidity index I, in Figure 50, where o}J denotes the derived initial
horizontal stress for the cone pressuremeter tests with a length to diameter ratio of 10
and oy represents the derived initial horizontal stress for the cone pressuremeter test
with an infinitely long probe. The variation of 0—}(‘)5;0—’1 with the rigidity index may be

k1

approximately expressed by the following equation:

10 _ .
Tho Z TR0 _ 9.630 — 0.07331n I, (358)

Sy
Equation ( 358) may be used to provide a better estimation of the initial horizontal
stress from the cone-pressuremeter test results.
It is clear to see from Figure 50 that the overestimation of the initial horizontal stress
due to the finite length varies from 1.02s, to 1.12s, when the soil rigidity index increases
from 200 to 800. Houlsby and Withers (1988) found that using oo estimated from

cvlindrical cavity expansion theory and o, from the bulk unit weight of the soil could
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sometimes result in a (0,9 — 7o) value which significantly exceeds 2s,. It is impossible for
a Tresca material to have a maximum shear stress of more than a s,. This may largely
be due to the significant overestimation of o9 with a magnitude of more than s, because

of ignoring finite length effects in the analysis.

6.7 Recommended interpretation procedure for pres-

suremeter tests in clay and sand

6.7.1 Self-boring pressuremeter tests in clay

The analysis presented in Section 6.4 has illustrated the danger of applying an undrained
shear strength profile obtained from self-boring pressuremeter tests using the conventional
Gibson and Anderson method. By using the numerical results, a correction may be made
to the pressuremeter test results to account for the finite length effects.

A value of 6 for length to diameter ratio may be used to represent the geometry of
the self-boring pressuremeter which has been widely used in practice (e.g. the Cambridge
self-boring pressuremeter). Hence only numerical results for the pressuremeter tests with
a length to diameter ratio of 6 are considered in the following discussion. Of course, the
same argument may be used for self-boring pressuremeter tests with a different length to
diameter ratio.

For self-boring pressuremeter tests in clay, the effects on derived undrained shear
strength due to the finite length of the probe depends on the approach used to derive the
undrained shear strength. As was mentioned earlier, when the undrained shear strength
1s estimated from the limit pressure. the finite length effect is relatively independent of the
rigidity index and the average overestimation of the undrained shear strength was found
to be about 15%. This suggests that when the undrained shear strength is obtained from
the limit pressure approach. the finite length effects may be accounted for by multiplyving
the derived strength by a factor of 0.85.

On the other hand, if the undrained shear strength is estimated from the pressuremeter

expansion slope, it is necessary to distinguish the two different strain definitions used in
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presenting the pressuremeter expansion curve. When the undrained shear strength is
obtained from the plot of pressure against the volumetric strain. the following expression

may be used to represent the finite length effects on the derived strength:

o = 0.971 — 0.01851In I, (359)
Sue

S

If the undrained shear strength is estimated from the plot of pressure against the
membrane central strain, the finite length effect was found to be slightly dependent on
the strain ranges used in the interpretation. In general, the use of the membrane central
strain could lead to a slightly more overestimation of the undrained strength due to finite
length of pressuremeters.

Equation ( 359) may be used to improve the conventional Gibson and Anderson
method in deriving the undrained shear strength from the pressuremeter test results.

With respect to the shear modulus, it was found that the effect on shear modulus due
to finite length is negligible when the shear modulus is derived from the initial curve in
the plot of pressure against membrane central strain. However. if the plot of pressure
against volumetric strain is used to estimate the shear modulus, the finite length effect
was found to be quite significant. The overestimation of the shear modulus due to the
finite length may go up to 13%. It suggests that the derived shear modulus from the
plot of pressure against volumetric strain for the pressuremeter test results needs to be

multiplied by 0.87 in order to eliminate the effect due to pressuremeter geometry.

6.7.2 Self-boring pressuremeter tests in sand

The effects on derived soil friction angle and dilation angles due to the finite length
of pressuremeter have been studied in Section 6.5. It was found that the use of the
conventional Hughes et al analysis tends to overestimate friction angles. Based on the
results using the strain range of between 1 — 5% to derive loading slope Sy. it may be
concluded that such overestimation of friction angles is, however. largely independent of
the friction angle.

However, the finite length effect on derived friction angles was found to be significantly
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dependent on the soil stiffness index /,. This dependence may be expressed approximately

by the following expression:

dcor = 1.129 — 0.04321n I, (360)

Dges '
for the case when the soil parameters are derived from pressuremeter test results plotted
as pressure against central membrane strain.

The soil parameters can also be derived from the pressuremeter results plotted as
pressure against volumetric strain. As this latter approach tends to overestimate the
shear modulus G very significantly. the former approach using central membrane strain
1s recommended. After obtaining the shear modulus and the initial horizontal stress using
the conventional method. a better estimation of friction angle which takes into account
the finite length effects may be provided by using equation ( 360). After the improved
friction angle is obtained. a better estimation of dilation angle may be estimated by using
the critical friction angle and Rowe’s stress-dilatancy equation.

Another important effect produced by ignoring the elastic deformation in the plastic
zone in the Hughes et al analvsis may be taken into account by using the numerical
results presented in Figure 45 and Figure 46. It can be seen that the Hughes et al
simplified analysis tends to underestimate derived friction angles. As was expected, the
underestimation is particularly marked in the soil with low elastic stiffness and high
friction angle.

The combined effects of the finite length of the pressuremeter and ignoring the elastic
deformation in the plastic zone may be assessed by comparing the actual friction angles
@;’; used in the analysis and backcalculated friction angles for field pressuremeter tests.
Figure 51 shows the variation of the combined effects on the derived friction angle with
the stifiness index. It was observed that the combined effects depend on both friction

angle and stiffness index since the effects due to the ignoring the elastic deformation in
the plastic zone are strongly dependent on friction angle.

The most interesting thing is that the combined effects of the finite length of pres-
suremeters and ignoring the elastic deformation in the analysis can be easily taken into

account in the interpretation by presenting the data in Figure 51 in a plot of the combined
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Figure 51: The combined effects on friction angles due to finite length and elastic defor-
mation

effects against Isl—;—?—gfi. The advantage of adopting the modified plot to present the nu-
pe

merical results is that all numerical data lies on a unified line as shown in Figure 52. The

theoretical rationale of using this modified plot is that the analyvtical solution for both

cvlindrical and spherical cavity expansion in sand presented in Chapter 2 suggests the

. 1-—sin ¢}y . . .
important effect of the parameter I —an on the cavity pressure-displacement relation-
pe

ship. We may therefore expect that the relationship between the pressuremeter pressure

and cavity strain for the case when % 1s between two extreme limits of cylindrical cavity

and spherical cavity may also be related to the strength and stiffness of the soil in a
similar manner.
Using linear regression, the following simple expression:
L1n

@
—2% = 1.360 — 0.0775 In(

; ] AT
Odcﬁ S1n (Dps

: ;1M
1 —sinoy

I,) (361)

in which I, = %, may be used to represent the combined effects of pressuremeter geom-

1

etry and ignoring elastic deformation in the analysis. The above equation can be used to
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Figure 52: The combined effects on friction angles due to finite length and elastic defor-
mation in a generalised plot

obtain a better estimation of friction angles denoted by 05;’; after the value of &7 is esti-
mated using the simplified Hughes et al method from the field self-boring pressuremeter

tests.

6.7.3 Cone-pressuremeter tests in clay

The numerical results for the cone pressuremeter tests with length to diameter ratios of
10 presented in Section 6.6 suggest that the effect due to the finite length of the probe
on undrained shear strength when using the Houlsby and Withers analysis is relatively
small. The overestimation of the undrained shear strength is tvpically under 10% for a
soil with a rigidity index less than 800. It is mainly because of large length to diameter
ratio of the cone-pressuremeter. The variation of the finite length effects on strength with

rigidity index may be expressed by the following equation:

S

=1.131 - 0.03551n I,

n
ﬁ;tg

for the case when the central membrane strain is used to plot the pressuremeter test

results.
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However it was found that use of the Houlsby and Withers analysis in deriving shear
modulus G from the field pressuremeter test tends to underestimate the true value sig-
nificantly. For the soil with I, = 600. the shear modulus could be underestimated by
209%. Based on the numerical results. the following equation may be used to represent
the variation of finite length effects on shear modulus with soil rigidity index.

GOO
GlO

= 0.606 — 0.09581n 1,

The numerical analyses suggest that the failure of the Houlsby and Withers method
in deriving realistic initial horizontal stress may largely be blamed on effect of the finite
length of pressuremeter probe. Based on the numerical results. an alternative way of
estimating initial horizontal stress from field cone-pressuremeter tests may be made by
using the following equation:

70 Z T8 _ 0,630~ 0.07331n I,
Sy

In order to highlight the relevance of the numerical analyses. the field cone-pressuremeter
test results reported by Houlsby and Withers (1988) are re-interpreted here for compari-
son. Emphasis has been placed on the prediction of the initial total horizontal stress g
because the numerical analysis suggests a considerable influence from the finite length of
the pressuremeter on this particular quantity.

A total of seven tests at Madingley, Cambridge were made with the Fugro cone-
pressuremeter (% = 10). A number of self-boring pressuremeter tests were also carried
out at the same site by Clarke (1979). The cone-pressuremeter tests were interpreted
by the original Houlsby and Withers method with use of cylindrical cavity case and the
deduced total horizontal stress values are shown in Figure 53. Also included in Figure 53
1s the total horizontal stress obtained from the self-boring pressuremeter test data. It can
be seen that oy values predicted from the cone-pressuremeter test using the Holusby and

Withers analysis are consistently higher than the self-boring pressuremeter test results.

sometimes by a factor of 2. A similar finding was also reported by Powell (1990).

The cone-pressuremeter test data have been re-interpreted using the following alter-

native procedure, which accounts for the effect of the finite length of the pressuremeter



Chapter 6. Two dimensional parametric studies 151

800
[ ]

700 - o SBPM
— n FPC (no correction) .
_g- 600 + FPC (correction)
E +
2
£ 500
g
[ =
.g 400
]
£
w 300
°
[t
< 200
£
©

100

0 T T T T T T T T T T T T T T T T T T T
0 2 4 6 8 10 12 14 16 18 20

ot Depth (m)

Figure 53: Comparsion of the horizontal stress measured by the self-boring pressuremeter
and the cone-pressuremeter tests at Madingley, Cambridge

on the derived parameters. First of all, the Houlsby and Withers method is used to give
an estimation of the undrained shear strength, shear modulus, rigidity index and total
horizontal stress, which are denoted by s.%, G I!® and ¢} respectively. from the cone-
pressuremeter test results. Secondly, equations ( 356) and ( 357) are used in an iterative
manner to furnish a better estimation of s,.G and I,. Finally, with the improved esti-
mation of the rigidity index I., equation( 358) can be used to give a corrected estimation
of the total horizontal stress og.

The derived values of op¢ using the alternative procedure are also presented in Fig-
ure 53. This shows that the total horizontal stress values interpreted in this way are in
good agreement with the average trend predicted by the self-boring pressuremeter test.

The remaining scatter for the shallow depth cone-pressuremeter test is possibly due to

free surface effects.
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6.8 Conclusion

One of the major advantages of the pressuremeter test is the possibility of evaluating
fundamental soil parameters from the test data. In the past a simplified one-dimensional
cavity expansion theory has been used to reduce the pressuremeter test data to give
design parameters. The cavity expansion theory involves important assumptions about
the material behaviour and pressuremeter geometry. In this chapter. the two-dimensional
finite element formulation was used to assess the effects of using these simple assumptions
on derived soil parameters.

For the self-boring pressuremeter tests in clay. it was found that use of the conven-
tional Gibson and Anderson method for the field pressuremeter test tends to overestimate
the undrained shear strength and shear modulus. It is interesting to note that the overes-
timation of the shear modulus, when derived from the plot of the pressure against central
membrane strain, is negligible. As far as the shear strength is concerned, the numerical
results suggest strong dependence of the finite length effects on rigidity index when the
undrained shear strength is derived from the loading slope. By contrast., when using the
limit pressure to obtain the undrained shear strength. the finite length effects have been
found to be relatively independent of the rigidity index of the soil.

It has also been demonstrated that serious overestimation of the strength parameters
of sands may be deduced by applving the Hughes et al method to field pressuremeter
tests. The important role of the elastic deformation in the plastic zone was stressed with
respect to derived soil parameters in the pressuremeter test.

As was expected, the numerical results show that the use of the cone-pressuremeter
test with a length to diameter ratio of 10 may result in smaller effects due to the pres-
suremeter geometry. The use of the Houlsby and Withers method in deriving shear
modulus, however, tends to underestimate the true value very significantly. The fail-
ure of obtaining the realistic initial stress using cylindrical cavity expansion theory may
largely be explained by significant effects of the finite length of pressuremeters.

Based on numerical results, improved procedures for obtaining soil parameters from

pressuremeter tests in both clay and sand have been proposed in order to eliminate effects
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of using the simple assumptions in the conventional interpretation methods.



Chapter 7

Conclusion

7.1 Summary and remarks

The work described in this thesis had three objectives. Firstly, to develop analyvtical
solutions for large strain cavity expansion and contraction in dilatant materials: Secondly.
to develop a rational finite element formulation suited for axisvmmetric elastic-plastic
problems and thirdly, to quantify effects of real pressuremeter geometry on derived soil
properties. These three aspects of the work are summarized in the following sections

along with closing comments and recommendations for future work.

7.1.1 Analytical study of cavity expansion problems

An important aspect of the research presented in this thesis has been the development
of closed form solutions for large strain cavity expansion and contraction in dilatant
soils. A unified analytical solution is presented in Chapter 2 for the expansion of both
cylindrical and spherical cavities in dilatant elastic-plastic materials, using the Mohr-
Coulomb vield criterion with a non-associated flow rule. An explicit expression for the
pressure-expansion relation can be found without any restriction being imposed on the
magnitude of the deformations. Consequently, the limit pressure when the radius of the
cavity approaches infinity can be determined analvtically with no additional assumption

being made about the deformation mode. Closed form solutions for residual stress and

154
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displacement distributions are obtained at any stage of the unloading process.

7.1.2 Finite element analysis of axisymmetric constrained solids

In recent vears. the finite element method was not only applied to the calculation of
deformations but was also emploved for the prediction of collapse loads. This is mainly
due to the fact that the need for accurately determining limit load arises frequently.
especially when exact limit solutions cannot be derived. or sophisticated plasticity models
are employed for which the bounding theorems no longer hold. Unfortunately, it is found
that most published work on finite element computations has failed to compare numerical
and theoretical limit solutions. In general. the numerical analysis tends to overestimate
the theoretical collapse load. The problem is normally believed to relate to the ability of
the displacement based finite element in modelling an incompressible deformation mode.
Although several approaches have been proposed to deal with this difficulty, none of
these have been found to be wholly satisfactory. After a detailed theoretical study of the
influence of the displacement interpolation function on the excessive kinematic constraints
imposed by the incompressibility condition. a novel displacement interpolation function,
which i1s well suited for both one-dimensional and two-dimensional axisymmetric elastic-
plastic problems, has been used to develop a new large strain finite element for the

analysis of this type of problem.

7.1.3 Interpretation of pressuremeter tests

The advantage of the pressuremeter test over other in-situ tests is the ability of deriving
accurate soll parameters from the test data. This has been achieved conventionally by us-
ing the simplified one dimensional cavity expansion theory. The cavity expansion theory,
however, involves important assumptions about the material behaviour and boundary
condition. The effects of using these simplifving assumptions are studied in Chapter 6
in detail. It appears from the numerical results obtained from an axisymmetric finite
element analysis that a significant error may be introduced into the soil parameters de-

duced from the pressuremeter data as a consequence of the use of an over-simplified
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interpretation method.

For self-boring pressuremeter tests in clay. it was found that use of the conventional
Gibson and Anderson method for the field pressuremeter test tends to overestimate the
undrained shear strength of clay because of the finite length of the pressuremeter. The
numerical results suggest that the overestimation of shear strength due to a finite length to
diameter ratio is largely dependent on rigidity index when the undrained shear strength is
derived from the loading slope. The effects of finite length on derived shear modulus may
be negligible when the pressuremeter test results are plotted as pressure against strain
at the middle point of the membrane. Based on the numerical results, an alternative
procedure for interpreting pressuremeter tests in clays has been developed so that the
possible effects due to finite length of the pressuremeter may be taken into account.

A similar study of drained pressuremeter tests in sand has identified two possible
sources of error in deriving the soil properties when the conventional Hughes et al method
1s applied. First of all, it has been shown that the friction angle of the soil tends to be
underestimated significantly by the Hughes et al. method because the analysis assumed
that elastic strain in the plastic zone around the membrane is negligible. The effects of
elastic deformation in the plastic zone have been assessed by comparing the exact small
strain cavity expamnsion solution (see, for example, Carter et al. 1986) with the Hughes
et al’s simplified small strain solution. Secondly, the results of numerical simulation of a
pressuremeter test with a finite length have shown that the strength parameters of soils
may be overestimated because of finite length of the pressuremeter. This inaccuracy is
particularly marked in tests performed in the soil with a high stiffness index. An improved
interpretation procedure, which is based on the numerical results, has been developed to
overcome some of the errors introduced by the conventional Hughes simplified analysis.

As was expected, the numerical results show that the use of cone-pressuremeter test
with a length to diameter ratio of 10 may result in a lower effect on shear strength
due to the pressuremeter geometry. The Houlsby and Withers method. however, tends
to underestimate the shear modulus significantly. The finite element parametric study
indicates that the initial horizontal stress could be overestimated by approximately the

magnitude of the undrained shear strength when the Houlsby and Withers analysis is
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applied. These effects may be eliminated using the results of numerical simulation of the

cone-pressuremeter test.

7.2 Future work

This thesis has dealt with the application of cavity expansion theory to the analysis of
pressuremeters. As described above. the numerical parametric studies include the self-
boring pressuremeter test in both clay and sand and the cone-pressuremeter test in clay.
It would appear that further analysis of the cone-pressuremeter test in sand is required.
In the analysis presented in the thesis, a number of simplifving assumptions have been
made 1n order to avoid unnecessary complications in the formulation. One of the most
important assumptions made was in the choice of stress-strain relationship in which both
clay and sand were modelled by an elastic-perfectly plastic theory. In the development
of the closed form solution for the cavity expansion problem, the soil was assumed to
behave according to the non-associated Mohr-Coulomb model. It 1s the author’s belief
that it might be too complicated, if not impossible, to develop the analytical solution for
the cavity expansion problem using a more sophisticated material model. As far as the
numerical analysis is concerned, the von Mises criterion and the Matsuoka model were
used to represent the clay and sand behaviour respectively. These assumptions about
the soil behaviour are obviously not completely realistic. In particular, the possible effect
of partial drainage for the pressuremeter test in clay and the effect due to different soil
behaviour during loading and unloading for the pressuremeter test in sand should be taken
into account in any future studies. The analysis would also benefit if additional features
of real soil behaviour such as strain hardening of a clay and dependence of strength
parameters with shear strain and effective stress level of a sand could be included in soil
models.

Alternatively, future research could also be directed towards applications of cavity
expansion theory to other geotechnical problems. These include, for example, the design
of driven piles and the theoretical interpretation of the cone penetration test.

A rational interpretation method for the cone penetration test in clay has been recently



1
o0

Bibliography 17

developed by Teh (1988). in which the stresses evaluated by the Strain Path Method are
used as the starting condition for the finite element analyvsis. This was believed to give the
most realistic solution of the cone penetration problem because both the steady state and
equilibrium conditions are approximately satisfied. It is interesting to note that Norbury
and Wheeler (1987) showed that the stresses around a slender body can be approximated
closely by cvlindrical expansion theory. This prediction has been also reproduced quite
satisfactorily by the Strain Path Method for a penetrometer with a very sharp conical
tip. It would be therefore very interesting to know if the alternative approach. which
uses the stresses obtained from cavity expansion theory as the starting condition for
the finite element analysis of the cone penetration test. can give a reasonable prediction
of cone factors with reference to the approach developed by Teh. If the comparison
1s encouraging, a relatively simple and vet rational interpretation method for the cone

penetration test in both clay and sand may be obtained without using the sophisticated

Strain Path Method.
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