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ABSTRACT

Accurately computing the free energies of biological processes is a cornerstone of computer-aided
drug design, but it is a daunting task. The need to sample vast conformational spaces and account
for entropic contributions makes the estimation of binding free energies very expensive. While
classical methods, such as thermodynamic integration and alchemical free energy calculations,
have significantly contributed to reducing computational costs, they still face limitations in terms
of efficiency and scalability. We tackle this through a quantum algorithm for the estimation of
free energy differences by adapting the existing Liouvillian approach and introducing several key
algorithmic improvements. We directly implement the Liouvillian operator and provide an efficient
description of electronic forces acting on both nuclear and electronic particles on the quantum ground
state potential energy surface. This leads to super-polynomial runtime scaling improvements in the
precision of our Liouvillian simulation approach and quadratic improvements in the scaling with
the number of particles relative to prior quantum algorithms. Second, our algorithm calculates free
energy differences via a fully quantum implementation of thermodynamic integration and alchemy,
thereby foregoing expensive entropy estimation subroutines used in prior works. Our results open

new avenues towards the application of quantum computers in drug discovery.

I. INTRODUCTION

Biological processes occur in warm, aqueous environ-
ments where molecules are in constant thermal motion.
Rather than adopting a single geometry, molecules in the
human body continuously explore a large ensemble of
configurations. As a result, thermodynamic properties
such as entropy or free energy depend on the statistical
distribution of a vast number of accessible conformations.
Accurately estimating these properties in silico requires
sampling this high-dimensional configuration space, which
is very computationally intensive.

Modern computer-aided drug design pipelines rely heav-
ily on the determination of thermodynamic quantities. In
particular, the binding free energy between a ligand and
its biological target is a key metric for ranking drug can-
didates'. Significant advancements in this field have been
driven by two key factors: the exponential growth in com-
putational power — consistent with Moore’s law and the
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rise of parallel computing architectures — and the devel-
opment of sophisticated algorithms and various protocols
for free energy estimation?.

Free energy calculations focus primarily on calculating
relative binding free energies, which quantify the change
in free energy between two different molecular ensem-
bles®®. Thus, in such calculations, instead of evaluating
two absolute binding free energies independently, one
computes their difference directly. Alchemical free energy
methods accomplish this by introducing a continuous,
nonphysical transformation from one chemical species
into another through a pathway of fictitious intermediary
states®, drawing parallels with transforming elements in
the art of alchemy. The main benefit is that because free
energy is a state function, the actual physical binding
process does not need to be simulated. This flexibility
avoids the need to model complex kinetic mechanisms and
enables more efficient estimation of free energy differences.
Furthermore, for condensed-phase systems such as liquids
and solids — typical in drug design — the Gibbs free
energy difference can be accurately approximated by the
Helmholtz free energy, as the pressure-volume work is neg-
ligible under the nearly incompressible conditions of these



phases™®. Among the most widely used techniques to

estimate the Gibbs free energy differences via Helmholtz
free energy differences are thermodynamic integration®
and free energy perturbation'®!!, both of which rely on
sampling equilibrium ensembles on classical computers.

Among the available techniques for sampling the con-
figuration space, molecular dynamics is one of the most
widely used12. It is routinely employed in academic and
industrial settings to compute thermodynamic properties
from first principles'®. However, the efficiency of free en-
ergy calculations remains a considerable challenge due to
the inherent complexity of accurately capturing entropic
contributions to the free energy. Reliable sampling of
conformational spaces, particularly in systems with high
entropic barriers, requires substantial computational re-
sources and robust statistical mechanical frameworks!-!4,

To address some of these computational bottlenecks,
the efficient simulation of molecular and quantum systems
on quantum computers has emerged as a promising av-
enue'® 18, Quantum simulation techniques have already
shown significant improvements in runtime for calculating
ground state energies of systems of correlated electrons,
with potential applications spanning catalysis, materials
science, and drug design'® 24,

Molecular dynamics requires simulating both electronic
and nuclear degrees of freedom. In many practical cases,
including most drug-like molecules, it is appropriate to
treat the nuclei classically while modeling the electrons
quantum mechanically, with the nuclei evolving under
forces generated by the electrons®®. Recognizing that
the main bottleneck in classical computing lies in the
electronic structure calculations, earlier work proposed
a hybrid computational paradigm: use a quantum com-
puter to compute electronic forces and then propagate
the nuclei according to Newton’s equations of motion on
a classical computer?6-28. While this is a natural way
of enhancing existing classical simulation pipelines with
quantum computers, the approach is fundamentally lim-
ited by measurement overhead as each electronic force
must be extracted from the quantum computer via re-
peated measurements, a process that can take hours to
days and must be repeated at each time step??.

Recent advances extend the runtime advantages of quan-
tum algorithms to hybrid classical-quantum dynamics,
enabling a fundamental shift from the paradigm described
above??30, Notably, Ref.?? introduced an approach based
on the Liouvillian formalism®! that allows the entire molec-
ular dynamics simulation to be carried out on a quan-
tum computer. By directly applying electronic forces to
the classical nuclei via the phase kickback technique®?,
it eliminates the need for repeated force measurements.
When combined with quantum algorithms for estimating
thermodynamic quantities??, this framework enables the
computation of free energies over exponentially large con-
figuration spaces without relying on any classical-quantum
feedback loop at every time step.

Nonetheless, these quantum algorithms still face major
bottlenecks in computational efficiency. In particular, the

quantum simulation method presented in Ref.?? relies on
Trotterization3334, which has a less favorable scaling with
respect to error tolerance and evolution time than modern
techniques based on block encodings3®38. Furthermore,
the technique lacks an efficient method for calculating
the differences in free energies when comparing different
compounds, which is critical for end-to-end applications
such as drug discovery.

In this work, we introduce a new quantum algorithm
for molecular dynamics that overcomes these limitations.
The algorithm relies on an improved version of the original
implementation of molecular dynamics in the Liouvillian
formalism presented in Ref.??. The latter relied on the
Suzuki-Trotter product formula33394% to implement the
calculation of the electronic structure and to combine the
electronic and classical Liouvillians. Here, instead, we
introduce a block encoding of the electronic Liouvillian,
preparing ground state energy forces on a separate elec-
tronic register, and then “kicking-back” the computed
values onto the nuclear registers via a form of phase
kickback??. This enables us to implement the quantum
simulation with the full (electronic and classical) Liou-
villian by Hamiltonian simulation algorithms3"4%42, In
doing so, we achieve a super-polynomial improvement in
runtime scaling with respect to precision and substantially
decrease the dependency on the number of particles.

We then develop a new quantum algorithm for ther-
modynamic integration that runs solely on the quantum
computer, building on these improvements. This algo-
rithm avoids the need for a direct entropy estimation,
which can scale exponentially with the number of atoms
in the simulated system?43. It replaces it with internal
energy estimation across interpolated molecular dynamic
simulations, which can be implemented efficiently on a
quantum computer and be further integrated with am-
plitude estimation** to provide additional speedups over
classical methods.

Figure 1 provides an overview of our quantum algo-
rithms: the top two rows detail the Liouvillian simulation.
In addition, the bottom two rows present the computa-
tion of free energy via alchemical methods. Using the
Hellmann-Feynman theorem®346, we construct diagonal
block encodings of energy derivatives to build the Li-
ouvillian operator, which is then used to implement its
corresponding evolution operator. Combined with a block
encoding of the nuclear Hamiltonian, this enables the
computation of free energy differences by implementing
thermodynamic integration via the Hadamard test3247.
A sketch of the concept behind the implementation of
thermodynamic integration on a quantum computer is
provided in Figure 2. Note that the controlled Liouvillian
is implemented as a single operator, rather than as sepa-
rate operators. A comparison of algorithmic complexities
in terms of Toffoli gate counts between our work and that
of Ref.2? is presented in Table 1. For the Liouvillian simu-
lation algorithm, we provide a super-polynomial speedup
in terms of the precision € as well as a reduction in the
particle numbers N and N by a polynomial factor. On



the other hand, for the free energy calculation, we remove
the dependency on the number of grid points 7, which
can scale exponentially with the number of qubits, as well
as reduce the dependency on precision € by a polynomial
factor.

We present our algorithms in the following Results
section, and we would like to ask the reader to refer to the
Methods section for an introduction of the preliminaries
of our methods.

II. RESULTS

A. Improved quantum algorithm for Liouvillian
simulation

We provide an algorithm that utilizes evolution under
the Liouvillian directly by implementing the block encod-
ing of the electronic Liouvillian from Ref.2?. We then
encode the ground state energy derivative on an electronic
register and exploit a form of phase kickback3? to report
the results to the nuclear registers. This allows us to add
together the classical and electronic Liouvillians, which
we then exponentiate via QSVT (in the same way one
would perform Hamiltonian simulation). The benefits of
our approach are the following:

1. We achieve super-polynomial asymptotic reductions
of the runtime in terms of precision ¢ from O(g7°())
in the simulation relative to the quantum algorithm
in Ref.? to O(polylog 1).

2. We decrease the dependency on the number of parti-
cles by order of O(N*+o() Ni+o) N1y and time
by an order of O(t°")) from the removal of Trot-
terization and from the direct implementation of
energy derivatives when compared to Ref.?".

These advantages are informally summarized in the follow-
ing theorem, while the formal statement (Theorem S3.6)
and proof of this theorem are detailed in Supplementary
Information 3.

THEOREM 1 (Born-Oppenheimer Liouvillian simulation
of coupled quantum-classical dynamics; informal). Given
an nitial state |po) that encodes the initial discretized
phase-space density and a discretized Liouvillian L under
the NVT canonical ensemble, we can construct an explicit
quantum algorithm that outputs a quantum state that is
e-close in Uy distance to |ps) = e*F |po) using
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queries to the approximate ground state preparation oracle
U, and O(Niot + log (;t?) qubits, where N is the number

Toffoli gates,

of nuclei, N is the number of electrons, Nyot = N + N is
the total number of particles, § is the lower bound for the
overlap between the approximate and true ground state
prepared by Ur and v is a lower bound on the spectral gap
of the electronic Hamiltonian over all nuclear phase-space
grid points.

Let us now detail the steps in the construction of the
algorithm, which is given above as Algorithm 1. What
is required is to prepare the block encoding of the Li-
ouvillian, which can be obtained by computing partial
derivatives of the extended nuclear Hamiltonian Heyt (in-
clusive of nuclear kinetic, nuclear potential, ground state
energy terms, and bath terms) of the system on both posi-
tion and momentum as shown in Equation (16). Once we
have the block encoding of the Liouvillian, given that it
remains self-adjoint, we can utilize a Hamiltonian simula-
tion algorithm!4? to obtain its corresponding evolution
operator and apply it to evolve a prepared initial state
|p) encoding the system’s initial phase-space density.

We start with the block encoding of the electronic forces,
which is found to be the derivative of the ground state
energy function over nuclear positions:
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We make use of the Hellmann-Feynman theorem?346 to

implement this block encoding. This theorem states that
the derivative of the total energy with respect to a pa-
rameter can be found by computing an expected value
of the derivative of the Hamiltonian with respect to that

same parameter, such that
OE(x OH (x
) D). @
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where H (z) is a Hamiltonian dependent on the continuous
parameter x, |¢)(x)) is an eigenstate of H(x) implicitly
dependent on z, and E(x) is the corresponding eigenen-
ergy/eigenvalue.

When combined with the ground state preparation al-
gorithm by Ref.*8, one can utilize the Hellmann-Feynman
theorem to encode electronic forces directly into the
amplitude, eliminating the need for central finite dif-
ference schemes to approximate these values. Usage of
the Hellmann-Feynman theorem was previously explored
in Ref.?% under the context of estimating the molecular
forces themselves, using a quantum phase estimation*” of
the Szegedy walk unitary®® to implement the overlap esti-
mation algorithm®°. These forces can then be integrated
into classical MD methods by replacing subsystems that
compute quantum mechanical effects. In this paper, we
develop a diagonal block encoding method that encodes
the molecular forces for each distinct nuclear position
configuration. Rather than leveraging phase estimation
to extract the forces, we utilize the Hellmann-Feynman
theorem directly as a series of matrix multiplication oper-
ations, block-encoding the forces by first computing the

ox




ground state, applying the force operator, and then di-
rectly uncomputing the ground state. This block-encodes
the scalar value of the forces in the top left element.

Note that in our case, even though we do not use the
exact eigenstate for the Hellmann-Feynman theorem, the
errors that stem from the inexact ground state, even
after the ground state preparation algorithm, can be
accounted for in the error analysis of the block encoding,
while discretization errors can be suppressed by adding
more qubits. Further, as our choice of bases from the
electronic system, we also need not consider the effects
of Pulay stress®'°2, given that they are absent under
nuclear-position-independent bases such as plane waves.
A further discussion of basis sets involving Pulay forces
under the Hellmann-Feynman theorem can be found in
Ref.%6.

When implemented in superposition, by applying the
controlled operators above, and subsequently projecting
the electronic registers into the zero state, we can encode
the force values onto the nuclear registers for all different
nuclear positions by phase kickback3?. Therefore, we can
implement
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for the discretized grid space of position on the quantum
computer. This approach results in the construction of
the energy derivative operator with a logarithmic depen-
dency on precision as shown in Lemma S3.2. Combining
the results with an implementation of the discretized mo-
mentum derivative operator Dp;w_ shown in Ref.??, this
provides a block encoding of the electronic Liouvillian via

linear combination of unitaries®?:
N 3
T oo el
Lo =1 E E Dn,j X DpiL,j. (4)
n=1j=1

The details of this block encoding are shown in Proposition
S3.3. This further provides a logarithmic dependency on
the error of the total Liouvillian simulation algorithm, as
the Liouvillian is directly and analytically block-encoded.

In addition to decreasing the runtime dependency on
precision, by using the Hellmann-Feynman theorem to
block-encode the force operator instead of a central finite
difference approximation??, we reduce the scaling factor
of the block encoding of the electronic Liouvillian by a
factor of O(Nyot)?®. This is due to the reduced number of
terms to implement in the Hellmann-Feynman approach.
When combined with the classical Liouvillian, this pro-
duces a reduction in the total scaling of O(N) in the
full Liouvillian, with the implementation cost and details
shown in the proposition below:

PROPOSITION 2 (Block encoding of the Liouvillian; in-
formal). We can construct an explicit (ar,ar,er)-block-
encoding of the Liouvillian L where

ag, € O (NNtot)

. Nio
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This block encoding can be prepared with O(%) queries to

Ur, and
~ [ NN? 1
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Toffoli gates.

The formal statement (Proposition S3.5) and proof of
this proposition can be found as part of the proof of The-
orem 1 in Supplementary Information 3. In the context
of the Liouvillian simulation algorithm, this results in a
reduction in runtime by O(N) in the Hamiltonian simu-
lation step, due to the reduced scaling factor of central
finite difference methods.

In addition to the runtime improvements resulting from
the direct implementation of the Liouvillian and the use
of the Hellmann-Feynman theorem, further speedups can
be achieved. Namely, all sublinear dependencies are re-
moved solely by using direct evolution as opposed to Trot-
terization. Furthermore, by directly implementing the
electronic Liouvillian in superposition via LCU®? instead
of taking the product of multiple commutating controlled
Hamiltonian simulations, we can effectively reduce the
number of queries to the ground state preparation algo-
rithm. This results in a further reduction of the runtime
by a factor of O(N).

Lastly, while our results are primarily focused on the
NVT canonical ensemble, these improvements can be
easily translated to the NVE microcanonical ensemble by
replacing the block encoding of the classical Liouvillian
with its NVE counterpart in Ref.??. These results are
shown in Supplementary Information 3 D.

B. Quantum algorithm for alchemical free energy
calculation

The results we developed in the previous section give
us access to a block encoding of the full Liouvillian as per
Proposition 2. This allows us to implement algorithms
that require access to weighted sums of Liouvillian terms.
With simulations under the NVT ensemble, this enables
the efficient preparation of thermal states that can be
further used to compute thermal averages such as the free
energy.

Prior work in Ref.*? computes the free energy by first
estimating both the internal energy and Gibbs entropy
separately, which are then subtracted. While the internal
energy can be efficiently estimated by the Hadamard test
with the nuclear Hamiltonian, the estimation of Gibbs
entropy scales with the dimension 7 of the density matrix
lpe){pe]*3. Given that |p;) is prepared on a collection
of registers %, ), |P,, ;), |5), and |ps), the dimension 7
corresponds to the dimension of the classical nuclear phase-
space. If an individual register has dimension g, then
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n € O(¢g°N*2) and is hence exponential to the number
of atoms. However, this exponential scaling of entropy
calculation may not be due to the algorithm itself, as the
problem of computing absolute free energies is found to
be NP-hard by reducing it to the problem of partition
function computation, which is NP-complete®*.
Contrary to the computation of absolute free energies,
relative free energies are known to be easier to compute,
with various classical algorithms dedicated to this pur-
pose® 10, Aside from the reduced computational complex-
ity, relative free energies are more relevant to applications
because they directly determine observable quantities like
binding affinities and reaction equilibria’. Hence, in our
work, we compute relative free energies instead of absolute
free energies. Borrowing techniques from classical com-
putational chemistry literature and leveraging alchemical
methods described in Section IV B enables us to calculate
the free energy differences between two closely related
systems. With this strategy, we provide the following
improvements to calculating free energy differences.

1. Compared to Ref.??, by implementing thermody-
namic integration, we bypass the use of entropy
estimation algorithms®3, which scale with the total
size of the nuclear phase-space 1 used in the simula-
tion (unless entropy estimation is evaluated over a
coarsened grid) and therefore exponentially with the
number of qubits ©(N) that are used to represent
the nuclear degrees of freedom. Our algorithm is
only dependent on calculating the internal energy,
which can be achieved efficiently via the Hadamard
test and is not dependent on 7.

2. We achieve O (%) scaling for Helmholtz free energy
estimation by using the Liouvillian simulation al-
gorithm in the previous section, as well as a more
efficient block-encoding of the nuclear Hamiltonian
that depend only logarithmically on the overall pre-
cision — we achieve this by replacing quantum phase
estimation?” for ground state energy computation
with phase kickback3? techniques.

Below, we state our main result:

THEOREM 3 (Quantum complexity for thermodynamic
integration; informal). Given an initial state |po) that
encodes the initial discretized phase-space density and two
discretized Liouvillians, L, and Lg, under the NVT
canonical ensemble encoding the dynamics for systems A
and B, as well as an equilibration time toq for Liouvillian
stmulation, there exists a quantum algorithm that can
compute the free energy difference between the two systems
up to additive e-precision with 1 — & success probability

using
O NN Ngiteq log 1
ovye 13

Toffoli gates,

. (NN3 1 1
o (st ()10 )
€ v i

queries tojhe approzimate ground state preparation oracle
U, and O(Niot + log ;fyqs) qubits, where N is the number
of nuclei, N is the number of electrons, Nyot = N + N
18 total number of particles, ¢ is the lower bound for the
overlap on the approximate and true ground state prepared
by Ur and v is a lower bound on the spectral gap of the
electronic Hamiltonian over all nuclear phase-space grid
points.

The formal statement (Theorem S4.6) and proof of
this proposition have been deferred to Supplementary
Information 4.

We are now ready to describe the main algorithm (Al-
gorithm 2). Suppose we want to compute the free energy
differences between two systems A and B. Then, to per-
form thermodynamic integration over A in superposition,
we need to apply an interpolated NVT Liouvillian Ly,
which can be easily constructed from the A-dependent
nuclear Hamiltonian Hy = (1 —A)H 4 + AHp as the Liou-
villian is linearly dependent on the Hamiltonian as seen
in Equation (16). Given this linearity, the corresponding
Liouvillian is Ly = (1 — A)La + ALp, where L and Lp
may act on different sets of nuclear registers. Registers
describing nuclear degrees of freedom that are shared
between A and B can be acted on by both L4 and Lp,
or only one of them (if there is an increase or decrease
of nuclei). Given this construction of the intermediate
Liouvillian via LCU, we do not actually construct indi-
vidual components of the intermediate Liouvillians and
hence do not need to formulate the nuclear Hamiltonian
Hp and ground state correction terms Eg) 5 for the inter-
mediate systems. This implies that the assumptions on
ground state overlap § and spectral gap v only apply to
the physical initial and final systems A and B.

To compute the free energy, starting with a com-
mon initial state |pg), for each A, we evolve the state
by the interpolated NVT Liouvillian Lj over a pre-
determined and sufficient equilibration time t.q such
that we obtain the thermal state |pp) = e~ tEatea|pg).
Given that the state includes registers corresponding to
the heat bath, we then trace out the bath registers in
a quantum analog of integrating over them to obtain
Psys,A = Trbath<e_iLAteq‘p0><p0‘eiLAteq)' By the thermo-
dynamic integration algorithm, we can then compute the
free energy difference between the systems A and B by
computing

~ 1
AF = A ZTr(psys,A(HB — Hyp))
A

:NLAZ@A|(HB—HA)®MPA> (5)
A

This quantity can be computed on a quantum computer
via the Hadamard test3247, where we first create a uniform
superposition over N points with the unitary PREP,,
apply time evolution with Ly, and a final application of
a controlled block encoding of the nuclear Hamiltonian
difference Hg — H4. We show an illustration of the
quantum circuit in Figure 3.



Delving further into the implementation details, we
first discuss the implementation of the evolution of A-
controlled Liouvillians. From the results of Proposition 2,
we can produce block encodings of the Liouvillians L 4
and Lp, but with different scaling factors ar,, and ay .
We block-encode the interpolated Liouvillian Ly by a
weighted LCU whose weights are dependent on oy, ,, ar,,
and A, which has a scaling factor of

apr=(1-MNarp, +Aar, (6)

To perform the Hamiltonian simulation by QSVT, the
polynomial approximations of e *FAtea will also depend
on A as the number of queries to Uy, is dependent on aj.
We provide two strategies to perform this transformation
of Ly, first using standard QSVT, and then an approach
using QSVT without angle finding®® that provides the
O(2) scaling of our algorithm.

Firstly, under conventional QSVT schemes, for each A
in superposition, we require calculation of the phase angles
{0} with either analytical methods, or with optimization
methods®5 8, where the scaling of the number of A-s
required, or Ny, can be shown to be

[La = La|llHa - HBllteq)
e )

NAEO( (7)

by bounding left Riemann sum errors and where a proof is
presented in Supplementary Information 4 A. The QSVT
sequence must have a length sufficient for the largest
polynomial degree required for any A. For other values of
A, the final angles can be set to 0 such that the remaining
applications of U, and its inverse create the identity. In
the case of optimization methods, one can set the degree
of optimization D directly to the maximum degree. If
the angles are classically loaded, then we need an extra
O(Np) arbitrary rotation gates to load all required phase
angles per query of Uy, , as we need a different phase gate
for each A.

However, one can bypass this by implementing the
classical computations on a separate quantum register
in superposition and then loading the results directly
into the phase angles, which would then cost at most
O(poly D poly log Nj) additional gates to load the phase
angles. Furthermore, suppose we replace the QSVT
procedure with generalized quantum signal processing
(GQSP). In that case, it is known that the classi-
cal algorithm for computing the phase angles scales as
O(DlogD). Thus, when implemented on a quantum
computer, we expect the number of gates to be at most
O(Dpoly log Ny). However, the precise scaling of such
algorithms when implemented on quantum computers, as
well as the quantum circuit for such implementations, is
not obvious.

An alternative method sidesteps the requirement of
angle finding by using recent results on QSVT with-
out classical angle finding®® by instead encoding a func-
tional representation in a diagonaél lkolock encoding, in this

s

case with entries exp(—ita cos 55°) for k € [4D], where

D € O(max(ar,,op,)teq +log 1) is the polynomial ap-
proximation degree. Such function entries are computed
in superposition via quantum arithmetic circuits®® while
controlled on A. This can then be encoded into the
amplitude of the diagonal block encoding via controlled
rotations or the alternating-sign trick®'. The reason that
the additional cosine in the function is needed is due to the
use of qubitized operators, whose eigenvalues are arccos of
the original block encoded matrix. This method allows for
a gate count scaling (9(10g2 Ny) to implement the func-
tion representation. Adding the additional (9(log2 Ny)
cost to produce the weighted Liouvillian per query to
Uy, this requires an additional O(Dlog® Ny) gates for
implementation. On the other hand, this method requires
an additional constant factor calls to the block encoding
of the interpolated Liouvillians Uy, as well as more an-
cilla qubits when compared to standard QSVT/GQSP.
However, it bypasses the requirement of implementing
phase angle finding algorithms on a quantum computer,
as needed for standard QSVT/GQSP implementations.
A more detailed discussion of an exact construction is
provided in Supplementary Information 4 B.

We note that while the dependency on N, is logarith-
mic in the runtime, this does not indicate an exponential
speedup when compared to classical methods. While
conventional thermodynamic integration implementations
would evaluate the different IV, interpolated systems in-
dividually and obtain the free energy via numerical in-
tegration methods such as Simpson’s rule or specifically
designed physics-based fitting functions®? for higher accu-
racy, Monte Carlo integration®® can be applied to obtain
faster runtime asymptotics. The number of samples in
Monte Carlo integration would then depend on the square
of the spectral norm of the nuclear Hamiltonian difference
AH as opposed to Ny, for which the runtime is at most
logarithmically dependent on the Monte Carlo integration.
This logarithmic dependency stems from the precision of
floating point representation on classical computers, it
being O(N ).

Moving on from the implementation of interpolated
Liouvillians, one then time evolves the system for a dura-
tion t.q that is sufficient to equilibrate all Ny Liouvillians
{La} such that their corresponding phase-space densi-
ties pa serve as classical thermal distributions. We then
obtain the state

\%NT D21 o) (8)

where |pa) is the state of the nuclear and environmental
degrees of freedom produced by the evolution of the Li-
ouvillian Lx. Under NVT Liouvillian equilibration, the
state obtained by tracing out the bath registers |5) and
|ps) corresponds to a thermal state of the nuclear registers.
Note that the heat bath variable s should still be part
of the description of the thermal state as the extended
Hamiltonian with the Nosé thermostat is dependent on s.
Therefore, s is required for a description of the thermal
state, and will have corresponding terms in Hamiltonians



H,4 and Hp to be interacted upon in the Hadamard test.
Thus, we duplicate the contents of |5) to a separate regis-
ter by CNOT gates, which can be traced out while the
original is part of the registers that the Hadamard test
is applied to?. We refer the reader to Supplementary
Information 1 for a more in-depth discussion as to why
|s) is needed. Note that this is shown in Figure 3 as the
additional CNOT gate from the [5) to the |0), register.

To obtain the nuclear Hamiltonian differences AH =
Hp — Hy4, we take block encodings of the nuclear Hamil-
tonian for both systems A and B, where for each system,
we have

Hnuc = Hkin + Hpot + Hgse y (9)

where the three terms correspond to diagonal block en-
codings of the values of the kinetic, potential, and ground
state Hamiltonian of the relevant points in phase-space,
respectively. While the kinetic and potential energy terms
are previously efficiently implemented in Ref.??, we draw
attention to the implementation of H,ge, which we achieve
by preparing the electronic ground state for each point
in the discretized grid space for position and applying a
block encoding of the electronic Hamiltonian H, before
uncomputing the ground states such that

Hgse = ZE81($)|:E><53|
= Z (to(@)|He ()00 (z)) [&) (] .~ (10)

This encodes the ground state energy in the main nuclear
registers by phase kickback in a similar fashion to our im-
plementation of encoding electronic forces in Section I A.
This approach to implementing Hge. eliminates the use
of phase estimation, as shown in previous approaches??,
and reduces the runtime dependency on precision to a
logarithmic scaling.

The difference in energies is then implemented by tak-
ing the difference between the block encoding of H 4 and
Hp via the LCU approach. Here, thermodynamic in-
tegration requires the assumption that systems A and
B have a relatively high overlap in their nuclear phase
spaces, and thus, most kinetic and potential Hamiltonian
terms can be expected to cancel each other out. However,
this is not the case for the ground state energy of the
electronic Hamiltonians due to the separate ground state
preparations for systems A and B, and would still have a
scaling factor of O(N Nyt ).

In the following result, we construct the difference via
LCU for simplicity, while noting that in practice, the block
encoding implementation can be made more efficient and
with a lower scaling factor.

PROPOSITION 4 (Block encoding of the nuclear Hamilto-
nian; informal). We can explicit construct a (o, am,€m)-
block-encoding of the nuclear Hamiltonian Hp,. where

ag €0 (Nt2ot)

. Nio
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can be prepared using O(%) queries to Uy, and

O(NN 10g2< 1 ))
oy Enuc
Toffoli gates.

The formal statement (Proposition S4.5) and proof of
this proposition can be found in Supplementary Informa-
tion 4 C. Using our results above, we can block-encode
AH = Hg — H,4 via LCU with a worst-case scaling factor
of apr, + am,. However, in practice, it may often be
beneficial to block encode the difference between the two
operators separately.

Given this block encoding, we extract the free energy
value using the Hadamard test. The probability of mea-
suring the |0) state on the Hadamard test ancilla register
is

1
Pap= oS 1
N T A (Re (pa| Ua |pa) + 1)
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aA

1 (AF
2<%+1> 5 (11)

giving us the value of the free energy difference. Then,
instead of directly measuring the |0) state, we can use
amplitude estimation®* on the result of the Hadamard test.
We can obtain the estimation of AF up to e-precision by
O(%) queries to the full Hadamard test circuit.
We can treat the superposed Liouvillian simulations as
quantum sampling access over the A-dependent classical
thermal states. Thus, our approach achieves a scaling in
terms of the precision € that is quadratically better than
a classical thermodynamic integration modified to utilize
Monte Carlo integration®® without considering potential
improvements from implementing MD simulations on
quantum computers as mentioned in Section IT A.

III. DISCUSSION

We present a quantum algorithm for simulating molec-
ular dynamics based on the Liouvillian formalism of clas-
sical mechanics that achieves a super-polynomial improve-
ment in the precision scaling over prior quantum algo-
rithms. We then apply this improved algorithm to develop
an efficient quantum algorithm for computing free energy
differences via alchemical methods.

While previous work?? treated the electronic and clas-
sical Liouvillians separately, here we introduce an effi-
cient block encoding of the full (electronic + classical)
Liouvillian. Our block encoding relies on phase kick-
back techniques to directly transfer forces and energies



computed on electronic registers to the nuclear registers
and therefore removes the need for phase estimation*’
to obtain electronic forces?®, or the need for Trotteriza-
tion to interleave separate classical and electronic Liou-
villian evolutions?. This block encoding can then be
used in a Hamiltonian simulation algorithm to provide
a super-polynomial improvement in the scaling of the
runtime of hybrid quantum-classical molecular dynamics
with respect to the precision. Furthermore, by utilizing
the Hellmann-Feynman theorem®®4% and direct block en-
codings of electronic force operators2®, we significantly
decrease the dependency of the runtime on the number
of particles compared to central finite difference methods.
For a more detailed comparison that includes a breakdown
of subroutines, please refer to Supplementary Tables 2
and 3 in Supplementary Information 4.

Our fundamentally improved Liouvillian simulation
then enables us to develop a quantum algorithm for al-
chemical free energy calculation that achieves a (’)(%) scal-
ing with respect to precision. Our alchemical approach
is a key enabler as it forgoes fundamentally more expen-
sive entropy estimation, whose runtime on a quantum
computer scales exponentially with the number of qubits
representing the nuclear registers — and hence with the
number of atoms — due to the exponential growth of the
phase-space with the number of particles?>3. Specifically,
we use thermodynamic integration®® to compute the free
energy difference between two molecular ensembles di-
rectly. This is achieved by defining a thermodynamic
path connecting two ensembles and integrating over the
change of internal energy along the path.

Our approach performs this numerical integration co-
herently on a quantum computer: we simulate molecular
dynamics at each interpolation point along the path by
coherently evolving a superposition of phase-space densi-
ties, each under a distinct Liouvillian. A key algorithmic
development here is that we construct methods to apply
different polynomial transformations in superposition us-
ing both standard QSVT/GQSP as well as QSP without
angle finding®®, enabling efficient application of different
transformations tailored to each block-encoded Liouvil-
lian on the thermodynamic path. Finally, we extract the
free energy difference via the Hadamard test followed by
amplitude estimation. The gate overhead for this super-
position of Liouvillian dynamics is only polylogarithmic
in the number of interpolation points that discretize the
thermodynamic path.

Our approach can, in theory, provide exponential ad-
vantage relative to known classical methods with provable
guarantees, such as full configuration interaction (FCI)%?,
for computing free-energy differences under the assump-
tion that an oracle can be constructed that prepares a
surrogate ground state with polynomial overlap with the
ground state at every point in the thermodynamic integra-
tion and that the mixing time is polynomial. Examples
of families of fermionic Hamiltonians where the ground
state can be efficiently prepared can be found in Ref.56,
where it is shown that their ground state can encode the

output of an arbitrary quantum circuit.

We briefly compare our methods with hybrid quan-
tum-—classical approaches that replace electronic-structure
calculations with quantum primitives such as phase es-
timation?%28. First, we discuss the number of classical
iterations and thus, the number of times we need to query
the quantum computer for electronic structure calcula-
tions. We note that the classical molecular dynamics,
at best, scales as O(7°(")) in the number of time steps
required. MD solves Newton’s equations iteratively, up-
dating particle positions and momenta each timestep®!2,
and estimates phase-space densities via long-time aver-
ages assuming ergodic exploration. A common method
used for MD is Verlet integration%”, a second-order sym-
plectic method with global trajectory error step count
O(1/4/¢) to achieve final error e. Under the Liouvillian
formalism and Suzuki—Trotter viewpoint, this induces the
same error order in the phase-space density%®, paralleling
Ref.??. Higher-order symplectic integrators®® can reduce
the error such that the runtime required is O(s~1/?) for
some ¢, though such methods are rarely used in practice.

Second, hybrid algorithms typically require fewer qubits
and shorter circuit depths, given only the computation of
the electronic structure problem solved with the quantum
computer. However, reading out classical information
at each timestep is necessary, which incurred a cost of
O(2) per timestep via phase estimation. Combining the
above runtime estimates for readout and for classical
MD integration, we conclude that hybrid algorithms are
likely to require a higher asymptotic runtime than our
approach. Specifically, we see that we can compute free

energy differences using O (%{?t% log %) Toffoli gates.

To provide a sense of the amount of required quantum
resources, we sketch a back-of-the-envelope estimate for
the number of qubits. We consider a 20-atom molecule
with 200 electrons and calculate the number of qubits
required in the main nuclear and electronic registers. We
assume coordinates of all nuclear degrees of freedom are
discretized into g = 2'2? grid points (i.e., 12 qubits per
nuclear degree of freedom). Therefore, representing all
nuclear degrees of freedom requires approximately 1500
logical qubits, given each atom has 6 degrees of freedom
(three position and three momentum), and that we also
account for bath registers.

We further assume the wave function of each electronic
degree of freedom is represented using B = 2'° plane
waves (i.e., 15 qubits per electron and coordinate). There-
fore, a total of 15 x 3 x 200 = 9000 logical qubits are
required to represent all electrons. Including the negligi-
ble number of ancilla qubits (which are logarithmically
bounded), we estimate that the number of logical qubits
is on the order of ten thousand even for a small system —
this is likely beyond the capabilities of early fault-tolerant
machines, however, reasonably within reach for realistic
and mature quantum computers. On the other hand, the
significant advantage of our approach is that scaling up
the number of particles only requires a proportionally
increased number of logical qubits.



Let us note, however, that estimating the number of
required Toffoli gates is significantly more involved, given
resource estimates typically report upper bounds, and we
expect our bounds are loose — however, it is beyond the
scope of the present work to optimize our approach for
explicit implementations.

Though our algorithms may be able to provide asymp-
totic speedups against hybrid quantum-classical methods
and classical algorithms with provable guarantees, compar-
isons to well-established computational chemistry meth-
ods that have heuristic elements are much more unclear.
In search for potential practical quantum advantages, the
quantum algorithms presented here contain three main
potential sources of asymptotic speedups over classical
methods: (1) the replacement of iterative updates for MD
simulation with a single evolution operator, improving on
runtime dependencies of precision, (2) efficient coherent
simulation of a large number of molecular dynamics tra-
jectories for thermodynamic integration, and (3) efficient
computation of the quantum dynamics of the electronic
ground state and associated forces that can potentially
be hard to simulate on a classical computer to guaranteed
precision, where the last point is of particular value.

So far, we have not addressed the asymptotic behav-
ior of the equilibration time t.q with the error tolerance
of the simulation. With completely integrable systems,
the equilibration time can scale with O(log 1) with addi-
tional weighting over time averages’®. However, while the
Coulomb energy forces give rise to a multidimensional har-
monic oscillator, an integrable system, the potential terms
provided by the Born-Oppenheimer potential energy sur-
face are generally not believed to be completely integrable
(although empirical results show that this bound can be
observed for some non-integrable systems™). It is there-
fore generally a challenge to bound this parameter for
general systems, and such bounds may depend on the
eigenstate thermalization hypothesis (ETH) when applied
to open systems™ 7. We therefore treat to, as a poten-
tially unbounded parameter in our scaling results.

We now briefly discuss factors that may affect toq. First,
properties of the energy landscape may substantially affect
the equilibration time. In particularly challenging cases,
the energy landscape may have deep basins of meta-stable
regions where transitions between the meta-stable regions
are separated by high energy barriers, which may lead to
an increase in the thermalization time of classical MD,
potentially by several orders of magnitude. This issue
is potentially mitigated via the Liouvillian formalism
that we use in the present manuscript, as we do not
propagate a single configuration by Hamiltonian dynamics,
but rather the phase space density instead. This alleviates
some of the need for the simulation to actually “cross”
the rare event threshold, but low-quality initialization of
the phase space density may still lead to a significantly
increased thermalization time. These challenges in our
quantum algorithm may be tackled by further exploration
of quantum counterparts for classical rare event processing
of molecular dynamics®, such as the Bennett-Chandler

approach”®77. In our paper, we mainly do not consider the
occurrence of rare events with meta stability, given that
classical literature with methods beyond naive molecular
dynamics as well. Under such circumstances, a polynomial
overall algorithmic runtime holds in regimes where the
thermostat dynamics mix in polynomial equilibration time
tog.

On the other hand, given our coupling of the system
with a Nése thermostat, parameters intrinsic to the ther-
mostat can be adjusted to affect the equilibration time.
In particular, the effective mass @ of the thermostat and
the fixed temperature T affect terms in the extended
nuclear Hamiltonian Hey, and this in turn affects the
eigenstates of said Hamiltonian. Per the dependency of
the equilibration time on the eigenstate thermalization
hypothesis, as mentioned before, we can then see that
when the underlying Hamiltonian and eigenstates are al-
tered, the amount of time to thermalize and equilibrate
the system would be affected as well.

We now move on to our discussion of cases where our
assumptions on the Born-Oppenheimer approximation
fail, and the approach of simulating nuclei classically and
electrons quantumly may not be applicable. An alter-
native quantum computational approach would involve
representing both the nuclei and electrons as quantum
particles and leveraging algorithms for the preparation
of quantum thermal states”®"?, and it may be more simi-
lar in nature to Monte Carlo methods. Apart from this
additional ability to operate beyond Born-Oppenheimer
approximations, it would be an interesting future research
direction to compare our quantum algorithm, which uses
a hybrid quantum-classical representation of molecules,
with such fully-quantum approaches. Currently, it is not
obvious which of the algorithms would have the most
favorable scaling with respect to the number of parti-
cles and whether the progress on bounds on the mixing
times of Lindbladians for specific cases®’ 83 would yield
an asymptotic advantage over the classical equilibration
times in the Liouvillian framework we use here.

Looking forward, it will be important to identify con-
crete scenarios where the alchemical quantum algorithm
offers an absolute runtime advantage over classical meth-
ods for free energy estimation. This requires obtaining
fine-grained resource estimates on systems representa-
tive of practical applications to determine constant-level
overheads. Performing such an analysis will require the
construction of suitable block encodings for the molecular
systems as well as a quantitative examination of potential
implementations of an efficient oracle for approximate
ground state preparation at all points in phase-space,
including SAD, extended Hiickel methods, and beyond.

Another important question left open by this work is
that of deciding the ultimate limits on Helmholtz free-
energy estimation for quantum systems. At present, our
work provides a worst-case asymptotic advantage over the
results of Ref.??, but this does not imply that the improve-
ments that we have observed have led to the ultimate
limits of free-energy estimation using thermodynamic in-



tegration. While we do not expect the dependency of
precision € and spectral gap v to be improved due to fun-
damental limits — except when further structure of the
problem can be assumed, the dependency on the particle
number may be improved via improved representations
and quantum algorithmic subroutines. In addition, a
large runtime dependency on the particle number can
be provided if the ground state preparation can be de-
coupled somehow from the time evolution, as repeated
ground state preparations are the main bottleneck of
our algorithm. Further, other improvements over exact
computation of entropy differences?? may be attainable
using Metropolis-Hastings ideas for thermalization53:84.85
to approximately calculate free energies. We hope that
future work will continue to make progress in improving
the speed, accuracy, and range of applicability of meth-
ods for estimating both Gibbs and Helmholtz free energy
differences across a wide range of physical systems.

IV. METHODS

A. Molecular dynamics within the Liouvillian
formalism

Simulating the time evolution of a physical system is a
crucial task in physics, with numerous applications, such
as molecular dynamics (MD)3. MD simulations are often
used to evaluate ensemble properties of a physical system,
which can be used to estimate macroscopic quantities
such as free energies. Different ensembles can be defined.
For example, the microcanonical ensemble®®, also known
as NVE, is a statistical ensemble where the total number
of particles (N), total volume (V), and the total energy
(E) are held constant. However, for the calculation of
chemically relevant properties, we require the canonical
ensemble®%87 NVT, where the system is coupled to a heat
bath to ensure a constant temperature (T). When coupled
to the Nosé thermostat®”88 an extra degree of freedom s
for the heat bath is introduced into the Hamiltonian.

To construct the corresponding nuclear Hamiltonian
that governs the dynamics, we write out the kinetic,
Coulombic, and ground state energy terms as follows:
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Under NVT canonical simulations with the Nosé ther-
mostat, the nuclear Hamiltonian has additional terms
concerning an extra degree of freedom s that represents
the heat bath that equilibrates the system to a fixed
temperature T. The extended Nosé nuclear Hamilto-

nian governing the dynamics can thus be formulated as
follows?9:87:
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where m,, is the mass of the n-th nucleus, Z,, is the
atomic number of the n-th nucleus, ps is the momentum
variable conjugate to s, @ is an effective mass of s that
controls the coupling of the system to the heat bath,
kp is the Boltzmann constant, and N; is the number
of degrees of freedom of the system. In this extended
system, p'm ; 1s the conjugate momentum variable to z, ;
that is known as a “virtual” momentum variable where
the real momentum p,_ ; can be obtained by p, ; = pZ‘j.
The last term FE is the adjustment of the Hamiltonian
that adds the ground state electronic energy at a nuclear
configuration @, which is responsible for the electronic
forces. Given this additional degree of freedom s and
the use of “virtual momentum”, one needs to integrate
over the heat bath variable to obtain the actual particle
distribution after simulations.

To calculate the ground state electronic energy F,
we require assumptions on the ground state preparation
and the separation of ground and excited state energies.
For many chemical systems and most biologically rele-
vant systems, where nuclear dynamics is much slower
than electronic dynamics, the Born-Oppenheimer approx-
imation can achieve reliable predictions of the system’s
properties?®8%99  Our work primarily operates under this
assumption, which precludes the existence of conical in-
tersections between the electronic ground state potential
energy surface and the electronic excited state potential
energy surface over different nuclear configurations. We
further note that the particles in the simulated system
in question would be correlated weakly enough such that
the Hamiltonians remain sufficiently gapped, leading to a
fair assumption that the spectral gap 7 is polynomially
bounded. Under this assumption, to solve the electronic
structure problem at ground state configurations, we as-
sume that we can make use of an approximate ground
state oracle Uy that prepares an initial electronic state
|pinit (z)) that has nontrivial overlap with the ground
state |¢o(x)) of the electronic Hamiltonian H, describing
the dynamics of the electronic system. Specifically, given
0 < 6 <1, we demand that for any &,

Ur|®)[0) = [2) [fiit(2)) , (14)

where [{(tg(2)|pimit(x))| > § for all nuclear configurations.
0 is thus a lower bound on the overlap of the prepared
approximate state with the true electronic ground state.

While we utilize the initial approximate ground state
as generated from a black-box oracle Uy, to implement
this in practice, we can borrow methods in classical com-
putational chemistry that provide faster convergence in
self-consistent field (SCF) procedures?® that are nuclear-
position independent. These methods include superposi-
tion of atomic densities (SAD)?? and its variants, as well as
further refinements with the extended Hiickel method®%-93.
Such methods have appeared as wavefunction initializa-
tion techniques in computational chemistry packages such

+ NykgT In(s) + Ea(x), (13)




as QuantumESPRESS0%49% and VASP?8 and encode
these results into the plane wave basis quantum state to
provide an initial guess. Future work on quantizing the
implementation of obtaining the Hartree-Fock state, such
that it can be prepared in superposition, may further
improve ground state preparation.

As in Ref.??, our quantum algorithm operates within
the Liouvillian formalism for simulating Koopman—von
Neumann mechanics?® 10!, The Liouvillian formalism al-
lows for the description of the time evolution of a physical
system through the Liouville equation of motion:

0

5 = —ilp. (15)
where p(x,p,t) can be thought of as the probability den-
sity of a system of N classical particles with position
{Zn}nenv) and momentum {p,, }nec(n}, and where L is the
Liouvillian operator, defined as:

L:=—i(VpHext) - Vo — (VeHext) - Vp) » (16)

where H,y is the extended Nosé nuclear Hamiltonian un-
derlying the dynamics of the nuclear system shown above,
and is can be separated into the kinetic and potential
Hamiltonians Hyin and Hy,o, with additional ground state
correction terms from the electronic system Hgee and ex-
tra terms regarding the heat bath Hyp.,. The terms in
the sum defining the Liouvillian operator depend directly
on the derivatives of the nuclear Hamiltonian Hc. with
respect to the j-th components of position and momen-
tum of the n-th particle. To map the classical probability
density on a quantum computer, we exploit the Koopman-
von Neumann description of classical mechanics, which
directly connects the probability density to a quantum
state?%102 by defining p := ¥} n¥KyN. Representing the
KvN wavefunction ¢¥x,N as a quantum state |p), the time
evolution of the system can be computed as the evolution
of the density under the Liouvillian:

o) = e~ |po) - (17)

This can then be implemented on a quantum computer
using Hamiltonian simulation37:41+42,53,61,

Here, we are interested in MD simulations within the
Born-Oppenheimer approximation. The force on the nu-
clei consists of nuclear and electronic contributions, which
we can obtain by considering the two components of the
Liouvillian

L=1Lg+ Lelu (18)

where the classical part of the Liouvillian L is given
by the kinetic term and nucleus-nucleus repulsion, and
Le; adds the quantum interaction between the nuclei and
electrons and amongst the electrons, which takes the form
of the ground state energy. The electronic Liouvillian can
thus be formulated as
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where F is the ground state energy. For simulations
under the NVT canonical ensemble with the Nosé thermo-
stat, an additional degree of freedom s and its momentum
conjugate ps are additionally considered in the Liouvillian
simulation process, but integrated out to retrieve the final
probability density p(x,p,t). For implementation on a
quantum computer, we prepare a set of registers |z, ]>
P7,.5)» 15), and |ps) such that operations are only carried
out on the relevant registers, where the overbar stands
for the discretized phase-space. The “virtual” momentum
p’ is a reparameterized version of the momentum depen-
dent on both the true momentum p and the heat bath
variable s. Details of the spatial discretization and NVT
simulation are deferred to Supplementary Information 1.

Prior work by Ref.?? has shown that a Liouvillian sim-
ulation algorithm can be achieved. They show how to
efficiently block-encode the classical Liouvillian and im-
plement the evolution with Hamiltonian simulation via
quantum singular value transform (QSVT)374142. On
the other hand, the direct implementation of electronic
forces, and by extension, the electronic Liouvillian L,
is circumvented by utilizing controlled Hamiltonian sim-
ulation®®, which allows for the implementation el
in logarithmic dependency on error. However, since the
evolution operator over the electronic Liouvillian L is
implemented directly instead of the full Liouvillian, Trot-
terization is required to approximate the evolution over
the full Liouvillian e~*~*. Their results provide a Liouvil-
lian simulation algorithm with a runtime of

o N o 3+o(1 o
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where we use @() to hide polylogarithmic factors.

In Supplementary Information 1, we formalize the con-
struction of the electronic Liouvillian L¢ and further
provide technical details required from implementation
introduce in prior works, including the formulation and
cost of implementing the electronic Hamiltonian H) from
Refs.103:104 and the force operators from Ref.?6 on quan-
tum computers.

B. Alchemical free energy calculation via
thermodynamic integration

Thermodynamic quantities such as free energy and
entropy can be determined through ensemble averaging
over configurations sampled in molecular dynamics or
Monte Carlo simulations'! using appropriate Boltzmann
weighting!®. It is important to distinguish between the
Helmholtz free energy, defined at constant volume V' as
F =U—-TS, where U is the internal energy and S is
entropy, and the Gibbs free energy, defined at constant
pressure P as G = U — TS + PV3. Since experiments
are typically carried out at constant pressure, the Gibbs
ensemble provides a more realistic representation of phys-
ical conditions. Nevertheless, in the context of molecular



simulations relevant to drug discovery in aqueous systems,
the difference between Gibbs and Helmholtz free energies
is negligible, i.e., AG ~ AF, because PAV is nearly zero
for drug-like molecules in water, as they are effectively
incompressible”®. As molecular dynamics often employ
constant-volume ensembles, the Helmholtz free energy is
often used in computational chemistry. In the following,
we will therefore refer to the free energy as F' throughout.

We now consider two closely related molecular systems,
A and B, with a large phase space overlap and with mi-
crostate energies Es(A) and Eg(B) where S labels the
microstates, corresponding to different molecular geome-
tries, in the NVT canonical ensemble. These molecular
systems differ by only one atom or functional group, re-
sulting in significant overlap in nuclear phase-space. Com-
puting the absolute free energy of both systems requires
extensive sampling for reliable convergence, making the
process computationally demanding. As an alternative,
we can employ a method that focuses solely on calculat-
ing the free energy difference AF of systems A and B,
which reduces the required sampling and computational
cost? 59,

Consider a new system with microstate energy functions
Es(A) which are differentiable functions of a new coupling
parameter A € [0, 1] satisfying

Es(0)
Es(1)

To obtain the free energy in an NVT canonical ensemble,
we need to consider the partition function of the system:

Z exp(—FEs(A

The microstates S accessible to the system depend on
the number of particles NV, the volume V, and the tem-
perature T. A sufficient number of states S must be
chosen so that the partition function converges. Under
Liouvillian simulation in the NVT canonical ensemble, we
can directly obtain a phase-space density over such states.
The Helmholtz free energy of this system is given by

F(N,V,T,A) =

= Es(A) (21)
= Es(B). (22)

—kgTW Z(N,V,T,A).  (24)

Helmholtz free energy differences are important because
they approximate Gibbs free energy differences in aqueous
solutions.

However, when solely calculating the free energy differ-
ence AF, the explicit calculation of the partition function
can be avoided. The integral over the derivative of the
free energy gives the free energy difference from A to B,

OF(A)
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where the angular brackets denote an ensemble-averaged
derivative of the microstate energies with respect to the
coupling parameter A over the thermal distribution of the
states S for a particular coupling parameter A. As noted,
the distribution is provided by equilibration via the NVT
canonical ensemble, so the partition function need not be
further computed. Thus, under this scheme, rather than
computing the derivative of the free energy directly, only
the expectation value of the derivative of the microstate
energy needs to be evaluated®.

When choosing Fs(A) as a linear function between the
microstate energies of system A and system B,

Es(A) = Es(A) + AM(Es(B) — Es(4)),  (26)

we obtain
AR = [ (B(B) =B ar. @D

In practice, the integral is discretized by calculating the
expectation values for a discrete number of values of A.
Then, to determine the difference in free energy from A to
B, the expectation values are summed over all values of A,
yielding the following approximate free energy difference:

AF:= — (E(B) - E(A)), . (28)

Note that while we choose a linear path here for sim-
plicity, selecting a non-linear path may be advantageous
because the instantaneous difference in the block encoding
constants for nuclear Hamiltonians H4 and Hpg that are
used to compute the internal energies (E4) and (Eg) may
be chosen to be far smaller for such a thermodynamic
integration rather than the differences, which can lead to
smaller costs for the overall calculation as discussed in
Ref.105,

Under the Liouvillian formalism, the thermal distribu-
tion is obtained by evolving the phase-space density with
the NVT canonical Liouvillian for some sufficient equili-
bration time t.q, while thermal averages are obtained by
taking the expectation value of the relevant operator over
the thermal distribution for each point in the phase-space.
In our case, where a quantum state on registers repre-
sents the thermal distribution, the computational basis
corresponds to a point in the discretized phase-space, and
the square of the corresponding amplitude would be its
probability. The microstate energies over the phase-space
can then be encoded into a diagonal matrix to form the
nuclear Hamiltonian, with each entry corresponding to
the microstate energy at the relevant point in phase-space.

C. Block encodings and quantum linear algebra

We assume access to operators such as Hamiltonians
and forces in the form of block encodings®¢37 in this paper.



A block encoding is an encoding scheme that embeds a
general matrix into the top left corner of a unitary matrix,
such that

[A—a((0°] @ L,)UA(]0%) @ In)| < €. (29)

This embedding of A into a unitary U, is then known
as a (q, a,e)-block-encoding of A. In the main text, we
refer to «r as the scaling factor of the block encoding when
mentioned in isolation.

To manipulate such block encodings, we can use a
framework known as quantum singular value transforma-
tion (QSVT)37, which can be used to apply a polynomial
transformation to the singular values of the matrix A such
that

QSVT(U4) = [POly(SV)(A) j .

*

(30)

In the case of Hermitian matrices, the transformations
are applied to the eigenvalues of the matrix. We refer
the reader to Supplementary Information 2 for a detailed
account of QSVT as a quantum linear algebra toolbox to
perform ground state preparation®® and Hamiltonian sim-
ulation3”41:42 which are subroutines used in our main re-
sults. The reader will also find a brief review on quantum
signal processing (QSP) without angle finding®. Further-
more, we deferred several new results to the Supplemen-
tary Information that were derived as part of our proofs,
such as algorithms for robust ground state preparation
and robust Hamiltonian simulation via QSP without angle
finding.
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FIGURE 1. Owverview of our algorithm construction. The results in the top panel of the figure regarding the efficient construction
of a Liouvillian simulation quantum algorithm are featured in Section IT A. In addition, the results in the bottom panel of the
figure for the design of a quantum algorithm for alchemical free energy calculation are featured in Section IIB. In this figure,
we color our technical contributions in red, while those from existing work are colored in cyan. For the Liouvillian simulation
algorithm, we use the Hellmann-Feynman theorem?345 to efficiently construct a diagonal block encoding of the ground state
energy derivative for each point in phase-space, which is then used to construct the electronic and full Liouvillians. Subsequently,
using Hamiltonian simulation3”41*2 we can implement a Liouvillian evolution operator with logarithmic dependency on
precision. Integrating these results with an efficient block encoding of the nuclear Hamiltonian, we can find the free energy
difference between two systems through implementing the thermodynamic integration® via the Hadamard test3347.
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FIGURE 2. Alchemic free energy calculation on a quantum computer. Given systems A and B, we perform Liouvillian
simulations of the two systems and their interpolated intermediate systems in superposition. Note that while the operators are
shown separately in this illustration, we implement them as one single operator via controlled weighting of LCU components
without the multiplicative cost of executing separate simulations for each intermediate system. We then compute the internal
energy difference and sum over the different results via the Hadamard test to provide the free energy difference.
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FIGURE 3. Circuit for obtaining the free energy difference. The dashed block indicates the repeated linear combination of block
encodings to produce a block encoding of La, which is then transformed to e™*£Atea via QSVT using A-dependent phase angles.
Methods for this are discussed in the main text and circuits given in Supplementary Information 4 B. Here we illustrate the use
of the standard QSVT scheme in Ref.3”, where we would load the phase angles from a separate quantum register and where an
angle finding algorithm would be implemented. We ignore the LCU required to add cos and sin together, as well as amplitude
amplification for simplicity. Note the CNOT gate that copied the contents of the bath register |5) before it is traced out. This is
due to the extended Hamiltonian with the Nosé thermostat being dependent on s and is thus required for a description of the
thermal state, while still being needed to be traced out in an analog of being integrated over in classical molecular dynamics
simulations. The small |0) on the wires indicates that the ancilla qubits are returned to the zero state after robust oblivious
amplitude amplification®® such that they can be reused as the ancilla qubits for the Hadamard test.

TABLE 1. Overview of results on algorithmic complexity in terms of Toffoli gate count. Here we consider the Toffoli gate
count in terms of N (the number of nuclei), N (the number of electrons), Niot = N + N (the total number of particles), ¢ (the
evolution time), € (the precision of the state preparation/free energy estimation), ¢ (a lower bound for the overlap between
the approximate ground state prepared by an oracle Ur and the true ground state), v (a lower bound on the spectral gap of
the electronic Hamiltonian), n (the number of grid points in phase-space, which is exponential in N), and 1 — £ (the success
probability for free energy estimation). Throughout this paper, we use the notation O(:) to hide polylogarithmic factors. For
simplicity in this table, we suppress the dependence on all other variables for simplicity and use the notation O*(-) to hide both
polylogarithmic dependencies and o(1) terms in the exponent. More details can be found in Supplementary Information 3. Note
that in this work we compute the difference of free energies between two systems while Ref.? computes the absolute free energy
of a single system.
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Algorithm 1: Quantum algorithm for Liouvillian simulation

Input: Number of nuclei N, Evolution time ¢, Precision ¢, Block encoding of the electronic Hamiltonian HS™1%4 Block

encodings of the nuclear-position-controlled electronic force operator 8., . HS™ for n € [N] and j € {1,2,3}2,

n,j

Block encoding of the discretized momentum derivative operator Dp; ; for n € [N] and j € {1,2, 3}29, Block

encoding of the classical Liouvillian Lcjass?®, Approximate ground state preparation oracle Uy, Quantum state
|po) encoding initial phase-space density of nuclei and heat bath.

Output: e-close approximation of |p;) = e "% |po) in £2 distance

1
2

3

4

© 0w N o

10
11

Apply e™
return e-close approximation of |p;) = e™*** | po).

for every query to the block encoding L in the QSVT-based Hamiltonian simulation algorithm® do

Prepare state ﬁ 25:1 [n) ® 2?.:1 |7) and additional electronic register.
Apply approximate ground state preparation oracle Us to nuclear and electronic registers
Ur|Z) |0) = |Z) |pinit ().
Apply ground state preparation algorithm with nuclear-position-controlled electronic Hamiltonian
HG™ =30, |&)(2] © Ha().
Controlled on |n) and |j), apply nuclear-position-controlled electronic force operator
ctr =\ /= OHg
Doy, HE™ = 3, @) (@] @ 232,
el
n,j

Controlled on |n) and [5), tensor product D' ; with discretized momentum derivate operator D, .
oy

Uncompute the (approximate) electronic ground state to obtain block-encoding of Dy, ; controlled on |n) and |j).

Use LCU to sum over registers [n) and |j) to obtain block encoding of electronic Liouvillian Le.
Use LCU to sum over classical Liouvillian L¢iass and electronic Liouvillian Le to obtain block encoding of
Liouvillian L.

‘Lt operator obtained from QSVT-based Hamiltonian simulation algorithm to |po).




Algorithm 2: Quantum algorithm for thermodynamic integration

Input: Number of interpolation points N, Equilibration time teq, Precision €, Failure rate &, Block encoding of

Liouvillian of systems A/B over nuclear phase-space Ur, , /UL, and scaling factors ar , /ar, from Proposition 2,
Block encoding of the difference of the nuclear Hamiltonian between systems A and B over nuclear phase-space
Uan and scaling factor aa, Initial nuclear phase-space density [po) =32, 1/ . Cap/ s.p, [2) |D’) 15) |Ps)

Output: Helmholtz free energy difference AF4_, g within ¢ additive error with success rate 1 — &

2

10

11

12

13

14

15

16
17

\/*ZNA 1|A) where A = Ny - A.

Use quantum arithmetic circuits®® to compute a fixed point representation of as = ar, + Alar; — ar,) such that
we have ZNA LIA) Jaa).
F
if QSVT-based Hamiltonian simulation®” then
Controlled on |aa), compute, on a separate register, the fixed-point representation of phase angles {9;\ }ierp for
polynomial approximation of function fa(z) = exp(—icazteq) for degree D € O(max(arL ,, ALy )teq + log 1).
Ise if QSP-without-angle-finding-based Hamiltonian simulation® then
Controlled on |aa), using quantum arithmetic circuits to compute exp(—ita cos 24’;3’“) for k € [4D] for degree
D € O(max(ar ,, oLy )teq + log 1).
Use controlled rotations to create a diagonal block encoding of the values exp(—ita cos 228) for A € [N4],
k € [4D].
for every query to the block encoding L in the Hamiltonian simulation algorithm do

o

. S . . 1—A
Use quantum arithmetic circuits to compute a fixed point representation of % such that we have
A

_ (1-AN)a
e SRR I o) | )
Controlled on ‘%% take weighted LCU to prepare block encoding of Ly = La + A(Lp — La).

A
Uncompute ‘%>
Controlled on |A), obtain e~ "Eatea from Hamiltonian simulation algorithm such that we have
oMY (A] @ ¢~ Pt
Apply ZN"_I [A)(A] ®671L”°q to Ao IA) @ [po).

Duplicate register |3) using CNOTs to retaln mformatlon of the bath register.

Apply the Hadamard test®? to the block encoding of AH on the registers |Z) |p’) |5) to obtain amplitude %(ﬁ—f +1)
on |0) of the measurement qubit.

Use amplitude estimation** to obtain %(g—f +1) to 55 £ success rate.

return e-close estimate of Helmholtz free energy difference AF
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