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Abstract

The well-posedness theory of the full compressible Navier-Stokes equations (CNS for short) has
been an important subject in the development of mathematical physics. For the spherically
symmetric flow, even though many favourable regularity properties may be expected for its
similarity to the one-dimensional equations, there are still a large number of open questions
remaining unsolved. Two central difficulties of spherically symmetric CNS are the coordinate
singularity at the centre of symmetry, and the upper/lower bounds of density.

In Chapter 1, the Cauchy problems of CNS for the general multidimensional flows, both with
and without spherical symmetry, are introduced. Then a heuristic analysis on the Lagrangian
coordinate transformation is conducted, which gives insight to the strategies used in the later
chapters. Finally, several previous progresses on the well-posedness theory of CNS are high-
lighted at the end of this chapter.

In Chapter 2, the global-in-time existence of a spherically symmetric weak solution to the Cauchy
problem in Eulerian coordinate is obtained. The main strategy is to construct a sequence of
approximation problems posed in finite annular domains. This circumvents the problem of
coordinate singularity at the origin. Moreover, they are also formulated in the Lagrangian
coordinates, so that one can obtain a-priori estimates which are uniform with respect to the
dimension of annular domains. The weak solution is then constructed as the limit of approximate
solutions in the original Eulerian coordinate. The main result of this chapter is produced in
collaboration with Gui-Qiang G. Chen and Shengguo Zhu.

In Chapter 3, for the Lagrangian approximation problem introduced in Chapter 2, the existence
and uniqueness of a local-in-time strong solution are shown. This is done via the Picard iteration
scheme, however some major difficulties arise due to the fact that second order differential
operators in momentum and energy equations is quasilinear under the Lagrangian formulation.
To resolve this, a set of a-priori bounds on each iterative solutions is established so that the
quasilinear operators are elliptic at each iterative step. Moreover, the time dependent high
regularity estimates for linear iterative solution are carefully derived so that Banach Fixed-point
theorem can be applied to obtain the desired solution.

In Chapter 4, it is proved that the local-in-time strong solution in Chapter 3 can be extended
to all time by bootstrap argument. Moreover, global-in-time strong solutions in the unbounded
Lagrangian domain are also obtained by taking the limit of outer and inner radii of annular
domains. The main difference of this chapter compared to Chapter 2 is that the limit is taken
in the Lagrangian coordinates, and the initial data are assumed to have higher regularities.
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B Some results regarding convex functions 192

6



Chapter 1

Introduction

1.1 Cauchy Problem for Full Navier-Stokes Equations

The motion of a viscous polytropic ideal gas in Rn× [0, T ], for some time T > 0 with n = 2 or 3 is described
by the following system in Eulerian coordinates:

∂tρ+ div(ρU) = 0,

∂t(ρU) + div(ρU ⊗U) +∇P = divS,
∂t(ρE) + div((ρE + P )U) = div(S(∇U) ·U) + κ∆e,

in (x, t) ∈ Rn × [0, T ], (1.1.1)

where ρ, e, and U = (U1, . . . , Un) are respectively the density, the internal energy per unit mass, and the
velocity. E := ρe + |U |2/2 is the total energy per unit mass. The pressure function P is given by the
constitutive relation for ideal polytropic gas:

P = (γ − 1)ρe, (1.1.2)

with constant γ > 1 being the heat capacity ratio. The viscous stress tensor S(∇U) takes the form:

S(∇U) := µ(∇U +∇U⊤) + λIn×ndivU , (1.1.3)

where In×n is the n × n identity matrix and µ > 0, λ are the viscosity coefficients satisfying the physical
condition:

µ > 0,
2

n
µ+ λ > 0. (1.1.4)

In Chapter 2, the global-in-time existence of a weak solution is considered. For this, we impose the initial
condition:

(ρ,U , e)(x, t) = (ρ0,U0, e0)(x) for x ∈ Rn, (1.1.5)

where (ρ0,U0, e0)(x) belongs in some suitable Sobolev spaces.
In Chapter 3–4, we set (ρ0,U0, e0)(x) to be a smooth initial data satisfying

(ρ0,U0, e0,∇e0)(x)→ (1,0, 1, 0) as |x| → ∞,

and we aim to obtain a strong solution to the problem (1.1.1)–(1.1.4) with the initial-boundary conditions:{
(ρ,U , e)(x, 0) = (ρ0,U0, e0)(x) for x ∈ Rn,

(ρ,U , e,∇e)(x, t)→ (1, 0, 1, 0) for t ∈ [0, T ] as |x| → ∞.
(1.1.6)

Here the reference density and internal energy per unit mass are set to be ρ̃ = 1 and ẽ = 1.

7



1.2 Spherically Symmetric Problem

Given a spherical symmetric initial data:

(ρ0(x),U0(x), e0(x)) = (ρ0(|x|), u0(|x|)
x

|x|
, e0(|x|)),

our aim is to find spherically symmetric solution to the Cauchy Problem (1.1.1)–(1.1.6):

(ρ(x, t),U(x, t), e(x, t)) = (ρ(|x|, t), u(|x|, t) x

|x|
, e(|x|, t)).

Denoting the radial coordinate by r ≡ |x|, and letting m ≡ n− 1, then under the symmetry assumption,
the Cauchy problem (1.1.1)–(1.1.6) can be restated as:

∂tρ+ ∂r(ρu) +m
ρu

r
= 0

ρ∂tu+ ρu∂ru+ ∂rP (ρ, e) = (2µ+ λ)∂r

(
∂ru+m

u

r

)
ρ∂te+ ρu∂re+ P (ρ, e)

(
∂ru+m

u

r

)
= 2µ

(
|∂ru|2 +m

u2

r2

)
+ λ

(
∂ru+m

u

r

)2
+ κ

(
∂2re+m

∂re

r

) (1.2.1)

in the domain (r, t) ∈ Ω0,T := [0,∞)× [0, T ], and it is supplemented with the initial-boundary condition:
u(0, t) = 0, ∂re(0, t) = 0 for t ∈ [0, T ],

lim
r→∞

(ρ, u, e, ∂re)(r, t) = (1, 0, 1, 0) for t ∈ [0, T ],

(ρ, u, e)(r, 0) = (ρ0, u0, e0)(r) for r ∈ [0,∞),

(1.2.2)

It is important to remark here that the following boundary conditions at the origin is a necessary
consequence of the spherical coordinate structure:

u(0, t) = 0, ∂re(0, t) = 0, for t ∈ [0, T ]. (1.2.3)

The necessity of these two conditions are entirely mathematical motivated by the fact that vector fields
U(x, t), ∇e(x, t) satisfy the spherical symmetry:

U(−x, t) = −U(x, t) and ∇e(−x, t) = ∇e(x, t), for (x, t) ∈ Rn × [0, T ]

Hence, if x 7→ (U ,∇e)(·, t) is continuous near the origin, then we must have

lim
|x|→0+

U(x, t) = lim
|x|→0+

∇e(x, t) = 0.

1.3 The Exterior Problem and Lagrange Reformulation

The spherical coordinate transformation in previous section leads to the coordinate singularity at the origin,
which poses a significant difficulty in the existence problem. To cope with this issue, we consider the problem
in an exterior domain Ωa,T := {(r, t) : a ≤ r <∞, 0 ≤ t ≤ T} for a ∈ (0, 1), and find approximating solutions
(ρa, ua, ea) to the equations

∂tρa + ∂r(ρaua) +m
ρaua
r

= 0

ρa∂tua + ρaua∂rua + ∂rP (ρa, ea) = β∂r

(
∂rua +m

ua
r

)
ρa∂tea + ρaua∂rea + P (ρa, ea)

(
∂rua +m

ua
r

)
=2µ

(
|∂rua|2 +m

|ua|2

r2

)
+ λ

(
∂rua +m

ua
r

)2
+ κ

(
∂2rea +m

∂rea
r

)
for (r, t) ∈ Ωa,T , (1.3.1)
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where β ≡ 2µ+ λ, and it is supplemented with the following initial boundary conditions:
ua(a, t) = 0, ∂rea(a, t) = 0

lim
r→∞

(ρa, ua, ea, ∂rea)(r, t) = (1, 0, 1, 0)
for t ∈ [0, T ],

(ρa, ua, ea)(r, 0) = (ρ0a, u
0
a, e

0
a)(r) for r ∈ [a,∞),

(1.3.2)

where (ρ0a, u
0
a, e

0
a) is the approximating initial data modified with respect to (ρ0, u0, e0). The details of

this construction will be discussed in Sections 2.2.2 and 4.5.1. The boundary conditions ua(a, t) = 0,
∂rea(a, t) = 0 for t ∈ [0, T ] can be interpreted physically as the presence of a solid insulating ball at the
centre of symmetry, with no slip-boundary condition for the velocity field.

In order to obtain point-wise upper and lower bounds of density, it is advantageous to formulate the
Exterior Problem (1.3.1)–(1.3.2) in the Lagrangian coordinate (x, t). Here we give a heuristic study on the
coordinate transformation law between Eulerian and Lagrangian under the spherical symmetry assumption.
Suppose that (ρa, ua, ea)(r, t) is a smooth solution such that C−1 ≤ ρa ≤ C for some constant C > 0. For
general multi-dimensional flow, the transformation law between the Eulerian coordinate variables, denoted
as (y, t) ∈ Rn × [0, T ], and Lagrangian coordinate variables, (z, t) ∈ Rn × [0, T ], is given as:

(y, t) = (X(z, t), t) where X is the solution of


dX

dt
(z, t) = Ua(X(z, t), t) for t ∈ [0, T ],

X(z, 0) = φ0(z) for z ∈ Rn,
(1.3.3)

where φ0 : Rn → Rn is a given diffeomorphism, and Ua(y, t) := ua(|y|, t) y
|y| . Denote r ≡ |y| and x ≡ |z|.

Here, we set φ0 to be the spherically symmetric map given by:

φ0(z) := r̃0a(|z|)
y

|y|
where r̃0a(·) is implicitly defined by |z| =

∫ r̃0a(|z|)

a
ρ0a(ζ)ζ

mdζ for all |z| ≥ 0.

Since 0 < C−1
0 ≤ ρ0a ≤ C0 < ∞ for some constant C0 > 0, it follows that r̃0a(x) is well-defined by Inverse

Function theorem. This definition means that |z| amount of initial mass is contained in the annular region:
{y ∈ Rn : a ≤ |y| ≤ r̃0a(x)}. By the uniqueness of solution to (1.3.3), it follows that z 7→ X(z, t) is
also spherically symmetric for each t ∈ [0, T ], hence the function r̃a(x, t) := |X(z, t)|, where x ≡ |z|, is
well-defined for x ≥ 0. Suppose r̃a(x, t) ≥ a for all t ∈ [0, T ]. Then (1.3.3) implies that r̃a(x, t) satisfies{

∂tr̃a(x, t) = ua(r̃a(x, t), t) for t ∈ [0, T ],

r̃a(x, 0) = r̃0a(x) for x ≥ 0.

Using the continuity equation (1.3.1)1 and Leibniz integral rule, one can compute to see that

d

dt

∫ r̃a(x,t)

a
ρa(ζ, t)ζ

mdζ = 0 for all t ∈ [0, T ] and for each fixed x ≥ 0.

Integrating in time and using the construction of r̃0a(x), we have that∫ r̃a(x,t)

a
ρa(ζ, t)ζ

mdζ =

∫ r̃0a(x)

a
ρ0a(ζ)ζ

mdζ = x for all (x, t) ∈ [0,∞)× [0, T ]. (1.3.4)

This states that x amount of mass is conserved within the annular region {y ∈ Rn : a ≤ |y| ≤ r̃a(x, t)}.
Now fix a time t ∈ [0, T ]. Implicitly differentiating (1.3.4) with respect to x, we also obtains:

∂xr̃a(x, t) =
(r̃a(x, t))

−m

ρa(r̃a(x, t), t)
and r̃a(x, t) =

(
an +

∫ x

0

n

ρa(r̃a(y, t), t)
dy

) 1
n

for all x ≥ 0.
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If C−1 ≤ ρa ≤ C for some constant C > 0, then the inverse mapping (x̃a(r, t), t) exists due to Inverse Function
theorem. For r = r̃a(x, t) and x = x̃a(r, t), these differential relations for the coordinate transformation can
be summarized into the Jacobian matrix as follows

∂(r, t)

∂(x, t)
=

(
ρ̃−1
a r̃−m

a ũa
0 1

)
,

∂(x, t)

∂(r, t)
=

(
ρar

m −ρauarm
0 1

)
. (1.3.5)

Now we set ρ̃a(x, t) := ρa(r̃a(x, t), t), ũa(x, t) := ua(r̃a(x, t), t), and ẽa(x, t) := ea(r̃a(x, t), t). We denote
(Dt, Dx) as the partial derivative operators with respect to the Lagrangian coordinate variables and let
ṽa := 1/ρ̃a be the specific volume. Then, under Lagrange coordinates, equations (1.3.1) can be reformulated
into the following form:

Dtṽa −Dx(r̃
m
a ũa) = 0

Dtũa + r̃ma Dxp(ṽa, ẽa) = βr̃ma Dx

(Dx(r̃
m
a ũa)

ṽa

)
Dtẽa + p(ṽa, ẽa)Dx(r̃

m
a ũa) = β

|Dx(r̃
m
a ũa)|2

ṽa
− 2mµDx(r̃

m−1
a ũ2a) + κDx

( r̃2ma Dxẽa
ṽa

)
r̃a(x, t) =

(
an + n

∫ x

0
ṽa(y, t)dy

) 1
n

(1.3.6)

in (x, t) ∈ [0,∞)×[0, T ] where p denotes p(v, e) ≡ P (v−1, e) = (γ−1)e/v. In addition (1.3.6) is supplemented
with the initial boundary conditions:

ũa(0, t) = 0, Dxẽa(0, t) = 0 for t ∈ [0, T ],

(ṽa, ũa, ẽa, Dxẽa)(x, t)→ (1, 0, 1, 0) for t ∈ [0, T ] as x→∞,
(ṽa, ũa, ẽa)(x, 0) = (ṽ0a, ũ

0
a, ẽ

0
a)(x) for x ∈ [0,∞),

(1.3.7)

where (ṽ0a, ũ
0
a, ẽ

0
a)(x) = (ρ0a, u

0
a, e

0
a)(r̃

0
a(x)). In later chapters, we will often abbreviate v ≡ ṽa, u ≡ ũa, and

e ≡ ẽa for simplicity.

1.4 Previous Results and Recent Progress

The well-posedness problem to the equations (1.1.1)–(1.1.6) has been investigated by many authors. For
large smooth initial data with inf ρ0 > 0 in one dimensional bounded domain, Kazhikhov and Shelukhin
in 1977 [16] obtained the global classical solution to the initial-boundary value problem in Lagrangian
coordinate. Kawashima and Nishida later extended this result to the unbounded domain in 1981 [15].
As for the three dimensional Cauchy Problem, Itaya in 1971 [12] proved the local-in-time existence and
uniqueness of a Hölder continuous solution with Hölder initial data satisfying 0 < inf ρ0 < sup ρ0 < ∞.
Using energy methods in Sobolev spaces, Matsumura and Nishida in 1981 [20] showed the global existence
of classical solution provided that the initial data is small in some energy norms, and initial density is away
from vacuum. By imposing the compatibility condition on the initial data:

div S(∇U0)−∇P (ρ0, e0) =
√
ρ0f1, and κ∇e0 +

µ

2

∣∣∇U0 +∇U⊤
0

∣∣2 + λ(divU0)
2 =
√
ρ0f2,

for some f1, f2 ∈ L2(R3), Cho and Kim in 2006 [2] were able to obtain a unique local-in-time strong solution
with initial density possibly containing vacuum. For multi-dimensional spherical symmetric solutions, Jiang
in his 1998 paper [13] considered the exterior problem (See Section 1.3), where he replaced the boundary
condition near the origin (1.2.3) with: u(r = a, t) = ∂re(r = a, t) = 0, for t ∈ [0,∞), for a fixed a ∈ (0, 1).
He proved the global-in-time existence of a unique spherically symmetric smooth solution to the Cauchy
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Problem in Lagrangian coordinate with large smooth initial data such that 0 < inf ρ0 < sup ρ0 < ∞.
Improving upon the argument of Kazhikhov and Shelukhin in [16], Jiang in [13] obtained an upper and
lower bound for density that includes the region near far field: |x| → ∞, and this played a crucial role
in the existence of solution to the Cauchy Problem. However the estimates in his proof heavily depend
on the radius of exterior ball a ∈ (0, 1) centred at the origin. In an attempt to deal with the problem
near the origin, Hoff in 1992 [7] constructed a class of global-in-time spherical symmetric weak solutions
to the Cauchy Problem of Compressible Navier-Stokes equations, with isothermal pressure P = Aρ, in the
Eulerian coordinate. Moreover, the weak solutions obtained in [7] possess many additional properties. For
instance, Hoff showed that solutions may possibly develop vacuum region about the origin bordered by a
bounded Hölder continuous curve t 7→ r(t). In addition, away from this possible vacuum region, the density
is bounded from above and below. Furthermore, he also showed that discontinuity in the initial velocity
is smoothed out in positive time, while the discontinuity in initial density persist for all time, convecting
along the particle trajectories. Following this work, Hoff and Jenssen in 2004 [11] developed the case for
non-isentropic compressible Navier-Stokes equations on the bounded domains in R3, and they obtained
global-in-time spherically or cylindrically symmetric weak solutions to the corresponding initial-boundary
value problem. The main result of Chapter 2 in this thesis extends the existence theorem of spherically
symmetric solution in [11] to the whole domain Rn, for n = 2, 3, hence obtaining a spherically symmetric
weak solution to the Cauchy Problem of (1.1.1).

For the isentropic Compressible Navier-Stokes equations, where the pressure solely depends on density:
P = P (ρ), we also mention few notable results. The first known well-posedness theorem is obtained by
Nash in his 1962 paper, where he showed the local-in-time existence and uniqueness of a classical solution
to the multi-dimensional Cauchy problem, provided that (ρ0, u0) ∈ C2(Rn), and the initial density satisfies
C−1
0 ≤ ρ0 ≤ C0 for a fixed constant C0 > 0. For a more general class of initial data, which only satisfies the

finite energy condition: ∫
Rn

(
ρ0
|u0|2

2
+

A

γ − 1
ργ0

)
(x)dx ≤ C0,

where C0 > 0 is a given constant, Lions in 1993 [18] showed the global-in-time existence of finite energy
weak solutions, under the assumption that pressure law obeys P (ρ) = Aργ , where A > 1, γ ≥ 3/2 when
n = 2, and γ ≥ 9/5 when n = 3. Subsequently, several improvements on this result has been made, for
instance, in the spherically symmetric case, Jiang and Zhang generalised the assumption by allowing γ > 1
for both n = 2, 3, and for general 3 dimensional case, Feireisl, Novotný, and Petzeltová in 2001 [6] relaxed
the condition to γ > 3/2 for n = 3. Moreover, under a different set of assumptions on initial data where
ρ0 − 1 is small in L2 ∩ L∞ and u0 is small in L2, Hoff in his 1995 paper [9] also showed the global-in-time
existence of weak solutions with certain numerical restriction on the viscosity coefficients µ, λ. Cho, Choe,
and Kim in 2003 [3] investigated the problem for initial data with the regularity assumptions ∇u0 ∈ L2,
ρ0 ∈ H1 ∩W 1,6, and ρ0 ≥ 0, where initial density can possibly contain vacuum. They were able to obtain a
local-in-time strong solution, given that the following initial compatibility condition is satisfied:

ρ
−1/2
0

{
µ∆u0 + (µ+ λ)∇divu0 +∇P (ρ0)

}
∈ L2.

One of the key ideas used in [9], [3], and [17] is the estimate on effective viscosity flux F which is defined
by F := (2µ + λ)divu + P (ρ). The usefulness of F was also illustrated by Desjardin in his 1997 paper [4],
where he describes a gain of regularity enjoyed by the quantity F , despite the low regularity assumption on
initial data.
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Chapter 2

Global Existence of Weak Solutions in
Eulerian Coordinates

The main aim of this chapter is to show the global-in-time existence of a weak solution to the Eulerian
heat-conducting compressible Navier-Stokes equations (1.1.1) in the Cauchy Domain (x, t) ∈ Rn× [0, T ] for
any time T > 0, and n = 2, 3. In Section 2.1, the precise notion of the weak solutions is defined, and using
this definition, we state the main result, Theorem 2.1.1. Then, we give a detailed outline for the proof in
Section 2.2.

2.1 Main Results

Definition 2.1.1 (Weak Solutions). The vector function (ρ,U , e)(x, t) is called to be a weak solution of the
Cauchy problem (1.1.1)–(1.1.5) in Rn × [0, T ] if they satisfy the following:

(i) There exists a constant C0 = C0(ρ0,U0, e0, γ, µ, λ, κ, n) > 0 and a upper semi-continuous function
r(t) : [0, T ]→ [0,∞) such that

lim
t↘0

r(t) = 0, 0 ≤ r(t) ≤ C0 for all t ∈ [0, T ].

With this, define F := {(x, t) ∈ Rn × [0, T ] : |x| > r(t) for t ∈ [0, T ]}.

(ii) ρ ∈ L∞
loc(F), and ρ(x, t) = 0 for (x, t) ∈ Rn× [0, T ]\F almost everywhere, (U , e)(x, t) is locally Hölder

continuous in F , and F̊ := F ∩ {0 < t < T} is an open set.

(iii) For each Φ ∈ C1
(
[0, T ];C1

c (Rn)
)
,∫

Rn

ρ(x, t)Φ(x, t)dx−
∫
Rn

ρ0(x)Φ(x, 0)dx =

∫ t

0

∫
Rn

(ρ∂tΦ+ ρU · ∇Φ)(x, s) dxds.

(iv) ∇U ∈ L2
loc(F). Moreover, for any Ψ ∈ C1

(
[0, T ];C1

c (Rn)
)
with supp(Ψ) ⊂⊂ F ,∫

Rn

ρU i(x, t)Ψ(x, t) dx−
∫
Rn

ρ0U
i
0(x)Ψ(x, 0) dx

=

∫ t

0

∫
Rn

(
ρU i∂tΨ+ ρU i(U · ∇)Ψ + (γ − 1)ρe∂iΨ

)
(x, s) dxds

−
∫ t

0

∫
Rn

(
µ∇Ψ · ∇U i + (µ+ λ)∂iΨdivU

)
(x, s) dxds for each i = 1, . . . , n.
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(v) ∇e ∈ L2
loc(F). Moreover, for any Φ ∈ C1

(
[0, T ];C1

c (Rn)
)
with supp(Φ) ⊂⊂ F then∫

Rn

ρE(x, t)Φ(x, t) dx−
∫
Rn

ρ0E0(x)Φ(x, 0) dx

=

∫ t

0

∫
Rn

{
ρE∂tΦ+ (ρE + P )(U · ∇)Φ

}
(x, s) dxds

−
∫ t

0

∫
Rn

{
κ∇e+ µ

2
∇|U |2 + λUdivU + µ(∇U) ·U

}
· ∇Φ(x, s) dxds.

Theorem 2.1.1. Let (ρ0,U0, e0)(x) = (ρ0(r), u0(r)
x
r , e0(r)), with r := |x|, be a spherically symmetric

initial data defined in x ∈ Rn satisfying

e0(r) ≥ C−1
∗ , C−1

∗ ≤ ρ0(r) ≤ C∗ for all r ∈ [0,∞),∫ ∞

0

{1

2
ρ0|u0|2 + (γ − 1)G(ρ0) + ρ0ψ(e0) + |(ρ0 − 1, u20, e0 − 1)|2

}
(r)rmdr ≤ C∗,

(2.1.1)

for some given constant C∗ > 0, where G(ζ) = 1−ζ+ζ log ζ and ψ(ζ) = ζ−1− log ζ. Then, for each T > 0,
there exists a global spherically symmetric weak solution (ρ,U , e)(x, t) of the Cauchy problem (1.1.1)–(1.1.5)
such that the following statements hold :

(i) There exists a continuous increasing function g : [0,∞) → [0,∞) with g(y) ↘ 0 as y ↘ 0 such that,
for each bounded measurable set E ⊂ Rn,

ess sup
t∈[0,T ]

∫
Rn

{
G(ρ) +

ρ|U |2

2

}
(x, t) dx ≤ C(T ),

ess sup
t∈[0,T ]

∫
E
ρe(x, t) dx ≤ C(T )

(
1 + g(|E|)

)
,

where |E| denotes the Lebesgue measure of set E, and C(T ) = C(T,C∗, γ, µ, λ, κ, n) > 0 is a constant
depending on T > 0.

(ii) There exists a continuous function (y, t) 7→ r̃(y, t) : [0,∞) × [0, T ] → [0,∞) such that y 7→ r̃(y, t) is
strictly increasing, and r(t) = limy↘0 r̃(y, t) for t ∈ [0, T ]. Moreover, there exists a constant C0 =
C0(C∗, γ, µ, λ, κ, n) > 0 such that

∫
{r(t)<|x|<r̃(y,t)}

ρ(x, t)dx = y for a.e. (y, t) ∈ [0,∞)× [0, T ],

r̃(y, t) = r̃0(y) +

∫ t

0
u(r̃(y, s), s)ds for a.e. (y, t) ∈ [0,∞)× [0, T ],

nyψ−1
−

(C0

y

)
≤

(
r̃(y, t)

)n ≤ C0(1 + y) for all (y, t) ∈ (0,∞)× [0, T ],

where u(|x|, t) := U(x, t) · x
|x| , ψ

−1
− is the left inverse of ψ(ζ) = ζ − 1 − log ζ, and the function

y 7→ r̃0(y) : [0,∞)→ [0,∞) is implicitly defined as

y =

∫ r̃0(y)

0
ρ0(r)r

mdr for each y ∈ [0,∞).

(iii) For ε ∈ (0, 1], there exists a constant C(ε) = C(ε, T, C∗, γ, µ, λ, κ, n) > 0 such that{
|r̃(y1, t)− r̃(y2, t)| ≤ C(ε)|y1 − y2| for all (y1, y2, t) ∈ [ε,∞)2 × [0, T ],

|r̃(y, t1)− r̃(y, t2)| ≤ C(ε)|t3/41 − t3/42 | for all (y, t1, t2) ∈ [ε,∞)× [0, T ]2.
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Moreover, let σ(t) := min{1, t} and BC(r) := {x ∈ Rn : |x| ≥ r}. Then

C(ε)−1 ≤ ρ(x, t) ≤ C(ε), |U(x, t)| ≤ σ(t)−
1
4C(ε), 0 < e(x, t) ≤ σ(t)−

1
2C(ε)

for a.e. (x, t) such that t ∈ [0, T ] and x ∈ BC(r̃(ε, t)), and
sup

0≤t≤T

∫
BC(r̃(ε,t))

|(ρ− 1, |U |2, e− 1,
√
σ∇U , σ∇e)|2(x, t)dx ≤ C(ε),∫ T

0

∫
BC(r̃(ε,t))

|(∇U , (U · ∇)U ,∇e,
√
σ∂tU , σ∂te)|2(x, t)dxdt ≤ C(ε).

In addition, for all t ∈ (0, T ] and x,y ∈ BC(r̃(ε, t)),

σ(t)
1
2 |U(x, t)−U(y, t)|+ σ(t)|e(x, t)− e(y, t)| ≤ C(ε)|x− y|

1
2 ,

and, for all 0 < t1 < t2 ≤ T and |x| ≥ supt1≤t≤t2 r̃(ε, t),

σ(t1)
1
2 |U(x, t1)−U(x, t2)|+ σ(t1)|e(x, t1)− e(x, t2)| ≤ C(ε)|t2 − t1|

1
4 .

Furthermore, defining the function ρ(ε)(x, t) := ρ(x, t)χε(x, t) with

χε(x, t) :=

{
1 if t ∈ [0, T ] and x ∈ BC(r̃(ε, t)),

0 otherwise,

then, for all L ∈ N, ρ(ε) ∈ C0
(
[0, T ];H−1(BL)

)
and

∥ρ(ε)(·, t1)− ρ(ε)(·, t2)∥H−1(BL) ≤ C(ε)|t1 − t2| for all 0 ≤ t1 ≤ t2 ≤ T ,

where C(ε) is independent of L ∈ N, and BL := {x ∈ Rn : |x| < L}.

The domain for which the momentum equations hold weakly can be extended to the entire space-time
domain. However, the viscosity term is interpreted as a non-standard limit distribution of approximate
solutions.

Theorem 2.1.2. Let (ρ,U , e)(x, t) be a weak solution with initial data (ρ0,U0, e0)(x) obtained in Theorem
2.1.1. Let ξ : [0,∞) → [0, 1] be a fixed increasing C1 function with ξ ≡ 0 on [0, 1] and ξ ≡ 1 on [2,∞),
and set ξR(r) := ξ( r

R). Then there exists a sequence of vector valued functions {Uα(x, t)}α∈N such that
U i

α ∈ L2
loc(Rn × [0, T ]) for each α ∈ N and i = 1, . . . , n. Moreover, for each i = 1, . . . , n and for each

Ψ ∈ C2
(
[0, T ];C2

c (Rn)
)
with Ψ : Rn× [0, T ]→ R, defining the distribution U(·, t) ∈

(
C2

(
[0, T ];C2

c (Rn)
))∗

by

Ui(Ψ, t) := lim
R↘0

lim
α→∞

∫ t

0

∫
{|x|≥1/α}

{
(µ+ λ)(Uα · ∇)∂iΨR + µU i

α∆ΨR
}
dxds,

with ΨR(x, t) := ξR(|x|)Ψ(x, t), then the following is true for each Ψ ∈ C2
(
[0, T ];C2

c (Rn)
)
:∫

Rn

ρU i(x, t)Ψ(x, t)dx−
∫
Rn

ρ0U
i
0(x)Ψ(x, 0)dx

=

∫ t

0

∫
Rn

(
ρU i∂tΨ+ ρU i(U · ∇)Ψ + (γ − 1)ρe∂xiΨ

)
(x, s)dxds+ Ui(Ψ, t),

for each i = 1, . . . , n. Furthermore, Uα(x, t) is the velocity of solution to the exterior sphere problem, which
satisfies the auxiliary boundary condition:

Uα(x, t) = 0, ∇eα(x, t) = 0 for |x| = 1/α and t ∈ [0, T ].

The existence of such solution (ρα,Uα, eα) is stated in Theorem 2.2.1 of Section 2.2.3.
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2.2 Main Strategy and Reformulation

Throughout the rest of this chapter, we use the following notations for five types of generic positive constants
to indicate their specific dependence on various parameters:

C ≡ C(γ, µ, λ, κ, n), C0 ≡ C0(C,C∗), C(T ) ≡ C(T,C0),

C(a) ≡ C(a, T, C0), C(ε) ≡ C(ε, T, C0) for each a ∈ (0, 1) and ε ∈ (0, 1],

where C∗ = C∗(γ, ρ0, u0, e0) > 0 is the initial constant stated in (2.1.1) of Theorem 2.1.1.

2.2.1 Main strategy

Our approach for proving Theorem 2.1.1 is to split the original problem (1.2.1) into the following two parts:

(I) For fixed a ∈ (0, 1) and T > 0, we prove the global existence of weak solutions {(ρa, ua, ea)(r, t)}a∈(0,1)
to the initial-boundary value problem (IBVP) of equations (1.2.1)1–(1.2.1)3 in the exterior domain
(r, t) ∈ [a,∞)× [0, T ] with the following initial and boundary conditions:{

(ρa, ua, ea)(r, 0) = (ρ0a, u
0
a, e

0
a)(r) for r ∈ [a,∞),

u(a, t) = ∂re(a, t) = 0 for t ∈ [0, T ],

where (ρ0a, u
0
a, e

0
a)(r) is the approximate initial data constructed from the initial data (ρ0, u0, e0)(r)

assumed in Theorem 2.1.1. The detailed construction can be found in Section 2.2.2, and (ρ0a, u
0
a, e

0
a)

are shown to satisfy initial condition (2.1.1) with a constant C0 > 0 independent of a ∈ (0, 1) in Propo-
sitions 2.2.1. It is also worth pointing out that the corresponding solutions {(ρa, ua, ea)(r, t)}a∈(0,1)
satisfy certain high order estimates uniformly in a ∈ (0, 1) (see Theorem 2.2.1 in Section 2.2.3).

(II) It follows from the uniform estimates independent of a obtained in (I) and compactness arguments
that there is a sub-sequence aj ↘ 0 as j → ∞ such that, the corresponding limit triple (ρ, u, e) is a
weak solution described in Theorem 2.1.1.

Part (I) of our approach will be achieved via the following six steps:

(I.1) We first modify the original initial data (ρ0, u0, e0) into (ρ0a, u
0
a, e

0
a)(r) in Eulerian coordinates, as

constructed in Section 2.2.2.

(I.2) The solution (ρa, ua, ea) in (I) is obtained as the limit of solutions of the approximate problems posed
in bounded annular domains. For this purpose, we apply a truncation procedure on the mollified initial
data (ρ0a, u

0
a, e

0
a) in Eulerian coordinates near the far-field region (i.e., r ≥ 1), which are parameterized

by the integer k ∈ N.

(I.3) Next, we transform the IBVP in the exterior domain (r, t) ∈ [a,∞) × [0, T ] stated in (I) into a set
of IBVPS shown in (2.2.16)–(2.2.17) in Lagrangian coordinates with the spatial domain being [0, k].
Indeed, the main point of the above reduction and modification of the initial data is to ensure that, for
each T > 0, there exists a unique global-in-time smooth solution to the approximate IBVP (2.2.16)–
(2.2.17) in (x, t) ∈ [0, k]× [0, T ].

(I.4) Moreover, we can derive the entropy inequalities on these solutions. Consequently, we obtain the
upper and lower bounds of the density. These density bounds are independent of the approximation
parameter k ∈ N; in addition, they are independent of a ∈ (0, 1) on the regions away from the origin
in Lagrangian coordinates.
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(I.5) Based on the bounds of the density obtained in (I.4), we seek for a set of high-order estimates on
the regions away from the origin x = 0 in Lagrangian coordinates, which is independent of the
approximate parameter a ∈ (0, 1). In fact, these estimates can be obtained by introducing a set
of C1 cut-off functions gε(x), for each ε ∈ (0, 1), away from the origin (see (2.3.21)–(2.3.23)). However,
the inclusion of these cut-off functions leads to difficulties in estimating certain integral terms near
the boundary x = ε, which is described in the proof of Lemma 2.3.4. In order to overcome these
difficulties, we make full use of the dissipation terms in the entropy estimates from step (I.4), which
can be found in Lemma 2.3.3.

(I.6) Finally, we denote (ṽa,k, ũa,k, ẽa,k)(x, s) as the approximate solution of problem (2.2.16)–(2.2.17) in the
Lagrangian domain (x, s) ∈ [0, k]× [0, T ], and

r̃a,k(x, s) =
(
an + n

∫ x

0
ṽa,k(y, s)dy

)1/n

as the corresponding particle path function. For each (a, k) ∈ (0, 1) × N, we formulate coordinate

transformations (r, t) = Ta,k(x, s) = (T (1)
a,k , T

(2)
a,k )(x, s) as

T (1)
a,k (x, s) = r̃a,k(x, s), T (2)

a,k (x, s) = s for (x, s) ∈ [0, k]× [0, T ].

Owing to the density bounds from Step (I.4), the inverse function T −1
a,k exists and, by these coordinate

transformations, we define

(va,k, ua,k, ea,k)(r, t) := (ṽa,k, ũa,k, ẽa,k)(T −1
a,k (r, t)) for (r, t) ∈ Ra,k,

where Ra,k := Ta,k
(
[0, k] × [0, T ]

)
=

{
(r, t) : t ∈ [0, T ], r ∈ [a, r̃a,k(k, t)]

}
. We then extend these

functions into the entire exterior Eulerian domain (r, t) ∈ [a,∞)× [0, T ] by introducing the following
test functions: Let ξ : R → [0, 1] be a function with ξ ∈ C∞ such that ξ(ζ) = 1 if ζ ≤ 0, ξ(ζ) = 0 if
1 ≤ ζ, and |ξ′(ζ)| ≤ 2 for all ζ ∈ R. With this, we define the following cut-off functions:

φa,k(r, t) = ξ
(2r − r̃a,k(k, t)

r̃a,k(k, t)

)
.

It is shown in Section 2.4.2 that supp(φa,k) ⊆ Ra,k, so that the approximate solutions in the Eulerian
coordinates can be extended as follows:

ρa,k(r, t) =

φa,k(r, t)
( 1

va,k(r, t)
− 1

)
+ 1

1

for (r, t) ∈ Ra,k,

for (r, t) ∈ [a,∞)× [0, T ]\Ra,k,

ua,k(r, t) =

{
φa,k(r, t)ua,k(r, t)

0

for (r, t) ∈ Ra,k,

for (r, t) ∈ [a,∞)× [0, T ]\Ra,k,

ea,k(r, t) =

{
φa,k(r, t)(ea,k(r, t)− 1) + 1

1

for (r, t) ∈ Ra,k,

for (r, t) ∈ [a,∞)× [0, T ]\Ra,k.

(2.2.1)

Taking the advantages of the a-priori estimates derived in Steps (I.4)–(I.5), we find a sub-sequence,
(ρa,kj , ua,kj , ea,kj )j∈N, such that the limit function (ρa, ua, ea) is a weak solution of the exterior problem
stated in (I). Furthermore, it is also shown that such solutions continue to enjoy the uniform regularity
estimates in a ∈ (0, 1) attained in Steps (I.4)–(I.5). The detailed analysis of this procedure can be
found in Section 2.4.
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Part (II) of our approach can be achieved via the following four steps:

(II.1) For given approximate initial data (ρ0a, u
0
a, e

0
a) in (I), denote{

(ρa, ua, ea)(r, t) : [a,∞)× [0, T ]→ [0,∞)× R× [0,∞)
}
a∈(0,1)

as the global weak solutions of the exterior problem obtained in Step (I). Based on the entropy estimate,
we prove the uniform integrability of the approximate solutions (ρa, ua, ea)a∈(0,1) with respect to the
approximate parameter a ∈ (0, 1) in Section 2.5.1, which will play key roles in proving that the limit
function of these approximate solutions are indeed weak solutions of the original problem (see Lemmas
2.5.9–2.5.11).

(II.2) The particle path functions r̃a(x, t) : [0,∞]× [0, T ]→ [a,∞) associated with the approximate density
ρa for each a ∈ (0, 1) are defined to be the functions satisfying:

x =

∫ r̃a(x,t)

a
ρa(r, t)r

mdr for a.e. (x, t) ∈ [0,∞)× [0, T ],

which can be found in Lemma 2.4.3 in Section 2.4.3. Then, by the estimates obtained in Step (II.1) and
compactness arguments, we show that, in Section 2.5.2, there exists a function r̃(x, t) : [0,∞)×[0, T ]→
[0,∞) that is the limit function of the sequence {r̃a(x, t)}a∈(0,1) when a↘ 0. Moreover, we show that,
for t ∈ [0, T ], the limit limx↘0 r̃(x, t) does not necessarily equal to zero, but a function of t instead in
general: r(t) : [0, T ]→ [0,∞). In fact, r̃(x, t) is the particle path of our original problem (1.2.1), and
r(t) is the vacuum interface in (1.2.1) that separates the fluid region and the possible vacuum, which
can be verified later. Furthermore, it is shown in Lemma 2.5.4(iii) that, for each x > 0, there exists
δ(x) > 0 depending only on x > 0 and initial constant C0 > 0 such that

inf
t∈[0,T ]

r̃(x, t) ≥ δ(x) > 0. (2.2.2)

This lower bound will be crucial in the next step where we take limit a↘ 0 in {(ρa, ua, ea)}a∈(0,1).

(II.3) Next, for each ε ∈ (0, 1], we fix a domain away from the origin by

Fε :=
{
(r, t) ∈ [0,∞)× [0, T ] : r ∈ [r̃(ε, t),∞)

}
, (2.2.3)

where r̃(x, t) is obtained in Step (II.2). Moreover, we set

F := {(r, t) ∈ [0,∞)× [0, T ] : r > r(t)}.

Then, by the high order estimates derived in Step (I.5), we construct a limit function (ρ, u, e)(r, t) :

F → [0,∞)× R× [0,∞) in Section 2.5.3 as follows: By an application of the Arzelá-Ascoli theorem,
we first obtain (ρε, uε, eε)(r, t) defined in domain Fε for each ε ∈ (0, 1]; then the function (ρ, u, e) is
constructed by first extending (ρε, uε, eε) with

(ρε, uε, eε)(r, t) :=

{
(0, 0, 0) if (r, t) ∈ F\Fε,

(ρε, uε, eε)(r, t) if (r, t) ∈ Fε,

and next
{
(ρε, uε, eε)(r, t)

}
ε∈(0,1] are glued together over the parameter ε ∈ (0, 1] by the telescoping

sum:

f = fε1 +
∞∑
i=1

(fεi+1 − fεi),
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for f = ρ, u, e respectively and εi ≡ 1/i. The detail of this procedure is given in Propositions A.0.1–
A.0.2 in Appendix A. In addition, it is also shown in Lemma 2.5.6 that

x =

∫ r̃(x,t)

r(t)
ρ(r, t)rmdr for a.e. (x, t) ∈ [0,∞)× [0, T ],

which justifies that the function r(t) obtained in Step (II.2) is the vacuum interface curve of our
original problem (1.2.1).

(II.4) Finally, by the estimates obtained in Step (II.1), and the convergences in Steps (II.2)–(II.3), we prove
the weak forms listed in Theorem 2.1.1. The weak forms in Eulerian coordinates (x, t) ∈ Rn × [0, T ]
are shown in Section 2.5.4, and Theorem 2.1.2 is shown in Section 2.5.5.

Remark 2.2.1. Before proceeding, we also give the following remarks:

(a) In Steps (I.1)–(I.2), it is important to show that the modified initial data satisfy the entropy esti-
mates uniformly with respect to (a, k) ∈ (0, 1) × N and strongly converge to the original initial data
(ρ0, u0, e0)(r) in proper functional spaces. These results will be needed later in the compactness argu-
ment in Step (I.6), which is detailed in Section 2.4.

(b) The main purpose of the reformulation from Eulerian to Lagrangian coordinates in Step (I.3) is to
obtain the crucial upper and lower bounds of the density (see Theorem 2.3.1(ii) in Section 2.3), which
are independent of k ∈ N. This is, as far as we are concerned, only possible in the Lagrangian
formulation. Note that these bounds of the density are an improvement on the result of [13].

(c) As mentioned in Step (I.5), the introduction of C1 cut-off functions away from the origin leads to
several hurdles in the estimates, and these issues have also been encountered in [11]. In this paper, we
resolve these issues by making use of the dissipation terms that are present in the entropy estimates.
This is detailed in Lemma 2.3.3 of Section 2.3.3.

(d) The purpose of the coordinate transformation back into the Eulerian domain, introduced in Step (I.6)
is due to the following consideration: In taking limit k → ∞, a difficulty arises due to the nonlinear
second-order spatial differential operators in Lagrangian forms of the momentum and internal energy
equations. Since these operators are linear in Eulerian coordinates, this difficulty is resolved by con-
verting the approximate solutions, originally obtained in Lagrangian coordinates, into the functions
in the Eulerian domain. This allows us to take limit k → ∞ and obtain the desired weak forms in
Eulerian coordinates.

(e) In Step (I.6), after taking limit k → ∞, it requires to show that the limit solution still satisfies the
entropy inequality, since it will be required in Step (II.1). This is achieved by an application of Mazur’s
Lemma in Lemma 2.4.9 of Section 2.4.5.

(f) In order to apply the compactness argument from the high order estimates obtained in (I.5), it is crucial
that Fε defined in (2.2.3) is a set strictly bounded away from the origin r = 0 for each ε > 0. We
obtain this by assertion (2.2.2) in Step (II.2).

The rest of this section is organised as follows: In Section 2.2.3, we show our main result on the existence
of weak solutions with large data of the exterior problem mentioned in (I). In Sections 2.2.2–2.2.4, we describe
detailed procedures for the modification and truncation of the initial data listed in Steps (I.2)–(I.3) above.
Finally, in Section 2.2.5, we reformulate the exterior problem in Eulerian coordinates into the approximate
Lagrangian problems in domain (x, t) ∈ [0, k] × [0, T ] as described in Step (I.4) and also establish the
corresponding global-in-time well-posedness of the unique strong solution with regular initial data.
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2.2.2 Mollification of the initial data in the Eulerian domain

Let (ρ0, u0, e0)(r) for r ∈ [0,∞) be the initial data in Theorem 2.1.1. First, we extend the initial data to R
by

(ρ̂0, û0, ê0)(ζ) :=

{
(ρ0(ζ), u0(ζ), e0(ζ)) if ζ ∈ [0,∞),

(ρ0(−ζ),−u0(−ζ), e0(−ζ)) if ζ ∈ (−∞, 0).
(2.2.4)

Then, for each a ∈ (0, 1), let ja ∈ C∞
c ([−1, 1]) be the standard 1-D mollifiers such that supp(ja) ⊆

[−a/2, a/2]. We define (ρ̂0a, û
0
a, ê

0
a) := (ρ̂0 ∗ ja, û0 ∗ ja, ê0 ∗ ja). It follows that

(ρ̂0a, û
0
a, ê

0
a) ∈ C∞(R), ê0a(ζ) ≥ C−1

∗ andC−1
∗ ≤ ρ̂0a(ζ) ≤ C∗ for a.e. ζ ∈ R,

(ρ̂0a, û
0
a, ê

0
a)(ζ)→ (ρ0, u0, e0)(r) as a↘ 0 for a.e. ζ ∈ (0,∞).

(2.2.5)

Next, let χ : [0,∞) → [0, 1] be such that χ ∈ C∞, χ(ζ) = 0 if ζ ≤ 1, and χ(ζ) = 1 if ζ ≥ 2. Setting
the cut-off functions χa(r) = χ( ra) for each a ∈ (0, 1), it follows that χa(r) = 0 for r ≤ a and χa(r) = 1 for
r ≥ 2a. With this, we define the approximate exterior initial data:

(ρ0a, u
0
a, e

0
a)(r) :=

(
(ρ̂0a − 1)χa + 1, û0aχa, (ê

0
a − 1)χa + 1

)
(r) for all r ∈ (0,∞). (2.2.6)

Proposition 2.2.1. (ρ0a, u
0
a, e

0
a) ∈ C∞([0,∞)) and u0a(a) = ∂re

0
a(a) = 0. Moreover, as a↘ 0,

∥(ρ0a − 1, |u0a|2, e0a − 1)− (ρ0 − 1, |u0|2, e0 − 1)∥L2([0,∞),rmdr) → 0,

(ρ0a, u
0
a, e

0
a)(r)→ (ρ0, u0, e0)(r) for a.e. r ∈ [0,∞).

(2.2.7)

In addition, the following uniform estimates are satisfied for some constant C0 > 0:

e0a(r) ≥ C−1
0 and C−1

0 ≤ ρ0a(r) ≤ C0 for all (a, r) ∈ (0, 1)× [0,∞),

sup
a∈(0,1)

∫ ∞

a

{
G(ρ0a) + ρ0aψ(e

0
a) + ρ0a|u0a|2 + |(ρ0a − 1, |u0a|2, e0a − 1)|2

}
(r)rmdr ≤ C0.

(2.2.8)

Proof. The statements (ρ0a, u
0
a, e

0
a) ∈ C∞([0,∞)), min{1, C−1

∗ } ≤ ρ0a(r) ≤ max{1, C∗}, u0a(a) = 0 = ∂re
0
a(a),

and e0a(r) ≥ min{1, C−1
∗ } for all r ∈ [0,∞) follow immediately from the construction (2.2.6), while the

almost everywhere convergence (2.2.7)2 follows from (2.2.5).
Next, by Minkowski’s integration inequality and (2.2.6), we have

∥u0a∥L4([0,∞),rmdr) ≤
∫ a/2

−a/2

(∫ ∞

0
|χa(r)û0(r − ζ)ja(ζ)|4rmdr

)1/4
dζ

≤
∫ a/2

−a/2
ja(ζ)

(∫ ∞

a
|u0(r − ζ)|4rmdr

)1/4
dζ.

Let ξ ≡ r − ζ. Then 0 ≤ 1 + ζ/ξ ≤ 2 for all (ζ, ξ) ∈ [−a/2, a/2]× [a/2,∞). It follows that

∥u0a∥L4([0,∞),rmdr) ≤
∫ a/2

−a/2
ja(ζ)

(∫ ∞

a−ζ
|u0(ξ)|4ξm(1 + ζ/ξ)mdξ

)1/4
dζ

≤2m/4

∫ a/2

−a/2
ja(ζ)

(∫ ∞

a/2
|u0(ξ)|4ξmdξ

)1/4
dζ ≤ 2m/4C

1/4
∗

∫ a/2

−a/2
ja(ζ)dζ = 2m/4C

1/4
∗ .

Applying the same argument to ρ0a − 1 and e0a − 1 yields (2.2.8)2.
Next, by Hölder’s inequality,

∥|u0a|2 − |u0|2∥L2([0,∞),rmdr) ≤(1 + 2m/4)C
1/4
∗ ∥u0a − u0∥L4([0,∞),rmdr).
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From this, we wish to show ∥u0a − u0∥L4([0,∞),rmdr) → 0 as a↘ 0. By construction (2.2.6),

∥u0a − u0∥L4([0,∞),rmdr) = ∥χa(û
0
a − u0) + (χa − 1)u0∥L4([0,∞),rmdr)

≤ ∥χa(û
0
a − u0)∥L4([0,∞),rmdr) +

(∫ 2a

0
(1− χa)

4|u0|4(r)rmdr
)1/4

.

Using the fact that ∥u0∥L4([0,∞),rmdr) ≤ C
1/4
∗ , χa → 1 as a ↘ 0 almost everywhere, 0 ≤ χa ≤ 1, and the

dominated convergence theorem, we have

lim
a↘0

(∫ 2a

0
(1− χa)

4|u0|4(r)rmdr
)1/4

= 0.

Therefore, we conclude

lim
a↘0
∥|u0a|2 − |u0|2∥L2([0,∞),rmdr) ≤(1 + 2m/4)C∗ lim

a↘0
∥χa(û

0
a − u0)∥L4([0,∞),rmdr).

Hence, it is left to prove the limit: ∥χa(û
0
a − u0)∥L4([0,∞),rmdr) → 0 as a↘ 0. To show this, it follows from

Minkowski’s integration inequality that

∥χa(û
0
a − u0)∥L4([0,∞),rmdr) ≤

∫ a/2

−a/2
ja(ζ)

(∫ ∞

a
|u0(r − ζ)− u0(r)|4rmdr

)1/4
dζ

≤
∫ a/2

−a/2
ja(ζ)

(∫ ∞

a−ζ
|u0(ξ)− u0(ξ + ζ)|4(1 + ζ/ξ)mξmdξ

)1/4
dζ

≤ 2m/4

∫ a/2

−a/2
ja(ζ)

(∫ ∞

a−ζ
|u0(ξ)− u0(ξ + ζ)|4ξmdξ

)1/4
dζ,

where the last line follows from 0 ≤ 1+ ζ/ξ ≤ 2 if ζ ∈ [−a/2, a/2] and ξ ≥ a− ζ. Now, by the separability of
the space L4([0,∞), rmdr), for each δ > 0, there exists hδ ∈ C∞

c ([0,∞)) such that ∥hδ − û0∥L4([0,∞),rmdr) ≤
3−m/4δ/4. By the triangular inequality, it follows that

2−m/4∥χa(û
0
a − u0)∥L4([0,∞),rmdr)

≤
∫ a/2

−a/2
ja(ζ)

(∫ ∞

a/2
|u0(ξ)− hδ(ξ)|4ξmdξ

)1/4
dζ +

∫ a/2

−a/2
ja(ζ)

(∫ ∞

a/2
|hδ(ξ)− hδ(ξ + ζ)|4ξmdξ

)1/4
dζ

+

∫ a/2

−a/2
ja(ζ)

(∫ ∞

a−ζ
|hδ(ξ + ζ)− u0(ξ + ζ)|4ξmdξ

)1/4
dζ =:

3∑
i=1

Ii.

First, I1 and I3 are estimated as:

I1 :=

∫ a/2

−a/2
ja(ζ)

(∫ ∞

a/2
|u0(ξ)− hδ(ξ)|4ξmdξ

)1/4
dζ ≤ δ

4

∫ a/2

−a/2
ja(ζ)dζ =

δ

4
,

I3 :=

∫ a/2

−a/2
ja(ζ)

(∫ ∞

a
|hδ(r)− u0(r)|4(1− ζ/r)mrmdr

)1/4
dζ

≤ 3m/4

∫ a/2

−a/2
ja(ζ)

(∫ ∞

a
|hδ(r)− u0(r)|4rmdr

)1/4
dζ ≤ δ

4

∫ a/2

−a/2
ja(ζ)dζ =

δ

4
,

where we have used the fact that 1/2 ≤ 1 − ζ/r ≤ 3/2 for all (ζ, r) ∈ [−a/2, a/2] × [a,∞). Since hδ is
compactly supported for each δ > 0, there exists aδ ∈ (0, 1) such that,

I2 :=

∫ a/2

−a/2
ja(ζ)

(∫ ∞

a/2
|hδ(ξ)− hδ(ξ + ζ)|4ξmdξ

)1/4
dζ ≤ δ

2

∫ a/2

−a/2
jadζ =

δ

2
if a ∈ (0, aδ).
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Thus, for given δ > 0, there exists aδ ∈ (0, 1) such that 2−m/4∥χa(û
0
a−u0)∥L4([0,∞),rmdr) ≤ δ for all a ∈ (0, aδ).

This implies lima↘0∥|u0a|2 − |u0|2∥L2([0,∞),rmdr) = 0. The proof for ρ0a and e0a follows the same.
Next, by Jensen’s inequality and the fact that ζ 7→ G(ζ), ψ(ζ), |ζ|2 are convex functions, it follows that

G(ρ0a) ≤ G(ρ̂0) ∗ ja, ψ(e0a) ≤ ψ(ê0) ∗ ja, and |u0a| ≤ |û0|2 ∗ ja for r ∈ (0,∞). Using Fubini-Tonelli’s theorem,
it follows that∫ ∞

a
G(ρ0a)(r)r

mdr ≤
∫ ∞

a
(G(ρ0) ∗ ja)(r)rmdr =

∫ ∞

a

∫ a/2

−a/2
G(ρ0(r − ζ))ja(ζ)dζrmdr

=

∫ a/2

−a/2

∫ ∞

a−ζ
G(ρ0(ξ))(ζ + ξ)mdξja(ζ)dζ ≤

∫ a/2

−a/2

∫ ∞

a/2
G(ρ0)(ξ)ξ

m(1 + ζ/ξ)mdξja(ζ)dζ

≤ 2m
∫ a/2

−a/2

∫ ∞

0
G(ρ0)(ξ)ξ

mdξja(ζ)dζ ≤ 2m
∫ a/2

−a/2
C∗ja(ζ)dζ = 2mC∗,

where we have used the initial condition (2.1.1)2. In a similar way, we have∫ ∞

a
ρ0aψ(e

0
a)(r)r

mdr ≤ max{1, C∗}
∫ a/2

−a/2

∫ ∞

a−ζ
ψ(e0(ξ))ξ

m(1 + ζ/ξ)mdξja(ζ)dζ

≤ 2mC∗max{1, C∗}
∫ a/2

−a/2

∫ ∞

0
ρ0ψ(e0)(ξ)ξ

mdξja(ζ)dζ ≤ 2mC2
∗ max{1, C∗}.

Similarly, we also obtain ∥ρ0a|u0a|2∥L1([0,∞),rmdr) ≤ 2mC2
∗ max{1, C∗}. Finally, by setting

C0 = max
{
2mC∗, 2

mC2
∗ max{1, C∗},min{1, C−1

∗ }−1
}
,

we complete the proof.

2.2.3 The approximation problem in the exterior Eulerian domain

To resolve the coordinate singularity at the origin, which poses a significant difficulty in the existence of
solutions, we first consider the approximation problem in the exterior domain: Ωa,T := [a,∞) × [0, T ] for
fixed a ∈ (0, 1), and find solutions (ρa, ua, ea) to the exterior problem for system (1.3.1) over domain Ωa,T

with the following initial-boundary conditions:{
ua(a, t) = 0, ∂rea(a, t) = 0 for t ∈ [0, T ],

(ρa, ua, ea)(r, 0) = (ρ0a, u
0
a, e

0
a)(r) for r ∈ [a,∞),

(2.2.9)

where the initial data are given by (ρ0a, u
0
a, e

0
a)(r) constructed in Section 2.2.2 above.

To prove Theorem 2.1.1, the existence of weak solutions to the exterior problem (1.2.1) and (2.2.9) for
each a ∈ (0, 1) is first obtained, so that some compactness argument can be applied when a↘ 0. First, the
definition of weak solutions is given below.

Definition 2.2.1 (Spherically symmetric weak solutions in the exterior domain). Let

Da :=
{
ϕ ∈ C∞(

[a,∞)× [0, T ]
)
: ∃N ∈ N s.t. ϕ(r, t) = 0 for (r, t) ∈ [N,∞)× [0, T ]

}
,

Da
0 :=

{
ϕ ∈ Da : ϕ(a, t) = 0 for all t ∈ [0, T ]

}
.

Then (ρa, ua, ea)(r, t) is a weak solution of problem (1.2.1) and (2.2.9), provided that

(i) For each ϕ ∈ Da,∫ ∞

a
ρa(r, t)ϕ(r, t)r

mdr −
∫ ∞

a
ρ0a(r)ϕ(r, 0)r

mdr =

∫ t

0

∫ ∞

a

(
ρa∂tϕ+ ρaua∂rϕ

)
rmdrds.
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(ii) For each ϕ ∈ Da
0 ,∫ ∞

a
ρauaϕ(r, t)r

mdr −
∫ ∞

a
ρ0au

0
a(r)ϕ(r, 0)r

mdr −
∫ t

0

∫ ∞

a
ρaua

(
∂tϕ+ ua∂rϕ

)
rmdrds

=

∫ t

0

∫ ∞

a

(
Pa − β

(
∂rua +m

ua
r

))(
∂rϕ+m

ϕ

r

)
rmdrds.

(iii) For each ϕ ∈ Da,∫ ∞

a
ρaEaϕ(r, t)r

mdr −
∫ ∞

a
ρ0aE

0
a(r)ϕ(r, 0)r

mdr

=

∫ t

0

∫ ∞

a

{
ρaEa∂tϕ+ (ρaEa + Pa)ua∂rϕ

}
(r, s)rmdrds

−
∫ t

0

∫ ∞

a

{
2µua∂rua + λua

(
∂rua +m

ua
r

)
+ κ∂rea

}
∂rϕ(r, s)r

mdrds,

where Pa := (γ − 1)ρaea, Ea := |ua|2/2 + ea, and E
0
a := |u0a|2/2 + e0a.

From now on, we denote σ = σ(t) := min{1, t}, and for all functions y(t) : [0, T ]→ [0,∞), we denote

E [ρ, u, e; y](T ) := sup
t∈[0,T ]

∫ ∞

y(t)
|(ρ− 1, u2, e− 1,

√
σ∂ru, σ∂re)|2(r, t)rmdr

+

∫ T

0

∫ ∞

y(t)
|(∂ru, ∂re, u∂ru,

√
σ∂tu, σ∂te)|2(r, t)rmdrdt.

Theorem 2.2.1. For each fixed a ∈ (0, 1), let (ρ0a, u
0
a, e

0
a)(r) be the initial data constructed in Proposition

2.2.1. Then, for each T > 0, there exists a weak solution (ρa, ua, ea)(r, t) to the exterior problem (1.2.1) and
(2.2.9). Moreover, the following statements hold:

(i) The entropy inequality holds:

ess sup
t∈[0,T ]

∫ ∞

a

{
(γ − 1)G(ρa) + ρaψ(ea) + ρa

|ua|2

2

}
rmdr + κ

∫ T

0

∫ ∞

a

|∂rea|2

e2a
rmdrdt

+

∫ T

0

∫ ∞

a

{(2µ
n

+ λ
) |∂rua +mua/r|2

ea
+

2mµ

n

|∂rua − ua/r|2

ea

}
rmdrdt ≤ C(T ).

(ii) E [ρa, ua, ea; a](T ) ≤ C(a). Moreover, for a.e. (r, t) ∈ [a,∞)× [0, T ] :,

C(a)−1 ≤ ρa(r, t) ≤ C(a), |ua(r, t)| ≤ σ(t)−
1
4C(a), C(a)−1 ≤ ea(r, t) ≤ σ(t)−

1
2C(a).

(iii) There exists a continuous function (x, t) 7→ r̃a(x, t) : [0,∞)× [0, T ]→ [a,∞) such that x 7→ r̃a(x, t) is
strictly increasing for each t ∈ [0, T ] and

∫ r̃a(x,t)

a
ρa(r, t)r

mdr = x for a.e. (x, t) ∈ [0,∞)× [0, T ],

r̃a(x, t) = r̃0a(x) +

∫ t

0
ua(r̃a(x, s), s)ds for all (x, t) ∈ [0,∞)× [0, T ],

nxψ−1
−

(C0

x

)
≤

(
r̃a(x, t)

)n ≤ C0(1 + x) for all (x, t) ∈ [0,∞)× [0, T ],

where the function x 7→ r̃0a(x) : [0,∞)→ [a,∞) is implicitly defined as

x =

∫ r̃0a(x)

a
ρ0a(r)r

mdr for each x ∈ [0,∞).
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(iv) For each ε ∈ (0, 1], E [ρa, ua, ea; r̃a(ε, ·)](T ) ≤ C(ε) and{
|r̃a(x1, t)− r̃a(x2, t)| ≤ C(ε)|x1 − x2| for (x1, x2, t) ∈ [ε,∞)2 × [0, T ],

|r̃a(x, t1)− r̃a(x, t2)| ≤ C(ε)|t3/41 − t3/42 | for (x, t1, t2) ∈ [ε,∞)× [0, T ]2.

Furthermore, for a.e. (r, t) such that t ∈ [0, T ] and r ∈ [r̃a(ε, t),∞) :

C(ε)−1 ≤ ρa(r, t) ≤ C(ε), |ua(r, t)| ≤ σ(t)−
1
4C(ε), ea(r, t) ≤ σ(t)−

1
2C(ε).

In addition, for all (r1, r2, t) such that t ∈ [0, T ] and r1, r2 ∈ [r̃a(ε, t),∞),

σ(t)
1
2 |ua(r1, t)− ua(r2, t)|+ σ(t)|ea(r1, t)− ea(r2, t)| ≤ C(ε)|r1 − r2|

1
2 ,

and, for all (r, t1, t2) such that 0 < t1 < t2 ≤ T and r ≥ supt1≤t≤t2 r̃a(ε, t),

σ(t1)
1
2 |ua(r, t1)− ua(r, t2)|+ σ(t1)|ea(r, t1)− ea(r, t2)| ≤ C(ε)|t2 − t1|

1
4 .

(v) For each connected interval I ⊆ [0,∞), denote H̃1
0 (I, r

mdr) as the closure of

D0(I) :=
{
ϕ ∈ C∞(I) : ∃N > 0 s.t. [0, N ] ⊂ I and ϕ(r) = 0 for r ∈ I ∩ [N,∞)

}
via the H1(I, rmdr)–norm, and denote its dual space as H̃−1(I, rmdr). For each ε > 0, define

ρ
(ε)
a (r, t) := ρa(r, t)χ

a
ε(r, t) where χ

a
ε(r, t) is the indicator function:

χa
ε(r, t) :=

{
1 if t ∈ [0, T ] and r ∈ [r̃a(ε, t),∞),

0 otherwise.

Then, for all L ∈ N, ρ(ε)a ∈ C0
(
[0, T ]; H̃−1([0, L], rmdr)

)
and

∥ρ(ε)a (·, t1)− ρ(ε)a (·, t2)∥H̃−1([0,L],rmdr)
≤ C(ε)|t1 − t2| for all t1, t2 ∈ [0, T ],

where C(ε) > 0 is independent of L ∈ N.

(vi) For each η > a, the following estimates hold :

∫ T

0
sup
r≥η

|ua|√
ea

(r, t)dt ≤ C(T )η(2−n)/2 + C(T )η2−n if n = 2, 3,∫ T

0
sup
r≥η

log
(
max

{
1, ea(r, t)

})
dt ≤ C(T )

(
1 +

√
log(max{1, C(T )/η})

)
if n = 2,∫ T

0
sup
r≥η

log
(
max

{
1, e±1

a (r, t)
})

dt ≤ C(T )η2−n if n = 3.

2.2.4 Truncation of the initial data in the exterior Eulerian domain

Since (ρa, ua, ea) in Theorem 2.2.1 is obtained as the limit of solutions to the approximate problems posed
in bounded annular domains, we need to construct the corresponding approximate initial data, which is
the main purpose of this subsection. In particular, we construct (ρ0a,k, u

0
a,k, e

0
a,k) for k ∈ N by truncating

(ρ0a, u
0
a, e

0
a) with suitable cut-off functions φ0

a,k.
We first consider the function:

r 7→
∫ r

a
ρ0a(ζ)ζ

mdζ. (2.2.10)
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Since C−1
0 ≤ ρ0a(r) ≤ C0, it follows that this is a strictly increasing continuous function. Hence the inverse

function r̃0a(x) : [0,∞)→ [a,∞) exists so that

x =

∫ r̃0a(x)

a
ρ0a(r)r

mdr for each x ∈ [0,∞). (2.2.11)

Moreover, due to the regularity of ρ0a, it follows from the inverse function theorem that r̃0a(x) : [0,∞)→ [a,∞)
is a smooth, bijective, strictly increasing map.

From now on, we use Dx to represent the derivative with respect to x ∈ [0,∞).

Proposition 2.2.2. For all x ∈ [0,∞),

Dxr̃
0
a(x) =

1(
r̃0a(x)

)m
ρ0a
(
r̃0a(x)

) and r̃0a(x) =
(
an + n

∫ x

0

1

ρ0a
(
r̃0a(y)

)dy)1/n
. (2.2.12)

Proof. Since ρ0a(r) ∈ C∞ and C−1
0 ≤ ρ0a(r) ≤ C0 by construction (2.2.6), it follows that

lim
r→r̃0a(x)

1

r − r̃0a(x)

∫ r

r̃0a(x)
ρ0a(ζ)ζ

mdζ =
(
r̃0a(x)

)m
ρ0a
(
r̃0a(x)

)
for each x ∈ [0,∞).

Since y 7→ r̃0a(y) is continuous, then for all x ∈ [0,∞),

lim
y→x

1

r̃0a(y)− r̃0a(x)

∫ r̃0a(y)

r̃0a(x)
ρ0a(ζ)ζ

mdζ =
(
r̃0a(x)

)m
ρ0a
(
r̃0a(x)

)
.

Notice that, by (2.2.11),

r̃0a(y)− r̃0a(x)
y − x

1

r̃0a(y)− r̃0a(x)

∫ r̃0a(y)

r̃0a(x)
ρ0a(r)r

mdr =
1

y − x

∫ r̃0a(y)

r̃0a(x)
ρ0a(r)r

mdr = 1.

Then, using the fact that 0 < C−1
0 am ≤ ρ0

(
r̃0(y)

)(
r̃0(y)

)m ≤ C0

(
r̃0(y)

)m
< ∞ for all y ∈ [0,∞), it follows

that, for all x ∈ [0,∞),

lim
y→ x

r̃0a(y)− r̃0a(x)
y − x

= lim
y→x

( 1

r̃0a(y)− r̃0a(x)

∫ r̃0a(y)

r̃0a(x)
ρ0a(r)r

mdr
)−1

=
1(

r̃0a(x)
)m
ρ0a
(
r̃0a(x)

) .
Thus, the derivative of r̃0a(x) exists and (2.2.12)1 holds.

Next, it follows by the chain rule that

1

n
Dx

(
r̃0a(x)

)n
=

(
r̃0a(x)

)m
Dxr̃

0
a(x) =

1

ρ0a
(
r̃0a(x)

) for x ∈ [0,∞).

Integrating in y ∈ [0, x] and using r̃0a(0) = a, we obtain (2.2.12)2. The proof is complete.

Now, let χ : R→ [0, 1] be such that χ ∈ C∞, χ(ζ) = 1 if ζ ≤ 0, χ(ζ) = 0 if ζ ≥ 1, and |χ′(ζ)| ≤ 2 for all
ζ ∈ R. With this, the cut-off functions φ0

a,k is defined as

φ0
a,k(r) = χ

(2r − r̃0a(k)
r̃0a(k)

)
for each (a, k) ∈ (0, 1)× N.

It follows that φ0
a,k(r) ∈ C∞([a,∞)) and

φ0
a,k(r) = 1 for r ∈ [a, r̃0a(k)/2], φ0

a,k(r) = 0 for r ∈ [r̃0a(k),∞).
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Using this, we define the truncated initial data as:
ρ0a,k(r) := (ρ0a(r)− 1)φ0

a,k(r) + 1,

u0a,k(r) := u0a(r)φ
0
a,k(r),

e0a,k(r) := (e0a(r)− 1)φ0
a,k(r) + 1,

for r ∈ [a,∞). (2.2.13)

With above construction, it can be verified that

(ρ0a,k, u
0
a,k, e

0
a,k) ∈ C∞([a,∞)), u0a,k(r) = ∂re

0
a,k(r) = 0 for r ∈ {a, r̃0a(k)},

(ρ0a,k, u
0
a,k, e

0
a,k)(r) =

{
(ρ0a, u

0
a, e

0
a)(r) for all r ∈ [a, r̃0a(k)/2),

(1, 0, 1) for all r ∈ [r̃0a(k),∞).

(2.2.14)

Proposition 2.2.3. For G(z) = 1− z + z log z and ψ(z) = z − 1− log z, the following hold:

C−1
0 ≤ ρ0a,k(r) ≤ C0, e0a,k(r) ≥ C−1

0 for all (r, k) ∈ [a,∞)× N, and for all a ∈ (0, 1),

sup
a∈(0,1)

sup
k∈N

∫ ∞

a

{
ρ0a,k

(1
2
|u0a,k|2 + ψ(e0a,k)

)
+G(ρ0a,k) + |(ρ0a,k − 1, |u0a,k|2, e0a,k − 1)|2

}
rmdr ≤ C0.

Proof. By Proposition 2.2.1, we have∫ ∞

a

{
|ρ0a,k − 1|2 + |u0a,k|4 + |e0a,k − 1|2

}
rmdr

=

∫ ∞

a

{
|φ0

a,k|2|ρ0a − 1|2 + |φ0
a,k|4|u0a|4 + |φ0

a,k|2|e0a − 1|2
}
rmdr

≤
∫ ∞

a

{
|ρ0a − 1|2 + |u0a|4 + |e0a − 1|2

}
rmdr ≤ C0.

By Proposition 2.2.1, min{C−1
0 , 1} ≤ ρ0a,k(r) = ρ0a(r)φ

0
a,k(r) + 1 − φ0

a,k(r) ≤ max{C0, 1} for all r ∈ [a,∞).

By the same argument, we can show that e0a,k(r) ≥ min{C−1
0 , 1} for all r ∈ [a,∞).

Finally, since G and ψ are convex, G(1) = ψ(1) = 0, and 0 ≤ φ0
a,k ≤ 1, it follows that

G(ρ0a,k) =G(ρ0aφ
0
a,k + 1− φ0

a,k) ≤ φ0
a,kG(ρ

0
a) + (1− φ0

a,k)G(1) = φ0
a,kG(ρ

0
a),

ψ(e0a,k) =ψ(e0aφ
0
a,k + 1− φ0

a,k) ≤ φ0
a,kψ(e

0
a) + (1− φ0

a,k)ψ(1) = φ0
a,kψ(e

0
a).

Then, using Proposition 2.2.1, we have∫ ∞

a

{
ρ0a,k

(1
2
|u0a,k|2 + ψ(e0a,k)

)
+G(ρ0a,k)

}
(r)rmdr

≤
∫ ∞

a

{
φ0
a,k

(
ρ0a
(
ψ(e0a) +

1

2
|u0a|2

)
+G(ρ0a)

)
+ (1− φ0

a,k)
(1
2
|u0a|+ ψ(e0a)

)}
rmdr

≤ (1 + C−1
0 )

∫ ∞

a

{
ρ0a

(1
2
|u0a|2 + ψ(e0a)

)
+G(ρ0a)

}
rmdr ≤ C0 + 1.

This concludes the proof.

2.2.5 Reformulation in the bounded Lagrangian domain

For each (a, k) ∈ (0, 1)× N, we transform (ρ0a,k, u
0
a,k, e

0
a,k)(r) into the Lagrangian domain as

(ṽ0a,k, ũ
0
a,k, ẽ

0
a,k)(x) :=

(
(ρ0a,k)

−1, u0a,k, e
0
a,k

)(
r̃0a(x)

)
for x ∈ [0,∞). (2.2.15)

Since r̃0a(x) ∈ C∞([0,∞)) due to ρ0a ∈ C∞([a,∞)), Proposition 2.2.2 and (2.2.14) imply that

(ṽ0a,k, ũ
0
a,k, ẽ

0
a,k) ∈ C∞([0,∞)), ũ0a,k(x)

∣∣
x=0, k

= Dxẽ
0
a,k(x)

∣∣
x=0, k

= 0 for (a, k) ∈ (0, 1)× N.
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Proposition 2.2.4. The following uniform estimate holds:

sup
a∈(0,1)

sup
k∈N

∫ k

0

{1

2
|ũ0a,k|2 + ψ(ẽ0a,k) + ψ(ṽ0a,k) + |(ṽ0a,k − 1, |ũ0a,k|2, ẽ0a,k − 1)|2

}
(x)dx ≤ C0.

Proof. First, it follows from Proposition 2.2.2 that the map: x 7→ r̃0a(x) satisfies

0 < C−1
0 (r̃0a(x))

−m ≤ |Dxr̃
0
a(x)| =

(
r̃0a(x)

)−m
ρ0a
(
r̃0a(x)

)−1 ≤ C0a
−m <∞ for x ∈ [0,∞),

so that the Jacobian of transformation r = r̃0a(x) is bounded. Then, for any function f(r) : [a,∞)→ R such
that f ∈ L1

loc, the following coordinate transformation is satisfied:∫ r̃0a(k)

a
f(r)ρ0a(r)r

mdr =

∫ k

0
f
(
r̃0a(x)

)
dx.

Using this, Propositions 2.2.1–2.2.3 and (2.2.14), it follows that, for each (a, k) ∈ (0, 1)× N,∫ k

0
|ṽ0a,k − 1|2(x)dx =

∫ k

0
|1− ρ0a,k

(
r̃0a(x)

)
|2|ρ0a,k

(
r̃0a(x)

)
|−2dx

=

∫ r̃0a(k)

a
|1− ρ0a,k(r)|2|ρ0a,k(r)|−2ρ0ar

mdr =

∫ ∞

a
|ρ0a,k − 1|2|ρ0a,k|−2ρ0a(r)r

mdr

≤ C0

(
min{1, C−1

0 }
)−2

∫ ∞

a
|ρ0a(r)− 1|2rmdr ≤ C0.

By the same argument, we have ∥(|ũ0a,k|2, ẽ0a,k − 1)∥L2([a,∞),rmdr) ≤ C0.

Next, by Propositions 2.2.1–2.2.3 and the identity: zψ(z−1) = 1− z + z log z = G(z), we have∫ k

0

{1

2
|ũ0a,k|2 + ψ(ẽ0a,k) + (γ − 1)ψ(ṽ0a,k)

}
(x)dx

=

∫ ∞

a

ρ0a
ρ0a,k

{
ρ0a,k

(1
2
|u0a,k|2 + ψ(e0a,k)

)
+ (γ − 1)G(ρ0a,k)

}
rmdr ≤ C0,

for all (a, k) ∈ (0, 1)× N. This completes the proof.

The vector function (ṽa,k, ũa,k, ẽa,k) is called a solution of the (a, k)-approximate IBVP in Lagrangian
coordinates provided that (ṽa,k, ũa,k, ẽa,k) satisfies the equations:

Dtṽa,k −Dx(r̃
m
a,kũa,k) = 0,

Dtũa,k + r̃ma,kDxp(ṽa,k, ẽa,k) = βr̃ma,kDx

(Dx(r̃
m
a,kũa,k)

ṽa,k

)
,

Dtẽa,k + p(ṽa,k, ẽa,k)Dx(r̃
m
a,kũa,k) = Ga,k,

r̃a,k(x, t) =
(
an + n

∫ x

0
ṽa,k(y, t)dy

)1/n
,

(2.2.16)

in [0, k]× [0, T ], where p(v, e) := (γ − 1)e/v and

Ga,k := β
|Dx(r̃

m
a,kũa,k)|2

ṽa,k
− 2mµDx(r̃

m−1
a,k ũ2a,k) + κDx

(r2ma,kDxẽa,k

ṽa,k

)
,
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and the initial-boundary conditions:{
ũa,k(x, t)

∣∣
x=0, k

= Dxẽa,k(x, t)
∣∣
x=0, k

= 0 for t ∈ [0, T ],

(ṽa,k, ũa,k, ẽa,k)(x, 0) = (ṽ0a,k, ũ
0
a,k, ẽ

0
a,k)(x) for x ∈ [0, k],

(2.2.17)

By virtue of the well-known global existence theorem for problem (2.2.16)–(2.2.17), the initial data
constructed in (2.2.15) implies the following theorem (see [13,23,24]):

Theorem 2.2.2. Given initial data (ṽ0a,k, ũ
0
a,k, ẽ

0
a,k)(x) for x ∈ [0, k], then, for each T > 0, there exists a

unique classical solution (va,k, ua,k, ea,k)(x, t) of problem (2.2.16)–(2.2.17) satisfying

va,k(x, t) ∈ C1+α,1+α/2
(
[0, k]× [0, T ]

)
, (ua,k, ea,k)(x, t) ∈ C2+α,1+α/2

(
[0, k]× [0, T ]

)
for some α ∈ (0, 1).

By the above theorem, there exists a unique global classical solution of (2.2.16)–(2.2.17) for each fixed
(a, k) ∈ (0, 1)× N. This allows us to derive the a-priori estimates in Section 2.3 below.

2.3 The A Priori Estimates

This section is devoted to deriving the a-priori estimates for solutions of the approximation problem (2.2.16)–
(2.2.17). For simplicity, we suppress the approximation parameters (a, k) ∈ (0, 1)×N and denote (v, u, e, r) ≡
(ṽa,k, ũa,k, ẽa,k, r̃a,k) as the solution obtained from Theorem 2.2.2 in [0, k]× [0, T ] for each T > 0. First, we
state the main theorem of this section.

Theorem 2.3.1. The following estimates are satisfied:

(i) The entropy inequality holds with ψ(ζ) := ζ − 1− log ζ:

sup
t∈[0,T ]

∫ k

0

{1

2
|u|2 + ψ(e) + (γ − 1)ψ(v)

}
(x, t)dx+ κ

∫ T

0

∫ k

0

r2m|Dxe|2

ve2
dxdt

+

∫ T

0

∫ k

0

{(
λ+

2µ

n

) |Dx(r
mu)|2

ve
+ 2mµ

v

e

(Dx

(
rmu

)
v
√
n
−
√
n
u

r

)2}
dxdt ≤ C0.

(2.3.1)

(ii) For each given constant ε ≥ 0,

v(ε, t, a) ≤ v(x, t) ≤ v(ε, t, a) for all (x, t) ∈ [ε,∞)× [0, T ), (2.3.2)

where v = v(z, t, a) and v = v(z, t, a) are explicitly given by{
v = C0(1 + t)3f(z, a)h(z, a) exp

{
C0(1 + t)h(z, a)f(z, a) exp{C0tf(z, a)}

}
,

v = C0(1 + t)−1f(z, a)−1 exp{−tC0f(z, a)
2}Γ(z, t, a),

(2.3.3)

and functions h(z, a), f(z, a) and Γ(z, t, a) are defined by

f(z, a) := exp
{
C0h(z, a)

}
, Γ(z, t, a) := exp

{
− mC0

β
th(z, a)n/(2m)

}
,

h(z, a) :=
(
an + nzψ−1

− (C0/z)
)−2m/n

,

(2.3.4)

where ψ−1
− (y) : [0,∞)→ (0, 1] is the left inverse of ψ. In particular, for each ε > 0,

C(T )−1 ≤ v(x, t) ≤ C(T ) for all (x, t) ∈ [1, k]× [0, T ),

C(ε)−1 ≤ v(x, t) ≤ C(ε) for all (x, t) ∈ [ε, k]× [0, T ],

C(a)−1 ≤ v(x, t) ≤ C(a) for all (x, t) ∈ [0, k]× [0, T ].

(2.3.5)
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(iii) For each a ∈ (0, 1), L0[v, u, e](T ) ≤ C(a) and, for (x, t) ∈ [0, k]× [0, T ],

C(a)−1 ≤ v(x, t) ≤ C(a), |u(x, t)| ≤ σ(t)−
1
4C(a), C(a)−1 ≤ e(x, t) ≤ σ(t)−

1
2C(a);

and, for each ε ∈ (0, 1], Ly[v, u, e](T ) ≤ C(ε) and, for (x, t) ∈ [ε, k]× [0, T ],

C(ε)−1 ≤ v(x, t) ≤ C(ε), |u(x, t)| ≤ σ(t)−
1
4C(ε), e(x, t) ≤ σ(t)−

1
2C(ε),

where σ(t) := min{1, t} and, for y ∈ [0, 1), the functional Ly[v, u, e](T ) is defined by

Ly[v, u, e](T ) := sup
t∈[0,T ]

∫ k

y
|
(
v − 1, u2, e− 1,

√
σrmDxu, σr

mDxe
)
|2(x, t)dx

+

∫ T

0

∫ k

y
|
(
rmDxu, r

mDxe, r
muDxu,

√
σDtu, σDte

)
|2(x, t)dxdt.

2.3.1 Entropy Estimates

We now start the proof of Theorem 2.3.1 with the derivation of entropy estimate stated in (i), which is
motivated from the second law of thermodynamics. It encapsulates the dissipative effect of viscosity and
thermal diffusion.

Proof of Theorem 2.3.1(i). It follows from (2.2.16)1–(2.2.16)3 and direct calculations that

d

dt

∫ k

0

{1

2
|u|2 + ψ(e) + (γ − 1)ψ(v)

}
dx

= −β
∫ k

0

|Dx(r
mu)|2

ev
dx+ 2mµ

∫ k

0

1

e
Dx(r

m−1u2)dx− κ
∫ k

0

r2m|Dxe|2

ve2
dx.

(2.3.6)

According to (2.2.16)1 and (2.2.16)4, one can obtain

2mµ
1

e
Dx(r

m−1u2)− β |Dx(r
mu)|2

ev
= −

(2µ
n

+ λ
) |Dx(r

mu)|2

ve
− 2mµ

v

e

(Dx(r
mu)

v
√
n
− u
√
n

r

)2
,

which, along with (2.3.6), yields (2.3.1).

2.3.2 Upper and lower bounds of the density

Now we aim to prove (2.3.2)–(2.3.5). By (2.3.1), we first obtain some upper and lower bounds of the particle
path function r(x, t).

Lemma 2.3.1. Let ψ−1
− (·) be the left branch inverse of ψ. Then

an + nxψ−1
− (

C0

x
) ≤ r(x, t)n ≤ C0(1 + x) for (x, t) ∈ [0, k]× [0,∞). (2.3.7)

Proof. Since ψ(ζ) := ζ− log ζ−1 is strictly convex in (0,∞) and ψ(1) = 0, then there exists the right inverse
function ψ−1

− : [0,∞)→ (0, 1] and the left inverse function ψ−1
+ : [0,∞)→ [1,∞). In particular, it is direct

to see that y 7→ ψ−1
− (y) is strictly decreasing (ψ−1

− (0) = 1 and ψ−1
− (y)→ 0 as y →∞), while y 7→ ψ−1

+ (y) is
strictly increasing (ψ−1

+ (0) = 1 and ψ−1
+ (y)→∞ as y →∞).
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Now, from (2.2.16)4, Theorem 2.3.1(i), and the Jensen inequality, it follows that, for all (x, t) ∈ [0, k]×
[0,∞),

ψ(
r(x, t)n − an

nx
) = ψ(

1

x

∫ x

0
v(y, t)dy) ≤ 1

x

∫ x

0
ψ(v)(y, t)dy ≤ C0

x
. (2.3.8)

Next, the proof is divided into two cases: 0 < rn−an

nx ≤ 1 and rn−an

nx ≥ 1.

Case 1: 0 < rn−an

nx ≤ 1. Then rn−an

nx = ψ−1
− (ψ( r

n−an

nx )). Since ψ−1
− (·) is monotone decreasing, it follows

from (2.3.8) that
rn − an

nx
= ψ−1

−
(
ψ
(rn − an

nx

))
≥ ψ−1

−
(C0

x

)
.

On the other hand, it follows from ψ−1
+ (y) ≥ 1 for all y ∈ [0,∞) that

(
r(x, t)

)n ≤ an + nx ≤ an + nxψ−1
+

(C0

x

)
.

Case 2: rn−an

nx ≥ 1. Then rn−an

nx = ψ−1
+ (ψ( r

n−an

nx )). Since ψ−1
+ (·) is monotone increasing, it follows from

(2.3.8) that
rn − an

nx
= ψ−1

+

(
ψ
(rn − an

nx

))
≤ ψ−1

+

(C0

x

)
.

On the other hand, it follows from ψ−1
− (y) ≤ 1 for all y ∈ [0,∞) that

(
r(x, t)

)n ≥ an + nx ≥ an + nxψ−1
−

(C0

x

)
.

Finally, for both cases, it is verified in Proposition B.0.1 of Appendix B that x 7→ xψ−1
+ (C0/x) is

monotone increasing. If x ≤ 1, then (r(x, t))n ≤ an + nxψ−1
+ (C0/x) ≤ 1 + nψ−1

+ (C0) ≤ C0 + C0x. If x > 1,
since y 7→ ψ−1

+ (y) is monotone increasing, then (r(x, t))n ≤ an+nxψ−1
+ (C0/x) ≤ 1+nxψ−1

+ (C0) ≤ C0+C0x.
This concludes the proof.

Lemma 2.3.2. Fix t ∈ [0, T ]. For each i = 1, . . . , k, there exist Ai(t), Bi(t) ∈ (i− 1, i) so that

C−1
0 ≤ v(Ai(t), t), e(Bi(t), t) ≤ C0.

Proof. We give our proof only for Ai(t), since the proof for Bi(t) is the same. Fix an integer i = 1, . . . , k.
Since ψ(·) is convex, it follows from Jensen’s inequality and Theorem 2.3.1(i) that

ψ
(∫ i

i−1
v(x, t)dx

)
≤

∫ i

i−1
ψ(v(x, t))dx ≤ C0

γ − 1
.

As in Lemma 2.3.1, denote z 7→ ψ−1
± (z) to be the left and right branch of the convex function ψ(ζ). Since

ψ(1) = 0, we have

0 < ψ−1
−

( C0

γ − 1

)
≤

∫ i

i−1
v(x, t)dx ≤ ψ−1

+

( C0

γ − 1

)
<∞.

By the mean value theorem, there exists a point Ai(t) ∈ (i− 1, i) such that

ψ−1
−

( C0

γ − 1

)
≤ v(Ai(t), t) ≤ ψ−1

+

( C0

γ − 1

)
.

Since e(x, t) satisfies the same estimate only differ by a constant γ − 1 in Theorem 2.3.1(i), by the same
argument, there also exists Bi(t) ∈ (i− 1, i) such that C−1

0 ≤ e(Bi(t), t) ≤ C0.
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By Lemmas 2.3.1–2.3.2 and Theorem 2.3.1(i), we are ready to prove Theorem 2.3.1(ii).

Proof of Theorem 2.3.1(ii). Fix i = 1, . . . , k − 2. Since we focus on obtaining an explicit bound for v(x, t)
near the origin x→ 0, the case for i ≥ k−1 is not considered in the proof (but can be obtained by repeating
the same argument). We divide the proof into six steps.

1. Applying Lemma 2.3.2, it follows that, for each (x, t) ∈ [i−1, i+1]×[0, T ), there exist Ai(t) ∈ (x, x+3)
and Bi(t) ∈ (i, i+ 1) such that

C−1
0 ≤ v(Ai(t), t), e(Bi(t), t) ≤ C0. (2.3.9)

Now, from (2.2.16)1 and (2.2.16)2,

Dtu+ rmDxp = βrmDxDt log(v). (2.3.10)

Dividing both sides of (2.3.10) by βrm and integrating over [x,Ai(t)]× [0, t] for some (x, t) ∈ (i− 1, i+1]×
[0, T ), we have

log
v(Ai(t), t)v0(x)

v0(Ai(t))v(x, t)

=
1

β

∫ Ai(t)

x

u

rm

∣∣∣∣t
0

dy +
m

β

∫ Ai(t)

x

∫ t

0

u2

rn
dsdy +

1

β

∫ t

0

(
p(Ai(t), s)− p(x, s)

)
ds,

where p(x, s) := p(v(x, s), e(x, s)). Taking the exponential on both sides yields

E(x, t)

D(x, t)
Y (t)

v0(Ai(t))v(x, t)

v(Ai(t), t)v0(x)
= exp

( 1

β

∫ t

0
p(x, s)ds

)
, (2.3.11)

where

E(x, t) := exp
(m
β

∫ t

0

∫ Ai(t)

x

u2

rn
dyds

)
, Y (t) := exp

( 1

β

∫ t

0
p(Ai(t), s)ds

)
,

D(x, t) := exp
( 1

β

∫ Ai(t)

x

( u0(y)
rm0 (y)

− u(y, t)

rm(y, t)

)
dy

)
.

Multiplying (2.3.11) with β−1p(x, t) and integrating in time, we have

1 +
1

β

∫ t

0

E(x, s)

D(x, s)
Y (s)p(x, s)

v0(A(x, s))v(x, s)

v(A(x, s), s)v0(x)
ds = exp

( 1

β

∫ t

0
p(x, s)ds

)
.

Substituting this back into (2.3.11), it follows that

E(x, t)

D(x, t)
Y (x, t)

v0(Ai(t))v(x, t)

v(Ai(t), t)v0(x)
= 1 +

1

β

∫ t

0

E(x, s)

D(x, s)
Y (x, s)p(x, s)

v0(A(x, s))v(x, s)

v(A(x, s), s)v0(x)
ds. (2.3.12)

2. First, for D(x, t), it follows from Lemma 2.3.1–2.3.2 and Theorem 2.3.1(i) that∣∣∣ ∫ Ai(t)

x

u

rm
(y, t)dy

∣∣∣ ≤ (∫ Ai(t)

x
r−2mdy

)1/2(∫ Ai(t)

x
|u|2dy

)1/2

≤
(∫ Ai(t)

x

(
an + nyψ−1

− (C0/y)
)− 2m

n dy
)1/2

C
1/2
0 ≤ C0 + C0

(
an + nxψ−1

−

(C0

x

))− 2m
n
.

Then, using the definition of f(x, a) in (2.3.4) and Lemma 2.3.2, we have

e−C0f(x, a)−1 ≤ D(x, t) ≤ eC0f(x, a). (2.3.13)
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3. Now we estimate the terms Y (t) and E(x, t). In view of the definition of Γ(z, t, a) in (2.3.4), Theorem
2.3.1(i), and Lemma 2.3.1, we see that, for t ≥ s ≥ 0,

1 ≤ E(x, t) ≤ Γ(x, t, a)−1, Γ(x, t− s, a) ≤ E(x, s)

E(x, t)
= exp

(
− m

β

∫ t

s

∫ i

i−1

u2

rn
dydτ

)
≤ 1. (2.3.14)

Putting (2.3.13)–(2.3.14) into (2.3.11) and using (2.3.9) yield that, for all (x, t) ∈ (i− 1, i+ 1]× [0, T ),

Y (t)v(x, t) ≤C0

{
f(x, a) +

∫ t

0
f2(x, a)Γ(x, t− s, a)Y (s)e(x, s)ds

}
≤C0

{
f(x, a) +

∫ t

0
f2(x, a)Y (s)e(x, s)ds

}
.

(2.3.15)

Since the above argument is true for any (x, t) ∈ (i − 1, i + 1] × [0, T ), for a fixed x ∈ (i − 1, i], we can
integrate both sides of the above equation in y ∈ [x, x+ 1] ⊂ (i− 1, i+ 1]. It then follows from the entropy
inequality (2.3.1) and Jensen’s inequality that

Y (t) ≤ C0

{
f(x, a) +

∫ t

0
f2(x, a)Y (s)ds

}
for all t ∈ [0, T ),

where we have used that x 7→ f(x, a) is monotone decreasing. Thus, by Grönwall’s inequality,

1 ≤ Y (t) ≤C0

(
f(x, a) +

∫ t

0
C0f

3(x, a) exp
(
C0(t− s)f2(x, a)

)
ds

)
=C0(1 + t)f3(x, a) exp

(
C0tf

2(x, a)
)

for each t ∈ (0, T ].

(2.3.16)

4. Since Bi(t) ∈ (i, i + 1) from (2.3.9), then x < i < Bi(t) for all t ∈ [0, T ). Using Cauchy-Schwartz’s
inequality, Lemma 2.3.1, estimate (2.3.1), and Jensen’s inequality, it follows that, for each y ∈ [x, i + 1] ⊆
(i− 1, i+ 1] and s ∈ [0, T ),∣∣∣√e(Bi(s), s)−

√
e(y, s)

∣∣∣ = ∣∣∣1
2

∫ Bi(s)

y

Dxe√
e
(z, s)dz

∣∣∣
≤ 1

2

(∫ k

0

r2m|Dxe|2

ve2
(z, s)dz

) 1
2
(

sup
z∈[x,i+1]

r−2mv(z, s)

∫ i+1

i−1
e(z, s)dz

) 1
2

≤ C0

(
an + nxψ−1

−
(C0

x

))−m/n(
Q(s)V (x, s)

) 1
2 ,

(2.3.17)

where

V (x, s) := sup
z∈[x,i+1]

v(z, s), Q(s) :=

∫ k

0

r2m|Dxe|2

ve2
(z, s) dz, (2.3.18)

and Q(t) ∈ L1(0, T ) due to the entropy estimate (2.3.1). According to the definition of h(z, a) in (2.3.4),
the construction in (2.3.9) implies that, for all y ∈ [x, i+ 1] ⊆ (i− 1, i+ 1],

e(y, t) ≤ C0 + C0h(x, a)Q(s)V (x, s) for all (y, s) ∈ [x, i+ 1]× [0, T ). (2.3.19)

Substituting (2.3.19) and (2.3.16) into (2.3.15), it implies that, for all y ∈ [x, i+ 1] ⊆ (i− 1, i+ 1],

v(y, t) ≤ v(y, t)Y (t) ≤ C0

{
f(y, a) +

∫ t

0
f2(y, a)Y (s)e(y, s)ds

}
≤ C0(1 + t)f5(x, a) exp

(
C0tf

2(x, a)
){

1 + t+

∫ t

0
h(x, a)Q(s)V (x, s)ds

}
,
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where we used that x 7→ f(x, a) is decreasing. Taking supremum over y ∈ [x, i+ 1], we have

V (x, t) ≤ C0(1 + t)f5(x, a) exp
(
C0tf

2(x, a)
){

1 + t+

∫ t

0
h(x, a)Q(s)V (x, s)ds

}
. (2.3.20)

Applying Grönwall’s inequality to (2.3.20), we obtain that, for all (x, t) ∈ [i− 1, i]× [0, T ),

v(x, t) ≤ V (x, t) ≤ C0(1 + t)3(f10h)(x, a) exp
{
C0(1 + t)(f5h)(x, a) exp

{
C0tf

2(x, a)
}}
.

Since f(x, a) takes the form: f = exp(C0(· · · )), we will denote (f(x, a))j ≡ f(x, a) for any given positive
integer j ∈ N when no confusion arises.

In addition, for the lower bound of v(x, t), it follows from (2.3.11) that

v(x, t) =
D(x, t)

Y (t)E(x, t)

v0(x)v(Ai(t), t)

v0(Ai(t))
exp

(∫ t

0
p(x, s)ds

)
≥ C−1

0

D(x, t)

Y (t)E(x, t)
.

By (2.3.9), (2.3.13)–(2.3.14), and estimates (2.3.16), we find that, for all (x, t) ∈ [i− 1, i]× [0, T ],

v(x, t) ≥ C0f
−1Y −1E−1 ≥ C0(1 + t)−1f(x, a)−1 exp(−C0tf(x, a))Γ(x, t, a).

Since this is true for each i = 1, . . . , k − 2, it follows that, for all (x, t) ∈ [0, k − 2]× [0, T ],{
v(x, t) ≤ C0(1 + t)3(fh)(x, a) exp

{
C0(1 + t)(fh)(x, a) exp(C0tf(x, a))

}
,

v(x, t) ≥ C0f
−2 exp(−C0tf

2)Γ(x, t, a).

5. From definition (2.3.4), it follows that for all x ∈ [1, k − 2],

f(x, a) ≤ exp
(
C0

(
nψ−1

− (C0)
)− 2m

n

)
, h(x, a) ≤

(
nψ−1

− (C0)
)− 2m

n ,

Γ(x, t, a) ≥ exp
(
− mC0

β
t
(
nψ−1

− (C0)
)−1

)
,

so that C(T )−1 ≤ v(x, t) ≤ C(T ) for all (x, t) ∈ [1, k − 2] × [0, T ]. Since x 7→ xψ−1
− (C0/x) is positive and

monotone increasing, then, for all x ∈ [ε, k − 2],

f(x, a) ≤ exp
(
C0

(
nεψ−1

− (C0/ε)
)−m/n

)
, h(x, a) ≤

(
nεψ−1

− (C0/ε)
)−m/n

,

Γ(x, t, a) ≥ exp
(
− mC0t

nβεψ−1
− (C0/ε)

)
,

which yields that for each ε ∈ (0, 1], C(ε)−1 ≤ v(x, t) ≤ C(ε) for all (x, t) ∈ [ε, k − 2]× [0, T ].

6. Finally, we remark that, for the case when x ∈ (k − 2, k], we can choose k ≥ 3 and Ak(t), Bk(t) ∈
(k − 1, k) by Lemma 2.3.2, and then repeat the same argument presented above. From this, we conclude
that C(T )−1 ≤ v(x, t) ≤ C(T ) for all (x, t) ∈ (k − 2, k]× [0, T ).

2.3.3 Exterior L∞(
0, T ;L2

)
-Estimates

To obtain the estimates independent of (a, k) ∈ (0, 1)× N, the derivations are restricted on domain [ε, k]×
[0, T ]. Thus, given fixed ε > 0, we introduce the spatial cut-off function gε(x) ∈ C1 as follows:

gε(x) :=



0 if x ≤ ε

2
,

8

ε2
(
x− ε

2

)2
if
ε

2
≤ x ≤ 3ε

4
,

1− 8

ε2
(x− ε)2 if

3ε

4
≤ x ≤ ε,

1 if x ≥ ε.

(2.3.21)
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It can directly be verified that gε(x) satisfies the following properties: for all x ∈ [0,∞),

0 ≤ gε ≤ 1, g′ε(x) ≥ 0, supp(g′ε) = [
ε

2
, ε], |g′ε(x)|2 ≤

32

ε2
gε(x). (2.3.22)

Moreover, it is crucial that the estimates are independent of the approximation parameters (a, k) ∈
(0, 1)×N. In order to achieve this, the upper and lower bound of r(x, t) must be given careful consideration.
Recall that, from Lemma 2.3.1, r(x, t) satisfies(

nxψ−1
− (C0/x)

)1/n ≤ r(x, t) ≤ C1/n
0 (1 + x)1/n for (x, t) ∈ [0, k]× [0, T ].

It follows that, for each ε ∈ (0, 1],

sup
x∈[ε/2,ε]

r(x, t) ≤ C(ε), sup
x∈[ε,k]

1

r(x, t)
≤ C(ε). (2.3.23)

Using gε(x) and Theorem 2.3.1(i)–(ii), our aim is to derive the L∞(0, T ;L2) estimates listed in Theorem
2.3.1(iii). In order to do this, we first prove the following lemma, which is necessary for resolving the
problematic boundary integrals on domain x ∈ [ ε2 , ε].

Lemma 2.3.3 (Exterior L1(0, T ;L∞)-Estimates of e and u2). For any fixed ε > 0,∫ T

0
sup

y∈[ε,k]
e(y, s)ds ≤ C(ε),

∫ T

0
sup

y∈[ε,k]
u2(y, s)ds ≤ C(ε). (2.3.24)

Proof. By Lemma 2.3.2, for each (y, s) ∈ [ε, k] × [0, T ], there exists Bi(s) ∈ [0, k] such that |y − Bi(s)| ≤ 1
and C−1

0 ≤ e(Bi(s), s) ≤ C0. By the same calculation in (2.3.17), we have

|
√
e(y, s)−

√
e(Bi(s), s)|2 ≤ sup

z∈[ε,k]

v

4r2m
(z, s)

∣∣∣ ∫ y

Bi(s)
e(x, s)dx

∣∣∣∣∣∣ ∫ y

Bi(s)

r2m

v

|Dxe|2

e2
(x, s)dx

∣∣∣
≤C(ε)

∫ k

0

r2m

v

|Dxe|2

e2
(x, s)dx,

where, for the last inequality, we used Theorem 2.3.1(ii), (2.3.21)–(2.3.23), ∥ψ(e)∥L1(0,k) ≤ C0 from Theorem
2.3.1(i) and Jensen’s inequality. Taking supremum over y ∈ [ε, k] on the above and integrating in t ∈ [0, T ],
it follows from Lemma 2.3.2 and Theorem 2.3.1(i) that∫ T

0
sup

y∈[ε,k]
e(y, s)ds ≤ C0T + C(ε)

∫ T

0

∫ k

0

r2m

v

|Dxe|2

e2
(x, s)dxds ≤ C(ε). (2.3.25)

Next, notice that

|uDxu| = |r−mDx(r
mu)−mr−nvu|2 ≤ 2r−2m|Dx(r

mu)|2 +m2r−2nv2|u|2.

Then, by the Sobolev embedding theorem: W 1,1(ε, k) ↪−→ C0(ε, k), and Theorem 2.3.1(i)–(ii),

sup
y∈[ε,k]

u2(y, t) ≤ C
∫ k

ε
u2dx+ C

∫ k

ε
|uDxu|dx

= C

∫ k

ε
u2dx+ C

∫ k

ε
|r−muDx(r

mu)−mr−nvu2|dx

≤ C0 + C sup
y∈[ε,k]

( v

r2m
e+

v

rn

)
(y, s)

∫ k

ε
u2(x, t)dx+ C

∫ k

ε

|Dx(r
mu)|2

ve
dx

≤ C(ε) + C(ε) sup
y∈[ε,k]

e(y, t) + C

∫ k

0

|Dx(r
mu)|2

ve
dx. (2.3.26)

(2.3.24)2 follows from integrating the above in [0, T ], then using (2.3.25) and Theorem 2.3.1(i).
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Lemma 2.3.4 (Exterior L∞(0, T ;L2)-estimate of total energy). For any fixed ε > 0,

sup
t∈[0,T ]

∫ k

ε
{|e− 1|2 + u4}(x, t)dx+

∫ T

0
sup

x∈[ε,k]
e2(x, s)ds

+

∫ T

0

∫ k

ε

r2m

v
{|Dxe|2 + |uDxu|2}(x, s)dxds ≤ C(ε).

(2.3.27)

Proof. We divide the proof into four steps.

1. Denote the total energy density function w := e − 1 + u2/2. Then multiplying (2.2.16)2 with u and
adding it to (2.2.16)3 yield

Dtw = Dx

(
rmuF̃

)
− 2mµDx(r

m−1u2) + κDx

(r2m
v
Dxe

)
, (2.3.28)

where F̃ := βv−1Dx(r
mu)− p(v, e). Multiplying (2.3.28) with gεw and then integrating in space, we have

1

2

d

dt

∫ k

0
gεw

2 dx

= −
∫ k

0
gεr

muF̃Dxw dx+ 2mµ

∫ k

0
gεr

m−1u2Dxw dx− κ
∫ k

0
gε
r2m

v
DxeDxw dx

−
∫ k

0
g′εr

muwF̃ dx+ 2mµ

∫ k

0
g′εr

m−1u2w dx− κ
∫ k

0
g′ε
r2m

v
wDxe dx =:

3∑
i=1

Ii +Oε.

2. The terms Ij , j = 1, 2, 3, can be estimated as follows:

I1 :=−
∫ k

0
gεr

muF̃Dxw dx

=− β
∫ k

0
gε
{r2m
v
uDxuDxe+mrm−1u3Dxu+mrm−1u2Dxe

}
dx

+ (γ − 1)

∫ k

0
gε
e

v
rm

{
u2Dxu+ uDxe

}
dx− β

∫ k

0
gε
r2m

v
|uDxu|2 dx

≤
(5β2
2κ
− 2β

3

)∫ k

0
gε
|rmuDxu|2

v
dx+

3κ

10

∫ k

0
gε
|rmDxe|2

v
dx+ C

∫ k

0
gε

(vu4
r2

+
e2u2

v

)
dx,

I2 := 2mµ

∫ k

0
gεr

m−1u2Dxw dx = 2mµ

∫ k

0
gεr

m−1(u3Dxu+ u2Dxe) dx

≤ β
6

∫ k

0
gε
r2m

v
|uDxu|2 dx+

κ

10

∫ k

0
gε
r2m

v
|Dxe|2 dx+ C

∫ k

0
gε
v

r2
u4 dx,

I3 :=− κ
∫ k

0
gε
r2m

v
DxeDxw dx = −κ

∫ k

0
gε
r2m

v
Dxe{Dxe+ uDxu} dx

≤− 9

10
κ

∫ k

0
gε
r2m

v
|Dxe|2 dx+

5κ

2

∫ k

0
gε
r2m

v
|uDxu|2 dx.
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Using Theorem 2.3.1(ii) and (2.3.21)–(2.3.23), the term Oε is estimated as follows:

Oε =

∫ ε

ε/2
g′ε

{
− rmuw

(
β
rm

v
Dxu+

mβ

r
u− (γ − 1)

e

v

)
+ 2mµrm−1u2w − κr

2m

v
wDxe

}
dx

≤
∫ ε

ε/2

ε2|g′ε|2

32

r2m

v

{β
2
|uDxu|2 +

κ

4
|Dxe|2

}
dx

+ C

∫ ε

ε/2

{ε2|g′ε|2
32

(vu4
r2

+
e2u2

v

)
+

32

ε2
r2m

v
w2

}
dx

≤
∫ k

0
gε
r2m

v

{β
2
|uDxu|2 +

κ

4
|Dxe|2

}
dx+ C

∫ k

0
gε

{ v

r2
u4 +

e2u2

v

}
dx+ C(ε)

∫ ε

ε/2
w2 dx.

Combining all above estimates, it follows that

1

2

d

dt

∫ k

0
gεw

2 dx ≤− κ

4

∫ k

0
gε
r2m

v
|Dxe|2dx+

5(β2 + κ2)

2κ

∫ k

0
gε
r2m

v
|uDxu|2dx

+ C

∫ k

0
gε
v

r2
u4 dx+ C

∫ k

0
gε
e2u2

v
dx+ C(ε)Rε(t),

(2.3.29)

where Rε(t) is the problematic boundary integral near the origin, given by

Rε(t) :=

∫ ε

ε/2

(
(e− 1)2 + u4

)
(x, t) dx. (2.3.30)

3. Multiplying gεu
3 to the momentum equation (2.2.16)2 and integrating in x ∈ [0, k], we obtain the

following L4-estimate for u:

1

4

d

dt

∫ k

0
gε|u|4dx = − β

∫ k

0
gε

1

v
Dx(r

mu)Dx(r
mu3) dx+ (γ − 1)

∫ k

0
gε
e

v
Dx(r

mu3) dx

+ (γ − 1)

∫ k

0
g′ε
e

v
rmu3 dx− β

∫ k

0
g′ε

1

v
Dx(r

mu)rmu3 dx =:
2∑

i=1

Ji + Õε.

The terms J1 and J2 can be estimated as follows:

J1 :=− β
∫ k

0
gε

1

v
Dx(r

mu)Dx(r
mu3) dx

=− β
∫ k

0
gε

(
3
|rmuDxu|2

v
+ 4mrm−1u3Dxu+m2u

4v

r2

)
dx

≤ − β
∫ k

0
gε
r2m

v
|uDxu|2 dx+m2β

∫ k

0
gε
v

r2
u4 dx,

J2 := (γ − 1)

∫ k

0
gε
e

v
Dx(r

mu3) dx ≤ β

4

∫ k

0
gε
|rmuDxu|2

v
dx+ C

∫ k

0
gε

(e2u2
v

+
vu4

r2

)
dx.
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Using (2.3.21)–(2.3.23) and Theorem 2.3.1(ii), the term Õε is estimated as follows.

Õε := (γ − 1)

∫ k

0
g′ε
e

v
rmu3dx− β

∫ k

0
g′ε

1

v
Dx(r

mu)rmu3dx

≤ γ − 1

2

∫ ε

ε/2

ε2

32
|g′ε|2

e2u2

v
dx+

γ − 1

2

∫ ε

ε/2

32

ε2
r2m

v
u4 dx+ C

∫ ε

ε/2

1

ε
rm−1u4 dx

+
β

4

∫ ε

ε/2

ε2

32
|g′ε|2

r2m

v
|uDxu|2 dx+ β

∫ ε

ε/2

32

ε2
r2m

v
u4 dx

≤ β
4

∫ k

0
gε
r2m

v
|uDxu|2 dx+

γ − 1

2

∫ k

0
gε
e2u2

v
dx+ C(ε)

∫ ε

ε/2
u4 dx.

Combining all above estimates, it follows that

d

dt

∫ k

0
gε
|u|4

4
dx ≤C

∫ k

0
gε

(e2u2
v

+
vu4

r2

)
dx− β

2

∫ k

0
gε
|rmuDxu|2

v
dx+ C(ε)Rε(t). (2.3.31)

4. Multiplying (2.3.31) by 4C̃ ≡ 10(β2 + κ2)/(κβ) and adding it to (2.3.29), one has from (2.3.1):

C̃
d

dt

∫ k

0
gεu

4 dx+
1

2

d

dt

∫ k

0
gεw

2 dx+

∫ k

0
gε
r2m

v

{κ
4
|Dxe|2 + C̃|uDxu|2

}
dx

≤ C(ε)Rε(t) + C

∫ k

0
gε

( v
r2
u4 +

|ue|2

v

)
dx.

(2.3.32)

Using Theorem 2.3.1(i)–(ii) and (2.3.21)–(2.3.23), we have∫ k

0
gε

( v
r2
u4 +

|ue|2

v

)
dx ≤ C(ε)

∫ k

0
gεu

4 dx+ C(ε) sup
y∈[ε/2,k]

gε|e|2(y, t). (2.3.33)

By Lemma 2.3.2, for each (x, t) ∈ [0, k] × [0, T ], there exist both an integer i ∈ {0, . . . , k − 1} and a
point Bi(t) ∈ [0, k] such that x,Bi(t) ∈ [i, i + 1] and C−1

0 ≤ e(Bi(t), t) ≤ C0. Using Theorem 2.3.1(i),
|x−Bi(t)| ≤ 1, and (2.3.21)–(2.3.23), we have

|gεe(x, t)− gεe(Bi(t), t)|2 =
(∫ x

Bi(t)
{gεDxe+ g′εe}(y, t) dy

)2

≤ 2
(∫ x

Bi(t)
gε
r2m

v

|Dxe|2

e2
dy

)(∫ x

Bi(t)
gε

v

r2m
e2 dy

)
+ C(ε)

(∫ x

Bi(t)
e(y, t) dy

)2

≤ 4
(∫ k

0

r2m

v

|Dxe|2

e2
dy

){∣∣∣ ∫ x

Bi(t)
gε

v

r2m
|e− 1|2 dy

∣∣∣+ ∣∣∣ ∫ x

Bi(t)

gεv

r2m
dy

∣∣∣}+ C(ε)
(∫ i+1

i
edy

)2

= C(ε)Q(t)
{∣∣∣ ∫ x

Bi(t)
gε|e− 1|2 dy

∣∣∣+ 1
}
+ C2

0C(ε),

where Q(t) is defined in (2.3.18). Taking supremum over x ∈ [ε/2, k], it follows from Theorem 2.3.1(ii) and
(2.3.21)–(2.3.23) that

sup
x∈[ε/2,k]

gε|e|2(x, t) ≤ C(ε) + C(ε)Q(t)
(
1 +

∫ k

0
gε|e− 1|2 dx

)
. (2.3.34)

Substituting (2.3.34) into (2.3.33) yields∫ k

0
gε

( v
r2
u4 +

|ue|2

v

)
dx ≤ C(ε)(1 +Q(t))

(
1 +

∫ k

0
gε(u

4 + w2) dx
)
, (2.3.35)
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where the following inequality is used:

|u|4 + w2 =
5

4
|u|4 + (e− 1)2 + (e− 1)|u|2 ≥ 3

4
|u|4 + 1

2
(e− 1)2.

Substituting (2.3.35) into (2.3.32), it follows that

d

dt

∫ k

0
gε(u

4 + w2) dx+

∫ k

0
gε
r2m

v
|Dxe|2 dx+

∫ k

0
gε
r2m

v
|uDxu|2 dx

≤ C(ε)(1 +Q(t))
(
1 +

∫ k

0
gε(u

4 + w2) dx
)
+ C(ε)Rε(t).

Therefore, applying Grönwall’s inequality and using Q(t) ∈ L1(0, T ), we have∫ k

0
(|u|4 + |e− 1|2)(x, t)dx ≤ C(ε)

∫ k

0
(u40 + w2

0)dx+ C(ε) + C(ε)

∫ t

0
Rεds. (2.3.36)

4. Using Lemma 2.3.3, we claim that the term Rε(t) defined in (2.3.30) satisfies:∫ t

0
Rε(s)ds =

∫ t

0

∫ ε

ε/2
(|e− 1|2 + |u|4)dxds ≤ C(ε). (2.3.37)

To show this claim, we first use Lemma 2.3.3 to obtain∫ t

0
Rε(s) ds =

∫ t

0

∫ ε

ε/2

(
(e− 1)2 + u4

)
dxds

≤ C
∫ t

0
sup

y∈[ε/2,ε]
|e− 1|(y, s)

∫ ε

ε/2
(e+ 1)(x, s) dxds+ C

∫ t

0
sup

y∈[ε/2,ε]
u2(y, s)

∫ ε

ε/2
u2(x, s) dxds

≤ Cε+ εC(ε) + C(ε) + C

∫ t

0
sup

y∈[ε/2,ε]
e(y, s)

∫ ε

ε/2
e(x, s) dxds.

It follows by Jensen’s inequality and Theorem 2.3.1(i) that

ψ
(2
ε

∫ ε

ε/2
e(x, s) dx

)
≤ 2

ε

∫ ε

ε/2
ψ(e)(x, s) dx ≤ 2C0

ε
,

so that ∫ ε

ε/2
e(x, s) dx ≤ ε

2
ψ−1
+

(2C0

ε

)
≤ C(ε).

Substituting this back into the estimate of Rε and using Lemma 2.3.3, it follows that∫ t

0
Rε(s) ds ≤Cε+ εC(ε) + C(ε) + C

∫ t

0
sup

y∈[ε/2,ε]
e(y, s)

∫ ε

ε/2
e(x, s) dxds

≤C(ε) + C(ε)

∫ t

0
sup

y∈[ε/2,ε]
e(y, s) ds ≤ C(ε).

This prove the claim (2.3.37).

5. Therefore, using Grönwall’s inequality and (2.3.36)–(2.3.37), we have∫ k

0
gε(u

4 + w2)(x, t) dx+

∫ t

0

∫ k

0
gε
r2m

v
|Dxe|2 dxds+

∫ t

0

∫ k

0
gε
r2m

v
|uDxu|2 dxds

≤
∫ k

0
(u40 + w2

0) dx+ C(ε)
(
C0 + C(ε)

)
.
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By the inequality: |u|4 + w2 ≥ 3|u|4/4 + (e− 1)2/2, we see that ∥(e− 1, u2)∥L∞(0,T ;L2(ε,k)) ≤ C(ε).
Finally, substituting the above estimate into (2.3.34), we obtain∫ T

0
sup

x∈[ε,k]
e2(x, t) dt ≤

∫ T

0
sup

x∈[ε/2,k]
gεe

2(x, t) dt

≤ TC(ε) + C(ε)

∫ T

0
Q(t)

(
1 +

∫ k

0
gε|e− 1|2 dx

)
dt ≤ C(ε).

This completes the proof.

Lemma 2.3.5 (Exterior L∞(0, T ;L2)-estimate of specific volume). There exists a constant C(ε) > 0 de-
pending only on ε > 0 such that

sup
t∈[0,T ]

∫ k

ε
|v − 1|2(x, t) dx ≤ C(ε).

Proof. Multiplying (2.2.16)1 with gε(v − 1) and integrating in [0, k], by Theorem 2.3.1(ii), we have

1

2
Dt

∫ k

0
gε(v − 1)2 dx =

∫ k

0
gε(v − 1)Dx(r

mu) dx

≤ C(ε)
∫ k

0
gε(v − 1)2 dx+

1

2

∫ k

0
gε
|Dx(r

mu)|2

v
dx.

Applying Lemma 2.3.4 and Grönwall’s inequality, the lemma is proved.

The following lemma is necessary for the high order estimates of (u, e) in Section 2.3.4 below.

Lemma 2.3.6 (Exterior L2-estimate of Dxu). There exists a constant C(ε) > 0 depending only on ε > 0
such that ∫ T

0

∫ k

ε

( |Dx(r
mu)|2

v
+
r2m|Dxu|2

v

)
dxds ≤ C(ε). (2.3.38)

Proof. Multiplying (2.2.16)1 by gε and integrating over [0, k], we have∫ k

0
gε(x)Dt(v(x, t)− 1) dx = −

∫ k

0
g′ε(x)r

mu(x, t) dx. (2.3.39)

Multiplying (2.2.16)2 by gεu and integrating over x ∈ [0, k], using Theorem 2.3.1(i)–(ii), Theorem 2.3.4, and
(2.3.39), it follows that

d

dt

∫ k

0
gε(x)

|u|2

2
dx+ β

∫ k

0
gε(x)

|Dx(r
mu)|2

v
dx

= (γ − 1)

∫ k

0
gε
Dx(r

mu)

v
(e− 1) dx+ (γ − 1)

∫ k

0
gε
Dtv

v
dx

+ (γ − 1)

∫ k

0
g′ε(x)

rm

v
u(e− 1) dx+ (γ − 1)

∫ k

0
g′ε(x)

rm

v
udx

− β
∫ k

0
g′ε(x)r

mu
Dx(r

mu)

v
dx =:

2∑
i=1

Ii +Oε.

(2.3.40)

The term I1 is estimated by using Theorem 2.3.1(ii) and Lemma 2.3.4:

I1 := (γ − 1)

∫ k

0
gε
Dx(r

mu)

v
(e− 1) dx ≤ β

4

∫ k

0
gε
|Dx(r

mu)|2

v
dx+ C(ε). (2.3.41)
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I2 is estimated by using (2.2.16)1, Theorem 2.3.1(i), and (2.3.21)–(2.3.23):

I2
γ − 1

:=

∫ k

0
gε
Dtv

v
dx =

∫ k

0
gεDt(log v − v + 1) dx−

∫ k

0
g′εr

mudx

≤
∫ k

0
gεDt(log v − v + 1) dx+

(∫ ε

ε/2
r2mdx

)1/2(∫ ε

ε/2
u2dx

)1/2

≤
∫ k

0
gεDt(log v − v + 1) dx+ C(ε).

(2.3.42)

Oε is estimated by using Lemma 2.3.4 and (2.3.21)–(2.3.23):

Oε := (γ − 1)

∫ k

0
g′ε(x)

rm

v
uedx− β

∫ k

0
g′ε(x)r

mu
Dx(r

mu)

v
dx

≤ (γ − 1)2

2
sup

y∈[ε/2,ε]
v−2r2m(y, t)

∫ ε

ε/2
u2dx+

1

2

∫ ε

ε/2
(e− 1)2dx

+ (γ − 1)
(∫ ε

ε/2
v−2r2mdx

)1/2(∫ ε

ε/2
u2dx

)1/2

+
β

4

∫ ε

ε/2

ε2

32
|g′ε|2
|Dx(r

mu)|2

v
dx+

32β

ε2
sup

y∈[ε/2,ε]

r2m

v
(y, t)

∫ ε

ε/2
u2dx

≤ β
4

∫ k

0
gε
|Dx(r

mu)|2

v
dx+ C(ε).

(2.3.43)

According to (2.3.40)–(2.3.43), we have∫ k

0
gε
u2

2
(x, t) dx+

β

2

∫ t

0

∫ k

0
gε(x)

|Dx(r
mu)|2

v
dxds

≤ C(ε) + (γ − 1)

∫ k

0
gε(log v − v + 1) dx+ (γ − 1)

∫ k

0
gε(v0 − log v0 − 1) dx.

Since log v − v + 1 ≤ 0 and C0 ≤ v0(x) ≤ C−1
0 , it implies from Taylor’s theorem that

β

2

∫ t

0

∫ k

0
gε(x)

|Dx(r
mu)|2

v
dxds ≤ C(ε) + (γ − 1)C0

∫ k

0
(v0 − 1)2dx ≤ C(ε). (2.3.44)

The other term in (2.3.38) is estimated by rewriting (2.3.44) and using Theorem 2.3.1(i)–(ii).

2.3.4 Exterior L∞(
0, T ;H1

)
–Estimates on (u, e)

In this subsection, we derive the high regularity estimates for (u, e) in Theorem 2.3.1(iii). For simplicity, we
define

Λ(v, e) ≡ (v − 1)2 + (e− 1)2, σ(t) := min{1, t}.

It follows from Lemma 2.3.4-2.3.5 that ∥Λ(v, e)∥L∞(0,T ;L1(ε,k)) ≤ C(ε). Furthermore, we introduce the
effective viscosity flux F , which is defined by

F := β
Dx(r

mu)

v
− p(v, e) + (γ − 1) = β

Dx(r
mu)

v
− (γ − 1)

e− v
v

.

Using Lemmas 2.3.4–2.3.6, we have the following observation on F :
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Lemma 2.3.7 (Estimates on Effective Viscosity Flux).∫ k

0
gε|F |2(x, t) dx ≤ C(ε) + C(ε)

∫ k

0
gε
|Dx(r

mu)|2

v
dx,∫ T

0

∫ k

0
gε|F |2(x, t) dxdt ≤ C(ε),∫ T

0

∫ k

0
gεr

2m|DxF |2(x, t) dxdt ≤
∫ T

0

∫ k

0
gε|Dtu|2(x, t) dxdt.

(2.3.45)

Proof. It follows from the definition of F and the momentum equation (2.2.16)2 that

F == β
Dx(r

mu)

v
− (γ − 1)

e− 1

v
+ (γ − 1)

v − 1

v
,

Dtu = βrmDx

(Dx(r
mu)

v

)
− rmDx(p− (γ − 1)) = rmDxF,

which, along with Theorem 2.3.1(ii) and Lemmas 2.3.4–2.3.6, yields that∫ k

0
gε|F |2(x, t) dx ≤ 2β2

∫ k

0
gε
|Dx(r

mu)|2

v2
dx+ 4(γ − 1)2

∫ k

0
gε
Λ(v, e)

v2
dx

≤C(ε)
∫ k

0
gε
|Dx(r

mu)|2

v
dx+ C(ε),

and (2.3.45)2-(2.3.45)3 obviously.

Lemma 2.3.8 (Intermediate Step).∫ T

0

∫ k

0
σgε|Dtu|2dxds+ sup

0≤s≤T

∫ k

0
σgε
|Dx(r

mu)|2

v
(x, s) dx

≤ C(ε)
{
1 +

(∫ T

0

∫ k

0
σ2g2ε |Dte|2dxds

)1/2}
.

(2.3.46)

Proof. Multiplying equations (2.2.16)2 with gεσDtu and then integrating yield∫ t

0

∫ k

0
σgε|Dtu|2dxds+

β

2

∫ k

0
σgε
|Dx(r

mu)|2

v
(x, t) dx

=
β

2

∫ t

0

∫ k

0
σ′gε
|Dx(r

mu)|2

v
dxds+mβ

∫ t

0

∫ k

0
σgεDx(r

m−1u2)
Dx(r

mu)

v
dxds

−
∫ t

0

∫ k

0
σgεr

mDtuDxp dxds+
β

2

∫ t

0

∫ k

0
σgεDt(v

−1)|Dx(r
mu)|2dxds

− β
∫ t

0

∫ k

0
σg′εr

mDtu
Dx(r

mu)

v
dxds =:

4∑
i=1

Ii +O(∗)
ε .

I1 is estimated by using σ(t) = min{1, t} and Lemma 2.3.6 as

I1 :=
β

2

∫ t

0

∫ k

0
σ′gε
|Dx(r

mu)|2

v
dxds ≤ β

2

∫ 1

0

∫ k

0
gε
|Dx(r

mu)|2

v
dxds ≤ C(ε).
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I2 is estimated by using Lemmas 2.3.4–2.3.6, Theorem 2.3.1(ii), and (2.3.21)–(2.3.23) as

I2 := mβ

∫ t

0

∫ k

0
σgεDx(r

m−1u2)
Dx(r

mu)

v
dxds

= 2mβ

∫ t

0

∫ k

0
σgεr

m−1uDxu
Dx(r

mu)

v
dxds+m(m− 1)β

∫ t

0

∫ k

0
σgε

v

r2
u2
Dx(r

mu)

v
dxds

≤ mβ
∫ t

0
sup

y∈[ε/2,k]
r−2(y, s)

∫ k

0
gε
r2m

v
|uDxu|2dxds+mβ

∫ t

0

∫ k

0
gε
|Dx(r

mu)|2

v
dxds

+
m(m− 1)β

2

{∫ t

0
sup

y∈[ε/2,k]

v

r4
(y, t)

∫ k

0
gεu

4dxds+

∫ t

0

∫ k

0
gε
|Dx(r

mu)|2

v

}
≤ C(ε).

Using p− γ + 1 = (γ − 1)(e− v)/v, the term I3 is separated into few parts as follows:

I3
γ − 1

:= − 1

γ − 1

∫ t

0

∫ k

0
σgεr

mDtuDxp dxds

=

∫ k

0
σgεDx(r

mu)
e− v
v

(x, t) dx−
∫ t

0

∫ k

0
σ′gεDx(r

mu)
e− v
v

dxds

−
∫ t

0

∫ k

0
σgεDx(r

mu)Dt

(e− v
v

)
dxds−

∫ t

0

∫ k

0
σgεDx(r

m−1u2)
e− v
v

dxds

+

∫ t

0

∫ k

0
σg′εDt(r

mu)
e− v
v

dxds−
∫ t

0

∫ k

0
σg′εr

m−1u2
e− v
v

dxds

=:
4∑

i=1

I
(i)
3 +O(1)

ε +O(2)
ε .

I
(1)
3 is estimated by using Theorem 2.3.1(ii) and Lemma 2.3.4–2.3.6:

I
(1)
3 :=

∫ k

0
σgεDx(r

mu)
e− v
v

dx =

∫ k

0
σgεDx(r

mu)
(e− 1

v
+

1− v
v

)
dx

≤ 1

β

∫ k

0
σgε

Λ(v, e)

v
dx+

β

4

∫ k

0
σgε
|Dx(r

mu)|2

v
dx ≤ C(ε) + β

4

∫ k

0
σgε
|Dx(r

mu)|2

v
(x, t) dx.

I
(2)
3 is estimated by using the definition of σ, Theorem 2.3.1(ii), and Lemma 2.3.4–2.3.6:

−I(2)3 :=

∫ t

0

∫ k

0
σ′gεDx(r

mu)
e− v
v

dxds =

∫ t

0

∫ k

0
σ′gεDx(r

mu)
(e− 1

v
+

1− v
v

)
dxds

≤
∫ 1

0

∫ k

0
gε
|Dx(r

mu)|2

v
dxds+

1

4

∫ 1

0

∫ k

0
gε
Λ(v, e)

v
dxds ≤ C(ε).
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I
(3)
3 is estimated by using Theorem 2.3.1(ii) and Lemma 2.3.6:

−I(3)3 :=

∫ t

0

∫ k

0
σgεDx(r

mu)Dt

(e− v
v

)
dxds

=

∫ t

0

∫ k

0
σgεDx(r

mu)
{Dte

v
− e

v2
Dx(r

mu)
}
dxds

≤ C(ε)
(∫ t

0

∫ k

ε/2

|Dx(r
mu)|2

v
dxds

)1/2(∫ t

0

∫ k

0
σ2g2ε |Dte|2dxds

)1/2

+ C(ε)

∫ t

0
sup

y∈[ε/2,k]
e(y, s)

∫ k

0
σgε
|Dx(r

mu)|2

v
dxds

≤ C(ε)
(∫ t

0

∫ k

0
σ2g2ε |Dte|2dxds

)1/2
+ C(ε)

∫ t

0
sup

y∈[ε/2,k]
e(y, s)

∫ k

0
σgε
|Dx(r

mu)|2

v
dxds.

I
(4)
3 is estimated by using Theorem 2.3.1(ii), Lemmas 2.3.4–2.3.6, and (2.3.21)–(2.3.23):

I
(4)
3 := −

∫ t

0

∫ k

0
σgεDx(r

m−1u2)
e− v
v

dxds

= −
∫ t

0

∫ k

0
σgε

{
2rm−1uDxu+ (n− 2)

v

r2
u2

}(e− 1

v
+

1− v
v

)
dxds

≤
∫ t

0

∫ k

0
σgε

r2m

v
|uDxu|2dxds+ C(ε)

∫ t

0

∫ k

0
gε
{
u4 + Λ(v, e)

}
dxds ≤ C(ε).

For O(1)
ε , we use Theorem 2.3.1(ii), Lemma 2.3.4, and (2.3.21)–(2.3.23) to obtain

O(1)
ε :=

∫ t

0

∫ k

0
σg′εDt(r

mu)
e− v
v

dxds

=

∫ t

0

∫ k

0
σg′ε(mr

m−1u2 + rmDtu)
(e− 1

v
+

1− v
v

)
dxds

≤ C
(∫ t

0

∫ ε

ε/2
σ
ε2

32
|g′ε|2|Dtu|2dxds

)1/2(∫ t

0
sup

y∈[ε/2,ε]

r2m

v2
(y, s)

∫ ε

ε/2

32

ε2
Λ(v, e) dxds

)1/2

+ C
(∫ t

0
sup

y∈[ε/2,ε]
r−2(y, s)

∫ ε

ε/2
u4dxds

)1/2(∫ t

0
sup

y∈[ε/2,ε]

r2m

v2
(y, s)

∫ ε

ε/2
Λ(v, e) dxds

)1/2

≤ C(ε) + 1

8

∫ t

0

∫ k

0
σgε|Dtu|2dxds,

and O(2)
ε is estimated by using Theorem 2.3.1(ii), Lemma 2.3.4–2.3.5, and (2.3.21)–(2.3.23).

O(2)
ε := −

∫ t

0

∫ k

0
σg′εr

m−1u2
(e− 1

v
+

1− v
v

)
dxds

≤ 1

2

∫ t

0
sup

y∈[ε/2,ε]

r2(m−1)

v2
(y, s)

∫ ε

ε/2
|g′ε|u4dxds+

1

2

∫ t

0

∫ ε

ε/2
|g′ε|Λ(v, e) dxds ≤ C(ε).

Combining the estimates of I
(1)
3 –I

(4)
3 and O(1)

ε –O(2)
ε , it follows that

I3 ≤C(ε) +
β

4

∫ k

0
σgε
|Dx(r

mu)|2

v
(x, t) dx+ C(ε)

(∫ t

0

∫ k

0
σg2ε |Dte|2dxds

)1/2

+
1

8

∫ t

0

∫ k

0
σgε|Dtu|2dxds+ C(ε)

∫ t

0
sup

y∈[ε/2,k]
e(y, s)

∫ k

0
σgε
|Dx(r

mu)|2

v
(x, s) dxds.
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I4 is rewritten into three parts by using the continuity equation (2.2.16)1 and the definition of F :

I4 :=
β

2

∫ t

0

∫ k

0
σgεDt(v

−1)|Dx(r
mu)|2dxds

=− 1

2β

∫ t

0

∫ k

0
σgεF

2Dx(r
mu) dxds− γ − 1

β

∫ t

0

∫ k

0
σgεF

e− v
v

Dx(r
mu) dxds

− (γ − 1)2

2β

∫ t

0

∫ k

0
σgε

(e− v
v

)2
Dx(r

mu) dxds :=
3∑

i=1

I
(i)
4 .

I
(1)
4 is estimated by using integration by parts, Lemma 2.3.7, and (2.3.21)–(2.3.23).

βI
(1)
4 := −1

2

∫ t

0

∫ k

0
σgεF

2Dx(r
mu) dxds

=

∫ t

0

∫ k

0
σgεuFr

mDxF dxds+
1

2

∫ t

0

∫ k

0
σg′εF

2rmudxds

≤ 2

∫ t

0

∫ k

0
σgεu

2F 2dxds+
1

8

∫ t

0

∫ k

0
σgεr

2m|DxF |2dxds

+
1

4

∫ t

0

∫ ε

ε/2
σ
ε2

32
|g′ε|2|u|2F 2dxds+

1

4

∫ t

0

∫ ε

ε/2

32

ε2
r2mF 2dxds

≤ C(ε) + 1

8

∫ t

0

∫ k

0
σgε|Dtu|2dxds+ C(ε)

∫ t

0
sup

y∈[ε/2,k]
|u|2(y, s)

∫ k

0
σgε
|Dx(r

mu)|2

v
dxds.

I
(2)
4 is estimated by using Theorem 2.3.1(ii) and Lemmas 2.3.4–2.3.7:

β

γ − 1
I
(2)
4 := −

∫ t

0

∫ k

0
σgεF

e− v
v

Dx(r
mu) dxds

≤
∫ t

0

∫ k

0
σgεF

2dxds+

∫ t

0
sup

y∈[ε/2,k]

(e− v)2

v

∫ k

0
σgε
|Dx(r

mu)|2

v
dxds

≤ C(ε) + C(ε)

∫ t

0
sup

y∈[ε/2,k]
|e(y, s)|2

∫ k

0
σgε
|Dx(r

mu)|2

v
dxds.

I
(3)
4 is estimated by using Theorem 2.3.1(ii) and Lemma 2.3.4–2.3.6:

− 2β

(γ − 1)2
I
(3)
4 :=

∫ t

0

∫ k

0
σgε

{e− 1

v
+

1− v
v

}2
Dx(r

mu) dxds

≤ 2

∫ t

0

∫ k

0
σgε

Λ(v, e)

v2
|Dx(r

mu)| dxds

≤ (γ − 1)2

2β

∫ t

0

∫ k

0
σgε

Λ(v, e)2

v3
dxds+

(γ − 1)2

2β

∫ t

0

∫ k

0
σgε
|Dx(r

mu)|2

v
dxds

≤ C(ε) + C(ε)

∫ t

0

(
sup

y∈[ε/2,k]
|e− 1|2(y, s) + 1

) ∫ k

0
σgε|e− 1|2dxds

≤ C(ε) + C(ε)

∫ t

0
sup

y∈[ε/2,k]
e2(y, s)ds ≤ C(ε).
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Combining estimates for I
(1)
4 -I

(3)
4 , it follows that

I4 ≤ C(ε) + C(ε)

∫ t

0
sup

y∈[ε/2,k]
(e2 + u2)(y, s)

∫ k

0
σgε
|Dx(r

mu)|2

v
dxds+

1

8

∫ t

0

∫ k

0
σgε|Dtu|2.

O(∗)
ε is estimated by using Theorem 2.3.1(ii), Lemmas 2.3.4–2.3.6, and (2.3.21)–(2.3.23):

O(∗)
ε := −β

∫ t

0

∫ k

0
σg′εr

mDtu
Dx(r

mu)

v
dxds

≤ β2
∫ t

0
sup

y∈[ε/2,ε]

r2m

v
(y, s)

∫ ε

ε/2

32

ε2
|Dx(r

mu)|2

v
dxds+

1

4

∫ t

0

∫ ε

ε/2
σ
ε2

32
|g′ε|2|Dtu|2dxdt

≤ C(ε) + 1

4

∫ t

0

∫ ε

ε/2
σgε|Dtu|2dxdt

Putting the estimates of I1–I4 and O(1)
ε together, it follows that

1

2

∫ t

0

∫ k

0
σgε|Dtu|2dxds+

β

4

∫ k

0
σgε
|Dx(r

mu)|2

v
(x, t) dx

≤ C(ε) + C(ε)
(∫ t

0

∫ k

0
σ2g2ε |Dte|2dxds

)1/2

+ C(ε)

∫ t

0
sup

y∈[ε/2,k]
(e+ e2 + u2)(y, s)

∫ k

0
σgε
|Dx(r

mu)|2

v
(x, s) dxds.

Applying Grönwall’s inequality, we have

1

2

∫ t

0

∫ k

0
σgε|Dtu|2dxds+

β

4

∫ k

0
σgε
|Dx(r

mu)|2

v
(x, t) dx

≤ C(ε)
{
1 +

(∫ t

0

∫ k

0
σ2g2ε |Dte|2dxds

)1/2}{
1 +

(∫ t

0
hε(s) ds

)
exp

(∫ t

0
hε(s) ds

)}
,

where hε(s) := C(ε) supy∈[ε/2,k](e+ e2 + u2)(y, s). By Lemmas 2.3.3-2.3.4, we obtain (2.3.46).

Lemma 2.3.9 (L∞(0, T ;L2(ε, k))–Estimates of Dxu and Dxe).∫ t

0

∫ k

ε
σ2|Dte|2dxds+ sup

0≤s≤t

∫ k

ε
σ2
r2m

v
|Dxe|2(x, s)dx ≤ C(ε),∫ t

0

∫ k

ε
σgε|Dtu|2dxds+ sup

0≤s≤t

∫ k

ε
σ
|Dx(r

mu)|2

v
(x, s)dx ≤ C(ε).

(2.3.47)

Proof. Rewriting the energy equation (2.2.16)3 in terms of the effective viscosity flux F , then multiplying
both sides by σ2(t)g2εDte, and integrating by parts, it follows that∫ t

0

∫ k

0
σ2g2ε |Dte|2dxds+

κ

2

∫ k

0
σ2g2ε

r2m

v
|Dxe|2(x, t) dx

= κ

∫ t

0

∫ k

0
σσ′(s)g2ε

r2m

v
|Dxe|2dxds+mκ

∫ t

0

∫ k

0
σ2g2ε

r2m−1u

v
|Dxe|2dxds

+

∫ t

0

∫ k

0
σ2g2εADte dxds−

κ

2

∫ t

0

∫ k

0
σ2g2ε

r2m

v2
Dx(r

mu)|Dxe|2dxds

+

∫ t

0

∫ k

0
σ2g2εFDx(r

mu)Dte dxds− κ
∫ t

0

∫ k

0
2σ2gεg

′
ε

r2m

v
DteDxe dxds :=

5∑
i=1

Ii +Oε,
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where A := −(γ − 1)Dx(r
mu)− 4mµ

u

r
Dx(r

mu) + 2mnµ
v

r2
u2. The term I1 is estimated by Lemma 2.3.4:

I1 := κ

∫ t

0

∫ k

0
σσ′(s)g2ε

r2m

v
|Dxe|2dxds ≤ κ

∫ 1

0

∫ k

ε/2

r2m

v
|Dxe|2dxds ≤ C(ε).

I2 is estimated by using (2.3.21)–(2.3.23) and Lemma 2.3.4:

I2 : = mκ

∫ t

0

∫ k

0
σ2g2ε

r2m−1u

v
|Dxe|2dxds ≤ 2mκ

∫ t

0
sup

y∈[ε/2,k]

u

r
(y, s)

∫ k

0
σ2g2ε

r2m

v
|Dxe|2dxds

≤ C(ε) + C(ε)

∫ t

0
sup

y∈[ε/2,k]
u2(y, s)

∫ k

0
σ2g2ε

r2m

v
|Dxe|2dxds.

I3 is estimated by using Theorem 2.3.1(ii) and Lemmas 2.3.4–2.3.6:

I3 :=

∫ t

0

∫ k

0
σ2g2εADte dxds

=

∫ t

0

∫ k

0
σ2g2ε

{
− (γ − 1)Dx(r

mu)− 4mµ
u

r
Dx(r

mu) + 2mnµ
v

r2
u2

}
Dte dxds

≤ C(ε)
∫ t

0
sup

y∈[ε/2,k]
(1 + u2)(y, s)

∫ k

0
σ2g2ε

|Dx(r
mu)|2

v
dxds

+
1

16

∫ t

0

∫ k

0
σ2g2ε |Dte|2dxds+ C(ε)

∫ T

0

∫ k

0
σ2g2εu

4dxdt

≤ C(ε) + C(ε)

∫ t

0
sup

y∈[ε/2,k]
u2(y, s)

∫ k

0
σ2gε

|Dx(r
mu)|2

v
dxds+

1

16

∫ t

0

∫ k

0
σ2g2ε |Dte|2 dxdt.

(2.3.48)

In fact, by Lemmas 2.3.3 and 2.3.8, it follows that∫ t

0
sup

y∈[ε/2,k]
u2(y, s)

∫ k

0
σ2gε

|Dx(r
mu)|2

v
dxds

≤ sup
0≤s≤t

∫ k

0
σgε
|Dx(r

mu)|2

v
(x, s) dx

∫ t

0
sup

y∈[ε/2,k]
u2(y, t̃) dt̃

≤ C(ε) + C(ε)
(∫ t

0

∫ k

0
σ2g2ε |Dte|2dxds

)1/2
≤ C(ε) + 1

16

∫ t

0

∫ k

0
σ2g2ε |Dte|2dxds.

Substituting the above estimate into (2.3.48) leads to

I3 ≤ C(ε) +
1

8

∫ t

0

∫ k

0
σ2g2ε |Dte|2 dxds.

I4 is first rewritten in terms of F and then estimated by using Theorem 2.3.1(ii):

I4 : = −
κ

2

∫ t

0

∫ k

0
σ2g2ε

|rmDxe|2

v2
Dx(r

mu) dxds

= − κ

2β

∫ t

0

∫ k

0
σ2g2ε

{
F + (γ − 1)

e− v
v

} |rmDxe|2

v
dxds

≤ C(ε) + κ

2β

∫ t

0
sup

y∈[ε/2,k]
|g1/2ε F |(y, s)

∫ k

0
σ2g3/2ε

r2m

v
|Dxe|2dxds

+ C(ε)

∫ t

0
sup

y∈[ε/2,k]
e(y, s)

∫ k

0
σ2g2ε

r2m

v
|Dxe|2dxds.
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By the Sobolev embedding theorem: W 1,1(ε, k) ↪−→ C0(ε, k) and Lemma 2.3.7, it follows that

sup
y∈[ε/2,k]

|g1/2ε F |2(y, s) ≤ C
∫ k

ε/2

{
gεF

2 + 2gε|FDxF |+ 2g′εF
2
}
(x, s) dx

≤
∫ k

ε/2

{
C(ε)F 2 + gεr

2m|DxF |2
}
≤ C(ε) +

∫ k

ε/2

{
C(ε)

|Dx(r
mu)|2

v
+ gε|Dtu|2

}
dx,

(2.3.49)

so that, using Lemma 2.3.8 and Cauchy-Schwartz’s inequality, we have

κ

β

∫ t

0
sup

y∈[ε/2,k]
|g1/2ε F |(y, s)

∫ k

0
σ2g3/2ε

r2m

v
|Dxe|2dxds

≤
∫ t

0

{
σ2C(ε) + C(ε)

∫ k

ε/2
σ2
|Dx(r

mu)|2

v
(x, s) dx+

∫ k

ε/2
σ2gε|Dtu|2(x, s) dx

}
ds

+ C(ε)

∫ t

0
σ2

(∫ k

0
g3/2ε

r2m

v
|Dxe|2(x, s) dx

)2
ds

≤ C(ε) +
∫ t

0

∫ k

0
σgε|Dtu|2dxds

+ C(ε)

∫ t

0

(∫ k

0
gε
r2m

v
|Dxe|2(x, s) dx

)(∫ k

0
σ2g2ε

r2m

v
|Dxe|2(x, s) dx

)
ds.

Using the above estimate, Lemma 2.3.8, and Cauchy-Schwartz’s inequality, one has

I4 ≤ C(ε) +
∫ t

0

∫ k

0
σgε|Dtu|2dxds+ C(ε)

∫ t

0
sup

y∈[ε/2,k]
e(y, s)

∫ k

0
σ2g2ε

r2m

v
|Dxe|2dxds

+ C(ε)

∫ t

0

(∫ k

0
gε
r2m

v
|Dxe|2(x, s) dx

)(∫ k

0
σ2g2ε

r2m

v
|Dxe|2(x, s) dx

)
ds,

≤ C(ε) + 1

8

∫ t

0

∫ k

0
σ2g2ε |Dte|2dxds+ C(ε)

∫ t

0
sup

y∈[ε/2,k]
e(y, s)

∫ k

0
σ2g2ε

r2m

v
|Dxe|2dxds

+ C(ε)

∫ t

0

(∫ k

0
gε
r2m

v
|Dxe|2(x, s) dx

)(∫ k

0
σ2g2ε

r2m

v
|Dxe|2(x, s) dx

)
ds.

I5 is first estimated as follows:

I5 :=

∫ t

0

∫ k

0
σ2g2εFDx(r

mu)Dtedxds

≤ 4

∫ t

0
sup

y∈[ε/2,k]
gεv|F |2(y, s)

∫ k

0
σ2gε

|Dx(r
mu)|2

v
dxds+

1

16

∫ t

0

∫ k

0
σ2g2ε |Dte|2dxds.

(2.3.50)

By the same argument as (2.3.49), we have

sup
y∈[ε/2,k]

gε|F |2(y, s)

≤ C(ε) + C(ε)

∫ k

ε/2

|Dx(r
mu)|2

v
dx+ C(ε)

(∫ k

0
gεF

2dx
)1/2(∫ k

0
gε|Dtu|2dx

)1/2
,
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which, along with Theorem 2.3.1(ii) and Lemma 2.3.6, implies that

4

∫ t

0
sup

y∈[ε/2,k]
gεv|F |2(y, s)

∫ k

0
σ2gε

|Dx(r
mu)|2

v
dxds

≤ C(ε) + C(ε) sup
0≤s≤t

∫ k

0
σgε
|Dx(r

mu)|2

v
(x, s) dx

+ C(ε)
(∫ t

0

∫ k

0
σgεF

2
)1/2(∫ t

0

∫ k

0
σgε|Dtu|2

)1/2
sup
0≤s≤t

∫ k

0
σgε
|Dx(r

mu)|2

v
(x, s) dx.

Then applying Lemmas 2.3.7–2.3.8 on the above and by Cauchy-Schwartz’s inequality yield

4

∫ t

0
sup

y∈[ε/2,k]
gεv|F |2(y, s)

∫ k

0
σ2gε

|Dx(r
mu)|2

v
dxds

≤ C(ε) + C(ε)
(∫ t

0

∫ k

0
σ2g2ε |Dte|2(x, s) dxds

)1/2

+ C(ε)
{
1 +

(∫ t

0

∫ k

0
σ2g2ε |Dte|2dxds

)1/2}1/2{
1 +

(∫ t

0

∫ k

0
σ2g2ε |Dte|2dxds

)1/2}
≤ C(ε) + 1

16

∫ t

0

∫ k

0
σ2g2ε |Dte|2(x, s) dxds.

Substituting the above into (2.3.50), one obtains

I5 ≤ C(ε) +
1

8

∫ t

0

∫ k

0
σ2g2ε |Dte|2(x, s) dxds.

Oε is estimated by using Theorem 2.3.1(ii), Lemma 2.3.4, and (2.3.21)–(2.3.23):

Oε : = −κ
∫ t

0

∫ k

0
2σ2gεg

′
ε

r2m

v
DteDxedxds

≤ 1

8

∫ t

0

∫ ε

ε/2
σ2g2ε |Dte|2dxds+ 8κ2

∫ t

0
sup

y∈[ε/2,ε]

r2m

v
(y, s)

∫ ε

ε/2
σ2|g′ε|2

r2m

v
|Dxe|2dxds

≤ C(ε) + 1

8

∫ t

0

∫ k

0
σ2g2ε |Dte|2dxds.

Summarising the estimates for I1–I5 and Oε, it follows that

1

2

∫ t

0

∫ k

0
σ2g2ε |Dte|2dxds+

κ

2

∫ k

0
σ2g2ε

r2m

v
|Dxe|2(x, t) dx

≤ C(ε) + C(ε)

∫ t

0
h̃ε(s)

∫ k

0
σ2g2ε

r2m

v
|Dxe|2dxds,

(2.3.51)

where h̃ε(s) :=
∫ k
0 gε

r2m

v
|Dxe|2(x, s) dx+supy∈[ε/2,k](e+u2)(y, s). Then it follows from Lemmas 2.3.3–2.3.4

and Grönwall’s inequality that

1

2

∫ t

0

∫ k

0
σ2g2ε |Dte|2dxds+

κ

2

∫ k

0
σ2g2ε

r2m

v
|Dxe|2(x, t) dx ≤ C(ε),

which, along with Lemma 2.3.8, yields (2.3.47). This completes the proof.
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Corollary 2.3.1. For all (x, t) ∈ [ε, k]× [0, T ],

σ1/4(t)|u(x, t)|+ σ1/2(t)e(x, t) ≤ C(ε). (2.3.52)

Proof. First, repeating the same calculation (2.3.26) in the proof of Lemma 2.3.3, one has

σ1/2(t) sup
y∈[ε,k]

u2(y, t) ≤ C(ε)
∫ k

ε
u2dx+ C

∫ k

ε
σ
|Dx(r

mu)|2

v
dx ≤ C(ε),

where we have used Lemma 2.3.9. Second, by the Sobolev embedding theorem, Theorem 2.3.1(ii), Lemmas
2.3.4 and 2.3.9, and (2.3.21)–(2.3.23), we have

σ(t) sup
y∈[ε,k]

(e− 1)2(y, t) ≤ C
∫ k

ε
σ(t)(e− 1)2(x, t) dx+ C

∫ k

ε
σ(t)|e− 1||Dxe|(x, t) dx

≤ C sup
y∈[ε,k]

(
σ(t) +

v

r2m
(y, t)

) ∫ k

ε
(e− 1)2(x, t) dx+

∫ k

ε
σ2(t)

r2m

v
|Dxe|2(x, t) dx ≤ C(ε),

which implies (2.3.52)2.

2.3.5 Lower bound of e

We now estimate the lower bound of the internal energy e.

Lemma 2.3.10 (Lower Bound of e). One has the lower bound

e(x, t) ≥ C(a)−1 for all (x, t) ∈ [0,∞)× [0, T ]. (2.3.53)

Proof. Multiplying equation (2.2.16)3 with −e−2 to get

Dte
−1 = (γ − 1)

Dx(r
mu)

ev
− κe−2Dx

(r2mDxe

v

)
+

2µm

e2
Dx(r

m−1u2)− β |Dx(r
mu)|2

e2v
, (2.3.54)

where β ≡ 2µ+ λ. To further reduce the equation, we write:

−κe−2Dx

(r2m
v
Dxe

)
= κDx

(r2m
v
Dxe

−1
)
− 2κ

r2m|Dxe|2

ve3
.

Moreover, using the relation Dx(r
m−1u2) = (2u/r)Dx(r

mu)− nvu2/r2, we have

− β |Dx(r
mu)|2

e2v
+

2µm

e2
Dx(r

m−1u2)

= −
(2µ
n

+ λ
) |Dx(r

mu)|2

e2v
− 2mµ

v

e2

(Dx(r
mu)√
nv

−
√
n
u

r

)2
≤ −

(2µ
n

+ λ
) |Dx(r

mu)|2

e2v
.

Therefore, using the above two inequalities, (2.3.54) can be reduced to the inequality:

Dte
−1 + 2κ

r2m|Dxe|2

ve3
+
(2µ
n

+ λ
) |Dx(r

mu)|2

e2v
≤ (γ − 1)Dx(r

mu)

ev
+ κDx

(r2m
v
Dxe

−1
)
. (2.3.55)

Multiplying (2.3.55) by je−j+1 for j ≥ 2 integers and integrating in x ∈ [0, k] yield

d

dt

∫ k

0
e−jdx+ j

(2µ
n

+ λ
)∫ k

0

|Dx(r
mu)|2

ej+1v
dx+ 2jκ

∫ k

0

r2m|Dxe|2

vej+2
dx

≤ j(γ − 1)

∫ k

0
e−jDx(r

mu)

v
dx− j(j − 1)κ

∫ k

0

r2m|Dxe
−1|2

vej−2
dx

≤ C
∫ k

0
v−1e1−jdx+

j

2

(2µ
n

+ λ
)∫ k

0

|Dx(r
mu)|2

ej+1v
dx− j(j − 1)κ

∫ k

0

r2m|Dxe
−1|2

vej−2
dx.

48



Rearranging the above, using Lemma 2.3.1 and Theorem 2.3.1(ii), we have

d

dt

∫ k

0
e−jdx ≤ C

∫ k

0
e−j e

v
dx ≤ C(a)σ(t)−1/2

∫ k

0
e−jdx.

Integrating the above inequality in time, it follows that∫ k

0
e−j(x, t)dx ≤ ∥e−1

0 ∥
j
Lj(0,k)

+ C(a)

∫ t

0
σ(τ)−1/2

∫ k

0
e−jdxdτ.

Thus, by Grönwall’s Inequality, we obtain that, for each integer j ≥ 2,

∥e−1(·, t)∥j
Lj(0,k)

≤ C(a)∥e−1
0 ∥

j
Lj(0,k)

+ C(a)
(∫ t

0
σ(τ)−1/2

)
exp

(
C(a)

∫ t

0
σ(τ)−1/2

)
≤ C(a).

Letting j →∞ in the above inequality, we conclude that ∥e−1(·, t)∥L∞ ≤ C(a)∥e−1
0 ∥L∞ .

2.4 Global Weak Solutions to the Exterior Problem in the Eulerian
Coordinates

In this section, the approximate Lagrangian solutions are converted into the approximate solutions in the
Eulerian coordinates by constructing a set of coordinate transformations. Then these functions are extended
into the entire domain (r, t) ∈ [a,∞) × [0, T ] by using a set of smooth cut-off functions. Finally, a weak
solution to problem (1.2.1) and (2.2.9) is obtained via the limit k →∞.

2.4.1 Coordinate transformation and Jacobian

Let {(ṽa,k, ũa,k, ẽa,k, r̃a,k)(x, s)}k∈N be the solutions obtained in the bounded Lagrangian domain, (x, s) ∈
[0, k] × [0, T ]. For each fixed (a, k) ∈ (0, 1) × N, the coordinate transformation (r, t) = Ta,k(x, s) is defined
as:

r = T (1)
a,k (x, s) = r̃a,k(x, s), t = T (2)

a,k (x, s) = s for (x, s) ∈ [0, k]× [0, T ]. (2.4.1)

Then we see that Ta,k has the image:

Ta,k([0, k]× [0, T ]) = Ra,k :=
{
(r, t) : t ∈ [0, T ], r ∈ [a, r̃a,k(k, t)]

}
.

Moreover, it follows from a direct calculation that

J :=
∣∣DxTa,k DsTa,k

∣∣ = ∣∣∣∣ṽa,k(r̃a,k)−m ũa,k
0 1

∣∣∣∣ = ṽa,k(r̃a,k)
−m,

which, along with Theorem 2.3.1 and Lemma 2.3.1, yields that

C(a)−1(an + C(a)x)−m/n ≤ J(x, t) ≤ a−mC(a) for all (x, t) ∈ [0, k]× [0, T ]. (2.4.2)

Thus, the map Ta,k : [0, k] × [0, T ] → Ra,k is a diffeomorphism so that the inverse map T −1
a,k exists. Define

(xa,k, sa,k)(r, t) := T −1
a,k (r, t). Then

sa,k(r, t) = t, r̃a,k(xa,k(r, t), t) = r for all (r, t) ∈ Ra,k.
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Let θ̃(x, t) : [0, k] × [0, T ] → R be such that θ̃ ∈ C1. Defining θ(r, t) := θ̃(xa,k(r, t), t) for each (r, t) ∈ Ra,k,
then, by the inverse function theorem, its Eulerian derivative can be computed:

∂rθ(r, t) =

(
r̃a,k

)m
(xa,k(r, t), t)

ṽa,k(xa,k(r, t), t)
Dxθ̃(xa,k(r, t), t) = rm

Dxθ̃

ṽa,k
(xa,k(r, t), t),

∂tθ(r, t) = Dtθ̃(xa,k(r, t), t)− rm
( ũa,k
ṽa,k

Dxθ̃
)
(xa,k(r, t), t),

(2.4.3)

for each (r, t) ∈ Ra,k. Now, for each (a, k), the solution (ṽa,k, ũa,k, ẽa,k)(x, s) in (x, t) ∈ [0, k]× [0, T ] is pulled
back to Ra,k as:

(va,k, ua,k, ea,k)(r, t) := (ṽa,k, ũa,k, ẽa,k)(x
a,k(r, t), t) for (r, t) ∈ Ra,k. (2.4.4)

2.4.2 Extension in the Eulerian domain

Next, we extend (va,k, ua,k, ea,k) into the whole Eulerian domain [a,∞)× [0, T ]. First let χ ∈ C∞ : R→ [0, 1]
be such that χ(ζ) = 1 if ζ ≤ 0, χ(ζ) = 0 if 1 ≤ ζ, and |χ′| ≤ 2 in R. With this, the following cut-off functions
is defined:

φa,k(r, t) := χ
(2r − r̃a,k(k, t)

r̃a,k(k, t)

)
. (2.4.5)

Since ũa,k(k, t) = 0 for all t ∈ [0, T ], it follows that for all (r, t) ∈ [a,∞)× [0, T ],

∂rφa,k(r, t) =
2

r̃a,k(k, t)
χ′
(2r − r̃a,k(k, t)

r̃a,k(k, t)

)
, ∂tφa,k(r, t) = 0. (2.4.6)

From these, one can check that φ ∈ C∞([0,∞)× [0, T ]). Moreover, by construction:

φa,k(r, t) = 1 if r ∈ [0, r̃a,k(k, t)/2], φa,k(r, t) = 0 if r ∈ [r̃a,k(k, t),∞).

Now, by Theorem 2.3.1(ii), one has

r̃a,k(k, t) =
(
an + n

∫ k

0
va,k(y, t)dy

)1/n

≥
(
n

∫ k

1/2
va,k(y, t)dy

)1/n
≥

(
nC(T )−1

∫ k

1/2
dy

)1/n
≥

(nC(T )−1

2

)1/n
= C(T )−1.

Moreover, it also follows from Theorem 2.3.1 that

r̃a,k(k, t) =
(
an + n

∫ k

0
va,k(y, t)dy

)1/n
≥ C(a)−1k1/n.

Hence by (2.4.6), one has that for all (r, t) ∈ [a,∞)× [0, T ]:

|∂rφa,k(r, t)| ≤ min{C(T ), C(a)k−1/n}, and ∂tφa,k(r, t) = 0. (2.4.7)

Using (2.4.1)–(2.4.5), the extended approximate functions (ρa,k, ua,k, ea,k)(r, t) in the entire Eulerian domain
(r, t) ∈ [a,∞)× [0, T ] is defined by (2.2.1) in Section 2.2.1.

The following lemmas show that the extended functions inherits the a-priori estimates derived in Section
2.3. As before, we still denote σ := min{1, t}.
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Lemma 2.4.1. There exists an integer N(a) = N(a, T, C0) ∈ N such that for all k ≥ N(a),

sup
t∈[0,T ]

∫ ∞

a

{
G(ρa,k) + ρa,kψ(ea,k) + ρa,k

|ua,k|2

2

}
rmdr + κ

∫ T

0

∫ ∞

a

|∂rea,k|2

e2a,k
rmdrdt

+

∫ T

0

∫ ∞

a

{(2µ
n

+ λ
) |∂rua,k +mua,k/r|2

ea,k
+

2mµ

n

|∂rua,k − ua,k/r|2

ea,k

}
rmdrdt ≤ C(T ).

(2.4.8)

Proof. Throughout the proof, we suppress (a, k) for simplicity and denote:

(ρ, u, e, φ)(r, t) ≡ (ρa,k, ua,k, ea,k, φa,k)(r, t) for (r, t) ∈ [a,∞)× [0, T ],

(v, u, e)(r, t) ≡ (va,k, ua,k, ea,k)(r, t) for (r, t) ∈ Ra,k,

(ṽ, ũ, ẽ, r̃)(x, t) ≡ (ṽa,k, ũa,k, ẽa,k, r̃a,k)(x, t) for (x, t) ∈ [0, k]× [0, T ].

(2.4.9)

Since G(·) and ψ(·) are convex, and 0 ≤ φ ≤ 1, it follows that G(ρ) ≤ φG(v−1) and ψ(e) ≤ φψ(e).
Using these, and the fact that Jacobian is bounded from (2.4.2), one can convert the integral in Eulerian
coordinate into Lagrangian as follow:∫ ∞

a

{
G(ρ) + ρψ(e) + ρ

|u|2

2

}
(r, t)rmdr

≤
∫ r̃(k,t)

a

(
vG(v−1) + ψ(e) +

|u|2

2

)
v−1rmdr +

∫ r̃(k,t)

a
(1− φ)

(
ψ(e) +

|u|2

2

)
rmdr

=

∫ k

0

(
ψ(ṽ) + ψ(ẽ) +

|ũ|2

2

)
(x, t)dx+

∫ k

0
(1− φ(r̃(x, t), t))

(
ṽψ(ẽ) + ṽ

|ũ|2

2

)
(x, t)dx,

where in the last line, one used the fact that zG(z−1) = ψ(z). By Theorem 2.3.1(i) the first term of right
hand side is bounded by C0 > 0. By the definition of r̃(x, t), one has(

an + nC(a)−1x
)1/n

≤ r̃(x, t) =
(
an + n

∫ x

0
ṽ(y, t)dy

)1/n
≤

(
an + nC(a)x

)1/n
.

Thus for a fixed a > 0, if k ∈ N is such that

k ≥M(a) :=
C(a)

n
an(2n − 1) + 2nC(a)2, then r̃(k, t) ≥ 2r̃(1, t). (2.4.10)

Using this and the support of cut-off function φ, it follows that∫ k

0
(1− φ(r̃(x, t), t))

(
ṽψ(ẽ) + ṽ

|ũ|2

2

)
(x, t)dx

=

∫ r̃(k,t)

a
(1− φ(r, t))

(
ψ(e) +

|u|2

2

)
(r, t)rmdr

≤
∫ r̃(k,t)

r̃(k,t)/2

(
ψ(e) +

|u|2

2

)
(r, t)rmdr ≤

∫ r̃(k,t)

r̃(1,t)

(
ψ(e) +

|u|2

2

)
(r, t)rmdr

=

∫ k

1
ṽ
(
ψ(ẽ) +

|ũ|2

2

)
(x, t)dx ≤ sup

y∈[1,k]
ṽ(y, t)

∫ k

1

(
ψ(ẽ) +

|ũ|2

2

)
(x, t)dx ≤ C(T )C0,

where one has used Theorem 2.3.1(i)–(ii).
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Next the dissipation terms in (2.4.8) are considered. Using (2.2.1), and the fact that z 7→ z−2 is convex
in the domain z ∈ (0,∞), one obtains

|∂re|2

2|e|2
=
|φ∂re+ (e− 1)∂rφ|2

2|φe+ (1− φ)|2
≤ 2−1

(
φe−2 + (1− φ)

)
|φ∂re+ (e− 1)∂rφ|2

≤φ2 |∂re|2

e2
+
|e− 1|2

e2
φ|∂rφ|2 + (1− φ)φ2|∂re|2 + (1− φ)|∂rφ|2|e− 1|2

Multiplying both sides by rm and integrating in [a,∞)× [0, T ], it follows from (2.4.7) and (2.4.10) that, if
k ≥M(a) then

1

2

∫ T

0

∫ ∞

a

|∂re|2

e2
rmdrdt

≤
∫ T

0

∫ ∞

a

{
φ2 |∂re|2

e2
+
|e− 1|2

e2
φ|∂rφ|2 + (1− φ)

(
φ2|∂re|2 + |∂rφ|2|e− 1|2

)}
rmdrdt

≤
∫ T

0

∫ r̃(k,t)

a

|∂re|2

e2
rmdrdt+

∫ T

0

∫ r̃(k,t)

r̃(1,t)

{
|∂re|2 + C(T )|e− 1|2 + C(a)

k2/n
|e− 1|2

e2

}
rmdrdt.

If k ≥ max{C(a)n/2C(T )n/2,M(a)}, then translating the above integral into Lagrangian coordinates and
using (2.4.3), Theorem 2.3.1, one has∫ T

0

∫ ∞

a

|∂re|2

e2
rmdrdt

≤
∫ T

0

∫ k

0

r̃2m

ṽ

|Dxẽ|2

ẽ2
dxdt+

∫ T

0

∫ k

1

{ r̃2m
ṽ
|Dxẽ|2 + C(T )ṽ|ẽ− 1|2 + C(a)

k2/n
ṽ|ẽ− 1|2

ẽ2

}
dxdt

≤C0 + C(T ) + C(T ) sup
{(
C(T )ṽ +

C(a)

k2/n
ṽ

ẽ2

)
(y, s) : (y, s) ∈ [1, k]× [0, T ]

}
≤C0 + C(T ) + C(T )C(a)k−2/n ≤ C0 + C(T ) + 1.

Next, since z → z−1 is convex in z ∈ (0,∞) and ∂ru+mu/r = r−m∂r(r
mu), one has

|∂ru+mu/r|2

2e
≤ 2−1

(
φe−1 + (1− φ)

)
|φ∂ru+ u∂rφ+mφu/r|2

≤φ3e−1|r−m∂r(r
mu)|2 + φ|∂rφ|2e−1|u|2 + (1− φ)(φ2|r−m∂r(r

mu)|2 + |u∂rφ|2).

By similar argument as above, one obtains that for all k ≥ max{C(a)n/2C(T )n/2,M(a)},

1

2

∫ T

0

∫ ∞

a

|r−m∂r(r
mu)|2

e
rmdrdt

≤
∫ T

0

∫ r̃(k,t)

a

|r−m∂r(r
mu)|2

e
rmdrdt+

C(a)

k2/n

∫ T

0

∫ r̃(k,t)

a

|u|2

e
rmdrdt

+

∫ T

0

∫ r̃(k,t)

r̃(1,t)

{
|r−m∂r(r

mu)|2 + C(T )u2
}
rmdrdt

=

∫ T

0

∫ k

0

{ |Dx(r̃
mũ)|2

ṽẽ
+
C(a)

k2/n
ṽ

ẽ
|ũ|2

}
dxdt+

∫ T

0

∫ k

1

{ |Dx(r̃
mũ)|2

ṽ
+ C(T )ṽ|ũ|2

}
dxdt

≤C0 + k−2/nC(a)C(T ) + C(T ) ≤ C0 + C(T ) + 1,
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By the exact same analysis, we also have that for all k ≥ max{C(a)n/2C(T )n/2,M(a)},∫ T

0

∫ ∞

a

1

e

∣∣∣∂ru− u

r

∣∣∣2rmdrdt ≤ C0 + C(T ) + 1.

By setting N(a) := ceiling
(
max{C(a)n/2C(T )n/2,M(a)}

)
∈ N, one concludes the proof.

Lemma 2.4.2. For each a ∈ (0, 1), one has

sup
k∈N

sup
0≤t≤T

∫ ∞

a

{
|(ρa,k − 1, u2a,k, ea,k − 1,

√
σ∂rua,k, σ∂rea,k)|2

}
(r, t)rmdr ≤ C(a),

sup
k∈N

∫ T

0

∫ ∞

a

{
|(∂rua,k, ∂rea,k, ua,k∂rua,k,

√
σ∂tua,k, σ∂tea,k)|2

}
(r, t)rmdrdt ≤ C(a),

(2.4.11)

and for all (k, r, t) ∈ N× [a,∞)× [0, T ] :

C(a)−1 ≤ ρa,k(r, t) ≤ C(a), ea,k(r, t) ≥ C(a)−1,

σ(t)
1
4 |ua,k(r, t)| ≤ C(a), σ(t)

1
2 ea,k(r, t) ≤ C(a).

(2.4.12)

Moreover, for each ε ∈ (0, 1], one has that for all (a, k) ∈ (0, 1)× N,

sup
0≤t≤T

∫ ∞

r̃a,k(ε,t)

{
|(ρa,k − 1, u2a,k, ea,k − 1,

√
σ∂rua,k, σ∂rea,k)|2

}
(r, t)rmdr ≤ C(ε),∫ T

0

∫ ∞

r̃a,k(ε,t)

{
|(∂rua,k, ∂rea,k, ua,k∂rua,k,

√
σ∂tua,k, σ∂tea,k)|2

}
(r, t)rmdrdt ≤ C(ε),

(2.4.13)

and for all (a, k) ∈ N, if t ∈ [0, T ] and r ∈ [r̃(ε, t),∞), then

C(ε)−1 ≤ ρa,k(r, t) ≤ C(ε), σ(t)
1
4 |ua,k(r, t)| ≤ C(ε), σ(t)

1
2 ea,k(r, t) ≤ C(ε). (2.4.14)

Proof. As before, we suppress (a, k) for simplicity and use the notation (2.4.9). Only (2.4.13)–(2.4.14) are
shown, as (2.4.11)–(2.4.12) follow in the exact same manner. First, using the fact that Jacobian is bounded
from (2.4.2) and the construction (2.4.5), the integration in Eulerian coordinate is converted to Lagrangian
as follows: ∫ ∞

r̃(ε,t)
|ρ− 1|2rmdr =

∫ ∞

r̃(ε,t)
|v−1 − 1|2φ2rmdr

≤
∫ r̃(k,t)

r̃(ε,t)
|v−1 − 1|2rmdr =

∫ k

ε
|ṽ−1 − 1|2ṽdx =

∫ k

ε
|ṽ − 1|2 1

ṽ
dx ≤ C(ε),

where in the last line, one used Theorem 2.3.1. By the same method, one can also obtain the corresponding
estimates for |e− 1|2 and |u|4 in (2.4.13)1.

Next, using (2.4.3), (2.4.7), and Theorem 2.3.1, it follows that∫ ∞

r̃(ε,t)
σ(t)|∂ru|2(r, t)rmdr =

∫ ∞

r̃(ε,t)
σ(t)|φ∂ru+ u∂rφ|2(r, t)rmdr

≤
∫ r̃(k,t)

r̃(ε,t)
σ(t)|∂ru|rmdr + C

∫ r̃(k,t)

r̃(ε,t)
|u|2rmdr =

∫ k

ε
σ
r̃2m

ṽ
|Dxũ|2dx+

∫ k

ε
ṽ|ũ|2dx ≤ C(ε).

In the same way, one can also obtain the estimates for σ2|∂re|2, |(∂ru, ∂re, u∂ru)|2 in (2.4.13).
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Next, by (2.4.3) and Theorem 2.3.1, it follows that:∫ T

0

∫ ∞

r̃(ε,t)
σ2(t)|∂te|2(r, t)rmdrdt =

∫ T

0

∫ ∞

r̃(ε,t)
σ2(t)φ2(r, t)|∂te|2(r, t)rmdrdt

≤
∫ T

0

∫ r̃(k,t)

r̃(ε,t)
σ2(t)|∂te|2(r, t)rmdrdt =

∫ T

0

∫ k

ε
σ2(t)ṽ

∣∣∣Dtẽ− r̃m
ũ

ṽ
Dxẽ

∣∣∣2(r, t)dxdt
≤
∫ T

0

∫ k

ε
σ2(t)ṽ|Dtẽ|2(r, t)dxdt+

∫ T

0

∫ k

ε
σ3/2(t)

(
σ1/4(t)|ũ|

)2 r̃2m

ṽ
|Dxẽ|2(r, t)dxdt ≤ C(ε).

By the same argument, one can also obtain the estimate for σ|∂te|2 in (2.4.13).
Next, for (r, t) such that t ∈ [0, T ] and r ∈ [r̃(ε, t),∞)∩Ra,k, there exists (x, s) ∈ [ε, k]× [0, T ] such that

r = r̃(x, s) and t = s, hence for (r, t) ∈ Ra,k one has

ρ(r, t) =φ(r̃(x, t), t)v−1(r̃(x, t), t) + 1− φ(r̃(x, t), t)
=φ(r̃(x, t), t)ṽ−1(x, t) + 1− φ(r̃(x, t), t)
≤C(ε)φ(r̃(x, t), t) + 1− φ(r̃(x, t), t) ≤ max{1, C(ε)},

and ρ(r, t) =φ(r̃(x, t), t)ṽ−1(x, t) + 1− φ(r̃(x, t), t)
≥C(ε)−1φ(r̃(x, t), t) + 1− φ(r̃(x, t), t) ≥ min{1, C(ε)−1}.

For (r, t) such that t ∈ [0, T ] and r ∈ [r̃(ε, t),∞) × [0, T ]\Ra,k, one has r > r̃(k, t), hence φ(r, t) = 0 and
ρ(r, t) = v−1(r, t)φ(r, t) − φ(r, t) + 1 = 1. This proves the upper and lower bound of the extended density.
In similar manner, one can also obtain bounds for u, e listed in (2.4.14).

Throughout Sections 2.4.3–2.4.7, we will suppress the parameter a ∈ (0, 1), and denote

(ρk, uk, ek, φk) ≡ (ρa,k, ua,k, ea,k, φa,k), (vk, uk, ek) ≡ (va,k, ua,k, ea,k),

(ṽk, ũk, ẽk, r̃k) ≡ (ṽa,k, ũa,k, ẽa,k, r̃a,k)
(2.4.15)

Note that the main aim of these sections is to prove Theorem 2.2.1 via the limit k →∞.

2.4.3 Construction of particle path function: r̃(x, t)

Lemma 2.4.3. There exists a continuous function r̃(x, t) : [0,∞) × [0, T ] → [a,∞) and a sub-sequence
k →∞ such that

(i) for any compact subset K ⊂⊂ [0,∞)× [0, T ],

lim
k→∞

sup
(x,t)∈K

|rk(x, t)− r̃(x, t)| = 0,

where rk(x, t) is defined by:

rk(x, t) =

{
r̃k(x, t) if (x, t) ∈ [0, k]× [0, T ],

x− k + r̃k(k, t) if (x, t) ∈ [k,∞)× [0, T ].
(2.4.16)

(ii) for each ε > 0, one has

|r̃(x1, t)− r̃(x2, t)| ≤ C(ε)|x1 − x2| for all (x1, x2, t) ∈ [ε,∞)2 × [0, T ],

|r̃(x, t1)− r̃(x, t2)| ≤ C(ε)|t3/41 − t3/42 | for all (x, t1, t2) ∈ [ε,∞)× [0, T ]2.
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(iii) for each t ∈ [0, T ] the function x 7→ r̃(x, t) is strictly increasing and

nxψ−1
−

(C0

x

)
≤

(
r̃(x, t)

)n ≤ C0(1 + x) for all (x, t) ∈ [0,∞)× [0, T ].

Proof. For each integer l ∈ N, let Sl := [0, l]×[0, T ] ⊂ [0,∞)×[0, T ]. Set x1, x2, x ∈ [0, l] and t1, t2, t ∈ [0, T ].
We consider two cases: k ≥ l or k < l.

Case 1: k ≥ l. Then rk(xi, t) = r̃k(xi, t) for i = 1, 2. It follows from Theorem 2.3.1, and Mean Value
theorem that

|rk(x1, t)− rk(x2, t)| ≤ |x1 − x2| sup
x∈[0,k]

Dxr̃k(x, t) ≤ |x1 − x2| sup
x∈[0,k]

ṽk
r̃mk
≤ C(a)|x1 − x2|.

Case 2: k < l. For this case, we consider three sub-cases. First, if x1, x2 ∈ [0, k], then one can get
the same inequality as Case 1 by repeating the argument. If x1, x2 ∈ [k, l] then by (2.4.16), one has
|rk(x1, t)− rk(x2, t)| = |x1 − x2|. If x1 ∈ [0, k] and x2 ∈ [k, l] then by (2.4.16),

|rk(x1, t)− rk(x2, t)| ≤ |r̃k(x1, t)− r̃k(k, t)|+ |x2 − k| ≤ C(a)(k − x1) + x2 − k ≤ C∗(a)|x1 − x2|,

where C∗(a) ≡ max{1, C(a)}. In summary, for both cases, one obtains that

sup
k∈N
|rk(x1, t)− rk(x2, t)| ≤ C∗(a)|x1 − x2|. (2.4.17)

Moreover, for both cases k ≥ l and k < l, it can be shown that if t∗ = min{1, t1, t2} then

|rk(x, t1)− rk(x, t2)| =
∣∣∣ ∫ t2

t1

uk(x, s)ds
∣∣∣ ≤ C(a)∣∣∣ ∫ t2

t1

s−
1
4ds

∣∣∣ ≤ C(a)t− 1
4

∗ |t1 − t2|. (2.4.18)

Similarly, by (2.4.16), Theorem 2.3.1, and Lemma 2.3.1, one can also show that for each ε ∈ (0, 1],

sup
k∈N
|rk(x1, t)− rk(x2, t)| ≤ C(ε)|x1 − x2| for all (x1, x2, t) ∈ [ε, l]2 × [0, T ],

sup
k∈N
|rk(x, t1)− rk(x, t2)| ≤ C(ε)|t

3/4
1 − t3/42 | for all (x, t1, t2) ∈ [ε, l]× [0, T ]2.

(2.4.19)

Furthermore, the following bound holds for all k ∈ N,

sup
(x,t)∈Sl

rk(x, t) = sup
(x,t)∈Sl

(
an + n

∫ x

0
ṽk(y, t)dy

)1/n
≤ (an + nC(a)l)1/n. (2.4.20)

By (2.4.17)–(2.4.18) and (2.4.20), one can apply Proposition A.0.1 to obtain a sub-sequence, still denoted
as k →∞, and a continuous function r̃(x, t) : [0,∞)× [0, T ]→ [a,∞) such that

lim
k→∞

sup
(x,t)∈K

|r̃(x, t)− rk(x, t)| = 0 for all K ⊂⊂ [0,∞)× [0, T ]. (2.4.21)

Applying convergence (2.4.21) on (2.4.19), one obtains Lemma 2.4.3(ii).
Next, let 0 < x1 < x2 < ∞. For all k ≥ 2nx2C(a)

2 + C(a)(2n − 1)/n, one can verify 2r̃k(x1, t) ≤
2r̃k(x2, t) ≤ r̃k(k, t). It follows that∫ r̃k(x2,t)

r̃k(x1,t)
ρk(r, t)r

mdr =

∫ r̃k(x2,t)

r̃k(x1,t)
v−1
k (r, t)rmdr =

∫ x2

x1

ṽ−1
k ṽk(x, t)dx = x2 − x1.
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Since ρk(r, t) ≤ C(x1) for r ∈ [r̃k(x1, t),∞) from Lemma 2.4.2, one has

x2 − x1 =
∫ r̃k(x2,t)

r̃k(x1,t)
ρk(r, t)r

mdr ≤ C(x1)

n
{(r̃k(x1, t))n − (r̃k(x2, t))

n}.

Taking the limit k →∞ on the above, and using (2.4.21), it follows that

0 < x2 − x1 <
C(x1)

n
{(r̃(x1, t))n − (r̃(x2, t))

n}.

This shows that x 7→ r̃(x, t) is strictly increasing for each t ∈ [0, T ].
For a fixed point (x, t) ∈ [0,∞)× [0, T ], one has from Lemma 2.3.1 that,

nxψ−1
− (C0x

−1) ≤ (r̃k(x, t))
n ≤ C0(1 + x) for all k ≥ x.

Taking the limit k →∞, and using (2.4.21), one obtains Lemma 2.4.3(iii).

2.4.4 Compactness results

Lemma 2.4.4. There exists a continuous function (u, e)(r, t) : [a,∞) × (0, T ] → R × [0,∞), and a sub-
sequence {(uk, ek)}k∈N such that for each compact subset K ⊂⊂ [a,∞)× [0, T ],

lim
k→∞

sup
(r,t)∈K

|(uk − u, ek − e)(r, t)| = 0. (2.4.22)

Moreover, for each fixed ε > 0, one has that if t ∈ [0, T ] and r1, r2 ≥ r̃(ε, t) then

σ(t)
1
2 |u(r1, t)− u(r2, t)|+ σ(t)|e(r1, t)− e(r2, t)| ≤ C(ε)|r1 − r2|

1
2 , (2.4.23)

and if 0 < t1 < t2 ≤ T and r ≥ supt1≤t≤t2 r̃(ε, t) then

σ(t1)
1
2 |u(r, t1)− u(r, t2)|+ σ(t1)|e(r, t1)− e(r, t2)| ≤ C(ε)|t2 − t1|

1
4 . (2.4.24)

In addition, one has{
|u(r, t)| ≤ C(a)σ(t)−

1
4 , C(a)−1 ≤ e(r, t) ≤ C(a)σ(t)−

1
2 if (r, t) ∈ [a,∞)× [0, T ],

|u(r, t)| ≤ C(ε)σ(t)−
1
4 , e(r, t) ≤ C(ε)σ(t)−

1
2 if t ∈ [0, T ], r ≥ r̃(ε, t).

(2.4.25)

Proof. Only the proof for u(r, t) is presented since it is the same for e(r, t). Let (r1, r2, t) ∈ [a,∞)2 × (0, T ].
By Fundamental Theorem of Calculus and Lemma 2.4.2, for all k ∈ N,

|uk(r2, t)− uk(r1, t)| =
∣∣∣ ∫ r2

r1

∂ruk(r, t)dr
∣∣∣ ≤ (r2 − r1)1/2r−m/2

1

(∫ r2

r1

|∂ruk|2(r, t)rmdr
)1/2

≤σ(t)−1/2a−m/2
(∫ ∞

a
σ(t)|∂ruk|2(r, t)rmdr

)1/2
|r2 − r1|1/2 ≤ C(a)σ(t)−1/2|r2 − r1|1/2.

In addition, let r ∈ [a,∞) and 0 < t1 < t2 ≤ T . Set h :=
√
t2 − t1. By Mean Value theorem,

1

h

∫ r+h

r
|uk(ζ, t1)− uk(ζ, t2)|dζ = |uk(ξ, t1)− uk(ξ, t2)| for some ξ ∈ (r, r + h). (2.4.26)

56



By triangular inequality, and the Fundamental Theorem of Calculus, one has for all k ∈ N,

|uk(r, t1)− uk(r, t2)| − |uk(ξ, t1)− uk(ξ, t2)|

≤|uk(r, t1)− uk(r, t2)− (uk(ξ, t1)− uk(ξ, t2))| =
∣∣∣ ∫ ξ

r

(
∂ruk(ζ, t1)− ∂ruk(ζ, t2)

)
dζ

∣∣∣
≤
∫ ξ

r
{|∂ruk(ζ, t1)|+ |∂ruk(ζ, t2)|}dζ ≤ |ξ − r|1/2r−m/2

2∑
i=1

(∫ ξ

r
|∂ruk(ζ, ti)|2ζmdζ

)1/2

≤a−m/2σ(t)−1/2
√
h

2∑
i=1

(∫ ∞

a
σ(t)|∂ruk(ζ, ti)|2ζmdζ

)1/2
≤ C(a)σ(t)−1/2

√
h.

Thus by (2.4.26), it follows that for all k ∈ N,

|uk(r, t1)− uk(r, t2)| ≤ |uk(ξ, t1)− uk(ξ, t2)|+ C(a)σ(t)−1/2
√
h

≤C(a)σ(t)−1/2
√
h+

1

h

∫ r+h

r

∫ t2

t1

|∂tuk(ζ, t)|dtdζ

≤C(a)σ(t)−1/2
√
h+

σ(t1)
−1/2a−m/2

h

(∫ r+h

r

∫ t2

t1

dtdζ
)1/2(∫ t2

t1

∫ ∞

a
σ|∂tuk|2ζmdζdt

)1/2

≤C(a)σ(t)−1/2
√
h+ C(a)σ(t1)

−1/2h−1/2|t2 − t1|1/2 ≤ C(a)σ(t1)−1/2|t2 − t1|1/4.

In summary, one has
sup
k∈N
|uk(r2, t)− uk(r1, t)| ≤ C(a)σ(t)−

1
2 |r2 − r1|

1
2 if (r1, r2, t) ∈ [a,∞)2 × (0, T ],

sup
k∈N
|uk(r, t2)− uk(r, t1)| ≤ C(a)σ(t∗)−

1
2 |t2 − t1|

1
4 if (r, t1, t2) ∈ [a,∞)× (0, T ]2,

(2.4.27)

where t∗ ≡ min{t1, t2}. Let Sl = [0,∞) × [l−1, T ] for each l ∈ N. Then one can apply Proposition A.0.1
with (2.4.27) and Sl to obtain a continuous function u(r, t) : [a,∞)× (0, T ] → R, and a sub-sequence (still
denoted as {uk}k∈N) such that (2.4.22) holds true.

Next, let ε ∈ (0, 1]. Since x→ r̃(x, t) is strictly increasing and (x, t) 7→ r̃(x, t) is continuous, it follows that
d := inft∈[0,T ]{r̃(ε, t)− r̃(ε/2, t)} > 0. By Lemma 2.4.3, there exists Nε ∈ N such that sup0≤t≤T |r̃k(ε/2, t)−
r̃(ε/2, t)| ≤ d/2 if k ≥ Nε, which implies

r̃k(ε/2, t) < r̃(ε, t) for each t ∈ [0, T ] and k ≥ Nε. (2.4.28)

Let (r1, r2, t) be a triplet such that t ∈ (0, T ] and r1, r2 ∈ [r̃(ε, t),∞). Then (2.4.28) implies that r1, r2 >
r̃k(ε/2, t) if k ≥ Nε. By Fundamental Theorem of Calculus, and Lemma 2.4.2, it follows that for all k ≥ Nε,

|uk(r2, t)− uk(r1, t)| =
∣∣∣ ∫ r2

r1

∂ruk(r, t)dr
∣∣∣ ≤ (r2 − r1)1/2r−m/2

1

(∫ r2

r1

|∂ruk|2(r, t)rmdr
)1/2

≤ σ(t)−1/2

(r̃k(ε/2, t))m/2

(∫ ∞

r̃k(ε/2,t)
σ|∂ruk|2(r, t)rmdr

)1/2
|r2 − r1|1/2 ≤ C(ε)σ(t)−

1
2 |r2 − r1|1/2.

In addition, let (r, t1, t2) ∈ [a,∞)× (0, T ]2 be a triplet such that 0 < t1 < t2 ≤ T and r ≥ supt1≤t≤t2 r̃(ε, t).
Then by (2.4.28), r > r̃k(ε/2, t) ≥ C(ε)−1 for all t ∈ [0, T ] if k ≥ Nε. Now set h :=

√
t2 − t1. Then by Mean

Value theorem,

1

h

∫ r+h

r
|uk(ζ, t1)− uk(ζ, t2)|dζ = |uk(ξ, t1)− uk(ξ, t2)| for some ξ ∈ (r, r + h).

57



By triangular inequality, and the Fundamental Theorem of Calculus, one has for all k ≥ Nε,

|uk(r, t1)− uk(r, t2)| − |uk(ξ, t1)− uk(ξ, t2)|

≤|uk(r, t1)− uk(r, t2)− (uk(ξ, t1)− uk(ξ, t2))| =
∣∣∣ ∫ ξ

r
(∂ruk(ζ, t1)− ∂ruk(ζ, t2))dζ

∣∣∣
≤
∫ ξ

r
(|∂ruk(ζ, t1)|+ |∂ruk(ζ, t2)|)dζ ≤ |ξ − r|1/2r−m/2

2∑
i=1

(∫ ξ

r
|∂ruk(ζ, ti)|2ζmdζ

)1/2

≤C(ε)h1/2σ(t1)−1/2
2∑

i=1

(∫ ∞

r̃k(ε/2,ti)
σ(ti)|∂ruk(ζ, ti)|2ζmdζ

)1/2
≤ C(ε)h1/2σ(t1)−1/2.

It follows that for all k ≥ Nε,

|uk(r, t1)− uk(r, t2)| ≤ |uk(ξ, t1)− uk(ξ, t2)|+ C(ε)σ(t1)
−1/2h1/2

≤C(ε)h
1
2σ(t1)

− 1
2 +

1

h

∫ r+h

r

∫ t2

t1

|∂tuk(ζ, t)|dtdζ

≤C(ε)

√
h

σ(t1)
+
σ(t1)

− 1
2 r−

m
2

h

(∫ r+h

r

∫ t2

t1

dtdζ
)1/2(∫ t2

t1

∫ ∞

r̃k(ε/2,t)
t|∂tuk(ζ, t)|2ζmdζdt

)1/2

≤C(ε)h
1
2σ(t1)

− 1
2 + C(ε)h−

1
2 |t2 − t1|

1
2σ(t1)

− 1
2 ≤ C(ε)σ(t1)−

1
2 |t2 − t1|

1
4 .

In summary, if one defines R(ε, t1, t2) := supt1≤t≤t2 r̃(ε, t), then
sup
k≥Nε

|uk(r2, t)− uk(r1, t)| ≤ C(ε)t−1/2|r2 − r1|1/2 if t ∈ (0, T ], r1, r2 ≥ r̃(ε, t),

sup
k≥Nε

|uk(r, t2)− uk(r, t1)| ≤ C(ε)σ(t∗)−
1
2 |t2 − t1|1/4 if 0 < t1 < t2 ≤ T , r ≥ R(ε, t1, t2).

Taking k →∞, and using (2.4.22), one obtains continuity estimates for u in (2.4.23)–(2.4.24).
Finally, by Lemma 2.4.2 and (2.4.22), one obtains (2.4.25)1. In addition, for each ε ∈ (0, 1], (2.4.28)

implies that r ≥ r̃k(ε/2, t) if r ≥ r̃(ε, t) and k ≥ Nε. Hence, |uk(r, t)| ≤ C(ε)σ(t)−1/4 for all (r, t, k) such
that k ≥ Nε, t ∈ [0, T ], and r ≥ r̃(ε, t). Taking limit k →∞, and using (2.4.22), one obtains (2.4.25)2.

Proposition 2.4.1. Let ε ∈ (0, 1], and (r, t) ∈ [a,∞) × (0, T ] be such that r > r̃(ε, t). Denote Dδ(r, t) :=
{(ζ, s) :

√
(ζ − r)2 + (s− t)2 < δ}. Then there exists N(ε, r, t) ∈ N, δ(ε, r, t) > 0 such that for all δ ∈

(0, δ(ε, r, t)) and k ≥ N(ε, r, t),

Dδ(r, t) ⊂ {(ζ, s) ∈ [a,∞)× [0, T ] : ζ > r̃k(ε, s)}.

Proof. Let η := r − r̃(ε, t) > 0. Since (ζ, s) 7→ ζ − r̃(ε, s) is continuous, there exists δ(ε, r, t) > 0 such that
for all δ ≤ δ(ε, r, t), if (ζ, s) ∈ Dδ(r, t) then |ζ − r̃(ε, s) − r + r̃(ε, t)| < η/2 which implies ζ > η/2 + r̃(ε, s).
Therefore,

Dδ(r, t) ⊂ {(ζ, s) ∈ [a,∞)× [0, T ] : ζ > η/2 + r̃(ε, s)}. (2.4.29)

By Lemma 2.4.3, one has limk→∞ sups∈[0,T ]|r̃k(ε, s)− r̃(ε, s)| = 0. Thus there exists N(ε, r, t) ∈ N such that
r̃(ε, s) + η/4 > r̃k(ε, s) for all s ∈ [0, T ] and k ≥ N(ε, r, t). If (ζ, s) is such that ζ > η/2 + r̃(ε, s), then
ζ > η/4+ r̃(ε, s) > r̃k(ε, s) for all k ≥ N(ε, r, t). The proposition follows by combining this with (2.4.29).

Lemma 2.4.5. There exists ρ ≥ 0, and a sub-sequence {ρk}k∈N such that

(ρk − 1)
∗
⇀ (ρ− 1) in L∞(

0, T ;L2([a,∞), rmdr)
)
. (2.4.30)
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Moreover, for each ε > 0, one has{
C(ε)−1 ≤ ρ(r, t) ≤ C(ε) for a.e. (r, t) ∈ {(ζ, s) ∈ [a,∞)× [0, T ] : ζ ≥ r̃(ε, t)},
C(a)−1 ≤ ρ(r, t) ≤ C(a) for a.e. (r, t) ∈ [a,∞)× [0, T ].

(2.4.31)

Proof. From Lemma 2.4.2, one has

sup
k∈N

sup
0≤t≤T

∫ ∞

a
|ρk − 1|2(r, t)drdt ≤ a−m sup

k∈N
sup

0≤t≤T

∫ ∞

a
|ρk − 1|2(r, t)rmdrdt ≤ C(a). (2.4.32)

Thus there exists f, (ρ−1) ∈ L∞(
0, T ;L2([a,∞), dr)

)
, and a sub-sequence (still denoted {ρk}k∈N) such that

as k →∞
(ρk − 1)

∗
⇀ (ρ− 1) and rm/2(ρk − 1)

∗
⇀ f in L∞(

0, T ;L2([a,∞),dr)
)
. (2.4.33)

Let ϕ ∈ C∞
c ([a,∞)× [0, T ]). Using (2.4.33), it follows that as k →∞∫ T

0

∫ ∞

a
fϕdrdt←

∫ T

0

∫ ∞

a
rm/2(ρk − 1)ϕdrdt→

∫ T

0

∫ ∞

a
(ρ− 1)rm/2ϕdrdt.

By Fundamental Lemma of Calculus of Variation, f(r, t) = rm/2(ρ(r, t)− 1) for a.e. (r, t) ∈ [a,∞)× [0, T ].
By (2.4.33) again, the weak star convergence (2.4.30) is obtained.

Next, fix ε ∈ (0, 1], and a point (r, t) ∈ [a,∞) × (0, T ] such that r > r̃(ε, t). Let δ(ε, r, t) > 0 and
N(ε, r, t) ∈ N be obtained in Proposition 2.4.1. For 0 < δ ≤ δ(ε, r, t), one sets:

ϕ
(r,t)
δ (ζ, s) :=

1Dδ(r,t)(ζ, s)

|Dδ(r, t)|
=

{
|Dδ(r, t)|−1 if (ζ, s) ∈ Dδ(r, t),

0 if (ζ, s) ∈ [a,∞)× [0, T ]\Dδ(r, t),
(2.4.34)

where Dδ(r, t) is defined in Proposition 2.4.1. It follows that ϕ
(r,t)
δ ∈ L1

(
0, T ;L2([a,∞),dr)

)
. Moreover by

Proposition 2.4.1, one has that for all k ≥ N(ε, r, t) and δ ≤ δ(ε, r, t),

supp(ϕ
(r,t)
δ ) ⊂ {(ζ, s) ∈ [a,∞)× (0, T ] : ζ > r̃k(ε, s)}. (2.4.35)

For 0 < δ ≤ δ(ε, r, t) and η > 0, there exists Nη,δ ∈ N by (2.4.33) such that for all k ≥ Nη,δ,

−η +
∫ T

0

∫ ∞

a
ρkϕ

(r,t)
δ dζds ≤

∫ T

0

∫ ∞

a
ρϕ

(r,t)
δ dζds ≤ η +

∫ T

0

∫ ∞

a
ρkϕ

(r,t)
δ dζdt. (2.4.36)

Let N1 := max{Nη,δ, N(ε, r, t)}. Then by (2.4.35) and Lemma 2.4.2, it follows that for all k ≥ N1, C(ε)
−1 ≤

ρk(ζ, s) ≤ C(ε) if (ζ, s) ∈ supp(ϕ
(r,t)
δ ). Using this in (2.4.36), one has

C(ε)−1 − η ≤ 1

|Dδ(r, t)|

∫∫
Dδ(r,t)

ρ(ζ, s)dζds ≤ C(ε) + η for all η > 0 and 0 < δ ≤ δ(ε, r, t).

by Lebesgue differentiation theorem over δ, (2.4.31)1 is proved.

Finally, we consider the proof for (2.4.31)2. For (r, t) ∈ [a,∞) × [0, T ] and δ > 0, one uses ϕ
(r,t)
δ

defined in (2.4.34). Then (2.4.31)2 can be proved by repeating the same argument as before, and using
C(a)−1 ≤ ρk(r, t) ≤ C(a) for all (k, r, t) ∈ N× [a,∞)× [0, T ] from Lemma 2.4.2.

Before proceeding into the next lemma, we define the following function spaces: for each connected
interval I ⊆ [0,∞), we define the space H̃1

0 (I, r
mdr) to be the closure of

D0(I) := {ϕ ∈ C∞(I) : ∃N > 0 s.t. [0, N ] ⊂ I and ϕ(r) = 0 for r ∈ I ∩ [N,∞)} (2.4.37)

via the H1(I, rmdr)–norm. We also denote H̃−1(I, rmdr) as its dual space.

59



Lemma 2.4.6. Let (ρ, u, e) be the limit function obtained in Lemma 2.4.4–2.4.5. Then one has:

(i) for all L ∈ N, ρ ∈ C0
(
[0, T ]; H̃−1([a, L], rmdr)

)
, and there exists a further sub-sequence such that for

all L ∈ N,
lim
k→∞

sup
t∈[0,T ]

∥ρk(·, t)− ρ(·, t)∥H̃−1([a,L],rmdr)
= 0.

(ii) for each ε ∈ (0, 1], if one defines ρ(ε)(r, t) := ρ(r, t)χε(r, t) where χε(r, t) is given by

χε(r, t) :=

{
1 if t ∈ [0, T ] and r ∈ [r̃(ε, t),∞),

0 otherwise,
(2.4.38)

then for all L ∈ N,{
ρ(ε) ∈ C0

(
[0, T ]; H̃−1([0, L], rmdr)

)
,

∥ρ(ε)(·, t1)− ρ(ε)(·, t2)∥H̃−1([0,L],rmdr)
≤ C(ε)|t1 − t2| for t1, t2 ∈ [0, T ].

Proof. Let ϕ ∈ H̃1
0 ([a,∞), rmdr). Then by (2.4.3)–(2.4.7) and (2.2.1), one has∫ ∞

a

{
ρk(r, t2)− ρk(r, t1)

}
ϕ(r)rmdr =

∫ t2

t1

∫ ∞

a
∂tρk(r, t)ϕ(r)r

mdrdt

=

∫ t2

t1

∫ ∞

a
φk∂tv

−1
k (r, t)ϕ(r)rmdrdt =

∫ t2

t1

∫ r̃k(k,t)

a
φk∂tv

−1
k (r, t)ϕ(r)rmdrdt

=

∫ t2

t1

∫ k

0
(φk · ϕ)(r̃k(x, t), t)

{
− ṽ−1

k Dtṽk − r̃mk ũkDxṽ
−1
k

}
(x, t)dxdt.

Applying integration by parts, continuity equation (2.2.16)1, the boundary condition ũk(0, t) = ũk(k, t), and
Theorem 2.3.1(i)–(ii), it follows that∫ ∞

a
{ρk(r, t2)− ρk(r, t1)}ϕ(r)rmdr =

∫ t2

t1

∫ k

0
ũk(x, t)

(
φ′
k · ϕ+ ϕ′ · φk

)
(r̃k(x, t), t)dxdt

≤C
∫ t2

t1

(∫ k

0

|ũk|2

ṽk
dx

)1/2(∫ k

0
ṽk(x, t)

{
|ϕ|2 + |ϕ′|2

}
(r̃k(x, t))dx

)1/2
dt

≤C(a)∥ϕ(·)∥H1([a,∞),rmdr)|t2 − t1|.

Thus the following equi-continuity inequality holds:

sup
k∈N
∥ρk(·, t2)− ρk(·, t1)∥H̃−1([a,∞),rmdr)

≤ C(a)|t2 − t1|.

By the same calculation, one can also verify that ρk ∈ L∞(0, T ; H̃−1([a, L], rmdr)) for all (k, L) ∈ N2. In
addition, from Lemma 2.4.2, it follows that

sup
k∈N

sup
t∈[0,T ]

∫ ∞

a
|ρk − 1|2(r, t)rmdr ≤ C(a).

Thus one can apply Proposition A.0.2 of Appendix A to obtain f such that for all L ∈ N,
f ∈ C0

(
[0, T ]; H̃−1([a, L], rmdr)

)
, f − 1 ∈ L∞(0, T ;L2([a,∞), rmdr)),

lim
k→∞

sup
t∈[0,T ]

∥ρk(·, t)− f(·, t)∥H̃−1([a,L],rmdr)
= 0,

∥f(·, t1)− f(·, t2)∥H̃−1([a,L],rmdr)
≤ C(a)|t1 − t2| for all t1, t2 ∈ [0, T ].
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By Lemma 2.4.5 and Fundamental Lemma of Calculus of Variation, one can verify that ρ = f for a.e.
(r, t) ∈ [a,∞)× [0, T ]. This proves (i) of this lemma.

For each ε > 0 and k ∈ N, one defines ρ
(ε)
k (r, t) := ρk(r, t)χ

k
ε(r, t) where

χk
ε(r, t) :=

{
1 if t ∈ [0, T ] and r ∈ [r̃k(ε, t),∞),

0 otherwise.
(2.4.39)

If k ≥ M(ε, a) := εC(a)2 + (2n − 1)anC(a)/n > 0, then it follows from the construction (2.4.5) that
φk(r̃k(ε, t), t) = 1 for all t ∈ [0, T ]. Thus by (2.2.1) and (2.4.4),

(ρk, uk, ek)(r̃k(ε, t), t) = (v−1
k , uk, ek)(r̃k(ε, t), t) = (ṽ−1

k , ũk, ẽk)(ε, t). (2.4.40)

Let ϕ ∈ H̃1
0 ([0,∞), rmdr). Then by (2.4.40), and Leibniz Rule, for all k ≥M(ε, a),∫ ∞

0

(
ρ
(ε)
k (r, t2)− ρ(ε)k (r, t1)

)
ϕ(r)rmdr =

∫ t2

t1

d

dt

∫ ∞

r̃k(ε,t)
ρk(r, t)ϕ(r)r

mdrdt

=

∫ t2

t1

∫ ∞

r̃k(ε,t)
ϕ∂tρkr

mdrdt−
∫ t2

t1

(
r̃k(ε, t)

)m
ϕ(r̃k(ε, t))ũk(ε, t)ṽ

−1
k (ε, t)dt =: I1 + I2.

(2.4.41)

Using (2.2.1) and (2.4.3)–(2.4.4), I1 can be written as:

I1 :=

∫ t2

t1

∫ ∞

r̃k(ε,t)
∂tρk(r, t)ϕ(r)r

mdrdt =

∫ t2

t1

∫ r̃k(k,t)

r̃k(ε,t)
φk∂tv

−1
k (r, t)ϕ(r)rmdrdt

=

∫ t2

t1

∫ k

ε

(
φk · ϕ

)
(r̃k(x, t), t)

{
ṽkDtṽ

−1
k − r̃

m
k ũkDxṽ

−1
k

}
(x, t)dxdt.

Applying integration by parts, and using continuity equation (2.2.16)1, the boundary condition ũk(k, t) = 0,
and Theorem 2.3.1(i)–(ii), it follows that

I1 =

∫ t2

t1

∫ k

ε
(φk · ϕ)(r̃k(x, t), t)

{
− ṽ−1

k Dx(r̃
m
k ũk)− r̃mk ũkDxṽ

−1
k

}
dxdt

=

∫ t2

t1

ϕ(r̃k(ε, t))(r̃
m
k ũkṽ

−1
k )(ε, t)dt+

∫ t2

t1

∫ k

ε
ũk(x, t)

(
φ′
k · ϕ+ ϕ′ · φk

)
(r̃k(x, t), t)dxdt

≤− I2 + C

∫ t2

t1

(∫ k

ε

|ũk|2

ṽk
dx

)1/2(∫ k

ε
ṽk(x, t)

{
|ϕ|2 + |ϕ′|2

}
(r̃k(x, t))dx

)1/2
dt

≤− I2 + C
1/2
0 C(ε)1/2

∫ t2

t1

(∫ r̃k(k,t)

r̃k(ε,t)

{
|ϕ|2 + |ϕ′|2

}
(r)rmdr

)1/2
dt

≤− I2 + C(ε)∥ϕ∥H1([0,∞),rmdr)|t2 − t1|.

Substituting this back into (2.4.41), it follows that the following equi-continuity inequality holds:

sup
k∈N
∥ρ(ε)k (·, t2)− ρ(ε)k (·, t1)∥H̃−1([0,∞),rmdr)

≤ C(ε)|t2 − t1|. (2.4.42)

Let L ∈ N be such that r̃k(1, t) < L for all (k, t) ∈ N × [0, T ]. By the same derivation, one can also show

that ρ
(ε)
k ∈ L∞(0, T ; H̃−1([0, L], rmdr)) for all (k, L) ∈ N. Moreover, set rε = inft∈[0,T ] r̃(ε, t)/2 > 0. Then
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by Lemma 2.4.3, there exists Nε ∈ N such that rε < r̃k(ε, t) for all k ≥ Nε and t ∈ [0, T ]. From Lemma
2.4.2 and (2.4.42), it follows that

sup
k≥Nε

sup
t∈[0,T ]

∫ ∞

rε

|ρ(ε)k − 1|2(r, t)rmdr ≤ C(ε),

sup
k≥Nε

∥ρ(ε)k (·, t2)− ρ(ε)k (·, t1)∥H̃−1([rε,L],rmdr)
≤ C(ε)|t2 − t1|.

Thus one can apply Proposition A.0.2 of Appendix A to obtain fε such that for all L ∈ N,
fε ∈ C0

(
[0, T ]; H̃−1([rε, L], r

mdr)
)
, fε − 1 ∈ L∞(

0, T ;L2([rε,∞), rmdr)
)
,

lim
k→∞

sup
t∈[0,T ]

∥ρ(ε)k (·, t)− fε(·, t)∥H̃−1([rε,L],rmdr)
= 0,

∥fε(·, t1)− fε(·, t2)∥H̃−1([rε,L],rmdr)
≤ C(ε)|t1 − t2| for all t1, t2 ∈ [0, T ].

(2.4.43)

Now let ϕ ∈ C∞
c ([a,∞)× [0, T ]). One has∫ T

0

∫ ∞

rε

ϕ
(
ρ(ε) − fε

)
drdt =

∫ T

0

∫ ∞

rε

ϕ
(
ρ(ε) − ρ(ε)k

)
+

∫ T

0

∫ ∞

rε

ϕ
(
ρ
(ε)
k − fε

)
=

∫ T

0

∫ ∞

rε

ϕχε(ρ− ρk) +
∫ T

0

∫ ∞

rε

ϕρk(χε − χk
ε) +

∫ T

0

∫ ∞

rε

ϕ(ρ
(ε)
k − fε) =

3∑
i=1

IIki .

By Lemma 2.4.5, IIk1 → 0 as k →∞. By (2.4.38)–(2.4.39), and Lemma 2.4.3, χk
ε → χε a.e. as k →∞. Since

ρk ≤ C(a) from Lemma 2.4.2, by Dominated Convergence theorem, IIk2 → 0 as k →∞. Finally IIk3 → 0 as

k →∞ by (2.4.43). Therefore, ρ(ε) = fε for a.e. (r, t) ∈ [rε,∞)× [0, T ]. Since ρ(ε) = ρ
(ε)
k = 0 for r ∈ [0, rε]

and k ≥ Nε, Lemma 2.4.6(ii) is proved.

Lemma 2.4.7. The following relations hold:

x =

∫ r̃(x,t)

a
ρ(r, t)rmdr for a.e. t ∈ [0, T ] and for each x > 0,

r̃(x, t) = r̃0a(x) +

∫ t

0
u(r̃(x, s), s)ds for all (x, t) ∈ [0,∞)× [0, T ],

(2.4.44)

where the initial data r̃0a(x) is the function constructed in Section 2.2.4, which satisfies:

x =

∫ r̃0a(x)

a
ρ0a(r)r

mdr, for all x ∈ [0,∞).

Proof. Let (x, t) ∈ [0,∞) × [0, T ]. Then for k ≥ M(a, x) := C(a)(2n − 1)an/n + 2nC(a)2x, one can
verify that 2r̃k(x, t) ≤ r̃k(k, t). Thus by (2.2.1), if k ≥ M(a, x) and r ∈ [a, r̃k(x, t)], then ρk(r, t) =
φkv

−1
k (r, t) + (1− φk(r, t)) = v−1

k (r, t). Using this, and (2.4.2)–(2.4.4), one has∫ r̃k(x,t)

a
ρk(r, t)r

mdr =

∫ r̃k(x,t)

a
v−1
k (r, t)rmdr =

∫ x

0
ṽ−1
k (y, t)ṽk(y, t)dy = x.

Using the above identity, one has

x−
∫ r̃(x,t)

a
ρ(r, t)rmdr =

∫ r̃k(x,t)

r̃(x,t)
ρk(r, t)r

mdr +

∫ r̃(x,t)

a
(ρk − ρ)(r, t)rmdr.
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Let χ(t) ∈ C∞
c ([0, T ]). Multiplying it to the above and integrating in time, it follows that:∫ T

0

(
x−

∫ r̃(x,t)

a
ρ(r, t)rmdr

)
χ(t)dt

=

∫ T

0

∫ r̃k(x,t)

r̃(x,t)
ρk(r, t)χ(t)r

mdrdt+

∫ T

0

∫ r̃(x,t)

a
(ρk − ρ)(r, t)χ(t)rmdrdt = I

(1)
k + I

(2)
k .

I
(1)
k is estimated using Lemma 2.4.3 and the bounds ρk ≤ C(a) from Lemma 2.4.2.

|I(1)k | :=
∣∣∣ ∫ T

0

∫ r̃k(x,t)

r̃(x,t)
ρk(r, t)χ(t)r

mdrdt
∣∣∣ ≤ C(a)∥χ(·)∥L∞

∣∣∣ ∫ T

0

∫ r̃k(x,t)

r̃(x,t)
rmdrdt

∣∣∣
≤C(a)

n
T∥χ(·)∥L∞ sup

0≤t≤T
|r̃nk (x, t)− r̃n(x, t)| → 0 as k →∞.

For I
(2)
k , one first observes that χ(t) · rm1[a,r̃(x,t)](r) ∈ L1(0, T ;L2([a,∞), dr)), where 1E(r) denotes the

indicator function for spatial set E ⊂ [a,∞). By Lemma 2.4.5, it follows that

lim
k→∞

I
(2)
k = lim

k→∞

∫ T

0

∫ ∞

a
(ρk − ρ)(r, t)χ(t)1[a,r̃(x,t)](r)rmdrdt = 0.

Since I
(1)
k , I

(2)
k → 0 as k →∞, one concludes that∫ T

0

(
x−

∫ r̃(x,t)

a
ρ(r, t)rmdr

)
χ(t)dt = 0 for each χ(t) ∈ C∞

c ([0, T ]).

Then, (2.4.44)1 is shown by Fundamental Lemma of Calculus of Variation.
Next, by (2.2.16)1 and (2.2.16)4, r̃k(x, t) satisfies:

r̃k(x, t) = r̃k(x, 0) +

∫ t

0
ũk(x, s)ds, for (x, t) ∈ [0, k]× [0, T ],

where from (2.2.16)4 and Section 2.2.4, r̃k(x, 0) is given by

r̃k(x, 0) =
(
an + n

∫ x

0
ṽ0a,k(y)dy

)1/n
=

(
an + n

∫ x

0

1

ρ0a,k(r̃
0
a(y))

dy
)1/n

.

Fix (x, t) ∈ [0,∞)× [0, T ]. If k ≥M(a, x) then by (2.2.1), one has uk(r̃k(x, t), t) = ũk(x, t),

r̃k(x, t) = r̃k(x, 0) +

∫ t

0
uk(r̃k(x, s), s)ds, for (x, t) ∈ [0, k]× [0, T ]. (2.4.45)

Moreover, by Proposition 2.2.2 in Section 2.2.4, if k ≥ N(x) := C0(2
n − 1)an/n+ 2nC2

0x, then

1

2
r̃0a(k) =

1

2

(
an + n

∫ k

0

1

ρ0a,k(r̃
0
a(y))

dy
)1/n

≥ 1

2

(
an + nC−1

0 k
)1/n

≥ (an + nC0x)
1/n ≥

(
an + n

∫ x

0

1

ρ0a(r̃
0
a(y))

dy
)1/n

= r̃0a(x).

By the construction of ρ0k(r) in (2.2.13) of Section 2.2.4, it follows that if k ≥ N(x) then

ṽ0a,k(x) =
1

ρ0a,k(r̃
0
a(x))

=
(
ρ0a(r̃

0
a(x))φ

0
a,k(r̃

0
a(x)) + 1− φ0

a,k(r̃
0
a(x))

)−1
=

1

ρ0a(r̃
0
a(x))

.
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Thus, by Proposition 2.2.2, one has for all k ≥ N(x),

r̃k(x, 0) =
(
an + n

∫ x

0

1

ρ0a,k(r̃
0
a(y))

dy
)1/n

=
(
an + n

∫ x

0

1

ρ0a(r̃
0
a(y))

dy
)1/n

= r̃0a(x).

This shows that for each x ∈ [0,∞), r̃k(x, 0) → r̃0a(x) as k → ∞. Moreover, by Lemma 2.4.3 and the
inequality (2.4.27) obtained in Lemma 2.4.4, it follows that for all (x, s) ∈ [0,∞)× [0, T ],

|uk(r̃k(x, s), s)− uk(r̃(x, s), s)| ≤ C(a)|r̃k(x, s)− r̃(x, s)| → 0 as k →∞.

By Lemma 2.4.4, |uk(r̃(x, s), s) − u(r̃(x, s), s)| → 0 for all (x, s) ∈ [0,∞) × [0, T ] as k → ∞. Combining
these limits in (2.4.45), (2.4.44)2 is shown by Dominated Convergence Theorem.

Lemma 2.4.8. There exists a sub-sequence (ρk, uk, ek)k∈N such that, as k →∞{
(
√
σ∂ruk, σ∂rek)

∗
⇀ (
√
σ∂ru, σ∂re) in L∞(

0, T ;L2([a,∞), rmdr)
)
,

(∂ruk, ∂rek,
√
σ∂tuk, σ∂tek)⇀ (∂ru, ∂re,

√
σ∂tu, σ∂te) in L2

(
0, T ;L2([a,∞), rmdr)

)
,

where σ = min{1, t}. In addition, one has

sup
t∈[0,T ]

∫ ∞

a

{
(ρ− 1)2 + u4 + (e− 1)2 + σ|∂ru|2 + σ2|∂re|2

}
(r, t)rmdr ≤ C(a),∫ T

0

∫ ∞

a

{
|∂ru|2 + |u∂ru|2 + |∂re|2 + σ|∂tu|2 + σ2|∂te|2

}
(r, t)rmdrdt ≤ C(a).

(2.4.46)

Furthermore, for each ε > 0, one has

sup
0≤t≤T

∫ ∞

r̃(ε,t)

{
(ρ− 1)2 + u4 + (e− 1)2 + σ|∂ru|2 + σ2|∂re|2

}
rmdr ≤ C(ε),∫ T

0

∫ ∞

r̃(ε,t)

{
|∂ru|2 + |u∂ru|2 + |∂re|2 + σ|∂tu|2 + σ2|∂te|2

}
(r, t)rmdrdt ≤ C(ε).

(2.4.47)

Proof. Only the proof for
√
σ∂ruk

∗
⇀
√
σ∂ru is presented, as the other limits can be shown using the same

argument. By Lemma 2.4.2, one has

sup
k∈N

sup
t∈[0,T ]

∫ ∞

a
σ|∂ruk|2(r, t)dr ≤

1

am
sup
k∈N

sup
t∈[0,T ]

∫ ∞

a
σ|∂ruk|2(r, t)rmdr ≤ C(a)

am
.

Thus, there exists a sub-sequence, still denoted as {∂ruk}k∈N, such that

√
σ∂ruk

∗
⇀ w1 and rm/2√σ∂ruk

∗
⇀ w2 in L∞(

0, T ;L2([a,∞),dr)
)
. (2.4.48)

By (2.4.48), Lemma 2.4.4, and Dominated Convergence Theorem, one can show that the spatial weak
derivative of

√
σu exists and w1 =

√
σ∂ru. As a result, by (2.4.48) and Fundamental Lemma of Calculus of

Variation, w2 = rm/2√σ∂ru for a.e. (r, t) ∈ [a,∞)× [0, T ]. Then (2.4.48) implies that
√
σ∂ruk

∗
⇀
√
σ∂ru in

L∞(0, T ;L2([a,∞), rmdr)). By weakly-star lower semi-continuity of the Sobolev norm, one obtains

∥
√
σ∂ru∥L∞(0,T ;L2([a,∞),rmdr)) ≤ lim inf

k→∞
∥
√
σ∂ruk∥L∞(0,T ;L2([a,∞),rmdr)) ≤ C(a).

The other terms in (2.4.46) can be proved by the same argument.
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Next, we show (2.4.47). Only the proof for
√
σ∂ru is proved, since other terms in (2.4.47) can be obtained

in the same way. Let ϕ ∈ L1(0, T ;L2([a,∞), rmdr)). Then by Lemma 2.4.2,∣∣∣ ∫ T

0

∫ ∞

r̃k(ε,t)

√
σ∂rukϕr

mdrdt−
∫ T

0

∫ ∞

r̃(ε,t)

√
σ∂ruϕr

mdrdt
∣∣∣

≤
∣∣∣ ∫ T

0

∫ r̃(ε,t)

r̃k(ε,t)

√
σ∂rukϕr

mdr
∣∣∣+ ∣∣∣ ∫ T

0

∫ ∞

r̃(ε,t)

√
σ(∂ruk − ∂ru)ϕrmdr

∣∣∣
≤C(a)

∫ T

0

(∫ r̃(ε,t)

r̃k(ε,t)
|ϕ|2rmdr

)1/2
dt+

∣∣∣ ∫ T

0

∫ ∞

r̃(ε,t)

√
σ(∂ruk − ∂ru)ϕrm

∣∣∣ = I
(1)
k + I

(2)
k .

I
(2)
k → 0 as k →∞ by (2.4.48). For I

(1)
k , one defines

χ(k,ε)(r, t) :=

{
1 if r ∈ [r̃k(ε, t), r̃(ε, t)] or r ∈ [r̃(ε, t), r̃k(ε, t)],

0 otherwise.

By Lemma 2.4.3, for each fixed ε > 0, χ(k,ε)(r, t) → 0 as k → ∞ for a.e. (r, t) ∈ [a,∞) × [0, T ]. Moreover,
since |χ(k,ε)ϕ| ≤ |ϕ|, by Dominated Convergence theorem, as k →∞,

I
(1)
k := C(a)

∫ T

0

(∫ r̃(ε,t)

r̃k(ε,t)
|ϕ|2rmdr

)1/2
dt = C(a)

∫ T

0

(∫ ∞

a
χ(ε,k)|ϕ|2rmdr

)1/2
dt→ 0.

Let χε, χ
k
ε be defined in (2.4.38)–(2.4.39). Then the limits I

(1)
k , I

(2)
k → 0 imply the weak-star convergence

χk
ε

√
σ∂ruk

∗
⇀ χε

√
σ∂ru as k →∞ in L∞(0, T ;L2([a,∞), rmdr)). By the weakly–star lower semi-continuity

of the Sobolev norm, it follows that

sup
t∈[0,T ]

∫ ∞

r̃(ε,t)
σ|∂ru|2(r, t)rmdr = ∥χε

√
σ∂ru∥L∞(0,T ;L2([a,∞),rmdr))

≤ lim inf
k→∞

∥χk
ε

√
σ∂ruk∥L∞(0,T ;L2([a,∞),rmdr)) = sup

k∈N
sup

t∈[0,T ]

∫ ∞

r̃k(ε,t)
σ|∂ruk|2(r, t)rmdr ≤ C(ε).

In following Sections 2.4.5–2.4.7, we will denote (ρ, u, e)(r, t) in [a,∞) × [0, T ] as the limit functions
obtained in Lemma 2.4.4–2.4.5, and we will also keep using the simplified notation (2.4.15) as previous
Section.

2.4.5 Entropy estimate for the limit solution

Lemma 2.4.9. The following estimates hold:

ess sup
t∈[0,T ]

∫ ∞

a

{
G(ρ) + ρψ(e) +

ρ|u|2

2

}
(r, t)rmdr + κ

∫ T

0

∫ ∞

a

|∂re|2

e2
rmdrdt

+

∫ T

0

∫ ∞

a

{(2µ
n

+ λ
)1
e

∣∣∣∂ru+m
u

r

∣∣∣2 + 2mµ

n

1

e

∣∣∣∂ru− u

r

∣∣∣2}rmdrdt ≤ C(T ).
(2.4.49)

Proof. For each integer L ≥ 2, let ϕL ∈ C∞([a,∞)) be such that ϕL(r) = 1 if r ∈ [a, L− 1] and ϕL(r) = 0
if r ∈ [L,∞). Then ϕL ∈ H̃1

0 ([a, L], r
mdr), where H̃1

0 is the Sobolev space defined in (2.4.37). Moreover,
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∂rψ(ek) = (ek − 1)∂rek/ek. Thus, for each fixed t ∈ (0, T ], ϕL · ψ(ek)(·, t) ∈ H̃1
0 ([a, L], r

mdr) for all
(k, t) ∈ N× (0, T ], and one has∫ ∞

a
ρkϕLψ(ek)r

mdr −
∫ ∞

a
ρϕLψ(e)r

mdr

≤
∫ L

a
(ρk − ρ)ϕLψ(ek)rmdr +

∫ ∞

a
ρϕL(ψ(ek)− ψ(e))rmdr =: I

(1)
k + I

(2)
k .

For all t ∈ (0, T ], I
(1)
k is estimated using Lemmas 2.4.2, 2.4.6 as:

I
(1)
k :=

∫ L

a
(ρk − ρ)ϕLψ(ek)rmdr ≤ ∥ρk − ρ∥H̃−1([a,L];rmdr)

∥ϕLψ(ek)∥H1([a,L];rmdr)

=∥ρk − ρ∥H̃−1

{
∥ϕL∥L2∥ψ(ek)∥L∞ + ∥ϕ′L∥L2∥ψ(ek)∥L∞ +

∥∥∥ek − 1

ek
ϕL

∥∥∥
∞
· 1
σ
∥σ∂rek∥L2

}
≤∥ρk − ρ∥H̃−1

{
C(a)∥ϕL(·)∥H1 + C(a)σ(t)−1

}
→ 0 as k →∞.

From Lemma 2.4.4, ek(r, t) → e(r, t) for (r, t) ∈ [a,∞) × [0, T ] as k → ∞, and from Lemmas 2.4.4–2.4.5,
C(a)−1 ≤ ρ(r, t) ≤ C(a), C(a)−1 ≤ ek(r, t), e(r, t) ≤ C(a)σ(t)−1/2 for a.e. (r, t) ∈ [a,∞) × (0, T ]. Using
these and Dominated Convergence theorem, it follows that

lim
k→∞

I
(2)
k := lim

k→∞

∫ ∞

a
ρϕn(ψ(ek)− ψ(e))(r, t)rmdr = 0 for each t ∈ (0, T ].

Using Lemma 2.4.1, the limits I
(1)
k , I

(2)
k → 0 then implies that for each t > 0,∫ ∞

a
ϕLρψ(e)(r, t)r

mdr = lim
k→∞

∫ ∞

a
ϕLρkψ(ek)(r, t)r

mdr ≤ C(T ).

Now by construction one has ϕL(r) → 1 for all r ∈ [a,∞) as L → ∞. Since ρψ(e) > 0, one can apply
Monotone Convergence theorem to obtain that∫ ∞

a
ρψ(e)(r, t)rmdr = lim

L→∞

∫ ∞

a
ϕLρψ(e)(r, t)r

mdr ≤ C(T ), for each t ∈ (0, T ].

Next, from Lemma 2.4.2, one has u2k ∈ L2([a,∞), rmdr), and for all (k, t) ∈ N× (0, T ],

∥∂ru2k(·, t)∥L2([a,∞),rmdr) = ∥uk∥L∞∥∂ruk(·, t)∥L2([a,∞),rmdr) ≤ σ(t)−3/4C(a).

From these one has that ϕL · uk ∈ H̃1
0 ([a, L], r

mdr), and∣∣∣ ∫ ∞

a
ϕLρku

2
kr

mdr −
∫ ∞

a
ϕLρu

2rmdr
∣∣∣ = ∣∣∣ ∫ ∞

a

{
ϕL(ρk − ρ)u2k + ϕLρ(u

2
k − u2)

}
rmdr

∣∣∣
≤∥ρk − ρ∥H̃−1([a,L],rmdr)

∥ϕL · u2k∥H1([a,L],rmdr) +

∫ ∞

a
ϕLρ(u

2
k − u2)rmdr

≤C(a)(1 + σ(t)−3/4)∥ρk − ρ∥H̃−1([a,L],rmdr)
+

∫ ∞

a
ϕLρ(u

2
k − u2)rmdr.

Since uk(r, t)→ u(r, t) from Lemma 2.4.4, |uk(r, t)|, |u(r, t)| ≤ C(a)σ(t)−1/4 from Lemmas 2.4.2, 2.4.4, and
ρk → ρ strongly in H̃−1 from Lemma 2.4.6, by Dominated Convergence theorem,∫ ∞

a
ϕLρu

2rmdr = lim
k→∞

∫ ∞

a
ϕLρku

2
kr

mdr ≤ lim sup
k→∞

∫ ∞

a
ρku

2
kr

mdr ≤ C(T ).
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Then ∥ρu2(·, t)∥L1([a,∞),rmdr) ≤ C(T ) follows by Monotone Convergence theorem over L→∞.
Next, let ϕ ∈ L2(0, T ;L2([a,∞), rmdr)). By Lemma 2.4.2, one has∣∣∣ ∫ T

0

∫ ∞

a

∂rek
ek

ϕrmdrdt−
∫ T

0

∫ ∞

a

∂re

e
ϕrmdrdt

∣∣∣
≤C(a)

(∫ T

0

∫ ∞

a

(
e−1
k − e

−1
)2|ϕ|2rm)1/2

+
∣∣∣ ∫ T

0

∫ ∞

a
(∂rek − ∂re)

ϕ

e
rm

∣∣∣ =: II
(1)
k + II

(2)
k .

Using ek(r, t)→ e(r, t) from Lemma 2.4.4, and bounds C(a) ≤ ek(r, t), e(r, t) ≤ C(a)σ(t)−1/2 from Lemmas
2.4.2, 2.4.4, one can use Dominated Convergence theorem to get:

lim
k→∞

II
(1)
k := lim

k→∞
C(a)

(∫ T

0

∫ ∞

a

(
e−1
k − e

−1
)2|ϕ|2rmdrdt

)1/2
= 0.

For II
(2)
k , since e(r, t) ≥ C(a)−1, one can use ∂rek ⇀ ∂re in Lemma 2.4.8 to get:

lim
k→∞

II
(2)
k := lim

k→∞

∣∣∣ ∫ T

0

∫ ∞

a
(∂rek − ∂re)

ϕ

e
(r, t)rmdrdt

∣∣∣ = 0.

The above limits implies that ∂rek/ek ⇀ ∂re/e as k → ∞ weakly in L2(0, T ;L2([a,∞), rmdr)). By the
weak-star lower semi-continuity of the Sobolev norm, and Lemma 2.4.1, it follows that∫ T

0

∫ ∞

a

|∂re|2

e2
rmdrdt ≤ lim inf

k→∞

∫ T

0

∫ ∞

a

|∂rek|2

e2k
rmdrdt ≤ C(T ).

By the same argument as above, one can also obtain estimates for ∥e−1(∂ru +mu/r)∥L2 and ∥e−1(∂ru −
u/r)∥L2 in (2.4.49).

Finally, from Lemma 2.4.5 and Lemma 2.4.1–2.4.2, one has
ρk ⇀ ρ weakly in L2

(
0, T ;L2([a,∞), rmdr)

)
as k →∞.

sup
k∈N

ess sup
t∈[0,T ]

∫ ∞

a
G(ρk)(r, t)r

mdr ≤ C(T ),

C(a)−1 ≤ ρk(r, t) ≤ C(a) for a.e. (r, t) ∈ [a,∞)× [0, T ] and for each k ∈ N.

(2.4.50)

By Proposition B.0.2 of Appendix B, ∥G(ρ)(·, t)∥L1([a,∞),rmdr) ≤ C(T ) for a.e. t ∈ [0, T ].

2.4.6 Weak Forms of the Exterior Problem

Lemma 2.4.10. Let (ρ, u, e)(r, t) be the limit function obtained in Lemmas 2.4.4–2.4.5. Then (ρ, u, e)(r, t)
is a weak solution to the problem (1.2.1) and (2.2.9) as stated in Definition 2.2.1.

Proof. We start with the continuity equation, take ϕ ∈ Da, then there exists an integer N ∈ N such that
ϕ(r, t) = 0 for r ≥ N and t ∈ [0, T ]. If we take k ∈ N to be k ≥ M(ϕ, a) := 2nNnmax{C0, C(a)}, then for
all t ∈ [0, T ]:

r̃k(k, t) =
(
an +

∫ k

0
ṽk(x, t)dx

)1/n
≥

(
an + C(a)−1k

)1/n ≥ (an + 2nNn)1/n > 2N,

and r̃0a(k) =
(
an +

∫ k

0

1

ρ0a(r̃
0
a(x))

dx
)1/n

≥ (an + C−1
0 k)1/n ≥ (an + 2nNn)1/n > 2N.
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Thus by construction, it follows that if (r, t) ∈ supp(ϕ) we have

ρk(r, t) =v
−1
k φk(r, t) + 1− φk(r, t) = v−1

k (r, t), uk(r, t) = ukφk(r, t) = uk(r, t),

ek(r, t) =ekφk(r, t) + 1− φk(r, t) = ek(r, t).
(2.4.51)

Moreover, using that for k ≥ M(ϕ, a) := 2nNnmax{C0, C(a)}, we have r̃0a(k)/2 > N , it follows from
construction (2.2.13) in Section 2.2.4 that if r ∈ supp(ϕ(·, 0)) then,

ρ0a,k(r) =ρ
0
a(r)φ

0
a,k(r) + 1− φ0

a,k(r) = ρ0a(r), u0a,k(r) = u0a(r)φ
0
a,k(r) = u0a(r),

e0a,k(r) =e
0
a(r)φ

0
a,k(r) + 1− φ0

a,k(r) = e0a(r).
(2.4.52)

With this, we also have that if x ∈ [0,∞) is such that r̃0a(x) ∈ supp(ϕ(·, 0)), then by Proposition 2.2.2 from
Section 2.2.4 we have that for all k ≥M(a):

r̃0a(x) =
(
an + n

∫ x

0

1

ρ0a(r̃
0
a(y))

dy
)1/n

=
(
an + n

∫ x

0
ṽ0a,k(y)dy

)1/n
= r̃k(x, 0). (2.4.53)

Thus from the coordinate transformation (2.4.3) and the continuity equation for which the approximate
Lagrangian functions satisfies, it follows that for all k ≥M(ϕ, a),∫ ∞

a

{
ρk(r, t)ϕ(r, t)− ρ0a(r)ϕ(r, 0)

}
rmdr =

∫ r̃k(k,t)

a
v−1
k ϕ(r, t)rmdr −

∫ r̃0a(k)

a
ϕ(r, 0)ρ0a(r)r

mdr

=

∫ k

0
ϕ(r̃k(x, t), t)dx−

∫ k

0
ϕ(r̃k(x, 0), 0)dx =

∫ t

0

∫ k

0
{ũk(∂rϕ) + (∂tϕ)}(r̃k(x, s), s)dxds

=

∫ t

0

∫ r̃k(k,t)

a
{v−1

k uk∂rϕ+ ṽ−1
k ∂tϕ}(r, t)rmdrds =

∫ t

0

∫ ∞

a
{ρkuk∂rϕ+ ρk∂tϕ}(r, t)rmdrds,

where in the last line, we used r̃k(k, t) ≥ 2N and (2.4.51). Also, by Lemma 2.4.4–2.4.6, we have:

lim
k→∞

sup
t∈[0,T ]

∥ρk(·, t)− ρ(·, t)∥H̃−1([a,L],rmdr)
= 0 for all L ∈ N,

ρk − 1
∗
⇀ ρ− 1 in L∞(

0, T ;L2([a,∞), rmdr)
)
,

uk(r, t)→ u(r, t) and ρk(r, t), ρ(r, t) ≤ C(a) for a.e. (r, t) ∈ [a,∞)× [0, T ].

(2.4.54)

Using these, we can apply Dominated Convergence theorem to obtain that∫ ∞

a
ρ(r, t)ϕ(r, t)rmdr −

∫ ∞

a
ρ0a(r)ϕ(r, 0)r

mdr =

∫ t

0

∫ ∞

a
{ρu∂rϕ+ ρ∂tϕ}rmdrds.

Next, we show the weak form for momentum equation. Let φ ∈ Da
0 . Then there exists N ∈ N such that

φ(r, t) = 0 for r ≥ N and t ∈ [0, T ]. If k ∈ N is such that k ≥ M(φ, a), then as previously shown, we have
r̃k(k, t) > 2N for all t ∈ [0, T ], and r̃0a(k) > 2N . By construction, if (r, t) ∈ supp(φ) and r ∈ supp(φ(·, 0))
then (2.4.51)–(2.4.52) hold, hence∫ ∞

a
ρkuk(r, t)φ(r, t)r

mdr −
∫ ∞

a
ρ0au

0
a(r)φ(r, 0)r

mdr

=

∫ r̃k(k,t)

a
v−1
k uk(r, t)φ(r, t)r

mdr −
∫ r̃0a(k)

a
u0a,k(r)φ(r, 0)ρ

0
a(r)r

mdr

=

∫ k

0
ũk(x, t)φ(r̃k(x, t), t)dx−

∫ k

0
ũ0a,k(x)φ(r̃k(x, 0), 0)dx

=

∫ t

0

∫ k

0
{φ(r̃k(x, s), s)Dtũk + (∂tφ)(r̃k(x, s), s)ũk + (∂rφ)(r̃k(x, s), s)ũ

2
k}dxds.
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By (2.2.16)2 and the boundary condition φ(a, t) = 0, ũk(k, t) = 0 for t ∈ [0, T ], it follows that∫ ∞

a
ρkuk(r, t)φ(r, t)r

mdr −
∫ ∞

a
ρ0au

0
a(r)φ(r, 0)r

mdr

=

∫ t

0

∫ k

0

{
φ(r̃k(x, s), s)Dtũk + (∂tφ)(r̃k(x, s), s)ũk + (∂rφ)(r̃k(x, s), s)ũ

2
k

}
dxds

=

∫ t

0

∫ k

0

{
ũk(x, s)(∂tφ)(r̃k(x, s), s) + ũ2k(x, s)(∂rφ)(r̃k(x, s), s)

}
dxds

+

∫ t

0

∫ k

0
r̃mk (x, s)φ(r̃k(x, s), s)Dx

(
β
Dx(r̃

m
k ũk)

ṽk
− (γ − 1)

ẽk
ṽk

)
dxds

=

∫ t

0

∫ k

0

{
ũ2k(x, s)(∂rφ)(r̃k(x, s), s) + ũk(x, s)(∂tφ)(r̃k(x, s), s)

}
dxds

+

∫ t

0

∫ k

0

{
(γ − 1)ẽk − βr̃mk Dxũk −mβ

ṽkũk
r̃k

}(
m
φ(r̃k(x, s), s)

r̃k(x, s)
+ (∂rφ)(r̃k(x, s), s)

)
dxds

=

∫ t

0

∫ r̃k(k,t)

a

{
v−1
k u2k(∂rφ) + v−1

k uk(∂tφ)
}
(r, s)rmdrds

+

∫ t

0

∫ r̃k(k,t)

a

{
(γ − 1)v−1

k ek − β∂ruk −mβ
uk
r

}(
∂rφ+m

φ

r

)
(r, s)rmdrds

=

∫ t

0

∫ ∞

a

{
ρku

2
k(∂rφ) + ρkuk(∂tφ)

}
(r, s)rmdrds

+

∫ t

0

∫ ∞

a

{
(γ − 1)ρkek − β∂ruk −mβ

uk
r

}(
∂rφ+m

φ

r

)
(r, s)rmdrds.

In addition from Lemma 2.4.2 and Lemma 2.4.4–2.4.8, one has,

∂ruk ⇀ ∂ru in L2
(
0, T ;L2([a,∞), rmdr)

)
,

ek(r, t)→ e(r, t) for (r, t) ∈ [a,∞)× [0, T ],

σ(t)−
1
4 |u(r, t)|+ σ(t)−

1
2 e(r, t) ≤ C(a) for (r, t) ∈ [a,∞)× [0, T ],

σ(t)−
1
4 |uk(r, t)|+ σ(t)−

1
2 ek(r, t) ≤ C(a) for (k, r, t) ∈ N× [a,∞)× [0, T ].

(2.4.55)

Using (2.4.54) and (2.4.55) in the previous equation, we prove (ii) of Definition 2.2.1.
Finally, we show the energy equation. Let ϕ ∈ Da. Then for k ≥M(ϕ, a),∫ ∞

a
ρkekϕ(r, t)r

mdr −
∫ ∞

a
ρ0ae

0
a(r)ϕ(r, 0)r

mdr

=

∫ r̃k(k,t)

a
v−1
k ekϕ(r, t)r

mdr −
∫ r̃0a(k)

a
e0a,k(r)ϕ(r, 0)ρ

0
a(r)r

mdr

=

∫ k

0
ẽk(x, t)ϕ(r̃k(x, t), t)dx−

∫ k

0
ẽ0a,k(x)ϕ(r̃k(x, 0), 0)dx

=

∫ t

0

∫ k

0
{ϕ(r̃k(x, s), s)Dtẽk(x, s) + ẽk(x, s)(∂tϕ+ ũk(x, s)∂rϕ)(r̃k(x, s), s)}dxds

=

∫ t

0

∫ k

0
ϕ(r̃k(x, s), s)Dtẽkdxds+

∫ t

0

∫ ∞

a
ρkek(∂tϕ+ uk∂rϕ)r

mdrds =: I1 + I2.

(2.4.56)

Next, denoting F̃k := βṽ−1
k Dx(r̃

m
k ũk) − (γ − 1)ṽ−1

k ẽk, it follows from momentum equation that Dtũk =
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r̃mk DxF̃k. Then substituting this into (2.2.16)3, one obtains

Dtẽk =Dx

(
r̃mk ũkF̃k

)
− 1

2
Dt|ũk|2 − 2mµDx

(
r̃m−1
k ũ2k

)
+ κDx

( r̃2mk
ṽk

Dxẽk

)
,

which, along with Dxẽk(0, t) = Dxẽk(k, t) = 0 for all t ∈ [0, T ], yields that

I1 =

∫ t

0

∫ k

0
ϕ(r̃k(x, s), s)Dtẽk(x, s)dxds

=

∫ t

0

∫ k

0
ϕ(r̃k(x, s), s)

{
Dx(r̃

m
k ũkF̃k)−

1

2
Dt|ũk|2

}
dxds

+

∫ t

0

∫ k

0
ϕ(r̃k(x, s), s)

{
− 2mµDx(r̃

m−1
k ũ2k) + κDx

( r̃2mk
ṽk

Dxẽk

)}
dxds

=

∫ t

0

∫ k

0

{
−mβr̃−1

k ṽk|ũk|2 − βr̃mk ũkDxũk + (γ − 1)ũkẽk
}
(∂rϕ)(r̃k(x, s), s)dxds

+

∫ t

0

∫ k

0

|ũk|2

2

{
(∂tϕ)(r̃k(x, s), s) + ũk(∂rϕ)(r̃k(x, s), s)

}
dxds

−
∫ k

0

|ũk|2

2
(x, t)ϕ(r̃k(x, t), t)dx+

∫ k

0

|ũ0a,k(x)|2

2
ϕ(r̃k(x, 0), 0)dx

+

∫ t

0

∫ k

0

{
2mµr̃−1

k ṽk|ũk|2(∂rϕ)(r̃k(x, s), s)− κr̃mk Dxẽk(∂rϕ)(r̃k(x, s), s)
}
dxds.

From (2.4.53), we have r̃k(x, 0) = r̃0a(x) if r̃0a(x) ∈ supp(ϕ(·, 0)) and k ≥ M(ϕ, a). By coordinate transfor-
mation (2.4.1)–(2.4.3), and (2.4.51)–(2.4.52) it follows that:

I1 =

∫ t

0

∫ r̃k(k,t)

a

{
m(2µ− β) |uk|

2

r
− βuk∂ruk + (γ − 1)ukv

−1
k ek − κ∂rek

}
∂rϕ(r, t)r

mdrds

+

∫ t

0

∫ r̃k(k,t)

a
v−1
k

|uk|2

2
{∂tϕ+ uk∂rϕ}(r, t)rmdrds

−
∫ r̃k(k,t)

a

v−1
k |uk|

2

2
ϕ(r, t)rmdr +

∫ r̃0a(k)

a
ρ0a
|u0a|2

2
(r)ϕ(r, 0)rmdr

=

∫ t

0

∫ ∞

a

{
−mλ |uk|

2

r
− βuk∂ruk + (γ − 1)ρkukek − κ∂rek

}
∂rϕ(r, t)r

mdrds

+

∫ t

0

∫ ∞

a
ρk
|uk|2

2
{∂tϕ+ uk∂rϕ}rmdrds

−
∫ ∞

a
ρk
|uk|2

2
ϕ(r, t)rmdr +

∫ ∞

a
ρ0a
|u0a|2

2
(r)ϕ(r, 0)rmdr.

If we define Ek(r, t) := (|uk|2/2 + ek)(r, t), then the above identity becomes:

I1 =

∫ t

0

∫ ∞

a

{
−mλ |uk|

2

r
− βuk∂ruk + (γ − 1)ρkukek − κ∂rek

}
∂rϕ(r, t)r

mdrds

+

∫ t

0

∫ ∞

a

{
ρkEk(∂tϕ+ uk∂rϕ)− ρkek(∂tϕ+ uk∂rϕ)

}
(r, t)rmdrds

−
∫ ∞

a
ρk
|uk|2

2
(r, t)ϕ(r, t)rmdr +

∫ ∞

a
ρ0a
|u0a|2

2
(r)ϕ(r, 0)rmdr.
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Denote Pk := (γ − 1)ρkek and E0
a := |u0a|2/2 + e0a. Substituting I1 into (2.4.56), we have∫ ∞

a
ρkEkϕ(r, t)r

mdr −
∫ ∞

a
ρ0aE

0
a(r)ϕ(r, 0)r

mdr

=

∫ t

0

∫ ∞

a

{(
(ρkEk + Pk)uk −mλ

|uk|2

r
− βuk∂ruk − κ∂rek

)
∂rϕ+ ρkEk∂tϕ

}
rmdrds.

(2.4.57)

In addition to (2.4.55), we also uses the weak convergence from Lemma 2.4.8 that

∂rek ⇀ ∂re in L2(0, T ;L2([a,∞), rmdr)).

Then (2.4.57) becomes:∫ ∞

a
ρE(r, t)ϕ(r, t)rmdr −

∫ ∞

a
ρ0aE

0
a(r)ϕ(r, 0)r

mdr

=

∫ t

0

∫ ∞

a

{(
(ρE + P )u−mλ |u|

2

r
− βu∂ru− κ∂re

)
∂rϕ+ ρE∂tϕ

}
(r, s)rmdrds,

where P := (γ − 1)ρe and E := |u|2/2 + e.

2.4.7 Estimates away from origin, independent of particle path r̃(x, t)

The main aim of this subsection is to obtain a ∈ (0, 1)-independent estimates which do not involve the
particle path function r̃(x, t).

Lemma 2.4.11. For each η > a, it follows that

∫ T

0
sup
r≥η

|u|√
e
(r, t)dt ≤ C(T )η(2−n)/2 + C(T )η2−n, if n = 2, 3,∫ T

0
sup
r≥η

log(max{1, e±1(r, t)})dt ≤ C(T )η2−n if n = 3,∫ T

0
sup
r≥η

log(max{1, e(r, t)})dt ≤ C(T )(1 +
√

log(max{1, C(T )/η})) if n = 2.

(2.4.58)

Proof. Fix r ≥ η and 0 < δ < 1. By the boundary condition: limr→∞ uk(r, t) = 0 and limr→∞ ek(r, t) = 1
for each t ∈ [0, T ] and k ∈ N, one has

uk
rδ
√
ek

(r, t) = lim
r→∞

uk
rδ
√
ek

(r, t)−
∫ ∞

r

{
ζ−δ ∂ruk√

ek
− δζ−δ uk

ζ
√
ek
− ζ−δ+1

2

uk

ζe
3/2
k

∂rek

}
(ζ, t)dζ

≤
(∫ ∞

r
ζ−2δ−mdζ

)1/2{
δ
(∫ ∞

r

|uk|2

ζ2ek
ζmdζ

)1/2
+
(∫ ∞

r

|∂ruk|2

ek
ζmdζ

)1/2}
+

1

2

(∫ ∞

r

|uk|2

ζ2ek
ζ−δ+1dζ

)1/2(∫ ∞

r

|∂rek|
e2k

ζ−δ+1dζ
)1/2

≤ r−δη(1−m)/2

√
2δ +m− 1

{
δ
(∫ ∞

η

|u|2k
ζ2ek

(ζ, t)ζmdζ
)1/2

+
(∫ ∞

η

|∂ruk|2

ek
ζmdζ

)1/2}
+
r−δη1−m

2

(∫ ∞

η

|uk|2

ζ2ek
ζmdζ

)1/2(∫ ∞

η

|∂rek|
e2k

ζmdζ
)1/2

=: r−δgk(η, t),
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where we used the fact that −2δ −m+ 1 < 0 and −δ + 1−m < 0 for n = 2, 3 since 0 < δ < 1. Multiplying
both sides of the above inequality by rδ, and taking limit inferior over k → ∞, it follows by Lemma 2.4.4
that ∣∣∣ u√

e

∣∣∣(r, t) ≤ lim inf
k→∞

gk(η, t) for all (r, t) ∈ [η,∞)× [0, T ].

Taking supremum in r ∈ [η,∞) and integrating in t ∈ [0, T ], we obtain:∫ T

0
sup
r≥η

∣∣∣ u√
e
(r, t)

∣∣∣dt ≤ ∫ T

0
lim inf
k→∞

gk(η, t)dt ≤ lim inf
k→∞

∫ T

0
gk(η, t)dt, (2.4.59)

where we used Fatou’s Lemma since gk(η, t) > 0. By definition of g(η, t) and Lemma 2.4.1, we obtain that
for all k ∈ N:∫ T

0
gk(η, t)dt ≤ Cη(1−m)/2

{∫ T

0

(∫ ∞

η

|u|2k
ζ2ek

ζmdζ
)1/2

dt+

∫ T

0

(∫ ∞

η

|∂ruk|2

ek
ζmdζ

)1/2
dt
}

+ Cη1−m

∫ T

0

(∫ ∞

η

|uk|2

ζ2ek
ζmdζ

)1/2(∫ ∞

η

|∂rek|
e2k

ζmdζ
)1/2

dt

≤Cη(1−m)/2T 1/2
{(∫ T

0

∫ ∞

η

|u|2k
ζ2ek

ζmdζdt
)1/2

+
(∫ T

0

∫ ∞

η

|∂ruk|2

ek
ζmdζdt

)1/2}
+ Cη1−m

(∫ T

0

∫ ∞

η

|uk|2

ζ2ek
ζmdζdt

)1/2(∫ T

0

∫ ∞

η

|∂rek|
e2k

ζmdζdt
)1/2

≤ C(T )(η
1−m

2 + η1−m),

which together with (2.4.59) proves (2.4.58)1.
Next, consider the case n = 3. Let (r, t) ∈ [η,∞)× [0, T ]. By limr→∞ ek(r, t) = 1, we have

log ek(r, t) = −
∫ ∞

r

∂rek
ek

(ζ, t)dr ≤
(∫ ∞

r
ζ−mdζ

)1/2(∫ ∞

r

|∂rek|2

e2k
(ζ, t)ζmdζ

)1/2

≤ η2−n

√
n− 2

(∫ ∞

η

|∂rek|2

e2k
(ζ, t)ζmdζ

)1/2
=: hk(η, t).

Thus 0 ≤ log(max{1, ek})(r, t) ≤ hk(η, t) for all (r, t) ∈ [η,∞) × [0, T ]. Replacing the term ek(r, t) with
e−1
k (r, t) in the above derivation, we also have 0 ≤ log(max{1, e−1

k })(r, t) ≤ hk(η, t) for all (r, t) ∈ [η,∞) ×
[0, T ]. Taking limit inferior over k →∞ on both sides of these inequalities, we have by Lemma 2.4.4 that

log(max{1, e±1})(r, t) ≤ lim inf
k→∞

hk(η, t) for all (r, t) ∈ [η,∞)× [0, T ].

Taking supremum in r ≥ η on the above inequality, and integrating in t ∈ [0, T ], we obtain:∫ T

0
sup
r≥η

log(max{1, e±1(r, t)})dt ≤
∫ T

0
lim inf
k→∞

hk(η, t)dt ≤ lim inf
k→∞

∫ T

0
hk(η, t)dt, (2.4.60)

where we used Fatou’s Lemma since hk(η, t) > 0. By Lemma 2.4.1, we obtain for all k ∈ N:∫ T

0
hk(η, t)dt ≤ Cη2−nT 1/2

(∫ T

0

∫ ∞

η

|∂rek|2

e2k
(ζ, t)ζmdζdt

)1/2
≤ C(T )η2−n,

which together with (2.4.60) proves (2.4.58)2.
Next, we consider the case n = 2. We set M := supk∈N supt∈[0,T ] r̃k(1, t), then by Lemma 2.3.1, we

have M ≤ (2C0)
1/n. If r ≥ M then r > supt∈[0,T ] r̃k(1, t) for all k ∈ N. By Lemma 2.4.2, we have
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ek(r, t) ≤ C(ε)σ(t)−1/2 for all t ∈ [0, T ] and r ∈ [r̃k(ε, t),∞). It follows that there exists a constant
C(T ) > 0 such that

log(max{1, ek(r, t)}) ≤ log(max{1, C(T )σ(t)−1/2}) for all (r, t) ∈ [M,∞)× [0, T ]. (2.4.61)

By Fundamental Theorem of Calculus and (2.4.61), for all r ∈ [η,M) one gets:

log ek(r, t) = log ek(2M, t)−
∫ 2M

r

∂rek
ek

(ζ, t)dζ

≤ log(max{1, ek(2M, t)}) +
(∫ 2M

r
ζ−1dζ

)1/2(∫ 2M

r

|∂rek|2

e2k
(ζ, t)ζdζ

)1/2

≤ log(max{1, C(T )σ(t)−1/2}) +
√
log(C(T )/η)

(∫ ∞

η

|∂rek|2

e2k
(ζ, t)ζdζ

)1/2
.

(2.4.62)

Finally, in a similar way for the case n = 3, one has∫ T

0
sup
r≥η

log(max{1, e(r, t)})dt ≤ C(T )2

2
+

∫ T

0
sup

r∈[η,M)
log(max{1, e(r, t)})dt

≤C(T ) +
√

log(C(T )/η)T
1
2 sup
k∈N

(∫ T

0

∫ ∞

η

|∂rek|2

e2k
ζmdζdt

) 1
2

≤C(T ) + C(T )
√

log(max{1, C(T )/η}).

2.5 Weak Solution including the origin: a↘ 0

Throughout this section, we will denote (ρa, ua, ea)(r, t) in [a,∞)× [0, T ] as the solution to problem (1.2.1)
and (2.2.9), which is guaranteed by Theorem 2.2.1, with the modified initial data (ρ0a, u

0
a, e

0
a)(r) constructed

in Section 2.2.2 for each a ∈ (0, 1). We also denote r̃a(x, t) as the particle path function associated with ρa,
satisfying

x =

∫ r̃a(x,t)

a
ρa(y, t)r

mdr for a.e. (x, t) ∈ [0,∞)× [0, T ].

The main aim of this section is to take limit a↘ 0, from which we can obtain spherically symmetric weak
solution to the original Cauchy problem (1.1.1)–(1.1.5).

2.5.1 Uniform inequalities from entropy estimates

We obtain a set of inequalities involving measurable subsets of [a,∞) which are uniform in a ∈ (0, 1).
Throughout this section, we will denote G(·), ψ(·), H(·) as the convex functions:

G(ζ) := 1− ζ + ζ log ζ, ψ(ζ) := ζ − 1− log ζ, H(ζ) := ζ log ζ. (2.5.1)

Let G−1
+ , ψ−1

+ , H−1
+ be the right branch inverses of G, ψ, H respectively. Then by Proposition B.0.1 of

Appendix B, the following functions are well defined for (y, z) ∈ (0,∞)2 :

f1(y; z) := yG−1
+

(z
y

)
, f2(y; z) := yψ−1

+

(z
y

)
− z, f3(y; z) := yH−1

+

(z
y

)
. (2.5.2)

Some properties of (y, z) 7→ fi(y; z) for i = 1, 2, 3 can be found in Proposition B.0.1.
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Lemma 2.5.1. For any measurable set E ⊂ [a,∞), and for each t ∈ [0, T ],

sup
a∈(0,1)

∫
E
ρa(r, t)r

mdr ≤ ω1(E;C(T )), where ω1(E; z) := f1

(∫
E
rmdr; z

)
for z > 0.

Proof. For simplicity, we denote Ln(E) :=
∫
E r

mdr for each E ⊆ [a,∞). By Jensen’s inequality and Theorem
2.2.1(i), it follows that

G
( 1

Ln(E)

∫
E
ρa(r, t)r

mdr
)
≤ 1

Ln(E)

∫
E
G(ρa)(r, t)r

mdr ≤ C(T )

Ln(E)
.

Taking the right branch inverse G−1
+ (z) on both sides of above and using the fact that z 7→ G−1

+ (z) is
monotone increasing, it follows that for all a ∈ (0, 1) :∫

E
ρa(r, t)r

mdr ≤ Ln(E)G−1
+

( C(T )
Ln(E)

)
= f1(Ln(E);C(T )) =: ω1(E;C(T )).

Lemma 2.5.2. For any measurable set E ⊂ [a,∞), one has

sup
a∈(0,1)

∫
E
ρaea(r, t)r

mdr ≤ C(T ) + ω2(E;C(T )) for all t ∈ [0, T ],

where ω2(E; z) := f2(ω1(E; z); z) = f2

(
f1

(∫
E
rmdr; z

)
; z
)

for z > 0.

Proof. Fixing an time t ∈ [0, T ], and settingma,t(E) :=
∫
E ρa(r, t)r

mdr. By Jensen’s inequality and Theorem
2.2.1(i), it follows that

ψ
( 1

ma,t(E)

∫
E
ρaea(r, t)r

mdr
)
≤ 1

ma,t(E)

∫
E
ρaψ(ea)(r, t)r

mdr ≤ C(T )

ma,t(E)
.

Taking ψ−1
+ (·) on both sides of above, it follows that∫
E
ρaea(r, t)r

mdr ≤ ma,t(E)ψ−1
+

( C(T )

ma,t(E)

)
− C(T ) + C(T ) = f2(ma,t(E);C(T )) + C(T ).

By Lemma 2.5.1, one has ma,t(E) ≤ ω1(E;C(T )). In addition, since y 7→ f2(y; z) is increasing for fixed
z > 0 from Proposition B.0.1, it follows that for all a ∈ (0, 1),∫

E
ρaea(r, t)r

mdr ≤ C(T ) + f2
(
ω1(E;C(T ));C(T )

)
=: C(T ) + ω2(E;C(T )).

Lemma 2.5.3. For each η > a, there exists a constant C(η, T ) > 0, independent of a ∈ (0, 1) such that if
E = {E(t) ⊆ [η,∞) : t ∈ [0, T ]} is a collection of measurable subsets satisfying

ME := ess sup
t∈[0,T ]

∫
E(t)

rmdr <∞,
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then the following estimates hold:∫ T

0

∫
E(t)

ρaea(r, t)r
mdrdt ≤ f3(Va(E);CE),∫ T

0

∫
E(t)

ρau
2
a(r, t)r

mdrdt ≤ C(η, T ){f3(Va(E);CE)}1/4,

where CE > 0 and Va(E) are given by:

CE := C(η, T ){C(T ) + f2(f1(ME ;C(T ));C(T ))}, Va(E) :=

∫ T

0

∫
E(t)

ρa(r, t)r
mdrdt.

Proof. By Jensen’s inequality, Lemma 2.5.2, and Theorem 2.2.1(vi), one has

H
( 1

Va(E)

∫ T

0

∫
E(t)

ρaea(r, t)r
mdrdt

)
≤ 1

Va(E)

∫ T

0

∫
E(t)

ρaH(ea)(r, t)r
mdrdt

≤ 1

Va(E)

∫ T

0
∥log(max{1, ea(·, t)})∥L∞(η,∞)

(∫
E(t)

ρaea(r, t)r
mdr

)
dt

≤C(η, T )
Va(E)

(
C(T ) + sup

t∈[0,T ]
ω2(E(t);C(T ))

)
.

Since for each fixed z > 0, y → (f1, f2)(y; z) are increasing, for each t ∈ [0, T ] one has

ω2(E(t);C(T )) := f2

(
f1

(∫
E(t)

rmdr;C(T )
)
;C(T )

)
≤ f2(f1(ME ;C(T ));C(T )).

If one defines CE := C(η, T ){C(T ) + f2(f1(ME ;C(T ));C(T ))}, then it follows that:

H
( 1

Va(E)

∫ T

0

∫
E(t)

ρaea(r, t)r
mdrdt

)
≤ C(η, T )

Va(E)
{C + f2(f1(ME ;C);C)} =

CE

Va(E)
.

Taking H−1
+ (·) on both sides, one gets∫ T

0

∫
E(t)

ρaea(r, t)r
mdrdt ≤ Va(E)H−1

+

( CE

Va(E)

)
=: f3(Va(E);CE),

which along with Theorem 2.2.1(i), (vi) yield that∫ T

0

∫
E(t)

ρau
2
ar

mdrdt ≤
∫ T

0

∥∥∥ ua√
ea

(·, t)
∥∥∥ 1

2

L∞(η,∞)

(∫
E(t)

ρau
2
ar

mdr
) 3

4
(∫

E(t)
ρaear

mdr
) 1

4
dt

≤ C(T )
(∫ T

0

∥∥∥ ua√
ea

∥∥∥
L∞(η,∞)

dt
) 1

2
(∫ T

0

∫
E(t)

ρaear
mdrdt

) 1
4 ≤ C(η, T ){f3(Va(E);CE)}

1
4 .

2.5.2 Existence of Particle Path and Vacuum Interface

Lemma 2.5.4. There exists a sub-sequence {aj}j∈N with aj ↘ 0 as j → ∞, and a continuous function
r̃(x, t) : [0,∞)× [0, T ]→ [0,∞) such that

75



(i) for each compact subset K ⊂⊂ (0,∞)× [0, T ]

lim
j→∞

sup
(x,t)∈K

|r̃aj (x, t)− r̃(x, t)| = 0.

(ii) for each fixed ε > 0,

|r̃(x1, t)− r̃(x2, t)| ≤ C(ε)|x1 − x2| for all (x1, x2, t) ∈ [ε,∞)2 × [0, T ],

|r̃(x, t1)− r̃(x, t2)| ≤ C(ε)|t3/41 − t3/42 | for all (x, t1, t2) ∈ [ε,∞)× [0, T ]2.

(iii) for all t ∈ [0, T ] the function x 7→ r̃(x, t) is strictly increasing, hence the limit r(t) := limx→0+ r̃(x, t)
exists for all t ∈ [0, T ]. In addition, r(t) satisfies:

lim
t↘0

r(t) = 0 and t 7→ r(t) is upper semi-continuous,

and if one defines F̊ := {(r, t) ∈ (0,∞)× (0, T ) : r(t) < r}, then F̊ is an open set.

(iv) r̃(x, t) satisfies the point-wise bound:

nxψ−1
−

(C0

x

)
≤ (r(x, t))n ≤ C0(1 + x) for all (x, t) ∈ [0,∞)× [0, T ].

(v) if r(t) > 0 for some t ∈ (0, T ] then

lim
j→∞

∫ r(t)

aj

ρaj (r, t)r
mdr = 0.

In particular, for such t ∈ (0, T ], one has

lim inf
j→∞

ρaj (r, t) = 0 for a.e. r ∈ (0, r(t)).

Proof. For each integer i ∈ N, Let Si := [i−1, i]× [0, T ]. From Theorem 2.2.1(iii)–(iv), it follows that for all
(x, t) ∈ Si,

r̃a(x, t) = r̃0a(x) +

∫ t

0
ua(r̃(x, s), s)ds ≤ r̃0a(x) + C(i)

∫ T

0
σ(s)−

1
4ds ≤ C(i)(1 + T ), (2.5.3)

where C(i) > 0 is a constant independent of a ∈ (0, 1), and also,

|r̃a(x1, t)− r̃a(x2, t)| ≤ C(i)|x1 − x2| for all (x1, x2, t) ∈ [i−1, i]2 × [0, T ],

|r̃a(x, t1)− r̃a(x, t2)| ≤ C(i)|t3/41 − t3/42 | for all (x, t1, t2) ∈ [i−1, i]× [0, T ]2.
(2.5.4)

In addition, one has Si ⊂ Si+1, Int(Si) ̸= ∅ for each i ∈ N, and (0,∞)× [0, T ] = ∪i∈NSi. Thus by Proposition
A.0.1, it follows that there exists a continuous function r̃(x, t) : (0,∞) × [0, T ] → [0,∞) such that for all
compact subset K ⊂⊂ (0,∞)× [0, T ],

lim
j→∞

sup
(x,t)∈K

|r̃aj (x, t)− r̃(x, t)| = 0, (2.5.5)

which, along with (2.5.4) and Theorem 2.2.1(iv), implies Lemma 2.5.4(ii).
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Next, let 0 < x1 < x2 <∞. It follows from Theorem 2.2.1(iii)–(iv) that for a.e. t ∈ [0, T ],

x2 − x1 =
∫ r̃a(x2,t)

r̃a(x1,t)
ρa(r, t)r

mdr

≤C(x1)
∫ r̃a(x2,t)

r̃a(x1,t)
rmdr =

C(x1)

n

{
(r̃a(x2, t))

n − (r̃a(x1, t))
n
}
,

where in the last line, one used ρa(r, t) ≤ C(x1) for a.e. (r, t) such that r ≥ r̃a(x1, t). Taking j → ∞ and
using (2.5.5), one has

0 < x2 − x1 ≤
C(x1)

n

{
(r̃(x2, t))

n − (r̃(x1, t))
n
}
.

This shows that x 7→ r̃(x, t) is strictly increasing for a.e. t ∈ [0, T ]. Since (x, t) 7→ r̃(x, t) is continuous, then
x 7→ r̃(x, t) is strictly increasing for all t ∈ [0, T ]. Due to r̃(x, t) ≥ 0,

r(t) := lim
x→0+

r̃(x, t) exists for all t ∈ [0, T ]. (2.5.6)

From Theorem 2.2.1(iii), it follows that r̃a(x, 0) = r̃0a(x) for each a ∈ (0, 1) and x ∈ [0,∞), where r̃0a(x) is
the function constructed in Section 2.2.4, satisfying:

x =

∫ r̃0a(x)

a
ρ0a(r)r

mdr for all x ∈ [0,∞].

Then by the uniform convergence (2.5.5) and Proposition 2.2.1 in Section 2.2.2, one has

x =

∫ r̃(x,0)

0
ρ0(r)r

mdr ≥ C−1
0

(r̃(x, 0))n

n
for all x > 0.

This implies the inequality: r̃(x, 0) ≤ (nC0x)
1/n. Given δ > 0, let xδ > 0 be such that r̃(xδ, 0) ≤

(nC0xδ)
1/n ≤ δ/2. Since t 7→ r̃(xδ, t) is continuous in [0, T ], there exists tδ > 0 such that if t ∈ (0, tδ)

then r̃(xδ, t) < r̃(xδ, 0) + δ/2 ≤ δ/2 + δ/2 = δ. By (2.5.6), one has r(t) = inf{r̃(x, t) : x > 0} for each
t ∈ [0, T ]. It follows that r(t) ≤ r̃(xδ, t) < δ if t ∈ (0, tδ). This shows that limt↘0 r(t) = 0.

Next we show that t 7→ r(t) is upper semi-continuous. To start, a function f : R → R is upper semi-
continuous if and only if the set {x ∈ R : f(x) < y} is open for all y ∈ R. Hence one defines the sets:

Uζ := {s ∈ (0, T ) : r(s) < ζ} for each ζ ∈ (0,∞),

Ux
ζ := {s ∈ (0, T ) : r̃(x, s) < ζ} for each (x, ζ) ∈ (0,∞)2.

Suppose t ∈ Uζ . Since r(t) = infx>0 r̃(x, t), there exists δ > 0 such that ζ > r̃(δ, t) ≥ r(t). Thus
t ∈ U δ

ζ ⊆ ∪x>0U
x
ζ , which implies that Uζ ⊆ ∪x>0U

x
ζ . On the other hand, if t ∈ U δ

ζ for some δ > 0
then ζ > r̃(δ, t) ≥ r(t). Hence t ∈ Uζ , which implies Uζ = ∪x>0U

x
ζ . Since t 7→ r̃(x, t) is continuous Ux

ζ is an
open set for each x > 0. Therefore Uζ is also an open set as it is the union of open sets. Since this is true for
arbitrary ζ > 0, and {s ∈ [0, T ] : r(s) < ζ} = ∅ for ζ ≤ 0, it implies that t 7→ r(t) is upper semi-continuous.

Next, for each ε ∈ (0, 1] one defines F̊ε := {(r, t) ∈ (0,∞)× (0, T ) : r̃(ε, t) < r}. Then F̊ε is an open set
since t 7→ r̃(ε, t) is continuous in t ∈ [0, T ]. Since r(t) = infx>0 r̃(x, t) for all t ∈ [0, T ], it follows that F̊ε ⊂ F̊
for each ε > 0. Furthermore, if (r, t) ∈ F̊ then there exists ε > 0 such that r(t) ≤ r̃(ε, t) < r, which implies
(r, t) ∈ F̊ε, hence F̊ = ∪ε>0F̊ε. Thus F̊ is open as it is a union of open sets. This concludes the proof for
Lemma 2.5.4(iii).

Next, we show the upper and lower bound of r̃(x, t). From Theorem 2.2.1(iii), we have

nxψ−1
− (C0/x) ≤ (r̃a(x, t))

n ≤ C0(1 + x) for all (a, x, t) ∈ (0, 1)× [0,∞)× [0, T ],
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which, along with the uniform convergence in (2.5.5), implies Lemma 2.5.4(iv).
Finally, we prove Lemma 2.5.4(v). If r(t) > 0 for some t ∈ (0, T ], then for each a ∈ (0, r(t)), Theorem

2.2.1(iii) and Lemma 2.5.1 imply that∣∣∣ ∫ r(t)

a
ρa(r, t)r

mdr
∣∣∣ ≤∣∣∣ ∫ r̃a(x,t)

a
ρa(r, t)r

mdr
∣∣∣+ ∣∣∣ ∫ r̃(x,t)

r̃a(x,t)
ρa(r, t)r

mdr
∣∣∣+ ∣∣∣ ∫ r̃(t)

r̃(x,t)
ρa(r, t)r

mdr
∣∣∣

≤x+ ω1

(
[r̃(x, t), r̃a(x, t)];C(T )

)
+ ω1

(
[r(t), r̃(x, t)];C(T )

)
,

where ω1(E;C) := f1

(∫
E
rmdr;C

)
, with f1(y;C) := yG−1

+

(C
y

)
.

By Proposition B.0.1, for each fixed C > 0, y 7→ f1(y;C) is a positive, monotone increasing, continuous
function with limy↘0 f1(y;C) = 0. Hence given ε > 0 there exists δ′ > 0 such that for x ∈ (0, δ′), one has
f1(|(r̃(x, t))n − (r(t))n|/n;C) ≤ ε/2. Let δ := min{δ′, ε/2}. We have∫ r(t)

a
ρa(r, t)r

mdr ≤ ε+ f1

((r̃a(x, t))n − (r̃(x, t))n

n
;C(T )

)
, if x ∈ (0, δ).

Now fix x ∈ (0, δ). It follows from (2.5.5) and limy↘0 f1(y;C) = 0 that

lim sup
aj↘0

∫ r(t)

aj

ρaj (r, t)r
mdr = ε+ lim

aj↘0
f1

((r̃aj (x, t))n − (r̃(x, t))n

n
;C(T )

)
= ε.

Since this is true for arbitrarily small ε > 0, taking ε↘ 0, one has

lim sup
j→∞

∫ r(t)

aj

ρaj (r, t)r
mdr = 0 (2.5.7)

Since ρa(r, t) ≥ C(a)−1 for a.e. (r, t) ∈ [a,∞)× [0, T ] from Theorem 2.2.1(ii), one has∫ r(t)

a
ρa(r, t)r

mdr ≥ C(a)−1

∫ r(t)

a
rmdr > 0, for all a ∈ (0, r(t)),

which together with 2.5.7 implies the first statement of Lemma 2.5.4(v). Since ρa(r, t) > 0 for each a ∈ (0, 1),
by Fatou’s Lemma,∫ ∞

0
lim inf
aj↘0

ρaj (r, t)1(aj ,r(t))(r)r
mdr ≤ lim inf

aj↘0

∫ r(t)

aj

ρaj (r, t)r
mdr = 0.

Thus lim infj→∞ ρaj (r, t)1(aj ,r(t))(r) = 0 for a.e. r ∈ (0, r(t)). Now fix one such r ∈ (0, r(t)). It follows that
ρaj (r, t) = ρaj (r, t)1(aj ,r(t))(r) for all aj ∈ (0, r). Taking limit inferior as j → ∞ on both sides, we obtain
the second statement of Lemma 2.5.4(v).

In what follows, we will denote the fluid region F as the set:

F := {(r, t) ∈ (0,∞)× [0, T ] : r > r(t)}.
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2.5.3 Compactness Results in Exterior Domain

Lemma 2.5.5. There exists a sub-sequence aj ↘ 0 as j →∞, and Hölder continuous functions (u, e)(r, t) :

F\{t = 0} → R× [0,∞) such that for any compact subset K ⊂⊂ F\{t = 0},

lim
j→∞

sup
(r,t)∈K

|(uaj − u, eaj − e)(r, t)| = 0.

Moreover, for each ε > 0, if t ∈ [0, T ] and r ∈ [r̃(ε, t),∞) then

|u(r, t)| ≤ C(ε)σ(t)−
1
4 and e(r, t) ≤ C(ε)σ(t)−

1
2 ; (2.5.8)

if t ∈ (0, T ] and r1, r2 ≥ r̃(ε, t) then

σ(t)
1
2 |u(r1, t)− u(r2, t)|+ σ(t)|e(r1, t)− e(r2, t)| ≤ C(ε)|r1 − r2|

1
2 ; (2.5.9)

if 0 < t1 < t2 ≤ T and r ≥ supt1≤t≤t2 r̃(ε, t) then

σ(t1)
1
2 |u(r, t1)− u(r, t2)|+ σ(t1)|e(r, t1)− e(r, t2)| ≤ C(ε)|t2 − t1|

1
4 . (2.5.10)

Proof. Only the proof for u(r, t) is presented as the case for e(r, t) follows in the exact same way. First, Let
ε ∈ (0, 1). We define the domain:

Fε :=
{
(r, t) ∈ (0,∞)× [0, T ] : t ∈ [ε, T ], and r̃(ε, t) ≤ r ≤ ε−1

}
.

By Lemma 2.5.4(iv), there exist ε0 > 0 such that Int(Fε) ̸= ∅ for each ε ∈ (0, ε0). Using the fact that
x 7→ r̃(x, t) is strictly increasing, one can verify that Fε1 ⊂ Fε2 if ε1 > ε2. We claim:

F\{t = 0} =
⋃

0<ε<1

Fε. (2.5.11)

If (r, t) ∈ Fε for some ε ∈ (0, 1) then r > r(t) since r̃(x, t)↘ r(t) as x↘ 0 for each t ∈ [0, T ], hence (r, t) ∈ F.
This shows the assertion ”⊇”. If (r, t) ∈ F\{t = 0}, then r(t) < r and there exists ε1 > 0 for which t > ε1.
Since limx↘0 r̃(x, t) = r(t) for all t ∈ [0, T ], there exists ε2 ∈ (0, 1) such that r(t) ≤ r̃(ε2, t) ≤ r. Thus
(r, t) ∈ Fε for ε := min{ε1, ε2}. This proves the other inclusion ”⊆”, hence (2.5.11) follows.

Next, since x 7→ r̃(x, t) is strictly increasing for each t ∈ [0, T ], and (x, t) 7→ r̃(x, t) is continuous, one has
dε := inft∈[0,T ]{r̃(ε, t) − r̃(ε/2, t)} > 0 by the compactness of [0, T ]. By Lemma 2.5.4, there exists Nε ∈ N
such that supt∈[0,T ]|r̃aj (ε/2, t) − r̃(ε/2, t)| ≤ dε/2 for all j ≥ Nε. Hence one has r̃aj (ε/2, t) < r̃(ε, t) for all
j ≥ Nε and t ∈ [0, T ], which implies that if (r, t) ∈ Fε, then r̃aj (ε/2, t) < r for all j ≥ Nε. Combining this
with Theorem 2.2.1(iv), we have

sup
j≥Nε

|uaj (r1, t)− uaj (r2, t)| ≤ C(ε/2)σ(t)−
1
2 |r1 − r2|

1
2 for all (r1, t), (r2, t) ∈ Fε,

sup
j≥Nε

|uaj (r, t1)− uaj (r, t2)| ≤ C(ε/2)σ(t1)−
1
2 |t2 − t1|

1
4 for all (r, t1), (r, t2) ∈ Fε.

(2.5.12)

In addition, it also follows from Theorem 2.2.1(iv) that

sup
j≥Nε

|uaj (r, t)| ≤ C(ε)σ(t)−
1
4 ≤ ε−

1
4C(ε) for all (r, t) ∈ Fε. (2.5.13)

In light of (2.5.11)–(2.5.13), we can apply Proposition A.0.1 to obtain a further sub-sequence (still denoted
as aj) and a continuous function u(r, t) : F\{t = 0} → R such that

lim
j→∞

sup
(r,t)∈K

|uaj (r, t)− u(r, t)| = 0 for all compact subset K ⊂⊂ F\{t = 0}, (2.5.14)

which together with Theorem 2.2.1(iv) implies (2.5.8)–(2.5.10).
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Corollary 2.5.1. Let (u, e)(r, t) be the functions obtained in Lemma 2.5.5. Then for each ε > 0,

sup
0≤t≤T

∫ ∞

r̃(ε,t)

{
|(u, e− 1)|2 + |(

√
σ∂ru, σ∂re)|2

}
(r, t)rmdr ≤ C(ε),∫ T

0

∫ ∞

r̃(ε,t)

{
|(∂ru, ∂re, u∂ru)|2 + |(

√
σ∂tu, σ∂te)|2

}
(r, t)rmdrdt ≤ C(ε).

Proof. The proof follows exactly the same as that of Lemma 2.4.8.

Lemma 2.5.6. For each ε > 0, if one defines ρ
(ε)
a and f (ε) to be ρ

(ε)
a (r, t) := ρa(r, t)χ

a
ε(r, t) and f

(ε)(r, t) :=
f(r, t)χε(r, t), where χ

a
ε , χε are the indicator functions defined as

χε(r, t) :=

{
1 if r ∈ [r̃(ε, t),∞),

0 otherwise,
and χa

ε(r, t) :=

{
1 if r ∈ [r̃a(ε, t),∞),

0 otherwise.
(2.5.15)

(i) Then there exists a function ρ(r, t) ∈ L2
loc(F, r

mdrdt) with ρ ≥ 0, and a sub-sequence aj ↘ 0 as j →∞
such that, 

ρ(ε)aj − 1
∗
⇀ ρ(ε) − 1 as j →∞ in L∞(

0, T ;L2([0,∞), rmdr)
)
,

sup
t∈[0,T ]

∫ ∞

r̃(ε,t)
|ρ− 1|2(r, t)rmdr ≤ C(ε).

(ii) For all L ∈ N, if one defines XL := H̃−1([0, L], rmdr) then lim
j→∞

sup
t∈[0,T ]

∥ρ(ε)aj (·, t)− ρ
(ε)(·, t)∥XL

= 0, ρ(ε) ∈ C0([0, T ];XL),

∥ρ(ε)(·, t1)− ρ(ε)(·, t2)∥XL
≤ C(ε)|t1 − t2| for all t1, t2 ∈ [0, T ],

where C(ε) > 0 is independent of L ∈ N.

(iii) Let r̃(x, t) and r(t) be the functions obtained in Lemma 2.5.4. Then for all x > 0,

x =

∫ r̃(x,t)

r(t)
ρ(r, t)rmdr for t ∈ [0, T ] almost everywhere.

Proof. We split the proof into 3 steps, showing Lemma 2.5.6(i)–(iii) in chronological order.
Step 1: proof of Lemma 2.5.6(i). From Theorem 2.2.1(iv), we have that for all j ∈ N,

sup
t∈[0,T ]

∫ ∞

0
|ρ(ε)aj − 1|2rmdr ≤

(r̃aj (ε, t))
n

n
+ sup

t∈[0,T ]

∫ ∞

r̃aj (ε,t)
|ρaj − 1|2rmdr ≤ C(ε).

Hence there exists w̃ε − 1 ∈ L∞(0, T ;L2([0,∞), rmdr)) such that

ρ(ε)aj − 1
∗
⇀ w̃ε − 1 weakly star as j →∞ in L∞(

0, T ;L2([0,∞), rmdr)
)
. (2.5.16)

For each l ∈ N, denote εl := l−1 and w̃(l) := w̃εl . Fix l, q ∈ N such that l < q. Then r̃a(εq, t) < r̃a(εl, t) for
each (a, t) ∈ (0, 1) × [0, T ]. Thus by construction, it follows that for all j ∈ N, χaj

εl (r, t) = 1 = χ
aj
εq (r, t) if

r ∈ [r̃aj (εl, t),∞) and one has

ρ
(εq)
aj (r, t) = ρ(εl)aj (r, t) for a.e. t ∈ [0, T ] and r ∈ [r̃aj (εl, t),∞) for each j ∈ N. (2.5.17)
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Let ϕ ∈ C∞
c (F(l)) where F(l) := {(r, t) : t ∈ [0, T ], r ∈ [r̃(εl, t),∞)}. Then it follows that ϕχεl ∈

L1(0, T ;L2([0,∞), rmdr)), and one has∫ T

0

∫ ∞

r̃(εl,t)
{w̃(q) − w̃(l)}ϕ(r, t)rmdrdt

=

∫ T

0

∫ ∞

0
{w̃(q) − ρ(εq)aj }χεlϕr

mdrdt+

∫ T

0

∫ r̃aj (εl,t)

r̃(εl,t)
{ρ(εq)aj − ρ(εl)aj }ϕr

mdrdt

+

∫ T

0

∫ ∞

r̃aj (εl,t)
{ρ(εq)aj − ρ(εl)aj }ϕr

mdrdt+

∫ T

0

∫ ∞

0
{ρ(εl)aj − w̃

(l)}χεlϕr
mdrdt =

4∑
i=1

I
(j)
i .

The limit of I
(j)
1 and I

(j)
4 is evaluated by the weak star convergence (2.5.16). As j →∞,

I
(j)
1 + I

(j)
4

:=

∫ T

0

∫ ∞

0
{w̃(q) − ρ(εq)aj }χεlϕ(r, t)r

mdrdt+

∫ T

0

∫ ∞

0
{ρ(εl)aj − w̃

(l)}χεlϕ(r, t)r
mdrdt→ 0.

Using (2.5.17), one also obtains

I
(j)
3 :=

∫ T

0

∫ ∞

r̃aj (εl,t)
{ρ(εq)aj − ρ(εl)aj }ϕ(r, t)r

mdrdt = 0.

For I
(j)
2 , one first observes that

|χaj
εl − χεl |(r, t) =

{
1 if r ∈ [r̃aj (εl, t), r̃(εl, t)] or r ∈ [r̃(εl, t), r̃aj (ε, t)],

0 otherwise.

By the uniform convergence from Lemma 2.5.4, it follows that |χaj
εl − χεl |(r, t) → 0 as j → ∞ for a.e.

(r, t) ∈ [0,∞)× [0, T ]. Using estimates from Theorem 2.2.1(iv), and Dominated Convergence theorem, one
has as j →∞,

|I(j)2 | :=
∣∣∣ ∫ T

0

∫ r̃aj (εl,t)

r̃(εl,t)
{ρ(εq)aj − ρ(εl)aj }ϕr

mdrdt
∣∣∣ ≤ ∫ T

0

∫ ∞

0
|χaj

εl − χεl ||ρ
(εq)
aj − ρ(εl)aj ||ϕ|r

mdrdt

≤
∫ T

0

(∫ ∞

0
|χaj

εl − χεl |
2|ϕ(r, t)|2rmdr

)1/2{
∥ρ(εq)aj (·, t)− 1∥L2 + ∥ρ(εl)aj (·, t)− 1∥L2

}
dt

≤(C(εl) + C(εq))

∫ T

0

(∫ ∞

0
|χaj

εl − χεl |
2|ϕ(r, t)|2rmdr

)1/2
dt→ 0.

Summarising the convergence for I
(j)
1 -I

(j)
4 as j →∞, it follows that∫ T

0

∫ ∞

r̃(εl,t)
{w̃(q) − w̃(l)}ϕ(r, t)rmdrdt = 0 for all ϕ ∈ C∞

c (F(l)).

By Fundamental Theorem of Calculus of Variation, it follows that if l ≤ q ∈ N then

w̃(q)(r, t) = w̃(l)(r, t) for almost every t ∈ [0, T ], and r ∈ [r̃(εl, t),∞). (2.5.18)

In light of above, w̃(q) is truncated in the domain (r, t) ∈ F for each q ∈ N as:

w(q)(r, t) :=

{
w̃(q)(r, t) if t ∈ [0, T ] and r ∈ [r̃(εq, t),∞),

0 otherwise.
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Using this, one also defines for each N ∈ N,

hN (r, t) := w(1)(r, t) +
N∑
i=1

{w(i+1)(r, t)− w(i)(r, t)} for (r, t) ∈ F.

Fix (r, t) ∈ F. Lemma 2.5.4(iii)–(iv) imply that limx↘0 r̃(x, t) = r(t), limx→∞ r̃(x, t) = ∞. Since r(t) < r,
there exists q ∈ N such that r̃(εq, t) ≤ r < r̃(εq−1, t). Thus (2.5.18) implies,

hN (r, t) = w(1)(r, t) +
N∑
i=1

{w(i+1)(r, t)− w(i)(r, t)} = w(q)(r, t) = w̃(q)(r, t) if N ≥ q + 1.

Thus for a.e. (r, t) ∈ F, the limit limN→∞ hN (r, t) = w̃(q)(r, t) exists for some q ∈ N, and the following
function is well-defined almost everywhere in (0,∞)× [0, T ]:

ρ(r, t) :=

{
lim

N→∞
hN (r, t) for a.e. (r, t) ∈ F.

0 for (r, t) ∈ (0,∞)× [0, T ]\F.

Now let ε > 0. Then there exists some integer q ∈ N such that εq ≤ ε and it follows from the above
construction that:

ρ(ε)(r, t) = χε(r, t)ρ(r, t) = χε(r, t)w̃
(q)(r, t) for a.e. (r, t) ∈ (0,∞)× [0, T ].

Let ϕ ∈ L1(0, T ;L2([0,∞), rmdr)). Using r̃aj (εq, t) < r̃aj (ε, t) for each j ∈ N, one has

χ
(aj)
ε = χ

(aj)
εq χ

(aj)
ε for all (r, t) ∈ [0,∞)× [0, T ] and j ∈ N. (2.5.19)

Using this, it then follows that∫ T

0

∫ ∞

0
{ρ(ε) − ρ(ε)aj }ϕr

mdrdt =

∫ T

0

∫ ∞

0
{χεw̃

(q) − χaj
ε ρaj}ϕrmdrdt

=

∫ T

0

∫ ∞

0
{χεw̃

(q) − χεχ
aj
εqρaj}ϕrmdrdt+

∫ T

0

∫ ∞

0
{χεχ

aj
εq − χ

aj
ε }ρajϕrmdrdt

=

∫ T

0

∫ ∞

0
χεϕ{w̃(q) − ρ(εq)aj }rmdrdt+

∫ T

0

∫ ∞

0
{χε − χ

aj
ε }ρ(εq)aj ϕrmdrdt =: J

(j)
1 + J

(j)
2 .

By the weak-star convergence for each q ∈ N in (2.5.16), one has that J
(j)
1 → 0 as j → ∞. For the term

J
(j)
2 , one uses the point-wise bound of ρa from Theorem 2.2.1(iv) to get:

|(χε − χ
aj
ε )ρ

(εq)
aj φ| ≤ C(εq)|φ| ∈ L1

(
0, T ;L2([0,∞), rmdr)

)
.

Moreover, due to the uniform convergence from Lemma 2.5.4, one has (χε − χ
(aj)
ε )(r, t) → 0 as j → ∞ for

a.e. (r, t) ∈ [0,∞)× [0, T ]. Hence by Dominated Convergence theorem,

J
(j)
2 :=

∫ T

0

∫ ∞

0
(χε − χ

aj
ε )ρ

(εq)
aj φrmdrdt→ 0 as j →∞.

Combining the limit of J
(j)
1 , J

(j)
2 as j →∞, it follows that there exists ρ ∈ L2

loc(F) such that

ρ(ε)aj

∗
⇀ ρ(ε) as j →∞ in L∞(

0, T ;L2([0,∞), rmdr)
)
, for each ε > 0. (2.5.20)
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This concludes the proof of Lemma 2.5.6(i).
Step 2: proof of Lemma 2.5.6(ii). By Lemma 2.5.4, if one sets rε := inft∈[0,T ] r̃(ε, t)/2, then there exists

Nε ∈ N such that rε < r̃aj (ε, t) for all j ≥ Nε and t ∈ [0, T ]. By Theorem 2.2.1(v), we have for each ε > 0
and t1, t2 ∈ [0, T ],

sup
j≥Nε

∥ρ(ε)aj (·, t1)− ρ
(ε)
aj (·, t2)∥H̃−1([rε,L],rmdr)

≤ C(ε)|t1 − t2| for all L ∈ N.

Moreover it also follows that for all j ≥ Nε and L ∈ N,

ρ(ε)aj ∈ C
0
(
[0, T ]; H̃−1([rε, L], r

mdr)
)
, sup

j≥Nε

∥ρ(ε)aj − 1∥L∞(0,T ;L2([rε,∞),rmdr)) ≤ C(ε).

Therefore by Proposition A.0.2 from Appendix A, there exists h̃ε such that for all L ∈ N,
h̃ε − 1 ∈ L∞(

0, T ;L2([rε,∞), rmdr)
)
, h̃ε ∈ C0

(
[0, T ]; H̃−1([rε, L], r

mdr)
)
,

lim
j→∞

sup
t∈[0,T ]

∥ρ(ε)aj (·, t)− h̃ε(·, t)∥H−1([rε,L],rmdr) = 0,

∥h̃ε(·, t1)− h̃ε(·, t2)∥H−1([rε,L],rmdr) ≤ C(ε)|t1 − t2| for each t1, t2 ∈ [0, T ].

(2.5.21)

We claim that ρ(ε) = h̃ε for a.e. (r, t) ∈ [rε,∞) × [0, T ]. Let ϕ ∈ C∞
c ([rε,∞) × [0, T ]). Then there exists

L ∈ N such that supp(ϕ) ⊆ [rε, L]× [0, T ]. Using (2.5.20)–(2.5.21), we have as j →∞,∫ T

0

∫ ∞

rε

(ρ(ε) − h̃ε)ϕrmdrdt =

∫ T

0

∫ ∞

rε

(ρ(ε) − ρ(ε)aj )ϕr
m +

∫ T

0

∫ L

rε

(ρ(ε)aj − h̃ε)ϕr
m

≤
∫ T

0

∫ ∞

rε

{ρ(ε) − ρ(ε)aj }ϕr
mdrdt+

∫ T

0
∥ρ(ε)aj (·, t)− h̃ε(·, t)∥H̃−1∥ϕ∥H1dt→ 0.

By Fundamental Lemma of Calculus of Variation, ρ(ε) = h̃ε for a.e. (r, t) ∈ [rε,∞)× [0, T ]. Lemma 2.5.6(ii)
then follows since supp(ρ(ε)(·, t)) = [r̃(ε, t),∞), and rε < r̃(ε, t) for all t ∈ [0, T ].

Step 3: proof of Lemma 2.5.6(iii). Let ξ ∈ C∞
c (0, T ) and 0 < y < x. By (2.5.20), we have,∫ T

0
ξ(t)

∫ r̃(x,t)

r̃aj (y,t)
ρaj (r, t)r

mdrdt−
∫ T

0
ξ(t)

∫ r̃(x,t)

r̃(y,t)
ρ(r, t)rmdrdt

=

∫ T

0

∫ r̃(x,t)

0
ξ(χ

aj
y ρaj − χyρ)r

mdrdt =

∫ T

0

∫ ∞

0
(1− χx)ξ{ρ(y)aj − ρ

(y)}rmdrdt→ 0,

as j →∞, where one used the fact that (1− χx)ξ ∈ L1(0, T ;L2([0,∞), rmdr)). Hence,

lim
j→∞

∫ T

0

∫ r̃(x,t)

r̃aj (y,t)
ξ(t)ρaj (r, t)r

mdrdt =

∫ T

0
ξ(t)

∫ r̃(x,t)

r̃(y,t)
ρ(r, t)rmdrdt. (2.5.22)

Moreover, by Lemma 2.5.1, limy↘0 r̃(y, t) = r(t), and Dominated Convergence theorem,

lim
y↘0

sup
j∈N

∣∣∣ ∫ T

0

∫ r̃(y,t)

r(t)
ξρajr

mdrdt
∣∣∣ ≤ lim

y↘0

∫ T

0
ω1([r(t), r̃(y, t)];C(T ))|ξ(t)|dt = 0.

For a given δ > 0, the above limit implies that there exists zδ > 0 such that if y ∈ (0, zδ) then

sup
j∈N

∣∣∣ ∫ T

0

∫ r̃(y,t)

r(t)
ξ(t)ρaj (r, t)r

mdrdt
∣∣∣ ≤ δ. (2.5.23)
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Now fix y ∈ (0, zδ). By Theorem 2.2.1(iii), we have for a.e. t ∈ [0, T ],

x =

∫ r̃aj (x,t)

aj

ρaj (r, t)r
mdr =

(∫ r(t)

aj

+

∫ r̃(y,t)

r(t)
+

∫ r̃aj (y,t)

r̃(y,t)
+

∫ r̃(x,t)

r̃aj (y,t)
+

∫ r̃aj (x,t)

r̃(x,t)

)
ρajr

mdr.

Multiplying the above equality with ξ(t), then integrating in t ∈ [0, T ], and taking limit as j →∞, it follows
from (2.5.22) and (2.5.23) that

−δ ≤ lim
j→∞

3∑
i=1

I(j)i +

∫ T

0
ξ(t)

{
− x+

∫ r̃(x,t)

r̃(y,t)
ρ(r, t)rmdr

}
dt ≤ δ. (2.5.24)

Repeating the same proof for assertion (v) of Lemma 2.5.4, one obtains

lim
j→∞
|I(j)1 | = lim

j→∞

∣∣∣ ∫ T

0
ξ(t)

∫ r(t)

aj

ρaj (r, t)r
mdrdt

∣∣∣ = 0.

Moreover by Lemma 2.5.1, 2.5.4, and Dominated Convergence Theorem, we also have that

lim
j→∞
|I(j)2 |+ |I

(j)
3 | ≤ lim

j→∞

∫ T

0
|ξ(t)|

(∫ r̃aj (y,t)

r̃(y,t)
+

∫ r̃aj (x,t)

r̃(x,t)

)
ρaj (r, t)r

mdrdt

≤ lim
j→∞

∫ T

0
|ξ(t)|

{
ω1

(
[r̃(y, t), r̃aj (y, t)];C(T )

)
+ ω1

(
[r̃(x, t), r̃aj (x, t)];C(T )

)}
dt = 0.

It follows from (2.5.24) that, for each δ > 0, there exists zδ > 0 such that if y ∈ (0, zδ) then

−δ ≤
∫ T

0
ξ(t)

{
− x+

∫ r̃(x,t)

r̃(y,t)
ρ(r, t)rmdr

}
dt ≤ δ.

Let {ξi}i∈N ∈ C∞
c (0, T ) be such that ξi ≥ 0, ∥ξi∥L1([0,T ]) = 1, and {ξi}i∈N is a sequence of kernels approxi-

mating Dirac distribution. Then for all (i, y) ∈ N× (0, zδ):

−δ ≤ −x+

∫ T

0
ξi(t)

∫ r̃(x,t)

r̃(y,t)
ρ(r, t)rmdrdt ≤ δ.

Since ρ ≥ 0, one can apply Monotone Convergence theorem with the limit y ↘ 0 to obtain

−δ ≤ −x+

∫ T

0
ξi(t)

∫ r̃(x,t)

r(t)
ρ(r, t)rmdrdt ≤ δ.

Since this is true for arbitrarily small δ > 0, it follows that

x =

∫ T

0
ξi(t)

∫ r̃(x,t)

r(t)
ρ(r, t)rmdrdt, for each i ∈ N.

Finally taking i→∞, and since ξi converges to Dirac-delta in the sense of distributions, one concludes that

x =

∫ r̃(x,t)

r(t)
ρ(r, t)rmdr, for t ∈ [0, T ] almost everywhere.
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Corollary 2.5.2. Let ρ be the function obtained in Lemma 2.5.6. Then for each ε > 0,

C(ε)−1 ≤ ρ(r, t) ≤ C(ε) for almost every t ∈ [0, T ], and r ∈ [r̃(ε, t),∞).

Proof. The proof is exactly the same as that of Proposition 2.4.1 and Lemma 2.4.5.

In light of Lemma 2.5.4(v), and Lemma 2.5.6(iii), we extend ρ ∈ L2
loc(F) obtained above by setting

ρ(r, t) = 0 for (r, t) ∈ Rn × [0, T ]\F.

Lemma 2.5.7. Let (ρ, u, e)(r, t) be the limit function obtained in Lemma 2.5.5–2.5.6. Then

ess sup
t∈[0,T ]

∫
E
ρe(r, t)rmdr ≤ C(T ) + ω2(E;C(T )) for bounded measurable E ⊂ [0,∞),

where ω2(E, z) for z > 0 is the set function given in Lemma 2.5.2, and

ess sup
t∈(0,T )

∫ ∞

0

{
G(ρ) + ρ|u|2

}
(r, t)rmdr ≤ C(T ).

Proof. Let ε ∈ (0, 1). Denote ρ(ε) and ρ
(ε)
aj as in Lemma 2.5.6. Let E ⊂ [0,∞) be a bounded measurable

set and 1E(r) be the indicator function. Since x → r̃(x, t) is strictly increasing and (x, t) 7→ r̃(x, t) is
a continuous function from Lemma 2.5.4, combining with the fact that [0, T ] is a compact set, one has
dε =: 2 inft∈[0,T ]{r̃(ε, t) − r̃(ε/2, t)} > 0. By Lemma 2.5.4, there exists Nε ∈ N such that if j ≥ Nε then
sup0≤t≤T |r̃aj (ε, t)− r̃(ε, t)| ≤ dε/2. Hence,

r̃aj (ε, t) > r̃(ε/2, t) for all t ∈ [0, T ] and j ≥ Nε. (2.5.25)

Let [t1, t2] ⊂ (0, T ]. Then by (2.5.25), it follows that as j →∞,∫ t2

t1

∫ ∞

r̃aj (ε,t)
1Eρaj |uaj |2rmdrdt−

∫ t2

t1

∫ ∞

r̃(ε,t)
1Eρ|u|2rmdrdt

=

∫ t2

t1

∫ ∞

r̃(ε/2,t)
1Eρ

(ε)
aj |uaj |

2rmdrdt−
∫ t2

t1

∫ ∞

r̃(ε/2,t)
1Eρ

(ε)|u|2rmdrdt

=

∫ t2

t1

∫ ∞

r̃(ε/2,t)
1Eρ

(ε)
aj {|uaj |

2 − |u|2}rmdrdt+

∫ t2

t1

∫ ∞

r̃(ε/2,t)
1E{ρ(ε)aj − ρ

(ε)}|u|2rmdrdt→ 0,

where for the first convergence, one used Dominated Convergence theorem, Lemma 2.5.5 and point-wise

bound for |uaj | and ρ
(ε)
aj from Theorem 2.2.1(iv). For the second convergence one used Lemma 2.5.6 and

Corollary 2.5.1. Let L ∈ N and set E ≡ [0, L]. By Theorem 2.2.1(i),∫ t2

t1

∫ L

r̃(ε,t)
ρ|u|2rmdrdt = lim

j→∞

∫ t2

t1

∫ L

r̃aj (ε,t)
ρaj |uaj |2rmdrdt

≤|t2 − t1| ess sup
t∈(0,T )

∫ ∞

aj

ρaj |uaj |2(r, t)rmdr = C(T )|t2 − t1|,

where C(T ) = C(T,C0) is independent of a ∈ (0, 1), ε > 0 and L ∈ N. Thus by Lebesgue Differentiation
theorem, it follows that

ess sup
t∈(0,T )

∫ L

r̃(ε,t)
ρ|u|2(r, t)rmdr ≤ C(T ).
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Using Monotone Convergence theorem with the consecutive limits L→∞ then ε↘ 0,

ess sup
t∈(0,T )

∫ ∞

r(t)
ρ|u|2(r, t)rmdr = lim

L→∞
ε→0+

ess sup
t∈(0,T )

∫ L

r̃(ε,t)
ρ|u|2(r, t)rmdr ≤ C(T ).

Next, let [t1, t2] ⊆ (0, T ] and E ⊂ [0,∞) be a bounded measurable set. Using (2.5.25), convergence
results from Lemma 2.5.5–2.5.6, and the bound e(r, t) ≤ C(ε)σ(t)−1/2 for r ≥ r̃(ε/2, t) from Lemma 2.5.5,
one has that as j →∞∫ t2

t1

∫ ∞

r̃aj (ε,t)
1Eρajeajr

mdrdt−
∫ t2

t1

∫ ∞

r̃(ε,t)
1Eρer

mdrdt

=

∫ t2

t1

∫ ∞

r̃(ε/2,t)
1Eρ

(ε)
aj eajr

mdrdt−
∫ t2

t1

∫ ∞

r̃(ε/2,t)
1Eρ

(ε)ermdrdt

=

∫ t2

t1

∫ ∞

r̃(ε/2,t)
1Eρ

(ε)
aj (eaj − e)r

mdrdt+

∫ t2

t1

∫ ∞

r̃(ε/2,t)
1E(ρ

(ε)
aj − ρ

(ε))ermdrdt→ 0.

Let Eε
j (t) := E ∩ [r̃aj (ε, t),∞). Then by Lemma 2.5.2, one has∫ t2

t1

∫ ∞

r̃(ε,t)
1Eρer

mdrdt = lim
j→∞

∫ t2

t1

∫ ∞

r̃aj (ε,t)
1Eρajeajr

mdrdt

≤ sup
j∈N

∫ t2

t1

∫
Eε

j (t)
ρajeajr

mdrdt ≤
∫ t2

t1

{
C(T ) + ω2(E

ε
j (t);C(T ))

}
dt,

where ω2

(
Eε

j (t);C(T )
)
= f2

(
f1

(∫
Eε

j (t)
rmdr;C(T )

)
;C(T )

)
.

Since Eε
j (t) ⊆ E for all (j, ε, t) ∈ N× (0, 1)× [0, T ], and y → f1(y;C), f2(y;C) are monotone increasing (See

Proposition B.0.1), one has for all (j, ε, t) ∈ N× (0, 1)× [0, T ],

ω2

(
Eε

j (t);C(T )
)
≤ f2

(
f1

(∫
E
rmdr;C(T )

)
;C(T )

)
= ω2(E;C(T )).

Using this, (2.5.26) becomes∫ t2

t1

∫ ∞

r̃(ε,t)
1Eρer

mdrdt ≤ |t2 − t1|{C(T ) + ω2(E;C(T ))}.

Thus by Lebesgue Differentiation theorem, it follows that

ess sup
t∈[0,T ]

∫ ∞

r̃(ε,t)
1Eρe(r, t)r

mdr ≤ C(T ) + ω2(E;C(T )).

Since ρ = 0 in {r < r(t)} and limε↘0 r̃(ε, t) = r(t), by Monotone Convergence theorem,

ess sup
t∈[0,T ]

∫
E
ρe(r, t)rmdr ≤ C(T ) + ω2(E;C(T )).

Let ε ∈ (0, 1] and rε := inft∈[0,T ] r̃(ε, t)/2. By Lemma 2.5.4, there exists Mε ∈ N such that

inf
t∈[0,T ]

r̃aj (ε, t) > rε for all j ≥Mε. (2.5.26)
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Moreover, by Theorem 2.2.1(iii), r̃aj (ε, t) ≤ r̃aj (1, t) ≤ C0 for all (j, t) ∈ N × [0, T ]. By (2.5.26), Theorem
2.2.1(i), Lemma 2.5.6, Corollary 2.5.2, and the fact that G(0) = 1 one has

ρ(ε)aj − 1⇀ ρ(ε) − 1 as j →∞ weakly in L2
(
0, T ;L2([rε,∞), rmdr)

)
,

sup
j≥Mε

ess sup
t∈[0,T ]

∫ ∞

rε

G(ρ(ε)aj )(r, t)r
mdr ≤ C(T ),

0 ≤ ρ(ε)aj (r, t) ≤ C(ε) for a.e. (r, t) ∈ [rε,∞)× [0, T ] and for each j ∈ N.

Thus applying Proposition B.0.2 of Appendix B, it follows that

ess sup
t∈(0,T )

∫ ∞

rε

G(ρ(ε))(r, t)rmdr ≤ C(T ).

By (iv) of Lemma 2.5.4, rε < r̃(ε, t) ≤ C0(1 + ε)1/n ≤ 21/nC0 for t ∈ [0, T ]. Since G(ρ(ε)) = G(0) = 1 for
r ∈ [rε, r̃(ε, t)] and ρ

(ε) = ρ for a.e. r ∈ [r̃(ε, t),∞), one has for a.e. t ∈ [0, T ],∫ ∞

r̃(ε,t)
G(ρ)(r, t)rmdr ≤

∫ r̃(ε,t)

rε

rmdr +

∫ ∞

r̃(ε,t)
G(ρ)(r, t)rmdr ≤ C(T ).

Since the above is true for all ε ∈ (0, 1], using limε↘0 r̃(ε, t) = r(t), ρ ≡ 0 for r < r(t), and Monotone
Convergence Theorem, it follows that

ess sup
t∈[0,T ]

∫ ∞

0
G(ρ)(r, t)rmdr = lim

ε↘0
ess sup
t∈[0,T ]

∫ ∞

r̃(ε,t)
G(ρ)(r, t)rmdr ≤ C(T ).

2.5.4 Weak forms away from the vacuum

In this subsection, we denote (ρ, u, e)(r, t) in F, and r̃(x, t) in [0,∞)× [0, T ] as the limit functions obtained
in Lemmas 2.5.4–2.5.6. The main aim is to show that they satisfies the weak forms described in Definition
2.1.1. Moreover, we also define a class of test functions DT as:

DT := {ϕ ∈ C1([0,∞)× [0, T ]) : ∃L ∈ N s.t. ϕ(r, t) = 0 for (r, t) ∈ [L,∞)× [0, T ]}.

Lemma 2.5.8. Let (ρ0, u0, e0)(r) be the spherically symmetric initial data in Theorem 2.1.1, and let
(ρ0a, u

0
a, e

0
a)(r) be the modified initial data constructed in Section 2.2.2. Then for all ϕ ∈ DT ,

lim
a↘0

∫ ∞

a
ρ0a(r)ϕ(r, 0)r

mdr =

∫ ∞

0
ρ0(r)ϕ(r, 0)r

mdr,

lim
a↘0

∫ ∞

a
(ρ0au

0
a)(r)ϕ(r, 0)r

mdr =

∫ ∞

0
(ρ0u0)(r)ϕ(r, 0)r

mdr,

lim
a↘0

∫ ∞

a
ρ0a

{ |u0a|2
2

+ e0a

}
(r)ϕ(r, 0)rmdr =

∫ ∞

0
ρ0

{ |u0|2
2

+ e0

}
(r)ϕ(r, 0)rmdr.

Proof. By construction (2.2.6) in Section 2.2.2, (ρ0a, u
0
a, e

0
a)(r) = (1, 0, 1) for r ∈ [0, a]. Thus,∣∣∣ ∫ ∞

a
ρ0a(r)ϕ(r, 0)r

mdr −
∫ ∞

0
ρ0(r)ϕ(r, 0)r

mdr
∣∣∣

≤
∫ a

0
|ϕ(r, 0)|rmdr + ∥ϕ(·, 0)∥L2([0,∞),rmdr)∥ρ0a − ρ0∥L2([0,∞),rmdr) → 0 as a↘ 0.
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where one has used Proposition 2.2.1. Second, by (2.2.6) and Proposition 2.2.1 again, one gets∣∣∣ ∫ ∞

a
(ρ0au

0
a)(r)ϕ(r, 0)r

mdr −
∫ ∞

0
(ρ0u0)(r)ϕ(r, 0)r

mdr
∣∣∣

=
∣∣∣ ∫ ∞

0
ϕ(r, 0){ρ0a(u0a − u0) + u0(ρ

0
a − ρ0)}(r)rmdr

∣∣∣
≤∥ρ0a∥L∞∥ϕ(·, 0)∥L2([0,∞),rmdr)∥u0a − u0∥L2([0,∞),rmdr)+

+ ∥ϕ(·, 0)∥L∞∥u0∥L2([0,∞),rmdr)∥ρ0a − ρ0∥L2([0,∞),rmdr) → 0 as a↘ 0.

Finally, it follows from (2.2.6) and Proposition 2.2.1 that∣∣∣ ∫ ∞

a
ρ0a|u0a|2(r)ϕ(r, 0)rmdr −

∫ ∞

0
ρ0|u0|2(r)ϕ(r, 0)rmdr

∣∣∣
=
∣∣∣ ∫ ∞

0
ϕ(r, 0){ρ0a(|u0a|2 − |u0|2) + |u0|2(ρ0a − ρ0)}(r)rmdr

∣∣∣
≤∥ρ0a∥L∞∥ϕ(·, t)∥L2([0,∞),rmdr)∥|u0a|2 − |u0|2∥L2([0,∞),rmdr)+

+ ∥ϕ(·, 0)∥L∞∥u0∥2L4([0,∞),rmdr)∥ρ
0
a − ρ0∥L2([0,∞),rmdr) → 0 as a↘ 0.

On the other hand, one also has that as a↘ 0,∣∣∣ ∫ ∞

a
ρ0ae

0
a(r)ϕ(r, 0)r

mdr −
∫ ∞

0
ρ0e0(r)ϕ(r, 0)r

mdr
∣∣∣

≤
∣∣∣ ∫ a

0
ϕ(r, 0)rmdr

∣∣∣+ ∣∣∣ ∫ ∞

0
ϕ(r, 0){ρ0a(e0a − e0) + e0(ρ

0
a − ρ0)}rmdr

∣∣∣
≤∥ϕ(·, 0)∥L∞ · an/n+ ∥ρ0a∥L∞∥ϕ(·, 0)∥L2([0,∞),rmdr)∥e0a − e0∥L2([0,∞),rmdr)+

+ {∥ϕ(·, 0)∥L∞∥e0 − 1∥L2([0,∞),rmdr) + ∥ϕ(·, 0)∥L2([0,∞),rmdr)}∥ρ0a − ρ0∥L2([0,∞),rmdr) → 0.

This proves the last assertion, hence the lemma.

Lemma 2.5.9. For all ϕ ∈ DT , one has:∫ ∞

0
ρ(r, t)ϕ(r, t)rmdr −

∫ ∞

0
ρ0(r)ϕ(r, 0)r

mdr =

∫ t

0

∫ ∞

0
(ρ∂tϕ+ ρu∂rϕ)(r, s)r

mdrds.

Proof. First from continuity equation of Theorem 2.2.1, we have for all j ∈ N, aj ∈ (0, 1),∫ ∞

aj

ρaj (r, s)ϕ(r, s)r
mdr

∣∣∣s=t

s=0
=

∫ t

0

∫ ∞

aj

(ρaj∂tϕ+ ρajuaj∂rϕ)(r, t)r
mdrdt. (2.5.27)

By Lemma 2.5.1 and 2.5.6, and ρ ≡ 0 in {r < r(t)} by construction, we have

Ij1 :=
∣∣∣ ∫ ∞

aj

ρaj (r, t)ϕ(r, t)r
mdr −

∫ ∞

r(t)
ρ(r, t)ϕ(r, t)rmdr

∣∣∣
≤
∣∣∣ ∫ ∞

r̃aj (x,t)
ϕρaj (r, t)r

mdr −
∫ ∞

r̃(x,t)
ϕρ(r, t)rmdr

∣∣∣+ ∥ϕ∥∞ ∫ r̃(x,t)

r(t)
ρ(r, t)rmdr

+ ∥ϕ∥∞
(∫ r(t)

aj

+

∫ r̃(x,t)

r(t)
+

∫ r̃aj (x,t)

r̃(x,t)

)
ρaj (r, t)r

mdr

≤
∣∣∣ ∫ ∞

0
{ρ(x)aj − ρ

(x)}ϕ(r, t)rmdr
∣∣∣+ ∥ϕ∥∞ · x+ ∥ϕ∥∞

∫ r(t)

aj

ρaj (r, t)r
mdr

+ ∥ϕ∥∞ω1([r(t), r̃(x, t)];C) + ∥ϕ∥∞ω1([r̃(x, t), r̃aj (x, t)];C).
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Since r̃(x, t)↘ r(t) as x↘ 0, for given δ > 0, there exists y ∈ (0, 1) such that

∥ϕ∥∞x+ ∥ϕ∥∞ω1([r(t), r̃(x, t)];C) ≤ δ, for all 0 < x < y.

Hence it follows that for all 0 < x < y,

Ij1 ≤ δ +
∣∣∣ ∫ ∞

0
ϕ(r, t){ρ(x)aj − ρ

(x)}(r, t)rmdr
∣∣∣+ ∥ϕ∥∞ ∫ r(t)

aj

ρaj (r, t)r
mdr.

Fix a point x ∈ (0, y). Taking limit j →∞ on the above inequality, then using Lemma 2.5.6(i) and Lemma
2.5.4(v), we have that:

lim
j→∞

∣∣∣ ∫ ∞

aj

ρaj (r, t)ϕ(r, t)r
mdr −

∫ ∞

r(t)
ρ(r, t)ϕ(r, t)rmdr

∣∣∣ ≤ δ.
Since this is true for arbitrarily small δ > 0, it follows that limj→∞ Ij1 = 0.

Next, for each x > 0, we rewrite the term:

Ij2 :=
∣∣∣ ∫ t

0

∫ ∞

aj

ρajuaj∂rϕ(r, s)r
mdrds−

∫ t

0

∫ ∞

r(s)
ρu∂rϕ(r, s)r

mdrds
∣∣∣

≤∥∂rϕ∥∞
∫ t

0

∫ r̃aj (x,s)

aj

|ρajuaj |rmdrds+ ∥∂rϕ∥∞
∫ t

0

∫ r̃(x,s)

r(s)
|ρu|rmdrds

+
∣∣∣ ∫ t

0

∫ ∞

r̃aj (x,s)
ρajuaj∂rϕr

mdrds−
∫ t

0

∫ ∞

r̃(x,s)
ρu∂rϕr

mdrds
∣∣∣ =: Ij2,1(x) + I

j
2,2(x) + I

j
2,3(x).

Using Cauchy-Schwartz’s inequality and Theorem 2.2.1(iii), we have

Ij2,1(x) := ∥∂rϕ∥∞
∫ t

0

∫ r̃aj (x,s)

aj

|ρajuaj |rmdrds

≤∥∂rϕ∥∞
√
x

∫ t

0

(∫ r̃aj (x,t)

aj

ρaju
2
ajr

mdr
) 1

2
ds ≤ ∥∂rϕ∥∞C(T )

1
2 t
√
x.

Moreover, using Lemma 2.5.6(iii) and Lemma 2.5.7, we also have

Ij2,2(x) := ∥∂rϕ∥∞
∫ t

0

∫ r̃(x,s)

r(s)
|ρu|rmdrds

≤ ∥∂rϕ∥∞
∫ t

0

(∫ r̃(x,s)

r(s)
ρ|u|2rmdr

) 1
2
(∫ r̃(x,s)

r(s)
ρrmdr

) 1
2
ds ≤ ∥∂rϕ∥∞C(T )

1
2 t
√
x.

Thus given δ > 0, there exists yδ ∈ (0, 1) such that if 0 < x < yδ, then Ij2(x) ≤ δ + Ij2,3(x). By
Lemma 2.5.4, x → r̃(x, t) is increasing and (x, t) 7→ r̃(x, t) is continuous. Since [0, T ] is compact, we
have d = inft∈[0,T ]{r̃(x, t) − r̃(x/2, t)} for some d > 0. By Lemma 2.5.4(i), there exists Nx ∈ N such that
sup0≤t≤T |r̃aj (x, t)− r̃(x, t)| ≤ d/2 if j ≥ Nx. Combining with the previous assertion, we get

r̃(x/2, t) < r̃aj (x, t) for each t ∈ [0, T ] and j ≥ Nx. (2.5.28)

Hence χ
aj
x = χx/2χ

aj
x for all j ≥ Nx, where χε, χ

a
ε are defined in (2.5.15). Thus for all j ≥ Nx,

Ij2,3(x) :=
∣∣∣ ∫ t

0

∫ ∞

r̃aj (x,s)
ρajuaj∂rϕr

mdrds−
∫ t

0

∫ ∞

r̃(x,s)
ρu∂rϕr

mdrds
∣∣∣

=
∣∣∣ ∫ t

0

∫ ∞

r̃(x/2,s)
ρ(x)aj uaj∂rϕr

mdrds−
∫ t

0

∫ ∞

r̃(x/2,s)
ρ(x)u∂rϕr

mdrds
∣∣∣

≤
∣∣∣ ∫ t

0

∫ ∞

r̃(x/2,s)
ρ(x)aj (uaj − u)∂rϕr

mdrds
∣∣∣+ ∣∣∣ ∫ t

0

∫ ∞

r̃(x/2,s)
{ρ(x)aj − ρ

(x)}u∂rϕrmdrds
∣∣∣.
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By the point-wise bound: ρ
(x)
a (r, t) ≤ C(x) from Theorem 2.2.1(iv), and the uniform convergence from

Lemma 2.5.5, it follows that as j →∞,∣∣∣ ∫ t

0

∫ ∞

r̃(x/2,s)
ρ(x)aj (uaj − u)∂rϕr

mdrds
∣∣∣ ≤ C(x) ∫ t

0

∫ ∞

r̃(x/2,s)
|uaj − u|∂rϕrmdrds→ 0.

By Lemma 2.5.5, we have χx/2u∂rϕ ∈ L1(0, T ;L2([0,∞), rmdr)). Thus by Lemma 2.5.6(i),∣∣∣ ∫ t

0

∫ ∞

r̃(x/2,s)
{ρ(x)aj − ρ

(x)}u∂rϕrmdrds
∣∣∣→ 0 as j →∞,

which implies limj→∞ Ij2,3(x) = 0 for each x > 0. Now for a given δ > 0, we fix x ∈ (0, yδ). Then

Ij2 = Ij2,1(x)+I
j
2,2(x)+I

j
2,3(x) ≤ δ+I

j
2,3(x). Taking limit j →∞ on both sides of this, we get limj→∞ Ij2 ≤ δ.

Since δ > 0 is arbitrarily small, we conclude that limj→∞ Ij2 = 0. By the exact same arguments, we can
also show that

Ij3 :=
∣∣∣ ∫ t

0

∫ ∞

aj

ρaj∂tϕ(r, s)r
mdrds−

∫ t

0

∫ ∞

r(s)
ρ∂tϕ(r, s)r

mdrds
∣∣∣→ 0, as j →∞.

Lemma 2.5.9 is proved by substituting these limits in (2.5.27), and using Lemma 2.5.8.

Lemma 2.5.10. Let ϕ ∈ DT ∩ C1 be such that supp(ϕ) ⊂⊂ F. Then we have:∫ ∞

0
ρ(r, t)u(r, t)φ(r, t)rmdr −

∫ ∞

0
ρ0(r)u0(r)φ(r, 0)r

mdr

=

∫ t

0

∫ ∞

0

{
ρu∂tφ+ ρu2∂rφ+

(
P − β(∂ru+m

u

r
)
)(
∂rφ+m

φ

r

)}
rmdrds,

(2.5.29)

∫ ∞

0
ρEϕ(r, t)rmdr −

∫ ∞

0
ρ0E0(r)ϕ(r, 0)r

mdr −
∫ t

0

∫ ∞

0
ρE∂tϕr

mdrds

=

∫ t

0

∫ ∞

0

{
(ρE + P )u− 2µu∂ru− λu

(
∂ru+m

u

r

)
− κ∂re

}
∂rϕ(r, s)r

mdrds.

(2.5.30)

Proof. We will only present the proof for (2.5.30) since (2.5.29) can be derived by the same way. First from
energy equation of Theorem 2.2.1, we have the weak form:∫ ∞

aj

ρajEaj (r, t)ϕ(r, t)r
mdr −

∫ ∞

aj

ρ0aj
{1
2
|u0aj |

2 + e0aj
}
(r)ϕ(r, 0)rmdr

=−
∫ t

0

∫ ∞

aj

{
2µuaj∂ruaj + λuaj

(
∂ruaj +m

uaj
r

)
+ κ∂reaj

}
∂rϕ(r, s)r

mdrds

+

∫ t

0

∫ ∞

aj

{
ρajEaj∂tϕ+ (ρajEaj + Paj )uaj∂rϕ

}
(r, s)rmdrds,

(2.5.31)

where Paj := (γ − 1)ρajeaj and Eaj := |uaj |2/2 + eaj . Now for each x ∈ (0, 1), we define the set F̃x :=

{(r, t) : t ∈ [0, T ], r̃(x, t) < r < x−1}. Then F̃x∩{0 < t < T} is open for each x ∈ (0, 1) since (x, t) 7→ r̃(x, t)
is continuous. Moreover, since x 7→ r̃(x, t) is strictly increasing for each t ∈ [0, T ], it follows that F̃x ⊊ F̃y

if y < x ∈ (0, 1). By the limit r̃(x, t) ↘ r(t) as x ↘ 0 for all t ∈ [0, T ], we also have that F = ∪x∈(0,1)F̃x,

hence
{
F̃x ∩ {0 < t < T}

}
x∈(0,1) is an open covering of F ∩ {0 < t < T}. Since supp(ϕ) ⊂⊂ F is a compact

subset, there exists ε > 0 such that supp(ϕ) ⊂ F̃2ε. If we set d = inft∈[0,T ] r̃(2ε, t) then d > 0 due to Lemma
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2.5.4(iv), and there exists N1 ∈ N such that aj < d for j ≥ N1. This implies that aj < r̃(2ε, t) if t ∈ [0, T ]
and j ≥ N1. In addition, by the same argument (2.5.28) in the proof of Lemma 2.5.9, there exists N2 ∈ N
such that r̃aj (ε, t) < r̃(2ε, t) if j ≥ N2 and t ∈ [0, T ]. Let N := max{N1, N2}. Then by Lemmas 2.5.5–2.5.6
and Dominated Convergence theorem, we have as j →∞:∣∣∣ ∫ ∞

aj

ρajEajϕ(r, t)r
mdr −

∫ ∞

r(t)
ρEϕ(r, t)rmdr

∣∣∣
=
∣∣∣ ∫ ∞

r̃(2ε,t)

{1
2
ρ(ε)aj u

2
aj + ρ(ε)aj eaj −

1

2
ρ(ε)u2 − ρ(ε)e

}
ϕ(r, t)rmdr

∣∣∣
≤
∫ ∞

r̃(2ε,t)
ρ(ε)aj

{ |u2aj − u2|
2

+ |eaj − e|
}
ϕrmdr +

∣∣∣ ∫ ∞

r̃(2ε,t)
{ρ(ε)aj − ρ

(ε)}
(u2
2

+ e
)
ϕrmdr

∣∣∣→ 0.

By the exact same argument, we also obtain the convergence

lim
j→∞

∫ t

0

∫ ∞

aj

{ρajEaj∂tϕ+ (ρajEaj + Paj )uaj∂rϕ}(r, s)rmdrds

=

∫ t

0

∫ ∞

r(s)
{ρE∂tϕ+ (ρE + P )u∂rϕ}(r, s)rmdrds.

Next, integrating by parts and using Lemma 2.5.5, we have for all j ≥ N ,∫ t

0

∫ ∞

aj

uaj∂ruaj∂rϕ(r, s)r
mdrds =

∫ t

0

∫ ∞

r̃(2ε,s)
uaj∂ruaj∂rϕ(r, s)r

mdrds

=−
∫ t

0

∫ ∞

r̃(2ε,s)

1

2
|uaj |2∂2rϕ(r, s)rmdrds→ −

∫ t

0

∫ ∞

r̃(2ε,s)

1

2
|u|2∂2rϕ(r, s)rmdrds as j →∞.

From Corollary 2.5.1, the spatial weak derivative of u exists in the space ∂ru ∈ L2
loc(F) and ∂ru ∈ L2(F̃ε)

for each ε ∈ (0, 1), it then follows that as j →∞∫ t

0

∫ ∞

aj

uaj∂ruaj∂rϕ(r, s)r
mdrds→ −

∫ t

0

∫ ∞

r̃(2ε,s)

1

2
|u|2∂2rϕ(r, s)rmdrds

=

∫ t

0

∫ ∞

r̃(2ε,s)
u∂ru∂rϕ(r, s)r

mdrds =

∫ t

0

∫ ∞

r(s)
u∂ru∂rϕ(r, s)r

mdrds,

where in the last line we have used supp(ϕ) ⊂⊂ F. By the exact same argument, we also have

lim
j→∞

∫ t

0

∫ ∞

aj

{
mλ
|uaj |2

r
+ κ∂reaj

}
∂rϕr

mdrds =

∫ t

0

∫ ∞

r(s)

{
mλ
|u|2

r
+ κ∂re

}
∂rϕr

mdrds.

Putting all the limits proven above into (2.5.31), we obtain Lemma 2.5.10.

Finally, the weak forms obtained in Theorem 2.5.9–2.5.10 is translated into the domain (x, t) ∈ Rn×[0, T ].
Let Φ ∈ C1([0, T ];C1

c (Rn)). One defines

ϕ(r, t) :=

∫
Sn−1

Φ(ry, t)dSy,

where Sn−1 is the (n− 1)-dimensional sphere. Using this, we have∫ t

0

∫ ∞

0
ρu∂rϕ(r, s)r

mdrds =

∫ t

0

∫ ∞

0

∫
Sn−1

ρu(r, s)y · ∇Φ(ry, s)rmdSydrds

=

∫ t

0

∫
Rn

ρu(|x|, s) x

|x|
· ∇Φ(x, s)dxds =

∫ t

0

∫
Rn

ρ(x, s)U(x, s) · ∇Φ(x, s)dxds,
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where we defined ρ(x, t) := ρ(|x|, t) and U(x, t) := u(|x|, t)xr . By the same way, we also have∫ ∞

0
ρ(r, s)ϕ(r, s)rmdr

∣∣∣s=t

s=0
=

∫
Rn

ρ(x, s)Φ(x, s)dx−
∫
Rn

ρ0(x)Φ(x, 0)dx,

and

∫ t

0

∫ ∞

0
ρ(r, s)∂tϕ(r, s)r

mdrds =

∫ t

0

∫
Rn

ρ(x, s)∂tΦ(x, s)dxds.

Since ϕ(r, t) satisfies the assumption in Lemma 2.5.9, using the above identities in Lemma 2.5.9, we obtain
the weak form of continuity equation.

Next, we show the momentum equations. Let Ψ : Rn × [0, T ]→ R be such that Ψ ∈ C2([0, T ];C2
c (Rn))

and supp(Ψ) ⊂⊂ F := {(x, t) ∈ Rn × [0, T ] : r(t) < |x|}. We define:

φi(r, t) :=

∫
Sn−1

Ψ(ry, t)yidSy for i = 1, . . . , n. (2.5.32)

It can be verified that φi satisfies the assumption for Lemma 2.5.10, hence (2.5.29) holds with φi. The
derivations for weak forms in Theorem 2.1.1 are similar to that occurring in the continuity equation, except
for the term

∫∫
{P −β(∂ru+mu/r)}(∂rφi+mφi/r)rmdrds. To deal with this, we use the following identity,

which one can verify with few lines of calculation on spherical coordinate transformation:∫
|x|≤r

∂xif(x)dx =

∫
|x|=r

f(x)
xi

|x|
dSx for i = 1, . . . , n, for r > 0.

Using this identity, we then have that

∂r(r
mφi) = ∂r

(∫
Sn−1

yiΨ(ry, t)rmdSy

)
= ∂r

(∫
|x|=r

xi

|x|
Ψ(x, t)dSx

)
=∂r

(∫ r

0

∫
Sn−1

∂xiΨ(ζy, t)ζmdSydζ
)
= rm

∫
Sn−1

∂xiΨ(ry, t)dSy.

Taking derivative on (2.5.32), we get ∂rφ
i(r, t) =

∫
Sn−1 y

iyj∂xjΨ(ry, t)dSy. From this, we have∫ t

0

∫ ∞

0
P
(
∂rφ

i +
m

r
φi
)
rmdrds

=

∫ t

0

∫ ∞

0

∫
Sn−1

P∂xiΨ(ry, s)rmdSydrds =

∫ t

0

∫
Rn

P∂xiΨ(x, s)dxds.

Moreover, integrating by parts, we have∫ T

0

∫ ∞

0

(
∂ru+m

u

r

)(
∂rφ

i +m
φi

r

)
rmdrdt =

∫ T

0

∫ ∞

0

{
∂ru∂rφ

i +m
φiu

r2
}
rmdrdt.

Using the identity ∂xjU i = ∂r(
u
|x|)

xixj

|x| + u
|x|δ

ij , we have∫ T

0

∫
Rn

∂xjU i∂xjΨdxdt =

∫ T

0

∫
Rn

(
∂r
( u
|x|

)xixj
|x|

+
u

|x|
δij

)
∂xjΨdxdt

=

∫ T

0

∫ ∞

0

∫
Sn−1

{
r∂r

(u
r

)
yiyj∂xjΨ(ry, t) +

u

r
∂xiΨ(ry, t)

}
dSyr

mdrdt

=

∫ T

0

∫ ∞

0

{
rm+1∂r

(u
r

)
∂rφ

i +
u

r
∂r(r

mφi)
}
drdt

=

∫ T

0

∫ ∞

0

{
∂ru∂rφ

i +m
φiu

r2
}
rmdrdt =

∫ T

0

∫ ∞

0

(
∂ru+m

u

r

)(
∂rφ

i +m
φi

r

)
rmdrdt.
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Similarly, since divU = ∂ru+mu/r, we also have∫ T

0

∫
Rn

divU∂xiΨdxdt =

∫ T

0

∫ ∞

0

(
∂ru+m

u

r

)(
∂rφ

i +m
φi

r

)
rmdrdt.

Finally, we show the weak form of energy equation. Let Φ ∈ C2([0, T ];C2
c (Rn)) be a test function such

that supp(Φ) ⊂⊂ F = {(x, t) ∈ Rn × [0, T ] : |x| > r(t)}. We set:

ϕ(r, t) :=

∫
Sn−1

Φ(ry, t)dSy.

It can be verified that ϕ satisfies the assumption of Lemma 2.5.10, hence we have (2.5.30) with ϕ. Most of
the terms can be derived by the exact same procedure presented previously, except for the terms u∂ru, u

2/r
and ∂re. Since supp(ϕ) ⊂⊂ {(r, t) : r > r(t)}, it follows that:∫ t

0

∫ ∞

r(s)
u∂ru∂rϕ(r, s)r

mdrds =

∫ t

0

∫ ∞

r(s)
u∂ru

(∫
Sn−1

yi∂xiΦ(ry, s)dSy

)
rmdrds

=

∫ t

0

∫
|x|>r(s)

∂r
(u2
2

)
(|x|, s) x

i

|x|
∂xiΦ(x, s)dxds

=

∫ t

0

∫
|x|>r(s)

∂xi

( |U |2
2

)
∂xiΦ(x, s)dxds =

1

2

∫ t

0

∫
|x|>r(s)

∇Φ(x, s) · ∇|U |2dxds,

and with few lines of derivations, we also have∫ t

0

∫ ∞

r(s)

{
µu∂ru+ λu

(
∂ru+m

u

r

)}
∂rϕ(r, s)r

mdrds

=

∫ t

0

∫ ∞

r(s)

∫
Sn−1

{
µu∂ru+ λu

(
∂ru+m

u

r

)}
yi∂xiΦ(ry, s)rmdSydrds

=

∫ t

0

∫
|x|>r(s)

{λ(divU)U + µ(∇U) ·U}∇Φ(x, s)dxds,∫ t

0

∫ ∞

r(s)
∂re∂rϕ(r, s)r

mdrds =

∫ t

0

∫ ∞

r(s)

∫
Sn−1

∂re(r, s)y
i∂xiΦ(ry, s)rmdSydrds

=

∫ t

0

∫
|x|>r(s)

∇e · ∇Φdxds.

With these, we conclude the proof for weak form of energy equation.

2.5.5 Proof of Theorem 2.1.2

In this subsection, we show Theorem 2.1.2. For each t ∈ [0, T ] and φ ∈ C1([0,∞)× [0, T ]) we define

Uj(φ, t) := −
∫ t

0

∫ ∞

aj

uaj∂r
(
∂rφ+m

φ

r

)
rmdrdt.

Lemma 2.5.11. Let φ ∈ DT ∩ C2([0,∞) × [0, T ]) be such that there exists η > 0 for which φ(r, t) = 0 if
(r, t) ∈ [0, η]× [0, T ]. Then limj→∞ Uj(φ) exists and one has:

β lim
j→∞

Uj(φ, t) =
∫ ∞

r(t)
ρ(r, t)u(r, t)φ(r, t)rmdr −

∫ ∞

0
ρ0(r)u0(r)φ(r, 0)r

mdr

−
∫ t

0

∫ ∞

r(s)

{
ρu∂tφ+ ρu2∂rφ+ (γ − 1)ρe

(
∂rφ+m

φ

r

)}
rmdrds.

(2.5.33)
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Proof. Since η > 0 is fixed, there exists N1 ∈ N such that if j ≥ N1 then aj ≤ aN1 < η. Applying integration
by parts on the momentum equation weak form of Theorem 2.2.1, we get

β · Uj(φ, t) =
∫ ∞

aj

ρajuaj (r, s)φr
mdr

∣∣∣s=t

s=0
−
∫ t

0

∫ ∞

aj

ρajuaj∂tφr
mdrds

−
∫ t

0

∫ ∞

aj

{
ρaj |uaj |2∂rφ+ (γ − 1)ρajeaj

(
∂rφ+m

φ

r

)}
rmdrds.

(2.5.34)

Next, using Theorem 2.2.1(i)–(iii), Lemma 2.5.6(iii), Lemma 2.5.7, we have

J j
1 :=

∣∣∣ ∫ ∞

aj

ρajuajφ(r, t)r
mdr −

∫ ∞

r(t)
ρuφ(r, t)rmdr

∣∣∣
≤
∣∣∣ ∫ r̃aj (x,t)

aj

ρajuajφr
mdr

∣∣∣+ ∣∣∣ ∫ r̃(x,t)

r(t)
ρuφrmdr

∣∣∣+ ∣∣∣ ∫ ∞

r̃aj (x,t)
ρajuajφr

mdr −
∫ ∞

r̃(x,t)
ρuφrmdr

∣∣∣
≤∥φ∥∞

(∫ r̃aj (x,t)

aj

ρaj |uaj |2rmdr
) 1

2
(∫ r̃aj (x,t)

aj

ρajr
mdr

) 1
2

+ ∥φ∥∞
(∫ r̃(x,t)

r(t)
ρ|u|2rmdr

) 1
2
(∫ r̃(x,t)

r(t)
ρrmdr

) 1
2
+
∣∣∣ ∫ ∞

r̃aj (x,t)
ρajuajφr

m −
∫ ∞

r̃(x,t)
ρuφrm

∣∣∣
≤∥φ∥∞C(T )

√
x+

∣∣∣ ∫ ∞

r̃aj (x,t)
ρajuajφr

mdr −
∫ ∞

r̃(x,t)
ρuφrmdr

∣∣∣
By (2.5.28) in the proof of Lemma 2.5.9, there exists an integer N2(x) ∈ N such that if j ≥ N2(x), then
r̃aj (x, t) > r̃(x/2, t) for all t ∈ [0, T ], and as j →∞ we have:∣∣∣ ∫ ∞

r̃aj (x,t)
ρajuajφr

mdr −
∫ ∞

r̃(x,t)
ρuφrmdr

∣∣∣ = ∣∣∣ ∫ ∞

r̃(x/2,t)
ρ(x)aj uajφr

mdr −
∫ ∞

r̃(x/2,t)
ρ(x)uφrmdr

∣∣∣
≤
∣∣∣ ∫ ∞

r̃(x/2,t)
ρ(x)aj (uaj − u)φr

mdr
∣∣∣+ ∣∣∣ ∫ ∞

r̃(x/2,t)
{ρ(x)aj − ρ

(x)}uφrmdr
∣∣∣

≤C(x/2)
∣∣∣ ∫ ∞

r̃(x/2,t)
|uaj − u||φ|rmdr

∣∣∣+ ∣∣∣ ∫ ∞

r̃(x/2,t)
{ρ(x)aj − ρ

(x)}uφrmdr
∣∣∣→ 0.

By choosing x > 0 small, we obtain limj→∞ J j
1 = 0. In the exact same way, we also have

J j
2 :=

∣∣∣ ∫ t

0

∫ ∞

aj

ρajuaj∂tφr
mdrds−

∫ t

0

∫ ∞

r(s)
ρu∂tφr

mdrds
∣∣∣→ 0 as j →∞.

Next, let L ∈ N be such that supp(ϕ(·, t)) ⊆ [η, L]. We consider the term:

J j
3 :=

∣∣∣ ∫ t

0

∫ ∞

aj

ρaj |uaj |2(r, s)∂rφrmdrds−
∫ t

0

∫ ∞

r(s)
ρ|u|2∂rφ(r, s)rmdrds

∣∣∣
≤∥∂rφ∥∞

∣∣∣ ∫ t

0

∫
Ej(x,s)

ρaj |uaj |2rmdrds
∣∣∣+ ∥∂rφ∥∞∣∣∣ ∫ t

0

∫ r̃(x,s)

r(s)
ρ|u|2rmdrds

∣∣∣
+
∣∣∣ ∫ t

0

∫ ∞

r̃aj (x,t)
ρaj |uaj |2∂rφrmdrds−

∫ t

0

∫ ∞

r̃(x,s)
ρ|u|2∂rφrmdrds

∣∣∣ =:
∑
i=1

J j
3,i,

(2.5.35)

where Ex
j (s) := [aj , r̃aj (x, s)] ∩ [η, L]. Using Lemma 2.5.3, we have

J j
3,1 := ∥∂rφ∥∞

∣∣∣ ∫ t

0

∫
Ex

j (x,s)
ρaj |uaj |2rmdrds

∣∣∣ ≤ ∥∂rφ∥∞C(T )f3(Vaj (Ex
j );CEx

j

) 1
4 , (2.5.36)
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where the constant CEx
j
> 0 and the set function Vaj (E

x
j ) are given by:

CEx
j
:= C(η, T )

{
C(T ) + f2

(
f1(MEx

j
;C(T ));C(T )

)}
, with MEx

j
:= ess sup

t∈[0,T ]

∫
Ex

j (t)
rmdr,

Vaj (E
x
j ) :=

∫ T

0

∫
Ex

j (t)
ρaj (r, t)r

mdrdt ≤
∫ T

0

∫ r̃aj (x,s)

aj

ρaj (r, t)r
mdrdt = xT.

Using the fact that y 7→ fi(y;C) is continuous increasing and limy↘0 fi(y;C) = 0 for each i = 1, . . . , 3 and
C 7→ f3(y;C) is increasing for each fixed y ∈ (0,∞), it follows that for a given δ > 0 there exists yδ ∈ (0, 1)
such that for all x ∈ (0, yδ)

CEx
j
= C(η, T )

{
C(T ) + f2

(
f1(MEx

j
;C(T ));C(T )

)}
≤ C(η, T )(1 + δ) ≤ C(η, T ),

and f3
(
Vaj (E

x
j );CEx

j

)
≤ f3

(
Vaj (E

x
j );C(η, T )

)
≤ f3(xT ;C(η, T )) ≤

(
C(T )−1∥∂rφ∥−1

∞
δ

2

)4
.

Hence (2.5.36) implies that J j
3,1 ≤ δ/2 for all j ≥ max{N1, N2(x)} and x ∈ (0, yδ). Since r̃(x, t) ↘

r(t) as x ↘ 0 for each t ∈ [0, T ], using Lemma 2.5.7, and Dominated Convergence theorem, we have

limx↘0

∫ t
0

∫ r̃(x,s)
r(s) ρ|u|2rmdrds = 0. Hence for given δ > 0, there exists zδ ∈ (0, 1) such that for x ∈ (0, zδ),

J j
3,2 := ∥∂rφ∥∞

∫ t

0

∫ r̃(x,s)

r(s)
ρ|u|2rmdrds ≤ δ

2
.

Putting estimates for J j
3,1, J

j
3,2 into (2.5.35), we get J j

3 ≤ δ + J j
3,3 if j ≥ max{N1, N2(x)} and x ∈

(0,min{yδ, zδ}). Fix x ∈ (0,min{yδ, zδ}). We have from Lemmas 2.5.5–2.5.6 that as j →∞,

J j
3,3 :=

∣∣∣ ∫ t

0

∫ ∞

r̃aj (x,t)
ρaj |uaj |2∂rφrmdrds−

∫ t

0

∫ ∞

r̃(x,s)
ρ|u|2∂rφrmdrds

∣∣∣
≤
∣∣∣ ∫ t

0

∫ ∞

r̃(x/2,t)
ρ(x)aj |uaj |

2∂rφr
mdrds−

∫ t

0

∫ ∞

r̃(x/2,s)
ρ(x)|u|2∂rφrmdrds

∣∣∣
≤C(x)

∫ t

0

∫ ∞

r̃(x/2,t)
||uaj |2 − |u|2||∂rφ|rm +

∣∣∣ ∫ t

0

∫ ∞

r̃(x/2,s)
{ρ(x)aj − ρ

(x)}|u|2∂rφrm
∣∣∣→ 0.

Since δ > 0 can be chosen arbitrarily small, we conclude that limj→∞ J j
3 = 0.

Next, we consider the term:

J j
4 :=

∣∣∣ ∫ t

0

∫ ∞

aj

ρajeaj
(
∂rφ+m

φ

r

)
rmdrds−

∫ t

0

∫ ∞

r(s)
ρe
(
∂rφ+m

φ

r

)
rmdrds

∣∣∣
≤
∥∥∥∂rφ+m

φ

r

∥∥∥
∞

{∣∣∣ ∫ t

0

∫
Ex

j (s)
ρajeajr

mdrds
∣∣∣+ ∣∣∣ ∫ r

0

∫
Ex(s)

ρermdrds
∣∣∣}

+
∣∣∣ ∫ t

0

∫ ∞

r̃aj (x,s)
ρajeaj

(
∂rφ+m

φ

r

)
rmdrds−

∫ t

0

∫ ∞

r̃(x,s)
ρe
(
∂rφ+m

φ

r

)
rmdrds

∣∣∣ = 3∑
i=1

J j
4,i,

where Ex
j (s) := [aj , r̃aj (x, s)] ∩ [η, L] and Ex(s) := [r(s), r̃(x, s)] ∩ [η, L]. By Lemma 2.5.3,

∥∥∥∂rφ+m
φ

r

∥∥∥−1

∞
J j
4,1 :=

∣∣∣ ∫ t

0

∫
Ex

j (s)
ρajeajr

mdrds
∣∣∣ ≤ f3(Vaj (Ex

j ), CEx
j

)
,
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where the constants and terms on the right hand side are exactly the same presented in the previous
argument. Thus by the exact same procedure as before, for a given δ > 0 it follows that there exists
yδ ∈ (0, 1) such that J j

4,1 ≤ δ/2 for all x ∈ (0, yδ) and j ≥ N1. By Lemma 2.5.7, it follows that for a.e.
t ∈ [0, T ] we have∫

[η,L]∩{r>r(t)}
ρe(r, t)rmdr ≤ C + ω1([η, L] ∩ {r > r(t)};C) ≤ C(η, L) <∞,

where C(η, L) > 0 is a constant independent of {aj}j∈N. Using the fact that r̃(x, t) ↘ r(t) as x ↘ 0, we

have by Dominated Convergence theorem that limx↘0

∫ t
0

∫
Ex(s) ρe(r, s)r

mdrds = 0. Therefore there exists

zδ ∈ (0, 1) such that for all x ∈ (0, zδ) we have

J j
4,2 :=

∥∥∥∂rφ+m
φ

r

∥∥∥
∞

∣∣∣ ∫ r

0

∫
Ex(s)

ρermdrds
∣∣∣ ≤ δ

2
.

Hence we obtain that J j
4 ≤ δ+J

j
4,3 if j ≥ max{N1, N2} and x ∈ (0,min{yδ, zδ}). Using Lemmas 2.5.5–2.5.6

and the point-wise bound on ρa from Theorem 2.2.1(iv), we have as j →∞

J j
4,3 :=

∣∣∣ ∫ t

0

∫ ∞

r̃aj (x,s)
ρajeaj

(
∂rφ+m

φ

r

)
rmdrds−

∫ t

0

∫ ∞

r̃(x,s)
ρe
(
∂rφ+m

φ

r

)
rmdrds

∣∣∣
=
∣∣∣ ∫ t

0

∫ ∞

r̃(x/2,s)
ρ(x)aj eaj

(
∂rφ+m

φ

r

)
rmdrds−

∫ t

0

∫ ∞

r̃(x/2,s)
ρ(x)e

(
∂rφ+m

φ

r

)
rmdrds

∣∣∣
≤
∫ t

0

∫ ∞

r̃(x/2,s)

{
C(x)|eaj − e|+ e|ρ(x)aj − ρ

(x)|
}
|∂rφ+mφ/r|rmdrds→ 0.

Since δ > 0 is arbitrarily small, we get limj→∞ J j
4 = 0. Using the limits for J j

1 –J
j
4 in (2.5.34), we obtain

that limj→∞ Uj(φ, t) exists and (2.5.33) holds.

Lemma 2.5.12. Let ξ ∈ C1([0,∞)) be an increasing function such that ξ ≡ 0 on [0, 1] and ξ ≡ 1 on [2,∞),
and |ξ′(·)| ≤ 1. Let ξR(r) := ξ(r/R) for R > 0. If φ ∈ DT ∩ C2([0,∞)× [0, T ]) is such that φ(0, t) = 0 for
t ∈ [0, T ], then for φR := ξRφ, the following limit exists:

β lim
R↘0

lim
j→∞

Uj(φR, t) =

∫ ∞

0
ρu(r, s)φrmdr

∣∣∣s=t

s=0
−
∫ t

0

∫ ∞

0
{ρu∂tφ+ ρu2∂rφ}rmdrds

+ (γ − 1)

∫ t

0

∫ ∞

0
ρe
(
∂rφ+m

φ

r

)
rmdrds.

(2.5.37)

Proof. Since φR satisfies the assumption for test function in Lemma 2.5.11, we have

β lim
j→∞

Uj(φR, t) =

∫ ∞

0
ρu(r, s)φRrmdr

∣∣∣s=t

s=0
−
∫ t

0

∫ ∞

0
{ρu∂tφR + ρu2∂rφ

R}rmdrds

− (γ − 1)

∫ t

0

∫ ∞

0
ρe
(
∂rφ

R +m
φR

r

)
rmdrds.

(2.5.38)

By Lemma 2.5.6–2.5.7, we have ρu1{r>r(t)} ∈ L1([0,∞), rmdr) for each t ∈ [0, T ]. Thus by Dominated
Convergence theorem, it follows that

lim
R↘0

∫ ∞

0
ρuφR(r, s)rmdr

∣∣∣s=t

s=0
=

∫ ∞

0
ρuφ(r, s)rmdr

∣∣∣s=t

s=0
,

lim
R↘0

∫ t

0

∫ ∞

0
ρu∂tφ

Rrmdrds = lim
R↘0

∫ t

0

∫ ∞

0
ρuξR∂tφr

mdrds =

∫ t

0

∫ ∞

0
ρu∂tφr

mdrds,

lim
R↘0

∫ t

0

∫ ∞

0
ρu2ξR∂rφr

mdrds =

∫ t

0

∫ ∞

0
ρu2∂rφr

mdrds.
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Similarly, by Lemma 2.5.7, we also have ρe1{r>r(t)} ∈ L1([0, L], rmdr) for each t ∈ [0, T ], where L ∈ N is
such that supp(φ(·, t)) ⊆ [0, L]. Hence by Dominated Convergence theorem,

lim
R↘0

∫ t

0

∫ ∞

0
ρe
(
ξR∂rφ+ ξRm

φ

r

)
rmdrds =

∫ t

0

∫ ∞

0
ρe
(
∂rφ+m

φ

r

)
rmdrds.

Next, by the construction, we have |∂rξR(·)| ≤ R−1|ξ′(·)| ≤ R−1. Moreover, since φ ∈ C2 is such that
φ(0, t) = 0 for all t ∈ [0, T ], there exists ϕ ∈ C2([0, T ];C1([0,∞))) such that φ = rϕ. Therefore, by Lemma
2.5.7 we have: ∣∣∣ ∫ t

0

∫ ∞

0
ρu2φ∂rξ

Rrmdrds
∣∣∣ = ∣∣∣ ∫ t

0

∫
[R,2R]∩{r>r(s)}

ρu2ϕ
r

R
ξ′
( r
R

)
rmdrds

∣∣∣
≤∥ϕ∥∞

∫ t

0

∫
[R,2R]∩{r>r(s)}

ρu2rmdrdt→ 0 as R↘ 0.

In the exact same way, we also have from Lemma 2.5.7 that:

lim
R↘0

∣∣∣ ∫ t

0

∫ ∞

0
ρeφ∂rξ

Rrmdrds
∣∣∣ = lim

R↘0

∣∣∣ ∫ t

0

∫
[R,2R]∩{r>r(s)}

ρeϕ
r

R
ξ′
( r
R

)
rmdrds

∣∣∣
≤∥ϕ∥∞ lim

R↘0

∫ t

0

∫
[R,2R]∩{r>r(s)}

ρermdrds→ 0.

Putting all above limits into (2.5.38), it follows that limR↘0 limj→∞ Uj(φR, t) exists and (2.5.37) holds.

Finally, we translate the term Uj into Uj as shown in Theorem 2.1.2. Let Ψ : Rn × [0, T ] → R be such
that Ψ ∈ C1([0, T ];C2

c (Rn)). With φR ≡ ξRφ (ξR is given in Lemma 2.5.12), we define

(φi)R = ξR(r)φi(r, t) :=

∫
Sn−1

ξR(r)Ψ(ry, t)yidSy =

∫
Sn−1

ΨR(ry, t)yidSy.

Then by construction, there exists N ∈ N such that for all j ≥ N , φR(aj , t) = 0 for all t ∈ [0, T ]. Moreover,
we also have ∂r(r

m(φR)i) = rm
∫
Sn−1 ∂xiΨR(ry, t)dSy. Using all these, it implies that for i = 1, . . . , n:∫ ∞

aj

uaj∂r
(
∂r(φ

R)i +
m

r
(φR)i

)
rmdr

=−
∫ ∞

aj

(
∂ruaj +m

uaj
r

)(
∂r(φ

R)i +m
(φR)i

r

)
rmdr

=−
∫ ∞

aj

{
∂ruaj∂r(φ

R)i +
m

r
∂r
(
uaj (φ

R)i
)
+
m2

r2
uaj (φ

R)i
}
rmdr

=−
∫ ∞

aj

{
rm+1∂r

(uaj
r

)
∂r(φ

R)i +
uaj
r
∂r
(
rm(φR)i

)}
dr

=−
∫ ∞

aj

{
r∂r

(uaj
r

)( ∫
Sn−1

ykyi∂xkΨR(ry, t)dSy

)
+
uaj
r

(∫
Sn−1

∂xiΨR(ry, t)dSy

)}
rmdr,

where the repeated index k ∈ {1, · · · , n} denotes the summation over that index. Now by the coordinate
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transformation x = ry, we have∫ ∞

aj

uaj∂r
(
∂r(φ

R)i +
m

r
(φR)i

)
rmdr

=−
∫ ∞

aj

∫
Sn−1

{
ryiyk∂r

(uaj
r

)
∂xkΨR(ry, t) +

uaj
r
∂xiΨR(ry, t)

}
rmdSydr

=−
∫
|x|>aj

{
|x| x

i

|x|
xk

|x|
∂r
(uaj
|x|

)
∂xkΨR(x, t) +

uaj
|x|

∂xiΨR(x, t)
}
dx

=−
∫
|x|>aj

{
∂xk

( xi
|x|

uaj
)
∂xkΨR −

uaj
|x|

δik∂xkΨR +
uaj
|x|

δik∂xkΨR
}
(x, t)dx

=

∫
|x|>aj

xi

|x|
uaj∆ΨR(x, t)dx =

∫
|x|>aj

U i
aj∆ΨR(x, t)dx.

Similarly, we also have∫ ∞

aj

uaj∂r
(
∂r(φ

R)i +
m

r
(φR)i

)
rmdr

=−
∫
|x|>aj

{
|x| x

i

|x|
xk

|x|
∂r
(uaj
|x|

)
∂xkΨR(x, t) +

uaj
|x|

∂xiΨR(x, t)
}
dx

=−
∫
|x|>aj

{
∂xi

( xk
|x|

uaj
)
∂xkΨR −

uaj
|x|

δik∂xkΨR +
uaj
|x|

δik∂xkΨR
}
(x, t)dx

=

∫
|x|>aj

xk

|x|
uaj∂xi∂xkΨR(x, t)dx =

∫
|x|>aj

Uaj · ∇∂xiΨR(x, t)dx.

Since β = 2µ+ λ, we have

β lim
R↘0

lim
j→∞

Uj(φR, t) = lim
R↘0

lim
j→∞

(2µ+ λ)

∫ t

0

∫ ∞

aj

uaj∂r
(
∂r(φ

R)i +
m

r
(φR)i

)
rmdrds

= lim
R↘0

lim
j→∞

∫ t

0

∫
|x|>aj

{
µU i

aj∆ΨR + (µ+ λ)Uaj · ∇∂xiΨR
}
(x, s)dxds = Ui(Ψ, t).
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Chapter 3

Local Existence of Strong Solutions in
Bounded Lagrangian Domain

In this chapter, we prove the existence and uniqueness of a local-in-time strong solution to the exterior
Lagrangian equations (1.3.6) in a bounded domain (x, t) ∈ [0, k]× [0, T ] for each fixed k ∈ N and a ∈ (0, 1).
This is done via the Picard iteration scheme where the non-linear equations are first linearised into a
collection of linear parabolic equations. Then the linear solution at each iterative step is obtained in
Theorem 3.4.1 and 3.4.3, using the Galerkin’s method. Consequently, we obtain high regularity energy
estimates, Theorem 3.4.2, 3.4.4, and contraction inequality, Theorem 3.5.1, for this set of iterative solutions.
Finally using Banach fixed-point theorem, we show there exists a time T∗ > 0 such that a unique solution
to the original non-linear equations (1.3.6) exists in the domain (x, t) ∈ [0, k]× [0, T∗]. The main difficulty,
in comparison to the case of Eulerian coordinate formulation, is that the second order differential operators
for the momentum and internal energy equations in Lagrangian formulation has quasi-linear coefficients.
To ensure ellipticity, one needs a careful analysis on the estimates for which each iterative solutions satisfy
with respect to time. This point is illustrated in Lemma 3.3.1 and Proposition 3.3.1 in Section 3.3. Finally,
we note that a good reference for the local-in-time well-posedness problem in Lagrangian formulation of the
full compressible Navier-Stokes equations can be found in [19], where the authors deal with the general 3
dimensional case with a mixture of periodic and free boundary conditions.

3.1 Main Statement: Local-in-Time Well-Posedness

For given initial data (v0, u0, e0)(x) in x ∈ [0, k] with a fixed parameter k ∈ N, our goal is to find a T > 0
such that the classical solution exists in the domain: (x, t) ∈ [0, k] × [0, T ). To do so, we first rewrite the
system with a new set of unknowns:

τ(x, t) := v(x, t)r(x, t)−m, u(x, t) = u(x, t), e(x, t) = e(x, t).

The coefficient r(x, t) is defined by:

r(x, t) := a+

∫ x

0
τ(y, t)dy.

Given an initial data (v0, u0, e0)(x) in x ∈ [0, k], then with these unknowns, the full compressible Navier-
Stokes equations in bounded Lagrangian domain (2.2.16) is restated as the following Initial Boundary Value
Problem (suppressing the approximation index k ∈ N):
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

Dtτ −Dxu = 0

Dtu− βDx

(rm
τ
Dxu

)
+ βτrm−2u = m(γ − 1)

e

r
− (γ − 1)Dx

( e
τ

)
Dte− κDx

(rm
τ
Dxe

)
=β
|Dx(r

mu)|2

rmτ
− 2mµDx(r

m−1u2)− (γ − 1)e
Dx(r

mu)

rmτ

where r(x, t) := a+

∫ x

0
τ(y, t)dy

in [0, k]× [0, T ],

u(0, t) = u(k, t) = 0, Dxe(0, t) = Dxe(k, t) = 0 for t ∈ [0, T ],

(τ, u, e)(x, 0) = (v0(r0)
−m, u0, e0)(x)

where r0(x) :=
(
an + n

∫ x

0
v0(y)dy

) 1
n

for x ∈ [0, k].

(3.1.1)

Theorem 3.1.1 (Local-in-time Existence of Bounded Lagrangian Problem). Given initial data

(v0, u0, e0) ∈ H2(0, k) with C−1
0 ≤ v0 ≤ C0,

for some constant C0 > 0. Then there exists a time T > 0 such that a unique classical solution (τ, u, e) to
the problem (3.1.1) exists. Moreover, there exists a constant C = C(C0, T, a, k, β, γ, n) > 0, such that the
following regularities are satisfied:

C−1 ≤ rmτ ≤ C, for (x, t) ∈ [0, k]× [0, T ],

τ ∈ C0
(
[0, T ];H2(0, k)

)
∩ C1

(
[0, T ];H1(0, k)

)
,

(u, e) ∈ C0
(
[0, T ];H2(0, k)

)
∩ C1

(
[0, T ];L2(0, k)

)
∩ L2(0, T ;H3(0, k)),

(Dxe, u) ∈ C0
(
[0, T ];H1

0

)
.

Note that once the local-in-time solution (τ, u, e) is obtained, one can redefine:

v(x, t) := r(x, t)mτ(x, t) with r(x, t) = a+

∫ x

0
τ(y, t)dy,

and a unique local-in-time classical solution (v, u, e) to the original problem (2.2.16) is recovered. The
proof for Theorem 3.1.1 is the main subject of this chapter. The outline is organised as follows: first, the
iteration scheme is introduced to reduce the non-linear system (3.1.1) to a set of linear Initial Boundary
Value Problems; next, we describe the suitable energy space for which each iterative solution belongs to;
then, using Galerkin’s method, the linear solutions are obtained and their higher regularity estimates are
derived; finally, we show that the iterative linear solutions satisfy contraction estimates with certain distance
function. As a consequence, the existence and uniqueness of a non-linear solution stated in Theorem 3.1.1
is obtained via the fixed-point theorem and its regularity is shown by the compactness argument.

3.2 Iteration Scheme

For the base case j = 0, we set: (u(0), e(0))(x, t) to be the unique solution to the linear equations:
Dtu

(0) − βD2
xu

(0) = 0

Dte
(0) − κD2

xe
(0) = 0

in (x, t) ∈ [0, k]× [0,∞),

u(0)(0, t) = u(0)(k, t) = 0, Dxe
(0)(0, t) = Dxe

(0)(k, t) = 0 for t ∈ [0,∞),

(u(0), e(0))(x, 0) = (u0, e0)(x) for x ∈ [0, k].

(3.2.1)
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Using base case solution (u(0), e(0))(x, t), we also define τ (0)(x, t) to be:

τ (0)(x, t) := τ0(x) +

∫ t

0
Dxu

(0)(x, s)ds and r(0)(x, t) := a+

∫ x

0
τ (0)(y, s)ds,

where

τ0(x) =
v0(x)

(r0(x))m
, with r0(x) :=

(
an + n

∫ x

0
v0(y)dy

)1/n
.

Next, for the iteration step j ∈ N: given functions

(ũ, ẽ) := (uj−1, ej−1) ∈ C0
(
[0, T ];H2(0, k)

)
∩ C1

(
[0, T ];L2(0, k)

)
∩ L2

(
0, T ;H3(0, k)

)
,

for each T > 0, we define

τ̃(x, t) ≡ τj−1(x, t) := τ0(x) +

∫ t

0
Dxũ(x, s)ds,

r̃(x, t) ≡ rj−1(x, t) := a+

∫ x

0
τ̃(y, t)dy.

(3.2.2)

One can chek that τ̃ ∈ C0
(
[0, T ];H2(0, k)

)
∩ C1

(
[0, T ];H1(0, k)

)
, for each T > 0. A function (u, e)(x, t) is

said to be the next iterative step linear solution if it solves the following linear parabolic Boundary Value
Problem:

Dtu− L̃(u) = −(γ − 1)Dx

( ẽ
τ̃

)
+m(γ − 1)

ẽ

r̃

Dte− K̃(e) = β
|Dx(r̃

mu)|2

r̃mτ̃
− 2µmDx(r̃

m−1u2)− (γ − 1)ẽ
Dx(r̃

mu)

r̃mτ̃

in [0, k]× [0,∞),

(u,Dxe)(k, t) = (u,Dxe)(0, t) = (0, 0) for each t ∈ [0,∞),

(u, e)(x, 0) = (u0, e0)(x) for each x ∈ [0, k],

(3.2.3)

where the operators L̃ and K̃ are given by
L̃(w) := βDx

( r̃m
τ̃
Dxw

)
−mβτ̃ r̃m−2w

K̃(w) := κDx

( r̃m
τ̃
Dxw

) (3.2.4)

The solution (u, e) to the system (3.2.3) will be obtained in the following sections below using Galerkin’s
method. Once the solution (u, e)(x, t) is given, we set uj(x, t) := u(x, t), ej(x, t) := e(x, t), and define:

τj(x, t) := τ0(x) +

∫ t

0
Dxuj(x, s)ds (3.2.5)

In particular, τj(x, t) satisfies the continuity equation:

Dtτj −Dxuj = 0

3.3 Energy Space

We state the energy space, for which solutions of (3.2.2)–(3.2.5) belong to. Define the functional E[u, e](t)
to be:

E[u, e](t) := sup
0≤s≤t

{
∥(u, e)(·, s)∥2H2 + ∥(Dtu,Dte)(·, s)∥2L2

}
+

+

∫ t

0

{
∥(Dtu,Dte)(·, s)∥2H1 + ∥(u, e)(·, s)∥2H3

}
ds.

(3.3.1)
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In what follows, we often use the notations E0 and Ẽ(t) to denote that E0 ≡ E[u0, e0] and Ẽ(t) ≡
E[ũ, ẽ](t) for convenience.

Lemma 3.3.1. If (u, e) is such that E[u, e](t) < ∞ for each t ∈ [0,∞), then we have that for each
(x, t) ∈ [0, k]× [0,∞) 

sup
0≤s≤t

|τ(·, s)− r−m
0 v0(·)|∞ ≤ Ct

(
E[u, e](t)

) 1
2 ,

sup
0≤s≤t

∥Dxτ(·, s)−Dxτ0(·)∥L2 ≤ t
(
E[u, e](t)

) 1
2 ,

sup
0≤s≤t

|Dxτ(·, s)−Dxτ0(·)|L∞ ≤ Ct
1
2
(
E[u, e](t)

) 1
2 ,

sup
0≤s≤t

∥D2
xτ(·, s)−D2

xτ0(·)∥L2 ≤ t
1
2
(
E[u, e](t)

) 1
2 .

where C > 0 is a generic constant from the Sobolev embedding theorem.

Proof. By definitions (3.2.5), we have:

τ(x, s)− τ0(x) =
∫ s

0
Dtτ(x, q)dq =

∫ s

0
Dxu(x, q)dq.

Thus, taking L∞(0, k) norm and supremum over time s ∈ [0, t], it follows that the Sobolev embedding
Theorem H1(0, k) ↪−→ L∞(0, k), and definition (3.3.1) that

sup
0≤s≤t

|τ(·, s)− τ0(·)|L∞(0,k) ≤
∫ t

0
|Dxu(·, q)|L∞(0,k)dq ≤ C

∫ t

0
∥Dxu(·, q)∥H1dq

≤t sup
s∈[0,t]

∥u(·, s)∥H2 ≤ t
(
E[u, e](t)

)1/2
.

We also have:

Dxτ(x, s)−Dxτ0(x) =

∫ s

0
D2

xu(x, q)dq. (3.3.2)

Taking L2(0, k) norm on (3.3.2) and supremum over time s ∈ [0, t], it follows that

sup
s∈[0,t]

∥Dxτ(·, s)−Dxτ0(·)∥L2(0,k) ≤
∫ t

0
∥D2

xu(·, q)∥L2(0,k)dq ≤ t
(
E[u, e](t)

)1/2
.

Moreover, Taking L∞(0, k) norm on (3.3.2) and supremum over time s ∈ [0, t], we also get using Sobolev
embedding theorem that

sup
s∈[0,t]

|Dxτ(·, s)−Dxτ0(·)|L∞(0,k) ≤
∫ t

0
|D2

xu(·, q)|L∞(0,k)dq ≤ C
∫ t

0
∥D2

xu(·, q)∥H1(0,k)dq

≤C
∫ t

0
∥u(·, q)∥H3(0,k)dq ≤ Ct1/2

(∫ t

0
∥u(·, q)∥2H3(0,k)dq

)1/2
≤ Ct1/2

(
E[u, e](t)

)1/2
.

Finally taking another Dx derivative on (3.3.2), we get:

D2
xτ(x, s)−D2

xτ0(x) =

∫ s

0
D3

xu(x, q)dq.
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Taking L2(0, k) norm and supremum over time s ∈ [0, t], it follows that

sup
s∈[0,t]

∥D2
xτ(·, s)−D2

xτ0(·)∥L2(0,k) ≤
∫ t

0
∥D3

xu(·, q)∥L2(0,k)dq

≤t1/2
(∫ t

0
∥D3

xu(·, q)∥2L2(0,k)dq
)1/2

≤ t1/2
(
E[u, e](t)

)1/2
.

The implication of Lemma 3.3.1 is necessary to ensure the ellipticity of operators L̃, K̃ defined in (3.2.4).
We summarises this in the following proposition:

Proposition 3.3.1 (The a-priori bounds). For a given constant M0 > 0, define T0 = T0(M0) > 0 by

T0 = T0(M0) := min
{
1,

τ0

2CM
1/2
0

,
τ0

2CM
1/2
0

}
, (3.3.3)

where τ0 := infx∈[0,k] τ0(x), τ0 := supx∈[0,k] τ0(x), and C > 0 is the generic constant from the Sobolev
embedding inequality in Lemma 3.3.1. Suppose there exists a time T∗ > 0 such that E[ũ, τ̃ ](T∗) ≤M0, then

1

2
τ0 ≤ τ̃(x, t) ≤

3

2
τ0

a ≤ r̃(x, t) ≤ a+ 3k

2
τ0

for all (x, t) ∈ [0, k]× [0,min{T∗, T0}],

and the operators K̃, L̃ satisfies the ellipticity:{
−(w, L̃w) ≥ βν1∥w∥2H1(0,k)

−(w, K̃w) ≥ κν2∥Dxw∥L2(0,k)

for all w ∈ H1
0 (0, k) and t ∈ [0,min{T∗, T0}],

where ν1 = ν1(C0, a, k, n) and ν2 = ν2(C0, a, k, n) are constants given by:

ν1 = min
{2am

3τ0
,
mτ0
2

(3kτ0
2

)m−2
}

and ν2 =
2am

3τ0
.

Proof. From Lemma 3.3.1, we have that for all (x, t) ∈ [0, k]× [0,min{T0, T∗}]:

|τ̃(x, t)− τ0(x)| ≤ Ct
(
E[ũ, ẽ](t)

)1/2 ≤ CtM1/2
0 .

Thus it follows from the construction 3.3.3 that for all (x, t) ∈ [0, k]× [0,min{T0, T∗}]:

0 <
1

2
τ0 ≤ inf

x∈[0,k]
τ0(x)−

1

2
τ0 ≤ τ0(x)− CM

1/2
0

τ0

2CM
1/2
0

≤ τ0(x)− CM1/2
0 t ≤ τ̃(x, t),

τ̃(x, t) ≤ τ0(x) + CM
1/2
0 t ≤ τ0(x) + CM

1/2
0

τ0

2CM
1/2
0

≤ sup
x∈[0,k]

τ0(x) +
τ0
2
≤ 3

2
τ0.

Next, r̃(x, t) is defined in (3.2.2) as

r̃(x, t) = a+

∫ x

0
τ̃(y, t)dy.

we have that a ≤ r̃ ≤ a+ 3kτ0/2 for all (x, t) ∈ [0, k]× [0,min{T∗, T0}]. Using these inequalities, it follows
that for all w ∈ H1

0 (0, k) and t ∈ [0,min{T∗, T0}]:

−(w, L̃w)L2 =β

∫ k

0

r̃m

τ̃
(x, t)|Dxw|2(x)dx+mβ

∫ k

0
τ̃ r̃m−2(x, t)|w|2(x)dx

≥βmin
{2am

3τ0
,
mτ0
2

(3kτ0
2

)m−2
}
∥w∥2H1 =: βν1(n, a, k, C0)∥w∥2H1 .

The ellipticity of K̃ can be shown in the exact same way.
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3.4 Linear Solutions via Galerkin’s Method

In this section, we consider existence result to the linear system (3.2.2)–(3.2.5). First we define the weak
solution to the linear system (3.2.3) as follows:

Definition 3.4.1. We say (u, e)(x, t) is a weak solution to the system (3.2.2)–(3.2.5) on the domain (x, t) ∈
[0, k]× [0, T ], if it satisfies the following:

� u ∈ L2
(
0, T ;H1

0 (0, k)
)
, e ∈ L2

(
0, T ;H1(0, k)

)
, Dtu ∈ L2

(
0, T ;H−1(0, k)

)
, Dte ∈ L2

(
0, T ;H∗(0, k)

)
where H−1(0, k) and H∗(0, k) are respectively the dual space of H1

0 (0, k) and H
1(0, k).

� For each φ ∈ C1
(
[0, T ];H1

0 (0, k)
)
with φ(·, T ) = 0, one has∫ k

0
u0(x)φ(x, 0)dx−

∫ T

0

∫ k

0
u(x, t)Dtφdxdt+

+ β

∫ T

0

∫ k

0

{ r̃m
τ̃
DxuDxφ+ r̃m−2τ̃uφ

}
dxdt = (γ − 1)

∫ T

0

∫ k

0

{
m
ẽ

r̃
−Dx

( ẽ
τ̃

)}
φdxdt.

� For each ϕ ∈ C1
(
[0, T ];H1(0, k)

)
with ϕ(·, T ) = 0, one has∫ k

0
e0(x)ϕ(x, 0)dx−

∫ T

0

∫ k

0
eDtϕdxdt+ κ

∫ T

0

∫ k

0

r̃m

τ̃
DxeDxϕdxdt

=

∫ T

0

∫ k

0

{
β
|Dx(r̃

mu)|2

r̃mτ̃
− (γ − 1)

Dx(r̃
mu)

r̃mτ̃
ẽ− 2mµDx(r̃

m−1u2)
}
ϕdxdt

3.4.1 Existence and higher regularity of u

In this section, we show the existence of a function u defined in Definition 3.4.1. This is done via the
Galerkin method. In what follows we denote C > 0 as a constant which only depends on the parameters
C = C(C0, β, γ, a, k, n) > 0.

Theorem 3.4.1. Given a fixed constant M0 > 0 and let T0 = T0(M0) > 0 be the time defined in Proposition
3.3.1 by:

T0(M0) := min
{
1,

τ0

2CM
1/2
0

,
τ0

2CM
1/2
0

}
,

where τ0 := infx∈[0,k] τ0(x), τ0 := supx∈[0,k] τ0(x), and C > 0 is some generic constant from the Sobolev

embedding inequality. If there exists a time T∗ > 0 such that Ẽ(T∗) ≡ E[ũ, ẽ](T∗) ≤M0, then for each given
T ∈ [0,min{T∗, T0}] there exists a function u(x, t) which satisfies the weak form in Definition 3.4.1 on the
domain (x, t) ∈ [0, k] × [0, T1] with T1 ≡ min{T∗, T0}. Moreover u ∈ C(0, T1;L2(0, k)) ∩ L2(0, T1;H

1
0 (0, k))

and Dtu ∈ L2(0, T1;H
−1(0, k)). In particular, the following estimate is satisfied:

sup
0≤t≤T

∥u∥2L2 +

∫ T

0
{∥Dxu∥2L2 + ∥u∥2L2 + ∥Dtu∥2H−1}dt ≤C∥u0∥2L2 + CTẼ(T ), (3.4.1)

for each T ∈ [0,min{T∗, T0}], where H−1(0, k) is the dual space of H1
0 (0, k), and C = C(n, β, γ, a, k, C0) > 0

is a constant independent of M0, T0, and T∗.

Proof. Let {ϕi(x)}i∈N ⊂ C∞(0, k) be an orthonormal basis of L2(0, k), which is also a basis for H1
0 (0, k).

Such basis can be obtained by solving the following eigenvalue problem:{
−D2

xϕ = λϕ for x ∈ (0, k),

ϕ(0) = ϕ(k) = 0.
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Now we consider aiN (t) to be the solution to the following system of ODE’s:
daiN
dt

= −β
N∑
j=1

{( r̃m
τ̃
ϕ′j , ϕ

′
i

)
L2

+ (r̃m−2τ̃ϕj , ϕi)L2

}
ajN (t) + (F, ϕi)L2 ,

aiN (0) = (u0, ϕi)L2 ,

(3.4.2)

where F denotes:

F := (γ − 1)
{
m
ẽ

r̃
−Dx

( ẽ
τ̃

)}
.

By the existence and uniqueness theorem of ordinary differential equations, there exists a unique solution
aiN (t) ∈ C1([0, T1]) with T1 ≡ min{T∗, T0}, solving (3.4.2). Next, we define:

uN (x, t) :=
N∑
i=1

aiN (t)ϕi(x).

then by orthogonality of {ϕi}i∈N, we have from (3.4.2) that

(DtuN , ϕi)L2 + β
( r̃m
τ̃
DxuN , ϕ

′
i

)
L2

+ β(r̃m−2τ̃uN , ϕi)L2 = (F, ϕi)L2 . (3.4.3)

Multiplying both sides by aiN (t) and taking summation over i = 1, . . . , N , it follows that

(DtuN , uN )L2 + β
( r̃m
τ̃
DxuN , DxuN

)
L2

+ β(r̃m−2τ̃uN , uN )L2 = (F, uN )L2 .

Hence using Hölder’s inequality, Lemma 3.3.1, Proposition 3.3.1, integrating in time, and taking the supre-
mum, we get

sup
0≤t≤T

∥uN (·, t)∥2L2 +
β

3

am

τ0

∫ T

0
∥DxuN (·, t)∥2L2dt+

β

4
τ0(2kτ0)

m−2

∫ T

0
∥uN (·, t)∥2L2dt

≤∥uN (·, 0)∥2L2 + C

∫ T

0
∥ẽ(·, t)∥2L2dt ≤ ∥u0∥2L2 + CTẼ(T ), (3.4.4)

where C = C(n, β, γ, a, k, C0) > 0, and we have used the fact that {ϕi}i is an orthonormal basis in H1,
hence it satisfies the Bessel’s inequality:

∥uN (·, 0)∥2L2 = ∥
N∑
i=1

(u0, ϕi)L2ϕi∥2L2 =
N∑
i=1

(u0, ϕi)
2
L2 ≤ ∥u0∥2L2 .

Now from the estimate (3.4.4), there exists u ∈ L2
(
0, T ;H1(0, k)

)
∩ L∞(

0, T ;L2(0, k)
)
such that:

uN ⇀ u in L2
(
0, T ;H1(0, k)

)
, and uN

∗
⇀ u in L∞(

0, T ;L2(0, k)
)
. (3.4.5)

Next we show that:
sup
N∈N
∥DtuN∥2L2(0,T ;H−1) ≤ C

(
∥u0∥2H1 + CTẼ(T )

)
,

where C = C(n, β, γ, a, k, C0) > 0. Let φ(x) ∈ H1
0 (0, k) be a test function. Without loss of generality,

choose ∥φ∥H1 = 1. Since {ϕi}i∈N is an orthogonal basis in H1
0 (0, k), we can approximate φ(x) by

lim
M→∞

M∑
i=1

(ϕi, φ)H1

1 + λi
ϕi(x) = φ(x) in H1(0, k), where (ϕi, φ)H1 = (ϕi, φ)L2 + (Dxϕi, Dxφ)L2 .
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Using this, the equation (3.4.3) becomes

(DtuN , φ)L2 = −β
( r̃m
τ̃
DxuN , Dxφ

)
L2
− β(r̃m−2τ̃uN , φ)L2 + (F,φ)L2 . (3.4.6)

Hence, we have:

(DtuN (·, t), φ)L2 ≤ C
(
∥uN∥2H1 + Ẽ(T )

)1/2
∥φ∥L2(0,T ;H1).

Integrating the above equation in time, and using the estimate (3.4.4), we have

∥DtuN∥2L2(0,T ;H−1) = sup
{∫ T

0
(DtuN (·, t), φ)2L2dt

∣∣∣∣ φ ∈ H1
0 (0, k), ∥φ∥H1 = 1

}
≤ C∥u0∥2L2 + CTẼ(T ).

Now combining this estimate with the convergence (3.4.5), there exists a subsequence N → ∞ such that
DtuN ⇀ Dtu in L2

(
0, T ;H−1(0, k)

)
where here we have denoted Dtu ∈ L2(0, T ;H−1(0, k)) as the weak

temporal derivative of u(·, t) in the space H−1(0, k), in other words∫ T

0
χ(t)(Dtu, ϕ)H−1,H1

0
dt := −

∫ T

0
χ′(t)(u, ϕ)H−1,H1

0
dt := −

∫ T

0
χ′(t)(u, ϕ)L2dt,

for all χ ∈ C1
c (0, T ) and ϕ ∈ H1

0 (0, k). Combining with the fact that u ∈ L2(0, T ;H1
0 (0, k)), we have that

u ∈ C(0, T ;L2(0, k)) as a consequence of interpolation Theorem.
Finally, we prove that u indeed satisfies the weak form in Definition 3.4.1. For φ ∈ C1(0, T ;H1

0 (0, k))
with φ(·, T ) = 0, approximating limM→∞

∑M
i=1(φ(x, t), ψi)H1(1 + λi)

−1ϕi(x) = φ(x, t) in H1(0, k) for each
fixed t ∈ [0, T ], where λi being the i-th eigenvalue, we have:

(DtuN (·, t), φ(·, t))L2 =− β
(
DxuN (·, t), r̃

m

τ̃
Dxφ(·, t)

)
L2
− β

(
uN (·, t), r̃m−2τ̃φ(·, t)

)
L2+

+ (γ − 1)
(
m
ẽ

r̃
−Dx

( ẽ
τ̃

)
, φ(·, t)

)
L2
.

Using the convergence limN→∞ uN (x, 0) = u0 in L2(0, k), we have by integrating the above in time that:∫ k

0
u0(x)φ(x, 0)dx−

∫ T

0

∫ k

0
uDtφdxdt = lim

N→∞

∫ T

0

∫ k

0
DtuNφdxdt

=− β
∫ T

0

(
Dxu,

r̃m

τ̃
Dxφ

)
L2
dt− β

∫ T

0
(u, r̃m−2τ̃φ)L2dt+

+m(γ − 1)

∫ T

0

( ẽ
r̃
, φ

)
L2dt− (γ − 1)

∫ T

0

(
Dx

( ẽ
τ̃

)
, φ

)
L2
dt,

Hence we conclude the proof of this theorem.

Next we show that u satisfies the higher regularity in terms of the energy norm (3.3.1). This can be
summarised into the following theorem, which will be proven with several lemmas.

Theorem 3.4.2. Given a fixed constant M0 > 0 and T0 = T0(M0) > 0 as defined in Proposition 3.3.1.
Suppose there exists a time T∗ > 0 such that (ũ, ẽ) satisfies Ẽ(T∗) ≡ E[ũ, ẽ](T∗) ≤ M0, then the function
u(x, t) obtained in Theorem 3.4.1 satisfies the following estimates: there exists a polynomial z 7→ P(z) such
that, for all T ∈ [0,min{T∗, T0}], we have

sup
0≤t≤T

{
∥u(·, t)∥2H2 + ∥Dtu(·, t)∥2L2

}
+

∫ T

0

{
∥u∥2H3 + ∥Dtu∥2H1 + ∥D2

t u∥2H−1

}
(t)dt

≤CP(E0) + CTP
(
Ẽ(T )

)
exp

(
CT 2Ẽ(T )

)
,

(3.4.7)
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where H−1(0, k) is the dual space of H1
0 (0, k), and C = C(C0, a, k, β, γ, n) > 0 is a constant independent of

M0 > 0, T0 > 0, and T∗ > 0.

Lemma 3.4.1. Suppose the assumptions of Theorem 3.4.2 hold, and let u(x, t) be the weak solution obtained
in Theorem 3.4.1. Then Dtu ∈ L∞(

0, T1;L
2(0, k)

)
and Dtu ∈ L2

(
0, T1;H

1
0 (0, k)

)
with T1 ≡ min{T∗, T0}.

Moreover, there exists a constant C = C(C0, a, k, β, γ, n) > 0 and a polynomial z 7→ P(z) such that the
following inequality holds:

sup
0≤t≤T

∥Dtu(·, t)∥2L2 +

∫ T

0
∥Dtu(·, t)∥2H1dt ≤CE0 + CTP

(
Ẽ(T )

)
exp

(
CT 2Ẽ(T )

)
,

for all T ∈ [0,min{T∗, T0}].

Proof. First, for each small h > 0, we denote the difference quotient in time as:

∆h
t u(x) :=

u(x, t+ h)− u(x, t)
h

.

Let uN (x, t) :=
∑N

i=1 a
N
i (t)ϕi(x) be the Galerkin approximation obtained in the proof of Theorem 3.4.1, it

follows that uN satisfies:

(DtuN (·, t), ϕi)L2 + β
( r̃m
τ̃
DxuN (·, t), ϕ′i

)
L2

+mβ(r̃m−2τ̃uN (·, t), ϕi)L2 = (γ − 1)
(
m
ẽ

r̃
−Dx

( ẽ
τ̃

)
, ϕi

)
L2
.

Operating ∆h
t to the above equation, multiplying the both sides with h−1(aNi (t + h) − aNi (t)), and taking

summation in i = 1, . . . , N , we get:(
Dt∆

h
t uN ,∆

h
t uN

)
L2

+ β
( r̃m
τ̃
(·, t+ h)∆h

tDxuN (·),∆h
tDxuN (·)

)
L2

+mβ
(
r̃m−2τ̃(·, t+ h)∆h

t uN (·),∆h
t uN (·)

)
L2

=− β
(
DxuN (·, t)∆h

t (τ̃
−1r̃m),∆h

tDxuN (·)
)
L2
−mβ

(
uN (·, t)∆h

t (r̃
m−2τ̃),∆h

t uN (·)
)
L2

+m(γ − 1)
(
∆h

t (r̃
−1ẽ),∆h

t uN (·)
)
L2

+ (γ − 1)
(
∆h

t (τ̃
−1ẽ),∆h

tDxuN (·)
)
L2
.

Integrating the above in t ∈ [0, T − h] for each small h > 0, then by Lemma 3.3.1, Proposition 3.3.1, and
Cauchy-Schwartz inequality we obtain the estimate:

1

2
∥∆h

t uN (·)∥2L2 +
ν1
2

∫ t

0
∥∆h

t uN (·, s)∥2H1ds ≤ Ch +AT,h +BT,h

∫ t

0
∥uN (·, s)∥2H1ds, (3.4.8)

where C = C(n, β, γ, a, k, C0) > 0 and ν1 = ν1(C0, a, k, n) > 0 is the constant given in Proposition 3.3.1 and
AT,h, BT,h, CT,h > 0 are given by:

AT,h := C

∫ T−h

0

{
∥∆h

t (r̃
−1ẽ)∥2L2 + ∥∆h

t (τ̃
−1ẽ)∥2L2

}
dt,

BT,h := C sup
0≤s≤T−h

{
|∆h

s (τ̃
−1r̃m)|2∞ + |∆h

s (r̃
m−2τ̃)|2∞

}
, Ch :=

1

2
∥∆h

0uN (·)∥2L2 .

We show that

lim sup
h→0+

AT,h ≤ CT
(
1 + Ẽ(T )2

)
, lim sup

h→0+
BT,h ≤ CẼ(T ) and lim sup

h→0+
Ch ≤ CE0. (3.4.9)
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From the construction (3.2.2)–(3.2.5), we have:

∆h
t (τ̃

−1r̃m)(x) =
(τ̃−1r̃m)(x, t+ h)− (τ̃−1r̃m)(x, t)

h
=

1

h

∫ t+h

t

(
m
r̃m−1ũ

τ̃
− r̃m

τ̃2
Dxũ

)
(x, s)ds.

Now using Lemma 3.3.1 and the Sobolev embedding theorem, it follows the estimate:

|∆h
t (τ̃

−1r̃m)(·)|∞ ≤
1

h

∫ t+h

t
C∥Dxũ(·, s)∥H1ds ≤ C sup

0≤s≤T
∥ũ(·, s)∥H2 ≤ CẼ(T )1/2. (3.4.10)

In the similar fashion, we also obtain that |∆h
t (r̃

m−2τ̃)(·)|∞ ≤ CẼ(T )1/2, hence taking the supremum over
t ∈ [0, T − h], we have

lim sup
h→0+

BT,h =C lim sup
h→0+

sup
0≤s≤T−h

{
|∆h

s (τ̃
−1r̃m)|2∞ + |∆h

s (r̃
m−2τ̃)|2∞

}
≤ C lim sup

h→0+
Ẽ(T ) ≤ CẼ(T ).

Next, we prove the statement for AT,h. First, we write:

∆h
t (τ̃

−1ẽ) =
1

h

∫ t+h

t
Ds(τ̃

−1ẽ)ds =
1

h

∫ t+h

t

{
− τ̃−2ẽDxũ+ τ̃−1Dtẽ

}
ds,

hence by Sobolev embedding theorem, it follows that:∫ T−h

0
∥∆h

t (τ̃
−1ẽ)∥2L2dt ≤

∫ T−h

0

(C
h

∫ t+h

t
{∥ẽ∥H1∥Dxũ∥L2 + ∥Dtẽ∥L2}(s)ds

)2
dt ≤ CT

(
1 + Ẽ(T )2

)
.

In the same way, we also have : ∫ T−h

0
∥∆h

t (r̃
−1ẽ)∥2L2dt ≤ CT

(
1 + Ẽ(T )2

)
.

It follows that lim suph→0+ AT,h ≤ CT (1 + Ẽ(T )). To bound the term Ch, we observe that:

lim
h→0+

∥∆h
0uN (x)∥2L2 := lim

h→0+

∥∥∥ N∑
i=1

ϕi(x)∆
h
0a

i
N

∥∥∥2
L2

=
N∑
i=1

lim
h→0+

|∆h
0a

i
N |2 =

N∑
i=1

∣∣∣daiN
dt

(0)
∣∣∣2. (3.4.11)

Recalling equation (3.4.6) in the proof of Theorem 3.4.1, and the fact that aiN (t) ∈ C1([0, T ]) it follows that:

daiN
dt

(0) = (DtuN (·, 0), ϕi)L2 =β
(rm0
τ0
D2

xuN (·, 0), ϕi
)
L2

+ β
({
Dx(τ

−1
0 rm0 )− rm−2

0 τ0
}
uN (·, 0), ϕi

)
L2

+ (γ − 1)
(
m
e0
r0

+Dx(τ
−1
0 e0), ϕi

)
L2
.

Substituting this into (3.4.11), and using the fact that {ϕi}i∈N is an orthonormal basis in L2, one can employ
Bessel’s inequality to obtain that:

lim
h→0+

∥∆h
0uN (x)∥2L2 =

N∑
i=1

∣∣∣daiN
dt

(0)
∣∣∣2

≤C∥r
m
0

τ0
D2

xuN (·, 0)∥2L2 + C∥{Dx(τ
−1
0 rm0 )− rm−2

0 τ0}uN (·, 0)∥2L2 + C
∥∥∥me0

r0
+Dx

(e0
τ0

)∥∥∥2
L2

≤C∥D2
xuN (·, 0)∥2L2 + C∥uN (·, 0)∥2L2 + C∥e0∥2H1 .

(3.4.12)
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Now by the fact that −D2
xϕi = λiϕi and ϕ ∈ H1

0 (0, k), it implies D2
xϕ(0) = D2

xϕ(k) = 0. Integrating by
parts twice, we get:

∥D2
xuN (·, 0)∥2L2 =

(
D2

xuN (·, 0), D2
xuN (·, 0)

)
L2 =

(
uN (·, 0), D4

xuN (·, 0)
)
L2 .

Since ϕi is eigenfunction of −D2
x, it follows that D4

xuN ∈ Span{ϕi}i∈N. On the other hand, by the initial
data of t 7→ aiN (t), we have (uN (·, 0), ϕi)L2 = (u0, ϕi)L2 , Combining these facts, we obtain the following
estimate:

∥D2
xuN (·, 0)∥2L2 =

(
uN (·, 0), D4

xuN (·, 0)
)
L2 =

(
u0, D

4
xuN (·, 0)

)
L2

=
(
D2

xu0, D
2
xuN (·, 0)

)
L2 ≤

1

2
∥D2

xu0∥2L2 +
1

2
∥D2

xuN (·, 0)∥2L2 ,

hence
∥D2

xuN (·, 0)∥2L2 ≤ ∥D2
xu0∥2L2 (3.4.13)

Substituting this back to (3.4.12), we get

lim
h→0+

Ch = lim
h→0+

∥∆h
0uN (x)∥2L2 ≤ C∥u0∥2H2 + C∥e0∥2H1 ≤ CE0 (3.4.14)

Thus we have proved lim
h→0+

Ch ≤ CE0. With these estimates, (3.4.8) becomes:

1

2
lim sup
h→0+

∥∆h
t uN (·)∥2L2 + C−1 lim sup

h→0+

∫ t

0

(
∥∆h

tDxuN (·, s)∥2L2 + ∥∆h
t uN (·, s)∥2L2

)
ds

≤CE0 + CT
(
1 + Ẽ(T )2

)
+ CẼ(T )

∫ t

0
∥uN (·, s)∥2H1ds <∞,

(3.4.15)

where the right hand side is finite due to the estimate in Theorem 3.4.1. Thus we obtain the weak conver-
gence:

∆h
t uN

∗
⇀ DtuN in L∞(0, T ;L2(0, k)) and ∆h

t uN ⇀ DtuN in L2(0, T ;H1
0 (0, k)),

where DtuN denotes the weak derivative of uN in time. By the weakly (or weakly-∗) lower semi-continuity
of the Sobolev norm, it follows that

1

2
∥DtuN (·)∥2L2 + C−1

∫ t

0
∥DtuN (·, s)∥2H1ds ≤ CE0 + CT

(
1 + Ẽ(T )2

)
+ CẼ(T )

∫ t

0
∥uN (·, s)∥2H1ds,

Next, by fundamental theorem of calculus and the convexity of L2-norm we have

∥DxuN (·, t)∥L2 ≤∥DxuN (·, 0)∥L2 +

∫ t

0
∥DxDtuN (·, s)∥L2ds ≤ ∥Dxu0∥2L2 +

∫ t

0
∥DxDtuN∥L2ds,

∥uN (·, t)∥L2 ≤∥uN (·, 0)∥L2 +

∫ t

0
∥DtuN (·, s)∥L2ds ≤ ∥u0∥2L2 +

∫ t

0
∥DtuN (·, s)∥L2ds,

(3.4.16)

where we have used the fact that D2
xuN ∈ Span{ϕi}i∈N as ϕi is eigenfunction of −D2

x, hence

∥DxuN (·, 0)∥2L2 =
(
DxuN (·, 0), DxuN (·, 0)

)
L2 =

(
uN (·, 0),−D2

xuN (·, 0)
)
L2

=
(
u0,−D2

xuN (·, 0)
)
L2 = (Dxu0, DxuN (·, 0)

)
L2 ≤

1

2
∥u0∥2L2 +

1

2
∥DxuN (·, 0)∥2L2 .
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Combining (3.4.16) with (3.4.15):

∥DtuN (·, t)∥2L2 + C−1

∫ t

0
∥DtuN (·, s)∥2H1ds

≤CE0 + CT
(
1 + Ẽ(T )2

)
+ CẼ(T )

∫ t

0
s

∫ s

0
∥DtuN (·, s′)∥2H1ds

′ds,

Applying Grönwall inequality, we have:∫ t

0
∥DtuN (·, s)∥2H1ds ≤ C

{
E0 + T

(
1 + Ẽ(T )2

)}
exp

(
C
T 2

2
Ẽ(T )

)
.

Substituting this back into equation (3.4.12), we obtain the estimate:

sup
0≤t≤T

∥DtuN (·, t)∥2L2 + C−1

∫ T

0
∥DtuN (·, s)∥2H1ds ≤ CE0 + CTP

(
Ẽ(T )

)
exp

(
CT 2Ẽ(T )

)
. (3.4.17)

Hence by (3.4.17), convergence (3.4.5) in the proof of Theorem 3.4.1, and Fundamental Lemma of Calculus
of Variation, we have the weak convergence:

DtuN
∗
⇀ Dtu in L∞(0, T ;L2(0, k)) and DtuN ⇀ Dtu in L2(0, T ;H1

0 (0, k)),

where Dtu is the temporal weak derivative of the weak solution u obtained in Theorem 3.4.1. Finally by
the weakly-star lower semi-continuity of Sobolev norm, the main estimate of this lemma is obtained.

Lemma 3.4.2. Suppose the assumptions of Theorem 3.4.2 hold, and let u(x, t) be the weak solution obtained
in Theorem 3.4.1. Then we have u ∈ L∞(

0, T1;H
2(0, k)

)
with T1 ≡ min{T∗, T0} and in particular, there

exists a constant C = C(C0, a, k, β, γ, n) > 0 and a polynomial z 7→ P(z) such that the following inequality
holds:

sup
0≤t≤T

∥u(·, t)∥2H2 ≤ P(E0) + TP
(
Ẽ(T )

)
exp

(
CT 2Ẽ(T )

)
,

for all T ∈ [0,min{T∗, T0}].

Proof. We let uN be the Galerkin approximation constructed in the proof of Theorem 3.4.1. Since uN
satisfies the equation (3.4.3), The following can be attained by multiplying (3.4.3) with aiN (t) and summing
over i = 1 . . . , N :

β
( r̃m
τ̃
DxuN , DxuN

)
L2

+ β(r̃m−2τ̃uN , uN )L2

=− (DtuN , uN )L2 +m(γ − 1)
( ẽ
r̃
, uN

)
L2 + (γ − 1)

( ẽ
τ̃
, DxuN

)
L2

By Fundamental Theorem of Calculus in time, and Cauchy-Schwartz inequality we have:

∥ẽ(·, t)∥2L2 = ∥e0(·) +
∫ t

0
Dtẽ(·, s)ds∥2L2 ≤ 2∥e0∥2L2 + 2T 2 sup

s∈[0,T ]
∥Dtẽ(·, s)∥2L2 ≤ 2E0 + 2T 2Ẽ(T ).

Using the above estimate and Lemma 3.3.1, Proposition 3.3.1, we obtain that:

∥DxuN (·, t)∥2L2 + ∥uN (·, t)∥2L2 ≤ C∥DtuN∥2L2 + C∥ẽ∥2L2

≤∥DtuN∥2L2 + CE0 + CT 2Ẽ(T ) ≤ CP(E0) + CTP
(
Ẽ(T )

)
exp

(
CT 2Ẽ(T )

)
,

(3.4.18)

110



where in the last line, we used estimate (3.4.17) from the proof of Lemma 3.4.1. Next, Performing integration
by parts on (3.4.3), we also have

(DtuN , ϕi)L2 + β
(
Dx

( r̃m
τ̃
DxuN

)
, ϕi

)
L2

+ β(r̃m−2τ̃uN , ϕi)L2 = (γ − 1)
(
m
ẽ

r̃
−Dx(τ̃

−1ẽ), ϕi

)
L2
.

Next, we multiply the above equation with −λiaiN (t) and sum over i = 1, . . . , N for λi being the i − th
eigenvalue of −D2

x. It follows from Proposition 3.3.1 that:

β
2

3

am

τ0
∥D2

xuN∥2L2 ≤ β
( r̃m
τ̃
D2

xuN , D
2
xuN

)
L2
≤ β

3

am

τ0
∥D2

xuN∥2L2 + C∥DtuN∥2L2 + C∥uN∥2H1 +
3∑

i=1

Ii,

(3.4.19)

where I1 := C∥ẽDxτ̃∥2L2 , I2 := C∥Dxτ̃DxuN∥2L2 , and I3 := C∥ẽ∥2H1 . We claim that

3∑
i=1

Ii ≤ CP(E0) + CTP
(
Ẽ(T )

)
exp

(
CT 2Ẽ(T )

)
. (3.4.20)

First, we estimate I1. Computing terms within the integral, by the construction (3.2.2)–(3.2.5) we have the
identity: Dt(ẽDxτ̃) = Dxτ̃Dtẽ+ ẽD2

xũ, hence it follows from Lemma 3.3.1 and Sobolev embedding theorem
that:

∥Dt(ẽDxτ̃)∥L2 ≤(C0 + t1/2Ẽ(t)1/2)∥Dtẽ∥L2 + C∥ẽ∥H1∥D2
xũ∥L2 .

thus, by Fundamental Theorem of Calculus and (3.2.2)–(3.2.5), we have:

I1 :=∥ẽDxτ̃(·, t)∥2L2 = ∥C0e0 +

∫ t

0
Dt(ẽDxτ̃)(·, s)ds∥2L2 ≤ C0E0 + 2t

∫ t

0
∥Dt(ẽDxτ̃)(·, s)∥2L2ds

≤C0E0 + t2C0Ẽ(t) + t3CẼ(t)2 + t2CẼ(t)2 =: C0E0 + CTP
(
Ẽ(T )

)
.

where z 7→ P(z) denotes some explicitly known polynomial. Next, we estimate the term I2. Again, by
(3.2.2)–(3.2.5), Lemma 3.3.1 and Sobolev embedding theorem, it follows that

∥Dt(Dxτ̃DxuN )∥L2(t) =∥D2
xũDxuN +Dxτ̃DxDtuN∥L2(t)

≤C∥D2
xũ(·, t)∥H1∥DxuN (·, t)∥L2 +

(
C0 + t1/2Ẽ(t)1/2

)
∥DxDtuN (·, t)∥L2 .

Using Fundamental Theorem of Calculus, Cauchy-Schwartz inequality, estimate (3.4.18), and inequality
(3.4.17) from the proof of Lemma 3.4.1, we obtain:

I2 :=∥Dxτ̃DxuN (·, t)∥2L2 =
∥∥∥C0DxuN (·, 0) +

∫ t

0
Dt(Dxτ̃DxuN )(·, s)ds

∥∥∥2
L2

≤C0∥DxuN (·, 0)∥2L2 + C
(∫ t

0

{
∥D2

xũ∥H1∥DxuN∥L2 + (C0 + s1/2Ẽ(s)1/2)∥DxDtuN∥L2

}
ds

)2

≤C0∥Dxu0∥2L2 + CTP
(
Ẽ(T )

)
exp

(
CT 2Ẽ(T )

)
,

where in the last line, we used ∥DxuN (·, 0)∥L2 ≤ ∥Dxu0∥L2 obtained in (3.4.13) from proof of Lemma 3.4.1.
Finally, we bound the terms I3. By Fundamental Theorem of Calculus, it follows that:

I3 := ∥ẽ(·, t)∥2H1 =∥Dxe0 +

∫ t

0
DxDtẽ(·, s)ds∥2L2 + ∥e0 +

∫ t

0
Dtẽ(·, s)ds∥2L2 ≤ 2E0 + 2TẼ(T ).
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This concludes the proof for claim (3.4.20). Finally substituting estimates (3.4.18), (3.4.20) and using
(3.4.17) shown in the proof of Lemma 3.4.1, the inequality (3.4.19) becomes

β

3

am

τ0
∥D2

xuN (·, t)∥2L2 + ∥uN (·, t)∥2H1 ≤ CP(E0) + CTP(Ẽ(T )) exp
(
CT 2Ẽ(T )

)
.

Thus, using the weak convergence (3.4.5): uN ⇀ u in L2(0, T ;H1(0, k)) proven in Theorem 3.4.1, it follows

the weak-star convergence: uN
∗
⇀ u in L∞(0, T ;H2(0, k)). Consequently, by the weakly-star lower semi-

continuity of Sobolev norm, we obtain the main inequality of this lemma.

Corollary 3.4.1. Suppose the assumptions of Theorem 3.4.2 hold, and let u(x, t) be the weak solution
obtained in Theorem 3.4.1. Then u ∈ L∞(0, T1;H

2(0, k)), Dtu ∈ L∞(0, T1;L
2(0, k)) with T1 ≡ min{T∗, T0},

and we have for (x, t) ∈ (0, k)× [0, T1] almost everywhere, the following equation is satisfied

Dtu(x, t) = βDx

( r̃m
τ̃
Dxu

)
(x, t)− βr̃m−2τ̃u(x, t) +m(γ − 1)

ẽ

r̃
(x, t)− (γ − 1)Dx

( ẽ
τ̃

)
(x, t).

Proof. Given test function φ ∈ C∞
c ([0, T1] × [0, k]), since u satisfies the weak form as proven in Theorem

3.4.1, it follows from integration by parts that

−(γ − 1)

∫ T1

0

∫ k

0

{
m
ẽ

r̃
−Dx

( ẽ
τ̃

)}
φdxdt = −

∫ T1

0

∫ k

0

{
Dtu+ βDx

( r̃m
τ̃
Dxu

)
+ βr̃m−2τ̃u

}
φdxdt,

hence by the Fundamental Theorem of Calculus, we conclude the proof of corollary.

Lemma 3.4.3. Suppose the assumptions of Theorem 3.4.2 hold, and let u(x, t) be the weak solution obtained
in Theorem 3.4.1. Then u ∈ L2

(
0, T1;H

3(0, k)
)
with T1 ≡ min{T∗, T0}, and in particular, there exists a

constant C = C(C0, a, k, γ, β, n) > 0 and a polynomial z 7→ P(z) such that∫ T

0
∥u(·, t)∥2H3dt ≤ P(E0) + CTP

(
Ẽ(T )

)
exp

(
CT 2Ẽ(T )

)
,

for each T ∈ [0,min{T∗, T0}].

Proof. First since u ∈ L∞(
0, T ;H2(0, k)

)
∩ L∞(

0, T ;H1
0 (0, k)

)
, by Sobolev embedding and trace theorem,

u ∈ L∞(
0, T ;C1

0 (0, k)
)
. For each fixed t ∈ [0, T ] we extend u to the domain x ∈ R \ [0, k] by setting

u(x, t) ≡ 0. Denote ∆h
x to be the difference quotient in space:

∆h
xw(t) :=

w(x+ h, t)− w(x, t)
h

.

Then from Corollary 3.4.1, we have that for almost everywhere (x, t) ∈ [0, k − h]× [0, T ]

β
r̃m

τ̃
D2

x∆
h
xu =∆h

xDtu− βD2
xu∆

h
x(τ̃

−1r̃m)− βDx∆
h
xuDx(τ̃

−1r̃m)− βDxuDx∆
h
x(τ̃

−1r̃m)

+ βr̃m−2τ̃∆h
xu+ βu∆h

x(r̃
m−2τ̃) +m(γ − 1)∆h

x

( ẽ
r̃

)
− (γ − 1)∆h

xDx

( ẽ
τ̃

)
Taking L2-norm in L2(0, k − h) on both sides of the equation and integrating in time, it follows that:∫ t

0

∫ k−h

0
|τ̃−1r̃m∆h

xD
2
xu|2dxds ≤

8∑
i=1

∫ t

0
Iids, (3.4.21)

where we will indicate each term {Ii}i=1,...,8 as we proceed. First the following proposition is true:
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Proposition 3.4.1. For f(x) ∈ C1(0, k), we have

sup
h>0

∫ k−h

0
|∆h

xf |2dx := sup
h>0

∫ k−h

0
|f(x+ h)− f(x)

h
|2dx ≤

∫ k

0
|Dxf(x)|2dx

Proof. By Fundamental Theorem of Calculus, and Jensen’s inequality, and Fubini’s theorem, we get∫ k−h

0
|∆h

xf |2dx =

∫ k−h

0
|1
h

∫ x+h

x
Dxf(y)dy|2dx ≤

∫ k−h

0

∫ x+h

x

1

h
|Dxf(y)|2dydx,

=

∫ h

0

y

h
|Dxf(y)|2dy +

∫ k−h

h
|Dxf(y)|2dy +

∫ k

k−h

k − y
h
|Dxf(y)|2dy ≤

∫ k

0
|Dxf(y)|2dy

Using Proposition 3.4.1, Lemma 3.3.1, Lemma 3.4.1 and Theorem 3.4.1, I1, I2, I3 can be estimated as

I1 :=

∫ t

0

∫ k−h

0
|∆h

xDtu|2dxds ≤
∫ t

0

∫ k

0
|DxDtu|2dxdt ≤ P(E0) + CTP

(
Ẽ(T )

)
exp

(
CT 2Ẽ(T )1/2

)
,

I2 :=

∫ t

0

∫ k−h

0
|r̃m−2τ̃∆h

xu|2dxds ≤ C
∫ t

0

∫ k

0
|Dxu|2dxds ≤ CTP

(
Ẽ(T )

)
exp

(
CT 2Ẽ(T )1/2

)
,

I3 :=

∫ t

0

∫ k−h

0
|∆h

x(r̃
−1ẽ)|2dxds ≤

∫ t

0

∫ k

0
|r̃−1Dxẽ− r̃−2τ̃ ẽ|2dxds ≤ CTẼ(T ).

For I4, we first compute using Lemma 3.3.1 and equations (3.2.2)–(3.2.5):

sup
x∈[0,k−h]

|∆h
x(τ̃

−1r̃m)(t)|2 ≤ 2m|r̃m−1|2∞ + 2|τ̃−2r̃mDxτ̃ |2∞ ≤ C(1 + C0 + tẼ(t))

Using this and Lemma 3.4.2, we have

I4 :=

∫ t

0

∫ k−h

0
|∆h

x(τ̃
−1r̃m)D2

xu|2dxds ≤
∫ t

0
|∆h

x(τ̃
−1r̃m)(s)|2∞∥D2

xu(·, s)∥2L2ds

≤CTP
(
Ẽ(T )

)
exp

(
CT 2Ẽ(T )

)
For I5, using Lemma 3.3.1 and (3.2.2)–(3.2.5), we first note that

|∆h
xDx(τ̃

−1r̃m)(t)| =
∣∣∣1
h

∫ x+h

x

(
m(m− 1)r̃m−2τ̃ −mτ̃−1r̃m−1Dxτ̃ + 2r̃mτ̃−3|Dxτ̃ |2 − τ̃−2r̃mD2

xτ̃
)
dy

∣∣∣
≤C

(
1 + tẼ(t) +

1

h

∫ x+h

x
|D2

xτ̃ |(y, t)dy
)
,

Using this, and Lemma 3.4.2, I5 is then estimated by

I5 :=

∫ t

0

∫ k−h

0
|DxuDx∆

h
x(τ̃

−1r̃m)|2dxds

≤CTP
(
Ẽ(T )

)
exp

(
CT 2Ẽ(T )

)
+

∫ t

0
|Dxu(·, s)|2∞

∫ k−h

0

(1
h

∫ x+h

x
|D2

xτ̃(y, s)|dy
)2

dxds.

By the exact same argument used in the proof of Proposition 3.4.1, We bound the second term on the right
hand side of above inequality as:∫ k−h

0

(1
h

∫ x+h

x
|D2

xτ̃(y, s)|dy
)2

dx ≤ 1

h

∫ k−h

0

∫ x+h

x
|D2

xτ̃(y, s)|2dydx ≤
∫ k

0
|D2

xτ̃(y, s)|2dy,
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then using (3.2.2)–(3.2.5) and Jensen’s inequality, we have∫ k

0
|D2

xτ̃ |2dx =

∫ k

0
|D2

xτ0(x) +

∫ s

0
D3

xũ(x, q)dq|2dx ≤ C0 + 2

∫ k

0
s

∫ s

0
|D3

xũ(y, q)|2dqdy ≤ C0 + sẼ(s).

Therefore it implies from the above inequalities, Sobolev embedding theorem, and Lemma 3.4.2 that:∫ t

0
|Dxu(·, s)|2∞

∫ k−h

0

(1
h

∫ x+h

x
|D2

xτ(y, s)|dy
)2

dxds ≤ C sup
s∈[0,T ]

∥u(·, s)∥2H2

∫ t

0

(
C0 + sẼ(s)

)
ds

≤CTP
(
Ẽ(T )

)
exp

(
CT 2Ẽ(T )

)
.

Substituting this back into the estimate of I5, it follows that: I5 ≤ CTP
(
Ẽ(T )

)
exp

(
CT 2Ẽ(T )

)
. Next, we

estimate the term I6 and I7. Using Lemma 3.3.1, Proposition 3.4.1, and Lemma 3.4.2 we get

I6 :=

∫ t

0

∫ k−h

0
|Dx

( r̃m
τ̃

)
Dx∆

h
xu(x, s)|2dxds ≤

∫ t

0
|mr̃m−1 − r̃mτ̃−2Dxτ̃ |2∞

∫ k−h

0
|Dx∆

h
xu(x, s)|2dxds

≤C
∫ t

0

(
1 + C0 + sẼ(s)

) ∫ k

0
|D2

xu(x, s)|2dxds ≤ TP
(
Ẽ(T )

)
exp

(
CT 2Ẽ(T )

)
,

I7 :=

∫ t

0

∫ k−h

0
|u∆h

x(τ̃ r̃
m−2)(x, s)|2dxds ≤

∫ t

0
|
{
(m− 2)r̃m−3τ̃2 + r̃m−2Dxτ̃

}
(·, s)|2∞∥u(·, s)∥2L2ds

≤C
∫ t

0

{
1 + C0 + sẼ(s)

}
∥u(·, s)∥2L2ds ≤ TP

(
Ẽ(T )

)
exp

(
CT 2Ẽ(T )

)
.

Finally we estimate I8 using Proposition 3.4.1, Lemma 3.3.1

I8 :=

∫ t

0

∫ k−h

0
|∆h

xDx(τ̃
−1ẽ)|2dxds ≤

∫ t

0

∫ k

0

(D2
xẽ

τ̃
+ 2
|Dxτ̃ |2

τ̃3
ẽ− 2

Dxτ̃

τ̃2
Dxẽ− τ̃−2ẽD2

xτ̃
)2

dxds

≤TP
(
Ẽ(T )

)
+ C

∫ t

0
Ẽ(s)∥D2

xτ̃(·, s)∥2L2ds

The last term on the right hand side of above equation is estimated by (3.2.2)–(3.2.5) as follows

∥D2
xτ̃(·, s)∥2L2 =∥D2

xτ0(·) +
∫ s

0
D3

xũ(·, q)dq∥2L2 ≤ 2∥Dxτ0∥2L2 + 2s

∫ s

0
∥D3

xũ(·, q)∥2L2dq ≤ 2C0 + 2sẼ(s).

Substituting this back into the estimate of I8, it follows that I8 ≤ TP(Ẽ(T )). Summarising all the estimates
of I1–I8 into (3.4.21), using Lemma 3.3.1, it follows that:∫ t

0

∫ k−h

0
|∆h

xD
2
xu|2dxds ≤P(E0) + CTP(Ẽ(T )) exp

(
CT 2Ẽ(T )

)
,

hence we have the weak convergence: 1[0,k−h]∆
h
xD

2
xu ⇀ D3

xu in L2(0, T ;L2(0, k)), where 1[0,k−h](x) denotes
indicator function on the spatial coordinate with the set x ∈ [0, k − h] and D3

xu ∈ L2([0, T ] × [0, k]) is the
spatial weak derivative of D2

xu. By weakly lower semi-continuity of the Sobolev norm, we obtain the desired
estimate of this Lemma.

Lemma 3.4.4. Suppose the assumptions of Theorem 3.4.2 hold, and let u be the weak solution obtained in
Theorem 3.4.1. Then D2

t u ∈ L2
(
0, T1;H

−1(0, k)
)
with T1 ≡ min{T∗, T0}, and in particular, there exists a

constant C = C(C0, a, k, γ, β, n) > 0 and a polynomial z 7→ P(z) such that∫ T

0
∥D2

t u(·, t)∥2H−1dt ≤ CP(E0) + CTP
(
Ẽ(T )

)
exp

(
CT 2Ẽ(T )

)
,

for each T ∈ [0,min{T∗, T0}], where H−1(0, k) is the dual space of H1
0 (0, k).
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Proof. Denoting ∆h
t as the difference quotient in the temporal coordinate defined in the proof of Lemma

3.4.1. By Corollary 3.4.1, we can take difference quotient on the momentum equation to get that for almost
everywhere (x, t) ∈ [0, k]× [0, T − h] and get:

∆h
tDtu =βDx

(
Dxu∆

h
t (τ̃

−1r̃m)
)
+ βDx

( r̃m
τ̃
∆h

tDxu
)
− βu∆h

t (r̃
m−2τ̃)

− βr̃m−2τ̃∆h
t u+m(γ − 1)∆h

t (r̃
−1ẽ) + (γ − 1)∆h

tDx(τ̃
−1ẽ)

Multiplying both sides of the above equation with φ(x) ∈ H1
0 (0, k) such that ∥φ∥2H1 = 1, we have using

Lemma 3.3.1 and integration by parts:

(
φ,∆h

tDtu
)
L2 ≤

3∑
i=1

Ii. (3.4.22)

By Lemma 3.3.1, equations (3.2.2)–(3.2.5) and Lemma 3.4.1–3.4.3, we have that:

I1 :=β|τ̃−1r̃m|∞∥∆h
tDxu∥L2 + β|r̃m−2τ̃ |∞∥∆h

t u∥L2 ≤ C
1

h

∫ t+h

t
∥Dtu(·, s)∥H1ds,

I2 :=|∆h
t (τ̃

−1r̃m)(·)|∞∥Dxu(·, t)∥L2 + |∆h
t (τ̃ r̃

m−2)(·)|∞∥u(·, t)∥L2 ≤ CẼ(T )1/2∥u(·, t)∥H1 ,

I3 :=∥∆h
t (r̃

−1ẽ)∥L2 + ∥∆h
t (τ̃

−1ẽ)∥L2 ≤ CẼ(T )1/2 + CẼ(T ).

Substituting the estiamtes for I1–I3 into (3.4.22), using Minkowski’s inequality, Cauchy-Schwartz inequality,
Lemma 3.4.1–3.4.2, we get:∫ T−h

0
∥∆h

tDtu(·, t)∥2H−1dt = sup
{∫ T−h

0

(
φ,∆h

tDtu(·, t)
)2
L2dt

∣∣∣∣ φ ∈ H1
0 , ∥φ∥H1 = 1

}
≤P(E0) + CTP

(
Ẽ(T )

)
exp

(
CT 2Ẽ(T )

)
.

Hence, we get the weak convergence: 1[0,T−h]∆
h
tDtu ⇀ D2

t u in L2(0, T ;H−1(0, k)) as h ↘ 0, where D2
t u

is the temporal weak derivative of Dtu in the space L2(0, T ;H−1(0, k)). Finally, by weakly lower semi-
continuity of the Sobolev norm, we obtain the main inequality of the lemma.

3.4.2 Existence and higher regularity of e

Using the function u(x, t) obtained in the previous section, we prove the existence of weak solution e(x, t)
as well as its higher regularity estimates.

Theorem 3.4.3. Given a fixed constant M0 > 0 and let T0 = T0(M0) > 0 be the time defined in Proposition
3.3.1 by:

T0(M0) := min
{
1,

τ0

2CM
1/2
0

,
τ0

2CM
1/2
0

}
,

where τ0 := infx∈[0,k] τ0(x), τ0 := supx∈[0,k] τ0(x), and C > 0 is the generic constant from the Sobolev

embedding inequality in Proposition 3.3.1. If there exists a time T∗ > 0 such that (ũ, ẽ) satisfies Ẽ(T∗) ≡
E[ũ, ẽ](T∗) ≤M0, then there exists a function e(x, t) which satisfies the weak form in Definition 3.4.1 on the
domain (x, t) ∈ [0, k] × [0, T1] with T1 ≡ min{T∗, T0}. Moreover e ∈ C(0, T1;L2(0, k)) ∩ L2(0, T1;H

1(0, k)),
and Dte ∈ L2(0, T1;H

∗(0, k)) where H∗(0, k) is the dual space of H1(0, k). In particular, there exists a
polynomial z 7→ P(z) such that the following estimate is satisfied:

sup
0≤t≤T

∥e(·, t)∥2L2 +

∫ T

0

{
∥Dxe∥2L2 + ∥Dte∥2H∗

}
(t)dt

≤∥e0∥2L2 + CTP
(
Ẽ(T )

)
exp

(
CT

(
1 + TẼ(T )

))
,

(3.4.23)
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for each T ∈ [0,min{T∗, T0}], where H∗(0, k) is the dual space of H1(0, k), and C = C(C0, a, k, β, γ, n) > 0
is a constant independent of M0 > 0, T0 > 0, and T∗ > 0.

Proof. Let {ψi(x)}i∈N ⊂ C∞(0, k) be an orthonormal basis of L2(0, k) that it is also an orthogonal basis of
H1(0, k), and in addition it satisfies the boundary condition ψ′

i(0) = ψ′
i(k) = 0 for all i ∈ N. Such basis can

be obtained by solving the following eigenvalue problem:{
−D2

xψ = λψ for x ∈ (0, k),

Dxψ(0) = Dxψ(k) = 0.

We consider aiN (t) to be the solution to following system of ODE’s:
daiN
dt

= −κ
N∑
j=1

( r̃m
τ̃
ψ′
j , ψ

′
i

)
L2
ajN (t) + (G,ψi)L2 ,

aiN (0) = (e0, ψi)L2 ,

(3.4.24)

where G is defined by

G := β
|Dx(r̃

mu)|2

r̃mτ̃
− (γ − 1)

ẽ

r̃mτ̃
Dx(r̃

mu)− 2mµDx(r̃
m−1u2). (3.4.25)

By Proposition 3.3.1 and Theorem 3.4.2 from the previous section, we have that for each T ∈ [0,max{T0, T∗}]
and t ∈ [0, T ]: ∣∣∣( r̃m

τ̃
ψ′
j , ψ

′
i

)
L2

∣∣∣ ≤ C|τ̃−1r̃m(·, t)|∞ ≤ C
(a+ 3kτ0/2)

m

τ0
≤ C <∞.

Hence, by the existence and uniqueness theorem of ordinary differential equations, there exists a unique
solution aiN (t) ∈ C1([0, T1]) with T1 ≡ min{T0, T∗}. Now we define:

eN (x, t) :=
N∑
i=1

ajN (t)ψj(x),

then by the orthogonality of {ψi}i∈N, we have from (3.4.24) that

(DteN , ψi)L2 + κ
( r̃m
τ̃
DxeN , ψ

′
i

)
L2

= (G,ψi)L2 (3.4.26)

Multiplying both sides by aiN (t) and taking summation over i = 1, . . . , N , it follows that

(DteN , eN )L2 + κ
( r̃m
τ̃
DxeN , DxeN

)
L2

= (G, eN )L2 ,

hence by Proposition 3.3.1, we have:

1

2

d

dt
∥eN (·, t)∥2L2 + κ

2am

τ0
∥DxeN (·, t)∥2L2 ≤

1

2
∥G(·, t)∥2L2 +

1

2
∥eN (·, t)∥2L2 .

Applying Grönwall Inequality, and Bessel’s inequality on ∥eN (·, 0)∥2L2 ≤ ∥e0∥2L2 , we get:

sup
0≤t≤T

∥eN (·, t)∥2L2 ≤ exp(T/2)
{
∥e0∥2L2 + T sup

0≤t≤T
∥G(·, t)∥2L2

}
.
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Integrating (3.4.26) and substituting the above estimate, we have

∥eN (·, t)∥2L2 + κ
4am

τ0

∫ T

0
∥DxeN∥2L2dt ≤ (1 + T exp(T/2))

{
∥e0∥2L2 + T sup

0≤t≤T
∥G(·, t)∥2L2

}
, (3.4.27)

To estimate ∥G(·, t)∥L∞(0,T ;L2(0,k)), we apply Sobolev embedding theorem, Lemma 3.3.1, and Theorem 3.4.2,
to get

∥G∥L2 ≤ C{|u|∞∥u∥L2 + |u|∞∥Dxu∥L2 + |Dxu|∞∥Dxu∥L2 + |ẽ|∞∥u∥H1} ≤ P
(
Ẽ(T )

)
exp

(
CT 2Ẽ(T )

)
,

where C = C(C0, a, k, β, γ, n) > 0 is a constant. Thus substituting this estimate into (3.4.27), it follows that

sup
0≤t≤T

∥eN (·, t)∥2L2 + κ
4am

τ0

∫ T

0
∥DxeN (·, t)∥2L2dt ≤ ∥e0∥2L2 + TP(Ẽ(T )) exp

(
CT

(
1 + TẼ(T )

))
. (3.4.28)

Thus for a fixed T1 = min{T∗, T0}, there exists a subsequence {eN}N∈N such that

eN
∗
⇀ e in L∞(0, T1;L

2(0, k)), DxeN ⇀ Dxe in L2(0, T1;L
2(0, k)). (3.4.29)

By weakly (and weakly-*) lower semi-continuity of Sobolev norm, we have:

sup
0≤t≤T

∥e(·, t)∥2L2 + κ
4am

τ0

∫ T

0
∥Dxe(·, t)∥2L2dt ≤ ∥e0∥2L2 + TP

(
Ẽ(T )

)
exp

(
CT

(
1 + TẼ(T )

))
,

for all T ∈ [0,min{T∗, T0}]. Next we show that:

sup
N∈N
∥DteN∥2L2(0,T ;H∗) ≤ C∥e0∥

2
L2 + CTP

(
Ẽ(T )

)
exp

(
CT 2Ẽ(T )

)
,

where C = C(C0, a, k, β, γ, n) > 0. Let φ(x) ∈ H1(0, k) be a test function. Without loss of generality,
choose ∥φ∥H1 = 1. Since {ψi}i∈N is an orthogonal basis in H1(0, k), we can approximate φ(x) by

lim
M→∞

M∑
i=1

(ψi, φ)H1

1 + λi
ψi(x) = φ(x) in H1(0, k), where (ψi, φ)H1 = (ψi, φ)L2 + (Dxψi, Dxφ)L2 .

Using this, the equation (3.4.26) becomes

(DteN , φ)L2 = −κ
( r̃m
τ̃
DxeN , Dxφ

)
L2

+ (G,φ)L2 . (3.4.30)

Hence, with estimate (3.4.28) we have:

(DteN (·, t), φ)L2 ≤ C∥DxeN∥L2 + C

√
P
(
Ẽ(T )

)
exp

(
CT 2Ẽ(T )

)
.

Integrating the above equation in time, and using the estimate (3.4.28), we have

∥DteN∥2L2(0,T ;H∗) = sup
{∫ T

0
(DxeN (·, t), φ)2L2dt

∣∣∣∣ φ ∈ H1(0, k), ∥φ∥H1 = 1
}

≤C
∫ T

0

{
∥DxeN∥2L2 + P(Ẽ(T )) exp

(
CT 2Ẽ(T )

)}
dt ≤ C∥e0∥2L2 + CTP(Ẽ(T )) exp

(
CT 2Ẽ(T )

)
.

Now combining this estimate with the convergence (3.4.29), we have DteN ⇀ Dte in L2
(
0, T1;H

∗(0, k)
)
,

where here we have denoted Dte ∈ L2(0, T1;H
∗(0, k)) as the weak temporal derivative of e(·, t) in the
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space H∗(0, k). Finally, we prove that e indeed satisfies the weak form in Definition 3.4.1. For φ ∈
C1(0, T1;H

1(0, k)) with φ(·, T1) = 0. Approximating limM→∞
∑M

i=1(φ(x, t), ψi)H1φ(x) = φ(x, t) in H1(0, k)
for each fixed t ∈ [0, T1], we have:

(DteN (·, t), φ(·, t))L2 = −κ
(
DxeN (·, t), r̃

m

τ̃
Dxφ(·, t)

)
L2

+ (G(·, t), φ(·, t))L2 .

Using the convergence eN (·, 0)→ e0(·) in L2(0, k) we have by integrating the above in time that:∫ k

0
e0(x)φ(x, 0)dx−

∫ T1

0

∫ k

0
eDtφdxdt = lim

N→∞

{∫ k

0
eN (0, x)φ(0, x)dx−

∫ T1

0

∫ k

0
eNDtφdxdt

}
= lim

N→∞

∫ T1

0

∫ k

0
DteNφdxdt = −κ

∫ T1

0

(
Dxe,

r̃m

τ̃
Dxφ

)
L2
dt+

∫ T1

0
(G,φ)L2dt.

Hence we conclude the proof of this lemma.

Next we show that e satisfies the higher regularity in terms of the energy norm (3.3.1). This can be
summarised into the following theorem, which will be again proven with several lemmas.

Theorem 3.4.4. Given a fixed constant M0 > 0 and T0 = T0(M0) > 0 defined in Proposition 3.3.1.
Suppose there exists a time T∗ > 0 such that (ũ, ẽ) satisfies Ẽ(T∗) ≡ E[ũ, ẽ](T∗) ≤ M0, then the function
e(x, t) obtained in Theorem 3.4.3 satisfies the following estimate: there exists a polynomial z 7→ P(z) such
that for all T ∈ [0,min{T0, T∗}], we have

sup
0≤t≤T

{
∥e(·, t)∥2H2 + ∥Dte(·, t)∥2L2

}
+

∫ T

0

{
∥e∥2H3 + ∥Dte∥2H1 + ∥D2

t e∥2H∗
}
(t)dt

≤CP(E0) + CTP(Ẽ(T )) exp
(
CT

(
1 + TẼ(T ) + T 2 exp(T )Ẽ(T )

))
,

(3.4.31)

where H∗(0, k) is the dual space of H1(0, k), and C = C(C0, a, k, β, γ, n) > 0 is a constant independent of
M0 > 0, T0 > 0, and T∗ > 0.

Lemma 3.4.5. Suppose the assumptions of Theorem 3.4.4 hold, then we have Dte ∈ L∞(
0, T1;L

2(0, k)
)

and DxDte ∈ L2
(
0, T1;L

2(0, k)
)

with T1 ≡ min{T0, T∗}. In particular, there exists a constant C =
C(C0, a, k, β, γ, n) > 0 and a polynomial z 7→ P(z) such that the following inequality holds:

sup
0≤t≤T

∥DteN (·, t)∥2L2 + C−1

∫ T

0
∥DxDteN (·, s)∥2L2ds

≤CP(E0) + TP(Ẽ(T )) exp
(
CT

(
1 + TẼ(T ) + T 2 exp(T )Ẽ(T )

))
,

for each T ∈ [0,min{T0, T∗}].

Proof. First, for each small h > 0, we denote ∆h
t as the difference quotient in time. Let eN (x, t) :=∑N

i=1 a
N
i (t)ψi(x) be the Galerkin approximation obtained in the proof of Theorem 3.4.3. Operating ∆h

t to
the equation (3.4.26) for which eN satisfies, multiplying both sides with h−1(aNi (t+ h)− aNi (t)), and taking
summation in i = 1, . . . , N we have:(

Dt∆
h
t eN ,∆

h
t eN

)
L2

+ κ
( r̃m
τ̃
(·, t+ h)∆h

tDxeN (·),∆h
tDxeN (·)

)
L2

=− κ
(
DxeN (·, t)∆h

t (τ̃
−1r̃m),∆h

tDxeN (·)
)
L2

+
(
∆h

tG,∆
h
t eN (·)

)
L2
.
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By Lemma 3.3.1, and Proposition 3.3.1 for t ∈ [0, T − h], we obtain the estimate:

1

2

d

dt
∥∆h

t eN (·)∥2L2 +
κ

3

am

τ0
∥∆h

tDxeN (·, t)∥2L2 ≤ CẼ(T )∥DxeN∥2L2 +
(
∆h

tG,∆
h
t eN

)
L2
, (3.4.32)

where we have used the estimate |∆h
t (r̃

mτ̃−1)|∞ ≤ CẼ(T )1/2 which was obtained as (3.4.10) in the proof of
Lemma 3.4.1. Next, we aim to show that.(

∆h
tG,∆

h
t eN

)
L2
≤ CP

(
Ẽ(T )

)
exp

(
CT 2Ẽ(T )

)
+
κ

6

am

τ0
∥∆h

tDxe∥2L2 +
1

2
∥∆h

t e∥2L2

First, recalling the definition of G in (3.4.25), applying ∆h
t to it, we have ∆h

tG =
∑4

i=1 Ii, where

I1 :=β|Dx(r̃
mu)|2(x, t)∆h

t (r̃
−mτ̃−1)− (γ − 1)Dx(r̃

mu)(x, t)(r̃−mτ̃−1)(x, t+ h)∆h
t ẽ

− (γ − 1)ẽ(x, t)Dx(r̃
mu)(x, t)∆h

t (r̃
−mτ̃−1),

I2 :=β
Dx(r̃

mu)

r̃mτ̃
(x, t+ h)Dx∆

h
t (r̃

mu) + βDx(r̃
mu)(x, t)

1

r̃mτ̃
(x, t+ h)Dx∆

h
t (r̃

mu),

I3 :=− (γ − 1)(ẽr̃−mτ̃−1)(x, t+ h)Dx∆
h
t (r̃

mu),

I4 :=− 2mµDx∆
h
t (r̃

m−1u2)

For I1, using Sobolev embedding theorem, Lemma 3.3.1, and (3.2.2)–(3.2.5), it follows that

|∆h
t (r̃

−mτ̃−1)|∞ ≤
1

h

∫ t

0
|−mr̃−m−1τ̃−1ũ− r̃−mτ̃−2Dxũ|∞(s)ds ≤ CẼ(T )1/2,

|Dx(r̃
mu)|∞ =|mr̃m−1τ̃u+ r̃mDxu|∞ ≤ C∥u∥H2 ,

∥Dx(r̃
mu)∥L2 ≤∥mr̃m−1τ̃u+ r̃mDxu∥L2 ≤ C∥u∥H1 ,

∥∆h
t ẽ∥L2 ≤

1

h

∫ t+h

t
∥Dtẽ(·, s)∥L2ds ≤ CẼ(T )1/2,

(3.4.33)

Using these to estimate each terms in ∥I1∥2L2 , and applying Theorem 3.4.2, we have:

(
I1,∆

h
t e
)
L2 ≤2∥I1∥2L2 +

1

8
∥∆h

t e∥2L2 ≤ CP
(
Ẽ(T )

)
exp

(
CT 2Ẽ(T )

)
+

1

8
∥∆h

t e∥2L2 .

Next, we estimate I2. Only the second term in I2 will be considered in the following analysis as the first
term only differs by a translation in time. First, we note that using Theorem 3.4.2, Lemma 3.3.1, relations
(3.2.2)–(3.2.5), and the Sobolev embedding theorem, we get:

∥D2
x(r̃

mu)∥L2 ≤C
(
C0 + T 1/2Ẽ(T )1/2

)
∥u∥H2 ,

∥∆h
t (r̃

mu)∥L2 ≤C
(
Ẽ(T )1/2∥u∥L2 + ∥Dtu∥L2

)
,

|Dx(r̃
−mτ̃−1)|∞ =|−mr̃−m−1 + r̃−m−1τ̃−2Dxτ̃ |∞ ≤ C

(
1 + C0 + T 1/2Ẽ(T )1/2

)
,

|∆h
t e|∞ ≤C∥∆h

t e∥H1 .

(3.4.34)

Next integrating by parts in space on I2, using (3.4.33), (3.4.34), and the boundary condition ∆h
t u(0, t) =

∆h
t u(k, t) = 0, u(0, t) = u(k, t) = 0, it follows from Theorem 3.4.2 that:

(I2,∆
h
t e)L2 ≤ CP(Ẽ(T )) exp

(
CT 2Ẽ(T )

)
+

κ

18

am

τ0
∥∆h

tDxe∥2L2 +
1

8
∥∆h

t e∥2L2 .
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By the similar token, using u(0, t) = u(k, t) = 0 and ∆h
t u(0, t) = ∆h

t u(k, t) = 0, I3 can be estimated by:

(I3,∆
h
t e)L2 ≤P(Ẽ(T )) exp

(
CT 2Ẽ(T )

)
+

κ

18

am

τ0
∥∆h

tDxe∥2L2 +
1

8
∥∆h

t e∥2L2 ,

where we have used estimates (3.4.34) and Theorem 3.4.2. Finally I4 can be estimated similarly as follows:

(I4,∆
h
t e)L2 =2mµ

∫ k

0
∆h

t (r̃
m−1u2)Dx∆

h
t edx ≤ C∥∆h

t (r̃
m−1u2)∥2L2 +

κ

18

am

τ0
∥Dx∆

h
t e∥2L2

≤P(Ẽ(T )) exp
(
CT 2Ẽ(T )

)
+

κ

18

am

τ0
∥∆h

tDxe∥2L2 +
1

8
∥∆h

t e∥2L2 ,

where we used the estimate:

∥∆h
t

(
r̃m−1u2

)
∥L2 ≤

1

h

∫ t+h

t
∥(m− 1)r̃m−2ũu2 + 2r̃m−1uDtu∥L2ds ≤ CẼ(T )1/2∥u∥2H1 + C∥u∥H1∥Dtu∥L2

Now summarising the estimates for I1–I4, we have:

(
∆h

tG,∆
h
t eN

)
L2 =

4∑
i=1

(
Ii,∆

h
t eN

)
L2 ≤ CP(Ẽ(T )) exp

(
CT 2Ẽ(T )

)
+
κ

6

am

τ0
∥∆h

tDxe∥2L2 +
1

2
∥∆h

t e∥2L2 .

Hence substituting this back into estimate 3.4.32, it follows that

1

2

d

dt
∥∆h

t eN (·)∥2L2 +
κ

6

am

τ0
∥∆h

tDxeN (·, t)∥2L2 ≤ CP
(
Ẽ(T )

)
exp

(
CT 2Ẽ(T )

)
+ CẼ(T )∥DxeN∥2L2 +

1

2
∥∆h

t e∥2L2 ,

By Grönwall lemma, it follows that

∥∆h
t e∥2L2 ≤ exp(T )

{
∥∆h

0eN∥2L2 + CTP(Ẽ(T )) exp
(
CT 2Ẽ(T )

)
+ CẼ(T )

∫ t

0
∥DxeN (·, s)∥2L2ds

}
.

Now integrating (3.4.32) in time and substituting the above into it, we obtain:

sup
0≤t≤T

∥∆h
t eN∥2L2 +

∫ T

0
∥∆h

tDxeN∥2L2dt ≤C(1 + T exp(T ))
{
∥∆h

0eN∥2L2 + Ẽ(T )

∫ t

0
∥DxeN∥2L2ds

}
+ CTP

(
Ẽ(T )

)
exp

(
CT

(
1 + TẼ(T )

))
. (3.4.35)

Next, we show that lim sup
h→0+

∥∆h
0eN∥2L2 ≤ CP(E0). First, we observe that since {ψi}i is an orthonormal basis

in L2(0, k):

lim
h→0+

∥∆h
0eN (x)∥2L2 := lim

h→0+
∥

N∑
i=1

ψi(x)∆
h
0a

i
N∥2L2 =

N∑
i=1

lim
h→0+

|∆h
0a

i
N |2 =

N∑
i=1

|
daiN
dt

(0)|2. (3.4.36)

Recalling equation (3.4.26) in the proof of Theorem 3.4.3, and the fact that aiN (t) ∈ C1([0, T ]) it follows
from integrating by parts, and the boundary condition ψ′(0) = ψ′(k) = 0 that:

daiN
dt

(0) = (DteN (·, 0), ϕi)L2 = κ
(rm0
τ0
D2

xeN (·, 0), ψi

)
L2

+ κ
(
Dx(τ

−1
0 rm0 )eN (·, 0), ψi

)
L2 + (G(·, 0), ψi)L2 .

Substituting this into (3.4.36), and using the fact that {ψi}i∈N is an orthonormal basis in L2, hence one can
employ Bessel’s inequality to get that:

lim
h→0+

∥∆h
0eN∥2L2 ≤ C∥D2

xeN (·, 0)∥2L2 + C∥τ0∥2H2∥eN (·, 0)∥2L2 + C(∥u0∥2H1 + ∥e0∥2H1)∥u0∥2H1 , (3.4.37)

120



where we have used the estimate

∥G(·, 0)∥L2 =β∥m2rm−2
0 τ0u

2
0 + 2mrm−1

0 u0Dxu0 +
rm0
τ0
|Dxu0|2∥L2 + (γ − 1)∥e0

τ0
Dxu0 +m

e0
r0
u0∥L2+

+ 2mµ∥(m− 1)rm−2
0 τ0u

2
0 + 2rm−1

0 u0Dxu0∥L2 ≤ C(∥u0∥2H1 + ∥e0∥2H1)∥u0∥2H1 .

Now by construction, we have that −D2
xψi = λiψi and Dxψi(0) = Dxψi(k) = 0. Integrating by parts twice,

we get:

∥D2
xeN (·, 0)∥2L2 =

(
D2

xeN (·, 0), D2
xeN (·, 0)

)
L2 =

(
eN (·, 0),

N∑
i=1

λ2i (e0, ψi)L2ψi

)
L2
.

By the initial data of t 7→ aiN (t), we have (eN (·, 0), ψi)L2 = aiN (0) = (e0, ψi)L2 . Thus reversing the above
argument with the boundary condition Dxe0(0) = Dxe0(k) = 0, we obtain the following estimate:

∥D2
xeN (·, 0)∥2L2 =

(
e0,

N∑
i=1

λ2i (e0, ψi)L2ψi

)
L2

=
(
D2

xe0, D
2
xeN (·, 0)

)
L2 ≤

1

2
∥D2

xe0∥2L2 +
1

2
∥D2

xeN (·, 0)∥2L2 ,

hence ∥D2
xeN (·, 0)∥2L2 ≤ ∥D2

xe0∥2L2 . Furthermore we also get ∥eN (·, 0)∥2L2 ≤ ∥e0∥2L2 by Bessel’s inequality.
Thus substituting these back to (3.4.37), it follows that lim

h→0+
∥∆h

0eN (x)∥2L2 ≤ CP(E0). In summary, (3.4.35)

becomes:

sup
0≤t≤T−h

∥∆h
t eN∥2L2 + C−1

∫ T−h

0
∥∆h

tDxeN∥2L2dt

≤CP(E0) + TP(Ẽ(T )) exp
(
CT

(
1 + TẼ(T )

))
+ C(1 + T exp(T ))Ẽ(T )

∫ t

0
∥DxeN (·, s)∥2L2ds <∞.

The right hand side of above inequality is uniformly bounded for T ∈ [0,min{T∗, T0}] and h ∈ (0, 1) due to
the estimate obtained in Theorem 3.4.3. Therefore, by the same argument as in the proof of Lemma 3.4.1,
there exists a subsequence h↘ 0 for T1 ≡ min{T∗, T0}

1[0,T1−h]∆
h
t eN

∗
⇀ DteN in L∞(

0, T1;L
2(0, k)

)
,

1[0,T1−h]∆
h
tDxeN ⇀ DxDteN in L2

(
0, T1;L

2(0, k)
)
.

where DteN and DxDteN are respectively the temporal weak derivative of eN and DxeN . Moreover by the
weakly (and weakly-∗) lower semi-continuity of Sobolev norm, we get:

∥DteN (·, t)∥2L2 + C−1

∫ t

0
∥DxDteN (·, s)∥2L2ds

≤CP(E0) + TP(Ẽ(T )) exp
(
CT

(
1 + TẼ(T )

))
+ C(1 + T exp(T ))Ẽ(T )

∫ t

0
∥DxeN (·, s)∥2L2ds.

(3.4.38)

Now by Fundamental Theorem of Calculus, it follows that:

∥DxeN (·, s)∥2L2 ≤
(
∥DxeN (·, 0)∥L2 +

∫ s

0
∥DxDteN (·, q)∥L2dq

)2
≤ 2∥Dxe0∥2L2 + 2s

∫ s

0
∥DxDteN∥2L2dq,

where in the last line we have used the following estimate: by the facts that basis ψi satisfies the boundary
condition Dxψi(0) = Dxψi(k) = 0, eigenvalue equation −D2

xψi = λiψi, the initial data satisfies the boundary
condition Dxe0(0) = Dxe0(k) = 0, and the construction (eN (·, 0), ψi)L2 = (e0, ψi)L2 , it follows that

∥DxeN (·, 0)∥2L2 =
(
eN (·, 0),−D2

xeN (·, 0)
)
L2 =

(
Dxe0, DxeN (·, 0)

)2
L
≤ 1

2
∥Dxe0∥2L2 +

1

2
∥DxeN (·, 0)∥2L2 .
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Substituting this back into (3.4.38), we have the inequality:

∥DteN (·, t)∥2L2 + C−1

∫ t

0
∥DxDteN (·, s)∥2L2ds

≤CP(E0) + CTP(Ẽ(T )) exp
(
CT

(
1 + TẼ(T )

))
+ C(1 + T exp(T ))Ẽ(T )

∫ t

0
s

∫ s

0
∥DtDxeN (·, q)∥2L2dqds.

Therefore by Grönwall Lemma for integral inequality, it follows that:

sup
0≤t≤T

∥DteN (·, t)∥2L2 + C−1

∫ T

0
∥DxDteN (·, t)∥2L2dt

≤CP(E0) + TP(Ẽ(T )) exp
(
CT

(
1 + TẼ(T ) + T 2 exp(T )Ẽ(T )

))
.

(3.4.39)

By the same argument as in the proof of Lemma 3.4.1, there exists a subsequence in N →∞ such that

DteN
∗
⇀ Dte in L∞(0, T ;L2(0, k)) and DxDteN ⇀ DxDte in L2(0, T ;L2(0, k)),

where e and Dxe are the weak solutions obtained in Theorem 3.4.3. Finally, by the weakly and weakly-star
lower semi-continuity, we obtain the desired estimate for e and Dxe stated in the lemma.

Lemma 3.4.6. Suppose the assumptions of Theorem 3.4.4 hold, then we have e ∈ L∞(
0, T1;H

2(0, k)
)
with

T1 ≡ min{T∗, T0}. In particular, there exists a constant C = C(C0, a, k, β, γ, n) > 0 and a polynomial
z 7→ P(z) such that the following inequality holds:

sup
0≤t≤T

∥e(·, t)∥2H2 ≤ P(E0) + TP
(
Ẽ(T )

)
exp

(
CT

(
1 + TẼ(T ) + T 2 exp(T )Ẽ(T )

))
,

for each T ∈ [0,min{T0, T∗}].

Proof. Let eN (x, t) be the Galerkin approximation obtained in the proof of Theorem 3.4.3, then we recall
that eN (x, t) satisfies (3.4.26). Multiplying (3.4.26) with aiN (t) and sum over i = 1, . . . , N it follows by
Lemma 3.3.1 that:

4κ2

9

am

τ20
∥DxeN∥2L2 ≤ κ

( r̃m
τ̃
DxeN , DxeN

)
L2

=
(
−DteN +G, eN

)
L2 ≤ ∥−DteN +G∥2L2 + ∥eN∥2L2

≤∥G∥2L2 + P(E0) + TP(Ẽ(T )) exp
(
CT

(
1 + TẼ(T ) + T 2 exp(T )Ẽ(T )

))
, (3.4.40)

where in the last line we have used Lemma 3.4.5 and Theorem 3.4.3. Next integrating by parts in space
and using the boundary condition ψ′

i(0) = ψ′
i(k) = 0 for each i ∈ N, hence DxeN (0, t) = DxeN (k, t) = 0,

equation (3.4.26) from the proof of Theorem 3.4.3 becomes

(DteN , ψi)L2 = κ
(
Dx

( r̃m
τ̃
DxeN

)
, ψi

)
L2

+ (G,ψi)L2 .

Since −D2
xψi = λiψi, multiplying the above with λia

i
N (t) and summing over i = 1, . . . , N , we have by

Proposition 3.3.1 and Lemma 3.4.5:

2κ

3

am

τ0
∥D2

xeN∥2L2 ≤ κ
( r̃m
τ̃
D2

xeN , D
2
xeN

)
L2

= −κ
(
Dx(τ̃

−1r̃m)DxeN , D
2
xeN

)
L2

+
(
DteN −G,D2

xeN
)

≤C∥Dx(r̃
mτ̃−1)DxeN∥2L2 + C∥DteN∥2L2 + C∥G∥2L2 +

κ

3

am

τ0
∥D2

xeN∥2L2 .
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Thus reordering the terms, and by Lemma 3.4.5, we get:

κ

3

am

τ0
∥D2

xeN∥2L2 ≤ P(E0) + TP(Ẽ(T )) exp
(
CT

(
1 + TẼ(T ) + T 2 exp(T )Ẽ(T )

))
+ I1 + I2, (3.4.41)

where I1 := ∥G(·, t)∥2L2 and I2 := ∥Dx(r̃
mτ̃−1)DxeN∥2L2 . We estimate the term I1 first. By the Fundamental

Theorem of Calculus and Cauchy Schwartz Inequality, we have:

I1 := ∥G(·, t)∥2L2 = 2∥G(·, 0)∥2L2 + 2t

∫ t

0
∥DtG(·, s)∥2L2ds. (3.4.42)

Next, using relations (3.2.2)–(3.2.5) and Lemma 3.3.1, we have:

|Dx(r̃
mu)|∞ =|mr̃m−1τ̃u+ r̃mDxu|∞ ≤ C∥u∥H2 ,

∥Dt(r̃
mu)∥L2 =∥mr̃m−1ũu+ r̃mDtu∥L2 ≤ CẼ(T )1/2∥u∥L2 + C∥Dtu∥L2 ,

∥DxDt(r̃
mu)∥L2 ≲∥m(m− 1)r̃m−2τ̃ ũu∥L2 + ∥mr̃m−1(uDxũ)∥L2 + ∥mr̃m−1(ũDxu)∥L2

+ ∥mr̃m−1τ̃Dtu∥L2 + ∥r̃mDxDtu∥L2 ≤ C
(
Ẽ(T )1/2∥u∥H1 + ∥Dtu∥H1

)
,

∥Dt(r̃
−mτ̃−1)∥L2 =∥−mr̃−m−1τ̃−1ũ− r̃mτ̃−2Dxũ∥L2 ≤ C∥ũ∥H1 ≤ CẼ(T )1/2,

∥DxDt(r̃
m−1u2)∥L2 ≲CẼ(T )1/2∥u∥2H1 + C∥u∥H1∥Dtu∥H1 .

(3.4.43)

Now computing DtG according to the definition (3.4.25), and taking L2(0, k) norm, it follows that from
(3.4.43) and Lemmas 3.4.1–3.4.2 that∫ t

0
∥DtG∥2L2ds ≤ C(1 + ∥Dtu∥2H1)P

(
Ẽ(T )

)
exp

(
CT 2Ẽ(T )

)
≤ CP

(
Ẽ(T )

)
exp

(
CT 2Ẽ(T )

)
.

where we used Theorem 3.4.2. Hence substituting the above inequality to (3.4.42)

I1 := ∥G(·, t)∥2L2 ≤ 2∥G(·, 0)∥2L2 + 2t

∫ t

0
∥DtG(·, s)∥2L2ds ≤ P(E0) + TP(Ẽ(T )) exp

(
CT 2Ẽ(T )

)
. (3.4.44)

As an immediate consequence of this estimate we get from (3.4.40) that:

sup
0≤t≤T

∥DxeN (·, t)∥2L2 ≤ CP(E0) + TP
(
Ẽ(T )

)
exp

(
CT

(
1 + TẼ(T ) + T 2 exp(T )Ẽ(T )

))
. (3.4.45)

Next, we estimate I2 := ∥Dx(r̃
mτ̃−1)DxeN∥2L2 . By Fundamental Theorem of Calculus in time, we have:

I2 ≤ 2∥Dx(r
m
0 τ

−1
0 )Dxe0∥2L2 + 2t

∫ t

0
∥Dt

(
Dx(r̃

mτ̃−1)DxeN
)
∥2L2ds ≤ P(E0) + 2t

∫ t

0

2∑
i=1

I
(i)
2 ds, (3.4.46)

The term I
(1)
2 can be estimated by using Lemma 3.3.1 as:

I
(1)
2 :=∥DtDx(r̃

mτ̃−1)DxeN∥L2 ≲ ∥ũDxeN∥L2 + ∥ũDxτ̃DxeN∥L2 + ∥DxũDxτ̃DxeN∥L2 + ∥D2
xũDxeN∥L2

≤CẼ(T )1/2(C0 + T 1/2Ẽ(T )1/2)∥DxeN∥L2 + C∥DxeN∥L2∥ũ∥H3 ,

and similarly, I
(2)
2 can be also estimated as

I
(2)
2 = ∥(mr̃m−1 − τ̃−2r̃mDxτ̃)DxDteN∥L2 ≤ C(C0 + T 1/2Ẽ(T )1/2)∥DxDteN∥L2 ,
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Substituting I
(1)
2 , I

(2)
2 into (3.4.46), applying Lemma 3.4.5 and (3.4.45), it follows that:

I2 := ∥Dx(r̃
mτ̃−1)DxeN∥2L2 ≤ CP(E0) + TP

(
Ẽ(T )

)
exp

(
CT

(
1 + TẼ(T ) + T 2 exp(T )Ẽ(T )

))
.

Finally substituting estimate (3.4.44) for I1 and the above estimate for I2 into (3.4.41), it follows that

sup
0≤t≤T

∥D2
xeN (·, t)∥2L2 ≤ CP(E0) + CTP

(
Ẽ(T )

)
exp

(
CT

(
1 + TẼ(T ) + T 2 exp(T )Ẽ(T )

))
.

With (3.4.45), and Theorem 3.4.3, we have for all T ∈ [0, T1] with T1 ≡ min{T∗, T0}:

sup
0≤t≤T

∥eN (·, t)∥2H2 ≤ CP(E0) + CTP
(
Ẽ(T )

)
exp

(
CT

(
1 + TẼ(T ) + T 2 exp(T )Ẽ(T )

))
.

Recalling from the proof of Theorem 3.4.3, we have the convergences DxeN ⇀ Dxe in L2(0, T ;L2(0, k)),

eN
∗
⇀ e in L∞(0, T ;L2(0, k)). Hence by the uniqueness of weak derivative, there exists a subsequenceN →∞

such that (D2
xeN , DxeN )

∗
⇀ (D2

xe,Dxe) in L
∞(0, T1;L

2(0, k)) where D2
xe denotes the spatial weak derivative

of Dxe. By the weakly-star lower semi-continuity, the desired estimate of the lemma is obtained.

Corollary 3.4.2. Suppose the assumptions of Theorem 3.4.2 hold, and let e(x, t) be the weak solution
obtained in Theorem 3.4.3. Then e ∈ L∞(0, T1;H

2(0, k)), Dtu ∈ L∞(0, T1;L
2(0, k)) with T1 ≡ min{T∗, T0},

and we have for (x, t) ∈ [0, k]× [0, T1] almost everywhere, the linear energy equation (3.2.3)2 is satisfied:

Dte = κDx

( r̃m
τ̃
Dxe

)
+ β
|Dx(r̃

mu)|2

r̃mτ̃
− (γ − 1)

Dx(r̃
mu)

r̃mτ̃
ẽ− 2mµDx(r̃

m−1u2).

Moreover for almost all t ∈ [0, T1], the trace function of x 7→ Dxe(x, t) exists in C0([0, k]) and

Dxe(0, t) = Dxe(k, t) = 0 for almost all t ∈ [0, T1].

Proof. The first statement can be proven by letting a test function φ ∈ C∞
c

(
[0, T1] × [0, k]

)
and using

the exact same argument as in the proof of Corollary 3.4.1. So we focus on the proof of Dxe(0, t) =
Dxe(k, t) = 0. First, let eN (x, t) :=

∑N
i=1 a

i
N (t)ψ(x) be the Galerkin approximation in Theorem 3.4.3. Then

by construction, we have DxeN (0, t) = DxeN (k, t) = 0 for each t ∈ [0, T1] and N ∈ N. In addition, from
the proof of Lemmas 3.4.5–3.4.6, there exists a subsequence N → 0 such that we have the convergences:
DxDxeN

∗
⇀ DxDxe in L∞(

0, T1;L
2(0, k)

)
and DxeN ⇀ Dxe in L2

(
0, T1;L

2(0, k)
)
. Thus picking a test

function ϕ ∈ C1
c (0, T1;C

1(0, k)), in light of the aforementioned remarks, we have that∫ T1

0

∫ k

0
DxDxe(x, t)ϕ(x, t)dxdt = lim

N→∞

∫ T1

0

∫ k

0
DxDxeN (x, t)ϕ(x, t)dxdt

=− lim
N→∞

∫ T1

0

∫ k

0
DxeN (x, t)Dxϕ(x, t)dxdt = −

∫ T1

0

∫ k

0
Dxe(x, t)Dxϕ(x, t)dxdt

Next, since e ∈ L∞(0, T1;H
2(0, k)) from the previous lemma, it implies by Sobolev embedding theorem that

Dxe ∈ L∞(0, T1;C
0[0, k]), hence for almost all t ∈ [0, T1], the traces Dxe(0, t) := limx→0+ Dxe(x, t) and

Dxe(k, t) := limx→k− Dxe(x, t) exist. Integrating by parts of the above identity, we obtain that∫ T1

0
Dxe(k, t)ϕ(k, t)dt =

∫ T1

0
Dxe(0, t)ϕ(0, t)dt.

Now for any given test function in temporal coordinate χ(t) ∈ C1
c ([0, T1]), we pick φ(x) ∈ C1(0, k) satisfying

φ(0) = 1 and φ(k) = 0. Letting ϕ(x, t) = χ(t)φ(x), in the above equation, we have:∫ T1

0
Dxe(0, t)χ(t)dt = 0.
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Thus, by Fundamental Theorem of Calculus of Variation, it follows that Dxe(0, t) = 0 for almost all t ∈
[0, T1]. By setting instead φ(0) = 0 and φ(k) = 1, we also get Dxe(k, t) = 0 for almost all t ∈ [0, T1], this
proves the Corollary.

Lemma 3.4.7. Suppose the assumptions of Theorem 3.4.4 hold, and let e(x, t) be the weak solution obtained
in Theorem 3.4.3. Then we have e ∈ L2

(
0, T1;H

3(0, k)
)
with T1 ≡ min{T∗, T0}, and in particular there exists

a constant C = C(C0, a, k, γ, β, n) > 0 such that for each T ∈ [0,min{T0, T∗}] :∫ T

0
∥e(·, t)∥2H3dt ≤CP(E0) + CTP

(
Ẽ(T )

)
exp

(
CT

(
1 + TẼ(T ) + T 2 exp(T )Ẽ(T )

))
.

Proof. Denote ∆h
x as the difference quotient on spatial coordinate as defined in the proof of Lemma 3.4.3.

Taking ∆h
x on the internal energy equation shown in Corollary 3.4.2, then taking L2-norm with the spatial

domain x ∈ [0, k−h] on both sides of the above equation, integrating in time, and with the help of Proposition
3.3.1, we have:

κ2
4a2m

9τ0

∫ t

0

∫ k−h

0
|∆h

xD
2
xe(·, s)|2dxds ≲

5∑
i=1

∫ t

0
Iids. (3.4.47)

The terms I1–I2 are estimated using Lemma 3.3.1, Lemmas 3.4.5–3.4.6, and Proposition 3.4.1 stated in the
proof of Lemma 3.4.3:

I1 :=

∫ t

0

∫ k−h

0
|∆h

xDte|2dxdt ≤ CP(E0) + CTP
(
Ẽ(T )

)
exp

(
CT

(
1 + TẼ(T ) + T 2 exp(T )Ẽ(T )

))
,

I2 :=

∫ t

0

∫ k−h

0
|Dx(τ̃

−1r̃m)∆h
xDxe|2dxdt ≤

∫ t

0
|mr̃m−1 − r̃mτ̃−2Dxτ̃ |2∞∥D2

xe(·, s)∥L2ds

≤C
∫ t

0
(C0 + TẼ(T ))∥D2

xe∥L2ds ≤ CTP
(
Ẽ(T )

)
exp

(
CT

(
1 + TẼ(T ) + T 2 exp(T )Ẽ(T )

))
.

For the term I3, we start by first using Sobolev embedding theorem and Proposition 3.4.1 to obtain:

I3 :=κ
2

∫ t

0

∫ k−h

0
|Dxe∆

h
xDx(τ̃

−1r̃m)|2dxds ≤ C
∫ t

0
∥e(·, s)∥2H2∥D2

x(τ̃
−1r̃m)(·, s)∥2L2ds.

By relation (3.2.2)–(3.2.5), Jensen’s inequality, Cauchy-Schwartz inequality, and Lemma 3.3.1 it follows that:

∥D2
x(τ̃

−1r̃m)(·, s)∥2L2 ≤ C
(
1 + (T + T 2)Ẽ(T ) + T 3Ẽ(T )2

)
.

Substituting this back into the estimate for I3 and using Lemma 3.4.6, we have

I3 ≤ C
∫ t

0
∥e(·, s)∥2H2∥D2

x(τ̃
−1r̃m)(·, s)∥2L2ds ≤ CTP

(
Ẽ(T )

)
exp

(
CT

(
1 + TẼ(T ) + T 2 exp(T )Ẽ(T )

))
.

To estimate the term I4, we start by computing using Lemma 3.3.1:

|∆h
x(τ̃

−1r̃m)(·, s)|∞ ≤ |Dx(τ̃
−1r̃m)(·, s)|∞ = |(−τ̃−2r̃mDxτ̃ +mr̃m−1)(·, s)|∞ ≤ C

(
C0 + T 1/2Ẽ(T )1/2

)
.

Hence by Lemma 3.4.6 we obtain:

I4 :=κ
2

∫ t

0

∫ k−h

0
|D2

xe∆
h
x(τ̃

−1r̃m)|2dxds ≤ C
∫ t

0

(
C0 + TẼ(T )

)
∥D2

xe∥2L2ds

≤CTP
(
Ẽ(T )

)
exp

(
CT

(
1 + TẼ(T ) + T 2 exp(T )Ẽ(T )

))
.
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Finally, we estimate the term I5. First, recalling the definition for G in (3.4.25), we compute DxG and take
L2-norm on both sides. It follows from using Lemma 3.3.1 and Sobolev embedding inequality, and Theorem
3.4.2 that:

∥DxG∥2L2 ≤ C
{(

1 + TẼ(T )
)
∥u∥4H2 + Ẽ(T )

(
1 + TẼ(T )

)
∥u∥2H2

}
≤ P

(
Ẽ(T )

)
exp

(
CT 2Ẽ(T )

)
.

It follows that:

I5 :=

∫ t

0

∫ k−h

0
|∆h

xG|2dxds ≤
∫ t

0
∥DxG(·, s)∥2L2ds ≤ TP(Ẽ(T )) exp

(
CT 2Ẽ(T )

)
.

Therefore substituting the estimates for I1–I5 into (3.4.47), we get for all T ∈ [0, T1] with T1 ≡ min{T∗, T0}∫ T

0
∥1[0,k−h]∆

h
xD

2
xe∥2L2ds ≤ CP(E0) + CTP

(
Ẽ(T )

)
exp

(
CT

(
1 + TẼ(T ) + T 2 exp(T )Ẽ(T )

))
,

where 1[0,k−h] denotes the indicator function on spatial coordinate with the set x ∈ [0, k − h]. Therefore

there is a subsequence h↘ 0 such that 1[0,k−h]∆
h
xD

2
xe ⇀ D3

xe in L2(0, T1;L
2(0, k)), where D3

xe denotes the
spatial weak derivative of D2

xe ∈ L∞(0, T ;H2(0, k)). Finally by the weakly lower semi-continuity, we obtain
the main statement of this lemma.

Lemma 3.4.8. Suppose the assumptions of Theorem 3.4.4 hold, and let e(x, t) be the weak solution obtained
in Theorem 3.4.3. Then we have D2

t e ∈ L2
(
0, T1;H

∗(0, k)
)
with T1 ≡ min{T∗, T0}, where H∗(0, k) is the

dual space of H1(0, k). In particular, there exists a constant C = C(C0, a, k, γ, β, n) > 0 and a polynomial
z 7→ P(z) such that for each T ∈ [0,min{T∗, T0}] :∫ t

0
∥D2

t e(·, s)∥2H∗ds ≤ CP(E0) + CTP
(
Ẽ(T )

)
exp

(
CT

(
1 + TẼ(T )1/2 + T 2 exp(T )Ẽ(T )1/2

))
.

Proof. Denoting ∆h
t as the difference quotient in the temporal coordinate defined in the proof of Lemma

3.4.1. Applying ∆h
t on the energy equation obtained in Corollary 3.4.2, it follows that for almost everywhere

(x, t) ∈ [0, k]× [0, T − h]:

∆h
tDteN (x) = κDx

( r̃m
τ̃
(x, t+ h)∆h

tDxeN (x)
)
+ κDx

(
DxeN (x, t)∆h

t (τ̃
−1r̃m)(x)

)
+∆h

tG(·),

with G defined in (3.4.25). Letting ϕ(x) ∈ H1(0, k) be a test function such that ∥ϕ∥H1 = 1, then by
boundary condition Dxe(0, t) = Dxe(k, t) = 0 from Corollary 3.4.2, we have

(∆h
tDte, ϕ)L2 = −κ

( r̃m
τ̃
(·, t+ h)∆h

tDxe+Dxe(·, t)∆h
t (τ̃

−1r̃m), Dxϕ
)
L2

+ (∆h
tG,ϕ)L2 .

Integrating the above in time, using Lemma 3.3.1, Cauchy-Schwartz inequality, Lemma 3.4.6, and the
estimate |∆h

t (r̃
mτ̃−1)|∞ ≤ CẼ(T )1/2 which is derived on (3.4.10) in the proof of Lemma 3.4.1, it implies∫ T−h

0
∥∆h

tDte(·, t)∥2H∗dt = sup
{∫ T

0

(
∆h

tDte(·, t), ϕ(·)
)2
L2dt

∣∣∣∣ϕ ∈ H1(0, k), ∥ϕ∥H1 = 1
}

≤CP(E0) + TP
(
Ẽ(T )

)
exp

(
CT

(
1 + TẼ(T ) + T 2 exp(T )Ẽ(T )

))
+

∫ T

0

(
∆h

tG(·), ϕ
)2
L2dt,

(3.4.48)
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Now we are left with estimating the term with ∆tG. Recalling the definition of G in (3.4.25), we write
(∆h

tG,ϕ)L2 =
∑3

i=1 Ii, where

I1 :=
(
β|Dx(r̃

mu)|2(·, t+ h)∆h
t

( 1

r̃mτ̃

)
, ϕ

)
L2
−
(
(γ − 1)

Dx(r̃
mu)

r̃mτ̃
(·, t)∆h

t ẽ, ϕ
)
L2

−
(
(γ − 1)ẽ(·, t+ h)Dx(r̃

mu)(·, t)∆h
t

( 1

r̃mτ̃

)
, ϕ

)
L2
,

I2 :=−
(
(γ − 1)

ẽ

r̃mτ̃
(·, t+ h)Dx∆

h
t (r̃

mu), ϕ
)
L2
−
(
2mµDx∆

h
t (r̃

m−1u2), ϕ
)
,

I3 :=
(
β
Dx(r̃

mu)

r̃mτ̃
(·, t)∆h

tDx(r̃
mu), ϕ

)
L2

+
(
β

1

r̃mτ̃
(·, t)Dx(r̃

mu)(·, t+ h)∆h
tDx(r̃

mu), ϕ
)
L2
.

First, I1 is estimated as:

I21 ≲
∣∣∣∆h

t

( 1

r̃mτ̃

)∣∣∣2
∞
|Dx(r̃

mu)|2∞∥Dx(r̃
mu)∥2L2 + |

Dx(r̃
mu)

r̃mτ̃
|2∞∥∆h

t ẽ∥2L2 + |ẽDx(r̃
mu)|2∞∥∆h

t (r̃
−mτ̃−1)∥2L2

≤CẼ(T )∥u∥2H2∥u∥2H1 + CẼ(T )∥u∥2H2 + CẼ(T )2∥u∥2H2 ,

where we have used estimates |∆h
t (r̃

−mτ̃−1)|∞ ≤ CẼ(T )1/2 from (3.4.33)in the proof of Lemma 3.4.5,
estimates |Dx(r̃

mu)|∞ ≤ C∥u∥H2 , ∥∆h
t (r̃

−mτ̃−1)∥L2 ≤ CẼ(T )1/2 from (3.4.43) in the proof of Lemma
3.4.6, and ∥∆h

t ẽ∥L2 ≤ ∥Dtẽ∥L2 ≤ Ẽ(T )1/2 by Fundamental Theorem of Calculus and Jensen’s inequality.
Integrating in time and using Lemma 3.4.2, it then follows that:∫ T

0
I21dt ≤ TP

(
Ẽ(T )

)
exp

(
CT 2Ẽ(T )

)
.

On the other hand, using the boundary condition that u(0, t) = u(k, t) = 0, Sobolev embedding theorem,
relations (3.2.2)–(3.2.5), and Lemma 3.3.1, we obtain after integrating by parts that

I2 =(γ − 1)
(Dxẽ

r̃mτ̃
∆h

t (r̃
mu), ϕ

)
L2

+ (γ − 1)
(
ẽ(−mr̃−n − r̃−mτ̃−2Dxτ̃)∆

h
t (r̃

mu), ϕ
)
L2

+ (γ − 1)
( ẽ

r̃mτ̃
∆h

t (r̃
mu), Dxϕ

)
L2

+ 2mµ
(
∆h

t (r̃
m−1u2), Dxϕ

)
L2

≤C∥ẽ∥H2∥∆h
t (r̃

mu)∥L2 + C|ẽ|∞|Dxτ̃ |∞∥∆h
t (r̃

mu)∥L2 + C∥∆h
t (r̃

m−1u2)∥L2

Now using Jensen’s inequality and relations (3.2.2)–(3.2.5) one can derive the following inequalities:

∥∆h
t (r̃

mu)∥L2 ≤ sup
0≤t≤T

∥Dt(r̃
mu)(·, t)∥L2 ≤ C sup

0≤t≤T

(
Ẽ(T )1/2∥u∥L2 + ∥Dtu∥L2

)
,

∥∆h
t (r̃

m−1u2)∥L2 ≤ C sup
0≤t≤T

(
Ẽ(T )1/2∥u∥H1∥u∥L2 + ∥u∥H1∥Dtu∥L2

)
,

∥∆h
tDx(r̃

mu)∥L2 ≤ ∥DtDx(r̃
mu)(·, t)∥L2 ≲ Ẽ(T )1/2∥u∥H1 + ∥Dtu∥H1 ,

|Dx(r̃
mu)|∞ ≤ |r̃mDxu+mr̃m−1τ̃u|∞ ≤ C(|Dxu|∞ + |u|∞) ≤ C∥u∥H2 ,

|Dxτ̃ |∞ ≤ C∥Dxτ0∥H1 + Ct1/2
(∫ t

0
∥D2

xũ(·, s)∥2H1ds
)1/2

≤ CE1/2
0 + CT 1/2Ẽ(T )1/2,

|ẽ|∞ = |e0(·) +
∫ t

0
Dtẽ(·, s)ds|∞ ≲ ∥e0∥H1 + t1/2

(∫ t

0
∥Dtẽ∥2H1ds

)1/2
≤ E1/2

0 + T 1/2Ẽ(T )1/2.

(3.4.49)

Summarising these, and applying Theorem 3.4.2 on the terms involving u, we have that:∫ T−h

0
I22 (t)dt ≤ CTP

(
Ẽ(T )

)
exp

(
CT 2Ẽ(T )

)
.
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Finally, we estimate I3. Only one of the term in I3 is considered in the following analysis as the other term
differs by a time translation of h > 0. First, using (3.4.49), we have the following estimate:∫ T−h

0
I23dt =

∫ T−h

0

(Dx(r̃
mu)

r̃mτ̃
∆h

tDx(r̃
mu), ϕ

)2

L2
dt ≤ C

∫ T−h

0
|Dx(r̃

mu)(·, t)|2∞∥∆h
tDx(r̃

mu)∥2L2dt

≤CTẼ(T ) sup
0≤s≤T

∥u(·, s)∥2H2 · ∥u(·, s)∥2H1 + C sup
0≤s≤T

∥u(·, s)∥2H2

∫ T−h

0
∥Dtu(·, t)∥2H1dt

Next, applying Theorem 3.4.2 for the terms involving u, it follows that∫ T−h

0
I23dt ≤ CP(E0) + CTP(Ẽ(T )) exp

(
CT 2Ẽ(T )

)
.

In conclusion, we have∫ T−h

0

(
∆h

tG,ϕ
)2
L2dt ≤ 4

3∑
i=1

∫ T−h

0
I2i dt ≤ CP(E0) + CTP(Ẽ(T )) exp

(
CT 2Ẽ(T )

)
.

Substituting this into (3.4.48), we have for all T ∈ [0, T1] with T1 ≡ min{T0, T∗}:∫ T−h

0
∥∆h

tDte(·, t)∥2H∗dt ≤ CP(E0) + TP
(
Ẽ(T )

)
exp

(
CT

(
1 + TẼ(T ) + T 2 exp(T )Ẽ(T )

))
.

Therefore there is a subsequence h ↘ 0 such that 1{0≤t≤T−h}∆
h
tDte ⇀ D2

t e in L2(0, T1;H
∗(0, k)), where

D2
t e denotes the temporal weak derivative of Dte ∈ L∞(0, T ;L2(0, k)). Finally by the weakly lower semi-

continuity, we conclude that D2
t e satisfies the main estimate of this lemma.

3.4.3 Invariance of energy space under solution operator

Let (ũ, ẽ) ≡ (uj , ej) for some j ∈ N ∪ {0}, we dnote (u, e) ≡ (uj+1, ej+1) as its next iterative step linear
solution obtained in Sections 3.4.1–3.4.2. Our aim in this subsection is to show that there exists a time and
a constant:

T∗ = T∗(C0, a, k, β, γ, n) > 0 and M0 =M0(C0, a, k, β, γ, n) > 0,

depending only on the parameters n ∈ {2, 3}, a ∈ (0, 1), k ∈ N, β > 0, γ > 0 and the initial data C0 > 0
such that if E[ũ, ẽ](T∗) ≤M0, then E[u, e](T∗) ≤M0. In other words, the following theorem:

Theorem 3.4.5. For given constant T > 0 and M > 0, we define the space:

XM,T :=

{
(w, θ) ∈ L∞(0, T ;H2(0, k)) : (w, θ)(x, 0) = (u0, e0)(x) ∀x ∈ [0, k],

(w,Dxθ)(0, t) = (w,Dxθ)(k, t) = (0, 0) ∀t ∈ [0, T ], and E[w, θ](T ) ≤M.

}
,

then there exists T∗ = T∗(C0, a, k, β, γ, n) > 0 and M0 =M0(C0, a, k, β, γ, n) > 0 such that

S(XM0,T∗) ⊆ XM0,T∗ ,

where S((ũ, ẽ)) = (u, e) is the solution operator obtained in the previous Sections 3.4.1–3.4.2.
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Proof. We prove by induction principle that such T∗ > 0 and M0 > 0 exists and they are given by:
M0 := 2P(E0),

T∗ := min
{
T0,

P(E0)

C exp(1)P(2P(E0))
,
1

3C
,

1

(6CP(E0))1/2
,

1

(6C exp(1)P(E0))1/3

}
,

(3.4.50)

where T0 = T0(M0) = T0(2P(E0)) is defined in Proposition 3.3.1 as:

T0 = T (M0) = T (2P(E0)) := min
{
1,

τ0

2C(2P(E0))1/2
,

τ0
2C(2P(E0))1/2

}
,

where τ0 := infx∈[0,k] τ0(x), τ0 := supx∈[0,k] τ0(x), C > 0 is some generic constant from the Sobolev embed-
ding inequality, and z 7→ P(z) is the polynomial obtained in Theorems 3.4.2 and 3.4.4.

First for the base case we consider (u(0), e(0)) to be the solution to the parabolic system:
Dtu

(0) − βD2
xu

(0) = 0

Dte
(0) − κD2

xe
(0) = 0

in (x, t) ∈ [0, k]× [0,∞),

(u(0), Dxe
(0))(k, t) = (u(0), Dxe

(0))(0, t) = (0, 0) for each t ∈ [0,∞),

(u(0), e(0))(x, 0) = (u0, e0)(x) for each x ∈ [0, k].

Then by the linear parabolic theory (refer to Chapter 7 of [5]), it follows that E[u(0), e(0)](T ) ≤ E0 ≡ E[u0, e0]
for all T > 0, and one can define the coefficients r(0)(x, t) and τ (0)(x, t) for the next iterative solution
(u(1), e(1)) via 

τ (0)(x, t) := τ0(x) +

∫ t

0
Dxu

(0)(x, s)ds,

r(0)(x, t) := a+

∫ x

0
τ (0)(y, t)dy.

Next we prove the induction step. Assume For T∗ > 0 and M0 > 0 defined in (3.4.50), we have Ẽ(T∗) ≡
E[ũ, ẽ](T∗) ≤ M0. Then from Theorems 3.4.2 and 3.4.2, we have the following statement: if there exists
T∗ > 0, such that Ẽ(T∗) ≡ E[ũ, ẽ](T∗) ≤ M0, then for all T ∈ [0,min{T0, T∗}] = [0, T∗], the following
estimate holds:

E[u, e](T ) ≤ P(E0) + CTP
(
Ẽ(T )

)
exp

(
CT

(
1 + TẼ(T ) + T 2 exp(T )Ẽ(T )

))
,

where z 7→ P(z) is a given polynomial and a constant C = C(C0, a, k, β, γ, n) > 0 independent of T∗ and
M0. Now by the construction (3.4.50) of M0 > 0 and T∗ > 0, it follows that for each T ∈ [0, T∗]:

E[u, e](T ) ≤P(E0) + CTP(2P(E0)) exp
( C

3C
+
C · (2P(E0))

6CP(E0)
+
C exp(1) · (2P(E0))

6C exp(1)P(E0)

)
≤P(E0) + CTP(2P(E0)) exp(1)

=P(E0) + C exp(1)P(2P(E0)) ·
P(E0)

C exp(1)P(2P(E0))
= 2P(E0) ≡M0.

In other words, (ũ, ẽ) ∈ XM,T∗ implies (u, e) ∈ XM,T∗ . Therefore, with such choice of M > 0 and T∗ > 0,
the energy space XM,T∗ is invariant under the solution operator.

Corollary 3.4.3. Let T∗ > 0 and M0 > 0 be the constant in Theorem 3.4.5. Moreover for l ∈ N, we also
denote (ul, el)(x, t) as the l-th solution and

rl(x, t) = a+

∫ x

0
τl(y, t)dy, τl(x, t) = τ0(x) +

∫ t

0
Dxul(x, s)ds,
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as the l-th coefficients. Then we have, for all l ∈ N:

1

2
τ0 ≤ τl(x, t) ≤

3

2
τ0 and a ≤ rl(x, t) ≤ a+

3k

2
τ0

rl(x, t) = r0(x) +

∫ t

0
ul(x, t)dx where r0(x) = a+

∫ x

0
τ0(y)dy

for all (x, t) ∈ [0, k]× [0, T∗],

E[ul, el](t) ≤M0 for all t ∈ [0, T∗].

Moreover, for each i, j ∈ N, we also have:
sup
0≤s≤t

∫ k

0
|τi − τj |2(x, s)dx ≤ t

∫ t

0
∥Dx(ui − uj)∥2L2(s)ds,

sup
0≤s≤t

|(ri − rj)(·, s)|2∞ ≤ Ct
∫ t

0
∥ui − uj∥2H1(s)ds,

where C > 0 is the constant from the Sobolev embedding H1 ↪−→ C0.

3.5 Contraction Estimates

In this section, we derive the contraction estimate. For convenience of notation, we denote M ≡M0 in the
following analysis. The main theorem of this section is given as following:

Theorem 3.5.1. Let T∗ > 0 be the time obtained in Theorem 3.4.5. For each t > 0, we define the distance
function to be:

dt(u, e; ũ, ẽ) :=

√
sup
0≤s≤t

∥(u− ũ, e− ẽ)(·, s)∥2
L2(0,k)

+

∫ t

0
∥(u− ũ, e− ẽ)(·, s)∥2

H1(0,k)
ds,

and we also denote S : XM0,T∗ → XM0,T∗ as the iterative solution operator obtained in the previous sections.
Then, there exists a time 0 < T ≤ T∗ and a constant 0 < αT < 1 such that for all t ∈ [0, T ]:

dt(S(ui, ei);S(uj , ej)) ≤ αTdt(ui, ei;uj , ej) for all (ui, ei), (uj , ej) ∈ XM0,T∗ .

In what follows we will denote for simplicity, (ui, ei) ≡ S(ũi, ẽi) and

r̃i(x, t) ≡ a+
∫ x

0
τ̃i(y, t)dy, τ̃i(x, t) ≡ τ0(x) +

∫ t

0
Dxũi(x, s)ds where τ0(x) =

v0
rm0

(x),

for each given (ũi, ẽi) ∈ XM0,T∗ .

3.5.1 Contraction inequality for u

Lemma 3.5.1. Let T∗ > 0 be the time obtained in Theorem 3.4.5, then we have the following estimate:

1

2

d

dt

∫ k

0
|ui − uj |2dx+

β

2

∫ k

0

( r̃mj
τ̃j
|Dx(ui − uj)|2 + r̃m−2

j τ̃j |ui − uj |2
)
dx

≤CMt

∫ t

0
∥ũi − ũj∥2H1ds+ C∥ẽi − ẽj∥2L2 ,

for all t ∈ [0, T∗], where C = C(C0, a, k, β, γ, n) > 0 is a constant independent of time or iterative index
i, j ∈ N
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Proof. From Corollary 3.4.1 in the previous section, we had:

Dtul − βDx

( r̃ml
τ̃l
Dxul

)
+ βr̃m−2

l τ̃lul = (γ − 1)
(
m
ẽl
r̃l
−Dx

( ẽl
τ̃l

))
for l = i or j.

Taking the difference of two equations, we have:

Dt(ui − uj)− βDx

( r̃mj
τ̃j
Dx(ui − uj)

)
+ βr̃m−2

j τ̃j(ui − uj)

=βDx

(Dxui
τ̃i

(r̃mi − r̃mj )
)
+ βDx

( r̃mj Dxui

τ̃iτ̃j
(τ̃j − τ̃i)

)
− βτ̃iui(r̃m−2

i − r̃m−2
j )− βr̃m−2

j ui(τ̃i − τ̃j)

+m(γ − 1)
ẽi − ẽj
r̃i

+m(γ − 1)
ẽj
r̃ir̃j

(r̃j − r̃i)− (γ − 1)Dx

( ẽi − ẽj
τ̃i

)
− (γ − 1)Dx

( ẽj
τ̃iτ̃j

(τ̃j − τ̃i)
)
.

Now multiplying both sides of above equation by ui − uj , integrating in spatial coordinate and using the
boundary condition of ui and uj , we have

1

2

d

dt

∫ k

0
|ui − uj |2dx+ β

∫ k

0

( r̃mj
τ̃j
|Dx(ui − uj)|2 + r̃m−2

j τ̃j |ui − uj |2
)
dx =

8∑
i=1

Ii.

Next, using Theorem 3.4.5 and Corollary 3.4.3, we estimate Ii for i = 1 to i = 8 as follows:

I1 := −β
∫ k

0

Dxui
τ̃i

(r̃mi − r̃mj )Dx(ui − uj)dx ≤
β

16

∫ k

0

r̃mj
τ̃j
|Dx(ui − uj)|2dx+ CMt

∫ t

0
∥ũi − ũj∥2H1ds,

I2 := −β
∫ k

0

r̃mj Dxui

τ̃iτ̃j
(τ̃j − τ̃i)Dx(ui − uj)dx ≤

β

16

∫ k

0

r̃mj
τ̃j
|Dx(ui − uj)|2dx+ CMt

∫ t

0
∥Dx(ũi − ũj)∥2L2ds,

I3 := −β
∫ k

0
τ̃iui(r̃

m−2
i − r̃m−2

j )(ui − uj)dx ≤
β

16

∫ k

0
τ̃j r̃

m−2
j |ui − uj |2dx+ CMt

∫ t

0
∥ũi − ũj∥2H1ds,

I4 := −β
∫ k

0
r̃m−2
j ui(τ̃i − τ̃j)(ui − uj)dx ≤

β

16

∫ k

0
τ̃j r̃

m−2
j |ui − uj |2dx+ CMt

∫ t

0
∥Dx(ũi − ũj)∥2L2ds,

I5 := m(γ − 1)

∫ k

0

ẽi − ẽj
r̃i

(ui − uj)dx ≤
β

16

∫ k

0
τ̃j r̃

m−2
j |ui − uj |2dx+ C∥ẽi − ẽj∥2L2 ,

I6 := m(γ − 1)

∫ k

0

ẽj
r̃ir̃j

(r̃j − r̃i)(ui − uj)dx ≤
β

16

∫ k

0
τ̃j r̃

m−2
j |ui − uj |2dx+ CMt

∫ t

0
∥ũi − ũj∥2H1dx,

I7 := (γ − 1)

∫ k

0

ẽi − ẽj
τ̃i

Dx(ui − uj)dx ≤
β

16

∫ k

0

r̃mj
τ̃j
|Dx(ui − uj)|2dx+ C∥ẽi − ẽj∥2L2 ,

I8 := (γ − 1)

∫ k

0

ẽj
τ̃iτ̃j

(τ̃j − τ̃i)Dx(ui − uj)dx ≤
β

16

∫ k

0

r̃mj
τ̃j
|Dx(ui − uj)|2dx+ CMt

∫ t

0
∥Dx(ũi − ũj)∥2L2ds.

Summarising all above estimates, we have that:

1

2

d

dt

∫ k

0
|ui − uj |2dx+

β

2

∫ k

0

( r̃mj
τ̃j
|Dx(ui − uj)|2 + r̃m−2

j τ̃j |ui − uj |2
)
dx

≤CMt

∫ t

0
∥ũi − ũj∥2H1ds+ C∥ẽi − ẽj∥2L2 .
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3.5.2 Contraction inequality for e

Lemma 3.5.2. Let T∗ > 0 be the time obtained in Theorem 3.4.5, then we have the following estimate:

1

2

d

dt

∫ k

0
|ei − ej |2dx+

κ

2

∫ k

0

r̃mj
τ̃j
|Dx(ei − ej)|2dx

≤β
4

∫ k

0

r̃mj
τ̃j
|Dx(ui − uj)|2dx+ CM0

{
∥ui − uj∥2L2 + ∥ei − ej∥2L2

}
+ CM2

0 t

∫ t

0
∥ũi − ũj∥2H1ds+ CM0∥ẽi − ẽj∥2L2 ,

for all t ∈ [0, T∗], where C = C(C0, a, k, β, γ, n) > 0 is a constant independent of ũi, ũj ∈ XM0,T∗.

Proof. From the previous section we had:

Dtei − κDx

( r̃mi
τ̃i
Dxei

)
= Gi and Dtej − κDx

( r̃mj
τ̃j
Dxej

)
= Gj ,

where Gi is defined by:

Gi := β
|Dx(r̃

m
i ui)|2

r̃mi τ̃i
− (γ − 1)

Dx(r̃
m
i ui)

r̃mi τ̃i
ẽi − 2µmDx(r̃

m−1
i u2i ),

and likewise for Gj . Taking the difference of above equations, we have:

Dt(ei − ej)− κDx

( r̃mj
τ̃j
Dx(ei − ej)

)
= κDx

(Dxei
τ̃i

(r̃mi − r̃mj )
)
+ κDx

( r̃mj Dxei

τ̃iτ̃j
(τ̃j − τ̃i)

)
+ (Gi −Gj).

Multiplying both sides by (ei−ej), integrating in space, using Cauchy-Schwartz inequality and the boundary
condition of Dxel and Dxel−1, we get:

1

2

d

dt
∥ei − ej∥2L2 +

3κ

4

∫ k

0

r̃mj
τ̃j
|Dx(ei − ej)|2dx ≤ CM0t

∫ t

0
∥ũi − ũj∥2H1ds+ (Gi −Gj , ei − ej)L2 , (3.5.1)

where in the last line, we used Theorem 3.4.5 and Corollary 3.4.3. Next, we write Computing the term
Gi −Gj = I + II + III, where

I :=β
{ |Dxui|2

τ̃i
(r̃mi − r̃mj ) +

r̃mj |Dxui|2

τ̃iτ̃j
(τ̃j − τ̃i) +

r̃mj
τ̃j

(Dxui +Dxuj)(Dxui −Dxuj)
}

+ 2mβ
{
uiDxui

(
r̃m−1
i − r̃m−1

j

)
+ r̃m−1

j Dxui(ui − uj) + r̃m−1
j ujDx(ui − uj)

}
+m2β

{
τ̃iu

2
i

(
r̃m−2
i − r̃m−2

j

)
+ r̃m−2

j u2i (τ̃i − τ̃j) + r̃m−2
j τ̃j(ui + uj)(ui − uj)

}
,

II :=− (γ − 1)
{Dxui

τ̃i
+m

ui
r̃i

}
(ẽi − ẽj) + (γ − 1)

ẽjui
r̃ir̃j

(r̃j − r̃i)− (γ − 1)
ẽjDxui
τ̃iτ̃j

(τ̃j − τ̃i)

+ (γ − 1)
ẽj
r̃j
(ui − uj)−

ẽj
τ̃j
Dx(ui − uj),

III :=− 2mµDx

((
r̃m−1
i − r̃m−1

j

)
u2i

)
− 2mµDx

(
r̃m−1
j (ui + uj)(ui − uj)

)
.
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By Theorem 3.4.5, Corollary 3.4.3 and integrating by parts, we have the estimates:∫ k

0
I(ei − ej)dx ≤

β

8

∫ k

0

r̃mj
τ̃j
|Dx(ui − uj)|2dx+ CM0∥ui − uj∥2L2+

+ CM2
0 t

∫ t

0
∥ũi − ũj∥2H1ds+ CM0∥ei − ej∥2L2 ,∫ k

0
II(el − el−1)dx ≤

β

8

∫ k

0

r̃mj
τ̃j
|Dx(ui − uj)|2dx+ CM0∥ẽi − ẽj∥2L2 + CM0∥ei − ej∥2L2

+ CM2
0 t

∫ t

0
∥ũi − ũj∥2H1ds+ CM0∥ui − uj∥2L2 ,∫ k

0
III(ei − ej)dx ≤

κ

4

∫ k

0

r̃mj
τ̃j
|Dx(ei − ej)|2dx+ CM2

0 t

∫ t

0
∥ũi − ũj∥2H1ds+ CM0∥ui − uj∥2L2 .

Therefore, it follows that∫ k

0
(Gi −Gj)(ei − ej)dx =

∫ k

0
(I + II + III)(ei − ej)dx

≤β
4

∫ k

0

r̃mj
τ̃j
|Dx(ui − uj)|2dx+

κ

4

∫ k

0

r̃mj
τ̃j
|Dx(ei − ej)|2dx+ CM0

{
∥ui − uj∥2L2 + ∥ei − ej∥2L2

}
+ CM2

0 t

∫ t

0
∥ũi − ũj∥2H1ds+ CM0∥ẽi − ẽj∥2L2 .

Substituting this back into (3.5.1), we have

1

2

d

dt

∫ k

0
|ei − ej |2dx+

κ

2

∫ k

0

r̃mj
τ̃j
|Dx(ei − ej)|2dx

≤β
4

∫ k

0

r̃mj
τ̃j
|Dx(ui − uj)|2dx+ CM0

{
∥ui − uj∥2L2 + ∥ei − ej∥2L2

}
+ CM2

0 t

∫ t

0
∥ũi − ũj∥2H1ds+ CM0∥ẽi − ẽj∥2L2 .

3.5.3 Proof for contraction estimate, Theorem 3.5.1

Proof. Combining Lemma 3.5.1 and 3.5.2, we have that

1

2

d

dt

{
∥ui − uj∥2L2(t) + ∥ei − ej∥2L2(t)

}
+
β

4

∫ k

0

{ r̃mj
τ̃j
|Dx(ui − uj)|2 + r̃m−2

j τ̃j |ui − uj |2
}
dx+

κ

2

∫ k

0

r̃mj
τ̃j
|Dx(ei − ej)|2dx

≤CM0

{
∥ui − uj∥2L2 + ∥ei − ej∥2L2

}
+ CM2

0 t

∫ t

0
∥ũi − ũj∥2H1ds+ CM∥ẽi − ẽj∥2L2 .

Using Lemma 3.3.1 and Proposition 3.3.1, it follows that:

d

dt

{
∥ui − uj∥2L2 + ∥ei − ej∥2L2

}
(t) + ∥ui − uj(·, t)∥2H1 + ∥Dx(ei − ej)(·, t)∥2L2

≤CM0

{
∥ui − uj∥2L2 + ∥ei − ej∥2L2

}
+ CM2

0 t

∫ t

0
∥ũi − ũj∥2H1ds+ CM∥ẽi − ẽj∥2L2 .

(3.5.2)
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By Grönwall inequality and the initial data: ul(x, 0) = ul−1(x, 0) = u0(x) and el(x, 0) = el−1(x, 0) = e0(x),
it implies that

sup
0≤s≤t

{
∥(ui − uj)(·, s)∥2L2 + ∥(ei − ej)(·, s)∥2L2

}
≤
{
CM0t sup

0≤s≤t
∥(ẽi − ẽj)(·, s)∥2L2 + CM2

0 t
2

∫ t

0
∥ũi − ũj∥2H1ds

}
exp(CMt).

(3.5.3)

Now integrating (3.5.2) in time, substituting (3.5.3) and taking supremum in time, we get that:

sup
0≤s≤t

{
∥ui − uj∥2L2 + ∥ei − ej∥2L2

}
(s) +

∫ t

0

{
∥ui − uj∥2H1 + ∥Dx(ei − ej)∥2L2

}
ds

≤C exp(CM0t)
{
M2

0 t
2 sup
0≤s≤t

∥(ẽi − ẽj)(·, s)∥2L2 + (M2
0 t

2 +M3
0 t

3)

∫ t

0
∥ũi − ũj∥2H1

}
.

In addition it also follows that∫ t

0
∥ei − ej∥2L2(s)ds ≤ t sup

0≤s≤t
∥(ei − ej)(·, s)∥2L2

≤C exp(CM0t)
{
M2

0 t
3 sup
0≤s≤t

∥(ẽi − ẽj)(·, s)∥2L2 + (M2
0 t

3 +M3
0 t

4)

∫ t

0
∥ũi − ũj∥2H1

}
.

Hence combing above estimates and recalling the definition of distance function dt(u, e; ũ, ẽ) as defined in
Theorem 3.5.1, we finally obtain:

dt(ui, ei;uj , ej)
2 ≤ C exp(CM0t)

{
M2

0 t
2(1 + t) +M3

0 t
3(1 + t)

}
dt(ũi, ẽj ; ũi, ẽj)

2.

Thus, one can choose T ∈ [0, T∗] such that C exp(CM0t)
{
M2

0 t
2(1 + t) +M3

0 t
3(1 + t)

}
=: α2

T < 1, which
proves the theorem.

3.6 The Proof of Theorem 3.1.1

3.6.1 Existence and uniqueness of non-linear weak solution

The existence and uniqueness of a weak solution (u, e)(x, t) to the non-linear system (3.1.1) in the time
interval [0, T∗] is an immediate consequence of contraction inequality, Theorem 3.5.1, and Banach’s fixed
point theorem.

Corollary 3.6.1. Let T∗ > 0 be the time obtained in Theorem 3.5.1, and let S : XM0,T∗ → XM0,T∗ be the
solution operator defined in Theorem 3.4.5 constructed in Section 3.4, then there exists a unique function
(u, e) ∈ XM0,T∗ such that (u, e) is the fixed point of S in the sense that S((u, e)) = (u, e). Moreover, one
also has 

E[u, e](T∗) ≤M0,

(u, e)(x, 0) = (u0, e0)(x) for all x ∈ [0, k],

(u,Dxe)(0, t) = (u,Dxe)(k, t) = 0 for all t ∈ [0, T∗],

and the following convergence holds:

(uj , ej)→ (u, e) strongly in C0(0, T∗;L
2(0, k)) and L2(0, T∗;H

1(0, k)),

where for each j ∈ N,
(uj , ej) := Sj((u(0), e(0))) = S · · ·S︸ ︷︷ ︸

j-times

((u(0), e(0))),

with (u(0), e(0)) being the base case solution constructed in (3.2.1).
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Proof. First, we recall the space XT∗,M0 defined in Theorem 3.4.5 as:

XM0,T∗ :=
{
(w, θ) ∈ L∞(0, T∗;H

2(0, k)) : (w, θ)(x, 0) = (u0, e0)(x) ∀x ∈ [0, k],

(w,Dxθ)(0, t) = (w,Dxθ)(k, t) = (0, 0) ∀t ∈ [0, T∗], and E[w, θ](T∗) ≤M0.
}
,

where

E[u, e](T ) := sup
t∈[0,T ]

{
∥(u, e)(·, t)∥2H2(0,k) + ∥(Dtu,Dte)(·, t)∥2L2(0,k)

}
+

∫ T

0

{
∥(u, v)(·, t)∥2H3(0,k) + ∥Dtu(·, t)∥2H1(0,k)

}
dt,

and the distance function dT∗ : XT∗,M0 ×XT∗,M0 → [0,∞) defined in Section 3.5 as

dT∗(u, e; ũ, ẽ) :=

√
sup

0≤s≤T∗

∥(u− ũ, e− ẽ)(·, s)∥2
L2(0,k)

+

∫ T∗

0
∥(u− ũ, e− ẽ)(·, s)∥2

H1(0,k)
ds.

We claim that the above space equipped with the distance function: (XM0,T∗ , dT∗) is a complete metric
space. First, it follows from interpolation inequality that XM0,T∗ ⊆ C0

(
[0, T∗];L

2(0, k)
)
∩L2

(
0, T∗;H

1(0, k)
)
,

hence dT∗ is well defined on XM0,T∗ . One can also verify that dT∗(·, ·) is indeed a metric function, hence
(XM0,T∗ , dT∗) is a metric space. So in order to apply Banach fixed point theorem, we are left to show that it is
also complete. So suppose there is a sequence {(wi, θi)}i∈N ⊆ XM0,T∗ such that lim

i,j→∞
dT∗(wi, θi;wj , θj) = 0.

Then since C0
(
[0, T∗];L

2(0, k)
)
and L2

(
0, T∗;H

1(0, k)
)
are both Banach spaces, it follows that there ex-

ists (w, θ) ∈ C0
(
[0, T∗];L

2(0, k)
)
∩ L2

(
0, T∗;H

1(0, k)
)
such that (wi, θi) → (w, θ) strongly in both Banach

spaces C0
(
[0, T∗];L

2(0, k)
)
and L2

(
0, T∗;H

1(0, k)
)
as i → ∞. In particular, there exists a subsequence

ij → ∞ as j → ∞ such that (wij , θij )(x, t) → (w, θ)(x, t) for a.e. (x, t) ∈ (0, k) × [0, T∗] as j → ∞. Now
since {(wij , θij )}j∈N ⊆ XM0,T∗ , it follows that E[wij , θij ](T∗) ≤ M0 for each j ∈ N. Thus there exists

a further subsequence, which we will still denote as ij for simplicity, such that (Dtwij , Dtθij )
∗
⇀ (f, g)

in L∞(
0, T∗;L

2(0, k)
)
as j → ∞. Using the previously proven point-wise almost everywhere conver-

gence, it follows that the weak temporal derivative of w, θ exists and Dtw = f , Dtθ = g almost every-
where. Moreover, by the weakly-star lower semi-continuity, it follows that ∥(Dtw,Dtθ)∥L∞

(
0,T∗;L2(0,k)

) ≤
lim inf
j→∞

∥(Dtw,Dtθ)∥L∞
(
0,T∗;L2(0,k)

) ≤M0. By the same argument, it can be shown that the weak derivatives

(D2
x, D

3
x, DxDt)(w, θ) exists and they satisfies the estimate E[w, θ](T∗) ≤ M0. Next, by construction, for

each j ∈ N, we have that (wij , θij )(x, 0) = (u0, e0)(x) for x ∈ [0, k] and (wij , Dxθij )(0, t) = (wij , Dxθij )(k, t)
for t ∈ [0, T∗]. Thus for any χ ∈ C∞

c ([0, T∗]), it follows from the previously proven weak convergence that:∫ T∗

0
Dxθ(0, t)dt =

∫ T∗

0

∫ k

0
(D2

xθ −D2
xθij )

x− k
k

dxdt+
1

k

∫ T∗

0

∫ k

0
(Dxθ −Dxθij )dxdt→ 0 as j →∞.

Hence, by Fundamental Lemma of Calculus of Variation, we conclude Dxθ(0, t) = 0 for almost all t ∈ [0, T∗]
and by the same argument, one can also verify that w(0, t) = w(k, t) = Dxθ(k, t) = 0 for almost all t ∈ [0, T∗].
Moreover, for given function φ ∈ C∞

c ([0, k]), it also follows that as j →∞ :∫ k

0
(w(x, 0)− u0(x))φ(x)dx = −

∫ T∗

0

∫ k

0

t− T∗
T∗

(Dtw −Dtwij )dxdt−
1

T∗

∫ T∗

0

∫ k

0
(w − wij )dxdt→ 0.

Therefore w(x, 0) = u0(x) for almost every x ∈ [0, k] and by the exact same argument, we also get θ(x, 0) =
e0(x) for almost every x ∈ [0, k]. In conclusion, we have shown that the limit function (w, θ) ∈ XM0,T∗ , which
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implies that (XM0,T∗ , dT∗) is a complete metric space. Hence, using the contraction inequality Theorem 3.5.1,
one can apply Banach fixed point theorem to obtain a unique function (u, e) ∈ XM0,T∗ such that S((u, e)) =
(u, e). Denoting (uj , ej) := Sj((u(0), e(0))), then we also have the convergence dT∗(uj , ej ;u, e)→ 0 as j →∞,
which implies that (uj , ej)→ (u, e) strongly in both C0

(
[0, T∗];L

2(0, k)
)
and L2

(
0, T∗;H

1(0, k)
)
.

Next, combining the relation (3.2.2) and (3.2.5) with Corollary 3.6.1, we have the following convergence:

Corollary 3.6.2. Let T∗ > 0 be the time obtained in Theorem 3.5.1, then

τl → τ in C(0, T∗;L
2(0, k)), and rl → r in C(0, T∗;C(0, k)),

where τ(x, t), r(x, t) are defined by:

τ(x, t) := τ0(x) +

∫ t

0
Dxu(x, s)ds and r(x, t) := a+

∫ x

0
τ(y, t)dy.

3.6.2 Higher regularity of non-linear solution

Finally we show the higher regularity of the non-linear solutions (u, e)(x, t).

Theorem 3.6.1. Let T∗ > 0 be the time obtained in Theorem 3.5.1, and let (u, e) be the unique non-linear
solution obtained in Corollary 3.6.1. Then

(u, e) ∈ C0(0, T∗;H
2(0, k)) ∩ L2(0, T∗;H

3(0, k)), (Dtu,Dte) ∈ C0(0, T∗;L
2(0, k)),

(Dtu,Dte) ∈ L2
(
0, T∗;H

1(0, k)
)
, (u,Dxe) ∈ C0(0, T∗;H

1
0 (0, k)).

Proof. By Corollary 3.6.1, we have E[u, e](T∗) ≤ M0 < ∞, which implies in particular that (Dtu,Dte) ∈
L2

(
0, T∗;H

1(0, k)
)
and (u, e) ∈ L2

(
0, T∗;H

3(0, k)
)
. Hence one can apply interpolation inequality to get

that (u, e) ∈ C0
(
[0, T∗];H

2(0, k)
)
. Now we are left to prove (Dtu,Dte) ∈ C0

(
[0, T∗];L

2(0, k)
)
. As before we

denote (uj , ej) := Sj((u(0), e(0))) be the j-th iterative linear solution. Then combining Theorems 3.4.2–3.4.4
and Theorem 3.4.5, the following additional inequality holds:

sup
i∈N

∫ T∗

0

{
∥D2

t ui(·, t)∥2H−1(0,k) + ∥D
2
t ei(·, t)∥2H∗(0,k)

}
dt ≤M0, (3.6.1)

where H−1(0, k) and H∗(0, k) are respectively the dual space of H1
0 (0, k) and H

1(0, k). Hence, there exists
a subsequence ij → ∞ as j → ∞ such that D2

t uij ⇀ D2
t u weakly in L2(0, T∗;H

−1(0, k)) and D2
t eij ⇀ D2

t e
weakly in L2(0, T∗;H

∗(0, k)), where D2
t u and D2

t e are respectively the unique temporal weak derivative of
Dtu and D2

t e in the respective spaces L2(0, T∗;H
−1(0, k)) and L2(0, T∗;H

∗(0, k)). Moreover, we claim that
Dtu(0, t) = Dtu(k, t) = 0 for almost all t ∈ [0, T∗]. First, from the Sobolev embedding theorem, it follows
that Dtu ∈ L2

(
0, T∗;C

0([0, k])
)
, hence the trace t → (Dtu(0, t), Dtu(k, t)) exists in L2(0, T∗). For each

functions χ ∈ C1([0, T∗]), integrating by parts, we get:∫ T∗

0
χ(t)Dtu(0, t)dt =

1

k

∫ T∗

0

∫ k

0
χ(t)Dtu(x, t)dxdt+

∫ T∗

0

∫ k

0

x− k
k

χ(t)DxDtu(x, t)dxdt

=− 1

k

∫ T∗

0

∫ k

0
χ′(t)u(x, t)dxdt−

∫ T∗

0

∫ k

0

x− k
k

χ′(t)Dxu(x, t)dxdt = −
∫ T∗

0
χ′(t)u(0, t)dt = 0,

where we used the boundary condition u(0, t) = u(k, t) = 0 obtained in Corollary 3.6.1. Thus Dtu(0, t) = 0
for almost all t ∈ [0, T∗]. Similarly, we can also show that Dtu(k, t) = 0 for almost all t ∈ [0, T∗]. Using this,
we conclude that Dtu ∈ L2

(
0, T∗;H

1
0 (0, k)

)
. In summary we have the regularities Dtu ∈ L2(0, T∗;H

1
0 (0, k))

and D2
t u ∈ L2(0, T∗;H

−1(0, k)). By interpolation theorem again, we have Dtu ∈ C0([0, T∗];L
2(0, k)). In

the exact same way, using the regularities Dte ∈ L2
(
0, T∗;H

1(0, k)
)
and D2

t e ∈ L2
(
0, T∗;H

∗(0, k)
)
and

interpolation theorem, we have Dte ∈ C0([0, T∗];L
2(0, k)).
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Chapter 4

Global Existence of Solutions in
Lagrangian Coordinates

In this chapter, we prove two global-in-time existence results for the Lagrangian heat-conducting compress-
ible Navier-Stokes equations (1.3.6) in the unbounded domain (x, t) ∈ [0,∞) × [0, T ]. The first Theorem
4.1.1 states the existence and uniqueness of a global-in-time strong solution to the exterior Lagrangian
equations (1.3.6) with each fixed a ∈ (0, 1). This result is obtained by the following procedure: first,
we approximate the original problem (1.3.6) by solving the equations in the bounded Lagrangian domain
(x, t) ∈ [0, k] × [0, T ], for k ∈ N. The original initial data are truncated with some cut-off functions near
the far-field x→∞, and these are parametrised by k ∈ N. Then by the main result of Chapter 3, Theorem
3.1.1, a strong solution is guaranteed to exists locally in time, and we derive a set of regularity estimates on
this solution. These estimates are uniform in the parameter k ∈ N, and in addition, they are independent
of parameter a ∈ (0, 1) restricted to the domain (x, t) ∈ [ε, k] × [0, T ] for each fixed ε ∈ (0, 1]. Conse-
quently one can apply the bootstrap arguments to extend the maximum time of existence to any chosen
T > 0. Finally, by compactness argument in the limit k →∞, solution to the original problem 1.3.6 in the
whole domain (x, t) ∈ [0,∞) × [0, T ] is obtained, and its uniqueness is also shown by deriving contraction
inequality with respect to the initial data. The second Theorem 4.1.2 in Chapter 4 states the global-in-time
existence of a certain class of solutions independent of the parameter a ∈ (0, 1). The precise notion of
such solution is stated in Definition 4.1.1. From the previous result, Theorem 4.1.1, we can obtain a set
of solutions {(va, ua, ea, ra)(x, t)}a∈(0,1). They satisfy some estimates which are restricted to the domain
(x, t) ∈ [ε,∞) × [0, T ], and are independent of parameter a ∈ (0, 1). Using these, we prove Theorem 4.1.2
by applying compactness argument in the limit a↘ 0.

4.1 Main Statements

4.1.1 Strong solution in the exterior domain

Before stating the main theorem, we denote the term H1 to be:

H1[v, u, e, r](x, t) =
{
|v − 1|2 + r2m|Dxv|2 + |u|4 + r2m|Dxu|2 + σr4m|D2

xu|2
}
(x, t)

+
{
|e− 1|2 + r2m|Dxe|2 + σr4m|D2

xe|2
}
(x, t),

where σ = σ(t) is the weight defined by σ(t) = min{1, t} for t ∈ [0,∞). Moreover, we also define the term
H2[v, u, e, r](x, t) as

H2[v, u, e, ζ](x, t) :=
{
|v − 1|2 + ζ2m|Dxv|2 + ζ4m|D2

xv|2 + |u|4 + ζ2m|Dxu|2 + ζ4m|D2
xu|2

}
(x, t)

+
{
|e− 1|2 + ζ2m|Dxe|2 + ζ4m|D2

xe|2
}
(x, t).
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Theorem 4.1.1 (Global Existence in the Exterior Domain). For a given constant C0 > 0, assume that the
initial data (v0, u0, e0)(x) satisfies:

C−1
0 ≤ v0(x), e0(x) ≤ C0 for each x ∈ [0,∞),∫ ∞

0

{1
2
|u0|2 + (γ − 1)ψ(v0) + ψ(e0) + |v0 − 1|2 + |u0|4 + |e0 − 1|2

}
(x)dx ≤ C0,∫ ∞

0
r2m0

{
|Dxv0|2 + |Dxu0|2 + |Dxe0|2

}
(x)dx ≤ C0 where r0(x) :=

(
an + n

∫ x

0
v0(y)dy

) 1
n
,

where ψ(zeta) := z − 1− log z and the following boundary condition is assumed:

u0(0) = 0 and lim
x→∞

(v0, u0, e0)(x) = (1, 0, 1).

(i) There exists a unique solution (v, u, e, r)(x, t) : [0,∞)× [0,∞)→ [0,∞)×R× [0,∞)× [a,∞) such that
the equations (1.3.6)1–(1.3.6)3 are satisfied in (x, t) ∈ [0,∞) × [0,∞) point-wise almost everywhere,
and the following boundary conditions hold:

u(0, t) = 0 = Dxe(0, t) and lim
x→∞

(v, u, e,Dxe)(x, t) = (1, 0, 1, 0) for t ∈ [0,∞) a.e.,

and the function r(x, t) : [0,∞)× [0,∞)→ [a,∞) satisfies:

r(x, t) =
(
an + n

∫ x

0
v(y, t)dy

) 1
n
= r0(x) +

∫ t

0
u(x, s)ds for (x, t) ∈ [0,∞)× [0,∞).

In addition, there exists a constant C0 > 0 depending only on the initial data such that
sup

0≤t≤∞

∫ ∞

0

{1
2
|u|2 + (γ − 1)ψ(v) + ψ(e)

}
(x, t)dx ≤ C0,∫ ∞

0

∫ ∞

0

{
κ
r2m|Dxe|2

ve2
+
(
λ+

2µ

n

) |Dx(r
mu)|2

ve
+ 2mµ

v

e

(Dx(r
mu)

v
√
n
−
√
n
u

r

)2}
dxdt ≤ C0.

Moreover, for each T > 0, there exists a constant C1(a) = C1(a, T, C0) > 0 such that:

C1(a) ≤ e(x, t) and C1(a)
−1 ≤ v(x, t) ≤ C1(a) for all (x, t) ∈ [0,∞)× [0, T ],

sup
0≤t≤T

∫ ∞

0
H1[v, u, e, r](x, t)dx ≤ C1(a),

sup
t∈[0,T ]

∫ ∞

0

{
|Dtv|2 + σ(t)|Dtu|2 + σ(t)|Dte|2

}
(x, t)dx ≤ C1(a),∫ T

0

∫ ∞

0
r2m

{
|DtDxv|2 + σ(t)|DtDxu|2 + σ(t)|DtDxe|2

}
(x, t)dxdt ≤ C1(a),

|u(x, t)| ≤ C1(a) and e(x, t) ≤ C1(a) for all (x, t) ∈ [0,∞)× [0, T ],

where σ(t) := min{1, t}. Furthermore, for each ε ∈ (0, 1] and T > 0, there exists a constant C2(ε) =
C2(ε, T, C0) > 0 independent of a ∈ (0, 1) such that:

C2(ε)
−1 ≤ v(x, t) ≤ C2(ε) for all (x, t) ∈ [ε,∞)× [0, T ],

sup
0≤t≤T

∫ ∞

ε
H1[v, u, e, r](x, t)dx ≤ C2(ε),

sup
t∈[0,T ]

∫ ∞

ε

{
|Dtv|2 + σ(t)|Dtu|2 + σ(t)|Dte|2

}
dx ≤ C2(ε),∫ T

0

∫ ∞

ε
r2m

{
|DtDxv|2 + σ(t)|DtDxu|2 + σ(t)|DtDxe|2

}
(x, t)dxdt ≤ C2(ε),

|u(x, t)| ≤ C2(ε) and e(x, t) ≤ C2(ε) for all (x, t) ∈ [ε,∞)× [0, T ], .
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(ii) If the initial data (v0, u0, e0)(x) satisfies the additional condition:∫ ∞

0
r4m0

{
|D2

xv0|2 + |D2
xu0|2 + |D2

xe0|2
}
(x)dx ≤ C0,

for some given initial constant C0 > 0, and the following additional boundary condition is assumed:

Dxe0(0) = 0 and lim
x→∞

Dxe0(x) = 0.

Then, the solution (v, u, e)(x, t) obtained in the previous statement (i) satisfies the additional regular-
ities: for each T > 0, there exists a constant C1(a) = C1(a, T, C0) > 0 such that

sup
0≤t≤T

∫ ∞

0

{
H2[v, u, e, r] + |Dtu|2 + |Dte|2

}
(x, t)dx ≤ C1(a),∫ T

0

∫ ∞

0
r2m

{
|DtDxu|2 + |DtDxe|2

}
(x, t)dxdt ≤ C1(a),∫ T

0

∫ ∞

0
r6m

{
|D3

xu|2 + |D3
xe|2

}
(x, t)dxdt ≤ C1(a).

Moreover, for each ε ∈ (0, 1] and T > 0, there exists C2(ε) = C2(ε, T, C0) > 0 such that:

sup
0≤t≤T

∫ ∞

ε

{
H2[v, u, e, r] + |Dtu|2 + |Dte|2

}
(x, t)dx ≤ C2(ε),∫ T

0

∫ ∞

ε
r2m

{
|DtDxu|2 + |DtDxe|2

}
(x, t)dxdt ≤ C2(ε),∫ T

0

∫ ∞

ε
r6m

{
|D3

xu|2 + |D3
xe|2

}
(x, t)dxdt ≤ C2(ε).

4.1.2 Lagrangian solution away from origin

Definition 4.1.1. Given initial data (v0, u0, e0)(x) and time T > 0, then (v, u, e, r)(x, t) is said to be
a Lagrangian solution away from origin to the Full Compressible Navier-Stokes Equations in the domain
(x, t) ∈ [0,∞) × [0, T ], with initial data (v0, u0, e0)(x), if the following equations are satisfied for (x, t) ∈
(0,∞)× (0, T ) almost everywhere:

r(x, t) = r0(x) +

∫ t

0
u(x, s)ds where r0(x) :=

(
n

∫ x

0
v0(y)dy

) 1
n
,

Dtv = Dx(r
mu),

Dtu = βrmDx

(Dx(r
mu)

v

)
− (γ − 1)rmDx

(e
v

)
,

Dte =
Dx(r

mu)

v

{
βDx(r

mu)− (γ − 1)e
}
− 2mµDx(r

m−1u2) + κDx

(r2m
v
Dxe

)
.

Theorem 4.1.2 (Global existence of Lagrangian solution away from origin). Suppose that the initial data
(v0, u0, e0)(x) satisfies:

C−1
0 ≤ v0(x), e0(x) ≤ C0 and |u0(x)| ≤ C0 for each x ∈ [0,∞),∫ ∞

0

{1
2
|u0|2 + (γ − 1)ψ(v0) + ψ(e0) + |v0 − 1|2 + |u0|4 + |e0 − 1|2

}
(x)dx ≤ C0,∫ ∞

0
r2m0

{
|Dxv0|2 + |Dxu0|2 + |Dxe0|2

}
(x)dx ≤ C0 where r0(x) :=

(
n

∫ x

0
v0(y)dy

) 1
n
,
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for some given constant C0 > 0. Then, for each T > 0, there exists a Lagrangian solution away from origin,
(v, u, e, r)(x, t) in the domain (x, t) ∈ (0,∞)× [0, T ] with r(x, t) given by

r(x, t) = r0(x) +

∫ t

0
u(x, s)ds.

Furthermore, the following properties are satisfied:

(i) There exists a constant C0 > 0 depending only on the initial data such that

sup
0≤t≤T

∫ ∞

0

{1
2
|u|2 + (γ − 1)ψ(v)

}
(x, t)dx ≤ C0.

(ii) The spatial weak derivative of r(x, t) exists and it is given by Dxr(x, t) = (r(x, t))−mv(x, t) for (x, t) ∈
(0,∞)× [0, T ]. Moreover, x 7→ r(x, t) is monotone increasing for each t ∈ [0, T ], and one has:

nxψ−1
−

(C0

x

)
≤ (r(x, t))n ≤ nxψ−1

+

(C0

x

)
for all (x, t) ∈ (0,∞)× [0, T ].

In particular the limit r(t) := lim
x→0+

r(x, t) exists and r(t) ∈ [0,∞) for each t ∈ [0, T ]. As a consequence,

r(x, t) also takes the form:

r(x, t) =
(
(r(t))n + n

∫ x

0
v(y, t)dy

) 1
n

for (x, t) ∈ [0,∞)× [0, T ].

(iii) For each ε ∈ (0, 1], there exists C(ε) = C(ε, T, C0) > 0 such that:

C2(ε)
−1 ≤ v(x, t) ≤ C2(ε) for all (x, t) ∈ [ε,∞)× [0, T ],

|u(x, t)| ≤ C2(ε) and e(x, t) ≤ C2(ε) for all (x, t) ∈ [ε,∞)× [0, T ],

sup
0≤t≤T

∫ ∞

ε

{
H1[v, u, e, r] + |Dtv|2 + σ|Dtu|2 + σ|Dte|2

}
(x, t)dx ≤ C2(ε),∫ T

0

∫ ∞

ε
r2m

{
|DtDxv|2 + σ(t)|DtDxu|2 + σ(t)|DtDxe|2

}
dxdt ≤ C2(ε),

where σ(t) ≡ min{1, t}.

4.2 Approximation Scheme and Local-in-Time Existence

In order to obtain the solutions stated in Theorem 4.1.1, a collection of approximated initial data is con-
structed such that one can apply Theorem 3.1.1 to guarantee a local-in-time strong solution, with which
one can derive a set of high regularity estimates for bootstrap argument. We note that the mollification
procedure for initial data detailed in Section 4.2.1 is only required for Theorem 4.1.1(i), since the additional
initial regularity condition described in Theorem 4.1.1(ii) is sufficient for directly applying the local-in-time
existence Theorem 3.1.1.

4.2.1 Mollification of initial data

Let (v0, u0, e0)(x), for x ∈ [0,∞), be initial data stated in Theorem 4.1.1(i). In view of the boundary
condition u0(0) = Dxe0(0) = 0 for when (u0, e0)(x) is smooth, we extend each functions as follows

ũ0(x) :=

{
u0(x) if x ∈ [0,∞),

−u0(−x) if x ∈ (−∞, 0),
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and
(ṽ0, ẽ0, r̃0)(x) := (v0, e0, r0)(|x|) for all x ∈ R.

With this extension, we remark that Dxẽ0(x) = Dxe0(x) if x ∈ [0,∞) and Dxẽ0(x) = −Dxe0(−x) if
x ∈ (−∞, 0). Now we let {ηδ}δ∈(0,1) ⊂ C∞

c ([−1, 1]) be the standard mollifiers such that ηδ(x) = ηδ(−x) for
each δ ∈ (0, 1). We set for x ∈ R

(v0δ , u
0
δ , e

0
δ)(x) :=

∫
R
(ṽ0, ũ0, ẽ0)(y)ηδ(x− y)dy, r0δ (x) :=

(
an + n

∫ |x|

0
v0δ (y)dy

) 1
n
. (4.2.1)

Let C0 > 0 be the initial constant given in the assumption of Theorem 4.1.1, which is independent of the
mollification parameter δ ∈ (0, 1), then it follows that

(v0δ , u
0
δ , e

0
δ)(x) ∈ C∞(−∞,∞) and C−1

0 ≤ v0δ (x), e0δ(x) ≤ C0 for all x ∈ R,

and as δ → 0+: 
(v0δ , u

0
δ , e

0
δ , r

0
δ )(x)→ (ṽ0, ũ0, ẽ0, r̃0)(x) for all x ∈ R,

(Dxv
0
δ , Dxu

0
δ , Dxe

0
δ)(x)→ (Dxṽ0, Dxũ0, Dxẽ0)(x) for a.e. x ∈ R,

(v0δ − 1, |u0δ |2, e0δ − 1)→ (ṽ0 − 1, ũ0, ẽ0 − 1) strongly in L2(R),
(Dxv

0
δ , Dxu

0
δ , Dxe

0
δ)→ (Dxṽ0, Dxũ0, Dxẽ0) strongly in L2(R).

(4.2.2)

Moreover, we also have that for x ∈ (−∞,∞)

h(|x|) ≡
(an + nC−1

0 |x|
an + nC0|x|

) 1
n ≤

r0δ (x)

r̃0(x)
=

(an + n
∫ |x|
0 v0δ (y)dy

an + n
∫ |x|
0 v0(y)dy

) 1
n ≤

( an + nC0|x|
an + nC−1

0 |x|

) 1
n ≡ h(|x|).

One can verify by taking derivatives that h(r) and h(r) are respectively monotone increasing and decreasing
in r ∈ [0,∞). In addition, the following limits holds:

lim
r→∞

h(r) = C
2/n
0 , lim

r↘0
h(r) = 1, lim

r→∞
h(r) = C

−2/n
0 , lim

r↘0
h(r) = 1.

Hence we conclude that

C
−2/n
0 ≤

r0δ (x)

r̃0(x)
≤ C2/n

0 for all x ∈ R (4.2.3)

Combining these results we claim that

Proposition 4.2.1. Let (v0, u0, e0)(x) and

r0(x) :=
(
an + n

∫ x

0
v0(y)dy

)1/n
,

be the initial data given in Theorem 4.1.1 with the given initial constant C0 > 0. Then the mollified initial
data (v0δ , u

0
δ , e

0
δ , r

0
δ )(x) constructed in (4.2.1) satisfies the convergence:

(v0δ , |u0δ |2, e0δ , (r0δ )mDxv
0
δ , (r

0
δ )

mDxu
0
δ , (r

0
δ )

mDxe
0
δ)

→(ṽ0, |ũ0|2, ẽ0, (r̃0)mDxṽ0, (r̃0)
mDxũ0, (r̃0)

mDxẽ0) strongly in L2(R) as δ ↘ 0.

Moreover the following estimates holds:

sup
δ∈(0,1)

∫ ∞

0

{
(γ − 1)ψ(v0δ ) +

1

2
|u0δ |2 + ψ(e0δ)

}
(x)dx ≤ C0,
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and there exists a constant δ0 ∈ (0, 1) such that

sup
δ∈(0,δ0)

∥(v0δ − 1, |u0δ |2, e0δ − 1, (r0δ )
mDxv

0
δ , (r

0
δ )

mDxu
0
δ , (r

0
δ )

mDxe
0
δ)∥2L2([0,∞)) ≤ 2C0.

Finally, the mollified initial data satisfies the boundary condition at x = 0:

u0δ(0) = 0 = Dxe
0
δ(0).

Proof. First, we prove the entropy condition. Since ψ(ζ) = ζ − 1 − log ζ is convex, it follows that ψ(e0δ) =
ψ(ẽ0 ∗ ηδ) ≤ ψ(ẽ0) ∗ ηδ. Using this, and the construction above, we have∫ ∞

0
ψ(e0δ(x))dx ≤

1

2

∫
R

∫
R
ψ(ẽ0(y))ηδ(x− y)dydx =

∫ ∞

0
ψ(e0(x))dx ≤ C0.

In the similar fashion, one can also show:∫ ∞

0

{
ψ(v0δ ) + |u0δ |2

}
(x)dx ≤

∫ ∞

0

{
ψ(v0) + |u0|2

}
(x)dx ≤ C0.

Next, we show the strong convergence in L2(R). We start by writing:∫
R
|(r0δ )mDxv

0
δ − (r̃0)

mDxṽ0|2 ≤ 2

∫
R
(r0δ )

2m|Dxv
0
δ −Dxṽ0|2 + 2

∫
R
|(r0δ )m − (r̃0)

m|2|Dxṽ0|2. (4.2.4)

From (4.2.2), we have |(r0δ )m − (r̃0)
m|2|Dxṽ0|2(x) → 0 as δ ↘ 0. In addition, using (4.2.3) we also have

|(r0δ )m − (r̃0)
m|2|Dxṽ0|2(x) ≤ (C

2m/n
0 + 1)2r̃2m0 |Dxṽ0|2(x) ∈ L∞(R) for all x ∈ R. Thus by Dominated

Convergence theorem, it follows that

lim
δ↘0

∫
R
|(r0δ )m − (r̃0)

m|2|Dxṽ0|2dx = 0. (4.2.5)

Next, we deal with the other term using (4.2.3):∫
R
(r0δ )

2m|Dxv
0
δ −Dxṽ0|2 ≤ C4m/n

0

∫
R
(r̃0)

2m|Dxv
0
δ −Dxṽ0|2 = C

4m/n
0

∫
R
|(r̃0)mDxv

0
δ − (r̃0)

mDxṽ0|2.

Using the definition of mollification, we have

r̃m0 Dxv
0
δ (x)− r̃m0 Dxṽ0(x) =

∫
R

{
r̃m0 (x)(Dxṽ0)(x− y)− (r̃m0 Dxṽ0)(x)

}
ηδ(y)dy

=

∫
R

{ r̃m0 (x)

r̃m0 (x− y)
− 1

}
(r̃m0 Dxṽ0)(x− y)ηδ(y)dy +

∫
R

{
(r̃m0 Dxṽ0)(x− y)− (r̃m0 Dxṽ0)(x)

}
ηδ(y)dy.

Hence, we have∫
R
(r0δ )

2m|Dxv
0
δ −Dxṽ0|2dx ≤C4m/n

0

∫
R

(∫
R

{ r̃m0 (x)

r̃m0 (x− y)
− 1

}
(r̃m0 Dxṽ0)(x− y)ηδ(y)dy

)2
dx

+ C
4m/n
0

∫
R

(∫
R

{
(r̃m0 Dxṽ0)(x− y)− (r̃m0 Dxṽ0)(x)

}
ηδ(y)dy

)2
dx

(4.2.6)

Next, by Minkowski’s inequality, the translation invariance of L2–norm, ∥ηδ∥L1(R) = 1, and the fact that
r̃m0 Dxṽ0 ∈ L2(R) we first get the limit

lim
δ↘0

∫
R

(∫
R

{
(r̃m0 Dxṽ0)(x− y)− (r̃m0 Dxṽ0)(x)

}
ηδ(y)dy

)2
dx = 0. (4.2.7)
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For the other term, we start by using Minkowski’s inequality once again to get(∫
R

(∫
R

{ r̃m0 (x)

r̃m0 (x− y)
− 1

}
(r̃m0 Dxṽ0)(x− y)ηδ(y)dy

)2
dx

)1/2

≤
∫
R
ηδ(y)

(∫
R

∣∣∣ r̃m0 (x)

r̃m0 (x− y)
− 1

∣∣∣2|(r̃m0 Dxṽ0)(x− y)|2dx
)1/2

dy.

(4.2.8)

Next, setting z = x− y, it follows that∫
R

∣∣∣ r̃m0 (x)

r̃m0 (x− y)
− 1

∣∣∣2|(r̃m0 Dxṽ0)(x− y)|2dx =

∫
R

∣∣∣ r̃m0 (z + y)

r̃m0 (z)
− 1

∣∣∣2|(r̃m0 Dxṽ0)(z)|2dz

Next, for each y ∈ (−1, 1) and z ∈ R one can show that

r̃0(z + y)

r̃0(z)
≤

(an + nC0|z + y|
an + nC−1

0 |z|

)1/n
≤

(
1 + C2

0 + nC0
1

an

)1/n
≡ C(C0, a),

with C(C0, a) > 0 a constant independent of y ∈ (−1, 1). In addition, since r̃m0 Dxṽ0 ∈ L2(R) and r̃0(z+y)→
r̃0(z) as y → 0, we can use Dominated Convergence theorem to obtain the limit

lim
y→0

∫
R

∣∣∣ r̃m0 (x)

r̃m0 (x− y)
− 1

∣∣∣2|(r̃m0 Dxṽ0)(x− y)|2dx = lim
y→0

∫
R

∣∣∣ r̃m0 (z + y)

r̃m0 (z)
− 1

∣∣∣2|(r̃m0 Dxṽ0)(z)|2dz = 0

Substituting this into (4.2.8), we have

lim
δ↘0

∫
R

(∫
R

{ r̃m0 (x)

r̃m0 (x− y)
− 1

}
(r̃m0 Dxṽ0)(x− y)ηδ(y)dy

)2
dx = 0. (4.2.9)

Now putting the limits (4.2.7) and (4.2.9) into the original estimate (4.2.6), we have the limit:

lim
δ↘0

∫
R
(r0δ )

2m|Dxv
0
δ −Dxṽ0|2dx = 0.

Using the above and limit (4.2.5) into (4.2.4), we have

lim
δ↘0

∫
R
|(r0δ )mDxv

0
δ − (r̃0)

mDxṽ0|2dx = 0.

The convergence of other terms (r̃0)
mDxũ0 and (r̃0)

mDxẽ0 are proven using exactly the same way. As a
result, there exists a constant δ0 ∈ (0, 1) such that

sup
δ∈(0,δ0)

∫
R
(r0δ )

2m
{
|Dxv

0
δ |2 + |Dxu

0
δ |2 + |Dxe

0
δ |2

}
(x)dx ≤ 2C0,

where C0 > 0 is the original constant given in Theorem 4.1.1.

4.2.2 Truncation of initial data in the far-field region

We first solve an approximated problem of (1.3.6)5 by replacing the boundary condition near the far field. To
do so, the initial data must be modified with proper cut-off functions. Let ϕ ∈ C∞(R) be a test function such
that ϕ(z) = 1 if z ∈ (−∞, 0] and ϕ(z) = 0 if z ∈ [1,∞). Given integer k ∈ N, we let α = (n− 1)/n = m/n
and ϕk(x) := ϕ(k−α(x − k)) for x ∈ [0,∞). Then it follows that ϕk(x) ∈ C∞([0,∞)) and ϕ(x) = 1 for
x ∈ [0, k] and ϕk(x) = 0 for x ∈ [k + kα,∞). Moreover we also have the inequality:

|ϕ(i)k (x)| ≤ Cik
−iα for all x ∈ [0,∞) and for each i ∈ N, (4.2.10)
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where Ci ≡ supy∈R|ϕ(i)(y)| > 0 is a constant independent of k ∈ N and a ∈ (0, 1). Now we defined the
approximated initial data (v0k, u

0
k, e

0
k) as follows:

v0k(x) := (v0(x)− 1)ϕk(x) + 1,

u0k(x) := u0(x)ϕk(x),

e0k(x) := (e0(x)− 1)ϕk(x) + 1,

for x ∈ [0,∞), (4.2.11)

and

r0k(x) =
(
an + n

∫ x

0
v0k(y)dy

) 1
n

for x ∈ [0,∞).

With this initial data, the k-th approximated Initial-Boundary Value Problem can be stated as: hello

Dtvk −Dx(r
m
k uk) = 0

Dtuk + rmk Dxp(vk, ek) = βrmk Dx

(Dx(r
m
k uk)

vk

)
Dtek + p(vk, ek)Dx(r

m
k uk)

=β
|Dx(r

m
k uk)|2

vk
− 2mµDx(r

m−1
k u2k) + κDx

(r2mk Dxek
vk

)
rk(x, t) :=

(
an + n

∫ x

0
vk(y, t)dy

) 1
n

for (x, t) ∈ [0, k]× [0, T ],

uk(0, t) = uk(k, t) = 0, Dxe(0, t) = Dxe(k, t) = 0 for t ∈ [0, T ],

(vk, uk, ek)(x, 0) = (v0k, u
0
k, e

0
k)(x) for x ∈ [0, k].

(4.2.12)

From (4.2.11), one can easily see that the initial data (v0k, u
0
k, e

0
k) is compatible with the boundary condition,

and under the assumption of Theorem, there exists a positive constant such that:

min{1, C−1
0 } ≤ v

0
k, e

0
k ≤ max{1, C0}. (4.2.13)

Moreover the following proposition shows the convergence of approximated initial data in the suitable
functional space.

Proposition 4.2.2. Let (v0, u0, e0)(x) and r0(x) :=
(
an + n

∫ x
0 v0(y)dy

)1/n
be the initial data under the

assumption of Theorem 4.1.1 with given initial constant C0 > 0, and let (v0k, u
0
k, e

0
k, r

0
k)(x) be the truncated

initial data constructed in (4.2.11). Then we have the following:

(i) If (v0, u0, e0, r0)(x) satisfies the regularities in Theorem 4.1.1(i), then there exists a constant C0 > 0
independent of k ∈ N and a ∈ (0, 1) such that

sup
k∈N

∫ k

0

{1
2
|u0k|2 + (γ − 1)ψ(v0k) + ψ(e0k)

}
(x)dx ≤ C0,

sup
k∈N

∫ k

0

{
|v0k − 1|2 + |u0k|4 + |e0k − 1|2

}
(x)dx ≤ C0,

sup
k∈N

∫ k

0
(r0k)

2m
{
|Dxv

0
k|2 + |Dxu

0
k|2 + |Dxe

0
k|2

}
(x)dx ≤ C0,

Moreover, the following convergences hold:{
(v0k, u

0
k, e

0
k, r

0
k)(x)→ (v0, u0, e0, r0)(x),

(Dxv
0
k, Dxu

0
k, Dxe

0
k)(x)→ (Dxv0, Dxu

0
k, Dxe0)(x),

as k →∞ for a.e. x ∈ [0,∞).
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and we also have that as k →∞:
(v0k − 1, u0k, |u0k|2, e0k − 1)→ (v0 − 1, u0, |u0|2, e0 − 1),(
(r0k)

mDxv
0
k, (r

0
k)

mDxu
0
k, (r

0
k)

mDxe
0
k

)
→

(
rm0 Dxv0, r

m
0 Dxu

0
k, r

m
0 Dxe0

)
,(

(r0k)
2mD2

xv
0
k, (r

0
k)

2mD2
xu

0
k, (r

0
k)

2mD2
xe

0
k

)
→

(
r2m0 D2

xv0, r
2m
0 D2

xu
0
k, r

2m
0 D2

xe0
)
,

in L2([0,∞)).

(ii) If (v0, u0, e0, r0)(x) satisfies the regularities in Theorem 4.1.1(ii), then in addition to the previous
assertion, we also have:

sup
k∈N

∫ k

0
(r0k)

4m
{
|D2

xv
0
k|2 + |D2

xu
0
k|2 + |D2

xe
0
k|2

}
(x)dx ≤ C0,

and the convergences{ (
D2

xv
0
k, D

2
xu

0
k, D

2
xe

0
k

)
(x)→

(
D2

xv0, D
2
xu

0
k, D

2
xe0

)
(x) as k →∞ for a.e. x ∈ [0,∞),(

(r0k)
2mD2

xv
0
k, (r

0
k)

2mD2
xu

0
k, (r

0
k)

2mD2
xe

0
k

)
→

(
r2m0 D2

xv0, r
2m
0 D2

xu
0
k, r

2m
0 D2

xe0
)

in L2([0,∞)).

Proof. The convergence results, initial entropy condition, point-wise bounds and L2 estimates follows the
same proof of Proposition 2.2.4 in Section 2.2.5. Hence we focuses on the convergence result and estimates
for (Dxv

0
k, Dxu

0
k, Dxe

0
k). Following a similar argument used for the proof for inequality (4.2.3), we can also

obtain that 
(an + nxC0

−1)
1
n ≤ r0k(x) ≤ (an + nxC0)

1
n

(C0C0)
− 1

n ≤ r0(x)

r0k(x)
≤ (C0C0)

1
n

for all x ∈ [0,∞), (4.2.14)

where C0 ≡ max{1, C0} and C0 ≡ 1/min{1, C−1
0 }. Next, by construction (4.2.10) with α ≡ (n−1)/n = m/n,

and since a ∈ (0, 1), k ∈ N, we have the bound:

sup
x∈[0,∞)

r2m0 (x)|ϕ′k(x)|2 ≤ sup
x∈[k,k+kα]

(
an + n

∫ x

0
v0(y)dy

)2m/n
Ck−2α ≤ C{1 + 2nC0}2m/n ≡ C̃0, (4.2.15)

where C > 0 and C0 > 0 are constants independent of a ∈ (0, 1) and k ∈ N, hence so is C̃0 > 0. This implies
that ∫ k

0
r2m0 |ϕ′k|2|v0 − 1|2dx = sup

y∈[0,∞)
r2m0 (y)|ϕ′k(y)|2

∫ k

0
|v0 − 1|2dx ≤ C̃0

∫ ∞

0
|v0 − 1|2dx ≤ C̃0C0.

Using the above estimate, construction (4.2.11), and (4.2.14) we have obtained that∫ k

0
(r0k)

2m|Dxv
0
k|2 ≤ 2(C0C0)

2m/n

∫ k

0
r2m0

{
|ϕ′k|2|v0 − 1|2 + ϕ2k|Dxv0|2

}
dx ≤ 2(C0C0)

2m/n{C̃0 + 1}C0.

where we emphasise that C̃0 ≡ C{1+2nC0}2m/n is independent of a ∈ (0, 1) and k ∈ N. The corresponding
estimates for ∥(r0k)mDxu0∥L2(0,k) and ∥(r0k)mDxe0∥L2(0,k) follows by the exact same argument.

Next, we prove the estimate ∥(r0k)2mD2
xv0∥L2(0,k) ≤ C0. From the construction (4.2.11), one can verify

that D2
xv

0
k = ϕ′′k(v0 − 1) + 2ϕ′kDxv0 + ϕkD

2
xv0 So we have using (4.2.14) again to get∫ k

0
(r0k)

4m|D2
xv

0
k|dx ≤ 4(C0C0)

4m/n

∫ k

0
r4m0

{
|ϕ′′k|2|v0 − 1|2 + 4|ϕ′k|2|Dxv0|2 + |ϕk|2|D2

xv0|2
}
dx
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By construction (4.2.10) and (4.2.14) with α ≡ (n− 1)/n = m/n, we have the bound:

sup
x∈[0,∞)

r4m0 (x)|ϕ′′k(x)|2 ≤ sup
x∈[k,k+kα]

(an + nC0x)
4m/nCk−4α ≤ C{1 + 2nC0}4m/n ≡ C̃2

0 . (4.2.16)

Using this, it follows that∫ k

0
r4m0 |ϕ′′k|2|v0 − 1|2dx ≤ sup

y∈[0,∞)
r4m0 |ϕ′′k|2(y)

∫ k

0
|v0 − 1|2dx ≤ C̃2

0

∫ ∞

0
|v0 − 1|2dx ≤ C̃2

0C0.

For the second term, we use the bound (4.2.15) once again to obtain∫ k

0
r4m0 |ϕ′k|2|Dxv0|2dx ≤ sup

y∈[0,∞)
r2m0 |ϕ′k|2(y)

∫ k

0
r2m0 |Dxv0|2dx ≤ C̃0

∫ ∞

0
r2m0 |Dxv0|2dx ≤ C̃0C0.

For the third term we have:∫ k

0
|ϕk|2r4m0 |D2

xv0|2dx =

∫ ∞

0
|ϕk|2r4m0 |D2

xv0|2dx ≤
∫ ∞

0
r4m0 |D2

xv0|2dx ≤ C0.

Next, we prove the almost everywhere convergence. From the construction, it follows that ϕk(x) → 1 as
k →∞ for all x ∈ [0,∞), hence we have

(v0k, u
0
k, e

0
k)(x) = (v0ϕk + 1− ϕk, ϕku0, e0ϕk + 1− ϕk)(x)→ (v0, u0, e0)(x) as k →∞ for all x ∈ [0,∞).

Thus by Dominated convergence theorem, it follows that limk→∞ r0k(x) = r0(x) for each x ∈ [0,∞). Next,
by the definition of extension, we have Dxv

0
k = ϕk(x)Dxv0(x) + (v0(x) − 1)ϕ′k(x) for a.e. x ∈ [0,∞).

Since ϕk(x) → 1 and ϕ′k(x) → 0 as k → ∞ for each x ∈ [0,∞), and v0(x) ≤ C0 < ∞, it follows that
Dxv

0
k(x)→ Dxv0(x) for x ∈ [0,∞) almost everywhere. The convergence for other two terms Dxu

0
k and Dxe

0
k

can be shown in the exact same way. Similarly, we have

D2
xv

0
k = ϕ′′k(v0 − 1) + 2ϕ′kDxv0 + ϕkD

2
xv0.

Since we also have ϕ′′k(x) → 0 as k → ∞ for each x ∈ [0,∞), it follows that D2
xv

0
k(x) → D2

xv0(x) for
x ∈ [0,∞) almost everywhere. The convergence for other two terms D2

xu
0
k and D2

xe
0
k can be shown in the

exact same way.
Next, we show the strong convergence in L2. Since r0k(x) → r0(x) and Dxv

0
k → Dxv0 as was shown

previously, it follows that (r0k)
mDxv

0
k(x) → rm0 Dxv0(x) as k → ∞ for a.e. x ∈ [0,∞). On the other hand,

recalling from (4.2.14) and (4.2.15), for each x ∈ [0,∞), we have:

|(r0k)mDxv
0
k|(x) ≤ (C0C0)

m/n
(
C̃

1/2
0 |v0(x)− 1|+ |rm0 Dxv0|(x)

)
∈ L2(0,∞).

Thus, by Dominated Convergence theorem, the following limit holds:

lim
k→∞

∫ ∞

0
|(r0k)mDxv

0
k − rm0 Dxv0|2(x)dx = 0.

The L2–strong convergence for (r0k)
mDxu

0
k and for (r0k)

mDxe
0
k can be obtained by the exact same way.

Next, we have already proven in the previous part that (r0k)
2mD2

xv
0
k(x) → r2m0 D2

xv0(x) as k → ∞ for a.e.
x ∈ [0,∞). In addition by the inequalities (4.2.14), (4.2.15), and (4.2.16) it follows that for each x ∈ [0,∞),
we also have the bound

|(r0k)2mD2
xv

0
k|(x) ≤ (C0C0)

2m/n
{
C̃0|v0(x)− 1|+ 2C̃

1/2
0 |r

m
0 Dxv0|(x) + |r2m0 D2

xv0|(x)
}
∈ L2(0,∞).

By Dominated Convergence theorem:

lim
k→∞

∫ ∞

0
|(r0k)2mD2

xv
0
k − r2m0 D2

xv0|2(x)dx = 0.

The L2–strong convergence for (r0k)
2mD2

xu
0
k and for (r0k)

2mD2
xe

0
k can be obtained by the exact same way.

In what follows, we will abbreviate the index k and denote (v, u, e) ≡ (vk, uk, ek) for simplicity.
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4.2.3 Local-in-time well-posedness

With the approximate initial data we have constructed in the previous section, we obtain local-in-time
strong solution to the approximate problem (4.2.12) using Theorem 3.1.1 in Chapter 3. To do so, we rewrite
the initial as a new set of unknowns:

τ0k (x) := v0k(x)r
0
k(x)

−m, u0k(x) = u0k(x), e0k(x, t) = e0k(x, t),

where the coefficient r0k(x) is defined by:

r0k(x) :=
(
an + n

∫ x

0
v0k(y)dy

) 1
n
.

With this new initial data, Theorem 3.1.1 in Chapter 3 implies that there exists a time T∗ > 0, and a
unique solution (τk, uk, ek, rk)(x, t) to (3.1.1) in the domain (x, t) ∈ [0, k] × [0, T∗), such that the following
are satisfied:

rk(x, t) = a+

∫ x

0
τ(y, t)dy = r0k(x) +

∫ t

0
uk(x, s)ds, for all (x, t) ∈ [0, k]× [0, T∗],

C−1 ≤ rmk τk ≤ C, for some constant C = C(C0, T, a, k) and (x, t) ∈ [0, k]× [0, T ],

τk ∈ C0
(
[0, T ];H2(0, k)

)
∩ C1

(
[0, T ];H1(0, k)

)
,

(uk, ek − 1) ∈ C0
(
[0, T ];H2(0, k)

)
∩ C1

(
[0, T ];L2(0, k)

)
∩ L2

(
0, T ;H3(0, k)

)
,

(Dxek, uk) ∈ C0
(
[0, T ];H1

0

)
.

We then redefine as:
vk(x, t) := (rk(x, t))

mτk(x, t),

then one can show that vk ∈ C0
(
[0, T ];H2(0, k)

)
∩ C1

(
[0, T ];H1(0, k)

)
and rk(x, t) =

(
an + n

∫ x

0
vk(y, t)dy

) 1
n
,

Dtvk = Dx(r
m
k uk) and C ≤ vk(x, t) ≤ C,

for a.e. (x, t) ∈ [0, k]× [0, T∗].

Once the local-in-time solution of the approximated problem (4.2.12) is obtained, we show that a stronger
estimate is satisfied by the solution in a domain before the maximal time of existence T∗ > 0. This will then
enable us to extend T∗ > 0 via bootstrap argument. Moreover, we also ensure that the estimate is in fact
independent of the approximation index k > 0. Hence one can take the limit k → ∞ to attain solution to
the original exterior problem (1.3.6) via compactness argument.

4.3 Higher Regularity Estimates

Since the local-in-time strong solution (vk, uk, ek)(x, t) obtained in the previous section satisfies the same
set of equations and boundary conditions, (2.2.16) stated in Section 2.2.5 of Chapter 2, Theorem 2.3.1 also
holds for (vk, uk, ek)(x, t) in the domain (x, t) ∈ [0, k]× [0, T ] with T > 0 being the maximal time of existence
instead, and the proof follows exactly the same procedure. Hence in the present section, we will abbreviate
repeated demonstrations and Theorem 2.3.1 will be used for the derivation of different set of high regularity
estimates which is stated below:

Theorem 4.3.1 (Higher Regularity Estimate). Let T > 0 be the maximum time of existence, and (v, u, e)
be the solution given in Theorem 3.1.1. Recall the term H2 from Theorem 4.1.1:

H2[v, u, e, r](x, t) :=
{
|v − 1|2 + r2m|Dxv|2 + r4m|D2

xv|2 + |u|4 + r2m|Dxu|2 + r4m|D2
xu|2

}
(x, t)

+
{
|e− 1|2 + r2m|Dxe|2 + r4m|D2

xe|2
}
(x, t).
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Then there exists a constant C0 > 0 depending only on the initial data such that
sup

0≤t≤T

∫ k

0

{1
2
|u|2 + (γ − 1)ψ(v) + ψ(e)

}
(x, t)dx ≤ C0,∫ T

0

∫ k

0

{
κ
r2m|Dxe|2

ve2
+
(
λ+

2µ

n

) |Dx(r
mu)|2

ve
+ 2mµ

v

e

(Dx(r
mu)

v
√
n
−
√
n
u

r

)2}
dxdt ≤ C0.

(4.3.1)

Moreover, there exists C1 = C1(a, T, C0) > 0 independent of the approximating index k ∈ N such that:

C1(a)
−1 ≤ v(x, t), e(x, t) ≤ C1(a) and |u(x, t)| ≤ C1(a) for (x, t) ∈ [0, k]× [0, T ],

sup
0≤t≤T

∫ k

0

{
H2[v, u, e, r] + |Dtv|2 + |Dtu|2 + |Dte|2

}
(x, t)dx ≤ C1(a),∫ T

0

∫ k

0

{
r2m|DtDxv|2 + r2m|DtDxu|2 + r2m|DtDxe|2

}
(x, t)dxdt ≤ C1(a),∫ T

0

∫ k

0

{
r6m|D3

xu|2 + r6m|D3
xe|2

}
(x, t)dxdt ≤ C1(a).

(4.3.2)

Moreover, for each ε > 0, there exists a constant C2(ε) = C2(ε, T, C0) > 0 independent of a > 0 and k ∈ N
such that

C2(ε)
−1 ≤ v(x, t) ≤ C2(ε), 0 ≤ e(x, t) ≤ C2(ε), |u(x, t)| ≤ C2(ε) for (x, t) ∈ [ε, k]× [0, T ],

sup
0≤t≤T

∫ k

ε

{
H2[v, u, e, r] + |Dtv|2 + |Dtu|2 + |Dte|2

}
(x, t)dx ≤ C2(ε),∫ T

0

∫ k

ε

{
r2m|DtDxv|2 + r2m|DtDxu|2 + r2m|DtDxe|2

}
(x, t)dxdt ≤ C2(ε),∫ T

0

∫ k

ε

{
r6m|D3

xu|2 + r6m|D3
xe|2

}
(x, t)dxdt ≤ C2(ε).

(4.3.3)

In what follows, we mainly illustrate the statement (4.3.3), as (4.3.2) is easier to show. Moreover, it is
important to note that we will be using the same cut-off functions gε ∈ C1 introduced in (2.3.21)–(2.3.23),
Section 2.3.3 of Chapter 2.

4.3.1 L∞(0, T ;H1)-estimate of specific volume v

In this subsection, we prove the rm–weighted L2 bound of Dxv:

Lemma 4.3.1 (Exterior L∞
T L

2 estimate of Dxv). Given ε > 0 and T > 0, we have the estimate∫ k

ε
r2m|Dxv|2(x, t)dx ≤ C(ε) ∀t ∈ [0, T ],

where C(ε) = C(ε, T, C0, n, β, γ, κ) > 0 independent of k > 0 and a > 0.

Proof. First, using continuity equation (4.2.12)1 in the momentum equation (4.2.12)2, we have:

βDt

(
rmDx log v −

u

β

)
= rmDxP +mβrm−1uDx log v. (4.3.4)

Multiplying both sides of (4.3.4) by rmDx log v − u and integrating in x ∈ [ε, k] we obtain:

β
d

dt

∫ k

ε
|rmDx log v −

u

β
|2dx

≤2
∫ k

ε

r2m

v
|Dxe|2dx+ C(ε)

∫ k

ε
|u|2dx+ C(ε) sup

ε≤y≤k
(1 + e2 + u2)

∫ k

ε
|rmDx log v|2dx,

(4.3.5)
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where the coefficients C(ε) = C(ε, T, C0) is independent of a ∈ (0, 1) and k ∈ N. Now integrating (4.3.5) in
time, using Theorem 2.3.1(i), it follows that:

β

∫ k

ε
|rmDx log v|2dx ≤ C0 + C3

∫ t

0
sup

ε≤y≤k
(1 + e2 + u2)(y, s)

∫ k

ε
|rmDx log v|2dxds.

Applying Grönwall Inequality, we obtain the following estimate:∫ k

ε
|rmDx log v|2(x, t)dx ≤

C(ε)

β
exp

(C3

β

∫ t

0

{
1 + sup

ε≤y≤k
(e2 + u2)(y, s)

}
ds

)
.

Using Lemma 2.3.3–2.3.4, and Theorem 2.3.1(ii), we obtain the desired estimate.

4.3.2 L∞(0, T ;H1)-estimate of (u, e)

Lemma 4.3.2 (Exterior L∞
T H

1–estimate of u). Given ε > 0 and T > 0, there exists a constant C(ε) =
C(ε, T, C0, β, γ, κ) > 0 independent of k > 0 and a > 0 such that:∫ T

0

∫ k

ε

{
|Dtu|2 +

|Dt(r
mu)|2

r2m

}
dxdt+ sup

t∈[0,T ]

∫ k

ε

{
r2m|Dxu|2 + |Dx(r

mu)|2 + |Dtv|2
}
(x, t)dx ≤ C0 + C(ε).

Proof. Multiplying momentum equation (4.2.12)2 with gε(x)Dtu and integrating by parts in x ∈ [0, k], using
boundary condition Dtu(k, t) = 0 for all t ∈ [0, T ], we have:∫ k

0
gε|Dtu|2dx+

β

2

d

dt

∫ k

0
gε
r2m

v
|Dxu|2dx

≤1

4

∫ k

0
gε|Dtu|2dx+ C(ε)

{
1 + sup

ε/2≤y≤k
e2(y, t) +

∫ k

ε/2

r2m

v
(|Dxe|2 + |Dxu|2)dx

}
+mβ sup

ε/2≤y≤k

|u|
r
(y, t)

∫ k

0
gε
r2m

v
|Dxu|2dx−

β

2

∫ k

0
gε
Dx(r

mu)

v

r2m

v
|Dxu|2dx,

(4.3.6)

where we have used (2.3.21)–(2.3.23), Theorem 2.3.1(i)–(ii), and Lemma 2.3.4–2.3.6, and Lemma 4.3.1 with
the given constant ε replaced by ε/2. Next, with few lines of calculation, once can verify that

Dx(r
mu)

v

r2m

v
|Dxu|2 =

∣∣∣Dx(r
mu)

v

∣∣∣2Dx(r
mu)− 2m

u

r

r2m

v
|Dxu|2 − 3m2rm−2u2Dxu−m3 v

r3
u3.

Using this, we have

−
∫ k

0
gε
Dx(r

mu)

v

r2m

v
|Dxu|2dx

≤C(ε)−
∫ k

0
gε|
Dx(r

mu)

v
|2Dx(r

mu)dx+
{3m2

2
+ 2m sup

ε/2≤y≤k

|u|
r
(y, t)

}∫ k

0
gε
r2m

v
|Dxu|2dx

Substituting the above into (4.3.6) and integrating in time, we have

3

4

∫ t

0

∫ k

0
gε|Dtu|2dxds+

β

2

∫ k

0
gε
r2m

v
|Dxu|2(x, t)dx−

β

2

∫ k

0
gε
(r0k)

2m

v0k
|Dxu

0
k|2(x, t)dx

≤C(ε)− β

2

∫ t

0

∫ k

0
gε|
Dx(r

mu)

v
|2Dx(r

mu)dxds+ C(ε)

∫ t

0
sup

ε/2≤y≤k
|u|

∫ k

0
gε
r2m

v
|Dxu|2dxds,

(4.3.7)
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where we used Lemma 2.3.4. Next we recall effective viscosity flux: F := βv−1Dx(r
mu)−(γ−1)v−1e+(γ−1)

and
Dtu

rm
= DxF . Using this, we rewrite the following term:

I :=− β

2

∫ t

0

∫ k

0
gε

∣∣∣Dx(r
mu)

v

∣∣∣2Dx(r
mu)dxds =

3∑
i=1

I(i).

where we will indicate each term I(i) as we proceed to estimate it. First, for I(1), integrating by parts once,
and using Lemma 2.3.4 and 2.3.7 we get

I(1) :=− 1

2β

∫ t

0

∫ k

0
gεF

2Dx(r
mu)dxds =

1

β

∫ t

0

∫ k

0
gεuFr

mDxFdxds+
1

2β

∫ t

0

∫ k

0
g′εF

2rmudxds

≤C(ε) + 1

4

∫ t

0

∫ k

0
gε|Dtu|2dxds+ C(ε)

∫ t

0
sup

y∈[ε/2,k]
|u|2(y, s)

∫ k

0
gε
|Dx(r

mu)|2

v
dxds.

Next, I(2) is estimated using Lemma 2.3.7 and Lemma 2.3.4–2.3.6:

I(2) :=− 1

β

∫ t

0

∫ k

0
gεF (P − (γ − 1))Dx(r

mu)dxds = −(γ − 1)

β

∫ t

0

∫ k

0
gεF

e− v
v

Dx(r
mu)dxds

≤C(ε) + C(ε)

∫ t

0
sup

y∈[ε/2,k]
|e(y, s)|2

∫ k

0
gε
|Dx(r

mu)|2

v
dxds

Finally, we estimate I(3) using Lemma 2.3.7 and Lemma 2.3.4–2.3.6:

I(3) := − 1

2β

∫ t

0

∫ k

0
gε(P − (γ − 1))2Dx(r

mu) = −(γ − 1)2

2β

∫ t

0

∫ k

0
gε

{e− 1

v
+

1− v
v

}2
Dx(r

mu)

≤(γ − 1)2

2β

∫ t

0

∫ k

0
gε

((e− 1)4

v3
+

(v − 1)4

v3

)
dxds+

(γ − 1)2

2β

∫ t

0

∫ k

0
gε
|Dx(r

mu)|2

v
dxds ≤ C(ε).

In summary, we have the following estimate for I:

I ≤C(ε) + C(ε)

∫ t

0
sup

y∈[ε/2,k]
(e2 + u2)(y, s)

∫ k

0
gε
|Dx(r

mu)|2

v
dxds+

1

4

∫ t

0

∫ k

0
gε|Dtu|2dxds.

Using the inequality: v−1|Dx(r
mu)|2 ≤ 2v−1r2m|Dxu|2 + 2m2r−2vu2, it follows from (2.3.21)–(2.3.23),

Theorem 2.3.1(i)–(ii), and Lemmas 2.3.3–2.3.4 that

I ≤ C(ε) + C(ε)

∫ t

0
sup

y∈[ε/2,k]
(e2 + u2)(y, s)

∫ k

0
gε
r2m

v
|Dxu|2dxds+

1

4

∫ t

0

∫ k

0
gε|Dtu|2dxds.

Substituting this estimate for I into (4.3.7), we get using (2.3.21)–(2.3.23) that

1

2

∫ t

0

∫ k

0
gε|Dtu|2dxds+

β

2

∫ k

0
gε
r2m

v
|Dxu|2(x, t)dx

≤C(ε) + C0 + C(ε)

∫ t

0
sup

ε/2≤y≤k
{1 + u2 + e2}(y, s)

∫ k

0
gε
r2m

v
|Dxu|2dxds

Applying Grönwall Inequality. we finally conclude using Lemma 2.3.3–2.3.4 that

1

2

∫ t

0

∫ k

0
gε|Dtu|2dxds+

β

2

∫ k

0
gε
r2m

v
|Dxu|2(x, t)dx ≤ C0 + C(ε).

150



Moreover, by Theorem 2.3.1(i) and (2.3.21)–(2.3.23), we also have∫ T

0

∫ k

0
gε
Dt(r

mu)

rm
dxdt ≤

∫ T

0

∫ k

0
gε

{
|Dtu|2 +m

|u|4

r2

}
dxdt ≤ C0 + C(ε),∫ k

0
gε|Dx(r

mu)|2dx ≤
∫ k

0
gε

{
r2m|Dxu|2 +m2 v

2

r2
|u|2

}
dx ≤ C0 + C(ε).

By the continuity equation, Dtv = Dx(r
mu), and Theorem 2.3.1(ii), we have in addition that∫ k

0
gε|Dtv|2dx =

∫ k

0
gεv
|Dx(r

mu)|2

v
dx ≤ C0 + C(ε).

As an consequence of Lemma 4.3.2 and Sobolev Embedding Theorem, we obtain the following corollary:

Corollary 4.3.1. Given ε > 0 and T > 0, there exists a constant C(ε) = C(ε, T, C0, n, β, γ, κ) > 0
independent of k > 0 and a > 0 such that:

|u(x, t)| ≤ C(ε) ∀(x, t) ∈ [ε, k]× [0, T ].

Proof. Using Sobolev Embedding theorem for 1D: W 1,1 ↪−→ C0, we have that

sup
y∈[ε,k]

u2(y, t) ≤C
∫ k

ε
u2dx+ C

∫ k

ε
|uDxu|dx = C

∫ k

ε
u2dx+ C

∫ k

ε
|r−muDx(r

mu)−mr−nvu2|dx

≤C0 + C sup
y∈[ε,k]

( v

r2m
+m

v

rn
)
(y, t)

∫ k

ε
u2(x, t)dx+ C

∫ k

ε

|Dx(r
mu)|2

v
(x, t)dx ≤ C(ε).

Thus it follows that sup
ε/2≤y≤k

|u(y, t)| ≤ C(ε) for all t ∈ [0, T ].

Lemma 4.3.3 (Exterior L2
T Ẇ

1,∞ estimate of u). Given ε > 0 and T > 0, there exists a constant C(ε) =
C(ε, T, C0, n, β, γ, κ) > 0 independent of k ∈ N and a ∈ (0, 1) such that:∫ T

0
sup

x∈[ε,k]
|Dx(r

mu)|2(x, t)dt+
∫ T

0

∫ k

ε

{
r2m|D2

x(r
mu)|2 + r4m|D2

xu|2
}
(x, t)dxdt ≤ C0 + C(ε).

Proof. Taking L2-norm in the region (x, t) ∈ [ε, k] × [0, T ] on both sides of momentum equation (4.2.12)2,
and using (2.3.21)–(2.3.23), Lemmas 2.3.4–2.3.6, and 4.3.1, we obtain that:

β2
∫ T

0

∫ k

ε

r2m

v2
|D2

x(r
mu)|2dxdt ≤ C0 + C(ε) + C(ε)

∫ T

0
sup

x∈[ε,k]
|Dx(r

mu)|2(x, t)dt.

Now, from the Sobolev Embedding Theorem: W 1,1 ↪−→ C0, it follows that

C(ε)

∫ T

0
sup

x∈[ε,k]
|Dx(r

mu)|2(x, t)dt ≤ C(ε)
∫ T

0

∫ k

ε
|Dx(r

mu)|2 + C(ε)

∫ T

0

∫ k

ε
|Dx(r

mu)D2
x(r

mu)|

≤C(ε) + β2

2

∫ T

0

∫ k

ε
t
r2m

v2
|D2

x(r
mu)|2dxdt.
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Substituting this back into the previous equation, we obtain:

β2

2

∫ T

0

∫ k

ε

r2m

v2
|D2

x(r
mu)|2dxdt ≤ C0 + C(ε).

Finally using again the Sobolev Embedding Theorem, we have∫ T

0
sup

y∈[ε,k]
|Dx(r

mu)|2(y, t)dt ≤ C
∫ T

0

(
∥Dx(r

mu)∥2L2(ε,k) + ∥
v2

r2m
∥L∞(ε,k)∥

rm

v
D2

x(r
mu)∥2L2(ε,k)

)
≤ C(ε).

Finally, we have r2mD2
xu = rmD2

x(r
mu)−mrm−1uDxv+mr

−2uv2−2mvrm−1Dxu. Hence, taking L
2–norm,

it follows from (2.3.21)–(2.3.23), Theorem 2.3.1(i)–(ii), and Lemma 2.3.3–2.3.6 that∫ T

0

∫ k

ε
r4m|D2

xu|2dxdt ≤ C0 + C(ε).

Corollary 4.3.2. Given ε > 0 and T > 0, there exists a constant C(ε) = C(ε, T, C0, n, β, γ, κ) > 0
independent of k > 0 and a > 0 such that:∫ T

0

∫ k

ε
r2m|DxDtv|2(x, t)dxdt ≤ C0 + C(ε).

Proof. By continuity equation Dtv = Dx(r
mu) and above lemma, the corollary follows.

Lemma 4.3.4 (Exterior L∞
T Ḣ

1 estimate of e). Given ε > 0 and T > 0, there exists a constant C(ε) =
C(ε, T, C0) > 0 independent of k ∈ N and a ∈ (0, 1) such that:

sup
0≤t≤T

∫ k

ε
r2m|Dxe|2(x, t)dx+

∫ T

0

∫ k

ε
|Dte|2dxdt ≤ C0 + C(ε).

Proof. Multiplying the energy equation (4.2.12) with gεDte and integrating in x ∈ [0, k], using the boundary
conditionDxe(k, t) = 0 for all t ∈ [0, T ], (2.3.21)–(2.3.23), Theorem 2.3.1(ii) and Cauchy-Schwartz inequality,
we have

κ

2

d

dt

∫ k

0
gε
r2m

v
|Dxe|2dx+

∫ k

0
gε|Dte|2dx

≤C(ε)
(

sup
ε/2≤y≤k

|u(y, t)|2 + sup
y∈[ε/2,k]

|Dx(r
mu)|2

)
+ 16m2µ2

∫ k

0
gε|Dx(r

m−1u2)|2dx

+
(∫ k

0
gε
r2m

v
|Dxe|2(x, t)dx

)2
+ C(ε)

∫ k

ε/2

r2m

v
|Dxe|2(x, t)dx

+ C(ε) sup
y∈[ε/2,k]

{
|Dx(r

mu)(y, t)|2 + e2(y, t)
}∫ k

0
gε|Dx(r

mu)|2(x, t)dx.

(4.3.8)

Moreover, using the identity: Dx(r
m−1u2) = 2r−1uDx(r

mu) − nvr−2u2, it follows from (2.3.21)–(2.3.23),
Theorem 2.3.1(i)–(ii), Lemma 4.3.2 and Corollary 4.3.1 that:∫ k

0
gε|Dx(r

m−1u2)|2dx ≤ ∥vu
r
∥2L∞(ε/2,k)

∫ k

0
gε
|Dx(r

mu)|2

v
dx+ n2∥vu

r2
∥2L∞(ε/2,k)

∫ k

0
gε|u|2dx ≤ C(ε).
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Substituting the above estimate in (4.3.8), integrating with respect to time in the interval t ∈ [0, T ] and
using Theorem 2.3.1(i), Lemmas 2.3.4–2.3.6, and Lemmas 4.3.1–4.3.3 we obtain that∫ k

0
gε
r2m

v
|Dxe|2dx+

∫ t

0

∫ k

0
gε|Dte|2dxds

≤C(ε) +
∫ k

0
gε
(r0k)

2m

v0k
|Dxe

0
k|2dx+ C(ε)

∫ t

0

(∫ k

ε/2

r2m

v
|Dxe|2(x, s)dx

)∫ k

0
gε
r2m

v
|Dxe|2(x, s)dxds.

By Grönwall inequality, it then follows from Lemma 2.3.4 that∫ k

0
gε
r2m

v
|Dxe|2dx+

∫ t

0

∫ k

0
gε|Dte|2dxds ≤ C0 + C(ε).

As an consequence of Lemma 4.3.4 and Sobolev Embedding Theorem, we obtain the following corollary:

Corollary 4.3.3. Given ε > 0 and T > 0, there exists a constant C(ε) = C(ε, T, C0, n, β, γ, κ) > 0
independent of k > 0 and a > 0 such that:

|e(x, t)| ≤ C(ε) ∀(x, t) ∈ [ε, k]× [0, T ].

Proof. Using Sobolev Embedding theorem for 1D: H1 ↪−→ C0, we have that

sup
y∈[ε,k]

(e− 1)2(y, t) ≤ C
∫ k

ε
(e− 1)2(x, t)dx+ C

∫ k

ε
|e− 1| · |Dxe|(x, t)dx

≤C sup
y∈[ε,k]

(
1 +

v

r2m
(y, t)

) ∫ k

ε
(e− 1)2(x, t)dx+

∫ k

ε

r2m

v
|Dxe|2(x, t)dx ≤ C(ε).

From this, we have that e(y, t) ≤ 1 +
√
C(ε) for each (y, t) ∈ [ε, k] × [0, T ]. hence, taking supremum over

y ∈ [ε, k] on both sides, and taking the square root, we get the desired bound.

4.3.3 L∞(0, T ;H2)–estimate of (u, e)

Lemma 4.3.5 (Exterior L∞
T L

2 estimate of Dtu). Given ε > 0 and T > 0, there exists a constant C(ε) =
C(ε, T, C0, n, β, γ, κ) > 0 independent of k ∈ N and a ∈ (0, 1) such that:∫ T

0

∫ k

ε

{
r2m|DxDtu|2 + |DtDx(r

mu)|2
}
dxdt+ sup

t∈[0,T ]

∫ k

ε

{
|Dtu|2 +

|Dt(r
mu)|2

r2m

}
(x, t)dx ≤ C0 + C(ε).

Proof. First, differentiating the momentum equation (4.2.12)2 with respect to time, then multiplying both
side of the resulting equation by gεDt(r

mu) and integrating in x ∈ [0, k], by Cauchy-Schwartz inequality
and the boundary condition Dtu(k, t) = 0 for all t ∈ [0, T ], it follows that

1

2

d

dt

∫ k

0
gε
|Dt(r

mu)|2

r2m
dx+ β

∫ k

0
gε
|DtDx(r

mu)|2

v
dx

≤β
2

∫ k

0
gε
|DtDx(r

mu)|2

v
dx+ C(ε)

{∫ k

ε/2

( |Dt(r
mu)|2

r2m
+
∣∣∣Dt

(e
v

)∣∣∣2)dx+ |Dx(r
mu)|2L∞(ε/2,k)

}
,

(4.3.9)

where in the last line we used (2.3.21)–(2.3.23), Theorem 2.3.1(i)–(ii), Lemma 4.3.2, and Corollary 4.3.1.
Next, we write using continuity equation Dtv = Dx(r

mu) that:∫ k

ε/2

∣∣∣Dt

(e
v

)∣∣∣2dx =

∫ k

ε/2

∣∣∣Dte

v
− e

v2
Dx(r

mu)
∣∣∣2dx ≤ C(ε)(∫ k

ε/2
|Dte|2dx+ |e(·, t)|2L∞(ε/2,k)

)
. (4.3.10)
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Now, substituting (4.3.10) into (4.3.9) and integrating the resulting inequality in [0, t] for each t ∈ (0, T ], it
follows from Theorem 2.3.1(i), Lemma 2.3.3, and Lemmas 4.3.2–4.3.4 that

1

2

∫ k

0
gε
|Dt(r

mu)|2

r2m
(·, t) + β

2

∫ t

0

∫ k

0
gε
|DtDx(r

mu)|2

v
≤ 1

2
lim sup
τ→0+

∫ k

0
gε
|Dt(r

mu)|2

r2m
(·, τ) + C(ε). (4.3.11)

Using momentum equation (4.2.12)2, and the initial condition from Proposition 4.2.2, it follows that

lim sup
τ→0+

∫ k

0
gε
|Dt(r

mu)|2

r2m
(x, τ)dx

≲
∫ k

0
gε

{
|v0u0
r20
|2 + |rm−1

0 Dxu0|2 +
r4m0
v40
|Dxv0Dxu0|2 +

|r2m0 D2
xu0|2

v20
+
|rm0 Dxe0|2

v20

}
dx

+

∫ k

0
gε

{ |e0 − 1|2

v40
|rm0 Dxv0|2 +

|rm0 Dxv0|2

v40
+
|u0|2

r40

}
dx ≤ C0 + C(ε).

Substituting these estimates into (4.3.11), we have that

1

2

∫ k

0
gε
|Dt(r

mu)|2

r2m
(x, t)dx+

β

2

∫ t

0

∫ k

0
gε
|DtDx(r

mu)|2

v
dx ≤ C0 + C(ε).

Finally, we also obtain that∫ k

0
gε|Dtu|2(x, t)dx =

∫ k

0
gε|
Dt(r

mu)

rm
−mu2

r
|2(x, t)dx ≤ C0 + C(ε),

and with the identity: rmDxDtu = DxDt(r
mu)−m(m− 1)vr−2u2 + 2mrm−1uDxu+mr−1vDtu, it follows

that ∫ T

0

∫ k

0
gεr

2m|DxDtu|2dxdt ≤ C(ε).

In addition, we can also obtain a time-weighted version of above estimate due to the parabolic structure
of the equation. It is important to note that this estimate does not require the initial condition:∫ k

0
(r0k)

4m|D2
xu

0
k|2dx ≤ C0.

Lemma 4.3.6 (Time Weighted Exterior L∞
T L

2 estimate of Dtu). Given ε > 0 and T > 0, there exists a
constant C(ε) = C(ε, T, C0, n, β, γ, κ) > 0 independent of k > 0 and a > 0 such that:∫ T

0

∫ k

ε
σ(t)

{
r2m|DxDtu|2 + |DtDx(r

mu)|2
}
(x, t)dxdt+ sup

t∈[0,T ]

∫ k

ε
σ(t)

{
|Dtu|2 +

|Dt(r
mu)|2

r2m

}
(x, t)dx

≤ C(ε), where σ(t) = min{1, t}.

The proof for this lemma is exactly the same as previous Lemma 4.3.5 except that we make use of the
time weighted estimates of Lemma 2.3.9 in Section 2.3.4. Thus we will abbreviate the detailed derivations.

Lemma 4.3.7 (Exterior L∞
T H

2-Estimate of u). Given ε > 0 and T > 0, there exists a constant C(ε) =
C(ε, T, C0, n, β, γ, κ) > 0 independent of k ∈ N and a ∈ (0, 1) such that:

sup
t∈[0,T ]

∫ k

ε

{
r2m|D2

x(r
mu)|2 + r4m|D2

xu|2
}
(x, t)dx ≤ C0 + C(ε).
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Proof. From momentum equation (4.2.12)2, we have that

βrmD2
x(r

mu) = vDtu− (γ − 1)rm
e

v
Dxv + (γ − 1)Dxe+ βDx(r

mu)rm
Dxv

v
.

Taking L2(ε, k)-norm on both sides of the above equation. It follows from (2.3.21)–(2.3.23), Theorem
2.3.1(ii), Corollary 4.3.3, and Lemma 4.3.1, 4.3.3, 4.3.5 that:

β2
∫ k

ε
r2m|D2

x(r
mu)|2(x, t)dx ≤ C0 + C(ε) + C(ε) sup

y∈[ε,k]
|Dx(r

mu)(y, t)|2. (4.3.12)

Now, using the Sobolev embedding theorem: W 1,1(ε, k) ↪−→ C0(ε, k), (2.3.21)–(2.3.23), and Lemma 4.3.2 we
have

sup
y∈[ε,k]

|Dx(r
mu)(y, t)|2 ≤ C(ε) + β2

2C(ε)

∫ k

ε
r2m|D2

x(r
mu)|2dx. (4.3.13)

Substituting the above estimate into (4.3.12), it follows that:

β2

2

∫ ε

k
r2m|D2

x(r
mu)|2dx ≤ C0 + C(ε). (4.3.14)

Next, by computation, one obtains: D2
x(r

mu) = mr−1uDxv−r−m−2v2u+2mr−1vDxu+r
mD2

xu. Multiplying
both sides of this identity by rm and then taking L2-norm in the domain x ∈ [ε, k], it follows from Theorem
2.3.1(i)–(ii), Lemmas 4.3.1–4.3.2, Corollary 4.3.1 and estimate (4.3.14) that:∫ k

ε
r4m|D2

xu|2dx ≤C0 + C(ε).

This proves the lemma.

Using Lemma 4.3.6, we also obtain the following time weighted L∞(
0, T ;H2(0, k)

)
estimates without

requiring its corresponding initial condition.

Lemma 4.3.8 (Time Weighted Exterior L∞
T H

2-Estimate of u). Given ε > 0 and T > 0, there exists a
constant C(ε) = C(ε, T, C0, n, β, γ, κ) > 0 independent of k ∈ N and a ∈ (0, 1) such that:

sup
t∈[0,T ]

∫ k

ε
σ(t)

{
r2m|D2

x(r
mu)|2 + r4m|D2

xu|2
}
(x, t)dx ≤ C(ε).

The proof for this lemma follows exactly the same procedure as the previous Lemma 4.3.7, except that
we use the time weighted estimates of Lemma 2.3.9 in Section 2.3.4. Thus we will not repeat the derivation
here.

Lemma 4.3.9 (Exterior L∞
T L

2-Estimate of e). Given ε > 0 and T > 0, there exists a constant C(ε) =
C(ε, T, C0, n, β, γ, κ) > 0 independent of k > 0 and a > 0 such that:

sup
t∈[0,T ]

∫ k

ε
|Dte|2(x, t)dx+

∫ T

0

∫ k

ε
r2m|DxDte|2(x, t)dxdt ≤ C0 + C(ε).

Proof. We first differentiate the internal energy equation (4.2.12)3 with respect to time, then multiply both
sides by gεDte and integrating by parts, it follows from DtDxe(k, t) = Dxe(k, t) = 0 that

1

2

d

dt

∫ k

0
gε|Dte|2dx+ κ

∫ k

0
gε
r2m

v
|DtDxe|2dx =

4∑
i=1

Ii. (4.3.15)
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First, we start by estimating I1: using Cauchy-Schwartz inequality (2.3.21)–(2.3.23), Theorem 2.3.1(ii),
Corollary 4.3.1, and Lemma 4.3.4, we have

I1 :=− κ
∫ ε

ε/2
g′ε
r2m

v
DtDxeDtedx− 2mκ

∫ k

0
gε
r2m−1

v
uDxeDxDtedx

− 2mκ

∫ ε

ε/2
g′ε
r2m−1

v
uDxeDtedx+ κ

∫ k

0
gε
r2m

v2
Dx(r

mu)DxeDxDtedx

+ κ

∫ ε

ε/2
g′ε
r2m

v2
Dx(r

mu)DxeDtedx

≤C(ε) + C(ε)

∫ k

ε/2
|Dte|2dx+

κ

2

∫ k

0
gε
r2m

v
|DtDxe|2dx+ C(ε) sup

ε/2≤y≤k
|Dx(r

mu)|2(y, t).

Next, we estimate the term I2 using Theorem 2.3.1(ii), Lemma 4.3.2:

I2 :=2β

∫ k

0
gε
Dx(r

mu)

v
DxDt(r

mu)Dtedx− β
∫ k

0
gε

(
Dx(r

mu)
)3

v2
Dtedx

≤C(ε)
∫ k

ε/2
|DxDt(r

mu)|2dx+
3

2
β sup

ε/2≤y≤k
|Dx(r

mu)|2(y, t)
∫ k

0
gε|Dte|2(x, t)dx

+ C(ε) sup
ε/2≤y≤k

|Dx(r
mu)|2(y, t).

I3 is estimated using Theorem 2.3.1(ii), Lemma 4.3.2 and Corollary 4.3.3:

(γ − 1)−1I3 := −
∫ k

0
gε
Dx(r

mu)

v
|Dte|2dx+

∫ k

0
gε
|Dx(r

mu)|2

v2
eDte−

∫ k

0
gε
e

v
DtDx(r

mu)Dtedx

≤C(ε) + sup
ε/2≤y≤k

|Dx(r
mu)|2

∫ k

0
gε|Dte|2dx+ C(ε)

∫ k

ε/2
|Dte|2dx+

∫ k

ε/2
|DtDx(r

mu)|2dx.

Finally, to estimate I4, we use (2.3.21)–(2.3.23), Theorem 2.3.1(i)–(ii), Corollary 4.3.1, and Lemma 4.3.2,
4.3.5, to obtain

I4 :=− 2mµ

∫ k

0
gεDxDt(r

m−1u2)Dtedx

≤C(ε) + sup
ε/2≤y≤k

|Dx(r
mu)|2(y, t)

∫ k

0
gε|Dte|2dx+ 2mµ

∫ k

ε/2
|DxDt(r

mu)|2dx+ C(ε)

∫ k

ε/2
|Dte|2dx.

Substituting the estimates for I1–I4 back into (4.3.15), it follows that

1

2

d

dt

∫ k

0
gε|Dte|2dx+

κ

2

∫ k

0
gε
r2m

v
|DtDxe|2dx

≤C(ε) + C sup
ε/2≤y≤k

|Dx(r
mu)|2(y, t)

∫ k

0
gε|Dte|2dx+ C(ε)

∫ k

ε/2
|DxDt(r

mu)|2dx+

+ C(ε)

∫ k

ε/2
|Dte|2dx+ sup

ε/2≤y≤k
|Dx(r

mu)|2(y, t).

Integrating in time and using Lemma 4.3.3, 4.3.4, and 4.3.5, we have

1

2

∫ k

0
gε|Dte|2(x, t)dx+

κ

2

∫ t

0

∫ k

0
gε
r2m

v
|DtDxe|2dxds

≤1

2
lim sup
τ→0+

∫ k

0
gε|Dte|2(x, τ)dx+ C(ε) + C

∫ t

0
sup

ε/2≤y≤k
|Dx(r

mu)|2(y, s)
∫ k

0
gε|Dte|2(x, s)dxds.

(4.3.16)
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Now by taking t↘ 0 in the internal energy equation (4.2.12)3, and using the initial data estimate Proposition
4.2.2 we have that

lim sup
τ→0+

∫ k

0
gε|Dte|2(x, τ)dx

≲
∫ k

0
gε

{
|Dx(r

m
0 u0)

v0
|2
(
1 + |Dx(r

m
0 u0)|2 + |e0 − 1|2

)
+ |u0

r0
|2|Dx(r

m
0 u0)|2 +

v20
r40
u40

}
dx

+

∫ k

0
gε

{
|rm−1
0 Dxe0|2 +

∣∣∣rm0 Dxe0
v2

∣∣∣2|rm0 Dxe0|2 +
∣∣∣r2m0
v0

D2
xe0

∣∣∣2}dx ≤ C0 + C(ε).

(4.3.17)

Substituting this into the main estimate (4.3.16), we have:

1

2

∫ k

0
gε|Dte|2(x, t)dx+

κ

2

∫ t

0

∫ k

0
gε
r2m

v
|DtDxe|2dxds

≤C0 + C(ε) + C

∫ t

0
sup

ε/2≤y≤k
|Dx(r

mu)|2(y, s)
∫ k

0
gε|Dte|2(x, s)dxds.

By Grönwall inequality, and using Lemma 4.3.3 once again, it follows that for all t ∈ [0, T ]

1

2

∫ k

0
gε|Dte|2(x, t)dx+

κ

2

∫ t

0

∫ k

0
gε
r2m

v
|DtDxe|2(x, s)dxds ≤ C0 + C(ε).

Similar to the case for Dtu, we can also obtain the time weighted L∞(0, T ;L2) estimate of Dte. We note
that the following initial condition is not required for this estimate to hold:∫ k

0
(r0k)

4m|D2
xe

0
k|2dx ≤ C0.

Lemma 4.3.10 (Time Weighted Exterior L2
TL

2-Estimate of e). Given ε > 0 and T > 0, there exists a
constant C(ε) = C(ε, T, C0, n, β, γ, κ) > 0 independent of k > 0 and a > 0 such that:

sup
t∈[0,T ]

∫ k

ε
σ(t)|Dte|2(x, t)dx+

∫ T

0

∫ k

ε
σ(t)r2m|DxDte|2(x, t)dxdt ≤ C(ε),

where σ(t) := min{1, t}.

The proof of this is the same as previous lemma, except that one uses the time weighted estimates of
Lemma 2.3.9 in Section 2.3.4. We will not repeat the argument here.

Lemma 4.3.11 (Exterior L∞
T H

2-Estimate of e). Given ε > 0 and T > 0, there exists a constant C(ε) =
C(ε, T, C0) > 0 independent of k > 0 and a > 0 such that:

sup
t∈[0,T ]

∫ k

ε
r4m|D2

xe(x, t)|2dx ≤ C(ε).

Proof. Writing the energy equation:

κr2mD2
xe =− 2mκrm−1vDxe+ κ

r2m

v
DxvDxe+ vDte− β|Dx(r

mu)|2+

+ (γ − 1)eDx(r
mu) + 2mµvDx(r

m−1u2).
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Taking L2(ε, k) norm on both sides, using (2.3.21)–(2.3.23), Theorem 2.3.1(i)–(ii), Lemmas 2.3.4, 4.3.1, 4.3.2
4.3.4 4.3.9, and Corollaries 4.3.1, 4.3.3, we have:

κ2
∫ k

ε
r4m|D2

xe|2dx ≤ C(ε) + C(ε) sup
y∈[ε,k]

|rmDxe(y, t)|2 + sup
y∈[ε,k]

|Dx(r
mu)(y, t)|2, (4.3.18)

By the same argument used in the proof of Lemma 4.3.7, inequality (4.3.13), The third term is bounded as
follows:

sup
y∈[ε,k]

|Dx(r
mu)(y, t)|2 ≤ C(ε) + β2

2
|r−m|2L∞(ε,k)

∫ k

ε
r2m|D2

x(r
mu)|2dx ≤ C(ε).

Next, by the Sobolev Embedding theorem in 1D: W 1,1(ε, k) ↪−→ C0(ε, k), and Lemma 4.3.9 we have

sup
y∈[ε,k]

|rmDxe(y, t)|2 ≲
∫ k

ε
r2m|Dxe|2dx+

∫ k

ε
|rmDxe ·Dx(r

mDxe)|dx ≤ C(ε) +
κ2

2C(ε)

∫ k

ε
r4m|D2

xe|2dx.

Substituting the above back into (4.3.18), we have

κ2
∫ k

ε
r4m|D2

xe|2dx ≤ C(ε) +
κ2

2

∫ k

ε
r4m|D2

xe|2dx.

This proves the lemma.

Using Lemma 4.3.10, we also obtain the time weighted L∞(0, T ;H2) estimate for e in the following
Lemma:

Lemma 4.3.12 (Time Weighted Exterior L∞
T H

2-Estimate of e). Given ε > 0 and T > 0, there exists a
constant C(ε) = C(ε, T, C0) > 0 independent of k > 0 and a > 0 such that:

sup
t∈[0,T ]

∫ k

ε
σ(t)r4m|D2

xe(x, t)|2dx ≤ C(ε), where σ(t) := min{1, t}.

The proof is same as that of Lemma 4.3.11 except for the time weight σ(t) = min{1, t}. But this can be
easily dealt with using the time weighted estimate of Lemma 2.3.9, hence we will not repeat the proof here.

4.3.4 L∞(0, T ;H2)–estimate of v

Lemma 4.3.13 (Exterior L∞
T L

2 estimate of D2
xv). Given ε > 0 and T > 0, we have the estimate

sup
t∈[0,T ]

∫ k

ε

{
r4m|D2

xv|2 + r4m|D2
x log v|2

}
(x, t)dx ≤ C0 + C(ε).

where C(ε) = C(ε, T, C0, n, β, γ, κ) > 0 independent of k > 0 and a > 0.

Proof. Taking spatial derivative Dx on both sides of the equation (4.3.4) from Lemma 4.3.1, and using the
identity Dtr = u, and continuity equation Dtv = Dx(r

mu), we have

βrmDtD
2
x log v =DtDxu−mβ

D2
x(r

mu)

r
+m(γ − 1)

{Dxe

r
− e

rv
Dxv

}
+ (γ − 1)rm

{D2
xe

v
− 2

DxeDxv

v2
+
e

v
|Dx log v|2 −

e

v
D2

x log v
}

+m2β
u

r2
Dxv +mβ

rm−1

v
DxuDxv.
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Multiplying both sides by gεr
3mD2

x log v, and integrating in space, we obtain by Cauchy-Schwartz inequality,
Theorem 2.3.1(ii), and (2.3.21)–(2.3.23) that

β

2

d

dt

∫ k

0
gεr

4m|D2
x log v|2 ≤

{5

2
+ 2mβ|u

r
|L∞(ε/2,k) + (γ − 1)|e

v
|L∞(ε/2,k)

}∫ k

0
gεr

4m|D2
x log v|2 +

9∑
i=1

Ii,

where each term Ii will be properly indicated as we estimate it. By (2.3.21)–(2.3.23) and Lemmas 4.3.5-4.3.7,
we have

I1 + I2 :=

∫ k

0
gε

{
r2m|DtDxu|2dx+m2β2

∫ k

0
r2m−2|D2

x(r
mu)|2

}
dx ≤ C(ε).

Next, using Theorem 2.3.1(ii), (2.3.21)–(2.3.23), Lemmas 4.3.1, 4.3.4, and Corollary 4.3.3, it follows that

I3 + I4 := (γ − 1)2
∫ k

0
gε

{
m2r2m−2|Dxe|2 +m2| e

rv
|2L∞(ε/2,k)r

2m|Dxv|2
}
dx ≤ C(ε).

From Theorem 2.3.1(ii), and Lemma 4.3.11, we also have

I5 := (γ − 1)2
∫ k

0
gε|v−2|L∞(ε/2,k)r

4m|D2
xe|2dx ≤ C(ε).

From Sobolev embedding inequality, Theorem 2.3.1(ii) and Lemma 4.3.1, we have

I6 := 4(γ − 1)2
∫ k

0
gε

∣∣∣rmDxe

v2

∣∣∣2
L∞(ε/2,k)

r2m|Dxv|2dx ≤ C(ε)|rmDxe|2L∞(ε/2,k) ≤ C(ε),

Next, using Sobolev embedding inequality, Theorem 2.3.1(ii), Lemmas 4.3.1, 4.3.13, Corollary 4.3.3, and
(2.3.21)–(2.3.23), it follows that

I7 :=
(γ − 1)2

2

∫ k

0
gε

∣∣∣e
v

∣∣∣2
L∞(ε/2,k)

r4m|Dx log v|4dx ≤ C(ε) + C(ε)

∫ k

0
gεr

4m|D2
x log v|2dx.

Next, by (2.3.21)–(2.3.23), Lemma 4.3.1, and Corollary 4.3.1, it follows that

I8 := m4β2
∫ k

0
gεm

2
∣∣∣ u
r2

∣∣∣2
L∞(ε/2,∞)

r2m|Dxv|2dx ≤ C(ε)
∫ k

ε/2
r2m|Dxv|2dx ≤ C(ε).

Using Sobolev embedding theorem, (2.3.21)–(2.3.23), Theorem 2.3.1(ii), Lemma 4.3.1 and 4.3.7, we have

I9 := m2β2
∫ k

0
gε

{∣∣∣rm−1

v
Dxu

∣∣∣2
L∞(ε/2,∞)

r2m|Dxv|2
}
dx ≤ C(ε)|rmDxu|2L∞(ε/2,k) ≤ C(ε),

Combining all estimates for terms {Ii}9i=1, it follows that

β

2

d

dt

∫ k

0
gεr

4m|D2
x log v|2dx ≤ C(ε) + C(ε)

∫ k

0
gεr

4m|D2
x log v|2dx,

where in addition, we also used (2.3.21)–(2.3.23), Theorem 2.3.1(ii), Corollary 4.3.1 and 4.3.3. Thus by
Grönwall inequality, it follows that

sup
t∈[0,T ]

∫ k

0
gεr

4m|D2
x log v|2(x, t)dx ≤

∫ k

0
gεr

4m
0 |D2

x log v0|2(x)dx+ C(ε).

159



By an application of Sobolev embedding theorem, we one can verify that∫ k

0
gεr

4m
0 |D2

x log v0|2(x)dx =

∫ k

0
gεr

4m
0

∣∣∣D2
xv0
v0
− |Dxv0|2

v20

∣∣∣2(x)dx ≤ C0 + C(ε).

Hence, we conclude that

sup
t∈[0,T ]

∫ k

0
gεr

4m|D2
x log v|2(x, t)dx ≤ C0 + C(ε).

By Sobolev embedding theorem, and Theorem 2.3.1(ii), and Lemma 4.3.1, we also have that∫ k

0
gεr

4m|D2
xv|2dx =

∫ k

0
gεr

4m
∣∣∣vD2

x log v +
|Dxv|2

v

∣∣∣2dx ≤ C0 + C(ε).

4.3.5 L2(0, T ;H3)–estimate of (u, e)

Lemma 4.3.14 (Exterior L2
TH

3 estimate of u). Given ε > 0 and T > 0, there exists a constant C(ε) =
C(ε, T, C0, n, β, γ, κ) > 0 independent of k > 0 and a > 0 such that:∫ T

0

∫ k

ε
r6m|D3

xu|2dxdt ≤ C(ε).

Proof. We first taking spatial derivativeDx on both sides of momentum equation (4.2.12)2 and then multiply
by rm. Next we take L2(ε, k) norm on both sides of the resulting equation and integrate in time, it follows
that

β2C(ε)−2

∫ T

0

∫ k

ε
r6m|D3

xu|2dxdt ≤ β2
∫ t

0

∫ k

ε

r6m

v2
|D3

xu|2dxdt ≤
15∑
i=1

Ii,

where each term Ii will be properly indicated as we estimate it. By (2.3.21)–(2.3.23), Theorem 2.3.1(ii),
and Lemmas 4.3.1, 4.3.4, 4.3.5, it follows that

3∑
i=1

Ii :=

∫ T

0

{
∥rmDtDxu∥2L2(ε,k) + ∥r

m−1Dxe∥2L2(ε,k) + ∥
e

rv
rmDxv∥2L2(ε,k)

}
dt ≤ C(ε).

Next, by Sobolev embedding theorem, Theorem 2.3.1(ii), Corollary 4.3.3 and Lemmas 4.3.1, 4.3.4, 4.3.11,
4.3.13, we have:

7∑
i=4

:=

∫ T

0

{
∥r

2m

v
D2

xe∥2L2(ε,k) + ∥
r2m

v2
DxeDxv∥2L2(ε,k) + ∥

e

v3
r2m|Dxv|2∥2L2(ε,k) + ∥

e

v2
r2mD2

xv∥2L2(ε,k)

}
dt

≤C(ε) +
∫ T

0

{
|rmDxe|2L∞(ε,k) + |r

mDxv|2L∞(ε,k)

}
dt ≤ C(ε),

Next, by (2.3.21)–(2.3.23), Theorem 2.3.1(i)–(ii), Corollary 4.3.1, 4.3.3, and Lemma 4.3.1, 4.3.2,4.3.7, we
obtain that

11∑
i=8

Ii :=

∫ T

0

{
∥rm−2vDxu∥2L2(ε,k) + ∥r

2m−1D2
xu∥2L2(ε,k) + ∥r

m−2uDxv∥2L2(ε,k) + ∥r
−3v2u∥2L2(ε,k)

}
dt

≤C(ε)
∫ T

0

{
∥rmDxu∥2L2(ε,k) + ∥r

2mD2
xu∥2L2(ε,k) + ∥r

mDxv∥2L2(ε,k) + ∥u∥
2
L2(ε,k)

}
dt ≤ C(ε).
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Using Sobolev embedding theorem, (2.3.21)–(2.3.23), Theorem 2.3.1(ii), and Lemmas 4.3.2, 4.3.13, 4.3.7, we
get:

15∑
i=12

Ii :=

∫ T

0

{
∥r

2m−1

v
DxvDxu∥2L2(ε,k) + ∥

r3m

v3
|Dxv|2Dxu∥2L2(ε,k)

}
dt

+

∫ T

0

{
∥r

3m

v2
DxuD

2
xv∥2L2(ε,k) + ∥

r3m

v2
DxvD

2
xu∥2L2(ε,k)

}
dt

≤C(ε)
∫ T

0

{
|rmDxv|2L∞(ε,k) + |r

mDxv|4L∞(ε,k) + |r
mDxu|2L∞(ε,k)

}
dt ≤ C(ε).

In summary we have that ∫ T

0

∫ k

ε
r6m|D3

xu|2dxdt ≤
C(ε)

β2

15∑
i=1

Ii ≤ C(ε).

Lemma 4.3.15 (Exterior L2
TH

3 estimate of e). Given ε > 0 and T > 0, there exists a constant C(ε) =
C(ε, T, C0, n, β, γ, κ) > 0 independent of k > 0 and a > 0 such that:∫ T

0

∫ k

ε
r6m|D3

xe|2dxdt ≤ C(ε).

Proof. We first take spatial derivative Dx on both sides of internal energy equation (4.2.12)3 then substitute
the momentum equation (4.2.12)2. Next, taking L

2 ≡ L2(ε, k) norm on both sides of the resulting equations
and integrating in time, then by (2.3.21)–(2.3.23), Theorem 2.3.1(ii), and Corollary 4.3.1, 4.3.3, it follows
that

κ2C(ε)−2

∫ T

0

∫ k

ε
r6m|D3

xe|2dxdt ≤ κ2
∫ T

0

∫ k

ε

r6m

v2
|D3

xe|2dxdt ≤
12∑
i=1

Ii,

where each term Ii will be indicated as we estimate it. First, by Lemma 4.3.5, we have

I1 := C(ε)

∫ T

0
∥rmDtDxe∥2L2(ε,k)dt ≤ C(ε).

Next, using Sobolev embedding theorem, (2.3.21)–(2.3.23), and Lemmas 4.3.2, 4.3.5, 4.3.7, it follows that

I2 + I3 := C(ε)

∫ T

0

{
|Dx(r

mu)|2L∞∥Dtu∥2L2 +
(
|Dx(r

mu)|2L∞ + 1
)
∥rmD2

x(r
mu)∥2L2

}
dt ≤ C(ε).

By Theorem 2.3.1(i), and Lemmas 4.3.1, 4.3.2, 4.3.4, 4.3.11, it follows that

8∑
i=4

Ii := C(ε)

∫ T

0

{
∥Dx(r

mu)∥2L2 + ∥u∥2L2 + ∥rmDxv∥2L2 + ∥rmDxe∥2L2 + ∥r2mD2
xe∥2L2

}
dt ≤ C(ε).

Using Sobolev embedding theorem, and Lemma 4.3.4, 4.3.13, 4.3.11, we get:

12∑
i=8

Ii :=C(ε)

∫ T

0

{
|rmDxv|2L∞∥rmDxe∥2L2 + |rmDxv|4L∞∥rmDxe∥2L2

}
dt

+ C(ε)

∫ T

0

{
|rmDxe|2L∞∥r2mD2

xv∥2L2 + |rmDxv|2L∞∥r2mD2
xe∥2L2

}
dt ≤ C(ε).

In conclusion, we obtained that ∫ T

0

∫ k

ε
r6m|D3

xe|2dxdt ≤ C(ε).
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4.4 Global-in-Time Existence to the Cauchy Problem: k →∞

4.4.1 Bootstrap argument

In this subsection, we argue that for each fixed a ∈ (0, 1) and k ∈ N, the maximal time of existence for
local-in-time strong solution obtained in Theorem 3.1.1 of Chapter 3 can be extended to any choice of
T ∈ (0,∞). To avoid repetition, we will only present the bootstrap argument for Theorem 4.1.1(i) as the
case for Theorem 4.1.1(ii) is simpler.

For the given initial data (v0, u0, e0) in Theorem 4.1.1(i) with the initial constant C0 > 0, we first mollify
it with parameter δ ∈ (0, 1) as in Section 4.2.1 to obtain a smooth function (v0δ , u

0
δ , e

0
δ) ∈ C∞([0,∞)). Then

the truncation procedure described in Section 4.2.1 is applied to get the modified initial data (v0δ,k, u
0
δ,k, e

0
δ,k) ∈

C∞([0, k]), where k ∈ N is the truncation parameters. By Proposition 4.2.1 and 4.2.2, it follows that there
exists an constant δ0 ∈ (0, 1) such that

u0δ,k(0) = Dxe
0
δ,k(0) = 0 and u0δ,k(k) = Dxe

0
δ,k(k) = 0

sup
k∈N

δ∈(0,δ0)

∫ k

0

{
(γ − 1)ψ(v0δ,k) +

1

2
|u0δ,k|2 + ψ(e0δ,k)

}
(x)dx ≤ C0,

sup
k∈N

δ∈(0,δ)

∫ k

0

{
|v0δ,k − 1|2 + |u0δ,k|4 + |e0δ,k − 1|2

}
(x)dx ≤ C0,

sup
k∈N

δ∈(0,δ0)

∫ k

0
(r0δ,k)

2m
{
|Dxv

0
δ,k|2 + |Dxu

0
δ,k|2 + |Dxe

0
δ,k|2

}
(x)dx ≤ C0,

and there exists a constant Cδ,k = Cδ,k(C0, δ, k) > 0 depending on the parameters δ ∈ (0, 1), k ∈ N and the
initial constant C0 > 0 such that∫ k

0
(r0δ,k)

4m
{
|D2

xv
0
δ,k|2 + |D2

xu
0
δ,k|2 + |D2

xe
0
δ,k|2

}
(x)dx ≤ Cδ,k <∞, for each (δ, k) ∈ (0, 1)× N.

Hence for each fixed (δ, k) ∈ (0, 1) × N, one can apply the local-in-time existence result, Theorem 3.1.1 in
Chapter 3, it follows that there exists a time Tδ,k > 0 possibly depending on the parameters δ, k such that a
strong solution (vδ,k, uδ,k, eδ,k, rδ,k)(x, t) to the k-th approximate Lagrangian equations (4.2.12) exists in the
domain (x, t) ∈ [0, k]× [0, Tδ,k), and (vδ,k, uδ,k, eδ,k)(x, t) exists in the space:

E[uδ,k, eδ,k](T ) := sup
0≤t≤T

{
∥(uδ,k, eδ,k)(·, t)∥2H2(0,k) + ∥(Dtuδ,k, Dteδ,k)(·, t)∥2L2(0,k)

}
+

+

∫ T

0

{
∥(Dtuδ,k, Dteδ,k)(·, t)∥2H1(0,k) + ∥(uδ,k, eδ,k)(·, t)∥

2
H3(0,k)

}
dt <∞,

for each T ∈ [0, Tδ,k). Note that this norm provide enough information to completely determine solution
(vδ,k, uδ,k, eδ,k)(x, t) since the specific volume vδ,k can be expressed as

vδ,k(x, t) = (rδ,k(x, t))
m
{
v0δ,k(x)(r

0
δ,k(x))

−m +

∫ t

0
Dxuδ,k(x, t)ds

}
,

where

rδ,k(x, t) = r0δ,k(x) +

∫ t

0
uδ,k(x, s)ds and r0δ,k(x) :=

(
an + n

∫ x

0
v0δ,k(y)dy

) 1
n
.

Now assume Tδ,k <∞. Since it is the maximal time of existence for the strong solution, it follows that

lim inf
t↗Tδ,k

E(uδ,k, eδ,k)(t) =∞,
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However by Theorem 4.3.1, there exists a constant C1(δ, k) = C1(δ, k, a, C0, Tδ,k) > 0 such that

C1(δ, k)
−1 ≤ vδ,k(x, t) ≤ C1(δ, k) for (x, t) ∈ [0, k]× [0, Tδ,k],

and

sup
t∈[0,Tδ,k]

{
∥(uδ,k, eδ,k − 1)(·, t)∥2L2(0,k) + ∥(r

m
δ,kDxuδ,k, r

m
δ,kDxeδ,k)(·, t)∥2L2(0,k)

}
+ sup

t∈[0,Tδ,k]

{
∥(Dtuδ,k, Dteδ,k)(·, t)∥2L2(0,k) + ∥(r

2m
δ,kD

2
xuδ,k, r

2m
δ,kD

2
xeδ,k)(·, t)∥2L2(0,k)

}
+

∫ Tδ,k

0

∫ k

0

{
|(r3mδ,kD3

xuδ,k, r
3m
δ,kD

3
xeδ,k)|2 + |(rmδ,kDtDxuδ,k, r

m
δ,kDtDxeδ,k)|

}
(x, t)dxdt ≤ C1(δ, k) <∞.

For fixed δ ∈ (0, 1) and k ∈ N, we have that for all (x, t) ∈ [0, k]× [0, Tδ,k](
an + nk

(
C1(δ, k)

)−1
) 1

n ≤ rδ,k(x, t) =
(
an + n

∫ x

0
vδ,k(y, t)dy

) 1
n ≤ (an + nkC1(δ, k))

1/n

Thus there exists a constant C̃1(δ, k) = C̃1(δ, k, a, C0, Tδ,k) ∈ (0,∞) such that

E[uδ,k, eδ,k](Tδ,k) ≤ C̃1(δ, k) <∞.

This is a contradiction to (4.4.1). Hence we conclude that Tδ,k =∞.

4.4.2 Strong Convergence

Let a ∈ (0, 1), k ∈ N and δ ∈ (0, 1) be fixed, then we have shown in the previous section that for every T > 0
a strong solution (vk, uk, ek)(x, t) or (vδ,k, uδ,k, eδ,k)(x, t) in the domain (x, t) ∈ [0, k] × [0, T ] exists. In this
section, we take limit as k →∞ to obtain a strong solution for the system (1.3.6) in (x, t) ∈ [0,∞)× [0, T ].
For the proof of Theorem 4.1.1(ii), we denote (vk, uk, ek)(x, t) as the solution obtained in the previous Section
4.4.1 in the domain (x, t) ∈ [0, k]× [0, T ], and

rk(x, t) =
(
an + n

∫ x

0
vk(y, t)dy

)1/n
= r0k(x) +

∫ t

0
uk(x, s)ds,

with the function r0k(x) defined in Section 4.2.2 by

r0k(x) =
(
an + n

∫ x

0
v0k(y)dy

)1/n
, where v0k(y) = v0(y)ϕk(y) + (1− ϕk(y)).

On the other hand, for the proof of Theorem 4.1.1(i), we construct the following sequence of solutions: for
each T > 0, let (vδ,k, uδ,k, eδ,k)(x, t) be the solution obtained in Section 4.4.1. Then setting δk ≡ 1/k for
each k ∈ N, and we denote:

(vk, uk, ek)(x, t) := (vδk,k, uδk,k, eδk,k)(x, t) for (x, t) ∈ [0, k]× [0, T ],

and

rk(x, t) :=
(
an + n

∫ x

0
vδk,k(y, t)dy

)1/n
= r0δk,k(x) +

∫ t

0
uδk,k(x, s)ds,

with the function r0δ,k(x) defined by

r0δ,k(x) =
(
an + n

∫ x

0
v0δ,k(y)dy

)1/n
.
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In both cases, these sequences of solutions are then extended to the whole domain (x, t) ∈ (0,∞)× [0, T ]
via the following operation: Same as in Section 4.2.2, we let φk(x) ∈ C∞(0,∞) be such that φ(x) = 1 for

x ∈ [0, k/2] and φk(x) = 0 for x ∈ [k,∞), and supx∈[0,k]|φ
(i)
k (x)| ≤ Ck−i for all i ∈ N. We define

ṽk(x, t) :=(vk(x, t)− 1)φk(x) + 1, ũk(x, t) := uk(x, t)φk(x),

ẽk(x, t) :=(ek(x, t)− 1)φk(x) + 1, r̃k(x, t) :=
(
an + n

∫ x

0
ṽk(y, t)dy

)1/n
.

(4.4.1)

The following estimates are true for initial data assumed in both (i) and (ii) of Theorem 4.1.1.

Lemma 4.4.1. Let (ṽk, ũk, ẽk)(x, t) be the extended function constructed in (4.4.1), then there exists a
constant C(a) = C(a, T, C0) independent of k ∈ N such that the following estimates hold:

sup
t∈[0,T ]

∫ ∞

0
r̃2mk

{
|Dxṽk|2 + |Dxũk|2 + |ẽk|2

}
(x, t)dx ≤ C(a),∫ T

0

∫ ∞

0

{
|Dtṽk|2 + |Dtũk|2 + |Dtẽk|2

}
(x, t)dxdt ≤ C(a),

Proof. We only show the case for r̃2mk |Dxṽk|2 as the other cases follows exactly the same. First there exists
a constant C(a) = C(a, T, C0) > 0 independent of k ∈ N such that for all (x, t) ∈ [0, k]× [0, T ]

C(a)−1 ≤ r̃k(x, t)

rk(x, t)
≤ C(a) and (r̃k(x, t))

m|φ′(x)| ≤ C(a)k−2/3.

Proof for the first assertion is same as (4.2.3), the only difference here is that we instead use the upper and
lower bound: min{1, C(a)−1} ≤ vk(x, t), ṽk(x, t) ≤ max{1, C(a)}. The second assertion can be verified using
the fact that m ≡ n− 1 < n, construction of the cut-off function φk, and definition of r̃k. Hence, using this
inequality, Lemma 2.3.4 and 4.3.1, it follows that∫ ∞

0
r̃2mk |Dxṽk|2dx ≤2

∫ ∞

0

{( r̃k
rk

)2m
φ2
kr

2m
k |Dxvk|2 + r̃2mk |φ′

k|2|vk − 1|2
}
dx ≤ C(a).

Proposition 4.4.1. For all (x1, x2, t) ∈ [0,∞)2 × [0, T ] ,

sup
k∈N
|ṽk(x1, t)− ṽk(x2, t)| ≤ C(a)|x1 − x2|1/2,

sup
k∈N
|ũk(x1, t)− ũk(x2, t)| ≤ C(a)|x1 − x2|1/2,

sup
k∈N
|ẽk(x1, t)− ẽk(x2, t)| ≤ C(a)|x1 − x2|1/2,

and for all t1 < t2 ∈ [0, T ] and x ∈ [0,∞),

sup
k∈N
|ṽk(x, t1)− ṽk(x, t2)| ≤ C(a)|t1 − t2|1/4,

sup
k∈N
|ũk(x, t1)− ũk(x, t2)| ≤ C(a)|t1 − t2|1/4,

sup
k∈N
|ẽk(x, t1)− ẽk(x, t2)| ≤ C(a)|t1 − t2|1/4.

164



Proof. We only present the proof for ṽk as the cases for ũk, ẽk follows in the exact same way. By Fundamental
Theorem of Calculus, and estimates from Lemma 4.4.1, we have for all x1, x2 ∈ [0,∞) and t ∈ [0, T ]:

|ṽk(x2, t)− ṽk(x1, t)| ≤ |x2 − x1|1/2a−m
(∫ k

0
r̃2mk |Dxṽk|2(x, t)dx

)1/2
≤ C(a)|x2 − x1|1/2.

Next, we show the Hölder continuity in time. First we fix a triplet (x, t1, t2) ∈ [0,∞) × [0, T ]2 such that
0 ≤ t1 < t2, and set h :=

√
t2 − t1, then by Mean Value theorem

1

h

∫ x+h

x
|ṽk(y, t1)− ṽk(y, t2)|dy = |ṽk(z, t1)− ṽk(z, t2)| for some z ∈ (x, x+ h).

Next using triangular inequality, and the Fundamental Theorem of Calculus, we have for k/2 ≥ L′:

|ṽk(x, t1)− ṽk(x, t2)| − |ṽk(z, t1)− ṽk(z, t2)| ≤
∫ z

x

(
|Dxṽk(y, t1)|+ |Dxṽk(y, t2)|

)
dy

≤|x− z|1/2a−m
2∑

i=1

(∫ z

x
r2mk |Dxṽk(·, ti)|2

)1/2
≤ h1/2a−m

2∑
i=1

(∫ k

0
r2mk |Dxṽk(·, ti)|2

)1/2
≤ C(a)h1/2.

Thus combining with the previous assertion, and using the continuity equation Dtvk = Dx(r
m
k uk), the

following inequality holds for k/2 ≥ L′

|ṽk(x, t1)− ṽk(x, t2)| ≤ |ṽk(z, t1)− ṽk(z, t2)|+ C(a)h1/2 ≤ C(a)h1/2 + 1

h

∫ x+h

x

∫ t2

t1

|Dtṽk|

≤C(a)h1/2 + h−1/2|t2 − t1|1/2
(∫ T

0

∫ k

0
|Dtṽk|2(y, t)dydt

)1/2
≤ C(a)|t2 − t1|1/4.

In summary, we have the inequality:

sup
k∈N
|ṽk(x2, t)− ṽk(x1, t)| ≤ C(a)|x2 − x1|1/2 for all t ∈ [0, T ] and x1, x2 ∈ [0,∞),

sup
kN
|ṽk(x, t2)− ṽk(x, t1)| ≤ C(a)|t2 − t1|1/4 for all x ∈ [0,∞) and t1 < t2 ∈ [0, T ].

(4.4.2)

Using these continuity estimates, the following convergence result is obtained. We again emphasises here
that this lemma holds for the initial data assumed in both (i) and (ii) of Theorem 4.1.1.

Lemma 4.4.2. Let {(ṽk, ũk, ẽk)}k∈N be the collection of extended approximated solutions constructed in
(4.4.1). Then there exists a continuous function (v, u, e)(x, t) in [0,∞)× (0, T ], and a subsequence which is
still denoted as (ṽk, ũk, ẽk)k∈N such that for each compact subset K ⊂⊂ [0,∞)× [0, T ]:

lim
k→∞

sup
(x,t)∈K

|(ṽk − v, ũk − u, ẽk − e)(x, t)| = 0.

In addition, for all (x1, x2, t) ∈ [0,∞)2 × [0, T ],
|v(x1, t)− v(x2, t)| ≤ C(a)|x1 − x2|1/2,
|u(x1, t)− u(x2, t)| ≤ C(a)|x1 − x2|1/2,
|e(x1, t)− e(x2, t)| ≤ C(a)|x1 − x2|1/2,
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and for all t1 < t2 ∈ [0, T ] and x ∈ [0,∞),
|v(x, t1)− v(x, t2)| ≤ C(a)|t1 − t2|1/4,
|u(x, t1)− u(x, t2)| ≤ C(a)|t1 − t2|1/4,
|e(x, t1)− e(x, t2)| ≤ C(a)|t1 − t2|1/4.

Proof. We only present the proof for v(x, t) as the cases for u(x, t), e(x, t) follows in a similar manner. First
fix an integer L ∈ N, and we set the compact subset KL := [0, L]× [0, T ]. From Proposition 4.4.1, we have

sup
k∈N
|ṽk(x2, t)− ṽk(x1, t)| ≤ C(a)|x2 − x1|1/2 for all t ∈ [0, T ] and x1, x2 ∈ [0, L],

sup
k∈N
|ṽk(x, t2)− ṽk(x, t1)| ≤ C(a)|t2 − t1|1/4 for all x ∈ [0, L] and t1 < t2 ∈ [0, T ].

Moreover, supk∈N sup(x,t)∈KL
ṽk(x, t) ≤ C(a). SinceKL ⊆ KL+1, Int(KL) ̸= ∅, and [0,∞)×[0, T ] = ∪L∈NKL.

Then by Proposition A.0.1 from Appendix A, there exists a continuous function v(x, t) : [0,∞)× [0, T ] and
a subsequence still denoted as {ṽk}k∈N such that

lim
k→∞

sup
(x,t)∈K

|ṽk(x, t)− v(x, t)| = 0 for each compact subset K ⊂⊂ [0,∞)× [0, T ].

Using the above uniform convergence with Proposition 4.4.1, it follows that

|v(x2, t)− v(x1, t)| ≤ C(a)|x2 − x1|1/2 for all t ∈ [0, T ] and x1, x2 ∈ [0,∞),

|v(x, t2)− v(x, t1)| ≤ C(a)|t2 − t1|1/4 for all x ∈ [0,∞) and t1 < t2 ∈ [0, T ].

Finally we remark that for the proof of u(x, t) and e(x, t), the argument follows exactly the same.

From the construction (4.4.1) and the uniform bounds from Theorem 4.3.1, it follows that there exists
a constant C(a) = C(a, T, C0) > 0 independent of k ∈ N such that for a.e. (x, t) ∈ [0,∞)× [0, T ],

min{1, C(a)−1} ≤ sup
k∈N

ṽk(x, t) ≤ max{1, C(a)},

sup
k∈N
|ũk(x, t)| ≤ C(a), min{1, C(a)−1} ≤ sup

k∈N
ẽk(x, t) ≤ max{1, C(a)},

and for each ε ∈ (0, 1] there exists constants C(ε) = C(ε, T, C0) > 0 independent of a ∈ (0, 1) and k ∈ N
such that for a.e. (x, t) ∈ [ε,∞)× [0, T ],

min{1, C(ε)−1} ≤ sup
k∈N

ṽk(x, t) ≤ max{1, C(ε)},

sup
k∈N
|ũk(x, t)| ≤ C(ε), sup

k∈N
ẽk(x, t) ≤ max{1, C(ε)}.

Combining this result with Lemma 4.4.2, we also obtain the following:

Corollary 4.4.1. Let (v, u, e) be the function obtained in Lemma 4.4.2, then there exists constants C(a) =
C(a, T, C0) > 0 independent of k ∈ N, and C(ε) = C(ε, T, C0) > 0 for each ε ∈ (0, 1] which are independent
of both a ∈ (0, 1) and k ∈ N such that for all ,{

C(a)−1 ≤ v(x, t) ≤ C(a), |u(x, t)| ≤ C(a), C(a)−1 ≤ e(x, t) ≤ C(a) for (x, t) ∈ [0,∞)× [0, T ],

C(ε)−1 ≤ v(x, t) ≤ C(ε), |u(x, t)| ≤ C(ε), 0 ≤ e(x, t) ≤ C(ε) for (x, t) ∈ [ε,∞)× [0, T ].
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4.4.3 Construction of particle path

Next, we construct particle path in the limit k →∞. We remark that all the results obtained in this section
is applicable to the initial data assumed in both (i) and (ii) of Theorem 4.1.1.

Lemma 4.4.3. Let (v, u, e) and (ṽk, ũk, ẽk)k∈N be the function and subsequence obtained in Lemma 4.4.2.
If we define

r(x, t) :=
(
an + n

∫ x

0
v(y, t)dy

) 1
n
,

then there exists a further subsequence such that

r̃k(x, t)→ r(x, t) for all (x, t) ∈ [0,∞)× [0, T ],

Moreover, we also have for all (x, t) ∈ [0,∞)× [0, T ]:

r(x, t) = r0(x) +

∫ t

0
u(x, s)ds, where r0(x) :=

(
an + n

∫ x

0
v0(y)dy

) 1
n
,

and the following bound holds for r(x, t)

an + nxψ−1
−

(C0

x

)
≤ (r(x, t))n ≤ an + nxψ−1

+

(C0

x

)
∀(x, t) ∈ [0,∞)× [0, T ],

where C0 > 0 is the constant depending on (γ−1) > 0 and the initial data, and ψ−1
− (·), ψ−1

+ (·) are respectively
the left and right branch inverse of the convex function ψ(ζ) = ζ − log ζ − 1.

Proof. Using Lemma 4.4.2 and the bound supk∈N ṽk(x, t) ≤ C(a) for all (x, t) ∈ [0,∞) × [0, T ], it follows
from Dominated Convergence theorem that

lim
k→∞

r̃k(x, t) = lim
k→∞

(
an + n

∫ x

0
ṽk(y, t)dy

)1/n
=

(
an + n

∫ x

0
v(y, t)dy

)1/n
= r(x, t).

This proves the first assertion. Next, from the construction Theorem 3.1.1, it follows that(
an + n

∫ x

0
vk(y, t)dy

) 1
n
= r0k(x) +

∫ t

0
uk(x, s)ds for (x, t) ∈ [0, k]× [0, T ],

where recalling from Section 4.2.2:

r0k(x) =
(
an + n

∫ x

0
v0k(y)dy

) 1
n
, and v0k(y) = v0(y)ϕk(y) + (1− ϕk(y)).

It then follows from a similar argument as before:

lim
k→∞

r0k(x) = r0(x) =
(
an + n

∫ x

0
v0(y)dy

) 1
n

for each x ∈ [0,∞).

Now for the same fixed point (x, t) ∈ [0,∞)× [0, T ], we use the bound: supk∈N|uk(x, t)| ≤ C(a) ∈ L1(0, T ),
and Lemma 4.4.2 to apply Dominated Convergence theorem, and it follows that:

r(x, t) = lim
k→∞

r̃k(x, t) = lim
k→∞

r0k(x) + lim
k→∞

∫ t

0
ũk(x, s)ds = r0(x) +

∫ t

0
u(x, s)ds.

Lastly, the point-wise bound for r(x, t) can be obtained by combining the uniform convergence: Lemma
4.4.2 and point-wise bound for r̃k(x, t) : Lemma 2.3.1.
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4.4.4 Weak derivatives and weak convergence

Next, we show the existence of weak derivatives of (v, u, e)(x, t) obtained in the previous section. First
recalling from Theorem 4.1.1, the terms H1[v, u, e, r](x, t) and H2[v, u, e, r](x, t) were defined as:

H1[v, u, e, r](x, t) =
{
|v − 1|2 + r2m|Dxv|2 + |u|4 + r2m|Dxu|2 + σr4m|D2

xu|2
}
(x, t)

+
{
|e− 1|2 + r2m|Dxe|2 + σr4m|D2

xe|2
}
(x, t),

where σ = σ(t) is the weight defined by σ(t) = min{1, t} for t ∈ [0,∞) and

H2[v, u, e, r](x, t) :=
{
|v − 1|2 + r2m|Dxv|2 + r4m|D2

xv|2 + |u|4 + r2m|Dxu|2 + r4m|D2
xu|2

}
(x, t)

+
{
|e− 1|2 + r2m|Dxe|2 + r4m|D2

xe|2
}
(x, t).

Weak convergence results for Theorem 4.1.1(i)

Lemma 4.4.4. Let (v, u, e)(x, t), (x, t) 7→ r(x, t), and (ṽk, ũk, ẽk)k∈N be the functions and sequence obtained
in Lemma 4.4.2-4.4.3.Then weak derivatives: (Dv,Du,De) for D ∈ {Dt, Dx}, and (DxDtv,DxDtu,DxDte)
exists in L2

loc((0,∞)× (0, T ]), and there exists a further subsequence still denoted as (ṽk, ũk, ẽk)k∈N such that
as k →∞, we have the weak star convergence:

(ṽk − 1, ũ2k, ẽk − 1)
∗
⇀ (v − 1, u2, e− 1),

(Dxṽk, Dxũk, Dxẽk)
∗
⇀ (Dxv,Dxu,Dxe),

(Dtṽk, t
1/2Dtũk, t

1/2Dtẽk)
∗
⇀ (Dtv, t

1/2Dtu, t
1/2Dte),

(t1/2D2
xũk, t

1/2D2
xẽk)

∗
⇀ (t1/2D2

xu, t
1/2D2

xe),

in L∞(
0, T ;L2([0,∞))

)
,

and the following weak convergence in L2
(
0, T ;L2([0,∞))

)
: holds

(Dxũk, Dxẽk)⇀ (Dxu,Dxe),

(Dtṽk, Dtũk, Dtẽk)⇀ (Dtv,Dtu,Dte),

(DxDtṽk, t
1/2DxDtũk, t

1/2DxDtẽk)⇀ (DxDtv, t
1/2DxDtu, t

1/2DxDte).

Moreover, there exists a constant C(a) = C(a, T, C0) > 0 such that:
sup

0≤t≤T

∫ ∞

0

{
H1[v, u, e, r] + |Dtv|2 + σ|Dtu|2 + σ|Dte|2

}
(x, t)dx ≤ C(a),∫ T

0

∫ ∞

0
r2m

{
|DtDxv|2 + σ(t)|DtDxu|2 + σ(t)|DtDxe|2

}
(x, t)dxdt ≤ C(a).

Proof. For the weak and weak star convergences, we only show the proof for DtDxẽk as the other cases can
be shown using exactly the same method. Assume we have already shown that the weak derivatives Dte
and Dxe exists, our aim is then to show DxDte exists. First, using the extension (4.4.1), Theorem 4.3.1 and
the fact that rk(x, t) ≥ a, we have∫ T

0

∫ ∞

0
t|DtDxẽk|2dx ≤ a−2m

∫ T

0

∫ k

0
tr2mk |φk|2|DtDxek|2dxdt+

∫ T

0

∫ k

0
t|φ′

k|2|Dtek|2dxdt ≤ C(a).

Thus there exists a further subsequence such that

t1/2DtDxẽk ⇀ t1/2DtDxe as k →∞ weakly in L2
(
0, T ;L2([0,∞))

)
, (4.4.3)
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Next, fixing an integer L ∈ N, it follows from ṽk(x, t), v(x, t) ≤ C(a) that

r̃k(x, t), r(x, t) ≤ (an + nC(a)L)1/n ≤ C(a, L) <∞. (4.4.4)

If ξ ∈ L2
(
0, T ;L2([0, L])

)
, then rmξ ∈ L2

(
0, T ;L2([0, L])

)
and we have for all k/2 ≥ L∣∣∣ ∫ T

0

∫ L

0
r̃mk t

1/2DxDtẽkξdxdt−
∫ T

0

∫ L

0
rmt1/2DxDteξdxdt

∣∣∣
≤C(a)

(∫ T

0

∫ L

0

∣∣∣1− rm

r̃mk

∣∣∣2ξ2dxdt)1/2
+

∣∣∣ ∫ T

0

∫ L

0
rmξ

(
t1/2DxDtẽk − t1/2DxDte

)
dxdt

∣∣∣.
Due to the bounds (4.4.4) and point-wise convergence r̃k(x, t) → r(x, t) from Lemma 4.4.3, one can use
Dominated Convergence theorem to obtain:

lim
k→∞

(∫ T

0

∫ L

0

∣∣∣ r̃mk − rm
r̃mk

∣∣∣2ξ2dxdt)1/2
= 0.

Using the weak convergence (4.4.3), we also have

lim
k→∞
|
∫ T

0

∫ L

0
rmξ

(
t1/2DxDtẽk − t1/2DxDte

)
dxdt| = 0.

Hence we have just proved that t1/2r̃mk DxDtẽk ⇀ t1/2rmDxDte weakly in L2
(
0, T ;L2([0, L])

)
as k →∞ for

each L ∈ N. By the weak lower semi-continuity of the Sobolev norms, we have∫ T

0

∫ L

0
tr2m|DxDte|2(x, t)dxdt ≤ lim inf

k→∞

∫ T

0

∫ L

0
tr̃2mk |DxDtẽk|2(x, t)dxdt ≤ C(a).

Since C(a) > 0 is independent of L ∈ N, applying Monotone Convergence theorem, it follows that∫ T

0

∫ ∞

0
tr2m|DxDte|2(x, t)dxdt = lim

L→∞

∫ T

0

∫ L

0
tr2m|DxDte|2(x, t)dxdt ≤ C(a).

Corollary 4.4.2. Let (v, u, e)(x, t) and (x, t) 7→ r(x, t) be the functions obtained in Lemma 4.4.2-4.4.3.
Then there exists a constant C(a) = C(a, T, C0) > 0 independent of the approximating index k ∈ N such
that: ∫ T

0

{
∥rmDxu(·, s)∥2L∞ + ∥Dx(r

mu)(·, s)∥2L∞ + ∥rmDxe(·, s)∥2L∞
}
ds ≤ C(a),∫ T

0
σ(t)

{
∥Dtu(·, s)∥2L∞ + ∥Dte(·, s)∥2L∞

}
ds ≤ C(a).

Proof. This follows from an application of Sobolev embedding theorem H1(0,∞) ↪−→ C0(0,∞) and previous
Lemma 4.4.4.

Lemma 4.4.5. Let (v, u, e)(x, t) and (x, t) 7→ r(x, t) be the functions obtained in Lemma 4.4.2-4.4.3. Then,
for each ε ∈ (0, 1] there exists a constant C(ε) = C(ε, T, C0) > 0 independent of a ∈ (0, 1) and k ∈ N such
that: 

sup
0≤t≤T

∫ ∞

ε

{
H1[v, u, e, r] + |Dtv|2 + σ|Dtu|2 + σ|Dte|2

}
(x, t)dx ≤ C(ε),∫ T

0

∫ ∞

ε
r2m

{
|DtDxv|2 + σ(t)|DtDxu|2 + σ(t)|DtDxe|2

}
(x, t)dxdt ≤ C(ε).

Proof. The proof is the same as Lemma 4.4.4, except we consider in the domain [ε,∞) × [0, T ] instead of
[0,∞)× [0, T ].
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Weak Convergence for Theorem 4.1.1(ii)

Lemma 4.4.6. Let (v, u, e)(x, t), (x, t) 7→ r(x, t), and (ṽk, ũk, ẽk)k∈N be the functions and sequence obtained
in Lemma 4.4.2-4.4.3. Then weak derivatives: (Dv,Du,De) for D ∈ {Dt, Dx}, and (DxDtv,DxDtu,DxDte)
exists in L2

loc((0,∞)× (0, T ]), and there exists a further subsequence still denoted as (ṽk, ũk, ẽk)k∈N such that
as k →∞, we have the weak star convergence:

(ṽk − 1, ũ2k, ẽk − 1)
∗
⇀ (v − 1, u2, e− 1),

(Dxṽk, Dxũk, Dxẽk)
∗
⇀ (Dxv,Dxu,Dxe),

(Dtṽk, Dtũk, Dtẽk)
∗
⇀ (Dtv,Dtu,Dte),

(D2
xũk, D

2
xẽk)

∗
⇀ (D2

xu,D
2
xe),

in L∞(
0, T ;L2[0,∞)

)
,

and the following weak convergence:
(Dxũk, Dxẽk)⇀ (Dxu,Dxe),

(DxDtṽk, DxDtũk, DxDtẽk)⇀ (DxDtv,DxDtu,DxDte),

(D3
xũk, D

3
xẽk)⇀ (D3

xu,D
3
xe).

in L2
(
0, T ;L2[0,∞)

)
,

Moreover, there exists a constant C(a) = C(a, T, C0) > 0 such that:

sup
0≤t≤T

∫ ∞

0

{
H2[v, u, e, r] + |Dtv|2 + |Dtu|2 + |Dte|2

}
(x, t)dx ≤ C(a),∫ T

0

∫ ∞

0
r2m

{
|DtDxv|2 + |DtDxu|2 + |DtDxe|2

}
(x, t)dxdt ≤ C(a),∫ T

0

∫ ∞

0
r6m

{
|D3

xu|2 + |D3
xe|2

}
(x, t)dxdt ≤ C(a).

The proof of this convergence result is exactly the same as Lemma 4.4.4, except it is simpler since there
is no time weight σ(t). Thus we will not repeat the argument here.

Corollary 4.4.3. Let (v, u, e)(x, t) and r(x, t) be the functions obtained in Lemma 4.4.2-4.4.3. Then there
exists a constant C(a) = C(a, T, C0) > 0 independent of the approximating index k ∈ N such that:∫ T

0

{
∥rmDxu(·, s)∥2L∞(0,∞) + ∥Dx(r

mu)(·, s)∥2L∞(0,∞) + ∥r
mDxe(·, s)∥2L∞(0,∞)

}
ds ≤ C(a),∫ T

0

{
∥Dtu(·, s)∥2L∞(0,∞) + ∥Dte(·, s)∥2L∞(0,∞)

}
ds ≤ C(a),

Proof. This follows from an application of Sobolev embedding theorem H1(0,∞) ↪−→ C0(0,∞) and previous
Lemma 4.4.6.

Lemma 4.4.7. Let (v, u, e)(x, t) and (x, t) 7→ r(x, t) be the functions obtained in Lemma 4.4.2-4.4.3. Then,
for each ε ∈ (0, 1] there exists a constant C(ε) = C(ε, T, C0) > 0 independent of a ∈ (0, 1) and k ∈ N such
that: 

sup
0≤t≤T

∫ ∞

ε

{
H2[v, u, e, r] + |Dtv|2 + |Dtu|2 + |Dte|2

}
(x, t)dx ≤ C(ε),∫ T

0

∫ ∞

ε
r2m

{
|DtDxv|2 + |DtDxu|2 + |DtDxe|2

}
(x, t)dxdt ≤ C(ε),∫ T

0

∫ ∞

ε
r6m

{
|D3

xu|2 + |D3
xe|2

}
(x, t)dxdt ≤ C(ε).

Proof. The proof is the same as Lemma 4.4.6, except we consider in the domain [ε,∞) × [0, T ] instead of
[0,∞)× [0, T ].
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4.4.5 Entropy estimates

In this section we recover the entropy estimate for which the limit function (v, u, e)(x, t) obtained in the
previous Section 4.4.4 satisfies. Note that the arguments presented in this section can be applied to the
initial data assumed in both (i) and (ii) of Theorem 4.1.1.

Lemma 4.4.8. Let (v, u, e)(x, t) be the function obtained in Lemma 4.4.2, then there exists a constant
C0 > 0 depending only on the initial data such that the following estimate holds:

sup
t∈[0,T ]

∫ ∞

0

{1
2
|u|2 + (γ − 1)ψ(v) + ψ(e)

}
(x, t)dx ≤ C0,∫ T

0

∫ ∞

0

{
κ
r2m|Dxe|2

ve2
+
(
λ+

2µ

n

) |Dx(r
mu)|2

ve
+ 2mµ

v

e

∣∣∣Dx(r
mu)

v
√
n
−
√
n
u

r

∣∣∣2}dxdt ≤ C0,

where ψ(ζ) = ζ − 1− log ζ is a convex function.

Proof. First we set an integer L ∈ N. Since C(a)−1 ≤ ẽk(x, t) ≤ C(a), and ψ(ζ) → ∞ only when ζ → 0+

or ζ → ∞. It follows that for all t ∈ (0, T ] there exists a constant C(a) > 0, such that supk∈N ψ(ẽk) ≤
C(a) ∈ L2(0, L). Moreover, due to the point-wise convergence ẽk → e from Lemma 4.4.2, it follows that
ψ(ẽk(x, t))→ ψ(e)(x, t) for each (x, t) ∈ [0,∞)× [0, T ], hence we can apply Dominated Convergence theorem
to obtain: ∫ L

0
ψ(e)(x, t)dx = lim

k→∞

∫ L

0
ψ(ẽk)(x, t)dx ≤ lim sup

k→∞

∫ k

0
ψ(ek)(x, t)dx ≤ C0,

where we have used the entropy estimate, Theorem 2.3.1(i). Since C0 > 0 is independent of L ∈ N, and
ψ(e) ≥ 0 we use Monotone Convergence theorem to obtain that∫ ∞

0
ψ(e)(x, t)dx = lim

L→∞

∫ L

0
ψ(e)(x, t)dx ≤ C0, for all t ∈ (0, T ].

The proof for ψ(v) and |u|2 follows in the exact same way. Next, we consider the dissipation terms. Fixing an
integer L ∈ N, and Let ϕ ∈ L2

(
[0, T ];L2(0, L)

)
, using the Lemma 4.4.2–4.4.4 and Dominated Convergence

theorem, it follows that as k →∞,∣∣∣ ∫ T

0

∫ L

0

r̃mk Dxẽk

ṽ
1/2
k ẽk

ϕdxdt−
∫ T

0

∫ ∞

0

rmDxe

v1/2e
ϕdxdt

∣∣∣
≤C(a)

(∫ T

0

∫ L

0

∣∣∣ r̃mk

r̃mk ṽ
1/2
k ẽk

− rm

r̃mk v
1/2e

∣∣∣2ϕ2dxdt)1/2
+
∣∣∣ ∫ T

0

∫ L

0

rm

v1/2e
(Dxẽk −Dxe)ϕdxdt

∣∣∣→ 0.

Thus by weak lower semi-continuity of L2–norm, we have∫ T

0

∫ L

0

r2m|Dxe|2

ve2
dxdt ≤ lim inf

k→∞

∫ T

0

∫ L

0

r̃2mk |Dxẽk|2

ṽkẽ
2
k

dxdt ≤ lim inf
k→∞

∫ T

0

∫ k

0

r2mk |Dxek|2

vke
2
k

dxdt ≤ C0.

Since C0 > 0 is independent of L ∈ N, we can apply Monotone Convergence theorem to obtain:∫ T

0

∫ ∞

0

r2m|Dxe|2

ve2
dxdt = lim

L→∞

∫ T

0

∫ L

0

r2m|Dxe|2

ve2
dxdt ≤ C0.

The other two terms in the dissipation estimates can be obtained in the exact same manner.
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4.4.6 Initial and boundary conditions

Next we show that (v, u, e)(x, t) obtained above indeed satisfies the initial and boundary condition.

Lemma 4.4.9. Let (v, u, e)(x, t) be the function obtained in Lemma 4.4.2, then limt→0+(v, u, e)(·, t) exists
in L2(0,∞) and

lim
t→0+

(v, u, e)(x, t) = (v0, u0, e0)(x) for x ∈ [0,∞).

Moreover, the boundary conditions are satisfied as follows

(i) For Theorem 4.1.1(i), the functions t 7→ u(0, t) is well defined in C0((0, T ]) and t 7→ Dxe(0, t) is well
defined in L2(0, T ) such that:

u(0, t) = 0 for all t ∈ (0, T ],

Dxe(0, t) = 0 for a.e. t ∈ (0, T ],

and the following boundary condition in the far field limit also holds:

lim
x→∞

u(x, t) = 0 for all t ∈ (0, T ],

lim
x→∞

Dxe(x, t) = 0 for a.e. t ∈ (0, T ],

(ii) For Theorem 4.1.1(ii), the functions t 7→ (u(0, t), Dxe(0, t)) are well defined continuous functions in
C0([0, T ]) and

u(0, t) = Dxe(0, t) = 0 for all t ∈ (0, T ].

Finally, the following boundary condition in the far field limit also holds:

lim
x→∞

u(x, t) = lim
x→∞

Dxe(x, t) = 0 for all t ∈ (0, T ].

Proof. First from Lemma 4.4.4 or 4.4.6, and the fact that r(x, t) ≥ a for all (x, t) ∈ [0,∞) × [0, T ], the
following regularities holds:

(Dtv,Dtu,Dte) ∈ L2
(
0, T ;L2(0,∞)

)
⊂ L2

(
0, T ;H−1(0,∞)

)
,

and (v, u, e) ∈ L2
(
0, T ;H1(0,∞)

)
.

It follows that (v, u, e) ∈ C0
(
[0, T ];L2(0,∞)

)
, and we conclude that (v, u, e)(·, 0) = limt→0+(v, u, e)(·, t)

exists in L2(0,∞). Next, let ϕ(x) ∈ C1
c (0, L) for some fixed integer L ∈ N then:

(u(·, 0)− u0(·), ϕ)L2 = (u(·, 0)− ũk(·, 0), ϕ)L2 + (ũk(·, 0)− u0(·), ϕ)L2

=
1

T

∫ T

0
(Dtu(·, t)−Dtũk(·, t), ϕ)L2(t− T )dt+

1

T

∫ T

0
(u(·, t)− ũk(·, t), ϕ)L2dt

+ (ũk(·, 0)− u0(·))L2 → 0 as k →∞,

where in the last line, we have used the weak convergence in L2
(
0, T ;L2(0,∞)

)
from Lemma 4.4.4 or 4.4.6,

and Proposition 4.2.2 of Section 4.2. By Fundamental Lemma of Calculus of Variation, it follows the initial
condition: u(x, 0) = u0(x) for almost every x ∈ [0,∞). In the exact same way, we also have e(x, 0) = e0(x)
and v(x, 0) = v0(0) for almost every x ∈ [0,∞).

Next, we show the boundary conditions for Theorem 4.1.1(i). From Lemma 4.4.4, we have

Dtu ∈ L2
(
0, T ;L2(0,∞)

)
, σ1/2u ∈ L2

(
0, T ;H2(0,∞)

)
, σ1/2Dxe ∈ L2

(
0, T ;H1(0,∞)

)
,
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where σ = σ(t) = min{1, t}. Thus by the interpolation theorem, it implies that u ∈ C0
(
[τ, T ];H1(0,∞)

)
for each τ ∈ (0, T ). By Sobolev embedding theorem in 1D, H1(0,∞) ↪−→ C0([0,∞)), we have that u ∈
C0

(
[τ, T ]× [0,∞)

)
, and Dxe ∈ L2

(
τ, T ;C0([0,∞))

)
for each τ ∈ (0, T ). Hence for each τ ∈ (0, T ), u(0, t) =

limx↘0 u(x, t) exists in C0([τ, T ]) and Dxe(0, t) = limx↘0Dxe(x, t) exists in L2(τ, T ). Next, let χ(t) ∈
C1
c ([0, T ]) be a test function, then there exists τ ∈ (0, T ) such that supp(χ) ⊆ [τ, T ]. Since the approximation

solution satisfies the boundary condition ũk(0, t) = 0 for all t ∈ [0, T ], we have:∫ T

0
u(0, t)χ(t)dt =

∫ T

τ
(u(0, t)− ũk(0, t))χ(t)dt

=

∫ T

τ

∫ 1

0
χ(t)(Dxu(x, t)−Dxũk(x, t))(x− 1)dxdt+

∫ T

τ

∫ 1

0
χ(t)(u(x, t)− ũk(x, t))dxdt

→0 as k →∞.

where we used the weak convergence in Lemma 4.4.4, and point-wise convergence in Lemma 4.4.2. Thus,
it follows that u(0, t) = 0 for all t ∈ (0, T ]. By the exact same argument, one can also show Dxe(0, t) = 0
for almost every t ∈ (0, T ). Next, we show the far field behaviour. By Fundamental Theorem of Calculus,
and using the previously proven boundary condition Dxe(0, t) = 0 it follows that for almost every (x, t) ∈
[0,∞)× (0, T ]

|r2mDxe(x, t)| =
∣∣∣ ∫ x

0
Dx(r

2mDxe)(y, t)dy
∣∣∣ = ∣∣∣ ∫ x

0

{
2m

v

r
rmDxe+ r2mD2

xe
}
dy

∣∣∣
≤x1/2

(
4m2

∫ x

0

v2

r2
r2m|Dxe|2(·, t)

)1/2
+ t−1/2x1/2

(∫ x

0
r4mt|D2

xe|2(·, t)
)1/2

≤ C(a)x1/2(1 + t−1/2),

where we have used the estimates obtained in Lemma 4.4.4. Next by the point-wise bound C(a)−1 ≤
v(x, t) ≤ C(a) we have (an +nC(a)−1x)1/n ≤ r(x, t) ≤ (an +nC(a)x)1/n. Combining this with the previous
estimate, it follows that

|Dxe(x, t)| ≤ C(a)(1 + t−1/2)
(
anx−

n
4m + nC(a)−1x

4m−n
4m

)−m/n
.

Since 4m = 4(n − 1) > n for n = 2, 3, we conclude the limit: limx→∞|Dxe(x, t)| = 0 for a.e. t ∈ (0, T ].
Using similar argument one can also show that limx→∞|u(x, t)| = 0 for all t ∈ (0, T ].

For the proof of Theorem 4.1.1(ii), the argument is essentially the same, except that the solution (v, u, e)
satisfies additional regularities. Thus we will skip this part of the proof to avoid repetition.

4.4.7 Strong solution

In this section, we show that the limit function (v, u, e)(x, t) satisfies the equations (1.3.6) point-wise almost
everywhere. We will only present the proof for Theorem 4.1.1(i), since the case for Theorem 4.1.1(ii) can
be argued using exactly the same way.

Lemma 4.4.10. Let (v, u, e)(x, t) be the function obtained in Lemma 4.4.2, then for (x, t) ∈ (0,∞)× (0, T )
almost everywhere, the following equations are satisfied:

Dtv = Dx(r
mu),

Dtu = βrmDx

(Dx(r
mu)

v

)
− (γ − 1)rmDx

(e
v

)
,

Dte = β
Dx(r

mu)

v

(
βDx(r

mu)− (γ − 1)
e

v

)
− 2mµDx(r

m−1u2) + κDx

(r2m
v
Dxe

)
.
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Proof. We start by fixing an integer L ∈ L and letting ϕ ∈ C∞
c ([0, T ]× [0, L]). Then for large enough k ∈ N

such that k ≥ 2L we have from the weak convergence Lemma 4.4.4 and strong convergences Lemma 4.4.2:∫ T

0

∫ L

0
Dtvϕdxdt = lim

k→∞

∫ T

0

∫ L

0
Dtṽkϕdxdt = − lim

k→∞

∫ T

0

∫ L

0
r̃mk ũkDxϕdxdt =

∫ T

0

∫ L

0
Dx(r

mu)ϕdxdt.

Since the integer L > 0 is arbitrary, it follows that Dtv(x, t) = Dx(r
mu)(x, t) for (x, t) ∈ [0,∞) × [0, T ]

almost everywhere. A similar argument can be used to show the point-wise almost everywhere equality of
the momentum equation (1.3.6)2, the only difference is the non-linear elliptic term, which will be shown as
follows:∫ T

0

∫ L

0

1

β

(
Dtu+ rm(γ − 1)Dx

(e
v

))
ϕdxdt = lim

k→∞

∫ T

0

∫ L

0

1

β

(
Dtũk + r̃mk (γ − 1)Dx

( ẽk
ṽk

))
ϕdxdt

=− lim
k→∞

∫ T

0

∫ L

0
mr̃−1

k Dtṽkϕdxdt− lim
k→∞

∫ T

0

∫ L

0
r̃mk ṽ

−1
k DtṽkDxϕdxdt

=−
∫ T

0

∫ L

0
mr−1Dtvϕdxdt−

∫ T

0

∫ L

0
rmv−1DtvDxϕdxdt =

∫ T

0

∫ L

0
rmDx

(Dx(r
mu)

v

)
ϕdxdt,

where in the last line we used Dxr = r−mv from Lemma 4.4.3 and Dtv = Dx(r
mu) proven above. All terms

in the energy equation can be shown using the same argument as above, except for the following non-linear
term in the equations:

lim
k→∞

∫ T

0

∫ L

0

|Dx(r̃
m
k ũk)|2

ṽk
ϕdxdt = lim

k→∞

∫ T

0

∫ L

0

DtṽkDx(r̃
m
k ũk)

ṽk
ϕdxdt

=− lim
k→∞

∫ T

0

∫ L

0

{
r̃mk ũk

ϕ

v
DtDxṽk + r̃mk ũkDtṽkDx

(ϕ
v

)}
dxdt

=−
∫ T

0

∫ L

0

{
rmu

ϕ

v
DtDxv + rmuDtvDx

(ϕ
v

)}
dxdt =

∫ T

0

∫ L

0

|Dx(r
mu)|2

v
ϕdxdt,

where in the last line we again used Dxr = r−mv from Lemma 4.4.3 and Dtv = Dx(r
mu) proven above.

4.4.8 Uniqueness

In this section, we show that the solution (v, u, e)(x, t) obtained in Sections 4.4.2–4.4.7 is unique. We only
present the argument for Theorem 4.1.1(i), since the case for Theorem 4.1.1(ii) is exactly the same. The
uniqueness result is summarised in the following lemma:

Lemma 4.4.11. Let (v, u, e)(x, t) and (ṽ, ũ, ẽ)(x, t) be two solutions for Lemma 4.4.10, and

r(x, t) :=
(
an + n

∫ x

0
v(y, t)dy

)1/n
= r0(x) +

∫ t

0
u(x, s)ds,

r̃(x, t) :=
(
an + n

∫ x

0
ṽ(y, t)dy

)1/n
= r0(x) +

∫ t

0
ũ(x, s)ds.

Then (v, u, e)(x, t) = (ṽ, ũ, ẽ)(x, t) for (x, t) ∈ [0,∞)× [0, T ] almost everywhere.

Proof. Define (V,U,E)(x, t) ≡ (v − ṽ, u − ũ, e − ẽ)(x, t), then it satisfies the following system for (x, t) ∈
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[0,∞)× [0, T ] almost everywhere:

DtV =Dx(r
mU) +Dx{(rm − r̃m)ũ},

DtU =βrmDx

{Dx(r
mU)

v
+
Dx{(rm − r̃m)ũ}

v
− V Dx(r̃

mũ)

vṽ

}
+ (rm − r̃m)

Dtũ

r̃m
− (γ − 1)rmDx

{E
v
− ẽV

vṽ

}
,

DtE =κDx

{r2m
v
DxE +

r2m − r̃2m

v
Dxẽ−

r̃2mV

vṽ
Dxẽ

}
− β |Dx(r

mu)|2V
vṽ

+
β

ṽ

{
Dx{(rm − r̃m)u}+Dx(r̃

mU)
}
·
{
Dx(r

mu) +Dx(r̃
mũ)

}
− (γ − 1)

Dx(r
mu)

v

{
E − ẽV

ṽ

}
− (γ − 1)

ẽ

ṽ

{
Dx{(rm − r̃m)u}+Dx(r̃

mU)
}

− 2µmDx

{
(rm−1 − r̃m−1)u2 + r̃m−1(u+ ũ)U

}
.

(4.4.5)

Multiplying r−2mV on both sides of (4.4.5)1, integrating in (x, t) ∈ [0,∞)×[0, T ], and using Cauchy-Schwartz
inequality, we have

1

2

∫ ∞

0
r−2m|V |2(x, t)dx ≤β

8

∫ t

0

∫ ∞

0

|DxU |2

v
dx+ C(a)

∫ t

0
s

∫ s

0
∥ U
rm

(·, τ)∥2L2dτds+

+ C(a)

∫ t

0
s sup
y∈[0,∞)

|r̃mDxũ|2(y, s)
∫ s

0
∥ U
rm

(·, τ)∥2L2dτ + C(a)

∫ t

0

∫ ∞

0

|V |2

r2m
dx.

Taking supremum over s ∈ [0, t], it follows that

sup
0≤s≤t

∥r−mV (·, s)∥2L2 −
β

8

∫ t

0
∥DxU

v1/2
(·, s)∥2L2ds

≤C(a)
∫ t

0

{
s2 + s2∥r̃mDxũ(·, s)∥2L∞

}
sup

0≤τ≤s
∥r−mU(·, τ)∥2L2ds+ C(a)

∫ t

0
sup

0≤τ≤s
∥r−mV (·, τ)∥2L2ds.

(4.4.6)

Next, multiplying r−2mU to (4.4.5)2, integrating in (x, t) ∈ [0,∞)× [0, T ], we have

sup
0≤s≤t

∥r−mU(·, s)∥2L2 +
β

2

∫ t

0
∥DxU

v1/2
(·, s)∥2L2ds

≤B∞ − B0 + C(a)

∫ t

0
sup

0≤τ≤s
∥(r−mV, r−mU, r−mE)(·, τ)∥2L2ds+

+ C(a)

∫ t

0
∥Dx(r̃

mũ)(·, s)∥2L∞ sup
0≤τ≤s

∥r−mV (·, τ)∥2L2ds+

+ C(a)

∫ t

0

{
s∥r̃mDxũ(·, s)∥2L∞ + s2∥Dtũ(·, s)∥2L∞

}
sup

0≤τ≤s
∥r−mU(·, τ)∥2L2ds

(4.4.7)

where Bz for z = 0,∞ are the boundary limit giving by:

Bz :=β lim
x→z

∫ t

0

U

rm

{Dx(r
mU)

v
+
Dx{(rm − r̃m)ũ}

v
− V Dx(r̃

mũ)

vṽ
− (γ − 1)

(E
v
− ẽV

vṽ

)}
(x, s)ds.

It follows from the boundary condition Lemma 4.4.9 that we have B0 = 0. To deal with B∞, we first note
that from Corollary 4.4.2:∫ t

0
∥Dx(r

mu)(·, s)∥L∞ds ≤
∫ t

0

{
1 + ∥Dx(r

mu)(·, s)∥2L∞
}
ds ≤ C(a) <∞

175



Thus Dx(r
mu)(x, t) < ∞ for (x, t) ∈ [0,∞) × [0, T ] almost everywhere. Moreover, from the boundary

condition, Lemma 4.4.9, we have limx→∞ u(x, t) = 0 for all t ∈ [0, T ]. Thus it follows that

lim
x→∞

u

rm
Dx(r

mu)

v
(x, s) = 0 for (x, s) ∈ [0,∞)× [0, T ] almost everywhere,

and | u
rm

Dx(r
mu)

v
(x, s)| ≤ C(a)∥Dx(r

mu)(·, s)∥L∞ ∈ L1(0, T ).

Thus by Dominated Convergence theorem, it follows that

lim
x→∞

∫ t

0

u

rm
Dx(r

mu)

v
(x, s)ds = 0.

In similar manner, one can also prove the above convergence with other terms in B∞ and it can be shown
that B∞ = 0.

Next, multiplying r−2mE to the equation (4.4.5)3, integrating in (x, t) ∈ [0,∞)× [0, T ], it follows that:

sup
0≤s≤t

∥r−mE(·, s)∥2L2 +
κ

2

∫ t

0

∫ ∞

0

|DxE|2

v
dxds+

β

4

∫ t

0

∫ ∞

0

|DxU |2

v
dxds

≤B̃∞ − B̃0 + C(a)

∫ t

0

{
1 + ∥Dx(r

mu)∥2L∞ + ∥r̃mDxẽ∥2L∞
}
(s) sup

0≤τ≤s
∥r−mV (·, τ)∥2L2ds

+ C(a)

∫ t

0

{
1 + ∥Dx(r

mu)∥2L∞ + ∥Dx(r̃
mũ)∥2L∞

}
(s) sup

0≤τ≤s
∥r−mE(·, τ)∥2L2ds

+ C(a)

∫ t

0

{
s+ s∥r̃mDxẽ∥2L∞ + s∥rmDxu∥2L∞

}
(s) sup

0≤τ≤s
∥r−mU(·, τ)∥2L2dτ.

(4.4.8)

where the boundary terms B̃z are given by:

B̃z :=κ lim
x→z

∫ t

0

E

r2m

{r2m
v
DxE +

r2m − r̃2m

v
Dxẽ−

r̃2mDxẽ

vṽ
V
}
(x, s)ds

− 2mµ lim
x→z

∫ t

0

E

r2m

{
(rm−1 − r̃m−1)u2 + r̃m−1(u+ ũ)U

}
(x, s)ds

By a similar process used for the previous terms B0 = B∞ = 0, but using instead the boundary conditions
Dxe(0, t) = Dxẽ(0, t) = 0 and limx→∞Dxe(x, t) = limx→∞Dxẽ(x, t) = 0, it can be shown with Lemma 4.4.9
and Corollary 4.4.2 that B̃∞ = B̃0 = 0.

Combining (4.4.6), (4.4.7), and (4.4.8), we obtain the estimate:

sup
0≤s≤t

∥
( V
rm

,
U

rm
,
E

rm

)
(·, s)∥2L2 +

1

8

∫ t

0

∫ ∞

0

{
β
|DxU |2

v
+ κ
|DxE|2

v

}
dxds

≤
∫ t

0
h(s) sup

0≤τ≤s
∥
( V
rm

,
U

rm
,
E

rm

)
(·, τ)∥2L2ds,

(4.4.9)

where

h(t) :=C(a)
{
1 + ∥rmDxu(·, t)∥2L∞ + ∥r̃mDxũ(·, t)∥2L∞ + ∥r̃mDxẽ(·, t)∥2L∞ + t∥Dtũ(·, t)∥2L∞

}
.

In light of Corollary 4.4.2, we have that
∫ T
0 h(t)dt ≤ C(a). Applying Grönwall inequality to (4.4.9) and

from the above we have

sup
0≤t≤T

∥
( V
rm

,
U

rm
,
E

rm

)
(·, t)∥2L2 = 0.

Since r(x, t) ≥ a > 0, it follows that V = U = E = 0 in L∞(
0, T ;L2(0,∞)

)
. Therefore we conclude that

v(x, t) = ṽ(x, t), u(x, t) = ũ(x, t), and e(x, t) = ẽ(x, t) for (x, t) ∈ [0,∞)× [0, T ] almost everywhere.

176



4.5 Limit as a↘ 0

We wish to construct a solution in the Lagrangian domain (x, t) ∈ [0,∞)× [0, T ] without any dependence in
a ∈ (0, 1), using Theorem 4.1.1(i). In order to do this, the initial data (v0, u0, e0)(x) given in Theorem 4.1.2 is
first truncated near the origin with parameter a ∈ (0, 1), such that the resulting function (v0a, u

0
a, e

0
a)(x) sat-

isfies the assumption of Theorem 4.1.1(i). From this, a collection of strong solutions {(va, ua, ea)(x, t)}a∈(0,1)
is obtained such that one can apply compactness argument in the limit a↘ 0.

4.5.1 Truncation of initial data near the origin

In this section, we provide the procedure for truncating the initial data given in Theorem 4.1.2 with pa-
rameter a ∈ (0, 1). First, we denote ηa := an > 0. Consider the smooth cut-off function ϕ(x) ∈ C∞([0,∞))
given by ϕ(x) = 0 for x ∈ [0, 1/2] and ϕ(x) = 1 for x ∈ [1,∞). We set ϕa(x) := ϕ(x/ηa). Then

|Dxϕa(x)| ≤ η−1
a |ϕ′

( x
ηa

)
| ≤ Ca−n for all x ∈ [0,∞), where C ≡ sup

y∈[0,∞)
|ϕ′(y)|. (4.5.1)

Next, let (v0, u0, e0)(x) be the initial data given in Theorem 4.1.2. We modify this solution as follows:

v0a(x) := (v0(x)− 1)ϕa(x) + 1,

u0a(x) := u0(x)ϕa(x),

e0a(x) := (e0(x)− 1)ϕa(x) + 1,

r0a(x) :=
(
an + n

∫ x

0
v0a(y)dy

) 1
n
,

for x ∈ [0,∞) (4.5.2)

The next proposition shows that for each a ∈ (0, 1), the approximate solution (v0a, u
0
a, e

0
a) constructed above

preserves the r0a weighted H1(0,∞) norm, and it also converges to the original initial data (v0, u0, e0) in the
L2 sense.

Proposition 4.5.1. Let (v0a, u
0
a, e

0
a, r

0
a)(x) be the functions defined in (4.5.2), then as a ↘ 0 we have the

convergence: {
(v0a, u

0
a, e

0
a, r

0
a)(x)→ (v0, u0, e0, r0)(x) for each x ∈ (0,∞),

(v0a − 1, |u0a|2, e0a − 1)→ (v0 − 1, |u0|2, e0 − 1) strongly in L2(0,∞).

Moreover, there exists C̃(C0, n) > 0 independent of a ∈ (0, 1) such that

u0a(0) = Dxe
0
a(0) = 0,

min{1, C−1
0 } ≤ v

0
a(x), e

0
a(x) ≤ max{1, C0} for x ∈ [0,∞),

sup
a∈(0,1)

|u0a(x)| ≤ C0 for x ∈ [0,∞),

sup
a∈(0,1)

∫ ∞

0

{
|v0a − 1|2 + |u0a|4 + |e0a − 1|2

}
(x)dx ≤ C0,

sup
a∈(0,1)

∫ ∞

0
(r0a)

2m
{
|Dxv

0
a|2 + |Dxu

0
a|2 + |Dxe

0
a|2

}
(x)dx ≤ C̃(C0, n).
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Proof. With the construction given in (4.5.2), one can immediately see that the following holds

u0a(0) = Dxe
0
a(0) = 0,

min{1, C−1
0 } ≤ v

0
a(x), e

0
a(x) ≤ max{1, C0} for x ∈ [0,∞),

sup
a∈(0,1)

|u0a(x)| ≤ C0 for x ∈ [0,∞),

sup
a∈(0,1)

∫ ∞

0

{
|v0a − 1|2 + |u0a|4 + |e0a − 1|2

}
(x)dx ≤ C0.

Thus we mainly focus on the convergence results and the r0a weighted estimates. By construction, we have
ϕa(x) → 1 as a ↘ 0 for all x ∈ (0,∞). This immediately implies that (v0a, u

0
a, e

0
a)(x) → (v0, u0, e0)(x) as

a↘ 0 for all x ∈ (0,∞). Next, since supa∈(0,1) v
0
a(x) ≤ max{1, C0}, we have from Dominated Convergence

theorem that

lim
a→0+

r0a(x) = lim
a↘0

(
an + n

∫ x

0
v0a(y)dy

)1/n
=

(
n

∫ x

0
v0(y)dy

)1/n
= r0(x) for x ∈ [0,∞).

Furthermore, since for all x ∈ [0,∞) we have:

|(v0a(x)− 1)− (v0(x)− 1)|2 = |(ϕa(x)− 1)(v0(x)− 1)|2,
(|u0a(x)|2 − |u0(x)|2)2 = |(ϕa(x) + 1)(ϕa(x)− 1)| · |u0(x)|2,
|(e0a(x)− 1)− (e0(x)− 1)|2 = |(ϕa(x)− 1)(e0(x)− 1)|2.

Noting once again that ϕa(x)→ 1 for all x ∈ (0,∞) as a↘ 0, and (v0− 1, |u0|2, e0− 1) ∈ L2(0,∞), we have
by Dominated Convergence theorem that

(v0a − 1, |u0a|2, e0a − 1)→ (v0 − 1, |u0|2, e0 − 1) as a↘ 0 strongly in L2(0,∞).

Next we show the r0a weighted L2 integrability of (Dxv
0
a, Dxu

0
a, Dxe

0
a). From the construction, we have that

Dxv
0
a(x) = Dx((v0(x)− 1)ϕa(x) + 1) = (v0(x)− 1)Dxϕa(x) + ϕa(x)Dxv0(x).

Using the bound C−1
0 ≤ v0(x) ≤ C0 and min{1, C−1

0 } ≤ v0a(x) ≤ max{1, C0}, we have that for all x ∈
[ηa/2,∞), with ηa ≡ an

r0a(x)

r0(x)
≤

(an + nmax{1, C0}x
nC−1

0 x

)1/n
≤ C1/n

0

( 2

n
+max{1, C0}

)1/n
.

Moreover we also have that for x ∈ supp(Dxϕa) ⊆ [ηa/2, ηa] :

(r0a(x))
2m ≤ (an + nmax{1, C0}ηa)2m/n =

(
1 + C0max{1, C0}

)2m/n
a2m.

Combining with the estimate for Dxϕa, it follows that from the construction (4.5.1) that∫ ∞

0
(r0a(x))

2m|Dxϕa(x)|2dx ≤ (1 + C0max{1, C0})2m/na2mCa−2n

∫ ηa

ηa/2
dx

=C(1 + C0max{1, C0})2m/na−2 ηa
2

=
C

2
(1 + C0max{1, C0})2m/nan−2 ≤ C

2
(1 + C0max{1, C0})2m/n,

since a ∈ (0, 1), and n− 2 > 0 for n = 2, 3. Using these inequality, we have that∫ ∞

0
(r0a)

2m|Dxu
0
a|2(x)dx ≤ 2 sup

x∈[0,∞)
|u0(x)|2

∫ ∞

0
|r0a(x)|2m|Dxϕa(x)|2dx+ 2C0

∫ ∞

0
r2m0 |Dxu0|2(x)dx

≤CC2
0 (1 + C0max{1, C0})2m/n + 2C0 := C̃(C0, n).
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With the same argument, using v0(x) ≤ C0 and e0(x) ≤ C0 for x ∈ [0,∞), we can also obtain:∫ ∞

0
(r0a)

2m
{
|Dxv

0
a|2 + |Dxe

0
a|2

}
(x)dx ≤ C̃(C0, n).

For each a ∈ (0, 1), we denote (v0a, u
0
a, e

0
a)(x) and r

0
a(x) be the approximate initial data constructed above.

Then Theorem 4.1.1(i) combined with Proposition 4.5.1 guarantees the existence of a unique global-in-time
strong solution (va, ua, ea)(x, t) and ra(x, t) in the domain (x, t) ∈ [a,∞)× [0, T ], where we also have

ra(x, t) =
(
an + n

∫ x

0
va(y, t)dy

)1/n
= r0a(x) +

∫ t

0
ua(x, s)ds with r0a(x) :=

(
an + n

∫ x

0
v0a(y)dy

)1/n
.

4.5.2 Strong convergence

In light of Lemma 4.4.5, we have the following estimates

Lemma 4.5.1. Let (va, ua, ea)(x, t) and (x, t) 7→ ra(x, t) be the functions obtained in Theorem 4.1.1(i).
Then, for each ε ∈ (0, 1] there exists a constant C(ε) = C(ε, T, C0) > 0 independent of a ∈ (0, 1) such that:

sup
0≤t≤T

∫ ∞

ε

{
H1[va, ua, ea, ra] +H1[va, ua, ea, 1]

}
(x, t)dx ≤ C(ε),

sup
t∈[0,T ]

∫ ∞

ε

{
|Dtva|2 + σ(t)|Dtua|2 + σ(t)|Dtea|2

}
dx ≤ C(ε),∫ T

0

∫ ∞

ε
r2ma

{
|DtDxva|2 + σ(t)|DtDxua|2 + σ(t)|DtDxea|2

}
(x, t)dxdt ≤ C(ε),∫ T

0

∫ ∞

ε

{
|DtDxva|2 + σ(t)|DtDxua|2 + σ(t)|DtDxea|2

}
(x, t)dxdt ≤ C(ε),

where the term H1 is defined as

H1[v, u, e, ζ](x, t) :=
{
|v − 1|2 + ζ2m|Dxv|2 + |u|4 + ζ2m|Dxu|2 + σζ4m|D2

xu|2
}
(x, t)

+
{
|e− 1|2 + ζ2m|Dxe|2 + σζ4m|D2

xe|2
}
(x, t),

with σ = σ(t) ≡ min{1, t}.

Proof. Let ψ−(·) be the left inverse of the convex function ψ(ζ) = ζ − 1 − log ζ, one can verify that for
each constant C0 > 0, the function x 7→ xψ−1

− (C0/x) is a monotone increasing map from [0,∞) unto [0,∞).
Using this and Lemma 4.4.3, it follows that C(ε)−1 = nεψ−(C0/ε) ≤ ra(x, t) for all (x, t) ∈ [ε,∞) × [0, T ].
Combining this with Lemma 4.4.5, we have∫ T

0

∫ ∞

ε

{
|DtDxva|2 + t|DtDxua|2 + t|DtDxea|2

}
(x, t)dxdt

≤C(ε)2m
∫ T

0

∫ ∞

ε
r2ma

{
|DtDxva|2 + t|DtDxua|2 + t|DtDxea|2

}
(x, t)dxdt ≤ C(ε).

the estimates for H1 can be obtained in the similar way. This concludes the proof of this lemma.
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Proposition 4.5.2. For each fixed ε ∈ (0, 1], there exists a constant C(ε) = C(ε, T, C0) > 0 independent of
a ∈ (0, 1) such that for all (x1, x2, t) ∈ [ε,∞)2 × (0, T ],

sup
a∈(0,1)

|va(x1, t)− va(x2, t)| ≤ C(ε)|x1 − x2|1/2,

sup
a∈(0,1)

|ua(x1, t)− ua(x2, t)| ≤ C(ε)|x1 − x2|1/2,

sup
a∈(0,1)

|ea(x1, t)− ea(x2, t)| ≤ C(ε)|x1 − x2|1/2,

and for all t1 < t2 ∈ (0, T ] and x ∈ [ε,∞),

sup
a∈(0,1)

|va(x, t1)− va(x, t2)| ≤ C(ε)|t1 − t2|1/4,

sup
a∈(0,1)

|ua(x, t1)− ua(x, t2)| ≤ C(ε)|t1 − t2|1/4,

sup
a∈(0,1)

|ea(x, t1)− ea(x, t2)| ≤ C(ε)|t1 − t2|1/4.

Proof. We only present the proof for va as the cases for ua, ea follows in the exact same way. By Fundamental
Theorem of Calculus, and estimates from Lemma 4.5.1, we have for all x1, x2 ∈ [ε,∞) and a ∈ (0, 1):

|va(x2, t)− va(x1, t)| ≤ |x2 − x1|1/2
(∫ ∞

ε
|Dxva|2(x, t)dx

)1/2
≤ C(ε)|x2 − x1|1/2.

Next, we show the Hölder continuity in time. First we fix a triplet (x, t1, t2) ∈ [ε,∞) × (0, T ]2 such that
0 < t1 < t2. It follows from Mean Value theorem that

1

h

∫ x+h

x
|va(y, t1)− va(y, t2)|dy = |va(z, t1)− va(z, t2)| for some z ∈ (x, x+ h).

Next using triangular inequality, and the Fundamental Theorem of Calculus, we have:

|va(x, t1)− va(x, t2)| − |va(z, t1)− va(z, t2)| ≤ h1/2
2∑

i=1

(∫ ∞

ε
|Dxva(y, ti)|2dy

)1/2
≤ C(ε)h1/2.

Thus combining with the previous assertion, the following inequality holds:

|va(x, t1)− va(x, t2)| ≤ C(ε)h1/2 +
1

h

∫ x+h

x

∫ t2

t1

|Dtva(ζ, t)|dtdζ

≤C(ε)h1/2 + h−1/2|t2 − t1|1/2
(∫ T

0

∫ ∞

ε
|Dtva(y, t)|dydt

)1/2
≤ C(ε)|t2 − t1|1/4.

In summary, we have the inequality:

sup
a∈(0,1)

|va(x2, t)− va(x1, t)| ≤ C(ε)|x2 − x1|1/2 for all t ∈ [0, T ] and x1, x2 ∈ [ε,∞),

sup
a∈(0,1)

|va(x, t2)− va(x, t1)| ≤ C(ε)|t2 − t1|1/4 for all x ∈ [ε,∞) and t1 < t2 ∈ [0, T ].
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Lemma 4.5.2. Let {(va, ua, ea)}a∈(0,1) be the collection of solutions obtained in Theorem 4.1.1(i). Then
there exists a locally continuous function (v, u, e) : (0,∞)× [0, T ]→ (0,∞)×R× (0,∞), and a subsequence
{aj}j∈N with aj → 0 as j →∞ such that for each compact subset K ⊂⊂ [0,∞)× [0, T ]:

lim
j→∞

sup
(x,t)∈K

|(vaj − v, uaj − u, eaj − e)(x, t)| = 0

Proof. We only present the proof for v(x, t) as the cases for u(x, t), e(x, t) follows in a similar manner. First
fix an integer L ∈ N, and we set the compact subset KL := [L−1, L] × [0, T ]. From Proposition 4.5.2, we
have

sup
a∈(0,1)

|va(x2, t)− va(x1, t)| ≤ C(L−1)|x2 − x1|1/2 for all t ∈ [0, T ] and x1, x2 ∈ [L−1, L],

sup
a∈(0,1)

|va(x, t2)− va(x, t1)| ≤ C(L−1)|t2 − t1|1/4 for all x ∈ [L−1, L] and t1 < t2 ∈ [0, T ].

Moreover, for each L ∈ N, from Theorem 4.1.1, supa∈(0,1) sup(x,t)∈KL
va(x, t) ≤ C(L−1) for some constant

C(L−1) independent of a ∈ (0, 1). Since KL ⊂ KL+1, Int(KL) ̸= ∅, and (0,∞) × [0, T ] = ∪L∈NKL, by
Proposition A.0.1 from Appendix A, there exists a continuous function v(x, t) : (0,∞)× [0, T ]→ (0,∞) and
a further subsequence, still denoted as aj ↘ 0 such that

lim
j→∞

sup
(x,t)∈K

|vaj (x, t)− v(x, t)| = 0 for all compact subset K ⊂⊂ (0,∞)× [0, T ].

Using the above uniform convergence with Proposition 4.5.2, it follows that

|v(x2, t)− v(x1, t)| ≤ C(ε)|x2 − x1|1/2 for all t ∈ [0, T ] and x1, x2 ∈ [ε,∞),

|v(x, t2)− v(x, t1)| ≤ C(ε)|t2 − t1|1/4 for all x ∈ [ε,∞) and t1 < t2 ∈ [0, T ].

Finally we remark that for the proof of u(x, t) and e(x, t), the argument follows exactly the same.

From Theorem 4.1.1, it follows that for each ε ∈ (0, 1] there exists constants C(ε) = C(ε, T, C0) > 0
independent of a ∈ (0, 1) such that C(ε) ≤ supa∈(0,1) va(x, t) ≤ C(ε), supa∈(0,1)|ua(x, t)| ≤ C(ε), and
supa∈(0,1) ea(x, t) ≤ C(ε) for all (x, t) ∈ [ε,∞) × [0, T ] Combining this result with Lemma 4.5.2, we also
obtain the following:

Corollary 4.5.1. Let (v, u, e) be the function obtained in Lemma 4.5.2, then for each ε ∈ (0, 1], there
exists a constant C(ε) = C(ε, T, C0) > 0 which are independent of both a ∈ (0, 1) such that for all (x, t) ∈
[ε,∞)× [0, T ]

C(ε)−1 ≤ v(x, t) ≤ C(ε) |u(x, t)| ≤ C(ε) e(x, t) ≤ C(ε),

4.5.3 Construction of particle path function

Lemma 4.5.3. Let (v, u, e)(x, t) and (vaj , uaj , eaj )j∈N be the function and subsequence obtained in Lemma

4.5.2. If we define r(x, t) := r0(x) +
∫ t
0 u(x, s)ds with r0(x) = (n

∫ x
0 v0(y)dy)

1/n, then

lim
j→∞

raj (x, t) = r(x, t) for all (x, t) ∈ (0,∞)× [0, T ].

In addition, r(x, t) satisfies the following bound:

nxψ−1
−

(C0

x

)
≤ rn(x, t) ≤ nxψ−1

+

(C0

x

)
∀(x, t) ∈ (0,∞)× [0, T ],

where C0 > 0 is a constant depending only on the initial data, and ψ−1
− (·), ψ−1

+ (·) are respectively the left
and right branch inverse of the convex function ψ(ζ) = ζ − log ζ − 1.
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Proof. Let (x, t) ∈ (0,∞) × [0, T ], then there exists ε > 0 such that x ≥ ε. From Lemma 4.5.2, it follows
that ua(x, s)→ u(x, s) for all s ∈ [0, T ]. Moreover, from Theorem 4.1.1, we also have the bound ua(x, s) ≤
C(ε) ∈ L1([0, T ]). Hence using Dominated Convergence theorem, it follows that

lim
j→∞

raj (x, t) = lim
j→∞

r0a(x) + lim
j→∞

∫ t

0
uaj (x, s)ds = lim

j→∞
r0a(x) +

∫ t

0
u(x, s)ds,

where we used Proposition 4.5.1 with lima→0+ r
0
a(x) = r0(x). This proves the first assertion. Next, recall

from Lemma 4.4.3, we have

an + nxψ−1
−

(C0

x

)
≤ (ra(x, t))

n ≤ an + nxψ−1
+

(C0

x

)
for all (x, t) ∈ [0,∞)× [0, T ],

Thus, combining with the above convergence, we have

nxψ−1
−

(C0

x

)
≤ (r(x, t))n ≤ nxψ−1

+

(C0

x

)
for all (x, t) ∈ (0,∞)× [0, T ].

4.5.4 Weak derivatives and weak convergence

Lemma 4.5.4. Let (v, u, e)(x, t), (x, t) 7→ r(x, t), and (vaj , uaj , eaj )j∈N be the functions and sequence ob-
tained in Lemma 4.5.2-4.5.3. Then the weak derivatives:

(Dv,Du,De) for D ∈ {Dt, Dx}, and (DxDtv,DxDtu,DxDte)

exists in L2
loc((0,∞) × (0, T ]), and there exists a further subsequence still denoted as (vaj , uaj , eaj )j∈N such

that For each fixed ε ∈ (0, 1] we have the following weak star convergence as j →∞
(Dxvaj , Dxuaj , Dxeaj )

∗
⇀ (Dxv,Dxu,Dxe),

(Dtvaj , σ
1/2Dtuaj , σ

1/2Dteaj )
∗
⇀ (Dtv, σ

1/2Dtu, σ
1/2Dte),

(σ1/2D2
xuaj , σ

1/2D2
xeaj )

∗
⇀ (σ1/2D2

xu, σ
1/2D2

xe),

in L∞(
0, T ;L2(0,∞)

)
,

where σ = min{1, t}, and the following weak convergence holds in L2
(
0, T ;L2(0,∞)

)
:

(Dxuaj , Dxeaj )⇀ (Dxu,Dxe),

(Dtvaj , Dtuaj , Dteaj )⇀ (Dtv,Dtu,Dte),

(DxDtvaj , σ
1/2DxDtuaj , σ

1/2DxDteaj )⇀ (DxDtv, σ
1/2DxDtu, σ

1/2DxDte),

Moreover, for each ε ∈ (0, 1], there exists a constant C(ε) = C(ε, T, C0) > 0 such that:
sup

0≤t≤T

∫ ∞

ε

{
H1[v, u, e, r] + |Dtv|2 + σ|Dtu|2 + σ|Dte|2

}
(x, t)dx ≤ C(ε),∫ T

0

∫ ∞

ε

{
r2m|DtDxv|2 + σr2m|DtDxu|2 + σr2m|DtDxe|2

}
(x, t)dxdt ≤ C(ε).

Proof. For the weak and weak star convergences, we only show the proof for DtDxeaj as the other cases can
be shown using exactly the same method. Assume we have already shown that the weak derivatives Dte
and Dxe exists, our aim is then to show DxDte exists. First, fixing a εN = N−1 ∈ (0, 1] for each N ∈ N,
from Lemma 4.5.1, we have ∫ T

0

∫ ∞

εN

σ(t)|DtDxeaj |2dx ≤ C(ε) <∞.
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Thus there exists a further subsequence a
(N)
j → 0 as j such that

σ1/2DtDxea(N)
j

⇀ f (N) as j →∞ weakly in L2
(
[0, T ];L2(εN ,∞)

)
,

for some f (N) ∈ L2([0, T ] × [εN ,∞)). Now we inductively construct a chain of sequence {a(N+1)
j }j∈N ⊆

{a(N)
j }j∈N for each N ∈ N, such that a

(N)
j → 0+ as j → ∞, and a countable collection of functions

{f (N)}N∈N. If we redefine {aj}j∈N to be the diagonal sequence: aj := a
(j)
j then it follows that

σ1/2DtDxeaj ⇀ f (N) as j →∞ weakly in L2
(
0, T ;L2([εN ,∞))

)
for all N ∈ N.

Applying the Fundamental Lemma of Calculus of Variation, one can verify that if M ≥ N then f (M)(x, t) =
f (N)(x, t) for (x, t) ∈ [εN ,∞)× (0, T ] almost everywhere. Now we redefine f (N)(x, t) to the whole domain:
(x, t) ∈ (0,∞)× (0, T ] for each N ∈ N as follows:

f (N)(x, t) :=

{
f (N)(x, t) if (x, t) ∈ [εN ,∞)× (0, T ],

0 if (x, t) ∈ (0,∞)× (0, T ]\[εN ,∞)× (0, T ],

and using this we define

gM (x, t) := f (1)(x, t) +
M∑
i=1

(
f (M+1)(x, t)− f (M)(x, t)

)
, for a.e. (x, t) ∈ (0,∞)× (0, T ].

For a given (x, t) ∈ (0,∞)× (0, T ], there exists N ∈ N such that εN ≤ x, and x < εN−1 thus with this point
it follows from the previous uniqueness result that gM (x, t) = f (N)(x, t) for all M ≥ N . Thus the function:

g(x, t) = lim
M→∞

gM (x, t) is well-defined for almost every (x, t) ∈ (0,∞)× (0, T ].

And by construction, we have that g ∈ L2
loc((0,∞)× (0, T ]) and

σ1/2DtDxeaj ⇀ g as j →∞ weakly in L2
(
0, T ;L2(ε,∞)

)
for all ε ∈ (0, 1]. (4.5.3)

Next, taking the test function ϕ ∈ C∞
c ((0,∞)× (0, T ]), then t−1/2ϕ ∈ C∞

c ((0,∞)× (0, T ]) and we get:∫ T

0

∫ ∞

0
t−1/2ϕt1/2DxDteajdxdt = −

∫ T

0

∫ ∞

0
DteajDxϕdxdt =

∫ T

0

∫ ∞

0
eajDtDxϕdxdt.

Taking limit j →∞ on both sides, using (4.5.3) and Lemma 4.5.2, we have∫ T

0

∫ ∞

0
ϕt−1/2gdxdt =

∫ T

0

∫ ∞

0
eDtDxϕdxdt

It follows that the weak derivative exists and t1/2DtDxe(x, t) = g(x, t) for a.e. (x, t) ∈ (0,∞)× (0, T ]. Next,
fixing an integer L ∈ N, it follows from Lemma 4.4.3 and 4.5.3 that

raj (x, t), r(x, t) ≤
(
1 + nxψ−1

+

(C0

x

))1/n
≤

(
1 + nLψ−1

+

(C0

L

))1/n
≤ C(L) <∞,

raj (x, t), r(x, t) ≥
(
nxψ−1

+

(C0

x

))1/n
≥

(
nεψ−1

+

(C0

ε

))1/n
≥ C(ε)−1 > 0.

(4.5.4)
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If ξ ∈ L2
(
0, T ;L2(ε, L)

)
, then rmξ ∈ L2

(
0, T ;L2(0, L)

)
and we have∣∣∣ ∫ T

0

∫ L

ε
rmajσ

1/2DxDteajξdxdt−
∫ T

0

∫ L

ε
rmσ1/2DxDteξdxdt

∣∣∣
≤C(ε)

(∫ T

0

∫ L

ε
|rmaj − r

m|2|ξ|2dxdt
)1/2

+
∣∣∣ ∫ T

0

∫ L

ε
rmξ

(
σ1/2DxDteaj − σ1/2DxDte

)
dxdt

∣∣∣.
Due to the bounds (4.5.4) and point-wise convergence raj (x, t) → r(x, t) from Lemma 4.5.3, one can use
Dominated Convergence theorem to obtain:

lim
j→∞

(∫ T

0

∫ L

ε
|rmaj − r

m|2|ξ|2dxdt
)1/2

= 0.

Using the weak convergence (4.5.3), we also have

lim
j→∞

∣∣∣ ∫ T

0

∫ L

ε
rmξ

(
σ1/2DxDteaj − σ1/2DxDte

)
dxdt

∣∣∣ = 0.

Hence we have just proved that σ1/2rmajDxDteaj ⇀ σ1/2rmDxDte as j →∞ weakly in L2
(
0, T ;L2(ε, L)

)
for

each L ∈ N. By the weak lower semi-continuity of the Sobolev norms, we have∫ T

0

∫ L

ε
tr2m|DxDte|2(x, t)dxdt ≤ lim inf

j→∞

∫ T

0

∫ L

ε
tr2maj |DxDteaj |2(x, t)dxdt ≤ C(ε).

Since C(ε) > 0 is independent of L ∈ N, applying Monotone Convergence theorem, it follows that∫ T

0

∫ ∞

ε
tr2m|DxDte|2(x, t)dxdt = lim

L→∞

∫ T

0

∫ L

ε
tr2m|DxDte|2(x, t)dxdt ≤ C(ε).

4.5.5 Entropy estimates

Lemma 4.5.5. Let (v, u, e)(x, t) be the function obtained in Lemma 4.5.2, then there exists a constant
C0 > 0 depending only on the initial data such that the following estimate holds:

sup
t∈[0,T ]

∫ ∞

0

{1
2
|u|2 + (γ − 1)ψ(v)

}
(x, t)dx ≤ C0,

where ψ(ζ) = ζ − 1− log ζ is a convex function.

Proof. First we set an integer L ∈ N and a quantity ε ∈ (0, 1]. Since C(ε)−1 ≤ supj∈N vaj (x, t) ≤ C(ε)
for (x, t) ∈ [ε,∞) × [0, T ], and ψ(ζ) → ∞ only when ζ → 0+ or ζ → ∞. It follows that for all t ∈ (0, T ],
supj∈N ψ(vaj ) ≤ C(ε) ∈ L1(ε, L). Moreover, due to the point-wise convergence vaj → v from Lemma 4.5.2,
it follows that ψ(vaj )(x, t) → ψ(v)(x, t) for each (x, t) ∈ [ε, L] × [0, T ], hence we can apply Dominated
Convergence theorem to obtain:∫ L

ε
ψ(v)(x, t)dx = lim

j→∞

∫ L

ε
ψ(vaj )(x, t)dx ≤ lim sup

j→∞

∫ ∞

0
ψ(vaj )(x, t)dx ≤ C0,

where we have used the entropy estimate from Theorem 4.1.1. Since C0 > 0 is independent of L ∈ N and
ε ∈ (0, 1], taking ε ≡ L−1 and the fact that ψ(v) ≥ 0 we use Monotone Convergence theorem to obtain that∫ ∞

0
ψ(v)(x, t)dx = lim

L→∞

∫ L

L−1

ψ(v)(x, t)dx ≤ C0, for all t ∈ (0, T ].

The proof for |u|2 follows in the exact same way.
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4.5.6 Weak forms

First, we show that the weak derivative of r(x, t) exists.

Proposition 4.5.3. Let (v, u, e)(x, t) be the function obtained in Lemma 4.5.2, then Dxr(x, t) exists and

Dxr(x, t) = r−m(x, t)v(x, t) for a.e. (x, t) ∈ (0,∞)× [0, T ],

Moreover, x 7→ r(x, t) is monotone increasing for each t ∈ [0, T ] and

r(t) := lim
x→0+

r(x, t) exists in r(t) ∈ [0,∞) for each t ∈ [0, T ].

As a consequence, r(x, t) also takes the form:

r(x, t) =
(
(r(t))n + n

∫ x

0
v(y, t)dy

)1/n
for (x, t) ∈ [0,∞)× [0, T ].

Proof. By the construction from Lemma 4.5.3, it follows that Dx

(
raj (x, t)

)n
= nvaj (x, t) for all (x, t) ∈

[0,∞)× [0, T ]. Let ϕ ∈ C∞
c ((0,∞)× [0, T ]), multiplying ϕ to the above equation, and integrating by parts,

it follows that:

−
∫ T

0

∫ ∞

0

(
raj (x, t)

)n
Dxϕ(x, t)dxdt = n

∫ T

0

∫ ∞

0
vaj (x, t)ϕ(x, t)dxdt.

Next, since ϕ ∈ C∞
c ((0,∞) × [0, T ]), there exits ε > 0 such that supp(ϕ) ⊂ [ε,∞) × [0, T ]. It then follows

from Lemma 4.5.2, we have the convergence: (vaj , raj )(x, t)→ (v, r)(x, t) as j →∞ for all (x, t) ∈ supp(ϕ).
Moreover, from Corollary 4.5.1 and Lemma 4.5.3, there exists a constant C(ϕ) > 0 depending on the support
of ϕ such that C(ϕ)−1 ≤ supj∈N vaj (x, t), supj∈N raj (x, t) ≤ C(ϕ) for all (x, t) ∈ supp(ϕ). Hence applying
Dominated Convergence theorem, we have

−
∫ T

0

∫ ∞

0

(
r(x, t)

)n
Dxϕ(x, t)dxdt = n

∫ T

0

∫ ∞

0
v(x, t)ϕ(x, t)dxdt.

This shows that the spatial weak derivative of rn(x, t) :=
(
r(x, t)

)n
exists and Dxr

n(x, t) = n · v(x, t) for
(x, t) ∈ (0,∞) × [0, T ] almost everywhere. Next using Lemma 4.5.3: 0 < nxψ−1

− (C0/x) ≤ rn(x, t) for all

(x, t) ∈ (0,∞)× [0, T ]. Thus by Chain Rule for weak derivative, we have Dxr(x, t) =
(
r(x, t)

)−m
v(x, t) for

(x, t) ∈ (0,∞) × [0, T ] almost everywhere. Next, for each 0 < x1 < x2, by choosing a sequence of smooth
test functions which approximates the indicator set 1x∈[x1,x2], one can show that

(
r(x2, t)

)n − (
r(x1, t)

)n
= n

∫ x2

x1

v(y, t)dy for all (x1, x2, t) ∈ (0,∞)2 × [0, T ]

Since v(x, t) ≥ C(ε) > 0 for (x, t) ∈ [ε,∞) × [0, T ], it follows from the above equation that if x2 > x1 > 0

then r(x2, t) > r(x1, t) for all t ∈ [0, T ]. Using the lower bound 0 <
(
nxψ−1

− (C0/x)
)1/n ≤ rn(x, t) for all

(x, t) ∈ (0,∞)× [0, T ] and the fact that x 7→ r(x, t) is monotone increasing, we have

r(t) := lim
x→0+

r(x, t) exists in r(t) ∈ [0,∞) for each t ∈ [0, T ].

Now since Lemma 4.5.5 and Jensen’s inequality:

ψ
(1
x

∫ x

0
v(y, t)dy

)
≤ 1

x

∫ x

0
ψ(v)(y, t)dy ≤ C0

x
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Thus, for each x ∈ (0,∞) and t ∈ [0, T ]: 0 < xψ−1
− (C0/x) < ∥v(·, t)∥L1(0,x) ≤ xψ−1

+ (C0/x) <∞. Integrating

over Dx

(
r(x, t)

)n
= nv(x, t), using the limit r(x, t) → r(t) for each t ∈ [0, T ], and rearranging the terms it

follows that

r(x, t) =
(
(r(t))n + n

∫ x

0
v(y, t)dy

)1/n
.

For each j ∈ N, the solution (vaj , uaj , eaj )(x, t) obtained in Theorem 4.1.1(i) satisfies the equations
almost everywhere. In particular its corresponding weak forms also holds. Applying Lemma 4.5.4 to this
weak form for each test function ϕ ∈ C∞

c ((0,∞)× [0, T ]) bounded away from x = 0, we obtain the following
result:

Lemma 4.5.6. Let (v, u, e)(x, t) be the function obtained in Lemma 4.5.2, then the following weak forms
are satisfied: For all test function φ ∈ C∞((0,∞)× [0, T ]) such that there exists Nφ ∈ N with supp(φ(·, t)) ⊆
[N−1

φ , Nφ] for all t ∈ [0, T ] then it follows that

(i) Continuity equation:∫ ∞

0
v(x, t)φ(x, t)dx−

∫ ∞

0
v0(x)φ(x, 0)dx−

∫ t

0

∫ ∞

0
(vDtφ− rmuDxφ)(x, s)dxds = 0.

(ii) Momentum equation:∫ ∞

0
u(x, t)φ(x, t)dx−

∫ ∞

0
u0(x)φ(x, 0)dx−

∫ t

0

∫ ∞

0
u(x, s)Dtφ(x, s)dxds

= −
∫ t

0

∫ ∞

0

{
β
rm

v
Dxu+m

u

r
− (γ − 1)

e

v

}(
rmDxφ+m

v

r
φ
)
dxds.

(iii) Equation for energy density:∫ ∞

0

(
e+
|u|2

2

)
φ(x, t)dx−

∫ ∞

0

(
e0 +

|u0|2

2

)
φ(x, 0)dx−

∫ t

0

∫ ∞

0

(
e+
|u|2

2

)
Dtφdxds

=

∫ t

0

∫ ∞

0
rmu

{
(γ − 1)

e

v
−mλu

r
− (2µ+ λ)

rm

v
Dxu

}
Dxφdxds−

∫ t

0

∫ ∞

0
κ
r2m

v
DxeDxφdxds.

Since the weak derivatives (D,D2)(v, u, e, r)(x, t) for D ∈ {Dt, Dx} exists in L2([ε,∞) × [0, T ]) for all
ε > 0, by Fundamental Lemma of Calculus of Variation and the above weak forms, one can obtain the
following statement:

Lemma 4.5.7. Let (v, u, e)(x, t) be the solution obtained in Lemma 4.5.2. Then the following equations are
satisfied for (x, t) ∈ (0,∞)× (0, T ) almost everywhere:

Dtv = Dx(r
mu),

Dtu = βrmDx

(Dx(r
mu)

v

)
− (γ − 1)rmDx

(e
v

)
,

Dte =
Dx(r

mu)

v

{
βDx(r

mu)− (γ − 1)e
}
− 2mµDx(r

m−1u2) + κDx

(r2m
v
Dxe

)
.
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Appendix A

Some variants of Arzelà-Ascoli theorem.

This appendix will be devoted to the proof of two propositions on Arzelà-Ascoli theorem, which are used
in Sections 2.4.3–2.4.4 for the limit process as k → ∞, and in Sections 2.5.2–2.5.3 for the limit process as
a↘ 0.

Proposition A.0.1. Let D ⊆ R2 be a connected domain with Lipschitz boundary, such that Int(D) ̸= ∅,
where Int(·) denotes the set of interior points. Assume {fi : D → R}i∈N is a collection of functions, and
{(Dα, Cα)}α∈N is a collection of compact subsets Dα ⊂⊂ D and constants Cα ∈ (0,∞) such that for each
α ∈ N,

Dα ⊆ Dα+1, Int(Dα) ̸= ∅, D = ∪α∈NDα,

sup
i∈N

sup
x∈Dα

fi(x) ≤ Cα, sup
i∈N
|fi(x)− fi(y)| ≤ Cα|x− y| for all x, y ∈ Dα. (A.0.1)

Then there exists a continuous function f : D → R and a sub-sequence {ij}j∈N with ij →∞ as j →∞ such
that

lim
j→∞

sup
x∈K
|fij (x)− f(x)| = 0 for all compact subset K ⊂⊂ D,

|f(x)− f(y)| ≤ Cα|x− y| for all x, y ∈ Dα, for each α ∈ N.

Proof. We split the proof into 3 steps: the desired sub-sequence, the limit function and uniform convergence
and continuity.

Step 1: the desired sub-sequence. By Arzelà-Ascoli theorem, it follows that for each α ∈ N there exists

a continuous function f (α)(x, t) : Dα → R and a sub-sequence {i(α)j }j∈N such that i
(α)
j →∞ as j →∞, and

lim
j→∞

sup
x∈Dα

|f (α)(x)− f
i
(α)
j

(x)| = 0. (A.0.2)

Based on (A.0.2), one can inductively construct a chain of sub-sequences {i(α+1)
j }j∈N ⊆ {i

(α)
j }j∈N for each

α ∈ N. If one takes the diagonal sub-sequences ij := i
(j)
j then for all α ∈ N,

lim
j→∞

sup
x∈Dα

|f (α)(x)− fij (x)| = 0. (A.0.3)

If x ∈ Dα for some integer α ∈ N then for any other integer q ≥ α+ 1, we have for all x ∈ Dα

|f (α)(x)− f (q)(x)| ≤ |f (α)(x)− fij (x)|+ |fij (x)− f (q)(x)| → 0 as j →∞.

Thus if q ≥ α are two integers then

f (q)(x) = f (α)(x) for all x ∈ Dα. (A.0.4)
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Step 2: the limit function. For each α ∈ N, f (α)(x) is extended into D by

h(α)(x) :=

{
f (α)(x) if x ∈ Dα,

0 if x ∈ D\Dα.

With this, one can define the function gN (x) in the domain x ∈ D as,

gN (x) := h(1)(x) +
N−1∑
k=1

{h(k+1)(x)− h(k)(x)}, for each N ∈ N and N ≥ 2.

Then for a fixed point y ∈ D, there exists α ∈ N such that y ∈ Dα and y /∈ Dα−1, with D0 := ∅. By (A.0.4),
and the assumption Dq ⊆ Dq+1 for each q ∈ N, it follows that h(q)(y) = 0 if q ≤ α− 1, and h(q)(y) = h(α)(y)
if q ≥ α. Hence it follows that for all N ≥ α+ 1,

gN (y) = h(1)(y) +
N−1∑
k=1

{h(k+1)(y)− h(k)(y)} = h(N)(y) = h(α)(y) = f (α)(y).

Thus for this point y ∈ D, one has limN→∞ gN (y) = f (α)(y). Since this is true for any arbitrary point
x ∈ D, one gets that the function f(x) : D → R given by

f(x) := lim
N→∞

gN (x),

is well-defined and in particular, f(x) = f (α)(x) if x ∈ Dα for some α ∈ N. By the uniform convergence
(A.0.3), it follows that for each α ∈ N,

lim
j→∞

sup
x∈Dα

|f(x)− fij (x)| = lim
j→∞

sup
x∈Dα

|f (α)(x)− fij (x)| = 0. (A.0.5)

Step 3: uniform convergence and continuity. Let K ⊂⊂ D be any compact subset. Then {Int(Dα)}α∈N
is an open covering for K, hence there exists a finite sub-covering {Dαk

}Nk=1 of K, for some N ∈ N. Notice
Dq ⊆ Dq+1 for each q ∈ N, therefore there exists α ∈ N such that K ⊆ Dα. Combining with (A.0.5), it
follows that:

lim
j→∞

sup
x∈K
|fij (x)− f(x)| = 0.

For the continuity of f , fixing a point x ∈ D, then there exists α ∈ N such that x ∈ Dα. Since Int(Dα) ̸= ∅,
there exists a ε1 > 0 such that Bε1(x) ⊂ Dα. According to (A.0.1), one has

sup
i∈N
|fi(x)− fi(y)| ≤ Cα|x− y| for all y ∈ Dα.

Applying the uniform convergence (A.0.5), it follows that |f(x) − f(y)| ≤ Cα|x − y| for all y ∈ Dα. Given
ε > 0, if one sets δ := min{ε1, ε/Cα} > 0 then for y ∈ Bδ(x) ⊆ Bε1(x) ⊂ Dα,

|f(x)− f(y)| ≤ Cα|x− y| ≤ ε.

The continuity of x 7→ f(x) has been proved.

Before stating the next proposition, we define: for each connected interval I ⊆ [0,∞), the functional
space H̃1

0 (I, r
mdr) is the closure of

D0(I) :=
{
ϕ ∈ C∞(I) :∃N > a such that [a,N ] ⊂ I

and ϕ(r) = 0 for r ∈ I ∩ [N,∞)
}

via the H1(I, rmdr)–norm. We also denote its dual space as H̃−1(I, rmdr). Then H̃−1(I, rmdr) endowed
with the norm:

∥f∥
H̃−1(I,rmdr)

:= sup
{
⟨f, g⟩

H̃−1,H̃1
0
: ∥g∥

H̃1
0 (I,r

mdr)
≤ 1

}
is a Banach space.
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Proposition A.0.2. Let I = [a, b] be an interval for some a, b ∈ R, and let D = [d,∞) be an unbounded
interval with some fixed d ∈ (0, 1). Suppose that {fi(r, t) : D × I → R}i∈N is a collection of functions
satisfying fi(r, t) ∈ L∞(I; H̃−1(DL, r

mdr)) for each i, L ∈ N, where DL := D ∩ [0, L] = [d, L]. In addition,
we suppose that there exists a constant C > 0 for which the following bounds are satisfied: for all t1, t2 ∈ I,

sup
i∈N
∥fi(·, t2)− fi(·, t1)∥H̃−1(DL,rmdr)

≤ C|t2 − t1| for all L ∈ N,

sup
i∈N

sup
t∈I

∫
D
|fi − 1|2(r, t)rmdr ≤ C.

(A.0.6)

Then there exists a sub-sequence {ik}k∈N and a function f such that for all L ∈ N,

f − 1 ∈ L∞(I;L2(D, rmdr)), f ∈ C0
(
I; H̃−1(DL, r

mdr)
)
,

lim
k→∞

sup
t∈I
∥fik(·, t)− f(·, t)∥H̃−1(DL,rmdr)

= 0,

∥f(·, t1)− f(·, t2)∥H̃−1(DL,rmdr)
≤ C|t1 − t2| for all t1, t2 ∈ I.

(A.0.7)

where the constant C > 0 is independent of L ∈ N.

Proof. We split the proof in 4 steps: the desired sub-sequence, the desired Cauchy sequence, uniform
convergence, and independence of domain size.

Step 1: the desired sub-sequence. Fixing a large integer L ∈ N, it follows that for all i ∈ N,∫
DL

|fi|2dr ≤2
∫
DL

|fi − 1|2dr + 2(L− d)

≤2d−m

∫
DL

|fi − 1|2rmdr + 2L ≤ 2d−mC + 2L <∞.

Hence, the following uniform estimate hold:

sup
i∈N

sup
t∈I

∫
DL

|fi|2(r, t)rmdr ≤ 2d−mC + 2L <∞. (A.0.8)

Let {tj}j∈N ⊂ I be a countable dense subset. Then from (A.0.8), one has that for each j ∈ N, there exists

a function gj, L ∈ L2(DL, dr) and a sub-sequence {i(j)k }k∈N such that

f
i
(j)
k

(·, tj)⇀ gj, L(·) weakly as k →∞ in L2(DL,dr).

Thus one can inductively obtain a chain of sub-sequence {i(j+1)
k }k∈N ⊆ {i

(j)
k }k∈N for each j ∈ N, and if one

takes the diagonal sequence ik := i
(k)
k , then for all j ∈ N,

fik(·, tj)⇀ gj,L(·) weakly as k →∞ in L2(DL, dr). (A.0.9)

Step 2: the desired Cauchy sequence. If one defines

M i(r, t) :=

∫
D∩[0,r]

fi(ζ, t)dζ, for each r ≤ L,

then by (A.0.9), it follows that for each (r, j) ∈ [0, L]× N,

lim
k→∞

M ik(r, tj) = lim
k→∞

∫
D∩[0,r]

fik(ζ, tj)dζ →
∫
D∩[0,r]

gj, L(ζ)dζ =:Mj, L(r). (A.0.10)
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For all ϕ ∈ H̃1
0 (DL, r

mdr), one has∫
DL

(fik(r, tj)− gj(r))ϕ(r)r
mdr =

∫
DL

∂r
(
M ik(r, tj)−Mj, L(r)

)
ϕ(r)rmdr

=−
∫
DL

(
M ik(r, tj)−Mj,L(r)

)(
∂rϕ+m

ϕ

r

)
rmdr

≤
(∫

DL

|M ik(r, tj)−Mj, L(r)|2rmdr
) 1

2
(∫

DL

{
|∂rϕ|2 +m2 |ϕ|2

d2
}
rmdr

) 1
2

≤C
d
∥ϕ∥H1(DL,rmdr)

(∫
DL

|M ik(r, tj)−Mj, L(r)|2rmdr
) 1

2
.

Therefore by (A.0.10) and Dominated Convergence theorem, we have that for j ∈ N, as k →∞,

∥fik(·, tj)− gj(·)∥H̃−1(DL,rmdr)
≤ C

d

(∫
DL

|M ik(r, tj)−Mj, L(r)|2rmdr
) 1

2 → 0.

In particular, since L ∈ N can be arbitrarily chosen, the following statement holds true:

{fik(·, tj)}k∈N is a Cauchy sequence in H̃−1(DL, r
mdr) for each (j, L) ∈ N2. (A.0.11)

Step 3: uniform convergence. Given δ > 0, if one sets Ij := (tj − δ/(3C), tj + δ/(3C)) for each j ∈ N,
then tj ∈ Ij and

sup
k∈N
∥fik(·, t)− fik(·, tj)∥H̃−1(DL,rmdr)

≤ C|t− tj | ≤
δ

3
, for all t ∈ Ij . (A.0.12)

Since {tj}j∈N ⊂ I is dense, {Ij}j∈N is an open covering of I = [a, b]. It follows that there exists a finite
sub-covering {Ij}Mj=1 for some M ∈ N. Now, for each j = 1, . . . ,M , it follows from (A.0.11) that there exists
Nj ∈ N such that

∥fip(·, tj)− fiq(·, tj)∥H̃−1(DL,rmdr)
≤ δ

3
for all p, q ≥ Nj . (A.0.13)

Setting N := max{Nj : j = 1, . . . ,M}, then for all t ∈ I there exists j ∈ {1, . . . ,M} such that t ∈ Ij , hence
by (A.0.12)–(A.0.13), it follows that for all p, q ≥ N ,

∥fip(·, t)− fiq(·, t)∥H̃−1(DL,rmdr)

≤∥fip(·, t)− fip(·, tj)∥H̃−1(DL,rmdr)
+ ∥fip(·, tj)− fiq(·, tj)∥H̃−1(DL,rmdr)

+ ∥fiq(·, tj)− fiq(·, t)∥H̃−1(DL,rmdr)
≤ δ/3 + δ/3 + δ/3 = δ.

Since this is true for any t ∈ I, one has

sup
t∈I
∥fip(·, t)− fiq(·, t)∥H̃−1(DL,rmdr)

≤ δ for all p, q ≥ N.

Therefore, {fik}k∈N is a Cauchy sequence in L∞(I; H̃−1(DL, r
mdr)), which is a Banach space. Thus there

exists gL ∈ L∞(I; H̃−1(DL, r
mdr)), such that

lim
k→∞

sup
t∈I
∥fik(·, t)− gL(·, t)∥H̃−1(DL,rmdr)

= 0. (A.0.14)

It also follows from the Lipschitz continuity assumption of the proposition and (A.0.14) that

∥gL(·, t1)− gL(·, t2)∥H̃−1(DL,rmdr)
≤ C|t1 − t2| for all t1, t2 ∈ I,
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hence gL ∈ C0(I; H̃−1(DL, r
mdr)).

Step 4: independence of domain size. We claim there is f − 1 ∈ L∞(0, T ;L2(D, rmdr)) independent of
L ∈ N, such that f = gL in L∞(I, H̃−1(DL, r

mdr)). It follows from (A.0.6) that there exists a function
f − 1 ∈ L∞(I;L2(D, rmdr)) and a sub-sequence which is still denoted as {fi}i∈N such that

fi − 1
∗
⇀ f − 1 as i→∞ in L∞(

I;L2(D, rmdr)
)
. (A.0.15)

Let φ ∈ L1(I, H̃1
0 (DL, r

mdr)), and let {ik}k∈N be the sub-sequence in (A.0.14). Then using (A.0.14) and
(A.0.15), it follows that as k →∞∣∣∣ ∫

I
⟨f − gL, φ⟩H̃−1, H̃1

0
dt
∣∣∣ ≤ ∣∣∣ ∫

I
⟨f − fik , φ⟩H̃−1, H̃1

0
dt
∣∣∣+ ∣∣∣ ∫

I
⟨fik − gL, φ⟩H̃−1, H̃1

0
dt
∣∣∣

≤
∣∣∣ ∫

I

∫
DL

(f − fik)(r, t)φ(r, t)r
mdrdt

∣∣∣+ ∫
I
∥fik − gL∥H̃−1∥φ∥H̃1

0
dt→ 0,

which implies that f = gL in L∞(I, H̃−1(DL, r
mdr)). Since f is independent of L ∈ N, one concludes from

(A.0.14) that (A.0.7) holds for all L ∈ N.
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Appendix B

Some results regarding convex functions

This appendix will be devoted to giving some properties on convex functions, which will be used in Sections
2.4.5, 2.5.1, and 2.5.3.

Proposition B.0.1. Let G(·), ψ(·), H(·) be the convex functions defined in (2.5.1). If G−1
+ , ψ−1

+ , H−1
+

are their corresponding right branch inverses, then they are concave, strictly increasing continuous functions
defined on the domain:

G−1
+ : [0,∞)→ [1,∞), ψ−1

+ : [0,∞)→ [1,∞), H−1
+ : [−e−1,∞)→ [e−1,∞).

It follows that functions (f1, f2, f3)(y, z) given in (2.5.2) is well defined for (y, z) ∈ (0,∞)2, and for each
fixed z > 0, y 7→ fi(y; z) is positive monotone increasing for i = 1, . . . , 3. In addition, for each fixed z > 0
one has:

lim
y↘0

fi(y; z) = 0 for i ∈ {1, 2, 3}.

Proof. First, G(ζ), ψ(ζ) are uniformly convex and it achieves minimum at ζ = 1 with G(1) = 0. Hence, G(ζ)
and ψ(ζ) are strictly increasing in [1,∞). Thus the inverse functions, ψ−1

+ , G−1
+ : [0,∞)→ [1,∞) exists and

satisfies G(G−1
+ (ξ)) = ψ(ψ−1

+ (ξ)) = ξ for all ξ ∈ [0,∞). In addition, H(ζ) is uniformly convex and achieves
minimum at ζ = e−1 with H(e−1) = −e−1. Hence, H(ζ) is strictly increasing in [e−1,∞). Thus the inverse,
H−1

+ : [e−1,∞)→ [−e−1,∞) exists and satisfies H(H−1
+ (ξ)) = ξ for all ξ ∈ [−e−1,∞). Also since H(1) = 0,

the restricted function H−1
+ : [0,∞)→ [1,∞) is monotone increasing, with H−1

+ (0) = 1.
Next, by Inverse Function theorem, one has

dG−1
+

dξ
(ξ) =

(dG
dζ

(
G−1

+ (ξ)
))−1

=
1

log
(
G−1

+ (ξ)
) , for ξ ∈ (0,∞).

Since ξ 7→ G−1
+ (ξ) is monotone increasing bijective map, G−1

+ (ξ)→∞ as ξ →∞, hence

lim
ξ→∞

dG−1
+

dξ
(ξ) = lim

ξ→∞

1

log
(
G−1

+ (ξ)
) = 0,

which, along with L’Hôpital’s rule, yields that

lim
y↘0

f1(y; z) := lim
y↘0

yG−1
+

(z
y

) H
= z lim

y↘0

dG−1
+

dξ

(z
y

)
= 0.

In addition,

∂f1
∂y

(y; z) = G−1
+ (zy−1)− zy−1

log
(
G−1

+ (zy−1)
) for (y, z) ∈ (0,∞)2,
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where G−1
+ (zy−1) ∈ (1,∞) for each (y, z) ∈ (0,∞)2. It follows from G(ζ) = 1− ζ + ζ log ζ and the identity

G−1
+ (G(ζ)) = ζ that

∂f1
∂y

(y; z) =
−1 +G−1

+ (zy−1)

log
(
G−1

+ (zy−1)
) > 0 for all (y, z) ∈ (0,∞)2,

which implies that for fixing z > 0, f1(y; z) is monotone increasing for y ∈ (0,∞).
Next, by Inverse Function theorem, it follows that:

dψ−1
+

dξ
(ξ) =

(dψ
dζ

(
ψ−1
+ (ξ)

))−1
=

(
1− 1

ψ−1
+ (zy−1)

)−1
for ξ ∈ (0,∞).

Since ψ−1
+ (ξ)→∞ as ξ →∞ for each fixed z > 0, by L’Hôpital’s rule, one has

lim
y↘0

yψ−1
+

(z
y

) H
= z lim

y↘0

(
1− 1

ψ−1
+ (zy−1)

)−1
= z, for z > 0.

Thus it follows that

lim
y↘0

f2(y; z) = −z + lim
y↘0

yψ−1
+

(z
y

)
= −z + z = 0.

Moreover, fixing z > 0 and taking the derivative of y 7→ f2(y; z), one obtains that

∂f2
∂y

(y; z) = ψ−1
+

(z
y

)
− z

y2
dψ−1

+

dξ

(z
y

)
=
ψ−1
+ (zy−1) log(ψ−1

+ (zy−1))

ψ−1
+ (zy−1)− 1

> 0 for y ∈ (0,∞),

thus it follows that y → f2(y; z) is increasing for each fixed z > 0.
Finally, by Inverse Function theorem, it follows that

dH−1
+

dξ
(ξ) =

(dH
dζ

(
H−1

+ (ξ)
))−1

=
1

1 + log
(
H−1

+ (ξ)
) , for ξ ∈ [0,∞).

Since, H−1
+ (ξ)→∞ as ξ →∞, one has

lim
ξ→∞

dH−1
+

dξ
(ξ) = lim

ξ→∞

1

1 + log
(
H−1

+ (ξ)
) = 0,

which, along with the L’Hôpital’s rule, implies that

lim
y↘0

f3(y; z)
H
= lim

y↘0

−zy−2

−y−2

dH−1
+

dξ
(zy−1) = lim

y↘0

dH−1
+

dξ
(zy−1) = 0.

Furthermore, for fixing z > 0, one also has that for all y ∈ (0,∞),

∂f3
∂y

(y; z) = H−1
+ (zy−1)− z

y

dH−1
+

dξ
(zy−1) =

H−1
+ (zy−1)

1 + logH−1
+ (zy−1)

> 0.

Therefore y 7→ f3(y; z) is strictly increasing and positive for each fixed z > 0.

Before proving the next proposition, we state the so-called Mazur’s Lemma:

Theorem B.0.1 ( Mazur’s Lemma). Let (B, ∥·∥B) be a Banach space, and S ⊆ B be a convex subset. Then
S is closed in the strong topology if and only if it is closed in the weak topology.
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For further detail, we refer the readers to Theorem 3.7 in Chapter 3.3 of [1].

Proposition B.0.2. Let d > 0, T > 0, and G(ζ) := 1−ζ+ζ log ζ. Assume there exists constants C̃1, C̃2 > 0,
δ̃ ≥ 0, and a sequence {θi}i∈N ⊂ L2(0, T ;L2([d,∞), rmdr)) satisfying:

θi − 1⇀ θ − 1 weakly in L2
(
0, T ;L2([d,∞), rmdr)

)
,

sup
i∈N

ess sup
t∈[0,T ]

∫ ∞

d
G(θi)(r, t)r

mdr ≤ C̃1,

δ̃ ≤ θi ≤ C̃2 for a.e. (r, t) ∈ [d,∞)× [0, T ] and for each i ∈ N.

(B.0.1)

Then the limit function θ satisfies

ess sup
t∈[0,T ]

∫ ∞

d
G(θ)(r, t)rmdr ≤ C̃1.

Proof. Fix an integer N ∈ N. Denote BN := L2
(
0, T ;L2([d,N ], rmdr)

)
. Then BN is a Banach space. Set

SN to be the subset:

SN :=
{
w ∈ BN : ess sup

t∈[0,T ]

∫ N

d
G(w)(r, t)rmdr ≤ C̃1,

and δ̃ ≤ w(r, t) ≤ C̃2 for a.e. (r, t) ∈ [d,N ]× [0, T ]
}
.

First, we claim that SN is a convex subset of BN . Since G(z) = 1− z + z log z is convex, it follows that
for each w1, w2 ∈ SN and 0 < η < 1,

ess sup
t∈[0,T ]

∫ N

d
G(ηw1 + (1− η)w2)(r, t)r

mdr

≤η ess sup
t∈[0,T ]

∫ N

d
G(w1)(r, t)r

mdr + (1− η) ess sup
t∈[0,T ]

∫ N

d
G(w2)(r, t)r

mdr ≤ C̃1,

δ̃ ≤ (ηw1 + (1− η)w2)(r, t) ≤ C̃2 for a.e. (r, t) ∈ [d,N ]× [0, T ],

which implies that SN is indeed a convex subset of BN .
Next, we wish to show that, if {wi}i∈N ⊂ SN is a sequence such that

lim
i→∞
∥wi − w∥BN

= lim
i→∞

∫ T

0

∫ N

d
|wi − w|2(r, t)rmdrdt = 0,

for some w ∈ BN , then w ∈ SN as well. Since wi → w strongly in L2(0, T ;L2([d,N ], rmdr)), there exists a
sub-sequence, which will be still denoted as {wi}i∈N such that

wi(r, t)→ w(r, t) for (r, t) ∈ [d,N ]× [0, T ] a.e. (B.0.2)

Due to {wi}i ⊂ SN , the convergence in (B.0.2) implies that

δ̃ ≤ w(r, t) ≤ C̃2 for (r, t) ∈ [d,N ]× [0, T ] a.e. (B.0.3)

Since G(·) is convex and achieves its minimum at G(ζ = 1) = 0, and G(ζ = 0) = 1, it follows that for
all i ∈ N with δ̃ ≤ wi ≤ C̃2, G(wi(r, t)) ≤ max{1, G(δ̃), G(C̃2)}. Moreover, since G(·) is continuous, it
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follows from (B.0.2) that G(wi(r, t)) → G(w(r, t)) as i → ∞ for a.e. (r, t) ∈ [d,N ] × [0, T ]. By Dominated
Convergence theorem, one obtains for each 0 ≤ t1 < t2 ≤ T ,

1

t2 − t1

∫ t2

t1

∫ N

d
G(w)(r, t)rmdrdt = lim

i→∞

1

t2 − t1

∫ t2

t1

∫ N

d
G(wi)(r, t)r

mdrdt ≤ C̃1.

Since this is true for any interval [t1, t2] ⊆ [0, T ], then by Lebesgue Differentiation theorem,

ess sup
t∈[0,T ]

∫ N

d
G(w)(r, t)rmdr ≤ C̃1. (B.0.4)

It follows from (B.0.3)-(B.0.4) that w ∈ SN as well, which along with Theorem B.0.1, implies that

SN is closed in the weak topology of BN := L2
(
0, T ;L2([d,N ], rmdr)

)
. (B.0.5)

By (B.0.2), it follows that {θi}i∈N ⊂ SN and θi ⇀ θ in BN = L2(0, T ;L2([d,N ], rmdr)). Assertion
(B.0.5) then implies that θ ∈ SN , and in particular,

ess sup
t∈[0,T ]

∫ N

d
G(θ)(r, t)rmdr ≤ C̃1.

Now since this is true for all N ∈ N, and G(·) is non-negative, it follows from Monotone Convergence
theorem that:

ess sup
t∈[0,T ]

∫ ∞

d
G(θ)(r, t)rmdr = lim

N→∞
ess sup
t∈[0,T ]

∫ N

d
G(θ)(r, t)rmdr ≤ C̃1.
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