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Abstract

The well-posedness theory of the full compressible Navier-Stokes equations (CNS for short) has
been an important subject in the development of mathematical physics. For the spherically
symmetric flow, even though many favourable regularity properties may be expected for its
similarity to the one-dimensional equations, there are still a large number of open questions
remaining unsolved. Two central difficulties of spherically symmetric CNS are the coordinate
singularity at the centre of symmetry, and the upper/lower bounds of density.

In Chapter 1, the Cauchy problems of CNS for the general multidimensional flows, both with
and without spherical symmetry, are introduced. Then a heuristic analysis on the Lagrangian
coordinate transformation is conducted, which gives insight to the strategies used in the later
chapters. Finally, several previous progresses on the well-posedness theory of CNS are high-
lighted at the end of this chapter.

In Chapter 2, the global-in-time existence of a spherically symmetric weak solution to the Cauchy
problem in Fulerian coordinate is obtained. The main strategy is to construct a sequence of
approximation problems posed in finite annular domains. This circumvents the problem of
coordinate singularity at the origin. Moreover, they are also formulated in the Lagrangian
coordinates, so that one can obtain a-priori estimates which are uniform with respect to the
dimension of annular domains. The weak solution is then constructed as the limit of approximate
solutions in the original Eulerian coordinate. The main result of this chapter is produced in
collaboration with Gui-Qiang G. Chen and Shengguo Zhu.

In Chapter 3, for the Lagrangian approximation problem introduced in Chapter 2, the existence
and uniqueness of a local-in-time strong solution are shown. This is done via the Picard iteration
scheme, however some major difficulties arise due to the fact that second order differential
operators in momentum and energy equations is quasilinear under the Lagrangian formulation.
To resolve this, a set of a-priori bounds on each iterative solutions is established so that the
quasilinear operators are elliptic at each iterative step. Moreover, the time dependent high
regularity estimates for linear iterative solution are carefully derived so that Banach Fixed-point
theorem can be applied to obtain the desired solution.

In Chapter 4, it is proved that the local-in-time strong solution in Chapter 3 can be extended
to all time by bootstrap argument. Moreover, global-in-time strong solutions in the unbounded
Lagrangian domain are also obtained by taking the limit of outer and inner radii of annular
domains. The main difference of this chapter compared to Chapter 2 is that the limit is taken
in the Lagrangian coordinates, and the initial data are assumed to have higher regularities.



Contents

1 Introduction
1.1 Cauchy Problem for Full Navier-Stokes Equations . . . . . . . .. . ... ... ... .. ....
1.2 Spherically Symmetric Problem . . . . .. .. .. o o
1.3 The Exterior Problem and Lagrange Reformulation . . . . . . .. ... ... ... ... ....
1.4 Previous Results and Recent Progress . . . . . . . . . . ... ... 0oL,

2 Global Existence of Weak Solutions in Eulerian Coordinates
2.1 Main Results . . . . . . L
2.2 Main Strategy and Reformulation . . . . . . .. . ... oo
2.2.1  Main strategy . . . . . . e e e
2.2.2  Mollification of the initial data in the Eulerian domain . . . . . . . . .. ... ... ..
2.2.3 The approximation problem in the exterior Eulerian domain . . . . . .. .. ... ..
2.2.4  Truncation of the initial data in the exterior Eulerian domain . . . . . . . . . ... ..
2.2.5 Reformulation in the bounded Lagrangian domain . . . . . .. .. .. ... ... ...
2.3 The A Priori Estimates . . . . . . . . . . . e
2.3.1 Entropy Estimates . . . . . . . . ..
2.3.2  Upper and lower bounds of the density . . . . . . . . . ... ... ... .. ... ...,
2.3.3 Exterior L™ (0, T; L2)—Estimates ..............................
2.3.4  Exterior L (0,T; H')-Estimates on (u,e) . . . . . ... ... ... ... .. ... ...
2.3.5 Lowerboundofe. .. ... .. . . . . ...
2.4 Global Weak Solutions to the Exterior Problem in the Eulerian Coordinates . . . . . . . . ..
2.4.1 Coordinate transformation and Jacobian . . . . . . . . .. ... ... .. ... ... ..
2.4.2 Extension in the Eulerian domain . . . . . . .. .. ..o oo oL
2.4.3 Construction of particle path function: 7(z,¢) . . . . . . . . ..
2.4.4 Compactness results . . . . . . . . L e
2.4.5 Entropy estimate for the limit solution . . . . . . . . . . .. ... oL
2.4.6  Weak Forms of the Exterior Problem . . . . . . ... ... ... ... ..........
2.4.7 Estimates away from origin, independent of particle path 7(z,¢) . . . ... ... ...
2.5 Weak Solution including the origin: @ \,O . . . . . . . . . . .. Lo
2.5.1 Uniform inequalities from entropy estimates . . . . . . . .. .. .. ... ..
2.5.2 Existence of Particle Path and Vacuum Interface . . . . . ... .. ... ... .....
2.5.3 Compactness Results in Exterior Domain . . . . .. . ... .. ... . ... ...
2.5.4 Weak forms away from the vacuum . . . . . . . .. ..o
2.5.5 Proof of Theorem 2.1.2 . . . . . . . . .

3 Local Existence of Strong Solutions in Bounded Lagrangian Domain
3.1 Main Statement: Local-in-Time Well-Posedness . . . . . . .. ... ... .. ... .......
3.2 Tteration Scheme . . . . . . . . . e

12
12
15
15
19
21
23
25
27
28
28
32
39
48
49
49
20
54
o6
65
67
71
73
73
75
79
87
93



3.3 Energy Space . . . . .. 101

3.4 Linear Solutions via Galerkin’s Method . . . . . . . . ... ... ... .. .. ... ..., 104
3.4.1 Existence and higher regularity of w . . . . . .. ..o 104
3.4.2 Existence and higher regularity of e . . . . . .. ... oo 0oL 115
3.4.3 Invariance of energy space under solution operator . . . . . . ... .. ... ... ... 128

3.5 Contraction Estimates . . . . . . . . . . . 130
3.5.1 Contraction inequality for w . . . . . . . ... Lo 130
3.5.2  Contraction inequality fore . . . . . . . . .. Lo 132
3.5.3 Proof for contraction estimate, Theorem 3.5.1 . . . . . . . . .. .. ... ... ..... 133

3.6 The Proof of Theorem 3.1.1 . . . . . . . .. .. o 134
3.6.1 Existence and uniqueness of non-linear weak solution . . . . . . ... ... ... .... 134
3.6.2 Higher regularity of non-linear solution . . . .. .. .. ... ... ... .. ...... 136

4 Global Existence of Solutions in Lagrangian Coordinates 137

4.1 Main Statements . . . . . .. oL 137
4.1.1 Strong solution in the exterior domain . . . . . . . . . .. . ... ... ... .. ..., 137
4.1.2 Lagrangian solution away from origin . . . . . . . .. .. ... L oL 139

4.2 Approximation Scheme and Local-in-Time Existence . . . . . . ... .. ... ... ...... 140
4.2.1 DMollification of initial data . . . . . . . .. .. oL oL 140
4.2.2  Truncation of initial data in the far-field region . . . . . . . . ... ... ... ... 143
4.2.3 Local-in-time well-posedness . . . . . . . . .. L L 147

4.3 Higher Regularity Estimates . . . . . . . . . . .. L oo 147
4.3.1 L>(0,T; H')-estimate of specific volume v. . . . . . ... ... ... . ... ...... 148
4.3.2  L%(0,T; H')-estimate of (u,e) . . . . . o oo 149
4.3.3  L>®(0,T; H*)-estimate of (u,€) . . . o o oo v 153
434 L>®(0,T; H*)-estimate of v . . . . . . .. . 158
4.3.5 L2(0,T; H®)-estimate of (u,€) . . . . . o v 160

4.4 Global-in-Time Existence to the Cauchy Problem: k — o0 . . . . . . . ... ... ... .. .. 162
4.4.1 Bootstrap argument . . . .. .. oL L Lo 162
4.4.2  Strong CONVEIZENnce . . . . . v v v v v v v v it e e e 163
4.4.3 Construction of particle path . . . . . . . . .. ... 167
4.4.4 Weak derivatives and weak convergence . . . . .. .. .. ... oL 168
4.4.5 Entropy estimates . . . . . . .. L Lo 171
4.4.6 Initial and boundary conditions . . . . . . . .. Lo L Lo 172
4.4.7 Strong solution . . . . . .. L 173
4.4.8 UniQUeNESS . . . . v v v v v e e e e e e e e e 174

4.5 Limit as a N0 . . . . . 177
4.5.1 Truncation of initial data near the origin . . . . . . . .. .. ... ... ... ..... 177
4.5.2  Strong CONVETZENCE . . . . . o v v v v vt it et e e e e e 179
4.5.3 Construction of particle path function . . . . . .. .. ... ... ... ... ..., 181
4.5.4 Weak derivatives and weak convergence . . . . . . .. .. ... oL 182
4.5.5 Entropy estimates . . . . . . .. L L L 184
4.5.6 Weak forms . . . . . ... 185

A Some variants of Arzela-Ascoli theorem. 187
B Some results regarding convex functions 192



Chapter 1

Introduction

1.1 Cauchy Problem for Full Navier-Stokes Equations

The motion of a viscous polytropic ideal gas in R™ x [0, T, for some time 7" > 0 with n = 2 or 3 is described
by the following system in Eulerian coordinates:

Op + div(pU) = 0,
O(pU) + div(pU @ U) + VP = divS, in (z,t) € R" x [0,T7, (1.1.1)
O(pE) + div((pE + P)U) = div(S(VU) - U) + kAe,

where p, e, and U = (U!,...,U") are respectively the density, the internal energy per unit mass, and the
velocity. E := pe + |U|?/2 is the total energy per unit mass. The pressure function P is given by the
constitutive relation for ideal polytropic gas:

P =(y—1)pe, (1.1.2)
with constant v > 1 being the heat capacity ratio. The viscous stress tensor S(VU) takes the form:
S(VU) := (VU + VU ") 4 Al divU, (1.1.3)

where [« is the n X n identity matrix and g > 0, A are the viscosity coefficients satisfying the physical
condition:

2
>0, E,u,—i-)\>0. (1.1.4)

In Chapter 2, the global-in-time existence of a weak solution is considered. For this, we impose the initial
condition:

(p,U,e)(x,t) = (po,Uyp, ep)(x) for x € R", (1.1.5)

where (pg, Uy, eg)(x) belongs in some suitable Sobolev spaces.
In Chapter 3—4, we set (po, U, ep)(x) to be a smooth initial data satisfying

(pOaU0,60>ve0)(m) - (1703 ]-30) as |$| — 00,

and we aim to obtain a strong solution to the problem (1.1.1)—(1.1.4) with the initial-boundary conditions:

{(p, U,e)(x,0) = (po, Uo,e0)(x) for @ € R, (1.1.6)

(p,U,e,Ve)(x,t) — (1,0,1,0) for t € [0,T] as |x| — oc.

Here the reference density and internal energy per unit mass are set to be p =1 and ¢ = 1.



1.2 Spherically Symmetric Problem

Given a spherical symmetric initial data:

x
(po(=), Uo(@), e0()) = (po(lz]), uo(l]) 7, eolll),
our aim is to find spherically symmetric solution to the Cauchy Problem (1.1.1)—(1.1.6):
x
(p(@, ), Uz, 1), e(@,1)) = (plla], 8), u(l@], ) 775 elll, £)-

Denoting the radial coordinate by r = |z|, and letting m = n — 1, then under the symmetry assumption,
the Cauchy problem (1.1.1)-(1.1.6) can be restated as:

Op + Or(pu) + m% =0

pOu + pudru + 0, P(p,e) = (2u + \)O, <5ru + m%) (1.2.1)

poe + pudre + P(p,e) ((%u + m%) = 2u(|3ru]2 + mi) + A(@ru + m%)2 + m(@fe + ma;e)

in the domain (r,t) € Qo1 = [0,00) x [0,T], and it is supplemented with the initial-boundary condition:

uw(0,t) =0, 9,e(0,t) =0 for t € [0,T7,
lim (p, u, e, d,e)(r, 1) = (1,0,1,0) for t € 0,77, (1.2.2)
(p,u,e)(r,0) = (po,uo, eo)(r) for r € [0, 00),

It is important to remark here that the following boundary conditions at the origin is a necessary
consequence of the spherical coordinate structure:

u(0,t) =0, 0,e(0,t) =0, for t e [0,T]. (1.2.3)
The necessity of these two conditions are entirely mathematical motivated by the fact that vector fields
U(x,t), Ve(x,t) satisfy the spherical symmetry:
U(—x,t) = —U(x,t) and Ve(—z,t) = Ve(z,t), for (x,t) € R" x[0,T]
Hence, if « — (U, Ve)(+,t) is continuous near the origin, then we must have

lim U(x,t) = lim Ve(x,t)=0.
|| —0+t

|| =0t

1.3 The Exterior Problem and Lagrange Reformulation

The spherical coordinate transformation in previous section leads to the coordinate singularity at the origin,
which poses a significant difficulty in the existence problem. To cope with this issue, we consider the problem
in an exterior domain Q, 7 := {(r,t) :a <r < o0, 0 <t < T} fora € (0,1), and find approximating solutions
(Pa; Uq, €4) to the equations

Palla

8tpa + ar(paua) +m =0

pa&fua + pauaarua + 87"P(pa7 ea) = ﬁar (arua + m%)

for (r,t) € Qqr (1.3.1)
u, ) M)
paatea + pauaarea + P(pa; ea) (6rua + m7a> ‘

‘“a|2

(97~ea)

2 Uq )2 2
:2M<|8rua] +m >+)\(8Tua+m7) +/i<8rea+m7

r2

8



where 8 = 2u + A, and it is supplemented with the following initial boundary conditions:

ug(a,t) =0, Oreq(a,t) =0
for t € [0,T7,

lim (Pa,ua,,ea,ar€a)(7”, t) = (1707170) (1.3.2)
T—00
(pavuav ea)(r, O) = (pgvugv 62)(T) for r € [CL, OO)?
where (p0,uQ, ) is the approximating initial data modified with respect to (po,ug,e9). The details of
this construction will be discussed in Sections 2.2.2 and 4.5.1. The boundary conditions ug(a,t) = 0,

Oreq(a,t) = 0 for t € [0,7] can be interpreted physically as the presence of a solid insulating ball at the
centre of symmetry, with no slip-boundary condition for the velocity field.

In order to obtain point-wise upper and lower bounds of density, it is advantageous to formulate the
Exterior Problem (1.3.1)—(1.3.2) in the Lagrangian coordinate (z,t¢). Here we give a heuristic study on the
coordinate transformation law between Eulerian and Lagrangian under the spherical symmetry assumption.
Suppose that (pg, g, €4)(r,t) is a smooth solution such that C~! < p, < C for some constant C > 0. For
general multi-dimensional flow, the transformation law between the Eulerian coordinate variables, denoted
as (y,t) € R™ x [0,T], and Lagrangian coordinate variables, (z,t) € R™ x [0,T], is given as:

dX

2 (2,t) = Ua(X(2,1),t) forte[0,T),
(y,t) = (X (z,t),t) where X is the solution of dt (z,¢) (X(zt)1) for 0 7]

X (2,0) = po(2) for z € R",

(1.3.3)

where pg : R™ — R" is a given diffeomorphism, and U,(y,t) := ua(|y|,t)%. Denote r = |y| and z = |z|.
Here, we set ¢ to be the spherically symmetric map given by:
7o (2|

(E
vo(z) = 772(\z|)£ where 79(-) is implicitly defined by |z| = / p2(¢)¢™d¢ for all |z| > 0.

ly|

Since 0 < Cyt < pY < Cp < oo for some constant Cy > 0, it follows that 79(x) is well-defined by Inverse
Function theorem. This definition means that |z| amount of initial mass is contained in the annular region:
{y € R" : a < |y| < 79(z)}. By the uniqueness of solution to (1.3.3), it follows that z — X(z,t) is
also spherically symmetric for each ¢ € [0,7], hence the function 7,(z,t) := | X(z,t)|, where z = |z|, is
well-defined for = > 0. Suppose 74(x,t) > a for all t € [0, T]. Then (1.3.3) implies that 7,(x,t) satisfies

Ora(z,t) = ug(Te(x,t),t) for t €[0,T],
(x) for x > 0.

Using the continuity equation (1.3.1); and Leibniz integral rule, one can compute to see that

d  [Fal@t)

T pa(C,t)¢™d¢ =0 for all t € [0,7T] and for each fixed x > 0.

Integrating in time and using the construction of 79(x), we have that

Fa(x’t) Fg(m)
[ mcogmac= [T R0¢mac = for all (2,8) € [0,00) x 0,7) (1.3.4)

This states that 2 amount of mass is conserved within the annular region {y € R" : a < |y| < 7y(z,t)}.
Now fix a time ¢ € [0, 7. Implicitly differentiating (1.3.4) with respect to x, we also obtains:

(Ta(z,1))™™
Pa(Ta(z,t), 1)

S|=

OxTa(x,t) = and 7z, t) = (a" —I—/O #dy) for all z > 0.

(y,1),t)

9



If C~1 < p, < C for some constant C > 0, then the inverse mapping (Z,(r, t),t) exists due to Inverse Function
theorem. For r = 7y (z,t) and x = Z,(r,t), these differential relations for the coordinate transformation can
be summarized into the Jacobian matrix as follows

o(r,t)  (pirs™ 1y, O(x,t)  (par™ —pougr™
g (70" ) () (139

Now we set pg(z,t) = pa(Ta(x,t),t), Ug(x,t) = uq(Te(x,t),t), and €4(x,t) := eq(ra(z,t),t). We denote
(D¢, D) as the partial derivative operators with respect to the Lagrangian coordinate variables and let
Vg := 1/pq be the specific volume. Then, under Lagrange coordinates, equations (1.3.1) can be reformulated
into the following form:

Dy — Dy(P™i,) = 0

- o D.(7"7q
Dyl + 75 Dup(Ta, €0) = wpx(w)
Va
&+ (T, &, = Dy (73 ta) | Fmp G 1.3.6
Dyieg + p(Va, €a) D (T1'0,) = 3% M) ( )
a

— 2mpu D, (72 + /li<

a

Tz, t) = (a” + n/ox ﬁa(y,t)dy)i

in (z,t) € [0,00) %[0, T] where p denotes p(v,e) = P(v=1,e) = (y—1)e/v. In addition (1.3.6) is supplemented
with the initial boundary conditions:

q(0,8) =0, D.eq(0,t) =0 for t € [0,T7,
(Vas Uqy €q, Dy€q)(x,t) — (1,0,1,0) for t€[0,T] as = — oo, (1.3.7)
(T T ) (2 0) = (0,70, 20) () for € [0,00),

where (00,10, e2)(x) = (p2,u2,e2)(70(x)). In later chapters, we will often abbreviate v = U,, u = U4, and

e = ¢, for simplicity.

1.4 Previous Results and Recent Progress

The well-posedness problem to the equations (1.1.1)—(1.1.6) has been investigated by many authors. For
large smooth initial data with inf pg > 0 in one dimensional bounded domain, Kazhikhov and Shelukhin
in 1977 [16] obtained the global classical solution to the initial-boundary value problem in Lagrangian
coordinate. Kawashima and Nishida later extended this result to the unbounded domain in 1981 [15].
As for the three dimensional Cauchy Problem, Itaya in 1971 [12] proved the local-in-time existence and
uniqueness of a Holder continuous solution with Hoélder initial data satisfying 0 < inf pg < suppg < oo.
Using energy methods in Sobolev spaces, Matsumura and Nishida in 1981 [20] showed the global existence
of classical solution provided that the initial data is small in some energy norms, and initial density is away
from vacuum. By imposing the compatibility condition on the initial data:

divS(VUg) — VP(po,e0) = \/pofi, and kVeq+ %\VUO + VU] P+ MdivU)? = /po fo,

for some f1, fo € L?(R3), Cho and Kim in 2006 [2] were able to obtain a unique local-in-time strong solution
with initial density possibly containing vacuum. For multi-dimensional spherical symmetric solutions, Jiang
in his 1998 paper [13] considered the exterior problem (See Section 1.3), where he replaced the boundary
condition near the origin (1.2.3) with: u(r = a,t) = dye(r = a,t) =0, for t € [0, 00), for a fixed a € (0, 1).
He proved the global-in-time existence of a unique spherically symmetric smooth solution to the Cauchy

10



Problem in Lagrangian coordinate with large smooth initial data such that 0 < infpy < suppy < oo.
Improving upon the argument of Kazhikhov and Shelukhin in [16], Jiang in [13] obtained an upper and
lower bound for density that includes the region near far field: |z| — oo, and this played a crucial role
in the existence of solution to the Cauchy Problem. However the estimates in his proof heavily depend
on the radius of exterior ball a € (0,1) centred at the origin. In an attempt to deal with the problem
near the origin, Hoff in 1992 [7] constructed a class of global-in-time spherical symmetric weak solutions
to the Cauchy Problem of Compressible Navier-Stokes equations, with isothermal pressure P = Ap, in the
Eulerian coordinate. Moreover, the weak solutions obtained in [7] possess many additional properties. For
instance, Hoff showed that solutions may possibly develop vacuum region about the origin bordered by a
bounded Holder continuous curve t — r(t). In addition, away from this possible vacuum region, the density
is bounded from above and below. Furthermore, he also showed that discontinuity in the initial velocity
is smoothed out in positive time, while the discontinuity in initial density persist for all time, convecting
along the particle trajectories. Following this work, Hoff and Jenssen in 2004 [11] developed the case for
non-isentropic compressible Navier-Stokes equations on the bounded domains in R3?, and they obtained
global-in-time spherically or cylindrically symmetric weak solutions to the corresponding initial-boundary
value problem. The main result of Chapter 2 in this thesis extends the existence theorem of spherically
symmetric solution in [11] to the whole domain R"™, for n = 2,3, hence obtaining a spherically symmetric
weak solution to the Cauchy Problem of (1.1.1).

For the isentropic Compressible Navier-Stokes equations, where the pressure solely depends on density:
P = P(p), we also mention few notable results. The first known well-posedness theorem is obtained by
Nash in his 1962 paper, where he showed the local-in-time existence and uniqueness of a classical solution
to the multi-dimensional Cauchy problem, provided that (pg,uq) € C?(R"), and the initial density satisfies
Coy 1< po < Cp for a fixed constant Cy > 0. For a more general class of initial data, which only satisfies the

finite energy condition:
/ (poM i iﬁ)(m)dm < Cy
n 2 y—1"0 -

where Cp > 0 is a given constant, Lions in 1993 [18] showed the global-in-time existence of finite energy
weak solutions, under the assumption that pressure law obeys P(p) = Ap?, where A > 1, v > 3/2 when
n = 2, and v > 9/5 when n = 3. Subsequently, several improvements on this result has been made, for
instance, in the spherically symmetric case, Jiang and Zhang generalised the assumption by allowing v > 1
for both n = 2,3, and for general 3 dimensional case, Feireisl, Novotny, and Petzeltovéd in 2001 [6] relaxed
the condition to v > 3/2 for n = 3. Moreover, under a different set of assumptions on initial data where
po — 1 is small in L2 N L> and wg is small in L?, Hoff in his 1995 paper [9] also showed the global-in-time
existence of weak solutions with certain numerical restriction on the viscosity coefficients u, A. Cho, Choe,
and Kim in 2003 [3] investigated the problem for initial data with the regularity assumptions Vug € L2,
po € H' N W16 and py > 0, where initial density can possibly contain vacuum. They were able to obtain a
local-in-time strong solution, given that the following initial compatibility condition is satisfied:

po P {ulug + (u+ N\)Vdivug + VP(po)} € L2.

One of the key ideas used in [9], [3], and [17] is the estimate on effective viscosity flux F' which is defined
by F := (2u + N)divu + P(p). The usefulness of F' was also illustrated by Desjardin in his 1997 paper [4],
where he describes a gain of regularity enjoyed by the quantity F', despite the low regularity assumption on
initial data.

11



Chapter 2

Global Existence of Weak Solutions in
Eulerian Coordinates

The main aim of this chapter is to show the global-in-time existence of a weak solution to the Eulerian
heat-conducting compressible Navier-Stokes equations (1.1.1) in the Cauchy Domain (z,t) € R™ x [0, T for
any time T > 0, and n = 2,3. In Section 2.1, the precise notion of the weak solutions is defined, and using
this definition, we state the main result, Theorem 2.1.1. Then, we give a detailed outline for the proof in
Section 2.2.

2.1 Main Results

Definition 2.1.1 (Weak Solutions). The vector function (p,U,e)(x,t) is called to be a weak solution of the
Cauchy problem (1.1.1)—(1.1.5) in R™ x [0, T] if they satisfy the following:

(i) There exists a constant Cy = Co(po, Uo, €0,7, b, A\, k,n) > 0 and a upper semi-continuous function
r(t) : [0,T] — [0,00) such that

}i{%g(t) =0, 0<r(t)<Cy foralltel0,T).

With this, define F := {(x,t) € R" x [0,T] : |x| > r(¢t) for t € [0,T]}.

(i) p € LS.(F), and p(x,t) =0 for (x,t) € R" x [0, T|\F almost everywhere, (U, e)(x,t) is locally Hélder

loc

continuous in F, and F := FN{0 <t < T} is an open set.

(iii) For each ® € C'([0,T]; C2(R™)),
/n (@, 1) D(, t)de — / po(@)®(a, 0)dw — /Ot /n(pati) + U - V) (a, 5) dwds.
(iv) VU € L (F). Moreover, for any ¥ € C*([0,T]; C}(R™)) with supp(¥) CC F,
/n pU' (x, 1)U (x, t) de — /n poUs(x) ¥ (x, 0) dae
= /Ot /n (U0 + pU"(U - V) + (v — 1)ped; V) (z, s) deds

t
- / / (uVV - VU + (n+ N9, ¥divU) (z, s) dxds  for eachi=1,...,n.
O n
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(v) Ve € L2 .(F). Moreover, for any @ € C*([0,T]; C}(R™)) with supp(®) CC F then

loc
/ pE(x,t)P(x,t)dx —/ poEo(x)P(x,0) de
t
—/ {pEd® + (pE + P)(U - V)P }(x, s) deds
0o Jrn
t
- / / {We + gV\UIQ FAUAivU + p(VU) - U} Vo(z, s) dads.
O n

Theorem 2.1.1. Let (po,Ug,ep)(x) = (po(r),uo(r)%, eo(r)), with r = |x|, be a spherically symmetric
initial data defined in x € R™ satisfying

co(r)>CrY, OV < polr) < Cu for allr € [0,00),

OO 2.1.1
/0 {%PO‘UOP + (v = 1)G(po) + potb(eo) + |(po — 1,ug, e0 — 1)|2}(”’)7'md7" <, i

for some given constant Cy > 0, where G(¢) = 1—(+log( and ¥ (¢) = (—1—log(. Then, for each T > 0,
there exists a global spherically symmetric weak solution (p,U,e)(x,t) of the Cauchy problem (1.1.1)—(1.1.5)
such that the following statements hold:

(i) There exists a continuous increasing function g : [0,00) — [0,00) with g(y) 0 as y \, 0 such that,
for each bounded measurable set E C R™,

2
esssup/ {G(p) + M}(:z:,t) de < C(T),
te[0,7 n 2

esssup/ pe(z,t)de < C(T)(1+ g(|E)),
tefo.1] JE

where |E| denotes the Lebesgue measure of set E, and C(T) = C(T,Cy, 7y, i1, A, k,n) > 0 is a constant
depending on T > 0.

(ii) There exists a continuous function (y,t) — 7(y,t) : [0,00) x [0,T] — [0,00) such that y — T(y,t) is
strictly increasing, and r(t) = limy\7(y,t) for t € [0,T]. Moreover, there exists a constant Cy =
Co(Cyy 7y, thy A\, kyn) > 0 such that

/ pla, t)dz = y for a.e. (y,1) € [0,00) x [0, 7],
{r(@®)<|=|<7(y,t)}

T(y,t) = To(y) —i—/o u(r(y, s), s)ds for a.e. (y,t) € [0,00) x [0,T],

nyp~! ((;0) < (F(y,1))" < Co(1+y) for all (y,t) € (0,00) x [0, 7],

\

where u(|x|,t) = U(x,t) - ﬁ, Y= is the left inverse of (¢) = ¢ —1 —log(, and the function
y — 1o(y) : [0,00) — [0,00) is implicitly defined as

7o(y)
y = / po(r)r™dr  for each y € [0, 00).
0

(iii) For e € (0,1], there exists a constant C(e) = C(e, T, Cy,~y, u, A\, k,n) > 0 such that

’F(yht) - F(@/Qvt)‘ S C(€)|y1 - Z/2\ f07" all (y17y27t) S [5700)2 X [O7T]7
7y, t1) — Fly, t2)| < CEE* —63/* for all (y,t1,t2) € [, 00) x [0, T2,

13



Moreover, let o(t) := min{1,t} and B¢ (r) := {x € R" : |x| > r}. Then
()™ < pla.t) < C(e), |U(,1)] < o(t) 10(e), 0 < e(a, ) < o(t) 2C(e)
for a.e. (x,t) such that t € [0,T] and x € BY(7(e,t)), and

sup / l(p—1,|U|? e —1,y/aVU,aVe)|*(z,t)dx < C(e),
(T(e:t)

0<t<T J B¢
T
/ / (VU, (U - VU, Ve, /oo,U,00se)|*(x, t)daxdt < C(e).
0 JBC(F(et
In addition, for all t € (0,T] and x,y € B¢ (¥(e,t)),
1 1
o(t)2|U(,t) = Uy, t)| + o(t)]e(x,t) — ey, )] < Cle)|lz —yl2,
and, for all 0 <ty <ty <T and |z| > sup;, <;<4, T(€, 1),
o(t1)2 Uz, t1) — U, )| + o(tr)|e(@, t1) — e(a, t2)| < C(e)|ta — t1]7.
Furthermore, defining the function p© (x,t) = p(x,t)x.(x,t) with

1 ifte[0,T] and x € B (¥(e,t)),
Xe(zx,t) ==
0 otherwise,

then, for all L € N, pt&) € C°([0,T); H-Y(By)) and
169 Cot) = PO )l S CEM —ta]  forall0<h <t <T,
where C(e) is independent of L € N, and Br, := {x ¢ R" : |x| < L}.

The domain for which the momentum equations hold weakly can be extended to the entire space-time
domain. However, the viscosity term is interpreted as a non-standard limit distribution of approximate
solutions.

Theorem 2.1.2. Let (p,U,e)(x,t) be a weak solution with initial data (po, Ug,eo)(x) obtained in Theorem
2.1.1. Let & : [0,00) — [0,1] be a fized increasing C* function with € = 0 on [0,1] and £ = 1 on [2,00),
and set £(r) 1= &(%). Then there exists a sequence of vector valued functions {Uq(x,t)}aen such that
U, € L% (R" x [0,T]) for each « € N and i = 1,...,n. Moreover, for each i = 1,...,n and for each
U e 02([0 T); C2(R™)) with ¥ : R™ x [0,T] — R, defining the distribution U(-,t) € (C2([0,T]; C2(R™)))" by

t
UY(®,t) := lim lim / / {(w+N(Uq - V)OO + pUL AT Y dzds,
RNOa=0 Jo J|z|>1/a}
with VR (x, t) := ¢R(|x|)¥(x, 1), then the following is true for each ¥ € C%([0,T]; C2(R™)) :
/ pU (2, 1)U (2, t)dz — / poUd ()W (x,0)dz
t
:/ / (pU' 0T + pU (U - V)V + (v — 1)pedy: V) (, s)dzds + U (P, 1),
0 n

for eachi=1,...,n. Furthermore, U (x,t) is the velocity of solution to the exterior sphere problem, which
satisfies the auziliary boundary condition:

Uuy(z,t) =0, Veq(x,t)=0 for x| =1/a and t € [0,T].

The existence of such solution (pa,Uq,€q) is stated in Theorem 2.2.1 of Section 2.2.3.
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2.2

Main Strategy and Reformulation

Throughout the rest of this chapter, we use the following notations for five types of generic positive constants
to indicate their specific dependence on various parameters:

C=C(y, A\ k,n), Co=Co(C,Cy), C(T)=C(T,Cy),
C(a) =C(a,T,Cy), C(e)=C(e,T,Ch) for each a € (0,1) and € € (0, 1],

where C, = Ci(7, po, up, €9) > 0 is the initial constant stated in (2.1.1) of Theorem 2.1.1.

2.2.1 Main strategy

Our approach for proving Theorem 2.1.1 is to split the original problem (1.2.1) into the following two parts:

(D

(IT)

For fixed a € (0,1) and T' > 0, we prove the global existence of weak solutions {(pa, ta; €a)(7;t) }ac(0,1)
to the initial-boundary value problem (IBVP) of equations (1.2.1);—(1.2.1)5 in the exterior domain
(r,t) € [a,00) x [0,T] with the following initial and boundary conditions:

(Pas Ua; €q)(r,0) = (p27u2762)(r) for r € [a, 00),

u(a,t) = Ore(a,t) =0 for ¢t € [0, T,
where (p%,u2,€%)(r) is the approximate initial data constructed from the initial data (po,uo,eo)(r)
assumed in Theorem 2.1.1. The detailed construction can be found in Section 2.2.2, and (p2,u, €?)
are shown to satisfy initial condition (2.1.1) with a constant Cy > 0 independent of a € (0,1) in Propo-
sitions 2.2.1. It is also worth pointing out that the corresponding solutions {(pa,ua,¢€a)(7,t)}ac(0,1)

satisfy certain high order estimates uniformly in a € (0,1) (see Theorem 2.2.1 in Section 2.2.3).

It follows from the uniform estimates independent of a obtained in (I) and compactness arguments
that there is a sub-sequence a; \, 0 as j — oo such that, the corresponding limit triple (p,u,e) is a
weak solution described in Theorem 2.1.1.

Part (I) of our approach will be achieved via the following six steps:

(L1)

(1.2)

(L4)

We first modify the original initial data (pg,uo,ep) into (p%,u2,e?)(r) in Eulerian coordinates, as
constructed in Section 2.2.2.

The solution (pg, uq, €,) in (I) is obtained as the limit of solutions of the approximate problems posed
in bounded annular domains. For this purpose, we apply a truncation procedure on the mollified initial
data (p2,u2,€Y) in Eulerian coordinates near the far-field region (i.e., r > 1), which are parameterized

by the integer k € N.

Next, we transform the IBVP in the exterior domain (r,t) € [a,00) x [0,T] stated in (I) into a set
of IBVPS shown in (2.2.16)—(2.2.17) in Lagrangian coordinates with the spatial domain being [0, k|.
Indeed, the main point of the above reduction and modification of the initial data is to ensure that, for
each T' > 0, there exists a unique global-in-time smooth solution to the approximate IBVP (2.2.16)—
(2.2.17) in (z,t) € [0, k] x [0,7T.

Moreover, we can derive the entropy inequalities on these solutions. Consequently, we obtain the
upper and lower bounds of the density. These density bounds are independent of the approximation
parameter k£ € N; in addition, they are independent of a € (0,1) on the regions away from the origin
in Lagrangian coordinates.
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(L5)

(L6)

Based on the bounds of the density obtained in (I.4), we seek for a set of high-order estimates on
the regions away from the origin x = 0 in Lagrangian coordinates, which is independent of the
approximate parameter a € (0,1). In fact, these estimates can be obtained by introducing a set
of O cut-off functions g.(x), for each ¢ € (0, 1), away from the origin (see (2.3.21)(2.3.23)). However,
the inclusion of these cut-off functions leads to difficulties in estimating certain integral terms near
the boundary = = &, which is described in the proof of Lemma 2.3.4. In order to overcome these
difficulties, we make full use of the dissipation terms in the entropy estimates from step (I.4), which
can be found in Lemma 2.3.3.

Finally, we denote (Vg k, Uq,k, €a,k) (2, s) as the approximate solution of problem (2.2.16)—(2.2.17) in the

Lagrangian domain (z,s) € [0, k] x [0,7], and

" n z 1/n
Tak(z,s) = (a —i—n/ Va, k(Y5 s)dy)
0

as the corresponding particle path function. For each (a,k) € (0,1) x N, we formulate coordinate
transformations (r,t) = Tor(z,s) = (’7;(?,7;(?)(90, s) as

’T(? (x,5) = Tqr(x,s), 7;(;) (x,s) =s for (z,s) € [0, k] x [0,T].

a,

Owing to the density bounds from Step (I.4), the inverse function 7;‘,3 exists and, by these coordinate
transformations, we define

(Ea,ky ﬂa,kv Ea,k) (T7 t) = (jl\}/a,ka ﬁa,kv ga,k) (7;,_]61 (T7 t)) fOI' (Ta t) E Ra,k7

where Rqj = Tox([0,k] x [0,T]) = {(r,t) : ¢t € [0,T],r € [a,7ar(k,t)]}. We then extend these
functions into the entire exterior Eulerian domain (r,t) € [a,00) x [0,7] by introducing the following
test functions: Let £ : R — [0, 1] be a function with £ € C* such that £({) = 1if ( <0, £(¢) =0 if
1 < ¢, and |£'(¢)| < 2 for all ( € R. With this, we define the following cut-off functions:

2r — 74k (k, t)>

eualrt) =€(= 00

It is shown in Section 2.4.2 that supp(@q k) C Rk, so that the approximate solutions in the Eulerian
coordinates can be extended as follows:

1
Pak(r,t) = Pak(r t)<%,k(7“at) - 1) 1 for (r,) € Rap,
1 for (r,t) € [a,00) % [0, T)\Rq.k,
Pak (T, t)Uak(r, 1) for (r,t) € Ra,k, (2.2.1)
Ug (T, 1) =
’ 0 for (r,t) € [a,00) x [0, T]\Rq,
Ca (1, t)(€qr(r,t) —1)+1  for (r,t) € Rop,
ear(r,t) = ’ ’ ’
’ 1 for (r,t) € [a,00) x [0, T\ Rq k-

Taking the advantages of the a-priori estimates derived in Steps (1.4)—(1.5), we find a sub-sequence,
(Pakjs Uak;» €ak;)jeN, such that the limit function (pa, ua, €q) is a weak solution of the exterior problem
stated in (I). Furthermore, it is also shown that such solutions continue to enjoy the uniform regularity
estimates in a € (0,1) attained in Steps (I.4)—(1.5). The detailed analysis of this procedure can be
found in Section 2.4.
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Part (II) of our approach can be achieved via the following four steps:

(IL1)

(11.2)

(11.3)

For given approximate initial data (p2,u2,€?) in (I), denote

{(:0&7 Ua, 6(1)(7“, t) : [G, OO) X [OvT] - [07 OO) X R x [07 OO)}QE(O,I)

as the global weak solutions of the exterior problem obtained in Step (I). Based on the entropy estimate,
we prove the uniform integrability of the approximate solutions (pq, g, €a)ae(0,1) with respect to the
approximate parameter a € (0,1) in Section 2.5.1, which will play key roles in proving that the limit
function of these approximate solutions are indeed weak solutions of the original problem (see Lemmas
2.5.9-2.5.11).

The particle path functions 7, (z,t) : [0,00] x [0,T] — [a, 00) associated with the approximate density
pq for each a € (0,1) are defined to be the functions satisfying:

Ta(z,t)
x :/ pa(r, t)rdr for a.e. (x,t) € [0,00) x [0,T],

which can be found in Lemma 2.4.3 in Section 2.4.3. Then, by the estimates obtained in Step (II.1) and
compactness arguments, we show that, in Section 2.5.2, there exists a function r(x, t) : [0,00) x[0,7] —
[0, 00) that is the limit function of the sequence {74 (z,%)}ae(0,1) When a \, 0. Moreover, we show that,
for t € [0, T, the limit lim,\ o 7(x,t) does not necessarily equal to zero, but a function of ¢ instead in
general: r(t) : [0,7] — [0,00). In fact, 7(z,t) is the particle path of our original problem (1.2.1), and
r(t) is the vacuum interface in (1.2.1) that separates the fluid region and the possible vacuum, which
can be verified later. Furthermore, it is shown in Lemma 2.5.4(iii) that, for each x > 0, there exists
0(z) > 0 depending only on x > 0 and initial constant Cy > 0 such that

inf 7(x.t) > 6 0. 2.2.2
tel[%,T}r(x’ ) > 0(x) > (2.2.2)

This lower bound will be crucial in the next step where we take limit a 0 in {(pa; Ua; €a) }ac(0,1)-

Next, for each ¢ € (0, 1], we fix a domain away from the origin by
Fe:={(r,t) € [0,00) x [0,T] : 7 € [F(e,t),00)}, (2.2.3)
where 7(z,t) is obtained in Step (II.2). Moreover, we set
F :={(r,t) € [0,00) x [0,T] : > r(t)}.

Then, by the high order estimates derived in Step (I.5), we construct a limit function (p,u,e)(r,t) :
F — [0,00) x R x [0,00) in Section 2.5.3 as follows: By an application of the Arzeld-Ascoli theorem,
we first obtain (pg, ue, e:)(r,t) defined in domain F; for each ¢ € (0, 1]; then the function (p,u,e) is
constructed by first extending (pe, ue, €-) with

(0,0,0) if (r,t) € F\Fe,

(pe; ue, €c)(r,t) = {(Ps,ug,es)(r, t) if (rt) e F,

and next {(pg,ug, ec)(r, t)}ae(O ) are glued together over the parameter ¢ € (0, 1] by the telescoping
sum:

F=fo+ Y (ferp = f2)
=1
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(I1.4)

for f = p,u, e respectively and ¢; = 1/i. The detail of this procedure is given in Propositions A.0.1—
A.0.2 in Appendix A. In addition, it is also shown in Lemma 2.5.6 that

7(x,t)
x = / p(r,t)r™dr for a.e. (x,t) € [0,00) x [0, 77,
T
which justifies that the function r(¢) obtained in Step (II.2) is the vacuum interface curve of our

original problem (1.2.1).

Finally, by the estimates obtained in Step (II.1), and the convergences in Steps (I11.2)—(I1.3), we prove
the weak forms listed in Theorem 2.1.1. The weak forms in Eulerian coordinates (x,t) € R™ x [0, T
are shown in Section 2.5.4, and Theorem 2.1.2 is shown in Section 2.5.5.

Remark 2.2.1. Before proceeding, we also give the following remarks:

(a)

(b)

(c)

(f)

In Steps (1.1)—(1.2), it is important to show that the modified initial data satisfy the entropy esti-
mates uniformly with respect to (a,k) € (0,1) x N and strongly converge to the original initial data
(po, ug, €0)(r) in proper functional spaces. These results will be needed later in the compactness argu-
ment in Step (1.6), which is detailed in Section 2.4.

The main purpose of the reformulation from FEulerian to Lagrangian coordinates in Step (1.3) is to
obtain the crucial upper and lower bounds of the density (see Theorem 2.3.1(ii) in Section 2.3), which
are independent of k € N. This is, as far as we are concerned, only possible in the Lagrangian
formulation. Note that these bounds of the density are an improvement on the result of [13].

As mentioned in Step (L.5), the introduction of C! cut-off functions away from the origin leads to
several hurdles in the estimates, and these issues have also been encountered in [11]. In this paper, we
resolve these issues by making use of the dissipation terms that are present in the entropy estimates.
This is detailed in Lemma 2.3.3 of Section 2.3.3.

The purpose of the coordinate transformation back into the Eulerian domain, introduced in Step (1.6)
is due to the following consideration: In taking limit k — oo, a difficulty arises due to the nonlinear
second-order spatial differential operators in Lagrangian forms of the momentum and internal energy
equations. Since these operators are linear in FEulerian coordinates, this difficulty is resolved by con-
verting the approximate solutions, originally obtained in Lagrangian coordinates, into the functions
in the Fulerian domain. This allows us to take limit k — oo and obtain the desired weak forms in
FEulerian coordinates.

In Step (1.6), after taking limit k — oo, it requires to show that the limit solution still satisfies the
entropy inequality, since it will be required in Step (11.1). This is achieved by an application of Mazur’s
Lemma in Lemma 2.4.9 of Section 2.4.5.

In order to apply the compactness argument from the high order estimates obtained in (1.5), it is crucial
that F. defined in (2.2.3) is a set strictly bounded away from the origin r = 0 for each ¢ > 0. We
obtain this by assertion (2.2.2) in Step (11.2).

The rest of this section is organised as follows: In Section 2.2.3, we show our main result on the existence
of weak solutions with large data of the exterior problem mentioned in (I). In Sections 2.2.2-2.2.4, we describe
detailed procedures for the modification and truncation of the initial data listed in Steps (1.2)—(1.3) above.
Finally, in Section 2.2.5, we reformulate the exterior problem in Fulerian coordinates into the approximate
Lagrangian problems in domain (z,t) € [0,k] x [0,7] as described in Step (I.4) and also establish the
corresponding global-in-time well-posedness of the unique strong solution with regular initial data.
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2.2.2 Mollification of the initial data in the Eulerian domain

Let (po, uo, eo)(r) for r € [0,00) be the initial data in Theorem 2.1.1. First, we extend the initial data to R
by

(p0(<)7 uO(C)a €O(C)) if C € [O’ 00)7
(Po(=¢), —uo(=C), en(=C)) if ¢ € (=00,0).
Then, for each a € (0,1), let j, € C°([—1,1]) be the standard 1-D mollifiers such that supp(j,) C
[~a/2,a/2]. We define (52,40, %) := (po * ja, o * ja, €0 * ja). It follows that

(Po, tio, €0)(¢) = { (2.2.4)

a’r-a

(P9, g, €0) € CX(R),  €0(¢) > O ' and O < pR(C) < Ci for ae. (€ R
(p2,42,¢%)(¢) — (po,uo, €0)(r) as a\ 0 for a.e. ¢ € (0,00).
Next, let x : [0,00) — [0,1] be such that x € C*°, x(¢) = 01if ( <1, and x(¢) = 1 if ( > 2. Setting
the cut-off functions x,(r) = x(%) for each a € (0,1), it follows that x4(r) = 0 for 7 < a and x,(r) =1 for
r > 2a. With this, we define the approximate exterior initial data:

(2.2.5)

(A2, 0, €)(r) = (70— 1)xa + 1, @0xas (& — D)xa +1)(r) for all 7 € (0, 00). (2.2.6)

Proposition 2.2.1. (p%, 40, el) € C([0,0)) and u2(a) = drel(a) = 0. Moreover, as a 0,

1(ph — 1, Jug|?, €5 — 1) — (po — 1, |uol®, e0 — Dl z2((0,00) rmary = 0, (2.2.7)
(Pa tgs ) (r) =+ (pos o, e0)(r) — for a.e. 1 € [0,00).
In addition, the following uniform estimates are satisfied for some constant Cy > 0:
ed(r)>Cyt and Cyt < p(r) < Co  for all (a,r) € (0,1) x [0,00),
(2.2.8)

sun [ GO+ () + AP 1 = L Pl = DY <
ac(0, a

Proof. The statements (p2,u%,ed) € C*([0, 00)), min{1,C;} < p¥(r) < max{1, Cy}, ud(a) = 0 = 9,€%(a),
and €Y(r) > min{1,C !} for all » € [0,00) follow immediately from the construction (2.2.6), while the
almost everywhere convergence (2.2.7), follows from (2.2.5).

Next, by Minkowski’s integration inequality and (2.2.6), we have

a/2

00 ) ' \1/4
gl 24(f0,00),rmary < [Xa(r)ao(r = ¢)ja(Q)[*r™dr )~ d¢
—a/2 0

a/2 00 1/4
. o 4, m
< [0 ( [ = pmar)ac
Let =7 —¢. Then 0 <1+ (/¢ <2 forall ((,§) € [—a/2,a/2] X [a/2,00). It follows that
a/2

o0 1/4
[alzsooormman < [ auO( [ l@tema+ cromag) ac

—a/2 a—¢

a/2 0o / a/2
< [ [ martenag) ag < amiet 7 jugac = 2miel!

—a/2 /2 —a/2

Applying the same argument to pd — 1 and e} — 1 yields (2.2.8),.
Next, by Holder’s inequality,

1/4
g l® = Juol? || £2((0,00) rmary <(1 + 2 [l — o | £4([0,00),rm dr)
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From this, we wish to show ||ud — uo || £4([0,00) rmdry = 0 @s @ N\, 0. By construction (2.2.6),
g — ol L4 (0,00)rmdr) = I1Xa(le — o) + (Xa — Duoll£4(j0,00) rmar)

~0 2 4 4 m 1/4
< xa@ = o)l ooy many + (- (1= xa) ol (r)rmar)

Using the fact that [[uol|z4(j0,00),rmar) < C’i/4, Xa — 1 as a N\ 0 almost everywhere, 0 < y, < 1, and the
dominated convergence theorem, we have

2a 1/4
. _ 4 4 m —
({1{%(/0 (1 = Xa)"|uo|*(r)r dr) 0.

Therefore, we conclude
i{%”’ug\g — Juol?[l L2 (0,00 mary <(1+274)C Clti{%HXa(ﬁg = 10|24 ((0,00).rmar)-

Hence, it is left to prove the limit: ||xq (40 — uo) | £4(j0,00),rmar) = 0 @s @ N 0. To show this, it follows from
Minkowski’s integration inequality that

a/2

o0 1/4
ol ~ ) ooerrman < [ O [ Tuolr = ¢) = un(frmar) ¢

—a/2

a/2 .
< /_G/Qja(C)</G_<!uo(§) _u0(§+C)‘4(1+C/§)m£md§)l/4dc

a/2 00 /
<2/t [ @ ui® — i+ Ol'enae) e

where the last line follows from 0 < 14(/§ < 2if { € [—a/2,a/2] and £ > a— (. Now, by the separability of
the space L*([0,00), r™dr), for each § > 0, there exists hs € C°([0, 00)) such that ||hs — o | £4([0,00) rmdr) <
3-m/45/4. By the triangular inequality, it follows that

274 | o (40 — u0) || 4(j0,00),rmdr)

< [ a0 ([ unte) - ns@rienac) ac+ [

—a/2 /2 —a/2

a/2

(@) [ hot©) —nate + ortenae) ac

a/2 . 0o -~ 1/a | 3
o [ O [ ter 0 - note-rremae) “ac = 3.

First, I1 and I3 are estimated as:

a/2 o0 1/4 5 [a/? )
L . 4 +m ; —
n= [ RAcll / ol ~ha(@r'era) ac < g i =
a/2 o0
b= // O [ Ihstr) = w1 = gprymmar) g
a/2 o0 1/4 5 [a/? 5
< 3m/4 / o ja(o< / |hs (r) —uo('r)|4rmdr> d¢ < 5 / a/Qja(C)dc =7

where we have used the fact that 1/2 < 1 — (/r < 3/2 for all (¢,r) € [—a/2,a/2] X [a,00). Since hs is
compactly supported for each § > 0, there exists as € (0, 1) such that,

a/2 o0 / 5 [? 5
B [ i@ [ Ihs© = hotg+Oema) < 3 [ gudc =5 itae (0,0)

—a/2 /2 —a/2
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Thus, for given 6 > 0, there exists ag € (0, 1) such that 2=™/4| x4 (a0 —uo)HL4 0,00),rmdr) < 0 for all a € (0, as).
This implies limg o|||ul]? — [uo|?|| £2([0,00),rmdr) = 0. The proof for P2 and €Y follows the same.

Next, by Jensen’s inequality and the fact that ¢ — G(¢), (), |¢|? are convex functions, it follows that
G(pY) < G(po) * ja, (€2) < (é0) * ja, and |ul| < |ig|? * ju for r € (0,00). Using Fubini-Tonelli’s theorem,
it follows that

S) oo ra/2
/ G(p0) (r)rmdr < / (G(po) * ja) (r)r™dr = / G(po(r — O))jalQ)dCrmdr

—a/2
a/2 a/2
/ ., GPO (©)(C +€)dEja(C)dC < / . G(po)(é)fm(l+C/§)md§ja(C)dC
a/2 a/2
<om / / Glpo)(©)Emdeja(O)dC < 2 [ CLjulC)dC = 27C,
a/2J0 —a/2

where we have used the initial condition (2.1.1),. In a similar way, we have

S) a/2  poo

[ vteermar smas e [ weo@)e 0+ cfeymagiac
a/2 poo

<2 Comax(1,0) [ [ pois(eo) 967 AEIOUC = 27O max(1, )

Similarly, we also obtain Hpg|u2‘2||L1([0,oo),rmdr) < 2mC2%max{1,C,}. Finally, by setting
Cp = max {QmC*, 2" C? max{1,C,}, min{1, C’;l}*l},

we complete the proof. O

2.2.3 The approximation problem in the exterior Eulerian domain

To resolve the coordinate singularity at the origin, which poses a significant difficulty in the existence of
solutions, we first consider the approximation problem in the exterior domain: Q47 = [a,00) X [0,T] for
fixed a € (0,1), and find solutions (pq, U, €q) to the exterior problem for system (1.3.1) over domain Q, 7
with the following initial-boundary conditions:

ug(a,t) =0, Oreqla,t) =0 for t € [0, 77, (2.2.9)
(Pas ta, €a)(1,0) = (p27u27€2)(r) for r € [a, o0), o
where the initial data are given by (p2,u2, €2)(r) constructed in Section 2.2.2 above.

To prove Theorem 2.1.1, the existence of weak solutions to the exterior problem (1.2.1) and (2.2.9) for
each a € (0,1) is first obtained, so that some compactness argument can be applied when a \, 0. First, the
definition of weak solutions is given below.

Definition 2.2.1 (Spherically symmetric weak solutions in the exterior domain). Let

D :={¢ € C*([a,00) x [0,T]) : AN € N s.t. ¢(r,t) =0 for (r,t) € [N,00) x [0,T]},
D§ :={p €D : ¢(a,t) =0 forallte[0,T]}.

Then (pa,ta,€q)(r,t) is a weak solution of problem (1.2.1) and (2.2.9), provided that
(i) For each ¢ € D,

o0 0 t 0
/ pa(r,t)d>(r,t)rmd7’—/ p2(r)¢(r,0)rmdrz/(] / (paf)t(]ﬁ—i-pauaar(b)rmdrds.
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(ii) For each ¢ € D§,
(o] o] t o]
| pavastrrmar = [ gudimotroymar = [ [ puna(0i0 4 wad,0)rmdrds
a a 0 Ja
t [e¢)
= / / (Pa — ﬁ(@ru(l + m%)> (&nqﬁ + m?)rmdrds.
0 a T T
(iii) For each ¢ € D*,
[ st rmar = [ RE) 0,0
t [e¢)
= / / {paEaath) + (paEo + Pa)uaargb}(r, s)r’drds
0 Ja

t 00
— / / {Q,uuaarua + A\ug (8rua + m%) + /i@rea}&,qb(r, s)r'drds,
0 Ja

where Py = (7 — 1)pgea, By := |ua|?/2 + €q, and E2 := [ul]?/2 + €J.

From now on, we denote o = o(t) := min{1, ¢}, and for all functions y(t) : [0,7] — [0, 00), we denote

Elp,u,e;y)(T) := sup / [(p— 1,u% e — 1,/00u,o0e)|*(r,t)r™dr
te[0,T] Jy(t)

T 0o
+ / / |(0,u, e, udyu, /o Opu, 00se) | (r, t)r™drdt.
0 Jy(®)

Theorem 2.2.1. For each fized a € (0,1), let (p2,u2,ed)(r) be the initial data constructed in Proposition
2.2.1. Then, for each T > 0, there ezists a weak solution (pq,Uq,eq)(r,t) to the exterior problem (1.2.1) and
(2.2.9). Moreover, the following statements hold:

(i) The entropy inequality holds:

0 2 19, 2
eSSSUP/ {( —1)Glpa) + patblea) + pale }mdr—i-n/ / | e“' rmdrdt

t€[0,T] 2
2 a a 2 2 rta — Ya 2
/ / 2p ) |Oru +e'mu /7] n Tgu\au . Uqg /7| }rmdrdt§ o(1).

(i) Elpa,Uaseq;al(T) < C(a). Moreover, for a.e. (r,t) € [a,00) x [0,T] :,

)
Cla)™! < palr,t) < Cla), |ua(r,t)] < o(t)"1C(a), Ca)™! < eq(r,t) < o(t)"2C(a).

(iii) There exists a continuous function (z,t) — ra(x,t) : [0,00) x [0,T] — [a,00) such that x — T4(x,t) is
strictly increasing for each t € [0,T] and

;

(z,t)
/ pa(r,t)rdr = x for a.e. (x,t) € [0,00) x [0,T],
a

t
Ta(z,t) = ?2(3:) —i—/ ua (T (x, 8),s)ds  for all (z,t) € [0,00) x [0,T7,
0

m?zp ( ) < (Fa(2,t))" < Co(L+2z)  for all (z,t) € [0,00) x [0,T7,

where the function x + 79(x) : [0,00) — [a, 00) is implicitly defined as

o(@)
x = / P2 (r)r™mdr for each x € [0, 00).
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(iv) For each e € (0,1], E[pa, ta, €a;Tale, )](T) < C(e) and

[Ta(z1,t) — To(x2,t)| < C(e)|x) — 22| for (x1,xa,t) € [8,00)2 x (0,71,
Fa(m,t1) — Ta(, t2)| < CE)E —3/Y  for (z,t1,12) € [e,00) x [0,T]2.

Furthermore, for a.e. (r,t) such thatt € [0,T] and r € [r4(e,t),00) :
O™ < pulr,t) <€), Jualr,t)] < o(t)TC(E), ealr,t) < o(t)2C(e).

In addition, for all (r1,r2,t) such that t € [0,T] and ri, ro € [To(e,t), 00),

U(t)%fua(h,t) —uq(ro,t)| + o(t)|eq(r1,t) — eqlre, t)| < C(e)|r1 — 1o 7
and, for all (r,t1,t2) such that 0 <ty <ty <T and r > supy, <i<y, Tl t),

o (t1) 2 |ua(r, 1) — ua(r, t2)] + o(t1) ea(r, 1) — ea(r,t2)| < C(e)|t2 — a1

(v) For each connected interval I C [0,00), denote fI&(I, rdr) as the closure of
Do(I) :=={¢ € C®(I) : AN >0 s.t. [0,N] C I and ¢(r) =0 forr € IN[N,o0)}

via the HY(I,r™dr)-norm, and denote its dual space as ﬁfl(I,rmdr). For each ¢ > 0, define
,off) (r,t) == pa(r, t)x2(r,t) where x&(r,t) is the indicator function:

1 iftel0,T] and r € [Fa(e,t), 00),

Xr,t) ==
Xe(r,) {0 otherwise.
Then, for all L € N, pgf) e C°([0,T7; HY([0, L], r™dr)) and
12 rt1) = 6D ()l 1 oy < CON o] for all 1,82 € (0,71,
where C(g) > 0 is independent of L € N.

(vi) For each n > a, the following estimates hold:

T
/0 sup %(n t)dt < C(TmE 2 + C(T)* ™" ifn=2,3,
T
/ suplog (max {1, e,(r, ) })dt < C(T)(1 + y/log(max{1,C(T)/n})) ifn =2,
0 727
T
/ sup log (max {1, e (r, t)})dt < C(T)n*™" if n=3.
0 rzn

2.2.4 Truncation of the initial data in the exterior Eulerian domain

Since (pq, Uq, €q) in Theorem 2.2.1 is obtained as the limit of solutions to the approximate problems posed
in bounded annular domains, we need to construct the corresponding approximate initial data, which is
the main purpose of this subsection. In particular, we construct (pg,kv ug,kv 627k) for £k € N by truncating
(02, uY, €9) with suitable cut-off functions <p27k.

We first consider the function:

e / p2(¢)¢™dC. (2.2.10)
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Since Cy L < p(r) < Cp, it follows that this is a strictly increasing continuous function. Hence the inverse
function 70(x) : [0, 00) — [a, 00) exists so that

Ta(z)
xr = / P2 (r)r™dr for each z € [0, 00). (2.2.11)

Moreover, due to the regularity of p2, it follows from the inverse function theorem that 79(z) : [0, 00) — [a, c0)
is a smooth, bijective, strictly increasing map.
From now on, we use D, to represent the derivative with respect to x € [0, 00).

Proposition 2.2.2. For all z € [0, 00),
1 z 1 1/n
DIFg(m) = = and Fg(w) =(a" + n/ ——dy . 2.92.12
()" A (@) (4 ), ™) (2212)

a a

Proof. Since p2(r) € C* and Cy ' < p(r) < Cp by construction (2.2.6), it follows that

cg —

lim T /T pa(Q)¢™d¢ = (F(z)) " pd (Fa(z))  for each z € [0, 00).

roT(x) T T 79(x)

Since y + 70(y) is continuous, then for all x € [0, o),

. 1 Ta(y) . .
hm_?%:)/r pa(Q)¢™dC = (To(x))" P (Fo ().

y—z 79 (y) — 79

Notice that, by (2.2.11),

P (y) — (z) 1 /Fg(y) 0 1 IO
= < po(r)r™dr = / po(r)r™dr = 1.
v R0 e T Sy

Then, using the fact that 0 < C5'a™ < po(7o(y)) (Fo(y))™ < Co (To(y))™ < oo for all y € [0,00), it follows
that, for all z € [0, 00),

Roly) ~ 7o) ! T . !
lim -/ T gy (o O(r)rmd = - :
Jim, == = I (= Lg(x) ARIAr) = )

Thus, the derivative of 70(z) exists and (2.2.12); holds.
Next, it follows by the chain rule that

1 1
~D, ~0 n_ (0 meAO - - f c o, .
n (TCL(J;)) (T(l (JU)) TCL(‘T) pg (?2(x>) or xr [ OO)

Integrating in y € [0, z] and using 79(0) = a, we obtain (2.2.12),. The proof is complete. O

Now, let x : R — [0, 1] be such that x € C®, x({) =1if ( <0, x(¢) =0if ¢ > 1, and |x'(¢)| < 2 for all
¢ € R. With this, the cut-off functions wg’k is defined as

r o7
9027k;(7”) = X(W) for each (a,k) € (0,1) x N.

a

It follows that gog’k(r) € C*([a,00)) and

<p27k(r) =1 for r € [a,72(k)/2], 9027k(7") =0 forre [?2(1{:),00)

a
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Using this, we define the truncated initial data as:
Pg,kO") = (po(r) — 1)802,k(7°) +1,
ug,k(r) = ug(r)wgvk(r), for r € [a, c0). (2.2.13)
Car(r) = (ea(r) — Vgl i(r) +1,

With above construction, it can be verified that

(P 1> U s €ae) € C™([a, 00)), g (1) = Brel y(r) = 0 for 7 € {a,75(k)},
0 0 0 (P2, ul, e (r)  for all r € [a,70(k)/2), (2.2.14)
(Pt €a) () = (1,0,1) for all r € [70(k), 00).

Proposition 2.2.3. For G(z) =1—z+ zlogz and ¥(z) = z — 1 — log z, the following hold:

Co_l < p27k(r) < Cy, egﬁk(r) > Co_l for all (r,k) € [a,00) x N, and for all a € (0,1),
o 1 m
sup SUP/ {Pg,k(§’u2,k‘2 +(eqr)) + Gloar) +1(oan — 1, lugil® eqr — 1)\2}7" dr < Co.
a€(0,1) keN Ja

Proof. By Proposition 2.2.1, we have
o0
| i = 1P bl e = 1P prmar
e 0 1210 2 0 141,04
— [ {101t~ 1
a

(o]
< / {|P2 — 12l el - 1\2}7«% < Cp.
a

a

21V — 1|2}rmdr

By Proposition 2.2.1, min{C; !, 1} < pgk( ) = p0(r)@?  (r) + 1 — 2 (r) < max{Cp,1} for all r € [a,00).
By the same argument, we can show that e k( r) > min{C; ', 1} for all r € [a,0).
Finally, since G and v are convex, G(1) = (1) =0, and 0 < @27,6 < 1, it follows that

G(po k) =Glpagar +1— 00 1) < 90 G(pd) + (1 — ¢ 1 )G(1) = ¢ G(pY),
P(en ) =w(engnr +1— 90 1) < oo pb(en) + (1 — @) 1 )1h(1) = @) p(ed).

Then, using Proposition 2.2.1, we have

[P Gau? + v(e) + Gl frrmar

a

< [ {0 + Sty + GO + (1= ) (Glul + 0e)) frmar

& 1
<G [ {R (G + w(ed) + Gl rmar < Gyt L.

This concludes the proof. ]

2.2.5 Reformulation in the bounded Lagrangian domain
For each (a,k) € (0,1) x N, we transform (pgyk, u&k, egk)(r) into the Lagrangian domain as
(ﬁ,kaag,kagg,k)(ﬂf) = ((Pg,k)_laug,kaeg,k) (7o () for z € [0, 00). (2.2.15)
Since 70(z) € C°°([0, 00)) due to p? € C°°([a, <)), Proposition 2.2.2 and (2.2.14) imply that
(Vo g U g €ai) € C([0,00)), uﬂé,k(x)‘x:(),k = Dmég,k(x)u:o’k =0 for (a,k) € (0,1) x N.
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Proposition 2.2.4. The following uniform estimate holds:

k
1 ~
sup sup [ {50 + 00 + V() + T~ 13242~ DP f(w)de < G,

a€(0,1) keN JO
Proof. First, it follows from Proposition 2.2.2 that the map: = + 79(z) satisfies

0 < Cy 17 (2)) ™™ < Do) = (7)) " pY(F(x)) "' < Coa™™ < 0o for z € [0,00),

a

so that the Jacobian of transformation r = 70(z) is bounded. Then, for any function f(r) : [a,c0) — R such

that f € Llloc, the following coordinate transformation is satisfied:

R (k) b
[ b= [ ).
Using this, Propositions 2.2.1-2.2.3 and (2.2.14), it follows that, for each (a,k) € (0,1) x N,
[0 1P = [ G Pl () P
?‘2(1@ 0 2 0 20 20
=/ 11— pai(r)]°|par(r)| =" par™dr =/ ook — 112100 k| 2P0 (r)r™dr

< C’O(min{l,Col})_z/ 100 (r) — 1]2r™dr < C.

By the same argument, we have [|(|a0 ,[%,€0 , — 1)]| 12((a,00)rmdr) < Co.
Next, by Propositions 2.2.1-2.2.3 and the identity: z(27!) =1 — 2 + zlog z = G(z), we have

/Ok {l\ﬁa,kﬁ + (@) + (v — 1)y (D) k)}(:ﬁ)d:c

= [T R Gl + 0(e20) + 6 = DGR Jrmar < o

a,k
for all (a,k) € (0,1) x N. This completes the proof. O

The vector function (Vg k,Ugk,€qk) is called a solution of the (a, k)-approximate IBVP in Lagrangian
coordinates provided that (Vg k, Uq i, €4,k) satisfies the equations:

(Dtﬂa,k - Dm(?g?kﬂa,k) = Oa
~ ~ ~ D (Wkﬂ ,k)
Dtua,k + %Z?kDa:p(va,ka ea,k) = 6&:}]@1)3: (%)7
N o N ak (2.2.16)
Dtea,k +p(va,ka ea,k)D:r(FZ?kua,k) = ga,k;
" z 1/n
Tak(x,t) = (an +n/ vaJﬁ(y,t)dy) ,
\ 0
in [0, k] x [0,T], where p(v,e) := (v — 1)e/v and
| Dy (P, T 1) | 20Dy
Gug = g etk b 132 ) 4 kD, (P,
Va,k Va,k
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and the initial-boundary conditions:

ﬂmk(m,t)’x:&k = Dyéq(, t)‘:pzo,k =0 for t € [0,7], (2.2.17)
(Vayks Ua s Caye) (%, 0) = (09 4, Ug 1 €0 1) () for = € [0, kJ,

By virtue of the well-known global existence theorem for problem (2.2.16)—(2.2.17), the initial data
constructed in (2.2.15) implies the following theorem (see [13,23,24]):

Theorem 2.2.2. Given initial data (2° Vg o U ak,“gk)( ) for x € [0,k], then, for each T > 0, there exists a
unique classical solution (Vg i, Ua k, €q, k)(x t) of problem (2.2.16)—(2.2.17) satisfying

Vo, t) € CTFOIT2([0 k] x [0,T7),  (uap, ear)(a,t) € C2F1T/2([0, k] x [0,T7) for some o € (0,1).

By the above theorem, there exists a unique global classical solution of (2.2.16)—(2.2.17) for each fixed
(a,k) € (0,1) x N. This allows us to derive the a-priori estimates in Section 2.3 below.

2.3 The A Priori Estimates

This section is devoted to deriving the a-priori estimates for solutions of the approximation problem (2.2.16)—
(2.2.17). For simplicity, we suppress the approximation parameters (a, k) € (0,1)xN and denote (v, u,e,r) =
(Va ks Ua k> €a k> Ta,k) as the solution obtained from Theorem 2.2.2 in [0, k] x [0,77] for each T" > 0. First, we
state the main theorem of this section.

Theorem 2.3.1. The following estimates are satisfied:
(i) The entropy inequality holds with ¢(¢) := ¢ —1 —log(:

i T kTQm’Dxd?
tes%pﬂ/ { lul® + ¥ (e) + (v 1)¢(v)}(x’t)dx+ﬂ/o /0 e (2.3.1)

// A+2“ ( w)l” 2muZ(W—ﬁ2)2}dxdt50@

(ii) For each given constant € > 0,
v(e, t,a) < v(x,t) <v(e,t,a) for all (z,t) € [g,00) x [0,T), (2.3.2)
where v = v(z,t,a) and v =v(z,t,a) are explicitly given by

{v = Co(1 +t)%f(2,a)h(z,a) exp {Co(1 + t)h(z,a) f(2,a) exp{Cot f(z,a)}},

v=Co(1+t) " f(z,a) texp{—tCof(2,a)*}T'(2,t,a), (2.3.3)

and functions h(z,a), f(z,a) and I'(2,t,a) are defined by

"0 hz, 0},

f(z,a) == exp {C’oh(z,a)}7 [(z,t,a) = exp{ — 3 (2.3.4)

h(z,a) == (a" +nzp= (Co/2)) 2",
where Y~ (y) 1 [0,00) = (0,1] is the left inverse of 1. In particular, for each e > 0,

v(z,t) < C(T) for all (x,t) € [1,k] x [0,T),
z,t) < C(e) for all (x,t) € [e,k] x [0,T7], (2.3.5)
t) < C(a) for all (x,t) € [0,k] x [0,T].



(iii) For each a € (0,1), Lo[v,u,e](T) < C(a) and, for (z,t) € [0,k] x [0, T,
Cla) "' < v(x,t) < Cla), |u(z,t)| <o) 1C(a), Cla)™" <e(z,t) < o(t) 2C(a);
and, for each ¢ € (0,1], Ly[v,u,e](T) < C(£) and, for (z,t) € [£, k] x [0,T),
Cle) ' <z, t) < C(e), |ulz,t)] <o) iC(e), elx,t) < a(t) 2C(e),

where o(t) := min{1,t} and, for y € [0,1), the functional Lyv,u,e|(T) is defined by

k
Lyv,u,e](T) := sup / |(v— 1Lu?e—1, ﬁrmeu,armee)F(a:,t)dx
telo, 1]y

T [k
+ / / |(r™ Dyu, r™ Dye, 7™ uDyu, /o Dyu, 0 Dye) ?(x, t)dzdt.
0 Jy

2.3.1 Entropy Estimates

We now start the proof of Theorem 2.3.1 with the derivation of entropy estimate stated in (i), which is
motivated from the second law of thermodynamics. It encapsulates the dissipative effect of viscosity and
thermal diffusion.

Proof of Theorem 2.3.1(i). It follows from (2.2.16),—(2.2.16), and direct calculations that

d [F1
= [ G v + (6 - Do) fdo
" k |D (T‘mu)P k1 k T2m|D 6|2 (2'3'6)
= —5/ xdm—i—Qmu/ Dz(rm_1u2)da:—/<c/ ————du.
0 eV o € 0 ve
According to (2.2.16), and (2.2.16),, one can obtain
Lo ome 2y alDar™u)l? 2 | Do (r™u)|” v (Da(r™u)  uy/ny?
2m,ugD$(7" w)—b ev B <?+)\> ve 2m,u,g< vy/n r ) ’
which, along with (2.3.6), yields (2.3.1). O

2.3.2 Upper and lower bounds of the density

Now we aim to prove (2.3.2)—(2.3.5). By (2.3.1), we first obtain some upper and lower bounds of the particle
path function r(z,t).

Lemma 2.3.1. Let p_1(-) be the left branch inverse of vb. Then
n -1 G n
a" + nxyp” (?) <7r(z,t)" < Co(1+x) for (z,t) € [0, k] x [0, 00). (2.3.7)
Proof. Since () := ( —log ( —1 is strictly convex in (0, 00) and (1) = 0, then there exists the right inverse
function ¢=" : [0,00) — (0,1] and the left inverse function ¥ ' : [0,00) — [1,00). In particular, it is direct

to see that y — "1 (y) is strictly decreasing (¥~1(0) = 1 and ¥ "!(y) — 0 as y — o0), while y — @b;l(y) is
strictly increasing (v¥3'(0) = 1 and w;l(y) — 00 as Yy — 00).
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Now, from (2.2.16),, Theorem 2.3.1(i), and the Jensen inequality, it follows that, for all (x,t) € [0, k] X
[0, 00),

o o ety < - [T eemod < (2:38)

nx x
Next, the proof is divided into two cases: 0 < % <1 and % > 1.
. n__,n n__,mn _ —1 n__,n . —1 . . .
Case 1: 0 < =~ < 1. Then —* =" (Y(**)). Since )~ (-) is monotone decreasing, it follows
from (2.3.8) that

n n

= () 2 (D),

nx nx X

On the other hand, it follows from ¥ *(y) > 1 for all y € [0, 00) that

r" —aq"

(r(z,t)" <a"+nz <a"+ nm/;;l(io).

( CE;SGhQI r"=a% > 1. Then =2 = ¢ ' (¢(=2")). Since ¥} '(-) is monotone increasing, it follows from
2.3.8) that

P _ g"

r’ —a" Co

_ 1 < o1
() e
On the other hand, it follows from 1~!(y) < 1 for all y € [0,00) that

(r(z,t)" > a" +nx >a" + n:nwjl(cxo).

Finally, for both cases, it is verified in Proposition B.0.1 of Appendix B that z +— an/erl(Co /x) is
monotone increasing. If x <1, then (r(z,t))" < a"™ + nxzp;l(Co/x) <1+ m/JJ:l(C’o) <Co+Cozx. If z > 1,
since y — ;' (y) is monotone increasing, then (r(z,t))" < a” +nayp; ' (Co/x) < 1+nzp ' (Ch) < Co+ Cox.
This concludes the proof. ]

Lemma 2.3.2. Fizt € [0,T]. For eachi=1,...,k, there exist A;(t), B;(t) € (i — 1,4) so that
Co ' < v(Ai(t), 1), e(Bi(t),t) < Co.

Proof. We give our proof only for A;(t), since the proof for B;(t) is the same. Fix an integer ¢ = 1,... k.
Since #(+) is convex, it follows from Jensen’s inequality and Theorem 2.3.1(i) that

Co
y-1

w([lv(m,t)dx) < /;lw(v(a:,t))dx <

As in Lemma 2.3.1, denote z — 93 '(2) to be the left and right branch of the convex function v (¢). Since
(1) = 0, we have

Co

: C
0< w:l(v_ 1) < /i_lv(x,t)dm <yt (2

v—1

) < 0.
By the mean value theorem, there exists a point A;(t) € (i — 1,4) such that

).

Since e(x,t) satisfies the same estimate only differ by a constant v — 1 in Theorem 2.3.1(i), by the same
argument, there also exists B;(t) € (i — 1,4) such that Cy ' < e(B;(t),t) < Co. O

Co
v—1

Co
v—1

P () S o(Ait), ) < vy
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By Lemmas 2.3.1-2.3.2 and Theorem 2.3.1(i), we are ready to prove Theorem 2.3.1(ii).

Proof of Theorem 2.3.1(ii). Fix ¢ = 1,...,k — 2. Since we focus on obtaining an explicit bound for v(x,t)
near the origin  — 0, the case for ¢ > k— 1 is not considered in the proof (but can be obtained by repeating
the same argument). We divide the proof into six steps.

1. Applying Lemma 2.3.2, it follows that, for each (z,t) € [i—1,i+1]x[0,T), there exist A;(t) € (x,z+3)
and B;(t) € (i,7+ 1) such that

Now, from (2.2.16), and (2.2.16),,
Dyuw+ 1™ Dyp = pr' D, Dy log(v). (2.3.10)

Dividing both sides of (2.3.10) by Sr™ and integrating over [z, A;(t)] x [0, ¢] for some (x,t) € (i — 1,7+ 1] X
[0,T), we have

U(Az‘(t) t)vo(z)

1
REENOIEN)
A(t) u t Ai(D)
5/ dy—l— 5/ /0 rndsdy+5/ —p(z, s))ds,
where p(z, s) := p(v(z, s),e(x, s)). Taking the exponential on both sides yields
E(z,t), \vo(Ai(t))o(z,t) 1t
D(x,t)Y(t) (A1), oo (@) = exp (ﬁ/o p(x,s)ds), (2.3.11)
where
m [t AR 2 1t
E(x,t) := exp (E - —dyds), Y(t) —exp< /Op(Az(t),s)ds),

D(z,t) == exp (l /:i(t) (Uo(y) _u(y,t) )dy)

rot(y)  r™(y,t)

Multiplying (2.3.11) with 3~ !p(x,t) and integrating in time, we have

1 (" E(z,s) vo(A(z, s))v(z, s) 1/t
1—1—/ Y (s)p(z, s : ~~ds = ex / z,s)ds ).
B Jo D(z,s) (s)p( )U(A(x,s),s)vo(ac) P <ﬁ 0 p(@;s) )
Substituting this back into (2.3.11), it follows that

B(et),,  vold(H)v(z. 1)
V@O, Bt) 1*5/

2. First, for D(z,t), it follows from Lemma 2.3.1-2.3.2 and Theorem 2.3.1(i) that

/mA (1) u % dy’< (/gcAi(t) T_dey>1/2(/36Ai(t)|u|2dy)1/2

- </3:Ai(t) e nywj(CO/y))_%dy) - Cl/z < Co + Co ((1” + nap ! (?))‘2,’[‘

vo(A(z, s))v(z, s)
D(x P, S)U(A(:r, s), 8)vo(x)

ds. (2.3.12)

Then, using the definition of f(x,a) in (2.3.4) and Lemma 2.3.2, we have

e~ f(z,a)7! < D(x,t) < e f(z,a). (2.3.13)
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3. Now we estimate the terms Y (¢) and E(z,t). In view of the definition of I'(2, ¢, a) in (2.3.4), Theorem
2.3.1(i), and Lemma 2.3.1, we see that, for t > s > 0,

E
1 < E(z,t) <D(xz,t,a)" !, T'(z,t—s,a) < E((? i)) = exp / / —dydT (2.3.14)

Putting (2.3.13)—(2.3.14) into (2.3.11) and using (2.3.9) yield that, for all (z,t) € (i — 1,9+ 1] x [0,T),

Y(t)v(x,t) < C’o{f(:v, a) + /0 f2(z,a)(z,t — s,a)Y(s)e(x, s)ds}
(2.3.15)

t
< Co{f(:v, a) + / f2(z,a)Y (s)e(z, s)ds}.
0
Since the above argument is true for any (z,t) € (i — 1,7+ 1] x [0,7T), for a fixed z € (i — 1,i], we can

integrate both sides of the above equation in y € [z,x + 1] C (i — 1,7 + 1]. It then follows from the entropy
inequality (2.3.1) and Jensen’s inequality that

Y(t) < Co{f(a:,a) + /Ot f2(x,a)Y(s)ds} for all ¢ € [0, T),

where we have used that z — f(z,a) is monotone decreasing. Thus, by Gronwall’s inequality,

1<Y() <Cy (f(:v, a) + /0 Cof3(x,a)exp (Co(t — s)f%x,a))ds)
=Co(1+1)f*(z,a) exp (Cotf*(x,a)) for each t € (0,7

(2.3.16)

4. Since B;(t) € (i,1 4+ 1) from (2.3.9), then < i < B;(t) for all ¢ € [0,7"). Using Cauchy-Schwartz’s
inequality, Lemma 2.3.1, estimate (2.3.1), and Jensen’s inequality, it follows that, for each y € [z,i + 1] C
(t—1,i+ 1] and s € [0,T),

Ve - vetu| =[5 [ 2 o

Ve
1 k 7“2m|D e|2 ; ) +1 %
< Z S b2 B d —2m d 2.3.17
< 2(/0 o2 (z,8) z) <Z€?££_Hr v(z,s) /i_1 e(z,s) z) ( )
Co\\—m/n 1
< Cy (a +nayp”t(— . )) (Q(s)V (z,s))2,
where L o )
V(z,s) = sup wv(z,s), Q(s) :—/ %(z,s) dz, (2.3.18)
2€[x,i+1] 0 ve

and Q(t) € L'(0,T) due to the entropy estimate (2.3.1). According to the definition of h(z,a) in (2.3.4),
the construction in (2.3.9) implies that, for all y € [z,i+ 1] C (i — 1,7 + 1],

e(y,t) < Co+ Coh(z,a)Q(s)V (z,s) for all (y,s) € [z, + 1] x [0,T). (2.3.19)

Substituting (2.3.19) and (2.3.16) into (2.3.15), it implies that, for all y € [z,i + 1] C (i — 1,3+ 1],
) < oY (0) < Cof S0 + [ )Y ()1

< Co(1+1t)f°(z,a)exp (Cotf*(, a)){l +t+ /0 hz,a)Q(s)V (z, s)ds},
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where we used that x — f(z,a) is decreasing. Taking supremum over y € [z, + 1], we have

V(z,t) < Co(1+1t)f>(x,a)exp (Cotfg(x, a)) {1 +t+ /t h(z,a)Q(s)V (x, s)ds}. (2.3.20)
0
Applying Gronwall’s inequality to (2.3.20), we obtain that, for all (z,t) € [i — 1,4] x [0,7T),
v(x,t) < V(z,t) < Co(1+1)*(f1°h)(2, a) exp {Co(1 + t)(f°h)(x, a) exp {Cot f*(z,a)} }.

Since f(z,a) takes the form: f = exp(Cy(---)), we will denote (f(x,a))! = f(x,a) for any given positive
integer j € N when no confusion arises.
In addition, for the lower bound of v(z,t), it follows from (2.3.11) that

_ D(z,t)  wo(w)v(Ai(t),t) t D(z,t)
U@ = B : wlAyt)) P (/0 pl,)ds) > Oy Y )E(x B

By (2.3.9), (2.3.13)—(2.3.14), and estimates (2.3.16), we find that, for all (z,t) €

[i = 1,4 [0, 7],
v(z,t) > Cof 'YTET > Co(1 4+ )7 f(2,a) " exp(=Cot f(z,a))T(z, t, a).
Since this is true for each i = 1,...,k — 2, it follows that, for all (z,t) € [0,k — 2] x [0, T],

{U(:U, t) < Co(l+ t)3(fh)(:n, a) exp {Co(l +t)(fh)(x,a)exp(Cotf(x, a))},
v(z,t) > Cof 2 exp(—Cot fH)I'(x,t,a).

5. From definition (2.3.4), it follows that for all x € [1,k — 2],

2m

f(z,a) <exp <C’0(n¢):1(00))_27m>, h(z,a) < (mb:l(Co))_7,
[(x,t,a) > exp < - leﬁa)t(niﬁ_l(co))_l)a

so that C(T)~! < w(x,t) < C(T) for all (x,t) € [1,k — 2] x [0,T]. Since z — x1p~(Cy/x) is positive and
monotone increasing, then, for all z € [e, k — 2],

f(z,a) <exp (C’o(nswil(Cg/s))fm/n» h(z,a) < (nezﬂ:l(Co/E))*m/n,
mCot
nﬂewi(co/s))’
which yields that for each ¢ € (0,1], C(e)~! < v(x,t) < C(e) for all (z,t) € [,k — 2] x [0, T].
6. Finally, we remark that, for the case when =z € (k — 2, k|, we can choose k > 3 and Ax(t), Bx(t) €

(k —1,k) by Lemma 2.3.2, and then repeat the same argument presented above. From this, we conclude
that C(T)~! < wv(z,t) < C(T) for all (z,t) € (k —2,k] x [0,T). O

I'(z,t,a) > exp ( -

2.3.3 Exterior L>(0,T; L?)-Estimates

To obtain the estimates independent of (a, k) € (0,1) x N, the derivations are restricted on domain [e, k] x
[0,T]. Thus, given fixed € > 0, we introduce the spatial cut-off function g.(z) € C! as follows:

( . 9
0 fo<=
Hx< 5’
8 3
—2(:1:—5)2 1f7<:c<—€7
ge(w) == q € 2 2 4 (2.3.21)

3
1—6—(3:—5)2 iffgxgs,

1 if x >e.
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It can directly be verified that g.(x) satisfies the following properties: for all x € [0, 00),

€ 32
0<g.<1, g(x) 20, supp(g:) = [5,el; l9:(2)]? < 2 9:(@). (2.3.22)

Moreover, it is crucial that the estimates are independent of the approximation parameters (a,k) €
(0,1) x N. In order to achieve this, the upper and lower bound of r(z, t) must be given careful consideration.
Recall that, from Lemma 2.3.1, r(z, t) satisfies

(na = (Co/2)) "™ < r(a,t) < Co"(1L+2)Y"  for (x,t) € [0, K] x [0,T].
It follows that, for each ¢ € (0, 1],

sup r(z,t) <Ce),  sup

— < (o). 2.3.23
x€le/2,e] € (e, k] T(x t) ( ) ( )

Using g.(z) and Theorem 2.3.1(i)—(ii), our aim is to derive the L (0, T; L?) estimates listed in Theorem
2.3.1(iii). In order to do this, we first prove the following lemma, which is necessary for resolving the
problematic boundary integrals on domain z € [5,€].

Lemma 2.3.3 (Exterior L'(0,7T; L>=)-Estimates of e and u?). For any fived ¢ > 0,
T T
/ sup e(y,s)ds < C(e), / sup u?(y, s)ds < C(e). (2.3.24)
0 y€le,k] 0 y€le,k]

Proof. By Lemma 2.3.2, for each (y,s) € [, k] x [0,T], there exists B;(s) € [0, k] such that |y — B;(s)| <1
and Cy! < e(B;(s), s) < Cp. By the same calculation in (2.3.17), we have
< sup 2 (2,5)

2m D 2
/ (z,s dxH/ r 6| (z,s)dz
2€e,k] 4r2m Bi(s) (s) Y

k ,.2m 2
D,
<C(€)/O . | 26’ (z,s)dx,

v (&

k .

[Ve(y, s) — Ve(Bi(s), s)

where, for the last inequality, we used Theorem 2.3.1(ii), (2.3.21)-(2.3.23), [[¢)(e)|| 11 (0,x) < Co from Theorem
2.3.1(i) and Jensen’s inequality. Taking supremum over y € [¢, k] on the above and integrating in ¢ € [0, 77,
it follows from Lemma 2.3.2 and Theorem 2.3.1(i) that

T T rk2m \D €|2
/ sup e(y,s)ds < CoT + C(é‘)/ / — 5 (x,s)dzds < C(e). (2.3.25)
0 ycle,k] o Jo VU €
Next, notice that
|uDyu| = |1~ Dy (r™u) — mr "wu|* < 2r 2™ Dy (r™u) |2 + m2r 2 ? jul?

Then, by the Sobolev embedding theorem: Wh!(e k) — C%(e, k), and Theorem 2.3.1(i)—(ii),

sup u?(y,t) <C/ 2da:+C/ |uDyu|dx
yEle,k] €

—C/ 2dx+0/ |7~ uDy (1™ u) — mr " vu?|dz

k k Dx m 2
< Co+C sup (2—6 + )(y,s)/ u?(z,t)dx + C/ de
€ € ve

USC
k m, \|2
Dy
< C(e)+C(e) sup e(y,t)+ C/ de. (2.3.26)
y€le k] 0 ve
(2.3.24), follows from integrating the above in [0, T, then using (2.3.25) and Theorem 2.3.1(i). O
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Lemma 2.3.4 (Exterior L>(0,T; L?)-estimate of total energy). For any fired ¢ > 0,
k T
sup / {le = 1> + u*}(z, t)dz +/ sup e%(x, s)ds
t€[0,T] Je o 0 xz€le,k] (2.3‘27)
/ / EIDsel + JuDgu )} (a, s)dads < ().

Proof. We divide the proof into four steps.

1. Denote the total energy density function w := e — 1 + «?/2. Then multiplying (2.2.16), with u and
adding it to (2.2.16), yield

2m

Dyw =D, (rmuﬁ) - Qm;LDm(rm_lu?) + /QDﬁ(r—Dxe), (2.3.28)
v

where F := Bv 1D, (r™u) — p(v,e). Multiplying (2.3.28) with g.w and then integrating in space, we have

1d

2
—— d
2dt J, getw G
k _ k ko p2m
= —/ gETmuFmedx—i—Qm,u/ ger™ Ml Dyw dx—/i/ ge:—DyeD,wdx
0 0 v
k " k r2m 3
—/ gérmudeaﬁ+2m,u/ g™ Pw da — /@/ gt—wDgedr =: ZIi+Oa.
0 0 0 B i1

2. The terms I;,j = 1,2,3, can be estimated as follows:
k ~
I ::—/ g uF Dyw dx
——B/ g€ uDuD e +mr™ M3 Dyu + mr™u?D, e}dar

2
+ (v — 1)/ gezrm{UQDzu + uDge} dx — B/ gs—|quu]2 dz
0

52 ) k my D 2 3 mp) el2 ud 2,,2
S(ﬁ_@’)/galmwuld+'f~/ " Dael” w/ 0" +6U>dx,
2K 3/ Jo v 10 v v

k k
I = 2m,u/ garm_1u2wa dx = 2mu/ ger™ (WP Dyu + v Dye) dz
0

B k r2m k v
< / ge— |uD ul? do + — gs—|Dxe|2dx+C g-—ut dz,
10 v o T r?

k 2m
L= n / ga’“—Dxerw de = —x / 0-"—Dye{Dye + uDyu} de
0 v 0 v

9 k 2m 5 k 2m
< - m/ g€L|Dxe|2d:L‘ + 28 gsr—|quu|2dx.
10 0 v 2 0 v
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Using Theorem 2.3.1(ii) and (2.3.21)-(2.3.23), the term O is estimated as follows:

: / m r mp € m—1, 2 am
0. = gg —Truw (5 Dyu+ —u—(y— 1)7) + 2mpur™ T T utw — ﬁ—wae} dz
€/2 v r v v
e 2204 |2 p2m
K
< //2 L)g;’ T{B\quu\Q + Z\DerQ} dz

2 4 2,,2 2m
32
+C/ ’gf +ﬂ) + 2 de
/2 v g v

7« 2 2 2 € )
S/ ge—— { |uDyul” + ID el}dx+0/ ge u +}dx+0()/ w? dz.
0 v €/2

Combining all above estimates, it follows that

1d k k 2m 5 2 2 k 2m
573 gaw2 dz < — Z/ gaL’Dme‘zdl' + M/ geL‘UDmu‘de
0 0 0 v

2dt 2K (2.3.29)
+C/ Ge 2“ dx+C/ gsidx‘FC( JR(),
where R.(t) is the problematic boundary integral near the origin, given by
&g
R.(t) := / ((e —1)* + u*)(z,t) dz. (2.3.30)
€/2

3. Multiplying g.u? to the momentum equation (2.2.16), and integrating in @ € [0, k], we obtain the
following L*-estimate for u:

1d F 4 F 1 m m, 3 F € m, 3
/ gelul*dz = —5/ gsaDz(r w) Dy (r"u’) da + (v — 1)/ gggDm(r u’) dz
0 0 0

4dt
k 2 _
+(*y—1)/ gé dx—ﬁ/ ge (r"u)r™ dx::ZJi—i—OE.
0

i=1
The terms J; and J3 can be estimated as follows:
kol
Jy = —ﬁ/ gEZDI(rmu)D (r™u®) da
4
:_5/ <3|T uDgul” + 4mr™ D u+m2u2v)dx
r

k
v
< _B/ Ge |UDwU|2dx+m2ﬂ/ 9572’&4(11',
0 v 0 T

k k 2 k 2,,2 4
m DI
A ;:@_1)/ Q;Dw(rmug)dxgﬁ/ gglruuldﬁc/ ga<ﬂ+ﬂ) .
0 v 4 0 v 0 v
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Using (2.3.21)~(2.3.23) and Theorem 2.3.1(ii), the term O; is estimated as follows.
O. :—(fy—l)/ gefr u3dm—,6’/ gE (r"™u)r™udde

-1 2,,2 € 39 2m €1
SL | s|26 e+ 2 / —2r—u dx—|—C'/ —rm=lyt dg
2 /2 32 2 /2 3 v /2 9

B
4 ).y 32

32 2m
| EP—]UD ul? dz + 3 7r—u dz
e/2 9 v

k 2,2 €

v—1
SB/ gg—yupxu|2da:+— U+ O )/ ut da.
0 v 2 0 v €/2

Combining all above estimates, it follows that

d [*  ju/ Foose?u? out 7 uDpul?
do < do— 2 [ g ruleul” g 2.3.31
dt0g54x_C/()gg<v+T):1: / : + Ce)R(2). (2.3.31)

4. Multiplying (2.3.31) by 4C = 10(8% + x2)/(xf) and adding it to (2.3.29), one has from (2.3.1):

~d k 1d k k 2m "
C/ goutde 4+ = — ngde—i-/ ggr—{Z\Dxelz—i—C\quu]Q}dx
0 v

d 2 dt ) (2.3.32)
+C’/ Je \ue[ )dm.
Using Theorem 2.3.1(i)—(ii) and (2.3.21)—(2.3.23), we have
g vy, fuel? b 2
/ gE(—zu + )d:p < C’(s)/ geu dr +C(e) sup gelel“(y,t). (2.3.33)
0 r v 0 y€Ele/2,k]
By Lemma 2.3.2, for each (z,t) € [0,k] x [0,7], there exist both an integer ¢ € {0,...,k — 1} and a

point B;(t) € [0,k] such that z, B;(t) € [i,i + 1] and Cy' < e(By(t),t) < Cp. Using Theorem 2.3.1(i),
|x — B;(t)] <1, and (2.3.21)(2.3.23), we have

geee, )~ aee(Bi@), 0F = ([ (ooDuc + ste)w 0 )
2</;(t) gfim ‘D::’z dy) </Bx( )967’:’”62 dy) i C(E)(/Bt(w ‘) dy>2 |
4</Ok j}m Dz e|2 ’/ 96r2m’€_1|2dy‘+‘/ gg }—i—C( )(/;Hedy)Q

—C@Qwﬂéwﬁw—u%4+4+%0@,

IN

IN

where Q(t) is defined in (2.3.18). Taking supremum over x € [¢/2, k], it follows from Theorem 2.3.1(ii) and
(2.3.21)~(2.3.23) that

k
sup  gelel}(z,t) < C(e) +C(5)Q(t)(1+/ gele — 1]2dx). (2.3.34)
z€[e/2,k] 0

Substituting (2.3.34) into (2.3.33) yields
¥ Vo4 |’LL€|2 F 4 2 2.3.35
0 g (ut + ) dz < @+ Q) (1 + gttt de), (2.3.35)
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where the following inequality is used:

) 3 1
ult + w? = 2l + (e = 1) + (e = D]l = Jluf + (e~ 1)°,

Substituting (2.3.35) into (2.3.32), it follows that

d k A ) k T2m 5 k T2m 5
— ge(u™ + w*)dz + ge—|Dye|* dx + ge— |uDyul|” dx
dt 0 0 v 0 v
k
<CE)(1+Q(1) (1 + / g (u* + w?) dx) + C(e)Ra(t).
0

Therefore, applying Gronwall’s inequality and using Q(t) € L'(0,T), we have

k k t
/ (Jul* + le = 1) (, t)da < C(s)/ (uf + wd)dz + C(e) + C(s)/ R.ds. (2.3.36)
0 0 0

4. Using Lemma 2.3.3, we claim that the term R.(t) defined in (2.3.30) satisfies:

t = t ) e — 2 u4 ras
/ORE(s)ds—/O /6/2(| 12 + JulYYdads < C(e). (2.3.37)

To show this claim, we first use Lemma 2.3.3 to obtain

/Ot R.(s)ds = /Ot /;2 ((e — 1) +u") dzds
t

€ t €
<C sup e —1|(y, s)/ (e +1)(x,s)dzds + C sup  u*(y, s)/ u?(z, s) dzds
0 y€le/2.] €/2 0 y€le/2.] €/2

t €
<Ce+eCe)+Ce)+C sup e(y,s) / e(z, s) dads.
0 yele/2e] €/2

It follows by Jensen’s inequality and Theorem 2.3.1(i) that

2 [* 2 [° 2Cy
z < = < —
62 i) <2 [ e < T2,
so that . o
/ e(x,s)dx < Ewll(—o) < C(e).
e/2 2 9

Substituting this back into the estimate of R. and using Lemma 2.3.3, it follows that

t t €
/ Re(s)ds <Ce+eCle)+C(e) + C sup e(y,s) / e(z, s)dzds
0 0 y€le/2e] €/2

<C(e)+C(e) /Ot sup e(y,s)ds < C(e).

y€le/2.¢]
This prove the claim (2.3.37).
5. Therefore, using Gronwall’s inequality and (2.3.36)—(2.3.37), we have

k t rk r2m t rk r2m
/ ge(u? + w?) (x, ) dx—i—/ / g5|Dzeded8—|—/ / ge— |uDyul? dzds
0 0 Jo v 0 Jo v

k
< / (b + wd) dz + C(e) (Co + C(e)).
0
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By the inequality: |u|* +w? > 3|u|*/4 + (e — 1)%/2, we see that ||(e — 1,u2)HLoo(O7T;L2(E’k.)) < C(e).
Finally, substituting the above estimate into (2.3.34), we obtain

T T
/ sup e2(z,t) dt§/ sup  g.e(x,t)dt
0 z€[ek] 0 z€le/2,K]

T k
< TC(e) + C(s)/ Q1 +/ gle — 1P de) dt < C(e).
0 0
This completes the proof. ]

Lemma 2.3.5 (Exterior L>(0,T; L?)-estimate of specific volume). There exists a constant C(e) > 0 de-
pending only on € > 0 such that

k
sup / lv —113(2,t) dz < C(e).
t€[0,T] Je

Proof. Multiplying (2.2.16), with g.(v — 1) and integrating in [0, k], by Theorem 2.3.1(ii), we have

1 k k
3D [ ot VPde = [ .0~ )DL da
0 0

g 1 (% |Dy(r™u)|?
0@ [ ot 1o} [,
0 0 v

Applying Lemma 2.3.4 and Gronwall’s inequality, the lemma is proved. O

The following lemma is necessary for the high order estimates of (u,e) in Section 2.3.4 below.

Lemma 2.3.6 (Exterior L2-estimate of Dyu). There exists a constant C(e) > 0 depending only on & > 0

such that - D (Tmu)|2 rzm]D u|2
/ / (&= + =) dads < Ce). (2.3.38)
0 € v

v

Proof. Multiplying (2.2.16), by g. and integrating over [0, k], we have

k k
/ ge(x)Dy(v(z,t) — 1) dax = —/ gL (z)r™u(z, t) dz. (2.3.39)
0 0

Multiplying (2.2.16), by g-u and integrating over z € [0, k|, using Theorem 2.3.1(i)—(ii), Theorem 2.3.4, and
(2.3.39), it follows that

d k u 2 k -Da: rmuy 2
ga(x)’2|da: —|—ﬂ/ gg(x)HU)‘dx
0

dt Jo
k rMy k v
:(7—1)/ gEDch))(e—l)dx—i—(’y—l) geDTtdx
" k P Ok . (2.3.40)
+(’y—1)/0 gE(a:)vu(e—l)d:c—i—(’y—l)/O ge(x)Tudx

k Dy (r"u 2
— B/D gé(x)rmu(v) dz =: ;Ii + O..

The term I is estimated by using Theorem 2.3.1(ii) and Lemma 2.3.4:
ko Dy (r™u)

— B[* | Du(r™u)l?
Ii=(y-1) ; g (e—1)da < 4/0 ger—————dz + C(e). (2.3.41)
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I, is estimated by using (2.2.16),, Theorem 2.3.1(i), and (2.3.21)—(2.3.23):

I D k k
== gatvdx—/ QaDt(IOgv—v-i-l)dx—/ gir™udx
/7*1 0 v 0 :
€ €

k 1/2 1/2
< / geDi(logv — v+ 1)dz + (/ rzmdx) (/ u2dx> (2.3.42)
0 €/2 €/2

k
< / geDi(logv — v+ 1) dx + C(e).
0

O, is estimated by using Lemma 2.3.4 and (2.3.21)—(2.3.23):

k m k m
0.=6-1) [ @ s 5 [ gy,

0 v 0 v

1) © :
< (v—1) sup v_2r2m(y,t)/ uldx + 1/ (e — 1)%dx
2 y€le/2,€] e/2 2 €/2
e 1/2 € 1/2
+(y— 1)(/ v*2r2mdx> (/ uzdx> (2.3.43)
€/2 /2

5 2 Da: m 2 2 2m 3
+ﬁ/ i\g£!2| ) dx+3f sup T(y,t)/ u’de
4 o2 32 v €% yele/2,e] Y /2
k m 2
D,
SB/ gEH:)lmdijC(g)‘
0

According to (2.3.40)—(2.3.43), we have

u? D, (
/gs xtdx+ﬁ// ’ Tu)‘dds
0

k
< C(e) + (v —1)/O ge(logv — v+ 1)dz + (v 1)/O ge(vo —logvg — 1) dz.

Since logv — v+ 1 < 0 and Cp < vp(x) < C’O_l, it implies from Taylor’s theorem that

t rk m 2 k
D,
g / / ge(@) P2 s < o0 + (v - 1) / (vo — 1)2dz < C(e). (2.3.44)
0 Jo v 0
The other term in (2.3.38) is estimated by rewriting (2.3.44) and using Theorem 2.3.1(i)—(ii). O

2.3.4 Exterior L>(0,T; H')-Estimates on (u, e)

In this subsection, we derive the high regularity estimates for (u,e) in Theorem 2.3.1(iii). For simplicity, we
define

A(v,e) = (v —1)>+ (e — 1)%,  o(t) :== min{1,t}.

It follows from Lemma 2.3.4-2.3.5 that [[A(v, €|z~ rr1(ek) < C(e). Furthermore, we introduce the
effective viscosity flux F', which is defined by

Dx(zmu) —p(v,e) +(y—1) = 5Dm(zmu) ¢ ; v

F=p

Using Lemmas 2.3.4-2.3.6, we have the following observation on F":
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Lemma 2.3.7 (Estimates on Effective Viscosity Flux).

/kga‘FQ(x’t) dz < C(e) +C(e) /kgawd
0 0

)

T rk
/ / ge| F|*(x,t) dzdt < C(e), (2.3.45)
0 0

T rk T rk
/ / Gem?™| Dy F|*(,t) dadt < / / ge| Dyul?(z, t) daxdt.
0 0 0 0

Proof. Tt follows from the definition of F' and the momentum equation (2.2.16), that

L K N A et

Dy = D, (22) _imp, (- (3= 1)) = D,

F==p

which, along with Theorem 2.3.1(ii) and Lemmas 2.3.4-2.3.6, yields that

k 2 k
2 2 [ Do (r™ )| 2 A(v,e)
/0 ge|F|*(z,t) dx §2B/0 2 de +4(y-1) /0 93 dz

k My 2
sma[:%w“v>'m+0@x

and (2.3.45),-(2.3.45), obviously. O

Lemma 2.3.8 (Intermediate Step).

T |k k 2

D, (r™

/ /agelDtulzdxds+ sup / agEM(:ﬁ,s)dx
o Jo 0<s<T Jo v

{1+ (/OT/ 0262\ Die drds) k& 3

Proof. Multiplying equations (2.2.16), with g.ocD;u and then integrating yield

D 2
/ / 0ge| Dyul d$ds+ﬂ/ 1Dx (") (x,t)dz

5// )’deds+mﬂ/ / 0geDy(r™™1 2)D(Z“)dxds

// OgeT Dtuszd:cds—i—B/ / 09:D(v™H) | Dy (r™u) |2dzds

—ﬁ//agemDu (U )dxds—ZI+O)

=1

(2.3.46)

I is estimated by using o(f) = min{1,¢} and Lemma 2.3.6 as

5// |D7““dds<ﬁ// dds<0()
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I, is estimated by using Lemmas 2.3.4-2.3.6, Theorem 2.3.1(ii), and (2.3.21)—(2.3.23) as
t ok
D m
I = mﬁ/ / agng(rm*1u2)deds
D, D, (
_Qmﬂ/ / 0ger™ uDyu== ( )dxds—i—m -1) ﬁ/ / (fgsv2 2 Du(r u)dxds

2m D 2
<mp sup r2(y,s )/0 ggr—]uD u|2dxds+mﬁ// |:ju)|d ds

0 yele/2,k]

_ t
2 0 yelejok T 0 0 Jo v

Using p—v+1=(y—1)(e — v)/v, the term I3 is separated into few parts as follows:

_[3 1 t rk .
1 = — 1 0ger"" DyuDyp dxds
Y- Y-

k
:/O'ggD( ) :ntd:n—//agg (r™u)
// 09e Dy (7 th( dxds—// 0geDy(r™? 2) Y dzds
v
+/ / agéDt(rmu) dxds—/ / oglrm! W28 dads
0o Jo 0

4
=31 + o 1+ 0.

—Y dxds

Iz)()l) is estimated by using Theorem 2.3.1(ii) and Lemma 2.3.4-2.3.6:
1 k
I?E ) ::/ 0ge Dy (r™ u)

<5, o

1{?) is estimated by using the definition of o, Theorem 2.3.1(ii), and Lemma 2.3.4-2.3.6:
t k t k
_ -1 1-
:/ / a’gngc(rmu)e Y dzds = / / 0’ ge Dy (1™ u) (6 ” + " U)dxds

[ [

e—1 1—w
+

k
dx—/ 09Dy (r™u) )dx

d+ﬂ/ ’Dr“|d < Ole B/ag ruP(,t)dx.

dds<C()

41



I§3) is estimated by using Theorem 2.3.1(ii) and Lemma 2.3.6:

// 0g: Dy (r th(
—/ / Ugng(rmu) %—%Dx(rmu)}dxds
ko 1Dy( 1/2 1/2
<Cs // [Da(r™u)|” ds // 02g?| Dye] dxds)

rmu)|?
—{—C’(e)/() sup e(y,s )/0 aggmv)’d ds

y€le/2,k]

t t k D, (r™ 2
E)(/O / 02g?| Dye] dxds) v +C(€)/0 sup e(y, S)/o aga|(2u)|d;cds.

yE[e/2,k]

) dzds

1{Y is estimated by using Theorem 2.3.1(ii), Lemmas 2.3.4-2.3.6, and (2.3.21)-(2.3.23):

1(4) / / ogeD pm—l 2)6
-1 1-v
// Ug6 27“ quu—i—(n—Z) }( + ” )dxds
S// agg]quu|2dxds+C’(e)//gE{u4+A(U,e)}dde§C(6)
0 Jo v 0 Jo

For (’)g), we use Theorem 2.3.1(ii), Lemma 2.3.4, and (2.3.21)—(2.3.23) to obtain
t ok o
o .= / / o gl Dy(r™u)
0o Jo v
t rk 1 1—
:/ / ogl(mr™” 1u2—|—7“thu)(ev + vv)dxds
12, [t p2m £ 32 1/2
< C / / |g€\ |Dtu|2dxds) (/0 yes[g/ga]?(y,s) //2 = —A(v,e) dxds)

€ 1/2 t 2m 1/2
+C’</O sup r_2(y,s)/2u4d:vds) / (/0 sup T—Z(y,s) A(v,e) dxds)

yE€le/2,e] e/ y€le/2,e] V €/2

1 t k
€ +/ / 0ge| Dyu|*dxds,
8 Jo Jo

and O is estimated by using Theorem 2.3.1(ii), Lemma 2.3.4-2.3.5, and (2.3.21)~(2.3.23).

-1 1-
//ag;m12 ” — + vv>dxds

(m—1) 1 t 5
< / sup 7(11, )/ gL |utdazds + / / |gL|A (v, e) dzds < C(e).
2 0 'U 5/2 2 0 8/2

yE[E/Q,E}

v dxds

v dxds

Combining the estimates of I3 (1)71 @ and (’)(1)709, it follows that
D 2 t k 1/2
I3 <C(e /8/ [Da(r™u) |7 —(x,1) d:n—i—C(e)(/ / Jgg\Dte|2dxds)
0 Jo

k Dx m 2
/ / UgE|Dtu| dzds + C(e )/ sup (y,s)/ ggEJ (7;} )| (z,s)dxds.
0 ] 0

y€Ele/2,k
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I, is rewritten into three parts by using the continuity equation (2.2.16), and the definition of F:

5// 09-Dy (v~ 1) Dy (r™u)[2dzds

k —
// 0g-F2D,(r u)dxds—ﬁ/ / UgeFevaz(rmu)dxds
0

’}/Q_ﬁ/ov /0 Ugs(e;fu) DI(Tmu)dxds :;Iiz)

1Y is estimated by using integration by parts, Lemma 2.3.7, and (2.3.21)~(2.3.23).
1 1 t k
BL& )= —2/ / 09 F2D,(r™u) dzds
0 JO

t k 1 t k
:/ / agguFrmeFdJ:ds+/ / og. F2r™mu dzds
0 Jo 2 Jo Jo
t k 1 t k
< 2/ / agauQde:cds—i—/ / 0g.r*"| D, F|*dzds
2
/ / \ggl lu|? F?dads + ~ / / 32 r?m F2dxds
/2 /2 €

k m,,\|2
D,
<C // 0ge|Dyul?dzds 4+ C(e )/ sup |u]2(y,s)/ Uggﬂdxds.
0 ye 0 v

[£/2,k]

If) is estimated by using Theorem 2.3.1(ii) and Lemmas 2.3.4-2.3.7:

—11‘?)' //Jga

2 rk 2
_ D, (r™
/ / ag€F2da;ds+/ sup (e—v) / aggﬂdxds
0 y€le/2,k] v 0 v

<Cle)+C(e )/ sup e(y ,5)]2/0 JgE‘D(:}u”dxds.

0 y€le/2,k]

D, (r™u) dzds

If’) is estimated by using Theorem 2.3.1(ii) and Lemma 2.3.4-2.3.6:
2 1@ = /t/k {‘3_1 + 1_”}217 (r"™u) dzds
(’7_1)2 S 0 JO 79 v v r
t ok
SQ/ / JggA(U e)
0o Jo
(=17 [ / / u)f?
< 2[3 ———2 dxzds

t
SC’(E)+C’(E)/ ( sup |e—11(y, )+1)/ ogele — 1)*dads
0 yele/2.4] 0

Dy (r"u)| dads

< C(e)+C(e) /t sup €2(y, s)ds < C(e).
0

y€Ele/2,k]
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Combining estimates for I i ) (3) , it follows that

14g0(5)+0(5)/0t sup (62—|—u2)(y,s)/0k0g5| O s 1 L //JgE\Dtul

Yy€Ele/2,k]

O is estimated by using Theorem 2.3.1(ii), Lemmas 2.3.4-2.3.6, and (2.3.21)—(2.3.23):

:—B//ag'mDu 2" )dd
€
<[32/ sup (y,s)/ 32 D (T u) d ds + - / / ]gs\ | Dyu|?dzdt
0 y€le/2,e] Y /2 g2 /2

// 09| Dyul*dxdt
/2

Putting the estimates of I1—I; and (9( ) together, it follows that
D 2
/ / 0ge|Dyul?dzds + ﬂ/ | Da(r u)] (z,t)dx
2 1/2
< )+ C(e) / / o262| Diel dxds)
0
)

t k
+C’(z~:)/0 sup (e+62+u2)(y,s)/0 agg‘Dx(v

yE[g/?,k’}

(z,s)dxds.

Applying Gronwall’s inequality, we have

1 rt k k D, (r™ 2
/ / JgE\Dtul2dmds+ﬁ/ aggﬂ(x,t)dx
2 o Jo v
t

< C(E){1+ (/Ot/ 02g?| Dye] dxds) i }{1+ (/Othe(s)ds) exp(/o hg(s)ds)},

where he(s) := C(e) supye. /o (€ + e? +u?)(y,s). By Lemmas 2.3.3-2.3.4, we obtain (2.3.46). O

Lemma 2.3.9 (L>°(0,T; L?(e, k))-Estimates of D,u and D,e).

k 2m
// 02| Dye|*dzds 4+ sup / 0’2%|D;pe|2(m,s)dz‘§0(5),

0<s<t Je
2 C DL (2.3.47)
//0g5|Dtu| dzds + sup / o————(z,s)dx < C(e).
0 Je 0<s<tJe v

Proof. Rewriting the energy equation (2.2.16), in terms of the effective viscosity flux F', then multiplying
both sides by o2(t)g2D;e, and integrating by parts, it follows that

t rk k
/ / 02g?| Dse|*dads + 2/ o gs—|D e|?(z,t) dz
0o Jo
t
:K,/ / ao'(s)g —|D el da:ds—l—m/i/ / 02937" \D e|*dzds
0 Jo
t rk
+/ / QADtedde—/ / o ga—D r™u)| Dye|*dads

/ / 2FD (r u)Dteddesm/ / 202 gsga—DteD edxds —Z[ + O,

=1
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where A := —(y — 1) D, (r"u) — 4mugDm(rmu) + 2mnu%u2. The term I is estimated by Lemma 2.3.4:

t k
I :_H/ / oo’ (5)g 711) el dxds</<c/ / T Dyelfdads < C(2),
0o Jo e/2 U

I, is estimated by using (2.3.21)7(2.3.23) and Lemma 2.3.4:

_m,@//aga

k 2m
<C(e)+Cl(e )/ sup uQ(y,s)/ 02g§L|Dxe]2dxds.
0 y€le/2,k] 0 v

t u k r2m
|D e|?dzds < le-ﬁ/ sup (y,s)/ 02g? —|Dye|*dzds
0 yele/2,k] T 0 v

I3 is estimated by using Theorem 2.3.1(ii) and Lemmas 2.3.4-2.3.6:

t rk
I3 ::/ / 0'29§ADt€d:Uds

/ / o? gs —1)D,(r™u) — 4mung(rmu) + 2mnu%u2}Dte dzds
r
< Cle )/ sup (1 +u?)(y, )/ 02937’13 GO (2.3.48)
0 yele/2.k]

/ / 02g?| Dyel*dxds + C(e) / / 2g2utdadt

<C(e)+Cl(e )/ sup u2(y,s)/ o gg‘D o(ru) d ds—l—/ / 02g%| Dyel? dadt.
0 v

0 y€le/2,k]

In fact, by Lemmas 2.3.3 and 2.3.8, it follows that
t D 2
/ sup 1 (y, 5)/ o ggwd ds
0 0 v

yEle/2,k]

D 2 t o
< sup / Ug€|(ru)|(x,s)dx/ sup  u(y,t)di
0<s<tJo 0 y€le/2,k]

<C(e)+Cl(e / / o gE\Dt6|2dxds) i <C(e / / 02g?| Dsel*dads.

Substituting the above estimate into (2.3.48) leads to

I3 < Cl(e / / 02¢%| Dse|? dzds.

I, is first rewritten in terms of F' and then estimated by using Theorem 2.3.1(ii):

mD 2
/ / ’T wel —————D,(r"u) dzds
e—vY |rmDyel?
o? gs -1) } dzds
v v

k
<) + sup |92 (y, s) / 0293/2 " | Dyedads
25 0 yEle/2,k] 0

t k 2m
+C(E)/ sup e(y, s)/ a2g§T—|Dxe\2dxds.
0 yele/2,k] 0 v
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By the Sobolev embedding theorem: Wl(e, k) < C%(e, k) and Lemma 2.3.7, it follows that

sup [}/ 2F|*(y, ) < C/ {9-F? + 2g.|FD,F| + 2g.F?}(v,s) dx
yEle/2,k]

b 2 2m 2 F | Dy (r™ U)P 2
L {CEOF +ga™D.FP) £0@) + / Mo s gpar
€ >

(2.3.49)

so that, using Lemma 2.3.8 and Cauchy-Schwartz’s inequality, we have

t k
S s [0 [ 7232 Dyeftdads
B Jo y€Ele/2,k] 0

< /Ot{gm(s) +C(e) /2 UQMM dx+/k g\ Deal? (e, 5) e} s

v €/2

+C(e) /tUQ(/O 3/2 ]Dxe| (z,s) da:) ds

/ / 09| Dyu|*dzds
+C’(€)/ (/ Q|D e|?(z s)dx)(/k 2 Qﬂ]D e|?(x s)dx)ds
0 0 ge » ) o 0 9ge y T ) .

Using the above estimate, Lemma 2.3.8, and Cauchy-Schwartz’s inequality, one has

k 2m
I, <C(e / / 0g:|Dyul?dzds 4 C(e )/ sup (y,s)/ azggr—|Dme\2dxds
0 y€le/2,k] 0 v

+C’(5)/ </kg€r?m|D e|?(x, s) d:c)(/ok Uzggfl]DxeF(fL’, s) dx)ds,

t k 2m
/ / 02¢?| Dse|*dzds + C(e )/0 sup }e(y,s)/o 0293%\Dxe]2dmds

y€le/2,k

2m k 2m
r 2 2 2T 2
—G—C'(s)/o </0 9= | Del ($,5)dx></0 79— |Dyel*(z, s) dx)ds.
I5 is first estimated as follows:

I —// 292 F D, (r™u) Dyedzds

k

Dg(r™

§4/ sup g-v|F| (y,s)/ U2gg‘ (r"u dmds—f—/ / 02g%| Dyel*dxds.
0 y€le/2,k] 0 v

(2.3.50)

By the same argument as (2.3.49), we have

sup  ge|F|*(y, s)
YE[e/2,k]

<C(e)+C(e) /k de + C'(es)(/olC geFQd:c) 1/2</0k gE\Dtu\Qdm> 1/2,

€/2 v
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which, along with Theorem 2.3.1(ii) and Lemma 2.3.6, implies that

t

D,

4/ sup g€U|F\2(y, s)/ o ggﬂdxds
0 y€le/2,k] 0 v

2
<C(e)+ C(e) sup / aggM(gﬁ s)dz

0<s<t

1/2 1/2 k Do (™) |2
//aga //Uga‘DtU Sup/oggw(:c,s)d:c.
0<s<tJo v

Then applying Lemmas 2.3.7-2.3.8 on the above and by Cauchy-Schwartz’s inequality yield

t
D,
4/0 sup  gev|F*(y, )/ o gs’(v)‘dxds

yEle/2,k]

2
<C(e)+C(e // 02g%| Dyel?(x s)dxd8>/
1/2 1/2 1/2
5) 1+ // ngg]DteIdeds) //aga\Dtededs) }
//UgE|Dte] (z,s)dxds.

Substituting the above into (2.3.50), one obtains

Is < Cle / / 02g?| Diel*(z, s) dads.

O: is estimated by using Theorem 2.3.1(ii), Lemma 2.3.4, and (2.3.21)—(2.3.23):
t rk TQWL
O, : = —ﬁ/ / 20’295927Dt€Dx6 dzds
0 Jo v
1 t t ,,,.Qm €
< / / 02g%| Dyel*dxds + 8k* / sup —(y, s)/ 2|g&.|2 |D e|?dzds
8 Jo e/2 0 y€le/2,e] Y e/2

1 t
+/ / 02g?| Dye)*dxds.
8 Jo

Summarising the estimates for I;—I5 and O, it follows that

1 t k T2m
// 02g?| Dsel*dads + — / 02> —|Dye|*(x,t) dx
2 0 2 0 (%

k

. - (2.3.51)
<C(e) + C’(E)/ hg(s)/ 0293%\Dxe|2dxds,
0 0

where he( fo gE ]D e|?(x,s)dx + SUPycc/2,1 (e+u?)(y,s). Then it follows from Lemmas 2.3.3-2.3.4
and Gronwall S 1nequahty that

1t 2 g 2 21" 2

= 0292 Dye|*dzds +2 ) 6 g:—|Dyel*(z,t) dax < C(e),

2 0 2 0 v
which, along with Lemma 2.3.8, yields (2.3.47). This completes the proof. O
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Corollary 2.3.1. For all (z,t) € [e, k] x [0,T],
o) |u(z, )] 4+ o2 (t)e(z, t) < C(e). (2.3.52)
Proof. First, repeating the same calculation (2.3.26) in the proof of Lemma 2.3.3, one has
k k 2
D, (rm
o 2(t) sup u(y,t) < C(e )/ qux+C’/ aﬂdxg C(e),
y€Ele,k] € e v

where we have used Lemma 2.3.9. Second, by the Sobolev embedding theorem, Theorem 2.3.1(ii), Lemmas
2.3.4 and 2.3.9, and (2.3.21)(2.3.23), we have

o(t) sup (e —1)%(y,t <C/ Y(e — 1) mt)dx—i—C/ t)|e — 1||Dyel(x,t) dx
k 2

YyEle k]
< C sup (o(t)+ : (v, ))/ (e — 1)%(x, 1) dx—i—/ az(t)L]DxeF(x,t)d:rS C(e),
yEle, k] rem € € v
which implies (2.3.52),,. O

2.3.5 Lower bound of e

We now estimate the lower bound of the internal energy e.

Lemma 2.3.10 (Lower Bound of e). One has the lower bound

e(z,t) > C(a)™? for all (x,t) € [0,00) x [0,T]. (2.3.53)
Proof. Multiplying equation (2.2.16); with —e7? to get
D m 2mD 2 D m 2
Dt = (= )2 e, (T2 B, oty - gl sy
ev v e e“v
where 8 = 2u + A. To further reduce the equation, we write:
2m 2m 2m D 2
—/@6_2DI (T—Dxe> = kD, (T—Dxe_l) — 2&%.
v ve

Moreover, using the relation D, (r™ u?) = (2u/r) Dy (r™u) — nvu®/r?, we have

D, (r™u)|?  2um
B’ 1‘(2 )‘ + ILL2 Dx(rm_1u2)
e?v e
_ (2u +A> | Dy (r™u)|? _2mug(Dm(r’”U) B \/ﬁgf < <2u +A) [ Da(r™u)*
eZv e2\ nv r e?v
Therefore, using the above two inequalities, (2.3.54) can be reduced to the inequality:
2m D 2 2 D m 2 — 1D m 2m
Dtef]. + 2:‘€T ’ Z‘e| + ( :u’ + A>| CE(T U)| S (fy ) J?(T ’I,L) + /{D:E (LD‘reil). (2355)
ved e2v ev v

Multiplying (2.3.55) by je‘j+1 for j > 2 integers and integrating in x € [0, k] yield

k ’D (Tmu)|2 k T2m|D 6’2
il —Jj LA S i R bkt
/ dx—i-j +)\>/ pES d$+2j:‘£/0 R dz
_.Dy(r"u) . Fp2mDye 1 ?
_ 322N M 4 — (i — S e A B
<jly 1)/0 e ” dz — j(y 1)&/0 = dz

k . k m 2 k ,.2m —112
11— Q(QM ) | D (rmu)® r="Dye”"|
§C’/O v e Jdx + 5\, + A ; A, dz —j(7 — 1)k ; T2 dz.
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Rearranging the above, using Lemma 2.3.1 and Theorem 2.3.1(ii), we have

d [k . koo 12 koo
— [ edde <C | e’/—dx <C(a)o(t) e ’dz.
de 0 0 v 0

Integrating the above inequality in time, it follows that

k , ¢ koo
/ e (z,t)dx < HealHij(O o T C(a)/ 0(7')1/2/ e 7dxdr.
0 ’ 0 0

Thus, by Grénwall’s Inequality, we obtain that, for each integer j > 2,

16O g9 < C@eG By + C@)( [ otr) ) exp (Cla) [ o)) < Cla)

Letting j — oo in the above inequality, we conclude that |le (-, )|~ < C(a)|eg | - O

2.4 Global Weak Solutions to the Exterior Problem in the Eulerian
Coordinates

In this section, the approximate Lagrangian solutions are converted into the approximate solutions in the
Eulerian coordinates by constructing a set of coordinate transformations. Then these functions are extended
into the entire domain (r,t) € [a,00) x [0,T] by using a set of smooth cut-off functions. Finally, a weak
solution to problem (1.2.1) and (2.2.9) is obtained via the limit & — oo.

2.4.1 Coordinate transformation and Jacobian

Let {(Vgk, Ua k> €aksTak)(Z, ) }ken be the solutions obtained in the bounded Lagrangian domain, (x,s) €
[0, k] x [0,T]. For each fixed (a,k) € (0,1) x N, the coordinate transformation (r,t) = T, x(z, s) is defined
as:

r= 7'(}2(:3, s) =Tqr(z,8), t= 7'(2)( s)=s for (z,s) € [0, k] x [0,T]. (2.4.1)

a

Then we see that 7, 5 has the image:
Tas([0,k] X [0,T]) = Ry := {(r,t) : t € [0,T),r € [a, 74 (k,1)]}.

Moreover, it follows from a direct calculation that

Vak(Tar)™™ @ ~ e
J = \Dﬂ;,k Ds'ﬁz,k‘ _ a,k( S,k) ci,k: _ Uan(T,a’k) m

which, along with Theorem 2.3.1 and Lemma 2.3.1, yields that
Cla) M a™ + Cla)z) ™™™ < J(z,t) <a ™C(a) for all (z,t) € [0,k] x [0,T]. (2.4.2)

Thus, the map T, : [0,k] x [0,7] = Rqy is a diffeomorphism so that the inverse map ’7;‘,3 exists. Define
(Taks Sak)(rst) == 7:;1@1 (r,t). Then

Sak(rt) =t, Tor(Tar(r,t),t)=r for all (r,t) € Ry .
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Let 6(z,t) : [0,k] x [0,7] — R be such that § € C. Defining 6(r, t) := N(a:a,k(r, t),t) for each (r,t) € Ry,
then, by the inverse function theorem, its Eulerian derivative can be computed:

Na " a 7t ,t ~ w~
0,0(r.1) = k)" (Fa(r:) ) D wan(rt),t) = 1 22 (o (00,0,
Va,k (xa,k(rv t)a t) Va,k (243)
00(r,t) = Dyb(a(r,t),t) — rm(g,“v’“ D.0) (x* (r, 1), 1),
a,k

for each (r,t) € Ry ;. Now, for each (a, k), the solution (Vg k, Ug i, €q.k) (2, ) in (z,t) € [0, k] x [0, T7] is pulled
back to R, j as:

(@Lk, ﬂmk, émk)(T, t) = (’tA)/a’k, aa’k, g@k)(xa,k (7", t), t) for (’I“, t) S Ra,k- (2.4.4)

2.4.2 Extension in the Eulerian domain

Next, we extend (g, Uk, €q,%) into the whole Eulerian domain [a, 00) x [0, T]. First let x € C*° : R — [0,1]
be such that x(¢) =1if{ <0, x(¢) =0if 1 <, and |x/| < 2 in R. With this, the following cut-off functions
is defined:

2r — 1o p(k,t)
an(rt) = y (a0 2.4.5
Pa,k(r,t) x( {0 ) (2.4.5)
Since gk (k,t) = 0 for all ¢t € [0, T, it follows that for all (r,t) € [a, 00) x [0, T,
2r — 77,1 k(k t)
Orpar(rt) = = "N =222 Oypar(r,t) =0. 2.4.6
Par(rt) = =X (5B ) Opas(rn) (2:4.6)
From these, one can check that ¢ € C*°(]0,00) x [0,7]). Moreover, by construction:
Qpa,k(ra t) =11if re [0,?(1,19(]{7775)/2]’ Qoa,k(’ra t) =0 if re [?a,k(kat)7oo)'
Now, by Theorem 2.3.1(ii), one has
" k 1/n
Faalet) = (a0 [ vas(o. )
0
k 1/n k 1/n nC(T)~1\/n
> > -1 > (=7 _ -1
>(n [ et 09) 2 () / L)z () e
Moreover, it also follows from Theorem 2.3.1 that
- k 1/n -
Fas (b, 1) = (a"+n/ var(y,H)dy) = Cla) TR
0
Hence by (2.4.6), one has that for all (r,t) € [a,00) x [0,T]:
10 Pa (7, t)] < min{C(T), C(a)k™/"}, and dypap(r,t) = 0. (2.4.7)

Using (2.4.1)-(2.4.5), the extended approximate functions (pq k, Ua i, €4,k ) (7, t) in the entire Eulerian domain
(r,t) € [a,00) x [0,T] is defined by (2.2.1) in Section 2.2.1.

The following lemmas show that the extended functions inherits the a-priori estimates derived in Section
2.3. As before, we still denote o := min{1,¢}.
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Lemma 2.4.1. There ezists an integer N(a) = N(a,T,Cy) € N such that for all k > N(a),

o a 8 a
sup/ {G(pak)+pakw(eak)+pa Ju 2’“‘ }mdr—i—m/ / 19r€arl” g4y
t€[0,7] Cak (2.4.8)

2 8 a, a 2 2 ar a - Ya
/ / Rl A | Uq,k + MU k/r| + m:“’| Ug kp — U 7143/7“| }de’f‘dtSC<T)

€a.k n €a,k

Proof. Throughout the proof, we suppress (a, k) for simplicity and denote:

(p7u>67§0)( ) = (Pa ks Ua,ks €a kaSOa,k:)(Ta t) for (7", t) € [(I, OO) X [O7T]7
(0,u,€)(r,t) = (Vg k> Ua ks €ak) (7 1) for (r,t) € Ro g, (2.4.9)
(0,u,6,7)(z,t) = (Vg b Ua ks €a ks Ta k) (@, t)  for (z,t) € [0,k] x [0,T].

Since G(-) and () are convex, and 0 < ¢ < 1, it follows that G(p) < ¢G(@™!) and ¥(e) < pi(e).

Using these, and the fact that Jacobian is bounded from (2.4.2), one can convert the integral in Eulerian
coordinate into Lagrangian as follow:

Juf?

| {6+ pwter oy Yortymar
< /FW) (ﬁG(U‘l) + () + W;)v_lrmdr + /F(kjt)(l - ) (1/)(5) +
ak ~ k ‘ | 2
- /0 (@ + (@ + 5-) (@, o + /0 (1= (7@, 0),0) (F0(@) + 75 ) (@, )da,

=12

jal?

where in the last line, one used the fact that 2G(2~!) = 9(z). By Theorem 2.3.1(i) the first term of right
hand side is bounded by Cy > 0. By the definition of 7(z,t), one has

a" +nC(a) 1w v <7(z,t) = (a"+n
0

Thus for a fixed a > 0, if £ € N is such that

T

(y, t)dy) e < (a™ +nC(a)z) n,

Cla)

n

k> M(a) = a™(2" — 1) +2"C(a)?, then 7(k,t) > 27(1,1). (2.4.10)

Using this and the support of cut-off function ¢, it follows that
k | 2
| = et (0@ + 75 ) @ e

[l

-/ 0 o) (960 + ) gy

7(k,t) | ’2 7(k,t) ’ﬂP
< + — r,trmdrg/ e)+ — |(r,t)r™dr
[ CCER D0 [, @+ )

= [ 5@+ L) wow < s w0 [ (@ + )i < cmic,

y€[1,k]

where one has used Theorem 2.3.1(1)—(ii).
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Next the dissipation terms in (2.4.8) are considered. Using (2.2.1), and the fact that z — 272 is convex
in the domain z € (0, 00), one obtains

|87’e|2 _ |(Paré+ (E - 1)8r80|2
2lef? 2|lpe + (1 —¢)|?

<2|8Té]2 e —1J? Bol? + (1 — 219 22 4 (1 — o)l6.0l2lE — 112
< + = @l0rpl” + (1 — p)p=|0rel” + (1 — ¢)|0rp|“[e — 1]

<27 (pe? + (1 - ¢))lpdre + (€ — 1ol

€
Multiplying both sides by 7™ and integrating in [a,00) x [0,T7], it follows from (2.4.7) and (2.4.10) that, if
k > M(a) then

1 T poo A 2
/ / Orel” g

<[ [ 2'86' P ool + (1 = o) (102 + 0l - 112) b

862m Tkt _ C(a)le =1\ ,,
g/o/ ) 19:2 drdt—i—// \8re\2+C(T)\e—1\2+k2(/73‘ 62‘}7« dr.

If k& > max{C(a)"2C(T)"?, M(a)}, then translating the above integral into Lagrangian coordinates and
using (2.4.3), Theorem 2.3.1, one has

T o] ‘876‘2
———r"drdt
Ll
T k ~2 ~12 T k 2 ~|~ 2
7" | Dye| T e 19 C(a)vle—1]
< I dadt {T D, T)ole — 1 7}01 dt
_/0 /0 == x —l—/o /1 = |Dgel” + C(T)vle |“ + 12/ = z

<Co+ C(T)+ C(T)sup { (C(T)i?—i— 22(773 e%)(y, s): (y,s) € [1,k] x [O,T]}

<Cy+ C(T) + C(T)C(a)k™™ < Cy+ C(T) + 1

-1

Next, since z — 2z~ is convex in z € (0,00) and O,u + mu/r = r~"0,(r"™u), one has

|0ru + mu/r|?
2e
<@ rT0 (1) P + plopel’e T al + (1= o) (@0, (7 w) P + [udhpf?).

< 271(g0€71 +(1- go))|g08rﬂ+ﬂ(9rg0 + myu/r|?

By similar argument as above, one obtains that for all k > max{C(a)™2C(T)"/?, M(a)},

T 00 [p—Mm mz7) |2
1/ / ‘T 87'(T ’LL)| rmd’f'dt
[0, (rm ) | m T fm? |2 m
/ / ddt+k2/n/ / drdt

/ / {\7“ "o (r u)]Q—i—C 2}7“md7”dt

/ / ID - k2(7£|a|2}dxdt+/oT/lk{\Dw;W+C(T)m|2}dxdt

<Cy + k~2/"C(a)C(T) 4+ C(T) < Co + C(T) + 1
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By the exact same analysis, we also have that for all k > max{C(a)™2C(T)"/?, M (a)},

I
0 a €

By setting N(a) := ceiling(max{C’(a)”/QC(T)"/z, M(a)}) € N, one concludes the proof. O

u
Ot — —

2
rdrdt < Cy+ C(T) + 1.
r

Lemma 2.4.2. For each a € (0,1), one has

oo
sup sup / {|(pa,k — 1,u27k, eak — 1, \/Eﬁrumk, a@rea7k)|2}(r,t)rmdr < C(a),
keN 0<t<T Ja

(2.4.11)

T 00
sup / / {‘(67‘/“(1,]67 a’rea,kv ua,karua,kv \/Eatua,ka Uatea,k) ‘2 } (7“7 t)T’dedt S C(a),
keN JO a

and for all (k,r,t) € N x [a,00) x [0,T] :
C(a)™" < pan(r,t) < Cla), ea(rt) Zf(a)_l, (2.4.12)

o () |ua e (r,1)] < Cla), o(t)2eqp(rt) < Cla)

Moreover, for each € € (0,1], one has that for all (a,k) € (0,1) x N,

oo
sSup / {’(pa,k - 17 uz,ka €ak — 17 \Garua,lw O—aTea,k)P}(rv t)rmdr < C(e’f),
0<t<T J7g i (e,t)

o (2.4.13)
/ / {’(arua,ka 8T€a,k7 ua,karua,lm \/Eatua,ka Uatea,k) ’2}(T7 t)?’dedt < C(E),
0 ?a,k(a,t)

and for all (a, k) €N, if t € [0,T] and r € [F(e,t),0), then
Ce)™" < pap(r,t) < C), o(t)i|uan(r,t)] < Ce), al(t)Zeqn(r,t) < C(e). (2.4.14)

Proof. As before, we suppress (a, k) for simplicity and use the notation (2.4.9). Only (2.4.13)—(2.4.14) are
shown, as (2.4.11)—(2.4.12) follow in the exact same manner. First, using the fact that Jacobian is bounded
from (2.4.2) and the construction (2.4.5), the integration in Eulerian coordinate is converted to Lagrangian

as follows:
o0 oo
/ lp— 1)?r™dr = / 5t — 123 dr
7(e,t) (et

)

7(k,t) k k 1

g/ Tt —12mdr = [ 5! = 125da = / - 1214z < (o),
7(e,t) € € v

where in the last line, one used Theorem 2.3.1. By the same method, one can also obtain the corresponding
estimates for [e — 1| and |u|* in (2.4.13),.
Next, using (2.4.3), (2.4.7), and Theorem 2.3.1, it follows that

/~ U(t)laru\Z(r, Hyrdr = / o(t)|eoru + ﬂargo|2(r, t)r"dr

(g,8) 7(e,t)

ko) ko) ko2m k
S/ o(t)|0yulr™dr + C a2 rmdr = / 0—|D,ul*dx —i—/ vlafdz < C(e).
7(e,t) (e t) € v €

In the same way, one can also obtain the estimates for o2|9,¢|?, |(0,u, Ore, ud,u)|? in (2.4.13).
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Next, by (2.4.3) and Theorem 2.3.1, it follows that:

/ / ()0 (r, £)rmdrdt = / / (r, |02 (r, )™ drd
at) 7(e,t)
r(k,t) u 2
/ / (1)[0e 2 (r, )™ drdt = / / 5\13@-?%1315
(&,t) v
92 2m
/ / V0| Dye)? (r, t) dxdt—|—/ / ¥ (t 1/4 )|ﬂ|> 747|D:,35|2(7“, t)dxdt < C(e).

By the same argument, one can also obtain the estimate for o|d;e|? in (2.4.13).
Next, for (r,t) such that ¢ € [0,T] and r € [7(e,t),00) N Rq , there exists (z,s) € [, k] x [0, T] such that
r =7(x,s) and t = s, hence for (r,t) € R, one has

(r,t)dzdt

p(r,t) =p(F(z,t), )5 (7 (x, 1), 1) + 1 — o(F(x, 1), 1)
=p(F(@, 1), )00 (2, ) + 1 — p(F(, 1), 1)
<C(e)p(r(x,t),t) + 1 — o(r(z,t),t) < max{1,C(e)},

and p(r,t) =p(F(z, 1), )0 (z, t) + 1 — p(7(z, 1), 1)

) +1—p(r(z,t),t) > min{l, C(s)_l}.

For (r,t) such that t € [0,7] and r € [r(e,t),00) x [0, T]\Rq, one has r > 7(k,t), hence ¢(r,t) = 0 and
p(r,t) = v (r, t)p(r,t) — p(r,t) + 1 = 1. This proves the upper and lower bound of the extended density.
In similar manner, one can also obtain bounds for u, e listed in (2.4.14). O

Throughout Sections 2.4.3-2.4.7, we will suppress the parameter a € (0, 1), and denote

(Pk» Uk, €k 0k) = (Parks Ua ks €akes Pak)s (Uk, Tk, €k) = (Tak, Ua ks Eak),

(2.4.15)
(U, Uk, €15 i) = (Vg ks Ua ks €a s Ta k)

Note that the main aim of these sections is to prove Theorem 2.2.1 via the limit & — oo.

2.4.3 Construction of particle path function: 7(z,t)

Lemma 2.4.3. There exists a continuous function r(x,t) : [0,00) x [0,T] — [a,00) and a sub-sequence
k — oo such that

(i) for any compact subset K CC [0,00) x [0,T],

lim sup |[Fx(z,t) —7(z,t)| =0,
k=00 (z ek

where T (x,t) is defined by:

o8] = {?k(:c, t) if (z,t) €0, k] x [0,T],

x— k4 k) if (,t) € [k, 00) x [0,T]. (2.4.16)

(ii) for each e >0, one has

[T (x1,t) — T(x2,t)| < C(e)|xy — o for all (x1,x2,t) € [6,00)2 x [0,T7,
7@, t1) — 7@, )| < CE)E* =34 for all (w,t1,t5) € [£,00) x [0, T2
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(iii) for each t € [0,T] the function x — 7(x,t) is strictly increasing and
nzy”! (—) < (F(z,1)" < Co(L+x) for all (z,t) € [0,00) x [0, 7.

Proof. For each integer | € N, let S; := [0,1]x[0,T] C [0,00)x[0,T]. Set z1, z2, € [0,1] and t1, t2, t € [0,T].
We consider two cases: k>l or k <.

Case 1: k > 1. Then T(x;,t) = ri(z;,t) for ¢ = 1, 2. It follows from Theorem 2.3.1, and Mean Value
theorem that

_ _ ~ U
[Te(21,t) — Tr(w2, )| < |z1 — 22| sup Dyrp(w,t) < |v1 — 22| sup =~ < C(a)|rr — 2|
2€[0,k] ze(0,k] Tk

Case 2: k < [. For this case, we consider three sub-cases. First, if z1, xo € [0, k], then one can get
the same inequality as Case 1 by repeating the argument. If x1, zo € [k,[] then by (2.4.16), one has
[Ti(z1,t) — Tr(z2,t)| = |21 — 22|. If 21 € [0, k] and z2 € [k, (] then by (2.4.16),

]Fk(:rl,t) — Fk(xg,t)‘ < ]'Fk(xl,t) — Fk(k‘,t)‘ + ‘wz — k‘ < C(a)(k — wl) + a9 —k < C*(a)’$1 — 1'2‘,
where C*(a) = max{1,C(a)}. In summary, for both cases, one obtains that

zu§|?k(:c1,t) —Tr(z2,t)] < C*(a)|z1 — 22| (2.4.17)
€

Moreover, for both cases k > [ and k < [, it can be shown that if ¢, = min{1,¢;,¢2} then
to to 1 1
(2, 1) — Tl t)] = )/ uk(a:,s)ds‘ < C(Q)‘ / s—st‘ < Ca)ts 't — ta. (2.4.18)
t1 t1

Similarly, by (2.4.16), Theorem 2.3.1, and Lemma 2.3.1, one can also show that for each ¢ € (0, 1],

sup|r(x1,t) — (a2, t)| < C(e)|xy — 22| for all (z1,x2,t) € [¢,1]? x [0,T],
hett (2.4.19)
sup|Tr(z, t1) — Tr(z, t2)| < C(es)\ti’/4 - t3/4\ for all (z,t1,t) € [e,1] x [0,T)%
keN
Furthermore, the following bound holds for all k£ € N,
z 1/n
sup Ti(x,t) = sup (a" + n/ '27k(y,t)dy> < (a" +nC(a)l)/™. (2.4.20)
(w,t)ESl (:B,t)ESl 0

By (2.4.17)-(2.4.18) and (2.4.20), one can apply Proposition A.0.1 to obtain a sub-sequence, still denoted
as k — oo, and a continuous function 7(z,t) : [0,00) x [0,T] — [a,o0) such that

lim sup |rF(z,t) —Tk(x,t)| =0 forall K CC [0,00) x [0,T]. (2.4.21)
k—oo (z,t)eK

Applying convergence (2.4.21) on (2.4.19), one obtains Lemma 2.4.3(ii).
Next, let 0 < 1 < w3 < oo. For all k > 2"25C(a)? + C(a)(2" — 1)/n, one can verify 27 (x1,t) <
2r(x2,t) < Ti(k,t). It follows that

Tk (ch,t) Tk (ch,t) o
/~ pr(r, t)r"dr = / o (r, t)r™dr = / U Ok (2, t)de = a9 — 21

Tr(z1,t) Tr(z1,t) T1

55



Since pg(r,t) < C(z1) for r € [r(z1,t),00) from Lemma 2.4.2, one has
T (@2,t) C(z1) , ~ -
T2 — X1 —/ - pr(r, t)r™dr < (nl){(rk(xl,t))” — (Fg(z2,t))"}.
T (x1,t

Taking the limit £ — oo on the above, and using (2.4.21), it follows that

C
O<zo—121 < (:fl)

{721, )" = (P(2,1))"}-

This shows that x — 7(x,t) is strictly increasing for each t € [0, T7.
For a fixed point (z,t) € [0,00) x [0,T], one has from Lemma 2.3.1 that,

nap " (Coz™) < (F(x,1))" < Co(1 + ) for all k> z.
Taking the limit £ — oo, and using (2.4.21), one obtains Lemma 2.4.3(iii). O

2.4.4 Compactness results

Lemma 2.4.4. There ezists a continuous function (u,e)(r,t) : [a,00) x (0,T] — R x [0,00), and a sub-
sequence {(ug, ex) tken such that for each compact subset K CC [a,o0) x [0,T],

lim sup |(ug —u, e —e)(r,t)] =0. (2.4.22)
k—o0 (ri)eK

Moreover, for each fized € > 0, one has that if t € [0,T] and ry, 1o > 7(e,t) then

a(t)%]u(rl,t) —u(re, t)| +o(t)le(ri, t) —e(ra, t)| < C(e)|ri — 7“2]%, (2.4.23)
and if 0 <ty <ty <T and r > supy, <;<4, 7(€,t) then

o(t1)2 |u(r, t1) — u(r,t2)| + o(ty)|e(r, t1) — e(r, t2)| < C(e)|t2 — ta] . (2.4.24)

In addition, one has

(2.4.25)

[

{\u(r, t)] < C’(a)a(t)*i, C(a)™ <e(rt) < C(a)a(t)*% if (ryt) € [a,00) x [0,T],
lu(r, t)| < C(a)a(t)_%, e(r,t) < C(e)o(t) 2 ift €0, 7], r>7(e,t).

Proof. Only the proof for u(r,t) is presented since it is the same for e(r,t). Let (ry,72,t) € [a,00)% x (0,T].
By Fundamental Theorem of Calculus and Lemma 2.4.2, for all k € N,

79 Cm (&) 1/2
| oruntrpar] < 2= e ([0 )
T1

T1

lug(r2,t) — up(r1,t)| =

o0 1/2
Sa(t)l/Qam/Q(/ o (8)| Oy (r, )™ ar Py — 1112 < Cla)o(t) 2y — ]2

a

In addition, let r € [a,00) and 0 < t; < to < T. Set h := y/ta — t;. By Mean Value theorem,

1

r+h
; / uk(C.tr) — u(C, 12)|AC = [ug(€, 1) — up(€, t2)| for some € € (1,7 + h). (2.4.26)
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By triangular inequality, and the Fundamental Theorem of Calculus, one has for all k£ € N,
g (r, 1) — up(r, t2)] — |uk(§, 1) — un( t2)]

¢
<lug(r,t1) — ug(r, t2) — (ur(§; t1) — u(§ t2))| = / (3rUk(C7t1)—37”%(4752))61{‘

T

3 2 3 /
< [ 00un(¢. )| + (G G < Je = o2 S ([ iorun(c o Pemac)
r i=1 r

<% ”WﬁZ( [ ownomncorenac)” < c@ot v

Thus by (2.4.26), it follows that for all k € N,
|Uk(7", tl) - Uk(’l", t2)| < |uk‘(£a tl) - uk(ga t2)| + C(a)a(t)_l/Q\/H
r+h
<co Vi [T [ oo

1/2 r+h pt2 1/2 to
<Cla)o()-2vh + TH) dtd Byug|2C™dC At
<Cla)o(t)*VE + () [aae) ([ [ atonenacar)”
<C(a)o(t)"*Vh+ C(a)o(t ( D7V2RTR )t — 14V < Cla)a(t) T2t — VA

In summary, one has

sup|ug (a2, t) — ug(r1,t)] < C(a)a(t)*%h’g - 7’1]% if (r1,79,t) € [a,00)? x (0,77,

hen ) ) (2.4.27)

suplug(r,te) — ug(r,t1)| < Cla)o(ts) 2|ty —t1|3  if (r,t1,t2) € [a, 00) X (O,T]Z,

keN
where t, = min{t1,t2}. Let S; = [0,00) x [[7%,T] for each I € N. Then one can apply Proposition A.0.1
with (2.4.27) and S; to obtain a continuous function u(r,t) : [a,00) x (0,7] — R, and a sub-sequence (still
denoted as {uy}ren) such that (2.4.22) holds true.

Next, let € € (0, 1]. Since x — 7(x, t) is strictly increasing and (z,t) — 7(x, t) is continuous, it follows that

d = infyco {7(e,t) —7(e/2,t)} > 0. By Lemma 2.4.3, there exists N. € N such that supo<,<7|7x(€/2,1) —
7(e/2,t)| < d/2 if k > N, which implies

Tr(e/2,t) <7(e,t) foreach t€[0,7] and k> N,. (2.4.28)

Let (r1,72,t) be a triplet such that ¢ € (0,7] and 71, 72 € [r(g,t),00). Then (2.4.28) implies that 1,72 >

Tr(e/2,t) if k > N.. By Fundamental Theorem of Calculus, and Lemma 2.4.2, it follows that for all k£ > N,
B r2 1/2

(00 < (2 = )2y ([0 )

T1

a(t)/? (/Oo 2 1/2 1/2 -1 1/2

S o |0k (r, t)rmdr) Ira — 1|2 < Cle)a(t) 2|y — ra|V/2.
(T (e/2,6))™2 N S5 (e /2,0

In addition, let (r,t1,t2) € [a,00) x (0,T]? be a triplet such that 0 < t; < to < T and r > sup;, <;<y, 7€, t).

Then by (2.4.28), r > 71,(g/2,t) > C(e)~! for all t € [0,T] if k > N.. Now set h := /t3 — £;. Then by Mean

Value theorem,

’Uk(?”Q, t) - uk(r17t)| =

1

r+h
h/ luk(C,t1) — ug (¢, t2)|dC = Jug (€, 1) — ug(§,t2)| for some & € (r,r + h).
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By triangular inequality, and the Fundamental Theorem of Calculus, one has for all k£ > N,
|ug(r,t1) — wi(r, t2)] — uk(€ t1) — up(€ t2)]

¢
<lug(r,t1) — ug(r,ta) — (u(§,t1) —ug(€,t2))| = /@«%(Cﬂfl)—37«%(@152))(14

T

3 2 3
< [ (orun( ] + orun(€ e < fe =22 5 ([ lovuetc ) Pemac)
r i=1 T

2 o)

<O ()Y ( /

o) (G )2maC) T < Ol 2a(n) 2

It follows that for all &k > N,
< |u (§7t1)_uk(f ta)| + C(e)o(tr)~/2n1/?

r+h
/ |8tuk ¢, t)ldtdc

C( h —2r % r+h pt2 1/2 12 5
<C(e + / / dtd / / t|Oyu t)|*¢™dddt
) U(tl) h t1 C t1 Tk 8/2 t) ‘ ek C )’ C C )

<C(e)h2o(ty) 2 + C()h 2|ty — t1|20(t) "2 < C()o(ty) 2 [ta — 1)1

\uk(r tl) — uk(

2)|
C( )hQO' tl %

Jun

D=

In summary, if one defines R(e, t1,t2) := sup;, <;<, (€, 1), then

sup |ug(re, t) — ug(ry, t)] < C(e)t_l/Q\rg — 7“1|1/2 ift € (0,7, r1,r2 > 7(e,t),
E>N.

sup g (r, t2) — u(r,t1)| < C(e)o(ty) 2t — 1|4 0 <ty <ty <T, 7> R(e, b1, ta).
>N.

Taking k — oo, and using (2.4.22), one obtains continuity estimates for u in (2.4.23)—(2.4.24).

Finally, by Lemma 2.4.2 and (2.4.22), one obtains (2.4.25);. In addition, for each ¢ € (0, 1], (2.4.28)
implies that r > 7,(¢/2,t) if » > 7(e,t) and k > N.. Hence, |ug(r,t)| < C(e)o(t)~1/* for all (r,t,k) such
that £ > N, t € [0,T], and r > 7(e,t). Taking limit £ — oo, and using (2.4.22), one obtains (2.4.25),. O

Proposition 2.4.1. Let € € (0,1], and (r,t) € [a,00) x (0,T] be such that r > 7(e,t). Denote Ds(r,t) :=
{(¢,8) : \/(C—7)2+ (s —t)2 < &}. Then there exists N(e,r,t) € N, &(e,r,t) > 0 such that for all § €
(0,0(g,r,t)) and k > N(e,r,t),

Ds(r,t) C {(¢,s) € [a,00) X [0,T] : ¢ > T(e, s)}.

Proof. Let n:=r —7(e,t) > 0. Since (¢, s) — ¢ — 7(g, s) is continuous, there exists d(e,r,t) > 0 such that
for all 6 < d(e,r,t), if (¢,s) € Ds(r,t) then |¢ — (e, s) —r +7(e,t)| < n/2 which implies ¢ > n/2 + 7(e, s).
Therefore,

Ds(r,t) C {(¢,s) € [a,00) x [0,T]: ¢ >n/2+7(g,s)}. (2.4.29)

By Lemma 2.4.3, one has limy o Sup,cpo, |7k (€, 8) —7(€, s)| = 0. Thus there exists N(e,r,t) € N such that
7(e,8) + n/4 > Ti(e,s) for all s € [0,T] and k > N(e,r,t). If ((,s) is such that ¢ > n/2 4+ 7(e, s), then
¢ >n/d+7(e,s) > 1i(e,s) for all k > N(e,r,t). The proposition follows by combining this with (2.4.29). O

Lemma 2.4.5. There ezists p > 0, and a sub-sequence {py}ren such that

(pr.—1) = (p—1) in L>®(0,T; L?([a,0),r™dr)). (2.4.30)
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Moreover, for each € > 0, one has

O prn ) <CE) forne (n) (G €lacc) X 0.T):C2 D)
C(a)™' < p(r,t) < Cla) for a.e. (r,t) € [a,00) x [0,T]. o
Proof. From Lemma 2.4.2, one has
sup sup / lpp — 112(r, t)drdt < a ™sup sup / lpk — 112 (r, t)r™drdt < C(a). (2.4.32)
keN0<t<T Ja keN0<t<T Ja

Thus there exists f, (p—1) € L>(0,T; L*([a,0),dr)), and a sub-sequence (still denoted {py }ren) such that
as k — o0
(pr —1) = (p—1) and r™2%(p, —1) > f in L=(0,T; L*([a, 00),dr)). (2.4.33)

Let ¢ € C([a,0) x [0,T]). Using (2.4.33), it follows that as k — oo

/OT /aoo fodrdt < /OT /:O Tm/Q(pk ~)édrdt /OT /aoo(p— 1)rm/2¢drdt.

By Fundamental Lemma of Calculus of Variation, f(r,t) = r™/?(p(r,t) — 1) for a.e. (r,t) € [a,00) x [0, T].
By (2.4.33) again, the weak star convergence (2.4.30) is obtained.

Next, fix ¢ € (0,1], and a point (r,t) € [a,00) x (0,T] such that r > 7(e,t). Let d(e,r,t) > 0 and
N(e,r t) € N be obtained in Proposition 2.4.1. For 0 < § < d(e,r,t), one sets:

L) (G:5) _ {!Dé(r,t)rl if (¢, ) € Ds(rt),

(¢ g) e
¢5 (Ca ) ’D(s(’r', t)| 0 if (C’ 3) c [a,oo) X [O,T]\Da(r, t)7

(2.4.34)

where Dg(r,t) is defined in Proposition 2.4.1. Tt follows that gbgr’t) e Lt (O,T; L*([a, 00), dr)). Moreover by
Proposition 2.4.1, one has that for all £ > N(e,r,t) and § < d(e,r,t),

supp(9§ ") € {(C, 5) € [a,00) x (0,T] : ¢ > Fi(e, 5)}- (2.4.35)
For 0 < 6 < d(e,r,t) and n > 0, there exists N, s € N by (2.4.33) such that for all k > N, 5,

T 0 (1) T [e'e] (rt) T 00 (1)
o [ [T aetacas < [T g acas < [T oo a0
0 a 0 a 0 a

Let Ny := max{N, 5, N(e,r,t)}. Then by (2.4.35) and Lemma 2.4.2, it follows that for all k > Ny, C(e)~! <
pr(C,s) < C(e) if (¢,s) € Supp(gbgr’t)). Using this in (2.4.36), one has

1
C(s)_1 -n< — // p((,8)d¢ds < C(e)+nforallm >0 and 0 < 6 < (e, 7, t).
|Ds(r, )| J by

by Lebesgue differentiation theorem over 6, (2.4.31); is proved.

Finally, we consider the proof for (2.4.31),. For (r,t) € [a,00) x [0,T] and § > 0, one uses (bgr’t)
defined in (2.4.34). Then (2.4.31), can be proved by repeating the same argument as before, and using
C(a)~! < pp(r,t) < C(a) for all (k,r,t) € N x [a,00) x [0,T] from Lemma 2.4.2. O

Before proceeding into the next lemma, we define the following function spaces: for each connected
interval I C [0, 00), we define the space H}(I,7™dr) to be the closure of

Do(I) :=={p € C®(I):3IN >0s.t. [0,N] C I and ¢(r) =0 for r € I N[N, 00)} (2.4.37)

via the H(I,r™dr)-norm. We also denote H~1(I,7™dr) as its dual space.
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Lemma 2.4.6. Let (p,u,e) be the limit function obtained in Lemma 2.4.4-2.4.5. Then one has:

(i) for all L €N, p € C°([0,T7; HY([a, L],r™dr)), and there ezists a further sub-sequence such that for
all L € N,

lim - sup |[pk(-,t) = (- Ol -1 (g, 1) pmary = 0-
k—)oote[o 7] ’ ) ( >HH Y([a,L],rmdr)

(ii) for each e € (0,1], if one defines p' (r,t) := p(r,t)xe(r,t) where x-(r,t) is given by

o) = {1 if t € [0,T] and r € [F(e, ), 00),

0 otherwise,

(2.4.38)

then for all L € N,
{ p& e (o, T] H~Y([0, L],r™dr)),
HP ('7 1) — ( 7t2)Hﬁ71([o’L]7rde) < C(e)ts —ta| for t1,t2 €[0,T7.

Proof. Let ¢ € ﬁ&([a, 00),r"™dr). Then by (2.4.3)-(2.4.7) and (2.2.1), one has
/ {pk(r, to) — pk(r,tl)}¢(7")rmdr = / / Opr(ry t)p(r)r™drdt
to to k t)
/ / gpkatvk r,t)p(r)r"drdt = / / gokatvk (ryt)o(r)r™drdt
t1 t1

t2
2/tAWw@@@ﬁﬁ{ﬁ?m%—Wmm@ﬂ@ﬁma
t1

Applying integration by parts, continuity equation (2.2.16),, the boundary condition u(0,t) = ux(k,t), and
Theorem 2.3.1(i)—(ii), it follows that

00 to k
/ {ou(ryt2) — pr(r, t1)}o(r)r™dr = / /0 (1) (0 6+ & - 1) (T, 1), £)dadt

- : </Ok |%|de)l/2</ok O {16 + ’¢/|2}('fk(a:,t))dw>l/2dt

C<a) H¢() HHl([a,oo),rmdr) ’t2 - t1|-

Thus the following equi-continuity inequality holds:

sup||pg (-, t2) — pr( 1) -1 m to — 1
4D+ 12) = 01 1) 3 g ey ) < C@lt2 = ]

By the same calculation, one can also verify that p, € L°(0,T; H([a, L],r™dr)) for all (k,L) € N2. In
addition, from Lemma 2.4.2, it follows that

sup sup /Oo|pk — 1)2(r, t)r™dr < C(a).
keNte[0,T] Ja
Thus one can apply Proposition A.0.2 of Appendix A to obtain f such that for all L € N,
fec®([0,7); H(la, L],r™dr)), f—1¢€ L®(0,T;L*([a, 00),r™dr)),
lim SUP]HPk( t) — f('at)”ﬁfl([a,Lerdr) =0,

1£Cot1) = FCot2) | s u.ggomany) < C(@)|t — ta] for all 11, 5 € 0, 7).
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By Lemma 2.4.5 and Fundamental Lemma of Calculus of Variation, one can verify that p = f for a.e.
(r,t) € [a,00) x [0,T]. This proves (i) of this lemma.
For each € > 0 and k € N, one defines pgf)(r, t) := pr(r,t)x%(r,t) where

(2.4.39)

0 otherwise.

If K > M(s,a) == eC(a)? + (2" — 1)a"C(a)/n > 0, then it follows from the construction (2.4.5) that

ok (Tk(g,t),t) =1 for all t € [0,T]. Thus by (2.2.1) and (2.4.4),
(pk,uk,ek)(?k(s,t),t) = (ﬁgl,ﬂk,ék)(ﬁg(&,t),t) = (Egl,ﬂk,’ék)(e,t). (2.4.40)

Let ¢ € I:Té([O, 00),r™dr). Then by (2.4.40), and Leibniz Rule, for all k > M (e, a),

oo l2
/ (,0;5) (r,ta) — p,(f) (r,t1))p(r)r™dr = / d / ) (r,t)p(r)r"drdt
t (et

Y (2.4.41)
/t / Y GO prrdrdt — / (rk(e,t))md)(?k(e, t))ﬂk(s,t)fﬁgl(s,t)dt =1 + I.

Using (2.2.1) and (2.4.3)—(2.4.4), I; can be written as:

to t2
L —/ / Opr(r, t)o(r)r™drdt = / / gpk@@;l(r,t)gb(r)rmdrdt
k Et t1

to
:/t / (or - @) (Fi(z, 1), t) {O Dy, ! —?,TﬂkDﬁ,;l}(m,t)dggdt.

Applying integration by parts, and using continuity equation (2.2.16),, the boundary condition uy(k,t) = 0,
and Theorem 2.3.1(i)—(ii), it follows that

to
n= [ ] o 00000 =5 Do) — D5 bade
t1 Je
to

to k
= [ oo, ) FET ) e )t + / /ak<x,t>(so;-¢+¢'-¢k><m<m,t>,t>dxdt

t1

ol NVt 22 1/2
<-h+C | (/ =) (/ B {01 + 167} (e, )da) - at
t2 ikt 1/2
§—12+01/20(e)1/2/t (/~( ) {16 + 10/} (ryrmdr) at
1 TE(E,

< — I+ C ()9l a1 ([0,00),rmary I t2 — tal-

Substituting this back into (2.4.41), it follows that the following equi-continuity inequality holds:
upll A 12) = A7 (1) 1710 0 ey < CEE2 = il (2.4.42)

Let L € N be such that 7(1,¢) < L for all (k,t) € N x [0,7]. By the same derivation, one can also show
that p,(f) € L>(0,T; H~Y([0, L],7™dr)) for all (k,L) € N. Moreover, set r. = infycpo17(€,t)/2 > 0. Then
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by Lemma 2.4.3, there exists N. € N such that r. < ri(e,t) for all k > N, and ¢t € [0,7]. From Lemma
2.4.2 and (2.4.42), it follows that

sup sup / ‘Pi(:) — 1[2(r, t)r™dr < C(e),
k>N. t€]0,T] Jre

(e) (e)
su o ta) — t man < C(e)|ta — t].
k:ZII\?EHpk (- t2) P () I)HH 1([re,L],rmdr) (e)[t2 1]
Thus one can apply Proposition A.0.2 of Appendix A to obtain f. such that for all L € N,
fe € CO([O TY; H~ Y([re, L), rmdfr)), fe—1¢€ LOO(O,T; Lz([rg,oo),rmdr)),
li
Jim, s 167 o0) = el =0 (2.4.43)

I £=(ot1) — f=(, 2)||ﬁ—1([r€,L],rmdr) < C(e)|ty —to| for all tq, t € [0, 7).

Now let ¢ € C2°([a,00) x [0,T]). One has

[ [o-swe [ [0 [ [
:/OT/:Oqﬁxa(p—pk)+/OT/;¢pk(xa—x'§)+/O /r ¢(p;(f)—fs)=;Hf-

By Lemma 2.4.5, II¥ — 0 as k — oco. By (2.4.38)(2.4.39), and Lemma 2.4.3, x* — y. a.e. as k — oo. Since
pr < C(a) from Lemma 2.4.2, by Dominated Convergence theorem, IT§ — 0 as k — oo. Finally 11§ — 0 as

k — oo by (2.4.43). Therefore, p{&) = f. for a.e. (r,t) € [r,00) x [0,T]. Since p{&) = pgf) =0 for r € [0, 7]
and k > N, Lemma 2.4.6(ii) is proved. O

Lemma 2.4.7. The following relations hold:

7(z,t)
x = / p(r,t)r™dr for a.e. t €[0,T] and for each x > 0,
a ) (2.4.44)
1) = P(z) + / Wiz, 5), $)ds  for all (z,1) € 0,00) x [0,7],
0

where the initial data 70(x) is the function constructed in Section 2.2.4, which satisfies:

7o (x)
x :/ P2 (r)yr™mdr,  for all x € [0, 00).

Proof. Let (x,t) € [0,00) x [0,
verify that 2rg(x,t) < ri(k,t

_1 -
ity (rt) + (1= ox(r,t)) =

?k(a:,t) Fk(x,t)
/ pr(r,t)r"dr = / yr’mdr = / t)o(y, t)dy = x.

Using the above identity, one has

r(x,t) 7 (z, t)
x — / p(r,t)r™dr —/ )rdr 4+ / (pr. — p)(r, t)r™dr.
a r(x,t)

0,7]. Then for £k > M(a,x
). Thus by (2.2.1), if & >
L 1(r,t). Using this, and (2.4

) = C(a)(2" — 1)a"/n + 2"C(a)?z, one can
M(a,z) and r € la,r(x,t)], then pg(r,t) =
.2)—(2.4.4), one has
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Let x(t) € C2°(]0,T]). Multiplying it to the above and integrating in time, it follows that:
T 7(z,t)
/ (a: —/ p(r, t)rmdr)x(t)dt
(z,t)
/ / )rmdrdt + / / (ok — p)(r, E)x(t)r™drdt = TV 4+ 1),

I ,gl) is estimated using Lemma 2.4.3 and the bounds p; < C'(a) from Lemma 2.4.2.

) . 7k (2,t) m
11| _) x(t)r drdt(<c () yLoo‘ drdt

)THX()HLOO sup 71 (2.0) =72, 0 a5 k= o
n 0<

For I,EQ), one first observes that x(t) - 11,75 (r) € L'(0,T; L*([a,00),dr)), where 1g(r) denotes the
indicator function for spatial set E C [a,00). By Lemma 2.4.5, it follows that

hm I = hm / / (o = p) (1, )X (8) L g (2,0 (1) drdt = 0.

Since I lgl), I ,9) — 0 as k — oo, one concludes that

/OT (33 — /:(r,t) p(r, t)rmdr>x(t)dt =0 foreach x(t)e C([0,T)).

Then, (2.4.44), is shown by Fundamental Lemma of Calculus of Variation.
Next, by (2.2.16); and (2.2.16),, 7x(x, t) satisfies:

Tr(x,t) = g (z,0) + /Ot ug(z,s)ds, for (z,t) € 0,k] x [0,T],

where from (2.2.16), and Section 2.2.4, 7, (x,0) is given by

x 1/n z 1 1/n
Te(z,0) = (a" +n [ 20, (y)dy = a”+n/ -~y :
0= (o | Thuits) = (o o )
Fix (z,t) € [0,00) x [0,T]. If & > M(a,z) then by (2.2.1), one has ug (7 (z,t),t) = ug(z,1),

Ti(z,t) = T(x,0) +/0 uk(ri(z,s),s)ds, for (z,t)€[0,k] x[0,T]. (2.4.45)

Moreover, by Proposition 2.2.2 in Section 2.2.4, if k > N(z) := Co(2" — 1)a"/n + 2"CZx, then

1, 1 K 1 1/n 1 .
) == (g™ —d > —la"+nCyk
7ok =5 (s +”/o G V) 2w eneik)

1/n

z 1 1/n
e R

By the construction of p(r) in (2.2.13) of Section 2.2.4, it follows that if k& > N(z) then

04 () = o=

Vaie(T) = = (Pa(Ta(2)) a0k (Fa(@)) +1 = ¢4 (74 (2)))

§c§ -

1
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Thus, by Proposition 2.2.2; one has for all £ > N(x),

m(z,0) = <a" +n/0x mdy)l/n = (an +n/0m mdy)lm = To(@).

a a

This shows that for each z € [0,00), 7(2,0) — 79(x) as k — oo. Moreover, by Lemma 2.4.3 and the

inequality (2.4.27) obtained in Lemma 2.4.4, it follows that for all (x,s) € [0,00) x [0,T],
lug (P (z, 8), 8) — ug(F(x, s), s)| < C(a)|rk(z, s) —7(x,s)] = 0 as k — oo.

By Lemma 2.4.4, |ug(7(x,s),s) — u(r(x,s),s)| — 0 for all (x,s) € [0,00) x [0,T] as k — oco. Combining
these limits in (2.4.45), (2.4.44), is shown by Dominated Convergence Theorem. O

Lemma 2.4.8. There ezists a sub-sequence (pg, uk, €x)ken such that, as k — 0o

(\/Earuk‘y Uarek) = (\/587““7 Uare) i L™ (0, T LZ([a7 OO), ’I"de‘)) ’
(aT‘uk:a areka \/Eatuka Uatek) - (a’r'u7 ar‘ea \/Eatu) Uate) in L2 (07 T7 LQ([av OO), T‘de)) ’

where o = min{1,t}. In addition, one has

sup / {(p — 1)2 +ut + (e — 1)2 + U\aru\2 + 02\&6\2}(7", t)yr'dr < C(a),

e e (2.4.46)
/ / {|8Tu]2 + [udrul? + |0e|* + o|Opul* + 0'2’(9,56‘2}(7’, t)r"drdt < C(a).
0 a
Furthermore, for each € > 0, one has
sup / {(p 12 +ut + (e —1)? +0l0ul® + 02]8Te\2}rmdr < C(e),
0<t<T J7(e,t)
(2.4.47)

T poo
/ / {\8,,11,\2 + [udpul? + |0ye|® + o|dsul® + 02\&,6]2}(7", t)r™drdt < C(e).
0 J7(et)

Proof. Only the proof for \/od,u; — /od,u is presented, as the other limits can be shown using the same
argument. By Lemma 2.4.2, one has

°° 2 1 °° 2 C(a)
sup sup / o|Opug|(r,t)dr < — sup sup / o |Opug](r, t)r"dr < ——=.
keNte[0,T] Ja a™ keNte[o,T] Ja a

Thus, there exists a sub-sequence, still denoted as {9,ug }ren, such that
Voo, = wy and r™%\/G0uy, = wy in L°(0,T; L*([a, 00),dr)). (2.4.48)

By (2.4.48), Lemma 2.4.4, and Dominated Convergence Theorem, one can show that the spatial weak
derivative of \/ou exists and wy = \/od,u. As a result, by (2.4.48) and Fundamental Lemma of Calculus of
Variation, wy = 7™/?\/c0,u for a.e. (r,t) € [a,00) x [0,T]. Then (2.4.48) implies that \/cd,up — \/od,u in
L>=(0,T; L*([a, 00),r™dr)). By weakly-star lower semi-continuity of the Sobolev norm, one obtains

IVo0ull Loo0.7:2(1a.00) #mary) < lim inf |00y uk]| oo 07112 (0,00 #mary) < Cla).

The other terms in (2.4.46) can be proved by the same argument.
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Next, we show (2.4.47). Ounly the proof for \/o0,u is proved, since other terms in (2.4.47) can be obtained
in the same way. Let ¢ € L*(0,T; L*([a,c0),7™dr)). Then by Lemma 2.4.2,

T 00 T 00
‘/ / ﬁ@rukgbrmdrdt—/ / ﬁaruqbrmdrdt‘
0 JRet 0 Jiet)

T rr(et) T roo
g‘/ \/Earuk(brmdr‘ + ‘ / / Vo (Orug — aru)cbrmdr‘
0 7 0 7(e,t)

k(gvt)

T 7(e,t) 1/2 T poo
SC(a)/ (/~ |¢]2rmdr> dt + ’ / /~ Vo (Opuy — &«u)(brm‘ = II(CI) + I,g2).
0 7 (e,t) 0 J7(est)

I,gQ) — 0 as k — oo by (2.4.48). For I,gl), one defines

1 ifr € [Fle, t), 7 (e, )] or 7 € [F(e, 1), (e, 1)),

0 otherwise.

X (r,t) = {

By Lemma 2.4.3, for each fixed ¢ > 0, x(*%)(r,t) — 0 as k — oo for a.e. (r,t) € [a,00) x [0,T]. Moreover,
since |x(®<)¢| < |¢|, by Dominated Convergence theorem, as k — oo,

T 7(e,t) 1/2 T () 1/2
W= C(a)/o (/ \¢|2rmdr) dt:C(a)/O (/ X(E’k)]qb\Zrmdr) dt — 0.

Fk (€,t)

Let X, x* be defined in (2.4.38)-(2.4.39). Then the limits Ilgl), I,?) — 0 imply the weak-star convergence
XE/TOuy, = Xer/oOu as k — oo in L0, T; L*([a, 00), 7™dr)). By the weakly-star lower semi-continuity
of the Sobolev norm, it follows that

sup / o|Opul* (r, t)r™dr = ||Xev/TOrull oo (0.7 12([a,00) rmdr))
te€[0,T] J7(e,t)

<lim ianX]g\/E&,uk|]Loo(07T;L2([a7oo)’,,md,,)) =sup sup / o|Opug*(r, t)r™dr < C(e).
k—o0 kEN t€[0,T] J 74 (e,t)

O]

In following Sections 2.4.5-2.4.7, we will denote (p,u,e)(r,t) in [a,00) x [0,7] as the limit functions
obtained in Lemma 2.4.4-2.4.5, and we will also keep using the simplified notation (2.4.15) as previous
Section.

2.4.5 Entropy estimate for the limit solution

Lemma 2.4.9. The following estimates hold:

00 2 T poo 2
ess sup/ {G(p) + py(e) + plul }(r, t)r™dr + m/ / ‘8;? rdrdt
a 0 a

2
tel07] (2.4.49)

+/0T/:o{(2:+A)i

Proof. For each integer L > 2, let ¢, € C°°([a,00)) be such that ¢r(r) = 1if r € [a, L — 1] and ¢1(r) =0
if r € [L,00). Then ¢, € H{([a, L],r™dr), where H} is the Sobolev space defined in (2.4.37). Moreover,

u

—|0ru — ;)Q}derdt < C(T).

22 1
&&L—i—mgl +
T

n e
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Orp(ex) = (ex — 1)0rer/ex. Thus, for each fixed t € (0,T], ¢r - ¥(ek)(-,t) € fl&([a,L],rmdr) for all
(k,t) € N x (0,T], and one has

/OO prory(ex)rdr — /Oo por(e)r™dr

L o)
S/ (pk — p)or(er)r™dr +/ poL(P(ex) —p(e))r™dr = I;ﬁ” + IIS)'

For all ¢t € (0,71, Ilil) is estimated using Lemmas 2.4.2, 2.4.6 as:

L
RV = / (pr = P)Drt(er)r™dr < llok = pll -1 o ygmar) 1022 (E0) | 11 0,21

ek—l

1
=lox = pllg-s {Nonlzalloen)lo~ + 167 e len) e + || Fo=0u]| - llodexllze

<[lpx — pll g+ {C@ 6LVl + Cl@)a(®) '} -0 as k - .

From Lemma 2.4.4, ex(r,t) — e(r,t) for (r,t) € [a,00) x [0,T] as k — oo, and from Lemmas 2.4.4-2.4.5,
C(a)~! < p(r,t) < Cla), Cla)~! < ex(r,t),e(r,t) < Cla)o(t)~V2 for ae. (r,t) € [a,00) x (0,T]. Using
these and Dominated Convergence theorem, it follows that

lim IIEQ) = klim /OO pdn(V(er) —w(e))(r,t)r™dr =0 for each t € (0,T].

k—oo

Using Lemma 2.4.1, the limits I,gl), II(CQ) — 0 then implies that for each ¢ > 0,

/ " orpv()(r )rdr = lim / bLprb(ex)(r, yrmdr < C(T).

Now by construction one has ¢r(r) — 1 for all » € [a,00) as L — oo. Since pip(e) > 0, one can apply
Monotone Convergence theorem to obtain that

/ p(e)(r,t)r"dr = Llim / orpv(e)(r,t)rdr < C(T), for each t € (0,T].
a —% Ja
Next, from Lemma 2.4.2, one has u? € L?([a, 00),r™dr), and for all (k,t) € N x (0, T],
1063 ()| L2 (o) amar) = [kl oo [18run (-, )| 2 (a,00)mary < o(8)"*C(a).
From these one has that ¢, - uy € flg([a, L], r™dr), and
‘/ gprkuirmdr —/ qSLqurmdr‘ = ‘/ {qSL(pk, — p)ui +¢Lp(u% — u2)}rmdr‘
<llpr = pll -1 (o, 1), pman 0L - Wil 1 (a,2),rmar) +/a oLp(uj, — u?)r™dr
<O+ o0 ok — Pl iy + / ool — u2)rmdr.

Since uy(r,t) — u(r,t) from Lemma 2.4.4, lug(r,t)[, [u(r,t)] < C(a)o(t)~'/* from Lemmas 2.4.2, 2.4.4, and
pr — p strongly in H~! from Lemma 2.4.6, by Dominated Convergence theorem,

o0 (o.9] o0
/ prpur™dr = lim / brpruzr™dr < lim Sup/ pruzr™dr < C(T).
a k—oo Jq a

k—o00

66



Then ||pu?(-,t)] L (fa.00).dr) < C(T) follows by Monotone Convergence theorem over L — oo.
Next, let ¢ € L?(0,T; L*([a,00),r™dr)). By Lemma 2.4.2, one has

‘ / / Orh gy mpay / /
/ / _1 |¢|2 m + ‘ / / (arek; - are)g'r'm‘ = IIS) + 111(62)
0 a

Using ey(r,t) — e(r,t) from Lemma 2.4.4, and bounds C(a) < e(r,t),e(r,t) < C(a)o(t)~/? from Lemmas
2.4.2, 2.4.4, one can use Dominated Convergence theorem to get:

. (1) . 2,.m 1/2 —
lim 1Y = lim C(a / / )6 [2rmdr dt) = 0.

For II,(c ), since e(r,t) > C(a)~!, one can use d,e;, — Ore in Lemma 2.4.8 to get:

mdrdt‘

hm II hm ‘/ / 8ek—8e (r,t) mdrdt‘ =0.

The above limits implies that O,ex/e, — Oqe/e as k — oo weakly in L2(0,T; L?([a, o0),7™dr)). By the
weak-star lower semi-continuity of the Sobolev norm, and Lemma 2.4.1, it follows that

T 00 8r 2 K 2
/ / ’;’ rdrdt < liminf / / | e’“‘ rmdrdt < O(T).
0 a

By the same argument as above, one can also obtain estimates for ||e™!(0,u + mu/r)| 2 and |le=(du —
u/r)||r2 in (2.4.49).
Finally, from Lemma 2.4.5 and Lemma 2.4.1-2.4.2, one has

pr — p weakly in L*(0,T;L*([a, 00),7™dr)) as k — oc.

o0
sup esssup/ G(pr)(r, t)r™dr < C(T), (2.4.50)
keN te[0,T)

C(a)™! < pp(r,t) < C(a) for ae. (r,t) € [a,00) x [0,T] and for each k € N,

By Proposition B.0.2 of Appendix B, [|G(p)(,t)||11(ja,00),pmar)y < C(T) for a.e. t € [0,T7]. O

2.4.6 Weak Forms of the Exterior Problem

Lemma 2.4.10. Let (p,u,e)(r,t) be the limit function obtained in Lemmas 2.4.4-2.4.5. Then (p,u,e)(r,t)
is a weak solution to the problem (1.2.1) and (2.2.9) as stated in Definition 2.2.1.

Proof. We start with the continuity equation, take ¢ € D%, then there exists an integer N € N such that
¢(r,t) =0 for r > N and t € [0,T]. If we take k € N to be k > M(¢,a) := 2" N" max{Cy, C(a)}, then for
all t € [0,T7:

k 1/n "
ri(k,t) = (a" +/ Ek(m,t)dx) > (a" + C(a)—lk)l/ > (a" + 2"N™)/" 5 9N,
0

and 70(k) = (a” + /Ok mdx) 1/n

> (a" 4 Cy k)Y > (a + 2" N™Y™ > 2N,
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Thus by construction, it follows that if (r,¢) € supp(¢) we have

pi(r,t) =0 o (r,t) + 1 — op(r,t) =0, (1), wk(r,t) = Uper(r, t) = W(r, t),
ex(rt) =erpr(r,t) + 1 — g (r,t) = ( t).

Moreover, using that for k& > M(¢,a) = 2" N"max{Cp,C(a)}, we have 70(k)/2 > N, it follows from
construction (2.2.13) in Section 2.2.4 that if r € supp(¢(-,0)) then,

(2.4.51)

Pai(r) =pa(r)ear(r) +1 = @a,(r) = pa(r), g x(r) = ug(r)en x(r) = ug(r),
Cak(r) =ea(r)par(r) +1 = 95 (r) = eq(r).

With this, we also have that if 2 € [0, 00) is such that 70(x) € supp(¢(-,0)), then by Proposition 2.2.2 from
Section 2.2.4 we have that for all k¥ > M (a):

(@) = (a" + n/ox pg(%(y))dy) n (a" + n/: 5, ()dy) U (. 0). (2.4.53)

Thus from the coordinate transformation (2.4.3) and the continuity equation for which the approximate
Lagrangian functions satisfies, it follows that for all k > M(¢,a),

| {mtrtioo - dmeeo}mar = [

k k t ok
:/0 d)(rk(a:,t),t)da:—/o d)(rk(a;,O),O)dx:/o /0 {uk(0r0) + (010) }(Tk(z, ), s)dads

(2.4.52)

7 (k,t) 7o (k)

U,;lgé(r,t)rmdr— /Ta o(r, O)pg(r)rmdr

TR (k,t) t proo
= / / {ﬁglﬂkargb + 5,;18,5@15}(7", t)r'"drds = / / {prurOrd + prOrd}(r,t)r"drds,
0 Ja 0 Ja

where in the last line, we used 7 (k,t) > 2N and (2.4.51). Also, by Lemma 2.4.4-2.4.6, we have:

klgg%es[up k() = P Ol -1 (g, 1) pmary = 0 forall L €N,
pr—12p—1 in L=(0,T; L?([a, 00), r™dr)), (2.4.54)

ug(r,t) = u(r,t) and pg(r,t), p(r,t) < C(a) for a.e. (r,t) € [a,00) x [0,T].

Using these, we can apply Dominated Convergence theorem to obtain that

00 00 t 00
/ p(r,t)¢(r,t)rmdr—/ P2 (r)p(r, O)rmdr:/O / {pud, ¢ + posp}r™drds.

Next, we show the weak form for momentum equation. Let ¢ € Df. Then there exists N € N such that
o(r,t) =0 for r > N and t € [0,T]. If k € N is such that &k > M (¢, a), then as previously shown, we have
7e(k,t) > 2N for all t € [0,T], and 70(k) > 2N. By construction, if (r,t) € supp(yp) and 7 € supp(¢(-,0))
then (2.4.51)—(2.4.52) hold, hence

/ﬁ%wmmmwww—/;%%wmmww
T (k,t) 7o (k)
=/ @wmwwmmﬂm—/ W (P (r, 0)p0(r)r™dr
ak k a
— [ e 0l ), 00— [ 0)p(F(,0), 00z
0 0

K
:/0 /0 {o(Fr(x, 5), 8) Dyt + (8¢0) (Tr(, 8), 8) Uk + (Or0) (Tr(z, 5), 8)U3 pdaxds.
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By (2.2.16), and the boundary condition ¢(a,t) = 0, u(k,t) = 0 for t € [0,T], it follows that
[ st ot par — [ bt 0y
- /0 t /ok {o(Fr(x, 5), 8) Dy, + (0p0) (Fr(, 5), 8)y, + (8rp) (Fr(, 5), 5) pdwds
:/t /k {tk(z, 5)(00p) (Ti(z, 5), 5) + Up(x, 5)(Orp) (Fr(, 5), 5) pdads
v [ [ e et 9,90, (37 E Yz,

:/ / {3 (, 8)(0r0) (Fr(x, 8), 8) + Uk (x, ) (Opp) (T (2, 8), 8) dwds

/ / — 1)ey — By Doy, — mﬁwizk } (mSO(?ik(x’ 5),9) + (0rp) (Tk(x, 5), 5))dxds

Tr(z,8)

rk(kt
:/ / {E;lﬂi(&n(p) +5/;15k(3t90)}(7“, s)r’drds
0 Ja
t rr(kit) _
— 1w, ey, — U — % f m
+/0 / {0 =15 e — B, —mp . }(arSO‘i‘mT)(T,S)r drds

:/ /OO {pk“Z(aﬂD) + Pkuk(at@)}(r, s)r"drds

L4 m
/ / prer — BOrug mB } (&«Q@ +m . ) (r, s)r"™drds.
In addition from Lemma 2.4.2 and Lemma 2.4.4-2.4.8, one has,
Orug, — Oru in L? (O,T; L*([a, o0), rmdr)),
ek(r,t) — e(r,t) for (r,t) € [a,00) x [0,T],
_1 _1 (2.4.55)
o(t) 2 |u(r,t)| +o(t)"2e(r,t) < Cla)  for (r,t) € [a,00) x [0, 7],
o (t) " T up(r,t)| + o(t) " Zex(r,t) < Ca)  for (k,r,t) € N x [a,00) x [0, T7.
Using (2.4.54) and (2.4.55) in the previous equation, we prove (ii) of Definition 2.2.1.
Finally, we show the energy equation. Let ¢ € D*. Then for k > M(¢,a),
| mewstrtymar = [ debimotropmar
7o (k.t) 7o (k)
= [ et grmar = [T ot 0)mmar
ak "
:/ gk(xvt)qb(?k(m’t)vt)dx - / Eg,k(x)gb(?k(xvo))o)dx (2456)
0 0
t [k
_ / / (62, 5), 8) D (s 8) + T, 8) (91 + Ty (2, 5)0,0) (P, ), 8) el
0o Jo
t rk t poo
:/ / o(Tk(z, ), s)Diepdads +/ / prer (0 + ur0rd)rdrds =: I + Is.
0o Jo 0 Ja
Next, denoting F = B'ﬁk_le(T“ZLﬁk) — (v - 1)5;;151@, it follows from momentum equation that D;u, =
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??Dzﬁ’k. Then substituting this into (2.2.16),, one obtains

7:'Qm

D&y =Dy (71, ) —th|uk| — 2D, (7 192) + KD, (5’“ Dx'ék>,
k

which, along with D, ey (0,t) = Dyer(k,t) = 0 for all t € [0,T], yields that
t rk
b= [ [ olfite.s).s)DiEule,s)dads
0 Jo

= [ [ itz 00 Datm) - D paras
~2m

/ / o7 (z, 3) {—2muD G 1%2) + kD, (rvﬁk Dx'evk> }dxds

:/o /0 { — mpBr;, Wyl ? — B e Doty + (v — 1)ugex }(0r0) (Fi(z, 8), s)dzds

t k ‘ﬂk|2 _ N B
—I—/O /0 5 {(8:0) (T (w, 5), 8) + U (0r0) (T (w, 5), s) pdads

k U 2 k ao 2
_/0 | ;’ (x,t)gb(?k(x,t),t)dx—i-/o WQ()’¢( x(2,0),0)dx

t ok
+/0/0 {Qmuﬁjlﬂk|ﬂk|2(3r¢)(?k(:v,8)75)—/—@Wk”DxEk(ﬁm)(Fk(x,s),s)}dxds.

From (2.4.53), we have 7 (x,0) = 70(z) if 79(z) € supp(¢(-,0)) and k > M(¢,a). By coordinate transfor-

a

) =T
mation (2.4.1)—(2.4.3), and (2.4.51)—(2.4.52) it follows that:
i (k t) mk‘z
I :/ / m(2u - B)T — B0ty + (v — 1)y vy, ey — H&Ek}&dr, t)rdrds
0 Ja

t 7k (k,t)
+/ / _1 |uk| — {0 + w0y P} (r, t)r™drds
0 Ja

Te(kt) 5:—1|77 |2 79 (k) 02
_/ Yk |uk| QS(’I“,t)T‘de‘—F/ p2|ua’
2 a 2

(r)o(r,0)r™dr
/ / M — BugOruy, + (v — 1) pruger — Harek}ar¢(7”> t)r™drds

/ / {8tg[> + uxdp$}rmdrds

0
- pk'“;' strymar+ [~ A o0

If we define Ej(r,t) := (|u|?/2 + ex)(r,t), then the above identity becomes:

2
I = / [ = st (- Des — wone oot 0rmars

+ /0 / {pkEk((?th + up0r @) — prex (O + uk&nqﬁ)}(r, t)r"drds

00 2 02
- [Tl s omar s [T o onmar
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Denote Py, := (v — 1)prey, and EY = |[ul|?/2 + €. Substituting I; into (2.4.56), we have

/ " pkErd(r, rmdr — / " LB ()(r, 0)rmdr

u
:/ / { (pEx + Px)up — mA\—— i — PupOrug — K8r6k> Ord + pkEthqS}rmdrds.
0 Ja
In addition to (2.4.55), we also uses the weak convergence from Lemma 2.4.8 that
Orer, — Ope in L*(0,T; L*([a, 00),7™dr)).

Then (2.4.57) becomes:

| oB0ttmar = [ R0 0 ar

2

/ / (pE + P)u — m)\‘ ul — Budru — f<c87,6> or¢ + pEagb}(r, s)r’™drds,

where P := (v — 1)pe and E := |u|?/2 +e. O

2.4.7 Estimates away from origin, independent of particle path 7(x,1)

The main aim of this subsection is to obtain a € (0,1)-independent estimates which do not involve the
particle path function 7(x, t).

Lemma 2.4.11. For each n > a, it follows that

/ " oup 11 (r,t)dt < C(T)P~™/2 + C(T)n* ™, ifn=2,3,

T’>r] \[

/T sup log(max{1, eX!(r,t)})dt < C(T)n* ™" if n=3, (2.4.58)
0 r27

/T suplog(max{1, e(r,t)})dt < C(T)(1 + \/log(max{1,C(T)/n})) ifn=2.
0 27

Proof. Fix r > nand 0 < § < 1. By the boundary condition: lim, o ug(r,t) = 0 and lim, _, eg(r,t) = 1
for each t € [0,T] and k € N, one has

U . U o _s Orug, —5 Uk Uk
r,t) = lim ——(r,t —/ -9 —
r‘s,/ek( ) 700 ré,/ek( ) , {C NG ¢ Cv/ex 2 Cei/Q

() o[ e e ([

T

+;</TOO |C7“;k€|kg—5+1 C>1/2(/T |0y ek|( 6+1dC)1/2

C76+1

Orei (¢ )¢
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where we used the fact that =26 —m+1 < 0and —d+1—m < 0 for n = 2,3 since 0 < § < 1. Multiplying
both sides of the above inequality by 7%, and taking limit inferior over k — oo, it follows by Lemma 2.4.4
that

‘\[‘ rt) < hmmfgk(n, t) for all (r,t) € [n,00) x [0,T].

Taking supremum in r € [, c0) and integrating in ¢ € [0, 7], we obtain:
T T
/ sup’ (7, t)‘dt < / lim inf g (n,t)dt < lim inf/ gx(n, t)dt, (2.4.59)
r>n \[ 0 k—oo k—oco Jo

where we used Fatou’s Lemma since gx(n,t) > 0. By definition of g(n,t) and Lemma 2.4.1, we obtain that
for all kK € N:

/OTgk(n,t)dt < Cn(l—m)/g{ /OT </noo é‘zzgmdc)lmdt_i_/: </n°° \86? Cmdq)l/z }
. Cnl—m /OT (/noo |£jék|2gmd<>1/2</°° |0 ek|Cde>

n

o 1/2 2 1/2
<cn- m/2T1/2 / / |U|k gmdgdt) / i / / MC’”dCdt) / }
0 n €L
% |2 1/2 T oo 19,.e 1/2 1-m _
0 Jn €

which together with (2.4.59) proves (2.4.58);.
Next, consider the case n = 3. Let (r,t) € [n,00) x [0,T]. By lim,_, ex(r,t) = 1, we have

logen(r) == [ 8e’“(ctd <( / cmac) ([Pl cnenac)

n2in ’a ek’ m .

Thus 0 < log(max{1,er})(r,t) < hg(n,t) for all (r,t) € [n,00) x [0,T]. Replacing the term eg(r,t) with
e '(r,t) in the above derivation, we also have 0 < log(max{1,e; '})(r,t) < hg(n,t) for all (r,t) € [n,00) x
[0, T]. Taking limit inferior over & — oo on both sides of these inequalities, we have by Lemma 2.4.4 that

log(max{1,e*})(r,t) < lign inf hy(n,t) for all (r,t) € [n,00) x [0,T].
— 00

Taking supremum in r > 7 on the above inequality, and integrating in ¢ € [0, 7], we obtain:

T T T
/ suplog(max{1, e=!(r,t)})dt < / lim inf Ay (n, t)dt < lim inf/ hi(n,t)dt, (2.4.60)
0 0 k—o00 k—o00 0

r>n

where we used Fatou’s Lemma since hy(n,t) > 0. By Lemma 2.4.1, we obtain for all k£ € N:

T T froo 2 1/2
| tpae < e[ Sl ¢ nemacar)” < e
0 0o Jy €k

which together with (2.4.60) proves (2.4.58),.
Next, we consider the case n = 2. We set M := supyenSupsco 7] 7k(1,t), then by Lemma 2.3.1, we

have M < (2C)'/™. If r > M then r > supepo,r) Tk(1,t) for all & € N. By Lemma 2.4.2, we have
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ex(r,t) < C(e)o(t)™1/? for all t € [0,T] and r € [Fi(e,t),00). It follows that there exists a constant
C(T') > 0 such that

log(max{1, ex(r, t)}) < log(max{1,C(T)o(t)"*/2}) for all (r,t) € [M,c0) x [0,T]. (2.4.61)
By Fundamental Theorem of Calculus and (2.4.61), for all r € [n, M) one gets:

2M6€k

log eu(r, t) = log e (2M, 1) — / (¢, )d¢

<log(max{1,er(2M,t)}) + (/TQM C_ldC) 1/2</TQM 2 6k|2(§ t)(d() (2.4.62)
> |Orex|?

k

< log(max{1,C(T)a(t)2)) + Vel 0} [ (c.ocac) "

Finally, in a similar way for the case n = 3, one has

T 2 T
/ sup log(max{1,e(r,t)})dt < C(Z) —I—/ sup log(max{1,e(r,t)})dt
0 0

< r€n,M)
1 ex|?
T) 4+ /log(C(T')/n)T'2 sup / / 0 k| Cdedt>
keN n
<C(T) + O(T)y/log(max{1, C(T)/n}

2.5 Weak Solution including the origin: a \, 0

Throughout this section, we will denote (pq, uq, €4)(r,t) in [a,00) x [0,T] as the solution to problem (1.2.1)
and (2.2.9), which is guaranteed by Theorem 2.2.1, with the modified initial data (p2,u2,e%)(r) constructed
in Section 2.2.2 for each a € (0,1). We also denote 7, (z,t) as the particle path function associated with p,
satisfying

(z,t)
x —/ pa(y, t)rdr for a.e. (z,t) € [0,00) x [0,T].

The main aim of this section is to take limit a \, 0, from which we can obtain spherically symmetric weak
solution to the original Cauchy problem (1.1.1)—(1.1.5).

2.5.1 Uniform inequalities from entropy estimates

We obtain a set of inequalities involving measurable subsets of [a,00) which are uniform in a € (0,1).
Throughout this section, we will denote G(-), ¢(-), H(-) as the convex functions:

G(Q) =1+ Clog¢, () :=¢—1—log{, H(() = (log(. (2.5.1)

Let G’jrl, 1/1;1, H;l be the right branch inverses of G, v, H respectively. Then by Proposition B.0.1 of
Appendix B, the following functions are well defined for (y, z) € (0,00)% :

fily; z) = yGll(g), faly; 2) = ngl(g) -z, f3(yiz) = yﬂil(g)- (2.5.2)

Some properties of (y, z) — fi(y; z) for i = 1,2,3 can be found in Proposition B.0.1.
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Lemma 2.5.1. For any measurable set E C [a,0), and for each t € [0,T],

sup /pa(r,t)rmdrgwl(E;C(T)), where wy(E;z) = fl(/ rmdr;z> for z>0.
ac(0,1) JE E

Proof. For simplicity, we denote L,,(E) := [, r™dr for each E C [a,00). By Jensen’s inequality and Theorem
2.2.1(i), it follows that

1 m 1 m c(T)
G(En(E)/Epa(r,t)r dr) < En(E)/EG(pa)(r,t)r dr < LB

Taking the right branch inverse Gll(z) on both sides of above and using the fact that z — G7'(2) is
monotone increasing, it follows that for all @ € (0,1) :

c(T)
Ln(E)

/E palr tyrmdr < Lo(B)GM (SN Z f(20(B): 0(T)) = wn(B; O(T)).

Lemma 2.5.2. For any measurable set E C [a,0), one has

sup / pata(r,t)r™dr < C(T) + wq(E; C(T)) for all t € [0,T],
ac(0,1) JE

where  wa(F;z) = fo(wi(F;2);2) = fa <f1</Ermdr; z);z) for z>0.

Proof. Fixing an time ¢ € [0, T, and setting mq(E) := [ pa(r,t)r™dr. By Jensen’s inequality and Theorem
2.2.1(i), it follows that

¢(ma,t1(E) /Epaea(r, t)rmdr> < ma,j(E) /Epaqb(ea)(r, tHrdr < mc;ij(g)

Taking w;l(-) on both sides of above, it follows that

c(T)
maﬂg (E)

/E pacalr, ™ dr < ma o(EYT( ) = C(T) + C(T) = fo(ma(E); C(T)) + C(T).

By Lemma 2.5.1, one has mgq(E) < wi(£;C(T)). In addition, since y — f2(y; 2) is increasing for fixed
z > 0 from Proposition B.0.1, it follows that for all a € (0, 1),

/Epaea(r,t)rmdr < C(T) + fo(wi1(E;C(T)); C(T)) =: C(T) + wa(E; C(T)).

O

Lemma 2.5.3. For each n > a, there exists a constant C(n,T) > 0, independent of a € (0,1) such that if
E ={E(t) C[n,00):t€[0,T]} is a collection of measurable subsets satisfying

Mg = esssup/ rdr < oo,
telo,7] JE®)
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then the following estimates hold:

T
/ / pata(r, t)rdrdt < f3(V,(E);Cg),
o JE@
/T/ patiy(r,t)r"drdt < C(n, T){ f3(Va(E); Cp)}'/*,
o JE@
where Cr > 0 and V,(E) are given by:
T
Ci = O THOW) + LFiMe: OO CON} ValB)i= [ [ putrtyrmarat.
o JE@®

Proof. By Jensen’s inequality, Lemma 2.5.2, and Theorem 2.2.1(vi), one has

1
H a a a CL m
(Va / / eq(r, t)r drdt Va(E) / / paH (eq)(r,t)r™drdt

1 /
< log(max{1, e,(-,t (1 00 / wa(r, t)r™dr )dt
g, Nogtmax{l ol Dl >( o Pecalr: 077

Cn,T) .
<V (C(T)+t:5,pﬂwz(E(t)»C(T)))-

Since for each fixed z > 0, y — (f1, f2)(y; z) are increasing, for each ¢ € [0,7] one has
(B0 C(m) = o ( [ 7O 0) £ fa(h (M O O(T))

If one defines Cg := C(n, T){C(T) + f2(fr(Mpg;C(T));C(T))}, then it follows that:

Cn,T)
Va(E)

paea r,t) mdrdt) {C+ fa(fi(ME; C); C)} =

Taking H'(-) on both sides, one gets

// puca(rr " drd < Vi(EVH (37 55) = So(Va( )i C).

which along with Theorem 2.2.1(i), (vi) yield that

T T u 2 H i
o Us, 2rmdrdt </ ’ E(t / ol Zpmdy / wCartdr ) dt
/ / P 0 ‘\/@( ) L°°(n,oo)< E(t)p ) ( E(t)p )
1

([ 2], ([ (t)paearmdmt)isom,T){fg(va(E);cE)}i-

L°(n,00)

2.5.2 Existence of Particle Path and Vacuum Interface

Lemma 2.5.4. There exists a sub-sequence {a;}jen with a; \, 0 as j — 0o, and a continuous function
7(z,t) : [0,00) x [0,T] — [0,00) such that
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(i) for each compact subset K CC (0,00) x [0, 7]

lim  sup |7y, (z,t) — (2, t)] = 0.
IO (z t)eK

(ii) for each fized € > 0,
[7(z1,t) — r(x2,t)| < C(e)|z1 — 22 for all (x1,x9,t) € [g,00)* x [0,T],

7z, t1) — 7z, t2)| < CE)E =/ for all (z,t1,t2) € [e,00) x [0, T]%

(iii) for all t € [0,T] the function x — 7(x,t) is strictly increasing, hence the limit r(t) := lim,_,o+ 7(z, 1)
exists for all t € [0,T]. In addition, r(t) satisfies:

}i\rj{l} r(t) =0 and t— r(t) is upper semi-continuous,

and if one defines ¥ := {(r,t) € (0,00) x (0,T) : 7(t) < r}, then F is an open set.

(iv) 7(z,t) satisfies the point-wise bound:
na ! (%) < (r(z,t))" < Co(1+x) for all (x,t) € [0,00) x [0,T].

(v) ifr(t) > 0 for some t € (0,T] then

r(t)
lim Pa; (r,t)r"dr = 0.

Jj—00 aj
In particular, for such t € (0,T], one has

liminf py,(r,t) =0 for a.e. r e (0,r(t)).
j—o00

Proof. For each integer i € N, Let S; := [i 71, 4] x [0,T]. From Theorem 2.2.1(iii)—(iv), it follows that for all
(x,t) € S,

t T L
Rl ) = 7(2) +/ a7z, 5), $)ds < 7(z) + c<¢)/ o(s) s < CHYA14T),  (253)
0 0

where C(i) > 0 is a constant independent of a € (0, 1), and also,

[Ta(1,t) — T (x2,t)| < C(i)|z1 — 22| for all (x1,x9,t) € [i_l,i]Q x [0, T, (2.5.4)
.0.
o, t1) — T, t2)| < CEE —£3/Y for all (z,t1,82) € [i71,] x [0, T]%

In addition, one has S; C S;y1, Int(S;) # 0 for each i € N, and (0, 00) x [0, 7] = U;enS;. Thus by Proposition
A.0.1, it follows that there exists a continuous function 7(z,t) : (0,00) x [0,7] — [0,00) such that for all
compact subset K CC (0,00) x [0, 77,

lim sup |7y, (z,t) —7(x,t)] =0, (2.5.5)
I (2 t)EK

which, along with (2.5.4) and Theorem 2.2.1(iv), implies Lemma 2.5.4(ii).
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Next, let 0 < 21 < x2 < oo. It follows from Theorem 2.2.1(iii)—(iv) that for a.e. t € [0,T],

(m27t)
To — X1 :/ pa(r,)r"dr
(

?a -Tlat)

Ta(w2,t) T
<cten) [ mar = SO ) = ulons)"),

Ta (xl 7t) n

where in the last line, one used p,(r,t) < C(x;) for a.e. (r,t) such that r > 7,(x1,t). Taking j — oo and

using (2.5.5), one has
O0<xg—121 <

(F(w2,1))" = (F(a1, )" }.

This shows that x — 7(x,t) is strictly increasing for a.e. t € [0, 7. Since (x,t) — 7(z,t) is continuous, then
@+ 7(x,t) is strictly increasing for all ¢ € [0,7T]. Due to 7(x,t) > 0,

C(xl){

r(t) := lim 7(x,t) exists for all ¢ € [0,T]. (2.5.6)
z—0t
From Theorem 2.2.1(iii), it follows that 7,(z,0) = 7°(z) for each a € (0,1) and z € [0, 00), where 70(x) is
the function constructed in Section 2.2.4, satisfying:

7o ()
x :/ p2(r)r™mdr for all x € [0, o).
Then by the uniform convergence (2.5.5) and Proposition 2.2.1 in Section 2.2.2, one has
7(z,0)
:n:/ p()mdr>01M for all = > 0.
0 n

This implies the inequality: 7(z,0) < (nCoz)'/". Given § > 0, let 5 > 0 be such that 7(z;5,0) <
(nCozs)Y/™ < §/2. Since t + 7(xs,t) is continuous in [0, 7], there exists t; > 0 such that if ¢ € (0,ts)
then 7(zs5,t) < 7(25,0) +6/2 < §/2+6/2 = 6. By (2.5.6), one has r(t) = inf{7(z,t) : © > 0} for each
t € [0,T]. It follows that r(t) < 7(x5,t) < d if t € (0,t5). This shows that limy o7(t) = 0.

Next we show that ¢ — r(¢) is upper semi-continuous. To start, a function f : R — R is upper semi-
continuous if and only if the set {x € R: f(x) < y} is open for all y € R. Hence one defines the sets:

Us:={s€(0,T):1r(s) <(} for each ¢ € (0, 00),
Uf={s€(0,T):7(x,s) <(} foreach (z,() € (0, 00)2.

Suppose t € Uc. Since r(t) = infy~o7(x,t), there exists 6 > 0 such that ¢ > 7(d,t) > r(t). Thus
t € Ug C Uw>0UZE, which implies that Us C Ux>0Ug. On the other hand, if ¢ € Ug for some § > 0
then ¢ > r(d,t) > r(t). Hence t € U¢, which implies U = UgoU{. Since ¢ — 7(x,t) is continuous U{ is an
open set for each x > 0. Therefore U is also an open set as it is the union of open sets. Since this is true for
arbitrary ¢ > 0, and {s € [0,T] : r(s) < ¢} = 0 for ¢ <0, it implies that ¢ — r(¢) is upper semi-continuous.

Next, for each e € (0,1] one defines F. := {(r,t) € (0,00) x (0,T) : (¢, t) < r}. Then F. is an open set
since ¢ — 7(e, ) is continuous in ¢ € [0, T]. Since r(t) = infy>o7(z,t) for all ¢ € [0, T], it follows that F.CcF
for each € > 0. Furthermore, if (r,?) € F then there exists ¢ > 0 such that r(t) < 7(e,t) < r, which implies
(r,t) € Fg, hence F = U€>0F Thus F is open as it is a union of open sets. This concludes the proof for
Lemma 2.5.4(iii).

Next, we show the upper and lower bound of 7(x,t). From Theorem 2.2.1(iii), we have

nap~ (Co/x) < (Fa(z, )™ < Co(1 4 2) for all (a,z,t) € (0,1) x [0,00) x [0,T],
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which, along with the uniform convergence in (2.5.5), implies Lemma 2.5.4(iv).
Finally, we prove Lemma 2.5.4(v). If r(¢) > 0 for some ¢ € (0,7, then for each a € (0,r(t)), Theorem
2.2.1(iii) and Lemma 2.5.1 imply that
(@,t)
/ pa(r,t)r™dr
T

‘/ (r,t) mdr ‘/ pa(r,t) mdr‘—i— - )
<z +wi ([, 1), Ta(z,1)]; C(T)) +wi([r(t), 7(z, 1)}; O(T)),

7(t)

pa(r, t)rmdr‘

c)

where wy(F;C) = f1</ Yy

rmdr;C’>, with fi(y; C) :== ijrl(
E

By Proposition B.0.1, for each fixed C' > 0, y — fi(y;C) is a positive, monotone increasing, continuous
function with limy\ o fi(y; C') = 0. Hence given € > 0 there exists ¢’ > 0 such that for = € (0,9), one has
A(F(x, t)™ = (r(t)™]/n; C) < e/2. Let 6 := min{d’,e/2}. We have

r(®) Ta(z, t))" — (F(z,t))"
/ pa(r,t)rmdr§5+f1(( a(@, )" = (Fw.1)) ;C’(T)), if z € (0,9).

n

Now fix 2 € (0,6). It follows from (2.5.5) and lim,~ o fi(y; C) = 0 that

ﬂ(t) "'a. ,t n __ (~ ,t n
limn sup / o, (1 — =+ T o <<r]<x )" — (. t)"
aj\o aj aj\O n

Since this is true for arbitrarily small € > 0, taking € \, 0, one has

r(t)
lim sup/ Pa; (T, t)r"dr =0 (2.5.7)

Jj—ro0 j

Since py(r,t) > C(a)~! for a.e. (r,t) € [a,00) x [0, T] from Theorem 2.2.1(ii), one has

r(t) r(t)
/ palr, t)r™dr > Ca) ™ / rdr >0, forall a € (0,r(t),

which together with 2.5.7 implies the first statement of Lemma 2.5.4(v). Since pq(r,t) > 0 for each a € (0, 1),
by Fatou’s Lemma,

oo r(t)
/ hm 1nf Pa; (15 1) L(a; r(ey) (r)r™dr < lim i%f/ Pa; (r;t)r™dr = 0.
0 a

a; a; .
.7 J j

Thus liminf; e pa; (7, 1)L (g, r(t)) (1) = 0 for a.e. 7 € (0,r(t)). Now fix one such r € (0,r(¢)). It follows that
Pa;(1,t) = pa;(r,1)L(q, r(1)) (1) for all a; € (0,7). Taking limit inferior as j — oo on both sides, we obtain
the second statement of Lemma 2.5.4(v). O

In what follows, we will denote the fluid region F as the set:

F:={(r,t) € (0,00) x [0,T]: 7 >1r(t)}.
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2.5.3 Compactness Results in Exterior Domain

Lemma 2.5.5. There exists a sub-sequence aj “\, 0 as j — 0o, and Hélder continuous functions (u,e)(r,t) :
F\{t =0} — R x [0,00) such that for any compact subset K CC F\{t = 0},

lim  sup |(uq; —u,eq; —e)(r,t)] = 0.
IR0 (rtEK

Moreover, for each e >0, if t € [0,T] and r € [r(e,t),00) then

N

lu(r,t)] < C(a)a(t)_% and e(r,t) < C(e)o(t) 2; (2.5.8)
ift € (0,T) and 1, r2 > (e, t) then
o(t)2u(ry,t) — u(ra, )] + o (b)|e(r1, t) — e(ra, t)] < C(e)|r1 — ro|2; (2.5.9)

if 0 <ty <ty <T andr > sup;, <;<, 7(€,t) then

o(t1)2 |u(r, t1) — u(r, t2)| + o (t1)|e(r, t1) — e(r, t2)| < C(e)[ta — ta]. (2.5.10)

Proof. Only the proof for u(r,t) is presented as the case for e(r,t) follows in the exact same way. First, Let
€ (0,1). We define the domain:

F.:={(r,t) € (0,00) x [0,T]: t € [e,T], and 7(e,t) <r <e '}

By Lemma 2.5.4(iv), there exist €9 > 0 such that Int(F.) # () for each ¢ € (0,&9). Using the fact that
x +— 7(x,t) is strictly increasing, one can verify that F., C F., if £1 > e9. We claim:

F\{t=0}= (J F.. (2.5.11)
0<e<1
If (r,t) € F¢ for some e € (0,1) then r > r(¢) since r(x,t) \ r(t) as x \ 0 for each t € [0, T], hence (r,t) € F.
This shows the assertion ”D”. If (r,t) € F\{t = 0}, then r(¢) < r and there exists £; > 0 for which ¢ > ¢;.
Since limg\ o 7(z,t) = r(t) for all ¢ € [0,T7], there exists e € (0,1) such that r(t) < 7(e2,t) < r. Thus
(r,t) € F¢ for € := min{ey,e2}. This proves the other inclusion ”C”, hence (2.5.11) follows.
Next, since z — 7(x, t) is strictly increasing for each t € [0, 7], and (x,t) — 7(x,t) is continuous, one has
de = infyco m{7(e,t) — 7(e/2,t)} > 0 by the compactness of [0,7]. By Lemma 2.5.4, there exists N. € N
such that sup;c(o71|7a; (€/2,t) —7(e/2,1)| < dc/2 for all j > N.. Hence one has 74,(g/2,t) < 7(e,t) for all
J = N and t € [0,7], which implies that if (r,t) € Fe, then 74,(¢/2,t) < r for all j > N.. Combining this
with Theorem 2.2.1(iv), we have

sup uq; (11,t) — ua; (12, )| < C(e/2)o(t) " 2|r1 — |2 for all (r1,1), (r2,t) € -,

J=Ne 1 1 (2.5.12)
sup [uq, (1,t1) — uq,; (1, t2)| < C(e/2)o(t1) 2[ta —t1|2 for all (r,t1), (r,t2) € Fe.
Jj=Ne
In addition, it also follows from Theorem 2.2.1(iv) that
sup |ug, (r,t)| < C(e)o(t) 1 < e iC(e) for all (rt) € F.. (2.5.13)

J>Ne

In light of (2.5.11)—(2.5.13), we can apply Proposition A.0.1 to obtain a further sub-sequence (still denoted
as a;) and a continuous function u(r,t) : F\{t = 0} — R such that

lim sup |ug,(r,t) —u(r,t)] =0 for all compact subset K CC F\{t = 0}, (2.5.14)
IR (rt)eK
which together with Theorem 2.2.1(iv) implies (2.5.8)—(2.5.10). O
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Corollary 2.5.1. Let (u,e)(r,t) be the functions obtained in Lemma 2.5.5. Then for each € > 0,

sup /~OO {|(u,e —1)]? + |(Vod,u, 0'87«6)|2}(T, Hr"dr < C(e),

0<t<T J7(e,t)

T poo
/ / {1(8ru, Ore, udru)* + |(VoOwu, odse) [} (r, t)r™drdt < C(e).
0 J7(et)

Proof. The proof follows exactly the same as that of Lemma 2.4.8. O

Lemma 2.5.6. For each ¢ > 0, if one defines p((f) and ) to be pgf)(r, t) = pa(r, t)x%(r,t) and £ (r,t) =
f(r,t)xe(r,t), where x%, xe are the indicator functions defined as

1 ifre[ra(et),00),

, (2.5.15)
0 otherwise.

0 otherwise,

Xe(r,t) := {1 ifr € e t),00), and x2(r,t) = {

(i) Then there exists a function p(r,t) € L2 (F,r™drdt) with p > 0, and a sub-sequence a; \, 0 as j — oo
such that,

pgfj) 12558 -1 as j > in L*>(0,T; LZ([O,oo),rmdr)),

sup / lp— 12(r, t)r™dr < C(e).
t€]0,7] J7(e t)

(ii) For all L € N, if one defines X1, := H=1([0, L], r™dr) then

lim sup [p$)(-,1) = &, 0)llx, =0, p9 € C[0,T]; Xy),
I te0,T)

169(,t01) = PO (o t2)x, < Cle)lts —ta| for all ty,ta € (0,71,
where C'(g) > 0 is independent of L € N.
(iii) Let r(x,t) and r(t) be the functions obtained in Lemma 2.5.4. Then for all x > 0,
(w,t)
xr = /T(t) p(r,t)r™dr fort € [0,T] almost everywhere.

Proof. We split the proof into 3 steps, showing Lemma 2.5.6(i)—(iii) in chronological order.
Step 1: proof of Lemma 2.5.6(i). From Theorem 2.2.1(iv), we have that for all j € N,

00 ~a~ ,t n o0
sup &) —112rmdr < m + sup pa, — 1]2r™dr < C(e).
a J
tefo,1] Jo ! n te[0,7) J7a; (e,t)

Hence there exists w. — 1 € L°°(0,T; L?([0, c0), 7™dr)) such that

pgf) — 12 @, —1 weakly star as j — co in L™ (0, T, Lz([O, oo),rmdr)). (2.5.16)

j
For each [ € N, denote ¢; := [~ and @ := We,. Fix [, ¢ € N such that | < ¢q. Then 7r4(eq,t) < 7o(ey, t) for

each (a,t) € (0,1) x [0,7]. Thus by construction, it follows that for all j € N, x&/ (r,t) = 1 = X?é (r,t) if
7 € [Fa,(g1,t),00) and one has

p((;;q)(r, t) = pgil)(r, t) forae. t€[0,T] and r € [r4;(e;,t),00) for each j € N. (2.5.17)
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Let ¢ € C(FWO) where FO = {(r,t) : t € [0,T], r € [F(e,t),00)}. Then it follows that ¢x., €
LY(0,T; L?([0,00),r™dr)), and one has

T proo
/ / (@@ — @W}e(r,t)rmdrdt
0 (e t)
T o0 T Fn.j (6[,15)
:/ / {w'9 — pgiQ)}XEl prdrdt —I—/ / {p((ff) - p[(li’)}qi)rmdrdt
0o Jo Fewt)
T poo 4 .
+/ / {pgi-Q) (El Yor™drdt —|—/ / {p &) _ fﬁ(l)}xglq%‘mdrdt _ le‘(j)'
0 Faj (El,t) i=1
The limit of T 1(j ) and T f ) is evaluated by the weak star convergence (2.5.16). As j — oo,
T proo
:/ / {w'9 — paj }Xalgf)(r t)r mdrdt—i—/ / {p ) — @O} x., o(r, t)r™drdt — 0.
0o Jo

Using (2.5.17), one also obtains
. T o]
1= [ [l = ol tpmardt =0,
0 Ta; (€1,t)

For Iéj ), one first observes that

1 ifr e [ro;(er,t),7(er, )] or r € [F(er,t), 7, (g, 1)],

0 otherwise.

IXe = Xal(r t) = {

By the uniform convergence from Lemma 2.5.4, it follows that |xe; — xz,|(7,t) — 0 as j — oo for a.e.
(r,t) € [0,00) x [0,T]. Using estimates from Theorem 2.2.1(iv), and Dominated Convergence theorem, one
has as 7 — oo,

) AL T o (ca)
1] = ’ / / {pa;’ —pé?)}qﬁrmdrdt) < / /0 IXE = Xallpa,” — PV @lr™drdt
(e t)

= /0 ( /0 X = xa P16 O ar) A0 1) = Ulge + 980, 8) = 112
T o a; 2 2 m 1/2
<)+ e [ ([T - xaPlotoprar) Ca o

Summarising the convergence for I fj )T ij ) as Jj — o0, it follows that

T fe’e)
/ / {09 — 5O g(r, t)r™drdt = 0 for all ¢ € C(FW).
T €l

By Fundamental Theorem of Calculus of Variation, it follows that if [ < g € N then
@D (r,t) = @W(r,t) for almost every ¢ € [0,T], and r € [F(e;, ), 0). (2.5.18)

In light of above, @@ is truncated in the domain (r,t) € F for each ¢ € N as:

(@) : -
W@ (r, ) == {(@)U (r,t) if t € [0,T] and r € [F(gq4,t), 0),

otherwise.
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Using this, one also defines for each N € N,
N . .
h(r,t) == wW () + > {w™ D (e t) —wD(r,t)} for (r,t) € F.
i=1
Fix (r,t) € F. Lemma 2.5.4(iii)—(iv) imply that lim,\ 7 (z,t) = r(t), limy—oo 7(x,t) = co. Since r(t) < r,
there exists ¢ € N such that 7(eg4,t) <r < 7(gg—1,t). Thus (2.5.18) implies,

N
hn(rt) =wM () + 3 {w™D(rt) —w(r )} = w@(rt) = @D (r,t) if N >q+1.

Thus for a.e. (r,t) € F, the limit limy_.oo Ay (7, t) = @D (r,t) exists for some ¢ € N, and the following
function is well-defined almost everywhere in (0, 00) x [0, T:

lim hn(r,t) for ae. (r,t) € F.
p(r;t) = {

N—o0

0 for (r,t) € (0,00) x [0, T]\F.

Now let ¢ > 0. Then there exists some integer ¢ € N such that ¢, < ¢ and it follows from the above
construction that:

P (r, 1) = xe(r, ) p(r,t) = xe(r, )@ D (r,t) for ae. (r,t) € (0,00) x [0,7T].

Let ¢ € L*(0,T; L*([0,00),7™dr)). Using 7q, (g4, 1) < Ta,(€,t) for each j € N, one has

Xgag) _ Xg;y)xgaj) for all (r,t) € [0,00) x [0,7] and j € N. (2.5.19)

Using this, it then follows that

T [e’e) T 00
/0 /0 {09 = p}grmarat = /O /0 (XeBD — X% py, o™ drds

T 00 T o
= /0 /O {x.a'? — XeXel pa; por™drdt + / / (XeXE = XY} pa, pr™drdt
T poo
= / / Xe{@ 9 — Y drdt + / / {xe = X1pED grmdrdt = 79 4 79,
0 0

By the weak-star convergence for each ¢ € N in (2.5.16), one has that ij) — 0 as j — oo. For the term

JQ(j ), one uses the point-wise bound of p, from Theorem 2.2.1(iv) to get:

Ot = X&)k el < Cleg)lpl € LY (0,75 L3([0, 00), 7™ dr))

(a

Moreover, due to the uniform convergence from Lemma 2.5.4, one has (xe — xe * ))(r, t) — 0 as j — oo for
a.e. (r,t) € [0,00) x [0,T]. Hence by Dominated Convergence theorem,

JQ(J = / / (xe — x&7) Eq)«prmdrdt —0 as j — oo.

Combining the limit of J1( ), Jy’ ) as j — 00, it follows that there exists p € L (F) such that

,o((li) 2 ) as j — 0o in L™ (0,75 L*([0, 00), r™dr)), for each ¢ > 0. (2.5.20)
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This concludes the proof of Lemma 2.5.6(i).

Step 2: proof of Lemma 2.5.6(ii). By Lemma 2.5.4, if one sets . := infyc[o 77 7(€,t)/2, then there exists
Ne € N such that 7 < 7,(e,t) for all j > N and ¢ € [0,T]. By Theorem 2.2.1(v), we have for each € > 0
and t1,to € [O,T],

s>u]1\? ||p ( t1) — p((li)(.7t2)\\ﬁ,1([r€7L]7rde) < Cle)|ty — to| for all L € N.
J>Ne

Moreover it also follows that for all j > N, and L € N,

pt(zi) € CO([()?T]; ﬁ_l([rf')L]’ T'de’)), S>ll]5) Hp((zi) - 1HLOO(O,T;L2([T‘5,OO),’!’de‘)) < C(@)
J=ZiNe

Therefore by Proposition A.0.2 from Appendix A, there exists he such that for all L € N ,
he—1¢€ L°°(O T; L*([re, 00),7™dr)), he € C°([0,T); H~Y([re, L],7™dr)),
lim sup ||p,- —ﬁ r Llrmdr) = 0,
Jim sup 165)(50) = Rl (25.21)

||h5(', 1) - ha(',t2)||H—l([TE7L]7deT) < C(€)|t1 - tg’ for each tl,tg S [O,T]

We claim that p©) = h. for a.e. (r,t) € [re,00) x [0,T]. Let ¢ € C([rey00) x [0,T]). Then there exists
L € N such that supp(¢) C [r., L] x [0,T]. Using (2.5.20)—(2.5.21), we have as j — oo,

// ) — ho)grmdrdt = // P — p)grm +//pa?— "

< /O / {01 = p}prmdrdt + /0 1P (1) = he(, )| s l|@]l pradt — 0.
Te

By Fundamental Lemma of Calculus of Variation, p() = h, for a.e. (r,t) € [re, 00) x [0,T]. Lemma 2.5.6(ii)
then follows since supp(pl)(-,t)) = [F(e,t), 00), and 7. < 7(e, t) for all t € [0, T].
Step 3: proof of Lemma 2.5.6(iii). Let £ € C°(0,7T") and 0 < y < z. By (2.5.20), we have,

T 7(z,t) T T(,t)
' o (7, t)r™drdt — t mdrdt
/5()/ g RO /s<>/(y’) p(r tyrmdr

(z t)
/ / E(xy’ pa; — xyp)r"drdt = / / (1= x2)&{p) — p¥)}r™drdt — 0,

as j — oo, where one used the fact that (1 — x,)¢ € L1(0,T; L*([0,00), 7™dr)). Hence,

r(g;t T ?(%,t)
'lim/ / t)rmdrdt:/ §(t)/ p(r,t)r™drdt. (2.5.22)
Jmee Ta, (yt 0 (y:t)

Moreover, by Lemma 2.5.1, limy~ o 7(y,t) = r(¢), and Dominated Convergence theorem,

hmsup] / / o Epa, mdrdt‘<hm w([r(t), 7y, O)]: C(T)) ()| dt = 0.

y\0 JEN

For a given 0 > 0, the above limit implies that there exists zs > 0 such that if y € (0, z5) then

7(y,t
sup ‘ / / £(t)pa, (r, t)rmdrdt‘ <. (2.5.23)
JEN r(t)
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Now fix y € (0, z5). By Theorem 2.2.1(iii), we have for a.e. t € [0, T,
Ta; (1) r(t) (y:t) Ta; (y:t) (@,t) Ta; (1)
x _/ Pay (r, t)r™dr = (/ +/ +/ —i—/ +/ )pajrmdr.
aj a; r(t) 7(y,t) Ta; (y,t) 7(x,t)

Multiplying the above equality with £(¢), then integrating in ¢ € [0, T], and taking limit as j — oo, it follows
from (2.5.22) and (2.5.23) that

3 T
5 < i I.(j>+/ nl_ +/
< Jim 370 | eof -2+ |

(y,t)

(@,t)
p(r, t)rmdr}dt < 4. (2.5.24)

Repeating the same proof for assertion (v) of Lemma 2.5.4, one obtains
. T r(t)
lim |I£])\ = lim ‘/ §(t)/ Pa; (T, t)rmdrdt’ =0.
Jj—00 Jj—00 0 aj
Moreover by Lemma 2.5.1, 2.5.4, and Dominated Convergence Theorem, we also have that
( ) ( ) T ;Faj (yrt) ?aj (Irt)
lim |Z,”| + |Z5”| < lim / \g(t)|( / - / )pa]. (r, t)r"drdt
j—oo j—oo Jo 7 =~

(y:t) 7(zt)
T

< lim | EO] w1 (170, 2): 7, (0,0 C() 1 (17 1), T, (2, 0)): C(T)) e =
It follows from (2.5.24) that, for each ¢ > 0, there exists z5 > 0 such that if y € (0, z5) then
T 7(x,t)
—5< / 5(25){ —x +/ p(r,t)rmdr}dt <.
0 #

Y,t)

Let {&i}ien € C2°(0,T) be such that § > 0, ||l z1(jo,r7) = 1, and {&; }ien is a sequence of kernels approxi-
mating Dirac distribution. Then for all (i,y) € N x (0, z5):

T 7(z,t)
—0< —=x +/ @(t)/ p(r,t)r™drdt <.
0 7(y,t)
Since p > 0, one can apply Monotone Convergence theorem with the limit ¥ \, 0 to obtain
T 7(z,t)
—6< —x —l—/ fl(t)/ p(r,t)r"drdt < 0.
0 r(t)
Since this is true for arbitrarily small § > 0, it follows that
T 7(x,t)
x = / &(t)/ p(r,t)r"drdt, for each i€ N.
0 (1)
Finally taking ¢ — oo, and since §; converges to Dirac-delta in the sense of distributions, one concludes that

(x,t)
T = / p(r,t)r™dr, for t € [0,T] almost everywhere.
r(t)
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Corollary 2.5.2. Let p be the function obtained in Lemma 2.5.6. Then for each € > 0,
C(e)™' < p(r,t) < C(e) for almost every t € [0,T)], and r € [(e,t),00).
Proof. The proof is exactly the same as that of Proposition 2.4.1 and Lemma 2.4.5. O

In light of Lemma 2.5.4(v), and Lemma 2.5.6(iii), we extend p € L2 (F) obtained above by setting
p(r,t) =0 for (r,t) € R™ x [0,T]\F.

Lemma 2.5.7. Let (p,u,e)(r,t) be the limit function obtained in Lemma 2.5.5-2.5.6. Then

ess sup/ pe(r,t)r"dr < C(T') + wa(E;C(T)) for bounded measurable E C [0, 00),
t€[0,T]

where wa(FE, z) for z > 0 is the set function given in Lemma 2.5.2, and

esssup/ {G(p) + plul*}(r,t)r™dr < C(T).

te(0,T)

Proof. Let € € (0,1). Denote p®) and p(({?) as in Lemma 2.5.6. Let E C [0,00) be a bounded measurable
set and 1g(r) be the indicator function. Since x — 7(x,t) is strictly increasing and (x,t) — 7(z,t) is
a continuous function from Lemma 2.5.4, combining with the fact that [0,7] is a compact set, one has
de =: 2infycpom{7(e,t) — 7(e/2,t)} > 0. By Lemma 2.5.4, there exists N. € N such that if j > N then
SuPogth‘?aj (e,t) —7(e,t)| < d./2. Hence,

Ta;(e,t) >7(g/2,t) forall t€[0,7] and j > Ne.. (2.5.25)

Let [t1,t2] C (0, 7). Then by (2.5.25), it follows that as j — oo,

to to
/ / IlEpaJ]uaJ\Q mdrdt—/ / 1gplu>r™drdt
t1 Et t1 (Et
to to
:/ / ﬂEpa)\uaJF mdrdt—/ / 1509 |u?r™drdt
t1 7(e/2,t) t1 (g/2,¢)

to o] t2
:/ / ILEpa]){|ua]|2 lu|?}rmdrdt +/ / ]lE{pa] — PN uPrmdrdt — 0,
t1 Jr(e/2,t) t1 (e/2,t)

where for the first convergence, one used Dominated Convergence theorem, Lemma 2.5.5 and point-wise
bound for |u,,| and pfli) from Theorem 2.2.1(iv). For the second convergence one used Lemma 2.5.6 and
Corollary 2.5.1. Let L € N and set E = [0, L]. By Theorem 2.2.1(i),

to L to L
/ / plul>r™drdt = lim / paj|uaj|2rmdrdt
t1 Jr(et) J=oo Jyy Ta;(et)

o0
<|ta —t1]ess Sup/ pasltta; [ (r,)r™dr = C(T)|ta — ta],
te(0,T) Jaj

where C(T') = C(T,Cy) is independent of a € (0,1), ¢ > 0 and L € N. Thus by Lebesgue Differentiation
theorem, it follows that

L
ess sup/ plul(r,t)r™dr < C(T).
te(0,T) J7(e,t)
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Using Monotone Convergence theorem with the consecutive limits L — oo then € 0,

00 L
ess sup/ plu?(r,t)r™dr = lim ess sup/ plu(r, t)r™dr < C(T).
T

te(0,7) Jr(t) §:0°$ te(0,7) J7(e,t)

Next, let [t1,t2] € (0,7] and E C [0,00) be a bounded measurable set. Using (2.5.25), convergence
results from Lemma 2.5.5-2.5.6, and the bound e(r,t) < C(g)o(t)~ /2 for r > 7(e/2,t) from Lemma 2.5.5,
one has that as j — oo

t2 o0 to )
/ / Lgpa;eq;r"drdt — / / 1 gper™drdt
t1 Faj (a,t) t1 7’:(8715)

to 00 to )
:/ / ]lEp((f_)eaj rdrdt — / / ]lEp(E)ermdrdt
t1 J(e/2.t) ! t1 J(e/2.t)

to 00 to (e}
_/ / lEpg,i)(eaj —e)rdrdt + / / ]lE(pEfj) — pNer™drdt — 0.
t1 JF(e/2.0) tr Ji(e/2.4)

Let E5(t) := EN[rq;(e,t),00). Then by Lemma 2.5.2, one has

to 0 to 00
/ / Tgper™drdt = lim / 1Epa;€q;r"drdt
t1 F(Evt) J—roo t1 Faj (€,t)

to to
< sup/ / Pa;€a;r" drdt < {C(T) + wa(E5 (t); C(1))}dt,
JEN Jtq ;:(t) t1

where wa (E5(t); C(T)) = fa <f1</s

-~ r’dr; C(T)) ; C’(T)).

Since Ej(t) C E for all (j,e,t) € Nx (0,1) x [0,T], and y — f1(y; C), f2(y; C) are monotone increasing (See
Proposition B.0.1), one has for all (j,e,t) € N x (0,1) x [0,T7,

n(B5(0:01) < oo [ 1marsom): (1)) = wn(Bi (D)),

E

Using this, (2.5.26) becomes

to o0
/ / Igper™drdt < [to — t1|{C(T) + w2 (E;C(T))}.
t1 ?(E,t)
Thus by Lebesgue Differentiation theorem, it follows that

ess sup/ Tgpe(r,t)r™dr < C(T) + wa(E; C(T)).
te[0,7] J7(e,)

Since p =0 in {r < r(t)} and lim.\ (e, t) = r(t), by Monotone Convergence theorem,

ess sup/ pe(r,t)r"dr < C(T') + wa(E;C(T)).
tel0,7] JE

Let ¢ € (0,1] and re := inf g7 7(¢,)/2. By Lemma 2.5.4, there exists M. € N such that

tei[%,fT] Ta;(e,t) > 1 forall j > M.. (2.5.26)

86



Moreover, by Theorem 2.2.1(iii), 7, (e, t) < 74;(1,t) < Cp for all (j,t) € N x [0,7]. By (2.5.26), Theorem
2.2.1(i), Lemma 2.5.6, Corollary 2.5.2, and the fact that G(0) = 1 one has

pffj) 1—p® —1 as j— oo weakly in LQ(O,T; L*([re, oo),rmdr)),

sup esssup/ G(p yrmdr < CO(T),
§>M. t€[0,T]

0< p((l? (r,t) < C(e) fora.e. (r,t) € [re,00) x [0,T] and for each j € N.

Thus applying Proposition B.0.2 of Appendix B, it follows that

esssup/ G(p )yrmdr < C(T).

te(0,T

By (iv) of Lemma 2.5.4, r. < 7(e,t) < Co(1 + &)/ < 21/2Cy for t € [0, T]. Since G(p®)) = G(0) =1 for
r € [re,7(e,t)] and p&) = p for a.e. r € [(e,t), 00), one has for a.e. t € [0, 7],

00 7(e,t) oo
G(p)(r,t)r™dr < / rdr + G(p)(r,t)r™dr < C(T).
7(e,t) re r(e,t)
Since the above is true for all ¢ € (0, 1], using lim\o7(e,t) = r(t), p = 0 for r < r(t), and Monotone

Convergence Theorem, it follows that

ess sup/ G(p)(r,t)r"dr = lim ess sup G(p)(r,t)rdr < C(T).
te[0,7] N0 tefo,1] J7(e )

2.5.4 Weak forms away from the vacuum

In this subsection, we denote (p,u,e)(r,t) in F, and 7(z,t) in [0,00) x [0,7] as the limit functions obtained
in Lemmas 2.5.4-2.5.6. The main aim is to show that they satisfies the weak forms described in Definition
2.1.1. Moreover, we also define a class of test functions D as:

Dr = {¢p € C1([0,00) x [0,T]) : AL €N s.t. ¢(r,t) =0 for (r,t) € [L,00) x [0,T]}.

Lemma 2.5.8. Let (po,uo,e0)(r) be the spherically symmetric initial data in Theorem 2.1.1, and let
(2, ul,e9)(r) be the modified initial data constructed in Section 2.2.2. Then for all ¢ € Dr,

i a°° R r)(r, 0™ dr = /0 " po(r)(r, 0)rmdr.
ti [ () (ot 0)rmar = / (poto) (r)(r, 0)r™dr,
9] 02 9] 2
A e L A e

Proof. By construction (2.2.6) in Section 2.2.2, (p%, 19, e2)(r) = (1,0, 1) for r € [0,a]. Thus,

| swseonmar = [ pstr o

S/O |6 (r, 0)[r™dr + [[(-, 0) || 12(0,00) s ar 198 — Poll £2([0,00) rmary = O as @ 0.
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where one has used Proposition 2.2.1. Second, by (2.2.6) and Proposition 2.2.1 again, one gets
o0 e}
| 6060 ar = [ (pvua)r)(r, 01|
a 0
| [ ot ottt o)+ ol = gy

SHngLoo ||¢(’ O)HLZ([O,OO),rmdr) ||u2 - u0||L2([0,oo),rmdr)+
+ (|6 (-, 0) | oo lwoll 22 (j0,00) rmary 128 — POl L2((0,00) #mary = O @S @ N\ 0.

Finally, it follows from (2.2.6) and Proposition 2.2.1 that

| Ao 0rmar = [ pluoPr)otr o

a

| [ om0 08P = o) + ol po)} )|

<ol oo llp (s )l 220,00y rmary Hal* — o]l 22 j0,00) ymary +
+ [lo(, 0)||L°°\|U0||2L4([o,oo),rmdr)||P2 = pollz2((0,00) rmary = 0 as a 0.
On the other hand, one also has that as a \, 0,

[ sebmotnormar = [~ meotropmar
<| [ ot mdr) | [ om0 ) + calel ~ pye

<H¢ )HL°° an/n + HpaHLC’o Hé( )HLZ([O,OO)J‘de‘)Heg - €0|’L2([0,oo),rmd7")+

+ {”¢(7 HLOO He() - 1”L2([0,oo),7‘md7‘) + H¢(7 O)HLQ([O,OO),deT)}Hpg - pOHLQ([O,oo),rmdr) — 0.

This proves the last assertion, hence the lemma.

Lemma 2.5.9. For all ¢ € Dr, one has:

/000 p(r,t)o(r,t)rdr — /000 po(r)o(r,0)r"dr = /Ot /Ooo(patgb + pud,@)(r, s)r"drds.

Proof. First from continuity equation of Theorem 2.2.1, we have for all j € N, a; € (0, 1),

oo s=t
| ewtrsistrormar|

J

t 00
= /O / (Pa; 09 + pa;ta; Or®)(r, t)r™drdt.
a;
By Lemma 2.5.1 and 2.5.6, and p =0 in {r < r(t)} by construction, we have

I{ ::‘ /OO Pa; (1, t)p(r, t)r"dr — /: p(r,t)o(r, t)rmdr‘

[es) r(x,t)
<‘/ o Ppa; (r,t)r mdr—/ op(r,t) mdr‘ + ||¢]] oo /(t) p(r,t)r™dr

7(x,t)

r(x,t) :tt)
+H¢Hoo/ / /(t pa, (r t)r™dr

7(t)
<| [0 = ot r] ol e [ gt

aj

F 1 Plloowr ([(8), 7, 1)]; C) + | Pllocwr ([ (2, 1), T, (2, 1)]; C).
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Since 7(x,t) \,r(t) as = \, 0, for given ¢ > 0, there exists y € (0, 1) such that
|Plloo + [|@]|cowr ([r(2), 7(x,t)]; C) <6, forall 0 <z <y.
Hence it follows that for all 0 < x < v,

<o+ | [ ot = o)

r(t)
T 116110 / pa, (r )™ dr.

aj
Fix a point = € (0,y). Taking limit j — oo on the above inequality, then using Lemma 2.5.6(i) and Lemma
2.5.4(v), we have that:

lim ’/OO Pa; (1, t)p(r, t)r™dr — /OO p(ryt)o(r, t)rmdr’ <.

Jj—o0 r(t)

Since this is true for arbitrarily small § > 0, it follows that lim;_,, I{ =0.
Next, for each = > 0, we rewrite the term:

. t 00 t o]
VERES ‘/ / Pa;Ua; Or (T, s)rmdrds—/ / pudyré(r, s)’r’mdrds‘
0 Jay 0 Jr(s)
t [T, (@,s) t r(z,s)
§||8T¢||oo/0 / |pa; ta; | drds + |8T¢HOO/0 /() |pu|r™drds
aj r(s

t oo t oo . . .
+ ‘ / / Pa;Ua; Opdr™drds — / / pu@rgbrmdrds‘ =T} (z) + T3 o () + I 5 (x).
0 'faj (z,8) 0 J7(z,s) ’ ’ ’
Using Cauchy-Schwartz’s inequality and Theorem 2.2.1(iii), we have

. t [Ta;(x,s) .
zi@) = 00l [ [ Iy manas
a;

t ?a].(m,t) 1
<lorolla/s [ ([ gl rmar) s < 10,61 b

Moreover, using Lemma 2.5.6(iii) and Lemma 2.5.7, we also have
. t rr(z,s)
25,2(55) = ||ar¢||oo/ / |pu|r™drds
0 Jr(s)

t r(z,s) 1 r(x,s) 1
S||8T¢HOO/0 (/() p’u‘QerT)2</) prdr) " ds < |0,6]C (D) 31V,

r(s r(s

Thus given 6 > 0, there exists ys € (0,1) such that if 0 < = < ys, then I%(x) < 0+ I§3(a:) By
Lemma 2.5.4, x — 7(x,t) is increasing and (x,t) — 7(x,t) is continuous. Since [0,7] is compact, we
have d = inf,cjo {7 (x,t) — 7(x/2,t)} for some d > 0. By Lemma 2.5.4(i), there exists N, € N such that
Supg<i<r|Ta, (z,t) = 7(x,t)| < d/2 if j§ > N,. Combining with the previous assertion, we get

7(w/2,t) < 7Tq;(x,t) for each t € [0,7] and j > N,. (2.5.28)
Hence yy’ = Xx/QXZj for all j > N,, where x., x? are defined in (2.5.15). Thus for all j > N,

. t 00 t 00
I%yg(w) = / /N Pa,Ua;Orpr™drds —/ /~ pu@rqbrmdrds‘
0 Taj(x75) 0 J7(zx,s)

t (o) t [e%s}
= // pgj)uaj&qﬁrmdrds—// p(z)uargbrmdrds’
0 J7(z/2,s) 0 J7(z/2,s)

t 00 t 00
/ / P((z:;)(ua]- - U)arfﬁrmdrds‘ + ’ / / {pg’j) — p"NYud.gpr™drds|.
0 J7r(x/2,s) 0 Jr(x/2,s)

IN
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By the point-wise bound: pﬁf) (r,t) < C(x) from Theorem 2.2.1(iv), and the uniform convergence from
Lemma 2.5.5, it follows that as j — oo,

t proo t oo
‘ / / p((l»";{)(uaj — u)@rgm«mdrds’ < C(aj)/ / |ta; — u|rpr™drds — 0.
0 J7(z/2,s) 0 J7(z/2,s)

By Lemma 2.5.5, we have X, /ou0,¢ € LY(0,T; L3([0, 00),7™dr)). Thus by Lemma 2.5.6(i),

t [ee]
‘ / / {p®) — p(x)}uarqbrmdrds‘ —0 as j — oo,
0 Jrz/2,s)

which implies lim;_, I§’3(x) = 0 for each z > 0. Now for a given 6 > 0, we fix z € (0,ys). Then
Ig = Ig’l(x)—}—IgQ(m)—i—Ig’g(m) < 5+Ig73(m). Taking limit j — oo on both sides of this, we get lim;_, Ig < 6.
Since § > 0 is arbitrarily small, we conclude that lim; Ig = 0. By the exact same arguments, we can
also show that

. t 00 t 00
T = )/ / Pa; 0 (1, s)r"drds —/ / poyp(r, s)r’drds| — 0, as j — oc.
0 Jay 0 Jr(s)

Lemma 2.5.9 is proved by substituting these limits in (2.5.27), and using Lemma 2.5.8. O

Lemma 2.5.10. Let ¢ € Dy N C' be such that supp(¢) CC F. Then we have:

/OO p(r,t)u(r,t)e(r, t)r"dr — /OO po(r)uo(r)p(r,0)r"™dr
0 0 (2.5.29)

t 00
:/ / {pu@tg) + putdyp + (P — B(Oru + m%)) (Or + m%) }rmdrds,
0 Jo

0 o0 t [e%¢)
/ pE¢(r, t)rmdr—/ poEo(r)o(r, O)der—/ / pEdpr"drds
p ‘ 0 /o (2.5.30)

t 00
:/ / {(pE + P)u — 2pudru — Au(Oru + mg) - m@re}&«gb(r, s)r™drds.
0o Jo

r

Proof. We will only present the proof for (2.5.30) since (2.5.29) can be derived by the same way. First from
energy equation of Theorem 2.2.1, we have the weak form:

o0 m oo 1 m
/a pa, Ea, (r,t)p(r,t)r™dr — / Pa, {5 1, * + ea; } () g (r, 0)r™dr

J J

t 00
- / / {2/“‘%‘ Oty + Aty (Ortta; + mu%) + KOpeq, }&gb(r, s)r™drds (2.5.31)
0 Jaj
t 00
* / / {Pa;Ea; 000 + (pa, Ea; + Pa,)ta,0p¢ }(r, s)r™drds,
0 Jaj

where Py, := (v — 1)pa;€q; and Eq; ‘= |uq,|*/2 + €q;. Now for each z € (0,1), we define the set F, =
{(r,t):t €[0,T), F(x,t) <7 <2~ '}. Then F,N{0 < t < T} is open for each z € (0, 1) since (z, ) = (b
is continuous. Moreover, since x +— 7(x,t) is strictly increasing for each t € [0, 7], it follows that F, C F
if y <z € (0,1). By the limit 7(z,t) N\ r(t) as x N\, 0 for all ¢ € [0,T], we also have that F = U,¢(0,1)Fx,
hence {F‘x N{0<t< T}}xe(o’l) is an open covering of F N {0 < ¢ < T'}. Since supp(¢) CC F is a compact

subset, there exists ¢ > 0 such that supp(¢) C Fa.. If we set d = infyeo,7) 7(2¢,t) then d > 0 due to Lemma
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2.5.4(iv), and there exists N; € N such that a; < d for j > N;. This implies that a; < r(2¢,t) if t € [0,T]
and 7 > Nj. In addition, by the same argument (2.5.28) in the proof of Lemma 2.5.9, there exists Ny € N
such that 7, (,t) < 7(2¢,t) if j > No and t € [0,T]. Let N := max{Ny, No}. Then by Lemmas 2.5.5-2.5.6
and Dominated Convergence theorem, we have as j — oo:

‘/ pa; Ea;o(r,t)r mdr—/ pE¢(r, t)r mdr‘
()

1 m
{SpDu2 + pDes, — 5P = e o(r tyrmdr|

F2et) 2
0o ’LL2, — u2 o] 2
S/ pg?{Q + |ea;, — el }or™dr + / {pg? — p(s)}(u— + e)gzﬁrmdr‘ — 0.
7(2¢,t) 2 7(2¢,t) 2

By the exact same argument, we also obtain the convergence

J]—00 0

t [e’s)
lim / / {0a; Ea;0t0 + (pa; Ea; + Paj)ta;0r @} (1, s)r"drds
a;

t 00
:/ / {pEdp + (pE + P)ud,¢}(r,s)rdrds.
0 Jr(s)

Next, integrating by parts and using Lemma 2.5.5, we have for all j > N,

t 00 t o]
/ / Uq; Ora,; O (T, s)rmdrds:/ / Uq; Ora,; Op (1, s)r""drds
0 Ja; 0 J7(2e,s)
t (o) 1 t [e%s) 1
—/ / f\uaj|28fgz§(r, s)r’drds — —/ / ~|ulP92p(r, s)r™drds as j — oo.
0 J7(2e,s) 2 0 J7(2e,s) 2

From Corollary 2.5.1, the spatial weak derivative of u exists in the space d,u € L (F) and d,u € L2(F.)
for each ¢ € (0, 1), it then follows that as j — oo

t 00 t o]
/ / Uq; Or i, Or (1, 8)r" drds — —/ / 1|u]28f<]5(7", s)rdrds
0 Jay 0 J7(2e,s) 2
t 00 t 00
:/ / uOpudyo(r, s)rmdrds:/ / uOpudyr¢(r, s)r'"drds,
0 J7(2e,s) 0 Jr(s)

where in the last line we have used supp(¢) CC F. By the exact same argument, we also have

) t roo ’ua_ ‘2 t proo |u|2
lim / / {m)\ij + KOreq, }8T¢derds = / / {m)\— + n@re}argbrmdrds.
(lj r 0 K(S) r

J— Jo
Putting all the limits proven above into (2.5.31), we obtain Lemma 2.5.10. O

Finally, the weak forms obtained in Theorem 2.5.9-2.5.10 is translated into the domain (x,t) € R™x [0, T1.
Let ® € C1([0,T]; CL(R™)). One defines

o= [ ary.0as,

where S"~! is the (n — 1)-dimensional sphere. Using this, we have

// pulyrd(r, s)r mdrds—// / u(r, s)y - VO(ry, s)r’dSydrds
Sn— 1

/ /npu (], s Vo(x,s)deds —/ /n z,s)U(x,s) - VO(x, s)dxds,
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where we defined p(x,t) := p(|x|,t) and U(x,t) := u(|x|,t)T. By the same way, we also have

s=t

| stsistsimar| = [ e s)de— [ @) 0)da,

and // p(r, s)0p(r, s)r™ drds-// (z,s)0P(x, s)dxds.

Since ¢(r,t) satisfies the assumption in Lemma 2.5.9, using the above identities in Lemma 2.5.9, we obtain
the weak form of continuity equation.

Next, we show the momentum equations. Let ¥ : R™ x [0,T] — R be such that ¥ € C?([0, T]; C3(R"))
and supp(¥) CC F :={(x,t) e R" x [0,T] : r(t) < |z|}. We define:

©H(r,t) = / U(ry, t)y'dS, fori=1,...,n. (2.5.32)
Sn—1

It can be verified that (' satisfies the assumption for Lemma 2.5.10, hence (2.5.29) holds with ¢*. The
derivations for weak forms in Theorem 2. 1.1 are similar to that occurring in the continuity equation, except
for the term [[{P — B(dru+mu/r)}(9,¢" +mep'/r)r™drds. To deal with this, we use the following identity,
which one can verify Wlth few lines of calculation on spherical coordinate transformation:

/||< 8$if(az)da::/|_ Jf(x)%cisgc fori=1,...,n, for r > 0.

Using this identity, we then have that

%

0, (1™ ) = 8’”(/sn1 yi\y(ry,t)rmdSy> - ar(/|m| ~ ;’ (,t)dS, )
:ar( /0 ' /S . ami\I/(Cy,t)CmdSyd{) =™ /S 0. U(ry, 1)dS,.

Taking derivative on (2.5.32), we get 0,¢"(r,t) = [gnr ¥ ‘410,450 (ry, t)dSy. From this, we have

// o' + Lp)rmdrds

t
:/ / PO,V (ry, s)r"dSydrds = / / PO,V (x,s)dzds.
o Jo Jgn—1 0o JRrn»
Moreover, integrating by parts, we have
T fe'e) U ) 902' T o] ) QOiU
/ / (Oru+m—=)(0p¢" + m=)r™drdt = / / {0rudro" + mT }rdrdt.
o Jo T T 0o Jo T

Using the identity 0,,U* = 0, (| |)

|;|5’ we have

+

Iml

/ 0,, U0, Wdamdt — / / u Lx] + 6 )0, dad

Rn n |93\ x| |l
:/ / / {r@r(—)yiyjﬁwj\lf(ry,t) + ;8xi\ll(ry,t)}d5yrmdrdt

Sn—1
/ / {7410, ()0, + 20,(r ) bt
T proo

:/ / {&u&gpi—i—mQ}rmdrdt:/ / (&u—i-mg)(&ngo —l—m(’O) r™drdt.

o Jo r o Jo r
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Similarly, since divU = 0,u + mu/r, we also have
i

T T proo U ) ©
/ divU 0, Vdadt = / / (Oru+m=) (0rp" +m™=)r™drdt.
0 Jrn o Jo r r

Finally, we show the weak form of energy equation. Let ® € C%(]0,T]; C2(R™)) be a test function such
that supp(®) cC F = {(z,t) € R" x [0,T] : || > r(t)}. We set:

o(r,t) == /Snl D(ry, t)dSy.

It can be verified that ¢ satisfies the assumption of Lemma 2.5.10, hence we have (2.5.30) with ¢. Most of
the terms can be derived by the exact same procedure presented previously, except for the terms ud,u, u?/r
and Ore. Since supp(¢) CC {(r,t) : r > r(t)}, it follows that:

t 00 t 00
/ / uOpudyd(r, s)r’drds = / / uaru< / Y10, D (ry, s)d5y> r"drds
0 z(s) 0 z(s) Sn—1

t ’U,2 xi
:/ / 0. (“Y(|al, ) - 0,e (@, s)dds
0 Jlz|>r(s) 2 |.’,B‘

f Uf? L :
= Opi ()04 P(x, s)dxds = — Vo(z,s) - VIU|*dxds,
0 Jiz>r(s) 2 2 Jo Jizf>r(s)

and with few lines of derivations, we also have

t proo
/ / {nudsu + Mu(0,u +m ) }0r(r, )™ drds
0 Jr(s)
t proo
:/ / / {luuaru + )\U(aru + mg) }ylaxz@(r'% S)rmdsydeS
0 Jr(s)JSn—1 r

:/t/l - ){)\(divU)U + u(VU) - UVO(z, s)dzds,
0 x|>r

t o} t 00
/ / Oredro(r, s)r"drds = / / / ore(r, s)y' 0, ®(ry, s)r"™dS,drds
0 Jr(s) 0 Jr(s)JSn—1

t
:/ / Ve - Vodzds.
0 Jlz[>r(s)

With these, we conclude the proof for weak form of energy equation.

2.5.5 Proof of Theorem 2.1.2
In this subsection, we show Theorem 2.1.2. For each t € [0,T] and ¢ € C*(]0,00) x [0,T]) we define

t o]
uj(@) t) = /O / uajar (arSD + m%)rmdrdt.
a;

Lemma 2.5.11. Let ¢ € Dy N C?([0,00) x [0,T]) be such that there exists n > 0 for which ¢(r,t) = 0 if
(r,t) € [0,m] x [0,T]. Then limj_,ocU;(p) exists and one has:

8 tim (o) = [ plr a0t dr — [ ool 0)r
Jroo r(t) 0

oo (2.5.33)
— / / {pudsp + pudro + (v — 1)pe(drp + m%) prmdrds.
0 Jr(s)

93



Proof. Since n > 0 is fixed, there exists N1 € N such that if j > Ny then a; < an, < 7. Applying integration
by parts on the momentum equation weak form of Theorem 2.2.1, we get

5'Uj(%t)=/ Paytia, (75 8)pr dr // Pata,; Orpr™drds

j
— /0 / {paj|uaj|28rg0 + (v = 1)pa, €q; (0 + m?)}rmdrds.
aj

Next, using Theorem 2.2.1(i)—(iii), Lemma 2.5.6(iii), Lemma 2.5.7, we have

= / pustt .00 dr = [ pup(rt)rmar]

r(t)

Ta, (z,t) 7(x,t) 00
<’ / Pa;Ua, wrmdr’ + ) / puaprmdr’ + ‘ / pajuajgormdr — / puaprmdr‘

7(x,t)
S”SOHOO(/TGJ(xt) paj|Uaj|2 md’l">é(/r ](xt)p aj md’l”)
aj aj
1

7(x,t) ) r(x,t) % 00
+ ||c,0||oo</( : plul mdr) (/ prmdr + ‘ / pajuajgor / puwm‘
r(t Ta; :vt

r(t) 7(z,t)

<lleloC(T)Va + )/~ ( )PajUajSOrde - /~( )pugm‘mdr‘
Ta; (2t T(x,t

(2.5.34)

By (2.5.28) in the proof of Lemma 2.5.9, there exists an integer No(x) € N such that if 7 > No(z), then
Ta;(7,t) > 7(x/2,t) for all t € [0,T], and as j — oo we have:

‘ / payuaj or™dr — / pupr dr = ) / paj)ua] or™dr — / p(‘”)ugm’mdr
T 7(z,t) (z/2,t) m(x/2,t)
<‘ / pa (ta,; — u)cprmdr’ + ‘ / {p((f.) — p(x)}uwrmdr’
@28 "’ F(x/2,t)

C(HC/2)‘ /~( p t)\uaj — quo]rmdr’ +

/~( P ){p((lf) — p(x)}ugm"mdr‘ — 0.
r(x/2,t

By choosing x > 0 small, we obtain lim;_, jlj = 0. In the exact same way, we also have

. t oo t 00
JJ = ‘/ / Pa;Ua; Oppr'drds —/ / pudiprdrds
0 aj 0 Z(s)

Next, let L € N be such that supp(¢(-,t))

—0 as j — oo.

C [n, L]. We consider the term:

. t 00 t oo
A= [ [ puluaPosioermards = [ [ pluPop(rsmdras
0 CLJ' 0 I(s)
t t rr(z,s)
<lorele] [ [ pufua, Prdrds| 4 onel| [ [ plutrmards (2.5.35)
0 JEj(z,s) 0 Jr(s)

t 00 t poo .
+ ‘ / / paj|uaj|2&ngormdrds —/ / p|u|28rg01”mdrds) =: Z N
0 Faj (z,t) 0 J7(z,s) i=1 '

where E¥(s) = [aj, Ta; (2, 5)] N

[n, L]. Using Lemma 2.5.3, we have

e

) t
Ji, = ||8r<p|!oo‘/0 /Em( )paj|uaj]2rmdrd3‘ < 0r@lloC(T) f3(Vay (B ); Cz ) ¥, (2.5.36)
i (T,
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where the constant Cpz > 0 and the set function Va,; (EY) are given by:

C’E;_c — C’(n,T){C(T) +f2(f1(ME]ap;C(T));C(T))}, with ME; = esssup/ ()rmdr,
: t

te[0,7

T T [(Ta.(z,s)
Va, (E}) == /0 /x(t) Pa; (1 t)r"drdt < /0 / ’ pa; (r,t)r"drdt = 2T.
j K

Using the fact that y — f;(y; C') is continuous increasing and lim,\ o fi(y; C) = 0 for each i = 1,...,3 and
C — f3(y; C) is increasing for each fixed y € (0, 00), it follows that for a given § > 0 there exists y5 € (0,1)
such that for all x € (0, ys)

Cpz = C(n, T){C(T) + f2(f(MEz; C(T)); C(T)) } < C(n, T)(1 +6) < C(n, T),

8
and f3(Va, (B§): Cg) < f3(Va, (B]): C(n.T)) < fa(aT5C(n, 7)) < (C(T) M 19rp]l ' 5) ™
Hence (2.5.36) implies that ‘73];1 < §/2 for all j > max{Ny, Na(z)} and = € (0,y5). Since 7(z,t) \

r(t) as z \ 0 for each ¢t € [0,7], using Lemma 2.5.7, and Dominated Convergence theorem, we have
limg~ o fo fr p\u]2 "drds = 0. Hence for given § > 0, there exists z5 € (0, 1) such that for = € (0, 2),

; t  rr(z,s) 5 m 5
=0l [ [ plufrmards <
0 Jr(s)

Putting estimates for ijJ, \73];2 into (2.5.35), we get jgj <0+ jg’g if 5 > max{Ny, Na(z)} and z €
(0, min{ys, zs}). Fix z € (0, min{ys, 2z5}). We have from Lemmas 2.5.5-2.5.6 that as j — oo,

t proo t o0
Ji 3= ‘/ / paj|uaj\28rgm“mdrds—/ / p|u|28rcprmdrds‘
0 J7a,(z,t) 0 J7(x,s)
t proo t  proo
<[] e Posgrmaras [ o
0 J7(z/2,t) 0 J7(z/2,s)
t oo t roo
o [ [ e Pl | [ ) - g uPogr| o
0 J7(z/2,t) 0 J7(x/2,s)

Since 6 > 0 can be chosen arbitrarily small, we conclude that lim;_,, jg =0.
Next, we consider the term:

. t o) ) t o)
Ji = ’/ / Pa,€a; (8rg0+m)rmdrd3—/ / pe(argo—l—mf)rmdrds’
‘ ‘/ / Pa;€a;T drds‘%— ’/ / permdrdsl}
! ¢ ¢ L
+ a:€a; ar +m— drd —/ / 3T +m— Mdrds| = ._7']2-,
‘/(; /Faj(z,s)p] ]( 4 mr)r res 0 F(a:,s)pe( 4 m?“)r " S‘ ; 4,

where EY(s) := [a;,7q,; (2, )] N [n, L] and E*(s) := [r(s),7(x,s)] N [n, L]. By Lemma 2.5.3,

|

argo—i-m

Grgo+m<p" : ’// Pa,€a;T drds‘<f3 a, ( CEz)
I(S
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where the constants and terms on the right hand side are exactly the same presented in the previous
argument. Thus by the exact same procedure as before, for a given § > 0 it follows that there exists
ys € (0,1) such that jj;l < 6/2 for all x € (0,y5) and j > Nj. By Lemma 2.5.7, it follows that for a.e.
t € [0, T] we have

/ pe(r,t)rdr < C+wi([n, LN {r>r(t)};C) < C(n,L) < oo,
[n,LIN{r>r(t)}

where C(n, L) > 0 is a constant independent of {a;};en. Using the fact that 7(x,t) \, r(t) as x \, 0, we
have by Dominated Convergence theorem that lim,\ o fg J B (s) pe(r,s)r"™drds = 0. Therefore there exists
z5 € (0,1) such that for all x € (0, z5) we have

rgD—Fm—H ‘/ /z( per drds) g

Hence we obtain that 77/ < 6—}—;7473 if j > max{Ny, No} and = € (0, min{ys, z5}). Using Lemmas 2.5.5-2.5.6
and the point-wise bound on p, from Theorem 2.2.1(iv), we have as j — oo

3 — ‘/ / pajeaj T90+m mdrds—/ /( rgo-i-mr) mdrdS‘
_‘// pa] eaj T(p—l—m mdrds—// Tgp+m ) mdrdS)
(x/2,s) (x/25

/ / 7)|eq; —ef + e|p p(z)|}|8rcp + me/r|r"drds — 0.
x/2s

j]2 — ‘

Since § > 0 is arbitrarily small, we get lim;_, j4j = 0. Using the limits for jfszf in (2.5.34), we obtain
that lim;_, U;(p,t) exists and (2.5.33) holds. O

Lemma 2.5.12. Let £ € C*([0,0)) be an increasing function such that € =0 on [0,1] and £ =1 on [2,00),
and |€'()| < 1. Let £f(r) := &(r/R) for R > 0. If ¢ € Dy N C?([0,00) x [0,T)) is such that p(0,t) =0 for
t €10,T), then for o := &Ry, the following limit exists:

s=

B lim lim U; (%, 1) :/ pu(r, s)gm“mdr / / { pudsp + pud,p}rmdrds

R\ 0j—00

(2.5.37)
—1// pe(0r + m= )mdrds
Proof. Since ¢® satisfies the assumption for test function in Lemma 2.5.11, we have
o s=t
B lim U (o ):/ pu(r, s)ptrmdr / / {pudi™ + pu?0, o} rmdrds
e =0 (2.5.38)

— —1// pe( orplt +m? )mdrds.

By Lemma 2.5.6-2.5.7, we have puly~, )} € L([o, oo),rmdr) for each t € [0,7]. Thus by Dominated
Convergence theorem, it follows that
(o)

I | = dr|’
nglo pult(r, s)rm . /0 pup(r, s)r™ .

}l{i{n{o// pudypfrmdrds = hm// pu‘fR@tgormdrds—// pudyprdrds,
lim// pu2§R8rg07“mdrds:// puld,r™drds.
ENO Jo Jo 0 Jo
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Similarly, by Lemma 2.5.7, we also have pely~,4)y € L'([0,L],7™dr) for each t € [0,T], where L € N is
such that supp(¢(+,t)) C [0, L]. Hence by Dominated Convergence theorem,

t o) t o]
lim e(£80,0 + B Y pmdrds —/ / e (0 —i—mf rdrds.
Jim, /O /0 pe(E 0o +Em) ) (Orp +m--)

Next, by the construction, we have |9,£%(- )| R~Y¢' ()| < R™'. Moreover, since ¢ € C? is such that
©(0,t) = 0 for all t € [0, T], there exists ¢ € C%(]0,T]; C1([0,00))) such that ¢ = r¢. Therefore, by Lemma

2.5.7 we have:
‘/t /00 pud ermdrds‘ = ‘/t/ pu2¢£§’(£)rmdrds‘
0 Jo ' 0 JIR2RIN{r>r(s)} R” "R
t
§H¢Hoo/ / pulr™drdt — 0 as R\, 0.
0 J[R2R|N{r>r

In the exact same way, we also have from Lemma 2.5.7 that:

t
: R m
Ig{nﬁ‘/o /0 pewd &y drds = lim ‘/ /R S eqb—&( )r drds‘

t
<loll Jim [ [ per™drds - 0.
R\0 [R2R)N{r>r(s)}

Putting all above limits into (2.5.38), it follows that lim g lim;j_eo U; (9%, t) exists and (2.5.37) holds. [

Finally, we translate the term /; into U7 as shown in Theorem 2.1.2. Let ¥ : R" x [0,7] — R be such
that ¥ € C1([0,7T]; C?(R™)). With ot = ¢R¢ (¢ is given in Lemma 2.5.12), we define

(") = (r)p'(r,t) == / R (r) U (ry, t)y'dS, = / TR (ry, 1)y'dS,.
Sn—l1 Sn—1

Then by construction, there exists N € N such that for all j > N, ch(aj, t) =0 for all t € [0, T]. Moreover,
we also have 0, (r™ (o)) = 1™ [, 05 W (ry,t)dS,. Using all these, it implies that for i =1,...,n

/ Uq,; Oy (8r(g0R)i + %(@R)i)rmdr
o] R\i
=— Oyttay + 1 22) (0, (") + mELyymay
I r T

/ {Orua;00( Qe 8 (uq; (¢ R)i)+r—2uaj(goR)i}rmdr

= {rmH@T(TJ)@T(@R)i + %&n (r™ (™)) Ydr

a;
o0 Ug.; . Ug.
=— / {r@r(ﬂ) (/ ykylaxk\I/R(ry,t)dSy) + aj(/ 8x¢\I/R(ry,t)dSy> }rmdr,
a; T Sn—1 T Sn—1
where the repeated index k € {1,--- ,n} denotes the summation over that index. Now by the coordinate
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transformation & = ry, we have
> i, m i\,.m
/ Uq,; Or (ar(wR) + 7(()01%) ) dr
/ / {ry’yka ) Ik\Ij (ry,t )—{——Jang\IlR (ry,t }rmdS dr
Sn— 1

k
x i Ug,
=— |- =0 (L) 0, Uz, t)—i-f]@ U (2, 1) Vda
/mm]{ FIERAEL | J

:—/ [0 (ot ) D WF — 22 5k 4 29 5k R (3 1)da
] > Ed ! | Ed

:/ ° A\IJR(m t)dx —/ Ul AUE(x, t)da.
| J

z|>a; |33| lz|>a,
Similarly, we also have

/ uajar (ar(SOR)Z + E(QDR)i)deT

. T
J

||

k
:_/ {axz(’x‘ua])a o ‘52’93 \I/R+’ 200,00 . 1)
|z|>a;

k
_/I 2, s Oy (:B,t)dac—/ U, - Vo,V (z, t)da.

z|>a; || j|>a

xt ak Uq,; R Ugq,; R
= —/ {] |——0r ( J)(?xk\I/ (x,t) + —20,:V (w,t)}da:
wl>a; ] |2l |

Since 8 = 2 + A, we have

m. - Ryiy,.m
B}lg@ojli}rgoU( )—]1%1{?0]&11([)102114—)\// tq; Oy (8 ( )—i—r(go )")r™drds

= lim lim UL AUE 4 (u+ MU, - VO, W) (x, s)dxds = U (T, 1).
i i [ R AL (. 5) (w,1)
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Chapter 3

Local Existence of Strong Solutions in
Bounded Lagrangian Domain

In this chapter, we prove the existence and uniqueness of a local-in-time strong solution to the exterior
Lagrangian equations (1.3.6) in a bounded domain (x,t) € [0, k] x [0,T] for each fixed k € N and a € (0,1).
This is done via the Picard iteration scheme where the non-linear equations are first linearised into a
collection of linear parabolic equations. Then the linear solution at each iterative step is obtained in
Theorem 3.4.1 and 3.4.3, using the Galerkin’s method. Consequently, we obtain high regularity energy
estimates, Theorem 3.4.2, 3.4.4, and contraction inequality, Theorem 3.5.1, for this set of iterative solutions.
Finally using Banach fixed-point theorem, we show there exists a time T, > 0 such that a unique solution
to the original non-linear equations (1.3.6) exists in the domain (x,t) € [0, k] x [0, T}]. The main difficulty,
in comparison to the case of Eulerian coordinate formulation, is that the second order differential operators
for the momentum and internal energy equations in Lagrangian formulation has quasi-linear coefficients.
To ensure ellipticity, one needs a careful analysis on the estimates for which each iterative solutions satisfy
with respect to time. This point is illustrated in Lemma 3.3.1 and Proposition 3.3.1 in Section 3.3. Finally,
we note that a good reference for the local-in-time well-posedness problem in Lagrangian formulation of the
full compressible Navier-Stokes equations can be found in [19], where the authors deal with the general 3
dimensional case with a mixture of periodic and free boundary conditions.

3.1 Main Statement: Local-in-Time Well-Posedness

For given initial data (vo, ug, ep)(z) in = € [0, k] with a fixed parameter k£ € N, our goal is to find a 7" > 0
such that the classical solution exists in the domain: (x,t) € [0,k] x [0,7"). To do so, we first rewrite the
system with a new set of unknowns:

T(z,t) = v(z, t)r(z,t)"™, u(z,t) = u(z,t), e(z,t)=-e(x,t).

The coefficient r(x,t) is defined by:
r(z,t) :==a —|—/ 7(y, t)dy.
0

Given an initial data (vo,uo,ep)(z) in = € [0, k], then with these unknowns, the full compressible Navier-
Stokes equations in bounded Lagrangian domain (2.2.16) is restated as the following Initial Boundary Value
Problem (suppressing the approximation index k € N):
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DtT — Dxu =0
m m—2 € €

DtU_,BDx(TDxU> + prr u—m('y— 1); - (’Y_ 1)DI(7)

T,m
Dte — /{D;p (TD:ve> in [0, ]{J] X [0, T],

Dy (r™u)|? Dy (r™
PO (1) — (- P
g . rmr (3.1.1)
where r(z,t) := a—i—/ 7(y,t)dy
0
u(0,t) = u(k,t) =0, Dge(0,t) = Dye(k,t)=0 for t € [0,T],
(7,u,€e)(x,0) = (vo(ro)” ™, uo, €0)(x)
x 1 for € [0,k].
where rg(z) := (a” —1—71/ vg(y)dy)
0

\

Theorem 3.1.1 (Local-in-time Existence of Bounded Lagrangian Problem). Given initial data
(vo, up, €p) € HQ(O, k) with Co_l <y < Cyp,

for some constant Cy > 0. Then there ezists a time T > 0 such that a unique classical solution (T,u,e) to
the problem (3.1.1) ewxists. Moreover, there exists a constant C' = C(Cy, T, a,k,3,v,n) > 0, such that the
following regularities are satisfied:

Ct<r™mr <O, for (x,t) €[0,k] x [0,T],

7€ C°([0,T]; H*(0,k)) N C* ([0, T); H'(0,k)),

(u,e) € C°([0,T]; H*(0,k)) N C*([0,T); L*(0,k)) N L*(0, T; H3(0, k)),
(Dge,u) € C°([0,T]; Hy).

Note that once the local-in-time solution (7, u,e€) is obtained, one can redefine:
xr
v(z,t) == r(x,t)"r(z,t) with 7(z,t) =a +/ 7(y,t)dy,
0

and a unique local-in-time classical solution (v,u,e) to the original problem (2.2.16) is recovered. The
proof for Theorem 3.1.1 is the main subject of this chapter. The outline is organised as follows: first, the
iteration scheme is introduced to reduce the non-linear system (3.1.1) to a set of linear Initial Boundary
Value Problems; next, we describe the suitable energy space for which each iterative solution belongs to;
then, using Galerkin’s method, the linear solutions are obtained and their higher regularity estimates are
derived; finally, we show that the iterative linear solutions satisfy contraction estimates with certain distance
function. As a consequence, the existence and uniqueness of a non-linear solution stated in Theorem 3.1.1
is obtained via the fixed-point theorem and its regularity is shown by the compactness argument.

3.2 Iteration Scheme

For the base case j = 0, we set: (u(o), e(o))(a:, t) to be the unique solution to the linear equations:
Du® — gD*u0 = ¢
Dyel® — ﬁDie(O) =0
u(0,8) = u®(k,t) =0, Del9(0,t) = DpeO(k,t) =0 for t € [0,00),
(@, @) (z,0) = (uo, e)(z) for = € [0, k.

in (x,t) € [0,k] x [0,00),
(3.2.1)
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Using base case solution (u(®), e(®)(z,t), we also define 7(9 (z, 1) to be:

7O (1) := 1o(a / Du®(z,s)ds and O (z,1) —a+/ 7O (y, 5)ds,
0

where . 1
To(z) = me’ with ro(z) := (an +n/ Uo(y)dy) -
0
Next, for the iteration step j € N: given functions
(ﬂa ’é/) = (uj—17 ej—l) € CO([Oa T]7 H2(07 k)) N Cl ([07 T]v L2(07 k)) N L2 (07 T7 H3(07 k))a

for each T' > 0, we define

T(x,t) = 1j_1(x,t) == 70(2 /Dxuxs ( |
3.2.2

r(z,t) =rj_1(z,t) ==a +/ T(y, t)dy.

0

One can chek that 7 € CO([O,T];HQ(O,k)) N Cl([O,T];Hl(O,k)), for each T' > 0. A function (u,e)(zx,t) is
said to be the next iterative step linear solution if it solves the following linear parabolic Boundary Value
Problem:

Dyu—L(w) = =(v = DDu(2) +mly = 1= O o)
N ) 2 om0 [0:K] < [0, 00),
Die — K(e) = ﬂw — 2umD, (T u?) — (v — 1)5%?) (3.2.3)
(u, Dge)(k,t) = (u, Dge)(0,t) = (0,0) for each t € [0, 00),
(u,e)(z,0) = (uo, e0)() for each x € [0, k],

where the operators L and K are given by

L(w) = BDx(ngw) — mBF 2y
(3.2.4)

K(w) := kD, (ngw>

The solution (u,e) to the system (3.2.3) will be obtained in the following sections below using Galerkin’s
method. Once the solution (u, e)(x,t) is given, we set u;(x,t) := u(x,t), ej(x,t) := e(x,t), and define:

7i(x,t) == 1o(x / Dyuj(x, s)ds (3.2.5)

In particular, 7;(x,t) satisfies the continuity equation:

DtTj - Da;uj‘ =0

3.3 Energy Space
We state the energy space, for which solutions of (3.2.2)—(3.2.5) belong to. Define the functional Elu, €](t)
to be:

Elu,e)(t) := sup {Iw. ), 9)IH2 + (D, Dee) (-, ) 172 }+

t (3.3.1)
+ /0 [(Dr, Die) ()20 + 11, €) (- 5)[12ps Hs.
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In what follows, we often use the notations Ey and E(t) to denote that Fy = E[ug,ep] and E’(t) =
Elu,€](t) for convenience.

Lemma 3.3.1. If (u,e) is such that Elu,e](t) < oo for each t € [0,00), then we have that for each
(2.1) € [0.K] x [0.0)

;

1
sup |7(-,5) — 75 "v0(")|oe < Ct(Elu,€](t))?,
0<s<t
1
sup ||Dy7(,8) — Dy1o()|| 12 < t(E[u, e](t)) z
0<s<t
sup | Dyt (-, 5) — Dymo(-) e < O3 (Elu, ¢](£))?,
0<s<t
sup [|D27 (-, 5) — D27o(-) 12 < £ (Efu, €] (1)) 2.
 0<s5<t

where C' > 0 is a generic constant from the Sobolev embedding theorem.

Proof. By definitions (3.2.5), we have:

7(x,8) — 10(2 /Dthqdq—/Dumq

Thus, taking L°°(0,%) norm and supremum over time s € [0,t], it follows that the Sobolev embedding
Theorem H'(0,k) < L>(0,k), and definition (3.3.1) that

t t
wpvm@mmuwwﬁgéumwﬂmwmwmscénaw@@Mﬂq

0<s<t
1/2
<t sup [lu(-, )|l < t(Efu. ().
s€[0,t]
We also have:
Dy7(x,s) — Dyo(x / D2u(z,q)d (3.3.2)

Taking L?(0, k) norm on (3.3.2) and supremum over time s € [0, ], it follows that

t
1/2
Sl[t)%]HDxT('aS) — Dam0()ll £2(0,1) S/O 1D2u(-, q) | 20 pyda < t(Elu, €](1))"”.
s€|0,

Moreover, Taking L*°(0, k) norm on (3.3.2) and supremum over time s € [0,t], we also get using Sobolev
embedding theorem that

sup D27, 8) = Dol 01 < (/|D2 \LMOkdq<<7/Wuﬂ a0 dg
s€|0,t

t /2
<CAmemmmwm<cwwﬂﬂmum@mmm) < CtY2(Eu, €] (1)) /2.

Finally taking another D, derivative on (3.3.2), we get:

Dir(z,s) — D2ro(x /Duxq
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Taking L?(0, k) norm and supremum over time s € [0,], it follows that

t
S%%]HD?UT("S) —Dg2c7'0(‘)HL2(0,k) S/o HD:%U(HQ)”L%o,k)dq
se|0,

t 1/2
Stl/Q(/{J ||Dgu(.7q)H%2(07k)dq> < t'2(Efu, e)(t))"*.
O

The implication of Lemma 3.3.1 is necessary to ensure the ellipticity of operators E, K defined in (3.2.4).
We summarises this in the following proposition:

Proposition 3.3.1 (The a-priori bounds). For a given constant My > 0, define Ty = To(My) > 0 by

. To T
Ty = To(Mp) := min {1, , } (3.3.3)
20 M) 20 My
where 7 = infyepop 70(2), To = SUPLepr T0(2), and C > 0 is the generic constant from the Sobolev
embedding inequality in Lemma 3.5.1. Suppose there exists a time Ty > 0 such that E[u, T|(Ty) < My, then

1 - 3
5T0 <7(x,t) < 570

a < 7(z,t) ga—i—??o

for all (z,t) € [0, k] x [0, min{Ty, Tp}],

and the operators I?, L satisfies the ellipticity:
{—(me) > B w2 o

_ for all w € H}(0,k) and t € [0, min{T,, Ty},
—(w, Kw) = kva| Dawl| 20,k

where v1 = v1(Cy, a, k,n) and vy = 1v5(Cy, a, k,n) are constants given by:

2a™ 3kTo\m— 2a™
Ci ’mlo( To)m 2} and 1/2:761 .
3’7’0 2 2 37’0
Proof. From Lemma 3.3.1, we have that for all (z,t) € [0, k] x [0, min{Tp, T%}]:
7 (x,t) — 7o(z)| < Ct(E[w, &))" < ctmy.
Thus it follows from the construction 3.3.3 that for all (z,t) € [0, k] x [0, min{Tp, T\ }]:

v = min{

1/2

1 1 ~
0< 570 < inf 7o) — 570 < 1o(x) — CMOI/2 o< To(x) — C’Mol/Qt < 7(x,t),

z€[0,k] W
T T To _ 3
7(z,t) < o(x) + CMol/zt < 7o(x) + OME}/QLW < sup To(x) + 70 < 25,
20M, 2€[0,k] 2 72

Next, 7(x,t) is defined in (3.2.2) as
(z,t) =a —|—/ T(y,t)dy.
0

we have that a <7 < a + 3k7o/2 for all (z,t) € [0, k] x [0, min{T},Tp}]. Using these inequalities, it follows
that for all w € H}(0,k) and ¢ € [0, min{T%, Tp}]:

k ~m k
~w.Lu)gs =8 [ =@ DawP @)+ ms [ F a0l ) da

. (2a™ m 3kTo\m—
Zﬁmm{?ﬁo, 205wl = Bua(n,ak, Co)lje.

The ellipticity of K can be shown in the exact same way. ]
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3.4 Linear Solutions via Galerkin’s Method

In this section, we consider existence result to the linear system (3.2.2)—(3.2.5). First we define the weak
solution to the linear system (3.2.3) as follows:

Definition 3.4.1. We say (u,e)(z,t) is a weak solution to the system (3.2.2)—(3.2.5) on the domain (x,t) €
[0, k] x [0,T], if it satisfies the following:

o u € L*(0,T;H}(0,k)), e € L*(0,T; H(0,k)), D € L*(0,T; H*(0,k)), Die € L*(0,T; H*(0,k))
where H=1(0,k) and H*(0,k) are respectively the dual space of H}(0,k) and H'(0,k).

e For each ¢ € Cl([O,T];H(%(O, k)) with ¢(-,T) =0, one has

k T rk
/ uo(x)e(x,0)dx / / u(z, t) Dypdadt+
0 0 0
T rk .=m
+ ﬂ/ / {TTDIUDxtp + W*Z?ugo}dwdt -1) / / )}gpdxdt
0o Jo T

e For each ¢ € C*([0,T]; H'(0,k)) with ¢(-,T) = 0, one has

/60( f”Odf”—/ /eDt¢dxdt+/<a/ /kmmD eDypdadt
= [ (P o P s s

3.4.1 Existence and higher regularity of «

In this section, we show the existence of a function u defined in Definition 3.4.1. This is done via the

Galerkin method. In what follows we denote C' > 0 as a constant which only depends on the parameters
C =C(Cy,B,7,a,k,n) > 0.

Theorem 3.4.1. Given a fized constant My > 0 and let Ty = To(My) > 0 be the time defined in Proposition
3.3.1 by:

. 7 7
To(My) = mln{l, 01/2, 01/2},
20 M? 200
where 7 = infycpop 70(T), To = SUP,epo T0(x), and C > 0 is some generic constant from the Sobolev

embedding inequality. If there exists a time Ty > 0 such that E(T*) = Elu, e|(Ty) < My, then for each given
T € [0,min{Ty, Tp}] there exists a function u(x,t) which satisfies the weak form in Definition 3.4.1 on the
domain (z,t) € [0,k] x [0,T1] with Ty = min{T,To}. Moreover u € C(0,T1; L?(0,k)) N L?(0,Ty; HE (0, k))
and Dyu € L?(0,Ty; H1(0,k)). In particular, the following estimate is satisfied:

T ~
sup fulla + [ {IDsul + fulls + 1 Deulfy-1 Yt <Clluols + CTE(T), (3.4.1)
<t< 0

for each T € [0, min{Ty, Ty}], where H1(0,k) is the dual space of H}(0,k), and C = C(n, 8,7, a,k,Co) > 0
s a constant independent of My, Ty, and T.

Proof. Let {¢i(x)}ien € C*(0,k) be an orthonormal basis of L?(0, k), which is also a basis for H}(0, k).
Such basis can be obtained by solving the following eigenvalue problem:

—D2p = \¢ for = € (0,k),
¢(0) = ¢(k) = 0.
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Now we consider a’;(t) to be the solution to the following system of ODE’s:

daév
dt

A I .
= —B; { <7¢ja ¢z) 12 + (7" 27¢ja ¢i)L2}aj (t) + (F> QSZ')L?’ (342>

aly(0) = (uo, #7) 2,

where I’ denotes: - -
e e
F:=(y-— 1){m? - Dm(:)}.

T

By the existence and uniqueness theorem of ordinary differential equations, there exists a unique solution
aly(t) € C1([0,Ty)) with T} = min{T%, Ty}, solving (3.4.2). Next, we define:

N .
un(z,t) =Y aly(t)di(x).
i=1

then by orthogonality of {¢;}icn, we have from (3.4.2) that

,,’;"m

(Dyun, ¢i)r2 + ﬁ(?DZ‘u]\h ¢§> 2t B *Fun, ¢i) 2 = (F, ¢i) 12 (3.4.3)

Multiplying both sides by a’(¢) and taking summation over i = 1,..., N, it follows that

nm

T _9~
(DtuN,uN)L2 —i-ﬁ(?DwuN,D;BuN)LQ —i—ﬁ(;’m 2’I'UN,UN)L2 = (F, uN)L2.

Hence using Hoélder’s inequality, Lemma 3.3.1, Proposition 3.3.1, integrating in time, and taking the supre-
mum, we get

2 pa™ T 2 B — \m—2 T 2
sup [[un (8|72 + 5= [ [[Dzun(-,t)|72dt + —14(2k70) lun (-, t)]|72dt
0<t<T 3 7o Jo 4 0

T o~
<Jux (: 0z + € [ [EC Ol adt < Juol: + CTE(D), (3.4.4)
0

where C = C(n, 8,7,a,k,Co) > 0, and we have used the fact that {¢;}; is an orthonormal basis in H?,
hence it satisfies the Bessel’s inequality:

N N
lun (- 0) 172 = 11D (w0, $i)12ill 72 = Y (uo, éi)72 < lluoll7e.
i=1 i=1

Now from the estimate (3.4.4), there exists u € L? (07 T; H'(0, k)) N L™ (0, T; L?(0, k)) such that:
uy —u in LQ(O,T; HY(0, k)), and uy S oin L% (0, T L*(0, k)). (3.4.5)

Next we show that: N
]%%%”DtUNH%z(QT;H—l) < O(|Juol? + CTE(T)),

where C = C(n, B,7,a,k,Cy) > 0. Let p(z) € HL(0,k) be a test function. Without loss of generality,
choose ||¢||z1 = 1. Since {¢;}ien is an orthogonal basis in H{ (0, k), we can approximate ¢(z) by

M

Jm SOOI ) — o) HAOR), where (90,0)ms = (6 9)12 + (Dat, Dat)

1=
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Using this, the equation (3.4.3) becomes

(Deun, )12 ——B( Douy, Dup) | = B *Fun @)z + (F,0)a. (3.4.6)

Hence, we have:

~ 1/2
(Deun (1), ¢)r2 < C(llunlys + E@)) ez rm).

Integrating the above equation in time, and using the estimate (3.4.4), we have

T ~
D sy = { [ (Drun.0, 0t | o€ 0.0, Nl =1} < Cllunls + CTED),
0

Now combining this estimate with the convergence (3.4.5), there exists a subsequence N — oo such that
Diuy — Dyu in L? (O,T; H=1(0, k)) where here we have denoted Dyu € L%(0,T; H-1(0,k)) as the weak
temporal derivative of u(-,t) in the space H~1(0, k), in other words

T T T
| xO@ 6 it =~ [N Oyt =~ [N O o),
0 0 0

for all y € C1(0,T) and ¢ € H}(0,k). Combining with the fact that u € L?(0,7T; HZ (0, k)), we have that
u € C(0,T; L*(0,k)) as a consequence of interpolation Theorem.

Finally, we prove that u indeed satisfies the weak form in Definition 3.4.1. For ¢ € C1(0,T; H}(0,k))
with ¢(-,T) = 0, approximating limps_,« Zi]‘il(go(x,t), V) (1 + X)) i(z) = ¢(x,t) in H(0,k) for each
fixed t € [0,T], where \; being the i-th eigenvalue, we have:

»m

(Drun (,8), 00, )12 = = B(Doun (1), = Dapl- 1)) |, = Blun (6,727l 1)) 1o+
F - D(mE = Da().0.0)

Using the convergence limy_so un (,0) = ug in L?(0, k), we have by integrating the above in time that:

T k

/ o(z)p(x,0)dr — / / uDypdxdt = lim / / Dyunedrdt
N—oo 0
__5/ u, = Dap) dt—B/ ) p2dt+

+m <—1>/0 Coobptt— -1 [ (Dx(i),so)pdt,

Hence we conclude the proof of this theorem. O

2’

Next we show that wu satisfies the higher regularity in terms of the energy norm (3.3.1). This can be
summarised into the following theorem, which will be proven with several lemmas.

Theorem 3.4.2. Given a fived constant My > 0 and Ty = IO(MO) > 0 as defined in Proposition 3.3.1.
Suppose there exists a time Ty, > 0 such that (u,€) satisfies E(Ty) = Elu, €](Tyx) < My, then the function
u(x,t) obtained in Theorem 3.4.1 satisfies the following estimates: there exists a polynomial z — P(z) such
that, for all T € [0, min{T%,To}|, we have

T
sup {JluC, ) + IDraC, )} + /0 (s + | Deull% + 1Dl Y (t)at

<CP(Ep) + CTP(E(T)) exp (CT?E(T)),

(3.4.7)
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where H=1(0,k) is the dual space of H}(0,k), and C = C(Co,a,k,3,v,n) > 0 is a constant independent of
My >0, Ty >0, and T, > 0.

Lemma 3.4.1. Suppose the assumptions of Theorem 3.4.2 hold, and let u(x,t) be the weak solution obtained
in Theorem 3.4.1. Then Dyu € L (O,Tl;LQ(O, k:)) and Dyu € LQ(O,TI;Hé(O,k:)) with Ty = min{T,, To}.
Moreover, there ezists a constant C = C(Cy,a,k,B,v,n) > 0 and a polynomial z — P(z) such that the
following inequality holds:

T ~ ~
sup || Dyl )22 + / | Do, 8)|2ndt <CEy + CTP(E(T)) exp (CT*E(T)),
0<t<T 0

for all T € [0, min{T}, Tp}].
Proof. First, for each small h > 0, we denote the difference quotient in time as:

x,t+ h) —u(x,t)
h

Ahu(z) = u

Let un(z,t) := SN aN (t)¢i(z) be the Galerkin approximation obtained in the proof of Theorem 3.4.1, it

i=1%
follows that up satisfies:

(Drun(+t), ¢i) 2 + 5<%D1UN('J)7 ¢;>L2 +mBF" 2 Fun (-, t), ¢i) g2 = (v — 1)<m§ — Dm(%):¢i>L2-

Operating Al to the above equation, multiplying the both sides with h=(aN (t + h) — al¥(¢)), and taking
summation in ¢ =1,..., N, we get:

(D, Atuy) |+ B(%= (.t + WA Doun (), Al Doun () |
£ (Tt WA N (), Alun()) |
= — B(Daun ( )ALFTF), AL Dun () |, = mB (un ()AL 7), Afun ()

+m(y = 1) (AF(FE), Atun () |, + (v = D) (AFGFTD), Al Daun()) |

L2

Integrating the above in ¢ € [0,T — h] for each small h > 0, then by Lemma 3.3.1, Proposition 3.3.1, and
Cauchy-Schwartz inequality we obtain the estimate:

1 v ¢ t
I8N OB + % [ aux(o5) Bds < Oy + A+ Bra [ unCoo)pds, (349
0 0

where C' = C(n, 8,v,a,k,Cy) > 0 and v1 = v1(Cp,a, k,n) > 0 is the constant given in Proposition 3.3.1 and
At p, Brp, Crp > 0 are given by:
T—h
Arai=C [ {18 DI + 1AL B fat.

— o~ 1
Bra=C sup {|AMEFE+ AR, G S lAfun (e
0<s<T—-h

We show that

limsup Ap, < CT(l + E(T)Q), lim sup By, < CE(T) and limsupCj < CEjp. (3.4.9)

h—0t h—0t h—0t+
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From the construction (3.2.2)-(3.2.5), we have:

71 (2 — (F ) (@ trho o gmely  gm
A?(?il’f’lm)(gj) — ( )( ,t+h})l ( )( ,t) — ]i/t (m _ —gDzﬂ)(x,s)ds.

T

Now using Lemma 3.3.1 and the Sobolev embedding theorem, it follows the estimate:

1 1 t+h _ B .
ARG ()] < n C||Dgu(-, s)|| grds < C’OquTHu(-,S)HHz < CE(T)"?. (3.4.10)

In the similar fashion, we also obtain that |AM(#27)(-)|o < CE(T)'/2, hence taking the supremum over
t € [0, — h], we have

limsup By =Climsup  sup {|A’;(?‘1F“)y§o + |AZ(?""”_27~')]§O} < Climsup E(T) < CE(T).
h—0+ h—0t 0<s<T—-h h—0*t

Next, we prove the statement for AT,h- First, we write:

1 t+h 1 t+h
AMFIe) = n ), D, (77 'e)ds = h/t { —7%eD,u+ 7 'Die}ds,

hence by Sobolev embedding theorem, it follows that:

T—h . T—h ,cr rt+h 9 _
/0 | A} G183 edt < / (7 / {1Ell 2 | Daill 2 + D@l 2} (s)ds) at < CT(1+ B(T)?).

In the same way, we also have :

T—h ~
/ |AG2)adt < €T (14 B(T)?).
0

It follows that limsupj,_,o+ Arp < CT(1+ E(T)). To bound the term Cj,, we observe that:

hm |A haly? =

(3.4.11)

daN ‘

hm HAOUN( )HL2 = hm HZ@

Recalling equation (3.4.6) in the proof of Theorem 3.4.1, and the fact that a’,(t) € C*([0,T]) it follows that:

daé\,
dt

(0) = (Dru (,0), )z =B ("S- Dlun (.0),5) , + B({Dalri187) = 2 bun (-, 0), )

+(v—-1) (mi—g + Dy (74 te), (]51)

L2

Substituting this into (3.4.11), and using the fact that {¢; };cy is an orthonormal basis in L2, one can employ
Bessel’s inequality to obtain that:

daN ‘2

hm HAOUN< HL2

> (3.4.12)

L2

)

<C|1"E DRuy (- )| + CIDa (73 18') = i *rodun(, O3 + Cm 2 + Do (2

<C|DZun(-,0)[I72 + Cllun (-, 0)[I72 + Clleol71-
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Now by the fact that —D2¢; = \;¢; and ¢ € HZ(0,k), it implies D2¢(0) = D2¢(k) = 0. Integrating by
parts twice, we get:

||D§‘UN(.7O)”%2 :(DguN(VO)vD?:uN(':O))Lz = (UN('vO)vD?cuN(WO))Ly

2, it follows that D2uy € Span{¢;};en. On the other hand, by the initial
data of t — a’(t), we have (un(-,0),¢i)r2 = (uo,$i)r2, Combining these facts, we obtain the following
estimate:

Since ¢; is eigenfunction of —D?

HD:%‘U’N(7 0)“%2 :(UN(a 0)7 D;:LUN<7 0))L2 = (Uo, DiuN(a 0>)L2

1 1
=(D2uo, Dun(-,0)) o < 5lIDuoll2: + 5| D2un (-, 0)|2

hence
|D2un (- 0 < |1D2uo|2 (3.4.13)

Substituting this back to (3.4.12), we get

lim Cp, = lim [|Abun(2)]22 < Clluoll3 + Clleol|?: < CEg (3.4.14)
h—0+ h—0+

Thus we have proved hlim+ Chn < CEy. With these estimates, (3.4.8) becomes:
—0

1. 14 !
3 lmsupl[Afuy ()| + € imsup [ (IAFDoun ()l + [ Alux ()2 ds
h 0

—0t h—0t

| (3.4.15)
<CEy+CT (14 E(T)?) + CB(T) [ ux(-5) s < oc,
0

where the right hand side is finite due to the estimate in Theorem 3.4.1. Thus we obtain the weak conver-
gence:

Aluy = Dyuy in L2(0,T;L%0,k)) and APuy — Dyuy in L0, T; HL(0, k),
t t 0

where Dyupy denotes the weak derivative of uy in time. By the weakly (or weakly-*) lower semi-continuity
of the Sobolev norm, it follows that

1 Lt ~ _ t
31Dl +C71 [ Do) ds < OB+ CT (14 BIY) + CET) [ lun(,9)lfnds,
Next, by fundamental theorem of calculus and the convexity of L?-norm we have

t t
[Doun (- 1) 2 <[[Deun (-, 0)|r2 +/ |1DeDyun (-, 5)| r2ds < || Dol +/ | Do Dyun||r2ds,
0 0 (3.4.16)

t t
lun (-, )l 2 <[lun (-, 0)] 22 +/0 IDrun (-, )|l 2ds < [luol72 +/0 [ Dyun (-, 5)|l L2ds,
where we have used the fact that D?uy € Span{¢;}icn as ¢; is eigenfunction of —D2, hence

HDCL‘UN(vo)H%? = (DIUN("O)vDIuN('vo))Lz = (UN(',O),—D§UN(',O))L2

1 1
:(u07 _DQQCUN("O))L2 = (DZ’U’O?DJCUN("O))L? < 5”“0”%2 + §”D£EUN(7O)H%2
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Combining (3.4.16) with (3.4.15):

t
| Do (- 8)[22 + O / | Do (- 5) | 3nds
0
. . t S
§0E0+CT(1+E(T)2) +CE(T)/ s/ 1Dy (-, 8')]|%: ds’ds,
0 0

Applying Gronwall inequality, we have:

/OtHDtuN(-, 8)[|2ds < C{EO + T<1 + E(T)Q) } exp (CT;E(T)).

Substituting this back into equation (3.4.12), we obtain the estimate:
T ~ ~
sup || Dyun(-,t)|%2 + C‘l/ | Deun (-, s)||3:ds < CEy + CTP(E(T)) exp (CT*E(T)). (3.4.17)
0<t<T 0

Hence by (3.4.17), convergence (3.4.5) in the proof of Theorem 3.4.1, and Fundamental Lemma of Calculus
of Variation, we have the weak convergence:

Dyuy = Dyu in L°°(0,T;L*(0,k)) and Dyuy — Dyu in L2(0,T; H (0, k)),

where Dyu is the temporal weak derivative of the weak solution u obtained in Theorem 3.4.1. Finally by
the weakly-star lower semi-continuity of Sobolev norm, the main estimate of this lemma is obtained. O

Lemma 3.4.2. Suppose the assumptions of Theorem 3.4.2 hold, and let u(x,t) be the weak solution obtained
in Theorem 3.4.1. Then we have u € L (O,Tl;HQ(O, k:)) with T1 = min{T},To} and in particular, there
exists a constant C' = C(Cy, a, k,B,7,n) > 0 and a polynomial z — P(z) such that the following inequality
holds:

sup [[u(-. 1) < P(Eo) + TP(E(T)) exp (CT?E(D).

for all T € [0, min{T}, Tp}].

Proof. We let uy be the Galerkin approximation constructed in the proof of Theorem 3.4.1. Since uy
satisfies the equation (3.4.3), The following can be attained by multiplying (3.4.3) with a’(¢) and summing
overt=1...,N:

wm N
B (7DmUN, DxuN> L2 + B Tun, un) 12

= (DtquuN)LQ +m(’7_ 1)(;7UN)L2 +(7_ 1)(§7D:EUN)L2

By Fundamental Theorem of Calculus in time, and Cauchy-Schwartz inequality we have:
t ~
I8¢, 0122 = Jleo(-) +/0 Die(-, s)ds||72 < 2|leol|72 + 272 S}é{;}HD{é(-,s)H%Q < 2Ey + 2T*E(T).
se|0,
Using the above estimate and Lemma 3.3.1, Proposition 3.3.1, we obtain that:

1Dzun (0122 + lun (- Ol Z2 < CllDeun |72 + Cllel|7

) )~ - )~ (3.4.18)
<||Dyunl72 + CEy + CT?E(T) < CP(Ey) + CTP(E(T)) exp (CT°E(T)),
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where in the last line, we used estimate (3.4.17) from the proof of Lemma 3.4.1. Next, Performing integration
by parts on (3.4.3), we also have

m

(Do, )12+ B(Da(e-Drun ), 61) |+ BE™Fuw, 600z = (7~ 1) (m& — Dol7~1), 1)

Next, we multiply the above equation with —)\iaév(t) and sum over ¢ = 1,..., N for A; being the i — th
eigenvalue of —D?2. Tt follows from Proposition 3.3.1 that:

3
82 |D2un3s < 3(= D2, Do), < < £ 2 D2un s + ClDoux s + Cllunliy + Y- 1
"~ 3419)
where Iy := C|€D,7|2,, I := C||D;7Dyun||3,, and I3 := C||€||%,,. We claim that
3
> I, < CP(Ey) + CTP(E(T)) exp (CT*E(T)). (3.4.20)
i=1

First, we estimate I;. Computing terms within the integral, by the construction (3.2.2)—(3.2.5) we have the
identity: D;(¢D,7) = D,7Dy€ + eD2%, hence it follows from Lemma 3.3.1 and Sobolev embedding theorem
that:

1Dy(€Da7) || g2 <(Co + V2 E(t)/*) || Deell 2 + Clle] | D3l 2-

thus, by Fundamental Theorem of Calculus and (3.2.2)—(3.2.5), we have:

t t

I ::||€Dx?(-,t)||%2 = [|Cohep +/ Dt(EDz?)(-,s)dsH%Q < CyoEy + 275/ HDt(’éDm?)(-,s)H%MS
0 0
<CoEy + t*CoE(t) + t*CE(t)* + t*CE(t)? =: CoEy + CTP(E(T)).

where z — P(z) denotes some explicitly known polynomial. Next, we estimate the term Ip. Again, by
(3.2.2)-(3.2.5), Lemma 3.3.1 and Sobolev embedding theorem, it follows that

|Di(Da7 Dy )| 2 (£) =||D2Dun + DyF Dy Dyuy|| 2 (t)
<C|D3a(, )l | Daun ()| 2 + (Co + 2 E()/?) | Da Dyun (- 1) 2-

Using Fundamental Theorem of Calculus, Cauchy-Schwartz inequality, estimate (3.4.18), and inequality
(3.4.17) from the proof of Lemma 3.4.1, we obtain:

2
I = | DDy ()3 = || CoDyun (-, 0) / Dy(D,7 D) 5)ds|

L2

~ 2
<Col| Daun (-, 0)[13: + C( / {IDZal 2| D | 2 + (Co + 51/ E(5)"/2) | Dy Dy | 12 }ds)
0
<Co||Dyuol|22 + CTP(E(T)) exp (CT?E(T)),

where in the last line, we used ||Dyun(-,0)||z2 < ||Dyuol|2 obtained in (3.4.13) from proof of Lemma 3.4.1.
Finally, we bound the terms I3. By Fundamental Theorem of Calculus, it follows that:

t t
Iy := ||e(-, t)||3: =||Dxeo +/ D, Dyel(-,8)ds||32 + |leo +/ Die(-, 8)ds||32 < 2Ey + 2T E(T).
0 0
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This concludes the proof for claim (3.4.20). Finally substituting estimates (3.4.18), (3.4.20) and using
(3.4.17) shown in the proof of Lemma 3.4.1, the inequality (3.4.19) becomes

B"’ HD? NGO+ [lun (D)2 < CP(Eo) + CTP(E(T)) exp (CT?E(T)).

Thus, using the weak convergence (3.4.5): uy — w in L?(0,7; H*(0, k)) proven in Theorem 3.4.1, it follows
the weak-star convergence: uy — u in L>(0,T; H%(0,k)). Consequently, by the weakly-star lower semi-
continuity of Sobolev norm, we obtain the main inequality of this lemma. O

Corollary 3.4.1. Suppose the assumptions of Theorem 3.4.2 hold, and let u(x,t) be the weak solution
obtained in Theorem 3.4.1. Then u € L>(0,Ty; H*(0,k)), Dyu € L>=(0,Ty; L?(0,k)) with Ty = min{T, Ty},
and we have for (z,t) € (0,k) x [0,T1] almost everywhere, the following equation is satisfied

. - -

Dyu(z,t) = BDI<%DIU) (z,t) — BF™2Fu(z, t) + m(y — 1);(95, £) = (y— 1)Dx(;)(a:,t).

Proof. Given test function ¢ € C2°(]0,71] x [0, k]), since u satisfies the weak form as proven in Theorem
3.4.1, it follows from integration by parts that

C(y—1 /Tl/ )}gpdxdt— /T/ Dtu+6D< D) + 67" Fu ) pdadt,

hence by the Fundamental Theorem of Calculus, we conclude the proof of corollary. O

Lemma 3.4.3. Suppose the assumptions of Theorem 3.4.2 hold, and let u(x,t) be the weak solution obtained
in Theorem 3.4.1. Then u € L? (O,Tl;HS(O, k:)) with Ty = min{Ty, Ty}, and in particular, there exists a
constant C = C(Cy,a,k,v,B,n) >0 and a polynomial z — P(z) such that

T -~ ~
/0 -, 8)|%adt < P(Eo) + CTP(E(T)) exp (CT?E(T)),

for each T € [0, min{T%, Tp}].

Proof. First since u € L*® (O,T; H?(0, k:)) N L (O,T; HE(0, k:)), by Sobolev embedding and trace theorem,
u € L>(0,T;C;(0,k)). For each fixed ¢ € [0,7] we extend u to the domain z € R\ [0,k] by setting
u(z,t) = 0. Denote A" to be the difference quotient in space:

w(z + h,t) —w(x, t).

AMrw(t) =

Then from Corollary 3.4.1, we have that for almost everywhere (x,t) € [0,k — h] x [0, 7]
-m
8= DA =ALDyu — BDNLF1F) = 8D AuDy(F71F) = BDuD AL(F )
=

B RA L+ Bul(FF) +m(y — DAL(S) - (7= DALD, (2)

Taking L?-norm in L2(0,k — h) on both sides of the equation and integrating in time, it follows that:

t rk—h 8 ¢
/ / 7 ARD2uPdads <) / Ids, (3.4.21)
0 Jo i=1 Y0

where we will indicate each term {I;};—1, . g as we proceed. First the following proposition is true:
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Proposition 3.4.1. For f(z) € C*(0,k), we have

k—h k—h B k
sup / Al fPde = sup / e th) = (@) 2y, / Dy f(2)Pda
h>0.J0 h>0.J0 h 0

Proof. By Fundamental Theorem of Calculus, and Jensen’s inequality, and Fubini’s theorem, we get

k—h k—h 1 k—h
/ AL f2de = / / Dy f(y)dy[2de < / / HD. 1) Pdyda,
0

h
_ [ ¥ 2 2 k— )2
= [P [ paras [ S Dawta < [ 10.5w)Pay

Using Proposition 3.4.1, Lemma 3.3.1, Lemma 3.4.1 and Theorem 3.4.1, I;, I», I3 can be estimated as
k—h t ok _ _
I ::/ / |A"Dyul?dads g/ / |D, Dyul*dadt < P(Ey) + CTP(E(T)) exp (CT*E(T)"?),
0 Jo 0 Jo
t rk—h t rk - ~
Iy = / / P2 F AP dzds < C / / |Dyul*dzds < OTP(E(T)) exp (CT*E(T)"?),
0 Jo o Jo
t rk—h t ok _
I = / / AP (F18) 2dads < / / 71D, — 7 27¢2dads < CTE(T).
0 Jo 0 Jo

For Iy, we first compute using Lemma 3.3.1 and equations (3.2.2)—(3.2.5):

sup  |ALGFETIE ()2 < 2m|Fm 2 + 217 2D, T2 < C(1 + Co + tE(t))
xz€[0,k—h]

Using this and Lemma 3.4.2, we have

t k—h t
I = / / |ALE17) D22 deds < / ARG (5) 2| D2u(- 8)|22ds
0 0 0
<CTP(E(T)) exp (CT*E(T))

For I5, using Lemma 3.3.1 and (3.2.2)—(3.2.5), we first note that

z+h
AP D, (7717 (¢)) —’h/ (m(m — 1)F" %7 —m7 7" D, T + 27T | D7) — %*Q?ng%)dy(

gc(l +tE(t) + h/ IDf;TI(y,t)dy),

Using this, and Lemma 3.4.2, I5 is then estimated by

t k—h
. / / | DyuD, AR F1) 2dads
0 JO

_ k—h a+h 9
<CTP(E(T))exp ( CT2 /]D u(-, 8))% / (llzf | D27 (y, 3)|dy) dads.

By the exact same argument used in the proof of Proposition 3.4.1, We bound the second term on the right
hand side of above inequality as:

k—h 1 $+h 9 2 1 k—h x+h 9~ 9 k 9~ 9
[ G [ o) ws g [ [ DR P < [ D20 Py,
0 T 0 T 0
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then using (3.2.2)—(3.2.5) and Jensen’s inequality, we have

k s "
/ | D272 dx—/ | D27(x) / D3u(x, q)dg|*dz < C’o—i—2/ s/ |D3%(y, q)|*dgdy < Co + sE(s).
0

Therefore it implies from the above inequalities, Sobolev embedding theorem, and Lemma 3.4.2 that:

t k—h 1 z+h 2 t ~
[tk [ (5 [ D2 lan) ads < ¢ sup u o)l [ (Co+ sEGs))as
0 0 x s€[0,T7 0
<CTP(E(T)) exp (CT*E(T)).

Substituting this back into the estimate of I5, it follows that: Ir < CTP (E‘(T)) exp (CT2E'(T)). Next, we
estimate the term I and I7. Using Lemma 3.3.1, Proposition 3.4.1, and Lemma 3.4.2 we get

k—h "*rn k—h
I = / / Do (=) Dy Alu(z, 5)Pdeds < / il gmE-2p 2 / Dy A (e, 5)2dads
0
SC/ (1+Co+8E(8))/ ]Dgu(x,s)dedsSTP(E(T)) exp (CTZE(T)),
0
k—h
I; —/ / [uARFF2) (2, 5))| 2dxds</ [{(m —2)r™~ 3572 472D o7} () 2 JJu(-, 8)|132ds

SC/O {1+ Co+sE(s)}||u(-, )||22ds < TP(E(T)) exp (CT*E(T)).

Finally we estimate I3 using Proposition 3.4.1, Lemma 3.3.1
t k—h t k 2~ ~|2
~ D D ~ D
Is ;:/ / |Ah D, (7718)[2dzds < / / ( 28 ol 337‘ e TD ¢ — 7 %D ) deds
0 Jo 0 J0 T T

<TP(ED) +C [ B0 5) [ Fads

The last term on the right hand side of above equation is estimated by (3.2.2)—(3.2.5) as follows
ID27C, )l =ID2r) + [ DR, o)l < 21DomlRs +25 [ IDETC, o)y < 260+ 25E(s)

Substituting this back into the estimate of Ig, it follows that Iy < TP(E(T)). Summarising all the estimates
of I1~Ig into (3.4.21), using Lemma 3.3.1, it follows that:

t rk—h _ -
/ / |AD2u|?dzds <P(Ep) + CTP(E(T))exp (CT?E(T)),
0 Jo
hence we have the weak convergence: 1o ;_p) Al'D2y — D3u in L%(0,T; L?(0,k)), where Ljo,k—n) () denotes
indicator function on the spatial coordinate with the set x € [0,k — h] and D3u € L?([0,T] x [0, k]) is the

spatial weak derivative of D2u. By weakly lower semi-continuity of the Sobolev norm, we obtain the desired
estimate of this Lemma. O

Lemma 3.4.4. Suppose the assumptions of Theorem 3.4.2 hold, and let u be the weak solution obtained in
Theorem 3.4.1. Then D?u € L? (O,Tl;Hfl(O, k:)) with Ty = min{Ty, Ty}, and in particular, there exists a
constant C = C(Cy, a, k,v,B,n) > 0 and a polynomial z — P(z) such that

[ 108010 < PG + CTR(ED) exp (CTE(D)),
for each T € [0, min{T\, Ty}], where H=*(0,k) is the dual space of H(0,k).
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Proof. Denoting Al as the difference quotient in the temporal coordinate defined in the proof of Lemma
3.4.1. By Corollary 3.4.1, we can take difference quotient on the momentum equation to get that for almost
everywhere (z,t) € [0,k] x [0, — h] and get:
-m
A} Dy =D, (Doudd{(F7'7™)) + BD. (= Al Dou) — Bulsy (7 —2)
— B ATu A m(y — DAFFTE) + (v = DATDL(71e)

Multiplying both sides of the above equation with ¢(z) € Hj(0, k) such that [|¢[|3;, = 1, we have using
Lemma 3.3.1 and integration by parts:

3
(¢, APDyu) 1, <Y . (3.4.22)
i=1
By Lemma 3.3.1, equations (3.2.2)—(3.2.5) and Lemma 3.4.1-3.4.3, we have that:

- S 1 t+h
I =BT 7" oo | AL Dyul| g2 + BIF™ 7| oo | Aful 2 < Ch/ [ Dyu-, s)|| rds,
t

I == AL G Ololl Dot )l 2 + [AREF™2) Olcllul, Dl 2 < CET)2[fu, )11,
Iy =AM + AL G2 < CE(T)Y2 + CE(T).

Substituting the estiamtes for I;—I3 into (3.4.22), using Minkowski’s inequality, Cauchy-Schwartz inequality,
Lemma 3.4.1-3.4.2, we get:

T—h b T—h b 9 L
/0 HAt Dtu('at)Hilfldt = sup { /0 (()Da At Dtu('7t))L2dt S H07 H‘PHHl = 1}
<P(Ey) + CTP(E(T)) exp (CT*E(T)).

Hence, we get the weak convergence: H[O,T,h}Athu — DZy in L%(0,T; H-1(0,k)) as h \, 0, where D?u
is the temporal weak derivative of Du in the space L%(0,7; H~'(0,k)). Finally, by weakly lower semi-
continuity of the Sobolev norm, we obtain the main inequality of the lemma. O

3.4.2 Existence and higher regularity of e

Using the function u(x,t) obtained in the previous section, we prove the existence of weak solution e(z,t)
as well as its higher regularity estimates.

Theorem 3.4.3. Given a fized constant My > 0 and let Ty = To(My) > 0 be the time defined in Proposition
3.3.1 by:

. T 7
To(My) = mln{l, 01/2, 01/2},
20 M 20 M)
where 7o = infyepon 70(2), To = SUPLcpr T0(2), and C > 0 is the generic constant from the Sobolev

embedding inequality in Proposition 3.53.1. If there exists a time T, > 0 such that (u,€) satisfies E(T*) =
Elu,€](Ty) < My, then there exists a function e(z,t) which satisfies the weak form in Definition 3.4.1 on the
domain (z,t) € [0,k] x [0,T1] with Ty = min{T%, To}. Moreover e € C(0,Ty; L*(0,k)) N L2(0,Ty; H*(0,k)),
and Die € L*(0,Ty; H*(0,k)) where H*(0,k) is the dual space of H*(0,k). In particular, there evists a
polynomial z — P(z) such that the following estimate is satisfied:

T
&mwmm;+/{wm@+um%4@w
0<t<T 0

<|leo|2> + CTP(E(T)) exp (CT (1 + TE(T))),

(3.4.23)
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for each T € [0,min{T, Ty}, where H*(0,k) is the dual space of H*(0,k), and C = C(Cy,a,k,3,7,n) >0
s a constant independent of My > 0, Ty > 0, and T, > 0.

Proof. Let {¢;(x)}ien C C*(0,k) be an orthonormal basis of L?(0, k) that it is also an orthogonal basis of
H1(0,k), and in addition it satisfies the boundary condition 9/(0) = 9/(k) = 0 for all i € N. Such basis can
be obtained by solving the following eigenvalue problem:

—D2) = \ip for = € (0,k),
Dyip(0) = Dyyp(k) =

We consider a’y(t) to be the solution to following system of ODE’s:

daN _ —HZ( ¢],¢> N+ (G ) 2,

GT}V(O) = (607 wi)L%

(3.4.24)

where G is defined by

D 2 €
M (= D)= D, (F™u) — 2mu Dy (7 ). (3.4.25)
T

By Proposition 3.3.1 and Theorem 3.4.2 from the previous section, we have that for each T' € [0, max{Ty, T} }]

and ¢t € [0,T): .
(T o), 1<

Hence, by the existence and uniqueness theorem of ordinary differential equations, there exists a unique
solution a;(t) € C1([0,T1]) with 71 = min{Tp, T%.}. Now we define:

(a + 3k?0/2)m

7-‘1P”(-,1£)|OO <C
To

< C < o0.

ay ()¢ (w)

i
] =

i=1
then by the orthogonality of {t;};cn, we have from (3.4.24) that

nm

(Dyen, i)z + n(%DxeN,ng)Lz = (G, i) 2 (3.4.26)

Multiplying both sides by a’(¢) and taking summation over i = 1,..., N, it follows that

i

7
(Dien,en)r2 + H(?D16N7Da:€N>L2 = (G,en) 2,

hence by Proposition 3.3.1, we have:

1d

2a™ 2 1 2 1 2
g qilewColEe + 5=~ Deen( Dl < SIGC Dl + Glen( 1)

Applying Grénwall Inequality, and Bessel’s inequality on [len(-,0)]|3, < [leg||7., we get:

sup flew ()2 < exp(T/2){ lleoll2 + T sup IG(, 013 }.
0<t<T 0<t<T
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Integrating (3.4.26) and substituting the above estimate, we have

Jen(C. D)+ 2 / IDsexlfadt < (14 Texp(@/2){llollfo + T swp |GCOIE}, (3427

To estimate [|G(-, )|l oo (0,112 (0,k))> We apply Sobolev embedding theorem, Lemma 3.3.1, and Theorem 3.4.2,
to get

1Gl2 < Clulosllull 2 + lulosl| Dot 2 + | Datloc|| Dol 2 + [Eloclull i} < P(E(T)) exp (CT*E(T)),

where C = C(Cy, a, k, 3,7,n) > 0 is a constant. Thus substituting this estimate into (3.4.27), it follows that
SUPTH@N( )17 +/€/ IDzen (- 1)l[72dt < fleoll2 + TP(E(T)) exp (CT(1+ TE(T))).  (3.4.28)
0<t<

Thus for a fixed T} = min{T}, Ty}, there exists a subsequence {ey}nen such that
ey =e in L*(0,T1;L*(0,k)), Dgeny — Dge in L*(0,Ty; L*(0,k)). (3.4.29)

By weakly (and weakly-*) lower semi-continuity of Sobolev norm, we have:

sup |le(:, )”L2+H/ 1Dae (-, t)|[72dt < [leol|Z + TP (E(T)) exp (CT (1 + TE(T))),

0<t<T

for all T' € [0, min{T%,Tp}]. Next we show that:

sup | DiexlFago i) < Cleallfa + CTP(B(T)) exp (CT*E(T)),

where C' = C(Cy,a,k,B,v,n) > 0. Let p(x) € H'(0,k) be a test function. Without loss of generality,
choose ||¢|| 1 = 1. Since {1; };en is an orthogonal basis in H'(0, k), we can approximate ¢(x) by

M
hm (w% (P)Hl

Moo & T4 A, Yi(z) = (x) in HY0,k), where (¢i,0)m = (i, ¢)r2 + (Dathi, Dup) 2

Using this, the equation (3.4.26) becomes

-m

-
(Dyen, @)z = —n(7pxeN,nga)L2 + (G, @) e (3.4.30)

Hence, with estimate (3.4.28) we have:

(Dien(+8). )12 < CllDaen 12 + C/P(E(T)) exp (CT2E(T)).
Integrating the above equation in time, and using the estimate (3.4.28), we have
2 g 2 1
HDtBNHLZ(O,T;H*) :Sup{A (DCCeN('at))SO)Lth ‘ 90€H (ka)v ||90HH1 = 1}
T ~ ~ ~ ~
<C / {IIDsen?: + P(E(T)) exp (CT2E(T)) bat < Clleo |3 + CTP(E(T)) exp (CT2E(T)).
0

Now combining this estimate with the convergence (3.4.29), we have Diey — Die in L2 (O,Tl;H*(O, k:)),
where here we have denoted Die € L%(0,Ty; H*(0,k)) as the weak temporal derivative of e(-,¢) in the
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space H*(0,k). Finally, we prove that e indeed satisfies the weak form in Definition 3.4.1. For ¢ €
Ol (Oa Tl; Hl(ov k)) with 90(') Tl) =0. Approximating hmM—>oo Zi‘il(@(.ﬁ, t)a %)HW(JC) = QD(Z‘, t) in Hl (07 k)
for each fixed t € [0,T}], we have:

m

(DteN('vt)?(p('7t))L2 - _"'f(Da:eN('?t)v = Dl‘gp( )>L2 + (G('vt)? (p('7t))L2'

Using the convergence ey (-, 0) — eg(+) in L?(0, k) we have by integrating the above in time that:

T k Tk
/ o(x)p(z,0) dx—/ / eDypdxdt = hm {/ eN(O,J;)go(O,x)dx—/ / eNDtgodxdt}
0 N=oo L Jo 0o Jo

T Fm Th
= lim / Dienpdxdt = —m/ (Dxe, TD:ESD> dt+/ (G, p)2dt.
0 0 T L2 0

N—oo 0
Hence we conclude the proof of this lemma. O

Next we show that e satisfies the higher regularity in terms of the energy norm (3.3.1). This can be
summarised into the following theorem, which will be again proven with several lemmas.

Theorem 3.4.4. Given a fized constant My > 0 and Ty = To(Mp) > 0 defined in Proposition 3.3.1.
Suppose there exists a time Ty, > 0 such that (,¢) satisfies E(T,) = E[t,¢(Ty) < My, then the function
e(xz,t) obtained in Theorem 3.4.3 satisfies the following estimate: there exists a polynomial z — P(z) such
that for all T € [0, min{Ty, T }], we have

sup {lleC-, )12 + | Dee, ||L2}+/ {llellFs + 1 Deell 7 + [ Dl } (t)de
0< (3.4.31)

gop(Eo) + CTP(B(T)) exp (CT(1 + TE(T) + T? exp(T)E(T)>),

where H*(0,k) is the dual space of H'(0,k), and C' = C(Cy,a,k,B,7v,n) > 0 is a constant independent of
My >0, Ty > 0, and T, > 0.

Lemma 3.4.5. Suppose the assumptions of Theorem 8.4.4 hold, then we have D:e € L*° (O,Tl;L2 0,k )
and DyDie € L*(0,T1; L*(0,k)) with Ty = min{Ty,Ty}. In particular, there exists a constant C =
C(Co,a,k,B,v,n) >0 and a polynomial z — P(z) such that the following inequality holds:

T
sup | Dren (- t)|2% + O / |DaDien(-,5)[2ads
0<t<T 0

<COP(Ey) + TP(E(T)) exp (CT(1 + TE(T) + T2 exp(T)E(T))),

for each T € [0, min{Tp, T+ }].

Pmof First, for each small h > 0, we denote A} as the difference quotient in time. Let ey(x,t) :=
ZZ Lal¥(t)1i(x) be the Galerkin approximation obtained in the proof of Theorem 3.4.3. Operating Al to
the equation (3.4.26) for which ey satisfies, multiplying both sides with h=!(a (¢ + h) — al¥ (t)), and taking
summation in ¢ = 1,..., N we have:

7,.")77,
7":

(DtA?eN, AfeN)LQ + /{(

_ H(DxeN(',t)A?(?ilgm)? A?DxeN(‘))L (AhG Alen(- ))

(st + A Daen(), Al Dyen())

L2

L2’
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By Lemma 3.3.1, and Proposition 3.3.1 for ¢ € [0,T — h], we obtain the estimate:
S Slaben ()3 + 5 ||AhD ex( 03 < CE(T)| Daen|2: + (LG, Alley) (3.4.32)

where we have used the estimate |A!(77 )|, < CE(T)Y/? which was obtained as (3.4.10) in the proof of
Lemma 3.4.1. Next, we aim to show that.

~ ~ ka™ 1
(Aga, AfeN)L2 < CP(E(T)) exp (CT2E(T)) + E?OHA;ZDxe”iQ + 5 lAfel?

First, recalling the definition of G in (3.4.25), applying A} to it, we have AMG = Z?:l I;, where

1 =Dy ()P, DAL (T ) = (= 1) D (), 1) (77 ) (4 ) AR
— (v = D&, t) Dy (7™ ) (z, ) AL Fm71),
D, (qu)(

P st YDA ) + BD (), t)~17~_(x £+ B DL AR ™),
Iy = — (y = 1)@ ™7 Y (x,t + h) D A u),

Iy == — 2muD, AP (7 1?)

IQ I:B

For I, using Sobolev embedding theorem, Lemma 3.3.1, and (3.2.2)—(3.2.5), it follows that

AT )] < / |—mi ™ F 0 — 72D, oo (s)ds < CE(T)Y?,

| Dy (7" )| 0o =|mr™ Fu+47 7" Dptt| oo < Clul| g2,

3.4.33
IDu W)l 12 <70 + 7 Dyl 2 < Clull (3.4.33)

~ 1 t+h _ "
Al <y [ IDEC9laeds < CE(T)2,
t
Using these to estimate each terms in ||1|7,, and applying Theorem 3.4.2, we have:

1 ~ ~ 1
(I, Ale),, <2|L72 + gHA?eH%Q < CP(E(T)) exp (CT?E(T)) + gHA?eniz.

Next, we estimate I>. Only the second term in Iy will be considered in the following analysis as the first
term only differs by a translation in time. First, we note that using Theorem 3.4.2, Lemma 3.3.1, relations
(3.2.2)—(3.2.5), and the Sobolev embedding theorem, we get:
1D )| 2 <C(Co + T2 E(T)?)|[u] 2,
1A )l 2 <C(E(T)|lull 2 + |Deull 2),
Do (77 oo =|—mi " + 7 F DA < C(1+ Co + TV2E(T)Y?),
|At €los SCHAt@HHl'

(3.4.34)

Next integrating by parts in space on I, using (3.4.33), (3.4.34), and the boundary condition APu(0,t) =
Aru(k,t) =0, u(0,t) = u(k,t) = 0, it follows from Theorem 3.4.2 that:

(I, Ale) 2 < CP(E(T)) exp (CT?E(T)) + EqutheuLQ + f||A fel2,.
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By the similar token, using u(0,¢) = u(k,t) = 0 and APu(0,t) = Alu(k,t) =0, I3 can be estimated by:

(I3, Ale) 2 <P(E(T)) exp (CTQE(T)) + TS*HAhD el + HA rell2.,

where we have used estimates (3.4.34) and Theorem 3.4.2. Finally I can be estimated similarly as follows:

(Iy, Ale) 2 —2mu/ Al( D Aledx < C||ANF™ 2|2, + HD Ale|2,
<P(E(T))exp (CT*E(T)) +E IIA"D el7a +*||A elliz,
where we used the estimate:
h 1 [t 2~ 2 1 T 1/20), 112
|Ag (7 u?) || < h/ [(m — )7 25? + 27 uDyul| 2ds < CE(T)Y?||ull31 + Cllull g | Deul| 2

Now summarising the estimates for I1—I4, we have:
4 m
h 7 27 ka h 2 Loaho2
(A}G, Aten) . =Y (Ii,Alen) » < CP(E(T))exp (CT?E(T)) + g;ouAt Dyel72 + 5l Atz
=1
Hence substituting this back into estimate 3.4.32, it follows that
~ ~ ~ 1
HAt en ()72 + HMD en(t)l[72 < CP(E(T)) exp (CT*E(T)) + CE(T)|[ Daen|72 + 5 [ AfellZ2,

2dt

By Gronwall lemma, it follows that

. . . t
|afel2s < exp(T){ [ Akexl3s + CTP(E(T)) exp (CT2E(T)) + CE(T) /0 |Dsen (-, ) [Fads ).

Now integrating (3.4.32) in time and substituting the above into it, we obtain:

T t
sup [|afen|F: + [ 6! Daenadt <O + Texp(T){ [ Afenle + B@) [ |Dsenlzds)
0<t< 0 0

+ CTP(E(T)) exp (CT (1 + TE(T))). (3.4.35)
Next, we show that limsup||Afen||2, < CP(Ep). First, we observe that since {t;}; is an orthonormal basis
in L%(0, k): m
N ' N dai
i el = i (3o = 3 i [5G = D N2 (3.4.36)

Recalling equation (3.4.26) in the proof of Theorem 3.4.3, and the fact that a’(t) € C*([0,T]) it follows
from integrating by parts, and the boundary condition ¢’(0) = v¢’(k) = 0 that:

i
da’y

dt (O) = (DteN(" O)a ¢i)L2 = K(%D:%GN(" 0)7 ¢z) 2 + /i(Dx(T(;lTBn)eN('a 0)7 ¢1)L2 + (G(’ 0)7 d}i)LQ

Substituting this into (3.4.36), and using the fact that {1; };en is an orthonormal basis in L?, hence one can
employ Bessel’s inequality to get that:

Tim [[Albex |2 < ClID2ex(,0)3 + Cllml3a llex (,0) 3 + C ol + lleollp)uoly, (3437
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where we have used the estimate

_ _ ri €0 €0
IG(, 0)|| 2 =Bllm®rg" *roug + 2mrg" 'uoDyuo + 700|DxuOl2llL2 + (- 1)||70D”“0 " mTOUOIILaJr

m—2

+ 2mpl|(m — 1)rg**roug + 215" tug Dauol 2 < C([luoll7n + lleollF) l[uoll 3

Now by construction, we have that —DZ21; = \jib; and Dyp;(0) = Dyp;(k) = 0. Integrating by parts twice,
we get:

N
”DieN(7 O)H%ﬂ = (DgeN(a 0)7 D%GN(', O))L2 = (6]\[(', O)v Z A?(eoa ¢z)L21/h> L2.
=1

By the initial data of t — a’;(t), we have (en(-,0),%;)r2 = a’(0) = (ep,?;)r2. Thus reversing the above
argument with the boundary condition D,e(0) = Dy eo(k) = 0, we obtain the following estimate:

N
1 1
|D2en (-, 0)[32 = (co, Y2 Me(eo,wi)p2t) , = (D2eo, Dien(:,0) 2 < 5lID3eollfz + 5 I D2en(- 0)l132,
i=1

hence ||DZen(-,0)|[3, < |[[D2egl|7.. Furthermore we also get |len(-,0)|[22 < [leo||7. by Bessel’s inequality.
Thus substituting these back to (3.4.37), it follows that 1im+HA6‘eN(x)H%2 < CP(Ep). In summary, (3.4.35)
h—0

becomes:

T—h
sup [ Abey2s +C1 / | AR D e |2adt
0<t<T—h 0

<CP(Ep) +TP(E(T))exp (CT(1 + TE(T))) + C(1 + Texp(T)) E(T) /0t||DmeN(-, s)||22ds < oo.

The right hand side of above inequality is uniformly bounded for T' € [0, min{7},Tp}] and h € (0,1) due to
the estimate obtained in Theorem 3.4.3. Therefore, by the same argument as in the proof of Lemma 3.4.1,
there exists a subsequence h N\, 0 for 71 = min{T}, To}

L7 —nAfeny = Dien in L™ (0,Ty; L*(0,k)),
Ljo7,—nA! Deeny — DDy in L*(0,T1; L*(0, k).

where D;en and D, Diepn are respectively the temporal weak derivative of ey and D,en. Moreover by the
weakly (and weakly-*) lower semi-continuity of Sobolev norm, we get:

t
HDteN(',t)HQLQ‘l—Cl/ | D Dien (- s)|72ds
0 (3.4.38)

<CP(Eo) + TP(E(T))exp (CT(1+TE(T))) + C(1 + Texp(T))E(T) /;HDJC@N(., s)||2ds.
Now by Fundamental Theorem of Calculus, it follows that:

IDaenC.)lEs < (IDaenC.0lie + [ 1D:Drent0llieda)” < 2Ducalfs + 25 [ 1D Drenads
where in the last line we have used the following estimate: by the facts that basis 1; satisfies the boundary
condition D,1;(0) = D,;(k) = 0, eigenvalue equation —D21); = \;¢);, the initial data satisfies the boundary

condition D;ep(0) = Dyeg(k) = 0, and the construction (en(-,0), ;)12 = (eo, i) 2, it follows that

1 1
||D$6N(70)||%2 :(BN('aO)v _D:%QN(VO))LZ = (D:L‘eOwDIeN('?O))i < §||D9360H%2 + g”DieN(?O)”%Q
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Substituting this back into (3.4.38), we have the inequality:
t
IDeeot)IE: + 071 [ IDaDien(,9)ads
0
. . . t S
SCPG%)+CTPG%T»emﬂCTCL+TEGUD+%X1+IbmxT»EGU/Ti/”DﬂLﬁN@qM§dmb
0 0

Therefore by Gronwall Lemma for integral inequality, it follows that:

T
sup | Dren(,0)]2a +C1 / |DaDreny (- 1)) adt
0<t<T 0 (3.4.39)

<CP(Eo) + TP(E(T)) exp ((JT(1 +TE(T) + T? exp(T)E(T))).
By the same argument as in the proof of Lemma 3.4.1, there exists a subsequence in N — co such that
Diey = Die in L°°(0,T;L*(0,k)) and D,Djen — D,Die in L*(0,T;L*(0,k)),

where e and D, e are the weak solutions obtained in Theorem 3.4.3. Finally, by the weakly and weakly-star
lower semi-continuity, we obtain the desired estimate for e and D, e stated in the lemma. O

Lemma 3.4.6. Suppose the assumptions of Theorem 3.4.4 hold, then we have e € L™ (O,Tl; H?(0, k)) with
T) = min{Ty,Tp}. In particular, there exists a constant C = C(Cy,a,k,B,v,n) > 0 and a polynomial
2+ P(z) such that the following inequality holds:

sup [le(-,)]|%2 < P(Eo) + TP(E(T)) exp (CT(l + TE(T) + T? exp(T)E(T))),
o<t<T

for each T € [0, min{Tp, T+ }].

Proof. Let en(x,t) be the Galerkin approximation obtained in the proof of Theorem 3.4.3, then we recall
that ey (z,t) satisfies (3.4.26). Multiplying (3.4.26) with a’y(¢) and sum over i = 1,..., N it follows by
Lemma 3.3.1 that:

4K2 g™ rm
Sl Daenlfe < n(=Duen. Deew) |, = (= Diew +Guen) s < |=Dien + GlE2 + llen|2
0
<|G|1%> + P(Eo) + TP(E(T)) exp (c:r(1 + TE(T) + T? exp(T)E(T>)), (3.4.40)

where in the last line we have used Lemma 3.4.5 and Theorem 3.4.3. Next integrating by parts in space
and using the boundary condition }(0) = ¢.(k) = 0 for each ¢ € N, hence D,en(0,t) = Dyen(k,t) = 0,
equation (3.4.26) from the proof of Theorem 3.4.3 becomes

~m

(Drexs i)z = (D (5 Doen ) )+ (Goti) o

Since —D21; = A\;j¢b;, multiplying the above with \;a’(t) and summing over i = 1,..., N, we have by
Proposition 3.3.1 and Lemma 3.4.5:

2k a™
3 To

— ka™
<CIDA(F"F ) Dsenlts + CllDrenlfa + CIGIE: + 5 T |D2ena.

rm ~
||Dg€N||%Q < K(7D26N,D§EN>L2 = —K(D;p(T lf“m)DgceN,D:%BN)L2 + (DteN — G,DieN)
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Thus reordering the terms, and by Lemma 3.4.5, we get:
K a™ ~ ~ ~
5?—0||D§6N||2L2 < P(Ey) + TP(E(T)) exp (C’T(l L TE(T) + T2 exp(T)E(T))) YL+ D, (3.4.41)

where I1 := ||G(-,t)[|3; and I3 := || Dy (77 ') Dyen||3.. We estimate the term Iy first. By the Fundamental
Theorem of Calculus and Cauchy Schwartz Inequality, we have:

t
b= |G =216, 0) [ + 2t [ IDG(5)[ad (3.4.42)
0

Next, using relations (3.2.2)—(3.2.5) and Lemma 3.3.1, we have:

| Dy (7" 1) oo :\m?m_l?u + 7" Dyt oo < Cllull g2,

| Dy (7 u)|| 2 =|lmi™ "u + 7" Dyul| g2 < CE(T)?||ul g2 + C|| Dyul| 12,
-~m
r

|De Do (7™ u) || 12 Sllm(m — 17270l 2 + |mF™ (uD,a)|| 2 + |mi™ " (@Dyu)| 2 5.0.13)
+ Hm?’”*l?Dtqu + || Dy Dyul| 2 < C(E(T)1/2||u|yH1 + ||Dtu||H1), o
|De (77 Y g2 =||—mi ™5 — 72D 12 < Ol i < CE(T)Y?,

1D2 D7~ a?) | 12 SCE(T )1/2HU’HH1 + Cllull g | Deul| -

Now computing D;G according to the definition (3.4.25), and taking L?(0,%) norm, it follows that from
(3.4.43) and Lemmas 3.4.1-3.4.2 that

t ~ ~ ~ ~
/ IDyG||72ds < C(1+ || Dyu||3)P(E(T)) exp (CT?E(T)) < CP(E(T)) exp (CT*E(T)).
0
where we used Theorem 3.4.2. Hence substituting the above inequality to (3.4.42)
t ~ ~
b= |G < 216603 + 2t [ IDG( 5)[ads < P(EY) + TPET) exp (CTE(T)). - (3449
0

As an immediate consequence of this estimate we get from (3.4.40) that:

sup || Daen (- 1)|22 < CP(Eo) + TP(E(T)) exp (CT(1 + TE(T) + T? exp(T)E(T))). (3.4.45)
0<t<T
Next, we estimate I := || D, (77~ ') Dyen||2,. By Fundamental Theorem of Calculus in time, we have:
' ()4
Ir < 2| Dy (rB' 7 V) Daeol| 22 + 2t/ | Dy (D (77 1) Dyen) ||22ds < P(Eo) + 2t/ Zﬂ (3.4.46)
0

The term Iél) can be estimated by using Lemma 3.3.1 as:

1Y =|| DDy (77 1) Dyenllze < |@Dsenllzz + |iDs7Dyen 2 + | DsiiDy7 Daen|l 12 + | DZiDgen || 2
<CE(T)*(Co + T2E(T)"?)||Dsenl 2 + C|| Daen|l 2|l s,

(2)
2

and similarly, I,~ can be also estimated as

I = ||(mim=! — 727D, 7) Dy Dyen |2 < C(Co + TY2E(T)Y?)|| Dy Dyen|| 2,
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Substituting Iél), 12(2) into (3.4.46), applying Lemma 3.4.5 and (3.4.45), it follows that:
Iy := | Dy (F"7 ") Dyen|22 < CP(Eo) + TP(E(T)) exp (CT(1 + TE(T) + T2 exp(T)E(T))).
Finally substituting estimate (3.4.44) for I; and the above estimate for I» into (3.4.41), it follows that

Oi?ETHDgeN(-, )2, < CP(Eo) + CTP(E(T)) exp (CT(1 +TE(T) + T? exp(T)E(T))).

With (3.4.45), and Theorem 3.4.3, we have for all T € [0, T3] with 71 = min{T, 7o }:

s Jlex( 1|32 < CP(Eo) + CTP(E(T)) exp (CT(1 + TE(T) + T2 exp(T)E(T))).

Recalling from the proof of Theorem 3.4.3, we have the convergences Dyen — Dge in L?(0,T; L?*(0,k)),
eny — ein L>(0,T; L*(0,k)). Hence by the uniqueness of weak derivative, there exists a subsequence N — oo
such that (D2ey, Dyey) — (D2Ze, Dge) in L=(0,T1; L?(0, k)) where D2e denotes the spatial weak derivative
of D e. By the weakly-star lower semi-continuity, the desired estimate of the lemma is obtained. O

Corollary 3.4.2. Suppose the assumptions of Theorem 3.4.2 hold, and let e(x,t) be the weak solution
obtained in Theorem 3.4.5. Then e € L°°(0,Ty; H*(0,k)), Dyu € L°°(0,Ty; L*(0,k)) with Ty = min{T, Ty},
and we have for (x,t) € [0,k] x [0,T1] almost everywhere, the linear energy equation (3.2.3), is satisfied:

~m D (7)) |2 D.. (7™

Die = an<TTDze) + BM —(v- 1)#5— 2muD, (7™ 1u?).

T r’mT rmT
Moreover for almost all t € [0,T1], the trace function of x +— Dye(x,t) exists in C°([0, k]) and

D,e(0,t) = Dye(k,t) =0 for almost all t € [0,T1].

Proof. The first statement can be proven by letting a test function ¢ € C2°([0,71] x [0,k]) and using
the exact same argument as in the proof of Corollary 3.4.1. So we focus on the proof of D,e(0,t) =
Dy e(k,t) = 0. First, let ex(z,t) := Ef\;l a’y () (z) be the Galerkin approximation in Theorem 3.4.3. Then
by construction, we have D en(0,t) = D,en(k,t) = 0 for each ¢ € [0,71] and N € N. In addition, from
the proof of Lemmas 3.4.5-3.4.6, there exists a subsequence N — 0 such that we have the convergences:
DyDzen = DyDye in L®(0,T1; L2(0,k)) and Dyeny — Dye in L%(0,T1; L2(0,k)). Thus picking a test
function ¢ € C}(0,Ty;C(0,k)), in light of the aforementioned remarks, we have that

N—oo

Tk Tk
/ / D, Dye(z,t)p(x,t)dedt = lim / D,D.en(z,t)p(x,t)dzdt
o Jo o Jo

Tl k T1 k
=— lim / Dyen(z,t)Dyd(z,t)dzdt = —/ / Dye(x,t)Dyp(x, t)dxdt
N—=ooJo  Jo o Jo
Next, since e € L>(0, Ty; H%(0, k)) from the previous lemma, it implies by Sobolev embedding theorem that
Dye € L>(0,Ty;C°[0,k]), hence for almost all ¢+ € [0,T}], the traces Dye(0,t) := lim,_,q+ Dye(x,t) and
Dge(k,t) :=lim,_,;,— Dye(x,t) exist. Integrating by parts of the above identity, we obtain that
Ty T1
Dye(k,t)p(k,t)dt = D,e(0,t)¢(0,t)dt.
0 0
Now for any given test function in temporal coordinate x(t) € CL([0, T1]), we pick ¢(x) € C1(0, k) satisfying
©(0) =1 and (k) = 0. Letting ¢(x,t) = x(t)p(x), in the above equation, we have:
T

Dge(0,t)x(t)dt = 0.
0
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Thus, by Fundamental Theorem of Calculus of Variation, it follows that D,e(0,t) = 0 for almost all t €
[0,T1]. By setting instead ¢(0) = 0 and ¢(k) = 1, we also get Dye(k,t) = 0 for almost all ¢ € [0,71], this
proves the Corollary. O

Lemma 3.4.7. Suppose the assumptions of Theorem 3.4.4 hold, and let e(z,t) be the weak solution obtained
in Theorem 3.4.3. Then we have e € L? (0, Ty; H3(0, k:)) with Th = min{T, Ty}, and in particular there ezists
a constant C = C(Cy, a, k,v,,n) > 0 such that for each T € [0, min{Tp, T%}] :

/ le(-, )12 dt <CP(Eo) + CTP(E(T))exp(CT(1+TE(T)+T2exp(T)E(T))).

Proof. Denote A" as the difference quotient on spatial coordinate as defined in the proof of Lemma 3.4.3.
Taking A” on the internal energy equation shown in Corollary 3.4.2, then taking L?-norm with the spatial
domain x € [0, k—h] on both sides of the above equation, integrating in time, and with the help of Proposition

3.3.1, we have:
2 4a®™ M 2 2 >t
K |ALDze dzds < / I;ds. 3.4.47
970 // 9| ; 0 ( )

The terms I;—I5 are estimated using Lemma 3.3.1, Lemmas 3.4.5-3.4.6, and Proposition 3.4.1 stated in the
proof of Lemma 3.4.3:

t k—h " " .
I = / / (Al Dyef*drdt < OP(Eo) + CTP(E(T)) exp (CT (1 4+ TE(T) + T exp(T)E(T)) ),
0 0
k—h t
. / / Dy (G~ AL D, ef2dadt < / =l — 5mE2D #1211 D2e(., 8)]| p2ds
0 JO 0
t ~ ~ ~ ~
gc/ (Co + TE(T))||D2e|| r2ds < CTP(E(T)) exp (CT(1 + TE(T) + T? exp(T)E(T))).
0

For the term I3, we start by first using Sobolev embedding theorem and Proposition 3.4.1 to obtain:

k—h
I3 =k / / | Dae Ay Dy (717 Pdads < 0/ le(-, )32 IDZ ™), )7 2ds.
By relation (3.2.2)—(3.2.5), Jensen’s inequality, Cauchy-Schwartz inequality, and Lemma 3.3.1 it follows that:
IDZEIF) (- 8)lI72 < C(L+ (T + T*)E(T) + T°E(T)?).
Substituting this back into the estimate for I3 and using Lemma 3.4.6, we have
I < c/ le(:, ) 3=l D2E7) (- 5)[32ds < CTP(E(T)) exp (CT (14 TE(T) + T2 exp(T)E(T) ) ).
To estimate the term Iy, we start by computing using Lemma 3.3.1:
ALETF) (S 8)loo < IDe(FFM) (0 8)|oo = (=77 Do +mi™ 1) (-, 8)|oe < C(Co + TV2E(T)?).
Hence by Lemma 3.4.6 we obtain:
t rk—h t _
I ;:,f?/ / |D2eAM (7717 2dads < C/ (Co+ TE(T))||DzZel|3.ds
0o Jo 0

<CTP(E(T)) exp (CT<1 + TE(T) + T? exp(T)E(T))).
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Finally, we estimate the term I5. First, recalling the definition for G in (3.4.25), we compute D,G and take
L?-norm on both sides. It follows from using Lemma 3.3.1 and Sobolev embedding inequality, and Theorem
3.4.2 that:

ID:GI2 < C{(1+ TE@)ullys + BT) (1 + TET) Jully | < P(E(T)) exp (CT2E(T)),

It follows that:
t rk—h t _ _
Iy = / / IAMG2dads < / |DyG(-,s)||52ds < TP(E(T)) exp (CT*E(T)).
0o Jo 0
Therefore substituting the estimates for I1—I5 into (3.4.47), we get for all T' € [0, T1] with 71 = min{T}, To}
T ~ o~ ~
/ L nARD2e|22ds < CP(Eo) + CTP(E(T)) exp (CT(1 + TE(T) + T2 exp(T)E(T))),
0

where 1 j_p denotes the indicator function on spatial coordinate with the set = € [0,k — h]. Therefore
there is a subsequence h \, 0 such that 1y _jA%D2e — D3e in L?(0,T1; L*(0, k)), where D3e denotes the
spatial weak derivative of D2e € L>(0,T; H?(0, k)). Finally by the weakly lower semi-continuity, we obtain
the main statement of this lemma. O

Lemma 3.4.8. Suppose the assumptions of Theorem 3.4.4 hold, and let e(x,t) be the weak solution obtained
in Theorem 3.4.3. Then we have D}e € L*(0,Ty; H*(0,k)) with Ty = min{T},To}, where H*(0,k) is the
dual space of H'(0,k). In particular, there exists a constant C = C(Cy,a,k,v,3,n) > 0 and a polynomial
z + P(z) such that for each T € [0, min{T}, Tp}] :

/typfe(., 5)||%.ds < CP(Eo) + CTP(E(T)) exp ((JT(1 L TE(T)Y? + 12 exp(T)E’(T)l/Q)).
0

Proof. Denoting Al as the difference quotient in the temporal coordinate defined in the proof of Lemma
3.4.1. Applying A} on the energy equation obtained in Corollary 3.4.2, it follows that for almost everywhere
(x,t) € [0,k] x [0, T — hj:

AlDien(z) = kD, (T(x t h)A?DxeN(:z)) + kD, (DxeN(x, t)Ag(F—lm(w)) +ARG(),

with G defined in (3.4.25). Letting ¢(z) € H'(0,k) be a test function such that ||@||z1 = 1, then by
boundary condition D,e(0,t) = Dye(k,t) = 0 from Corollary 3.4.2, we have
h " h h(=—1~m h
(Al Die, @)1z = =k (= (st + B)A!Doe + Dac( )ALFF™), Do) |+ (ALG, 9)ya.

Integrating the above in time, using Lemma 3.3.1, Cauchy-Schwartz inequality, Lemma 3.4.6, and the
estimate |AP (77 1)|, < CE(T)'? which is derived on (3.4.10) in the proof of Lemma 3.4.1, it implies

T—h T 9
| 1At olfat =su { | (A?Dte<-,t>,¢<->)pdt]¢ e H'(0.K), (¢l =1}
0 0 (3.4.48)

2 dt

. — — T
<CP(Eo) + TP(E(T)) exp (CT(1 Y TE(T) + T? exp(T)E(T))) + /0 (AFG(), )2t
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Now we are left with estimating the term with A;G. Recalling the definition of G in (3.4.25), we write
(AFG, ¢) 12 = 2?21 I;, where

D, (r™u)

iy

1= (8Dt + Al (52).0) - (61
(=Dt + D) A (552) 6)
b= = (= Dz (ot + DAL, 0) = (20D, AL 02), ).

M(-,tm?m(?’”u), ¢)L2 + (B%(-,th(?’mu)(wt +R)ALD, (7). )

Py

(HAYE ) |

I3 ::(ﬁ

L2
First, I is estimated as:
2 D, () - - e~
12 | () [P T Da ) s + 12 R AREIR + D (e Al )2,
<CE(D)|[ulfalluls + CET) ullf + CE(T) ull3e,

where we have used estimates |Al(F 71| < CE(T )1/2 from (3.4.33)in the proof of Lemma 3.4.5,
estimates |Dy (7" Wloo < Cllullgz, |AFF™T |2 < CE(T)"? from (3.4.43) in the proof of Lemma
3.4.6, and ||AFe]|;2 < ||Ds€l|2 < E(T)Y2 by Fundamental Theorem of Calculus and Jensen’s inequality.
Integrating in time and using Lemma 3.4.2, it then follows that:

/ ' [3dt < TP(E(T)) exp (CT?E(T)).
0

On the other hand, using the boundary condition that «(0,t) = u(k,t) = 0, Sobolev embedding theorem,
relations (3.2.2)—(3.2.5), and Lemma 3.3.1, we obtain after integrating by parts that

b=~ )(BZANF™),0) |+ (1= 1) (B DA AN ), o)

+ (1= 1)z AN 0), Da0) |, + 2mu AN ), D2o)
<Clellg= A7 T u)ll 2 + Cleloo| DaTloo | AL (7 u) 12 + CIAL ™ u?) | 2

L2

Now using Jensen’s inequality and relations (3.2.2)—(3.2.5) one can derive the following inequalities:
IAYF )l 2 < sup [|Dy(F"w)(-,t)l|2 < C sup (E(T)?||ull g2 + | Dyull2),
0<t<T 0<t<T
1A )| 2 < ¢ sup (E@) 2l gl g2 + llull g1 | Dol 2)

IA!Da(7"w) | 2 < | DeDa (T u) (- 1)l 2 S BTVl s + | Deull e,

| Do (7™ 0) |00 < [F™ Dot + mi™ Tl oo < C(|Dpti|os + |t|oo) < Clul| g2, (3.4.49)

t 1/2 ~
D2l < CIDamoll g + C2( / |DZi(s)Fds) < CEY + CTV2E(T) 2,
1/2 ~
o0 = leo(") / D&, 5)ds|oe < lleollan + t1/2 / HDte”%{lds) < By? + T2 E(T)"2.
Summarising these, and applying Theorem 3.4.2 on the terms involving u, we have that:
T—h . .
/ I3(t)dt < CTP(E(T)) exp (CT*E(T)).
0

127



Finally, we estimate Is3. Only one of the term in I3 is considered in the following analysis as the other term
differs by a time translation of h > 0. First, using (3.4.49), we have the following estimate:

T—h T-h , [ (7m 9 T—h
| ma= [ (P A . 0)) i< [T D ORI D s
0 0 0

rmr

T—h
<CTE(T) sup fu(c o) - e s)l + C sup JuCo)lfe [ D)t
8>

0<s<

Next, applying Theorem 3.4.2 for the terms involving w, it follows that
T—h ~ ~
/ 13dt < CP(Ep) + CTP(E(T))exp (CT?E(T)).
0

In conclusion, we have
T—h ) 3. T—-h ~ _
/ (A}G, @) ,dt <4 / [}dt < CP(Ep) + CTP(E(T))exp (CT*E(T)).
Substituting this into (3.4.48), we have for all T' € [0, T1] with 77 = min{Tp, T\ }:
T—h . . _
/ IAPDye(-, )||%-dt < CP(Eo) + TP(E(T)) exp (GT(l + TE(T) + T? exp(T)E(T))).
0

Therefore there is a subsequence h N\, 0 such that ]l{ogth—h}A?Dte — D?c in L*(0,Ty; H*(0,k)), where
D?e denotes the temporal weak derivative of Die € L°°(0,T; L?(0,k)). Finally by the weakly lower semi-
continuity, we conclude that D?e satisfies the main estimate of this lemma. O

3.4.3 Invariance of energy space under solution operator

Let (u,e) = (uj,e;) for some j € NU {0}, we dnote (u,e) = (ujt1,€ej+1) as its next iterative step linear
solution obtained in Sections 3.4.1-3.4.2. Our aim in this subsection is to show that there exists a time and
a constant:

T, =T (Co,a,k,B,v,n) >0 and My = My(Cy,a,k,3,v,n) >0,

depending only on the parameters n € {2,3}, a € (0,1), k € N, 5 > 0, v > 0 and the initial data Cyp > 0
such that if Efu,e](Ty) < My, then Efu,e](Ty) < My. In other words, the following theorem:

Theorem 3.4.5. For given constant T > 0 and M > 0, we define the space:
Xur = {(w,@) € L>®(0,T; H*(0,k)) : (w,0)(z,0) = (ug,e0)(x) Yz € [0,k
(w, D.0)(0,t) = (w, D,0)(k,t) = (0,0) Vt€[0,T], and Efw,0)(T) < M.},

then there exists Ty = Tx(Co,a, k,3,v,n) >0 and My = My(Co, a, k,3,v,n) > 0 such that
S(Xﬂhﬂl)g‘xwhﬂb

where S((u,€)) = (u, e) is the solution operator obtained in the previous Sections 3.4.1-3.4.2.

128



Proof. We prove by induction principle that such T, > 0 and My > 0 exists and they are given by:

My = 27D(E0)7
P(Eo) 1 1 1
Cexp(1)P(2P(E))" 3C” (6CP(Eo))' /2’ (6C exp(1)P(Ep))'/> }7

where Ty = To(My) = To(2P(Ep)) is defined in Proposition 3.3.1 as:

(3.4.50)

T, := min {To,

T, = T(Mo) _ T(QP(EO)) = min{ 20(2?(%0))1/2, 20(273((;?0))1/2}

where 7 := inf,c(o.4 T0(%), To := SuPLcpo 1) T0(z), C > 0 is some generic constant from the Sobolev embed-
ding inequality, and z — P(z) is the polynomial obtained in Theorems 3.4.2 and 3.4.4.
First for the base case we consider (u(?),e() to be the solution to the parabolic system:

Dwu® — D2 =0
Dyel® — ﬁDze( ) =0
(u(o),Dxe(O))(k:,t) = (u(o),Dxe(O))(O,t) = (0,0) for each t € [0,00),
W, e (z,0) = (ug, o) () for each = € [0, k].

n (z,t) € [0,k] x [0,00),

Then by the linear parabolic theory (refer to Chapter 7 of [5]), it follows that E[u(?), eD(T") < Ey = E[uo, e

for all T > 0, and one can define the coefficients 7 (x,t) and 7% (z,t) for the next iterative solution
(u®, eM) via

7O (2, 1) := 19w /Dxu x,s)d

1Ot i=at [ 70,00,
0

Next we prove the induction step. Assume For T, > 0 and My > 0 defined in (3.4.50), we have E(T*) =
Elu,€](Ty) < Mp. Then from Theorems 3.4.2 and 3.4.2, we have the following statement: if there exists
T, > 0, such that E(T.) = E[u,e€|(Ty) < My, then for all T € [0, min{Ty,T%}] = [0,7%], the following
estimate holds:

Elu,e)(T) < P(Eo) + CTP(E(T)) exp (CT<1 +TE(T) + T? exp(T)E(T))),
where z — P(z) is a given polynomial and a constant C' = C(Cy,a, k, 3,7v,n) > 0 independent of T and
My. Now by the construction (3.4.50) of My > 0 and T > 0, it follows that for each T' € [0, T]:

C |, C-CP(E) | Coxpll) (2P(E)
3C 6CP(Ep) 6C exp(1)P(Ep)
<P(Ey) + CTP(2P(Ey)) exp(1)

Elu, e](T) <P(Ey) + CTP(2P(Ey)) exp (

P(Eo)
Cexp(1)P(2P(Ep))

In other words, (u,€) € Xy 7, implies (u,e) € Xprr,. Therefore, with such choice of M > 0 and T > 0,
the energy space Xy 7, is invariant under the solution operator. O

=P(Ep) + Cexp(1)P(2P(Ep)) -

= QP(E()) = Mo.

Corollary 3.4.3. Let T, > 0 and Mg > 0 be the constant in Theorem 3.4.5. Moreover for I € N, we also
denote (uy, e;)(x,t) as the l-th solution and

ri(z,t) :a+/ ni(y, t)dy, m(z,t) =70z / Dyuy(z, s)d
0

129



as the l-th coefficients. Then we have, for all | € N:

L k
§Io§n(x,t) < 270 and a < ri(z,t) <a+3770
t * for all (z,t) € [0,k] x [0, T%],
ri(x,t) =ro(z) —1—/ uy(z,t)dzr where ro(x) =a _|_/ 70(y)dy
0 0

Eluy, ef](t) < My for all t € [0, T].

Moreover, for each i,7 € N, we also have:

sup / \TZ—T]] x,s) x<t/\D HLQ()ds,

0<s<t

sup (i — r)(- 8)[2, < Ct /0 i — ]2 (s)ds

0<s<t

where C > 0 is the constant from the Sobolev embedding H' — C©.

3.5 Contraction Estimates

In this section, we derive the contraction estimate. For convenience of notation, we denote M = Mj in the
following analysis. The main theorem of this section is given as following:

Theorem 3.5.1. Let T, > 0 be the time obtained in Theorem 3.4.5. For each t > 0, we define the distance
function to be:

t
dt(ua €; ﬂ,a = sup H(u — U, e — 5)(7 3)”%2(07]@ + /0 H(u —u,e— E’)(’ S)HQH1(071§)d87

0<s<t

and we also denote S : Xy 1, — XMy 1. 08 the iterative solution operator obtained in the previous sections.
Then, there exists a time 0 <T < T, and a constant 0 < ar < 1 such that for all t € [0,T]:

di(S(ui, €i); S(uj, e5)) < apdy(ug, €55 uj, €5) for all (u;,e;), (uj,ej) € Xy .-
In what follows we will denote for simplicity, (u;,e;) = S(u;, €;) and
T t
ri(z,t) =a —|—/ Ti(y,)dy, Ti(z,t) = 10(2) +/ D,ii(x,s)ds where 19(x) = — (),
0 0
for each given (u;, €;) € X 1. -

3.5.1 Contraction inequality for u

Lemma 3.5.1. Let T, > 0 be the time obtained in Theorem 3.4.5, then we have the following estimate:

8
m/ s — P + 5 o 21D (u )2+ 72wy — gl ) da
<CMt / 7t — ajuipdswna —ajniz,
0

for all t € [0,T], where C = C(Cy,a,k,B,v,n) > 0 is a constant independent of time or iterative index
i,7 €N
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Proof. From Corollary 3.4.1 in the previous section, we had:

""ITL ~ ~
Dywg — 8Dy ( D Uz) + B 2w = (y— 1)<mg — Dx(g)) for [ =1 or j.

Tl g

Taking the difference of two equations, we have:

77;?1 ~m—2~
Dy(u; — uj) — BDy (?—Dm(u2 - uj)) + 87T (us — wy)
J

:BDI(D%WW 77) + 8D (L5~ 7)) - By~ 70 - 677l )
Fmly - DO iy —1)2@—’%)—(7—1)1795(&;%)—(7—1)D (gj (@—Tl))

Tz ’I“ﬂ‘j 3 TZT]

Now multiplying both sides of above equation by u; — u;, integrating in spatial coordinate and using the
boundary condition of u; and u;, we have

k ~m
th/ i — d$+ﬁ/ |D (ui _UJ)|2+7A:m 2Tilui — uj] > Z—rz’-

=1

Next, using Theorem 3.4.5 and Corollary 3.4.3, we estimate I; for i = 1 to ¢ = 8 as follows:

I := - = (7" = 77") Dy (u; — uj)de < — 16 \D (u; — uj)] dx—l—C'Mt/O ;s — ujl 3 ds,
k m . t

. i Dotls J 2 ~  ~ 2

I = —ﬂ == (7 — 7i) Dy (u; — uj)dz < — \D —uy)|*de + CMt HDgc(uZ —Uj)||72ds,
iTj
I3 ——B/ Tiui (Fi —?}”_2)(ui—uj)d:c§ 1%/0 Ty 2]uz—u]\2dx+C’Mt/ [T — |32 ds,
B k
A B P O A XTI
k

77 ui — uPdz + Cllé — &72,

kE >~ k t
€ ~ - _ .
Is :==m(y — 1)/ —L (7 — 73) (u; — uj)dr < 1ﬁ6 T ?lu; — ujPde + CMt/ 12 — 4] da,
0 0
k

2 ~ ~ 2
= 6 ), 7 | Dy (u; — uj)|*de + Clle; — €;|72,
ko k 7m t
€ (= _~ B "5 2 ~ 2
Ig:=(y—1) = (7j — 75) Do (u; — uj)de < — = |Dy(u; — uj)|*de + CMt | ||Dy(u; — uj)|/72ds.
0 0 0
Summarising all above estimates, we have that:

k ~m
2dt/ lu; — u3\2d$+ﬁ/ | Dy (u; —uj)\z—i-?“m 7 uz—u]|)

gCMt/ @ — )| % ds + C|j&; — &2
0
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3.5.2 Contraction inequality for e

Lemma 3.5.2. Let T, > 0 be the time obtained in Theorem 3.4.5, then we have the following estimate:

k~m
th/ le; — e]| dz + = / |D( —ej)|2dm

g [rry 2 2 )
<= ?lD:c(Ui — uj)|*dz + CMo{|lui — ;|72 + llei — e;]|72}
0 J
t
+OMBt / i — ;2 ds + CMol[&; — &2,
0

for allt € [0,T,], where C = C(Cy,a,k, 3,7,n) > 0 is a constant independent of u;,uj € Xpg, 1, -
Proof. From the previous section we had:

Fm
Doei) =G and  Diej —rDy(2-Dac;) = Gy,
T.

J

Fm
Dtei — K?Dx (%

Ti

where G; is defined by:

D (77, 2 D.(7m
G g ) PN o, ),
T T

7

and likewise for G;. Taking the difference of above equations, we have:

Diles — ;) - an(ZDaei =) =D (P ) 4+ D (P D 7~ 7)) +(Gi - Gy).

Multiplying both sides by (e; —e;), integrating in space, using Cauchy-Schwartz inequality and the boundary
condition of D e; and D,e;_1, we get:

1d 3k t
thHez ejll7: + 4/0 2 ~| Dy (e —ej)\deSCMot/O||uz'—UjH?pdSwL(Gi—Gj,ei—ej)m (3.5.1)

where in the last line, we used Theorem 3.4.5 and Corollary 3.4.3. Next, we write Computing the term
G; — G =1+ 11+ 111, where

Dyu;|? Nm’D Usj | i
I 225{M(?§” -+ TZ(TJ —7i) + 2 (Dyui + Dyug)(Dyui — Dxuj)}
T 7’17'] Tj

+ 2m5{uiDmui (P =7 + 7 Dawi(us — ug) + 7wy D (ui — uj)}

P B{R (2 = ) TR - ) T s wy) (s — )

D u; U €l e;Dyu;
Mi=— (v = D{ =2 4 m (@ - @ 9 St
(=D A mEHE -8 + 0 - DL ) - (- DU - R)
gj ’5]
+ ("Y — 1)7(114 — 'LLj) TDJ;(UZ u]),
’I”j Tj

II := — 2muD, ((ﬂnfl - ?J}"*l)ug —2muD, (?ﬂjn*l(ui + uj)(u; — u]))
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By Theorem 3.4.5, Corollary 3.4.3 and integrating by parts, we have the estimates:
k k =m
L B["T; 2 2
I(e; —ej)de <= | =|Dy(u; —uy)|“da + CMp||u; — ujl|72+
0 8Jo T
t
+CMt [ 1~ T3+ CMolles — 513
0
k k 7m
B [T 2 ~ =2 2
II(el — el,l)dm Sg ?‘D:C(Uz — u])] dx + CM()H@Z‘ — ejHLg + CM()Hei — ejHL2
0 0 J
t
+ 003t [ = s + CMollus = .

k k“m t
K ~ ~
/ MI(e; — e;)dx <4/ L |D, (e ej)|2dx+CMgt/ 1% — 5|31 ds 4+ C Mo ||lui — uj|2,.
0 0 ] 0

Therefore, it follows that
k k
/ (G G\ —e;)da :/ (T4 11 + TIT)(e; — ¢;)da
0
B b
< wi — uj)dz + 5 1), |D (ei — ¢j)[*dz + CMo{|lu; — ujl|7 + [lei — ¢jll72}
+ CMgt/ @i — ;2 ds + CMol[e; — &2
0
Substituting this back into (3.5.1), we have

A")”I’l
2 L 0.2
zdt/ lei — e;Pda + & / L IDxes o) e

B kNm 2 2 2
<G [ D= ) P+ OO = s+ s = )

t
+ O3t [ T = @ ds + CMa - 3
0

O
3.5.3 Proof for contraction estimate, Theorem 3.5.1
Proof. Combining Lemma 3.5.1 and 3.5.2, we have that
1d
5 <l — s l3a0) + llet — 51132 (1)}
B /k {Pjn 2 —2~ 2 K /k 0 2
= 2 \D. (u; — u; Nm.._.}dfép._,d
+4 . Tj| o (Ui — uyj)] +7; il — ujl $+2 ; 7'j| z(ei —ej)|"da
t
<CMo{lui — ujllz2 + llei — ejll72 } + CMgt/ % — 5| Fads + CM & — 172
0
Using Lemma 3.3.1 and Proposition 3.3.1, it follows that:
d
2 Ul = wsllze + lles = el72 () + llui = w; (D) 17 + [1Dales — e) (5 1172
(3.5.2)

t
<CMofllui — ujll7z + llei — ejl72} + CMgt/ i — ;|| 7 ds + CM||e; — €72
0
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By Gronwall inequality and the initial data: w;(z,0) = u;—1(x,0) = uo(x) and €;(z,0) = ;1 (x,0) = eo(x),
it implies that

S {Cus = ug) (o 9)l72 + ll(ei — ) (5 9)172}

(3.5.3)

t
g{CMot sup [|(& — &), 9)]1% +0M5t2/ Hﬂi—ﬂjH%{lds}exp(CMt).
0<s<t 0

Now integrating (3.5.2) in time, substituting (3.5.3) and taking supremum in time, we get that:
t
Sup {lui = ;172 + lles — ejl1 72} (5) +/0 {llwi =gl B + [ Dales — e5)[172 }ds
<s<

t
<Coxp(CMO{MF? sup @~ ) co5) [ + (M2 + M3 [ 17— T .
0<s<t 0

In addition it also follows that
t
[ llei = eslBao)ds < sup Jes = e5) )
0 0<s<t

t
<Cexp(CMt){MFE® sup (1@~ ) o) + (Ve + M3t [ [ = i .
<s<t 0

Hence combing above estimates and recalling the definition of distance function d;(u,e;u,€) as defined in
Theorem 3.5.1, we finally obtain:
dy(us, e5;u5, 5)* < Cexp(CMot){ Mgt* (1 + ) + Mgt> (1 + ¢) ydi (Wi, €53 Ui, €5).

Thus, one can choose T € [0,T}] such that Cexp(CMot){ MFt*(1 + t) + Mjt*(1 +¢)} =: a3 < 1, which
proves the theorem. O

3.6 The Proof of Theorem 3.1.1

3.6.1 Existence and uniqueness of non-linear weak solution

The existence and uniqueness of a weak solution (u,e)(z,t) to the non-linear system (3.1.1) in the time
interval [0,7}] is an immediate consequence of contraction inequality, Theorem 3.5.1, and Banach’s fixed
point theorem.

Corollary 3.6.1. Let T > 0 be the time obtained in Theorem 3.5.1, and let S : Xy 1, — Xumy1,. be the
solution operator defined in Theorem 3.4.5 constructed in Section 3.4, then there exists a unique function
(u,e) € Xny 1, such that (u,e) is the fized point of S in the sense that S((u,e)) = (u,e). Moreover, one
also has

Elu, e](Ty) < Moy,
(u,e)(z,0) = (uo, eo0) () for all x € [0, k],
(u, Dz€)(0,t) = (u, Dye)(k,t) =0 for all t € [0,Ty],
and the following convergence holds:
(uj,e;) — (u,e) strongly in C°(0,T.; L*(0,k)) and L*(0,Ty; H'(0,k)),
where for each j € N, ‘
(15,65 1= S (. o)) = § - §((u®, ),

j-times

with (u(©), ) being the base case solution constructed in (3.2.1).
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Proof. First, we recall the space Xr, p7, defined in Theorem 3.4.5 as:
Xmo 1. = {(w,@) € L>®(0, Ty; H?(0,k)) = (w,0)(x,0) = (ug, e0)(z) Va € [0, K],
(w, D30)(0,1) = (w, Do) (k, 1) = (0,0) YVt e [0,T.], and E[w,6](T.) < M. }

where

E[’U,, 6](T) ::ts[ltl)%} {H(uve)('ﬂt)ul%ﬂ(o,k) + H(Dtu7Dte)(Wt)H%Q(O,k)}
S

/ {11, 0)C ) s o,y + I1Dewl )13 0 5y Yt

and the distance function dr, : X7, v, X X7, m, — [0,00) defined in Section 3.5 as

Ty
(.5, = | s (0T =D Baguy + [ =Tl = D8 s

0<s<T%

We claim that the above space equipped with the distance function: (X 7,,dr,) is a complete metric
space. First, it follows from interpolation inequality that Xpz, 7, € C°([0,T%]; L(0, k)) N L (0, Ty; H(0, k),
hence dr, is well defined on Xz, 7,. One can also verify that dr,(-,-) is indeed a metric function, hence
(X, 1, dr,) is a metric space. So in order to apply Banach fixed point theorem, we are left to show that it is

also complete. So suppose there is a sequence {(w;, 0;)}ien € Xagy,7, such that lim dp, (ws, 05;w;,60;) = 0.
7]—)00

Then since CO([O,T*];LQ(O,k)) and L? (O,T*;Hl(O,k)) are both Banach spaces, it follows that there ex-
ists (w,0) € CY([0, Ty); L*(0,k)) N L*(0,Ty; H'(0,k)) such that (w;,6;) — (w,6) strongly in both Banach
spaces C°([0,Ty]; L?(0,k)) and L*(0,T,; H*(0,k)) as ¢ — oo. In particular, there exists a subsequence
ij — 00 as j — oo such that (wy,,0;;)(z,t) = (w,0)(x,t) for a.e. (z,t) € (0,k) x [0,T3] as j — co. Now
since {(wi;,0i;)}jen € X1, it follows that Elw;;,0;,](Ty) < My for each j € N. Thus there exists
a further subsequence, which we will still denote as i; for simplicity, such that (Dyw;;, D;0; ) (f,9)
in L™ (O T.; L*(0, k)) as j — oo. Using the previously proven point-wise almost everywhere conver-
gence, it follows that the weak temporal derivative of w, 0 exists and Dyw = f, D6 = g almost every-
where. Moreover, by the weakly-star lower semi-continuity, it follows that ||(Diw, D.0)

lim inf|(Dyw, Dib)] . (0.12:22(0.0))

(D2, D3, D,Dy)(w,0) exists and they satisfies the estimate E[w,0](Ts) < Mp. Next, by construction, for
each j € N, we have that (w;;,0;;)(x,0) = (uo,eo)(x) for x € [0, k] and (w;;, D20;,)(0,t) = (w;,, Do0;;)(k, 1)
for t € [0,7T%]. Thus for any x € C2°([0,T]), it follows from the previously proven weak convergence that:

I (0.7.522(0,k)) <
< Mjy. By the same argument, it can be shown that the weak derivatives

T

T k T —k 1 Tk k
D,0(0, t)dt = / / (D20 — D20, )" dudt + k/ / (Daf — D,6;,)dzdt — 0 as j — oo.
0 0 0

0 k

Hence, by Fundamental Lemma of Calculus of Variation, we conclude D,0(0,t) = 0 for almost all ¢ € [0, 7]
and by the same argument, one can also verify that w(0,t) = w(k,t) = D,0(k,t) = 0 for almost all ¢ € [0, T%].
Moreover, for given function ¢ € C2°([0, k), it also follows that as j — oo :

k T kg 1 [Tk
/0 (w(z,0) —ug(x))p(r)dr = —/0 T ( - ;. )dazdt — / /0 (w — w;; )dzdt — 0.

Therefore w(z,0) = up(z) for almost every = € [0, k] and by the exact same argument, we also get 0(x,0) =
eo(x) for almost every x € [0, k]. In conclusion, we have shown that the limit function (w, 8) € Xy, 7., which

135



implies that (X, 7., dr,) is a complete metric space. Hence, using the contraction inequality Theorem 3.5.1,
one can apply Banach fixed point theorem to obtain a unique function (u, e) € Xy, 7, such that S((u,e)) =
(u, ). Denoting (uj, e;) := S7((u(®, ), then we also have the convergence dr, (u;, ej;u,e) — 0 as j — oo,
which implies that (uj,e;) — (u,e) strongly in both C°([0, Ty]; L2(0,k)) and L?(0,Ty; H'(0, k)). O

Next, combining the relation (3.2.2) and (3.2.5) with Corollary 3.6.1, we have the following convergence:
Corollary 3.6.2. Let T, > 0 be the time obtained in Theorem 3.5.1, then

n— 71 in C(0,Ty; L*(0,k)), and r —r in C(0,T.;C(0,k)),
where T(x,t), r(x,t) are defined by:

T(z,t) == 10(T / Dyu(x,s)ds and r(x,t) —a—l—/ 7(y, t)dy.
0

3.6.2 Higher regularity of non-linear solution
Finally we show the higher regularity of the non-linear solutions (u,e)(z,t).

Theorem 3.6.1. Let T, > 0 be the time obtained in Theorem 3.5.1, and let (u,e) be the unique non-linear
solution obtained in Corollary 3.6.1. Then

(u,e) € C°0, Ti; H*(0,k)) N L0, Ty; H3(0,k)), (Dyu, Die) € C°(0,Ty; L*(0,k)),
(Dyu, Dye) € L*(0,Ty; H'(0,k)), (u, Dye) € C°(0,Ts; Hy(0, k).

Proof. By Corollary 3.6.1, we have E[u,e](Ty) < My < oo, which implies in particular that (Dyu, Die) €
L? (O,T*;Hl((), k)) and (u,e) € L? (O,T*;H3(O, k)) Hence one can apply interpolation inequality to get
that (u,e) € C°([0,T%]; H*(0,k)). Now we are left to prove (Dyu, Die) € C°([0,Ty]; L?(0,k)). As before we
denote (uj,e;) := S7((u(®,e(®)) be the j-th iterative linear solution. Then combining Theorems 3.4.2-3.4.4
and Theorem 3.4.5, the following additional inequality holds:

jgp ) {HDt ui( )H%{fl(o,k) + ||Dt2€i(‘at)||12q*(o7k)}dt < Mo, (3.6.1)
where H=1(0, k) and H*(0,k) are respectively the dual space of H{(0,k) and H*(0, k). Hence, there exists
a subsequence i; — oo as j — 0o such that D? Wi; — D2y weakly in L?(0,T,; H~1(0,k)) and DthZ-]. — DZe
weakly in L2(0, Ty; H*(0,k)), where D?u and Dfe are respectively the unique temporal weak derivative of
Dyu and D?e in the respective spaces L?(0,T,; H~1(0,k)) and L?(0,T; H*(0,k)). Moreover, we claim that
Dyu(0,t) = Dyu(k,t) = 0 for almost all ¢ € [0,7%]. First, from the Sobolev embedding theorem, it follows
that Dyu € L?(0,T%;C°([0,k])), hence the trace ¢ — (Dyu(0,t), Dyu(k,t)) exists in L?(0,T%). For each
functions x € C1([0,T}]), integrating by parts, we get:

T. T. T. ok
/ X(t)Dyu(0,t)d / / t)Dyu(x,t) dxdt—i—/ Tx(t)Dthu(x,t)d:):dt

T, T,
:—/ / u(zx, t)dedt —

where we used the boundary condition u(O, t) = u(k:, t) = 0 obtained in Corollary 3.6.1. Thus Dyu(0,t) =0
for almost all t € [0,7%]. Similarly, we can also show that D,u(k,t) = 0 for almost all ¢ € [0,7T%]. Using this,
we conclude that Dyu € L? (O, T.; H} (0, k)) In summary we have the regularities Dyu € L%(0,T%; H} (0, k))
and D?u € L?(0,T.; H1(0,k)). By interpolation theorem again, we have Dyu € C°([0, T.]; L*(0,k)). In
the exact same way, using the regularities Dye € L?(0,T,; H'(0,k)) and Dfe € L*(0,T.; H*(0,k)) and
interpolation theorem, we have D;e € C°([0, T.]; L%(0, k)). O

T*
t)Dyu(z, t)dxdt = / X (t)u(0,t)dt = 0,
0
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Chapter 4

Global Existence of Solutions in
Lagrangian Coordinates

In this chapter, we prove two global-in-time existence results for the Lagrangian heat-conducting compress-
ible Navier-Stokes equations (1.3.6) in the unbounded domain (x,t) € [0,00) x [0,7]. The first Theorem
4.1.1 states the existence and uniqueness of a global-in-time strong solution to the exterior Lagrangian
equations (1.3.6) with each fixed a € (0,1). This result is obtained by the following procedure: first,
we approximate the original problem (1.3.6) by solving the equations in the bounded Lagrangian domain
(x,t) € [0,k] x [0,T], for & € N. The original initial data are truncated with some cut-off functions near
the far-field x — oo, and these are parametrised by k € N. Then by the main result of Chapter 3, Theorem
3.1.1, a strong solution is guaranteed to exists locally in time, and we derive a set of regularity estimates on
this solution. These estimates are uniform in the parameter & € N, and in addition, they are independent
of parameter a € (0,1) restricted to the domain (x,t) € [¢,k] x [0,T] for each fixed ¢ € (0,1]. Conse-
quently one can apply the bootstrap arguments to extend the maximum time of existence to any chosen
T > 0. Finally, by compactness argument in the limit k¥ — oo, solution to the original problem 1.3.6 in the
whole domain (x,t) € [0,00) x [0,7] is obtained, and its uniqueness is also shown by deriving contraction
inequality with respect to the initial data. The second Theorem 4.1.2 in Chapter 4 states the global-in-time
existence of a certain class of solutions independent of the parameter a € (0,1). The precise notion of
such solution is stated in Definition 4.1.1. From the previous result, Theorem 4.1.1, we can obtain a set
of solutions {(vq,ua;€a,7a)(T,t)}ac(o,1)- They satisfy some estimates which are restricted to the domain
(x,t) € [e,00) x [0,T], and are independent of parameter a € (0,1). Using these, we prove Theorem 4.1.2
by applying compactness argument in the limit a 0.

4.1 Main Statements

4.1.1 Strong solution in the exterior domain
Before stating the main theorem, we denote the term #H; to be:
Hilv,u,e,r](z,t) :{|v — 1\2 + r2m|Dmv|2 + |u\4 + ?"2m|Dmu\2 + 07“4m\D926u]2}(:):,t)
+ {Je = 12 + 12" Dyel? + 014 [ D262} (a1,

where o = o(t) is the weight defined by o(t) = min{1,¢} for ¢ € [0,00). Moreover, we also define the term
Halv,u,e,r](z,t) as

Halv, u,e, (), t) :={|v = 1 + ™| Dyol* + ¢ DZof* + Jul* + ™[ Dyul® + ¢ D3ul? } (2, t)
+{le = 11> + ¢*™|Dyel* + "™ |D2e|*} (2, ).
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Theorem 4.1.1 (Global Existence in the Exterior Domain). For a given constant Cy > 0, assume that the
initial data (vg,ug, ep)(x) satisfies:

Cyt < vo( ), eo(xz) < Cy for each x € ]0,00),

/ { ]u0\2 — )p(vo) +1b(eo) + [vo — 1|* + |uo|* + |eo — 1[*}(z)dx < C,

3=

/ 15" {|Dyvol® + |Dyuol® + |Dyeol*} (x)de < Co where ro(x) := (an —i—n/ Uo(y)dy> ;
0 0
where (zeta) := z — 1 —log z and the following boundary condition is assumed:

up(0) =0 and li_)m (vo, uo, eo)(z) = (1,0,1).

(i) There exists a unique solution (v, u,e,r)(x,t) : [0,00) x [0,00) = [0,00) x R x [0, 00) X [a, 00) such that
the equations (1.3.6); <(1.3.6); are satisfied in (x,t) € [0,00) x [0,00) point-wise almost everywhere,
and the following boundary conditions hold:

u(0,t) =0 = Dge(0,t) and li_>m (v,u,e,Dye)(x,t) = (1,0,1,0) for t€[0,00) a.e.,
and the function r(x,t) : [0,00) x [0,00) — [a,00) satisfies:
T 1 t
r(xz,t) = (a" +n/ v(y,t)dy) " =ro(x) —I—/ u(z,s)ds for (z,t) €[0,00) x [0, 00).
0 0

In addition, there exists a constant Cy > 0 depending only on the initial data such that

s / (Gl + (v = 1 (0) + ()} )z < G,
/ / 2m|D 4+ )W + 2mp- (lw = \/ﬁ%)z}dxdt < Co.

Moreover, for each T > 0, there exists a constant C1(a) = Ci(a,T,Cp) > 0 such that:
( Ci(a) <e(x,t) and Ci(a)™' <wv(x,t) < Ci(a) for all (z,t) € [0,00) x [0,T],

sup / Hilv,u, e, r](z,t)de < Ci(a),

0<t<T

sup / {IDw]? + o(8)|Deul® + o (1) Deel*} (2, t)dz < Ci(a),
te[0,7]

/ / r*"{|DyDyv|* + o(t)| Dy Dyul® + o ()| Dy Dye|? } (z,t)dadt < Ci(a),
0 0

lu(z,t)] < Ci(a) and e(z,t) < Ci(a) for all (x,t) € [0,00) x [0,T7,

where o(t) := min{1,t}. Furthermore, for each € € (0,1] and T > 0, there exists a constant C(e) =
Cs(e,T,Cy) > 0 independent of a € (0,1) such that:

( Coe)™ <w(z,t) < Cole) forall (z,t) € [e,00) x [0,T],

sup / Hilv,u,e,r](z, t)dx < Co(e),
0<t<T Je

sup / {IDw|* + o (t)|Dyul? + o(t)| Dee|* }da < Ca(e),
te[0,T] Je

T [e%)
/ / r?"{|DyDyol® + o(t)| Dy Dyul? + o (t)| Dy Dyel? } (z, t)dadt < Cs(e),
0 5

lu(z,t)] < Ca(e) and e(x,t) < Cao(e) for all (x,t) € [g,00) x [0,T],.
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(ii) If the initial data (vo,uo,e0)(x) satisfies the additional condition:
o
|t D2 + 1Dl + D2} () < Co,
0
for some given initial constant Cy > 0, and the following additional boundary condition is assumed:
Dy ep(0) =0 and lim Dyep(z) = 0.
Tr—00

Then, the solution (v,u,e)(x,t) obtained in the previous statement (i) satisfies the additional regular-
ities: for each T > 0, there exists a constant Ci(a) = C1(a,T,Cy) > 0 such that

sup / {Hg[v,u, e,r] + ]Dtu|2 + ]Dte|2}(:v,t)da: < Ci(a),
o<t<T Jo

T 0
| [ DDl + 1DiDsef?} o )dact < Cr(a),
0 0

T oo
/ / r™{|Dzul* + |Dyef*}(z,t)dwdt < C(a).
o Jo
Moreover, for each € € (0,1] and T > 0, there exists Ca(e) = Ca(e,T,Co) > 0 such that:

sup / {’Hz[v,u, e,r] + |D,5u|2 + |Dte|2}(x,t)d:c < Cy(e),
0<t<T Je

T o)
[ [ DDl + 10D} t)dade < o),
0 5

T poo
/ / P {IDzul® + |Dzel*} (2, t)dadt < Cs(e).
0 €

4.1.2 Lagrangian solution away from origin

Definition 4.1.1. Given initial data (vo,ug,ep)(x) and time T > 0, then (v,u,e,r)(x,t) is said to be
a Lagrangian solution away from origin to the Full Compressible Navier-Stokes Equations in the domain
(x,t) € [0,00) x [0,T], with initial data (vo,ug,ep)(x), if the following equations are satisfied for (x,t) €
(0,00) x (0,T) almost everywhere:

/

Sl=

r(x,t) = ro(x) + /Otu(:n,s)ds where ro(x) = (n /Om vo(y)dy) )

— (=1 Da(5).
2m

w) {BDy(r"u) — (v — 1)e} — 2muD, (r™ 'u®) + kD, (%Dﬂf).

Dy (rm

r
v

Dte =

Theorem 4.1.2 (Global existence of Lagrangian solution away from origin). Suppose that the initial data
(vo, up, €o)(x) satisfies:

C’O_1 < wp(x), eo(x) < Cy and |ug(z)| < Cy for each x € [0,00),

/0 {30l + (= 1) (wo) + (eo) + o — 1 + [uol* + |eo — 17} () < C,

0 T 1
/0 r%m{\vao\Q + |Dgguo|2 + |Dxeo|2}($)d:c < Cy where ro(x) = (n/o vg(y)dy) "
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for some given constant Co > 0. Then, for eachT’ > 0, there exists a Lagrangian solution away from origin,
(v,u,e,r)(x,t) in the domain (z,t) € (0,00) x [0,T] with r(z,t) given by

t
r(z,t) = ro(x) +/ u(z, s)ds.
0
Furthermore, the following properties are satisfied:

(i) There exists a constant Cy > 0 depending only on the initial data such that

sup [ {3 1P+ (= DY)} t)do < G,
0<t<T JO

(ii) The spatial weak derivative of r(z,t) exists and it is given by Dyr(x,t) = (r(x,t)) " v(z,t) for (z,t) €
(0,00) x [0,T]. Moreover, x — r(x,t) is monotone increasing for each t € [0,T], and one has:

nmﬁ:l(%) < (r(z,t))" < nmﬁll(%) for all (z,t) € (0,00) x [0,T].

In particular the limit r(t) == lim r(z,t) exists and r(t) € [0,00) for eacht € [0,T]. As a consequence,

z—0t
r(x,t) also takes the form:

r(z,t) = ((ﬂ(t))” —i—n/oxv(y,t)dy)" for (z,t) € [0,00) x [0,T].

(iii) For each e € (0,1], there exists C(e) = C(e,T,Cy) > 0 such that:

Co(e) ™t <w(z,t) < Cy(e) for all (x,t) € [e,00) x [0,T],
lu(z,t)] < Ca(e) and e(x,t) < Ca(e) for all (x,t) € [e,00) x [0,T],

(o9}
sup / {Hi[v,u,e,r] + |Dwl* + 0| Dyul® + o| Dee* } (z, t)dx < Ca(e),
0<t<T Je

T %)
/ / P2 D Dyvl? + 0 ()| DeDyul® + o (1) Dy Dye|* dadt < Co(e),
0 £

where o(t) = min{1,t}.

4.2 Approximation Scheme and Local-in-Time Existence

In order to obtain the solutions stated in Theorem 4.1.1, a collection of approximated initial data is con-
structed such that one can apply Theorem 3.1.1 to guarantee a local-in-time strong solution, with which
one can derive a set of high regularity estimates for bootstrap argument. We note that the mollification
procedure for initial data detailed in Section 4.2.1 is only required for Theorem 4.1.1(i), since the additional
initial regularity condition described in Theorem 4.1.1(ii) is sufficient for directly applying the local-in-time
existence Theorem 3.1.1.

4.2.1 Mollification of initial data

Let (vo,uo,ep)(z), for x € [0,00), be initial data stated in Theorem 4.1.1(i). In view of the boundary
condition ug(0) = D,eo(0) = 0 for when (ug, eg)(x) is smooth, we extend each functions as follows

To(x) = {uo(:c) if x € [0, 00),

—up(—z) if x € (—00,0),

140



and

(50,%40’7’:0)(33) = (’U(],e(],?"o)(|$’) for all =z € R.
With this extension, we remark that D,eg(x) = Dyep(z) if x € [0,00) and Dyep(z) = —Dgeo(—x) if
T € (—00,0). Now we let {ns5}sc(0,1) C Ce°([—1,1]) be the standard mollifiers such that ns(z) = ns(—=) for
each ¢ € (0,1). We set for z € R

|| 1
oaee)@) = [ o) st =y, 13a) = (0 [T fian)” @20)

Let Cy > 0 be the initial constant given in the assumption of Theorem 4.1.1, which is independent of the
mollification parameter 6 € (0, 1), then it follows that

(v§,ul, d)(z) € C°(—00,00) and Cy' <vd(z),ed(x) < Cy for all z € R,

and as § — 0T

vy, ug, €9, r9)(x) — (Vo, o, €0, 7o) (z) for all z € R,

(

(Dyvg, Dpul, Dyed)(x) — (D400, Dytig, Dy€o)(z) for ae. x € R, (429)
(v) — 1, ul|?, e — 1) — (Vo — 1,%p, & — 1) strongly in L*(R), o
(D

203, Doud, Dyel) — (Do, Dyptig, Dp€g) strongly in L2(R).

Moreover, we also have that for z € (—o0, 00)

Bz <a"+n001|x|>i<rg(x) (& +nf|w| Oydy)i<(a”+n00]$| )i A(jz])
) = (0 L - ———— )" = h(lz)).
h a" + nCo|z| = Fo(x) an _,_nfg IU0 (y)dy a™ 4+ nCy ! |z|
One can verify by taking derivatives that h(r) and h(r) are respectively monotone increasing and decreasing
in r € [0,00). In addition, the following limits holds:

lim A(r) = C2™ limh(r) =1, lim h(r)=Cy ™, limh(r) =

r—00 ™\0 r—00 N0

Hence we conclude that

—2/n 0(1")

C; <C™ forall z€R (4.2.3)

Combining these results we claim that

Proposition 4.2.1. Let (vg, ug,e0)(x) and

ro(x) = <a" + n/: vo(y)dy> 1/n,

be the initial data given in Theorem 4.1.1 with the given initial constant Cy > 0. Then the mollified initial
data (v),u, ed,rd)(x) constructed in (4.2.1) satisfies the convergence:

(03, [ug|?, €3, (r) ™ Dy§, (r§)™ Dy, (r§) ™ Doel)
—>(5(),’ﬂ0|2,€0,(F0)szvo,( ) D an( ) D 60) StT’OTLgly in LQ(R) as 6\(0

Moreover the following estimates holds:

sup / {(y— 1) %]ug|2+w(eg)}(x)dx§00,

5€(0,1)

141



and there exists a constant &g € (0,1) such that

s S(lé'p& )H(Ug -1, ’ug‘za 62 -1, (T'g)ng;Ug, (Tg>le‘ug7 (rg)mDa?eg)H%?([O,oo)) < 2Ch.
€(0,00

Finally, the mollified initial data satisfies the boundary condition at x = 0:
ud(0) = 0 = D,ed(0).

Proof. First, we prove the entropy condition. Since ¥(¢) = ¢ — 1 —log( is convex, it follows that 1(e) =
P(ep *n5) < (€p) * ns. Using this, and the construction above, we have

| vteb@nde <5 [ [ vl - navde = [ vteota)de < G,

In the similar fashion, one can also show:
| o)+ 68w < [ o) + ol a)do < G

Next, we show the strong convergence in L?(R). We start by writing:
L1687 Dl — oDl <2 [ (§)71Dsf — Dl +2 [ 165" = G FIDw (124)
R R R

From (4.2.2), we have |(r{)™ — (70)™|*|Ds00|?(z) — 0 as § \, 0. In addition, using (4.2.3) we also have
|(r9)™ — (To)™|?| Dyvo|?(z) < (sz/n + 1)278™|Dyvo|?(z) € L®°(R) for all z € R. Thus by Dominated
Convergence theorem, it follows that

li _ D.oal2dx = 0. 4.2.5
tim [ 6" = ()" Dol (1.2.5)

Next, we deal with the other term using (4.2.3):

/ (H0)2™| Dy — D2 < Cmi / (Fo)2™ | Dy — D = i/ / |(Fo)™ Dat — (7)™ D 2.
R R R

Using the definition of mollification, we have
7 Ds}(w) = 7' Do) = [ (@) (Do) =) = (75 Do) &) bs(o)ely

~ [ {s — )@ D e = sty + [ (D)o =) = (3 D)) o)
Hence, we have

[Ltrmipg = papar <cit [ ([ {5 1)@ Dm - o) a (1.2

+Cym" / / {5 Daio)(x — y) — (" D) (2) b (v)dy )

Next, by Minkowski’s inequality, the translation invariance of L?-norm, || () = 1, and the fact that
D, € L?(R) we first get the limit

tin [ ([ 4@ Dai) = ) = (D70 )y dy) o = . (427
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For the other term, we start by using Minkowski’s inequality once again to get

(/ (/ {% - 1}(?’()”Dgﬁo)(l‘—24)775(1/)011/)2(196)1/2
< [ w( [ | =1 165 D e — ) o

Next, setting z = x — y, it follows that

1l E D) (@ — y)Pde = [ [TCEEY) P G 50y (2) 24
7“o )

Next, for each y € (—1,1) and z € R one can show that

)l/n = (1 +C§ +n00a1n>l/n = C(Co, a),

To(z +y) - (a"—l—an\z+y\
To(2) a™ +nCy 2|

with C(Cp,a) > 0 a constant independent of y € (—1,1). In addition, since 7' D, € L*(R) and 7o (2 +y) —
70(z) as y — 0, we can use Dominated Convergence theorem to obtain the limit

lim/‘ 71‘ |(70" Dzvo)(x — y 2d:c—hm/‘ro z—l—y —1‘ |(F0 Do) (2)]*dz = 0

y—0 1”0 y—0

Substituting this into (4.2.8), we have
. o (x) ~ 2
1 0 1 (D, - dy) dz =0. 4.2.9
s (/R {W(w — ) }(7“0 o) (2 = y)ns(y) y) z (4.2.9)

Now putting the limits (4.2.7) and (4.2.9) into the original estimate (4.2.6), we have the limit:

%i{% R(rg)Qm\Dng — D,|*dz = 0.

Using the above and limit (4.2.5) into (4.2.4), we have
(%1\1“1[1)/R|(r2)mevg — (70)™ Dy *dx = 0.

The convergence of other terms (7)™ D,ug and (7)™ D,€y are proven using exactly the same way. As a
result, there exists a constant g € (0, 1) such that

sup / (92 [ Dyl + [Datdl? + Do} (2)dar < 2C0,
4€(0,00) /R

where Cy > 0 is the original constant given in Theorem 4.1.1. O

4.2.2 Truncation of initial data in the far-field region

We first solve an approximated problem of (1.3.6); by replacing the boundary condition near the far field. To
do so, the initial data must be modified with proper cut-off functions. Let ¢ € C*°(R) be a test function such
that ¢(z) = 1if z € (—00,0] and ¢(z) = 0 if z € [1,00). Given integer k € N, we let « = (n — 1)/n =m/n
and ¢x(x) = ¢p(k~%(x — k)) for x € [0,00). Then it follows that ¢x(xz) € C*([0,00)) and ¢(x) = 1 for
x € [0,k] and ¢ (z) = 0 for = € [k + k%, 00). Moreover we also have the inequality:

|¢>,(f) (z)] < Cik™% for all x € [0,00) and for each i€ N, (4.2.10)
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where C; = supyeRM)(i) (y)| > 0 is a constant independent of £ € N and a € (0,1). Now we defined the
approximated initial data (v, u?, e?) as follows:

u () := uo(x)pp(z), for z € [0, 00), (4.2.11)

and

3=

€T
r(z) = (a” + n/ v,%(y)dy) for x € [0, 00).
0
With this initial data, the k-th approximated Initial-Boundary Value Problem can be stated as: hello
( Dy — Dy(ritug) =0

D, (rTuy
Dtuk + T?sz(vlm ek) = 5TZID$(I(UZ)>

Dyey, + p(vg, ex) Dy (1 ug)
| Da(r )|
—3 -

ri(z,t) == (a” + n/ox vk (y, t)dy)rll

up(0,t) = ug(k,t) =0, De(0,t) = Dye(k,t) =0  fort e [0,T],
(Vg upy e) (2, 0) = (v, ul, €))(z) for x € [0, k.

om ) for (z,t) € [0, k] x [0,T7,
— 2mp Dy (r ) +;¢Dx(r’“v7xe’“) (4.2.12)
k

From (4.2.11), one can easily see that the initial data (Ug, ug, 62) is compatible with the boundary condition,
and under the assumption of Theorem, there exists a positive constant such that:

min{1,Cy '} <)), ed < max{1,Cp}. (4.2.13)

Moreover the following proposition shows the convergence of approximated initial data in the suitable
functional space.

1/
Proposition 4.2.2. Let (vg,up,eo)(x) and ro(x) = (a” +nfy vo(y)dy> " be the initial data under the

assumption of Theorem 4.1.1 with given initial constant Cy > 0, and let (v,g, ug, eg,r,g)(:c) be the truncated
initial data constructed in (4.2.11). Then we have the following:

(1) If (vo,uo0,e0,70)(z) satisfies the regularities in Theorem 4.1.1(i), then there exists a constant Cy > 0
independent of k € N and a € (0,1) such that

sup / (R + (= D) + (ed)} )z < O,

keN

sup/ {lof = 1P + Jugl* + leg = 1} (2)dz < Co,

k
SUP/ rk zm{‘DxUkF + |Dzuk‘2 + ‘D:nek| } )dx < Cp,
keN JO

Moreover, the following convergences hold:

o,0 0.0
Uy Uy €y T x) — (o, Uo, €0, 70 )(X),
{ (ks e, €, i) (@) = ( )(@) as k— oo fora.e. x € [0,00).

(valg, Dzu% Dweg)(w) — (Dgvo, Dzu27 Dy ep)(x),
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and we also have that as k — oo:
(vp — 1,ul, |ud|?, ed — 1) — (vo — 1, u0, [uol?, eo — 1),
((rg)mev,Q, (r,g)mD ug, (rg)mD 62) — (rngxvo,rgLDzug,r{]"Dweg), m LQ([O,oo)).
((F)*™ DivR, (r)*™ Dy, (r))*™ Diep) — (5™ Divo, g™ Diug, 3™ Dieq),

(ii) If (vo,up,eo,r0)(x) satisfies the regularities in Theorem 4.1.1(ii), then in addition to the previous
assertion, we also have:

k
sup [ ()" (D2 + D2 + ID2ef?} ) < Co,
€

and the convergences

(D3vy, Duy, Died) (z) — (D2vo, D2ug, D2eg)(z) as k — oo for a.e. € [0,00),

()™ D2vy, (r))*"D2ug, (rp)*™D2ed) — (rg™D2vo, g™ D2u, 3™ D2eo) in L*([0,00)).
Proof. The convergence results, initial entropy condition, point-wise bounds and L? estimates follows the
same proof of Proposition 2.2.4 in Section 2.2.5. Hence we focuses on the convergence result and estimates

for (DY, Dyu?, Dye?). Following a similar argument used for the proof for inequality (4.2.3), we can also
obtain that

for all z € [0,00), (4.2.14)

where Cy = max{1,Co} and Cy = 1/ min{1,C; '}. Next, by construction (4.2.10) with a = (n—1)/n = m/n,
and since a € (0,1), k € N, we have the bound:

z 2m/n ~
sup 75" (2)[¢h ()| < sup (a” + n/ vo(y)dy) CE™2* < C{1+42nCo}™" = Co,  (4.2.15)
z€[0,00) z€lk,k+k] 0

where C' > 0 and Cp > 0 are constants independent of a € (0,1) and k € N, hence so is C~’0 > 0. This implies
that

k k " [e's) .
/ ™2 vo — 1)2de = sup 3™ (y)| % (v)[? / lvo — 12z < Co / lvo — 112dz < CoC,.
0 y€[0,00) 0 0

Using the above estimate, construction (4.2.11), and (4.2.14) we have obtained that
ko 2 )2 oy 2 2, 42 2 v \2 ~
| 0P iDgl < 2(CoCoP [ {10kl — 1 + RIDsw P} < 2CoC* (o + 1)Co.
0 0

where we emphasise that Co = C{1+2nCy}?™/™ is independent of a € (0,1) and k € N. The corresponding
estimates for H(rg)meUOHLz(O’k) and H(Tg)mDa:eOHH(O,k) follows by the exact same argument.

Next, we prove the estimate ||(r))*™ D2vo| 1204 < Co. From the construction (4.2.11), one can verify
that D20 = ¢}/ (vo — 1) + 2, Dyvo + ¢r.D2vp So we have using (4.2.14) again to get

k
/ (r)) "™ D2vl|dz < 4(CoCo)*™/™ / o™ {811 v — 11> + 4] ¢ *| Davol* + |¢x || D2vol|* }da
0
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By construction (4.2.10) and (4.2.14) with o = (n — 1)/n = m/n, we have the bound:
sup re™(@)|ol(x))? < sup (" + nCox)™ Ok < C{1 4 2nCy} ™" = C2. (4.2.16)
x€[0,00) z€ [k k+ke]
Using this, it follows that

k k _ o0 -
/ P62 — 1Pz < sup |G (y) / o — 1dz < 2 / v — 1[2dz < CECy.
0 y€e[0,00) 0 0

For the second term, we use the bound (4.2.15) once again to obtain

k k " e "
/ 6™ 9| 2| Dyvo 2 < sup )r%mw;l%y) / ™| Dyvo|*da < Gy / ™| Do |*da < CoCo.
0 y€|0,00 0 0

For the third term we have:
F 2 4 2 12 > 2 4 2 12 ! 2 12
/ b |"ro™ | Dyvo|“da =/ b |“ro™ | Dyvo|“d S/ o[ Dyvo|“dz < Co.
0 0 0

Next, we prove the almost everywhere convergence. From the construction, it follows that ¢p(z) — 1 as
k — oo for all z € [0, 00), hence we have

(v, ud, e (x) = (vodr + 1 — dr, Prtio, codr + 1 — dr) () — (vo, uo, €0)(2) as k — oo for all z € [0, 00).

Thus by Dominated convergence theorem, it follows that limy_,oo ro(x) = ro(x) for each x € [0,00). Next,
by the definition of extension, we have Dyv) = ¢ (2)Dyvo(x) + (vo(z) — 1)) () for ae. z € [0,00).
Since ¢p(z) — 1 and ¢ (xr) — 0 as k — oo for each z € [0,00), and vg(z) < Cy < oo, it follows that
Dyv(z) = Dyvo(x) for z € [0,00) almost everywhere. The convergence for other two terms D u) and Dy e)
can be shown in the exact same way. Similarly, we have

D200 = ¢ (vg — 1) + 2¢), Dyvo + ¢dD>vp.

Since we also have ¢} (xz) — 0 as k — oo for each z € [0,00), it follows that D2v)(z) — DZvg(z) for
x € [0,00) almost everywhere. The convergence for other two terms Dgug and Dgeg can be shown in the
exact same way.

Next, we show the strong convergence in L% Since 79(z) — ro(x) and Dyv) — D,vg as was shown
previously, it follows that (r)™D,vQ(z) — ri*Dyvg(z) as k — oo for a.e. x € [0,00). On the other hand,

recalling from (4.2.14) and (4.2.15), for each x € [0, 00), we have:
()™ Darfl(@) < (CoCo)™™ (G *uol) = 1 + Ir* Davol () ) € L2(0,00).

Thus, by Dominated Convergence theorem, the following limit holds:

o0

lim |(r)™ Do — ri Dyvg|* (x)dz = 0.
k—00 0

The L?-strong convergence for (rg)meug and for (rg)meeg can be obtained by the exact same way.
Next, we have already proven in the previous part that (r?)>"D2v0(z) — rd™D2vy(x) as k — oo for a.e.
x € [0,00). In addition by the inequalities (4.2.14), (4.2.15), and (4.2.16) it follows that for each x € [0, o),
we also have the bound

()" D2eRl(@) < (CoCo)*™™{Colvo(w) — 1] + 2Cy*|r* Dovol (@) + g™ D2vol(2)} € L*(0, 00).

By Dominated Convergence theorem:

o0

lim |(r2)?™ D20? — 2™ D2y |*(x)dz = 0.
k—o00 0

The L?-strong convergence for (r))*™D2u? and for (r)?™D2e? can be obtained by the exact same way. [

In what follows, we will abbreviate the index k and denote (v, u,e) = (v, uk, ex) for simplicity.
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4.2.3 Local-in-time well-posedness

With the approximate initial data we have constructed in the previous section, we obtain local-in-time
strong solution to the approximate problem (4.2.12) using Theorem 3.1.1 in Chapter 3. To do so, we rewrite
the initial as a new set of unknowns:

(@) = vl(@)R(2) 7", w(e) = wi(e),  epla,t) = ep(a,t),

where the coefficient 79(z) is defined by:

3=

r(z) == (a" + n/ox v%(y)dy)

With this new initial data, Theorem 3.1.1 in Chapter 3 implies that there exists a time T, > 0, and a
unique solution (7, ug, ex, 7x)(x,t) to (3.1.1) in the domain (x,t) € [0, k] x [0,T%), such that the following
are satisfied:

rp(x,t) =a+ /:r 7(y, t)dy = rp(z) + /t ug(x,s)ds, for all (x,t) € [0,k] x [0,T],
cl<ritp < 2‘, for some constant OC— C(Cy,T,a,k) and (x,t) € [0,k] x [0,T],
7, € C°([0,T); H*(0,k)) N C ([0, T); H'(0, k)),

(ug, e, — 1) € C°([0, T]; H?(0,k)) N C* ([0, T]; L*(0,k)) N L*(0,T; H*(0, k)),
(Dyex,ux) € CO([0,T); Hy).

We then redefine as:

vg(z, t) = (re(x, t) " (x, t),
then one can show that v, € CY([0,T]; H*(0,k)) N C*([0,T]; H'(0,k)) and
1

ri(z,t) = (a” + n/ox vk(y,t)dy) "

Doy, = Dy(rjtug) and  C < wvg(z,t) < C,

for a.e. (z,t) € [0,k] x [0, T%].

Once the local-in-time solution of the approximated problem (4.2.12) is obtained, we show that a stronger
estimate is satisfied by the solution in a domain before the maximal time of existence T, > 0. This will then
enable us to extend T} > 0 via bootstrap argument. Moreover, we also ensure that the estimate is in fact
independent of the approximation index k > 0. Hence one can take the limit £ — oo to attain solution to
the original exterior problem (1.3.6) via compactness argument.

4.3 Higher Regularity Estimates

Since the local-in-time strong solution (vg,ug,ex)(x,t) obtained in the previous section satisfies the same
set of equations and boundary conditions, (2.2.16) stated in Section 2.2.5 of Chapter 2, Theorem 2.3.1 also
holds for (vg, uk, ex)(x,t) in the domain (z,t) € [0, k] x [0, 7] with T' > 0 being the maximal time of existence
instead, and the proof follows exactly the same procedure. Hence in the present section, we will abbreviate
repeated demonstrations and Theorem 2.3.1 will be used for the derivation of different set of high regularity
estimates which is stated below:

Theorem 4.3.1 (Higher Regularity Estimate). Let T > 0 be the mazimum time of existence, and (v, u,e)
be the solution given in Theorem 3.1.1. Recall the term Ho from Theorem j.1.1:

Holv, u, e, 7)(z,t) :={|v — 1|* + r*"|Do|* + r*™|D2v|* + |u|* + r*"|Dyul?* + r*"|D2u|*} (z,t)
+ {le - 1)? 4+ r*™|Dgel?® + T4m|D§€|2}(l’,t).
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Then there exists a constant Cy > 0 depending only on the initial data such that

sup / {f\u|2 = DY(v) + ¢(e) }(z, t)dz < Co,
e 2m 2 m 2 m 2 (431)
/t/ WW'+u+;ow4;@‘+%wgD§ﬁw_¢¢g}m&g%.

Moreover, there ezists Ch = Cy(a,T,Cy) > 0 independent of the approximating index k € N such that:
Cl(a)_l < ’U(.Z',t), 6(.7,‘,t) < Cl(a) and |u($7t)‘ < Cl(a) for (xat) € [07 k] x [OvT}a

k
sup / [Halv, u,e,r] + | Dol + Dyl + | Dief?} (z, t)dz < Cy(a),
0<t<T JO
T (4.3.2)
/ / {r2™ DDyl + 1| Dy Dyuf? + 1| D, Dyel?} 2, t)dadt < Ci (a),
0 0

T rk
/ / {r|Dzuf* +r°" | Diel*} (z, t)dzdt < Ci(a).
0 0

Moreover, for each € > 0, there exists a constant Co(e) = Ca(e, T, Cy) > 0 independent of a > 0 and k € N
such that

Co(e)™! <w(a,t) < Cole), 0<e(x,t) <Cy(e), |ulz,t)| < Cy(e) for (x,t) € [e,k] x [0,T],

k
sup / {Halv, u,e,r] + |Dyw|? + | Dyul? + |Dte\2}(:v,t)dx < Csq(e),
0<t<T Je

T [k (4.3.3)
/ / {T2m|Dthv]2 + 7“2m|D,5Dxu|2 + r2m\Dthe|2}(x, t)dzdt < Cy(e),
0 €

T k
| [ DRl 4 D ) dadt < Cafe)
0 €

In what follows, we mainly illustrate the statement (4.3.3), as (4.3.2) is easier to show. Moreover, it is
important to note that we will be using the same cut-off functions g. € C! introduced in (2.3.21)—(2.3.23),
Section 2.3.3 of Chapter 2.

4.3.1 L>(0,T; H')-estimate of specific volume v

In this subsection, we prove the r"™—weighted L? bound of D,v:

Lemma 4.3.1 (Exterior L3°L? estimate of D,v). Given e >0 and T > 0, we have the estimate

k

/ 2™ | Do) (z, t)dz < C(e) vVt € (0,77,

3
where C'(e) = C(e, T, Co,n,B,7,k) > 0 independent of k > 0 and a > 0.
Proof. First, using continuity equation (4.2.12), in the momentum equation (4.2.12),, we have:

BDy (rsz logv — %) =1"D,P + mBr™ tuD, log v. (4.3.4)
Multiplying both sides of (4.3.4) by r"™ D, logv — u and integrating in = € [e, k] we obtain:
d [* U
ﬁdt/s |r"™ D, logv — E|2d$

k r2m k (435)
§2/ —]D el?dz + C(e ]u\Qdm—&—C’( ) sup (1+62+u2)/ ™D, log v|*dz,
3 3

e<y<k
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where the coefficients C(e) = C(e, T, Cp) is independent of a € (0,1) and k € N. Now integrating (4.3.5) in
time, using Theorem 2.3.1(i), it follows that:

k t k
5/ ™D, logv|*dz < Cy + Cg/ sup (14 e +u?)(y, s)/ [r™ D, log v|*dzds.
€ 0 €

e<y<k

Applying Gronwall Inequality, we obtain the following estimate:

k
/ |rmelogU|2(x,t)d:n§Cég)exp(cs/ {1+ sup (e*+2° y,s)}ds).

5 e<y<k

Using Lemma 2.3.3-2.3.4, and Theorem 2.3.1(ii), we obtain the desired estimate. O

4.3.2 L>(0,T; H')-estimate of (u,e)

Lemma 4.3.2 (Exterior L3 H'-estimate of u). Given ¢ > 0 and T > 0, there exists a constant C () =
C(e, T, Co,B,7,K) > 0 independent of k > 0 and a > 0 such that:

k
/ / |Dyul? + ‘Dt( )| }dxdt + sup / {r*™ Dyul® + | Dy (r™u)|* + | Dy|? } (2, t)dz < Cp + C(e).
te[0,T] Je

Proof. Multiplying momentum equation (4.2.12), with g.(x)D;u and integrating by parts in x € [0, k], using
boundary condition Dyu(k,t) = 0 for all ¢ € [0, T, we have:

/0 g5|Dtu| dz + 2dt/ gei\Dqudx

1 k k T'2m
<3 [ alDaPassc@{te sw o+ / —(IDsef? + D)z} (43.6)
0 e/2<y<k /2 v
ko 2m
D, (
+mp sup |u’(y,t)/ ggr—]D ul dx—/ ﬁr—lD ul*dz,
g/2<y<k T 0 v

where we have used (2.3.21)—(2.3.23), Theorem 2.3.1(i)—(ii), and Lemma 2.3.4-2.3.6, and Lemma 4.3.1 with
the given constant ¢ replaced by €/2. Next, with few lines of calculation, once can verify that

D (r"™u) |2 ur?m v
’x()‘ Do (r™u) — 2m——|Dyul? — 3m*r™ 2u2Dyu — m3—3u3
v rov r

Dy(rm u)r D |2
fE
v

Using this, we have

k 2
D m m
_ [ B s
0 v v

k 2 k 2m
D, (r"u 3m U r
<)~ [ 022D, miyar + {25+ om sup Yo} [ oDk
0 e/2<y<k 0

Substituting the above into (4.3.6) and integrating in time, we have

t rk 2m
3/ / gngtuIdeds—i-B/ ggr—|D u\ (x,t) dx—/
0
(r"u) o m
————|*Dy(r"u)dxds + C(e) sup |ul ga—|D ul|*dzds,
0 e/2<y<k
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where we used Lemma 2.3.4. Next we recall effective viscosity flux: F := fv 1D, (r™u)—(y—1)v"te+(y—1)

D
and —tmu = D, F. Using this, we rewrite the following term:

e

where we will indicate each term I(®) as we proceed to estimate it. First, for I(})| integrating by parts once,
and using Lemma 2.3.4 and 2.3.7 we get

‘D r u)dxds—ZI

(1) 1 Lk 2 m 1 Lk m 1 bt I 2,.m
I ::—— gEF D,(r u)dxds:B gguFr Ddexds—l—% g-F“r"udzds
0 Jo
k Dx m 2
// ge|Dyu|*dzds + C(e )/ sup \u|2(y,s)/ gewdxds.
0 y€le/2.k] 0 v

Next, I is estimated using Lemma 2.3.7 and Lemma 2.3.4-2.3.6:

L b o D tmdeds — =D [ e
: 5/0/0 9= F'(P — (v — 1)) Dy (r"™u)dzds 5 /0/0 g:-F . D, (r™u)dzds

t k Dmm 2
ga@+a@/ wpw@@FAgJﬁ“”mm

0 y€le/2,k]

Finally, we estimate I®) using Lemma 2.3.7 and Lemma 2.3.4-2.3.6:

ﬂa:~@;Aifbap—w—4»%%vwo=—“§;V/“/ﬂk€‘1+1‘vfpawm>
t k
SW;;)Q/O/OgE((6;31)4+(” )>dxds+ % // Do) 4 s < o).

In summary, we have the following estimate for I:

t k D:): m 2 1 t rk
I <Cf(e)+ C(E)/ sup (% +u?)(y, ) / gg|(:)u)|dxds + 1 / / ge| Dyu|*dzds.
0 0 0o Jo

YEle/2,k]
Using the inequality: v~ Dy (r™u)|? < 20712 Dyul? + 2m2r—2vu?, it follows from (2.3.21)-(2.3.23),
Theorem 2.3.1(i)—(ii), and Lemmas 2.3.3-2.3.4 that

t ko 2m 1 [tk
I<C(e)+ C(s)/ sup (€2 +u?)(y, 8)/ g€%|Dxu|2dxds + 4/ / ge| Dyu|?dzds.
0 0 0 Jo

ye[5/27k}

Substituting this estimate for I into (4.3.7), we get using (2.3.21)—(2.3.23) that

1 t k 5 k 7,2m )
L//9ﬂhﬁ®®+/geWwH%WM
2 0 0 2 0 v

t k 2m
<C(e)+ Cy+ C(e) / sup {1 +u®+e*}(y, s)/ gar—|Dxu\2dxd5
0 e/2<y<k 0 v

Applying Gronwall Inequality. we finally conclude using Lemma 2.3.3-2.3.4 that

1 t k ﬂ k ,,,,2m
2/ / ge| Dyu|?dzds + 2/ ge— | Dyul?(z,t)dz < Cy + C(e).
0 Jo 0 v
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Moreover, by Theorem 2.3.1(i) and (2.3.21)—(2.3.23), we also have

T rk T rk 4
Dy(rm
/ ggt(tn“)dxdtg/ /gg{|Dtu|2+m|ul}dxdt§00+0(€),
o Jo r o Jo "

k k 2
v
/ Ge| Dy (r™u)|?dz < / gg{er\Dxu\Q + mQE\uF}dx < Cy+Cle).
0 0

By the continuity equation, Dyv = D, (r™u), and Theorem 2.3.1(ii), we have in addition that

k
/ ga\Dtvlzdx:/ gev |D(v)|d$§00+0<6).
0 0

O
As an consequence of Lemma 4.3.2 and Sobolev Embedding Theorem, we obtain the following corollary:

Corollary 4.3.1. Given ¢ > 0 and T > 0, there exists a constant C(e) = C(e,T,Cy,n,B,v,k) > 0
independent of k > 0 and a > 0 such that:

(e, ) < CE) W(wt) € e, k] x [0,7].
Proof. Using Sobolev Embedding theorem for 1D: W' < C°, we have that
sup u?(y,t <C'/ u?dx + C'/ |luDguldx = C'/ ulde + C'/ lr ™" M) — mr " vu?|da
y€le.k]

v & M) |2
<Cp+ C sup (——i— )(y, )/ 2(x, t)dac—l—C/ u(x,t)deC(e).

yE[E,k’] T 13

Thus it follows that sup |u(y,t)| < C(e) for all t € [0,7T7. O
e/2<y<k

Lemma 4.3.3 (Exterior LZW 1 estimate of u). Given ¢ > 0 and T > 0, there exists a constant C(c) =
C(e, T,Co,n,pB,v,k) > 0 independent of k € N and a € (0,1) such that:

T T rk
/ sup |Dg(r™u)*(x, t)dt + / / {r*™|D2(r™u)|? + r*™| D2u|?}(z,t)dadt < Cy + C(e).
0 z€lek] 0 €

Proof. Taking L%-norm in the region (z,t) € [, k] x [0,77] on both sides of momentum equation (4.2.12),,
and using (2.3.21)-(2.3.23), Lemmas 2.3.4-2.3.6, and 4.3.1, we obtain that:

k 2m T
ﬁQ/ / ey |D2(r™u)|2dzdt < Cy + Cle )—l—C(E)/O sup |Dg(r™u)|*(x, t)dt.

€ [e,k]

Now, from the Sobolev Embedding Theorem: Wt — CV_ it follows that

C(e)/OT sup | Dy (r™u)[2(z, )dt < C(e / /|D rmu)? + C(e) / /|D ™) D2 ()|

ace[s k]

/ / |D2 (r™u) [2dzdt.
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Substituting this back into the previous equation, we obtain:
g2 (T [k p2m
a / / | D2 () Pdadt < Co + O(c).
2 0 e v

Finally using again the Sobolev Embedding Theorem, we have

2

T T m
m 2 < m 2 v - r 2/,.m 2 < .
/0 yzl[g)k”Dx(r w)|?(y, t)dt < C’/O (|’D¢(T W72 p + ||7r2m L (E’k)HT; DZ(r u)||L2(€’k)> < C(e)

Finally, we have 7™ D2y = r™D2(r™u) — mr™ LuD,v +mr—2uv? — 2mor™ ' D,u. Hence, taking L?>-norm,
it follows from (2.3.21)—(2.3.23), Theorem 2.3.1(i)—(ii), and Lemma 2.3.3-2.3.6 that

T k
/ / r4m) D2y 2dedt < Cp + C(e).
0 15

O

Corollary 4.3.2. Given ¢ > 0 and T > 0, there exists a constant C(e) = C(e,T,Cy,n,B,v,k) > 0
independent of k > 0 and a > 0 such that:

T rk
/ / r2™| Dy Dyv|*(x, t)dadt < Co + C(e).
0 5

Proof. By continuity equation Dyv = D, (r"™u) and above lemma, the corollary follows. O

Lemma 4.3.4 (Exterior LEH' estimate of ¢). Given ¢ > 0 and T > 0, there ewists a constant C(e) =
C(e,T,Cp) > 0 independent of k € N and a € (0,1) such that:

i T rk
sup / 2| Dyel?(z, t)da +/ / | Dief*dzdt < Co + C(e).
0 €

0<t<T Je

Proof. Multiplying the energy equation (4.2.12) with g. D;e and integrating in € [0, k], using the boundary
condition Dye(k,t) = 0 forallt € [0,T7], (2.3.21)—(2.3.23), Theorem 2.3.1(ii) and Cauchy-Schwartz inequality,
we have

x d k T2m k
5& ) gE’U’DIe‘de—i_\/O gngte|2dCU

k
<cE( swp [ulp )P+ swp [D"wP) 4 16m [ gD ) P
e/2<y<k y€Ele/2,K] 0

. o (4.3.8)

k 2m 2
+ (/ gar—]DzeF(x,t)dx) —l—C(a)/ T—|Dwe\2(:c,t)dx
0 v /2 v

+C(e) sup {|Du(r™u)(y,t)* + e*(y,t }/ Ge| Do (r™u)|? (z, t)da.
yEle/2,k]

Moreover, using the identity: D, (r™ 'u?) = 2r~tuD,(r™u) — nvr—2u?, it follows from (2.3.21)-(2.3.23),
Theorem 2.3.1(i)—(ii), Lemma 4.3.2 and Corollary 4.3.1 that:

k k
_ vu | Dy (r™u) |?
/0 geny(Tm 1u2)|2dm < ||T||%oo(€/27k)/0 ggmi

k
d+nw2mﬂmm/guﬁmsc@.
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Substituting the above estimate in (4.3.8), integrating with respect to time in the interval ¢ € [0,7] and
using Theorem 2.3.1(i), Lemmas 2.3.4-2.3.6, and Lemmas 4.3.1-4.3.3 we obtain that

k r2m t rk
/ ge— | Dgel?dz +/ / g-| Dse|?dzds
0 v 0 Jo

k (7,2) - t, rkop2m ) koop2m ,
§C(€)+/ G~ | D€l 2dx + C(e )/ (/ —|Dgel*(z, s)dm)/ ge— | Dgze|*(x, s)dxds.
0 v 0 0 v

e/2 U

By Gronwall inequality, it then follows from Lemma 2.3.4 that

k sz t rk
/gngxe|2dx+// gE|Dte]2dde§Co+C'(6).
0 v 0 Jo
OJ

As an consequence of Lemma 4.3.4 and Sobolev Embedding Theorem, we obtain the following corollary:

Corollary 4.3.3. Given ¢ > 0 and T > 0, there exists a constant C(e) = C(e,T,Cy,n,B,v,k) > 0
independent of k > 0 and a > 0 such that:

le(z,t)| < C(e) V(z,t) € [, k] x [0,T].
Proof. Using Sobolev Embedding theorem for 1D: H' < C°, we have that

k k
sup (e —1)%(y,t) < C/ (e —1)%(x,t)dx + C'/ le — 1| - |Dge|(z, t)dx
yE[é‘,k} 3

k2m

v k
<C sup (l—i-TQm(y,t))/ (e — 1)2(:):,t)dx+/ " Deef ) < Ofe).

y€[e,k]

From this, we have that e(y,t) <1+ /C(e) for each (y,t) € [e,k] x [0,T]. hence, taking supremum over
y € [e, k] on both sides, and taking the square root, we get the desired bound. O

4.3.3 L>(0,T; H?*)—estimate of (u,¢)

Lemma 4.3.5 (Exterior L¥L? estimate of Dyu). Given e > 0 and T > 0, there exists a constant C(g) =
C(e,T,Co,n,B,7,k) > 0 independent of k € N and a € (0,1) such that:

k D, (r™) |2
//{r ™ Dy Dyul? + | Dy Dy (r™u)? dzdt + sup / {DtuP—f—‘tS;mM}(az,t)deCo—l—C(a).

te(0,7] Je

Proof. First, differentiating the momentum equation (4.2.12), with respect to time, then multiplying both
side of the resulting equation by ¢g.D;(r™u) and integrating in x € [0, k], by Cauchy-Schwartz inequality
and the boundary condition D,u(k,t) = 0 for all ¢ € [0,T], it follows that

1d k D, (r™ 2 k DDJ; m 2
[ oD g, [ DD,
2dt 0 rem 0 v

B (% |DiDy(r™u)|? k| Dy (rmu))? ENE m
SA gEMd$+C(6){/€/2 (W«F‘Dt(v)‘ )d$+’Dx(T u)|%oo(6/27k)}’

v

(4.3.9)

where in the last line we used (2.3.21)-(2.3.23), Theorem 2.3.1(i)—(ii), Lemma 4.3.2, and Corollary 4.3.1.
Next, we write using continuity equation Dyv = D, (r™u) that:

v (Y

K e\ |2 1 Die e m |2 K
/ D) d:r—/ D D) da < 0(5)(/ Drelde + (e O mpnpy ). (43.10)
€/2 v €/2 €/2
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Now, substituting (4.3.10) into (4.3.9) and integrating the resulting inequality in [0, ¢] for each ¢ € (0,77, it
follows from Theorem 2.3.1(1), Lemma 2.3.3, and Lemmas 4.3.2-4.3.4 that

1 D, ,8 D,D 2 1 k D.(rm)|2
/0 gg‘ <7; v // 1D Dy () |7 hmsup/O Q€W(-,7)+C(s). (4.3.11)

2 r 2 T—0t

Using momentum equation (4.2.12),, and the initial condition from Proposition 4.2.2, it follows that

D 2
lim sup / gaM (z,7)dx
0 T

70t 2m
k 4 2m 2, |2
VoUQ rd™ D () rotD €0
< [ 1580 4 1D ? + mmmmP’O sl | I Dscol"y

0 7’8 U% Uo

k 2

eo — 12 rit Dyv U
0 ) Ch) o

Substituting these estimates into (4.3.11), we have that

1 k D, (r™ 2 t k D Dz m 2
/ gsw(x’t)dx + 5/ / ggwdx < Cy+Cle).
2 0 7"2m 2 0 0 v

Finally, we also obtain that

k ko Dy(rma u?
/ gE|DtU|2(l‘,t)dlL‘ = / gslti) m7|2(m,t)dx < CO + 0(5)7
0 0

and with the identity: »™D,Dyu = Dy Di(r™u) — m(m — 1)vr=2u? + 2mr™ 'uDyu + mr~vDyu, it follows
that

T rk
/ / gerzm‘Dthudedt < C(E)
0 0
OJ

In addition, we can also obtain a time-weighted version of above estimate due to the parabolic structure
of the equation. It is important to note that this estimate does not require the initial condition:

k
| oDz e < ¢,
0

Lemma 4.3.6 (Time Weighted Exterior LL? estimate of Dyu). Given ¢ > 0 and T > 0, there exists a
constant C(e) = C(e,T,Co,n, ,7,k) > 0 independent of k > 0 and a > 0 such that:

2 2 g 2 | Dy(r™u)|?
/ / (127D, Dyul? + | Dy Do ()2} () dadt £ sup / o) 1D + PV 1, 1)
te[0,T) Je r
C(e), where o(t) = min{l,t}.
The proof for this lemma is exactly the same as previous Lemma 4.3.5 except that we make use of the
time weighted estimates of Lemma 2.3.9 in Section 2.3.4. Thus we will abbreviate the detailed derivations.

Lemma 4.3.7 (Exterior Ly H*-Estimate of u). Given ¢ > 0 and T > 0, there exists a constant C () =
C(e,T,Co,n,B,7,k) > 0 independent of k € N and a € (0,1) such that:

k
sup / {r*™ D2 (r"™u)|* + r™| D2u|*} (z,t)dx < Cy + C(e).
t€[0,T] Je
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Proof. From momentum equation (4.2.12),, we have that

D,v
.

Br™D2(r™u) = vDyu — (7 — 1)rmSva + (v — 1)Dye + BD,(r™u)r™

Taking L?(e, k)-norm on both sides of the above equation. It follows from (2.3.21)-(2.3.23), Theorem
2.3.1(ii), Corollary 4.3.3, and Lemma 4.3.1, 4.3.3, 4.3.5 that:

k
52/ 2™ D2 (") [ (z, t)dz < Co + C(e) + Ce) Sl[lpk]‘Dx(TmU)(y»t)F' (4.3.12)
€ ye€le,

Now, using the Sobolev embedding theorem: W (e, k) — C%(e, k), (2.3.21)(2.3.23), and Lemma 4.3.2 we
have

2 k
sup | Do (r™u)(y,t)|* < C(e) + b / 2™ D2 (r™Ma) P d. (4.3.13)
e,k 20(5) €
Y€l k]
Substituting the above estimate into (4.3.12), it follows that:
62 ‘ 2m| n2/,.m 2
oL | Dz (r"u)|*dz < Cy + C(e). (4.3.14)
k

Next, by computation, one obtains: D2(r"™u) = mr~tuDyv—r"""2v2u+2mr v D u-+r™D2u. Multiplying
both sides of this identity by ™ and then taking L?-norm in the domain x € [e, k|, it follows from Theorem
2.3.1(i)—(ii), Lemmas 4.3.1-4.3.2, Corollary 4.3.1 and estimate (4.3.14) that:

k
/ 4™ D2u|?dx <Cj + C(e).
£

This proves the lemma. O

Using Lemma 4.3.6, we also obtain the following time weighted L (0, T; H?(0, k:)) estimates without
requiring its corresponding initial condition.

Lemma 4.3.8 (Time Weighted Exterior L H?-Estimate of u). Given ¢ > 0 and T > 0, there exists a
constant C(e) = C(e, T, Co,n, B,7,K) > 0 independent of k € N and a € (0,1) such that:

k
sup / o (&) (™| D2(r™ ) 2 4+ 47 D2uf) (z, t)de < C(e).
te[0,T] Je

The proof for this lemma follows exactly the same procedure as the previous Lemma 4.3.7, except that
we use the time weighted estimates of Lemma 2.3.9 in Section 2.3.4. Thus we will not repeat the derivation
here.

Lemma 4.3.9 (Exterior LY L2-Estimate of e). Given ¢ > 0 and T > 0, there exists a constant C(g) =
C(e,T,Co,n,B,7,k) > 0 independent of k > 0 and a > 0 such that:

k T rk
sup / |Dye|?(z, t)dz + / / r2™| D, Dye)?(z, t)dadt < Co + C(e).
tel0,T] Je 0 Je

Proof. We first differentiate the internal energy equation (4.2.12), with respect to time, then multiply both
sides by g.Die and integrating by parts, it follows from D;De(k,t) = Dye(k,t) = 0 that

14 [* ) ko2m ) 4
th/o ge| Dyel d$+m/0 9e——|Di D dx:z;.fi. (4.3.15)
1=
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First, we start by estimating I;: using Cauchy-Schwartz inequality (2.3.21)-(2.3.23), Theorem 2.3.1(ii),
Corollary 4.3.1, and Lemma 4.3.4, we have

€ r2m k r2m71
I .= — /{/ gg—DtheDtedm — 2ml€/ Je uDyeD,D;edx
e/2 v 0 v

€ ,,42m71 k r?m
— 2m/</ gr uDgeDiedz + HJ/ gSTDz(rmu)DzerDtedx
e/2 v 0 v

£ ,r2m
+ K / gé—QDx(rmu)DxeDtedx
€/2 v

k k 2m
<C(e)+ C(e) / \Dte\de + r / ggr—\Dthe\de +C(e) sup ]Dz(rmu)|2(y,t).
e/2 2 Jo v e/2<y<k

Next, we estimate the term I5 using Theorem 2.3.1(ii), Lemma 4.3.2:
3
2 (r™u))

v2

D, (r™u)

k . k(D
I ::25/ ge——— Dy Dy(r u)Dtedx—B/ 9e Dyeda
0 0

v
k 3 k
<C(e) / D, D) 2dz+ 28 sup [ Du(r™u) Py, ) / g:Die(z, t)da
e/2 e/2<y<k 0

+C(e) sup |Dy(r™u)*(y,1).
</2<y<k

I3 is estimated using Theorem 2.3.1(ii), Lemma 4.3.2 and Corollary 4.3.3:

k k 2 k

D, (r™u D, (r"™u e

(y— 1)_113 = — gsx(v)|Dt€2dl‘ +/ ga|m(v2)|eDt6 — / gEEDth(rmu)Dted:p
0 0 0

k k k
<C(e)+ sup \Da;(rmu)|2/ ga\DteIQdaf + C(E)/ \DteIZdw —i—/ ]DtDm(rmu)Pda:.
e/2<y<k 0 €/2 €/2

Finally, to estimate I, we use (2.3.21)—(2.3.23), Theorem 2.3.1(i)—(ii), Corollary 4.3.1, and Lemma 4.3.2,
4.3.5, to obtain

k
Iy = — 2mu/ 9e Dy Dy (r™1u?) Dyedx
0

k k k
<C(e)+ sup |D.(r™u)*(y,t) / ge|Dye|?dz + 2m,u/ | DDy (r™u) |2dz + C’(e)/ |Dye|?dz.
e/2<y<k 0 €/2 €/2

Substituting the estimates for I;—I4 back into (4.3.15), it follows that
1d f*
2dt Jg

k k
<C(e)+C sup IDa:(T‘mU)lz(y,t)/ gaIDte\QderC(E)/ | Do Dy (r™u) [P+
e/2<y<k 0 €/2

,r2m

k
K
g=|Dye|*dz + 2/ ge |DyDyel*da
0

v

k
—i—C(s)/ Dyel2dz + sup | Da(r™u)2(y,1).
e/2 e/2<y<k

Integrating in time and using Lemma 4.3.3, 4.3.4, and 4.3.5, we have

1 k K t k T2m
/ ge| Die|?(z, t)dz + / / ge— | Dy Dye|*dxds
2 0 2 o Jo v

‘ (4.3.16)

1 k k
<-lim sup/ ge|Diel*(z, 7)dx + C(e) + C sup | D (r™u)|?(y, s) / ge| Die|?(z, s)dads.
2 5ot Jo 0 e/2<y<k 0
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Now by taking ¢ ™\, 0 in the internal energy equation (4.2.12),4, and using the initial data estimate Proposition
4.2.2 we have that

k
lim sup / ge| Dee|*(z, T)dx
0

T—=0t

k 2
D, (rl'u m v
S/ ga{\(vg 0) ]2(1 + | D, (rg uo)\2 + |ep — 1] ) ] | | Dy (rg? uo)]2 + —Zué}dw (4.3.17)
0 To
"D,
+/ g {Irg='D 60\2+‘u‘ D €0|2+‘ 0 DQeO) bz < G+ C(e).
0

Substituting this into the main estimate (4.3.16), we have:

1 k K t k r2m
/ gE|Dte\2(x,t)dx+/ / ge——| Dy Dye|*dxds
2 0 2 0o Jo v

t k
<Cop+C(e)+C sup | D (r™u)|?(y, s) / ge| Die|*(z, s)dzds.
0 e/2<y<k 0
By Gronwall inequality, and using Lemma 4.3.3 once again, it follows that for all ¢ € [0, T

1

k t k m
/ gEIDte|2(x,t)dx + K/ / gEL‘DtD:L‘dZ(xa s)dzds < Cp + C(e).
2 0 2 0 0 v

O]

Similar to the case for Dyu, we can also obtain the time weighted L>°(0,T; L?) estimate of D;e. We note
that the following initial condition is not required for this estimate to hold:

k
/ (r9)4™ D26 2 < Co.
0

Lemma 4.3.10 (Time Weighted Exterior L2 L?-Estimate of e). Given ¢ > 0 and T > 0, there ezists a
constant C(e) = C(e, T, Co,n, B,7,K) > 0 independent of k > 0 and a > 0 such that:

sup / (1) Dyel2(x, 1) dx+/ / 127 D, Dye(, £)dadt < C(e),
t€[0,T]
where o(t) := min{1,t}.

The proof of this is the same as previous lemma, except that one uses the time weighted estimates of
Lemma 2.3.9 in Section 2.3.4. We will not repeat the argument here.

Lemma 4.3.11 (Exterior LY H?-Estimate of €). Given ¢ > 0 and T > 0, there exists a constant C(g) =
C(e,T,Cy) > 0 independent of k > 0 and a > 0 such that:

k
sup / ™| D2e(x, t)|?dz < C(e).
te[0,T] Je

Proof. Writing the energy equation:

2m

&erDge = —2mrr™ WD e + RLD;DUD;EC + vDse — B|Dm(rmu)|2+
v
+ (v = D)eDy(r™u) + 2mpv D, (r™1u?).
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Taking L?(e, k) norm on both sides, using (2.3.21)—(2.3.23), Theorem 2.3.1(i)—(ii), Lemmas 2.3.4, 4.3.1, 4.3.2
4.3.4 4.3.9, and Corollaries 4.3.1, 4.3.3, we have:

k
< [ Diefds < C(e) + Cle) sup [ Daelys ) + sup [D2(™u)(y. 1) (43.18)
€ yEle,k] yEle,k]

By the same argument used in the proof of Lemma 4.3.7, inequality (4.3.13), The third term is bounded as
follows:

2 k
o D), < O+ 2 e ey [ P00 < )
y6[57k] 5

Next, by the Sobolev Embedding theorem in 1D: Wh!(e, k) — C%(e, k), and Lemma 4.3.9 we have
2
2C(e)

k k
sup |7“mD9Ee(y,t)\2 < / T2m‘Dx€|2d.1‘ —I—/ |r™Dye - Dy(r"™Dge)|dx < C(e) +
13 €

k
/ ™| D2e|?dz.
y€Ele k] B

Substituting the above back into (4.3.18), we have
k K2k
/<;2/ rAm|D2e2dz < C(e) + 2/ ™| D2e|?dz.
g 13
This proves the lemma. O

Using Lemma 4.3.10, we also obtain the time weighted L°°(0,T; H?) estimate for e in the following
Lemma:

Lemma 4.3.12 (Time Weighted Exterior L H?-Estimate of €). Given € > 0 and T > 0, there exists a
constant C(e) = C(e, T, Cy) > 0 independent of k > 0 and a > 0 such that:

k
sup / o(t)ri™| D2e(z,t)?dz < C(e), where o(t) :=min{l,t}.
te[0,T] Je

The proof is same as that of Lemma 4.3.11 except for the time weight o(¢) = min{1,¢}. But this can be
easily dealt with using the time weighted estimate of Lemma 2.3.9, hence we will not repeat the proof here.
4.3.4 L>(0,T; H*)—estimate of v
Lemma 4.3.13 (Exterior L L? estimate of D2v). Given e >0 and T > 0, we have the estimate

k
sup / {T‘4m|DiU|2 + rim| D2 logv|2}(m,t)dx < Co+C(e).
te[0,T] Je

where C(e) = C(e, T, Co,n,B,7,k) > 0 independent of k > 0 and a > 0.

Proof. Taking spatial derivative D, on both sides of the equation (4.3.4) from Lemma 4.3.1, and using the
identity D;r = u, and continuity equation Dyv = D, (r"u), we have

D2(r™u)

ﬁrthDi logv =Dy Dyu — mf3

D2e D.eD,v e e
+ (v — 1)7"’”{ 5 -2 xvz T+ ;]Dgc logv|* — ;ch logv}
m—1
+ mzﬁ%va + mﬁr ” D uDgv.
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Multiplying both sides by g-r*™D? log v, and integrating in space, we obtain by Cauchy-Schwartz inequality,
Theorem 2.3.1(ii), and (2.3.21)—(2.3.23) that

pd *

5 u e k 9
sat ), ger"™| D2 log v|* < {5 + 2mﬁ|;|Loo(e/2,k) + (v - 1)|U|Loo(a/2,k)}/0 ger'™| D2 log v? + ZIZ-,

i=1

where each term I; will be properly indicated as we estimate it. By (2.3.21)—(2.3.23) and Lemmas 4.3.5-4.3.7,
we have

k k
L+ 1= / ga{rzm]Dthu\de + mQBQ/ rzm*Q\Dg(rmu)P}dx < C(e).
0 0

Next, using Theorem 2.3.1(ii), (2.3.21)—(2.3.23), Lemmas 4.3.1, 4.3.4, and Corollary 4.3.3, it follows that

k

. e

I3+ Iy := (v — 1)2/ gg{m2r2m 2 Dyel?® + m2|ﬁ|im(€/27k)r2m|va]2}dx < C(e).
0

From Theorem 2.3.1(ii), and Lemma 4.3.11, we also have

K
Is = (v — 1)2/0 9elv 2| oo (e oy Dzel*dz < Ce).

From Sobolev embedding inequality, Theorem 2.3.1(ii) and Lemma 4.3.1, we have

r"mDge |2

2

- 1| DyoPde < CEI™ Daeldo ooy < CE),

k
Is == 4(y — 1)2/ e
0

Lo (c/2,k)

Next, using Sobolev embedding inequality, Theorem 2.3.1(ii), Lemmas 4.3.1, 4.3.13, Corollary 4.3.3, and
(2.3.21)-(2.3.23), it follows that
-1 2 k
I7 ::(’Y ) / Ge
0

el2

k
5 - ™| D, logv[*dz < C(e) + C(a)/ g™ D? log v|2dz.
0

L>(g/2,k)
Next, by (2.3.21)-(2.3.23), Lemma 4.3.1, and Corollary 4.3.1, it follows that
k

™| Dyo)?de < C(E)/ r?™|Dyv)?de < C(e).
€/2

u 12

k
Iy = m4ﬁ2/ gam2
0

T72 Lo (g/2,00)

Using Sobolev embedding theorem, (2.3.21)—(2.3.23), Theorem 2.3.1(ii), Lemma 4.3.1 and 4.3.7, we have

2 2 F r
Iy :=m~p / gs{‘
0

Combining all estimates for terms {I;}?_,, it follows that

m—1 2

D,u

2m D:r 2 < me 200 <
Loo(e/2,00) | Dz }dx < C(e)|r"™ Daulf oo (o o) < Cl€),

sgd "

k
BWT, g€r4m\D§ logv]2dx < C(e) + C(e)/ g€r4m]D§ logUIde,
0 0

where in addition, we also used (2.3.21)—(2.3.23), Theorem 2.3.1(ii), Corollary 4.3.1 and 4.3.3. Thus by
Gronwall inequality, it follows that

k

k
sup / g€r4m]Dglogv]2(w,t)dx§/ garém]Dglogv()]Q(x)dx—i—C(a).
te[0,71J0 0
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By an application of Sobolev embedding theorem, we one can verify that

k 2
D2 Dyvo|? 2
/ g™ D2 log vy |* (x)dx = / 9eTo ‘ w0 _ | §O| (x)dz < Co+ C(e).
0 0

Vo UO

Hence, we conclude that

k
sup / g ™| D2 logv|?(z, t)dx < Coy + C(e).
tef0,1]J0

By Sobolev embedding theorem, and Theorem 2.3.1(ii), and Lemma 4.3.1, we also have that

‘DmU‘Q 2

k k
/ ger ™| D2v|*dx = / 967“4m‘UD3; logv + dz < Co +C(e).
0 0

4.3.5 L*(0,T; H®)—estimate of (u,e)

Lemma 4.3.14 (Exterior L2 H? estimate of u). Given ¢ > 0 and T > 0, there exists a constant C(g) =
C(e,T,Co,n,B,7,k) > 0 independent of k > 0 and a > 0 such that:

T rk
/ / 5™ | D3u|?dzdt < C(e).
0 €

Proof. We first taking spatial derivative D, on both sides of momentum equation (4.2.12), and then multiply
by r™. Next we take L?(e, k) norm on both sides of the resulting equation and integrate in time, it follows
that

k 6m
B2C(e) / / 6m|D3u2dxdt<62/ / |D3u|2dxdt<ZIZ,

where each term I; will be properly indicated as we estimate it. By (2.3.21)(2.3.23), Theorem 2.3.1(ii),
and Lemmas 4.3.1, 4.3.4, 4.3.5, it follows that

ZI _/ U™ DeDyul| T gy + 1™~ DaellZa (. gy +||77ﬂszv”L2 e dt < C(e).
=1

Next, by Sobolev embedding theorem, Theorem 2.3.1(ii), Corollary 4.3.3 and Lemmas 4.3.1, 4.3.4, 4.3.11,
4.3.13, we have:

2 2m

7
e e

> / { —Dellf2p + H 5 DeeDyv|[Fa gy + ||U§T2m‘DxU|2||%2(s,k) + HﬁrsziUH%%a,k)}dt

=4

T
<C(e) + / {1 Dl gy + 17 Datl2ey bt < C(e),

Next, by (2.3.21)—(2.3.23), Theorem 2.3.1(i)—(ii), Corollary 4.3.1, 4.3.3, and Lemma 4.3.1, 4.3.2,4.3.7, we
obtain that

1 T
Zfi = /0 {||Tm72UDxUH%2(s,k) + [P D3ulFa e gy + 1P uDpvl Ty + ”7“73112U||%2(s,k)}dt
=8

T
SC(5)/O {||TmeU||%2(e,k) + {1 DRl P2 gy + 17" Davl T2 + HUH%%E,k)}dt < C(e).
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Using Sobolev embedding theorem, (2.3.21)—(2.3.23), Theorem 2.3.1(ii), and Lemmas 4.3.2, 4.3.13, 4.3.7, we

get:

2m—1 3m

7“ 2 r 2 2
21:2[ _/ { ——DavDyull1a +HF|D$U| DIBUHLQ(s,k)}dt
1=

rim 2 2
+/0 {H? DyuD3l[72( 0 + H D vDFul|72 (g ydt

T
SC(€)/O {\TmD:cW%oo(s,k) + [P D] oo (o gy + |TmD$u‘%°°(e,k)}dt < C(e).

In summary we have that

T [k 15
/ / 5™ D3y 2dxdt < 05(26) ZIZ- < C(e).
0 Je i=1

O

Lemma 4.3.15 (Exterior L2.H? estimate of e). Given € > 0 and T > 0, there ezists a constant C () =

C(e,T,Co,n,B,7,k) > 0 independent of k > 0 and a > 0 such that:

T rk
/ / ™| D3ePdzdt < C(e).
0 €

Proof. We first take spatial derivative D, on both sides of internal energy equation (4.2.12), then substitute
the momentum equation (4.2.12),. Next, taking L? = L?(e, k) norm on both sides of the resulting equations
and integrating in time, then by (2.3.21) (2.3.23), Theorem 2.3.1(ii), and Corollary 4.3.1, 4.3.3, it follows

that

k p6m
/ / ™| D3e2dxdt < K2 / / |D3e|2dxdt<ZIz,

where each term I; will be indicated as we estimate it. First, by Lemma 4.3.5, we have
I :=C(e) /0T||rthDme||%2(€’k)dt < C(e).
Next, using Sobolev embedding theorem, (2.3.21)—(2.3.23), and Lemmas 4.3.2, 4.3.5, 4.3.7, it follows that
I+ Iy == C(e) /0 D) B D% + (D™ ) + 1) D2 )2 el < ).

By Theorem 2.3.1(i), and Lemmas 4.3.1, 4.3.2, 4.3.4, 4.3.11, it follows that

ZI =C(e / {IDz(r™uw)l[72 + lullf2 + [[r™ Do (|72 + 7" Dae|| 72 + 72" Die||72 }dt < C(e).
i=4

Using Sobolev embedding theorem, and Lemma 4.3.4, 4.3.13, 4.3.11, we get:
T
ZI :—C(&?)/ {|r"™Dyv|ie|[r™ Dyell72 + |rmDmv|%ooHrmeeH%2}dt
- 0
T
+C() [ Daclellr Dol + ™ Dol [ D2el bt < O,
0

In conclusion, we obtained that

T rk
/ / 9™ D3efdzdt < C(e).
0 €
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4.4 Global-in-Time Existence to the Cauchy Problem: £ — oo

4.4.1 Bootstrap argument

In this subsection, we argue that for each fixed a € (0,1) and k € N, the maximal time of existence for
local-in-time strong solution obtained in Theorem 3.1.1 of Chapter 3 can be extended to any choice of
T € (0,00). To avoid repetition, we will only present the bootstrap argument for Theorem 4.1.1(i) as the
case for Theorem 4.1.1(ii) is simpler.

For the given initial data (vg, ug, €p) in Theorem 4.1.1(i) with the initial constant Cy > 0, we first mollify
it with parameter § € (0,1) as in Section 4.2.1 to obtain a smooth function (v3, u?,e) € C°°([0,00)). Then
the truncation procedure described in Section 4.2.1 is applied to get the modified initial data (vg, o ug & eg’ k) €
C*°([0,k]), where k € N is the truncation parameters. By Proposition 4.2.1 and 4.2.2, it follows that there
exists an constant dg € (0, 1) such that

g (0) = Doeg(0) = 0 and g (k) = Daeg(k) =0

k
1
sup [ {0 = Do) + 5l + 0(eh)} @) < Co
5€(0,80)

k
sup / {‘”g,k —1P + ‘ug,k’4 + ’eg,k —1]*}(z)dz < Oy,
keN Jo

§€(0,6)

k
sup [ (15 (1Dl + 1D yl? + Do} ) < Co,
€ 0
56(0,60)
and there exists a constant Csj = C5x(Co, 0, k) > 0 depending on the parameters § € (0,1), k € N and the
initial constant Cy > 0 such that

k
PRI

Hence for each fixed (d,k) € (0,1) x N, one can apply the local-in-time existence result, Theorem 3.1.1 in
Chapter 3, it follows that there exists a time 7§ > 0 possibly depending on the parameters ¢, k such that a
strong solution (vsk, Us k, €s.k, 7s,k) (2, t) to the k-th approximate Lagrangian equations (4.2.12) exists in the
domain (z,t) € [0,k] x [0, T5), and (vsk, usk, €5.%)(x, t) exists in the space:

2+ ]D%ug,k|2 + |D§eg7k\2}(:€)dx < Cs < o0, foreach (d,k) € (0,1) x N.

Elus g, es)(T) := S {I(us ks ) o) G20 ) + 1 (Deuis s Dees) (5 81720 g+

R
+/o {H(Dtué,k‘aDtels,k)("t)H%Il(o,k) + ”(UE,kweé,k)('vt)H%ﬁ(o,k)}dt < 00,

for each T' € [0,T54). Note that this norm provide enough information to completely determine solution
(Vs .k, Us ks €5,) (2, t) since the specific volume vs ), can be expressed as

vk (@) = (g (@, ) { 8 (2) (8 (@)™ + / Dauslw, t)ds},

where 1

t x 1
ron(a,t) = 194() + / uskla,s)ds and 9 () = (a" 4 n / Wey)dy) "
0 0
Now assume T§ ) < 0o. Since it is the maximal time of existence for the strong solution, it follows that

liminf F(us g, e t) = oo,
i in (uo ks €5) (1)
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However by Theorem 4.3.1, there exists a constant C1(6, k) = C1(d, k,a, Co, Ts5y) > 0 such that

01(5, /{?)_1 < ’U(;’k(l',t) < 01(5, k‘) for (17,75) S [O,k‘] X [O,T(;,k],

and
sup  {[|(us ks s — D Oll720 ) + 15k Datts s 75k Daesse) (5 )72 0.4 }
t€[0,T5 1]
+ sup {|[(Dyusk, Deesr) ()20 p) + 1rsk Diusw, rik Diess) ()72 }

tG[O,Tg’k]
Ts.5 k
+/ / {|(T§’:Z?D§u(g7k,rg’;?Die(;’k)F + |(T§:LthDxu(57k,rg’?thDxe(;,k)]}(x, t)dzdt < C1(6, k) < oo.
0 0

For fixed 6 € (0,1) and k € N, we have that for all (z,t) € [0, k] x [0, T} 4]
1 x 1
<an + nk(cl(67 k))_l) ! < T(;’k(.’ll', t) = (an + n/ U5,k(y7 t)dy> " < (an + nk01 (6> k))l/n
0

Thus there exists a constant 51(5, k)= 51((5, k,a,Co, Ts ) € (0,00) such that
E[u(;,k, e&,k](Té,k) < C~'1 (5, k‘) < Q.

This is a contradiction to (4.4.1). Hence we conclude that T5j = oo.

4.4.2 Strong Convergence

Let a € (0,1), k € Nand § € (0,1) be fixed, then we have shown in the previous section that for every 7' > 0
a strong solution (vy,u,ex)(x,t) or (vsk, Usk, €5%)(x,t) in the domain (z,t) € [0,k] x [0,7] exists. In this
section, we take limit as kK — oo to obtain a strong solution for the system (1.3.6) in (z,t) € [0,00) x [0, T].
For the proof of Theorem 4.1.1(ii), we denote (vg, ug, ex)(x, t) as the solution obtained in the previous Section
4.4.1 in the domain (z,t) € [0, k] x [0, 7], and

ri(z,t) = (a” + n/(;C vk(y,t)dy> = r2($) + /Ot ug(z, s)ds,

with the function r9(z) defined in Section 4.2.2 by

rhle) = (@ n [ oblway) " where o) = w(0)on) + (1 - i)

On the other hand, for the proof of Theorem 4.1.1(i), we construct the following sequence of solutions: for
each T' > 0, let (vsk,usk,esk)(x,t) be the solution obtained in Section 4.4.1. Then setting 0, = 1/k for
each k£ € N, and we denote:

(Vs Uk, €) (2, 1) == (Vs ks Us), ks €5,,.k) (2, E) for (z,t) € [0,k] x [0,T7,

and
t

z 1/n
i) = (a" +n /0 vy 0)dy) =18, () + /0 sy (2, 5)ds,

with the function rg’ () defined by
0 n ‘o L/n
rsi(T) = (a +n ; Ua,k(y)dy> :
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In both cases, these sequences of solutions are then extended to the whole domain (z,t) € (0, 00) x [0, T
via the following operation: Same as in Section 4.2.2, we let () € C*°(0,00) be such that p(z) = 1 for

x € [0,k/2] and () =0 for = € [k, ), and supxe[Qk]\go,(;)(m)] < Ok~ for all i € N. We define
%Jk(l'at) ::(Uk:(x?t) - 1)90/€($) +1, ’Ek(l'vt) = Uk(l‘,t)@k(ﬂf),

ex(z,t) :=(ex(z,t) — Dor(x) +1, rm(z,t) = (a” + n/ow 5k(y,t)dy)1/n, (4.4.1)

The following estimates are true for initial data assumed in both (i) and (ii) of Theorem 4.1.1.

Lemma 4.4.1. Let (v, ug,ex)(x,t) be the extended function constructed in (4.4.1), then there exists a
constant C(a) = C(a, T, Cy) independent of k € N such that the following estimates hold:

(o]
sup / ’ﬂkm{’Dﬁk\z + | Datig)* + ’gk|2}(x7t)dx < C(a),
tef0,171J0

T o)
/ / {IDiwl? + |Dsin? + D} (z, t)dadt < Cla),
0 0

Proof. We only show the case for 73| D, U |* as the other cases follows exactly the same. First there exists
a constant C'(a) = C(a, T, Cy) > 0 independent of k € N such that for all (z,t) € [0, k] x [0, 7]

Cla)™ < %2 < C(a) and (7i(z, )" ()] < Cla)h~

Proof for the first assertion is same as (4.2.3), the only difference here is that we instead use the upper and
lower bound: min{1, C(a)™'} < vi(z,t),0(z,t) < max{1,C(a)}. The second assertion can be verified using
the fact that m = n — 1 < n, construction of the cut-off function ¢y, and definition of 7. Hence, using this
inequality, Lemma 2.3.4 and 4.3.1, it follows that

o0 oo -~
~ Tky2
| <2 [ { (5 Dol + o - 17 e < Ca)
0 0

Proposition 4.4.1. For all (z1,22,t) € [0,00)? x [0,7T] ,

sup|Up (21, 1) — Up(w2, )| < C(a)|zr — z2|Y/?,

keN

supl|ig (21, 1) — Ug(x2, 1) < Cla)|zy — 22|'/?,

keN

?mmmw—&@wngawm—mW%
eN

and for all t; < tg € [0,T] and x € [0,00),

sup|Up(a, t1) — Uk, t2)| < C(a)|t1 — to] /4,

keN

supliiy(z, t1) — (2, t2)| < C(a)|ts — ta] /4,
keN

zugﬁk(x, t1) — epl(m, t2)| < C(a)|ty — to] /4.
S
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Proof. We only present the proof for vy, as the cases for ug, e follows in the exact same way. By Fundamental
Theorem of Calculus, and estimates from Lemma 4.4.1, we have for all 21,22 € [0,00) and ¢t € [0,T7:

1/2
[Ug (w2, t) — Vg (21, 8)] < |22 — x1|1/2 / “Qm\DxUH (z t)d:z:) < C(a)|ze — :171|1/2.

Next, we show the Holder continuity in time. First we fix a triplet (z,t1,t2) € [0,00) x [0,7]? such that
0 <t; < tg, and set h := y/to — t1, then by Mean Value theorem

1

z+h
o[ ) = By t)ldy = [l 1) — T )] for some 2 € (2, + ).

Next using triangular inequality, and the Fundamental Theorem of Calculus, we have for k/2 > L':

[Uk (2, t1) — U (@, t2)| — [Ok(2,t1) — Vk(2,t2)| < /z (I1D20%(y, t1)| + [ Dok (y, t2)]) dy

1/2_—m & ? 2m ~ 2 1/2 1/2 _—m & g 2m ~ 2 1/2 1/2
<lx —z|"*a Z ( 1" | Dy Uk (-, )| ) < h'*a Z < ; i DUk (-, ;)| ) < C(a)h/'=.
i=1 U7 i=1

Thus combining with the previous assertion, and using the continuity equation Dyv, = Dy (r['ug), the
following inequality holds for k/2 > L'

~ ~ ~ ~ 1o ethogte
Bk (2, t1) = Tr(, t2)] < [Bk(2,t1) — Tr(z, t2)| + C(a)h!? < Cla)n'/? + h/ / | Dy |
x t1

T rk 1/2
<C(a)n'? + =12t —tlyl/Q(/ / \Dt'ﬁk|2(y,t)dydt) < C(a)fta — t2|*.
0o Jo
In summary, we have the inequality:

sup|g (22, t) — Up (1, 1)| < C(a)|zg — z1|V? for all t €[0,T] and z1,z5 € [0,00),
keN

sup|Up(z, ta) — Up(w, t1)| < C(a)|ta — t1])/* for all z € [0,00) and t; <ty € [0,T].
kN

(4.4.2)

O]

Using these continuity estimates, the following convergence result is obtained. We again emphasises here
that this lemma holds for the initial data assumed in both (i) and (ii) of Theorem 4.1.1.

Lemma 4.4.2. Let {(vk, Uk, €x)}ken be the collection of extended approximated solutions constructed in
(4.4.1). Then there exists a continuous function (v,u,e)(x,t) in [0,00) x (0,T], and a subsequence which is
still denoted as (U, U, €x)ken such that for each compact subset K CC [0,00) x [0,T]:

lim sup [(Up —v,ur —u, e —e)(x,t)] =0.
k—oo (g tyeK

In addition, for all (z1,x9,t) € [0,00)% x [0,T],

(@1, t) — v(2, 1) < Cla)|z1 — 2|2,
lu(z1,t) — ulza, t)] < C(a)|z1 — 22|12,
le(@1,t) — e(ws,1)] < Cla)|z1 — 2|,
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and for all t; <ty € [0,T] and z € [0, 00),

[v(w,t1) — v(w,t2)| <
lu(z,t1) — u(w,t2)| <
le(z,t1) — ez, t2)| < C(a)|ty — ta] /2.

Proof. We only present the proof for v(z,t) as the cases for u(x,t), e(x,t) follows in a similar manner. First
fix an integer L € N, and we set the compact subset Ky, := [0, L] x [0, T]. From Proposition 4.4.1, we have

sup|Up (22, t) — Up(x1, )| < C(a)|xe — 212 for all t €[0,T] and z1,29 € [0, L],
keN

sup|Up(a, ta) — Up(x, t1)| < C(a)|ta — t1)V/* for all z € [0,L] and t; < ts € [0,7].

keN
Moreover, Supyen SUP(g ek, Uk(7,t) < C(a). Since K, € K41, Int(Kp) # 0, and [0, 00) %[0, T] = Uren K.
Then by Proposition A.0.1 from Appendix A, there exists a continuous function v(z,t) : [0,00) x [0,7] and
a subsequence still denoted as {¥y }ren such that

lim sup |v(z,t) —v(z,t)| =0 for each compact subset K CC [0,00) x [0,T].
k—o00 (zt)eK

Using the above uniform convergence with Proposition 4.4.1, it follows that

(2, t) — v(x1,t)] < Cla)|zg — z1|Y? forall te[0,7] and 1,z € [0, 00),
lu(z, ta) — v(z, t1)] < Cla)|ty — t1]|/* for all z €[0,00) and t; <ty € [0,T].

Finally we remark that for the proof of u(z,t) and e(x,t), the argument follows exactly the same. O

From the construction (4.4.1) and the uniform bounds from Theorem 4.3.1, it follows that there exists
a constant C'(a) = C(a, T, Cp) > 0 independent of k& € N such that for a.e. (z,t) € [0,00) x [0, T,

min{1,C(a)~'} < sup¥p(z,t) < max{1,C(a)},
keN

suplug(z,t)| < C(a), min{1, C(a)_l} < sup ex(z,t) < max{l,C(a)},
keN keN

and for each ¢ € (0,1] there exists constants C'(¢) = C(e,T,Cy) > 0 independent of a € (0,1) and k € N
such that for a.e. (x,t) € [,00) x [0,T],
min{1, C(e)™'} < suptp(z,t) < max{1,C(e)},
keN
suplug(z,t)| < C(e), sup ex(x,t) < max{l,C(e)}.
keN keN

Combining this result with Lemma 4.4.2, we also obtain the following;:

Corollary 4.4.1. Let (v,u,e) be the function obtained in Lemma 4.4.2, then there exists constants C(a) =
C(a,T,Cy) > 0 independent of k € N, and C(e) = C(e,T,Cp) > 0 for each € € (0,1] which are independent
of both a € (0,1) and k € N such that for all ,

r,t) < C(a), |u(z,t)] <C(a), Cla)™' <e(x,t) <Cla) for (z,t) €[0,00) x [0,T],
v(x,t) <C(e), |u(z,t)] <C(e), 0<e(z,t) <Cle) for (x,t) € [e,00) x [0,T].
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4.4.3 Construction of particle path

Next, we construct particle path in the limit & — oo. We remark that all the results obtained in this section
is applicable to the initial data assumed in both (i) and (ii) of Theorem 4.1.1.

Lemma 4.4.3. Let (v,u,e) and (Uk, Uk, €x)ken be the function and subsequence obtained in Lemma 4.4.2.
If we define
T 1
r(z,t) = (a” +n/ v(y,t)dy) i
0
then there exists a further subsequence such that

Ti(x,t) = r(z,t) for all (z,t) € [0,00) x [0,T7],

Moreover, we also have for all (z,t) € [0,00) x [0,T):

S|=

t T
r(z,t) = ro(x) —|—/ u(z, s)ds, where ro(z) = (a" —i—n/ vo(y)dy> ,
0 0
and the following bound holds for r(x,t)
n -1 Co n n -1 Co
a” + nxp” (?) < (r(x,t)" < a" + nap (?) V(x,t) € [0,00) x [0,T],

where Cy > 0 is the constant depending on (y—1) > 0 and the initial data, and ' (-), w;l(‘) are respectively
the left and right branch inverse of the convex function () = ¢ —log¢ — 1.

Proof. Using Lemma 4.4.2 and the bound supycy 0k(z,t) < C(a) for all (z,t) € [0,00) x [0,T], it follows
from Dominated Convergence theorem that

x 1/n z 1/n
lim 7 (z,t) = lim (a" + n/ Uk (y, t)dy) = (a” + n/ v(y,t)dy> =r(z,t).
0 0

k—o00 N k—o0

This proves the first assertion. Next, from the construction Theorem 3.1.1, it follows that

(a" +n/oiv vk(y,t)dy)rlb =rd(z) + /Ot ug(z,s)ds for (x,t) € [0,k] x [0,T],

where recalling from Section 4.2.2:

rhe) = (@ [ o))", and of(0) = o) + (1= 61(0).

It then follows from a similar argument as before:

3=

k—o0

lim r(z) = ro(z) = (an + n/ vg(y)dy) for each z € [0, 00).
0

Now for the same fixed point (z,t) € [0,00) x [0, T], we use the bound: supyen|ur(z,t)| < C(a) € L(0,T),
and Lemma 4.4.2 to apply Dominated Convergence theorem, and it follows that:

t t
r(z,t) = lim 7 (x,t) = lim rY(z) + lim [ (z,s)ds = rO(x) —I—/ u(z, s)ds.
k—o0 k—o00 k—oco Jo 0
Lastly, the point-wise bound for r(z,t¢) can be obtained by combining the uniform convergence: Lemma

4.4.2 and point-wise bound for 7 (z,t) : Lemma 2.3.1. O
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4.4.4 Weak derivatives and weak convergence

Next, we show the existence of weak derivatives of (v,u,e)(x,t) obtained in the previous section. First
recalling from Theorem 4.1.1, the terms #Hi[v,u, e, r|(x,t) and Halv,u, e, r](x,t) were defined as:

Hilv,u, e, 7](z,t) ={|v — 1> + r*™|Dyv[* + |u|* + r*™|Dyul?® + or*™ | D2ul*} (z,t)
+ {le = 1> + ™| Dye|* + or™™|D2e|* } (2, 1),

where o = o(t) is the weight defined by o(t) = min{1,¢} for t € [0, 00) and

Holv, u, e, 7)(z,t) :={|v — 1|* + r*"|Dyo|* + r*™|D2v|* + |u|* + r*"|Dyul?* + r*"|D2u|*} (z,t)
+ {le - 1)? 4+ r*™|Dyel? + T4m|Dg2Ee|2}(x,t).

Weak convergence results for Theorem 4.1.1(i)

Lemma 4.4.4. Let (v,u,e)(z,t), (z,t) — r(x,t), and (Uk, Uk, €x)ren be the functions and sequence obtained
in Lemma 4.4.2-4.4.3. Then weak derivatives: (Dv, Du, De) for D € {D;, D, }, and (DyDyv, Dy Dyu, D, Dye)
exists in L7 ((0,00) x (0,TY), and there exists a further subsequence still denoted as (Vy, Uy, €x)gen such that
as k — oo, we have the weak star convergence:

U — g, e — 1) = (v—1,u% e — 1),

Dacfﬁka Dmﬁkv Dmgk) A (Dazvv Dxu7 Dxe)u

Dt:[jka tl/thak‘y tl/QDtgk) = (.Dt’U, t1/2Dtu7 t1/2Dt€)a
£/ D20, 12 D2) (12 D2, 112D2).

(
E i 1°(0,7: I2([0,00))),
(

and the following weak convergence in L* (O,T; L([o, oo))) : holds

(DCCﬂk:a D:r:gk) - (Dxua D:rze)v
(D¢, Dyug, Dyey) — (Dyv, Dyu, Dye),
(Dy Dy, /2Dy Dy, ¢/ Dy Dyeyy) — (Dy Dy, /2Dy Dyu, Y2 Dy Dye).

Moreover, there exists a constant C(a) = C(a,T, Cy) > 0 such that:

e o]
sup / {Ha[v,u,e,7] + |Dyw|? + o| Dyul® + a]Dte|2}(x,t)dx < C(a),
0<t<T JO

T froo
/ / P2 Dy Dyol? + o(0)| DeDyul® + ()| DeDyel?} (, t)dadt < C(a).
o Jo
Proof. For the weak and weak star convergences, we only show the proof for D; D, e, as the other cases can
be shown using exactly the same method. Assume we have already shown that the weak derivatives D;e

and D, e exists, our aim is then to show D, D;e exists. First, using the extension (4.4.1), Theorem 4.3.1 and
the fact that ri(z,t) > a, we have

T proo T rk T rk
/ / t|DyDyeg|?dz < a,_2m/ / tr2™| o) ?| Dy Dyey |* dadt +/ / t|h 12| Deg|*dzdt < C(a).
0 0 0 0 0 0
Thus there exists a further subsequence such that

tY2D,Dye, — t'2DyDye as k — 0o weakly in L2 (0, T; L*([o, 0))), (4.4.3)
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Next, fixing an integer L € N, it follows from vy(x,t),v(z,t) < C(a) that
Pz, t), r(z,t) < (a™ +nC(a)L)/™ < C(a, L) < co. (4.4.4)
If ¢ € L?(0,T; L*([0, L])), then r™¢ € L?(0,T; L*([0, L])) and we have for all k/2 > L

T oL T prL
’ / / Tt Dy Digrédadt — / / rmtlﬂDthefdxdt‘

1/2
<Cla / / 1 _ 7( f2da:dt ’/ / ¢(tY/2D, D&, — t'/2D, Dye dxdt‘

Due to the bounds (4.4.4) and point-wise convergence 7y (x,t) — r(z,t) from Lemma 4.4.3, one can use
Dominated Convergence theorem to obtain:

1/2
lim / / ‘ §2dxdt> —0.
k—o00
Using the weak convergence (4.4.3), we also have
Jim / / £(t2Dy Dy, — t'/2 D, Die)dadt| = 0.
— 00

Hence we have just proved that t'/%77" D, Dyé; — t'/2r™ D, Dye weakly in L? (0,75 L*([0,L])) as k — oo for
each L € N. By the weak lower seml-contlnulty of the Sobolev norms, we have

T
/ / tr?™| Dy Dye|? (i, t)dxdt<hm1nf/ / tri" | Dy Dyey|* (z, t)dadt < C(a).

Since C'(a) > 0 is independent of L € N, applying Monotone Convergence theorem, it follows that

/ / tr?™| D, Dye|?(z, t)dxdt = hm / / tr?™| D, Dye|?(z, t)dzdt < C(a).

O
Corollary 4.4.2. Let (v,u,e)(z,t) and (z,t) — r(z,t) be the functions obtained in Lemma 4.4.2-4.4.5.
Then there exists a constant C(a) = C(a,T,Cy) > 0 independent of the approximating index k € N such
that:

T
/0 {7 Dau(:, 5)|[Zoe + | Da(r™u) (-, 5)l|Zoe + ™ Dae(:, )| 1< }ds < C(a),

T
/0 (&) {1 Deul, 8|7 + [1Dee(-, 8) | Zoe }ds < Ca).

Proof. This follows from an application of Sobolev embedding theorem H'(0,00) < C°(0, 00) and previous
Lemma 4.4.4. O

Lemma 4.4.5. Let (v,u,e)(z,t) and (z,t) — r(x,t) be the functions obtained in Lemma 4.4.2-4.4.53. Then,
for each € € (0,1] there exists a constant C(e) = C(e,T,Cy) > 0 independent of a € (0,1) and k € N such
that:

o
sup / {’Hl[v, u,e,r] + |Dyw|? + o| Dyul? + U|Dte\2}(x,t)dx < C(e),
0<t<T Je
T poo
/ / r*"{|DyDyv|* + o(t)| Dy Dyul® + o ()| Dy Dye| } (z,t)dadt < C(e).
0 5
Proof. The proof is the same as Lemma 4.4.4, except we consider in the domain [e,00) x [0,7] instead of

[0, 00) x [0, 7. O
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Weak Convergence for Theorem 4.1.1(ii)

Lemma 4.4.6. Let (v,u,e)(z,t), (z,t) — r(x,t), and (Uk, Uk, €x)ren be the functions and sequence obtained
in Lemma 4.4.2-4.4.3. Then weak derivatives: (Dv, Du, De) for D € {Dy, D, }, and (D, Dyv, Dy Dyu, D, Dye)

exists in L7 ((0,00) x (0,TY), and there exists a further subsequence still denoted as (Vy, Uy, €x)gen such that

as k — oo, we have the weak star convergence:
vk—luk,k—l) (v—1,u%e—1),
DV, Doy, Dp€) = (Dyv, Dyu, Dye),
Dy, Dy, Diey,) = (Dyv, Dyu, Dye),
D24y, D%&;,) = (D2u, D2e),
and the following weak convergence:
(Dyug, Dyex) — (Dyu, Dye),
(D3 D¢0y, Dy Dytiy,, Dy Dyiy) — (DyDyv, Dy Dyu, DyDye), in L? (0,T; LQ[O,OO)),
(D3uk, D3ex) — (Dju, Dge).
Moreover, there ezists a constant C(a) = C(a,T,Cy) > 0 such that:

(
E in L>(0,T; L0, 00)),
(

sup / {Ho[v,u,e,7] + |Dyo|* + | Dyu|?* + | De|*}(z,t)dz < C(a),
0<t<T Jo

T 00
/ / P2 {|DeDovf* + |DiDyuf? + |DiDyef*} (x, t)dadt < C(a),
0 0

T o)
/ / rom{|D3ul? + |D3e*} (2, t)dadt < C(a).
0 0

The proof of this convergence result is exactly the same as Lemma 4.4.4, except it is simpler since there
is no time weight o(t). Thus we will not repeat the argument here.

Corollary 4.4.3. Let (v,u,e)(x,t) and r(x,t) be the functions obtained in Lemma 4.4.2-4.4.3. Then there
exists a constant C(a) = C(a,T,Cy) > 0 independent of the approzimating index k € N such that:

T
/0 {Ir™ Do, $) 10 (0,00) + D2 (1™ ) (-5 8) [0 (0,00 + 117 Dare (-, 8) |70 (9,00) Fbs < Ca),

T
| AP 9y + 1Dre(e8) e gy} < L),

Proof. This follows from an application of Sobolev embedding theorem H!(0,00) < C°(0, 00) and previous
Lemma 4.4.6. t

Lemma 4.4.7. Let (v,u,e)(x,t) and (x,t) — r(x,t) be the functions obtained in Lemma 4.4.2-4.4.53. Then,
for each ¢ € (0,1] there exists a constant C(e) = C(e,T,Cy) > 0 independent of a € (0,1) and k € N such
that:

p 9]
sup / {Halv, u,e,r] + |Dyv|? + | Dyul? + |Dte|2}(ac, t)dz < C(e),
0<t<T Je

T [e%)
/ / P2 DyDyul? + | DeDguf? + |DiDyel?} (2, H)dedt < C(e),
0 5

T e’}
| [ oDt + Do, idnde < (o)
0 £

Proof. The proof is the same as Lemma 4.4.6, except we consider in the domain [e,00) x [0,7] instead of
[0,00) x [0,T7. O
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4.4.5 Entropy estimates

In this section we recover the entropy estimate for which the limit function (v,u,e)(z,t) obtained in the
previous Section 4.4.4 satisfies. Note that the arguments presented in this section can be applied to the
initial data assumed in both (i) and (ii) of Theorem 4.1.1.

Lemma 4.4.8. Let (v,u,e)(x,t) be the function obtained in Lemma 4.4.2, then there exists a constant
Coy > 0 depending only on the initial data such that the following estimate holds:

sup/ (Rl + (= (o) + () (o ) < G,

te[0,7]

QmD 2 2) -D;I: m 2 Dz m 2
// Dl +(A+5)w+zmuZW—ﬁﬁ\ Laadt <

where (¢) = ¢ — 1 —log( is a convex function.

Proof. First we set an integer L € N. Since C(a)~! < €(x,t) < C(a), and 9(¢) — oo only when ¢ — 0T
or ¢ — oo. It follows that for all ¢ € (0,7 there exists a constant C'(a) > 0, such that sup,cy ¥(€r) <
C(a) € L?(0,L). Moreover, due to the point-wise convergence €, — e from Lemma 4.4.2, it follows that
Y(eg(x,t)) — P(e)(x,t) for each (z,t) € [0,00) x [0, T], hence we can apply Dominated Convergence theorem
to obtain:

L L k
/ Y(e)(x,t)dr = hm Y(er)(x,t)dr < lim sup/ Y(eg)(x,t)dz < Cy,
0 0

k—00

where we have used the entropy estimate, Theorem 2.3.1(i). Since Cy > 0 is independent of L € N, and
¥ (e) > 0 we use Monotone Convergence theorem to obtain that

L
/ v(e)(z,t)de = lim / Y(e)(x,t)de < Cy, forall t e (0,T].

L—oo

The proof for ¢)(v) and |u|? follows in the exact same way. Next, we consider the dissipation terms. Fixing an
integer L € N, and Let ¢ € L?([0,7]; L*(0, L)), using the Lemma 4.4.2-4.4.4 and Dominated Convergence
theorem, it follows that as k — oo,

‘// Dxekqbd dt — //OO mlgegbdxdt‘

r 9 12
/ / 1/2 e vl/ze‘ ¢dxdt +’/ /o v1/2 (Daei — Dye)¢dadt| — 0.

Thus by weak lower semi-continuity of L>-norm, we have

T rLy2mip o2 72m| D,y 2 Fr2m| Dyey|?
/ / %dxdt < liminf/ / | ek| == dxdt < hmlnf/ / | ek’ k2 dadt < O,
0 0 ve k—o0 Ukek 'Uk;ek

Since Cy > 0 is independent of I. € N, we can apply Monotone Convergence theorem to obtain:

T poo ,.2m 2 L 2m
D,
/ / %dxdt = lim / / ’ dxdt < Cp.
0 0 ve L—oo

The other two terms in the dissipation estimates can be obtained in the exact same manner. O
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4.4.6 Initial and boundary conditions

Next we show that (v, u,e)(x,t) obtained above indeed satisfies the initial and boundary condition.

Lemma 4.4.9. Let (v,u,e)(x,t) be the function obtained in Lemma 4.4.2, then lim;_ g+ (v,u,e)(-,t) exists
in L%(0,00) and

tlir&(v,u, e)(z,t) = (vo, ug, €0)(x) for z € [0,00).

Moreover, the boundary conditions are satisfied as follows

(i) For Theorem 4.1.1(i), the functions t — u(0,t) is well defined in C°((0,T]) and t — D, e(0,t) is well
defined in L*(0,T) such that:

u(0,t) =0 for all t € (0,7,
Dge(0,t) =0  for a.e. te (0,T],

and the following boundary condition in the far field limit also holds:

li_}In u(z,t) =0 for all t e (0,7,
le Dge(xz,t) =0  for a.e. t€ (0,7,

(ii) For Theorem 4.1.1(ii), the functions t — (u(0,t), D,e(0,t)) are well defined continuous functions in
C%(0,T)) and
w(0,t) = D,e(0,t) =0 for all t € (0,T).

Finally, the following boundary condition in the far field limit also holds:

lim u(z,t) = lim Dge(z,t) =0 forall te (0,T].

T—00 T—r00

Proof. First from Lemma 4.4.4 or 4.4.6, and the fact that r(x,t) > a for all (x,t) € [0,00) x [0,T], the
following regularities holds:

(Dyv, Dyu, Dye) € L*(0,T; L*(0,00)) C L*(0,T; H(0,00)),
and (v, u,e) € L* (0, T; Hl(O,oo)).

It follows that (v,u,e) € CO([O,T];L2<0,OO)), and we conclude that (v,u,e)(-,0) = lim;_,o+ (v, u,e)(:,t)
exists in L?(0,00). Next, let ¢(x) € CL(0, L) for some fixed integer L € N then:

(u(" 0) - UU(')v QZ))LQ = (u(v 0) - ak(? 0)7 ¢)L2 + (ﬂk(,O) - UO(')’ d’)LQ
1 [T _ 1 [T ~
=7 A (Deu(-,t) — Dyug(-,t), ¢)r2(t —T)dt + T/o (u(-,t) — ug(:,t), @) r2dt

+ (ur(-,0) —up(-))r2 > 0 as k — oo,
where in the last line, we have used the weak convergence in L? (0, T; L?(0, oo)) from Lemma 4.4.4 or 4.4.6,
and Proposition 4.2.2 of Section 4.2. By Fundamental Lemma of Calculus of Variation, it follows the initial
condition: u(x,0) = up(x) for almost every x € [0,00). In the exact same way, we also have e(x,0) = eo(x)
and v(x,0) = vo(0) for almost every z € [0, c0).
Next, we show the boundary conditions for Theorem 4.1.1(i). From Lemma 4.4.4, we have

Dyu € L*(0,T; L*(0,00)), o'?u e L?(0,T; H*(0,00)), o'/?Dye € L*(0,T; H'(0,0)),
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where o = o(t) = min{1,¢}. Thus by the interpolation theorem, it implies that v € C°([r,T]; H'(0, 00))
for each 7 € (0,7). By Sobolev embedding theorem in 1D, H'(0,00) — C°([0,00)), we have that u €
CO([r,T) x [0,00)), and Dge € L*(7,T;C°([0,00))) for each 7 € (0,T). Hence for each 7 € (0,T), u(0,t) =
limg o u(z,t) exists in CO([r,T]) and Dye(0,t) = lim,\ g Dye(w,t) exists in L?(7,T). Next, let x(t) €
CL(]0,T)) be a test function, then there exists 7 € (0,7T) such that supp(x) C [r, T]. Since the approximation
solution satisfies the boundary condition u(0,t) = 0 for all ¢ € [0, 7], we have:

/T (0,6)x(t)dt = [Twmﬁa—aaawnﬁxn
/ / )(Dau(z, t) — Dyiig(,))(z — 1) d:pdt+/ / (u(z, t) — dip(z, £))dzdt

—0as k — oo.

where we used the weak convergence in Lemma 4.4.4, and point-wise convergence in Lemma 4.4.2. Thus,
it follows that u(0,¢) = 0 for all ¢ € (0,7]. By the exact same argument, one can also show D,e(0,t) =0
for almost every ¢t € (0,T). Next, we show the far field behaviour. By Fundamental Theorem of Calculus,
and using the previously proven boundary condition D,e(0,t) = 0 it follows that for almost every (z,t) €
[0,00) x (0,T]

x x
12" Dye(x,t)| = ’/0 Dm(rszxe)(y,t)dy’ = ‘/0 {2m§rsze —|—7“2mD§,e}dy‘

T g2 1/2 x 1/2
§x1/2<4m2/ 57| Dael (1)) / +t1/2x1/2(/ P D2e(1)) " < a2 1),
0 0

where we have used the estimates obtained in Lemma 4.4.4. Next by the point-wise bound C(a)~! <
v(z,t) < C(a) we have (a” +nC(a)1z)/" < r(z,t) < (" 4+ nC(a)z)"/". Combining this with the previous
estimate, it follows that

n men\ —m/n
|Dye(a,t)| < C(a)(1+t-1/2)(a%—m +nC(a) La " ) :

Since 4m = 4(n — 1) > n for n = 2,3, we conclude the limit: lim; ,~|Dye(x,t)| = 0 for a.e. ¢t € (0,T].
Using similar argument one can also show that lim,_,~|u(x,t)| = 0 for all ¢ € (0,T].

For the proof of Theorem 4.1.1(ii), the argument is essentially the same, except that the solution (v, u, €)
satisfies additional regularities. Thus we will skip this part of the proof to avoid repetition. O

4.4.7 Strong solution

In this section, we show that the limit function (v, u, €)(z,t) satisfies the equations (1.3.6) point-wise almost
everywhere. We will only present the proof for Theorem 4.1.1(i), since the case for Theorem 4.1.1(ii) can
be argued using exactly the same way.

Lemma 4.4.10. Let (v,u,e)(xz,t) be the function obtained in Lemma 4.4.2, then for (z,t) € (0,00) x (0,T)
almost everywhere, the following equations are satisfied:

Dy = Dy (r™u),

D= prm 0, (P2 1y, (6),
D (r™u)

m € m—1, 2 r2m
Die=p (5Dx(7‘ u) — (v — 1)5) —2muD,(r"™ u) + /li(TDxe).
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Proof. We start by fixing an integer L € L and letting ¢ € C2°([0,7] x [0, L]). Then for large enough k£ € N
such that & > 2L we have from the weak convergence Lemma 4.4.4 and strong convergences Lemma 4.4.2:

T (L
/ / Divpdadt = hm/ / Doy pdxdt = — hm/ / T ukDmgﬁdmdt—/ / D, (r"™u)¢pdzdt.
o Jo

Since the integer L > 0 is arbitrary, it follows that Dyv(z,t) = D, (r"u)(z,t) for (x,t) € [0,00) x [0,T]
almost everywhere. A similar argument can be used to show the point-wise almost everywhere equality of
the momentum equation (1.3.6),, the only difference is the non-linear elliptic term, which will be shown as
follows:

//oﬁ (Dru+1(y = 1)Do(5) ) pcdadt = hm// (Didie + 77y —1)Dx(§:))¢dxdt

=— lim/ / mr, Do pdadt — hm/ / ThU, Do Dyddadt

k—o0

mr ' Dyvodzdt — r™v ! DwDyodadt = mD ") odzdt,
[l I f e (P

where in the last line we used D,r = r~™v from Lemma 4.4.3 and Dyv = D,(r™u) proven above. All terms
in the energy equation can be shown using the same argument as above, except for the following non-linear
term in the equations:

L Dy( Do D
lim/ / | T'C )| qbd:vdt hm/ / A T’f Dok Do (T 0) g

k—00

=— lim / / ’F';Cn’ljk?DtDm’ﬁk + ﬁ”ﬂthﬂkDm (?) }dxdt

k—o0

L
Dy
// ru¢DtDv+7' MDD,y ( da:dt //' (r"u) ¢ddt

where in the last line we again used D,r = r~™v from Lemma 4.4.3 and Dyv = D,(r™u) proven above. [J

4.4.8 Uniqueness

In this section, we show that the solution (v,u,e)(x,t) obtained in Sections 4.4.2—4.4.7 is unique. We only
present the argument for Theorem 4.1.1(i), since the case for Theorem 4.1.1(ii) is exactly the same. The
uniqueness result is summarised in the following lemma:

Lemma 4.4.11. Let (v,u,e)(z,t) and (v,u,e)(x,t) be two solutions for Lemma 4.4.10, and
T 1/n t
r(z,t) = (a" + n/ v(y,t)dy) = ro(x) +/ u(z, s)ds,
0 0
T 1/n t
r(z,t) = <a" + n/ 5(y,t)dy> = ro(x) +/ u(z, s)ds.
0 0

Then (v,u,e)(x,t) = (v,u, e)(x,t) for (z,t) € [0,00) x [0,T] almost everywhere.

Proof. Define (V,U, E)(z,t) = (v — v,u — u,e — €)(x,t), then it satisfies the following system for (z,t) €
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[0,00) x [0,T] almost everywhere:

(DiV =Dy (r"™U) + Do (r'™ —7")u},

D :Brme{Dr(rmU) Du{(r™ — ™)) VDm(fma)}

v v VU
D E eV
mo_gmy 12 1 ml){i_i~}7
(" =) = = (= DM Day =
2m 2m _ 2m “va D m 2V
D.E :/-;DI{T—DIE Ty %Dx’é} _ pPa(r"u) (4.4.5)
v v VU VU

~6 -2 T ) E{DA G - ) + DLV}

v
—2um D {(r"™ " =7 + 7w+ a)U b

Multiplying r~2™V on both sides of (4.4.5),, integrating in (z,t) € [0, 00)x[0, 7], and using Cauchy-Schwartz
inequality, we have

1 D,U|?
2/ 2V 2 (2, t)da <B/ / | ’ ———dz+C(a / / ||f )3 2drds+
0
t

V2
w0 [s s [ DL / -7 adr + Cla / / W1y
0 y€[0,00) r

Taking supremum over s € [0, ], it follows that

5
sup [Vl = 5 [ 12l
0<s<t
. . (4.4.6)
SC(G)/ {s* + &P Dya(-, 8) |} } sup [[r7U(, T)H%zdSJrC(a)/ sup [[r="V (-, ) 72ds.
0 0<7<s 0 0<7<s
Next, multiplying r~>™U to (4.4.5),, integrating in (z,t) € [0,00) x [0,7T], we have
“5 [0
sup ||r~ ds
sup [V G+ 5 [ 1D (ol
<Bs — By + Cla) / sup (7.~ B) (-, ) [Zadls
0 0=r=s (4.4.7)

t
a) / 1D (™) (-, ) [2e sUP ™V (-, 7)|Pads+

0<r<s
/ {s|IF" Dyl s)||7 + °|| Deu(-, s HLoo} S HT MU (-, 7)|[72ds

where B, for z = 0,00 are the boundary limit giving by:

tU{D,,,(rmU) J DA =TT VD) gy (B VG

v v VU v VU

B, :=0 lim

m
=z Jo T

It follows from the boundary condition Lemma 4.4.9 that we have By = 0. To deal with By, we first note
that from Corollary 4.4.2:

/ | Dy (r™u)(-, s)|| preds < / {1+ | Da(r™u)(-, 8) || }ds < C(a) < o0
0 0
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Thus Dg(r™u)(z,t) < oo for (x,t) € [0,00) x [0,7] almost everywhere. Moreover, from the boundary
condition, Lemma 4.4.9, we have lim,_,o u(z,t) = 0 for all ¢t € [0, T]. Thus it follows that

D m
lim iM(:U,s) =0 for (x,s) €[0,00) x [0,7] almost everywhere,
x—o0 M v
u Dy(r

and | U)(a:,s)\ < C(a)||De(r™u) (-, 8)||z~ € L*(0,T).

Thus by Dominated Convergence theorem, it follows that
i [ Do)
z—0oo [, rm v

(z,s)ds = 0.

In similar manner, one can also prove the above convergence with other terms in By, and it can be shown
that By, = 0.
Next, multiplying 7~2™E to the equation (4.4.5),, integrating in (z,t) € [0, 00) x [0,T], it follows that:

t > I\D.E 2 t 1D U 2
sup HTimE("S)H%2 + K/ / [Da | dads + ﬁ/ / DU dzds
0<s<t 4 Jo Jo v

B =B+ C@) [ {1 120 e + 7 Dalf }o) s |Vl

. (4.4.8)
a)/0 {14 [ID2(r™u) || Foe + | D2 (F0) [0 } (5) Sup [r=™E(-,7)|72ds

t
a)/ {s—i—sH'FmegH%oo —i—ermeuH%oo}(s) sup Hr_mU(-,T)H%ng.
0 0<7<s

where the boundary terms B. are given by:

- t E 2m 2m_’7‘,’2m ?QmD’é
T

B. =k lim T{LDmEﬁ’ing—
z—=z Jo e L 0w v VU

V}(x, s)ds

t E _
— 2mu lim ; ﬂ—m{(rm_l R R (T u)U}(w, s)ds

Tr—rz

By a similar process used for the previous terms By = B, = 0, but using instead the boundary conditions
D,e(0,t) = Dye(0,t) = 0 and limy_yo0 Dye(x,t) = limy_yo0 Dye(x,t) = 0, it can be shown with Lemma 4.4.9
and Corollary 4.4.2 that Boo = By = 0.

Combining (4.4.6), (4.4.7), and (4.4.8), we obtain the estimate:

VvV U E DU2 D, E|?
sup ||<** ||L2+ // ‘ ‘ ‘ . | }dxds

) )
o<s<t T Tm

¢ V U E
< h — —, — (- 2,d
_/O (S) sup H(TWL?Tm?rm)(’T)HL? S,

0<7<s

(4.4.9)

where
h(t) :==C(a){1+ |r™ Dyu(-, 1) 7 + H?”"Dmﬂ(-,t)H%oo + [P Dy (-, 1) |70 + I Det(-, 1) || 7o0 }-

In light of Corollary 4.4.2, we have that fo t)dt < C(a). Applying Gronwall inequality to (4.4.9) and
from the above we have

(%7 )l =0

Since 7(z,t) > a > 0, it follows that V = U = E = 0 in L>(0,T; L?(0,00)). Therefore we conclude that
v(z,t) =v(z,t), u(z,t) = u(z,t), and e(z,t) = e(z,t) for (z,t) € [0,00) x [0,T] almost everywhere. O
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4.5 Limit as a /0

We wish to construct a solution in the Lagrangian domain (z,t) € [0, 00) x [0, 7] without any dependence in

€ (0,1), using Theorem 4.1.1(i). In order to do this, the initial data (vo, uo, €9)(x) given in Theorem 4.1.2 is
first truncated near the origin with parameter a € (0, 1), such that the resulting function (v2,u2, €?)(z) sat-
isfies the assumption of Theorem 4.1.1(i). From this, a collection of strong solutions {(va, Ua; €a) (%, t) }ae(0,1)

is obtained such that one can apply compactness argument in the limit a 0.

4.5.1 Truncation of initial data near the origin

In this section, we provide the procedure for truncating the initial data given in Theorem 4.1.2 with pa-
rameter a € (0,1). First, we denote 71, := a™ > 0. Consider the smooth cut-off function ¢(z) € C*([0, c0))
given by ¢(z) =0 for z € [0,1/2] and ¢(z) =1 for = € [1,00). We set ¢q(z) := ¢(z/n,). Then

|Dydo(x)| < nyt|e (77 )| < Ca™™ forall z€[0,00), where C= S[Blp )]gb’(y)|. (4.5.1)
ye|0,00

Next, let (vg,uo, €0)(x) be the initial data given in Theorem 4.1.2. We modify this solution as follows:

(ﬂf) ) o(z)+1, for ze€f0,00) (4.5.2)

o (a” o [Ca)"

The next proposition shows that for each a € (0, 1), the approximate solution (v2,u2, €2) constructed above

a? a’ -a
preserves the r0 weighted H'(0,c0) norm, and it also converges to the original initial data (vo, ug, €g) in the

L? sense.

Proposition 4.5.1. Let (v2,u2, €%, r9)(x) be the functions defined in (4.5.2), then as a \, 0 we have the
convergence:

(vg,ug,eg,rg)(:v) - (Uo,UO,eo,TO)(ZL‘) fOT‘ each x € (07 OO),
(02 — 1, [ud %, e — 1) = (vo — 1, |ug|*,e0 — 1) strongly in L*(0,00).

Moreover, there exists C(Co,n) > 0 independent of a € (0,1) such that

u(0) = Dyeg(0) =0,
min{1,Cy '} < vd(x), €(z) < max{1,Co} for x € [0,00),

sup |u2(:1:)| < Cy for z€0,00),
a€(0,1)

Sup/ {|v 1|2+|ua| +|e 1|} )dx < Co,
ae(0,1
o0

sup / (02 1D + Dl ? + [ Do} (2)da < C(Co ).
L ac(0,1)Jo
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Proof. With the construction given in (4.5.2), one can immediately see that the following holds
u3(0) = Deb(0) = 0,
min{1,Cy '} < vd(x), e(z) < max{1,Co} for = € [0,00),

sup |ul(x)] < Cy for z € [0, 00),
a€(0,1)

sup/ {00 — 112 + |ud]* + |ed — 1]*}(z)dx < Cp.
a€(0,1)

\

Thus we mainly focus on the convergence results and the r0 weighted estimates. By construction, we have
ba(x) — 1 as a \, 0 for all # € (0,00). This immediately implies that (v2,u2,e2)(x) — (vo,uo,e0)(z) as
a ™ 0 for all z € (0,00). Next, since supge(o,1) v vd(x) < max{1,Cp}, we have from Dominated Convergence
theorem that

lim 7(z) = lim <a” + n/ox vg(y)dy) Y = (n /Ox vg(y)dy> v ro(z) for x € [0,00).

a—0~+ a\,0

Furthermore, since for all = € [0, 00) we have:

|(va(x) = 1) = (vo(z) = DI = |(¢a(x) = 1)(vo(z) = DI,
(lua(@)* = luo(2)[*)* = |(da(@) + 1)(¢alz) = 1)| - [uo(z) %,
[(ea(z) = 1) = (eo(w) = 1)I* = [(¢al) — 1)(eo(z) = I

Noting once again that ¢, (z) — 1 for all z € (0,00) as @ \, 0, and (vo — 1, |ug|?, e0 — 1) € L?(0, 00), we have
by Dominated Convergence theorem that

(00 — 1, [ul)?

al™s

ed —1) = (vo — 1, ugl*,e0 — 1) as a\,0 strongly in L?(0,00).
Next we show the 70 weighted L? integrability of (D,v?, D,u%, D,€2). From the construction, we have that
Dyvy(x) = Da((vo() = 1)¢a(@) +1) = (vo(z) = 1) Data(2) + ba(x) Davo(x).

Using the bound C'Jl < wvo(z) < Cp and min{l,COﬂ} < v9(z) < max{1,Cp}, we have that for all z €
[77&/27 OO), Wlth na = an

() < (a +nmax{1 Cotx
nC x

ro(x) —

Moreover we also have that for x € supp(Dg¢a) C [1a/2,7a) :

)1/n < Cé/n(% + max{1, CQ}) Y

(r9(x))*™ < (a™ + nmax{1, Colna)?™m = (1 + Comax{1, C’O})Qm/na2m.

Combining with the estimate for D;¢,, it follows that from the construction (4.5.1) that

o0 Na
r2(2))?" | Dydpa(x)*dz < (1 4+ Cymax{1, Cy 2m/n g 2m g =20 dz
(ra(z)) ¢

0 na/2

—C(1 4 Comax{1, co})Qm/"a*%“ = gu + Cpmax{1, Co})2™/ma"2 < %(1 + Cpmax{1, Co})2m/m,

since a € (0,1), and n — 2 > 0 for n = 2, 3. Using these inequality, we have that

/<®me%mms2amwmw/\&mmwmme+ﬂa/r?wﬂwwm
0 0 0

z€[0,00)
<CC2(1 4 Comax{1,Co})*™" 4+ 2C; := C(Cy,n).
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With the same argument, using vo(z) < Cp and eg(x) < Cj for x € [0,00), we can also obtain:
| 0P (1Dt + ID.c8?} ) < C(Coun).
0

O]

Y ul, e2)(z) and r%(z) be the approximate initial data constructed above.
Then Theorem 4.1.1(i) combined with Proposition 4.5.1 guarantees the existence of a unique global-in-time
strong solution (v, U, €q)(x,t) and r4(x,t) in the domain (z,t) € [a,00) x [0,T], where we also have

For each a € (0, 1), we denote (v, u2, €2

£ 1/n t £ 1/n
ro(x,t) = (a"—i—n/o va(y,t)dy> / =79(z) +/0 Ug(z,5)ds with 79(z) == (a"—i—n/o vao(y)dy) / .

4.5.2 Strong convergence

In light of Lemma 4.4.5, we have the following estimates

Lemma 4.5.1. Let (vg,uq,€q)(x,t) and (x,t) — rq(x,t) be the functions obtained in Theorem 4.1.1(i).
Then, for each € € (0,1] there exists a constant C(e) = C(e,T,Cp) > 0 independent of a € (0,1) such that:

sup / {Hl[va,ua,ea,ra] + Hi[vg, Uqg, €q, 1]}(:L‘,t)d:v < C(e),
0<t<T Je

sup / {|Dtva]2 + o ()| Dyug|* + O'(t)|Dt€a|2}dCL‘ < C(e),
te[0,T] Je

T [e’)
/ / P2 DyDyval? + o ()| DeDattal? + 0()| Dy Dyeal (o, t)dadt < C(e),
0 5

T 00
/ / {1D:Dyval® + 0()|DeDytal? + 0(8) | DeDyeal® Ha, t)dadt < C(e),
0 €

where the term H1 is defined as

Hilv, u e, (), ) :={|v = 1 + ¢*"|Dgof” + [ul* + ™| Doul® + o ¢ D3ul* } (x, 1)
+{le = 1 + ¢*"[Dael* + o' | Diel* } (x, 1),

with o = o(t) = min{1, t}.

Proof. Let 1_(-) be the left inverse of the convex function ¥(¢{) = ¢ — 1 — log(, one can verify that for
each constant Cy > 0, the function z + x¢ "' (Cp/x) is a monotone increasing map from [0, 0o) unto [0, c0).
Using this and Lemma 4.4.3, it follows that C(g)™! = ney_(Co/e) < ro(z,t) for all (z,t) € [e,00) x [0,T].
Combining this with Lemma 4.4.5, we have

T 00
/ / {|DiDyvq|* + t| Dy Dyua|® + t| Dy Dyeg|* } (x, t)dadt
0
: T 0o
gC(s)Zm/ / 12" {|DyDyva|* + t|DyDyua|® + t|DyDyea| } (z,t)dadt < C(e).
0 €

the estimates for 71 can be obtained in the similar way. This concludes the proof of this lemma. O
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Proposition 4.5.2. For each fized € € (0, 1], there exists a constant C(e) = C(e, T, Cy) > 0 independent of
a € (0,1) such that for all (x1,z2,t) € [,00)? x (0,T],

sup |ve(z1,t) — va(z2,t)| < C(e)|x1 — x2]1/2,
a€(0,1)
sup |uq(1,t) — uq(aa,t)] < C(e)|ay — x2|"/?,
a€(0,1)
sup leq(z1,t) — eq(@2,t)] < C(e)|z1 — 2|2,
L 2€(0,1)

and for all t; <ty € (0,T] and z € [, 0),

sup [va (@, t1) — va(2, 2)| < C()|ty — to| '/,
a€(0,1)
sup |uq(2,11) — ua (7, t2)| < C(e)[ts — ta*/*,
a€(0,1)
sup |eq(z,t1) — eq(x, ta)| < C(e)|t1 — to] /2.
L a€(0,1)

Proof. We only present the proof for v, as the cases for u,, e, follows in the exact same way. By Fundamental
Theorem of Calculus, and estimates from Lemma 4.5.1, we have for all 21,25 € [¢,00) and a € (0, 1):

00 1/2
|vg(z2,t) — vo(z1,t)| < |22 — m1|1/2(/ |Dzva|2(:r,t)dx) < C(e)|xg — 1:1|1/2.

&€

Next, we show the Holder continuity in time. First we fix a triplet (z,t1,t2) € [g,00) x (0,7]? such that
0 < t1 < tg. It follows from Mean Value theorem that

1 x+h
[ el ) = vl )1y = (e t) = v t2)| For some = € (2. + ),

Next using triangular inequality, and the Fundamental Theorem of Calculus, we have:

2 o0 1/2
[va(@, t1) = va(, t2)| — [val(z, 1) = va(z, t2)] < BV2Y (/ \vaa(y,ti)\Qdy> < C(e)hM2,
i=1 V€&
Thus combining with the previous assertion, the following inequality holds:
1 x+h to
‘Ua(x>t1) - Ua(m’tQ)’ < C(E)h1/2 + h / / |Dtva(C7t)|dtdC
T t1

T 00 1/2
<C(e)h'? + B2ty — t1]1/2</ / \Dtva(y,t)|dydt> < C(e)|ty — t1 |1
0 15

In summary, we have the inequality:

sup |va(w2,t) — va(21,t)| < C(e)|wa — 21|Y/? forall t€[0,7] and 21,z € [e,0),
a€(0,1)

sup |va(, t2) — va(z, t1)| < C()|ta — t1|* for all z € [e,00) and t; < ta € [0,7T].
ae(0,1)
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Lemma 4.5.2. Let {(va, Ua, €a) fae(0,1) be the collection of solutions obtained in Theorem 4.1.1(i). Then
there exists a locally continuous function (v, u,e) : (0,00) x [0,T] — (0,00) x R x (0,00), and a subsequence
{a;}jen with a; — 0 as j — oo such that for each compact subset K CC [0,00) x [0,T]:

lim sup |(va; — v, Ua; — U,€q; —€)(z,t)| =0
I (z1)eK

Proof. We only present the proof for v(x,t) as the cases for u(x,t), e(z, t) follows in a similar manner. First
fix an integer L € N, and we set the compact subset K, := [L~!, L] x [0,T]. From Proposition 4.5.2, we
have

sup |vg(x2,t) — ve(x1,t)| < C(L_1)|a:2 — a:1|1/2 for all t€[0,7] and x1,29 € [L_l,L],
ae(0,1)

sup [va(, t2) — va(z,t1)| < C(L7Y)|ta — t1]Y/* for all z € [L7', L] and ¢, <t € [0,7].
a€(0,1)

Moreover, for each L € N, from Theorem 4.1.1, sup,e(o,1) SUP(g 1)c i, Va(®, 1) < C(L™1) for some constant
C(L7') independent of a € (0,1). Since K, C Kpy1, Int(Kyz) # 0, and (0,00) x [0,7] = UrenKyp, by
Proposition A.0.1 from Appendix A, there exists a continuous function v(z,t) : (0,00) x [0, 7] — (0, 00) and
a further subsequence, still denoted as a; “\, 0 such that

lim sup [vg;(7,t) —v(x,t)] =0 for all compact subset K CC (0,00) x [0, T7.
J=00 (3 ek

Using the above uniform convergence with Proposition 4.5.2, it follows that
lu(z2,t) — v(z1,t)] < Ce)|zy — 1|2 forall ¢ e [0,T] and 21,z € [e, ),
lu(z, t) — vz, t1)| < C(e)|te — t1|V/* for all @ € [e,00) and t; < t3 € [0,T].
Finally we remark that for the proof of u(z,t) and e(x,t), the argument follows exactly the same. O

From Theorem 4.1.1, it follows that for each € € (0, 1] there exists constants C(¢) = C(e,T,Cp) > 0
independent of a € (0,1) such that C(e) < supge(o)va(®,t) < C(e), Supaeo1y|ualz,t)] < C(g), and
SUPge(0,1) €a(T,t) < C(e) for all (z,t) € [g,00) x [0,7] Combining this result with Lemma 4.5.2, we also
obtain the following:

Corollary 4.5.1. Let (v,u,e) be the function obtained in Lemma 4.5.2, then for each ¢ € (0,1], there
exists a constant C(e) = C(e,T,Cp) > 0 which are independent of both a € (0,1) such that for all (z,t) €
[e,00) x [0,T]

Ce)™ ! <wv(x,t) <Ce) |u(z,t)| < Cle) ez, t) < C(e),

4.5.3 Construction of particle path function

Lemma 4.5.3. Let (v,u, e)(a; t) and (v%,uaj,ea] )jen be the functz'on and subsequence obtained in Lemma
4.5.2. If we define r(x,t) = ro(x —i—fo x, s)ds with ro(z fo vo(y)dy) )7 then

lim 7y, (2,t) = r(x,t) for all (x,t) € (0,00) x [0,T].

j—oo
In addition, r(x,t) satisfies the following bound:
C
nayp_ ( ) <r"(x,t) < nayy (?0) V(z,t) € (0,00) x [0,T7,

where Cy > 0 is a constant depending only on the initial data, and w:l(‘),wll(-) are respectively the left
and right branch inverse of the convex function ¥({) = ¢ —log(¢ — 1.
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Proof. Let (z,t) € (0,00) x [0,T], then there exists € > 0 such that z > . From Lemma 4.5.2, it follows
that ug(z,s) = u(zx,s) for all s € [0,T]. Moreover, from Theorem 4.1.1, we also have the bound uy(z,s) <
C(e) € L*([0,T]). Hence using Dominated Convergence theorem, it follows that

t t
lim 74, (z,t) = lim Y(z) + lim Uq; (7, 5)ds = lim r(z) —l—/ u(zx, s)ds,
0

where we used Proposition 4.5.1 with lim,_,o+ 70(x) = ro(x). This proves the first assertion. Next, recall
from Lemma 4.4.3, we have

C C
a" + na:wil(—o) < (ro(z, )" <ad" + nxwll(—o) for all (z,t) € [0,00) x [0, 77,
x x
Thus, combining with the above convergence, we have

nmb:l(%) < (r(z,t))" < nx@bl%%) for all (z,t) € (0,00) x [0,T].

4.5.4 Weak derivatives and weak convergence

Lemma 4.5.4. Let (v,u,e)(x,t), (z,t) = r(x,t), and (va,, Ua,, €a;)jen be the functions and sequence ob-
tained in Lemma 4.5.2-4.5.3. Then the weak derivatives:

(Dv, Du, De) for D € {Dy,D,}, and (DyDwv,D,Dyu, D,Dye)

exists in L3, ((0,00) x (0,T]), and there exists a further subsequence still denoted as (va;, Ua,, €a,)jen Such
that For each fized € € (0,1] we have the following weak star convergence as j — 0o

(Dgva,, Dya,, Dy€a,;) = (Dgv, Dyu, Dye),
(Dtvaj,01/2Dtuaj,0'1/2Dteaj) X (Dyv, 0 ?Dyu, 0% Die), in L>(0,T; L2(O,OO)),
(012 D2uq,, 02 D2e,,) = (0'/2D2u, 0V/2D2e),

where o = min{1,t}, and the following weak convergence holds in L? (O,T; L?(0, oo)) :

(D:cuaj ) Dxeaj ) - (Dl‘u7 Da;e),
(Dtvaj ) Dtua]’7 Dtea]') - (Dt'l), Dtu7 Dte)a
(DyDyvay, 02Dy Dyug,, 0"/ Dy Dieq,) — (DyDyv, 02Dy Dyu, 02Dy Dye),

Moreover, for each e € (0, 1], there exists a constant C(e) = C(e,T,Cp) > 0 such that:

o0
sup / {Hi[v,u,e,7] + |Dpw|* + o| Dyul® + 0| Diel*} (z, t)dz < C(e),
0<t<T Je

T proo
/ / {r"DiDyv[? + or®™|DiDyuf® + 07" | Dy Dyel* } (2, t)dadt < C(e).
0 €

Proof. For the weak and weak star convergences, we only show the proof for DD e,; as the other cases can
be shown using exactly the same method. Assume we have already shown that the weak derivatives D;e
and D, e exists, our aim is then to show D,D;e exists. First, fixing a ey = N7 € (0,1] for each N € N,

from Lemma 4.5.1, we have
// DIDiDyey, [Pz < C(e) < oc.
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(N)

Thus there exists a further subsequence a; ' —0asj such that

0—1/2DtD$€a<N) - f(N) as j — oo weakly in L2([O,T];L2(esN,oo))7
J

for some f(M) € L2([0,T] x [en,00)). Now we inductively construct a chain of sequence {a§N+1)}j€N -
{a§-N)}j€N for each N € N, such that ag-N) — 07 as j — oo, and a countable collection of functions

{fM} yen. If we redefine {a;}en to be the diagonal sequence: a; := aﬁj) then it follows that
01/2DtDmea]. — f(N) as j — oo weakly in LQ(O,T; L2([5N,oo))) for all N € N.

Applying the Fundamental Lemma of Calculus of Variation, one can verify that if M > N then f)(z,t) =
FMN)(z,t) for (z,t) € [en,00) x (0,T] almost everywhere. Now we redefine f(N)(z,t) to the whole domain:
(z,t) € (0,00) x (0,T] for each N € N as follows:

P (a8 = N @, t) i (2,1) € [en, 00) x (0, T,
o if (x,t) € (0,00) x (0,T]\[en, 00) x (0,77,
and using this we define

M
gz, t) = fW(z,t) + Z (f(M"'l)(x,t) - f(M)(x,t)), for a.e. (x,t) € (0,00) x (0, 7.
i=1

For a given (x,t) € (0,00) x (0, 7], there exists N € N such that ey < 2, and = < ey_; thus with this point
it follows from the previous uniqueness result that gys(x,t) = fN)(z,t) for all M > N. Thus the function:

g(x,t) = N}gnoo gum(x,t) is well-defined for almost every (x,t) € (0,00) x (0,T].

And by construction, we have that g € L2 ((0,00) x (0,7]) and

loc

01/2DtDmea]. —g as j— oo weakly in L*(0,T;L%(e,00)) forall e € (0,1]. (4.5.3)

Next, taking the test function ¢ € C°((0,00) x (0,77]), then t~/2¢ € C((0,00) x (0,7]) and we get:

T 00 T 00 T e}
/ / t_1/2¢t1/2Dtheaj dxdt — / / Dteaj qubdivdt = / / eaj Dt_ngbdl'dt
0 0 0 0 0 0

Taking limit j — oo on both sides, using (4.5.3) and Lemma 4.5.2, we have

T 00 T 00
/ / ot~V gdzdt = / / eD,D,édxdt
0 0 0 0

It follows that the weak derivative exists and t'/2D, D e(x,t) = g(z,t) for a.e. (x,t) € (0,00) x (0,7]. Next,
fixing an integer L € N, it follows from Lemma 4.4.3 and 4.5.3 that

Ta;(%,t),7(z,t) < (1 + nxwll(ca;o))l/n < (1 + anll(%)y/n < C(L) < o0,
Co

5 ) (4.5.4)
ra, (2,1),7(2,) > (nwﬁ(?))u > (”%1(5))1/ > C(e)™! > 0.
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If ¢ € L?(0,T; L*(e, L)), then r™¢ € L?(0,T; L*(0,L)) and we have
T L T L
‘ / / rmo'/? D, Dyeq, Eddt — / / rmal/QDtheﬁdxdt‘
0 5 ’ 0 €

T L 1/2 T L
30(5)(/0 / rm —rmlz\ﬂ?dxdt) +‘/0 / € (02D, Dyeg, —01/2Dthe)dxdt‘.
£ €

Due to the bounds (4.5.4) and point-wise convergence ry,(z,t) — r(z,t) from Lemma 4.5.3, one can use
Dominated Convergence theorem to obtain:

T L 1/2
lim (/ / lryt — rm|2\§|2d:z:dt> =0.
j—o00 0 c J

Using the weak convergence (4.5.3), we also have

Jj—0o0

T L
lim ‘ / / rm§(01/2DIDteaj - 0'1/2Dth6)d£Cdt‘ =0.
0 €

Hence we have just proved that al/%g;Dtheaj — 01/2rmeDte as j — oo weakly in L2 (0, T, L2(E, L)) for
each L € N. By the weak lower semi-continuity of the Sobolev norms, we have

T L T L
/ / tr?™| Dy Dye|?(x, t)dzdt < lim inf/ / trgm]Dtheaj\Q(a:,t)dmdt < C(e).
0 Je I Joo Je ’
Since C'(g) > 0 is independent of L € N, applying Monotone Convergence theorem, it follows that
T oo T L
/ / tr®™| D, Dye|?(z,t)dzdt = lim / / tr*™| Dy Dye|* (z, t)dadt < C(e).
0 € 0 €

L—oo

4.5.5 Entropy estimates

Lemma 4.5.5. Let (v,u,e)(x,t) be the function obtained in Lemma 4.5.2, then there exists a constant
Co > 0 depending only on the initial data such that the following estimate holds:

* 1
Sup / {5\@42 + (v = 1)¢p(v) } (2, t)dz < Cy,
tefo,7]Jo

where (¢) = ¢ — 1 —log( is a convex function.

Proof. First we set an integer L € N and a quantity e € (0,1]. Since C(e)™" < supjeyvq, (2,t) < C(e)
for (z,t) € [g,00) x [0,T], and ¥ ({) — oo only when ¢ — 0T or ¢ — oo. It follows that for all ¢ € (0,77,
supjey ¥(va;) < C(e) € L'(e, L). Moreover, due to the point-wise convergence v,, — v from Lemma 4.5.2,
it follows that v(va,)(z,t) — ¥ (v)(w,t) for each (x,t) € [¢,L] x [0,T], hence we can apply Dominated
Convergence theorem to obtain:

L L oo
/ () (z,t)de = lim / Y(vg; ) (, t)dz < limsup/ Y(vg;)(z, t)dz < Cy,
€ J—00 Je j—oo JO
where we have used the entropy estimate from Theorem 4.1.1. Since Cy > 0 is independent of L € N and
e € (0,1], taking e = L~! and the fact that ¢(v) > 0 we use Monotone Convergence theorem to obtain that

00 L
/ Y(v)(z,t)de = lim P(v)(x,t)de < Cy, forall t e (0,7
0

L—oo J1-1

The proof for |u|? follows in the exact same way. O
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4.5.6 Weak forms

First, we show that the weak derivative of r(z,t) exists.

Proposition 4.5.3. Let (v,u,e)(x,t) be the function obtained in Lemma 4.5.2, then Dyr(x,t) exists and
Dyr(z,t) =r ™(z,t)v(z,t) for a.e. (x,t) € (0,00) x [0,7T],
Moreover, x — r(x,t) is monotone increasing for each t € [0,T] and

r(t) ;== lim r(x,t) exists in r(t) € [0,00) for each t € [0,T].

z—07F

As a consequence, r(x,t) also takes the form:

r(z,t) = <(f(t))n —i—n/(fv(y,t)dy) 1/n for (z,t) € [0,00) x [0,T7.

Proof. By the construction from Lemma 4.5.3, it follows that Dy (rq, (z,1)" = nva; (z,t) for all (z,t) €
[0,00) % [0,T]. Let ¢ € C°((0,00) x [0,7T]), multiplying ¢ to the above equation, and integrating by parts,

it follows that:
T froo T poo
_/ / (raj(a:,t))an¢(x,t)dxdt:n/ / Va; (2, t)P(w, t)dadt.
0o Jo o Jo

Next, since ¢ € C2°((0,00) x [0,T7]), there exits ¢ > 0 such that supp(¢) C [e,00) x [0,T]. It then follows
from Lemma 4.5.2, we have the convergence: (vq,,7q,)(7,t) — (v,7)(x,t) as j — oo for all (z,t) € supp(¢).
Moreover, from Corollary 4.5.1 and Lemma 4.5.3, there exists a constant C(¢) > 0 depending on the support
of ¢ such that C(¢)™! < supjey va, (#,t), supjenra,(z,t) < C(¢) for all (z,t) € supp(¢). Hence applying
Dominated Convergence theorem, we have

// xgb(xtdxdt_n// o(x, £)p(x, t)dadt.

This shows that the spatial weak derivative of 7"(z,t) := (r(z,t))" exists and Dyr"(z,t) = n - v(z,t) for
(z,t) € (0,00) x [0,7] almost everywhere. Next using Lemma 4.5.3: 0 < nzyp~(Cy/z) < r(z,t) for all
(z,t) € (0,00) x [0,T]. Thus by Chain Rule for weak derivative, we have Dyr(z,t) = (r(z,t)) " v(z,t) for
(x,t) € (0,00) x [0,T] almost everywhere. Next, for each 0 < z; < z2, by choosing a sequence of smooth
test functions which approximates the indicator set 1,¢[;, 4,], One can show that

Z2
(r(ze, )" = (r(z1,0))" = n/ v(y,t)dy for all (z1,z9,t) € (0,00)% x [0,T]
1

Since v(z,t) > C(g) > 0 for (x,t) € [g,00) x [0,T], it follows from the above equation that if o > z1 > 0
then r(xz2,t) > r(xy,t) for all ¢t € [0,7]. Using the lower bound 0 < (n:mb:l(Co/:U))l/n < r"(x,t) for all
(x,t) € (0,00) x [0,7] and the fact that x — r(x,t) is monotone increasing, we have

=
>

r(t) ;== lim r(x,t) existsin r(t) € [0,00) for each ¢ € [0,T].

z—0t

Now since Lemma 4.5.5 and Jensen’s inequality:

o(G [ owna) <5 [Cowmow< P
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Thus, for each z € (0,00) and t € [0,T]: 0 < z1p~ (Cy/z) < v, Ol oe) < z7 ! (Cy/z) < oc. Integrating
over Dy (r(z,t))" = nv(z,t), using the limit r(z,t) — r(t) for each ¢ € [0,7], and rearranging the terms it

follows that . Y
rient) = () +n [ olw0a) "
O

For each j € N, the solution (vy;,uq;,¢€q;)(x,t) obtained in Theorem 4.1.1(i) satisfies the equations
almost everywhere. In particular its corresponding weak forms also holds. Applying Lemma 4.5.4 to this
weak form for each test function ¢ € C2°((0,00) x [0,7]) bounded away from = = 0, we obtain the following
result:

Lemma 4.5.6. Let (v,u,e)(x,t) be the function obtained in Lemma 4.5.2, then the following weak forms
are satisfied: For all test function ¢ € C*°((0,00) x [0,T]) such that there exists N, € N with supp(p(-,t)) C
[N, N, for all t € [0,T] then it follows that

(i) Continuity equation:
00 00 t 00
/ vz, t)p(z, t)de — / vo(x)p(x,0)dr — / / (vDrp — r"uDyp)(z, s)dxds = 0.
0 0 0o Jo
(ii) Momentum equation:
/ u(z, t)p(x, t)dx—/ up(x)e(x,0) dx—/ / u(z, s)Dip(z, s)dads
// ,6 Du—l—mf—( —-1)- }(r Dwgo—i-m;go)dxds.
(iii) Fquation for energy density:
> Jul? > |UO|
/ (e + —)@(m,t)dx - / (eo + —H— / / e + — Dtgodxds
0 2 0 2
t 00 - e U
= r u{(’y —1)— —mA——(2u+ )\)—Dxu}Dxcpd:cds - R—Dxengodxds.
0 0 v T v 0 0 v

Since the weak derivatives (D, D?)(v,u,e,r)(x,t) for D € {Dy;, D, } exists in L%([g,00) x [0,T]) for all
e > 0, by Fundamental Lemma of Calculus of Variation and the above weak forms, one can obtain the
following statement:

Lemma 4.5.7. Let (v,u,e)(x,t) be the solution obtained in Lemma 4.5.2. Then the following equations are
satisfied for (x,t) € (0,00) x (0,T) almost everywhere:
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Appendix A

Some variants of Arzela-Ascoli theorem.

This appendix will be devoted to the proof of two propositions on Arzela-Ascoli theorem, which are used
in Sections 2.4.3-2.4.4 for the limit process as K — oo, and in Sections 2.5.2-2.5.3 for the limit process as

a N\ 0.

Proposition A.0.1. Let D C R? be a connected domain with Lipschitz boundary, such that Int(D) # (),
where Int(-) denotes the set of interior points. Assume {f; : D — R};en is a collection of functions, and
{(Dq,Ca)}aen is a collection of compact subsets D, CC D and constants C, € (0,00) such that for each
a €N,

Do € Doy1, Int(Dy) #0, D= UsenDa,

sup sup fi(z) < Cq, sup|fi(z) — fi(y)| < Colx —y| for all z,y € D,. (A.0.1)
1€EN €Dy ieEN
Then there exists a continuous function f: D — R and a sub-sequence {i;}jen with ij — 00 as j — oo such

that
lim sup|fi,(z) — f(z)| =0  for all compact subset K CC D,
J=7RgeK

|f(z) — f(y)| < Cqlz — 1y for all z,y € Dy, for each o € N.

Proof. We split the proof into 3 steps: the desired sub-sequence, the limit function and uniform convergence
and continuity.

Step 1: the desired sub-sequence. By Arzela-Ascoli theorem, it follows that for each o € N there exists
(a)

a continuous function f(¢) (z,t) : Do — R and a sub-sequence {ig-a)}jeN such that i; " —»00as j— 00, and

lim sup |f*)(2) = fw(2)] = 0. (A.0.2)

J=7+P xeD,

Based on (A.0.2), one can inductively construct a chain of sub-sequences {i;-aJrl)}jeN - {i;-a)}jeN for each
a € N. If one takes the diagonal sub-sequences i; := z§] ) then for all & € N ,

lim sup | (z) - fi,(z)] = 0. (A.0.3)

J=® gD,

If x € D, for some integer o € N then for any other integer ¢ > « + 1, we have for all z € D,,

£ @) = @) < (@) = fi, (@) + | fiy(2) = FD ()] 50 as j - oo
Thus if ¢ > « are two integers then

f(‘I) (x) = f(a) () forall x € D,. (A.0.4)
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Step 2: the limit function. For each a € N, f(®(z) is extended into D by
() '
h(a) (x) — f (IB) if T € DO[7
0 if 2 € D\Da.

With this, one can define the function gy (z) in the domain x € D as,
N—-1
gn(@) = h (@) + Y {pF D (2) - h®(2)}, foreach N €N and N >2.
k=1

Then for a fixed point y € D, there exists a € N such that y € D, and y ¢ D,—1, with Dy := (). By (A.0.4),
and the assumption D, C D, for each ¢ € N, it follows that h(®(y) = 0 if ¢ < a— 1, and h(D (y) = K@) (y)
if ¢ > «. Hence it follows that for all N > o + 1,

N-—1
gn(y) =V (y) + > {h* () = BB ()} = KN (y) = b9 (y) = [ (y).
k=1

Thus for this point y € D, one has limy_0 gn(y) = f((y). Since this is true for any arbitrary point
x € D, one gets that the function f(x): D — R given by

f(%') = ]\}E)noo gN(JZ‘),

is well-defined and in particular, f(z) = f(®)(z) if z € D, for some a € N. By the uniform convergence
(A.0.3), it follows that for each a € N,

lim sup | f(2) — fi,(@)| = lim sup [f¥)(z) — f;,(2)| = 0. (A.0.5)

=1
j—>OO €Dy ']_>OO €D

Step 3: uniform convergence and continuity. Let K CC D be any compact subset. Then {Int(D,)}aen
is an open covering for K, hence there exists a finite sub-covering {Dak}ff:l of K, for some N € N. Notice
Dy, € Dgy4q for each g € N, therefore there exists a € N such that K C D,. Combining with (A.0.5), it
follows that:

lim sup|f;,(x) — f(z)| = 0.

J—=0 zeK
For the continuity of f, fixing a point x € D, then there exists « € N such that € D,. Since Int(D,) # 0,
there exists a €1 > 0 such that B, (x) C D,. According to (A.0.1), one has

sup|fi(x) — fi(y)| < Cylx —y| for all y € D,.
iEN

Applying the uniform convergence (A.0.5), it follows that |f(x) — f(y)| < Cqlx — y| for all y € D,. Given
€ > 0, if one sets ¢ := min{ey,e/Cy} > 0 then for y € Bs(x) C B, (x) C Dy,

[f(x) = f(y)] < Calz —y[ <e.
The continuity of = — f(x) has been proved. O

Before stating the next proposition, we define: for each connected interval I C [0, 00), the functional
space Hg(I,r™dr) is the closure of

Do(I) :={¢ € C*(I) :3N > a such that [a,N] C I
and ¢(r) =0 for r€ IN[N,o0)}

via the H(I,r™dr)-norm. We also denote its dual space as H~(I,r™dr). Then H~1(I,7™dr) endowed
with the norm:

11151 1y = 590 { > )1y # 190731 ey < 1} i5 & Bamach space.
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Proposition A.0.2. Let I = [a,b] be an interval for some a,b € R, and let D = [d,00) be an unbounded
interval with some fivzed d € (0,1). Suppose that {fi(r,t) : D x I — R}tien is a collection of functions
satisfying fi(r,t) € L>®(I; H-Y(Dyg,r™dr)) for each i, L € N, where Dy := D N[0,L] = [d,L]. In addition,
we suppose that there exists a constant C' > 0 for which the following bounds are satisfied: for all t1,ts € I,

Sgg”fl(vh) - fi('atl)Hfj—l(DL,der) < C|t2 - t1| fOT all L€ N,

sup sup/ |fi — 1)2(r, t)r™dr < C.
ieN tel JD

(A.0.6)

Then there exists a sub-sequence {i}reny and a function f such that for all L € N,
f—1€ L L3(D,r™dr)), feC(I;H Dy, r™dr)),
Jm Stlel?nfik('vt) = GO -1y pmary = 05 (A.0.7)
1FCot) = FC )l g1 (py pmapy < Cltr — 2| for allty, t2 € 1.

where the constant C > 0 is independent of L € N.

Proof. We split the proof in 4 steps: the desired sub-sequence, the desired Cauchy sequence, uniform
convergence, and independence of domain size.
Step 1: the desired sub-sequence. Fixing a large integer L € N, it follows that for all ¢ € N,

/ fiPdr <2 / fi— 1[2dr + 2L — d)
Dy,

Dy,

§2dm/ |fi — 1>r™dr 4+ 2L < 2d"™C + 2L < 0.
Dy,

Hence, the following uniform estimate hold:

sup sup/ | fil2(r,t)r™dr < 2d"™C + 2L < 0. (A.0.8)
i€N tel J Dy,

Let {t;}jen C I be a countable dense subset. Then from (A.0.8), one has that for each j € N, there exists
a function g; 1, € L*(Dr,dr) and a sub-sequence {z',(j)}keN such that

fo () = gj,0(-) weakly as k — oo in L*(Dy, dr).
k

(j+1

k

Thus one can inductively obtain a chain of sub-sequence {i )}kEN - {zl(j )}keN for each j € N, and if one

takes the diagonal sequence iy 1= i,(ck), then for all j € N,
fir(5t;) — g;n(-) weakly as k — oo in L*(Dg,dr). (A.0.9)

Step 2: the desired Cauchy sequence. If one defines
M(r,t) ::/ fi(¢,t)d¢, for each r <L,
DnIo,r]
then by (A.0.9), it follows that for each (r,7) € [0, L] x N,

lim M%(r,t;) = lim fir (¢, t5)dC — g;. .(Q)d¢ =: M (). (A.0.10)

k—o0 k—co JDn[0,r] DN[0,r]
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For all ¢ € fI&(DL,rmdr), one has

/ (Fon (1) — g5 (7)) (r)rmdr = / 0, (Mi* (1 ;) — M;, (1)) $(r)r™dr
Dy,

Dy,

S /D (]\42’C (r,t;) — Mj7L(T‘)) (8,4) + m%)rmdr

1 1
<([ ety - MuPrran) ([ floop + 290y may)
DL DL
c i 2,.m %
<19y mman ([ M 15) = My 1 ()Prmar)
L
Therefore by (A.0.10) and Dominated Convergence theorem, we have that for j € N, as k — oo,

o . mp ) 2
1firot5) = G5O =1y oty < d</D | M (r,t;) — M, (r)[*r dr)2 0.
L

In particular, since L € N can be arbitrarily chosen, the following statement holds true:
{fi..(-,tj) }ken is a Cauchy sequence in H'(Dg,r™dr) for each (j, L) € N2, (A.0.11)

Step 3: uniform convergence. Given § > 0, if one sets I; := (t; — 6/(3C),t; +6/(3C)) for each j € N,
then t; € I; and

[SUISS

2ggl\fik(~,t)_fik(, i1y pmany S ClE=t5] < 2, forall te ;. (A.0.12)

Since {t;}jen C I is dense, {I;} en is an open covering of I = [a,b]. It follows that there exists a finite
sub-covering {Ij}jj‘il for some M € N. Now, for each j = 1,..., M, it follows from (A.0.11) that there exists
N; € N such that

0
1£i, Cot5) = Fia ot s oy pmary < 5 for all p,g = Ny (A.0.13)

Setting N :=max{N; :j =1,..., M}, then for all t € I there exists j € {1,..., M} such that ¢t € I}, hence
by (A.0.12)-(A.0.13), it follows that for all p,q > N,

i (5 8) = fig 0 =1y )
<Ifip 1) = i Gt -1 oy ymary + i (o 83) = fig Gt =1 (D rmary
i (o) = Fia o o1 gpy ymary < 0/3+68/3+6/3 =46,

Since this is true for any ¢ € I, one has

ig?”fip(-,t) — fiaCs Dl i1 (py ey < 0 for all p,g > N.

Therefore, {fi, }ren is a Cauchy sequence in L*°([; H~Y(Dp,r™dr)), which is a Banach space. Thus there
exists gy, € L>°(I; H-1(Dp,r™dr)), such that

lim supl|fiy (-, £) = 920 Ol -1 (D, yrmary = O- (A.0.14)

k—o0 te

It also follows from the Lipschitz continuity assumption of the proposition and (A.0.14) that

g t1) = 9L t2)ll -1(p, ymary < Cltr —ta| forall #1,8 €1,
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hence g, € CO(I; H-Y(Dy,r™dr)).
Step 4: independence of domain size. We claim there is f —1 € L>(0,7; L?(D,r™dr)) independent of
L € N, such that f = g in L>®(I, H Y(Dg,r™dr)). It follows from (A.0.6) that there exists a function
f—1¢€L*>®(I; L?(D,r™dr)) and a sub-sequence which is still denoted as {f;};en such that
fi—12f—1 as i—o0 in L>(I; LQ(D,rmdr)). (A.0.15)

Let ¢ € L'(I, ﬁ&(DL,rmdr)), and let {iy}ren be the sub-sequence in (A.0.14). Then using (A.0.14) and
(A.0.15), it follows that as k — oo

<| [ [ = s ot + [ 15, - aullz-lell et =0,
L

which implies that f = gy in L*°(I, H ~1(Dp,r™dr)). Since f is independent of L € N, one concludes from
(A.0.14) that (A.0.7) holds for all L € N. O
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Appendix B

Some results regarding convex functions

This appendix will be devoted to giving some properties on convex functions, which will be used in Sections
2.4.5, 2.5.1, and 2.5.3.

Proposition B.0.1. Let G(-), ¥(:), H(:) be the convex functions defined in (2.5.1). If G;l, wfrl, H;l
are their corresponding right branch inverses, then they are concave, strictly increasing continuous functions
defined on the domain:

G711 [0,00) = [1,00), it :[0,00) = [1,00), Hi':[—e ' o00) = [et, 00).

It follows that functions (f1, f2, f3)(y, 2) given in (2.5.2) is well defined for (y,z) € (0,00)2, and for each
fixzed z > 0, y — fi(y; 2) is positive monotone increasing for i = 1,...,3. In addition, for each fized z > 0
one has:

lim f;(y;2) =0 for i€ {1,2,3}.
lim fi(y; 2) f {1,2,3}

Proof. First, G(¢),v(¢) are uniformly convex and it achieves minimum at ¢ = 1 with G(1) = 0. Hence, G()
and v(() are strictly increasing in [1,00). Thus the inverse functions, /', G1' : [0, 00) — [1, 00) exists and
satisfies G(G(€)) = w(v ' (€)) = € for all € € [0,00). In addition, H () is uniformly convex and achieves
minimum at ¢ = e~ ! with H(e™!) = —e~!. Hence, H(C) is strictly increasing in [e~!, 00). Thus the inverse,
H':[em! 00) = [—e7!, 00) exists and satisfies H(H'(¢)) = ¢ for all ¢ € [~e™!, 00). Also since H(1) =0,
the restricted function H}': [0,00) — [1,00) is monotone increasing, with H;'(0) = 1.

Next, by Inverse Function theorem, one has

dG;! G, = 1
=(—(G =———— f € (0,00).
Since £ — G;l(g) is monotone increasing bijective map, Gjrl(f) — 00 as £ — 0o, hence
dGg;! 1
li *t ()= lim ——— =0,
e @M @)

which, along with L’Ho6pital’s rule, yields that

lim :2) == lim yG7! A8 tim
lim f1(y; 2) = lim yGY (y)

In addition,




where G !(zy™!) € (1,00) for each (y,z) € (0,00)2. It follows from G(¢) =1 — ¢ + ¢log¢ and the identity

G1H(G(¢)) = ¢ that

-1+ G;l(zyfl)
log (G7'(2y71))

which implies that for fixing z > 0, f1(y; z) is monotone increasing for y € (0, c0).
Next, by Inverse Function theorem, it follows that:

oh
dy

(y; 2) >0 for all (y,z2) € (0,00)?,

dy? dy, -1 1 -1
e ©= (G @) :<1_w;1(zy—1>) for ¢ € (0,00).

Since w;l(ﬁ) — o0 as £ — oo for each fixed z > 0, by L’Hopital’s rule, one has

1 —1
lim yop il 8 lim (1—7> =z, for z>0.
S YV (y) NG Y (zy7Y)

Thus it follows that

z
lim 2)=—z+limyyp ! (Z)=—2+2z=0.
y\OfQ(y ) y\wa"' (y)

Moreover, fixing z > 0 and taking the derivative of y — fa(y; z), one obtains that

Ofe, . azy 2 Ayl oz i (zyT ) log(wit(zyh)
oy (y,z)—% (y) y2 d¢ (y) - ¢;1(zy_1)—1

>0 for y e (0,00),

thus it follows that y — f2(y; 2) is increasing for each fixed z > 0.
Finally, by Inverse Function theorem, it follows that

dg;! dH -1 1
§:(—H’1§) - . for £€0,00).
d¢ (©) dg( ) 1+log (H'(9)) 0,c0)
Since, H (&) — 0o as & — oo, one has
dH;! 1
lim —— = lim =0,
R T A )
which, along with the L'Ho6pital’s rule, implies that
-2 -1 -1
. H, —zy ~dH] _1 . dHY _1
lim ;z) = lim z = lim z = 0.
Furthermore, for fixing z > 0, one also has that for all y € (0, c0),
0fs o1y 2AHEN Hi'(zy™)
—(y;2) = H z — — z = > 0.
dy (y;2) =H7 (2y) T (2y77) =1 o B (2 1)
Therefore y — f3(y; 2) is strictly increasing and positive for each fixed z > 0. O

Before proving the next proposition, we state the so-called Mazur’s Lemma:

Theorem B.0.1 ( Mazur’s Lemma). Let (B, ||-||g) be a Banach space, and S C B be a convex subset. Then
S is closed in the strong topology if and only if it is closed in the weak topology.
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For further detail, we refer the readers to Theorem 3.7 in Chapter 3.3 of [1].

Proposition B.0.2. Letd > 0, T > 0, and G(C) := 1-(+(log (. Assume there exists constants 51, Cy > 0,
§ >0, and a sequence {0;}ien C L?(0,T; L*(|d,00),7™dr)) satisfying:

0; —1—0—1 weakly in L? (0, T; L*([d, 00), r'™dr)),

supesssup/ G0;)(r,t)yr™mdr < Ci, (B.0.1)
1€N ¢€[0,T]

5<0;, <0 for a.e. (r,t) € [d,00) x [0,T] and for each i € N.

Then the limit function 0 satisfies

esssup/ G(O)(r, t)r™dr < Cy.
t€[0,7)

Proof. Fix an integer N € N. Denote By := L? (O,T; L*([d, N], rmdr)). Then By is a Banach space. Set
Sn to be the subset:

N ~
Sy = {w € By : ess sup/ G(w)(r,t)r™dr < Cf,
te[0,7

and 0 < w(r,t) < Cy forae. (rt) e [d,N]x [O,T]}.

First, we claim that Sy is a convex subset of By. Since G(z) =1 — z 4 zlog z is convex, it follows that
for each wy,ws € Sy and 0 < n < 1,

esssup/ G(nwy + (1 — n)we)(r, t)r™dr
t€[0,T]

N ~
<ness sup/ G(wq)(r,t)r™dr + (1 —n) ess sup/ G(w2)(r, t)r™dr < Ch,
t€[0,7) t€[0,T

5 < (qwy + (1 — ws)(r,t) < Cy for ae. (r,t) € [d,N] x [0,T],

which implies that Sy is indeed a convex subset of By.
Next, we wish to show that, if {w;};eny C Sy is a sequence such that

hmeZ w||py = hm/ / —w|?(r, t)r™drdt = 0,

for some w € By, then w € Sy as well. Since w; — w strongly in L2(0,T; L?([d, N],r™dr)), there exists a
sub-sequence, which will be still denoted as {w; };en such that

wi(r,t) = w(r,t) for (r,t) € [d,N]x[0,T] a.e. (B.0.2)
Due to {w;}; C Sy, the convergence in (B.0.2) implies that
§ <w(rt) < Cy for (r,t)€[d,N]x[0,T] a.c. (B.0.3)

Since G(-) is convex and achieves its minimum at G(¢ = 1) = 0, and G(¢ = 0) = 1, it follows that for
all i € N with 6 < w; < Cy, G(w;(r,t)) < max{1,G(5), G(Cy)}. Moreover, since G(-) is continuous, it
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follows from (B.0.2) that G(w;(r,t)) — G(w(r,t)) as i — oo for a.e. (r,t) € [d, N] x [0,7]. By Dominated
Convergence theorem, one obtains for each 0 <t; <t < T,

1 to N to
/ / G(w)(r,t)r™drdt = lim / / G(w;)(r, t)r™drdt < Cy.
to — 11 4 Ja i—oo to — t1

Since this is true for any interval [¢1,t2] C [0,T], then by Lebesgue Differentiation theorem,

ess sup/ G(w)(r,t)r™dr < Cy. (B.0.4)
t€[0,T

It follows from (B.0.3)-(B.0.4) that w € Sy as well, which along with Theorem B.0.1, implies that
Sy is closed in the weak topology of By := L? (0, T; L*([d, N],r™dr)). (B.0.5)
By (B.0.2), it follows that {6;}ien C Sy and 6; — 0 in By = L*(0,T; L?([d, N],r™dr)). Assertion

(B.0.5) then implies that § € Sy, and in particular,

ebssup/ G(0)(r, t)r™dr < C1.
t€[0,T]

Now since this is true for all N € N, and G(-) is non-negative, it follows from Monotone Convergence
theorem that:

N ~
ess sup/ G(0)(r,t)r"dr = lim esssup/ GO)(r, t)r"dr < Ci.
te[0,T] N—=0o e[0,T]
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