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ABSTRACT 

The number of women diagnosed with the breast cancer continues to rise year on year.  Breast 

cancer is now the most common type of cancer in the UK, with over 55000 cases reported last 

year. In most cases, mammography is the first step towards diagnosing breast cancer. 

However, it continues to have many practical limitations as compared to more sophisticated 

modalities such as MRI. The relatively low cost of mammography, together with the ever 

increasing risk of women contracting the disease, has led to many developed countries having 

a breast screening program. These routine breast screens are taken at different points in time 

and are called temporal mammograms. Currently, a radiologist tends to qualitatively assess 

temporal mammograms and look for any abnormalities or suspicious regions that might be of 

a concern.  In this thesis, we develop an automatic shape analysis model that can detect and 

quantify such changes inside the breast.  This will not only help in early diagnosis of the 

disease, which is key to survival, but will potentially aid prognosis and post treatment care.  

The core to this thesis is the use of Circular Integral Invariants. We explore its multi-scale 

properties and use it for image smoothing to reduce image noise and enhance features for 

segmentation. We implement, modify and enhance a segmentation method which previously 

has been successfully used to acquire breast regions of interest.  

We applied such Integral Invariants for shape description, to be used for shape matching as 

well as for subdividing shapes into sub-regions and quantifying the differences between two 

such shapes. We combine boundary information with the information from inside a shape, 

thus eccentrically transforming shapes before describing their structure. We develop a novel 

false positives reduction method based on Integral Invariants scale space.  

A second aspect of the thesis is the evaluation of and emphasis on the use of breast density 

maps against the commonly used intensity maps or x-rays. We find density maps sufficient to 

use in clinical practice. The methods developed in this thesis aim to help clinicians in making 

diagnostic decision at the point of case. Our shape analysis model is easy to compute, fast and 

very general in nature that could be deployed in a wide range of applications, beyond 

mammography.  
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Chapter 1  

 

1. 1. INTRODUCTION 

Signal and image processing, together with knowledge representation, when applied to 

medical images (e.g. mammography, ultrasound, CT, MRI, PET) is leading to many valuable 

clinical tools. The focus of this thesis is the development of a computer aided tool that aims to 

aid clinicians in making diagnostic and prognostic decisions in radiological contexts typified 

by mammography. Specifically, we develop a shape analysis model, which may be applied to  

clinical and research medical imaging modalities to detect incremental changes in shapes. 

The aim of the work is to develop a shape analysis model for complex 2D shapes that could be 

eventually extended to 3D shapes, in order to match, correspond and quantify shape 

differences, and in particular, to study ‘interesting’ regions in mammograms. Figure 1.1 shows 

the shape analysis model implemented in this thesis.  

 

Figure 1.1: Overview of the temporal study of mammograms by the shape analysis model 

developed in this thesis 
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1. 2. Breast Cancer: A Fatal Syndrome  

The increase in the number of breast cancer patients over the past few years is alarming. It has 

been reported that breast cancer is the second most diagnosed cancer in women, and was 

already the world most prevalent cancer by the year 2002 [6]. However, the mortality rate 

among women has decreased enormously with the development of more effective treatment 

techniques and early detection methodologies using computer aided diagnosis tools [7]–[9]. 

Breast cancer is far more common in women than in men. In the western world, 

approximately 11-12% of all women at some stage of their life are affected by breast cancer 

[6]. Conversely, breast cancer in men accounts for less than 1% of all breast cancer in the 

United States and less than 1% of all cancers in men. A woman’s risk of breast cancer 

approximately doubles if she has a first-degree relative (mother, sister, or daughter) who has 

been diagnosed with the disease. About 20-30% of women diagnosed with breast cancer have 

a family history of breast cancer [10]. 

Based on the statistics from the World Health Organization (WHO), cancer accounted for 

13% of all deaths in the world in 2004. Deaths caused by cancer are expected to increase in 

the future with an estimated 12 million people dying from cancer in 2030 [11]. [12] 

1. 3. Imaging Modalities  

Screening modalities can reduce the mortality rate and are helpful in early diagnosis and 

treatment of disease. There are a number of techniques that are used to detect and stage breast 

cancer. The common imaging technologies in routine use are x-ray mammograms and 

ultrasound (US); whereas as other imaging technologies that could be used, however are less 

common, are computed tomography digital synthesis (CT), Flurodeoxygulucose (FDG) 

positron emission tomography (PET), ultrasound, single-photon emission computed 
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tomography (SPECT) and magnetic resonance imaging (MRI). Magnetic resonance 

spectroscopy (MRS), optical computed tomography and (early or late) near infra-red image 

fluorescence may find clinical use in the near future. There are also machines that can provide 

PET-CT fusion images. The most extensively used imaging modalities are tray US, CT, PET 

zMRI [13]. Digital breast tomosynthesis is evolving rapidly as a second screening modality 

besides x-ray mammograms, to look for masked tumours and assess abnormality more clearly.  

1. 4. Mammography  

Though many different imaging modalities are used for the detection of breast cancer in 

clinical practice, mammography is currently the most common. A mammogram is a low-dose 

x-ray examination passed through the compressed breast to look for structures that are not 

normal. Nowadays, the results are fed directly into a computer for processing prior to being 

viewed by a radiologist. The two most common views are Medio-Lateral Oblique (MLO) and 

Cranio Caudal (CC).  

 

Figure 1.2: Different viewpoints of the same breast: (a) shows the direction of the two most 

used views, which produce images exemplified in  (b) the Cranio-Caudal (CC) view, and (c) 

the Medio-Lateral Oblique (MLO) view.  In the MLO view the pectoral muscle is prominent 

[14]. 
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The MLO view, from shoulder to hip, contains the pectoral muscle in the upper right or left 

corner of mammogram as shown in the Figure 1.2. Mammograms may also contain additional 

information as seen in Figure 1.2, where R represents the right breast. Considered as images, 

mammograms vary hugely over the population, so radiologists find them complex to analyse.  

For this reason a number of reporting standards have been established, though the terms they 

use are qualitative in the sense that they are subject to the individual radiologist’s perception. 

There are various categories to define breast density. The American College of Radiology 

(ACR) has established the Breast Imaging Reporting and Data  (BI-RADSTM) to guide the 

breast cancer diagnostic routine.  

Mammograms are inspected to detect abnormalities in the breast. There are four main types of 

breast abnormalities,  

1. Right and left breast asymmetry  

2. Architectural distortion of breast tissues 

3. Presence of a mass or cyst in the breast (benign or malignant)  

4. Micro-calcifications  

If a mass that is detected in the breast is a tumour then it can either be benign or malignant. 

Figure 1.3 presents some well-known features of breast tumours that define its shape.  

1. 5. Analysing Mammograms Using Two or More Images 

Because mammograms are such complex images and vary considerably over the population, it 

is common clinical practice in breast radiology to analyse two or more mammograms in order 

to detect abnormalities. While comparing two mammograms of the same patient, the breasts 

may vary in size and in the way they are imaged; but the internal structure is quite similar and 
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symmetric over large areas. This is done to detect asymmetry in the breast tissues by taking 

into consideration various features such as the size, shape and density of tissues.  There are 

three commonly used comparisons that are of most interest to a radiologist:  

1. Comparison of the right and left breasts (breast asymmetry)  

2. Comparison of two different views of the same breast (i.e. MLO vs. CC view) 

3. Comparison of the same views and of the same breast taken at different times 

(temporal study of mammograms) 

All three comparisons are important, though initially we are most interested in the temporal 

study of mammograms, as it is not only vital for diagnosis and treatment but also for post-

treatment care. It gives an intuitive idea of how a certain region in the breast may have 

evolved over time.  

 

Figure 1.3: The above figure shows different shape and contours that a breast cyst or mass 

may have, and is used to discriminate between benign and malignant [15] 

We address the temporal study of mammograms by employing the recently-introduced image 

analysis technique of Integral Invariants and by further exploiting its scale space for local 
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region matching in segmented masses. Figures 1.4 & 1.5 respectively show mammographic 

images and abnormal regions of the same breast taken at different times.  

 

Figure 1.4: Temporal mammograms from various screening years: (a) 1992, (b) 1995 and (c) 

2000.[16] 

 

Figure 1.5:  Tracking of an abnormal mammographic region in Figure 1.4 [16] 

1. 6. Computer Aided Diagnosis 

Over the past two decades, scientists and researchers have developed methods for Computer-

aided detection (CAD) and classification techniques for the early detection of breast cancer 

based on mammography screening. In this area of research, the classification of breast masses 

into benign and malignant categories remains a challenging task. Therefore, there is a need to 
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develop and advance the existing computer-aided platforms that will provide a second 

opinion, as well as to manage the strategies for prevention, diagnosis and cure of breast cancer 

patients. 

CAD systems are built on the basis of information engineering, mathematics, image 

processing, pattern recognition, machine learning and artificial intelligence. Systems that deal 

with imaging modalities such as mammograms, CT scans, MRIs etc. are designed for 

radiologists who use the output from analysis of medical images as a second opinion in 

detecting and making diagnostic decisions. Comprehensive surveys of CAD systems directed 

towards breast cancer are given in [15], [17]–[21].  

Most CAD systems use image processing algorithms to detect abnormalities in mammograms 

such as calcifications, masses, and to support the temporal study of mammograms and 

architectural distortion.  The use of CAD technologies by radiologists and pathologists is 

playing a key role in the early detection of breast cancer and helping to reduce the mortality 

rate among women [17]. 

1. 7. Breast Screening 

Breast screening is routine in the UK: women between the ages of 50 to 70 are invited to 

undergo x-ray imaging every 2 years of the compressed breast (the age range is currently 

being extended from 47 to 73).  The International Agency for Research on Cancer has shown 

that breast screening reduces the mortality rate from breast cancer by 35%. It has been 

estimated that each year the screening programme saves over 1400 lives in the UK. Out of 

46000 cases diagnosed, about 12000 women die of breast cancer every year [22], [23].  
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The pool of mammograms acquired routinely creates a temporal series, which is extremely 

useful in detecting the development of abnormalities inside the breast. In this thesis, we have 

used temporal mammograms from routine screening and have applied our shape analysis 

model to establish correspondences between regions in them.  

1. 8. Mammographic Segmentation   

Mammograms are complex images with huge variations in their internal patterns including the 

size, heterogeneity, location and shape of dense tissue, volumetric density etc. As 

mammograms are two dimensional projections of a compressed three dimensional breast, the 

increasing intensity of a region in a mammogram is representative of the increased density of 

the region formed of higher intensities, and this may indicate the presence of a lesion. 

Therefore the algorithms we use and develop are based on iso-intensity contours. 

There are three major challenges confronting the design of a good and practical segmentation 

algorithm.  

1. Automation of the segmentation algorithm  

2. Accuracy of the segmented regions 

3. Reduced computational cost and time 

Most state of the art algorithms such as level sets are computationally expensive, hence slow 

and may not suitable to implement in a real time system. The biggest problems with level sets 

in this application are: (a) the critical dependence on initialisation of the level set algorithm; 

and (b) leakage of regions of interest to the surroundings by most level set algorithms.  These 

severely reduce all three of the requirements above. Most algorithms are semi-automatic and 
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require a seed point provided by a human for individual cases to segment the regions of 

interest. It might also be viewed as an advantage from the point of view that a radiologist can 

click a region to segment; nevertheless, it is quite manual to be used in practice where 

decisions are made very quickly in cancer multi-disciplinary meetings. This is counter to 

requirement 1 and severely limits the utility of such methods in clinical practice.  The 

accuracy of the segmentation with respect to its margins is however an independent factor. 

Our considerations for a good segmentation algorithm are that it should be almost or 

absolutely automatic, fast to compute, can delineate the regions of interest and could be the 

basis of a real time CAD system with accuracy.  

1. 9. Shape Analysis  

Regions of interest in mammograms, typically masses, are very complex shapes. Masses 

usually have low contrast and therefore require enhancement. Detection quite often needs 

temporal analysis of mammograms, which is currently qualitative. Moreover, regions change 

over time as they grow, or shrink in response to therapy.  This necessitates an accurate shape 

analysis model.  

Image analysis aims to develop tools to interpret an image, for example a mammogram or an 

image of individual cell. A model has to be developed that can be used to extract the shapes of 

the regions of interest (ROI) from various imaging modalities applied with slight 

modifications. It should be able to compare images at a coarse level in order to match shapes, 

as well at a finer scale for matching regions in shapes. Such a system should be able to 

determine point-wise correspondences between two shapes, ideally with a computational cost 

that enables a real time system. It should provide a matching cost between two shapes. 
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Our shape analysis model works in following modules,  

1. Segmentation of an image into salient regions 

2. Point-wise correspondence of the segmented shapes 

3. Development of a shape matching cost  

4. Local region matching between two shapes 

The choice of the noise removal filtering method depends upon the type of images and the 

specific application.  

1. 10. Project Objectives 

The objective of this project was the development and application of an image analysis model 

that extracts ROIs, then establishes correspondences and matching of rotated, reflected and 

articulated shapes from medical images at both global and local scales.  

There are two well-known and widely used methods to infer diagnosis of cancer in a patient, 

namely mammography, ultrasound and biopsy, which are done by a radiologist and 

pathologist respectively. A CAD system that can be incorporated with a differential clinical 

decision support system could be of great help to clinicians. It could be used to feed data to a 

decision support engine that can generate a decision based upon the indications from CAD 

and an existing knowledge base.  

We have developed a tool to detect ‘interesting’ breast regions and correspond them in 

temporal mammograms. Such a system should be able to enumerate new growths or 

occlusions in masses. Currently, temporal assessment is entirely qualitative and so depends on 

the individual radiologist. Our aim is to measure quantitatively temporal changes, either new 
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growth or occlusions of interesting tissues. For mammograms, such a system should be able to 

deal with breast asymmetry as well as identifying temporal changes in mammograms.   

1. 11. Thesis Outline 

This thesis studies segmentation, multi-scale shape description and shape correspondence, 

along with the usability of quantitative measures of breast density, such as Volpara® maps. 

Segmentation and shape analysis are central problems in the computer vision community and 

are extensively investigated fields. We have explored them for our research. From this study, 

Integral Invariants are used as shape descriptors to characterize shapes, which are then 

corresponded and matched in temporal mammograms. The outline of each chapter is as 

follows: 

The background of breast cancer and the need of image analysis are presented in this chapter. 

Various breast abnormalities are defined; such as, shape of masses, computer aided diagnosis 

and the significance of the screening program are explained.  

Chapter 2 advocates the use of breast density maps as compared to mammograms and 

emphasises the relationship between breast density and the risk of developing breast cancer. It 

gives a detailed literature review on a number of qualitative and quantitative methods to find 

breast density. It explains what are the limitations using x-ray mammograms.  We have used 

Volpara® density maps alongside DICOM mammograms in this thesis, which is a breast 

density measure and is the visual representation of breast density.  

A review of Integral Invariants, which is the shape description method we have used, is given 

in the Chapter 3 and explained in detail in Chapter 7. Integral Invariants are central to this 

thesis. We have also used them for image enhancement. An optimization method, called the 
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Fast Marching Algorithm (FMA) is explained in detail. The advantage of Integral Invariants 

over generally used curvature measures is emphasised.  

Chapter 4 presents a topographic representation of mammograms, which effectively 

characterises important mammographic regions in a breast. It is a developed as a modification 

to an existing segmentation algorithm and has been applied successfully to detect masses in 

mammograms. This chapter provides a detailed critical evaluation of the segmentation 

algorithm used.  

Chapter 5 explores multi-scale space Integral Invariants, and its various properties in 

accordance to Gaussian scale space. A novel and robust method based on multi-scale Integral 

Invariants is introduced to reduce the number of false positives in mammograms.  

Integral Invariants are used for image enhancement in Chapter 6. They are compared to 

Gaussian smoothing and anisotropic diffusion to assess its usability as a noise suppression 

method.  

Chapter 7 concerns shape matching and correspondence for both synthetic shapes and 

mammograms. A novel local Region Matching Algorithm (RMA) is presented that can find 

occlusions and articulations quantitatively. Furthermore, RMA is applied to segmented 

regions in mammograms. 

Chapter 8 presents a novel approach of combining boundary information and the information 

from inside of a shape for matching and correspondence. It implements Eccentricity 

transforms alongside Integral Invariants leading to better performance in reducing 
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correspondence errors. The technique is shown to decrease mismatching in point-wise 

correspondences.  

Chapter 9 evaluates the usability of Volpara® density maps and its robustness by comparing it 

to another quantitative breast density measure known as the Standard Attenuation Rate 

(SAR)[24]. Volpara® is based on the relative physics model whereas SAR is based on an 

absolute physics model. The chapter demonstrates a linear relationship between the two by 

comparing corresponding regions using a technique based on the super-pixel region 

segmentation method called Simple Linear Iterative Clustering (SLIC).  

Chapter 10 concludes the impact of work described in this thesis and proposes a list of 

possible future work that can be realized by extending the current work.  



 

 
 

Chapter 2  

BREAST DENSITY ASSESSMENT 

2. 1. Breast Density 

X-ray mammograms are used in routine screening to detect abnormalities in the breast for an 

asymptomatic population of post-menopausal women, and to reflect the qualitative density of 

breast regions. However, the parenchymal study of x-rays is currently established on 

subjective assessment of mammograms, which leads to large inter- and intra-observer 

variability. The appearance of a mammogram, considered as an image, varies very 

considerably among women and depends upon the imaging parameters, tissue characteristics, 

and the response of different breast tissues to x-ray attenuation. Figure 2.1 show two 

mammograms of the same breast of a woman positioned very carefully, taken on the same 

date, by different radiographers. Here, the two radiographers chose slightly different but 

reasonable machine settings, such as the aperture setting, time of exposure, and the film speed. 

Despite the fact that these mammograms are taken on the same machine, the breast 

composition appears significantly different in the two images. The reason for the substantial 

difference in the intensity levels of the two images is that fibroglandular tissues have a higher 

attenuation of x-rays than fat. On the other hand, a tumour and benign conditions such as 

fibroadenomas have approximately the same attenuation as that of dense fibroglandular tissue. 

The imaging conditions that may make normal tissue appear dense, makes it difficult to detect 

abnormalities in a dense breast. This means that cancer detection in such cases may be 

delayed and makes prognosis very difficult. Women with high breast density are not only at 
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higher risk than their similar age peers, but detection of disease might be delayed because of 

dense appearance of breast parenchyma surrounding abnormality.  

 

Figure 2.1: Difference in the appearance of mammograms of the same breast, taken on the 

same day, with slightly different imaging parameters. The point here is to show intensity 

values as well as tissue density of the two mammograms appears very different. 

The need for reproducible breast density measurements (which, as we noted above, intensity 

based measures are not) is evident from the fact that its parenchymal patterns are subject to 

change over time due to a number of factors. The most obvious of these changes is the normal 

physiology of the breast that is caused by the premenopause and menopause. During 

menstrual periods cyclic changes in a mature breast causes increased cell proliferation of 

estrogen and the effect is boosted by progesterone.  The volume of the breast increases due to 

enlargement of individual cells and cell proliferation.  Lack of estrogen supply during the 

period of menstrual bleeding cause cell death, which changes the water content and volume 

inside breast. This results in the breast having varying density during different times of the 

year and generally over the course of age [25].  Therefore, a quantitative estimation of breast 
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density which is independent of imaging conditions is required, not only to assess the risk of 

developing cancer but also to help in the diagnosis and prognosis of the disease.  

2. 2. Breast Density and Risk of Breast Cancer 

The relationship between breast density and the risk of developing breast cancer was first 

investigated by Wolfe [26], [27]. Although Wolfe’s quantitative assessment has remained 

popular, other methods were also developed that showed a positive association between breast 

density and developing of breast cancer [28]–[40].  

However, researchers who followed Wolfe either did not confirm the relationship between 

breast density and the risk of developing breast cancer or for quite some time underestimated 

its importance. Some earlier studies cast doubt upon the usefulness of breast quantification 

[41]–[43]. This was supported by some cross-sectional studies [44] that showed a weak 

association or no association between breast cancer risk and Wolfe’s criteria. The 

inconsistencies in the application of Wolfe’s criteria added to this, which determined that the 

Wolfe’s method is barely reproducible. On the other hand, investigators of case-control and 

cohort studies [45], [46] have found this association positive, however, not as high as reported 

by Wolfe.  

Later, the analysis [47]–[49] of popular breast cancer risk assessment models [50], [51] 

determined that breast density is strongly associated with the risk of developing breast cancer. 

Breast density is currently considered to be the most important risk factor to be monitored, 

and is supported by the relationship between the biological basis of breast cancer and 

increased breast density [52]–[55]. As mammographic density characterizes the composition 

of breast as fat, epithelial tissue and stroma, and is associated with the risk of developing 
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histological abnormalities that can lead to breast cancer [37], [56]–[58] breast density by itself 

does not signify these abnormalities [59], [60].  

Besides breast density, other high risk factors include age [61] and BRCA gene carrier status 

[62], [63] and adult birth weight and height [37], [64], [65]. BRCA status is currently 

considered to be prominent among all others, yet it is responsible for at most 5% of all breast 

cancers [62], [63], which suggests again that breast density is the most important risk factor.   

2. 3. Breast Density Qualitative Assessment 

The most popular breast density assessment models are Wolfe, BI-RADS and six category 

classification (SCC) methods, which are explained here. Other attempts included the 

categorization of a breast based on visual inspection of the breast tissue in a mammogram 

[31], [35], [66], [67]. Brisson et al [28] and Vanchon et.al [68] proposed nine and twenty tiers 

classification schemes respectively to quantitatively categorise breast.  

 

Figure 2.2: Popular breast density assessment methods. Refer to the text for abbreviations.  
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2. 3. 1. Wolfe’s Classification Model  

Wolfe studied the patterns of breast tissue observed in mammograms and their association 

with breast cancer. To assess the risk of developing breast cancer, he classified mammograms 

into four categories based on its composition in terms of fat, epithelial tissues, and prominent 

ducts. Fat is a radiologically transparent substance and appears dark in a mammogram. 

Epithelial tissues and prominent ducts appear bright since they are radiologically dense. The 

following are the four categories proposed by Wolfe:  

N1: This is the lowest risk category in which a breast is almost entirely fat, radiologically 

lucent, with no prominent ducts and a few fibrous tissues.  The breast appearance may vary 

with the subject’s age but overall it will be an island of fat, with some dense tissues for 

younger women.  

P1: This is a low risk category in which a breast is made of fat with a few predominant ducts 

making up to a quarter of the breast volume, typically visible in the sub-areoral area of upper-

axillary anterior portion of the breast. Ducts are chord-like beaded structures extending to a 

heterogeneous region.  

P2: This is a high risk category that involves a dense pattern of ducts in a nodular form that 

forms more than a quarter and up to half of the breast volume. The breast parenchymal cone 

appears very dense and the chords of ducts are found in most the breast.  

DY: This is the highest risk parenchymal pattern and represents a very dense breast. The 

epithelial and connective tissues are very dense, comprising density greater than fat. The 

breast appears almost homogeneous because of its high density, so that prominent duct 

structures are very difficult to locate.  
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2. 3. 2. BI-RADS Classification Model  

In 1993, the Breast Imaging Reporting and Data System (BI-RADS) was introduced to assess 

a mammogram and recommended risk categories as a way to regulate mammography 

reporting [69], [70]. BI-RADS was developed as an outcome of a collaborative effort by the 

American College of Radiology, National Cancer Institute, Centres for Disease Control and 

Prevention, Food and Drug Administration, the American Medical Association, the American 

College of Surgeons and the college of American Pathologists. Its aim was not to quantify 

breast density but to report the decline in the sensitivity of mammography with increasing 

breast density of a patient.  It also comprises four classes: 

BI-RADS – I:  The breast is entirely fat (<25% dense) 

BI-RADS – II:  It has scattered fibroglandular densities (25-50% dense) 

BI-RADS – III:  The breast is heterogeneously dense (50-75% dense) 

BI-RADS – IV:  The breast tissue is extremely dense (>75% dense) 

BI-RADS III and IV could result in obscuring a lesion on mammography. One of the major 

differences between BI-RADS and Wolfe’s classifications is that in the former, the density 

percentage of breast parenchyma in each class is slightly greater than that in the latter, which 

consequently moves towards balancing the number of mammographic cases in P1 and P2. For 

example, a highly dense mammogram of class DY as per Wolf’s classification may fit in BI-

RADS III.  
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2. 3. 3. Six Category Classification  

Six category classification (SCC) was introduced by Boyd et al [35], the inter-reader 

reliability estimation and interclass correlation was found high and with agreement with the 

visual assessment.  SCC classification is subjective towards fractional density categories, that 

are: >10%, <10%, 10-25%,  25-50%, 50-75% and >75%.  

2. 4. Breast Density Quantitative Assessment 

The association between the breast parenchymal volumetric density by quantified estimation 

and the risk of developing cancer has been investigated in a few case controlled studies [71]–

[77]. The Wolfe and BI-RADS classification models provide the basis for quantitative 

appraisal of the automatic breast density classification methods. These reporting standards are 

widely used, but are very subjective and a number of studies have shown that they are not 

repeatable. Various cohort studies exist in the literature that have attempted to quantify 

parenchymal breast density quantitatively [6, 8, 26-33].  However, all the presented methods 

have limitations.   Boyd et al [35] presented a computer based interactive thresholding method 

that finds the percentage of segmented breast tissue relative to the segmented breast area. The 

method was semi-automatic and asks the user to enter an estimated threshold value to segment 

breast parenchyma.  Petroudi et al [78] normalized the breast mammogram using Standard 

Mammographic Form (SMF) [79]–[81] and used the volume of adipose tissue in the breast for 

quantification. Texture representations of the breast have also been used for quantification.  

For example, Byng et at attempted to analyse the breast automatically using fractal dimension 

and skewness [82], [83]. Miller et al classified breast using texture information by applying 

Laws' texture features and granulometric techniques to discriminate between fatty and dense 

breast types.  Bovis et al also used a texture feature based model using artificial neural 
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networks to categorise breast classes. Others used mathematical morphology [68], density 

segmentation using Kittler’s method [84] and variance histogram discriminant analysis of 

segmented regions [85].  In other model studies, Van Gils et al [40], [86] investigated whether 

a reduction in breast density lowers the risk of breast cancer, whereas Karssemeijer [87] 

developed an automated determination of breast parenchymal patterns based on a distance 

transform, which is applied along with segmentation between breast tissue and skin line to 

study the relation.  

Readily available software tools such as CUMULUS [47], [88] and MDEST [89], [90] are 

more objective, subject to the constraint of being semi-automated; and for this reason they 

have limited use in routine clinical practice.  This is because such area based thresholding 

methods require additional decision time and are subject to inter-and-intra-observer variability 

along with the extensive training to use the software[48], [91].  

2. 5.  Breast Quantification Methods 

Intrinsically, the amount of tissue in a breast occupies a volume and so is most reliably given 

using a 3D measure, unlike the projection of this volume to 2D as in a mammogram. 

Volumetric measures, such as SMF, Volpara®, and use of a calibration device, estimate a 3D 

measurement computed from a single mammogram. We review here a number of volumetric 

models, along with area based percent density technique CUMULUS, that quantitatively 

measure breast density.  

2. 5. 1. CUMULUS 

Byng et al proposed CUMULUS [83], [88] which is an interactive thresholding technique 

applied to assess radiologically dense tissue in mammograms using image histograms. The 
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technique was initially evaluated on mammograms of 30 women, both right and left CC 

projections, resulting in a total of 60 images for examination. Though, CUMULUS is not 

restricted to digitized mammograms and could be used on digital mammograms and FFDM.  

Method: 

For an 8 bit digitized spectrum of an image ranging from imin to imax, where the former is zero 

and the latter is 255 as provided by the digitizer, a grey value iedge is selected which acts as a 

threshold to separate the image of the breast from the background. Most mammographic 

machines now provide 14 to 16 bit resolution. The pixels lying in the projection are filtered 

under the threshold iedge by using an edge detection algorithm that traces the image from the 

chest wall to the nipple. For xi pixels within the breast boundary, size of the projected area of 

the breast is the summation over the histogram:  

𝐴 =  ∑ 𝑥𝑖
𝑖𝑚𝑎𝑥
𝑖 =𝑖𝑒𝑑𝑔𝑒

    (3.1) 

Radiographically dense tissues are denoted by selecting a second threshold 𝑖𝐷𝑌, where pixels 

below  𝑖𝐷𝑌 are filtered out and the tissue density is calculated as the percentage density (PD) 

of entire projected area of the breast, A, consisting of dense pixels.  

𝑃𝐷 =  
(∑ 𝑥𝑖

𝑖𝑚𝑎𝑥
𝑖 = 𝑖𝐷𝑌

)

𝐴∗100
    (3.2) 

 𝑖𝑒𝑑𝑔𝑒 and  𝑖𝐷𝑌 have to be estimated for each image individually.  
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Results  

Two experienced mammographic radiologists, a clinical scientist and a less-experienced 

research assistant viewed the images to select the thresholds and rate them in to SCC. The 

interclass correlation between the radiologist was R = 0.95, whereas a naive observer was able 

to make consistent classification with the other observer. Both non-radiologist observers did 

not classify the images as per SCC; however, a high degree of correlation with the radiologists 

for PD assessment. It was found that differences in mammographic technique could adversely 

affect the contrast of the dense and fatty tissue, and consequently lead to subjective 

classification.  

Discussion 

CUMULUS is a widely used density estimation technique and has been considered as the 

standard for measuring breast density. It has been shown to establish a strong correlation of 

breast density with the breast cancer risk [92]. However, like other area based approaches, the 

method is highly subjective and suffers from inter-and-intra observer variability, which is not 

reduced by training [91], [93] and is found to be at a disadvantage compared to other methods 

[71], [94]–[99].  

The newer version of Cumulus made use of calibration device methods [73], [100]–[106], 

known as Cumulus V[104], which gives a 3-D volumetric estimate of a 2D mammogram.  

2. 5. 2. Standard Mammographic Form (SMF) 

SMF was developed by Highnam and Brady [79]–[81] to estimate breast density from film 

screen mammography, and was later improved to apply to digital mammograms. It is a 
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standardized, quantitative representation of the breast that estimates non-fat tissue and breast 

density. It has been recognised to have substantial potential to be valuable in large 

epidemiological studies which necessitates automated data analysis of large number of x-ray 

films, even where no calibration data is accessible.  

Method 

The central hypothesis of SMF is that the most of the tissue within the breast can be regarded 

either as fat or as “interesting”, the name implying that adipose tissue is of no clinical interest 

for mammography.  Note that it also assumes that microcalcifications occupy only a small 

region and so do not significantly affect the overall brightness or density of a region. 

Interesting tissue comprises fibroglandular, stromal and tumour. The primary energy equation 

of SMF models the number of x-ray photons imparted to the film screen in the area of the 

intensifying screen corresponding to a pixel (x, y), defining the primary fluence to the detector 

while ignoring scatter [107], [108] is summarized mathematically as, 

𝐸𝑖𝑚𝑝(𝑥) =  ∅(𝑉𝑡 , 𝑥)𝐴𝑝𝑡𝑠 ∫ 𝑁0
𝑟𝑒𝑙𝐸𝑥

0
(𝑉𝑡 , 𝜀)𝐺(𝜀)𝑒𝑥𝑝−𝜇𝑙𝑢𝑐𝑖𝑡𝑒(𝜀)ℎ𝑝𝑙𝑎𝑡𝑒𝑒𝑥𝑝−ℎ𝜇(𝜀)𝑑𝜀 

           (3.3) 

𝐸𝑥 is the maximum photon energy,  ∅ denotes the x-ray photon flux, 𝑉𝑡 is the tube voltage, 𝐴𝑝 

is the pixel, 𝑡𝑠 is the exposure time, 𝑁0
𝑟𝑒𝑙 is the relative number of incident x-ray photons at 

the specific energy ε, 𝐺 is the screen absorption rate, 𝐺 is grid transmission, ℎ𝜇(𝜀) is the linear 

attenuation coefficient the location x, ℎ𝑝𝑙𝑎𝑡𝑒 is the thickness of Lucite breast compression 

plate, and 𝜇𝑙𝑢𝑐𝑖𝑡𝑒 is the linear attenuation coefficient of Lucite. If H(cm) is the compressed 

thickness of breast and the distance between the compression plates, that is either given in the 
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DICOM header or could be estimated [64], the breast composition for fat ℎ𝑓𝑎𝑡(𝑥) and 

‘interesting’ tissue ℎ𝑖𝑛𝑡(𝑥) is given by,  

𝐻 =  ℎ𝑓𝑎𝑡(𝑥) + ℎ𝑖𝑛𝑡(𝑥), 𝑤ℎ𝑒𝑟𝑒 ℎ𝑖𝑛𝑡(𝑥) ≤ 𝐻, ℎ𝑓𝑎𝑡(𝑥) ≥ 0   (3.4) 

Breast density and the density of interesting tissue ℎ𝑖𝑛𝑡 , can be found reasonably accurately 

given precise breast region segmentation. ℎ𝑖𝑛𝑡 is the height of the interesting tissue in z-

dimension, which represent its density.  

Results  

In a study [79],SMF was run over 4028 digitized film-screen mammograms taken from 6 sites 

throughout Scotland over a period of 14 years, from (1988-2002), digitized at 100 𝜇𝑚 with 8 

bit precision, and with and without using known calibration data. The results show that 

running SMF both with and without calibration data (CD) determines a strong relationship 

with each other and with expert assessment. The results for without CD were graded 

‘excellent’, that is 97.7%, whilst with CD it is 99.3% accuracy. Excellent indicates that less 

than “5% of the pixels in the internal region of the breast (away from the breast edge) had 

estimated h values that were physically impossible, that is either greater than H or less than 

0”. For the breast thickness H, comparison between recorded and estimated breast thickness 

values was performed for 3515 cases. The breast thickness values with CD agrees with the 

recorded thickness, on the other hand, for breast thickness without CD consistently 

underestimates the recorded value. No association was found between SCC and Wolfe grades 

to SMF volume estimated without CD; as SCC and Wolfe measures area of dense tissue and 

not absolute volume. However, a strong positive relationship was found for both with SMF%.  



Shape Analysis in Mammograms  

 

27 
 

 

Discussion   

The development of SMF later included calibration parameter compensation (CPC), which 

suggests default values for retrospective SMF. Given an approximate transfer function and 

estimation of H, CPC adjusts the transfer function to cross the h-axis (tissue height in surface 

plot) at the point determined by the ground truth and the breast volume would be sum of h 

values over the image. However, SMF tends to be susceptible to calibration data errors if 

errors are compensated for in the breast thickness. The correlation between SCC and Wolfe to 

SMF is found to be very strong. Another study [80] shows large differences between the 

estimates of SMF and SCC, which could not be reduced below 6% for 657 patients, despite 

improvements in SMF based upon breast thickness. This suggests that SMF might not have 

similar breast cancer risk capability as compared to SCC, and volumetric methods may 

perform better than area based methods.   One of the limitations of SMF is that the ℎ𝑖𝑛𝑡(𝑥) 

values are sensitive to inaccuracies in physics data and restricted availability of 

comprehensive and precise calibration data.  

2. 5. 3. Standard Attenuation Rate (SAR) 

SAR [24], [107]–[111] is a normalized measure of tissue radiodensity traversed by the 

primary beam incident on each pixel of a mammogram, enabling estimation of breast density 

and providing a basis for digital breast tomosynthesis. It calculates the x-ray spectrum incident 

upon breast, the energy exiting the breast, and subtracts the estimated scattered radiation, thus 

removing the effects of imaging conditions under which the images are acquired. Basically, 

SAR matches the primary attenuation of the breast to the reference material by scaling it. The 
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primary component of the pixel intensity is observed when SAR scaled reference material 

attenuation is traversed by an identical beam to that traversing the breast.  

Method 

The SAR is a so-called absolute physics model that consist of three parts, (i) an image 

formation model; (ii) a breast tissue attenuation model; and (iii) normalization. The SAR 

image formation model has five components [87], which provides “the transfer functions 

relating observed pixel intensity in an acquired image of an underlying tissue attenuation 

independent of the acquisition parameters” [88]. The five components are  

1. A model of the x-ray tube that provides photon energy spectrum 

2. A ray tracing algorithm that calculates the ray intersection points 

3. A model of the image detector that converts raw pixel intensities in the DICOM into a 

measure of photon energy imparted to the detector pixel.  

4. A model of breast tissue attenuation  

5. A model of photon scattering within the breast that calculates the scatter signal 

incident on each pixel of the detector 

The breast tissue attenuation model gives a measure of radiodensity, by establishing a scale to 

quantify breast tissue in a mammographic energy range based on their x-ray attenuation 

characteristics. Radiodensity is the relative transparency of the passage of x-ray photons 

through the tissue, when compared to some suitable reference material, which is a user 

defined parameter. The radiodensity SAR is obtained by,  

𝐸𝑟𝑒𝑐𝑜𝑟𝑑𝑒𝑑 =  ∑ 𝐷𝑎𝑏𝑠𝑜𝑟𝑏𝑒𝑑
(𝑒

−𝑆𝐴𝑅𝜇 𝑟𝑒𝑓(𝜀) 𝐻
 𝐼𝑖𝑛𝑐𝑖𝑑𝑒𝑛𝑡(𝜀),   𝜀 )

𝜀    (3.5) 
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𝐸𝑟𝑒𝑐𝑜𝑟𝑑𝑒𝑑  is the energy arising from the primary photon, 𝐷𝑎𝑏𝑠𝑜𝑟𝑏𝑒𝑑 describing the detector 

absorption for a photon fluence of magnitude 𝑥; 𝜀 is the photon fluence incident on the upper 

surface of the breast from the x-ray tube;  𝜇 𝑟𝑒𝑓 (𝜀)  is the linear attenuation coefficient of the 

reference material; and H is the thickness of the compressed breast tissue traversed. The 

multiplicative factor SARx, y  at each pixel is,  

𝑆𝐴𝑅𝑥,𝑦  =  𝑚𝑥,𝑦 ln (
𝐷−1(𝐼𝑥,𝑦) − 𝑠𝑐𝑎𝑡𝑥,𝑦

𝐼𝑖𝑛𝑐𝑖𝑑𝑒𝑛𝑡,   𝑥,𝑦
) + 𝐶𝑥,𝑦  

=  𝑚𝑥,𝑦 ln (
𝐸𝑟𝑒𝑐𝑜𝑟𝑑𝑒𝑑,   𝑝𝑟𝑖𝑚𝑎𝑟𝑦,   𝑥,𝑦

𝐼𝑖𝑛𝑐𝑖𝑑𝑒𝑛𝑡,   𝑥,𝑦
) + 𝐶𝑥,𝑦     (3.6) 

Where 𝑠𝑐𝑎𝑡𝑥,𝑦 is the scatter fluence recorded by the detector; 𝑚𝑥,𝑦 and 𝐶𝑥,𝑦 depend on the 

spatial location (x,y); and 𝐷 is detector calibration transfer function relating a recorded pixel 

intensity i, to the total photon energy absorbed by the pixel detector from which the pixel 

intensity resulted. The coefficients of the linear mapping from ln (𝑝𝑟𝑖𝑚𝑎𝑟𝑦𝑥,𝑦) to 𝑆𝐴𝑅𝑥,𝑦 are 

calculated from a number of simulated images using the image formation model.  

Results 

To assess quantification of radiodensity using SAR, a hypothesis test was carried out [109] 

comparing the original mammograms and simulated images computed using image formation 

models of SAR. The method was applied to BIRADS 4 breast images of a 64 year old woman, 

taken on GE2000D digital mammography unit. The mammograms showed a cyst in the upper 

lateral quadrant, along with microcalcifications and invasive ductal carcinoma directly behind 

the nipple.  It was shown that the method finds radiodensity of the cyst equal to 1.246 and that 
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of invasive carcinoma 2.27, thus clearly discriminating between the two, despite the extremely 

dense breast. Overall, the results were very promising and referred for further evaluation on a 

larger dataset.  

Discussion 

SAR is a method to compensate for the image acquisition conditions of an x-ray mammogram 

by constructing a model that is of imaging parameters and is based on the attenuation features 

of each tissue. A major problem with the SAR model is that it is highly dependent on the type 

of scanner used for imaging to estimate breast density and compensating imaging conditions.    

2. 5. 4. Mammographic Density Estimation (MDEST) 

MDEST is a computer aided breast density estimation technique [90], which automatically 

calculates breast boundary using a gradient based technique. It works on a user defined 

threshold to divide the breast in two classes, i.e., fatty and dense tissue. Breast density is then 

calculated by adding the pixels in the dense regions and dividing it by the total number of 

pixels in the whole breast.  

A comparative study [89] was carried out on the premenopausal acromegalic patients and 

controls, to estimate the correlation between the disease duration, GH, and IGF1 levels. There 

were 60 patents and 30 controls in total. The results of the MDEST was compared to the 

observations made by two blind evaluation radiologist who were assessing the density on 

BIRADS standards. It was observed that patients showed significantly increase 

mammographic density as compared to controls; however, the agreement between MDEST 

and radiologists was termed excellent (k=0.63 and k=0.85). The major limitation of the 

method was its dependence upon the user defined threshold. 
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2. 5. 5. Volpara®  

Volpara®  is a so-called relative physics model and is a commercially available software 

product that has been recently selected for use in the European Union (EU) collaborative 

Adapting Breast Cancer Screening Strategy Using Personalised Risk Estimation (ASSURE) 

research project. It is fundamentally a combination of SMF and volumetric breast density 

estimation model given in [112] by Van Engeland et al. The latter method maps dense tissue 

by using a physical model of image acquisition based on the assumption that the breast is 

either composed of fat or parenchyma (dense tissue). The Volpara®  model substantially 

reduces the dependence of breast quantification on imaging physics data. The fundamental 

assumption in this method is that the observed pixel image intensity in a mammogram has a 

linear relationship to the energy imparted to the x-ray detector.  

Method 

Volpara® finds the linear attenuation coefficients 𝜇  for fat and dense tissue at a specific filter, 

tube voltage and recorded breast thickness, area of the breast that is entirely fat 𝑃𝑓𝑎𝑡 and 

defines it as a reference intensity value to measure the thickness of dense tissue ℎ𝑑 at each 

pixel (𝑥, 𝑦). The thickness of the dense tissue is given by 

ℎ𝑑  (𝑥, 𝑦) =  
ln (

𝑃(𝑥,𝑦)

𝑃𝑓𝑎𝑡
)

𝜇𝑓𝑎𝑡− 𝜇𝑑𝑒𝑛𝑠𝑒
    (3.7) 

It uses phase congruency [113] and an approach to find the uncompressed breast edge [112] as 

well as relative breast edge [80], that helps to locate an accurate breast edge and calculate 

𝑃𝑓𝑎𝑡. The method is robust to errors in detector gain, multiplicative variations and exposure 

time as these parameters cancel out. To deal with different tissue types, the scatter removal 
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process works in a relative manner [80].  In the older version of the method, a fixed 

compression plate slant estimation is used that works for most imaging scanners that have 

parallel compression plates, however, in more recent versions it does not rely on the DICOM 

header and accommodates almost all non-parallel compression plate imaging systems.  

The breast volume is the product of recorded breast thickness and breast area, whereas their 

ratio gives the breast density. The volume of the dense tissue is the summation of all ℎ𝑑  (𝑥, 𝑦) 

over the image.  

Results 

To demonstrate evaluation of absolute volumetric breast density and reproducibility of results 

[114], 5 image phantoms with different imaging combinations from the University of Toronto 

were used to validate breast density, along with conversions of 2,217 GE mammograms taken 

from Nijmegen, Oslo, and the University of Virginia for study.  The error between the actual 

and estimated densities was less than 1.11%. Volpara®  was assessed for clinical practice 

using different x-ray detectors, adding 20% noise in each image which usually do not exceed 

10% in practice, and found the resulting estimates of breast density to be “remarkably 

accurate” [115]. As regards its evaluation against BI-RADS, it shows high correlation 

between the two. While comparing results from GE and Hologic scanners for 84 women, who 

were imaged over a period of one year on alternative scanners, the correlation was 0.91. 

Results from a clinical trial at the University of Utrecht Medical centre estimated MRI 

volumetric density of mammograms of 44 women, showed the correlation of 0.93 with the 

Volpara®  results.  In another study, 5000 women were imaged post-menopause to note 

changes in breast density over time and Volpara®  results show the expected that reduction in 
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breast density with age. From the experiments on a population of 15000 women database 

obtained from the University of Toronto; the Volpara®  study agrees with the Kopans' work 

[98] to estimate how many women at each age group should have which BI-RADS 

classification.  

 

Figure 2.3: The breast edge in a dense breast found by Volpara®  [114] 

Discussion  

Volpara® uses a relative physics model, which has now an established potential for a range of 

clinical work, including temporal comparison of mammograms. It works well for all 

commercially available x-ray scanners and the density measures are considered to be highly 

reliable. 

2. 5. 6. Quantra  

Quantra is a fully automatic system developed by Hologic Ltd. to generate density maps. It is 

FDA approved (2008) commercially available software, inspired from [99], it is considered to 
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be a rival of Volpara® . It calculates the total volume of the breast by accumulating the pixel 

wise estimates of the thickness of fibroglandular tissue in the breast. It compensates for the 

non-uniformly compressed regions inside the breast by considering the entire breast outline 

while calculating the total breast volume [98]. Quantra is marketed as the "future of breast 

density quantification in the digital age" [116], “with accurate and reproducible results by its 

expected correlation with lifestyle and demographic data” [117], [118]  

Results 

Digital mammograms from GE DS FFDM system, of 71 asymptotic women of age range 35-

75 were obtained for a comparative study and were processed by Quantra and Cumulus (V4) 

[98]. The mean breast density obtained by two methods were compared using student’s t-test 

to determine the relationship between the density measures from left and right breast. A 

correlation (r = 0.79, p<0.001) was found for Quantra volumetric density as compared to 

Cumulus percentage density, and the volumetric density estimate for the Quantra was lower 

than that of Cumulus i.e. 21.94% and 37.97% respectively.   

From the results of linear and non-linear regression to observe the relationship between 

Quantra and Cumulus measures, a statistically significant association (p<0.001) was found, 

indicating a stronger second degree polynomial fit (R2 =0.70).  Figure 2.4 summarizes the 

results.  
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Figure 2.4: Linear and non-linear regression fits between the QuantraTM volumetric (VD%) 

breast density measures and the Cumulus area-based percent density (PD%) [98] 

In another study, correlation of age and HRT use with breast density was assessed by Quantra 

[99]. In total 683 women were invited to participate, out of which 320 (age 49-81, mean 59) 

were assessed for mammography. Mean density was 19.7%, while a decrease in the density 

with age was noted. There was a significant positive correlation (coefficient 0.07) found 

between HRT and breast density. To assess the accuracy of Quantra, it was compared to 

results generated by MRI based Fuzzy C-means technique for retrospectively analysed BI-

RADS I and II population of 123 women with no breast cancer history [119].  Mixed 

correlation for the two measures was found, that were, total breast volume (R2 = 0.8909), 

fibroglandular tissue volume (R2 = 0.5015) and percent fibroglandular tissue (R2 =  0.3853). 

The agreement for total breast volume between the two methods was high as compared to 

other two findings, which may be because of the Quantra’s method to estimate fat reference 

inside a breast. Refer to [120] for the first evaluation of breast radiological density assessment 

by Quantra software as compared to visual classification showing promising results and 

confirms previous reports [121], [122].   
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Discussion  

Previous studies showed that Quantra outperformed the current area based breast density gold 

standard, Cumulus, by showing strong correlation between right and left breast indicating it 

can provide consistent measure of breast density. More recent studies suggests that Quantra 

does not correlate significantly with the risk [123]. 

2. 6. Conclusions  

Here we studied literature on breast density assessment techniques, which indicates the 

importance of density maps to detect breast cancer, methods to overcome the intrinsic 

limitations of x-ray mammograms, and relation of breast cancer to breast density. From the 

literature presented above, we conclude that breast density maps help in establishing a risk 

profile of developing breast cancer. However, its sufficiency over mammograms in a clinical 

practice, especially from a computer aided diagnosis perspective, may be argued if,  

i. We can get all the true positives detected that an x-ray mammogram can offer  

ii. The boundaries of the regions of interest from density maps agree with the ground 

truth 

iii. Gives a low number of false positives 

Currently, there is no established standard to assess the number of false positives that x-ray 

mammograms produce, since most of the systems, including ours, are dependent on the user 

defined threshold, mammographic density of mammograms used, size of dataset and 

appearance of massed in it; nevertheless, a relative comparison is drawn in this thesis with a 

quantitative assessment in Chapter 6.     



 

 
 

Chapter 3  

SHAPE DESCRIPTION 

3. 1. Introduction  

The medical industry is highly dependent on human visual perception, either directly through 

the eyes of the clinician or as a result of using modern imaging modalities. Medical images 

contain two elements that clinicians look for: the shape and appearance of regions of interest 

(ROI). Shape analysis of anatomical structures in medical images is a highly demanding area 

in image processing and biomedical engineering. Shape is the primary source of information 

that informs any diagnostic process and encloses a texture within it. The objective of this 

thesis is to develop and apply a shape analysis system that can segment and detect incremental 

changes between shapes. A generic model is developed that is, we contend, capable of 

processing imaging modalities with application specific modifications. 

A shape is considered to be a single closed contour that describes a solitary entity and that has 

a geometrical pattern [124], that is to say whatever is left over modulo some appropriate 

transformation group [125]–[131]. Either shape matching is performed by using the intrinsic 

statistical properties or by anatomical modelling and corresponding the boundary points to 

estimate a matching cost, which is a common practice in shape retrieval applications [132], 

[133]. Mathematically, shapes are described in the form of descriptors that are ideally 

invariant to affine transformations of scale, rotation, translation and sometimes reflection. 

Such descriptors are applied at several scales, in order to see various anatomical structures at 

varying levels of observation. We have used circular Integral Invariants to describe shapes. 
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This creates a scale space in which the Integral Invariants define features for the shape at 

different levels.  Our application of shape analysis is focused on mammograms.  

3. 2. Shape Description 

Most medical imaging applications that aim to find abnormalities are based on assessing to 

what extent regions of interest (ROI) in images being compared are similar or different. ROIs 

can be represented as objects or shapes and, as such, require a mathematical representation to 

describe and process them: this is also known as shape encoding. Shape description depends 

upon the specific application.  A detailed review of shape representation and description 

techniques along with their categorical classification is given in [130], [131]. Figure 3.1 gives 

a categorical list of methods for shape description.  

3. 2. 1. Structural Description of Shapes 

There are various contour based methods in the literature to describe the structures of shapes. 

Duci et al. [127] reported a novel approach to present closed planar contours that possess a 

linear signature embedded as a subset of harmonic functions of which the original contour is a 

zero level-set. However, it cannot be considered as a general shape analysis tool since it 

assumes that the two shapes are already registered. Sharon and Mumford [128] presented a 

similar study based on the assumption that a 2D shape is` a smooth and simple closed contour. 

They generate a series of conformal maps, starting from mapping the object to a unit circle in 

the complex plane, then from the boundary of the object to the exterior of the circle and the 

final boundary is the diffeomorphism from the unit circle to itself.  They call this the finger 

print of the shape.  B-Splines are widely used for shape representation and curve matching 

[134]–[139]. For example, Wang et al. used B-Splines for smoothing and construction of a 

curvature scale space (CSS) image. However, this method depends on the estimation of 
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control points which is generally difficult in complex occluded shapes. It deals with a whole 

curve as a single entity rather than resampled points on that curve and evaluates its accuracy 

based on affine transformations. Chain codes have also been used for contour based shape 

representation [140], [141], though they are not considered reliable for shape matching, mainly 

because they suffer from discretization errors with respect to rotation and scale. This can be 

overcome to a large extent by means of computation of multi-resolution structures at pixel 

levels [142]. Typically, in shape matching applications, curvature functions of the contour are 

used to encode the boundary of an object [143], [144]. This differential representation is 

considered to be one of the most prominent because it represents an object in a well 

investigated mathematical framework [145], [146]. The evaluation of curvature scale space as 

a shape descriptor for shape based image retrieval is given in [131]. One of the shortcomings 

of differential invariants is that they are based on derivatives which are sensitive to noise and 

small perturbations. In contrast to this, Manay et al. [147] used Integral Invariants to describe 

shapes with similar invariant properties as their differential counterparts.  It is used for shape 

reconstruction [148] and has been found to be more robust to noise [147], [149], [150]. Sato 

and Cipolla [151], [152] showed that Integral Invariants are better than differential invariants 

for their lower noise sensitivity.  They can deal with occlusions with suitable 

parameterization, and are clearly distinguishable at small scales.  Most importantly, they 

guarantee a unique identification of shapes for correspondence. However, the theory of 

Integral Invariants has not been as thoroughly investigated as that of differential invariants.  In 

particular, one of the challenges in shape description is the uniqueness of encoding or of shape 

signature. There must be a one-to-one correspondence between a shape and its signature. 

Recently, it has been proved that circular Integral Invariants give a unique representation for 
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each shape [153], as do conic Integral Invariants, though these have limited use [148]. Integral 

Invariants may be viewed as a structural approach since they represent a shape in terms of 

boundary primitives.  An advantage of a structural invariant approach is the capability to 

handle occlusions and possibility of partial matching in shapes.  These are of considerable 

importance in medical imaging. 

 

Figure 3.1: List of shape analysis method and their classification (mostly described in [130]). 

3. 2. 2. Shape Invariants   

Usually, invariants are properties that remain unchanged under an appropriate class of 

transformations (such as similarity transformations) as described in [154]. Transformations 

collectively form a group, such as the projective groups used widely in computer vision, 

because they can be composed and inverted. Such groups provide mathematical tools (group 

actions) for generating invariants that are applied to a range of applications [155]–[164] and 
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are considered to be the basis of invariant theory [131], [165].  Invariants are described by the 

number of features that define their order. 

A broad review of different type of invariants used for shape description for the purposes of 

matching is given in [155].   The four most common type of invariants are:  

(1) Algebraic invariants [154], [166]–[168] such as Eigenvalues, trace and determinant. 

Algebraic invariants additionally require correspondence of distinguished points to 

establish matching of two shapes.  

(2) Geometric invariants [155], [169] such as distance transforms, measurement ratios, 

and invariants computed from a combination of coplanar points or planes [167], [168], 

[170]–[176] 

(3) Differential invariants that are essentially invariant to Lie group actions, such as 

torsion, Gaussian measures and curvature [146], [160], [177]–[183]. Differential 

invariants do not require correspondence of image features; however, they are based 

on higher order derivatives that make them sensitive to noise. 

(4) Integral Invariants such as semi-local affine [152], integral moments [184], circular 

[147] and conic invariants [185].  

Note that many invariants are derived from pure geometric transformations; but this may not 

be appropriate for many real world problems, particularly those of most relevance to this 

thesis.  Also, almost all invariants of types (1-3) are sensitive to boundary noise.  However, 

Integral Invariants are comparatively robust to noise. Circular Integral Invariants  are similar 

to the SUSAN feature detector [186] which has been used in a range applications [187]–[193] 

and are reproduced with various enhancements [193]–[196]. SUSAN extracts image features 
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by using a nonlinear circular mask that compares every pixel within that mask to the central 

pixel called the nucleus.  Every pixel is assigned a feature value that is associated with the 

area of similar brightness called the USAN, and to the intensity of the nucleus, thus 

associating it with a local image region. It not only describes shapes and reduces noise but 

also performs segmentation by detecting edges and corners.  One of the major limitations of 

SUSAN method for our application is that it assumes that the pixels which belong to a circular 

region are homogeneous (i.e. have relatively uniform brightness), which is not the case in 

mammograms, which are piecewise homogenous [196]. The SUSAN method results in poor 

localization for indistinct regions, which mammographic regions tend to be. One major issue 

with invariants when they are used for shape matching is that they have to be formulated as 

the intrinsically NP-complete problem [197] of finding the relationship between parts of 

shapes and of establishing a one-to-one correspondence for producing a matching cost. This 

reduces the problem to search for an acceptable rather than a definite solution given in a 

reasonable time. To deal with this problem and to partially reduce the computational cost, 

shape signatures have been proposed in various studies [147], [153], [166], [185], [198], 

[199]. However, it is difficult to conclude whether or not encoding shapes with signatures has 

improved results of matching than that produced by shape description using a direct invariant 

function.  

3. 2. 3. Integral Invariants   

Lawrence Zalcman [200] formulated and described Integral Invariants as the subject that 

deals with determining properties of geometric objects from information concerning its 

sections by lower dimensional manifolds and integrals over those manifolds. It is sometimes 

referred to as stereology or stereometry, and has been used in a wide range of applications, 
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most notably in x-ray tomography, where the aim is to determine using x-rays from various 

directions the size, extent, and the location of a tumour. Cramér & Wold [201] stated that 

circles and spheres are also geometrically natural sets that can be used as integral functions in 

the same way as lines and planes. In two dimensional spaces, circular and conic Integral 

Invariants are well-known in shape correspondence.  

Fidler et al. [185] introduced Integral Invariant for inverse problems of geometry, initially for 

image retrieval. Let Ω⊂ ℝ2 be a connected domain with a finite parameterisation; then the 

boundary of a shape can be parameterized by a continuous and injective curve 𝛾: 𝑆1 → ℝ2  , 

where 𝑆1 is the unit circle. The two dimensional Lebesgue measure is denoted by ℒ2. A 

general definition of Integral Invariants from [185] is given below. 

       Let 𝑓: ℝ≥𝑜 × ℝ2 → ℝ such that for every 𝑟 ≥ 0 the function 𝑓(𝑟, 𝑥) is locally integrable. 

Furthermore, assume that for every compact set 𝑘 ⊂ ℝ2 and for 𝑟𝑜  ≥ 0  

lim
𝑟→

∫ |𝑓(𝑟, 𝑥) −  𝑓(𝑟𝑜, 𝑥)| 𝑑
𝑘

ℒ2(𝑥) = 0    (3.1) 

Then define 𝐼(𝛾): 𝑆1  →  ℝ by 

𝐼(𝛾)(𝑡) =  ∫ 𝑓(||𝛾(𝑡) − 𝛾∗||, 𝑥)
𝑅(𝛾(𝑡)−𝛾∗)(Ω−𝛾∗)

𝑑ℒ2(𝑥)  (3.2) 

𝛾∗ denotes the centre of mass or the barycentre for 𝛾. 

The function 𝐼(𝛾) is called an Integral Invariants of the curve 𝛾, and 𝑓 is the kernel function of 

the invariant. To fix notation, we have selected the reference point as the barycentre 𝛾∗that 
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guarantees that 𝐼(𝛾) is invariant with respect to rigid motions. Two examples of Integral 

Invariants, namely circular and conic invariants, are illustrated in Figure 3.2.  

The size of the integration kernel defines the level of localization in the shape description of a 

curve. As we increase the size of the aperture, there is less sensitivity to local perturbations.  

 

Figure 3.2: On the left circular Integral Invariants with radius r that integrates the intersection 

of the shape area inside the circle. On the right side, the cone or conic area integral where for 

each angle φ the area of intersection of conic region with the Integral Invariants size ε is 

calculated for each point on the curve [185]. 

3. 3.  Circular Integral Invariants  

Hong and Manay used circular Integral Invariants for shape matching. They are invariant 

under a group of transformations and suitable to be used when the shape is occluded.  We are 

interested in local circular area Integral Invariants for their simplicity, robust shape description 

and properties of non-emergence and non-enhancement of extrema in feature space at varying 

scales. In various sections of this thesis circular Integral Invariants are used for noise 

suppression, shape matching, and region matching with multi-scale representation. Their use 
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closely resembles a Gaussian kernel in implementation; however, it differs substantially in its 

diffusion properties. 

Hong [10] defines circular area Integral Invariants  by considering a disc 𝐵𝑟(𝑝) of radius 𝑟 

applied to every point 𝑝 of a closed contour 𝐶, the characteristic function is then given by,  

𝜒(𝐵𝑟(𝑝), 𝐶) (𝑥) =  {
1 𝑖𝑓 𝑥𝜖{𝐵𝑟(𝑝)  ∩ Ċ}

0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
   (3.3) 

Where 𝐶̇ is the interior of the curve 𝐶. The local integral area 𝐼𝑟(𝐶) of the curve C is given by 

the function 𝐼𝑟(𝑝) at every point 𝑝 𝜖 𝐶 with integral kernel 𝜒 as follows:  

𝐼𝑟(𝑝) =  ∫ 𝜒(𝐵𝑟(𝑝), 𝐶) (𝑥)𝑑𝑥
Ω

   (3.4) 

 

Figure 3.3: Area Integral Invariants defined in Eq-3.4 

Where Ω is the domain of the curve C.  Figure 3.3 provides an illustration of Integral 

Invariants as discussed in [147] and given Equation 3.4. The size of the integral kernel r can 

be varied to achieve a scale space without worrying about the amplification of noise, as in the 

case of differential invariants. As in fact, the results show that by increasing the range and 

scale of integration the kernel suppress noise and gives more robust results; however it 
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adversely affects the shape details. The value of the Integral Invariants for shape description is 

if the circle is centred not on a point along the curve but near to it, so that the circle overlaps 

the pink region.  This enables us to relate our work to the SUSAN corner detection method, as 

discussed earlier.  

It will be shown that Integral Invariants have strong expressive power to encode a shape and 

that it is closely related to representation using curvature functions. In fact, it is a weighted 

reciprocal of curvature. The maxima of Integral Invariants are the minima of curvature, but 

they have a far greater resistance to noise than the reciprocal. One of the major problems with 

Integral Invariants is scale selection. There is a certain ratio of the size of the shape and 

integration kernel that has to be maintained. The size of the kernel should be small enough to 

make explicit localized changes, yet large enough to read global position of shape regions in 

an image. As the size of the kernel is increased, its sensitivity to noise will decrease. Results 

show that compared to differential invariants the Integral Invariants are robust to noise and are 

effectual illustration of shapes for correspondence [150], [202]. Scale selection is particularly 

not a problem to our method alone, but it is more generally an issue fall in all scale space 

analysis applications, including ours.  

3. 4. Relation of Integral Invariants with Curvature  

As stated earlier, Integral Invariants are closely related to curvature for 2D planar shapes. 

Local curvature is invariant under rigid motions and has been used successfully for matching 

shapes [144]. A detailed mathematical comparison of projective curvature and Integral 

Invariants is given in [203] and with applications in [204]. Integral Invariants are considered 

to be better than differential invariants [151]. The representation of curves with curvature and 

its derivatives has been widely used, and with some encouraging results [144], [149], [182], 
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[203], [205]. However, the sensitivity of differential measures to small perturbations due to 

noise compromises its utility in shape correspondence and does not produce the desired results 

at increasing scale. The global behaviour of differential invariants reduces its robustness to 

noise. It is then necessary to smooth the results to suppress undesired residuals, however, at 

the cost of losing information content. Here we have used Integral Invariants to increase the 

image signal-to-noise (SNR). It is known that any order of differential invariants on a plane is 

a functions of curvature [206]. Intuitively, establishing a relation between Integral Invariants 

and curvature will enable the rich body of results on differential invariants to be drawn upon 

without worrying about computing higher order derivatives.  

To illustrate the relation between Integral Invariants and curvature, Manay et al. [11] defines 

Integral Invariants  𝐼𝐷
𝑟  with f = 1 for a curve  𝐶 =  𝜕𝐷, 𝐷 ∈ ℝ2and at a point 𝑝 𝜖 𝐶, is given 

by: 

𝐴𝑟(𝑝) =  ∫ 𝑑𝑥 =  ∫ 𝜒𝐷(𝑥)𝑑𝑥
𝐵𝑟

2(𝑝)𝐷∩𝐵𝑟
2    (3.5) 

𝐴𝑟 is the area of the intersection 𝐷 ∩ 𝐵𝑟
2 of the interior of the curve C and the integration 

kernel 𝐵𝑟
2(𝑝). Then the relation between the curvature 𝜅 of C and the Integral Invariants of 

radius r at any point p is given by: 

𝐴𝑟 = 𝑟2 arccos (
1

2
 𝑟𝜅 )    (3.6) 

Changing 𝑟 creates a notion of scale space of Integral Invariants.  However, scale space is 

beyond the scope of this section and is discussed in detail later in Chapter 5. Circular Integral 

Invariants can also be obtained by the differentiation of area invariants as given in [12]. Figure 
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3.4 demonstrates the application of Integral Invariants to two example shapes. We will refer to 

circular Integral Invariants simply as Integral Invariants (II) in the rest of this thesis.  

3. 5. Shape Description for Shape Matching and Correspondence 

Shapes are usually matched by sequentially corresponding points on the boundaries of two 

shapes. This is done by identifying salient landmarks [207] using various shape descriptors, 

such as variational methods [208], phase information[160], [209], eccentricity [210], genetic 

algorithms [211] and curvature [143], [144], [205]. 

Shape matching depends on the type of descriptor used [126]. Transformation-based 

descriptors, such as Fourier components [212], which amplify certain features of a shape, 

usually suppress other important information such as local deformations, translation and 

rotation [210].  Shape matching that aims to find dense correspondences is particularly 

challenging in articulated shapes. Such correspondence techniques [160], [213]–[217] embed 

2D or 3D shapes in a canonical domain that largely preserves geodesic distances [218]–[220], 

angles, and other important properties of the structure and lead to isometric deformations, 

such as bending [221], [222] and articulations. Other techniques involve feature analysis 

based on graph matching [223]–[226], which also combines the appearance of shapes.  

Laplace spectra [227], contour flexibility [228], shape skeletons [229], the rolling penetrate 

descriptor [230], and partial differential equations [231] have been explored in the past. Shape 

correspondence using histogram geometry for 2D shapes, which has also been extended to 3D, 

decomposes shapes into parts using topographic features and eventually registers them [227]. 

Recent evolutionary shape matching techniques, such as ant colony optimization (ACO) 

[232]–[234], bee colony optimization (BCO) [235]–[237] and artificial bee colony (ABC) 

[238] have enjoyed some limited popularity among the shape analysis community. 
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Comprehensive surveys of shape matching techniques with respect to correspondence can be 

found in [239]–[241].  

 
A 

 
b 

 
c 

 
d 

Figure 3.4: a) and c) are  two examples of closed polygons with integration kernels imposed 

on them and highlighting the integration area in red, b) and d) are the corresponding Integral 

Invariants  for the complete curves. c) is the outline of a segmented mass in mdb010 from the 

Mini-MIAS mammographic database. The II kernel moves all along the shape contour and by 

changing its size would create a scale space, which would be explained later in Chapter 5.  

Sebastian [242] proposed a novel approach to curve correspondence based on alignment 

criteria with respect to a model curve. The method reduces the correspondence problem to 

finding an optimal path, or shortest distance, between every pair of points on those curves. 

The optimal correspondence problem was addressed using Dijkstra’s algorithm [243], which 

solves the functional equation for the shortest path problem using dynamic programming. This 
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curve alignment method was applied to various shapes and performed well under a variety of 

transformations including: occlusions, articulations, affine transformations and deformations 

of shapes. The algorithm was tested on the retrieval of 1400 shapes belonging to 70 different 

categories each consisting of 20 shapes. Results were evaluated from the top 40 best matches. 

The percentage of correct correspondences was 78.17%, which was claimed at the time to be 

the best published retrieval rates when compared to curvature scale space [144], comparison 

using visual parts [244] and shape contexts [245] that give 75.44%, 76.45% and 76.51% 

respectively. However, one of the limitations of this approach is that it cannot deal with 

flipped shapes and, more seriously, it suffers from the initial alignment problem. Optimal 

alignment for each pair of shapes is found before and after flipping the shape and the one with 

the lowest cost is shortlisted. However, this multiplies the computational cost of the algorithm. 

Both the Manay [150] and Sebastian [242], [246] algorithms to find correspondences between 

shapes use Dynamic programming based on Dijkstra’s algorithm. However, this algorithm 

suffers from sub-pixel accuracy and the city block distance problem in finding the shortest 

path to establish point-wise correspondences. To address this problem, we have used the Fast 

Marching Algorithm.  

 

 

Figure 3.5: a) An example of a number 2 drawn in different ways and illustrating two curves 

that are to be put in correspondence. b) An example of the discrete alignment curve in (a) 
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given as a shortest path in a graph. c) Multiple “shortest” network paths, showing how 

Dynamic programming suffers from city block distance problem. d) The optimal diagonal 

path is the result of the Fast Marching Algorithm [247] 

3. 6. Conclusions 

Various shape descriptors are used in the literature for matching and corresponding shapes. 

Among them, differential and Integral Invariants dominate the pool for its robust performance. 

Since differential invariants are highly sensitive to small perturbations and boundary noise; we 

use Integral Invariants as our shape descriptor, which has been used in the past with promising 

results. Shape description is then fed to an optimizer to establish a point wise correspondence 

that deals it as an optimal path problem. The Fast Marching Algorithm does not suffer from 

sub-pixel accuracy while dealing with this issue and is selected for use in this thesis.   



` 

 
 

Chapter 4  

TOPOGRAPHIC SEGMENTATION OF MAMMOGRAMS 

4. 1. Introduction  

Image segmentation is a well-established area in computer vision and image processing. From 

a mammography perspective, it is the process of detecting the whole breast or certain features 

within it, such as the breast, its boundary, any kind of abnormality, micro-calcifications, 

masses, and so on. Breast screening aims to identify Regions of Interest (RoI) that possess a 

certain level of abnormality and which may indicate breast cancer.  There are a number of 

approaches presented in the literature that deal with the problem of segmentation in 

mammograms. After studying the strengths and weaknesses of most of these, we implemented 

a topographic representation of iso-contours; that is hierarchical grouping of contours.  

It is generally accepted that the detection of masses is technically more difficult than that of 

finding micro-calcifications (for which there have been highly successful commercial 

systems). There are various reasons for this, including the confusion between dense breast 

parenchyma or the spiculated index of masses, or masses being obscured within normal breast 

tissue. The variety of morphologies of masses, including their shape, size and texture is huge. 

As a result, the number of features that could be used to detect and classify masses is 

enormous and this poses a huge challenge for optimal feature selection and computational 

cost.  

In this chapter, we develop a variation to the topographic segmentation algorithm that has 

been reported in the literature and we use it to automatically extract regions of interest. 
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Experiments are carried out on mammograms from Mini-MIAS [248] and the University of 

South Florida (USF) [249], [250] mammographic database, as well on DICOM images made 

available by mātakina technologies NZ [114].  

4. 2. Hierarchical Grouping of Iso-Contours 

4. 2. 1. Iso -Intensity Contours 

Iso-intensity contours, more precisely iso-photes, are closed curves of constant intensity that 

divide the image into regions on the basis of intensity levels and give a topographic 

representation of an image. Iso-contours have been used for image segmentation [251] by 

quantizing the intensity range into equal parts, yielding a topographic map of the 

mammogram. This enables one to detect the regions of interest. An image is considered to be 

a surface in which the intensity at each pixel represents height in three-dimensional space as 

presented in Figure 4.1. An ordered set of connected pixels at the same height (intensity) 

forms an iso-level contour.  

  
 

a b c 

Figure 4.1: intensity slicing at various levels in a) [251], where b) shows a mesh of intensity 

diffusion. Iso-photes at various levels overlaid on intensity image in c) 

Mudigonda et al. [252] presented an algorithm to perform segmentation of masses using 

hierarchical grouping of iso-intensity contours. They presented a parent-child relationship in a 
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family tree architecture: isolated salient regions are found to possess a dense pattern of 

contours surrounding them. A concentric group of contours, as seen in Figure 4.2 represent the 

diffusion of intensity in a dense pattern from the core of the object to the surrounding tissues.  

 

a 

 

B 

Figure 4.2: In a) groups of iso-intensity contours (red) and the outermost contours in each 

group (blue) in low resolution image, whereas in b) the four shortlisted contours (white) and 

manually segmented masses (black). Segmentation results contain two false positives. 

(Courtesy of Mudigonda et. al. [252]) 

Regions with a higher family count, above a certain threshold, were selected as significant 

regions. A threshold of minimum family count was also used in order to discard regions which 

might prevent dense glandular structures from further analysis. The outermost contour for 

each selected region is assumed to be the boundary of a segmented region. In that study a set 

of 39 mammograms from the Mini-MIAS database [248] was used. Of these, in 29 cases (10 

malignant and 19 benign) the regions segmented by the hierarchical grouping method agreed 

closely with the boundaries of masses identified manually by a radiologist. The segmentation 

of five cases in which there is a benign mass and one in which there is a malignant mass 

disagreed significantly from those delineated by the radiologist. Masses were merged with the 
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fatty background for the remaining 4 images that belong to the category of spiculated benign. 

Overall, the method worked reasonably well at segmenting low resolution malignant masses; 

but it had poor performance in segmenting benign masses.  

One of the shortcomings of this method is that it could not deal with the mammograms 

correctly if the breast density profile was not established a priori. A dense fibro-glandular 

tissue will be selected as a concentric mass and an embedded tumour is hard to differentiate 

from its surroundings. A different threshold has to be selected every time a different density 

breast is to be segmented so the process remains heavily manual.  

4. 2. 2. Inclusion Tree 

Hong et al. [251] also implemented a topographic representation of iso-contour maps with a 

uniform distribution of contours across the intensity range. Hong's approach is similar to that 

developed by Mudigonda [252] as explained by Rangayyan in [21].  The object of interest has 

higher intensity values at the centre, and lower intensity values far from the centre. The levels 

of intensity for the thresholds are denoted by l1, l2, l3 and l4 and the quantisation represents a 

set of points on the image along the projection line shown in Figure 4.1a. The intensity 

quantisation with a three-dimensional image surface is equivalent to slicing the image surface 

with a series of horizontal planes of the same heights. This produces a set of two-dimensional 

contours on the image as shown in Figure 4.1c.  Hong named the hierarchical tree of contours 

an inclusion tree. He examined the topological and geometric structure of the images using the 

inclusion tree and applied it to the same mammograms from the Mini-MIAS database. It is 

hard to compare the implementations since Hong does not provide a quantitative set of results 

in his thesis. However, in another study [202] he applied his segmentation algorithm to 400 

images from the University of South Florida (USF) database and claimed to achieve 100% 
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accuracy in detecting masses with 3.8% false positives per image and 90% accuracy with 2.3 

% respectively. Though the classification of images as benign or malignant is not known, the 

results of mass detection are very promising.  

 

Figure 4.3: Some segmentation results from Hong’s implementation of hierarchical grouping 

of iso-contours or inclusion tree applied on USF database  

Hong claimed that his method is invariant to brightness and contrast and is robust in selecting 

salient regions in mammograms (see given references for further details).  

4. 2. 3. A variation to Hong’s Algorithm 

In a variation to [251], which we will refer to as Hong’s algorithm for convenience, we 

developed an effective way to describe regions of interest using iso-contours defined at non-

uniform spacing in the intensity range so that it is skewed towards the intensities that comprise 

the regions of interest.   

We modified Hong’s method in order to evaluate its performance with respect to imaging 

conditions. Figure 4.4 shows that the algorithm is highly dependent upon the brightness, 

contrast and the dynamic range of an image, for the reason that it divides the existing intensity 

range into equal levels. Hence the mammograms should be pre-processed to attain a certain 
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level of normalization before applying any segmentation algorithm. Another point is that both 

[251], [252] compute and process numerous contours that are ultimately discarded while 

detecting breast masses. To reduce the computational cost, a mechanism is required to 

estimate and to filter out intensities that correspond to uninteresting regions, e.g. light fibro-

glandular tissues, the breast boundary and solid annotations. The segmentation boundary of 

the mass in Figure 4.4d corresponds closely to the ground truth 

4. 2. 4. Contrast Shedding & the Gamma Transformation 

One disadvantage of dividing the intensity range into equal levels of iso-lines is that it also 

leads to forming contours in relatively brighter and homogeneous regions, where they may not 

be required. As our regions of interest are anticipated to be bright; the segmentation of 

transparent (dark) regions are of less importance. To address this issue and reduce the 

computational complexity even further we apply contrast shedding.  

In this technique, the intensity levels that are not of interest are filtered out from the image in 

order to cluster contours around desired locations. The basic idea of this technique is inspired 

from the Watershed algorithm, as contrast is shed from an image to the level of preferred 

intensities. Figure 4.6 illustrates the contrast shedding technique applied on iso-intensity map, 

whereas Figure 4.7 illustrates its application to a mammogram. Alternatively, instead of taking 

intensities out of an image, the contrast of the image is weighted towards a desirable range of 

intensities. This results in a non-uniform distribution of contours by clustering them in the 

desired intensity range corresponding to the regions of interest. Let T be a certain 

transformation function such that,  

g ( x , y )  =   T [ f ( x , y )]  (4.1) 
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a. Iso-intensity map of an image with an 

intensity range from 0-255 

 

b. Iso-intensity map of an image with an 

intensity range from 25-235 

 

c. Mass extracted for image with intensity 

range in a) 

 

d. Mass extracted for image with intensity 

range in b) 

Figure 4.4: As the effective intensity spectrum of the image changes, the allocation of contour 

to the grey-level values also changes and this affects the boundaries of the ROI as well as the 

contour hierarchy. Segmented mask overlaid on the original image. 

If the neighbourhood size is 1x1 then the value of g at location (x, y) depends just upon the 

intensity of f at that point and T becomes an intensity transformation function. Consider the 

problem of mapping the intensity levels rk to normalize intensity levels sk as shown in Figure 

4.5. This class of transformation is called Gamma transformation [253]. 



 Shape Analysis in Mammograms   

 

59 
 

If the value of the Gamma transform is less than 1, the contrast stretch is weighted towards the 

higher output values.  On the other hand, if Gamma is greater than 1 then the stretch is 

weighted towards the lower output values.  A linear mapping is performed for Gamma equals 

to 1. This Gamma transformation is translated as to reduce the dynamic range of an image and 

skewing it towards the intensity of interest.  

 

Figure 4.5: Behaviour of contrast mapping to varying Gamma [254] 

Intensity map 

without Gamma 

transformation 

Gamma=0.3, 

mapping 

weighted 

towards lower 

intensities 

Gamma=1, 

mapping 

weighted 

towards higher 

intensities 

Gamma=5, 

mapping 

weighted 

towards higher 

intensities 

Gamma=10, 

mapping 

weighted 

towards very 

high intensities 

a b c d e 

Figure 4.6: Effects of Gamma transformations on the iso-intensity map 
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Effects on original 

image for mapping 

of intensity range [0 

255] and Gamma=10 

Effects on original 

image for mapping 

of intensity range 

[153 242] and 

Gamma=10 

Effects on original 

image for mapping 

of intensity range 

[178 242] and 

Gamma=10 

Effects on original 

image for mapping 

of intensity range 

[216 242] and 

Gamma=10 

    

    

Figure 4.7: Effects of the Gamma transformation and contrast shedding on mdb184 

The Gamma transformation may be viewed as a non-linear intensity thresholding technique; 

though more sophisticated methods based on brightness distribution or physics based model 

[80] could also be used.  

As expected, the contrast shedding technique works reasonably well for segmenting well-

defined and spiculated masses. An illustration of the method is given in Figures 4.8, 4.9 and 

4.10, where a mass from the Mini-MIAS database has been segmented and its corresponding 

hierarchical tree plot is shown. The tree plot is threshold using the minimum nesting depth 
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(MND) criterion. The challenge in this method is to select the threshold for MND. If we 

reduce the threshold, it increases the number of false positives. On the other hand, a high 

MND count may result in missing out the ROI. Figure 4.11 shows various examples of 

mammograms from different categories segmented using this scheme. Therefore a threshold is 

set empirically with a trial and error strategy.  

 

Figure 4.8: Iso-contour map of mdb010 from the Mini-MIAS database depicting dense 

contours around a true mass and a false positive Salient regions detected automaticaly at the 

minimum nesting depth of 𝐷 ≤
𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑖𝑠𝑜𝑙𝑒𝑣𝑒𝑙𝑠

3
  

To detect both masses and the pectoral muscle, the effective dynamic range for contour 

formation has been reduced to [178 230]. This restriction may be removed to segment the 

breast boundary or other regions at lower intensity levels.  
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Figure 4.9: Tree plot of contours representing salient regions in mdb010 given in Figure 4.8. 

Four regions are selected here; the left top represents the boundary of pectoral muscle. 

Figure 4.10: Pectoral muscle, suspected masses and the breast boundary have been segmented 

using the proposed method mbd010 . 
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4. 3. Segmentation Examples from Mini-MIAS database 

Type of abnormality Fatty Fatty - Glandular Dense  - Glandular 

Well-defined 

/circumscribed 

masses 

mdb005 – Benign mdb015 – Benign mdb002 - Benign 

mdb028 - Malignant mdb023 - Malignant mdb001 - Benign 

Spiculated masses 
mdb204 - Benign mdb186 - Malignant mdb179 – Malignant 

mdb184 - Malignant mdb175 - Benign mdb199 - Benign 
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ill-defined masses 

mdb134 – Malignant mdb264 - Malignant mdb058 - Malignant 

mdb314 - Bengin mdb013 - Bengin mdb063 - Malignant 

Figure 4.11: Segmentation results of masses and the pectoral muscle in mammograms from 

Mini-MIAS database 

4. 4. Critical Evaluation of the Hierarchical Iso-level based 

Segmentation Algorithm 

The modified segmentation method depends upon the intensity distribution and the dynamic 

range of the image, which is important in the case of mammograms (which are appearance 

images of dense subjects), and could be automated accordingly. It is based on iso-contours 

and is based around the topographic representation of an image, where a surface in which the 

intensity of each pixel represents height in a three-dimensional space. The spatial location for 

the formation of iso-contours on each image depends upon two major factors:  

i) The dynamic range of the image; and  
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ii) The number of iso-contours.  

Before evaluating Hong’s algorithm, we give a skeletal description of it:   

i) It draws a specified number of iso-contours on the intensity map of an image. An 

anisotropic noise removal filter is used to suppress noise and to retain smooth 

boundaries.  This is explained below in the noise removal section. 

ii) Those regions that have dense patterns of iso-contours surrounding them are 

considered to be salient. 

iii) Note that iso-contours have an enclosure relationship, that is, contours formed at 

higher intensities will be enclosed by the contours formed at lower intensities. For 

pairs of such contours, the inner is assumed to be a child of the outer one, so all 

contours formed have a parent/child or sibling relation to each other.  This relationship 

is made explicit in a representation.  

iv) A minimum number of immediate nesting depth of a contour is required in order to 

identify a region as salient. 

4. 4. 1. Assumption about the region boundaries 

Our method assumes that a salient region (stroma, tissue, mass, ducts etc.) in a given 

mammographic image has a boundary, which is a line of connected pixels that possess a 

uniform constant intensity. This assumption may be valid for regions with strong high contrast 

background, for example the breast boundary, the pectoral muscle, or a bright mass in a fatty 

breast (BIRADS 1/II, which are the easy cases). However, for most of the “interesting 

regions” the boundary is obscured and it is difficult to differentiate it precisely from other 

tissues. In most cases, the “interesting” tissue in a mammogram has variable shading rather 
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than being uniform. This is also true for regions in temporal mammograms, which may result 

in significantly different boundaries and may result in the regions having unnecessary 

occlusions. This may also result in significantly dissimilar boundaries of the same breast 

region in different images. Note that this is a fundamental limitation, and hence the 

underlining assumption, of all contour based segmentation algorithms, including level sets.  

4. 4. 2. Effective Intensity Range of an Image  

The intensity histogram of an image defines the intensity distribution and the dynamic range 

of an image. It eventually determines the eccentric pattern and positioning of iso-contours 

around a region. For the underlying algorithm, it will affect the selection of the outermost 

contour. Though the histogram will reflect n levels of intensities and corresponding values for 

an n-bit image, this does not necessarily mean that a segmented shape in the darker and lighter 

images will have the same boundaries. This is illustrated in Figure 4.12, which depicts how 

the intrinsic range of intensities affects the locations where the contours are formed. Figure 

4.4 shows boundary of a segmented mass in the same image with different intensity range. 

  

Figure 4.12: Iso intensity contour map 
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Though the number of iso-intensity levels is constant, the contour formation varies and 

ultimately will generate different boundaries. If those boundaries are to be used for shape 

comparison then this evidently makes the problem more difficult, if not intractable.  

4. 4. 3. Issues with the Nesting depth  

The Hong algorithm selects a salient region and its boundary based on the minimum nesting 

depth criteria as explained earlier. Higher MND works well for relatively straightforward 

mammograms such as fatty breasts.  However, as we have seen, it is substantially more 

difficult in dense mammograms, which are the case of most interest. The selection of MND in 

Hong’s algorithm is somewhat arbitrary and suffers from two major issues, 

i) Depending upon the value of nesting depth, it may identify multiple base contours in a 

hierarchical order or enclosure relationship that fulfil the criteria, and this makes it 

more difficult to automatically identify the optimal boundary of an interesting region.  

ii) For different MND thresholds, the algorithm may select, or entirely miss, different 

regions. In addition, the algorithm might fail to pick the boundary of a salient region if 

the immediate nesting order breaks due to noise, as nesting depth is based on 

immediate sequential count of contours. Figure 4.13 shows the effect of changing the 

value of nesting depth.  

Keeping MND constant may lead to additional problems in some cases.  For example, Figure 

4.14 shows some examples of poor segmentation where the MND is kept constant for a 

temporal pairs of mammograms.  
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4. 4. 4. Over Smoothing and Under Smoothing  

Smoothing a mammogram using a noise reduction scheme may help reduce the number of 

false positives and help define better boundaries.  However, it may also miss a salient region if 

used extensively. Though we will have a closer look at Perona-Malik anisotropic diffusion 

filter (PM) in the next chapter, it is used here to serve this purpose. The optimal choice for the 

number of iterations to smooth a mammogram generally needs to vary from mammogram to 

mammogram. It is not completely arbitrary, however, as some empirical values for the 

number of iterations may work reasonably well on a range of mammograms. Nevertheless, 

there is no single value that works well for all mammograms. The difficult part is that results 

can only be evaluated qualitatively by looking at the results of segmentation following the 

smoothing.  

It is difficult to conclude that the number of salient regions or base contours will increase or 

decrease by increasing or decreasing the number of iterations over a moderate range. 

However, in most cases, a value that is too small may result in over-segmentation and create 

the problems related to MND described above; too large a value may result in missing an 

important region or expanding the boundary of a salient region unrealistically. Figure 4.15 

shows the effect of the noise removal filter on segmentation for various PM iterations on 

DICOM mammograms.   
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ND = n/10 MND = n /5 MND = n /3 

   

   

   

   

Figure 4.13: Selecting salient regions with variable MND. The resolution of iso-intensity 

levels is 100 and the mammograms are contrast adjusted before segmentation. n is the total 

number of iso-levels. 
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Figure 4.14: Examples of bad segmentation with constant nesting depth in temporal pairs 

No of Iterations = 5 10 20 30 

    

    

    

    

Figure 4.15: Effect of the number of anisotropic smoothing iterations on segmentation results 
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4. 4. 5. Pre-Processing Effects  

One way to minimize the effect of brightness is to pre-process a mammogram. For this, we 

have applied a contrast shedding technique to reduce the effect of variability in intensity and 

contrast differences among temporal pairs.  For example in Figure 4.16, nothing definite can 

be said about the effectiveness of normalization as per segmentation results.  However, we 

decided to use it as given for example in Figure 4.17. Here we have used temporal pairs of 

mammograms to visually assess the selection of ROIs in different mammograms normalized 

to each other.  

Temporal mammo 1 Temporal mammo 1 - 

normalized  

Temporal mammo  2 Temporal mammo  2 

- normalized 

    

    

    

    

Figure 4.16: Examples of segmented mammograms with and without normalization 
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 Temporal mammo 1 Temporal mammo  2 

Without normalization 

  

With normalization 

  

Figure 4.17: Example of normalization by contrast adjustment. Brightness of contours 

increases as the colour of contours goes from blue to red. The bright regions inside the breast 

near centre do not have any contour mapping.  

4. 4. 6. Hybrid Method 

Based on the above considerations, we have developed a hybrid segmentation algorithm, 

which combines the modified Hong’s algorithm and Cerneaz’s [255] area-based segmentation 

of mammograms. Pseudo-code for the algorithm is given below in Figure 4.18. Hong’s 

algorithm is first used to delineate salient regions by keeping the nesting depth criterion low.  

Cerneaz’s Segmentation Method 

 Cerneaz's algorithm helps to define the boundary of a segmented region by looking into the 

ratio of the areas of the parent and child regions. If the area of the two nested regions is less 

than a certain threshold, which is chosen empirically using trial and error strategy then it is 
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assumed that they represent a single entity whose effective boundary is the one with the 

greatest nesting depth. This will select regions in a nested pattern. It gives a choice of 

outermost boundary, from which an optimum can be selected. One of the limitation of the 

Cerneaz method is, though it can deal favourably well with curvilinear structures, it finds hard 

to segment dense breast with almost uniform intensities.  

Examples of this new segmentation algorithm along with the following variation to the noise 

removal method are given at the end of this chapter. Figure 4.18 shows a flow diagram of our 

modified version of the iso-intensity based hierarchical segmentation method.  Results from 

the USF database are presented in Figure 4.19 along with the ground truth.  

The hybrid method offers an extra check for the regions that are surrounded by a number 

(usually two) base contours passed through the MND criteria of Hong’s method and it is 

difficult to decide which of the selected contour represent the actual boundary. It does not 

affect the shape of the selected contour since the contours are formed by Hong’s method.  

4. 4. 7. Discussion on Relevant Segmentation Methods 

We have applied a contour based segmentation method to mammograms that depends upon 

the formation of iso-contours on an image surface. Contour based segmentation methods are 

primarily used to segment masses or other suspicious regions, rather than microcalcifications. 

Nevertheless, there is very low consistency in the way contour based segmentation methods 

for masses are compared to each other; they have been mainly tested upon the Mini-MIAS and 

DDSM database. While MIAS provides digitized mammograms with a bias towards circular  

and large masses, which makes it less reliable to conclude a hypothesis,  DDSM contains 2500 

studies in dozens of categories with distinctly different statistical features picked arbitrarily  



Chapter 4: Topographic Segmentation of Mammograms  

74 
 

by authors. Keeping in mind  the above limitations in which mammographic segmentation 

methods are tested, it is hard for us to compare our method objectively to prior literature. .   

     In relation to our approach, some of the methods for finding suspicious regions are listed 

here. Zhang et al [256] applied a contour based method on DDSM database, which segments 

lesions and further classifies them  into benign or  malignant. The method has an offline pre-

marking and contrast stretching step, which makes it  manually intensive. The method was 

found to be computationally very expensive, depending upon a number of texture, shape and 

gradient features, with a feature reduction step using artificial neural networks (ANN).  Cascio 

[257] applied a contour based method to 3762 mammograms belonging to MAGIC-5 

collaboration (Medical Applications on a Grid Infrastructure Connection). It used an ROI 

hunter algorithm, having feature extraction and classification using ANN as the core of the 

method. The overall results were quite impressive with 2.8 false positives per image at a 

sensitivity of 82%. A comparative study was performed by Singh and Al-Mansoori [258] to 

compare contour based region growing segmentation approaches to gradient based method. 

The method aimed to segment the texture of cancerous masses. A total of 30 randomly select 

mammograms from the USF database where first histogram equalized using fuzzy 

enhancement techniques, followed by  segmentation. The study showed that the region 

growing technique gives a fewer number of regions for analysis while maintaining true 

positives. Muralidhar [259] implemented the Snakules segmentation method into an evidence-

based active contour model to apply on mammograms from DDSM database. The method 

used shape features for automatic classification of spiculated masses to differentiate lesions 

from non-lesions using k-means clustering. An AUC score of 0.79 ± 0.5 was achieved, 

showing good potential for further work.  Other non-contour based methods include local 
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thresholding [260], [261], image difference [262], watershed and wavelets [263], [264], 

pseudo segmentation [92], [265], graph based segmentation  techniques [209], [266], [267], 

Markov Random Fields [268] and others.  

    Despite that some of the methods mentioned above show promising early results, our aim to 

segment ROIs is not in order to  classify regions into benign or  malignant. Instead the goal is 

to obtain  regions and/or shapes, which are suspicious and may develop into an abnormality 

over a  period of time. A computationally efficient, robust and fast method which can segment 

the complete tomographic structure of the breast (before any post-processing) without any a 

priori knowledge and good  accuracy is desirable for our study. With these considerations in 

mind, Hong’s approach  [202], [251], originally i inspired from Madagonda [19], [21], [252], 

along with the method of Cerneaz  [255] as an additional check, fits well for our requirement.  

4. 5. Conclusions 

Despite the shortcomings mentioned above, we elected to use this segmentation algorithm. 

The first reason is that it is computationally very efficient and feasible for a real time system. 

It segments the complete internal topography of the breast in a structured way that can be used 

for corresponding mammograms. Shape is defined on iso-levels that give a notion of pattern 

and texture change in a limited sense. This is important because image segmentation using a 

single mammographic view relies on the fact that pixels inside a mass have tissue 

compositions that are different from pixels in other parts of the breast.  It is hard to explain 

this difference in terms of x-ray attenuation. Despite its simplicity, the segmentation results 

are very accurate, as shown in Figure 4.19.  
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As for this method, brightness at any point in a mammogram is inversely proportional to the 

number of x-ray photons present at that point during the exposure of the film. Therefore, the 

brightness in a mammogram is proportional to the density of tissues. This property of x-ray 

imaging naturally leads to consideration of an image as a surface where intensity represents 

height. The complex structure of the breast gives way to a wide range of intensities to reflect 

heterogeneous information and hence iso-contours are perhaps one of the most competitive 

techniques to analyse those independent anatomical structures.  

The most important reason for using the topographic method is that it will be more meaningful 

on density maps that we will use in this thesis, where the boundaries of a region will be 

formed on iso-density rather than iso-intensity pixels.  Hence, we can assume that the 

boundary of an interested region is at a uniform attenuation, forming a relatively well-defined 

border from the background.  
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Figure 4.18: The overall segmentation process 
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Figure 4.19: Segmentation results of mammograms from USF database. Red lines represents 

“ground truth”, which are rough indications by a radiologist of the location of a mass, whereas 

blue and green dotted lines show the segmented boundaries and overlapping region 

respectively 
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Chapter 5  

INTEGRAL INVARIANT SCALE SPACE 

 

5. 1. Introduction  

To date, Integral Invariants have been used exclusively for shape description. In this chapter 

we explore the properties of Integral Invariant scale space and have used it to reduce the 

number of false positives in mammographic segmentation. Using this technique may eliminate 

the use of a separate false reduction method while describing shapes at multiple scales.  

Objects in the real world are perceived at a variety of scales.  For instant, looking at a house, 

one may notice the design of its bricks, windows, house as a whole or its relevance to the 

scenery. In all those cases our focus depends upon what we are looking for, in other words we 

are scaling our view, restraining or expending our limits of understanding and vision 

according to our objective. Fixing the bounds of the scales taken into account creates a scale 

space, where the inner limit or fine scale contains the smallest details i.e. leaves on the tree, 

window panes, or the style of bricks on the wall, while the outer limit or coarse scale can be 

used for judgments about the whole house, tree or scenery.  This is called scale selection 

[269], [270]. The observations that we make using our eyes, any physical device that 

resembles a retina, mathematical analysis, or a camera (we may call it the front end) may not 

involve any memory or prior knowledge, anything specific, or any sort of nonlinearities. Such 

an observation may be called uncommitted. That is a scale space that has an uncommitted 

front end may be called a linear scale space.  
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In this Chapter and in the next, we introduce Integral Invariant as an image enhancement 

filter, and have shown that it creates a causal scale space, if we understand that term in a 

slightly relaxed fashion. Here, we explore the scale space properties of Integral Invariants. 

However, before discussing the properties of Integral Invariant scale space, it is important to 

establish the terminology, for which we use Gaussian scale space as an example. 

 
a 

 
B 

 
c 

Figure 5.1: a. Fourier transform of an image, b. Integral invariant diffused version of (a), c. 

Gaussian diffused version of (a). Gaussian diffusion takes away the high frequency content 

more aggressively than Integral Invariants . 

To achieve a scale space, we need to probe the image with some operator that we may call a 

kernel, aperture, or filter. The size of this aperture determines the scale of observation and is a 

free parameter. If this kernel is a square and applied to an image, then we may have a resulting 

blocky effect where new details such as edges or corners may appear which were not there 

previously. This leads to an increase in the detail in the image rather than decreasing it as 

shown in Figure 5.2 b.  Alternatively, we can use a Gaussian blur [192], [271]–[275] as in 

Figure 5.2.c, where an image has been blurred by convolving it with a Gaussian filter and 

information content is reduced by increasing scale.  

FFT of the orignal image FFT after II smoothing FFT after Gaussian smoothing
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The Gaussian kernel is considered to be the unique choice for an uncommitted front end in 

essence for its mathematical formulation for knowing nothing without any prior commitment. 

The following are the key properties of a Gaussian kernel as described by Romeny, [272], 

[276], [277] 

1. Linearity  

2. Spatial shift invariance  

3. Isotropy  

4. Scale invariance  

 
a    b    c 

Figure 5.2: a) is an MRI of head that is convolved with a squared aperture shown in (b) and 

with a Gaussian filter in (c). [272] 

A Gaussian kernel has the property of self-similarity, that is, the observation through an 

aperture blurs the image and increases the inner scale. Moreover, if we repeat the same 

observation again, blurring for a second time, the inner scale is increased with the same 

aperture. Concatenation of two smaller rescalings is equivalent to rescaling with a single large 

scale parameter.   
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The blurring of an image or increasing the inner scale of an observation of a signal to a coarse 

or outer scale can also be assumed to be a diffusion process of intensity, where the intensity is 

regarded as the energy or strength of a signal. This was noticed by Witkin [278], [279] and re-

formulated by Koenderink [280], who showed that the linear scale space equation is actually a 

linear diffusion equation where the Gaussian is a Green’s function of the diffusion equation. If 

the standard deviation of the Gaussian kernel is uniform for all data i.e. data blurs in all 

directions uniformly then the process is isotropic and when it is equal at every point the 

process is called homogeneous.  

All partial derivatives of the Gaussian kernel are solutions of the diffusion equation, and 

together with the zeroth order Gaussian, they form a complete family of scaled differential 

operators. The process of diffusion can be analysed in multiple ways [213], [270], [272], 

[273], [276], [277], [280]–[294], including [272] as following: 

1. Causality [280], [290] finer scales shape and directly reflect upon what will happen at 

the coarser scales.  

2. One dimensional signals do not form new extrema by increasing scale [292] 

3. Maximum principle [295], [296]: “at any increase of the inner scale (blurring) the 

maximal luminance at the coarser scale is always lower than the maximum intensity at 

the finer scale, the minimum is always larger;” 

4. As the scale increases, the information content is reduced in a linear diffusion process, 

which is basically log of the signal’s entropy. [297] 

5. "According to the physics of the diffusion process (see many textbooks in physics, e.g. 

[298], the decrease of the luminance with time (or scale, which is here equivalent) is 
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equal to the divergence of a flow, i.e. equal to the divergence of the luminance 

gradient”. 

5. 2. Causality 

For an action to be called a smoothing operation it must ensure that no new details or extrema 

emerge by increasing the scale of observation equivalently by increasing the size of the 

aperture or kernel. Koenderink not only extended scale space theory to higher dimensions; but 

he also formalized causality as a necessary condition for a smoothing process. He combined 

causality with the notion of isotropy and homogeneity, which means that all spatial positions 

and all scales must be treated in a similar manner.  From this basis, he showed that the scale 

space representation must satisfy the diffusion equation. The causality requirement means that 

level surfaces in scale-space must point with their concave side towards finer scales or 

decreasing scales giving rise to a sign condition on the curvature of level surface. [273], [292] 

For a one dimensional signal, the level surface becomes a level curve condition and follows 

the idea of non-creation of new zero-crossings at a higher level of observation scale. 

According to the causality principle, what happens at the outer scale or an extremum at a 

coarse scale can always be traced back to finer scales. Similar results are given by Yuille and 

Poggio[293], Babaud[278] and Hummel [295].   

It is possible that a smoothing process applied over a limited and bounded set of scales may 

decrease the number of maxima; however, this is not always necessary.  It is confirmed that 

by increasing scale the information content in a signal will decrease. Lindeberg characterized 

those kernels which guarantee not to produce new extrema by increasing scale for a signal that 

goes through the process under convolution. A kernel ℎ ∈ 𝐿1 is termed a scale-space kernel if 
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it possesses the property that for any input signal 𝑓𝑖𝑛 ∈ 𝐿1 the number of extrema or zero 

crossings in the convolved signal is 𝑓𝑜𝑢𝑡 = ℎ ∗ 𝑓𝑖𝑛 is always less than or equal to the number 

of local extrema in the original signal: [292] 

Scale Space kernel: 

extrema (𝑓𝑜𝑢𝑡)  ≤  extrema (𝑓𝑖𝑛) ∀𝑓𝑖𝑛 ∈ 𝐿1  (5.1) 

Such kernels are positive and uni-modal both in time and frequency domain.  

 

Figure 5.3: The non-enhancement principle of local extrema means that the grey-level value 

of a local maximum must not increase with scale and that the grey-level of a local minimum 

must not decrease [291]. 

5. 2. 1. Maximum Principle 

For the non-increasing of a local extremum, as per Lindeberg's reformulation of Koenderink’s 

causality requirement [292] [291]: if for some scale level S0 a point x0 is a non-degenerate 

local maximum for the scale space representation at the level (regarding as function of the 

space coordinates only) then its value must not increase when the scale parameter increases. 

Analogously, if a point is a non-degenerate local minimum then its value must not decrease 

when the scale parameter increases. 
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This property will be automatically fulfilled if the scale space formulations are based on scale 

invariance and follow a complementary requirement of scale space kernels to form a semi-

group.  

5. 3. Integral Invariant Scale Space  

A multi scale representation of Integral Invariants is required to reduce noise by suppressing 

high-frequency variations in lower-resolution versions of the signal and by converting global 

image features into local image features. This also helps us to estimate salient regions in 

shapes or images by helping us to follow coarse-to-fine scale features.  

Integral Invariants form a relaxed causal scale space where the non-creation of extrema or 

non-enhancement and the maximum principle is followed for most scales; however, it is not 

satisfied in a strict sense at very high and unrealistic scales. 

According to Koenderink’s causality requirement, as re-formulated by Lindeberg, the value of 

a maximum must not increase with increasing scale.  From Figure 5.6 and Figure 5.7, we can 

see that unlike Gaussian scale space, at some scales peaks at the lower scales are exceeded by 

the Integral Invariant signatures at the higher scales. However, no new peaks are seen and the 

causality requirement remains valid.  

It can be seen that the Integral Invariant scale space follows the causality property, as the 

extrema of the convex planes face upwards and maintain convexity despite increasing scale. 

Furthermore, it also follows the principle of non-emergence of extrema; the number of 

extrema in an outer (coarser, higher) scale is less than or equal to the number of extrema at a 

finer scale. The concept is somewhat similar to, but stricter than monogenic and Poisson scale 

space, where it follows ‘relaxed causality’, as shown in Figure 5.4. 
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Figure 5.4: 1-D poison scale space that does not fulfil the non-enhancement principle. 

(Monogenic-poison [299]) 

5. 4. Observations 

The following observations may be drawn from analysis of Integral Invariant (II) scale space: 

1.  Generating integral invariant scale space is a linear operation. Scale space generation 

through Integral Invariants implies convolution.  

 

𝐿(𝑥⃑, ʎ) =  𝐿0 ⨂  𝐼(𝑥⃑, ʎ), Where,  𝐿 ⨂ 𝐼  =   ∫ 𝐿(𝑘)𝐼(𝑥 − 𝑘)
∞

−∞
 𝑑𝑘  (5.2) 

 

in which ʎ is the size of the integration kernel and ⨂ denotes convolution. 

2.  the II scale space representation is scale variant and the concatenation of two smoothing 

kernels 



Chapter 5: Integral Invariant Scale Space 

88 
 

(ʎ1)𝑎𝑛𝑑 𝐼(ʎ2) is not equivalent to smothing with 𝐼(ʎ3), for the effective scale 

parameter ʎ3 =  ʎ1 +  ʎ2.  

3.  It also implies in a subsequent formal treatment that the convex side in an extremum of a 

contour should be directed towards the higher scales and can be interpreted as non-

enhancement of local extrema. Integral invariant scale space does not follow this non-

enhancement principle in a strict sense; nonetheless, it is causal by definition and 

satisfies a relaxed causality.  

4.  The main point of causality is to avoid creation of unwanted spurious structures, such as 

corners or edges, as a result of the filtering process. Such spurious structures can only 

become visible if they are strong enough to supersede noise and reach the next 

quantization level. For integral invariants, the enhancement of extrema at higher scales 

does supersede previous peaks for a few scales; it does not have the capacity to appear at a 

finer scale level. However, new peaks are not created.  

5.  Since the integration kernel is a circular disc it has the same length to the centre from all 

sides and diffuses identically in all directions. It follows that the process of generating 

scale space is Isotropic.  

6.  Due to its consistent sum of product nature at every point in the data, the amount of 

diffusion is equal at every point in the data space and the evolution process is 

homogeneous.  

7.  It is memory-less and every new scale is computed without any prior knowledge or 

dependence on the previous scale observations. It does not depend on a specific model, 

hence can be termed linear scale space.  
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8.  At each scale, diffusion at any one point is independent of observation through an aperture 

at the previous point in the same scale. Evolution of scale space by integral invariants is 

also spatially or shift invariant; as there is no preferred location for smoothing in the data 

or image. The aperture is scanned over any possible location in the data and the result will 

be linear and finite.  

9.  The total number of extrema before diffusion is greater than the total number of extrema 

after diffusion by an integral invariant. Thus we can say that it is a positive kernel and is 

uni-modal both in the time and frequency domain. See [269], [272], [277], [285] for 

further explanation of kernel types.  

10. As regards scale selection in any specific application, a criterion may be established by 

selecting a salient point in the scale space which is strongly causal over a range of scales 

and is de-generative. The term de-generative means that a peak will not increase by 

increasing scale if it is local maxima, and conversely, local minima will not decrease by 

increasing scale. Scale spaces based on these properties are based on the formulation of 

scale invariance and are considered to be semi groups. Integral invariant does not fulfil 

these properties in strict sense neither is it scale invariant.  
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11. Figure 5.5: A visual illustration of a square and circle that are smoothed via circular 

Integral Invariants  in the second row and Gaussian kernel in the third row. 
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Figure 5.6: Integral invariant scale space of a circle with variable Lamda (kernel) sizes 

 

 

Figure 5.7: Gaussian scale space of a circle with variable Sigma (kernel) sizes 
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Figure 5.8: Diffusion of intensities at increasing scales for an image of 256x256 pixels. The 

size of diffusion kernel is 10, 30, 50, 70 and 90 pixels from top to bottom in that order.  

0

500

1000

1500

2000

2500

3000

3500

4000

4500

5000

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

0

200

400

600

800

1000

1200

1400

1600

1800

2000

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

0

100

200

300

400

500

600

700

800

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

0

100

200

300

400

500

600

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

0

100

200

300

400

500

600

700

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1



Shape Analysis in Mammograms   

 

  

93 
 

12. Unlike Gaussian scale space, II scale space does not follow the cascaded property. This 

states that if an observation reaches a certain inner scale in a single step from input data by 

applying a bigger kernel, it should be same as by applying a sequence of smaller apertures 

to reach the same scale. Integral invariant scale space is not self-similar.  

13. It is not presently clear if Integral Invariant fulfils the requirements to be called a semi-

group kernel [269]; the observations above indicate it may not be. For Integral Invariants 

to be a semi-group, may not need to have an identity element but should have a single 

associated binary operation i.e. Moniod. It requires a more careful study to conclude this 

behaviour and is not covered in this thesis. A possible asymptotic behaviour of the kernel 

is not studied here. At unrealistically higher scales, it violates the non-enhancement of 

extrema principle and will give birth to new extrema by reverting convex to concave 

curves and vice versa.  

5. 5. False Positive Reduction 

False positive reduction methods in mammography are highly dependent upon the 

parameterization of thresholds that defines what is interesting and what is not. It is also 

dependent upon the density of mammograms used, quality of mammograms, imaging 

parameters and they appearance of regions of interest. Therefore, there is no gold standard to 

compare false positives in mammograms; nevertheless, see [16], [300]–[305].    

Here, we have applied Integral Invariants scale space to reduce the number of false positives 

in mammograms [1]. As the integral invariants retain causality at increasing scales for salient 

regions in 2D shapes; they also retain causality when applied to a surface, which is a 3D 

embedding of a 2D image. An x-ray image is an example of such an embedding in which 

‘interesting regions’ appear brighter (and denser) than normal breast tissue and form causal 
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peaks. These peaks maintain causality in response to integral invariant diffusion. This may be 

seen in Figure 5.9, where a mass retains its profile over a number of integral invariant 

diffusion scales. Here, we show that this could be applied to the scale space of segmented 

regions in order to evaluate their saliency, and consequently to reduce the number of false 

positives in mammograms.  Here we have aimed it by developing a method to grade or rank 

salient regions in mammograms. Most of the mass segmentation algorithms segments three 

types of regions inside a breast, which are: 1) a masses 2) fibro-glandular tissues or stroma 

and 3) regions of light intensity and homogeneous texture surrounded by higher intensity and 

heterogeneous textures. The number of false positives could be reduced by extensive noise 

removal; linear/non-linear filtering, however, this drastically affects the true positive results 

and its boundaries. We have devised a mechanism to restrict the selection of fibro-glandular 

tissues and lighter homogeneous regions. Simulations are performed on synthetic images and 

density & intensity mammograms.  

   
 r = 1 r = 10 r = 30 

Figure 5.9: Integral Invariants diffusion at various scales of a mass surface in a mammogram 

taken from USF database. ‘r’ is the size of integral invariant difussion kernel. A mass from the 

MIAS database, shown as a wide peak, survives over all given scales. 

Suppose that a certain region 𝑅𝑖 has an intensity profile 𝐶𝑖
𝑘 extracted across it at 𝑘 scales, such 

that:   𝐶𝑖
𝑘(𝑝)  ∈ 𝑅𝑖    𝑤ℎ𝑒𝑟𝑒  𝑖 = 1, . . , 𝑛;   𝑟 = 1, . . , 𝑘 

𝑝 = 𝐼𝐼(𝑥, 𝑦) ∈  𝛺𝑖  ,      (5.3) 
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Here 𝐼𝐼 is the integral invariant function at the pixel (𝑥, 𝑦) in a diffused domain 𝛺𝑖 of a 

region 𝑅𝑖 . We define the cost function 𝑇 to determine the saliency of the region  𝑅𝑖  by 

    𝑇𝑖 = (∑ (
𝐶𝑖

𝑟(𝑝)− 𝐶𝑖
𝑟−1(𝑝)

𝑙𝑒𝑛𝑔𝑡ℎ 𝑜𝑓 𝐶𝑖

)𝑘−𝑖
𝑟=2 )  (5.4) 

However, we contend that the saliency of region should also depend upon the overall density 

of the breast. For example, a dense region of a certain volumetric density that is certainly 

salient in a fatty breast may not be regarded as salient or suspicious inside a very dense breast. 

With this in mind, we modify the cost function as follows:  

𝑇𝑖 = (∑ (
𝐶𝑖

1(𝑝)− 𝐶𝑖
𝑘(𝑝)

𝑙𝑒𝑛𝑔𝑡ℎ 𝑜𝑓 𝐶𝑖
1 )𝑙

𝑝=1 ) ∗  
𝐷̅𝑖

𝐷𝐵
   (5.5) 

Where, 𝐷̅𝑖 is the average density of the region   𝑅𝑖  and 𝐷𝐵 is the overall volumetric density of 

a breast. For SAR, this will be the ratio of corresponding attenuations, while for intensity 

images it is the ratio of average intensity in the region versus the maximum intensity inside 

the breast. The other point is that the range of values at the y-axis for a mass is larger (almost 

double) than that of the fibroglandular tissue or local lower intensity homogeneous regions. 

This means that a mass will have a relatively higher peak than that of the ‘non-interesting’ 

regions. This is one of the reasons to include the difference between the peaks of maximum 

and minimum intensity scale space, as illustrated in Figure 5.10. The equation evolves as,   

𝑇𝑖 = (∑ (
𝐶𝑖

1(𝑝)− 𝐶𝑖
𝑘(𝑝)

𝑙𝑒𝑛𝑔𝑡ℎ 𝑜𝑓 𝐶𝑖
1 )𝑙

𝑝=1 ) ∗  
𝐷̅𝑖

𝐷𝐵
∗  (𝐷 𝑖

1 − 𝐷 𝑖
𝑘)  (5.6) 

𝑤ℎ𝑒𝑟𝑒 𝐷 𝑖
𝑟 = abs( max  (𝐶𝑖

𝑟) − min(𝐶𝑖
𝑟) ) ;  𝑟 = 1, . . , 𝑘  (5.7) 
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A threshold is to be set for  𝑇, to exclude in the set of regions that are not of interest and 

possess a higher cost. In these experiments, 𝑇 is empirically set to compare against 𝑇𝑖  and will 

affect the selection of regions if changed. Based on the score of each region, they can be 

ranked for likelihood to be a mass. 𝑇 is negative for the low intensity locally homogeneous 

regions, which have a dense pattern of iso-contours surrounding it. All contours that yield a 

negative 𝑇 are discarded. These observations are used to reduce the number of false positives, 

while not affecting the true positive results. 

 

Figure 5.10: Intensity profile scale space of a certain region. This is a profile of a false 

positive region shown in Fig 5.11.  

The intensity profile itself is extracted using Fast Marching Algorithm and the gradient 

descent, as illustrated in Figure 5.11. Some examples of regions from Volpara® density maps 

dissected for scale space extraction is given in the Figure 5.12. To understand how the method 

works, we simulated a surface which has peaks and dips of various amplitudes, as shown in 

the Figure 5.13.  
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A mammographic region Distance map using FMA Disected path using Gradient 

descent 

Figure 5.11: Dissection of a mammographic region to extract intensity profile. The path is 

labelled as yellow, approaching from green to red spot. 

  

  
Figure 5.12: Geodesic path obtained by the Fast Marching Algorithm following density of 

regions inside breast regions 
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Figure 5.13: A simulation surface in a false colour model 

 

Figure 5.14: Segmentation of the surface given in Figure 5.13. 

 

Figure 5.15: Final results from false positives reduction method.  

It can be seen in Figure 5.15 that both less bright and all dark regions are eliminated by this 

process. Based on the 𝑇 values, the method can grade regions based on the probability that it 

is of interest. This grading and selection of very bright to less bright regions is dependent on 

T = 4 , Grade: B T = 2 , Grade: D
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the threshold, which is user defined and is application specific.  In particular, a very different 

range of thresholds will be used for intensity mammograms and for SAR images. However, 

darker regions will generate a negative value of 𝑇 and will be automatically discarded. Figure 

5.17 shows segmentation of another synthetic image, which has a variable texture in its 

regions, whereas as its profile is given in Figure 5.16. False positive reduction method has not 

only reduced the number of uninteresting regions but also graded the remains with a certain 

user defined confidence level, as shown in Figure 5.18. Before we apply the method to density 

maps, it is applied to mammograms from the USF database. Figure 5.16 shows the intensity 

profile scale space of surface in Figure 5.13. 
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Figure 5.16: Scale Space of Segmented regions 
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 Figure 5.17: Segmentation of a synthetic image with texture  

 

 

Figure 5.18: Outcomes of false positives reduction method applied on Figure 5.17 
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. Figure 5.19 shows a mammogram from the USF database, segmented into a number of 

regions and the corresponding ground truth. It can be noted that a large number of false 

positives are segmented along the region of interest. 

  
Figure 5.19: A segmented mammogram on the left, whereas the ground truth and the 

segmented boundary of ROI on the right. 

. The scale space of certain regions is given in the Figure 5.20. Other examples are given in 

Figure 5.21, with very promising results.  

We have applied the method to density maps generated by Volpara.  We find a significant 

decrease in the number of false positives. Figure 5.22 shows a pair of segmented temporal 

mammograms with overall volumetric densities respectively of 54mm3 and 52mm3 for Figure 

5.22(a) and 5.22(b) respectively. The grading of 𝑇 is given in Table 5.1, which is estimated 

empirically for this example. At this stage, we do not know if there are any abnormalities in 

mammograms, and the goal of applying false positive algorithm is to retain regions, (a) which 

are dense; (b) and survive over causal scales of integral invariants diffusion. Both these factors 

 

 

Segmented boundary

Ground Truth
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are considered in order to assess the saliency. A higher grade of 𝑇 value means larger 

probability that the region is suspicious (and so is listed for further analysis). The outcome of 

the false positive reduction method for this example is given in Figure 5.23. Note that both 

temporal mammograms are processed independently. Examples of density mammograms 

processed by this method are given in the appendix 1. It is not known whether or not those 

mammograms contain abnormalities. 

Grade A B C D E 

T Value 1.2 1 0.8 0.6 0.4 

Table 5.1: Grading of mammographic regions in density maps based on 𝑇 values, which are 

set empirically based on the observation. However, a better estimate may be used by 

consulting a radiologist and classify regions based on their likelihood to be a mass.  
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A dark homogenious region 

 
 

A false positive 

  
An x-ray annotation 

Figure 5.20: Scale space of a region that is causal but has a lower T value 
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5. 6. Conclusions  

We observed the properties of Integral Invariants scale space and used this scale space to 

reduce the number of false positives in mammograms. The causality principle here is used 

throughout the thesis for shape analysis, matching and correspondence. The false positive 

reduction technique has been applied to the University of South Florida database, with 

promising results. The density mammograms used here are not known for any abnormalities, 

though the numbers of segmented regions are reduced and the retaining dense regions are 

graded accordingly.  
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Figure 5.21: Examples of segmented mammograms using the illustrated method with reduced 

false positives. Rank 1 and 2 defines grades of segmented regions, i.e. their likelihood to be a 

mass. Rank shows the likely hood or the preference of a certain region to be considered as a 

suspicious region. A higher ranker represent a greater score of T in a single image.  
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(a) (b) 

Figure 5.22: A segmented pair of temporal Volpara® density maps 

  
(a) (b) 

Figure 5.23: Outcomes of false positive reduction method applied to the temporal density 

mammograms shown in Figure 5.22 
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Chapter 6  

INTEGRAL INVARIANTS FOR IMAGE ENHANCEMENT 

6. 1. Introduction 

Before attempting to segment masses, it is crucial to remove image noise. The choice of noise 

removal methods and the amount of allowable noise in an image is application specific. Noise 

can cause significant problems while extracting the boundaries of regions in mammograms. It 

can result in contours that are jagged or discontinuous; moreover noise can generate contours 

at insignificant levels of intensity variations inside an image.  For these reasons it is important 

to smooth an image so that unimportant details are suppressed, whereas edge information is 

retained.  

Typically, in image analysis applications, a Gaussian filter is used to suppress noise by 

diffusing the intensity content of an image. The problem with a Gaussian filter is that the 

diffusion process is isotropic and homogeneous. This means that it does not have a preferred 

location or direction and, in particular, it blurs image locations that are significant intensity 

changes (e.g. edges). Applying a Gaussian essentially amounts to a low pass filtering of the 

image, essentially assuming that the high frequency component of the image is of little or no 

consequence.  This is clearly not true at edges, and, in the case of mammography, the high 

frequency content - microcalcifications, curvilinear (ductal) structures, and spicules of masses 

are of major clinical significance.  The challenge, therefore, is to remove noise so as to 

enhance the image for human or machine analysis while not suppressing clinically important 

high frequency content. One way to approach this is to use anisotropic diffusion, such as the 

Perona Malik noise removal filter. Anisotropic diffusion is an iterative process and becomes 
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computationally very expensive if the number of iterations are too high. Here we explore the 

use of Integral Invariants  as a smoothing kernel, which will eliminate the use of a separate 

noise removal filter in a shape analysis application. In the previous chapter, we studied the 

scale space properties of Integral Invariants, which have been applied linearly in all directions 

in an image. In this chapter, we applied them for image smoothing and compare the results to 

anisotropic diffusion (Perona Malik as a case study) and Gaussian diffusion. 

6. 2. Perona-Malik Anisotropic Diffusion Filter 

The Perona-Malik (PM) filter aims to reduce noise in an image while preserving important 

information such as edges and corners. In practice, PM works similar to the process of 

creating a scale space, where an image is convolved with a family of convolution kernels that 

increase in width to form a scale space. However, PM is non-linear and spatially variant in its 

application over an image. It computes a filter shape that is elongated and has an orientation 

that is adapted for each point in the image (at each scale). It smooths a region within its 

bounds that are significant edges or lines of a certain strength, and not across the bounds.  

It diffuses the gradients under a given threshold value with a low contrast and enhances the 

opposite with a high contrast. A regularised Perona-Malik filter is used to constrain the 

amplification of edges degraded due to noise. It is insensitive to structures smaller than size of 

the Gaussian kernel that is convolved with the original filter. An anisotropic diffusion tensor is 

used to prevent smoothing across edges and enhances smoothing along them; this property is 

the reason that the Perona-Malik filter is called anisotropic or directional. Figure 6.1 and 

Figure 6.2 shows the effect of noise removal by the Perona-Malik anisotropic diffusion filter. 

For detailed information about the PM see [282]. 
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It may be observed from the Figure 6.2 that the number of contours following diffusion is 

much less than that of the contour map in original image. Reduction in the number of contours 

after noise removal process depends on the amount of noise present in an image, the strength 

of the margins of an ROI to be segmented, and various other factors. It will reduce the 

computational cost of processing unimportant details by dealing with fewer contours.  

 

  

 
 

Figure 6.1: First row: on the left, mdb010 without smoothing by Perona-Malik diffusion filter 

and on the right mammogram after 30 smoothing iterations. The number of contours mapped 

are reduced as a result of smoothing.  
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Figure 6.2: On the left, contour mapping of a suspected mass in Figure 6. 1 before removing 

noise; plot of contours after removing noise is shown on the right 

The diffusion process smooths the contours giving it a more focused look. Intense smoothing 

may reduce the noise considerably and reduce the number of contours; nonetheless, it can 

affect the shape of contours by over smoothing them by diminishing the spicules, as can be 

seen in Figure 6.3, which is important for breast masses. PM is an inhomogeneous process 

which reduces diffusivity at those locations which are likely to be edges. The likelihood is 

measured by |∇u|2.  

 
ROI after 10 Perona-Malik 

Iterations 

 
ROI after 50 Perona-Malik 

Iterations 

 
ROI after 100 Perona-Malik 

Iterations 

Figure 6.3: Behaviour of contours after various anisotropic smoothing iterations 
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The diffusing equation is given by,  

𝜕𝑡𝑢 = 𝑑𝑖𝑣(𝑔(|∇𝑢|2)∇u), Such that,       𝑔(𝑠2) =  
1

1+ 𝑠2/𝜆2
  ( 𝜆 > 0) 

Here u is the density of the diffusion kernel, λ controls the sensitivity to the edges and g(s2) 

denotes the diffusion coefficient and control the rate of diffusion. 

6. 3. Integral Invariant vs Perona-Malik Noise Suppression  

A question arises if noise reduction/smoothing using an Integral Invariants kernel is sufficient 

to avoid a separate noise removal filter. To investigate that question, we compared the 

performance of Integral Invariant (II) smoothing to Perona-Malik anisotropic diffusion for 

noise suppression and the deterioration of structures in images. To this point in our thesis, we 

have used PM as a noise removal filter; however, further we will use Integral Invariants both 

as a shape descriptor for the segmented regions in mammograms, as well as an image 

enhancement filter to supress noise.  

Integral Invariants can operate at different scales by changing the radius whereas the action of 

Perona-Malik (PM) usually tunes upon the number of iterations over which it is applied at a 

fixed scale. Here we attempt to compare the performance of PM and II at analogous scales, 

though the comparison of scale in II to that in PM is not straightforward, as we discuss in the 

next subsection.  

6. 3. 1. Finding Comparable Scales 

Before we relate the performance of the two methods, it is important to select approximately 

corresponding scales for Perona-Malik and Integral Invariants. The radius of integral 

invariants and the number of iterations for the Perona-Malik are independent of each other and 
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are parameters of two quite different methods and are not easy to compare. The amount of 

diffusion or conduction in anisotropic Perona-Malik is less than that of isotropic methods so 

there is diffusion within the regions and not across edges. Perona-Malik is anisotropic; 

however, it may result in substantial blurring if the conduction coefficient for diffusion across 

the edges is insufficiently high, in which case it will have an isotropic effect on the image. If 

the conduction coefficient is too low then the filter may fail to effectively recover the signal 

from noise. Scales are found in conditions where both Perona-Malik and Integral Invariant 

diffuse intensities similarly. The conduction coefficient k for Perona-Malik controls the 

amount of diffusion. If we can find a value of k for which Perona-Malik gives similar 

diffusion of an image to that of Integral Invariant, then we can find comparable scales in terms 

of the Integral Invariant kernel size and the number of iterations for Perona-Malik. At this 

stage it is enough to estimate it empirically.  

This is done by examining the signal to noise ratio (SNR) of the resulting images after 

diffusion. The more images are diffused, the more information is lost and the less the SNR 

will be. Higher diffusion is achieved by increasing the radius r of Integral Invariant or the 

number of iterations n in Perona-Malik. However, the latter depends not only on n, k has been 

found to be important to control the amount of diffusion.   

The images here do not possess any noise. For the purpose of establishing correspondence 

between the scales; the conduction coefficient ‘k for Perona-Malik is fixed at 450 and is found 

empirically for the purpose of finding roughly corresponding scales. The reason for using such 

a high value of k is that with a certain number of iterations it almost matches the amount of 

diffusion of the Integral Invariant while giving a more or less isotropic effect. Once we have 
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found the corresponding scales, then we can use a more typical value for k, which is suitable 

for mammographic images.  

We have compared the SNR of a noiseless image after applying both diffusion methods. Then 

we optimize k and r  to result in a close match of resulting SNR. The process is carried out 

until the error is minimized. The results are presented in Table 6.1 and the SNR for 

corresponding scales is given in Figure 6.4. First, comparable scales are found at equal levels 

of diffusion by using SNR as a matric, then the two methods are compared in standard 

conditions using these scales. 

 

r - Integral Invariant 

radius in pixels 
1 2 3 4 5 6 7 8 9 

n - Perona-Malik 

iterations 
1 3 6 9 15 22 29 38 47 

Table 6.1: Corresponding scales of Integral Invariant and Perona-Malik at keppa (k) equal 

to 450. The radius of integral invariant is outward from the centre of the mask. 

Consider for example two cases: r = 3 & n = 6; and r = 9 & n = 47. We follow the profile of 

intensity diffusion in a series of ‘star’ shapes given in the phantom image.  We choose to 

follow the star shape at this point because it resembles a spiculated mass. Figure 6.6 presents 

the diffusion of intensity on the line shown in Figure 6.4 across the star shaped objects. 

Similarly, the intensity profile for all the scales given in the table were found to confirm that 

the Integral Invariant and Perona-Malik scales correspond to each other.  
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Figure 6.4: The red line across the star shape is the intensity profile followed in Figure 6.6  

We note that the SNR depends upon the amount of diffusion in a noisy image. Secondly, in 

the given conditions the amount of diffusion for Perona-Malik and Integral Invariant is 

roughly the same. Hence we may say that the scales correspond to each other.  

It has to be noted that as we increase the scale of integral invariants, the diffusion becomes 

more pronounced and smaller objects start disappearing as their intensity profile is flattened. 

As we can also see in that Figure 6.6, the shapes range from large to small as we go from left 

to right. Following the causality principles, no new peaks or objects emerge as a result of 

diffusion.  

From the figure 6.6, and object in question as explained above, one end of the shape is a 

convex top of star which falls on itself after diffusion, the other end in concave bottom, which 

expands downward. Thus it shifts the intensity pattern from right to left and makes it 

asymmetric to the original figure. This does not happen when we dissect vertically through a 

rectangular shape.   

As these scales approximately correspond to each other in their results we use them in the 
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remainder of the chapter. Our goal here is not to achieve identical results after diffusion but to 

evaluate the performance of Perona-Malik and Integral Invariant under standard conditions. 

6. 4. Performance Comparison of Perona-Malik and Integral 

Invariant without Noise 

The value of k is usually set between 10–100 depending upon the nature of the image and 

amount of noise. We have found that k equals 30 is usually sufficiently high to deal with a 

high resolution mammogram. A higher value of k preserves edges to a much lesser extent.  

For the coefficient of conduction, the deterioration of image features by the Perona-Malik is 

less than that of the Integral Invariant. This is because the diffused image, after applying 

Perona-Malik, has preserved the edge information more effectively than that of Integral 

Invariant. Figure 6.8 shows the effect of deterioration of small objects in the Integral Invariant 

diffusion as compared to Perona-Malik.  We can see that though the SNR at the lower scales 

are quite different; the intensity profile is very similar for bigger objects. As stated before, 

isotropic diffusion leads to more deterioration of smaller objects. 

 

Figure 6.5: Comparison of SNR of the noiseless phantom image given in Figure 6.4 when 

applied Perona-Malik and Integral Invariant at k = 450 for all scales in Table 6.1. It shows that 

the scale corresponds to each other in the given conditions, as confirmed in the Figure 6.6.  
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Since the Integral Invariant suppresses noise more, the signal-to-noise ratio (SNR) for it will 

be always less than that of an anisotropic method at corresponding scales, as shown in Figure 

6.7. Therefore, we do not rely on SNR to compare the performance of two.   

A star shape is used here not only because it has a spiculated shape, which a malignant mass 

more likely has, but also because the two end of this shape i.e. concave and convex, behaves 

differently to the process of diffusion. The convex end falls upon itself and is deteriorated 

quickly whereas the concave end expands between the two arms of the star.  

 

 

Figure 6.6: Intensity profile for Integral Invariant (upper) and Perona-Malik diffusion 

(lower).  This is done at corresponding scales r = 3 and n = 6 in the top row and  r = 9 and n = 

47  in the bottom row of a star shape series in Figure 6.4. Original represents the intensity 

profile when the image is not diffused. 
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Figure 6.7: SNR of Perona-Malik and Integral Invariant at scales in Table 6.1 under 

standard conditions i.e. keepa = 30 

 

 

Figure 6.8: Intensity profile of line followed in the noiseless image in Figure 6.4 for 

Integral Invariant and Perona-Malik at k = 30. Top row show the intensity profile from the 

diffused phantom at r = 2, n=6. The second row shows intensity profile at the highest scale, r 

=9 and n = 47. 
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The noise suppression scheme affects the formation of contours around the ROI as 

discussed previously. Figure 6.9 illustrates this. The grey scale representation of the diffused 

phantom shows the blurring of the image. However, if we look at this using the HSV 

colouring model, we observe that the borders of objects in Integral Invariant diffusion has 

widened. This is also evident from the contour representation, where the Integral Invariant 

diffused image has a denser pattern of contours surrounding objects. Figure 6.10 compares the 

diffusion results of Integral Invariant and Perona-Malik. The shape edges are compromised in 

the case of Integral Invariant diffusion.  However, the objects have attracted a denser pattern 

of contours surrounding them as depicted in the contour model, which is precisely what we 

need for the segmentation algorithm we use.  

6. 5. Performance Comparison of Perona-Malik and Integral 

Invariant without Noise 

To this point we have assumed that the image has no noise. We now apply various noise 

models and compare the output of both methods.       

6. 5. 1. Example 1: Multiplicative Uniform Noise Model  

Uniform noise models are usually used to simulate real-world imaging systems. It is hard 

for a linear averaging system to approximate the mean of a uniform distribution. Perona-Malik 

is a non-linear noise removal filter and should be efficient in dealing with such a noise model. 

On the other hand, Integral Invariants is a linear smoothing operation; however, it is more 

aggressive for its isotropic nature.  

We observe that for multiplicative uniform noise, Integral Invariant performs better at the 

corresponding scales in smoothing the noise especially in the background, as shown in Figure 
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6.11, where the Perona-Malik diffused image has high and sharp peaks in the signal area that 

represent background regions even for a high number of iterations. On the other hand, in the 

Integral Invariant smoothed image the background is almost uniformly clear as its signal is 

very smooth for all scales except when the radius of Integral Invariant is just a single pixel.  

Now keeping in mind the above examples, let us analyse the behaviour of Integral Invariant 

and Perona-Malik diffusion on scales relevant to mammograms. For this purpose, the radius of 

the integral invariant kernel r = 3 and the number of iterations for Perona-Malik is n = 30, 

where k = 30. A denser set of concentric contours are formed around ROIs that undergo 

Integral Invariant diffusion. In the examples above, it is observed that Integral Invariant 

enhances the borders of high contrast objects by expanding them, thus attracting more 

contours to surround them, as illustrated in Figure 6.15.  

Figure 6.10 illustrates the contour model surrounding shapes in the phantom. The contours 

formed as a result of noise in the Integral Invariant processed image have irregular spiculated 

shapes with no nested contours. Whereas in the case of Perona-Malik, those contours are 

smooth and may contain nested contours. 

We have applied the method to mammograms, for example, the one with a mass shown in 

Figure 6.17. The contour model of the mammogram smoothed by Integral Invariants has more 

dense contours surrounding the mass and so appears darker in the false color map. This 

facilitates the automatic detection and segmentation of the mass.  
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Contour model after Perona-Malik 

diffusion 

 
Contour model after Integral Invariant 

diffusion 

Figure 6.10: Diffused images and their corresponding contour maps 

 

 

 

Figure 6.11: Upper row: intensity profile scale space of Perona-Malik applied on the star 

shape series. Lower row: the corresponding Integral Invariant scales space smoothing. 
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6. 5. 2. Example 2: Salt and Pepper Noise Model  

Salt and pepper noise is added to the phantom image and the two techniques are applied on it. 

Integral Invariant can diffuse noise to get a uniform background with a much smaller scale 

than Perona-Malik. Concentric nesting of contours around the remnants of noise speckles can 

be seen in the background of Perona-Malik diffused image.  

Figure 6.12 shows the results after diffusion and contour segmentation of the phantom 

image. It only confirms our previous observations, as integral invariants have thickened the 

border of the objects, helping segmentation. Figure 6.13 shows that Integral Invariants have 

more effectively faded the speckles in the background as compared to Perona-Malik. 

 
Contour model of Perona-Malik diffused 

image 

 
Contour model of Integral Invariant 

diffused image 

Figure 6.12: A detailed example of Integral Invariant vs Perona-Malik diffusion for 

suppressing salt and pepper noise. 
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Figure 6.13: In the top row, intensity profile scale space of Integral Invariant applied on the 

star shape series. In the bottom is the corresponding Perona-Malik scales space. The original 

intensity profile of the shape is given in the black dotted line. 
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6. 5. 3. Example 3: White Gaussian Noise Model 

Finally, we have applied the White Gaussian Noise model to the phantom image. Integral 

Invariants, as previously, reduce the noise more effectively than the Perona-Malik, as shown 

in the Figure 6.14.  

We emphasise that in all the observations discussed for the various noise profiles here, 

Perona-Malik is less deteriorative to the shape borders and stays closer to the original intensity 

profile, taken from the phantom image.   

 

 

Figure 6.14: In the top row, intensity profile scale space of Integral Invariant applied on the 

star shape series. Whereas in the bottom is the corresponding Perona-Malik scales space 

suppressing White Gaussian noise. 
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Contour map of a star diffused with 

Perona-Malik 

 
Contour map of a start diffused with 

Integral Invariant 

Figure 6.15: Contour maps of Integral Invariant & Perona-Malik at the scales used 

previously for mammograms. 
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Figure 6.16: Intensity profile of Integral Invariant and Perona-Malik diffused images. A 

dust noise cloud layer shown in blue is present in the original image on the left. Perona-Malik 

reduces noise, however, does not completely remove it, as shown in the middle row. Integral 

invariants (on the right) remove the noisy layer completely while keeping the breast boundary 

unharmed. 
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In Figure 6.16, a mammogram is smoothed to remove noise. The original mammogram 

contains a layer of dusty noise (shown in blue), shown in (a) at the right end of the image that 

surrounds the mammogram concavely.  In (b) PM is shown to have reduced this artefact. In 

(c), II has eliminated the noisy layer completely while the breast boundary is retained. 

Similarly, it enhances the region of interest for segmentation shown in Figure 6.17.  

We observe that PM clusters high intensities at the borders of the image and induces an 

unwanted artefact that may give rise to new image structures. This may be problematic in 

applications where image borders contain important information. II does not induce such 

artefacts, as shown in Figure 6.18.  

  

 

Figure 6.17: Contour model of an enhanced mammogram by Perona-Malik (left) and 

Integral Invariant (right). Integral Invariant has enhanced the region of interest. 
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Figure 6.18: Contour models show the effects of II (left) and PM (right) on image boundary 

6. 5. 4. Discussion of Perona-Malik and Integral Invariant Comparison for 

Noise Removal 

These experiments address why we get denser patterns of iso-contours around regions of 

interest compared to Perona-Malik. Integral Invariant enhances the borders of salient regions 

by widening them. In fact, this is the key to multi-scale segmentation.  

 Integral Invariant can remove small spots more efficiently than Perona-Malik and giving 

overall cleaner regions. For a reasonable range of scales, Integral Invariant makes dark regions 

darker and the bright regions brighter while recovering image from noise. Another important 

point that we have observed is that Perona-Malik diffusion clusters intensities at the borders of 

an image.  

Finally we conclude contour based topographic segmentation algorithms depends upon the 

width of ROI boundaries, and Integral Invariant performs better than Perona-Malik in this 

regard. Integral Invariant reduces noise more effectively than Perona-Malik at a substantially 

lower computational cost. 
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6. 6. Assessment of Integral Invariant for Noise Removal in a 

Segmentation Application 

Image smoothing is known to reduce the number of false positives and negatives in image 

segmentation applications. For this reason, we have compared the segmentation results of 

speckle reducing anisotropic diffusion (SRAD) [281], Perona-Malik [282] and total variation 

denoising and Sobolev method (TV) [306], [307] to Integral Invariant.  

The purpose of these experiments is not to evaluate the accuracy of segmentation in terms of 

the region’s boundary.  Rather, it is to find if the “interesting regions” are segmented and 

described as salient after diffusion. The mammograms used here are highly suspected of 

abnormalities and suspicious regions are delineated.  

Segmentation is carried out after applying the noise removal filters and the results with respect 

to false positives are summarized in Figure 6.20. A total of 14 lesions were suspected as a 

ground truth in 10 temporal pairs of mammograms. It is observed that integral invariant and 

Perona-Malik perform equally well in reducing the number of false positives, where the 

former performs best in detecting true positives. For one mammogram, the lesion has not been 

detected by any method. Overall, Integral invariant and Perona-Malik perform equally well in 

terms of segmentation results.   

The advantage that integral invariant smoothing has over Perona-Malik is the computational 

time. Integral invariant comes out to be the fastest method to reduce noise among the pool. 

Figure 6.19 illustrated the computer time taken by each method in this study. The number of 

iterations for Perona-Malik and SRAD is 20, whereas the aperture of integral invariant kernel 

is 5.  However, this could not be viewed as the core strength of the Integral Invariant over 

Perona-Malik, rather an advantage of using it, because the former is isotropic and the latter is 

anisotropic with far greater complexity and less deterioration to shapes.  
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Figure 6.19: Comparison of the computational time for various noise removal methods 

used to smooth a mammogram. 

Besides masses, as far as the effect of Integral Invariant on the detection of small structures 

that might be salient is concerned, the above segmentation method with Integral Invariant 

smoothing has been applied to find the calcifications in density mammograms, with 

encouraging results as shown in Figure 6.24. The reason for including these results here is to 

observe if Integral Invariant can preserve small structures that might be significant in 

mammograms.  

Figure 6.20 gives a detailed false positive reduction result for each noise removal method 

applied here on both intensity and density images. We have used two modalities here: by 

intensity we mean DICOM x-ray mammograms, whereas, the density images are Volpara 

maps of the corresponding x-rays provided to us by Matakina International. The graphs show 

that density images give significantly fewer false positives than the intensity images over all 

methods for the complete set of 10 mammograms. Even for SRAD, the results before and after 

smoothing are almost the same for intensity images. This shows the sufficiency of density 

maps over intensity mammograms in a computer aided diagnosis perspective.  
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Figure 6.20: Comparison of noise intensity and density mammographic segmentation results 

over various noise adjustment methods. The results compare the number of accumulative true 

positives, false positives and false negatives over all 10 mammograms. Integral Invariant and 

Perona-Malik gives the lowest number of false positives and false negatives, and performs 

well for finding true positives. Overall, density maps giver lower number of false positives 

than intensity images. Original refers to unsmooth mammograms.  
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Secondly, integral invariants perform comparable to Perona-Malik anisotropic diffusion in 

detecting true positives and reducing false positives. Some results of topographic 

segmentation after integral invariant image enhancement are given in Figure 6.21.  

Detailed false positive results are given in the Figure 6.21, which translates Figure 6.24 for 

each individual image smoothing method used here. It can be seen that density maps out-

perform intensity maps while reducing the number of false positives. Overall, Integral 

Invariants and Perona Malik performs equally well, with a slight edge to the latter.  
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Figure 6.21: Comparison of false positives of density and intensity mammogram 

segmentation using various noise removal modes. On x-axis are the number of 

mammographic pairs, whereas the y-axis shows the number of false positives.  
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We have assessed the suitability of integral invariant as a method to reduce noise in 

mammograms and reduce the number of false positives while not affecting the true positives. 

Integral invariant smoothing performs almost similar to the Perona-Malik with a clear edge of 

lower computational time and complexity. Mammograms with small segmented regions after 

passing them through Integral Invariant diffusion is given in Figure 6.24, which are accurate 

with respect to verification in temporal pairs. False positives are supressed and supposed 

regions of interest are retained.  

6. 7. Shape Deterioration in Integral Invariants vs Gaussian Diffusion 

This section analyses the effect of the Integral Invariant on deterioration of shapes used as a 

noise removal filter and compares it with Gaussian diffusion. Previously we compared 

Integral Invariant with Perona-Malik anisotropic diffusion and found that the Integral 

Invariant is better for the class of segmentation algorithm that we are using. However, we 

found Integral Invariant to be more aggressive to deterioration of shape. Now we attempt to 

observe shape deterioration of objects or shapes by applying Integral Invariant diffusion and 

compare it to Gaussian diffusion (GD).  

6. 7. 1. Object Deterioration  

Object deterioration in an image as a result of intensity diffusion depends upon the ratio of 

size of the object to the size of diffusion kernel and the shape of an object, which we focus 

upon. The former could be estimated empirically by fixing an appropriate ratio. Here, we 

study how Integral Invariant and GD deteriorate shapes with variable specula and curvature.  

There are two ways to approach shape analysis at multiple scales. We know that Integral 

Invariant and GD can be used as shape descriptors to describe the boundary of a shape. For a 

set of scales of different kernel sizes applied to a shape we will get a set of boundaries as a 
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result of diffusion that we refer to as scale space. We can either note the resultant intensities at 

the original shape boundaries as a result of diffusion flow or we can analyse shape with new 

boundaries. For our convenience in the above two cases, we will call them intensity scale 

space (ISS) and boundary scale space (BSS) as they refer to the deterioration of objects in-

terms of intensity and its resulting diffused boundary, respectively. In the case of BSS, we 

have the outer boundary of diffusion that will actually expand the shape area and the inner 

boundary that will show the deterioration and may lead to diminishing the structure. Both 

these boundaries are important; however, at this point we are interested in the inner boundary 

of a diffused shape. We have used small scales that are suitable for the type of images and 

objects we are dealing with. As stated previously, Integral Invariant is causal for a limited set 

of scales and will not only deteriorate but will add new information to the current image if 

applied with unrealistically large scales.  

 It illustrates the behaviour of the deterioration of shapes for Integral Invariant and compares it 

to Gaussian diffusion (GD).  

Mammographic regions that are of interest are curvilinear structures, and benign and 

malignant masses. The arrow shape at the end simulates a curvilinear structure in Figure 6.23. 

In both the examples, Integral Invariants diffusion maintains the inner boundary better than by 

the Gaussian diffusion. 
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Radius Integral invariant diffusion Gaussian diffusion 

r = 3 

  

r = 9 

  

Figure 6.22: A closer look of deterioration of a spiculated shape. The first two rows show 

the diffusion of the image at the scales r = 3 and r = 9.  

Integral invariant diffusion Gaussian diffusion 

  

Figure 6.23: This shows the deterioration of a shape for Integral Invariant and Gaussian 

diffusion. The blue line is the original boundary, whereas the red and green lines are the inner 

and outer boundaries of the diffused shape respectively.  
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6. 7. 2. Discussion on Comparison of Integral Invariant and Gaussian 

Smoothing  

Deterioration of objects in an image depends both upon the size with comparison to the 

diffusion kernel and upon its shape. From the above experiments, we conclude following: 

1. Integral Invariant performs better than GD for slow deterioration of objects. 

Thin objects are approximately high/band pass, while diffusion is low pass filtering 

process. Integral Invariant retains high frequency content better than GD.  

2. Besides area, the rate of deterioration also depends upon the shape of an object. 

A triangle will deteriorate faster than a rectangle or an oval with an equal area. Hence 

we can say that high curvature is more vulnerable to deterioration in an intensity 

diffusion process.  

3. An object diffuses intensities both inwards and outwards from its boundary. It 

is observed that the outer boundary achieves homogeneity in curvature quicker than 

the inner boundary.  

6. 8. Conclusions 

We have introduced Integral Invariants as a smoothing kernel for noise suppression 

and feature enhancement in a contour based segmentation application. We explored its 

scale space properties and analysed its behaviour to image enhancement. It has its 

intrinsic limitation for being isotropic; however, it performs comparably to Perona-

Malik anisotropic filtering. We found it less deteriorative to the boundary scale space, 

retaining boundaries effectively at higher scales as compared to Gaussian diffusion. 

Nevertheless,   it is not fully causal and scale invariant as a Gaussian scale space.  

The core strength and the reason of using Integral Invariant diffusion in this thesis is 
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that since it can enhance images for the type of segmentation method we use and 

reduce noise effectively, it is also widely known for describing shapes in a shape 

matching and correspondence application. Therefore, having used this, there is no need 

to use a separate noise removal and image enhancement filter in a shape matching 

application; which eventually reduces the computational cost. Secondly, II is very fast 

for being isotropic filter, such as a Gaussian filter; nevertheless, it is less deteriorative 

to shape boundaries, particularly spicula and small curvilinear structures (as shown in 

examples) and is nearly as effective as PM in supressing noise. Unlike PM, it does not 

result in intensity clustering artefacts at the image borders and deals well with salt-and-

pepper noise. Overall, it is a strong all-round technique for image processing 

applications, particularly with shape analysis.  
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Figure 6.24: Automatic Segmentation of Integral Invariants enhanced temporal pairs 

of mammogram density maps created by Volpara® 
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Chapter 7  

SHAPE MATCHING AND CORRESPONDENCE 

 

7. 1. Introduction  

Geometric invariant functions are generally used to describe the shapes that result from 

images taken under various transformation such as affine, similarity, Euclidean or a range 

of projection types. We are particularly interested in describing and comparing two planar 

contours with no self-intersections in a two dimensional space.  Shape descriptors can be 

used to find point-wise correspondences typically in terms of extremizing a shape distance 

or matching cost between the two shapes.  Our main interest is in descriptors that define 

edges, corners, peaks and ridges. As we have described earlier in Chapter 3, the sensitivity 

of differential measures to small perturbations due to noise limit their use in shape 

matching does not produce the desired results at increasing scale.  

If we consider images of two similar objects or of the same object taken at different times, 

angles, and from varying distances, we expect to find changes in the extracted shapes. Of 

course, using projective invariants can cope with many such changes.  However, the shape 

variations may be in the form of missing data, with complete or partial articulations, and in 

many practical applications, particularly in medicine and biology, such changes are 

significant.  For example, in oncology, such changes may indicate regions of new growth. 

Past efforts to compare two shapes have typically involved image registration techniques, 

for example [125], [126].  However, most such approaches depend upon a ‘shape space’ 

and require training data before we can do actual comparisons [129]. Most published 

algorithms that are based either on rigid or non-rigid registration to compare images 
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typically yield a dense warp map, establishing correspondences for all pixels in the shapes. 

Typically, they focus on shape matching rather than localizing matching to regions.  

Indeed, there appears to have been little or no research aimed at identifying and 

quantifying new growths and partial occlusions in comparing two planar shapes regardless 

of scale, spatial variations and orientation.  

The first step to comparing two shapes is to align them by identifying key points. The 

alignment of curves and matching of shapes is discussed in [127] based on local curvature 

information, and often produces good results. Nevertheless, curvature, being a second 

derivative is intrinsically susceptible to noise. Our algorithm imposes a metric based on 

circular Integral Invariants  [128] on a shape, which in combination with a scale space 

analysis [130], enables us to obtain descriptive information and key points, then divides 

the shape into a number of regions based on those key points. Integral Invariants are used 

for shape matching in [128]. In that work, computationally expensive dynamic programing 

and Fast Marching Algorithms are used to match shapes and to establish point-wise 

correspondences between them. These studies neither detect nor quantify changes in 

shapes.  

In this Chapter, we develop a shape analysis framework that can match shapes and divide 

them into regions using Integral Invariants scale space to find, in a quantitative manner, 

partial or complete occlusions and new growth in cancerous nuclei.  

7. 2. Shape Correspondence 

Establishing a point-wise shape correspondence is tackled as an optimization problem. 

One of the well-known and extensively used techniques is dynamic programming based on 

Dijkstra's algorithm. Sethian [308] imposes a unilateral metric on the rectangular graph 

with all edges having a unit weight. The graph can be represented as a city block problem, 
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directing several paths that can be eligible for a shortest path from bottom left to the top 

right corner, instead of a straight line on the diagonal. Thus the length of the true path will 

never be portrayed correctly even by interpolating the discrete graph for subsampling 

refinement. The path can be very far from optimal if the grid resolution is very high. If 

dynamic programming can be enhanced to achieve sub-pixel matching of curves then the 

technique can be restricted to a very precise cost function.  The Fast Marching Algorithm, 

introduced by J. Sethian [308], [309] fulfils this requirement.  Frenkel [247] describes this 

as each point in the graph represents a match w = (u(t), v(s)) as a node that is linked to the 

predecessor node (u(tp), v(sp)) of w, where u(t) is a curve parameterized by t and v(s) is the 

second curve parameterized by s.  Then an edge that connects two matches corresponds to 

the cost of deforming the segment [u(tp), u(t)] in a way that it coincides with the segment 

[v(sp), v(s)]. Finding a match with the lowest cost reduces to finding the shortest path from 

the start node [v(1), u(1)] to the end node [v(n), u(m)]. Figure 7.1 illustrates the idea.  

We propose a method RMA (Region Matching Algorithm) for local, region-based 

matching of planar shapes, especially as those shapes change over time.  This is a problem 

that is fundamental to medical imaging, specifically determining new loci of growth in 

tumours. The method is based on the non-emergence and non-enhancement of maxima, as 

well as the causality principle, of Integral Invariants scale space. The main idea of the 

Region Matching Algorithm (RMA) is to sub-divide a shape into a number of "salient" 

regions and then compare all such regions for local similarity in order to quantitatively 

identify new growths or partial/complete occlusions. To illustrate the method, the approach 

is first applied to the 2D planar shapes from the Kimia database [242]. RMA is shift and 

rotation invariant and gives local region matching for optimal shape correspondence. It 

also yields a (generally unique) initial alignment of two shapes, which often forms the 

basis for establishing point-wise correspondences of the shapes. The algorithm is 
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computationally efficient. It eliminates the need for registration to identify salient 

differences in shapes and is fully automatic. 

 
Figure 7.1: Curve matching using Fast Marching Algorithm (FMA). The red line shows 

relabeling or stretching of the curve for lowest cost. This ability differentiates FMA from 

other methods such as the Djikstra algorithm, which is, FMA can achieve subpixel 

accuracy at very efficient cost.  

Figure 7.1 is an illustration of the above mentioned idea and shows how FMA is different 

from Dijkstra’s method, which suffers from the city block problem. The red line shows 

how FMA can deal with sub-pixel accuracy while traversing through the nodes of un-

uniformly spaced distance map.   

The scale space is obtained by varying the size of the kernel in the Integral Invariants, and 

can align the two shapes before supplementary correspondences are established. First, an 

initial alignment is established by finding key points by picking causal peaks at the 

coarsest scales. Subsequently, shapes are divided into regions and then regions between 
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two shapes are compared for similarity to establish regional correspondences. Regions that 

exceed a certain matching cost threshold or do not find any match against any regions in 

the comparator shape are notified quantitatively as a new growth or a complete occlusion.  

Note that partial occlusions give relative values. Before going into further detail, we 

explain here the Fast Marching Algorithm. 

7. 3. Fast Marching Algorithm 

The Fast Marching Algorithm is a numerical algorithm that computes a viscosity solution 

of the Eikonal equation. Assume a two dimensional real domain Ω where 𝛺 ⊂  ℝ2 and a 

set of source points 𝑋𝑜 and for each point 𝑥 ∈ 𝛺 measures its distance from 𝑋𝑜 

to 𝑇(𝑥)then solving the Eikonal equation, [246], [307], [310]|.  

‖∇𝛺 𝑇(𝑥, 𝑦)‖ = 1,    𝑇(𝑋𝑜) = 0     (7.1) 

If 𝛺 is imagined to be a uniformly distributed forest and at time T = 0 it catches fire at at 

least one point, which defines its initialisation. Once the fire is set at the initial point, it 

burns the trees at that point moves on and will never visit this point again. T(x) is the time 

at which the fire reaches point x in the forest, the fire front may take a new direction with 

new adjacent and far points. Hence there are points that are burnt, points next to the fire 

and points far from fire yet to be explored, this process continues until all points are 

reached and explored. This process continues until all points are reached and explored. 

This simulation is the core idea behind the Fast Marching Algorithm. The output of a Fast 

Marching Algorithm is a distance map starting from the initial point to the final point, 

exploring all points in the map. In our case, as the curves are parameterized to equal 

lengths of l, the resultant distance map will be a square matrix from (0,0) to (Ɩ, Ɩ) of size Ɩ x 

Ɩ. 

Figure 7.5 illustrates the difference between the Djikstra algorithm and Fast Marching 

Algorithm. The following stepwise explanation is adopted from a tutorial.[311]  
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7. 3. 1. Initialization 

1. Set T(X0) = 0 and mark the points from X0 as Black. 

2. Set the rest of the points T(Ω\X0) = ∞ and mark them X0 as Green. 

7. 3. 2. Iteration 

1. Green points adjacent to Black points become Red. 

2. Red points are updated, i.e. their T is estimated from the arrival times of the 

neighbouring Black points. 

3. The Red point with the smallest T becomes Black. 

4. The process reiterates until all points are black. 

The idea is explained in the Figure 7.2. Note that a point is updated only by adjacent points 

(4-neighbor adjacency) with smaller value of T, and we demand that the new T value is 

larger than that of the updating points. A Black point has a T value smaller than that of all 

non-Black points. Therefore, once a point becomes Black, it need no longer be updated. 

This can also be thought of in terms of updating an upper and a lower bound until they 

(almost) meet. The maximum number of point updates is the number of neighbours on the 

grid, which is O(N).  

 

Figure 7.2: Illustration of fast marching grid, black pixels are explored, red are viewed as 

a fire front while green are far pixels and yet to be explored [311] 
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The Fast Marching Algorithm is computationally more efficient than previous attempts to 

solve the Eikonal equation [312], [313], including: the fast sweeping algorithm [314]–

[316], and dynamic programing [133], [317]–[319].  FMA has been applied to many 

applications including active contours [320] and shape from shading [321]. Frenkel and 

Basri [247] used the FMA to solve the Eikonal equation to align handwriting shapes. It 

implements curvature information to match closed curves, morphs one curve into another, 

and can find the average curve for a group. Experiments were carried out on 110 shapes 

and the results were promising through 13 experiments performed on the complete 

database. The behaviour of open shapes with arms and teeth (numbers and alphabets) led 

to interesting conclusions about the relationship of curvature to shape correspondence. 

However, the method failed to quantify the difference between two shapes other than 

matching cost. In this chapter, we develop a framework that can match, and then quantify, 

real shape differences.  

7. 4. Shape Matching using Fast Marching Algorithm and Integral 

Invariants  

The following steps establish pointwise correspondences between Shape 1 and Shape 2.  

1. Parameterize Shapes 1 to Shape 2 to have n points.  

2. Select a set of k scales to calculate Integral Invariants shape signatures. 

3. Apply Integral Invariants to Shape 1 and Shape 2; this results in k signatures for 

each shape.  

4. The Integral Invariants difference for comparing points P1 and P2 in Shape 1 and 

Shape 2 is computed at all given k scales, which form a difference vector. Then the 

largest singular value, which is the obtained by singular value decomposition of 

1xk difference vector, is considered to be the largest feature difference between 
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points P1 and P2. This process is continued until the largest singular value feature 

difference is found for every point in Shape 1 against every point in Shape 2 

5. This yields an nxn feature matrix, such that at each point in that matrix contains the 

largest feature difference for two comparing points in Shape 1 and Shape 2 at all 

given scales.   

6. The Fast Marching Algorithm is applied on the nxn feature matrix, which creates a 

distance map.  

7. The geodesic distance along the diagonal of the distance map is found using the 

gradient descent method. This indicates the lowest cost matching while mapping 

points on two shapes.  

8. The geodesic path maps points of Shape 1 to points on Shape 2 and establish a 

point wise correspondence between the two shapes.  

The singular value for the difference vector, that contains the Integral Invariants difference 

for a proposed correspondent at all scales, gives the distance of that point from the origin 

in the feature space. For a three dimensional feature vector 𝑥, the singular value 

decomposition (svd) is,  

𝑥 = [𝑥1 𝑥2 𝑥3];  𝑠𝑣𝑑(𝑥) =  𝑛𝑜𝑟𝑚 (𝑥) =  √𝑥1
2 +  𝑥2

2 +  𝑥3
2 

  

Figure 7.3: Illustration of Fast Marching Algorithm exploring an animal shape. Colours 

show distances as we move away from the initial point.  
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The norm of a matrix is its largest svd value; however, for a one dimensional matrix it is a 

single value. The cost matrix is the arrangement of svd values of the difference vectors of 

II of two shapes, for each point of one shape against every point of the other shape.  

 
a 

 
b 

 
c 

 
d 

Figure 7.4: Another example of shape comparison between shapes in a) where b) present a 

point wise correspondence between all points as parameterized. c) is the difference or 

similarity matrix for Integral Invariants  of two curves. d) is the distance matrix calculated 

by the Fast Marching Algorithm that contains distances from initial point at lower left 

corner of the image to the final point at the top right corner. The shortest path or the cost 

for reaching final point in c &d is overlaid in blue. Here, c) is a feature map, which is then 

processed using FMA to generate a distance map as seen in d). Geodesic distance is 

overlaid for illustration on the both, which is originally calculated by applying Gradient 

decent on d).  
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It is to be noted that the optimal paths or minimum cost overlaid in Figure 7.c & d are 

attained by finding the minimal cost in the geodesic mapping algorithm. This computation 

takes the distance matrix calculated by the Fast Marching Algorithm and then extracts the 

minimum path from it. The geodesic path does not itself find distances but only records the 

length of each possible path.  Once the geodesic distance map D(x) to a starting point is 

computed, the geodesic curve between any point  and  extracted through gradient 

descent, [307]. 

The gradient of the distance map is computed using centred differences then normalized to 

obtain unit speed geodesic curve parameterized by arc length. The geodesic is then 

calculated numerically using a discretised gradient descent that defines a discrete curve.  

   

Figure 7.5: Example of Geodesic distance maps using a cosine modulation by, Djikstra 

algorithm on the left and fast marching method on the right hand side. 

The length of the geodesic path and its values are affected by the range of scales used for 

shape correspondence. Application of multiple scales describe shapes in a way that makes 

a pool of features, bounded from fine to coarse as the scale progresses from low to high. 
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7. 5. Issues in Shape Correspondence 

Some of the key issues in Shape Correspondence are:  

7.5.1 Initial alignment of the two shapes  

7.5.2 Scale selection i.e. the size of the disc or integration kernel for generating 

Integral Invariants shape signature.  

7.5.3 Maintaining the speed of point-wise matching despite occlusions and 

articulations 

7. 5. 1. Initial alignment of two shapes  

A shape is a closed planar contour that can have any point designated as a starting point. 

However in shape correspondence problems, the starting points of the two shapes should 

match. Point-wise correspondence using Integral Invariants and FMA can be established 

even if two shapes are unaligned to a certain extent. However, if the shapes are highly out 

of alignment relative to each other, or one or both contain major occlusions, then a correct 

correspondence is difficult to achieve. This is precisely the problem we have addressed.   

The shape signature is divided into regions based on causal peaks of Integral invariant 

scale space and the starting points of the best matching regions in two shapes are 

designated as the points of initial alignment.  

Figure 7.6 illustrates a shape correspondence of two hands, with and without initial 

alignment. From Figure 7.6 (e) and (f), the geodesic path for initially aligned hands is quite 

short (straight) in diagonal, showing a closer match.  

7. 5. 2. Scale Selection 

A range of Integral Invariants scales are used to obtain the feature space given in Figure 

7.6 and consequently to maximize the difference between two shapes. Larger scales are 

good for locating and differentiating larger regions whereas smaller scales are essential to 

distinguish fine details. Scale space reflects the saliency of regions that maintain causal 
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peaks at all given scales. Shapes are divided into regions based upon peaks of the coarsest 

scale.  Finding a suitable single coarse scale to correspond shapes with significantly large 

size ratios is cumbersome. Let 𝑟𝑚𝑎𝑥 be the maximum scale indicator, then comparing 

shapes (𝑆1,  𝑆2) for correspondence where the area of shape to Integral Invariants ratio 

(SIR) is fixed,  𝑟𝑚𝑎𝑥 is, 

𝑟𝑚𝑎𝑥 = ⌈mean (𝑟𝑆1𝑚𝑎𝑥
, 𝑟𝑆2𝑚𝑎𝑥

)⌉,        (7.2) 

Where 𝑟𝑆𝑖𝑚𝑎𝑥
=  √

𝐴𝑟𝑒𝑎 𝑜𝑓 𝑆𝑖

𝑆𝐼𝑅 ∗ 𝜋
   , 𝑖 = [1, 2]  (7.3) 

Though to a large extent, the scale selection depends upon the size of the shape, we have 

observed experimentally that it also depends upon the variability in the shape boundary. 

To date, we have not found a generalized relationship between the two and consider it 

application dependent.   This will form part of our future work. 

7. 5. 3. Speed of Matching 

Speed of matching means that an occlusion in one part of the shape should not affect 

point-wise correspondences in other regions and the speed of matching should remain 

smooth. We found that the FMA has an advantage over the commonly used Dijkstra’s 

algorithm to match all regions independently and not sequentially, as shown in example in 

the Figure 7.7. In this example, the occluded leg of the red shape is matched with the 

complete leg of the blue shape and has not affected the correspondence process in other 

regions as shown in the graph. Example of geodesic maps overlaid over a distance map for 

shapes in Figure 7.7, obtained by Fast Marching Algorithm are given in Figure 7.8 and 

Figure 7.9. The twist in the path near the bottom is due to high cost of matching, and 

reflects a mismatch because of occlusion shown in Figure 7.8. A 3D representation of this 

distance map is given in the Figure 7.9. 
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A 

 
B 

 
C 

 
D 

 
E 

 
F 

Figure 7.6: Shape correspondence example of two hand shapes that are out of phase to 

each other. Shapes are wrongly corresponded without an initial alignment in the first 

column, while correctly corresponded in the second column after initial alignment. The 

second row compares the shape signature at the coarsest scale for both shapes, whereas, 

the third row contains the shortest path superimposed on the feature space and compares 

the point-wise correspondence results, which is better for (f).  
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Figure 7.7: Speed of matching for an occluded limb shown in (a). The corresponding 

shape signatures are given in (b) 

 

Figure 7.8: Geodesic distance map calculated by the Fast Marching Algorithm for shapes 

corresponded in Figure 7.7, along with the shortest path superimposed as a white line, that 

follows the lowest values or matching cost.   
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Figure 7.9: Distance map created by FMA, where Geodesic path is being calculated using 

gradient descent, shown as a blue line passing across the diagonal.  

7. 6. Shape Distance  

For the given parameterized curves C1 (k) = [x1(k), y1(k)] and 𝐶2 (k) = [x2(k), y2(k)] at arc 

length k ϵ [0,  Ɩ],  with the similarity matrix Ḍ (𝐶1, 𝐶2) and geodesic map G of length n,  the 

shape distance can be defined as minimal sum of the individual differences between the 

curve point pairs at the parameterized length. Due to the same parameterization of both 

curves, the scale factor between the two shapes may be suppressed and, consequently, two 

exact shapes with exponentially different sizes or scales can be identified without any 

distinction.  However, this may be useful in some applications where only the geometry of 

the shapes is important rather than their scale.  In our case, the sizes and eventually the 

areas of the shapes is important.  The shape distance as a scalar that quantifies similarity of 

two shapes for a lower value is then given by,    

ℒ(𝐶1(𝑠), 𝐶2(𝑡)) =  T(k) +  |1 −  
min(𝑠,𝑡)

max(𝑠,𝑡)
|  𝑤ℎ𝑒𝑟𝑒 𝑠 ∈ (1, 𝑚), 𝑡 ∈ (1, 𝑛)   (7.4) 

T(k)  =  min
𝑐

∫ Ḍ (𝐶1, 𝐶2)𝑑𝑘           k 𝜖 [0, Ɩ]
𝑙

𝑜
   (7.5) 
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Figure 7.10 and Figure 7.11 show examples of matching cost calculated for a family of 

quadrupeds and fish using the proposed method. Strong intra group similarity and 

intergroup dissimilarity is observed in the example. Furthermore, shape matching is 

performed for 54 shapes of 6 different families of shapes from the Kimia database with 

added white Gaussian noise (signal to noise ratio = 0.01) and the results are presented in 

Appendix A (will be compiled later).  

7. 7. Region Matching Algorithm  

After matching shapes globally, we apply a Region Matching Algorithm to find local 

differences between shapes. As noted above, the central idea underlying our method is the 

use of circular Integral Invariants, from which we exploit the associated scale space.  

Recall from Chapter 5, Integral invariants reduce the information content by diffusion. We 

have used to divide shape into regions, using a multi scale causal description in developing 

RMA. Though RMA does not require initial alignment for region matching, it can be used 

to find points of initial alignment in applications that are used to establish a point-wise 

correspondence of shapes. Currently, regions are picked simply on the basis of least sum 

of squared differences and variation between two regions can be presented in number of 

pixels and percentage difference.  

The coarsest scale of the Integral Invariants  is determined automatically by taking the 

mean value of the shape-to-integration kernel ratio (SIR) of the two shapes. Let 𝑟𝑚𝑎𝑥 be 

the maximum scale indicator (this equates to the radius of the circular Integral Invariants  

disc at the maximum scale). Then comparing shapes (𝑆1,  𝑆2) for region matching where 

the area of shape to Integral Invariants ratio (SIR) can be adjusted depending upon the size 

and variability of shape.  
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Figure 7.10: Two families of shapes are matched in the presence of noise for shape 

correspondence using FMA and are presented with the matching cost. 

 

Figure 7.11: The matching cost is colour coded. It can be seen that strong matching is 

observed (shown in blue) along the diagonal. 
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If the two shapes being compared are not expected to differ substantially, then the 

normalized difference of centroids of regions can also be added as an additional feature for 

finding similarity. The areas of regions might be useful in applications where most of the 

regions in corresponding shapes are likely to be the very similar in size. Other factors such 

as texture and gradient measures as well as additional shape features can be used with the 

existing shape descriptor to meet the needs of specific application.  

7. 7. 1. Application of RMA on Synthetic Shapes 

We have applied RMA to a range of shapes, in particular to the variable and occluded 

shapes from the Kimia database, and assessed its performance for within group similarity.  

The accuracy of region matching is evaluated manually as a ground truth. Experiments 

were carried out on 146 dissimilar shapes from four similar object groups of the Kimia 

database. Region matching for each pair of shapes was assigned a score from 1-6, whereas 

the accuracy of new growth and occluded regions was assessed qualitatively and assigned 

a grade from 1-4.  The results are summarized in Table-7.1.  

Criteria “bunny” 

/Rabbits 

“dude” 

/Man 

“fgen” 

/Alien 

“kk” 

/Kite 

“hand” 

Initial Alignment 91.7 100 91.67 77.78 55.56 

Detection of new 

growth 

98.05 None  90 91.38 53.34 

Regional 

Correspondence 

98.33 100 86.11 91.61 78.05 

Table 7.1: RMA applied to variable and occluded shapes from Kimia database. Note that 

matching asymmetry is considered as an error here (keeping mammograms in mind), 

though in machine vision applications it may accept and which will improve results.  
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Figure 7.12: RMA applied to two shapes of ‘dude’ category from Kimia database for local 

region matching. Regions are identified accurately in this example while quantifying 

regional change in each part.   

 

 

Figure 7.13:  Integral invariant signature at the coarse scale with causal peaks of two 

shapes in Figure 7.12, for shape-1 on the top and shape-2 in the bottom row. On the left, 

signatures are without initial alignment and on the right;  its after intital alignment. Causal 

peaks at the coarset scale are highlighted in red. The x-axis of the graphs is the 

paramterirization of shapes, which are sampled to equal lengths, whearas the y-axis show 

the number of pixels overlaping with II kernal. 
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Figure 7.14: RMA applied to two shapes of ‘bunny’ category from Kimia database for 

local region matching. Shape on the right is been identified with a new growth in 

comparison with the shape on the left. 

As an example, RMA is applied to a pair of shapes in Figure 7.12, whereas Figure 7.13 

shows its Integral Invariants signature at the coarsest scale. It also represents the effectives 

of RMA for initial alignment of two shapes. It finds the best region with the minimum 

matching cost and designates its starting point as a point of initial alignment. Another 

example is given in Figure 7.14 where a new growth has been identified (which 

corresponds, in fact, to the rabbit's tail). Other examples are given in Figure 7.15. The 

accuracy of initial alignment for shapes with locally distinct geometry is supposed to be 

very high and is evident from Table 7.1. 

Finally, we note that the relatively poor results of RMA on hand shapes stems from the 

fact that the inner left, right and centre fingers of each hand have very similar structures. 

Similarly, the symmetry of kite shapes is also a misleading factor in identifying regions 

correctly. In machine vision applications matching asymmetry is generally accepted and 

may not be counted as an error, which will improve results dramatically. Incorporating 
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translational and reflectional symmetries into our framework, while enabling the detection 

of new growths and occlusions, is the subject of current work.  More results are given in 

Appendix II. 

7. 7. 2. Application of RMA to Temporal Study of 

Mammograms   

In this section, we apply RMA to a temporal pair of mammograms. Recall from Chapter 1 

that we are initially most interested in the temporal study of mammograms, since it is not 

only important for the detection of cancers but is also used increasingly for post-treatment 

care. It provides a quantitative measure of how a certain region in the breast may have 

evolved over time. Temporal images are used by the radiologist to reduce the number of 

false positives and correspondingly suspicious lesions over time and to detect possible 

masses. However, changes in breast density, positioning, and the growth and development 

of lesions, together with the intrinsically projective nature of mammography, mean that 

establishing temporal correspondences remains a challenging task. Efforts have previously 

been made to compare two shapes regionally, for example registration techniques [239], 

[245]. Algorithms that use rigid or non-rigid registration to compare images typically yield 

a dense warp map, establishing correspondences for all pixels in the mammograms.  

However, in most studies this phenomenon is dependent on the ‘shape space’ that requires 

a set of training data before we can do actual comparisons [322]. However, the appearance 

of a mammogram can change markedly with small changes in compression, imaging 

parameters and any adjustment in the positioning of the breast prior to compression.  For 

example, such small changes can change the textural properties of stromal tissue.  

Fortunately, most such changes are clinically irrelevant.  Rather, correspondences are only 

relevant for regions of interest, typically locally dense regions that may (or happily, may 

not) be lesions.  (We accept that this does not extend completely to architectural 
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distortions; but they are a separate problem that requires a measure of a symmetry).  This 

section addresses the temporal comparison of mammograms by employing Integral 

Invariants, in particular exploiting its scale space, for local (sub-) region matching in 

segmented masses. The temporal mammograms in this study are first segmented, and then 

the resulting regions are matched by performing shape matching. The best matching 

shapes are then divided into local /sub -regions and RMA is applied for local region 

matching.  

 

Figure 7.15: Segmented regions from temporal mammograms on the left while their 

corresponding II scale spaces are given on the right hand side. The units on the x-axis 

show the parameterization of the region curves, which are brought to equal lengths.  

The temporal mammograms that are used in this study were made available to us by 

Mātakina Technologies. We begin by applying a variation of the hierarchical algorithm 

based on iso-contours as discussed in the earlier chapters [251]. The reason for using this 

algorithm here is that it is computationally very efficient, and indeed it can be the basis of 

a real time system, even without resorting to a GPU implementation. The algorithm 
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segments the complete internal topography of the breast in a structured way that can 

subsequently be used to establish correspondences between mammograms. The algorithm 

has worked well of mammograms processed in this case study.   

 

 

Figure 7.16: Above is the scale space signature of two corresponding shapes in Figure 

7.15 at the coarsest scale. On the left, the signatures are unaligned whereas on the right 

side they are aligned using RMA. Here, the x-axis show the parameterization of the 

boundary of two shapes to equal lengths whereas the y-axis show the normalized II values 

for each point on the boundary curve.  
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An example of alignment for a segmentation of nested regions is shown in Figure 7.16. 

RMA matches regions in shapes irrespective of their sequence.  However, in this particular 

case the accuracy of matching is obvious by comparing Integral Invariants signature of 

both mammograms after initial key-point alignment.     

Shape correspondence using RMA has been applied to the regions segmented in this way 

illustrated in Figure 7.15.  The mammograms are de-noised Integral Invariant diffusion. 

The lesions from pairs of temporal mammograms are put into regional correspondences. In 

some cases the algorithm identifies the segments (and associated sub-regions) that 

correspond to new growth, while at the same time calculating the percentage change in 

other sub-regions. It may be noted that the number of regions in both shapes may not be 

equal. Some obvious mismatches can also be seen where the regional differences are 

substantial or the non-corresponding regions are very similar. The correspondence of 

regions does not currently depend upon the texture or gradient information enclosed in 

them. Figure 7.17 shows the region matching results of the mass in Figure 7.15. Other 

detailed examples for pairs of temporal mammograms are given in Figure 7.18.   

 

Figure 7.17: Region matching of the mass shown in Figure 7.15 
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Figure 7.18: Region matching of corresponding contours on the temporal mammograms. 

The red circles in the shapes identify points of initial alignment. Regions are color-coded 

and show both good and bad examples of regional correspondences. The quantification is 

on area based measurements and are relative to corresponded regional differences.   

7. 8. Conclusions 

This chapter implements shape matching using the Fast Marching Algorithm and 

introduces a novel local Region Matching Algorithm (RMA) using Integral Invariants 

scale space. Shape matching and correspondence algorithms usually match and establish 

point-wise correspondences between two shapes and may even handle partial occlusion.  

However, they typically do not quantify partial occlusions nor identify complete 
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occlusions or new growth.  It is important to measure regional differences quantitatively 

within each shape and establish correspondences based upon region matching. For masses, 

it is vital to analyse their growth and notice the emergence or disappearance of any region. 

This can be helpful in detecting new growths and identifying their orientation. Following 

region of interest segmentation, we have introduced a method of local shape 

correspondence and region matching using Integral Invariants scale space. Integral 

Invariants are calculated for segmented shapes from mammograms at all scales. The 

algorithm identifies causal peaks of this scale space as key points and breaks the shape into 

sub-regions based upon them. The best matching region is selected as a point of initial 

alignment and regions are corresponded based on a similarity measure. RMA gives 

encouraging results in detecting tumour growths and its aggressiveness with respect to 

shape.  
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Chapter 8  

SHAPE MATCHING BY INTEGRAL INVARIANTS AND 

ECCENTRICITY TRANSFORM 

8. 1. Introduction 

As we saw in the previous Chapter, shape transformations, computed both with Integral 

Invariants and geodesic distance, yield signatures that are invariant to isometric 

deformations, such as bending and articulations. Though Integral Invariants were used to 

describe the shape boundary, they provide no information about where a particular feature 

on the boundary lies with regard to overall shape structure, which is important. On the 

other hand, eccentricity transforms can be used to match shapes by signatures of geodesic 

distance histograms based on information from inside the shape; but they ignore the 

boundary information.  In this Chapter, we describe a method that combines both the 

boundary signature of a shape obtained from Integral Invariants and structural information 

from the eccentricity transform to yield improved results.  The continuous eccentricity 

transform is used to find descriptors of shape based on geodesic distance maps.  Such 

descriptors then yield histograms in the form of shape signatures. The signatures obtained 

by the eccentricity transform are considered to be invariant under rigid motion and 

isometric transformation of shape. 

8. 2. Eccentricity Transform as an Inside Shape Descriptor 

Compared to curvature measures [141], [144], [149], [178], [182], [203], [206], [242], 

eccentricity transforms (Ecc) are robust to noise [323]. Ecc finds the geodesic distance for 

each point within a shape, to every other point on the boundary. Figure 8.1 illustrates the 

geodesic distance inside a shape as compared to Euclidean one. It then assigns to each 

point a distance to the point farthest away from it. Instead of assigning the maximum 
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distance, the mean, median or minimum distance may also be used as shown in Figure 8.6. 

The geodesic distances for this purpose are calculated using the Fast Marching Algorithm 

(FMA). The Ecc shape matching algorithm, matches histograms obtained from Ecc 

transformed images. Such a geodesic distance histogram does not explicitly contain 

boundary information, including information such as curvature.   They do not appear to 

have been used previously for establishing point-wise shape.  

 
  

Euclidean distance shown in 

level contours inside the 

shape from the red dot in the 

bottom-left end of the shape 

Geodesic counterpart of the 

shape on the left, attained 

using the Fast Marching 

Algorithm (FMA) 

Illistration of geodesic paths 

to various points on the 

boundary, traced inside the 

shape 

Figure 8.1: A Euclidean and geodesic space representation. Figures on the left and the 

middle are colour coded with distances, increasing from blue to red in the standard ‘jet’ 

false colour map. 

8. 3. Limitation of Integral Invariant  

As we have seen in previous chapters, Integral Invariants are shape descriptors that are 

preferred to curvature for their robustness to noise, and have been used effectively for 

shape matching applications and for dividing shapes into further regions to quantify 

occlusion and new growth.  However, a fundamental limitation of Integral Invariants is 

that they relate only to the boundary and do not take into account the information from 

inside the shape. As a result, two similar geometric features on a shape boundary, at very 

different geometrical locations will produce the same shape signature. This may result in 
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false matches in point-wise shape correspondences. Our aim in this Chapter is to combine 

the two ideas, tuning Integral Invariants boundary signatures based on the eccentric 

information about locations within a shape. Figure 8.2 shows a shape with two pointed 

peaks, which have similar features, though in different locations.  In the eccentricity 

transformed version of shape; it is immediately apparent that the two peaks now contain 

different values in the false colour model, and shown in Figure 8.3 using shape signatures.  

 

i 

 

ii 
 

Figure 8.2: A shape (i), with eccentricity (Ecc) transformation in (ii)  

  

  
Figure 8.3: Shape histogram signatures of two shapes from Kimia database. The 

eccentricity transform fails to describe the difference in a meaningful way between the two 

shapes. 
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Figure 8.4: Normalized II signature (blue) of the original shape in Figure 8.2. The II 

invariant signature of the Ecc version (II-on-Ecc - red). The portions a and b, show how 

two similar features may be tuned based on their locality using proposed method. 

Figure 8.4 explains our approach. The integral invariant shape signature, shown in blue, 

cannot differentiate between points ‘a’ and ‘b ’, giving no clue about the location of these 

points inside a shape. By location we mean intend spatially invariant and based on the 

structure of the shape. The eccentricity transform gives a distinct meaning    

In a typical shape correspondence application, this will help in establishing correct 

correspondences. Figure 8.3 illustrates this limitation. Figure8.5 shows two shapes, S1 and 

S2, with a pair of corresponding points, where a1 corresponds to a2 and b1 corresponds to 

b2. Both shapes are processed and corresponded as shown. Eccentricity transforms are 

used for shape matching and retrieval applications, however, they fail to identify 

difference between two shapes. 
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Figure 8.5: Two Ecc transformed shapes (left) and its correct correspondence (right) using 

II and Fast Marching Algorithm. II without Ecc will incorrectly match points b1 to a2 and 

a1 to b2.  

8. 4. Eccentricity Transforms Implementation 

Ion [210], [323], [324] defines the eccentricity transform by considering a shape 𝑆 ⊂ ℝ2 

with a smooth boundary 𝜕𝑆, where 𝑆 may be an image 𝑓𝑠 of 𝑛 ∗ 𝑚 pixels, such that,  

𝑓𝑠(𝑥) =  {
1 𝑓𝑜𝑟 𝑥 ∈ 𝑆

0  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 

The geodesic distance 𝑑𝑠(𝑥, 𝑦), between any two points 𝑥 and 𝑦 on the shape S is given 

by,  

𝑑𝑠(𝑥, 𝑦) ≝    𝐿(𝛾) 𝛾∈𝑝(𝑥,𝑦) 
𝑚𝑖𝑛     , 𝑤ℎ𝑒𝑟𝑒  𝐿(𝛾) ≝ ∫ |𝛾 ,1

0
(𝑡)|𝑑𝑡   (8.1) 

Where, 𝑝(𝑥, 𝑦) is the set of paths 𝛾(𝑡) from 𝑥 to 𝑦, such that  

a1

b1

20

40

60

80

100

120

140

160

180

20406080100120140160180

0

10

20

30

40

50

60

70

80

90

100

 

 

Shape S1

Shape S2

a1

a2
b2

b1

b2

a2



Chapter 8: Shape Matching by Integral Invariants and Eccentricity Transforms 

174 
 

𝛾(𝑡) {
0 𝑓𝑜𝑟 𝑡 = 𝑥
1 𝑓𝑜𝑟 𝑡 = 𝑦

 

Inside the shape, and for any starting point 𝑥0, the distance function 𝑈(𝑥) ≝ 𝑑(𝑥0, 𝑥) can 

be computed by the finding solution to the Eikonal equation,  

∀𝑥 ∈ 𝑆, ‖∇𝑈(𝑥)‖ = 1, 𝑎𝑛𝑑 𝑈(0) = 0 (8.2) 

The Fast Marching Algorithm is used to solve the above Eikonal equation to find the 

minimum path between 𝑥0 𝑎𝑛𝑑 𝑥.  

The eccentricity transform (Ecc) of 𝑆 to each point 𝑝 ∈ 𝑆 is the shortest geodesic distance 

to the point on 𝑆, farthest away from it.  In the feature set of the shape, where the distance 

for each point inside the shape is calculated to every point in the boundary, thus forming 

In × Im × n feature space, where In × Im are the image dimensions and n is the 

parameterization of the boundary curve ∂S. 

𝐸𝑐𝑐𝑆(𝑥) ≝   𝑑𝑠(𝑥, 𝑦)𝑦∈𝑆
𝑚𝑎𝑥 =    𝑑𝑠(𝑥, 𝑦)𝑦∈𝜕𝑆

𝑚𝑎𝑥  (8.3) 

The original paper [210] on Ecc shape matching calculates a histogram to calculate the 

shape signature, without giving boundary correspondences.  We have used Integral 

Invariants to perform shape matching and establish boundary correspondence.  
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maximum Minimum Mean median 

    

    

Figure 8.6: Eccentricity transformed shapes and their corresponding histograms 

underneath each shape. The top column shows what type of distance is taken into account 

from the feature space while finding shape transformations. 

Figure 8.7 shows the feature set, where a geodesic distance of each point on the boundary 

to every point inside the shape is found. Hence we have a feature array for each point 

inside the shape with a size of 1xn, where n is the total number of samples on the 

boundary. The image size in this example is 200x200 and n = 500.  The eccentricity 

transform shape signature is computed from this feature space, depending upon the type of 

distance used (i.e mean, maximum etc. as shown in Figure 8.6). Examples of shapes and 

their eccentricity transforms are given in Appendix III.  

8. 5. Integral Invariants on Eccentricity Transformed Shapes 

Once an Ecc image is acquired, a multi-scale approach is used for Integral Invariants (II) 

shape correspondence.  The kernel size 𝑟 is varied to span a range of apertures.  As a 

result, Integral Invariants analysis creates a scale space where for every two points 𝑥 ∈ 𝑆1 
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and 𝑦 ∈ 𝑆2, the sum of squared difference of Integral Invariants  is computed, and this 

forms a feature vector 𝑉𝑆. The largest singular value of  𝑉𝑆 is considered to be the 

maximum distance between 𝑥 and 𝑦. In this way a similarity/distance matrix 𝐷(𝑆1, 𝑆2) is 

obtained, which contains the Integral Invariants  difference for each point between two 

shapes. For shape correspondence, the Fast Marching Algorithm is applied to the 

similarity/distance matrix to find a distance map 𝐷̂(𝑆1, 𝑆2), and then the shortest geodesic 

path 𝐺(𝑆1, 𝑆2) from 𝐷(0,0) to 𝐷(𝑛, 𝑛) is calculated using gradient descent algorithm, 

where 𝑛 is the parameterization of both boundary curves 𝜕𝑆1 and 𝜕𝑆2.  An example of a 

similarity matrix is shown in Figure 8.10, with the geodesic map superimposed.  The 

procedure is explained in the previous chapters.  

 

Figure 8.7: Feature set of all the geodesic distances inside the shape to every point on the 

boundary. The farthest point, or the maximum distance, is calculated along the direction of 

the feature array. The first two dimensions are the size of the image, the third is the 

number of feature points on the shape, whereas each point inside each shape describes a 

distance, normalized and presented in the false colour map with a colour bar on the right 

hand side of the figure. 
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The matching cost between two shapes is given by,  

𝐶(𝑆1, 𝑆2) ≝  ∫ 𝐺
𝐷(𝑆1,𝑆2)

(𝑆1(𝑡), 𝑆2(𝑡))𝑑𝑡  (8.4) 

8. 6. Results 

The algorithm has been applied to 36 shapes from Kimia database - 4 shapes each from 9 

shape categories. As the method is quite generally applicable, a broader evaluation may be 

carried out to evaluate precision of this method for a specific application. Though this 

algorithm is aimed at finding corresponding regions of interest in temporal mammogram, 

we have used Kimia database as it is considered a standard to assess shape matching 

algorithms. All pairs of shapes are compared and a matching cost is calculated for II, Ecc 

and II-on-Ecc matching. II-on-Ecc gives the strongest intra group matching. Figure 8.8 

summarizes the result of matching. Dark blocks along the diagonal reflect low cost of 

matching within a specific shape group, which means higher similarity. Figure 8.11 shows 

the shape retrieval results for this method.  

   

II Ecc II-on-Ecc 

Figure 8.8: Shape matching results of methods mentioned above. Dark pixels reflect a low 

matching cost and higher shape similarity, which is greater for II-on-Ecc. Refer to 8.11 for 

shape retrieval details. 
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This following charts show the shape retrieval using Integral invariants, eccentricity 

transforms and Integral Invariants on eccentricity transform shapes. The X and Y axis of 

the chart consists of shapes, which are indexed consecutively from 1-36 in 9 different 

shape groups from Kimia database. Each box represents a shape on x-axis, and its height 

(range) on the y axis represent top 4 matches among all 36 shapes. The red bar in each box 

shows the median shape value of retrieved matches. Categories of Rabbits, Aliens, Tools, 

Men and Kite have perfect group retrieval results for II-on-Ecc method. Overall, using 

eccentricity transform prior to Integral Invariants  show incremental improvements in 

results. However, this is neither the core strength nor the purpose of developing this 

method. The method is focused on reducing the correspondence error, for which it shows 

considerable promise. 

8. 7. Application to Mammograms 

We applied Integral Invariants on eccentricity transform to mammograms. The aim is to 

find changes in the region of interest, over time or in different views of the same 

mammogram. Figure 8.10 shows a pair of Craniocaudal (CC) and Mediolateral oblique 

(MLO) breast density maps created by Volpara® [10]. Both mammograms were 

automatically segmented using a hierarchical segmentation method (topographic approach) 

based on iso-contours. As a result, a number of regions were segmented and were matched 

using the method described above. Two regions, suspected of being abnormalities are 

shown in Figure 8.10. It may be noticed that II-on-Ecc performs better than II alone; the 

difference is clearly seen in Figure 8.11, where the geodesic path for II-on-Ecc shows a 

more regularized matching and consequently yield a lower matching cost for a closer 

match. Few more examples of this method applied to mammograms are given in Figure 

8.12. 
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(a) Integral Invariant shape retrieval with noise 

 

(b) Eccentricity transform shape retrieval with noise 

 

(c) Integral Invariants on eccentricity transform shape retrieval with noise 

Figure 8.9: Shape retrieval results using mentioned methods 
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Figure 8.10: Segmented  pair of CC and MLO views of  breast density maps, obtained by 

Volpara® , and matched and corresponded using our proposed method. 

 

 
 

II II-on-Ecc 

Figure 8.11: Geodesic path drawn over similarity matrix, which shows point-wise 

correspondence between regions in Figure 8.9. No results for Ecc given here, as it cannot 

establish point-wise correspondence of shapes. 

 

160
180

200
220

240
260

280
300

320

80

100

120

140

160

180

200

0

50

100

150

200

250

100 200 300 400 500

50

100

150

200

250

300

350

400

450

500

100 200 300 400 500

50

100

150

200

250

300

350

400

450

500



Shape Analysis in Mammograms   

  

181 
 

   

   

   

   

Figure 8.12: A few more examples of segmented, temporal mammograms, where regions 

are matched and corresponded against each other using the proposed method.  
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8. 8. Conclusions  

We have combined structural and boundary information in a shape matching application, 

applied to regional correspondence in temporal mammograms.  Integral invariants and 

eccentricity transform are invariant to isometric deformations, such as bending and 

articulations. However, the integral invariants is a contour based local descriptor, which 

relates to the boundary of the shape and do not take into account inside the shape. On the 

other hand, Ecc is a global region based descriptor that maps the structural anatomy of a 

shape, however, does not explicitly contain the boundary information, including curvature. 

We describe a method that combines both techniques by tuning the integral invariant 

boundary signature based on the eccentric information about regions within the shape.  

Experimental results here reflect upon the correct matching, which is a qualitative 

improvement compared to integral invariant results; however, the main aim of this method 

is to reduce the correspondence error while matching two shapes.  Shape matching 

algorithms usually stuck in local minima while establishing point-wise correspondences. 

This method first stretches regional differences within each shape, thus elaborate 

dissimilarities before comparing them, which reduces the probability of false 

correspondence. This feature is the fundamental strength of our approach. 

We have applied our method to shapes from various groups of Kimia database and have 

compared the results to those obtained by integral invariants and eccentricity transforms 

when applied separately. There is an overall improvement in results for both inter and intra 

group shape matching. The fast marching algorithm was applied to establish a point-wise 

correspondence between shapes and to calculate a matching cost. The results are 

encouraging and indicate scope for further improvement. 
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Chapter 9  

REPRODUCEBILITY OF MAMMOGRAPHIC DENSITY 

MAPS 

 

9. 1. Introduction 

X-ray mammograms are used routinely in screening to detect abnormalities in the breast 

for an asymptomatic population of post-menopausal women, and to assess the qualitative 

density of breast regions. However, the study of mammograms currently relies on 

subjective assessment, which leads to large inter- and intra-observer variability. The 

appearance of a mammogram, considered as an image, varies very considerably among 

women and depends upon the imaging parameters, tissue characteristics, and the response 

of different breast tissues to x-ray attenuation. The need for reproducible breast 

measurements is evident from the fact that parenchymal patterns are subject to change over 

time, for a number of reasons. Therefore, quantitative estimation of breast density which is 

independent of imaging conditions is required, not only to assess the risk of developing 

cancer but also to help in diagnosis and prognosis of the disease.   

In this chapter, we investigate the reproducibility of mammographic density maps and we 

compare two volumetric density estimation techniques for a mammographic screening 

population: Standard Attenuation Rate (SAR) [111] and Volpara®®, commercial software 

provided to us by Matakina Ltd. Our primary goal is to evaluate consistency in volumetric 

measures by investigating the nature of their relationship, and to this end we show a strong 

linear association between their outputs. The results further reinforce the use of volumetric 

measures to assess risk of breast cancer with respect to mammographic density in clinical 
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practice. Please refer to Chapter 2 for a detailed review of breast density measurement 

methods.  

We have used Volpara® density maps, along with the intensity mammograms, throughout 

our thesis. In this chapter we have evaluated the robustness of Volpara® density maps by 

comparing it to another accurate density model, the Standard Attenuation Rate (SAR). 

SAR is an absolute physics model, unlike Volpara® which is based on relative physics.  It 

does not rely on the information from the image but evaluates tissue density as a measure 

of observed x-ray attenuation with the help of carefully quantified breast tissue phantoms. 

We have found a linear relationship between the two and have seen that both the 

modalities have a close tissue to background ratio for bright regions, indicating the finds of 

Volpara® to be accurate.   

9. 2. Methods 

Digital Mammographic images of seven women aged 45-71 were processed using both the 

SAR and Volpara® systems. The mammograms were taken at the Elizabeth Wende Breast 

Centre in Rochester, New York with a General Electric DS FFDM scanner, during routine 

screening and were made available by Matakina Ltd. The images were acquired between 

2010 and 2011 with standard x-ray dose and tube voltage. At least two of the 

mammograms were suspected to contain abnormalities.  Processing of the images to 

produce the SAR maps was kindly done by Dr. Chris Tromans.  SAR and Volpara®(V 

1.4.3) generated density maps, though they have substantially different resolutions 

covering slightly different regions.   The Standard attenuation rate and Volpara® were 

explained in detail in Chapter 3.  
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9. 2. 1. Simple Linear Iterative Clustering (SLIC) 

To compare the two techniques, a direct pixel-by-pixel comparison cannot be applied 

because of the high variability in density values of neighbouring pixels, particularly in the 

bright regions; making it difficult to estimate a tissue value from a single pixel (see Figure 

9.1).  

The reason to use a different segmentation method to assess the reproducibility of density 

maps, other than already developed, is that topographic segmentation of isocontours do not 

give piecewise homogeneous segments of mammographic regions, instead contours at the 

same iso-levels. Since we are comparing regions of various densities and radiodensity 

regions, it is important that we compare clusters with similar pixel properties and SLIC is 

an answer to this.  

An average tissue value could be estimated from averaging or isotropic diffusion. 

However, this may give misleading results by averaging pixels across non-homogeneous 

regions. The hierarchical iso-contour based algorithm (Hong’s algorithm) we have used so 

far does not necessarily look for feature based homogeneous regions.  Instead, it forms 

contours at the connected pixels lying at the same iso-level irrespective of the enclosed 

region. It is highly dependent upon the nesting depth of eccentric contours, is sensitive to 

noise, and to the number of iso-levels that is set initially.  

To address this issue, we have applied Simple Linear Iterative Clustering (SLIC) [325], 

[326] to decompose the image into visually homogeneous regions. This is based on a 

spatially localized version of k-means clustering where each pixel is associated with a 

feature vector and k-means clustering is then run on those vectors. The image is first 

divided into a grid of a certain region size and the centre of each grid tile is used to 

initialize a corresponding k-means. Finally, the k-means centres and clusters are refined by 
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using the Lloyd algorithm [327]. The standard Lloyd algorithm assigns pixels to the 

closest clusters and iteratively updates their centres. After k-means has converged, SLIC 

eliminates any connected region whose area is less than a minimum region size. This is 

done by greedily merging regions to neighbouring ones. 

 

  

Figure 9.1: Variation in neighbouring pixel densities in units as: in Volpara® mm (left) 

and in SAR x-ray attenuation measure (right)  

Figure 9.1 shows significant variation in the values between the neighbouring pixels of 

both breast density measures and forms the basis of regional segmentation for the analysis 

given in this chapter, as compared to pixel based approach.  

SLIC starts by dividing the image domain into a regular grid with M×N tiles, where 

M =  ⌈
W

S
⌉   ,   N =  ⌈

H

S
⌉   

W is the width, H the height, and S is the size of the image. Each region is called a super-

pixel, which is a k-means cluster with a grid center(xi,, yj), where,  

xi, = round (i ∗  
W

S
) , yj =  round (j ∗

H

S
) 

29.32 24.57

27.3732.75
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Figure 9.2: A Volpara®image (Left), SLIC segmentation overlaid (Right). 

 

Figure 9.3: Mean density region map of Volpara®(left) and SAR (right) in Figure 9.1 

SLIC clustering with various region sizes and regularization factors is illustrated in Figure 

9.4. For mammograms, we have used a lower value for the regularization factor 𝜆, which 

sets the trade-off between spatial regularization and cluster\region size, so that the SLIC 

segmented regions can adopt the true tissue shape based on local homogeneity.  

𝜆 = 
regularizer

regionSize
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Figure 9.4: SLIC region clustering using various region sizes and regularization factors 

We have applied SLIC to both Volpara® and SAR images, which gives basically the 

segmentation overlay while dividing the image into homogeneous regions or super-pixels. 

Then we computed the mean region density map, where each super-pixel now represents 

the mean density of that region, and then relating spatially corresponding super-pixel 

means that are comparable in size and shape.  It is to be noted that Volpara® and SAR 

generate different SLIC segmentation regions because of the intrinsic variations in the 

images. Figure 9.5 gives a few examples of mean region density maps (MRDM) for 

Volpara® and SAR. A region of interest could also be extracted from MRDM; a couple of 

examples are given in Figure 9.6.  

Region Size = 15 Regulizer =  1 Region Size = 15 Regulizer =  0.1 Region Size = 15 Regulizer =  0.01

Region Size = 40 Regulizer =  1 Region Size = 40 Regulizer =  0.1 Region Size = 40 Regulizer =  0.01
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Figure 9.5: Mean region density maps of Volpara®  (left) and SAR (right) 
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Figure 9.6: Automatic segmentation of ROI using mean density region maps in two 

Volpara® maps.  

We applied SLIC to both Volpara® and SAR images, yielding the segmentation overlay 

while dividing the image into homogeneous regions or super-pixels. Then we computed a 

mean region density map, where each superpixel now represents the mean density of that 

region.  The spatially corresponding Superpixels with similar sizes related manually for 

regression analysis. Figure 9.2 shows a Volpara® image segmented using SLIC, while the 

mean region density maps of a SAR\Volpara® image pair are given in Figure 9.3. Note 

that Volpara® and SAR generate different SLIC segmentations because of their intrinsic 

variations. 

9. 3. SAR & Volpara® Relationship 

Using the above procedure, 156 super-pixels from the 7 pairs of Volpara® and SAR mean 

regions density maps were manually corresponded and compared in order to establish a 

relationship between the two. A strong linear relationship was found for the complete 

population, with a regression coefficient 𝑅2 = 0.9618. The mean SAR per Volpara® 

millimeter was calculated for a sample size of 1mm to 43mm, where an average for each 

complete mm was found, gives 𝑅2 = 0.9875 (Figure 9.7 & 9.8). A SAR value of 0.78 is 
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approximately what Volpara® assumes is fat (𝑆𝐴𝑅𝐹𝑎𝑡), and a SAR value of 1.116 is 

approximately what Volpara® considers to be fibroglandular (𝑆𝐴𝑅𝐹𝐺).  

 

Figure 9.7: SAR-Volpara®- scatter graph for absolute sample values  

 

Figure 9.8: Mean SAR per millimetre of Volpara® density 

Both 𝑆𝐴𝑅𝐹𝑎𝑡 and 𝑆𝐴𝑅𝐹𝐺  are empirical estimates. However, SAR is calculated from an 

exact, carefully calibrated, physics model, whereas Volpara® is based on estimates from 

the image itself.   
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 𝑆𝐴𝑅𝑊𝑒𝑖𝑔ℎ𝑡𝑒𝑑 =  
(𝑆𝐴𝑅−𝑆𝐴𝑅𝐹𝑎𝑡)

(𝑆𝐴𝑅𝐹𝐺−𝑆𝐴𝑅𝐹𝑎𝑡)
=   % fibroglandular in Volpara®′s output  (9.1) 

It is the percentage of fibroglandular that is of greater importance to clinicians and 

amounts to breast density. From the regression model,  

𝑉𝑜𝑙𝐸𝑠𝑡𝑖𝑚𝑎𝑡𝑒𝑑 = 35.608 ∗ 𝑆𝐴𝑅𝑊𝑒𝑖𝑔ℎ𝑡𝑒𝑑 + 1.4251 (9.2) 

𝑉𝑜𝑙𝐸𝑠𝑡𝑖𝑚𝑎𝑡𝑒𝑑  is an approximation of Volpara® image from linearly weighted SAR.  

9. 4. Tissue to Background Density Ratio 

Another important feature that not only reflects upon the contrast composition of 

Volpara® and SAR but also could be used potentially to reduce the number of false 

positives or to assess the saliency of regions is the tissue to background ratio (TBR). A 

mass that appears in a mammogram is virtually incompressible and dense relative to the 

rest of the breast tissue. This means that in a low or medium density breast, it will have a 

height with a difference from the background tissue. SAR and Volpara® density maps are 

generated for mammograms and segmented accordingly. Then each region is dilated using 

Integral Invariants diffusion and the surrounding layer is masked to get its mean density. 

To have a TBR comparison, a linearly weighted version of SAR is used here to make a 

relevance for analysis. Volpara® assumes two tissues, fat and fibroglandular.  While some 

[108] argue that while these two broad classes clearly exist, significant variation exists in 

their composition from woman to woman (for example collagen density in stroma), lipid 

concentration in fat, and of course we have water in cysts, and mutated cells aggressively 

invading in malignancies.  The SAR value therefore simply just measures x-ray 

absorption, and doesn't attempt to relate this to tissue type.  A SAR value of 0.78 is 

approximately what Volpara® assumes to be fat, while 1.116 is approximately what 
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Volpara® considers fibroglandular.  Please refer to Section 9.3 to see the SAR and 

Volpara® relationship.  

We segmented a ribbon shaped structure around segmented regions of Volpara® and SAR 

and estimated its average density. It gives us an average density of a tissue to its 

background. It is achieved by taking the boundary of the Integral Invariant diffused 

version of segmented lesions. Figure 9.9 illustrates this. We observe a close pattern 

between SAR and Volpara® for TBR outcomes. A few examples of TBR comparison are 

presented in Figure 9.10 where the results are summarized in Figure 9.11.  

  
Figure 9.9: Two segmented regions and their TBR 
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Figure 9.10: TBR of segmented regions from SAR and Volpara 

 

Figure 9.11: TBR of various lesions from Volpara® and SAR 
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9. 5. Conclusions 

We have established a high correspondence between the FDA-approved fully-automated 

relative physics software Volpara® and the recently introduced absolute physics breast 

density metric SAR. We conclude that it is possible to compute volumetric estimates of 

breast density with high accuracy and reproducibility.  However, as compared to SAR, 

Volpara® is in regular clinical practice at numerous hospitals around the word and is 

preferred for referring to breast density estimation in this thesis for this reason. Secondly, 

Volpara® gives a meaningful breast density measure as compared to its competitors, 

which is in mm and correlates closely to BIRADS breast density score for overall tissue 

density.  

Both modalities yield a close tissue to background ratio for dense bright regions. There is a 

need now to further investigate this relationship and to fully understand the relation 

between the breast cancer risk and density estimating measures. The results indicate, 

despite the fact that the two models are based on different physics models, i.e. SAR has an 

absolute physics model and Volpara® has a relative physics model, both identify regions 

with nearly equal levels of significance, and this is an important finding.  

 



` 

 
 

Chapter 10  

CONCLUSIONS AND FUTURE WORK 

 

This chapter summarizes the main contributions of this thesis. It draws a number of 

conclusions and identifies the major limitations of this work. It also suggests some 

directions in which this research can be further advanced as well as applications where it 

may be applied.  

10. 1. Conclusions 

The primary objective of this thesis was to develop a robust and reliable shape analysis 

model that may be deployed in a CAD system to assist clinicians in the prognosis and 

diagnosis of tumours, which ultimately aims to reduce the mortality rates and enhance the 

quality of care. We have applied our shape analysis model to mammograms, with a 

particular interest in the identification and growth of suspicious or ‘interesting’ regions. 

We have also used temporal data to compare breast mammograms of a patient taken at 

different times. In addition, we applied our methods to Volpara® density maps, where 

available, which we believe are more robust for being invariant to imaging parameters. In 

this regard, we present a comprehensive review of breast density measures in Chapter 2, 

and of shape analysis with a focus on integral invariants in the Chapter 3. We consider the 

following to be the major contributions of this thesis: 

1. Before we could apply our methods to mammograms, it was necessary to 

effectively characterise important mammographic regions and use them as closed 

contour shapes. We have developed a hybrid version of Hong’s and Cerneaz’ 

segmentation algorithms with some additional refinements and applied it to 
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mammograms from Mini-MIAS, the USF mammographic database, and density 

maps of SAR and Volpara. The hybrid algorithm is very efficient and results in 

good mammographic segmentations, certainly better than its predecessors. Chapter 

4 provides a critical evaluation of, and the reasons for using, the particular 

segmentation method. The effectiveness of the method was assessed in a 

qualitative way; nevertheless, a quantitative method may be useful to evaluate the 

improvements in comparison to the original methods. One of the limitations of this 

method is the use of low-level image features such as intensity and homogeneity of 

regions, which may not be sufficient to achieve very precise segmentation 

boundaries. Though for the purpose of practicality to this point, it is a good 

compromise between the accuracy and computational cost.  

2. We then explored the properties of Integral Invariants, which have already been 

used for shape matching in temporal mammograms. Multi-level integral invariants 

have been used in the past; however, they were not studied as an individual scale 

space before. Our shape analysis model based on Integral Invariant scale space is 

not only used for matching and decomposing shapes, but also for image filtering in 

terms of smoothing and feature enhancement for segmentation. In this latter regard, 

we compared the method to anisotropic filtering and to Gaussian diffusion as both 

are core to the scale space theory. 

3. A novel local Region Matching Algorithm (RMA) was developed to decompose 

shapes into regions, to match regions in two shapes, and then to quantify the 

difference or articulations between shapes. Importantly, it is able to delineate 

complete occlusions and identify new growth, at least to a certain extent. The 

regions matching algorithm is based upon the linearity and causality of Integral 
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Invariants scale space.   It has been applied to synthetic shapes from the Kimia 

database as well as to regions in mammograms.  

4. We applied the Fast Marching Algorithm (FMA) along with Integral Invariants to 

matching breast regions in temporal mammograms.  This reduced the 

correspondence error as compared to the previously used Dijkstra’s method. This 

also improved the speed of matching in shape correspondence which results in a 

more regularized match and also found an accurate way for the initial alignment of 

two shapes.  

5. Shape matching is a complex problem, where all known methods rely either on the 

boundary information describing a shape, such as curvature and the SUSAN edge 

detector, or on information from inside of a shape, such as bending invariants and 

the medial axis. We combined Eccentricity transforms and Integral Invariants, 

which improved the overall results by reducing the correspondence error and 

giving a more localized matching. Again, the method was applied to synthetic 

shapes and to match regions from inside the breast.  

6. As noted earlier, we have used Volpara® density maps throughout our thesis. To 

assess their robustness, we have compared them to another breast density measure, 

the Standard Attenuation Rate (SAR). We found a linear relationship between the 

outcomes of the two modalities by comparing regions of breast using Super-pixel 

segmentation.  

7. Finally, we developed a simple False Reduction method for mammographic 

regions using Integral Invariants scale space and the Fast Marching Algorithm.  

10. 2. Future Work 

The shape analysis model that we have developed is quite general and does not require any 

prior knowledge about the nature of the images or shapes enclosed in them. There are 



Chapter 10: Conclusions & Future Work 

200 
 

many ways that this research can be extended.  For instance, it could take the form of a 

CAD system that can be employed in a Clinical Decision Support System (CDSS). The 

Integral Invariants used here a circular ones applied on a 2D domain; however, medical 

images sometimes necessitate study of 3D images, such as 3D ultrasound or MRI for the 

study of breast cancer. Using Integral Invariants on 3D medical images may help in shape 

matching of reconstructed tissues or the whole organs. Furthermore, such a shape analysis 

model may be used on cytology images to analyse the behaviour of tumour cells. Here we 

discuss two of these very briefly.  

10. 2. 1. Application in Clinical Decision Support Systems 

Signal processing and knowledge representation for medical images (e.g. mammography, 

ultrasound, CT, MRI) is yielding many valuable clinical tools and is an established area of 

expertise around the world. Clinical decision support is a rapidly growing field with a 

substantial body of evidence showing its value in reducing medical error and providing 

personalization of patient care [328], [329]. At the moment, there is no established 

engineering framework for combining these technologies, so that image interpretation 

systems can automatically provide data for the use of clinical decision support systems. 

There is a need to develop a framework for integrating digital mammography and other 

imaging modalities into an existing decision support system for the breast cancer 

multidisciplinary meeting.   Multi-disciplinary team (MDT) meetings [330], tumour 

boards, cancer conferences or commonly known as multidisciplinary meetings (MDM) are 

some of the terms given to a team of specialists that meet regularly to discuss a number of 

patient cases  related to a certain disease.  
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10. 2. 1. 1.  Clinical Decision Support Systems 

Clinical decision support system (CDSS or CDS) an interactive decision support systems 

(DSS) are Computer Software, which is designed to assist physicians and other health 

professionals with decision making tasks including diagnosis of patient data, prognosis 

process and clinical workflow [329]. It is intended to provide a second opinion to the 

clinician with a number of choices based upon the analysis of patient’s data and evidence 

base. The doctor is envisaged to use these systems at point of care.  

10. 2. 1. 2.  Types of CDSS 

CDSS can be characterized in two following two ways on the basis of its structure [19],  

1. Knowledge based CDSS 

2. Non-knowledge based CDSS 

A decision support system was developed for the use of General Practitioners (GP’s) in 

their routine work called ‘Oxford System of Medicine’ (OSM) [331]. Since the research in 

knowledge based decision support systems headed towards professionalizing in a specific 

clinical domain and personalizing near individual patient care. Paul Taylor et al. proposed 

a prototype system CADMIUM_II that can incorporate image processing in a clinical 

decision support system for breast cancer using knowledge base PROforma language 

[332]. Two studies were carried out to analyse and understand how radiologists describe, 

interpret and make decisions about microcalcifications in mammograms.  To this end 50 

descriptors were designed in order to interpret the required data. In the second study, ten 

radiologists described 40 sets of calcifications in a scheme that was tested to differentiate 

between benign and malignant and assessed against the descriptors. The most 

discriminating descriptors were then included in the CADMIUM II knowledge base.  

http://en.wikipedia.org/wiki/Decision_support_system
http://en.wikipedia.org/wiki/Software
http://en.wikipedia.org/wiki/Physician
http://en.wikipedia.org/wiki/Decision_making
http://en.wikipedia.org/wiki/Diagnosis_(medical)
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Another example of such a knowledge based system is MATE [333]. Fox et. al. conceived 

the structure of a knowledge-based clinical decision support system based on four pillars, 

that are decision theory, theories of knowledge representation, process design and 

organizational modelling [328] and attempted to incorporate image processing with CDSS 

[334], [335].Non-knowledge based CDSS uses machine learning algorithms to assess 

decisions based on the past experiences and estimated patterns in the clinical data. The 

most common types of these systems use Genetic Algorithms (GA) and Artificial Neural 

Networks (ANN) as a computational tool [336]. Some CDSS uses Bayesian networks, 

which are a graphical representation of the events and variables relationship based upon 

their conditional probabilities. Examples of Bayesian network based CDSS are Iliad and 

SimulConsult that covers more than 2400 diseases.  B. Sesen recently modelled [337], 

[338] the English lung cancer database (LUCADA) for lung cancer ontology in OWL 2 

[339], which is a web ontology language. It is a clinical decision support system, called 

Lung Cancer Assistant (LCA), which interprets existing patient data and analyses it in 

accordance to an evidence base (which has the data of over 115000 patients) to make 

meaningful predictions while facilitating the implementation of clinical guidelines in 

routine practice. LCA knowledge-base is implemented in SNOMED-CT [340]. LCA has 

two components: 1) a client that runs on an end user local computer, and 2) the server, 

which is remote and user accessible. LCA shows very promising results; however, like 

MATE, it has no imaging capabilities to read by itself. 
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Figure 10.1: A screenshot of LCA, where Bayesian recommendations and those that are 

guidelines-based are highlighted in the orange colour [341] 
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Figure 10.2: A computational framework of MATE CDSS [342] 

10. 2. 1. 3.  Role of Image Processing in Clinical Decision Support 

There is a tremendous volume of research work available in image processing and analysis 

to determine diagnostic decisions for classification of breast tumour type, its size and 

staging information.  However, the sad fact is that such information is hardly present at the 

point of care. It will be highly beneficial if the developed and proven research in image 

processing and shape analysis can be brought to the table for the patient’s care. Image 

processing can play a vital role in the on-point decision making especially in the 

multidisciplinary meetings for breast cancer. There exists a limited study and not many 

platforms are known to provide explicit decision support for the differential diagnosis. For 

instant, micro-calcifications are of the most interest to radiologist while examining the 

breast mammograms of a certain patient. It will be of great value to link the properties that 

radiologist interpret in the screenings films to the knowledge base decision support engine 

for characterizing the calcifications in mammograms.  

Presently there few systems known that integrate image processing with the differential 

decision support to help through the patient’s treatment journey. Most such systems that 

use image processing for decision support are classifiers that are used to distinguish micro-

calcifications or texture of lesions either circumscribed or speculated or to analyses the 
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speared and size of tumour. This information is then used to stage evaluate the level of 

suspicion (LOS). But all this is of little help if it is not used at the point of care. .  In the 

case of cancer treatment, diagnosis and prognosis it is MDM’s where the decisions are 

made for individual patient and can be regarded as the point of care. 

10. 2. 1. 4.  Scope of the Project  

The image analysis model in this thesis may be used to incorporate image processing in a 

clinical decision support system for breast cancer (or any other cancer for that matter) 

using a knowledge base. The system will be aimed to help radiologist for differential 

diagnosis of mammographic abnormalities.  This may involve identification of a set of 

terms that can represent knowledge required by the radiologist for decision making, 

identifying and extracting the image processing operators or features and providing links 

between the symbolic terms and image processing operators. It will identify to keep track 

of changes inside temporal mammograms to detect any abnormality as well as help in the 

prognosis of the disease. An image analysis framework in relation to CDSS is given in 

Figure 10.3. Our shape analysis model can detect abnormalities inside a breast, reduce the 

number of false positives, corresponds regions in temporal mammograms and quantify 

changes in it.  

 

Figure 10.3: Working relationship of the proposed image analysis system for 

mammography in relation with a clinical decision support (CDS) system. 
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10. 2. 2. Application to Cytology Images 

As stated earlier, the overall objective of this thesis is to develop and apply a shape 

analysis framework in a medical imaging environment. However, the medical environment 

is not restricted to screening images but also involves cytology. Cytology examinations 

using Fine Needle Biopsy (FNB) were an early step towards diagnosis of breast cancer 

though these have been supplanted by core biopsy under the control of stereo x-ray 

focussed imaging. Shape analysis of a tumour and other relevant cells for diagnostic and 

prognostic treatment procedures can be highly beneficial. This study can also be extended 

and generalized to detect new growth in any type of cells not just those from breast cancer.   

 

Figure 10.4: Overall project objective 

There is a growing need for shape analysis in the field of cytology as well as in histology. 

Tumours are examples of complex shapes, and so this work can be extended to detect 

changes in tissue parenchyma at the cellular level. In this case, one of the cases of obvious 

interest is breast cancerous cells. This task aims to apply shape analysis to tumour cells 

and to analyse their growth both in terms of size and shape. Shape analyses of cancerous 
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cells can provide information about the level of aggressive behaviour that a particular 

cancer is expected to anticipate. 

A model is given in the Figure 10.4, which propose to combine the two medical imaging 

modalities: mammograms and cytology images of tumour cells.  

An image analysis system that can detect new growths in shapes could be very useful on 

cytology images, not least to analyse their behaviour in order to assess the aggressiveness 

of tumours. If the findings in mammography are found suspicious, the patient is 

recommended to a pathologist where FNA is performed. . Following readings are 

recommended to get an insight into the role of image processing and shape analysis in 

cytology images [343]–[352].  

10. 2. 2. 1.  Image Analysis of Cytology Images  

Malignant Benign 

Figure 10.5: Examples of tumour cells from Wisconsin dataset [348] 

There are two aims to look into cytology images of a tumour cell: either to differentiate 

between benign and malignant; or to grade the malignancy of a tumour in a histology slide.  

10. 2. 2. 2.  Classification between Benign and Malignant 

The classification between benign and malignant tumours is usually done by the analysis 

of topological, texture and shape features of isolated nuclei.  These features can be 

observed in three ways using our shape analysis model. Malignancy is suggested if the size 
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of the nuclei varies considerably in a group, and conversely, would be suggested benign 

for small nuclei variations. Our shape analysis model is highly invariant to articulations 

while matching shapes and retrieving them, and is sensitive to new growth in shapes. It 

could be used to analysis of area and parameter of a nucleus accurately, which are 

important in making such an observation. Secondly, the distribution and frequent 

occurrences of chromatin in the nuclei of healthy cells indicate cancer. This will require 

texture analysis, which may further be incorporated with the shape model.  Finally, the 

structure of tissue with respect the distribution of nuclei is a decisive observation, 

represented by the distance of centroids of all nuclei and the distance to c-nearest nuclei 

[352]. The eccentricity transform used in our shape analysis model might be very useful to 

confirm this observation by finding if the tissue is a single layered structure or complex 

one.  

10. 2. 2. 3.  Grading Malignancy 

Mostly, people referred for biopsy are diagnosed with malignancy. It would be more useful 

if the study of Cytology images is focused on grading malignancy and staging tumour for 

prognosis purposes.  

The Bloom-Richardson grading scheme is a commonly used standard to grade cancer 

tissues [353], [354].  The system was originally introduced to grade histological images of 

breast cancer and is used to grade malignancy of cytological smears.  

In the Bloom-Richardson grading system, three factors are taken into account and grades 

are assigned based on a three point system. The following are the factors of this system, 

summarized in Table 10.1.  
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SD 

Cells in the images are grouped regularly 1 

Both grouped and single cells are found within the image 2 

Cells are spread irregularly 3 

P 

Nuclei have uniform size, shape and staining 1 

Moderate variations are found 2 

Very significant variations are found 3 

HMF 

Occasional figures per field are found 1 

Smears with two or three figures in most fields  2 

More than three figures per field are found 3 

Table 10.1: Bloom-Richardson grading scheme summarized as in [347] 

1) Degree of structural differentiation (SD): This is based on the classification of cell 

grouping within the cytological smears  

2) Pleomorphism (P): This describes the difference in size, shape and staining of nuclei.  

3) Frequency of Hyperchromatic and mitosis figures (HMF): This factor indicates cell 

growth as a result of cell division or mitosis.  

Grades obtained for all three factors from a cytological image are added to attain a final 

grade, as given in Table 10.2. As the grade increases, the prognosis becomes worse.   

It is proposed to start with the study of Pleomorphism and apply our shape analysis model 

to it in order to obtain the size and shape of the nuclei of tumour cells. Afterwards, a 

texture analysis framework may be developed in accordance with the shape analysis model 

to analyse textural changes for nuclei staining. Identifying the degree of the structural 

differentiation may be a challenging task and will require pattern classification methods to 

quantitatively grade degree of structural differentiation. Region Matching Algorithm may 

be employed to find the frequency of hyprochromatic and mitosis figures, which will be 

based on both of the techniques applied to SD and Pleomorphism  
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Score from Table 10.1 Tumour Grade Level of Malignancy 

3 – 5 Grade – I Low malignancy 

6 – 7 Grade – II Intermediate Malignancy 

8 – 9 Grade – III High Malignancy 

Table 10.2: Tumour grade and level of malignancy as per score from Table 10.1 
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Appendix 1 

Examples of segmented density maps after applying false positive reduction method. 

These density mammograms are expected to be normal.  

 Segmented Density Maps After Applying FPR 
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Appendix II 

Examples of RMA application on 2D plannar shapes 
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Appendix III 

Examples of shape description using eccentricity transform while using mean distance 

value from the feature set 
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