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Abstract

The Analysis of Offshore Foundations Subjected to Combined Loading
A thesis submitted for the degree of Doctor of Philosophy
Cong Luan NGO-TRAN
Brasenose College, Oxford

Michaelmas Term, 1996

This thesis is concerned with four different types of offshore foundations, namely gravity
foundations, jack-up foundations, the mudmats for piled jacket structures and caisson foun-
dations for jacket structures. In most applications, these can be idealised as circular rigid
foundations. Unlike onshore foundations, offshore foundations are subjected to large horiz-
ontal and moment loads. This research used the finite element method to examine the elastic
behaviour and stability of circular footings under combined loading. Due to the circular
shape of the footings and the combination of vertical, horizontal and moment loads, three

dimensional finite element analysis was used.

In-depth analyses of the elastic behaviour of circular footings under combined loading
(V. H.M) were performed. The vertical stiffness coefficient was investigated using two di-
mensional axi-symmetric analyses whereas three dimensional analyses were used to examine
the other coefficients. Different features of offshore foundations such as footing embedment
and cone angle were taken into consideration. Based on the numerical results, a set of em-

pirical expressions for elastic stiffess coefficients was derived.

For footing stability calculations, large horizontal or moment loads can cause the foot-
ing to lose contact with the soil, or cause the footing to slide relative to the soil. In finite
element analyses, this loss of contact and sliding are modelled by interface elements. A
new zero-thickness iso-parametric interface element was formulated for both two and three
dimensional analyses. An exact close formed solution for integration of the stress—strain
relationship (for the two dimensional interface element) was found. The element is then
used to explore footing stability. It was shown that by using a yield criteria which allows
the interface to behave as either frictional or cohesive interface, depending upon the normal

stress, numerical stability is achieved.

The footing stability was examined by establishing the bearing capacity envelope. The
envelopes for footings on undrained clays were established for surface flat strip footings and
for surface flat circular footings. The effects of soil strength varying with depth, cone angle

and embedment on the bearing capacity envelope were also investigated.
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Chapter 1

Introduction

1.1 Offshore foundations

There are five main types of offshore foundations: gravity, jack-up, piled, compliant plat-
forms and jackets on caisson foundations. Gravity platforms depend on their own weight to
provide foundation stability against the vertical and horizontal loads imposed by the envi-
ronmental conditions. They are generally supported by relatively large foundation elements
bearing on the unprepared ocean floor. Fig. 1.1 illustrates a typical concrete gravity platform,
the Statfjord in the North Sea. The base of the structure consists of 24 cells in a honeycomb
configuration, each cell being about 20 m across with walls of 1 m thick; these cells serve as

storage units for crude oil and diesel fuel.

The second type of offshore platforms — jack-up rigs — is used extensively offshore around
the world to drill oil and gas wells in water depths up to about 100 m. A mobile jack-up rig
is a floatable drilling platform (self-propelled or towed by tugs) with legs that can be moved
up and down as shown in Fig. 1.2. The rig is floated to the well site with its legs elevated
(Fig. 1.2a). When it reaches the site, the legs are lowered and jacked into the sea bottom to
produce a foundation. A process of preloading is then started with water being pumped into
ballast tanks in the hull, forcing the footings to penetrate deeper into the seabed (Fig. 1.2b).
Once the ballast tanks are emptied, the hull is jacked to the operation elevation as shown in

Fig. 1.2c.

The vast majority of present day jack-up rigs are of the independent leg type as shown

in Fig. 1.3. Some typical foundations of independent leg jack-up rigs (commonly known as

I-1
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Figure 1.1: A typical gravity platform (after Ellers, 1982).
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Figure 1.2: Operational modes of jack-up rigs (after McClelland et al., 1982).
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Figure 1.3: Jack-up rig with independent leg unit (after Hambly, 1985).
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Figure 1.4: Typical footing (spudcan) configuration (after McClelland et al., 1982).

‘spudcan’ footings) are shown in Fig. 1.4. Most spudcans are approximately circular in plan,

typically with a shallow conical underside profile and a sharp protruding spigot to facilitate

initial location and to provide extra horizontal stability.

Whilst the two types of offshore platforms mentioned above achieve stability through
the action of the foundation bearing on the sea bed, platforms of the third type achieve
their stability through a piled foundation that anchors the structure to the sea bed. Prior to
foundation pile installation, the pile jacket structures require temporary support. One method

to provide this temporary support is using mudmat foundations; a typical mudmat foundation

is shown in Fig. 1.5.
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Figure 1.6: An example of caisson foundations.

Whilst gravity and piled platforms are fixed, compliant platforms such as tension leg
platforms and guyed towers move with wind, waves and current. The problem of compliant
platforms is, however, out of scope of this thesis, but further details on tension leg platforms

can be found in Poulos (1988).

Caisson foundations (also called ‘bucket foundations’) consists of a circular plated base
attached to the jacket leg. The circular plated base is connected to a perimeter skirt which,
when installed, penetrates into the seabed. Fig. 1.6 shows an example of the bucket founda-

tions.
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Earthquake

Figure 1.7: Environmental forces on offshore structures (after Selnes, 1982).

Though the four types of foundations (gravity, jack-up, mudmat and caisson foundations)
vary largely in size and are designed for different purposes, they share some common fea-
tures. Firstly, offshore structures of all types are subjected to a combination of environmental
forces such as waves, currents, wind and possibly earthquakes (see Fig. 1.7). These forces
are usually more hostile than those on conventional onshore structures. The lateral load is a
substantial fraction of the vertical load, and the overturning moment is also very large com-
pared to those on onshore structures. Furthermore, there 1s a major cyclic component of

vertical load and horizontal load.

Secondly, compared to onshore foundations, offshore foundations are usually very large.
One of the implications of this large scale is that the variation of soil properties with depth

becomes significant and needs to be accounted for (see, for example, Davis & Booker, 1973).

Thirdly, footing embedment is an important feature for some offshore foundations. As
embedment into the seabed can significantly improve the performance of shallow offshore
foundations, jack-up rigs are usually preloaded so that they penetrate into the seabed before
operation. Also, with the perimeter skirt penetrating into the seabed, caisson foundations are

essentially embedded footings.

In addition, the sea bed deposits are often normally consolidated and extrememely soft
and compressible near the sea floor (Poulos, 1988); some also exhibit unusual behavioural

characteristics (e.g. calcareous sands, diatomaceous sands, etc.)
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1.2 Design of offshore foundations

The design of offshore foundations consists of two main stages: stability analyses and defor-
mation analyses. In the preliminary analysis of foundation stability, semi-empirical bearing
capacity formulae (such as Meyerhof, 1956; Hansen, 1970; Vesic, 1975) are usually used.
One feature these bearing capacity formulae have in common is that they are based on limit-
equilibrium solutions, which are then combined using empirical and semi-empirical factors
to take into account the footing (planar) shape, footing embedment depth, and the load incli-
nation and eccentricity. In final stages of design, more accurate analyses using, for example,

the finite element method, are performed for modern platforms.

The problem with analyses using both semi-empirical formulae and rigorous finite
element analyses is that, as argued by Butterfield (1981), this process results in “a single
number which the designer is obliged to accept without either any measure of its real valid-
ity or how it will vary in relation to changes of load inclination or eccentricity”. Butterfield
(1981; 1993) further demonstrated that using the conventional bearing capacity formulae it
is difficult to determine the safety factor of the footing and that any factor may be mislead-
ing. He therefore suggested an alternative approach called ‘interaction diagrams’ (or bearing
capacity envelopes) in the (V. H, M/B) space. Note that a similar approach was suggested
by Roscoe & Schofield (1956). In the same way as the yield surface is used in the plasticity
theory, the bearing capacity envelope defines a boundary surface for combined loads in the

load space (V,H,M). This approach is discussed in more detail in Chapter 6.

Another concern about the bearing capacity formulae is that they are primarily intended
for use for conventional shallow foundations. In contrast to these, offshore foundations are
subjected to large horizontal and moment loads, and sliding failure is frequently critical.
Also, typical jack-up foundations have a conical underside profile to provide extra horizontal

stability, which is not taken into account by the conventional bearing capacity formulae.

The predictions of vertical, horizontal and rotational movements are usually made
using either (a) a simple hand method which employs the theory of elasticity (reviewed
in Chapter 2); or (b) the finite element method (Poulos, 1988). For most cases of offshore
foundations under combined loading, these elasticity formulae are inexact and only approxi-
mate methods. Also, there is a lack of solutions for embedded or conical footings which are

usually used in offshore foundations.
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In addition, the usual approach does not allow accurate analyses in which the interaction
between soil and structure is taken into consideration. A numerical model for the behaviour
of spudcan shaped foundations on an undrained clay under combined loads based on the
work hardening plasticity theory is proposed by Martin (1994). This model allows prediction

of both bearing capacity and displacements of the footing under combined loadings.

1.3 Aims of this study

The purpose of this research is to develop benchmark solutions to a broad category of
problems. Parametric studies will be carried out to cover ranges of values of appropriate
parameters such as footing cone angle, footing embedment, as well as soil strength varying
with depth. As the gravity, jack-up, mudmat and caisson foundations can be in most cases
be idealised as large rigid circular footings, this research will be focused on the behaviour of

circular footings.

The finite element method is used so that a wide range of problems with different
boundary conditions, footing geometry and soil profile can be addressed. Due to horizontal
and moment loads, three dimensional finite elements are used. Note that with problems of
axi-symmetric geometry subject to non-symmetrical loading, the standard two dimensional
axi-symmetric method can be extended to deal with non-symmetric loading approximately
using harmonic loading method (Wilson, 1965; Zienkiewicz, 1983). This method has been
used for the problem similar to that of this research by Noble Denton & Associates (1987).
This research, however, uses the truly three dimensional finite element method. This is pos-
sible thanks to the advance of computer processing power. Comparison with the harmonic

loading method can thus be made in the future.

Elastic behaviour of circular footings under all vertical, horizontal and moment loads is
investigated in detail. As a result, a new set of empirical formulae are proposed to be used
to calculate the elastic deformations of a wide range of circular footings. Most common

features of offshore foundations, such as footing cone angle and embedment, are addressed.

Accurate solutions for large horizontal loads and moments require a special finite
element called an ‘interface element’ (or slip element) to model the relative movement

between the footing and the soil (i.e. sliding or losing the contact). This thesis is, therefore,
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also concerned with the development a new interface element. Though only two dimensional
interface elements are needed for three dimensional analyses, a one dimensional interface el-
ement is first formulated for two dimensional plane strain analsyses; it is used to investigate

the stability behaviour of a strip footing in order to validate the interface.

The stability behaviour of circular footings subjected to combined undrained loading is
investigated and the bearing capacity envelopes are established. In addition to that of a flat,
surface footing on uniform soil, the bearing capacity envelopes (or interaction diagrams) for
different conical footings is also established. The effects of soil strength varying with depth

and footing embedment are also considered.

Note that even though the assumption of circular shape is not necessary in three di-
mensional finite element analyses, it is used for this parametric studies in order to simplify
parameters to be considered. Data for circular footings can also be used to approximate the

performance of footings of other geometric shapes.

This thesis is concerned with the undrained behaviour of footing under monotonic
loading. The problems of cyclic loading and consolidation are, of course, very important
for offshore foundations, but are beyond the scope of this research. In addition, all the cal-

culations in this thesis are small-strain analyses.

1.4 Outline of thesis

Each chapter from Chapter 2 to Chapter 7 addresses one of the above-mentioned topics. Note
that the previous literature relevant to the topic of each chapter is reviewed at the beginning

of the chapter.

Chapter 2 is concerned with the elastic behaviour of circular footings. Because two di-
mensional axi-symmetrical analyses are well-established and fast to run, the vertical stiffness
coefficients are calculated using axi-symmetrical finite element analyses. The study is then
extended to investigate other stiffness coefficients using three dimensional finite element
analyses. Based on the results obtained from these numerical analyses, empirical formulae

are established for the calculation of all stiffness coefficients.

In Chapter 3 and Chapter 4, the formulation of one and two dimensional interface

elements are presented. Though both elements are iso-parametric and use the same plasticity
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theory frameworks, their formulation differ significantly in terms of the kinematic equations
and stress updating routines. An exact close form solution for the integration of the stress—

strain relationship for the two dimensional interface element is presented in Chapter 4.

The one dimensional interface element is then used in a number of plane strain analyses

in Chapter 5 to explore the (V. H. M) bearing capacity envelope of strip footings.

Chapter 6 presents the results of detailed three dimensional finite element analyses, and
the bearing capacity envelope of a flat surface circular footing on a uniform soil profile. An
in-depth analysis of the results is also made and an empirical mathematical expression for

the envelope is derived.

In Chapter 7, the effects of soil strength varying with depth, footing cone angle, and

footing embedment on the bearing capacity envelope are examined.

Chapter 8 summarises the main findings of this research, and suggests some areas

requiring further work.



Chapter 2

Elastic Behaviour of Circular Footings

2.1 Introduction

Besides the ultimate bearing capacity, which is essential to the design of offshore founda-
tions, the elastic behaviour of offshore foundations is also important. It is used to estimate
initially the deformations caused by the applied loads (Poulos, 1988). In addition, the elas-
tic behaviour is used to represent the compressibility of the foundation soil for structural
analyses of offshore structures. The aim of this study of elastic behaviour of the footing is
to determine the dimensionless stiffness coefficients K, K2, K3, K4 which are defined by the

following equation:

V/(GR?) Ki 0 0 w/R
H/(GR?) = 0 K, Ky u/R
M/(GR?) 0 Ky Kz 0
= Ku (2.1)

where w, u, 0 are vertical displacement, horizontal displacement and rotation angle, respec-
tively, and V,H,M are the corresponding forces and moment; G is the elastic shear mod-
ulus; R is the radius of the footing; K|, K>, K3, K4 are vertical, horizontal, moment and
coupling stiffness coefficients, respectively. The other terms in the matrix K must be zero

from symmetry considerations.

Various features of offshore footings such as embedment, and cone angle are taken into
account in this study. The problem is depicted schematically in Fig. 2.1. Also shown in the

figure is the sign convention of loads and displacements.

2-1
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reterence point ﬁ Z
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Figure 2.1: Definition of parameters to be examined.

The study has two main parts. First of all, because two-dimensional axi-symmetrical
analyses are well-established and fast to run, the stiffness coefficients are calculated using
axi-symmetrical finite element analyses. With axi-symmetrical analyses, embedment, and
cone angle of the footing can be taken account but only the vertical stiffness coefficient K
can be calculated. Therefore, in the second part of this study, three dimensional analyses are

used to calculate K>, K3, Ky.

The purpose of this study is to extend the work of Bell (1991) in this area.

2.2 Literature review

2.2.1 Surface and flat footing

For vertical loading solutions are available for both cases of rough and smooth footings and

they are exact solutions. For rough footings, the work by Spence (1968) gives:

o 1 —2v v 2.2)
" 4GRIn(3 —4v) (2.

For a smooth footing, the solution given by Poulos & Davies (1974) is as follows:

l—v

W= —
4GR

(2.3)

Equ. 2.1 can be rewritten to express deformations in terms of loads by inverting the

stiffness relationship:

w/R FF 0 0 V /(GR?)
u/R p=10 F F H/(GR?) (2.4)
0 0 Fy F M/(GR?)
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Table 2.1: Numerical results for horizontal and moment loading of a rough flat surface foot-

ing (after Bell, 1991).

v Horizontal Wedge/ U Rotation U/ Wedge
displacement (%) (%)
K> K, K, K;
0-0 4.271 -0-7364 228 -0-7364 3.227 17.2
01 4.443 -0-6634 193 -0.6634 3-441 14.9
0-2 4.639 -0-5682 153 -0-5682 3-716 122

03 4868  -0-4401 108 -04401  4.088 9.04
04 5145 02590 560  -0-2590  4-628 5.03
049 5474  -00144 027  -0.0144 5410 0-26

where the coefficients of the matrices F and K are related as follows:

F = —
K,
K3
Fo=
KK — K3
K
o= (2.5)
—K;
Fy = —— s

One feature of both Equ. 2.1 and Equ. 2.4 is the coupling of horizontal and moment
loading through the coefficient K4. Bell (1991), using finite element analyses, shows that
such a coupling effect exists for rough footings on a compressible material. In order to
measure the significance of the coupling effect, for the case of pure horizontal loading, he

uses the ratio wegee /u Which can be determined as follows:

Wedge Fy
et 17 2.6
u F (2.6)

where wegge = RO is the maximum vertical displacement of the edge of the footing corre-
sponding to the rotation 6. Similarly, for the case of pure moment loading, the following

relationship results:
u Fy
Wedge F3

(2.7)

The two ratios are included in Table 2.1 with the stiffness factors and they show a sig-
nificant coupling between rotational and horizontal displacement. For v = 0-2, which is a
representative value for drained sand, the ratios are in the range of 12% to 15%. It also shows

that the two components become independent at v = 0-49, with K4 approaching zero.
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This existence of the coupling effect is, however, not accounted for in any analytical
solutions dealing with this problem. Two solutions exist for the horizontal loading of a rigid,
rough circular footing. The first solution, which is given by Bycroft (1956):

I A \Y
~ 32GR(1—vV)

u

(2.8)

is apparently based on the assumption that the footing should not deflect vertically at any
point. However, it turns out that the resulting solution does involve some vertical deformation

(Bell, 1991) and is therefore not exact.

The second solution, by Gerrard & Harrison (1970), allows a vertical displacement, but
freely, rather than conforming to the rotation of a rigid footing as it should be. The solution

takes the form:
2—V

U= —r
8GR

(2.9)

This solution is therefore not exact either. However, the fact that it allows vertical displace-
ment, though not exactly rigid rotation, may be the reason for it being in better agreement
with Bell’s (1991) numerical result, in which the footing is rigid, than Bycroft’s (1956). This
is shown in Fig. 2.2. In the range of Poisson’s ratio from O to 0-49, the Gerrard & Harrison
(1970) solution is consistently higher that the finite element solution, whereas the Bycroft
(1956) solution overestimates K at low Poisson’s ratio but underestimates at high Poisson’s

ratio.

For smooth footings, no horizontal load can be applied and the solution for moment load-

ing can be found in Poulos & Davies (1974) (which refers to Borowicka, 1943) as follows:

_3(1-v)
O_S—GR?’—M (2.10)

which is an exact solution for a smooth footing.

2.2.2 Solutions for embedded footings

When a footing is placed at a depth below the soil surface, the settlement, in general, will
be smaller than that of the same footing located on the surface. This is because, for an
embedded footing, the overlying soil mass restricts the footing movement, whilst a surface

footing under the same loading condition can deform without that restriction.
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Figure 2.2: Results of elastic horizontal loading analyses of a flat surface footing (after Bell,

1991).
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Figure 2.3: Cases of embedment: (a) bottom of a trench; (b) covered footing; (c) full side-

wall contact.

Three cases of embedment are illustrated in Fig. 2.3. The footing of case 1 is at the
bottom of the trench and there is no contact between the sidewall and the footing. This is
particularly relevant to spudcan footings, which penetrate the soil during preloading. Be-
cause it is common that the sidewall collapses into the trench, covered footings (case 2) have
also been examined in the literature by several authors (Butterfield & Banjerjee, 1971). Case
3, which resembles mudmats or gravity foundations, takes into account the contact between

the sidewall and the footing.

Whereas the footing of case 1 is considered reasonable for the case of spudcan founda-
tions, there are doubts about how well the other two cases can model real problems. In case
2, the assumption of the soil being homogeneous (i.e. the soil that collapses to cover the

footing has the same characteristics as the soil below) could overestimate the stiffness of the
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footing. A more realistic solution would be rather complicated in the sense that more param-
eters need to be introduced. A footing of case 3 predictably would have a higher stiffness,
particularly K>, K3, and K4, than footings of the first two cases. This is due to transfer of the
load to the soil through the sidewall. However, there is uncertainty about whether, in real-
ity, the soil and the footing at the sidewall remain in contact during horizontal and moment
loading. As the horizontal and moment loading are, in reality, associated with significant
vertical loading, the contact of the bottom of the footing against the soil base is retained, but
the contact at the sidewall may still be lost. Because of these difficulties with cases 2 and 3,

only case 1 is investigated in this research.

Unfortunately, there are no exact closed-form solutions for any case of embedment. The
only known analytical elastic solution for an embedded rigid circular footing under combined
loading is provided by Gerrard (1980). However, the solution is not in closed form and would

need a computer-based technique to solve.

As far as empirical solutions are concerned, Gazetas et al. (1985) give an analytical
expression for estimating the elastic vertical settlement of an arbitrarily shaped embedded

rigid foundation as follows:

W = Uwall Htrench Wsurf (2.11)

where wy, 1$ the vertical settlement of an equivalent surface footing, trench 1$ the reduction
in settlement for a footing embedded in a trench (with no side wall contact, i.e. embedment
case 1), and uy,y 1s the further reduction in settlement due to sidewall contact. Gazetas
et al. (1985) develop expressions for tyench and py,y for Poisson’s ratio in the range of 0-25
to 0-49, and for embedment depth ranging from O to 2-5R. Given the circular shape, the

original solution for an arbitrarily shaped embedded rigid foundation reduces to:

]_
Werr = 0-99 [—V}v

4GR
D
Hirench = l_O'OSH
0-54
T 1—0-23(%”) (2.12)

and because only the embedment case 1, which allows no sidewall contact, is being consid-
ered here, uwy can also be omitted. Note that in the above equation pyench 18 independent
of Poisson’s ratio. Note also that wg,; in Equ. 2.12 has the same form as that of smooth

footings (Equ. 2.3), differing in magnitude by only 1%.
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Another empirical solution is also established for embedded footings under horizontal
loads by Gazetas & Tassoulas (1987). Using stiffness, rather than flexibility, coefficients,
they found that for surface footings the horizontal stiffness coefficient can be determined by

the following expression:

2LG Ap
K?_Vsurf: 2—_—'_\/ (2+2'5 (m)) (2.13)
For circular footings,
Ap T
412 4
L = R (2.14)

and hence the horizontal stiffness coefficient is determined by:

2RG
K> qurt = 4-04 5— (2.15)

which also differs in magnitude with the closed form solution for horizontal loading (Equ. 2.9)

by 1%.

Having performed boundary element analyses for footings embedded at z/R = 0-5, 1,
1-5 and 2 on an elastic soil with v =0-33,0-4 and 0-49, Gazetas & Tassoulas (1987) conclude
that Poisson’s ratio has practically no effect on the trench factor pyencn of the horizontal

stiffness coefficient. An expression for tyrench 1S given:

|
oh = 2.16)
Htrench 1_+_0_15\/%17 (

and it is shown that the data points obtained from the boundary element analysis scatters

within £2-5% around the curve of Equ. 2.16.

There 1s no solution, exact or approximate, known to be available for moment load-
ing except finite element analyses. Bell (1991) performed three dimensional finite element
analyses for embedded footings in addition to surface footings. For the vertical stiffness co-
efficient K, Bell (1991) showed that (Fig. 2.4a) the embedment has a significant effect on
the coefficient; for undrained loading v = 0-49, at the embedment depth of one radius, the
vertical stiffness coefficient increases by 15%. At the embedment depth of zp/R = 4, which
is the deepest embedment depth investigated by Bell (1991), the trench factor girench 18 still

decreasing.
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Figure 2.4: Effect of embedment on stiffness coefficients (data from Bell, 1991).
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On the other hand, the horizontal stiffness coefficient K7 change very little after the em-
bedment depth reaches about zp/R = 2 as shown in Fig. 2.4b. At this embedment depth, K>

1s 40% higher than that of a surface footing.

It is also shown in Figs. 2.4a and b that whilst the effect of embedment on K varies
significantly with Poisson’s ratio, that is not the case for K. At zp/R = 2, the trench factor
Uirench Of the vertical stiffness coefficient (Fig. 2.4a) is 0-63 for v = 0-49, and 0-72 for v = 0,
which is a difference of 18%. Also, at this embedment (zp/R = 2), the trench factor pyench
of the horizontal stiffness coefficient (Fig. 2.4b) is 0-63 and 0-62 forv=0 and v = 0-49,

respectively — a difference of only 1-6%.

Bell (1991) proposes the use of ‘metacentre’ for analysis of the moment stiffness coeffi-
cients and the coupling effect. The metacentre is the reference point at which the coupling
stiffness coefficient K4 1s zero. Thus instead of using the set of parameters corresponding
to the default reference point (K3 and K4), two parameters corresponding to the metacentre
(location of the metacentre z,, and the moment stiffness at the metacentre K3') can be used
to analyse the behaviour of the footing. In fact, as shown by Bell (1991), the two parameters
corresponding to the metacentre provide a simpler way to describe the footing behaviour.
As can be seen in Fig. 2.4c, the moment stiffness coefficient at the metacentre K7' varies
with embedment in a similar way to K and K. Fig. 2.4d shows the distance from the foot-
ing default reference point to the metacentre. Positive values for the distance mean that the
metacentre always lies below the default reference point. As the curves of v=0and v =0-49
are different, all four values of Poisson’s ratios are shown. The variation of the distance with
embedment depth is therefore dependent on Poisson’s ratio. For lower Poisson’s ratio, the
distance does not vary so much as for higher Poisson’s ratio. Except for v = 0-49, the dis-
tance almost reaches its steady value at about zp/R = 2. More detailed discussion of the

metacentre is given in Section 2.5.3.2.

Bell (1991) does not consider conical footings. Neither is there a known exact or closed-

form solution for conical footings.
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2.3 Evaluation of elastic stiffness coefficients using finite el-

ement analyses

As it is easier in a finite element analysis to apply displacements than loads, three sets of

boundary conditions are applied in order to calculate K1, K3, K3, Kj.
Rigid vertical displacement

The boundary conditions are:

w#0, u=0;, 6=0 2.17)
and therefore from Equ. 2.1:
%4
K| = 2.18
'™ GRw ( )
Rigid horizontal displacement
The boundary conditions are:
w=0; u#0;, 6=0 (2.19)
and therefore from Equ. 2.1:
H
Ky = —
GRu
M
Ky = 2.20
4 R (2.20)

The default point of reference to calculate the moment load is the intersection of the

footing centre line and the plane containing the rim of the footing as shown in Fig. 2.1.
Rigid rotation

The boundary conditions are:

w=0; u=0; 6:+£0 (2.2
and therefore also from Equ. 2.1:
H
Ki = ———
YT GR%
Ky = M (2.22)
> 7GR '

The coupling stiffness coefficient K4 can be calculated from both cases of horizontal and

moment loadings.
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Table 2.2: The effect of mesh dimensions on the accuracy of elastic analysis (after Bell,

1991).

Mesh R/ D Number  Number of Errorin
dimensions (%) of Nodes Elements Stiffness
(Dx D) (%)
10RX10R 10-0 452 205 +10-3
S50Rx50R 2.0 528 239 +2-4
200Rx200R 0-5 586 265 +1-1
Notes:

i. Results corresponding to a vertically loaded smooth rigid circular footing
(radius R) placed at the surface of an elastic half-space with v=0.25;

i. The mesh consists of 6-noded triangular elements and is analysed using
OXFEM.

2.4 Axi-symmetric analyses

2.4.1 Mesh dimensions and topology

For elastic analyses the required mesh size is much larger than that for plastic analyses. The
effect of mesh dimensions on the accuracy of elastic analysis is tabulated in Table 2.2 (after
Bell, 1991) showing the difference of numerical results done with three different mesh sizes
against the exact solution. Bell therefore adopted a 200R x 200R mesh size for his elastic
analyses. The mesh adopted in the following studies is also 200R x 200R in size as depicted
in Fig. 2.5a. Figs. 2.5b and c, which are scaled 8 times with respect to Fig. 2.5a, show details
of mesh grading in the region close to the footing, and particularly at the footing corner, (b)

corresponding to the cone angle [ = 30°; (c) to f = 180°.

A total of 42 different meshes are generated to cover various footing cone angles and
embedment ratios. Those cone angles are 30°, 60°, 90°, 120°, 150°, 180°. Because Bell’s
(1991) results show that at z/R = 4 the effect of embedment depth on the vertical stiffness
1s still changing significantly, the depth to be investigated in this research is extended to
zp/R = 5. The embedment depths investigated zp/R are 0, 0-5, 1, 2, 3, 4, 5. A utility
called DFGEN is used to generate 42 input files for OXMESH. OXMESH then generates 42
meshes for OXFEM. Each of the meshes is then combined with one value of Poisson’s ratio

of 0-0,0-1,0-2,0-3,0-4, 0-49 creating 252 input files for OXFEM.

Fifteen-noded triangular elements with 13 Gauss points in each element are used in all
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/\ detail [b] or [c]
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Figure 2.5: General mesh dimensions and grading: 278 15-noded triangular elements and
2353 nodes for B = 30° and zp/R = 5; 126 15-noded triangular elements and 2353 nodes for
B = 180° and zp/R = O (flat surface footing).
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Table 2.3: Vertical stiffness coefficients Ki: comparison between the exact solution, Bell’s

results and this study.

Solution Poisson’s ratio v
0-00 0-10 0-20 0-30 0-40 0-49
Exact 4.3944 4.7776 5.2564 5.8779 6-7294 7-8441
Bell 4.5070 5.3880 6-9250 8-1510
(2-56%) (2-50%) (2-91%) (3:91%)
This study 4.4621 4.8497 5.3340 5.9624 6-8257 7-9864

(154%)  (1-51%)  (1.48%) (1-44%) (1.43%) (1-81%)

analyses.

2.4.2 Results and comparison with analytical solutions

In Table 2.3 the results for flat and surface footing ( = 180°,zp/R = 0) for which the ex-
act solution is available are compared with the exact analytical solution mentioned earlier.
The percentage shown is the deviation from the analytical exact solution Equ. 2.2. The nu-
merical solution compares well with the exact one. Bell’s results are also reproduced for
completeness. The axi-symmetric analyses are considered very accurate as the error is in the
range from +1:43% to +1-81%, which is small. Therefore, other results found numerically
in this study for embedded and/or conical footings (for which exact solutions are not avali-
able) can be considered accurate and can be used as benchmark values for three dimensional

calculations as presented in Section 2.5. The full set of results is given in Table 2.4.

In order to examine the effect of embedment on elastic behaviour, the trench factor gyrench
for flat footings is calculated by:

K] surt, flat

K (2.23)

Hirench =

where K gt 18 the vertical stiffness coefficient of a surface flat footing as determined by

the finite element analyses for each Poisson’s ratio.

The trench factor tirench 18 plotted against embedment in Fig. 2.6. It can be seen that in
general the factor pyench does not vary linearly with depth as given by Gazetas et al. (1985)
(see Equ. 2.12). Fig. 2.6 shows the maximum difference between numerical and Gazetas
et al.’s (1985) result. In the range of embedment from 0 to 2-5, in which Equ. 2.12 is meant to

be effective, the numerical results are consistently lower than Gazetas et al.’s (1985) values,
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Table 2.4: Vertical stiffness coefficients K.

Embedment Cone Poisson’s ratio V
ratio angle 3
(degree)
0-00 0-10 0-20 0-30 0-40 0-49
ip / R=0.00 30° 8:4454 8-8474 9-3156 9.8732 10-5580 11-3400

60° 5.7415 6-0911 6-5124 7-0344 7-7059 8.5136
90° 5.2439 5-6099 6-0530 6-6050 7-3210 8-1964
120° 4.8644 52403 5.7014 6-2853 7-0575 8-0198
150° 4.6239 5-0067 5-4810 6-0895 6-9104 7-9713
180° 4.4621 4.8497 5-3340 5-9624 6-8257 7-9864

Zp /R=105 30° 8-9948 9-3706 9-8062 10-3251 10-9676 11.7173

60° 6-5784 6:9124 7-3114 7-8049 8-4478 9.2599
90° 5.8109 6-1469 6-5571 7-0771 7-7729 8-6636
120° 5.4407 5.7838 6-2088 6-7571 7-5064 8-4883
150° 5.2189 5-5684 6-0060 6-5783 7-3741 8-4406
180° 5-0445 5-3962 5-8415 6-4341 7-2834 8-4933

2,/ R=10 30° 9.6055 9-9740  10-4002  10-9078  11.5381  12.2788
60° 7-1654 7-4899 7.8778 8-3595 8.9932 9-8127

90° 6.3767 6-7028 71010 7-6073 8-2893 9.1734

120° 5.9887 6-3222 6-7354 7-2700 8-0050 8-9784

150° 5.7570 6-0976 6-5244 7-0839 7-8662 8-9250

180° 5.5673 5.9117 6-3489 6-9340 7-7815 9-0155

2/ R=20 30° 105803 10-9394 11.3568 11.8579 124878  13.2404

60° 7-9847 8-3008 8-6817 9-1603 9-8009  10-6557
90° 7-1187 7.4388 7-8326 8-3379 9-0263 9.9329
120° 6-6829 70131 7-4250 7-9621 8-7080 9.7089
150° 6-4230 6-7629 7-1913 7-7569 8-5551 9-6479
180° 6-2034 6-5496 6-9926 7-5915 8-4714 9-7843

2,/ R=30 30° 112424  11.5924  12.0030 12.5016 131377  13.9111
60° 8-4847 8.7954 9.1737 9-6548  10-3087  11.2003
90° 7.5518 7-8699 8-2644 8.7757 9-4802  10-4199

120° 7-0793 7-4098 7-8252 8.3717 91381  10-1775
150° 6.7976 7-1397 7-5739 8-1518 89744 101119
180° 6-5571 6-9071 7-3585 7.9739 8.8880 102733

ip / R=420 30°  11.7105  12.052t 12-4564  12.9527 13.5943  14.3866
60° 8-8162 9-1227 9-4991 9.9827 10-6480 11.5693

90° 7-8323 8-1488 8-5444 9-0612 97798  10-7482

120° 7-3327 7-6636 8.0822 8.6369 94209  10-4936

150° 7-0353 7-3791 7-8181 8-4062 92495  10-4251

180° 6-7801 7-1330 7-5908 8-2193 9-1603  10-6021

7,/ R=50 30°  12.0577 12:3917 127903 132844 13.9300 14.7364

60° 9-0516 9-3546 97294 102150  10-8892 11.8337
90° 8-0282 8-3434 8-7398 9-2609 9.9908 10.9820
120° 7-5083 7-8394 8-2605 8-8215 96193 10-7183
150° 7-1991 7-5442 7-9868 8-5828 9-4421 10-6476
180° 6-9334 7-2883 7-7509 8-3891 9-3505  10-8353
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Figure 2.6: Reduction of elastic settlement due to embedment depth girench: B = 180°.

and the difference reaches 14% at zp /R = 2.

In addition, the trench factor tirench 1s shown to be dependent on the Poisson’s ratio and

this is not taken into account in Gazetas et al.’s (1985) work (see Equ. 2.12).

Based on these observations, an empirical expression for tyrench has been derived as fol-
lows. From Fig. 2.6, a simple expression is devised to predict tyrench for different embedment
depth and Poisson’s ratio as follows:

Z
a—D+1

Hirench = —Z 5 (2.24)
b %’) +1

where a and b depend upon Poisson’s ratio.

Using a least-squares fit, the factors @ and b can be determined for each value of Poisson’s
ratiov =0,0-1,0-2,0-3,0-4,0-49. The factors are plotted against Poisson’s ratio in Fig. 2.7a.

It can be seen that a and b vary linearly with Poisson’s ratio and can be written as follows:
a = —0-377v+0-458

b = —0-783v+0-814 (2.25)

The trench factor tyench 18 back-calculated using Equ. 2.24 and Equ. 2.25. The results

are plotted in Fig. 2.7b, which shows that the expressions give good prediction on piench.
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Figure 2.7: Determining pyrench (a) Variation of coefficients a and b with Poisson’s ratio

(b) Comparison between calculated and predicted pench-
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Figure 2.8: Reduction of elastic settlement due to conical angle tcone-

The effect of cone angle on elastic behaviour can be examined in a similar way as the

trench factor. Equ. 2.11 can be extended to include the cone angle term as follows:

W = Hiench Hcone Wsurf flat, OF

Ki oo
Kl _ 1,surf flat (2.26)

Hirench Mcone

where wgyr na and K qurr o are settlement and vertical stiffness coefficient of a flat, surface

footing, respectively.

Fig. 2.8 shows the variation of e With cot% for surface footings with different cone
angles. It is interesting to see that the variation of ycon. With cone angle is similar to the
variation of yenen With embedment depth in many ways. Firstly, the relation between picone
and cone angle is not linear, but it has a simple trend and could be fitted well using a simple
mathematical model. In addition, there is an influence of Poisson’s ratio on the behaviour
of teone. Also, an examination of pone for different embedment depths revealed that the
relation between gieone and cot(B/2) is almost identical at different embedment depths. This

confirms that the form of Equ. 2.26 is appropriate.

With the trench factor py;ench determined, the cone factor ueone for footings with different

embedment depths and cone angles can be calculated from Equ. 2.26. An expression similar
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to that of grench 1S chosen to fit peone (cf. Equ. 2.24):

ccot% +1 (2.27)

Hcone =

dcot%+l

where ¢ and d are factors depending upon Poisson’s ratio. Using a least-squares regression
with the data of pcone calculated by Equ. 2.26, ¢ and d can be determined . Their values
for different Poisson’s ratio are plotted in Fig. 2.9. Using a linear relation between ¢, d and

Poisson’s ratio the factors ¢ and d can be written as:
¢ = —0-197v—-0-0513

d = —0-444v+0-119 (2.28)

Substituting Equations 2.24, 2.25, 2.27 and 2.28 into Equ. 2.26, w or K for embedment
depth zp/R between 0 and 5, and cone angle B between 30° and 180° can be calculated.
Back-calculation on 252 combinations of cone angles and embedment depths shows that the
difference between the predicted values and observed values to be in the range from —6% to
+4%. The highest error ocurs with surface footings with B = 30° for which the errors are in
the range from —6% to —3%. For the remaining majority, the difference ranges from —2%

to +4%.

With the effect of embedment depth girench and cone angle pcone having been established,

the vertical stiffness coefficient K; for a general case of conical, embedded footings can
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be calculated using Equ. 2.26 with the vertical stifness coefficient K qrr ar for surface flat

footings determined using Spence’s (1968) exact solution:
4In(3 —4v)

2.29
[ —-2v ( )

Kl.surf.ﬂut -

2.5 Three dimensional analyses

With the vertical stiffness coefficient K} having been investigated thoroughly in the previous
section using axi-symmetric analyses, the main purpose of three dimensional analyses in this

section is to investigate the other three stiffness coefficients K>, K3, Kj.

2.5.1 Maesh dimension and grading

Different meshes are generated for different footing embedment depths and cone angles.
Because three dimensional analyses take significantly longer than two dimensional axi-
symmetric analyses, the range of embedment depths and cone angles to be examined by
three dimensional analyses is narrower than that of the two dimensional axi-symmetric anal-
yses. Three values of cone angle which are the most relevant to spudcan foundations are

investigated: B = 120°, 150°, 180°.

As Bell’s (1991) results show (see Fig. 2.4), the effect of embedment depth on the horiz-
ontal stiffness coeffiecient and the moment stiffness coefficient (at the metacentre) does not
change significantly for embedment depth greater than zp/R = 2. Therefore four footing

embedment depths are investigated: zp/R =0, 0-5, 1, 2.

The three dimensional meshes have the same dimension as their two dimensional coun-
terparts. The meshes are generated using I-DEAS. Special care is taken to generate very
fine elements around the edge of the footing. In order to do this, the solid is partitioned into
several parts as shown in Fig. 2.10. The mesh grading can then be controlled by specifying
the number of elements to be allocated along edges of different features of the mesh (e.g.
the rim of the footing) the boundary edge of the parts, etc. as shown in Fig. 2.10. A repre-
sentative mesh, which 1s for the case zp = 0-5R, 1s given in Fig. 2.11. The number of nodes
and elements generated are: (a) zp/R = 0: 5219 nodes and 3148 elements; (b) zp/R = 0-5:
6054 nodes and 3825 elements; (c¢) zp/R = 1-0: 6881 nodes and 4392 elements; and (d)
zp/R = 2-0: 7369 nodes and 4627 elements.
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[a] Surface footing

Edge Radius Depth Number of Element

elements  length

1 0-8 Z4 12 0-2094

4 (f) 1 2y 33 0-0952
5 1.2 0 20 0-1885

6 1-2 0-2 20 0-1885

7 2 0 12 0-5236

8 2 1 10 0-6283
9,10 5 4 6 26180
11,12 200  200+z4 6 104.72

[b] Embedded footing

Edge Radius Depth Number of Element

elements  length

1 0-8 2y 12 0-2094

2 1 0 8 0-3927

3 1 z2;-0-2 20 0-1571
4(f) 1 Zy 30 0-1047
5 1.2 0 9 0-4189

6 1.2 z4+0-2 20 0-1885
7 2 0 6 1.0472

8 2 Zy +1 6 1.0472
9,10 5 Zg+4 6 26180
11,12 200  200+z4 6 10472

[b] Embedded footing

(a] Surface footing

Figure 2.10: Mesh grading control (a) Surface footing; (b) Embedded footing.

For all the meshes, all the nodes in the y = 0 plane are constrained in the y direction.

Those nodes which are on the radial and bottom boundaries are constrained in all three x, v

and z directions.

Two values of Poison’s ratio are used: (a) v = 0-49 =~ 0-50, which represents undrained

loading; and (b) v = 0-20, which is a typical value for sand under drained loading.
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The whole mesh Detail of mesh at the footing

Figure 2.11: Generated 10-noded tetrahedral mesh: zp = 0-5R.
2.5.2 Results and comparison with other solutions

The results are given in Table 2.5. The results of the vertical stiffness coefficient K| are
first compared with the exact solution Equ. 2.2 (for flat, surface footings) and with the axi-
symmetrical solutions (for embedded and/or conical footings). The difference is shown in
Table 2.6. It shows that the three dimensional analyses give consistent results with the axi-
symmetrical ones. However, the three dimensional analyses are less accurate with v = 0-49
than with v = 0-20. This seems to indicate that when the condition of material incom-
pressibility is imposed (in this case v = 0-49), the ten-noded tetrahedral element begins
to lose some accuracy. The axi-symmetrical results are calculated with 15-noded triangu-
lar elements, which are higher order elements, and are therefore more accurate than the
three dimensional results. The three dimensional results are, however, considered acceptable

because the error is less than 5%.

The three dimensional results are also compared with those of Bell (1991). Bell (1991)
calculates the stiffness coefficients for various embedment depths and Poisson’s ratios but
only for flat footings. The comparison is shown in Table 2.7. The two sets of results compare

well, except for the coupling coefficient Ky for the case v =0-49 and z;/R = 0-5.
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Table 2.5: Stiffness coefficients.

Embed- Cone K K K K,
ment angle

B v=02 v=049 v=02 v=049 v=02 v=049 v=02 v=049

zx/R=0-0 180° 54058 8.1971 4.6517 5.5541 3.8161 5-5627 -0-5734 -0-0148
150° 55643 82008 4.9739 5.9450 4.0661 5.7684 -0.-7583 -0.0737
120° 57790 83429 54976 6-6326 4-6563 6-0640 -1-1966 -0-4862

Zp/A=0-5 180° 5.9509 88098 6-1173 7.2258 4.5860 65826 -0-8425 -0.4020
150° 6-0893 88102 64086 75634 4.8308 65728 -1-0197 -0-4504
120° 62850 88438 68873 8.1766 54227 6-8440 -1.4398 -0-8166

Zp/R=1 180° 64950 92537 64992 7.5899 5.0156 7.1627 -0-9360 -0-5691
150° 66361 92510 68183 7.9544 5.2733 71301 -1.1228 -0-6086
120° 6-8383 92830 73376 86101 58902 7-3744 -1.5638 -0-9762

Zp/R=2 180° 7.0817 9.9857 6.7742 7.7012 51903 76739 -0-9786 -0.7327
150° 72633 10.0702 7.1262 81210 5.5033 7.8269 -1.1645 -0-7070
120°  7-4950 9-9811 76962 9.1741 6-1621 7-8945 -1.6233 -1.0750

Table 2.6: Elastic stiffness coefficient Kj: comparison with axi-symmetric finite element

solution and exact solution.

Embed- Cone v=02 v =0-49
ment angle
B This study Axi- ‘ E)(a(;pT Difference  This study Axi- _ ExactT Difference
symmetnc symmetnc
Zp/R=0-0 180° 54058 5-3340 52564 1-3% 8-1971 7.9864 7-8441 2-6%
2.8%" 4.5%}
150° 55643 54810 NA 1-5% 8.2998 7.9713 NA 4.-0%
120° 57790 57014 NA 1-4% 8-3429 8:0198 NA 4-0%
Zp/R=05 180° 59509 58415 NA 1-9% 8-.8098 8-4933 NA 3-7%
150° 6-0893 6-0060 NA 1-4% 8-8102 8-4406 NA 4.4%
120° 6-2850 6-2088 NA 12% 8-8438 8.4883 NA 4-2%
Zp/R=1 180° 64950 6-3489 NA 2-3% 9.2537 9-0155 NA 2-6%
150° 6-6361 65244 NA 1-7% 9.2510 8:9250 NA 3-7%
120° 6-8383 67354 NA 1-5% 9.2830 8:9784 NA 3-:4%
z/R=2 180° 7-0817 69926 NA 1-3% 9.9857 9.7843 NA 2-1%
150° 72633 71913 NA 1.0% 10-0702 9-6479 NA 4-4%
120° 7-4950  7-4250 NA 0-9% 99811  9-7089 NA 2-8%
Notes:

' NA means not available.

i Comparison with the exact solution. The other percentage numbers are comparisons with the axi-
symmetric analyses.
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Table 2.7: Stiffness coefficients K5, K3, K4 of flat footings: comparison with Bell’s solution.

Embed- Solution Ko Ks Ks
ment

v=02 v=049 v=02 v="0-49 v=02 v=049

zp/R=0-0 Bell 4.6390 5.4740 3-7160 5.4100 -0-5682 -0-0144
This study 4.6517 5-5541 3.8161 5.5627 -0-5734 -0-0148
Difference 0-3% 1-5% 2.7% 2:8% 0-9% 2-8%
zp/R=0-5 Bell 6-1270 7-1860 4.5740 6-3900 -0-8258 -0-3346
This study 61173 7-2258 4.5860 6-5826 -0-8425 -0-4020
Difference -0-16% 0-55% 0-26% 3% 2% 20%
Zp/R=1 Bell 6-5880 7-8350 51110 7-1360 -0-9256 -0-5305
This study 6-4992 7-5899 5.0156 7-1627 -0-9360 -0-5691
Difference -1.4% -3-1% -1-9% 0-4% 1-1% 7-3%
zp/R=12 Bell 6-8830 8-2370 5-3950 7-6050 -0-9885 -0-7042
This study 6-7742 7-7012 5.1903 7-6739 -0-9786 -0-7327
Difference 1.6% 6-5% -3-8% 0-9% 1% 4%

2.5.3 Discussion and analysis of the results

This section examines the effect of embedment depth and cone angle on the stiffness coeffi-
cients K>. K3, K4. The purpose is to establish an expression like Equ. 2.26, for instance, for

the horizontal stiffness coefficient K, such that:

K2 surf, flat
K= ——2" 0%

(2.30)

Hirench Ucone

where teone and pyench are the cone and trench factor for the horizontal stiffness coefficient

K>.

2.5.3.1 Horizontal stiffness coefficient K>

The effect of embedment on flat footings can be quantified by:

KZ‘, surf, flat

e (2.31)

Mirench =

where K> is the stiffness coefficient for flat footings as shown in Table 2.5, and K3 gy, fiat
is the stiffness of a flat surface footing. The variation of tyrench With Poisson’s ratio and
embedment depths is shown in Fig. 2.12. In contrast to the vertical stiffness coefficient
K, (Fig. 2.7), the effect of embedment on the horizontal stiffness coefficient K3 is fairly

independent on Poisson’s ratio. At zp/R = 2 at which the difference between tyench of
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Figure 2.12: Effect of embedment depth and Poisson’s ratio on K.

v =0-2 and v = 0-49 is the largest, the difference is only 3%. This confirms the observation

made by Gazetas & Tassoulas (1987) and Bell (1991).

It will be recalled that the two curves in Fig. 2.12 have a similar shape to the curves of
tirench for the vertical stiffness coefficient K as shown in Fig. 2.6. Therefore, they are fitted

using an expression similar to Equ. 2.24:

a D +1
Mirench = —7p— (2.32)
b=+ 1
% R +
with one set of constants ¢ and b:
a=1-55 and b =2-46 (2.33)

for bothv =0-2 and v = 0-49.

Fig. 2.12 also shows Gazetas & Tassoulas’s (1987) prediction of yench (Equ. 2.16). In
the range of embedment depth zp/R = 0 to zp/R = 2, the Gazetas & Tassoulas (1987) predic-
tion gives a much softer response of footings to horizontal loads. The maximum difference
between the finite element results and the Gazetas & Tassoulas (1987) prediction is up to

2% atzp/R = 1.

The factor pcone Which takes into account the effect of conical angle of the footing is

calculated in the same way as for vertical stiffness factor K| (Equ. 2.26). Fig. 2.13 shows
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Figure 2.13: Effect of cone angle on K.

the variation of ueone With cone angles B for different embedment depths and Poisson’s ratios
(resulting in 8 curves). A close examination of the plot shows that there is no clear relation
between curves of the same embedment depths or between curves of the same Poisson’s
ratio. Nonetheless, all the data (of the 8 curves) can be fitted with one single expression (cf.
Equ. 2.27):

Ueone = ccot(B/2) + 1 (2.34)

where ¢ 1$ a constant:

c= —0-251 (2.35)

Using Equs. 2.32 to 2.35, the horizontal stiffness coefficient K, can be calculated. A
back-calculation of K> showed that the difference between the finite element results and the

mathematical model (Equs. 2.32 to 2.35) is from —4-8% to +5-3%.

As mentioned in Section 2.2.1, Gerrard & Harrison’s (1970) solution for flat surface
footings under horizontal loading (Equ. 2.9) is exact at v = 0-5. The corresponding horizontal

stiffness coefficient is calculated by:

K = (2.36)

0.60
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Though the above expression is not exact for v < 0-5, it can be used as an adequate
approximation of the true value. For v = 0-49 the finite element result of this study is
+4-8% higher than K3, suggesting that the finite element solution overestimates the true
behaviour. Equ. 2.36 becomes inexact for v < 0-5. On the other hand, as discussed earlier
(Section 2.5.2), when the material is incompressible or near incompressible, the finite ele-
ment solution is less accurate. Thus the finite element solution at v = 0-2 is closer to the true

behaviour than that at v = 0-49.

However, the finite element results are consistently higher than Equ. 2.36 at the same
percentage: at v = 0-2, the difference is +4-7% (cf. +4-8% at v = 0-49). Bell’s (1991)
results for v =10,0-2.0-4.0-49 also show a similar trend. At v = 0-49, Bell’s (1991) result is
+3-3% higher than K. For other Poisson’s ratios (0, 0-2 and 0-4) the difference varies within
5% from +2:9% to +6-8%. This means that Equ. 2.36 underestimates the true stiffness for

v < 0-5.

However, with the difference between finite element solution and Equ. 2.36 of about
+5% this underestimation should be less than —5% (assuming that the finite element solution

still overestimates the true stiffness at low Poisson’s ratio, which is likely.)

Therefore in the lack of an exact solution, it is assumed that Equ. 2.36 can adequately

estimate the horizontal stiffness coefficient for the whole range of Poisson’s ratio from 0 to

0-5.

2.5.3.2 Moment and coupling stiffness coefficients K3 and K,

The values of K3 and K4 in Table 2.5 use the intersection of the footing centre line with the
plane containing the rim of the footing (or the footing base for flat footings) as the point of
reference (Fig. 2.1). These two coefficients, however, are dependent on the reference point
adopted (while the other two coefficients Kj and K3 are not). For a footing base located at a

depth zp, the stiffness coefficients K3 and K corresponding to a depth z can be shown to be:

7 7\ 2 7
K = m(ﬁ—l)—am<@—i)+&

R R R R
K - K_K<Q_£> (2.37)
+ 7 MTMAR R '

Varying the position of this point of reference vertically along the footing centre line

affects the horizontal displacement and footing moment. In analysing the results of K3 and
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K4 in Table 2.5, there are three particular positions of points of reference which can be used.
The first position is the intersection of the footing base and the centre line as the point of
reference (Fig. 2.1), which is the position used in calculating the stiffness coefficients in
Table 2.5. The second position, which is commonly used in structural analyses is the surface
(or seabed) level (z = 0). For this reference point, Equ. 2.37 reduces to:

, D\ ? 0))
KI = K (—) _2K (—) K
3 2 R 4 R + K3

K = K4—K2(%) (2.38)

The third position is called ‘the metacentre’ and is characterised by the uncoupling of the
horizontal and moment components, i.e. K4 = 0 and the stiffness matrix K becomes diagonal.
Therefore, a moment applied at the metacentre will not produce any horizontal translation at

that point. From Equ. 2.37 the depth of the metacentre z,, can be found to be:
o) = (2 - Ky 239
(R) R K> (2.39)

and the moment stiffness coefficient at the metacentre is:

Ki'= Ky - =% (2.40)

Bell’s (1991) analyses of the effect of embedment zp/R on the moment and coupling
stiffness coefficients for the three reference points revealed that by using the metacentre a
simpler interaction between the embedment depth zp/R and the coefficients (which then
becomes K3' and Zm/ R for metacentre) can be achieved. As shown in the following sections,
this advantage of simplicity of the metacentre is also retained for conical footings. Therefore,

the analyses presented in the following sections are based on the metacentre.
Moment stiffness coefficient at metacentre K3’

As discussed in Section 2.2.1, there is no exact solution for the general case of rough,
surface, flat footings under moment loading. However, for Poisson’s ratio v = 0-5, the
solution for a smooth footing under moment loading Equ. 2.10 becomes exact for a rough
footing. As in such a case the metacentre is also located at the surface, the moment stiffness

coefficient with respect to metacentre can be calculated from Equ. 2.10 as:

.8
K3_———3(1_V> (2.41)



Elastic Behaviour of Circular Footings 2-28

A __ 7 ] r I ‘ \ T N ‘
e Mt s x
T T T e e e 1—~_:‘_‘_AV —_—
1.00 - —E T
o/ R=0:p=180°
A Bell's (1991) results
=
050 — X results of this study .
——/— fit of Bell's results
proposed p
000 T T T T N r’ I I - T 7‘7] T - | T ]
0.00 0.10 0.20 0.30 0.40 0.50

Figure 2.14: Variation of K3'/K3 with Poisson’s ratio for surface, flat footings.

Though this expression is not exact for v < 0-5, it can be shown that the exact value of

m

. * 3 .
3 qurf. fla TElates to K3 by a correction factor p:

m .
M3, surf flat

- 2.42
H K: ( )

Fig. 2.14 shows the variation of u with Poisson’s ratio with K7’ obtained from the

surf, flat
finite element analyses. This means that with lower Poisson’s ratio, Equ. 2.41 increasingly
underestimates the moment stiffness coefficient. In this research only two Poisson’s ratios
v = 0-2 and 0-49 are investigated. This 1s not sufficient to recognise the trend of this under-
estimation with Poisson’s ratio. However, as also shown in Fig. 2.14, Bell’s (1991) results
at v =20, 0-2, 0-4 and 0-49 show that this trend can be adequately approximated using a
linear relation. Turning back to this study with the results at v =0-2 and v = 0-49 (which are
adjusted to eliminate the error of the finite element analysis at v &~ 0-5), the relation between

u and v is found to be:

(= 0-0975(1 —2v) + | (2.43)

The effect of embedment on a flat footing can be examined by deriving tyench as follows:
KHI

3, surf, flat

2.44
X ( )

Hirench =

Fig. 2.15 shows the variation of gyrencn With embedment depth. It shows that with the increase

of embedment depth, prench decreases (or the moment stiffness coefficient increases). The
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Figure 2.15: Effect of embedment on K3' of flat footings.

curves for two different Poisson’s ratios, v = 0-2 and 0-49, are very close. Furthermore,
the curves in Fig. 2.15 are also similar to those in Fig. 2.6 and Fig. 2.12, which are for the
vertical and horizontal stiffness coefficients, respectively. The fitted curve shown in Fig. 2.15

has the same formula as Equ. 2.24:

a=l +1
_ R
Hirench = b% T (2.45)
with:
a=12 and b= 1-82 (2.46)

As shown in the figure, it provides a good fit to the data.

The effect of cone angle on the moment stiffness can then be quantified using the same
expression of vertical stiffness Equ. 2.26 with K replaced by K3'. The variation of picone
with cone angle for footings of different embedment depths and Poisson’s ratios is shown
in Fig. 2.16. In general the cone factor cone decreases as the cone becomes sharper. It can
also be seen from the figure that the factor peone decreases more quickly with cot(3/2) for
v = 0-2 than for v = 0-49. In the same manner as for K} and K>, the following expression is
found suitable to describe pcone:

lLlconc - CCOtg _+_ 1 (2.47)
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Figure 2.16: Effect of cone angle on moment stiffness coefficient.
where ¢ is independent of Poisson’s ratio:

¢c=—0-1235 (2.48)

Using Equs. 2.41 to 2.48, the moment stiffness coefficient at metacentre K3' can be
calculated. A back-calculation of K%' showed that the difference between the finite element

results and the mathematical model (Equs. 2.41 to 2.48) is from —6-5% to +5-6%.

Location of the metacentre

Fig. 2.17 shows the variation of the location of metacentre for flat surface footings with
Poisson’s ratio. In order to examine the trend of this variation, Bell’s (1991) results are also
shown because Bell (1991) performed analysis for various Poisson’s ratios ranging from 0
to 0-49. As can be seen from Fig. 2.17, Bell’s (1991) results are in close agreement with
the results from this study at v = 0-2 and v = 0-49; the maximum difference is only 0-0007.
Bell’s (1991) results also show that at lower Poisson’s ratio, the metacentre lies deeper under

the footing centre. The variation is not linear, but can be fitted well by an expression of the

form:
Imosurf.flat a(l— 2\/)
R bv + |

(2.49)
where a and b are constants:

a=0-171 and b= —-0-779 (2.50)
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Figure 2.17: Location of the metacentre for flat surface footings.

Fig. 2.18 shows the variation of the distance between the location of the metacentre
and the default reference point (z,, —zp)/R for flat footings with embedment depth. For
v = 0-49, the distance increases fastest with embedment depth, whereas for v =0, as Bell’s
(1991) results show, the distance actually decreases. The curves in Fig. 2.18 can be fitted

using the following expression:

Im — D C:WD Zm surf flat
_ surt, 251
R d=f +1 R ( )

where ¢ and d are dependent on Poisson’s ratio. Fig. 2.19 shows the variation of parameters
¢ and d with Poisson’s ratio. As this study involves only two Poisson’s ratios, Bell’s (1991)
results are drawn in to examine the trend of ¢ and d over the whole range of Poisson’s
ratio. As Fig. 2.19 shows, whilst the parameter ¢ increases linearly with v, the parameter d
increases to a peak value at v = 0-2 then falls when v > 0-2. Due to this rather complicated

varation of d, d is chosen to take the average value. Therefore,

¢ = 0-365v

d = 207 (2.52)

In order to take into account the effect of cone angle on the location of the metacentre, it
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Figure 2.18: Variation of the distance between the metacentre and the default reference point

(z;n — zp) /R with footing embedment depth for flat footings.
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Figure 2.19: Variation of parameters ¢ and d with Poisson’s ratio.
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Figure 2.20: Comparison between the finite element results and the predicted distance

between the metacentre and the default reference point for embedded and conical footings.

is found that the modified version of Equ. 2.51:

. ¢ (%2 +ecot%)
I (Z_D —+—€C0t§) _ Zm,surf fat n (2.53)
R R 2 R d(%+ecotg)+l

where e is a constant, can model the effect of both the cone angle and embedment depth on

the location of the metacentre well. The parameter e is found to be:

e = 0-0964 (2.54)

Using Equs. 2.49 to 2.54, the distance from the location of the metacentre to the footing
default reference point can be calculated. A back-calculation of (z,, — zp)/R showed that
the difference between the finite element results and the mathematical model (Equs. 2.49
to 2.54) is from —0-037 to +0-023. Fig. 2.20 shows the predicted distance between the
metacentre and the default reference point, in comparison with the finite element results, for
embedded and conical footings with two Poisson’s ratios. It shows that Equ. 2.53 models the

behaviour of the footing well.

Table 2.8 gives a summary of all the formulae derived in this section for calculating the

stiffness coefficients K. K>, K3 and the location of the metacentre.
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Table 2.8: Stiffness coefficients K, Kz, K3' and metacentre location Zm/R.

K,.K, and K" are calculated using the following formula:

K =

i

Ki sarf. flat
lulrcnchlucmm

Vow metacentre

Stiffness Formulae for flat, t(B/2)+1
coefficients surface footings T (—I(Z—D/R)—+1 Heone :ﬂ(ﬂ—)L
K[ Kiﬁurllﬂnl . b(ZI)/R)+ 1 dCOt(ﬂ / 2) +]
K, 41n(3-4v) a=-0-377v+0-46 c=-0-197v-0.051
1—=2v h=-0-783v+0-814 d=-0-444v+0-119
K, 8 a=1-55 c=-0-251
2—v b=2-46 d=0
K (0-0975(1=2v) +1) a=1-2 v=0-2. ¢=-0-189
% 8 b=1.82 d=0
(1-v)
v=0-49: ¢ =-0-0581
d=0
Location of the metacentre:
Zm Zm.surf.ﬂm Cé
— =&+ +
R 5 R d§+1
where:
£~ 1 0.0964cot L
R 2
an.surf.ﬂm _ 0 ]7 1(1 - 2V)
R —-0779v+1
c=0-365v
d=2-073
Note:

The formulae are meant to be used for embedment depth up to zD/R =2 (exceptfor K|,
which can be used up to z,,/R =35), for cone angle 3 from 120° (except for K|, which

can be used for 3 from 30°).
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Putting the results of K. K, K3' together, the effect of embedment to each of the coef-
ficients can be compared. Take the case of undrained loading (v = 0-5), at an embedment of
one radius, the cone factors peone for Ky, Kz, K37, calculated from the formulae in Table 2.8,
are: 0-894, 0-737 and 0-780, repectively. These results can also be verified visually in Figs.
2.6, 2.12 and 2.15. It shows that embedment does not only have significant effect on the
vertical stiffness coefficient, but it also does for the horizontal and moment stiffness. In fact

the effect on the horizontal and moment stiffness is more significant.

Analogously, for the same Poisson’s ratio, a footing cone angle of B = 120°, for example,
has cone factors pigone for Ky, Ka. K3' of 0-971, 0-855 and 0-966, respectively. This means the

cone angle has more effect on the horizontal stiffness than the vertical and moment stiffness.



Chapter 3

Formulation of One Dimensional
Interface Elements (Embedded in Plane

Strain Two Dimensional Continuum)

3.1 Introduction

Interface elements are powerful tools in the modelling of discontinuities in different kinds of
structures where conventional finite elements are not applicable. The physical phenomena to
be modelled involve debonding and/or sliding along the discontinuity. The term debonding
describes the separation of the two blocks of continuum adjacent to the joint surface, which
were initially in contact. Subsequent recontact can also develop by the movement of the
two blocks backs towards each other. The term sliding defines the relative motion along the
joint surface when the shearing force exceeds the shear strength of the joint. In the area
of geotechnics, interface elements have been used to model rock joints, soil- reinforcement

interaction, etc.

The implementation of interface elements is essential to this research. Due to large horiz-
ontal and moment loading, the footing can slide or debond relative to the soil elements with

which it was initially in contact.

Section 3.2 reviews some formulations of interface elements in the literature. As most
formulations can be extended to two dimensional elements embedded in a three-dimensional

continuum, this chapter serves as a review for both one-dimensional and two-dimensional

3-1
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Figure 3.1: Joint element (after Goodman et al., 1968).

interface elements. Note that a new formulation of two-dimensional interface elements is
described in detail in Chapter 4. Section 3.3 establishes the equations which calculate rela-
tive displacements at any point in the interface element from the nodal displacements. Sec-
tion 3.4 details the constitutive laws used for the interface element. It also discusses the effect
of the constitutive law on the stability of analyses involving the interface. The formulation
of the element stiffness matrix based on this constitutive law is detailed in Section 3.5. In
Section 3.6, a general algorithm for updating stresses for a given strain increment is de-

scribed. The interface i1s then tested as described in Section 3.7.

3.2 Literature review

3.2.1 Goodman et al.’s (1968) one dimensional interface element

The first interface element was developed by Goodman et al. (1968) to model rock joints.
As shown in Fig. 3.1, the interface element 1s a straight line interface element with zero
thickness. The main feature of this element is that the constitutive stress—strain relationship
in the conventional continuum elements is replaced with the relationship between stresses

and relative displacements between the top and bottom layer of the interface:
o—=Cu 3.1

where o = [0} G,,]T are the shear and normal stress on the interface; u is the relative dis-

placement in the local co-ordinate sustem (x',y') between the top and the bottom layer of the

interface:

U Utr — i

Vv vr — VB

where ur, vy are the shear and normal displacements of the top layer of the interface; up,

vp are the respective displacements of the bottom layer. The four displacements can be
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determined using the conventional shape function for this geometry.

The constitutive matrix C is defined as follows:

C= (3.3)

where K, and K, are the shear and normal stiffness of the interface. K, K, are generally
not constant and depend on the relative displacements. They are usually set to very large
values as the joint closes and very close to zero as the joint debonds. Assigning a very
small value to K also allows the interface to model sliding. Using a standard procedure

(Zienkiewicz, 1983), the element stiffness matrix K can be obtained.

3.2.2 Other interface element formulations

Since the Goodman et al. interface element, there have been further developments on inter-
face elements; a full literature review of various interfaces can be found in Hohberg (1992).

These developments have been made mainly on two fronts.

Firstly, in terms of the kinematic equation (Equ. 3.2), the simple straight line element
in Goodman et al.’s (1968) is extended to cover a wide range of iso-parametric elements.
Burd & Brocklehurst (1991) and Brocklehurst (1993) developed a one dimensional interface
element. The interface element is mapped from one-dimensional local co-ordinate system
(a) onto a global one (x,y). The formulation is described in details in Section 3.3. Gens
et al. (1988) and Gens et al. (1995) developed a quadratic quadrilateral 16-noded quadrilat-
eral interface element as shown in Fig. 3.2. Another formulation of quadrilateral interface

elements are also shown in Schellekens & de Borst (1993).

Secondly, in later developments, the simple constitutive matrix C (Equ. 3.3) is replaced.
A more sophisticated approach of the theory of plasticity are used to model different be-
haviours of the interface such as elastic phase (in which no significant additional deforma-
tions occurs) and plastic phase (in which the interface slides). Using this approach Burd &
Brocklehurst (1991) and Brocklehurst (1993) develop a one dimensional interface element
which can model dilatant interfaces. Special attention is also paid to the choice the yield
criterion used for the interface model. The Mohr-Coulomb yield criteria is used in Burd &

Brocklehurst (1991), Brocklehurst (1993), and Ghaboussi et al. (1973). Gens et al. (1990)
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Figure 3.2: Quadrilateral interface element for three dimensional analyses (after Gens et al.,

1988).
proposes the following hyperbolic yield criteria for the problem of rock joints:

f= ‘c% + T% — tan® ¢ (62 + 2aG) (3.4)

where a and tan ¢ are hardening parameters.

It should be noted that there is another class of interface elements which is usually re-
ferred to as ‘thin layer elements’. They are continuum finite elements with small but finite
thickness (Ghaboussi et al., 1973; Zienkiewicz et al., 1970; Pande & Sharma, 1979; Desai
et al., 1984; Griffiths, 1985). If the thickness is large, the thin layer element will behave
essentially as a solid element. As demonstrated in Hohberg (1992), thin layer elements and
zero-thickness elements are not fundamentally different from the numerical point of view

and a similar performance can be obtained from both zero thickness and thin layer elements.

3.2.3 Numerical instability when using interface elements

There are two major problems that might occur when interface elements are used. The first
problem is the oscillation of shear stress distribution along the interface elements may occur
as reported in Gens et al. (1988), Gens et al. (1995) and Schellekens & de Borst (1993). This
problem is encountered when the interface undergoes a large sliding, which is, unfortunately,

by far the most common failure mode in rock joints, the soil-reinforcement interfaces.

The second problem is the instability of the overall solution which may cause fluctuation

seen in the load—displacement plot. This is usually associated with large nodal unbalanced
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forces. Finite element analyses involving interface elements may even fail due to the overall

instability (Ghaboussi et al., 1973; Wilson, 1977; Pande & Sharma, 1979; Bell, 1991).

The reasons for each of the two problems, as well as their remedies, have been treated
in the literature. For the first problem, several researchers note the effect of the integration
scheme used to evaluate the stiffness matrix on the stability of the solution (Schellekens &
de Borst, 1993; Gens et al., 1989). Gens et al. (1989) observe that for one-dimensional ele-
ments, spurious oscillations of the shear stress resulted when a Gaussian integration scheme
is used and can be removed if a Newton-Cotes scheme is adopted. Burd & Brocklehurst
(1991) found in their studies, also for one-dimensional elements, that the stress distribution
is stable if sliding failure is not the dominant mode of deformation. For two-dimensional
interface elements, Gens et al. (1989) suggest that the performance of interface elements is

relatively unaffected by the integration scheme used.

Large off-diagonal terms or small diagonal terms in the global stiffness matrix is consid-
ered the major source of the second problem. It causes problems for the equation solver in
which computer round-off errors take place. Wilson (1977) gives simple examples of the use
of one dimensional interface elements to illustrate how computer round-off errors can cause

numerical ill-conditioning.

Pande & Sharma (1979) elucidate this issue by performing several test on different ma-
chines of different accuracy, and show that in low accuracy machines, calculations involving

interface elements may fail.

It is worth noting that the problem of overall instability led Ghaboussi et al. (1973) to
develop a different interface element formulation. In their formulation, the displacement
degree of freedom of one side of the interface surface are transformed into the relative dis-

placements between the two sides of the interface as follows:

T

Wy = Upi+ Ay

T

Ug = Ug+ A (3.5)

etc.
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Interface element

Standard 2-D
finite elements

or
( 3\ r 7
ul, 10001000
. ul; 01000100
u = =
uy; 00100010
| 000 100O0 I
T

Upi Usp Upj Usj Ay Asi Anj AU

The notations are depicted in Fig. 3.3. Therefore the stiffness matrix of the standard element
on the upper side of the interface will be increased in size in order to replace the conventional
absolute displacements at its interface nodes with the sum of relative displacements of the
interface and the absolute displacements. This formulation is believed to solve the problem
of significant change in stiffness of the different elements (i.e. continuum and interface ele-
ments). Wilson (1977) also gives a simple example that ill-conditioning due to conventional
formulation of interface element can be avoided if relative displacements are used as inde-
pendent degrees of freedom. However, Pande & Sharma (1979) show that though Ghaboussi
et al.’s (1973) formulation is more stable on low precision machine (24-bit mantissa), the

conventional formulation is also stable on high precision computers (36- or 48-bit mantissa).

From the literature it appears that the two above-mentioned problems of oscillatory stress

distribution and overall solution instability are uncoupled, 1.e. they are not considered con-
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Figure 3.4: One-dimensional interface element (after Burd & Brocklehurst, 1991) (a) parent

element; (b) mapped element.

currently in literature, and treatments for one problem are not necessarily effective for the

other.

This study found that the instability can also be caused by the yield criteria used for the
interface. This instability was overcome by the use of a two-part yield criterion which will

be described later in Section 3.4.

3.3 Kinematic equations (after Burd & Brocklehurst, 1991)

This interface element is a zero-thickness interface. The interface element is mapped from

one-dimensional local co-ordinate system (o) onto a global one (x,y) as shown in Fig. 3.4.

The vector of the global co-ordinates r of two arbitrary points a and b at a certain in-
finitesimal portion of the interface element, as shown in Fig. 3.5, is related to the global
nodal co-ordinates R by:

where N, the shape function matrix, is a function of «.

Analogously the velocity vector of the two points u is related to nodal velocity vector U,

by

p

u, W
1,
u= = NUa (38)

u',‘;

1,
b 7/

The velocities may be resolved into directions parallel to, and perpendicular to, the local
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Figure 3.5: Interface element velocities.

slope of the element, and the relative velocities can then be found, as shown in Fig. 3.5, as

follows:
g, = (1 —10,)cos0+ (u, — ) sin®
& = (uj—u))cos®— (u), —u})sin® (3.9)
or
cos® sin@ -1 0 10
€ = u
—sin@ cosB 0 -1 01
e = SLu=SLNU, =BU, (3.10)

where B = SLN and € = [g; S,I]T.

The terms of S can be written as:

cosh — dx/do
Ji

sinp = /4o
Ji

where J = \/(dx/do)? + (dv/da)? is the Jacobian of the transformation.

3.4 Constitutive equations

The behaviour of the interface is based on the Mohr-Coulomb yield function, f(o). The

yield function and the plastic potential are defined, respectively, by:

flo) = |tf|—c+otanp=0 3.1
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Figure 3.6: Yield surface and plastic potential.

(3.12)

glo) = |1-+otany=0

where 7 is the shear stress and ¢ is the normal stress; ¢, ¢ and y are the cohesion, angle of

friction and angle of dilation, respectively. The yield function and the plastic potential are

depicted in Fig. 3.6.
The relation between stress increment and strain increment is:

o = D¢ = D’BU (3.13)
where D7 is determined as follows:
D’ = D¢+ D’ (3.14)
and D¢ and D? are determined by the following formulae (Brocklehurst, 1993):
, K, 0
D¢ = (3.15)
0 K,
g\ far\”
L
D’ = 7 (3.16)
IV pefo8
do do
K.K, tan ¢ tan —s1gn(T) tan
K+ K,tan¢tany —sign(1) tany 1
where sign(x) is a function returning +1 if x is greater than 0, —1 if x is smaller than 0, and

zero otherwise.
In the modified Euler solution scheme, after each calculation step unbalanced forces are

calculated and added into the load increment applied in the next step. Fluctuation in overall
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Figure 3.7: (V, H) interaction: instability of purely cohesive interface elements.

performance is observed in this study if debonding happens at a certain step. This happens
becasue the stiffness matrix of the interface element is formed assuming the element is in
contact while the stress updating subroutine later finds the element has been relaxed and
therefore assigns stress to zero. This may result in large unbalanced forces in the next step,

causing the interface nodes to oscillate.

This oscillation can be seen in Fig. 3.7 and Fig. 3.8 which are the result of some of the
analyses carried out in Chapter 5 to establish the bearing capacity envelope of a strip footing.
In these runs, a vertical displacement is applied until the footing reaches the vertical bearing
capacity (V/Bs, ~ 6). Combinations of horizontal and rotational displacements are then
applied in order to construct the bearing capacity envelope for strip footings. The interface

elements used are purely cohesive governed by Equ. 3.12 with:

c=2/V36=0% y=0° (3.18)

Fig. 3.7 shows that in the region of low normal stress oscillations happen. Some analyses

have such large unbalanced forces that they could not be completed due to floating point

CITOrS.

This oscillation can be explained by the cohesive term. When the interface element is at
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Figure 3.8: (H, M) interaction: instability of purely cohesive interface elements.

the threshold of debonding (¢ is then negative but close to zero), the interface shear stress 1
can still have a horizontal stress of up to ¢. This causes a jump, which could be up to ¢ in
magnitude, in the shear stress of the interface when the interface changes from bonding to
debonding status, or vice versa. At the same time this may induce large unbalanced forces

causing the analsysis to fail.

As the relationship between normal stress and normal relative displacement is continu-
ous, the normal stress does not suffer from such a jump. This is the reason for fluctuation to
be principally in the H component only. The load path in (V, M) space for the same analyses

is still smooth as shown in Fig. 3.9.

A modification of the yield criterion for the interface is therefore needed. The yield
criterion is now comprised of two parts. At low levels of compressive stress, the interface
1s governed by cohesionless frictional behaviour. At high levels of compressive stress, the
interface is governed by frictionless cohesive behaviour. The yield criterion of the interface
is illustrated in Fig. 3.10. The frictional part of the yield surface, in effect, assumes the
drained behaviour in the soil under low vertical load. This is reasonable as under low vertical
load (and significant horizontal load), the deforming zone in the soil under the footing is

shallow, i.e. the drainage path is short. In addition, there is experimental evidence for this
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Figure 3.9: (V, M) interaction: instability of purely cohesive interface elements.

drained behaviour in model tests conducted by Martin (1994). It was found in Martin’s
(1994) undrained combined loading tests that when the vertical load reduces to zero, the
horizontal load capacity of the footing also decreases to zero. Martin’s (1994) experiments

will be reviewed in Chapter 5.

The value of friction angle ¢ = 30° is, however, only a representative one. In using this
interface in the computer programme OXFEM, this value can be changed. The size and
shape of the bearing capacity envelope under low vertical load is dependent on the friction
angle ¢. More details on the dependence of the bearing capacity envelope on ¢ are given in

Section 5.4.3.2 and Section 6.4.2.

The two-part yield surface is used throughout this research and results in smooth perfor-

mance as seen in Chapter 5 and Chapter 6.

3.5 Element stiffness matrix

Let P define the equivalent nodal forces. Applying an arbitrary set of virtual nodal displace-

ment increments U*, we have the equation from the theory of virtual work:

Up = / ¢éTodE (3.19)
JE
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Figure 3.10: Two-part yield criterion for interface element.

where € are the relative displacements that are compatible with the virtual nodal displace-

ments U*7 . Substituting Equ. 3.10 and Equ. 3.13 into the above equation, we have:

UTp = / UB 6dE = | UTBTD’BUJE = U*T / B 'D’BUJE (3.20)
JFE JE

JE

Since the virtual displacement are arbitrary, we can write:

P = / B ' D’BUJE = KU (3.21)
JE

where K¢ = / BTD’BJE = /BTD"/’BJdoc is the element stiffness matrix and J is the

E
Jacobian of the transformation as defined in Fig. 3.11.

3.6 Stress updating

The stress updating routine calculates the stress increment at Gauss points for a given strain
increment. Various cases, as outlined below, must be examined. The stress updating routine
described in this study uses the cumulative relative displacement, instead of normal stress,

as the criteria to determine whether the interface element is in contact or relaxed.

3.6.1 Relaxed - relaxed or bonding — relaxed

First it is checked that if at the end of the current calculation step, the interface is relaxed
(i.e. loss of contact). If it is, regardless of the interface being relaxed or bonding (i.e. the two
sides of the interface are in contact) at the end of the last calculation step, the cumulative

stress 1s set to zero.
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Loss of contact of the interface occurs if:

Enr=1 > 0 (322)

In that case, the cumulative stress at time ¢} is assigned to zero. The interface element is
flagged as ‘relaxed’ and the stiffness will be assigned very small values in the next step of

calculation.

If at the end of the current step, the interface is bonding, there are possibilities that
the interface was either relaxed or bonding at the end of the last step. The two cases are

considered below.

3.6.2 Relaxed — bonding

The relative displacement velocities are assumed to change linearly during the time step. The

time at which the interface regains contact can therefore be calculated as follows:

€nt=0
o= =0 (3.23)
E€ni=0— Eny=1

At the time t = t., the stress is zero. The stress path from 1. to f = 1 is updated as for the case

bonding—bonding which is described in the following section.

3.6.3 Bonding — bonding

When the interface undergoes a relative displacement increment during which the interface
remains in contact (i.e. bonding — bonding), the stress update routine for interface elements
is similar to that of continuum elements. The stress is first updated assuming the interface

behaves elastically. The stress at the end of the step is therefore calculated as follows:

o] =op+D€Ar (3.24)

The stress is then checked for the yield status. The resulting yield status, together with the
status at the beginning of the update is then checked against the following cases, and the

stress will be updated accordingly.
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3.6.3.1 Elastic — elastic or plastic - elastic

The interface is thus being unloaded. The assumption of the interface behaving elastically is

therefore correct. The update is then completed.

3.6.3.2 Elastic — plastic or plastic — plastic

Regardless whether the starting yield status is elastic or plastic, if the ending yield status is

plastic, the normal stress ¢ can be updated elastically as follows:

61 = o0+ Ku€n() — o) (3.25)

as the interface element of interest of this research is non-dilatant.

The shear stress can then be calculated based on the new normal stress:

e If 1 > c—0ojtand,

T =c¢—0tano (3.26)

and the interface is flagged as ‘positive yielding’.

o I 1Y < —c+ojtano,

T = —c+0|tano (3.27)

and the interface is flagged as ‘negative yielding’.

If the stress changes its yield status from positive yield to negative yield, or vice versa,
in one calculation step, the stress path has in fact gone through an elastic stress update (un-
loading) and then plastic update. However, the element stiffness matrix is calculated for the
current step and the next step as elasto-plasticity matrix. This can result in the fact that the
interface fails to take into account the change of direction/magnitude of applied loads, which
were experienced in one test to validate this formulation. In order to fix this situation, if the
stress changes its yield status from positive yield to negative yield, or vice versa, in one step,

the yield status of the interface is flagged as ‘elastic’.
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3.7 Numerical validation of the interface

Several different tests are carried out to validate the interface. In all of these tests, the in-
terfaces are governed by the constitutive equation composed of two parts as discussed in

Section 3.4. The numerical values the interface properties are:

K; = K, = 1000
c;1 =001 =30%y; =0°

c) = %;m =0%y =0°

The verification of the interface element formulation consists of several tests, out of
which two significant ones are described later. The tests contain continuum elements along
with interface elements and involve combined loading. The relevant analytical solutions are
therefore not straightforward. These tests hence need be interpreted qualitatively. Smooth,
non-oscillating performance which is physically reasonable is the primary aim. Numerical

results cannot be compared with exact solutions because the latter are not available.

3.7.1 Test One

In this test, a large compression is applied followed by a small slide such that no plastic slid-
ing occurs. The compression is then reduced to zero. At a certain stage of the decompression
the interface starts to slide and the upper and lower continuum elements recover their initial

square shape, leaving the interface skew.

The system is illustrated in Fig. 3.11. In this test, the plastic state is reached by the
reduction in compression. The continuum elements at the same time recover their initial

shape.

The total forces acting at the top nodes of the sample are plotted in Fig. 3.12. At the
end of the second load regime (steps 10-30) the horizontal force is still increasing (i.e. the
interface is still behaving elastically). The horizontal force stays roughly unchanged during
decompression until the vertical force is small enough to let the interface element slide plas-
tically. Together with the reduction of vertical force towards zero, the horizontal force is also

reduced to zero.
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Figure 3.14: Result of Test Two.

3.7.2 Test Two

The system as well as the applied displacements is illustrated in Fig. 3.13. Displacements are
imposed at one end of the upper half of the specimen while the other end is kept fixed; the
stress and strain along the interface varies more drastically in this test than in the previous

tests.

The result of this test is plotted in Fig. 3.14. The plotted value is the relative displacement
at integration points of the inteface. The curves are smooth, the difference in horizontal
displacement being large at left end, reducing to zero at the right end where all horizontal

movement is fixed as expected.



Chapter 4

Formulation of Two Dimensional
Interface Elements (Embedded in Three

Dimensional Continuum)

4.1 Introduction

This chapter deals with the application of the interface elements to three dimensional finite
element analyses. As the research includes a study of an axi-symmetrical footing under

combined loadings, such an interface element is needed.

The chapter is organised as follows. Section 4.2 establishes the equation which calculates
relative displacements at any point in the interface element from the nodal relative displace-
ment. Section 4.3 details the constitutive laws used for the interface element, which leads to
the formation of the element stiffness matrix detailed in Section 4.4. In Section 4.5 a general
algorithm for updating stresses from strain increments is presented. A closed-form solution
to integrate the elasto-plastic stress—strain relationship is given in Section 4.6. In Section 4.7
the solution is then compared, for a special case of strain increment, with Krieg & Krieg’s
(1977) solution in order to validate the new solution. The chapter ends with Section 4.8
describing several validating tests conducted on this formulation. As the section shows, the

interface behaves as expected.

4-1
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Figure 4.1: Two dimensional interface elements.

4.2 Kinematic equations:

Consider a two dimensional interface element that has 2n nodes as shown in Fig. 4.1. Note

that the coordinates of the upper nodes are identical to those of the respective lower nodes.

The relative displacements at any point in the surface can be determined by:

i i — o
. | / w [l[
U, =4 ul, p=4§ di—u, = { = | ] =L 4.1)
} L u, u,
74 iy zlé

where u,, u; are velocities of the upper and lower parts of the interface element, and are

defined by:
u N.U N. 0 U
L ¢ | L | I 42)
ull N(fUIl 0 N(.‘ Ull
where N, is the shape function matrix, defined as:
Ne = | Ny ... N, (4.3)
N, 0 O
N; = 0 N, 0 | =Nl 4.4)
0 0 N
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Figure 4.2: Coordinate transformation.

and U,,, U; are velocities of the upper and lower nodes respectively:

, T
U = [12‘1, aloalooar ot ll?} (4.5)
) T
U, = [uf;“ ottt g uz] (4.6)
Finally we obtain:
u, = LNU (4.7

N, O .
in which L = [ | } N = ‘ and U is the nodal velocities of the interface
0 N,

U,
Uu

element, U =

In order to apply the constitutive law for the interface, a local coordinate system is estab-
lished. The origin of the system is at the point of interest P (¢, ¢3) on the surface. The first
axis is tangential to the curve § = ¢». The second one is perpendicular to the first and lies
on the plane tangential with the surface at the point P. The remaining axis is normal to the

surface. The unit base vectors e, e;, e3 of the system are shown in Fig. 4.2.

The following section determines the components of the three base unit vectors ej,e;, e;3

of the rectangular coordinate system (e, ez, e3). We have:

CosS (] COS 0] COS (31
€ = CosSQLy2 , €2 = COS a7 €3 = COS 032 (4.8)
COS 013 COS 023 COS (33

where cosa,y, p.g = 1,2,3, are the direction cosines of the transformation.



Two Dimensional Interface Elements 4-4

T
If r is a position vector of the surface, using the matrix notation [ X v z } to denote a

vector xi + yj + zk, we have

T
where X is the vector of nodal coordinates in the global three dimensional coordinate system.
d :
As £ is a vector tangent to the curve § = ¢;, €] can be determined as follows:
or Y.
st 1| %
€] = ST = —o— = —( —— (4.10)
i Jido  J; %OL
do
J AN AN A .
where J| = 8(2 = \/<£> + <a—;> + <£> is the Jacobian of mapping a curve from

(x,y,2) space to one dimensional space (ot) and the notation |a| is used to denote the magni-

tude of a vector a.

r :
Because — and % are tangential to the surface, the normal vector e3 can be found as:

L ( dydz 0z 8» )
o or gk J0.0p a
oo 9 1| dx dy oz 1 g
€3 ="="37"7| 3% Aaq v |7 4.1
or or| J %oc %cx %a J aa aB aa aB
2 SR or oy oz ox dy  dy dx
oo 9B = =
\ aOt aB oo aB /
or dJr|. , .
where J = 30 X % is the Jacobian of mapping a surface from the (x,yv,z) space to the two
dimensional space (o, [3).

The vector e; can be formulated directly from the direction cosines of the vectors e, es :
COS 0] i J k
€ = o0 55) =€ Xxe = COSO3] COSO33 COSO33

COS 0023 CoSO] COsOj2 COSO3

COS0l3p COSOL 3 — COSOl 2 COS 033
— COS 03] COSOL3 + COSOL | COS 33 (4.12)

COS 03] COSOL[2 — COS 0L COS T3

According to this formulation, the direction of e3 is the direction of separation of the sec-

ond layer of interface nodes from the first one. Therefore, the node numbering scheme is

important.
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e
In Equs. 4.10, 4.11 and 4.12, a—;, etc. can be determined by using the first partial

derivatives of shape functions of one layer of interface element nodes.

The relative displacement increment in the directions of (ej,e;,e3) can be then deter-

mined as follows:

€ CoSQ] C€OSQjz €OSO3 i),
é = € ¢ = | COSQy] COSOy COSO3 u(
€3 COS(3] COSO32 COS(33 i,

= Cu,=CLNU=BU (4.13)

where C is the matrix of direction cosines of the transformation, and B = CLN.

4.3 Constitutive equations

The interface element uses the Mohr-Coulomb yield function:
f:‘t%+‘t?§~((5tan¢—c)2 =0 (4.14)
and the plastic potential g is as follows:

g=1+1- (ctany—¢)* =0 (4.15)

where ¢/ = 6 (tany —tan¢) + ¢. The yield function and the plastic potential are depicted in
Fig. 4.3. As mentioned in Chapter 3, using a two-part yield function, the numerical instability
which is often encountered when interface elements are used can be avoided. Therefore, a
two-part yield function is also used for this two dimensional interface element. This two-part
yield function requires no change in the mathematical formulation of the interface presented
in this chapter. Nonetheless, in the implementation of the element into a computer program,

checks are made to ensure that the proper yield surface and plastic potential are used.
The relationship between stress increment and strain increment is:
o = D¢ =D’BU (4.16)

where o0 = [T T2 G]T and the matrix D7 is determined as follows:

D’ = D¢ +D” (4.17)
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Figure 4.3: Yield surface and plastic potential.

where D¢ and D” are determined by the following formulae:

K, 0 O
D=| 0 K, 0 (4.18)
0 0 K,
and r
{2y
D’ = 727 (4.19)
U e[
do do
thus:
D¢’ =
(T%Kﬁ' + a)K\‘ —T TZsz Ti Gtan2 (DKvKn
|
- LS (tiKs+a)K,  Totan?9KK, (4.20)

%)

T otandtan YK K, Trotandtan yKK, (T%%—‘C%)KSK,,

where s = T%KS + T%Ks +o%tan? otanyk, and a = o’tan? otan yKk,,.

4.4 Element stiffness matrix

Let P define the equivalent nodal forces. Applying an arbitrary set of virtual nodal displace-

ment increments U*, we have from the theory of virtual work:

U*TP:/ ¢ T odE (4.21)
E

where €* is the relative displacements that are compatible with the virtual nodal displace-
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ments U*”. Substituting Equ. 4.13 and Equ. 4.16 into the above equation, we have:

UTP= | UTB 6 dE = / U*"B"D’BUJE = U*T / B'D’BUdJE (4.22)
JE JE E

Since the virtual displacement are arbitrary, we can write:

P / B"D’BUJE = K°U (4.23)
JE

where K = / B'D’BdE = // B D’BJdo.dp is the element stiffness matrix and J is

E
the Jacobian of the transformation as defined for Equ. 4.11.

4.5 Stress updating

The stress updating routine calculates the stress increment at Gauss points. In the stress
updating procedure, the interface is first checked for its bonding or relaxed status. Then if it is
in contact, the stress is updated according the yield function and elastic or plastic behaviour.
The stress updating routine described in this study uses the cumulative relative displacement,
instead of normal stress, as the criterion to determine whether the interface element is in

contact or relaxed. The detailed descriptions of the different cases are as follows:

4.5.1 Relaxed - relaxed or bonding - relaxed

In this context, the cumulative relative displacements of the interface element at the time

t = | are greater than zero:

€3,=1 >0 (4.24)

The cumulative relative displacements at the time ¢ = 0 can be either greater or smaller

than zero:

€3,-0=>0 or g3,-90<0 (4.25)

The cumulative stresses are then assigned to zero and the terms of the matrix D¢ are

assigned to very small values in the next step.
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4.5.2 Relaxed — bonding

The interface element falls into this case if:

€3,=0 >0 and €3,-1 <0 (4.26)

Assuming the relative displacements are changed linearly with time, we can calculate the

time t. when the two sides of the interface rebond as follows:

€3=0
fp=——=0 (4.27)
€3:=0— €3=I

At the time ¢t = ¢., all the cumulative stresses are zero. The stress increments from the
time ¢ =t to the time ¢ = 1 1s calculated using the same routine as of the case of bonding—

bonding which is described next.

4.5.3 Bonding — bonding

In this case, the interface is in contact status and its behaviour can be determined using
yielding criteria. In order to generalise the routine, the stress increments are calculated from

the time t = fg, where tg = Qort,, to the time t = | which is at the end of the increment.

Following the conventional routine, the stresses are assumed to change with strain elas-
tically during the time change. The stresses at the end of the time change are therefore
calculated as follows:

o =op+D€Ar (4.28)

in which At =] —tg.

The two sets of stresses are checked against the yield function for the yielding status of
the material at the beginning and the end of the time change. The following operations will

then happen according to the following cases of initial and ending yielding status:

4.5.3.1 Elastic - elastic or plastic — elastic

The previous assumption of elastic behaviour is therefore true. The stress updating is com-

pleted.
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4.5.3.2 Elastic — plastic

The stress path is divided into two stages: one of elastic behaviour, at the end of which the
material reaches the yielding point, and the other of plastic behaviour. The time 7, when the
material reaches the yielding point can be determined by substituting o from the Equ. 4.28 to
the yield function (Equ. 4.14). A quadratic equation can then be obtained, letting s,; = K,€1,

Sed = K,¢,, Se3 = Knéf‘):

(521 + 522 = sz tan’ 0) (1, — 19)°
+2 (Tl()Se] +T208,2 — (0‘05(3 tan® & — se3ctan ¢)) (ty —10)

—+ (T%O + T%() — (optan¢ — c)2> =0 (4.29)

from which 1, 1o <1, <1y, is determined as follows:

—dy + Vd

ty =1 4.30
y 0 2(11 ( )
where
ay = (.s‘(z,] +s(2,2 - s(2,3 tan’ (b)
a = 2 (’C]()S(,] + T20Se2 — (60;9(,3 tanz 0 — sp3ctan (I)))
ay = (‘C%O + ‘C%O — (optano — c)2> (4.31)
d = da5—4aja;
The stresses at t = 1, are calculated by the following formula:
o, = Uo—%—D‘}é(t)v—I()) (4.32)
and att =t} by:
I
o= U_\-+/ D’ edt (4.33)
Ji,

The integration of Equ. 4.33 is dealt with in detail in Section 4.6.

4.5.3.3 Plastic — plastic

In the case where the material both starts and ends in plastic status, there are two possibilities

(a) and (b) as shown in Fig. 4.4:
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yield surface AT

Figure 4.4: Two possible paths of plastic — plastic case of stress path.

a During the time change, the stress point moves along on the yield surface. The cumu-
lative stresses can then be calculated by integrating the stress — strain relationship as

described in Section 4.6.

b The stress point crosses the elastic region to end up at another position on the yield surface.
The behaviour is divided into two stages as for the case of elastic — plastic behaviour:
one of elastic behaviour and the other of plastic behaviour. The time 1, (f, — fp must

not be zero), stresses o, and o are also found by equations Equ. 4.29 to Equ. 4.33.

The above-mentioned procedure may still yield bad results. The reason is that even
though the stress is updated partly with elastic characteristic matrix D¢, in both the
current increment and the next increment, the stiffness matrices are calculated as for
plastic behaviour. To overcome this problem, it was found that better results were

obtained if the stiffness matrix was set as elastic at the end of the increment.

The two cases can be distinguished by computing the derivative of f with respect to time.

Jf
d—{ = 2 (T10Se1 + 12052 — Se3 (Gotan® ¢ — ctan¢)) (4.34)
=
df . - .
If ar > 0, then the stresses are updated with stress path sliding on the yield surface
G =1

d
as case (a). If d—f < 0, the stresses are to be updated as case (b).

=1




Two Dimensional Interface Elements

4.6 Integration of the stress—strain relationship

In this section, the exact solution for the integration of stress—strain relationship (Equ. 4.33)

is found in a closed form. The result can be found numerically but a closed form solution is

in many ways a more efficient way because numerical solutions usually require an iterative

process which is much slower to achieve a certain level of accuracy. In case of a non-dilatant

interface, a closed-form solution can be found as follows.
Letting u = ctan® — ¢, and therefore # = Gtan ¢, we have:
f‘:T%+T%_l{2 =
df

— =TT+t —uu=0
dt

The yield function can be written in the form:

T] = 4CosO, Tp = using,

and hence,
T) = ucoso— Quesing,

Ty = tsin oL+ Qlucos

The plastic potential (Equ. 4.15) leads to:

27 27
dg
{g} = 2’[2 - 2‘[2
—2(ctan¢ —¢)tany —2utany

As the displacement vector is perpendicular to the plastic potential, we obtain:

. Ty
& = —+A
I X, !
. T
€ = —+M
2 X, 2
, G
€3 = — —Autany

n

For the case of non-dilatant model, we have:

. T

g€ = —+AT
I X, 1

) (7]

& = —+AT
2 X, 2

. S

€3 = -

(4.35)
(4.36)

(4.37)

(4.38)

(4.39)

(4.40)

(4.41)

(4.42)
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The third equation in Equ. 4.43 can be directly integrated to give:

G =6y + 3Kt (4.43)

Combining the first two equations of Equ. 4.42 and using the yield function, we have:

Se1T1 + S2To — Sezutand
u’K;
Se1 COSOL4 S, SINOL— S,3tan 0

= 4.44
WK (4.44)

A =

Substituting this back into Equ. 4.42, we obtain:

Se1 COSOL+ Se2SINOL— §,3tan O
uk,
. . . ] .
= UHCOSO — USINOL+ 5,1 COS™ 0L+ §,2 COSQLSINOL — S,3tan pcos ol (4.45)

Se] = ucoso— ousino+ Ksucoso

. . o} .
= —0uUSINO + 5,1 COS™ L+ 5,2 COSOSIN A

or:

0= QU+ 5,1 8IM0L— S COSO (4.46)

If uy = cptan ¢ — ¢ = 0, o can be determined by:

O = arctan 8—2 (4.47)
€
If Sel = Se2 = O,
=0 or o= 0y (4.48)

Otherwise, Equ. 4.46 is a separable differential equation which can be written as follows:

do. " dt
/ . = / —+d
J =S8N0+ S, COsN u
' dt
= —+d 4.49
/ ctandp—c + ( )
Letting:
0; = arcsin (%) = arccos <_Z€1 > (4.50)

b= \/sf,l+s£2,2 (4.51)

the above equation can be written as:

tan%(a+51)$:/——dt—+d (4.52)

1
—In
b otand — ¢
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The integral on the right hand side can be evaluated according to two distinguishing cases of

€3 as follows:
Incaseof €3 #0and ¢ #0
The equation Equ. 4.52 becomes:

1 Injctan¢ — ¢|
tan - o)) =———+d 4.53
anz(oH— 1)’ satand + (4.53)

1
—1In

b

’Cz()/ll

’C]()/ll
Therefore, the constant d can be determined by the following equation:

At the time t = 0,00 = 0g = arctan , where 1o and Tag are the shear stresses at t+ = 0.

1
d:Eln

5 In|ogtano — ¢| (4.54)

I
tan—(O(Q+81)‘ —
Seztan

In order to calculate 1y, T2 at the time , we calculate o at the time ¢ by rewriting the equation

Equ. 4.53 as:

o= 2arctan [exp < In|otand — c| + db>} — 9 (4.55)

seztand

and finally Ty, T, can be determined using Equ. 4.37.
Incaseof ¢&3=00r ¢ =0

The equation Equ. 4.52 becomes:

1 l t
~Injtan=(at+9)| = ——— +d 4.56
b n ‘mz( +91) csotan(l)—cjL ( )
where d is determined by:
1 |
d = -Intan = (0o + 0y) 4.57)
b 2
Therefore,
2arct D) ant (ap+80) ) = (4.58)
= < _ n— — .
o arctan | exp cotan® ¢ an > (0o + Oy |

Substituting o into Equ. 4.37, we obtain o.
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4.7 Comparing with Krieg & Krieg’s (1977) solution for

the integration of stress—strain relationship

If the normal relative displacement increment is zero and Gptan¢ = O, the yield function
Equ. 4.14 becomes:
f=t+B-c=0 (4.59)

which is virtually the function of von Mises yield criteria in two dimensional stress space for
which the solution of Krieg & Krieg (1977) or Booker (1984) is used. The purpose of this
section 1s to prove that with such a special case of normal relative displacement increment,
the solution found here (for the case of non-dilatant model) gives an identical answer to those

by Krieg and Krieg’s solution.

Adopting Booker’s notation, we have:

o, = Cptan o, (4.60)
By =b, (4.61)

K,
G = > (4.62)

The solution by Krieg & Krieg (1977) gives:

Ti0+2GE 1§

!

Tn

N Too +2GE2E (4.63)

where:

By ) (B )
=cosh| — sinh [ —
n = cos (0(;,1 + X sin (th

op . Be Oy Po oy
— Pnh 22 o0 | Fre) 2 )
= 5, sin ( bt) + bxcosh ( bt> th (4.64)

200,Bp% = 2G (T102€) + T20282)

Because it is very difficult to prove the identity of the two solutions symbolically, they will

be compared numerically.

The initial stresses are chosen at all quadrant points on the yield locus. Purely horizontal
displacements, purely vertical displacements and combined displacements are then applied.

The magnitude of purely horizontal displacements and purely vertical displacements is € =
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Table 4.1: Comparison of updated stresses (vertical relative displacement only).

Quadrant Displace- Booker's solution This solution
points ment
T, 7, T, 7,
0 Negative 0-995020748953227 -0.099667994624956 0-995020748953226 -0-099667994624956
0 Positive 0-995020748953227 0-099667994624956 0-995020748953226 0-099667994624956
n/4  Positive 0-657264595340141 0.753659904540742 0-657264595340141 0.753659904540742
n/2  Positive 0-000000000000000 1.000000000000000 0-000000000000000 1-000000000000000
3n/4  Positive -0-657264595340141 0-753659904540742 -0-657264595340141 0-753659904540742
7 Positive -0-995020748953227 0-099667994624956 -0-995020748953226 0-099667994624956
m  Negative -0-995020748953227 -0-099667994624956 -0-995020748953226 -0-099667994624956
sn/4  Negative -0-657264595340141 -0-753659904540742 -0-657264595340141 -0-753659904540742
in/2  Negative 0-000000000000000  -1.000000000000000 0-000000000000000 -1.000000000000000
7n/4+  Negative 0-657264595340141 -0-753659904540742 0-657264595340141 -0-753659904540742
1.00 » 7 o
14 y *-
“ T 2// i -
L/ .
_ < \
~w  “stress path N
AN .
050 “initial stress *
P i
1o H
0.00 | ! ,‘, \ ‘
050 . N
400 - . ; T /
; C
T i ’ T
-1.00 0.50 0.00 0.50 1.00

Figure 4.5: Initial stresses and stress paths (vertical relative displacement only).

"~

SK" (a fifth of the radius of the yield surface). The numerical results are listed in Tables 4.1,

c

4.2, 4.3. The corresponding stress paths are also shown in Fig. 4.5, Fig. 4.6, Fig. 4.7. As
it can be seen from the tables, the results for all cases obtained from the two methods are
identical up to the order of 1 x 107'#. It is concluded that the two methods give the same

output for the cases examined.
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Table 4.2: Comparison of updated stresses (horizontal relative displacement only).
Quadrant Displace- Booker’s solution This solution
points ment
T, 7, T, T,
0 Positive 1.000000000000000  0-000000000000000 1.000000000000000  0-000000000000000
7/4  Positive 0753659904540742  0-657264595340141 0753659904540742  0-657264595340141

/2 Positive 0-099667994624956 0-995020748953227 0-099667994624956 0-995020748953227
/2 Negative -0-099667994624956 0-995020748953227 -0-099667994624956 0-995020748953226
in/4 Negative -0-753659904540742 0-657264595340141 -0-753659904540742 0-657264595340141
/4 Negative -1-000000000000000 0-000000000000000 -1.000000000000000 0-000000000000000
Sm/4 Negative -0-753659904540742 -0-657264595340141 -0-753659904540742 -0-657264595340141
3nj2 Negative -0-099667994624956 -0-995020748953227 -0-099667994624956 -0-995020748953226
in/2 Positive 0-099667994624956 -0-995020748953227 0-099667994624955 -0-995020748953227
Tr/4 Positive 0-753659904540742 -0-657264595340141 0-753659904540742 -0-657264595340141
[ ]
1.00 J‘ T% i . -
e ' | B
: ~——initial stress ! \ ‘
050 _ ’ N -
. stress path D :
- - e
0.00 . .
050 ] . i J
100 - - — - T/ |
‘ c
T T T
-1.00 -0.50 0.00 0.50 1.00

Figure 4.6: Initial stresses and stress paths (horizontal relative displacement only).
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Table 4.3: Comparison of updated stresses (combined relative displacements).

Quadrant  Displace- Booker’s solution This solution
points
direction T, T, T, T,
0 /4 0-995489406640707  -0-094872763563271 0-995489406640707 -0-094872763563271
0 /4 0-995489406640707 0-094872763563271 0-995489406640707 0-094872763563271
n/4 n/4 0-707106781186548 0-707106781186547 0-707106781186547 0-707106781186548
/2 r/4 0-094872763563271 0-995489406640707 0-094872763563271 0-995489406640707
/2 Inf4 -0-094872763563271 0-995489406640707  -0-094872763563271 0-995489406640707
in/4 Inj4 -0-707106781186547 0-707106781186548  -0-707106781186547 0-707106781186548
r an/4 -0-995489406640707 0-09487276356327 1 -0-995489406640707 0-094872763563271
r Sm/4 -0-995489406640707  -0-094872763563271 -0-995489406640707  -0-094872763563271
Sm/4 s5m/4 -0-707106781186548  -0.707106781186547  -0-707106781186548  -0.707106781186547
/2 Sm/4 -0-094872763563271 -0-995489406640707  -0.094872763563271 -0-995489406640707
3n/2 Tr/4 0-094872763563271 -0-995489406640707 0-094872763563271 -0-995489406640707
Tr/4 Tr/4 0-707106781186547  -0.707106781186548 0-707106781186547  -0-707106781186548
i | i ; |
100 C—
2 ~ : S
C e RN
— /./ i 4+ ~ ‘\ —
050 | S R n
' : Lo
_ i .
' stress path i '
L
0.00 N o | } }
) \\initial stress 1 DL
. )
050 | . I oL
. ./
- o T
-1.00 .- /
—————- c
T T T T —
-1.00 -0.50 0.00 0.50 1.00

Figure 4.7: Initial stresses and stress paths (combined relative displacements).
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b, = 30° %

Figure 4.8: Characteristics of the interface.

4.8 Numerical validation of the interface

Two different tests are carried out to validate the interface. In all of these tests, the interface
is governed by the constitutive equation composed of two parts: at a low level of compres-
sive stress, the interface is governed by cohesionless frictional behaviour; at a high level of
compressive stress, the interface is governed by frictionless cohesive behaviour, as shown in

Fig. 4.8. The numerical values the interface properties are:

K, =K, = 1000
c| = O,q)l = 300;w1 = OO

0= %;% =0%y, =0°

All of the tests are controlled by nodal displacements, and the load paths are to be ob-

tained to verify the behaviour of the interface.

4.8.1 Test One

The first test is comprised of two interface elements forming a square as depicted in Fig. 4.9.
There are three analyses carried out on this sample. The total area of the sample is unity.
There are two analyses designed to test the behaviour of the interface in two cohesive sliding
and frictional sliding modes of behaviour; both involve sliding in only one direction x. The

third analysis includes also sliding in the y direction.

In the first analysis, a vertical displacement is applied (steps 0-5), followed by a horiz-
ontal displacements in the positive direction (steps 5-15) and then the negative direction

(steps 15-35) of the x axis. The sample is then uncompressed to zero stress. Fig. 4.10 shows
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intertace

Figure 4.9: Validating the interface: Test One.

Displacements  Forces
0.0002 = 19

- ta“(¢1 )

—

0.0000 - 0.0

0.0002 —-1.0 —

0 10 20 30 40
Calculation Steps

Figure 4.10: Result of Test One — Analysis One.

the variation of vertical and horizontal displacement u, and u, during the analysis. As seen
from Fig. 4.10 in the first regime of load (steps 0-5) the vertical load increases. The shear
stress then increases with the horizontal displacement in the second load regime, and levels
off when the interface starts to slide plastically. When the displacement changes its direction
in the third regime, the shear stress is unloaded and changes to the opposite (negative) sign.
It also reaches the yielding state when the interface starts to slide the other way. When the

interface is uncompressed, both stresses of the interface change to zero.

The vertical displacement in this analysis is chosen to be small enough so that in the
second load regime (with horizontal displacement) the interface can yield (slide) due to the
frictional yield surface. As seen from Fig. 4.10, the maximum shear stress 1s 0-57735, which

is tan(¢1) = tan(30°) as expected.
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Displacements  Forces
0.0004 - 30 —

2.0 —

0.0000 ~

0 10 20 30 40
Calculation Steps

Figure 4.11: Result of Test One — Analysis Two.

In contrast to the first analysis, the vertical displacement in the second analysis is large
enough so that the cohesive yield surface is hit when the horizontal displacement is applied.
The resultant load path are similar to that of the first analysis, with the only difference being

the maximum shear stress 1s now 1-1547, which is the cohesion of the interface.

The problem is then tried with a third combination of displacements which includes also
horizontal displacement in the y direction. This analysis is aimed at testing the closed form

solution of the stress-strain integration as found in this research.

The interface is first loaded vertically. It is then slid in the positive direction in the x axis.
The shear stress T, can be seen, from Fig. 4.12, to increase and then level off at 0-57735. After
that positive displacement in the y direction is applied. The stress T, is decreased to 0-0 and 1,
is increased to 0-57735 as u, gets higher. Both components of the horizontal displacement are
then reversed to negative directions which results in an equivalent horizontal displacement
directed at —135° from the x axis. The figure shows both stresses 7, and 1, change elastically.
After that, the stress path hits the yield surface, and the stresses become steady at T, = T, =

—0-57735//2. The displacement path is plotted with the resultant forces in Fig. 4.12.
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Displacements Forces
00004 — 4, _

0.0002 - B

0.0000 — 00

-0.0002 - -

.0.0004 -~ 10—
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Calculation Steps

Figure 4.12: Result of Test One — Analysis Three.

Figure 4.13: Validating the interface: Test Two.

4.8.2 Test Two

The second test is identical to Test One except it is rotated at an angle of 45° about the y axis

in order to test the kinematic equations established in Section 4.2.

The application of displacements is similar to the first analysis of the first test, which
includes a compression (vertical to the surface of the interface) in steps 1-5, then a pure slide

(steps 5-15), and a reverse slide (steps 15-35), then uncompression (steps 35-40).

The problem is depicted in Fig. 4.13, and the result is plotted in Fig. 4.14. Fig. 4.15
shows forces and displacements of this test transformed into the local coordinate system of

the interface, which is identical to the result of the first analysis of Test One as it should be.
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Displacements
1

0.0002 - 1.0

0.0000 - 0.0

-0.0002 -1.0
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Figure 4.14: Result of Test Two.

N P, u,

10 20 30 40
Calculation Steps

Figure 4.15: Result of Test Two (with forces and displacements transformed into the local

coordinate system of the interface).



Chapter 5

Bearing Capacity Envelope of Strip

Footings

5.1 Introduction

The aim of this chapter 1s to contribute to the understanding of the bearing capacity envelope
for the case of strip footings on an undrained clay, and to assist in the interpretation of
the more complex problem of a circular footing studied in Chapter 6. Also of interest is
the capability of the interface element developed in Chapter 3 to model the loss of contact
between the footing and the soil. Offshore foundations are in some cases designed with
the simplifying assumption of plane strain conditions; thus the current study may also have

direct application.

This chapter starts with a review of commonly-used solutions applicable to the problem
of bearing capacity of footings under combined loading. This includes several well-known
semi-empirical bearing capacity formulae (such as Meyerhof, 1953; Hansen, 1970; Vesic,
1975) and some recent experimental research. Several techniques which can be used to
determine the bearing capacity envelope are also reviewed. These procedures are then used in
a number of finite element analyses to compare the efficiency and accuracy of each technique
in determining the envelope. After that a series of analyses is conducted to construct the
envelope, and the results are then compared with the methods previewed. In addition, the
results of this chapter form a part of a joint research programme in which the bearing capacity

envelope for strip footings is constructed using different methods: the finite element method

5-1
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as used by this research, and the finite element method which is implemented in a computer
package called FLAC. The close similarity of the bearing capacity envelopes derived from
the two numerical methods, the finite element method of this study and the finite difference

method using FLAC, is an important outcome of this work.

5.2 Literature review

5.2.1 Bearing capacity
5.2.1.1 Vertical bearing capacity

From the theory of plasticity, the exact solution for a strip footing on the surface of a weight-

less Tresca material clay can be derived (see, for example, Atkinson, 1993):

Vo = (T+2)s,B (5.1)

where B is the width of the footing; s, is the soil undrained shear strength. For a von Mises
material, the value is increased by a factor of % since the undrained strength in plain strain

s 23‘,,/\/§ if s, 15 used for the triaxial undrained shear strength.

5.2.1.2 Bearing capacity interaction between vertical load and moment

Under combined loads V and M, bearing capacity is usually studied as the statically equiva-
lent problem of an eccentric vertical load (Fig. 5.1). Meyerhof (1953) develops the concept
of effective area as illustrated in Fig. 5.2. The eccentric vertical load is assumed to act on
a reduced area on which the load acts centrally. For a strip footing (Fig. 5.2a) the effective

width is B’ = B — 2e. This leads to a (V, M) bearing capacity interaction diagram defined as

MV 1%
R S B (5.2)
My V, Vo

follows:

where V) is the bearing capacity under central vertical loading. This means that moment
capacity reaches its peak value at V = V; /2, which corresponds to the eccentricity of e = B/4
and the peak value of moment of My = BV,/8. In Fig. 5.3, (V/Vo, M/BV}) interaction of
Meyerhof method for strip footings is plotted given that Vj is determined by Equ. 5.1. The
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B'=B-2e

Figure 5.2: Effective area concept: (a) strip footing (Meyerhof, 1953); (b) circular footing
(Hansen, 1970).

effective area assumption is also used by other authors for circular footings. This is reviewed
in more detail in the next chapter which deals with the bearing capacity envelope of circular

footings.

5.2.1.3 Bearing capacity interaction between vertical and horizontal load

An exact solution for the case of a rough strip footing subjected to combined vertical and
horizontal loading on homogeneous clay is found by Bolton (1979). The maximum horiz-

ontal load is determined by:

1

Hy = As, = <Tt—+2) Vo (5.3)

and sliding failure occurs at this load (constantly) if V /V; < 0-5. For larger vertical loads the
(V. H) failure envelope is:
vV 414/ 1= (H/Hy)* —sin~ ' (H/Hp)

v (5.4)
Vo T+2
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VIV,
Figure 5.3: (V. M) interaction chart of a strip footing.

In early geotechnical papers combined vertical and horizontal loading is usually referred
to as inclined loading. Having found that the vertical bearing capacity was significantly
reduced as the angle of inclination ot = tan™! (H /V) increased, Meyerhof (1956) introduced

‘inclination factors’. For either a strip or circular footing on clay, the (V, H) failure envelope

1% °\?
o1 (5.5)
Vo 90°

The maximum horizontal load is again Hy = As,, for rough footings on clay. Thus Equ. 5.5

1s defined as:

only holds for angles of load inclination

o <oy =tan ' (Hy/V) (5.6)

For greater inclinations it is assumed that the footing fails by sliding. It can be shown that

for rough strip footings, o, = 15-986°, at which the vertical load is V = 0-6763V,.

The Meyerhof (1956) concept of an empirical inclination factors was retained by both
Hansen (1970) and Vesic (1975). For a central inclined load on strip footings, Hansen’s

(1970) formula reduces to:

%
o =1-05(1—/1-H/Ho). H<Ho=As, (5.7)

0

Note that the transition point from bearing failure to sliding failure of the (V. H) failure
envelope is at V = V4 /2. Vesic’s (1975) formula for strip footings takes the form:

Vv 2H

—=l—-—— H<Hy=A 5.8
Vo (n+2)H0’ =10 Su 58
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Figure 5.4: Combined vertical and horizontal loading (inclined loads) of strip footings.

The four formulae for the (V, H) failure envelope are plotted in Fig. 5.4. It shows that
whereas the three methods by Meyerhof (1956), Hansen (1970) and Bolton (1979) give very
similar prediction of the normalised V /Vy, H/Vj failure envelope, Vesic’s (1975) method
gives a different and rather more conservative envelope than the other three. The four meth-
ods also differ in their predictions of the vertical load level at which the transition from
bearing failure to sliding failure occures. Meyerhof’s (1956) method predicts a transition
at the highest vertical load. Both Hansen (1970) and Bolton (1979) predict the transition at
lowest vertical load, V = Vj/2. In addition, they give a smooth transition, whereas the other

two methods (Vesic, 1975; Meyerhof, 1956) give pointed (V /V, H/Vp) interaction curves.

5.2.1.4 Bearing capacity interaction between vertical, horizontal loads and moment

This case has usually been approached in the manner first suggested by Meyerhof (1956): an
inclined load of magnitude VV2Z £ H? is assumed to act centrally on a reduced foundation
area determined by the eccentricity e = M/V as depicted in Fig. 5.2. For a surface strip
footing on clay, the methods by Meyerhof (1956), Hansen (1970), Vesic (1975), Bolton
(1979) can be used to define the following (V. H, M) failure envelopes:

Meyerhof (1956):

o] A/
4 (L—a> CH<Als, (5.9)
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Hansen (1970):

y A
- (1 —o-5<1 —x/l—H/A’S,,)) S H <A, (5.10)
0
Vesic (1975):
v 2H A
V(2 NA g (5.11)
Vo (m+2)A's, ) A

Bolton (1979):

1% 1 1 — (H/A's,)? —sin~'(H/A's,) A’
V. _mtl+ (H/A's,)?>—sin" ' (H/ S)——,HSAISM (5.12)
Vo n+2 A

Because of the approach used, the above equations are in effect comprised of two compo-
nents: the inclination factor (due to horizontal load) and the reduction of footing area (due to
moment). The above equations are used to plot contours of the envelope in (H/Vy,M/BV)
space in Figs. 5.5 and 5.6. Bearing failure is plotted in solid lines, and sliding failure in
dashed lines. In a similar way to the (V/Vy. H/Vp) plot, in the (H/Vy, M/BV;,) space the
contours using Meyerhof’s (1956) and Vesic’s (1975) equations give pointed transitions from
sliding to bearing failure, whereas the Hansen’s (1970) and Bolton’s (1979) equations give a
smooth transition. At higher vertical load levels, for the Meyerhof and Vesic methods the re-
lationship between H /Vy and M /BVy is almost linear. At lower vertical load levels, where the
sliding faillure mode begins to appear, the contour has two segments, which are also almost
straight, connected at the transition points. With the same peak moment (when H = 0) and
very close peak horizontal load (when M = 0, see Fig. 5.4) at each V /Vj level, the contours
of the other two methods (Hansen, 1970; Bolton, 1979) are almost identical. In addition to
a smooth transition from sliding to bearing failure, both show a non-linear relation between

horizontal and moment loads.

Note that when there is no vertical load V /Vy = 0, it is usually accepted from experi-
ments that the horizontal load and moment should also be zero and the contour reduces to
a point at the origin shown on the contour plot. However, the theoretical solutions given in
Section 5.2.1.3 however give a horizontal failure load of H = Hy; all the above solutions do

not give any special treatment for the vertical load at low values.

5.2.1.5 Interaction charts

Equs. 5.9, 5.10, 5.11 and 5.12 are complicated by the fact that they are based on limit-

equilibrium solutions, which are then combined using empirical and semi-empirical factors.
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Figure 5.7: Cigar-shaped (V. H, M) failure envelope (after Butterfield & Ticof, 1979).

] Positive (forward) eccentricity [b] Negatlve (backward) eccentricity

Figure 5.8: Two cases of eccentricity.

This complication can be avoided by using a different approach using ‘interaction diagrams’,
by which the interaction between (V, H, M) is defined by purely empirical analytical ex-
pressions. Butterfield & Ticof (1979), on the basis of several hundred load-controlled tests,
suggested the use of an elliptical (H, M) locus at constant V. Furthermore, by combining
this shape with parabolic (V, M) and (V, H) loci, they proposed a simple three dimensional
failure surface as shown in Fig. 5.7. For a surface strip footing on sand, Butterfield & Ticof
(1979) recommended that the size of their (V, H, M) failure surface should be fixed using
dimensionless peak loads My/BVy = 0-1 and Hy/Vp = 0-12. Both peak moment and peak

horizontal load occur at V/V = 0-5.

This approach has been used by various researchers to investigate the bearing capacity of
footings under combined loading. Dean et al. (1992) derive a failure envelope for spudcans
on sand with a similar shape. Houlsby & Martin (1992) suggest a similar enevelope for

spudcans on clay.

The contours in Fig. 5.5 and Fig. 5.6 are plotted in the first quadrant in the (H, M)
space, which corresponds to positive eccentricity as shown in Fig. 5.8a. Even though the

four methods reviewed above do not distinguish negative eccentricity from positive one, it is
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of interest to find out how the footing behaves when the eccentricity is negative as illustrated
in Fig. 5.8b. Meyerhof (1953) drew attention to the fundamental difference between the two
cases but did not demonstrate how negative eccentricity should be treated. The first detailed
investigation was undertaken by Zaharescu (1961). Using a flat footing on sand, he found
that with H and V fixed, the footing can bear a negative moment larger in magnitude than
that of a positive one. For strip footings, Gottardi & Butterfield (1993) conducted a series
of tests on sand and their results, shown in Fig. 5.9, confirm Zaharescu’s (1961) finding.
As can be seen from the figure, the locus is not symmetrical with respect to the H and M
axes; Gottardi & Butterfield (1993) suggest an ellipse rotated about the origin by an angle
p = 12-7° to describe the data. The maximum values of both moment and horizontal load
lie in the quadrants corresponding to negative (backward) eccentricity. Note that the sign
convention of M used by Gottardi & Butterfield (1993) in Fig. 5.9 is opposite to that adopted

in this thesis (see Fig. 5.13).

Despite this finding, there are no further tests at other V /Vy levels to modify the cigar-
shaped failure enevelope suggested by Butterfield & Ticof (1979) (see Fig. 5.7). However, if
the inclination angle p is assumed to be constant for all V /V} levels, the failure envelope can
be then defined by the following expression (Butterfield, 1993):

m\? n\? m h
<-> +<—> —20—— —(v(1=v))*=0 (5.13)
tym ty

where v =V /Vy, h = H/Vy, m = M /BVy and 13y, tyy. C are constants determining the shape

of the envelope.

The same effect of the sense of eccentricity is also observed by Martin (1994) for cir-
cular footings on clay. A detailed review of Martin’s (1994) failure envelope is made in

Section 7.3.6.

5.2.1.6 Uniqueness and convexity of the bearing capacity envelope

Even though from the physical point of view, it may be expected that there must be one and
only one failure envelope for any footing, it is of interest whether such uniqueness can be
proven theoretically for the problem which involves a von Mises soil subjected to compli-
cated load paths. The inclusion of interface elements in the system also causes some concern

about the uniqueness.
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Figure 5.9: (H/Vy, M/BV,) failure locus at V/V; = 0-5 for surface strip footing on dense
sand (after Gottardi & Butterfield, 1993).

Similarly, though it appears from experimental research that only convex envelopes are
suggested, it is necessary to prove that the envelope which is to be found theoretically using

the finite element method is also convex.

The problem of solution uniqueness and convexity is dealt with by Palmer et al. (1967),
in which the load—deflection relations for structural elements are related to the stress—strain
relations for materials of which the structure is made. It is proven that if a (perfectly plastic)

material ‘in the small’ possesses the following characteristics:

e The yield surfaces are convex;
¢ The material obeys the associated flows; and

e There is no work-softening.

It will result in a structural system ‘in the large’ (which is comprised of the material) having

the following features:

e There is a unique failure surface;

e The failure surface is also convex;
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e Associated flow also happens; and

e Lower and upper bound theorems for the structure are valid.

Turning to this research, the materials used, unfortunately, include both those which obey
and those which do not obey the criteria ‘in the small’. The soil used in this thesis is a von
Mises material and thus obeys the criteria, whereas the interface does not always obey the
criteria. The interface has two states of behaviour: sliding and contact-breaking. In terms
of sliding, the interface, as formulated in Chapter 3 and Chapter 4, can slide in frictional
mode or cohesive mode, of which only the cohesive mode meets the material criteria. The

contact-breaking behaviour violates the criteria.

Therefore, in the absence of contact-breaking and frictional sliding at the interface between
the footing and the soil, the failure envelope must be unique and convex. For footings un-
der combined loading, this happens when the vertical load is high, which in effect prevents
contact-breaking from taking place. High vertical load also forces the interface to slide — if

sliding happens — in the cohesive mode.

However, for the other part of the envelope where the vertical load is low, the convexity
of the envelope as well as the uniqueness of the solution can not be proven. Nonetheless, a
concave failure envelope is difficult to justify, and appears unrealistic from the experimental
point of view. Extensive experiments on the subject of failure envelope for various types of
footings (strip and circular footings) on various types of soil (sand and clay) shows that the
failure surface is convex at both low and high vertical load (Butterfield & Ticof, 1979; Dean
et al., 1992; Houlsby & Martin, 1992; Gottardi & Butterfield, 1993; Martin, 1994). 1t is
therefore assumed that at low vertical load the failure envelope (which is to be found) by

finite element solution 1s also convex.

Two aspects of this research relate directly to the problem of convexity and uniqueness.
Firstly, making use of the convexity characteristic of the envelope, all the resulting loads are
filtered by finding the smallest convex hull in the load space (V, H, M) covering all the load
points. Only load points lying on the convex hull are retained and all the load paths crossing
inside the envelope are eliminated. The retained load points are then used to plot the contour
of the envelope. The algorithm is described in Sedgewick (1988) and implemented in a

computer programme by Anderton (1992).

Secondly, in an attempt to confirm the uniqueness of the failure envelope, the results
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w

Figure 5.10: Exploration of (V. M) interaction using probing tests.

by the finite element method are compared to the results obtained by a different numerical
method - the finite difference method — which was performed by Frydman (1995). The
method is implemented into a computer package called FLAC. A brief review of FLAC and

the comparison is given in Section 5.5.3.

5.2.2 Experiment strategy
5.2.2.1 Displacement-controlled probing tests

The first method used to explore the failure envelope can be considered as a direct analogy
with the displacement-controlled procedure used to determine the purely vertical bearing
capacity, in which vertical displacement is applied and by examing the load-displacement
curve, the ultimate load can be determined. Thus in order to find, for example, a (V, H)
failure load, the footing is applied with vertical and horizontal displacements w and « simul-
taneously. This will give a load path in (V, H) space with the ultimate load point being one
pointin the (V, H) failure locus. By varying the ratio of w and u, various points in the (V, H)

failure locus can be obtained to establish the whole picture of the locus.

Fig. 5.10 shows an example of this displacement control with no horizontal displacement
(u = 0). Each vector represents a combination of the vertical and rotational displacements
w. 8. This kind of displacement control is used in two series of analyses in this chapter and

will be described later. The ultimate bearing capacity found by these tests is exact.
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5.2.2.2 Tracking tests

The problem with the probing test procedure is that for each analysis only one yield point
can be obtained, and hence the exploration of the whole bearing capacity envelope using
the finite element method would be computationally expensive. To overcome this problem
Tan (1990) uses an analogy between footing testing and undrained triaxial testing in order to
derive a new test procedure which allows the failure envelope to be explored more quickly.
By using an analogy between the vertical load V (of the footing bearing capacity problem)
and the effective mean stress p', between the horizontal load H and the deviator stress ¢,
between vertical displacement w and the specific volume v, etc., Tan (1990) showed that a
probing test performed at a constant vertical footing embedment is analogous to an undrained
triaxial test. The yield locus of the Cam clay model is therefore analogous with the footing
bearing capacity envelope. Furthermore, whilst the size of the yield locus of the work-
hardening Cam-clay model is specified by pj (the value of p’ on the yield locus during
1sotropic compression), the size of the bearing capacity envelope is specified by Vp — the
vertical bearing capacity obtained from vertical penetration. A detailed discussion can be

found in Tan (1990) or Martin (1994).

From this analogy Tan (1990) shows that the load paths obtained in just two sideswipe
tests, one commencing from V /Vy = | and the other from low V /V}, could be combined to

define the entire (V /Viy, H/Vy) yield locus of a footing for a given embedment.

Dean et al. (1992) also uses the same technique to explore the vertical load—moment load
interaction (instead of vertical load — horizontal load as originally proposed by Tan, 1990).

This is done by applying footing rotation 8 at constant penetration zp.

There is also the further possibility of applying combined displacements « and 6 simul-
taneously at constant zp. This should give a load path in (V, H, M) space lying in a track
which is close to the initial yield surface. For this reason, following Martin’s (1994) termi-
nology, any footing tests conducted at constant embedment depth zp involving horizontal
displacement, rotation, or a combination of the two, will be referred to in this thesis as track-
ing tests. The complete yield surface could be determined by using a series of tracking tests
conducted with different «: BO ratios (or u: R6 for circular footings) as shown in Fig. 5.11.
This procedure is used by Martin (1994) to establish the bearing capacity envelope in a com-

plete (V. H. M) space for a conical footing on clay. Martin (1994) extends the procedure
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Figure 5.11: Schematic representation of tracking tests commencing from V/Vy = 1 and

from very small V /V}y (after Martin, 1994).

to investigate the envelope of footing at different embedment depths. Bell (1991) also used
the tracking test procedure for his three-dimensional finite element analyses for the similar

problem of circular footings on clay.

The tracking test procedure applied to finite element analyses differs from the procedure
originally designed for physical modelling in a number of aspects. In physical modelling,
after a tracking test has been performed at a certain footing embedment, the footing can be
then further penetrated to a larger embedment, resulting in the bearing capacity envelope
enlarging with footing depth. Thus the same soil sample can be used for several tests with
different footing embedments. The small strain analyses used in this research, however, do
not allow footing to penetrate progressively into the soil. Therefore, when footings with dif-
ferent embedment need to be investigated (Chapter 7), a different mesh for each embedment

depth is generated.

Also, in physical model testing, before the tracking tests commencing from low V /V
are started, it is necessary that the footing is driven into the soil to a specified embedment
corresponding to a vertical load Vj, then unloaded to a low V/V;;. Even though the finite

element analyses follow the same procedure, note that by using von Mises material, the
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preloading and unloading phase is not necessary because behaviour of the footing (or, more

accurately, the soil) is not dependent on load path or loading history.

Overall, the procedure is as follows. First, the vertical displacement is applied until the
footing reaches its vertical bearing capacity. At this stage, a stop/restart file which stores the
status of the analysis (such as node and element list, nodal load and displacement, stress,
strain and yield status of all integration points, etc.) is written to disk so that the calculation
does not need to be repeated for each analysis. Then the analysis for each combination
of the horizontal displacement and rotation is started after the stop/restart file is read into
the memory. For analyses commencing from low V /Vj, the stop/restart file after reaching
vertical bearing capacity is also read before the footing is unloaded. When the vertical load
reduces to V /As, = 1, another stop/restart file is written. Analyses for each combination of
displacements are then started using the V /As, = | stop/restart file in the same way as the

previous analyses commencing from V /Vy = 1.

The resulting load points are then filtered using the convex hull filtration as discussed in
Section 5.2.1.6. Note that due to the use of the interface with two-part yield surface, when
the vertical load reduces to zero, the horizontal load capacity also decreases to zero. As has
been mentioned in Section 3.4, this yield criterion models the undrained beheviour of the
footing under low vertical load. Fig. 5.11, obtained by Martin (1994) from his undrained
loading tests, demonstrates that the drained behaviour under low vertical load does, in fact,
occur. Therefore, a zero load point (V. H.M) = (0, 0, 0) added into the obtained load points

before the convex hull filtration i1s made.

5.3 Mesh preparation

5.3.1 Mesh dimensions and topology

The mesh dimensions required for accurate bearing capacity calculation is found by some
researchers to be much smaller than the mesh dimension necessary for accurate elastic cal-
culations. Sloan (1981) discovered that for strip footing the mesh width needs only be of the
order of five times the width of the footing. Using the method of characteristics, Houlsby
& Martin (1992) show that a mesh of 0-85R x 0-85R is sufficient. Bell (1991), having per-

formed a series of runs for strip footings using OXFEM, concludes that a mesh which has a
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Figure 5.12: Mesh dimensions and grading: 3650 nodes, 218 six-noded continuum elements,

10 interface elements.

radial dimension of 2-33R and a depth of 1-33R, where R is the footing radius, is adequate

and adopts it for his three dimensional calculations.

As the results of this study are to be compared with those of the FLAC program, the mesh
size and grading used in this study are made comparable with the one used in calculation
with FLAC. The mesh required for calculation with FLAC was found to be larger than the
dimensions discussed above. Both OXFEM and FLAC studies use a mesh of the same size of
10B x 3B, where B 1s the width of the footing, as shown in Fig. 5.12, which is the size found
to give accurate results with vertical load with FLAC. The mesh is also refined such that the
total number of degrees of freedom are similar for both OXFEM and FLAC (approximately
3000 degrees of freedom). The mesh used for OXFEM as shown in Fig. 5.12 has 3650
DOF, 218 elements (excluding interface nodes and elements) and 10 interface elements. It
was proven by Sloan & Randolph (1982) that the plane strain six-noded triangular finite
element used is suitable for predicting collapse load as well as for undrained loading footing
analyses. With the mesh shown in Fig. 5.12 the vertical ultimate load is Vy/Bs, = 6-05,
which is only 1-9% higher than the exact solution (Vo/Bs, = 5-94). The load—displacement
curve of the vertical load test is not shown here but the vertical load test resulted in a steady
load where further vertical displacement did not induce change in the load. This steady load

was determined as the vertical ultimate load for this problem.

The sign conventions of displacements and applied loads are illustrated in Fig. 5.13.
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Figure 5.13: Sign Convention.

5.3.2 Material properties

Even though inhomogeneity is one of the main features of offshore foundations, particularly
gravity foundations (Smith, 1982), the foundation investigated in this chapter has a uniform

profile. The effect of soil inhomogeneity of circular footings is studied in Chapter 7.

The soil used is a von Mises material with the following properties:

s, =10
G =100
v =0-49

Note that as this research is a parametric study and the load results are to be normalised, the
soil properties (s, and G) given above only have a representative meaning. The bearing ca-
pacity envelope, to be obtained in terms of dimensionless loads V /As,, H/As, and M /ARs,
is not dependent upon the soil properties, or the size of the footing (and the mesh) used in

the analyses.
A Poisson’s ratio of v = 0-49 enforces the condition of undrained loading.

The interface element model as described in Chapter 3 is used to model the interaction
between footing and soil in all analyses of this chapter. The interface has properties as

follows:

K, = K,, = 10000
¢ =0; ¢; =30 y; =0°

2
—=; 02 =0 Yy =0°
7 02 )

cr =

By using interface elements, it is clear that if the normal stress in the interface is com-
pressive, because the coordinates of the two sides of the interface are identical, one side of

the interface can penetrate the other side (by a length of €, = 6,,/K,,). Therefore, there may
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be a concern about the condition of the footing being rigid. However, with K,, = 10000, and
the normal stress in the footing expected to be of the order of 10 (or (m+ 2)% to be exact),
the penetration should be in the order of 1/1000, which is about 1/100th the thickness of the
continuum elements around the footing (the side of the continuum elements adjacent to the

footing is about O-1 in length). This is thought to be sufficient for the condition of rigidity to

be enforced along the footing.

Analogously, with the existence of K;, the mesh will behave as if there were an extra
continuum layer to deform under shear stress. This extra layer, however, is very thin; To
compare with the continuum elements closest to the interface, the extra layer has a thickness

of G/K, = 1/100, which is considered negligible.

5.4 Programme of analyses

The tests are divided into three sets which explore the interaction between different compo-

nents of loads as follows:

e The interaction between the vertical loads and moments;
e The interaction between the vertical and horizontal loads;

e The interaction between between all the three components vertical, moment and horiz-

ontal loads.

For the first two sets, both the probing test and tracking test procedures are used to al-
low comparison between the two. Even though the tracking test procedure can provide a
quick method to construct the failure envelope, there is a concern that the envelope obtained
by tracking tests may deviate from the true envelope as described in Section 5.2.2.2. The
probing test on the other hand can give an exact envelope. If the difference between the two
1s found to be small, the tracking test procedure can then be used to construct the whole

envelope.
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Figure 5.14: (V. M) interaction: displacement paths (a) Probing tests; (b) Tracking test.
5.4.1 Interaction between vertical load and moment

Both probing tests and tracking tests are used to investigate the interaction between vertical

load and moment.

5.4.1.1 Probing tests

The test involves a series of analyses, each of which uses a different combination of w, 6
as depicted in Fig. 5.14a. No horizontal displacement is applied in these tests. The (V, M)
interaction curves are plotted in Fig. 5.15. Horizontal load in the tests is found to be very
small, so the curve in Fig. 5.15 can be assumed to be on the H = 0 plane. The end points of

the load paths obtained from the analyses appear to form a parabolic trend.

5.4.1.2 Tracking test

In this test, the first load stage involves only vertical displacement (until the footing reaches
its vertical bearing capacity), followed by horizontal displacement in the second load stage

as illustrated in Fig. 5.14b.

As seen in Fig. 5.15, the load path from this analysis does not coincide exactly with
the locus of end points of the probing test load paths, but follows a track slightly inside
the envelope of the probing tests. The difference is greater at high vertical load, when the
rotation begins in this test. This difference gets smaller when more rotation is applied: at

V /Bs, =~ 4, the failure envelopes obtained from both the tests are almost the same.

The peak of moment does appear to take place at V/Vy = 0-5 as the Meyerhof (1956)
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Figure 5.16: Displacement Paths of (V, H) probing tests (a) Displacement paths used in the
study; (b) Alternative paths.

method predicts. The failure curve, however, does not go further towards the region of low

vertical load after it reaches maximum moment.

5.4.2 Interaction between vertical and horizontal loads

5.4.2.1 Probing tests

These analyses combine vertical displacement with horizontal displacement applied simulta-
neously. In each probing test a different combination of horizontal and vertical displacement
is applied as shown in Fig. 5.16a. It is slightly different from the (V, M) probing tests. The
displacement path for (V, H) tests, if made directly comparable to the (V, M) probing tests,
might be expected to look like the one depicted in Fig. 5.16b. However, the resulting load

paths of the displacements would not track down to the point (V,H) = (Vp,0), where Vj is
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Figure 5.17: (V, H) interaction curves.

the vertical bearing capacity, to complete the envelope as desired.

It 1s pleasing to see the resulting load paths follow a predicted trend. For those tests
with higher horizontal displacement (i.e. w:u = 1:1, 1:2, 1:4), the horizontal load in-
creases quickly and almost linearly with the vertical load, but then when the load paths hit
the horizontal load limit of Hy/Bs, = 2//3, they immediately level off, indicating the foot-
ing undergoing a sliding failure. For two tests with w:u = 1:2, 1:4, the load paths pass from
this sliding failure mode into the bearing failure mode when the vertical load gets higher (as
more vertical displacement is applied). It appears that the transition point lies somewhere
close to V/V,, = 0-5, or a little higher as the exact solution predicts (Bolton, 1979). The
transition is smooth, rather than pointed as some of the empirical methods predicted. The
two remaining analyses with higher vertical displacement (i.e. w:u=2:1, 4:1) fill the (V, H)

locus in the region of high V.

5.4.2.2 Tracking test

This test has two load stages: vertical displacement in the first stage; horizontal displacement
in the second stage. The resulting load path is plotted in a bold line in the same chart with
the (V. H) probing tests to compare in Fig. 5.17. The load path of this tracking test follows a
parabolic track which is almost exactly the same as the (V, H) interaction loci obtained from
the previous probing test. It should be noted that the load path of this tracking test does not

go further after it reaches the point of maximum horizontal load Ho/Bs, = 2/v/3 = 1-155 at
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u/B
Figure 5.18: Combination of horizontal and rotational displacements.

approximately V = 0-583V. The continuing line beyond that critical point towards the origin
is the result of the closed form solution for the type of interface elements used as described

in Section 5.3.2.

In this test, at the beginning of the second loading stage (V = Vjj) when the horizontal
displacement is first applied, there is a noticable deviation from the main trend (or an over-
estimation in the horizontal load direction). This deviation is soon overcome when more
horizontal displacement is applied. This can be explained by the fact that when the foot-
ing displacement changes the direction in the second loading stage, some interface elements
change their yielding status from elastic to plastic, or even debonding. However, these el-
ements have their stiffness matrix calculated as elastic because at the end of the previous
vertical loading (the first loading stage), the yielding status of most of the interface is elastic.
This results in an overestimation in horizontal load as seen in Fig. 5.17. Another conse-
quence is significant unbalanced nodal forces. In the non-linear solution scheme used in this
study, these unbalanced forces are then compensated in the next calculation increments and
the solution is then stabilised, as seen in the figure when horizontal force H increases. This
also shows that displacement application rate should be small when the footing displacement
direction 1s changed, particularly to horizontal direction, which can cause instability to the

overall solution.

Except for the tip at V &~ Vp, the two (V, H) envelopes are almost exactly the same. For
the (V. M) interaction shown in Section 5.4.1, though tracking tests give smaller loci than
probing tests, the difference is fairly small. In addition, the values given by the tracking tests
tend to be conservative. The tracking test procedure is therefore used to explore the whole

bearing capacity envelope in the following section.
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Table 5.1: Combination of horizontal and rotational displacements.

Test Number u: B w
1 1:3 71.6°
2 1:1 45.0°
3 3:1 18.4°
4 3.1 -184°
5 1:-1 -45.0°
6 13  -71.6°

5.4.3 Interaction between vertical, horizontal loads and moment

In this series of tracking tests, different ratios of rotation and horizontal displacements are
applied. The main combination of horizontal and rotational displacement are given in Ta-
ble 5.1, which are also depicted in Fig. 5.18. The combination thus contains both cases of
positive and negative eccentricity; the first three tests investigate the positive eccentricity

case, and the last three the negative eccentricity case.

In order that the failure envelope is explored at both high and low levels of vertical load,

tracking tests commencing from both high (V /Vy = 1) and low vertical load are performed

for each u: BO combination.

54.3.1 HighV/V,level

The results of tracking tests starting from V /Vy = 1 are shown in Fig. 5.19. Note that because
of their small magnitude the horizontal load (H /Bs,) and moment (M/B%s,) are plotted in
a scale four times as large as the vertical load. In a similar way to the (V, H) and (V, M)
tracking tests, when the combination of « and 8 is applied, the vertical load drops, associated
with an increase in horizontal and moment loads. However, for the case of positive eccen-
tricity, particularly for higher « such as u: B8 = 3: 1, the horizontal load can drop after it
reaches its peak value. At the same time, moment picks up sharply (therefore the load path is
probably still close the true bearing capacity envelope). This also means that the load path of

a displacement combination does not always follow a track lying on a M/BH = const plane.

The load paths (see (H. M) plot in Fig. 5.19) of negative eccentricity sense are not
symmetric to that of the corresponding positive eccentricity one. This can also be seen in

(V. M) spacc. Note that in spite of this, it is still difficult to conclude from this plot how the
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load eccentrity affects the shape of the failure envelope. In order to do that, the results need

to be plotted in three dimensions using contours.

The (H/Bs,. M/B*s,) plot in Fig. 5.19 shows that the series of tests gives a good cov-
erage of the bearing capacity envelope in (H/Bs,, M/B?%s,) view. Nevertheless, tests with
higher rotation (e.g. :B8=1:1t00:1 and 1:—1 to 1: —3) leave a wider gap between them
than those with higher horizontal displacement. In order to construct the envelope in more
detail, another series of tests was conducted. The combined displacements used in these
tests are: 1:BO=1:5;1:2;1:—-2;1:—5. Their results are not plotted in Fig. 5.19 for clarity.
The results are however used in plotting the contours of the envelope, which is presented in

Section 5.4 .4.

54.3.2 LowV/Vjlevel

In order to explore the envelope at low V /Vj levels, the footing is loaded until it reaches
vertical bearing capacity. It is then unloaded to V/Bs,, = 1 (V /Vy = 0-167) before a combi-
nation of horizontal and rotational displacements are applied. Fig. 5.20 shows the resulting
load paths. For all tests except the one with u: B0 = 0: 1 initially there 1s a sharp increase
in horizontal load associated with small change in vertical and moment load (e.g. V ~ | and
M =~ 0) and this phase is interpreted as elastic loading. For the case of u: B8 =1:1, 3:1, 3:
—1, and 1:—1, the vertical load remains almost constant at V — |. The horizontal load then
stops at just below 0-625, indicating that the footing is undergoing a sliding failure because
the ultimate horizontal load is H = Vtan30° = 0-577. The horizontal load then remains at

this level, but moment increases with a increase in vertical load.

Another set of combined displacements is also applied in order to construct the envelope
in detail. The combinations are: u: B0 =1:5; 1:8; 1:10; 1:-5; 1:-8; 1:—10. The results
are omitted in Fig. 5.20 for clarity but used in plotting the contour of the failure envelope in

the following section.

5.4.4 Bearing capacity envelope

Combining the results from the two previous tracking tests from high and low V /V};, we can
plot the contours of the bearing capacity envelope with respect to V as shown in Fig. 5.21

and Fig. 5.22.
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Figure 5.22: Contour with respect to V /V; of the bearing capacity envelope, for V /Vy < 0-5.
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The most surprising feature of the contours at both high and low V/Vj levels is that
they are almost symmetrical about the M/BVy and H/V, axes. This is in contrast to the
expectation as mentioned in Section 5.2.1.5, also to the experimental result by Gottardi &

Butterfield (1993) for strip footings on sand.

Another interesting point about the contour of high V /V; level (see Fig. 5.21) is that it has
a pointed shape; in these contours the transition from positive moment to negative moment
is not smooth, particularly for higher V /Vjy. This means that for a constant vertical load, an

introduction of moment load causes a sharp reduction in horizontal bearing capacity.

At low V /Vj levels (see Fig. 5.22), the contours are similar to those at high V /Vj levels
in the sense that they are almost symmetrical about the M /BV, and H /Vj axes. Nonetheless
the contours at low V /Vj levels have some distinctive features. First of all, because of the use
of interface elements which behave as frictional interfaces for V /Vj values less than 2/(m +
2)% = 0-337 (which is the calculated value below which frictional sliding will occur), at
high H, the footing fails by frictional sliding. Therefore a small application of moment
does not cause the horizontal load capacity to drop. This fact is represented by near vertical
segments in the left and right hand sides of the contours. At V/Vy > 0-33, this vertical
segment of course disappears when frictional sliding cannot happen. The contour quickly
turns to a more pointed shape (at M/BVy = 0) and that pointed shape is clearly seen in the

previous contour plot for high V /V} levels.

The second characteristic of the contours at low V /Vy levels is the existence of horizontal
segments at the top and bottom part of the contours. This indicates that to a certain extent,
the horizontal load does not affect the moment bearing capacity of the footing. This range
of horizontal load gets larger at higher V /Vj (see contours at V /V = 0-3 and 0-4). However
this feature is not seen for V/V; > 0-5, where in the region around peak moment, moment

change gradually and smoothly with horizontal load.

As Fig. 5.21 and Fig. 5.22 show, it 1s difficult to calculate the contour of the envelope in
the range of V/V = 0-5. To avoid this problem, the bearing capacity envelope can also be
plotted in contours with respect to moment as shown in Fig. 5.23. In this case, the whole
bearing capacity envelope can be seen (In fact only the M > 0 half of the bearing capacity
envelope can be seen, but the other half can be deduced from symmetry). The semi-envelope
has a shape of a boat hull. The vertical segments on the left (low V /V})) confirm the observa-

tion made for the previous plot Fig. 5.22 about the horizontal segments of the contour.
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Figure 5.24: Comparison of the results of (V, M) interaction.

5.5 Comparison with other solutions

5.5.1 Comparison with analytical solutions: (V, M) and (V, H) planes

In order to compare the solution by Meyerhof for the (V, M) interaction (Section 5.2.1.2)
with the current research, the curve in Fig. 5.3 and the curve of (V, M) tracking test (e.g.

Fig. 5.15) are plotted in Fig. 5.24.

It can be seen that the two curves have similar shape. It is interesting that even though the
solution by Meyerhof uses the simple assumption of the effective area, its predicted maxi-
mum value of My, when normalised againtst BVp, is only 2:4% lower than the OXFEM value:
My = 0-125BV;y compared to the ultimate value obtained by OXFEM M = 0-128BV}. Inter-

estingly, Meyerhof (1963) states that “[for strip footings] detailed model tests have shown
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Figure 5.25: Comparison of the results of (V, H) interaction.

that the [effective area] procedure is on the safe side”, which is also the case found in this

study.

Regarding the interaction between vertical and horizontal loads on the M = 0 plane, it
appears that the numerical results bear a close resemblance to the Bolton (1979) method (see
Fig. 5.25). The two curves are almost exactly the same throughout the range in which the

footing fails in the bearing failure mode.

The numerical results in Fig. 5.24 and Fig. 5.25 have one feature in common: during
the second loading regime in which either horizontal or rotational displacement are applied,
the resulting load path reaches a critical state, at which further displacement does not induce
further change in the resulting loads, before V reaches 0-5Vj. In the case of (V, H) inter-
action, it is clear that at the critical point, the horizontal load does not reach its peak value
Hy = 0-194Vy. This may also be true for the case of (V, M) interaction though this is not

clear in Fig. 5.24 because the exact value of the peak moment is not known.

5.5.2 Comparison with analytical solutions: the bearing capacity enve-
lope
Fig. 5.26 shows the contour plot of the bearing capacity envelopes (only V/Vy > 0-5) de-

termined by OXFEM superimposed on the envelope using Hansen (1970). At all levels of

V /Vo, the Hansen (1970) method is conservative compared to OXFEM result.
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Figure 5.26: Bearing capacity envelope: comparison between the OXFEM results and
Hansen (1970) (for V /Vy > 0-5).

Note that the two methods are not compared for the envelope at low V /V; levels because
the two methods have different ways of treating the footing at low V/Vj: this study uses a
frictional interface, which leads to an envelope pointed at the origin (see Fig. 5.23), whereas
the Hansen (1970) method gives, for zero moment, the full horizontal load for all cases of

sliding failure (see Section 5.2.1.4).

5.5.3 Comparison with FLAC
5.5.3.1 Overview of FLAC

FLAC (Fast Lagrangian Analysis of Continua) is a two dimensional finite difference code. It
uses an explicit, time-marching method to solve the governing field equations in which every
derivative is replaced by an algebraic expression written in terms of the field variables (e.g.
stress or displacement) at discrete points in space; these variables are undefined elsewhere.
The general calculation scheme invokes the equations of motion to derive new velocities

and displacements from stresses and forces. Then strain rates are derived from velocities,
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and new stresses from strain rates. This cycle takes place within one time step which is
small enough so that information cannot physically pass from one element to another in that
interval. The calculational ‘wave speed’ always keeps ahead of the physical wave speed,
so that the equations always operate on known values that are fixed for the duration of the
calculation. As a result, no iteration process is necessary when computing stress from strain

in an element during one solution step, even if the constitutive law is extremely non-linear.

Further information can be found in the FLAC manual.

5.5.3.2 Result of FLAC analyses

The FLAC analyses were performed by Frydman (1995). The mesh used for analyses with
FLAC has approximately same number of degrees of freedom as the mesh used with the finite
element method, which is mentioned earlier in Section 5.3. The soil model used in FLAC
is Mohr-Coulomb soil with shear strength of s, = 1:0. The mesh also uses the interface
elements as provided by FLAC. The interface has the same properties as those used in the
analyses by the finite element method. A series of tracking tests was performed using the

same set of displacement ratios as listed in Table 5.1.

The stress results from these analyses are then multiplied by 2/1/3 to take into account
the difference of shear strength between the Mohr-Coulomb soil used in the analyses by
FLLAC and the von Mises soil used in the analyses by the finite element method. The result
of FLAC analyses is plotted in Fig. 5.27 in bold lines. It shows that oscillation in the load
path occurs in these analyses. It is believed that this oscillation is due to the inclusion of
purely cohesive interface elements in the problem analysed with FLAC. It is noted that the
oscillation happens solely in the H direction in the load space. As discussed in Chapter 3, if
purely cohesive interface elements are used, the finite element analyses also suffer from the

same problem.

In order to eliminate the irregularity in the load paths, the load data are filtered by finding
the smallest convex hull in the load space (V. H, M) covering all the load points. Only load
points lying on the convex hull are retained. The filtered data are plotted in Fig. 5.27 in thin

lines.

In Fig. 5.27 the results of combined loading at high V /Vy by OXFEM and FLAC are

plotted in the same charts for comparison with Fig. 5.19. There are a slight difference in the
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Figure 5.27: (V. H. M) interaction at high V /Vj: results from FLAC (data from Frydman,

1995).
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H direction: FLAC gives a higher horizontal force in magnitude if the rotation is positive and
slide is negative, or vice versa; and a lower value if both the rotation and slide are positive
or negative. However, as shown in Fig. 5.28 to a large extent the two methods give almost

identical load paths.

It is important that the two different methods using two different numerical techniques
yield results in very close agreement. Most significantly, for the case of u: B8 = 3 : 1 the two
methods give similar load paths, which have significant change in direction in both (V, M)
and (H, M) spaces. The difference between the results are mainly in the horizontal load.
OXFEM tends to give smaller values than FLAC for negative eccentricity, and vice versa for
positive eccentricity. The FLAC results also give contours similar to the OXFEM results as
shown in Section 5.4.4, notably the FLAC contours are also almost symmetrical about the
H /Vy and M /BVj axes. They also have a pointed transition from negative to positive moment
at high V /Vj level. As discussed in Section 5.2.1.6, this similarity between the two methods

give evidence for the uniqueness of the failure surface.

In closing, it is worth noting that the interface element model worked well in all tests. It
modelled the loss of contact and sliding between the soil and the footing as desired, without
causing instability or loss of accuracy. Encouraged by this, the research is extended to cover

circular footings as presented in the next chapter.



Chapter 6

Bearing Capacity Envelope of Circular

Footings

6.1 Introduction

In this chapter, the bearing capacity envelope for a flat surface circular footing will be in-
vestigated. This is done by using a similar numerical experimental technique as for the
previous chapter for strip footings. However, due to the circular shape of the footing and the
non-symmetric load combination, a three dimensional analysis is needed. Thus the analyses
in this chapter make use of three dimensional continuum finite elements (see, for example,

Bell, 1991), as well as the two dimensional interface elements as developed in Chapter 4.

The chapter is organised as follows. In Section 6.2, various methods commonly used
to predict the bearing capacity of circular footings under combined loadings are reviewed.
Also reviewed are several (more recent) approaches to the problem of combined loading on
circular footings using physical and numerical modelling. The preparation for the main series
of analyses (such as mesh preparation, the choice of finite elements, etc.) is discussed in
Section 6.3 before the main results are presented with preliminary discussion in Section 6.4.
This leads to a more detailed analysis of the results, including the derivation of an empirical
formula to define the bearing capacity envelope in Section 6.5. A comparison between the

obtained results and other previously reviewed methods follows in Section 6.6.

6-1
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6.2 Literature review

6.2.1 Vertical bearing capacity

There are no known exact solutions for the vertical bearing capacity. However, for both

smooth and rough footing on Tresca s0il (Gmax — Omin = 254), lower bound solutions exist:

For a smooth footing (Shield, 1955):

V/As, =569 6.1)

For a rough footing (Eason & Shield, 1960):

V/As, = 6-05 (6.2)

in which s, is the maximum shearing stress of the Tresca material.

Houlsby & Wroth (1984) use the method of characteristics to compute lower bound verti-
cal collapse loads. The effect of footing embedment in combination with cone angle, rough-
ness and strength increasing with depth were also investigated. Their results for rough and
smooth flat surface footings on a uniform soil are in agreement with the solution by Shield

(1955) and Eason & Shield (1960).

There is no known exact solution for a von Mises soil either. In addition, because in
the problem of bearing capacity for axi-symmetric footing, the shear stress along the failure
surface ranges from s, to 2/\/55,,, the Eason & Shield (1960) solution for rough footings
multiplied by 2/+/3:

2
V/As, = —=6-05=6-99 6.3
/ 7 (6.3)

is not an exact lower bound solution for footings on a von Mises soil. However, this value

may be regarded as a reasonable approximation to the actual capacity.

To calculate vertical bearing capacity of circular footings, empirical and semi-empirical
bearing capacity formulae, notably those of Hansen (1970) and Vesic (1975), use the exact
solution for strip footings (Equ. 5.1) modified by a shape factor. For circular footings, this
shape factor is 1-2 for Hansen’s (1970) method and 1 + 1/(m+2) = 1-194 for Vesic’s (1975)
method, resulting in V /As, = 6-17 and 6- 14 respectively, both slightly higher than the Eason
& Shield (1960) solution.
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Due to the lack of exact solutions, Bell (1991) performed a two dimensional axi-symmetric
calculation using the high-order cubic strain 15-noded triangular elements, with a fine mesh
and found the collapse load to be V /As, = 6-65. Using this as the benchmark value for
his three dimensional analyses, Bell (1991) found that 10-noded and 20-noded tetrahedral

meshes overestimate by about 13% and 3%, respectively.

6.2.2 Interaction between vertical load and moment

For circular footings, Hansen (1970) proposes that eccentrically loaded circular footing be
treated using the assumption of effective area shown in Fig. 5.2b. Hansen (1970), however,
does not elaborate how the length to width ratio L'/B’ of the equivalent rectangle should be
determined. American Petroleum Institute (1993) suggests that the equivalent rectangle be

determined by the following equation:

A'=B'L' =nR*—2eV/R? — 2 —2R*sin" ! (¢/R)
R+e
R—e

L'/B = (6.4)
This leads to the following relation between vertical and moment bearing capacity for circu-

lar footings on clay:

Vo (1+02B/L)\ A ©5)
Vo 1.2 A '

where B = R\/m and A is the gross footing area TR>.

Using the same concept of the effective area, the Vesic (1975) formula for vertical bearing

capacity leads to the following vertical bearing bearing capacity interaction formula:
pacity g g g capacity

v <n+2+(8’/L’)>A_’

(6.6)
Vo n+3 A

The two methods of Vesic and Hansen are plotted in Fig. 6.1. The peak moment does not
occurs at V /Vy = 0-5, as in the case of strip footings, but at V /Vy = 0-47 for both methods.
The peak moment values of both are also very close: the difference is only half a percent,

resulting in the two predictions of (V, M) being almost identical.
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Figure 6.1: (V. M) interaction chart of a circular footing.
6.2.3 Interaction between vertical and horizontal loads

Even though this case of loading for circular footings does not have a known exact solution,
it is dealt with by all the three semi-empirical methods reviewed in Chapter 5. While the
Meyerhof (1953) formula is unchanged for circular footings (see Equ. 5.5), the other two

methods change as follows:

Hansen (1970) (cf. Equ. 5.7):

V. 1:2-0-7(1 - /1 —H/Ho)

Vo 1.2

, H < Hy=As, (6.7)

Vesic (1975) (cf. Equ. 5.8):

, § :
Vo (7[+2)H()’ =10 “

The three formula are plotted in Fig. 6.2. For circular footings the Meyerhof method is
still the least conservative method, as 1t is for strip footings (see Fig. 5.4). It will be recalled
that the Vesic method is the most conservative one for strip footings (see Section 5.2.1.3). It
is, however, taken over by the Hansen method as the most conservative method for circular
footings. The Hansen method also predicts a smooth transition from sliding to bearing fail-
ure, as it does for strip footings, whereas the other two methods predict an abrupt change.
Furthermore, the transition for the Vesic or Meyerhof method is predicted to occur at V /V}

levels significantly higher than that of Hansen’s (1970) method.
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Figure 6.2: (V. H) interaction chart of a circular footing.
6.2.4 Interaction between vertical, horizontal load and moment

The same approach for strip footings (see Section 5.2.1.4) can be used to obtain the (V, H, M)

failure envelope for circular footings:

Hansen (1970) (cf. Equ. 5.10):

v 14+02B/L~0:5 (1 -/ —H/A’s,l> (14+0-4B'/L') o /
v _ L H<As, (69
Vo (2 A

where Vg = 1-2(n+ 2)As,, A = tR? and A’, B’ and L' depends on eccentricity via Equ. 6.4.

Vesic (1975) (cf. Equ. 5.11):

2+B'/L’
1% T H T+2+B/L\ A
V_ || =B F2HBILNA (6.10)
Vo (m+2)A's, n+3 A

where Vp = (1 + ﬁ)(nﬁL 2)As,,.

By nominating V /V; values, Equ. 6.9 and Equ. 6.10 can be used to plot the contours of the
envelope as shown in Fig. 6.3. The contours bear close resemblance to their counterparts for
strip footings (see Fig. 5.5b and Fig. 5.6a). The Vesic contours are pointed at the transition

from sliding and bearing failure, whereas the Hansen ones are smooth.
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Figure 6.3: Failure envelope contours in (H/Vy,M/BVy) space: (a) Hansen’s method; (b)

Vesic’s method.
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6.2.5 Finite element research

A series of finite element analyses were conducted by Fugro Ltd as part of a Joint Indus-
try Project coordinated by Noble Denton & Associates (1987). Using the harmonic loading
method (rather the three dimensional finite element method), they investigated the interaction
between the vertical, horizontal loads and moment. The (H, M) failure loci at V/Ttst,, =36
is shown in Fig. 6.4. It shows that sharper cone angle causes a larger increase in horiz-
ontal bearing capacity than in moment bearing capacity. There is a poor agreement between
Hansen’s (1970) prediction and the results of Noble Denton & Associates (1987). The latter
results show no gradual change between horizontal and moment bearing capacity. Instead,
they show that a small reduction of horizontal load from its peak value causes a sharp in-
crease in moment bearing capacity, and vice versa. There may be some doubts about the
accuracy of the Noble Denton & Associates (1987) results with respect to the adequacy of
mesh refinement around the footing, and the fact that no attempt was made to model the par-
tial loss of contact between the footing and the soil which occurs under large moment loads.
Loss of contact can also occur for conical footings under large horizontal load. However, the

two reasons can hardly explain for the rectangle-like shape of the (H, M) failure loci.

Further research into the problem of combined loading of circular footings on clay was
performed by Bell (1991). Unlike Noble Denton & Associates (1987), Bell (1991) used
the truly three dimensional finite element method. Bell (1991), however, investigated flat
footings only. First of all, Bell (1991) used purely cohesive interface elements (without
contact breaking) to model the interface under horizontal load. By comparing with analyses
in which no interface elements were used, Bell (1991) showed that using continuum elements
to model the soil-footing interface resulted in horizontal loads 35% in excess of the true

amount.

However, even with these interface elements, the analyses already suffered from numer-
ical instability. This led to a modification of the interface element material stiffness matrix
D in order to reduce the effect of abrupt change in stiffness from elastic to plastic as fol-
lows:

D? = D¢+ CDP (6.11)

where the parameter C can vary from O (for a purely elastic matrix) to 1 (for the standard

elastic perfectly-plastic matrix). However, in Bell’s (1991) analyses, a value of C = 0-99
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Figure 6.4: (H, M) failure loci at V /nR%s, = 3-6 (V/Vy = 0-6) for various conical footings
by Noble Denton & Associates (1987).

was used for the standard elastic perfectly-plastic matrix. This allowed a nominal 1% elastic
stiffness of the interface to be retained under full plasticity conditions. This was believed
by Bell to prevent the global stiffness matrix from becoming ill-conditioned, and proved to
produce a stable solution for the case of purely horizontal displacement. These observations
were then applied into debondable interface elements to model the footing under rotation.

But difficulties were still encountered including numerical instability and a spurious stress

distribution on the base of the footing.

Bell therefore resorted to using a footing rigidly connected to the soil without interface
elements. To take into account the loss of footing contact, the footing loads are calculated

only from the footing nodes where the vertical load is compressive.

Despite use of these assumptions, Bell’s (1991) results show some interesting features
of the bearing capacity envelope for circular footings on clay (see Fig. 6.5). The difference
between positive and negative eccentric loads as described by Zaharescu (1961) is confirmed.
Furthermore, the cross section of the envelope at each V /Vj level bears the shape of an ellipse

rotated about the origin. Also, the direction of the ellipse at different vertical loads changes
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Figure 6.5: Bell's (1991) bearing capacity envelope for circular footings on clay, determined

by the finite element method.

with vertical load level at lower V /Vj levels, where the contours takes on a more circular

shape. As the vertical load gets lower (V /As, < 5), the contours even seem to rotate such

that the major axis lies in the first and third quadrants.

Compared to both of the methods mentioned above, the Hansen (1970) is more conser-

vative. However, Bell’s (1991) results are in better agreement with Hansen’s than those of

Noble Denton & Associates (1987).

Note that with the development of the interface element as presented in Chapter 4, the

difficulties encountered in Bell’s (1991) analyses are eliminated. This study is shown in the

following sections.
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Figure 6.6: Ten-noded mesh: 2744 nodes and 1645 elements.

6.3 Mesh Characteristics

6.3.1 Material properties

The soil used in this study has the same properties as the soil used in previous study for strip

footings (see Section 5.3.2).

6.3.2 Mesh topology

The meshes are generated using a commercial package called I-DEAS which can generate
solid meshes using free meshing. The mesh grading is controlled by specifying the number
of elements along the edges of the solid model (the rim of the footing, the boundary edge). In
order to compare the performance of 10-noded tetrahedral elements and 20-noded tetrahedral
elements, two meshes are generated: one for 10-noded tetrahedral elements and the other one
for 20-noded tetrahedral elements. The mesh grading control for both meshes are given in

Fig. 6.6a and Fig. 6.7a.

As discussed in the previous chapter (Section 5.3.1), Bell (1991), having performed a
series of runs for strip footings using OXFEM, concludes that a mesh which has a radial
dimension of 2-33R and a depth of 1-33R, where R is the footing radius, is adequate. Bell
(1991) thus adopts it for his three dimensional calculations. Therefore the meshes used in

this study also have the same size.

Note that because of free meshing, both generated meshes which are shown in Fig. 6.6b
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Element length:

Figure 6.7: Twenty-noded mesh: 1105 nodes and 612 elements.

and Fig. 6.7b are not exactly axi-symmetrical. This results in a small force in the x direction
when only vertical displacement is applied. Axi-symmetry of the mesh can be achieved by
using axi-symmetrical meshing as used by Bell (1991). Bell generates three dimensional
meshes by first generating a two dimensional mesh and then rotating the plane about the
axis. The mesh is then divided into tetrahedra to form the final mesh. There are, however,
drawbacks for this method of meshing. Firstly, because faces of elements are rotated about
the axis, nodes along the axis belong to many elements. This results in increase of the
front width and, hence, the execution time, which is an important consideration for three
dimensional analyses. The other drawback is that this method of meshing produces long thin
elements, particularly around the axis at the bottom of the mesh, where the elements have
long sides in the radial and vertical directions but short sides in the circumferential direction
(because it is close the centre of rotation). Due to these drawbacks the free meshing method

is chosen over the axi-symmetrical meshing method.

For both of the meshes, all the nodes in the y = O plane are constrained in the y direction.
Those nodes which are on the radial and bottom boundaries are constrained in all three x, v

and z directions.

The two meshes give results (Fig. 6.8) in close agreement with Bell’s (1991) results: Bell
(1991) obtained V /As, = 6-85 (compared to V /As, = 6-86 of this study) using a 20-noded
mesh and 7-51 (compared to 7-53 of this study) using a 10-noded mesh. Both meshes give
results higher than that obtained by Bell (1991) using 15-noded triangular finite elements
in an axi-symmetric analysis. The 10-noded tetrahedral mesh gives a result which is +13%

whereas the 20-noded tetrahedral one overestimate by only +-3%.
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Figure 6.8: Performance of 10-noded and 20-noded tetrahedral meshes (without interface

elements).

Unfortunately, the twenty-noded tetrahedral mesh takes significantly longer (more than
twice as long) to run than the ten-noded tetrahedral mesh. For analyses in three dimensions
this means for an average load regime, the twenty-noded mesh takes two to four days longer
on the machines available to the author. The 10-noded mesh is thus chosen for all analyses
which are presented in this chapter. In an attempt to improve the performance of the 10-
noded mesh, a larger mesh of 2 x 3R was tried. However, the larger mesh was not found to
give a better result than the original mesh of 133 x 2-33R, confirming that the mesh size

chosen is adequate.

Interface elements are then introduced into the mesh. The same vertical loading analysis
now gives a vertical bearing capacity of Vy/As, = 7-044, which makes the 10-noded mesh

more acceptable for the analyses.

The normal stress distribution on the footing-soil surface is investigated by comparing
different integration schemes in the interface such as 6, 12 and 16 point Gauss integration
and 7-point Newton-Cotes. Under vertical loading, the difference between the integration
schemes are very small. Nonetheless, the stress distribution of 7 points Newton-Cotes, shown
in Fig. 6.9, is better. In general, normal stress is evenly distributed in a large part (about 70%

of the area) of the footing. In the region close to the edge of the footing the normal stress
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Figure 6.9: Distribution of normal stress using 7-point Newton-Cotes integration for the

interface.

increases, and can reach ¢ = 42 in value. At the same time, in the vicinity of these high
stress areas, stress falls belows the average stress. One explanation of the fall in stress is
that it happens in order to maintain the average normal stress level. A much finer mesh
may be able to reduce the stress concentration. However, such a solution is computationally

expensive, and the stress fluctuation does not seem to affect the overall performance.

The yield status of the integration points of the interface elements in the footing is also
examined. The result is shown in Fig. 6.10. The plot shows that almost all the integration
points are behaving elastically or yielding with the cohesive part of the yield surface (cohe-
sion in the interface is fully mobilised). It is therefore concluded that the numerical result
obtained by the finite element method here should be comparable to that of the exact solution

for an absolutely rough footing.

6.3.3 Control of footing displacement rates

In the implementation of OXFEM an incremental approach (Sloan, 1981) is used to solve
the problem of non-linear materials. In such a process the rate of displacement application
(displacement increment per iteration) can affect the accuracy of the solution. Also, due to
the use of interface elements, applying a fast displacement on the footing could lead to severe

numerical instability. Furthermore, in a finite element analysis like this, the nodal results are
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Figure 6.10: Yield status of the integration points of interface elements in the footing.

output after every increment. A fast displacement would not give a load—displacement plot
in sufficient detail to define the shape of the bearing capacity envelope. On the other hand,
applying load or displacement in too many small increments entails long execution time.
Therefore it 1s desirable to determine, possibly empirically, reasonable displacement rates

for the footing.

From the elastic stiffness coefficients determined in Chapter 2, an elastic load, for exam-

ple moment load, can be calculated as follows:

M=K;0R’G (6.12)

Therefore the displacement corresponding to the size of the envelope in the M direction is:

My

8, =
07 GR3K;

(6.13)

if the behaviour of the footing is elastic. With K3 = 5-5627 (Chapter 2), and My = 0-19RV, =
1-33, we have:

8o = 2-386 x 1073 = 0-002 (6.14)

Analogously, with K; = 5-5541 and Hy = As, = 3-6276, the horizontal displacement

corresponding to the size of the envelope in H direction is:

1o/ R = 6-455 x 1073 2 0-007 (6.15)



6-15

Bearing Capacity of Circular Footings

H
0v0°0 0200 0000 [u]
sjet judwaoe[dsip mo[s _ _ 07 0-
20 =® [ [9 n31g I—— .
B .‘f.l 00°0 W
:%Q\ > L [ HS
0'8 09 (14 0'¢ 00 [ L _ 020
| | _ | | 00 S_o,o om_o.o 0000 (6]
- _ 00°0
B B - 5 =
- , — 0071 =
- — G0 i .
= | .
~ L 002
- [ o= . .
= | voo 200 000 Ul
L 01 ‘ 1 % 00'%
I~ r -
- - - L 009 o
SV /A
08 09 0y 02 oo M gy 0 50 oo [
| | 1 I _ Gl L | |-
SY/ H
— — 0 -0k
= =
~ ~
- - = - =
=S =N
- —50- — §'0-

sda)g juswalou|
0S4 001t 0§ 0

"




Bearing Capacity of Circular Footings 6-16

004 T T T T T

0.03 — -

Displacement
[an]
(o)
nN
|
|

o
o
|

I

0.00 : : : :

Q 10 20 30
Increment Steps

Figure 6.12: Variation of displacement rate.

Using this result, a tracking test involving only horizontal displacement was performed
as a trial analysis. The footing is first loaded until it reaches the vertical bearing capacity,
then displaced horizontally at the rate of i1/R = 2 x 10~* = uy/10R. When the displacement
reaches u/R = 0-02 (e.g. after 100 increments), the displacement rate is doubled to #/R =

4 x 10~%, until the total displacement reaches u/R = 0-04 ~ 6uq/R.

Fig. 6.11 shows a detailed picture of the footing behaviour during the test. The first
block, Fig. 6.11a to e, shows the variation of footing displacements and footing loads with
increment number. The load—displacement curves are shown in the second block (f, g and
h), with data markers for each increment. The third block (i, j and k), shows the process in

the load space (V, H, M).

Though the resulting load paths are all satisfactory, the execution time was too long; on
Sun Sparc 10, the whole analysis with 150 increments takes more than 110 hours. Densely
distributed data markers in the plots Fig. 6.11f, g and h suggest that the displacement rate

can be increased.

In addition, several trial tests showed that the rate of displacement can be varied dur-
ing the course of the analyses. When the displacement is first applied, the load changes
very rapidly with displacement; thus the displacement needs to be applied in smaller steps.
Smaller steps also help maintain good stability for the interface element when the direction
of displacement is changed from vertical movement to horizontal movement or rotation. Af-
ter that, when the load change with respect to displacement 1s smaller, the displacement can

be applied at a higher rate.
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Based on this observation, the displacement rates used are varied in a manner shown in
Fig. 6.12. The total displacement is applied in three stages, each has the same number of
increments but the displacement magnitude gets larger with the stages. The displacement
rate during the first load stage is /R = 5 x 1074, which is more than twice as fast as the
previous test. This rate is increased two-fold in the second stage to #/R = 1 x 1073, which
in turn is increased by a factor of 2-5 in the third stage. This results in a test procedure which
is five times as fast as the previous one. As shown in Fig. 6.13, the analysis using the new

displacement rates gives results comparable with the previous one (cf. Fig. 6.11).

The fast displacement rate also gives satisfactory results for tests involving footing ro-
tation. Fig. 6.14 shows in detail the behaviour of the footing during a test involving only
rotation. The resulting load path is smooth except at the first increment where there is one

isolated oscillation — again, in the H direction.

Fig. 6.14 reveals that a total displacement of 8 = 0-04 is not sufficient for the load to
reach its steady state (e.g. when an increase in displacement does not cause change in load)
even though for purely horizontal loading, a total displacement of u/R = 0-03 is sufficient
(see Fig. 6.13). The displacement applied in the third loading stage is therefore increased
so that the total displacement is 0-055. This value is used for all the analyses which are

presented in the following section.

6.4 Programme of analyses

Fig. 6.15 shows six different combinations of horizontal and rotation displacement used to
investigate the failure envelope. In all tests, the horizontal displacement is positive (i.e.

sliding to the right) and both positive and negative eccentricity are investigated.

6.4.1 Analyses commencing from high V /V; level

The results of analyses commencing from high V/Vy are presented in Fig. 6.16. The re-
sults show that a pure horizontal displacement results in small moment, and a pure rotation
without horizontal displacement causes small horizontal load. The analogy for combined
horizontal and moment loading also holds: if an analysis involves a combined displacement

specified by an angle ® in (4/R, 0) space, its resulting load path also lies in the (H, M)
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Figure 6.15: Programme of tests: combined displacements.

space at an angle €2 which is close to ®. Therefore with different displacements directed
at equally spaced angles ® as shown in Fig. 6.15, a good coverage of the bearing capacity
envelope in the (H/As,, M /ARs,) space is achieved. Nevertheless, the resulting load paths
in (H/As,, M/ARs,) space are not straight lines: the load paths gradually diverge from their
original direction . This happens when horizontal load stops increasing with the reduction
of vertical load, whereas moment increases almost linearly throughout the reduction of verti-
cal load (except for ® = 0°). The change in the direction of load paths in (H/As,, M/ARs,)

space is also seen with strip footings (see Fig. 5.19).

In all the analyses displacements are applied until the load reaches a steady state, but the
vertical load does not decrease beyond V /As, = V;/2 ~ 3-5. In fact only two of the analyses

o = 30° and ® = 60° reach this vertical load.

6.4.2 Analyses commencing from low V /V; level

The load paths of the analyses commencing from low V /Vy, shown in Fig. 6.17, in general
are not so smooth as those of the analyses commencing from high V /Vp, though the overall

stability (determined by small unbalanced forces after each increment) is maintained.
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The load paths also bear a close resemblance to those of strip footings (see Fig. 5.20).
The relation between vertical load and moment is almost the same for all analyses as shown
in the (V/As,. M/ARs,) in Fig. 6.17, regardless of their different behaviour in terms of
horizontal load. Except for the pure rotation test (@ = 90°), initially the horizontal load
increases sharply with smaller change in vertical and moment load. The horizontal load,
however, stops at about 0-6, indicating that frictional sliding failure is occurring because the

ultimate horizontal load at V /As, ~ | is H/As, = (V/As,) tan30° =~ 0-577.

Another feature of the results is the [oad paths for negative and positive eccentricity (® =
30° and @ = —30°, ® = 60° and » = —60°) are almost symmetrical in the (H /As,, M/ARs,)
plot.

The two figures also show that not all analyses give a load path reaching V/Vy = 0-5.
For the analyses commencing from high V /Vj, only two analyses with ® = 30° and w = 60°
reach just over V/Vy = 0-45. Similarly, for those commencing from low V /Vj, only two
(0 =90° and @ = —60°) reach V /Vj) = 0-5. This means that there are fewer points to define
the shape of the envelope near V /Vy = 0-5. However, the cross-sectional shape and size of
the envelope at V /Vy = 0-5 does not vary much from the adjacent V /Vj levels. At that V/V;
level, the footing is in cohesive sliding mode, and therefore the size of the envelope in the
H direction remains constant at H = \%As,,. Similarly, in the M direction, as observed for a
strip footing (see Fig. 5.15), moment also almost reaches its peak when the footing hits its

‘critical state’ even though the load path does not reach V /Vy = 0-5.

Nonetheless, for ® = 0° (pure horizontal displacement), the load path does not advance
toward higher vertical load at all. Because the interface is non-dilatant, when the displace-
ment is applied, the horizontal load increases sharply, while the moment and vertical load
remains almost unchanged. The horizontal load stops increasing at about H/As, = 0-6,
which is also the limit of horizontal load due to frictional sliding at V /As, = 1-0: H/As, =
(V/As,)tan ¢, where ¢ = 30° is the angle of friction of the interface between the footing and
the soil. Thus there are no data points to define the envelope in the M /RAs, = O plane at low
V /Vh. However, this can be overcome by including the load that can be calculated directly
from the frictional behaviour of the footing H = V tan ¢. Two load points are therefore added:
one at V /As, = 0 and the other at V /As, = 2, which is the transition point between frictional

and cohesive sliding.
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6.4.3 Stress distribution on the footing

Even though the (V. H, M) load paths in Fig. 6.16 and Fig. 6.17 are fairly smooth and all
the analyses are stable, there is some concern about how the interface element behaves for
different cases of loading, particularly because both horizontal and rotational displacement
involved are large. One way of checking the behaviour of the interface is to examine the
normal stress distribution on the footing, from which the area of loss contact between the
footing and the soil can also be investigated. The distribution of normal stress is shown in
Fig. 6.18 and Fig. 6.19 for the analyses starting from high V /Vj level and from low V /V}
level, respectively. For each of them, three cases of loading are shown: one for pure (positive)
rotation (@ = 90°), one for pure sliding (® = 0°) and one for combined loadings involving

negative rotation @ = —60°.

For both analyses started from high and low V /Vj, it is clear from Fig. 6.18 and Fig. 6.19
that for loading involving rotation, the footing exhibits a clear division between the areas at

which the footing is and is not in contact with the soil.

For the analyses commencing from high V /V; involving pure horizontal displacement as
shown in Fig. 6.18b, the stress distribution is also good. The stress distribution does not fluc-
tuate, except at the rim of the footing, nor does loss of contact happen. Fig. 6.19b, however,
shows that the stress distribution under low V /V;; does not behave so well. Low vertical load
(V/Vo = 1/7-0436), and hence low normal stress, makes it easier for the interface to debond.
Fig. 6.20 shows the stress distribution after the footing has been vertically unloaded (after it
was loaded to vertical bearing capacity). It is surprising that during vertical unloading the
rim of the footing changes from high stress concentration area to a low stress area. This
helps to explain why it is the rim which separates with the soil in Fig. 6.19b when horizontal

load is applied.

It is interesting to note that although the stress contours show on occasions quite severe
local stress fluctuation, the overall response (e.g. the vertical bearing capacity, the maxi-
mum horizontal bearing capacity) seems to compare well with other solutions when they are

available.
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Figure 6.18: Distribution of normal stress (analyses from high (a) Pure rotation ® = 90°;
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Figure 6.19: Distribution of normal stress (analyses from low (a) Pure rotation m = 90°;
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—60° (negative rotation).
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Figure 6.20: Distribution of normal stress after the footing is unloaded to V /Vy = 0- 14.

6.5 Bearing capacity envelope

The bearing capacity envelope is presented in two different forms. In the first form, the data
is filtered using the convex hull filter as described in Section 5.2.1.6, before contours with
respect to V /Vy are made. In the second form, the data (without being filtered) are used to

determine some algebraic formula that can best describe the data.

6.5.1 Contours of data

In general, at each level of V/V, 2N = 12 load points (including reflected points due to
symmetry) are obtained because there are 6 analyses commencing from either low or high
V /Vo. However, at V /Vy = 0-5 there are only 2N = 4 points, because, as mentioned earlier,
only two analyses yield load paths that advance beyond V/Vy = 0-5. Also, for analyses
commencing from low V /V}; the number of points is 2N = 10 due to the results of the analysis
of ® = 0°. This number drops to 2N = 8 at V/Vy = 0-4 because one analysis (® = 60°)

reaches critical state before V /Vy = 0-4.

In order to contour the envelope, all the load data, including those from the analytical
solution for frictional sliding, are first filtered using the convexity characteristics of the en-
velope. Fig. 6.21 shows the load points that are retained after the filtration. It is pleasing to

see that most of the data obtained from the analyses, particularly the analyses commencing
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from high V /Vj, lie on a convex surface and are thus retained after filtration. Whereas the
envelope is well defined by data at V /Vy = 0-9,0-8,0-7, and, to a lesser extent, at V /Vy = 0-6
and 0-2, there is insufficient data to define the envelope well at V /Vy = 0-5. As discussed
carlier, the section at V/Vy = 0-5 can be adequately interpolated from the adjacent V /V;
levels 0-40 with 2N = 8 and 0-55 with 2N = 8.

The filtered data is then used to calculate the V /Vj contours of the envelope in the
(H/Vy, M/RV}) space. The contours are shown in Fig. 6.22. Unlike the bearing capacity
envelope of strip footings, the envelope of circular footings in Fig. 6.22b shows a significant
effect of the sense of eccentricity on bearing capacity at high V /V;. The elliptic contours at
various V /V levels have their major axes lying in the second and fourth quadrants. There-
fore at each level, the maximum horizontal load and moment take place when the eccentricity

is negative.

However, the rotation of the ellipses, or the effect of the sense of eccentricity, changes at
smaller vertical load. At high V /Vy (say V/Vy = 0-9 in Fig. 6.22b), the ellipse is clearly a
rotated one with its major axes lying in the second and fourth quadrants. With lower V /V} the
ellipse turns into a more upright one indicating a smaller effect of the sense of eccentricity
on the bearing capacity of the footing. For V /V;; < 0-5, the effect of load eccentricity seems
to diminish with a group of contours of V /Vy < 0-4 being symmetrical with respect to the

coordinate axes as shown in Fig. 6.22a.

Another significant feature of the envelope at low V /Vj is that at each V /V} level, the
footing can sustain the same maximum moment together with a wide range of horizontal
load. AtV /Vy = 0-2 for example, the footing can sustain a horizontal load up to H/Vy =
0-076, which is about 66% of the maximum horizontal capacity at this vertical load level,
without reducing its moment bearing capacity. This feature is also seen for strip footings (cf.
Fig. 5.22) but for strip footings, the moment bearing capacity starts to decrease sooner with
the increase of horizontal load. Note that at V /Vy = 0-2, the plot of data points retained after
the convex hull filtration (Fig. 6.21) shows that only four points are retained. Though this is
a direct reason for the contour of this vertical load to be flat at the maximum moment (at the
top and bottom of the contour), there is evidence that the contour is not distorted due to lack
of data at this vertical load. Fig. 6.23 shows that the raw data which are not excluded from

convex hull filtration at this level also form a similar shape, notably the two edges parallel to

the H /Vp axis.
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On the other hand, the vertical lines on the left and right hand sides due to frictional
behaviour (which exists for strip footings as shown in Fig. 5.22) have disappeared. However
it is believed that this disappearance is caused by the lack of analyses which can give more
details at the region of maximum horizontal load. The exact contour thus has some sort of

round-off at the corners but the shape, in general, is similar to the one show in Fig. 6.22a.

6.5.2 Empirical formula of the bearing capacity envelope

The empirical formula of the bearing capacity envelope is determined in two steps (Martin,
1994). Firstly, ellipses at the cross section of the envelope (V = const plane) are calculated.
The relationship between parameters of the ellipses and the vertical load is then determined

in the second step.

6.5.2.1 Fitting ellipses at cross sections of the envelope

From the contour of the envelope for V /Vy > 0-5, it is obvious that at each level of V /Vj,
the cross-section of the envelope has an approximately elliptic shape. The size, shape and
the rotation angle of the ellipses change with V /V;. For V/Vy < 0-5, though it appears that
the contours do not bear the elliptic shape, the shape can also be adequately approximated
by ellipses. The equation of the ellipse can be written as:

H\? M\? H M
Al = B — cC—- _—| 6.16
<V0> " (RV()) - (6.16)

where A, B, C are coefficients to be determined by regression analysis. It is more useful to
write the equation of the ellipse in terms of the intersection of the ellipse with the H and M

axes (which corresponds to the cases of eccentric and inclined load respectively) as follow:

( H/Vy >2+< M /RVy >2 5, H/Vo  M/RVo
Hint/VO Mim/RVO

€ =1 (6.17)
Hin[/VO Mim/RVO

where Hin/Vy and Min/RVp are the points at which the ellipse intersects the coordinate
axes, and e is an eccentricity parameter. While the parameters A, B and C in Equ. 6.16 can be
determined easily by the linear least square regression technique, the parameters in Equ. 6.17
Hin/Vo. Mini/RVp and e cannot be determined directly in this way. Nonetheless, the two sets

of parameters in Equ. 6.16 and Equ. 6.17 are related by:

Hint/VO = Minl/RVO = &= —— (6.18)

|
VB’ 2v/AB

Sk
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Note that if an ellipse in its upright position defined as (5)2 + (;—))2 = 1 is rotated about
the origin at an angle p clockwise, the parameter C in Equ. 6.16 and the rotation angle p of

the ellipse about the origin are related by:

1 1
C= —sin2p (aQ_b_2> (6.19)

Therefore if C is negative (hence the eccentricity parameter e is positive) the major axis
of the ellipse lies in the first and third quadrants in the (H, M) space. As discussed in the
previous section, for high V/Vj, the cross-sectional ellipse of the envelope has the major
axis in the second and fourth quadrants. Therefore for these cases, the ellipse eccentricity
parameter e is negative. Note that Equ. 6.19 also shows that the parameter C (and hence
e¢) does not depend solely on the rotation angle of the ellipse but also the ratio between the
length of the two principle axes of the ellipse. A smaller C in magnitude means either the
ellipse takes on a more circular shape or the ellipse is not rotated; both of which indicate a

smaller effect of the sense of eccentricity on the bearing capacity of the footing.

A series of regression analyses are performed to obtained the best fit ellipses at various
vertical load V /Vy = 0-2, 0-25, ..., 0-95. Ellipses are not calculated for V /V; < 0-2 as the
analyses from low V /Vy were commenced from V = | or V/Vy = 0-143, so there is no data
below this level available. Even though data at V /Vjy = 0-15 can be obtained, it is doubted that
the load paths of the low V /V; analyses have reached the yield surface at this level. Therefore
the load data at V /Vy = 0-15 is excluded from the regression analysis. Fig. 6.23 shows eight
of these regressions (for V /Vy = 0-20, 0-30,..., 0-90) including with the raw data points,
the best fit ellipses and their numerical details: the ellipse parameters Hiy/ Vo, Min/RVy and
e, the standard error of estimates s,, and the number of raw data points for each regression
2N. It is pleasing to see the good coverage in the (H/Vy, M /RVy) plane that the high V /Vj
analyses yield (i.e. V/Vy = 0-6,..., 0-9). Both visual inspection and small standard error of

estimates s, shows that the raw data is very well described by rotated ellipses.

As discussed earlier, at each of V/V) = 0-2, 0-25 and 0-3, two data points obtained from
the analytical solution for frictional sliding behaviour are added to the raw data. This raises
the number of independent data points at V/Vop =0-2to N =6, at V/Vy =0-3to N =5.
AtV /Vy = 0-5 at which there are only N = 2 independent data points, clearly there is not
enough raw data to perform a least square regression for an ellipse given in Equ. 6.16. The

data for V /Vy = 0-5 is therefore excluded from further analyses.
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Fig. 6.24 shows the variation of N, s, and the three ellipse parameters Hiy /Vo, Mini/RVp
and e with vertical load level. In general, the plots show that the elliptic shape can fit the
cross sections of the envelope better at high V /V; than at low V /Vj. Fig. 6.24a shows that
the standard error of the fit s, is very small for V /Vjy > 0-55, but it increases consistently with
vertical load levels below V /Vy = 0-55. The degree of uncertainty of each ellipse parameters
Hin /Vo. Min/RVp and e are represented by the length of the error bars in Fig. 6.24b, ¢ and

d. The length of these error bars is twice the standard error of estimates of each parameter.

The variation of e in the range of V/Vy = 0-2 to 0-95 also shows a well-defined trend.
It suggests that the relation between e and V /Vj can be described approximately by a linear
relation.

The plot of Hin / Vo, Mint/RVp in Fig. 6.24b and ¢ shows the similar shape to those shown
in Section 6.2.3 and Section 6.2.2. The (V /Vy, Hini/Vo) curve shows a familiar shape with
three different modes of failure as discussed in Section 6.2.3: bearing failure mode (at high

V /Vh), cohesive sliding failure mode and frictional sliding failure mode (at tow V /Vjy). The

(V Vo, Min/RVp) curve shows a familiar parabolic trend.

High confidence for the parameters Hin/Vo, Min/RVy at higher V /Vj is shown by very
small error bars in Fig. 6.24b and c. It also shows that the data at low V /Vj are are not so well

defined by rotated ellipses than those at higher V /V;. For the data at low V /Vj, an equation

AHDBMD—I 6.20
w) P\r) T (620

where D is an additional regression parameter, may be a better fit equation than the elliptic

of the form:

one. However, the further complication involved makes this development unattractive.

It is interesting that though the error bars of Hiy/Vo, Min/RVp are consistently short
in the range of V/Vp = 0-55, ..., 0-95, those of the eccentricity parameter e are not. At
V/Vy = 0-55, there is a significant improvement in the degree of certainty for e whereas
at higher V /Vj the degree of certainty degrades. This can be explained by the fact that at
V /Vy = 0-55, the ellipse have one axis significantly longer than the other. Therefore the
eccentricity parameter e can be determined with a higher certainty than those at other high
V /Vy levels, at which the ellipses have a more circular shape. Analogously, at V /Vy = 0-35
and 0-4, the degree of certainty is lower for Hiy /Vp than for M, /RV) because more raw data

are clustered around the M /RV; axis than the H/V} axis.
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It is worth noting that the standard errors of Hi, /Vy, Min/RVy and e in Fig. 6.24 are not
determined directly from the least square fit of each ellipse. From the usual law of propa-
gation of errors (see, for example, Rektorys, 1969), the standard errors of Hin/Vo, Min/RV})

and e can be determined from those of A, B and C as follows:

—3/2
A 3/2 Se. A
‘S(’aHim/vO - 2
—3/2
B 3/2 Se B
S(’wMint/Rv() - o}

) , 05
] $< S5

6.5.2.2 Variation of Hj, /Vjy, Min/RV)) and ¢ with vertical load

With the three paramters of cross-sectional ellipses of the envelope determined (Fig. 6.24),
the aim of this section is to derive a set of equations that can best describe the Hiy/ Vi,
Min /RVy and e curves in Fig. 6.24. For moment load which has a parabolic trend as shown
in Fig. 6.24b, it will be recalled that the Meyerhof method for bearing capacity of strip
footings under eccentric load as described in Chapter 5 yields a parabola of the form (cf.

Equ. 5.2):
M 1V | % (6.22)
2BVy 4V Vo '
for which the peak moment takes place at V/V; = 0-5. However, as suggested by Nova &

Montrasio (1991) extra flexibility can be added to the equation as follows to control the level

of vertical load at which the peak moment load occurs:

B
Mim % |%

=u—1|1-— 6.23
BVy H Vo ( Vo) ( :

A value of 3 smaller than unity will shift the location of peak moment from V /Vy = 0-5
towards V /V, = 0. A B smaller than unity also make the tangent at V/V; = | vertical. Martin

(1994) proposed the following equation:

Mo _ -KBll A (6.24)
v, " \W Vo '

so that the parabola has vertical tangents at both V /Vy = 0 and V/V; = 1, and at the same

time the location of peak moment can occur at vertical load V /Vj either smaller or greater

than 0-5. This equation is further refined so that it can be written in terms of peak moment
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My/RV} as follows:

Mine My
RVy RV,

MEECTE R e

Martin (1994) also uses an exactly analogous expression for the vertical-horizontal load

(%) (%) 620

Incidentally, Equ. 6.26 also provides a good fit for the three phases of the vertical —

interaction locus:

Hin, _ @
Voo W

(B + B P
B?iﬁzz

horizontal interaction locus as shown in Fig. 6.24. A setof B < I, and B> < 1 gives a curve
which is flatter around its peak than a parabola. The curve therefore follows more closely

the cohesive sliding part of the locus at which the locus is horizontal.

The problem arises when Equ. 6.25 and Equ. 6.26 are substituted into the elliptic equation
Equ. 6.17. The final equation is too complicated if two different sets of B; and [, are used.
The equation will be substantially simpler if the two equations Equ. 6.25 and Equ. 6.26
use the same pair of parameters B; and ;. Therefore the parameters in Equ. 6.25 and
Equ. 6.25 will be determined from regression analyses on H and M simultaneously, as well

as separately.

Using non-linear least square regression, the three parameters Hy/Vy, Bi, By are de-
termined. The resulting predicted curve, shown as ‘not weighted’ in Fig. 6.25a, however,
deviates from the data which has high confidence, and results in an unrealistic (V /Vy, H/V))
interaction locus. A weighted regression is therefore used to take into account the degree of
certainty associated with each data. Each data point is associated with a weight depending
on the standard error:

w; = —1— (6.27)

2
Se.i

The optimum set of coefficients is determined by minimizing the merit function:
1= wie (6.28)
i

The results of weighted regression for Hy/Vy, By, B2 are shown in Fig. 6.25a. The pre-
dicted locus shows a significant improvement over the non-weighted one; it follows closely
the data at high V /V for which the level of confidence is high. The predicted peak horizontal
load of Hy/Vy = 0-16 is slightly lower than the exact solution Hy/Vp = 0-165. It is pleasing
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to see that the peak load obtained from regression is also close to the horizontal load where

the locus exhibits cohesive sliding failure.

As for moment load the level of uncertainty does not fluctuate so considerably as for
horizontal load, the weighted regression does not differ from the non-weighted one as com-
pared to that of the horizontal load (Fig. 6.25b). Nonetheless, the predicted (M /RVy, Vo)

locus again follows closely the observed data at high V /Vp, but the two deviate at low V /Vj,.

Both the loci for horizontal and moment loads have their peak values occurring at a

vertical load slightly higher than V /V;, = 0-5.

As discussed earlier, the final equation of the yield surface would be very complicated if
both sets of 1. Po for horizontal load and moment are accomodated. Combining Equ. 6.25
and Equ. 6.26, one set of 3, B2 shared by both the equation can be determined, with the
weight for each data point being accounted for, by minimising the following loss function:

X’ = {Z w,-e,-z} + |:2W,'8%:| (6.29)
{ Equ. 6.25 ' Equ. 6.26

!

The weighted regression based on the above loss function gives:

oo o180,

Vo o ’

M

=0 = oo

RV,

By = 099;

B, = 0-928 (6.30)

The results of this combined regression on two data sets H/Vy and M/RVy are shown in
Fig. 6.25a and b together with other results from the previous regression analyses. Though
combining the two sets does not shift significantly the location of peak horizontal load and
moment, it does change the peak horizontal load and moment. The peak horizontal load

Hy/Vy is increased from 0-16 to 0-181, whereas the peak moment is decreased from 0-225

to 0-209.

The variation of eccentricity parameter e with vertical load can be described as linear in
the range of V /Vj from 0-35 to 0-95. For V /Vj) < 0-35, the parameter ¢ appears to decrease
towards zero as the vertical load goes to zero. Unfortunately, this trend is accompanied with

high uncertainty. It is therefore decided that a linear equation of the form:

1%
e:eO+e]70 (6.31)
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is used to describe the data. Again, a weighted regression analysis is used to give:

eg = 0-207

er = 0-461 (6.32)
The resulting curve is shown in Fig. 6.25¢. Very good modelling of the data, particularly for
V /Vy > 0-4, is achieved.

Before ending this section, it i1s worth noting that the simple parabolic equation having
the same form as Equ. 6.22 (or Equ. 6.26 with 3. B, forced to take the value of unity) does
not model the data very well. The attempted regression analyses are shown in Fig. 6.25a and

b in dash-dotted lines.

6.5.2.3 The three dimensional yield surface equation

Upon substituting Equ. 6.25 and Equ. 6.26 into Equ. 6.17 (noting that the same pair of j,
and P37 is used), an expression for the full normalised (V /Vy, H/Vy, M/RVy) yield surface is

<H>2 (M/R>2 ( v) H M/R
— ] + —2leo+er— ) —
Hy Moy/R Vo) Ho My/R

Bi+B2 ]2 2B 28
(Bri+Bo)™"™ <Z AR I (6.33)
B[]31 Bg: Vo Vo

obtained:

in which the best fit parameters, as determined in the previous section, are:

Ho/Vy=0-182; My/RVy=0-21;
By =0-99; B, =0.928:

eo =0-207; e = —0-451 (6.34)

6.6 Comparison and discussion

6.6.1 Comparison with analytical solutions: (V, H) and (V, M) planes

The two finite element tests commencing from low and high V /V{ which involve only footing

rotation are shown in Fig. 6.26, with the two other previously-reviewed methods Hansen



Bearing Capacity of Circular Footings 6-41

T 1 T 1 T ] T I T
0.20 - —
- il M IRV =0225 1
=
Qg
= 0.0 - i
—— Hansen (1970): M,/ RV,=0-19 at V/ V= 0-47
) —4p— Vesic (1975): M,/ RV,=0-191 at V/ V= 0-47 ]
——— OXFEM (0= 0)
0.00 T ‘ T ‘ T | T ] T
0.00 0.20 0.40 0.60 0.80 1.00
Vi

Figure 6.26: Comparison on (V, M) plane.

(1970) and Vesic (1975). Even though the two load paths do not meet! (resulting in a gap in
the interaction locus unexplored), the trend of the paths from both high and low V /V} sides
shows that the maximum moment should be very close to the moment loads at which the two
analyses stops. Both the analyses give similar maximum moment: the one from low V /V;
gives M /RVy = 0-223 and the one from high V /Vy M /RV = 0-225. This value is significantly
higher than the maximum moment determined by the approximate solutions of Hansen and
Vesic; the finite element solution 1s 17-8% higher than the approximate analytical solution,

which is M/RVy = 0-191.

Fig. 6.27 shows the (V, H) interaction locus of the finite element analysis and the other
analytical methods. In general the finite element analysis is less conservative than all three
analytical solutions in the bearing failure mode, except for a small range of 0-6 <V /V; < 0-8

it is more conservative than the Meyerhof and Vesic methods.

However, the finite element solution of ® = 0° underestimates the maximum horizontal
load; its maximum horizontal load is only H/Vy = 0-154, which is 5-5% smaller than the
exact value of 0-163. Even though the finite element analysis does generate a small moment

load (and thus the horizontal load bearing capacity is reduced), it is believed that the normal

'Note also that in these two tests a small horizontal load is generated. Therefore the load paths do not lie
cxactly on the H = 0 planc as desired for the purpose of this comparison. Also, not all the load path of the finite
clement analysis commencing from low V /V, lie on the (V, M) failure locus. Because the analysis commences

from an unloaded position, the first part of the load path is elastic reloading.



Bearing Capacity of Circular Footings 6-42

0.20 : : : , : :
1 1
Transition point
f 010 —| —X— Meyerhof  (0-846,0-107) o=7-22°
= —4— Hansen (0-617,0-106) ¢,=9-78°
—A— Vesic (0-708,0-1) ¢,=8-04°
1 ——=—- sliding failure
——— OXFEM 0=0°
0.00 : ; , [ : x
0.00 0.20 0.40 0.60 0.80 1.00
Viv

1

Figure 6.27: Comparison on (V, H) plane.

stress concentration in the soil-footing interface is the main cause of this underestimation.
As shown in Fig. 6.18b, the existence of high normal stress concentration in the rim of the
footing causes stress reduction in some adjacent areas. In these areas, the normal stress can
fall under o = 2 as shown in Fig. 6.18b, compared to 2 < ¢ < 4 in most part of the footing.
This means that subjected to large horizontal displacement, these areas slides under frictional
failure mode, which results in a horizontal stress T = otan 30° smaller than ¢ = 2/\/§s,( for
¢ < 2. Note that for ¢ > 2, the maximum shear stress in the interface is limited by cohesive
sliding, in which case the maximum shear stress is T = ¢. Therefore the total horizontal load

is smaller than the expected value Hy = Ac, or Hy/Vp = 0-163.

6.6.2 Comparison with analytical solutions: complete (V, H, M) inter-

action

Not only is the Hansen method more conservative than the finite element method in (V, H)
and (V, M) planes, but it is also more conservative in full interaction between vertical, horiz-
ontal and moment loads. A comparison between Hansen (1970) and the finite element results
is shown in Fig. 6.28. The Hansen method also fails to capture the effect of the sense of load
eccentricity, particularly at high vertical load levels. This results in the Hansen method be-
ing even more conservative in case of negative eccentricity, e.g. in the second and fourth

quadrants in the (H, M) space.
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Figure 6.29: Comparison with Bell (1991).

6.6.3 Comparison with other finite element analyses

A comparison with Bell’s (1991) is shown in Fig. 6.29. Compared to this study, Bell’s
(1991) contours are more conservative in the range V /As, > 5-5. Note that the shape and the
rotation of the contours of the two sets are also very similar in this range (V /As, > 5-5). At
lower vertical load, Bell’s (1991) contours give higher peak horizontal loads and lower peak
moment loads than the contours of this study. Note that Bell’s (1991) analyses do not allow
loss of contact between the footing and the soil, which happens under low vertical load and
high moment and horizontal loads. Loss of contact in Bell’s (1991) analyses is taken into

account approximately as discussed in Section 6.2.5.
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Figure 6.30: Comparison with Noble Denton & Associates (1987): V /As, = 3-6.

Fig. 6.30 shows the contour at V /As, = 3-6 of both this study and Noble Denton & As-
sociates’s (1987) research. It can be seen that though the two methods give similar peak
horizontal loads, they are in poor agreement as to the peak moment; Noble Denton & Asso-
ciates’s (1987) give much smaller peak moment. The two methods also differ in the shape of
the contours. As mentioned earlier, Noble Denton & Associates (1987) used the harmonic
loading method. However, there are doubts with respect to the adequacy of the mesh fine-
ness. Also, the loss of contact between the footing and the soil was not taken into account in

Noble Denton & Associates’s (1987) calculations.



Chapter 7

Effect of Soil Strength Increasing with
Depth, Cone Angle and Embedment

7.1 Introduction

This chapter addresses some features of offshore foundations which represent common de-
partures from the simplest case of a flat footing on the surface of a homogenenous clay.
Firstly, offshore foundations, particularly gravity foundations, are usually placed on an inho-
mogeneous soil base. One particular type of soil inhomogeneity, which is strength increasing

linearly with depth will be investigated in this chapter.

The second feature, which is relevant to jack-up foundations, is that the footings usually
have a conical shape (McClelland et al., 1982; Young et al., 1984). As the study in Chapter 2
shows, the cone angle affects the footing elastic behaviour significantly under both horizontal
and moment load. This chapter investigates the effect of cone angle on the footing collapse

behaviour.

Another feature of offshore foundations is the large footing embedment. In order to
increase the safety, jack-up foundations are usually preloaded to force the foundations to
penetrate to the soil. Also, for gravity structure foundations are usually provided with skirts
which effectively cause the footing to be embedded to a significant depth. This is also true

for caisson foundations, which have the perimeter skirt.

As the title suggests, this chapter is divided into three main sections. In Section 7.2, the

7-1
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Figure 7.1: Variation of cohesion with depth (after Davis & Booker, 1973).

effect of soil strength increasing with depth is investigated. The effects of the cone angle and
embedment depth are taken up 1n Sections 7.3 and 7.4, respectively. All of the three sections
have the same structure, starting with a literature review, then continuing with a description
of the finite element calculations and an analysis of the results. Each section ends with a
comparison with the results obtained from the previous chapter for flat surface footings on a

homogeneous soil, in addition to a comparison with other available methods.

7.2 Effect of soil strength varying with depth

7.2.1 Literature review

The problem of variation of soil strength with depth is depicted in Fig. 7.1. The general case
of strength inhomogeneity i1s shown in Fig. 7.1a; other cases Figs. 7.1b, c and d, have been
studied by Davis & Booker (1973) for the case of smooth and rough footings in plane strain,

in which case the strength increase is expressed by the factor p.

Houlsby & Wroth (1984) use the method of characteristics to compute the lower bound
vertical collapse loads taking into account footing roughness, embedment, cone angle and
also soil with varying strength. Detailed results of soil strength increasing linearly with depth
(Fig. 7.1¢) are tabulated in Martin (1994). Fig. 7.2 shows the results for rough surface and
flat footings. The strength increase is expressed by a dimensionless factor p2R/s,,,, where
Sum 18 the undrained strength at the mud-line level (and is also the footing level for surface

footings). The soil yield criteria used is the Tresca yield criteria (Gmax — Omin = 25u)- At
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Figure 7.2: Variation of the vertical bearing capacity V/As,o with strength increase rate

P2R/s,m (for a rough surface flat circular footing on a Tresca soil).

P2R/sum = 0 (homogeneous soil), the vertical bearing capacity is Vy/As, = 6-05, which is
identical to Eason & Shield’s (1960) solution (Section 6.2.1).

It should be noted that by multiplying the solution for Tresca material by 2/\/5 the
solution does not become an exact lower bound solution for a von Mises material because the
undrained strength in axi-symmetry is not constantly 2s,/v/3 if s, is the triaxial undrained

shear strength.

All the solutions mentioned above are for vertical loads, and there are no known solu-
tions for foundations subjected to combined loadings. This problem of combined loading is

investigated in the following sections using the finite element method.

7.2.2 Vertical bearing capacity

The mesh used in the analyses of the previous chapter is re-used, with the only difference
being the material properties. In OXFEM, the strength increase factor p can be specified in
defining a von Mises material. The program will then calculate the strength of each integra-

tion point in the element before the usual finite element routine is started.

This study investigates the effect of soil strength varying linearly with depth as shown in
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Figure 7.3: Calculation of vertical collapse loads for different cases of soil with strength

increasing with depth.

Fig. 7.1c. Three cases of strength increase are examined: p2R/s,, =2, 5 and 10. The
vertical bearing capacity results are shown in Fig. 7.3. Also shown in the figure is the
lower bound solution by Houlsby & Wroth (1984) for a Tresca material multiplied by 2/v/3
(V/As, = 8-787, 10-66 and 13-08 for p2R /s, = 2, 5 and 10, respectively). As has been
mentioned, these values are by no means exact or strictly lower bounds. Nonetheless they
can be used as reference values. The reference results are from 2-8% to 3-9% lower than the

finite element results. Thus the finite element results are considered acceptable.

7.2.3 Programmes of analyses

The analyses in this study are similar to those of Chapter 6. For each case of p2R/s,,,, once
the vertical bearing capacity has been reached, six combinations of horizontal and rotational
displacements corresponding to ® = 0°,30°,60°,90°,—-30° and —60° (see Fig. 6.15) are
applied.

Unlike the analyses in the previous chapter, only analyses commencing from high V /V}
are performed in this chapter. Because at low V /Vj, the plastic zone under the footing at
failure is shallower, the shape and size of the envelope at low V /Vj is not affected by soil

strength increasing with depth to such an extent as that at high V /Vj. In addition, at low
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Figure 7.4: (V. H, M) curves from high V /Vy: p2R/sym = 2.

V /Vj, the behaviour of the footing under horizontal load is governed by the frictional sliding

of the interface, which is independent of soil strength increasing with depth.

Fig. 7.4 shows the resulting load paths of the smallest strength increasing rate p2R/s,,, =

2. The load paths look similar to those of the uniform soil (see Fig. 6.16) in many ways. As

can be seen from the (H/Asy,, M/ARSsy,,) plot in Fig. 7.4, the chosen values of ® give load

paths that cover well the envelope in (H/As,yn, M/ARs,») space. Pure rotation (® = 90°)

generates almost no horizontal load while pure horizontal displacement causes small, but

significant moment.
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Whilst the largest horizontal load (under pure horizontal sliding) is almost unchanged
(Hy/Asyn = 1-04 for p2R/s,,, = 2 compared to Hy/As,;, = 1-07 for a uniform soil), peak
moment has gone up from My/RAs,,, = 1-58 for a uniform soil to My/RAs,, = 1-91 for
P2R/s.m = 2. This increase in peak moment is +21%, which is comparable to the increase

in vertical bearing capacity of +28%.

Similar feaures are also seen for the load paths of p2R/ s, = S and p2R/ sy, = 10, though

the results of the two cases in (V /Asyn. H /Asym, M /ARs,,) are not shown here.

From the previous discussion, it 1s thought that it is more useful to plot the load paths
normalised by the vertical bearing capacity Vj, instead of by As,,. By doing this, all the
analyses commence from V /Vy = 1 precisely and therefore the shape of the load paths of
different cases of strength increase rates, including the case of a uniform soil, can be easily
compared to each other. Figs. 7.5, 7.6 and 7.7 show the load paths of p2R/s,, = 2, 5 and

10; each plotted with the load paths of the analyses on a uniform soil for comparison.

As seen from the (V/Vy, M/RVy) plot in Fig. 7.5, after normalising the load paths for
the case of a uniform soil are very similar to those for p2R/s,,;, = 2. As has been mentioned,
when the soil changes from a uniform soil p2R /s, = 0 to p2R/s,;» = 2, the peak moment
load does not increase as much as the vertical bearing capacity. In the (V/Vy, M/RVy) plot
in Fig. 7.5, a small drop in moment can be seen. However, this change is small and the shape

of the load paths for both cases of strength increase rates are broadly similar.

This similarity is also seen between the load paths of a uniform soil and a higher rate of
strength increase p2R/s,, = 10 in Fig. 7.6. The load paths of p2R /s, = 5 (Fig. 7.7) are, to

a less extent, similar to those of a uniform soil.

Whilst the size and shape of the normalised load paths in the moment directions (M /RV;)
remain almost unchanged over a large increase in strength increase rate, the size and shape
of the load paths in the horizontal direction (H/Vjy) reduces significantly. As mentioned
earlier, the horizontal load peak value Hy/As,, is unchanged. Consequently, the size and
shape of the load paths would remain almost unchanged if the horizontal load component is
normalised by Vo p—0, where Vp 5—¢ is the vertical bearing capacity of a uniform soil, whereas
the moment and vertical load components are normalised by Vy, where Vj is the vertical
bearing capacity corresponding to the strength increase rate p2R/s,,. The new normalised

load paths of p2R/s,, = 2, 5 and 10 are plotted in Figs. 7.8, 7.9 and 7.10, respectively. As
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Figure 7.5: Comparison between load paths of p2R/s,, = 0 and 2 (with H normalised to

Vo).



Soil Strength Increasing with Depth, Cone Angle and Embedment 7-8

-60°

T ]
0.00 0.10
HIV,

I
0.20

-0.20 —

0.00

T I T | T I T [ T
020 040 0.60 0.80 1.00
ViV,

0.00

0.00

o
020 0.40 0.60 0.80 1.00
ViV,

Figure 7.6: Comparison between load paths of p2R/s,,, = 0 and 5 (with H normalised to

Vo).
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Figure 7.7: Comparison between load paths of p2R/s,,, = 0 and 10 (with H normalised to
Vo).
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Figure 7.8: Comparison between load paths of p2R/s,,, = 0 and 2 (with H normalised to
V(),p:O)-

can be seen in the (V /Vy,H/Vp) and (H/Vy,M/RVy) plots of Fig. 7.8, the load paths of a
uniform soil and p2R/s,,, follow each other closely. The same can also be seen in Fig. 7.9,
which compares the load paths of the analyses on a uniform soil and soil with p2R/s,, = 5.

Again, the load paths of p2R/s,,, = 10 does not compare so well with those of uniform soils

as pP2R/sym =2 or 5.



Soil Strength Increasing with Depth, Cone Angle and Embedment

-0.20 —

Figure 7.9:

V07p:0)-

B T ‘ T ] T T T T
90" .
- 60 — 0.20 —
— 0.10 —
_-
¥ | F 0.00 1 [
=
— -0.10 —
=30
— -0.20 —
T [ } T l T ‘ T T f ] T
0.00 0.10 0.20 0.00 020 0.40 060 080 1.00
HIV, ., VIV,
T ] T | T } T T 7
pP2R/s,=0
0.20 — —
—-w=- p2R/s, =5
>:'
0.00 T T T T 1 Ty
0.00 0.20 0.40 0.60 0.80 1.00
VIV,
Comparison between load paths of p2R/s,,, = 0 and 5 (with H normalised to



Soil Strength Increasing with Depth, Cone Angle and Embedment 7-12

—] -0.10 —
—] -0.20 —
I ! { L L L
0.00 0.10 0.20 0.00 020 040 060 080 1.00
HIV, ViV,
T T T ] A .
p2R/s,=0
0.20 — —
——-= p2RIs =10
>:‘
= 0.10—
0.00 I B

0.00 020 040 0.60 0.80 1.00
VIV,
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7.2.3.1 Contours of the bearing capacity envelope

Using the load data, contours with respect to V /V; are plotted in Fig. 7.11. With horizontal
loads normalised to Vyp—o, the contours of different p2R/s,m rates also exhibit a degree
of similarity with those for uniform soils (see Fig. 6.22b). The contours for three rates of
increase of strength with depth also have an approximately elliptic shape. Exception are at
V/Vo = 0-8 and 0-85 for p2R/s,,, = 10, however, it is believed that this irregular shape is
caused by the lack of load data at these load levels). All the three envelopes show the effect
of the sense of eccentricity with both maximum moment and horizontal loads occurring in
negative eccentricity. As for the case of uniform soils (Fig. 6.22b) the rotation of the ellipses
in Fig. 7.11 also changes with vertical load. At lower vertical load, the ellipses take on a
more upright position. The overall size of the envelopes for p2R/s,,, = 2, 5 and, to a less

extent, p2R/s,,, = 10, are comparable with that for a uniform soil.

It should be noted that the strength increase rate of p2R/s,,, = 10 is a very large value
and less likely to be encountered in practice than the other two rates examined in this study
(P2R/sum =2 and p2R/s,m = 5). For footings with radius R < 10m, as stated by Gemenhardt

& Focht (1970), the strength increase rate is usually less than p2R /s, < 5.

Therefore, it is concluded that for most applications, the shape and size of the bearing
capacity envelope with horizontal load normalised to Vp -, and vertical and moment loads

to Vp remain almost unchanged with strength increase rate.

7.3 Effect of cone angle

7.3.1 Literature review

As has been mentioned in Section 7.2.1, Houlsby & Wroth (1984) also considered the effect
of cone angle on the vertical bearing capacity. The result of their lower bound solution
for rough cones on a Tresca soil is shown in Fig. 7.12. It can be seen that from a flat
footing (B = 180°) to a conical footing of B = 90° (which is also the range of cone angles
most commonly used for spud-can footings), the vertical bearing capacity does not change

significantly.

It should be noted that the results shown in Fig. 7.12 are not the exact solution but the
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Figure 7.12: Variation of the vertical bearing capacity Vy/As, with footing cone angle [3

(after Houlsby & Wroth, 1984).

lower bound results for Tresca soils. In addition, as discussed in Section 7.2.1, by multiplying

these results by 2/\/§ the results are not the exact lower bound solution for von Mises soils.

Though cone angles in the range from B = 180° (flat footings) to B = 120° do not affect
the vertical capacity significantly, it is expected that the horizontal bearing capacity will rise.
Unfortunately, as with the case of soil strength increasing with depth, there are no known
solutions for conical footings subjected to combined loading, except from finite element
analyses. As mentioned in Section 6.2.5, a series of finite element analyses were conducted
by Fugro Ltd as part of a Joint Industry Project coordinated by Noble Denton & Associates
(1987). Footings with different cone angles were investigated (see Fig. 6.4). However, no
attempt was made to model the loss of contact between the footing and the soil. It should
be noted that for conical footings, significant loss of contact not only occurs under moment
loading but also under horizontal loading. This causes some concern about the accuracy of

the results by Noble Denton & Associates (1987).

7.3.2 Mesh preparation

Two cone angles f = 150° and § = 120°, which cover the range of commonly used cone

angle for spud-can footings, are investigated in this study. The mesh size and grading for
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Figure 7.13: Mesh dimension used in the analyses for conical footings: 2427 nodes and 1407

elements for § = 120°; 2707 nodes and 1358 10-noded tetrahedral elements for B = 150°.

conical footings are similar to that of flat surface footing used in Section 6.3, except that the
dimension of the mesh is changed so that the depth from the tip of the cone to the bottom of
the mesh remains 1-33R as shown in Fig. 7.13. The radial dimension of the mesh remains
unchanged at 2-33R. I-DEAS is capable of creating the solid model for the problem of this
analysis, but it has difficulties when generating the mesh at the tip of the cone. To work
around this, the mesh was generated for a flat footing and the z coordinate of the generated

nodes was then transformed to form the conical shape.

7.3.3 Vertical bearing capacity results

Fig. 7.14 shows the results of the vertical bearing capacity analyses for the two conical
footings. The lower bound solution for rough footings on Tresca suggests that the vertical
bearing capacity remains constant at Vp/As, = 6-05 as the footing gets sharper from 3 = 180°
to B = 150°. As mentioned earlier, Vj /As, = 6-05 x 2/\/§ = 6-99 is not the exact lower bound
solution for a von Mises material but can serve as a resonable approximate solution. It will
be recalled that the finite element result for a flat footing obtained in the previous chapter
is Vp/As, = 7-04. As shown in Fig. 7.14 the vertical bearing capacity obtained from finite
element analyses are 6-85 and 6-73 for B = 150° and 3 = 120°, respectively. This means that
the vertical bearing capacity drops slightly as the footing gets sharper. This is believed to be
caused by the introduction of the interface elements, which allows sliding in some parts of
the interface between the footing and the soil. The yield state of the integration points in the
interface is shown in Fig. 7.15. About 80% of the integration points for § = 150°, and 97%

for B = 120°, are in cohesive yielding mode, so that the footing has some additional freedom
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Figure 7.14: Vertical capacity results.

which lowers the vertical bearing capacity. The normal stress distribution in Fig. 7.16 shows
that, for both cases of the cone angles, the interface elements behaves as well as for the flat

footing.

7.3.4 Analysis of the test results

The point of reference to apply rotations and calculate moment loads is the intersection
between the footing centre line and the plane containing the footing rim, which is the same

as the reference point used in the elastic calculations in Chapter 2 (see Fig. 2.1).

The analyses in this study are similar to those of Chapter 6: for the case of each cone
angle B, once the vertical bearing capacity has been reached, six combinations of horiz-
ontal and rotational displacement corresponding to @ = 0°,30°,60°,90°, —~30° and —60°

(see Fig. 6.15) are applied.

Fig. 7.17 shows the resulting load paths of a footing of B = 150° plotted with the load
paths of a flat footing obtained from the study in the previous chapter. As the (H, M) plot
in Fig. 7.17 shows, pure sliding (® = 0°) generates a significant moment for a footing of
B = 150° compared to an almost zero moment for a flat footing. On the other hand, the

pure rotation (® = 90°) test induces small horizontal load — very much the same as for flat
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Figure 7.15: Yield state of the integration points in the interface at vertical bearing capacity

(a) B = 150°; (b) B = 120°.
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(b) B = 120°.
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Figure 7.17: (V, H, M) curves from high V /Vy: B = 150°.

footings. The load paths in the (V, M) plot of B = 180° and B = 150° are almost identical,

except for the pure sliding analysis (® = 0°), in which a significant moment is generated.

These features of 3 = 150° can also be seen in the results of § = 120° in Fig. 7.18. The
pure sliding analysis now generates even higher moment. The load paths in (V, M) are also

quite similar between B = 180° and B = 120°.

For the footing of f = 150°, towards the end of the pure rotation analysis, a small horiz-
ontal load is generated (see the (H,M) plot in Fig. 7.17). For the footing of B = 120°, the

horizontal load generated in the pure rotation analysis is more pronounced (see the (H,M)
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plotin Fig. 7.18).

This horizontal load generated in the pure rotation analysis seems to reduce the peak
moment load. As shown in Fig. 7.19, the peak moment in absolute terms (i.e. normalised
against RAs,,) falls slightly when the the cone gets sharper. As the footing changes from flat
to B = 120°, the peak moment M /RAs,, drops from 1-58 to 1-43 — a difference of 10%.

The effect of the cone geometry on the peak horizontal load is significantly larger. Fig. 7.20
shows the load paths of analyses involving pure horizontal displacements of a flat footing and
two conical footings with 3 = 150° and B = 120°. The figure shows that the peak horizontal
load normalised against Vj increases with sharper cones. The peak horizontal load nor-
malised against RAs, also increases as the cone gets sharper; as the cone changes from flat
to f = 120°, the peak horizontal load Hy/As, increases from 1-07 to 1-49 — a difference of
39%.

[t is worth noting that one way to estimate the peak horizontal load for conical footings
1s to assume passive soil pressure on one side of the cone (Houlsby, 1996). Therefore, the

following simple expression is obtained:

Hy = As, +2A,s, (7.1)
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Figure 7.20: (V, H) interaction loci for footings with different cone angles.

where A, = R*tan (n_;j) is the vertical projected area of the footing. For B = 120°,

1
Hy = s5,R? <Tt +2x ﬁ) = 4.3R%s, (7.2)

This value is a +37% increase compared to the peak horizontal load of a flat footing. This

result is therefore in very good agreement with the finite element results.

The bearing capacity envelopes of the two conical footings is shown in the form of con-
tours in Fig. 7.21. It can be seen that the bearing capacity envelope changes with cone angles
in a more complicated way than it does with soil strength varying with depth as presented
in Section 7.2. As has been mentioned, when the cone gets sharper, the maximum moment
My/RVy decreases a little whereas the peak horizontal load Hy/Vy increases significantly;

this can also be seen in the contour plot.

Also, at the vertical load level at which the maximum horizontal load and moment occur
(i.e. V/Vy = 0-55 for both cones), the ellipse-like contours rotate such that both the peak

horizontal load and moment clearly occur in the quadrants of positive eccentricity.

As the vertical load progresses towards higher levels, the contours rotate to an upright
position. At high vertical load levels (V/V > 0-8), both peak horizontal load and moment
occur in negative eccentricity; the contours rotate such that their major axis lying in the
second and the fourth quadrant, which is similar to the bearing capacity of flat footings. This

suggests that when the vertical is high and is the most dominant of the three load components,



7-24

Soil Strength Increasing with Depth, Cone Angle and Embedment

s3un00j [eo1u00 10 sadojaaud Ayroeded Jurieaq ay) Jo $INOJUOYD) 1|7 L AIN31Y

ost=¢g oz=g
A/H A/H
Ho oo O 20 10 00
L—

L'0- ¢0-




Soil Strength Increasing with Depth, Cone Angle and Embedment 7-25

changing the geometry of the footings does not significantly affect the failure behaviour

under combined loading.

7.3.5 Stress distribution in the interface between the footing and the

soil

The distribution of normal stress in the interface between the footing and the soil is plotted
in Fig. 7.22 so that the behaviour of the interface elements can be examined. As in the
previous chapter (see Section 6.4.3), three cases of loading are examined: pure rotation, pure
horizontal displacement and a combined loading case with negative rotation. The results
for the sharpest of the two cones examined in this study which is B = 120° are plotted in
Fig. 7.22. It can be seen that in all cases of loading, the stress distribution plot shows both
the area in contact and in loss of contact with the soil as expected. It is also pleasing to see a

clear division between the two areas for each case of loading.

Under horizontal loading, unlike the flat footing (see Fig. 6.18b), a large area of the
conical footing loses contact with the soil. In fact, for the conical footing, a larger area of the

footing loses contact with the soil under horizontal loading than under moment loading.

The significant change in geometry at the cone tip causes a stress concentration at this
point. This behaviour at the cone tip is, however, reasonable. Under pure rotation (Fig. 7.22a),
for example, the normal stress is high to the left of the tip and low to the right of the tip, which
corresponds to the tip movement to the left during the loading. An opposite picture is seen
in the stress plot of pure horizontal displacement (sliding to the right) in Fig. 7.22b. An ex-
treme case for the cone tip is seen in the case of positive horizontal displacement combined
with negative rotation in Fig. 7.22c. Both movements of the footing (i.e. positive horizontal
displacement and negative rotation) push the cone tip to the right. At the same time, the
negative rotational displacement keeps the footing area on the left in contact with the soil.

This results in a small area at the left of the cone tip losing contact with the soil.

7.3.6 Comparison with recent experimental research

As mentioned earlier, Martin (1994) performed a series of combined loading tests using a

conical footing involving different footing embedment on a soil with strength varying with
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Figure 7.23: Martin’s (1994) experimental results and fitted ellipses.

depth. Therefore, the results by Martin (1994) and by this study cannot be directly compared.

However, the two sets of results are expected to be comparable to a certain extent.

In fact, one pronounced feature of the failure envelope for conical footings obtained in

this study is that the ellipse-like contours (at lower vertical load levels) rotate such that both

the peak horizontal load and moment clearly occur in the quadrants of positive eccentricity.

This pronounced feature is also seen in Martin’s (1994) results (Fig. 7.23).

However, Martin’s (1994) results show that the ellipse rotation is relatively unchanged

for vertical load from V /Vy = 0-4 to V /Vy = 0-9. The results of this study, however, show

that when the vertical load is large and is the dominant collapse load, the failure envelope
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Figure 7.24: Dimension of the footing used in Martin’s (1994) experiments.

takes on a more familiar shape as for flat footings with the peak moment and horizontal load

occur in the quadrants of negative eccentricity.

The overall size of the envelope obtained from both studies are comparable. Martin
(1994) used a conical footing with shape and dimensions shown in Fig. 7.24. In practice,
such a footing is usually approximated to a cone with the same soil displacement volume
(Houlsby & Martin, 1992). The footing used by Martin (1994) is therefore equivalent to
a cone of B &~ 140°. Compared to the finite element results of the cone of § = 150°, the
maximum horizontal load Hyp/Vy by Martin (1994) is about Hy/Vp = 0-155 — about 14%
lower than that obtained from this study. The maximum moment load My/RV; by Martin

(1994) is about 0-19, which is 18% lower than that obtained from this study.

[t should be noted that in arriving at these figures, Martin (1994) performed least-squares
analyses on the results of different embedment depths, but the results of the surface footing
were excluded. This exclusion is based on the ground that the normalised load paths, i.e.
(V/Vo, H/Vy, M/RVy), at zp = 0 are remarkably different from those of embedded footings.
Fig. 7.25a shows that the rotation test at the soil surface give higher normalised moment
in tests commencing from V/Vy = 1. Similarly, in the horizontal displacement test at the
soil surface (see Fig. 7.25b), the normalised horizontal load is higher than that of other
embedment depths. Therefore, for surface footings, the maximum horizontal and moment

load obtained by the two studies are, in fact, in very close agreement.
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7.4 Effect of footing embedment

7.4.1 Literature review
7.4.1.1 Vertical bearing capacity

As jack-up footings on clay can penetrate several meters, it is desirable to predict the footing
penetration as accurate as possible. The empirical equation proposed by Skempton (1951) is

recommended by both Gemenhardt & Focht (1970) and Young et al. (1984):

Vo/A = 65,(1+0-22p/2R) +v'zp < 9s,+7Y'zp (7.3)

where ¥ is the soil effective unit weight. The surcharge component of bearing capacity
v'zp in Equ. 7.3 is only applicable to cases where the hole above the footing remains open,
but in practice (particularly on soft clays) there is usually at least partial backfilling during
intallation of the jack-up. Endley et al. (1981) state that Equ. 7.3 gives better predictions of

penetrations if complete backfilling is assumed and the ¥’z term is omitted.

The well-known formulae by Hansen (1970) and Vesic (1975) are also applicable to em-
bedded footings. For the case of a square footing under purely vertical loading on undrained

clays, the Hansen method gives:

Vo/A = (m+2)s,(1-2+0-4zp/B)+¥'zp, zp/B< 1 (7.4)

Vo/A = (n+2)s,(1-2+40-4arctan(zp/B)) +Y'zp, zp/B> | (7.5)

For square footings on clay, the Vesic method gives:

1
Vo/A = (m+2)s, (1 + n—+2> (1+0-4zp/B)+Y'zp, zp/B< 1 (7.6)

1
Vo/A = (m+2)sy, <1 + n—+—§_> (1+0-4arctan(zp/B)) +¥'zp, zp/B>1 (1.7

Circular footings are treated as square footings with the same area, i.e. B = R\/T.

The transition beteen Equ. 7.4 and Equ. 7.5 (as well as between Equ. 7.6 and Equ. 7.7)
at zp/B = 1 is not smooth because arctan(1) # 1. Martin (1994) therefore suggests the use
of arctan(tan(1)zp/B) instead of arctan(zp/B) in Equ. 7.5 and Equ. 7.7. Fig. 7.26a shows

vertical bearing capacity against footing penetration for various methods. The figure shows
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Figure 7.27: (V, M) interaction chart of a deep circular footing.

that up to embedments of about two diameters, Skempton’s empirical formula is significantly

conservative with respect to other three methods.

Using the method of characteristics (Houlsby & Wroth, 1984), Martin (1994) computed
the lower bound collapse load of embedded circular footings using the computer programme
FIELDS written by Professor G. T. Houlsby. Fig. 7.26b shows the results of the method of
characteristics for smooth and rough footings. Also shown in the figure are the methods by
Skempton (1951), Hansen (1970) and Vesic (1975) for comparison. The lower bound curve

by the method of characteristics is slightly less conservative than the Skempton method.

7.4.1.2 Interaction between vertical load and moment

Using the concept of effective area, the Hansen method gives the following relation between

vertical and moment bearing capacity for embedded circular footings on clays (cf. Equ. 6.5):

1% <1+0-2(B /L) +0-4zp/B ) A' (7.8)

Vo 1-2+0-42p/B A
where B = Ry/T and A is the gross footing area TR%. Vesic’s (1975) formula for surface
circular footings (Equ. 6.6) remains unchanged for embedded footings. The two methods of

Vesic and Hansen are plotted in Fig. 7.27, which shows that the (V /Vy, M/RV}) interaction

loci for both surface and deep footings are very similar.
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Figure 7.28: (V. H) interaction chart of a deep circular footing (zp — o) (after Martin,

1994).
7.4.1.3 Interaction between vertical and horizontal loads

For embedded footings, the Hansen formula becomes (cf. Equ. 6.7):

12-07 (1 ~ /1 —H/Ho> +0-4zp/B

[-2+0-4zp/B ’

H < Hy = As, (7.9)

Vo

Vesic’s (1975) formula for surface circular footings (Equ. 6.8) remains unchanged for em-
bedded footing. Fig. 7.28 compares the normalised (V /Vy, M/RV,) failure envelopes ob-
tained from the Meyerhof, Hansen and Vesic methods. At very deep penetrations in uni-
form clay all three methods give Vy which increases up to a limiting value, whereas the
maximum hotizontal load Hy remains unchanged at Hy = As,. Therefore, the maximum
normalised horizontal load Hy/Vy drops significantly compared to that of surface footings
(see Fig. 6.2). Fig. 7.28 also shows that the Vesic method is the most conservative for deep

footings, whereas the Meyerhof method is the least conservative.

7.4.1.4 Interaction between vertical, horizontal loads and moment

Using the same approach described in Section 5.2.1.4 for a strip footing (i.e. an inclined load
of magnitude v'VZ + H? is assumed to act centrally on a effective (reduced) foundation area),
the bearing capacity envelopes for various methods described so far can be determined. The

bearing capacity envelopes are not shown here but can be found in Martin (1994).
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7.4.2 Vertical bearing capacity

In practice, the most relevant range of jackup footings penetration is zp/2R < 2-5. As has
been mentioned, Martin (1994) investigated the behaviour of a cone footing at different em-
bedment depths ranging from zp/2R = 0 to zp/2R = 1-6. From these tests, Martin (1994)
found that though the (V, H, M/R) bearing capacity envelope expands with increasing foot-
ing embedment depth, the shape of the bearing capacity remains unchanged. In this study
one embedment depth zpp/2R = 0-25 is investigated to examine the constant shape hypothe-
Sis.

For this embedment depth (zp/2R = 0-25), the lower bound solution for a Tresca soil
using the method of characteristics is Vyp/As, = 6-61. This suggests an approximate solution
of Vp/As, = 7-63 for von Mises materials. A fine axi-symmetric mesh using high-order
15-noded triangular elements is used to calculate the vertical bearing capacity. As shown in
Fig. 7.29, this 15-noded triangular mesh gives V/As, = 8-04, which is slightly higher than
the approximate solution by the method of characteristics (+5-4%). This close agreement
between the two methods confirms that both can serve as good approximate solutions to the

problem of embedded footings.

A three dimensional mesh with the same grading and same size as the one used in Chap-

ter 6 (i.e. the distances from the centre of the footing to the side and bottom boundary are
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Figure 7.30: Standard mesh size for zp/2R = 0-25.

2-33R and 1-33R as shown in Fig. 7.30) was generated. The result of the vertical bearing
capacity analysis on this mesh, referred to as ‘standard mesh’ in Fig. 7.29, is V /As, = 9-91,

which is +23% higher than the axi-symmetric result.

In order to improve the solution, different meshes were tried. Firstly, with the mesh
dimensions unchanged, a new mesh with 4717 nodes, which is significantly finer than the
standard mesh (with 2755 nodes) was generated. The other two meshes have the same mesh
grading as the standard mesh, but their mesh depth and radial dimensions increase by 25%

and 75%.

However, these larger and finer meshes do not deliver a better result as shown in Fig. 7.29;
the fine mesh and the mesh with 25% dimension increase give the vertical ultimate load
results which are within 1% of that of the standard mesh. The mesh with 75% dimension
increase give a result only 3% lower than the standard result at w/R = 0-135. At this stage
the analysis is halted, but the vertical load had not reached its steady value by then. The trend
of the load—displacement curve as shown in Fig. 7.29 seems to suggest that the ultimate load

would be very close to that from the standard mesh.

The results from different meshes seems to suggest that unless an extremely fine mesh
or better finite elements (such as 20-noded or 35-noded tetrahedral elements) are used, the
solution cannot be improved. Unfortunately, both solutions demand excessive computation
time. Therefore, the standard mesh is used in the following study of footing behaviour under

combined loading.

It is worth noting that the meshing method used by Bell (1991) was also tried. As has
been mentioned in Chapter 6, using this method, a two dimensional mesh is first generated
on a plane. The two dimensional mesh is then rotated about the axis and the mesh is divided
into tetrahera to form the final mesh. A mesh generated using this method give an ultimate

vertical load which is very close to that from the axi-symmetric mesh. However, there is
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some concern that this mesh, which is perfectly axi-symmetric, behaves well under axi-
symmetric loading but not as well under combined loading. Therefore, the mesh is not used

in the following study of combined loading.

7.4.3 Programme of analyses

The analyses in this study are similar to those of Chapter 6: once the vertical bearing capacity
has been reached, six combinations of horizontal and rotational displacement corresponding

to m = 0°,30°,60°,90°, —30° and —60° (see Fig. 6.15) are applied.

The resulting normalised load paths are shown in Fig. 7.31. It can be seen that the
analyses are stable. The six analyses also give a good coverage for the bearing capacity

envelope as shown in the (H/As,. M/RAs,) plot in Fig. 7.31.

Compared with surface footings, the peak moment increases from My/RAs, = 1-58 (for
surface footing) to Mo/RAs, = 2-38 — an increase of +51%. It will be recalled from Sec-
tion 7.4.2 that the peak vertical load for this embedded footing is Vyp/As, = 9-91 which is
+41% higher than that of the surface footing.

At the same time, the peak horizontal load remains almost unchanged at Hy/As, = 1-05
compared to Hy/As, = 1-07 of the surface footing. This value is, however, lower than the ex-
act value Hy/As, = 2/+/3 = 1-155. This is believed to be caused by the stress concentration

on the footing as discussed in Section 6.6.1.

As the peak vertical load and moment increase with embedment and the peak horizontal
load remains unchanged, the load paths with H normalised to Vj gurf, Where V gyt 1s the verti-
cal load capacity of the surface footing, is used to compare with those of the surface footing.
The other two components, V and M, are normalised to Vjy and RV)), respectively, where Vy
is the appropriate vertical load capacity at each embedment depth. Fig. 7.32 shows the nor-
malised load paths (V/RVy, H/Vosurt, M/RVy) of both surface footing and the embedded
footing. The figure shows that for all analyses with combined displacements (® = 60°, 30°,
~30° and —60°) of the embedded footing, horizontal load H /Vj qur is significantly higher

than the corresponding analyses of the surface footing.

Figs. 7.33 and 7.34 show in detail the analyses involving pure rotation and pure horiz-

ontal displacements of both the surface and the embedded footings. It can be seen that
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Figure 7.33: Interaction between vertical and moment loads (comparison between surface

and embedded footings).

while the (V, M) interaction loci of the two are quite similar, the (V, H) interaction loci are
significantly different. With the reduction of vertical load from V /Vy = 1, the embedded
footing can sustain a higher horizontal load H /Vj ¢ than the surface footing. The transition
between sliding failure and bearing failure for the embedded footing, therefore, occurs at a

higher vertical load level than that of the surface footing.

As a result, the contours of the two bearing capacity envelopes are quite different. As
can be seen in Fig. 7.35, though the two envelopes share similar features such as ellipse-like
contours and the contour major axis lying in the quadrants of negative eccentricity, the size

and the rotation of the ellipses are quite different.

7.4.4 Comparison with semi-empirical bearing capacity formulae

Also shown in Figs. 7.33 and 7.34 are the solutions by Vesic and Hansen for eccentric and
inclined loads for a footing with embedment depth of zp/2R = 0-25. As for the case of
surface footings, the two empirical methods for embedded footings are also conservative for

eccentric loads (see Fig. 7.33) and even more so for inclined loads (see Fig. 7.34).
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Chapter 8

Concluding remarks

8.1 Main findings

e As part of the study, a finite element program called OXFEM written by previous
members of Oxford University Civil Engineering Group was updated and enhanced
by the author. Some particular features which are relevant to this research are (a)
capability to perform both two and three dimensional analyses; (b) stop and restart

facility; (c) interface elements; (d) the sotl strength can be varied with depth;

e The elastic behaviour of circular footings under vertical, horizontal and moment load
was thoroughly investigated. The study also examined the effect of footing cone an-
gle, embedment depths and Poisson’s ratio of the soil on the behaviour. The elastic

behaviour is quantified by the stiffness coefficients Ky, K>, K3 and K4 (Equ. 2.1);

e In general, the results of this study shows that embedment depth has significant effect
on the vertical stiffness, and also a more pronounced effect on the horizontal and mo-
ment stiffness. The cone angle was shown to have a more pronounced effect on the

horizontal stiffness than on the vertical or moment stiffness;

e [t was shown that the effect of embedment depth and cone angle can be decoupled and
a multiplicative approach can be used to establish empirical expressions for K, K» and
KY' (see, for example, Equ. 2.26). The effect of embedment depth and cone angle is
expressed by the factors piyench and ficone. In addition, it was shown that an additive

expression is suitable to express the location of the metacentre;

8-1
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e Empirical expressions were then derived for all the stiffness coefficients, including
the location of the metacentre, which can be used in practice for designing offshore

foundations;

e For each stiffness coefficient, the effect of Poisson’s ratio on pench and tcone Was
investigated. It was found that the Poisson’s ratio has a significant effect on piyench

m

and peone Of K, and on picone of K3

. The Poisson’s ratio has virtually no effect on the

horizontal stiffness K> or iyrench of K3';

e A new interface element, which behaves either as a frictional interface or as a cohesive
interface depending on the normal stress, has been formulated. The special yield sur-
face allowed the interface to model the soil-structure interaction problem under severe
horizontal and moment loading without causing instability. The new interface element

is formulated for both two dimensional and three dimensional analyses.

e A closed-formed exact solution for the integration of the stress—strain relationship of
the two dimensional interface element (embedded in the three dimensional continuum)
was found. This allows three dimensional analyses involving interface elements to be

computed at a greater speed than using an incremental numerical integration technique;

o Before the bearing capacity envelope for strip footings was established, the two test
procedures (i.e. the probing test procedure and tracking test procedure) were used to
explore the (V, H) and (V, M) failure loci. The results of the faster procedure, the
tracking method, were shown to be comparable to those of the probing test procedure,
which is the more exact, but significantly slower, method. The tracking test procedure
was then used to establish the bearing capacity envelope for both strip and circular

footings;

e The bearing capacity envelope for strip footings was established. The contours of the
bearing capacity envelope at high V /Vj do not look like ellipses; they have a pointed
transition from positive to negative moment. The sense of eccentricity (either positive

or negative eccentricity) has practically no effect on the contours;

e The finite element results of this study were also compared with the results obtained

from a different numerical method — the finite difference method as implemented in a
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computer package called FLAC. The similarity between the two sets of results gave a

strong evidence for the unigeness of the bearing capacity envelope;

e The bearing capacity envelope for flat surface circular footings was established. Un-
like that of strip footings, the bearing capacity envelope of circular footings shows a
significant effect of the sense of eccentricity on the contours (with respect to the verti-
cal load) at high V /Vj levels with both peak horizontal and moment loads at a certain
vertical load level occur in negative eccentricity. This effect, however, diminishes as
the vertical load decreases. Also, at high V /Vj, the contours have the elliptic shape. At
low vertical load, the contours shows that a significant horizontal load can be applied

without causing a significant drop in moment capacity;

e Based on the numerical results, an empirical expression was derived for the bearing ca-
pacity envelope of circular footings (Equ. 6.33). The envelope is essentially parabolic
in the H/Vy = 0 and M /RV;) = O planes, and elliptical in the cross-sectional planes of
constant V /Vj. The equation supports the equation of the same form obtained by Mar-
tin (1994) for conical footings. The simple expression allows easy hand calculations in
design practice. It can also provide a model for soil to be incorporated in the analysis

of the whole offshore structures;

e A comparison of the finite element results with other bearing capacity formulae (such
as Meyerhof, 1956; Hansen, 1970; Vesic, 1975) showed that the bearing capacity for-
mulae were largely more conservative (about —18%) in predicting the vertical and
moment interaction locus. The bearing capacity formulae were also more conserva-
tive, though to a lesser extent (about —6%), in predicting the vertical and horizontal
locus than the finite element results. For combined loading (i.e. horizontal load com-
bined with moment load) the Hansen method was also shown to be more conservative
than the finite element results, particularly in the quadrants of the negative eccentricity

at high vertical load;

e The investigation of soil strength varying with depth showed that the bearing capacity
envelope (V, H, M/R) is expanded by comparison with the envelope for a homoge-
neous soil. Its shape is also changed. However, by normalising the horizontal load
to the vertical bearing capacity of uniform soil Vp,—o, and normalising the other two

component to Vp, the size and shape of the envelope (V/Vy, H/Vop—0, M/RVy) re-
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8.2

mains relatively unchanged up to a large rate of of increase of soil strength. Therefore
the bearing capacity envelope for flat surface footings on a uniform soil already estab-
lished can be used for footings on a soil with strength varying linearly with depth with

only minor changes;

[t was found that whilst the change in footing geometry from flat to conical increased
significantly the maximum horizontal bearing capacity (and therefore the size of the
bearing capacity envelope in the H direction), it did not change significantly the max-
imum moment bearing capacity nor the vertical bearing capacity (cf. the results for

elastic stiffness);

The results from the study of conical footings were shown to be comparable to Martin’s
(1994) results in terms of the maximum horizontal and moment bearing capacity. Both
the two sets of results also showed that at lower vertical level (near V /Vjy = 0-5), both
peak horizontal and moment loads occur in positive eccentricity. At high vertical load
levels, the results of this study, however, showed that both peak horizontal load and
moment occurred in negative eccentricity, whereas Martin’s (1994) results showed

that both peak horizontal and moment loads occur in positive eccentricity;

It was found that though the ten-noded tetrahedral element can give reasonably accu-
rate results for surface footings, it cannot predict good vertical bearing capacity for

embedded footings. Higher order elements may be needed to give better solutions;

With increasing embedment depth, the vertical load capacity and the maximum mo-
ment load increase. At the same time, the maximum horizontal load remains un-
changed. This feature is similar to that of soil with strength increasing with depth.
However, an attempt to normalise horizontal load to Vj g, (Whereas vertical and mo-
ment loads to V) failed to produce a bearing capacity envelope comparable to that of

the surface footing.

Future research

Large overestimation of the vertical bearing capacity for embedded footings prompts

the need for more research on this problem. A good mesh generator which can generate
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higher order elements (20-noded or 35-noded tetrahedra) may be needed to achieved

high accuracy;

e The effect of consolidation is of great concern when designing an offshore foundation
(Poulos, 1988). Under wave and storm loading, consolidation takes place. Due to the
large dimensions of offshore foundations, under wave loading, the soil can only be
partially drained. In investigating transient loading, it appears that the soil constitutive
models and their computational efficiency are the primary concerns (Prevost, 1977,

Zienkiewicz et al., 1978);

e It is shown from this parametric study that accurate solutions can be obtained by the
finite element method for a wide range of problems with different soil profiles, foot-
ing geometry and complex loading. Because of the increasing number of variables
involved, further research in the form of parametric studies may, however, not be so

useful as a study of specific structures.
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