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Abstract

This thesis focuses on weighted-automaton learning and minimization,

matrix factorization, and the relationships between these areas.

The first part of the thesis studies minimization and learning of weighted
automata with weights in a field, focusing on tree automata as represen-
tations of distributions over trees. We give a minimization algorithm that
runs in polynomial time assuming unit-cost arithmetic, and show that
a polynomial bound in the Turing model would require a breakthrough
in the complexity of polynomial identity testing. We also improve the
complexity of minimizing weighted word automata. Secondly, we look at
learning minimal weighted automata in both active and passive learning
frameworks, analysing both the computational and query complexity. For
active learning, we give a new algorithm for learning weighted tree au-
tomata in Angluin’s exact learning model that efficiently processes DAG
counterexamples, and show a complexity lower bound in terms of polyno-
mial identity testing. For passive learning, we characterise the complexity
of finding a minimal weighted automaton that is consistent with a set of

observations.

The second part of the thesis studies nonnegative matrix factorization
(NMF), a powerful dimension-reduction and feature-extraction technique
with numerous applications in machine learning and other scientific dis-
ciplines. Despite being an important technique in practice, there are a
number of open questions about the theory of NMF—especially about its
complexity and the existence of good heuristics. We answer a major open
problem posed in 1993 by Cohen and Rothblum: the nonnegative ranks
over the rationals and over the reals differ. We first tackle a variant of the
problem, restricted NMF', which has applications in topic modelling and a
geometric interpretation as the nested polytope problem. Lastly we show
that NMF is polynomial-time reducible to automaton minimization, and
then use our results on NMF to answer old open problems on minimizing

labelled Markov chains and probabilistic automata.
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Chapter 1

Introduction

Trees are a natural model of hierarchical data and arise rapidly in diverse applica-
tion domains, including natural text and speech processing, computer vision, bioin-
formatics, web information extraction, and social network analysis. Many of these
application domains require representing probability distributions and more general
real-valued functions over large sets of trees. A powerful algebraic model for such
functions are multiplicity tree automata, i.e., weighted tree automata over a field.

Multiplicity tree automata are nondeterministic finite-state machines that run on
trees, assigning a weight from a field F to each tree. A multiplicity tree automaton
thus computes a function from a set of trees into the field F. A special case of
multiplicity tree automata are multiplicity word automata, which can be viewed as
multiplicity tree automata on unary trees.

Two of the most fundamental problems concerning multiplicity automata are
learning and minimization. The general problem of learning a concept class is, given
examples of an unknown target concept from that class, to infer a hypothesis con-
cept that fits the given examples and accurately predicts future examples. A key
component of learning is the inference problem: given a sample of weight-labelled

trees (resp., words), derive a multiplicity automaton over trees (resp., words) that is



consistent with or closely fits that sample. Here consistency means that the weight
assigned by the automaton to each tree (resp., word) in the sample is equal to its
label. The problem of minimizing multiplicity automata is to compute, for a given
multiplicity automaton, a smallest automaton computing the same function. In the
latter case, we say that the two automata are equivalent.

When learning automata, we favour simple and compact hypotheses. Specifically,
given two multiplicity automata that are both consistent with a given sample, for
most theoretical and practical purposes we would prefer to learn the smaller one; this
principle is referred to as Occam’s razor. Indeed, many existing automaton-learning
algorithms [e.g., Angluin|, 1987, Beimel et al., [2000] learn a minimal automaton con-
sistent with the given sample.

In this thesis we focus on the efficient exact learning framework, where the aim
is to identify a target concept ezactly (i.e., without any approximation) from a finite
set of examples in time polynomial in the size of the representation of the concept
and the maximal size of the representation of an example. Here, unlike the PAC-
learning framework, the examples are not assumed to be drawn according to some
distribution. A concept class is said to be efficiently exactly learnable if there is an
algorithm for efficient exact learning of any target concept from that class.

We consider two different efficient exact learning frameworks for learning au-
tomata: a passive and an active efficient exact learning framework. In a passive
learning framework, the learning algorithm passively receives a finite set of obser-
vations, i.e., a finite set of weight-labelled trees or words, and returns a weighted
automaton that is consistent with those observations. In an active learning frame-
work, the learning algorithm does not just passively receive data but also actively
participates in the selection of examples by asking queries. In this thesis, we give
results on both passive and active efficient exact learning of multiplicity automata.

Within active learning, a central framework is the exact learning model of Angluin



[1987], also called the Minimally Adequate Teacher (MAT) model in the literature.
In Angluin’s exact learning model there is an oracle that can answer membership
and equivalence queries posed by the learner, i.e., the learning algorithm. In asking
a membership query, the learner asks for the weight of a particular input tree or
word. In asking an equivalence query, the learner proposes a candidate automaton,
to which the oracle answers YES if the candidate is equivalent to the target concept,
and otherwise answers NO and provides a counterexample: a tree that has a different
label under the target concept and the candidate automaton. Thus when analysing
the performance of an exact learning algorithm, one needs to consider not just its
computational complexity, but also its query complexity, i.e., the number of queries
required to learn the target concept.

We study the query and computational complexity of learning multiplicity tree
automata in the exact learning model. A central computational question from the
point of view of the oracle is testing the equivalence of two multiplicity tree automata:
the target concept and the candidate. Our first contribution is to characterise the
complexity of the equivalence problem for multiplicity tree automata, showing that
it is logspace equivalent to polynomial identity testing.

We then give a new exact learning algorithm for multiplicity tree automata whose
key feature is that counterexamples to equivalence queries are represented as directed
acyclic graphs (DAGs). Upon receiving a counterexample tree succinctly represented
as a DAG, our learning algorithm is able to process it efficiently—taking full advan-
tage of the succinctness of the representation—and use it to update the candidate
automaton. The query complexity of our algorithm is quadratic in the target au-
tomaton size and linear in the size of a largest counterexample—improving the best
previously-known algorithm |[Habrard and Oncina, [2006] by an exponential factor.
We complement this query-complexity upper bound by deriving lower bounds on

the number of queries needed to learn multiplicity tree automata over both fixed



and arbitrary fields. In the latter case, the bound is linear in the size of the target
automaton—almost matching our upper bound.

The second topic of this thesis is minimization of multiplicity automata, a funda-
mental problem closely related to both learning and equivalence testing. Minimiza-
tion of multiplicity automata has numerous applications including image compres-
sion |[Albert and Kari, 2009] and reducing the space complexity of speech recognition
tasks |Mohri et al.l 1996, Eisner, |2003]. Our focus is on the problem of minimization
with respect to the number of states. That is, given a multiplicity automaton, we
wish to compute an equivalent automaton with fewest states; such an automaton is
called minimal. Minimal multiplicity automata are known to be unique up to change
of basis [Bozapalidis and Alexandrakis, [1989].

We give a minimization algorithm for multiplicity tree automata over the field of
rational numbers that runs in polynomial time assuming unit-cost arithmetic, and
also show that a polynomial bound in the standard Turing model would require a
breakthrough in the complexity of polynomial identity testing by proving that the
latter problem is logspace equivalent to the decision version of minimization. The
developed techniques also improve the state of the art in multiplicity word automata:
we give an NC algorithm for minimizing multiplicity word automata, improving upon
a previous randomized NC result.

We also consider the problem of learning a minimal multiplicity automaton in
a passive efficient exact learning framework, where the aim is to find a minimal
automaton consistent with a given set of observations. Specifically, we look at the
following minimal consistency problem: Does there exist a multiplicity automaton
with a given number of states that is consistent with a given finite sample of weight-
labelled words or trees? We show that, over both words and trees, this decision
problem is interreducible with the problem of deciding the truth of existential first-

order sentences over the field of rationals—whose decidability is a longstanding open



problem.

The second part of this thesis studies matrix factorization and its relations to
automaton learning and minimization. In this regard, we note that our learning and
minimization algorithms mentioned above all rely on a matricial representation, called
the Hankel matriz, of the multiplicity automaton. The Hankel matrix representing a
multiplicity automaton is a bi-infinite matrix with finite rank that stores all values
of the automaton in a redundant yet convenient way.

The notion of a Hankel matrix plays an important role in learning and system
identification. This representation has been used in tandem with matrix completion
and factorization, namely the singular value decomposition (SVD), to develop efficient
and provably correct algorithms for learning weighted word automata from labelled
data [Hsu et al.| 2012, Balle and Mohri, 2012]. The basis of these spectral learning
algorithms is the “Hankel trick”, which consists of learning a low-rank approximation
of the Hankel matrix, and then factoring it.

Our minimization algorithms for multiplicity word and tree automata rely on
producing small spanning sets for the forward and backward space of the Hankel
matrix of the input automaton. This yields a forward-backward factorization of the
Hankel matrix into a product of its forward matrix W and backward matrix H. Each
of the columns of W corresponds to computations of the automaton with a specific
final state. The forward-backward factorization yields a parts-based representation
of the distribution given by the automaton: the weight of a word or tree is a linear
combination, with coefficients given in the corresponding column of H, of the weights
of all accepting computations. In particular, the rank of the Hankel matrix is at
most the smallest number of states of any multiplicity automaton it represents. In
fact, equality is known to hold. This fundamental result was shown by |Carlyle and
Paz| [1971] and [Fliess |[1974] for multiplicity word automata and by Bozapalidis and

Louscou-Bozapalidou [1983] for multiplicity tree automata.



When the multiplicity automaton is probabilistic or has nonnegative weights, its
Hankel matrix is nonnegative (i.e., has nonnegative entries) and so are its forward
matrix W and backward matrix H. Therefore, in this case the forward-backward
factorization W - H is a nonnegative matriz factorization of the Hankel matrix.

Nonnegative matrix factorization (NMF) is the process of representing a given
nonnegative matrix M as a product W - H where W and H are nonnegative (low-
rank) matrices. For an NMF M = W - H, the number of columns in W is called
the inner dimension. The smallest inner dimension of any NMF of M is called the
nonnegative rank of M. The nonnegative rank of M, a notion introduced by |Gregory
and Pullman|[1983], can equivalently be defined as the smallest number of nonnegative
rank-one matrices into which M can be decomposed additively.

The forward-backward factorization induced by a probabilistic automaton with
n states thus corresponds to an NMF with inner dimension n of the Hankel matrix.
Therefore, the nonnegative rank of the Hankel matrix is at most n. We note that
any equivalent probabilistic automaton with n states also induces a forward-backward
factorization of inner dimension n.

NMEF is a powerful dimension-reduction technique and has been applied to datasets
in many scientific disciplines. Nonnegative matrices commonly occur as data matri-
ces representing text and image datasets. In machine learning, NMF was popularised
by the seminal work of |Lee and Seung| [1999] as a tool for finding features in facial-
image databases. Since then, NMF has found a broad range of applications, including
document clustering, topic modelling, computer vision, recommender systems, bioin-
formatics, and acoustic signal processing [Bucak and Giinsel, 2007, Berry et al., 2009,
Cichocki et al., 2009, Tjioe et al., 2010} [Yokota et al., [2015| [Zhang et al., [2006].

From a computational perspective, the nonnegative rank of a matrix is a nontrivial
quantity to compute. The usual rank of a matrix M is greater than or equal to r if

and only if M has an r X r submatrix of rank r. However, the same property does



not hold for nonnegative rank. This follows from a construction by [Moitra [2016] of
a family of matrices, indexed by r,n € N, that have size 3rn x 3rn and nonnegative
rank at least 47, but no (n — 1) x 3rn submatrix of nonnegative rank greater than 3r.

Despite being an important technique in practice, there are a number of open
questions about the complexity of NMF and the existence of efficient and provably-
correct heuristics. A central computational problem is the so-called NMF problem,
which asks whether a nonnegative matrix admits a nonnegative factorization of inner
dimension at most a given natural number. The NMF problem was shown to be
NP-hard by Vavasis [2009]. It is not known whether the NMF problem lies in NP.

A closely-related question, posed by |Cohen and Rothblum|[1993], is that of find-
ing an optimal nonnegative matrix factorization over the rational numbers: Given a
nonnegative rational matrix M as input, can one always find an optimal nonnegative
factorization of M into rational matrices? This question, henceforth referred to as
the Cohen—Rothblum problem, is important both for determining the complexity of
the NMF problem and for usability of the output in machine learning applications.
Indeed, from the point of view of computational complexity, a natural route to estab-
lishing membership of the NMF problem in NP would be to show that there always
exists an optimal nonnegative factorization over the rational numbers of polynomial
bit-length in the input.

Rationality of solutions to optimization problems is a central topic in computer
science, in part due to its connection to the computational complexity of finding
optimal solutions. For various computational problems associated with partially ob-
servable Markov decision processes [Vlassis et al.| 2012], Nash equilibria [Etessami and
Yannakakis, 2010], concurrent stochastic games [Etessami and Yannakakis|, 2008], and
Shapley’s stochastic games [Shapleyl, [1953], it has been shown that irrational numbers
may be needed to express optimal solutions. In conjunction with this, complexity-

theoretic lower bounds have been derived, e.g., SQRT-SUM-hardness. In computa-



tional geometry, Abrahamsen et al.|[2017] show that for the art gallery problem, where
the aim is to place a minimum number of guards inside a simple polygon with integer
coordinates such that the guards together can see the whole polygon, an optimal
solution may require guard positions with irrational coordinates.

We first study a variant of the Cohen—Rothblum problem for restricted NMF
(RNMF'), a notion introduced by |Gillis and Glineur| [2012], which is any NMF M =
W - H where the columns of W span the same vector space as the columns of M.
The restricted NMF (RNMF) problem is defined as the NMF problem except that the
factorization is required to be restricted. Restricted NMF has applications in topic
modelling and a natural geometric interpretation as the nested polytope problem.

We show that the RNMF problem for rational nonnegative matrices M of rank 3
or less can be solved in polynomial time[| In fact, we show that there is always
a rational restricted NMF of M with minimal inner dimension, and that it can be
computed in polynomial time in the Turing model of computation. This improves a
result in |Gillis and Glineur, 2012] where the RNMF problem for matrices of rank 3 or
less is shown to be solvable in polynomial time assuming a RAM model with unit-cost
arithmetic. Complementing our rationality result for rank-3 matrices, we exhibit a
rank-4 matrix that has an RNMF with inner dimension 5 but no rational RNMF
with inner dimension 5. We thus answer the RNMF variant of the Cohen—Rothblum
problem negatively.

We use our insights from the restricted NMF variant as a stepping stone towards
solving the Cohen—Rothblum problem in its full generality. Specifically, we exhibit a
rational matrix M that has different nonnegative ranks over R and over Q. In other
words, any NMF M = W - H of minimal inner dimension has irrational entries in W
and H. Our counterexample is almost optimal inasmuch as M has rank 4, whereas

for matrices of rank at most 2 it was known already to |Cohen and Rothblum/ [1993]

'We remark that a rank-3 nonnegative matrix can have an arbitrarily large nonnegative rank.



that nonnegative ranks coincide over R and Q.

Nonnegative matrix factorization has deep connections with minimization of prob-
abilistic automata and labelled Markov chains. As a final contribution of this thesis,
we apply our results on rationality of NMF and restricted NMF to answer longstand-
ing open problems concerning minimization of probabilistic automata and labelled
Markov chains (LMCs). We consider two minimization problems for LMCs: the
problem of finding a minimal covering LMC and the problem of finding a minimal
equivalent LMC. We reduce NMF to each of these minimization problems.

In his seminal 1971 textbook, |Paz| [1971] asked the following question about the
nature of minimization for LMCs: When searching for a minimal covering LMC, can
one look only at LMCs that have the same rank as the input LMC? We use restricted
NMF to answer Paz’s question negatively, thus falsifying a positive answer claimed
in 1974 by Bancilhon [1974]. Instrumental to our counterexample is the observation
that restricted nonnegative rank and nonnegative rank can be different. We moreover
apply our answer to the Cohen—Rothblum problem, namely that nonnegative matrix
factorization requires irrationality, to show that state minimization of labelled Markov
chains can require the introduction of irrational transition probabilities.

In the following Section we discuss the main contributions of the thesis. In

Section [1.2| we outline the thesis structure and summarise the content of each chapter.

1.1 Contributions

In this section, we discuss the main contributions of this thesis.

We first study the problem of learning multiplicity tree automata in the exact
learning model of |/Angluin! [1987]. We are interested in questions of succinctness and
computational efficiency, both from the point of view of the oracle and the learning

algorithm. We first characterise the complexity of the equivalence problem for mul-



tiplicity tree automata, a central computational problem from the point of view of
the oracle, showing that it is logspace equivalent to polynomial identity testing. We
then derive lower bounds on the number of queries needed to learn multiplicity tree
automata over both fixed and arbitrary fields. In the latter case, the bound is linear
in the size of the target automaton.

Furthermore, we give a new learning algorithm for multiplicity tree automata in
which counterexamples to equivalence queries are represented as DAGs. The query
complexity of this algorithm is quadratic in the target automaton size and linear
in the size of a largest counterexample. In particular, if the oracle always returns
DAG counterexamples of minimal size then the query complexity is quadratic in the
target automaton size—almost matching the lower bound, and improving the best
previously-known algorithm |[Habrard and Oncina, [2006] by an exponential factor.

Closely related to learning and equivalence is the problem of minimizing the num-
ber of states in a multiplicity tree automaton over the field Q of rational numbers.
Here we give a minimization algorithm that runs in polynomial time assuming unit-
cost arithmetic, and show that a polynomial bound in the standard Turing model
would require a breakthrough in the complexity of polynomial identity testing by
proving that the latter problem is logspace equivalent to the decision version of min-
imization. We also give an NC algorithm for minimizing the number of states in
a multiplicity word automaton over QQ, improving on a randomized NC procedure
of Kiefer et al.|[2013]. Finally, in the context of learning a minimal multiplicity
automaton in a passive learning framework, we consider the following minimal con-
sistency problem: Does there exist a multiplicity automaton with a given number
of states that is consistent with a given finite sample of weight-labelled words or
trees? We show that this decision problem is interreducible with the problem of de-
termining the truth of existential first-order sentences over QQ, whose decidability is a

longstanding open problem.
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The second part of the thesis focuses on nonnegative matrix factorization and its
relations to learning and minimization for probabilistic automata. Nonnegative ma-
trix factorization (NMF) is the problem of decomposing a given nonnegative n x m
matrix M into a product of a nonnegative n x d matrix W and a nonnegative d x m
matrix H. There are a number of open questions about the theory of NMF. One im-
portant longstanding open problem, due to Cohen and Rothblum|[1993], asks whether
the nonnegative ranks of a rational matrix over the reals and over the rationals coin-
cide.

We first consider a variant of this problem for restricted NMF, which requires that
the column spaces of M and W coincide. We show that a rational matrix M of rank
at most 3 always has a restricted NMF of minimal inner dimension whose factors W
and H are also rational. Furthermore, we exhibit a rank-4 matrix for which W and H
require irrational entries.

Using the restricted NMF variant as a stepping stone, we proceed to give a negative
answer to the Cohen—-Rothblum problem in its full generality, by exhibiting a rank-4
matrix M that has different nonnegative ranks over R and over Q.

As an application of our results on nonnegative matrix factorization, we answer
some longstanding open problems concerning minimization of labelled Markov chains.
We consider the problem of finding a minimal covering LMC and the problem of
finding a minimal equivalent LMC, and show that NMF is reducible to each of these
problems.

We apply our results on restricted NMF to give a negative answer to the following
question asked by Paz in his seminal 1971 textbook: When searching for a minimal
covering labelled Markov chain, can one look only at labelled Markov chains that
have the same rank as the input? We also falsify a positive answer claimed in 1974.

Secondly, we consider the following analogue of the Cohen-Rothblum problem:

Given an LMC with rational transition probabilities, is there always a minimal equiv-

11



alent LMC also with rational transition probabilities? We apply our solution to the

Cohen—Rothblum problem to give a negative answer to this question.

1.2 Thesis Structure

This thesis consists of two core parts: Part I, which focuses on automaton learning
and minimization, and Part II, which focuses on matrix factorization. We conclude
the thesis with Part III, which summarises our results and discusses future work.

In the following we summarise each chapter of this thesis and elaborate on the
material contained therein. This thesis contains material that has been previously
published, and we list below under each chapter any publications it is based on. The

authors in all publications are listed in alphabetical order.

Chapter [2; [Overview of Multiplicity Automatal

We introduce the basic definitions and concepts relevant to Part I of the thesis,
which focuses on automaton learning and minimization. We first give some basic
notation and terminology that is used throughout the thesis. We then introduce
multiplicity automata over words and trees, and prove some basic technical results
concerning these automata. In particular, we define the Hankel matrix representation
of multiplicity automata over words and trees.

The material presented in this chapter is based on the following journal paper:

Ines Marusi¢ and James Worrell. Complexity of Equivalence and Learning
for Multiplicity Tree Automata. Journal of Machine Learning Research
(JMLR), Volume 16, Dec. 2015.

12



Chapter [3; [Exact Learning of Multiplicity Tree Automatal

We consider the query and computational complexity of learning multiplicity tree
automata in the exact learning model. We first introduce the notion of a multiplicity
tree automaton running on DAGs. We show that the equivalence problem for multi-
plicity tree automata is logspace equivalent to polynomial identity testing. We then
give a new learning algorithm for multiplicity tree automata in which counterexamples
to equivalence queries are represented as DAGs. Assuming the oracle always returns
DAG counterexamples of minimal size, our algorithm improves the best previously-
known algorithm [Habrard and Oncinal [2006] by an exponential factor. Lastly, we
derive lower bounds on the number of queries needed to learn multiplicity tree au-
tomata over both fixed and arbitrary fields.

The material presented in this chapter is based on the following conference paper

and the subsequent journal paper:

Ines Marusi¢ and James Worrell. Complexity of Equivalence and Learn-
ing for Multiplicity Tree Automata. In Proceedings of the International
Symposium on Mathematical Foundations of Computer Science (MFCS),
2014.

Ines Marusi¢ and James Worrell. Complexity of Equivalence and Learning
for Multiplicity Tree Automata. Journal of Machine Learning Research

(JMLR), Volume 16, Dec. 2015.

Chapter [4: [Minimization of Multiplicity Tree Automatal

We consider the problem of minimizing the number of states in a multiplicity tree
automaton over the field Q. We give a minimization algorithm that runs in polyno-

mial time assuming unit-cost arithmetic, and show that the decision version of this
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problem is logspace equivalent to polynomial identity testing. We also give an NC al-
gorithm for minimizing multiplicity word automata. Lastly, we consider the minimal
consistency problem: does there exist a multiplicity automaton with a given number
of states that is consistent with a given finite sample of weight-labelled words or trees?
We show that, over both words and trees, this decision problem is interreducible with
the problem of deciding the truth of existential first-order sentences over Q.

The material presented in this chapter is based on the following conference paper

and the subsequent journal paper:

Stefan Kiefer, Ines Marusi¢, and James Worrell. Minimisation of Multi-
plicity Tree Automata. In Proceedings of the International Conference on
Foundations of Software Science and Computation Structures (FoSSaCS),

2015.

Stefan Kiefer, Ines Marusi¢, and James Worrell. Minimisation of Multi-
plicity Tree Automata. To appear in the Logical Methods in Computer
Science (LMCS) journal.

Chapter [5: [Overview of Nonnegative Matrix Factorization|

We introduce the basic definitions and concepts relevant for Part II of the thesis,
namely the nonnegative matrix factorization, the restricted nonnegative matrix fac-
torization, and relevant geometric definitions including the nested polytope problem.
We also provide a high-level introduction to our subsequent results in Chapters [
and [7, and give an overview of the related literature.

The work presented in this chapter is based on the following papers:

Dmitry Chistikov, Stefan Kiefer, Ines Marusi¢, Mahsa Shirmohammadi,

and James Worrell. On Restricted Nonnegative Matrix Factorization. In
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Proceedings of the International Colloguium on Automata, Languages and

Programming (ICALP), 2016.

Dmitry Chistikov, Stefan Kiefer, Ines Marusi¢, Mahsa Shirmohammadi,
and James Worrell. Nonnegative Matrix Factorization Requires Irra-
tionality. To appear in SIAM Journal on Applied Algebra and Geometry
(SIAGA).

Chapter [6; [Restricted Nonnegative Matrix Factorization Re-|

lquires Irrationality|

We investigate whether a rational matrix M always has a restricted NMF M =W - H
of minimal inner dimension whose factors W and H are also rational. We show that
this holds for matrices M of rank at most 3 and we exhibit a rank-4 matrix for
which W and H require irrational entries.

The work presented in this chapter is based on the following publication:

Dmitry Chistikov, Stefan Kiefer, Ines Marusi¢, Mahsa Shirmohammadi,
and James Worrell. On Restricted Nonnegative Matrix Factorization. In
Proceedings of the International Colloguium on Automata, Languages and

Programming (ICALP), 2016.

Chapter [7} [Nonnegative Matrix Factorization Requires Irra-|

We answer a longstanding open question about the complexity of nonnegative matrix
factorization, posed by (Cohen and Rothblum| [1993], which asks whether an optimal
nonnegative factorization into rational matrices can always be found if the input
matrix is rational. We answer this question negatively, by exhibiting a rank-4 matrix

that has different nonnegative ranks over R and over Q.
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The work presented in this chapter is based on the following papers:

Dmitry Chistikov, Stefan Kiefer, Ines Marusi¢, Mahsa Shirmohammadi,
and James Worrell. On Rationality of Nonnegative Matrix Factoriza-
tion. In Proceedings of the ACM-SIAM Symposium on Discrete Algo-
rithms (SODA), 2017.

Dmitry Chistikov, Stefan Kiefer, Ines Marusi¢, Mahsa Shirmohammadi,
and James Worrell. Nonnegative Matrix Factorization Requires Irra-
tionality. To appear in SIAM Journal on Applied Algebra and Geometry
(SIAGA).

Chapter [8: [Minimization of Labelled Markov Chains and Non-|

megative Matrix Factorization|

We apply our results from Chapters [6] and [7] to minimization of labelled Markov
chains. First we look at the problem of finding a minimal covering labelled Markov
chain, focusing on the following open question posed by |Paz| [1971]: When searching
for a minimal covering labelled Markov chain, can one look only at those labelled
Markov chains that have the same rank as the input? We answer this question
negatively, and also falsify a positive answer claimed in 1974. Secondly, we show that
state minimization of labelled Markov chains can require the introduction of irrational
transition probabilities.

The material presented in this section is based on the following conference papers:

Dmitry Chistikov, Stefan Kiefer, Ines Marusi¢, Mahsa Shirmohammadi,
and James Worrell. On Restricted Nonnegative Matrix Factorization. In
Proceedings of the International Colloquium on Automata, Languages and

Programming (ICALP), 2016.
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Dmitry Chistikov, Stefan Kiefer, Ines Marusi¢, Mahsa Shirmohammadi,
and James Worrell. On Rationality of Nonnegative Matrix Factoriza-
tion. In Proceedings of the ACM-SIAM Symposium on Discrete Algo-
rithms (SODA ), 2017.

Chapter [9;: [Conclusion|

We summarise the results of the thesis.

Chapter [10: [Future Work]

We highlight some open problems and possible directions for future research.
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Part 1

Learning via Automaton

Minimization
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Chapter 2

Overview of Multiplicity Automata

Abstract

We present the necessary background for this first part of the thesis, which
focuses on automaton learning and minimization. This chapter is based

on the material in (Marusi¢ and Worrell, |2015].

In Section we introduce some basic notation and terminology that we will use
in this thesis. We introduce multiplicity automata over words and trees in Sections|2.2
and [2.3] respectively. These automata compute functions mapping words and trees,
respectively, to field elements. We also introduce a redundant yet convenient matricial
representation of these functions, called the Hankel matrix, which reveals a lot of

useful properties of the corresponding automaton representations.

2.1 Basic Notation and Terminology

Let N and Ny denote the set of all positive and nonnegative integers, respectively. For

any n € N, we write [n] for the set {1,2,...,n} and write [, for the identity matrix
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of order n. We write 1,, (resp., 0,,) for the n-dimensional column vector with all ones
(resp., zeros), where we omit the subscript if it is understood from the context. For
every i € [n], we write e; for the i n-dimensional coordinate row vector.

Given an ordered field F, we denote by F, the set of all its nonnegative elements.
We write F* = F*»*! for the set of all n-dimensional column vectors with entries in the
field F. Given a vector v € F", we write v; for its i'" entry. A vector of real numbers v
is called pseudo-stochastic if its entries sum up to one. A pseudo-stochastic vector v
is called stochastic if its entries are also nonnegative.

For any matrix M, we write M; . for its i*" row, M. ; for its j™ column, and M, ;
for its (i,7)™ entry. Given nonempty subsets I and J of the row and column indices
of M, respectively, we write M ; for the submatrix (M; ;)ier jes of M. For singletons,
we write simply M; j := My; ; and My ; := Mj ;. We also consider matrices whose
rows and columns are indexed by tuples of natural numbers ordered lexicographically.
The column space (resp., row space) of M, written Col(M) (resp., Row(M)), is the
vector space spanned by the columns (resp., rows) of M.

A matrix is called nonnegative (resp., zero or rational) if so are all its entries.
A matrix is column-stochastic (resp., row-stochastic) if its columns (resp., rows) are
stochastic. Column-stochastic matrices will henceforth simply be called stochastic
matrices.

Let V be a set. For any subset S C V', the characteristic function of S (relative
to V) is the function xg : V' — {0,1} such that xg(z) = 1if x € S, and xg(x) =0
otherwise.

We will use X to denote a finite alphabet and ¢ to denote the empty word. The
set of all words over ¥ is denoted by ¥*, and the length of a word w € ¥* is denoted
by |w|. For any n € Ny we write X" := {w € ¥* : |w| = n}, =" := (J,_, X!, and
$<r = Y=\ ¥ Given two words x,y € ¥*, we denote by zy the concatenation of

x and y. Given two sets X,Y C ¥*, we define XY :={zy:2€ X,y € Y}.
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2.2 Multiplicity Word Automata

Multiplicity word automata were introduced by Schiitzenberger [1961], and have been
used for modelling probabilistic word automata and ambiguity in nondeterministic
finite automata. They are essentially nondeterministic finite automata whose edges
are assigned weights from some field F. A multiplicity word automaton assigns a
weight from [ to every input string x, which is the sum of the weights of all paths
in the automaton consistent with x, where the weight of a path is the product of the
weights on all its edges.

Formally, let > be a finite alphabet and let F be a field. A word series over %
with coefficients in F is a mapping f: ¥* — F. The set of all word series over X
with coefficients in F is denoted by F((¥X*)). The Hankel matriz of a word series
f € F((¥*)) is a bi-infinite matrix H : ¥* x ¥* — F such that H,, = f(zy) for all
T,y € XF.

An F-multiplicity word automaton (F-MWA) is a 5-tuple A = (n, X, i, v, 7y) which
consists of the dimension n € Ny representing the number of states, a finite alpha-
bet 3, a function p : ¥ — F™ ™ assigning a transition matriz p(o) to each o € X,
the initial weight vector o € FY*" and the final weight vector v € F™*'. We speak
of an MWA if the field F is clear from the context or irrelevant. Figure gives an
example of a Q-multiplicity word automaton.

We extend the function p from ¥ to ¥* by defining u(e) := I,,, and p(oy -+ - o) :=

w(oy) - ... p(og) for any oy, ..., 0 € X. It is easy to see that for any x,y € ¥,

pulzy) = p(z) - p(y). (2.1)

Automaton A recognises the word series ||A| : ¥* — F where || Al|(w) = o - p(w) -
for every w € ¥*.

Two MWASs A;, A, are said to be equivalent if || A;]| = || Az]|. An MWA is said to

21



a,l a,l

Start

Figure 2.1: Graph representation of a Q-MWA A = (2, %, u, e1,v) where ¥ = {a, b},
p(a) = (3 9), u(d) = (3 3),and vy = (o 2)". The two states of the automaton A are
called ¢; and g9, and their initial weights are 1 and 0, respectively. Their final weights
(marked inside the states) are 0 and 2, respectively. Each transition arrow corresponds
to a nonzero entry of one of the transition matrices p(a) and (b), representing a state-
to-state transition with nonzero weight, with the number on the arrow corresponding
to the value of that entry.
be minimal if no equivalent automaton has strictly smaller dimension. A word series
is called recognisable if it is recognised by some MWA.

The following result of |Carlyle and Paz [1971] and |Fliess [1974] is a fundamental

theorem in the theory of word series. It relates the number of states in a minimal

automaton recognising a given word series to the rank of its Hankel matrix.

Theorem 1 (Carlyle and Paz|, (1971} [Fliess, 1974). Let X be a finite alphabet, F be
a field, and f € F((X*)). Let H be the Hankel matriz of f. Then, f is recognisable
iof and only if H has finite rank over F. In case f is recognisable, the dimension of a

minimal automaton recognising f is rank(H) over F.

Remark 2. The proofs of Theorem (1| by |Carlyle and Paz [1971] and |Fliess [1974)]
show that if X, Y C ¥* are such that rank(Hxy) = rank(H), then f is uniquely

determined by Hxy and Hxsy.

2.3 Multiplicity Tree Automata

Multiplicity tree automata were introduced by Berstel and Reutenauer |[1982] under
the terminology of linear representations of tree series. They augment classical finite

tree automata by having transitions labelled by numerical quantities—formally, a
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value in some field F. A multiplicity tree automaton can be evaluated on a tree to give
a value in the field F, using a definition that generalises the evaluation of an ordinary
nondeterministic tree automaton: while an ordinary tree automaton performs a run
on a tree node v by making runs on the children of v to get an accept or a reject
value and returns true on v if and only if all these sub-runs accept, a multiplicity
automaton performs a run on the children on v to obtain a value and then multiplies
those values with the weight of the transition into v from its children. Similarly,
while a traditional automaton evaluates to true if and only if some run accepts, a
multiplicity automaton performs all runs and adds the corresponding values.

Multiplicity tree automata augment not only classical tree automata but also
multiplicity word automata, which can be viewed as multiplicity tree automata on
unary trees.

In the rest of this section, we introduce tree series and their Hankel matrices
in and Kronecker product in before formally defining multiplicity tree
automata in We define minimal multiplicity tree automata in §2.3.4] Lastly,

we introduce product and difference of two multiplicity tree automata in §2.3.5)

2.3.1 Tree Series and their Hankel Matrices

A ranked alphabet is a tuple (X,rk) where 3 is a nonempty finite set of symbols
and tk : ¥ — Nj is a function. Ranked alphabet (X,1k) is often written ¥ for
short. For every k € Ny, we define the set of all k-ary symbols ¥ := k™' ({k}).
If o0 € ¥) then we say that o has rank (or arity) k. We say that X has rank m if
m = max{rk(c) : 0 € X}.

The set of X-trees (trees for short), written as 7%, is the smallest set T satisfying
the following two conditions: (i) ¥ C T; and (ii) if k > 1, 0 € X, t1,...,tp, € T
then o(ty,...,t;) € T. Given a X-tree t, a subtree of t is a X-tree consisting of a node

in ¢ and all of its descendants in t. The set of all subtrees of ¢ is denoted by Sub(t).
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Let ¥ be a ranked alphabet and IF be a field. A tree series over ¥ with coefficients
in F is a function f : Ts — F. For every t € T%, we call f(t) the coefficient of t in f.
The set of all tree series over ¥ with coefficients in [ is denoted by F((T%)).

We define the tree series height, size, #, € Q((T%)) where o € X, as follows: (i)
if t € Xy then height(t) = 0, size(t) = 1, #5(t) = Xq=0}; and (ii) if t = a(t1,... 1)
where k > 1, a € Xy, ty,...,tx € Tx then height(t) = 1+ max;cheight(t;), size(t) =
L+ e size(li), #0(t) = X{a=o} + D2oicp) #o(ti), Tespectively. For every n € No, we
define the sets T" := {t € Ty, : height(t) < n}, T := {t € T% : height(t) = n}, and
TS =TS UTE.

Let O be a nullary symbol not contained in ¥. The set Cs, of 3-contexts (contexts
for short) is the set of all ({0} U X)-trees in which O occurs exactly once. The
concatenation of ¢ € Cyx and t € TxUC Yy, written as c[t], is the tree obtained by
substituting ¢ for O in c¢. Intuitively, the O-labelled leaf of ¢ acts as a variable in that
substituting a 3-tree (respectively, Y-context) ¢ for that variable yields a new Y-tree
(3-context) c[t].

Let n € Ny. We denote by C% the set of all contexts ¢ € (s, where the distance
between the root and the O-labelled node of ¢ is equal to n. Moreover, we write
05" = UL, OL and C5™ := C5™ \ C%. A subtree of ¢ € Cy; is a Y-tree consisting of
a node in ¢ and all of its descendants. Given a set S C Ty, we denote by Cg,s the
set of all contexts ¢ € C%: where every subtree of c is an element of S. Moreover, we
write C5'g 1= (UL Ch ¢ and C57% := C5's \ C4 .

A suffiz of a 3-tree t is a X-context ¢ such that ¢ = ¢[t'] for some X-tree ¢’. The
Hankel matriz of a tree series f € F((Ty)) is a bi-infinite matrix H : Ty, x Oy — F

such that H;. = f(c[t]) for every t € Ty, and ¢ € Ck.
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2.3.2 Kronecker Product

Let A be an m; x ny; matrix and B an ms X ny matrix. The Kronecker product of A

by B, written as A ® B, is an mymsy X nin, matrix where
(A & B)(ilyiQ)v(jh]é) = Ail,jl : Bi27j2

for every iy € [mu], ia € [ma], j1 € [n1], j2 € [n2]. Recall here that (AR B) (i, i), (j1.ja) =
(A ® B) (i, ~1)ma-tin,(j1—1)natja-

The Kronecker product is bilinear, associative, and has the following mized-product
property: For any matrices A, B, C, D such that products A-C and B- D are defined,
it holds that (A® B) - (C® D) = (A-C)® (B - D).

For every k € Ny we define the k-fold Kronecker power of a matrix A, written

as A®" inductively by A®0 = I; and A®% = A®+=V @ A for k > 1.

Some Properties of Kronecker Product Let k € Ny. For any square matrices
A and B, we have
(A® B)* = AF ® B (2.2)

Proof of Equation (2.2)). We use induction on k. The result trivially holds when
k = 0. For the induction step, assume that (A ® B)* = AF @ B* for some k € Nj.

Using the mixed-product property we get that

(A B! =(A®@B)" - (A® B) = (A*®@ B¥) . (A® B)

:(AkA)®(BkB):Ak+1®Bk+1,

which completes the proof by induction. O

Let Ay,..., A be matrices. We will often denote ®;€:1 A=A Q- @A
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Suppose that for every [ € [k], matrix A; has n; rows. Then,

=1

k
(@ Al) =) (A, (2.3)
(#1508

.....

for every (iy,...,ix) € [n1] X -+ x [n;]. Here we recall that row index (iy,..., )

denotes the ( f ll(zl -1)- (H];:H-l np) + i)™ row of ®;€:1 Ay

Proof of Equation (2.3)). We use induction on k. The result trivially holds if k£ = 1.
Assume that (2.3 holds for some k& € N. Then by definition, we have that

=1 =1

k+1 k k
(®4) - (®4)  cl @
(31,eestlg1) (3150 eyik)

------------

This completes the proof by induction. O

Let k € Ny, and let Ay,..., Ay and By, ..., By be matrices such that the prod-

uct A; - By is defined for every [ € [k]. Then,

®Az'®3z=®(Al'Bl)- (2.4)

Proof of Equation (2.4). We use induction on k. The case k = 0 trivially holds.
Assume that (2.4) holds for some k& € Ny. Then, by associativity and the mixed-

product property of Kronecker product we have

k+1 k+1
Q4@ - <®AZ ®Bl> (Aur- B
k k+1
® Ap- B) @ (Aks1 - Bry1) = ®(Al'Bl)~
=1 =1
This completes the proof by induction. O
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2.3.3 Multiplicity Tree Automata

In this subsection, we formally define multiplicity tree automata. We also give an
example of a multiplicity tree automaton and describe its computation.

Let F be a field. An F-multiplicity tree automaton (F-MTA) is a quadruple A =
(n, 3, u,y) which consists of the dimension n € Ny representing the number of states,
a ranked alphabet 3, a family of transition matrices p = {u(o) : o € X}, where
p(o) € F™7xn and the final weight vector v € F™*1. We speak of an MTA if the
field FF is clear from the context or irrelevant. The size of the automaton A, written

as |Al, is defined as

|A| == Z nk@+ oy,

oeY

That is, the size of A is the total number of entries in all transition matrices and the

final weight vector ]

Example 1. Let ¥ = {0,1,+, x,—} be a ranked alphabet where 0,1 are nullary
symbols and +, X, — are binary symbols. We define an F-MTA A = (2,52, u,7) as
follows. Automaton A has two states, q; and qz, and final weight vector v = [0 1]T.
This means that states q1 and g have final weights v, = 0 and vo = 1, respectively.
Given a symbol o € ¥ of rank k, the transition matriz (o) has dimension 28 x 2 and
stores the weights of transitions from each k-tuple of origin states to each destination

state on reading symbol o. Specifically, the transition matrices of A are 1(0) = [1 0],

'We measure size assuming explicit rather than sparse representations of the transition matri-
ces and final weight vector because minimal automata are only unique up to change of basis (see
Theorem .
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p(l) =1 1],

1 0 1 0 1 0

0 1 0 -1 0 0
p(+) = , (=) = , and p(x) =

0 1 0 1 0 0

0 0 0 0 0 1

Entry u(1)y = 1 means that there is a transition 1 EN g with weight 1 into state g
on reading symbol 1. Similarly, entry p(+)@,1),2 = 1 meamﬂ that there is a transition
+(q2, q1) EN q2 with weight 1 from pair of states (qa2,q1) into state qa on reading

symbol +.

We extend g from ¥ to Ty by defining

plo(ty, .- te) = (u(t) @ - ® p(te)) - plo)

for every o € ¥y and ty, ... ,t; € Tx. The tree series || A|| € F((T%)) recognised by A is
defined by [|A||(t) = u(t) - v for every t € Tx. Note that a 0-dimensional multiplicity
tree automaton necessarily recognises a zero tree series.

We further extend p from Ty to Cyx; by treating O as a unary symbol and defining
w(d) = I,. This allows to define p(c) € F™*" for every ¢ = o(ty,...,tx) € Cx
inductively by writing p(c) := (u(t;) ® - - ® u(ty)) - p(o). For every t € Tx, U Cy, and
¢ € (Y, it holds that

p(clt]) = p(t) - ple). (2.5)

Proof of Equation (2.5). We use induction on height(c). The base case ¢ = O trivially
holds since p(0) = I,,. Now, let h € Ny and assume that the result holds whenever
height(c) < h. Take any ¢ € Cx such that height(c) = h + 1. Without loss of

generality, we can assume that ¢ = o(co, ty,...,tx_1) for some k > 1, 0 € 3y, ¢ € Cx,

2We recall that the index (2,1) corresponds to the row 3 = 1-2 + 1 of matrix u(+).
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and ty,...,t,_1 € Tx. For any t € Ty, U Cy, by the induction hypothesis and the

mixed-product property of Kronecker product we have that

p(clt]) = (uleolt]) @ plt) @ -+ @ plty—1)) - (o)
= ((u(t) - p(co)) @ pu(t) @ -+ @ pu(tr-1)) - p(o)

= p(t) - (plco) ® plt1) @ -+ @ p(te—1)) - plo) = p(t) - p(c).

This completes the induction step. O

Remark 3. MWAs can be seen as a special case of MTAs: An MWA (n, %, u, a, )
“is” the MTA (n,XU{o0}, 1,y) where the symbols in X are unary, symbol oq is

nullary, and p(oy) = a. That is, we view (X U{oo})-trees as words over ¥ by omitting

the leaf symbol oo. Hence if a result holds for MTAs, it also holds for MWAs.

Example 2. Let us consider the computation of F-MTA A = (2,5, u,v) from Ex-

ample 1 on the following ¥ -tree t:

AR

ONONBONO

The transition matrices define bottom-up runs of A on t. Intuitively, a run on t
corresponds to multiple copies of automaton A walking along t from leaves to the
root. Fvery such run has a weight in F which is defined as the product of the weights
of all transitions taken.

On tree t, automaton A has one nonzero-weight run ending in state q1, as follows:
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q1

q1 q1

n (1) a(D) a(@) (D)

Moreover, automaton A has two nonzero-weight runs ending in state g2, as follows:

q2 q2

yOQR OB 0
o@D 2@ 0D # @ #D 2@ D)

Each of the above three runs has weight 1. Therefore, the total weight of all runs of

automaton A on tree t in which the root is labelled q1 is 1, and the total weight of all

runs in which the root is labelled qs is 2. Indeed, algebraically, by definition of u we

have that

1 0 1 0 1 0
0 0 0 1 0 1
= {1 1 1 1} ® {1 1 0 0]
0 O 0 1 0 1
0 1 0 O 0 0
1 0 1 0
0 1 0 1
) I S B O
0 1 0 1
0 O 0 0
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Finally, the weight ||Al|(t) of tree t is the sum of the weights of all runs on t, where
the weight of each run is multiplied by the final weight of its root label. Algebraically,

we have

Al =7 =1 2] 1]T 2

Automaton A can be interpreted as evaluating the parse tree of an arithmetic compu-
tation. Formally, the weight || A||(t) is equal to the output of t, viewed as an arithmetic

circuit. We will show later in Remark[1 that the same holds for any X-tree.

We note that, given a general Q-MTA A = (n, X, u,7), the weight || A||(¢) of a
given tree t € Ty, can be computed in polynomial time (in the Turing model) using

the straightforward bottom-up algorithm following the definition of the function pu.

2.3.4 Minimal Multiplicity Tree Automata

Two MTAs A, A, are said to be equivalent if || A;]| = || As||. An MTA is said to be
minimal if no equivalent automaton has strictly smaller dimension.

A tree series f is called recognisable if it is recognised by some MTA; such an
automaton is called an MTA-representation of f. The set of all recognisable tree
series in F((Ty)) is denoted by Rec(X, F).

The following result was first shown by [Bozapalidis and Louscou-Bozapalidou

[1983]; an essentially equivalent result was later shown by |[Habrard and Oncinal [2006].

Theorem 4 (Bozapalidis and Louscou-Bozapalidou|, [1983)). Let ¥ be a ranked al-
phabet, F be a field, and f € F((Ix)). Let H be the Hankel matriz of f. Then,
f € Rec(3,F) if and only if H has finite rank over F. In case f € Rec(3,F), the

dimension of a minimal MTA-representation of f is rank(H) over F.

It follows from Theorem M] that an F-MTA A of dimension n is minimal if and

only if the Hankel matrix of ||.A|| has rank n over F.
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The following result by |Bozapalidis and Alexandrakis| [1989, Proposition 4] states
that for any recognisable tree series, its minimal MTA-representation is unique up to

change of basis.

Theorem 5 (Bozapalidis and Alexandrakis, 1989). Let ¥ be a ranked alphabet, F
be a field, and f € Rec(X,F). Let r be the rank (over F) of the Hankel matriz
of f, and let Ay = (r, %, p1,v1) be an MTA-representation of f. Then, an F-MTA
Ay = (1,2, o, o) recognises f if and only if there exists an invertible matriz U € F"™*"

such that v = U -1 and pa(o) = US™S) . yy (o) - U™ for every o € 3.

2.3.5 Product and Difference Automaton

In this subsection, we prove some closure properties for MTAs. First, we give two
definitions: the product and the difference of two F-MTAs. These concepts were
introduced by [Berstel and Reutenauer| [1982] for linear representations of tree series,
and by |Borchardt| [2004] for weighted tree automata with weights in a semiring,.

Let Ay = (n1, 2, p1,71) and Ay = (n9, X, pe,72) be two F-multiplicity tree au-
tomata. The difference of A; and A, written as A; — As, is the F-MTA (n, 3, i, )

where:
& N ="nq+ No;

e For every o € ¥ and any i € [(ny + n2)™ ], j € [ny + nyl,

)
pi(o)i; ifi< n;k(a)and j<mn

rk(o

w(o)i; = po(0)i; i i > (ng 4+ ng)™@) —nj )andj >y

0 otherwise;
\
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The product of A; by Aj, written as A; x Aj, is the F-MTA (n, X, i, y) where:
® 7L =T71" N9,

e For every o € ¥y, (o) = Py (p1(0) ® uo(o)) where Py is a permutation matrix

k

of order (n; - n)* uniquely defined (see Remark [f] below) by

fOI' all 'U,l, e 7’U,k & ]F1><n1 and Ul) . 7Uk c leng;

® V=7 7.

Remark 6. We argue that for every k € Ny such that k is the rank of a symbol
m X, matriz Py, is well-defined by Equation . In order to do this, it suffices to
show that Py, is well-defined on a set of basis vectors of FY*™ and F'*"2 and then
extend linearly. To that end, let (e} )icn,) and (€3) e, be bases of F*™ and F'*"2,
respectively. Let us define sets of vectors

2 @...@ e

El = {(el Q- ®61 jk) : il?"'aik € [n1]7j17"'7jk € [nZ]}

1 ik

and
Ey = {(e}1 ®e]2-1) R ® (e}k ®632-k) S0y ey lk € [Ny d1y e Jk € [nel}

Then, B, and Ey are two bases of the vector space FY*™"2 Therefore, P, is well-

defined as an invertible matriz mapping basis Ey to basis Es.

We now give the closure properties for MTAs in Proposition [} Here we use the
notion of the Hadamard product of two tree series fi, fo € F((T%)), which is defined
as the tree series f - fo € F((Tx)) where for every t € Ty, (f1 - f2)(t) = fi(t) - fa(t).
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Proposition 7. Let A1 = (n1, %, u1,71) and Ay = (ng, 3, o, 72) be two F-MTAs.
For their difference Ay — Ag, it holds that || A; — As|| = || Ai1]l — || Az]|. For their

product Ay X As = (n, X, p,7y), the following properties hold:
(i) for everyt € Ty, p(t) = () @ pa(t);
(i) for every c € Cs, p(c) = p(c) @ po(c);
(i) [[Ar x Asf| = [l Aw[[ - [l A]].

When F = Q, both automata Ay — Ay and Ay X Ay can be computed from A; and A,

i logarithmic space.

Proof. The fact that || A; — As|| = || A¢|| — [|Az2] is shown by Berstel and Reutenauer
[1982, Proposition 3.1] using the terminology of linear representations of tree series
rather than multiplicity tree automata. Results (i) and (iii) for the product automaton
are shown by Berstel and Reutenauer| [1982, Proposition 5.1]; see also [Borchardt,
2004]. In the following we prove the remainder of the proposition.

We prove result (ii) using induction on the distance between the root and the

O-labelled node of ¢. The base case is ¢ = O. Here by definition we have that

p(c) = pu(0) = Inymy = Iny @ Iy, = p11(0) @ p2(0) = pa(c) @ pa(c).

For the induction step, let h € Ny and assume that (ii) holds for every context ¢ € CL.
Take any ¢ € C’g“. Without loss of generality we can assume that ¢ = o(cy, ta, ..., tg)
for some k > 1, 0 € ¥y, ¢; € CL, and ty,...,t; € Ts. By the induction hypothesis,
result (i), Equation (2.6), and the mixed-product property of Kronecker product, we

now have
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e

This completes the proof of result (ii) by induction.

Now let F = Q. The Q-MTA A; x A, can be computed by a deterministic Turing
machine which scans the transition matrices and the final weight vectors of A; and A,
and then writes down the entries of the transition matrices and the final weight
vector of their product A; x Ay onto the output tape. This computation requires
maintaining only a constant number of pointers, which takes logarithmic space in
the representation of automata A; and As. Hence, the Turing machine computing
the automaton A; x Ay uses logarithmic space in the work tape. Analogously, the

Q-MTA A; — A, can be computed from A; and A, in logarithmic space. ]
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Chapter 3

Exact Learning of Multiplicity

Tree Automata

Abstract

In this chapter, we consider the query and computational complexity of
learning multiplicity tree automata in the exact learning model. In this
model, there is an oracle, called the Teacher, that can answer membership
and equivalence queries posed by the Learner. Motivated by this feature,
we first characterise the complexity of the equivalence problem for multi-
plicity tree automata, showing that it is logspace equivalent to polynomial
identity testing. The latter is a very well studied problem, with a variety of
randomized polynomial-time algorithms. The existence of a deterministic
polynomial-time procedure for polynomial identity testing is a longstanding

and prominent open problem.

We then move to query complexity, deriving lower bounds on the number
of queries needed to learn multiplicity tree automata over both fixed and
arbitrary fields. In the latter case, the bound is linear in the size of the

target automaton. The best known upper bound on the query complezity
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over arbitrary fields derives from an algorithm of |Habrard and Oncina
12006/, in which the number of queries is proportional to the size of the
target automaton and the size of a largest counterexample, represented as a
tree, that is returned by the Teacher. However, a smallest counterexample
tree may already be exponential in the size of the target automaton. Thus
the above algorithm has query complexity exponentially larger than our
lower bound, and does not run in time polynomial in the size of the target

automaton.

We give a new exact learning algorithm for multiplicity tree automata in
which counterezamples to equivalence queries are represented as DAGs. As
explained in this chapter, DAG counterezamples can be exponentially more
succinct than tree counterexamples, and a smallest DAG counterexample

is always linear in the size of the target automaton.

The query complexity of our learning algorithm is quadratic in the target
automaton size and linear in the size of a largest counterexample. In
particular, if the Teacher always returns DAG counterezamples of minimal
size then the query complexity is quadratic in the target automaton size—
almost matching the lower bound, and improving the best previously-known

algorithm by an exponential factor.

This chapter is based on the material originally published as an extended
abstract in [Marusi¢ and Worrell, |2014)] and a full version in [Marusic

and Worrell, |2015].
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3.1 Introduction

Trees are a basic object in computer science and a natural model of hierarchical data,
such as syntactic structures in natural language processing and XML data on the
web. Trees arise across a broad range of applications, including natural text and
speech processing, computer vision, bioinformatics, web information extraction, and
social network analysis. Many of these applications require representing probability
distributions over trees and more general functions from trees into the real numbers. A
broad class of such functions can be defined by multiplicity tree automata, a powerful
algebraic model (introduced in Section which strictly generalises probabilistic
tree automata, classical finite tree automata, and multiplicity word automata.

Multiplicity tree automata define many natural structural properties of trees and
can be used to model probabilistic processes running on trees. Together with multi-
plicity word automata, they have been applied to a wide variety of machine learning
problems, including speech recognition, image processing, character recognition, and
grammatical inference [see Balle and Mohri, 2012].

The task of learning automata from examples and queries has been extensively
studied since the 1960s. Two notable results in this domain show the impossibility
of efficiently learning deterministic finite automata from positive and negative ex-
amples alone. First, |Gold [1978] showed that the problem of exactly identifying the
smallest deterministic finite automaton consistent with a set of accepted and rejected
words is NP-hard. Later, Kearns and Valiant| [1994] showed that the concept class of
regular languages is not efficiently PAC learnable using any polynomially-evaluable
hypothesis class under standard cryptographic assumptions.

A significant positive result on learning regular languages was achieved by Angluin
[1987], who considered a Learner that did not just passively receive data but that
was also able to ask queries. Specifically, Angluin considered membership queries,

in which the Learner asks an oracle whether a given word belongs to the target
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language, and equivalence queries, in which the Learner asks an oracle whether a
hypothesis is correct, obtaining a counterexample if it is not. Subsequent research
has sought to establish the learnability of many other hypothesis classes in the same
setting, including classes of Boolean formulae, decision trees, context-free languages,
and polynomials; see the book of Kearns and Vazirani [1994, Chapter 8] for more
details and references.

In this chapter, we study the problem of learning multiplicity tree automata in
the ezact learning model of Angluinl [198§], outlined above. Formally, in this model
a Learner actively collects information about the target function from a Teacher
through membership queries, which ask for the value of the function on a specific
input, and equivalence queries, which suggest a hypothesis to which the Teacher
provides a counterexample if one exists. A class of functions € is exactly learnable
if there exists an exact learning algorithm such that for any function f € %, the
Learner identifies f using polynomially many membership and equivalence queries in
the size of a shortest representation of f and the size of a largest counterexample
returned by the Teacher during the execution of the algorithm. The exact learning
model is an important theoretical model of the learning process. It is well known that
learnability in the exact learning model also implies learnability in the PAC model
with membership queries [Mohri et al., 2012, Theorem 13.3].

We are interested in questions of succinctness and computational efficiency, both
from the point of view of the Teacher and the Learner. From the point of view of
the Teacher, one of the main questions is checking equivalence of multiplicity tree
automata, i.e., whether two multiplicity tree automata define the same function on
trees. [Seidl| [1990] proved that equivalence of multiplicity tree automata is decidable
in polynomial time assuming unit-cost arithmetic, and in randomized polynomial
time in the usual bit-cost model. No finer analysis of the complexity of this problem

exists to date. In contrast, the complexity of equivalence for classical nondeterministic
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word and tree automata has been completely characterised: PSPACE-complete over
words |Aho et al |1974] and EXPTIME-complete over trees [Seidl, |1990].

Our first contribution (Section is to show that the equivalence problem for
multiplicity tree automata is logspace equivalent to polynomial identity testing, i.e.,
the problem of deciding whether a polynomial given as an arithmetic circuit is zero.
The latter problem is very well studied, with a variety of randomized polynomial-time
algorithms [DeMillo and Lipton, [1978| [Schwartz, |1980} Zippel, [1979], but, as yet, no
deterministic polynomial-time procedure [see |Arora and Barak| 2009].

We note that, even though multiplicity tree automata augment classical nonde-
terministic tree automata, their semantics are different. Intuitively, equivalence for
multiplicity tree automata is a stronger notion because one needs to consider the
weights of all runs on a given tree. Therefore, it is not surprising that the equiva-
lence problems for multiplicity tree automata and nondeterministic tree (and word)
automata have different complexities.

Our second contribution (Section is to give lower bounds on the number of
queries needed to learn multiplicity tree automata in the exact learning model, both
for the case of an arbitrary and a fixed underlying field. The bound in the former case
is linear in the automaton size. In the latter case, the bound is linear in the automaton
size for alphabets of a fixed maximal rank. To the best of our knowledge, these are
the first lower bounds on the query complexity of exactly learning multiplicity tree
automata.

Habrard and Oncinal [2006] give an algorithm for learning multiplicity tree au-
tomata in the exact learning model. Consider a target multiplicity tree automaton
whose minimal representation A has n states. The algorithm of [Habrard and Oncina)
[2006] makes at most n equivalence queries and number of membership queries pro-
portional to | A - s, where |A| is the size of A and s is the size of a largest coun-

terexample returned by the Teacher. Since this algorithm assumes that the Teacher
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returns counterexamples represented explicitly as trees, s can be exponential in |A|,
even for a Teacher that returns counterexamples of minimal size (see Example [3)).
This observation reveals an exponential gap between the query complexity of the al-
gorithm of |Habrard and Oncina [2006] and our above-mentioned lower bound, which
is only linear in |.A|. Another consequence is that the worst-case time complexity of
this algorithm is exponential in the size of the target automaton.

Given two inequivalent multiplicity tree automata with n states in total, the al-
gorithm of [Seidl [1990] produces a subtree-closed set of trees of cardinality at most n
that contains a tree on which the automata differ. It follows that the counterexample
contained in this set has at most n subtrees, and hence can be represented as a DAG
with at most n vertices (see §3.4.2). Thus in the context of exact learning it is nat-
ural to consider a Teacher that can return succinctly-represented counterexamples,
i.e., trees represented as DAGs.

DAGs have been used as succinct representations of trees in a number of domains,
including classification problems [Sperduti and Starital, 1997] and query evaluation
for XML |[Buneman et al., 2003, Frick et al. 2003]. Tree automata that run on DAG
representations of finite trees were first introduced by (Charatonik [1999] as extensions
of ordinary tree automata, and were further studied by Anantharaman et al.| [2005].
The automata considered by (Charatonik| [1999] and Anantharaman et al.| [2005] run
on fully-compressed DAGs. Fila and Anantharaman| [2006] extend this definition by
introducing tree automata that run on DAGs that may be partially compressed. In
this chapter, we employ the latter framework in the context of learning multiplicity
automata.

In Section [3.5] we present a new exact learning algorithm for multiplicity tree
automata that achieves the same bound on the number of equivalence queries as the
algorithm of [Habrard and Oncinal [2006], while using number of membership queries

quadratic in the target automaton size and linear in the largest counterexample size,
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even when counterexamples are given as DAGs. Assuming that the Teacher provides
minimal DAG representations of counterexamples, our algorithm therefore makes
quadratically many queries in the target automaton size. This is exponentially fewer
queries than the best previously-known algorithm [Habrard and Oncina;, 2006] and
quadratic in the above-mentioned lower bound. Furthermore, our algorithm performs
a quadratic number of arithmetic operations in the size of the target automaton, and
can be implemented in randomized polynomial time in the Turing model.

Like the algorithm of Habrard and Oncinal [2006], our algorithm constructs a
matricial representation of the target automaton: its Hankel matrix (introduced
in . However on receiving a counterexample tree z, the former algorithm adds
a new column to the Hankel matrix for every suffix of z, while our algorithm adds
(at most) one new row for each subtree of z. Crucially the number of suffixes may be
exponential in the size of a DAG representation of z, whereas the number of subtrees

is only linear in the size of a DAG representation.

3.2 Related Work

One of the earliest results about the exact learning model was the proof of An-
gluin| [1987] that deterministic finite automata are learnable. This result was gen-
eralised by Drewes and Hogbergl [2007] to show exact learnability of deterministic
finite (bottom-up) tree automata, generalising also a result of Sakakibara/ [1990] on
the exact learnability of context-free grammars from their structural descriptiond']
The learning algorithm of |Drewes and Hogberg| [2007] was generalised by Maletti
[2007] to show that deterministic weighted tree automata over a (commutative) semi-
field are exactly learnable, generalising also an earlier result of |Drewes and Vogler
[2007] which was restricted to the class of deterministic all-accepting (i.e., every fi-

nal weight is nonzero) weighted tree automata. More recently, a unifying framework

L Structural descriptions of a context-free grammar are unlabelled derivation trees of the grammar.
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for exact learning of deterministic weighted tree automata over a semifield has been
proposed by Drewes et al.| [2011]. Specifically, the latter paper introduces the no-
tion of abstract observation tables, an abstract data type for learning deterministic
weighted tree automata in the exact learning model, and show that every correct
implementation of abstract observation tables yields a correct learning algorithm.

Exact learnability of nondeterministic weighted automata over a field (here called
multiplicity automata) has also been extensively studied. [Beimel et al. [2000] show
that multiplicity word automata can be learned efficiently, and apply this to learn var-
ious classes of DNF formulae and polynomials. These results were generalised by Kli-
vans and Shpilkal [2006] to show exact learnability of restricted algebraic branching
programs and noncommutative set-multilinear arithmetic formulae. Bisht et al.|[2006]
give an almost tight (up to a log factor) lower bound on the number of queries made
by any exact learning algorithm for the class of multiplicity word automata.

An exact learning algorithm for a class of nondeterministic tree automata, namely
residual finite tree automata, is given by |[Kasprzik| [2013]. The latter paper identifies
the size of counterexamples as a hidden exponential factor in the complexity of the
learning algorithm, observing in particular that a smallest counterexample can have
exponential size in the number of states of the target automaton. Such a phenomenon
does not prevent the class of tree automata from being exactly learnable since in
the exact learning model the complexity measure takes into account the size of a
largest counterexample. However, this does raise the question of developing a learning
algorithm whose complexity would be polynomial in the size of succinctly-represented
counterexamples, which is one of the motivations for the present work.

Denis and Habrard| [2007] consider the problem of learning probability distribu-
tions over trees that are recognised by a multiplicity tree automaton from samples
drawn independently according to the target distribution. They give an inference al-

gorithm that exactly identifies such recognisable probability distributions in the limit
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with probability one (with respect to the randomly-drawn examples). Here the tar-
get distribution is specified by a multiplicity tree automaton that recognises it. Most
closely related to the topic of this chapter is the work of [Habrard and Oncinal [2006],
who give an algorithm for learning multiplicity tree automata in the exact learning
model, as discussed above.

A variety of spectral methods have been employed for learning multiplicity word
and tree automata |Bailly et al., 2009, Balle and Mohri, 2012, Denis et al., 2014,
Gybels et al. 2014]. This line of research originates in earlier work of Hsu et al.| [2012]
that gives a spectral learning algorithm (based on singular value decomposition) for
hidden Markov models. Particularly close to the present chapter is the work of Bailly
et al| [2010], which learns probability distributions over trees that are recognised
by some multiplicity tree automaton. Their approach lies within a passive learning
framework in which one is given a sample of trees independently drawn according
to a target distribution, and the aim is to infer a multiplicity tree automaton that
approximates the target. As in our approach, the notion of a Hankel matrix plays
a central role in the algorithm of Bailly et al.| [2010]. There the Hankel matrix
is called an observation matriz, and it encodes an empirical distribution on trees
obtained by sampling from the target distribution. Bailly et al. [2010] apply principal
component analysis in order to identify a low-dimensional approximation of the vector
space spanned by the residuals of the target probability distribution. From this
approximation they build an automaton whose associated tree series approximates
the target distribution. They moreover obtain bounds on the estimation error of the
output tree series with respect to the target distribution in terms of the sample size
and the desired confidence.

In contrast to the above-described approach of Bailly et al. [2010], in our work
the target dimension (i.e., number of states) is not part of the input since our aim

is to learn a minimal multiplicity tree automaton that exactly represents the target
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tree series. Moreover, in this chapter the entries of the Hankel matrix are determined
by active queries rather than passive observations, and the learning process contin-
ues until we know a sufficient number of entries to be able to exactly construct a

representation of the target.

3.3 Preliminaries

In this section, we present some background material for this chapter.

In Section we introduce directed acyclic graphs (DAGs) as (succinct) rep-
resentations of trees. In Section [3.3.2] we introduce the notion of a multiplicity tree
automaton running on DAGs. To the best of our knowledge, this notion has not been
studied before.

In Section we introduce arithmetic circuits. Lastly, in Section we

introduce the exact learning model.

3.3.1 DAG Representations of Trees

Given a set V', we denote by V* the set of all finite ordered tuples of elements from V.

A directed multigraph consists of a set of nodes V' and a multiset of directed edges
E CV x V. We say that a directed multigraph is acyclic if the underlying directed
graph has no cycles; we say it is ordered if a linear order on the successors of each node
is assumed. A directed multigraph is rooted if there is a distinguished root node v
such that all other nodes are reachable from v.

Let X be a ranked alphabet. A directed acyclic graph (DAG) representation of a
Y-tree (X-DAG or DAG for short) is a rooted acyclic ordered directed multigraph
whose nodes are labelled with symbols from > such that the outdegree of each node
is equal to the rank of the symbol it is labelled with. Formally a 3-DAG consists of

a set of nodes V', for each node v € V' a list of successors succ(v) € V*, and a node
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labelling A : V' — 3 where for each node v € V' it holds that A(v) € Ejsuec(v)- Note
that X-trees are a subclass of X-DAGs.

Let G be a 3-DAG. The size of G, denoted by size(G), is the number of nodes
in G. The height of G, denoted by height(G), is the length of a longest directed path
in G. For any node v in G, the sub-DAG of G rooted at v, denoted by G|,, is the
3-DAG consisting of the node v and all of its descendants in G. Clearly, if v is the
root of G then G|, = G. The set {G], : v is a node in G} of all the sub-DAGs of G
is denoted by Sub(G).

For any ¥-DAG G, we define its unfolding into a ¥-tree, denoted by unfold(G),
inductively as follows: If the root of GG is labelled with a symbol ¢ and has the list of

successors vy, . . ., U, then

unfold(G) = o(unfold(G|,,), ..., unfold(G|, ).

The next proposition follows easily from the definition.
Proposition 8. If G is a X-DAG, then Sub(unfold(G)) = unfold(Sub(QG)).

Because a context has exactly one occurrence of symbol O, any DAG representa-
tion of a X-context is a ({0} U X)-DAG that has a unique path from the root to the
(unique) O-labelled node. The concatenation of a DAG K, representing a >-context,
and a X-DAG G is the ¥-DAG, denoted by K[G], obtained by substituting the root
of G for Oin K.

Proposition 9. Let K be a DAG representation of a YX-context, and let G be a
Y.-DAG. Then, unfold( K|G]) = unfold(K)(unfold(G)).

Proof. The proof is by induction on height(K). For the base case, let height(K) = 0.

Then, we have that K = O and therefore

unfold(O[G]) = unfold(G) = unfold(D)(unfold(G))
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for any ¥-DAG G.

For the induction step, let h € Ny and assume that the result holds if height(K) <
h. Let K be a DAG representation of a ¥-context such that height(K) = h+ 1. Let
the root of K have label ¢ and list of successors vy, ..., v;. By definition, there is
a unique path in K going from the root to the O-labelled node. Without loss of
generality, we can assume that the O-labelled node is a successor of v;. Take an
arbitrary X-DAG G. Since height(K|, ) < h, we have by the induction hypothesis
that

unfold(K[G]) = o(unfold(K|, [G]), unfold(K]|,,), ..., unfold(K]|, ))

Vk

= o(unfold(K|, )(unfold(G)), unfold(K|,,), ..., unfold(K], ))

V2 Vi

= o(unfold(K|, ), unfold(K|,), ..., unfold(K], ))(unfold(G))

v2

= unfold (K)(unfold(G)).

This completes the proof by induction. O

3.3.2 Multiplicity Tree Automata on DAGs

Let F be a field, and A = (n,%, u,7y) be an F-multiplicity tree automaton. The
computation of automaton A on a X-DAG G = (V, E) is defined as follows: A run
of A on G is a mapping p : Sub(G) — F" such that for every node v € V, if v is

labelled with ¢ and has the list of successors succ(v) = vy,. .., v; then

p(Gl,) = (p(Gl,) @ --- @ p(Gl,,)) - ulo).

Automaton A assigns to G a weight || A||(G) € F where [|A[[(G) = p(G) - 7.
In the following proposition, we show that the weight assigned by a multiplicity

tree automaton to a DAG is equal to the weight assigned to its tree unfolding.

47



Proposition 10. Let F be a field, and A = (n, %, p,7y) be an F-multiplicity tree
automaton. For any X-DAG G, it holds that p(G) = u(unfold(G)) and ||A||(G) =
[ Al (unfold(G)).

Proof. Let V' be the set of nodes of GG. First we show that for every v € V,

p(Gl,) = u(unfold(G|,)). (3.1)

The proof is by induction on height(G|,). For the base case, let height(G/|,) = 0. This

implies that G|, = 0 € ¥y. Therefore, by definition we have that

p(G1,) = n(o) = p(unfold(e)) = u(unfold(G1,)).

For the induction step, let h € Ny and assume that Equation holds for every
v € V such that height(G|,) < h. Take any v € V such that height(G|,) = h + 1.
Let the root of G|, be labelled with a symbol o and have list of successors succ(v) =
v1, ..., vk Then for every j € [k], we have that height(G|, ) < h and thus p(G|, ) =

wu(unfold (G]Uj)) holds by the induction hypothesis. This implies that

p(Gl,) = (p(Gl,,) @--- @ p(Gl,,)) - plo)
= (u(unfold(G/|,,)) @ - - & p(unfold(G|,,))) - u(o)
= p(o(unfold(G|,,), ..., unfold(Gl,, )))

= p(unfold(Gl,)),

which completes the proof of Equation (3.1)) for all v € V' by induction.
Taking v to be the root of G, we have by Equation (3.1)) that p(G) = p(unfold(G)).
Therefore, [|A[[(G) = p(G) - v = p(unfold(G)) - v = || Al|(unfold(G)). O

In the following we give an example of two inequivalent multiplicity tree automata
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such that the smallest tree that is counterexample to their equivalence has size ex-
ponential in their total number of states. Moreover, we show that this tree has an

exponentially more succinct DAG representation.

Example 3. Let ¥ = {09,002} be a ranked alphabet such that rk(cy) = 0 and
rk(og) = 2. Take any n € N. Let t,, depicted in Figure be the perfect binary
Y.-tree of height n — 1. Note that size(t,) = O(2").

Define an F-MTA A = (n, %, u,e]) such that u(oy) = e, € F>*" and p(oq) €
F**n ywhere 1(02) (i41,i+1),s = 1 for every i € [n—1], and all other entries of u(o2) are
zero. It can be checked, using the definition of the automaton A, that || A||(t,) = 1
and || Al|(t) =0 for every t € T \ {t,}.

Let B be the 0-dimensional F-MTA over ¥ (so that |B|| = 0). Suppose we were
to check whether automata A and B are equivalent. Then the only counterexample to
their equivalence, namely the tree t,, has size O(2"). Note, however, that t, has an

exponentially more succinct DAG representation G, given in Figure 3.
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3.3.3 Arithmetic Circuits

An arithmetic circuit is a finite acyclic vertex-labelled directed multigraph whose
vertices, called gates, have indegree 0 or 2. Vertices of indegree 0 are called input gates
and are labelled with a nonnegative integer or a variable from the set {z; : i € N}.
Vertices of indegree 2 are called internal gates and are labelled with an arithmetic
operation +, x, or —. We assume that there is a unique gate with outdegree 0 called
the output gate. An arithmetic circuit is called wvariable-free if all input gates are
labelled with a nonnegative integer.

Given two gates u and v of an arithmetic circuit C, we call u a child of v if (u,v)
is a directed edge in C. The size of C' is the number of gates in C. The height of
a gate v in C, written as height(v), is the length of a longest directed path from an
input gate to v. The height of C' is the maximal height of a gate in C'. That is, the
height of C'is the height of the output gate of C.

An arithmetic circuit C' computes a polynomial over the integers as follows: An
input gate of C labelled with o € Ny U {x; : i € N} computes the polynomial a. An
internal gate of C' labelled with x € {4+, x, —} computes the polynomial p; * p, where
p1 and po are the polynomials computed by its children. For any gate v in C, we
write f, for the polynomial computed by v. The output of C', written as f¢, is the
polynomial computed by the output gate of C'. The arithmetic circuit identity testing
(ACIT) problem asks whether the output of a given arithmetic circuit is equal to

the zero polynomial.

Remark 11. Without loss of generality we can assume that every integer-labelled
mput gate of an arithmetic circuit is labelled with 0 or 1. Indeed, any other integer
label given in binary can be encoded as an arithmetic circuit whose input gates are

labelled with 0 or 1.

Remark 12. Any variable-free arithmetic circuit C' can be seen as a X-DAG with
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Y ={0,1,4, x,—} where 0,1 are nullary symbols and +, X, — are binary symbols.
Consequently, any multiplicity tree automaton over the ranked alphabet ¥ can be eval-
uated on C.

For instance, let A = (2,5, u,7y) be the MTA from Ezample . Then, for any
gate v in C it holds that (1(C|,) = (1 f,), where C|, is the sub-DAG of C rooted at v
and f, is the number computed at gate v. (This can be easily proved using induction

on height(C|,).) In particular, when v is the output gate of C' we get that

LAIC) = u(C) -7 = (1 fc) ~ (o 1)T o

That is, the weight of A on C (viewed as a DAG) is equal to the output of C' (viewed

as an arithmetic circuit). In other words, automaton A evaluates the circuit C.

3.3.4 Exact Learning Model

In this subsection, we define the ezact learning model of |Angluin| [1988]: Let f be
a target function. A Learner (learning algorithm) may, in each step, propose a hy-
pothesis function h by making an equivalence query to a Teacher. If h is equivalent
to f, then the Teacher returns YES and the Learner succeeds and halts. Otherwise,
the Teacher returns NO with a counterexample, which is an assignment x such that
h(z) # f(x). Moreover, the Learner may query the Teacher for the value of the
function f on a particular assignment x by making a membership query on x. The
Teacher returns the value f(z) to such a query.

We say that a class of functions € is ezactly learnable if there is a Learner that
for any target function f € %, outputs a hypothesis h € € such that h(z) = f(z)
for all assignments x, and does so in time polynomial in the size of a shortest repre-
sentation of f and the size of a largest counterexample returned by the Teacher. We

moreover say that the class € is ezactly learnable in (randomized) polynomial time if
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the learning algorithm can be implemented to run in (randomized) polynomial time

in the Turing model.

3.4 Equivalence Queries

In the exact learning model, one of the principal algorithmic questions from the point
of view of the Teacher is the computational complexity of equivalence testing. In
this section, we characterise the computational complexity of equivalence testing for
multiplicity tree automata, showing that this problem is logspace equivalent to poly-
nomial identity testing. The latter is a well-studied problem for which there are
numerous randomized polynomial-time algorithms, with the existence of a determin-
istic polynomial-time algorithm being a longstanding open problem. Moreover in this
section, we explain why it is natural to expect the Teacher to return succinct DAG

counterexamples in the case of inequivalence.

3.4.1 Computational Complexity of MTA Equivalence

A key algorithmic component of the exact learning framework is checking the equiv-
alence of the hypothesis and the target function: a task for the Teacher rather than
the Learner. The existence of efficient algorithms to perform such equivalence checks
is important for several applications of the exact learning framework [see, e.g., |[Feng
et al.; 2011]. With this in mind, in this subsection we characterise the computational
complexity of the equivalence problem for Q-multiplicity tree automata. Here we
specialise the weight field to be QQ since we want to work within the classical Turing
model of computation. Parts of this subsection also exploit the fact that Q is an

ordered field. Our main result is:

Theorem 13. The equivalence problem for Q-multiplicity tree automata is logspace

interreducible with ACIT.
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A version of this result appeared in the author’s MSc thesis. A related result, char-
acterising equivalence of probabilistic visibly pushdown automata on words in terms
of polynomial identity testing, was shown by [Kiefer et al.| [2013].

On several occasions in this section, we will implicitly make use of the fact that
a composition of two logspace reductions is again a logspace reduction |Arora and
Barakl, 2009, Lemma 4.17].

From MTA Equivalence to ACIT

First, we present a logspace reduction from the equivalence problem for Q-MTAs to

ACIT. We start with the following lemma.

Lemma 14. Given an integer n € N and a Q-multiplicity tree automaton A over a
ranked alphabet 3, one can compute, in logarithmic space in |A| and n, a variable-free

arithmetic circuit that has output ZteTgn IIA|l().

Proof. Let A = (r,%, ,7), and let m be the rank of 3. By definition, it holds that

Yo A = Y ut) ] (3.2)

teTs™ teTs"

We have ZteT§1 u(t) = > ex, (o). Furthermore for every i € N, it holds that
TS ={o(ty,...,th) 1k €{0,...,m},0 € Sy, ty,..., tp € TS}

and thus by bilinearity of Kronecker product,

Dop®m= 3" > (ut) @@ plty)) - plo)

tETgiJrl k=0 o€y t16T2<i tkETgi
m
- E § g pt) | @ ® g 1(tk) - 1(0)
k=0 ocexy, t1€TS? treTs"

93



®k
m

=3 DIVIGI IO (33)

k=0 teTgi cEX

Next, we define a variable-free arithmetic circuit ® that has output ZteTgn | AJ|(2).

First, let us denote G (i) := ZteTgi p(t) for every i € N. Then by Equation (3.3,

G(i+1) =Y G S(k)

k=0
where S(k) := > s p(o) for every k € {0,...,m}. In coordinate notation, for
every j € [r] we have by Equation (2.3)) that

Gi+1);=> Y JICOw SE)a..104 (3.4)

k=0 (11,...,l)€[r]* a=1

We present ® as a straight-line program, with built-in constants

{6y ik e{0,... om}y,o0€ S, (..., k) € 1", 5 €[]}

representing the entries of the transition matrices and the final weight vector of A,
internal variables {51&1,...,lk),j ke {0,....,m} (ly,....lx) € [r]*,j € [r]} and {g;, : i €
[n],j € [r]} evaluating the entries of matrices S(k) and vectors G(i) respectively, and
the final internal variable f computing the value of ®.

Formally, the straight-line program & is given in Table [3.1} Here the statements
are given in indexed-sum and indexed-product notation, which can easily be expanded
in terms of the corresponding binary operations. It follows from Equations
and that the output of ® is G(n) -y = ZteTgn Al (2).

The input gates of ® are labelled with rational numbers. However, by separately
encoding numerators and denominators, we can in logarithmic space reduce ¢ to an

arithmetic circuit where all input gates are labelled with integers.
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1. For je[r] do g1, + Z 15

gEY

2. For k€{0,...,m}, (Iy,...,lx) €[r]*, j € [r] do 581,...,lk),j — Z B0 ).

ocEY

3. Fori=1ton—1 do

3.1. For k€ {0,...,m}, (Iy,...,lx) € [r]*, j € [r] do

k
ik ) k
URTE | [ZURE AT
a=1

3.2. For j € [r] do
ik
Gi+1,5 Z Z h(ll7...,lk)»j
k=0 (Iy,...,l)€[r]*

4. For j € lr] do fj < gnj -7

5. f < Y fir

JE[r]

Table 3.1: Straight-line program @

Recalling that a composition of two logspace reductions is again a logspace re-
duction, we conclude that the entire computation takes logarithmic space in |A|

and n. u

Before presenting the reduction in Proposition we recall the following charac-
terisation [Seidl, 1990, Theorem 4.2] of equivalence of two multiplicity tree automata

over an arbitrary field.

Proposition 15 (Seidl, 1990). Suppose A and B are multiplicity tree automata of
dimension ny and nq, respectively, and over a ranked alphabet 3. Then, A and B are

equivalent if and only if ||Al|(t) = ||B||(t) for every t € TS™*"2.

We now turn to the reduction:
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Proposition 16. The equivalence problem for Q-multiplicity tree automata is logspace

reducible to ACIT.

Proof. Let A and B be Q-multiplicity tree automata over a ranked alphabet >, and

let n be the sum of their dimensions. Proposition [7] (iii) implies that

> (A = 1BI@)* = > (1@ +IBII0)?* — 2l All(0OIIBI(¢)

teTs™ teTs™

= > (A XA + 1B x BJ|(t) = 2IlA x BJ|(t)).

teTs™

Thus by Proposition [15] automata A and B are equivalent if and only if

Do IAXAN® + Y IBx Bl =2 Y |AxB|(t)=0. (3.5)

teTs" teTs™ teTs™
By Proposition [7, automata A x A, B x B, and A x B can be computed in
logarithmic space. Thus by Lemma one can compute, in logarithmic space in
|A| and |B|, variable-free arithmetic circuits that have outputs },cq<n A % A[|(2),
ZteTgn IIB x BJ|(t), and ZteTgn A x B||(t), respectively. Using Equation 1) we
can now easily construct a variable-free arithmetic circuit that has output 0 if and

only if A and B are equivalent. O

From ACIT to MTA Equivalence

We now present a converse reduction: from ACIT to the equivalence problem for Q-
MTAs. |Allender et al.| [2009, Proposition 2.2] give a logspace reduction of the general
ACIT problem to the special case of ACIT for variable-free circuits. The latter
can be reformulated as the problem of deciding whether two variable-free arithmetic
circuits with only + and Xx-internal gates compute the same number. As mentioned
in Remark [T1], we can assume that every input-gate label is either 0 or 1. We now

turn to the reduction:
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Proposition 17. ACIT s logspace reducible to the equivalence problem for Q-MTAs.

Proof. Let C7 and Cy be two variable-free arithmetic circuits whose internal gates
are labelled with + or x. By padding with extra gates, without loss of generality we
can assume that in each circuit the children of a height-i gate both have height i — 1,
+-gates have even height, x-gates have odd height, and the output gate has an even
height h.

In the following we define two Q-MTAs, A; and A,, that are equivalent if and only
if circuits C and Cy have the same output. Automata A; and A, are both defined
over a ranked alphabet ¥ = {0y, 01,02} where oy is a nullary, o; is a unary, and o5 is
a binary symbol. Intuitively, automata A; and A5 both recognise the common ‘tree
unfolding’ of circuits C and Cs.

We now derive A; from C7; Aj is analogously derived from Cs. Let {vy,...,v,.}
be the set of gates of C; where v, is the output gate. Automaton .4; has a state ¢;

for every gate v; of Cy. Formally, A; = (1,3, u, e, ) where for every i € [r]:
e If v; is an input gate with label 1 then p(op); = 1, otherwise p(0g); = 0.

o If v; is a +-gate with children v, and vj, then p(oy);,; = p(o1)s, = 1if 1 # Jo,
(o), = 2 if jy = jo, and p(oq);; = 0 for every | & {j1, jo}. If v; is an input

gate or a x-gate then u(oy).; = 0,..

o Ifv; is a x-gate with children v;, and vj,, then p(02)(j, j») = 1 and p(02) 1y 12), =

0 for every (I1,13) # (j1,72). Ifv; is an input gate or a +-gate, then p(o2).; = 0,2.

We define a sequence of trees (t,)nen, € Tx by to = 00, tne1 = o1(t,) for n odd,
and t,11 = oa(t,, t,) for n even. In the following we show that ||A;||(tn) = fe,. For
every gate v of (', by assumption it holds that all paths from v to the output gate

have equal length. We now prove that for every i € [r],

/’L(thi)i - fm (36)
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where h; := height(v;). The proof uses induction on h; € {0,...,h}. For the base
case, let h; = 0. Then, v; is an input gate and thus by definition of automaton A; we

have

p(tn,)i = p(to)i = 1(00)i = fo,-

For the induction step, let n € [h] and assume that Equation holds for every
gate v; of height less than n. Take an arbitrary gate v; of C; such that h; = n. Let
gates v;, and vj, be the children of v;. Then h;, = hj, = h; —1 = n—1 by assumption.
The induction hypothesis now implies that p(tn,—1);, = fo;, and p(tn,—1)j, = fu,-

Depending on the label of v;, there are two possible cases as follows:

(i) If v; is a +-gate, then h; is even and thus by definition of A; we have

(ltn, )i = plor(th—1))i = ptn,—1) - (o).

= H’(thi_l)jl + :u(thi—l)jz = f'Ujl + fva = fm

(i) If v; is a x-gate, then h; is odd and thus by definition of .4; and Equation ({2.3))

we have

1(tn,)i = ploa(th—1,th—1))i = p(tn,—1)®* - p(02).

= M<thi*1)j1 ' :u(thifl)h = f”h ’ f”jz = fvi'

This completes the proof of Equation (3.6) by induction. Now for the output gate v,
of C1, we get from Equation (3.6) that u(t,), = f., since h, = h. Therefore,

AL (tn) = ultn) - e = p(tn)r = fo, = fou-

Analogously, it holds that || Az||/(t,) = fe,. It is moreover clear by construction
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that || A1||(t) = 0 and || Az||(t) = 0 for every t € Tx \ {¢,}. Therefore, automata A,
and A, are equivalent if and only if arithmetic circuits C; and C5 have the same

output. ]

Propositions [16] and [17] together imply Theorem [13] On a positive note, it should
be remarked that there are numerous efficient randomized algorithms for ACIT.
Indeed, it was already known that there is a randomized polynomial-time algorithm
for equivalence of multiplicity tree automata [Seidl,[1990]. On the other hand, we have
shown that obtaining a deterministic polynomial-time algorithm for multiplicity tree

automaton equivalence would imply also a deterministic polynomial-time algorithm

for ACIT.

3.4.2 DAG Counterexamples

In the exact learning model, when answering an equivalence query the Teacher not
only checks equivalence but also provides a counterexample in case of inequivalence.
As mentioned above, there is a randomized polynomial-time algorithm for checking
MTA equivalence [Seidl, 1990]. In this subsection, we explain why a Teacher using
this algorithm would naturally give succinct DAG counterexamples.

Although the paper of |Seidl [1990] does not mention counterexamples, they can be
easily extracted from the algorithm presented therein. Indeed the correctness proof
of that algorithm shows, inter alia, that for any two inequivalent multiplicity tree
automata A; = (n1,%, u1,71) and Ay = (ng, X, 42,72), there exists a tree t such
that ||A1||(¢) # || A2]|(f) and t can be represented by a DAG with at most n; + ns
vertices. To see this, we now briefly describe the main idea behind the procedure:
Given MTAs A; and A, as above, a prefix-closed set of trees S C T% is maintained
such that {[u1(t) wa(t)] : ¢ € S} is a linearly independent set of vectors. Note that

since this set of vectors lies in F™*"2 it necessarily holds that |S| < n; + ny. The
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algorithm terminates when

Span{ [m(t) M2(t)} e S} = span { [Ml(t) MZ(t)} e TE}

and reports that A; and A are inequivalent just in case a tree t € S is found such

that

!
[Ml (t) Mz(t)} ' 70,
—2
ie., || A1|[(t) # || A2||(t). Such a tree t, if one exists, has at most n; + ny subtrees and
thus has a DAG representation of size at most n;+ns. As we have seen in Example [3]
the number of vertices of tree t may be exponential in n; + no; thus it is natural that

a Teacher that resolves equivalence queries using the algorithm of |Seidl [1990] would

return counterexamples represented succinctly as DAGs.

3.5 Learning Algorithm

In this section, we present our exact learning algorithm for multiplicity tree automata.
The algorithm is polynomial in the size of a minimal automaton equivalent to the
target and the size of a largest counterexample given as a DAG. As seen in Example 3]
DAG counterexamples can be exponentially more succinct than tree counterexamples.
Therefore, achieving a polynomial bound in the context of DAG representations is a
more exacting criterion.

Over an arbitrary field F, the algorithm can be seen as running on a Blum-Shub-
Smale machine that can write and read field elements to and from its memory at unit
cost and that can also perform arithmetic operations and equality tests on field ele-
ments at unit cost [see |Arora and Barak, |2009]. Over the field of rational numbers Q,

the algorithm can be implemented in randomized polynomial time by representing
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rationals as arithmetic circuits and using a CORP algorithm for equality testing of
such circuits [see Allender et al., 2009).

This section is organised as follows: In we present the learning algorithm,
called LMTA. In we prove correctness on trees, and then argue in that
the algorithm can be faithfully implemented using a DAG representation of trees.
Finally, in we give a complexity analysis of the algorithm assuming the DAG

representation.

3.5.1 The Algorithm

In this subsection we present the learning algorithm, called LMTA. Let f € Rec(3,F)
be the target function. We recall from that Rec(X,F) denotes the set of all
recognisable tree series over ¥ with coefficients in F. Algorithm LMTA learns an
MTA-representation of f using its Hankel matrix H, which has finite rank over F by
Theorem [l

The algorithm iteratively constructs a full row-rank submatrix of the Hankel ma-

trix H. At each stage, the algorithm maintains the following data:

An integer n € N.

A set of n ‘rows” X = {t;,...,t,} C Tx.
e A finite set of ‘columns’ Y C C% such that O € Y.
e A submatrix Hxy of H that has full row rank.

These data determine a hypothesis automaton A of dimension n, whose states corre-
spond to the rows of Hyy, with the i row corresponding to the state reached after
reading tree t;. The Learner makes an equivalence query on the hypothesis A. In
case the Teacher answers NO, the Learner receives a counterexample z. The Learner

then parses z bottom-up to find a minimal subtree of z that is also a counterexample,
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and uses this subtree to augment the row set X and the column set Y in a way that

increases the rank of the submatrix Hx y .

Formally, the algorithm LMTA is given in Table[3.2] Here for any k-ary symbol o €

¥ we write (X, ..., X) == {o(tiy,...,t,): (i1,... i) € [n]*}.

Algorithm LMTA

Target: f € Rec(X,F), where ¥ has rank m and F is a field

1. Make an equivalence query on the 0-dimensional F-MTA over 3.
If the answer is YES then output the 0-dimensional F-MTA over 3 and halt.
Otherwise the answer is NO and z is a counterexample. Initialise:
n«1,t, <z X« {t,}, Y <« {0O}.

2. 2.1.

2.2.

3.2.

3.3.

3.4.

For every k € {0,...,m}, 0 € ¥, and (iy, ..., i) € [n]*:
If Ho(ti1 t;,),Y is not a linear combination of Hy, y, ..., H;, y then

,,,,,

n<n+1,t, o(ty,....t;,), X « X U{t,}.
Define an F-MTA A = (n, X, 1, y) as follows:
[ J ’}/ = HX,D-

e For every k € {0,...,m} and 0 € Xj:
Define matrix p(o) € F*"*" by the equation

(o) - Hxy = Hox,.. x)y- (3.7)

. Make an equivalence query on A.

If the answer is YES then output A and halt.
Otherwise the answer is NO and z is a counterexample. Searching bottom-
up, find a subtree o(7y,...,7;) of z that satisfies the following two condi-
tions:
(1) For every j € [k]a HT]’,Y = M(Tj) ’ HX,Y-
(ii) For some c € Y, Hy(r, . r)e 7 M0 (T1, .-, Tk)) - Hx e
For every j € [k] and (i1,...,4;-1) € [n)’™":
Y <— Y U {C[O‘(til, P ’tijflﬁ D, Tj+1, e ,Tk)]}.
For every j € [k]:
If H., y is not a linear combination of Hy, y, ..., Hy, y then
n<n+1t, 7, X XU{t,}
Go to 2.

Table 3.2: Algorithm LMTA

Algorithm LMTA follows a classical scheme: it generalises the procedure of [Beimel
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et al. [2000] by working with a more general notion of a Hankel matrix: one repre-
senting a tree series rather than a word series. Moreover, LMTA differs from the
procedure of Habrard and Oncinal [2006] in the way counterexamples are treated and
the hypothesis automaton updated; we provide more details on this point at the end

of this section.

3.5.2 Correctness Proof

In this subsection, we prove the correctness of the exact learning algorithm LMTA.
Specifically, we show that, given a target f € Rec(X,F), algorithm LMTA outputs a
minimal MTA-representation of f after at most rank(H) iterations of the main loop.

The correctness proof naturally breaks down into several lemmas. First, we show

that matrix Hyy has full row rank.

Lemma 18. Linear independence of the set of vectors {Hy, y,...,Hy, v} is an in-

variant of the loop consisting of Step 2 and Step 3.

Proof. We argue inductively on the number of iterations of the loop. The base case
n = 1 clearly holds since f(z) # 0.

For the induction step, suppose that the set {Hy, v,..., Hy, vy} is linearly inde-
pendent at the start of an iteration of the loop. If a tree t € Ty is added to X
during Step 2.1, then H,y is not a linear combination of Hy, y, ..., H;, y, and there-
fore {Hy,y,...,Ht, v, Hyy} is a linearly independent set of vectors. Hence, the set
{Hi,y,...,Hy, v} is linearly independent at the start of Step 3.

Unless the algorithm halts in Step 3.1, it proceeds to Step 3.2 where the set
of columns Y is increased, which clearly preserves linear independence of vectors
Hiy,...,H, y. If atree 7; is added to X in Step 3.3, then H. y is not a linear
combination of Hy, y,..., H, y which implies that the vectors Hy, y, ..., Hy, vy, H vy
are linearly independent. Hence, the set {H;, y,..., Hy, v} is linearly independent at

the start of the next iteration of the loop. This completes the induction step. O
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Secondly, we show that Step 2.2 of LMTA can always be performed.

Lemma 19. Whenever Step 2.2 starts, for every k € {0,...,m} and o € ¥y, there

exists a unique matriz u(o) € F* <" satisfying Equation (13.7)) .

Proof. Take any (i1,...,ix) € [n]*. Step 2.1 ensures that Hy, y can be rep-

1oeestiy)

resented as a linear combination of vectors Hy, y,..., H;, y. This representation is
unique since Hy, y, ..., Hy, y are linearly independent vectors by Lemma [I8 Row

(0)(iy,..ip) € FX™ is, therefore, uniquely defined by the equation /(o) ... i), Hx,y =

HO’(til,...Jik),Y' ]
Thirdly, we show that Step 3.1 of LMTA can always be performed.

Lemma 20. Suppose that upon making an equivalence query on A in Step 3.1, the
Learner receives the answer NO and a counterezample z. Then, there exists a subtree

o(1y,...,m) of z that satisfies the following two conditions:
(i) For every j € k|, Hy,y = pu(7;) - Hxy.
(H) For some c € Y7 HO'(’Tl,...,’Tk),C 7£ /’L(O-(Tla B 7Tk)) ’ HX,c-

Proof. Towards a contradiction, assume that there exists no subtree o(ry,...,7;) of z
that satisfies conditions (i) and (ii). We claim that then for every subtree 7 of z, it

holds that
HT,Y = ,u(T) . HX’y. (38)

In the following we prove this claim using induction on height(7). The base case
T € Y follows immediately from Equation . For the induction step, let 0 < h <
height(z) and assume that Equation holds for every subtree 7 € Tgh of z. Take
an arbitrary subtree 7 € To** of z. Then 7 = o(7y,...,7;) for some k € [m], o € %,

and 71,...,7, € Tgh, where 71, ..., 7, are subtrees of z. The induction hypothesis
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implies that H, y = u(7;) - Hxy holds for every j € [k]. Hence, subtree 7 satisfies
condition (i). By assumption, no subtree of z satisfies both conditions (i) and (ii).
Thus 7 does not satisfy condition (ii), i.e., it holds that H,y = pu(7) - Hxy. This
completes the proof by induction.

Equation for 7 = 2z gives H,y = p(2)- Hxy. Since O € Y, this in particular

implies that

f(z) = H.p = p(2) - Hxp = p(2) - v = [ A]|(2),

which yields a contradiction since z is a counterexample for the hypothesis A. O]

Finally, we show that the row set X is augmented with at least one element in

each iteration of the main loop.

Lemma 21. Fvery complete iteration of the Step 2 - 3 loop strictly increases the

cardinality of the row set X.

Proof. 1t suffices to show that in Step 3.3 at least one of the trees 7, ..., 7 is added
to X. By Lemma , at the start of Step 3.2 vectors Hy,y,..., H,;, y are linearly

independent. Thus by condition (i) of Step 3.1, for every j € [k] it holds that

ey = p(75) - Hxy (3.9)

and, moreover, Equation (3.9) is the unique representation of vector H, y as a lin-
ear combination of vectors Hy, v, ..., H;, y. Clearly, vectors Hy, y,..., Hy, y remain
linearly independent when Step 3.2 ends.

Towards a contradiction, assume that in Step 3.3 none of the trees 7,..., 7 is
added to X. This means that for every j € [k], vector H, y can be represented as
a linear combination of Hy, y,..., H;, y. The latter representation is unique, since

vectors Hy, v, ..., Hy, y are linearly independent, and is given by Equation (3.9). By
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condition (ii) of Step 3.1 and Equations (3.7) and (2.3]), we now have that

k
- (H N(Tj)i]’> : Ha(til ,,,,, tiy)sc (310)
(1,eeyi ) E[N]*

.....

By Step 3.2, it holds that clo(t;,,...,t,_ ,, 0, Tjt1,..., )] € Y for every j € [k] and

every (i1,...,4;-1) € [nJ~*. Thus by Equation (3.9) for j = k, we have

..... ) Jj=1
k—1
= > L1 e |- D0 w)i - Hiciottay oty o0
(i1,-.., ik,l)e[n}k—l Jj=1 i€[n]

k-1
= Z HM(Tj)z’j p(Th) - Hx el (b, iy, ,0))
: Pl

k—1
= Z HN(Tj>1j ' H’rk,c[a(til ..... tiy,_1,0)] (311)
j=1

(i1,00yig—1)E[n]F~1

Proceeding inductively as above and using Equation (3.9)) for every j € {k—1,...,1},
we get that the expression of (3.11)) is equal to H;, cjo(0,r,..,7)- However, this con-
tradicts Equation (3.10). The result follows. O

Putting together Lemmas [1§]- 21}, we conclude the following:

Proposition 22. Let 3 be a ranked alphabet and F be a field. Let f € Rec(X,F), let H
be the Hankel matriz of f, and let r be the rank (overF) of H. On target f, algorithm
LMTA outputs a minimal MTA-representation of f after at most r iterations of the

loop consisting of Step 2 and Step 3.
Proof. Lemmas[19]and 20| show that every step of algorithm LMTA can be performed.
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Theorem [d]implies that r is finite. From Lemma[18 we know that, whenever Step 2
starts, matrix Hy y has full row rank and thus n = | X| <r. Lemmaimplies that n
increases by at least one in each iteration of the Step 2 - 3 loop. Therefore, the number
of iterations of the loop is at most r.

The proof follows by observing that LMTA halts only upon receiving the answer

YES to an equivalence query. O

3.5.3 Swuccinct Representations

In this subsection, we explain how algorithm LMTA can be correctly implemented
using a DAG representation of trees. In particular, we assume that membership
queries are made on Y-DAGs, that the counterexamples are given as >-DAGs, the
elements of X are ¥-DAGs, and the elements of Y are DAG representations of Y-
contexts, i.e., ({0} U X)-DAGs.

As shown in §3.3.2] multiplicity tree automata can run directly on DAGs and,
moreover, they assign equal weight to a DAG and to its tree unfolding. Crucially
also, as explained in the proof of Theorem 23] Step 3.1 can be run directly on a
DAG representation of the counterexample, without unfolding. Specifically, Step 3.1
involves multiple executions of the hypothesis automaton on trees. By Proposition
10, we can faithfully carry out these executions on DAG representations of trees.
Step 3.1 also involves considering all the subtrees of a given counterexample. How-
ever, by Proposition [§] this is equivalent to looking at all the sub-DAGs of a DAG
representation of the counterexample.

At various points in the algorithm, we take ¢ € Y, t € X and compute their
concatenation c[t] in order to determine the corresponding entry H; . of the Hankel
matrix by making a membership query. Proposition [J] implies that this can be done

faithfully using DAG representations of Y-trees and X-contexts.
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3.5.4 Complexity Analysis

In this subsection, we give a query and computational complexity analysis of our
algorithm and compare it to the best previously-known exact learning algorithm
for multiplicity tree automata |[Habrard and Oncina;, |2006] showing in particular an
exponential improvement on the query complexity and the running time in the worst

case.

Theorem 23. Let f € Rec(X,F) where ¥ has rank m and F is a field. Let A be
a minimal MTA-representation of f, and let r be the dimension of A. Then, [ is
learnable by the algorithm LMTA, making r + 1 equivalence queries, |A]*> + |A| - s
membership queries, and O(|A]> + |A| - r - s) arithmetic operations, where s denotes
the size of a largest counterexample z, represented as a DAG, that is obtained during

the execution of the algorithm.

Proof. Let H be the Hankel matrix of f. Note that, by Theorem [ the rank of H
is equal to r. Proposition implies that on target f, algorithm LMTA outputs a
minimal MTA-representation of f after at most r iterations of the Step 2 - 3 loop,
thereby making at most r + 1 equivalence queries.

From Lemma we know that matrix Hx y has full row rank, which implies that
| X| < r. As for the cardinality of the column set Y, at the end of Step 1 we have
Y| = 1. Furthermore, in each iteration of Step 3.2 the number of columns added

to Y is at most

k k K
, ; =1 _r"—=1
n7t < ri=t = <

where k and n are as defined in Step 3.2. Since the number of iterations of Step 3.2

is at most r — 1, we have |Y| < r™.
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The number of membership queries made in Step 2 over the whole algorithm is

<Z\0 |+IX|> Y

oeY

because the Learner needs to ask for the values of the entries of matrices Hxy and
Hy(x,.. x)y for every o € X.

To analyse the number of membership queries made in Step 3, we now detail the
procedure by which an appropriate sub-DAG of the counterexample z is found in
Step 3.1. By Lemma there exists a sub-DAG 7 of z such that H,y # u(7)- Hxy.
Thus given a counterexample z in Step 3.1, the procedure for finding a required
sub-DAG of z is as follows: Check if H,y = pu(r) - Hyy for every sub-DAG 7
of z in a nondecreasing order of height; stop when a sub-DAG 7 is found such that
Hry # () Hxy.

In each iteration of Step 3, the Learner makes size(z) - |Y| < s - |Y| membership
queries because, for every sub-DAG 7 of z, the Learner needs to ask for the values
of the entries of vector H,y. All together, the number of membership queries made

during the execution of the algorithm is at most

(ZIO’ !+|X|>'IY|+(T—1)-8'\Y|

oeY

< (erk(”)+r> T (r=1) s ™ < AP+ |A4] s

oEY

As for the arithmetic complexity, in Step 2.1 one can determine if a vector
H, oty oitiy)Y is a linear combination of Hy, y, ..., H, y via Gaussian elimination us-
ing O(n? - |Y]) arithmetic operations [see (Cohen, [1993] Section 2.3]. Analogously, in
Step 3.3 one can determine if H, y is a linear combination of Hy y,..., Hy, y via
Gaussian elimination using O(n? - |Y]) arithmetic operations. Since |X| < r and

Y| < r™ all together Step 2.1 and Step 3.3 require at most O(].A[*) arithmetic
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operations.
Lemma[I19 implies that in each iteration of Step 2.2, for every o € 3 there exists a

rk(o

unique matrix p(o) € F” X1 that satisfies Equation . To perform an iteration
of Step 2.2, we first put matrix Hx y in echelon form and then, for each o € ¥, solve
Equation for p(o) by back substitution. It follows from standard complexity
bounds on the conversion of matrices to echelon form [Cohenl [1993, Section 2.3] that
the total operation count for Step 2.2 can be bounded above by O(|.A|?).

Finally, let us consider the arithmetic complexity of Step 3.1. In every iteration,
for each sub-DAG 7 of the counterexample z the Learner needs to compute the
vector p(7) and the product u(7) - Hxy. Note that p(7) can be computed bottom-
up from the sub-DAGs of 7. Since z has at most s sub-DAGs, Step 3.1 requires at

most O(|A|-r-s) arithmetic operations. All together, the algorithm requires at most

O(|A|? + |A] - r - s) arithmetic operations. O

Algorithm LMTA can be used to show that over Q, multiplicity tree automata
are exactly learnable in randomized polynomial time. The key idea is to represent
numbers as arithmetic circuits. In executing LMTA, the Learner need only perform
arithmetic operations on circuits (addition, subtraction, multiplication, and division),
which can be done in constant time, and equality testing, which can be done in
CORP [see Arora and Barak| [2009]. These suffice for all the operations detailed in
the proof of Theorem [23} in particular they suffice for Gaussian elimination, which
can be used to implement the linear-independence checks in LMTA.

The complexity of algorithm LMTA should be compared to the complexity of the
algorithm of Habrard and Oncina [2006], which learns multiplicity tree automata
by making r + 1 equivalence queries, |A| - s membership queries, and a number of
arithmetic operations polynomial in |A| and s, where s is the size of a largest coun-
terexample given as a tree. Note that the algorithm of Habrard and Oncina; [2006]

cannot be straightforwardly adapted to work directly with DAG representations of
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trees since when given a counterexample z, every suffix of z is added to the set of
columns. However, the tree unfolding of a DAG can have exponentially many differ-
ent suffixes in the size of the DAG. For example, the DAG in Figure has size n,
and its tree unfolding, shown in Figure [3.1] has O(2") different suffixes.

3.6 Lower Bounds on Query Complexity

In this section, we study lower bounds on the query complexity of learning multiplicity
tree automata in the exact learning model. Our results generalise the corresponding
lower bounds for learning multiplicity word automata by Bisht et al. [2006], and make
no assumption about the computational model of the learning algorithm.

First, we give a lower bound on the total number of queries required by an exact
learning algorithm that works over any field, which is the situation of our algorithm
in Section [3.5] Note that when we say that an algorithm works over any field, we
mean that it just uses field arithmetic, equality testing, and the ability to store and
communicate field elements to the Teacher, and its correctness depends only on these

operations satisfying the field axioms.

Theorem 24. Any exact learning algorithm that learns the class of multiplicity tree
automata of dimension at most r, over a ranked alphabet (3,1k) and any field, must

rk(o)+1

make at least ) .57 — 1% queries.

Proof. Take an arbitrary exact learning algorithm L that learns the class of multi-
plicity tree automata of dimension at most 7, over a ranked alphabet (X, rk) and over
any field.

Let F be any field. Let K :=F({2f; : 0 € %,i € [r™™?)], j € [r]}) be an extension
field of IF, where the set {z{; : 0 € ¥,i € [rk(@)], j € [r]} is algebraically independent
over F. We define a ‘generic’ K-multiplicity tree automaton A := (r, %, u,7y) where

v=-e € F*"and p(o) = [20,];; € K™ %" for every o € . We define a tree series

71



f :=|]A||. Observe that every r-dimensional F-MTA over ¥ can be obtained from A
by substituting values from the field F for the variables z7;. Thus if the Hankel matrix
of f had rank less than r, then every r-dimensional F-MTA over ¥ would have Hankel
matrix of rank less than r. Therefore, the Hankel matrix of f has rank r.

We run algorithm L on the target function f. By assumption, the output of L
is an MTA A" = (r, 3, 1/,7') such that |A’|| = f. Let n be the number of queries
made by L on target f. Let ¢1,...,t, € Tx be the trees on which L either made a
membership query, or which were received as the counterexample to an equivalence
query. Then for every [ € [n], there exists a multivariate polynomial p; € F[(27;)i,;.0]
such that f(t;) = p.

Note that both A and A’ are minimal MTA-representations of f. Thus by
Theorem [5] there exists an invertible matrix U € K™ such that v = U - 4" and
p(o) = Uk . /(o) - U~ for every o € X. This implies that the entries of matrices
(o), o € ¥, lie in an extension of F generated by the entries of U and {p; : [ € [n]},
i.e., by at most 72 +n elements. But since the entries of matrices (o), o € ¥, form an

k(o

algebraically independent set over F, the total number Y _y, r™(@)*1 of such entries is

at most 7% + n. Therefore, the number of queries n is at least Y o r™@+1 —p2 O

One may wonder whether a learning algorithm could do better over a specific
field F by exploiting particular features of that field such as having zero characteristic,
being ordered, or being algebraically closed. In this setting, we have the following

lower bound.

Theorem 25. Let F be a fized but arbitrary field. Any exact learning algorithm that
learns the class of F-multiplicity tree automata of dimension at most r, over a ranked

alphabet (3,1k) that has rank m and contains at least one unary symbol, must make
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number of queries at least

1 rk(o)+1 2
omt1 <ZT’ I

oceEY

Proof. Without loss of generality, we can assume that r is even and can, therefore,
define a natural number n := r/2. Let L be an exact learning algorithm for the
class of F-multiplicity tree automata of dimension at most r, over a ranked alphabet
(3, k) of rank m such that k' ({1}) # 0. We will identify a class of functions C such
that L has to make at least Y _y, n™®*1 —n? —p queries to distinguish between the
members of C.

Let 09,01 € X be a nullary and a unary symbol, respectively. Let P € F™*™ be
the permutation matrix corresponding to the cycle (1,2,...,n). Define S to be the

set of all F-multiplicity tree automata (2n, X, i, y) where:
e i(og) =[1 0]®eq and p(o1) = [ ® P;

e For each k-ary symbol o € 2\ {09, 01}, there exists B(o) € F*"*" such that

®k

u(a)z[l 1}@ - B(o) | ;

e v=[10"®e.

We define a set of recognisable tree series C := {||A|| : A € S}.

In Lemma [20] we state some properties of the functions in C. Specifically, we show
that the coefficient of a tree ¢t € Ty, in any series f € C fundamentally depends on
whether ¢ has zero, one, or at least two nodes whose label is not og or ¢,. Here for

every i € Ny and t € T, we use o} (t) to denote the tree o1(o1(...01(1)...)).
—_——
i

Lemma 26. The following properties hold for every f € C and t € Tx:
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(i) Ift = ol(oy) where j € {0,1,...,n — 1}, then f(t) =1 if j =0 and f(t) =0

otherwise.

(i) If t = ol(o(0™(00),...,0%(00))) where k € {0,1,...,m}, 0 € %\ {00,01},

and j iy, ... i € {0,1,...,n — 1}, then f(t) = B(0)@+ir,...14ix),(14n—j) mod n-

(i) 1 X ex ooy #o(t) = 2, then f(t) =0,

Proof. Let A= (2n,%, u,7) € S be such that || A|| = f. First, we prove property (i).
Using Equation (2.2]) and the mixed-product property of Kronecker product, we get

that

(0 (00)) = p(oo) - p(on)’ = ({1 01 ®el) (L,® Pl) = [1 0} ®e P’ (3.12)

and therefore

F(o3(00)) = n(o(00)) -7 = ([1 o} @elpf) . ([1 o]Te@eI)

({1 0} : [1 o} T) ® (e1P? €] ) = ejpr €. (3.13)

If 7 = 0 then the expression of (3.13) is equal to 1, otherwise the expression of ([3.13)

is equal to 0. This completes the proof of property (i).

Next, we prove property (ii). By the mixed-product property of Kronecker product

and Equations (12.2)), (2.4]), and (3.12), we have

Rk



Rk

) (M[l 1])@ Quiten- | " | o || wer

(1
_ { 1o ®elpw. ))-(mpﬂ‘)

|
([ #)o (G o)

= [1 1} (B(0)(14i1,14in): - P7) (3.14)

&

® <[ ]®P) HIEIRaT

and therefore, using the fact that P" = I,,, we get that

[ } )(1+i1 ..... T4ig),: Pj)) e

F(oi(o (0l (00),... o (
( O] ) ® (B(0)(4irsitin). - PP €]
Bl(o
B

(0) (1 ip o1 i) (elpnij)T

( )(1—1—11 ..... 1+ix),(14+n—7) mod n-

Lastly, we prove property (iii). If Zaez\{aom} #,(t) > 2, i.e., t has at least two
nodes whose label is not oy or oy, then there exists a subtree o’(t1, ..., tx) of t where
k>1,0 € X\ {o1}, and 3 5\ (9,01} #o(ti) = 1 for some i € [k]. It follows from
Equation that u(t;) = [1 1] ® a for some a € F*™. By the mixed-product

property of Kronecker product and Equation (2.4)), we have

k I,
plo'(ty, . te)) = (@u(tj)> : [1 1] ® - B(o')

—I,
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Rk

k
I,
=1 1|®|Qut) B(o")
j=1 -1,
k In
1o |® | n) B(o') | = 0],
Jj=1 _]n

Since o’ (t1,...,1;) is a subtree of ¢, we now have u(t) = 05, and thus f(t) =0. [

Remark 27. As P* = I,, we have that u(oy)" = Is,. Thus for every f € C,
ke{0,1,....m}, 0 € Bp\{00,01}, and j,i1,... i, € Ny, it holds that f(c)(c0)) =

f(o1 ™" (00)) and

(o1 (0(0 (00), .., 07" (00)))) = f(of ™" (o (07 ™" (00), ..., o7 ™" (00))))-

Returning to the proof of Theorem let us run the learning algorithm L on a
target f € C. Lemma [26] (i) and Remark [27|imply that when L makes a membership
query on a tree t = o} (0g) where j € Ny, the Teacher returns 1 if j mod n = 0 and
returns 0 otherwise. Furthermore, by Lemma [26| (iii), when L makes a membership
query on ¢ € Ty such that Y- o\, ..y #o(t) = 2, the Teacher returns 0. In these
cases, L does not gain any new information about f since every function in C is
consistent with the values returned by the Teacher.

When L makes a membership query on a tree t = o (o (0l (0y),. .., (00))),
where k € {0,1,...,m}, 0 € ¥\ {00,001}, and j,i1,. .., i, € No, the Teacher returns
an arbitrary number from the field F if the value f(t) is not already known from an

earlier query. It follows from Lemma [26] (ii) and Remark 27] that L thereby learns the
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entry

B(U)(l-i-(il mod n),...,14(ix mod n)),(14+n—75) mod n-

When L makes an equivalence query on a hypothesis h € C where h # f, the
Teacher finds some entry B (0)(i1,,,,7ik),j that L does not already know from previous
queries and returns the tree o1 7" (a(0* 7 (0y), ..., 0% (00))) as counterexample.

With each query, the Learner L learns at most one entry of a matrix B(c) where
o € ¥\ {00,01}. The number of queries made by L on target f is, therefore, at
least the total number of entries of matrices B(o) for all o € ¥\ {0¢,01}. The latter

number is equal to

1 1
rk(o)+1 . rk(o)+1 __ . rk(o)+1 .2
S s gl S e (),

UGE\{O‘Q,O’l} O’GE\{GQ,O’:{} ceY
This completes the proof. n

The lower bounds of Theorem [24! and Theorem [25| are both linear in the target
automaton size. Note that when the alphabet rank is fixed, the lower bound for
learning over a fixed field (Theorem is the same, up to a constant factor, as for
learning over an arbitrary field (Theorem .

Assuming a Teacher that represents counterexamples as succinctly as possible
(see for details), the upper bound of algorithm LMTA from Theorem is

quadratic in the target automaton size and, therefore, also quadratic in the lower

bound of Theorem [24]

3.7 Conclusion

In this chapter, we characterised the query and computational complexity of learning

multiplicity tree automata in the exact learning model. We gave the first-known lower
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bound on the number of queries needed by any exact learning algorithm to learn a
target recognisable tree series. This bound is linear in the size of a smallest multi-
plicity tree automaton recognising the series. We also gave a new learning algorithm
whose query complexity is quadratic in the size of a smallest automaton recognising
the target tree series and linear in the size of a largest DAG counterexample pro-
vided by the Teacher. With regard to computational complexity, we showed that the
problem of deciding equivalence of multiplicity tree automata is logspace equivalent
to polynomial identity testing.

The algebraic theory of recognisable word series, notably the connection to finite-
rank Hankel matrices, generalises naturally to recognisable tree series and underlies
many of the approaches to learning tree automata, including the present chapter (see
for more details). In the case of trees, however, the issue of succinctness of
automaton and counterexample representations comes to the fore. As we have noted
in Example [3] the smallest counterexample to the equivalence of two tree automata
may be exponential in their total size. Therefore, in order to obtain even a polynomial
query complexity, our learning algorithm works with a succinct representation of
trees in terms of DAGs. The assumption of a Teacher that provides succinct DAG
counterexamples is reasonable in light of the fact that the algorithm of |Seidl [1990] for
deciding equivalence of multiplicity tree automata can easily be modified to produce
DAG counterexamples of minimal size in case of inequivalence.

The issue of succinctness of automaton representations seems to be more subtle
and has not been addressed here. Indeed, in this chapter we have used the standard
definition of automaton size, in which an automaton with n states and maximum

1 Adopting a sparse encoding

alphabet rank m necessarily has size at least n™
of the transition matrices may result in an exponentially more succinct automaton
representation. For instance, tree automata recognising parse trees for a context-free

grammar can in general have large maximum alphabet rank m but few transitions.
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However, it seems a difficult problem to efficiently learn an automaton of minimal
size under a sparse representation of transition matrices. In this regard, note that
two different MTAs recognising the same tree series, both with a minimal number
of states, can have considerably different sizes under a sparse representation since
minimal MTAs are only unique up to change of basis.

One route to obtaining succinct automaton representations in the case of alpha-
bets of unbounded rank is to use the encoding of unranked alphabets into binary
alphabets presented by |Comon et al.|[2007] and Bailly et al.| [2010]. Such an encoding
would potentially allow to use our learning algorithm to learn recognisable tree series
over an arbitrary alphabet ¥ (including even unranked alphabets) while maintaining
hypothesis automaton and Hankel matrix over a binary alphabet. Note though that
if the algorithm were required to present its hypotheses to the Teacher as automata
over the original alphabet 32, then it would need to translate automata over the binary
encoding to corresponding automata over »—potentially leading to an exponential
blow-up.

With regard to applications of tree-automaton learning algorithms to other prob-
lems, we recall that Beimel et al.| [2000] apply their exact learning algorithm for
multiplicity word automata to show exact learnability of certain classes of polynomi-
als over both finite and infinite fields. |Beimel et al. [2000] also prove the learnability
of disjoint DNF formulae (i.e., DNF formulae in which each assignment satisfies at
most one term) and, more generally, disjoint unions of geometric boxes over finite
domains.

The learning framework considered in this chapter concerns multiplicity tree au-
tomata, which are strictly more expressive than multiplicity word automata. More-
over, our result on the computational complexity of equivalence testing for multiplicity
tree automata shows that, through equivalence queries, the Learner essentially has an

oracle for polynomial identity testing. Thus a natural direction for future work is to
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seek to apply our algorithm to derive new results on exact learning of other concept
classes, such as propositional formulae and polynomials (both in the commutative and
noncommutative cases). Particularly relevant to this direction is the work of Klivans
and Shpilka| [2006] on exact learning of algebraic branching programs and arithmetic
circuits and formulae, which relies on rank bounds for Hankel matrices of polynomials
in noncommuting variables, obtained by considering a generalised notion of partial
derivative. Here one could try to determine whether the extra expressiveness of tree
series can be used to show learnability of more general classes of formulae and circuits
than have hitherto been handled using learnability of word series.

Sakakibara, [1990] showed that context-free grammars (CFGs) can be learned effi-
ciently from their structural descriptions in the exact learning model, using structural
membership queries and structural equivalence queries. Specifically, Sakakibara notes
that the set of structural descriptions of a context-free grammar constitutes a rational
tree language, and thereby reduces the problem of learning a context-free grammar
from its structural descriptions to the problem of learning a tree automaton. Given
the important role of weighted and probabilistic CFGs across a range of applications
including linguistics, a natural next step would be to apply our algorithm to learn
weighted CFGs. The idea is to reduce the problem of learning a weighted context-free
grammar using structural membership queries and structural equivalence queries to
the problem of learning a multiplicity tree automaton in the exact learning model.
The basis for applying our algorithm in this setting is the fact that the tree series
that maps unlabelled derivation trees to their total weights under a given weighted

context-free grammar is recognisable.
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Chapter 4

Minimization of Multiplicity Tree

Automata

Abstract

In this chapter, we consider the problem of minimizing the number of
states in a multiplicity tree automaton over the field of rational numbers.
We give a minimization algorithm that runs in polynomial time assum-
ing unit-cost arithmetic. We also show that a polynomial bound in the
standard Turing model would require a breakthrough in the complexity of
polynomial identity testing by proving that the latter problem s logspace
equivalent to the decision version of minimization. The developed tech-
niques also improve the state of the art in multiplicity word automata: we

giwe an NC algorithm for minimizing multiplicity word automata.

Finally, we consider the minimal consistency problem: does there exist
a multiplicity automaton with a given number of states that is consistent
with a given finite sample of weight-labelled words or trees? We show that,
over both words and trees, this decision problem is interreducible with the

problem of deciding the truth of existential first-order sentences over the
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field of rationals—whose decidability is a longstanding open problem.

This chapter is based on the material originally published as an extended

abstract in [Kiefer et al., |2015] and a full version in [Kiefer et al.).

4.1 Introduction

Minimization is a fundamental problem in automata theory, closely related to both
learning and equivalence testing. In this chapter we analyse the complexity of min-
imization for multiplicity automata, i.e., weighted automata over a field, introduced
in Chapter 2 Minimization of multiplicity and weighted automata has numerous
applications including image compression [Albert and Kari, 2009] and reducing the
space complexity of speech recognition tasks [Mohri et al., 1996, [Eisner, 2003].

We take a comprehensive view, looking at multiplicity automata over both words
and trees and considering both function and decision problems. We also look at the
closely-related problem of obtaining a minimal automaton consistent with a given
finite set of observations. We characterise the complexity of these problems in terms
of arithmetic and Boolean circuit classes. In particular, we give relationships to
longstanding open problems in arithmetic complexity theory.

The minimization problem for multiplicity word automata has long been known to
be solvable in polynomial time (in the Turing model) [Schiitzenberger| (1961, Tzeng),
1992]. In this chapter, we give a new procedure for computing minimal word automata
and thereby place minimization in NC, improving also on a randomized NC procedure
of [Kiefer et al. [2013]. We recall that NL. C NC C P, where NC comprises those
languages having L-uniform Boolean circuits of polylogarithmic depth and polynomial
size, or, equivalently, those problems solvable in polylogarithmic time on parallel

random-access machines with polynomially many processors.

82



By comparison, it is known that minimizing deterministic word automata is NL-
complete |[Cho and Huynhl |1992], while minimizing nondeterministic word automata
is PSPACE-complete |Jiang and Ravikumar, |1993]. The latter result shows, in par-
ticular, that the bounds obtained in this chapter over ) do not apply to weighted
automata over an arbitrary semi-ring, because nondeterministic automata can be
viewed as weighted automata over the Boolean semi-ring.

Over trees, we give what is (to the best of our knowledge) the first complexity
analysis of the problem of minimizing multiplicity automata. We present an algorithm
that minimizes a given multiplicity tree automaton A in time O (| A[* - ), where |A|
is the size of A and r is the maximum alphabet rank, assuming unit-cost arithmetic.
This procedure can be viewed as a concrete version of the construction of a syntactic
algebra of a recognisable tree series by [Bozapalidis [1991]. We thus place the problem
within PSPACE in the conventional Turing model, since a polynomial-time decidable
problem in the unit-cost model lies in PSPACE [see, e.g., Allender et al., [2009].

We are moreover able to precisely characterise the complexity of the decision
version of the minimization problem, showing that it is logspace equivalent to the
arithmetic circuit identity testing (ACIT) problem, commonly also called the poly-
nomial identity testing problem. Obtaining this complexity bound requires departing
from the framework of Bozapalidis [1991]. In Chapter [3| we reduced equivalence test-
ing of multiplicity tree automata to ACIT; the advance here is to reduce the more
general problem of minimization also to ACIT.

Lastly, we consider the problem of computing a minimal multiplicity automaton
consistent with a finite set of input-output behaviours. This is a natural learning
problem whose complexity for deterministic finite automata was studied by |Gold
[1978], who showed that the problem of exactly identifying the smallest deterministic
finite automaton consistent with a set of accepted and rejected words is NP-hard. For

multiplicity word automata over the field Q, we show that the decision version of this
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problem, which we call the minimal consistency problem, is logspace equivalent to the
problem of deciding the truth of existential first-order sentences over the structure
(Q,+,+,0,1), a longstanding open problem [see Poonen|, [2003]. We observe that, by
contrast, the minimal consistency problem for multiplicity word automata over the
field R is in PSPACE, and likewise for multiplicity tree automata over R that have

a fixed alphabet rank.

4.2 Related Work

Based on a generalisation of the Myhill-Nerode theorem to trees, one obtains a pro-
cedure for minimizing deterministic tree automata that runs in time quadratic in
the size of the input automaton |[Brainerd, [1968| Carrasco et al., 2007]. There have
also been several works on minimizing deterministic tree automata with weights in a
semi-field (i.e., a semi-ring with multiplicative inverses). In particular, Maletti| [2009]
gives a polynomial-time algorithm in this setting, assuming unit cost for arithmetic
in the semi-field.

In the nondeterministic case, (Carme et al.| [2003] define the subclass of residual
finite nondeterministic tree automata. They show that this class expresses the class
of regular tree languages and admits a polynomial-space minimization procedure.

Recently, Balle et al.| [2015] showed that, for any multiplicity word automaton
computing an absolutely convergent series, there is a canonical minimal automaton
whose forward-backward (rank) factorization of the Hankel matrix H coincides with
the rank factorization H = (UD/?)(V D'2)T induced by the singular value decom-
position H = UDV . Moreover, they give an approximate minimization algorithm
based on truncating the canonical automaton. This approximate-minimization ap-
proach was generalised to tree automata by Rabusseau et al.| [2016], who showed

that any multiplicity tree automaton computing a function that satisfies a strong
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convergence property has a canonical minimal automaton whose forward-backward

factorization coincides with the rank factorization induced by the SVD of H.

4.3 Row and Column Spaces

Given a field F and a set S C F", we use (S) to denote the vector subspace of F"
that is spanned by S, where we often omit the braces when denoting S. We think of
vectors in F" as column vectors.

For the remainder of this section, let F be either the field of rationals Q or the
field of reals R. Let A be an m x n matrix with entries in F. The row space of A,
written as Row(A), is the subspace of F**" spanned by the rows of A. The column
space of A, written as Col(A), is the subspace of F™*! spanned by the columns of A.
That is, Row(A4) = (v" - A: v € F™) and Col(A) = (A -v : v € F").

The following Lemmas contain some basic results about row and column

spaces that we will use in this chapter.

Lemma 28. Let Ay, Ay be matrices such that Row(A;) C Row(As). For any matriz B

such that Ay - B (and thus also Ay - B) is defined, we have that
ROW(Al : B) g R,OW(AQ : B)

Proof. Suppose A; € F™*"™ and Ay, € F™*", For every vector v; € F"™ it holds
that v/ - A; € Row(4;) C Row(Ay). Hence, there exists a vector vy € F™2 such that

v] - Ay = vy - Ay. Thus
Row(A; - B) = (v] - A;-B:v, € F™) C (v, - Ay - B : vy € F™) = Row(A; - B),

which completes the proof. n
Lemma 29. For any matriz A € F™™ it holds that Row(AT A) = Row(A).
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Proof. For any v € F" such that (AT A)v = 0,, we have

(Av)TAv = v"ATAv = v'0, = 0,

and hence Av = 0,,. Conversely, for any v € F" with Av = 0,,, we have (AT A)v = 0,,.
Therefore, matrices A and AT A have the same null space and hence the same row

space. ]

Lemma 30. Let Ay, Ay, By, By be matrices of dimension nqy X m, no X m, m X ng,

m X ny, respectively. If Row(A;) = Row(Ay) and Col(By) = Col(Bs), then

rank(A; - By) = rank(Asy - Bs).

Proof. By definition of rank as the dimension of row or column space, we have

rank(A; - By) = dim (v - A, - By : v € F™)
= dim (v" - Ay - By :v € F™)  (using Row(A;) = Row(Ay))
=dim (Ay- By -v:v € F")
=dim (As - By-v:v € F™) (using Col(B;) = Col(Bsy))

= rank(As - By).

This completes the proof. n

4.4 Fundamentals of Minimization

In this section, we prepare the ground for minimization algorithms. Let us fix a field
for the rest of this section and assume that all automata are over F. We also fix an
MTA A = (n, %, u,7) for the rest of the section. We will construct from A another

MTA A which we show to be equivalent to A and minimal. A crucial ingredient for
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this construction are special vector spaces induced by A, called the forward space

and the backward space.

4.4.1 Forward and Backward Space

The forward space F of A is the (row) vector space F := (u(t) : t € T%) over F.
The backward space B of A is the (column) vector space B := (u(c) - v : ¢ € Cyx)
over F. The following Propositions 31| and |32 provide fundamental characterisations

of F and B, respectively.
Proposition 31. The forward space F has the following properties:

(a) The forward space F is the smallest vector space V' over F such that for all

k €Ny, vi,...,us €V, and o € Xy it holds that (v ® -+ @vy) - u(o) € V.
(b) The set of row vectors {u(t) : t € TS"} spans F.

Proof. We start by proving result (a). Here we first show that F has the closure
property stated in (a). To this end, let us take any k& € Ny, vy,...,v, € F, and

o € Y. By definition of F, for every i € [k] we can express vector v; € F as

m;
_ Z i (4
Vi = aji’u(tji)
Ji=1
for some integer m; € N, scalars o, . .. ,afm € F, and trees t!, ... ,tini € Ty. From

here, using bilinearity of Kronecker product we get that

(0 ® @) - (o) = ((Z a;1u<t;1>> ® - ® (Z a;:u(t;z))) (o)

J1=1 Jr=1

=D S a ek (ut)) © @ pu(th)) - u(o)

ji=1 Jr=1

mi my
=SS alak (ot th)).

Ji1=1 Jr=1
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Since F is a vector space, the above equation implies that (v ® - -+ ® vy) - u(o) € F.

Let V' be any vector space over [F such that for all £ € Ng, vy,...,v, € V, and
o € ¥ it holds that (v; ® -+ ®@ vg) - (o) € V. We claim that F C V. To prove
this, it suffices to show that u(t) € V for every t € Ty Here we give a proof by
induction on height(t). The base case t € ¥ is trivial. For the induction step, let
h € Ny and assume that pu(t) € V for all t € T5". Take any t € To™. Then, t =
o(ty,... tg) for some k > 1, 0 € ¥, and tq,...,t; € Tgh. The induction hypothesis
now implies that pu(t1),...,u(tx) € V. By the choice of V', we therefore have that
pu(t) = (u(t) ® - @ u(ty)) - u(o) € V. This completes the proof by induction.

The proof of result (b) follows from [Seidl, 1990, Main Lemma 4.1]. O

Proposition 32. Let S C Ty, be a set of trees such that {u(t) : t € S} spans F. The

backward space B has the following properties:
(a) The backward space B is the smallest vector space V' over F such that:
(P1) v e V.
(P2) For everyv € V and c € Cy, g it holds that p(c)-v € V.
(b) The set of column vectors {u(c) - v : c € C5s} spans B.

Proof. First, we prove result (a). We have that v = p(0) - v € B, hence B satisfies
property (P1). To see that B satisfies property (P2), let us take any v € B and

cE C’i g- By definition of B, vector v can be expressed as

v = Z%'M(Ci) -y
i=1

for some integer m € N, scalars a, ..., q,, € F, and contexts ¢y,...,¢, € Cx. Thus

by bilinearity of matrix multiplication and Equation ([2.5)) we have

p(c) v =pc) - (Z a; - p(ci) -v) = Z a; - (ple) - plc) - v) = Za - puleile]) -,



which implies that p(c) - v € B since B is a vector space. Therefore, B satisfies
properties (P1) and (P2).

Let now V' be any vector space over F satisfying properties (P1) and (P2). In order
to show that B C Vit suffices to show that u(c) -~y € V for every ¢ € Cx.. We prove
the latter result using induction on the distance between the root and the O-labelled
node of ¢. For the induction basis, let the distance be 0, i.e., ¢ = O. Then we have
u(c)-y =~ € V by property (P1). For the induction step, let h € Ny and assume that
u(c)-y € Vforall c € OF". Take any ¢ € C2F!. Let ¢ € CF and ¢’ € C& be such that
c = "[¢]. Without loss of generality we can assume that ¢ = o(0, 7y, ...,7;) where
k>1,0¢€3, and 7o,..., 7 € Tx. Since F = (u(t) : t € S), for every i € {2,... k}
there is an integer m; € N, scalars of,...,al, € F, and trees ¢{,...,t,, € S such

ms;

that
p(r) = Y ol
Ji=1

From here, using bilinearity of Kronecker product, it follows that

ple) -y = () - pu(c") v

= (I @ (1) @ -+~ @ p(m) ) (o) - pulc”) -y

= (In ® <22 aiu(@)) ® - ® <Zk ozﬁiu%))) (o) - pu(c”) -

Jo=1 Jrk=1

= 22&3204;1 . (]n®,u(t§2) ®...®N(t§k)) M(U) '[L(CH) y

=YY ak ek ({0 ) ()

where we note that o(0,¢%,,...,t% ) € Cy, 5 for every jy € [ma], ..., jx € [my]. More-

over, we have pu(c”) -~y € V by the induction hypothesis. Thus by property (P2) we

have p(o (0,2, ..., t5)) - u(c") -y € V for every jo € [mal, ..., jx € [my]. Since V is

7720 7 Ik
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a vector space, we conclude that p(c) - v € V. This completes the proof of result (a)
by induction.

We denote by Cy. g the set of all ¢ € Cs, where every subtree of c is an element of S.
It follows easily from part (a) that (u(c)-7v:c € Cyxg) = Bsince (u(c) -y :c € Cxg)
satisfies properties (P1) and (P2). Thus in order to prove result (b), it suffices to
show that the set {yu(c)-v:c € C5} spans (u(c) -7 : c € Cy ). We show this using
an argument that was similarly given, e.g., by [Paz [1971]. If 7 is the zero vector 0,
the statement is trivial. Let us now assume that v # 0,,. For every i € N, we define
the vector space B' := (u(c) - v : ¢ € C5') over F. Since B is a subspace of B! for

every ¢ € N, we have
1 < dim(B') < dim(B?) < --- < dim(B"™) < n, (4.1)

where the first inequality holds because v # 0,,, and the last inequality holds because
B C F" for all i € N. Not all inequalities in the inequality chain can be strict,
so we must have B = BT! for some iy € [n]. We claim that B* = B! for all i > ig.
We give a proof by induction on i. The base case ¢ = 7¢ holds by definition of iy. For
the induction step, let i > iy and assume that B¢ = B**!1. Note that, by definition, for
all j € N we have B/ = (y,u(c) - B’ : ¢ € Cf 5). Using this result for j € {i,i + 1},

we obtain:
B = (y,ulc) B iceChg) = (v,ulc) - Bt :icelyg) = B*?

where the middle equation holds by the induction hypothesis. This completes the
proof by induction, and we thus conclude that B! = B! for all i > (. Since n > i,
it follows that B" = (>, Bi. Since (B');cy is an increasing sequence of vector spaces,

we have B" = |,y B' = (u(c) - v : ¢ € Cx 5) as required. O
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4.4.2 A Minimal Automaton

We recall that F is the forward space and B is the backward space of the automaton A.
Let F' and B be matrices whose rows and columns, respectively, span F and B. That
is, Row(F') = F and Col(B) = B. We discuss later (Section how to efficiently
compute F' and B. The following lemma states that rank(F - B) is the dimension of

a minimal automaton equivalent to A.
Lemma 33. A minimal automaton equivalent to A has m := rank(F - B) states.

Proof. Let H be the Hankel matrix of ||A||. Define the matrix F € F7=*[" where
Fy. = p(t) for every t € Ty, Define the matrix B € F*Cs where B.. = u(c) - v for

every ¢ € Cy. For every t € Ty, and ¢ € Cx, we have by the definitions that

Hyo = || All(clt]) = p(clt]) -y = pu(t) - p(c) - v = Fr.» Bic

hence H = F - B. Note that

Row(F') = F = Row(F) and Col(B) = B = Col(B). (4.2)
We now have:
rank(H) = rank(F - B) = rank(F - B) = m,

where the second equality holds by (4.2) and Lemma . Theorem 4| thus implies

that a minimal automaton equivalent to A has rank(H) = m states. O

Since m = rank(F' - B), there exist m rows of F'- B that span Row(F - B). The
corresponding m rows of F' form a matrix £ € F™*" with Row(F - B) = Row(F - B).

Define a multiplicity tree automaton A = (m, %, fi,7) with 4 = F. ~v and

ji(0) - F-B=F%.u(0)-B  forevery o € % (4.3)
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We show that A minimizes A:

Proposition 34. The MTA A is well-defined and is a minimal automaton equivalent

to A.

Before giving a full proof of Proposition [34] later in this subsection, we now prove
this result for multiplicity word automata, stated as Proposition below, which
will be used in Section [£.5.2] The main arguments for the tree case are similar, but
slightly more involved.

Let A = (n,%, u,a,y) be an MWA. The forward and backward space can then
be written as F = (a - p(w) : w € £*) and B = (u(w) -y : w € ¥*), respectively. The
MWA A can be written as A = (m, %, fi, &,7) with 4 = F -,

a-F-B

a- B, and (4.4)

jilo) - F'- B

I
b

(o) - B for every o € X. (4.5)

Proposition 35. The MWA A is well-defined and is a minimal automaton equivalent

to A.
First, we show that A is a well-defined multiplicity word automaton:

Lemma 36. There exists a unique vector & satisfying Equation (4.4). For every

o € X, there exists a unique matriz fi(o) satisfying Equation (4.5)).

Proof. Since the rows of F - B form a basis of Row(F - B), it suffices to prove that
a-B € Row(F-B) and Row(F-ju(c)-B) C Row(F-B) for every o € . By Lemma,
it further suffices to prove that o € Row(F) and Row(F - u(c)) C Row(F) for every
o€

We have o = o - u(e) € F = Row(F). Let i € [m]. Since F;, € Row(F) = F, it

follows from Proposition 31| (a) that (F - ju(0));. = Fi. - p(o) € Fforall o € ©. [

We complete the proof of Proposition [35| by showing that MWA A minimizes A:
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Lemma 37. The automaton A is a minimal MWA equivalent to A.

Proof. We claim that for every w € ¥*,

a-fi(w)-F-B=a-pu(w)-B. (4.6)
Our proof is by induction on |w|. For the base case w = ¢, we have
a-fe)-F-B=a-F-B™ . B—a. ue) B.

For the induction step, let [ € Ny and assume that (4.6]) holds for every w € X!, Take
any w € X! and ¢ € ¥. For every b € B = Col(B) we have by Proposition [32] (a) that
u(o) - b € B, and thus by Equation (2.1) and the induction hypothesis for w € ! it

follows

G- fi(wo) - Fb=a-iw)- o) F-b" Ve pw) - B p(o) b

which completes the proof by induction.

Now for any w € ¥*, since v € B we have
= ~ o~ ~ ~ o~ Eq. (4.6)
Al (w) = fw) 5 =a - aw) - Py B )y = [ 4] (w).

Hence, MWAs A and A are equivalent. Minimality of A follows from Lemma . H

We are now ready to prove Proposition [34]in its full generality. The proof is split
in two lemmas, Lemmas [38] and [39] which together imply Proposition 34 First, we

show that A is a well-defined multiplicity tree automaton:

Lemma 38. For every o € Xy, there exists a unique matrixz fi(o) satisfying Equa-
tion (4.3)).
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Proof. Since the rows of F' - B form a basis of Row(F - B), it suffices to prove that
Row(F®* . u(o) - B) € Row(F - B).

By Lemma , to do this it suffices to prove that Row(F®* - u(0)) C Row(F). Let us

therefore take an arbitrary row (F®* - u(0)) g, i) of ¥ u(o), where (i1, ..., i) €

.....

Ea. @3) ~ >

(F®k : M<0->)(7/1 ~~~~~ i)y — (F®k)(i1 ----- i), :u(a-) = (ELI Q- Fikﬁ) : M(O-)
Since F, ., ..., F;,. € Row(F) C Row(F) = F, by Proposition [31| (a) we have that

(le,; R ® Ek) - (o) € F. Therefore, (F@’k 1(0)) (i1, in): € F = Row(F). O

Next, we show that MTA A minimizes A:

Lemma 39. The automaton A is a minimal MTA equivalent to A.

Proof. First we show that for every t € Tk,
a(t) - F - B=u(t) - B. (4.7)

Our proof is by induction on height(t). The base case t = o € ¥ follows immediately
from Equation (4.3). For the induction step, let h € Ny and assume that (4.7) holds
for every t € ngh. Take any tree t € To™. Then t = o(t,...,1;) for some k > 1,

o€ X, and ty,...,t; € Tgh. Using bilinearity of Kronecker product we get that

i(t)- F-B=(i(ty) ®-- @ t)) - i) - F- B
= (i) ® -+ @ fit)) - F** - p(o) - B by Eq.
= ((A(t)F) @ -+ @ (@(tx) F)) - o) - B by Eq.



Since Row(F) C F, for every i € {2,...,k} it holds that fi(t;,)F € F. Since I, =

w(0) € F, we now have that (I, ® (a(t2)F) ® -+ @ (u(tx)F)) - u(o) - B € B by

Proposition [32( (a). Thus by the induction hypothesis for ¢; € T. ;h, we have

Then by bilinearity of Kronecker product, we get that fi(t) - F - B is equal to

(it E) - (u(t1) @ -+ @ p(t)) ® I, @ (jiltiy2) F) @ -+ @ (i(ty) F)) - p(o) - B.

Here (pu(t1) @---@u(t) @ L, @ (A(ti42) F) @ - - - @ (fi(ty) F)) - (o) - B € B by the same

reasoning as above. The induction hypothesis for ¢;,; € TESh now implies

i(t)-F-B

= pu(tisr) - () @ -+~ @ pltt) ® L @ (its2) F) @ -+ @ (A(th) F)) - p(o) - B

ft) - F- B = (u(t) @--- @ p(ty)) - plo) - B=p(t) - B.

This completes the proof of (4.7) by induction.
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Now since v € B, for every t € Ty, we have
7 ~ ~ ~ - Eq. (4.7)
AN = it -5 = () - B -7 5D ey -y = Al 0.

Hence, MTAs A and A are equivalent. Minimality follows from Lemma n

As stated in Theorem [5] all equivalent minimal MTAs are equal up to a change of
basis. Thus the MTA A is “canonical” in the sense that any minimal MTA equivalent
to A can be obtained from A via a linear transformation: any m-dimensional MTA
A" = (m, %, [i',%) is equivalent to A if and only if there exists an invertible matrix

U € F™" such that 3" = U -§ and ji'(0) = U™ - fi(o) - U for every o € .

4.4.3 Spanning Sets for the Forward and Backward Spaces

The minimal automaton A from Section [4.4.2]is defined in terms of matrices F and B
whose rows and columns span the forward space F and the backward space B, respec-
tively. In fact, the central algorithmic challenge for minimization lies in the efficient
computation of such matrices. In this section we prove a key result, Proposition [40]
below, suggesting a way to compute F' and B, which we exploit in Sections
and [4.6

Propositions and and their proofs already suggest an efficient algorithm
for iteratively computing bases of F and B. We make this algorithm more explicit
and analyse its unit-cost complexity in Section [£.5.1] The drawback of the resulting
algorithm will be the use of “if-conditionals”: the algorithm branches according to
whether certain sets of vectors are linearly independent. Such conditionals are ill-
suited for efficient parallel algorithms and also for many-one reductions. Thus it
cannot be used for an NC-algorithm in Section nor for a reduction to ACIT in
Section

The following proposition exhibits polynomial-size sets of spanning vectors for F
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and B, which, as we will see later, can be computed efficiently without branching. The
proposition is based on the product automaton A x A, introduced in Section [2.3.3] It
defines a sequence (f(1));en of row vectors and a sequence (b(1));en of square matrices.
Part (a) states that the vector f(n) and the matrix b(n) determine matrices F' and B,
whose rows and columns span F and B, respectively. Part (b) gives a recursive
characterisation of the sequences (f(1));en and (b(1));en. This allows for an efficient

computation of f(n) and b(n).

Proposition 40. Let X have rankr. Let MTA Ax A = (n*, %, 1/, v®?) be the product
of A by A. For everyl € N, define

f) = Z (1) € B and b(l) = Z 1l (c) € X

teTyst ceCst

(a) Let F € F™™ be the matriz with F;; = f(n) - (e; @ e;)" for all i,j € [n]. Let
B € F™™ be the matriz with B, j = (€; ® ¢;) - b(n) - v®2 for all i,j € [n]. Then,
Row(F') = F and Col(B) = B.

(b) We have f(1) =) cx, #'(0) and b(1) = L2. For alll € N, it holds that

FU+1)=> FO) > #(0), and

b(l+1) =TI+ ) Z (FmPI) @ b(1) @ F(n)°4) 3 (o).

Proof. First, we prove that Row(F') = F in part (a). Let F € FT5"xIn) be a matrix
such that ]375 = u(t) for every t € Ts". From Proposition 31 (b) it follows that

Row(F) = F. By Lemma [29| we now have Row(FTF) = Row(F) = F. Thus in

order to prove that Row(F) = F, it suffices to show that FTF = F. Indeed, using
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the mixed-product property of Kronecker product, we have for all i, 5 € [n]:

(FTF)iy=F )i (F)y= Y plt)i- pu(t);

teTs"

= X ey | - @oe)

teTs™

Prop.
2B ST W) (o) = 1) (eme)
teTs"

Next, we complete the proof of part (a) by proving that Col(B) = B. To avoid

notational clutter, in the following we write
C = C;f};n

Define a matrix B € F"*C guch that B:c = pu(c) -~ for all ¢ € C'. From Propo-
sition [32] (b) it follows that Col(B) = B. By Lemma [29| we now have Col(BBT) =
Col(é) = B. Therefore in order to prove that Col(B) = B, it suffices to show that

BBT = B. Indeed, using the mixed-product property of Kronecker product, we have

for all 4,7 € [n]:

~

(B-B")i;= (B (B").;

= (e u(e)-7) @ (e - u(c) - )
ceC
= (ei@e)) - (ule) ® p(e) - (Y ©7)
= (e ®ej) - (Z(u(@ ® u(C))> (Y®7)
ceC
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= (e; ®ej) - (Z ,LL'(C)) B2 by Proposition (7] (ii)

= (e; ®¢ej) - b(n) - v** definition of b(n)

We turn to the proof of part (b). Here we do not use the fact that we are dealing
with a product automaton. We first prove the statement on f(I). The equality
f(1) = ,ex, ' (o) follows directly from the definition. For all [ € N,

TS ={o(ty,.. ., t) :0<k<r, 0 €%y, tr,..., 1, € T} .
Thus, by bilinearity of Kronecker product, it holds that

FU+1)= > u(t)

teTs! !

XYY Y Y Wie - enm)-uio)
k=0 c€Xy t1€T2<l tkeTE<l

= dodt) )| Y ut)] ] Y H()
k=0 t1€TE<l tkETgl 0EX)

Rk

<

I
g
t\
=
]
t\
5

i
()
Z
5
YA
Q
m
™
bl

<

FOF Y W o).

k‘:O G’EEk

Finally, we prove the statement on b(l). The equality b(1) = I,,2 follows from the
definition. To avoid notational clutter we write 7' := 75" in the following. Recall

that f(n) = > e, 1/ (t). We have for all [ € N:
C;f;l = {D} U {O'(Ifl,. .. ,tjfl,Cj,thrl,. .. ,tk) ke [7"], j € [k], o€ Ek, Cj € CE<7ZT,
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tl,...,tjfl,tj+1,...,tk ET} .

Thus, using bilinearity of Kronecker product, we get that

i+ = 3 W

<l+1
CECEI

=AY X X > Wi eeu(e)

il
Il
o
Il
Il
Q
m
™M
ol
il
=
&
|
I
m
~
Y
m
Q
MA
A
+
=
i
ol
m
~

k=1 j=1 ti€T C].Ec;’lT
®® (Zﬂ(?@)) Do)
treT oEY
r k
— L+ 33 (f)I V@bl @ f() D) 3 w(o)
k=1 j=1 TEX
This completes the proof. n

Loosely speaking, Proposition says that the sum over a small subset of the
forward space of the product automaton encodes a spanning set of the whole forward

space of the original automaton, and similarly for the backward space.

4.5 Minimization Algorithms

In this section we devise algorithms for minimizing a given multiplicity automaton:
Section [4.5.1] considers general MTAs, while Section considers MWAs. For the
sake of a complexity analysis in standard models, we fix the field F = Q.

At a high level, our minimization algorithms rely on producing small spanning
sets for the forward and backward space of the input automaton. This yields a

forward-backward factorization of the Hankel matrix H, corresponding to a parts-
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based representation of the function computed by the automaton. Each multiplicity
automaton corresponding to H yields another forward-backward factorization of H.

When the multiplicity automaton is minimal, this is a rank factorization of H.

4.5.1 Minimization of Multiplicity Tree Automata

We describe an implementation of the algorithm implicit in Section and analyse
the number of operations. We consider a multiplicity tree automaton A = (n, X, u, 7).

We denote by r the rank of 3. The algorithm has three steps, as follows:

Step 1 “Forward”

The first step is to compute a matrix F' such that Row(F) = F. |Seidl [1990] outlines
a fixed-point algorithm for this, computing the smallest vector space that satisfies
certain closure properties, and proves that the algorithm takes polynomial time as-
suming unit-cost arithmetic. Based on Proposition [31] (a) we now give in Table

an explicit version of Seidl’s algorithm.

Input: Q-multiplicity tree automaton (n, X, u, )
Output: matrix ' whose rows form a basis of the forward space F
1:=0,7:=0
while ¢ < 7 do
forall o € ¥ do
forall (I1, ..., L)) € [{J™\ [i — 1]™) do
U= (Fh,: Q- & Erk(a>,:> ) ,LL(O)
ifveg (Fr.,....Fj.)
ji=J+1
F.:=v
1i=1+1
return matrix F' € Q/*"

Table 4.1: Algorithm for computing a matrix F’

Our algorithm satisfies the following properties:
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Lemma 41. The algorithm in Table returns a matrix F' € (@7*” whose rows form
a basis of the forward space F. Each row of F equals pu(t) for some tree t € TS".

The algorithm executes O (3 5_o |Sk| - n**™) operations.

Proof. The fact that the rows of F' span F follows from Proposition 31| (a). Moreover,
it is clear from the algorithm that the rows of F' are linearly independent.

A straightforward induction shows that for each row index j > 1, the row Fj.
equals p(t) for some tree t € T\ ;j . Matrix F' € Qﬁxn has full row rank, and therefore
7 < n. Hence, each row of F equals p(t) for some tree t € T5™.

It remains to analyse the number of operations. Let us consider an iteration of
the innermost “for” loop. The computation of Fj, . ® --- ® Fj, . requires O(n™))

operations (by iteratively computing partial products). The vector

v= (E1,5 Q- ® F}rk(g),Z) ’ M(O—)

k( rk(o)

is the product of a 1 x n'*(?) vector with an n X n matrix. Thus, computing v
takes O(n"™ (@)1 operations. For the purpose of checking membership of v in the
vector space F' := (Fy,,..., Fj.) it is useful to maintain a matrix F’, which is upper
triangular (up to a permutation of its columns) and whose rows form a basis of F'. To
check whether v € F' we compute a vector v’ as the result of performing a Gaussian
elimination of v against F’, which requires O(j - n) operations. If this membership
test fails, we extend the matrix F” at the bottom by row v’. This preserves the
upper-triangular shape of F’. Thus, an iteration of the innermost “for” loop takes

O(n™*(@)+1) operations. For every o € ¥, this “for” loop is executed O(n™*(?)) times.

Therefore, the algorithm executes O (3" _ |Xx| - n#**!) operations. O
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Step 2 “Backward”

The next step suggested in is to compute a matrix B such that Col(B) = B. By
Lemma [41] each row of the matrix F' computed by the algorithm in Table equals
w(t) for some tree t € T". Let S denote the set of those trees. Since Row(F) = F,
set {u(t) : t € S} spans F. Thus by Proposition[32] (a), B is the smallest vector space
V C Q" such that y € V and M -v € V for all M € M := {u(c) : c € Cy, ¢} and
v € V. [Tzeng [1992| shows, for an arbitrary column vector 7 € Q™ and an arbitrary
finite set of matrices M C Q™" how to compute a basis of V in time O(|]M| - n%).
This can be improved to O(]M|-n?) [see, e.g., |Cortes et al.,[2006]. This leads to the

following lemma:

Lemma 42. Given the matriz F € QWX” which is the output of the algorithm in
Table a matrix B whose columns form a basis of the backward space B can be

computed with O (Y ;_; |S| - (kn®* + kn**2)) operations.

Proof. Consider the computation of an arbitrary M € M := {u(c) : ¢ € C§, g}. We

have:

M =G u(o), where (4.8)

rk(o)

G=F,,®  0F . ®LoOF,, © -®F, Q" (4.9)

is such that o € ¥\ Xy, i € [tk(o)], li, ..., lim1, Lz, - - li(o) € (7).
Exploiting the sparsity pattern in matrix G as in (4.9)), the computation of the

nonzero entries of G takes O(n™(?)) operations. Exploiting sparsity again, the com-

putation of matrix M as in (4.8)) then takes O(n™(“)*1) operations. Since W <n,it

follows from (4.8) and (4.9)) that

M| €O (Z Sk - k- nk_1> .

k=1
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Thus, the number of operations required to compute M is O (Z;Zl |Xk| - K - an).

Given M, computing a basis of B takes

O(IM|-n*) =0 (Z 1Sk -k -nFL n3>
k=1

operations, using, e.g., the above-mentioned method of (Cortes et al.| [2006]. Thus, the

total operation count for computing a matrix Bis O (3;_, |Zk| - (kn* + kn**2)). O

Step 3 “Solve”

The final step suggested in Section [4.4.2] has two substeps. The first substep is to
compute a matrix F' € Q™*" with m = rank(F - B) and Row(F - B) = Row(F - B).
Such a matrix F' can be computed from F by going through the rows of F' one by
one and including only those rows that are linearly independent of the previous rows
when multiplied by B. This can be done in time O(n?), e.g., by transforming the
matrix F - B into a triangular form using Gaussian elimination.

The second substep is to compute the minimal MTA A= (m, %, ii,7). The vector
5 = F -~ is easy to compute. Solving Equation for each ji(o) can be done via
Gaussian elimination in time O(n?); however, the bottleneck is the computation of

F® . (o) for every o € %, which takes

@) (Z 15%| - nF - nf n) =0 <Z 134] -n%“)
k=0 k=0

operations. Putting together the results of this subsection, we get:

Theorem 43. There is an algorithm that transforms a given Q-MTA A = (n, 3, i, )
into an equivalent minimal Q-MTA. Assuming unit-cost arithmetic, the algorithm

takes time

o) (Z |Ek‘ . (n2k+1 + kn2k + knk+2)> ’
k=0
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which is O (JA]* - r). O

4.5.2 Minimization of Multiplicity Word Automata in NC

In this subsection, we consider the problem of minimizing a given QQ-multiplicity word

automaton. We prove the following result:

Theorem 44. There is an NC algorithm that transforms a given Q-MWA into an
equivalent minimal Q-MWA. In particular, given a Q-MWA and a number d € Ny,
one can decide in NC whether there exists an equivalent Q-MWA of dimension at

most d.

Theorem {44] improves on two results of |Kiefer et al.| [2013]. First, [Kiefer et al.
2013, Theorem 4.2] states that deciding whether a Q-MWA is minimal is in NC.
Second, [Kiefer et al., 2013, Theorem 4.5] states the same thing as our Theorem ,

but with NC replaced with randomized NC.

Proof of Theorem[/4 The algorithm relies on Propositions [35] and Let the given
Q-MWA be A = (n,%, y,«,7). In the notation of Proposition we have for all
[ € N that

b1+ 1) =L +b(1) - Y _p'(0).

ceX

From here one can easily show, using an induction on [, that for all [ € N:
-1 k
0 -3 (S
k=0 \o€%
It follows for the matrix B € Q™" from Proposition 40| that for all i, 5 € [n]:
n—1 k
Biy = (@ e)) bn) 7 = (e e - (Z (S w) ) e
k=0 oex
Note that, since A is an MWA, we have f(I) = b(l) for all [ € N. We now have for
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the matrix /' € Q"*" from Proposition 40| and all i, j € [n]:
n—1 k
Ry =a®. (z (S 4) ) (wae)
k=0  o€%

Matrices F' and B can be computed in NC since sums and matrix powers can be
computed in NC [Cook, |1985]. Next we show how to compute in NC the matrix F,
which is needed to compute the minimal Q-MWA A from Section Our NC

algorithm includes the i row of F (i.e., F},) in F' if and only if
rank(me[n} . B) > rank(F[i_l]v[n] . B).

This can be done in NC since the rank of a matrix can be determined in NC [Ibarra
et al., [1980]. It remains to compute 4 := Fy and solve Equations (#.4) and (£.5) for

& and fi(0), respectively. Both are easily done in NC. O

4.6 Decision Problem

In this section we characterise the complexity of the following decision problem: Given
a Q-MTA and a number d € Ny, the minimization problem asks whether there is an

equivalent Q-MTA of dimension at most d. We show:
Theorem 45. Minimization is logspace interreducible with ACIT.

We consider the lower and the upper bound separately.

Lower Bound

Given a Q-MTA A, the zeroness problem asks whether || A||(t) = 0 for all trees t.
Observe that ||A]|(t) = 0 for all trees ¢ if and only if there exists an equivalent

automaton of dimension 0. Therefore, zeroness is a special case of minimization.
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We observe that there is a logspace reduction from ACIT to zeroness, which
implies ACIT-hardness of minimization. Indeed, Theorem [13] states that the equiv-
alence problem for Q-MTAs is logspace equivalent to ACIT. By Proposition [7] one

can reduce this problem to zeroness in logarithmic space.

Upper Bound

We prove:
Proposition 46. There is a logspace reduction from minimization to ACIT.

Proof. Let A = (n, %, u,7) be the given Q-MTA, and let d € Ny be the given number.
In our reduction to ACIT, we allow input gates with rational labels as well as division
gates. Rational numbers and division gates can be eliminated in a standard way
by constructing separate gates for the numerators and denominators of the rational
numbers computed by the original gates.

We know from Lemma [33] that the dimension of a minimal MTA equivalent to A
is m := rank(F - B) where F' and B are matrices such that Row(F) = F and
Col(B) = B. Therefore, we have m < d if and only if rank(F - B) < d. The
recursive characterisation of F' and B from Proposition allows us to compute

in logarithmic space an arithmetic circuit for F' - B. Thus, the result follows from

Lemma 47 below. O

The following lemma follows easily from the well-known NC procedure for com-

puting matrix rank by |Csanky| [1976].

Lemma 47. Let M € Q™" and d € Ny. The problem of deciding whether rank(M) <

d is logspace reducible to ACIT.

Proof. 1t follows from the rank-nullity theorem of linear algebra that rank(M) < d if

and only if dim(ker(M)) > n — d. Since ker(M) = ker(M " M), this is equivalent to
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dim(ker(M "M)) > n — d. Matrix M "M is Hermitian, therefore dim(ker(M " M)) >
n — d if and only if the n — d lowest-order coefficients of the characteristic polynomial
of MM are all zero [Ibarra et al., [1980]. But these coefficients are representable by

arithmetic circuits with inputs from M [see Csanky), 1976]. ]

We emphasise that our reduction to ACIT is a many-one reduction, thanks to
Proposition [0} our reduction computes only a single instance of ACIT; there are no

if-conditionals.

4.7 Minimal Consistent Multiplicity Automaton

In this section we consider a passive learning framework for multiplicity automata,
where one is given a finite set of observations and the aim is to find an automaton
that fits those observations.

Formally, let F be an arbitrary field. A natural computational problem is to
compute an F-MWA A of minimal dimension that is consistent with a given finite
set of F-weighted words S = {(w1,71), ..., (Wn,m)}, where w; € £* and r; € F for
every i € [m]. Here consistency means that || Al|(w;) = r; for every i € [m].

The main result of this section concerns the computability of the above consistency
problem for the field of rational numbers. More specifically, we consider a decision
version of this problem, which we call the minimal consistency problem, which asks
whether there exists a Q-MWA consistent with a set of input-output behaviours
S C ¥* x Q and that has dimension at most some nonnegative integer bound n.

We show that the minimal consistency problem is logspace equivalent to the
problem of deciding the truth of existential first-order sentences over the struc-
ture (Q, +,-,0,1). This problem is known [see Koenigsmann| 2014] to be equivalent
to Hilbert’s Tenth Problem over Q, and its decidability is a longstanding open prob-

lem [Poonen, 2003]. This should be compared with the result that the problem of
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finding the smallest deterministic finite automaton consistent with a set of accepted
or rejected words is NP-complete |[Gold, [1978].

The reduction of the minimal consistency problem to the decision problem for
existential first-order sentences over the structure (Q,+,-,0,1) is immediate. The
idea is to represent a Q-MWA A = (n, %, p, a,y) “symbolically” by introducing
separate variables for each entry of the initial weight vector «, final weight vector ~,
and each transition matrix p(o), o € X. Then, consistency of automaton A with a
given finite sample S C ¥* x QQ can directly be written as an existential sentence.

We note in passing that the minimal consistency problem for multiplicity word
and tree automata over the field R is in like manner reducible to the problem of
deciding the truth of existential first-order sentences over the structure (R, +,-,0,1),
which is well known to be decidable in PSPACE [Cannyl, [1988] [[]

Conversely, we reduce the decision problem for existential first-order sentences
over the structure (Q, +,-,0,1) to the minimal consistency problem for Q-MWAs. In

fact, it suffices to consider sentences in the restricted form

Joy -+ 3w N\ filwr, . an) =0, (4.10)
i=1
where fi(z1,...,2,) = Z;"Zl ¢y 2k s e polynomial with rational coeffi-

cients. We can make this simplification without loss of generality since a disjunction
of atomic formulas f =0V g = 0, where f and g are polynomials, can be rewritten
to

Jr(2* —2=0Az-f=0A(1-1)-g=0).

Moreover, the negation of an atomic formula f # 0 is equivalent to 3z (z - f = 1).

'To consider this problem within the conventional Turing model, we assume that the set S of
input-output behaviours is still a subset of ¥* x Q. Of course, the dimension of the smallest MWA
consistent with a given finite set of behaviours S depends on the weight field of the output automaton.

109



V)
~

st
#i
ST

St#l

SEZ‘J
Stéi,j

STy,
Sti‘k

stt
SS
sts

oo oolof ooé? oloorlor ol
CoOo O~ OO, OORR~OR OO
—~
;H:

—_

N—

3
=
N~—

S OO OO RO OoO OO RO OoO

—
o
~—
—~
o
~—

Figure 4.1: The left figure (a) shows a Hankel-matrix fragment H, where i € [m],
J € [li], k € [n]. The right figure (b) shows a graph representation of the automaton .A.

Define an alphabet
E = {S,t} U {#i;éi,jafk ) € [m],] € [ll],k € [n]},

including symbols ¢; ; and Z, for each coefficient ¢; ; and variable y, respectively. Over
alphabet ¥ we consider the 3-dimensional Q-MWA A, depicted in Figure[d.1] (b). The
transitions in this automaton are annotated by label-weight pairs in ¥ x Q. Recall
that the weights ¢; ; are coefficients of the polynomial f;. For each k£ € [n], the
weight ay is a fixed but arbitrary element of Q.

Define X,Y C ¥* by X = {e¢,s,st} and Y = {st,t,e}. Consider the fragment
H = Hxyxsy, shown in Figure (a), of the Hankel matrix H of || A||. We know
from Theorem 1| that rank(H) < 3. Since rank(Hxy) = 3, we have rank(Hyy) =
rank(H) = 3. Now, from Remark [2] it follows that any 3-dimensional Q-MWA A’
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that is consistent with Hyy and Hyyxy (i.e., consistent with H ) is equivalent to A.

Now for every i € [m], we encode polynomial f; by the word
) _ _ki1a k. _ _kigt _kitn
Wi 1= AT T Fi G T T

over alphabet Y. Note that w; comprises [; ‘blocks’ of symbols, corresponding to the ;
monomials in f;, with each block enclosed by two #; symbols. From the definition
of w; it follows that ||Al|(w;) = fi(ai,...,a,); the details are given below in the proof
of Proposition 48

We define a set of weighted words S C ¥* x Q as S := 57 U .Sy, where S is the
set of all pairs (uv, H,,) with u € X UXY, v € Y, and uwv & {s74t : k € [n]}, and
Sy := {(w;,0) : i € [m]}. That is, S specifies all entries in the matrix H except those
that are in row sz, and column ¢.

Any 3-dimensional Q-MWA A’ consistent with S is equivalent to an automaton

of the form A for some aq,...,a, € Q. If A’ is moreover consistent with Sy, then
fila1,...,a,) = 0 for every i € [m]. From this observation we have the following
proposition:

Proposition 48. The sample S is consistent with a 3-dimensional Q-MWA if and
only if the sentence (4.10)) is true in (Q,+,-,0,1).

Proof. We have already noted that any 3-dimensional Q-MWA consistent with .S must
be equivalent to an automaton of the form A in Figure4.1{(b) for some ay, ..., a, € Q.
However, such an automaton is consistent with S if and only if it assigns weight 0 to
each word w;, ¢ € [m]. Now, we claim that this is the case if and only if (a4,...,a,)
is a root of f; for every i € [m], where ay, is the weight of the z-labelled self-loop in
the middle state, for every k € [n].

For every i € [m], the word w; has [; different accepting runs in A, one for

N . : . ki kijn
each monomial in f;. The j® such run, in which the block & ;z,"" .-, is
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read in the middle state, has weight ¢; ;a;""" -+ a,"", i.e., the value of monomial

cZ-Ja:Ifi’j’l oo evaluated at (ar, .. ., ay). Thus [|Al|(w;) = fi(ar, ..., a). O
From Proposition |48 we derive the main result of this section:

Theorem 49. The minimal consistency problem for Q-MWAs is logspace equivalent

to the decision problem for existential first-order sentences over (Q,+,-,0,1). O

Theorem [49 also holds for Q-MTAs of a fixed alphabet rank, because the minimal
consistency problem can be reduced to the decision problem for existential first-order
sentences over (Q,+,-,0,1) in similar manner to the case of words. Here, fixing the

alphabet rank keeps the reduction in polynomial time.

4.8 Conclusion

In this chapter, we have looked at the computational complexity of computing min-
imal multiplicity word and tree automata from several angles. Specifically, we have
analysed the complexity of computing a minimal automaton equivalent to a given
input automaton A. We have considered also the corresponding decision problem,
which asks whether there exists an automaton equivalent to A with a given number
of states. Finally, we have considered the minimal consistency problem, in which the
input is a finite set of word-weight pairs rather than a complete automaton.

One of the key technical contributions of this chapter is Proposition which,
based on the product of a given automaton by itself, provides small spanning sets
for the forward space F and the backward space B. This technology led us to an
NC algorithm for minimizing multiplicity word automata, thus improving the best
previous algorithms (polynomial time and randomized NC).

Our complexity bounds have drawn connections between automaton minimization

and longstanding open questions in arithmetic complexity, including the complexity
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of polynomial identity testing and the decidability of Hilbert’s Tenth Problem over
the rationals, which is equivalent to the problem of deciding the truth of existential
sentences over the structure (Q, +,-,0,1).

Our algorithmic results exclusively concern automata over the fields of rational or
real numbers, in which weights are allowed to be negative. The minimization problems
considered here all have natural analogues for the class of probabilistic automata over
words and trees, in which the transition weights are probabilities. Minimization of
probabilistic word automata was shown to be NP-hard by Kiefer and Wachter [2014].
A natural question is whether this minimization problem lies in NP, and whether
the corresponding problem for tree automata is even harder. Related to this is the
following question: Given a probabilistic automaton with rational transition weights,
need there always be a minimal equivalent probabilistic automaton also with rational
transition weights? We answer this question negatively in Chapter [§]

We have observed that the minimal consistency problem for multiplicity word
automata over the reals is in PSPACE, since it is directly reducible to the problem of
deciding the truth of existential first-order sentences over the structure (R, +,-,0,1).
For tree automata this reduction is exponential in the alphabet rank, and we leave as
an open question the complexity of the minimal consistency problem for tree automata
over the reals.

In all cases, we have considered minimizing automata with respect to the number
of states. Another natural question is minimization with respect to the number of
transitions. This is particularly pertinent to the case of tree automata, where the

number of transitions is potentially exponential in the number of states.
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Part 11

Matrix Factorizaton
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Chapter 5

Overview of Nonnegative Matrix

Factorization

Abstract

We present an overview of key concepts and background literature for the
second part of the thesis, which focuses on nonnegative matriz factoriza-
tion. This chapter is based on the material in [Chistikov et all, 2016]

and [Chistikov et al.].

5.1 Introduction

Nonnegative matrix factorization (NMF) is the task of factoring a matrix of nonneg-
ative real numbers M (henceforth a nonnegative matrix) as a product M = W - H
such that the matrices W and H are also nonnegative. Note that the existence of
an NMF M = W - H means that the columns of M are in the cone generated by
the columns of W. As well as being a natural problem in its own right [Thomas,

1974) |Cohen and Rothblum, [1993], NMF has found many applications across various
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domains, including machine learning, combinatorics, and communication complexity;
see, e.g., [Venkatasubramanian, 2013, Gillis, 2014, |[Moitra, 2016, |Yannakakis, [1991]
and the references therein.

In applications, matrix M can typically be seen as a matrix of data points: each
column of M corresponds to a data point and each row to a feature. Then, computing
a nonnegative factorization M = W - H corresponds to expressing the data points
(columns of M) as convex combinations of latent factors (columns of W), i.e., as
linear combinations of latent factors with nonnegative coefficients (columns of H). In
topic modelling [Arora et al., 2012b], NMF corresponds to reconstructing documents
in a given corpus as distributions on a small number of topics, where each topic is a
distribution on words. It has long been known [Cohen and Rothblum, 1993] that NMF
can be interpreted geometrically as finding a set of vectors (columns of W) inside a
unit simplex whose convex hull contains a given set of points (columns of M).

For an NMF M = W - H, the number of columns in W is called the inner
dimension. The smallest inner dimension of any NMF of M is called the nonnegative
rank of M, written rank, (M); a notion introduced by |Gregory and Pullman| [1983].
We recall that the usual rank of M is defined as the smallest integer £ such that M
can be factored as a product M = L- R of two (not necessarily nonnegative) matrices
L, R where L has k columns. Therefore, the nonnegative rank of M is at least the
rank of M.

From a computational perspective, perhaps the most basic problem concerning
NMF is whether a given nonnegative matrix of rational numbers M admits an NMF
with inner dimension at most a given number k, i.e, whether rank (M) < k. This is
known as the NMF problem.

Vavasis [2009] showed that the problem of deciding whether the rank of a non-
negative matrix is equal to its nonnegative rank is NP-hard. This result implies that

generalisations of this problem, such as the NMF problem, the problem of computing
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the factors W, H (in both exact and approximate versions), and nonnegative rank
determination, are also NP-hard. It is not known whether any of these problems are
in NP.

In practical applications, various heuristics and local-search algorithms are used
to compute an approximate nonnegative factorization, but little is known in terms
of their theoretical guarantees. The NMF problem is tractable under the separability
assumption of Donoho and Stodden| [2003]: an NMF M = W - H is called separable
if every column of W is also a column of M. |Arora et al|[2012a] showed that it is
decidable in polynomial time whether a given matrix admits a separable NMF with
a given inner dimension, and gave a polynomial-time algorithm for computing such
a separable NMF. Further progress was made more recently, with several efficient al-
gorithms for computing nonnegative factorization of near-separable matrices [Kumar
et al.,[2013] |Gillis and Vavasis, 2015]. Still, the exact complexity of the NMF problem
is open.

Currently the best complexity bound for the NMF problem is membership in
PSPACE, which is obtained by translation into the existential theory of real-closed
fields |Arora et al., 2012a]. Such a translation shows that one can always choose the
entries of W and H to be algebraic numbers. Beyond this generic upper bound, the
problem has been attacked from many different angles. Here we highlight the results
of Moitral [2016], who found semi-algebraic descriptions of the sets of matrices of
nonnegative rank at most r in which the number of variables is O(r?), and |Arora et al.
[2012a], who identified several variants of the problem that are efficiently solvable.

Vavasis [2009, Section 5] notes that the difficulty in proving membership in NP
lies in the fact that a certificate for a positive answer to the NMF problem seems to
require the sought factors: a pair of nonnegative matrices W, H such that M =W -H.
Vavasis further notes that this question is related to an older open problem about the

nonnegative rank, due to|Cohen and Rothblum| [1993]:
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“PROBLEM. Show that the nonnegative ranks of a rational matrix over
the reals and over the rationals coincide, or provide an example where the

two ranks are different.”

We refer to this problem as the Cohen—Rothblum problem. Here the nonnegative
rank of a rational matrix M over the rationals is the smallest inner dimension of an
NMFE M = W - H with matrices W, H that have only rational entries, whereas the
nonnegative rank over the reals is the usual nonnegative rank.

We first consider a variant of the Cohen—Rothblum problem for restricted NMF,
a strict generalisation of separable NMF that was introduced by |Gillis and Glineur
[2012]. Formally, an NMF M = W - H is restricted if the columns of W span the same
vector space as the columns of M. The smallest inner dimension of any restricted
NMF of M is called the restricted nonnegative rank of M, written rrank (M). Clearly,
the restricted nonnegative rank of M is at least the nonnegative rank of M. When
rank(M) < 2, the rank, nonnegative rank, and restricted nonnegative rank of M
coincide.

In Chapter [0 we show that restricted NMF has a natural geometric interpretation
as the nested polytope problem (NPP), defined in Section . Using this geometric
interpretation, we show that any rational nonnegative matrix M of rank 3 or less al-
ways has a rational restricted NMF with minimal inner dimension, that can moreover
be computed in polynomial time in the Turing model of computation. This improves
a result of |Gillis and Glineur| [2012] where this problem is shown to be in polynomial
time assuming a RAM model with unit-cost arithmetic. Furthermore in Chapter [6]
we exhibit a rank-4 matrix that has a restricted NMF with inner dimension 5 but no
rational restricted NMF with inner dimension 5. We thus answer the restricted NMF
variant of the Cohen—Rothblum problem negatively.

Then in Chapter [7} we solve the Cohen-Rothblum problem in its full generality

by providing an example of a rational matrix M that has different nonnegative ranks
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over R and over Q. In other words, any NMF M = W - H with minimal inner
dimension has irrational entries in W and H. Our counterexample is almost optimal
inasmuch as M has rank 4, whereas for matrices of rank at most 2 nonnegative ranks
coincide over R and Q [Cohen and Rothblum, |1993].

While our negative resolution of the Cohen—Rothblum problem does not exclude
NP membership of the NMF problem, it does rule out a hypothetical “simple” argu-
ment for membership in NP, wherein a certificate is an NMF with rational entries of

small bit size.

5.2 Related Work

Uniqueness properties of NMF have been studied by many authors in the past few
decades [see, e.g., Thomas| 1974, Laurberg et al., 2008, |Gillis| 2012].

In the last few years, there has been progress towards resolving the Cohen—
Rothblum problem. It was already known to |Cohen and Rothblum| [1993] that
nonnegative ranks over R and Q coincide for matrices of rank at most 2. (Note
that the usual ranks over R and Q coincide for all rational matrices.) |Kubjas et al.
[2015 Corollary 4.6] extended this result to matrices of nonnegative rank (over R)
at most 3. On the other hand, Shitov| [2015] proved that the nonnegative rank of a
matrix can indeed depend on the underlying field: he exhibited a nonnegative matrix
with irrational entries whose nonnegative rank over a subfield of R is different from
its nonnegative rank over R.

An alternative solution to the Cohen—Rothblum problem was obtained, concur-
rentlyﬂ and independently of our result, by [Shitov| [2016a] using a different construc-
tion. Shitovi [2016a] provides an example of a 21 x 21 matrix that has rank 17,

nonnegative rank 19, and nonnegative rank over QQ at least 20. In contrast, our coun-

LOur paper |Chistikov et al.| was submitted to arXiv on 22 May 2016. The paper |Shitov, [2016a]
was submitted to arXiv on 23 May 2016.
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terexample matrix has rank 4, nonnegative rank 5, and nonnegative rank over QQ equal

to 6.

5.3 Nonnegative Matrix Factorization

We use the basic notation and terminology introduced in Section [2.1]

Let F be an ordered field, such as the reals R or the rationals Q. Given a non-
negative matrix M € F*™, a nonnegative matriz factorization (NMF) over F of M
is any representation of the form M = W - H where W € FﬁXd and H € Fixm are
nonnegative matrices. Clearly, such a factorization entails that Col(M) C Col(W).
We refer to d as the inner dimension of the NMF, and hence refer to NMF M =W -H
as being d-dimensional. The nonnegative rank over F of M is the smallest number
d € Ny such that there exists a d-dimensional NMF over F of M. The nonnegative
rank over R will henceforth simply be called nonnegative rank, and will be denoted
by rank, (M). Note that for a matrix M € Q™ its nonnegative rank over Q is
clearly at least rank, (M).

An equivalent characterisation [Cohen and Rothblum| 1993] of the nonnegative
rank of M over F is as the smallest number d such that M is equal to the sum of d
rank-1 matrices in F.*™. Here recall that a nonzero n x m matrix has rank 1 just in
case it can be written as product uv' of an n-dimensional column vector v and an

m-dimension row vector v'. Writing an NMF of inner dimension d in the form
d
M=W-H=Y W, Hy,
k=1

it follows that such a factorization is equivalent to a decomposition of M as the sum
of d nonnegative rank-1 matrices with entries in F. Cohen and Rothblum/ [1993]
Theorem 4.1] showed that if rank(M) < 2 then rank(M) = rank, (M).

The nonnegative rank satisfies many of the properties of the general rank with
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respect to the usual matrix operations, including being upper bounded by the number

of rows and columns and being closed under transposition.

Lemma 50 (Cohen and Rothbluml 1993)). For any nonnegative matriz M € R}*™,

it holds that:
(i) rank(M) < rank, (M) < min{n,m};
(i) rank, (M) = rank, (M").

Given a nonzero matrix M € F}*™ by removing the zero columns of M and
dividing each remaining column by the sum of its elements, we obtain a stochastic
matrix with equal nonnegative rank. Similarly, if M = W - H then after removing
the zero columns in W and multiplying with a suitable diagonal matrix D, we get

M =W -H=WD- D 'H where WD is stochastic. If M is stochastic then we have

1"=1"M=1"WD-D'H=1"D'H,

hence D~'H is stochastic as well. Thus when computing the nonnegative rank of a
stochastic matrix M, one can, without loss of generality, only consider NMFs M =
W -H in which W and H are stochastic matrices [see also|Cohen and Rothblum) 1993,
Theorem 3.2]. In such a case, we will call the factorization M = W - H stochastic. An
NMF M =W - H is likewise called rational if both matrices W and H are rational.

The NMF problem is: Given a matrix M € Q7™ and k € N, is rank, (M) < k?
As mentioned in Section[5.1] the NMF problem is NP-hard, even for k = rank(M) [see
Vavasis, [2009]. On the other hand, it is polynomial-time reducible to the existential

theory of the reals, hence by (Canny| [1988] and Renegar| [1992] it is in PSPACE.
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5.4 Restricted Nonnegative Matrix Factorization

For all matrices M € F7*™, an NMF M = W - H is called restricted NMF (RNMF)
if rank(M) = rank(W) |Gillis and Glineur, 2012]. As we know Col(M) C Col(W)
holds for all NMF instances, the condition rank(M) = rank(W) is then equivalent
to Col(M) = Col(W). The restricted nonnegative rank over F of M is the smallest
number d € Ny such that there exists a d-dimensional restricted nonnegative factor-
ization of M over IF. Unless indicated otherwise, henceforth we will assume F = R
when speaking of the restricted nonnegative rank of M, and denote it by rrank (M).

We have the following basic properties of restricted nonnegative rank:

Lemma 51 (Gillis and Glineur, [2012). Let M € R}*™. Then
rank(M) < rank, (M) < rrank, (M) < m.

Moreover, if rank(M ) = rank (M) then rank(M) = rrank, (M).

As mentioned in Section [5.3] if rank(AM) < 2 then rank(M) = rank (M), and
therefore rank(M) = rank, (M) = rrank, (M) by Lemma [51]

The restricted nonnegative rank does not share all of the properties of the rank and
the nonnegative rank. Indeed, in contrast to Lemma [0} in general rrank. (M) £ n
and rrank (M) # rrank, (M "). For example, |Gillis and Glineur [2012, Lemma 1]

show that the following matrix:

o O
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satisfies rank(M) = 4, rank, (M) = 6, and rrank (M) = 8P| Moreover, by Lemma 51|
we have rrank, (M ") < 6 and therefore rrank, (M ") # rrank, (M).

The RNMF problem is: Given a matrix M € Q7™ and k € N, is rrank (M) < k7
With the above-mentioned NP-hardness result of Vavasis| [2009], namely that the
NMF problem is NP-hard even for k& = rank(M), it follows that the RNMF problem
is also NP-hard and in PSPACE.

For a matrix M € Q™ its restricted nonnegative rank over Q is clearly at least
rrank ; (M). As with nonnegative rank, a natural question is whether the restricted
nonnegative ranks of M over R and over Q are equal. By |Cohen and Rothblum), (1993,
Theorem 4.1] and Lemma [51] this is true when rank(M) < 2. In Chapter [6 we show

that this remains true when rank(A/) < 3, but in general not when rank(M) > 4.

5.5 Geometry

Given | € N, a linear combination of a set {vy,...,v,} C Rl is a point A\jv; +

oo+ Apvy, where Ap, ... A, € R. The (linear) span of {vq,...,v,}, written as

span{vy, ..., vy}, is the set of all linear combinations of {vy,...,v,,}. We say that
the set {vq,...,v,} is linearly independent if whenever A\jv; + -+ + A\pv,, = 0 then
M ==X\, =0 Asubset V of Rl is a (linear) subspace if it is closed under

addition and scalar multiplication. The dimension of a subspace V C R', written
dim(V'), is the size of a largest linearly independent set of vectors contained in V.
An affine combination of aset {v, ..., v,} C Rlisapoint \jv;+- -+ \,0,, where
Ay Am € R are such that Ay + -+ + A, = 1. The affine span of {vy,...,v,} is
the set of all affine combinations of {vy,...,v,,}. The set {vy,...,v,} C R is called
affinely independent if whenever \jvy + -+ - + A\v,, = 0 and Ay + - + A, = 0 then

A\ = -+ =\, = 0. Equivalently, a set {v1,...,v,} C R is affinely independent if

ZWe later describe in Example 4| how the result rrank, (M) = 8 follows from the geometric
interpretation of the restricted nonnegative rank.
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the set

U1 Um
e c R

1 1

is linearly independent [see, e.g., |Lauritzen, 2009, Lemma 2.6.2]. A subset S of R! is
an affine subspace if S =x+V ={z+v |v € V } for some vector z € R' and linear
subspace V' C R!. In this case the dimension of S, written dim(S), is defined to be
the dimension of V.

A nonempty set C C R is a cone if \v + pw € C for every v,w € C and \, ju > 0.
A cone C is polyhedral if C = {x € R' | Az > 0} for some matrix A € R"™*!. By
Minkowski-Weyl’s Theorem (for cones), a cone C is polyhedral if and only if there is
a finite set {vy,...,v,} C R such that C = { \jv; + -+ XU | A1y -- s A >0} in
this case we say that C is generated by the vectors vy, ..., Up,.

A convex combination of a set {vy,...,v,} C R is a point \jv; + -+ + A\t
where (Aq,...,\,) is a stochastic vector. The conver hull of {vy,...,v,}, writ-
ten as conv{vy,...,v,}, is the set of all convex combinations of {vy,...,v,,}. We
call conv{vy,...,vn} a polytope spanned by vy, ..., v,. Equivalently, a polytope is a
bounded set {z € R' | Az +b >0} with A € R™! and b € R". When [ = 2, a poly-
tope is called a polygon. The dimension of a polytope P is the maximum number of
affinely independent points in P minus 1. A polytope P C R' is full-dimensional if it
has dimension [, i.e, if it is not contained in any affine subspace except R'. Intuitively,

a polytope is full-dimensional if it has volume.

Lemma 52. If a polytope P = {x € R' | Ax +b > 0} is full-dimensional, then the

matriz (A b) has rank equal to its number of columns [l + 1.

Proof. Towards a contradiction, suppose that rank((A b)) < [+ 1. Then either
rank(A) <l or b € Col(A).
If rank(A) < [, then ker(A) # {0}, i.e., there exists a vector z € R'\ {0} such
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that Ax = 0. Now for any v € P and A € R, we have

Adz+v)+b=Av+b>0

and therefore Ax+v € P. This implies that P is unbounded, which is a contradiction.

If b € Col(A), then there exists y € R! such that Ay = b. Consider the polyhedral
cone C = {z € R' | Az > 0}. For any v € P, we have A(v+y) = Av+b > 0 and
thus v +y € C. For any = € C, we have A(x —y) +b = Az > 0 and thus x — y € P.
Therefore, C = P+y = {v+y | v € P}. Since P is full-dimensional, we have
C # {0} and therefore C is unbounded. But then P is also unbounded, which yields

a contradiction. The result follows. O

5.5.1 Nested Polytope Problem

Given I,n € N, let A € Q! and b € Q" be such that P = {z € R' | Az +b>0}
is a full-dimensional polytope. Let R = conv{ry,...,r,} C P be a full-dimensional
polytope described by spanning points 71, . .., r,,. The nested polytope problem (NPP)
asks, given A, b, r1,...,7m, and a number k € N, whether there exist k£ points in R/
that span a polytope Q with R C O C P. Such a polytope Q is said to be nested

between R and P.

5.5.2 Nested Polygon Problem

When [ = 2, the nested polytope problem becomes the nested polygon problem in the
plane. Given two polygons R C P C R?, a polygon Q C R? nested between R and P
(i.e., such that R C Q C P) is called minimal if it has the minimum number of
vertices among all polygons nested between R and P. Figure illustrates a nested
polygon. Next, we recall from |Aggarwal et al., 1989] a standardised form for minimal

nested polygons, which will play an important role in the subsequent development in
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Figure 5.1: Polygon Q is nested between polygons R and P.

Chapters [6] and [7]

Fix two polygons R and P, with R C P. A supporting line segment is a directed
line segment that has both endpoints on the boundary of the outer polygon P and
touches the inner polygon R on its left. A nested polygon with vertices q, ..., ¢,
listed in anti-clockwise order, is said to be supporting if the directed line segments
4192, G243, - - -, Qk—1qx are all supporting. Such a polygon is uniquely determined by
the vertex ¢; [see |Aggarwal et al., 1989, Section 2] and is henceforth denoted by S,,.
Figure illustrates a supporting polygon.

It is shown in [Aggarwal et al., [1989] that there is guaranteed to exist a nested

polygon that is both minimal and supporting. More specifically, we have:

Lemma 53 (Aggarwal et all (1989, Lemma 4). Consider a minimal nested polygon
with vertices qi, ..., qx, listed in anti-clockunse order, where q, lies on the boundary

of P. The supporting polygon S,, is also minimal.
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Figure 5.2: Polygon S,, is nested between polygons R and P of Figure and is
supporting since ¢1qs, ¢2¢3, g3q4 are supporting line segments.

127



Chapter 6

Restricted Nonnegative Matrix

Factorization Requires Irrationality

Abstract

Nonnegative matriz factorization (NMF) is the problem of decomposing
a given nonnegative n X m matriz M into a product of a nonnegative
n X d matrix W and a nonnegative d X m matrix H. Restricted NMF
requires in addition that the column spaces of M and W coincide. Finding
the minimal inner dimension d is known to be NP-hard, both for NMF
and restricted NMF. We investigate whether a rational matriz M always
has a restricted NMF' of minimal inner dimension whose factors W and
H are also rational. We show that this holds for matrices M of rank
at most 3 and we exhibit a rank-4 matrix for which W and H require
wrrational entries. This answers the restricted NMF variant of the Cohen—
Rothblum problem negatively. This chapter is an extension of the material

in [Chistikov et al., |2010].

128



6.1 Introduction

Nonnegative matrix factorization (NMF) is the task of factoring a nonnegative ma-
trix M as a product M = W - H such that matrices W and H are also nonnegative.
We recall from Chapter [5] that the smallest inner dimension of any such factorization
is called the nonnegative rank of M, written rank,(M). The NMF problem asks
whether a given nonnegative matrix of rational numbers M admits an NMF with
inner dimension at most a given number k.

In a classical rank factorization M = W - H, it holds that Col(M) = Col(W).
However, this need not be the case in a nonnegative factorization. Indeed, for a general
NMF M = W - H of minimal inner dimension, we may have that Col(M) C Col(WV).
This motivates the study of nonnegative matrix factorizations M = W - H that have
the property that Col(M) = Col(W); such an NMF is called restricted (RNMF'). (Note
that for any NMF, the column space of M is a subspace of the column space of W.)
The smallest inner dimension of any restricted NMF of M is called the restricted
nonnegative rank of M, written rrank, (M). Restricted NMFs were introduced and
studied by |Gillis and Glineur| [2012].

An even more restricted class of nonnegative matrix factorizations, called separable
NMF, has been widely studied and shown to have good algorithmic properties as well
as a natural interpretation in terms of topic modelling. The notion of separability
was introduced by |[Donoho and Stodden [2003]. Formally, an NMF M = W - H is
separable if every column of W is also a column of M, i.e., if for every row of H there
is a column of H whose only nonzero entry lies in that row. In the context of topic
modelling problems where M is a document-word matrix and W, H are document-
topic and topic-word matrices, respectively, the separability assumption means that
every topic has an anchor word, occurring in no other topic. If a matrix M has such
a factorization then there is a rational one that can moreover be found in polynomial

time |Arora et al., 2012a].
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In this chapter we focus on the restricted NMF (RNMF) problem, which is defined
as the NMF problem except that the factorization is required to be restricted, i.e.,
the column spaces of M and W are required to coincide. The RNMF problem has a
natural geometric interpretation as the nested polytope problem (NPP): the problem
of finding a minimum-vertex polytope nested between two given convex polytopes.
In more detail, for a rank-r matrix M, finding an RNMF with inner dimension d is
known to correspond exactly to finding a nested polytope with d vertices in an (r—1)-
dimensional NPP. This geometric connection is further described in Section [6.2]

As mentioned in Chapter |5, (Cohen and Rothblum/ [1993] posed the question of
whether, given a nonnegative matrix of rational numbers M, there always exists an
NMF M = W - H of inner dimension equal to rank, (M) such that both W and H
are also matrices of rational numbers. In this chapter, we answer the restricted NMF
variant of the Cohen—Rothblum problem negatively.

We first show, in Section [6.3], that for rational matrices M of rank 3 or less, there
is always a rational RNMF of M with inner dimension rrank, (M), and that it can be
computed in polynomial time in the Turing model of computation. In particular, the
RNMF problem for matrices of rank 3 or less can be solved in polynomial time. This
improves a result in |Gillis and Glineur, 2012] where the RNMF problem for matrices
of rank 3 or less is shown to be solvable in polynomial time assuming a RAM model
with unit-cost arithmetic. Both our algorithm and the one of (Gillis and Glineur [2012]
exploit the connection to the 2-dimensional NPP, allowing us to take advantage of a
geometric algorithm by |Aggarwal et al.| [1989]. We need to adapt the latter algorithm
to ensure that the occurring numbers are rational and can be computed in polynomial
time in the Turing model of computation.

In Section [6.4] we exhibit a rank-4 rational matrix that has an RNMF with inner
dimension 5 but no rational RNMF with inner dimension 5. We construct this matrix

via a particular instance of the 3-dimensional NPP, again taking advantage of the
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geometric interpretation of RNMF.

6.2 Geometric Interpretation

The restricted NMF (RNMF) problem has a geometric interpretation as the nested
polytope problem (NPP), introduced in Section [5.5.1}

The following proposition appears as Theorem 1 in [Gillis and Glineur}, 2012].

Proposition 54. The RNMF problem and the NPP are interreducible in polynomial

time.
More specifically, the reductions are as follows.

1. Given a nonnegative matrix M € Q'™ of rank 7, one can compute in poly-
nomial time a matrix A € Q"*"~Y and vectors b € Q" and rq,...,7, € Q7!
such that polytopes P = {zx € R"' | Az +b >0} and R = conv{ry,..., 7}

are full-dimensional and satisfy R C P, and such that for any d € N:

(a) any d-dimensional RNMF (rational or irrational) of M determines d points

that span a polytope Q with R C Q C P, and

(b) any d points (rational or irrational) that span a polytope Q with R C Q C
P determine a d-dimensional RNMF of M.

2. Let A€ Q™Y and b € Q" be such that P ={zx € R | Az +b >0} is a
full-dimensional polytope. Let R C P be a full-dimensional polytope spanned
by 1,...,rm € Q" Then, matrix M € Q™ with M.; = Ar; + b for i € [m)]

satisfies (a) and (b).

Importantly, the correspondences (a) and (b) preserve rationality. In the following
we detail the reduction from point [2| above, thereby filling in a small gap in the proof
of |Gillis and Glineur [2012].
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Proof of point[g from Proposition[5} Let A € Q™*""Y and b € Q" be such that
P={zeR | Ar+b>0} is a full-dimensional polytope. Hence, by Lemma ,
matrix (A b) € Q™" has full column rank r. Let R = conv{ry,...,r,} C P be
a full-dimensional polytope. Define a matrix M € Q™ with M.; = Ar; + b for

J € [m]. That is,

7”1 T’2 DY T’m

M= (A b) : (6.1)

This implies that Col(M) C Col((A b)). Since polytope R = conv{ry,...,r,} C
R is full-dimensional, there exist r affinely independent points in R. This means

that the (column) rank of the matrix

7"1 7"‘2 DY 7”m

is , hence this matrix has full row rank and therefore also has a right inverse. It now

follows from that Col((A b)) C Col(M) and therefore
Col((A b)) = Col(M). (6.2)

We now show the correspondences (a) and (b) from [I}
To prove (a), consider an RNMF M = W - H with inner dimension d. We can,
without loss of generality, assume that W has no zero columns. Since the NMF

M =W - H is restricted, by (6.2]) we have
Col(W) = Col(M) = Col((A b)).
Therefore, there exists a matrix C' € R™*¢ such that W = (A b) - C. For all i € [d],
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we define ¢; € R™™! so that

Ci

C:,i =
Cr,i

Since matrix W is nonnegative, we have W.; = A¢; + bC,.; > 0. Observe that there
is no y € R™1\ {0} with Ay > 0: indeed, if Ay > 0 for some nonzero y then for any
x € P and any t > 0 we would have A(x + ty) + b > Az + b > 0, implying that P is
unbounded, which is false. We use this observation to show that C,; > 0. Towards a

contradiction, suppose C,; < 0. Then, one of the following two cases holds:

o If C); =0, then A¢; > 0. Moreover ¢; # 0 since W has no zero columns. This

contradicts the observation above.

o If C,, <0, then by dividing the inequality A¢; + bC,; > 0 by —C,; we obtain

~

A<—Cci )—bzo. (6.3)

T,

Let x € P\ {&} Then Az +b > 0. By adding the inequality (6.3)), we obtain

A(m—c‘f

i
T,

) > 0. Since = # C‘:—’, this also contradicts the observation above.

We conclude that C,; > 0 for all i € [d]. Define a diagonal matrix D € R%*¢ such

that D,;; = C,.; > 0, and define a matrix H' := D - H. Then we have:

7"1 ”"2 PR ’r‘m

(A b) —M=W -H=(A bC-H

—(A b)CD™'-DH

&1 G ... Ca
_ (A b) Cr1 Crpe2 Cr.d )2
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Since the columns of (A b) are linearly independent, it follows that:

e &1 B
/r.]' T2 /r.m . CT,l CT,Q Cr,d H/

Considering the last rows, we see that each column of H' sums up to 1. Since H’
is moreover nonnegative, H' is stochastic. For every i € [d], define ¢; := & Then
for all j € [m]| we have r; € conv{q,...,qs}. Hence, defining the polytope Q :=
conv{qi,...,qs} we have R C Q. Furthermore, for all i € [d] we have A¢; +bC,; > 0,
hence Ag; + b > 0 since C,; > 0. It follows that Q@ C P. Thus, Q is nested between
R and P, which completes the proof of correspondence (a).

To prove (b), consider d points qi,...,qq € R"™! with R C conv{q,...,q4} C P.
Define a matrix W € Q™% where W.; = Ag; + b for all i € [d]. Matrix W is
nonnegative since ¢; € P for all ¢ € [d]. By definition, Col(W) C Col((A b)).

Define a stochastic matrix H € Q¥*™ so that r; = S2¢_ | H, ;¢; for all j € [m]. Such

entries H, ; exist as r; € conv{qi,...,qqs}. We have for all j € [m]:
M. ;= Ar;+b by definition of M
d
=A (Z qui) +b by definition of H
i=1
d d
= Z H; ;- Agq + Z H;;-b as H is stochastic
i=1 i=1
d
= Hij (Agi +b)
X ~——
=1 W..

Hence, M =W - H is a d-dimensional NMF. This NMF is restricted since

Col(W) C Col((A b)) "*E2 col(an).
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This completes the proof of correspondence (b). O

Example 4 (Gillis and Glineur} 2012, Example 1). Consider an NPP instance where

the inner and outer polytope are the standard 3D cube, i.e.,

R=P={ze€R’|z€]0,1], i €[3]}.

The corresponding RNMF problem consists of the matriz from (5.1)):

M = e RY®.

Clearly, the only polytope nested between R and P is Q@ = R = P, which has 8

vertices. It now follows from Proposition 54| that rrank, (M) = 8.

6.3 Restricted NMF of Rank-3 Matrices

In this section we consider rational matrices of rank at most 3. We show that for
such matrices, the restricted nonnegative ranks over R and Q are equal and we give
a polynomial-time algorithm that computes a minimal-dimension RNMF over Q.
Throughout this section, when we say polynomial time, we mean polynomial time in

the Turing machine model of computation.

Theorem 55. Given a matriz M € Q™ where rank(M) < 3, there is a rational
RNMF of M with inner dimension rrank, (M) and it can be computed in polynomial

time.
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Using reduction [1| of Proposition [54] we can reduce in polynomial time the RNMF
problem for rank-3 matrices to the 2-dimensional NPP, i.e., the nested polygon prob-
lem, introduced in Section[5.5.2] As noted in Section[6.2] the correspondence between
restricted nonnegative factorizations and nested polygons preserves rationality. Thus

to prove Theorem [55| it suffices to prove the following result:

Theorem 56. Given polygons R C P C R? with rational vertices, there exists a
minimum-vertexr polygon Q nested between R and P that also has rational vertices.
Moreover there is an algorithm that, given R and P, computes such a polygon in

polynomial time.

In fact, Aggarwal et al| [1989] give an algorithm for the nested polygon prob-
lem and prove that it runs in polynomial time in the RAM model with unit-cost
arithmetic. However, they freely use trigonometric functions and do not address the
rationality of the output of the algorithm nor its complexity in the Turing model. To
prove Theorem [56| we show that, by adopting a suitable representation of the vertices
of a nested polygon, the algorithm in [Aggarwal et al., 1989] can be adapted so that it
runs in polynomial time under our assumption of the Turing model of computation.
We furthermore use this representation to prove that the minimum-vertex nested
polygon identified by the resulting algorithm has rational vertices.

The remainder of this section is devoted to the proof of Theorem In Sec-
tion we recall the definition by Aggarwal et al. [1989] of a supporting polygon,
which is a special type of a nested polygon. As stated in Lemma [53], they show that
there is always a supporting polygon that is also minimal, and give an algorithm that
outputs such a polygon.

Let k be the number of vertices of a minimal polygon nested between R and P.
Given a vertex v on the boundary of P, there is a uniquely defined supporting poly-
gon &, with at most k + 1 vertices. To determine S, one computes the supporting

line segments vyvsy, ..., VVk11, Where v = v; see Figure [6.1l Then S, is either the
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)\4 = fg(/\g) V4 U1 pll = P2

Figure 6.1: Supporting polygon S,,. For every ¢ € [3], vertex v; lies on edge p;p,
of P, and r; is the point where the supporting line segment v;v;,; touches the inner
polygon R on its left.

polygon with vertices vy, ..., v, or the polygon with vertices vy,...,vg11. In the first
case, S, is minimal. The idea behind the algorithm of Aggarwal et al|[1989] is to
search along the boundary of P for an initial vertex v such that S, is minimal.

As a central ingredient for our proof of Theorem we choose a convenient
representation of the vertices of supporting polygons. To this end, we assume that
the edges of P are oriented counter-clockwise, and we represent a vertex v on an
edge pq of P by the unique A € [0,1] such that v = (1 — X)p + A\g. We call this the
convex representation of v.

Similar to |[Aggarwal et al., [1989], we associate with each supporting line seg-
ment uv a ray function f, such that if A\ is the convex representation of u then f(\)
is the convex representation of v. The same ray function applies for supporting line
segments u'v" with ¢’ in a small enough interval containing u.

To obtain a polynomial time bound, the key lemma is as follows:

Lemma 57. Consider polygons R C P C R? whose vertices are rational and of

bit-length L. Then the ray function associated with a supporting line segment uv
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Figure 6.2: Lines p;p| and pop), are parallel.

has the form f(\) = ‘C’;}:[Z, where the coefficients a, b, c,d are rational numbers with

bit-length O(L) that can be computed in polynomial time.

Proof. Let vertices u and v lie on edges pip| and pop; of P, respectively. Let r; be
the point where the supporting line segment uv touches the inner polygon R on its
left. Let A\; and Ay be the convex representations of v and v, respectively. That is,
u=(1—=X)p1 + A\p} and v = (1 — \y)pa + Agph. By definition of the ray function f
we have Ay = f(A1).

Let us first consider the case when lines p;p| and popl, are parallel; see Figure
for illustration. Let ¢ denote the intersection of lines p;p| and 71ps, and let ¢ denote
the intersection of lines popy and 71p}. Since r; € Q?, we have t = (1 —b) -p; + b - p}
and t' = (1 — d) - po + d - p}y, for some b,d € Q. Numbers b, d can be computed from
the input vertices py, p}, p2, Py using a constant number of arithmetic operations and

therefore have bit-length O(L). Since Atur; ~ Apovry and Atpiry ~ Apst'ry, we

"t !t _ _
have & = fro I — PiL Hence, 4 = 21 and therefore 2=% = =2 Hence,
vp2 T1p2 r1p2 t'p2 vp2 t'p2 A2 d
d bd
Ay = — iy =
1—-5b 1-9b

where the coefficients 127, 2% € Q have bit-length O(L).
Let us now consider the second case: when lines p1p] and popl, are not parallel.

Let ¢ denote their intersection; see Figure for illustration. Note that t € Q2.
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Figure 6.3: Lines p;p| and popj intersect at point t.

Without loss of generality, let p| be a convex combination of {p;,t} and ps be a
convex combination of {¢,p,}. Then pj = (1—a)-p1+a-tand pp = (1—0)-t+b-p)
for some a,b € [0,1]. Numbers a,b are rational as they are each the unique solution
of a linear system with rational coefficients. Moreover, a and b can be computed
from the input vertices py, p}, p2, ph using a constant number of arithmetic operations
and therefore have bit-length O(L). Using the above representation of p| as a convex

combination of {py,t}, we get

u=1=-XN) p+M-(1—a) - pr+a-t)=(1—a)\) -p1+ar -t

and therefore u —t = (1 — a)\y) - (p1 — t). Similarly, we have

U:(1—b—>\2+>\2b)'t+(b+)\2—)\2b)'p/2

and therefore v —t = (b+ Ay — \ob) - (py, — t). Let the line through 7y parallel with p;t
intersect p5t at point ¢’. Note that r —t' = c-(p1 —t) and t' —t = d- (p, —t) for some
c,d € [0,1] N Q. Numbers ¢ and d can be computed from vertices pi, p!, p2, ph using

a constant number of arithmetic operations and thus have bit-length O(L). Since
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Avt'ry ~ Avtu, it holds that % = ”;—f We therefore have that

b—l—)\g—)\gb—d_ C
b+)\2—)\2b _1—(1/\1.

From the above equation we get that

_alb—d)- A +b(c—1)+d
Calb—1)- M+ (b—-1)(c—1)

Aa

where the coefficients a(b — d), b(c — 1) +d, a(b— 1), and (b — 1)(c — 1) are rational

and have bit-length O(L). O
Suppose that vyvs, ..., vpvrs1 is a sequence of k supporting line segments, with
corresponding ray functions fi,..., fr. Then vy,...,v, are the vertices of a mini-

mal supporting polygon if and only if (fr o... 0 f1)(A) > A, where X is the convex
representation of vy.

It follows from [Aggarwal et al., [1989] that, for each edge of P, one can compute in
polynomial time a partition Z of [0, 1] into intervals with rational endpoints such that
if A1, Ao are in the same interval I € Z then the points with convex representation
A1 and A\ are associated with the same sequence of ray functions fi,..., fr. Using
Lemma[57 we can, for each interval I € Z, compute these ray functions in polynomial
time. Furthermore, on each interval [ € Z, we can define the slack function s : I — R

such that for every A\ € I:

cA+d

By Lemma |58 in , the slack function has the form s(\) = %2 — X for rational
numbers a, b, ¢, d that are computable in polynomial time. Then it is straightforward
to check whether s(\) > 0 has a solution A € I.

Next we show that if such a solution exists, then there exists a rational solution,
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which, moreover, can be computed in polynomial time. To this end, let \* € I be
such that s(A\*) > 0. If A* is on the boundary of I, then A\* € Q. If \* is not on the
boundary and is not an isolated solution, then there exists a rational solution in its
neighbourhood. Lastly, let A* be an isolated solution not on the boundary. Then, \*

is a root of both s and its derivative s’. For every A € I, we have

(eA+d)-s(A) =ar+b—X-(cA+d).

Taking the derivative of the above equation with respect to A, we get

c-s(A)+ (eA+d)-s'(\) =a—d—2cA\. (6.5)

Since s(A\*) = §'(A*) = 0, from (6.5) we get 0 = a — d — 2cA*. Note that ¢ # 0 since
otherwise s = 0. Therefore, \* = ‘lz;cd € Q.

It follows that the vertex v represented by A* has rational coordinates computable
in polynomial time. By computing (f; o ... o f1)(\*) for i € [k], we can compute
in polynomial time the convex representation of all vertices of the supporting poly-

gon §,. Observe, in particular, that all vertices are rational. Hence we have proved

Theorem [B6L

6.3.1 Rational Linear Fractional Transformations

We showed that the ray function f from Lemma has the form f(\) = Z;\is for
some coefficients a,b,c,d € Q. Such a function is formally called a rational linear
fractional transformation.

A composition of two rational linear fractional transformations is, clearly, again a

rational linear fractional transformation. In the context of our ray functions fi, ..., fx

above, we have the following result:
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Lemma 58. Given f;(\) = % in terms of a;, b;, ¢;,d; € Q, for alli € [k], one can

compute in polynomial time a,b,c,d € Q such that (fro...o fao f1)(A\) = ‘c‘f\js

Proof. For every \ we have

a1 A\ +bq
a2 c1 A +d1 _'_ b2

(fao )N = — S —

0261)\+d1 + d2
ag(a1>\ -+ bl) + bQ(C]_)\ + dl) B (a2a1 + bQC]_))\ -+ (Clgbl + bgdl)

Cg(al)\ + bl) + dg(Cl)\ + dl) (CQCL1 + dgcl))\ + (Cgbl + dgdl) .

From here it follows inductively that (fxo...ofo0f1)(A\) = Z;}IS, where the coefficients

a,b,c,d € Q are computable by iterative matrix multiplication:

a b ar by as by a; b

c d cr dg coy day o dy

The result follows. O

6.4 Restricted NMF Requires Irrationality

We show that the restricted nonnegative ranks over R and Q are, in general, different.

Theorem 59. Let

5 5 85
44 11 121 0 0 0
2 3 1
0 0 0 11 11 33
11 2 1 15 W
11 44 121 44 88 88 6x6
M = e QY
1 1 8 1 19 5
44 44 121 44 88 24
3 3 12 8 2 2
11 11 121 11 11 33
1 5 14 1 7 43
2 22 121 22 44 132

Then the restricted nonnegative rank of M over R is 5, whereas the restricted non-
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negative rank of M over Q is 6.

The rest of this section is devoted to the proof of Theorem [59 Matrix M has a

(stochastic) 5-dimensional NMF

M=W-H (6 6)
with W and H as follows:
5, 5v/2 15452
0 7+% % 0 0
204-2v/2 48-8/2
0 0 +77 187
V2 0 4—/2 34 V2 14-8v2
W — 11 77 14 ' 308 187 7 (6.7)
—14+v2 4++/2 0 39 4 5v2 21-12v2
11 77 154 T 308 187
8-4v2  12-4V2 4 0 104+28v2
11 77 11 187
4422 6—2v2  30-4v2 3 V2 0
11 77 77 11 22
1+v2 V2 1 V2 1 V2
+4 0 11 18 0 st 12
1 V2 V2
0 -2 1-¥ 9 0 0
= |3=2 1, 2
H 2o+ 0 0 0 0
21 |, W2 5 V2
0 0 0 0 51T 88 6 12
3. V2 13 _ 12
0 0 0 3+t% s~ O

Since rank(M) = rank(W) = 4, the NMF M = W - H is restricted. This implies that
the restricted nonnegative rank of M over R is at most 5. Crucially the entries of
the factors W, H are irrational, and the core of the proof of Theorem [59| consists in
showing that M has no 5-dimensional RNMF over Q.

To this end, in the following Section [6.4.1| we classify all at most 5-dimensional
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type 1 type 2 type 3 type 4

0O+ + 0 O o0 + - - 00 0 + + + 0 0 0 0
0 0 0 + + 00 0 + + oo + - - 0 + 0 00

Figure 6.4: Let M be the matrix from Theorem . In any 5-dimensional NMF
M = L - R, matrix L matches one of the four patterns above, up to a permutation of
its columns. Here + denotes any strictly positive number.

NMFs of M into four types (illustrated in Figure according to the “zero pattern”
in the first two rows of the left factor. We then give separate arguments excluding
rational RNMF's of M of each of the four types, thereby showing that the restricted
nonnegative rank of M over Q is strictly greater than 5. In fact, we show that
factorization is the unique at most 5-dimensional RNMF of M, thus proving

that the restricted nonnegative rank of M over R is exactly 5.

6.4.1 Types of Factorizations

Let M be the matrix from Theorem [59] In Proposition [60] we classify all (stochastic)
at most 5-dimensional NMFs of M into four types according to the “zero pattern” in
the first two rows of the left factor.

For any stochastic and at most 5-dimensional NMF L - R, we introduce the fol-

lowing notation:
e [ is the number of columns in L whose first and second coordinates are 0,

e L is the number of columns in L whose first coordinate is strictly positive and

second coordinate is 0, and

e k5 is the number of columns in I whose second coordinate is strictly positive

and first coordinate is 0.
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Proposition 60. Let M be the matriz from Theorem[59. Any stochastic NMF M =

L - R of inner dimension at most 5 has one of the following four types:

Proof. The NMF M = L-R corresponds to representing each column of M as a convex
combination of the columns of L, with the coefficients of the convex combination

specified by the entries of the right factor R. As L has at most 5 columns,

k4 k +ky <5 (6.8)

Since the columns M., M. 9, M. 5 are affinely independent, matrix L must have at
least three columns whose second coordinate is 0. Likewise, since the columns
M. 4, M. 5, M. ¢ are affinely independent, L must have at least three columns whose

first coordinate is 0. That is,

k+k >3 and k+ky>3. (6.9)

Together with , this implies that 2k > 6 — k; — ko > k + 1 and therefore k£ > 1.

The columns M. 1, M. 5, M. 5 have first coordinate strictly positive and second co-
ordinate 0, while the columns M. 4, M. 5, M. s have second coordinate strictly positive
and first coordinate 0. Therefore, in order for these columns to be covered by the

columns of L, we need to have:

]{Zl Z 1 and ]Cz Z 1. (610)
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Together with , this implies that £ < 5 — ky — ky < 3. We conclude that
k € {1,2,3}. The result now follows from the inequalities , , and (6.10). O

The four types of NMFs M = L - R defined in Proposition [60] are illustrated in
Figure for inner dimension 5. In Section [6.5, we consider each type separately

and prove the following proposition:
Proposition 61. Let M be the matrix from Theorem and W the matriz in (6.7)).

(1) If M = L- R is a type-1 NMF then L is equal to W, up to a permutation of its

columns. In particular, L is not rational and the NMF M = L - R is restricted.
(2) Matriz M has no type-2 NMF.
(3) Matriz M has no type-3 NMF.
(4) Matriz M has no restricted type-4 NMF.

Using this proposition we can prove Theorem

Proof of Theorem[59 Due to the restricted NMF of M stated in , the restricted
nonnegative rank of M is at most 5. Since rank(M) = 4, the restricted nonnegative
rank of M is either 4 or 5. If there existed a 4-dimensional RNMF of M then, as
k + ki + ko < 4, it would have to have type 2 or 3, but NMFs of those types are
excluded by items (2) and (3) of Proposition [61] Hence the restricted nonnegative
rank of M equals 5.

Since M = M - I, the restricted nonnegative rank of M over QQ is at most 6. By
Proposition |61} there is no 5-dimensional restricted NMF M = L - R with L rational.

Hence, the restricted nonnegative rank of M over QQ equals 6. O
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6.5 Ruling out Factorizations

In this section, we prove Proposition 61} Let M be the matrix from Theorem [59
To rule out rational (restricted) NMFs of M of each type, we employ geometric
arguments concerning nested polygons in the plane (see Section . To set up this
geometric connection, first recall from Section that the RNMF' problem has an
interpretation in terms of the nested polytope problem (NPP). More specifically, the
RNMF M = W - H from can be obtained by a transformation, according to
Proposition [54] from a 3-dimensional NPP instance, which we now describe.

Matrix M is stochastic and has rank 4, and hence the columns of M affinely span
a 3-dimensional affine subspace ¥V C RS. All vectors in V are pseudo-stochastic. The
properly stochastic (i.e., nonnegative) vectors in )V form a 3-dimensional polytope,
say P’ C V; in other words, P’ is defined as the intersection of V with RS. Observe
that conv{M.,,...,M.s} C P’'. For convenience in the proofs, we fix a specific

parameterization of V and P’ in the next subsection.

Parameterization

Define a function f : R?® — RS such that, for each x € R3, f(x) = Cx + d where:

0 10 O 0

0O 0 4 0

-1 -2 1|2
C:ﬁ GQGX?) and d:ﬁ GQG.

-1 0 3 1

4 0 O 0

-2 -8 -7 8
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A A

Figure 6.5: Nested polytope problem instance: The two images show orthogonal
projections of the outer polytope P C R3. The black dots indicate 6 inner points
that span the interior polytope R: 3 points (r1, re, 73) on the brown zy-face, and
3 points (ry, r5, r6) on the blue zz-face. The vertices of the two triangles on the
xy-face and on the xz-face indicate the (unique) location of the 5 points that span
a nested polytope Q. The two slightly different projections are designed to create a
3-dimensional impression using stereoscopy. The “parallel-eye” technique should be

used, see, e.g., [Simanek].

The map f is clearly injective. Let P C R3 be the 3-dimensional polytope defined by
{z eR®| f(x) > 0}. We have

fR)=V and  f(P)="P. (6.11)
Indeed, defining
i i i 2 : ;
= % y T2 = % , T's = % , Ta = 0] 75 = 0], 76 = 01
0 0 0 % % %

we have f(r;) = M., for each i € [6].

Figure [6.5] visualises P, which has 6 faces corresponding to the inequalities of the
system C'z +d > 0. In more detail, P is the intersection of the following half-spaces:
y >0 (blue), z > 0 (brown), —3z—y+3z+1 >0 (green), —z + 2z +1 > 0 (yellow),
x > 0 (pink), —z —y — £z + 1 > 0 (transparent front). The figure also shows

1

148



the position of the points 71, ...,7¢ (black dots) which span an interior polytope R .
Observe that r; € P, as f(r;) = M.; € P’ for all ¢ € [6].
The columns of W in (6.7)) are also in P’ C V. Indeed, defining

3—v2 26+7v2
2 -2 3-y2 1 0 £t7v2
a=| 0o |e=["2Lg=|22qg=| o [[a=] 0o |
10+v2 12—2v/2
0 0 0 14 17

we have f(qf) = W.; € P, hence ¢ € P for each i € [5]. Applying the inverse of the
map f column-wise to the NMF M =W - H of , we obtain

(Tl o T3 T4 Ts T6):(QT 95 Q§ q; qg>-H. (6‘12)

Since matrix H is stochastic, implies that the points r; are contained in the
convex hull of the points ¢/. In Figure points ¢, q5, g5 are the vertices of the
triangle on the brown zy-face, while points ¢j, g, ¢ are the vertices of the triangle
on the blue xz-face. The former triangle contains the points 71, o, 73, while the latter

triangle contains the points ry, rs, rg.

6.5.1 Typel

In this subsection we prove Proposition [61| (1), implying that any type-1 NMF of M
(restricted or otherwise) requires irrational entries.

We will need the following elementary fact of linear algebra.

Proposition 62. Let g1 = (x1,11), @2 = (22,y2), and q3 = (x3,y3) be three distinct
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points in the plane, and consider the determinant

1 oy 1
A=z, y 1
r3 y3 1

Then A = 0 if and only if q1, g2, and q3 are collinear, and A > 0 if and only if the

list of vertices qi,qs,q3 describes a triangle with anti-clockwise orientation.

Let us consider a type-1 NMF M = L - R. By definition, k = 1 and k1 = ko = 2.

After a suitable permutation of its columns, L matches the pattern

0O+ + 0 0

00 0 + +

where + denotes any strictly positive number. Considering the respective zero pat-
terns of M and L it is clear that: (i) M.;, M., M.3 all lie in the convex hull of
L.1,L.o,L.3, and (ii) M.4, M. 5, M. all lie in the convex hull of L., L.4,L.5. At a
high level, our proof strategy is to use facts (i) and (ii) to respectively derive two
inequalities which together force L = W, up to a permutation of the columns, for W
the matrix in .

Let us write Vy, C RS for the affine span of M. 1, M. 5, M. 3. We can also charac-
terise V, as the image of the xy-plane in R? under the map f : R* — R®. Indeed, we
have f(r1) = M.y, f(ra) = M., and f(rs) = M.3. Thus, the image of the zy-plane
under f is a 2-dimensional affine space that includes V, and hence is equal to V. De-

fine the polygon Py C R3 by Py = {(z,v,0)" : (z,y,0)" € P}. Figure[6.6]illustrates
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1.0
g4 o
0.75 1
0.5 1

0.25 1

— = T

@025 0540 075 1.0

Figure 6.6: The outer polygon is Py (after identifying the zy-plane in R? with R?).
Likewise, the inner polygon is Arirors. The quadrilateral with dashed boundary is
the supporting polygon S,,, where ¢; = (%, 0,0)". The triangle Agiqiqs, with solid
boundary, is the supporting polygon S, where ¢ = (2 — V2,0, 0)".

polygon Py. Then, f restricts to a bijection between Py and the set of nonnegative

vectors in V). We have the following lemma:

Lemma 63. Let R C Py be the triangle with vertices ri,19,73 (see Figure . If
q1 = (u,0,0)", where 0 < u < 2— V2, then the supporting polygon S,, has more than

three vertices.

Proof. Towards a contradiction, suppose that &, has three vertices. Moving anti-
clockwise, let the vertices of S, be ¢i, ¢3, and ¢o. From the assumption that 0 <
u < 2 —+/2 it follows by elementary geometry that: (i) the line segment ¢;q3 passes
through r; and g3 lies on the right edge of Py, and (ii) the line segment g3qo passes
through ro and ¢y lies on the upper edge of Py. Figure shows the supporting
polygons in the cases u = % and u = 2 — /2.

Writing g3 = (1,%,0)T and ¢o = (1 — w,% + %,O)T, where 0 < v, w < 1, the
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collinearity conditions (i), (ii) and Proposition |62 entail:

u 0 1
1 1 3 1
1 % 1 :§UU—§U—§U+§ =0 and (613)
s
: % 1 1 1 3 1
1 ;1

The assumption that S, is the triangle with vertices g1, gs, ¢2 entails that vertices

¢2, q1, 73 are in anti-clockwise order (unlike in Figure . This implies:

o %—i_% : 1 10 3 7

— _ - —u——>0. 1
u 0 1 2wu—|—11w+11u 11_O (6.15)
i om 1

We use the equations in (6.13)) and (6.14) to eliminate variables v,w from the in-
equality (6.15]), obtaining:

15

% (W2 —4u+2) >0
PEu_p W At =

This inequality has no solution 0 < u < 2—+/2, yielding the desired contradiction. [

Let us write V; C RS for the affine span of M.y, M.5,M.s. We can also charac-
terise V; as the image of the zz-plane in R?® under the map f : R® — R®. Indeed, we
have f(r4) = M.4, f(rs) = M.5, and f(rg) = M.g. Thus, the image of the zz-plane
under f is a 2-dimensional affine space that includes V; and hence is equal to V.
Define the polygon P; C R3 by P; = {(2,0,2)" : (2,0,2)" € P}; see Figure [6.7| for

an illustration. Then, f restricts to a bijection between P; and the set of nonnegative
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1.25
(0,0,8)7

1.0 1
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0.75 ]
0.5 (2,0, )7
0.25 1

q
°
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025 05 075 1.0 125 15 1.75 2.0 225

Figure 6.7: The outer polygon is P; (after identifying the xz-plane in R?® with R?).
The inner polygon is Aryrsrg. Writing ¢; = (£,0,0) ", the quadrilateral with dashed
red boundary is the supporting polygon S,,. The triangle Agjgiq;, with solid black
boundary, is the supporting polygon S,:, where ¢ = (2 — v2,0,0)".

vectors in V;. We have the following lemma:

Lemma 64. Let R C Py be the triangle with vertices 14,175,716 (see Figure[6.7). If
q1 = (u,0,0)", where 2 — V2 < u <1, then the supporting polygon S, has more than

three vertices.

Proof. Towards a contradiction, suppose that &, has three vertices. Moving anti-
clockwise, let the vertices of S,, be ¢, ¢5, and g4. From the assumption that 2 —
V2 < u < 1 it follows by elementary geometry that: (i) the line segment q;¢5 passes
through r, and g5 lies on the upper edge of Py, and (ii) the line segment gsq4 passes
through r5 and ¢4 lies on the left edge of P;. Figure6.7|shows the supporting polygons
in the casesu:gandu:Q—\/é.

Writing g5 = (2222,0, 229" and ¢, = (0,0,%22)7, where 0 < v,w < 1, the
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collinearity conditions (i), (ii) and Proposition |62 entail:

u 0 1
9 135 1
9=v THw ) = ¥ Y + 3 =0 and (6.16)
2 1
B 18 9 9
0 8778w 1| = 71)21} — 1—62) — 2w + E =0 (617)
S

The assumption that S, is the triangle with vertices g1, ¢gs, ¢4 entails that vertices

4, q1, 76 are in anti-clockwise order. This implies:

’ 87781” : 8 4 47 4

— 2o — N - > 1
u 0 1 7wu 21w 84u—|— 57 = 0 (6.18)
¢ 1 1

We use the equations in (6.16) and (6.17) to eliminate variables v,w from the in-
equality (6.18]), obtaining:

—10

2 —dut2) >0
Nu—7) W At =

This inequality has no solution 2—+/2 < u < 1, yielding the desired contradiction. [

Figure provides a combined view of the zy-plane and the xz-plane.

The affine span of column vectors L., L., L. 3 includes V, and has dimension at
most two, and hence is equal to V. In particular, L. 1, L. 2, L. 3 must all lie in V. Since
L., L.o, L. 5 are moreover nonnegative, there are uniquely defined points g1, g2, ¢3 €
Py such that f(¢;) = L.; for i € {1,2,3}. Since NMF M = L - R is stochastic,

the convex hull of points qi,¢o, g3 includes points 71,79, 73, i.e., Aqig3qe is nested
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0.75

0.5

0.25

Figure 6.8: Combined view of the xy-plane and the xz-plane. One may imagine that
the figure is folded along the z-axis.
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between Arirors and the polygon Py. Since L. ; has 0 in its first two coordinates, by
inspecting the definition of the map f we see that ¢; = (u,0,0)" for some u € [0, 1].
By Lemma it follows that the supporting polygon S, has three vertices. Now,
Lemma implies that 2 — V2<u<l.

Considering the polygon Py, we have ¢; € Py (recall that f(¢;) = L.). Arguing as
in the case of Py, there are uniquely defined points ¢4, g5 € P such that f(¢;) = L., for
i € {4,5}. Similarly as before, Aq;¢5q4 is nested between Aryrsrg and the polygon P;.
Then Lemmas and imply that 0 <u <2 — \/5, thus u = 2 — v/2. This means
that ¢ = (2 —+/2,0,0)" = ¢i. Hence L., = f(q1) = f(q}) = W.1.

We recall from Figure that the supporting polygon S, nested between the
triangle Arqyrors and the polygon Py, corresponds to the triangle Agjgiqs. Similarly,
as seen in Figure , the supporting polygon &;-, nested between the triangle Aryrsrg
and the polygon P, is the triangle Agiq¢iq;. We have already shown that ¢; = ¢. In
the following, we show that ¢; = ¢ for each i € {2,3,4,5}.

Towards a contradiction, suppose that ¢, # ¢; or g3 # ¢5. Let us consider the case
when g, # ¢5. Observe that triangles Agjqsqs and Agjqsge are both nested between
Arirerg and Py. The fact that Aryrors € Agigsqe implies that vertices ¢z and ¢
lie to the right of (or on) directed line segments ¢¢5 and ¢3¢}, respectively. Since,
moreover, ¢z, qa € P, it holds that vertex ¢s lies to the left of (or on) directed line
segment ¢;q5, whereas vertex go lies strictly to the left of ¢5¢5. However, this implies
that the point 75 is to the right of directed line segment ¢sgs, which is a contradiction
with the assumption that Arirors € Agigsqe. The case g3 # g3 analogously leads to
a contradiction. We conclude that ¢» = ¢3 and g3 = ¢5. Analogously, using Lemma [64]
one can show that ¢4 = ¢j and g5 = ¢;.

Since f(¢;) = L.; and f(qf) = W.; for each i € {2,3,4,5}, we conclude that
{L.o,L.s} = {W.o,W.5} and {L.4,L.5} = {W.4,W.5}. Therefore, the NMF M =

L - R coincides with the one given in , up to a permutation of the columns of W
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and the rows of H. Proposition [61] (1) follows.

6.5.2 Type 2

In this subsection we exclude type-2 NMFs of M, i.e., we prove Proposition [61] (2).
Towards a contradiction, suppose there is a type-2 NMF M = L - R. We recall that,
by definition, this means that M = L - R is a stochastic and at most 5-dimensional
NMEF where k = 2 and k; = 1. Up to some permutation of its columns, L matches

the pattern

oo+ - - 00 +
00 0 + + 00 0 +

according to whether the inner dimension of the NMF M = L-Ris 5 or 4, respectively.
It follows from the zero pattern in M that, in either case, columns M. 1, M., M. 5 all
lie in the convex hull of L.y, L. o, L. 3.

Consider again the affine space Vy C R® and the polygon Py C R? from .
We recall that Py is visualised in Figure [6.6, By reasoning analogously as in §6.5.1]
there are uniquely defined points g1, g2, g3 € Py such that f(¢;) = L., for i € {1,2,3}.
It follows that the convex hull of ¢, g2, g3 includes 71,79, 73. Since L.; and L. 5 have 0
in their first two rows, by inspecting the definition of the map f we see that ¢; and ¢
lie on the z-axis in R3. Let us define points ¢; = (0,0,0)" and ¢ = (1,0,0)". The
triangle Ag;gogs contains the triangle Aq;goq3, hence the convex hull of ¢y, ¢, g3 also
includes rq,79,73. It follows that the vertices ¢i,73,q3 are in anti-clockwise order,

and that the vertices s, g3, 72 are in anti-clockwise order. By inspecting the location
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of these points (see Figure , one can see that ¢3 is then outside Py, which is a

contradiction. Thus we have proved Proposition [61] (2).

6.5.3 Type 3

In this subsection we exclude type-3 NMFs of M, i.e., we prove Proposition (3).
Our reasoning is entirely analogous to §6.5.2] Towards a contradiction, suppose there
is a type-3 NMF M = L - R, i.e., a stochastic and at most 5-dimensional NMF such
that £ = 2 and ky = 1. Up to some permutation of its columns, L matches the

pattern

00 0 + + 00 0 +
oo+ - - 00 +

when the inner dimension of the NMF M = L - R is 5 or 4, respectively. In either
case, columns M. 4, M. 5, M. ¢ all lie in the convex hull of L., L. o, L. 5.

Consider again the affine space V; C R® and the polygon P; C R? from .
Recall that P; is visualised in Figure |6.7. Analogously to the previous subsection,
there are uniquely defined points ¢, ¢2, ¢3 € P1 (such that f(¢;) = L., fori € {1,2,3})
whose convex hull includes 74,75, 76, and ¢; and go lie on the x-axis in R3. Defining
again ¢, = (0,0,0)" and ¢ = (1,0,0)", we obtain that the convex hull of Gy, G2, g3
includes ry,75,76. It follows that the vertices ¢i,7g,q3 are in anti-clockwise order,
and that the vertices ¢s, q3, 74 are in anti-clockwise order. By inspecting the location
of these points (see Figure , one can see that ¢3 is then outside P;, which is a

contradiction. Thus we have proved Proposition [61] (3).
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6.5.4 Restricted Type 4

In this subsection we exclude restricted type-4 NMFs of M, i.e., we prove Proposi-
tion [61] (4). Suppose there is a restricted type-4 NMF M = L-R. Thatis, M =L-R
is a stochastic and 5-dimensional restricted NMF such that £ = 3, ky = 1, ks = 1.

After a suitable permutation of its columns, L matches the pattern

+ 0 0 00
0O+ 000

Clearly, columns M.y, M. 5, M. 3 all lie in the convex hull of L., L.3, L. 4, L. 5.

Since the NMF M = L - R is restricted, we have Col(L) = Col(M) and, in
particular, L.y,...,L.5 € Col(M). Since matrices L and M are both stochastic,
L.y,...,L.5 lie in the affine span of the columns of M, i.e., the 3-dimensional affine
subspace V C RS defined at the beginning of this section. Moreover since L is
stochastic, we have L.y,...,L.5; € VNRS = P’. Thus, there are uniquely defined
points ¢, ...,qs € P such that f(¢;) = L.; for i € [5]. Since L.; has 0 in its second
row, by inspecting the definition of the map f we see that ¢; € Py, where Py, is
visualised in Figure . Since L. 3, L. 4, L. 5 have 0 in their first two rows, by inspecting
the definition of the map f we see that gs, g4, g5 lie on the z-axis in R3. Recall that
the convex hull of ¢, ¢s,q4, g5 includes 71,79, r3. Defining points ¢z = (0,0,0)" and
4y = (1,0,0)T, we get that the triangle Agsgsq: includes 71,79, 73.

Therefore, if there is a restricted type-4 NMF of M then there is a type-2 NMF
of M. We have shown in Section that M does not have a type-2 NMF, hence
Proposition 61| (4) follows.
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6.6 Conclusion

In this chapter, we have answered the restricted NMF variant of the Cohen—Rothblum
problem negatively by exhibiting a rank-4 rational matrix whose optimal restricted
nonnegative factorization requires factors that have irrational entries. Moreover, we
have shown that our counterexample is optimal inasmuch as rational matrices of

rank 3 or less always have an optimal rational restricted NMF.
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Chapter 7

Nonnegative Matrix Factorization

Requires Irrationality

Abstract

We show that the nonnegative ranks of a monnegative matriz over the
reals and over the rationals may differ. This solves a problem posed by
Cohen and Rothblum in 1993. This chapter is an extension of the material

in [Chistikov et al., \2017] and [Chistikov et al.].

7.1 Introduction

In this chapter we give an example of a matrix whose nonnegative ranks over the
reals and over the rationals differ. We thereby answer a longstanding open problem
posed by (Cohen and Rothblum| [1993].

In Chapter [6] we showed a version of this result for the restricted nonnegative

rank. Specifically, in Section we exhibited a rational matrix whose restricted
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nonnegative ranks over R and Q differ. Our approach in this chapter draws on the
ideas from Section and extends them in a non-trivial way.

In Section [6.4] we constructed a rational matrix M whose restricted NMF M =
W - H with minimal inner dimension is unique (up to permutation and rescaling of
columns of W) and has irrational entries in the factors W and H. In this chapter,
we show that for a larger matrix M" = (M W, ), where W, is a nonnegative rational
matrix which is entry-wise close to W, there is no other NMF, restricted or otherwise,
of the same inner dimension. This requires ruling out several classes of other hypo-
thetical factorizations of M’, while still ensuring that one appropriate NMF (with
irrational entries in the factors W and H) exists.

The main technical result in this chapter is to exhibit the above-mentioned ma-
trix W, that enables us to rule out type-4 factorizations of M’. The fundamental
idea here is that, by including all columns of W into the set of columns of M’, we
could exclude factorizations of type 4. Unfortunately for this construction, the ma-
trix W has irrational entries; however, we can instead take any nonnegative rational
matrix W, that is sufficiently close to W, and undesirable factorizations will still be
excluded.

In Section [7.2] we pick a specific matrix We, but also describe a wider class of
suitable substitutes. Then in Section we show that the matrix M' = (M W.)

has different nonnegative rank over R and Q.

7.2 Ruling out Type-4 Factorizations

In this section, we give the main technical ingredient needed to show Theorem |67|in

the following section. Specifically, we exhibit a nonnegative rational matrix W, which

is entry-wise close to the matrix W in (6.7)) and has no type-4 NMF.
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We begin by defining the matrix

133 640
0 165 2233 0 0
1 0 0 17209 997
111540 58047 5082
114721 1 17 385 2921
892320 146850 506 1759 203280
W, =
47 413 1 2915 4381
1248 5874 102718 10554 203280
36 22 18674 1 3252
169 267 51359 116094 4235
276953 1009 16239 1100 1
446160 24475 51359 5277 101640

6Xx5
€ QY7

which is stochastic and can be seen as a perturbation of W. Matrix W, factors

through W as it has a stochastic 5-dimensional NMF

with H, as follows:

We

=W H,

(7.1)

30419 2867912 —2728 | 5791v2 2741 _ 6422 —689 + 15595v2 389 _ 55012
40560 162240 46725 140175 98049 32683 10554 337728 1848 36960
0 163318 _ 7277v/2 5958 505432 0 0
140175 62300 32683 392196
—2137 | 6047v/2 11062 | 83212
0 30025 T 80100 14007 T 56028 0 0
7443 513132 0 0 148807 172627v2 —1741 + 18472
8840 86190 179418 1435344 26180 39270
—408157 4 11544732 0 0 7039  318541v/2 134461 + 1163v2
689520 2758080 29903 1913792 157080 11424

In this section, we exclude type-4 NMFs of W.. We recall from Section that

these are defined as 5-dimensional stochastic NMFs W, = L- R such that, up to some
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permutation of its columns, L matches the zero pattern:

+ 0 0 00
0+ 000

We will then use this result in Section [7.3|to show that a larger matrix (M W, ) has

no type-4 NMF. Our main result is:
Proposition 65. Matriz W, has no type-4 NMF.

The main technical idea behind the proof of Proposition [65] given in Lemma
in Section [7.2.2] is to use constraint propagation to show that no matrix in a suitably

small neighbourhood of W, that contains W,, admits a type-4 NMF.

7.2.1 Geometric Intuition

We recall from Section |6.5] that the columns of M affinely span a 3-dimensional affine
subspace V C RS, while a 3-dimensional polytope P’ is defined as the intersection
of ¥V with R%. Moreover we recall the parameterization f : R* — R® of V and P’
Since W, = W - H., we have Col(W.) C Col(W) = Col(M). Therefore, (W,).; € P’

for each ¢ € [5]. In particular, we have f(qf) = (W.).,; for each ¢ € [5] where:

99 121 9337 1 813
169 534 9338 42216 385
3 — g — @ g — ﬂ 3 — g —
Q1 0 ) q2 150 ) q3 203 ) Q4 0 ) Q5 O
1 0 O 17209 997
40560 21108 1848
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Applying the inverse of f column-wise to the NMF W, =W - H., we obtain:

(qi G @G 4 %)Z((JT G oG g Q§>'Hs- (7.3)

Since matrix H. is stochastic, Eq. (7.3) implies that the points ¢ are contained in
the convex hull of the points ¢;. In Figure[6.5] points ¢f, ..., ¢; are close to ¢j, . .., ¢z,
with g5, ¢5 being on the xy-face and ¢f, ¢j, ¢¢ being on the xz-face, although they are

not shown in Figure [6.5]

7.2.2 The Proof

In this section we prove Proposition [65] Specifically, in Lemma [66] we use constraint
propagation to show that no matrix in a suitably small neighbourhood of the ma-
trix W from admits a type-4 NMF. As W, belongs to this neighbourhood,
Lemma [66] implies Proposition [65] Indeed, the decimal expansion of the matrix W,

can be rounded as follows:

0 0.81 0.2866 0 0
0.9-107° 0 0 0.296 0.1962
0.1 0.7-107>  0.03360 0.219 0.0144
W, ~ (7.4)
0.04 0.0703 0.97-10~°  0.276 0.0216
0.2 0.08 0.4 0.9-107°>  0.7679
0.621 0.04 0.316 0.208 0.98-107°

From here it is clear that W, satisfies the system of constraints ((7.5)).

Lemma 66. For all stochastic matrices W € Rff‘r’ satisfying the following entry-wise
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constraints:

0 0.8<- 0.286 < - <0.287 0 0
-<e 0 0 0.29 <- 0.196 < -
N -<e 0.0335 < - 021 <- -<0.015
W — (7.5)
0.07 < - -<e 027 <. -<0.022
-<eg 0.767 < -
0.62 < - -<0.32 - <0.21 -<e

where € = 107°, there exists no type-4 NMF of W,

Proof. Towards a contradiction, assume that there exists some stochastic matrix
W e Ri“’ that satisfies all constraints in and has a 5-dimensional stochastic
NMF W = L - R such that, up to some permutation of its columns, L matches the
zero pattern . We will use constraint propagation to derive lower and upper
bounds for various entries of the matrices L and R until we reach a contradiction.

All columns of W lie in the convex hull of the columns of L since

for all j € [5]. Consider the columns WA and W5 Since L matches the zero
pattern ([7.2)), we have WQA = Loy Ry 4 and /V[72,5 = Lyy- Ry 5. From here, using (7.5

and the fact that L is stochastic, we obtain the constraints:

0.29 < W2,4 = Lo - Roy < Ryy 0.196 < WQ,S =Loo-Ry5 < Ryjs. (7.6)

For every i € [6] and j € [5], since fVIZ] = L,. - R.; and matrices L, R are

nonnegative we have the inequality L;j - Ry ; < Wzy for all £ € [5]. We could thus
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compute an upper bound on L,y (resp., on Ry ;) if we had a lower bound on R ;
(resp., on L; ). We refer to this as computing simple upper bounds through ﬁ//”
Since 0.196 < Ry 5 by (7.6) and W satisfies the constraints in (7.5)), we can compute

the following simple upper bounds through /MV/375, /VIV/475, and W&g):

0.015 0.022 e
Lao < ——=2 < 0.077 Lo < ——22 <012 Leo <
32 =0.196 = ’ 22 =0196 = 7 6.2 =

< .
0196 = %

Moreover, the lower bound 0.29 < Ry, from (7.6) gives a simple upper bound
through /VI7574:

Since L is stochastic, the derived upper bounds on L; 5 for 3 <i < 6 give:
Lys>1—(0.077+0.12 + 10¢) > 0.8.

We now summarise the derived constraints that are used in the next argument:

L:,l L:,Q L:,3 L:,4 L:,5

R.1 Rp2 R.3 R4 R.5

Ly,

Ry
Lo 0.8 S .

Ry, 0.196 <.
L3,.

- . (1.7)
Ly,

Ry,
Ls,; - < 4e

Rs. .
L@y; ° S 65

The column Wl lies in the convex hull of the columns L., L.3, L. 4, L. 5. The lower

bound Lys > 0.8 yields the simple upper bound Ry; < 2¢ through WQJ. Assume,
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without loss of generality, that Lg3 = max{Lg 3, Le 4, Lss}. From
0.62 < We‘,l =Lg.-R1<Lgo - Ron+(1—Ron) Lez < Lga- Ro1+ Les

we get Lgs > 0.62 — 6 - 2¢ > 0.61.
The column /Wg) lies in the convex hull of columns L., L. 3, L. 4, L. 5. Since Ls o <

4e and Ry 5 > 0.196, we now have
0.767 < W5,5 =Ls5.-R5<Lso+ (1 — Rop) max{Ls3, Lsa,Ls5},

yielding the bound

0.767 — 4¢
Lss, Lsy, L > - >, )
max{Lss, L5, Lss} > 10196 0.9539

Since Lgs > 0.61 and L is stochastic, max{Ls3, Ls4, Lss} is either Ls4 or Lss.
Without loss of generality, let max{Ls 3, L5 4, L5 5} = Ls4. Then, Ls4 > 0.9539.

We recall some of the obtained constraints on the entries of L in the following:

LQ,:
L, - <0.077

(7.8)
L4,: ° S 012

Ls,: 0.9539 < -

L6,: 061 S .

The column WA lies in the convex hull of columns L.y, L. 3, L. 4, L. 5. By multi-
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plying the row vector <() 0200 _1> with ,I/I\ZA =L-R.,4, we get:
2W3,4 — Wﬁ,él = (2L;. — Lg,) - R. 4.

Since /WV3,4 > 0.21 and /_Wv674 < 0.21, we have Q/WV3,4 — /_Wv674 > 0.21. On the other hand,

we have Lz, < 0.0461 because of the lower bound Ls 4 > 0.9539. Moreover,
2L33 — L3z <2(1 — Lgz) — L3z =2 — 3Lg3.
Hence,

0.21 < (2L32 — Le2)Rou + (2L33 — Le3)R3 s+ (2L34 — Lga)Raa + 2L3 5

S max{2L372, 2 — 3L673, 2L3’4 } + 2L375 s
—~— ——

2:0.077  2-3-0.61  2.0.0461

which implies that

Lss > 0.02. (7.9)

Next we derive a lower bound on L, by applying a similar argument on the
column W, 4, but considering the 4" and 6" rows. First, by multiplying the row
vector (0 00 2 0 _1) with /V[v/:A = L - R.4 we obtain the equality:

2Wya —Wea = (2Ly. — Lg.) - R. 4.

X

We see that 2W4,4 — WGA >2-0.27—0.21 > 0.33. The entry L4 4 satisfies the same

upper bound as L3 4: indeed, Ly <1 — L54 < 0.0461. Moreover,

2L473 — L673 S 2(1 — Lﬁ,g) — L673 =2 3[46,3-
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We have

0.33 S (2[/472 — L6’2)R2,4 + (2.[/4’3 — L6,3>R3,4 + (2L4,4 — L6’4)R474 + 2L475
S max{2L4,2, 2 — 3L673, 2L474 } + 2L4’5 s
—— ——
2012  2-3.0.61  2:0.0461
which results in the constraint L,5 > 0.045.
The column L. ; is the only column of L that has a positive first coordinate; hence

it is the only column of L that contributes to the positive first coordinates in the

columns WQ and Wg We obtain the following lower bounds through WLQ and fI/I7173:
0.8 S /—WVLQ = L171 . RLQ 1mply1ng that 0.8 S L171 and 0.8 S RLQ (710)

0.286 < Wy =Ly, - Ris < Ry (7.11)

The bounds in (7.10)) and (7.11)) enable us to derive the simple upper bound
Ls 1 < 2¢ through W&g. We get the following simple upper bounds on the entries of

the column R. 3:

o 15 < %27 < 0.36 through Wl’g since L1, > 0.8,

o Ryy < 22 <053 through Wiy since Lgz > 0.61,

o R53 < 555 < 23¢ through /V[v/473 since L5 > 0.045.

These upper bounds constrain the weights of the columns of R in the convex combi-
nation that expresses Wg Since Wg lies in the convex hull of L., L.3, L. 4, L. 5, we
then get

Ry3>1-0.36 —0.5—23¢ > 0.1.

Using this bound and the bound on R, 3 in (7.11)), simple upper bounds Ls4 < 10e
and Ly < 4e are given through /Wv4,3. As Ly > 0.02 by (7.9), we have R55 < 50e

through /—Wv372.
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Here we highlight some of the obtained constraints on the entries of L and R:

Ly Lo L. Lia L.s
R.1 R.2 R. 3 R.4 R.5

Ly,

R, 0.8<- 0.286 < -
Lo .

R .
L37; ‘ S 25

Rg,:
Ly, | - <de - < 10e

Ry,
Ls,. 0.9539 < -

Rs.. - <50 <23
L, 0.61 <.

The column /_WVQ lies in the convex hull of L., L.3,L.4,L.5. Using the bounds

recalled above, we get:

0.07 < W4,2 =Ly, Ro=Ly1Rio+ LisRso+ LyaRao+ LysRso

< Lyy +Ly3(1 — Ryo)+ Lyg + Rs o,
— —_—— = =~

4e 0.2 10e 50e

resulting in the lower bound 0.346 < L, 3. By a similar argument on the column fI/I\Z73,

and by using the lower bound on R; 3 recalled above, we get:

0.0335 < W3,3 =L3.-R.3=1L31Ri3+ L33R33+ LasRaz+ L3sRs53

< Ls; +max{Lss, L34} (1 — R13)+ Rs3 .
- —

2e 0.714 23¢

This gives the lower bound:
max{ngg, L3,4} Z 0.0465. (712)

However, observe that L33 <1 — Ly3 — Lg3 < 0.044. Moreover since L4 > 0.9539,

we have L34 < 0.0461. Thus max{Lss, L34} < 0.0461, which contradicts (7.12]).
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This completes the proof. n

7.3 NMF Requires Irrational Numbers

In this section, we give the main contribution of this chapter: a rational matrix whose

respective nonnegative ranks over R and Q are different.

Theorem 67. Let M' = (M W.) € Q3" where:

5 5 85
44 11 121 0 0 0
2 3 7

0 0 0 11 11 33

11 2 1 15 17

11 44 121 44 8 88 6x6
M = € Q1"7,

L1 8 1 19 5

44 44 121 44 88 24

3 3 12 8 2 2

11 11 121 11 11 33

15 14 1 7 43

2 22 121 22 44 132

0 & 5 0 0

165 2233
1 0 0 17209 997
111540 58047 5082
114721 1 17 385 2921
892320 146850 506 1759 203280 6%5
W, = € QY.
47 413 1 2915 4381
1248 5874 102718 10554 203280
36 22 18674 1 3252
169 267 51359 116094 4235
276953 1009 16239 1100 1

446160 24475 51359 5277 101640

The nonnegative rank of M’ over R is 5. The nonnegative rank of M’ over Q is 6.

In Theorem [59] we showed that the respective restricted nonnegative ranks of the
matrix M over R and Q are different. Theorem [67] refers to general nonnegative rank;
the rest of this section is devoted to its proof.

Matrix M’ is stochastic. As argued in Section [5.3] we only need to consider

172



stochastic NMFs of M’ in order to determine its nonnegative rank. We recall from
Equations and ([7.1)) that matrices M and W, have, respectively, stochastic 5-
dimensional NMFs M =W - H and W, = W - H, where:

5 5V2 1545v2
0 Tt 77 0 0
0 0 20+2v2 48—8v2
77 187
V2 0 42 3,3 1480
11 77 14 ' 308 187
W =
—14+v2 442 0 39 4 52 21-12/2
11 77 154 308 187
8-4v2  12-4V2 4 0 104+28v2
11 77 11 187
4422 6—2v2  30-4v2 3 V2 0
11 77 77 11 22

Thus, matrix M’ has the following stochastic 5-dimensional NMF":
M =W . (H Hg) ) (7.13)

Remark 68. The columns of M' and W span the same vector space. It follows that

the restricted nonnegative ranks of M' over R and Q are 5 and 6, respectively.

Factorization ([7.13]) shows that M’ has nonnegative rank at most 5 over R. Ob-
serve that the entries of the factors W, H, and H. are irrational. To prove Theorem|[67]
it suffices to show that M’ has no 5-dimensional NMF over Q.

To this end, we recall from Section the classification of stochastic and at
most 5-dimensional NMFs M = L - R into four types according to the zero pattern in
the first two rows of the left factor L. (These four types are illustrated in Figure
for inner dimension 5.) Since M’ = (M W, ), it follows from Proposition |60 that
any stochastic NMF M’ = L - R of inner dimension at most 5 has type 1, 2, 3, or 4.
The following corollary enables us to exclude rational NMFs M’ = L - R of each of

the four typesﬂ7 thereby also showing that M’ has nonnegative rank exactly 5 over R.

n fact, we show that factorization (7.13) is the unique 5-dimensional NMF of M’.
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Corollary 69. Let M’ be the matriz from Theorem@ and W the matriz from (6.7)).

(1) If M" = L - R is a type-1 NMF then L is equal to W, up to a permutation of its

columns. In particular, L is not rational.
(2) Matriz M’ has no type-2 NMEF.
(3) Matriz M’ has no type-3 NMF.
(4) Matriz M’ has no type-4 NMEF.

Proof. We recall that M’ = (M W.). If M’ = L- R is a type-1 NMF, then this
yields a type-1 NMF of matrix M where the left factor is L. Proposition (1)
implies that L is equal to W, up to a permutation of its columns. Similarly, we know
from Proposition [61] (2) and (3) that M has no type-2 or type-3 NMF. Therefore, M’
has no type-2 or type-3 NMF. By Proposition [65, matrix W, has no type-4 NMF.

Therefore, matrix M’ has no type-4 NMF. H
Using this we can prove Theorem [67}

Proof of Theorem[67. Due to the NMF of M’ stated in , the nonnegative rank

of M’ is at most 5. Corollary |69 implies that the nonnegative rank of M’ equals 5.
Since M’ = Is-M’, the nonnegative rank of M’ over Q is at most 6. By Corollary[69)

there is no 5-dimensional NMF M’ = L - R with L rational. Hence, the nonnegative

rank of M’ over Q equals 6. O

7.4 Conclusion

In this chapter, we have shown that an optimal nonnegative factorization of a rational
matrix may require factors that have irrational entries. This answers an old open

problem, due to |Cohen and Rothblum| [1993], negatively.
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Our counterexample matrix has rank 4, thus showing that for matrices of rank 4
or greater the nonnegative ranks over R and over Q may differ. On the other hand,
nonnegative ranks over R and Q are known to coincide for matrices of rank at most 2
[Cohen and Rothblum)| [1993] or nonnegative rank at most 3 [Kubjas et al. 2015|.
It remains an open question whether nonnegative ranks over R and over QQ differ
for rank-3 matrices whose nonnegative rank is at least 4, or whether our rank-4

counterexample is, in fact, minimal.
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Chapter 8

Minimization of Labelled Markov
Chains and Nonnegative Matrix

Factorization

Abstract

We apply our results on nonnegative matriz factorization to answer long-
standing open problems concerning minimization of labelled Markov chains.
We look at two notions of minimization: coverability and state minimiza-
tion. In his seminal 1971 textbook, Paz asked the following question:
When searching for a minimal covering LMC, can one look only at LMCs
that have the same rank as the input LMC? We use restricted NMF to an-
swer Paz’s question negatively, thus falsifying a positive answer claimed
in 1974. Secondly, we use our answer to the Cohen—Rothblum problem
to show that state minimization of labelled Markov chains can require the
introduction of irrational transition probabilities. This chapter is based on

the material in [Chistikov et all, |2016] and [Chistikov et all, |2017].
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8.1 Introduction

Labelled Markov chains (LMCs), defined later in Section are a fundamental
model, variants of which occur under different names in the literature including
(generative) probabilistic automata [Abe and Warmuth, 1992] and hidden Markov
chains [Gillman and Sipser, |1994]. These models are widely employed in fields such
as speech |Rabiner} 1989] and gesture [Chen et al., 2003] recognition, signal process-
ing [Crouse et al., [199§], climate modelling |Ailliot et al. 2009], and computational
biology [Eddyl [2004], e.g., sequence analysis [Durbin, 1998].

In this chapter, we look at minimization of labelled Markov chains. We consider
two minimization problems: the problem of finding a minimal covering LMC and the
problem of finding a minimal equivalent (initialised) LMC. We relate each of these
problems to nonnegative matrix factorization.

The problem of finding a minimal covering LMC is to find an LMC that is capable
of realizing all the distributions of the original LMC (and possibly more) with as few
states as possible. More formally, an LMC M’ covers an LMC M if for any initial
distribution over the states of M there is an initial distribution over the states of M’
such that M and M’ are equivalent. The notion of coverability was introduced by
Paz| [1971] in his seminal textbook. There, Paz asked a question about the nature of

minimal covering LMCs:

“When searching for a minimal covering LMC, can one look only at LMCs

that have the same rank as the input LMC?”

We will refer to this question as Paz’s conjecture. Here the rank of an LMC is defined

to be the rank of its backward matriz, which we formally define later in Section [8.3]

In 1974, Paz’s conjecture was supposedly answered positively by Bancilhon| [1974].
In Section [8.3] we establish a tight connection between NMF and the coverability

relation in LMCs. Using this connection we show that the correct answer to Paz’s
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conjecture is negative, thus falsifying the claim in [Bancilhon| 1974]. Instrumental
to our counterexample is the observation that restricted nonnegative rank and non-
negative rank can be different. Indeed, the wrong claims in [Bancilhon, |1974] seem
to implicitly rely on the opposite assumption, although the notions of nonnegative
rank and restricted nonnegative rank had not yet been developed. In Section [8.3.1]
we determine where exactly the paper [Bancilhon| [1974] goes wrong.

The second natural minimization problem, appropriate for initialised LMCs, asks
for a minimal equivalent LMC. Here we consider the following analogue of the Cohen—
Rothblum problem: Given an LMC with rational transition probabilities, is there
always a minimal equivalent LMC with rational transition probabilities? We refer to
this as the rationality of LMC minimization question.

In Section [8.4] we use our counterexample to the Cohen—Rothblum problem of
Chapter [7| to give a negative answer to the rationality of LMC minimization question,
by showing that there exists an LMC with rational transition probabilities that has

no minimal equivalent LMC with rational transition probabilities.

8.2 Labelled Markov Chains

A labelled Markov chain (LMC) is a tuple (n, %, u) where n € N is the number of
states, X is a finite alphabet of labels, and function p : ¥ — [0, 1]"*" is such that
Y ses H(0) is a row-stochastic matrix. The set of states of the LMCis [n] = {1,...,n}.
For each label o, every entry (o), ; is called a transition probability. We view u(o); ;
as the probability that, when the LMC is in the state 7, it emits label o and moves
to the state j.

We extend the function p to words by defining p(e) = I, and p(oy...o0x) ==
w(oy) -+ - p(oy) for all k € N and all 0y, ...,0, € X. Observe that u(xy) = u(x) - u(y)

for all words z,y € ¥*. We view pu(w) for a word w € ¥* as follows: If the LMC is in
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Figure 8.1: Initialised labelled Markov chain M = (2,%, u,e;) where ¥ = {a, b},
pla) = (7 1/3), and ut) = (13 5).

state 4, it emits w and moves to state j in |w| time steps, with probability p(w); ;.

An initialised labelled Markov chain (LMC) is a tuple M = (n, %, u, 7) where
(n,>, 1) is an LMC and 7 € [0, 1]™ is a stochastic row vector. Vector 7 is called an
initial distribution on the states of M.

The intuitive behaviour of an initialised LMC M is as follows: At the start, M
is in an initial state ¢ with probability 7;. At any time point after that M is in
some state [, and at the next time step M moves to a state j emitting label o, with
probability p(o); ;. For any k € Ny, after k time steps M is in some state j having
generated a word of length k. Thus, M naturally defines a probability distribution
over ¥*. Figure gives an example of an initialised LMC.

Formally, initialised LMC M defines a function ||[M]| : 3* — [0, 1] where for every
w € X*,

IMI(w) == > m - p(w)sy =7 - p(w) - 1,

i€[n] j€[n]
which corresponds to the probability that M generates the word w in |w]| time steps.
Hence for any k& € Ny, ||M|||sx : % — [0, 1] is a probability distribution. For example,
in Figure 8.1 we have [M[(ab) = § -3 + 1 -3 = 1.
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8.3 Coverability of Labelled Markov Chains

In this section, we establish a connection between RNMF' and the coverability relation
for labelled Markov chains. We thereby answer an open question posed in 1971 by
Paz about the nature of minimal covering labelled Markov chains.

Consider an LMC M = (n,%, ). (Note that this LMC is uninitialised.) For
every i € [n] and w € X¥, we write prM(w) := e; - u(w) - 1,, for the probability that,

starting in state ¢, M emits the word w in |w| time steps. For example, in Figure

1
1

we have prot(ab) = More generally, for a given initial distribution m on the set
of states [n] (viewed as a stochastic row vector), we write pr(w) := 7 - u(w) - 1,
for the probability that M emits the word w in |w| time steps starting from the
state distribution 7. We omit the superscript M from pr when it is clear from the
context.

We say that an LMC M = (n,%,u) is covered by an LMC M’ = (n/,%, 1),
written M’ > M, if for every initial distribution 7 on [n] there exists an initial
distribution 7' on [n'] such that pr(w) = prit (w) for every word w € X*.

The backward matriz of M is a matrix Back(M) € RT}XZ* where Back(M); ,, =
pri(w) for every i € [n] and w € ¥*. The rank of M, written rank(M), is defined
to be the rank of Back(M). Matrix Back(M) is infinite, but its rank is at most n

since it has n rows. It follows easily from the definition [see also [Paz, 1971, Theorem

3.1] that M’ > M if and only if there exists a row-stochastic matrix A such that
A - Back(M') = Back(M). (8.1)

LMCs can be seen as a special case of stochastic sequential machines, a class of
probabilistic automata introduced and studied by Paz [1971]. More specifically, they
are stochastic sequential machines with a singleton input alphabet and X as output

alphabet. In his seminal textbook on probabilistic automata, [Paz, [1971] asks the
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following question:

Question 70 (Paz, 1971, p. 38). If an n-state LMC M is covered by an n'-state
LMC M’ where n’ < n, is M necessarily covered by some n*-state LMC M*, where

n* < n, such that M* and M have the same rank?

In 1974, a positive answer to Question [70| was claimed by Bancilhon| [1974, Theo-
rem 13]. In fact, the paper [Bancilhon| [1974] makes a stronger claim, namely that the
answer to Question [70]is yes, even if the inequality n* < n in Question [70]is replaced
by n* < n’. Note that this is equivalent to claiming that a minimal covering LMC

can always be chosen to have minimal rank. To the contrary, we show:
Theorem 71. The answer to Question[70 is negative.

Theorem (71| falsifies the claim in |Bancilhon| 1974]. In Section we discuss in
detail the mistake in the latter paper.
To prove Theorem [71] we establish a tight connection between RNMF and LMC

coverability:

Proposition 72. Given a nonnegative matriz M € Q'™ of rank r, one can compute

in polynomial time an LMC M = (m+ 2,3, u) of rank r + 2 such that for all d € N:

(a) any d-dimensional NMF M =W - H determines an LMC M' = (d + 2,5, 1)
with M' > M and rank(M') = rank(W) + 2, and

(b) any LMC M’ = (d+ 2,%, /) with M’ > M determines a d-dimensional NMF
M =W - H with rank(M') = rank(WW) + 2.

In particular, for all d € N the inequality rrank (M) < d holds if and only if M s
covered by some (d + 2)-state LMC M' such that M’ and M have the same rank.

Assuming Proposition [72] we can prove Theorem
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Proof of Theorem [71. Let M € {0,1}5*® be the matrix from Example [ on page [135]
Let M = (10,3, i) be the associated LMC from Proposition [72] Since M = I - M
is an NMF with inner dimension 6, by Proposition (72| (a) there is an LMC M’ =
(8, %, 1) with M’ > M. Towards a contradiction, suppose the answer to Question
were yes. Then M is also covered by some n*-state LMC M*, where n* < 9, such that
M* and M have the same rank. The last sentence of Proposition [72)then implies that
rrank (M) < 7. But this contradicts the equality rrank (M) = 8 from Example [4]

Hence, the answer to Question [70] is no. O

To prove Proposition [72| we adapt a reduction from NMF to the trace-refinement

problem in Markov decision processes by [Fijalkow et al.| [2016].

Proof of Proposition[73 Let M € Q7™ be a nonnegative matrix of rank r. As
argued in Section [5.3] without loss of generality we may assume that M is stochastic
and consider factorizations of M into stochastic matrices only.

We define an LMC M = (m + 2,3, u) with states {0,1,...,m,m + 1}. The
alphabet is ¥ = {ay,...,a,,} U{b1,...,b,} U{v'} and the function p, for all i € [m)]

and all j € [n], is defined by:

:u(ai)O,i = %7 M(bj)i,m+1 = (MT)i,j = Mj,i; M(/)m+1,m+1 =1,

and all other entries of p(a;), 1(b;), and p(v') are 0. See Figure [8.2] for an example.

For the backward matrix Back(M), we have for every ¢ € [m] and j € [n]:

Back(M);p, = p(bj)i; - Ltz = p1(bj)im+1 = Mjg.
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1,v
O

1762

Figure 8.2: LMC M is constructed from matrix M = (;?j ig ‘;’?j) whereas LMC M’
is obtained by NMF M = I, - M.

From here it is easy to see that for every w € ¥*:

1 w=¢
eg w = a; with i € [m]
€t w=v? withpeN
Back(M). ,, =
(O,Mj};,O)T w:bj\/p Wlthje [n],pENO
wMjieq  w=ab;v? with i € [m],j € [n],p € No
0 otherwise;

where v'? denotes the p-fold concatenation of v* by itself. That is,

e by bn v o oa ab; biv bov V7

1 0 o 0 <+ Lpmy; 0 -~ 0 0

1 My, -+ My,; 0 0 0 M, 4 M,: 0
Back(M) =

1 M, M,m 0 0 0 M ., M, m 0O

1 0 0 1 0 0 0 0 1

The following full-row submatrix of Back(M) (corresponding to the initial n + 2

columns) clearly has the same column space as Back(M):
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0 1 0 0 0
1 1 M171 Mn 1 0
m | 1 M -+ My, 0
m+1t \ 10 .- 0 1
This implies that
rank(M) = rank(Back(M)) = rank(M) +2 =r + 2. (8.2)

For direction (a), let d € N and consider any NMF M = W - H where W € R’
and H € RY™ are stochastic matrices. Define an LMC M’ = (d + 2, %, /) with the
set of states {0,1,...,d,d+ 1}. The function p/, for all ¢ € [m], j € [n], and [ € [d],
is defined by:

1 (ai)oy = = Hy, 1 (bj)ras1 = Wiy, PV )atr1,d01 = 1,

and all other entries of 1/'(a;), 1/(b;), and p/(v') are 0. Since H is stochastic, for every

i € [m] we have
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From here it follows easily that for every w € »*:

(

1 w=c¢
Leg w = a; with i € [m)]
el w=v? withpeN
Back(M').,, = !
(0,W,.,0)7  w =b;v'"? with j € [n],p € Ny
L M;eq w = a;b;v’? with i € [m],j € [n],p € Ny
0 otherwise.

\

The following is a full-row submatrix of Back(M') corresponding to the columns

indexed by €,by,...,0,, v

e b1 bn v

0 1 0 0 0
1 1 Wl,l . Wn 1 0
d 1 Wl,d : Wn d 0
a1\ 1 0 - 0 1

Since this submatrix has the same column space as Back(M’),

rank(M") = rank(Back(M')) = rank(W) + 2. (8.3)

Moreover, if the NMF M = W - H is restricted, then by (8.2)) and (8.3) it holds that
LMCs M and M’ have the same rank.

In order to prove direction (a), it remains to show that M’ > M. We define a
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row-stochastic matrix

1 0 0 0
0 Hyy .-+ Hgyp O
A= | : : | e Ri(),l,...,m,m+1}><{0,1,...,d,d+1}.
0 Him -+ Hgm O
o o - 0 1

For every i € [m]| and j € [n], we have

(A- Back(./\/l’))i7bj = A;; - BaCk(M/):,bj

= (H.;)" - (W) = (W, H;)" = M;; = Back(M);,.

5

From here it follows easily that A - Back(M') = Back(M). Thus by (8.1), M’ > M.

We now prove direction (b). Let LMC M’ = (d+2, %, i) be such that M’ > M.
By (8.1), there exists a row-stochastic matrix A such that A - Back(M'’) = Back(M).
Then, M has the following (d + 2)-dimensional NMF:

M7 = Back(M) ) (b1t} = Apmlfo,1,.diar1y - Back(M) (01, ddsih brba}-  (8:4)

Assuming M is nonzero, there exist i € [m]| and j € [n] such that AM;; > 0. Then,

d+1
1
—M;; = Back(M)g 0,0, = Ao, - Back(M). 00, = E Agi, - Back(M');; a5, > 0.
m

i1=0

In particular, there exists i; € {0,1,...,d,d+ 1} such that Ag;, - Back(M');, 4, > 0.

Without loss of generality, we may assume that ¢; = 0. That is,

AO,O . BaCk(M/)07aibj > 0. (85)
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Moreover,

d+1
1= BaCk(M)mH,f = A, BaCk(M/):,/ = Z Ay - BaCk(M/)iz,/~

19=0

In particular, there exists iy € {0,1,...,d,d+1} such that A,,;,,,-Back(M’);, , > 0.
Note that iy # 0 since otherwise Back(M)m41.4,6, > Am1,0-Back(M')ga,p, > 0, which
would yield a contradiction. We may therefore, without loss of generality, assume that

19 = d + 1. That is,
Api1ar - Back(M)gy1.0 > 0. (8.6)
Lemma 73. [t holds that
MT = Ay g - Back(M')a oy....3 (8.7)

.....

where matriz Apy) q is row-stochastic.

Proof. By , in order to prove it suffices to show that
A o1, ddr1y - Back(M )01, dar130o1, 03 = Al - Back(M )i 1o1,... 6n3 -
That is, we need to show that for any [; € [m] and [5 € [n]:
A0, ddry - Back(M )01, adriyn, = An g - Back(M) s, ,
which is equivalent to:
A o- Back(./\/l')o,bl2 + Apydr1 Back(./\/l’)dH,le = 0.

To show this, it suffices to show that A; o = 0 and A;, 441 = 0. One could analogously
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also show that Back(M')op,, = 0 and Back(M)g414, = 0.
If A, o > 0 then it would follow from (8.5]) that

Back(M )y, a5, = Al - Back(M'). o5, > Ay 0 - Back(M)g 4,5, > 0,

which is a contradiction since Back(M);, 45, = 0 for all Iy € [m]. Similarly, if

A, a1 > 0 then by we would have that

Back(M),, , = A,,.. - Back(M'). , > A}, 441 - Back(M')g41.+ > 0,

which is a contradiction since Back(M),;, , = 0 for all [; € [m]. This implies Eq. (8.7)).
Note that we have shown that Ay, 0 = Appla+1 = 0. Since matrix A is row-

stochastic, we conclude that matrix A, 4 is also row-stochastic. O

Equation yields a d-dimensional stochastic NMF M = W - H where W' =
Back(M)ia),(b1,...0nr and H' = Apyj (-

Using the structure of Back(M), the equality A - Back(M’) = Back(M), and
the inequalities and , we get that the following is a full-row submatrix of

Back(,M'’) that has the same column space as Back(M'):

g b1 bn v

0 1 0 .- 0 0
1 1 Wl,l tee Wn,l 0
¢ | 1 Wig -+ Wy 0
a+1\1 0 --- 0 1

This implies that rank(M’) = rank(Back(M')) = rank(W ") + 2 = rank(W) + 2.
Lastly, suppose M’ and M have the same rank. Since A - Back(M') = Back(M),
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this implies that Row(Back(M)) = Row(Back(M’)). Take any v € Col(W). Since

.....

that v' = wug,, 4,y It follows that v € Col(M), since M = Back(M )] (b1,...60}

and Back(M)oy, = Back(M)pq1, = 0 for all j € [n]. Hence, Col(W) C Col(M).
The NMF M = W - H is thus restricted and, in particular, rrank, (M) < d. O

8.3.1 Discussion of Erroneous Claims in the Literature

As mentioned above, Bancilhon [1974, Theorem 13] claims a statement that implies a
positive answer to Paz’s conjecture, i.e., Question [70] We have shown in Theorem
that the correct answer to Question is negative. In this subsection, we track
down where the paper |[Bancilhon, |1974] goes wrong. The proof of [Bancilhon| 1974,
Theorem 13] offered therein relies on another (wrong) claim about cones.

Let V be a vector space. Let vy,...,v, € V. We recall from Section that the

polyhedral cone generated by the vectors vy, ..., v, is the set

{Xn: )\ivi
1=1

Al,...,)\nZO}QV.

Claim 74 (Bancilhon| 1974, Theorem 2, slightly paraphrased). Let V be a vector
space. Let V' C 'V be a vector subspace of V. Let C C V be a polyhedral cone
generated by n vectors that also span V. Then, C NV’ is a polyhedral cone generated

by at most n vectors.

Claim [74]is false. For a counterexample, consider the polyhedral cone C generated
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by the following 6 vectors:

1 0 0 0 0 0
0 0 1 0 0 0
0 0 0 0 1 0
1 7 1 7 0 7 0 7 0 , 0
0 0 1 1 0 0
0 0 0 0 1 1

Polyhedral cone C can be described equivalently as the conjunction of inequalities
0<z <z2gand 0 < a2y < a5 and 0 < 23 < x4. Let V' C RS be the vector space
defined by the equalities x4 = x5 = 2. Then, the cone C' := C NV’ can be described
by the inequalities 0 < z1, 29,23 < x4 = o5 = x6. The cone C’ is generated by the

following 8 vectors:

0 0 0 0 1 1 1 1
0 0 1 1 0 0 1 1
0 1 0 1 0 1 0 1
1 7 1 ’ 1 7 1 ’ 1 7 1 ’ 1 7 1
1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1

All those vectors are extremal in cone C'. Therefore, C' cannot be generated by fewer
than 8 vectors. Hence, Claim [74]is false.

Let us further examine how Claim [74] was justified in [Bancilhon| [1974]. The proof
offered therein starts with the following claim, which is stated there without further

justification:

Claim 75 (proof of Bancilhon, (1974, Theorem 2, slightly paraphrased). A cone C is

generated by n vectors if and only if it s limited by n hyperplanes.
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Claim is also false. For a counterexample, consider the cone C C ]Ri limited

by the following 6 hyperplanes:

In particular, for any y* > 0, all vectors in C with y = y* form (when projected onto

the first three coordinates 1, s, x3) a cube of edge length y*. The following set:
{0,1} x {0,1} x {0,1} x {1} C C

contains 8 vectors, all of which are extremal in C. Hence C cannot be generated by

6 vectors, contradicting Claim [75]

8.4 Labelled Markov Chain Minimization Requires
Irrationality

Our solution to the Cohen—Rothblum problem can be applied to the analogous ques-
tion for labelled Markov chains (LMCs):

Given an LMC with rational transition probabilities, is there always a

minimal equivalent LMC with rational transition probabilities?

In this section, we answer this rationality of LMC minimization question negatively.
Note that, since we are considering the notion of equivalence, we are working with
initialised LMCs, although we refer to them simply as LMCs.

Formally, given two (initialised) LMCs M and M’ over an alphabet 3, we say
that M is equivalent to M’ if for any word w € ¥*, M and M’ generate w with equal
probability, i.e., [[M]|(w) = | M'||(w). An LMC is minimal if no equivalent LMC has
fewer states. For example, in Figure We have ||[M||(a1b1) = 35 = ||M/[|(a1b1).
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The reduction in Proposition {76/ will be central to our solution to the rationality of
LMC minimization question. To construct this reduction, we adapt reductions from
NMF to the trace-refinement problem in Markov decision processes [Fijalkow et al.,

2016] and to LMC coverability (Proposition [72).

Proposition 76. Given a nonnegative matriz M € Q™ one can compute in poly-
nomial time an LMC M = (m+ 2,3, u, m) with rational transition probabilities such

that for all d € N:

(i) any d-dimensional NMF M =W -H determines an LMC M' = (d+2,%, i/, 7')

which is equivalent to M, and

(ii) any LMC M’ = (d + 2,3, i/, 7") which is equivalent to M determines a d-

dimensional NMF M =W - H.

In both and the NMF M =W - H is rational if and only if the LMC M’ has

rational transition probabilities.

Proof. Let M € Q™. As noted in Section , without loss of generality we may
assume that M is stochastic and consider factorizations of M into stochastic ma-
trices only. We define an LMC M = (m + 2,%, u, m) as follows: The set of states
is {0,1,...,m,m+1} and the alphabet is X = {aq,...,a, }U{b1,...,b,} U{V'}. The
initial distribution is 7 = ey and the function u, for all i € [m] and all j € [n], is

defined by:

1(@i)o; = %7 1(bj)imy1 = (MT)i,j = M;;, (Y )mt1,me1 = 1,

and all other entries of p(a;), pu(bj), and pu(v') are 0. See Figure for an example.
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It is easy to see that:

1 w=e

w = a; with ¢ € [m]
M| (w) =
wMji w=aiby” with i € [m], j € [n],p € No

0 otherwise.

\

Here v'? denotes the p-fold concatenation of the symbol v' by itself.

We first prove . Let M = W - H where W € R"*% and H € RZ*™ are stochastic
matrices. Define an LMC M’ = (d+2, %, i/, ') where the states are {0, 1, ..., d, d+1},
the initial distribution is 7’ = eg, and the function y/, for all i € [m], j € [n], and

[ € [d], is defined by:

1
Ml(az’)o,z = EHM’ M/(bj)z,d+1 = Wj,z, Nl<\/)d+1,d+1 =1,

and all other entries of p'(a;), 1/(b;), and p/(v') are 0. See Figure |8.2|for an example.

For every i € [m], j € [n], and p € Ny, we have:

/ / ! ! 1 1
1M |(aibjv ) = eq-p () (by) -1/ (V)1 =Y g Wi = — My = || M| (aibjv®),
le[d]
M (@) = 0 p(a) 1= 3"~ Hyy = — = [ M](@), and
i) =€ M % - m li — m - i)y

le[d]

IM[l(e) =1 = [[M]I(e).

Furthermore, for every w € ¥*\ {¢,a;,a;b;¥v'? | i € [m],j € [n],p € Ny} we have
|M'||(w) =0 = ||M|(w). Hence, M’ is equivalent to M. This proves
To prove [(ii)] suppose that M has an equivalent LMC M’ = (d + 2,%, i/, 7).

Without loss of generality, let the states of M’ be {0,1,...,d,d + 1} with 7’ = ¢y.
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Let us define a matrix H € R{Ual dyd+1}x[m

) where (H.;))T =m-p/(a;)o. for alli € [m],
and a matrix W € RIPAOL 4T whore (W, )T = 1/(b;) - 1 for all j € [n]. Since M

and M’ are equivalent, for every ¢ € [m] and j € [n] we have

1

—M;s = [Mll(@ibs) = [ M| (aibs) = ' (as)o,: - 1/ (B) - 1= —(Ho5) " - (W) "

1
m
This implies that M = W - H. Assuming M is a nonzero matrix, there exist i € [m)]
and j € [n] such that M;; = p/(a;)o, - /'(b;) - 1 > 0. Since matrices 1/'(a;), 11/ (b;) are

nonnegative, there exist k, k' € {0,1,...,d,d+ 1} such that /'(a;)ox -t/ (b)) -1 > 0.

Without loss of generality, we may assume that &' = d + 1. That is,
' (ai)og - 1 (b5)k,ar1 > 0. (8.8)

The following lemma shows that the (d + 2)-dimensional NMF M = W - H is,
essentially, d-dimensional since one can “ignore” the first and last row of W and

column of H.

Lemma 77. It holds that W - H = W[an] . H[de].
Proof. Take any [ € [n] and Iy € [m]. We have
d+1

(W-H),u, ZVVh - Hyy, = Wiy o+ Hoty + (Wi a - H[d],[m})lhlz + Wiar1 - Hav1,-

It now suffices to show that Wi, o Ho 1, + Wi, 441 - Hit1, = 0, since this would imply
that (W - H)i, 1, = (Wi - Hia),im))ir 1o @s required. To this end, in the following we
show that W), 411 = 0 and Hy,, = 0.

Towards a contradiction, suppose that Wi, 441 = /(b )a+1. -1 > 0. By we

now have

M| (aibib,) > p'(ai)os - 1/ (0 ka1 - 1 (biy )ag,: - 1 >0,
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which is a contradiction with M’ being equivalent to M since ||M||(a;b;b;,) = 0. We
conclude that W, 441 = 0.
Towards a contradiction, suppose that Ho;,, = m - p/(ay)oo > 0. By (8.8), this

implies that

M| (ar,aib;) > 1’ (a,)op0 - 1 (ai)ok - 1 (05 kst > 0,

which is a contradiction since ||M||(a;,a;b;) = 0. We conclude that Hy,, = 0. O

By Lemma [77], we now have
M =W -H =Wy - H),m),

which completes the proof of . m

We are now ready to give a negative answer to the rationality of LMC minimization

question from the beginning of this section:

Corollary 78. There exists an LMC with rational transition probabilities such that

there is no minimal equivalent LMC with rational transition probabilities.

Proof. Let M € Q%' be the matrix from Theorem . Since rank (M) = 5, by
Proposition (76| there exists an LMC M = (13, %, u, 7) such that any minimal LMC
equivalent to M has 7 states. Towards a contradiction, assume there is an LMC
M = (7,2, 1/, 7') equivalent to M with rational transition probabilities. Then by
Proposition [76], M’ determines a 5-dimensional rational NMF M = W - H. This is a

contradiction since the nonnegative rank of M over Q is 6 by Theorem [67} O

Remark 79. Note that we do not need the fact that the reduction in Proposition

is polynomial time to prove Corollary[78
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Remark 80. Fven though any minimal LMC equivalent to the LMC M from the proof
of Corollary [7§ has irrational transition probabilities, it generates every word with a
rational probability because it is equivalent to M. To understand this intuitively,
observe that, for any word w, the probability || M||(w) € Q is equal to the sum of the

(possibly irrational) probabilities of the paths consistent with w.

As an immediate corollary of Proposition [76] one can relate the computational
complexity of the NMF problem and the following LMC minimization problem: Given
an LMC M with rational transition probabilities and d € N, does there exist an

LMC M’ with d states such that M and M’ are equivalent?

Corollary 81. There is a polynomial-time reduction from the NMFE problem to the

LMC minimization problem.

This NMF-hardness result can be adapted easily to (reactive) probabilistic au-
tomata [Rabin, [1963]. Since the NMF problem is NP-hard [Vavasis, 2009], minimiz-
ing both probabilistic automata and LMCs is NP-hard. In contrast, minimization
of weighted automata (which may have negative transition weights) can be done ef-
ficiently over Q [Schiitzenberger] |1961]. Hence, the nonnegativity constraint makes

minimization fundamentally more difficult.

8.5 Conclusion

In this chapter, we have developed connections between nonnegative matrix factor-
ization and minimization of labelled Markov chains. We have considered two mini-
mization problems: the problem of finding a minimal covering labelled Markov chain
and the problem of finding a minimal equivalent (initialised) labelled Markov chain.
We have reduced NMF to each of these minimization problems.

Using the result that restricted nonnegative rank is in general greater than non-

negative rank, we have shown that a minimal covering labelled Markov chain may
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have a larger rank than the input labelled Markov chain. We have thus given a neg-
ative answer to Paz’s conjecture from his seminal 1971 textbook. Moreover, we have
falsified a positive answer to Paz’s conjecture that was claimed in 1974.

Using our counterexample to the Cohen-Rothblum problem from Chapter [7] we
have shown that there exists a labelled Markov chain with rational transition proba-
bilities that has no minimal equivalent labelled Markov chain with rational transition
probabilities. We have thus given a negative answer to the rationality of LMC mini-

mization question.
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Conclusion and Future Work
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Chapter 9

Conclusion

In this thesis, we have considered multiplicity-automaton learning and minimization,
matrix factorization, and the relationships between these areas.

In the first part of the thesis we looked at learning and minimization of multiplicity
automata, which are a powerful algebraic framework that can represent a large class
of distributions over words and trees. With regard to learning, we have looked at
both active and passive learning frameworks, and have considered both query and
computational complexity bounds. With regard to minimization, we have considered
multiplicity automata over both words and trees, and have looked at both function
and decision minimization problems. For both learning and minimization, we have
given upper and lower complexity bounds and have shown relationships to well-known
problems in complexity theory, namely the polynomial identity testing problem and
Hilbert’s Tenth Problem.

In the second part of the thesis we studied nonnegative matrix factorization
(NMF), the problem of decomposing a given nonnegative n x m matrix M into a
product of a nonnegative n x d matrix W and a nonnegative d x m matrix H. An
NMEF of M is considered optimal when d is minimal. Despite being a widely used

dimension-reduction and feature-extraction technique in practice, there are a number
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of open questions about the theory of NMF. In this thesis we have tackled a major
open problem posed in 1993 by Cohen and Rothblum: Given a nonnegative rational
matrix M as input, can one always find an optimal nonnegative factorization of M
into rational matrices? We have answered this question negatively, by exhibiting a
rank-4 rational matrix M for which W and H require irrational entries.

We have also answered a variant of the Cohen—Rothblum problem for restricted
NMEF, where the column spaces of M and W are required to coincide, negatively by
exhibiting a rank-4 rational matrix whose optimal restricted NMF requires irrational
entries. This counterexample is optimal inasmuch as rational matrices of rank 3 or
less always have an optimal rational restricted NMF.

There are various connections between automaton minimization and matrix fac-
torization. Indeed, our minimization algorithms for multiplicity automata rely on
computing a forward-backward factorization of the Hankel matrix of the automaton,
which yields an NMF when the automaton is probabilistic. We have explored this
connection in Chapter 8] where we have reduced NMF to minimization of probabilistic
automata and labelled Markov chains. We have then applied our insights on NMF to
answer longstanding open problems on minimization of labelled Markov chains: Us-
ing the fact that restricted nonnegative rank in general differs from nonnegative rank
and our solution to the Cohen—Rothblum problem, respectively, we have answered

Paz’s 1971 conjecture and the rationality of LMC minimization question negatively.

200



Chapter 10

Future Work

In this chapter, we outline some possible directions for future work that arise from

the research presented in this thesis.

Applications of Tree-Automaton Learning

Learning algorithms for multiplicity word automata have been successfully applied
to learn many other important classes of functions. For instance, Beimel et al.| [2000]
apply their exact learning algorithm for multiplicity word automata to show exact
learnability of certain classes of polynomials over both finite and infinite fields. They
also prove learnability of disjoint DNF formulae and, more generally, disjoint unions
of geometric boxes over finite domains. Similarly, Klivans and Shpilka] [2006] give an
approach to exact learning of algebraic branching programs and arithmetic circuits
and formulae using rank bounds for Hankel matrices of polynomials in noncommuting
variables.

Since multiplicity tree automata are strictly more expressive than multiplicity
word automata, a natural direction for future work would be to try to apply our
learning algorithm for multiplicity tree automata of Chapter [3|to derive new results

on exact learning of other concept classes, such as probabilistic context-free gram-
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mars [Sakakibaral [1990], propositional formulae, and polynomials.

Other Automaton-Minimization Problems

In this thesis, and Chapter {4] in particular, we focused on analysing the complex-
ity of minimizing multiplicity automata with respect to the number of states. A
natural question is minimization with respect to the number of transitions. This is
particularly pertinent to the case of multiplicity tree automata, where the number
of transitions is potentially exponential in the number of states. This is a difficult

question that does not appear to have been addressed in previous research.

Nonnegative Rank of Hankel Matrices

Let A be a multiplicity automaton with n states and let H be its Hankel matrix.
We have seen in Chapter [4] that A induces a forward-backward factorization of H
with inner dimension n, implying that rank(H) < n. If A is a minimal multiplicity
automaton, then it follows from Theorem [1] (for word automata) and Theorem [4] (for
tree automata) that rank(H) = n.

When A is a probabilistic automaton, the forward-backward factorization of H is
an NMF with inner dimension n, implying that rank,(H) < n. The following is a

natural open question: If A is a minimal probabilistic automaton, is rank, (H) = n?

Optimal Counterexample to the Cohen—Rothblum
Problem

In Chapter [7| we solved the Cohen—Rothblum problem for matrices of rank 4 or

greater, showing that their nonnegative ranks over R and over Q may differ. It was
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already known to (Cohen and Rothblum/ [1993] that nonnegative ranks over R and Q
coincide for matrices of rank at most 2, while Kubjas et al.| [2015] showed that this
also holds for matrices of nonnegative rank (over R) at most 3. The remaining open
question is whether nonnegative ranks over R and over Q differ for rank-3 matrices

whose nonnegative rank is at least 4.

Computational Complexity of the NMF Problem

Recently, Shitov| [2016b] claimed that the NMF problem is polynomial-time equivalent
to the existential theory of the reals. A natural open question, related to our results
in Chapter [7] is whether the problem of deciding if the nonnegative rank over Q is at
most a given number, is equivalent to the problem of deciding the truth of existential
sentences over Q. The decidability of the latter problem, which is equivalent to
Hilbert’s Tenth Problem over Q, is a longstanding open question [Poonen, [2003].
We recall that we have shown in Chapter |4] that Hilbert’s Tenth Problem over Q
is logspace equivalent to the minimal consistency problem for Q-multiplicity word

automata.

Probabilistic Automaton Minimization and Nonneg-
ative Matrix Factorization

In Chapter 8§ we gave a reduction from NMF to labelled Markov chain (and proba-
bilistic automaton) minimization. In the reverse direction, it would be interesting to
investigate whether minimization of labelled Markov chains or probabilistic automata
can be reduced to NMF, or be seen as an augmented version of NMF. At the very
least, many of the central computational complexity problems for NMF mentioned in

this thesis have natural analogues for probabilistic automata. For example, minimiza-
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tion of probabilistic word automata was shown to be NP-hard |Kiefer and Wachter),
2014] but, as with NMF| it is not known whether this problem lies in NP nor whether

the corresponding problem for tree automata is even harder.

Automaton Minimization and Matrix Factorization

Going beyond probabilistic automata, one could ask the following, more general ques-
tion: Does minimization of arbitrary weighted automata reduce to matrix factoriza-
tion? Some intuition here might be gained from our minimization algorithm for
multiplicity automata from Chapter [ which computes a factorization of a finite

full-rank submatrix of the Hankel matrix of the input automaton.
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