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Graded linearisations
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ABSTRACT. When the action of a reductive group on a projective variety has
a suitable linearisation, Mumford’s geometric invariant theory (GIT) can be
used to construct and study an associated quotient variety. In this article we
describe how Mumford’s GIT can be extended effectively to suitable actions of
linear algebraic groups which are not necessarily reductive, with the extra data
of a graded linearisation for the action. Any linearisation in the traditional
sense for a reductive group action induces a graded linearisation in a natural
way.

The classical examples of moduli spaces which can be constructed using
Mumford’s GIT are moduli spaces of stable curves and of (semi)stable bundles
over a fixed nonsingular curve. This more general construction can be used
to construct moduli spaces of unstable objects, such as unstable curves or
unstable bundles (with suitable fixed discrete invariants in each case, related
to their singularities or Harder—Narasimhan type).

In algebraic geometry it is often useful to be able to construct quotients of
algebraic varieties by linear algebraic group actions; in particular moduli spaces (or
stacks) can be constructed in this way. When the linear algebraic group is reductive,
and we have a suitable linearisation for its action on a projective variety, we can use
Mumford’s geometric invariant theory (GIT) to construct and study such quotient
varieties [32]. The aim of this article is to describe how Mumford’s GIT can be
extended effectively to actions of a large family of linear algebraic groups which
are not necessarily reductive, with the extra data of a graded linearisation for the
action. Any linearisation in the traditional sense for a reductive group action can
be regarded as a graded linearisation in a natural way.

When a linear algebraic group over an algebraically closed field k of character-
istic 0 is a semi-direct product H = U x R of its unipotent radical U and a reductive
subgroup R = H/U which contains a central one-parameter subgroup A : G,, = R
whose adjoint action on the Lie algebra of U has only strictly positive weights, we
will see that any linearisation for an action of H on a projective variety X becomes
graded if it is twisted by an appropriate (rational) character, and then many of
the good properties of Mumford’s GIT hold. Many non-reductive linear algebraic
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group actions arising in algebraic geometry are actions of groups of this form: for
example, any parabolic subgroup of a reductive group has this form, as does the
automorphism group of any complete simplicial toric variety [11], and the group of
k-jets of germs of biholomorphisms of (C?,0) for any positive integers k and p [6].

EXAMPLE 0.1. The automorphism group of the weighted projective plane P(1, 1, 2)
with weights 1,1 and 2 is

Aut(P(1,1,2)) X Rx U

where R = (GL(2) x G,,)/G,, = GL(2) is reductive and U =2 (k)3 is unipotent
with elements given by (z,v,2) — (z,y, z + A\x? + pxy + vy?) for (\, p,v) € k3.

EXAMPLE 0.2. Under composition modulo t**! we have a group Gy whose
elements are k-jets of germs of biholomorphisms of (C, 0):

{t = o(t) = art +aot* + ...+ axt® | a; € C,ay #0}.

Gy is isomorphic to a group of matrices of the form

a1 az ... ag
0 (a)* ... parle) ca1 € C*ag,...a, €C 3,
0 0 ... (a)

where the (i, j)th entry p;;(a) is a polynomial in a4, ..., a,. This reparametrisation

group G(j has a one-parameter multiplicative subgroup G,, = C* (represented by
¢(t) = ayt) and unipotent radical Uy (represented by ¢(t) =t + at? + ...+ axt")
with G(k) = [U(k) x C*.

In Mumford’s classical geometric invariant theory the GIT quotient X//G =
Proj(Or(X)%) (where Op(X) = @52, H(X, L®*)) for an action of a reductive
group G on a projective variety X with respect to an ample linearisation L is a
projective completion of the geometric quotient X*®/G of the stable set X*. When
X is nonsingular then the singularities of X®/G are very mild, since the stabilisers
of stable points are finite subgroups of G. If X*° # X* the singularities of X//G are
typically more severe, but X//G has a ‘partial desingularisation’ X //G [27] which
is also a projective completion of X*/G and is itself a geometric quotient

X//G=X*)G

by G of an open subset X5 = X* of a G-equivariant blow-up X of X. When X is
nonsingular then so is X**, and G acts on X ** with finite stabilisers. X** is obtained
from X*®° by successively blowing up along the subvarieties of semistable points
stabilised by reductive subgroups of G of maximal dimension and then removing
the unstable points in the resulting blow-up.

So in the best case in classical GIT we have X% = X* # (), and then
X*/G = X//G = Proj(Or(X)%) is simultaneously a projective variety and a geo-
metric quotient of X*® by the action of G. More generally when X® # ) then
the geometric quotient X*/G has a projective completion X //G which is itself a
geometric quotient X5 /G of an open subset of a G-equivariant blow-up of X.
Moreover using the Hilbert—Mumford criteria for (semi)stability, which allow us to
determine which points of X are stable and which are semistable for the G-action
without having to know the G-invariant sections of powers of L, together with the
explicit blow-up construction, we can give effective descriptions of X*, X5 = X5
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and thus their geometric quotients X*/G and X //G. This is the picture which
can be generalised to the action of a non-reductive linear algebraic group, given a
graded linearisation of the action.

The immediate problem which arises when trying to extend classical GIT to
non-reductive linear algebraic groups H is that in general we cannot define a projec-
tive variety X //H = Proj(Or(X)™) because O (X)™ is not necessarily finitely gen-
erated as a graded algebra, although Proj(@ r(X)H) exists as a scheme. Nonetheless
an analogue of classical GIT for non-reductive linear algebraic group actions is de-
scribed in [1, 15]. Here it is shown that if H is a linear algebraic group over k acting
linearly on a projective variety X with respect to an ample line bundle L, then X
has open subvarieties X* (the locus of ‘stable points’) and X*¢ (‘semistable points’)
with a geometric quotient X* — X*/H and an ‘enveloping quotient’ X% — X @ H.
Furthermore there is a diagram

X ——— Proj(O,(x))
U U open
semistable X°° — XQH
U U open
stable X°®  —» Xs/H

where the vertical inclusions are of open subvarieties, and if O (X)) is finitely
generated then X ¥ H = Proj(Or (X)) as in the reductive case. However this
picture is less helpful than in the case of classical GIT in three significant respects:
firstly X & H is not necessarily a projective variety; secondly (even when O (X)H
is finitely generated and so X @ H = Proj(Op (X)) is a projective variety) the
H-invariant morphism X% — X @ H is not necessarily a categorical quotient, and
its image is not in general a subvariety of X @ H, only a constructible subset; and
thirdly there are in general no obvious analogues of the Hilbert—Mumford criteria
for (semi)stability.

We can see the second of these issues arising in simple examples, when the
additive group G, = k™ acts on a projective space P" via a linear representation (see
Example 1.3 below). It follows from Jordan canonical form that the representation
of G, extends to a representation of SL(2). This enables us to identify P" & G,
with the reductive GIT quotient

(P2 x P")// SL(2),

and thus to see that in general the quotient morphism qg, : (P?)**® — P"Q G,
fails to be surjective. Twisting the representation of the Borel subgroup B =
Ga X Gy, of SL(2) by a character y : B — G,, = k* (whose kernel must contain
G.) changes the linearisation but not the action of B on P" to give an enveloping
quotient

P* @y B=P"2G.)//x Gn.
It turns out that for appropriate choice of (rational) character y the complement

of the image of (P")**Ca in P" @ G, becomes unstable for the G,,-action and the
morphism

qB : (Pn)ss,B,X N P”RRXB

to the projective variety P" & , B is surjective. This phenomenon occurs more
generally.
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DEFINITION 0.3. Let us call a unipotent linear algebraic group U graded unipo-
tent if there is a homomorphism X : G,, — Aut(U) with the weights of the G,
action on Lie(U) all strictly positive. For such a homomorphism X let

U=UxGp={(ut):ueclteG,}

be the associated semi-direct product of U and G,, with multiplication (u,t) -
(u', 1) = (u(A(t)(u)), tt').

When L is very ample, and so induces an embedding of X in a projective space
P™, we can choose coordinates on P such that the action of G,, on X is diagonal,
given by

to 0 ... O
0 ... 0
t—

o 0 ... t™m
where rg < r; < .-« <r,. The lowest bounded chamber for this linear G,,-action
is the closed interval [ro,r;] where 1 = --- =r;_; <r; <--- < ry, with interior
the open interval (rg,7;), unless the action of G,, on X is trivial; when the action
is trivial so that rg = r; = -+ = r, we will say that [rg, o] is the lowest bounded

chamber and it is its own interior. Note that in the situation above, if G,, acts
trivially then so does U.

Let £ be a very ample linearisation with respect to a line bundle L — X of the
action of U on an irreducible projective variety X. Let x : U — G, be a character
of U with kernel containing U; we will identify such characters x with integers so
that the integer 1 corresponds to the character which defines the exact sequence
U — U — Gy,. We can twist the linearisation of the U-action by multiplying the
lift of the U-action to L by such a character; this will leave the U-linearisation on
L and the action of U on X unchanged. Note that a linearisation £ of U with
respect to L induces a linearisation £%™ with respect to the line bundle L®™, for
any integer m > 1, such that twisting £ by x corresponds to twisting L™ by my;
GIT will be essentially unaffected. We call a character x rational, if cx lifts to a
character of U as above for a sufficiently divisible positive integer c.

Suppose that U acts linearly (with respect to an ample line bundle L) on a
projective. By choosing an appropriate rational character we can obtain a GIT
picture with many of the good properties of the reductive case, as the following
result demonstrates.

THEOREM 0.1 ([2, 3]). Let U be graded unipotent acting linearly on an irre-
ducible projective variety X with respect to an ample line bundle L, and suppose
that the linear action extends to U = U x G,,. Suppose also that semistability
coincides with stability in the sense that

X € Zmin = Staby(z) = {e}

where Znin 1S the union of those connected components of the fixed point set XGCm
where Gy, acts on the fibres of L* with minimum weight. Then the linearisation
for the action of U on X can be twisted by a rational character of U so that 0 lies
in the interior of the lowest bounded chamber for the linear G,, action on X, and
for this twisted action h

(i) the algebra Opec(X)V = @2°_oHO(X, L&V of U-invariants is finitely gen-
erated for any sufficiently divisible integer ¢ > 0, so that the enveloping quotient
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XU = Proj(Os. (X)ﬁ) is a projective variety;
(i) XU = XU has a Hilbert-Mumford description as Nuey uX*Cm, and X &
U= XS’U/U is a geometric quotient of xsU by U.

Moreover, even when the condition that semistability should coincide ’UA)Z'th sta-
bility fails, there is a projective completion of a geometric quotient by U of an
open subvariety of X (conjecturally XS’U/U), which is itself a geometric quotient
XSS’U/U by U of an open subset XssU = XsU of a U—equivariant blow-up X of
X.

If we are interested in constructing quotients of open subsets of X by the action
of U, not of U, then we can apply these results to the diagonal action of U on X xP!,
where U acts on P! via

(0.1) (u, 1) ( : ; )

with kernel U, and the linearisation is L tensored with Opi(m) for m >> 1. This
gives us a U-invariant open subset X*U of X with a geometric quotient XU /U
by U which is isomorphic to the geometric quotient by U of the open subvariety
G (XY x {[1 : 1]} of X x P!; moreover it has a projective completion which
is a geometric quotient by U of an open subvariety of a U -equivariant blow-up of
X x P!. Furthermore in this set-up there are Hilbert-Mumford-like criteria for
(semi)stability.
This motivates the following definitions.

DEFINITION 0.4. An extended linearisation £ of an action of a linear algebraic
group H on a projective variety X is given by the data:
(a) a line bundle L on X;
(b) a semi-direct product H = H % G,, of H by Gyn;
(c) an extension of the H-action on X to H and a lift of the H-action to L.
Given an extended linearisation £ and a rational number ¢ € Q, define the
‘g-hat-stable’ locus X%9 = X%%% to be the H-invariant open subvariety of X
determined by

X5 {[1: 1]} = (X x P A (X x {[1:1]})
where H acts on P! as at (0.1) above with its linearisation on Op: (1) twisted by ¢,
and (X x Pl)s’ﬁ is defined with respect to the induced linearisation for the H-action
on X x P! on L tensored with Op1(m) for m>>1.
We then have a geometric quotient X*%/H by H which is isomorphic to an
open subvariety of (X x P1)*H /[T

REMARK 0.2. Given a linearisation in the classical sense of an action of a linear
algebraic group H on a projective variety X with respect to a line bundle L, we
have a ‘“trivial extended linearisation’ for which H = H x G, and G, acts trivially
on X and on L. Then if ¢ € (0,1) the g-hat-stable locus X*9 coincides with the
stable locus defined as in [1] for the action of H on X with the given linearisation,
while if ¢ ¢ [0, 1] the g-hat-stable locus X% is empty.

DEFINITION 0.5. A linear algebraic group with graded unipotent radical is a
linear algebraic group H with unipotent radical U, equipped with a semi-direct
product H = H x G,, such that the adjoint action of G,, on the Lie algebra of
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U has only strictly positive weights and the induced conjugation action of G,, on
H/U is trivial.

A graded linearisation L of an action of H on a projective variety X is then
an extended linearisation in the sense of Definition 0.4 for this choice of H , such
that the H-linearisation is twisted by a rational character of H so that 0 lies in the
interior of the lowest bounded chamber for the G,, action; we will assume that the
line bundle L on X is ample unless stated otherwise. Given a graded linearisation
L, the ‘hat-stable’ locus X® = X% is the 0-hat-stable locus X*° as defined in
Definition 0.4 when ¢ = 0.

REMARK 0.3. When H is a linear algebraic group with graded unipotent radical
U and L is a graded linearisation for an action of H on a projective variety X (with
respect to an ample line bundle L on X), then we can apply Theorem 0.1 to the
action of U on X x P! as above, and then apply classical GIT and the partial
desingularisation construction of [27] to the induced action of the reductive group
H / Ux~H /U. Thus the geometric quotient X*/H by H has a projective completion
which is a geometric quotient by H of an open subset of a H -equivariant blow-up
of X x P'. Furthermore the geometric quotient X*/H by H and its projective
completion can be described using Hilbert—Mumford-like criteria combined with an
explicit blow-up construction.

REMARK 0.4. Definitions 0.4 and 0.5 can be extended to define T-extended
linearisations and T-graded linearisations for the actions of linear algebraic groups
with T-graded unipotent radical, for any torus 7.

The layout of this article is as follows. In §1 we will review GIT with classical
linearisations [1, 15, 32]. In §2 we will describe extended, graded and torus-graded
linearisations and the associated geometric invariant theory for these. Finally §3
describes some potential applications, including the construction of moduli spaces
of ‘unstable’ objects, such as unstable projective curves or unstable sheaves over a
fixed nonsingular projective variety (with suitable fixed discrete invariants in each
case, involving their singularities or Harder—Narasimhan type).

1. GIT with classical linearisations

1.1. GIT for reductive groups. In Mumford’s classical Geometric Invariant
Theory a linearisation (more precisely, an ample linearisation) of an action of a
reductive group G on an irreducible projective variety X over an algebraically closed
field k of characteristic 0 is given by an ample line bundle L on X and a lift of the
action to L; when X is embedded in a projective space P and L = O(1), the action
is given by a representation p : G — GL(n+1) and Op(X) = @5, H(X, L®*) is

k[zo,...,zn]/Ix where Ix is the ideal generated by the homogeneous polynomials
which vanish on X. We consider the picture:
(X’ L) ~ @L(X) = @ZO:O HO(X7 L®k)
|
| Ul
i ~
X//G «~ Op(X)¢ algebra of invariants.

Since G is reductive, the algebra of G-invariants @L(X )G is finitely generated as
a graded algebra with associated projective variety X//G = Proj(Or(X)%). The
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inclusion of Or(X)% in O (X) determines a rational map X — — — X//G which
fits into a diagram

X ———= X//G projective variety

U I

semistable X®  O9 X//G

U U  open
stable X° —  X9/G
where X* and X*° are open subvarieties of X, the GIT quotient X//G is a cate-

gorical quotient for the action of G on X*®° via the G-invariant surjective morphism
¢c : X% — X//G, and

da(x) = da(y) & Ge NGy N X £

REMARK 1.1. When k = C then G is reductive if and only if it is the complex-
ification G = K¢ of a maximal compact subgroup K, and then X//G = u=(0)/K
for a suitable ‘moment map’ u for the action of K.

The subsets X°®¢ and X* of X for a linear action of a reductive group G with

respect to an ample linearisation are characterised by the following properties (see
[32, Chapter 2], [34]).

PROPOSITION 1.2. (Hilbert—-Mumford criteria for reductive group actions)

(i) A point x € X is semistable (respectively stable) for the action of G on X if
and only if for every g € G the point gx is semistable (respectively stable) for the
action of a fired maximal torus T of G.

(ii) A point x € X with homogeneous coordinates [zo : ... : xy] in some coordinate
system on P" is semistable (respectively stable) for the action of a mazimal torus T
of G acting diagonally on P™ with weights g, . .., a, if and only if the convex hull

Conv{a; : z; # 0}
contains 0 (respectively contains 0 in its interior).

The GIT quotient X//G is a projective completion of the geometric quotient
X?®/G of the stable set X*. When X is nonsingular then the singularities of X*/G
are very mild, since the stabilisers of stable points are finite subgroups of G. If
X5% #£ X5 # () the singularities of X//G are typically more severe, but X//G has
a ‘partial desingularisation’ X //G which is also a projective completion of X*/G
and is itself a geometric quotient

X//G=X*)G

by G of an open subset X*¥ = X* of a G-equivariant blow-up X of X [27].

X5 is obtained from X** by successively blowing up along the subvarieties
of semistable points stabilised by reductive subgroups of G of maximal dimension
and then removing the unstable points in the resulting blow-up, as follows. We
suppose that X has some stable points. There exist semistable points of X which
are not stable if and only if there exists a non-trivial connected reductive subgroup
of GG fixing a semistable point. Let r > 0 be the maximal dimension of a reductive
subgroup of G fixing a point of X** and let R(r) be a set of representatives of
conjugacy classes of all connected reductive subgroups R of dimension r in G such
that

Zy ={r € X°° : R fixes z}
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is non-empty. Then
U &z
ReR(r)
is a disjoint union of nonsingular closed subvarieties of X*°. The action of G on
X*¢ lifts to an action on the blow-up X(;) of X** along URGR(T) GZ3’ which can
be linearised so that the complement of X (Sf) in X(q) is the proper transform of the
subset ¢~ (¢p(GZ35)) of X% where ¢ : X*° — X//G is the quotient map (see [27]
7.17). Here we use the linearisation with respect to (a tensor power of) the pullback
of the ample line bundle L on X perturbed by a sufficiently small multiple of the
exceptional divisor E(;y. This will give us an ample line bundle on the blow-up
Y X1y = X, and if the perturbation is sufficiently small it will have the property
that
VX € Xy € X3 ST = X,
and the stable and semistable subsets X(Sl) and X(Sls) will be independent of the
choice of perturbation. Moreover no point of X (sls) is fixed by a reductive subgroup
of G of dimension at least r, and a point in X (Sf) is fixed by a reductive subgroup
R of dimension less than r in G if and only if it belongs to the proper transform of
the subvariety Z3’ of X*°.

REMARK 1.3. In fact in [27] X itself is blown up along the closure g () GZF
of U RER(r) GZ% in X (or in a projective completion of X*° with a G-equivariant
morphism to X which is an isomorphism over X*°). This gives us a projective
variety X(;) and blow-down map 1 : X(;) — X restricting to ¢ : X1y — X where
Y1 (X®) = X(1). We can then choose a sufficiently small perturbation of the pull-
back to X1y of the linearisation on X which provides an ample linearisation of the
projective variety X(l) such that ¢ ~1(X*) C X(Sl) C X(Sf) Coy (X)) = X, and
moreover the restriction of the linearisation to X(;) is obtained from the pullback
of L by perturbing by a sufficiently small multiple of the exceptional divisor E(y).

If » > 1 the same procedure can be applied to X (51‘(’) to obtain X (528) such that
no reductive subgroup of G of dimension at least » — 1 fixes a point of X 525) After
repeating this enough times, we obtain X(Sos) = XSS,XF{"’),X(S;), e ,X(Sf) = Xss
such that no reductive subgroup of G of positive dimension fixes a point of X5%.
Similarly X //G = X**/G can be obtained from X//G by blowing up along the
proper transforms of the images Zgr//N in X//G of the subvarieties GZ§ of X**
in decreasing order of dim R.

Thus when a reductive group G acts linearly on an irreducible projective variety
X with respect to an ample linearisation, we can summarise the GIT output when
X* # () as follows:

i) The best case is when X*° = X* = (), and then the GIT quotient X//G = X*/G
is a projective variety which is a geometric quotient of the open subvariety X® of
X. Furthermore the stabiliser in G of every x € X? is finite, so if X is nonsingular
then X//G has at worst orbifold singularities.

ii) When X% # X* 2 () then the GIT quotient X//G is a projective completion of
the geometric quotient X*/G. Typically the singularities of X//G are significantly
more serious than those of X*®/G, but X*®/G has another projective completion
X //G = X* /G which is a ‘partial desingularisation’ of X//G in the sense described
above.
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1.2. GIT for non-reductive groups. Now let X be an irreducible projective
variety over an algebraically closed field k of characteristic 0 and let H be a linear
algebraic group, with unipotent radical U, acting on X with an ample linearisation
of the action (that is, an ample line bundle L on X and a lift of the action to L).
First we will define stability and semistability for the linear action of the unipotent
group U.

DEFINITION 1.1. (cf. [15] §4 and [15] 5.3.7). Let I = J,,.o H°(X,L®™)Y
and for f € I let Xy be the U-invariant affine open subset of X where f does not
vanish, with O(Xy) its coordinate ring. A point x € X is called semistable for the
linear action of the unipotent group U if there exists some f € I which does not
vanish at x, and such that O(X;)Y is finitely generated as a graded algebra. The
U-semistable locus of X is X*5U = Ufelfg X7 where

I'9 = {f € I| O(X;)Y is finitely generated }.
The stable locus of X for the linear action of U is X*U = Usepes Xy where
I'"s = {f € I'9] the quotient map gy : X; — Spec(O(X;)Y) is a locally trivial geometric quotient}.

The enveloped quotient of X**V by the linear U-action is qi : X**V — qu(X**Y),
where g @ X*%U — Proj(Or(X)Y) is the natural morphism of schemes and
qu(X**Y) is a dense constructible subset of the enveloping quotient

XQU = | Spec(O(Xy)Y)

felfs

of XU,

REMARK 1.4. If @L(X)U is finitely generated then X & U is the projective
variety Proj(@p(X)V). Note that even in this case gy (X**Y) is not necessarily a
subvariety of X QU (see for example [15] §6).

The enveloping quotient X @ U has quasi-projective open subvarieties (‘inner
enveloping quotients’ X /,U) which contain the enveloped quotient gy (X*°) and
have ample line bundles pulling back to positive tensor powers of L under the
natural map qy : X* — X QU (see [1] for details).

The H-semistable set X*% = X*9H  enveloped and enveloping quotients and
inner enveloping quotients

g : X* 5 qu(X**) C X)oH C XX H

for the linear action of H are defined exactly as for the unipotent case in Definition
1.1 and Remark 1.4 (cf. [1]). However the definition given in [1] of the stable set
X*® = X5H for the linear action of H combines the unipotent and reductive cases
as follows.

DEFINITION 1.2. Let H be a linear algebraic group acting on an irreducible
variety X and L — X a linearisation for the action. The stable locus is the open
subvariety

x*=J x;
fers
of X* where I8 C (J,-o H(X,L®")H is the subset of H-invariant sections f of
tensor powers of L satisfying the following conditions:
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(1) the open set X is affine (this is automatically true when X is projective);
(2) the action of H on X is closed with all stabilisers finite groups; and
(3) the restriction of the U-enveloping quotient map

qu : X5 — Spec(O(X)Y)
is a principal U-bundle for the action of U on Xj.

REMARK 1.5. When H is reductive or unipotent these definitions of X% and
X*H coincide with those already given.

EXAMPLE 1.3. Let G, = k™ act linearly on P" via a representation on k™!,
We can choose coordinates in which the generator of Lie(G,) has Jordan normal
form with blocks of size k1 +1,...,kq + 1. The linear G, action therefore extends
to the reductive group G = SL(2) with

1 a
6 {(}) 2 )uaen)<a

via the identification k"1 = @?_, Sym*i (k?). In fact in this case the G,-invariants
are finitely generated by the Weitzenbock theorem [13], so we have

P" @ G, = Proj((k[zo, - .. ,xn])c’“).

The Weitzenbock theorem can be proved by considering the identification of G-
spaces
G xg, P" = (G/G,) x P" = (k* \ {0}) x P"

via (g,z) — (9G,, gx), composed with the inclusions (k? \ {0}) x P* C k? x P* C
P2 x P". We choose a linearisation for the diagonal G-action on P? x P" given
by L = Opn(1) tensored with Opi(m) for m >> 1. Then restricting G-invariant
sections of tensor powers of this linearisation to {1} x P™ defines an isomorphism
onto the algebra of G,-invariant sections of tensor powers of L, and we have

P" @ G, = Proj((k[zo, ..., zn]) ¢ = (P? x P")//SL(2).

We can see how to interpret (P?)* = (P*)%®a and (P")%* = (P")**C« as well as the
morphism (P?)*%Ca — P"» G, from the diagram

P2 x P — = P2xP"//G
U |
P> {[1:0:1]} xP* ——— P"@G,
U |
(Pr)ss — PR G,
U U
(P7)* — (P")?/Ga.

In particular the morphism (P™)** —s P"*Q G, is not onto when
P = P(Sym™(k?)) = { n unordered points on P'}
forn > 3. When n = 3 then (P?)** = (P3)® = { 3 unordered points on P!, at most one at oo}
while its image in P*@ G, = (P?)*/G, U P3//SL(2) is the open subset (P3)%/G,
which does not include the ‘boundary’ points coming from 0 € k? C P2, When
n = 4 then (P*)** # (P*)® and the image of (P*)** in P*® G, is a constructible
subset but not a subvariety.



GRADED LINEARISATIONS 11

B{(“ lzl>:aeGm,b€k}NGaxGm
0 a

be the standard Borel subgroup of SL(2), acting on P” via a linear representation
on k"' Then k"' = @7 | Sym* (k?) ® k(,,) where B acts on k() = k as
multiplication by a character y,.. Twisting the representation of B on k™*! by a
character y changes the linearisation but not the action of B on P" to give

P" % B = (P"®Ga)//xCum

Let

For appropriate x, in the example above the ‘boundary points’ in P3¢ G, become
unstable for the G,, action and we have a surjective morphism

ss,B,
(PP)s=Bx — P B.

It turns out, as will be discussed next, that this is a special case of a more general
phenomenon.

1.3. GIT for linear algebraic groups with graded unipotent radicals.
Recall from Definition 0.5 that a linear algebraic group with graded unipotent
radical is a linear algebraic group H with unipotent radical U, equipped with a
semi-direct product H = H x G,, such that the adjoint action of G,, on the Lie
algebra of U has only strictly positive weights and the induced conjugation action
of G, on H/U is trivial.

REMARK 1.6. Suppose that H = U x R where the reductive group R = H/U
itself contains a central one-parameter subgroup whose conjugation action on the
Lie algebra of U has all weights strictly positive. Then corresponding semi-direct
products Uand H can be constructed such that U is isomorphic to a subgroup of
H, and any linear action of H on a projective variety X can be extended to a linear
action of H. We will call this situation an ‘internal grading’ for the unipotent
radical of H. We will call this situation an ‘internal grading’ for the unipotent
radical of H.

Given any action of Hon a projective variety X which is linear with respect
to an ample line bundle L on X, it is shown in [2, 3] that provided:

(i) we are willing to replace L with a suitable tensor power L™, with m > 1
sufficiently divisible, and to twist the linearisation of the action of H by a suitable
(rational) character of H with kernel containing H, and moreover

(ii) ‘semistability coincides with stability’ for the action of the unipotent radical
Ua
then the H-invariants form a finitely generated algebra. Moreover in this situa-
tion the natural quotient morphism ¢g from the semistable locus X*% A to the
enveloping quotient X RRH is surJectlve and expresses the prOJectlve Varlety X RRH
as a categorical quotient of X*% H_ Furthermore this locus X*5 = X can be
described using Hilbert—-Mumford criteria.

In [3] it is also shown that when the condition that semistability coincides with
stability for the unipotent radical is not satisfied, but is replaced with the weaker
condition that the stabiliser in U of a generic point in X is trivial, or equivalently

(1.1) min dim(Staby (z)) = 0,



12 GERGELY BERCZI, BRENT DORAN, AND FRANCES KIRWAN

then there is a sequence of blow-ups of X along H-invariant subvarieties (similar to
that of [27] when H is reductive) resulting in a projective variety X with an induced
linear action of H satisfying the condition that semistability coincides with stability
for the unipotent radical U. In this way we obtain a projective variety ml QH
which is a categorical quotient by H of a H-invariant open subset of a blow-up of
X x k and contains as an open subset a geometric quotient of an H-invariant open
subset X% of X by H, where the geometric quotient X% /H and the projective

variety X x P1® H have descriptions in terms of Hilbert—Mumford-like criteria and
the explicit blow-up construction.

REMARK 1.7. In fact this can be generalised to the case when min, e x dim(Staby (z)) >
03, 4, 5.

The description of the condition we need the action of the unipotent radical U
of H to satisfy as ‘semistability coincides with stability’ is a rather loose one. To
describe it more precisely, let L — X be a very ample linearisation of the action of
H on an irreducible projective variety X. Let x : H — G,, be a character of H with
kernel containing H; such characters x can be identified with integers so that the
integer 1 corresponds to the character which fits into the exact sequence H — H —
G Let wpin be the minimal weight for the G,,-action on V := H°(X,L)* and
let Vinin be the weight space of weight wpin in V. Suppose that wpin < Wmin+1 <
-+ < wpax are the weights with which the one-parameter subgroup G,, < U < H
acts on the fibres of the tautological line bundle Op((HO(X,L)*)(fl) over points of
the connected components of the fixed point set P((H®(X, L)*)®m for the action of
Gy on P((H°(X, L)*); since L is very ample X embeds in P((H°(X, L)*) and the
line bundle L extends to the dual OP((HO(X’L)*)(].) of the tautological line bundle
Op((ro(x,0)+)(—1). Without loss of generality we may assume that there exist at
least two distinct such weights, since otherwise the action of the unipotent radical
U of H on X is trivial, and so the action of H is via an action of the reductive
group R = H/U and reductive GIT can be applied.

Let x be a rational character of G,, (lifting to a rational character of H as

above) such that
Wmin < X < Wmin +1;
we will call rational characters x with this property adapted to the linear action of
H , and we will call the linearisation adapted if wpin < 0 < wpin+1; we will call
x borderline adapted to the linear action of H if X = Wmin, and the linearisation
borderline adapted if wyi, = 0. The linearisation of the action of H on X with
respect to an ample line bundle L®¢ for a sufficiently divisible positive integer c
such that cy is a character can be twisted by this character; effectively the weights
wj; are replaced with w; — x and this twisted linearisation is adapted in the sense
above. Let X;El’j_ denote the stable set in X for the linear action of G,, with
respect to this adapted linearisation and for a maximal torus 7" of H containing
G, let Xfan ., denote the stable set in X for the linear action of 7" with respect
to the adapted linearisation; by the theory of variation of (classical) GIT [14, 40],
X5Cm and X57T

min + min

Let

4 are independent of the choice of adapted rational character x.

X0 = X\UX\ X8 = () uXiln

min + min + min +
uelU
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be the complement of the U-sweep (or equivalently the U-sweep) of the complement
of X5Cm and let

min +?
mm + ﬂ U’Xmln =+
heH
while

- _ x is a G,-fixed point and
Zimin = X N P(Viain) = { z€X G, acts on L*|, with weight wmin }

and
0 .
Xoin ={rz€X| t_}()l}rgg@m t-x € Zyin}-
Note that X0 is U-invariant and Xmln 4+ = X000\ UZumin.

The condition that ‘semistability coincides with stability’ for the linear action of
U required in [2] is slightly stronger than that required in [3]; in [3] the hypothesis
needed for the U-linearisation L — X is that

(€*) Staby (z) = {e} for every z € Zin.

THEOREM 1.8. [3] Let H be a linear algebraic group over k with unipotent
radical U. Let H = H x G, be a semidirect product of H by G,, with subgroup
U = U xG,,, where the conjugation action of G,, on U is such that all the weights
of the induced Gy,-action on the Lie algebra of U are strictly positive, while the
induced conjugation action of G,, on R = H/U is trivial. Suppose that H acts
linearly on an irreducible projective variety X with respect to an ample line bundle
L, and that the linearisation is adapted in the sense above. Suppose also that the
linear action of U on X satisfies the condition (€*). Then

(i) the open subvariety X U of X has a geometric quotient XU = X% U /U

min + min +

by U which is a projective vamety, while

(i1) the open subvariety Xmm+ of X has a categorical quotient X @ H by H

which is also a projective variety.

REMARK 1.9. In order to prove this theorem it is helpful to strengthen slightly
the requirement that the linearisation is adapted. This strengthening does not alter

X§151+ or X;;g+ or their quotients XPU and X@H. The proof in [2] (which is then
strengthened in [3]) that, if a suitable version of the condition that semistability
coincides with stability is satisfied, the algebras of invariants ®°_,H°(X, L®””)U
and A N
BR-o HO(X, L) = (055, HO(X, L5
are finitely generated (and thus that the enveloping quotients X & U= X;z +/ U
and X & H are the associated projective varieties) proceeds by induction on the
dimension of U and requires that the linearisation is twisted by a ‘well adapted
rational character y. More precisely, it is shown in [2] that, given a linear action
of H on X with respect to an ample line bundle L, there exists ¢ > 0 such that
if x is a rational character of G,, (lifting to a rational character of H with kernel
containing H) with
Wmin < X < Wmin + €,



14 GERGELY BERCZI, BRENT DORAN, AND FRANCES KIRWAN

and if a suitable ‘semistability coincides with stability’ condition is satisfied, then
the algebras of invariants @°°_, H?(X, L)V and ©°_,H° (X, L®“™)H are finitely
generated, and the enveloping quotients X @ U and X & H are the associated pro-

jective varieties with X QU a geometric quotient of X* U and X Q@ H a categorical

min +

quotient of X* A Here X Q@ H is the reductive GIT quotient of X @ U by the

min +°
induced action of the reductive group H/U = R with respect to the linearisation
induced by a sufficiently divisible tensor power of L.

Applying Theorem 1.8 with X replaced by X x P!, with respect to the tensor
power of the linearisation L (over X) with Op:1 (M) (over PY) for M >> 1, gives us a
projective variety (X ><}P’1)22H which is a categorical quotient by H of an H-invariant

open subvariety of X xk. This open subvariety is the inverse image in (X x Pl)mm i

of the R-semistable subset (X x P1)@U)**% of (X x PH)QU = (X x P1)*! 0 /U,

min
and contains as an open subvariety a geometric quotient by H of an H-invariant

open subvariety X of X.
REMARK 1.10. Here X can be identified in the obvious way with X x{[1
1]} which is the intersection with X x {[1 : 1]} of the inverse image in (X xP1)>Y
(X x PLysfs: U of the R-stable subset (X x PYY@U)> T of

min +

(X x PHyeU = (X2

min+

0 X KU (XD L x {01) /0 = (X0,/U) U (XD, /),

This geometric quotient X% /H and its projective completion (X x P')@ H can
be described using Hilbert—Mumford-like criteria, by combining the description of
(X x P1)Q U as the geometric quotient (X x Pl)m1n+/U with reductive GIT for
the induced linear action of the reductive group R = H/U on (X x P1)Q U.

Theorem 1.8 describes the good case when semistability coincides with stability
for the linear action of U. Theorem 1.12 below, which is proved in [3], applies to
any adapted linear action of H , provided that the much weaker condition that the
stabiliser in the unipotent radical U of a generic z € X is trivial.

REMARK 1.11. In fact this weaker hypothesis can itself be removed. It is shown
n [3] that Theorem 1.8 is still true when condition (€*), that semistability coincides
with stability for U, is replaced with the weaker condition

(€*) dim(Staby (2)) = Hél)r(l dim(Staby (x)) for every z € Zpin.

Theorem 1.12 is then still valid without the hypothesis that the stabiliser in the
unipotent radical U of a generic « € X is trivial, provided that the condition (€*)
is replaced with (€*) in its statement.

Theorem 1.12 is a non-reductive analogue of the partial desingularisation con-
struction for reductive GIT described at the end of §1.1.

THEOREM 1.12. Let H be a linear algebraic group over k with graded unipotent
radical U and let H = H x G, be the extension of H by G, which defines the
grading. Suppose that H acts linearly on an irreducible projective variety X with
respect to an adapted ample linearisation. Suppose also that Staby(x) = {e} for
genericx € X.
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Then there is a sequence of blow-ups of X along H -invariant projective sub-
varieties (the first of which is the closure in X of the locus where the stabiliser
in U has mazimal dimension in X°. ) resulting in a projective variety X with an
adapted linear action ofH (with respect to a power of an ample line bundle given
by tensoring the pullback of L with small multiples of the exceptional divisors for
the blow-ups) which satisfies the condition (€*), so that Theorem 1.8 applies.

Moreover there is a sequence of further blow-ups along H-invariant projective
subvarieties appearing as the closures of H-sweeps of connected components of fized
point sets of reductive subgroups of H , resulting in a projective variety X satisfying
the same conditions as X and in addition that the envelopzng quotient XQH is the

Both X» H and
XQH are projective completions of the geometric quotient by H of the H-invariant

geometric quotient by H of the H-invariant open subset X5

min +

open subset X H of X which can be identified via the blow-down map with the

min +

complement in X* of the exceptional divisors.

min +

By considering the action of H on ml (and similarly on X x P!) as above,
we obtain a projective variety X x P! & H which is a categorical quotient by H of
a H-invariant open subset of a blow-up of X x k and contains as an open subset
a geometric quotient of an H-invariant open subset X*# of X by H, where the
geometric quotient X * /H and its projective completion ml&fl have descrip-
tions in terms of Hilbert—-Mumford-like criteria, the explicit blow-up construction
used to obtain X x P! from X x P! and an analogue of S-equivalence.

2. Extended, graded and torus-graded linearisations

Recall from Definition 0.4 that an extended linearisation £ of an action of a
linear algebraic group H on a projective variety X is given by the data:
(a) a line bundle L on X (usually assumed to be ample);
(b) a semi-direct product H = H x G,, of H by G,p,;
(c) an extension of the H-action on X to H and a lift of the H-action to L.
Recall also that given an extended linearisation £ and a rational number g € Q,
we define the ¢g-hat-stable locus X = X %9~ to be the H-invariant open subvariety
of X determined by

X5 % {[1: 1]} = (X x PHYH 0 (X x {[1:1]})

where H acts on P! as at (0.1) above with its linearisation on Op: (1) twisted by
q, and (X x P1)*% H s defined with respect to the induced linearisation for the H-
action on X x P! on L tensored with Op1 (m) for m >>1. We then have a geometric
quotient X*4/H by H which is isomorphic to the open subset ((X x ]P’l)sﬁ N(X x
(k\ {0})))/H of (X x P)* H/H for this choice of linearisation.

REMARK 2.1. Given a linearisation in the classical sense of an action of a linear
algebraic group H on a projective variety X with respect to a line bundle L, we
have a ‘trivial extended linearisation’ for which H = H x G,,, and G,,, acts trivially
on X and on L. If ¢ € (0,1) then the stable locus for the action of G,, on X x P!
with respect to the induced linearisation for the H-action on X x P! on L tensored
with Opi(m) is X x (k \ {0}). Thus taking m >> 1 the g-hat-stable locus X*¢
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coincides with the stable locus defined as in [1] for the action of H on X with the
given linearisation. Similarly if ¢ ¢ [0,1] the g-hat-stable locus X*9 is empty for
this linearisation.

Recall from Definition 0.5 that a linear algebraic group with graded unipotent
radical is a linear algebraic group H with unipotent radical U, equipped with a
semi-direct product H = H % G,, such that the adjoint action of G,, on the Lie
algebra of U has only strictly positive weights and the induced conjugation action
of G,, on H/U is trivial. Recall also that a graded linearisation £ of an action
of H on a projective variety X is then an extended linearisation in the sense of
Definition 0.4 for this choice of H, such that the H-linearisation is twisted by a
rational character of H so that 0 lies in the interior of the lowest bounded chamber
for the G,, action. Given a graded linearisation £, the ‘hat-stable’ locus X*® = X %%
is the O-hat-stable locus X*° as defined in Definition 0.4 when g = 0.

REMARK 2.2. When H is a linear algebraic group with graded unipotent radical
U and L is a graded linearisation for an action of H on a projective variety X (with
respect to an ample line bundle L on X), then we can apply Theorems 1.8 and
1.12 to the action of H on X x P. Thus the geometric quotient X°/H by H has
a projective completion which is a geometric quotient by H of an open subset of
a H -equivariant blow-up of X x P!. Furthermore the geometric quotient X*/H
by H and its projective completion can be described using Hilbert—Mumford-like
criteria combined with the explicit blow-up construction. Thus the data of the
graded linearisation gives us a GIT-like quotient with most of the good properties
which hold in the reductive case.

Now let T be a torus defined over k. Definitions 0.4 and 0.5 can be generalised
to define T-extended linearisations, and T-graded linearisations for the actions of
linear algebraic groups with T-graded unipotent radical.

DEFINITION 2.1. A T'-extended linearisation L of an action of a linear algebraic
group H on a projective variety X is given by the data:
(a) a line bundle L on X (usually assumed to be ample);
(b) a semi-direct product H = H x T of H by T;
(c) an extension of the H-action on X to H and a lift of the H-action to L.
Given an extended linearisation £ for the action of H on X, and a projective
toric variety Y = Tyo with an ample linearisation L7 for the action of 7" on Y,
we can define the (Y, Lr)-hat-stable’ locus X %47+ to be the H-invariant open
subvariety of X determined by

XIVERL s {yo} = (X x ¥)™7 1 (X x {go})

where (X x Y)S’H is defined as in [1] with respect to the induced linearisation for
the H-action on X x Y with respect to the linearisation £ tensored with E?m for
m>>1.

REMARK 2.3. We then have a geometric quotient X*Y-*7-£/H by H which is
isomorphic to an open subset of (X x Y)*#/ H for a choice of linearisation as in
Definition 2.1.

DEFINITION 2.2. A linear algebraic group with T-graded unipotent radical is a
linear algebraic group H with unipotent radical U, equipped with
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i) a semi-direct product H = H x T such that the induced conjugation action of T’
on H/U is trivial, and
ii) a non-empty open rational cone C' in the Lie algebra of T such that the adjoint
action on the Lie algebra of U of any one-parameter subgroup of T' whose derivative
at the identity lies in C' has only strictly positive weights.

A T-graded linearisation L of an action of H on a projective variety X is then
a T-extended linearisation in the sense of Definition 2.1 for this choice of H, with
the H-linearisation twisted by a rational character of H whose kernel contains H,
in such a way that O lies in the interior of the lowest bounded chamber for some
one-parameter subgroup of 7" whose derivative at the identity lies in the cone C.

When T is the one-parameter multiplicative group G,, and Y = P!, and Lp
is the linearisation of the G,,-action on Op:(1) given by the representation (0.1),
then we recover the definitions of extended and graded linearisations given above.

REMARK 2.4. When H is a linear algebraic group with T-graded unipotent
radical U and L is a T-graded linearisation for an action of H on a projective
variety X with respect to an ample line bundle L on X, then an analogous picture
to that of Remark 2.2 holds [5]. Thus the geometric quotient X*Y-*7-£/H has a
projective completion which is a geometric quotient by H of an open subset of a
H -equivariant blow-up of the product of X with the toric variety Y. Furthermore
the geometric quotient X *Y£7£ /[ and its projective completion can be described
using Hilbert—-Mumford-like criteria combined with the geometry of the toric variety
T, the rational cone C' and the blow-up construction.

3. Applications

In this section we will describe some linear actions of non-reductive groups
where GIT for suitable graded linearisations, obtained as in Remark 2.2, behaves
better than GIT for classical linearisations.

ExXAMPLE 3.1. The first of these are the famous Nagata counterexamples to
Hilbert’s 14th problem [33], which provide examples of linear actions of unipotent
groups U on projective space such that the corresponding algebras of U-invariants
are not finitely generated. In these examples the linear action extends to a linear
action of an extension U = UxG,y, by G, such that the action of G,,, by conjugation
on the Lie algebra of U has all its weights strictly positive, and Staby(z) = {e}
for generic x, so Theorem 1.12 applies, and the quotient (X x P)& U gives us a
projective completion of a geometric quotient by U of a U-invariant open subset of
the projective space X which can be determined by Hilbert—Mumford-like criteria.
We can regard this as the GIT quotient of the projective space by the graded
unipotent group U with respect to the induced graded linearisation. Note that the
U-invariants on X x P! restrict to U-invariants on X , so the grading is picking out
for us a finitely generated subalgebra of the algebra of U-invariants, and thus a
tractable GIT quotient.

ExXAMPLE 3.2. Recall that the automorphism group of the weighted projective
plane P(1,1,2) = (k?\ {0})/G,,, for G,, acting linearly on k3 with weights 1,1, 2,
is given by

Aut(P(1,1,2)) 2 Rx U
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where R = GL(2) is reductive and U = (G,,)? is unipotent, with elements (X, u, v) €
(k)? acting on P(1,1,2) via

[2,y,2] = [2,y, 2 + Aa® + pay + vy?).

The central one-parameter subgroup G,, of R = GL(2) acts on the Lie algebra of
U with all positive weights, and the associated semi-direct product

U:UNGm

can be identified with a subgroup of Aut(P(1,1,2)). Thus any ample linearisation
for an action of Aut(P(1,1,2)) on a projective variety X becomes a graded lin-
earisation in a natural way. It therefore follows from Theorem 1.12 that whenever
H = Aut(IP(1,1,2)) acts linearly on a projective variety X and Staby (z) = {e} for
generic x € X, then there is a geometric quotient by H of an open subset of X
described by Hilbert—Mumford-like criteria, with a projective completion which is
a categorical quotient of an open subset of an H-equivariant blow-up X of X.
Indeed the same is true for the automorphism group of any complete simplicial
toric variety. For it was observed in [2] using the description in [11] that the
automorphism group H of any complete simplicial toric variety is a linear algebraic
group with a graded unipotent radical U; there is a grading defined by a one
parameter subgroup G,, of H acting by conjugation on the Lie algebra of U with
all weights strictly positive, and inducing a central one-parameter subgroup of R =
H/U. Thus Theorems 1.8 and 1.12 (and if necessary Remark 1.11) can be applied.

EXAMPLE 3.3. Suppose now that k = C and consider k-jets at 0 of holomorphic
maps from CP to a complex manifold Y for any k,p > 1. It was observed in [6]
that the group G p) of k-jets of holomorphic reparametrisations of (C?,0) has a
graded unipotent radical U ;) such that the grading is defined by a one-parameter
subgroup of G(;, ,) acting by conjugation on the Lie algebra of Uy, ,) with all weights
strictly positive, and inducing a central one-parameter subgroup of the reductive
group Gx p)/Ur,p)- So Theorems 1.8 and 1.12, with Remark 1.11, can be applied
to any linear action of the reparametrisation group Gy -

EXAMPLE 3.4. Finally let G be a reductive group over an algebraically closed
field k of characteristic zero, acting linearly on a projective variety X with respect
to an ample line bundle L. Associated to this linear G-action and an invariant
inner product on the Lie algebra of G, there is a stratification

X=1]5s

BeEB

of X by locally closed subvarieties Sg, indexed by a partially ordered finite subset
B of a positive Weyl chamber for the reductive group G, such that

(i) Sp = X*%,
and for each g € B

(ii) the closure of Sg is contained in {J 5 4 Sy, and

(iii) S5 = G xp, Y3* B
where Pj3 is a parabolic subgroup of G acting on a projective subvariety Yz of X
with an open subset Y5® which is determined by the action of the Levi subgroup
L of Ps with respect to a suitably twisted linearisation [22, 26].

Here the original linearisation for the action of G on L — X is restricted to
the action of the parabolic subgroup Pg over ?g, and then twisted by the rational



GRADED LINEARISATIONS 19

character 3 of Pg which is almost adapted for a central one-parameter subgroup of
the Levi subgroup Lg acting with all weights strictly positive on the Lie algebra of
the unipotent radical of Pg. So P is a linear algebraic group with graded unipotent
radical; indeed, its unipotent radical is graded by the torus which is the centre of
a Levi subgroup of Pg. Thus to construct a quotient by G of (an open subset of)
an unstable stratum Sg, we can study the linear action on ?5 of the parabolic
subgroup Pz, and apply Theorems 1.8 and 1.12, with Remark 1.11.

In this situation Yz is equal to (Y)Y,  (in the notation introduced in §1.3,
immediately before Theorem 1.8), and we have a retraction pg : Y3 — Zz where

— i t-
ps(Y) gm by

for y € Y3 and Zg plays the role of Zy,i, in §1.3. Since the rational character 8 of
Pg is borderline adapted, not adapted, we have

YBGS —_ pgl(Z;&LB)

and the reductive GIT quotient Zg//Lg is the categorical quotient of Y;*® by Pg.
However this is certainly not a geometric quotient (because the closure of every Pg-

orbit in Y5* meets Z5°). Zg//Lg is also the categorical quotient of PgZ;s’LB Cvy®
by Ps, and

Pz = Ug 2y
where Ug is the unipotent radical of Pg.

On the other hand if we modify the linear action of Ps on Y by an adapted
rational character, given by (1 4 §)8 for 0 < 6§ << 1, rather than by 3, then in the
notation of §1.3 we have

(Vihmins = V3" \ U Z5"".
Thus, at least after applying suitable blow-ups and removing any resulting unstable
strata, we can use Theorems 1.8 and 1.12 (and if necessary Remark 1.11) to con-
struct a categorical quotient by Ps of a Pg-invariant open subvariety of (a blow-up
of) Y%\ UﬁZ;S’Lﬁ which will fibre over Zg//Lg.

There are many moduli spaces (of ‘stable’ or ‘semistable’ objects) in algebraic
geometry which can be constructed as GIT quotients of reductive group actions on
projective varieties with respect to ample linearisations. We can hope to use the
construction just described to construct corresponding moduli spaces of unstable
objects. In particular we can consider moduli spaces of sheaves of fixed Harder—
Narasimhan type over a nonsingular projective variety W (cf. [23]). There are well
known constructions going back to Simpson [39] of the moduli spaces of semistable
pure sheaves on W of fixed Hilbert polynomial as GIT quotients of linear actions
of suitable special linear groups G on schemes @ (closely related to quot-schemes)
which are G-equivariantly embedded in projective spaces. These constructions can
be chosen so that elements of () which parametrise sheaves of a fixed Harder—
Narasimhan type form a stratum in the stratification of ) associated to the linear
action of G (at least modulo taking connected components of strata) [23]. The
associated linear actions of parabolic subgroups of these special linear groups G
have natural graded linearisations, and so can be used to construct and study
(projective completions of) moduli spaces of sheaves of fixed Harder-Narasimhan
type over W [4]. The simplest non-trivial case is that of unstable vector bundles of



20 GERGELY BERCZI, BRENT DORAN, AND FRANCES KIRWAN

rank 2 and fixed Harder—-Narasimhan type over a nonsingular projective curve W
(ctf. [8]).

The other classical moduli spaces constructed as GIT quotients are the moduli
spaces of stable curves of fixed genus g > 2. Here too it is possible to construct
quotients of suitable ‘unstable strata’, giving us moduli spaces of unstable curves
when appropriate discrete invariants of the singularities are fixed; these play a role
analogous to that of Harder—Narasimhan types [24]. Moreover in the case of curves
of genus g > 2 the condition that semistability coincides with stability for the
extension of the unipotent radical is always satisfied, so we can apply Theorem 1.8
without having to resort to the partial desingularisation construction of Theorem
1.12.
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