


Abstract

This thesis consists of two parts, both of which involve the study of algebraic
structures constructed via the multiplication of modules.

In the first part we look at Hall algebras. We consider the Hall algebra
of a cyclic quiver algebra with relations of length two and present a multi-
plication formula for the explicit calculation of products in this algebra. We
then look at the case of a cyclic quiver with two vertices and describe the
corresponding composition algebra as a quotient of the positive part of a
quantised enveloping algebra of type :11.

We then look at quotients of Hall algebras of self-injective algebras. We
give an abstract result describing the quotient of such a Hall algebra by the
ideal generated by isomorphism classes of projective modules, and also a
more explicit result describing quotients of Hall algebras of group algebras
for cyclic 2-groups and some related polynomial algebras.

The second part of the thesis deals with Green rings. We compare the
Green rings of a group algebra and the corresponding Jennings algebra for
certain p-groups. It is shown that these two Green rings are isomorphic in
the case of a cyclic p-group. In the case of the Klein four group it is shown
that the two Green rings are not isomorphic, but that there exist quotients
of these rings which are isomorphic. It is conjectured that the corresponding
quotients will also be isomorphic in the case of a dihedral 2-group. The
properties of these quotients are studied, with the aim of producing evidence
to support this conjecture. The work on Green rings also includes some

results on the realisation of quotients of Green rings as group rings over Z.
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Introduction

The algebraic structures studied in this thesis, the Hall algebra and the Green
ring, are both structures constructed by multiplying modules in some way.
In the case of the Hall algebra, the multiplication is defined by counting
filtrations of modules; this can be done with modules for any ring satisfying
a mild finiteness condition. Green rings, by contrast, can only be defined
with the modules for a bialgebra: the bialgebra co-multiplication is used to
define the products of modules by taking tensor products. Green rings also
have an addition given by taking direct sums of modules. As a consequence of
this, Green rings of algebras of finite type are finite-dimensional over Q. Hall
algebras have as (Q-basis all isomorphism classes of modules for the relevant
ring, and are thus never finite-dimensional over Q.

Hall algebras were originally used to study filtrations of finite abelian
p-groups, which can be done by considering the Hall algebra of the p-adic
integers Z,. The study of Hall algebras of other rings, in particular of
hereditary quiver algebras, was later seen to be of importance, largely because
of the connection between Hall algebras and quantised enveloping algebras
discovered by C. M. Ringel. In this thesis we shall look at Hall algebras
of algebras, though we shall be concerned mainly with the case of algebras
which are not hereditary.

In Chapter 2 we shall look at Hall algebras of cyclic quivers with and



without relations. We begin by discussing a result of C. M. Ringel on the
relationship between the Hall algebras of cyclic quiver algebras without re-
lations and the quantised enveloping algebra of type Zn_l. We then look at
algebras of cyclic quivers with relations given by setting all paths of length
two to be zero, and present a formula which allows us to calculate explicitly
the product of any two modules in the corresponding Hall algebra (Theorem
2.2.7). We conclude this chapter by looking at the cyclic quiver with two ver-
tices and relations of length two. It follows from Ringel’s work that this is a
homomorphic image of the positive part of the quantised enveloping algebra
of type ;11; we determine the kernel of this homomorphism (Theorem 2.3.5).
Some further calculations involving the Hall algebras of a family of related
algebras also given by a cyclic quiver with two vertices, with certain relations,
can be found in Appendix A.

In Chapter 3 we look at quotients of Hall algebras of self-injective alge-
bras. We begin with a result which describes the quotient of such a Hall
algebra by the ideal generated by the isomorphism classes of projective mod-
ules (Theorem 3.1.1). We then consider the Hall algebra of a group algebra
kG and the ideal generated by the relatively H-projective modules for some
subgroup H < G. We look at the example where G is a cyclic 2-group and
H is a cyclic subgroup of index 2, and also at a related polynomial algebra.
We describe a spanning set for our Hall algebra quotient in this case (The-
orem 3.2.1) and calculate explicitly the product of any two elements of this
spanning set.

The Green ring was introduced by J. A. Green as a tool for studying
direct sums and tensor products of group algebra modules in cases where

the characteristic of the field divides the order of the group. The definition



of the Green ring extends naturally from the group algebra case to modules
for any bialgebra. In Chapters 5 to 7 we compare the Green rings of finite
p-groups G and the corresponding Jennings algebras UlP!Jen(G), in cases
where kG ~ UP! Jen(G) as algebras and the algebra is of finite or tame rep-
resentation type. We also compare certain quotients of these Green rings,
which we shall call Benson—Carlson quotients; these quotients were intro-
duced by D. J. Benson and J. F. Carlson, who showed that they have no
nilpotent elements.

Chapter 5 looks at the case where G is a cyclic p-group, for any prime p.
In this case the two Green rings considered—and hence also the two Benson—
Carlson quotients—are isomorphic (Theorem 5.1.3). Chapter 6 looks at the
case where G is the Klein four group. In this case the two Benson—Carlson
quotients are isomorphic (Theorem 6.2.1), but the two Green rings are not
naturally isomorphic (Theorem 6.1.1).

In Chapter 7 we consider the case where G = Dy, is a dihedral 2-group.
It is conjectured that the two Benson—Carlson quotients will also be isomor-
phic in this case (Conjecture 7.0.2). The chapter is devoted to studying the
Benson—Carlson quotients, with an emphasis on looking for evidence that
may support Conjecture 7.0.2. The Benson—Carlson quotients are realised as
group rings over Z (Theorem 7.1.2) and the problem of proving Conjecture
7.0.2 is reduced to the problem of proving that these two groups are isomor-
phic. The properties of the two groups are studied. In particular, we look
at the subgroups of endo-trivial modules, which are indeed isomorphic. We
then compare the properties of these subgroups which allowed us to deduce
this with the properties of the whole groups, looking at properties of the

map restricting modules to the Klein four subgroups of Dy, and its relation-



ship with the Auslander—Reiten quiver structure of Dyq. Following on from
this, we provide an alternative method for reducing the problem of proving
Conjecture 7.0.2 by looking at the Auslander-Reiten quiver for Dy, and the
relationship between this structure and taking tensor products of modules.
Finally, we look at some example of products which are the same in both
Benson-Carlson quotients.

In Chapter 8 we return to the result of Theorem 7.1.2 showing that the
Benson-Carlson quotient of a dihedral 2-group can be a realised as a group
ring over Z, and show that analogous results hold for cyclic 2-groups (Theo-
rem 8.1.1) and the Klein four group (Theorem 8.2.1).

A knowledge of the following topics of representation theory and related

areas of algebra will be pre-supposed:

e Simple (irreducible), semisimple, indecomposable, projective and injec-

tive modules
e Direct sums and tensor products
e The Krull-Schmidt Theorem
e Radicals and socles of algebras and modules
e Self-injective algebras
e Filtrations and composition series
e Long and short exact sequences
e Opposite rings and dual modules

e Induction and restriction of modules



e Vertices of group algebra modules; relatively projective modules
e The Heller operator Q2

e Graded algebras

e Ext'(—,—)

e Global dimension

e Quiver algebras and representations of quivers

e Finite, tame and wild representation types

e Finite-dimensional semisimple complex Lie algebras and their classifi-

cation via Cartan matrices and Dynkin diagrams
e Universal enveloping algebras of Lie algebras
e p-restricted Lie algebras and universal enveloping algebras

e Basic Auslander—Reiten theory, including irreducible maps, the Aus-
lander-Reiten translate 7 (including the fact that 7 = Q2 for group
algebras), Auslander—Reiten quivers and stable Auslander—Reiten quiv-

€rs.

All modules in this thesis will be finitely generated left modules, apart
from dual modules, which must be right modules except in cases where the

existence of an antipode allows us to define dual modules as left modules (see

Section 4.1.1).
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Hall algebras



Chapter 1

Definitions and background
material

1.1 Hall algebras

Definition 1.1.1 A ring R is finitary if Exts(M), My) is finite for all finite
R-modules M; and M.

The following lemma tells us that, if we wish to determine whether a ring
is finitary, it is sufficient to check that the defining property holds for all

finite simple modules.

Lemma 1.1.2 Let R be a ring with Exty(S1, S2) finite for all finite simple
R-modules S1, Sy. Then R s finitary.

For the proof of Lemma 1.1.2—and some further discussion of finitary

rings—see [32, pp. 435-436].

Definition 1.1.3 Let R be a finitary ring. Take the set of isomorphism
classes [M] of all finite-dimensional R-modules as the basis for a free vector
space over Q. For modules M, Ny, Ny, let F{! n, be the number of sub-

modules M, of M such that My ~ N, and M/My ~ N;. Then define a
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multiplication on elements of our vector space by
[N o [Ny] = > Fyfl v, [M] (1.1)
(M]

and linear extension. This gives us an algebra over Q, the Hall algebra H(R)

of R.

Assuming that R is finitary ensures that (1.1) will always be a finite sum;
thus the Hall algebra multiplication is well-defined.

The following lemma collects some basic properties of the Hall algebra.

Lemma 1.1.4 1. If [M] occurs with non-zero coefficient in some multi-

plication [N1] o [Ny] then there exists a short ezact sequence

0— Ny — M — N; — 0.

2. H(R) is an associative algebra with a multiplicative identity.

3. H(R) is a Z"-graded algebra, where n is the number of irreducible

A-modules.

4. Suppose R ~ R°P. For A-modules Ni, Ny we have

[Ny*] o [N;"] = ZFIJ\\T/{,Nz[M*]'
[M]

Proof:

1. This is clear from the definition of [N;] o [Ny].

2. For R-modules M, Ni, Ny, ..., Ny, let F§! . be the number of

.....

filtrations of M



such that M;_;/M; ~ N; for 1 < i < t. We have
[Ny} o o [N3]) ZZFM YFNZ Ns (M.
[M] [Y]

Now, given any R-module Y with F}Gz’ ~, 7 0 and any pair of filtrations
N; Y N2
M D M, 20, Y DY 3 0,
it is clear that the filtrations can be adjoined to give a filtration
N N» N3
M2 My2 X020
where the isomorphism My ~ Y is used to find Xq C M, corresponding

to Yo C Y. All filtrations of M with these factors can be found in this

way. Hence

M Y . M
E :FNl,YFNz,Na = F'N, Na,Ng»
[Y]

SO

[Nl] NB] Z FN1 N, N3
[M]

A similar argument shows

(IN] o [Ne]) o [Ns] = > Fifl v, v, [M].
[M]

The zero module [0g] is the multiplicative identity for H(R).

. Let S1,...5, be the simple R-modules. Given an R-module M, let
dimM = ([M : Si],...,[M : S,]) be the vector given by the compo-
sition multiplicities of the simple modules in M. Let H(R)q be the
subspace of H(R) with basis the set of isomorphism classes [M] with
dimM = d. Then

H(R) = ®acznH(R)q

9



as a vector space. If FI{‘,{ n, 7 0 for some M, Ni, N, then it is clear by
refining the filtration M O Ny D 0 to a composition series for M that
dimM = dimN; 4+ dimN5.

4. The dual M* = Hompg(M, k) of a left R-module M is a left R°°-module
with a¢ defined by (a¢)(m) = ¢(am) for ¢ € M*,a € R, m € M. Since
R ~ R°P| this allows us to think of M* as a left R-module.

The coefficient of [M] in the multiplication [N;] o [Ny] is given by the
number of submodules My of M such that M/My ~ N; and My ~ No.
But this is equal to the number of submodules X of M* such that
M*/X =~ Ny* and X ~ N;*. To see this, just think of what the
composition structure of M and M* must look like in relation to these

submodules and quotients: they can be represented as something like

N2*
M M*
/ Nl*
Ny

This number of submodules is by definition the coefficient of [M*] in

the multiplication [N,*] o [N;*].

Definition 1.1.5 Given a Hall algebra H(R) for some ring R, the composi-
tion algebra C(R) is the subalgebra of H(R) generated by the isomorphism

10



classes of simple R-modules.

The Hall algebra was originally studied by E. Steinitz [38] and later by
Philip Hall [20], who both considered the Hall algebra H(Z,)) of the p-adic
integers. The finite Z)-modules are just the finite abelian p-groups, so the
algebra H(Z,)) is a tool for studying filtrations of such groups. Note that
H(Zp)) is a commutative algebra, but that this is not true of Hall algebras
in general. More information on this Hall algebra and its properties can be
found in [27, Chapter II].

In this thesis we shall be concerned with Hall algebras H(A), where A is
a finitary algebra over a finite field k. The study of Hall algebras of this form
was initiated in the 1990s by C. M. Ringel, with a series of papers in which
he demonstrated some remarkable relationships between Hall algebras and
quantised enveloping algebras (see Sections 1.3 and 1.4 below for a definition

of these algebras).

1.2 Twisted Hall algebras

One tool used by Ringel in his study of the relationship between Hall algebras
and quantised enveloping algebras was the introduction of a “twist” on the

Hall and composition algebras.

Definition 1.2.1 An algebra A is hereditary if all submodules of projective

A-modules are also projective.

Let A be a finitary algebra over a finite field k. If A is also hereditary,
then the Hall algebra H(A) can be “twisted” to form the twisted Hall algebra
H.(A), also known as the Ringel-Hall algebra.

11



Let A be a hereditary algebra. If there are n simple A-modules, we can
define a bilinear form from N;* x N, to Ny by setting (dim M, dim N) =
> o(—1) dimy Ext'(M, N) for A-modules M and N. It can be shown that

this form depends only on the dimension vectors dim M and dim N (see
[36, Section 2]). Since A is hereditary, we have Ext*(M,N) = 0 for all
i > 2. Hence (dim M, dim N) = dim; Hom(M, N) — dim; Ext!(M, N), so the
bilinear form is given by a finite sum.

We now introduce v satisfying v? = |k|. If |k| is a square in Q then take
the positive square root. If not, then extend the field of coefficients for H(A)
by taking H.(A) = H(A) ®q Q(v) as a vector space over Q(v).

Definition 1.2.2 Let A be a finitary, hereditary algebra over a finite field
k. We construct the twisted Hall algebra H.(A) by taking the Q(v)-space
H.(A) = H(A) ®p Q(v) and defining a multiplication by

[N1] % [Ng] = oM AIA2 N ] o [N
for A-modules N;, N, and linear extension.
Lemma 1.2.3 The twisted Hall algebra H.(A) is associative and Z™-graded.
Proof: To see that H.(A) is associative, we simply check that
[V1] % ([No] * [N3]) = vi<i dmNodmNI [ ] o ([Ny] o [N3))

and

[N1] % ([No] * [N3]) = vaics mNedimhy) (1] o [N2]) o [IN3).

Associativity then follows from part 2 of Lemma 1.1.4.
The proof that H,(A) is Z"-graded is exactly the same as in part 3 of

Lemma 1.1.4. O

12



Definition 1.2.4 Given a twisted Hall algebra H.(A), the twisted compo-
sition algebra C,(A) is the subalgebra of H,(A) generated by the simple

A-modules.

1.3 Kac—Moody algebras

The construction of a quantised enveloping algebra begins with a generalised
Cartan matrix corresponding to a Kac-Moody algebra. A Kac-Moody al-
gebra can be thought of as a generalisation of a finite-dimensional semisim-
ple complex Lie algebra. We begin by recalling some material relating to
such Lie algebras. Let L be a finite-dimensional semisimple Lie algebra
with n roots and Cartan matrix A = (a;;), which must correspond to some
Dynkin diagram of type A—G. Then L is generated as a Lie algebra by el-

ements {x;,¥;,h; : 1 < ¢ < n} which satisfy the following relations for all

i,7€{1,...,n}k

(1.2)

(v) (ad(w:))' = (z;) = 0
(vi) (ad(y:))'=*(y;) = 0.

Relations (i)—(iv) are the Weyl relations; relations (v) and (vi) are known as
the Serre relations.

Furthermore, we have the following theorem, which guarantees the exis-
tence of such a Lie algebra for all possible Cartan matrices corresponding to

Dynkin diagrams of types A-G:

Theorem 1.3.1 (Serre) Let A = (a;;) be a Cartan matriz corresponding

to a Dynkin diagram of type A-G. Let L be the complex Lie algebra with

13



generators {z;,y;, h; : 1 < i < n} and relations (i)-(vi) as above. Then L is

a finite-dimensional semisimple Lie algebra.
The Lie algebra L can be written as a direct sum of subalgebras
L=n"®hdnt

where h = (h; : 1 < i < n); is the Cartan subalgebra of L, and n~ =
(i : 1 <1< n)gand nt = (x; : 1 < i < n)y are the negative and positive
parts of L.

For proofs of the results mentioned above and further information on
these properties of Lie algebras, see (22, pp. 95-101].

Translating these properties into the language of the universal enveloping
algebra, we see that U(L) is generated as an associative algebra by elements
{X;,Y;, H; - 1 <1 < n} satisfying relations

(1) HiHj = HjHi
(111) Hin - XjHi = ainj

(iv) HiY; = Y;Hi = —aY, 1)
(v) o6 (=1 ()X T T X XT =0
(vi) e (=) () YT Y = 0

for all 4,5 € {1,...,n}. We also have that
UL)=Un")®U(h) @ U(n')

and that Un™) = (Y;: 1 <i<n),U(h) = (H;: 1 <i< n)and Unt) =
(X;:1< i< n).

This idea that the Cartan matrix can be used as the starting point for
defining a Lie algebra allows us to generalise the notion of a semisimple
Lie algebra to include the possibility that the Lie algebra may be infinite-
dimensional. In order to do this, we first need some idea of what would

constitute a suitable matrix to use.
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Definition 1.3.2 A matrix A = (ay;) is called a generalised Cartan matriz

if it satisfies the following conditions:
(i) ay = 2 for all 3.
(ii) ai; € Zgo for all ¢ # j.
(iii) If a;; = 0 then a;; = 0.

Definition 1.3.3 Let A = (a;;) be a generalised Cartan matrix. The Kac-
Moody algebra corresponding to A is the complex Lie algebra Z with gener-

ating set {z;,v;, h; 1 1 < i < n} and relations (i)—(vi) as in (1.2).

These algebras were first introduced independently by Kac and Moody in
the late 1960s. For the original definition of a Kac—-Moody algebra, see [25,
Chapter 1]; for a proof that this is equivalent to the definition given above,

see [25, Theorem 9.11].

Theorem 1.3.4 Let [ be a Kac—-Moody algebra. Let n* be the subalgebra
of Z generated by xi,...,T, and let w~ be the subalgebra of E generated by
Y1, - -+ Yn. Then

L=n" ®hon'

for some subalgebra by of L.

Remark: In general, h # (h; : 1 < i < n): in fact, we must have dimbh =
2n — rank(A) so these cannot be equal if det(A) = 0.

This theorem is a direct consequence of Theorem 1.2 in [25].

The universal enveloping algebra of the Kac-Moody algebra z is the as-

sociative algebra U(L) with generators {X;,Y;, H; : 1 <4 < n} and relations
(i)~(vi) as in (1.3). We have U(L) = U(n~) ® U(h) ® U(n*) for n-, b, n*

15



as in Theorem 1.3.4. Also, U(n™) is generated as an associative algebra by
{Yi:1<i< n}and Un*) by {X;: 1< i< n}. We shall be particularly

interested in the positive part U(nt).

1.4 Quantised enveloping algebras

Let A = (a;;) be a generalised Cartan matrix and let L be the correspond-
ing Kac-Moody algebra. We will assume for the rest of this section that
the matrix A is symmetrisable; that is, that there exist d; € {1,2,3} such
that (d;a;;) is a symmetric matrix. Let ZQ be the Lie algebra over Q with
generators and relations as for Z, so that ZQ satisfies ZQ ®qC ~I. We
shall describe the quantised universal enveloping algebra Uq(ZQ), which is
obtained by introducing an indeterminate v. The quantised enveloping al-
gebra can then be specialised by taking v to be a value in Q, giving us a

collection of associative QQ-algebras.

Definition 1.4.1 Let v € Q be an indeterminate and let d € {1,2,3}. For
a € Z, the Gaussian integer [a]y is defined by

,Uda . ,U——da
e = g

If a > 0 then [a]q = v~ 4 o¥@=3) 4 ... 4 y=dle=3) L y=da=1) Note that

if we put v = 1 then we recover the ordinary integer a.

Definition 1.4.2 Let a,7 € N with r < a. Define the Gaussian binomial

coefficient

a] lalala — 1)a- -+ [a — 7+ 1]4
[r]d o [Hal2la - [r]a '

16



Let

2,

Definition 1.4.3 Let A = (a;;) be a symmetrisable generalised Cartan ma-
trix, with d; € {1,2,3} such that (d;a;;) is symmetric. Let v € Q be an
indeterminate. The quantised enveloping algebra Uq(ZQ) is the associative

Q(v)-algebra with generators {E;, F;, K;, K;' : 1 < i < n} and relations

véi—p— %
111 KiEjKi—l = ’UdiaijEj

(1) Kin = KjKi
1)
) KiFK;!=v % (1.4)
)

(i) EiFj— FyE; = 6yt
)

’}';81] (—1)T [l—T‘aij]di E'l}_aij—rEjE’IEr =

vi) St () [ B TR =0
(Vil) KiKi—l =1= Ki—lKi

(

(iv
(v
(

for alli,5 € {1,...,n}.

This definition was introduced by V. G. Drinfeld and M. Jimbo in 1995;
the defining relations are known as the Drinfeld-Jimbo relations. Quantised
enveloping algebras were introduced primarily to model the solutions of the
quantum Yang-Baxter equation, an equation arising in statistical mechanics,
using deformations of Kac-Moody algebras. Early work on the construction
of quantised enveloping algebras and their use in studying solutions of the
Yang-Baxter equation can be found in [12] and [24].

It is clear that if we specialise by putting v = 1 in relations (v) and (vi) we
recover the Serre relations (v) and (vi) of the relations (1.3) for the universal
enveloping algebra of the Kac-Moody algebra, with E; corrseponding to X;
and F, to Y; for each 7. To see that the other relations can be thought of

17



as deformations of the Weyl relations for the enveloping algebra, think of
K, as corresponding to v%Hi (where we realise the enveloping algebra as a
matrix algebra and use the formal definition for matrix exponentials exp(H;)
to construct these powers). This takes the additive structure of U(h) to a
multiplicative structure in U,(h), which is why we introduce a multiplicative
inverse for K;; this also explains the commutation relation (i). The relations
(iii) and (iv) above can then be seen as multiplicative analogies of the Weyl
relations (iii) and (iv) in (1.3), where we conjugate multiplicatively by K;
instead of conjugating additively by H;. Finally, to see the correspondence

between relation (ii) above and relation (ii) in (1.3) for the enveloping algebra,

think of
,UdiHi _ v—diHi

5

I

as a function in v. We cannot put v = 1, but we can use I'Hopital’s Rule to
find the limit as v — 1; treating it in this way we recover the Weyl relation
(ii) of (1.3).

We shall be particularly interested in the positive part U,(n*) of the
quantised enveloping algebra, the subalgebra generated by {E; : 1 < i < n}.
This is just the algebra defined by generators {E; : 1 < i < n} and relations
(v) as above. Note that if we restrict our attention to the positive part, the
correspondence with the enveloping algebra is much more straightforward:

we have
Uq(n+)
(v—1)

~ U(n")

as algebras over Q.

18



1.5 The relationship between Hall algebras
and quantised enveloping algebras

It is not possible to state the most general results relating Hall algebras and
quantised enveloping algebras without introducing further technical construc-
tions related to the composition algebra. Nevertheless, in this section we will
give a brief indication of the nature of some of the work done on this rela-
tionship. The following theorem gives an example of such a relationship in

perhaps the simplest case:

Theorem 1.5.1 (Ringel) Let A = (a;;) be the Cartan matriz correspond-
ing to a semisimple complex Lie algebra of type A, D or E. Let () be the
corresponding Dynkin quiver, with any orientation. Let k be a finite field
with |k| = q. Let C,(kQ) be the twisted composition algebra of the quiver
algebra kQ. Let Uy(n*) be the positive part of the quantised universal en-
veloping algebra given by A. Then

This theorem thus allows us to realise U,(n*)/(v? — q) as a twisted com-
position algebra, with the consequence that properties of the composition
algebra, such as module-theoretic properties, can be used to study the quan-
tised enveloping algebra. We will see another similar result, with U,(n™)
given by a generalised Cartan matrix of type /Tn, in some more detail in
Chapter 2.

Note that Theorem 1.5.1, as stated above, only allows us to realise the
quantised enveloping algebra as a twisted composition algebra if the param-

eter v in the quantised enveloping algebra is chosen to satisfy v? = |k| for

19



some finite field k. However, the theorem as orignially stated by Ringel does
rather more than this: it gives an analogous isomorphism with v retained
as an arbitrary parameter, via the introduction of “Hall polynomials” giving
the coefficients for Hall algebra multiplications, and a “generic twisted com-
position algebra” constructed using these polyonimals. See [36] for details of
these constructions and the proof of Theorem 1.5.1.

The early development of the relationship between composition algebras
and quantised enveloping algebras can be traced in Ringel’s papers [30], [31],
[33] and [35]. The notes [36] provide a good introduction to Hall algebras
and to this relationship, dealing with Dynkin quivers and quantised envelop-
ing algebras of types A, D and E. The paper [33] entends these results to
deal with the case of a quantised enveloping algebra given by a generalised
symmetric Cartan matrix of type A : D orE ; in this case the construction
of the generic composition algebra has to be modified to deal with the fact
that for quiver algebras of infinite type the coeflicients in the Hall algebra
multiplications are no longer given by Hall polynomials.

The most general result on the relationship between Hall algebras and
quantised enveloping algebras was proved by J. A. Green [17, Theorem 3|:
this result provides a realisation of the positive part of a quantised enveloping
algebra given by any symmetrisable generalised Cartan matrix. In this paper,
Green defines a co-multiplication on H(A), making H(A) into a bialgebra (for
A any finitary, hereditary algebra over a finite field k). This bialgebra struc-
ture is then used to show that an appropriate generic composition algebra
must be a member of a class of algebras also including the desired quantised
enveloping algebra, using a definition of the quantised enveloping algebra
introduced by Lusztig [26]; it is then deduced that the two algebras must in

fact be isomorphic.
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Chapter 2

The Hall algebra of a cyclic
quiver algebra

Let @), be the cyclic quiver

with n vertices. Consider the quiver algebra k@, for any finite field k. There
are n simple k@,-modules, corresponding to the n vertices of ), which we

label 1,2,...,n. These labels should be thought of as integers modulo n.
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2.1 The corresponding quantised enveloping
algebras

Suppose n > 3. Let g be the Kac—-Moody algebra of type Zn_l, i.e. the

Kac-Moody algebra with generalised Cartan matrix

[ 2 -1 -1\

SO
\ -1 -1 2
Let U (n*) be the positive part of the quantised enveloping algebra for g.
Thus U,(n") is the Q(v)-algebra with generators E; ..., E, and relations

EﬁEj - (’U + ’U—I)EiEjEi -+ EjEi2 = (Q for |Z - _]I =1 (21)

and

Consider the composition algebra C(kQ,). The structure of this algebra

has been completely described by Ringel.

Theorem 2.1.1 ([36, Theorem 3)) The composition algebra C(kQr) has

generators [1], ..., [n] and is defined by the relations
[ ofi+1]—(g+Dlofi+oli] +qli+1o[*=0  (23)
and
[flofi+ 1% = (g+ i+ 1oli]oli+1]+gli+1]c[i]=0 (2.4)

for1<i<n, and
[iJols]=lileli] =0 (2.5)
for li— 31> 1.

22



It can be deduced from this theorem that certain specialisations of the

quantised enveloping algebra of type Zln_l can be constructed as twisted

composition algebras C,(kQ,).

Corollary 2.1.2 LetC.(kQ.,) be the twisted composition algebra of the cyclic
quiver algebra kQ,. Let Uy(nt) be the positive part of the quantised en-
veloping algebra of type Zn_l, with v chosen to satisfy v = |k|. Then
C.(kQn) = Uy(n*).

Proof: The twisted composition algebra C,(kQ.,) is generated by [1],. .. [n].
We check first that these satisfy the defining relations (2.1) and (2.2) for

Ug(n*). The bilinear form calculations required are

(dim i, dim i) = dimy Hom(3,1) — dimy, Ext'(,7) = 1

and

(dim i,dim 4 + 1) = dimy Hom(3,i 4+ 1) — dimy Ext'(z,3 + 1) = —1

for 1 < 7 < n; all other choices ¢ and j have (dim 4,dim j) = 0. Thus relation

(2.2) follows directly from relation (2.5) of Theorem 2.1.1. We also get

[6]*2 % [0 4+ 1] = (v + o™il * [0+ 1] = [a] + [+ 1] * [i]*2

— v ({2 o i+ 1] — (q+ D o [i + 1) ] + g + 1] 0 [12) = 0
by (2.3) and

[0 4+ 172 % [i] — (v + o™+ 1] * [i] + [0 + 1] + [3] = [i + 1]*?

= (qi + 1120 [i] = (q+ D)[i+ o] o i + 1] +[i] o [i + 1]°2) = 0

by (2.4).
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This shows that C,(kQ,) is a homomorphic image of U,(nT). To see
that they are in fact isomorphic, we compare dimensions of the d-graded
parts for all d € Ny2. For an algebra given by generators and relations as in
Theorem 2.1.1 we can specialise by taking ¢ = 1 (the algebra produced will
not then be a composition algebra, since we cannot have |k| = 1, but it is
legitimate if we use Ringel’s theorem to think of C(kQ,) purely in terms of

generators and relations, forgetting the original context). We then have

C(kQn)
(¢g—1)

Hence dimC(kQ,)q = dimU(n*), for all d. We then have dim C.(kQy)4 =
dim C(kQr)g and dim Uy(n*); = dimU(nt)y for all d, so there can be no
further relations for C,(kQ@,). O

~ U(n™").

Now suppose n = 2. Let g be the Kac—-Moody algebra of type Avl, i.e. the

Kac—-Moody algebra with generalised Cartan matrix

(=72)

Let U,(n") be the positive part of the quantised enveloping algebra for
g. So U,(n") is the Q(v)-algebra with generators Ej, E; and relations

ElEy — (VP 4+ 1+ v 2)EEE + (VP + 1+ v )EEE> -~ E,EP2 =0
and
E23E1 - (U2 + 1+ ’U—Q)E22E1E2 + ('U2 + 1+ 'U_z)EgElE22 — E1E23 = ().

Since odd powers of v do not occur in these relations, we can think of this as
being a quantised algebra with indeterminate v? and can specialise by taking

v2 to be any value in Q.
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It has been shown by Ringel [34] that

Uy(n)
C(kQ2) @Tq_-m)‘,

via the natural map [1] — E; and [2] — E,. This tells us that a number
of specialisations of U,(n*) (all those where v* is taken to be a power of a
prime) can be realised concretely as composition algebras for the quiver Q.

For n > 2, let I be the ideal of k@, generated by all paths of length 2.

Put A, = kQ,/I. There are n simple A,-modules, corresponding to the n

vertices of Q,,, which we label 1,2,...,n. There are also n indecomposable
projective A,-modules, which have structure ;, g, ..., 1. There are no further

indecomposable A,-modules. An arbitrary A,-module will therefore have
structure . .
[ .
M = i@ai.H . @g?ﬁi.z,
where both the labels i for the simple A,-modules and the indices of the
corresponding coefficients (in this case o; and ;) should be thought of as
integers modulo n throughout this section.

It is clear that not all submodules of projective A,-modules are projective,
so A, is not hereditary for any n > 2. Furthermore, it can be seen that A, is
of infinite global dimension for all n > 2. This means that the twisted Hall
algebra H.(A,) is not well-defined. In the remaining part of this chapter we
will study the Hall algebras H(A,) for n > 2.

2.2 A multiplication formula

Consider the Hall algebra H(A,). In this section we will present a formula
for calculating explicitly the product [M;] o [M3] of any two A,-modules M;
and M3.
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Let ¢ = |k|. Let G[m;n](q) be the number of m-dimensional subspaces of

an n-dimensional vector space over k. This number is given by the formula

n __1)(qn—1__ 1)_._(qn—4n+l__ 1).

, _(q
el = 1 @D

We also write qexp (n) for ¢".

As a starting point in our calculations, we will make use of the following
result of Jin Yun Guo, which gives a method for calculating [M;] o [M3] in

the case where Mj is a semisimple module.

Proposition 2.2.1 ([19, Proposition 2.5)) Let M; and M, be any two
A, -modules. Write these as
n ; n
=@l | e @l
i=1 i=1
and

n . n
— 2 (2)
My = @aw.i_{_ ] @ iez?ai’l.z.

1=1

Let M5 be a semisimple A,-module; write this as

n
3) .
AL;==€£)a;fm.
=1

The structures of these three modules are therefore determined by the three

n X 2 matrices

CORe) (2) (2) (3)

My IS ol

(1) 1 2 ) 3

Ayq1 Qg9 Ay1 Qg9 azi; O
a] = _ ] a = . az =

(1) (1) (2) (2) (3)

An1 Gn2 Un,1 Qn2 an 1 0

For any n x 2 matriz ¢ = (ci;), set as a convention ¢;; = C;(mod 2),; for
i & {1,2} and c;; = 0 for j & {1,2}.

Let b= (b, ;) be the n X 2 matriz determined by the following conditions:
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Condition a: 0 < b;; < (2) forallie {1,...,n} and j € {1,2}
Condition b: b;; + b;_1 5 = a for alli € {1,...,n}

Condition c: a(J) EIJ) =b;j—b; ;1 foralli € {1,...,n} and j € {1,2}

if such a matriz b exists. If such a matriz exists then it is uniquely determined
by the three matrices a1, ay and as.

The coefficient Fj‘,}ff’ M, Of [Ma] in the Hall algebra multiplication [M;)o[Ms)
15 0 if no b of this form exists, or, if such a matriz b exists, is given by

F]\A/IJ12,M3 = gexp (Zbi,l(ag — 1 12) H G Ei),b )

1=1 1<i<n
1<j<2

Starting from this result, we can move to the general case of multiplying
any two A,-modules. The method for deducing our general formula will
depend on the fact that any A,-module can be written as the direct sum of
a projective module and a semisimple module; we therefore begin by giving
some intermediate results on how to calculate multiplications involving only

projective and semisimple A,-modules.

Lemma 2.2.2 Let M, = @], . and Mz = @, vi-.}, be any two

H—l i+1

projective A,-modules. Then
Mo M) = (T, Gloy +5505)(a) ) aexp (S 05741
(D (s + ). .14 ] -

Proof: Suppose [M;] appears with non-zero coefficient in [M;] o [M3]. Then

there exists a short exact sequence

0— M;3 >M2——>M1__)().
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This must split, since M; is projective, so My ~ M; & Mj3. So

n

[Ml] o [Mg] = }?]\1\/;112,1\/13 [@(ai + ’YZ)Z g

i=1

M3
for some F);*,. € Q.

We begin by showing that

R Y o L e N [

forl1 <i<n.

First we show that

{r.iil} o Lil} — G[r +1:1)(q) [@H).#J (2.7)
<

for all > 1 and 1 < 4 < n. Consider the product [r. zil] o [i] o [i+1].

This equals [r Je (], +1] + [i @ (i + 1)]) (either by direct calculation, or

via Proposition 2.2.1). But it is also equal to [7" D z] o[i + 1]. We compare

i
“it1
coefficients of [(r + 1).;1] in these two expressions for this multiplication.

The product [r. Hi_l] o [i ® (i + 1)] has zero coefficient of [(r + 1).ii1], since

i
i+1

[r.. 2] ([ +E@ G+ 1)) and [r.,{,] o [,;,] are equal. The coefficient of

[(r + 1).ii1] in [r. iil @ i]o[i+1] is G[r+1;1](q) (again, this can be deduced

r. ! is projective; hence the coefficients of [(r +1)..} ] in the two products

i+1

from Proposition 2.2.1, though it should be clear that this coefficient is just
the number of 1-dimensional subspaces of the (r+41)-dimensional vector space
soc ((r + 1).ii1) ). Equating these, we get that G[r+1;1](q) is the coefficient
of [(r + 1).ii1] in [r. hﬁl] o[, +1] There are no other non-zero cofficients, since
T, il is projective. Hence [r..{ ] o [,i,] = Glr + 1;1)(g) [(r + 1). 1+1]

Now consider the product of o; + v; copies of [ +1] Bracketing this as

a; copies of [} '] followed by ~; copies of | +1] and calculating each of these
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products by repeated use of the formula (2.7), we get

fiGbl] IIGJJ] [ | Jo[%jjll.

Alternatively, if we calculate the whole expression directly using (2.7), we

get -
EfGUdK®[®m+%)ﬁiJ-

Equating these, we have

PWiJ°{%iJzﬁI éﬁ&&%?gjmmkw+” iJ

which, when simplified, can be seen to be equal to

q%+%mmmkm+%MiJ

as required. This completes the proof of (2.6).
Next, we show that

i i+1 i i+1
. . - . . 2.
[Ti+1lo{si+2} *“pvg)Pi+4fasi+2] (28)

forl<i<nandallrseN,.

is projective, we must have

i i+ 1 i i+ 1
. . = F, : :
Pi+1]oFi+J T”Pi+1®si+J

for some F,, € Q. The coeflicient F; ; is the number of submodules M of

. ’L
Since 7. i1

i1 B S ’H with M ~ s.}t, and quotient r..’.. It is clear that all s copies
of the sunple module ¢ + 2 in the socle of 7.,/ @ s.’.:[; must lie in M. So,

we can take the quotient of both 7./ & s. ”’1 and M by the submodule

s.(i + 2) and thus see that F; s must be the number of submodules N of
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Tt ®s.(i+1) with N ~ s.(i + 1) and quotient 7.,;;. The number of
such submodules could be calculated directly; alternatively, note that, by
definition, this says that F, , is the coefficient defined by the multiplication
7. zfrl] o[s.(i4+1)] = F,4 [r. iil @ s.(i + 1)]. So, it will be sufficient to calculate

this product; since s.(7 + 1) is a semisimple module this can be done using

Guo’s formula in Proposition 2.2.1. Let

(O O\ (0 0\ (0 0\
0 0 1 0 0
0 0 s 0 s 0
Lo o0/ \0 0/ L0 0

From Conditions a—c of Proposition 2.2.1, we get

(00

0
s

o~
|

0
0

\ 0 0/
The formula at the end of Proposition 2.2.1 then gives F, ; = qexp(rs), as

claimed. This completes the proof of (2.8).

We now use this result to show that

{al,;] ° [aQ.gl o0 [anﬂ — qexp (g a,-ajH) [@azil} . (2.9)

Consider a product of the form

j T i
[aj.jH] 0 [@a,.iﬂ

i=j+1

for some 1 < 7 < n — 1. This must be equal to
n .
)
Do,
~ 1+ 1
1=7
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for some F; € Q, since both modules are projective. Any submodule N of

@?:j ai-iil with N >~ @7 it ai.iil must include the whole of the submod-

ule EB?:J- 4o Q. iil. So, if we quotient out by this submodule, we see that Fj

is the coefficient in the multiplication

J j+1 j j+1
Q. o 1. = I |a;. Qivq.. )
[UH] [a”+1j+2] ’[%J’H@ AR ES

By (2.8), we know that this is gexp (a;ja;41). Using this result and induction
on n — j then completes the proof of (2.9).
We can now use these ingredients to complete the proof of Lemma 2.2.2.

We have

[Mi] o [M5] = qexp (— S0 (oo + ’Yj’Yj+1))
[c1.5] o [a-3] 0+ o [an.]] (2.10)

o [ny]e[nglero ]
by (2.9). Consider the product of projectives

{al.;] ° [aQ.ﬂ 0.0 [an.ﬂ o l:'yl.;} o [72,2} 6.0 [%Y] . (2.11)

By (2.8), this is

) 1 o la 2 . o la n o 1 . 2 . [ n]
qexp (Oén% aq 9 2 3 1 N 9 Y2 3 Y 1

Then, using a number of multiplications which all clearly have coefficient 1,

this equals

Xp (& ’y) (e’ ! oY 1@@ o o [an ]O 7y: Y
e (n ! 12 12 23 1 23 [ 1]

This is then equal to

1 . 1 ola 2 . n 2 n
qexp(an'yl——ozﬂl) a1.2 71-2 2:9 '0[%-1]0 72-3 0"'0[%-1]



by another application of (2.8). Similarly, we can gather all pairs involving
the same indecomposable projective module together, to see that the product

of projectives (2.11) is equal to
qexp (Oén% - Z?;ll ’Yj04j+1)
[o1:] o [yp] o fan 3] o [1a5] 0o o fanT] o a7
Combining this with (2.10), we have
[Mi] o [M;3] = qexp (an% — Y (v — oy — 'Yjaj-H))
[a1-5] 0 [n5] o [o2g] 0 [ra5] o o fanT] o [ 1]

Using (2.6) to calculate each product [ai.iil] o ['yi.iil] in this expression,

we then have

o (M) = (5= Gloy +v5:05)(a)
gexp (Ofn% - Z;:ll (viaj+1 — 041 — 'Yjaj+1))

[(al —I—'yl).;] o [(a2 +’)’2).§] 0---0 [(an + Vn)-ﬂ .

Finally, by (2.9), we get

[Mi] o [M3] = qexp (an’Yl + Z;:ll(aj + )41 + ’YJ‘+1))
qexp (— Z;-:ll (Vo1 + e + ’Yj’7j+1))
(H?:l Glaj + ;5 aj](Q)) [M; @ Ms].

This simplifies to give the required result. O
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Lemma 2.2.3 Let M, = @, ai.iil be a projective A,-module and let

Mz = @?:1 d;.t be a semisimple A,-module. Then
n n Z n '
[Ml] o) [M3] = gexp (JZ:; 5jaj—-l> l:@ Oéi.z, +1 D @(si.z
Proof: Since M; is projective, the only module appearing with non-zero

coefficient in [M;]o[M;] must be [M;@® Mj). The coefficient can be calculated

using Guo’s method in Proposition 2.2.1. Let

0 03] (51 03] (51 0
0 67) (52 0% (52 0
1= Do g2 = : : 43 = Do
O an 57), an 57), O

From Conditions a—c, it can be calculated that

01 O
b=| = O
op O
We then get F Aj\fﬁ M, = 4exp (Z?zl 5jaj_1) from the formula at the end of

Proposition 2.2.1. 0

Lemma 2.2.4 Let M, = @, ai.iil be a projective A,-module and let

M; = @, %'i-ii—l &y @?:1 d;.1 be any A,-module. Then

[Mi] o [M3] = (H?Zl Glaj + ;5 aj](Q)) qexp (Z?:l 0 (91 + 7j+1))
[@?zl(ai + 'Yi)-iil D 69?:1 5i'i] :
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Proof: By Lemma 2.2.3

[M3] = qexp (“ z": 5;'7;‘—1) [

Then, by Lemma 2.2.2

n

. n
i
3 0ii] .
Do, |

1=

[Mi] o [Ms] = qexp (Z?zl(aj'yjﬂ - 6j7j_1)) (H;‘zl Gla; +;: aj](Q))
(D (s + %) i14]) o (B, 6]

Then, using Lemma 2.2.3 again,

[Mi] o [M3] = qexp (Z};l (a1 +v-1) + D51 (o4 — 5ﬂj—1))
(H?:l Glay + ;3 aj](‘])) (M & M;],

which simplifies to give the required formula. O

Lemma 2.2.5 Let M, = @, ai.iil be a projective A,-module and let

M; =@, 'yi.iil ® P, 6;.i be any A,-module. Then

[Mz) o [M:] = (H}L Gloy + ;3 aj](fl)) qexp (EL ij(5ﬂj—1))
[@?:1(042' + %')-zil D ®11'L=1 5i'i] :
Proof: Since M; is projective [M3] o [M;] = F[M3 & M;] for some F € Q.
It can be seen from the proof of Lemma 1.1.4, part 4 that F' is also the
coefficient in the H(AS) multiplication [M7] o [M3] = F[M; @& MJ]. By an
appropriate analogy of Lemma 2.2.4 for A?P-modules, it can be seen that the
coefficient will be

F= (H Glaj + 5 aj](f])) qexp (Z Oéj(fsﬂj—l))

j=1 j=1

as required. 0
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Lemma 2.2.6 Let M, = @], Bi.i and M3 = @,_, 6;.i be two semisimple
A, -modules. Then

[Mi)o[M;] = 3, (H;—;l G[Bi + 6 — A — Ai—1;0 — /\i—l](Q))
[@?:1 /\i'i-ii—l P, (Bi+6— X — Ai—l)'i]

where we sum over all A\ = (\1,...,\,) such that 0 < \; < max{G;,d;11} for

alli € {1,...,n}.

Proof: First, consider which modules may appear with non-zero coefficients
in this product. A general A,-module is of the form € _; A:. iil ® P pi-i.
If this module appears with non-zero coefficient, then we must have A\; < G

and \; < d;41, since each copy of + must be produced by a copy of ¢ from

1

the first factor and a copy of i + 1 from the second factor. So, we have

i < max{0;, d;41} for 1 < i < n. Comparing gradings, we must have
A+ A+ 1 b1+ 01
A2 + A1+ p2 B B2 + 02
/\n + >\n——1 + Un ﬁn + 5n

so p; = Bi+06;—Xi— N foralli € {1,...,n}. Hence the product [M;]o [Ms3]

must be of the form

ZF @/\ Z @@ﬂ, 5 = M = Aio1).d

where we sum over all A = (A1,...,A,) such that 0 < \; < max{8;,d;4,} for
all i € {1,...,n}. It remains to calculate the coefficients F'(}).
The coefficients F'(A) can be calculated using Proposition 2.2.1. The
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matrices describing the structures of M;, M, and M3 are

/81 0 (51 0
52 0 52 0
(l_-’—‘ . . a—: . .
Bn 0 6o 0

ﬁl + 51 /\1 )\n )\1
Be + 09 — >\2 Al Mg

@:
6n+6n—/\n—'/\n—l /\n

Conditions a—c of Proposition 2.2.1 then determine the matrix b:

01— A M
o
5n - >\n—1 /\n

Substituting this information into the formula in Proposition 2.2.1, we get

the required expression

(ﬁ 1B 4+ 0i — A — Aim13 0 — /\i-l](Q)>

for the coefficients F'(A O

Theorem 2.2.7 Let My = @i, O‘i'iil S @i, Bi-i and Mz = D, ’Yi-iil @
@7, ;.1 be any two Ap-modules. Then

M3]=ZF(£\.) @az+7z+>‘ @@61'1'5—')“‘/\2 1)}
A 1=1

where

F) = (ITjza G846 =X = Xmiid = X-i](@)
(HL Glyj + oy; %‘](Q)) (H?:l Glog +7; + A a5 + ’Yj](Q))
qexp (ZL Vi (Bs + a1 — Aj) + 370 (8541 — Aj))
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and we sum over all A = (A1, ..., \,) such that 0 < \; < max{B;,d;41} for

1<t <n.

This theorem extends the result of Guo given in Proposition 2.2.1 and

gives an explicit formula for calculating the product in H(A,) of any two

Ap-modules.

Proof: By Lemma 2.2.3,

[M3] "leP( 253’)’; 1) [@% i+ 1

: [@ 5} |

=1

Then, by Lemma 2.2.5,

[Mi] o [M3] = (H?:l Gly; + ij;Vj](Q))
qexp (Z;;l (B + ej-1) — 35 53'73'—1)
By (o + ’Yi)-iil & P, Bii] o [D, 6] .

By Lemma 2.2.3 again,

(@047 © By fid] = aoxp (= S0y g +25-0))
(D0 3] o (B B

By Lemma 2.2.6, [P Bi-i] o [D]-, :.7] is equal to

Do (H}ll G[Bj+ 85 — Aj — Aj-1305 — /\j—1](Q))
(D )\i’i-f-l O Dim (B + 8 — X — Xi1).4]

where we sum over all A = (Aq,..., A,) such that 0 < \; < max{g;, 641} for

37



1 <7< n. Then, by Lemma 2.2.4,

(B (s + 7)1, ] 0 [y Mo by © By (B + 6 = A — Aic).d]
= (H?=1 Gloy + 7 + Ajs o + ’Yj](Q))
qexp (z?=1(5j +0; = Aj — Nj-) (a1 +ym1) + 2o (o + ’Yj)>\j+1)
(D (s + 7%+ X) 11y @ By (B + 6 — X — Aima)i] -

Putting all this information together in a single expression and simplifying

the power of ¢ gives the required formula for [M;] o [M3]. O

2.3 The cyclic quiver with two vertices

We now focus on the case of a cyclic quiver with two vertices. Consider the
algebra A, as defined above. There are four indecomposable Aj-modules:

the two simple modules 1 and 2 corresponding to the two vertices of Qo,

1

5 As a special case of

and 2

and two projective indecomposable modules 1

Theorem 2.2.7, we have the following formula for multiplication in H(A2):

Theorem 2.3.1 Let M; = a.é@ﬁ.f@A.l@u.Z and M; = 7.1695.2695.;@77.3
be any two A-modules. Then [Mi] o [M3] equals
min{\,0} min{u,y}

Y > FyMyl
i=0  j=0

where [M; ;] denotes

(a+€+i)-; EB(B+77+J')-2

1ED()\—!-’y—z'—j).lED(u—l—é—z‘—j).Q
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and

Fij = qexp(a(6 —1) + By~ j) + e(A — i) + n(p — j) + an + Be)
GA+~v—i—j;v—3l(g) Glu+6 —i—j;6 —i](qg)
Gla+e+ia+el(g) GIB+n+75;8+ml(e)
Gla + & a)(g) GIB + n; B)(q)-

We also saw in the previous section that

Ug(n™)
(v?—q)’

where U,(n") is the positive part of the quantised Kac-Moody algebra of

C(kQ3) ~

type 21. It is clear that any relation which holds in C(kQ2) must also hold
in C(A;), since the A;-modules form a subset of the kQy-modules and any
relevant coefficients in the composition algebra multiplications will be the
same in C(A4,) as in C(kQ2). So, we must have C(A4,) ~ C(kQ2)/I, where [ is
some ideal of C(kQ3) generated by further relations which hold in C(Az) but

not in C(kQ2). Equivalently, there exists a surjective algebra homomorphism

Uy(n) _

vy

C(As).

The aim of this section is to determine ker ¢.

Consider the composition algebra C(Az). A multiplication in C(A,) is
given by a word in the simple modules 1 and 2. Given such a multiplication
w, we write w* for the word obtained by reversing w, and w' for the word

obtained by replacing all occurrences of 1 with 2 and vice versa. For example,

(12231)* = 12312 and (122°1)' = 2°1°2.

Theorem 2.3.2 Let w be any multiplication in C(As) of grading (Z) for

some n. Then (w*) = w in C(Ay).
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Proof: Let M be any A;-module of grading (Z) We need to show that [M]
has the same coeflicient in the two multiplications w and (w*)".

The map ¢ : Ay — A,, defined by ¢(a) = 8, ¢(8) = o and ¢(e;) = e; for
i =0, 1, is an anti-automorphism of A,. This tells us that Ay ~ A5". An easy
generalisation of Lemma 1.1.4 part 4 (and the fact that 1 and 2 are self-dual)
then tells us that the coefficient of [M] in w is the same as the coefficient
of [M*] in w*. And the coefficient of [M*] in w* will clearly be the same
as the coefficient of [(M*)'] in (w*)’, where (M*)" is the module obtained by
replacing all occurrences of 1 by 2 and vice versa. Now note that, since M

has grading ("), it must be of the form
1 2
M=a.269b.1 ®(n—(a+b)1d(n—(a+b)).2
for some a, b, € Nyg. Then we have
2 1
M =a., @b.2®(n—(a+b)).1®(n——(a—l—b)).2
and
1 2
(M*) = a., @ b.1 ®(n—(a+b)2®(n—(a+b)).1=M.

This completes the proof. O

Let w be a word in Ej and E; which gives a multiplication in U(n*) of
grading (Z) for some n. Define w* and w’ by analogy with the definitions for
multiplications in C(Az). Let I be the ideal of U(n*)/(v? — |k|) generated
by all elements of the form (w*)" — w with w of grading (Z) Theorem 2.3.2
then tells us that I is contained in the kernel of the surjective algebra homo-
morphism ¢.

Let U denote the quotient of Uy(nt)/(v2—q) by our ideal I. Theorem 2.3.2

then tells us that C(A3) is a homomorphic image of U. We will see below
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(Theorem 2.3.5) that in fact U ~ C(A,). We will work towards a proof of
this result by comparing dimensions of U and C(4;). The following result

tells us about the dimensions of certain graded parts of C(As).

Lemma 2.3.3 The (_",)-graded part of C(A;) has dimension 3 n (n+1) for
alln € No.

Proof: Since C(A;) < H(A;), we know that dim C(Ag)( » ) is at most the

n—1
number of isomorphism classes of As-modules of grading (nT—L1)' The number
of such modules with ¢ projective indecomposable summands will be 7 + 1,
where i can range between 0 and n — 1. So, the total number of modules of
this grading is 142+ - -+n = £ n(n+1). Hence dim C(Az)(nT—Ll) < 3n(n+1).
To see that we have equality, we need to show that C (Ag)(nz )= H(Az)(nrl )

that is, that [M] € C(As) for all Ay-modules M of grading (n’_‘l).

We prove the above claim by induction on n. the result clearly holds

for n = 0. Suppose [M] € C(Ay) for all Ay-modules of grading (,.",), and

n+1) .

consider modules of grading ( -

Consider the products
1
[2] o [1] 0 [(n—2).2®1®1@2]
and

2
By the inductive hypothesis, these both lie in C(A;). Using the formula of

[(n—2>.1@1@1@2} o[1] 0 [2].

Theorem 2.3.1, we have

2lo[l]o[(n-2).,010102] - [(n-2),016162]o[1]o[2]
= g2+ " P+ + g+ D)+ ) [(n-1. 01010 2]
1" g+ 1) [(n—2) ;8 01®102] € C(A,).
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Using Theorem 2.3.1 again, we also have

@2+ P+ +g+1)2Jo[l]o [(n-1).; &1]
—¢" 2 [(n-2). @ @®1]o[1]o 2]
=¢" g+ 1)@ 2+ 2+ g+ 1) [(n-1), 010102

- 3g+1)[(n-2).00l0102];

by the inductive hypothesis this is also an element of C(Az). So, we have two
linear combinations of the same pair of modules which both lie in C(As); the

matrix of coefficients corresponding to these combinations is

X = ( ¢ g+1) —q@+1) (@ P+ P+ g+ 1) )
q2n—3(q+1) qn—l(q+1)(qn—2+qn—3+.”+q+1)

Since ¢ = |k| is neither O nor a root of 1, we have det X # 0 and X is
invertible. Hence

[(n—l).;@l@l@Z} € C(As)

and

[(n——2)é@i@1€91€92} € C(Ay).

Next, we see that [M] € C(A;) for all M of grading (":1) with at most
three simple direct summands. (Note that any module of this grading must
have an odd number of simple direct summands, so this case covers all mod-
ules with either one or three such summands). We prove this by induction
on the number of copies of 7 in M. The product [(n —1).) @ 1] o [1]o[2] is
a linear combination of [n; @ 1] and [(n — 1); ®1® 1@ 2]. We have seen
that [(n — 1); ®1®1®2| € C(Az); hence we also get [n; @ 1] € C(Ay).
These cover the case where there are no copies of f in M. Now suppose

(n—i)é@(i—l).z

[ ©1®102| € C(4).
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We wish to show that
1 2
[(n — z).2 EBz.l ® 1] € C(Ay)
and
. 1 .2
{(n—z—l)?@z.l 691691692] € C(Ay).
The product
N _ 2
[2] o [1] 0 [(n—z).2®(z——l).1 @1}
is a linear combination of
N . 2
[(n—z).QED(z-l).lEBl@lEBQ}
and

1
Our inductive hypothesis states that the first of these modules lies in C(A,);

Bn—ﬂé@i2®q.

hence the second will also be in C(A43). Now consider the product
, 1 .2
(n—i—1)._ @i &1 o[l]o[2].
2 1
This is a linear combination of
1 2
—i—1). 3
[(n i=1).,®i ] ® 1]
and
: 1 .2
(n—i—-1). @i _Sldla?2|.
2 1
We have just seen that

[m—i—n;@if@qecmg;

hence

12
l(n—i—l).2®z.1@1@1€92] € C(A,).
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This completes the induction showing that [M] € C(A,) for all M of grading
(n::l) with at most three simple direct summands.

Finally, we show that we have [M] € C(A,) for

1 2
M=r.2€B(n-r—i+1).1@i.l@(i—l).Z

n+1
n

any module of grading ( ) We prove this by induction on i: assume that
all modules with fewer than i copies of 1 in their direct sum decomposition

lie in C(Aj3). The cases i = 1 and 7 = 2 are done above. Consider
1 . 2 . .
[1] o [r.2 EB(n—r—z+1).1 @(z~2).1@(z—3).2} o [2],

which will be an element of C(Aj) by our original inductive hypothesis. This

product will be a linear combination of

[(r+2).;@(n—r—i—l—l).?EB(Z'—2).1€B(2’—-3).2},

[(rﬁ—l).;@(n—r—i-{—l).? @(i—l).l@(i—Z).Q]

and

‘@ile(i— 1).2] .

1
[fr.26}(n—r—i+1).1

The inductive hypothesis tells us that the first two of these modules lie in
C(A,); hence we also have [M] € C(A;). This completes the proof that all
modules of grading (") lie in C(Ay). 0

n

We now look at the parts of U with grading of this form and calculate

the corresponding dimensions.

Lemma 2.3.4 The (,",)-graded part of U has dimension 1 n (n+1) for all

NENO.
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Proof: We have seen that C (A2) is a homomorphic image of U and that
dimC(Ag)(n:) = 2n(n + 1), which tells us that dim U(nv_tl) > 3n(n+ 1)
So, it will be sufficient to exhibit =1 (n+1) elements of U which span U (.m,)
We claim that the set S, = {(12)%(21)?1°2°1 : g +b+c = n and a, b, c € N,}
will have this property. The set S, has size 1 +2 + - - - + n, since for a = n
there is 1 possible value of b, for a = n — 1 there are 2 possible values of b,
and so on.

We begin by proving that U (*+) is spanned by elements of the form 12w,
21w, w12 and w21 with w any word in U of grading (n’il). The words in
U(n:l) which are not of this form are those of the form 12v12, 12022, 22¢12
and 2?v2? for some v. We have 12012 = 1(1v12) = 1(22(v*)2) in U, which
is of the form required. Consider next 12v22. If v begins with 2, then this
is of the form 1°2u2? = 1(12u2?) = 13(u*)'12, which is of the form required.
If v begins with 1, then the quantum Serre relations for U can be applied
repeatedly to show that 12022 lies in the span of three elements beginning
12,121 and 212. The first of these is dealt with by the previous case, and the
other two are of the form required. A word of the form 22v12 can be dealt
with similarly, since 22012 = (120*2%)*. Finally, for any element of the form
22022, repeated use of the quantum Serre relations show that it must be in
the span of elements of the form 221u22, 21u2% and 12u22. So it is sufficient to
show that 221u2? lies in the span of the elements of our preferred form. Using
either the quantum Serre relations again, or the relation 1221 = 2122, we can
show that it must lie in the span of some elements of the form 22122y and
2217y for 7 = 3. We have 22122y = 2(2122)y = 21221y, which is of the form
required, and 2°1"y € sp{2121""'y, 212172y, 2132173y}, This completes

the proof that U (") is spanned by products of the form 12w, 21w, w12 and
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w21 for w any word in U of grading (.",).
We now prove that the set Sy spans U () by induction on n. The base
n—1

case n = 1 is clear. So, suppose S, spans U (") and consider U (v+1): By the
result of the previous paragraph, it is sufficient to show that all products of
the form 12w, 21w, w12 and w21 with w of grading ( n’_ll) lie in the span of
Sn+1. Our inductive hypothesis tells us that w lies in the span of S, in each
case; we may assume without loss of generality that w € S,,.

For w € S,, it is immediately clear that 12w € S,;;. For an arbi-
trary w = (12)%(21)°1°2°"! € S,, we have 21w = (21)(12)%(21)°1°2¢"! =
(12)2(21)*11°2°"1 € S, 1, since the relation 1221 = 2122 of U tells us that 12
and 21 commute. For w = (12)%(21)°1°2°1, we see that w12 begins 12 or 21
(and is thus covered by the previous two cases) unlessa =b=0. Ifa=b=0
then w12 = 1€2°7112 = 1(1°712°7112) = 1221°711¢! in U. Repeated use of
the quantum Serre relations shows that 1221¢712°7! lies in the span of 1¢+12¢
121¢2¢71 and 21¢t12¢~1, Then 1°t12¢ € S, ;, and 121¢2°! and 21°t12¢-1 are
both covered by the previous two cases. Finally, for w = (12)%(21)%1¢2¢" 1,
the word w21 also begins with 12 or 21 unless a =b=10. If e = b = 0 then
w2l = 1°2¢1 = 1(1¢712°1) = 121°2°7!, which also begins with 12 and is thus
covered by the previous cases. Hence all elements of U (1) lie in the span of

S,+1, completing the inductive step. 0O

These results on dimensions then allow us to prove the following result

which describes the structure of C(A,).

Theorem 2.3.5 Let U be the quotient of Uq(n+)/(v2 — q) by the ideal I
generated by all elements of the form (w*) — w with w of grading (Z) for
some n. Then U ~ C(Az).
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Proof: We need to show that there are no relations in C(A;) which do not
also hold in U. Suppose, for a contradiction, that Y. a,w = 0, for some
ay € Q, is such a relation of grading (). We may assume without loss of
generality that n > m, since the algebra C(A4,) is symmetric in 1 and 2. Then

[1)on+1=m) S~ a,w = 0 is also a relation which holds in C(A;). This relation

n+1
n

has grading ( ) By Lemmas 2.3.3 and 2.3.4, we have

dim C(AQ)(n+1) = dim U(n+1).

Since C(A,) is a homomorphic image of U, this equality of dimensions tells
us that there cannot be any relations of grading (nzl) which hold in C(A,)
but not in U. So, we must have [1]°®*1=™ Y q,w = 0 in U. However,
pre-multiplication by 1 is an injective map from U to itself, so we must then

have > a,w = 0 in U, giving the required contradiction. O
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Chapter 3

Describing some quotients of
Hall algebras

In this chapter we shall look at some quotients of Hall algebras of self-injective
algebras. We begin by giving a general result which describes the quotient
of a Hall algebra by the ideal generated by isomorphism classes of pro jective
modules. We follow this by looking for a more explicit description of quotients
of Hall algebras of certain group algebras kG, where we take the quotient
by the ideal generated by all relatively H-projective modules for a specified
subgroup H < G.

3.1 The ideal generated by projective mod-
ules

Theorem 3.1.1 Let A be a self-injective finitary algebra over a finite field
k. Let A= A/socA. Then H(A) = H(A)/I, where I is the ideal of H(A)

generated by the isomorphism classes of projective A-modules.

Proof: First, note that the set of isomorphism classes of indecomposable
A-modules can be identified with the set of isomorphism classes of non-

projective indecomposable A-modules. Next we claim that I is given by the
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span over QQ of all isomorphism classes of A-modules which are not projective-
free. Assuming this charcterisation of I, we see that a linear combination of
terms in H(A) will be zero in H(A)/I if and only if all the projective-free
terms sum to zero. Since projective-free A-modules correspond precisely to
A-modules, this implies that a linear combination of terms in H(A) will be
zero in H(A)/I if and only if the corresponding linear combination of terms in
H(A) is zero; that is, H(A)/I and H(A) satisfy precisely the same relations.
Hence H(A) ~ H(A)/I via the obvious isomorphism. So, it suffices to prove
the characterisation of I claimed above.

Let M be a non-zero projective-free A-module. Suppose some projective

A-module P occurs in a filtration of M; say we have
M=My2OM2---2M. =0
with M;/M;,, ~ P for some i. The short exact sequence
0> My, — M —P—0

must split, since P is projective. So, we have M; = M, @ P. This tells us

that P is a submodule of M. Now we look at the short exact sequence
0—P—->M-—-M/P—0.

Since A is a self-injective algebra, all projective modules are also injective and
so this sequence must also split; this tells us that P is a direct summand of M.
This cannot occur, however, since we have assumed that M is projective-free.
Hence [M] must have zero coefficient in any multiplication in H(A) involving
a projective A-module, which tells us that [M] ¢ I.

Now suppose M is a A-module which is not projective-free. We have a
decomposition M = P@® N with P projective and non-zero and N projective-

free. Consider the multiplication [P] o [N] in H(A), which gives an element
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of I. If [X] has a non-zero coefficient in this product, then there exists a

filtration

XDNDO

with X/N ~ P and hence a short exact sequence
0—-N-X—->P-—0.

This must split, since P is projective. Hence the only module with non-
zero coefficient in the multiplication [P] o [N] is [P @ N] = [M]; it is clear
that the relevant coefficient @ € Q must indeed be non-zero. So, we have

[M] = (1/a)[P] o [N] € I. This completes the proof. O

3.2 The ideal generated by relatively projec-
tive modules

It would be good to be able to extend this result by giving a general de-
scription of the quotient H(A)/I, where A = kG for some finite group G and
I is the ideal of H(A) generated by all relatively H-projective kG-modules
for some fixed subgroup H < G. However, this seems to be a rather too
ambitious target; instead we shall look at some concrete examples where, for
particular choices of G and H, we are able to describe the quotient H(kG)/I.

We shall look at the example G = Cy» and H = Cya-1 for some n > 2,
with k a field of characteristic 2. Let G = (g). The indecomposable
kG-modules are M,..., M, where g acts on M, as a Jordan block ma-
trix of size 7 with eigenvalue 1. The relatively H-projective modules will
be all those kG-modules such that all indecomposable summands are of even

length. Thus we can see that this is an approachable example because a large
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proportion of kG-modules are relatively H-projective, which will ensure that
H(kG)/I is “not too big”, perhaps making it easier to decribe.

Notice that kG ~ k[X]/(X 2" by putting X = 1 — g. So, describing our
quotient will be equivalent to describing H(A)/I, where A = k[X]/(X?*") and
I is the ideal generated by all modules with all summands of even length.
We shall generalise the problem and look instead at A = k[X]/(X?") for any
r>1.

Let A = k[X]/(X?") for some 7 > 1, with k any finite field. This algebra
has 2r indecomposable modules Mj, ..., M,,, where the action of X on M;
is given by a Jordan block matrix of size i with eigenvalue 0. Notice that
A-modules correspond to partitions with no part of length greater than 2r.
If X\ = (A1,..., ) is such a partition, we shall write M, for the A-module
My, & - @& M,,.

Consider the Hall algebra H(A). Note that this is a graded algebra, with
grading given by module dimension (since there is only one simple A-module
and hence only one possible dimension vector for each dimension). We clearly
have A ~ A°P since A is commutative, so all duals of left A-modules can also
be thought of as left A-modules. Note also that each indecomposable—and
hence each A-module—is self-dual. So, for all My, M, we have [M,]o[M,] =
[M,,*] o [M,*]. Then by Lemma 1.1.4 part 4, this is

Z FAA/;I:,MM [M,"] = Z F]\1>I/I;,M“ [M,)]
(M) (M)

which is by definition [M,] o [M,,]. This tells us that H(A) is commutative.
Let I be the ideal of H(A) generated by those [M,] such that all parts of
) are even. We shall consider the quotient algebra H(A)/I.
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Theorem 3.2.1 The algebra H(A)/I is spanned as a vector space by the set
{InM) +T:n2 1} U{[Mog1] +T:1<s <7 -1},

Before giving the proof of this theorem, we shall collect some results which

will be used in the proof.

3.3 The Hall algebra H(k[X]/(X"))

Let A = k[X]/(X?) for some t € N, where k can again be any finite field. Let
M, ..., M; be the indecomposable A-modules, and let A-modules be labelled
by partitions with no part of length greater than ¢, as in the case t = 2r
above. The following lemmas will present results concerning the structure of

H(A) which we will use in the case t = 2r to prove Proposition 3.2.1.

Lemma 3.3.1 Let \,u partition n, and suppose A = X U X". Suppose [M,]
occurs with non-zero coefficient in the multiplication [My] o [My»]. Then

i = A in the lexicographic ordering of partitions.

Proof: We shall use induction on n. As a base case, take n = 3. If A can
be written as a non-trivial union A = X U A" then we must have A = (2,1)
or A = (1,1,1). Suppose # < A. The only such possibility is A = (2,1) and
p = (1,1,1). Let X = (2), A" = (1). The module M, is semisimple and
hence M, (which is not semisimple) cannot occur as a quotient. Hence [M]
cannot occur with non-zero coefficient in [My] o [My~], and the result holds
for n = 2.

Now suppose the result holds for partitions of length less than n. We
suppose that x4 < A and also that [M,] occurs with non-zero coefficient in

[My/] o [My~], and will show that in this case we must have u = \.
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Let \; be the largest part of \. We can assume without loss of gener-
ality that A, occurs in A" since H(A) is commutative. Since [M,,] occurs in

[My] o [My+], we have the following filtration of M,:
MN D My 20

where the first quotient is M),. So, M), is a submodule of M,, and we have

a short exact sequence
0— M)\l — Mu — ]\4“/]\4)‘1 — 0.

Since pu < ), this sequence has no summand of length greater than A\, and
can thus be thought of as a sequence of k[X]/(X?')-modules. The module
M), is then injective, so the sequence must split, telling us that M), is a
direct summand of M, and that M,/M,, is the direct sum complement of
M,, in M,,. So, we have = (A1, g, ..., ) and

M, ~ Mu\)\l
MA/I MA”\A}

So, there exists a filtration
My, 2 Myny, 20

of M\, where the first quotient is M,y; equivalently [M\»,] appears with
non-zero coefficient in [My/] o [Myn,,]. Then, by the inductive hypothesis
g\ A1 = A\ A1, and hence p 2 A. But we assumed initially that u4 < A.

Hence \ = p as required. O

Lemma 3.3.2 Suppose [M,] appears with non-zero coefficient in the multi-

plication [M)] o [M,]. Then we must have (#parts of v) < (#parts of \) +
(#parts of p).
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Proof: If [M,] occurs with non-zero coefficient in [M,] o [M,] then there

must exist a short exact sequence

O >MN )Mu—)M)\——)O,

Applying Homp (M, —) to this, we get the long exact sequence
0 — Hom(M;, M) — Hom(M;, M,)) — Hom(M, M)

2, Bxt! (M, M,) —> - --

Let |S(M)| denote the number of indecomposable summands of a module M.
Exactness of this sequence tells us that dim(im¢) = dim Hom(M;, M) +
dim Hom(M;, My) — dim Hom(M;, M,)) = |S(M,)| + |S(My)| — |S(M,)| =
(#parts of ) + (#parts of A) — (#parts of v). But this dimension cannot
be negative; hence (#parts of \) + (#parts of ) — (#parts of v) > 0 as

required. O

Lemma 3.3.3 Let M, be a fized A-module and suppose [M;®- - -@® M;] occurs
with non-zero coefficient in the multiplication [M,] o [M,], with 1 < i < ¢.
Suppose also that neither A nor u has any part of length greater than i. Then

there is only one possible candidate for the module M,,; this can be specified.

Proof: There must exist a short exact sequence
0— M, — M;& - &M, — M, — 0. (3.1)

This can be viewed as a sequence of k[X]/(X")-modules, since no summands
of length greater than ¢ appear. Viewed in this way, M; @ -+ @ M; must
then be projective, and the map 7 must factor through a projective cover

for M. Thus we must have M, = kerm = Q(M,) ® M; © --- & M;, where
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the number of copies of M; depends on the number of copies of M; in the
middle of the short exact sequence (3.1) and will be determined by the fact
that the dimensions of the modules in (3.1) must add up correctly. This tells

us that there is only one possible choice for the module M ., since the Heller

operator () is well-defined. U

We are now equipped to prove the theorem.

3.4 Proof of Theorem 3.2.1

Let A be as in Theorem 3.2.1. We begin by showing that if dim M), is even
and/or greater than 2r and M), is not semisimple (i.e. X # (1,1,...,1)) then
[M,] € I. We shall prove this by induction using an appropriate ordering of
the partitions corresponding to A-modules. The base case will be A = (2);
we have [M(z)] € I by definition. Now suppose we have [M,] € I for all u
satisfying all of

(i) |u| even and/or |u| > 2r
(i) u#(1,1,...,1)
(iif) Jul <AL, or
|u| = || and p > A in the lexicographic ordering.

Suppose A can be written A = X U X’| where neither X' nor )\’ is the
empty partition, with || even and X # (1,1,...,1). Then by hypothesis
[My] € I. Consider the multiplication [My] o [M)+]. Lemma 3.3.1 tells
us that the modules which will appear in this multiplication are [M,] and

modules of the form [M,] with |u] = |A\| and g > X in the lexicographic
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ordering. By assumption, all such modules lie in I; hence [M,] is a linear
combination of elements of I and must also lie in 1.

Now suppose A cannot be written in this form. Since we assume that
Al is even or |X| > 2r, we cannot have ) a single-part partition. The only
possibility is therefore that )\ has just two parts, both of which are odd. We
divide such possibilities into two cases.

Case 1: A = (s,t) with s # ¢t. Look at the multiplication [M,_,] o [M;41]-
Lemmas 3.3.1 and 3.3.2 tell us that the modules which will appear in this
multiplication are [M(,y)], [M(s_141)] and modules which are assumed by
our inductive hypothesis to lie in I. But [Ms_14,)] has both summands
of even length and therefore lies in I by definition. Hence [M(s4) is the
only new module appearing. It can be shown by explicit construction of
the appropriate submodule and quotient that it does indeed appear with
non-zero coeflicient. Hence it can be expressed as a linear combination of
elements of I.

Case 2: A = (s,s). To deal with this case we introduce a slight modifica-
tion to the ordering used in our induction and show first that [Mss_1 1] € 1.
To see this, look at the multiplication [M(s_1s_1)] o [M3]. Lemmas 3.3.1
and 3.3.2 tell us that the modules which could possibly appear in this multi-
plication will be modules assumed to lie in I, along with [M(,_1 1)), [M(s )]
and [M(s_1,s-1,2)]- The last of these has all summands even and therefore lies
in I by definition. Lemma 3.3.3 tells us that if we think of our modules as
k[X]/(X*)-modules, if [M(ss)] does indeed appear then My = Q(M,_; ,_1)).
But it is clear that Q(M(s-1,s-1)) = M(@,1). Hence [M(, ¢)] cannot occur, and so
we have only [M; s_1,1)] and modules known to be in I; hence [Mss_11y) € 1.

Now if we look at [Ms_1)] © [M(s,1)], Lemma 3.3.1 tells us we will get some
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non-zero multiple of [M(, 4] along with [M(, ,_; 1)] and other modules already
known to lie in I, telling us that [M(, 5] € I.

This completes the inductive proof that those modules of the form given
lie in 1.

Finally, we show that if dim M, = n is odd and at most 2r — 1 and
A# (L,1,...,1), A # (n) then {{M)] + I, [M)] + I} is a linearly dependent
set. Suppose that this result holds for all y with 4 + n and g > A in the
lexicographic ordering. The conditions on A tell us that it must be possible to
partition A as A = N UN" with |X'| even. Then if we look at the multiplication
[My/] o [My+], Lemma, 3.3.1 tells us that this will involve [M)] and modules
assumed to be linearly dependent on [M(,] modulo I. Hence [M,] is also

linearly dependent on [M(,)] modulo I, as claimed. O

3.5 An explicit description of the quotient in
Theorem 3.2.1

Let A be the algebra of Theorem 3.2.1. We have seen that H(A)/I is spanned
as a vector space by elements corresponding to the semisimple A-modules
and a finite number of indecomposable A-modules of odd dimension. This
spanning set, although infinite, is much smaller than the basis for H(A); also,
the corresponding modules are a nicely defined subset of the set of A-modules.

Let [My)+1, [M,]+1I be elements of the spanning set for H(A)/I described
above. Consider ([My] + 1) o ([M,]+1I) = [My]o [M,]+ I. Since the longest
parts of A and p must both be odd, a single module of odd dimension cannot
occur with non-zero coefficient in [My] o [M,]: this tells us that [My,,1] can

never occur. Theorem 3.2.1 then tells us that [M,] o [M,] + I = a[nM;] + I
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for some o € Q and the appropriate dimension n.

Case (i): Suppose M and M, are not both semisimple, so we have either
My = Mygyy or M, = My, for some s,t € {1,...,r — 1} (or both). Then
[nM;] cannot occur in the multiplication [My] o [M,,]. This tells us that we
must have [M,] o [M,] € I, i.e. [M)] o [M,] =0 modulo /.

Case (ii): Suppose M, = nM; and M, = mM;. Then [(n + m) M;]
will occur in the multiplication [nMi] o [mMi). Since (n + m)M; is the
trivial A-module of dimension n + m, all subspaces of (n + m)M; will be
A-submodules. Any submodule of dimension m will be isomorphic to [mMi],
and the corresponding quotient will be isomorphic to [nM;]. So, the coeffi-
cient of [(n +m)M;] in the multiplication [nM] o [mM] will be equal to the

number of m-dimensional subspaces of an (n + m)-dimensional vector space,

(6™ = D (k™ = 1) - (R~ 1)

Glm + n;m)(|k]) = ([klm = D(|kjm=1 ~1)--- (k] = 1)

All other terms appearing in the multiplication [nM;] o [mM;)] will be mul-
tiples of elements which are known by Theorem 3.2.1 to lie in I. So, we will

have [nM;j] o [mM;] = Glm + n;m)(|k))[(n + m)M;] modulo I.
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Part 11

Green rings
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Chapter 4

Definitions and background
material

4.1 Hopf algebras

Let A be an associative algebra over k. The tensor product A ® A over k is
also an associative algebra, with multiplication given by (a1 ®b1)- (a2 ®bs) :=
a1as @ biby. Note that A ® k is also an associative algebra, with a natural
isomorphism ¢; : A® k — A given by t1(a ® 1) = a for all a € A. Similarly,

we have a natural isomorphism ¢, : k ® A — A.

Definition 4.1.1 Let A be an associative algebra over k. This is a bialgebra
if it is equipped with a co-multiplication A : A — A ® A and a co-unit

¢ : A — k, which are both linear and which satisfy the following properties:
(i) co-unit property: ¢ © (e®ids) o A =idg =110 (ida ®€) 0 A.
(ii) co-associativity: (A ® idg)o A= (ida ® A) o A.
(iii) A and € are both algebra homomorphisms.

The triple (4, A, €) is called a co-algebra.
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Sweedler notation: The image of an element a € A under the co-multi-
plication A will, in general, be of the form Y ai1 ® a;p for some a;;, a0 € A.

We will use the short-hand notation introduced by Sweedler [39] and write
Afa) = oV @ a®,

Example 4.1.2 Let kG be a group algebra. Take A(g) = g®g and £(g) =1

for all elements ¢ € G and extend linearly to £G. This makes &G into a

bialgebra.

Example 4.1.3 Let U(L) be the universal enveloping algebra for some Lie
algebra L. Take A(l)=1®1lande(l)=1,and A(X) =X ®1+1® X and
g(X) = 0 for all elements X € L. Extend to U(L) via the condition that A

and € are algebra homomorphisms.

Let 7: A® A — AQ® A be the transposition map given by 7(a; ® as) =

a2®a1.

Definition 4.1.4 A bialgebra A is co-commutative if 7 o A(a) = A(a) for
all a € A.

Example 4.1.5 A group algebra kG, with A defined as in Example 4.1.2,
is co-commutative. A universal enveloping algebra U(L), with A defined as

in Example 4.1.3, is also co-commutative.

Definition 4.1.6 A Hopf algebra is a bialgebra A equipped with a linear
map S : A — A satisfying the relation

aM8(a®) = e(a)14 = S(aM)a®

for all a € A. The map S is called the antipode.
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If the underlying bialgebra A is co-commutative then the antipode S will

be unique: see [39, Section 4.0] for an alternative definition of the antipode

which implies uniqueness.

Example 4.1.7 The bialgebra kG, with antipode S(g) = g~* for all g € G,
is a Hopf algebra.

Example 4.1.8 The bialgebra U(L), with antipode S(X) = —X for all

X € L, is a Hopf algebra.

Note that in both the examples above we have S? = id4. This is in fact
the case for all co-commutative Hopf alegbras (see [39, Proposition 4.0.1]).

This property will be important to us later.

4.1.1 Hopf algebra modules

Let A be a bialgebra over k. Let M, N be A-modules. The tensor product
M ® N over k can be made into an A-module using the co-multiplication A

on A: givena€ Aandm®ne MQN, set aim®@n) = Aa)(m Qn).

Example 4.1.9 Let kG be a group algebra and let M, N be kG-modules.
Putting g(m®n) = (§Q@g)(m@n) = gm @ gn for g € G makes M ® N into

a kG-module in the usual way.

Let A be a bialgebra over k. The field & is given an A-module structure
by setting a.r = €(a).r for all a € A and r € k. This module is called the

trivial module.

Example 4.1.10 Let U(L) be a universal enveloping algebra. The trivial
module k is given by X.r =0 for all X € L and r € k.
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Let A be a Hopf algebra over k. Let M and N be A-modules. We define
the action of A on Hom, (M, N), using the antipode S, by setting

(a())(m) = a'V((S(a!®)(m)))

for alla € A, m € M and ¢ € Hom,(M, N).

Example 4.1.11 Let kG be a group algebra and let M and N be kG-
modules. Then the action of kG on Homy(M, N) is given by (g¢)(m) =
g9(¢(g™'m)) for g € G.

Example 4.1.12 Let U(L) be a universal enveloping algebra and let M
and N be U(L)-modules. The action of U(L) on Hom(M, N) is given by
(X¢)(m) = X(¢(m)) — $(Xm) for X € L.

This action allows us to define the dual module M* = Homy(M, k). Note
that the existence of an antipode S has allowed us to view the dual module
M* as a left A-module.

In the work that follows we will make use of various isomorphisms relating
tensor products and homomorphism groups as Hopf algebra modules. A good
account of the isomorphisms required can be found in [18, Section 1]. All the
results of this account are generalisations of familiar isomorphisms of group

algebra modules.

4.2 Green rings

Definition 4.2.1 Let A be a bialgebra. Let A(A) be the ring generated by all
isomorphism classes of A-modules, with the only relations being [M]+[N] =
[M & N] and with multiplication defined by [M] o [N] = [M ® N]. This is

the Green ring (also sometimes called the representation ring) of A.
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It follows from the basic properties of direct sums and tensor products
that the addition defined on A(A) is both associative and commutative. Mul-
tiplication is also associative. If the bialgebra A is co-commutative then
the multiplication in the Green ring will also be commutative: we have
M®N ~ N®M as A-modules via the map ¢(m ® n) = n ® m, since
apm ®n) = an@m) = (&Y @ aP)(n®m) = (6@ @ aM)(n ®@ m) =
aPn @ aVm = ¢(aWm @ a®n) = (a(m ®n)) for all a € A.

The Krull-Schmidt Theorem tells us that each element of A(A) can
be written uniquely as a sum of isomorphism classes of indecomposable
A-modules. So, the additive group of A(A) is a free abelian group with
generators the isomorphism classes of indecomposable A-modules. It is clear
that this additive structure of A(A) depends only on the structure of A as

an algebra and not on the co-algebra structure.

4.2.1 Green rings of group algebras and universal en-
veloping algebras

We wish to look at the Green rings of group algebras and universal en-

veloping algebras, and to compare the Green rings given by these two co-

multiplications. One aspect of our investigation will involve looking at the

ideal of the Green ring defined by the following proposition:

Proposition 4.2.2 Let k be an algebraically closed field of characteristic p.
Let H be either a group algebra or a universal enveloping algebra over k.
Let A(H;p) be the span in A(H) of all H-modules M such that all direct
summands of M have dimension divisible by p. Then A(H;p) is an ideal of
A(H).
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In the case where H is a group algebra, this proposition is a version of
[7, Lemma 2.5].

To see that Proposition 4.2.2 also holds when H is a universal enveloping
algebra, we will look at a result of Benson & Carlson about tensor prod-
ucts of group algebra modules; in the following section we will see that the
corresponding result for universal enveloping algebras also holds. We begin
by checking some basic properties of enveloping algebras. We look first at
the following, which corresponds to the result for group algebras given as
Proposition 3.1.7 in [6]. The question of whether the analogous result also

holds for an arbitrary Hopf algebra appears to be an open problem.

Proposition 4.2.3 Let U(L) be a universal enveloping algebra over k. Let
M, N be U(L)-modules. Then Homyr,(k, Homg(M, N)) ~ Homyz)(M, N).

Proof: Let ¢ : Homyz)(k, Homk(M, N)) — Homy(M, N) be given by
d(a)(m) = a(1)(m) for @ € Homy((k, Homy(M, N)) and m € M. This
is an embedding of Homyz)(k, Homy(M, N )) into Homy (M, N). Now, for
all X € L and for all o € Homyz)(k, Hom(M, N)), we have X.a(l) =
a(X.1) = 0. Hence (X.a(1))(m) = 0 for all m € M. Then, by definition of

(M, N), we get X(a(1)(m)) — a(1)(Xm) = 0.
That is, X (¢(a)(m)) = ¢(a )(X ). So, we see that the image of ¢ consists

the action of U(L) on Homg

of precisely those o € Homy(M, N) that are in Homy(z)(M, N). Hence ¢ is

the required isomorphism. .

This result then allows us to check the following:

Lemma 4.2.4 Let U(L) be a universal enveloping algebra over k. Let M,
N be U(L)-modules. Then Homy(r)(k, M ® N) ~ Homyz)(N*, M).
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Proof: We have Homy ) (N*, M) ~ Homyz)(k, Homg(N*, M)), by Propo-
sition 4.2.3 . Then, by Proposition 1.2(a) of [18], this is isomorphic to
Homy 1y (k, N**® M). Since the antipode for U(L) squares to the identity on
U(L), we have Homy(r)(k, N** @ M) ~ Homyz)(k, N ® M), by Proposition
1.4 of [18]. Since the co-multiplication on U(L) is co-commutative, this gives

the required result. a
We are now able to give the required result of Benson & Carlson.

Theorem 4.2.5 Let k be an algebraically closed field of characteristic p. Let
H be a Hopf algebra over k such that Hompg(k,U®V) ~ Hompg(V*,U) for all
H-modules U, V. Let M and N be indecomposable H-modules. Then M @ N
has the trivial module k as a direct summand if and only if the following two

conditions are satisfied:
(i) M ~ N*
(i) p fdim N.
Moreover, if k is a component of N* ® N then it has multiplicity one.

This is a modified version of Theorem 2.1 of [7]. In this paper by Benson
and Carlson, the result is stated in the case where H = kG for some finite
group G. However, examination of the proof given in [7] shows that their
proof will immediately give us the theorem in the form stated above. In par-
ticular, Lemma 4.2.4 tells us that this theorem holds for restricted universal
enveloping algebras, as well as for group algebras.

Theorem 4.2.5 will prove to be useful for various purposes in the work

that follows. Most immediately, it gives us an easy proof of Proposition 4.2.2.
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Proof of Proposition 4.2.2: Let M be an indecomposable H-module of
dimension divisible by p. Let N be any H-module. We must show that all
direct summands of M ® N have dimension divisible by p. Suppose, for a
contradiction, that M®N ~ U® R for some U and R with U indecomposable
andp fdimU. Consider MINQU* ~ (UQU*)®(RRU*). By Theorem 4.2.5
applied to U, this has k as a direct summand. But Theorem 4.2.5 tells

us that M @ (N ® U*) has no trivial direct summand, giving the required

contradiction. a

As a consequence of Proposition 4.2.2, we will be able to study quotients
of the form A(kG)/A(kG;p) and A(U(L))/A(U(L);p). We shall call these
the Benson—Carlson quotients, as they were first introduced and studied by

Benson and Carlson in the case of a group algebra.

4.3 The Jennings Algebra

Let G be a finite p-group and let & be a field of characteristic p. In this section,
we describe the construction of a restricted universal enveloping algebra, the
Jennings algebra UPlJen(G), whose co-multiplication and Green ring we will
compare with the group algebra kG. The construction behind the Jennings
algebra was first given by S. A. Jennings in his PhD thesis and his paper
[23]; an account of the construction can also be found in [6, Section 3.14].

Let I',(G) be the central series of G' with properties
(i) I'.(G) QG
(ii) If g € ['+(G) then g? € T (G).
(iii) [r(G), Ts(G)] € Tras(G)
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for all 7, s, and such that each I',(G) is minimal with respect to the above
properties. It can be shown that this sequence terminates in {1}. This is the
Jennings series of G.

It is clear from the defining properties above that each of the quotients
'+ (G)/Tr41(G) is an elementary abelian p-group. So, each quotient can
be regarded additively as a vector space over F,. Extending the field of

coefficients to k£ and taking the direct sum of all these, we have the graded

Jen(G) = P (k ®¥, (%%)) .

rzl

vector space

The vector space Jen(G) can be given the structure of a p-restricted Lie
algebra, with the Lie bracket given by commutators [g, h] as in the group
G and the p-mapping given by taking pth powers of group elements, and
linear extension. It can be checked that these maps are well-defined (that
is, that they do not depend on our choice of coset representatives) and that
they satisfy the axioms required for a Lie bracket and a p-mapping. The
details of these proofs can be found in [15, Chapter 5.6]. We can then take
the restricted universal enveloping algebra UPlJen(G) of Jen(G). This is the
Jennings algebra of G.

The group algebra kG and the Jennings algebra U Pl Jen(G) are both
finite-dimensional associative Hopf algebras over k. In certain cases it turns
out that we have kG ~ U Jen(G) as algebras. However, the fact that the
co-multiplication is defined differently for group algebras and universal en-
veloping algebras means that we may have kG and U Pl Jen(G) which are
isomorphic as algebras but not as co-algebras. In such cases we can inver-
stigate the relationship between the Green rings A(kG) and A(U PlJen(G)).

In order to restrict ourselves to cases where we have a description of the
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modules which generate the Green rings, we will look only at those p-groups

which are of finite or tame representation type.

Theorem 4.3.1 Let G be a finite p-group and let k be an infinite field of

characteristic p.

1. The group algebra kG is of finite representation type if and only if G

s cyclic.

2. The group algebra kG is of tame representation type if and only if
p =2 and G is the Klein four group or is a dihedral, semidihedral or

generalised quaternion group.

3. The group algebra kG 1is of wild representation type in all other cases.

For the proof of this theorem, see [8] and [29].
We now identify which p-groups of finite or tame representation type have

kG ~ UPJen(G) as algebras.

Theorem 4.3.2 Let G be a finite p-group and let k be an infinite field of

characteristic p.

1. We have kG of finite representation type and kG =~ U Pl Jen(G) as

algebras if and only if G is cyclic.

9. We have kG of tame representation type and kG ~ U Pl Jen(G) as al-
gebras if and only if p = 2 and G s either the Klein four group or a

dihedral 2-group.

Proof: We need to show that kCp» ~ UP1Jen(Cp») for all p and n 2> 1, that
kV, ~ UPJen(V,) and that kDyn = U 2 Jen(Dyn) for the dihedral group Dan
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of order 2" with n > 3. We also need to show that &S D % Ul Jen(SDyn)
and kQan % U Jen(Q,n), where

SDy = (z,y: 2% =y =1,y oy =27 7

with n > 4 is the semidihedral group of order 2" and

1 2n—2

Qo = (z,y: 2% =127 =y y oy =z

with n > 3 is the generalised quaternion group of order 2",

First consider Cp» = (z). The Jennings algebra can easily be constructed

and shown to satisfy

k[ X]
[l ~
U Jen(Cpn) =~ X
Setting X +— 1 — g, it is clear that this is isomorphic to kCp=. Similarly, we
have
k[X,Y]
2 ~ ) ~
U@ Jen(V,) ~ _——<X2,Y2> ~ kVj.

The case G = Dy is another easy calculation and can be found as [11,
Lemma 27]; this result is used in this thesis in calculating the cohomology of
the dihedral 2-groups.

To see that kDSon % UPJen(SDyn) and kQon ¢ UPJen(Qsn), we use
the result U Jen(SDgn) =~ UPJen(Qan) ~ UBJen(Dyn) =~ kD3~ [11, Corol-
lary 6]. It can easily be checked that kSDyn % kDyn and kQqn % kD (see
for example [13, Section IIL1.13]). O

We can therefore summarise our intended line of investigation as follows:

(i) Compare the Green rings A(kCpn) and A(UPJen(Cpn)).
(ii) Compare the Green rings A(kVy) and A(U3Jen(Vy)).
(iii) Compare the Green rings A(kDsn) and A(U®Jen(Dy)).
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4.4 Modules and tensor products for finite
p-groups with kG ~ UlPlJen(G) as algebras

Betore beginning our comparison of the Green rings of group algebras and
Jennings algebras we will survey what is known about the indecomposable

kG-modules and the Green rings A(kG) for the p-groups in our list.
4.4.1 Cyclic p-groups

Let G = Cpn. Putting X — 1 — g we have

k[X]

kG ~ 7y

The indecomposable kG-modules are M, ..., My, where X acts on M; as a
Jordan block matrix of size i with eigenvalue 0.
The Green ring A(Cyn) is also well understood. In particular we have the

following theorem of J. A. Green.

Theorem 4.4.1 ([16, Theorem 2]) Let k be a field of characteristic p, and

let G be a cyclic group of order a power of p. Then A(kG) is semisimple.

This theorem is the main result of [16]; this paper is the origin of the
study of Green rings as algebraic objects, explaining why they have since

been given this name.

4.4.2 The Klein four group

Let & be a field of characteristic 2 and let V4 = (g, h) be the Klein four group.
Putting X =1+ gand Y =1+ h we see that

k[X,Y]
P O)
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The indecomposable kV;-modules were classified by Kronecker; a formulation
of the classification similar to that used below was given by Basev [2]. The

actions of X and Y on the families of indecomposable modules are as follows:

e () r- (45)

where Ax and Ay are the (n + 1) x n matrices

1 0 0 0 1 0
Ax = Ay =

o < (§5F) +-(3)

where Bx and By are the n x (n + 1) matrices

for all n € Np.

1 0 0 0
By=|Y © By = | !

1 0

0 0 0 1

for all n € N.

for all n € N and all irreducible polynomials 7 = T™ + Uup_1T™ 1 + -+ - +

u, T + ug over k, where Cy is an mn x mn matrix consisting of m x m blocks

M 0
cy=| N .
0o N M
with
(0 1 \
M = | . N =
0 1
\uo Uy 0 Un-2 Um—1) 1
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s x (20) v (2

where Cx is the n X n matrix

0 1 0
Cx =
1
0 0
for all n € N.

1 100 0 011
. 1100 0011
DiX—=lfgo11 ] Y"l1100
0 011 1 1 0 0

The module D is both the only projective indecomposable module and the
only injective indecomposable module for our algebra.

This notation for the indecomposable modules is that used in [10].

The multiplications of any pair of modules in the Green ring A(kV,) have
been calculated by Conlon [10]; the results are recorded in the tables on

page 74.

4.4.3 Dihedral 2-groups
Let k be a field of characteristic 2. Let
kD4, = (z,y : M=yt =1ylzy = :1:"1),

with ¢ > 2 and g a power of 2, be the dihedral group of order 4q. If we put

X —14+yandY — 1+ zy, we have kD4, isomorphic to

k(X,Y)
(X2,Y2, (XY)1 — (Y X)9)

A=

The indecomposable kDj,-modules were classified by Ringel [28]. There
is a single projective indecomposable module, which is just yA. The non-

projective indecomposable modules can be described as belonging to two
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n<n' A, B, D

Ay nn'D + Apins n(n' +1)D+ Ay_p, | 20" +1)D

By | n(n'+1)D+ B,_, nn'D + Byins (2n' +1)D

Co (') | n'm'D + Cpi(n') | n'm/D + Cpi(n') 2n'm'D

Cni(o0) | nn'D + Cpi(o0) nn'D + Cp(00) 2n'D
D (2n+1)D (2n+1)D 4D
n<n Cy () Cr(00)
A nn'mD + Cy(7) nn'D + Cp(00)
By nn'mD + Cp(m) nn'D + Cy(00)

If 7 #7n': nmn'm’D

Co () | Ifm=7"" nm(n'm —1)D + 2C, () nn'm’D

Except special case: for 7 #T,T + 1
[C1(m)]2 = m(m — 1) D + Cy(n)

Ch(00) nn'mD n(n' —1)D + 2C,,(o0)

D 2nmD 2nD

Figure 4.1: Multiplication tables for the Green rings A(kV})
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classes, the string modules and the band modules. (This terminology was not
used by Ringel, but comes from the fact that A is a special biserial algebra as
defined in [37]: the non-projective indecomposable A-modules are thus string
modules and band modules as defined for string algebras. For an explana-

tion of the classification of the indecomposable modules for a special biserial

algebra, see [13, Chapter II].)
The string modules

Let W be the set of words in the letters X, Y, X! and Y ! such that

(i) X and X! are always followed by Y or Y1, and vice versa.
(ii) no word in W contains any of (XY)?, (YX)9, (XY =19, (Y1 X 1)

Also include in W the word 1 of length 0. For a word w = a;a2---ap in W,
define w™! := a;'---a;'a7?, where we set (X !1)"! =X and (Y 1)7' =Y
and 17! = 1. Then we define an equivalence relation ~ on W by setting
w~ w! for allw e W.

The indecomposable string modules for A are in one-one correspondence
with equivalence classes of W under ~. Given a word w = aiaz-- - a,, we

have a natural basis vy, v, . . . , Uns1 for the corresponding module M (w). The

actions of X and Y with respect to this basis are defined by the diagram
vl___v2___’l)3 ...... vn—an{'l

where the ith edge is an arrow pointing to the left and labelled with a; if
a; = X or a; = Y and is an arrow pointing to the right and labelled with
a7 if a; = X! or a; = Y~!. This diagram indicates how X and Y map

the basis vectors onto each other; where there is no arrow, a basis vector is

mapped to zero.
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Example 4.4.2 Take w = XY~1X. Then M(w) is a 4-dimensional A-
module with action of X and Y defined by the diagram

X Y X

V1 ¢ Vg — V3 ¢ V4.
So
0100 0 00O
0 00O 0000
Xl o001 | @ Y=l 790
0 00O 0 000
on M(w).

Band modules

Let W be the set of words as defined above. For w € W, define w" by
juxtaposing 7 copies of w. Note that this will not always be a word in W.
Let W, be the set of words w in W such that (i) all powers of w are also
in W, and (ii) w is not itself a power of any shorter word. Given a word
w = aiay---a, in Wy, say that a rotation of w is any word of the form
@41+ ArQ1a2 -+ - a; for some . Define an equivalence relation ~9 on W, by
setting w ~9 w™! and w ~y u for any rotation u of w.

The indecomposable band modules for A are constructed as follows. Let
w = ajas---a, be a representative of an equivalence class in W,. We can
assume (by rotating and/or inverting) that a; is X or Y. Draw a circular
diagram as in Figure 4.2, where the edge between ¢ and ¢ + 1 (modulo n) is
an arrow pointing anticlockwise and labelled with a; if a; = X or a; =Y and
is an arrow pointing clockwise and labelled with a; " ifa; = X' ora; = Y.
Let V be a finite-dimensional vector space over k and let ¢ : V — V be an
indecomposable linear transformation. The band module M(w,V,¢) has

basis given by attaching a copy of V' to each vertex of the circular diagram of
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Figure 4.2:

Figure 4.2, letting a, act as ¢ and letting a; act as Idy for all ¢ > 2. The band
modules for A are in one-one correspondence with triples (w, V, ¢) where w
is a representative of an equivalence class in W5, and V is a finite-dimensional
vector space over k (up to isomorphism) and ¢ : V — V is an indecomposable

linear transformation (up to equivalence of transformations).

Example 4.4.3 Let w = XY ~!. Then the action of X and Y on M(w,V, ¢)

is given by

® <
"
® <

and we have
0|09 0|Iv

Note that if w = a1a2---an, is in Wy then n must be even, in order for

on M(w,V, ).

powers of w to be in W. We therefore have dim M (w,V,¢) = n.dimV, and

hence all band modules are even-dimensional.
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Remark: The indecomposable kV;-modules presented in Section 4.4.2 can

also be described as string and band modules in an analogous way, as kV is

also a special biserial algebra.
Almost split sequences

In the work that follows we will make use of information about the com-
ponents of the Auslander—Reiten quiver for kD,, which contain string mod-
ules. Here we use the results and notation of [3, Appendix] (see also [6,
Section 4.17)).

Define two functions Ry : W — W and L, : W — W as follows. Ifw € W
ends in XY (XY ~1)9"! or Y X~1(Y~1X~1)¢"! then wR, is obtained from
w by cancelling that part; otherwise define wR, = wX ' (YX)lY or
wRy, = wY 1 (XY)9"1 X, whichever is a word. Similarly, if w € W begins
with (XY)?9 1 XY ! or (Y X)? 'Y X! then wL, is obtained by cancelling this
part; otherwise wL, = X" H(Y ' X1 Yw or wL, = Y"1 (X~Y 1)1 X w,
whichever is a word. Note that R, and L, depend on the actual word w € W
and not just on the equivalence class under ~. It is clear that R, and L,
commute. We then have Q*(M(w)) ~ M(wR,L,) (this construction for tak-
ing even powers of {2 was described in Ringel’s paper [28]). The almost split

sequence terminating in M(w) is
0 — M(wR,L,) — M(wL,) ® M(wR;) — M(w) — 0,
unless w or wtis (XY)I XY 1(X1Y 1)1 in which case it is
0 — M(wR,L;) — M(wy) ® M(wRy) & \A — M(w) — 0,

The Auslander-Reiten quiver components for kDy4 involving string mod-

78



ules are: two 1-tubes

M (u1) == M (u1Ry) == M (uy R2) === -

and

M(u2) - M(UQRq) o M('U,2R3) —_—

where u; = (XY)9'X and uy = (YX)9"!Y, and an infinite set of compo-
nents of type ZA3, of the form shown in Figure 4.3, one of which has the
projective module A attached (Figure 4.4). Note that the two 1-tubes de-
scribed above involve only modules of even dimension, so all odd-dimensional
kDgg-modules lie in some Auslander-Reiten quiver component of type ZAX.

The components of the Auslander-Reiten quiver containing band modules
will not be used in the work that follows, though it is known that all band

modules lie in 1-tubes (see again [3, Appendix] and [6, Section 4.17]).
The Green ring

In contrast with the case of the cyclic p-groups and the Klein four group,
relatively little is known about the structure of the Green ring A(kD,,). In
particular, there is no description of how tensor products of kDs;-modules
decompose, as there is with Conlon’s table for A(kV,). Research into the
structure of A(kD4,) has focussed on the question of whether it is semisimple,
or equivalently whether A(kD,,) has any nilpotent elements. It was shown
by Zemanek [40] that, unlike A(kC;y»), the Green ring A(kD,,) will have
nilpotent elements. Methods for constructing such elements can be found in
[41] and in the survey articles [4] and [5]. The existence of nilpotent elements
of order greater than 2 was shown in [21]; it is not known whether there are

any nilpotent elements of order greater than 3.
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M(wR,) M(wL;l) ...........
M / \ /
............ (wR,Ly) M (w)
M(wL,) M(wR;Y) oo
............... M(ng) M(wR;qu)
M(wR;'L?) M(wR;2Lg) -

Figure 4.3: Auslander—Reiten quiver components of string modules

............. M(Ul 1u2Rq) M(u1u2 qu)
Muuzt)----- A-———— = M (uquyt) -
/ \M( _1L/

Figure 4.4: The Auslander-Reiten quiver component containing A
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Chapter 5

Cyclic p-groups

5.1 Comparing Green rings

Let G = Cy» = (g) be a cyclic p-group and let k be a field of characteristic
p. We have seen that

k[X]

kG ~ ——
(X7")

~ UPJen(G).

Co-multiplication for the group algebra is given by A(X) = A(1) — A(g) =
101-g®g9 =101-(1-X)®(1-X) = 101 - (181 -X®1-19 X +X®X) =
X®1+1® X —X®X. Co-multiplication for the enveloping algebra is given
by AX) =103 X +X®1.

So, we see that kG and UPlJen(G) are isomorphic as algebras, but that
they have different co-multiplications and hence may not be isomorphic as

co-algebras. We consider the question of whether they are indeed isomorphic

as bialgebras.
Definition 5.1.1 Let A be a bialgebra. An element a € A is said to be

group-like if it satisfies A(a) = a® a.

Lemma 5.1.2 The group algebra kG and the restricted enveloping algebra

UPl Jen(G) are not isomorphic as bialgebras.
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Proof: It is clear that kG has a basis of group-like elements. So, if we had
U Jen(G)) ~ kG as bialgebra, then U/ Jen(G) would also have such a basis.
A general element of UP!Jen(G) is of the form a = Zflgl a,X". Since

A:A— A® A is an algebra homomorphism,

nel
Aa) = pz Z a, (Z) Xt ® XU
r=0 0

t=
We need to compare this with

pt—1p™—1
a®a= Z Zarat(XT®Xt+Xt®Xr).

r=0 t=0
If a is group-like then we must have a,a; = (T:rt) ar4¢ for all vt with r +t <

p" — 1 and a,a; = 0 for all r,¢ with r +¢ > p*. We have ap = 0 or ap = 1,

since a2 = ag. Fix a;. The relations aja; = (i + 1)a;41 for 1 <i <p-—1

1
2

L. However, we must also have a1ap-1 = ((P)ap =0,

will then give a; = o1

-1
i.e. al(—zfjm — (. Hence we must have a; = 0 and thus a; =0 for 1 <7 < p.
Similarly, for 1 < ¢ < p — 1, the relations a,a;, = (p(i:”)ap(iﬂ) will give

1

I

)"

We must also have ayapp-1) = (p(l’)’_l))af, =0, i.e.

i

1 -
=0
-1)\ P
oY) - (7)

Hence we have a, = 0 and thus a;, = 0 for 1 < i < p. Repeated use of similar

ap

arguments shows that, for 1 <1< p-—1, we have a;x = 0 for 0 < ¢ < n.
Now look an arbitrary coefficient a;. We can write j = sp+14¢ with 0 < s <n
and 0 < i < p— 1. In the case i = 0 we have seen above that a; = 0.
If i # 0, consider aspa; = (SP;ri)aj. We know that a; = 0; the binomial

coeflicient (s”;ri) is non-zero. Hence a; = 0. So, the only group-like elements
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of Ul Jen(G) are 0 and 1. In particular, UP!Jen(G) cannot have a basis of

group-like elements, so UP!Jen(G) and kG are not isomorphic as bialgebras.

O

Let the Green rings of the two algebras above be denoted A(kG) and
A(UPJen(G)). We will investigate the relationship between these two Green
rings; since kG and U [”]Jen(G) are only isomorphic as algebras but not as

bialgebras, we might expect two different Green rings.

Theorem 5.1.3 The Green rings A(kG) and A(UPJen(G)) are isomorphic,

via the natural isomorphism [M;] — [M;].

Proof: We need to check that the decompositions of M;® M, as a kG-module
and as a UPlJen(G)-module are the same, where we may assume without loss
of generality that i > j. Since kG and U Jen(G) are both generated by the
single generator X, it is sufficient to check that the action of X on M; ® M;
considered as a kG-module is equivalent to the action of X on M; ® M;
considered as a UPJen(G)-module. Let M; = (uy,...,u;), Xus = us41 and
let M; = (vq,...,v5), XUr = Upq1.

First consider M; ® M; as a kG-module. As a basis for M; ® M, take
E={es=u; Qv :1<s<3,1<r<j} Setus Qv =0ifs>do0rr>j.
Then X (ers) = Xtus @ vy + us ® Xvp — Xttg ® XV = Us11 @V + Us @ Upgy —
Ust1l @ VUry1 = €r s+l + €r41,s — Eril,s41-

Now consider M; ® M; as a U Pl Jen(G)-module. As a basis, we take
B={bs:1<r<i1<s<j}, where by = us; ® v; and
(k - )us+k & vy

M

k=0
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for r > 2. Then X (bis) = Ust1 @ V1 +Us @V = Usy1 QU1 + D p_g Ustk V2 —

1—8
k=1 Us+k @ Vg = by s41 + bas — bagq1. For r > 2, we have

2 (k+T— k+r—2
X(brs) Z ( )us+kz+1 S vp + Z ( r—9 )us+k & Vr41

k=0 k=0
k+r—2
= rs+1 + Z ( )us-i—lc & VUr41 (51)

by the convention that u; @ v, =0 if t > 4.

Now look at byy1 s — bry1,641. This is
=S k1 iss<l o 1
; ( r 1 )Us-’rk QD Vpt1 = ; ( 1 )us+k+1 @ Upt1-

The coefficient of vz, ® v-41 in this expression is

k+r—1 B k+r—2
r—1 r—1 )

It can easily be seen that this is equal to

k4+r—2
r—2
which is the coefficient of usi,®vr41 in (5.1). Hence X (brs) = bry1,s+brsi1—

br+1,s+1-

So, we see that the action of X on M; ® M; as a kG-module with respect
to the basis F, and the action of X on M;® M; asa U Pl Jen(G)-module with

respect to the basis B, are given by precisely the same matrices. O

84



Chapter 6

The Klein four group

6.1 Comparing Green rings

Let V, = (g, h) be the Klein four group and let k be a field of characteristic
2. We have seen that

k[X,Y]

e )

~ U Jen(Vy).

The co-multiplication on kVj is given by A(X) = X ®1+1@ X + X Q@ X
and A(Y) =Y ®1+1®Y +Y ®Y. The co-multiplication on Ul Jen(Vy)
is given by A(X) =X ®1+1®X and A(Y)=Y ®1+1®Y.

As above, we will compare the Green rings A(kVy) and A(U 2I(L)).

Suppose first that & = k and look at some multiplications in the Green
ring A(U@Jen(V;)). Consider the tensor product C1(T +a) ®RC1(T + ) with
o € kand a # 0,1. Let {u1,uz} and {v1,v2} be bases for the two copies of
C1(T + ) such that X acts as

and Y acts as






n<n A, B, D

Ap n'D+ A, | n(n +1)D+ Ap_p | (20" +1)D

By | n('+1)D+By_,| nn'D+ Byyw (2n'+1)D
Co (') | n'm'D + Co(n') | nn'm'D + Cp (') 2n'm'D
Cns(00) nn'D + Cp/(00) nn'D + Cyr(00) 2n'D

D (2n+1)D (2n +1)D 4D
n<<n Chr(m) Cn(o0)

Ap nn'mD + Cy(7) nn'D + Cp(00)

By nn'mD + C,(r) nn'D + Cp(00)
Cp (7) If m# 7" nmn'm’D nn'm’'D

If 7=7" nm(n'm—1)D + 2C,(r)

Chpr(00) nn'mD n(n’ —1)D + 2C,(00)

D 2nmD 2nD

It is clear from the tables above that, for any field of characteristic 2, we

do not have A(kVy) ~ A(UPJen(V})) via a natural isomorphism fixing all

kVi-modules, as we had in Theorem 5.1.3.

Theorem 6.1.1 Let k be a field of characteristic 2. As algebras we have
kV, ~ UlJen(Vy), but there is no natural isomorphism between A(kVy) and

AU Jen(Vy)).

Proof: Consider the rings A(kV})g := A(kV4) ®2 Q and A(UPJen(V,))q :=
A(UPJen(Vy)) ®7 Q; that is, extend the ring of coefficients for the two Green

rings to Q. We will show that there is no natural isomorphism between

A(kVy)g and A(U2 Jen(Vy))q, by showing that A(kV,)q contains fewer idem-
potents than A(UPJen(V}))q.
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Comparing the tables above with those in Section 4.4.2, note that the
only products in A(kV;)o which differ from the corresponding products in
A(U[2]Jen(V4))Q are the squares [C1(7)]? for m # T,T + 1. So, any idem-
potent in A(kV,)q which does not involve elements of the type Cy(7) with
7 # T,T + 1 must also be an idempotent in A(U#Jen(V4))q-

Suppose e = e? for some e € A(kV,)q which involves a summand of type
Ci(m) with m # T, T + 1. It can be seen from the structure of the modules
A, and B, that A, = Q"(k) and B, = Q7 ™(k). So, the element e can be

written in the form

e= ) nalCulm)] + Y BalCul00)] + D 7l (k)] + 8[D]

mell nel neJ nek

with o, B, Y, 0 € k, where I,J C N and K C Z are finite indexing sets
and II is a finite set of indecomposable polynomials over k. We have assumed
that ay » # 0 for some 7' € II\{T, T+1}. Suppose we square the element e in
this form, using Conlon’s multiplication tables and then compare coefficients
of each indecomposable module. The first thing to note is that we must
have v, = 0 for all n € K \ {0}. For, our multiplication tables tell us that
Y[ (k)] can appear in e? only from terms of the form vv,[Q2" (k)] o [Q°(k)].
If ro = max{r : r € K} > 0 then ,[Q7]* = 72 [Q*°(k)], but 27y & K and
hence we must have 7,, = 0. Similarly, if r, = min{r : r € K} < 0 then
or, ¢ K and we must have v, = 0. We can now replace the indexing set K
by K \ {ro} or K\ {r1} as appropriate, and repeat the argument. Iterating
this process, we deduce that K = {0} or K = . Comparing coefficients of
Q°(k) in e and e, we have 72 =7,80 Y =1or vy =0.If vy =1, then we
can replace e by 1 — e, which is also an idempotent; this is then covered by

the case vo = 0.
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Assume v = 0. let n’ = max{n € I : a,v, # 0}, as before. If n’ > 2 then
the coeflicient of {C(7')] in €? is 2(au )%, which by assumption equals
Qn/ vy 80 We have a,y v = 1/2. Now consider the coefficients of [Cpnr(7')],
where n” = max{n € I\ {n'} : apr # 0}. If n” > 2 then the coefficient of
[Crr (')} in €2 1S s Ot 70 + 2( Qe )2 = 200 7 + 2(Qnr ). By assumption
this equals o, giving a,» » = —1/2. Repeating this process tells us that
the non-zero ay , are alternately 1/2 and —1/2. Now look at the coeflicient
of [C1(n)] in e2. This will be +2a; v + 40y v = Q1. Since ay v # 0,
this gives g = (1 F2)/4. Finally, consider the coefficient of [Ca(n)] in e,
This will be 20 »+2(ag )%+ (a1.)? and should equal o4 . However, the
two possibilities for ay . give us (o .)? = 9/8 or (ay,)* = —7/8, neither of
which have roots in Q. So, there cannot be such an idempotent in A(kVj4)g.
Hence A(kV,)g contains no idempotents which do not correspond directly to
idempotents in A(UPJen(Vy))q.

Finally, we see that A(UPJen(Vy))q does contain idempotents involving
summands of the type Cy(r) with « # T,T + 1. For example, for any such
7 of degree m, we have ([Cy(7)] — (m/2)[D])? = [Ci(m)]* — m[Cy(m)][D] +
(m?/8)[DJ = m(m — 1[D] + 2(Cy(m)] — 2m[D] + m?[D] = 2(C: ()] — m(D}
so we see that (1/2)[C1(r)] — (m/4)[D] is an idempotent in AU Jen(V}))g-
Hence A(U@Jen(V,))q contains more idempotents than A(kV4)q. O

6.2 Comparing Benson—Carlson quotients

Having seen that A(kVy) 2 A(U 2 Jen(V4)), we now consider the case where

k is algebraically closed and look at the Benson-Carlson quotients

A(kVy)
A(kVy;2)
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and
A(UPJen(V,))
A(URJen(Vy);2)”

Theorem 6.2.1 Let k be an algebraically closed field of characteristic 2.

Then
A(kVe)  A[U®Jen(V3))
A(kV52) ~ A(UPJen(Vy); 2)

via the natural isomorphism [M] — [M] for all cosets of odd-dimensional

kVy-modules M.

Proof: We need to check that, for all odd-dimensional kVj;-modules M and
N, we have M ®, N = M ®; N modulo even-dimensional summands, where
®; denotes the tensor product for the group algebra kV; and ®, denotes the
tensor product for the universal enveloping algebra Ul Jen(V}). The odd-
dimensional kVj-modules are the modules A, and B,, in Conlon’s notation.
Our multiplication tables in Section 4.4.2 and Section 6.1 tell us immediately
that all products involving only modules of the form A, and B, are the
same in A(kV4) and A(UPJen(V})). Alternatively, it can be seen from the
structure of these modules that {A, : n € No}U{B, : n € N} = {Q*(k) : n ¢
Z}. Taking two such modules Q™(k) and Q"(k), we have O™(k) ®; Q*(k) =
Q™+ (k) modulo projectives, for i = 1 and ¢ = 2. So, they certainly have the

same product modulo even-dimensional summands. O
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Chapter 7

Dihedral 2-groups: comparing
Benson—Carlson quotients

Let k be a field of characteristic 2, and let Dy, with ¢ > 2 be the dihedral

group of order 4¢q. We have seen that

kX Y) ~ U@ Jen(Dy,).

Dia = ey oy - (X0

The co-multiplication on kD, is given by A(X) =X ®@1+10X +X Q@ X
and A(Y)=Y ®14+1®Y +Y ®Y. The co-multiplication on U Jen(Dy,)
isgiven by A(X)=XQ®1+1®Xand A(Y)=Y®1+1QY.

Suppose k is algebraically closed. We wish to compare the Benson-

Carlson quotients
A(kDy,)

A(kD4q; 2)

and
A(UPJen(Dy,))

A(UBRJen(Dyy); 2).

Conjecture 7.0.2 Let k be an algebraically closed field of characteristic 2.

Then
A(kDyg) N A(U[Q]Jen(D4q))

A(k‘D4q; 2) - A(U[2]Jen(D4q); 2)
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via the natural isomorphism [M] — [M] for all cosets of odd-dimensional

kD,,-modules M.

Note that if this conjecture is correct, then we would have

A(kG)  A(UPJen(G))
A(kG;p) — A(UP Jen(G); p)

for all p-groups G of finite or tame representation type with kG ~ U Jen(G)
as algebras. If correct, this conjecture would provide an alternative way
of looking at multiplications in the Green ring A(kDy,;) and could help to

improve our understanding of such products.

7.1 Properties of the Benson—Carlson quo-
tients

Here we study some properties of the two Benson—Carlson quotients, with
particular emphasis on looking for evidence which would seem to support
Conjecture 7.0.2 or which might go some way towards proving the conjecture.

Throughout this chapter, we will write A to denote the algebra kD,, ~
U@ Jen(D,,) in contexts where we are concerned only with the algebra struc-
ture and not with the two different co-multiplications. When we do need to
distinguish between the two co-multiplications, we will write ®; for ten-
sor products of kDs;-modules and ®, for tensor products of U [2]Jen(D4q)—
modules, if the appropriate co-multiplication to use may not otherwise be

clear from the context.

7.1.1 The group formed by the odd-dimensional inde-
composable modules

Lemma 7.1.1 Let M, N be two indecomposable A-modules.
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1. The product M®, N of k Dyy-modules decomposes as a direct sum of in-
decomposables as one odd-dimensional string module plus band modules

and projective summands.

2. The product M ®, N of U Jen(D,,)-modules decomposes as a direct
sum of indecomposables as one odd-dimensional string module plus band

modules and projective summands.

Proof: The structure of the following proof is such that it will prove both
parts of the above lemma, without needing to distinguish between the two
co-multiplications for the two different Hopf algebras.

The classification of indecomposable A-modules in [28] tells us that M
and N must be string modules corresponding to strings in X and Y of even
length. Let Ax be the subalgebra of A generated by X. There are precisely
two indecomposable A x-modules, the trivial module £ where X acts as 0 and
the projective module

% X with X — ( 8 (1) ) :
From the structure of string modules, it is clear that M|,, = k® projectives
and N|p, = k @ projectives. Hence (M ® N)|x, = k ©® projectives, since
taking the tensor product of modules commutes with restriction to Ax.

Similarly, let Ay be the subalgebra of A generated by Y. By symme-
try, the two indecomposable Ay-modules have the same structure as the
two indecomposable Ax-modules. As in the case of Ax, we then have
(M ® N)|ay = k @ projectives.

Now think about the direct sum decomposition of M @ N as a A-module.

It is clear that every odd-dimensional summand (which must be a string
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module) will contribute a copy of k when restricted to Ax. Furthermore, any
even-dimensional string module given by a string which begins and ends with
Y*! will contribute two copies of £ when restricted to Ax. Hence M ® [V has
at most one odd-dimensional indecomposable summand and M ® N cannot
have any summands which are even-dimensional string modules given by
strings beginning and ending with Y*!.

Similarly, if we consider restrictions to Ay, we see that M ® N cannot
have any summands which are even-dimensional string modules given by
strings beginning and ending with X*!. Any string module is given by a
string ujus - - - u,, where u; = X*! implies u; 11 = Yt and u; = Y*! implies
ui41 = X+, so for any string module of even dimension (that is, where the
string has odd length) we must have either u; = X*! and u, = X*!, or
u; = Y*! and u, = Y*!. So, we have in fact seen that M ® N cannot have
any summands which are even-dimensional string modules.

We have seen above that M ® N must have at most one odd-dimensional
string summand. However, these are the only odd-dimensional A-modules;
the fact that dim(M ® ) is odd tells us that there must be at least one such

summand. Hence M ® N decomposes exactly as claimed. O

Theorem 7.1.2 1. The cosets of odd-dimensional indecomposable kDy,-
modules form an abelian group under the tensor product multiplication
mn

A(kDsy)
A(k‘D4q; 2) .

2. The cosets of odd-dimensional indecomposable U Jen(D,,)-modules

form an abelian group under the tensor product multiplication in

A(UPJen(Dy,))
A(URJen(Dy,);2)
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Proof: As with the previous lemma, we can give a proof which works for
both parts of the above theorem.

Let M and N be odd-dimensional indecomposable A-modules, and let
[M] and [N] be the corresponding cosets in A(A)/A(A;2). By Lemma 7.1.1
we have [M] ® [N] = [U] for some odd-dimensional indecomposable A-
module U. It is clear that our multiplication will be associative and com-
mutative, since this follows from the corresponding properties of A(kDsq)
and A(U[2]Jen(D4q)). It is also clear that the coset of the trivial mod-
ule k (on which both X and Y act as 0) will be a multiplicative iden-
tity. Given an odd-dimensional indecomposable module M, Theorem 4.2.5
tells us that M ® M* has a summand isomorphic to k. By Lemma 7.1.1,
M ® M* has precisely one odd-dimensional summand. Hence this summand
must be k and we have [M] ® [M*] = [k] in both A(kD4,)/A(kDsg;2) and
A(U@Jen(Dy,))/A(UAJen(Dyg); 2), telling us that [M*] is the inverse for

[M] in both cases. O

We now introduce some notation for these groups: write I'(kDy,) for the
group given by part 1 of Theorem 7.1.2, and write I'(U 2 Jen(Dy,)) for the
group given by part 2 of the theorem.

Note that the two Benson—Carlson quotients we are considering are in
fact the group rings over Z of the two groups given by Theorem 7.1.2. That
is,

A(kD4q)
A(kD4q; 2)

~ ZF(kD4q>

and
A(UPJen(Dy,))
A(URJen(Dyy); 2)

So, to prove Conjecture 7.0.2, it would be sufficient to prove the following:

~ ZT(U™ Jen(Dyy)).
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Conjecture 7.1.3 Let k be an algebraically closed field of characteristic 2.
Then

[(kDyg) = [(U™Jen(Dy,))

via the natural isomorphism [M] — [M] for all cosets of odd-dimensional

indecomposable kD,-modules M.

We now study the properties of the groups I'(kDy,) and T'(U?Jen(Dy,)).
For [M] an element of T'(kD,,) or ['(U 2Jen(Dy,)), let M denote the unique

odd-dimensional indecomposable summand of M.

Theorem 7.1.4 The groups I'(kDy,) and T'(U@Jen(Dy,)) are both torsion-

free.

Proof: Let N be an indecomposable A-module, and suppose [N®"] = [k] in
A(kDyg)/A(kDag; 2) or A(U2Jen(Dy,))/A(UPJen(Dy,);2), for some 7 > 1.
Then in particular, k is a direct summand of N®=1) @ N. Then, by Theo-
rem 4.2.5, we must have N&-1) ~ N*. We will show that this is not possible
unless N ~ k.

Let N be an odd-dimensional indecomposable A-module with N % k.
The classification of indecomposable A-modules [28] tells us that N must
be a string module given by some string w = wujus - ug, of even length.
If ug = X*! then uy, = Y*! (and vice versa). Assume without loss of
generality that u; = X¢ with € € {#1}. We claim that N®! is also given by
a word beginning with X¢, for all ¢ > 1. This would be sufficient to show that
Ner-1) 2 N*, since the dual module N* is given by the string uytu; ! - - Uy
If the claim is correct then this is different from the string corresponding to

N®t. The only string equivalent to u7'u; !« - - u, under Ringel’s equivalence
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relation on strings is us,ug,_y - - - u;. This is also different from the string
corresponding to N®t, since Ugn, = Y*1. So, the strings corresponding to N*
and N®? are not equivalent, which tells us that N® % N*, as required.

So, it remains to show that if NV is given by a string beginning with X¢
then N®? is also given by a string beginning with X¢ for all ¢t > 1. We first
take the case ¢ = 1. We will give a proof by induction on ¢, so suppose N and
No@E-1) are both given by words beginning with X. Pictorially, the string

module structures of N and N®(t-1) are as in Figure 7.1.

b2 C2

N = ,V ................ A ,V ................

bl C1

Figure 7.1: Module structures of N and N®{¢-1)

Consider N ® N®¢-1), In this product (with either co-multiplication) we
have by ® ¢; = X (b2 ® ¢3), 50 by @ ¢; € imX. Also by ® ¢; € ker X NkerY
and b; ® ¢; € imY. Suppose, for a contradiction, that N® is given by a
word beginning with X~!. The calculation above tells us that there exists
some element a € N® such that ¢ € imX Nker X NkerY and a ¢ imY.
Lemma 7.1.1 tells us that N®* decomposes as N® (a string module given by a
string of even length beginning with X 1), plus band modules, plus projective
summands. Consider the natural basis for N®* giving the decomposition in
this form. The element a must be a linear combination ), ; Xm; with
{m; : i € I} some subset of the natural basis. By inspection of the pictures
for: (i) a string module given by a string of even length beginning with X ~!;
(ii) a band module; (iii) a projective module, we see that Xm; adjoins an edge

labelled with Y for all ¢ € I. So, this part of the module must have structure
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either as in Figure 7.2, or as in Figure 7.3 for some n;. But, if the first

YX’ITLi

Figure 7.2:

m; n;
X y
Xmi

Figure 7.3:

picture ever arises, we have Xm; € kerY and a € ker Y. So, in all cases, we
must have the structure given by the second picture. But then Xm; € imY
and a € imY. This shows that imX NkerY C imY, giving the contradiction
we require. Hence N® cannot be given by a string beginning with X! and
must (up to equivalence of strings) be given by a string beginning with X.
Now take the case ¢ = —1, so N is given by a string beginning with

X~!. Then N* is given by a string beginning with X. So, by the case above,

(N*)®t o~ (N®')* is given by a word beginning with X. Hence N®! is given

by a word beginning with X 1. This completes the proof. O

Theorem 7.1.5 The groups T'(kDy,) and T(U@Jen(Dy,)) are not finitely

generated.

Proof: We begin by proving that I'(kDy,) is not finitely generated. Sup-

pose, for a contradiction, that I'(kD,,) is finitely generated by elements
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[Mi], [My], ..., [My,]. Then for all odd-dimensional indecomposable kDy,-
modules U, we must have Ul = [M®" @ M2 @ --- ® M¥™] in I'(kDy,).
Recall that kDy, = k(X,Y)/(X2,Y?, (XY)? = (Y X)9). Let

(logy g¢)—1 ‘ :
A= XYY+ (XYY X +Y(XY) 7+ Y (XY)T2 4+ (YX)?)
1=0
and B = X. Then
(logy g)—1 _
AB=(YX)'+ ) (XY)¥X
1=0
and
(logy q)—1 .
BA=(XY)'+ > X(YX)"*=AB
1=0

and A% = B? = 0. So, 4 and B generate a subalgebra A’ isomorphic to kV.
Note that A = 1+ 2, where z is the central involution in the group Dyg, so A’
is indeed the group algebra of a subgroup of Dy, isomorphic to V4. Consider
the restrictions M;|5,. We have
My =C & @ﬁi,sgs(k) ® D
SEZ

where C is some direct sum of non-projective even-dimensional indecom-
posable kV -modudules, with 35,7 € Ny and only finitely many of the
coeflicients [3; ; non-zero.

Now, given an odd-dimensional indecomposable kDs,-module U, we have

supposed U ~ MP"' ®--- M®. Equivalently, U is a direct summand of
MP"®- - @ME™. Then Ul is a direct summand of (MP"®- - - @ M2™)|,/,
which is isomorphic to (M|x)®" ® -+ ® (M,|s)®™. Now, by inspection
of our multiplication tables for kVj-modules in Section 4.4.2 , we see that

a kVj;-module of type Cy(0) for ¢ € Z can only occur as a summand of
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(Mia)®™ @+ @ (Mp|p)® if C;(0) occurs with non-zero coefficient in
the restriction M;| for some i. Only finitely many C;(0) occur in these
restrictions. So, we see that only finitely many C,(0) can occur with non-
zero coeflicient in restrictions U|4 of odd-dimensional indecomposable kDyqg-
modules U.

To give the required contradiction, we now present a family of kDy,-
modules Uy, U, . .. such that the restrictions Us|ar, Us|ar, . . . involve infinitely
many different C,(0). Let U, be the odd-dimensional string module given by
the string XY (X' (Y X)9'Y)" XY, for r > 1. Looking at the pictorial
representation of these modules and thinking about the actions of A and B,
it can be seen that Uy|nr =~ Cyia4(r—1)20-1(0). This gives the required infinite
list of Cy(0) appearing in restrictions to A’. This tells us that ['(kD,,) cannot
be finitely generated.

We now move to the case of (U2 Jen(Dy,)). With the co-multiplication
of UPlJen(Dy,), the subalgebra generated by A and B above is isomorphic
to the restricted enveloping algebra U?!Jen(kV}), which is isomorphic as an
algebra to kV} but has a different co-multiplication. However, tensor products
of string modules are always the same for kV;-modules and for U@ Jen(kV,)-
modules. So, we can argue exactly as in the case of ['(kDy,) to see that

['(U@Jen(D,,)) is not finitely generated. O

7.1.2 The subgroup of endo-trivial modules

Let H be a Hopf algebra over k, and let M be an H-module. Recall that M
is said to be endo-trivial if Endy (M) ~ k & projectives. This is equivalent to
M ® M* ~ k®projectives. It is clear that if the co-multiplication on H is co-

commutative (so that the Green ring A(H) is then commutative) then the set
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of endo-trivial H-modules will form a group, which we denote T'(H), under
tensor product multiplication modulo projectives, with identity k. Thus we
see that the group T (D4gq) of endo-trivial kD,,-modules forms a subgroup of
our group I'(kDy,). Similarly, T(U®Jen(Dy,)) < T(UPJen(Dy,)). In this
section we will study multiplications in T(kDy,) and T(U@Jen(Dy,)), and
we will see that T'(kDyg) ~ T(UJen(Dy,)) via the natural map on I'(kDy,)
fixing all modules.

The endo-trivial kDyg-modules have been classified by Carlson and Thé-
venaz in [9]; it follows from Theorem 5.4 of [9] that the projective-free endo-
trivial modules are precisely {Q%(L®%) : a,b € Z}, where L is the unique

indecomposable module such that the sequence
0— L—kTo'—k—0 (7.1)

is exact, and L®® is understood to mean (L*)®% if b < 0. For exam-
ple, in the case ¢ = 2 we have L = M(XY). Theorem 5.4 of [9] also
describes the group T'(kDy,): we have an isomorphism Res : T(kDg,) —
T(kH) ® T(kH') ~ Z @ Z where Res(M) = (), (M |xx), ), (M|cgn)), with
H = (z9,y) and H' = (29, zy) the two subgroups of Dy, isomorphic to the
Klein four-group. Explicitly, the map Res is given by ReS(Q‘b4q(L®b)) =
((Q¥F°(k), 2%%(k)) modulo projectives. Exactly the same method shows
that Res : T(UPJen(Dy,)) — T(k(A, X)) ® T(k(A,Y)) ~ Z & Z is an iso-

morphism, where

(logz 9)—1
A= (XYY + (XYY X +Y(XY)Pr 4 Y (XY)2 4 (v X)r?)
1=0

and k(A, X) and k(A,Y’) have co-multiplication as in U@ Jen(V}). From this
it is clear immediately that T'(kDy,) ~ T(U@Jen(D,,)) and that we must
also have T(UJen(Dy,)) = {Q%(L®) : a,b € Z}.
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To see that multiplication in T(Dy,) is exactly the same as multiplication
in T(UP Jen(D,,)), note that since Res is injective it will be sufficient to show
that Res(M ®; N) ~ Res(M ®, N) for all M and M endo-trivial. Since Res is
a homomorphism of abelian groups we have Res(M®; N) = Res(M)®Res(N)
under the tensor product multiplication in kVj, and also Res(M ®,; N) =
Res(M)®Res(N) under the tensor product multiplication in U Jen(V;). But
since Res(M) and Res(IV) are both modules of the form €, (k), we have seen
in Section 4.4.2 that the product Res(M) ® Res(N) is the same under both
tensor product multiplications. This gives us Res(M ®; N) ~ Res(M ®; N)
and hence M ®, N ~ M ®; N as required.

7.1.3 The restriction map applied to all indecompos-
able odd-dimensional modules

It is clear that the map Res; : T(kDy,) — T(H) ® T(H') and the map
Res, : T(U®Jen(Dy,)) — T(k(A, X)) @ T(k{A,Y)) of the previous section
can be extended naturally to maps Res; : I'(kDy) — A(kH) x A(kH')
and Res, : ['(UPJen(Dy,)) — A(k(A, X)) x A(k(A,Y)), by again taking
Res(M) = (M|gy, M|rm) modulo projectives in both cases. Note that
Res;(M ®; N) = (M|gg ®; Nlxg, M|gg ®; Nlkg) for ¢ = 1,2, so Res
preserves the tensor product multiplication. The facts that enable us to
deduce that M ® N ~ M ®; N when M, N € T(kD,,) are (i) the in-
jectivity of Res on T'(kDs,) and T(UPJen(D,,)), and (ii) the fact that
(U VU 1 V') = (U V,U ®; V') for all (U,U’'),(V,V') € im(Res).
So, in investigating the properties of Res when applied to the whole group
[ of odd-dimensional modules, we will pay particular attention to whether

these two properties hold in the general case.
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Recall that the image of Res on T(kDy,) is {(S%,(k), %, (k) : r,s € Z}
which is precisely the set of pairs of endo-trivial kV;-modules. By Lemma
2.9 of 9], any module M with (M |iz, M|xm) € {(Q,(k), 4, (k) : 7,5 € Z}
modulo projectives is endo-trivial. So, the set of endo-trivial £Ds,-modules
Is precisely the set of modules with restrictions of this form, and we must
expect the appearance of summands corresponding to band modules for kV
in the elements of Res(I'(kDy,)).

The endo-trivial k£Dy,-modules can be located in the Auslander—Reiten

quiver via the following theorem of Karin Erdmann [14]:

Theorem 7.1.6 Let L be the endo-trivial kD,,-module defined by the short

exact sequence

O———»L—»kay‘;"—»k—m

of Section 7.1.2. There exist irreducible maps L® — Q YL®U+Y) and

L® — Q~YL®T-Y) for all T € 7Z.

This tells us that the endo-trivial kD4,-modules are precisely the modules
lying in the stable Auslander—Reiten quiver components of k¥ and L, which
have structure as shown on page 104.

Replacing each label M of these quiver components with the label (r, s)
where Res(M) = (Qf,(k), 23, (k)), we get the pictures on page 105.

The fact that all endo-trivial modules are located in these components—
and the patterns observable in these pictures—suggest that a sensible ap-
proach to studying the properties of Res on I'(kD,) could be to look at how
the images of modules under this map relate to the position of modules in

the stable Auslander—Reiten quiver.
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Figure 7.4: The stable Auslander—Reiten quiver components of k¥ and L
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Figure 7.5: Restrictions of the stable Auslander-Reiten quiver components
105

of k and L



The restriction map and the Auslander—Reiten quiver

Let M be an odd-dimensional indecomposable A-module. We know that M
lies in a stable Auslander-Reiten quiver component of structure ZAL; we
look at how the restrictions to H and H’ of all modules in this component

are related.

First we note that M|y and M|z must both be of the form
C @ Q" (k) @ projectives

for some n € Z and some C a direct sum of non-projective even-dimensional
indecomposable kVj-modules (possibly zero). For, we have seen in the proof

of Lemma 7.1.1 that M|xy = k @ projectives. We have
Q0" (k)|(xy = k @ projectives

and M|xy = (M|g)|(x). Hence there cannot be more than one summand
of the form Q"(k) in M|g. In fact, there must be precisely one, since M is
odd-dimensional and hence must have at least one odd-dimensional indecom-
posable summand. An analogous argument looking at M|y will provide the
same result about the structure of M|g.

We now use the following result to relate the structure of restrictions of
other modules in Auslander—Reiten quiver component of M to the structure

of MIH and MlHIZ

Proposition 7.1.7 ([6], Proposition 4.12.10) Let G be a group with sub-

group G'. An Auslander—Reiten sequence

0— P(M)—E-—M-—0

of kG-modules splits on restriction to G’ if and only if G' does not contain a

vertex of M.
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Applying this in our situation, every odd-dimensional kD,,-module has
vertex Dyg. So, every Auslander-Reiten sequence of odd-dimensional kDy,-
modules must split on restriction to H and on restriction to H'.

Suppose for simplicity that M does not lie in the Auslander—Reiten quiver
component of the projective indecomposable module (this can be treated
separately with minor modifications to the arguments below). Then the

Auslander-Reiten sequence terminating in M is of the form

0— QM) —UsdV —M-—0

with U and V' odd-dimensional and indecomposable. Then, by Proposi-

tion 7.1.7, we have
UeV)|g~Mgd P(M)|g~Mgo Q*(M|y) ® projectives,

since Q2(M)|g ~ Q*(M|y) @ projectives.

We consider first the non-projective even-dimensional summand C of
M|y. It is clear, since the string module M does not involve any param-
eters, that C = ) _0,C,(0) for some a, € k. These modules all satisfy
Q(C,(0)) = C.(0), from which we see that Q?(M)|g has exactly the same
non-projective even-dimensional indecomposable summands as M|g. Then,
by Proposition 7.1.7, any such summand appearing in U|g must appear in
M|y. Applying the same argument to Ulg and Q72(U)|x, we see that any
indecomposable non-projective even-dimensional summand C,(0) appearing
in M|y must occur in Ulg. So, we see that exactly the same such sum-
mands must occur. Periodicity of these modules and iteration of the above
argument then tells us that this must be the case for any module N in the
Auslander—Reiten quiver component of M; it remains only to see whether

the multiplicities may differ.
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Let C,(0) be some indecomposable even-dimensional module which oc-
curs in M|y. Let n,(M|g) be the multiplicity of C,(0) as a summand of
M|y, and similarly for other kDs;-modules. Then, by Proposition 7.1.7,
n(Ule) + ne(Vig) = no(M|g) + n.(Q2(M)|g) = 2n,(M|x), since we have
n(Q*(M)|u) = n.(M|g) as C.(0) is periodic of period 1. For exactly the
same reason we have n.(Q7?(U)|y) = n,(U|y) and hence n,(Q~2(U)|x) +
n:(Vln) = 2n,(M|g). This applies at every point in the Auslander—Reiten
quiver component, which tells us that n,(—|y) : ['(kDy) — Ny gives a
subadditive function on each copy of A% in the component. It is easy to
see that every subadditive function on A% is constant (for example, see the
proof of Proposition 4.5.7 (ii) in [6]). The constant must be the same in all
cases, since n.(Q(M)|y) = n.(M|y) for all t € Z. Hence each module in
this Auslander—Reiten quiver component has exactly the same non-projective
even-dimensional summand when restricted to H.

Now consider the odd-dimensional summand Q*(k) of M|y. By Propo-
sition 7.1.7, (U ® V)| ~ Q"(k) ® Q"*?(k) @ (even-dimensional summands).
So, either

Ulg = Q" (k) @ (even-dimensional summands)

and

Vg = Q"*%(k) & (even-dimensional summands),

or vice versa (since both restrictions must have exactly one odd-dimensional
indecomposable summand). Suppose U|y has odd-dimensional summand

Q" (k). Look at the Auslander-Reiten sequence
0— Q*(U) — C(MyoM — U —0.

By applying Proposition 7.1.7 again, we see that M'|y has odd-dimensional

108



summand Q"(k). Repeating this process we see that the exponent n will
be constant along a diagonal through M and all other diagonals parallel to
this. Conversely, if U|y has odd-dimensional summand Q%*2(k), then we get
exponents constant along the other diagonal through M and all diagonals
parallel to this.

Shown pictorially, we have seen that, modulo projectives, the restrictions
to H of modules in the Auslander-Reiten quiver component of M (given
by their positions in the Auslander—Reiten quiver) must be either as in the
picture on page 110, or the component obtained by taking this picture and
reflecting it in any horizontal line.

The same arguments will apply to restrictions to H’. So, either restric-
tions to H and restrictions to H' are the same for all modules in this com-
ponent, or we get constant exponents on the two different diagonals for the
two different subgroups H and H'.

It can be seen, however, that we do not have U|g ~ U|y for all modules
U in this Auslander-Reiten quiver component. For, suppose U|yg ~ Ulg. If
U is given by a word beginning with X, consider the module V formed by
adding a “hook” of the form

N

N A

to U (this corresponds to Benson’s operation L,;). When restricted to H, we

get Ulg @rD for some 7. However, when restricted to H’, the extra part
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will be “connected” to U|y. Hence V|g % V. If U is given by a word
beginning with X!, consider the module V formed by adding a “hook” of

the form

7N

(this corresponds to L;l). Then we again have V|g ~ Ulg @ rD # V|g.
This covers all possibilities for U (up to equivalence of words under ~).

So, we can see that if we replace each vertex M in the Auslander—Reiten
quiver with a label (M|g, M|g/) modulo projectives, we will get a pattern
for all components of odd-dimensional kDs,-modules as shown on page 112,
where C; = >, ,C,(0) for some a, € k and C; = }_, 3,C;(0) for some

B; € k. The projective summands of each restriction can then be calculated

by considering dimensions.
Properties of the restriction map

We have noted above that, for M an odd-dimensional A-module,
Mg =) _0xC.(0) ® Q°(k) ®mD.

Let N be another such module. Consulting our tables for multiplication
in A(kV,) and A(UPJen(V})) in Section 4.4.2 and Section 6.1, we see that
any tensor products involoving only modules of the form C,.(0) for r € N
and Q°(k) for s € Z and D will be the same in both Green rings. So, we

have M|y ®1 Nlg ~ M|ng ®2 N|g. Similarly, we also have M|y ®; N|p ~
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M|g @3 N|g. In other words, (U@, V,U' @, V') = (U, V,U' @, V") for all
U, U),(v, V') € im(Res), the second of the two properties of the restriction
map on endo-trivial modules which we were particularly interested in.

We now address the question of whether Res may be an injective map on

I'(A).
Lemma 7.1.8 The map Res: I'(A) — A(kH) x A(kH') is not injective.

Proof: This can be seen easily by providing two modules with the same

image under Res: for example,

N
NS NA

2 VAN
N A

are both A-modules for any q > 2, and both have image
(C2(0) ® C1(0) ® k, C2(0) & C1(0) @ k)
under Res if ¢ = 2, or image
(3C1(0) & k,3C1(0) ® k)
under Res if ¢ > 2. 0

It follows from this result that we cannot argue as we did for T'(kD,,) and

T(U 2 Jen(D4,)) to show that tensor product multiplications are the same in
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['(kDy,) and T(U [2]Jen(D4q)). We now look at how common such pairs of
modules with the same image under Res are: this can be thought of as an
investigation of how far the map Res is from being injective. To do this
we consider the number of modules of dimension 2n + 1 and the number
of possible images under Res of such modules, and compare how these two
numbers increase as functions of n. Since we are interested primarily in
limiting behaviour, let us assume that q is arbitrarily large. That is, assume
that ¢ > 2n, which will ensure that the indecomposable kDy-modules of
dimension 2n + 1 are the same as the indecomposable kDo,-modules of this
dimension.

In Ringel’s paper giving the construction of the indecomposable modules
for dihedral 2-groups [28], it is shown that there are 2** = 4" indecomposable
kD4,-modules of dimension 2n + 1.

Let M be an indecomposable kDy;-module of dimension 2n+1. We have
Mg =5, a.C.(0) ® (k) @ mD for some r,m € N, o, € k, s € Z. Now

dim C,(0) = 2r. Hence, if 7’ is the largest integer with a, # 0, we have that

v v~
/I

1 aq

must partition some number less than or equal to n. So, the number of pos-
sible non-projective even-dimensional summands C = }__ 0,C,(0) of M|y
must be at most Y i, p(t) where p(t) us the number of partitions of ¢.
Looking now at the odd-dimensional summand Q°(k), we have dim Q*(k) =
2|s| + 1, So there are at most 2n possible £2°(k) which could appear in our
restriction. If C and Q°(k) have been chosen, then the number of projective
summands m of M|y is then determined by dim M = dim M|y. So, the

number of possible restrictions to H of kDsg-modules of dimension 2n + 1 is
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certainly at most 2n.Y ;. | p(t).

Similarly, the number of possible restrictions to H’' of kD,,-modules of

dimension 2n+1 is at most 2n. "7, p(t). So, the number of possible images

under Res of such modules is at most

(271. Zp(t)) < (2n2p(n))2 = 4n4p(n)2 ~ ;L—;ez”\/ég/3

by Stirling’s Formula for the number of partitions of n. It is clear even
from this crude estimate that the number of indecomposable kDj,-modules
of dimension 2n + 1 grows much faster as n increases than the number of
possible images of such modules under the map Res. So, we see that in the
limiting case where g and n are large, the map Res is increasingly far from
being injective. This tells us that the example given in Lemma 7.1.8 is far
from being an anomaly, and shows that we have no hope of adopting the
methods used in section 7.1.2 to show that multiplications in I'(kD4,) and

T'(UPJen(Dy,)) are always the same.

7.1.4 Tensor products and Auslander—Reiten theory

In this section we shall look at how tensor products of odd-dimensional
kD4,-modules or U 2 Jen(D,,)-modules are related to the Auslander—Reiten

quiver; this will allow us to make a substantial reduction to the problem of

determining whether M ®; N ~ M ®, N for all odd-dimensional indecom-
posable kDy,-modules M and N.
The key tool in this section will be a theorem of Green, Marcos and Sol-

berg [18]. First we require the following definition explaining the terminology

used in [18].
Definition 7.1.9 Let H be a finite-dimensional Hopf algebra with $? = idy
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over an algebraically closed field k. A splitting trace module is a finitely gen-

erated indecomposable H-module such that char(k) does not divide dim M.

Note that this is not the original definition of a splitting trace module:
the original definition and an explanation of why the terminology chosen is
appropriate can be found in Proposition 3.1 and Corollary 3.2 of [18]. The
definition taken above comes from the result of Proposition 3.3 of [18]; from
this definition it is clear that all odd-dimensional A-modules are splitting

trace modules.

We can now state the result we need on tensor products and Auslander—

Reiten sequences:

Theorem 7.1.10 ([18, Theorem 8]) Let H be a finite-dimensional Hopf
algebra with S? = idy, and let M be a splitting trace module. If

0 —7(k) — E—k—0 (7.2)

15 an almost split sequence, then
00— MQ7k) W M®E — M —0
is an almost split sequence modulo injectives.

This result was generalised from the case where H is a group algebra; two
formulations of the original result can be found in [1, Theorem 3.6] and [7,
Proposition 2.15].

We can now use Theorem 7.1.10 to prove the following lemma describing a
particular tensor product. First recall Benson’s description of the Auslander—

Reiten sequences of odd-dimensional A-modules outlined in Section 4.4.3.
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Lemma 7.1.11 Let M be an odd-dimensional A-module. We may assume
that M = M(w) where w is a word beginning X¢ for some € € {£1}. Then
the tensor product M(w) ®; QL) = M(wR,) modulo projectives for both

1=1 andi = 2.

Proof: The following proof holds for both « = 1 and ¢ = 2; we therefore
drop the subscript 7.

The almost split sequence terminating in & is
0— Q) — QUL)B QL") — k — 0.
So, by Theorem 7.1.10,
0 — M(w)® Q*(k) — Mw) QL) ® M(w) @ QL*) — M(w) — 0

is almost split modulo projectives. But, by Benson'’s construction, the almost

split sequence terminating in M (w) is
0 — M(wR,L,) — M(wRq) ® M(wLy) — M(w) — 0.

Since the almost split sequence terminating in a particular module is unique
up to isomorphism, we must therefore have either M(w) ® QL) = M(wR,)
or M(w) ® (L) = M(wL,) modulo projectives.

We now look at restrictions to H = k(A, X) ~ kVy. Suppose M|y =
S 0y Cy(0) ® () © nD. Then (M(w) ® ALYl = Mw)ls ® L) =
(Y 0, C,(0)DQ(k)dnD)@(Q*(k)emD) = 3 a,C-(0)®Q2(k)®projectives
by our tables of multiplications for kVi-modules and U 2 Jen(V})-modules.
So, it is enough to show that M(wLq)|m # _ arCi(0) @2 (k) @projectives.

From the work in Section 7.1.3 on restrictions to Klein-four subgroups

and Auslander—Reiten quiver structure, we know that either
M(wLg)|H = Z a,C,(0) ® Q%(k) @ projectives
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or
M(wLg)|g = Z a,C,(0) @ Q'(k) & projectives,

since there exist irreducible maps M(wL,) — M(w). Suppose, for a con-
tradiction, that M(wL,)|x ~ 3" ,C,(0) ® Q+2(k) @ projectives. Note that
dim M(wLq) = dim M (w)+£2q (according to whether M (wL,) is obtained by
adding or removing a hook from M (w)). Also, dim Q**2(k) = dim Q'(k) + 4
(according to whether |t + 2| is greater or less than |t|). So, by comparing
dimensions, our assumption tells us that the number of projective summands
of M(w)|s and M(wLg)|y must differ either by +(q—2)/2 or by (g +2)/2.
We will show that this is not the case.

First consider the case where wL, = X1 (Y"1 X~1)9"'Yw. Let vy, s, ...
vg—1 be the first ¢/2 odd numbered basis elements of the corresponding nat-
ural basis for the string module M(wL,). Then for i € {1,3,...,q — 1} we
have AXv; # 0, so v; must be the top of a projective kH-module, which
must then be a direct summand of M(wL,)|g. But any element v which is
the top of a projective summand of M(w)|y will clearly also be the top of a
projective summand of M(wL,)|g. So, in this case M (wLgq)|x has ¢/2 more
projective summands than M (w)|x.

Now consider the case where w begins with (XY)? ' XY ! and wL, is
obtained from w by cancelling this part. Then the natural basis elements
Vg2, Ugtd, - - -, Uzg Of M(w) will all be the tops of projective summands of
M (w)|zr; all projective summands of M(wLg)|g will also correspond to pro-
jective summands of M (w)|g. So in this case M (w)|g has g/2 more projective

summands than M(wL,)|g. 0

We now use this to show how products of elements in the groups I'(kDy,)
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and I'(U [2]Jen(D4q)) are related to the structure of the Auslander-Reiten

quiver.

Theorem 7.1.12 Let M = M(u) and N be odd-dimensional indecomposable

A-modules. Let r € {1,2} and suppose M(u) ® N = M(w). Assume that
u and w both begin X¢ for some ¢ € {£1}. Then for alli,j € Z we have
M(uR:L}) ® N ~ M(wR!L}).

Remark: Recall that the elements M (uR:L)) for 4, j € Z are the vertices of
the Auslander—Reiten quiver component containing M, with their position in
the quiver relative to M determined by the indices ¢ and j. So, this result tells
us that the component on M @ N can be obtained by taking the component
of M and replacing all vertices with their image under the map U + U®N.
So, tensoring with N induces a graph isomorphism from the component of
M () to the component of M (w). Alternatively, Theorem 7.1.12 says that, if
we know M ® N then U ® N is determined for all U in the same Auslander—
Reiten quiver component as U, since U ® N is determined by its position
relative to M ® N in the corresponding component.
Proof of Theorem 7.1.12: As for Lemma 7.1.11, we drop the subscript r
and provide a proof that holds for both 7 =1 and r = 2.

First we look at modules in the same column of the Auslander-Reiten

quiver as M (u); that is, we show that

MuRIL;Y) @ N = M(wRLL;Y) for all i € Z. (7.3)

We prove this for ¢ > 0 by induction on ¢ the case i < 0 is analogous

using induction on —éi. The base case i = 0 holds by definition. Assume

M(uRTLI) @ N = M(wR{™ Lg™"). Now

MuRL)® N = 02(k) @ MuRA L) @ N
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by Ringel’s construction for taking even powers of 2 [28]. Then, by two

applications of Lemma 7.1.11, this is

Q-2(k) ® N2(L%%) ® M(uR-'LI) @ N,

which equals

0-2(k) ® (P(1%) © M(wh; 1L1)

by the inductive hypothesis. Then, applying Lemma 7.1.11 again, this is

Q-2(k) ® M(wRLH L1~%). Finally, Ringel’s construction tells us that this is
M(wR:L;") as required.

Now we look at modules in the preceeding column of the Auslander—
Reiten quiver; that is, the modules E such that there exist irreducible ho-
momorphisms £ — M, and all other modules in the same column. So, we

show that

M@uRFL,) ® N = M(wRF\LT") for all i € Z. (7.4)

As above, we can prove this by induction on 7 and —4. Here we give the case

i > 0. For the base case i = 0, we have M(uR,) ® N = Q(L) ® M(u) ® N by

Lemma 7.1.11. By definition this is Q(L) ® M (w), which equals M(wR,) by

Lemma 7.1.11. Now suppose M (uRiL1™") @ N = M(wR;L;™*). By Ringel’s
construction, M(uR:L) @ N = Q-2(k) ® M(uRi2L1=") ® N. Two ap-

plications of Lemma 7.1.11 show that this is

0-2(k) ® 2(L%%) ® M(uRILFT) ® N.

By the inductive hypothesis this is Q2(k) ® Q2(L®?) ® M(wRLLI=%). Then
using Lemma 7.1.11 and Ringel’s construction again, this is M (w Rf]“ L;i)

as required.
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We can now use (7.3) and (7.4) to look at the general case M(uR:LJ).

This will be done in two cases, according to whether i + j is even or odd.

First suppose ¢ + j is even. Then we can re-write M (uRéLZ) ® N as

M (uRGD LGP DR %) o

which is

Qi+ (k) @ M(uRSI2LI-9% @ N

by Ringel’s construction. Then by (7.3) this is

QU+ (k) ® M(wRSIi—j)/ngj—i)ﬂ)

and applying Ringel’s construction again this is M(wR; L] ® N) as required.

Similarly, if ¢ + 7 is odd, we write M (uRfILZ) as

M(uRc(Ii—j—1)/2+1L(—1—(i—j—1)/2+1R((Ii+j—l)/2L((Ii+j—1)/2) ® N,

which is

Q(H.j_l)(k) R M(uR((Ii—j—1)/2+1Lq—(i-j—1)/2) QN

by Ringel’s construction. Then by (7.4) this is

QG+H-1(k) ® M(wR((Ii—j—l)/HlL;(i-j—1)/2)

and by Ringel’s construction this is M(wR}L?). Hence

M(uRiL}) ® N = M(wR.L})
in all cases. 0

Relating this to our problem of comparing the two groups I'(kD4,) and

I'(UPJen(Dag)), what this tells us is that if M ®; N ~ M ®; N then we have
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U®; N ~U ®; N for all U in the Auslander-Reiten quiver component of M.
So, in order to show that all multiplications in I'(kDj,) and T'(U 21 Jen(Dyy))
are the same, it would be sufficient to restrict our attention to multiplications
involving only a subset of the odd-dimensional kD,,-modules, containing one
appropriately chosen module from each Auslander—Reiten quiver component.
For example, we could take a module M of minimal dimension from each
component.

We conclude this section with some remarks on the class of modules
described above. First, note that this class does not form a subgroup of
['(kDy,) of T(UPJen(Dy,)). For example, the module L is of the form de-
scribed above, but L®? (in either group) lies in the same component as the
trivial module £ and thus is not of this form. Second, the subgroup generated
by all modules of this form is an infinitely generated subgroup of I'(kDy,) and
of I'(UPJen(Dy,)). To see this, look again at the proof of Theorem 7.1.5: the
modules used in this proof to show that I'(kDy,) and T'(U#Jen(D,,)) are not
finitely generated are all of minimal dimension in the relevant components
of the Auslander—Reiten quiver (since applying R, or L, will increase the
dimension in all cases). Hence we would need an infinite set of generators

for any subgroup of I' containing all these modules.

7.1.5 The action of T'(A) on I'(A)

The group T'(A) of endo-trivial A-modules, whose multiplication we can de-
scribe fully, is a subgroup of the group I'(A) of odd-dimensional A-modules.
Another way to look at their relationship is to note that T(A) acts via ten-
sor product multiplication on ['(A). Theorem 7.1.12 of the previous section

allows us to describe the orbits of this action.

122



Theorem 7.1.13 Let T(A) act on T'(A) by tensor product multiplication
modulo even-dimensional modules. The T(A)-orbit of a module M € T'(A)
under this action is determined by the AR quiver structure as {N : N lies in

the AR quiver component of M} U {N : N lies in the AR quiver component
of U(M)}.

Proof: The modules in T'(A) are precisely the modules lying in the AR quiver
components of k and (k). The orbit of M is the set of products of M with
all such modules. But, by Theorem 7.1.12, taking all such products modulo
even-dimensional summands gives us precisely the AR quiver components of
k® M =M and Q(k) ® M = Q(M). Hence the modules lying in these two

components must be precisely those in the T'(A)-orbit of M. D

7.1.6 Some products which can be seen to be the same
in both Green ring quotients

We conclude this chapter by discussing some classes of tensor products where

it can be seen that M ®; N ~ M ®, N, providing some further justification

for the hypothesis that the natural map

A(kDyg)  A(UPen(Dyg))
A(kDyy;2)  A(UBJen(Dyg);2)

given by fixing all modules will be an isomorphism of rings.
Multiplying by an endo-trivial module

We have already seen in Section 7.1.2 that it M and N are both endo-trivial

modules then M ®; N ~ M ®; N. However, the results of the previous

section allow us to go further.
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Theorem 7.1.14 Let M be an indecomposable endo-trivial A-module and

let N be any odd-dimensional indecomposable A-module. Then M ®; N ~

—— e

M ®, N.

Proof: From the classification of the endo-trivial modules by Carlson and
Theévenaz [9], we know that M must lie in either the Auslander—Reiten
quiver component of the trivial module k, or the Auslander-Reiten quiver

component of (k). So, by Theorem 7.1.12 it is enough to check that

k@1 N ~ k®; N and Q(k)®, N ~ Q(k) ®, N. But this is clear, since
k®; N~ N and Qk) ® N ~Q(N) fori=1,2. O

Multiplying by M(X (Y X)¥/2-1(y-1X~1)e/2-1y 1)

Let M = M(X(YX)¥?"}(y~1X~1)9/2-1y~1) throughout this section. We
will describe a method for constructing M ®; N for i € {1,2} and N any odd-

dimensional indecomposable kD,;-module. This method will not depend on

i, showing that M & N ~ M ®, N.
Note first that M is characterised by the short exact sequence

0—>k-—>kT:€$"——>M—>O.

Taking the tensor product with N, we have a short exact sequence

0— N — kT &N — M & N —0

which will uniquely characterise M ®; N. So, it will be sufficient to check
that k T:i{‘;’ ®; N does not depend on 7. But, by the Nakayama relations for
induction and restriction (see, for example, [6, Proposition 2.8.3 and Propo-
sition 3.3.3]), we have k T,’:ﬁf)" N =~ (k ®; Nlga)) 1¥P%= (N|ga)) 1*P1a

which indeed does not depend on 3.
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As an example of this method of calculation, look at the case ¢ = 2.
Then M = M(XY~!) and the induced module—which we shall call B— has

structure

X Y
k Teon=
Y X

We now use the method described above to see that M®™ = M((XY™1)")
for all 7 > 1. For r = 1 this is trivially true. Suppose the result holds
for r — 1. By the method above, we should look at (M®T=1], ay) TPe. But
Wlkm) is just 2r+1 copies of the trivial module, so (MO 4y) THPe=
(2r + 1)B. To find M® we then take the quotient of this by M®r-1) and

select the odd-dimensional summand:

X Y X Y X Y

It is clear from this diagram of modules that this is M((XY~)") as claimed.

7.2 Summary of the approach of Chapter 7

In this chapter we have looked for evidence which might support Conjec-
ture 7.0.2, stating that the two Benson—Carlson quotients we are comparing
are naturally isomorphic. In particular, we have presented two alternative ap-

proaches to reducing the problem of proving this conjecture: in Section 7.1.1
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we saw that it would be sufficient to prove that the two groups which allowed
us to realise the Benson—Carlson quotients as group rings are isomorphic; in
Section 7.1.4 we saw that we can use Auslander-Reiten theory to reduce the
problem to proving that all tensor products of modules in a certain class are
the same for both algebras. The remainder of the chapter consists of work

done following these two approaches and details how much progress has been

made on the problem.
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Chapter 8

Realising the Benson—Carlson
quotients as group rings

In the previous chapter we saw, as a consequence of Theorem 7.1.2, that
the Benson—Carlson quotients of a dihedral 2-group and the corresponding

Jennings algebra can be realised as group rings over Z. That is, we have

A(kDyy,)
A(k‘D4q; 2)

~ ZF(/CD4Q)

and
A(UPJen(Dy,))
AU Jen(Dyy,); 2)

for some groups I'(kDy,) and ['(U®Jen(Dy,)). In this chapter we will show

~ ZI' (U Jen(Dy,))

that similar results hold for the 2-groups Cy» and V; studied in Chapters 5 and
6. Furthermore, in these cases—unlike the case of the dihedral 2-groups—we

are able to identify the groups in question.

8.1 Cyclic 2-groups

Let k be an algebraically closed field of characteristic 2. We will look at
the Benson—Carlson quotient A(kCan)/A(kCan;2); it can be seen that results
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analogous to those in this section will hold for the Benson—Carlson quotient

of the corresponding Jennings algebra U@ Jen(Csn).

Theorem 8.1.1 The Benson—Carlson quotient of kCar satisfies

A(kCyn)

where there are n — 1 copies of Cy in the direct product.

~ Z(Cy x -+ x Cy),

Proof: We begin by showing that cosets of odd-dimensional indecomposable
kCan-modules form a group I'(kCs») under multiplication in the Benson-
Carlson quotient. As in the case of the dihedral 2-groups, this shows that
the Benson—Carlson quotient can be realised as a group ring over Z.

First we show that the product of any two odd-dimensional indecompos-
able kCyn-modules has exactly one odd-dimensional indecomposable sum-
mand; this ensures that we have a well-defined multiplication for our group.
We prove this by induction on n. It is immediately apparent that this holds
for n = 1, since the only odd-dimensional indecomposable kC>-module is
the trivial module. Let Con = {g), let H = (g°) ~ Can—1 and suppose
we have a well-defined multiplication for odd-dimensional indecomposable
kH-modules.

The indecomposable kCy»-modules are Mj, ..., Ma», where g acts on M;
as a Jordan block matrix of size 7 with eigenvalue 1. Let My, and My
be any two odd-dimensional indecomposable modules. It can be seen that

Moii1|m ~ M; ® M4, as kH-modules for 0 <7 < 27"—1 _ 1. Hence

(Maip1 ® Majy1)|n = Moo @ Majiln
~ (M; ® Mit1) ® (M; © M)
~ (Mz X M]) @D (Mz & Mj+1) b (Mi-{—l X MJ) ) (Mi+1 & Mj+1).
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These four summands are (in some order)
(i) the product of two even-dimensional kH-modules

(ii) the product of an even-dimensional kH-module and an odd-dimensional

k H-module

(iii) the product of an odd-dimensional k H-module and an even-dimensional

kH-module

(iv) the product of two odd-dimensional kH-modules.

Proposition 4.2.2 tells us that all summands of the products (i), (ii) and (iii)
must be even-dimensional. Our inductive hypothesis states that the fourth
product must have precisely one odd-dimensional inedcomposable summand.
So, we see that (Ma;y1 ® Maji1)|m has precisely one odd-dimensional inde-
composable summand. Any odd-dimensional indecomposable summand of
Msit1 ® Mjj41 will produce an odd-dimensional indecomposable summand
upon restriction to H. Hence M1 ® Ms;41 has at most one odd-dimensional
inedecomposable summand; since it is odd-dimensional it must have precisely
one such summand, as required.

As in Theorem 7.1.2, it is clear that our multiplication will be associative
and commutative, and that the trivial module & will be a multiplicative
identity. By Theorem 4.2.5, the trivial module k£ will be a direct summand
of M ® M* for any odd-dimensional indecomposable kCy»-modules M; the
fact that our multiplication is well-defined then gives M ® M* = k modulo
A(kCyn;2). Hence M* is the inverse for M. This completes the proof that

A(KCyn)

~ ZT(kCan)
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for some abelian group ['(kCsyn).

To identify T'(kCpn) it is sufficient to note that M* ~ M for all inde-
composable kCj--modules; this tells us that all elements of ['(kCan) are
self-inverse. Hence I'(kCy) is an elementary abelian 2-group. The or-
der of I'(kCyn) is given by the number of odd-dimensional indecomposable

kCyn-modules, which is 2*~!. Hence ['(kCan) is a product of n — 1 copies of
Cs. a

8.2 The Klein four group

Let k be an algebraically closed field of characteristic 2.

Theorem 8.2.1 The Benson~Carlson quotient of kVy can be realised as a

group over Z via the isomorphism

A(kVa)

Proof: The odd-dimensional indecomposable kVj-modules are {Q7(k) :
r € Z}. These multiply in A(kV,)/A(kV4;2) as Q7 (k) ® Q*(k) = Q+5(k)
modulo A(kVy;2). It is clear that this multiplication makes these modules
into a group I'(kV}), which is isomorphic to the additive group of the integers,

or equivalently (written multiplicatively) to the infinite cyclic group Cs,. O

It is clear that an analogous result will hold for the Benson—Carlson quo-

tient of the corresponding Jennings algebra U@ Jen(V,).
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Appendix A

Some composition algebra
relations for a family of cyclic
quiver algebras

Let Q, be the cyclic quiver with two vertices

and let k be any finite field. We define a family of quiver algebras as follows:

kQs
(@, 5)
ks
)
kQs
o5, Ba)
_ k@
Aa2 = 105y

kG
(aBa, BoB)

Ay =

Ao

Agp =

Azs =
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etc. Note that Ay is the algebra defined in Section 2.3. The structures of

the indecomposable projective summands of these algebras are:

A1 =182
1
A= 2 @ 2
1 2
Ag,g = 2 & 1
1
Azo= 2 © 2
1 1
1 2
Ass= 2 & 1
1 2

and so on.

Consider the composition algebras C(4;;). Note that if i < i, and
J1 < Jo, then all A; ; -modules are also A;, j,-modules. The relevant coeffi-
clents in any composition algebra multiplication will be the same. So, any
relation which holds in C(A4;, ;,) must hold in C(A4;, ;,); equivalently, C(A;, ;)
is some quotient of C(A;, j,).

Note that A;; and A, ; are both hereditary algebras. Furthermore, their
quivers are both finite unions of Dynkin quivers of type A. The composition
algebras for such quiver algebras have been completely determined by Ringel
in [36]. Theorem 2.3.5 gives us a complete description of C(As ).

The following table presents relations of degree up to (g) for the composi-
tion algebras C(A1,1) to C(As3). The quantum Serre relations of Section 2.3,
which we have seen must hold in all of these algebras, have been omitted.
Relations which are consequences of those listed together with the quantum

Serre relations have also been omitted.
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Algebra | Degree Relations
C(A11) (}) 12=121
C(A21) | () 122 4 ¢212 = (g + 1)121
) 122 + ¢221 = (g + 1)212
C(Az2) (2) 1221 = 2122
) 122121 = 212122
121221 = 212212
122212 = 121222
12231 = 22182
12812 = 22132
221221 = 212212
C(4s2) | () 12212 + 22172 = 2122% 4 212%1
) 212271 4 217212 = 122122 + 2121%2
(g + 14 ¢ 1)(121221 — 122122) = 12231 — 21322
(g + 1+ ¢ 1)(122121 — 212221) = 22132 — 12312
C(4s3) | (5 122121 4 221221 + 122172 4 212122
= 212221 4 212221 + 212212 4 212212
12231 + (¢ + 1 4+ q71)(122121 + 221221 + 122122)
= 21322 + (¢ + 1 + ¢71)(21%221 + 212212 + 1212%1)
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