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Abstract

This thesis consists of two parts, both of which involve the study of algebraic 

structures constructed via the multiplication of modules.

In the first part we look at Hall algebras. We consider the Hall algebra 

of a cyclic quiver algebra with relations of length two and present a multi­ 

plication formula for the explicit calculation of products in this algebra. We 

then look at the case of a cyclic quiver with two vertices and describe the 

corresponding composition algebra as a quotient of the positive part of a
r^j

quantised enveloping algebra of type Ai •

We then look at quotients of Hall algebras of self-injective algebras. We 

give an abstract result describing the quotient of such a Hall algebra by the 

ideal generated by isomorphism classes of projective modules, and also a 

more explicit result describing quotients of Hall algebras of group algebras 

for cyclic 2-groups and some related polynomial algebras.

The second part of the thesis deals with Green rings. We compare the 

Green rings of a group algebra and the corresponding Jennings algebra for 

certain p-groups. It is shown that these two Green rings are isomorphic in 

the case of a cyclic p-group. In the case of the Klein four group it is shown 

that the two Green rings are not isomorphic, but that there exist quotients 

of these rings which are isomorphic. It is conjectured that the corresponding 

quotients will also be isomorphic in the case of a dihedral 2-group. The 

properties of these quotients are studied, with the aim of producing evidence 

to support this conjecture. The work on Green rings also includes some 

results on the realisation of quotients of Green rings as group rings over Z.
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Introduction

The algebraic structures studied in this thesis, the Hall algebra and the Green 

ring, are both structures constructed by multiplying modules in some way. 

In the case of the Hall algebra, the multiplication is defined by counting 

nitrations of modules; this can be done with modules for any ring satisfying 

a mild finiteness condition. Green rings, by contrast, can only be defined 

with the modules for a bialgebra: the bialgebra co-multiplication is used to 

define the products of modules by taking tensor products. Green rings also 

have an addition given by taking direct sums of modules. As a consequence of 

this, Green rings of algebras of finite type are finite-dimensional over Q. Hall 

algebras have as Q-basis all isomorphism classes of modules for the relevant 

ring, and are thus never finite-dimensional over Q.

Hall algebras were originally used to study filtrations of finite abelian 

p-groups, which can be done by considering the Hall algebra of the p-adic 

integers Z(p). The study of Hall algebras of other rings, in particular of 

hereditary quiver algebras, was later seen to be of importance, largely because 

of the connection between Hall algebras and quantised enveloping algebras 

discovered by C. M. Ringel. In this thesis we shall look at Hall algebras 

of algebras, though we shall be concerned mainly with the case of algebras 

which are not hereditary.

In Chapter 2 we shall look at Hall algebras of cyclic quivers with and
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without relations. We begin by discussing a result of C. M. Ringel on the 

relationship between the Hall algebras of cyclic quiver algebras without re-
rsj

lations and the quantised enveloping algebra of type An-i- We then look at 

algebras of cyclic quivers with relations given by setting all paths of length 

two to be zero, and present a formula which allows us to calculate explicitly 

the product of any two modules in the corresponding Hall algebra (Theorem 

2.2.7). We conclude this chapter by looking at the cyclic quiver with two ver­ 

tices and relations of length two. It follows from Ringel's work that this is a 

homomorphic image of the positive part of the quantised enveloping algebra
r**>

of type A\\ we determine the kernel of this homomorphism (Theorem 2.3.5). 

Some further calculations involving the Hall algebras of a family of related 

algebras also given by a cyclic quiver with two vertices, with certain relations, 

can be found in Appendix A.

In Chapter 3 we look at quotients of Hall algebras of self-injective alge­ 

bras. We begin with a result which describes the quotient of such a Hall 

algebra by the ideal generated by the isomorphism classes of project ive mod­ 

ules (Theorem 3.1.1). We then consider the Hall algebra of a group algebra 

kG and the ideal generated by the relatively H-projective modules for some 

subgroup H < G. We look at the example where G is a cyclic 2-group and 

H is a cyclic subgroup of index 2, and also at a related polynomial algebra. 

We describe a spanning set for our Hall algebra quotient in this case (The­ 

orem 3.2.1) and calculate explicitly the product of any two elements of this 

spanning set.

The Green ring was introduced by J. A. Green as a tool for studying 

direct sums and tensor products of group algebra modules in cases where 

the characteristic of the field divides the order of the group. The definition



of the Green ring extends naturally from the group algebra case to modules 

for any bialgebra. In Chapters 5 to 7 we compare the Green rings of finite 

p-groups G and the corresponding Jennings algebras C7^Jen(G), in cases 

where kG ~ U^ Jen(G) as algebras and the algebra is of finite or tame rep­ 

resentation type. We also compare certain quotients of these Green rings, 

which we shall call Benson-Carlson quotients; these quotients were intro­ 

duced by D. J. Benson and J. F. Carlson, who showed that they have no 

nilpotent elements.

Chapter 5 looks at the case where G is a cyclic p-group, for any prime p. 

In this case the two Green rings considered and hence also the two Benson- 

Carlson quotients are isomorphic (Theorem 5.1.3). Chapter 6 looks at the 

case where G is the Klein four group. In this case the two Benson-Carlson 

quotients are isomorphic (Theorem 6.2.1), but the two Green rings are not 

naturally isomorphic (Theorem 6.1.1).

In Chapter 7 we consider the case where G = D±q is a dihedral 2-group. 

It is conjectured that the two Benson-Carlson quotients will also be isomor­ 

phic in this case (Conjecture 7.0.2). The chapter is devoted to studying the 

Benson-Carlson quotients, with an emphasis on looking for evidence that 

may support Conjecture 7.0.2. The Benson-Carlson quotients are realised as 

group rings over Z (Theorem 7.1.2) and the problem of proving Conjecture 

7.0.2 is reduced to the problem of proving that these two groups are isomor­ 

phic. The properties of the two groups are studied. In particular, we look 

at the subgroups of endo-trivial modules, which are indeed isomorphic. We 

then compare the properties of these subgroups which allowed us to deduce 

this with the properties of the whole groups, looking at properties of the 

map restricting modules to the Klein four subgroups of D^q and its relation-



ship with the Auslander-Reiten quiver structure of D±q . Following on from 

this, we provide an alternative method for reducing the problem of proving 

Conjecture 7.0.2 by looking at the Auslander-Reiten quiver for D4g and the 

relationship between this structure and taking tensor products of modules. 

Finally, we look at some example of products which are the same in both 

Benson-Carlson quotients.

In Chapter 8 we return to the result of Theorem 7.1.2 showing that the 

Benson-Carlson quotient of a dihedral 2-group can be a realised as a group 

ring over Z, and show that analogous results hold for cyclic 2-groups (Theo­ 

rem 8.1.1) and the Klein four group (Theorem 8.2.1).

A knowledge of the following topics of representation theory and related 

areas of algebra will be pre-supposed:

• Simple (irreducible), semisimple, indecomposable, projective and injec- 

tive modules

• Direct sums and tensor products

• The Krull-Schmidt Theorem

• Radicals and socles of algebras and modules

• Self-injective algebras

• Filtrations and composition series

• Long and short exact sequences

• Opposite rings and dual modules

• Induction and restriction of modules



• Vertices of group algebra modules; relatively projective modules

• The Heller operator Q

• Graded algebras

• Global dimension

• Quiver algebras and representations of quivers

• Finite, tame and wild representation types

• Finite-dimensional semisimple complex Lie algebras and their classifi­ 

cation via Cartan matrices and Dynkin diagrams

• Universal enveloping algebras of Lie algebras

• p-restricted Lie algebras and universal enveloping algebras

• Basic Auslander-Reiten theory, including irreducible maps, the Aus- 

lander-Reiten translate r (including the fact that r = Q2 for group 

algebras) , Auslander-Reiten quivers and stable Auslander-Reiten quiv­ 

ers.

All modules in this thesis will be finitely generated left modules, apart 

from dual modules, which must be right modules except in cases where the 

existence of an antipode allows us to define dual modules as left modules (see 

Section 4.1.1).



Part I

Hall algebras

6



Chapter 1

Definitions and background 
material

1.1 Hall algebras

Definition 1.1.1 A ring R is finitary if ExtJj(Mi, M2 ) is finite for all finite 

#-modules M1 and M2 .

The following lemma tells us that, if we wish to determine whether a ring 

is finitary, it is sufficient to check that the defining property holds for all 

finite simple modules.

Lemma 1.1.2 Let R be a ring with Ex£R (Si, 52 ) finite for all finite simple 

R-modules S\, S2 . Then R is finitary.

For the proof of Lemma 1.1.2—and some further discussion of finitary 

rings—see [32, pp. 435-436].

Definition 1.1.3 Let R be a finitary ring. Take the set of isomorphism 

classes [M] of all finite-dimensional .R-modules as the basis for a free vector 

space over Q. For modules M, 7V"i, 7V2 , let FjfljN2 be the number of sub- 

modules MO of M such that M0 ~ N2 and M/M0 ~ NI. Then define a



multiplication on elements of our vector space by

(1.1)
[M]

and linear extension. This gives us an algebra over Q, the Hall algebra H(R) 

olR.

Assuming that R is finitary ensures that (1.1) will always be a finite sum; 

thus the Hall algebra multiplication is well-defined.

The following lemma collects some basic properties of the Hall algebra.

Lemma 1.1.4 1- If [M] occurs with non-zero coefficient in some multi­ 

plication [Ni] o [7V2 ] then there exists a short exact sequence

0 — > N2 — > M — > Ni — > 0.

2. H(R) is an associative algebra with a multiplicative identity.

3. H.(R] is a 1jn -graded algebra, where n is the number of irreducible 

A-modules.

4. Suppose R ~ Rop . For A-modules NI, 7V2 we have

[M]

Proof:

1. This is clear from the definition of [Ni] o [7V2].

2. For .R-modules M, W1} 7V2 , ..., Nt , let F™ „ be the number ofJ v 1 )• •• j 1 v t

nitrations of M

M - MO ^ M! D • • . D Mt = 0 
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such that Mi-i /Mi — Ni for 1 < z ^ t. We have

([N2 ] o [N,]) =
[M] [Y]

Now, given any ^-module Y with F% N ^ 0 and any pair of filtrations

NI Y N2 N3M D MO D o, y D Yb 2 o,

it is clear that the filtrations can be adjoined to give a filtration

NI N2 N3
M D Mo 2 X0 2 0

where the isomorphism M0 ^ y is used to find X0 C M0 corresponding 

to YQ Q V- All filtrations of M with these factors can be found in this 

way. Hence

SO

[M]

A similar argument shows

[M]

The zero module [0#] is the multiplicative identity for H(R).

3. Let Si, . . . Sn be the simple .R- modules. Given an ^-module M, let 

dimM = ([M : 5i], . . . , [M : Sn]) be the vector given by the compo­ 

sition multiplicities of the simple modules in M. Let H(R)d be the 

subspace of H(R) with basis the set of isomorphism classes [M] with 

dimM = d. Then
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as a vector space. If Fjfc^ ^ 0 for some M, TVi, N2 then it is clear by 

refining the filtration M D 7V2 O 0 to a composition series for M that 

dimM = dimA^! + dim7V2 .

4. The dual M* = HomH (M , fc) of a left ^-module M is a left flop-module 

with a(j) defined by (a</>)(ra) = </>(ara) for 0 € M*, a G R, m £ M. Since 

/£ ~ /?op , this allows us to think of M* as a left /^-module.

The coefficient of [M] in the multiplication [Ni] o [N2] is given by the 

number of submodules M0 of M such that M/M0 ~ NI and M0 ~ 7V2 . 

But this is equal to the number of submodules X of M* such that 

M*/X ~ 7V2 * and X ~ AT: *. To see this, just think of what the 

composition structure of M and M* must look like in relation to these 

submodules and quotients: they can be represented as something like

M

This number of submodules is by definition the coefficient of [M*] in 

the multiplication [7V2 *] o

D

Definition 1.1.5 Given a Hall algebra H(R) for some ring R, the composi­ 

tion algebra C(R) is the subalgebra of H(R) generated by the isomorphism
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classes of simple .R-modules.

The Hall algebra was originally studied by E. Steinitz [38] and later by 

Philip Hall [20], who both considered the Hall algebra 7i(Z(p)) of the p-adic 

integers. The finite Z^-modules are just the finite abelian p-groups, so the 

algebra 7i(Z(p)) is a tool for studying nitrations of such groups. Note that 

7i(Z(p)) is a commutative algebra, but that this is not true of Hall algebras 

in general. More information on this Hall algebra and its properties can be 

found in [27, Chapter II].

In this thesis we shall be concerned with Hall algebras 7i(A), where A is 

a finitary algebra over a finite field k. The study of Hall algebras of this form 

was initiated in the 1990s by C. M. Ringel, with a series of papers in which 

he demonstrated some remarkable relationships between Hall algebras and 

quantised enveloping algebras (see Sections 1.3 and 1.4 below for a definition 

of these algebras).

1.2 Twisted Hall algebras

One tool used by Ringel in his study of the relationship between Hall algebras 

and quantised enveloping algebras was the introduction of a "twist" on the 

Hall and composition algebras.

Definition 1.2.1 An algebra A is hereditary if all submodules of projective 

A-modules are also projective.

Let A be a finitary algebra over a finite field k. If A is also hereditary, 

then the Hall algebra H(A) can be "twisted" to form the twisted Hall algebra 

H*(A), also known as the Ringel-Hall algebra.
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Let A be a hereditary algebra. If there are n simple A- modules, we can 

define a bilinear form from N0n x N0n to N0 by setting (dim M, dim N) = 

X^ot-l^dimfcExt^M, AT) for A-modules M and N. It can be shown that 

this form depends only on the dimension vectors dimM and dim N (see 

[36, Section 2]). Since A is hereditary, we have Ext' (M, TV) = 0 for all 

i ^ 2. Hence (dim M, dim TV) = dim^ Hom(M, TV) - dimfc Ext 1 (M, TV) , so the 

bilinear form is given by a finite sum.

We now introduce v satisfying v2 = \k\. If \k\ is a square in Q then take 

the positive square root. If not, then extend the field of coefficients for *H(A) 

by taking H*(A) = H(A) ®Q Q(v) as a vector space over Q(i> ).

Definition 1.2.2 Let A be a finitary, hereditary algebra over a finite field 

k. We construct the twisted Hall algebra 7i*(A) by taking the Q(i>)-space 

= H(A) <8>Q Q(v) and defining a multiplication by

* [TV2 ] - V dim^.dini

for A-modules TVi, TV2 , and linear extension.

Lemma 1.2.3 The twisted Hall algebra 7i*(A) is associative and IS1 -graded.

Proof: To see that 7i#(A) is associative, we simply check that

[Ni] * ([TV2 ] * [TV3 ]) = ^^(dim^'dim^)^] o ([TV2 ] o [TV3]) 

and

* ([TV2 ] * [TV3]) = ^^'dim^) ([7VX ] o [TV2]) o [TV3 ].

Associativity then follows from part 2 of Lemma 1.1.4.

The proof that H*(A) is Zn-graded is exactly the same as in part 3 of 

Lemma 1.1.4. D
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Definition 1.2.4 Given a twisted Hall algebra H*(A), the twisted compo­ 

sition algebra C*(A) is the subalgebra of H*(A) generated by the simple 

A-modules.

1.3 Kac— Moody algebras

The construction of a quantised enveloping algebra begins with a generalised 

Cartan matrix corresponding to a Kac-Moody algebra. A Kac-Moody al­ 

gebra can be thought of as a generalisation of a finite-dimensional semisim- 

ple complex Lie algebra. We begin by recalling some material relating to 

such Lie algebras. Let L be a finite-dimensional semisimple Lie algebra 

with n roots and Cartan matrix A — (a^), which must correspond to some 

Dynkin diagram of type A-G. Then L is generated as a Lie algebra by el­ 

ements {xi,yi,hi : I ^ i ^ n} which satisfy the following relations for all 

i, €
(i)
(ii)
(hi)
(iv) [hi,yj] = -
(v)
(vi)

Relations (i)-(iv) are the Weyl relations; relations (v) and (vi) are known as 

the Serre relations.

Furthermore, we have the following theorem, which guarantees the exis­ 

tence of such a Lie algebra for all possible Cartan matrices corresponding to 

Dynkin diagrams of types A-G:

Theorem 1.3.1 (Serre) Let A = (a^) be a Cartan matrix corresponding 

to a Dynkin diagram of type A-G. Let L be the complex Lie algebra with

13



generators {x^y^hi : 1 ^ i ^ n} and relations (i)-(vi) as above. Then L is 

a finite- dimensional semisimple Lie algebra.

The Lie algebra L can be written as a direct sum of subalgebras

L = n~ 0 f) 0 n+

where f) = (hi : 1 < i ^ n)k is the Cartan subalgebra of L, and n~ = 

(2/i : 1 ^ i < n)fc and n+ = (x^ : 1 ^ z ^ n)k are the negative and positive 

parts of L.

For proofs of the results mentioned above and further information on 

these properties of Lie algebras, see [22, pp. 95-101].

Translating these properties into the language of the universal enveloping 

algebra, we see that U(L) is generated as an associative algebra by elements

Yi, Hi : 1 ^ i ^ n} satisfying relations 

(i) HiHj = HjHi
(ii)
(iii) HtX, - XjHt = ayXj
(iv) HiYj -Yj Hi = -aijY:i

~ = o
= 0

for all z, j G {1, . . . , n}. We also have that

U(L) = t/(n-) <

and that C7(n~) = (^ : 1 < i < n>, C/(f)) = (f/i : 1 ^ z < n) and C/(n+) - 

(Xi : 1 ^ i < n).

This idea that the Cartan matrix can be used as the starting point for 

defining a Lie algebra allows us to generalise the notion of a semisimple 

Lie algebra to include the possibility that the Lie algebra may be infinite- 

dimensional. In order to do this, we first need some idea of what would 

constitute a suitable matrix to use.
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Definition 1.3.2 A matrix A — (a^-) is called a generalised Cartan matrix 

if it satisfies the following conditions:

(i) an = 2 for all i. 

(ii) aij 6 Z^o for all i^ j. 

(iii) If aij = 0 then a^ = 0. 

Definition 1.3.3 Let A = (a^-) be a generalised Cartan matrix. The Kac-
i^j

Moody algebra corresponding to A is the complex Lie algebra L with gener­ 

ating set {xj,yj, hi : 1 ^ i ^ n} and relations (i)-(vi) as in (1.2).

These algebras were first introduced independently by Kac and Moody in 

the late 1960s. For the original definition of a Kac-Moody algebra, see [25, 

Chapter 1]; for a proof that this is equivalent to the definition given above, 

see [25, Theorem 9.11].

r\^

Theorem 1.3.4 Let L be a Kac-Moody algebra. Let n+ be the subalgebra
rv r^j

of L generated by x\, . . . , xn and let n~ be the subalgebra of L generated by 

2/i,..., 2/n . Then
r**s

L= n~ 0 fj © n+
r*j

for some subalgebra f) of L-

Remark: In general, f) ^ (hi : I ^ i ^ n): in fact, we must have dimf) = 

2n — rank(A) so these cannot be equal if det(A) = 0.

This theorem is a direct consequence of Theorem 1.2 in [25].

The universal enveloping algebra of the Kac-Moody algebra L is the as­ 

sociative algebra U(L) with generators {Xi, Y^, Hi : I ^ i < n} and relations 

(i)-(vi) as in (1.3). We have U(L) = U(n~) <g> U(\]) 0 C/(n+) for n-,f),n+

15



as in Theorem 1.3.4. Also, U(n ) is generated as an associative algebra by 

{Yi : I ^ i < n} and U(n+ ) by {Xi : I ^ i ^ n}. We shall be particularly 

interested in the positive part U(n+ ).

1.4 Quantised enveloping algebras
r^i

Let A = (ay) be a generalised Cartan matrix and let L be the correspond­ 

ing Kac-Moody algebra. We will assume for the rest of this section that 

the matrix A is symmetrisable; that is, that there exist di G {1,2,3} such
/"v

that (didij] is a symmetric matrix. Let LQ be the Lie algebra over Q with
r^ rw r^f f\j

generators and relations as for L, so that LQ satisfies LQ <S>QC ~L. We
f**j

shall describe the quantised universal enveloping algebra [/^(LQ), which is 

obtained by introducing an indeterminate v. The quantised enveloping al­ 

gebra can then be specialised by taking v to be a value in Q, giving us a 

collection of associative Q-algebras.

Definition 1.4.1 Let v G Q be an indeterminate and let d G {1,2,3}. For 

a G Z, the Gaussian integer [a] d is defined by

[a] d •=
yda _ v-da 

yd _ v-d

If a > 0 then [a] d = vd(a- 1J + vd(a~3) + - • + ̂ -d(a~ 3 ) + ̂ (a-i). Note that 

if we put i; = 1 then we recover the ordinary integer a.

Definition 1.4.2 Let a, r G N with r ^ a. Define the Gaussian binomial

coefficient
._ [a]d[a - l]d • • • [a - r + l] dra- 

Lr.
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Let

CL-

Definition 1.4.3 Let A = (a^-) be a symmetrisable generalised Cartan ma­ 

trix, with di G {1,2,3} such that (c^ay) is symmetric. Let v € Q be an
r\^

indeterminate. The quantised enveloping algebra Uq (Lq) is the associative 

Q(v)-algebra with generators {£;, FJ, Ki, K~l : 1 ^ i ^ n} and relations

(i) KiKj = KjKi
(ii) EiFj-FjEi-Svfcg;
(iii) KiEjKi 1 = vd^Ej
(iv) KiFjK^ 1 = y-^Fj (1.4)
(v) Er:0aij (-i)r P-^L. El-VEtf = o
(vi) Er:oaij (-l)r [^] d . F^^FjFl = 0 
(vii) KiK-r 1 = I = K~ l K{

for allij e {!,...,n}.

This definition was introduced by V. G. Drinfeld and M. Jimbo in 1995; 

the defining relations are known as the Drinfeld-Jimbo relations. Quantised 

enveloping algebras were introduced primarily to model the solutions of the 

quantum Yang-Baxter equation, an equation arising in statistical mechanics, 

using deformations of Kac-Moody algebras. Early work on the construction 

of quantised enveloping algebras and their use in studying solutions of the 

Yang-Baxter equation can be found in [12] and [24].

It is clear that if we specialise by putting v = 1 in relations (v) and (vi) we 

recover the Serre relations (v) and (vi) of the relations (1.3) for the universal 

enveloping algebra of the Kac-Moody algebra, with Ei corrseponding to Xi 

and Fj to Yi for each i. To see that the other relations can be thought of
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as deformations of the Weyl relations for the enveloping algebra, think of 

KI as corresponding to vdiHi (where we realise the enveloping algebra as a 

matrix algebra and use the formal definition for matrix exponentials exp(Hi) 

to construct these powers). This takes the additive structure of U(\j) to a 

multiplicative structure in E/9 (()), which is why we introduce a multiplicative 

inverse for K^ this also explains the commutation relation (i). The relations 

(iii) and (iv) above can then be seen as multiplicative analogies of the Weyl 

relations (iii) and (iv) in (1.3), where we conjugate multiplicatively by Ki 

instead of conjugating additively by Hi. Finally, to see the correspondence 

between relation (ii) above and relation (ii) in (1.3) for the enveloping algebra, 

think of

as a function in v. We cannot put v = 1, but we can use 1'Hopital's Rule to 

find the limit as v —> 1; treating it in this way we recover the Weyl relation 

(ii) of (1.3).

We shall be particularly interested in the positive part Uq (n+ ) of the 

quantised enveloping algebra, the subalgebra generated by {Ei : I ^ i ^ n}. 

This is just the algebra defined by generators {Ei : I ^ i ^ n} and relations 

(v) as above. Note that if we restrict our attention to the positive part, the 

correspondence with the enveloping algebra is much more straightforward: 

we have

^=T) - u^
as algebras over
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1.5 The relationship between Hall algebras 
and quantised enveloping algebras

It is not possible to state the most general results relating Hall algebras and 

quantised enveloping algebras without introducing further technical construc­ 

tions related to the composition algebra. Nevertheless, in this section we will 

give a brief indication of the nature of some of the work done on this rela­ 

tionship. The following theorem gives an example of such a relationship in 

perhaps the simplest case:

Theorem 1.5.1 (Ringel) Let A = (a^-) be the Cartan matrix correspond­ 

ing to a semisimple complex Lie algebra of type A, D or E. Let Q be the 

corresponding Dynkin quiver, with any orientation. Let k be a finite field 

with \k\ = q. Let C*(kQ) be the twisted composition algebra of the quiver 

algebra kQ. Let Uq (n+ ) be the positive part of the quantised universal en­ 

veloping algebra given by A. Then

2 - q)

This theorem thus allows us to realise Uq (n+ )/(v2 — q) as a twisted com­ 

position algebra, with the consequence that properties of the composition 

algebra, such as module-theoretic properties, can be used to study the quan­ 

tised enveloping algebra. We will see another similar result, with Uq (v\+ )
rv

given by a generalised Cartan matrix of type An: in some more detail in 

Chapter 2.

Note that Theorem 1.5.1, as stated above, only allows us to realise the 

quantised enveloping algebra as a twisted composition algebra if the param­ 

eter v in the quantised enveloping algebra is chosen to satisfy v2 = \k\ for
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some finite field k. However, the theorem as orignially stated by Ringel does 

rather more than this: it gives an analogous isomorphism with v retained 

as an arbitrary parameter, via the introduction of "Hall polynomials" giving 

the coefficients for Hall algebra multiplications, and a "generic twisted com­ 

position algebra" constructed using these polyonimals. See [36] for details of 

these constructions and the proof of Theorem 1.5.1.

The early development of the relationship between composition algebras 

and quantised enveloping algebras can be traced in Ringel's papers [30], [31], 

[33] and [35]. The notes [36] provide a good introduction to Hall algebras 

and to this relationship, dealing with Dynkin quivers and quantised envelop­ 

ing algebras of types A, D and E. The paper [33] entends these results to 

deal with the case of a quantised enveloping algebra given by a generalised
r^r r*+/ ("s^

symmetric Cartan matrix of type A , D or E ; in this case the construction 

of the generic composition algebra has to be modified to deal with the fact 

that for quiver algebras of infinite type the coefficients in the Hall algebra 

multiplications are no longer given by Hall polynomials.

The most general result on the relationship between Hall algebras and 

quantised enveloping algebras was proved by J. A. Green [17, Theorem 3]: 

this result provides a realisation of the positive part of a quantised enveloping 

algebra given by any symmetrisable generalised Cartan matrix. In this paper, 

Green defines a co-multiplication on H(A), making H(A) into a bialgebra (for 

A any finitary, hereditary algebra over a finite field k). This bialgebra struc­ 

ture is then used to show that an appropriate generic composition algebra 

must be a member of a class of algebras also including the desired quantised 

enveloping algebra, using a definition of the quantised enveloping algebra 

introduced by Lusztig [26]; it is then deduced that the two algebras must in

fact be isomorphic.
20



Chapter 2

The Hall algebra of a cyclic 
quiver algebra

Let Qn be the cyclic quiver

1
/ 2

n

with n vertices. Consider the quiver algebra kQn for any finite field k. There 

are n simple kQn-modu\es, corresponding to the n vertices of Qn , which we 

label 1, 2,..., n. These labels should be thought of as integers modulo n.
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2.1 The corresponding quantised enveloping 
algebras

Suppose n ^ 3. Let 9 be the Kac-Moody algebra of type An-i, i- e - the 

Kac-Moody algebra with generalised Cartan matrix
'2-1 -1 '
-1 2 -1

-1 2
•-. -1

-1 -1 2 \ /
Let Uq (n+ ) be the positive part of the quantised enveloping algebra for Q. 

Thus Uq (n+ ) is the Q(v)-algebra with generators E\ ..., En and relations

fEj - (v + v- l )EiEjEi + E^2 - 0 for z - j =1 (2.1)

and

iEj - EjEi = 0 for z - j| > 1. (2.2)

Consider the composition algebra C(kQn ). The structure of this algebra 

has been completely described by Ringel.

Theorem 2.1.1 ([36, Theorem 3]) The composition algebra C(kQn ) has 

generators [1],..., [n] and is defined by the relations

\i}° 2 o [i + 1] - (q + l)[z] o [i + 1] o ]i] + q [i + 1] o [z]°2 = 0 (2.3)

and

\i] O [Z + 1]°2 - (0 + l)[i + 1] O \i] O [i + 1] + g[i + 1]°2 O [i] = 0 (2.4)

/or 1 < i < n, and

/or z — j; | > 1.

W ° bl - b'l (2.5)
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It can be deduced from this theorem that certain specialisations of the
r**t

quantised enveloping algebra of type An-i can be constructed as twisted 

composition algebras C*(kQn ).

Corollary 2.1.2 LetC*(kQn ) be the twisted composition algebra of the cyclic 

quiver algebra kQn . Let Uq (n+ ) be the positive part of the quantised en-
r\J

veloping algebra of type An-i, with v chosen to satisfy v2 = \k\. Then 

C*(kQn)~Uq (n+ ).

Proof: The twisted composition algebra C*(kQn ) is generated by [1], ... [n], 

We check first that these satisfy the defining relations (2.1) and (2.2) for 

Uq (v\+ ). The bilinear form calculations required are

(dim z,dim i) = dinifcHom(z,z) — dim/t Ext 1 (z,z) = 1 

and

(dim z, dim i + 1) = dim^ Hom(z,z -f 1) — dinijt Ext 1 ^,^ + 1) = — 1

for 1 < i ^ n\ all other choices i and j have (dim i, dim j) = 0. Thus relation 

(2.2) follows directly from relation (2.5) of Theorem 2.1.1. We also get

[z]*2 * [i + 1] - (v + v' 1 )^} * [i + 1] * [i] + [i + 1] * [z]*2 

- v~ l ([i]° 2 o[i + l]-(q + l)\i] o [i + 1] o [i] + g[i + 1] o [i] 02 ) = 0

by (2.3) and

* [i] * [z + 1] + [i] * [i + I]*2 

M - (9 + !)[* + 1] ° W o [i + 1] + [z] o [i + 1]°2 ) = 0

by (2.4).
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This shows that C*(kQn ) is a homomorphic image of Uq (n+ ). To see 

that they are in fact isomorphic, we compare dimensions of the d-graded 

parts for all d £ N02 . For an algebra given by generators and relations as in 

Theorem 2.1.1 we can specialise by taking q = I (the algebra produced will 

not then be a composition algebra, since we cannot have \k\ = 1, but it is 

legitimate if we use Ringel's theorem to think of C(kQn) purely in terms of 

generators and relations, forgetting the original context). We then have

Hence dimC(kQn )d = dimU(n+ )d for all d. We then have dimC*(kQn )d = 

d\mC(kQn )d and dimUq (n+ )d — dimU(n+ )d for all d, so there can be no 

further relations for C*(kQn ). d

rsj

Now suppose n = 2. Let 9 be the Kac-Moody algebra of type A\, i.e. the 

Kac-Moody algebra with generalised Cartan matrix

2 -2 
-2 2

Let Uq (n+ ) be the positive part of the quantised enveloping algebra for 

0. So Uq (n+ ) is the Q(-u)-algebra with generators E\, E^ and relations

E^E2 - (v2 + 1 + v-2 )El E2El + (v 

and

E2 3Ei - (v2 + 1 + v'^EE^ + (v2 + 1 + v-2 )E2 El E2 2 - EiE2 3 = 0.

Since odd powers of f do not occur in these relations, we can think of this as 

being a quantised algebra with indeterminate v 2 and can specialise by taking 

v2 to be any value in Q.
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It has been shown by Ringel [34] that

C(kQ 2)~

via the natural map [1] i— » E\ and [2] H-+ E2 . This tells us that a number 

of specialisations of Uq (n+ ) (all those where v2 is taken to be a power of a 

prime) can be realised concretely as composition algebras for the quiver Q2 - 

For n ^ 2, let / be the ideal of kQn generated by all paths of length 2. 

Put An = kQn/ 1. There are n simple An-modules, corresponding to the n 

vertices of Qn , which we label 1, 2, . . . , n. There are also n indecomposable 

projective An-modules, which have structure *, 3, •••,"• There are no further 

indecomposable An-modules. An arbitrary An-module will therefore have 

structure

where both the labels i for the simple v4n-modules and the indices of the 

corresponding coefficients (in this case a^ and ft) should be thought of as 

integers modulo n throughout this section.

It is clear that not all submodules of projective An-modules are projective, 

so An is not hereditary for any n ^ 2. Furthermore, it can be seen that An is 

of infinite global dimension for all n ^ 2. This means that the twisted Hall 

algebra H^(An ) is not well-defined. In the remaining part of this chapter we 

will study the Hall algebras H(An ) for n ^ 2.

2.2 A multiplication formula

Consider the Hall algebra H(An ). In this section we will present a formula 

for calculating explicitly the product [Mi] o [M3 ] of any two An-modules MI 

and M3 .
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Let q = \k\. Let G[m;n](q) be the number of m-dimensional subspaces of 

an n-dimensional vector space over k. This number is given by the formula

r ,, , (qn — l)(qn~ l — 1) • • • (qn-m+1 — 1) G[m;n](q) = —-——— ——-——-——-—.
(qm — l)(qm~ l — I) • • • (q — 1)

We also write qexp (n) for qn .

As a starting point in our calculations, we will make use of the following 

result of Jin Yun Guo, which gives a method for calculating [Mi] o [M3 ] in 

the case where M3 is a semisimple module.

Proposition 2.2.1 ([19, Proposition 2.5]) Let MI and 

An -modules. Write these as

be any two

n n
,(i)
lz,2"

and

1=1

n n

t=l t=l

Let M3 6e a semisimple An -module; write this as
n

M3 = ®a<3>.*.
i=l

The structures of these three modules are therefore determined by the three 

n x 2 matrices
' " \ / (2) (2) \

\ / tti i <Zi 9 \,'r -"-'^l,l l,2 

a2,l a2,2 fl 2,1 a2,2

fl (2) fl (2) 
\ an,l an,2

a3 =

For an?/ n x 2 matrix c = cjj, set as a convention QJ = Q(mod2),j /or 

{1, 2} ana7 aj = 0 /or j 0 {1, 2}.

ft = (bij) be the n x 2 matrix determined by the following conditions:
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Condition a: 0 ^ bi}j ^ afj for all i € {1, . . . , n] and j G {1,2}

Condition b: fru + 6f _ lj2 = a^ for all i e {1, . . . , n}

Condition c: a^j - ajj = 6^ — 6^+1 /or a/H e {1, . . . , ra} and j € {1, 2}

z/ site/I a matrix b exists. If such a matrix exists then it is uniquely determined 

by the three matrices a±, a^ and 03 .

The coefficient F^^M3 o/[M2 ] in the Hall algebra multiplication [Mi]o[M3 ] 

is 0 if no b of this form exists, or, if such a matrix b exists, is given by

n

i=l

Starting from this result, we can move to the general case of multiplying 

any two An-modules. The method for deducing our general formula will 

depend on the fact that any An-module can be written as the direct sum of 

a projective module and a semisimple module; we therefore begin by giving 

some intermediate results on how to calculate multiplications involving only 

projective and semisimple An-modules.

Lemma 2.2.2 Let MI = 0^^.. and M3 = ©"Tz. be any two 

projective An -modules. Then

Proof: Suppose [M2 ] appears with non-zero coefficient in [Mi] o [M3]. Then 

there exists a short exact sequence

0 — > M3 — > M2 — » MI — > 0. 
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This must split, since MI is projective, so M2 ~ MI 0 M3 . So

n

t=i

for some M3 G

We begin by showing that

(2.6)

for 1 n.

First we show that

r. 1)-, (2.7)

for all r ^ 1 and 1 ^ z ^ n. Consider the product [r.^J o [i] o [i + 1]. 

This equals [r.^J o ([^J + [i 0 (i + 1)]) (either by direct calculation, or 

via Proposition 2.2.1). But it is also equal to [r..^ 0 i] o[i + 1]. We compare 

coefficients of [(r + 1)-^] in these two expressions for this multiplication. 

The product [r. .^J o [i 0 (i + 1)] has zero coefficient of [(r + l)-;+i]' smce 

r-i+i is projective; hence the coefficients of [(r + 1).^J in the two products

and [r-4i] ° [»+i] are equaL The coefficient of

(again, this can be deduced[(r + lO-i+J m [r-i+i+i s

from Proposition 2.2.1, though it should be clear that this coefficient is just 

the number of 1-dimensional subspaces of the (r+l)-dimensional vector space 

soc ((r + l)-j+i) )• Equating these, we get that G[r + l; l](q) is the coefficient 

of [(r + l)-4i] in [r-i+i\ ° [t+J ' There are no other non-zero cofficients, since 

r..^ is projective. Hence [r..^] o [.^j = G[r + 1; l](q) [(r + 1)..^].

Now consider the product of on + ji copies of [ i^ l \- Bracketing this as 

di copies of [J followed by 7, copies of [^J and calculating each of these
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products by repeated use of the formula (2.7), we get

Oii

j=\ j=\

i
Cti.

* + !.
o 2

.7"i + i.

Alternatively, if we calculate the whole expression directly using (2.7), we 

get

Equating these, we have

, !](<?)

which, when simplified, can be seen to be equal to

as required. This completes the proof of (2.6). 

Next, we show that
„• i i ~

= qexp (rs)
i

for 1 ^ i ^ n and all r, s G NO-

Since r .* is projective, we must have

i o
2 + 1" 

S. . r. 2 + 1
S.

2+1 2 + 2

2.*"•< + 1. o
"2 + 1"
S '* + 2 . — -*V,s r. 5.

2 + 1

2 + 1 2 + 2

2

'2 + 1

(2.8)

for some Fr,s G Q. The coefficient Fr)S is the number of submodules M of

0 s. witn ^ — s 'i2 anc^ qu°tient r. . r It is clear that all s copies

of the simple module 2 + 2 in the socle of r. .^ 0 s.Vj^ must lie in M. So, 

we can take the quotient of both r. ._^ 0 s.Vj;* and M by the submodule 

5.(z + 2) and thus see that Fr>s must be the number of submodules N of
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r\i+i © 5.(2 + 1) with TV ~ s.(i + 1) and quotient r.^r The number of 

such submodules could be calculated directly; alternatively, note that, by 

definition, this says that Fr)S is the coefficient defined by the multiplication

[r> i+i] °[s -(^+-01 = Fr,s [r'i+i ® s -(i + 1)] • So, it will be sufficient to calculate 

this product; since s.(i + 1) is a semisimple module this can be done using 

Guo's formula in Proposition 2.2.1. Let

01 =

\J \J ^

0 r 
0 0

L n n j

02 =

V V 1

0 r 
s 0

> n n L

03 =

' w w 1

0 0
5 0

L n n j

Prom Conditions a-c of Proposition 2.2.1, we get

/ 0 0 \

b = 0 0 
s 0

\0 O/

The formula at the end of Proposition 2.2.1 then gives Fr ^ s — qexp(rs), as 

claimed. This completes the proof of (2.8). 

We now use this result to show that

1
Oil. OL2-

r ni 
° L n 'lJ =qexp

n

. (2.9)

Consider a product of the form

Otj. o
n

for some 1 ^ j ^ n — 1. This must be equal to
n

L^=3
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for some Fj e Q, since both modules are projective. Any submodule N of 

0iLj ai-i+i witn N — 0iLj+i ai-i+i must include the whole of the submod­ 

ule 0"=J- +2 at-i+i- So, if we quotient out by this submodule, we see that Fj 

is the coefficient in the multiplication

j + l'•"j + i. o <*i+i- 3. , o 
J + 2 _

= *i
By (2.8), we know that this is qexp (ajCtj+i). Using this result and induction 

on n — j then completes the proof of (2.9).

We can now use these ingredients to complete the proof of Lemma 2.2.2. 

We have

[Mi]o[M3 ] = qexp -

(2.10)

0 [7i-a]° [72-3]

by (2.9). Consider the product of projectives

r
01 '2. O

2" 
2 '3 °"-°Ki]° r

71 '2. 0

r 2"
72> 3. (2-11)

By (2.8), this is

qexp
i"

01 '2. 0

2"a2x O • • • O
n

"n- 72- o

Then, using a number of multiplications which all clearly have coefficient 1, 

this equals

qexp(an7i)
1

o
1

o 72- [•y-"] •

This is then equal to

qexp(an7i ~
r

ai '2. O

1"

71 "2. O

2" 
aa> 3. o- 72-
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by another application of (2.8). Similarly, we can gather all pairs involving 

the same indecomposable projective module together, to see that the product 

of projectives (2.11) is equal to

qexp an7l -

Combining this with (2.10), we have

[Mi] o [M3 ] = qexp o

Finally, by (2.9), we get

[Mi] o [M3 ] = qexp

qexp \

Using (2.6) to calculate each product [c^.^J ° 7^+1 m this expression, 

we then have

[Mi]o[M3 ] =

qexp

n + 7n). "] -

This simplifies to give the required result. D
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Lemma 2.2.3 Let MI = 0™^ ai.^ be a projective An -module and let 

M3 = 0™=1 6i.i be a semisimple An -module. Then

n

[Mi] o [M3 ] - qexp
n n

OLi. .
I 1=1

Proof: Since MI is projective, the only module appearing with non-zero 

coefficient in [Mi] o [M3 ] must be [Mi 0M3]. The coefficient can be calculated 

using Guo's method in Proposition 2.2.1. Let

0
0 a2 =

0 Oin / \ Vn «n /

Prom Conditions a-c, it can be calculated that

0

6 =
0

0

We then get 

Proposition 2.2.1.

= qexp _i from the formula at the end of

D

Lemma 2.2.4 Let MI =
"=1

o [M3 ] -

i ai- - a projective An -module and let

?=i h-i be any An -module. Then

qexp
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n

Proof: By Lemma 2.2.3

[M3] - qexp ( - 

Then, by Lemma 2.2.2

o [Ms] = qexp =

n

7*' •
.i=l

n

.t=i

Then, using Lemma 2.2.3 again,

- qexp

which simplifies to give the required formula. D

Lemma 2.2.5 Let MI =

"=1
ILi

be a projective An -module and let 

An -module. Then

[MJ -

Proof: Since MI is projective [M3 ] o [Mi] = F[M3 © MI] for some F G 

It can be seen from the proof of Lemma 1.1.4, part 4 that F is also the 

coefficient in the H(A^) multiplication [M*] o [M*] = F[M* © M3*]. By an 

appropriate analogy of Lemma 2.2.4 for A°p-modules, it can be seen that the

coefficient will be
/ n

F=(l[G[aj +^o
n

as required. D
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Lemma 2.2.6 Let MI =

An -modules. Then

=1 ft.i and M3 = 0"=1 <M be two semisimple

=1 + - * - ,.!.

where we sum over all A = (Ai, . . . , An ) swc/i £/m£ 0 

all i G {1, . . . , n}.

max , for

"=1
Proof: First, consider which modules may appear with non-zero coefficients

in this product. A general An-module is of the form 0"=1 Aj. .

If this module appears with non-zero coefficient, then we must have A

and \i ^ £;+i, since each copy of ^ must be produced by a copy of i from

the first factor and a copy of i + 1 from the second factor. So, we have

Ai ^ max{$, £i+i} for 1 < i ^ n. Comparing gradings, we must have

AI + An -f- IJL\ » 
A2 + AI + //2

An + An_i + /in y
so fa = 0i + 8i — Xi — \i-i for alH G {1,..., n}. Hence the product [Mi] o [M3 ] 

must be of the form

A

n . n 
2.

"T

where we sum over all A = (Ai,..., An ) such that 0 ^ \i ^ max{/?i, 6i+i} for 

alH G {1,..., n}. It remains to calculate the coefficients F(X).

The coefficients F(X) can be calculated using Proposition 2.2.1. The
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matrices describing the structures of MI , M2 and M3 are

o

\ Pn 0

0

\ Sn Q J

CL 2 =

+ <Ji - Ai - An

Tl ' Tl ^*Tl Tl — 1 Tl 
\ /

Conditions a-c of Proposition 2.2.1 then determine the matrix b:

81 - Xn AI \

Substituting this information into the formula in Proposition 2.2.1, we get 

the required expression
n

for the coefficients F(X).

Theorem 2.2.7 Let MI = 0"=1 ai. .^ 0 0?=1

An -modules. Then

D

^3 = 0Ll

[M3 ] == n n

Ai_i).2
.»=! 1=1

where

(n;=i
=I Q> (5j+i - A,)
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and we sum over all A = (Ai, . . . , An ) such that 0 ^ A; ^ max{/3j, for

^ ^ n.

This theorem extends the result of Guo given in Proposition 2.2.1 and 

gives an explicit formula for calculating the product in H(An ) of any two 

An-modules. 

Proof: By Lemma 2.2.3,

[M3 ] - qexp -

Then, by Lemma 2.2.5,

n

i + 1

n

t=l

By Lemma 2.2.3 again,

= qexp -

By Lemma 2.2.6, [0"=1 A-i] o [0"=1 ^.i] is equal to

?=i A. r=1 (A + ft - A, - A^O.Z

where we sum over all A = (Ai,..., An ) such that 0 < A* ^ max{ft, 6i+i} for
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i ^ n. Then, by Lemma 2.2.4,

. 0

Putting all this information together in a single expression and simplifying 

the power of q gives the required formula for [Mi] o [M3]. D

2.3 The cyclic quiver with two vertices

We now focus on the case of a cyclic quiver with two vertices. Consider the 

algebra A2 as defined above. There are four indecomposable ^-modules: 

the two simple modules 1 and 2 corresponding to the two vertices of Q^ 

and two projective indecomposable modules \ and \. As a special case of 

Theorem 2.2.7, we have the following formula for multiplication in

Theorem 2.3.1 Let MI = a.\®(3.'2l ®\.l®iJL. c2 

be any two A-modules. Then [Mi] o [M3 ] equals

min{A,<5} mi

E E
i=0 j=0

where [Mifj] denotes

I 2 
(a + e + i). 0 (13 + 77 + j). l 0 (A + 7 - i - j).l 0 (p + 6 - i - j).2
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and

Fitj = qexp (a(6 - i) + /% - j) + e(X - i) + rj(p, - j) + ar? + j3e) 

G[X + 7 - i - j; 7 - j](q) G\JJ, +6 - i - j',6 - i] 

G[a + 8 + z; a + e](q) G[(3 + 77 + j; /? +

We also saw in the previous section that

C(kQ2 ) ~

where Uq (n+ ) is the positive part of the quantised Kac-Moody algebra of
/"SJ

type AI. It is clear that any relation which holds in C(kQ2 ) must also hold 

in C(A2 ), since the ^-modules form a subset of the fcQ2-modules and any 

relevant coefficients in the composition algebra multiplications will be the 

same in C(A2 ) as in C(kQ2 ). So, we must have C(A2 ) ~ C(kQ2 )/I, where / is 

some ideal of C(kQ2 ) generated by further relations which hold in C(A2 ) but 

not in C(kQ2 ). Equivalently, there exists a surjective algebra homomorphism

The aim of this section is to determine ker 0.

Consider the composition algebra C(A2 ). A multiplication in C(A2 ) is 

given by a word in the simple modules 1 and 2. Given such a multiplication 

iy, we write w* for the word obtained by reversing w, and w' for the word 

obtained by replacing all occurrences of 1 with 2 and vice versa. For example, 

(1 2 23 1)* = 123 1 2 and (1 2 23 1)' - 22 1 3 2.

Theorem 2.3.2 Let w be any multiplication in C(A2 ) of grading (n) for
\Tl/

some n. Then (w*) f = w in C(A2 ).
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Proof: Let M be any A2-niodule of grading (£). We need to show that [M] 

has the same coefficient in the two multiplications w and (w*)'.

The map </> : A2 —> A2 , defined by 0(a) = /?, </>(l3) = a and (f)(ei) = &i for 

i = 0,1, is an anti-automorphism of A2 , This tells us that A2 — A2P . An easy 

generalisation of Lemma 1.1.4 part 4 (and the fact that 1 and 2 are self-dual) 

then tells us that the coefficient of [M] in w is the same as the coefficient 

of [M*] in w*. And the coefficient of [M*] in w* will clearly be the same 

as the coefficient of [(M*)'] in (w*)', where (M*)' is the module obtained by 

replacing all occurrences of 1 by 2 and vice versa. Now note that, since M 

has grading ("), it must be of the form

1 2 
M = a ®b 0(n- (a + 6)).10(n- (a + b)).2

£i J.

for some a, 6, G NQ. Then we have

M* = a. 2 © b l 0 (n - (a + &)).! 0 (n - (a + 6)).2
J. ^

and

(M*)' - a.* 0 6.^ 0 (n - (a + 6)).2 0 (n - (a + b)).l = M.
£* -L

This completes the proof. D

Let w be a word in E\ and E2 which gives a multiplication in f/(n+ ) of 

grading (™) for some n. Define w* and u/ by analogy with the definitions for 

multiplications in C(A2 ). Let / be the ideal of U(n+ )/(v2 — \k\) generated 

by all elements of the form (w*)' - w with w of grading (JJ). Theorem 2.3.2 

then tells us that / is contained in the kernel of the surjective algebra homo- 

morphism (/>.

Let U denote the quotient of Uq (n+ )/(v2 -q) by our ideal /. Theorem 2.3.2 

then tells us that C(A2 ) is a homomorphic image of U. We will see below
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(Theorem 2.3.5) that in fact U ~ C(A2 ). We will work towards a proof of 

this result by comparing dimensions of U and C(A2 ). The following result 

tells us about the dimensions of certain graded parts of C(A2 ).

Lemma 2.3.3 The (n"j)-graded part ofC(A2 ) has dimension |n(n + l) for 

all n G N0 .

Proof: Since C(A2 ) ^ H(A2 ), we know that dim C(A2 )( n \ is at most the
\n-lj

number of isomorphism classes of A2-modules of grading (n"j). The number 

of such modules with i projective indecomposable summands will be i + 1, 

where i can range between 0 and n — I. So, the total number of modules of 

this grading is 1+2+• -«+n = ±n(n+l). Hence dim C(A2 )/ n \ ^ |n(n+l). 

To see that we have equality, we need to show that C(A2 )( n \ = H(A2 )( n \;
\n— l) \n-lj

that is, that [M] G C(A2 ) for all A2-modules M of grading (^J.

We prove the above claim by induction on n. the result clearly holds 

for n = 0. Suppose [M] G C(A2 ) for all A2-modules of grading (^J, and 

consider modules of grading (n+ 1).

Consider the products

[2] o [1] c (n-2) 010102

and

(n-2).
1

10102

By the inductive hypothesis, these both lie in C(A2 ). Using the formula of 

Theorem 2.3.1, we have

[2]o[l]o [(n-2).2 0101 02] - [(n-2).i 010 102] o [1] o [2] 

= -q(qn~ 2 + (f3 + ••• + ? + l)(q + 1) [(n - 1). \ 0 1 0 1 0 2] 

+qn~ l (q + l] [(n-2).* 0^010102] <=
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Using Theorem 2.3.1 again, we also have

n-2 n-3qn-3 + . . . + g + 1)[2] o [l] O [(n - 1). J 0 l](q

- qn~ l (q + l)(<f-2 + qn~ 3 + - . • q + 1) [(n - 1). J 0 1 0 1 0 2] 

-q2n~ 3 (q + 1) [(n - 2). J 0 2 0 1 0 1 0 2] ;

by the inductive hypothesis this is also an element of C(A2 ). So, we have two 

linear combinations of the same pair of modules which both lie in C(A2 }; the 

matrix of coefficients corresponding to these combinations is

X =
qn~ l (q 
2n-3 (q

n~ 2

q
-q(q + l)(q 
n~ l (q + l)(qn~ 2

n~3

Since q = \k\ is neither 0 nor a root of 1, we have detX ^ 0 and X is

invertible. Hence

and

(n- 1) 010102

1 2
(n-2) 0 010102

^ -L
€ C(A2 ).

Next, we see that [M] G C(A2 ) for all M of grading (n+ 1 ) with at most 

three simple direct summands. (Note that any module of this grading must 

have an odd number of simple direct summands, so this case covers all mod­ 

ules with either one or three such summands). We prove this by induction 

on the number of copies of \ in M. The product [(n — l).^ 0 l] o [1] o [2] is 

a linear combination of [n.\ 0 l] and [(n - l}.\ 0 1 0 1 0 2]. We have seen 

that [(n - l)-2 0 1 0 1 © 2] G C(A2 )\ hence we also get [n.\ 0 l] G C(A2 ). 

These cover the case where there are no copies of 2 in M. Now suppose

(n-i). ®(i- 1). 010102 C(A2 ).
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We wish to show that

and

t -x(n-i) 0z 01
^j J.

1 2(n-i - 1) 0i 010102
£ L

The product

[2] o [1] (n-i).

is a linear combination of

and

1 2 
(n-i). 0(z-l). 010102

^ L

N(n-z) 02 01

Our inductive hypothesis states that the first of these modules lies in 

hence the second will also be in C(A-2). Now consider the product

1 2 
2 0i. 01

This is a linear combination of

and

1 2 
(n-i-1). 0z. 01

1 2 
(n-z-1) 0i 010102

We have just seen that

hence

1 2 
2 0z. 01

1 2
(n-i- 1). 0z. 010102 ^ j.
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This completes the induction showing that [M] G C(A2 ) for all M of grading 

(n^ 1 ) with at most three simple direct summands. 

Finally, we show that we have [M] 6 C(A2 ) for

1 2
= r . ©(n-r-z + 1) 

o i

any module of grading (n^ 1). We prove this by induction on i: assume that 

all modules with fewer than i copies of 1 in their direct sum decomposition 

lie in C(A2 ). The cases i = 1 and i = 2 are done above. Consider

[i] r. 0(n-r-z (z - 2).l 0 (i - 3).2 [2],

which will be an element of C(A2 ) by our original inductive hypothesis. This 

product will be a linear combination of

1 2
(r + 2) 0 (n - r - i + 1) 0 (i - 2).l 0 (i - 3).2

^ -L
.

1 2
(r + 1) 0 (n - r - i + 1) 0 (z - l).l 0 (i - 2).2

^ -L

and

r.
2
-i-

The inductive hypothesis tells us that the first two of these modules lie in 

C(A-2); hence we also have [M] G C(A2 ). This completes the proof that all 

modules of grading (n+ 1) lie in C(A2 ). n

We now look at the parts of U with grading of this form and calculate 

the corresponding dimensions.

Lemma 2.3.4 The (^-graded part ofU has dimension \n(n + l) for all
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Proof: We have seen that C(A2 ) is a homomorphic image of U and that 

dimC(A2 )( n \ = \n(n + 1), which tells us that dimU( « \ ^ ^n(n + 1).\n —I/ ^ n _l/

So, it will be sufficient to exhibit ~ n (n+ 1) elements of U which span Ui n \. 
We claim that the set Sn = {(12) a (21) 6 l c 2c~ 1 : a + 6 + c = nand a,6,cG N0 } 
will have this property. The set Sn has size 1 + 2 + • • • + n, since for a = n 
there is 1 possible value of 6, for a = n — 1 there are 2 possible values of 6, 
and so on.

We begin by proving that t//n+n is spanned by elements of the form 12w, 
2lw, wl2 and w2l with u; any word in U of grading ^"J. The words in 
/7Vn+i\ which are not of this form are those of the form l 2^! 2 , I 2 i>22 , 22vl2\ n )

and 22v22 for some v. We have I2vl 2 = l(lvl2 ) = l(22 (v*)'2) in £/, which 
is of the form required. Consider next I 2v22 . If v begins with 2, then this 
is of the form I 2 2n22 = I(12u22 ) = 1 3 (^*)'12, which is of the form required. 
If v begins with 1, then the quantum Serre relations for U can be applied 
repeatedly to show that I 2v22 lies in the span of three elements beginning 
I 2 , 121 and 212 . The first of these is dealt with by the previous case, and the 
other two are of the form required. A word of the form 22i;l 2 can be dealt 
with similarly, since 22t>l 2 = (I2t>*22 )*. Finally, for any element of the form 
22/u22 , repeated use of the quantum Serre relations show that it must be in 
the span of elements of the form 22 lu22 , 21w22 and I2u22 . So it is sufficient to 
show that 22 lw22 lies in the span of the elements of our preferred form. Using 
either the quantum Serre relations again, or the relation 122 1 = 21 2 2, we can 
show that it must lie in the span of some elements of the form 2 2 l 2 2y and 
22 lry for r ^ 3. We have 22 l 22y = 2(2l 22)y = 2l22 Iy, which is of the form 
required, and 22 lry E sp{2121 T- 1 2/,21 22r-2 2/,2132r-3 ?/}. This completes 
the proof that U/n+i\ is spanned by products of the form 12w, 21w, wl2 and

\ n /
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w2l for w any word in U of grading ( ").
\ it ~^~ J. /

We now prove that the set Sn spans Ut n \ by induction on n. The baseU-i;
case n — 1 is clear. So, suppose Sn spans Ut n \ and consider U(n+i\. By the

Vn-iy \ n J

result of the previous paragraph, it is sufficient to show that all products of 

the form I2w, 21w, wl2 and w2l with w of grading (n" 1) lie in the span of 

Sn+i. Our inductive hypothesis tells us that w lies in the span of Sn in each 

case; we may assume without loss of generality that w G Sn -

For w € Sn , it is immediately clear that I2w € Sn+i. For an arbi­ 

trary w = (12)°(21) 6 1 C2C- 1 G 5n , we have 21w = (21)(12)°(21) & 1 C2C- 1 = 

(12) a (21) 6+1 l c2c~ 1 G Sn+i, since the relation 122 1 = 21 2 2 of U tells us that 12 

and 21 commute. For w = (12)a (21) fe l c2c~ 1 , we see that w!2 begins 12 or 21 

(and is thus covered by the previous two cases) unless a = b = 0. If a = 6 = 0 
then w!2 = \cflc~l Vl = I(lc-I 2c~l l2} = I22lc- l lc~ l in U. Repeated use of 

the quantum Serre relations shows that 1 2 21 C~ 1 2C~ 1 lies in the span of 1 C+1 2C , 
121C2C~ 1 and 21C+1 2C-1 . Then 1 C+1 2C G 5n+i, and I2lc2c~l and 21C+1 2C-1 are 

both covered by the previous two cases. Finally, for w = (12) a (21) 6 l c2c~ 1 , 

the word w21 also begins with 12 or 21 unless a — b = 0. If a = b — 0 then 

w21 = 1 C2°1 - I(l c~ l 2c l) = 121 C2C- 1 , which also begins with 12 and is thus 

covered by the previous cases. Hence all elements of £//n+n lie in the span of
\ n )

5n+ i, completing the inductive step. D

These results on dimensions then allow us to prove the following result 

which describes the structure of C(A2 ).

Theorem 2.3.5 Let U be the quotient of Uq (n+ )/(v2 - q) by the ideal / 

generated by all elements of the form (w*)' - w with w of grading (™) for 

some n. Then U ~ C(A2 ).
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Proof: We need to show that there are no relations in C(A2 ) which do not 

also hold in U. Suppose, for a contradiction, that ^w aww = 0, for some 

aw £ Q, is such a relation of grading (m) . We may assume without loss of 

generality that n ^ m, since the algebra C(A2 ) is symmetric in 1 and 2. Then 

[l] o(n+1 ~m) ^2W aww = 0 is also a relation which holds in C(A2 ). This relation 

has grading (n+ 1). By Lemmas 2.3.3 and 2.3.4, we have

Since C(A2 ) is a homomorphic image of C/, this equality of dimensions tells 

us that there cannot be any relations of grading ("jj" 1 ) which hold in C(A2 ) 

but not in U. So, we must have [l] 0^1 -™) ^ aww = 0 in U. However, 

pre- multiplication by 1 is an injective map from U to itself, so we must then 

have ^2W aww = 0 in £7, giving the required contradiction. D
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Chapter 3

Describing some quotients of 
Hall algebras

In this chapter we shall look at some quotients of Hall algebras of self-injective 
algebras. We begin by giving a general result which describes the quotient 
of a Hall algebra by the ideal generated by isomorphism classes of projective 
modules. We follow this by looking for a more explicit description of quotients 
of Hall algebras of certain group algebras fcG, where we take the quotient 
by the ideal generated by all relatively H-projective modules for a specified 

subgroup H ^ G.

3.1 The ideal generated by projective mod­ 
ules

Theorem 3.1.1 Let A be a self-injective finitary algebra over a finite field 
k. Let A = A/socA. Then U(A) ~ H(A)/I, where I is the ideal of H(A) 
generated by the isomorphism classes of projective A-modules.

Proof: First, note that the set of isomorphism classes of indecomposable 
A-modules can be identified with the set of isomorphism classes of non- 
pro jective indecomposable A-modules. Next we claim that / is given by the
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span over Q of all isomorphism classes of A-modules which are not projective- 

free. Assuming this charcterisation of /, we see that a linear combination of 

terms in H(A) will be zero in H(A.)/I if and only if all the projective-free 

terms sum to zero. Since projective-free A-modules correspond precisely to 

A-modules, this implies that a linear combination of terms in 7i(A) will be 

zero in 'H(A)// if and only if the corresponding linear combination of terms in 

H(A) is zero; that is, H(A)/7 and H(A) satisfy precisely the same relations. 

Hence H(A) ~ 7i(A)/7 via the obvious isomorphism. So, it suffices to prove 

the characterisation of / claimed above.

Let M be a non-zero projective-free A-module. Suppose some projective 

A-module P occurs in a filtration of M; say we have

M = Mo D MI D • • • D Mr = 0 

with Mj/Mi+i ~ P for some i. The short exact sequence

0 -> Mi+i -> Mi -» P -» 0

must split, since P is projective. So, we have M» = Mm 0 P. This tells us 

that P is a submodule of M. Now we look at the short exact sequence

0 -> P -» M -» M/P ^ 0.

Since A is a self-injective algebra, all projective modules are also injective and 

so this sequence must also split; this tells us that P is a direct summand of M. 

This cannot occur, however, since we have assumed that M is projective-free. 

Hence [M] must have zero coefficient in any multiplication in H(A) involving 

a projective A-module, which tells us that [M] ^ /.

Now suppose M is a A-module which is not projective-free. We have a 

decomposition M = P©N with P projective and non-zero and N projective- 

free. Consider the multiplication [P] o [N] in 7i(A), which gives an element
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of /. If [X] has a non-zero coefficient in this product, then there exists a 

filtration

with X/N ~ P and hence a short exact sequence

This must split, since P is projective. Hence the only module with non­ 

zero coefficient in the multiplication [P] o [N] is [P 0 TV] = [M] ; it is clear 

that the relevant coefficient a G Q must indeed be non-zero. So, we have 

[M] = (l/a)[P] o [N] e L This completes the proof. D

3.2 The ideal generated by relatively projec­ 
tive modules

It would be good to be able to extend this result by giving a general de­ 

scription of the quotient H(A)/I, where A = kG for some finite group G and 

I is the ideal of 7i(A) generated by all relatively H -projective /cG-modules 

for some fixed subgroup H ^ G. However, this seems to be a rather too 

ambitious target; instead we shall look at some concrete examples where, for 

particular choices of G and H, we are able to describe the quotient H(kG)/I. 

We shall look at the example G = C2n and H = C2n-i for some n ^ 2, 

with k a field of characteristic 2. Let G = (g). The indecomposable 

kG-modules are MI, . . . , M2n, where g acts on M» as a Jordan block ma­ 

trix of size i with eigenvalue 1. The relatively -//-projective modules will 

be all those /cG-modules such that all indecomposable summands are of even 

length. Thus we can see that this is an approachable example because a large
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proportion of /cG-modules are relatively #-projective, which will ensure that 

H(kG)/I is "not too big", perhaps making it easier to decribe.

Notice that kG ~ k[X]/(X2n ) by putting X = 1 - g. So, describing our 

quotient will be equivalent to describing H(A)/I, where A = k[X]/(X2n ) and 

/ is the ideal generated by all modules with all summands of even length. 

We shall generalise the problem and look instead at A = k[X]/(X2r ) for any 

r ^ 1.

Let A = k[X]/(X2r ) for some r ^ 1, with k any finite field. This algebra 

has 2r indecomposable modules MI, . . . , M2r , where the action of X on Mi 

is given by a Jordan block matrix of size i with eigenvalue 0. Notice that 

A-modules correspond to partitions with no part of length greater than 2r. 

If A = (Ai, . . . , At) is such a partition, we shall write M\ for the A-module 

MAl ©---©MAt .

Consider the Hall algebra 7i(A). Note that this is a graded algebra, with 

grading given by module dimension (since there is only one simple A-module 

and hence only one possible dimension vector for each dimension). We clearly 

have A ~ Aop since A is commutative, so all duals of left A-modules can also 

be thought of as left A-modules. Note also that each indecomposable — and 

hence each A-module — is self-dual. So, for all MA, MM we have [MJ o [MA] = 

[M *] o [MA *]. Then by Lemma 1.1.4 part 4, this is

[Mv] [Mv ]

which is by definition [MA ] o [MJ. This tells us that H(A) is commutative.

Let / be the ideal of H(A) generated by those [MA] such that all parts of 

A are even. We shall consider the quotient algebra
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Theorem 3.2.1 The algebra H(A.)/I is spanned as a vector space by the set 

{[nAfi] + / : n ^ 1} U {[M2s+1 ] + / : 1 < s ^ r - 1}.

Before giving the proof of this theorem, we shall collect some results which 

will be used in the proof.

3.3 The Hall algebra H(k[X]/(Xt ))

Let A = k[X]/(Xt) for some t G N, where k can again be any finite field. Let 

MI . . . , Mt be the indecomposable A-modules, and let A-modules be labelled 

by partitions with no part of length greater than t, as in the case t = 2r 

above. The following lemmas will present results concerning the structure of 

7i(A) which we will use in the case t = 2r to prove Proposition 3.2.1.

Lemma 3.3.1 Let A,/i partition n, and suppose A = A' U A". Suppose 

occurs with non-zero coefficient in the multiplication [M\>] o [M\//]. Then 

IJL ^ A in the lexicographic ordering of partitions.

Proof: We shall use induction on n. As a base case, take n = 3. If A can 

be written as a non- trivial union A = A' U A" then we must have A = (2, 1) 

or A = (1,1,1). Suppose // < A. The only such possibility is A = (2, 1) and 

H = (1,1,1). Let A' = (2), A" = (1). The module MM is semisimple and 

hence M2 (which is not semisimple) cannot occur as a quotient. Hence [MM ] 

cannot occur with non-zero coefficient in [M\>] o [My/], and the result holds

for n = 2.

Now suppose the result holds for partitions of length less than n. We 

suppose that // ^ A and also that [MM ] occurs with non-zero coefficient in 

[MA/] ° [MA"], and will show that in this case we must have JJL — A.
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Let AI be the largest part of A. We can assume without loss of gener­ 

ality that AI occurs in A" since 7i(A) is commutative. Since [Mj occurs in 

[MA/] o [MA//], we have the following filtration of MM :

MM D MA" D 0

where the first quotient is MA/. So, MAl is a submodule of MM and we have 

a short exact sequence

0 — > MAl — > MM — > MM /MAl — » 0.

Since // ^ A, this sequence has no summand of length greater than AI and 

can thus be thought of as a sequence of k[X]/(XXl ) -modules. The module 

M\! is then injective, so the sequence must split, telling us that M\l is a 

direct summand of MM and that MM /MAl is the direct sum complement of 

M\l in MM . So, we have // = (Ai, //2 , • • • , Mt) and

MA// MA//\Al 

So, there exists a filtration

MAAl 5 MA//\Al 2 0

of MM\A! where the first quotient is MA/; equivalently [M^J appears with 

non-zero coefficient in [MA/] o [MA//\AJ. Then, by the inductive hypothesis 

H \ AI ^ A \ AI, and hence ^ ^ A. But we assumed initially that ^ < A. 

Hence A = p as required. D

Lemma 3.3.2 Suppose (Mv] appears with non-zero coefficient in the multi­ 

plication [MA ] o [MJ. Then we must have (#parts of i/) < (#parts of X) + 

(#parts oft*).
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Proof: If [Mv ] occurs with non-zero coefficient in [MA] o [Mv ] then there 

must exist a short exact sequence

0 — > MM — > Mv — >MX — > 0. 

Applying Hon^M^ -) to this, we get the long exact sequence

0 — > Hom(Mi, MM ) — > Hom(Mi, Mv ) — > Hom(Mi, MA )

Let |S(M)| denote the number of indecomposable summands of a module M. 

Exactness of this sequence tells us that dim(im</>) = dim Horn ( MI, M^) + 

dimHomtAf!, AfA ) - dim Horn ( MI, Mv ) = |5(MM )| + |S(MA )| - \S(MV )\ - 

(#parts of //) + (^parts of A) — (^parts of v). But this dimension cannot 

be negative; hence (#parts of A) + (#parts of //) — (^parts of v] ^ 0 as 

required. d

Lemma 3.3.3 Let M\ be a fixed A-module and suppose [Mj0- • -0Mj] occurs 

with non-zero coefficient in the multiplication [M\] o [MJ, with I ^ i ^ t. 

Suppose also that neither A nor // has any part of length greater than i. Then 

there is only one possible candidate for the module MM ; this can be specified.

Proof: There must exist a short exact sequence

0 — > M^ — > Mi 0 • • • 0 Mi -1+ Mx — > 0. (3.1)

This can be viewed as a sequence of k[X]/(Xl ) -modules, since no summands 

of length greater than i appear. Viewed in this way, Mf © • • • © Mf must 

then be projective, and the map TT must factor through a projective cover 

for MA . Thus we must have MM = ker?r = fJ(MA ) 0 M» 0 • • • 0 M;, where
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the number of copies of M; depends on the number of copies of M{ in the 

middle of the short exact sequence (3.1) and will be determined by the fact 

that the dimensions of the modules in (3.1) must add up correctly. This tells 

us that there is only one possible choice for the module MM , since the Heller 

operator Q is well-defined. D

We are now equipped to prove the theorem.

3.4 Proof of Theorem 3.2.1

Let A be as in Theorem 3.2.1. We begin by showing that if dim MA is even 

and/or greater than 2r and M\ is not semisimple (i.e. A 7^ (1,1,...,!)) then 

[Mx] G /. We shall prove this by induction using an appropriate ordering of 

the partitions corresponding to A-modules. The base case will be A = (2); 

we have [M(2)] G / by definition. Now suppose we have [MJ G / for all // 

satisfying all of

(i) \fj,\ even and/or \fj\ > 2r 

(ii) ^(1,1,...,!) 

(iii) |/z| < |A|, or

|//| = |A| and ^ > A in the lexicographic ordering.

Suppose A can be written A = A' U A", where neither A' nor A" is the 

empty partition, with |A'| even and A' =£ (1,1,..., 1). Then by hypothesis 

[Mx'] G /. Consider the multiplication [MA/] o [MA//]. Lemma 3.3.1 tells 

us that the modules which will appear in this multiplication are [MA ] and 

modules of the form [Mj with |/x| = |A| and // > A in the lexicographic
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ordering. By assumption, all such modules lie in /; hence [M\] is a linear 

combination of elements of / and must also lie in /.

Now suppose A cannot be written in this form. Since we assume that 

|A| is even or |A| > 2r, we cannot have A a single-part partition. The only 

possibility is therefore that A has just two parts, both of which are odd. We 

divide such possibilities into two cases.

Case 1: A = (s,t) with s^t. Look at the multiplication [Ms_i] o [M£+ i]. 

Lemmas 3.3.1 and 3.3.2 tell us that the modules which will appear in this 

multiplication are [M(s>t)j, [M(s_ 1)t+1)j and modules which are assumed by 

our inductive hypothesis to lie in /. But [M(s_i >tl )] has both summands 

of even length and therefore lies in / by definition. Hence [M(a> t)J is the 

only new module appearing. It can be shown by explicit construction of 

the appropriate submodule and quotient that it does indeed appear with 

non-zero coefficient. Hence it can be expressed as a linear combination of 

elements of /.

Case 2: A = (s, s). To deal with this case we introduce a slight modifica­ 

tion to the ordering used in our induction and show first that [M(S)S_ 1)1 )J G /. 

To see this, look at the multiplication [M(s_ 1)S_i)J o [M2]. Lemmas 3.3.1 

and 3.3.2 tell us that the modules which could possibly appear in this multi­ 

plication will be modules assumed to lie in /, along with [M(SjS_ 1)1) ], [M(5jS)J 

and [M(s_i )S_i ) 2)]- The last of these has all summands even and therefore lies 

in / by definition. Lemma 3.3.3 tells us that if we think of our modules as 

k[X}/(Xs )-modules, if [M(s ,5) ] does indeed appear then M2 = ^(M(s_ 1)S_ 1) ). 

But it is clear that fi(Af(s_i >s-i)) — ^f(i,i)- Hence [M(S)S) ] cannot occur, and so 

we have only [MS)S_i,i)] and modules known to be in /; hence [M^-^i)] e /. 

Now if we look at [M(a_i)] ° [M( S) i)], Lemma 3.3.1 tells us we will get some
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non-zero multiple of [M(S)S) ] along with [M(S)S_ U) ] and other modules already 

known to lie in /, telling us that [M(S)S) ] <E /.

This completes the inductive proof that those modules of the form given 

lie in /.

Finally, we show that if dimMA = n is odd and at most 2r — 1 and 

A ^ (1,1,...,!), A 7^ (n) then {[M\] + /, [M(nj] + /} is a linearly dependent 

set. Suppose that this result holds for all IJL with /x h n and // > A in the 

lexicographic ordering. The conditions on A tell us that it must be possible to 

partition A as A = A'UA" with |A' even. Then if we look at the multiplication 

[MA'] o [MA/'], Lemma 3.3.1 tells us that this will involve [M\] and modules 

assumed to be linearly dependent on [M(n)j modulo /. Hence [MA] is also 

linearly dependent on [M(n)j modulo /, as claimed. D

3.5 An explicit description of the quotient in 
Theorem 3.2.1

Let A be the algebra of Theorem 3.2.1. We have seen that H(A)/I is spanned 

as a vector space by elements corresponding to the semisimple A-modules 

and a finite number of indecomposable A-modules of odd dimension. This 

spanning set, although infinite, is much smaller than the basis for W(A); also, 

the corresponding modules are a nicely defined subset of the set of A-modules. 

Let [MA]+/, [MJ+/ be elements of the spanning set for H(A)/I described 

above. Consider ([MA ] + /) o ([Mj + /) = [MA ] o [Mj + I. Since the longest 

parts of A and IJL must both be odd, a single module of odd dimension cannot 

occur with non-zero coefficient in [M\] o [MM]: this tells us that [M2s+i] can 

never occur. Theorem 3.2.1 then tells us that [MA] o [M/J + / = a^M^ + /
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for some a e Q and the appropriate dimension n.

Case (i): Suppose M\ and M^ are not both semisimple, so we have either 

MA = M2s+i or MM = M2m for some s, t 6 {1, . . . , r - 1} (or both). Then 

[nM^ cannot occur in the multiplication [Mx] o [Mj. This tells us that we 

must have [MA] o [MJ 6 /, i.e. [MA] o [M^] = 0 modulo /.

Case (ii): Suppose Mx = nM\ and MM = raMi. Then [(n + m)Mi] 

will occur in the multiplication [nMi] o [mMi]. Since (n + m)Mi is the 

trivial A-module of dimension n -(- m, all subspaces of (n + m)Mi will be 

A-submodules. Any submodule of dimension m will be isomorphic to [raMi], 

and the corresponding quotient will be isomorphic to [nMi]. So, the coeffi­ 

cient of [(n -f m)Mi] in the multiplication [nMi] o [mMi] will be equal to the 

number of m-dimensional subspaces of an (n + m)-dimensional vector space,

(\k\m+n - l)(|fc|m+n- 1 -!)••• (\k\n+l ~ 
^ '

(| fc |m .

All other terms appearing in the multiplication [nMi] o [mMi] will be mul­ 

tiples of elements which are known by Theorem 3.2.1 to lie in I. So, we will 

have [nMi] o [raMi] = G[m + n; m](\k\)[(n + m)Mi] modulo I.
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Part II

Green rings
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Chapter 4

Definitions and background 
material

4.1 Hopf algebras

Let A be an associative algebra over k. The tensor product A <8> A over k is 

also an associative algebra, with multiplication given by (ai <8>&i) • (02(8)62) ; — 

aifl2 0 61^2- Note that A <8> k is also an associative algebra, with a natural 

isomorphism LI : A®k —> A given by ii(a®l) = a for all a E A Similarly, 

we have a natural isomorphism 1% : k <8> ^4 —» A.

Definition 4.1.1 Let A be an associative algebra over k. This is a bialgebra 

if it is equipped with a co-multiplication A : A —> A 0 A and a co-unit 

s : A —> fc, which are both linear and which satisfy the following properties:

(i) co-unit property: i-2 ° (e <8> icU) o A = id^ = LI o (icU <S> e) o A. 

(ii) co-associativity: (A ® idA ) o A = (icU (8> A) o A. 

(iii) A and £ are both algebra homomorphisms. 

The triple (A, A,e) is called a co-algebra.
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Sweedler notation: The image of an element a 6 A under the co-multi­ 

plication A will, in general, be of the form £V a»i <g> ai2 for some au , ai2 6 A. 

We will use the short-hand notation introduced by Sweedler [39] and write

Example 4.1.2 Let kG be a group algebra. Take A(#) = g®g and e(#) = 1 

for all elements g E G and extend linearly to kG. This makes fc£ into a 

bialgebra.

Example 4.1.3 Let U(L) be the universal enveloping algebra for some Lie 

algebra L. Take A(l) = 1 <g> 1 and e(l) = 1, and A(X) = X<8>l + l<8>Xand 

e(X) = 0 for all elements X G L. Extend to t/(L) via the condition that A 

and e are algebra homomorphisms.

Let r : A® A — > A® A be the transposition map given by r(ai (8) ^2) = 

a2 0 oi.

Definition 4.1.4 A bialgebra A is co- commutative if r o A (a) = A (a) for 

all a G A.

Example 4.1.5 A group algebra kG, with A defined as in Example 4.1.2, 

is co-commutative. A universal enveloping algebra t/(L), with A denned as 

in Example 4.1.3, is also co-commutative.

Definition 4.1.6 A Hopf algebra is a bialgebra A equipped with a linear 

map S : A — > A satisfying the relation

(a) = e(a)IA = S(a^)a

for all a e A. The map S is called the antipode.
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If the underlying bialgebra A is co-commutative then the antipode S will 

be unique: see [39, Section 4.0] for an alternative definition of the antipode 

which implies uniqueness.

Example 4.1.7 The bialgebra kG, with antipode S(g) = g~ l for all g e G, 

is a Hopf algebra.

Example 4.1.8 The bialgebra U(L), with antipode S(X) = -X for all 

X £ L, is a Hopf algebra.

Note that in both the examples above we have 52 = id A. This is in fact 

the case for all co-commutative Hopf alegbras (see [39, Proposition 4.0.1]). 

This property will be important to us later.

4.1.1 Hopf algebra modules

Let A be a bialgebra over k. Let M, N be A-modules. The tensor product 

M ® N over k can be made into an ^-module using the co-multiplication A 

on A: given a £ A and m <g> n £ M ® N, set a(m ® n) = A(o)(m <S> n).

Example 4.1.9 Let kG be a group algebra and let M, JV be fcG-modules. 

Putting 0(771 ® n) = (g <£> 0) (m ® n) = 0m (g) 0n for 0 £ G makes M (g) TV into 

a A:G-module in the usual way.

Let A be a bialgebra over k. The field A; is given an A-module structure 

by setting a.r = e(a).r for all a G A and r G fc. This module is called the 

trivial module.

Example 4.1.10 Let U(L) be a universal enveloping algebra. The trivial 

module k is given by X.r = 0 for all X E L and r £ k.
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Let A be a Hopf algebra over k. Let M and TV be A-modules. We define 

the action of A on Romk (M, JV), using the antipode 5, by setting

for all a G A, m e M and (/> E Homfc (M, JV).

Example 4.1.11 Let &G be a group algebra and let M and TV be kG- 

modules. Then the action of kG on Homfc (M, N) is given by (#</>) (m) = 

for 0 G G.

Example 4.1.12 Let f/(L) be a universal enveloping algebra and let M 

and TV be U(L) -modules. The action of U(L) on Homfc (M, N) is given by 

(Xcf))(m) = X(<t>(m)) - 4>(Xm) for X G L.

This action allows us to define the dual module M* = Homfc(M, k). Note 

that the existence of an antipode 5 has allowed us to view the dual module 

M* as a left A-module.

In the work that follows we will make use of various isomorphisms relating 

tensor products and homomorphism groups as Hopf algebra modules. A good 

account of the isomorphisms required can be found in [18, Section 1]. All the 

results of this account are generalisations of familiar isomorphisms of group 

algebra modules.

4.2 Green rings

Definition 4.2.1 Let A be a bialgebra. Let A (A) be the ring generated by all 

isomorphism classes of A-modules, with the only relations being [M] + [N] = 

[M © N] and with multiplication defined by [M] o [N] = [M <8> N]. This is 

the Green ring (also sometimes called the representation ring) of A.
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It follows from the basic properties of direct sums and tensor products 

that the addition defined on A(A) is both associative and commutative. Mul­ 

tiplication is also associative. If the bialgebra A is co-commutative then 

the multiplication in the Green ring will also be commutative: we have 

M <g> N ~ TV <g) M as A-modules via the map (f>(m <8> n) = n 0 m, since 

a4)(m <g> n) = a(n <g> m) = (a(1) <g> a (2) )(n (8) m) = (o(2) <8> a (1) )(n <g) m) = 

a(2) n ® a(1) m = 0(a(1) m ® a(2) n) = </>(a(ra 0 n)) for all a e A.

The Krull-Schmidt Theorem tells us that each element of A(A) can 

be written uniquely as a sum of isomorphism classes of indecomposable 

A-modules. So, the additive group of A(A) is a free abelian group with 

generators the isomorphism classes of indecomposable A-modules. It is clear 

that this additive structure of A (A) depends only on the structure of A as 

an algebra and not on the co-algebra structure.

4.2.1 Green rings of group algebras and universal en­ 
veloping algebras

We wish to look at the Green rings of group algebras and universal en­ 

veloping algebras, and to compare the Green rings given by these two co- 

multiplications. One aspect of our investigation will involve looking at the 

ideal of the Green ring defined by the following proposition:

Proposition 4.2.2 Let k be an algebraically closed field of characteristic p. 

Let H be either a group algebra or a universal enveloping algebra over k. 

Let A(H-p) be the span in A(H) of all H-modules M such that all direct 

summands of M have dimension divisible by p. Then A(H\p) is an ideal of 

A(H).
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In the case where H is a group algebra, this proposition is a version of 

[7, Lemma 2.5].

To see that Proposition 4.2.2 also holds when H is a universal enveloping 

algebra, we will look at a result of Benson & Carlson about tensor prod­ 

ucts of group algebra modules; in the following section we will see that the 

corresponding result for universal enveloping algebras also holds. We begin 

by checking some basic properties of enveloping algebras. We look first at 

the following, which corresponds to the result for group algebras given as 

Proposition 3.1.7 in [6]. The question of whether the analogous result also 

holds for an arbitrary Hopf algebra appears to be an open problem.

Proposition 4.2.3 Let U(L) be a universal enveloping algebra over k. Let 

M, N be U(L)-modules. Then H.omu(L} (k, Homfc (M, TV)) ~ Hom^z^M, N).

Proof: Let (/> : Komu(L)(k, Homfc (M, N)) -> Homfc (M,TV) be given by 

0(a)(m) = a(l)(ra) for a E Homt/(L) (/c,Homfc (M, N)) and m G M. This 

is an embedding of Hom[/(L)(/c,Homfc (M,TV)) into Romk (M,N). Now, for 

all X € L and for all a e Hom[/(L)(/c, Homfc(M, TV)), we have X.a(l) = 

a(X.l) = 0. Hence (X.a(l))(m) = 0 for all m G M. Then, by definition of 

the action of U(L) on Homfc (M, N), we get X(a(l)(m)) - a(l)(Xm) = 0. 

That is, X((/)(a)(m)) = (/>(a)(Xm). So, we see that the image of </> consists 

of precisely those a € Homfc (M, N) that are in Homf/(L) (M, TV). Hence 0 is 

the required isomorphism. D

This result then allows us to check the following:

Lemma 4.2.4 Let U(L) be a universal enveloping algebra over k. Let M, 

N be U(L) -modules. Then Romu(L} (k, M <g> N) ~ Homc7(L) (TV*, M).
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Proof: We have Homu(L)(N*, M) ~ Hom£/(L) (fc,Homfc (A/'*,M)), by Propo­ 

sition 4.2.3 . Then, by Proposition 1.2(a) of [18], this is isomorphic to 

Homf/(L)(fc, TV**(g)M). Since the antipode for U(L) squares to the identity on 

C/(L), we have Hom£/(L) (/c, TV** <8> M) ~ Hom[/(L)(/c, TV <g> M), by Proposition 

1.4 of [18]. Since the co-multiplication on U(L) is co-commutative, this gives 

the required result. D

We are now able to give the required result of Benson & Carlson.

Theorem 4.2.5 Let k be an algebraically closed field of characteristic p. Let 

H be a Hopf algebra over k such that Hom//(fc, U®V) cz Hom#(V*, U) for all 

H-modules U, V. Let M and N be indecomposable H-modules. Then M0TV 

has the trivial module k as a direct summand if and only if the following two 

conditions are satisfied:

(i) M ~ TV* 

(U) p |dim TV. 

Moreover, if k is a component of N* ® TV then it has multiplicity one.

This is a modified version of Theorem 2.1 of [7]. In this paper by Benson 

and Carlson, the result is stated in the case where H = kG for some finite 

group G. However, examination of the proof given in [7] shows that their 

proof will immediately give us the theorem in the form stated above. In par­ 

ticular, Lemma 4.2.4 tells us that this theorem holds for restricted universal 

enveloping algebras, as well as for group algebras.

Theorem 4.2.5 will prove to be useful for various purposes in the work 

that follows. Most immediately, it gives us an easy proof of Proposition 4.2.2.
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Proof of Proposition 4.2.2: Let M be an indecomposable //-module of 

dimension divisible by p. Let N be any //-module. We must show that all 

direct summands of M ® N have dimension divisible by p. Suppose, for a 

contradiction, that M®N ~ U®R for some U and R with U indecomposable 

andp /dim [7. Consider M®N®U* ~ (£7®£7*)e(/?<2>£7*). By Theorem 4.2.5 

applied to 17, this has A; as a direct summand. But Theorem 4.2.5 tells 

us that M <g) (N (g> £7*) has no trivial direct summand, giving the required 

contradiction. D

As a consequence of Proposition 4.2.2, we will be able to study quotients 

of the form A(kG}/A(kG;p) and A(U(L))/A(U(L)\p). We shall call these 

the Benson-Carlson quotients, as they were first introduced and studied by 

Benson and Carlson in the case of a group algebra.

4.3 The Jennings Algebra

Let G be a finite p-group and let A: be a field of characteristic p. In this section, 

we describe the construction of a restricted universal enveloping algebra, the 

Jennings algebra C7^Jen(G:), whose co-multiplication and Green ring we will 

compare with the group algebra kG. The construction behind the Jennings 

algebra was first given by S. A. Jennings in his PhD thesis and his paper 

[23]; an account of the construction can also be found in [6, Section 3.14). 

Let Tr (G) be the central series of G with properties

(i) rr (G)<G

(ii) If g e Tr (G) then f 6 Tpr (G).

iii) [rr (G),ra (G)]crr+s (G)
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for all r, s, and such that each Tr (G) is minimal with respect to the above 

properties. It can be shown that this sequence terminates in {!}. This is the 

Jennings series of G.

It is clear from the defining properties above that each of the quotients 

rr (G?)/rr+ i(G) is an elementary abelian p-group. So, each quotient can 

be regarded additively as a vector space over ¥p . Extending the field of 

coefficients to k and taking the direct sum of all these, we have the graded 

vector space

Jen(G) = ffi (k ( Fr(G)

The vector space Jen(G) can be given the structure of a p-restricted Lie 

algebra, with the Lie bracket given by commutators [#, h] as in the group 

G and the p-mapping given by taking pth powers of group elements, and 

linear extension. It can be checked that these maps are well-defined (that 

is, that they do not depend on our choice of coset representatives) and that 

they satisfy the axioms required for a Lie bracket and a p-mapping. The 

details of these proofs can be found in [15, Chapter 5.6]. We can then take 

the restricted universal enveloping algebra U^Jen(G) of Jen(<7). This is the 

Jennings algebra of G.

The group algebra kG and the Jennings algebra C/^Jen(6r) are both 

finite-dimensional associative Hopf algebras over k. In certain cases it turns 

out that we have kG c± U^Jen(G) as algebras. However, the fact that the 

co-multiplication is defined differently for group algebras and universal en­ 

veloping algebras means that we may have kG and C/^Jen(G) which are 

isomorphic as algebras but not as co-algebras. In such cases we can inver- 

stigate the relationship between the Green rings A(kG) and A(C7^Jen(G)). 

In order to restrict ourselves to cases where we have a description of the
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modules which generate the Green rings, we will look only at those p-groups 

which are of finite or tame representation type.

Theorem 4.3.1 Let G be a finite p-group and let k be an infinite field of 

characteristic p.

1. The group algebra kG is of finite representation type if and only if G 

is cyclic.

2. The group algebra kG is of tame representation type if and only if 

p = 2 and G is the Klein four group or is a dihedral, semidihedral or 

generalised quaternion group.

3. The group algebra kG is of wild representation type in all other cases.

For the proof of this theorem, see [8] and [29].

We now identify which p-groups of finite or tame representation type have 

kG ~ £7^1 Jen(G') as algebras.

Theorem 4.3.2 Let G be a finite p-group and let k be an infinite field of 

characteristic p.

1. We have kG of finite representation type and kG ~ t/^Jen(G) as 

algebras if and only if G is cyclic.

2. We have kG of tame representation type and kG ~ t/^Jen(G) as al­ 

gebras if and only ifp = 2 and G is either the Klein four group or a 

dihedral 2-group.

Proof: We need to show that kCpn ~ t/W Jen(Cpn) for all p and n > 1, that 

^ t/ [2] Jen(V4) and that kD2n ~ £/[2] Jen(£>2n) for the dihedral group D2n
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of order 2n with n ^ 3. We also need to show that kSD2n 9* 

and kQ2n ^ U®Jen(Q2n), where

C> J~} I on— 1 9 _ i on — 2bU2n = (x,y : x2 = y2 = l,y l xy = or 

with n ^ 4 is the semidihedral group of order 2n and

/ on— 1 on — 22n

with n ^ 3 is the generalised quaternion group of order 2n .

First consider Cpn = (x). The Jennings algebra can easily be constructed 

and shown to satisfy

Setting X i— > 1 — g, it is clear that this is isomorphic to kCpn. Similarly, we 

have

The case G = D^ is another easy calculation and can be found as [11, 

Lemma 27]; this result is used in this thesis in calculating the cohomology of 

the dihedral 2-groups.

To see that kDS2n ^ U^Jeu(SD2n) and kQ2n ^ U®Jen(Q2n), we use 

the result U®Jeu(SD2n) ~ U®3eu(Q2n) ~ UWj<m(D2n) ~ kD2n [11, Corol­ 

lary 6]. It can easily be checked that kSD2n ^ kD2n and kQ2n ^ kD2n (see 

for example [13, Section III. 13]). D

We can therefore summarise our intended line of investigation as follows: 

(i) Compare the Green rings A(kCpn) and

(ii) Compare the Green rings A(kV4 ) and A(U®Jen(V4 )). 

(iii) Compare the Green rings A(kD2n) and

70



4.4 Modules and tensor products for finite 
p-groups with kG ~ C/ M Jen(G) as algebras

Before beginning our comparison of the Green rings of group algebras and 

Jennings algebras we will survey what is known about the indecomposable 

fcG-modules and the Green rings A(kG) for the p-groups in our list.

4.4.1 Cyclic p-groups

Let G = Cpn. Putting X i—> 1 — g we have

k(X]kG~

The indecomposable /cG-modules are MI ,..., Mpn , where X acts on M» as a 

Jordan block matrix of size i with eigenvalue 0.

The Green ring A(Cpn) is also well understood. In particular we have the 

following theorem of J. A. Green.

Theorem 4.4.1 ([16, Theorem 2]) Letk be a field of characteristic p, and 

let G be a cyclic group of order a power of p. Then A(kG] is semisimple.

This theorem is the main result of [16]; this paper is the origin of the 

study of Green rings as algebraic objects, explaining why they have since 

been given this name.

4.4.2 The Klein four group

Let A; be a field of characteristic 2 and let V4 = (g, h) be the Klein four group. 

Putting X = I + g and Y = 1 + h we see that
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The indecomposable /cV^-modules were classified by Kronecker; a formulation 

of the classification similar to that used below was given by Basev [2]. The 

actions of X and Y on the families of indecomposable modules are as follows:

An : 0
0

Ax
0 Y

0
0

AY
0

where AX and AY are the (n + 1) x n matrices

\

1 0

0

for all n G N0 .
I 0

0

Av-

I
B

0 1 0

0 0 1

0 By

where BX and BY are the n x (n + 1) matrices

for all n G N.

' J. \J '

o '-.
1

\o oy

^ v f °
\ . V 1 V 1) • * V o

BY =

' w vy i

1 '-.

0
\0 1 /

Imn A v ( 0 CY >
0 J ^ AO 0 ;

for all n G N and all irreducible polynomials TT = Tm + um-iTm l + • • • +

over k, where CY is an mn x mn matrix consisting of m x m blocks
/ M 0 \

N •••

with
/ 0 1

0 N M )

N-

0
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Cn (oo) : X H-> 

where Cx is the n x n matrix

0
0

Cx
0 Y 0

0
In

0

' VJ J.

\o

VJ 1

•-. I 
o/

for all n G N.
/ 0 0 1 1 
0011 
1100

x 1 ! ° °/ 

The module D is both the only projective indecomposable module and the

D: X

f 1 1 0 0 
1100 
0011 
0 0 1 1

Y

only injective indecomposable module for our algebra.

This notation for the indecomposable modules is that used in [10].

The multiplications of any pair of modules in the Green ring A(kV±) have 

been calculated by Conlon [10]; the results are recorded in the tables on 

page 74.

4.4.3 Dihedral 2-groups

Let A: be a field of characteristic 2. Let

kD±q = (x,y : x2q = y2 = l,y~ lxy = aT 1 ),

with q ^ 2 and q a power of 2, be the dihedral group of order 4g. If we put 

X i-» 1 + y and Y i—» 1 + xy, we have kD±q isomorphic to

A ^ k(X,Y)

The indecomposable fcD4g-modules were classified by Ringel [28]. There 

is a single projective indecomposable module, which is just A A. The non- 

pro jective indecomposable modules can be described as belonging to two
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n ^ n

An'

An

nn'D + An+n,n+n>

Bn

n(n' + 1)D + (2n7

n(n' nn'D

nn'ra'D 2n'm'D

Cn 2n'D

D

n ^ n'

An'

Bn<

<,<„

Cn-M

D

CB (TT)

nn'mD + Cn (7r)

nn'mD + Cn (7r)

If TT 7^ TT': nmn'm'D 

If TT = TT; : nm(n'm - l)D + 2Cn (7r) 

Except special case: for TT ^ T, T + 1

nn'mD

2nrnD

Cn (oo)

nn'D + Cn (oo)

nn'D + Cn (oo)

nn'm'D

n(n' - 1)D + 2Cn (oo)

2nD

Figure 4.1: Multiplication tables for the Green rings
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classes, the string modules and the band modules. (This terminology was not 

used by Ringel, but comes from the fact that A is a special biserial algebra as 

defined in [37]: the non-pro jective indecomposable A-modules are thus string 

modules and band modules as defined for string algebras. For an explana­ 

tion of the classification of the indecomposable modules for a special biserial 

algebra, see [13, Chapter II].)

The string modules

Let W be the set of words in the letters X, Y, X~l and Y~l such that 

(i) X and X~l are always followed by Y or F" 1 , and vice versa. 

(ii) no word in W contains any of (XY)«, (YX)«, (X~ 1 Y~ 1 )^

Also include in W the word 1 of length 0. For a word w = a\a^ • • • an in W, 

define w~ l := a~ l - • • a^ 1 a]" 1 , where we set (X" 1 )- 1 = X and (Y~ l )~ l = Y 

and I" 1 = 1. Then we define an equivalence relation ~ on W by setting 

w ~ w~ l for all w G W.

The indecomposable string modules for A are in one-one correspondence 

with equivalence classes of W under ~. Given a word w — 0,10,2 • - • an , we 

have a natural basis v\, v 2 , . . . , vn+i for the corresponding module M(w). The 

actions of X and Y with respect to this basis are defined by the diagram

v-2

where the zth edge is an arrow pointing to the left and labelled with a^ if 

a . = X or di = Y and is an arrow pointing to the right and labelled with 

a~ l if on = X~l or a^ = Y~l . This diagram indicates how X and Y map 

the basis vectors onto each other; where there is no arrow, a basis vector is 

mapped to zero.
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Example 4.4.2 Take w = XY~ 1 X. Then M(w) is a 4-dimensional A- 

module with action of X and Y defined by the diagram

x y—— V2 x

So

X

I 0 1 0 0 
0000 
0001

V o o o o )
and Y

t 0 0 0 0 
0000 
0100
o o o o y

on M(w). 

Band modules

Let W be the set of words as denned above. For w G W, define wr by 

juxtaposing r copies of w. Note that this will not always be a word in W. 

Let W<2 be the set of words w in W such that (i) all powers of w are also 

in W, and (ii) iy is not itself a power of any shorter word. Given a word 

w = aia,2 • • - an in Wi, say that a rotation of w is any word of the form 

ttf+i • • • anaiO2 •' • di for some z. Define an equivalence relation ~2 on W~2 by 

setting w ~2 w" 1 and w ~2 w for any rotation w of if.

The indecomposable band modules for A are constructed as follows. Let 

w = aifl2 • • • an be a representative of an equivalence class in W%. We can 

assume (by rotating and/or inverting) that ai is X or Y. Draw a circular 

diagram as in Figure 4.2, where the edge between i and i + 1 (modulo n) is 

an arrow pointing anticlockwise and labelled with 04 if a^ = X or a* = Y and 

is an arrow pointing clockwise and labelled with a^ 1 if a$ = X~ l or a^ = Y~l . 

Let y be a finite-dimensional vector space over k and let 0 : y —> V be an 

indecomposable linear transformation. The band module M(w, V, 0) has 

basis given by attaching a copy of V to each vertex of the circular diagram of
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n

Figure 4.2:

Figure 4.2, letting a x act as 0 and letting a» act as ldv for alH ^ 2. The band 

modules for A are in one-one correspondence with triples (iy, V, 0) where W 

is a representative of an equivalence class in W% and V is a finite-dimensional 

vector space over k (up to isomorphism) and 4> '• V —* V is an indecomposable 

linear transformation (up to equivalence of transformations).

Example 4.4.3 Let w = XY~l . Then the action of X and Y on M(w, V, <f>) 

is given by

V
•y- _

and we have

on M(w,V,(/>).

X
0
0 0

and Y 0
0

Iv
0

Note that if w = aia2 • • - an is in W2 then n must be even, in order for 

powers of w to be in W. We therefore have dim M(iu, V, 0) = n. dim V, and 

hence all band modules are even-dimensional.
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Remark: The indecomposable /cl/4-modules presented in Section 4.4.2 can 

also be described as string and band modules in an analogous way, as /cV4 is 

also a special biserial algebra.

Almost split sequences

In the work that follows we will make use of information about the com­ 

ponents of the Auslander-Reiten quiver for kD^ which contain string mod­ 

ules. Here we use the results and notation of [3, Appendix] (see also [6, 

Section 4.17]).

Define two functions Rq : W -» W and Lq : W -* W as follows. If w G W

ends in XY-1 (X- 1Y- l Y~ l or YX-^Y^X'1 )^ 1 then wRg is obtained from 

w by cancelling that part; otherwise define wRq = wX~ 1 (YX) 9~ lY or 

wRq = wY~ l (XY)q~ lX, whichever is a word. Similarly, if w G W begins 

with (XY) q- lXY~l or (YX)«-*YX-1 then wLq is obtained by cancelling this 

part; otherwise wLq = X-^Y^X'^^Yw or wLq = Y- l (X~ lY~l ) q- lXw, 

whichever is a word. Note that Rq and Lq depend on the actual word w € W 

and not just on the equivalence class under ~. It is clear that Rq and Lq 

commute. We then have Q2 (M(w)) ~ M(wRq Lq ) (this construction for tak­ 

ing even powers of Q was described in Ringel's paper [28]). The almost split 

sequence terminating in M(w) is

0 — > M(wRgLq ) — > M(wLq ) 0 M(wRq ) — > M(w) — > 0, 

unless w or w~ l is (XY)q~ 1XY' 1 (X- 1Y- l ^- l t in which case it is

0 — > M(wRq Lq ) — > M(wLq ) 0 M(wRq ) 0 AA — > M(w) — > 0. 

The Auslander-Reiten quiver components for kD4q involving string mod-
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ules are: two 1-tubes

M(Ul ) ^=

and

M(UZ) ^=± M(u2Rq ) :^± M(u2 R2q ) ^=± ••.-••••••••

where m = (XY)q~ lX and w2 = (YX)q~ lY, and an infinite set of compo­

nents of type 'LA^, of the form shown in Figure 4.3, one of which has the 

projective module A attached (Figure 4.4). Note that the two 1-tubes de­ 

scribed above involve only modules of even dimension, so all odd-dimensional 

/cD4g-modules lie in some Auslander-Reiten quiver component of type ZA™. 

The components of the Auslander-Reiten quiver containing band modules 

will not be used in the work that follows, though it is known that all band 

modules lie in 1-tubes (see again [3, Appendix] and [6, Section 4.17]).

The Green ring

In contrast with the case of the cyclic p-groups and the Klein four group, 

relatively little is known about the structure of the Green ring A(kD^q). In 

particular, there is no description of how tensor products of kD^-modules 

decompose, as there is with Conlon's table for A(kV^). Research into the 

structure of A(kD±q ) has focussed on the question of whether it is semisimple, 

or equivalent ly whether A(kD±q ) has any nilpotent elements. It was shown 

by Zemanek [40] that, unlike A(kCpn), the Green ring A(kD4q ) will have 

nilpotent elements. Methods for constructing such elements can be found in 

[41] and in the survey articles [4] and [5]. The existence of nilpotent elements 

of order greater than 2 was shown in [21]; it is not known whether there are 

any nilpotent elements of order greater than 3.
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M(WRg) M(wLq l )

M(wRqLq ) M(w)

M(wLq )

M(wL*) M(wR~ l Lq )

M(wR~2 Lq )

Figure 4.3: Auslander-Reiten quiver components of string modules

-1 -1

%)

Figure 4.4: The Auslander-Reiten quiver component containing A

80



Chapter 5 

Cyclic p-groups

5.1 Comparing Green rings

Let G = Cpn = (g) be a cyclic p-group and let k be a field of characteristic 

p. We have seen that

kG - W)
Co-multiplication for the group algebra is given by A(X) = A(l) — A(p) =

X01 + 10X — X ® X. Co- multiplication for the enveloping algebra is given 

by ApO = l<8>X + X®l.

So, we see that kG and C/^Jen(G) are isomorphic as algebras, but that 

they have different co-multiplications and hence may not be isomorphic as 

co- algebras. We consider the question of whether they are indeed isomorphic 

as bialgebras.

Definition 5.1.1 Let A be a bialgebra. An element a G A is said to be 

group-like if it satisfies A(a) = a ® a.

Lemma 5.1.2 The group algebra kG and the restricted enveloping algebra 

are not isomorphic as bialgebras.
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Proof: It is clear that kG has a basis of group-like elements. So, if we had 

f/^Jen(G)) ~ kG as bialgebra, then U^ Jen(G) would also have such a basis. 

A general element of C7^Jen(Gf) is of the form a = ^"^ a>T Xr . Since 

A : A —> A <g> A is an algebra homomorphism,

We need to compare this with
Pn-ipn -i 

a (g) a — y] y ar at (Xr ® X* + X* ® X
r=0 t=0

If a is group-like then we must have ar at = (r**) ar+j for all r, t with r -f i ^ 

pn — 1 and ar at = 0 for all r, t with r + 1 ^ pn . We have ao = 0 or OQ = 1, 

since a^ = ao- Fix a\. The relations a\a,i = (i + l)«i+i for 1 < i < p — 1
_i / n \

will then give a» = ^f. However, we must also have a\ap_i = L.Jap = 0, 

i.e. a! /a l_i)! — 0- Hence we must have ai = 0 and thus a» = 0 for 1 < i < p. 

Similarly, for 1 < z < p - 1, the relations apaip = (p(^1) )ap(i+1 ) will give

We must also have apap(p_i) = (p^_i))o>p = 0 5 i- e -

1
ar ar1 - o.

Hence we have ap = 0 and thus aip = 0 for 1 < i < p. Repeated use of similar 

arguments shows that, for 1 < i ^ p - 1, we have aipt = 0 for 0 ^ t < n. 

Now look an arbitrary coefficient a,j. We can write j = sp + i with 0 ^ s <n 

and 0 ^ i ^ p — 1- In the case i = 0 we have seen above that a,- = 0. 

If z ^ 0, consider aspaf = ( sp^) ar We know that af = 0; the binomial 

coefficient (sp^~*) is non-zero. Hence a.,- = 0. So, the only group-like elements
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of C/Wjen(G) are 0 and 1. In particular, f/^Jen(G) cannot have a basis of 

group-like elements, so C/W Jen(G) and kG are not isomorphic as bialgebras.

D

Let the Green rings of the two algebras above be denoted A(kG) and 

A([/^Jen(G)). We will investigate the relationship between these two Green 

rings; since kG and C7^Jen(G) are only isomorphic as algebras but not as 

bialgebras, we might expect two different Green rings.

Theorem 5.1.3 The Green rings A(kG) and A(t/^Jen(G)) are isomorphic, 

via the natural isomorphism [Afj i— > [Mi].

Proof: We need to check that the decompositions of Mi<8>Mj as a fcG-module 

and as a C/^Jen(G)-module are the same, where we may assume without loss 

of generality that i > j. Since kG and U^ Jen(G) are both generated by the 

single generator X, it is sufficient to check that the action of X on M* <8> 

considered as a fcG-module is equivalent to the action of X on Mi ® 

considered as a C/^Jen(G)-module. Let Mi = (MI, . . . ,^), Xus = us+ i and 

let Mj = (vi, . . . , Vj), Xvr = VT+ I.

First consider M; <g> Mj as a /cG-module. As a basis for M» ® Mj, take 

£ = {ers = Ws 0 Vr : 1 ^ s ^ z, 1 < r < j}. Set ws <g) vr = 0 if s > i or r > j. 

Then Xers = Xws ®vr +us ® Xvr - Xus ® Xvr = us+i ®vr + us ® vr+l -

Now consider Mi ® Mj as a t/^Jen(G)-module. As a basis, we take 

B = {brs : 1 < r ^ i, 1 < s ^ j}, where 6is = ua (g> vi and

_
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for r ^ 2. ThenX(6is ) = us+i®vl +us ®v2 = us+l ®vi +

E 'l — S 
fc=i us+k ®v2 = 6i,s+i + 62,5 - 62,8+1- For r ^ 2, we have

' 

k + r - 2
(5.1)

by the convention that ut (g) vr = 0 if t > i. 

Now look at 6r+M - 6r+1)S+1 . This is

r _ i j ~°^K ~ "' ^ A^ \ r _ i i 
fc=o x 7 fc=o x

The coefficient of us+k <S> ^r+i in this expression is

'fc + r - 1\ _ (k + r - 2N 

, r ~ l ) \

It can easily be seen that this is equal to

'k + r - 2^ 

r-2

which is the coefficient of us+k®vr+ i in (5.1). Hence X(6rs ) =

So, we see that the action of X on Mi ® Mj as a /cG-module with respect 

to the basis E, and the action of X on M; ® Mj as a U^ Jen(G?)-module with 

respect to the basis B, are given by precisely the same matrices. D
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Chapter 6

The Klein four group

6.1 Comparing Green rings

Let T/4 = (g, h) be the Klein four group and let A; be a field of characteristic 

2. We have seen that

The co-multiplication on kV^ is given by A(X) = X®\ + \®X + X®X 

and A(y) = Y ®l + \®Y + Y ®Y. The co-multiplication on U^ JenfV^)
\ / •*• v /

is given by AOO = X ®l + 1® X and A(y) = y®l + l®y.
c? *j \ / \ /

As above, we will compare the Green rings A(kV±) and A(U^(L)).

Suppose first that k = k and look at some multiplications in the Green 

ring A(U® Jen(V4 )). Consider the tensor product Ci(T + a) <g>Ci(T + a) with 

a G k and a 7^ 0,1. Let {^1,^2} and {^1,^2} be bases for the two copies of 

Ci(T + a) such that X acts as

V 0 0

and y acts as
0 a 
0 0
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Let B = {m <8> vi,ui <g> v2 , it! (g) v2 + w2 ® vi, u2 <8> ^2}; this is a basis for 

+ a) 0 Ci(T + a). With respect to this basis, X acts as

/ 0 1 0 0 \ 
0000 
0001

\ooooy
and Y acts as

/ 0 a 0 0 \ 
0000 
0 0 0 a

\ooooy
So we see that [Ci(T + a)} o [Ci(T + a)} = 2[d(T + a)] in the Green ring 

A(C/^Jen(V4)). This contrasts with the Green ring A(/cV4 ), where we have 

[Ci(T 4- a)] o [Ci(T + a)] = [C2 (T + a)]. So, in the case where jfc = 5fe, we 

certainly do not have a natural isomorphism between the Green rings where 

each U^ Jen(V4)-module is mapped to the corresponding &V4-module, as we 

had in Theorem 5.1.3.

In the case k = k all other tensor products of indecomposable 

modules can also be calculated; it turns out that all such products other than 

the one calculated above are the same in A(L/'^Jen(Vr4 )) as in A(kV^).

Now consider the general case, where k can be any field of characteristic 

2. Conlon's paper calculating all products of indecomposable fcV^-modules 

[10] uses a technique which allows us to deduce the decomposition of tensor 

products of fcVVmodules in the case where k ^ k from the decomposition of 

A;V4-modules. We can apply the same technique in the case of t/^Jen(V4)- 

modules; this enables us to give the complete multiplication tables for tensor 

products of t/f2Uen(V4)-modules:
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n ^ n'

nn'D +
n(n'

(2n+l)D

n(n'

nn'D

nn'D + Cn/(oo)

(2n'

(2n'

2rim'D

2riD

4D

n < n'

^n'

•^n'

Cn/CTT')

Cn'(oo)

£>

Cn (7T)

nn'mD + Cn (7r)

nn'mD 4- Cn (7r)

If TT 7^ TT': nmn'm'D 

If TT = TT; : nm(n'm - l)D + 2Cn (7r)

nn'mD

2nmD

Cn(oo)

nriD + Cn (oo)

nn'D + (7n (oo)
nn'm'D

n(n' -l}D + 2Cn (oo)

2nD

It is clear from the tables above that, for any field of characteristic 2, we 

do not have A(fcV4) c± A(l/^Jen(V^)) via a natural isomorphism fixing all 

&V4-modules, as we had in Theorem 5.1.3.

Theorem 6.1.1 Let k be a field of characteristic 2. As algebras we have 

en(V4), but there is no natural isomorphism between A(kV±) and

Proof: Consider the rings A(kV^ := A(kV±) 0Z Q and A(UWjen(V4 ))® := 

A(U® Jen(F4 )) <S>zQ; that is, extend the ring of coefficients for the two Green 

rings to Q. We will show that there is no natural isomorphism between 

A(kV^}<^ and A(U^ Jen(\4))Q> by showing that A(kV^)q contains fewer idem- 

potents than
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Comparing the tables above with those in Section 4.4.2, note that the 

only products in A(kV4 )q which differ from the corresponding products in 

A([/^Jen(V4 ))Q are the squares [Ci(7r)] 2 for TT ^ T,T + 1. So, any idem- 

potent in A(kV4 )q which does not involve elements of the type CI(TT) with 

TT ^ T,T + 1 must also be an idempotent in A([/^Jen(V4))Q.

Suppose e = e2 for some e G A(kV±}^ which involves a summand of type 

CI(TT) with TT ^ T, T + 1. It can be seen from the structure of the modules 

An and Bn that An = ftn (/c) and Bn = rrn (fc). So, the element e can be 

written in the form

e = <c« + A-- + -rn' +« --

with o;n)7r ,/^n ,7n ,(5 G fc, where /, J C N and K C Z are finite indexing sets 

and II is a finite set of indecomposable polynomials over k. We have assumed 

that OL\^> 7^ 0 for some TT' G H\{T, T+l}. Suppose we square the element e in 

this form, using Conlon's multiplication tables and then compare coefficients 

of each indecomposable module. The first thing to note is that we must 

have 7n = 0 for all n G K \ {0}. For, our multiplication tables tell us that 

7n [nn (/c)] can appear in e2 only from terms of the form 7r7s [fir (/c)] o

If r0 = max{r : r G K} > 0 then 7r0 [^r°] 2 = 7?0 [n2r°( fc)]' but 2ro £ 

hence we must have 7ro = 0. Similarly, if TI = min{r : r G K} < 0 then 

2r*i 0 A" and we must have 7ri =0. We can now replace the indexing set K 

by K \ {r0 } or K \ {r^} as appropriate, and repeat the argument. Iterating 

this process, we deduce that K = {0} or K = 0. Comparing coefficients of 

ft°(fc) in e and e2 , we have 7o = 7o, so 70 = 1 or 70 = 0. If 70 = 1, then we 

can replace e by 1 — e, which is also an idempotent; this is then covered by 

the case 70 = 0.



Assume 70 = 0. let n' = max{n 6 / : a<7r ^ 0}, as before. If ri > 2 then 

the coefficient of [Cn/(7r')] in e2 is 2(an/ >7r/) 2 , which by assumption equals 

an'x» so we have an/ )7r / = 1/2. Now consider the coefficients of (Cn» (*')}, 

where n" = max{n E / \ {n'} : <*„//,*/ ^ 0}. If n" > 2 then the coefficient of 

[Cn»(n')} in e2 is an/ l7r/an« |7r -f 2(an// )7r ) 2 = 2an// i7r + 2(an// |7r ) 2 . By assumption 

this equals an» >7r , giving an// >7r = -1/2. Repeating this process tells us that 

the non-zero an)7r are alternately 1/2 and -1/2. Now look at the coefficient 

of [Ci(7r')] in e2 . This will be ±2ai >7r/ + 4a2 ,7r' ai,*/ = <*!,*'• Since a1|7r / / 0, 

this gives a2)7r ' = (1 T 2)/4. Finally, consider the coefficient of [C2 (7r')] in e2 . 

This will be ±2a2)7r' + 2(a2)7r') 2 + (ai,w') 2 and should equal ai >7r/. However, the 

two possibilities for o^x give us (ai >7r/) 2 = 9/8 or (aix) 2 — ~7/8, neither of 

which have roots in Q. So, there cannot be such an idempotent in A(kV^]q. 

Hence A(kV^)<^ contains no idempotents which do not correspond directly to 

idempotents in A(t/l2ljen(V4))Q.

Finally, we see that A(?7^Jen(V4))Q does contain idempotents involving 

summands of the type CI(TT) with TT ^ T, T + 1. For example, for any such 

TT of degree m, we have ([^(TT)] - (m/2)[£>]) 2 = [CiW]2 - m[dM][D] + 

(m2 /4)[D] 2 = m(m - l)[D] + 2[Ci(7r)] - 2m[D] + m2 [D] = 

so we see that (1/2) [^(TT)] - (m/4)[D] is an idempotent in 

Hence y46r^Jen(V4))Q contains more idempotents than A(A;V4)Q. D

6.2 Comparing Benson-Carlson quotients

Having seen that A(kV±) ^ A(U3en(V^)), we now consider the case where 

k is algebraically closed and look at the Benson-Carlson quotients

A(kV4 )
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and

Theorem 6.2.1 Let k be an algebraically closed field of characteristic 2.
Then

A(kV4 )
A(kV4 -2)

via the natural isomorphism [M] H-> [M] for all cosets of odd- dimensional 
kV4 -modules M.

Proof: We need to check that, for all odd-dimensional fcV^-modules M and 

JV, we have M ®! N = M <8>2 N modulo even-dimensional summands, where 
0i denotes the tensor product for the group algebra kV4 and <8>2 denotes the 

tensor product for the universal enveloping algebra U^3eu(V4). The odd- 

dimensional fcV4-modules are the modules An and Bn in Conlon's notation. 
Our multiplication tables in Section 4.4.2 and Section 6.1 tell us immediately 

that all products involving only modules of the form An and Bn are the 
same in A(kVty and A(U^Jen(V4 )). Alternatively, it can be seen from the 

structure of these modules that {An : n € N0 }U{5n : n G N} = {ttn (k) : n G 
Z}. Taking two such modules ftm (k) and Qn (/c), we have ftm (k) <& ftn (k) = 
Qm+n (k) modulo projectives, for i = I and i = 2. So, they certainly have the 
same product modulo even-dimensional summands. D
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Chapter 7

Dihedral 2-groups: comparing 
Benson—Carlson quotients

Let ft be a field of characteristic 2, and let D4q with q > 2 be the dihedral 

group of order 4q, We have seen that

Y\ (XY)* -

The co-multiplication on kD4q is given

and A(y) = y01 + l(g)y + y(8)y. The co-multiplication on [7$ Jen(D4g )

is given by A(X) = X 0 1 + 1 <g> X and A(F) = y ® 1 + 1 0 F.

Suppose /c is algebraically closed. We wish to compare the Benson-

Carlson quotients
A(kD4q )

A(kD4q -2) 

and

Conjecture 7.0.2 Let k be an algebraically closed field of characteristic 2. 

Then
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via the natural isomorphism [M] ^ [Af] for all cosets of odd- dimensional 
kD^q-modules M.

Note that if this conjecture is correct, then we would have

A(kG) _
A(kG-p)

for all p-groups G of finite or tame representation type with kG ~ f/w Jen(G) 

as algebras. If correct, this conjecture would provide an alternative way 

of looking at multiplications in the Green ring A(kD±q) and could help to 

improve our understanding of such products.

7.1 Properties of the Benson— Carlson quo­ 
tients

Here we study some properties of the two Benson-Carlson quotients, with 

particular emphasis on looking for evidence which would seem to support 

Conjecture 7.0.2 or which might go some way towards proving the conjecture. 

Throughout this chapter, we will write A to denote the algebra kD±q ~ 

in contexts where we are concerned only with the algebra struc­ 

ture and not with the two different co-multiplications. When we do need to 

distinguish between the two co-multiplications, we will write ®i for ten­ 

sor products of /cP^-modules and ®2 for tensor products of C/f2lJen(D4g )- 

modules, if the appropriate co-multiplication to use may not otherwise be 

clear from the context.

7.1.1 The group formed by the odd-dimensional inde­ 
composable modules

Lemma 7.1.1 Let M , N be two indecomposable k-modules.
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1. The product M® 1 N of kD ̂ -modules decomposes as a direct sum of in- 

decomposables as one odd-dimensional string module plus band modules 

and projective summands.

2. The product M <8> 2 N of [/[2Uen(£>4(7 ) -modules decomposes as a direct 

sum of indecomposables as one odd-dimensional string module plus band 

modules and projective summands.

Proof: The structure of the following proof is such that it will prove both 

parts of the above lemma, without needing to distinguish between the two 

co-multiplications for the two different Hopf algebras.

The classification of indecomposable A-modules in [28] tells us that M 

and N must be string modules corresponding to strings in X and Y of even 

length. Let AX be the subalgebra of A generated by X. There are precisely 

two indecomposable Ax-modules, the trivial module k where X acts as 0 and 

the projective module

| X with * _>

Prom the structure of string modules, it is clear that M|AX = A; 0 projectives 

and A/"| Ax = k 0 projectives. Hence (M <8> N)\&x = k 0 projectives, since 

taking the tensor product of modules commutes with restriction to AX-

Similarly, let Ay be the subalgebra of A generated by Y. By symme­ 

try, the two indecomposable Ay-modules have the same structure as the 

two indecomposable Ax-modules. As in the case of AX, we then have 

(M <g> N)\\Y = k 0 projectives.

Now think about the direct sum decomposition of M <g> N as a A-module. 

It is clear that every odd-dimensional summand (which must be a string
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module) will contribute a copy of k when restricted to AX- Furthermore, any 

even-dimensional string module given by a string which begins and ends with 

Y±l will contribute two copies of k when restricted to AX- Hence M®N has 

at most one odd-dimensional indecomposable summand and M <8> N cannot 

have any summands which are even-dimensional string modules given by 

strings beginning and ending with Y±l .

Similarly, if we consider restrictions to Ay, we see that M <g> N cannot 

have any summands which are even-dimensional string modules given by 

strings beginning and ending with X±l . Any string module is given by a 

string UiU2 - • • un , where Ui = X±l implies ut+i = Y±1 and Ui — Y±l implies 

Ui+i = X±l , so for any string module of even dimension (that is, where the 

string has odd length) we must have either u\ = X±l and un = X±l , or 

HI = Y±1 and un = Y±l . So, we have in fact seen that M ® N cannot have 

any summands which are even-dimensional string modules.

We have seen above that M®N must have at most one odd-dimensional 

string summand. However, these are the only odd-dimensional A-modules; 

the fact that dim(M® TV) is odd tells us that there must be at least one such 

summand. Hence M <S> N decomposes exactly as claimed. D

Theorem 7.1.2 L The cosets of odd- dimensional indecomposable

modules form an abelian group under the tensor product multiplication

in
A(kD4q )

A(kD4q -2)'

2. The cosets of odd- dimensional indecomposable U^jQu(D4q ) -modules 

form an abelian group under the tensor product multiplication in
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Proof: As with the previous lemma, we can give a proof which works for 

both parts of the above theorem.

Let M and TV be odd-dimensional indecomposable A-modules, and let 

[M] and [TV] be the corresponding cosets in A(A)/A(A;2). By Lemma 7.1.1 

we have [M] <g> [TV] = [U] for some odd-dimensional indecomposable A- 

module U. It is clear that our multiplication will be associative and com­ 

mutative, since this follows from the corresponding properties of A(kD^q ) 

and A([/ [2ljen(D4(7)). It is also clear that the coset of the trivial mod­ 

ule k (on which both X and Y act as 0) will be a multiplicative iden­ 

tity. Given an odd-dimensional indecomposable module M, Theorem 4.2.5 

tells us that M ® M* has a summand isomorphic to k. By Lemma 7.1.1, 

M ® M* has precisely one odd-dimensional summand. Hence this summand 

must be k and we have [M] ® [M*] = [k] in both A(/cD4g)/A(/cD4g ;2) and 

^([/ [2] Jen(£>4q))/A(f/ [2] Jen( JD4g);2), telling us that [M*] is the inverse for 

[M] in both cases. D

We now introduce some notation for these groups: write T(kD^q) for the 

group given by part 1 of Theorem 7.1.2, and write r([/t2Uen(Z)49 )) for the 

group given by part 2 of the theorem.

Note that the two Benson-Carlson quotients we are considering are in 

fact the group rings over Z of the two groups given by Theorem 7.1.2. That 

is,

and

So, to prove Conjecture 7.0.2, it would be sufficient to prove the following:
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Conjecture 7.1.3 Let k be an algebraically closed field of characteristic 2. 
Then

^ r(C/l2] Jen(I>4g))

via the natural isomorphism [M] i-» [M] for all cosets of odd- dimensional 

indecomposable kD ̂ -modules M.

We now study the properties of the groups T(kD4q ) and r([/[2Uen(£>4<7 )). 

For [M] an element of T(kD^q ) or r([/[2]Jen(£>4(? )), let M denote the unique 

odd-dimensional indecomposable summand of M.

Theorem 7.1.4 The groups T(kD4q ) and r(C7^ Jen(D4g)) are both torsion- 

free.

Proof: Let TV be an indecomposable A-module, and suppose [TV®7"] = [k] in 

A(kD4q)/A(kD4q ]2) or A(C/t2Uen(D4g))/A(t/ [2] Jen(D4g);2), for some r > 1.

Then in particular, A; is a direct summand of N®(r~ l "> ® N. Then, by Theo­

rem 4.2.5, we must have A^7"" 1 ) ~ A7"*. We will show that this is not possible 

unless TV ~ k.

Let TV be an odd-dimensional indecomposable A-module with N ^ k. 

The classification of indecomposable A-modules [28] tells us that N must 

be a string module given by some string w = u\u>i • • • u^n of even length. 

If u\ = X±l then u2n = Y±l (and vice versa). Assume without loss of

generality that u\ = X£ with £ G {±1}. We claim that N®* is also given by 

a word beginning with X£ , for all t ^ 1. This would be sufficient to show that

jy®(r-i) r£ TV* ? smce the dua} module N* is given by the string u^ lu^ 1 • • • u^. 

If the claim is correct then this is different from the string corresponding to 

. The only string equivalent to u^u^ 1 - • • u^ under Ringel's equivalence
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relation on strings is u2nU2n-i --Ui. This is also different from the string 

corresponding to TV®*, since u2n = Y±l . So, the strings corresponding to TV* 

and TV®* are not equivalent, which tells us that TV®* ^ TV*, as required.

So, it remains to show that if TV is given by a string beginning with Xc 

then TV®* is also given by a string beginning with X£ for alH ^ 1. We first 

take the case e = 1. We will give a proof by induction on t, so suppose TV and 

jV®(*-i) are both given by words beginning with X. Pictorially, the string
module structures of TV and TV®(*~!) are as in Figure 7.1.

&2 C2

ArrW*_1 "\ X x............... an(J

Cl

Figure 7.1: Module structures of TV and

Consider TV® TV® (*-*). In this product (with either co-multiplication) we 

have 61 ® ci = X(b2 <8> c2 ), so 61 (g> d 6 imX. Also bi <S> Ci G kerX n

and 61 (g) Ci ^ imK. Suppose, for a contradiction, that TV®* is given by a 

word beginning with X~l . The calculation above tells us that there exists 

some element a G TV®* such that a G imX fl kerX D kerY and a

Lemma 7.1.1 tells us that TV®* decomposes as TV®* (a string module given by a 

string of even length beginning with X" 1 ), plus band modules, plus projective 

summands. Consider the natural basis for TV®* giving the decomposition in 

this form. The element a must be a linear combination ^ieI Xmi with 

{mi : i G /} some subset of the natural basis. By inspection of the pictures 

for: (i) a string module given by a string of even length beginning with X~l ; 

(ii) a band module; (iii) a projective module, we see that Xmi adjoins an edge 

labelled with Y for all i G 7. So, this part of the module must have structure
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either as in Figure 7.2, or as in Figure 7.3 for some nt . But, if the first

X

i

Xm,

Figure 7.2:

Figure 7.3:

picture ever arises, we have Xrrii 0 kerY and a 0 ker"K. So, in all cases, we 

must have the structure given by the second picture. But then Xrrii E im~K 

and a E imF. This shows that imX DkerF C imF, giving the contradiction

we require. Hence N®* cannot be given by a string beginning with X~ l and 

must (up to equivalence of strings) be given by a string beginning with X.

Now take the case £ = — 1, so TV is given by a string beginning with 

X~l . Then N* is given by a string beginning with X. So, by the case above,

t ~ (N®1 )* is given by a word beginning with X. Hence N®* is given 

by a word beginning with X~l . This completes the proof. D

Theorem 7.1.5 The groups T(kD^g ) and r([7^Jen(D4g )) are not finitely 

generated.

Proof: We begin by proving that r(/cD4g ) is not finitely generated. Sup­ 

pose, for a contradiction, that T(kD^q ) is finitely generated by elements
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> [Mi] ,..., [Mn]. Then for all odd-dimensional indecomposable 

modules U, we must have [U] = [Mf n <g> Mf r2 <g> • • • <8> M®r"] in r(/cD4<7 ) 

Recall that kD4q = k(X,Y)/(X2 ,Y2 , (XY)* = (YX)*). Let

(Iog2 g)-l
A =

&udB = X. Then

(log2 g)-i

t=0

and
(loga g)-l ~2i - AB

and A2 = B2 = 0. So, A and B generate a subalgebra A' isomorphic to 

Note that A = l + z, where z is the central involution in the group D±q , so A' 

is indeed the group algebra of a subgroup of D±q isomorphic to V±. Consider 

the restrictions Mj A/. We have

where C is some direct sum of non-pro jective even-dimensional indecom­ 

posable fcVVmodudules, with /3i >s >7i ^ NO and only finitely many of the 

coefficients (3^ s non-zero.

Now, given an odd-dimensional indecomposable ^.D^-module C7, we have

supposed U — MfTl ® • • • M®Tn . Equivalently, U is a direct summand of 

Mfn <8>- • -<8)M®r-. Then C7| A/ is a direct summand of (Mfn <g>. • -®M®r-)| A/, 

which is isomorphic to (Mi A') 0ri ® • • • ® (Mn A')®rn - Now, by inspection 

of our multiplication tables for /cV^-modules in Section 4.4.2 , we see that 

a /^-module of type Ct (0) for t G Z can only occur as a summand of
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A/)®n <g) ... 0 (Mn A/ )®rn if £t ( 0 ) occurs with non-zero coefficient in 

the restriction Mf A, for some i. Only finitely many Ct (0) occur in these 

restrictions. So, we see that only finitely many Ct (0) can occur with non­ 

zero coefficient in restrictions [7| A, of odd-dimensional indecomposable kD±q- 

modules U '.

To give the required contradiction, we now present a family of kD4q- 

modules C/i, [72 , . . . such that the restrictions t/i| A/, L^U', • • • involve infinitely 

many different Ct (0). Let Ur be the odd-dimensional string module given by 

the string XY(X- 1 (YXY~ 1 Y)TX- 1 Y 1 for r ^ I. Looking at the pictorial 

representation of these modules and thinking about the actions of A and B, 

it can be seen that t/r | A/ ~ Cg+2+(r-i)2 (?- 1 (0)- This gives the required infinite 

list of Ct (0) appearing in restrictions to A'. This tells us that r(kD4q ) cannot 

be finitely generated.

We now move to the case of r([/^Jen(D4g)). With the co-multiplication 

of t/^Jen(-D4g ), the subalgebra generated by A and B above is isomorphic 

to the restricted enveloping algebra U^3Qu(kV^)^ which is isomorphic as an 

algebra to kV4 but has a different co- multiplication. However, tensor products 

of string modules are always the same for fcV4-modules and for U^Jeu^Vi)- 

modules. So, we can argue exactly as in the case of Y(kD±q ) to see that

is not finitely generated. D

7.1.2 The subgroup of endo-trivial modules

Let H be a Hopf algebra over k, and let M be an ^-module. Recall that M 

is said to be endo-trivial if Endfc(M) ~ /c©projectives. This is equivalent to 

M(g>M* ^ fc0projectives. It is clear that if the co-multiplication on H is co- 

commutative (so that the Green ring A(H ) is then commutative) then the set
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of endo-trivial ^-modules will form a group, which we denote T(H), under 

tensor product multiplication modulo projectives, with identity k. Thus we 

see that the group T(D4q ) of endo-trivial kD4q-modules forms a subgroup of 

our group T(kD4q ). Similarly, T(U®Jeii(D4q )) ^ r(U®Jen(D4q )). In this 

section we will study multiplications in T(kD4q ) and T(U [2] jQn(D4q )), and 

we will see that T(kD4q ) ~ T(U®Jeu(D4q )) via the natural map on T(kD4q ) 

fixing all modules.

The endo-trivial kD4q-modules have been classified by Carlson and The- 

venaz in [9]; it follows from Theorem 5.4 of [9] that the projective-free endo- 

trivial modules are precisely {£la (L®b) : a, b e Z}, where L is the unique 

indecomposable module such that the sequence

? — *k-^0 (7.1)

is exact, and L®b is understood to mean (L*)®( ~ 6) if 6 < 0. For exam­ 

ple, in the case q = 2 we have L = M(XY). Theorem 5.4 of [9] also 

describes the group T(kD4q ): we have an isomorphism Res : T(kD4q ) — > 

T(kH) © T(kH') ~ Z © Z where Res(M) = (^(M\kH),^(M\kH,)), with 

H = (xq ,y) and H1 = (xg ,xy) the two subgroups of D4q isomorphic to the 

Klein four-group. Explicitly, the map Res is given by ResffiJ^L®6 )) = 

((QJJ6 (A:), Qy~^b (k)) modulo projectives. Exactly the same method shows 

that Res : T(UMjen(D4q )) -> T(k(A,X)) 0 T(k(A, Y)) ~ Z 0 Z is an iso­ 

morphism, where
(Iog2 g)-l

A = (XY} q + (XY}q~ lX + Y(XY) q- 1 + ((XY) q~2i +

and k(A, X) and k(A, Y) have co-multiplication as in C7^ Jen(V4). Prom this 

it is clear immediately that T(kD4q ) ~ T(U^3en(D4q )) and that we must 

also have T(U® Jen(D4g )) = {tta (L®b ) : a, b e
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To see that multiplication in T(D^q ) is exactly the same as multiplication 

in T(Ui J Jen(D4g )), note that since Res is injective it will be sufficient to show 

that Res(M0!TV) ~ Res(M02 TV) for all M and M endo-trivial. Since Res is 

a homomorphism of abelian groups we have Res(M0iTV) = Res(M)0Res(TV) 

under the tensor product multiplication in kV±, and also Res(M 02 TV) = 

Res(M)0Res(TV) under the tensor product multiplication in U^ Jen(V4 ). But 

since Res(M) and Res(TV) are both modules of the form ^y4 (/c), we have seen 

in Section 4.4.2 that the product Res(M) 0 Res(TV) is the same under both 

tensor product multiplications. This gives us Res(M 0i TV) ~ Res(M 02 TV) 

and hence M 0: TV ~ M 02 TV as required.

7.1.3 The restriction map applied to all indecompos­ 
able odd-dimensional modules

It is clear that the map Resi : T(kD4q ) -> T(H) 0 T(H') and the map 

Res2 : T([/[2] Jen(£>4(7 )) -» T(k(A,X)) @T(k(A,Y)) of the previous section 

can be extended naturally to maps Resi : T(kD^q ) —> A(kH) x A(kH') 

and Res2 : r([/^Jen(D4g )) —> A(k(A,X)) x A(k(A,Y)), by again taking 

Res(M) = (M\kH> M\kH') modulo projectives in both cases. Note that 

Res;(M 0; TV) = (M\kH ®i N\ kH ,M\ kHi ®t N\kH') f°r i = 1)2, so Res 

preserves the tensor product multiplication. The facts that enable us to 

deduce that M 0i TV ~ M 02 TV when M, TV e T(kD±q ) are (i) the in- 

jectivity of Res on T(kD^q } and T([7^Jen(D4(7 )), and (ii) the fact that 

(U 0i V, U' 0i V) = (U 02 V, U' 02 V) for all (U, U1 ), (V, V) G im(Res). 

So, in investigating the properties of Res when applied to the whole group 

F of odd-dimensional modules, we will pay particular attention to whether 

these two properties hold in the general case.
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Recall that the image of Res on T(kD4q ) is {(^(fc), 4̂ ( fc )) : r, s E Z] 

which is precisely the set of pairs of endo-trivial fcV^-modules. By Lemma 

2.9 of [9], any module M with (M\ kH , M\ kH.) € {(^(fc), 4̂ (fc)) : r, s G Z} 

modulo projectives is endo-trivial. So, the set of endo-trivial kD±q- modules 

is precisely the set of modules with restrictions of this form, and we must 

expect the appearance of summands corresponding to band modules for kV4 

in the elements of Res(T(kD4q )).

The endo-trivial &D4(rmodules can be located in the Auslander-Reiten 

quiver via the following theorem of Karin Erdmann [14]:

Theorem 7.1.6 Let L be the endo-trivial kD$q -module defined by the short 

exact sequence

of Section 7.1.2. There exist irreducible maps L®r — > H~ 1 (L®(r+1) ) and

This tells us that the endo-trivial fcD^-modules are precisely the modules 

lying in the stable Auslander-Reiten quiver components of k and L, which 

have structure as shown on page 104.

Replacing each label M of these quiver components with the label (r, 5) 

where Res(M) = (Oy4 (fc),Qy4 (&)), we get the pictures on page 105.

The fact that all endo-trivial modules are located in these components — 

and the patterns observable in these pictures — suggest that a sensible ap­ 

proach to studying the properties of Res on Y(kD^q ) could be to look at how 

the images of modules under this map relate to the position of modules in 

the stable Auslander-Reiten quiver.
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k

L

Figure 7.4: The stable Auslander-Reiten quiver components of k and L
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(0,4) (-2,2) (-4,0)

(0,2) (-2,0)

(2,2) (0,0) (-2,-2)

(2,0) (0, -2)

(4,0) (2, -2) (0, -4)

(1,3) (-1,1) (-3,-!)

(1,1)

(3,1) (-1.-3)

(3, -3) (1.-5)

Figure 7.5: Restrictions of the stable Auslander-Reiten quiver components 
of k and L
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The restriction map and the Auslander-Reiten quiver

Let M be an odd-dimensional indecomposable A-module. We know that M 

lies in a stable Auslander-Reiten quiver component of structure 1A£\ we 

look at how the restrictions to H and H' of all modules in this component 

are related.

First we note that M\ H and M\ H> must both be of the form

C 0 r}n (/c) 0 projectives

for some n £ Z and some C a direct sum of non-pro jective even-dimensional 

indecomposable /cV^-modules (possibly zero). For, we have seen in the proof 

of Lemma 7.1.1 that M\(X) = k 0 projectives. We have

— k 0 projectives

and M\(x] = (M\H)\(X)- Hence there cannot be more than one summand 

of the form Qn (k) in M\H- In fact, there must be precisely one, since M is 

odd-dimensional and hence must have at least one odd-dimensional indecom­ 

posable summand. An analogous argument looking at M|(y) will provide the 

same result about the structure of M|#/.

We now use the following result to relate the structure of restrictions of 

other modules in Auslander-Reiten quiver component of M to the structure 

of M\ H and M\ H>:

Proposition 7.1.7 ([6], Proposition 4.12.10) LetG be a group with sub­ 

group G' . An Auslander-Reiten sequence

0 — > tfM — >E — > M — > 0

of kG-modules splits on restriction to G' if and only if G' does not contain a 

vertex of M.
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Applying this in our situation, every odd-dimensional /cD4g-module has 

vertex D4? . So, every Auslander-Reiten sequence of odd-dimensional kD4q- 

modules must split on restriction to H and on restriction to H' .

Suppose for simplicity that M does not lie in the Auslander-Reiten quiver 

component of the projective indecomposable module (this can be treated 

separately with minor modifications to the arguments below). Then the 

Auslander-Reiten sequence terminating in M is of the form

0 — > Q 2 (M) — >U®V — > M — > 0

with U and V odd-dimensional and indecomposable. Then, by Proposi­ 

tion 7.1.7, we have

(U 0 V)\ H ~ M\ H 0 tf(M)\ H ~ M\ H 0 tf(M\ H ) 0 projectives,

since £1 2 (M)\ H ~ tt2 (M\ H ) 0 projectives.

We consider first the non-pro jective even-dimensional summand C of 

M\H> It is clear, since the string module M does not involve any param­ 

eters, that C = $^r avCr (0) for some ar E k. These modules all satisfy 

Q(Cr (0)) = CV(0), from which we see that 172 (M)|# has exactly the same 

non-pro jective even- dimensional indecomposable summands as M|#. Then, 

by Proposition 7.1.7, any such summand appearing in U\H must appear in 

M\H> Applying the same argument to U\H and Q~2 (U)\H, we see that any 

indecomposable non-pro jective even-dimensional summand Cr (0) appearing 

in M |H must occur in U\H> So, we see that exactly the same such sum­ 

mands must occur. Periodicity of these modules and iteration of the above 

argument then tells us that this must be the case for any module N in the 

Auslander-Reiten quiver component of M; it remains only to see whether 

the multiplicities may differ.
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Let Cr (0) be some indecomposable even- dimensional module which oc­ 

curs in M\ H . Let nr (M\ H ) be the multiplicity of Cr (0) as a summand of 

M\ H , and similarly for other kD4q-modu\es. Then, by Proposition 7.1.7, 

nr (U\H ) + nr (V\ H ) = nr (M\H ] + nr (tf(M)\H ) = 2nr (M\ H ), since we have 

nr (ft2 (M)\H) = nr (M\H ) as Cr (0) is periodic of period 1. For exactly the 

same reason we have nr (^l~2 (U)\H ) = nr (U\ H ) and hence nr (ft~ 2 (£/)|//) + 

nr (V\n) = 2nr (M|#). This applies at every point in the Auslander-Reiten 

quiver component, which tells us that nr (- H ) : r(kD4q ) —> N0 gives a 

subadditive function on each copy of A™ in the component. It is easy to 

see that every subadditive function on A™ is constant (for example, see the 

proof of Proposition 4.5.7 (ii) in [6]). The constant must be the same in all 

cases, since nr (f^(M)|//) = nr (M\ H ) for all t £ Z. Hence each module in 

this Auslander-Reiten quiver component has exactly the same non-pro jective 

even-dimensional summand when restricted to H .

Now consider the odd-dimensional summand £ln (k) of M\H- By Propo­ 

sition 7.1.7, (U 0 V)\H — &>n (k) 0 £ln+2 (k) 0 (even-dimensional summands). 

So, either

U\ H = Qn (k) 0 (even-dimensional summands)

and

V\H = Qn+2 (k) 0 (even-dimensional summands),

or vice versa (since both restrictions must have exactly one odd-dimensional 

indecomposable summand). Suppose U\ H has odd-dimensional summand 

. Look at the Auslander-Reiten sequence

0 — > Q2 £7) — > ft2 (M) 0 M' — >U — >0.

By applying Proposition 7.1.7 again, we see that M' H has odd-dimensional
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summand £ln (k). Repeating this process we see that the exponent n will 

be constant along a diagonal through M and all other diagonals parallel to 

this. Conversely, if U\ H has odd-dimensional summand Qn+2 (/c), then we get 

exponents constant along the other diagonal through M and all diagonals 

parallel to this.

Shown pictorially, we have seen that, modulo projectives, the restrictions 

to H of modules in the Auslander-Reiten quiver component of M (given 

by their positions in the Auslander-Reiten quiver) must be either as in the 

picture on page 110, or the component obtained by taking this picture and 

reflecting it in any horizontal line.

The same arguments will apply to restrictions to H'. So, either restric­ 

tions to H and restrictions to H' are the same for all modules in this com­ 

ponent, or we get constant exponents on the two different diagonals for the 

two different subgroups H and H'.

It can be seen, however, that we do not have U\H — U\H' f°r au" modules 

U in this Auslander-Reiten quiver component. For, suppose U\H — U\H>- If 

U is given by a word beginning with X, consider the module V formed by 

adding a "hook" of the form

x

to U (this corresponds to Benson's operation Lq ). When restricted to ff, we 

get U\H ® rD f°r some r - However, when restricted to H' , the extra part

109





will be "connected" to U\ H . Hence V\ H ^ V\ H>. If U is given by a word 

beginning with A"" 1 , consider the module V formed by adding a "hook" of 

the form

X

/
(this corresponds to I/" 1 ). Then we again have V\ H — U\H © rD ^ V\ H>- 

This covers all possibilities for U (up to equivalence of words under ~).

So, we can see that if we replace each vertex M in the Auslander-Reiten 

quiver with a label (M|#,M|///) modulo projectives, we will get a pattern 

for all components of odd-dimensional fcD4(rmodules as shown on page 112, 

where C\ = 5^r Q;r Cr (0) for some ar G k and C^ — ^2t 0tCt(fy f°r some 

ft G k. The projective summands of each restriction can then be calculated 

by considering dimensions.

Properties of the restriction map

We have noted above that, for M an odd-dimensional A-module,

M\ H = Y^ arCr (Q) 0 Qs (/c) 0 mD.

Let N be another such module. Consulting our tables for multiplication 

in A(kV4 ) and A(C/t2] Jen(y4 )) in Section 4.4.2 and Section 6.1, we see that 

any tensor products involoving only modules of the form Cr (0) for r G N 

and f2 s (/c) for s G Z and D will be the same in both Green rings. So, we 

have M\ H ®i N\H - M\ H ®2 N\ H . Similarly, we also have M\ H> ^ N\ H> ~
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M\ H, <S> 2 N\ H,. In other words, (U ®i V, U' ®i V) = (C7 ®2 V, C/' ®2 V; ) for all 

(Pi U')i (V5 V7 ) £ im(Res), the second of the two properties of the restriction 

map on endo-trivial modules which we were particularly interested in.

We now address the question of whether Res may be an injective map on
r(A).

Lemma 7.1.8 The map Res : T(A) -> A(kH) x A(kH') is not injective.

Proof: This can be seen easily by providing two modules with the same 

image under Res: for example,

and

Y x

are both A-modules for any q ^ 2, and both have image

(C2 (0) 0 Ci(0) 0 fc, C2 (0) 0 Ci(0) 0 k)

under Res if q = 2, or image

under Res if q > 2. D

It follows from this result that we cannot argue as we did for T(kD^q] and 

n(/^49 )) to show that tensor product multiplications are the same in
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r(/cD4<7 ) and r([/ [2Uen(D4(7 )). We now look at how common such pairs of 

modules with the same image under Res are: this can be thought of as an 

investigation of how far the map Res is from being injective. To do this 

we consider the number of modules of dimension 2n + 1 and the number 

of possible images under Res of such modules, and compare how these two 

numbers increase as functions of n. Since we are interested primarily in 

limiting behaviour, let us assume that q is arbitrarily large. That is, assume 

that q > In, which will ensure that the indecomposable /cD4g-modules of 

dimension 2n + 1 are the same as the indecomposable fcDoo-modules of this 

dimension.

In Ringel's paper giving the construction of the indecomposable modules 

for dihedral 2-groups [28], it is shown that there are 22n = 4n indecomposable 

kD^g-modules of dimension In + 1.

Let M be an indecomposable kD±q-module of dimension 2n +1. We have 

M\ H = ]Tr ar Cr (0) 0 £ls (k) © mD for some r, m G N, ar G k, s G Z. Now 

dimCr (0) = 2r. Hence, if r1 is the largest integer with ay ^ 0, we have that

(r> r' r' _ i rf — 1 I 1'
V 5 ' ' ' 5 ' 1 ' •*•> ' • ' 1 ' -M ' ' ' 5 -1-) ' ' ' 5 -1-.
Xk J \. J fc. **

V-i

must partition some number less than or equal to n. So, the number of pos­ 

sible non-projective even-dimensional summands C = ^2r ar Cr (G) of M\ H 

must be at most 5Z"=1 p(<) where p(t) us the number of partitions of t. 

Looking now at the odd-dimensional summand fts (k), we have dimfJs (/c) = 

2|s| + 1, So there are at most 2n possible £ls (k) which could appear in our 

restriction. If C and £ls (k) have been chosen, then the number of projective 

summands m of M\ H is then determined by dimM = dimM|#. So, the 

number of possible restrictions to H of /cZ^-modules of dimension 2n + 1 is
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certainly at most 2n.

Similarly, the number of possible restrictions to H' of fcD4g-modules of 

dimension 2n +1 is at most In. £"=1 p(t). So, the number of possible images 

under Res of such modules is at most
n \ 2 2

2n. J^p(t) I < (2n2p(n)) 2 = 4n4p(n) 2 ~ ^-«

by Stirling's Formula for the number of partitions of n. It is clear even 

from this crude estimate that the number of indecomposable fc-D^-modules 

of dimension 2n + 1 grows much faster as n increases than the number of 

possible images of such modules under the map Res. So, we see that in the 

limiting case where q and n are large, the map Res is increasingly far from 

being injective. This tells us that the example given in Lemma 7.1.8 is far 

from being an anomaly, and shows that we have no hope of adopting the 

methods used in section 7.1.2 to show that multiplications in T(kD±q } and

are always the same.

7.1.4 Tensor products and Auslander-Reiten theory

In this section we shall look at how tensor products of odd-dimensional 

/cD4g-modules or C/^Jen(D4g )-modules are related to the Auslander-Reiten 

quiver; this will allow us to make a substantial reduction to the problem of 

determining whether M ®i N ~ M <8>2 N for all odd-dimensional indecom­ 

posable kD^g-modules M and TV.

The key tool in this section will be a theorem of Green, Marcos and Sol- 

berg [18]. First we require the following definition explaining the terminology 

used in [18].

Definition 7.1.9 Let H be a finite-dimensional Hopf algebra with 52 = id//
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over an algebraically closed field k. A splitting trace module is a finitely gen­ 

erated indecomposable ^-module such that char(/c) does not divide dim M.

Note that this is not the original definition of a splitting trace module: 

the original definition and an explanation of why the terminology chosen is 

appropriate can be found in Proposition 3.1 and Corollary 3.2 of [18]. The 

definition taken above comes from the result of Proposition 3.3 of [18]; from 

this definition it is clear that all odd-dimensional A-modules are splitting 

trace modules.

We can now state the result we need on tensor products and Auslander- 

Reiten sequences:

Theorem 7.1.10 ([18, Theorem 8]) Let H be a finite-dimensional Hopf 

algebra with S2 = id#, and let M be a splitting trace module. If

0 —> r(k) —> E —>k —> 0 (7.2) 

is an almost split sequence, then

0 —> M ® r(k) —> M®E —> M —> 0 

is an almost split sequence modulo injectives.

This result was generalised from the case where H is a group algebra; two 

formulations of the original result can be found in [1, Theorem 3.6] and [7, 

Proposition 2.15].

We can now use Theorem 7.1.10 to prove the following lemma describing a 

particular tensor product. First recall Benson's description of the Auslander- 

Reiten sequences of odd-dimensional A-modules outlined in Section 4.4.3.
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Lemma 7.1.11 Let M be an odd- dimensional h-module. We may assume 

that M = M(w) where w is a word beginning X£ for some e € {±1}. Then 

the tensor product M(w) (g>f £7(L) = M(wRq ) modulo projectives for both 

i = 1 and i = 2.

Proof: The following proof holds for both i = I and i = 2; we therefore 

drop the subscript i.

The almost split sequence terminating in k is

o — > n(fc) — > n(L) e n(L*) — > fc — > o.
So, by Theorem 7.1.10, 

0 — > M(w) ® tf(k) — > M(w) (8> fi(L) 0 Af (w) ® ft(L*) — > Af (tu) — > 0

is almost split modulo projectives. But, by Benson's construction, the almost 

split sequence terminating in M(w) is

0 — > M(wRq Lq ) — > M(wRq ) 0 M(wLq ) — > M(w) — > 0.

Since the almost split sequence terminating in a particular module is unique

up to isomorphism, we must therefore have either M(w) 0 fi(L) = M(wRq )

or M(w) 0 fi(L) = M(wLq ) modulo projectives.

We now look at restrictions to H = k(A,X) ~ kV4 . Suppose M\ H = 

«rCr (0) 0 fi*(A;) © n£>. Then (M(w;) O Sl(L))\ H = M(w)\ H ® n(L)|H -

ives

by our tables of multiplications for /cV^-modules and t/^Jen(Vr4 )-modules.

So, it is enough to show that M(wLq )\ H & Z) arCr (Q)®{lt+2 (k) ©projectives. 

Prom the work in Section 7.1.3 on restrictions to Klein-four subgroups

and Auslander-Reiten quiver structure, we know that either

M(wLg)\ H - <*rCr (Q) 0 tf+2 (k) © projectives
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or

M(wLq )\ H ~ ^T ar Cr (0) 0 ft*(fc) 0 projectives,

since there exist irreducible maps M(wLq ) —> M(w). Suppose, for a con­ 

tradiction, that M(wLq )\ H ~ ^ ar CV(0) 0 Q*+2 (fc) 0 projectives. Note that 

dim M(wLq ) = dim M(w)±2q (according to whether M(wLq ) is obtained by 

adding or removing a hook from M(w)). Also, dimQ*+2 (/c) = dimft*(fc) ± 4 

(according to whether \t + 2| is greater or less than |£|). So, by comparing 

dimensions, our assumption tells us that the number of projective summands 

of M(w)\ H and M(wLq )\ H must differ either by ±(q-2)/2 or by ±(q + 2}/2. 

We will show that this is not the case.

First consider the case where wLq = X~ l (Y~ 1 X~ 1 ) q~ 1 Yw. Let vi, ^3,... 

vq-i be the first q/2 odd numbered basis elements of the corresponding nat­ 

ural basis for the string module M(wLq ). Then for i G {1,3,..., q — 1} we 

have AXvi ^ 0, so Vi must be the top of a projective fc-Zf-module, which 

must then be a direct summand of M(wLq )\n- But any element v which is 

the top of a projective summand of M(W)\H will clearly also be the top of a 

projective summand of M(wLq )\H- So, in this case M(wLq )\ H has q/2 more 

projective summands than M(W)\H-

Now consider the case where w begins with (XY)q~ lXY~l and wLq is 

obtained from w by cancelling this part. Then the natural basis elements 

vq+2,vq+4,... ,V2q of M(w) will all be the tops of projective summands of 

M(W)\H\ all projective summands of M(wLq )\H will also correspond to pro­ 

jective summands of M(W)\H. So in this case M(w)\H has q/2 more projective 

summands than M(wLq )\ H . D

We now use this to show how products of elements in the groups
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and r(£/[2Uen(D4g )) are related to the structure of the Auslander-Reiten 

quiver.

Ineorem 7.1.12 Let M = M(u) and N be odd- dimensional indecomposable 

A-modules. Let r e {1,2} and suppose M(u] ®r N = M(w). Assume that 

u and w both begin X£ for some e E {±1}. Then for all z, j € 1 we have

Remark: Recall that the elements M(u^Lj) for i, j G Z are the vertices of 

the Auslander-Reiten quiver component containing M, with their position in 

the quiver relative to M determined by the indices i and j. So, this result tells

us that the component on M ® N can be obtained by taking the component 

of M and replacing all vertices with their image under the map U ^ U ® N. 

So, tensoring with N induces a graph isomorphism from the component of 

M(u) to the component of M(w). Alternatively, Theorem 7.1.12 says that, if

we know M ® N then U <S> N is determined for all U in the same Auslander-

Reiten quiver component as £7, since U <S> N is determined by its position

relative to M 0 N in the corresponding component.

Proof of Theorem 7.1.12: As for Lemma 7.1.11, we drop the subscript r

and provide a proof that holds for both r = 1 and r = 2.

First we look at modules in the same column of the Auslander-Reiten 

quiver as M(u)\ that is, we show that

gT/V = M(wRiqLq i ) for all i 6 Z. (7.3)

We prove this for i ^ 0 by induction on i\ the case i ^ 0 is analogous 

using induction on —i. The base case i = 0 holds by definition. Assume

N = MwR-l Ll-i . Now

®N = tt-2(fc) ® MMj^-1 ) <g> N 
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by Ringel's construction for taking even powers of fi [28]. Then, by two 

applications of Lemma 7.1.11, this is

> N, 

which equals

by the inductive hypothesis. Then, applying Lemma 7.1.11 again, this is

> M(wPy-l L^-i ). Finally, Ringel's construction tells us that this is 

M(wRq L~l ) as required.

Now we look at modules in the preceeding column of the Auslander- 

Reiten quiver; that is, the modules E such that there exist irreducible ho- 

momorphisms E —> M, and all other modules in the same column. So, we 

show that

) N = M(wRjq+l Lq i ) for all i <E Z. (7.4) 

As above, we can prove this by induction on i and —i. Here we give the case

0. For the base case i = 0, we have M(uRq ) <8> N = fi(L) <8> M(u) <8> -/V by

Lemma 7.1.11. By definition this is tt(L) ® M(w), which equals M(wRq ) by

Lemma 7.1.11. Now suppose M(uR}QLl-i ) ®N = M (tu^jLj-*). By Ringel's

construction, Af (uflj+ 1 £-i ) <8> ^ = ^-2 (/c) ® M (uRf2 L^) <g> AT. Two ap­ 

plications of Lemma 7.1.11 show that this is

(8)

By the inductive hypothesis this is fi~2 (A;) (g> Q2 (L®2 ) <8> M(wR}q Llq-i ). Then 

using Lemma 7.1.11 and Ringel's construction again, this is M(wRq+l L~l ) 

as required.
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We can now use (7.3) and (7.4) to look at the general case M(w/?jLj). 

This will be done in two cases, according to whether i + j is even or odd. 

First suppose i + j is even. Then we can re-write M(uR}L{) ® TV as

TV,
which is

> TV 

by Ringel's construction. Then by (7.3) this is

M(wR(qi~j}/2L (qj -i}/2 ) 

and applying Ringel's construction again this is M(wRl lA <8> TV) as required

Similarly, if i + j is odd, we write M(uRLLJq ) as

JV, 

which is

TV 

by Ringel's construction. Then by (7.4) this is

and by Ringel's construction this is M(wRlqUq ). Hence

M(uR^L3q ) ® TV = M(wRlq LJq )

in all cases. D 

Relating this to our problem of comparing the two groups r(kD4q ) and

r(C/ [2] Jen(D49 )), wnat tnis tells us is that if M <8>i TV ~ M 02 TV then we have
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U ®! TV ~ U <8>2 N for all U in the Auslander-Reiten quiver component of M. 

So, in order to show that all multiplications in T(kD4q ) and r(£/ [2] Jen(£>4<7 )) 

are the same, it would be sufficient to restrict our attention to multiplications 

involving only a subset of the odd-dimensional /c£)4<r modules, containing one 

appropriately chosen module from each Auslander-Reiten quiver component. 

For example, we could take a module M of minimal dimension from each 

component.

We conclude this section with some remarks on the class of modules 

described above. First, note that this class does not form a subgroup of 

F(/cD4g ) of r(f/^Jen( JD4q)). For example, the module L is of the form de­ 

scribed above, but L®2 (in either group) lies in the same component as the 

trivial module k and thus is not of this form. Second, the subgroup generated 

by all modules of this form is an infinitely generated subgroup of r(kD^q ) and 

of r(L^2Uen(D4g )). To see this, look again at the proof of Theorem 7.1.5: the 

modules used in this proof to show that F(fcD49 ) and T(U^ Jen(D4<7 )) are not 

finitely generated are all of minimal dimension in the relevant components 

of the Auslander-Reiten quiver (since applying Rq or Lq will increase the 

dimension in all cases). Hence we would need an infinite set of generators 

for any subgroup of F containing all these modules.

7.1.5 The action of T(A) on T(A)

The group T(A) of endo-trivial A-modules, whose multiplication we can de­ 

scribe fully, is a subgroup of the group F(A) of odd-dimensional A-modules. 

Another way to look at their relationship is to note that T(A) acts via ten­ 

sor product multiplication on F(A). Theorem 7.1.12 of the previous section 

allows us to describe the orbits of this action.
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Theorem 7.1.13 Let T(A) act on T(A) by tensor product multiplication 

modulo even- dimensional modules. The T(h)-orbit of a module M € T(A) 

under this action is determined by the AR quiver structure as {N : N lies in 

the AR quiver component of M}\J{N : N lies in the AR quiver component

Proof: The modules in T(A) are precisely the modules lying in the AR quiver 

components of k and ft(k). The orbit of M is the set of products of M with 

all such modules. But, by Theorem 7.1.12, taking all such products modulo 

even-dimensional summands gives us precisely the AR quiver components of 

k® M = M and £l(k) ® M = Q(M). Hence the modules lying in these two 

components must be precisely those in the T(A)-orbit of M. D

7.1.6 Some products which can be seen to be the same 
in both Green ring quotients

We conclude this chapter by discussing some classes of tensor products where

it can be seen that M <8>i N c± M ®2 A/", providing some further justification 

for the hypothesis that the natural map

given by fixing all modules will be an isomorphism of rings. 

Multiplying by an endo-trivial module

We have already seen in Section 7.1.2 that if M and N are both endo-trivial

modules then M <8>i N ~ M ®2 N. However, the results of the previous 

section allow us to go further.
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-Theorem 7.1.14 Let M be an indecomposable endo-trivial \-module and 

let N be any odd- dimensional indecomposable ^-module. Then M <g>i N ~

N.

Proof: Prom the classification of the endo-trivial modules by Carlson and 

Theevenaz [9], we know that M must lie in either the Auslander-Reiten 

quiver component of the trivial module fc, or the Auslander-Reiten quiver 

component of !3(fc). So, by Theorem 7.1.12 it is enough to check that

~ k®2 N and fi(fc) ®i N ~ fi(fc) (S> 2 N- But this is clear, since

k <8>i TV ~ TV and ft(fc) ^ TV ~ Q(7V) for z = 1, 2. D

Multiplying by

Let M = M(X(YX)«/2- 1 (Y- lX~l )«'2- 1 Y- 1 ) throughout this section. We 

will describe a method for constructing M®i N for i G {1, 2} and TV any odd- 

dimensional indecomposable /cD4<rmodule. This method will not depend on

z, showing that M ®i N ~ M <8>2 ^.

Note first that M is characterised by the short exact sequence

o — > /c — > k t 4;-^ M — . o.
Taking the tensor product with N, we have a short exact sequence

0 __> TV — + A; T ®i^ — »• M®, TV — ̂ 0

which will uniquely characterise M <8>j N. So, it will be sufficient to check 

that k IS)7 ®iN does not depend on i. But, by the Nakayama relations for 

induction and restriction (see, for example, [6, Proposition 2.8.3 and Propo­ 

sition 3.3.3]), we have k fk°£ ®,7V ~ (k ®< N\ k<A) ) 1 kD*«= (N\ k(A} ) 

which indeed does not depend on i.

124



As an example of this method of calculation, look at the case q = 2. 

Then M = M(XY~l ) and the induced module—which we shall call B— has 

structure

Y

\k(A)

We now use the method described above to see that M®r = M((XY~l ) r ) 

for all r > I. For r = I this is trivially true. Suppose the result holds 

for r - I. By the method above, we should look at (M®(r-V\ k /A)) T fcDs - But

k(A} is just 2r+l copies of the trivial module, so (M®(r~V\ k{A} )

(2r + l)B. To find M®r we then take the quotient of this by M®^" 1 ) and 

select the odd-dimensional summand:

Y

It is clear from this diagram of modules that this is M((XY~l ) r ) as claimed.

7.2 Summary of the approach of Chapter 7

In this chapter we have looked for evidence which might support Conjec­ 

ture 7.0.2, stating that the two Benson-Carlson quotients we are comparing 

are naturally isomorphic. In particular, we have presented two alternative ap­ 

proaches to reducing the problem of proving this conjecture: in Section 7.1.1
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we saw that it would be sufficient to prove that the two groups which allowed 

us to realise the Benson-Carlson quotients as group rings are isomorphic; in 

Section 7.1.4 we saw that we can use Auslander-Reiten theory to reduce the 

problem to proving that all tensor products of modules in a certain class are 

the same for both algebras. The remainder of the chapter consists of work 

done following these two approaches and details how much progress has been 

made on the problem.
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Chapter 8

Realising the Benson—Carlson 
quotients as group rings

In the previous chapter we saw, as a consequence of Theorem 7.1.2, that 

the Benson-Carlson quotients of a dihedral 2-group and the corresponding 

Jennings algebra can be realised as group rings over Z. That is, we have

and
/»/rrf2l i~~/n U

~ Zr(UMjen(D4q ))
en(L>4,); 2) 

for some groups r(kD4q ) and r(C/^Jen(D49 )). In this chapter we will show

that similar results hold for the 2-groups C2n and V^ studied in Chapters 5 and 

6. Furthermore, in these cases—unlike the case of the dihedral 2-groups—we 

are able to identify the groups in question.

8.1 Cyclic 2-groups

Let k be an algebraically closed field of characteristic 2. We will look at 

the Benson-Carlson quotient A(kC2n)/A(kC2n; 2); it can be seen that results
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analogous to those in this section will hold for the Benson-Carlson quotient 

of the corresponding Jennings algebra U [2] Jen(C2n).

Theorem 8.1.1 The Benson-Carlson quotient oj ' kC2n satisfies

where there are n — I copies of C2 in the direct product.

Proof: We begin by showing that cosets of odd-dimensional indecomposable 

kC2n -modules form a group T(kC2n) under multiplication in the Benson- 

Carlson quotient. As in the case of the dihedral 2-groups, this shows that 

the Benson-Carlson quotient can be realised as a group ring over Z.

First we show that the product of any two odd-dimensional indecompos­ 

able fcC2n-modules has exactly one odd-dimensional indecomposable sum- 

mand; this ensures that we have a well-defined multiplication for our group. 

We prove this by induction on n. It is immediately apparent that this holds 

for n = 1, since the only odd-dimensional indecomposable kC2-module is 

the trivial module. Let C2n = {#), let H = (g2 ) ~ C2n-i and suppose 

we have a well-defined multiplication for odd-dimensional indecomposable 

kH-modules.

The indecomposable kC2n -modules are MI, . . . , M2n, where g acts on 

as a Jordan block matrix of size i with eigenvalue 1. Let M2;+1 and 

be any two odd-dimensional indecomposable modules. It can be seen that 

M2i+ i H — Mi © Mi+i as kH-modu\es for 0 ^ i < 2n-1 - 1. Hence

8> M2j+i)\H - M2i+l \ H 

(Mi 0 Mi+i) 0 (Mj © 

~ (Mi 0 MJ) 0 (Mi ® Mj+l ) © (Mi+l 0 Mj) © (Afi+i <8) Mj+1 ).

128



These four summands are (in some order) 

(i) the product of two even-dimensional /c/T-modules

(ii) the product of an even-dimensional /c//-module and an odd-dimensional 

k //-module

(iii) the product of an odd-dimensional k //"-module and an even-dimensional 

k //"-module

(iv) the product of two odd-dimensional /c//-modules.

Proposition 4.2.2 tells us that all summands of the products (i), (ii) and (iii) 

must be even-dimensional. Our inductive hypothesis states that the fourth 

product must have precisely one odd-dimensional inedcomposable summand. 

So, we see that (M^i+i 0 M^+i)!//- has precisely one odd-dimensional inde­ 

composable summand. Any odd-dimensional indecomposable summand of 

M2i+i 0 M-2j+i will produce an odd-dimensional indecomposable summand 

upon restriction to H. Hence M2i+i®M2j+ i has at most one odd-dimensional 

inedecomposable summand; since it is odd-dimensional it must have precisely 

one such summand, as required.

As in Theorem 7.1.2, it is clear that our multiplication will be associative 

and commutative, and that the trivial module k will be a multiplicative 

identity. By Theorem 4.2.5, the trivial module k will be a direct summand 

of M 0 M* for any odd-dimensional indecomposable kC2n-modules M; the 

fact that our multiplication is well-defined then gives M 0 M* = k modulo 

A(kC2n; 2). Hence M* is the inverse for M. This completes the proof that

A(kC2n) ^
A(kC2n'2) ~
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for some abelian group r(kC2n).

To identify r(kC2n) it is sufficient to note that M* ~ M for all inde­ 

composable A;C2n-modules; this tells us that all elements of T(kC2») are 
self-inverse. Hence T(kC2n) is an elementary abelian 2-group. The or­ 

der of r(kC2n) is given by the number of odd-dimensional indecomposable 

&C2n-modules, which is 2n~ l . Hence T(kC2n) is a product of n - I copies of

C2 . a

8.2 The Klein four group

Let k be an algebraically closed field of characteristic 2.

Theorem 8.2.1 The Benson-Carlson quotient of kV± can be realised as a 
group over Z via the isomorphism

Proof: The odd-dimensional indecomposable fcV^-modules are {£lr (k) : 

r e Z}. These multiply in A(kV4 )/A(kV4 ;2) as W(k) ® fts (k) = Qr+s (k) 

modulo A(kV^2). It is clear that this multiplication makes these modules 

into a group r(fcV^), which is isomorphic to the additive group of the integers, 

or equivalently (written multiplicatively) to the infinite cyclic group CQQ. D

It is clear that an analogous result will hold for the Benson-Carlson quo­ 

tient of the corresponding Jennings algebra
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Appendix A

Some composition algebra 
relations for a family of cyclic 
quiver algebras

Let Q2 be the cyclic quiver with two vertices

a

and let k be any finite field. We define a family of quiver algebras as follows:

kQ_2
(a,/:

kQ:
(P) 
kQ2

kQ
(a/fa, (3a
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etc. Note that A2 , 2 is the algebra defined in Section 2.3. The structures of 

the indecomposable projective summands of these algebras are:

Alt i = 102

4z,i =

^2,2 =

A3< 2 =

I

2 6

1
2 (3

1
2 6
1

& 2

2
& 1

& 2
1

1 2
A3 , 3 = 201 

1 2
and so on.

Consider the composition algebras C(Ajj). Note that if zi ^ i^ and 

ji ^ jit then all Aiji-modules are also Ai2 j2 -modules. The relevant coeffi­ 

cients in any composition algebra multiplication will be the same. So, any 

relation which holds in C(Ai2j2 ) must hold in C(Ail ^l )\ equivalently, C(Ailijl ) 

is some quotient of C(A;2J2 ).

Note that A\_ t \ and A2 ,i are both hereditary algebras. Furthermore, their 

quivers are both finite unions of Dynkin quivers of type A. The composition 

algebras for such quiver algebras have been completely determined by Ringel 

in [36]. Theorem 2.3.5 gives us a complete description of C(A<2,i).

The following table presents relations of degree up to Q) for the composi­ 

tion algebras C(A\,\) to C(A^). The quantum Serre relations of Section 2.3, 

which we have seen must hold in all of these algebras, have been omitted. 

Relations which are consequences of those listed together with the quantum 

Serre relations have also been omitted.

132



Algebra

C(AU )

cow

C(A2i2 )

C(A3 ,2 )

Degree

(!)
(?)
(2)
(S

©
©

©

Relations

12-21

1 2 2 + 921 2 = (9 + 1)121

122 + 922 l-(9 + l)212

122 1 - 21 2 2

122 121 - 2121 2 2 

12122 1 - 21 2 212 
1 2 22 12 - 121 2 22

i2o3i _ o2i3o
J- LJ J_ —— £1 J_ ZJ

123 1 2 - 22 1 3 2 

22 1 2 21 - 2122 ! 2

122 12 + 22 1 2 2 - 21 2 22 + 2122 1

21 2 22 1 + 21 2 212 = 122 1 2 2 + 2121 2 2 

(q + 1 + g- 1 )(12122 l - 122 1 2 2) = 1 2 23 1 - 213 22 

(q + 1 + Q- 1 )(122 121 - 21 2 22 1) = 22 1 3 2 - 123 1 2

122 121 + 22 1 2 21 + 122 1 2 2 + 2121 2 2 

- 212 22 1 + 21 2 22 1 + 2122 !2 + 21 2 212 

1223! + (9 + 1 + 9-!)(122 121 + 22 1 2 21 + 122 1 2 2) 

- 21 3 22 + (q + 1 + 9~ 1 )(21 2 2 2 1 + 2122 ! 2 + 12122 1)
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