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Abstract

This thesis will study a variety of problems in graph theory. Ini-
tially, the focus will be on finding minimal degree conditions
which guarantee the existence of various subgraphs. These sub-
graphs will all be formed of cycles, and this area of work will fall
broadly into two main categories.

First to be considered are cycles in edge-coloured graphs and,
in particular, two questions of Li, Nikiforov and Schelp. It will
be shown that a 2-edge-coloured graph with minimal degree at
least %n either is isomorphic to the complete 4-partite graph
with classes of order in, or contains monochromatic cycles of all
lengths ¢ € [4, (%nﬂ This answers a conjecture of Li, Nikiforov
and Schelp. Attention will then turn to the length of the longest
monochromatic cycle in a 2-edge-coloured graph with minimal
degree at least cn. In particular, a lower bound for this quantity
will be proved which is asymptotically best possible.

The next chapter of the thesis then shows that a hamiltonian
graph with minimal degree at least %ﬁn contains a 2-factor
with two components.

The thesis then concludes with a chapter about X, which is the
number of copies of a graph H in the random graph G(n,p). In
particular, it will be shown that, for a connected graph H, the
value of Xz modulo k is approximately uniformly distributed,
provided that k is not too large a function of n.
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Chapter 1

Introduction

1.1 Subgraphs of graphs.

This thesis will be concerned with graphs with given properties, and so begins
by making some elementary definitions concerning graphs, before introducing
the problems to be considered.

Throughout, some notation describing the asymptotic behaviour of func-
tions is required. Note that, unless stated otherwise, all integers in this thesis

are assumed to be positive.

Definition 1.1. Let f(n) and g(n) be two positive real-valued functions de-

fined on the natural numbers.

e f(n) lies in the class O(g(n)) if there are constants C' and N such that

f(n) < Cg(n) for all natural numbers n > N.

e f(n) is in the class Q(g(n)) if there exists ¢ and N such that f(n) >

cg(n) for alln > N.



e f(n) lies in the class ©(g(n)) if f(n) € O(g(n)) and f(n) € Q(g(n)).

e f(n) is in the class o(g(n)) if lim L& =0,

n—o0 9(1)
If f is a function of several variables ny,...,ny, then f lies in the class
Ony...n.(g(n1)) if there are constants C and N (which will generally depend

on ng, ...ny) such that f(ny,...,ng) < Cg(ny) for all natural numbers ny >

N. This notation may be extended to all of the other classes defined above.

Note the definition can be extended to functions defined on the real num-
bers. For simplicity, f(n) = o(g(n)) will often be used to mean f(n) €
o(g(n)), with the other notation also used in a similar way. Indeed o(g(n))

will frequently be treated as any other function for algebraic manipulation,

so that f(n) = m(n)(h(n) + o(g(n))) means that 7{1(&)) — h(n) € o(g(n)). In
practice, such expressions can be justified using the original definitions.

The notation for graphs will generally follow that of [5]. A simple graph
(or just graph) is defined to be a pair of sets (V,E) where E C V® =
{e CV :|e] =2}. The set V is the vertexr set of G and E is the edge set,
and elements of these sets are referred to as vertices and edges respectively.
This terminology is used as graphs are often drawn as a picture, with points
representing the vertices, and lines between the points representing edges, as
in Figure 1.1.

To avoid confusion when dealing with more than one graph, V(G) and
E(G) refer to the vertex and edge sets of G respectively. The order of G is
the number of vertices of G, which is often written as |G|, and the size of G

is the number of edges of G, which is often written as e(G). Two graphs G

and G’ are said to be isomorphic if there is a bijection 6 from V(G) to V(G')
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Figure 1.1: Two graphs

such that uv € E(G) if, and only if, f(u)f(v) € E(G’). In this case 6 is an
isomorphism from G to G'.

A graph H is a subgraph of a graph G if H = (W, F') where W C V and
F C ENW®. That H is a subgraph of G is denoted by H C G. The
graph G contains a copy of H when G has a subgraph which is isomorphic
to H. A subgraph H of G is spanning if V(H) = V(G), while H is induced
if E(H) = E(G)NV(H)®. The unique induced subgraph of G with vertex
set W is denoted by G[W].

The complete graph on a given vertex set V' is the graph whose edge set
is precisely V. All complete graphs of the same order are isomorphic, and

the complete graph with n vertices is denoted by K.

A path is a graph with vertex set {vq,...,v,11} whose edges are v;v;11
for 1 < i < /{, and is denoted by vy ... v, 1. Similarly, a cycle has vertex set
{v1,...,v} and edge set {v1va,...,vv1} and is denoted by vy ...v,v;. For
both a path and a cycle, the length is the number of edges. Note that, in

a cycle, the number of edges is the same as the number of vertices, while
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in a path, there is one less edge then there are vertices. An arbitrary path
of length ¢ is denoted P, while an arbitrary cycle of length ¢ is denoted by
Cy. The graphs Cy and P, are illustrated in Figure 1.2. Note that, by the
definition of a graph, all cycles have length at least three. For a graph G, a
Hamilton cycle or path of GG is a spanning subgraph of GG which is respectively

a cycle or path. A graph G is hamiltonian if it contains a Hamilton cycle.

/\;/\.

Cs

Figure 1.2: Cy and P,

Let u and v be vertices of a graph GG. Then G contains a path from u to
v if there is some subgraph of G which is a path vy ...v, with u = v; and
v = v,. Define an equivalence relation on G by setting v ~ u either when
v = u or when there is some path in GG from v to u. The equivalence classes
thus defined are referred to as connected components or just components and
a graph G containing only one component is said to be connected.

For a vertex v of a graph G, the neighbourhood of v is the set of vertices
u for which wv is an edge of G. This is denoted by I'(v). The degree of
v, denoted deg(v), is the size of the neighbourhood of v. When it may be
unclear which graph is referred to, I'¢(v) and deg.(v) respectively indicate
the neighbourhood and degree of v in graph G. If X is a subset of V(G),
then degy(v) is the number of neighbours of v in X.

Let G be a graph, with vertices vy, ...,v,. The degree sequence of G is
the sequence dy, ..., d,, where d; = deg(v;) for all 1 < i < n. It is usual to

arrange the vertices so that dy < dy < --- < d,,. In this case, the mazimal
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and minimal degree of G are defined to be the values d,, and d; respectively,
and are denoted A(G) and 6(G).

This thesis will consider problems concerning the subgraphs of a graph.
Such problems often ask for some condition which forces a graph to contain a
particular subgraph. Often this condition will be a condition on the number
of edges or the minimal degree of G. The subgraph considered may be some
fixed ‘small’ graph H, as in the following result of Bondy and Simonovits [9],

in which H is a cycle of fixed even length.

Theorem 1.2 (Bondy and Simonovits [9]). Let G be a graph of order n and
let k be an integer. If e(G) > 100kn ™% then G contains a cycle of length

2k.

Alternatively, the subgraph under consideration may be ‘large’ compared
to the base graph. For example, a theorem of Dirac [16] states that a graph

with order n > 3 and minimal degree at least %n contains a Hamilton cycle.

Theorem 1.3 (Dirac [16]). Let G be a graph of order n > 3. If §(G) > in,

then G is hamiltonian.

The first half of this thesis will be concerned mainly with finding ‘large’
subgraphs. In particular, some generalisations of Dirac’s Theorem will be
considered. These problems will be introduced in Sections 1.2 and 1.3. The
second half of the thesis will be concerned with small subgraphs. In fact, in
this case, subgraphs of a random graph will be considered, and this concept

will be introduced in Section 1.4.



1.2 Introducing Ramsey-Turan theory

Given a graph G with edge set E(G), an r-edge-colouring of G is a partition
E(G) = U, E(G;) of the edges of G, where each G; is a spanning subgraph
of G. If r = 2, the partition is E(G) = E(R) U E(B), where R is regarded
as the red graph and B as the blue graph. A subgraph of G is said to be
monochromatic if it is contained in one of the subgraphs G;. For a vertex v
in a 2-edge-coloured graph, the red and blue neighbours of v are defined in
the obvious way, as are the red and blue degree of v.

The study of monochromatic subgraphs of an edge-coloured graph was
begun by Ramsey [42], after whom the entire subject is now named. Given
an integer ¢, define the Ramsey number R(t) to be the smallest integer such
that, if n > R(t), and K, is 2-edge-coloured, there is a monochromatic copy

of K;. The following result is the starting point of Ramsey theory.
Theorem 1.4 (Ramsey [42]). For allt > 2, the number R(t) is finite.

Only for very small values of t is the value of the Ramsey number known.
There are many generalisations of this problem. For example, for any set of
graphs Hy, ..., H,., the Ramsey number R, (Hy,..., H,) is defined to be the
smallest integer such that, if n > R, (Hy,..., H,), and K, is r-edge-coloured
as E(K,) = U,_, E(G;), then, for some 1 < ¢ < r, there is a copy of H; in
G;.

In extremal graph theory, study is made of how ‘large’ a graph may be
before it is forced to have some property. In these instances, large normally
refers to the number of edges or the minimal degree of the graph. A classical

problem of this type is to consider how many edges a graph can have while
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not containing a copy of K;. It is clear that the following graph contains no

copy of K;.

Definition 1.5. Let n >t > 2 be integers. The graph T, ;1 is defined by
partitioning n vertices as equally as possible into t — 1 classes, and taking uv

to be an edge if, and only if, u and v are in different classes.

The following theorem of Turan shows that in fact, this graph has the

maximum number of edges without containing K.

Theorem 1.6 (Turdn [48]). Let n >t > 2 be integers. If G is a graph with
n vertices such that e(G) > e(1,,+—1), then either G = T,,,_1, or G contains

a copy of K.

For a given property and n, a graph on n vertices is extremal if it contains
the maximum number of edges without having the property among all graphs
on n vertices. Note that Turan’s theorem shows that 7, , ; is the only
extremal graph for the property of containing K.

A development of both Ramsey theory and extremal graph theory is
Ramsey—Turdn theory (see, for example, the survey paper of Simonovits and

S6s [46]). Here a typical question would be the following.

Question 1.7. Let Ly, ..., Ly be fized graphs. What is the maximum number
of edges a k-edge-colored graph can have under the condition that it does not

contain an L; in the ith color, for any 1 <i <r?

The first half of this thesis will focus on a new type of Ramsey—Turan

problem, introduced by Li, Nikiforov and Schelp [38], in which the existence
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of monochromatic cycles in r-edge-coloured graphs is considered. Indepen-
dently, both Rosta [43] and Faudree and Schelp [24] found the value of the

Ramsey number Ry(C,., Cy) for each r and s.
Theorem 1.8. The Ramsey number for two cycles has the following values.

o [(Cs,C3) = Ry(Cy, Cy) = 6.

If3<s<t, sisodd, and (t,s) # (3,3), then

Ry (Cy, Cy) =2t — 1.

If4 < s<t, tands are both even and (t,s) # (4,4), then

1
RQ(Ct, CS) =t+ 58 — 1.

If4 < s<t,tisoddand s is even, then

1
Ry (Cy, Cy) = max {t + 35~ 1,2s — 1} :

These values imply that, for n > 3, any 2-edge-colouring of K5,,_; contains
a monochromatic cycle of length ¢ for all ¢ € [3,n]. In [41], Nikiforov and
Schelp show that, for sufficiently large n, this remains true if Ky, _; is replaced
by any graph of order 2n — 1 with large minimal degree. This lead to the

following conjecture of Li, Nikiforov and Schelp [38].

Conjecture 1.9. Let n > 4 and let G be a graph of order n with 6 (G) > 3n.

If E(G) = E(R) U E(B) is a 2-edge-colouring, then Cy C R or C; C B for
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all 0 € [4, [in]].

The conjectured bound on the degree is tight, as there is a 2-edge colour-
ing of Ky 4n/4n/4,n/4 With no monochromatic odd cycles, as illustrated in

Figure 1.3.

Figure 1.3: A 2-edge-coloured graph with minimal degree %n and no

monochromatic odd cycles.

Also, note that Conjecture 1.9 is not true for £ outside of the stated range.
For example, let G be the complete 5-partite graph, with each part having
the same number of vertices, so that §(G) = 3|G|. Colouring as in Figure

1.4, there is no monochromatic triangle in G.

Figure 1.4: A 2-edge-coloured graph with minimal degree %n and no

monochromatic triangle.



Similarly, let G' be the complete graph on n vertices, R be the complete
bipartite graph with vertex classes of order |4 and [%], and B have all
remaining edges of G. This is a 2-colouring of the complete graph with no

monochromatic odd cycle of length ¢ > [2]. In [38], the following partial

result was proven.

Theorem 1.10. Let € > 0, and let G be a graph of sufficiently large order n,
with § (G) > 3n. If E(G) = E(R)UE(B) is a 2-edge-colouring, then C; C R

or Cy C B forall ¢ € [4, L(%—e) nﬂ

Note that a monochromatic cycle in a 1-edge-coloured graph may be
regarded as a cycle in a graph. A graph G is pancyclic if it contains a cycle
of length ¢, for all ¢ € [3,|G|]. The following result of Bondy shows that

graphs with a large number of edges are pancyclic.

Theorem 1.11 (Bondy [8)). If G is a hamiltonian graph of order n such

n? ; ; ; ; ~
that e(G) > -, then either G is pancyclic or n is even and G = K, j9/2.

As noted by Bondy [8], a corollary of Theorem 1.11 is that a graph of

order n which has minimal degree at least %n is pancyclic or isomorphic to

Kn/27n/2'

Corollary 1.12. Let G be a graph of ordern > 3. If 6(G) > %n, then either

G is pancyclic or n is even and G = Ky, /3,/2.

Proof. Let G be a graph of order n > 3 with 6(G) > %n By Dirac’s theo-
rem (Theorem 1.3), G is hamiltonian. Hence by Theorem 1.11, either G is

pancyclic or n is even and G' = K, /5,2 as claimed. O
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Note that Corollary 1.12 states that there is a unique extremal graph
(with respect to minimal degree) for the property of not being pancyclic.
As cycles in graphs can be regarded as monochromatic cycles in 1-edge-
coloured graphs, Corollary 1.12 may be viewed as a result about 1-edge-
coloured graphs. It can be seen that Conjecture 1.9 is a generalisation to
the case of 2-edge-coloured graphs, in that the conclusion is that there are
monochromatic cycles of all lengths in a given range. However Conjecture
1.9 does not claim that there is a unique extremal graph with minimal degree
%n. It will be shown in Chapter 2 that Conjecture 1.9 is true for sufficiently
large n and, further, that K, /4, 4,n/4n/4 is the unique extremal graph.

Having looked at a 2-edge-coloured version of pancyclicity, this thesis
will turn, in Chapter 3, to consideration of a 2-edge-coloured version of the
circumference of a graph. This study also begins in a question posed by Li
Nikiforov and Schelp [38]. However, before introducing this, there will be a

discussion of results about the circumference of a graph.

Definition 1.13. Let G be a graph. The circumference of G is the length of

the longest cycle and is denoted c(QG).

Note that a hamiltonian graph G has circumference |G|, and this is the
largest value the circumference may take. Erdés and Gallai [19] proved the
following result, which states that a graph with small circumference must
have relatively few edges. This result is best possible, as can be seen by con-
sidering a graph consisting of multiple copies of K which mutually intersect

in a single vertex.

Theorem 1.14 (Erdés and Gallai [19]). If G is a graph with order n and
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circumference at most L, then e(G) < 5 (n—1) L. If G is a graph with order

n with no paths of length at least L + 1, then e(G) < %nL.

The previous theorem concerns a relationship between the circumference
of a graph and the number of edges it contains. However, as with many
problems in extremal graph theory, the same type of question may be posed
with a minimal degree condition replacing the condition on the number of
edges. Independently, Bollobéds and Haggkvist [7] and Egawa and Miyamoto
[17] proved the following result on the circumference of a graph G with a
given minimal degree. Note that this gives an exact answer to the question
of how small the circumference of a graph with order n and minimal degree

d can be.

Theorem 1.15. Let d and n be positive integers such that 2 < d < n —1,

and set m = Enw Then

min {(G) : |G] = n and §(G) > d} — [ ! n—‘ |

m—1

The work in Chapter 3 concerns the monochromatic circumference of a

2-edge-coloured graph, as defined below.

Definition 1.16 (Monochromatic circumference). Let G be an r-edge-coloured
graph with colouring E(G) = |J,_, E(G,). The monochromatic circumfer-

ence of G is the length of the longest monochromatic cycle of G.

The following question about the monochromatic circumference of a 2-

edge-coloured graph was posed by Li, Nikiforov and Schelp [38].
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Question 1.17. Let 0 < ¢ < 1 and G be a graph of sufficiently large order
n, with a 2-edge-colouring. If §(G) > cn, how large must the monochromatic

circumference of G be?

In Chapter 3, an asymptotic version of this question will be posed and
answered. Using Theorem 1.8, Faudree, Lesniak and Schiermeyer [23] were
able to deduce the following result about the monochromatic circumference

of a 2-edge colouring of the complete graph.

Theorem 1.18. Let n > 6, and suppose that K, 1is 2-edge-coloured with
colouring F(K,) = E(R) U E(B). Then either R or B contains a cycle of
length at least (%nw

Further, there is a 2-edge-colouring of K, such that both R and B have

circumference at most %”W

As stated previously, Chapter 2 will contain a proof that Conjecture 1.9 is
true for sufficiently large n, and Chapter 3 will answer an asymptotic version
of Question 1.17. Both Conjecture 1.9 and Question 1.17 concern finding
monochromatic cycles in 2-edge-coloured graphs, and so these two chapters
are intimately linked. In particular, the same method will be used in both
chapters to find monochromatic cycles, and many of the results of Chapter

2 will be of use in Chapter 3.

1.3 2-factors

Let G be a graph. For a given function f : V(G) — N, a subgraph H of G is
an f-factor of Gif V(H) = V(G) and degy (v) = f(v) for allv € V(G). For a
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positive integer r, an r-factor is an f-factor where f(v) = r for all v € V(G).
Note that G need not contain an f-factor. For example if f(v) > degq(v)
for some vertex v, then G does not contain an f-factor.

In Chapter 4 the existence of 2-factors in graphs will be considered. Note
that a 2-factor of a graph G is a vertex-disjoint union of cycles, which contain
all vertices of G. If a 2-factor is connected, it must be a Hamilton cycle.
Hence Theorem 1.3 implies that a graph with order n > 3 and minimal
degree at least %n contains a 2-factor with one component. The following
result of Brandt, Chen, Faudree, Gould and Lesniak [12] extends Theorem

1.3.

Theorem 1.19. Let k and n be positive integers, with n > 4k. Every graph
G on n vertices with minimal degree at least %n has a 2-factor with k com-

ponents.

Note that, if £ > 2 and n > 3k + 2, not all 2-factors with k£ components
are isomorphic. For example, in a graph of order n, a 2-factor with two com-
ponents may be isomorphic to any of the graphs {C’t UC,:3<t< [%nj }

If nis odd, the graph K| rn1 has n vertices and minimal degree (n—1).
However, it does not contain any 2-factors, as all cycles must contain the same
number of vertices in each of the two classes. Hence, both Theorem 1.3 and
Theorem 1.19 are best possible with respect to the bound on the minimal
degree. However, as K|z 21 does not contain any 2-factors, a natural ques-
tion to ask is whether the minimal degree condition can be weakened for a
graph which is already known to contain a 2-factor. The simplest case is to

find 2-factors with k£ components in a hamiltonian graph. This question was
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introduced by Faudree, Gould, Jacobsen, Lesniak and Saito [22], who proved

the following result.

Theorem 1.20. Forn > 6, any hamiltonian graph with order n and minimal

degree at least %n + 2 contains a 2-factor with two components.

Provided that n > 4k, Theorem 1.19 implies that any hamiltonian graph
with order n and minimal degree at least %n contains a 2-factor with £
components. It was shown by G.Sarkozy [44] that, for sufficiently large n,

the minimal degree condition can be improved.

Theorem 1.21. There exists a real number € > 0 such that for every integer
k > 2 there exists an integer ng = no(k) such that any hamiltonian graph
with order n > ng and minimal degree at least (% — €)n contains a 2-factor

with k components.

In Chapter 4, an improvement of the minimal degree condition in Theo-

rem 1.20 will be demonstrated.

1.4 Random graphs

There are many different models for random graphs. Two of the most com-
mon and important models are the binomial random graph and uniform ran-
dom graph, both of which have their roots in work of Erdés [18]. The model
for a uniform random graph was formalised by Erdés and Rényi [20], who
wrote a series of papers about this model, while the binomial random graph
was introduced by Gilbert [25]. In this thesis, the focus will be on the bino-

mial random graph, as defined below.
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Definition 1.22. Let n be an integer and p € [0,1]. The binomial random
graph G(n,p) has vertezx set [n], and each possible edge is included indepen-
dently, with probability p. Wehn p is understood from context, a graph with

this distribution may also be denoted G,,.

Note that, if G is a labelled graph with M edges, then the probability
that G(n,p) = G is pM (1 — p)V M where N = (Z) The case when p = %

is a particularly special case as G(n,1/2) is equally likely to be any of the

graphs on n vertices.

Definition 1.23. A graph property s a property of graphs which is preserved

under all isomorphisms of a graph.

In the study of G(n,p), it is often the case that n is considered to be
tending to infinity, while p is a (possibly constant) function of n. For some
graph property P, say that almost every graph in G(n,p) has property P if,
as n tends to infinity, the probability that G(n,p) has P tends to one. For
example, it was shown by Koml6s and Szemerédi [35] and Korsunov [36] that
if p =+ (logn +loglogn + w(n)) and w(n) — oo, then almost every graph
in G(n,p) contains a Hamilton cycle. An overview of the study of random
graphs is provided by the books of Bollobds [6] and Janson, Luczak and
Rucinski [30].

In this thesis, a slightly different type of problem will be considered, which

uses the concept of modular arithmetic.

Definition 1.24. Let k be a positive integer. Two integers a and b are said
to be equivalent modulo k if a — b is divisible by k. This will be denoted

a=b.
k
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For any fixed graph H, the number of copies of H in G(n,p) is denoted
by Xp. Various properties of Xy have been studied. For example, Bollobés

[4] showed the following theorem.

Theorem 1.25. Let H be a graph with at least one edge, and let

H/

m(H) = max{j(H,R :H' C H and |H'| > O} :
‘ 1 :

Then, if pn™H — 0, almost every graph does not contain a copy of H,

while if pnﬁ — 00, almost every graph contains a copy of H, where the

underlying distribution is that of G(n,p).

Independently, Bollobas [4] and Karonski and Rucinski [31] also consid-
ered the distribution of Xz when pnﬁ — ¢ for some constant ¢ > 0.

In this thesis, p will always be assumed to be a fixed constant and the
probability that Xpg =a for some integer a will be considered. The main
aim will be to show that Xy is approximately uniformly distributed modulo

k, in the following sense.

Definition 1.26. Let ¢ > 0 and k € N. An integer-valued random variable

Y is e-uniform modulo k if

1 €
pas [P (v 2a) -] <
Note that Xk, = n and so, for small values of €, the variable Xk, can

not be e-uniformly distributed modulo k. For the purposes of this thesis,
the graph K; will be referred to as the trivial graph. However, X, has

the binomial distribution, with parameters (g) and p. It will be seen in
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Chapter 5 that, when £ is not too large with respect to n, a variable with
the binomial distribution, with parameters n and p, is exp{—Q, (n/k?*)}-
uniformly distributed modulo £, provided that k is not too large. Hence Xk,
is approximately uniformly distributed modulo k, provided that £ is not too
large.

Loebl, Matousek and Pangric [39] proved that, for p = %, Xk, 18 €
uniform modulo k for any € > 0 and prime k& with £ = O (logn). This
work was extended by Scott and Tateno [45] to show that, for any fixed ¢
and p, Xk, (G,) is e-uniform modulo k for any € > 0, provided that k =
o (v/n/ logn).

In Chapter 5, it will be shown that, for constant p and k = o (\/m) ,
and a non-trivial connected graph H, the variable Xy is exp{—Q, (n/k?*)}-
uniform modulo k. Further, for any finite set of connected non-trivial graphs
C, the vector variable (Xp)ycc is exp{—Q, (n/k*)}-uniform modulo k. In-
dependently, Kolaitis and Kopparty [32] showed this for constant k. Note
that only connected graphs are considered because, for example, two distinct

edges from a graph either form a K or a 2K,. Hence

X
( 2KQ> = X2K2 + XK1,27

and so Xy, is determined by Xg, , and Xp,.
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Chapter 2

Cycles in 2-edge-coloured

graphs

2.1 Cycles of fixed lengths in 2-edge-coloured
graphs

In this chapter, cycles in 2-edge-coloured graphs will be considered. Recall

from Chapter 1 the following conjecture of Li, Nikiforov and Schelp [38].

Conjecture 2.1. Let n > 4 and let G be a graph of order n with 6 (G) > 3n.
If E(G) = E(R) U E(B) is a 2-edge-colouring, then Cy C R or C; C B for
all € [4,[3n]].

This chapter will contain a proof that this conjecture is true for sufficiently
large n. Let K,,(t) be the complete m-partite graph with ¢ vertices in each
class. In fact it will be shown that K4 (n/4) is the unique extremal graph for

Conjecture 2.1. There are many colourings showing that Ky (n/4) is extremal
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but they are all 2-bipartite as defined below.

Definition 2.2. A 2-bipartite 2-edge-colouring of a graph G is a 2-edge-
colouring E(G) = E(R) U E(B) such that both R and B are bipartite.

Note that such a colouring contains no monochromatic cycles of odd
length. The main result of this chapter is Theorem 2.3, which proves Con-

jecture 1.9 for sufficiently large n.

Theorem 2.3. There exists an integer N such that the following holds. Let
G be a 2-edge-coloured graph of order n > N with 6 (G) > %n with 2-edge-
colouring E(G) = E(R)UE(B). Then either G = K4 (n/4) and the colouring
15 a 2-bipartite 2-edge-colouring or there is a monochromatic copy of Cy for

all ¢ € [4, Enﬂ

Given a 2-bipartite 2-edge-colouring of K4 (n/4), let V; UV; be the bipar-
tition of R and W; U W; be the bipartition of B. Let U; ; = V; N W; for all
i,j € {1,2}. Then U, ; is an independent set of K4 (n/4) for all 4,5 € {1,2}.
As the sets U, ; partition the vertices of K4 (n/4), they must be the four inde-
pendent sets of order n/4. Hence, a 2-bipartite 2-edge-colouring of K4 (n/4)

forces a labelling of the independent sets {U; ; : 7, j € {1,2}} such that:
e all edges between U, ; and U; 2 and between U, and U, are blue;
e all edges between U, ; and Us; and between U; 5 and U, are red;

e edges between U ; and Uy and between Us; and U; o can be either

colour.
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Note that in this situation there are 25" ways to colour the edges between
Uy 1 and Uy 5 and between U, ; and Uy ». However, K, (n/4) has 24 ((Z—lln) !)4 =
20(nlogn) gutomorphisms. Hence the number of distinct 2-bipartite 2-edge-
colourings of K, (n/4) is 287°~Olnlosn),

It is clear that Theorem 2.3 is an immediate corollary of the following
result. The reason for proving the stronger result is that it also implies

a bound on the monochromatic circumference of G, which will be used in

Chapter 3

Theorem 2.4. Let 0 < § < 55;. There exists an ng = ng (9) such that
the following holds. Let G be a 2-edge-coloured graph of order n > ngy with
6 (G) > 3n. Suppose that E(G) = E(R¢) U E(Bg) is the 2-edge-colouring of

G. Then one of the following occurs:

e n is a multiple of four, G = K4 (n/4) and the colouring is a 2-bipartite

2-edge-colouring;

e (G contains a monochromatic cycle of length at least [(% + g) nw and,

for all 0 € [4, En“, either Rg or B contains a cycle of length ¢;
e cither Rg or Bg contains cycles of all lengths ¢ € [3, {(% — (5) n”

The proof of Theorem 2.4 is divided into two parts. In Section 2.3, short
(up to constant length) cycles will be considered, while long cycles are con-
sidered in Section 2.4. The proof of Theorem 2.4 will require some results
about matchings in 2-edge-coloured graphs, which are proved in Section 2.5.
The proof of Theorem 2.4 is then given in Section 2.6. The following section

will introduce the regularity method, which is used to find long cycles.
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2.2 Regularity and other useful results

In proving results about cycles in r-edge-coloured graphs, the Regularity
Lemma and Blow-up Lemmas will be used to find long cycles. Before intro-

ducing these, some preliminary definitions are required.

Definition 2.5. Let G be a graph and X and Y be disjoint subsets of V(G).
The density of the graph G[X,Y] is the value

e(X,Y)

da(X,Y) = X7

Where it is clear which graph is being considered, the density will be denoted
d(X,Y). Also, if G is a graph with edge-colouring E(G) =, _, E(G,), then
d,(X,Y):=dg, (X,Y) and e, (X,Y) :=eq,(X,Y).

A regular pair is one in which the density between not-too-small sub-

graphs of X and Y is close to the density between X and Y.

Definition 2.6 (Regularity). Let € > 0. Let G be a graph and X and Y be
disjoint subsets of V(G). The graph G [X,Y] is e-regular if, for all X' C X
and Y’ CY satisfying | X'| > €| X| and |Y'| > €|Y],

d(X,Y) — d(X',Y")| <.

In this case, (X,Y) may also be referred to as an e-regular pair (for G).

It is often useful to also have a bound on the degree of vertices in X and

Y, and for this the notion of super-regularity is introduced.
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Definition 2.7 (Super-regularity). Let € and 0 be positive real numbers. Let
G be a graph and X and 'Y be disjoint subsets of V(G). The graph G [X,Y]
is (€,9)-super-regular if, for all X' C X and Y' CY satisfying | X'| > €| X|
and |Y'| > €|Y],

e(X" Y > 6| XY,

and furthermore, degy (v) > O|Y| for all v € X and degy(v) > 0| X| for all
veY.

Note that a super-regular pair need not be regular, as the number of edges
between subsets is only bounded below. The following useful lemma shows
that large subgraphs of a regular graph are still regular, and similarly large

subgraphs of a super-regular graph are still super-regular.

Lemma 2.8. Let 0 < n,e < % and let 0 be a positive constant. Let G be a
graph and X andY be disjoint subsets of V(G). Let X’ be a subset of X and
Y’ be a subset of Y.
If |X'] > 3IX], Y| > 4)Y| and (X,Y) is an e-regular pair for G with
density at least &, then G [X',Y"] is 2e-reqular, and has density at least 6 — €.
IfIX'| > 1—=n)|X|, Y| > (1—=n)|Y] and (X,Y) is an (e, 0)-super-
reqular pair for G, then G [ X', Y] is (2¢,9 — n)-super-regular.
Proof. Suppose first that (X,Y) is an e-regular pair for G and that | X'| >
$1X] and |Y’| > 1|Y]. Let X* be a subset of X’ and Y* be a subset of Y’
such that | X*| > 2¢|X’| > €| X| and |Y*| > 2¢|Y’| > €|Y|. The regularity of
G [X,Y] implies that

d(X,Y) —d(X',Y")| < e (2.1)
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and

d(X,Y) — d(X*, Y| < .

Hence, by the triangle inequality,

d(X'Y) — d(X*,Y*)| < 2,

and so G [X',Y'] is 2e-regular. Moreover, (2.1) implies that G [X’,Y”] has
density at least 6 — e.

Now suppose that (X,Y) is an (¢, d)-super-regular pair for G and that
|1 X' > (1 —n)|X|and |Y'] > (1 —n)|Y]|. Let X* be a subset of X’ and Y*
be a subset of Y’ such that | X*| > 2¢|X’| > €| X| and |Y*| > 2¢|Y’| > €]Y].

As G [X,Y] is super-regular,

e(X*,Y*) > 8| X7V,

Let v € X’. Then

degy (v) = degy (v) — (Y] = [Y])

>OY| =Y+ A =n)Y][=(E=n)Y]=(—n) Y]

Similarly the degree in X’ of any vertex in Y’ is greater than (6 —n)|X’|.

Hence G [X',Y"] is (2¢,9 — n)-super-regular. O

The (uncoloured) Regularity Lemma, due to Szemerédi [47] states that,
for sufficiently large n, the vertex set of a graph of order n can be partitioned

into clusters, such that, for most pairs of clusters, the bipartite graph between
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them is regular. Many different forms of the Regularity Lemma can be found
(see, for example, the survey paper of Komlés and Simonovits [34]) and of
particular use in this thesis is the degree form of the lemma, which here is
stated for r-edge coloured graphs. Although statements of an edge-coloured
version of the Regularity Lemma are common, it is difficult to locate a proof

and so, for completeness, a proof is given in Appendix A.

Theorem 2.9 (Degree form of r-coloured Regularity Lemma). For every
e > 0 and integers v and m there is an M = M (e,r,m) such that, if G
is an r-edge-coloured graph of sufficiently large order n with edge-colouring
E(G) = U,_, E(G,), and n € [0,1] is any real number, then there is a
partition P = (V;)’g with m < k < M and a subgraph G' C G with the

following properties.

o Vol <elVY;

all clusters Vi, 1 > 1, are of the same size;

deger (v) > dege (v) — (rn +€) |V for allv € V;

e(G'(V;)) =0 foralli>1;

foralll <i<j<kandl<wv<r, the graph G, [V;,V}] is e-reqular
with density either O or greater than n (where, for all 1 < v < r,

E(G,) = BE(G') N E(G,)).

The following notion of a reduced graph is particularly useful. It will be
useful to introduce a new type of edge-colouring prior to defining the reduced

graph.
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Definition 2.10 (edge-multi-colouring). Given a graph G with edge set
E(G), an r-edge-multi-colouring of G is a set (G;);_, of spanning subgraphs
of G such that E(G) = J;_, E(G;). Note that if this is a partition of E(G),

the edge-multi-colouring is an edge-colouring as defined earlier.

Definition 2.11 (Reduced graph). For a given € > 0 and n € [0,1], let
G’ be a 2-edge-coloured graph and P = (VO)’S be a partition of V(G') with
the properties listed in the Regularity Lemma (Theorem 2.9). The reduced
graph H has vertex set {vy,...vx} and a 2-edge-multi-colouring E(H) =
E(Ry)UE(Bg), where By and Ry are defined as follows. Let {v;,v;} be an
edge of By when Ber [V;, V] has density at least n and let {v;,v;} be an edge

of Ry when Rer [Vi, V] has density at least 1.

Note that this definition is symmetric with respect to the two colours, a
fact that will be used in the proof of Theorem 2.4.

The main tool for finding long cycles in a 2-edge-coloured graph G will
be to apply the Regularity Lemma to G and obtain a reduced graph H. The
structure of H will then be used to find long cycles in G. There are two
main tools for doing so. The first is the Embedding Lemma. There are many
forms of this result. Proofs are given by, for example, Diestel [15, p.184] and

Komlés and Simonovits [34].

Theorem 2.12 (Embedding Lemma). Given d > ¢ > 0, a graph H, and a
positive integer t, let G be a graph obtained by replacing each vertex of H
with a set of order t, and replacing the edges of H with e-reqular pairs of
density at least d. For a fized integer a, let H(a) be the graph defined by

replacing each vertex of H with a set of order a, and replacing the edges of
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H with complete bipartite graphs.
Let F' be a subgraph of H(a) with and mazimum degree A > 0, and let

n=d—cande=n"/(2+A). Ife <ey and a—1< €, then F C G.

Note that in the Embedding Lemma, the subgraphs F' under consid-
eration have order at most a|H| = ¢|G| < (& + 1) |G|, and so are small
compared to G. To prove Theorem 2.4, however, cycles of length %\G | must
be shown to lie in G. To embed larger graphs into G the Blow-up Lemma
of Komlés, Sarkozy and Szemerédi [33] will be used. Note that, in this case,

edges of H are replaced by super-regular pairs.

Theorem 2.13 (Blow-up Lemma). Given a graph H of order s and positive
parameters 6, A and c, there exist positive numbers €y = € (5,A, s,c) and
a=a(d,A,s,c) such that the following holds. Let t be an arbitrary positive
integer, and replace the vertices vy,...,vs of H with pairwise disjoint sets
Vi,..., Vi of order t. Two graphs are constructed on the same vertex set
V =UVi. The first graph Gy is obtained by replacing each edge {v;,v;} of
H with the complete bipartite graph between the corresponding vertex sets V;
and V;. A sparser graph Go is constructed by replacing each edge {v;,v;}
arbitrarily with an (e, 0)-super-reqular pair between V; and V.

If a graph F with A (F) < A is embeddable into Gy then it is also embed-
dable into Go. This remains true even if for every i there are certain vertices
x to be embedded into V; whose images are restricted to certain sets C, C 'V,

provided that:

(i) each C, is of order at least ct;

(ii) the number of such restrictions within a set V; is not more than at.
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This section concludes with some other results used in the proof of The-
orem 2.4. In Section 2.5, some results about matchings in 2-edge-multi-
coloured graphs will be proved. For bipartite graphs, Hall’s Theorem [28]

gives an exact condition for the existence of a large matching.

Theorem 2.14 (Hall’s Theorem). Let G be a bipartite graph between sets X
and Y. If
IL(S) =[S —d

for all S C X, then G contains a matching from X toY with at least | X|—d

edges.

For general graphs, Tutte’s 1-Factor Theorem [49] gives an exact condi-
tion for the existence of a perfect matching, and this theorem will be used
throughout Section 2.5 and again in Chapter 3. Before stating the theorem,

the following definition is required.

Definition 2.15. For any graph G, let q(G) be the number of components
of G of odd order.

The following defect version of Tutte’s 1-Factor Theorem was first noted

by Berge [2].

Theorem 2.16 (Tutte’s 1-Factor Theorem ). A graph G contains a set of

independent edges covering all but at most d of the vertices if, and only if,

q(G—=5) <[5 +d

forall S CV.
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The following result of Menger [40] is about connectivity, and will be used

to show that there are paths between subsets of V(G).

Theorem 2.17. Let k be a positive integer. Let G be a graph and let S
and T be disjoint subsets of V(G), both of order at least k. Then one of the

following occurs.

e There are k vertex-disjoint paths from S to T contained in G.

o There is a set U C V(G) of order at most k — 1 such that, in G — U,

there are no paths between S\ U and T\ U.

Results about cycles in uncoloured graphs will be used to prove results
about cycles in 2-edge coloured graphs. For a graph G with F(G) = E(R)U
E(B), this will often take the form of showing that there is some set S C
V(G) with |S| > £|G| such that R[S] is hamiltonian and contains lots of
edges (the choice of R over B being arbitrary). Bondy’s Theorem (Theorem
1.11) then implies that either R[S] is a complete bipartite graph or R[S] is
pancyclic and hence R contains a cycle of length ¢ for all ¢ € [3, En“ In
most cases, Dirac’s Theorem (Theorem 1.3) will suffice to show that R[S]
is hamiltonian. However, there are a couple of cases in which the stronger
result below is required. Recall that the degree sequence of a graph G with
vertices {vy,...,v,} is the sequence di,...,d,, where d; = deg(v;) for all

1< <n.

Theorem 2.18 (Chvétal [14]). Let G be a graph of order n > 3 with degree

sequence di < dy < --- <d, such that

1
dk§k<§nédn_k2n—k3.
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Then G contains a Hamilton cycle.

The following result of Bollobés [3, p.150] is also concerned with cycles in
uncoloured graphs, and will be used in Section 2.3 to find short monochro-

matic cycles, as will the result of Gyori, Nikiforov and Schelp below.

Theorem 2.19 (Bollobds [3]). If G is a graph of order n, with e(G) > in?,
then G contains Cy for all k € [3, (%H

Theorem 2.20 (Gyori, Nikiforov and Schelp [27]). Let k, m be positive in-
tegers. There exist ng = ng (k,m) and ¢ = c¢(k,m) > 0 such that for every

nonbipartite graph G on n > ngy vertices with minimum degree

mn
o>
2 T

2k +1)

if Cost1 C G, for some k < s < 4k+1, then Cosyoj11 C G for every j € [m].

2.3 Existence of short cycles

The aim of this section is to show that a graph satisfying the conditions of
Theorem 2.4 either contains monochromatic cycles of all short lengths or is
the extremal graph identified in Theorem 2.4. The proof of the following
lemma follows exactly the method used by Li, Nikiforov and Schelp [38] in
their proof of Theorem 1.10 to show the existence of short monochromatic

cycles.

Lemma 2.21. Let L be an integer. Let n be sufficiently large, let G be a

2-edge-coloured graph of order n with 6 (G) > 3n, and let E(G) = E(R¢) U
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E(Bg) be the 2-edge-colouring of G. If G contains a monochromatic C3 or

Cs5, then it contains a monochromatic Cy for all odd ¢ € [5,2L + 1].

Proof. Suppose first that A(B) > in +4L. Let v be a vertex with blue
degree A (B), and U be the neighbourhood of v in B. Suppose that B[U]
contains a path vy ...wvsr 1 of length 2L. Then, as illustrated in Figure 2.1,

vy ... v;v is a blue cycle of length 7 + 1 for all 2 <7 < 2L.

Figure 2.1: If the blue neighbourhood U of a vertex v contains a long blue
path, then B contains cycles of many lengths.

Suppose now that B[U] does not contain a path of length 2L. Theorem

1.14 implies that e (B[U]) < L|U|. However, any vertex v € U has at most

in non-neighbours in U and so at least |U| — ;lln neighbours. Hence

e (GIU)) = 5 3" degy (u)

uel
1 1
> 5101 (101~ 3n)
> %|U! <%|U| +2L) |
Hence e (R[U]) = e(G[U]) — e(B[U]) > 1|U|?, and so Theorem 2.19 implies
that R[U] has cycles of all lengths from 3 to 1|U]|.
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Suppose now that A (B) < 3n + 4L. This implies that, for n sufficiently
large

1 1
J(R) > Zn—llL > 6n+c(1,L),

where ¢(1, L) is the constant from Theorem 2.20. Hence, if Cys,1 C R for
some 1 < s < 5, then Theorem 2.20 implies that Cosi0j41 C R for all
1 < j < L. Similarly, it may be assumed that 6 (B) > %n—l—c(l, L), and so, if
Cas41 € B for some 1 < 5 < 5, then Cogt9541 € B forall 1 < j < L. Hence,
if G contains a monochromatic C5 or C5 then it contains a monochromatic

Cy (of the same colour) for all odd ¢ € [5,2L + 1] as required. O

Lemma 2.21 may now be used to prove the following lemma, the main

result of this section. Note that this result can not be proven by directly

3

applying Theorem 1.10, as the assumption in that theorem is that 6(G) > 3n,

which is stronger than the assumption below.

Lemma 2.22. Let K be an integer. Let G be a 2-edge-coloured graph of
sufficiently large order n with § (G) > 2n, and let E(G) = E(Rg) U E(Bg)
be the 2-edge-colouring of G. Then either G = K, (n/4) and the colouring is

a 2-bipartite 2-edge-colouring, or Cy C R or Cy C B for all ¢ € [4, K].

Proof. The minimal degree condition implies that G' contains at least §n2
edges. Hence it may be assumed that Rs has at least %nz edges, and so
Theorem 1.2 implies that Rg contains Cy for all even ¢ € [4, K]. Hence,
by Lemma 2.21, it is sufficient to prove that either G = K, (n/4) and the
colouring is a 2-bipartite 2-edge-multi-colouring or there is a monochromatic

C5 or Cs.

32



Suppose that G does not contain a monochromatic Cs or C'5s. Any 2-edge-
multi-colouring of K5 contains a monochromatic C3 or Cs. Hence K5 € G.
However e(G) > 3n > e(Ty(n)) and hence Turén’s Theorem (Theorem 1.6)
implies that G = Ty(n). However, §(G) > 3n implies that in fact n is
a multiple of four and hence G = K, (n/4). Let U; (1 < i < 4) be the
independent sets of G of order n/4. It only remains to show that both R and
B are bipartite.

Suppose that R is not bipartite. Let C' = vjvs...v, be a shortest odd
cycle of R; by assumption r > 7. Define a vertex colouring ¢ of R by setting
c(v) = j when v € U;. Note that ¢ is a proper colouring as each U; is an
independent set. As C' is an odd cycle, there must be three consecutive
vertices of C' with different colours under c¢. Without loss of generality,
assume that c(vs) = 1, ¢(v4) = 2 and ¢(vs) = 3. Suppose now that G[V(C)]
does not contain a triangle or 5-cycle which is edge-disjoint from C. Table
2.1 gives a case-by-case analysis, eventually yielding a contradiction to this
assertion.

Thus G[V(C)] contains a triangle or 5-cycle which is edge-disjoint from
C. An edge of that triangle or 5-cycle must be red, else it is monochromatic.
But this red edge, together with some segment of C', forms a shorter red odd
cycle than C'. This contradicts the assumption that C' was minimal. Hence

R is bipartite, and similarly so is B, completing the proof. ]

At each stage in the following table, the numbers on the outer edge of the
cycle are the only potential colours for that vertex after previous cases, and

the numbers on the inner edge are those used in the particular case under
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consideration. In each case, the green edges are a triangle or 5-cycle of G,

which is edge-disjoint from C'.

By assumption, c(v3) = 1, c¢(vy) = 2 and 1V3 0 V:
c(vs) = 3. Note that |C] > 7 and so vyv; 1 2 ‘4’\,7
may or may not be an edge of C. ~—-=-"
If ¢(vy) is 2 or 4, then G contains the tri- ,

angle vyvzvs, as these vertices lie in differ- I 3

ent U;. Hence c(v1) € {1,3}, and similarly ca _ -

c(vr) € {1,3}.

If c(vg) = 4, then G contains the triangle
1 3
v1v4v6. Hence ¢(vg) # 4 and similarly c(vy) # /\
113 1/3
4. As c¢(vs) = 1 and c(vs) = 3, this implies -

that c(vy) € {2,3} and c(vg) € {1, 2}.

If ¢(ve) = 3 and ¢(vg) = 1, then G contains the
triangle vovgvg. Hence, at least one of ¢(vy) 213 1/2

and c(vg) must be 2. By symmetry, assume -

that c¢(vy) = 2 and ¢(vg) € {1, 2}.

If ¢(v;) = 1, then G contains the triangle | - 12
1/3 i 1/3
vousv7. Hence ¢(vy) = 3. - -
If ¢(v1) = 1, then vivsvav7v4 is a 5-cycle in G, I g
2 1/2
not containing any edges of C'. Hence c¢(vy) = | 13 3
-
3. - =
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If ¢(vs) = 1, then G contains the triangle | > 112

v1v4v6. Hence c¢(vg) = 2. —

But then G contains the triangle v,v3vg, con-
1 3
tradicting the assumption that G[V(C)] does /\
3 3
not contain a triangle or 5-cycle which is edge- -~

disjoint from C.

—

Table 2.1: Pictorial representation showing that G [V (C)] contains a Cj or

Cs which is edge-disjoint from C'.

2.4 Tools for finding long cycles

As noted already, the main method of finding long monochromatic cycles will
be to apply the Regularity Lemma to a 2-edge-coloured graph and consider
the reduced graph H, as defined in Section 2.2. Recall that H has a 2-edge-
multi-colouring F(H) = E(Ry) U E(By). Suppose that a component of
Ry contains a large matching. Applying the Embedding Lemma in the red
paths of H between two edges of the matching, red paths of G linking the
pairs of clusters corresponding to the matching can be found. The Blow-Up
Lemma can then be used within each pair of clusters in G corresponding to a
matching edge of H to join these red paths together, creating long red cycles.

The following Lemma formalises this argument.

Lemma 2.23. Given 0 < n < 1, there exists € = € (n) such that the following

35



holds. Let H be a connected graph of order s' containing a matching M on

2s > 4 vertices. Let t be a positive integer satisfying

8s , 4s
t > max{ —,12s, T T
n «Q (§77a 2727 §77>

where « is as defined in the Blow-Up Lemma (Theorem 2.13).

Replace the vertices {v; : 1 < i < &'} of H with pairwise disjoint sets
Vi,...,Vy of order t. Let G be a graph defined by replacing each edge v;v;
of H with a 2e-reqular pair between V; and V; of density at least %77, with
the added condition that, for each edge v;v; of M, the graph G [V;,V}] is also
(26, %77) -super-reqular. For all 1 <1<, let S; CV;, with |S;| < et — 2.

Suppose that v; € V(M) and that xy and x| are not necessarily distinct
vertices lying in V;\ S;. Then, for all2 < { < [(1 —€— %n) sﬂ, the graph G
contains a path of length 2¢ from xy to x', which does not contain any vertex

Note that, setting z; = 2, this lemma implies that, for all 2 < ¢ <

((1 —€— }177> sﬂ, the graph G contains a cycle of length 2¢.

Proof. Let ¢ = min {ieo (%n,Q, 2, %n) ,1—187], Elﬂf}, where ¢q is as defined in
the Blow-Up Lemma. It may be assumed that E(M) = {vy;_19;: 1 <i < s}
and that z; and z) lie in V4. For all 1 < i < &, let V! be a subset of
Vi \ (S; U{zy,2,}) with order [(1 —€)t]. Let G’ be the restriction of G to
the set [J5, V.

As H is connected, it contains a path P; joining {vs;_1,vs;} to {v1,v2},

for all 2 < j <s. Note that it may be assumed that vs;_; is one endpoint of
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P;. If vy is the other endpoint, then extend P; using the edge vivs, so that
it may always be assumed that P; runs from v; to vg;_;.

For a path P = v v;, ---v;, in H, a path Q = x;,z;, - - - x;, in G’ is said to
agree with P if p = ¢ and, for all 0 < < p, the vertex x;, is contained in V.
The proof continues by constructing vertex-disjoint paths Qq, @5, ..., Qs, Q.
in G’ such that, for all 2 < j < s, the paths Q; and @} both agree with P;.

Indeed, suppose that such paths Q2,Q5,...,Q; 1, Q;_; have been con-
structed for some 2 < j < s. Each path uses each set V;' at most once. Hence
each set V' corresponding to a vertex v; of P; contains at most 2s < int ver-
tices in U2§l§j71 (V(Q)) U V(@)

Recall that, for each edge of P;, the corresponding bipartite graph in G
is 2e-regular with density at least %77. Hence Lemma 2.8 implies that, after
removing the sets Uy<;<; , (V(Q) UV (Q))) and Vi \ V] from the sets V;, this
bipartite graph remains 4e-regular with density at least %n — 2¢. Hence the

path (); may be obtained by applying Theorem 2.12 to the graph P;. Note

%77*66

that this requires that e < @%66)2 and € < , which are both true by
the choice of €. Repeating the argument, the path Q may be obtained in
the same way. For 2 < j <s, let z; € V{ and y; € V;;_; be the endpoints
of Q; and =, € V{ and y; € V5, ;| be the endpoints of Q). Hence G has the
structure illustrated in Figure 2.2.

For 1 < < 2s, let W; be the vertices of V;/, which are not vertices of @; or
Q) for any 2 < j < s. Note that [W;| > [V/| —2s > (1 —€—1n) t. Deleting
vertices where appropriate, it may be assumed that each W; has order ¢’ =

((1 —€— %7}) ﬂ. Note that, for all 1 < ¢ < s, the graph G’ [Wy;_1, Wy is

(46, }177 — e) -super-regular by Lemma 2.8, and hence is (eo, én)—super—regular,
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Figure 2.2: Super-regular pairs are shown with thick lines and paths @); and
@} with thin lines.

where €5 = ¢ (%?7, 2,2, %77), as defined in the Blow-Up Lemma.

For 1 <1 <'s, and any vertex z € V5;,_1, let C, be the neighbourhood of
zin Wy, Fix 1 < ¢ <t — 1. In the complete bipartite graph from Ws;_;
to Wa;, there is a path of length 2¢ between C,, and Cy,. As G [Vai_1, Vail
is (26, %n)—super—regular, both y; and y, have at least %nt neighbours in V5;.
Hence, as |Va; \ Wo;| < (6 + in) t, both C,, and Cyg have order at least %nt’.

The Blow-Up Lemma thus implies that G’ [Wy;_1, Wo;] contains a path of
length 2¢ between €y, and C;. Extend these paths to paths between x; and

xy using @; and Q). Hence, for all 2 <i <rand 1 < /¢ <t —1, there is a
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path of length 2 (¢ 4 |V (P;)|) between x; and z; in G’, which is contained

wholly in Wo; 1 U W5, UV(Q;) UV(Q?). This is illustrated in Figure 2.3.

W
X, o .le Q2 \M 4
Q
XZ
X,
X Q

W, WS

Q' VVZi-l szi
Figure 2.3

Fix 1 <i<s. Let i < /¢, <t —i. In the complete bipartite graph from
Wy to Ws, there are paths Q7,Q%, ..., Q7 such that Q7 is a path of length
2(6y — (i — 1)) between C,, and Cyr and, for 1 < j <i— 1, the path QF is
a path of length two between C; and C’x;_H. Note that there are at most 2s
sets of the form €, or ij,- However, t' > %t > %, where a = « (%77, 2,2, %77)
is as defined in the Blow-Up Lemma. Hence the Blow-Up Lemma implies
that such paths Q, Q5, ..., Q7 exist in G' [Wy, Wy).

By extending both ends of each of the paths Q,@Q5,..., Q7 by a single

edge, paths 7, Q5, ..., Q7 can be obtained such that:
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o forall 1 <j <i-—1,Q; is a path of length four from x; to 2%, and is

otherwise contained in W; U Ws;

e ()7 is a path of length 2(¢; +2 — i) from x; to x] and is otherwise

contained in W; U Ws.

Forall 2 <j <i,let 1 </{¢; <t —1. Then, for all 2 < j <4, there is a
path of length 2 (¢; + |V (P;)|) between x; and z; in G’, which is contained
wholly in Wy; 1 UWo; UV (Q;) UV (Q). Concatenating these paths with the
paths Q7,Q5,...,QF gives a path between z; and x}. This has length 2/,

where

(=b+2—i4+260—1)+> (G+VP)) =i+ V(P |+D ¢

Jj=2 Jj=2 Jj=1

This holds for any 2i—1 < Z§=1 ¢; <i(t'—=2)+1. Hence, forall 1 <i <s,
the graph G contains a path of length 2¢ from z; to zf, for all ¢ € [L;, L],

where

Li=3i—1+> [V(P)]

Jj=2
and

Ly=i(t' = 1)+ > [V(P)]+1.
j=2

However ¢ > -t > 65" implies that, for any 1 <i <s—1,

1
2
4i+2+ |V (Piy) | < st

and so L}, ; < L;. Hence G contains a path of length 2¢ from x; to xf, for
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all L; < ¢ < L.. However, L; =2 and

: 1
ngs(t’—1)+;l‘/(ﬂ)!+1ZSf'Z (1_6_177)‘%

Hence, as L, is an integer, the proof is complete. O

The previous lemma requires that the edges of the matching in H cor-
respond to super-regular pairs in G. However, if H is the reduced graph
obtained having applied the Regularity Lemma to a graph G, all edges of
H will correspond to regular pairs in GG. In this case, a partition with the
properties required by Lemma 2.23 can be obtained by removing a small
proportion of the vertices in each cluster. This process is used frequently
throughout both this and the following chapter, and so is formalised in the

following lemma.

Lemma 2.24. Let 0 < e < %n < % Let H be a connected graph with vertex
set {vy, ..., vy} and suppose that M is a maximal matching of H with edges
{vgi_1v9; : 1 <1 < s}. Let t be a positive integer.

Replace the vertices of H with pairwise disjoint sets Vi, ..., Vy of ordert.
Let G be a graph defined by replacing each edge v;v; of H with an e-regular
pair between V; and V; of density at least ). Then there are sets (I/Vz)flz1 such
that the following holds.

o Foralll <i<s', W, is asubset of V; of ordert’' = [(1 —¢€)t].

o For all edges v;v; of H, the graph G [W;, W;] is 2e-regular with density

at least n — €.
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e For all edges vv; of M, the graph G[W; W;] is (2¢,m — 2¢)-super-

reqular.

o Foralll <i<s, thereis some 1 < j <2s such that v; € V(M), and

any vertex in W; has at least (n — 2€)t' neighbours in W;.

Proof. For 1 < i < s, let Wy,_1 be the set of vertices of V5;_; with at least
(n — €) t neighbours in Va; and Ws; be the set of vertices of Va; 1 with at least

(n — €) t neighbours in V,;. Note that, for 1 <i <r

€a (V2z \ W, V2z‘—1)
[Vaia|[Vai \ W

B Zvevg,-\wgi degy,, , (v)

B Vo \ Wayl

dG (‘/21 \ W2i7 ‘/21'71) =

<n-—e

Hence, as G[Va;, Vo;_1] is eregular with density at least 7, it follows that
|Wa;| > (1 — €)|Vay|. Similarly |[Wo;_q1| > (1 — €)|Va;_q], for all 1 <i <.

For any vertex v; € V(H) \ V(M), there is a path in H from v; to
V(M), which does not contain any edges of M. As M is maximal, this path
cannot contain an edge which has no endpoint in V(M) and hence v; has
a neighbour v; € V(M). Let W; be the set of vertices of V; with at least
(n — €) t neighbours in W;. By the previous argument, the density between
W; and V; \ W; is less than  — € and hence |W;| > (1 —¢)t. By deleting
vertices as necessary, it may be assumed that |W;| =t = [(1 — ¢)t] for all
1<i<5s.

Fix 1 <i <s. Let Wj,_; and WJ, be subsets of Wy;_; and W5, respec-

tively, with |W2/2—1| Z 2€|W2i_1| 2 €|‘/2i—1| and |W2/z| Z 2€|W21| 2 6“/21‘

42



Then, as G[Va;, Va;_1] is e-regular with density at least 7,

6( i1 2/1) > (n =€) Wy |[[Wyl.

Also, any vertex in Wo; 1 has at least (n — €)t neighbours in V5; and so at
least (n — 2¢)t neighbours in Wy, (and vice versa). Hence G [Wo;_1, W] is
(2¢,m — 2¢)-super-regular.

Note that Lemma 2.8 implies that, for any edge v,v; of H, the graph
G[W;, W,] is 2e-regular with density at least n — e. The final condition is

immediate from the construction of w;. O

These two lemmas have the following immediate corollary.

Corollary 2.25. Given n > 0, there ezists € = € (n) such that the following
holds. Let H be a connected graph of order s’ containing a matching M on

at least 2s vertices. Let t be a positive integer satisfying

8 4
(1—¢)t> max{—s,12s/, i }
n

a(3n,2,2,4n)

where « 18 as defined in the Blow-Up Lemma.

Replace the vertices {v; : 1 < i < s} of H with pairwise disjoint sets
Vi,..., Vs of ordert. Let G be a graph defined by replacing each edge v;v; of
H with an e-reqular pair between V; and V; of density at least 1. Then, for

all2 <t < Rl —€) (1 —€— }17]) Sﬂ , G contains a cycle of length 2¢.
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2.5 Matchings in 2-edge-coloured graphs

For an r-edge-multi-coloured graph G with r-edge-multi-colouring E(G) =
Ui_, E(G;), a monochromatic component of G is a component of one of the
subgraphs G;. The lemmas of the previous section show that, when attempt-
ing to find cycles in G, it is useful to look for a monochromatic component of
the reduced graph which contains a large matching. The following corollary
of Hall’s Theorem (Theorem 2.14) proves that a graph with large minimal
degree contains large matchings between the parts of any partition of the

vertex set into two parts.

Lemma 2.26. Let 6 > 0 and let G be a graph of order n with §(G) >
(% — 5) n. Suppose that V(G) = V1UV4 is a partition of the vertices of G, with
[Vi| < |Va|. Then G contains a matching with at least min {|V;], (1 —26) n}

edges between Vi and V.

Proof. For a subset S of V}, alower bound on |I'y, (S)] is obtained by splitting

into the cases that |S| > (1 4+ 6) n and |S| < (5 + ) n.

IfSCVyand|S| > (}l + 5) n, consider a vertex v € V5. As v has at most
(1 + 0) n non-neighbours in G, it has a neighbour in S. Hence 'y, (S) = V5,
and so [Ty (8)] = [Val > Vi] > |S].

If S C Vi and |[S] < (3 +0)n, then any vertex in S has at least |Va| —
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(411 + 5) n neighbours in V5. Hence

1
el 2 Vil = (5 +0) m

— 151 ((3+0) n+151- 14l
- (. |

Thus Theorem 2.14 implies that G contains a matching with at least

)

edges between V; and Va. As |Vi|+|Va| = n, this is the required matching. [

The following definition uses Tutte’s Theorem to force a graph without
a matching to have a particular structure. Recall that, for any graph G, the

number of odd components of G is denoted by ¢ (G).

Definition 2.27. Let a and b be integers and G be a graph, which does not

contain a matching on at least b vertices.

e Choose S C V(QG) to be a set such that
¢ (G [V(G) = Scl) > [Sal + [V(G)| —b.

Note that as G does not contain a matching on at least b vertices, such
a set exists by Theorem 2.16. If |V (G)| < b, then it will be assumed

that S¢ is empty.
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o Foralli>1, let T, be the set of vertices of G which lie in components

of G[V(G) — S¢| of order .
o Let TG:UlgigaTGvi‘
o Let UG = V(G) \ (SG U Tg).

Note that, although the definitions of S, T and Ug do depend on the values

a and b, in practice a and b will be fixed throughout any use of this notation.

The following result about the sets just defined is used not only in this

chapter, but also in Chapter 3.

Lemma 2.28. Let a and b be integers and G be a graph, which does not

contain a matching on at least b vertices. Then

1
‘SGy < ib,

1
el > (1= 3 ) V@) + 156l -

and

1
2|Sa| + |Ug| < b+ E\V(Gﬂ-

Furthermore, G [V(G) \ S¢] has mazimum degree at most 3 (b — |Sc]).

Proof. 1t is immediate that

¢(G[V(G) = Sal) < [V(G)] = [Sq]
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and hence the definition of Sg implies that
V(G)| = [Sal > |Sa| + [V(G)| —b.

This implies the first equation.

There are at most |T¢;| components of G [V (G) — S¢| of order at most a.
However, there are at most <|V(G)| components of G [V(G) — Sg] of order

at least a. Hence
1
¢(G[V(G) = S¢]) = |Tel + —[V(G)|.
This implies that

Tol > 4(GV(G) - Sa]) — -IV(C)

1
> <1 — 5) V(G| + |Sg| = b
and so the second equation holds.
However, |V(G)| = |Sq| + |Tg| + |Ug|, which implies that

2Sa| + [Ua| = |Sa| + V(G)| - [T¢]

1

For all 1 < ¢ < n, there are exactly %|TGZ| components of order 7 in
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G[V(G) \ Sg]. Hence, by the definition of Sg,

> 5 Toai] = 4(GV(G) - Se)

> |Sq| + |V(G)| —b.

However,

1 1
T4l <|T N T
221'—1‘ 21| <| G,1’+32| G.2i-1]

i>1 1>2

1
< |Teal + 5 (IV(G)] = [Sa] = [Taal) -
Combining these inequalities gives
2 4 2
=Taq1| > z|S =V(G)|—=b
and so
3
|Teal > 2S¢+ |V(G)| — §b. (2.2)
However, T 1 is a set of isolated vertices in G[V(G) \ Sg]. Hence, any

vertex in V(G) \ S¢ has degree in G[V (G) \ S¢] at most |V (G)\ (S¢ U Tg1) |.

Hence (2.2) implies that
1
A(GIV(G)\Sel) < V(G| - Taul = 5c] <3 (30~ 15

completing the proof of Lemma 2.28. O]
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The following lemma about the component structure of a 2-edge-multi-

coloured graph with large minimal degree is also useful.

Lemma 2.29. Let 0 < § < % and let G be a graph of sufficiently large
order n with 6(G) > (2 — 6) n. Suppose that G has a 2-edge-multi-colouring
E(G) = E(R)U E(B). Let R be the largest component of R and B’ be the
largest component of B. Also let Uy = V(R')NV(B'), Uy = V(R')\ V(B'),
Us = V(B)\V(R) and Uy = V(G) \ (V(R')UV(B')). Then one of the

following holds.
e One of R or B is connected.

e Both R and B' have order at least (3 —0)n and V(G) = V(R') U
V(B').

o Fach set U; has order at most (% + 5) n.

Proof. Suppose that none of the above holds. Then, in particular, both R
and B are disconnected.

Suppose first that V(G) = V(R') U V(B’). As neither R nor B is con-
nected, it must be the case that V(R') \ V(B’) is non-empty. Let v €
V(R')\V(B'). Note that v has no neighbours of either colour in V(B")\V (R’).
Hence |[V(B') \ V(R')| < (% + 6) n which implies that |R'| > (2 —=6)n. A

similar argument shows that |B'| > (% — 5) n, contradicting the assump-

tion that none of the three cases hold. Hence it may be assumed that
V(G)\ (V(R') UV(B')) is non-empty.
Suppose now that |R'| < (& — ) n. Then A(R) < (£; — 6) n and hence

§(B) > gn. Since B is disconnected, it has exactly two components B = B’
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and By with in < |Bs| < |Bi| < %n. Note that U; = V(B;) N V(R'), for
ie{1,2}.
Suppose that U; # ), for some i € {1,2}, and let v € U;. Then v has no

neighbours outside R’ U B;. Hence, as Us_; = R'\ B;,

Us i > [To ()] — |Bi| > (% - 5) n. (2.3)

In particular Us_; # ), and so U; is non-empty if and only if Us is non-empty.
As V(R') = Uy U Us, this implies that both U; and U, are non-empty.

However, (2.3) implies that U; has order at least (2 —&)n — |By|, for
i € {1,2}. Hence R’ has order at least (2 —26) n— |By| —|Bs| = (3 — 20) n.
This contradicts the assumption that |R'| < (% — (5) n. It may therefore be
assumed that |R'| > (2 — 6) n, and similarly |B'| > (Z — §) n.

If some U; is non-empty, let x € U;. The graph G contains no edges
between x and Us_; and hence |Us_;| < (% +(5) n. Recall that it may be
assumed that U, is non-empty and hence |U;| < (;11 + 5) n. However both
R’ and B’ have order at least (% — (5) n and hence both U; and Us are non-
empty. This implies that both Uy and Uz have order at most (i + 5) n and
so Up is non-empty. Finally, this in turn implies that U, has order at most

(i + (5) n, contradicting the assumption that the third case of the lemma

does not hold. This completes the proof. O

Note that the Regularity Lemma implies that the minimal degree of the

reduced graph H is not too much smaller than % times the minimal degree

of G. In view of this, and the results of Section 2.5, the following lemma can

be used to prove Theorem 2.4.
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Lemma 2.30. Let 0 < 6 < gz. There exists ng = no(8) such that the
following holds.

Let G be a graph of order n > ng with 6(G) > (% — 5) n. Suppose that G
has a 2-edge-multi-colouring E(G) = E(R)UE(B). Then one of the following

holds.

(i) There is a set S of order at least | (3 — 16) n| such that either R[S] or

B[S] has mazimal degree at most 11on.

(ii) There is a component of R or B which contains a matching on at least
(% + (5) n vertices. Further, there is a monochromatic component of G
containing a matching on at least (% + 5) n wvertices such that either
this component contains an odd cycle, or this component contains all

but at most 5én vertices of |V (G)].

(i1i) There is a partition V(G) = Uy U --- U Uy with mlaX]Ui| < (t+40)n
such that there are no red edges from Uy U Uy to Uz U Uy and no blue
edges from U; U Us to Uy U Uy. Further, the bipartite graphs R[Uy, Us),
R[Us,Uy], BlUy,Us] and B[Uy, Uy] all contain a matching on at least

(% — 65) n vertices.

Proof. Let 0 < § < %. Assume throughout that n is sufficiently large.
Suppose that G is a graph of order n with §(G) > (% — 5) n and that G
has a 2-edge-multi-colouring E(G) = E(R) U E(B). Let R’ be the largest
component of R and B’ be the largest component of B. Also let U; =
V(IR)NV(B'), Uy=V(R)\V(B'), Us =V(B)\V(R) and Uy = V(G) \

(V(R)UV(B')), as in Lemma 2.29.
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Suppose first that mlaX]Ui] < (§+6)n. Note that there are no red
edges from U; U Uy to Us U Uy and no blue edges from U; U Uz to Uy U Uy.
By Lemma 2.26, G contains a matching from U; U Uy to Us U U, with at
least min {|U1| + |Usl, |Us| + |Usl, (3 — 26) n} edges. However, |U;| + |U;| >
(%—25)nf0ralll§i<j§4.

All edges from U; UU, to U3UU, are blue and hence B contains a matching
M from U; U Us to Uz U Uy with at least (% — 25) n edges. All edges of M
lie between U; and Us or between Uy and Uy. Both B[Uy, Us] and B[Us, Uy]
contain at most (1 + &) n edges of M, and hence B[U;, Us] and B[Us, Us] both
contain a matching on at least (% — 6(5) n vertices. A similar argument shows
that R[Uy, Us] and R[Us, Uy both contain a matching on at least (1 — 66) n

vertices.

Hence, if max|U;| < (1 +6)n, then the third case of Lemma 2.30 is

satisfied. Hence, for the remainder of the proof it is assumed that

max|U;| > (}1 + 5) n. (2.4)

The rest of the proof is split into two cases, depending on whether one of

R’ or B’ contain a matching on at least (% + 5) n vertices.

Case 1 - neither R’ nor B’ contains a matching on at least (% + 5) n

vertices.

The aim is to show that the first case of Lemma 2.30 holds and so there

is a large set on which one of R or B has a low maximum degree.
Let Sgr, Trr, Urr, Spr, Tp and Up: be defined using Definition 2.27, with

52



a=[6""] and b= [(%+ ) n|. Then Lemma 2.28 implies that

Sm| < K% + %5) n—‘ | (2.5)

Tl > [V(R)| + |Sw| - Kg +25) n—‘ Y (2.6)
and

21Sp| + |Up| < Kg + 25) n-‘ + 1. (2.7)

Similar equations hold for Sp/, T and Upg. The following fact will be

sufficient to complete the proof in this case.

Fact 2.31. Suppose that C' is a component of B with |V (C)| < (3 — 26) n.
Then V (C) C Sgri. Similarly, if C is a component of R with |V (C)| <
(Z —28)n, then V (C) C Spr

Proof. The proof of both statements is identical, so assume that C'is a com-
ponent of B with |V (C)| < (& — 26) n. This implies that B is not con-
nected. Hence Lemma 2.29 and the assumption that (2.4) holds implies that
R’ contains at least (% — 5) n vertices.

A vertex in C has blue degree at most |V (C)| — 1. Hence any vertex in

C must have red degree at least

5

5(G) = [V(C)| +1 > (2—5)71—(5—25)%1

-~ (%—i—é)n—kl. (2.8)
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A vertex in V(G) \ V(R') has red degree at most
, 1
n—|V(R)-1< ZL_HS n—1.

However, a vertex in Tx has at most a red neighbours outside of the set Sg/

and hence (2.5) implies that, for all v € Tg,

degp(v) < a+ |Skr/|
< L + 15 +
3t30)n| +a

Hence (2.8) implies that V(C) does not intersect Tg or V(G) \ V(R').
Suppose that there exists a vertex v in V(C') N Ug. All blue neighbours
of v lie in V(C) C Sg U Ug. However, by definition, a vertex in Ug has
all of its red neighbours in Sg U Ugr. Hence, in G, all of the neighbours
of v are in Sp U Ug, and so (2.7) implies that v has degree in G less than
[(2 +20) n] +1. This contradicts §(G) > (2 — &) n, and so V(C) C Sp. O

Using this fact, the proof may now be completed in Case 1. Suppose first
that [V (B')| < (2 +6) n. Then Lemma 2.29 and the assumption that (2.4)
holds implies that R is connected.

As B’ is the largest component of B, if [V(B')| < (& — 26) n, then all
components of B have order at most (% — 2(5) n. Fact 2.31 implies that Sg
contains all components of B, and hence has order n, contradicting (2.5).

If, however, (& —26)n < |V(B')| < (3 — 36) n, then Lemma 2.26 im-

plies that G contains a matching between V(B’) and V(G) \ V(B’) with at
least (3 + 30)n edges. As all edges between V(B') and V(G) \ V(B') are
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red, this implies that R’ contains a matching on at least (% + 5) n vertices,

which was assumed not to occur.

Finally, if (3 — g) n < |B| < (% + &) n, then all components of B other
than B’ have order at most (% + g) n. Hence, Fact 2.31 implies that Sk
contains V(G) \ V(B') and so |Sr/| > (5 — ) n. Let S = V(G)\ Si. Then
(2.5) implies that |S| > |(2 — 10)|. Hence, as R’ = R, Lemma 2.28 implies
that the first case of Lemma 2.30 holds.

Hence it may be assumed that both V(B’) and V(R’) contain at least
(% + 5) n vertices. Suppose that Tr NTp is non-empty and let v € Tr NTp.
Then v has at most |Sr/| + a red neighbours and at most |Sp/| + a blue
neighbours. However, (2.5) implies that both Sp and Sp have order at
most ((% + g) nw, and so v has at most (% + 5) n + 2a + 2 neighbours in
G. This contradicts the minimal degree of G, and hence Txr N Tp must be
empty. Fact 2.31 implies that T does not intersect V(G) \ V(R') and vice

versa. Hence T € Sp UUp and Ty C Sp U Upr.

Suppose that Tg N Uk is non-empty and let v € Tg N Ugr. Then all of
the red neighbours of v are contained in Sg U Ugr.. However, v has at most
(1 4 6) n non-neighbours, and hence v has at least n—|Sp UUp/|— (1 +6) n
neighbours outside of SgUUg. Thus v has at least n—|Sg UUg/|— (}1 + (5) n
blue neighbours. However v € T and so all but a of its blue neighbours are
in Sp. Hence

1 1
|Sp| >n— (|Skr/|+ |Ur'|) — <Z+5)n—a> |Sri| + (E—Bé)n—a—Q,

where the second inequality follows from (2.7).
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Similarly, if Tr N Up/ is non-empty, then
1
|Sr/| > |Sp| + (E — 35) n—a-—2.

As these can not both occur, one of Tg N Ug or Tr N Upg: is empty.

Assume without loss of generality that g C Si.. Then Sk contains the

disjoint sets T and V(G) \ V(B’). Hence, (2.6) implies that

1
Sl 2 [T+~ V() > [0+ | (3 -2 ) n)| = 1.

However (2.5) implies that |Sg/| < [ (3 + 30) n], and hence |Sp/| < 36n. Note
also that [Sg/| > | (5 — 20) n]. Lemma 2.28 implies that R'[V(R’) \ Sg/] has
maximum degree at most 116n. As V(G)\ V(R') C Spr, it must be the case
that |[V(R')| > (1 — 36) n, and so R[V(G)\ Sr/] has maximum degree at most

116n, implying that the first case of Lemma 2.30 holds.

Case 2 - one of R’ or B’ contains a matching on at least (% + 5) n

vertices.

In this case, if there is a monochromatic component C' which contains a
matching on at least (% + 5) n vertices such that either C' contains an odd
cycle or |[V(C)| > (1 —56)n, then the second case of Lemma 2.30 holds,
completing the proof. Without loss of generality, suppose that R’ contains a
matching on at least (2 + &) n vertices. It may be assumed that [V (R')| <
(1 —=59)n and R’ is bipartite with classes Yr and Zg/, otherwise taking
C = R’ will complete the proof. As R is not connected, and assumption

(2.4) still holds, Lemma 2.29 implies that [V (B)] > (2 —d) n.

56



It may be assumed that |Zg/| > |Yr/| and so

1 5

1
| < = ! - .
Yr| < SIV(R)| < <2 25) n

As each edge of the matching in R’ contains one vertex from Zg and one

from Yg,

2

1 4 11
— — < < , - — — . .
<3+2)n_|YR]_]ZR\<<3 2(5>n (2.9)

Note that any vertex in V(G)\V(R’) has red degree at most n—|V(R')| < 3n,
and any vertex in Zg has red degree at most |Yg/| < (% — %‘S) n. Hence Yg/
contains all vertices with red degree at least (% — 25) n.

However a vertex v in V(G) \ V(B’) has no blue neighbours in V(B’),
and hence has blue degree at most (i + 6) n. Hence v has red degree at least
(3 —26) n, and so v € Y. Thus V(G) \ V(B') C Yg.

Suppose that B’ does not contain a matching on at least (% + 5) n ver-

tices. Let Sp/, T and Ups be defined using Definition 2.27, with a = [§71]

and b = ((% + 5) ”W Then Lemma 2.28 implies that

1 1 1
i (.1 1 2.1
|SB|<(4+2(5>71—|—2, (2.10)
and
1

Let v be a vertex in Ts. Then v has at most a blue neighbours outside of
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Sp and hence (2.10) implies that v has blue degree at most ( + 36) n-+a+1.
Thus v has red degree at least (% — %5) n—a—1, and so v € Yg. Hence Yg

contains the disjoint sets T and V(G) \ V(B'), and so (2.11) implies that

Yr| > |Tp| + |V(G)\ V(B)]

1
> |V(B)| +|Ss/| — (— +25) n—1+n—|V(B)|

2
> <1—25)n—1.
2

However this contradicts [Yp/| < (3 — 2

% — 3) n. Hence B’ contains a matching
on at least (% + 0) n vertices.

Let u be a vertex of Zg/, and so necessarily v € V(B’). Then u has at
most (}l + 5) n non-neighbours in Zg/, and so at least one neighbour v € Zg.
As Zp is an independent set in R, the edge uv must be blue. However, in G,
both v and v have at most (% + 5) n non-neighbours, and so v and v have
at least (% — 25) n common neighbours. Hence, in particular, v and v have
a common neighbour w € V(G) \ Yg. By definition, all red neighbours of
both u and v lie in Yz, and so uw and vw are both blue edges. Hence B’

contains a cycle of length three, and so taking C' = B’, the second case of

Lemma 2.30 holds, completing the proof. O

2.6 Proof of Theorem 2.4

In this section, Theorem 2.4 will be proved. The following preliminary lem-

mas will be of use in the proof.
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Lemma 2.32. Let n be sufficiently large and let G be a graph of order n
with § (G) > 3n. Suppose that E(G) = E(Rg) U E(Bg) is a 2-edge-multi-
colouring.

Suppose that there is a set S C V(G) with |S| > 3n and A (Bg[S]) <
1|S| — sn. Then C; C Rg for all € € [3,]5]].

Suppose that Bg is bipartite. FEither Cy C Rg for all £ € [4,[%]], or

G = K4 (n/4) and the colouring is a 2-bipartite 2-edge-multi-colouring.

Note that this result also holds with the colours exchanged.

Proof. Suppose that there is a set S with |S| > in such that A (Bg[S]) <
}1|S| — %n. All vertices in S have at most in non-neighbours in G, and so

SRS 211 - n - (3181 - gn) = 3181 - gn= glsl. @2
Corollary 1.12 implies that either Rg[S] is pancyclic, or Rg[S] = K| s)/2,s)/2-
In the latter case, §(R¢[S]) = 3|5|, and so equality holds in (2.12), implying
that |S| = in. Hence, if |S| > 1n, then C, C R for all £ € [3,]5]].

Suppose that Bg is bipartite with classes S; and S, labelled so that
|S1| > [Sa|. If [Sy| > $n, then C; C R for all £ € [3,]5,]] and the proof is
complete. So it may be assumed that n is even and |S;| = [S5| = in. By
the above, either C; C R for all £ € [3,4n], or both R¢[S1] and Rg[S]
are isomorphic to K, /4 /4. In the first case, the proof is complete so assume
that both R¢[Si] and Rg[Ss] are isomorphic to K, /a,,4. This implies that
n is divisible by four. Both Bg[S;] and Bg[Ss] are isomorphic to the empty
graph and so G = Ky (n/4).
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For i € {1,2}, let S;; and S;5 be the independent sets of G' partitioning
S;. If Rg is not bipartite, then, without loss of generality, there are red
edges between S;; and both S;; and S;5. Hence there is a red path of
length either two or four between a vertex of S;; and a vertex of Sy, with
all internal vertices in S;. However R¢ is complete between S;; and S3 2 and
so Rg contains C; for all £ € [4, (%n” If, however, R is bipartite then the

colouring is a 2-bipartite 2-edge-multi-colouring. O]

Lemma 2.33. Let n be sufficiently large and let G be a graph of order n
with § (G) > 3n. There is no set S of order at most three such that V(G)\ S
can be partitioned into non-empty sets X1, ..., Xy such that G has no edges

between X1 and X4 and no edges between X5 and Xs.

Proof. Suppose that there is such a set S. Then 3.7, |X;| > n — 3, and so
| Xi| > 1(n —3), for some 1 < i < 4. Let v € X5_;, which is assumed to
be non-empty. Then v has no neighbours in X; and is also not adjacent to
itself. Hence dg(v) < n — (|X;] + 1) < n, contradicting the minimal degree

of G. O

Using the lemmas above, it is now possible to prove Theorem 2.4.

Proof of Theorem 2.4. Let G be a 2-edge-coloured graph of order n with
6 (G) > 3n. Let E(G) = E(R) U E(B) be the 2-edge-colouring of G. Fix

0 <0< and let n = 50 and € = min{e(n), g1}, where €(n) is as

1
2047
defined in Lemma 2.23. Let m = max{ng, e '}, where ng(9) is defined as in

Lemma 2.30. Finally, let K = 2M (€¢,2,m), where M (¢,2,m) is as defined

in the Regularity Lemma (Theorem 2.9).
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Lemma 2.22 implies that either G = K, (n/4) and the colouring is a
2-bipartite 2-edge-colouring or GG contains a monochromatic Cy for all ¢ €
[4, K]. Hence, to complete the proof, it is sufficient to show that one of the

following holds:
1. G = K4 (n/4) and the colouring is a 2-bipartite 2-edge-multi-colouring;
2. both

(a) G contains a monochromatic cycle of length at least ((% + g) n];

(b) for all ¢ € [K, (%n”, either R or B contains a cycle of length /;
3. one of R or B contains cycles of all lengths ¢ € [3, ((2 — (5) nH

Suppose that G does not satisfy any of the above; this will be referred to as
the main assumption of the proof.

Apply Theorem 2.9 to G, with parameters m, r = 2, p and €. Hence there
is a partition P = (V;)f:() of V(@) and a subgraph G’ of G with the properties
given in that Theorem. Let H be the reduced graph defined as in Definition
2.11 by G' and P, with 2-edge-multi-colouring F(H) = E(Rg) U E(Bpg).

Recall that |V;| =t < 2 < [en] for all 1 <4 <k, and note that
k
1—en <) Vil =kt<n. (2.13)
i=1

Theorem 2.9 implies that 6 (G') > (2 — 2n — €) n. Suppose that § (H) <
(2 —0) k and let v; be a vertex of H such that degy (v;) < (3 —6) k. In G,

a vertex v € V; has neighbours only in Vj, or in V; for those j such that v;v;
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is an edge of H. Hence

degen (v) < (Z - 5) kt + Vo] < (Z — (5—1—6) n.

This is a contradiction, as § > 2 + 2¢. Hence § (H) > (2 —6) k.

Lemma 2.30 implies that one of the following holds.

(i) There is a set S C V(H) of order at least | (2 — 2) k| such that either
A(Rg[S]) < 116k or A(By[S]) < 116k.

(ii) There is a component of Ry or By which contains a matching on at least
(% + 5) k vertices. Further, there is a monochromatic component of H
containing a matching on at least (% + 5) k vertices such that either
this component contains an odd cycle, or this component contains all

but at most 5dk vertices of |V (H)].

(iii) There is a partition V(H) = U;U- - -UU, with m?X]UZ-| < (3 46) k such
that Ry contains no edges from U, UU, to U3 U U, and By contains no
edges from U; UU; to UpUUy. Further, the bipartite graphs Ry [Uy, Us,
Ry|Us, Uy], By|Uy, Us] and By |Us, Uy all contain a matching on at least

(% - 66) k vertices.

In each of the three cases, a contradiction to the main assumption will
be obtained.

Case (i)

As the definition of the reduced graph is symmetric, it may be assumed
that thereis aset S C V(H) of order at least | (2 — 2) k| such that A(Rp[S]) <

116k. Let S" C V(G) be the union of all clusters V; such that v; € S. Note
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that (2.13) implies that

12 342 (-9

Hence |S'] > [(2 —6) n].

Let v € V; C 5" and suppose that vu is a red edge of G for some u € 5.
Then, either vu is not an edge of G', or u € V; for some j such that v;v; €

E (RglS]). Hence
degp,(s7(v) < (degg(v) — dege (v)) + 110kt < 120m.

This implies that A(Rg[S']) < 126n. However |S’| > (2 — ) n implies that
18"l = (3 +126) n and thus A(Rg[S']) < 1|5'| — #n. Hence Lemma 2.32

implies that Bg contains a cycle of length ¢ for all ¢ € [3, ’—(é — 5) nH This

contradicts the main assumption (part 3).

Case (ii)

In this case, there is a component C; of Ry or By which contains a
matching M; on at least (% + (5) k vertices. Further, there is a monochromatic
component Cy of H containing a maximal (within C5) matching M, on at

least (% + 5) k vertices such that either (5 contains an odd cycle, or Cy

contains all but at most 50k vertices of |V (H)].

Assume without loss of generality that C; is a component of Ry. Corol-

lary 2.25 implies that R contains a cycle of length at least

o) (0] ()
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Hence R contains a cycle of length at least [ (2 + $6) n|, and so part 2.(a)
of the main assumption holds. Hence if part 2.(b) of the main assumption
also holds, there is a contradiction.

Similarly, assume without loss of generality that C5 is a component of
Ry. Assume also that V(Cs) = {vq,...,vs} where s = |V(Cs)|, and that
E(Ms) = {vgi—1,v9; : 1 <i < s}. Lemma 2.24 applied to Cy implies that

there are sets (I/Vz)f/:1 such that the following holds.
e Forall 1 <i<s' W;isasubset of V; of order t' = [(1 —¢) t].

e For all edges v;v; of H, the graph Re [W;, W;] is 2e-regular with density

at least n —e.

e For all edges v;v; of M, the graph Re [W;, W;] is (2€,n — 2€)-super-

regular.

e Forall 1 <i <, there is some 1 < j < 2s such that v; € V(M), and

any vertex in W; has at least (1 — 2¢) t’ neighbours in W;.

Note that

(1 1Yo (o) ] 014

Hence Lemma 2.23 implies that Rg contains a cycle of length /¢, for all even
4< < [in].

Suppose that, for some 1 < i < 2s, Rg contains a path P of odd length
at most K — 4 between two vertices x; and 2| of W;. It may be assumed

that ¢« = 1. Note that P contains at most K —4 < et’ vertices in each cluster.
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Hence Lemma 2.23 and (2.14) imply that, for all even 4 < ¢ < (%”L the
graph Rg contains a path of length ¢ between x; and 2 which is internally
vertex disjoint from P. Hence, for all odd K < ¢ < {%"L the graph Rg
contains a cycle of length ¢. In particular, Rs contains a cycle of length ¢
forall K </ < ’—%n-‘ This implies that part 2.(b) of the main assumption

holds, and so the following fact holds.

Fact 2.34. For all 1 <1 < 2s, Rg does not contain a path of odd length at

most K — 4 between two vertices x; and 'y of Wi.

Suppose that C5 contains an odd cycle D. As M, is maximal, it may
be assumed that V(D) intersects V(Ms) and that v, € V(D) N V(My).
The Embedding Lemma implies that there is a path of odd length at most
k < M (e) = 1K between two vertices 1 and z of W;. This contradicts
Fact 2.34 and hence (5 does not contain an odd cycle.

It may be assumed that |V(C3)| > (1 —56)n and that C is bipartite.
Let Cx and Cy be the two classes of the bipartite graph Ry[Cs]. As each
edge of My must have one end in C'x and the other in Cy, it may be assumed
that vy;_1 € Cx and vy; € Cy, for all 1 <17 < s. Let X be the union of all
W; such that v; € C'x and Y be the union of all W; such that v; € Cy. By

the definition of W; the following fact holds.

Fact 2.35. Any vertex of X has at least (n — €)t' neighbours in |J;_, Wa,

and similarly, any vertex of Y has at least (n — €) t' neighbours in | J;_; Wa;i_1.

Suppose that Rg contains a path P of odd length at most K —9 — k
between two vertices v and v in X. Then v and v have distinct neighbours

in (J;_, Wa;. Hence R¢ contains a path of odd length at most K — 7 — k

65



between two distinct vertices v’ € Wy; and v’ € Wy;, for some 1 <4 < j <.
There is a path in Ry of length at most k—1 from vy; to vg;, which must have
even length as Ry[Cs] is bipartite. By the Embedding Lemma, R contains
a path P’ of even length at most k£ — 1 between two vertices v € Wy; and
u” € Wa;. However, Lemma 2.23 implies that R contains a path of length
four from u” to «’, with no internal vertices in V(P) U V(P'), as illustrated
in Figure 2.4. Hence there is a path of odd length at most K — 4 between
vertices v" and v” of Wy;, contradicting Fact 2.34. Hence Rg does not contain
a path of odd length at most K —9 — k between two vertices of X. Similarly
R does not contain a path of odd length at most K — 9 — k between two

vertices of Y.

Figure 2.4: The straight red lines are edges and the curved red lines are
paths.
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In particular, Rg[X U Y] is bipartite. Note that
IXUY|>(1-=50)kt(1 —¢€) > (1—60)n.

If |X| > $n, then Lemma 2.32 implies that Bg contains a cycle of length ¢
for all ¢ € [3,|X]], contradicting the main assumption. Hence |X| < in and

Y| < in, implying that min{|X|, [Y[} > (3 — 66) n.

If any vertex v of V' \ (X UY) has at least one red neighbour in both X
and Y, then Fact 2.35 implies that there is a path of length three between
two vertices of X. Hence all vertices of V' \ (X UY') have no red neighbours
in at least one of X or Y. Let X’ be the set of vertices of V' \ (X UY') with
at least two red neighbours in Y, and Y’ be the set of vertices of V'\ (X UY)
with at least two red neighbours in X. There are no red edges between X’
and X or between Y’ and Y. If there is a red edge wv within X', let u’ and
v" be distinct vertices of Y such that uu’ and vv’ are both red edges. Then
w'uvv’ is a red path of length three between vertices of Y, which can not
occur. Hence both X U X’ and Y U Y’ contain no red edges. In view of
Lemma 2.32, it may be assumed that both X U X’ and Y UY” have order at

most %n

Let Z =V (G)\ (X UX'UY UY’). Note that vertices in Z have at most
one red neighbour in X UY. A vertex in Z has at most 6dn neighbours in
V\ (X UY) and hence at least (2 — 66) n neighbours in X UY. Let X” be
the set of vertices in Z with at least (% — 35) n neighbours in X, and Y”
be the set of vertices in Z with at least (§ — 35) n neighbours in Y. Let

8

Xo=XUX' UX"and Yy = YUY UY” Then V is the (not necessarily
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disjoint) union of X, and Y.

Without loss of generality, suppose that |Xg| > %n By definition, all

vertices in X" have at least (% — 35) n neighbours in X. Recall that all
vertices in X” have at most one red neighbour in X. Let X" be the set
of vertices in X with a red neighbour in X”. Note that |X"”| < |X"|. All
vertices in X U X’ have at most in non-neighbours in G' and so at least
| Xo| — in neighbours in X,. Vertices in X \ X" have no red neighbours in

Xo, while vertices in X’ U X" have at most |X"”| red neighbours in Xy. In

summary, the degree of a vertex in Bg[Xo] satisfies

(

| Xo| — in ve X\ X"
degpgixe (V) = 4 [Xo| = n— X" veX"UX’ (2.15)
\(%—35)71—1 ve X"

However, 2n < |Xo| < (4 + 60) n. Hence vertices of X” and X \ X" have

degree at least 3| Xo| in Bg[Xo]. But

max{ | X", | X + [ X"[} < |X"U X

< |V(G)\ (X UY)| < 60n < 126X, (2.16)

Hence there are at most 126|X| vertices of X, with degree less than 3| Xo|
in Bg[Xo], and each of these vertices has degree at least (3 — 126) |Xo| in
Ba[Xo). Letting di < -+ < d|x, be the degree sequence of Bg[Xo], this
implies that there is no a < $|Xy| such that d, < a. Hence Theorem 2.18

implies that Bg[X,] is Hamiltonian.
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Note that (2.15) implies that

%¢ (BolXo]) > <|X0| _ }ln> X\ X"+ ((g _ 35) n— 1> X
(136l = 3= 1) (171 1)
= (1ol gn) (141X
+ ((g - 35) n—1— (X" + |X’|)) 1X7|.

However, (2.16) and | Xo| < (3 + 60) n imply that
3 " , 3 1
(5—35)71—1—(\X |+ |X']) > (5—95)71—1 > |X0|—Zn+5n.
Hence
2e (Bofa) 2 (1] = 41 ) (X1 + X']+ X)) + ]|
and, noting that |Xo| > $n,

1 1
€ (BG[X(]]) Z Z|X0|2 —+ §5H|X”|

Thus Theorem 1.11 implies that either Bg[Xo] is pancyclic, or Bg[Xo| =
K| x,//2,1x0)/2 and e(Bg[Xo]) = 1| Xo|?. However, if Bg[X] is pancyclic, then
Cy C Bg for all £ € [3,|Xy|] contradicting the main assumption. Hence
BaXo] = Kix,|/2,x0|/2 and e(Bg[Xo]) = }1|X0|2, which implies that X" is

empty. Thus Xy = X U X’ is an independent set in Rg. Hence Lemma 2.32

and the main assumption imply that |Xo| < in. But then |Yp| > %n, and a
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similar argument shows that Y is empty. Hence Yj is an independent set in
R¢ and so Rg is bipartite. Thus Lemma 2.32 implies a contradiction to part
1. of the main assumption.

Case (iii)

In this case, there is a partition V(H) = Uy U --- U Uy with mlax\Ul\ <
(i + 5) k such that Ry contains no edges from U; U U; to U3 U Uy and By
contains no edges from U; U Uz to Uy U Uy. Further, the bipartite graph
Ry U, U4q] contains a matching M; ;41 on at least (% — 65) k vertices for
[ € {1,3}, and the bipartite graph Bg[U;, Ui42] contains a matching M; ;o
on at least (3 — 60) k vertices for [ € {1,2}. Note that this implies that each
U; has order at least (% — 3(5) k. Also, the minimal degree of H implies that
both Ry and By have exactly two components.

Arguing as in Lemma 2.24, there are sets (VVi)f:l such that the following
hold.

e Forall 1 <i <k, W;is a subset of V; of order ¢/ = [(1 — 2¢) t].

e For all edges v;v; of Ry, the graph Res [W;, W;] is 2e-regular with den-

sity at least n —e.

e For all edges v;v; of By, the graph Bes [W;, W;] is 2e-regular with den-

sity at least n —e.

e For | € {1,3} and all edges v;v; of M;;41, the graph Re [W;, W] is

(2€,m — 2¢)-super-regular.

e For [ € {1,2} and all edges v;v; of M, o, the graph Be [W;, W;] is

(2€,m — 2¢)-super-regular.
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For 1 <[ < 4, let X; C V be the union of W, such that v; € Uj.
Also let Xy be the union of the exceptional set Vy and Ule Vi \ W;. Then

| Xo| < en + 2etk < dn, and, for all 1 <1 <4,

1 1 1 1
Z_ <[ Z_ I < < | = <= .
(4 45)n_<4 35)kt_|Xl|_(4+5>k:t_<4+5)n

As Ry contains no edges from U; U Us to Us U Uy and By contains no
edges from U; U Uz to Uy U Uy, the definition of the reduced graph implies
that in G’ there are no red edges from X; U X5 to X3U X, and no blue edges
from X; U X5 to Xo U X,. In G, a vertex in X; has no neighbours in Xy,
and so, in G, a vertex in X; has at most (21 + €) n neighbours in X,. Hence,
in G, a vertex in X; has at least (411 — 55) n non-neighbours in X, and so at
most 50n non-neighbours in X; U X5 U X3. A similar result holds for each
Xj. The following fact, a corollary of Lemma 2.23, will be of use throughout

analysis of this case.

Fact 2.36. Let x and y be any two not necessarily distinct vertices of Xy,
and, for 1 <i < 2, let S; be a subset of X; containing at most ten vertices.
Let 3 < /(< ’—(% — 45) n-‘ Then Rg[X1 U Xs| contains a path of length 2¢

from x to y with no internal vertices in S; U Ss.

Note that the same result holds if the roles of X; and X5 are reversed,
or if the graph Rg[X; U X3] is replaced by any of the graphs Rg[X3 U X4,
B(;[Xl U Xg] or Bg[XQ U X4]

Proof. First note that there are no blue edges between X; and X, in G'.

Hence, in GG, both x and y have at most dn blue neighbours in X, and at
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most 50n non-neighbours in X5. Hence, both = and y have at least | X3| —60n
red neighbours in X,. In particular, as |Xs| > (1 — 30) n both z and y have
at least %|X2| red neighbours in X,. Hence, there is some W; C X, such
that both z and y have at least two red neighbours in W;. Let 2’ and 3’ be
vertices of W; such that zz’ and yy’ are edges of Rg.

Let 2 < ¢ < ((i — 45) n-‘ < ((1 —€— 41177) t (i — 35) /ﬂ Applying
Lemma 2.23 to the graph Rg[Xi, X3] implies that Rg contains a path of
length 2¢ from 2’ to ¥ with no internal vertices in S; U Sy U {z,y}. Extend-
ing this path by the edges xx’ and yy’ gives the required paths from z to

Y. 0

Recall that each vertex of X; has at most 5dn non-neighbours in X; U
X5 U X3. In particular, there is an edge of G contained within X;. Suppose,
without loss of generality, that there is a red edge xy of G contained within
X;. Fact 2.36 implies that R contains a path of length 2¢ from x to y for all
3</l< ’—(;11 — 35) n-‘ and a cycle of length 2¢ for all 3 < /7 < ’—(}l — 35) n-‘
Hence R contains a cycle of length ¢ for all £ [7, ((% — 65) n”

To complete the proof, it is sufficient to show the following statement,

which shows that part 2. of the main assumption holds.

(A) G contains a monochromatic cycle of length at least ((% + %(5) nw and

a monochromatic cycle of length ¢ for all ¢ € H(% — 65) n-‘ +1 (%n“

Suppose that Rg contains two vertex-disjoint paths P and P’ from X; U X,
to X3 U Xy, with all internal vertices in X, and that Rg also contains two
edges in X;. Adding edges at both ends if necessary, it may be assumed

that both P and P’ have endpoints in X; and X3 and contain at most one
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vertex in each X;. Let P have endpoints x in X; and y in X3 and let P’
have endpoints 2’ in X; and ¢’ in X3. Let 3 < /; < ((Z—i — 45) nw Fact 2.36
implies that Rg [X3U Xy] contains a path of length 2¢; from y to y' which
is internally vertex-disjoint from P and P’. Let P, be the path formed by

concatenation of this path with P and P’.

Figure 2.5: The straight red lines are edges and the curved red lines are
paths.

By assumption Rg contains two edges in X;, and hence contains some
edge in X; which is not xza’, as in Figure 2.5. Let this edge be ww’, where
it may be assumed that w ¢ {x,2'} and w’ # 2/. Note that, either v’ =
x, or w' and x have a common red neighbour in X,. It will be assumed
from now on that w’ = x, the case when w' # x being very similar. Let
3< ¥ty < ((i - 45) n] Fact 2.36 implies that Rg [X; U X5] contains a path
from x to 2’ of length 2¢5 which is internally vertex-disjoint from P and P’.
However, Fact 2.36 also implies that Rg [X; U X3 contains a path from w
to 2’ of length 2¢5 which is internally vertex-disjoint from P and P’. Adding
the edge wx, this implies that Rs contains a path of length 2¢5 + 1 from x

to a’ which is internally vertex-disjoint from P and P’.
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In particular, Rg [X; U X3] contains a path from x to 2’ of length ¢35 which
is internally vertex-disjoint from P and P’, for all 6 < /3 < ((% — 85) nw
Concatenating these paths with the path P, shows that R contains a cycle
of length /¢ for all

[V(P)|+ |V(P)]+12 << [(1—=160)n]| + |[V(P)|+ |[V(P")| — 2.

Hence, if Rg contains two vertex-disjoint paths P and P’ from X; U X5 to
X3 U X, and at least two edges in some X; then (A) holds. However this

contradicts the main assumption, and so the following fact holds.

Fact 2.37. If Rg contains two vertez-disjoint paths P and P' from X, U X,

to X3 U Xy, then Rg contains at most one edge in each X;.

Note that an identical result holds for Bg. Recall that each vertex of
X; has at least |X;| — 40n neighbours in X;, and so X; contains at least
three edges. Hence, it may be assumed that Rs does not contain two vertex-
disjoint paths P and P’ from X; U X5 to X3 U X,. By Theorem 2.17, there
is a vertex vgr such that there are no red paths from X; U X5 to X3 U X, in
G — {vgr}.

Suppose that there is also a vertex vg such that there are no blue paths
from X; U X3 to Xo U X, in G — {vg}. Let S = {vg,vp}. Consider a vertex
v € Xo \ S. By the definition of vg, it cannot have red neighbours in both
X1 U Xy and X3 U X4, and similarly it cannot have blue neighbours in both
XU X3 and XoU Xy, Hence, there is some X; such that v has no neighbours
in X;, and so v may be added to X5_; without adding edges between X; and

X5_;. Repeating this argument for each vertex of X \ S shows that S is a
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contradiction to Lemma 2.33, and so there is no such vertex vg.

Hence Theorem 2.17 implies that there are two vertex disjoint blue paths
between X; U X3 and Xy U X,. Thus Fact 2.37 implies that Bg contains at
most one edge in each X;. Note that, using the above argument, B¢ certainly
contains a cycle of length at least ((% + %5) nw, and so, to prove (A), it just
remains to show that G contains a monochromatic cycle of length ¢ for all
(e H_(% — 65) n-‘ +1, ’%n“ The proof continues by bounding below the
red degree of all vertices of G.

In G, a vertex of X7 has at most 5dn non-neighbours in X;UX,. However,
in G’, a vertex of X7 has no blue neighbours in X5, and hence, in G a vertex
of X has at most (29 + €) n blue neighbours in X,. A vertex of X; has at

most one blue neighbour in X;. This implies the following fact.

Fact 2.38. In R, all vertices in X have at least | X;|+|X2|—6dn neighbours
m X1 U XQ.

Similar bounds hold for all vertices in U?zl X;. The proof now turns to
bounding below the red degree of all vertices of Xj.

Suppose that some vertex v € X has at least (% + 45) n blue neighbours.
At most dn of these neighbours lie in Xy, and at most (i + 5) n of these
neighbours lie in each X;. Hence v must have at least dn blue neighbours in
at least three of the sets X;. Suppose that v has at least two blue neighbours
in each of X7, X5 and X3, the other cases being similar. If Bg contains no
path P from X; U X3 to Xy U Xy in G — {v}, then S = {v,vg} contradicts
Lemma 2.33, after adding each vertex of X to one of Xy,..., X, as above.

Hence B¢ contains a blue path P from X; U X3 to Xo U Xy in G — {v}.
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Figure 2.6: The straight blue lines are edges and the curved blue lines are
paths.

By adding an edge at each end if necessary, it may be assumed that P has
endpoints u € X; and v’ € X, and contains at most one vertex in each Xj.
Let w € X1, w' € X5 and w” € X3 be blue neighbours of v which are not
vertices of P. Note that w” has at most 5dn non-neighbours in X; U X3U X},
and has no red neighbour in X; \ {vg}. Hence w” has a blue neighbour x in
Xi \ {u,w}, as in Figure 2.6.

Let (1,05 € [3, K% — 45) nH Fact 2.36 implies that Bg[X, X3] contains
a path P from z to u of length 2¢; and a path P from w to u of length
205, both of which contain no internal vertices in V(P) U {w"}.

Then the blue path v’/ PuP“zw"vw’ has length |V (P)| — 1+ 2¢, + 3, and
the blue path «/ PuP®wvw’ has length |V (P)|—1+2¢,+2. Hence By contains
a path of length ¢ from v’ to w’ for all |[V(P)| +7 < ¢ < [(3 — 85) n]. Note
that the only internal vertices of these paths in X5 U X, are internal vertices
of P. Let 5 € [3, [ (1 — 46) n]]. Fact 2.36 implies that B[X», X4] contains
a path P% from w' to «’ of length 25, which is internally disjoint from P.
Hence B contains a cycle of length ¢ for all |V (P)|+13 < ¢ < [(1 —160) n].
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This contradicts the main assumption.

Thus each vertex in X, has at most (% + 45) n blue neighbours, and so at
least (i — 45) n red neighbours. In particular, this implies that each vertex
of Xy has a red neighbour in X; U X5 U X3U X,. Hence there are exactly two
components in Rg[V — {vr}], one of which contains X; U X, and the other
of which contains X3 U Xj.

Let D be the vertex set of a component of Rg[V — {vg}| which contains
at least %n vertices, if such a component exists. Otherwise, n is odd and
both components of RV — {vg}] contain 5 (n — 1) vertices. As vg has red
degree at least (% — 45) n it has at least (% — 25) n neighbours in one of the
components of Rg [V — {vg}]. In this case, let D be the union of v and
the vertex set of a component of Rg [V — {vg}] in which vg has at least
(% — 25) n neighbours.

Without loss of generality, assume that X; U Xo C D. Fact 2.38 implies
that all vertices in X7 U X5 have at least | X;| + |Xs| — 66n red neighbours
in X, UX,. Let d; <--- <djp be the degree sequence of Rg[D]. Note that
|D| < (% + 35) n and d; > (% — 25) n. Also, all but at most dn vertices of D
lie in X; U X5. However, a vertex in X; U X, has at least | X;| 4| X3| — 5dn >
|D| — 66n red neighbours in X; U X,. This implies that d|s,)+1 > 3|D| and
hence d; > i for all 1 < %]D\ Hence Theorem 2.18 implies that Rg[D] is
hamiltonian.

Finally Rg[D] has at least as many edges as Rg[X; U X3]. However,
Rg[X1 U X5) has at least 1 (|D] — 60n) (|D| — 6n) > |D|? edges. Hence, by

Theorem 1.11, R[D] is pancyclic, contradicting the main assumption. ]
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Chapter 3

Monochromatic circumference

3.1 The circumference of a graph

Like Chapter 2, this chapter will consider monochromatic cycles in edge-
coloured graphs. Recall that the monochromatic circumference of an r-edge
coloured graph G is the length of the longest monochromatic cycle. Li, Niki-
forov and Schelp [38] posed the following question about the monochromatic

circumference of a 2-edge-coloured graph.

Question 3.1. Let 0 < ¢ < 1 and G be a graph of sufficiently large order
n. If (G) > cn and G is 2-edge-coloured, what is the minimum value the

monochromatic circumference may take?

The monochromatic circumference of a 2-edge colouring of the complete
graph was studied by Faudree, Lesniak and Schiermeyer [23], who proved the

following result.

Theorem 3.2. Let n > 6, and suppose that E(K,) = E(R)U E(B) is an
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edge-colouring of K,,. Then either R or B contains a cycle of length at least
(%nw Further, there is a 2-edge-colouring of K, such that both R and B

have circumference at most (%nw

The following theorem extends this by showing that any 2-edge-coloured
graph G with sufficiently large order n and minimal degree at least %n has

monochromatic circumference at least (1 — 0,(1)) 3n.

Theorem 3.3. Let 0 < § < ﬁ. Let G be a graph of sufficiently large order n

with §(G) > 3n. Suppose that E(G) = E(Rg)UE(Bg) is a 2-edge-colouring.

)

Then either G has monochromatic circumference at least [(% + 5) nw , OT one

of Rg and Bg contains Cy for all £ € [3, [(% — 5) nH

For integers t < s, define the following 2-edge-coloured graph. Note that
for s = 2t, this is the 2-edge-colouring of K,, described by Faudree, Lesniak

and Schiermeyer [23] in their proof of Theorem 3.2.

Definition 3.4 (The graph F;,). Let t < s be integers. Let Fs; be the
complete graph on t + s vertices, with V- = V(Fs;). Let A C 'V be a set of
order s. The edges of Fy,; are 2-coloured by letting all edges contained in A

be red, and all other edges be blue, as illustrated in Figure 3.1.

In F§,, the red graph has circumference s. All blue edges have at least
one end in V '\ A. Hence any blue cycle has at least half of its vertices in
V' \ A and so the blue graph has circumference 2|V \ A| = 2¢. Thus the
monochromatic circumference of Fy; is max{s, 2t}.

Let n = 3t. Then |Fos| = n, §(Fart) = n—1 and Fy; has monochromatic

2

circumference n. Hence Theorem 3.3 is asymptotically sharp. Results in
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Figure 3.1: The graph Fj ;.

this chapter will be proved using the same methods as in the previous chapter.
In particular, Theorem 3.3 is a consequence of Theorem 2.4, as demonstrated

in the following proof.

Proof of Theorem 3.3. Let G be a graph of sufficiently large order n with
6(G) > 3n. Suppose that F(G) = E(Rg)UE(Bg) is a 2-edge-colouring. The-
orem 2.4 implies that, unless G = K4 (n/4) and the colouring is 2-bipartite,
one of the two conclusions of Theorem 3.3 holds.

If G = K4 (n/4) and the colouring is 2-bipartite, let V; U V5, be the bipar-
tition of Rg and W, U W; be the bipartition of Bg. Let U;; = V; N W; for
all i,j € {1,2}. Then the U;; are four independent sets of G' covering the

vertices, and so must be the four independent sets of order n/4. Hence:

e all edges between U, ; and U; 2 and between U, and U, are blue;
e all edges between U, ; and U, ; and between U; o and U, are red;

e edges between U ; and Uy and between U, ; and U; o can be either

colour.

For n > 12, there are three independent edges of G which lie between

Uy 1 and Uss. In particular, there are two independent edges uv and w'v’ of
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G with the same colour such that u,u" € Uy and v,v" € Usn. Without loss
of generality, assume that uv and «'v" are blue edges. However, B;[U; 1, Uy o]
contains a path of length %n — 2 from u to v/, and Bg[Us1, Uz 2] contains a
path of length %n — 2 from v to v'. Hence By contains a cycle of length at

least n — 2. O

Note that Theorem 3.3 does not give an exact answer to the question
posed by Li, Nikiforov and Schelp. Hence, the following definition is made,

allowing an asymptotic version of Question 3.1 to be considered.

Definition 3.5. For any positive integer r, let ®, be the following function
with domain (0,1). For 0 < ¢ < 1, let ®,(c) be the supremum of the set
of ¢ such that any r-edge-coloured graph G of sufficiently large order n with

minimal degree at least cn has monochromatic circumference at least ¢n.

Recall that Theorem 1.15 gives a tight bound on how large the circum-
ference of a graph with a given order and minimal degree may be. This

Theorem may be use to determine the value of ®,(c) for all ¢ € (0,1).

Corollary 3.6. For any positive integer m, ®1(c) = - for all c € [, 1).

m+1’m

Proof. Let m be a positive integer and suppose that ¢ € [ 1 i). Let G be a

m+1’m

graph with order n and minimal degree at least cn. Note that G has minimal
degree at least d := [cn]. However én < % <m+1, and so Enw <m-+1.
Hence Theorem 1.15 implies that G has circumference at least ’—in-‘ > %n
Thus ®4(c) > +.

1 . .
o Let G be the graph consisting of

Let t be an integer greater than

m cliques, each of order t. Then G is a graph of order n := mt, and minimal
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degree t — 1 > ¢n. However G has circumference ¢ = %n This implies that

Py(c) < O

L-
The remainder of this chapter will focus mainly on the value of ®5. For

¢ > 2, Theorem 3.3 implies that ®5(c) > % However, the graph Fb;; shows

0o

that ®5(c) < % for all c. In fact, the following theorem will give the value of

®y(c) for all ¢ € (0,1).

Theorem 3.7. The function ®y takes the following values.

;

% force [%, 1)
min{%, %c} for ce [g, %)
(I)2<C) =
min{%, %c} force (1—76, 8)
min{w%, %c} force <(ilnﬂ)127 2::2;1] for any integer m > 4.
\

The function &, is illustrated in Figure 3.2.

First note that, for any ¢ € (0, %], there is a unique integer m,. > 4 such

that ¢ € <%, 2”;;; L1 and hence this theorem does give the value of ®,

for all ¢ € (0,1). Also note that, for any m > 2, Theorem 3.7 implies that

1 2 2m+1 2m—1
P = min{—, = f € , ,
) = minf 1 S} for e (25 2ot

and that the difference in the last three cases is only that ®, is right-

continuous at % and g. By considering the minimum of %c and mL, it can be
(&

1

seen that ®5(c) = 2c for 3 <c < 3 for £ <c < 3

9 3
and for 55 <c <%, and

no other values of c.
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Figure 3.2: The function ®,.

For any integer m > 2, Theorem 3.7 implies that ®, has a discontinuity

at 2m—1
m

. Compare this to Corollary 3.6, where it can be seen that ®; has a
discontinuity at % for any integer m. These discontinuities arise for similar
reasons. A good way to obtain a graph with high minimal degree and short
circumference is to take a graph which is a union of m cliques. If the cliques
are taken to have roughly the same order, then this gives a graph with cir-
cumference approximately %n However, in the 1-edge-coloured case a graph

with m components has minimal degree less than %n, which explains why

®, has a discontinuity at %
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In the 2-edge-coloured case, suppose that the red and blue graphs consist
of m cliques of order approximately %n each. It can be checked that the
minimal degree is maximised in this case by letting each red clique intersect

each blue clique in approximately #n vertices, giving a graph with minimal

degree approximately 27;}51. Hence for ¢ > 2%1, either the red or blue graph
has at most m — 1 components, explaining the discontinuity of ®, at 2’:;1.

Note that a graph G with minimal degree at least cn has at least §n2
edges. If G has a 2-edge-colouring, either the red or the blue graph has at
least inQ edges. Hence Theorem 1.14 implies that G has monochromatic
circumference at least §n. This implies that ®y(c) > %c for all ¢ € (0,1).

7

However, for any ¢ € (0, 5],

me 2 7 ome (me + 1)  2me (me + 1)

2
L ]

2
mg

As ¢ — 0, the integer m. becomes large, and ¢, = m% = %c (1 +0 (i))

Hence 2= — 1 as ¢ — 0, showing that, as ¢ — 0, the bound implied by

C

»

Theorem 1.14 becomes tight.

As in the proof of Theorem 3.3, the regularity method will be used to
prove Theorem 3.7. In Section 3.2, results about matchings in 2-edge-multi-
coloured graphs will be proved. This will lead to the proof of Theorem 3.7,
which is given in Section 3.3. Section 3.4 contains some discussion about the

monochromatic circumference of an r-edge-coloured graph.
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3.2 Matchings in 2-edge-coloured graphs re-
visited

In this section, the methods of Section 2.5 will be applied to graphs with
minimal degree less than %n. In particular, for a graph G with no large

matching, recall Definition 2.27 which defined Sg, T and Uy as follows.

Definition 3.8. Let a and b be integers and G be a graph, which does not

contain a matching on at least b vertices.

e Choose Sg C V(G) to be a set such that
¢ (G[V(G) = Sel) > [Sal + [V(G)] = b.

If[V(G)] < b, then it is assumed that S¢ is empty.

o [oralli>1, let T, be the set of vertices of G which lie in components

of GIV(G) — Sg| of orderi.
o Let TG = Ulgiga TG’,Z’-
o Let UG = V(G) \ (SG U Tg).

The first result of the section is the following result, which shows that
when a 2-edge-multi-coloured graph does not have a monochromatic compo-
nent containing a large matching, all of its monochromatic components are

small.

Lemma 3.9. Let m > 2 be an integer, and let 0 < § < Let ¢ >

1
5(m+1)2 "

2m—+1

e 6, and ¢ = min{3c, -} —&. Suppose that G is a 2-edge-multi-
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coloured graph of sufficiently large order n, with minimal degree at least cn,
which does not contain a monochromatic component containing a matching
on at least ¢on vertices. Then both the largest red component and the largest

blue component have order less than %n

Note that, in particular, under the assumptions of this lemma both the

red and the blue graph have at least m + 1 components.

Proof. Let m > 2 be an integer, and let 0 < 6 < m Let ¢ > (2714;1 _s

and ¢ = min{%c, %} — 0. Let G be a graph of sufficiently large order n, such
that 6(G) > cn and let E(G) = E(R)UE(B) be a 2-edge colouring. Suppose
that there is no component of R or B containing a matching on at least ¢n
vertices.

Suppose that R has r components Rq,..., R, and B has b components
By, ... By, where it is assumed that |V (R;)| > |V(Ruyq)| forall 1 <i<r—1
and that |V(B;)| > |V(Bit1)| for all 1 <i < b — 1. Define 0 <7’ < r to be
the unique integer such that |V (R;)| > ¢nforall 1 <i <¢"and |V(R;)| < ¢n
for all v + 1 <4 < r. Similarly define 0 < &' < b.

Note that, if ¥’ > m+1, then n > Z:lzl |[V(R;)| > (m+ 1) ¢n. Hence ¢ <

+1, and, as § < ﬁ, this implies that ¢ < l—é. Hence min{%c, %} = %c
and so ¢ = 2¢ — §. However ¢ < —L= implies that ¢ < 2(7 + 26. Recall
that ¢ > (2”?;)1 — 4, and so (ijjjl; < 2(775’“) + 35. This implies that

4m +2 < 3(m+1)+50 (m+1)* < 3m + 4.

This contradicts the assumption that m > 2. Hence ' < m, and similarly

b <m.
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By assumption no monochromatic component of G' contains a matching
on b = [¢n] vertices. For any red component R;, recall that Sg, is a set such
that

¢ (R[V(R:) = Sgr]) > Sk,

+ V()| = [on],

where S, is assumed to be empty for ¢ > 1. Also T}, is the set of vertices
in components of R [V (R;) — Sg,| of order at most a := [3md '], and Uy, is
the set V(R;) \ (Sg, UTg,). Lemma 2.28 implies that

1
S| < 3 [on] m
)
I Tr| > [V(E)| + |Sr| = [on] = o=, (3.2)
and
)

Note that for any Bj;, similar sets Sp;, T, and Up, can be defined, and that

analogues of the above equations hold for these sets.

Suppose, for some 1 < i < r, that v € Tg,. All but a vertices of the red
neighbourhood of v lie in Sg,, and so (3.1) implies that v has red degree less
than %(ﬁn +a+ 1. Similarly, for 1 < 7 < b, any vertex in T, has blue degree

less than %gbn +a+ 1.

However, for any 1 < ¢ < r, a vertex in Ug, only has red neighbours in

Ug, U Sg,. Hence (3.3) implies that a vertex in Ug, has red degree less than

[on] + %n. Similarly, for 1 < j < b, any vertex in Up, has blue degree less

m
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than [¢n] + >-n.

Suppose that Tx, N (TBj uuU B]—) is non-empty for some 1 < ¢ < r and
1 <5 < b, and let v be a vertex of T, N (TBJ. U UBj). Then, for n sufficiently
large, v has red degree less than %cﬁn + a 4+ 1 and blue degree less than
¢n+ 3-n+ 1. Hence, in G, the degree of v is less than (3¢+ ) n+a-+2.
However ¢ < gc— 0, and so the degree of v is less than (c — %5) n+a+2.
For sufficiently large n, this contradicts §(G) > cn. Hence, for all 1 <i <,
the set Ty, is contained in Ulg i<t/ Sp; and similarly, for all 1 < 5 < 0, the
set T, is contained in (J;;,» Sk,

Note that this implies that Z:/zl TR, | < Z?/:l |Sp,| and similarly that

b/ !
Zi:l |TB]-| < ZT‘:

(3.2) implies that

b b

> (i =185, > 3 (18] = For] - 32-n)
and

D> 3 (W) = fonl - 5on)

i=1 i=1

Together these equations imply that

0> éﬂTRA - 3 E)
> 2: (|V(Bj (wn} + —n)) + Z <|v ([qsm + %n)) .
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Hence, as |V(R,/)| > [¢n]| and |V (By)| > [¢n]

/r,/

\v<R1>\<<r'+b'>(wn1+—n) Z\v =Y V(R

=2

J

< [on] + (b +1') 3

However ¢ < % — ¢ and V' + 7' < 2m, and so

1 1 1
[V(R)| < —n+1—=dn < —n.
m 3 m

Similarly [V (Bi)| < +n. O

The previous lemma can now be used to prove the following result, which

is one of the main results of this section.

Lemma 3.10. Let m > 2 be an integer, and let 0 < § < i 1 There

5(m+1)2 "

exists ny = ny(m,d) such that the following holds.

Let ¢ > (2””1)12 , and ¢ = min{%c, %} — 0. If G is a 2-edge-multi-coloured

graph of order n > ny, with minimal degree at least cn, then there is some

monochromatic component of G containing a matching on at least ¢n ver-

tices.

1 2m+1
m Let ¢ > (m +1)

Proof. Let m > 2 be an integer, and let 0 < § <
and ¢ = min{%c, %} — 9. Let G be a graph of sufficiently large order n, such
that 6(G) > en and let E(G) = E(R)U E(B) be a 2-edge colouring. Suppose
that there is no component of R or B containing a matching on at least ¢n
vertices, this will be referred to as the main assumption.

Suppose that R has r components Rq,..., R, and B has b components
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By, ... By, where it is assumed that |V (R;)| > |[V(Riq)| forall 1 <i<r—1
and that |V(B;)| > |V(B;s1)| for all 1 <i < b— 1. By the main assumption
Lemma 3.9 implies that [V(R;)| < +n and |[V(Bi)| < tn. Hence, both R

and B have at least m 4 1 components.

This implies that [V(R,)| < —5n and |V (B,)| < -25n. Let J be the set
of 1 < j < b such that V(B;) intersects V(R,) and I be the set of 1 <7 <r
such that V' (R;) intersects V (By). Note that, if V(R,) is contained in V(B;)
for some j, the neighbourhood of any vertex in R, is contained in V(B;).
This implies that |V (B;)| > cn, contradicting the fact that [V(B;)| < +n.

Hence it may be assumed that |J| > 1, and similarly that || > 1.

Let j € J, and consider v € V(B;) N V(R,). The only neighbours of v

are vertices in V(B;) U V(R,), which implies that
V(B))| + [V(R)\ V(B;)| > en+ 1.
Summing this equation for all j € J implies that

S VB + (1] = 1) |[V(R)| = cl JIn + ||

jeJ

and hence

|J]
c|J|n<Z|v )+ (1] = 1) [V(R)]- (3.4)

Note that Z'J‘l |V (B;)| < n and recall that |V(R,)| < ﬁn and ¢ >

90



(fn”fl;Q Hence (3.4) implies that

@m+ylJ -1
(m+1)? m+ 1

and thus

T 2m+1) < (m+ 1)+ (|J|—1) (m+1).

This implies that |J| < m + 1. Thus |J| < m < b. Similarly, |I| < m.

Note that
b [J]
(m+1—[I) V(B < > [V(B)l=n-> |V(B)
j=[J+1 j=1

Also (3.4) implies that
||

n—ZW N < (1 —cld)n+(J]-1) V(R

and hence

(2m+1)|J]|

1= vl < (1- 2

) n+ (7] = 1) V(R
As |[V(R,)| < n, this implies that

(m+1—J))|V(By)| < (1 - M) ny W=Dy

(m + 1)° m+ 1
_ (m +1)° —ml|J| —(m—i—l)n
(m +1)°
_ m(m+1—|J|)n
(m+1)° .
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Hence, as |J| < m, this implies that |V (By)| < Similarly, |[V(R,)| <

+
Recall that |V(By)| < in, which implies that /! [V(B;)| < Yn,
Hence (3.4) implies that
2 1 -1
ena ), VI, 0= Dm
(m+1) m (m+1)
Thus
m (2m + 1) [J| < [J[ (m+1)° + (|| = 1) m?
which implies that |J| > = Hence |J| > m —1, and so |J| = m. Similarly,
11| =
Equation (3.4) implies that
= 2m+1)m
D V(B > = (m = 1) [V(R,) (3.5)

(m+1)

As |V(R,)| < = +1 —=n, this implies that » 7" [V(B;)] > (71?)22)71 and so
| By| <1 +1) ———n. Similarly |R,| < 71)” Hence (3.5) implies that

n,

Z’V(Bj)‘ - (2m+1)m—(m—1)n>

(m + 1)2 -

a contradiction. OJ

The final result of this section is similar to Lemma 3.10, but considers

the case when m = 2 and c is a little below g. Note that this is necessary

for finding the value of ®5(2) which behaves differently to ®,(c) for all other

c <

o
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Lemma 3.11. Let 0 < 6 < 5z. There exists ny = ny (6) such that, if G is
a 2-edge-multi-coloured graph of order n > no, with minimal degree at least

(g — 5) n, then one of the following occurs:

e there is some monochromatic component of G containing a matching

on at least (;—g — 35) n vertices;

e (G has exactly three red components and exactly three blue components;
furthermore the intersection of the vertex set of any red component and

the vertex set of any blue component has order at most (% + 75) n

Proof. Let 0 < 6 < %. Let G be a graph of sufficiently large order n, such
that 0(G) > cn and let E(G) = E(R)UE(B) be a 2-edge colouring. Suppose
that there is no component of R or B containing a matching on at least
(;—‘; — gé) n vertices, this will be referred to as the main assumption.
Suppose that R has r components Ry,..., R, and B has b components
By, ... By, where it is assumed that |V (R;)| > |V(Riq)| forall 1 <i<r—1
and that |V(B;)| > |[V(Bjy1)| for all 1 <i < b— 1. Lemma 3.9 implies that
both R; and B;j have order less than %n, and so r and b are both at least 3.
Let J be the set of 1 < j < b such that V(B;) intersects V(R,) and
I be the set of 1 < i < r such that V(R;) intersects V(By). If V(R,) is
contained in V(B;) for some j, the neighbourhood of any vertex in R, is
contained in V(B;). This implies that |V(B;)| > cn, contradicting the fact
that [V(By)| < sn. Hence it may be assumed that |J| > 1, and similarly

that |I] > 1.

Using the same method as that used to deduce (3.4) in the previous
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lemma, it can be shown that

|1

(s-0)um=T Wi wi-vwmy 6o
Suppose first that r > 4 and so [V (R,)| < tn. As Zl‘]‘l |V(Bj)| < n, this

(

Hence |J| (& —6) < 2. As 0 < L, this implies that |J| < 32 and hence

implies that

1
—6) |J\n<n+(|J|—1)Zn

O Ut

|J| = 2. But then (3.6) implies that

VB + V(B > (5 -20) 0= ViR (37)

31
> =-20
()
Hence |V (By)| < (& + 26) n < in. This implies that || = 2 and so

V(R + [V(R)| + [V(By) > (% . 25>

Combined with (3.7), this contradicts >, [V(B;)| + >, [V(R)| =

Hence r = 3, and similarly b = 3. Let W, ; = V(R;) N V(B,). A vertex
in W;; has neighbours only in V(R;) U V(B;). This implies that, for any

non-empty W ;,

VR + V(B - Wl 2 (5-0) n (35)
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Suppose that some Wj ; is empty. As no red component is contained in a
blue component (or vice versa), each of the sets W; ; for j' # j and W, ; for

i’ # i are non-empty. Hence (3.8) implies that, for j' # j,

)
VR V(B = Wig 2 (5 =0

Hence, as V(R;) = Uji; W, v,

R)| 4+ > _IV(By)| =2[V(R)| + > (IV(By)| = [Wil)

J'#J J'#J
10
> — —20

Similarly

i

This contradicts ), [V(B))| + >, [V(R)| =

Hence each W, ; is non-empty. For any ¢, summing (3.8) for all j implies

that

AV(R)| +n > (g _ 35) n

Hence |V(R;)| > (5—36)n for any 1 < ¢ < 3. Similarly |V(B;)| >
(3 —20)n for any 1 < j < 3. This implies that |V(R;)| < (3+43d)n

for any 1 <i < 3 and |V(B;)] < (5 +30) n for any 1 < j < 3. Hence (3.8)
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implies that

Wil < V(R + V(By)| - (g _5) n< (g +75) .

for all 7 and j, as claimed. m

3.3 The monochromatic circumference of a 2-
edge-coloured graph with minimal degree
at least cn

In this section, a proof of Theorem 3.7 will be given. Firstly, Lemma 3.10 and
Lemma 3.11 will be used to obtain the following result about the existence

of long monochromatic cycles.

Lemma 3.12. Let m > 2 be an integer, and let ¢ > (il”:;)g Let § be a

positive constant with

) { 2m +1 1 }
6 <min<c— )

(m+1)>"5(m+ 1)
Let G be a 2-edge-coloured graph with sufficiently large order n and minimal
degree at least cn. Then G contains a monochromatic cycle of length at least
(min{2c, L} — 26) n.

Now let 0 < § < == If G is a graph with sufficiently large order n and

540 °

minimal degree at least gn, it contains a monochromatic cycle of length at

least (% - 25) n.
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Proof. Let m > 2 be an integer, and let ¢ > -2mtl

Let 0 be a positive

(m+1)*"
constant with
. 2m +1 1
0 < min< c— 5 5
(m+1)" 5(m+1)

Let ¢ = min{2 (¢ —6), =} — 6. Let G be a 2-edge-coloured graph with order
n and minimal degree at least cn.

Let n = min{%ﬁ, £16 and € = € (n), where € (n) is as defined in Corollary
2.25 (note that € (n) < n). Let m = n;, where n; is as defined in Lemma 3.10.
Apply the Regularity Lemma (Theorem 2.9) to G, with parameters r = 2,
m, n and €. Hence there is a partition P = (V;)fzo of V(G) and a subgraph
G’ of G with the properties given in that theorem. Let H be the reduced
graph defined as in Definition 2.11 by G’ and P, with 2-edge-multi-colouring
E(H)=E(Ry)U E(Bpg).

The Regularity Lemma implies that 6 (G") > (¢ — 2n — €) n. Suppose that
0 (H) < (¢ —0)k and let v; be a vertex of H such that degy (v;) < (¢ —9) k.
In G', a vertex v € V; has neighbours only in V4, or in V; for those j such
that v;v; is an edge of H. Hence, recalling that for i # 0 all sets V; have the

same order,
dege/ (v) < (¢ = O) k|Vi| + [Vo| < (¢ =0 +€)n.

This is a contradiction, as 0 > 2n + 2¢. Hence § (H) > (¢ — ) k.

Note that ¢ — § > (fn"jj)lQ Hence Lemma 3.10 implies that H has a

monochromatic component C' which contains a matching M on at least ¢k
vertices. Suppose that C' is a component of Ry. Corollary 2.25 implies that

R¢ contains a cycle of length at least (1 —¢€) (1 — e — in) [Vi|¢k. However
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EVAl =0 — Vo] = (1 = ) m, and

qﬁ(l—e)Q(l—e—%'r]) 2@5(1—36—;177—;16277—63) 2(]5—%5.

Hence R contains a cycle of length at least (min{2c, 2} — 26) n. Similarly,
if C'is a component of By, then By contains a cycle of length at least
(min{2¢, L} —26) n.

Now let 0 < 6 < ﬁ. Suppose that G is a graph with sufficiently large
order n and minimal degree at least gn. Assume that G does not contain a
monochromatic cycle of length at least (;—(7) — 25) n.

Apply the Regularity Lemma to G as above to obtain a 2-edge-multi-

5

coloured reduced graph H with minimal degree at least (5 — 5) n. Hence

Lemma 3.11 implies that one of the following occurs:

e H has a monochromatic component containing a matching on at least

(;—g - %5) n vertices

e H has exactly three red components and exactly three blue compo-
nents, such that the intersection of the vertex set of any red component

and the vertex set of any blue component has order at most (é + 7(5) k.

If H has a monochromatic component containing a matching on at least

(;—(7) — 35) k vertices, then Corollary 2.25 implies that G contains a monochro-
matic cycle of length at least (;—g — 25) n. This contradicts the earlier as-
sumption.

Hence it may be assumed that H has exactly three red components and

three blue components and that the intersection of the vertex set of any
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red component and the vertex set of any blue component has order at most
(% + 35) k. Partition V(G) \ Vp into three sets X;, Xy and X3, where each
X; contains the clusters corresponding to vertices of exactly one of the red
components of H. Similarly partition V(G) \ Vj into three sets Y7, Y5 and
Y3, where each Y contains the clusters corresponding to vertices of exactly
one of the blue components of H. Let U, ; = X; NY;. Note that for all ¢ and
j, the set U;; has order at most (§ + 76) n, and that the sets U; ; partition

the set V(G) \ V. The proof proceeds with the following fact.

Fact 3.13. Let 1 < i < 3. For any two vertices u and v in X;, the graph
Rg[X;] contains a Hamilton path from u to v. Similarly, for all 1 < j < 3,
and for any two vertices u and v in'Y;, the graph Bg|Y;] contains a Hamilton

path from u to v.

Proof. The result will be proved for X, all other cases being similar. First, a
bound on the minimal degree of Rg[X;] will be calculated. Recall that G’ is
the subgraph of G defined by the Regularity Lemma. In G’, a vertex in U ;
has no neighbours outside X; UY; UV}, and has at least (g = 5) n neighbours

in total. However,
5 5
I XiUY| + V| < §+35(5 n+en < 5—1—36(5 n.

Hence, in G, a vertex in U;; has at most 37dn non-neighbours in Xj.
However, the blue neighbours in G’ of a vertex in U;; are contained in
Y;. Hence, in G, a vertex in Uy ; has at most |Uy ;| blue neighbours in Xj.

This implies that, in G’, a vertex in Uy ; has at least | X;| — |Uy ;| — 37dn red
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neighbours in X;. As each U; ; has order at most (% + 76) n, this implies that
Re[X1] has minimal degree at least | X;|— (% + 445) n. As R¢ is a subgraph
of R, this implies that R¢[X] has minimal degree at least | X;|— (3 + 446) n.

Let v and v be vertices of X7, and let X = X3 \ {u,v}. As V contains
at most en vertices, and each U; ; has order at most (é + 75) n, the set X
has order at least (% — 435) n. Hence Rg[X/{] has minimal degree at least
X{] = (5 +148) n > 3]

Theorem 1.3 implies that R [X{] contains a Hamilton cycle C. However
both u and v have at least | X{| — (3 4+ 206) n > | X]| + 1 red neighbours in
X7 and so there are vertices v’ and v of X} such that wu' and vv’ are both
red edges and w'v' € E(C). Hence the remainder of C' forms a Hamilton
path from «’ to v’ in Rg[X/]. Adding the two edges uu’ and vv’ to this path

gives a Hamilton path from u to v in Rg[X;]. O

Suppose that Rg contains two disjoint paths P and P’ from X; to Xs.
By taking subpaths if necessary, it may be assumed that both paths contain
no internal vertices in X; U X5. Fact 3.13 implies that Rg[X;] contains a
Hamilton path P; between the endpoint of P in X; and the endpoint of P’
in X;. Similarly, Rg[X5] contains a Hamilton path P, between the endpoint
of P in X, and the endpoint of P’ in X;. Concatenating the paths P, Py, P’
and P, gives a cycle in Rg with length at least | X;| + | X3| > (% - 105) n.

Hence it may be assumed that Rs does not contain two disjoint paths
from X; to X5. Theorem 2.17 implies that there is a vertex x; such that
Rg[V(G)\{z1}] contains no paths from X; to X5. Thus, in Rg [V(G) \ {z1}],

there are no paths from X3 to at least one of X; and X5. Without loss of
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generality, there are no paths in Rg[V(G)\ {z1}] from X; to X3. Considering
the original graph R, the above argument shows that there is a vertex zs
such that Rg[V(G)\ {z2}] contains no paths from X, to X3. Similarly, there
are vertices y; and yo such that Bg[V(G) \ {y1}] contains no paths from Y;
to Y2 U Y3, and Bg[V(G) \ {y2}] contains no paths from Y5 to V3.

Let S = {x1,22,71,y2} (note that these vertices need not be distinct).
Note that G[V(G) \ S] contains no blue paths between any two of Y7, Y5 and
Y3 and no red paths between any two of X7, X5 and X3. Considering the
minimal degree of G, and by adding vertices of V; \ S to an appropriate U ;
if necessary, it may be assumed that X;, X, and X3 are the vertex sets of
components of Rg[V(G) \ S], and that Y7, Y5 and Y3 are the vertex sets of

components of Bg[V(G) \ 5].

For 1 < ¢,7 < 3, let a;; be the number of vertices in S whose neigh-
bourhood in G intersects U; ;. Then a vertex in U;; has neighbours only in
X;UY;US, and has at most a; ; neighbours in S. Noting that a vertex may

not be adjacent to itself, this implies that

5

ot < Xl +1¥5] =1 = Uiyl + aiy.
Summing the above equation over all ¢ and j yields

5n < 3 (Z X+ |Yj|> —9=) U1+ aiy
i j irj i\j
<5(n—1S) -9+ ay
.3

Hence >, ia;; > 5|5 +9. As each a;; is at most |S], this implies that S is
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a set of three or four elements.

For a vertex v € S, let b, be the number of sets U;; such that the
neighbourhood of v in G intersects U; ;. Suppose that x; is distinct from
each of x5, y1 and yo. Then x; € V(G) \ {22} and hence, without loss of
generality, has no red neighbours in X3. However, 1 € V(G) \ {y1, 42}, and
so has no blue neighbours in at least two of the sets Y7, Y5 and Y;. Assuming
that x; has no blue neighbours in Y; U Y5, it has no neighbours of either
colour in Us; UUs . Hence b,, < 7. Similar results hold if any of x5, y; and
yo are distinct from each of the other vertices xy, zo, y1 and ys.

If S contains three distinct elements, two of x1, x9, y; and ¥y, are the same
vertex and the other two are distinct from that one and each other. Hence
Y ves bo L 9+T747 = 5[S|+8. Similarly, if S contains four distinct elements
then ) _ob, < 28 = 5[S| + 8. However, by a double counting argument,
> ves bo = 22; ; aij, and so this contradicts ), - a;; > 5[S] +9. O

Theorem 3.7 can now be proved.

: 3 1
Proof of Theorem 3.7. Firstly, suppose that ¢ > %, and that 0 < ¢ < ;.

_ 2 . . .
Let ¢ = 5 —0'. Let G be a 2-edge-coloured graph with minimal degree at
least cn > %n. Theorem 3.3 implies that G has monochromatic circumference
at least H% — ¢ ) nw > ¢n. Hence ¢, > ¢. In particular, this implies that

2 3
P, > 3, for all ¢ > 1.

2m—+1
(m+1)?

Let m > 2 be an integer, and let ¢ > . Let 6 be a positive constant

with

) { 2m + 1 1 }
0 <min<c— )

(m+1)*"5(m+1)°

Let G be a 2-edge-coloured graph with sufficiently large order n and minimal
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degree at least cn. Then Lemma 3.12 implies that G' contains a monochro-
matic cycle of length at least (min{2¢, =} — 26) n. Hence ®(c) > min{2c, -}
as required.

Finally, suppose that G is a graph with sufficiently large order n and mini-
mal degree at least gn. Lemma 3.12 implies that G contains a monochromatic
cycle of length at least (% — 26) n, for any 0 < 9 < 5710. Hence ¢ (g) > %.

To complete the proof, edge-colourings of graphs will be defined which
imply an upper bound on ®.. Recall that Fy, is a graph with 3¢ vertices,
minimal degree 3t — 1 and monochromatic circumference 2t. Let ¢ € [%, 1)
and choose t large enough so that 3t > %_C Then Fy; has minimal degree
at least c¢|Fy ;| and monochromatic circumference §|F2t,t|. This implies that
o, < % for all ¢ € [%,1).

For the remaining graph constructions, the following notation will be
used. For a set A, the complete graph with vertex set A is denoted by
K4, while for a family of disjoint sets Aq,...,A,,, the complete m-partite
graph whose parts are the A; will be denoted K4, . 4, . For a graph G, the
complement G of G is the graph with the same vertex set as G whose edges
are precisely the pairs of distinct vertices which are not edges of GG. Also, for
graphs G and H, the graph GU H is obtained by taking the disjoint union of
a copy of G and a copy of H, while the graph G + H is obtained from GU H
by adding all edges between the copy of G and the copy of H.

Let m > 2 be an integer. Let {A4;;:1 <i<m,1 <j <m} be a family
of sets of order t. Let G,,; be the graph with vertex set UZ ; A; ; whose edge

set is the union of the edge sets of the graphs R and B defined below.

° B:U;nleA

3,154,250 A m
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m
e R= Uz‘:l KAl,iUA2,iU“'UAm,i'

The graph G3 is illustrated in Figure 3.3. Define G}, ; by adding two vertices
v and v to G,,+, and letting R contain all edges from u to Uij A;; and B

contain all edges from v to |J, ; 4; ;.

Figure 3.3: The graph G§3).

Note that |G}, ;| = m*t 4+ 2 and G}, , has minimal degree (2m — 1)t 4 1.
However, the graph R consists of m cliques of order mt 4 1, which mutually
intersect in the vertex u. Hence R has circumference mt+1, as does B. Thus

G, , has monochromatic circumference mt + 1.

Let m > 4 and suppose that ¢ < 2"7:151. Let ¢ > %, and let ¢ be an integer

such that ™=2 < (¢ — L) (m?t + 2). Then G}, , has minimal degree at least

m2 —4m + 2
m2

(2m—1)t—|—1:2m_1(m2t+2)+ > c|Ghl,

m2
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where the second inequality used that m > 4. Also, G, ; has monochromatic
circumference =|G, | + =2 < ¢|G}, |- Hence ®(c) < ¢ for all ¢ > L, and
so ®(c) < L.

Suppose now that ¢ < %. Let t be an integer such that ¢t > 3%40. Then

(3¢ has order 4¢, minimal degree 3t — 1 > ¢|G2,| and monochromatic cir-

1

cumference 2t = $|G,|. Hence ®(c) < 3. Similarly, for ¢ < 2, the graph

G5+ shows that ®(c) < %

It remains to show the bound ®(c¢) < %c for all ¢ < %. Note that m% < %c
for all ¢ € (0, 2], and so G, , gives this bound for sufficiently large ¢. For
% <c< Z% and n sufficiently large, a graph H, . will be constructed with
order n, minimal degree at least cn — 6 and monochromatic circumference at
most %cn + 16.

Suppose that % <c< % and let n be a positive integer. Let A; be a set
of order [fen|, A and Az be sets of order [(1 —c)n], and Ay be a set of

order n — |A;| — |Aa] — | As|. Hence

1 1
gcn —1 <4 < gcn,

(I—c)n—1<|As] =|A3] < (1 —¢)n

and

(gc— 1) n <|A4| < (gc— 1) n+ 3.

Define two graphs on vertex set | J; A; as follows.

® R:KA3uA4U (KA1+K_142)
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° BZKA1,A3U (KA2+K_A4)-

Let H, . be the graph with vertex set | J, A; and E(H,.) = E(R)U E(B), as

illustrated in Figure 3.4.

A A,

Figure 3.4: The graph H, ., for % <c< %. Note the approximate order of
each set is given.

Note that |H, .| = n, and, in H, ., a vertex in A; is adjacent to all vertices
but itself and vertices in As_;. Hence H,, . has minimal degree n—1—max|A;|.
1
Recall that ¢ < 2. Hence for n sufficiently large, max|A;| = [As| < (1 —¢)n,
(]

and so 0(H,.) > cn — 1.

The blue graph B contains two components. One has vertex set As U Ay,
and hence has circumference at most |As| +|A4] < Zen + 3. The other blue
component is the complete bipartite graph between A; and As, and hence
has circumference 2min{|A;],|As|} < Zcn. Hence the circumference of B is

at most %cn + 3. Similarly the circumference of R is at most %cn + 3.

Let % <c< %, and let n be a positive integer. Let A; and Ay be sets

of order [%cnj, Az and Ay be sets of order L(l — gc) nj, and As be a set of
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order n — 2|A;| — 2| As|. Hence

2 2
3o = 1 <|A1] = |As] < 3

<1—§C)n—1§|A3|:|A4|§<1——)n

W Ot

and

(2c—1)n <|A5| < (2c—1)n+ 4.

Define two graphs on vertex set | J; A; as follows.
° R:KAIU(KA4UA5+KA2)UKA3.
.B:KAQU(KA3+KAI7A5)UKA4.

Let H, . be the graph with vertex set | J, A; and E(H, ) = E(R)U E(B), as

illustrated in Figure 3.5.

Figure 3.5: The graph H, ., for % <c< g Note that the approximate order
of each set is given.

Note that |H, .| = n. In H, ., a vertex in A; is adjacent to all vertices

but itself, a vertex in A; U A3 is adjacent to all vertices in A; U Az U A5 but
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itself, and a vertex in As U Ay is adjacent to all vertices in As U A4 U A but
itself. Hence H,, . has minimal degree |A;| + |A3| + |45] — 1 > cn — 3.

The red graph R contains two non-trivial components. One is the com-
plete graph with vertex set A;, and hence has circumference |A;| < %cn. The
other red component is K 4,4, + K 4,. Hence in any cycle of this component,
at least half of the vertices must lie in A4 U As. Thus this component has
circumference at most 2 (|A4| + [A45]) < 2cn + 8. Hence the circumference of
R is at most %cn + 8. Similarly the circumference of B is at most %cn + 8.

Let % <c< %, and let n be a positive integer. Let A; 9, A;3, As; and
As 1 be sets of order ¢y := L(% - éc) nJ Let Ayq, Ass, Aso and As s be sets

of order t, := L(éc — 1) nJ, and let Ay ; be a set of order t3 =n — 4t; — 4ts.

2 1
Hence
1 0 1<t < 1 0
9 6)" T ==\ T
3 1 1 <ty < 3 1
4(: 1 n <ty < 40 1 n
and

1 1
gcn Stg S gCTL + 8.

Define two graphs on vertex set |J; ; 4;; as follows.
* R= (KAI,I + KA2,1UA3,1) U KAl,QUAQ,QUAg,z U KA1,3UA273UA373-
e B= KA1,1,A1,2UA1,3 U (KA2,1 + KA2,27A2,3) U (KAS,I + KA3,2,A3,3)'

Let H, . be the graph with vertex set | J, A; and E(H,.) = E(R)U E(B), as
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illustrated in Figure 3.6.

Al 1 Al ,2 Al 3
A2,l A2,2 2,3
As As) As;

> >

Figure 3.6: The graph H, ., for % <c< i. Note that the approximate order
of each set is given.

Note that |H,. = n. In H, ., a vertex in A;; only has neighbours in
U Aiy U Uy Ao Also, no vertex is adjacent to itself, and there are no
edges between A; and A; 3, nor between As; and As;. Hence the degree
of a vertex in Ay ; is t3 +4t; — 1 > (2 — 3¢)n — 5, the degree of a vertex in
A1 UA1 53U Ay UAsyists + 11+ 2ty — 1 > en — 4, and the degree of a
vertex in Ag o U Ay 3UAz9UAs3is 2t +3ta —1 > (%c + }1) n— 6. Hence, for
% <c< % and n sufficiently large, H, . has minimal degree at least cn — 4.

The red graph R contains three components. Two are the complete
graphs with vertex sets Ay U Ago U Ay 3 and Az U As o U As 5 respectively.
These both have circumference ¢; + 2t, < %cn. The third component of R

is K4, + Ka,,04;,- Hence in any cycle of this component, at least half
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of the vertices must lie in A;;. Thus this component has circumference at
most 2|A; ;| < %cn + 16. Hence the circumference of R is at most %cn + 16.

Similarly the circumference of B is at most %cn + 16.

Hence, for all % <c< %, a graph H,. with minimal degree at least

cn — 6 and monochromatic circumference at most %cn + 16 has been defined.
_ 2 3 .

Let ¢ = 3¢+ € for some 0 < ¢ < § — c¢. Then, for n sufficiently large,

H, .+ has minimal degree at least (c+¢)n — 6 > cn and monochromatic

circumference at most 2 (¢ +e€)n + 16 < ¢n. Hence ®(c) < 3¢ + ¢, for any

¢ > 0, which implies that ®(c¢) < 2c. Thus the proof of the upper bound on

®(c) is complete. O

3.4 The monochromatic circumference of an
r-edge-coloured graph

In this section, the monochromatic circumference of r-edge-coloured graphs
is considered. Note that if G has order n and minimal degree at least cn, then
G has at least cn? edges. Thus, if E(G) = J,_, G, is an r-edge-colouring of
G, there is some 1 < v < r such that G, has at least 2—1rcn2 > % (n—1) (%cn)
edges. Hence Theorem 1.14 implies that G, has circumference at least %cn.
This shows that ®,(c) > Lc for any positive integer r and ¢ € (0, 1).

Using combinatorial designs, graphs can be constructed showing that this
bound is close to being tight for some values of c. Orthogonal Latin squares
as defined below were first introduced by Euler [21]. For a general overview

of combinatorial designs, see Ionin and Shrikhande [29] and for an in-depth
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treatment of Latin squares, see Laywine and Mullen [37].

Definition 3.14 (Mutually orthogonal Latin squares). A Latin square of
order m is an m X m array with entries 1,...,m, having the property that
each entry occurs exactly once in each row and each column. For a Latin
square M, denote by M (i, j) the entry in the ith and jth column. Two Latin
squares My and My are orthogonal if, for every k,1 € {1,...,m}, there is a
unique i and j such that My (i,5) =k and My (i,5) =1. A set {M,..., M,}
of Latin squares of order n is a set of mutually orthogonal Latin squares if

any two distinct squares in the set are orthogonal.

It is easy to check that there are at most m — 1 mutually orthogonal Latin
squares of order m. Assuming that they exist (see [29]), mutually orthogonal
Latin squares can be used to construct r-edge-coloured graphs with short

monochromatic circumference.

Lemma 3.15. Let t be an integer. If there are r mutually orthogonal Latin
squares of order m, then there is an (r+2)-edge-coloured graph G with order
m?*t, minimal degree ((r +2)(m — 1)+ 1)t — 1 and monochromatic circum-

ference mt.

Proof. Suppose that {Mj,..., M,} is a set of mutually orthogonal Latin
squares. Let V = {(i,7) : 1 < i,7 < m}. For 1 < v <r, let G, be the
graph with vertex set V' whose edges join any two pairs (¢, j) and (¢, j') such
that M, (i,5) = M,(¢,j"). Also, let G,11 be the graph with vertex set V
whose edges join any two pairs (i, 7) and (¢, j') such that ¢ = ¢’ and G, be
the graph with vertex set V' whose edges join any two pairs (4,7) and (7', j)

such that j = j'.
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Note that the graphs G, for 1 < v <r+ 2 are mutually edge-disjoint, as
{My,...,M,} is a set of mutually orthogonal Latin squares. Let G be the
(r + 2)-edge-coloured graph with vertex set {(7,7) : 1 <i,7 < m} defined by

B(G) = UL E(G,).

For any integer ¢, let H® be the graph obtained by replacing each vertex
(i,7) of G with a set A;; of order ¢, and each edge with colour v with a
complete bipartite graph in the same colour. The graph G® is obtained
from H® by joining all pairs of vertices which lie in a common set A
with an edge (of any colour). It is clear that G® has order m?¢, minimal
degree ((r+2)(m — 1)+ 1)t — 1 and monochromatic circumference mt as

claimed. O

The bound implied by Theorem 1.14 implies that &, (%) > —. How-

1
ever, Lemma 3.15 implies that, when there are » mutually orthogonal Latin

((r+2)(m—1)41)

s . For fixed r, as m

squares of order m, ®,,5(c) < L for any ¢ <
becomes large, this upper bound on @, is valid for values of ¢ approaching

% and so is close to best possible.
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Chapter 4

The existence of 2-factors

4.1 2-factors in hamiltonian graphs

Recall that a 2-factor of a graph G is a 2-regular spanning subgraph of G. In
this chapter, a minimal degree condition for a hamiltonian graph to contain

a 2-factor with k components will be considered.

Definition 4.1. For positive integers k and n, let c(n,k) be the smallest
integer such that every hamiltonian graph of order n with minimal degree at

least ¢(n, k) has a 2-factor with k components.

Theorem 1.20 shows that ¢(n, k) < Zn + 2. The following result is an
improvement of Theorem 1.20. Note, for the purpose of comparison, that

5T 2 0.392 while 3 & 0.417.
Theorem 4.2. Forn > 6, ¢(n,2) < %ﬁn +2.

Theorem 4.2 will be proved in Section 4.2. This section concludes with

a brief discussion of lower bounds on ¢ (n, k). Let ¢ > 3. Faudree, Gould,
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Jacobsen, Lesniak and Saito [22] constructed the following graph H;, which
shows that ¢(5¢,2) > 4. For 1 <1i <t, let V4,...,V; be disjoint sets of order
five, and let u; and v; be particular distinct vertices of V;. The graph H,; has

vertex set Uzzl V;. The edge set of H,, consists of:
e for 1 < i < m, all edges within V; except u;v;;
e the edges u;v; 1 for 1 < i <t —1 and the edge u;v;.

The latter set of edges will be referred to as joining edges. See Figure 4.1 for

an illustration of Hy,.

Figure 4.1: The graphs Hy and Hy

The graph H; is 4-regular and hamiltonian. Suppose that H; has a 2-
factor with two components C; and C5. As t > 3, one of the components,
(' say, must intersect at least two of the sets V; and hence contains a joining
edge. However, (; is a cycle, and a cycle of H; containing one joining edge
must contain them all. Hence 'y contains no joining edges and is contained
within some V. As both u;v;;; and u;_v; are contained in C, C5 must

contain exactly the three remaining vertices of V;. However, there is no edge
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u;v;, and so C can not be a cycle. Hence H,, does not have a 2-factor with
two components. This shows that ¢(5t,2) > 4.

Note that H; has a 2-factor with ¢ components. However, a similar ar-
gument to the one above shows that H; does not have a 2-factor with k
components, for any k ¢ {1,t}. Fort > 3 and 1 < ¢ < ¢, the following
graphs also have this property, and their orders are not restricted to multi-
ples of five. Let H;,; be the graph obtained by contracting the joining edges
u;vj41 of Hy, for all 1 < 7 < 4. See Figure 4.1 for an illustration of Hys.

These graphs imply a lower bound on ¢(n, k).
Corollary 4.3. ¢(n,k) >4 forn > 4(k+1).

Proof. For all n > 4(k 4 1), there are values t > k+ 1 and 1 < i < ¢ such
that n = 5t —i. Then H, is a hamiltonian graph with minimal degree four,

but no 2-factor with £ components. [

4.2 2-factors with two components in hamil-
tonian graphs.

In this Section, a proof will be given of Theorem 4.2. The method of proof
is based on that used by Faudree, Gould, Jacobsen, Lesniak and Saito [22]
in their proof of Theorem 1.20. The following notation will be used in the
proof of Theorem 4.2. Suppose that C is a cycle with orientation 8 For
v e V(C), let v* be the outneighbour of v in 8, and v~ be the in-neighbour
of vin C'. For integers i, iteratively define v** to be (v“"_l))Jr and v~ to

be (v_(i_l)) . Throughout, indices will be assumed to be considered modulo
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n=|G|.

Proof of Theorem 4.2. Let G be a hamiltonian graph with n vertices and

minimal degree at least d = %ﬁn + 2. To obtain a contradiction, assume

that G does not contain a 2-factor with two components. Let C' be a Hamilton
cycle of G and label the vertices of G so that C' = x;...x,. Let 8 be the

%
orientation of C' with 8 = 1125 ...x, and C' be the opposite orientation of

C.

Figure 4.2: An insertion

For x € V (G) and e = uut € E(C) call (z,e) an insertion if both u and
u™ are neighbours of x, as in Figure 4.2. Let I denote the set of all insertions

in G. For each edge e € E(C'), define

jle) =Nz, e)el:zeV(G)}.
Similarly, for each z € V(G), define

i(v) = f)el:feEC)}.

Counting the number of insertions in two ways implies that
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= ijl)= > i).

e€E(C) veV(G)

Say that © € V(G) has an insertion when there is an insertion (x,e) for
some e € F(C). By considering the value of j (za™) in the two cases when x
does or does not have an insertion, a lower bound on |/| will be obtained.

If 2 does not have an insertion, let y be a vertex such that y* € T' (),
other than one of {212, z,x72}. If y is adjacent to x in G, there is an insertion
(x,yy™), contradicting the assumption that x does not have an insertion.
Hence y is not adjacent to x and so in particular, y is neither z or x~.

Suppose that y is adjacent to ™. Then both x+8yx+ and a:y*ﬁ:c are
cycles in G as y ¢ {x 72,27, z,z", 272}, These two cycles form a 2-factor
with two components in G, as illustrated in Figure 4.3. Hence y is adjacent

to neither z or 2. This implies that, when = does not have an insertion,

Hy:y¢Tl(x),y¢T (=)} > T (2)-3>d-5.

Figure 4.3

Suppose now that x does have insertions. Let y be a vertex such that

yto~ € E(Q), other than any of {z™2 7 z, 7, 273}. Note that y # 272, as
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yTax~ € E(G). If y € ' (z), then xﬁym and x*gﬁﬁaf form a 2-factor with
two components, as in Figure 4.3. If, however, y ¢ T'(z) and y € ' (z7),
there are two disjoint cycles x*?y.ﬁr and w‘y*ﬁx_ which cover all vertices
of G except .

By assumption x has an insertion, which is not (x,yy*) as y ¢ T'(x).
Without loss of generality, assume that z has an insertion (z,vv"), where
v is an edge of y+8x_. Then x+8yaj+ and a:‘y*ﬁwmﬂraa:_ form a 2-
factor with two components, as illustrated in Figure 4.4. Hence y is adjacent

to neither z or . Thus, if x has an insertion,

{y:yél(z),ygT (")} >I0(z)|-5>d-5.

Figure 4.4

Hence, whether x has an insertion or not,

T (z)UT (z7)| <n—d+5.
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This implies that, for all z € V(G),
j(zz®)=|D()NT (") >d+d—(n—d+5)=3d—n—5,
and hence

7| >n(3d—n—>5)>n. (4.1)

The remainder of the proof follows exactly the method used by Faudree,
Gould, Jacobsen, Lesniak and Saito [22]| in their proof of Theorem 1.20.
However, in that proof, |I| had been bounded below by %2, and it is the
improvement given by (4.1) that allows a better bound to be obtained in

Theorem 4.2.

Let z; be the vertex with the most insertions. The bound in (4.1) implies

that i (z;) > 1. Let

X=T (1’1) - {$i—1>33i+1}>
Y ={y:y 2 € B(G)} — {ziys, 2},

Z = {y ryTai € E(G)} —{ziz, i}
Note that it is immediate that x;.0 ¢ Y and z;_5 ¢ Z.

If XNY is non-empty, let y € XNY. Theny ¢ {x;_1, 2, Tiv1, Tiva, Tivs},
and both yx; and y~x;,; are edges. Hence there is a 2-factor with two

components of the form illustrated in Figure 4.3. Thus X NY is empty and
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similarly X N Z is empty. Hence
YnZ =|X|+|Y|+|Z]-|XUYUZ| >3(d—2)—n>0, (4.2)

and so, in particular, Y N Z is non-empty.

Let z; € YNZ —{x;_1,x;11}. Suppose that z; has an insertion (z;, uu™).
As x; has more than one insertion, there is an insertion (x;, vo™) with v # w.
Note that z; ¢ X and so z;x; is not an edge. Hence both edges uu™ and
vvT lie either within xiﬂng,l or within :Uj+1aa:i,1. Thus there is a 2-
factor with two components with cycles of the form xi+18uxju+8xj_1xi+l
and xjﬂaz):cw*axi,lxj“, as shown in Figure 4.5. Note that the exact
form of the cycles depends on the locations of u and v. Hence no vertex

r; €Y NZ —{x;_1, 41} has an insertion.

Xj1 Xj X1
\'%
\'A u
u
Xi-l Xi Xi+l
Figure 4.5

Hence (4.2) implies that there are at most n— (3(d —2) —n —2) = 2n—

3d + 8 vertices which have insertions. Recalling that z; is a vertex with the
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n(3d—n—5)

m—3d18 msertions.

most insertions, (4.1) implies that z; has at least

Let z; € Y N Z, where Y and Z are as defined earlier. Note that x;_; €
I' (z;41) and ;41 € I' (z;-1), and also recall that z; has no insertions, and is
not adjacent to x;. Let T" be the neighbourhood of x;. Let S be the vertices
adjacent to z; and not z;. Finally, let R be vertices which are adjacent to
neither z; nor x;. Note that RUSUT is a partition of V(G), and that both
z; and z; lie in R.

Suppose that 1 +1 <1 < j—2, and that z;x;,; and z;x; are both edges of
G. Then, as illustrated in Figure 4.6, xigxnggxulxi and xjﬂaxi,lxjﬂ
form a 2-factor with two components. Similarly, if j +2 < ¢ < i — 1, and
both z;x,_1 and z;z, are edges of GG, then G contains a 2-factor with two

components. As G is assumed not to contain a 2-factor with two components,

neither of these two events occurs.

Xjr X Xji

/[

Xi-l Xi Xi+l

Figure 4.6

Suppose that (z;, x;2;41) is an insertion for some i +1 < < j — 2. Then

x; is a neighbour of z;, and is not a neighbour of x; by the above. Hence
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x; € S. Similarly, if (z;, 2;_12;) is an insertion for some j +2 <[ < i — 1,
then z; € S. As x; is not adjacent to itself or x;, all of its insertions have the

above form and hence

5] =i (@) - (4.3)

Let x; be a neighbour of z; for some ¢ +1 <[ < j — 2. Then x4, is
not a neighbour of x;. However, x; has no insertions and so x;4; is not a
neighbour of ;. Hence x;4; € R. Similarly, if x; is a neighbour of z; with
7+2 < ¥ < 1—1, then ;-1 € R. In particular, for each neighbour of
x; except x4y and x;_q, a unique element of R\ {z;,z;} can be obtained.

However both z; and z; lie in R and so

|R| > [T].

Hence, (4.3) implies that

n=|R|+|S|+|T|>2|T|+i(x).

However T is the neighbourhood of z; and thus contains at least d vertices.

This implies that
n(3d —n —5)

> 24 .
e Py e

Hence

(n—2d)(2n—3d+8) >n(3d —n—75)
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and so
3n? + 13n > 10dn + 16d — 6d>.

However d = E”Tﬁn + 2 and so

d (10n + 16 — 6d) = (5_6ﬁn+2> ((5+V7)n+4)

40 +4

> 3n?
" 3

This is a contradiction to (4.4) and completes the proof.
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Chapter 5

The distribution of Xz modulo

k, for a connected graph H

5.1 Partitions of a random graph

Recall, for a graph H, that Xy is the number of copies of H in G(n,p). This
chapter will study, for a connected graph H, the distribution of Xz, when
taken modulo an integer function k(n). The following notation concerning

modular arithmetic is used throughout this chapter.
Definition 5.1. For a set S, an S-tuple is a sequence (7;),.q-

o For two sets S and T, the set ST is the set of all T-tuples formed by

elements of S.

o As standard, [s] shall denote the set {1,...,s} and here it will also de-
note the set of equivalence classes modulo k. Note that the set {1, ... k}

is a set of representatives of the equivalence classes modulo k.
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o For two S-tuples of integers x and y, let x =y when x; = y; for all

T
1 € S. For an S-tuple of integers x and a set A of S-tuples of integers

letx%Awhenx%yforsomeyeA.

In Chapter 1, a notion of approximate uniformity modulo k£ was defined
for integer-valued random variables. Here this definition is extended to vec-

tors of integer-valued random variables.

Definition 5.2. Let € > 0 and k € N. An integer-valued random variable

Y = (Y;),cq is e-uniform modulo k if

€

max < —=.
kIS

aclk]®

P(Y=a)-

The main result of this chapter is that (X (G,)) e i e~ 2("/%)_uniform

modulo k, provided that £k = o (x/n/ log n)

Theorem 5.3. Let C be any finite set of connected graphs, p € (0,1) be

a fized real number and let G, € G(n,p). Then, for every k € N with
kE=o (\/n/ logn>, the distribution of (Xug(Gn))pyee 15 6_9("/k2)-unif0rm

modulo k.

As noted in Chapter 1, Kolaitis and Kopparty [32] independently showed

the following result, for constant k.

Theorem 5.4. Let k be a fized integer and p € (0,1). Let C be a finite set of
connected non-trivial graphs. Then the distribution of (Xu)pyee 5 (2_9(”))—
uniform modulo k.

Theorem 5.3 is an immediate corollary of the following theorem.
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Definition 5.5. Let C; be the set of all non-trivial connected graphs with t

or fewer vertices (recall that the trivial graph is K ).

Theorem 5.6. Let T' be a fized integer, p € (0,1) be a fized real number
and let G,, € G(n,p). Then, for every k € N with k = o <\/n/ logn>, the

distribution of (Xu(Gn))gec, i e (%) _uniform modulo k.

Suppose that H is a graph on T vertices. The value of Xy modulo &
will be calculated in the following way. Fix a vertex v of the vertex set V' of
G(n,p). This allows decomposition of the random graph into a random graph
G(n — 1,p) on vertex set V — {v} and a random partition of V' — {v} into
neighbours and non-neighbours of v. Conditional on the graph G(n — 1, p),
the calculation becomes that of counting the number of copies of H which
contain the vertex v. This can be done by counting the number of copies in
G(n —1,p) of the set of graphs H \ {z} where = € V(G). Note that all such
graphs have order T'— 1. However, a copy of H \ {z} in G(n — 1,p) will not
always give a copy of H in G(n,p). For example, a copy of H \ {z} amongst
non-neighbours of v is not a copy of H in G(n,p). In order to count copies
of H containing v it is therefore necessary to colour the graphs H \ {z} in
a certain way and count the number of occurrences of the coloured graphs.
Thus partitions of the vertex set of the random graph and colourings of the
small graph are now introduced.

Throughout the remainder of this section .S and T" will represent a general
indexing set, although in practice they will always be Cartesian products of
finite sets of integers. The random graph G(n,p) will always be assumed to

have vertex set [n]. The following define partitions of an integer and of a set.

126



Definition 5.7. An (n,S)-partition is an S-tuple of non-negative integers,

summing to n. For an (n,S)-partition x, let min (x) := mi§1 x;.
1€

Definition 5.8. For a set V', an S-indexed partition of V' is a family P of

subsets (Vi)ies of V such that V = J,.s Vi and V;N\V; = 0 for alli # j. The

ieS
profile of P is the (n,S)-partition x defined by x; = |P;| for alli € S. Let

min (P) = min (x), where X is the profile of P.

The following definition introduces coloured graphs, and extends the def-

inition of C;.

Definition 5.9. For a set S and graph H, an S-colouring of H is a function
¢ from V(H) to S. Throughout (H,c), will denote a graph H with colouring

C.

e Let col (H,S) be the set of S-colourings of H.

e Two coloured graphs (H,c) and (H',c') are isomorphic if there is an

isomorphism 0 from H to H' such that c(v) = ¢'(8(v)) for allv € V(H).
e An automorphism of (H,c) is an isomorphism from (H,c) to itself.

e Forcecol(H,S) and ' € col (H,T), let cx ¢ € col (H,S x T) be the

colouring where each vertex v € V(H) is coloured by (c(v),d (v)).

o [ort € N, the set C,g consists of one representative of each isomor-
phism class of S-coloured non-trivial connected graphs with at most t

vertices. Thus Cyg is the set of (H,c) with H € C; and ¢ € col (H, S).

o Let Cyy = Cypg and C (t,s) = |Cys|. Note that |Cy 5| = C (t,s) for any
S with |S| = s.
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o Forl1<i<j<s,let (K, (i,))) be the coloured graph consisting of a

single edge with one vertex coloured v and the other coloured j. Hence

The proof of Theorem 5.6 requires counting of the number of times a
small graph with a colouring is contained in a large graph with a partition

of its vertex set. Such a containment is now formally defined.

Definition 5.10. Let G be a graph on vertex set V with a partition P indexed
by S, and let C be a finite set of S-coloured graphs. For (H,c) € C, a copy
of (H,c) in (G,P) is a subgraph of G, isomorphic to H, such that for all
v € H the vertex corresponding to v is in Pyy). Let X(Z,C)(G) be the number

of copies of (H,c) in G and let XF(G) be the vector (XZ;{ C)<G>>(H o
’ ,C)€

The following simple lemma means that when considering a partition of
the vertex set of G(n, p), it is the profile of the partition which is important

when counting coloured subgraphs.

Lemma 5.11. Let G, € G(n,p), let C be a finite set of S-coloured graphs
and let P be an S-indexed partition of [n].
(1) Let |S'| = |S| and let ¢ be a bijection from S to S'. Define C' from C
by applying ¢ to the colouring of each vertex of each graph. Similarly,
define P’ by applying ¢ to the indices of the partition P. Then X[F (G,)

is e-uniform modulo k if, and only if, X% (G.,) is e-uniform modulo k.

(i) Let D be a subset of C. If XI(G,,) is e-uniform modulo k, then X5 (G,)

s also e-uniform modulo k. O
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The method used to prove Theorem 5.6 requires use of random partitions,

which are introduced below.
Definition 5.12. Suppose that P is an S-partition of [n] with profile x.
o An (n,S x T)-partition y refines x if 3, rvyi; = x; for alli € S.

e A T-refinement of P is an S x T-partition Q of [n] with U].GT Qi; =P
foralli e S.

e For an (n,S x T)-partition y refining x, let R (P,y) be the set of all

T-refinements of P with profile y.

As noted earlier, when proving Theorem 5.6, the random graph G(n, p)
is decomposed into a random graph G(n — 1,p) on vertex set V — {v} and a
random partition of V' — {v}, where v is some vertex of the random graph.
The proof proceeds by conditioning on the graph G(n — 1, p), and counting
the number of subgraphs, depending on the random partition. Hence some
notion of a fixed graph being ‘nice’ under a random partition is required.

This is defined below.

Definition 5.13. Suppose that P is an S-partition of [n| with profile x and
that y is an (n,S x T)-partition refining x. Let G be a graph with vertex
set [n] and let C be a set of S x T-coloured graphs. For ¢ > 0 and k € N,
G is e-refinable modulo k for C, P and y if, when Q is chosen uniformly at

random from R (P,y), X&(G) is e-uniform modulo k.

Thus, if G is e-refinable modulo k for C, then the values of X (%’CXC,)(G)

for (H,c x ') € C are approximately independent modulo k. However, for
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any ¢ € col (H,S), the value of X (7;{,5)<G) is determined before the random

partition. Also, for any T-refinement Q of P,

Xl o(G) = Z X(%CXC,)(G).

¢’ €col(H,T)

Hence, given the value of X (%CXC,)(G) modulo k for all but one ¢ € col (H,T),
the remaining value is determined.
This implies that, for small €, no graph is e-refinable for C; g¢xr modulo

k. Thus the following set of graphs is defined, excluding one of the possible

colourings for each small graph.

Definition 5.14. Suppose that T has a total ordering, and let 17 be the

minimal element of T'. Let

Dy sr = Ct,SxT \Ct,SX{lT}'

Hence Dy g1 is the set of (H,c1 X ¢o) with (H,c¢1) € Cis and co a T-colouring
of H, other than that for which cy(v) = 1p for allv € V(H). Let Dyyq =
Dt,[s],[d} and let D (t, s, d) = |,Dt,s,d‘-

The formal proof of Theorem 5.6 will follow from two lemmas, proved in

Sections 5.3 and 5.4. These essentially prove the following statements:
e Xc , isuniform = almost all graphs are refinable for D, 4;
e almost all graphs are refinable for D, ;s = Xg,, , is uniform.

The formal statements corresponding to these implications are Lemma

5.23 and Lemma 5.28. Section 5.2 will introduce some probabilistic results
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needed in the proof, and will prove the base case of Theorem 5.6. Sections
5.3 and 5.4 will contain the proofs of the two statements above. Finally,

Section 5.5 will contain the proof of Theorem 5.6.

5.2 Useful probabilistic results

This section contains some probabilistic facts, which will be used in the proof
of Theorem 5.6. The first lemma will be used to show that a given event has
probability close to some constant. It is often easier to prove this conditional
on some other event, and the following elementary fact can be used to do

this.

Lemma 5.15. Let C, D, ¢, § and n lie in [0,1]. Let I = JU J' be some
indexing set. Let E and F' be events in the same probability space, such that
F' is the disjoint union of events F; fori € 1. Suppose that |P(F) — D| < 6.
Suppose further that |P(E|F;) — C| < € for alli € J and P (U;cp ) < 1.
Then |[P(ENF)—CD| <n+e(D+0)+C4.

Proof. Note that
P(ENF)=> P(E|F)P(F).

el

Hence, using the triangle inequality,

IP(ENF)—CD| <Y P(F)|P(E|F)-C|+C

el

> P(F,

icl

However, the first term on the right hand side can be divided according to
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whether ¢ is in J or J'. Thus the assumed bounds imply that

IP(ENF)—CD| <Y P(F)+ Y P(F)e+Co

ieJ’ 1€eJ

<n+e(D+06)+Cf,

as required. O

Most of the results of this section show that some random variable is
likely to be close to its mean, and the following result is a general bound of

this form.

Lemma 5.16 (Chebyshev’s inequality). Let X be a random variable with

2

mean (1 and finite variance o=. Then for any real number a > 0

02

POIX —pl 2 ) < 2

For some distributions, the previous bound can be improved, as in the

following two lemmas.

Definition 5.17. The random variable X has the hypergeometric distribu-

tion with parameters N, M and n if, for all positive integers a,

Note that if choosing n items from a set of N, of which M are ‘successes’,
the number of ‘successes’ chosen has the hypergeometric distribution with

parameters N, M and n. The following Lemma is due to Chvatal [13].
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Lemma 5.18. Suppose that X has the hypergeometric distribution with pa-

rameters N, M and n. Then, for any constantt > 0,
nM 2
P(X<——tn) <e ™
(=) <.

For a proof of the following Chernoff-type bound, see, for example, the

book of Alon and Spencer [1, Appendix A].

Lemma 5.19. Let X = ) " | X;, where independently X; takes value one

with probability p; and zero otherwise. Set p = %Z?:ﬂ?i- For any real a > 0

P(X —pn < —a) < e 2m

a2

P(X —pn>a) <e e

and so immediately

2

P(|X — pn| > a) < 2e 2m+3e,

When p; = p for all 1 < ¢ < n, note that X has binomial distribution
with parameters n and p. This distribution is of particular importance, and
is denoted by Bin(n, p). The next two results are about Bin(n,p). The first
is from a book of Bollobés [6, p.6].

Lemma 5.20. Forp € (0,1), as n — o

1
max P(Bin(n,p) =r) ~

o< V2rnp(l—p)’
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with the mazimum occurring at any integer r satisfying p(n+1) —1 < r <

p(n+1).

Note that when p(n + 1) is an integer,
P(Bin(n,p) = p(n + 1) — 1) = P(Bin(n, p) = p(n + 1))

In the random graph G(n,p), the number of edges has the binomial dis-
tribution with parameters (72‘) and p. The simplest case of Theorem 5.6 thus
follows from the following result, showing that the binomial distribution is
very close to uniformly distributed modulo £, provided that k is not too
large. When p = %, the following result is immediate from a result of Graves

and Hamilton [26] concerning sums of binomial coefficients.

Theorem 5.21. Let n and k be integers and p € (0,1). For fized a € [k], let
I, = P(Bin(n,p) = a). Then

T
L

I,, = (1=p+pu’)w™™

| =

i
o

where w = e2mi/k,

In particular, for an integer n which is sufficiently large, Bin(n,p) is

logn

exp {—%}—um’fﬂm modulo k, provided that k = o ( L )

Proof. Let w = e*™/*_ That

k—1
ij(b_“) =k1(b=a)
=0 .
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is well-known. Hence

b=0
1 - n—b b T = j(b—a)
=z 2. 0=p)"(, > w
b=0 j=0
1 k—1 n
= Wy —p)"_bpb(b>w]b
=0 b=0
1 k—1
=2 (L—ptpw)w™
=0

as claimed.

It remains to show that

1 1
1L, — —' < —exp{—

max
a€(k]

k|~ k

4p(13];2p)n} '

When k = 1, this is trivial. Suppose that k& > 1 and fix a € [k]. The triangle

inequality implies that

e

-1
1—p+p|".  (51)
1

> =

J
Let 0; = 2nj/k and © = 1 — cosf;. Then wl = cos 0; +isinf; and so

1 —p+pwj}2 = (1 —p+pcosb;)® + (psind;)?
=(1—p)?+p*+2(1—p)pcosb;

<1-2p(1-p)x.
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Hence (5.1) implies that

1
Hn,a - E‘ S (1 - 2p(1 - p)x>n/2 .

However, some simple calculus shows that 1 —y < e™¥ for positive y and

hence

The Taylor expansion of cosine is cosf = > ,° 0 . Recall that £ > 2,

2

which implies that <7r — W) > 3 2 Hence
92 04 2 9 4 4

and so x > 3k2 Thus, provided that £ = o ( o ),

1 1 4p(1 — p)n
g —+] <+ T 5190 (-
e i <o i

The following result is the base case of Theorem 5.6.

Lemma 5.22. Let p € (0,1) and s € N. Suppose that x is an (n,[s])-
partition and that k € N satisfies k = o (L(x)> Let G,, € G(n,p)

log(min(x))
and P be a partition of [n] with profile x. Then, for sufficiently large n, the

random variable X7, (G,) is 20 (2,s) exp {—W}—umfwm modulo
k.
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Proof. Recall that Cy s = {(K2, (4,7)) : 1 <i < j < s}. Then

Bin((3),p) i=7
Xlkar(i.gy)(Gn) ~
Bin (z;z;,p)  i#J

These variables are jointly independent as they depend on disjoint sets of

edges in G(n,p).

Theorem 5.21 and the assumption that & = o <%) imply that
og(min(x

1 —4p(1 — p)(“
P (ng%(i,i))(Gn) = Cli,i) < z <1 + exp{ 2 (2) })

< % (1 ©exp { —5p(1 —8]22min (x) }) 7

provided that min (x) > 16. However, this is a consequence of the assumption
that k = o | —2n®) )
log(min(x))

As a similar argument holds for Xﬁ(z,(i,j))<G")’ the independence of the

variables X (7;(27@ i) (Gr) implies that

C(2,s)
1 —5p(1 — p) min (x)*
[P(XZ';S<Gn) = a) < XEen) (1 + exp { e )

Ask=o0 (L(x)), this implies that

log(min(x))

1 —5p(1 — p) min (x)
HD(XZ’Z,S(GTL) = a) < 0@ (1 +2C (2,s) exp{ ( 8k;)2 (x) }) ‘



Similarly

8k2
and so
1 2C (2, ) —5p(1 — p) min (x)*
P _ )
P(Xe,,(Gn) - a) — LC2,5) < LCs) XP { Q)2 ’
completing the proof. O

5.3 'The uniformity of C, ; implies that al-
most all graphs are refinable for D, ;4

In this section, the first of the two results mentioned at the end of Section

5.1 is proved. The formal statement of this result is as follows.

Lemma 5.23. Let d > 2, s and t be fived integers, and let p € (0,1). Let
A>0and 0 < p < 1 be real constants, and let v = min{\, u*/2}. Let
k = k(n) be any integer valued function of n such that k*P®59) = o (e"/153),
and let G, € G(n,p).

Suppose that the following two statements hold.

e For every [sd*]-partition A of [n] with min (A) > p?n/2, the random

variable Xé 2 (Gn) is e % _uniform modulo k.

e For every [sd]-partition A of [n] with min (A) > pn, the random vari-

able Xg' (Gy) is e /% _uniform modulo k.
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Then, for any [s|-labelled partition P of [n] and any (n, [s] X [d])-partition
y refining the profile of P such that min (y) > un, G, is e~ v/3K _refinable

modulo k for D, sq, P and'y with probability at least 1 — 164D (tsd) g—vn/3k2

Recall that refinability is a property of a fixed graph G, which is assumed
to have vertex set [n]. Let P be an [s]-labelled partition of [n] and let y
be an (n, [s] x [d])-partition refining the profile of P. G is refinable when,
for a refinement Q chosen uniformly at random from R (P,y), the variable
th,s,d(G) is e-uniform modulo k. The proof that almost all graphs G, €
G(n,p) are refinable will use a counting argument and the second moment

method on the number of refinements @ € R (P, y) such that X3 (G) =a.

A simple preliminary result is needed. The second moment method will
require consideration of two refinements Q, Q" € R (P,x). Define Q ¢ Q' to
be the T' x T-refinement of P where (Q ¢ Q') ;; = Qi; N Q; ;. In this case,
the colourings associated with Q ¢ Q' are from [s] x [d] x [d], and hence, in
light of Lemma 5.11, the assumption of Lemma 5.23 may be used as long
as min (Q ¢ Q') is not too small. Lemma 5.24 will show that, for almost all

Q, Q" € R(P,x), it is the case that min (Q ¢ Q') is not too small.

Lemma 5.24. Let 0 < p < 1, and let s and d be positive integers. Let n
be a sufficiently large integer. Let A be an [s|-partition of [n]. Let'y be an
(n, [s] x [d])-partition with min (y) > pn, such that'y refines the profile of A.
Suppose that B and C are chosen uniformly at random from R (A,y). Then

min (BoC) > %/fn with probability at least 1 — sd2e~aH'm,
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Proof. 1t is sufficient to show that, for all 1 <7 <sand 1< j,j <d,
1 2 )
P ‘(Boc)i,j,j’l < §,u n| <e2H",

Then by the union bound, as there are s choices for i and d? choices for j
and j,
1
P <min (BoC) < §,u2n) < sd%em 2

as required.

Fix i, j and j'. The sets B; ; and C; j are independently chosen uniformly

at random from subsets of A; of order y; ; and y; ; respectively. Hence, it can

be seen that |(BoC); ; ;| has the hypergeometric distribution with parameters
|A;|, yi; and y; j. Note that

1

—_ 2 —
S = p

1 vy 1
o, _ 1,2 ~ Yl 1 o
nglt =T T

Hence Lemma 5.18 implies that

1

1 T
P (1650 Chisl < gutn) < P (B0 Oyl < B2 = Ly

< e—%ﬂ4”2/\A/| < 6—%#%

as claimed. O]
It is now possible to prove Lemma 5.23.

Proof of Lemma 5.23. Let P be an S-labelled partition of [n], and let y be

an (n, [s] x [d])-partition refining the profile of P with min (y) > un. The
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aim is to show that G,, € G (n,p) is e~V/38 _prefinable modulo k for Disa, P

and y with probability at least 1 — 1652 t:sd)g—vn/3k*

Let G be a fixed graph with vertex set [n]. From Section 5.1, recall that
G is e V"3 refinable modulo k for Disa, P and y if, when Q is chosen
uniformly at random from R (P,y),

efl/n/3k2

< LD(ts,d)

1
o) _
P <XDt,s,d(G) n a) ~ LD(ts,d)

max
ac[k])Pts.d

Let N :=|R(P,y)| and for a € [k]Pt=4, let N, = Na(G) be the number
of @ € R(P,y) such that XDQt ,G) =a. Then, when choosing Q uniformly

Na(G)
at random from R (P,y), the value =%

is precisely the probability that
X3 (@) =a. Hence G is e /3 _refinable modulo k for Dy, 4, P and y if,
and only if,

e—un/3k2N
< kD(t,s,d)

N

Na(G) — L D(t,s,d)

max
ae[k]Dt,s,d

It is sufficient to prove that, for all a € [k]Pes,

|

Then, as there are kP®5% choices for a, the union bound implies that

e—un/SkQN
= kD(t.s,d)

N

Na(Gn) — LD(t,s,d)

) < 16e7 /34, (5.3)

e—un/3k2 N
z kD(t.s,d)

N

Na(Gn) — LD(t,s,d)

P max < 16]{D(t75,d)6—yn/3k2,
ac[k)Pts.d

completing the proof.
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Fix a € [k]Pr=4. Note that Na(G,) is a random variable, given by

Nol(G) = > 1(X8_,(Go)=a).
QER(P,y)

Hence, taking expectations

Recall that v = min{\,x%/9}. Fix Q@ € R(P,y). By assumption,
X& (Gy)is e ¥ _uniform modulo k, for every [sd]-partition A of [n] with
min (A) > un. Hence, as Q has profile y and min (y) > un, the variable
X(%,sd(G"> is /¥ _yniform modulo k. By Lemma 5.11, this implies that

X2 (G,)is e /¥ _uniform modulo k. Hence
Dt,s,d

1 e—/\n/lc2

18) _
’”D (XDt,s,d(Gn) % a) ~ kD(ts,d)

<

LD(t.s.d)’

and, summing over Q, it follows from (5.4) that

e—An/k2N
kD(ts,d) -~

NG = > 1(x8 (G =a)1(x8 (G =a)

(Q,9)eR(P,y)?
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and so

ENJ(G) = Y [P<X§t’5’d(Gn)%a,XDQ;&d(Gn)%a) (5.6)

For (Q,Q') € R(P,y)?, recall that Q o Q' is the refinement of P where
(QoQ")ij 0 = Qi ;NQ; ; foralli € Sand j,j" € [d]. For (H,e1 X ¢3) € Dy 54, 2
copy of (H, ¢y X ¢2) in (G, @) must necessarily be a copy of (H,c; X ¢3 X )

in (G,, Q¢ Q') for some ¢ € col (H,[d]), and vice versa. Hence

QoQ’
X(%,QXCQ)(G”) = Z X(H,c1><c2><c’)(Gn) (57)
¢’ €col(H,[d])
and similarly
o4 — Qo'
X(H,C1><C2)(G”) - Z X(H,clxc’xcz)(Gn>' (58)
¢’ €col(H,[d])

Let A = A(a) be the set of b € [k]°Ixiax@ such that, for all coloured

graphs (H,c; X ¢3) € Dy 54,

b(H,cl Xcax1) % a(H,cl xXca) T Z b(H,cl Xeaxc!)
¢’ €col(H,[d])\{1}

and

Q(H,c1xe2) — Z b(H,clxc’Xcz)a
¢’ €col(H,[d]))\{1}

b(H,Cl XlXCQ) %

where 1 is the colouring where each vertex of H has colour 1.
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It is clear from (5.7) and (5.8) that X(%OQ

x[d] x [d]

(G,) = A if, and only if,
both XDQt L (G) =a and XDQt (G) =a.

By definition, for all (H,¢; X ¢2) € D; 4 the colouring ¢ # 1. Hence, for
each choice of (H, ¢y X ¢3) € Dy g4, both bip e xesx1) and b e, x1xe,) appear
only on the left hand side of the above equations, and so are uniquely deter-
mined, given the other values b(z ¢, xc,xcs)- As there are D (t, s, d) choices for
H, ¢, and ¢y, and each gives us two dependent values, the set A has order
LC(sd?t)=2D(s,dt)

. Recall from Section 5.1 that GG,, cannot be refinable for C; s4;

this is the point in the proof at which this argument fails for that set.

By assumption, if min (Q ¢ Q') > u?n/2, the variable Xc%fx[ ]x[d](Gn) is

2 .
e~ /% _uniform modulo k and so, for all ¢ € [k]CusIx@xla

000/ 1+ e~ n/k?
F <Xcz,[s}x[d1x[d] (Gn) % c) = T kC(tsd?) (5.9)

However, by Lemma 5.24, as min (y) > un,

H(Q, Q) e R(P,y)2 :min (Qo Q') < ,u2n/2}| < N2sd2e—3H'n,

Dividing the sum in (5.6) into those Q, @' € R (P,y) with min (Q ¢ Q') <
p?n/2 and those with min (Q ¢ Q') > u?n/2 gives

2 QoQ’
ENL(Gn)? = Z P <Xc§s}xmlx[d}<Gn) € A>

k
(Q,Q)eR(P,y)?

2,12 —1u4n xe Q’ _
< Nisd’e™2" T Z Z ( 0 d]x[d]<Gn) f b) :

Q,9'eR(P Y) beA
min(QoQ’ )> w2n
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But then, as v = min{p*/2, A} and k2Pt:59) = o (e7/153) it follows from
(5.9) that
_1,4 sd?)— s 1+€_>‘n/k2
ENa(Gr)? < N2sd?e 3" 4 N2RC(0) 20000 o

2
(1 + 2e*””/’“2> . (5.10)

< k2D(t,s,d)

Hence, by (5.5) and (5.10),

2

2
N —vn/k? N Ne—’/n/k2
Var (Na(Gn)) S kQD(t,s,d) <1 + 2e / ) - (kD(t,s,d) - kD(t,s,d)

4N267un/k2
—  k2D(t,s,d)

e—un/3k2N

Siptea» it follows from (5.5) that

and so, by Lemma 5.16, with a =
P < G_Vn/SkZN

AR P )sn><rNa<Gn>—[E<Na<Gn>>rza>

Na(Gn) = L D(t,s,d)

as required in (5.3). This completes the proof. O
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5.4 Almost all graphs are refinable for D, s
implies that C;.; ; is uniform

In this section, the second of the two results mentioned at the end of Section
5.1 is proved. This states that, if almost all graphs are refinable for D, ; o,
then X, ., . is uniform. The formal statement and proof of this result are
given in Lemma 5.28, which appears later in this section.

Throughout this section, k will be a function depending on n. Where it is
not specified, it will be assumed that k = k(n). Also, throughout this section,
S will be the set {0,1}*, where 0 is the minimal element of S. Recall that
Dy q,s is the set of (H, c1 X ¢) with H € C;, where ¢; is some [s]-colouring of
H and ¢, is some S-colouring of H other than the monochromatic colouring
of H with colour 0.

Before beginning the proof of Lemma 5.28, the following discussion will
consider the case s = 1. In this case, there is only one [s]-labelled partition
P of [n] and so proving that X, (Gy) is approximately uniform modulo % is
sufficient. The initial assumption is that, when y is a refinement of the profile
of P and min (y) is not too small, with high probability a graph G,, € G(n,p)
is approximately refinable modulo & for D, ; 2, P and y.

As mentioned in Section 5.1, the main idea of the proof is to fix a vertex
u € [n]. This allows decomposition of G,, into a graph G!_, = G, \ {u} €
G(n — 1,p) and a random partition B of [n] — {u} into neighbours and non-
neighbours of u. Note that the properties of G(n,p) imply that G/,_, and B
are independent.

Given the value of d(u), the partition B is chosen uniformly at random
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from R ([n] — {u}, (d(u),n —1 —d(u))), where (with high probability) nei-
ther d(u) or n — 1 — d(u) is too small. By assumption, it follows that with
high probability G!,_, is approximately refinable modulo k for D, ; 2, P and
(d(u),n — 1 —d(u)).

Now condition on any fixed G!,_; and y = (d(u),n — 1 — d(u)) such
that G],_, is approximately refinable modulo k for D;;., P and y. For
H € Ci41\ Co, a copy of H in G, is either a copy of H in G!,_; or contains
the vertex u.

Suppose that there is some copy of H in G,, which contains u. Let v €
V(H) be the vertex appearing at u so that there is a copy of H\ {v} in G),_;.
In fact, there is a copy of (H \ {v},¢) in (G,,_;, B) for some S-colouring ¢ of
H. Any neighbour of v in H must, in this copy, be a neighbour of u, and so,
in particular, ¢ is not monochromatic with colour 0.

Hence Xy (G,) — Xu(G,,_,) is the sum of X@C)(Ggfl) for some graphs
(F,c) where F' is of smaller order than H and ¢ is not monochromatic with
colour 0. In particular, any such graph (F,c), if connected, is a member of
D, 1. By assumption, this means that Xy (G,,) is approximately uniform
modulo k.

There are a number of things to notice about this approach which com-
plicate matters. Firstly, the set D, ;2 consists of connected graphs, and if
H contains a cutvertex v, then the graph H \ {v} is not connected. How-
ever, Lemma 5.25 will show that, for a disconnected graph F', the value of
X(%C)( ! 1) is determined by X%Fl_lm( ' 1). This is sufficient to allow

the above method to proceed.

Also, the above analysis shows that for each graph H € C4q \ Cy, the
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random variable X (G,,) is approximately uniform modulo k. However, the
aim is to show that X¢, . \¢,(Gy) is approximately uniform modulo & and it is
possible that some of the variables Xy (G,,) are dependent modulo k. Hence
it is necessary to show that the random variables summing to Xy (G,) —
Xu(G),_,) take particular forms implying this is not the case. This is done

in Lemma 5.27.

Note also that graphs in Cy (i.e. the graph Kj) are not considered. The
reason for this is simple, as the number of edges in G, is simply the sum of
the number of edges in G,_, and the degree of the vertex u, and hence is
fixed by the conditioning. However, the degree of the vertex u is binomially
distributed, and so, with care, Theorem 5.21 may be used to show that this

too is approximately uniformly distributed modulo k.

Finally, the case with s > 1 is similar. However, instead of just con-
sidering one vertex, a set of vertices, one in each set of the partition P is
considered.

The following lemma is that mentioned above concerning disconnected

graphs. Note that the first part of the lemma appears in [32] as Lemma 6.2.

Lemma 5.25. Let G be a graph and A be a T x T'-indexed partition of
V(G). Suppose that (H,cy X ¢q) is a T x T'-coloured disconnected graph.
Then X(A )(G) 15 a function of XA

H,c1Xxca D(H,cl Xcg)

(G) for some set
D(H,cl><02) g C|H|—1,T><T’ ) {(Kh (17])) : (27]) €T x T/}

Further, suppose that, under the colouring co, no component of H is

148



monochromatic with colour 1p.. Then

Diterxes) S Dimj—1,m U {(K1, (4,7)) = (4,5) € T x T'}.

Proof. Suppressing unnecessary notation let Xgr ¢ xe,) = X (‘l‘{,’clxw

)(G) for
any graph H'. The proof of both claims is by induction on |H| > 2. If H is a
disconnected graph of order two, then it contains two isolated vertices u and
v. If both ¢1(u) = ¢1(v) and c2(u) = c2(v), then X (g ey xe) = (X(K1,<c1(2u),cQ(u)))).

Otherwise, X(m,c;xea) = X(ky, (e (w),c2(w)) X (K1, (e1 (0),e2(0)))

Suppose now that H has order at least three and let
(Hl’ €11 X 0172) T (HT7 Cr1 X Cr,Q)

be the distinct non-colour-isomorphic components of (H, ¢y X ¢y) with each
(H;, ;1 X ¢;2) having multiplicity m;. Note that each H; is connected and

of smaller order than H.

For 1 <i < r, let (Hi(j)yr: be m; distinct copies of (H;,¢;1 X ¢;2) in
(G, A). If the graphs Hi(j ) arej;ertex—disjoint, then their union is a copy of
(H,c1 X ¢2) in (G, A). If not, their union is, in (G,.A), a copy of a graph
obtained from (H,c; X ¢g) by identifying some sets of vertices which have

the same colour under both ¢; and cs, subject to the condition that no two

vertices in the same component are identified.

149



2 21 1

1 1
1 2 12 2

2
2 1 1

N,
122 2

F(H,c)

Figure 5.1: A [2]-coloured graph (H,c) and F (H,c). Note that (H,c) is a
graph with two components, while F (H, ¢) is a set of five connected graphs.

As illustrated in Figure 5.1, let F (H,c; X ¢2) be the set of graphs ob-
tained from (H,c; X ¢z) by identifying some sets of vertices as described
above. For each (F,¢) € F(H,c; X ¢3), let A((H,c1 X ¢2);(F, ) be the
number of ways a copy of (F,¢) can be obtained in this way from m; copies

of each (HZ, Ci1 X CLQ). Then

e (X H e xe
X (Herxen) = H ( (Hici1x 1,2)> _ Z A(H, 1 x c2) 5 (F,0) Xpo.-

. m;
=1 (FL)eF(H,c1xc2)

All graphs in F (H,c; X ¢o) are of smaller order than H. If (F,¢) €
F (H, ¢ x ¢g) is disconnected, then by the inductive hypothesis, Xz is a
function of Xp,, for some set Dy C Cipj-17x7 U {(Ky,(4,75)) : (i,7) €

T x T'"}. Hence the first part of the result holds, with

D(H,eyxes) = {(Hiscip X ¢ip) 1 1 <i <r}uU U Dry,
(F0)eF(H,c1Xc2)

where Dp ) = {(F, )} when F is connected.

Suppose that, under the colouring ¢, no component of H is monochro-
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matic with colour 17+. By definition, this is also true for all graphs in

F (H,cy X ¢9). Hence, the inductive hypothesis implies that

U Doy € Dy U (K1, (i, 9)) : (i,5) € T x T'}.
(F\0)eF(H,c1Xc2)

However, each component of H is either an isolated vertex or a connected

graph of order at least two and hence
{(Hi,cia xci2) : 1 <i<r} CDyirr U{(K,(4,7)) : (1,5) € T x T}

This completes the proof. [

Prior to stating the second preliminary lemma, the following definition
formalises the situation described earlier, in which one vertex from each set

of a partition is considered. Recall that S = {0, 1}°.

Definition 5.26. Let P be an [s]|-labelled partition of [n], and let G be any
graph with vertex set [n]. The standard situation defines sets U and V' and
partitions P' and B in the following way. Firstly choose U = {uy,...,us} to
be a set consisting of one vertex u; from each set P;. The set V' is defined
to be [n] \ U and the partition P’ is the restriction of the partition P to the
set V'. Finally, let B be the S-refinement of P' where, for all 1 < i < s and

a€es,
Bio =A{w € P, : wu; € E(G) if, and only if, a;j = 1} .

The second of the two preliminary lemmas follows. Recall that S =
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{0,1}%.

Lemma 5.27. Lett > 2 and s be integers. There exists an injection p from
Cit15 \ Cos to Dy 4,5 and a partial order < on the set Ciiq \ Cas such that

the following holds, for any graph G with vertez set [n].

Let Q((H,c)) = Diss \ {p(H',) : (H,c) < (H',d)}. Let P be an
[s]-labelled partition of [n], and suppose that U, V', P' and B are defined
according to the standard situation. Then, for all (H,c) € Ci15 \ Cas,

ng,c)(G) - XG,C)(G[V/]) = XB(H,C))(G[V/]) + fire),

p(

where fu depends only on the graph G[U], the size of the sets B; o € B
and the value of X(BM)(G[V’]) for graphs (F,0) € Q ((H,c)).

Proof. For (H,c) € Ci1,5 \ Cos, let wy,e be a non-cutvertex of H with
minimal degree (if there is more than one such vertex, take any of them).
Let p(H,c) = (H — w,e), ¢ x {79)) where the colouring (") € col (H, S)

is given by

(E(H,c)(u))i _ 1 UW(H,) € E(H) and i = c (w(H,c))

0 otherwise

152



Figure 5.2: The function p from Cy; \ C21 (top) to D301} (bottom); the
trivial colouring with colour 1 is supressed.

2

AAWAARAWAT AT, )"
D A A

,,o 21,0 20,1 Z,TI l,i,o 2,1,0 1,11,0 Z,i,o 1,0,1 ZT,
.0, 0, 0 ,0, 0, 0,

N

1
I (i T 1
,0, 0 1,00 2 2,0,0 2,0,

10 1o 101 2
Figure 5.3: The function p from Cs \ Co2 (top) to Dy 10,132 (bottom).

11

(=)

0 2,00

Also, let (Ho, co) < (Hy, 1) if |Ho| < |Hy| or |[Ho| = |Hy| and d(wpy,eq)) >
d(w(r, ¢1))- For the case s =1 and t = 3, p and < are illustrated in Figures
5.2 and 5.4 respectively, while Figure 5.3 illustrates p the case ¢ = 2 and
s = 2. It is simple to check that p is an injection from Ciy1 5 \ Cos t0 Dy s s

and that < is a partial order on the set Cii1 5 \ Ca.s.

X

A AR 9T

N

Figure 5.4: The partial order < on Cys; \ Ca1, graphs on the left precede
graphs on the right.
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Fix (H,c) € Ci41.5 \ Caos and suppose that the standard situation occurs.
For I C [s],let Ur = {u; : i € I'}. Let (H,c)l be the set of all I-tuples (w;)ies
for which each wj; is a vertex of H coloured i. Recall that an automorphism
of (H,c) is an automorphism of H which fixes the colouring ¢. Then, for all
I C S, the automorphism group of (H,¢) acts on (H,c)! in the obvious way.
Let (H,c)' be a set of representatives of each orbit of this action.

A copy of (H,c) in (G,P) intersects U in U; for some I C [s]. Let
W = {w; :i € I} be the set of vertices of (H, c¢) intersecting U in this copy,
with w; the vertex of (H,c) at u;. For all i € I, the vertex u; lies in P;, and
so the colour of w; under ¢ must equal ¢ for all ¢ € I. Hence, after relabelling,
W lies in (H,¢)".

For I C [s] and W € (H,¢)", let XZ?H’C);W)(G; Ur) be the number of copies
of (H,c) in (G, P) which intersect U in Uy, with u; being the image of w;.

Then, as it is unlabelled copies being counted,

Xio(G) = Z Z X0y (G5 Up). (5.11)
IC[slwe(H,e)!

Fix I C [s] and W € (H,c)". Let Lyw be the set of S-colourings ¢ of

H — W such that, for allv € H—W and 1 < ¢ < s, the value of (¢(v)), is one
when i € I and vw; is an edge (and may be one or zero otherwise). Suppose
there is a copy of (H,¢) in (G, P) which intersects U in Uy, with u; being the
image of w;. Then a vertex corresponding to v € H — W must lie in Pé(,u)
and hence in B q(v) for some a(v) € S. However, the vertex corresponding
to v € H — W must lie in the neighbourhood of w; for all 7 such that vw; is

an edge of H. Hence (a(v)), = 1 for any ¢ € I for which vw; € E(H) and so
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the colouring « is in Ly w. Thus, a copy of (H,¢) in (G, P) which intersects

U in Uy, with u; being the image of w; consists of:
e a copy of (H[W],¢) in (G[U], P);
e acopy of (H—W,cx () in (G[V'], B) for some ¢ € Ly w.

A copy of (H[W],¢) in (G[U], P) and a copy of (H — W, ¢ x £) in (G[V"], B)
for some ¢ € Ly w corresponds to a fixed number, 7y ). of copies of (H, c)
in (G, P) which intersect U in Uy, with u; being the image of w;. Note that,
in particular,T(Hp);{w(H’c)M(H,c) =1

Let Ewy be the event that there is a copy of (H[W],¢) in (G[U],P). If
Ew . does not hold then there are no copies of (H, ¢) in (G, P) which intersect
U in U;, with w; being the image of w;. If, however, Ey; does hold then
there is a one-to-7(p¢),w,¢ correspondence between copies of (H — W, ¢ x ()
in (G[V'], B) for some ¢ € Ly and copies of (H, ¢) in (G, P) which intersect

U in U;, with u; being the image of w;. Hence

XZ?H,C);W)(G; UI) =1 (EW,U) Z T(H,c);W;fX(%—W,cxz)(G[V/D'

ZELH,W

Together with (5.11), this implies that

XZ;{,C)(G):Z Z ]l(EW,U) Z T(H,C)§W§5X(BH—W,C><Z)(G[V/])'

ICS WG(H,C)I EELHJ/V

Note that Ewp depends only on G[U]. When I = @, W must also be
empty, Ew,y must always occur, and Ly w = col (H,S). Also Tuowye = 1

for all ¢ € Ly w. Hence, in this case, the inner sum is equal to XG’C)(G[V’]) =
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EZECOI(H,S) XgLI ext) (G[V/D
However, with I = {c(we)}, W = {wu,q} and £ = 079 the right-

hand side of the above sum has a term equal to X f(( ey (G[V']). Hence

X&@(@ - X&c)<G[V/]) = Xf((H,c))(G[V/]) + f(#,0)

where

fere) + Xf((H,c))(G[V/])

Z Z (Ewuv) Z e X (r-wexe (GV']). (5.12)
0AIC[s] We(H,c)! LeLy,w

It remains to show that the right hand side of (5.12) depends only on the
graph G[U], the size of the sets B;, € B and the value of X(M (G[V']) for
graphs (F,¢) € Q ((H,c)). It is clear that 1 (Eyw,s) depends only on the graph
G[U]. Tt remains to show, for all § # I C [s], W € (H,c)" and ¢ € Lyw,
that X@_WpM)(G[V’]) depends only on the graph G[U], the size of the sets
B; . € B and the value of X(Z}’g)(G[V’]) for graphs (F,¢) € Q ((H,¢)).

If |[H— W| = 0, then, for any colouring { € Lpy, it is clear that
X(L}{ wexey(GIV']) = 1. However, if H — W = {v}, then the number of
copies of (H — W, ¢ x £) in (G[V'], B) is simply the order of the set B, ¢(w)-
Hence, if |[H — W] < 1, then X(Z;Ifw,cxe)(G[V/]) depends only on the size of
the sets B, , € B.

As T # (), all sets W € (H, c)I are also non-empty. For any component
of H — W, there is an edge from that component to W, as H is connected.

Hence all colourings ¢ € Ly colour at least one vertex of each component
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of H — W with a colour other than 0. Hence Lemma 5.25 implies that, if

H —W is disconnected, X(Bvaucxe)(G[V/D is a function of X5

DH-wW,exe)

(GIV'])

for some set Dig_wiexe) € Dij—jwi-1,s,s U { (K1, (4, @)) : (i, ) € [s] x S}

Note that all graphs in Djy|—jw|-1,s],s have order at most |H|—|W|—-1 <
|H| — 2. Hence no such graph is the inverse image under p of a graph
preceded by (H,c) under <. However X([’}(17(i7a))(G[V’]) = |Bi .|, and so, if
H — W is disconnected, the random variable X (lilfW,cx »(G[V"]) depends only

on the size of the sets B;, € B and the value of X(%Z)(G[V/]) for graphs
(F.0) € Q((H,c)).

Note that, if H — W is connected and |H — W/| > 2, then (H — W, ¢ x {)
is an element of D, ¢ for any ¢ € Lyw. Hence, either the proof is com-
plete or there exists some () # I C [s], W € (H,¢)' and ¢ € Ly such
that (H —W,cx () € Dyjq5 \ Q((H,c)). Suppose that this is so. Then
(H—W,ex ) = p(H', ) for some (H',c') € Cip15 \ Cos with (H,c) <
(H',). However, p(H',¢) = (H — wp e, ¢ x (H) . As [W| > 1, this
implies that |H'| — 1 = |H| — |W| < |H| — 1. However, (H,c) < (H',c) and
so |H'| > |H|, which implies that |W| =1 and |H| = |H’|.

Let W = {w}, and i = ¢(w). Then
(H — {w),cx () = (H’ — wp ey, & X e<H’vc’>> .
The definition of Ly 1, implies that

dy(w) < [{u e H —{w}: (((uv)); = 1}].
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However, by definition

/ .
(e w)) = L wwre) € B(H') and i = e (wir.e)

! 0 otherwise

and hence

A (Wi o) i=c (w(H’,c’))

{ue H —{w}:(lu), =1} = .
0 i # ¢ (Wie))

and so dy(w) < dg(wr ). But (H,c) < (H',d) and |H| = |H'| implies
that dy (W ¢y) < du(wem,e). This gives dy(w) < dg(wm ), contradicting
the choice of w(p ). Hence, forall® #1 C S, W € (H, c)I and ¢ € Ly with
H — W connected, (H —W,c x () € Q ((H,c)), completing the proof. ]

Lemma 5.28 may now be formally stated and proved.

Lemma 5.28. Let s and t be fized integers and p € (0,1). Let A € (0,1)

(1=p*)?  (1=(1=p)*)?
T T }

and pu € (0,1) be real constants and let v = min {%, L
Let k = k(n) be an integer-valued function with k = o <W) and let
Gn € G(n,p).

Suppose that, for every [s]-labelled partition A of [n — s] and every (n —

s, S)-partition y refining the profile of A such that min (y) > un, the random

—An/k?

graph G,_s is e -refinable modulo k for Dy g5, A and 'y with failure

probability at most e~ n/k?,

Then, for any [s|-labelled partition P of [n] with min (P) > s T L

the variable ngﬂ,s(Gn) is 6% _uniform modulo k.
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Proof of Lemma 5.28. Let P be an [s]-labelled partition of [n] satisfying
min (P) > "5 + 1. Recall that G, is assumed to have vertex set [n].
Let the sets U and V' and the partitions P’ and B be defined according to

the standard situation described in Definition 5.26.

For an (n — s, [s] x S)-partition y, let Dy be the event that B has profile
y. Note that this can occur only if y is a refinement of the profile of P’. If y
is a refinement of the profile of P’, then, given the event Dy, the partition B
is chosen uniformly at random from R (P’,y). For a graph I" on vertex set
V', let @ be the event that G,,[V’'] =T and for a graph v on vertex set U,

let ¥, be the event that G,[U] = 7.

The lemma’s conclusion is that X7

. _ 2 .
&, (Gy) is 6e~/* -uniform modulo

k. As outlined above, the first step in the proof is to prove that, for most
choices of y and the graphs I' and ~, X(Z o .(G) is approximately uniform

modulo k, conditional on Dy, ®r and V..

The properties of G(n,p) imply that the graphs G,[V'] and G,[U] and
the partition B are jointly independent. Recall that, given the event Dy, the

partition B is chosen uniformly at random from R (P’,y). Suppose that the

graph T is e=*"/*¥*_refinable modulo k for D, 5,5, P' and y. Then

1 ef)m/k2
B M — _
e Pelos P (XB, o (GalV) = b | 9y, @0, Dy ) = s | < sy
(5.13)

Lemma 5.27 implies that there exists an injection p from Ciiqs \ Cos

to Dyss and a partial order < on the set Ciyqs \ Cos such that, for all
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(H,c) € Ciy15 \ Cap,
X0 o(Gn) = X[ o (GulV') + X5 o (GulV']) + fine) (5.14)

where f(y ) depends only on the graph G,[U], the size of the sets B;, € B

and the value of X 5;}5)(6’”[‘/’]) for graphs
(F,0) € Q((H,c)) = Dysqouy \{p(H',): (H,c) < (H', )}

However, given V., ®p and Dy, the graph G,[U] and the size of the sets
B, € B are fixed. Hence, in this case f(y,) depends only on X EW)(F) for
(F,0) € Q((H,c)), where the random choice is of B € R (P',y).

Given any ¢ € [k]Pul5\m() and a graph I' on vertex set V’, extend to

c € [k]Puis by setting

/

Cotire) = a(ie) — X{ioy (D) = fure) (cmp « (Fi0) € Q((H,c)))

Note this is well-defined, by solving in increasing order under <. Let A =

A (a) be the set of ¢ € [k]P+s5 obtained in this way. Note that

IA| = EIPuas\m@)| = pD(ts2°)=Clt+19+0(2),

The definition of A and (5.14) imply that, conditional on V., ®r and Dy,

XZH,S\Cz,s(Gn) =a if, and only if, th,[q,s (G[V']) % A
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Hence

[P <Xg+1,s\02,s (Gn> % a | \Ilﬁf’ (I)F7 DY)

= IP (th,[s],s (Gn[vl]> % A | \Il"ﬁ ¢F7 Dy)

Thus (5.13) implies that, when T is e=*"/*_refinable modulo k for Dy 4 g, P’

and vy,

1 e—)\n/k2

P _
‘[P <X0t+1,s\02,s (G”) % a | \IJW P, DY) - LC(t+1,5)—C(2,s)

< LO(t+1,8)—C(2,5) "

(5.15)

The remainder of the proof is technical and involves applying Lemma 5.15
twice to remove the dependence in (5.15) on ®r and Dy. If min (y) is not
too small, then, by assumption, almost all graphs are refinable for D, 4 s,
P and y. This enables the dependence on ®r to be removed with a small
error term. Using Lemma 5.19 to show that, almost surely, min (y) is not
too small, the dependence on Dy can be removed. However, in (5.15), the
variable is X7 | ., (Gy), while the result is about X/, (Gy). This can
be dealt with when removing the dependence on Dy, but this requires that
the number of coloured edges in G,[V'] is kept track of when removing the
dependence on Pr.

Fix r € [k]®= and let I, be the set of graphs I' on vertex set V' such that

Xg(l“) =r. For a fixed y and , apply Lemma 5.15 with:

P — ..
e F the event that XCtH,S\CQ,S(G”) =a
e F the event that XZ (G.[V]) =r, which is the union of the events
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®r for I' € 1

e J the set of those I' € I, which are e/ ¥ _refinable modulo k for

Dt7[3],g, P and Y.

By assumption, if y refines the profile of P’ and min (y) > pn, the random
graph G,[V'] is e= "/ k¥ _refinable modulo k for Dy 4,5, P’ and y with failure
probability at most e~**/*. Hence, as the graphs G,,[V'] and G, [U] and the

partition B are jointly independent,

P | @r|¥,.Dy | <e*, (5.16)
rel\J

It is immediate from Lemma 5.22 and min (P') > (i that

/ 1
HEAC PR
2C (2, 5) —5u*n? e vk
= e exp{é%(]?(l—p))zs_lk? “geea G170

Lemma 5.15 and equations (5.15), (5.16) and (5.17) imply that, for all y

refining the profile of P’ with min (y) > un,

/ 1
P (X, (G 2 XELGUVD 21| 9,,0) = oty

e_/\n/kQ <1 + %e—un/kQ) e—yn/k2
+ 2C(t+1,s)

—n/k?

<e J:C(t+1,5)—C(2,5) C(2,5)

efun/k2

using that k = o (\/n/ logn).
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The proof continues by removing the dependence on y, with v and r
fixed. It needs to be ensured that the variable X (G,) takes the right

value. Recall that Cs o = {(K3, (4,7)) : 1 <i < j <s}. Also
XZ;('Z,(i,i))(Gn) = X@ég,(i,z))(Gn[Vl]) + degp, (vi),
and for i # 7,

Xk .39 (Gn) = X 1.3 (GalV'])
= 1(viv; € E(Gn[U])) + degp/(vi) + degpr (v5) -
a if and

Hence, if X@is(Gn[V’]) r and G,[U] = v, then X£,3<Gn)

only if

®

degp: (vi) + degpy (vj) = a(is i) = Tras(igy — 1 (viv; € E(7)).

*

Note that degpi(vi) = > ., 1 |Bjal- Let Ty, be the set of (n,[s] x

{0, 1}®)-partitions y refining the profile of P’ such that

D Yio = A i) ~ T(Kai)

(K, (i.g)) — T (K, (irg)) — 1 (vivy € E(7)) -

(]
&
Q
+

(]
<
Q

=l

Hence, if X2 (G,[V']) =r and Gu[U] = 7, then X7 (G.) =a if, and only

if, Dy, holds for some y € T, 5.
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For a fixed v and r, apply Lemma 5.15 with:

e F the event that both X7

Cot31\Co.2 (Gp) % a and XZQ(G”[V/])

z D

e [7 the union of the events Dy for y € T, ;

e J the set of those y € T, such that min (y) > un, that is those y for

which (5.18) applies.

As dp/(v;) ~ Bin(|P;| = 1,p), k = o < /@) and min (P) > % + 1,

Lemma 5.21 implies that

1 1 dun
P D, |V — < expq — .
U y | ¥y 1.C(2.5) LC2s) P { 362 (p(1 — p))° ! }

Y€ r y

dp
However v < ) and so
1 e—l/n/k2
Pl U Dyl | = eas| < Joes (5.19)
Y€ r

Lemma 5.19 will be used to bound P <Uy€TM\J Dy>. Suppose that y €

Ty~ \ J. Then y;, < pun for some 1 < j < s and a € S. Hence
Pl U Dy <D D P(Bjal <un). (5.20)
YETr A \J j€E[s] €S

For a € S, let |a| = |{i : a; = 1}|. As |Bja| ~ Bin(|P;| — 1, plol(1 — p)s=lel),

Lemma 5.19 implies that

— (pll(1 = p)slel(| Py — 1) — ;mf}
2pl1(1 — p)>eI(| B — 1) |

P(|Bjal < pn) < exp{
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However, |P;| > s T 1 and so
2
el —pr (- p)) }

—(|P;] = 1) (pl*l(1 — p)=~lel —
2plel(1 — p)s~lel

P(|Bja| < pn) < exp{
—pn (1 — prlel(1 = p)lel)”
s [

< exp{

Hence (5.20) implies that

. —pn (1 = p*1ol(1 — p)lol)”
U Dy ) =s2 eXp{ op*Tel(1 — p)lel } '

yEYr A \J

)2 a (1 —p)°)? }, and some simple calculus

(1-p
(1 —p)l])? ) for all & € S. Hence

. : 1 1
implies that v < 5 ( (zpf—\al(l —p)lel

However, v < émm{

—vn/k?
‘ (5.21)

P U Dy < kC(2,5)+C(t+1,s)

yer,’y\J

\—/E‘

Recall that when X7 (G,[V']) =r and G, [U] = 7, the event XP (G)
Dy. Applying Lemma 5.15 to (5.18),

a is equivalent to the event Uyer
(5.19) and (5.21) gives
P o / 1
Gy = (P (XCM’S(G,%) =a,Xe, (Gu[VT]) =r |V ) ~ GO T0@s
- elen/k2 efun/lc2 1_’_671/n/k2 1 efun/k2
— kC@+1,5)+C(2,s) + LC(t+1,s) LC(2,5) + kC(t+1,5) [C(2,s)
4e—un/k2

< LC(t+1,5)+C(2,s)
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Finally

P(XZ,, (G =a)

o Z Z <Xct+1 s ) ; a, ngis(Gn[V/]) =r ‘ \ij) P (\I/,y)

k

and so, as there are k¢ choices for r,

2.2 PG

46—1/n/k2
LC(t+1,)

P (XE...(0) 5 2) - oy

<

as claimed. N

5.5 Xpg is uniformly distributed modulo £

Using the results of the previous sections, Theorem 5.6 can now be proved.

It is immediate from the following lemma.

Lemma 5.29. Let G,, € G(n,p). For fized integers T and s, and fized
0 < pu <1, the variable Xé‘;s(Gn) is exp {—Q (%)}—um’form modulo k for

every [s]-labelled partition A with min (A) > un.

Proof. The proof is by induction on 7" > 2, for all fixed s and u. The base case
is immediate from Lemma 5.22, with the assumption that k = o (W) :

The inductive step is proved by applying Lemmas 5.23 and 5.28. Let
s € Nand 0 < u <1 be fixed. Let T" > 3 and suppose that the inductive

hypothesis holds. Then both of the following hold.
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e For any [4°s]-labelled partition A of [n—s| with min (A) > Wm,
the random variable Xé,l 1o, (Gng) is exp {—Q (k%) }—uniform modulo

k.

e For any [2°s]-labelled partition A of [n — s] with min (A) > MTL,
the random variable Xg' (Gn_;) is exp {—Q (&) }-uniform modulo

k.

Let P be any [s]-labelled partition of [n—s], and let y satisfying min (y) >
MTL be any (n — s, [s] x {0,1}®)-partition refining the profile of P.
Lemma 5.23 and Lemma 5.11 imply that, with failure probability at most
exp {—Q (k"—Q) }, the random graph G,,_; is exp {—Q (k”—Q) }—reﬁnable modulo
k for Dr_1 510,13+, P and y.

Hence Lemma 5.28 implies that for any [s]-labelled partition A of [n]
with min (A) > pun > 24D, 4 1 the random variable X{;‘;ys(Gn) is

= 2(p(1-p))

exp {—Q (k%) }—uniform modulo k. This completes the proof. ]
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Chapter 6

Conclusion

6.1 Cycles in r-edge-coloured graphs

In Chapter 2 and Chapter 3, results were proved about the existence of cycles
of certain lengths in 2-edge-coloured graphs. In both cases, these results could
be viewed as generalisations of previous results concerning 1-edge-coloured
graphs. Hence it is natural to consider the more general setting of r-edge-
coloured graphs.

First consider Theorem 2.3. This states that a 2-edge-coloured graph with
sufficiently large order n and minimal degree at least %n is either isomorphic
to Ky (}ln), or contains a monochromatic cycle of length ¢ for all £ € [4, (%H :
This is a 2-colour version of Corollary 1.12, which states that graphs with
order n and minimal degree at least %n are either pancyclic or isomorphic to
K, (%n)

Note that K, (%n) is the bipartite graph with largest minimal degree,

while K4 (in) has the largest minimal degree among all graphs with a 2-
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bipartite 2-edge-colouring. If an r-edge-coloured graph has no odd cycles,
then it certainly can not have a cycle of length ¢ for all £ in some large range
of consecutive integers. Hence, in trying to generalise the above results to

r-edge-coloured graphs, the following definition is of use.

Definition 6.1. An r-bipartite r-edge-colouring of a graph G is an r-edge-
colouring E(G) =J,_, E(G,) such that each G, is bipartite.

Suppose that G is a graph which has an r-bipartite r-edge-colouring. This
colouring defines a partition of the vertex set of GG into at most 2" independent
sets. Hence G has minimal degree at most (1 — 5-) |G|. This leads to the

following conjecture, which is a generalisation of Theorem 2.3.

Conjecture 6.2. Let n > 3, and r be an integer. There exists an integer
R = R(r) such that the following holds. Let G be a graph of order n with
6(G) > (1 —5)n. If E(G) = U,_E(G,) is an r-edge-colouring, then either:

v=1

o foralll e [R, (%nu there is some 1 < v <r such that C, C Gj;;

o n s divisible by 2", G is the complete 2" -partite graph with classes of

order 27 "™n, and the colouring is a r-bipartite r-edge-colouring.

As noted before the conjecture, there are no graphs with minimal de-
gree greater than (1 - 2%) n with an r-bipartite r-edge-colouring. However,
the following example shows that there is a graph with order n and mini-
mal degree ( 11— 2%) n which has an r-bipartite r-edge-colouring, namely the
conjectured extremal graph Kor (Q%n)

Let (Ua)aeqo1y- be 2" disjoint sets of order ¢. For all a # o’ in {0,1}", let

H, o be the complete bipartite graph with vertex classes U, and U, . For

169



all 1 < v <r, let Z, be the set of (a,a’) such that, for all 1 <i < v —1,
a; = o; while a,, =1 and o), = 0. Let G, be the union of the graphs H, »
where (a,a’) € Z,. Let G.. be the graph G, with the addition of all edges
contained in U,, for all & € {0,1}". For all 1 < v < r, the graph G, is a
subgraph of the complete bipartite graph with vertex classes (J,., _o Ua and
Uaia,—1 Ua. Hence |, _; E(G,) is an r-bipartite r-edge-colouring of Ky (t).
Similarly |J/_} E(G,) U E(G") is an r-edge-colouring of Ky, with no odd
cycles of length greater than 2t.

When n is a multiple of 2", setting t = 2—£n gives an r-bipartite r-edge-

1

colouring of Kyr (27n), and an r-edge-colouring of K, with no monochro-

matic odd cycles of length greater than 2,%171 This is why the conjectured
interval for which a graph with minimal degree at least (1 — 2%) n other than
Ky (%n) has cycles of length ¢ only goes up to (QT—LM

Note that the case when r = 1 in Conjecture 6.2 corresponds to Corollary
1.12 and so is true with R(1) = 3. Theorem 2.3 implies that the case r = 2
is true for sufficiently large n, with R(2) = 4.

In Chapter 3, the monochromatic circumference of an edge-coloured graph
was considered. Let r be a positive integer and 0 < ¢ < 1. Recall that ®,(c)
is the supremum of the set of real-valued ¢ such that any r-edge-coloured
graph G of sufficiently large order n with minimal degree at least cn has
monochromatic circumference at least ¢n.

In Chapter 3, the value of ®;(c) and ®5(c) was given for all ¢ € (0,1). As
noted in that chapter, Theorem 1.14 implies that ®,(c) > %c for all positive

integers r and ¢ € (0,1). This gives a lower bound on ®, for all r, and

Lemma 3.15 gave an upper bound using graph constructions. In fact it was
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shown that, if there are r mutually orthogonal Latin squares of order m, then

(I)r+2(c) < W% for any ¢ < w

m

Suppose that, for » > 1 fixed, there is some constant M such that, for any

m > M, there are r mutually orthogonal Latin squares of order m. Then,

(r+2)m+1 (r42)(m=1)+1
for any m > M and N AR

m2 )

<c<

) T2 (r+2)(m +1)? :1+O<1)-

¢~ oom T ((r+2)m+1)m m

Note that, for all ¢ < (T”)(Mﬁ, there is some m. > M for which

(r+2)m.+1 s (r+2)(m.—1)+1

(me + 1)2 B mg

and that m, — oo as ¢ — 0. Hence ®,5(c) ~ —5c as ¢ — 0.

That, for any m > 1 there is a Latin square of order m is trivial. It
was proved by Bose, Shrikhande and Parker [11] that, for any m > 7, there
are two mutually orthogonal Latin squares of order m. This implies that

®5(c) ~ 3¢ as ¢ — 0 and that ®4(c) ~ fc as ¢ — 0.

It is not in general known, for a fixed r, for which values of m there are
r mutually orthogonal Latin squares of order m. However, it was shown by
Bose [10] that, if m is a prime power and r—1 < m, then there are r mutually
orthogonal Latin squares of order m. By considering prime numbers, this

implies that lim supq)g—(cc) = 1. This leads to the following conjecture.

c—0 T

Conjecture 6.3. For anyr > 5, ®,(c) ~ Lc as ¢ — 0.

More generally, it may be asked what the value of ®,.(c) is for any r > 3

and ¢ € (0,1).
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6.2 2-factors with three or more components

Chapter 4 considered 2-factors in hamiltonian graphs. In particular, Theorem

4.2 showed that a hamiltonian graph with order n and minimal degree at least

5—/7
6

n+ 2 contains a 2-factor with two components. Recall that ¢(n, k) is the
smallest integer such that every hamiltonian graph of order n with minimal
degree at least ¢(n, k) has a 2-factor with k& components. The method used
to prove Theorem 4.2 compares three neighbourhoods and so is likely to be
limited to showing that c(n,2) < dn for d > .

For any fixed k > 3, Theorem 1.21 implies that ¢ (n, k) < % for sufficiently
large n, which is only a slight improvement on the trivial bound implied by
Theorem 1.19. One possible way to improve the bound given by Theorem
1.21 is outlined below. This relies on Conjecture 6.4, which states that a
hamiltonian graph with large enough minimal degree contains a 2-factor with
two components in which one of the components is small. Note that a small
adaptation in the proof of Theorem 4.2 implies that, for € > 0, a hamiltonian

graph with minimal degree at least <5_T‘ﬁ + e) n has a 2-factor with two

components, in which both components have order at least en.

Conjecture 6.4. There exists ¢ < = such that, for all € > 0, there exists

1
2
ng = no(€) such that the following holds. Any hamiltonian graph with order
n > ng and minimal degree at least cn has a 2-factor with two components

in which one of the components has order at most en.

If true for some c¢ significantly less than %, this conjecture would imply

the following theorem.
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Theorem 6.5. Assume Conjecture 6.4 holds with ¢ = ¢o. For all € > 0 and
for all integers k > 2, there exists ny(€, k) such that the following holds. Any
hamiltonian graph with order n > ny and minimal degree at least (co + (k —
2)e)n has a 2-factor with k components in which all but one of the components

have order at most en.

Proof. Fix € > 0, and let ny(¢, k) = % where ng(e) comes from Con-
jecture 6.4. Proceed by induction on k. The case k = 2 follows immediately
from Conjecture 6.4.

Let G be a hamiltonian graph of order n > n; with minimal degree at
least (co + (k — 2)e)n. As ni(e, k) > ny(e, k — 1), the inductive hypothesis
implies that G contains a 2-factor with £ — 1 components in which k — 2 of
the components have order at most en. Let C1, ..., Ci_1 be the cycles of this

2-factor, with |C;| < en forall 1 <i <k — 2.

Let G1 = G[V(Ckfl)] and GQ = G[V(G) — V(Ck,1>] Then
5(G1) Z (Co + (k — 2)6)77/ — |G2| Z Con Z Co|G1‘.

Hence, if Conjecture 6.4 is true, G; has a 2-factor with two components C},_,
and C}, where |C}_;| < en. Thus C; U---Cy_o U C)_; U}, is the required

2-factor of G with k components. O

If Conjecture 6.4 holds, then Theorem 6.5 immediately implies the fol-

lowing upper bound on c¢(n, k).

Corollary 6.6. Assume Conjecture 6.4 holds with ¢ = ¢q. For all € > 0 and
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all integers k > 2, there exists nyi(e, k) such that, for all n > nq(€, k),

c(n, k) < (co+ (k—2)e)n.

6.3 The distribution of Xy modulo k£ for a
disconnected graph H

In Chapter 5, it was shown that, for constant p and £ = o (W),
Xc(Gy) is exp{—(n/k?) }-uniform modulo k, for any finite set C of connected
graphs. There are several questions which may be posed, based on this result.

Firstly, what happens for larger values of k7 Note that, for any finite set C
of graphs, X¢(G,,) is O (k:'c‘)—uniform modulo k for any k. Hence, if k > n?,
then X¢(G,,) is trivially exp{—(n/k?)}-uniform modulo k. Lemma 5.22
implies that, if & = o (ﬁ), then X, (G,) is exp{—Q(n?/k?)}-uniform

modulo k. This leads to the following conjecture.

Conjecture 6.7. Let p € (0,1) be a fized real number and let G,, € G(n,p).
Let C be a finite set of connected graphs. Let k be an integer-valued function

of n with k = o <\/n/ logn>. Then Xc(G,) is exp{—Q(n?/k*)}-uniform

modulo k.

Another possible extension would be to consider what happens if p — 0
as n — oo. Note that, in this case, there may be graphs H such that Xy is
almost surely equal to zero.

Note that Lemma 5.25 implies that, for any disconnected graph H, the

value of X modulo k£ can be determined from the value of Xe,,;, modulo k.

174



Suppose that H is the disjoint union of a single edge and a path of length
three. The following equation is obtained by considering how an edge and a
path of length three may intersect. Let Hy and H; be the graphs pictured
in Figure 6.1. Then

XPS (G)XPI (G>

= XP3UP1 (G) + 2XP4 (G) + 2XH1(G> + 4XC4 (G> + 2XH0<G) + 3XP3<G)'
(6.1)

Figure 6.1: The graphs Hy and H;.

In particular,

XP3UP1 % XP3 (1 + XPl) )

and hence Theorem 5.3 implies that

1 1
’[P (Xp3up1 % 1) — Z’ = ‘[P ()(p3 % 1 and Xpl % O> - Z‘

<exp{—Q(n)}.

Hence Xp,up, is not approximately uniform modulo 2.
This phenomenon appears to be rare, and it is conjectured that, in fact,

1t 1s rare.
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Conjecture 6.8. There is a finite set H of graphs such that the following
holds. Let k be a constant, and let € be a constant, which is significantly less
than % Then, for any graph H ¢ H with no isolated vertices, the variable

Xy is e-uniform modulo k.
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Appendix A

Proof of the r-coloured

Regularity Lemma

In this appendix, a proof is given of the degree form of the r-edge-coloured
version of the Regularity Lemma (Theorem 2.9). The first stage will be to
prove Theorem A.3, which is a general form of the r-edge-coloured version
of the Regularity Lemma. The following two definitions are properties of

partitions, which allow Theorem A.3 to be stated simply.

Definition A.1 (Equitable partition). Let P = (V;)fzo be a partition of a
set V.. Then P is an equitable partition with exceptional class Vy if, for all

1 <i <k, the sets V; have the same order.

Definition A.2 (Regular partition). Let G be a graph of order n with an
r-edge-colouring E(G) = J,_, E(G,). For e > 0, an equitable partition
P is eregular if |Vo| < en, and, with the exception of at most ek* pairs

1 <i<j <k, the graph G, [Vi,V}] is e-reqular for all 1 <v <r.
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Theorem A.3 (The r-coloured Regularity Lemma). For any 0 < € < 3
and integers m and r, there exists an M such that, if G is a graph of order
n > m with an r-edge-colouring E(G) = \J,_, E(G,), then there is an e-

regular partition (V)

o of G withm <k < M.

The proof of Theorem A.3 will follow that of the (non-coloured) regularity
lemma given by Bollobés [5, p.124-129]. The following two lemmas stated in

[5] are required.

Lemma A.4. Let 0 < v,6 < 1. Suppose that X and Y are disjoint sets
of vertices of a graph G, and X* C X and Y* CY are such that | X*| >
(1—=")|X|>0and |Y*| > (1=0)|Y|>0. Then

Lemma A.5. Let 1 <t < s be integers and, for 1 < i < s, let d; be a real
number. Set D =313 di andd =33 d;. Ift > s and |D —d| > § >
0, then

1 S
=Y d2 > D447
S

i=1
Of crucial use in the proof will be the index of an equitable partition of

the vertex set of a graph.

Definition A.6. Let G be a graph of order n with an r-edge-colouring
E(G)=U,_, E(G,). For an equitable partition P = (Vi)fzo of V(G), let

nd(P)= 15 33" 30 2.

v=1 i=1 j=i+1
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The following lemma shows that for an equitable partition P which is
not e-regular, there is an equitable partition Q with a significantly higher
index than P, such that the exceptional set of Q is not too much bigger than
that of P. This, together with the fact that ind (P) < 3 for any equitable

partition P, will prove Theorem A.3.

Lemma A.7. Let G be a graph of order n with an r-edge-colouring E(G) =
Ul_ E(G,). Let P = (V;)k, be an equitable partition of V(G), with |V;| =
s > 2%+ for all 1 < i < k. Suppose that P is not e-reqular, for some
0 <e< % with 27F < %. Then, setting { = k:(4k —2’“*1), there is an

equitable partition Q = (Uy)‘_, such that

o Vo C U and |Us| < |Vo| + 5en;

5

e ind(Q)>ind(P)+ <

1

Proof. Suppose that (V;,V;) is not e-regular for G, for some 1 < v <r, and
let v;; be the minimal such v. Let V;; C V; and V}; C Vj be sets such that

[Vigl = €lVil, [Vjil = €[V} and

If a pair (V;,V}) is eregular for G, for all 1 <v <, let Vi; = Vj; = 0.

For 1 <i <k, and any I C [k]\ {i}, let
Wir= (Vi N[\ Vi\ Vi,
jel igl
so that the W, ; are the atoms of V; with respect to the sets V;;. Let H =
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4k —2k=1 and d = |s/4%| > 2F*1 so that 4kd < s < 4F(d +1).

For all 1 < ¢ < k, partition each atom of V; into as many as possible
subsets of order d and a small set of leftover vertices. In doing so, each atom
has at most d — 1 leftover vertices, and there are at most 2*~! non-empty

atoms. As

Hd 4+ 2F"Y(d — 1) = d4* — 2" < 5 = |V,

there are at least H such subsets of V;, which are now labelled as Dj,.

Let V, = U, Din and V_U = UDithij Dy,. It will be shown that, for all i

and j, the sets V; \ V; and Vj; \ Vi; are small. Firstly,

[$38

VA\Vi| s—Hd _4*+21q 1 1
< < = -+ 507 <
Vil 4kd 4kd d = 2k

€

27k <
- 8

. (A.2)
Clearly, if (V;,V;) is eregular for G, for all 1 < v < r, then Vj; = Vj; = (.
Suppose that (V;,V}) is not e-regular for G,,;. Then, by (A.2),

|Vij \ Vil < Vi \ Vil < et
Vil e Vil 8

and

Vil > |Vij] = Vi \ Vil > (e = €/8) [Vi] > (1 —277) €|Vi]. (A4)

Using the bounds (A.2) and (A.3), Lemma A.4 now implies that, for all

I<i<j<kand1<v<r,



and

o 4
d, (V5 V) = d (Vig, Vi) < T (A.6)
Also, applying Lemma A .4 to the uncoloured graph G gives
— 65
This implies that
DAy (Vi Vi) =) d (Vi V)
v=1 v=1
- Z(di/ (V;?‘/J)"i_dl’ (Vuvj)) (dV (VZ>VJ) dl’ (VZ’VJ))
v=1
(d(Vi, V) —d (Vi V)
&5
< 5 (A.7)

For any pair (V;,V;) and colour v the Cauchy-Schwarz inequality implies

that

=d,(V;, V). (A.8)

Using Lemma A.5, this bound can be improved for pairs (V;, V;) which are

not e-regular for G, ;. For such a pair (V;, V;) the equations (A.1), (A.5) and
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(A.6) imply that
1, (VaV) —dy (V3 V)| 2 e— & - © = o (A.9)

Hence, Lemma A.5 and the bound (A.4) imply that

H H R 9
1 Vel /1
§ : E dz2/ 'DHLJDJU) > d2(VZ,V;) |V—||EZ| (_56)
= [Vil[v;] \16
— — 3
> (V. V) + e (A.10)

Relabel the sets Dy, as (U;);_, and let Uy = Vo UUY_, V; \ V. Tt remains

to show that the partition Q = (U, )Z o has the desired properties. Firstly
k Eq n
Uol = [Vl = D[V Vi < D~ g Vil < 35

=1 =1

where the middle inequality follows from (A.2).

The proof is complete if the index of Q can be shown to be much larger

than the index of P. Firstly,

nd (@)=Y Y &)

v=1 1<i<j<t
1 1 H H
> (mgg DWDM)

v=1 1<i<j<k

Hence, as at least ek? pairs are not regular for some colour, (A.10) and (A.8)
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imply that

, 1 [ — — 3
ind (Q) > 72 (Z Z d2(V,, V;) —l—ekQZe‘l)

v=11<i<j<k

- ( 3 de,vj)) 36,

1<i<j<k v=1

Finally, (A.7) implies that

ind(@?%( 2 ( ldim,vj)—%))ﬁeﬁ

1<i<j<k \v=
1
=ind (P) + 1_165

as claimed. H
Lemma A.7 can now be used to deduce Theorem A.3.

Proof of Theorem A.3. Set t = |2¢7°]. Define kg, ki, ...,k by setting ko
to be the minimal integer satisfying kg > m and 27% < ¢5/8, and, for all
1 <i <t setting ki1 = k; (4% — 2%71). The proof will show that M = k'
will do.

Let G be an r-edge-coloured graph of order n > m. If n < M, partitioning
G into n singletons gives a O-regular partition. Hence it can be assumed that
n> M.
ko

Let Py — (V}O))‘

1=

be a partition of V(G) chosen so that
0

VOl = n/ko)
< ko < gn. If Py is e-regular, then the

k
proof is complete. If not, let P; = <V0(1) > 1 be the partition obtained from

i=0
VO(O)’ + 550 and ind (Py) > ind (Po) + é‘ Repeat

for all 1 < i < k¢ and hence ‘VO(O)

Lemma A.7, with ’vo(”

<
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this process until an e-regular partition is obtained.

Note that there is some e-regular partition P; for 0 < j <, else

ot

1
ind (Ppy1) > ind (Po) + (¢ + 1)6Z =

a contradiction as ind (P) < 5 for any partition P. Finally

1
2

J
—i—nZT’“ <n (E + 21_k0> < en

V(j)
‘ 0 2
=1

< ‘V(')(O)

as required. O

The degree form of the 2-edge-coloured Regularity Lemma can now be

deduced.

Proof of Theorem 2.9. Suppose that € > 0, and integers r and m are given.

Let € = min {1ze?, L€} and m' = Li”%;‘. Let G' be an r-edge-coloured
graph with order n > m/. Apply Theorem A.3 to GG to obtain an ¢-regular
partition Q = (W;)i, with m’ <1< M. Let t' := |W,], so that [W;| = #' for
all 1 <4< /. Also 'l < n.

For 1 <i <, let J; be the set of j # i such that, for some 1 < v < r, the
graph G, (W;, W;) is not €’-regular. Let I be the set of 1 < ¢ <[ such that
|Ji| > %el. By the definition of a regular partition, 22:1 | J;] < 2€'I?, and so
1| < zel. Relabelling if necessary, it can be assumed that I = [k + 1,1], for
some integer k > (1 — %e) [ >m.

For 1 <i < kand1l < v < r, let K;, be the set of j ¢ J; such
that d,(W;,W;) < n+¢€ and let W;, = UjeKW W;. Let U;, be the set

of v € W; such that there at least (n + 2€¢')|W,,| edges from v to W, in
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Gy. Then d,(U;,,W;.,) > n+ 2€, and so there is some j € K;, such that
d, (Ui, W;) > n+2€. As G, (W;,W;) is €-regular and d,(W;, W;) < n+¢€,
this implies that |U;,| < €|W;| = €'t

For1 <i: <k, let U; = Ulgugr Ui, and V; = W; — U;. By adding vertices
to U; as necessary, ensure that all sets U; have the same order t” < re’t’. Also
let

Vo =WoulJwiul U

el igI

Let G’ be the subgraph of G obtained by removing the following sets of edges:
e edges within V; for any 1 < i < k;

e edges between V; and Vj for 1 <1i < j < k such that, for some 1 <v <

r, the graph G, (W;, W;) is not €-regular.

e edges coloured v between V; and V; for 1 < i < j < k such that

je K,

The proof is completed by showing that the graph G’ and the partition
Vo U Ui¢ ; Vi satisfy the conditions of the Theorem.
Note that there are k = [ — |I| non-exceptional clusters, and that m <
k< M. Also,
k

Vol = V5l + D IWil + > U]

i€l i=1

1
< én+ gelt' + lre't!

< €en
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as required. By construction, all clusters V; have the same order t :=t' —t”,
and there are no edges within any V.
Suppose that 1 < ¢ < k, and v € V;. The edges incident to v which are

deleted to form G’ are those from v to | Vj, and edges coloured v from

Je{ituJ;
v to UjeKl-u V; € W,,. However, degvj (v) <t forall1<j<k Alsoi¢ [
implies that |J;| < sel. Finally, as v ¢ U;,, there at most (n+ 2¢') |W,, |

edges from v to W, , in G,. Hence

1 / - /
dege(v) > degy(v) — (1 + §d> t'— Z (n+2€) W,

r=1

2
> degg(v) — €~ r(n+2€)n

> degg(v) = (rn + €)n,

as required.

The proof is complete if, for all 1 <i < j <k and 1 < v < r, the graph
G, (V;,V;) is e-regular with a density either zero or at least . If there are no
edges in G!, between V; and V; then G, (V;,V;) is e-regular with density zero.
Suppose now that there are edges in G, between V; and V;. Then G, (W;, W)
is €’-regular, with density at least n+ € and G,(W;, W;) = G, (W;,W;). As
\Vi| > (1 —€) [W;] and |V};]| > (1 — €) |W;|, Lemma 2.8 implies that G/, (V;, V)

is e-regular with density at least 7, completing the proof. O]
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