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2 Abstra
tA spe
tral Petrov-Galerkin s
heme for the numeri
al approximation of 
ow in a 
ir
u-lar pipe is presented. The mathemati
al formulation is presented in detail fo
using on theanalyti
ity of solenoidal ve
tor �elds used for the approximation of the 
ow. A 
omprehen-sive study of linear stability is reported for axisymmetri
, non-axisymmetri
, streamwisedependent and streamwise independent perturbations . The s
heme provides spe
tral a
-
ura
y in all 
ases studied and the numeri
al results are in agreement with former works.A parametri
 exploration of pseudospe
tra and transient growth has been 
arried out forthe aforementioned 
ases.1 The pipe 
ow problemThe pipe or Hagen-Poiseuille 
ow problem is the problem of 
uid motion in an in�nite 
ir
ularpipe, whose radius we will 
all a. The 
uid is driven axially by an uniform external pressuregradient �0ẑ in the dire
tion of the axis of the pipe (Bat
helor, 1967). The behaviour of the
uid is governed by the in
ompressible Navier-Stokes equations:�tv + (v � r)v = ��0� ẑ �rp+ ��v (1.1)r � v = 0; (1.2)where v is the velo
ity ve
tor �eld whi
h must be zero over the 
ylinder wall, p is the redu
edpressure, � is the density of the 
uid and � = �=� is the kinemati
 vis
osity, � being thedynami
 vis
osity. Equations (1.1-1.2) 
an be rewritten in 
ylindri
al 
oordinates (r; �; z) asfollows: �tu+ u�ru+ vr ��u+ w�zu� v2r = ��rp+ ��u� 2r2��v � ur2 ; (1.3)�tv + u�rv + vr ��v + w�zv + uvr = �1r��p+ ��v + 2r2��u� vr2 ; (1.4)�tw + u�rw + vr ��w +w�zw = ��0� + ��w; (1.5)�ru+ 1r��v + �zw + ur = 0; (1.6)(u; v; w) = 0 for r = a; (1.7)where u, v and w are the radial, azimuthal and axial 
omponents of the velo
ity ve
tor �eld v,respe
tively. In these equations, � stands for the Lapla
ian operator in 
ylindri
al 
oordinates,� = �2r + 1r�r + 1r2�2� + �2z : (1.8)By assuming 
ertain symmetries we 
an derive analyti
ally a basi
 solution of the equations(1.3-1.7). The basi
 
ow 
an be derived assuming a steady solution independent of the axialand azimuthal 
oordinates (z; �). In addition, the 
ow �eld is assumed to be oriented in thedire
tion ẑ of the axis of the pipe. In other words, the basi
 
ow vB = (uB ; vB ; wB) satis�esuB = vB = �twB = ��wB = �zwB = 0: (1.9)
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Figure 1: Hagen-Poiseuille 
ow. The basi
 
ow vB(r) is driven by the axial pressure gradient�0ẑ.The basi
 solution is (1.3-1.6) and (1.9) is found to bewB(r) = � �04�� �1� � ra�2� ; �rp = 0; ��p = 0; (1.10)whi
h is an axisymmetri
 paraboli
 velo
ity pro�le usually termedHagen-Poiseuille 
ow (Bat
h-elor, 1967). The velo
ity of the 
uid attains a maximum value UCL = ��0=4�� at the 
enter-line or axis of the 
ylinder. A geometri
al sket
h of the Hagen-Poiseuille 
ow is given in �gure1.2 Linear StabilityIn this se
tion, we suppose that the basi
 
ow is perturbed by an in�nitesimal solenoidalvelo
ity �eld whi
h must vanish over the 
ylinder wall,v(r; �; z; t) = vB(r) + u(r; �; z; t); r � u = 0; ur=a = 0; (2.1)and a perturbation pressure �eldp(r; �; z; t) = pB(r) + q(r; �; z; t); (2.2)where u and q are the velo
ity and redu
ed pressure perturbation �elds, respe
tively. Onintrodu
ing v in (1.1{ 1.2), we obtain the equation for the perturbation �elds�tu = �rq + ��u� (vB � r)u� (u � r)vB � (u � r)u: (2.3)Negle
ting the nonlinear term (u � r)u, we obtain the linearized Navier-Stokes equations forthe perturbation, �tu = �rq + ��u� (vB � r)u� (u � r)vB : (2.4)
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eforth, all variables will be rendered dimensionless using a and UCL as spa
e and velo
ityunits, respe
tively. This nondimensionalization pro
edure leads to the so 
alled adve
tive time�a = a=UCL. In other words, a 
uid parti
le initially lo
ated at the axis of the pipe is adve
teddownstream by the basi
 
ow one pipe radius a after a time �a. The nondimensionalization ofthe variables and the di�erential operators is summarized as follows:[a℄ = L; [ aUCL ℄ = T; (2.5)r = ar�; z = az�; u = UCLu�; vB = UCLv�B = UCL(1� r�2); q = U2CLq�; (2.6)�t = UCLa ��t ; r = 1ar�; � = 1a2��; (2.7)where � stands for dimensionless variables and operators. Substitution of these previous quan-tities in (2.4) leads to the nondimensional equation of the perturbation�tu = �rq + 1Re�u� (vB � r)u� (u � r)vB ; (2.8)where we have dropped the � symbols for simpli
ity and the Reynolds number Re is de�ned byRe = aUCL� :Fourier analysis ensures that without loss of generality we may assume integer periodi
ity inthe azimuthal 
oordinate � and real periodi
ity in the axial 
oordinate z. Thus, we writev(r; �; z; t) = vB(r) + ei(n�+kz)+�tu(r); (2.9)p(r; �; z; t) = pB(r; z) + p0(r)ei(n�+kz)+�t; (2.10)where n 2 N, k 2 R, � 2 C . Sin
e � is in general a 
omplex number, we are not assumingperiodi
ity in time. The boundary 
onditions for u areu(0) bounded; u(1) = 0 (2.11)On introdu
ing (2.9) and (2.10) into (2.8), we obtain the following eigenvalue problem:�u = �rp0 + 1Re�u� vB � ru� u � rvB; (2.12)where rp0 is the perturbation of the redu
ed pressure gradient. In addition, the perturbation�eld must satisfy the solenoidal 
onditionr � [ei(n�+kz)+�tu(r)℄ = 0: (2.13)In order to solve (2.12)-(2.13) numeri
ally, we will utilize a spatial dis
retization with a basisof ve
tor �elds whi
h satisfy (2.13) identi
ally. This set of solenoidal ve
tors must satisfyregularity 
onditions at the origin and homogeneous boundary 
onditions at the wall r = 1.It should be stressed that r = 0 is a regular singular point of the boundary value problem(2.12) when that problem is expressed in polar 
oordinates (there is no singularity in 
artesian
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oordinates). Therefore, in order to obtain analyti
 solutions in a neighbourhood of the origin,an analysis of the Taylor expansion of the ve
tor �elds will be needed. After obtaining theproper set of solenoidal fun
tions, the operator (2.12) will be proje
ted over another subspa
e ofsolenoidal ve
tor �elds whose regularity and boundary 
onditions will be studied in a moment.This method is a Petrov-Galerkin s
heme, be
ause the proje
tion is 
arried out over a di�erentset of fun
tions from those used to expand the solution itself. The next se
tion will deal withthe regularity analysis of the approximating fun
tions as well as symmetry and properties ofthe test{proje
tion �elds.2.1 Linearized Navier-Stokes equation: regularity analysisFrom now on, we 
onsider perturbation �elds of the formu = [vr(r)er + v�(r)e� + vz(r)ez℄ei(kz+n�); k 2 R; n 2 Z: (2.14)With the previous fun
tional stru
ture, the expli
it expressions of the linearized perturbationequation (2.12) be
ome1Re �D2vr + 1rDvr ��n2 + 1r2 + k2� vr � 2inr2 v��� ikwBvr = �vr; (2.15)1Re �D2v� + 1rDv� ��n2 + 1r2 + k2� v� + 2inr2 vr�� ikwBv� = �v�; (2.16)1Re �D2vz + 1rDvz ��n2r2 + k2� vz�� ikwBvz � vrDwB = �vz; (2.17)see (Meseguer, 1998), where wB(r) is the basi
 
ow of (1.10) and D = d=dr. We do not in
ludethe pressure term rp0 in this system be
ause it will not a�e
t our later 
omputations. In fa
t,any gradient �eld will vanish when proje
ting over a solenoidal spa
e. The perturbation �eld(vr; v�; vz) must satisfy the solenoidal 
ondition (2.13), whose expli
it expression isDvr + 1r vr + inr v� + ikvz = 0; (2.18)and no-slip boundary 
onditions at the wall,vr(1) = v�(1) = vz(1) = 0: (2.19)The regularity 
onditions will be determined by the boundedness of the solution (vr; v�; vz)over the 
enterline of the pipe (r = 0). As mentioned earlier, r = 0 is a regular singular point.We 
onsider the Taylor expansion of the �elds (vr; v�; vz) as fun
tions of r:vr(r) = a0 + a1r + a2r2 + a3r3 + � � � (2.20)v�(r) = b0 + b1r + b2r2 + b3r3 + � � � (2.21)vz(r) = 
0 + 
1r + 
2r2 + 
3r3 + � � � (2.22)



6Substitution of (2.20){(2.22) in (2.15){(2.17) gives the following expressions:2a2 + 6a3r + � � �+ 1r [a1 + 2a2r + 3a3r2 + � � � ℄� n2 + 1r2 [a0 + a1r + a2r2 + � � � ℄� k2[a0 + a1r + � � � ℄� 2inr2 [b0 + b1r + b2r2 + b3r3 + � � � ℄� ik(1� r2)[a0 + a1r + � � � ℄Re= �[a0 + a1r + a2r2 + � � � ℄Re (2.23)for the radial velo
ity,2b2 + 6b3r + � � �+ 1r [b1 + 2b2r + 3b3r2 + � � � ℄� n2 + 1r2 [b0 + b1r + b2r2 + � � � ℄� k2[b0 + b1r + � � � ℄+ 2inr2 [a0 + a1r + a2r2 + a3r3 + � � � ℄� ik(1� r2)[b0 + b1r + � � � ℄Re= �[b0 + b1r + b2r2 + � � � ℄Re (2.24)for the azimuthal velo
ity, and2
2 + 6
3r + � � � + 1r [
1 + 2
2r + 3
3r2 + � � � ℄� n2r2 [
0 + 
1r + 
2r2 + � � � ℄� k2[
0 + 
1r + � � � ℄� ik(1� r2)[
0 + 
1r + � � � ℄Re� 2r[a0 + a1r + a2r2 + � � � ℄Re= �[
0 + 
1r + 
2r2 + � � � ℄Re (2.25)for the axial velo
ity.In the limit r ! 0, the left-hand sides of equations (2.23), (2.24) and (2.25) are boundedonly if the following relations between the 
oeÆ
ients ai; bj ; 
k are satis�ed:(n2 + 1)a0 + 2inb0 = 0; (2.26)n2a1 + 2inb1 = 0; (2.27)2ina0 � (n2 + 1)b0 = 0; (2.28)2ina1 � n2b1 = 0 (2.29)for the �rst 
oeÆ
ients of the radial and azimuthal 
omponents of the perturbation, andn2
0 = 0; (2.30)
1(1� n2) = 0 (2.31)for the �rst 
oeÆ
ients of the axial 
omponent. A straightforward analysis of the 
ompatibilityfor the systems (2.27), (2.29), (2.26), (2.28), (2.30) and (2.31) leads to the restri
tions on the
oeÆ
ients listed in Table 1.



7n a0 b0 
0 a1 b1 
10 0 0 � � � 0�1 � �i� 0 0 0 ��2 0 0 0 � �i� 0�3;�4; : : : 0 0 0 0 0 0Table 1: Table of the regularized 0th and 1st order 
oeÆ
ients of the perturbation �eld. Thesymbols �; � and � stand for free parameters. The pres
ribed values are valid for any value ofk. n a0 b0 
0 a1 b1 
10 0 0 � ��ik=2 � 0�1 � �i� 0 0 0 ��2 0 0 0 � �i� 0�3;�4; : : : 0 0 0 0 0 0Table 2: Table of the regularized 0th and 1st order 
oeÆ
ients of the perturbation �eld modi�edto satisfy the solenoidal 
ondition (2.18). The symbols � and � stand for free parameters.The solenoidal 
ondition (2.18) may impose more restri
tions on the previous 
oeÆ
ients.Substitution of the expansions (2.20){(2.22) in (2.18) leads to the 
onditiona1 + 2a2r + � � �+1r [a0 + a1r + a2r2 + � � � ℄+inr [b0 + b1r + b2r2 + � � � ℄ + ik[
0 + 
1r + � � � ℄ = 0: (2.32)In order for (2.18) be satis�ed in the limit r ! 0, the 
oeÆ
ients ai, bj and 
k must satisfy thefollowing relations: a0 + inb0 = 0; (2.33)2a1 + inb1 + ik
0 = 0: (2.34)The 
onditions (2.34) and (2.33) introdu
e only a minor 
hange in a1 for n = 0 (see Table 2).2.2 Analyti
ity of ve
tor �elds in polar 
oordinatesSo far we have derived some restri
tions for the solenoidal perturbation �elds. Boundednessof �elds as well as the solenoidal 
ondition at the origin have been imposed in order to havea better understanding of the lo
al behaviour. Nevertheless, these 
onditions do not ensurethat the fun
tions are analyti
 in a neighbourhood of the origin. The restri
tions obtainedso far 
on
ern regularity of solutions of a system of di�erential equations, whi
h only requiresdi�erentiability.In order to have spe
tral a

ura
y in the numeri
al approximation of the eigenvalue prob-lem, analyti
ity of the ve
tor �elds is required in the interval [0; 1℄. Transformations to polar
oordinates are singular at r = 0, making ne
essary a spe
ial treatment of our solution fun
-tions in a neighbourhood of the origin. At this point, we must think of a 
omplex variable



8problem instead of a real one. The domain of our problem is 
 = fz 2 C ; jzj � 1g. Theanalyti
ity of the ve
tor �elds in the polar axis is ensured provided that the 
omponents satifythe following property:Theorem 2.1 (Priymak & Miyazaki) Consider an analyti
 ve
tor �eld u(r; �) = ein�[vr(r)êr+v�(r)ê�+vz(r)êz℄ (n 2 Z) for r � � for some � > 0. The radial, azimuthal and axial 
omponentsof u must satisfy the following 
onditions :vr = rfE(r); v� = rgE(r) (n = 0) (2.35)vr = rjnj�1fE(r); v� = rjnj�1gE(r) (n 6= 0) (2.36)for the radial and azimuthal 
omponents, andvz = rjnjhE(r) (8n 2 Z) (2.37)for the axial 
omponent, where fE, gE and hE are fun
tions whi
h are analyti
 and even.From the 
oeÆ
ients listed in table 2, it 
an be demonstrated that our solenoidal solutionssatisfy the 
onditions of theorem 2.1. In addition, a straightforward Frobenius method providesthe right parity 
onditions required by this theorem. In fa
t, equations (2.15){(2.17) are Bessel-type di�erential equations. Therefore, for n even, n2 in (2.17) is also even, but n2+1 in (2.15)and (2.16) is odd, vz being an even fun
tion. By the same rule, vr and v� are odd fun
tions.The same reasoning 
an be applied for n odd. For a more detailed explanation of the symmetryand analyti
ity of polar ve
tor �elds see (Boyd, 1999), (Canuto et al. , 1988) or (Priymak &Miyazaki, 1998), for example.2.3 Analyti
 solenoidal bases and Petrov-Galerkin proje
tionThis se
tion deals with the generation of solenoidal bases for our approximation of the ve
tor�eld, whi
h take the form u = ei(kz+n�) MXm=0 a(1)m v(1)m + a(2)m v(2)m (2.38)and satisfy the analyti
ity and parity 
onditions of last se
tion. The �elds v(1)m and v(2)m satisfythe zero-divergen
e 
ondition r � [ei(kz+n�)v(1;2)m ℄ = 0: (2.39)Our main goal is to approximate solutions of the eigenvalue problem (2.15){(2.17) by a spe
tralexpansion (2.38). After substitution of the spe
tral expansion in the eigenvalue problem, thelinearized operator is proje
ted over another subspa
e of divergen
e-free �elds (the dual or testspa
e). Therefore, two di�erent sets of ve
tor �elds are needed, one for the physi
al or trialspa
e, and the other for the dual or test spa
e, both solenoidal.There are many di�erent ways of obtaining divergen
e-free �elds in polar 
oordinates,(see (Moser et al. , 1983) for example). We pro
eed in the same way as in appendix C of(Meseguer, 1998). The solenoidal 
ondition (2.18) introdu
es a linear dependen
e betweenthe 
omponents vr, vz and v�. Therefore, there are only two degrees of freedom. We willdistinguish four di�erent situations, streamwise dependent or independent and axisymmetri
or non{axisymmetri
 �elds:



9� Case I: Axisymmetri
 streamwise dependent (k 6= 0, n = 0).Regarding the expli
it solenoidal 
ondition (2.18) for n = 0,�D + 1r� vr + ikvz = 0; (2.40)we have a linear dependen
e between the 
omponents of the ve
tor �eld. We make use ofmatrix notation in order to identify radial, azimuthal and axial 
omponents:0� vrv�vz 1A = vrer + v�e� + vzez: (2.41)In this 
ase, equation (2.40) introdu
es a dependen
e between radial and axial 
omponents,rendering the azimuthal one free. In other words, any element of this subspa
e 
an be expressedin the form 0� VrV�Vz 1A = �0� 0v�0 1A+ �0� �ikvr0D+vr 1A ; (2.42)where D+ = D+ 1r . Our aim is now to �nd suitable fun
tions vr and v� su
h that the 
onditionsof theorem 2.1 as well as homogenous boundary 
onditions are satis�ed. For the azimuthal
omponent we 
onsider v�(r) = rhm(r); (2.43)where hm(r) = (1� r2)T2m(r) (2.44)In the de�nition of the fun
tion hm(r), T2m(r) stands for the Chebyshev polynomial of order2m. The fa
tor (1 � r2) is added to make the ve
tor �eld vanish over the wall. The fa
tor ris ne
essary so that the analyti
ity 
onditions of theorem 2.1 are satis�ed at the origin. Notethat a fa
tor (1 � r) would provide the right boundary 
ondition, but wrong parity for thetheorem. We pro
eed in the same way for the radial 
omponent:vr(r) = rgm(r); (2.45)where gm(r) = (1� r2)2T2m(r): (2.46)In this 
ase the binomial (1� r2) is squared be
ause the axial 
omponent also must vanish atr = 1. Again, a fa
tor (1 � r)2 would solve the boundary problem, but it would violate theparity imposed by theorem 2.1. The physi
al or trial basis isv(1)m = 0� 0rhm(r)0 1A ; v(2)m = 0� �ikrgm(r)0D+[rgm(r)℄ 1A : (2.47)



10We 
onsider here the proje
tion pro
edure in whi
h the radial integration is involved. Theradial hermitian produ
t is de�ned by the volume integral(a;b) = Z 10 a� � b rdr; (2.48)where b belongs to the physi
al or trial spa
e and a is a solenoidal ve
tor �eld belonging to thetest or proje
tion spa
e. In order to take advantage of orthogonality properties of Chebyshevpolynomials, the test fun
tions are going to be built up suitably. In essen
e, the proje
tion�elds are going to have the same stru
ture as the trial �elds but the fun
tions hm(r) and gm(r)will be modi�ed by the Chebyshev weight (1� r2)�1=2. We make the following ansatz:v�(r) = rl1~hm(r) = rl1 hm(r)p1� r2 ; (2.49)vr(r) = rl2~gm(r) = rl2 gm(r)p1� r2 ; (2.50)for the azimuthal and radial 
omponents, respe
tively. The exponents l1 and l2 are suitableintegers su
h that there are no negative powers of r in the integrand of (2.48). In addition,be
ause Chebyshev polynomials are orthogonal in the interval [�1; 1℄, we have to relate theintegral (2.48) to a proper integral in whi
h orthogonality 
an be applied. This is possible ifthe integrand (a� � b) r is an even fun
tion. In this 
ase,Z 10 a� � b rdr = 12 Z 1�1 a� � b rdr (2.51)The evenness 
ondition will determine �nally the values of the exponents l1 and l2 in (2.49)and (2.50), respe
tively. In this 
ase, l1 = 0 and l2 = 2 are the lowest powers whi
h satisfy theprevious 
onditions. To sum up, the dual or test basis is~v(1)m = 1p1� r2 0� 0hm(r)0 1A ; ~v(2)m = 1p1� r2 0� ikr2gm(r)0D+[r2gm(r)℄ + r3hm(r) 1A ; (2.52)whose 
omponents have been already 
onjugated. The right-hand side integral in (2.51) 
an be
omputed exa
tly by Gauss-Chebyshev-Lobatto quadrature formulas. Again, the evenness ofthe integrand will be used in order to avoid unne
essary 
omputations. We will only 
onsiderhalf a Gauss{Lobatto mesh. From this point of view, analyti
ity imposes some restri
tionswhi
h 
an be used to optimize the 
omputational 
ost.The bases for the other three 
ases 
an be obtained after a little 
al
ulation 
onsideringthe same 
riteria just explained.� Case II: Non-axysimmetri
 streamwise dependent (k 6= 0, n 6= 0)The physi
al basis isv(1)m = 0� �inrjnj�1gm(r)D[rjnjgm(r)℄0 1A ; v(2)m =0� 0�ikrjnj+1hm(r)inrjnjhm(r) 1A (2.53)



11and the dual basis is~v(1)m = 1p1� r2 0� inrgm(r)D[r2gm(r)℄ + r3hm(r)0 1A ; ~v(2)m = 1p1� r2 0� 0�ikr3hm(r)inr2hm(r) 1A (2.54)for n odd or~v(1)m = 1p1� r2 0� ingm(r)D[rgm(r)℄ + r2hm(r)0 1A ; ~v(2)m = 1p1� r2 0� 0�ikr2hm(r)inrhm(r) 1A (2.55)for n even.� Case III: Axisymmetri
 streamwise independent (k = 0, n = 0)The physi
al basis is v(1)m = 0� 0rhm(r)0 1A ; v(2)m = 0� 00hm(r) 1A (2.56)and the dual basis is~v(1)m = 1p1� r2 0� 0hm(r)0 1A ; ~v(2)m = 1p1� r2 0� 00rhm(r) 1A (2.57)� Case IV: Non-axysimmetri
 streamwise independent (k = 0, n 6= 0)The physi
al basis isv(1)m = 0� �inrjnj�1gm(r)D[rjnjgm(r)℄hm(r)0 1A ; v(2)m = 0� 00rjnjhm(r) 1A (2.58)and the dual basis is~v(1)m = 1p1� r2 0� ingm(r)D[rgm(r)℄ + r2hm(r)0 1A ; ~v(2)m = 1p1� r2 0� 00rhm(r) 1A (2.59)for n even, and~v(1)m = 1p1� r2 0� inrgm(r)D[r2gm(r)℄ + r3hm(r)0 1A ; ~v(2)m = 1p1� r2 0� 00hm(r) 1A (2.60)for n odd.The Petrov-Galerkin proje
tion s
heme is 
arried out by substituting the spe
tral approx-imation (2.38) in equations (2.15){(2.17) and proje
ting over the dual spa
e. This pro
edureleads to a dis
retized generalized eigenvalue problem�A(n; k)v = BRe(n; k)v; (2.61)



12where BRe is a matrix whi
h depends on Re number. In addition, the matri
es A and BRedepend on n and k, being de
oupled for ea
h pair of them. The expli
it matrix elements of Aare provided by the hermitian produ
tsAij = (~vi;vj); Bij = (~vi;L[vj ℄) (0 � i; j �M); (2.62)where L stands for the linear operatorL[�℄ = 1Re�[�℄� vB � r[�℄� [�℄ � rvB; (2.63)and where three hermitian produ
t is the volume integral( ~	;�) = Z 10 rdr Z 2�0 d� Z 2�=k0 dz( ~	� � �): (2.64)We note here that the pressure term rp0 should be formally in
luded in the operator L, butit is 
an
elled when proje
ting it over ~	(~	;rp0) = 0:2.4 The linear initial value problemIn this se
tion, we 
onsider the linear initial value problem asso
iated with the in�nitesimalperturbations. We 
onsider again the linearized equation (2.8) for the perturbation �eld�tu = 1Re�u� (vB � r)u� (u � r)vB ; (2.65)where we have dropped the pressure term 
orresponding to the perturbation of the basi
pressure �eld, be
ause it will not a�e
t our spe
tral approximation of the problem. Equation(2.65) 
an be expressed in a more 
ompa
t form�tu = LRe[u℄; (2.66)where LRe stands for the linear Lapla
ian-adve
tive operatorLRe[�℄ = 1Re�[�℄� (vB � r)[�℄� ([�℄ � r)vB ; (2.67)whi
h expli
itly depends on Re. The next step is to transform (2.66) to a dynami
al systemof amplitudes whi
h govern the temporal behaviour of the perturbation. It is this purposethat we use a Petrov-Galerkin proje
tion s
heme. The perturbation �eld will have the generalstru
ture u(r; �; z; t) =Xl Xn Xm a(1)lmn(t)�(1)lmn(r; �; z) + a(2)lmn(t)�(2)lnm(r; �; z); (2.68)where �(1;2)lmn are the basis of solenoidal ve
tor �elds des
ribed in se
tion 2.3,�(1;2)lnm (r; �; z) = ei[l�z+n�℄v(1;2)m (r); (2.69)



13where v(1;2)m are pres
ribed in (2.47), (2.53), (2.56) and (2.58). These fun
tions satisfy identi-
ally the zero-divergen
e 
ondition r � �(1;2)lnm = 0 (2.70)in addition to regularity 
onditions over the axis and homogeneous boundary 
onditions overthe wall. In order to proje
t the equation (2.66), a dual basis of test ve
tors is going to be
onsidered as was done in se
tion 2.3. In this 
ase, the dual basis is~	(1;2)lnm (r; �; z) = ei[l�z+n�℄~v(1;2)m (r); (2.71)where ~v(1;2)m are the ve
tor �elds pres
ribed in equations (2.52), (2.54), (2.55), (2.57), (2.59) or(2.60), depending on ea
h parti
ular 
ase.A (L;N;M){order spe
tral approximation u for equation (2.66) is de�ned byuLNM (r; �; z; t) = LXl=�L NXn=�N MXm=�M a(1)lmn(t)�(1)lmn(r; �; z) + a(2)lmn(t)�(2)lmn(r; �; z); (2.72)where L, N andM are the approximation orders of the axial, azimuthal and radial 
oordinates,respe
tively. The 
oeÆ
ients a(1;2)(t) govern the temporal behaviour of the perturbation. ThePetrov-Galerkin s
heme is formulated by introdu
ing (2.72) into (2.66) and proje
ting over theset of dual ve
tors (2.71):( ~	(1;2)lnm ; �tuLNM ) = (~	lnm;LRe[uLNM ℄); (jlj � L; jnj � N; 0 � m �M): (2.73)The following orthogonality relations are useful in order to take advantage of azimuthal andaxial symmetries:Z 2�0 ei(n0�n)�d� = 2�Ænn0 and Z 2�=�0 ei�(l0�l)zdz = 2�� Æll0 ; (2.74)where Æij is the Krone
ker symbol. In other words, the linear problem (2.66) is de
oupled intoea
h azimuthal and axial mode (n; l). Therefore, we have (2L + 1) � (2N + 1) independentlinear systems of the form" (~v(1)m ;v(1)n ) (~v(1)m ;v(2)n )(~v(2)m ;v(1)n ) (~v(2)m ;v(2)n ) # " _a(1)n_a(2)n # = " (~v(1)m ;LRe[v(1)n ℄) (~v(1)m ;LRe[v(2)n ℄)(~v(2)m ;LRe[v(1)n ℄) (~v(2)m ;LRe[v(2)n ℄) #" a(1)na(2)n # ;(2.75)as a Mth-order dis
retization of (2.66) whose dimension is 2(M +1). Symboli
ally, (2.75) 
anbe re-written as A _a = BRea; (2.76)where A and BRe are just the matri
es whi
h appeared in the generalized eigenvalue problem(2.61). In order to simplify the notation, we are going to omit the l and n indexes. We are goingto develop our formulation for one axial-azimuthal mode (l; n). It must be understood thatthis formulation 
an be extended in the same way to any other axial or azimuthal 
omponents.



142.5 Energy norm for the perturbation �eldsAny solenoidal perturbation 
an be expressed as a linear 
ombination of the fun
tions v(1;2)m ,u = [a(1)0 a(1)1 � � � a(1)M ; a(2)0 a(2)1 � � � a(2)M ℄T = MXm=0 a(1)m v(1)m + a(2)m v(2)m ; (2.77)and we 
an view the 
oeÆ
ients involved as a ve
torial representation of u. In this represen-tation, the 2-norm of u is jjujj22 = MXm=0 ja(1)m j2 + ja(2)m j2: (2.78)When 
onsidering the energy density of a perturbation, we must 
al
ulate the quantityE = 12(u�;u); (2.79)where (�; �) is the standard volume inner produ
t de�ned previously. The basis v(1;2)m is non-orthonormal, i.e. (v(�)�i ;v(�)j ) 6= ÆijÆ�� . Therefore, jjujj22 6= (u�;u). In other words, we needthe matrix of inner produ
ts Mij = (v(1;2)�i ;v(1;2)j ) for the energy norm of the perturbation.This matrix is Mij = " (v(1)�i ;v(1)j ) (v(1)�i ;v(2)j )(v(2)�i ;v(1)j ) (v(2)�i ;v(2)j ) # ; (2.80)whi
h would be the same as A in (2.76) if the proje
tion were 
arried out through a Galerkins
heme. In this 
ase, the fun
tions v and ~v are not the same. To sum it up, the energy of theperturbation u is obtained via the weighted s
alar produ
tE = 12[a(1)�i ; a(2)�i ℄Mij " a(1)ja(2)j # : (2.81)The matrixM is positive de�nite, so it 
an be fa
torized asM = FHF . This fa
torization 
anbe obtained numeri
ally using the QR algorithm (Trefethen & Bau, 1997). This de
ompositionwill be used in a moment.2.6 Eigenvalue de
ompositionProvided that A is non-singular, the linear system (2.76) 
an be expressed as_a = Ca; (2.82)where C = A�1BRe. Consider the eigen subspa
e of the operator CSM (C) = spanfq1;q2; : : : ;q2M+2gspanned by the 2M +2 eigenve
tors of C. The system (2.82) 
an be expressed in its 
anoni
alform _� = ��; (2.83)



15where � = [�1; �2; : : : ; �2M+2℄TSM (2.84)is the representation of the state ve
tor in the eigenbasis SM and � is the diagonal matrix ofeigenvalues of C � = 26664 �1 0 � � � 00 �2 � � � 0... ... � � � 00 0 � � � �2M+2 37775 : (2.85)The solution of the initial value problem (2.83) is�(t) = e�t�(0): (2.86)An straightforward algebrai
 
al
ulation provides the expression for the energy density asso-
iated with the state ve
tor �E = 12 [�H ℄ [VHMV℄ [�℄ = 12(�;�)M; (2.87)where V is the matrix of 
olumn eigenve
tors qi and (�; �)M stands for the VHMV-weighteds
alar produ
t. Sin
e the matrix VHMV is positive de�nite, it admits a Cholesky de
omposi-tion VHMV = FHF ; (2.88)whi
h will be used in se
tion x4. This de
omposition is useful for the 
al
ulation of energynorms via 
omputation of 2-norms. The relations between them are as follows:jjF�jj22 = (F�;F�)2 = (�; �)M = jj�jj2E ; (2.89)where jj � jjE is the energy norm and jj � jj2 is the standard 2-norm.3 Linear stability: numeri
al resultsFor the linear stability analysis, we have solved the eigenvalue problem (2.61) for di�erentvalues of n and k by the Matlab 
ode listed in Appendix A. The 
onvergen
e and reliabilityof the 
ode have been 
he
ked. For this purpose, some of the results reported here have been
ompared with previous works. For example, in Table 3, the 
onvergen
e of the rightmosteigenvalue of (2.61) is reported for Re = 9600, a 
ase treated in (Leonard & Wray, 1982),(Priymak & Miyazaki, 1998) and other former works:� (Salwen et al., 1980): �1 = �0:02317 + 0:95048 i� (Leonard & Wray, 1982): �1 = �0:023170795764 + 0:950481396668 i� (Priymak &Miyazaki, 1998): �1 = �0:0231707957650042152055+0:9504813966699031794843 i.



16 M size �1 CPU-time (s.)20 42�42 �0:0229 + 0.950 i 0.230 62�62 �0:0231707 + 0.9504813 i 0.540 82�82 �0:02317079576 + 0.950481396669 i 0.950 102�102 �0:023170795764 + 0.950481396670 i 1.7Table 3: Convergen
e test for Re = 9600, k = 1, n = 1, following (Priymak & Miyazaki,1998) and (Leonard & Wray, 1982). M is the number of Chebyshev polynomials used in thespe
tral approximation, size is the dimension of the dis
retization matrix and �1 stands for therightmost eigenvalue. CPU-time is the elapsed 
omputation time on an Intel Celeron 300MHzpro
essor. The reported �gures are those whi
h are apparently 
onverged at M=60.The last result was obtained using quadruple pre
ision. For Re = 3000, the spe
tra for di�erentvalues of k and n have been 
omputed in order to make 
omparisons with a �rst 
omprehensivestability analysis 
arried out in (S
hmid & Henningson, 1994). Our 
ode provided spe
trala

ura
y in all the 
omputed 
ases. In Tables 4 and 5, the 40 rightmost eigenvalues have beenlisted for k = 1 and k = 0; 1; 2; 3.The same 
omputation has been done for streamwise-independent perturbations (k = 0)and for di�erent values of the azimuthal mode n (see Table 6). As far as we know, numeri
altables of streamwise-independent modes have not been reported previously. Mathemati
ally,the 
ase k = 0 must get a spe
ial treatment. In fa
t, the limit k ! 0 does not 
oin
ide withthis 
ase. In our formulation, this phenomenon 
an be understood looking at the boundary
onditions whi
h must be satis�ed by the radial velo
ity over the wall. For k 6= 0, the radialvelo
ity, as well as its �rst derivative, must vanish over the wall. For k = 0 the boundary
onditions 
hange abruptly. The solenoidal perturbation ve
tor �elds de�ned in (2.10) areinvariant under spiral transformations of the formdzd� = �nk : (3.1)Making use of the spiral 
oordinate � = n� + kz, the solenoidal 
onditionr � v = 1r �r(rvr) + 1r ��v� + �zvz = 0
an be expressed in this new variable as1r�r(rvr) + �� [nr v� + rkvz℄ = 0; (3.2)where we have used the 
hain rules�� = (���)�� = n�� ; �z = (�z�)�� = k�� :Equation (3.2) 
an be expressed as�r(rvr) + �� [nv� + rkvz℄ = 0; (3.3)whi
h implies the existen
e of a �rst integral �(r; �) of the perturbed �eld satis�ying��� = �rvr; (3.4)�r� = nv� + rkvz: (3.5)



17n = 0 n = 1�0:0519731112828 + 0.9483602220505 i �0:041275644693 + 0.91146556762 i�0:0519731232053 + 0.948360198487 i �0:0616190180049 + 0.370935092697 i�0:103612364039 + 0.896719200867 i �0:088346025188 + 0.958205542989 i�0:103612889227 + 0.8967204441 i �0:0888701566 + 0.8547888174 i�0:112217160388 + 0.4123963342099 i �0:1168771535871 + 0.216803862997 i�0:121310028246 + 0.2184358147279 i �0:137490337 + 0.7996994696 i�0:155220165293 + 0.8450717997117 i �0:14434614486 + 0.91003730954 i�0:155252667198 + 0.845080668126 i �0:1864329862 + 0.7453043578 i�0:2004630477669 + 0.3762423600255 i �0:195839466 + 0.5493115826 i�0:20647681141 + 0.79378412983 i �0:198646109 + 0.8607494634 i�0:20689284901 + 0.79344079903 i �0:20495551139 + 0.37643141466 i�0:2274656214 + 0.62629699816 i �0:234333468 + 0.693462324 i�0:257315715842 + 0.502037310431 i �0:2518090868 + 0.5026425132 i�0:25850846682 + 0.74175750308 i �0:2521234956 + 0.8108448759 i�0:25888061551 + 0.7470464722 i �0:270458581649 + 0.3251302632238 i�0:2975265027697 + 0.3473922918486 i �0:2896472 + 0.65506433 i�0:30105176512 + 0.610862593968 i �0:3051265039 + 0.760702408 i�0:30816630839445 + 0.6926062097 i �0:30901045 + 0.60793447 i�0:3243180595 + 0.7103043057 i �0:34479048 + 0.587438025 i�0:3705329662 + 0.6745795964 i �0:3591401466 + 0.711236702 i�0:381468165 + 0.6004524818 i �0:365684003 + 0.660391529 i�0:406650704 + 0.6823493566 i �0:414686969 + 0.675874007 i�0:4531867948 + 0.6728830197 i �0:45142803 + 0.673368207 i�0:496799418 + 0.67362375113 i �0:497340377 + 0.671987037 i�0:5422117348 + 0.6715149511 i �0:5416003042 + 0.671459572 i�0:58888608168 + 0.67172366336 i �0:588958474 + 0.6707809915 i�0:6369764697 + 0.67047421997 i �0:6363554653 + 0.6703507747 i�0:6864666756 + 0.67081597825 i �0:6866042283 + 0.6699895489 i�0:73763594554 + 0.66968289478 i �0:7369640316 + 0.6695424132 i�0:78999989327 + 0.670159603825 i �0:7902088929 + 0.6694100369 i�0:84431671482 + 0.66907755092 i �0:8436119241 + 0.6689183737 i�0:89961222728 + 0.66964463547 i �0:8998742853 + 0.668973590013 i�0:95712046594 + 0.6686110213 i �0:9564003206 + 0.6684327237 i�1:01539931983 + 0.66923128608 i �1:01569748252 + 0.6686366096 i�1:07612880212 + 0.66824851712 i �1:07540622898 + 0.6680540404 i�1:13743683309 + 0.66889435007 i �1:137757699918 + 0.6683699588 i�1:20140723325 + 0.66796443547 i �1:2006907478 + 0.6677582895 i�1:26578430228 + 0.66861621486 i �1:2661180938 + 0.6681542463 i�1:333008454262 + 0.667739900923 i �1:3323030622 + 0.6675268175 i�1:40048869474 + 0.66838419969 i �1:40082868902 + 0.66797648159 i�1:47097499114 + 0.66756093672 i �1:47028318091 + 0.6673451475 iTable 4: First 40 eigenvalues for Re = 3000, k = 1 and n = 0; 1, for 
omparison with (S
hmid& Henningson, 1994). The �gures reported are those that are apparently 
onverged at M = 54(a matrix of dimension approximately 108).



18 n = 2 n = 3�0:060285689559 + 0.88829765875 i �0:08325397694 + 0.86436392104 i�0:08789898037 + 0.352554927087 i �0:105708407362 + 0.346401953386 i�0:1088383407 + 0.8328933609 i �0:116877921343 + 0.2149198697617 i�0:112001616152 + 0.939497219531 i �0:1323924331 + 0.8097468023 i�0:1155143802215 + 0.215491816529 i �0:136035459528 + 0.91671917468 i�0:15810861 + 0.778584987 i �0:182036372 + 0.7558793156 i�0:167294045951 + 0.8906185726 i �0:190639836903 + 0.8674136555 i�0:20759146658 + 0.725077139 i �0:2127794121 + 0.37123649827 i�0:20931432998 + 0.37502653759 i �0:23181786 + 0.70300722 i�0:2214747313 + 0.8409753749 i �0:244111241 + 0.551731632 i�0:2282286376 + 0.5516823128 i �0:2444955726 + 0.8175699979 i�0:2498030523 + 0.5008719091 i �0:251142783 + 0.499292178 i�0:25796791 + 0.67522075 i �0:2619068832 + 0.36144947997 i�0:26313897737 + 0.34209716626 i �0:28515317 + 0.655473 i�0:2750370177 + 0.7908951089 i �0:297844937 + 0.7674455592 i�0:30889763 + 0.602773208 i �0:307365548 + 0.59782813 i�0:328199033 + 0.740925499 i �0:34688562 + 0.62370102 i�0:3321112 + 0.64008734 i �0:35098742198 + 0.71809663 i�0:34301682 + 0.61416043 i �0:37620428 + 0.652416 i�0:38299776 + 0.69296469 i �0:41103456 + 0.677885117 i�0:405976204 + 0.6664413 i �0:449261963 + 0.668061 i�0:453715394 + 0.67313573 i �0:49600428 + 0.67047667 i�0:494871994 + 0.670736754 i �0:53862783 + 0.66818288 i�0:541993243 + 0.670827765 i �0:587534483 + 0.66941016 i�0:586958536 + 0.669664695 i �0:63326489 + 0.6673481726 i�0:636547104 + 0.66998293547 i �0:6848609 + 0.66893828 i�0:68458947988 + 0.668767909 i �0:7338322 + 0.66667637 i�0:737028556 + 0.6694480681 i �0:78816043 + 0.668645268 i�0:78821114 + 0.668079502 i �0:84049089 + 0.66618389 i�0:843523627 + 0.6690644336 i �0:897552143 + 0.668440187 i�0:8979475001 + 0.667556087 i �0:953322785 + 0.66583465 i�0:956138941 + 0.6687743348 i �1:013133742 + 0.668283474 i�1:013877224 + 0.6671621441 i �1:07238926 + 0.66559598 i�1:074964494 + 0.6685446315 i �1:13498331 + 0.66815399 i�1:136061803 + 0.666868996 i �1:19774082 + 0.66544103 i�1:2000720529 + 0.668355358 i �1:26316193 + 0.668040708 i�1:264551366 + 0.66665349 i �1:32942013 + 0.6653483 i�1:3315179092 + 0.6681945884 i �1:397716901 + 0.6679382 i�1:399387494 + 0.6664971767 i �1:46746351 + 0.66530119 i�1:46934599514 + 0.6680551476 i �1:538684797 + 0.66784398 i�1:5406049725 + 0.666385603 i �1:61190195 + 0.66528662 iTable 5: Same as Table 4, but for n = 2; 3.



19n = 0 n = 1 n = 2 n = 3�0:0019277286542 �0:00489399021 �0:0087915387 �0:0135688219�0:004893990214 �0:0087915388 �0:01356882195 �0:01919431362�0:0101570874478 �0:0164061521 �0:0236166663 �0:03175919084�0:01640615210723 �0:0236166663 �0:03175919085 �0:040809265355�0:0249623355969 �0:03449981796 �0:04500690295 �0:0564651499�0:034499817965 �0:045006902955 �0:05646514994 �0:06885660345�0:0463467614754 �0:059173588937 �0:0729733963 �0:087733618�0:0591735889378 �0:072973396381 �0:08773361808 �0:103440753288�0:07431076787255 �0:090427218091 �0:1075183721 �0:1255751331�0:0904272180909 �0:107518372097 �0:12557513314 �0:14458704546�0:1088544509774 �0:128260635034 �0:1486425215 �0:1699932252�0:1282606350342 �0:148642521512 �0:16999322529 �0:19230443298�0:14997784283936 �0:17267381366 �0:19634611723 �0:2209893628�0:1726738136706 �0:196346117238 �0:22098936279 �0:24659679175�0:1976809565519 �0:22366674254 �0:25062928459 �0:278564248�0:2236667425409 �0:250629284603 �0:278564248292 �0:30746603558�0:2519637982613 �0:281239415979 �0:31149208784 �0:342718253�0:28123941597896 �0:311492087829 �0:342718253295 �0:37491320196�0:31282637115853 �0:345391830923 �0:3789345626 �0:41345158958�0:3453918309236 �0:378934562605 �0:41345158953 �0:4489388946�0:3802686770332 �0:416123985604 �0:45295673 �0:4907643848�0:416123985604594 �0:452956730057 �0:49076438495 �0:5295434847�0:4542907169513 �0:49343587894 �0:5335586033 �0:5746567206�0:4934358789401 �0:533558603342 �0:57465672065 �0:61672721098�0:53489249158 �0:57732751024 �0:6207401910159 �0:66512865�0:5773275102394 �0:620740191 �0:665128650033 �0:71049023265�0:6220740013539 �0:66779887904 �0:7145014987 �0:7621802093�0:6677988790445 �0:714501498775 �0:76218020947 �0:8108326594�0:7158352465659 �0:76484998504 �0:8148425305 �0:865811424�0:7648499850421 �0:81484253064 �0:865811424448 �0:91775456872�0:8161762274193 �0:86848082801 �0:92176328942 �0:976022313�0:8684808280122 �0:921763289419 �0:97602231319 �1:03125601664�0:9230969440588 �0:97869140779 �1:0352637772 �1:092812888�0:978691407795 �1:035263777163 �1:09281288908 �1:1513370445�1:0365973965894 �1:095481724277 �1:15534399534 �1:216183162�1:095481724277 �1:155343995387 �1:21618316211 �1:2779976834�1:1566775850891 �1:2188517773695 �1:2820039452 �1:3461331398�1:21885177737 �1:282003945236 �1:34613313981 �1:41123795719�1:2833375096168 �1:348801567 �1:41524362762 �1:482662828�1:348801567007 �1:41524362758 �1:48266282802 �1:55105788401�1:4165771702174 �1:48533109313 �1:55506304307 �1:625772231Table 6: Same as Tables 4, 5 but for k = 0, n = 0; 1; 2; 3.



20The 
uid parti
les are 
onstrained to move over � = 
onst: surfa
es. In other words, thefun
tion � plays the role of a stream fun
tion whi
h is tangent to the perturbation ve
tor�eld u. From equation (3.5) we 
an obtain � for the di�erent four 
ases des
ribed in x2.3.The physi
al ve
tor �eld is a real obje
t obtained when solving the eigenvalue problem for the
onjugated modes n! �n and k ! �k:u = 2<fei(kz+n�) MXm=0 a(1)m v(1)m + a(2)m v(2)m g (3.6)Again we provide here the expli
it expressions of � for ea
h 
ase:� Case I: k 6= 0, n = 0From expressions (2.47) and equation (3.5) we obtain�r� = rkvz = 2k<fei(kz+n�) MXm=0 r[�r(rgm) + gm℄a(2)m g; (3.7)and therefore � = 2k<fei(kz+n�) MXm=0 a(2)m [Z r�r(rgm)dr + Z rgm℄drg: (3.8)Integrating the �rst integral by parts, we obtain� = 2kr2<fei(kz+n�) MXm=0 a(2)m gm(r)g+C; (3.9)where C is an arbitrary 
onstant of integration.� Case II: k 6= 0, n 6= 0From expressions (2.53) and equation (3.5) we obtain�r� = nv� + rkvz = 2<fei(kz+n�) MXm=0na(1)m �r(rjnjgm)� a(2)m nkrjnj+1hm + a(2)m rknrjnjhmg:(3.10)Straightforward integration of this equation leads to� = 2nrjnj<fei(kz+n�) MXm=0 a(1)m gm(r)g+C: (3.11)� Case III: k = 0, n = 0In this 
ase, equation (3.5) leads to �r� = 0; (3.12)and � = C; (3.13)
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Figure 2: Constant-z 
ross se
tions of streamwise independent stream fun
tion and ve
tor �eld
orresponding to the n = 1, k = 0 eigenvalue �2 = �0:0087915388 for Re = 3000.� Case IV: k = 0, n 6= 0For this 
ase, expressions (2.58) lead to� = 2nrjnj<fei(kz+n�) MXm=0 a(1)m gm(r)g+C: (3.14)From the previous expressions, we have 
omputed the eigen-stream fun
tions and eigen-ve
tor�elds or eigenmodes asso
iated with the least stable eigenvalues of the spe
tra of the operator.For example, in �gure 4, the least stable eigenmode for k = 1, n = 1 has been plotted forRe = 3000. The eigenmodes k = 1, n = 2; 3 have been plotted in �gures 6 and 7. In �gure 5we have plotted the three dimensional invariant surfa
es for n = 3 mode. Be
ause these modesare of 
enter type, the dynami
s is lo
alized around the axis of the 
ylinder. In order to havea better understanding of the stru
ture of wall and mean modes, we have represented themin �gures 8 and 9, respe
tively. We 
an observe that the dynami
s of wall modes is mainly
on
entrated near the wall whether mean modes dynami
s is lo
alized in the mean radius ofthe pipe.We have also 
omputed the leading eigenvalues of the linear operator for di�erent valuesof the axial wavenumber k (in the range k 2 [0; 1℄) and for di�erent values of n, as done in(Trefethen et al., 1999). A remarkable fa
t is that the parametri
 evolution of these eigenvaluesis not 
ontinuous in the limit k ! 0, as 
an be observed in �gure 10 for the axisymmetri
 
asen = 0. Note that the 
urves exhibit a dis
ontinuity as they approa
h the real axis over the
omplex plane. This feature was not reported in (Trefethen et al., 1999). In these 
omputations,the number of modes was M = 50.
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Figure 3: 3D stru
ture of stream fun
tion � 
orresponding to the n = 1, k = 0 streamwisemode �2 = �0:0087915388 for Re = 3000.

Figure 4: Constant-z 
ross se
tions of 
enter-mode stream fun
tion and ve
tor �eld 
orre-sponding to the n = 1, k = 1 least stable eigenvalue �1 = �0:041275644693 + 0:91146556762ifor Re = 3000.
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Figure 5: 3D stru
ture of stream fun
tion � 
orresponding to the n = 1, k = 1 least stableeigenvalue �1 = �0:041275644693 + 0:91146556762i for Re = 3000.

Figure 6: Constant-z 
ross se
tions of 
enter-mode stream fun
tion and ve
tor �eld 
orre-sponding to the n = 2, k = 1 least stable eigenvalue �1 = �0:060285689559 + 0:88829765875ifor Re = 3000.
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Figure 7: Constant-z 
ross se
tions of 
enter-mode stream fun
tion and ve
tor �eld 
orre-sponding to the n = 3, k = 1 least stable eigenvalue �1 = �0:08325397694 + 0:86436392104ifor Re = 3000.

Figure 8: Constant-z 
ross se
tions of stream fun
tion and ve
tor �eld 
orresponding to then = 1, k = 1 wall eigenvalue �w = �0:1168771535871 + 0:216803862997i for Re = 3000.
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Figure 9: Constant-z 
ross se
tions of stream fun
tion and ve
tor �eld 
orresponding to then = 1, k = 1 mean eigenvalue �m = �0:414686969578724�0:675874007533503i for Re = 3000.
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Figure 10: Evolution of the least stable eigenvalues as a fun
tion of the axial wavenumberk 2 [0; 1℄. Note the dis
ontinuity of the 
urves near the real axis for n = 0 (top-left), wheredots 
orrespond to k = 0. Compare (Trefethen et al., 1999). The 
omputation has been donefor Re = 1000 and n = 0; 1; 2; 3.



264 Pseudospe
tra and linear transient growthAlthough there is no proof, it appears 
lear from numeri
al eviden
e that Hagen-Poiseuille 
owis linearly stable under in�nitesimal perturbations. Nevertheless, it is experimentally knownthat it may exhibit transition to turbulent regimes for Re � 2000 or higher, see (Darbyshire &Mullin, 1995), for example. Therefore, 
lassi
al linear hydrodynami
 stability theories basedon the analysis of eigenvalues do not provide an explanation for the destabilization of the basi

ow. We have a so 
alled sub
riti
al instability. In other words, there is not any bifur
ationbut the 
ow nevertheless be
omes unstable. The same behaviour is exhibited by other shear
ows like plane Couette 
ow, plane Poiseuille 
ow or Blasius boundary layer 
ow; see (S
hmid& Henningson, 1999).In the past de
ade, some new theoreti
al approa
hes have provided a possible explanation oftransition in shear 
ows. Mathemati
ally, the linear operators arising from shear 
ow systemspresent a 
ommon feature: non-normality. In other words, the operators do not 
ommutewith their adjoints, or their eigenve
tors are not orthogonal (or far from being orthogonal).Is it a known fa
t that linearly stable non-normal dynami
al systems may exhibit transientgrowth by many order of magnitude for �nite times before eventually de
aying exponentially,see (Trefethen et al., 1993), (Butler & Farrell, 1992), (Boberg & Brosa, 1988) or (Gustavsson,1991).Although for long times, the behaviour of the linear system is governed by the exponentialde
ay asso
iated with the eigenvalues, for short times, some light 
an be shed on the dynami
alevolution of a linearly stable non-normal system by a generalization of the 
on
ept of spe
traof operators based on their resolvent norm:De�nition 4.1 The �-pseudospe
trum of a matrix M, denoted by ��(M), is the subset of the
omplex plane de�ned by:��(M) = fz 2 C j k(zI�M)�1k � ��1g:Thus, ��(M) are nested subsets in the 
omplex plane whi
h 
ollapse for � = 0 to the spe
trumof M , denoted by �(M) = lim�!0��(M):Potential transient growth 
an be predi
ted from the pseudospe
tra of the operator M =A�1BRe, from the generalized eigenvalue problem (2.61), when 
onsidering a suitable energynorm. The energy of an initial perturbation may be ampli�ed transiently if and only if
� := sup�>0 �(�)� > 1; (4.1)where �(�) is the maximum real part of the �-pseudospe
trum.Making use of another Matlab 
ode, see (Trefethen, 1999), we have 
omputed the pseu-dospe
tra of the generalized eigenvalue problem through inversion of the matrix A. Plots ofspe
tra and pseudospe
tra for the 
ases (k = 1; n = 0; 1; 2) are depi
ted in �gure 11. In allthe 
ases, we proje
ted over the subspa
e of eigenvalues with real part greater or equal to �2.Plots of spe
tra and pseudospe
tra for the 
ases (k = 0; n = 0; 1; 2) are depi
ted in �gure 12.
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Figure 11: Spe
tra and pseudospe
tra for Re = 3000 and k = 1. The labels �0:5; �1:0; : : :lo
ated at the 
ontour levels 
orrespond to the levels � = 10�1=2; � = 10�1; et
.



28 Let us 
onsider a perturbation whose initial density of kineti
 energy is E(0) at t = 0.We are interested in the potential transient ampli�
ation of this energy for intermediate times
ales. Let E(t) the energy density at time t. We de�ne the transient fa
tor G(t) as the quotientG(t) = E(t)E(0) : (4.2)In other words, transient growth o

urs when G(t) > 1, for small t. Di�erent initial pertur-bations with the same energy density but di�erent stru
ture will lead to di�erent values ofG(t) at time t. We are interested in those initial perturbations whi
h would lead to an optimalgrowth Gmax(t), see (Butler & Farrell, 1992). This 
an be understood as a variational problem,where we are maximizing G(t), for a �xed t, with respe
t to initial 
onditions. The initial valueproblem (2.83) _� = ��will di
tate the linear evolution of an initial 
ondition �(0) through the exponential mapping(2.86) �(t) = e�t�(0):The maximum possible ampli�
ation G(t) of energy at time t will be given byGmax(t) = supjj�(0)jj6=0 jj�(t)jj2jj�(0)jj2 = jje�tjj2E = jjFe�tF�1jj22 (4.3)The singular value de
omposition (SVD) provides the ve
tors �(0) (right singular ve
tors)whi
h maximize the norm of �(t) (left singular ve
tors); see (Trefethen & Bau, 1997). Wehave used the SVD to 
ompute the right singular ve
tors whi
h maximize the energy norm(kineti
 energy density). Thus, Gmax(t) is the maximum transient fa
tor obtained from theSVD analysis.From �gure 12b, we 
an estimate a lower bound for the maximum energy transient Gmax.The quantity 
� provides a lower bound for the maximum possible growth GmaxGmax � 
2� ;see (Trefethen, 1992). Thus, for example, in �gure 12b the � = 1=p10�pseudospe
trum(
ontour label �0:5) protrudes into the real positive 
omplex plane a
hieving a maximum value�(�) � 1=2. This implies a transient growth of at least Gmax = (�(�)=�)2 = (p10=2)2 = 5=2. In�gure 13, we have plotted the energy transients 
orresponding to two parti
ular eigenmodes forRe = 3000. Our results agree with previous 
omputations (S
hmid & Henningson, 1994). Wehave 
arried out a 
omprehensive exploration of the transient growth in the (R; k; n) parameterspa
e. The numeri
al results have been 
ompiled in �gure 14. For this exploration, we have
onsidered a range of values of R from 102 to 105, azimuthal numbers n = 0; 1; 2; 3 and axialwave numbers k = 0; 0:1; 1; 10. Finally, we have simulated the time evolution of a lo
alizedperturbation via the linearized dynami
al system of amplitudes for Re = 1000. In �gure 15,we have plotted the 
onstant-jjvjj surfa
e of a lo
alized vortex in the interval z 2 [5; 6℄ att = 0 (top). After a transient time t = 10, the perturbation has been adve
ted downstreama distan
e �z � 10 and it has grown in size. For t = 40 the stru
ture appears even moreelongated at the beginning of the periodi
 pipe (the whole stru
ture has already 
ompleted aperiodi
 
y
le in the axial 
oordinate). The eventual de
ay of the size of the perturbation 
anbe observed at t = 50 (bottom).
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tra for Re = 3000, now for k = 0.
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Figure 15: Transient growth of a lo
alized perturbation for Re = 1000.



335 Appendix: Matlab 
odesfun
tion [r,L,A,B℄ = pipe11(Re,n,k,M)% ****************************************************************% ******** Spe
tral 
ode for stability analysis ********% ******** of ideal 
ir
ular pipe flow ********% ******** (solenoidal Petrov-Galerkin approa
h) ********% ******** ********% ******** A. Meseguer & L. N. Trefethen ********% ******** ********% ******** Version 11 ********% ******** ********% ******** Oxford - February 2000 ********% ****************************************************************% Parameters%% Re = Reynolds number% n = azimuthal wavenumber% k = axial wavenumber% M = number of Chebyshev modes for spe
tral approximation%% Variables%% N = number of points for Chebyshev-Gauss-Lobatto quadrature (odd)% rr = Chebyshev grid for radial variable in [-1,1℄% r = restri
tion of rr to [0,1)% r2 = r^2% w = Gauss quadrature weights 
orresponding to grid r% hp = Hagen-Poiseuille basi
 flow% dhp = first radial derivative of hp% D,D2 = Chebyshev differentiation matrix and its square% DE,D2E = even halves of D and D2% DO,D2O = odd halves of D and D2% G,H = Chebyshev polynomials (1-r^2)^2 T_2m(r), (1-r^2) T_2m(r)%% External fun
tions%% vprj = generate ve
tor basis V of spe
tral approximation% vbas = generate ve
tor basis VP of test proje
tion% Global variables and indi
esglobal DO DEM1 = M+1; N = 2*M+2*abs(n)+9;K = (N-1)/2; % number of grid points in [0,1)



34half = K+2:N; % indi
es of grid points in [0,1)rad = 1:K; % indi
es of radial 
omponentsaz = K + rad; % indi
es of azimuthal 
omponentsax = K + az; % indi
es of axial 
omponents% Chebyshev mesh and differentiation matrix for rr in [-1,1℄rr = 
os(pi*(0:N)/N)';
 = [2; ones(N-1,1); 2℄.*(-1).^(0:N)';X = repmat(rr,1,N+1);dX = X-X';D = (
*(1./
)')./(dX+(eye(N+1))); % off-diagonal entriesD = D - diag(sum(D')); % diagonal entries% Extra
tion from D and its square of pie
es for r in [0,1℄D2 = D^2;DE = D(half,half) + D(half,N+2-half);DO = D(half,half) - D(half,N+2-half);D2E = D2(half,half) + D2(half,N+2-half);D2O = D2(half,half) - D2(half,N+2-half);
lear D D2r = rr(half); r2 = r.^2;w = ones(size(r))'*pi/N;hp = Re*(r.^2-1); dhp = 2*Re*r;% OUTLINE OF PETROV-GALERKIN PROCEDURE%% Define LNS = linearized Navier Stokes operator D2-(n^2)/r^2-....% (For expli
it expressions see Appendix C of Meseguer's thesis.)%% Evolution equation:% v_t = LNS[v℄ + pressure term, whi
h 
an
els in the proje
tion%% Eigenmode solution:% v = v(r) exp(i( k*z + n*theta)) exp(lambda*t)%% Formulation as generalized eigenvalue problem:% A lambda v = B v, A = (VP,V) , B = (VP,LNS[V℄)%% Inner produ
t: (f,g) = integral of f*(r) g(r) r dr over [0,1℄% Sparse diagonal s
aling matri
esnka = (n^2+1)./r+(k^2+i*k*hp).*r; nkb = nka-1./r;NK = spdiags([nka; nka; nkb℄,0,3*length(nka),3*length(nka));



35W = spdiags([w'; w'; w'℄,0,3*length(w),3*length(w));R = spdiags([r; r; r℄,0,3*length(r),3*length(r));Ri = spdiags([1./r; 1./r℄,0,2*length(r),2*length(r));WDHPR = spdiags(w'.*dhp.*r,0,length(r),length(r));% Computation of ve
tor fieldsG = zeros(K,M1); H = zeros(K,M1); V = zeros(3*K,2*M1);VP = zeros(2*M1,3*K); LV = zeros(3*K,2*M1);for m = 1:M1H = (1-r2).*
os(2*(m-1)*a
os(r));G = (1-r2).*H;pair = [m m+M1℄;VP(pair,:) = vprj(n,k,r,G,H);V(:,pair) = vbas(n,k,r,G,H);endif rem(n,2)==0 % n evenfor m = 1:M1pair = [m m+M1℄;LV(:,pair) = R*[D2O*V(rad,pair);D2O*V(az,pair);D2E*V(ax,pair)℄ ...+ [DO*V(rad,pair); DO*V(az,pair); DE*V(ax,pair)℄ ...- NK*V(:,pair);endelse % n oddfor m = 1:M1pair = [m m+M1℄;LV(:,pair) = R*[D2E*V(rad,pair);D2E*V(az,pair);D2O*V(ax,pair)℄ ...+ [DE*V(rad,pair); DE*V(az,pair); DO*V(ax,pair)℄ ...- NK*V(:,pair);endend% Computation of matri
es A, B, and LA = VP*(W*R)*V;B = VP*W*LV - VP(:,ax)*WDHPR*V(rad,:) ...+ 2i*n*([VP(:,az) -VP(:,rad)℄*W([az rad℄,[az rad℄) ...*Ri*[V(rad,:);V(az,:)℄);
lear D2E D2O WDHPR LV VP V W R Ri DE DOL = (A\B)/Re;



36fun
tion v = vbas(n,k,r,G,H)% VBAS Spe
tral basis (two 
olumn ve
tors)global DE DOz = zeros(size(r));an = abs(n);if n==0if k==0v1r=z; v1t=r.*H; v1z=z;v2r=z; v2t=z; v2z=H;elsev1r=z; v1t=r.*H; v1z=z;v2r=-i*k*r.*G; v2t=z; v2z=DO*(r.*G)+G;endelseif rem(n,2)==0if k==0v1r=-i*n*G.*r.^(an-1); v1t=DE*(r.^an.*G); v1z=z;v2r=z; v2t=z; v2z=r.^an.*H;elsev1r=-i*n*G.*r.^(an-1); v1t=DE*(r.^an.*G); v1z=z;v2r=z; v2t=-r.^(an+1).*H*k; v2z=r.^an.*H*n;endelseif k==0v1r=-i*n*G.*r.^(an-1); v1t=DO*(r.^an.*G); v1z=z;v2r=z; v2t=z; v2z=r.^an.*H;elsev1r=-i*n*G.*r.^(an-1); v1t=DO*(r.^an.*G); v1z=z;v2r=z; v2t=-r.^(an+1).*H*k; v2z=r.^an.*H*n;endendv = [v1r v2r; v1t v2t; v1z v2z℄;



37fun
tion v = vprj(n,k,r,G,H)% VPRJ Test basis (two row ve
tors, already 
onjugated)global DE DOz = zeros(size(r));% n = 0if n==0if k == 0v1r=z; v1t=H; v1z=z;v2r=z; v2t=z; v2z=r.*H;elsev1r=z; v1t=H; v1z=z;v2r=i*k*r.^2.*G; v2t=z; v2z=DE*(r.^2.*G)+r.^3.*H+r.*G;endend% n = 2,4,6,...if n~=0 & rem(n,2)==0if k == 0v1r=i*n*G; v1t=DO*(r.*G)+r.^2.*H; v1z=z;v2r=z; v2t=z; v2z=r.*H;elsev1r=i*n*G; v1t=DO*(G.*r)+r.^2.*H; v1z=z;v2r=z; v2t=-r.^2.*H*k; v2z=r.^1.*H*n;endend% n = 1,3,5,...if rem(n,2)~=0if k==0v1r=i*n*G.*r; v1t=DE*(r.^2.*G)+r.^3.*H; v1z=z;v2r=z; v2t=z; v2z=H;elsev1r=i*n*G.*r;v1t=DE*(G.*r.^2)+r.^3.*H;v1z=z;v2r=z; v2t=-r.^3.*H*k; v2z=r.^2.*H*n;endendv = [v1r v2r; v1t v2t; v1z v2z℄.';
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