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The fundamental difference between incompressible ideal magnetohydrodynamics and
the dynamics of a non-conducting fluid is that magnetic fields exert a tension force that
opposes their bending; magnetic fields behave like elastic strings threading the fluid.
It is natural, therefore, to expect that a magnetic field tangled at small length scales
should resist a large-scale shear in an elastic way, much as a ball of tangled elastic
strings responds elastically to an impulse. Furthermore, a tangled field should support
the propagation of ‘magnetoelastic waves’, the isotropic analogue of Alfvén waves on a
straight magnetic field. Here, we study magnetoelasticity in the idealised context of an
equilibrium tangled field configuration. In contrast to previous treatments, we explicitly
account for intermittency of the Maxwell stress, and show that this intermittency neces-
sarily decreases the frequency of magnetoelastic waves in a stable field configuration. We
develop a mean-field formalism to describe magnetoelastic behaviour, retaining leading-
order corrections due to the coupling of large- and small-scale motions, and solve the
initial-value problem for viscous fluids subjected to a large-scale shear, showing that the
development of small-scale motions results in anomalous viscous damping of large-scale
waves. Finally, we test these analytic predictions using numerical simulations of standing
waves on tangled, linear force-free magnetic-field equilibria.

1. Introduction

Tangled magnetic fields are ubiquitous in astrophysical systems, expected to develop
in stellar interiors, accretion discs, galaxies and clusters of galaxies (Zel’dovich et al.
1983). Their ubiquity results from the freezing of magnetic flux into fluid motions in
ideal magnetohydrodynamics (MHD): initially straight field lines are quickly tangled by
the random stretching motions of a turbulent flow, typically at spatial scales smaller than
those associated with the global flow (see, e.g., Rincon 2019).

If such turbulence is driven sporadically and the subsequent relaxation is viscously
dominated (as will be the case when the magnetic Prandtl number Pm = v/n > 1),
or if the system relaxes to some quasi-stable steady state, then there may be periods of
time when dynamical-strength magnetic field tangled at small scales threads relatively
quiescent fluid. The large-scale dynamic properties of such a fluid may be highly relevant
for questions of how energy is propagated, stored, and dissipated in the astrophysical
systems described above. Such considerations motivate an idealised plasma physics
problem: how does a static fluid with a statistically homogeneous and isotropic Maxwell
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stress respond to an imposed large-scale impulse? It is this question that we aim to
address in this paper, subject to some important simplifying assumptions.

We will treat the problem in the setting of non-resistive MHD, i.e., assuming perfect
flux freezing, and thus the invariance of the magnetic field topology. Physically, this
means assuming that the small-scale magnetic tangle is itself at scales sufficiently large for
magnetic dissipation to be negligible. In pursuit of maximal simplicity, we will also assume
that the tangled magnetic field represents an equilibrium state. While this assumption
may be unrealistic for MHD turbulence, the dynamics of the tangled equilibrium field are
sufficiently complex to warrant investigation, and we anticipate that the lessons learned
here will inform study of the more realistic, non-equilibrium case, which we shall report
in a later publication.

The plan of this paper is as follows. In Section 2, we formally motivate the problem from
the equations of ideal MHD, and describe previous work that modelled the equilibrium
Maxwell stress as “perfectly” homogeneous and isotropic at all scales. Using this model,
Moffatt (1986) argued that tangled fields should support waves whose restoring force is
the isotropic elasticity afforded by the magnetic field— these “magnetoelastic” waves are
the isotropic analogue of Alfvén waves on a straight magnetic field. Later, magnetoelastic
waves were rederived by Gruzinov & Diamond (1996) in the same approximation, and
were suggested (in a somewhat modified form) by Schekochihin et al. (2002) and Maron
et al. (2004) as a possible mechanism for the saturation of the turbulent MHD dynamo.
Williams (2004) has speculated on the importance of magnetoelasticity in astrophysical
systems in which the presence of magnetic fields is traditionally modelled by magnetic
viscosity. More recently, Chen & Diamond (2020) have developed a theory of potential
vorticity mixing in the solar tachocline, accounting for the effect of a tangled magnetic
field elasticity using a similar model. Experimentally, elastic waves have been observed in
viscoelastic flows of polymer solutions (Qin et al. 2019), which obey a system of equations
closely related to MHD (Ogilvie & Proctor 2003).

However, treating the field as perfectly homogeneous naturally precludes the possibility
of the large-scale waves driving small-scale motions. In Section 3, we show that such
motions feed back on the large scales, thereby modifying the dispersion relation of mag-
netoelastic waves, even when the small scale motions are strongly damped by viscosity
(although not, as we will discover, when the small-scale motions are hyperviscously
damped). In particular, we show that if the field configuration is stable (though this
may be an idealisation), this effect always results in a decrease of the wave frequency
from the perfectly homogeneous value.

In Section 3.3, we develop a mean-field formalism based on an approximation that
assumes the coupling of different Fourier modes of the small-scale motions to each other
to be small. This treatment is equivalent to the First-Order Smoothing Approximation
(FOSA) commonly employed in large-scale dynamo theory (Moffatt 1978; Krause &
Raedler 1980; Brandenburg & Subramanian 2005; see Rincon 2019 for a review), and
allows the dispersion relation for magnetoelastic waves to be expressed in terms of
statistical properties of the magnetic-field configuration.

In Section 3.4, we use the FOSA to solve the inital-value problem for a magnetoelastic
pulse in a viscous fluid. We find that accounting for intermittency gives anomalously fast
viscous damping due to the development of small-scale motions.

An important caveat to modelling tangled magnetic fields by equilibrium configurations
is that such equilibria appear to be generally unstable. Even in the case of periodic, linear
force-free equilibria (i.e., of magnetic fields B satisfying V x B = aB with constant
a), which have been shown to be stable to wide class of perturbations (Woltjer 1958;
Molodensky 1974; Moffatt 1986), East et al. (2015) have shown that it is often, perhaps
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always, possible to find ideal perturbations that decrease the total energy. Whether there
are any non-trivial cases of periodic magnetostatic equilibria that are stable is an open
question. We provide a review of the instability of linear force-free equilibria in Appendix
A. The theory that we develop here applies to the idealised stable case, or to the case
where viscous damping (which proceeds via motions at the scale of the tangled field) is
sufficient to delay the onset of the instability.

In Section 4, we present the first (to our knowledge) numerical simulations of isotropic
magnetoelasticity. We introduce a sinusoidal velocity perturbation to periodic magneto-
static equilibria, and measure the evolution of the induced standing waves. The results
are in excellent agreement with the predictions of our mean-field-theory treatment.

2. A perfectly homogeneous tangle

The equations of ideal (non-resistive), incompressible MHD are

ou

a+u-vuz—VP+B-VB+yv2u, (2.1)
%—?Jru-VB:B-Vw (2.2)
V.u=0, (2.3)

V-B=0, (2.4)

where P is the total (thermal + magnetic) pressure, determined by (2.3); v is the
kinematic viscosity; w is the fluid velocity; and the magnetic field B is measured in
velocity units.

For our purposes, it is convenient to eliminate B from these equations in favour of the
Maxwell stress, M;; = B;B;. Then, in index notation, (2.1) becomes

Oyu; + ujé)jui = —0;P + GjMij + y8j8jui, (25)
while taking the outer product of (2.2) with B gives
&gMij = 'Dij (M, u) = Mikaku]* + Mjk&rgui — uk&cMij, (26)

where D;;(M,u) is the (negative) spatial part of the Lie derivative of M with respect to
u — it is the bilinear operator that gives the rate of change of the tensor M frozen into
the flow u.

This rewriting of the MHD equations is possible only because we have assumed non-
resistive MHD: it would not be possible to write a closed system of evolution equations
for u and M if there were a resistive term of the form V2B in (2.2). Physically, this is
because non-resistive MHD is insensitive to the directed nature of magnetic field lines.
This is manifest in the fact the Maxwell stress B; B; is unchanged by a reversal of the sign
of B. Magnetic diffusion is, of course, sensitive to such direction reversals; a magnetic-field
configuration with a sudden direction reversal can be subject to resistive instabilities.

A simple model of a tangled equilibrium state is obtained by linearising (2.5) and (2.6)
about the equilibrium state M;; = v%éij, where vg is a constant. A small amount of
algebra yields
0? 19)
an =iV + uv2£, (2.7)
where £ is the displacement field defined by ;¢ = w. This is a wave equation for (viscously
damped) magnetoelastic waves with wave speed vg, i.e., waves whose restoring force is the
isotropic elasticity of the tangled magnetic field. The corresponding dispersion relation
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is

_ vk\® 1. 9
w = tkugy/1l+ <2UE> ~3 vk®. (2.8)

In the absence of viscosity, magnetoelastic waves have dispersion relation w = +kvg,
and can be thought of as the isotropic equivalent of Alfvén waves. Like Alfvén waves,
magnetoelastic waves are transverse, as V - u = 0 implies k- £ = 0.

The dispersion relation (2.8) was first obtained via a similar derivation by Moffatt
(1986), and later by Gruzinov & Diamond (1996). However, it is an idealisation because
no vector field can satisfy B; B; o< d;; at all scales. In the next section, we develop a theory
of magnetoelastic waves for a magnetic tangle that is homogeneous and isotropic at large
scales, but accounting for its inhomogeneous small-scale structure, and, therefore, the
possibility of generating motions at the scale of the magnetic tangle. We find that the
dispersion relation (2.8) is modified by an order-unity factor, even in the limit that the
magnetic tangle scale is vanishingly small compared to the scale of the magnetoelastic
wave.

3. Analytic theory of an inhomogeneous tangle

Returning to the MHD equations, we now separate all quantities into large- and small-
scale parts, assuming a scale separation between the typical scales of the wave motions
and the magnetic tangle. We denote the wavenumbers associated with these scales by ky
and ki, respectively, and take ky/ki = € to be a small parameter. We use the notation
X=X+X , where X is the spatial average of the quantity X over some intermediate
scale that is large compared to the scale of the tangle but small compared to the scale
of the wave motion, and X is the remaining small-scale part.

Denoting equilibrium fields by a subscript zero, we linearise (2.5) and (2.6) about a
static equilibrium that satisfies

MOij = U%éij (31)
for constant vg, while for the moment remaining agnostic about the form of Mgij, but

expecting that Mo ~ My ~ v} because locally there may be an order-unity deviation
of the Maxwell stress from its large-scale average. According to this definition, we have
vg = 3v%, where vy = va(r) is the local Alfvén speed, i.e. the speed at which small-scale
Alfvén waves would propagate along the local magnetic field.

Equation (3.1) implies that the equilibrium Maxwell stress has no structure on the scale
of wave motions, therefore our treatment precludes the possibility of treating stochastic
fields with structure on all length scales. We note that, while it is possible to generate
a wide class of synthetic stochastic magnetic fields satisfying (3.1), this assumption may
prove too restrictive to model the fields generated by isotropic MHD turbulence. We shall
address this and other differences with the turbulent case in a future publication.

The linearised equations are

O2€, = —0,P + v20,0;; + 0;Di; (Mo, €) + v9;0;0,E;, (3.2)
3351 = —9,P+ U]%j,ajajgi + 8jDij(MOvE) + 8;'51']'(]\7&5) + Vajajatgi- (3.3)

3.1. The coupling to small scales is always formally non-negligible

Let us first ask whether it is possible to find a regime in which the coupling to small
scales caused by the 9;D;;(My, §) term in (3.2) can be neglected in comparison with the
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isotropic restoring force v39;0;&;. This would require 5 < ky & e, E < €&, Under

this ordering, there are no terms in (3.3) that can balance 0;D;;(Mo, ) apart from the
viscous term. Such a balance implies

ko kivR€ ~ vk? wé < vkZ weé, (3.4)

i.e., v3 < vw. Assuming that the large-scale response is indeed elastic gives w ~ kyvg as
before, which leaves us with vg < vky. However, this is precisely the condition for the
magnetoelastic wave’s viscous damping rate to be large compared to the wave frequency,
a contradiction to the assumed scaling w ~ kyvg. Hence we find that the coupling to small
scales is always non-negligible if the field is to respond elastically, i.e., if w ~ kyvg.

This conclusion is a result of the arithmetics of powers of k in each of the terms in (3.2)
and (3.3): essentially, viscosity with its k2 scaling does not ‘switch on’ fast enough at
larger k to prevent the driving of dynamically important small-scale motions. Quenching
them requires a viscous damping that scales with k faster than k2, i.e., a hyperviscosity.!
In Section 4.3.1, we will present numerical experiments with tangle scales hyperviscously
damped, which do indeed show precise agreement with (2.8).

That the coupling to small scales should be formally non-negligible is, in fact, clear
on intuitive physical grounds; a set of disconnected ‘blobs’ of magnetic field may well
satisfy MOM o d3;, but will not be able to support a net tension on scales much larger
than the typical blob size. In this case, the term describing the coupling to small scales
9;D;; (Mo, &) in (3.2) will be non-negligible and its effect will be to cancel the large-scale
elasticity term, v30;0;&,;. This intuition also suggests that the effect of the coupling to
small scales should reduce the effective elasticity, an expectation that is confirmed by
the analysis in the next section. Hyperviscosity modifies this picture by preventing any
differential motion on small scales, so the fluid behaves as though the magnetic blobs
were connected by rigid rods that allow the large-scale tension to be maintained.

3.2. Normal-mode analysis

Some general statements can be made regarding the elastic response of an inviscid
tangle by conducting a normal-mode analysis. The essential result of this section is that
for a stable field configuration, the frequency of magnetoelastic waves is always decreased
from kyvg as a result of intermittency of the Maxwell stress.

We expand the displacement field and Maxwell stress in Fourier modes, viz., & =
S &i(k)eF =t and Mo;; = >, Mo (k)e™™ 7, define the projection operator P;; (k) =
8;j — kik;/k*, and define the matrix elements A;;(k, k") of the operator P;;0;D;; (Mo, o)
in the Fourier basis so that

—wi(k) =Y Aij(k, k)& (K). (3.5)
~

The explicit form of A;j(k, k") can be obtained straightforwardly from the definition (2.6)
of D, viz.,

'Replacing the viscous damping rate vk? in (3.4) with the hyperviscous rate v,k" gives
kwkivi€ ~ vkl wé K vkl we, ie, vE < l/hwk‘f_z, or, using w ~ kwug, kyvg < vkl h,
When h > 2, this condition can be satisfied even when the damping rate of large-scale motions
is much smaller than the wave frequency, as long as the hyperviscosity remains large enough for
the small-scale motions to be viscously dominated.
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Ain(k, k') = =Pu (k) kj [~ (ki — k1,)) Moy (k= K') Poan (K)
+ Moim (k= k') by, Pin (K') + Mojm (k — k') Ky, P (K')] - (3.6)
Importantly, A;;(k,k’) is Hermitian, i.e., 4;;(k, k') = [A (k/,k:)]*.2 Let us prove this

explicitly. The Hermitian conjugate of (3.6) is
[Ani(K' k)" = =Py (k') k) [~ Ky, — k) Moy (k — k') Pri (k)
+ ki Moim (k — k/) Pji (k:) + kmMij (k — k:/) P (k)} . (37)

Taking m <> [ in the first term of (3.6), and j <> [ in the second term, then subtracting
(3.7) from (3.6) gives

Ak, k') = [As(K' K)]" =
Pit (k) Prj (k') (01p85q — 01005p) (kg — KL) (ki — kb)) Mo (k —K'),  (3.8)

which is zero, as 01,04 —0140p = €rij€rpqg, a0 €rpq (kq - k;) (km — kL,) Mopm (k — k:’) =0
because the equilibrium field must satisfy Vx(V - M) = 0 (see equation 2.5). Therefore,
Aij(k:, k,) = [Aji(k/, k)] *, q.e.d.

When k' = k, (3.6) reduces to A;;(k, k) = —Mo;(0)k?6;; = —k*vZ6;;, so each Fourier
mode is subject to the large-scale isotropic restoring force, as in (3.3). Terms with k" # k
describe the coupling of different Fourier modes: indeed, from (3.6), we see that Fourier
modes of the displacement field & with wavevectors k and k' are coupled to each other
only when Mo, (k: — k’) is non-zero. This observation shows that two large-scale Fourier
modes with k, k' ~ ky, are not coupled by (3.6), because My;;(k) = 0 for k ~ ky, by
(3.1). In principle, these large-scale Fourier modes can still be coupled as a result of each
of them coupling individually to small scales. The condition for two large-scale Fourier
modes to be coupled in this way is the existence of a path in Fourier-space between them,
along the wavevectors of M. This is precisely the condition for the Fourier modes of M
to ‘beat’ at the magnetoelastic-wave scale, which is in contradiction to the assumption of
statistical homogeneity at large scales. Henceforth, we will assume that such beating is
absent from My, and, therefore, that different large-scale Fourier modes are completely
decoupled.? We will also assume that large-scale modes with the same k but different
spatial directions are decoupled, which is a natural consequence of statistical isotropy.
This discussion implies that it is sensible to decompose the large-scale perturbation into
its constituent Fourier modes, each of which will independently drive small-scale motions
that feed back on the particular large-scale Fourier mode that caused them, but not on
any other large-scale modes.

If we take My to have a finite number of non-zero Fourier modes?, then A;;(k, k") can
be considered as a Hermitian matriz whose elements A ;)x’, ;) describe the coupling of

*

the mode &; (k) with ¢; (k') Since a large-scale mode may couple to small-scale modes
but mot to other large-scale modes, the matrix representation of A is block diagonal,
with each block corresponding to one particular large-scale mode and the small-scale
modes to which it couples. Let A be the block of size (N + 1) x (N + 1) corresponding

2This is a consequence of a general result in MHD that the linearised force operator
F, defined by po07¢ = F€], is self-adjoint (see Kulsrud 2005), viz., for any & and 7,
[&rn Fg=[dre Fin).

3Equivalently, we assume that all positive integer powers of My have no large-scale structure.

4Any field configuration can be approximated to arbitrary accuracy by making this number
large.
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to a particular large-scale mode &, (k. ), taken to be in the z-direction without loss of
generality, that is coupled to N small-scale modes. The general structure of A is

_ (i £
A= ( ¥ B (3.9)
where the element Ak, )k, ) = Azz(kw, kw) = —k2 v describes the isotropic elastic

restoring force on the large-scale mode; Ak ) (k,,z) = Aiz(k, kw) = fir,i) for |k| ~ Ky is
an N-dimensional vector that gives the coupling of the small-scale modes to the large-
scale mode; and A )k, j) = Ak k) = B(k,i) k', ) for |kl |k'| ~ ki is the N x N
Hermitian matrix representing the coupling of the relevant small-scale modes to each
other. The sizes of these three components are respectively k2v3, kykiv and kZv3.

The N + 1 normal modes of the system have frequencies w, that satisfy
det (A + szN+1) = 0, where Iy is the identity matrix of size IV + 1. To leading order
in €, the fast, small-scale motions with frequency w,, ~ kyvg satisfy

2 T
det (LL}L B +{,21N) = wpdet (B+wily) =0 = det (B+w;ly) =0,  (3.10)
m

so that the fast frequencies are unaffected by the coupling of large and small scales.
Equation (3.10) has N solutions for wi, which we denote by =1, ..., N. The remaining
slow, large-scale solution with frequency wg ~ kv represents a magnetoelastic wave,

and satisfies
2 12,2 T
det (“’0 ka”E j;) =0. (3.11)

T = ((1) 8) , (3.12)

where U is the N x N unitary matrix that diagonalises the matrix B, and using the
invariance of the determinant under the basis transformation defined by T, we obtain

det (‘”3 ‘U’;cgv“% w /{ )T> =0, (3.13)

where A = UBU' = diag (\y, ..., An) = diag (—w%, ...,—w]ZV) is the diagonal matrix
of eigenvalues of B, which are the N (negative squared) frequencies of the small-scale
system. Since A is diagonal, the determinant is simple to evaluate, and (3.13) leads to

Defining the block matrix

N 2

U

w2 =k20d - E % (3.14)
p=1 H

Equation (3.14) shows that the effect of the coupling to small-scale motions is to reduce
the frequency of large-scale waves, as long as the equilibrium is stable, i.e., as long as
all w? > 0. Furthermore, since the components of U and f are ~ 1 and ~ kwktv%
respectively, while w, ~ kyvg for p > 1, the frequency is reduced by a factor of order
unity. Physically, this is akin to the elastic response of a tangled ball of elastic string
compared to a solid elastic block: a deformation will generally produce a smaller restoring
force in the elastic ball because the strings can move relative to each other to reduce the
elastic energy (this is not possible in a hyperviscous fluid as small-scale motions are
suppressed).

Of course, there is no reason that the right-hand side of (3.14) should be positive; if it
is not, (3.14) describes a growing perturbation at large scales. This result shows that it is
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in principle possible for an unstable magnetic tangle to relax via motions on large scales
rather than small scales. However, we have found no example of this in our numerical
studies, where the effect of the tangled field on large-scale modes was always restoring,
with instability proceeding only via motions at small scales.

The eigenvectors of A can be obtained to leading order by noting that A (0, e#)T

Au (0, e#)T +O (¢), where e, is the uth eigenvector of the matrix B. The final eigenvector

with associated frequency wg is uniquely constrained by orthogonality to be (1,0)T +
O (€). Therefore, a magnetoelastic wave consists primarily of a large scale oscillation,
together with small-amplitude (vanishing as ¢ — 0), slow (frequency wp), small-scale
oscillations. Physically, these small-scale oscillations represent the rearrangement of
small-scale structures to reduce the elastic energy and, therefore, the large-scale tension.
Despite having small amplitude, these small-scale motions are by no means negligible
— as we have found, the magnetoelastic wave frequency is changed by a factor of order
unity in their absence.

3.3. The First-Order Smoothing Approxzimation (FOSA)

In this section, we describe an approximate method to obtain the wave frequency wg
in terms of statistical properties of the magnetic tangle, by assuming that the coupling
between different small-scale Fourier modes is small. This approximation is equivalent
to neglecting the term 9;D;; (M, &) in (3.3); in the context of large-scale kinematic
dynamo theory, it is often called the First-Order Smoothing Approximation (FOSA) or
the Second-Order Correlation Approximation (SOCA). In the dynamo-theory context,
it is employed in the small-scale part of the induction equation to neglect a similar
‘fluctuating part of the product of two fluctuations’ term, allowing the small-scale
induction equation to be solved for the small-scale magnetic field, which can then be
used to compute the growth of the large-scale field (for a review, see Rincon 2019). Our
use of this approximation is directly complementary: instead of solving an equation for
the small-scale magnetic field given a prescribed flow, we use the FOSA to solve an
equation for a small-scale flow given a known small-scale magnetic-field configuration,
M.

Much like in the dynamo-theory context, where the FOSA is rigorously justified only
when either the velocity correlation time is small, or Rm < 1, the assumption of weak
coupling between modes is unlikely to be well satisfied in any real magnetic tangle.
However, the FOSA remains a useful tool, and we show in Section 4 that it provides
a remarkably good description of numerical simulations of large-scale waves in tangled-
magnetic-field equilibria.

Under the FOSA, we neglect all off-diagonal terms of the matrix B in (3.11), so that
the coupling of large and small scales is retained, but the small-scale modes do not couple
to each other. This simplifies (3.14) considerably because now U = Iy and w,, = k,vg for
pu=1,...,N, where k, are the wavenumbers of the N small-scale modes, so that (3.14)
becomes

Ay (kw, k) Ay, (K ky
wh =kvg — Y pl k/lv,f ( ). (3.15)
k' £k E
With ¢ — 2z and k — ky, (3.6) gives
Azn(kvw kl) = _le (kw) kwj [_ (kwm - k;n) MOlj (kw - kl) Pmn (k/)

+ Moim (kw — k') K, Pjn (K') + Mojm (kw — K') k, P (K')] . (3.16)

With |k’| ~ ki, the first term in the square brackets vanishes to leading order in € because



Elasticity of tangled magnetic fields 9

k! Pimn (k') = 0. Relabelling n — p, then swapping m < j and m < [ in the second
term, we obtain

Azp(kW7 k/) = — Izl (kw) kwnLMOlj (kw - k/) k;',Pan (k/)
—Pem (kW) ijMOﬂ (kW - k/) kl/PmP (k/), ’
= i k(Pag (k) Ponp (k) (S + OnjOma) Mosj (kw — K') . (3.17)

An analogous expression for A,.(k’, ky) can be obtained directly from (3.7), but the
derivation is much more involved. Instead, we can use the fact that A is Hermitian:

Ap. (K k) = [Asp(kyw, k)]
= —kwnk{P=q (w) Pmp (K') (Onm0jq + 0njomqe) Morj (K — k)
= —kwnki Pam (kw) Pop (K') (0rg0tm + 0niOmg) Moy (K — k), (3.18)

where to obtain the final expression we have swapped [ <+ j and g <> m.
With (3.17) and (3.18), (3.15) becomes:

Wi = k20E — (6nm0jz + 0njOmz) (021 0nrgr + O Orgr) Konbwns Ringrjirs (3.19)
where
kl/k;’ N AT N AT I
Rpgrjir =Y qu,m (K") My; (k') My (K'), (3.20)
k/

to leading order in e. The rank-four tensor R, ;- is a statistical property (in the sense
of volume averaging) of the magnetic tangle. Since we have assumed statistical isotropy,
the most general form it can take is Rpg/jir = adpg 0510 + b0pjdqryr + cOpydgrj. Noting from
(3.20) that R,q j; is symmetric in p and ¢’ and vanishes on contraction of p with I, we
find

1
Ryt = 557 U0ri0h = Ssar = b Bs) ((r) - (m)?). (3.21)

where we have used the equilibrium condition k; My;; (k) + k; Py (k) = 0, where P, is the
equilibrium total pressure distribution, and identified

> ‘150 ()| = ((P3)y = (R0)?), (3.22)
~

where angled brackets indicate spatial averages. On substitution of this result into (3.19)
and contraction of the many Kronecker deltas, we finally arrive at

wy = kg (1-x), (3.23)
where
¥ = 5;4: (<P02> - <P0>2) . (3.24)

We therefore find that under the FOSA, the effect of the small-scale structure of the
magnetic tangle is to reduce the frequency of magnetoelastic waves by an amount
proportional to the variance of the total pressure. This is really a statement about
the magnetic field, since the total pressure must balance the magnetic tension force in
equilibrium, so (3.24) shows that more intermittent magnetic fields are less elastic. This
is precisely in agreement with the intuitive reasoning of Section 3.1, where we argued
that a field configuration consisting of disconnected magnetic ‘blobs’ would not support
a large-scale tension — such a field would have a large value of x.
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In the special case of a force-free magnetic tangle, i.e., when only magnetic pressure
balances the magnetic tension, Py = B3 /2, so

9 ((B§)
X=55 <<Bg°>2 - 1> . (3.25)

Like (3.14), (3.23) permits an instability on large scales, occurring when y > 1. Note
that the FOSA treats the small-scale system as stable; this is a consequence of neglecting
the off-diagonal terms in the matrix B. Formally, therefore, the FOSA predicts that when
the variance of the total pressure becomes large enough (so that x > 1), a statistically
homogeneous and isotropic magnetic tangle can be unstable to large-scale perturbations,
even while remaining stable to those with scale similar to that of the tangle itself. This
prediction is contrary to the intuitive picture that we have developed so far. Consider
again a set of disconnected magnetic blobs. While it is intuitive that this configuration
should not produce an elastic response to a large-scale perturbation, it is not clear that
increasing the variance of the field strength (e.g., by reducing the size of the blobs while
increasing their field strength to maintain a constant spatial average) should introduce
an instability, causing the large-scale perturbation to grow. The source of the discrepancy
between formalism and physical intuition is that strongly intermittent configurations with
large x are poorly described by the FOSA. From (3.15), we see that x can be thought of
as a measure of the strength of the coupling between large and small scales. When this
coupling is strong (large x), describing the small-scale dynamics accurately is essential
to obtaining correct large-scale dynamics. Indeed, in Section 4, we show with numerical
simulations of linear force-free fields that the FOSA becomes inaccurate for large values
of x.

3.4. Magnetoelastic waves in a viscous fluid

In this section, we develop a theory for magnetoelastic waves propagating through a
viscous fluid. As we found in Section 3.2, a magnetoelastic wave in an inviscid fluid is
a large-scale oscillation, accompanied by slow (w ~ kyvg), small-amplitude oscillations
associated with the relaxation of small-scale structures in response to the large-scale
tension. In the viscous case, these small-scale structures will be damped by viscosity; their
presence therefore results in an anomalous viscous damping of magnetoelastic waves.

For definiteness, we take the initial condition to be a large-scale velocity perturbation
u, along z with wavevector k.. We solve the inital value problem by taking a Laplace
transform in time:

P76 (k) = iz (K, t = 0) = —k2 038 (k) + Y Azj(kw, k)& (K') + vE2pE. (ky). (3.26)
k/

where p is the Laplace conjugate variable to time (analogous to iw)
In the FOSA, an initially unperturbed small-scale mode with wavenumber k' > k,
satisfies

P& (k') = —ogk2&(K) + Ajo (K ko) (k) + vE?pé; (k). (3:27)
Solving this algebraic equation for fj(k:'), and substituting into (3.26), we obtain
p2fz<kw) — Uy (kwyt = O) = —kVQVU% z(kw)

AZj (kw’ k/)AjZ(klv kw)
+ Z P2 + vk + vk2p

€. (kw) + VK2 pE. (kyw). (3.28)
k/

where the sum is over all small-scale modes.



Elasticity of tangled magnetic fields 11

With p ~ wg ~ kyvg, the p? in the denominator of the coupling term in (3.28) is small
compared to v3k'2.?
Neglecting it, we can use (3.17) and (3.18) analogously to the inviscid case to write

X

2Zk:w_zk:wt: :_k22zkw P
pg( ) u ( ’ 0) wUE ( )+1+I/p/7j}23

Favisds (kw) +VELpE: (k). (3.29)
Note that, as predicted in Section 3.1, the term representing coupling to small scales
remains finite as ¢ — 0, and can only be neglected when vp/vd ~ vk2 /kyvg > 1,
i.e., when wave motions are strongly damped. In contrast, in the hyperviscous case, the
number of powers of &’ is increased in the viscosity term in the denominator of the
coupling term in (3.28), so that it is sufficient for small scales to be strongly damped
for the coupling term to be negligible as ¢ — 0. We therefore recover the simple wave
equation (2.7) in the hyperviscous case, as predicted in Section 3.1.

Finally, we invert the Laplace transform using Cauchy’s residue theorem. The solution
is a sum of Laplace modes w; (t) = (3, A,eP"") T, (0) with amplitudes

p
A, = Res [,p — pn} , 3.30
D) 13:30)
where ‘Res’ denotes the residue and {p, } are the roots of the dispersion relation
— X 212 2
D(py) =pp + (1 - —=—— | vghk® + vk’p, = 0. 3.31
(Pn) pn+( 1+upn/v;§>”E + vk (3.31)

It is instructive to consider the case where the viscous damping rate is finite but small
compared to the wave frequency, i.e., ¥ = vky/vg < 1. The solutions of (3.31) in this
limit are

p1 = +ivpke /1 — x — %uk@ (L+x)+ 0(7?), (3.32)
pa = —ivpky /1 — x — %uk?” (1+x)+ 0(?), (3.33)
p3=—vi/v+0(D), (3.34)

with corresponding amplitudes
A1:%+O(ﬁ), A2:%+O(f/), Az =x0*+ 0 (7). (3.35)

In the first two solutions, p; and ps, given by (3.32) and (3.33), we find the wave
modes of the previous section, but now with a damping rate that is larger than in the
perfectly homogeneous case by a factor of 14 x. This increased damping rate is expected:
it is a consequence of the viscous damping of the small-scale motions associated with

5The p? is only non-negligible if the large-scale Fourier mode under consideration has motions
on the fast timescale, i.e., p ~ kivg. In the inviscid case, we found that a purely large-scale
perturbation is almost a normal mode — the true (slow) normal mode is a large-scale perturbation
with accompanying small-amplitude (vanishing as ¢ — 0) small-scale perturbations. Therefore,
a purely large-scale initial perturbation can be decomposed into the slow normal mode and
small-amplitude fast modes. Similarly, fast modes are almost pure small-scale motions, but do
have an accompanying small-amplitude large-scale motion. This means that in principle, there
will be a fast, large-scale response to an imposed perturbation at large scales, but its amplitude
will be vanishingly small compared to the amplitude of the slow response. In the presence of
viscosity, we do not expect this conclusion to be modified — intuitively, viscosity should further
suppress the amplitude of fast motions. In Appendix B, we verify this conclusion by explicitly
showing that the amplitude of any Laplace mode with p ~ kivg vanishes in the limit ¢ — 0.
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magnetoelastic waves. It may appear odd that a damping associated with small-scale
motions has a rate oc vk2, especially as the condition 7 < 1 does not exclude the
possibility of fast, small scale motions being over-damped by viscosity. The resolution is
that the small-scale motions associated with a magnetoelastic wave are slow (frequency
~ k:WUE) not fast, and therefore they are not viscously dominated when 7 < 1, as
v0;0; ('9,552 ~ Vkaof ~ k2 f < ugajajé} ~ kfv%g These motions satisfy the balance

8 0; fl ~ 0, D”(Mo,f) which gives E ~ €£. The rate of energy dissipation associated
with them is therefore ~ Vk:gwg? ~ vk2w2€, which is consistent with the anomalous
damping rate in (3.32) and (3.33).

The third mode, ps, given by (3.34), describes the case where the slow, small-scale
motions associated with the waves do become viscously-dominated, so obey the balance

v40;0; §Z ~ k? 8,56, giving a damping rate of vZ/v. As above, these motions become
v1sc0usly—dom1nated only when o ~ 1, explaining the vanishing amplitude of this mode
when 7 < 1.6

4. Numerical study
4.1. Ideal instability of tangled magnetic field equilibria

The analysis in the preceeding sections has been idealised because real tangled magnetic
equilibria are generically unstable, even to ideal perturbations (Er-Riani et al. 2014;
East et al. 2015). The instability typically proceeds via motions at small scales that are
fast compared to the magnetoelastic wave motions, but are inhibited by the presence
of viscosity. However, the growth rate associated with viscously-dominated, small-scale
unstable modes is ~ v /v, which becomes comparable with the wave frequency when
U = vk2 /kyvg ~ 1, i.e., when magnetoelastic waves are strongly damped by viscosity.
The question then arises as to whether any static, tangled-magnetic-field equilibrium
will pesist long enough for waves to propagate through it, even with strong viscosity. In
fact, we have found in our numerical study that when the equilibrium state is a linear
force-free magnetic field (see next section) the growth rate of the instability is sufficiently
slow for the equilibrium configuration to persist for many wave periods.

The existence of an instability of linear force-free magnetic fields in ideal MHD has
only recently been appreciated, and indeed many inaccurate statements have historically
been presented in the literature. For the interested reader, we present a short review of
this instability in Appendix A.

4.2. Simulation setup

In order to test the analytic predictions derived in the previous sections, we conduct
simulations of standing magnetoelastic waves on periodic, linear, force-free magnetic-field
equilibria with different values of the parameter x.

The linear force-free magnetic field condition is V x B = aB, where « is a constant.
Taking the curl and using V - B = 0, we get a Helmholtz equation for the magnetic field,

In the FOSA, there is only one mode of this type because all overdamped small-scale motions
relax at the same rate, va/v. This is because, in the notation of Section 3.2, the equation of
motion of the over-damped, small-scale system is vk*0,&;(k) = 2ok, ) Blesiy (e, )5 (K'). In the
FOSA, B is diagonal, with elements B i)k, i) k2, so that the viscous relaxation time has
no k dependence. In the exact system, B is not diagonal, lifting the degeneracy. Then, ps is
replaced by many Laplace modes for each of the possible viscous relaxation timescales, all with
frequencies ~ v /v.
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FIGURE 1. Magnetic-field structure of two force-free equilibria resulting from the numerical
optimisation procedure described in Section 4.2. The upper colour bar describes the plots of B.,
while the lower colour bar describes the plots of B2, in units of (v%)/? and (v%) respectively.
Note that the configuration with xy = 0.17 has smaller variation in the magnetic field strength
than the configuration with x = 0.98. Indeed, the x = 0.98 configuration is hardly ‘tangled’ at
all; it more closely resembles a collection of magnetic ‘blobs’ (cf. the discussion in Section 3.1).
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FIGURE 2. Wave amplitude against time for the field configurations with y =

0.17 and

x = 0.98 (see Figure 1 for the structure of these fields) and using sixth-order hyperviscosity
with v6kS = (0.048\(v3)/?)k2. Despite the difference in the magnetic-field configuration, both
fields show an almost identical response to the imposed wave perturbation and evolve according
to (2.7), as anticipated by the theory in Section 3.1.

v =0.01\ (v3)1/?

— x =0.17
— x=0.72

— x=024
— x=0.382

v =0.026 X (v3)/?

u. (k= 2m) | (1)1

— x =0.36
— x =098

1
4.0 6.0
t/ A wR) 72

FIGURE 3. Wave amplitude against time for a range of values of , plotted for different viscosities.
At large viscosity, fields with larger values of x support waves with larger period and increased
damping, in accordance with Section 3.4. At small viscosities, the evolution is dominated by the
onset of the instability of the equilibrium field (see Appendix A).



Elasticity of tangled magnetic fields 15

V2B = —a?B, which shows that the modes in the Fourier expansion of B must all have
|k| = . The linear force-free equilibrium must then have ik x By = aBj, or

k x Re (By) = Im (By,) . (4.1)

To generate tangled magnetic equilibria, we take kL = 27 (12,6, O)T, together with all
its permutations and negations, where L is the box size. This means that the magnetic-
field structure is periodic on a scale of L/6, which ensures the scale separation between
the box scale and the scale of the tangled field. We then generate real vectors Re (By,)
subject to the condition Re (Bg) = Re (B_g), so that B is real, and to (4.1), so that it is
force-free, using a numerical optimisation procedure to ensure Mo;; o §;; and to produce
fields with different values of the parameter x.” The magnetic-field configurations thus
obtained with x = 0.17 and x = 0.98 are shown in Figure 1. Curiously, we have been
unable to generate a field with x > 1 using this optimisation procedure, which is the
condition for the large-scale mode to become unstable in the FOSA (however, see the
discussion in Section 3.3).

For each equilibrium configuration, we introduce a sinusoidal velocity shear u =
0.05 (v3)1/?sin (272 /)2, where A = 27/k,, = L and (v3)'/? = (B})'/? = 3oy is
the r.m.s. Alfvén speed, and we measure the evolution of the amplitude of this mode in
the Fourier representation of w.

The 3D, incompressible MHD equations are solved using the Dedalus® code (Burns
et al. 2020) at 128 resolution (padded for de-aliasing according to the 2/3 rule). We take
the resistivity 7 = 0, and thus our simulations are only valid in describing the evolution
at early times when the small-scale instability of the equilibrium field configuration has
not yet developed and hence the magnetic field structure is still well-resolved.

4.3. Results
4.3.1. Hyperviscous regime

As the simplest ‘control’ case, we first present the results of simulations with hyper-
viscosity, i.e., with the viscous dissipation term in (2.1) replaced by v Vou, with the
tangled magnetic field at a smaller scale than the hyperviscous cutoff scale. As shown in
Section 3.1, the small-scale motions cannot develop in this regime, therefore we expect
an imposed sinusoidal shear flow to evolve according to (2.7), which might now be called
the ZOSA prediction (Zeroth-Order Smoothing Approximation), independently of the
small-scale structure of the magnetic field. This is indeed observed, as shown in Figure
2, where the evolution of the wave amplitude is plotted for y = 0.17 and y = 0.98. There
is a small relative deviation of ~ 1072 between the two curves and the prediction of the
ZOSA (2.7) that is not visible on this plot.
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FIGURE 4. Wave amplitude against time for x = 0.51 at a range of viscosities (black), together
with the predictions of the ZOSA, (equation 2.7; blue), i.e., neglecting all small-scale motions,
and the FOSA (equation 3.30; red).

4.3.2. Effect of increasing x

We now turn to the case of Laplacian viscosity. Figure 3 shows the wave evolution
for a number of different values of x, at a range of Laplacian viscosities. When the
viscosity is not very small, the evolution is qualitatively in agreement with the FOSA
theory developed in Section 3.4, i.e., a larger y results in a longer wave period and
increased damping. At small viscosity, the evolution is dominated by the onset of the
instability of the periodic force-free field, which, despite originating at small scales with
k ~ ki, results in a transfer of energy from small to large scales via mergers of magnetic
structures (see Appendix A.3) that disrupts the waves (this process is not well-resolved

"This process of generating magnetic equilibria is not guaranteed to produce fields that are
statistically isotropic, despite satisfying Mo;; oc d;;. As a consequence, we calculate x directly
from the tensor R defined in Section 3.3, rather from the isotropic expression (3.24). Anisotropy
on small-scales could in principle cause large-scale modes with the same k but different spatial
directions to couple. However, for all configurations that we have tested the off-diagonal terms
of the matrix Y, , Aip(k, k') Apr(K', k) are small (for the fields presented in Figure 1, they are
small compared to the diagonal terms by a factor of 2 x 1072 for x = 0.17 and 3 x 10™* for
X = 0.98). We have also checked that in our simulations, negligible energy is transferred into
any large-scale mode other than the originally perturbed one.

8Dedalus is available at http://dedalus-project.org
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FIGURE 5. Wave amplitude against time for different values of x at fixed viscosity
v= O.OSA(?}%)I/Q, together with the predictions of the ZOSA, (equation 2.7; blue), i.e., neglecting
all small-scale motions, and the FOSA (equation 3.30; red).

in our simulations). We note that the time taken for the instability to develop becomes
smaller as y increases.

4.3.3. Comparison with the analytic theory at different viscosities

Figure 4 shows the evolution of the wave for y = 0.51 and for four different Laplacian
viscosities, with the predictions of the ZOSA and FOSA plotted for comparison. We
find that the FOSA gives a better prediction in each case, with excellent agreement for
large viscosities, correctly capturing the longer wave period and the increased damping
observed.

4.3.4. Comparison with the analytic theory at different values of x

Finally, Figure 5 shows the evolution of the wave for different values of x at fixed
viscosity, v = 0.03L{v4)"/?, with the predictions of the ZOSA and FOSA theories plotted
for comparison. Again, we find that the FOSA gives a better prediction in each case,
although at large values of x it fails to predict the numerical result accurately.

4.4. Discussion

Our numerical experiments show that the analytical theory presented in Section 3.4
gives a good description of the dynamics of magnetoelastic waves either in the limit of
small x or of large viscosity. This is a natural result, as the FOSA assumes greatly
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simplified small-scale dynamics. Describing the small-scale motions precisely is most
important when viscosity is small, because they are less-strongly damped, and when
x is large, because x encodes the strength of the coupling of large and small scales.

5. Conclusion

In this work, we have studied the large-scale elastic dynamics of MHD equilibrium
states with statistically homogeneous and isotropic tangled magnetic-field configurations.
We have extended the model presented by Moffatt (1986) to consider how the inevitable
small-scale inhomogeneity of the magnetic field structure modifies the dynamics. We have
found that in the idealised case of a stable equilibrium state, the frequency of magne-
toelastic waves is necessarily reduced as a result of accounting for the inhomogeneity,
as a result of relaxation of small-scale structures, which reduces the elastic tension. By
employing the First-Order Smoothing Approximation (FOSA), where couplings between
small-scale motions are neglected, we have been able to derive a dispersion relation for
magnetoelastic waves in terms of statistical properties of the magnetic-field structure.
A key finding is that more intermittent fields are less elastic (see equation 3.25), with
the controlling parameter being the variance of the total (thermal + magnetic) pressure.
By solving the initial-value problem for a large-scale pulse applied to a viscous fluid, we
have further shown that the viscous damping rate of magnetoelastic waves in a magnetic
tangle with small-scale inhomogeneity is greater than for a perfectly homogeneous and
isotropic Maxwell stress, because the small-scale motions are themselves subject to vis-
cous damping. As we found in Section 3.1, these effects are not present in a hyperviscous
fluid because dynamically significant motions on the scale of the tangle are prevented.

Interestingly, the frequency reduction owing to intermittency in the magnetic tangle
manifests itself in the theory as a reduction in w? (see equations 3.14 and 3.23). In
principle, this reduction can be arbitrarily large, thereby rendering w? negative. Such a
situation would correspond to a field that, by virtue of the coupling of large and small
scales, tends to grow large-scale perturbations. It is difficult to intuit such a configuration,
which would also be well outside the domain of validity of the FOSA, as discussed in
Section 3.3. Furthermore, we have not encountered this phenomenon in our numerical
study of linear force-free fields, where the field is always elastic to some extent, though
can ‘untangle’ via motions on small scales. This said, we do not have a formal proof that
such an instability is impossible.

This work is an important first step towards our ultimate goal of understanding the
dynamic effect of tangled magnetic field on large-scale motions. In the future, we plan to
investigate how the conclusions reached here apply to more general field configurations
and to MHD turbulence. The outstanding questions that we hope to address include:

e How restrictive is the equilibrium assumption? In this work, we have frequently
utilised the Hermitian nature of the force operator (see Section 3.2), which relies on the
unperturbed field being an equilibrium state. While turbulent magnetic fields may be
far from equilibrium, simulations of isotropic MHD turbulence have shown an excess of
magnetic energy (‘residual energy’) at large scales (Miiller & Grappin 2004, 2005), hinting
that at these scales, the field may organise itself into quasi-equilibrium structures.

e How restrictive is the assumption that the magnetic field has no structure at large
scales? In writing (3.1), we assumed that the equilibrium Maxwell stress M, had no
component at the scale of the magnetoelastic-wave motions. Furthermore, assuming that
different large-scale modes are not coupled via their individual coupling to small-scale
modes required that positive integer powers of M also did not have structure at large
scales (see the discussion in Section 3.2). These assumptions are justified for synthetic
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fields of the sort investigated numerically in Section 4, but may not be realistic for MHD
turbulence (see, for example, Schekochihin et al. 2004).

e What is the effect of magnetic reconnection? In this work, we have exclusively
considered flux-frozen magnetic fields. Indeed, as discussed in Section 2, the MHD
equations cannot be written as closed evolution equations for the Maxwell stress when
resistive effects are included. Intuitively, reconnection of magnetic field lines would reduce
the magnetic tension that can be maintained at large scales, so we expect reconnecting
magnetic fields to be less elastic.
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Appendix A. Ideal instability of linear force-free fields
A.1. Ezistence of an ideal instability

Force-free magnetic fields are an important class of magnetostatic equilibria charac-
terised by a vanishing Lorentz force. Such fields satisfy the equation

V x B =aB, (A1)
where a () is a scalar function of position, constrained to satisfy
B-Va=0, (A2)

by the divergence-free nature of B. Force-free magnetic fields have long enjoyed promi-
nence in plasma astrophysics as a natural relaxed state for magnetically dominated
systems. The first such suggestion appears to be by Liist & Schliiter (1954), in an effort
to explain early investigations that indicated pressure gradients and gravity might be
insufficient to balance strong fields in stellar media.

Special significance of linear force-free (LFF) fields, i.e., those for which a = constant,
was first recognised by Chandrasekhar & Woltjer (1958), who showed that LFF fields
are among the fields that minimise the total Joule heating subject to fixed magnetic
energy, and argued on thermodynamic grounds that magnetically-dominated systems
should relax to this minimum-dissipation state. This argument was refined somewhat by
Woltjer (1958), who showed that ideal MHD evolution conserves a quantity that later
became known as the magnetic helicity,

H:/d3rA-B, (A3)

and further showed that extremising the magnetic energy subject to the constraint of fixed
magnetic helicity produced LFF fields. This extremisation was interpreted as a minimisa-
tion of the magnetic energy, and therefore a proof of the stability of LFF equilibria against
ideal (helicity-conserving) perturbations. In a later paper, Woltjer (1959) argued that this
conclusion had been incorrect, because the extremisation process was not guaranteed to
produce minima, only extrema. Nonetheless, one state was guaranteed to be stable, the
global minimum of the magnetic energy subject to fixed helicity. Substitution of (A1)
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into (A 3) gives
H:l/d?’rB?:QE—M, (A4)
@ @

and hence the magnetic energy is Ey = aH/2. The force-free state with the smallest
magnetic energy for a given magnetic helicity is therefore the one with the smallest value
of o consistent with the boundary conditions; this state is guaranteed to be stable.’

While the question of the stability of states with larger values of « is not resolved
by the extremisation argument, theorems have been proposed regarding the stability of
such states. These theorems mostly rely on the energy principle of Bernstein et al. (1958),
which states that an MHD equilibrium state is stable if the second-order change in the
total energy

Wa =5 [ € [(6- V) V€990 (V- €)° + (Y x Ba) - (€ x 5B) + B’ | (9)

is positive for any displacement field &, where « is the adiabatic index, p is the thermal
pressure, the subscript zero refers to equibrium quantities, and 6B = V x (€ X By). The
first term is zero for a force-free equilibrium, while the second is positive definite, but can
always be made small by taking py — 0. Hence, the only terms relevant to the stability of
force-free fields are the final two. Substituting the force free condition, (A 1), into (A 5),
we obtain

6W2:%/d3r [(chSA)z—a(SA-(VxéA) : (A6)

where d A = £ X Bg. From this or equivalent expressions, it has been shown that more-
or-less restricted classes of perturbations will give 6W5 > 0 for more-or-less restricted
classes of LFF fields, and hence those equilibria are stable to such perturbations.'®
Classes of perturbations to which LFF fields have been shown to be stable (for any
constant «) include: radial expansions; displacements along one spatial direction (i.e.,
& = £ (r)n, where £ (7) is an arbitrary scalar function of position and n is a constant
vector); axisymmetric perturbations (of axisymmetric LFF fields only); and perturbations
that vanish outside of a region with spatial extent d < 1/|a| (Woltjer 1958; Molodensky
1974). To each of these perturbations it is possible to add any component along By,
because this does not change J A.

Voslamber & Callebaut (1962), however, showed by means of a counterexample that
not all LFF fields are stable; they found that there exist axisymmetric field configu-
rations that are unstable to a class of non-axisymmetric perturbations. This dashed
the hopes of proving a general stability theorem for LFF fields until the problem was

9These early arguments were later refined by Taylor (1974), who provided justification that
conservation of magnetic helicity was indeed the correct constraint under which MHD fluids
should relax. Taylor argued that the magnetic-field-topology-preserving nature of the MHD
equations meant that any topological invariant of the magnetic field should be conserved during
the evolution. This condition can be expressed as the conservation of Hy = fv d3r A - B where
V is any flux tube; physically, this integral is the total (signed) flux linked by the flux tube V.
However, when even small topology breaking terms are introduced to the induction equation,
Hy will no longer be conserved by the MHD evolution. The sum Hy, + Hy, is nonetheless
conserved when the tubes V7 and V5, ‘unlink’, and hence the sum ZZ Hy; over all flux tubes will
still be a conserved quantity, as long as the evolution can be taken to be ideal outside of these
unlinking events. The quantity Y, Hy, is just the total helicity, which, Taylor argued, justifies
its privileged role as the only topological invariant conserved in MHD relaxation.

0This language, common in the literature, is a little imprecise, because a field perturbed by
a displacement field & for which 6W> > 0 will not necessarily tend to return to its original
equilibrium state, unless the field is indeed stable to all perturbations.
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revisited by Moffatt (1986), who showed by expanding By and £ in Fourier modes
that arbitrary periodic LFF equilibria are stable to arbitrary periodic perturbations.
Indeed, the stability of LFF fields was the motivation for the consideration of the
magnetoelastic wave problem by Moffatt (1986). Despite the apparent conflict between
Voslamber & Callebaut’s result and Moffatt’s stability theorem, it was not until much
more recently that a counterexample was explicitly presented by Er-Riani et al. (2014),
who showed that there exist periodic force-free fields that are unstable to ideal periodic
perturbations, as long as these perturbations are allowed to have wavevectors smaller
than a.!! Soon after, East et al. (2015) were able to find energy-decreasing peturbations
for a number of LFF fields by numerical minimisation of (A 5) under variation of the
Fourier coefficients in the expansion of £. Indeed, they reported that they were able
to find energy-decreasing peturbations for every LFF field that they considered, when
Fourier modes with wavenumbers smaller than o were allowed. We too have encountered
instability in each of the fields that we have investigated numerically in this work.

We note that there do exist stable periodic LFF fields, though only in the restricted
case of no magnetic curvature. An example is the field B = By (0, sin az, cos ax) which
represents a uniform magnetic field in any plane of constant x, with direction rotating
as x is varied. The stability of this configuration against a restricted class of periodic
perturbations was demonstrated by Vekshtein (1989); here, we note that for a general
periodic perturbation & (r) = (& (r), & (r), & (r))" it is possible to show via an
elementary (though somewhat tedious) calculation that

W, —ip2 [ %a %y A%
oWy = 2Bo/d T (cosax o + cosax By sin ax By
N S 06, \* (. 0% 98\
+ <sma:c b -+ sin ax 92 CcOos ax D2 + | sin ax 8y + cos ax 92 .

(A7)

The integrand is manifestly positive definite, so this configuration is stable to ideal
perturbations, for any a.l?

Whether there exist any periodic LFF configurations with magnetic curvature that are
stable to arbitrary perturbations is, at present, unknown, as there have been no general
theorems of instability (see Zrake & East 2016 for speculations that stable structures may
exist in the nonlinear force-free case). The existence of stable force-free configurations
would highly significant for astrophysical systems where magnetic-field structures are
smaller than the system size, such as the hot, rarefied plasma between galaxies in clusters.

A.2. Physical nature of the instability

Since its (re)discovery in 2014, the instability of LFF fields has attracted attention as
a means of studying particle acceleration by magnetic reconnection'® (Nalewajko et al.

"This is to say, a periodic LFF field with periodicity 27 (o = 27), in the 3-torus (or periodic
box) with periodicity 27 will be stable. This is guaranteed to be so because 27 is the smallest
value of o consistent with the periodicity of the domain, and hence the field must be stable by
the variational result of Woltjer (1958).

2In fact, the same result is valid for ax — @ (z), &' (x) — a(z), so a nonlinear force-free
configuration corresponding to a non-constant rate of rotation of the magnetic field direction is
also stable.

13While the instability is ideal in nature, current sheets naturally form in its nonlinear evolution.
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2016; Lyutikov et al. 2017) in a more realistic setting than the typical Harris-type current
sheet configuration.

Lyutikov et al. (2017) have proposed a mechanism for the instability of two-dimensional
LFF fields, by arguing that these fields describe a regular array (in the zy plane) of
alternating currents (directed along z). Since like currents attract, this configuration is
unstable, with similarly-directed currents ultimately merging.

In this work, we have been primarily motivated by the manifestation of the Lorentz
force as a local magnetic tension in incompressible MHD. It is therefore instructive to
see how the instability arises in this picture. Figure 6 shows the ideal instability of the
2D LFF given by

B = By (—sindmy, cosdnx, cosdry — sindnx), (A8)

which has @ = 4x. Since the field is translationally invariant in z, only its component
in the zy plane contributes to the magnetic tension. An unstable perturbation can be
obtained by trialling a truncated Fourier series in (A 5); evaluation of the integral gives a
quadratic form in the coefficients of the Fourier modes, which can be diagonalised and the
perturbation that minimises 6W obtained (up to an arbitrary normalisation constant). By
carrying out this procedure, we find that £, = 7.34754 cos(2mx+ 2mwy) — 7.34754 sin(2mx +
27y)) + 1.30549 cos(2mrx — 6my)) — 1.30549 sin(27rx — 67y)) + 0.447807 cos(6mx — 27y)) +
0.447807 sin(6mx — 2my)) +sin(6rx + 67y)) + cos(6mz +6my)), &, = —7.34754 cos(2mz +
2my) + 7.34754sin(2mx + 27y) + 0.435165 cos(2mz — 67y) — 0.435165 sin(2wx — 6my) +
1.34342 cos(6mx — 2my) + 1.34342sin(6mz — 27y) — sin(6wz 4+ 6wy) — cos(6ma + 6my)
gives 6Ws < 0. This perturbation (with convenient normalisation) is shown in Figure 6,
together with the perturbed magnetic-field structure. We observe that the perturbation
represents a non-trivial deformation of the magnetic field structure that mostly consists
of the “magnetic cells” that make up the field configuration sliding past each other in
layers, with smaller perturbations to the field at the boundaries of each cell that generate
a magnetic tension force whose net direction is along the direction of the displacement
of the layer, preventing the configuration from returning to its original state.

The timescale for the development of instability can be estimated analytically using
energy conservation for the truncated system:

d .
at (;/d%g? +5W) B _”/dSTIVEF. (A9)

When the fluid is inviscid, the timescale can be estimated by balancing the kinetic and
potential energy terms and solving the resulting eigenvalue problem for the growth rate
of the unstable mode. For a viscously-dominated fluid, the rate of change of potential
energy is balanced with the rate of energy dissipation by viscosity.

Solving the eigenvalue problem for the truncated system, we find growth rates of
0.0930196 aBy for the inviscid case, and 0.0135899 B2 /v for the viscous case. The di-
mensional form of these results is inevitable, but the numerical prefactors turn out to be
small, particularly in the viscous case, indicating that the growth rate of the instability
should be slower than a naive estimate of the kind made in Section 4.1 would indicate.
The reason for this is apparent from Figure 6, which shows that force responsible for
driving the relative motions of the layers of magnetic cells is mostly generated by the
perturbations to the field at the boundary of each cell, and the component of this force
along the direction of motion of the layer is small. The viscous growth rate is further
suppressed by the fact that the perturbations at the boundaries of each cell that are
responsible for generating forces are at a smaller scale than the cell size, and hence are
damped more strongly by viscosity.
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FIGURE 6. Upper panel: Black lines are level lines of B, for the field defined by (A 8). By
the LFF condition and z-independent nature of the field, these are also the field lines of the
dynamically-important zy-plane field. Solid black lines have B, > 0, so the in-plane field has
anticlockwise circulation, while dashed black lines have B, < 0, so the in-plane field has clockwise
circulation. The strength of the in-plane field is shown in blue. Red arrows show a perturbation
for which §W < 0. Lower panel: The field configuration obtained by applying this perturbation.
Black lines again show the zy-plane field, while blue arrows show the non-compressive part of
the magnetic tension force, with the size of this force shown in red.
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Similar considerations may apply to the more complicated 3D ‘tangled’ equilibria that
we have considered in the main text, explaining why the small-scale instability develops
slowly in our simulations. Lyutikov et al. (2017) have also argued that 3D magnetic
configurations should be more stable than 2D ones because the field cannot be naturally
decomposed into sliding layers.

A.3. Nonlinear evolution

The nonlinear evolution of the instability has been extensively studied using both force-
free electrodynamics (FFE) simulations (East et al. 2015; Zrake & East 2016; Lyutikov
et al. 2017) and kinetic simulations (Nalewajko et al. 2016; Yuan et al. 2016; Lyutikov
et al. 2017; Nalewajko 2018) of simple LFF configurations, the so-called Arnold-Beltrami-
Childress (ABC) fields, of which (A 8) is an example.

In these studies, the late-time evolution is characterised by an “untangling” and merging
of magnetic flux tubes, with an associated transfer of magnetic energy from small to
large scales. Indeed, Blandford et al. (2017) suggested that the particle acceleration that
occurs during such an untangling may power dramatic flares in high energy astrophysical
sources. The ultimate state of the system is the stable LFF state with the smallest «
compatible with the size of the box, in accordance with JB Taylor Relaxation (see Section
A.1). Interestingly, in 2D, Zrake & East (2016) have found with FFE simulations that
the system does not relax to a LFF state, but instead to a configuration of nonlinear
force-free magnetic ‘bubbles’, which they argue is a consequence of the existence in 2D
of invariants additional to magnetic helicity. East et al. (2015) found indications that it
is possible for the nonlinear system to evolve into a transient LFF state with « larger
than the smallest value permitted by the geometry, though this does not appear to have
been reproduced in later studies.

Appendix B. Proof that the amplitudes of fast Laplace modes of the
large-scale motion vanish as ¢ — 0
In this appendix, we show that the Laplace amplitudes of any fast motion on large
scales vanishes compared to the amplitude of slow motions, as € — 0. This justifies the
neglect of p? in the denominator of the coupling term in (3.28).
Retaining p? in (3.28), the dispersion relation (3.31) becomes

AZj(kW7 k/)AjZ(kla kw)

2 _
p% + k/2U]% + Vk/zpn + vk*p, = 0. (B 1)

D(p,) = p2 + vEk? — Z
k/

Using the non-dimensionalisation o = vky /v, p = p/kwUr, we can write (B1) as

Auj (ko KA (K Few) B
A2 1 _ z] W ]z )y 'vw D — 0 B2
Pr1-) P2+ 1+ 0p +p (B2)

&
where €, = k/k' ~ €, and, as before, € ~ ky /ky < 1.This equation has 2W + 2 solutions,
where W is the number of distinct wavenumbers among the small-scale modes to which
the large-scale perturbation couples — this corresponds to the number of distinct small-
scale frequencies that are possible.!* To evaluate the Laplace amplitude according to
(3.30), it is helpful to factorise the dispersion relation. Factoring out 1/(p*+1/€2,+0p/€3,)

MYy £ N if the large-scale perturbation couples to both of the small-scale modes &,(k) and
€;(k') where |k| = |k'| but k # k' or i # j.
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for each of the W terms in the sum in (B 2) leaves a polynomial whose leading coefficient
is 1, and whose roots are all the solutions of (B2): this polynomial can be factorised as

Hm (]5 _pm)v i'e'7

A (kg k)AL (K k) /K™ 1 R
~2 1— zj \vw Jjz s Tvw S — _
e ; 5% + 1+ op e 1;[p2+1/e§,+ﬁﬁ/ei, Tgl = pm),
(B3)
where the first product is over the W distinct values of k' = |k'|.
According to (3.30), the Laplace amplitudes are computed according to
p
A, =Res|——,p —>pn}
[D(p)
P —pn) [ (8° + 1/ + 0b/€kr)
— M k'
N ﬁ]i),j[;}/” 2W+2 ’
H (ﬁ - ﬁm)
m=1
P [ (5° + /6 + 0p/€})
k/
2W 42 : (B4)

H (ﬁn - ﬁm)
m=1, m#n

The scaling of A,, with € will depend on the ordering of & with respect to € — this deter-
mines whether or not the small-scale magnetic field is viscously dominated. Generally,
we can write 7 = O (eﬁ ) and consider the scaling of A,, for different values of 3.

If 8 > 1, the small-scale field is not overdamped by viscosity. Any solution for which
€2,p? is not negligible in the denominator of (B2) is a balance of €2,p? and 1 (and 0p, if
B=1),s0p~ e ' We then have

H (pn _pm) ~ 67<2VV+1)~ (B 5)

m#n

Each term in the product [],, (p2 +1/€2, + ﬁﬁ/ei,) is ~ 1/€? apart from one, which is
that for which p, is an approximate root. The leading-order scaling of this term will be

€%, in order to balance the other terms in (B 2). Therefore,

H (P> + 1/ + 0p/eis) ~ e 2W=1) 2 — A2 (B6)
Y
With these scalings, (B4) gives A4, ~ €*.
Alternatively, if 5 < 1, the small-scale field is strongly damped by viscosity. We argue
similarly to before: any solution for which ei,ﬁz is not negligible in the denominator of
(B2) is a balance of €2,p* and Dp, so p ~ €°~2. We then have

H (pn _ pm) ~ (6,8—2)2W+1 7 (B 7)
m#n
while
H (p* +1/€; +0p/et) ~ (e2ﬁ74)W71 =2~ (6’372)2W74 . (B8)

k/
With these scalings, (B4) gives A,, ~ 3745,
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In both cases, A, — 0 as € — 0.
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