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a variety of empirically observed behaviours of complex systems, give them broad appeal,
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widespread adoption in real-world modelling and decision-making scenarios has been hindered
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Neural networks by the difficulty of performing parameter estimation for such models. In general, simulation
Parameter estimation models lack a tractable likelihood function, which precludes a straightforward application of
Simulation-based inference standard statistical inference techniques. A number of recent works have sought to address
Time series this problem through the application of likelihood-free inference techniques, in which parameter

estimates are determined by performing some form of comparison between the observed data and
simulation output. However, these approaches are (a) founded on restrictive assumptions, and/or
(b) typically require many hundreds of thousands of simulations. These qualities make them
unsuitable for large-scale simulations in economics and the social sciences, and can cast doubt on
the validity of these inference methods in such scenarios. In this paper, we investigate the efficacy
of two classes of simulation-efficient black-box approximate Bayesian inference methods that have
recently drawn significant attention within the probabilistic machine learning community: neural
posterior estimation and neural density ratio estimation. We present a number of benchmarking
experiments in which we demonstrate that neural network-based black-box methods provide state
of the art parameter inference for economic simulation models, and crucially are compatible with
generic multivariate or even non-Euclidean time-series data. In addition, we suggest appropriate
assessment criteria for use in future benchmarking of approximate Bayesian inference procedures
for simulation models in economics and the social sciences.

1. Introduction

Simulation models are increasingly employed across the sciences. Their primary advantage is the flexibility they afford modellers:
models may be specified mechanistically and at the microscopic level without concern for analytic tractability of the full system
behaviour. This flexibility is embraced in the agent-based modelling paradigm wherein individual agents can be described by realistic
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and heterogeneous decision and interaction rules. Examining the macroscopic properties of the system is then done simply through
simulation, freeing the modeller from the burden of reasoning about the global behaviour of the system themselves and facilitating
the study of radically more complex systems and emergent phenomena than is otherwise possible.

In general, agent-based models (ABMs) take as input some parameter vector 6, and return a (possibly multivariate) time-series
x. Typically, ABMs are stochastic simulators, with the property that running the simulator repeatedly with a fixed parameter 0
will produce different outputs with each run. The probability (density) with which the simulator produces a particular output x,
conditional on an input parameter vector 6, is given by its likelihood function, written p(x | €), which in some sense encapsulates
the ABM’s statistical properties. We denote simulation of a dataset x from the ABM as a draw from its probability density function,
x ~ p(x | 0).

An essential prerequisite for the successful application of ABMs in real-world decision making scenarios is the ability to perform
parameter estimation, that is, to tune 0 such that the simulated data are good matches to observed data, which we denote with y.
Traditional statistical workhorses like maximum likelihood estimation or Bayesian inference rely on pointwise evaluations of the
likelihood function. In practice, p(x | 6) cannot be obtained or evaluated in a reasonable time for arbitrary simulation models, and is
thus only implicitly defined by the software specifying the behaviour of the simulator. This presents a barrier to the use of ABMs in
real-world use.

To overcome this, a number of approaches to performing statistical inference have been developed in which exact density evalu-
ations are replaced by evaluations of approximate densities or cost functions that are constructed using simulations from the model.
Some of these simulation-based inference (sBI) methods have been explored within the ABM community. Perhaps the most prevalent
of them is simulated minimum distance (SMD), in which an estimate  is obtained by minimising some loss function f(y,6) between
the observed data y and simulated data x ~ p(- | 0) over some search space ©:

9=argr9n€igf(y,9). (@)

This general class of estimators includes the maximum likelihood estimator — corresponding to choosing, for example, f (y,0) =
—logp(y | 0) or, where the likelihood is intractable, some estimate thereof (see e.g. Diggle and Gratton, 1984; Kukacka and Barunik,
2017). It also includes the Method of Simulated Moments (Msm) (Franke, 2009) — in which f takes the form

13.0)=(8)—8o)' W (2(y) - &), @

where g(y) denotes a set of moments derived from y, g, denotes the same set of moments derived from R > 1 simulations at 8, W is
a suitably chosen weight matrix, and ’ denotes the transpose. As a final example, it includes Indirect Inference (11) (Gourieroux et al.,
1993), which follows a similar approach to MsM but replaces the moments with estimated parameters of a tractable auxiliary model.
Some further loss functions have been proposed more recently in the context of ABM estimation (such as e.g. the Markov Information
Criterion Barde (2017) and GSL-div Lamperti (2018b); see Platt (2020) for a recent review).

However, over recent years there has been a growing interest in Bayesian approaches to parameter inference for ABMs (see e.g.
Grazzini et al., 2017; Lux, 2018; Platt, 2020, 2021; Lux, 2021), with proponents of the Bayesian paradigm arguing in favour of its
alternative approach to quantifying uncertainty and it ability to incorporate expert prior knowledge through the specification of prior
distributions. Here, the primary object of interest is the parameter posterior distribution p(0 | y), obtained via Bayes theorem:

p(y|0)
p(y)

In Equation (3), p(0) is referred to as the prior distribution over parameters 6 € @, which encodes the experimenter’s initial beliefs
regarding appropriate values for 6 before data is observed, while the simulation model itself appears via its associated data likelihood
function p(y | 0). Importantly, Bayesian inference procedures seek to accurately approximate the entire distribution p (@ |y), rather
than any single point estimate derived from this distribution. In this way, accurate and meaningful uncertainty estimates may also
be obtained which correctly account for the experimenter’s initial beliefs, as well as the evidence provided by the data y.

A well-known investigation into Bayesian estimation methods for ABMs is Grazzini et al. (2017), which explores various means of
constructing a surrogate likelihood 5 (y | 8) to account for the intractability of the true likelihood p(y | ). Two immediate drawbacks
of the methods Grazzini et al. (2017) discuss are that they (a) are difficult to reconcile with the fact that ABMs are frequently
dynamical models generating time-series output, and (b) entail a huge computational burden, since each likelihood evaluation in the
employed posterior sampling algorithm requires at least one simulation from the model, and it is typically necessary to make many
hundreds of thousands of such evaluations. More recent work by Platt (2021) suggests estimating the model’s transition density via
a mixture density network. While the approach offers some improvements through the use of a more flexible density estimator and
the incorporation of some temporal dependencies, it suffers from similar drawbacks, assuming time-homogeneity and requiring a
computationally expensive estimation step for every single sample from the approximate posterior distribution. In summary, there is
a need for parameter inference methods that fulfil two main criteria:

p@ly)= p(9). ®)

1. they must be simulation-efficient in order to remain applicable to large-scale simulation models such as ABMs;
2. and they must be able to deal with non-homogenous/non-stationary temporal data, both simulated and observed.

To this end, we seek with this paper to analyse the utility of two classes of parameter inference methods that have seen significant
activity within the computational statistics and probabilistic machine learning literature in recent years: neural posterior estimation
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(Papamakarios and Murray, 2016; Lueckmann et al., 2017; Greenberg et al., 2019), and density ratio estimation (Thomas et al.,
2021; Hermans et al., 2020; Durkan et al., 2020; Dyer et al., 2022b). Such methods have been employed successfully in a variety of
applied domains, including high-energy physics (Brehmer et al., 2018), cosmology (Alsing et al., 2019), and neuroscience (Goncalves
et al., 2020). In addition, as we will demonstrate below, they work flexibly with potentially multivariate time-series data, requiring
minimal model assumptions, and typically generate more accurate parameter inferences with a significantly reduced simulation
budget in comparison to common alternatives, such as those reported in Grazzini et al. (2017).

We further seek to establish a higher standard of assessment criteria to be used in future benchmarking experiments for approxi-
mate Bayesian parameter inference for simulation models in economics and the social sciences through the use of common integral
probability metrics and inference validation procedures used widely in statistics and machine learning. In Bayesian inference, the ob-
ject of interest is the posterior density, whose entire shape is important since this captures degrees of beliefs regarding the unknown
0. However, the literature on Bayesian estimation of ABMs has largely forgone attempts to examine the degree of overlap between
the estimated and ground-truth posteriors or the extent to which the inference procedure has learnt the dynamics of the data, often
in favour of a simple comparison of certain point estimates of 0 (Grazzini et al., 2017; Platt, 2021; Shiono, 2021). Since one of the
primary arguments put forward in favour of Bayesian inference is its ability to naturally quantify uncertainty in comparison to other
methods, it is important to adopt assessment criteria that quantify the degree of closeness between the estimated and target posterior
densities in benchmarking experiments.

In summary, our contributions with this article are to provide:

1. an overview of recent advances in black-box simulation-based Bayesian inference for simulation models, and a motivation for
their use in the specific case of agent-based models;

2. a systematic benchmarking of these state-of-the-art methods against popular alternatives within the literature on Bayesian
parameter inference for agent-based models in economics and the social sciences, in terms of their ability to recover the full
posterior distribution;

3. a novel extension of the methods we present, permitting them to generate parameter posteriors for agent-based models when
fine-grained, granular microdata is available on the modelled system. We demonstrate that this contribution enables agent-
based modellers to calibrate their simulation models to graph- or graph-sequence-valued data, which arise ubiquitously when
modelling a broad variety of complex social and economic systems such as social networks, labour markets, and production
networks and supply chains.

2. An overview of approximate Bayesian inference methods for agent-based models

Bayesian inference has seen relatively little attention from the economic ABM community as a means to parameter estimation, but
has gained popularity with the work of Grazzini et al. (2017). Here, the authors discuss three approaches to performing parameter
inference with approximate Bayesian computation (ABC) (see e.g. Tavaré et al., 1997; Pritchard et al., 1999; Beaumont et al., 2002;
Sunndker et al., 2013; Schmon et al., 2020). One such proposal is the classical approach to ABcC, in which samples are accepted
or rejected from some proposal distribution according to some notion of discrepancy between the observed data and the output
of the ABM at those parameter values. The remaining two entail the use of an explicit generative model that approximates the
distribution of the output of the ABM, either through the use of a parametric density function — akin to synthetic likelihood (Wood,
2010; Price et al., 2018) — or through the use of a non-parametric kernel density estimation trained on the output of the ABM. Both
approaches require the time-series generated by the ABM to be stationary. Other works, such as Lux (2018), Lux (2021), and Platt
(2021), similarly perform a procedure that can be subsumed under ABC using different methods for approximating the likelihood
function. For example, Lux (2018, 2021) use particle filters, while Platt (2021) assumes time-homogeneity of the transition density
associated with the ABM, which is approximated with a mixture density network (Bishop, 1994) at each parameter value visited in
their sampling procedure. This feature of Platt (2021) makes its application prohibitively expensive in many cases, since each step
of the posterior sampling procedure — which must typically be at least of order 10° even in low-dimensional cases to achieve a low
Monte Carlo error on the resultant posterior estimate — requires multiple simulations in addition to training of a neural network
from scratch, which can quickly lead to simulation budgets of order 107 or greater. Lux and Zwinkels (2018) further discusses the
use of ABC and particle filters for Bayesian inference, in addition to other non-Bayesian approaches such as maximum likelihood and
MsM, discussed in the previous section. We provide further technical details on these approaches, and unify many of them under the
umbrella of ABC, in Appendix A.

A common feature of these approaches is that the task of inference — that is, of constructing the posterior distribution - is
inherently linked to the act of simulating from the ABM and, in most cases, building an additional approximate generative model
(sometimes also called an emulator), in the sense that an approximation to the likelihood function is constructed. We will see in the
following chapters that this contrasts with a new generation of Bayesian estimation methods in which inference is decoupled from
the act of simulating and can be performed in a discriminative manner, typically resulting in more efficient inferences.

3. A new generation of simulation-based inference methods

In this section, we provide an overview of the two main simulation-based inference (sBI) methods we make use of in this
paper: neural posterior estimation (NPE) and (neural) ratio estimation (NRE), both of which — as their names suggest — employ
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neural networks' to obtain an estimate of the posterior density p(@ | y). We motivate the use of these methods for agent-based
models (ABMs) by framing them as discriminative approaches to simulation-based parameter inference, and contrasting them with
the generative approaches described in Section 2 which seek to approximate the model’s distribution (likelihood) using some form
of probabilistic model. We then present the core elements of these methods, and further provide a discussion on how they may
be leveraged flexibly and automatically to accommodate inference tasks involving high-dimensional and potentially multivariate
time-series data, as is often the case in applications in economics and the social sciences.

3.1. Motivating black-box, discriminative approaches to parameter inference
The methods we endorse here — NPE and NRE — can be motivated by the fact that they are:

1. simulation-efficient alternatives to more traditional approaches to SBI, such as the approximate Bayesian computation (ABC)
approaches described in Section 2;

2. generic sBI methods that treat the simulator as a black-box, thus making minimal assumptions about the structure and output of
the simulation model;

3. discriminative approaches to SBI, in the sense that inference does not require a probabilistic model for the data x: instead
of explaining the mechanisms that create the data, we only need to distinguish between realisations that arise from different
parameter values.

Simulation efficiency The algorithms described in Section 2 share a common pattern. For a fixed parameter 0, iid simulations
x") ~ p(x|0), r=1,..., R, are sampled to produce a proxy likelihood p(x | ). Then, to generate n approximate posterior samples via
Markov chain Monte Carlo (McMC), this procedure is performed at » different values for 6, where n must typically be a large number
- often a few hundred thousand, if not orders or magnitude larger — to ensure a low Monte Carlo error. Consequently, at least nR
simulations from the ABM are required in total for inference under these algorithms. Since ABMs can be very expensive to simulate,
and the act of simulating from the ABM remains the primary bottleneck in Bayesian estimation procedures for ABMs, this simulation
demand can quickly become infeasible.

In contrast, the methods for which we advocate here differ by eliminating the need to simulate when sampling from the posterior.
Instead, they decouple the act of simulating from the task of constructing the posterior by employing powerful function approximators
to learn — in essence — global posterior density estimators on the basis of a limited number of simulations from across the parameter
space of the ABM; that is, they learn functions 4 : ) X ® - R which approximate the posterior density p(€ | y) across the space of
all possible values for @ and y. This has the potential to significantly reduce the simulation burden associated with approximate
Bayesian inference procedures, because the pointwise estimates of p(0 | y) can borrow strength from, and share information between,
one another; in contrast, the algorithms described in Section 2 consider each pointwise evaluation of p(@ | y) as standalone density
estimation tasks, such that no information can be shared between them. In this way, a large number of approximate posterior samples
can be generated from an algorithm trained on what can in practice be a far smaller number of model samples than is required for
the algorithms described in Section 2.

Finally, the approaches we endorse here are equipped with a further efficiency benefit: amortisation. This phrase captures the
fact that the global density estimators can generate samples from an approximate posterior p(0 | y) for any data y without the need
to further simulate from the ABM, which results from the fact that they are trained on the full space of possible values for 6 and
y. In contrast, applying the methods described in Section 2 to a new dataset y’ would entail nR further simulations from the ABM,
multiplying the already high simulation costs.

Black-box inference methods We discussed in Section 2 that many Bayesian inference approaches for ABMs come with restrictive
assumptions, for instance, stationarity of the simulated and observed time-series. In general, it is useful to dispense with these
assumptions, since they can be difficult to verify and limit the applicability of these methods for arbitrary simulators. Instead, it can
be preferable to employ black-box methods that make minimal assumptions about the model and are therefore generically applicable
to arbitrary simulators. Doing so enables the modeller to concentrate resources on model design and implementation, rather than
on developing bespoke inference algorithms for each new simulator. Furthermore, assumptions such as stationarity are known to be
particularly poorly suited to certain simulation models such as ABMs, since these models are known and are even designed to produce
non-equilibrium dynamics. Employing inference procedures that are able to handle such dynamics is therefore essential to the task
of estimating generic ABMs.

Discriminative approaches to parameter inference Discriminative tasks in machine learning are typically simpler than generative tasks,
since generative tasks address larger problems than pure discrimination. This is intuitive: for example, it is typically easier for
humans and computers alike to distinguish between images of cats and dogs than to generate them. Analogously, it is generally a
simpler task to discriminate between complex time-series data than it is to generate such time-series. The approaches described in
Section 2 adopt a generative approach: they each - either explicitly or implicitly — seek to derive an approximation to the simulator’s

1 Note that neural networks are not essential here — the procedures we describe require only flexible function approximators. We frame the discussion around
neural networks primarily because they are a convenient choice of flexible function approximators in many settings.



J. Dyer, P. Cannon, J.D. Farmer et al. Journal of Economic Dynamics and Control 161 (2024) 104827

likelihood function using a probabilistic model, and thus seek to model the (probability density function of the) simulation output
itself. Formally, this may be understood as learning the (stochastic) map 0 — x. NPE and NRE, in contrast, do not seek to model
the simulation output: instead, they map from instances of the simulation output to certain target values which we will describe in
more detail below. This can be formally thought of as learning the map x — 6. Such an approach to parameter estimation therefore
embodies a fundamental departure from the approaches described in Section 2. It has the potential to be particularly beneficial for
ABMSs, which are known to be able to produce complex, non-equilibrium dynamics that are especially difficult to model and generate.

3.2. Neural posterior estimation

In this section, we introduce neural conditional density estimators and their use in posterior estimation tasks. The core idea
underlying this class of simulation-based Bayesian inference techniques is to use such conditional density estimators to model the
parameter posterior density directly. While various conditional density estimators can be used, e.g. mixture density networks (Bishop,
1994; Papamakarios and Murray, 2016), we focus here on the case of normalising flows (Tabak and Vanden-Eijnden, 2010; Tabak
and Turner, 2013; Rezende and Mohamed, 2015) due to their widespread use in various density estimation tasks, including in the
areas of image generation (e.g. Kingma and Dhariwal, 2018) and physics (e.g. Noé et al., 2019).

3.2.1. Normalising flows

Normalising flows involve transforming a simple base distribution into a more complicated one, often with the use of neural
networks. Consider a random variable U ~ py, where py is a probability distribution chosen to be a “simple” base distribution, in
the sense that it is easy to both generate samples from py and to evaluate py(u) for any u. Now consider the transformed random
variable X = g(U), where g is a differentiable, invertible function with differentiable inverse f := g~!. Then, by the change of
variables formula, we have

Px(0 = py (f(x)) | det I, ()| @

where J; is the Jacobian of f. Sampling from px then simply involves sampling a value u from the base distribution py and
immediately obtaining x = g(u). Evaluating px(x) also then simply involves evaluation of the right-hand side of Equation (4). The
above may be extended easily to a composition, or flow, g = g,0g,_;° ... og, of differentiable and invertible functions g; with inverses
fi, for which we now have that

n
px)=py (£ (- Famt (£20) ) | ] det 7, 0] (5)
i=1
Given samples from py, the question of how to choose a base distribution py; and a series of functions g, ..., g, such that the distri-

bution of the samples is modelled accurately arises. The idea behind normalising flows is to learn this sequence of transformations,
that is, to have each f; be a flexible transformation s with trainable parameters ¢;. The resulting density estimator g can be
written

0500 =pu (14, (- 19, (£, ) ) . where §= (... ). ©)

Hdet J7,
i=1

The simple base distribution is then often taken to be a standard normal distribution’ of the same dimension as the target dis-
tribution, and the flexible transformations fy are typically neural networks with a structure designed to guarantee the required
invertibility and differentiability. Since the computation of the determinant of the Jacobian, which has appeared in the expressions
written above, can in general be an intensive task, these neural networks are also designed such that obtaining the determinant
is fast and straightforward. This can be achieved, for example, by using an architecture for the normalising flow that results in a
triangular Jacobian, such that the determinant is simply the product of the main diagonal elements, as is the approach taken in e.g.
Papamakarios et al. (2017).

The trainable parameters ¢ = {qh, t1<i< n} are optimised by maximising the log-likelihood of the data x") iid px.r=1,....,R:

R
$=arg mdzjix Z loggy (x(’)). @)
r=1

Normalizing flows are typically implemented in machine learning libraries that support automatic differentiation such as pytorch
(Paszke et al., 2019) or TensorFlow (Abadi et al., 2016) allowing the effective use of gradient-based optimisation techniques,
such as Adam (Kingma and Ba, 2014). We provide a schematic of the sampling (flow, right-pointing arrows) and density evaluation
(normalising flow, left-pointing arrows) processes in Fig. 1, in which the simple, left-most distribution is morphed successively into
the more complex, right-most distribution.

2 For this reason, the composition f = f,o0...0f,_ of, is often referred to as the normalising flow, since it is a flow of transformations resulting (typically) in a
Gaussian base distribution.
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Fig. 1. Schematic of a normalising flow. Sampling (top) entails sampling u, from the base density p, and iteratively finding u; = g;(u;_,). Density evaluation (bottom)
entails sampling x from the true density of the data and finding the corresponding point ,, in the base density through successive application of the f; = gl." Ji=n,...,1
and applying Equation (5).

3.2.2. Normalising flows for neural posterior estimation

Normalising flows may also be extended to the case of conditional density estimation (see e.g. Papamakarios and Murray, 2016;
Lueckmann et al., 2017; Papamakarios et al., 2019; Greenberg et al., 2019). In this way, we can use a normalising flow to estimate
the posterior density p(6 | x) associated with a simulation model by following the same procedure as above and finding the neural
network parameters as

R
P 1 oM | x™ , 8
¢ arg{ggg; ogqy (67 |x) ®)
jid
where (x,0") < p(x,0),r =1,..., R. Importantly, this framework allows us to learn a single conditional density estimator for

the posterior density function across data x, rather than having to undergo the expensive procedure of training a separate density
estimator for each point evaluation of the posterior density as in e.g. Platt (2021).

3.3. Density ratio estimation and neural density ratio estimation

An alternative to density estimation can be found leveraging the connection between supervised learning and unsupervised
learning, using the often-termed likelihood-ratio trick. Given independent samples x) ~ f;(-),r =1,...,R and x*) ~ f;(-),r = R+
1,...,2R, where we assign a classification label ¢ =1 to samples from f| and ¢ =0 to samples from f;, then

f1(x) F10)/ fo(x)
Plc=1]|x)= = R
fo+ f1ix) 1+ f1(x)/ fo(x)
where P is a probability measure over class labels. Thus, if we can find an estimate for the class membership probabilities, g(x) ~
P(c = 1] x), we can in turn find an estimate of the ratio:

§) ) LW
1-28(x) fox)’
While this is a relatively well known approach, it has only recently found use in SBI tasks. Pham et al. (2014) propose to use classifiers

such as random forests to estimate p(x | 6;)/p(x | 6y), in order to use this ratio in McMc. Similarly, Cranmer et al. (2015) suggest the
use of the same quantity for frequentist likelihood ratio approaches.

F(x) =log <

3.3.1. Likelihood-to-evidence ratio via binary classification

The idea developed above may be applied to perform likelihood-to-evidence ratio estimation (Thomas et al., 2021; Hermans
et al., 2020), which can improve the simulation efficiency of the idea underlying the procedures described above. The core idea
underlying this class of methods contrasts with NPE in that while NPE seeks to model the posterior density directly, (neural) ratio
estimation (NRE) instead seeks to estimate the following ratio:

p(x.0) _p(x10)  p@©]x)
= = = ’9. 9
P@r® - px - pe) O ©)

This ratio is frequently referred to as the likelihood-to-evidence ratio. In the event that Bayesian inference is the goal, this then
permits evaluation of the posterior density as

p(@ | x) =r(x,0)p(6). (10)
Thomas et al. (2021) suggest to make use of this observation by estimating the likelihood-to-evidence ratio p(x | 6)/p(x) at 6 by

i o
training a probabilistic classifier to distinguish between x™ '~ p(x | @),n=1,...,N and ¥ '~ p(x),m= N + 1,...,2N at each
proposed parameter value 6. The authors show that the optimal estimate of the class probability is
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py16)
p(y 10)+p(y)’
permitting an estimate of r(y,0) := p(y | 6)/p(y) as P(c =1|y)/P(c =0|y). This approach was later extended by Hermans et al.
(2020), in which the authors propose to train a probabilistic classifier to instead distinguish between the following two sets of training
examples:

Pe=1]y) = (11)

1. a set of “genuine” examples drawn from the joint distribution, (x, 6) i p(x | O)p(0), which are assigned a class label ¢ = 1;

2. a set of “false” examples drawn from the product of the marginals, (x, 0) i p(x)p(0), with class label ¢ = 0.

The difference between the two sets of examples is that the x are generated by the 6 to which they are paired in the former set of
examples, while in the latter set of examples the x bear no relation to the 6 they are paired with.

The function of a probabilistic binary classifier trained on such data is to model the class probability d(x,0) :=P(c=1|x,0) €
[0, 1]; hard classification labels (i.e. decisions regarding the predicted value of ¢) are obtained when the continuous-valued d(x, 6)
is combined with a decision rule, for example the rule that ¢ = 1 should be predicted whenever d(x,0) > 0.5. One can show (see
Appendix B of Hermans et al., 2020) that the optimal estimate of d(x, 0) is the value

p(x | 0)p(0)

p(x | 0)p(6) + p(x)p(0)

Thus, a good probabilistic classifier trained to distinguish between the two possible types of pairs (x,0) will learn a good estimate

d(x, 0) of this ratio. Such a probabilistic classifier will allow us to evaluate the posterior density in this way: by noticing that one can
rearrange Equation (12) as
d*(x,0)

0|x)= ———————p(6) =: r (x,0)p(0), 13

POIY) = T e = p(O) = ' (%, 0)p(60) (3)

where r*(x,0) is the corresponding estimate of the likelihood-to-evidence ratio p(x | €)/p(x). In practice, of course, only an ap-

proximation d(x,0) will be obtained to the ratio in Equation (12), yielding a correspondingly imperfect estimate 7(x,0) of the

likelihood-to-evidence ratio. Nonetheless, training high-capacity neural network classifiers on the cross-entropy loss

12)

d*(x,0) :=

N
¢ ({c(i),x(i),e(i)}i]i 1) = _% > [Ptogd (x©,60) + (1 - D) log (1-d (xV,69))]
i=1
can yield classifiers with good probability estimates, and thus good estimates of r*(x, 0).

3.3.2. A generalisation to multi-class classification

In more recent work, Durkan et al. (2020) demonstrate that the above approach to density ratio estimation can be generalised
to the problem of training a probabilistic classifier to identify the correct (x,0%) pair from a batch {(x, 0(1’))}5’:1 of B pairs that
otherwise contain only “incorrect” pairs, where “correct” and “incorrect”, respectively, correspond to having been drawn from the
joint distribution p(x, 0) and from the product of the marginal distributions p(x)p(6). In this case, the optimal estimate of the correct
class probability is

PO 1) [T (O™ 6" 6"
ple=ilx(0P)E, )= — . I, - BP( |bX)/P( ) —. 14)
Zb=1p(0( ) |X)H,,/¢bp(9( ) Zb=1P(9( ) 1%)/p(0?)

Thus, by comparison with Equation (14), training a neural network f, on the loss function

exp f(x,67)
T2 exp f,(x,0)

for each (x,0) ~ p(x | 8)p(0) will induce Fo X, 0) to learn the value FoX, 0) =log(p(0 | x)/p(0)), thus recovering an estimate of the
desired density ratio. This can be extended to a batch of R “correct” data-parameter pairs as

£(¢) = ~log as)

R r) g
1 exp fy(x\"”, 6'"”)
L(Pp)=—— ) log
R Zf ZBV

by=1

(16)

exp f,(x, 00

where the terms in the denominator are labelled with b, to account for the possibility that the contrasting (“incorrect”) set of
parameters may be different for different “correct” pairs (x*), 0"”). The authors further demonstrate that this can yield more accurate
density ratio estimators. For this reason, we adopt this approach throughout this article.

3.4. Sampling from the neural posterior

After successful training, the posterior density estimator ¢;(6 | X) obtained from NPE is a parametric approximation of the true
posterior distribution, which can then be used to generate iid samples 6 ~ 95(0 | x), as described in Section 3.2.1, or to evaluate

7
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the posterior density on a pointwise basis, as also described in Section 3.2.1. While ratio estimation similarly permits a pointwise
evaluation of the posterior distribution as p(6)exp (f, X 0)), it requires a further inference step using, for example, Metropolis—
Hastings (see Appendix E.1 for details) to generate samples from the same posterior. However, the upfront training of the ratio
estimator eliminates the need for expensive sampling from the ABM, reducing the run-time significantly in comparison to alternative
approaches such as those described in Section 2.

3.5. Round-based training

The procedures described in Sections 3.2 and 3.3 are framed as single density (ratio) estimation tasks. This means that a single

dataset of R data-parameter pairs x®, 9(’)), r=1,..., R is created in the following way:
6 ~ p(0), sample from the prior;
x7 ~ p(x| 9(’)), sample from the model using the draws from the prior.

Subsequently, NRE and NPE algorithms are trained on the whole dataset to find either the likelihood-to-evidence ratio or the posterior
directly following, respectively, (8) or (16). Density estimators trained in this way are referred to as amortised density estimators,
which reflects the fact that they may be used to construct posterior distributions for any data x without further simulation from the
ABM or the need to train multiple density estimators.

The disadvantage of this one-stage approach is that all training simulations from the ABM are generated by parameters drawn
from the prior distribution. In many cases, however, interest lies only in the posterior for the particular observation y, which can
be concentrated on specific subregions of the entire space covered by the prior density. It can then be preferable to narrow down
the search space of good candidate values for the parameter 6 to subregions of the parameter space that could most plausibly have
generated y. By doing so, the density (ratio) estimator will be presented with a less varied range of dynamics between which it must
learn to distinguish, allowing it to develop a more refined approximation of the density (ratio) in regions of high posterior density.
This can facilitate more rapid learning and potentially reduce the number of training examples that must be simulated by the ABM.

Significant effort has thus been extended towards the constructions of “round”-based approaches to training density (ratio)
estimators for SBI (see e.g. Papamakarios et al., 2019; Greenberg et al., 2019; Hermans et al., 2020; Durkan et al., 2020). The idea
is to split the total budget of R simulations into subsets of size N, N,,... such that ), N; = R. In the first step, N; data points
are created as before and a posterior approximation qd3(9 | x) is constructed. Subsequently, in round i > 2, we create new data

x",0"),r=1,...,N; using

o) ~ qgfl)(e [x), sample from round-(i — 1) posterior;
x ~ p(x | 0, sample from the model using the draws from the round-(i — 1) posterior.

The posterior g (6 | x) may now be retrained using (a combination of the old and) the new samples, and the process can be repeated
for as many rounds as necessary. An identical process exists for density ratio estimation, with the exception that parameters in round
i are drawn using the likelihood-to-evidence ratio obtained from round i — 1 and, for example, Metropolis-Hastings.

While the round-based approach is appealing, it does not come without additional challenges. In particular, the joint distribution
of the example pairs (x, 0") is no longer p(x,0) for data sampled after the first round. In practice, this needs to be accounted
for during training by the use of additional weighing factors, such as those appearing in Equation (17) (cf. Equation (8)). We refer
the interested reader to the following papers for further details on this matter: Papamakarios and Murray (2016); Lueckmann et al.
(2017); Greenberg et al. (2019).

Training schemes for NPE and NRE which make use of this round-based training approach are referred to as sequential neural
posterior estimation (SNPE) and sequential neural ratio estimation (SNRE), respectively, in which the prefix “sequential” reflects the
round-based training design of the now non-amortised density (ratio) estimator.

3.6. Summarising the simulation output

As described above, NPE and NRE take as input either x alone or (x, 0) pairs. Given that x is a (possibly multivariate) time-series
for many ABMs and is thus a high-dimensional object, it can be beneficial to incorporate useful inductive biases® into the network
architecture that account for the sequential nature of x and reduce its dimensionality. To this end, the density (ratio) estimator
can be prefixed with a so-called embedding network with trainable parameters ¢, whose function is to consume the original high-
dimensional dataset x and express this as a lower-dimensional summary statistic vector s,(x). The parameters of the embedding
network and of the density (ratio) estimator may then be learned concurrently using the same loss function, offering a means to
automatically learn descriptive low-dimensional features of the raw input data during the same posterior or density ratio estimation
task in an end-to-end fashion.

3 Inductive biases are usually realised as constraints on the form of the network architecture in the case of neural networks. For example, when certain symmetries
are known to be present in the data, this inductive bias may be incorporated with the use of (partially) exchangeable neural networks (Zaheer et al., 2017; Wiqvist et
al., 2019). Imposing such constraints helps to restrict the space over which appropriate functions are searched for and facilitates effective learning and generalisation
from training data.
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This quality is a further attractive feature of NPE and NRE. Finding low-dimensional summary statistics of the data is necessary
in many approaches to sBI,* and the question of how to summarise data naturally arises in response to this. Popular solutions
that have been explored to-date include: the experimenter themselves devising a collection of hand-crafted summary statistics that
they believe adequately describes the data, which is an arduous task that can lead to a difficult-to-quantify loss of information; or
learning summary statistics by constructing a separate learning task to the existing problem of density (ratio) estimation (see e.g.
Fearnhead and Prangle, 2012; Chen et al., 2020), imposing an additional burden on the experimenter. NPE and NRE, in contrast,
offer a convenient approach to incorporating inductive biases and to learning summary statistics in an end-to-end fashion without
the additional complications associated with alternative sBI techniques. However, when trusted hand-crafted summary statistics s(x)
are available, these can either be used in place of, or in addition to, learned summary statistics. In the latter case, this is easily
achieved by either (a) concatenating the two kinds of summary statistics into a single vector Vo (X) = (8(x),5,(x)), or (b) learning
lower-dimensional summary statistics from the hand-crafted summary statistics as v(x) = sw(s(x)), enabling the user to flexibly make
use of both trusted user expertise and learned features.

3.7. Training procedures for density (ratio) estimators

To summarise and conclude this section, we follow Greenberg et al. (2019) and Durkan et al. (2020) and provide in Algorithm 1
procedures for training neural posterior and density ratio estimators for SBI over multiple rounds. In both cases, we assume that the
density (ratio) estimator includes any embedding network used to summarise data concurrently with the density (ratio) estimate,
such that ¢ contains the parameters of the estimator and the embedding network.

Algorithm 1: Training SNPE (see Greenberg et al., 2019, Algorithm 1) and SNRE (see Durkan et al., 2020, Algorithm 1).
Input: prior distribution p(6), simulator p(x | 0), observation y, conditional density estimator g, /density ratio estimator f,,, number of rounds M, number of
simulations per round N, minibatch size B, contrasting set size K;
Result: Trained conditional density/density ratio estimator
Set j,(0) = p(0), dataset D = {};
for m=0,...,M —1do
Sample 6 5 0), n=1,...,N;
Simulate x* ~ p (x | 9("’), n=1,...,N;
Append the dataset:

D:=Du LNJ { x.07) };

n=1

if SNPE then

until convergence do
Evaluate the loss function

L@)=- ) log <q¢<9|x> a7

(x.0)eD

5.0 1 )
20) Zx) )’

Update trainable parameters ¢ on the basis of £(¢)
end
Set p1(0) 1= g, (y,0).
end
if SNRE then
until convergence do

B
Sample minibatch { (x®,0?) } uniformly from D;
b=1

For each minibatch pair, draw 0 < K < B parameters é(k), k=1,....K, from elsewhere in the training data D,
Evaluate the finite-sample multinomial logistic loss

B b @b
I exp (£, (x.6))
L) ==5 Y log ; (18)

K
T (s, (x0.07) + Zew (7, (x.0))
k=1

Update trainable parameters ¢ on the basis of £(¢)
end

Set p,41(0) xexp (/4 (v.0)).

end

end

4 This is the prototypical approach to ABC, for example, although methods that obviate the need to summarise high-dimensional data have been proposed and
explored in recent years (see e.g. Park et al., 2016; Bernton et al., 2019; Dyer et al., 2021a).
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Fig. 2. Visualisation: why standard Euclidean distances are misleading when assessing Bayesian inference algorithms. The parameter 6, is ostensibly closer to the
“true parameter” (grey) in this toy posterior than ¢,. However, 6, has higher posterior density, i.e. it is more credible given the data.

4. Experiments for tractable examples

In this section, we present experiments in which we compare the ability of NPE and NRE to estimate parameter posterior distri-
butions for economic simulation models with tractable likelihood functions against common alternatives in the ABM literature. We
also provide details of the neural network architecture and training hyperparameters in Appendix G. All code for these experiments
is available at https://github.com/joelnmdyer/sbi4abm.

4.1. Performance metrics

Each example presented in this section will be equipped with a tractable transition density, and therefore a tractable likelihood
function. Such models are thus amenable to Bayesian inference via standard means, such as MCMc, to obtain an approximate ground-
truth posterior density.®

To assess the accuracy of the estimated posteriors in this case, we compare the full ground-truth posterior density with the full
posterior estimated with each of the implemented simulation-based approaches. This contrasts with previous studies of Bayesian
parameter estimation for ABMs, in which point estimates alone are often used to assess the quality of the tested inference procedures.
For example, Platt (2021) uses a prior-weighted Euclidean distance between the estimated posterior mean and generating parameters
(that is, the 0 that generated the pseudo-observation y) as a performance metric. However, such metrics provide a very limited and
at times misleading view on the outcome of the inference process, because (a) “closeness” is not measured in the geometry of the
target distribution, as visualised in Fig. 2; (b) it is possible that an approximate posterior can produce a posterior mean close to the
generating parameter but simultaneously under- or over-estimate the width of the distribution or otherwise yield poor uncertainty
quantification, and (c) finite datasets are not guaranteed to yield posterior densities that concentrate on the generating parameter.

To compare the ground-truth and simulation-based posteriors, we compute two integral probability metrics which each corre-
spond to notions of dissimilarity between these posteriors:

Wasserstein distance This is a distance measure derived from optimal transport theory (Kantorovich, 1960) and used widely in
various machine learning contexts, e.g. generative adversarial networks (Arjovsky et al., 2017). For some distance p, on ® and two

s : . iid iid .
probability measures u and ', the p-Wasserstein metric between two sets of samples {9,-};’=1 ~ u and {9; l’"= . ~ u' is computed as

n m
P .
w, (18107, ) =ygrnfmz;_2‘1po(9,~,6;)1’y,-j 19
=1 j=

where Ly is the set of non-negative n X m matrices with columns (resp. rows) summing to m! (resp. n 1. Throughout, we use the
Euclidean distance for p, and term this metric WASS.

Maximum mean discrepancy (MMD) This metric is once again a metric on probability distributions that draws from the theory of
reproducing kernel Hilbert spaces (Gretton et al., 2006, 2012) and is used widely within the machine learning and simulation-based
inference community to assess the dissimilarity between probability distributions (Papamakarios et al., 2019; Lueckmann et al.,
2021). Here, under a suitable choice of kernel® k chosen by the experimenter, the discrepancy between two probability distributions
P and Q is taken to be

MMD(P, Q) = ||rEM, [k(6, )] — Egrg [K(6', )] H; (20)

5 While the true posterior density is targeted with such a sampling scheme, the ground-truth obtained in this fashion remains an approximation due to the Monte
Carlo error associated with the finite sample size.
6 That is: a symmetric, positive semi-definite function @ x ©@ — R.
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where H is the reproducing kernel Hilbert space (RKHS) associated with k and Eg_p[k(0, -)] is the so-called mean embedding of P via

iid iid . . . . .
kernel k. When only samples {6, }’f’: ) 'Y P and {61’. :": | ~ Q are available, an unbiased estimator of this metric can be computed as

— 1 ' ot 1 2 ’
P,O)=— ) k(0.0 k(0;,0,)— — » k(6.,0"). 21
MMD (P, Q) m(m_l); ©; ,>+n(n_l); ©,.0)) nm}j} ©0,,6)) @
J#i i#j
Throughout, we use a Gaussian kernel as k,
, llo—o'|I2
k(0,0 =exp| ———= |, (22)
202

where 62 = median{ ||9,~ -0 ; ||§} following Briol et al. (2019), and {éi }If’ | are samples from the ground-truth posteriors.

4.2. Example 1: the Brock and Hommes model (1998)

We consider a variant of the model proposed by (Brock and Hommes, 1998), which has previously been used in ABM calibration
experiments (Platt, 2020). The model dynamics can be expressed as the following system of coupled equations:

H

1
X4l = R Z Myl (ghxl + bh) téq | €~ N(O, 172),
h=1 (23)
eXp (ﬁ (xt - th—l) (ghxt—2 + by, — Rx,_ ))
Phetl = Zg g

Y1 exp (B (x, — Rx,_y) (gwx,—a + by — Rx,_1))

where R, ff, 0 are parameters. Following Platt (2020), we take f =120, H =4,R=1.01,6 =0.04,g, = b, = b, =0 and g, = 1.01.
We consider the task of estimating the posterior p(0|y), where 6 = (gz,bz,g3,b3), Y := Y- yp) ~ p(x | 6%) is the pseudo-
observation, T = 100, and 0* = (g;, b;, g;‘ b;) =(0.9,0.2,0.9,-0.2) is the parameter used to generate y. To do so, we use the following
uniform priors: g,,b,,83 ~ U'(0,1), while b3 ~ U°(—1,0). In what follows, we provide further details on each method we compare,
before discussing experimental results.

4.2.1. Neural posterior estimation and neural ratio estimation
For NPE and NRE, we use a round-based training approach i.e. SNPE and SNRE: we train over 10 rounds and generate 1000
simulations per round. We consider two versions of NPE and NRE:

1. for the first, we summarise manually with the mean value, variance, maximum, minimum, median, 25th quantile, 75th quantile,
and the autocorrelations of the x; to lags 1, 2, and 3. We denote these statistics with § and term them naive or hand-crafted
summary statistics;

2. for the second, we learn them as part of the training process with an embedding network s,, with trainable parameters ¢ (see
Section 3.6). While a plethora of candidate network architectures can be used that incorporate useful inductive biases for time-
series data (e.g. Wong et al., 2018; Dyer et al., 2021b; Kidger et al., 2020), we use an embedding network consisting of two
stacked Elman recurrent units with hidden state of size 32, followed by a single linear layer of size 16. Below, we refer to
summary statistics obtained in this fashion as learned summary statistics.

4.2.2. Approximate Bayesian computation

We compare NPE and NRE to common alternatives to approximate Bayesian inference in the economic ABM literature, many of
which - as discussed in Section 2 (and expanded upon in Appendix A) — can be seen as instances of approximate Bayesian computation
(ABC). In ABC, the ABM’s unknown likelihood function is approximated in the following way:

by 6)x / K (y.x)p(x| 0)dx, (24)

where K, is a (possibly unnormalised) kernel function, with parameter(s) €, providing a measure of “distance” between observed
data y and simulated data x. This permits an approximation p(6 | y) of the posterior density by using j(y | €) in place of p(y | 0) in
Bayes’s theorem, Equation (3).

As a first comparison, we consider the non-parametric density estimation approach discussed in Grazzini et al. (2017), which we
term KDE-ABC. Here, the choice

T

pylO)~ K. (x,y), where K.(x,y)= Hﬁe (y, | G,X) and x~p(x|0) (25)
1=1

is used, where p, (), | 6,x) estimates p (y, | 0,x) with kernel density estimation, using a Gaussian kernel x, and bandwidth ¢ chosen
using Silverman’s method (Silverman, 1986):

11
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T —x |2

ﬁe(y,|0,x):%;lc€ (y,—xs), where K, (y,—xs):éexp<—”yt€—25”2>. (26)
To target the ABC posterior corresponding to this choice of kernel function K., we sample with Metropolis-Hastings (MH) (see
Appendix E.1 for further details).

We consider two further variants of ABC in addition to KDE-ABC, both of which correspond to different choices for the kernel K
in Equation (24). The first approach is based on the generalised subtracted /-divergence (GsL)” (Lamperti, 2018b), denoted as desi»
which is a popular approach within the economic ABM calibration literature for assessing the discrepancy between two univariate
time series by comparing the temporal patterns that occur in the different series. It was previously used in optimisation-centric
calibration procedures in Lamperti (2018b) and Platt (2020) to obtain point estimates of 6*. In our setting, however, we use the
discrepancy measure in a Bayesian fashion by taking

~ dGSL<x,y>>

€

KS(x,y) =exp < (27)

in Equation (24), resulting in an ABC posterior that uses the GSL as a distance measure. Additionally, we consider a Bayesian version
of Method of Simulated Moments (MsM), in which the Euclidean distance d,, between the summary statistics described above in
Section 4.2 is used in place of d;g; above, giving

dMSM(X’y)> = exp <_ [18(x) = S| ) )

€ €

KYM(x,y) = exp <— (28)
This latter choice closely aligns to classical ABC (Tavaré et al., 1997), which computes distances between hand-crafted summary
statistics and was also discussed in Grazzini et al. (2017). We sample from the ABC posteriors implied by the kernels in Equations
(27) and (28) with sequential Monte Carlo approximate Bayesian computation (SMC-ABC) (Beaumont et al., 2009), a state-of-the-art
approach to sampling from ABC posteriors. To perform SMC-ABC, we use an initial population of 10> particles and decay the value of
the ABC tolerance hyperparameter e by a factor of 0.8 at each step. We term these two approaches GSL-ABC and MSM-ABC, respectively.

4.2.3. The approximate ground-truth posterior
By rewriting the system in Equation (23) defining the Brock & Hommes model, we are able to find the transition density for
observation y,,; as

2
p(yt+l | yl:t’e) =N <YI+[;f(y[—2:f’6)a %) , with
(29)

f (y -2 ,9) =5
o R h=1 2;7:1 exp [ﬁ (Yx - RJ’t—l) (gh’Yt—z + by — Ryr—l)]

Using this, we can evaluate the model’s likelihood function numerically and obtain samples from an approximate ground truth
posterior using MH.

1 i exp [ (v, = Ryi_y) (8n1-2 + by — Ry,_y)] (671 + 1)
hVt h) -

4.2.4. Results

In Figs. 3 and 4, we show the posteriors obtained using different posterior estimation methods: Fig. 3a shows the approximate
ground-truth posterior; Figs. 3b, 3¢, and 3d show the posteriors obtained with KDE-ABC, GSL-ABC, and MSM-ABC, respectively; Figs. 4a
and 4b show the posterior estimated via SNPE with naive and learned summary statistics, respectively; and Figs. 4c and 4d show
the posterior obtained via SNRE and naive and learned summary statistics, respectively, which were also sampled using MH. In
each figure, the marginals and joint bivariate densities are located on the diagonal and upper diagonal, respectively, while the red
lines/dots locate the mean of the true posterior.

We see from the approximate ground-truth in Fig. 3a that the marginal posteriors are sharply peaked on the generating parameters
for b,, g3, and b3, while the ground truth marginal for g, is shifted towards higher values. While these features are recovered well for
Figs. 4a-4d (the most notable exception being the posteriors for g,), they are recovered poorly with KDE-ABC, GSL-ABC, and MSM-ABC.
This performance gap is also manifested in the wass and MMD metrics reported in Table 1, where lower values indicate better
estimates of the posterior. In summary, KDE-ABC both requires a far larger simulation budget to estimate a single posterior, while
simultaneously generating worse estimates of that posterior. In contrast, SNPE and SNRE achieve superior posterior approximations,
despite the 10-fold reduction in the simulation budget they are afforded.

We further report on the robustness of these results over multiple trials and to the expressivity of the networks comprising NPE and
NRE. Specifically, we decrease the capacity of the neural networks comprising NPE and NRE and repeat the entire inference procedure
20 times at different seeds for the same fixed y (see Appendix C.1 for further details). Fig. 5 shows boxplots for the wass distance and
MMDs resulting from this exercise. Numbers appearing in parentheses in the vertical axes indicate the number of simulations used by
the method. Importantly, NPE and NRE — shown with dark blue and medium blue boxplots — used 10* simulations, while KDE-ABC,
GSL-ABC, MSM-ABC used 10° simulations.

7 This is implemented in the black-it software package (Benedetti et al., 2022).
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Fig. 3. (Brock & Hommes) Posteriors obtained with the ABC methods from Section 4.2.2. Marginal posterior distributions (blue curves) are located on the diagonals;
bivariate joint distributions for each parameter pair are located on the off-diagonal. Darker (resp. lighter) colours indicate lower (resp. higher) posterior density. Red
lines/dots show the mean of the true posterior. (For interpretation of the colours in the figure(s), the reader is referred to the web version of this article.)

Table 1

(Brock & Hommes) Discrepancies between the approximate ground-truth posterior and
the posteriors estimated with the methods described in Section 4.2. Budget denotes the
total number of simulations used by each posterior estimation method. Bold and italics in-
dicate best and second-best, respectively. For the neural methods, * indicates that the naive
hand-crafted summary statistics described in the main text were used, otherwise summary
statistics are learned from the simulated data.

Metric Estimation method

KDE-ABC GSL-ABC ~ MSM-ABC  SNPE*  SNPE SNRE*  SNRE
WASS 0.690 0.695 0.541 0.336 0.477  0.299 0.241
MMD 1.015 1.024 1.268 0.552 0.789 0.781 0.451
Budget 1.5x10° 10° 10° 10* 10* 10* 10*

From Fig. 5, we see that KDE-ABC, GSL-ABC, and MSM-ABC are consistently outperformed by NPE and NRE. The distributions of
wASS distances and MMDs obtained with NPE with either learned or hand-crafted summary statistics are entirely non-overlapping
with those of KDE-ABC, GSL-ABC, and MSM-ABC. Additionally, the wAss distances and MMDs for NRE with hand-crafted and learned
summary statistics are noticeably shifted towards lower values: all 20 runs of NRE with hand-crafted summary statistics produced
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Fig. 4. (Brock & Hommes) Posteriors obtained with NPE and NRE. Marginal posterior distributions (blue curves) are on the diagonals; bivariate joint distributions for
each parameter pair are on the off-diagonals. Darker (resp. lighter) colours indicate lower (resp. higher) posterior density. Red lines/dots show the mean of the true
posterior.

NRE learned (10%) q — I ® | A —
NPE learned (10%) —lH 1 HEE—
NRE hand-crafted (10%) { +—— I O—— 1
NPE hand-crafted (10%) 4 +———Z—— 4 o
MSM-ABC (105) HH 1 HH
GSL-ABC (10°) H}o 1 o}o
KDE-ABC (10°) HH 1 HH
3x107? 4x107! 6x 1071 6x 107! 100
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Fig. 5. (Brock & Hommes) Boxplots for the (a) wass distances and (b) MMDs for each method, obtained by running the entire inference procedure 10 times for the
same fixed y.

wASs distances better than the best WASS metrics from each of the ABC methods, and 18 out of 20 runs produced better MMDs than
the best MMD score produced by the ABC methods. Thus, while NRE with learned summary statistics has occasionally produced worse
wass distances and MMDs at 10* simulations than KDE-ABC, GSL-ABC, and MSM-ABC have done at 105 simulations, it is more likely
than not that NRE will improve significantly on KDE-ABC, GSL-ABC, and MSM-ABC even when summary statistics are learned from
scratch. In addition, techniques such as ensembling (see e.g. Cannon et al., 2022) and methods for checking the quality of inferences
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(see Section 5.2 below and Appendix D.1) can be used to detect and guard against unusually poor performance resulting from the
marginally greater variability observed in NPE and NRE, which we explain in terms of the increased stochasticity of the training
procedures for the neural networks relatively to the sampling procedures for KDE-ABC, GSL-ABC, and MSM-ABC.

4.3. Example 2: multivariate geometric Brownian motion

In Section 4.2, we demonstrated that NPE and NRE can be used to generate Bayesian parameter posteriors that better match the
ground truth posterior than KDE-ABC for the univariate Brock & Hommes model, despite the fact that the latter method entailed 10
times as many simulations as the former two methods based on neural networks. In this section, we seek to demonstrate that this
remains the case even for models that generate multivariate time-series as output.

To this end, we consider a multivariate geometric Brownian motion (MvGBM), which is used in a variety of applications in financial
time-series modelling. The model is a stochastic differential equation in which each of the d components, labelled i € {1,2,...,d},
of the path X, = (X, X2,...,X?) € RY evolve according to

d d

de:X;([bi—%Zaizj] di+ Yo, dW,f>, 30)
j=1 j=1

where the b; are drift coefficients, o;; are volatility coefficients, and W/ is a Brownian motion. This model is generally non-stationary

and non-ergodic (Peters and Klein, 2013), which makes inference a challenging task and highlights the applicability of NPE and NRE

to such data.

We consider the case of d =3 and the task of estimating the posterior for the parameters € = (b;, b,, b3) given an observation
y~p (x | 9*) of T = 100 points spaced equally with spacing A7 =1/(T — 1), where 6* = (0.2,—0.5,—0.1). We take priors b; ~ U'(-1,1)
for each i = 1,2,3. We note that this model once again permits both exact simulations and samples from the exact posterior since the
transition density is once again tractable® and can be written as

Xpar=expZya, With Za ~N (logX, + (6 —y)At, oo” Ar) (31)

and where expZ,, 5, denotes exponentiation of the elements of Z,, ,, and

1 d d d ! 05 0.1 0.0
y= 3 Z afj, Z a%j., Z ‘732/ ) where we fix =00 0.1 03]. (32)
j=1 Jj=1 Jj=1 0.0 0.0 0.2

In Fig. 6a we show the approximate ground truth posterior obtained with MH and the transition density described above, while in
Figs. 6b, 6¢, and 6d we show the posteriors obtained with KDE-ABC and MH, NPE with learned summary statistics, and NRE with
MH also with learned summary statistics, respectively. The corresponding simulation budgets are 10°, 103, and 103, respectively. To
learn the summary statistics, we use two stacked gated recurrent units (GRUs) with hidden state size 32 followed by a feedforward
network with layer sizes 32, 16 as the embedding network, and train as in Algorithm 1. Since KDE-ABC requires stationarity of the
time-series, we take first-differences of both y and x for this method. No requirements on stationarity of ergodicity are imposed by
NPE and NRE, however; we therefore leave y and x unaltered for NPE and NRE. Note that GSL-ABC cannot be applied in this experiment
since the GSL is undefined for multivariate time series (Lamperti, 2018b). We see that the approximate ground-truth posteriors are
relatively diffuse, with peaks approximately coinciding with the true posterior mean, shown with red lines/dots. The shape and
degree of diffuseness is captured accurately by NPE and NRE. In contrast, the posterior obtained with KDE-ABC is insufficiently diffuse
and biased, and thus a significantly worse estimate of the ground-truth posterior.

In Fig. 7, we show boxplots for the distribution of wAss distances and MMDs obtained by repeating the inference procedure for
NPE, NRE, and KDE-ABC 10 times for different seeds and using the same fixed observed data set y. Details on the network architectures
are provided in Appendix C.2. Numbers in parentheses in the vertical axes in Fig. 7 show the number of simulations used by each
method. From Figs. 7a and 7b, we see that NPE and NRE improve significantly on KDE-ABC with 1/1000th of the simulation budget:
the distributions of wass distances and MMDs for NPE and NRE with 10° simulations do not overlap at all with the distributions of
waAss distances and MMDs generated by KDE-ABC when this uses 10° simulations from the model. This demonstrates that NPE and NRE
can immediately perform well when the model is non-stationary and non-ergodic, while KDE-ABC fails to perform when the model
is multivariate and/or non-stationary, even when first-differences of the simulated and observed time series has been applied in an
attempt to eliminate the non-stationarity of the output series.” While the variance in these metrics is slightly (approximately two
times) larger for NPE and NRE than for KDE-ABC — which again results from both the stochasticity of the neural network training
procedure and the more limited training data with which NPE and NRE are provided in comparison to KDE-ABC — NPE and NRE
continue to uniformly outperform KDE-ABC. In summary, NPE and NRE achieve significantly more accurate posterior estimates here
with a 1000-fold decrease in the simulation budget, and are able to flexibly accommodate multivariate, non-ergodic, non-stationary
time-series as input for the inference problem.

8 Assuming that ¢ is of full rank.
9 Equally poor performance was observed from KDE-ABC without application of this first-differencing.
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Fig. 6. (Multivariate geometric Brownian motion) Posteriors obtained with each estimation method. Marginal posterior distributions (blue curves) are on the
diagonals; bivariate joint distributions for each parameter pair are on the off-diagonal. Darker (resp. lighter) colours indicate lower (resp. higher) posterior density.
Red lines/dots show the mean of the true posterior.
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Fig. 7. (Multivariate geometric Brownian motion) Boxplots for the (a) wAss distances and (b) MMDs for each method, obtained by running the entire inference
procedure 10 times for the same fixed y.

5. Approximate Bayesian inference from network data

In the previous experiments, we demonstrated that NPE and NRE can result in more accurate and simulation-efficient Bayesian
parameter inferences than common alternatives in the ABM literature. We saw that this improvement in performance could be
realised in a variety of settings, where the time series generated by the simulation model is stationary and univariate, or non-
stationary, non-ergodic, and vector-valued (i.e. where y,,x, € R for d > 1). We described and demonstrated that the modeller may
draw inferences from such high-dimensional time series data by either (a) reducing such data to a comparatively low-dimensional
vector of hand-crafted summary statistics that the modeller believes to be informative about the parameters to be inferred, (b)
automatically finding such summary statistics through the use of an embedding network, or (c) incorporating both expert knowledge
and learned knowledge from the embedding network by using a combination of the two approaches.
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However, in many modelling problems of relevance to ABMs, and as ABMs become increasingly data-driven, the data that is
available on the complex networked system being modelled by the ABM can be very granular, and may not consist only of a sequence
of aggregate, vector-valued statistics describing the macroscopic state of the system as it evolves over time. Instead, the data that is
available from the real world system may be a graph, or a sequence of graphs. This might be the case, for example, when modelling
social networks (Leskovec and Krevl, 2014), patent networks and innovation (Pichler et al., 2020), or supply chain and production
networks, either through direct access to such data or as the state of the art in production network reconstruction improves (Mungo
et al., 2023).

As discussed in Fagiolo et al. (2019) and Axtell and Farmer (2022), the need for methods for systematically including such
microlevel data into agent-based modelling accompanies the increased availability of this data. Yet, approaches to performing pa-
rameter inference for ABMs when fine-grained graph- or graph-sequence-valued data is available from the real world system are
currently lacking in the ABM calibration literature. Importantly, modellers lack approaches to parameter inference that incorporate
useful inductive biases that reflect the natural (dynamic) graph structure of this data, and this absence of methods can prevent
agent-based modellers from properly capitalising on the availability and full information content of granular data of this kind. In
this section,'® we begin to remedy this issue by proposing a novel approach to approximate Bayesian parameter inference for ABMs
and other complex networked systems, based on NPE and NRE, that operates directly on graph- or graph-sequence-valued data of
the kind that can arise when modelling complex networked systems. Our proposal represents an initial step towards addressing the
shortcomings raised in Fagiolo et al. (2019) and Axtell and Farmer (2022) by integrating independent software ecosystems that
address (social) network analysis on the one hand, and interfacing data with agent-based modelling on the other.

5.1. Method

As described above, we consider data from both the real world and the ABM that takes the form of a graph or sequence of graphs.
That is, the data is of the form y = (z, w), where z = (z,, ...,2y),2, € Z C RNV*K are the K-dimensional states of a set of N nodes
over time 1 <t < T, and w = (W|,...,wy),w, € W C RV*N are the adjacency matrices corresponding to the potentially evolving
graph, which may in general be weighted and directed. Z and W are the set of values the z, and w,; can assume. To be able to
derive a parameter posterior directly from such graph- or graph-sequence-valued data — rather than from an aggregate time-series
that summarises this fine, granular data — we propose to construct a neural posterior estimator in which a graph neural network
(GNN) g, — or a recurrent GNN in the case of 7 > 1 - and a neural conditional density estimator g, are paired to approximate the
map (z,w) — p(- | z,w), where ¢ and ¢ are the parameters of the respective neural networks and p(- | z, w) is the posterior density
function over parameters 6 obtained when conditioning on the graph-(sequence-)valued data, (z, w). The posterior p(: | z, w) may then
be approximated directly from the high-dimensional sequence of graphs as q,,(- | g,(z, w)), where the parameters ¢ and ¢ are trained
simultaneously with Algorithm 1. We provide an overview of GNNs and recurrent GNNs — which are neural network architectures that
are designed to operate on graphs and sequences of graphs, respectively — in Appendix F.

5.2. Example: the Hopfield model of social dynamics

To illustrate the proposed method, we consider an inference task based on the Hopfield model of social dynamics proposed by
Macy et al. (2003), which describes the coevolution of opinions and the social network structure, and the emergence of polarisation,
in a population of N agents. At each time step =1, ..., T, each agent is equipped with N — 1 undirected ties to the remaining agents
in the population, and the strength and valence of the tie between agents i and j is characterised by w,;; € [—1, 1]. Each agent is also

equipped with a state vector z,; = (z,;;, ..., z;;x) € {—1,1}%,i = 1,..., N, which represent the opinion of agent i on each of a number
K >1 of topics at time ¢. The model proceeds by setting z,;, =1 if
1 1
T 05+eU;, where Py=—— ; Wiz and U, ~U(=0.5,0.5), (33)
J#FI

and € € [0, 1] and p > 0 are two free parameters of the model. Denoting with 4 € [0, 1] a third free parameter, the ties between agents
evolve as
1 K
Wgnyij =1 = Dwy; + X Z Z(t41)ik Z(t+1) k- (34)
k=1
In this inference task, we assume the goal of approximating a posterior density for 0 = (p, €, 4) having observed the agent-based
model in its entirety; that is, we take both the agent states z = (z;, ...,zy) and the inter-agent tie-strengths w = (wy, ..., wy) over all
T =50 time steps — rather than some aggregate time-series derived from these microscopic details — as the output of the model,
such that x = (z,w) ~ p(- | 0). In this form, the output data x, as well as the pseudo-true dataset y, takes the form of a sequence of
weighted, undirected snapshots of an evolving graph, in which the nodes have a set of K > 1 attributes contained in the state vectors
z,;. As described previously, this inference problem mirrors inference problems faced in real life when attempting to model social
interaction data (see e.g. Leskovec and Krevl, 2014) with ABMs or other stochastic simulation models.

10 The work we present in this section extends our previous unpublished work Dyer et al. (2022a), which appeared as a Spotlight Paper in the inaugural Artificial
Intelligence for Agent-based Modelling Workshop at the 2022 International Conference on Machine Learning, where it won one of three Best Paper Awards.
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Fig. 8. A schematic of our posterior estimation pipeline. The data/output of the ABM — shown as the dynamic graph with evolving node states (node colours) z and
edge weights (line widths) w - is embedded into a low-dimensional space with a graph convolutional GRU and a feedforward network applied to the GrU’s final
hidden state, h;. This representation, g,(z, w), is fed to the masked autoregressive flow to estimate the posterior as q,,(0 | g,(z, W)).

The specific implementation of the general method we propose in Section 5.1 that we use in this experiment is as follows: we take
8¢ to be a feedforward network applied to the final hidden state of a graph convolutional GRU (Seo et al., 2018) — which is a graph
generalisation of the GRU network that we have used earlier in this paper - and q,, to be a masked autoregressive flow (Papamakarios
et al., 2017). Our implementation is depicted graphically in Fig. 8, and further details on the network architectures and training
procedure are provided in Appendix G. We train this composite network using a budget of 1000 simulations from the ABM described
above, and assume prior densities p ~ U'(0,5), € ~ U°(0, 1), and A ~ U°(0, 1). The inference task is performed for a pseudo-true dataset
y ~ p(y | 6%) generated at ground-truth parameter values 6" = (1,0.8,0.5), and the number of agents in the system is taken to be
N =25.

5.2.1. Assessing the quality of the approximate inference procedure: posterior predictive checks

Having trained the posterior estimator described in the previous section, we proceed to assess the quality of the resultant posterior,
which is an important step in approximate Bayesian inference pipelines. While in previous experiments we have assessed the quality
of posteriors by comparing them to approximate ground-truth values — obtained from McMcC schemes that target the true posterior
— we consider here approaches to assessing the quality of the posterior by the practitioner in practice, when there is of course no
ground-truth posterior available. Although there exist multiple approaches to doing so (such as through simulation-based calibration
(Talts et al., 2020); we refer the interested reader to Appendix D.1 for further details and a demonstration of this procedure), here
we assess the quality of the recovered posterior with the use of posterior predictive checks (PpcCs) (see e.g. Section 6.3, Gelman et al.,
1995).

Prcs are a tool for validating Bayesian inference procedures that captures the notion that, if the inferences that have been drawn
about plausible parameter values 0 based on the observed data y are accurate, then the posterior distribution p(@ | y) should assign
high probability mass to regions of the parameter space that tend to generate dynamics similar to y. In other words, samples from
the posterior predictive distribution,

3 1y) = / (¥ 160)p(0]y)do, (35)
)

should be in some sense similar to y, and y should look like a “typical” data point amongst samples from (35). Here, ¥ may
denote either future values obtained by simulating forward from the final value in y, or may be taken as hypothetical repetitions
of y. Validating approximate Bayesian inference in this way then corresponds simply to repeatedly performing the following set of
actions:

1. Sample a parameter from the approximate posterior, 6 ~ p(0 | y);
2. Simulate a dataset from the model at that parameter value, § ~ p(¥ | 0);
3. Store ¥ for later comparison with y.

Once the J > 1 posterior predictive samples S := {§V) }1{=1 have been generated, a comparison between y and S may be performed
through, for example, a visual inspection by plotting (summary statistics of) y and the §), or by identifying appropriate scoring
rules or test statistics for hypothesis testing (Section 6.3, Gelman et al., 1995).

In our experiment, we take the former approach and perform ppcCs by visualising the distribution of two simple statistics of
posterior predictive samples § = (Z, W):

1. the number of balanced triads in the (signed) adjacency matrix @ € {—1,1}¥*N with elements o, ; = sign(Wr;;), capturing the
degree to which the adage “the enemy of my enemy is my friend” is reflected in the final network w; and computed as
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Fig. 9. (Social dynamics model) Distributions of statistics of prior (red) and posterior (blue) predictive samples. Observed statistics are shown with the vertical green
line.

2. the linear correlation coefficient between the final tie-strengths ty;; and the final opinion overlap value, Zf:l ZrikZrjk-

We plot the first and second of these two statistics in the left and right subplots, respectively, of Fig. 9 for samples from both the
posterior predictive and the prior predictive distributions,

p(y) = / p(y | ) p(6)de, (36)
o

where p(0) is the prior distribution described in Section 5.2. We also show the values of these statistics obtained from the pseudo-true
dataset y. From this, we see that the observed value of these two statistics is more typical under the posterior predictive samples
than it is under the prior predictive samples, suggesting that the posterior estimator has accurately learned how to assign probability
mass to appropriate regions of the parameter space.

6. Conclusion

In this paper, we investigated the use of two recently developed approaches to Bayesian parameter estimation for intractable
simulation models: neural posterior estimation (NPE) for approximating the posterior density directly, and (neural) ratio estimation
(NRE) for approximating the likelihood-to-evidence ratio. We motivated the use of these parameter inference methods as simulation-
efficient black-box discriminative approaches to Bayesian estimation for complex time-series simulators such as agent-based models
in economics and the social sciences, which contrast with existing methods that (a) entail an often prohibitively large simulation
burden, (b) can make restrictive assumptions about the form of the simulator, for example by ignoring important structural features
such as temporal dependencies, and (c) are inherently generative, and thus assume a task that is typically more difficult than
discrimination alone. We argue that this latter point is likely to be particularly pertinent for the case of agent-based models in
economics and the social sciences, since they are known to be able to generate complex and stochastic non-equilibrium dynamics
that can be difficult to model and generate.

We further reviewed existing alternatives, and benchmarked!! NPE and NRE against one of the most popular of these. In these
examples, we see that NPE and NRE generally achieve superior recovery of the approximate ground-truth posterior distributions,
despite requiring simulation budgets that are orders of magnitude lower than traditional alternatives. In addition, we demonstrated
that a verification of the accuracy of the density (ratio) estimators is possible with the introduced methods via simulation-based
calibration (SBC) (see Appendix D.1), due to the amortisation of the estimators, and furthermore by other well-known approaches
such as posterior predictive checks (ppCs). In contrast to NPE and NRE, the former of these — SBC — would necessitate an unreasonably
large number of simulations when existing methods for Bayesian estimation of large-scale simulation models in economics and
the social sciences are used, for example the methods discussed by Grazzini et al. (2017). For these reasons, we argue that such
simulation-efficient black-box Bayesian inference techniques as NPE and NRE may enable economists and social scientists alike to
more readily exploit the potential benefits of the agent-based modelling paradigm, due to the dramatic increases in accuracy and
correspondingly dramatic decreases in the simulation burden seen with these methods.

6.1. Limitations, challenges, and future work

We consider some limitations and challenges faced in simulation-based Bayesian parameter inference, and how these challenges
relate to the methods we discuss in this article.

11 Code available at https://github.com/joelnmdyer/sbi4abm.

19


https://github.com/joelnmdyer/sbi4abm

J. Dyer, P. Cannon, J.D. Farmer et al. Journal of Economic Dynamics and Control 161 (2024) 104827

Choice of neural network architecture Previously, we have discussed how the methods we endorse in this article are able to flexibly
accommodate different kinds of data and simulators by choosing a network architecture that incorporates appropriate inductive
biases — network architectures that reflect the specific structure of the simulator, or the data generated by the simulator. While this
offers considerable flexibility to the practitioner, and can result in powerful posterior estimators and eliminate the need to manually
construct summary statistics of the data, it nonetheless leaves open the precise choice of architecture and network design. It may be
argued, therefore, that a degree of arbitrariness remains, and that the problem of designing an appropriate set of summary statistics
that describe the data has simply been replaced with the similarly difficult task of designing an appropriate neural architecture. We
submit, however, that (a) the flexibility and (b) the reduction in the required simulation burden that results from the use of NPE and
NRE outweighs this drawback:

(a) there exists a vast and rapidly growing literature in which the performance of different neural network architectures is thor-
oughly tested and compared, which will provide the practitioner with expert guidance on appropriate network architecture
choices. Furthermore, there is significant interest and progress being made in developing neural network architectures that are
robust to complex and messy data settings — such as neural controlled differential equations (Kidger et al., 2020) for irregularly
sampled data with missing values, neural rough differential equations (Morrill et al., 2021) for extremely long time-series, or
temporal graph networks (Rossi et al., 2020) for streams of edges in social networks — which are of great practical relevance to
economists and computational social scientists seeking to use such data to calibrate agent-based models (ABMs);

in all methods, experimentation with hyperparameters will be required (e.g. network architecture for NPE and NRE; choice of
distance function in approximate Bayesian computation (ABC); choice of kernel in KDE-ABC etc.). The key point is that, when more
traditional methods such as KDE-ABC are used to approximate the parameter posterior, such experiments will entail a number
of simulations that is orders of magnitude larger than the number of simulations that will likely be required for corresponding
experiments with NPE and NRE. When the cost of simulating is large — as it typically will be for large-scale ABMs in economics
and the social sciences — this will allow more rapid iterations and an ability to appropriately assess the posteriors/posterior
estimators.

(b

[’

Robustness to misspecification Throughout this article, we have implicitly assumed that the simulator accurately describes reality.
More precisely, we have assumed throughout that the simulator is a well-specified model, meaning that there exists some 0 € ® such
that p(- | 6) = p,,, where p, is the density from which the observed data y was drawn, y ~ p,. In practice, however, models will
by definition be misspecified — every model necessarily omits some aspect of reality — such that for any 6 € O, p(- | 6) # p,.. For
the modeller, it is then a question of how poorly specified the model is, and whether any inference procedure employed for e.g.
parameter calibration can appropriately handle this misspecification. This is an active area of research for inference procedures in
general (see e.g. Miller and Dunson, 2018; Knoblauch et al., 2019; Schmon et al., 2020), and is a problem relevant to all inference
procedures (i.e. not only NPE and NRE). There is currently some work on assessing or improving the robustness of NPE and NRE
to model misspecification — see Cannon et al. (2022) and Ward et al. (2022) for recent examples — but further work is needed to
understand how well these methods work to misspecified settings.

Expense of training The methods we endorse in this article — NPE and NRE — have been seen to entail simulation burdens that are
typically orders of magnitude smaller than more traditional parameter inference methods for ABMs. However, NPE and NRE entail
additional training times that are not shared by some other techniques. In general, we submit that, for large-scale ABMs, this training
time will likely often be a small proportion of the time spent simulating; this is particularly true when the practitioner has access to
specialised hardware such as GpUs, which are by now taken for granted by computational scientists and access to which is relatively
straightforward through e.g. cloud computing platforms. Further, this cost is unlikely to scale dramatically with the dimensionality
of the time-series: each new channel in the time-series increases the dimensionality of only the first affine transformation of the
embedding network, which will typically amount to only a handful of new trainable parameters in the network each time the
dimensionality of the time-series increases by one.

6.2. Additional practical guidance for the practitioner

We conclude by providing some final practical guidance to the practitioner on how to apply NPE and NRE. This guidance does not
constitute a definitive or immutable set of rules - it is difficult to know a priori how and when these and other methods will perform
best — but it is provided only to supply the practitioner with a useful starting point for their own experiments:

Neural posterior estimation vs. neural ratio estimation The question of which approach to consider in real-world use cases
— NPE and NRE - arises naturally. While in general it can be useful to try both approaches, we suggest that, in the event that the
practitioner must choose between the two, the practitioner may more readily achieve high quality results with NRE; our reasoning
for this suggestion is that the expressivity of the neural networks comprising NRE can be more easily enhanced than can the networks
comprising NPE, due to the latter’s requirement of a bijective/invertible neural network (see Section 3.2.1).

Number of simulations to generate It is extremely difficult to provide useful general guidance on the question of how many
simulations the experimenter should generate from the ABM when applying NPE and/or NRE: since the ABM’s simulations constitute

a training dataset for the function approximator comprising NPE/NRE, this question is intimately linked to the question of how much
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data is needed to train these function approximators well enough that they generalise successfully to data not seen during training,
such as the real-world dataset for which a posterior distribution is desired. This is an extremely challenging theoretical question
in computational learning theory, and one of the biggest open problems in machine learning is understanding the generalisation
properties of neural networks. However, in the interest of offering some (albeit imperfect) guidance, we suggest to aim to generate
10% (x,0) pairs from the joint distribution p(x | @) p(6) in the first instance, since in many cases this offers a good tradeoff between
(a) having sufficient data to train neural networks reasonably well, and (b) the computational constraints encountered while running
expensive ABMs. There is also evidence to suggest that using a relatively small dataset to train NPE and NRE can improve their
robustness in misspecified settings (Cannon et al., 2022). However, we stress again that the number of training points required to
achieve good performance will generally depend strongly on the given problem.
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Appendix A. Further details on the literature on Bayesian parameter inference for agent-based models
A.1. Approximate Bayesian computation

Bayesian estimation of economic ABMs has gained popularity with the work of Grazzini et al. (2017), in which the authors discuss
three approaches to approximate Bayesian parameter inference. In this section, we briefly outline the three approaches, and show
that each method can be seen as explicitly or implicitly approximating the unknown likelihood function associated with the ABM by

Py 10) o / K. (v p(x | 0)dx, 37)

where K, is a (possibly unnormalised) kernel function, with parameter(s) €, providing a measure of “distance” between observed
data y and simulated data x. This permits an approximation 5 (0 | y) of the posterior density as

pO1y) °</K€ (y.x)p(x|0)p(0)dx. (38)

Such approaches - targeting (38) — are comprehensively subsumed under “ABc” which, as noted by Grazzini et al. (2017), is a
technique that has received significant attention within the computational statistics community over the last two decades as a means
to constructing approximate posterior densities for models with intractable likelihood functions (see e.g. Tavaré et al., 1997; Pritchard
et al., 1999; Beaumont et al., 2002; Sunnéker et al., 2013; Schmon et al., 2020). The approach has been successfully applied within
a variety of fields, most prominently in ecology, epidemiology, and systems biology (Toni et al., 2009; Liepe et al., 2014; Beaumont,
2010; Ju et al., 2021). While the approaches discussed by Grazzini et al. (2017) can be cast in this general form, a judicious choice
of a particular kernel K, based on reasonable assumptions is crucial. In particular, different kernel choices are called for in different
scenarios. Some possibilities are outlined below.

A.1.1. Parametric density estimation
The simplest approach discussed by Grazzini et al. (2017) involves assuming that the ABM has entered a statistical equilibrium,
such that the observations y, € R? in the time-series y := V1>Y2.---5¥1) € RY*T are fluctuations around some stationary value m*:

y=m"+g, (39)

where (g,) are iid noise terms with density g, and parameters e. Although more complex distributions are available, g, may for
example be a zero-mean Gaussian distribution, and ¢ the elements of the covariance matrix.

Under these assumptions, recalling that the elements of the time-series are assumed to be independent, the parameters m* and ¢
can be estimated by the means and covariances of the elements of the time-series to give /m* and é. More precisely, first fixing 6 and
drawing a sample x ~ p(x | 0), one can calculate the estimates m*(x) and é(x) using, for example, maximum likelihood estimation.
Adopting as the measure of distance the probability of the true data being observed under this approximated process yields the
choice of kernel

T
K v, = [ gew) (3 =" ) . (40)
t=1
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Finally by taking R > 1 iid simulated datasets'? x*) ~ p(x | 6), r=1,..., R, and calculating their associated estimators /#* (x’) and
é (x), the likelihood at 6, i.e. Equation (37), is approximated with the Monte Carlo average

R T
~ 1 * r
Do(y) = R Z ng(xm) (y—m (X( ))), (41)

r=1 t=1

where we write fg instead of j(- | 6). Alternatively, the R simulations may be pooled to generate single estimates #* (x(), ... x(®))
and € (x(l), ,X(R)) at 0. This is closely related to synthetic likelihood approaches (Wood, 2010; Price et al., 2018) which use similar
Gaussian distributions, but usually rely on summary statistics.

In either case, the resulting approximate likelihood pg from Equation (41) can then be used downstream for parameter estimation,
either directly via e.g. maximum likelihood or through the corresponding approximate posterior, simulated e.g. through Markov
chain Monte Carlo (McMc). This approach suffers from clear limitations, however. Firstly, it treats the data points in the observed
time-series as independent — that is, as lacking a natural ordering — which destroys important information when the observed y and
simulated x are time-series. Secondly, choosing an appropriate and sufficiently flexible family of parametric densities g, to construct
the likelihood approximation is non-trivial, with poor choices leading to erroneous Bayesian inference.

A.1.2. Non-parametric density estimation

An alternative approach, which partially addresses the second limitation described in Section A.1.1, is to forgo the assumption of a
parametric family of densities and instead use a non-parametric method for density estimation. Grazzini et al. (2017) describe the use
of KDE-ABC for this purpose. Here, the data points in the time-series are once again assumed to be independent and fluctuating about
some stationary value m* as in the parametric approach described above. Then, an estimate of the likelihood function is obtained by

applying KDE-ABC to R > 1 iid simulations of length ., x" := (x(lr), ,x(sr) )~px|0), r=1,...,R, providing an unbiased estimate
of the approximated likelihood function in Equation (37) as
] R ! R T
5 ~ ") .= 2L 5 (r)
pe(y)NRmlee(y’X )-_R;t:nlpe(ytlosx )a (42)

where p, (y,|6,x\") is the estimate of the conditional density p (y, | 6,x(")) obtained via KDE-ABC:

S
. 1
P 16.90= 5 2w (=) “43)

for some probability kernel k. with bandwidth parameter(s) e. In particular, the authors employ a Gaussian kernel with bandwidth
chosen using Silverman’s method (Silverman, 1986), such that

Ke (y,—xs)=lr<<7”y’_x5”2>- (44)

€ €

Alternatively, as in Section A.1.1, the R simulations may be pooled and a single KDE-ABC model fit to the combined dataset to obtain
p(y | 0). While these non-parametric approaches to density estimation are arguably more flexible than the assumption of a parametric
family, they are well known to suffer from the curse of dimensionality, limiting their applicability to low dimensional data only, even
under the unrealistic assumption that the y, are assumed independent.

A.1.3. Classical approximate Bayesian computation

The authors discuss a third common approach to simulation-based Bayesian inference for intractable simulation models, namely
classical ABC. A typical ABC algorithm proceeds by proposing a parameter value 0 from some proposal distribution, for example the
prior density, and determining whether to accept or reject 8 on the basis of some meaningful notion of distance d(x,y) between
a simulation x ~ p(x | 8) and the observed data y. A common choice for the distance d is the Euclidean distance between suitable
summary statistics of the data; that is, d(x,y) : = ||s(x) — s(y)|| where s is a vector of, for example, the mean, standard deviation, and
lag-1 autocorrelation of the data. While many versions of ABC exist, the simplest — Rejection ABC — involves repeatedly proposing
candidate parameter values 0 ~ p(0) and rejecting in the event that d (x,y) > ¢, where x ~ p(x | 8). Rejection ABC can therefore be
cast in the form of Equation (38) by taking

K (y,0=1[dxy) <¢], (45)
providing an estimate of the (unnormalised) approximate likelihood function in Equation (37) as
| &
Po(y) o & Z‘T 1[d (x",y) <¢]. (46)

12 While R can be chosen to be any natural number, it is usually efficient to take R = 1 when averages of estimators are concerned and run the Markov chain for an
accordingly higher number of iterations (Bornn et al., 2017; Sherlock et al., 2017).
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Algorithm 2: Metropolis-Hastings sampling scheme for ABC.

Input: Prior distribution p(-), observation y, proposal distribution ¢(: | €), initial value 6, number of iterations n;
Result: Empirical posterior Y, Bg,
forr=1,...,Rdo
Simulate x ~ p (- 6,);

end
fori=1,...,ndo
Propose a parameter by sampling 6 ~ ¢ ( 16,_; );
forr=1,...,Rdo

| Simulate X ~ p(-| 6);
end
Evaluate fy(y) using {X }VR:I according to either Equation (41), (42), or (46) as desired;
Accepted the proposed parameter, by setting p, (y) = po(y), 6; = 6 and {x" }f:] ={x" }il, with probability

. Po(y)P(0)q(0,_, | 0)
a=ming |, —————— &,
Do, (V)P(6;_1)q(0 [6:-1)

otherwise reject the proposed parameter by setting pg (y) = pp_ (y) and 6, =6,_,.
end

As discussed by Grazzini et al. (2017), ABC enjoys a number of desirable properties, in particular (under mild regularity conditions)
consistency with the true posterior distribution as ¢ — 0, provided no information loss is incurred by the choice of distance d.
However, a major challenge to its use in practice is designing such a distance function: the success or failure of the approach often
hinges on the engineering of summary statistics that are close to sufficient.'®> A number of works have investigated strategies for
summary statistic selection in ABC (e.g. Fearnhead and Prangle, 2012; Blum et al., 2013; Wiqvist et al., 2019; Chen et al., 2020)
and there has been some success in alternative, summary-free distances (see e.g. Park et al., 2016; Bernton et al., 2019; Dyer et al.,
2021a). It is however in general not possible to derive a low-dimensional sufficient statistic for arbitrary simulation models, and a
poor choice of summary statistics can lead to an unacceptable loss of information from the original data, resulting in a posterior
approximation of little value.

A.1.4. Unifying the approaches

In Algorithm 2, we show how the approximate posterior (38), with any of the three possibilities for K, discussed by Grazzini et
al. (2017), may be targeted using a variant of the popular Metropolis-Hastings (MH) algorithm (e.g. Hastings, 1970). If the likelihood
estimate pg(y) is an unbiased, non-negative estimate of some desired target py(y), then Algorithm 2 is an example of a pseudo-
marginal MH algorithm (Andrieu and Roberts, 2009). Note that while the sampling procedure in Algorithm 2 exactly targets the
posterior distributions described in Grazzini et al. (2017), many alternative posterior sampling algorithms exist (see e.g. Beaumont
et al., 2009).

We once again emphasise that a major disadvantage to applying the methods described by Grazzini et al. (2017) to ABMs is that
estimating the posterior involves simulating R > 1 times from the ABM at each proposed parameter value (6;),_, . ,. Since ABMs are
typically expensive to simulate, and » is required to be many hundreds of thousands in order to accurately estimate the targeted
posterior, such approaches can rapidly lead to a prohibitively large number of required simulations.

A.2. Latent variable models

A class of models closely related to approximate Bayesian computation is the class of so-called latent variable models. Here, the
real data, y, is assumed to be a noisy observation of an unobserved (latent) process x. Thus, in contrast to previous approaches, some
discrepancy between y and X is to be expected.

Under the most basic scenario, the data obtained from the simulator are identically x, ~ p(x | 6) and p(x | 8) = H,T= L P(x; | 0). The
observed data is then assumed to have an error distribution, g, say, such that the contribution made by one observation y, to the
likelihood function is thus

p(y; 16)= / 8 | x)p(x, | 0)dx, 47)
and p(y | 0) = H,T=1 p(y; | ). We draw the attention of the reader to the conceptual similarity to (37); however, (47) is no longer an

approximation but is the exact likelihood under the assumption of measurement error. (Similarly, ABC can be seen as exact if K,
describes the observational error, see e.g. Wilkinson 2013.) A simple unbiased estimator of (47) is

T R
5010=[T 5 Xe(n1x7). <" ~pixl0)
1 r=1

1=

13 A Bayesian sufficient statistic s(x) for a model p(x | 0) is one for which p(@ | s(x)) = p(@ | x). Low-dimensional sufficient statistics for arbitrary probabilistic models
are generally unobtainable (Pitman, 1936; Koopman, 1936; Darmois, 1935).
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for some R > 1,4 which can then also be used in Algorithm 2, for example, to target the associated approximate posterior. The
independence assumption underlying the simulator data is, however, not realistic for ABMs and other time-series models, and incor-
porating the temporal aspect of data requires further structural assumptions, such as those of hidden Markov models.

A.2.1. Hidden Markov models and particle filters

Particle filters, an instance of a broader class of sequential Monte Carlo (SMc) methods (see Ju et al., 2021, for a recent overview
of sMc and their application to epidemiological ABMs) relax the independence assumption imposed on the output of the simulation
model and have previously been employed for Bayesian parameter inference for economic ABMs (Lux, 2018, 2021). However, such
methods also involve making assumptions about the structure of the model - specifically, the assumption of a state space structure
with a particular error distribution. Furthermore, previous works have noted the significant computational burden required for smc
methods (Malleson et al., 2020; Lux, 2021), which can arise due to the fact that a number of particles that grows exponentially with
the model dimensions is often required to avoid failure modes such as particle collapse.

A.3. Neural methods

As an alternative to kernel density estimation, neural density estimators have previously been employed to perform Bayesian
estimation of ABMs. Platt (2021) presents a method which diverges from the approaches of Grazzini et al. (2017) in two main
regards. Firstly, in contrast to the previous independence assumption, it assumes an autoregressive structure for the time-series
model to better capture temporal correlations in the data. In particular, the approach assumes a time-series model that is Markov of
order L, thatis, p(x, | x;.,_1,0) =p(x, | x,_ .,_1,0), where x;., = (xq,...,x,). In words, the distribution of the state at time 7 depends
only on the previous L states (and 0). In light of this assumption, the full likelihood can be factorised as

T
pe®=p01.210) [ pGi1yicts e 31-1-60). (48)
t=L+1
Secondly, as a consequence of the autoregressive model structure, the method employs a conditional density estimator g, with
trainable parameters ¢ to approximate the transition density function p(x, | x,_; .,_;, 0). The resulting likelihood approximation can
be written

T
Po(y) = H 490Vt | Yiots - Vi) (49)
t=L+1
where the contribution of the first L terms is ignored. A mixture density network (Bishop, 1994) assumes the role of the conditional
density estimator g, g, with parameters ¢(0) trained for each 6. Denoting the L states preceding y, as y, for brevity, the particular
form of the mixture density network is

K

a4 1Y) = Z GV DN O Y <) Zi (T <))- (50)
k=1

In the above, q; are the mixing coefficients of the K Gaussian mixture components each with Gaussian density N (- | y;, Z;), and
Uy, 2y are respectively the means and covariance matrices of these Gaussian mixture components, all of which are parameterised by
neural networks and trained via maximum likelihood on R iid model samples x) ~ p(x|0), r=1,...,R. The resulting likelihood
estimate can then once again be used also with Algorithm 2, for example, to target the associated approximate posterior distribution.

While the model structure described above accounts for the sequential nature of simulations generated by ABMs to some extent,
the computational burden associated with the simulation of sufficient training data and the training of a new conditional density
estimator at each O renders it largely infeasible (Shiono, 2021). This is because each of the N steps of the McMC procedure the
author employs to construct a posterior distribution over parameters entails (a) R > 1 simulations from the ABM, in addition to (b)
training an entirely new neural network on the resulting R(T — L) training examples generated at each parameter setting. Since N
will need to be large — often many millions — in order to achieve a low Monte Carlo error on the resulting posterior, and R > 1 will
generally be needed to avoid overfitting to any single trajectory generated by the ABm (Platt (2021) uses R = 100 in their studies),
the simulation burden required by this method to achieve a reasonable performance can easily reach magnitudes of order 108 or
larger. For computationally intensive simulation models, such as many ABMs, this can be prohibitively large, and methods that yield
good quality posteriors at far lower simulation budgets are required.

In other work, Shiono (2021) examines a particular neural approach, with an invertible architecture and the ability to accommo-
date time-series data, for the specific purpose of estimating the posterior density for a New-Keyensian ABM. In contrast to both Platt
(2021) and Shiono (2021), we take in this work a broad perspective on the subject of neural simulation-based inference for ABMs,
by thoroughly contextualising the problem of Bayesian parameter estimation for ABMs in economics and the social sciences and by
incorporating both benchmarking tasks and an exploration of suitable assessment criteria.

14 Note that opposed to earlier cases the choice R =1 is generally not optimal for products of unbiased estimators, see Doucet et al. (2015); Sherlock et al. (2015);
Schmon et al. (2021).
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Table 2

(Brock & Hommes) Discrepancies between the approximate ground-truth posterior and
the posteriors estimated with KDE-ABC, GSL-ABC, MSM-ABC, SNPE, and SNRE. Bold and italics
indicate best and second-best, respectively. For SNPE and SNRE, * indicates that the hand-
crafted summary statistics described in Section 4.2 were used; otherwise, summary statistics
are learned from the simulated data.

Metric Estimation method

KDE-ABC GSL-ABC ~ MSM-ABC  SNPE*  SNPE SNRE*  SNRE
WASS 0.304 0.321 0.312 0.306  0.154  0.291 0.132
MMD 0.127 0.100 0.141 0.133  0.036 0.118  0.025
Budget 1.5x10° 10° 10° 10* 104 10* 104

Appendix B. Further experimental results
In this section, we provide further experimental results to supplement those presented in the main body of the article.
B.1. The Brock & Hommes model: an additional parameter set

We now take g = 10 and consider the task of estimating the posterior density p(0 | y), where y := (y;, ¥y, ...,yp) ~ p(x | 6%), T =
100, and 0* := (g;‘,b;,g;, b;‘) =(-0.7,-0.4,0.5,0.3). In this case, we use the following priors: g,,b, ~ U'(—1,0) and g3, b3 ~ U°(0, 1).

In Fig. 10, we show the posteriors obtained using different posterior estimation methods: Fig. 10a shows the approximate ground-
truth posterior density obtained with the true likelihood function and MH; Fig. 10b shows the posterior obtained with KDE-ABC
and MH; Figs. 10c and 10d show the posterior estimated via sequential neural posterior estimation (SNPE) with naive and learned
summary statistics, respectively; and Figs. 10e and 10f show the posterior obtained via sequential neural ratio estimation (SNRE) and
naive and learned summary statistics, respectively, which were also sampled with MH. In this experiment, we use an embedding
network consisting of two stacked gated recurrent units (GRUs) with hidden state of size 32, followed by a single linear layer of size
16. This results in an embedding network with approximately 10,000 trainable parameters. Finally, Fig. 11 shows the posteriors
obtained with GSL-ABC and MSM-ABC as described in Section 4.2.

We see from the approximate ground-truth in Fig. 10a that the marginal posteriors for b, and b; remain sharply peaked on the
generating parameters, but that the ground truth marginals for g, and g; are diffuse and sloped. The diffuseness of the posterior
with respect to these two dimensions is also visually apparent in the joint density plots in the upper diagonal. This observation is
consistent with previous studies, in which difficulty in accurately estimating the g parameters has been reported when the model
exhibits random walk-like behaviour (see e.g. Lamperti, 2018a). Upon inspection of the estimated posteriors, we see that the overall
shape is recovered well by SNPE and SNRE with learned summary statistics, but less accurately by KDE-ABC, GSL-ABC, MSM-ABC, and
SNPE and SNRE when these use the naive hand-crafted summary statistics described in Section 4.2. This is once again reflected by
the wass and MMD scores, reported in Table 2, in which we see significantly decreased values for SNPE and SNRE with learned
summary statistics with respect to the alternatives, despite a 10-fold decrease in the simulation budget they have been afforded. It
is nonetheless noteworthy that even with the naive hand-crafted summary statistics, SNPE and SNRE achieve comparable and slightly
favourable performance than KDE-ABC, GSL-ABC, and MSM-ABC again with a 10-fold decrease in the allotted simulation budget.

B.2. Robustness results for Appendix B.1

In this section, we detail additional experiments whose primary aim is to determine whether the performance of NPE and NRE is
statistically different to that of KDE-ABC. As a secondary purpose, however, some of these experiments also serve to demonstrate the
robustness of the performance of NPE and NRE to changes in the simulation budget they are afforded and/or to the capacity of the
neural networks with which they obtain approximate posterior densities. Our secondary aim is therefore to provide further evidence
to the reader of the broad scope of NPE and NRE in comparison to competing methods. Finally, the further experimental results
we present on the Brock & Hommes model studied in Section 4.2 demonstrate the performance of NPE and NRE against additional
Bayesian methods derived from popular methods in the ABM calibration literature, also discussed in Section 4.2 of the main text.

To perform NPE, we use a masked autoregressive flow (Papamakarios et al., 2017) with 5 transforms each with 50 hidden units.
For NRE, we use a residual network with two layers of size 50. For both NPE and NRE, we use either the hand-crafted summary
statistics described in Section 4.2, or a one-layer GRU, with hidden size 32 followed by a two-layer feedforward network with layer
sizes 32 and 16, as the embedding network to learn summary statistics. This embedding net has approximately 4000 trainable
parameters. For KDE-ABC, we use the same setup as in the main text for constructing a likelihood approximation: we simulate R =1
times from the ABM at each 6 to estimate the likelihood function p(- | 0), and use Silverman’s method to select a value for the
bandwidth (Silverman, 1986). Two further baselines, GSL-ABC and MSM-ABC, are also applied as discussed in Section 4.2.

To sample from the posterior distribution for NRE and KDE-ABC, we continue to use MH, but in this case we apply a further test to
the robustness of these methods by starting the MH chain at a randomly drawn parameter from the prior distribution. For both NRE
and KDE-ABC, we perform a trial run of the sampling procedure with Gaussian proposals and a diagonal covariance matrix X = 1/10,
where [ is the identity matrix. The factor 1/10 is to reduce the number of proposals that fall outside of the boundaries of the prior
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Fig. 10. (Brock & Hommes, parameter set 2) Posteriors obtained with KDE-ABC, SNPE, and SNRE. The marginal posterior distributions are located on the diagonals,
while the bivariate joint distributions for each parameter pair are located on the upper diagonal. Red lines/dots indicate the mean of the true posterior.
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(a) GSL-ABC posterior, 10° simulations (b) MSM-ABC posterior, 10° simulations

Fig. 11. (Brock & Hommes, parameter set 2) Posteriors obtained with GSL-ABC and MSM-ABC. The marginal posterior distributions are located on the diagonals,
while the bivariate joint distributions for each parameter pair are located on the upper diagonal. Red lines/dots indicate the mean of the true posterior.

during the trial run. The empirical covariance matrix of the chain generated by the trial run is then used as the covariance matrix in
the Gaussian proposal density for the proper MmcMmcC chain.

We show in Fig. 12a (resp. Fig. 12b) boxplots for the wass distance (resp. MMD) obtained by running the entire inference
procedure’® for 20 different seeds for the same fixed real world data set, y, at different simulation budgets. The boxplots are grouped
according to the simulation budget each data point comprising the boxplot was afforded: that is, boxplots within the same panel
used the same number of simulations, which is indicated with the number displayed in parentheses following the method name.
For example, the methods in the top panel of both subfigures are each afforded 102 simulations, while the methods shown in the
bottom panel of each subfigure are afforded 10° simulations. Our methods are shown in dark and medium blue, while KDE-ABC,
GSL-ABC, and MSM-ABC are shown in light blue. Suffixes “hand-crafted” and “learned” indicate, respectively, that NPE and NRE used
the hand-crafted summary statistics described in Section 4.2 and used the lower-capacity GRU described earlier in this Section.

It is immediately apparent from these plots that KDE-ABC consistently underperforms in comparison to NPE and NRE. At a budget
of 10° simulations, the performance of KDE-ABC varies wildly according to both the wass distances and MMDs. The reason for this
very varied behaviour is that KDE-ABC simply does not have a large enough simulation budget to be able to adequately explore
the parameter space, preventing it from finding and generating samples from regions of high posterior density. Therefore, in the
unfortunate yet likely event that the McMc chain is initiated at a region of low posterior density, KDE-ABC will not be able to move
away from that irrelevant region of the parameter space when it is only allowed to generate a comparatively small number of
simulations from the ABM (recall that KDE-ABC simulates from the ABM at each step in the MmcMmc chain). Occasionally, KDE-ABC is
lucky to have started its random McMc walk in or near to a region of high posterior density, which is why it occasionally generates
low wass distances and MMDs; however, because the McMc chain is so short when only 10° simulations are permitted, the modeller
will not be able to determine whether the chain has converged on a region of high posterior density or whether it has yet to find
one. In summary, KDE-ABC is an entirely unreliable Bayesian inference method when afforded 10° simulations.

In contrast, with even 102 simulations, NPE and NRE can exhibit far more favourable performance compared to KDE-ABC when the
latter uses 10° simulations: with only 102 simulations, NPE with hand-crafted summary statistics, NRE with hand-crafted summary
statistics, and NPE with learned summary statistics each produce approximate posteriors with wass distances and MMDs that are
no larger than, or are significantly smaller than, those generated by KDE-ABC when the latter is afforded 10° simulations. Even
when KDE-ABC uses 10* simulations, it is consistently outperformed by NPE when the latter uses the hand-crafted summary statistics
described in Section 4.2 and a simulation budget of 10? simulations. When NPE and NRE make use of 10° simulations, however,
they produce a clear improvement in performance over KDE-ABC according to at least one — if not both — performance metrics,
whether KDE-ABC uses 103, 10%, or 103 simulations. (This is with the exception of NRE with hand-crafted statistics at 103 simulations,
which only generally outperforms KDE-ABC when the latter also uses 103 simulations.) For example, when KDE-ABC is afforded 103
simulations, it only begins to compete with NPE’s and NRE’s performance when they use 103 simulations and learn summary statistics;
additionally, KDE-ABC’s distribution of wass distances and MMDs at 10° simulations are completely non-overlapping with those of NPE
and NRE when the latter uses learned summary statistics and a simulation budget of 10* simulations. In summary, NPE and NRE

15 For KDE-ABC, this includes both the trial run and proper run of the MCMC chain. For NPE and NRE this includes the simulation of the training set from the joint
density p(x | 0)p(60), training of the networks, and construction of the posterior with iid sampling in the case of the normalising flow for NPE and by running both the
trial run and the proper run of the McMc chain for NRE.
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Fig. 12. (Brock & Hommes, Appendix B.1) Boxplots for the wass distances (top) and MMDs (bottom) for each method, obtained by running the entire inference
procedure 20 times for the same fixed y used in Appendix B.1.
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generally result in improved performance over KDE-ABC even when the former are afforded a simulation budget that is orders of
magnitude smaller.

Much of the discussion that we have provided so far on the performance of KDE-ABC in comparison to NPE and NRE in this exper-
iment also applies to GSL-ABC and MSM-ABC. For example, even when afforded 10* simulations, GSL-ABC and MSM-ABC consistently
underperform against NPE and NRE when the latter use 103 simulations. Interestingly, we see that GSL-ABC and MSM-ABC at 103
simulations outperform KDE-ABC at 103 simulations, according to the MMD metric, with MSM-ABC outperforming KDE-ABC in the WASS
metric also; even then, it can be seen that GSL-ABC and MSM-ABC at 10° simulations is outperformed by NPE and NRE when the latter
learns summary statistics and uses 10* simulations, when taking into account the distribution of both the wass distances and MMDs.

As we discuss in the main text, there are two main reasons for this improvement in performance by NPE and NRE over KDE-ABC,
GSL-ABC, and MSM-ABC:

1. The first is that NPE and NRE perform an upfront, offline training of their neural networks, which is performed separately from
the act of drawing inferences — sampling from the posterior density. Simulating from the ABm therefore only takes place to
construct a training set for NPE and NRE. This contrasts with KDE-ABC, GSL-ABC, MSM-ABC — along with other methods we have
not shown experiments for, such as the methods described in Platt (2021) and Lux (2021) — which simulate from the ABM within
the posterior sampling procedure. Since NPE and NRE do not simulate from the ABM within the posterior sampling procedure, and
instead only simulate from the ABM to construct a training set for the neural networks comprising these methods, this enables NPE
and NRE to sample adequately from the posterior, ensuring that there is a minimal Monte Carlo error on the resulting posterior.
To be more explicit: the fact that NPE and NRE separate the task of simulating from the ABM from the task of sampling from
the posterior enables NPE and NRE to cheaply generate hundreds of thousands of samples from the posteriors they approximate,
which is required in order for the posterior density to be explored adequately. In contrast, if existing methods such as KDE-ABC,
GSL-ABC, MSM-ABC, and the methods described in Platt (2021) and Lux (2021) wish to sample many hundreds of thousands of
times from the posteriors they approximate — in order to minimise the Monte Carlo error on their posteriors — they must also
simulate from the ABM many hundreds of thousands of times.

2. The second main reason is that NPE and NRE do not make restrictive assumptions about the data, in contrast to alternative
methods. For example, KDE-ABC assumes stationarity and exchangeability of the observation comprising the observed data and
simulated output, meaning it is limited in its performance by this assumption. This may explain the plateauing of KDE-ABC’s
performance as the simulation budget it is afforded increases from 10° to 10°. In contrast, NPE and NRE with learned summary
statistics continue to improve when the simulation budget they are afforded increases from 102 to 10%.

Finally, we note that the change in performance of NPE and NRE with hand-crafted summary statistics does not appear to be
monotonic in the simulation budget in this inference task. Indeed, the performance of both methods appears to degrade slightly as
the simulation budget is increased when the hand-crafted summary statistics described in Section 4.2 are used to summarise the
input data. We believe this can be explained by the fact that the summary statistics used are generic and are not necessarily close to
sufficient, such that providing the neural networks with more and more training data (i.e. increasing the simulation budgets these
methods are afforded) appears to bias these methods away from the true shape of the posterior. Therefore, while we have seen that
NPE and NRE with hand-crafted summary statistics can still vastly improve upon alternative methods such as KDE-ABC, GSL-ABC, and
MSM-ABC, and with a far smaller simulation budget, this observation highlights that care must be taken when introducing hand-
crafted summary statistics to ensure that they properly characterise the data. In failing to do so, there is a danger of guiding NPE and
NRE towards regions of the parameter space that are not entirely consistent with the observed data y. (We note, however, that this
point holds for other inference procedures, and not only for NPE and NRE.)

Appendix C. Further experimental details
C.1. Further experimental details for the Brock & Hommes model (Section 4.2)

For NPE, NRE with learned summary statistics, we use as an embedding network two stacked Elman recurrent units with hidden
state of size 32, followed by a single linear layer of size 16. For KDE-ABC, we take R =1 (see Appendix A.1.2) and sample with MH
using 5 X 10* steps in a trial run with which the proposal density’s covariance matrix is estimated before running a full chain with
103 steps.

C.2. Further experimental details of the multivariate geometric Brownian motion model

Here, NPE and NRE use learned summary statistics only, found using a one-layer GRU with hidden size 32 followed by a two-layer
feedforward network with layer sizes 32 and 16, as the embedding network. We note that this GRU has approximately 4000 trainable
parameters. We compare against KDE-ABC, which takes 107 steps in the MH chain and simulates R = 10 times at each step in the
chain, amounting to a total simulation budget of 10° for KDE-ABC.

Appendix D. Validating approximate Bayesian inference

When performing approximate Bayesian inference in practice, it can be difficult to assess whether a posterior generated by any
algorithm is in some sense accurate, informative, or meaningful. This raises the question of whether methods for checking the quality
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of an approximate posterior derived from procedures such as NPE and NRE exist. We have already demonstrated one useful tool for
validating approximate Bayesian inference in Section 5.2 of the main text, namely posterior predictive checks. In this section, we
outline another common approach to validating approximate Bayesian inference procedures, and discuss how this posterior quality
check is more readily available to the practitioner through the use of NPE and NRE than they are when using more classical posterior
inference procedures such as KDE-ABC.

D.1. Simulation-based calibration

As previously mentioned, a major benefit of the Bayesian inferential paradigm as seen by a practitioners of Bayesian statistics is
the fact that uncertainty quantification is a built-in feature captured via the posterior distribution. Its utility relies, however, on the
ability to capture the correct degree of diffuseness in the posterior, such that the uncertainty quantification in the recovered posterior
is meaningful. This presents a challenge in approximate Bayesian inference, since by definition the experimenter does not know the
correct shape of the posterior when exact inference is intractable. Here, we address this issue by outlining a widely used approach to
verifying the accuracy of approximate Bayesian inference pipelines in the absence of any ground-truth posterior densities.

Simulation-based calibration is a general purpose method for validating approximate Bayesian inference pipelines. The core idea
is to use the fact that the data-averaged posterior should be identical to the prior distribution p(0). That is, a perfect Bayesian inference
pipeline should satisfy the following equality:

/ p(@1y)p(y | 0)p(6)dddy = p(6). (51)
IYx0

A deviation from this equality signifies some error in the posterior sampling procedure; thus, it has been proposed by Talts et al.
(2020) that testing how close our Bayesian workflow is to satisfying this equality is a test of the accuracy of the Bayesian pipeline.
This may be performed by repeating the following steps P times:

1. Generate 0 ~ p(0) from the prior distribution
2. Generate § ~ p(y | 0) from the likelihood function (i.e. the simulator)

3. Generate L uncorrelated posterior samples { 9,}1,L:1 ~pO|y)
L .0)€10,..., L) for @ within {6,} -, U {8}

i=1"

4. Compute and store the rank statistic r({G,-}

It can be shown (Theorem 1, Talts et al., 2020) that the rank statistics obtained as above will follow a discrete Uniform distribution
on {0,...,L} for any joint distribution p(y | @)p(0) for one-dimensional 0. For d-dimensional 0, each of the d components’ rank
histograms will be uniform. Thus, a deviation from the expected uniform distribution indicates that the four-step procedure described
above is not sampling from the prior distribution, meaning that at least one term in Equation (51) is incorrect. In the case of
approximate Bayesian inference, the only source of error is in the approximation of the posterior p(0 | y); therefore, inspecting the
discrepancy between the true distribution of rank statistics and the desired Uniform distribution thus gives an indication of the
accuracy of the posterior approximation used in the Bayesian pipeline. Furthermore and conversely, particular patterns of deviation
from the desired uniformity are interpretable and provide insight into the specific way in which the obtained posteriors are inaccurate
(Talts et al., 2020). Performing this procedure, and inspecting the resultant rank histograms, is referred to as performing SBC.

D.1.1. Computational expense of simulation-based calibration

While this procedure is in principle possible for KDE-ABC, the computational burden is immense even for cheap simulation models,
and becomes completely infeasible for large-scale ABMs. This is because the number of simulations required to generate n samples
from the posterior would, in general, be at least'® nR, such that the total number of simulations required to perform SBC for KDE-ABC
increases to PnR. Even for a moderately sized SBC task with P ~ 103 and the most optimistic R = 1, the total number of simulations
required can easily reach the order of 108, since it is typically necessary to take n to be many hundreds of thousands to obtain a
reasonably accurate estimate of the posterior. In fact, larger values of n are likely to be necessary, since ABMs are usually highly
parameterised and thus can have large parameter spaces.

In contrast, such an approach to verifying the accuracy of posteriors derived from NPE and NRE is feasible due to the fact that such
approaches involve the prior training of a global density (ratio) estimator, obviating any simulations during the inference (posterior
sampling) phase. Thus the strength of NPE and NRE derives from not only their enhanced performance and improved simulation-
efficiency, but also from the fact that such methods permit accuracy checks such as sBc that are otherwise infeasible for alternative
parameter estimation techniques when the simulator is expensive, as is often the case for large-scale ABMs.

16 In practice, this number may be larger due to the necessity of performing trial runs to estimate the parameters of the proposal distribution. For example, a common
proposal distribution in an MCMC scheme is the Gaussian proposal, ¢(¢' | 6) = N'(6' | 0,%), where ¥ is some covariance matrix whose form strongly influences the
efficiency of the McMc scheme. Obtaining a useful form for X typically entails performing a short trial run of the McMcC scheme with the covariance matrix initially
set proportional to the identity matrix, and then a full McMc procedure is re-run using, for example, the empirical covariance matrix of samples generated by the trial
run as X.
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(a) Simulation-based calibration histogram for neural posterior estimation.
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(b) Simulation-based calibration histogram for neural density ratio estimation.

Fig. 13. (Franke & Westerhoff) Rank histograms generated according to the simulation-based calibration procedure in Section D.1 using the trained posterior density
estimator (top) and density ratio estimator (bottom). The shaded regions indicate the symmetric 95 percent point function of a Binomial random variable with success
probability 1/P = 1/10; that is, the bottom (resp. top) of the shaded region is the inverse of the cumulative distribution function for a Binomial random variable at
quantile 0.025 (resp. 0.975). Loosely, this captures the expected deviations from complete uniformity when the histograms are genuinely uniformly distributed.

D.1.2. Example: the Franke & Westerhoff model

To further demonstrate the ability of NPE and NRE to recover accurate posterior estimates and informative summary statistics in
a highly automated manner, we perform SBC using a posterior and density ratio estimator trained on the Franke & Westerhoff model
(Franke and Westerhoff, 2012), which has previously been used in benchmarking experiments for ABM estimation methods (Platt,
2021). In particular, we consider the model version referred to as the “Wealth & Predisposition” model which, similarly to the Brock
& Hommes model (see Section 4.2), may be written as a system of coupled equations which models the asset price dynamics that
result from a heterogeneous system of traders:

Pr=p T H (ntf—ldtf—l +”f—1dtc—1>7 (52)
dtf=¢(p*—p,)+0'fetf, (53)
df =y (p,—pi1) + 0.6, (54)
n,f=1—nf=—1 s (55)
1+exp (—ﬁa,_l)
a,=ay, (wtf - wf) + a, (56)
w] =nw_, +(1=mgl. je€{fic) 57)
gtj = [efr — efr-1] d;j_z’ JjE{f,c} (58)

where the e{ ~ N(0,1) are standard normal random variables and j = { f, c} labels fundamentalist and chartist traders, respectively.
We take as output from the model the time series of log returns r; = p, — p;,_;, and assume the task of training a global, amortised
density and density ratio estimator via NPE and NRE, respectively, using 10* simulations of length 7' = 100 from the simulator defined
by Equations (52)-(58) with the following parameter settings: =001, f=1, ¢ =1, ¥ =0.9, @y = 2.1, 6, = 0.752. The parameter
vector for which we seek the posterior and density ratio estimators is taken to be 0 = (aw,r], O'C), and we obtain iid samples from
the posterior associated with the density ratio estimator via a sampling-importance-resampling scheme described in Appendix E.2.
(Samples may be drawn iid from the NPE posterior by construction.)

We show in Fig. 13 the rank histograms obtained via the simulation-based calibration procedure in Section D.1 with NPE (Fig. 13a)
and NRE (Fig. 13b). To construct these histograms, we take P = 5,000 and the following uniform priors: «,, ~ U’ (0,15000), 1 ~
v(0,1), and 6, ~ U (0,5). The black line and gray band denotes the expected height and the expected variation in the heights,
respectively, of the bars at this P and with this number of bins. We see that the bars tend to lie within the expected range, although
some notable deviations exist: for example, the rank histograms for «,, for both NPE and NRE exhibit a minor bias towards larger
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rank values, which suggests that the marginal posteriors for @, in both cases is slightly biased towards lower values on average than
the true posteriors (Talts et al., 2020). However, we emphasise that a major benefit of NPE and NRE is that they allow the modeller
to make statements of this sort in the first place, whereas the number of simulations required to make such statements in the case of
more traditional techniques such as KDE-ABC would quickly become prohibitively large.

D.1.3. Contrasting the computational expense of simulation-based calibration with that of posterior predictive checks

To simulate J > 1 realisations yU’ ),j=1,...,J from the posterior predictive distribution (see Equation (35)), J iid parameters
must be sampled from the posterior density. The simulation burden for PpCs is therefore the simulation burden associated with
construction of the posterior for y in the first place, in addition to the J further simulations required to perform the ppcs. Since this
procedure needs only to be performed for the single dataset y observed from the real world, the difference in the simulation burden
of ppcs when using the methods we endorse — NPE and NRE — and with more classical methods — such as KDE-ABC or other instances
of ABC - is likely to be smaller than it is in the case of sBc. However, it remains the case that the simulation burden associated with
performing PpCs under NPE and NRE is likely to be orders of magnitude smaller than for more classical approaches to approximate
Bayesian parameter inference, due to the greater simulation efficiency of these methods for constructing the posterior for y in the
first place, which we explain in Section 3.

Appendix E. Posterior sampling
E.1. Sampling with Metropolis-Hastings

The Metropolis-Hastings algorithm is a classical algorithm for generating samples from some density p(@). Starting from 6, and
given a proposal distribution ¢(- | 8) which proposes successive values in the chain, it entails repeating the following steps: at each
stept>1,

1. propose 0 ~ q(- | 6,);
2. accept O (i.e. set 0, | :=0) with probability

wemind 1. 20940, 10)
(69016, |’
else set 0, =0,.

Since such a procedure generates correlated samples from the posterior, it is customary to thin the samples by retaining every nth
sample for some integer n > 1 chosen as required.

To sample from the posteriors obtained via KDE-ABC and NRE in Section 4, we use MH with a normal proposal distribution
q(- | @) = N'(0;£2%), and perform a trial run of 50,000 steps using an isotropic Gaussian to estimate the covariance matrix X of ¢
before a further 100,000 steps are run. The use of such pilot runs is long standing-practice for random walk MH algorithms and can
be motivated theoretically, for example, using Bayesian asymptotics (Schmon and Gagnon, 2022). In addition, we set £ =2/ \/E,
where d is the parameter dimension following the guidelines of Gelman et al. (1996); Roberts et al. (1997); Schmon and Gagnon
(2022). All chains are initialised at the parameter value which generated the observation. We thin the resultant chains by retaining
every 100th value, resulting in 1,000 approximately uncorrelated samples from the respective posteriors.

E.2. Sampling with sampling-importance-resampling

Sampling-importance-resampling (SIR) is an approach to obtaining samples from a target distribution f(6) given samples from a
different distribution g(0) which proceeds as follows:

1. generate samples {9,»}1.11 1 “ £(0);
2. compute weights w; = £(6,)/g(6;) for all i;
3. resample 0; with probability proportional to w;.

In particular, this may be used in density ratio estimation to approximate the posterior by setting g(0) := p(0), f(0) :=p(0 |y), and
using that the density ratio estimator estimates the ratio

f© _pr@ly) _ry10)

g®  p®O " py)

(59

Appendix F. Graph neural networks
Recent years have seen considerable progress in the development of graph neural networks (GNNs) in machine learning (e.g. Yao
et al., 2019; Zhang et al., 2020; Baek et al., 2021). In many cases, the design of a GNN consists of generalising a convolution operator

from regular, Euclidean domains — as appears in convolutional neural networks — to graphs. This has predominantly proceeded by
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constructing a convolution in the spatial domain (see e.g. Masci et al., 2015; Niepert et al., 2016) or by exploiting the convolution
theorem and performing a multiplication in the graph Fourier domain (see e.g. Bruna et al., 2014). A recent review of GNNs and their
design can be found in Zhou et al. (2020).

The problem of extending GNNs to dynamic graphs has also recently received significant attention. In this vein, Li et al. (2017)
introduce Diffusion Convolutional Recurrent Neural Networks, with applications to traffic flow prediction. In addition, Seo et al.
(2018) propose Graph Convolutional Recurrent Networks, an adaptation of standard recurrent networks to operate on sequences of
graphs via graph convolutional operators. Further examples of recurrent graph neural network architectures exist; a broader survey
of neural networks for dynamic graphs can be found in Wu et al. (2021, Section 7).

Appendix G. Neural network architectures and training

For the graph embedding network in Section 5.2, the first module is a graph convolutional gated recurrent unit proposed in (Seo
et al., 2018). Taking L € RN*N as the normalised graph Laplacian for the order-N graph, this component operates on the sequence
(x)_, of node states x, € RN*K — where K > 1 is the dimensionality of each node state — to find a running embedding h’ € R"*¢
of each subsequence (x, );,:1, t=1,...,T, as follows:

s=0 (Wy(L) X'+ Wg(L)-h'™'),

r=0 (W (L) X"+ Wyy(L)-h'7"),

h = tanh (W, (L) - X' + Wy(L) - (r ©h'™H),
h=soh™'+(1-s)oh

for t=1,...,T. Here, W, : RN*N — ROXXK and W, : RV*N - RO are graph convolution operators with d,, K filters that
are parameterised by O Chebyshev coefficients, taking the form

Qo
G(L)= )" a,H,(L), (60)

gq=1
where H (L) is the g-th order Chebyshev polynomial evaluated at L. We use Q = 3 Chebyshev coefficients in the graph filtering
operation and choose a hidden state size of dj, = 64, such that the hidden state of each agent is a 64-dimensional vector. A single
linear layer reduces this N X 64 matrix into an N -vector, where N is the number of agents in the system. An embedding of the entire
graph then proceeds by passing this N -vector through a feedforward network with layer sizes 32, 16, 16. In our experiments, we take

N =20 and simulate for T = 25 time steps.

For all neural posterior estimation tasks, we use a masked autoregressive flow (Papamakarios et al., 2017) with 5 flow transforms,
each with 2 blocks and 50 hidden features; for all neural density ratio estimation tasks, we use a residual network with two layers of
size 50. To train the network weights, we use Adam (Kingma and Ba, 2014), along with a training batch size of 50 and learning rate
of 5% 10~*. We furthermore reserve 10% of the data for validation, and stop training when the validation error does not improve over
20 epochs to avoid overfitting. Throughout, we use the sbi python package (Tejero-Cantero et al., 2020) and PyTorch Geometric
Temporal (Rozemberczki et al., 2021) python packages.
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