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Abstract

‘Active matter’ is a term used to describe non-equilibrium systems, such as
living organisms and tissues, that do work using an external source of energy.
Epithelial cells are a subclass of living systems that derive their energy from ATP
hydrolysis and are driven by active processes in the cytoskeleton. Epithelial cells
can migrate as individuals, but also organise into two-dimensional monolayers
and give rise to rich emergent behaviours such as collective migration and nematic
liquid-crystalline order, with implications for morphogenesis, growth, and cancer
metastasis. In this Thesis we model epithelia as two-dimensional monolayers
to study their collective behaviours.

Using a multi-phase field model for epithelia, we first study the contributions of
polar activity and cell-cell adhesion to the rotation of pairs of cells in confinement.
Then we dispense with polar activity in favour of dipolar active stresses in order
to study bulk epithelia. We investigate the microphase separation of mixtures
of extensile and contractile dipolar cells. Cell sorting of this type has been
observed in experiment and is relevant to embryogenesis and morphogenesis, and
we propose an active origin for the observations.

Then we focus on cell intercalations, which are responsible in part for tissue
fluidisation and therefore collective migration. We model fluctuations in the
number of cadherin proteins at adherens junctions between cells using an Ornstein-
Uhlenbeck process. We vary the timescale and variance of the random process and
find a region that promotes translational diffusion and neighbour rearrangements,
and show that the orientational order in the system vanishes. We also find that
the translational diffusion has a non-monotonic dependence on the timescale

of the adhesion fluctuations. R
Finally, we study the flow of epithelia confined to a channel. Plug and shear

flow have been observed in experiment and have implications for gastrulation in
the embryo. First, we recover macroscopic flow for contractile cells by enforcing
cell orientations at the edge the channel. Then we reformulate the force balance in
the multi-phase field model to include Stokesian dynamics and, therefore, internal
friction. The improved model exhibits an oscillatory shear flow that becomes more
persistent as the coefficient of internal friction is increased. This development
helps to bridge the gap from microscopic models to continuum theories.
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Abstract

‘Active matter’ is a term used to describe non-equilibrium systems, such as living
organisms and tissues, that do work using an external source of energy. Epithelial
cells are a subclass of living systems that derive their energy from ATP hydrolysis
and are driven by active processes in the cytoskeleton. Epithelial cells can migrate
as individuals, but also organise into two-dimensional monolayers and give rise to
rich emergent behaviours such as collective migration and nematic liquid-crystalline
order, with implications for morphogenesis, growth, and cancer metastasis. In
this Thesis we model epithelia as two-dimensional monolayers to study their
collective behaviours.

Using a multi-phase field model for epithelia, we first study the contributions of
polar activity and cell-cell adhesion to the rotation of pairs of cells in confinement.
Then we dispense with polar activity in favour of dipolar active stresses in order
to study bulk epithelia. We investigate the microphase separation of mixtures of
extensile and contractile dipolar cells. Cell sorting of this type has been observed
in experiment and is relevant to embryogenesis and morphogenesis, and we propose
an active origin for the observations.

Then we focus on cell intercalations, which are responsible in part for tissue
fluidisation and therefore collective migration. We model fluctuations in the number
of cadherin proteins at adherens junctions between cells using an Ornstein-Uhlenbeck
process. We vary the timescale and variance of the random process and find a
region that promotes translational diffusion and neighbour rearrangements, and
show that the orientational order in the system vanishes. We also find that the
translational diffusion has a non-monotonic dependence on the timescale of the
adhesion fluctuations.

Finally, we study the flow of epithelia confined to a channel. Plug and shear
flow have been observed in experiment and have implications for gastrulation in
the embryo. First, we recover macroscopic flow for contractile cells by enforcing
cell orientations at the edge the channel. Then we reformulate the force balance in
the multi-phase field model to include Stokesian dynamics and, therefore, internal
friction. The improved model exhibits an oscillatory shear flow that becomes more
persistent as the coefficient of internal friction is increased. This development helps
to bridge the gap from microscopic models to continuum theories.
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“Will you walk a little faster?” said a whiting to a
snail,

“There’s a porpoise close behind us, and he’s treading
on my tail.

See how eagerly the lobsters and the turtles all
advance!

They are waiting on the shingle—will you come and
join the dance?”

— Lewis Carroll [1]

Introduction

‘Active matter’ is a broad label in non-equilibrium physics for systems that take
energy from an external source and inject it into the surroundings as work [3]. These
energy sources are varied: they include, for example, external driving, as in vibrated
granular systems [3, 4], the catalytic hydrolysis of fuel in the bulk, as for Janus
particles [4], or surfactant gradients across a droplet resulting in diffusiophoresis,
as in systems of swimming droplets [5]. Critically, however, active matter also
includes biological systems, on length scales ranging from subcellular components
of the cytoskeleton up to flocks of macroscopic animals such as birds [4], and are
generically driven by ATP hydrolysis [6].

In biology, cells are a fundamental building block, not only for multicellular
organisms, but also for collectives of unicellular organisms such as biofilms and
slime moulds [7, 8]. In this sense, cells are an emblematic representation of
the ‘More is Different’ paradigm in condensed matter [9]. Cells migrate both
individually and collectively, and provide therefore a rich platform for theoretical
and experimental biophysics in the category of active matter. In this Thesis, we
restrict our attention to epithelial cells, which join together tightly into layers, as
well as into tubes and sacs [10], and can also be cultured in vitro as two-dimensional
sheets. Embryos consist substantially of epithelial cells [10]; therefore, the study

of epithelia is crucial to the understanding of morphogenesis and development |8,

1



2 1.1. Individual Cell Motility

11]. Epithelial tissues are also ubiquitous in fully-developed organisms, and play
a role in tumorigenesis and metastasis [10].

Epithelia exhibit rich physics: force transduction from a cell to a substrate, as
well as between cells, results in a number of individual and collective phenomena [8,
12-14]. These behaviours admit descriptions by active continuum theories [6, 7]
that have themselves been validated in vitro. Agent-based models have, too, been
used to describe epithelia, and it is in turn the role of these models to bridge
the gap from the scale of an individual cell to the continuum. In this Thesis, we
use a multi-phase field model to study the collective behaviours of epithelial cells,
from persistent rotational motion in confinement to phase separation, neighbour

intercalations and flow in a channel via monolayer fluidisation.

1.1 Individual Cell Motility

The collective behaviours of epithelia emerge from the motility of and stresses
generated by individual epithelial cells. These stresses and motility arise from
the interplay of the internal structure of a cell with the substrate and larger
environment via chemical and physical signalling [12-14]. The actomyosin cortex
and microtubules within a cell are the structures primarily responsible for migration
and force transduction, and themselves exhibit polar and dipolar features that are
reflected in the behaviour of the larger cell [15, 16]. While a polar force propels a
particle along a particular axis, dipolar stresses result in pairs of forces pointing either
inward or outward along a chosen axis, and therefore have a head-tail symmetry.

The actomyosin cortex, which crosslinks microtobules and provides structure
to the cell membrane, is composed of actin filaments, themselves crosslinked by
filaments of myosin-II molecular motors. The actin fibres are polar, a result of
the geometry of the monomers from which they are formed, and preferentially
polymerise at one end and depolymerise at the other. In addition, the myosin-I11
motors that create stresses within the actomyosin cortex are oriented on the fibres
to which they are attached [15]. The actin filaments can orient parallel or anti-

parallel to each other, and can create active isotropic or anisotropic stresses [17,
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Direction of F-actin:
migration Dorsal fibre
Transverse arc
Actin meshwork

Lamellipodium

Centrosome
Filopodium

Focal adhesion IFocal complex

Rear - - » Front
Polarity axis

Figure 1.1: Schematic of a single migrating cell illustrating the major components of
the cytoskeleton including microtubules, actin fibres and the polymerising actin cortex
in the lamellipodium. The cell has an emergent axis of polarity along which it migrates.
Adapted from [13].

18]. Analogously, microtubules are polar in both structure and polymerisation [15].
Kinesin molecular motors, similarly, have a preferred orientation when attached
to microtubules and, when they crosslink a network of microtubules, create active
stresses both isotropic and anisotropic within the cell [16].

Cell motility originates from the coordination of four processes: protrusion,
adhesion, contraction, and retraction [19], which are fundamentally linked to the
behaviours of microtubules and the actomyosin cortex. Figure 1.1 illustrates the
organisation of microtubules and the actomyosin cortex within a single migrating
cell. The polymerisation of microtubules causes piconewton-scale forces that
deform cell membranes [20], and actomyosin provides structure to protrusions
such as lamellipodia at the front of a cell [13]. These protrusions, along with
the orientations of microtubules within the cell, break front-back symmetry and
assign a direction for migration [13, 19].

Cells adhere to the substrate using integrin proteins at sites called focal adhesions,
which are attached to the actomyosin network [21]. Microtubules, too, mediate the
flow of integrins within the cell, promoting the formation of focal adhesions, and

also control the disassembly of adhesions [19]. The crosslinked microtubule and



4 1.2. Collective Cell Motility

actin networks connected to the substrate via focal adhesions provide a foundation
for the active contraction that moves a cell along its front-back axis [13].

Traction forces are applied to the substrate at focal adhesions, and are generated
by the myosin-IT and kinesin motor filaments embedded within the cytoskeleton [16—
18]. These traction forces are exerted at both the front and the back of the cell,
creating a force dipole [13, 14, 21], but polar symmetry-breaking results in a net
force that pulls the cell body in the direction of migration. The active contraction
results in a characteristic retrograde flow of actin cables from the front to the
back of the cell [13, 19]. The final phase of migration, retraction, occurs at the
rear of the cell, where focal adhesions are disassembled and both actin filaments
and microtubules depolymerise [13, 14] and are recycled once again to protrude
at the front of the cell [19].

The migration of a single cell is random [12] and can be described by models such
as persistent random walkers [22]. The front-back symmetry is broken internally
by the expression of proteins such as Rac and CDC42 that promote cytoskeletal
polymerisation and the recruitment of integrins in the membrane [13, 19, 21].
However, external chemical or physical signals can also break the front-back
symmetry and impose an axis of migration. For example, chemical gradients
can promote directed migration in a phenomenon known as chemotaxis [11, 23-25].
Differences in substrate stiffness may also result in durotaxis [21, 26].

The features of the cytoskeleton that result in single-cell motility, including
actin cables, focal adhesions and traction forces, result in emergent phenomena
in the bulk. The collective behaviours of epithelial cells include tissue-scale flows,

phase separation and liquid-crystalline properties.

1.2 Collective Cell Motility

The processes underpinning the motility of individual cells exist also in bulk tissues;
however, intercellular interactions give rise to phenomena absent at the single-cell
level, by distinguishing cell-cell from cell-substrate interactions [27]. Two key features

of collective cell motility are the emergence of system-wide actin structures [13, 14]
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and the ‘contact inhibition’ of individual protrusions [28]. These interactions result
in diverse behaviours, including macroscopic flows and orientational order, which
have been shown in vitro [29] as well as in vivo during gastrulation [30, 31].
Supracellular actin cables assemble across a monolayer and these tissue-scale
fibres are advected by the retrograde actin flow [8, 13, 14]. The actin cables bridge
across cell membranes at adherens junctions, which are constructed from cadherin
proteins. These membrane proteins are embedded in the actomyosin cortex and
support stress transduction through and between cells, including at the edge of a
cluster, where an effective surface tension emerges. The supracellular network of
microtubules and actomyosin creates tissue-scale active stresses [13, 14].
Adherens junctions themselves have several implications for the dynamics of
epithelial monolayers. For example, cells are able to exert tractions on each other
using cadherin proteins [21]. Also, the remodeling of adherens junctions permits
cell rearrangements within a monolayer [8], as well as extrusions at defects in the
monolayer [32]. In addition, the presence of adherens junctions suppresses the
formation of focal adhesions [13] and causes a tissue to exert the largest traction
forces on the substrate at its edge [14]. Clearly, cell-cell junctions and interconnected
actomyosin cortices are a key source of tissue-scale stresses in epithelia.
Another key feature of bulk epithelia is the suppression of polarisation and
thereby individual cell migration [11]. Cells that come into contact tend not to
continue migrating and even polarise away from each other, a phenomenon first
characterised by Abercrombie as ‘contact inhibition’ [28]. Interactions during contact
inhibition of locomotion appear to be non-reciprocal: in pairwise experiments, a cell
polarises away from the direction of a head-on collision more readily than it does from
a collision with the rear of another cell, thereby leading to ‘contact following’ [33].
Certainly, the ‘cryptic’ lamellipodia created by cells in the bulk are smaller than those
of free cells, and may indicate suppressed collective polarisation [14]. This is not to
say there is no polarisation in epithelia: along the edge of a cluster, ‘leader’ cells with

large lamellipodia can direct collective motion in the context of wound healing [12-14]
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or morphogenesis [11]. These cell-cell interactions result in numerous collective
behaviours, including jamming, flocking, orientational order, and phase separation.

Jamming is most clearly a result of polar activity and contact inhibition of
locomotion [14]. However, epithelia are still able to flock in the bulk. Flocking
is a generic feature of tissue-level behaviour and can manifest in several ways:
directed migration and swirling, for example in an epithelial monolayer [14], and
streaming through extracellular matrix or a second tissue, as in cancer invasion [8].
Rotational motion and collective migration have been investigated through assays
on micropatterned substrates, and have been shown to emerge on a number of
scales, ranging from just a pair of cells [34, 35] to tens and several tens, up to
lengths of order 100um [36, 37]. Although flocking and swirling appear to be polar
phenomena, flows also result from dipolar stresses, and experiments have shown
clear dipolar behaviour in bulk tissues [38, 39].

Epithelia in experiment can exhibit nematic orientational order, which is unstable
to flow in active systems such as cell monolayers [38, 40]. Nematic epithelia include
Madin-Darby Canine Kidney (MDCK) layers [32], human bronchial epithelial
cell (HBEC) monolayers [29], retinal pigment epithelium (RPE1) cells [38], and
mesothelium [41]. Spontaneous shear flow has been shown also in glioma invasion,
in which ‘oncostreams’, bundles of highly elongated, highly aligned cancer cells,
migrate along collagen strands so as invade healthy tissue. The velocity fields in these
streams exhibit a head-tail symmetry [42], and so can be characterised as nematic.

Not only are uniform dipolar stresses an emergent feature of epithelia, but
nonuniform stresses can also lead to new emergent behaviours. Depending on the
sign and magnitude of their activity, different strains of cells in vitro can either mix
or form well-defined clusters [43], and a mixed layer can even phase separate [39)].
Patterning of activity in tissues affects morphogenesis, too. Gastrulation, a crucial
step in development, has been described as a patch of active material initiating a
convergent extension flow in a passive background in the context of the chick

embryo [30, 31].
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Features of epithelial dynamics, including orientational order and spontaneous
flow transitions, have been described by continuum theories and numerous agent-

based models, which we now review.

1.3 Models for Epithelial Dynamics

There are many classes of model for epithelia, both agent-based and in the continuum.
Agent-based models include vertex and Voronoi models, the Cellular Potts model,
sharp-interface models, and the phase-field model, while nematohydrodynamics
is a rich continuum description that reproduces many features of epithelia. All
these models have inherent advantages and disadvantages, and all can be modified
to account for the active forces generated by epithelial cells. In this Thesis, we

use a multi-phase field model to describe epithelia.

1.3.1 Vertex & Voronoi Models

The vertex and Voronoi models for epithelia describe the apical surfaces of individual
cells as polygons. This description is approximate, as junctions between cells are
generally slightly curved [44]. The vertex and Voronoi models originate as a technique
to obtain an accurate, albeit simplified, geometric description of an epithelium.
As originally implemented by Honda [44], the vertices of a cell, including those
with curved edges, are used to calculate the cell’s approximate centre, and then a
Voronoi tiling of the epithelium is constructed from the set of centres to represent
the tissue geometry. This description has proven accurate and has even been used
to approximate the geometry of a layer after a single cell division, given information
on the axis of division and the distance between the centres of daughter cells [45],
and has been improved to account also for epithelial dynamics.

Vertex and Voronoi models differ in their descriptions of the dynamics of epithelia:
the vertices are the degrees of freedom in the vertex model, while the centres of the
polygons are the degrees of freedom in the Voronoi model. In both cases, however, a

free energy functional can be written for the polygons in the tiling that contains two
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terms. One term assigns an area elasticity to each cell, and the other term models

the line tension of the cell-cell junctions as identical Hookean springs [46-48]:

F= Z{ (A — Ao)? + [;P(R-—Po)g (1.1)

where the sum is over all polygons in the system, and Ay and F, are respectively
the preferred area and perimeter of a single polygon. Although in the bulk the
epithelial cells can be thought of as incompressible, the surface area and height of a
cell can change along the apicobasal axis, and this is the origin of the area elasticity.

Rescaling energy by K 1A% and lengths by /Ay yields a new free energy
F=% S = 1) + Sk — po)? 12)

where a; = A;/Ao, pi = Pi/vV Ay, k = f(p/(f(AAo) and py = Py/v/Ag. The
dimensionless parameter pg is the shape factor that controls the layer’s crossover
from solid-like to fluid-like behaviour. When py = p* the critical shape factor, the
shear modulus in the layer vanishes and polygons can deform to adapt to a shear
stress with no free energy penalty [47]. Heuristically, the critical shape factor is
the result of the target perimeter of each cell being long enough to comfortably
contain its area. The critical shape factor is p* ~ 3.72 for a tiling of regular
hexagons, but in general depends on geometry; in a disordered system, its value
has been quoted as p* ~ 3.81 [49].

The dynamics of these models is given by

dI',‘ oF

where r; denotes either a vertex of a polygon (vertex model) or its centre (Voronoi
model) [46-48]. In principle, frictional forces can be implemented between neighbour-
ing vertices or polygons so as to build cell-cell dissipation into the system [50-52].

The vertex and Voronoi models have been further modified to account for polar
active forces [53]. In addition, the line tension on each junction need not be identical
or constant [47]. Although relaxing this condition requires rewriting the free energy

in Equation (1.1), the line tensions at junctions can then be coupled to a random
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process, which fluidises the layer [54], or even coupled to orientation to enable, for
instance, dipolar stresses in the model [55]. The vertex model has also been extended
to describe both the apical and basal surfaces of cells in a spherical geometry [48, 56].

A substantial advantage of these models is their relative computational simplicity:
a whole epithelium can be described using only a few degrees of freedom per cell.
Despite the restriction of describing cell shapes using straight lines, vertex and
Voronoi models can provide faithful descriptions of epithelia in both two and three
dimensions [45, 47, 56]. There are, however, inherent but different drawbacks
to both the vertex and Voronoi models. The Voronoi model cannot naturally
handle any free edge of a cluster because the Voronoi domain of a cell on a
boundary is unbounded, as recognised by Honda [44]. On the other hand, cell
rearrangements are handled naturally by the Voronoi tiling, whereas in the vertex
model the topology of the cells must be updated explicitly, which itself presents
conceptual and algorithmic challenges. However, computing a Voronoi tiling can
be computationally expensive. Both models assume the monolayer is confluent —
which is not the case in experiments such as wound healing assays. In addition,
both models are restricted to describing cell shapes by straight edges: a good
although not perfect approximation. None of these issues is insurmountable, but

other models can and do solve these problems in natural ways.

1.3.2 Cellular Potts Model

The cellular Potts model (CPM) is a variation of the standard Potts model for
spin systems, where each cell is itself constructed from a set of spins. In a system
of N cells on a lattice, there is a spin at each site that can take one of N values,
and cell ¢ is identified with the magnetic domain where the spin is o(x) = i.
A simple Hamiltonian can be written for the system [57], with terms for area
elasticity and surface tension:

M= (A=A + > (1= e@.om)- (1.4)

cells 4 neighbouring sites
a,b
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Similarly to the cellular vertex and Voronoi models, there is a harmonic potential
in the area of the cell, which accounts for cell incompressibility and the unknown
(in principle variable) cell heights. The area A; of a cell is simply the total number
of sites where the spin is 7. The second term is a surface tension that penalises
junctions between different cells or between a cell and free space. The coefficient
Jo can be relaxed to a pairwise J;; between cells ¢ and j to promote, for instance,
sorting or mixing [58-60].

As in the standard Potts model, the cellular Potts model is updated stochastically,
by proposing a change at site a from one spin to another, and accepting the change
with a Boltmann weight min(exp(—A%H)/T, 1) where T is some temperature, which
does not necessarily correspond to any observable [27]. Forces that are active can
be implemented by biasing the Hamiltonian, for instance including a polar term
— Y ac cell i Pi - (& —aconm) where acons is the centre of mass of cell ¢ [27, 57]. In
this case, the stochastic update favours growth of a cell parallel to the polarisation
vector p;, and decay antiparallel to it. Dipolar forces could also be implemented
similarly, growing (decaying) a cell parallel (normal) to a preferred direction.

Computation with the CPM takes advantage of standard techniques in statistical
physics. However, algorithms such as the Metropolis method that generate an
equilibrium distribution of states do not manifest time in a clear sense, which is

necessary for instance to calculate the mean-square displacement of cells in a system.

1.3.3 Sharp Interface Model

Sharp interface models are a class of model for epithelia that track the location and
shape of the boundary of a cell, which evolves, like other models, according to both
passive and active forces. The nature of the description and the precise degrees of
freedom vary; Bresler et al. [61] derive a model for a smooth polar curve R(f,1t)
and implement the model using an ordered set of points in space, which are the
numerical degrees of freedom. This approach differs from the vertex model in that
the contour is described by many more points than the roughly six of the vertex

model, and each point in this implementation of the sharp interface model belongs
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only to one cell rather than to three. The sharp interface model formulated by Saito
and Ishihara [62] also describes a polar contour R(f,t) but is implemented using a
Fourier series, which can be cut off after an arbitrary number of modes, in which the
Fourier coefficients are the degrees of freedom in the model. This model conserves
area exactly by using Parseval’s theorem to set the magnitude of the zero mode.

Both these models lend themselves to descriptions of highly deformed cells;
Bresler et al. have described the behaviour of a soft cell in a background of stiff
cells [61] while Saito and Ishihara characterise a rigidity transition from a solid to a
fluid phase in a system of polar cells, as well as a percolation transition between a
fluid phase of circular cells and a ‘soft-fluid” phase of highly deformed cells, which
exhibits a bimodal distribution in the cell shape factor P/v/A [62].

1.3.4 Phase-Field Model

The phase-field model is, fundamentally, an approach to constraining material in
space, in which some solid or fluid material of interest is described by a density
(phase) field ¢ and is assigned dynamics according to the problem in question.
This technique has historically proven fruitful, for example, in the study of front
propagation [63], fluid mechanics [64] and alloy crystallization [65].

In the multi-phase field model for epithelia, each cell is a fluid droplet described
by a phase field ¢, which takes on a value 1 inside the cell and 0 outside. In a
system of N cells, there are N phase fields: one for each cell [66]. The cells are
endowed with passive dynamics to constrain their areas and to prevent overlap. In
addition, the cells can be assigned arbitrary active forces, such as polar or dipolar
forces [67, 68], as well as tentative descriptions of intercellular friction [27], in an
effort to uncover the physics behind the collective behaviours of epithelia.

The multi-phase field model for epithelia has been augmented in several ways,
for example to describe the nucleus inside each cell [69] or to include the effects
of chemotaxis [70] and adherens junctions [67]. More generally, phase-field models

have found other uses in the field of active matter. For example, a single phase
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field can be used to localise a droplet of continuum active fluid [71] or, depending
on the specifics of the model, multiple droplets in an active crystal [72].

There are certain disadvantages to the multi-phase field model. Firstly, it is
computationally intensive. To define the value of a phase field at every lattice site
inside and in the vicinity of a cell requires perhaps two orders of magnitude more
degrees of freedom than the vertices of a polygon in the vertex model, and just
as many more calculations during an update step. Therefore, a balance must be
struck regarding the size of a cell in the model: too large a cell is computationally
impractical to work with, while choosing too small a cell puts the smoothness of the
phase field at risk. This computational overhead has been part of the motivation
to develop sharp-interface models as the limit of the phase-field model when the
width of the interface separating the interior from the exterior of a cell goes to
zero. In addition, from a theoretical point of view it is unclear how to implement
or interpret a line tension between pairs of cells, a feature that comes naturally to
and is a fundamental feature of the vertex and Voronoi models.

In this Thesis, we use a multi-phase field model to describe epithelia. The
multi-phase field model is ideal to describe epithelia for several reasons. The
cells in this model have arbitrary shape, their interfaces are handled smoothly
and naturally, and neighbour rearrangements also occur naturally. Finally, the
multi-phase field model can be equipped with arbitrary physics, which permits
rich possibilities to model the collective dynamics of epithelia. The precise details

of the model we use are discussed in Chapter 2.

1.3.5 Active Nematohydrodynamics

This Thesis concerns collective behaviours in confluent epithelial monolayers. The
models discussed so far describe individual cells that together form a layer, but
the cells can be coarse-grained to develop a continuum theory. Epithelia exhibit
orientational order without positional order, which is a property of a nematic [32,
38]. Also, like other systems with nematic order [16], epithelial monolayers and their

constituent cells create dipolar stresses with head-tail symmetry that can point either
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outwards or inwards [14]. Therefore, a confluent epithelial monolayer constitutes an
active nematic, which is described by a theory titled active nematohydrodynamics.

Active nematohydrodynamics is a theory for fluids characterised by orientational
order and dipolar stresses. The theory builds on the passive nematohydrodynamics
elucidated in the latter half of the twentieth century [73, 74], by introducing a dipolar
active stress, which constantly injects energy into the fluid [40]. Recent decades have
seen investigation into the rich behaviour of active nematic fluids and active nematics

has proven a fruitful paradigm to describe the properties of physical systems [6, 7].

Order Parameter

To describe orientational order in a material such as a nematic, an order parameter
is required that contains information about both the direction and the magnitude
of the ordering. For instance, in a polar fluid, a vector n is sufficient to describe
the local ordering of the constituent particles, as a vector has both a direction and
a magnitude. However, such an approach is inadequate to describe a nematic, as
the local orientation has head-tail symmetry and identifies n with —n for a local

vector. The nematic order parameter is defined as

Q-o(awa-3) -7 (56 “n)) s
where © = (cosd,sin#). The order parameter respects head-tail symmetry, and is
both traceless and symmetric. It need not a priori be traceless, but choosing Q this
way has the advantage of resulting in (Q) = @ = 0 locally when the nematogens
are isotropic. The magnitude of ordering is extracted from Q as Tr(Q?) = Q?/4.

This notion of an orientational order parameter can be extended to liquid
crystals of constituents with p—fold rotational symmetry. For these systems, an
order parameter in two dimensions is written as Q, = @,[[n®?]] where [[-]] denotes
the traceless part and -®P denotes the tensor product of p copies of a vector [75, 76].
Each order parameter Q, then has two independent components: (Q,/2°~") cos(pd)

and (Q,/2P~") sin(ph), just like the definition in Equation 1.5 for the nematic Q.
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Ordering and Elastic Free Energy

In many liquid crystalline materials, there is a transition to a nematic phase
as the temperature of the material decreases or its concentration increases [73].
Phenomenologically, one writes a Landau free energy in two dimensions for the

transition to nonzero @ as [7, 73, 74]
1 1
Fi = Fo+ SAT)THQ?) + {O(T)(TH(QP)? (16)

where the sign of A changes at T" = T* the nematic transition temperature so
that Fp develops a double well profile. This term accounts for the free energy
as a function of the orientational order but the theory requires, in addition, a
contribution from variations in the orientational order. This is the elastic term,
and a generic description of elasticity in three dimensions uses three constants to

penalise variations in i the local director [73] as

1 1 1
Fa=5Ki(V- )2 + S (B V )2 + 5 Kl x V x i’ (1.7)

The three terms describe, respectively, splay, twist and bend deformations in the
texture of fi, which are illustrated in Figure 1.2. This formulation of the elastic
free energy contains but does not require head-tail symmetry, and so is also an
appropriate description for the elastic free energy of a polar fluid.

Twist deformations are forbidden in the plane, because the curl of n is out of
the plane and is therefore normal to n. However, writing the elastic free energy in
three dimensions permits a simplifying step that is clearest in three dimensions,
and equally valid in two. The three Frank coefficients are close to equal [73] and,
in some cases, may actually be equal [74]. A simplifying assumption is then to
take a one-constant approach, K; = Ky = K3 = K, as has been done in previous

treatments of active nematics [32, 77]. Then the elastic free energy simplifies to

Fu— ;K((V )2V x A (1.84)
_ Lk vay (1.8b)

2
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where the second identity holds up to surface terms. In tensorial notation for a

nematic, Equation 1.8b is equivalent to
1 2
Fa = §K(VQ) : (1.9)

This contribution yields in concert with the Landau expression in Equation 1.6

the full nematohydrodynamic free energy
1 2 1 22, L 2
Fo=7Fr+Fa=Fo+ ;AT(Q) + 1 C(T(Q))" + SK(VQ) (1.10)
where A and C' can be tuned to put the material in the nematic phase.

N

\
\
/
/

-

/
(a) (c)

Figure 1.2: Schematic of (a) splay, (b) twist, and (c) bend configurations of a headless
vector field corresponding in order to the terms in Equation 1.7. This field is the fi from
which Q is constructed. Twist is forbidden in two dimensions.

Topological Defects

Although in the plane, a uniform texture QQ can minimise the free energy of
Equation (1.10) given an appropriate choice of A and C', nematic liquid crystals can
display defects in the ordering. Moreover, in certain geometries such as spherical
shells, it is forbidden to have a uniform director field. In both cases, the nematic
gives rise to topological defects. These defects are points where Q is undefined, and

Q is discontinuous on any contour that intersects these points. A nonzero winding
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N7

(a) (b)

Figure 1.3: Sketches of (a) +1/2 and (b) —1/2 topological defects in a nematic, which
is represented by streamlines. The dashed curves represent contours along which the
integral (1.11) is computed. Positively-charged +1/2 defects have a characteristic comet
shape, while negatively-charged defects have a threefold-symmetric star shape.

number for the argument of the director around these points can be calculated.

The winding numbers give rise to a charge given by

1
= _—¢Qdeo 1.11
q 2W§l§ (1.11)

on a closed contour around the defect, where § = arctan(n,,n,) € [—7/2,7/2)
is the argument of the vector n from which Q is constructed. The head-tail
symmetry in a nematic permits half-integer charges +1/2. In general, particles
with p—fold rotational symmetry admit topological defects with charge +1/p [75,
76]. Topological defects with charge +1/2 have a characteristic comet-like shape,
while negatively-charged defects have a threefold rotationally symmetric structure.
Figure 1.3 illustrates topological defects with charge +1/2, as well as representative
contours along which to compute the integral in Equation (1.11). Topological
defects are annealed out of passive nematics, but are created spontaneously in
active nematics [7]. In addition, active plus-1/2 defects are self-propelled and

can exhibit polar order [78].
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Nematohydrodynamic Equations

It remains to describe the dynamics of Q and its coupling to flow through the
Navier-Stokes equations. Epithelial cells are characterised by small lengths and
velocities [38], which means they exist at low Reynolds number and can be described
by the Stokes equation.

The nematic order parameter Q is advected by the flow, aligns or tumbles with
shear and vorticity according to a term S, and relaxes towards equilibrium according

to the traceless molecular field H [7]. In two dimensions, the dynamics is written as:
0Q+u-VQ-S=TH (1.12)

where

S = (AE+Q) - <Q+;)+<Q+;>-<>\E—Q> —2)\<Q+;><Q:Vu> (1.13)

- in(L
5q T277\5q

where E is the rate of strain tensor and €2 is the vorticity tensor. The parameter A

§F 1 <(5]-") 114)

is called the flow-tumbling parameter and controls whether Q aligns with the flow
(A > 0, typical of rod-like particles) or tumbles in the flow (A > 0, for disc-shaped

particles). The Navier-Stokes equations for a constant-density fluid read
V.ou=0 (1.15)

p(Ou+u-Vu)=V_-II (1.16)

where p is the fluid density and II is a stress tensor containing both passive and active
terms. In the low-Reynolds number limit, the left-hand side of Equation (1.16)
vanishes, yielding V - I = 0. The stress tensor II contains viscous and elastic

terms with viscosity 1 and pressure P:
Vs = 2nE (1.17)

Helastic:_Pl+2)\(Q+;)(Q:H)-FQ.H_H.Q -
() (e movagy
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Figure 1.4: Cartoons of the z-component of the active force due to V- Q in (a) bend
and (b) splay nematic textures. In both cases, the divergence of Q points to the left, so
the active force for an extensile (contractile) nematic points to the right (left). Extensile
nematics are unstable to bend and contractile to splay perturbations [40, 82].

Equations (1.12) to (1.18) describe passive nematohydrodynamics. The theory
is modified to include active stresses, such as those exerted by motor proteins
on crosslinked fibres in the cytoskeleton, or transduced between pairs of cells ad
adherens junctions, or from a cell to a substrate via focal adhesions at both the
front and the back of a cell [14]. These active stresses arise from force dipoles,
pairs of forces in opposite directions aligned with the nematic director, which are

averaged over to yield an active stress I1*V® of the form [40, 79, 80]
Hactive — _CQ (119)

where ( is the activity parameter that controls whether a cell pushes outwards
(¢ > 0, extensile) or pulls inward (¢ < 0, contractile) along its dipolar director.
In the passive limit, ( = 0. Both polar and nematic fluids equipped with the
above active stress exhibit an instability corresponding to the sign of (: extensile
nematics are unstable to bend deformations, and contractile nematics are unstable
to splay deformations [40, 81]. The divergence of Q, in conjunction with the sign
of (, determines the direction of the active force in nematohydrodynamics [82].

Figure 1.4 shows a cartoon of V - Q for bend and splay configurations.
Flows and Active Turbulence

A rich phenomenology of the instabilities of active nematics has been described,
particularly in reference to extensile systems [83-85]. Active nematics exhibit several

flow configurations according to the activity and geometry, and these flows are
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paralleled in the collective behaviours of epithelia. In a bulk extensile nematic,
ordered domains of size ~ /K/( form, which are connected by domain walls
consisting of strong bend deformations. The domain walls relax by unbinding into
topological defects with charge +1/2, and the continuous unbinding of defects is
characteristic of active nematics [83, 86]. While active —1/2 defects are immotile due
to their rotational symmetry, the comet-shaped +1/2 defects self propel, towards
either the head (extensile) or the tail (contractile).

The active length scale \/Ki/C controls not only the size of ordered domains in
the bulk, but also the behaviour of an active nematic in a channel via the activity
number, the ratio L\/(/K the channel width to the active length scale [87]. As
the self-propulsion velocity of a +1/2 defect and the activity number grow, an
active nematic transitions through several behaviours, from uniform or banded
laminar flow to an oscillatory flow [88] to a highly vortical state characterised
by +1/2 defects crossing paths in what is termed a ‘Ceilidh dance’ configuration,
with hysteresis at the crossovers between laminar, oscillatory, and vortical flow [87,
89]. For channels that are yet larger, the system goes into ‘active turbulence’; a
state characterised by short-range nematic order with chaotic flow and vorticity
that results from the turnover of domain walls, hydrodynamic instabilities, and

the creation and annihilation of defects [29, 80].

Relationship to Epithelial Monolayers

Epithelial monolayers have several properties that lend them to description by
active nematohydrodynamics. A confluent monolayer is a collection of particles,
which when coarse-grained can be described as a continuum fluid. In addition, force
dipoles of several forms exist in epithelia: the contractile forces at focal adhesions
in a single cell form pairs [14], while the crosslinked supracellular actomyosin cortex
generates stresses both isotropic and anisotropic [17, 18]. The suppression of polar
activity in confluent epithelia also permits dipolar properties of the monolayer to
emerge [11, 14]. Epithelial monolayers can exhibit short-range nematic ordering

along with spontaneous shear flow [38] and even oscillations and turbulence [29,
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90]. Topological defects of both positive and negative charge are ubiquitous in
epithelia and may even have biological function [32, 41].

Confluent epithelia and their collective properties, including flow and topological
defects, have successfully been described by active nematohydrodynamics. The
physical properties of confluent epithelia that hint at their active nematic nature,
as well as the successful use of active nematohydrodynamics to model epithelia,
motivate the use of an agent-based model coupled with principles of active nematics
to investigate the physics of cell-cell interactions and to model the mesoscale

behaviours of epithelial monolayers.

1.4 Thesis Outline

In this course of this Thesis, we use the multi-phase field model to investigate
several collective behaviours of epithelia. First, in Chapter 2, we describe in detail
the multi-phase field model, including the modelling of passive dynamics and active
forces between cells, and then we consider various collective behaviours of epithelia
monolayers. In Chapter 3, we consider the persistent rotational motion of pairs of
confined cells when equipped with polar activity. Then we investigate microphase
separation in a mixture of extensile and contractile cells in Chapter 4. Next, in
Chapter 5, we characterise the fluidisation of an epithelial monolayer by fluctuations
in cell-cell adhesion, in an extension to the foundational phase-field model. Finally,
in Chapter 6, we examine a method of inducing flow in a channel by fixing cell
orientations at the edge of the channel, and introduce viscosity to the multi-phase
field model as an internal friction force, with an aim to reproduce shear viscosity
as observed in experiment and in theory.

In all cases, the goal is to bridge the gap from an agent-based model of dipolar
activity to continuum models under the hypothesis [13] that the bulk properties

of epithelial monolayers are governed by dipolar active stresses.



“One side of what? The other side of what?” thought
Alice to herself.

“Of the mushroom,” said the Caterpillar, just as if she
had asked it aloud; and in another moment it was
out of sight.

Alice remained looking thoughtfully at the mushroom
for a minute, trying to make out which were the two
sides of it; and, as it was perfectly round, she found
this a very difficult question. However, at last she
stretched her arms round it as far as they would go,
and broke off a bit of the edge with each hand.

“And now which is which?” she said to herself. . .

— Lewis Carroll [1]

Model

The phase-field model is a modelling technique that uses a density (phase) field
o(x,t) to localise a fluid or other material in space and time. The dynamics are
chosen to match the problem at hand and are, in principle, arbitrary. This approach
has varied applications, such as to describe the propagation of a front [63], the
dynamics of viscous flows [64], or the crystallization of an alloy out of a melt [65].
Phase-field models have been used also to describe active systems and processes, such
as active crystallization [72], active droplets [91, 92] or single keratocytes [93, 94].

In this Chapter we formulate the multi-phase field model for epithelia, which
describes each cell by an individual phase field, first implemented by Nonomura [66].
First we summarise the theory of the model and then discuss details of the numerics,
which are based on a code written by Romain Mueller [68]. This Chapter provides
a generic, albeit detailed, overview of the multi-phase field model, and variations

on the model used will be described in the relevant Chapters.

2.1 Model Description

In this multi-phase-field model, there are N phase fields ¢;(x,t), each of which
specifies the location of a single epithelial cell 7. The value of the phase field

indicates whether a particular location x at a particular time ¢ is inside or outside

21
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Figure 2.1: Cartoon of a pair of phase-field cells. The cells are indexed by ¢ and the
phase fields ¢; take a value 1 inside cell ¢ and 0 outside cell .

the cell. Inside a cell, its phase field takes a value 1, while outside the cell, its
phase field takes a value 0. Figure 2.1 illustrates a pair of phase field cells and
indicates where the phase fields take on values 0 and 1. In this Section, we write
down the dynamics of the system, as well as the force balance that governs the
dynamics. Next we detail the features of the model, starting first with the free
energy functionals that govern the equilibrium properties of the cells. Finally, we
detail the passive and active forces in the system, including the polar and dipolar

forces we use to model the behaviour of epithelia.

2.1.1 Dynamics

Each phase field is advected by a velocity field, and is conserved up to a source

term derived from the free energy in the system. The equation of motion is

OF

Orpi +vi(x,t) - Vo = —Joé@

(2.1)

where the insertion of Jj serves simply to rescale time for computational convenience.
The phase field is in the overdamped regime, advected by active and passive

force densities so that

sz‘ (X7 t) = fpassive,i (X7 t) + factive,i (X7 t) (22)
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at every location x. The passive force density is derived from the free energy func-

tional F:

f

= NV 2.
passive,t 5¢2 V(ZSZ ( 3)

and it remains to define the free energy and any active forces of interest.

With the forces calculated, we are able to recalculate the velocity field (2.2)
at each site before updating the order parameters of interest: each phase field,
each structure tensor, and any directors and tensors associated with active forces and

stresses.

2.1.2 Free Energy

The multi-phase field model uses several free energy functionals to cause each phase
field to coalesce into a droplet with a particular size and to penalise the overlap of
distinct droplets. The model can also be extended to include an adhesion energy
that models the effect of adherens junctions between cells. There are Cahn-Hilliard

and area conservation single-cell free energy functionals:

Fon=Y] [ ax 1621 — 00 + (Vo] (2.4a)
fAzz:u[l—Wle dX¢?] : (2.4b)

The Cahn-Hilliard term Fcy is minimised by ¢; = 1 and ¢; = 0, and serves
to separate the inside from the outside of a cell. However, these solutions are
incompatible with the area conservation term, which is minimised when the cell
area equals 7R?. The competition of the two terms therefore localises a region
of »; =1 in a background of ¢; = 0 that deviates minimally from the prescribed
area mR? with a sufficiently small interface, where V¢; # 0. The parameter \ is
the lengthscale of the interface, and when A < R,/ the solution is approximated
by the one-dimensional case [61]. In one dimension with boundary conditions

lim, , o ¢(z) = 0 and lim,_, - ¢(x) = 1, the function

b(x) = ; 4 ;tanh ("” ;x()) (2.5)
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minimises the Cahn-Hilliard free energy, where x; is free. In two dimensions with
R > 1, the hyperbolic tangent is a good approximation to the shape of the cell’s
interface. In the implementation of this model, however, we choose A = 2 and
R =8, as listed in Table 2.1. The hyperbolic tangent approximation is therefore
poor, but the lengthscale of the interface is still controlled by .

There are two time scales associated with the passive relaxation of a single
cell: 7oy = (yhJo) ™' and 74 = (uJo) ™!, where h is the lattice spacing. The area
energy scale p is typically much larger than the line tension ~ so that an individual
cell relaxes on the timescale 7oy, which is O(10%) timesteps for our parameters
of choice, listed in Table 2.1. We identify the Cahn-Hilliard timescale as the key
passive timescale in this model, 7y = T¢p.

There are two other free energy functionals, which describe pairwise interactions

between phase-field cells. One term describes repulsion and the other adhesion:

K

frep = Z Z X dx (b?(b?v (2.6&)
i i

Fadh = ) Zw)\/dx Vi -V, (2.6Db)
i i

These functionals resemble the first and second terms of the Cahn-Hilliard free
energy, respectively. The parameters x and w are additional line tensions that
mediate a competition between repulsion and adhesion. The parameter x simply
penalises overlap between phase field cells, while w behaves as —v to promote the
co-localisation of two phase-field interfaces. The adhesion free energy works as
described because V¢? ~ 0 everywhere except on the cell membrane. Hence the
quantity V¢? - Vgﬁ? is only nonzero (in fact, is negative) where two cell membranes
meet, and integrating that term over x gives the area of the junction between cells
1 and j, which is the junction length times the cell interface length A. Taking the
gradient of ¢? and ¢? has the advantage that the right-hand side of the dynamics
(2.1) is local, which is not the case for a free energy term ~ V¢, - Vg,;*. The longer

1Zhang et al. [67] write Faan = wA Y, D iz [dxV¢; - V¢;. This expression has a functional
derivative with respect to ¢; proportional to > ki f dx quﬁj, which does not depend on ¢;.
Compare Camley et al. [95] who write a different adhesion energy density where the functional
derivative with respect to ¢; is proportional to ¢; and therefore also local. These authors’ adhesion
term is in the form [ dx |V¢i|2|v¢j’2
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the junctions between cells, the lower the adhesion free energy.

Walls are modelled by additional static phase fields ¢ya.n(x), one per wall, and
interact with the cells as though they themselves are cells. These static phase
fields are defined piecewise with a value of 1 ‘behind’ the wall, and with an

exponential profile

Dwan (x) = exp(—Awan 7(x)) (2.7)

inside the free part of the simulation domain, where r(x) is the distance from a
point inside the domain to the wall. The form of function r(x) necessarily varies
according to the shape and location of a wall. Walls interact with phase-field

cells according to the free energy functionals

%Wa
Frep,wal = 20—y [ dx 07 (2.82)
it
Fodh, wall = 2 ) > Wyall /\/dX Vi - Voyan. (2.8b)
i g

The most general statement of the free energy in the multi-phase field system,

which appears in Equation (2.1), is then
F = JT-.CH + fA + Frep + Jradh + JT:rep, wall T Fadh, wall - (29)

2.1.3 Passive Forces

The passive force density in the model is derived from the free energy F and is given

by
Y
£ =2
passive,t 5 ¢Z

To see why this is the case, we consider the change in free energy as the phase

V. (2.10)

field ¢; is advected by a displacement x, illustrated in Figure 2.2. The phase

field is transformed as
0i(x,1) — ¢i(x — 0%, 1) = ¢i(x, 1) — 0x - Vou(x,t) + O(0%?). (2.11)

The work done by the phase-field system is

5 5
F(gi(x, 1)) — F(gi(x — dx,1)) = —/dx'(sga@ ~ /dx’(sj;wi S0x, (2.12)
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Figure 2.2: Cartoon of the advection of a phase field, which is transformed by a
displacement 6x as ¢;(x,t) — ¢i(x — dx,t) = ¢i(x,t) — dx - Vgi(x,t) + O(6x?). The
change in free energy from before to after the displacement is equal to minus the work done
by the system, which permits the passive force density to be written as fpassive; = (‘%ng)i.

but work is exactly an integral over space of the dot product of a force density

with the displacement: therefore the passive force density is identified with the

2.1.4 Shape Tensor

The shape tensor is a quantity used to measure the orientation and deformation of
a phase-field cell. The gradient of a phase field provides information about the cell
interface according to Ve, (x) =|Ve;(x)| (cosf(x),sin #(x)) with a direction and
magnitude everywhere in space x. A tensorial order parameter can be calculated

at each site from that vector as [96]

(2.13)

sin(20) — cos(26)
These contributions are integrated over space to find a total orientation (and
magnitude) for a cell — with the caveat that for a thin rodlike nematogen, V¢,

is normal to the director almost everywhere. Observing that a change of sign in
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the above equation takes 6 to 6 + 7/2, we define

D, = — / <v¢l ® Vo, — lTr(Vqﬁl ®V¢@)> (2.14a)

_ g %) (2.140)
T2

N 1
\/ D2, + D? (d”i ® d||l- — 51) (2.14c¢)

The orthonormal vectors (AiHi = (cos #;,sin §;) and d,;, = (—sin 6;, cos 0;) are defined,
where 6 is given by tan(20) = D,,/D,,. These are eigenvectors of D; with eigenvalues
i%m, respectively. The unit vector 61”2-, corresponding to the largest
eigenvalue, is termed the shape director, and finds use not only in quantifying the
shapes of the cells but also in aligning the directors that define active forces

in the phase-field system.

2.1.5 Active Forces

There is substantial freedom in how we define the active forces in the system. In
this Thesis we consider polar and dipolar forces. The description of the latter
borrows substantially from its treatment in active nematohydrodynamics. Here
we describe both polar and dipolar active forces and comment on the choice that

exists in defining their directions.

Polar Active Forces

A polar force density, acting everywhere, on cell ¢ can be written as
fpolar,i (X7 t) = ai¢i (X7 t)pz (215)

The vector p; is the polarisation that dictates the direction of the active polar
force, the scalar «; controls the polar activity, and scaling the force density by
the phase field localises the polar force to the phase-field cell itself. There are
many choices to set the dynamics of p;, and different choices have been taken

by various authors to implement, for instance, Brownian motion, alignment to
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neighbour polarisations, or to the cell velocity [67, 97, 98]. The polarisation can

be assigned relaxational dynamics given by

dp;
dt

— —Jy(p; — 1), (2.16)

where 01 is a unit vector of choice. This vector could be, for instance, a cell’s

normalised centre-of-mass velocity veonri/

Veou,i| or shape director dj;. Several

methods of aligning polarisation to velocity result in a flocking transition [67, 98]

akin to that of the Toner-Tu continuum model [99]. Note the dynamics of p; in
Equation (2.16) do not conserve |p;|”

Dipolar Active Forces

Like polar forces, dipolar active forces are defined by a magnitude and a direction.

Given a director n; for cell 7, a nematic tensor for cell ¢ is defined by
Lo
Qi=n;,®n; — 5’111’ 1,. (2.17)

In line with the definition of polar forces, this director has some dynamics

dl’li
dt

= J,(n; — q) (2.18)

so that n; relaxes towards a unit vector u of choice, with timescale .J,*. Choices in-

clude, but are not limited to, the normalised centre of mass velocity veon,i/

Vcom,i
and the shape director (AlHi.

Where each cell has a dipolar activity (;, a global stress field can be written as
o(x,t) = — Z GQigi(x,1), (2.19)

which is analogous to the active stress 13!V = —(Q of active nematohydrodynamics.
Additionally, we distinguish self-induced active stresses from those exerted by
neighbours, and set different activities (sf and (iner to further qualify the two
classes of stress [100]. Self- and neighbour-induced dipolar stresses originate in
different biophysical mechanisms: while both rely on the actomyosin cortex, (st

corresponds to contractility and junctions between an individual cell’s plasma
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membrane and its own cytoskeleton [101], while (iyter corresponds to contractility in
the entire supracellular actomyosin network, which is mediated by cadherin proteins

at adherens junctions [13, 14, 21]. Consequently we write force densities

fself,i = _Cself,iQi : V¢’L7 (220&)

finter,i = - Z Cinter,ij : V¢]7 (220b)
J#

fdipolar,i = fsolf,i + fintcr,i- (220C)

2.2 Model Implementation

The multi-phase field model has been described in Section 2.1. This Section
considers the implementation of the model in the open-source software CELADRO
created by Romain Mueller [68] and since developed and improved [102]. There
are helper subroutines and numerical tricks to improve performance and enable

parallelisation with CUDA.

2.2.1 Lattice

The model is solved on a square lattice with spacing h. Coordinates x thereby have
discrete indices x (k). Derivatives and integrals are discretised, with first derivatives

derivatives given by the symmetric formulae

ﬂ:f(x—l-h,y)—f(x—h,y)

2.21
dz 2h ’ (2.21a)
= 2.21b
and a two-dimensional five-point-stencil discrete Laplace operator:
h —h h —h)—4
vep = fethy) +f@—hy + fl@yt+h)+ flzy—h) - 4f(@y) (2.22)

h2

Integrals become sums according to

/ dx f(x) = h> " f(x(k)). (2.23)

k

The lattice spacing is set to h = 1.
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The lattice is implemented with periodic boundary conditions. To simulate
a monolayer in confinement, phase fields representing walls are created that
interact passively with the cells so as to constrain them to, for instance, a box,

a channel, or an ellipse.

2.2.2 Patch

As observed in Subsection 2.1.2, the value of the phase field decays asymptotically
from 1 to 0 on a lengthscale set by the parameter \. Sufficiently far away from
the centre of mass of the phase field, the field’s value is so small that it can be
treated as zero. Therefore, it is necessary to solve the dynamics in Equation (2.1)
only on a small subset of the domain, a square that we term a ‘patch’, the size of
which is a programme option. In this way, the time complexity of the phase-field
model is constant in the size of the domain, which can represent a substantial
speedup on large domains with many phase-field cells.

Every lattice site on the domain is assigned a unique index k, in the interval

[0,L, x L,), calculated as
k(z,y) =y + Lyz. (2.24)

Coordinates (x,y) can be calculated as the integer part and remainder of k/L,,
respectively. Equivalently, every lattice site in the patch belonging to a cell n
is assigned a unique ¢,, using information about the location of the patch. The
algorithm stores the coordinates of the top-left corner of the patch belonging to
each phase field. Given coordinates (z,y), the algorithm calculates using periodic
boundary conditions the corresponding coordinates (x*, y*) relative to the top-left
corner of the patch, with 2* € [0, L,) and y* € [0, L,). If either 2* or y* is greater
than Lpaien, then the coordinates are outside the patch and not assigned a value

¢n- Otherwise, the patch index is calculated similarly to the global index:
0 (2" y") = Y + Lpasan®”™. (2.25)

This procedure is naturally invertible, so that coordinates (z,y) can be calculated

from a pair (n,¢,) and indeed it is possible, given a pair (n,q,), to find the g for
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cell k so that (n,q,) and (k, gx) have the same coordinates. This feature is critical
to the implementation of cell-cell friction in Chapter 6.

At the end of each update, the location of each patch is updated so that it
is centred on its respective phase field. In this implementation of the model,
with R = 8 generically, the patch is a square of side length 49 lattice units,

containing Npaeen = 49 X 49 sites.

2.2.3 Algorithm: Initialisation

When the software CELADRO is run, an instance of the Model class is created
and populated with model parameters.

A pre-run computation is completed, during which any active forces are turned
off and the cells are relaxed as though they were passive, to generate an initial
condition for the simulation with full-size cells. The cells are stored as an array
of arrays phi, where phili] is an array of L2, entries that stores data for
phase field ¢;. The simulation domain is populated by phase fields with radius
r = R/2 that are later allowed to grow to full size. The centres of the phase fields
can be chosen in several ways: for instance, they can be read in from an initial
configuration file, calculated to form a hexagonal close-pack, or chosen randomly.
If chosen randomly, the cells’ centres are chosen to be no closer than 0.9R in any

direction, so that the cells do not overlap.

2.2.4 Algorithm: Update

The unit of time in CELADRO is 1. However, each unit of time is subdivided
into nsubsteps substeps, for a timestep 6t = 1/nsubsteps, and the calculation is
refined for each of npc predictor-corrector steps. For each predictor-corrector step
within each substep, for each timestep, the model is updated. Schematically,

the update is calculated as

UpdateSumsAtNode ()
UpdatePotAtNode ()
UpdateNeighbourCells ()
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UpdateForcesAtNode ()
UpdatePhaseFieldAtNode ()

UpdateStructureTensorAtNode ()
UpdatePolarization()
UpdateNematic ()

UpdatePatch()

All functions titled using AtNode, as well as UpdateNeighbourCells(), are par-
allelised over phase fields and lattice sites, using the correspondence between global
site index k and local site index ¢,. The method UpdateStructureTensorAtNode ()
calculates the shape tensor as described in 2.1.4. The polarisation and nematic direc-

tors are updated according to 2.1.5, and the patch is updated as outlined in 2.2.2.

Sums

For the sake of numerical efficiency, several sums are calculated before any updates
to the multiple phase fields are made. These sums are parallelised over global

lattice sites k. These are:

> dilx,t); (2.26a)
> 6 (x,1); (2.26b)
Z GQigi(x,1); (2.26¢)

/dx b7 (x,1). (2.26d)

Once these sums are calculated for every lattice site, subsequent updates to calculate,
for instance, free energies and active forces can be parallelised over patch sites
belonging to individual cells. These sums over all cells assist in calculating numerous
terms involving sums over cells 7 # ¢. For example,

S G0k 1) = —6x. 1) + 3 B, 1), (2.27)
J#i i
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Functional Derivatives

The function UpdatePotAtNode () updates the functional derivatives of the free
energy 0F /d¢; for all phase fields i. These functional derivatives are used to
calculate the passive forces as well as the relaxation term on the right-hand side
of Equation (2.1). The functional derivatives of the free energy terms listed in
Equations (2.4) and (2.6) are calculated using integration by parts when necessary

and listed below as

5~FCH . ’7 202, 1.
Fon 2 [ax [sa0 000 - 200 —209%] s @as0)
0Fa _ Ap o 2| .
5, TR? dx ¢; [1 T R2 dx 62511 ; (2.28b)
0Frep 4K )
Sh O\ i%5 2.28
Yoy A ; dx ¢ (2.28¢)
e _ —dw) ) [ dx¢i V6, (2.28d)
09 i

The functional derivatives of the free energy functionals listed in Equations 2.8

for interactions with walls are given by

OF, rep 2 Rwall

= dx ¢:02 11; 2.29a,
)
Fadh 9 AY . [ dxVhan. (2.29b)
00 i

Neighbour Cells

Every cell 7 has a set of neighbours N;(t) that evolves in time. At every time ¢, the
value of each other cell j is checked at every lattice site belonging to cell 7. If both
¢; and ¢; exceed a threshold 0.2, then cells ¢ and j are considered neighbours, so
that ¢ € N;(t) and j € N;(t). Since the interior of cell ¢ is considered to be where
¢; ~ 1, and the membrane of a cell corresponds to ¢; ~ 0.5, choosing a threshold
0.2 ensures that only cells, which are close together, are called neighbours, and that

there are no mistaken next-nearest pairs identified as neighbours.
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Forces

Forces are calculated as outlined in Section 2.1. Furthermore, the UpdateForcesAtNode ()
method calculates the velocity fields v;(x,t) according to the force balance in

Equation (2.2) so they are ready to be used to calculate the phase-field update.

Phase Field Update

The passive forces come from fpigsive; = %V(bi, where we take advantage of
integration by parts in the Cahn-Hilliard and adhesion terms. For each site, we
compute quantities such as }-; @' forn € {1,...,4} as these are required to calculate
contributions to the molecular field and the active force density. In the code, to avoid
computing >, ; a; for a number of quantities, we calculate instead —a; + 3, a;.

We must integrate the equation of motion

OF
00

Oip; = —vi(x,t) - Vo — Jo (2.30)

where several choices are free: the formulation of the free energy, the modelling of
active forces, and the calculation of the velocity field v;(x,?) in either the dry or
the wet regime. We solve the PDE on a cell’s patch, which is a square subset of
the computational domain. We assume that a cell’s phase field is identically zero
outside its patch; the patch’s size relies on our choice of parameters, and setting
the patch too small can cause numerical problems.

The method of iterating in time is through a one-step predictor-corrector process

with timestep dt, first proposing and then refining an update:

OF
5ot = v W (x 1) - v — J, e (2.31a)
o8Vt + 5t) = (1) + §5t<6¢§°) + 30, Y) (2.31b)

with qﬁl(-o) = ¢;(x,t). Typically, five predictor-corrector steps are used. The location
of the patch is updated after each predictor-corrector step to ensure the centre of

mass of the cell is to within rounding error in the centre of the patch.
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2.2.5 Numerical Stability

Although the forward Euler scheme described in 2.2.4 is not particularly sophisti-
cated, it is suitable for solving the multi-phase field model. However, care must
be taken that large gradients of the free energy and large forces, both active and
passive, do not cause an exponential numerical divergence.

To that end, we must choose a sufficiently small timestep and a sufficiently small
coefficient Jy < 107!, The unit of time is always 1, and it is subdivided into at
least five smaller timesteps. For active systems with large activity, i.e. a 2 1.0
or [(| 2 1.0, the number of substeps may be as large as 50.

Finally, the relatively coarse lattice spacing relative to the lengthscale of the
phase-field interface (A = 2) could result in large gradients and Laplacians. We

use a function to suppress large Laplacians:

ﬂ@:ﬁi?. (2.32)

This function remains within ~ 10% of the identity for x € [—1/2,1/2] and saturates
at £1. The phase-field cells in this model have interfaces approximately equal to
hyperbolic tangents with lengthscale 2. The magnitude of the Laplacian of such
a phase-field profile is ~ 107!, We can be confident that the implementation of
the suppression does not substantially alter the model, since the Laplacians in the
system are typically small, and serves only to preserve the numerical stability

of the Fuler scheme.

2.2.6 Cell Area and Packing Fraction

It is only easy to define the packing fraction of hard particles. The packing fraction
of soft particles is not uniquely defined, so we choose to measure an approximate

area fraction of cells. To approximate the area of a single cell we use

&%/&ﬁ (2.33)

and this is the calculation used in the area free energy functional Equation 2.4b.

This calculation is used instead of some other expression such as [dx|¢;| or



36 2.2. Model Implementation

[ dx©(¢p; — ¢*) with some threshold ¢* because, among positive-definite quantities
to associate with area, the latter do not have continuous functional derivatives.
There is a caveat to this calculation, in that we identify the contour ¢; = 0.5 as
setting the boundary of the cell, but the phase-field naturally (except in the limit

A — 0) extends past this level curve. Nevertheless, we define the packing fraction as
o = ZAZ-/AD (2.34)

where Ap is the area of the domain available to the cells, which accounts features
such as confinement. In modelling confluent layers, we choose a number density

of cells such that ® > 0.8.

2.2.7 Data

Raw data from CELADRQO are written to file at intervals given by the parameter
ninfo, which ranges from 100 to 1000 timesteps. From these data, we compute
observables of interest including, but not limited to, mean velocity, cluster size, and
mean square displacement. These calculations are run using the Pandas package

for Python, and data are visualised using the Matplotlib and Seaborn packages.

2.2.8 Parameters

We generally use v = 1.4, A = 2.0, p = 120 and x = 1.5. The adhesion line energy
w is used as a control parameter in Chapter 3 and is neglected in Chapter 4. The
coefficient of friction in the substrate force balance is chosen as ¢ = 3.0 and the
target cell radius is R = 8.0. Relaxation according to the free energy is controlled
by the parameter Jy = 5 x 1072 and each cell’s nematic director relaxes with rate
J, = 0.1. The unit of time is 1. Each step was divided into five substeps and
there are npc = 5 predictor-corrector steps per substep.

Parameters of interest in the model include the magnitude «a; of any polar
activity, the magnitudes (selr; and Cperi 0f autologous and neighbour-neighbour
dipolar stresses. The parameter w mediating the adhesion interaction is promoted

to a dynamical (random) variable in Chapter 5. Although the substrate coefficient
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Parameter Value Dimensions Equation
Jo 5x 1073 1/(Energy x Time) (2.1)
J, 0.1 1/Time (2.16)
. 0.1 1/Time (2.18)
19 3.0 Energy x Time/Length? (2.2)
0l 1.4 Energy /Length (2.4a)
A 2.0 Length (2.4a)
1 120 Energy (2.4b)
K 1.5 Energy/Length (2.6a)
w 0.4 Energy/Length (2.6b)
Awall 3.0 Length (2.7)
Kowall 4.0 Energy/Length (2.8a)
Wyyall 0.0 Energy/Length (2.8b)
h 1 Length (2.21),(2.22),(2.23)
ot 1/nsubsteps Time (2.31b)
nsubsteps 5 1 (2.31b)
npc 5 1 (2.31)

Table 2.1: Parameters used in the multi-phase field model. The substrate friction
coefficient ¢ and the adhesion interface tension w are occasionally treated as control

parameters.

¢ is not used as a control parameter, the implications of modifying it are discussed

in the second half of Chapter 6.
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“Now here, you see, it takes all the running you can
do, to keep in the same place. If you want to get
somewhere else, you must run at least twice as fast
as that!”

— Lewis Carroll [2]

Persistent Rotational Motion in
Confinement

3.1 Introduction

Rotational motion is a ubiquitous collective behaviour of epithelial cells. These
cells organise into monolayers [12] and adhere to each other at adherens junctions
mediated by cadherin proteins, and to extra-cellular matrix (ECM) at focal adhesions
mediated by integrin proteins [13, 14, 19, 21]. Adherens junctions connect to an
internal cytoskeleton composed of microtubules and the actomyosin cortex, which
distributes stresses across the entire cell layer [13]. Active stresses in epithelia can
be polar for small groups and individual cells [13, 19] or dipolar in large collectives,
as lamellipodia are suppressed [11, 14].

The collective rotation that can emerge from these cell-cell interactions and
active stresses in the epithelium exists across a range of lengthscales. Groups of
cells have been observed to rotate in vitro in sizes ranging from just pairs [34, 35] to
almost ten [36] or several tens [37]. The monolayers break chiral symmetry to rotate
clockwise or anticlockwise on a fibronectin substrate, which is designed to accommo-
date anywhere from 2 to 10? cells. In these experiments, the fibronectin pattern is

entirely covered by epithelial cells, so that the systems can be described as confluent.

39
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Pairs of bovine endothelial cells plated on fibronectin micropatterns 20pm to
50pum in diameter deformed into a Yin-Yang pattern and rotated either clockwise or
anticlockwise with no preference for one direction over the other. On the other hand,
pairs of mouse fibroblasts similarly prepared failed to rotate collectively [35]. These
behaviours were described by a one-dimensional model with control parameters
representing the persistence of a single cell’s random walk and a coupling, a
measure of how strongly a cell tends to move in the same direction as its neighbour.
Fibroblasts’ smaller persistence time while performing a random walk is cited as
the reason for their failure to rotate on the micropattern. The origin of the dynamic
coupling is left unspecified but may be related to contact following of locomotion,
as in the front-rear polarisation trains in [33]. The persistence-dynamic coupling
model reproduces the Yin-Yang rotation behaviour and is susceptible to external
perturbations that reverse the direction of rotation, or set randomly-moving cells
into a coherent rotational state.

Doxzen et al. plated MDCK cells on much larger circular patterns, with
diameters in the hundreds of pm [37]. Subconfluent populations were allowed
to divide into confluent and, subsequently, over-confluent monolayers. An order
parameter characterising rotational motion was defined, and the subconfluent layers
were found not to rotate. In contrast, both the confluent and over-confluent
monolayers rotated persistently, although the latter displayed a smaller velocity
and mean order parameter than the former, with a larger spread.

The diameter of the circular pattern was varied and the spatial velocity correla-
tion function was calculated. For small patterns (i.e. those with diameters 100um
and 200um) the velocity correlation was consistent with that of a solid rotating
disc, while larger patterns (diameters 500pm and 1000um) showed a correlation
length of 170um, so that the monolayer did not rotate collectively. This correlation
length in confinement was roughly the same size as in the unconfined epithelial
monolayer, an upper limit on the size of vortices [37]. This behaviour was reproduced

using a Cellular Potts Model, and further experiments showed that the clusters
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rotated only transiently, changing direction, when intercellular force transmission
was downregulated. This suggests that cell-cell adhesion

The persistent rotation of pairs of cells on square micropatterns has been studied
numerically as a testbed for the investigation of mechanisms of cell polarisation [95].
A phase-field model described the cytoplasm and nucleus of each cell, and polarisa-
tion was modelled using a reaction-diffusion system representing a Rho GTPase,
which promotes actin polymerisation, and an inhibitor. Two inhibition mechanisms
were also investigated: a CIL algorithm in which contact anywhere on the cell
generated GTPase inhibitor was found to suppress rotational motion. A front-
front inhibition mechanism, where contact with only the front of a neighbouring
cell generated the inhibitor, allowed rotation to take place, but the behaviour
was found not to be persistent.

Camley et al. found that a Vicsek-type alignment [103] of each cell’s polarisation
to the mean of its neighbours’ velocities failed to reproduce persistent rotational
motion (PRM). However, a polarisation mechanism that relaxed each cell’s polarisa-
tion towards its own velocity did result in PRM [95]. Zhang et al. obtained a similar
result in a bulk epithelium, where a sufficiently strong noisy polarisation aligned
towards each cell’s velocity resulted in an unjamming transition. As polar activity
is tuned, the layer transitions from a jammed state to a liquid phase, and then to
flocking liquid and solid phases that migrate in a single direction [67]. Zhang et al.
also found a liquid phase when the polarisation aligns to the long axis of the cell.

The unjamming transition is a characteristic feature of polar activity [14], and a
lack of persistence in a random walk has been implicated in a tendency to jam [35].
In addition, cell-cell adhesion has been suggested to promote persistent rotational
motion in epithelial sheets [37]. These results therefore motivate the study of
the interplay of adhesion, polar activity, and noise in the context of persistent
rotational motion. In this Chapter we implement a multi-phase field model for
epithelia equipped with cell-cell adhesion and noisy polar active forces and analyse

the behavioural states that emerge.



42 3.2. Model

3.2 Model

The multi-phase field model used in this Chapter substantially follows the description
detailed in Chapter 2. The key differences are in the description of the cell-cell
adhesion and the dynamics of the polar force. The free energy functional that
models cell-cell adhesion via adherens junctions is

Fadh = ZZW)\/dX Vi - Vo; (3.1)

i@ g

following Zhang et al. [67]. This description of the adhesion differs from that in
Equation (2.6b) by the use here of the gradients of the phase fields, rather than
the gradients of their squares. This modified free energy can be rewritten up
to a surface term as

Fodh = — D> _wA / dx ¢; V>, (3.2)

i g

and has functional derivative

OFach _ —2Zm/dxvz¢j. (3.3)
0 i

This term is non-local, as it causes ¢; to grow everywhere in the domain, rather
than in the vicinity of cell 7. At sufficiently large values of w, this term violates
the assumption underpinning the use of patches, that 0;¢; ~ 0 except near the
centre of mass of cell 7, and can cause phase-field cells to become non-contiguous.
This is not the case for the range of values considered in this chapter; heuristically,
the formulation of Equation (3.1) is acceptable.

In addition, the formulation of the polar force differs from that outlined in
Chapter 2. Here we localise the polar force density on the front of the phase-field

cell so as to model cytoskeleton polymerisation and integrin recruitment, which

is biased by Rho GTPase enzymes [13, 19]:
fpolar,i == 05)\<_v¢z : ﬁz)@(_v¢z ' pl)f)z (34)

Here, the polarisation director p; = (cos6;,siné;) is a unit vector. The Heaviside

step restricts the force density to act on the part of the cell where V¢, - p; < 0; that
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is, on the front of the cell. Furthermore, the factor of —V¢; - p; maximises the force
density where the gradient is antiparallel to the polarisation, and falls off towards
the sides of the cell. The factor of A in the force density exists for dimensional
reasons, to cancel out the inverse length dimension contributed by the gradient.

To ensure that the polarisation p; in this formulation is a unit vector, its
dynamics necessarily differ from those outlined in Chapter 2. In contrast to Camley
et al. [95] but in concert with Zhang et al. [67], the angle 6; of the polarisation

aligns to the long axis of the cell as
840 = —Jpory/ — det(D;) Z(pi, djs) + Dyporn, (3.5)

where D; is the shape tensor as defined in Equation (2.14) and (Ai”i is the eigenvector
corresponding to the largest eigenvalue of D;. The angle between p; and CAIHZ- is taken
to be acute because of the symmetry as a,,i — —a||i. Therefore the polarisation
aligns more strongly with the shape axis of a highly elongated cell than it does
with the shape axis of a slightly elongated cell. The coefficients J,, and D, are
a relaxation rate and a diffusion constant, respectively, and n is Gaussian noise
with unit variance: (n) = 0, (n(t)n(t’)) = d(t — ).

In this model, there is a positive feedback between polar activity «, the shape
of the cell, and the direction of the polarisation. Once the isotropic symmetry of
the polarisation is broken, the polar force density in Equation (3.4) advects the
front of the cell, deforming it along the axis of polarisation — but the axis of
deformation controls the direction of the polarisation through Equation (3.5). The
competition between alignment to shape and the noise requires Jy11/— det(D;) 2
Dgol for persistent rotational motion to emerge, and this is where a threshold « for

rotation originates. In addition, the coupling of shape to activity occurs at a rate

2

75t = vhJy = O(1073) that competes with the polar reorientation rate Dy

The dynamics is in the overdamped regime, with the frictional force balance

at the substrate given by Equation (2.2):

évi (X, t) = fpassive,i (X7 t) + factive,i (Xu t) (36)
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Because of the presence of noise in Equation (3.5), the model is solved using an
implicit Euler-Maruyama scheme. The increments in the phase fields are computed

as outlined in Equations (2.31), while the polar angle 6; is updated iteratively as

n® ~ N(0,1) (3.7a)
30"V = —Jpory/— det(D;) £(p", d[}) (3.7D)
0 = 0 1 6t 66 + V5t D™ (3.7¢)

where X = X (x,t) for all variables. Thus the drift 6; is revised for each of five
predictor-corrector steps, while the noise term is sampled only once.

The confinement is modelled as a static phase field ¢yan(x) given by

Pwall (X) = {eXp (= Nan(R* = d(x))) d(x) < R* s

1 d(x) > R*
where R* is the radius of the confining circle and d(x) is the distance from the
centre of the domain to the point x.

The control parameters in this model are «, the strength of the active polar
force, and w, the strength of the adhesive interaction between cells. We set a €
1x1073,5%x 107 and w € [1 x 1071,5 x 107!]. The parameters in Equation 3.5
are set t0 Jpo = 2 X 1072 and Dy = 1 x 1071, Other free energy parameters are
v =14, A =20, p = 120 and k = 1.0. Substrate friction is given by £ = 3.0
and the target cell radius is R = 8.0. The passive relaxation is controlled by the
parameter Jy = 1 x 1073, The confining walls have lengthscale Ay = 3.0 and line
energies for repulsion and adhesion Ky, = 1.0 and wyan, respectively.

Simulations of pairs of cells in confinement were run for 2 x 10° timesteps, and
data were collected every 200 timesteps. The circular confinement had a radius of
R* = 24.6 lattice units and was implemented as a constant phase field ¢y, that
took a value 1 outside the circle and decayed exponentially with a lengthscale 1
inside the circle. The nominal area fraction, equal to the nominal area of all the

cells, divided by the area of the confinement, is ~ 0.85.
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3.3 Results
3.3.1 Single-Cell Motility

Equations (3.4) and (3.5) have a feedback between polar activity «, shape

— det(D;) and polar angle #;. However, the relationship is not as straightforward
as, for example, that between self-propulsion velocity, rotational diffusion, and
mean-square displacement for an active Brownian particle [104]. Indeed, it is
not clear a priori what kind of relationship exists between a and self-propulsion
velocity for a single phase-field cell. Therefore we investigate single-cell motility
with polar dynamics given by Equations (3.4) and (3.5). We fix J, = 0.1 in
this Subsection, and run several several simulations for t = 1 x 10° timesteps
for either fixed Dy, or fixed a.

Setting D, = 0, we are able to find a relationship between polar activity «
and self-propulsion velocity. The dynamics put the polar force density on only
the front half of the cell, and let the rear of the cell recoil and decay as the rear
of a single cell does in vitro. The relationship between self-propulsion and « is
illustrated in Figure 3.1, which shows that, although a cell becomes faster with
increasing «, the relationship is not linear.
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Figure 3.1: Self-propulsion velocity v versus polar activity « for a single phase-field cell.
The relationship is not linear, as only the front of the cell is advected by the active force,
which changes the shape of the cell and thereby the position and velocity of the cell’s
centre of mass.

In addition, when D, = 0.1 is fixed while « is varied, the translational diffusion

coefficient is calculated on the interval [2 x 10,1 x 10°] as

4DggAt = lim (|r(t 4+ At) —r(t)[?). (3.9)
At—o00
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An active Brownian particle explores space with a diffusion constant proportional to
the square of its velocity and inversely proportional to its reorientation rate. In this
single-particle system, the self-propulsion velocity v is coupled but not proportional
to a, as shown in Figure 3.1, and the reorientation according to the dynamics in
Equation (3.5) occurs at rate Df)ol. Therefore we expect to Dy X UQD;OQI.

The scaling Dgig o< v? holds, as illustrated in Figure 3.2 (a). However, the scaling
Dair < D2, shown in Figure 3.2 (b), only holds for finite but sufficiently small D

pol»

This is because of the interplay between shape, noise and activity in the dynamics

of Equations (2.1) and (3.5). Sufficiently strong noise, with D2 | > Jpo11/— det (D;),
causes the polarisation p; to reorient faster than it relaxes to the shape. In addition,
the shape of a cell relaxes with rate 7, ' = vhJy = O(107?%), and if the cell’s
polarisation reorients faster than its shape adapts to the self-propulsion, then a
long axis towards which the polarisation can relax will never be established. It
is this latter competition that controls the spatial diffusion of the single cell, and
Figure 3.2 (b) shows that the scaling Daig o< D, 3 breaks down for D2 > 757",
We conclude that «, which as a control parameter in the model is a useful proxy
for self-propulsion velocity v, which determines the persistence length of a noisy
walker such as a polar phase-field cell. We also find that the translational motion of
a noisy polar phase-field cell is sensitive to the relationship between the rotational
diffusion coefficient Dy, and the free energy relaxation rate 7, ' = yhJy, which
determines whether the cell is in the active Brownian regime or in the regime where

the polar director aligns to the shape of the cell according to Equation (3.5), and

the shape to the polar force according to Equation (2.1).

3.3.2 Pairwise Rotation

The phase-field cells in circular confinement either rotate or jam. Figure 3.3
illustrates the local velocity field and centre-of-mass velocity for two phase-field
cells, along with their confining circle in rotating and jammed states. As a cell
migrates towards the edge of the confinement, the repulsive force due to the wall

guides the front of the cell around the circle and helps to realign the polar force.
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Figure 3.2: Translational diffusion constant Dgig versus (a) self-propulsion velocity v
and (b) rotational diffusion coefficient Dyo1. In (a) there is a scaling Dgig o v?, indicated
by the dashed black line. However, in (b), the translational diffusion coefficient drops

off much more quickly than D;OZI, reflecting the fact that in the regime Dgol ~ vhJy, the

phase-field cell cannot be described as an active Brownian particle.
There is free space to migrate into, as in Figure 3.3 (a), if the other cell is also
rotating in the same direction. If the polar directors are parallel, however, there
is no room to move and the cells become jammed, as in Figure 3.3 (b).

In analysing the system’s behaviour in the a-w phase space, the quantity of

interest is the rotational order parameter

r; — Teom) X Ar;

g
b= N;k (r; — Teom) X Ary| (3.10)

where N is the number of cells in the system, r; is the centre-of-mass position of
cell 7, reom is the centre of mass of the system of cells, and Ar; is the displacement
of cell 7 between frames, which amounts to an average centre-of-mass velocity. The
unit vector k points out of the plane and serves to distinguish clockwise from
anticlockwise rotation. The order parameter I' is equal to 1 when all cells are
rotating in the same direction around the system’s centre of mass, and zero when

there is no uniform large-scale rotational motion in the system, or if the system
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(a) (b)

Figure 3.3: Snapshots of two phase-field cells in (a) rotating and (b) jammed states.
The black circle around the cells indicates region in which the phase-field cells are confined.
The larger blue arrows indicate the centre-of-mass velocity at the previous timestep. Small
black vector fields indicate the global velocity field v(x,t) = Y, ¢i(x,t)v;(x,t), where
the local velocity fields v;(x,t) arise from the force balance in Equation 2.2. The bias
of the velocity field towards the front of each cell reflects the distribution of the polar
force of Equation 3.4, while the rear of each cell in (a) is advected in the direction of
the centre-of-mass velocity. In the jammed state (b) the instantaneous centre-of-mass
velocity fluctuates as the active polar force competes with the passive repulsion against
the confining wall.

exhibits, for instance, azimuthal shear flow in an annulus [105]. The definition of
[’ in Equation (3.10) applies to systems with arbitrary numbers of cells, and the
order parameter can therefore be measured to investigate rotational motion in large
clusters of cells [37]. In system of two cells with strong confinement, jamming and
persistent rotation are the only permitted behaviours.

A moving average of the rotational order parameter I' was computed over a
twenty-frame window, corresponding to 4 x 10® simulation timesteps. We observe
several contrasting rotating and jamming behaviours as we explore the a-w phase
space, of which representative graphs of the time evolution of I' are illustrated in
Figure 3.4. The three orders of magnitude in the interval for o are necessary to
reveal different behavioural regimes. A threshold between |[I'| = 0 and 1 must be
chosen; we determine heuristically that |I'| = 0.6 provides an adequate threshold to
distinguish rotational motion from jamming behaviour so as to include short-lived
rotations as illustrated in Figure 3.4 (b) but to exclude fluctuations.

Each simulation generically resulted in several periods of rotation, indicated by
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Figure 3.4: Summary of different regimes for the time evolution of the rotational order
parameter I'. In all cases Dy = 0.1. The threshold |[I'| = 0.6 is illustrated as a dashed
green line. (a) The case for low persistence a = 5 x 1073 and low adhesion w = 1 x 1072,
The noise kicks the cells between periods of rotating, both clockwise and anti-clockwise,
and jamming. Statistically, these cells spend more of their time in rotation than in
jamming, as shown in Figure 3.6. In (b), adhesion (w = 0.4) is strong enough to overpower
self-propulsion (o = 1 x 1073), even when noise causes a transient period of rotation,
measured by [I'| > 0.6. Both (c) and (d) represent the regime with large o = 0.1 and
large w = 0.5, where cells’ persistence is strong enough to either rotate or to jam for the
entire simulation, sensitive to the initial condition.

IT'| = 1, and jamming, indicated by |I'| = 0, as illustrated for example in Figure 3.4
(a). Using the threshold |I'|, we calculated the duration of each period of rotation

T,:; the rotation time and the duration of each period of jamming, denoted by
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Tw,i; the waiting time. The subscript ¢ indexes each of several simulations, which
is split according to the threshold I' into several periods of rotation and jamming,
which are indexed separately by the subscript j. Then ensemble mean rotation

and waiting times were calculated as

() = (Trii)igy (Tw) = (Twig)ij (3.11)

over all instances of rotation and waiting 7 over all simulations 7. In more persistent
regimes, there are fewer but longer instances of rotation and waiting and so the
ensemble means may have larger error bars. In addition, the rotation fraction was

calculated for each simulation instance i as

Q= T (3.12)
i (Trij + Tw,iz)

When both the strength of the polar force and the cell-cell adhesion are small,
as in Figure 3.4 (a), the model exhibits short persistence times for both rotation
(1,) and waiting (7,). These durations are quantified in Figure 3.5. In this
fluctuating regime, there is little self-propulsion and the cells are coupled only
weakly: the noise, mediated by D, is strong enough to cause the system eventually
to switch between rotation and jamming. For weak polar force and strong cell-cell
adhesion, as in Figure 3.4 (b), the passive adhesive attraction overpowers the active
force and the noise, resulting in jamming for almost the entire simulation. The
ensemble mean (7,,) is much larger than (7,), as illustrated in the upper left-hand
corners of Figure 3.5 (a) and (b).

When both the polar force and the cell-cell adhesion are strong, as in Figure 3.4
(c) and (d), the system becomes extremely persistent: due to the feedback between
a the activity, D; the shape tensor, and p; the polarisation, the noise is too weak
to affect the direction of p,;. In addition, for large «, the polar force is no longer
overpowered by adhesion. Therefore, the long-time behaviour becomes sensitive to
the initial condition, which highlights the importance of repeated simulations in
this investigation. A pair of cells prepared in a rotating initial condition continue to

rotate for the duration of the simulation, while a pair of cells prepared in a jammed
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Figure 3.5: Heatmaps of ensemble mean (a) rotation times (7,) and (b) waiting times
(Tw) for pairs of cells in circular confinement in the a-w phase space. When the polar
force and cell-cell adhesion are sufficiently weak, the durations of rotating and jamming
behaviour are both short. When just the adhesion parameter w is increased, the system
jams for longer times, with only short excursions into rotating behaviour: only the values
(Tw) grow longer. When both a and w are large, the system enters a highly persistent
regime, where the cells either rotate or jam for almost the entire duration of the simulation.

initial condition continue to jam. This is the regime where both (7,.) and (r,,) are
large, as shown in the upper right-hand corners of Figure 3.5 (a) and (b).

The rotation fraction €2;, defined in Equation (3.12), provides another tool with
which to analyse the system, particularly in the regime of low o and low w, where due
to noise the cells rotate one way and then another for short periods, and jamming
is typically transitory. The mean rotation fraction (Q) = (€;); is illustrated by

the heat map in Figure 3.6. This heat map recapitulates the behaviours shown in
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Figures 3.4 and 3.5 and, in addition, indicate the regions of phase space in which

fluctuating, jamming, and persistent behaviours occur.
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Figure 3.6: Heatmap of ensemble mean rotation fraction (£2), as defined in Equa-
tion (3.12). For small self-propulsion and small adhesion, the system rotates for a longer
duration than it jams, as indicated by comparison to the threshold |I'| = 0.6. As both «
and w grow larger, the rotation fraction decreases towards 1/2 as the system becomes
more persistent and different simulations either rotate or jam for the full duration of the
simulation. When « is small and w is large, the rotation fraction drops close to zero as
adhesion jams the system to the point that persistent self-propulsion never develops.

The two regions of high (7,) result from different features of the systems at
hand, and this is clear from comparing the heatmaps of (7,) and (€2). In the
low-car, high-w region, as shown in Figure 3.5, the system waits for long times
because the cells are insufficiently persistent, while in the high-«, high-w region,
the cells are so persistent that if the system is initially jammed, it will stay jammed
indefinitely. This distinction is reflected in the heatmap of rotation fractions,
illustrated in Figure 3.6, which shows a rotation fraction in the latter region close
to 1/2, compared with close to zero in the former region.

These properties of (7,.), (7,), and () are recapitulated in Figure 3.7, which
shows these three values versus log;, o for values of w in [0.1,0.5]. Figure 3.7 (a)
shows that the rotation time grows gradually with « for all values of w before
dropping off at the highest value of « = 0.5. Figure 3.7 (b) indicates that for values
of w 2 0.3, the waiting time drops at a threshold «, which increases with w, before

increasing again for larger values of . The sudden drop in (7,,) is concomitant with
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a sharp rise in (Q2), and it is for these values of « that the mean rotation fraction
tends to be the highest, since in the highly persistent o = 0.5 regime, the dependence
on initial condition results in (2) = 1/2. Although the data shown in the figures are
noisy, it is possible still to see where the values of (7,) and (r,,) are small or large,
and consequently whether the corresponding rotation fractions (€2) are close to 1/2

or not and justifies the identification of three behavioural regimes in a-w space.
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Figure 3.7: Graphs of (a) (7,), (b) (7w) and (c) (£2) versus log;, « for several values of
the adhesion parameter w. (a) Mean rotation time (7,) initially increases with « for all
values of w, while (b) mean waiting time (7,,) decreases then increases with « for all but
the smallest values of w. (c) Values of (Q2) approach 1/2 in the most persistent regime
o = 0.5, while there is a region of small o and w where the rotation fraction is close to 1.
This region corresponds to Figure 3.4 (a).
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3.3.3 Noise

Next we consider D, as a control parameter. The diffusion constant D, in
Equation (3.5) is an additional way to control the persistence of the polarisation
p;. We vary D, € (0.0,0.3] for two points in a-w space: (a,w) = (0.01,0.01) and
(0.1,0.4). The former point is in the weakly persistent regime, which flips frequently
between clockwise and anticlockwise rotation, as in Figure 3.4 (a), and the latter
is in the highly persistent regime and behaves as Figure 3.4 (¢) and (d).

For each pair (o, w), three simulations were completed, each of 2 x 10° timesteps,
and the same analysis of the rotational order parameter I' in terms of (7,.), (7w)
and (©2) was completed. Figure 3.8 depicts the three metrics versus the rotational
diffusion constant D, including a 95% confidence interval. In the persistent and
noisy limits Dy = 0 and D, = 0.3, there is no qualitative difference between the
behaviours at the two points in phase space, (a,w) = (0.01,0.01) and (0.1,0.4),
because the rotational diffusion controls the behaviour of the system. For Dy, = 0
the coupling between shape and polarisation according to Equation 3.5 is perfect, and
there is no requirement that « be sufficiently large to deform a cell so as to strengthen
the feedback. In the opposite limit with large D,, here taken to be D, = 0.3,
Equation 3.5 approaches rotational diffusion with reorientation rate Dgol. This is
no surprise, as Figure 3.2 (b) indicates that for a single cell, translational diffusion
is cut off sharply as Dgol grows larger than the passive relaxation rate 7, ' = vh.Jp.

For intermediate noise, however, the mean (7,.) illustrated in Figure 3.8 is clearly
different for the two points in phase space, (o, w) = (0.01,0.01) and (0.1,0.4). This
part of the regime corresponds to the discussion in Section 3.3.2 when D, = 0.1.
In this intermediate regime the reshaping of the cell as well as the alignment
of polarisation to shape compete with noise, which requires 7, % > Dgol and
Jpoly/ — det(D;) 2 D3,. Indeed, as Figure 3.9 indicates, there is a local maximum
of /— det(D;) that coincides with the maxima of (7,.) and (). The cells with
a = 0.01 are less strongly deformed and engage in rotational motion that is clearly
less persistent than that of the cells with o = 0.1 because their /— det(D;) is so

small that the alignment to shape is comparatively weaker than rotational noise.
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Figure 3.8: Graphs of (7,) (a), (1) (b) and () (c) against rotational diffusion coefficient
Dy, for two points in phase space, one with weak polar activity a = 0.01 and one with
strong polar activity o = 0.1. In both cases, there is an optimum D, that increases the
mean rotation time (7,) and maximises the mean rotation fraction (€2). As Dy, becomes
large, the polar force is no longer coupled to cell shape and the cells enter the active
Brownian regime.

3.4 Discussion

Having investigated persistent rotation of motion in pairs of phase-field cells, we
have found there is a competition between the adhesion between the cells and
the strength of the polar activity that promotes or inhibits rotational motion at
different points in a-w phase space. Furthermore, there is a feedback between the

strength of polar activity @ and magnitude of the shape /— det(D); that competes
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Figure 3.9: The value of \/— det(D);, which quantifies the deformation of a phase-field
cell, versus Dp1. For small but nonzero noise, there is a local maximum for both points in
phase space, (a,w) = (0.01,0.01) and (0.1, 0.4), past which the shape magnitude decreases.
This local maximum coincides with the peaks in (7.) and (£2), shown in Figure 3.8 (a) and

(c), respectively, because persistence competes with noise when Jyo1/— det(D;) 2 D}%Ol.

with the strength of the noise D, to create persistent rotational motion, which
is inhibited for sufficiently strong noise.

Next, we seek to recover rotational motion and system-scale flows for large
numbers of cells, as has been observed in vitro [36, 37]. Furthermore, because
lamelliopodia and polar activity are suppressed in confluent epithelia [11, 14], we
aim to model epithelial behaviours using dipolar activity by analogy to active
nematohydrodynamics [7, 38]. Therefore, Chapter 4 models a mixture of extensile
and contractile cells and investigates their microphase separation, with parallels

in experiment and implications for morphogenesis.



Everything was happening so oddly that she didn’t
feel a bit surprised at finding the Red Queen and the
White Queen sitting close to her, one on each side:
she would have liked very much to ask them how they
came there, but she feared it would not be quite civil.

— Lewis Carroll [2]

Active Phase Separation

4.1 Introduction

Cell sorting, the separation of mixtures of different cell types into distinct domains
reminiscent of phase ordering in fluids, has long been a topic of interest in
the biological literature [106-108]. It is a vital component of embryogenesis
and morphogenesis, relevant to how cells organise according to type prior to
differentiation, and is conserved across vertebrates and invertebrates. Model systems,
for example plated confluent layers, that include different types of cell also often show
localised de-mixing [39, 107, 109]. A number of mechanisms have been suggested to
explain cell sorting in tissues, and investigated both in vitro and in silico. These
can appeal to differences in cell adhesion, line tension, or activity [110-112]. Other
characteristics of a monolayer such as cell motility [43] or area and shape [113]
may also play a role in cell sorting.

The Differential Adhesion Hypothesis introduced by Steinberg [107] proposes
that a cell preferentially adheres to cells of the same, rather than another, type.
Differential adhesion leads to variations in tissue surface tension, and results in a
thermodynamic separation akin to that of oil and water. The earliest mechanism
proposed to explain cell sorting, the DAH gained currency and has been investigated

experimentally in cell aggregates expressing varying levels of cadherins [110]. The

o7
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hypothesis has been used to describe the sorting of heterogeneous monolayers in
vitro [112], and in silico through particle-based and cellular-Potts model simu-
lations [58-60].

Complementary to the DAH is the Differential Interfacial Tension Hypothesis,
which considers the tension at cell-cell junctions. This hypothesis holds that line
tension can modulate and regulate cell sorting, and even permit one tissue to
completely surround another [114]. It has been shown that cell junction tension
controls cell sorting in Drosophila [111]. In addition, fluctuations in line tension
in a vertex model can result in intercalations [115] and cell sorting [54].

Experiments by Skamrahl et al. show that differences in the line tension at
junctions between cells of different types, which the authors refer to as contractility,
has an interplay with differential adhesion during cell sorting [112]. In this work, the
authors compare cultures of wild-type Madin-Darby Canine Kidney cells to ‘dKD’
cells, which have a protein knockdown that enhances contractility. To analyse cell
sorting, they tag wild-type cells with green fluorescent protein and mix them with
either dKD cells or untagged wild-type cells. The mixture of dKD and wild-type cells
separates into patches of each type. The authors also found that demixing proceeds
in a two-stage process: a fast stage followed by a slow stage. They attribute the fast
time scale to differential contractility, and the slow time scale to differential adhesion.

Other factors have also been implicated in cell sorting in a monolayer. Heine
et al. observed the influence of the solid- or fluid-like nature of a cell culture on
sorting within the differential adhesion framework [43]. There are also suggestions
that the apical surface area of epithelial cells can affect sorting [112, 113].

Moreover, living systems are active. They continuously use chemical energy to
drive motility and growth, and hence remain out of thermodynamic equilibrium.
Recent work has successfully interpreted collective processes in mechanobiology
in terms of the theories of active matter, and in particular of active nematics.
Balasubramaniam et al. [39] observed incomplete cell sorting in a mixture of two
MDCK cell strains with different strengths of inter-cellular interactions. They

interpreted these results in terms of a mixture of dipolar active extensile and active



4. Active Phase Separation 59

contractile cells and complemented the experimental results with simulations of a
phase-field model. A two-fluid continuum model has also been used to show that
fluids of different activities can undergo micro-phase separation [92].

Thus many different mechanisms can result in a degree of cell sorting, and the
interplay of several may be necessary for complete, well-controlled segregation in
a given biological process [43, 109]. To obtain a more complete understanding
of sorting phenomena in cell monolayers and tissues, it is crucial to investigate
each of the mechanisms involved. Isolating individual processes is difficult in
experiment but modelling can play a useful role in this regard. Therefore here we
implement a phase-field model and concentrate on asking whether active forces
acting between cells, which arise from cadherin-based intercellular junctions, can
result in sorting in a confluent cell monolayer.

In the next Section, we discuss the phase-field model, including both the passive
dynamics of each cell and the active forces between cells. In Section 3 we present
results indicating that cells of different activities undergo localised sorting. Our

results are summarised and discussed in Section 4.

4.2 Model

The version of the multi-phase field model used in this Chapter largely matches that
detailed in Chapter 2. The self-energy of each phase-field cell is described by the
Cahn-Hilliard and area conservation terms in Equations (2.4). Passive interactions
are modelled by the repulsive free energy density in Equation (2.6a). Any adhesion
between cells according to Equation (2.6b) is neglected by setting w = 0.

Each cell has a nematic director n; that relaxes towards the long axis of the
cell according to

dni
dt

=—J, (ni — sgn(n; - cAlHJ») al) (4.1)

Equation (4.1) has a symmetry as (Aiw — —(AiHJ-, so there are two fixed points:

n, = j:(AiHﬂ-. Therefore the dynamics has the desired head-tail symmetry, and Q;
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reorients towards the shape tensor D;, defined in Equation (2.14). Figure 4.1 shows

a cartoon depicting the dynamics of n,.

n n
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Figure 4.1: Cartoon of the relaxation of n;, in red, according to Equation (4.1). (a)
When n; - dj; > 0, n; relaxes towards d| ; (solid), and (b) when n; - dj; < 0, n; relaxes
towards —ElH,i (dashed).

We distinguish self-induced dipolar active forces from those that arise from

neighbour interactions by writing

faipolari = —Gselri Qi - Vi — Z Cinter,j Qj + V5. (4.2)

J#

This treatment follows the o ~ Q prescription of active nematohydrodynamics [7,
40]. We are interested in intercellular active stresses, so we choose (eir; = 0. In
order to compare mixtures of extensile and contractile cells, we generally choose
a single |Cinter| and set Cinteri = =£|Gnter|. The activities (inter; can in addition
be chosen to create extensile-passive and contractile-passive mixtures and, more
generally, set to any arbitrary value.

This Chapter is concerned with mixtures of extensile and contractile cells in
the bulk, so the system is modelled using periodic boundary conditions along both
axes. There are no phase fields to model walls, and consequently no free energy
densities to model interactions with walls.

To demonstrate the active phase separation, we simulate 672 phase-field cells
in a square domain measuring 560 x 560 lattice units. Each cell is initalised in a
random location with radius R/2 and the model epithelium is relaxed as though

it were passive for 5 x 103 timesteps, after which activity is turned on and data
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are collected. The simulation lasts 5 x 10° timesteps and data are recorded every
1 x 103 timesteps. In addtion, we compare different geometric configurations and
choices of activity using simulations smaller in both length and timescale. These
smaller simulations use 336 phase-field cells in a box measuring 280 x 280 lattice
units and last 1 x 10° timesteps.

We choose v = 1.4, A = 2.0, p = 120 and x = 1.5. The coefficient of friction
is £ = 3.0 and the target cell radius is R = 8.0. The relaxation parameters are
Jo=5x10"3and J, = 1 x 107}, with associated timescales 7o = (yhJy) ™t = O(10?)
and 7, = 10, where h = 1 is the lattice spacing. Extensile cells are assigned
Cinter; = +0.4 and contractile cells are assigned Ciper; = —0.4. We describe the
target packing fraction as the total area fraction of cells divided by the area of

the domain, which is ~ 0.86.

4.3 Results

To investigate whether cell sorting can be driven by differences in active inter-cellular
forces, we prepared an equal mixture of cells with extensile and contractile activities,
Cinter = 0.4 and (er = —0.4, respectively. All other simulation parameters were
identical for both cell types. The simulation was started by placing 672 cells of
each type randomly in the simulation domain which measured 560 by 560 lattice
units. This number density corresponds to a cell density where the cell layer is

confluent, but cell motion is still possible.

4.3.1 Ordering

First, we describe the microphase separation by investigating the segregation index,
a measure of demixing, as well as the lengthscale of the density autocorrelation
function, which characterises the size of clusters in the system. Then, we attempt to
describe a mechanism for the microphase separation by characterising the differences
in diffusivity between the extensile and contractile cells, and by investigating the

free energy in the system before and after sorting.
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Figure 4.2 (a) and (b) illustrate the configurations at ¢ = 1 x 10 and after
t = 5 x 10° time steps. The snapshots show evidence of partial cell sorting
into elongated clusters; these clusters coalesce, break up, and re-form during the
simulation. As a comparison we simulate a fully sorted state with 336 cells in
a 280 x 280 box, with extensile and contractile cells separated into macroscopic
regions as shown in Fig. 4.2 (c), (d). The cells show no tendency to mix on the
time scale of the simulation (here to ¢t = 1 x 10°), therefore both microphase and
macrophase separation persist for long times.

Extensile cells are substantially deformed, while contractile cells are elongated
slightly by the dipolar forces and demonstrate nematic alignment. These microphase-
separated clusters show features of bulk phase-field nematics: Figure 4.3 shows the
‘capped-line’ state typical of extensile cells, which is not qualitatively dissimilar
to the arrangement of rod-like molecules into ‘disordered domains’ at right angles
to one another, as observed by de Gennes [73]. Figure 4.3 also shows the nematic
phase of contractile cells, formed from parallel strands of cells joined end to end.
In these strands, the contractile cells pull on the ends of their neighbours, causing
them to elongate slightly and to have a well-defined shape tensor D; along which to
align the nematic director n;. Contractile cells organise into these nematic strands
even, as shown in Figure 4.2, in mixtures with extensile cells.

Indeed, it is possible to quantify an autocorrelation function of the nematic
tensor separately for the constituent parts of an extensile-contractile mixture. We
define the nematic tensor Q¢ restricted to a particular activity ¢ as

Qc(x,t) = ) Z CQz’@'(X,t) (4.3)
2:Cinter,i =

and define the nematic correlation function Cq(r) as

Cq(r,t) = (Qc(x)Qc(x + 1)) — (Qc(x)){(QC(x + 1)) (4.4)

where the average is taken over positions x and components of the tensor Q.
The quantity Cg(r) is then obtained by further averaging over orientations and

time. Figure 4.4 shows Cq(r) separately for extensile and contractile cells in the
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(c) (d)

Figure 4.2: Segregation in a 1 : 1 mixture of extensile (red) and contractile (blue) cells.
(a) t =1x 103 (b) t =5 x 10° for a fully mixed initial condition showing microphase
separation. (c) ¢ =1x 103, (d) t = 1 x 10° for a state that is fully sorted at the beginning
of the simulation and which does not mix. Note that the contractile cells develop nematic
order.

mixture illustrated in Figure 4.2 (b). It is clear that nematic order decays in
extensile cells on the lengthscale of a single cell, while nematic order has a much
larger lengthscale for contractile cells.

We seek to quantify the phase separation of mixtures of cells and describe its

mechanism. There are a number of ways to measure the segregation in a system [39,
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(b)

Figure 4.3: Monolayers of n = 336 (a) extensile ((inter = +0.4) and (b) contractile
(Cinter = —0.4) cells. The headless nematic director n; is indicated as a black line on each

cell. The extensile system is unjammed and has free space, while the contractile system
is close to jammed. Extensile cells are deformed and align into a ‘capped-line’ texture,
while contractile cells form a nematic phase.
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Figure 4.4: Nematic correlation function Cq(r), defined via Equations (4.3) and (4.4),
for extensile and contractile cells in the system illustrated in Figure 4.2 (b). The time
average is computed over the final 5 x 10% timesteps of the simulation. The lengthscale of
Cq(r) for extensile cells is commensurate with the diameter of a single cell, indicating
they have poor nematic order. Meanwhile, contractile cells exhibit nematic order over a
much longer distance.

59, 112, 116]. Following [112], we define a segregation index by counting the
neighbours of each cell. Two phase-field cells are identified as neighbours when the
corresponding phase fields take a value greater than a certain threshold, set here to

be 0.1, on the same lattice site. The segregation index is then defined by

sz<nin>, (4.5)

where n is the number of neighbours of a cell with the same activity, n is the
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number of neighbours of a cell with opposite activity and the average is taken over
all cells. With our choice of parameters, the phase-field cells are stable and have
sharp interfaces so no spurious neighbour pairs are identified.

The segregation index for a 1:1 mixture is plotted in Figure 4.5 (a). The
microphase separation proceeds quickly after the onset of dipolar activity at ¢ =0
but then slows. It is unclear from the data whether microphase separation is arrested
or continues over very long time scales, since the SI appears to saturate at late times.

An alternative measure of phase separation is the density autocorrelation function

Ce(r) = (pc(X)pc(x + 1)) = {pc(x)) (pc(x + 1)) (4.6)

where the density field p. for the subset of cells in the system with Cpger =
¢ is defined by
p)= Y i) (4.7
©Cinter,i=(
Figure 4.5 (b) shows the moving average of the lengthscale of the density autocorre-
lation p¢, taken over 10* timesteps. Recalling that each cell has a nominal diameter
~16 lattice units, the length scale of the density autocorrelation is initially roughly
one cell, consistent with a well-mixed monolayer, while the length scale at long
times increases to slightly more than 4 cells, consistent with microphase separation
into clusters roughly 4 cells wide. These results demonstrate quantitatively that
the mixture of extensile and contractile cells sorts according to activity. The data
suggest that the cluster size saturates, but we cannot rule out a continued extremely
slow growth of the clusters. Figure 4.6 provides a comparison of ST and C(r) for
the fully sorted system illustrated in Figure 4.2 (c), (d). The segregation index
remains close to 1 at all times and, although some structure develops in the nematic
phase of contractile cells, the lengthscale of the clustering remains unchanged.
The segregation index and density autocorrelation indicate microphase separation
but yield no information about the dynamics of the system. We next examine
the mean-square displacement of the phase-field cells, comparing the fully phase-

separated state in Figure 4.2 (d) to the microphase-separated state Figure 4.2 (b).
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Figure 4.5: Segregation in a 1:1 mixture of extensile and contractile cells. (a) Segregation
index SI versus time. The onset of segregation is on a timescale t = O(10%). The SI
increases past ~ 0.7 on the timescale of the simulation; the inset showing ST on log-log
axes indicates the system coarsens steadily. (b) Time-averaged correlation length of p¢
for extensile and contractile cells in the simulation illustrated in Fig. 4.2 (a) and (b).
The correlation length grows up to t ~ 3 x 10, then appears to saturate on a scale
commensurate with the diameter of ~ 4 cells.
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Figure 4.6: Order in a system prepared in a 1 : 1 macrophase-separated initial condition,
with Cinter = £0.4, illustrated in Figure 4.2 (c¢) and (d). (a) Segregation index SI.
Aside from small fluctuations, the ST remains high because almost all cells are entirely
surrounded by neighbours of the same type. In addition, density autocorrelation function
C(r) at time (b) t = 5 x 10% (c) t = 1 x 10°. The system evolves small-scale structure
as the contractile cells organise into a nematic phase, but the density correlation length
remains commensurate with half the system size.
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Results for the phase-separated configuration shown in Figure 4.7 (a) indicate
that, when surrounded by cells of the same type, the motion of the contractile
cells is almost entirely arrested, while extensile cells move more freely. This is
true also in pure monolayers: Figure 4.8 shows plots of mean-square displacement
for homogeneous monolayers of extensile and contractile cells. This is a result of
the different intercellular interactions due to the active dipolar forces. Contractile
cells elongate and align to form a solid-like, nematic configuration. Extensile
cells prefer to lie at right angles to one another, which leads to frustration and
gives configurations that fail to form system-scale flows, as observed in Chapter 6.
However, pairs of extensile cells which lie perpendicular to each other have a

polarity which results in net migration [100].
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Figure 4.7: Mean-square displacement for contractile (blue) and extensile (red) cells in
(a) a 1:1 phase separated monolayer (Fig. 4.2 d) and (b) a 1 : 1 microphase-separated
state (Fig. 4.2 b). When the cells are completely phase separated, the extensile cells
rearrange freely while contractile cells do not. As a result, extensile cells diffuse three
orders of magnitude as quickly as contractile cells. In the microphase-separated state,
however, the presence of contractile cells slows the diffusion of extensile cells, which in turn
push the contractile cells around the system. The MSD has not saturated by ¢t = 5 x 10°,
which indicates that the clusters are still evolving and rearranging.

In the microphase separated system the diffusion of contractile cells is enhanced
and that of extensile cells reduced, as shown in Fig. 4.7 (b). This is because the less
motile, solid-like clusters of contractile cells constrain the paths of extensile cells,
while the extensile cells tend to push the contractile cells around the simulation
domain. As part of the diffusion, individual extensile cells are able to squeeze

between contractile clusters from one extensile cluster to another. Given the
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Figure 4.8: Mean-square displacement of bulk (a) extensile cells with (ipter = +0.4 and
(b) contractile cells with (ipter = —0.4. The extensile cells are fluidised while the motion
of the contractile cells is arrested.

apparent saturation of the ST and the density autocorrelation lengthscale at long
times, the system may be entering a dynamic steady state. It is unclear whether
the layer can sort completely, as in Figure 4.2 (d), at much longer times.
Taking the diffusion constant in the system to be that of the extensile cells,
(x?)¢c—104 = 4Dt, the timescale associated with diffusion is 7p = R*/D ~ 10
Madin-Darby Canine Kidney cells migrate on the order of 10 microns per hour [37],
which is on the order of a cell diameter. The diffusion timescale in the 1 : 1 mixed
system suggests that 1 x 10° timesteps in silico corresponds to order a day of real
time, which is the duration of the experiments of Balasubramaniam et al. [39].
We note that differential diffusivity has been shown to sort otherwise passive
soft particles [117], even at high packing fractions [118]. Here, extensile cells are
akin to hot particles and contractile cells to cold ones. Weber, Weber and Frey [117]
attribute the phase separation in a mixture of particles at two different temperatures
to an effective attraction between cold particles; here the active forces act to attract

the contractile cells into more coherent clusters.

4.3.2 Free Energy

In systems that sort, there is often a thermodynamic basis for the phase separation.

Consequently, we investigate whether the clustering is associated with any changes
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in the total free energy of our model, Equations 2.9. For the microphase separated
system (Fig. 4.2 a,b), the mean and standard deviation of the total free energy per
cell from times ¢t =1 x 103 to t = 5 x 10° are listed in Table 4.1. As a comparison,
data for the system with phase-separated initial condition (Fig. 4.2 ¢,d) from times
t =1x10%tot =1 x 10° are also listed. In both cases, the times run from
shortly after the turning on of dipolar active stresses to the end of the simulation.
The free energy shows no dependence on time or, indeed, cluster size, suggesting
the cell sorting is not thermodynamic in origin, and may instead be caused by

the differences in diffusivity described above.

Microphase-
Separated Sorted
13 J_::cot OF F tot OF

1x10* 39.99 4.783 38.10 2.372
1 x10* 38.87 3.803 38.96 2.318
5x 107 38.88 3.824 39.19 4.028
1 x10° 38.78 3.628 3871 3.041
5x 10° 38.95 3.855 X X

Table 4.1: Mean Fio and standard deviation of free energy per cell for the microphase-
separated state (Fig. 4.2 a,b) and the sorted state (Fig. 4.2 ¢,d) over time, starting at
t =1 x 103, shortly after activity is turned on. The clustering of the phase fields over
time is not associated with a reduction in free energy at long times, in contrast to phase
separation according to mechanisms such as differential adhesion.

We also characterise the effective surface tension of the phase-separated clusters.
Given the total energy per cell of contractile and extensile cells in pure monolayers,
we can estimate the total free energy of a monolayer comprising arbitrary numbers

of contractile and extensile cells by
F=Fmn, +Fn_ (4.8)

where + and — indicate extensile and contractile cells respectively, and F, and
F_ the corresponding average energy per cell Fi.; in a pure monolayer, taken from
Table 4.2. We compare the estimate with the actual energy of a monolayer in a

coexistence state in silico, yielding a difference

AF = Fior — F. (4.9)
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¢ ftot Otot
0.4 40.65 0.144
-0.4  37.18 0.0669
Passive 0.0 35.37 0.0979

Active

Table 4.2: Free energy per cell for active extensile and contractile cells, and passive
cells, in homogeneous monolayers; the source of F, and F_ used to find the effective line
tension in a coexistence state. The active layers, both extensile and contractile, have
higher free energy per cell than a passive monolayer. These data are used to estimate F
in Equation (4.8).

The effective cluster line tension is then A = AF/Lipterface; Where the interface
length Liyterface depends on the size of the system and the relative number fraction
of extensile or contractile cells in the system. For coexistence states prepared
as a circular cluster of one extensile (contractile) cells in a contractile (extensile)
background, the interface length is Liyterface = 2L/ &7 where ® is the number
fraction of the minority component in the system.

Table 4.3 lists, for various number fractions of extensile cells (all in systems
with N = 336 total cells), the estimated total monolayer free energy, F , the actual
monolayer free energy Fiot and the difference between the two, AF. In addition,
the table specifies the interface length Liyerface and the effective line tension A
in the system, which is shown not to be constant. Note there are two ways to
make a circular cluster with a 1 : 1 ratio of extensile to contractile cells: an
extensile cluster inside a contractile background, and vice versa, as pictured in
Figure 4.9. An extensile cluster has a larger energy than a contractile one when
both are prepared in a 1 : 1 system. This phenomenon results from the differences
in ordering in contractile and extensile cells.

Contractile cells tend to exhibit nematic alignment. When contractile cells
form a cluster, the nematic alignment results in an effective attraction between the
contractile cells that stabilises their cluster. Similarly, when contractile cells form
the bulk of a system, the nematic alignment wraps around the edge of the periodic
boundary condition, as illustrated in Figure 4.9 (a); this system-scale order results

in a line tension along the line of contractile cells that balances against any active
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Extensile fraction ® F Fiot AF  Linterface A
0 12492.48 12492.48 0 X X
~0.1 12610.46 12632.92 22.46 315.74 0.071
0.25 12783.96 12936.34 152.38  496.29 0.31
0.5 13075.44 13336.80 261.36  701.86 0.37
0.5 13075.44 13049.08 -26.36 701.856 -0.038
0.75 13366.92 13368.61 1.688  496.29 0.0034
~0.9 13540.42 13560.74 20.32  315.74  0.064
1.0 13658.40 13658.40 0 X X

Table 4.3: Effective line tension A for circular extensile clusters in contractile background
(®=0,...,0.5) and contractile clusters in an extensile background (® = 0.5,...,1.0). As
the extensile cluster grows, the effective line tension grows; however, as the contractile
cluster grows, the effective line tension decreases. Compared to the estimated monolayer
energy F, contractile clusters are more stable than extensile clusters. Both these effects
result from the active contractile stress along a connected line of contractile cells.

pressure due to an extensile cluster in the system. On the other hand, the more
diffusive extensile cells, which exhibit order on much shorter length scales, create
an active pressure against the contractile cells, which constrain them.

The fact the purported line energy A is not constant with the size of the clusters,
and that the free energy does not decrease as extensile clusters grow, shows that
line tension does not provide a thermodynamic basis for sorting an active mixture.
This is not surprising, as surface tension has been shown previously not to be well
defined, and even to depend on interface curvature, in active systems [119]. These
results do show, however, that contractile cells cluster while extensile cells do not;
any ‘clustering’ that extensile cells exhibit is to occupy space in the domain that

is left over by the solid-like domains of contractile cells.

4.3.3 Failure to Order

Thus far, we have considered mixtures of extensile and contractile cells, with
Cinter = +0.4,—0.4. It is possible, in addition, to examine active-passive systems.
An extensile-passive system, with (ier = +0.8,0.0, fails to phase separate. Such
a system is pictured in Figure 4.10, while the SI and density autocorrelation are

pictured in Figure 4.11. Unlike contractile cells, which form a solid-like phase,
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Figure 4.9: Two ways to form a sorted 1 : 1 cluster using a circular geometry. (a)
An extensile cluster (red) in a contractile background (blue), with a large difference
AF between the system free energy Fiot and the estimate F. (b) A contractile cluster
(blue) in an extensile background (red) with a small negative AF. Note contractile cells
organise in parallel lines, while extensile cells make small groups that are isotropic on long
lengthscales. The higher-energy configuration in (a) results from the higher diffusivity of
extensile cells creating an active pressure, along with the long chains of contractile cells
creating a line tension on the edge of the extensile cluster.

passive cells by definition have no active interactions via which to coalesce, and
therefore do not cluster: observe the empty space in Figure 4.10 (b) compared
to Figure 4.2 (b) and (d). Because the passive cells do not cluster, the extensile
cells are able to invade groups of passive cells and there is no complementarity
between one species of cells forming a solid-like background and the other species
migrating around the remaining free space.

In addition, a contractile-passive system, with (e = —0.8,0.0, fails to phase
separate. In this system, pictured in Figures 4.12 with SI and density autocorrelation
graphed in Figure 4.13, contractile cells are not able substantially to deform each
other and the geometry remains frustrated. Also, there is no differential diffusivity
between contractile and passive cells. In this system, any randomly-initialised
patches of contractile cells adopt a nematic configuration, while any passive cells
not subject to contractile stresses remain isotropic. The failure of a mixture of
active and passive cells to phase separate is consistent with simulations of active
Brownian particles mixed with passive particles [120].

Finally we mention intracellular dipolar activity (s # 0. The evolution of

a system with (s = £0.4 is shown in Figure 4.14, and the extensile cells are



4. Active Phase Separation 78

(b)

Figure 4.10: Evolution of a 1 : 1 mixture of extensile (red, (inter = +0.8) and passive
(blue, Cinter = 0.0) cells. In this simulation, the difference in (inter between the constituents
of the mixture is the same as in the main text, which concerns (ipter = +0.4, —0.4. System
visualised at (a) t = 5 x 102, (b) t = 1 x 10° for a fully mixed initial condition showing
no microphase separation. The system remains mixed for the duration of the simulation,
although some transient structures of order one cell width do emerge.
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Figure 4.11: Failure to order in a 1 : 1 mixture of extensile ((inter = +0.8) and passive
(Cinter = 0.0) cells. (a) Segregation index SI. Over time, the ST fluctuates around a value
close to 1/2. Also, density autocorrelation C(r) at time (b) t = 5 x 102 and (c) ¢t = 1 x 10°.
Over the course of the simulation, the locations of the minima do not change although
they do get more pronounced. These metrics do not resolve transient chains of extensile
and contractile cells that form and re-form during the simulation.

clearly deformed into elliptical spindle shapes. In addition, as observed in [100],
values of (g and (e With the same sign tend to cancel. This reduction in
effective activity reduces the diffusivity of the active phase-field cells and slows
sorting, as shown in Figure 4.15.

There is no bulk thermodynamic effect that results in sorting, and in particular
there is no sorting induced by a line tension between contractile and extensile

clusters. We observe the tendency of contractile cells to align nematically, which
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(b)

Figure 4.12: Evolution of a 1 : 1 mixture of passive (red, (inter = 0.0) and contractile
(blue, (inter = —0.8) cells. In this simulation, the difference in (ipter between the con-

stituents of the mixture is the same as in the main text, which concerns (inter = +0.4, —0.4.
System visualised at (a) t = 5 x 102, (b) t = 1 x 10 for a fully mixed initial condition
showing no microphase separation. The system remains mixed for the duration of the
simulation.
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Figure 4.13: Failure to order in a 1 : 1 mixture of passive ((ijnter = 0.0) and contractile
(Ginter = —0.8) cells. (a) Segregation index SI. Over time, the ST fluctuates around

a value close to 1/2. Density autocorrelation C(r) at times (b) ¢ = 5 x 102 and (c)
t =1 x 10°. The length scale of the system in fact shrinks slightly: the disordered initial
condition evolved into a packing that is close to ordered, although the system does not
demix.

results in an active stress that stabilises their clusters. In addition, this system
exhibits hallmarks of differential diffusion, which has been shown by Weber, Weber
and Frey [117] and McCarthy et al. [118] to result in active phase separation via

an effective attraction between cold particles.
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(b)

Figure 4.14: Evolution of a 1 : 1 mixture of extensile and contractile cells with
Goelf = Cinter = £0.4. System visualised at (a) t = 5 x 102, (b) t = 1 x 10° for a fully mixed
initial condition. The extensile cells become spindle-shaped, and the self-induced activity
competes with the intercellular activity.
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Figure 4.15: Mean-square displacement (a) and segregation index (b) for a 1 : 1 mixture
of extensile and contractile cells, with (seif = Gnter = £0.4. The diffusion is slowed down
by a factor of five compared to Figure 4.7, and there is a concomitant slowing-down in
the segregation index, because active dipolar forces where (sif and (ipter have the same
sign tend to cancel out.

4.4 Discussion

There is considerable experimental evidence of sorting of different cell types both
in vitro, in confluent cell layers [39, 106, 107, 112, 116] or cellular spheriods [109],
and in vivo, for example during morphogenesis [11, 111]. Many different physical
factors are candidates for driving the sorting. Without doubt equilibrium effects,
such as the dependence of cell-cell adhesion or line tension of cell-cell junctions on
different cell neighbours, can lead to ordering akin to thermodynamically-driven

phase ordering in liquid-liquid mixtures [54, 110, 114]. However, biological systems
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are naturally out of equilibrium, and it has also been suggested that different forms
of activity can result in the sorting of different cell types [39, 121]. Balasubramaniam
et al. in particular showed that cells with a mixture of extensile and contractile
force dipoles are able to phase separate on short length scales [39].

Isolating the different contributions to cell sorting is difficult in experiments,
but easier in the context of computational models of cell motility. Therefore in
this Chapter we use a multi-phase field model of a confluent cell layer to study the
influence of dipolar active interactions between neighbouring cells on cell sorting.
We demonstrate that a mixture of extensile and contractile active dipolar cells,
which are otherwise identical, can undergo partial sorting. We interpret this as
an out-of-equilibrium effect resulting from the different dynamics of the two cell
populations. Extensile cells are smaller and more motile whereas contractile cells
tend to elongate and form static, solid-like nematic patches. The differential
diffusivity is insufficient to explain the phase separation, as mixtures of extensile
and passive cells fail to phase separate. We suggest that the solid-like active
clustering of the contractile cells is essential to the microphase separation. We
caution, however, that both the microphase separated state and a fully sorted state
are stable on the timescale of the simulations, and it is unclear whether further
coarsening will occur on times we cannot access.

Any model of cell mechanics must still be viewed with caution as there are still
many questions about the model details needed to faithfully reproduce the cells’
interactions and dynamics. Here we have focussed on forces, mediated by adherens
junctions between cell cortices, that act across cell-cell boundaries, which we have
modelled as balanced dipolar forces. However, fluctuating polar forces [122] or active
forces which act along cell-cell junctions [115] may be relevant, as may apical-basal
asymmetry if a monolayer is modelled in three dimensions [123]. The fact that
contractile cells in the bulk, as well as in the clusters in this Chapter, are unable
to intercalate prompts us to consider how to fluidise an epithelial monolayer. In
the next Chapter, we implement fluctuations in the adhesions at junctions between

cells to drive the monolayer, and thereby recover T1 topological transitions.



‘Twas brillig, and the slithy toves
Did gyre and gimble in the wade;
All mimsy were the borogroves,
And the mome raths outgrabe

— Lewis Carroll [2]

Monolayer Fluidisation by Adhesion
Fluctuations

5.1 Introduction

The membranes of epithelial cells are joined together by cadherin proteins at adherens
junctions [21, 27]. These membrane proteins are embedded in the actomyosin
cortex that provides a substructure to stabilise the lipid bilayer membrane, while
continuously turning over and remodelling. Adherens junctions fluctuate in number
and type, as junctions are created when the protein a-catenin binds cadherin to
the actomyosin cortex [124], and cells can modulate which of several types of
cadherin they prefentially express [125]. Cadherin switching is implicated in the
epithelial-mesenchymecal transition (EMT) and cancer metastasis [125], and changes
in adherens junctions permit the rearrangement of cells within a monolayer [8].
These changes, including the recruitment of actomyosin to adherens junctions
and number fluctuations of those junctions, can fluidise an epithelial monolayer
by promoting neighbour exchange via T1 topological transitions, or else anneal
topological defects in a tissue [126]. Membrane processes therefore have implications
for tissue fluidisation and, consequently, processes that rely on tissue migration,
such as morphogenesis and tumour invasion, and this motivates our focus on

fluctuating adherens junctions.
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The cellular vertex model has previously been used to demonstrate tissue
fluidisation through junctional tension fluctuations and such fluctuations have even
been implicated in sorting [54, 127]. In this work we seek to model junctional

fluctuations in a multi-phase field model in order to fluidise an epithelial monolayer.

5.2 Model

The phase-field model used in this chapter closely matches that detailed in Chapter 2.
The dynamics are given by Equation (2.1) in conjunction with the overdamped
force balance of Equation (2.2). The passive dynamics are controlled by four free
energy densities: the Cahn-Hilliard and area conservation terms in Equation (2.4),
and the repulsion term in Equation (2.6a). We model junctional fluctuations using
a driven adhesion free energy functional, wherein lies the largest difference between
this version of the model and the description in Chapter 2. The functional form
of this adhesion free energy is
Fodh = Z Z )\/dx wingof(X) . Vgp?(x), (5.1)
i jeENi(?)
which follows the form in Equation (2.6b), with two modifications. The sum over j
includes only those cells j that are current neighbours of cell 7; that is, they are in
the set of neighbours N; at time t. Also, the adhesion parameter w is promoted
from a single constant to a pairwise w;; for interactions between neighbouring
cells 7 and j, which permits different pairs of cells to adhere more or less strongly
than others. A positive sign for w;; will favour lengthening the interface between
membranes, whereas a negative sign will favour shortening said interface. This is
because the gradients of the squares of neighbouring phase fields necessarily point
in opposite directions; that is, their inner product is negative. Negative values of
wi; are analogous to the line tension of cellular vertex models, although junctional
line tension is less well-defined a concept in phase-field models.
This formulation of the adhesion free energy functional differs from those of
other works [67, 128] in two key ways. Firstly, here we calculate the free energy

using the gradients of the squares of the phase fields to ensure the theory is local:
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at each lattice site, the functional derivative of F,q, that appears on the right-hand
side of Equation (2.1) is proportional to ¢;(x) so that phase-field material cannot
emerge spontaneously at a distance from the bulk of a cell. This aids the model’s
stability when adhesion is large. Secondly, other works have considered a single
energy scale w for all adhesive interactions, while here we have a set of pairwise w;.

The pairwise adhesion energy scales w;; are the avenue through which we
introduce neighbour-neighbour fluctuations to the model in order to fluidise a layer
of phase-field cells. The adhesion free energy becomes a functional not only of the
©; but also of the w;;. We demand symmetry in the energy scales, w;; = wj;, so
that the pairwise interactions of neighbour cells are reciprocal. A simple model
for fluctuations, previously used in vertex models [54, 126, 129], is a resetting

Ornstein-Uhlenbeck process:

dwi- 1 _ 200%
Tl COU R ) Rl VitV (5.2a)

where the 7;; are uncorrelated white noise with zero mean and unit variance,
(ni;(£)) = 0, (ni; () (t')) = diwd;0(t — t'). Each pairwise w;;(t) then evolves as
an Ornstein-Uhlenbeck process while the i, 7 neighbour pair exists and is set to
zero otherwise. Setting w;; = 0 models the absence of cadherin proteins between
the respective cells, since no junction exists.

At long times, then, the pairwise energy scales w;;(t) form an equilibrium

distribution with mean @ and variance o>

2. The persistence time 7, and the
standard deviation o, are the key control parameters for the driven free energy
landscape given by Faan[{w;;}], which consequently is sampled from an equilibrium
distribution, and cause a multi-phase-field monolayer to evolve in search of local
free energy minima. There are no active polar or dipolar forces whatsoever in
this version of the multi-phase field model.

The parameters assigned to the free energy terms in Equations (2.4) and (2.6a)

are v = 1.4, A\ = 2.0, up = 120, and x = 1.5. The mean value of the adhesion

parameter in Equation (5.2) is @ = 0. The coefficient of friction at the substrate is
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¢ = 3.0 and the target cell area is given by radius R = 8.0. Relaxation according
to Equation (2.1) is controlled by the parameter Jy = 1 x 1072 and occurs with
a timescale 7o = (vhJy)™! = O(10%).

We simulate twenty-five phase-field cells for T = 2 x 10° timesteps. The cells are
initalised in a hexagonal lattice on a rectangular domain with side lengths L, = 75
and L, = 65 lattice units. The multi-phase field model is implemented with periodic
boundary conditions. The system is initiated by placing cells in the hexgonal lattice
and then relaxing them without fluctuations (w;; = 0) up to time ¢ = 5 x 10?,
at which point the adhesion fluctuations are turned on and data recorded. The
dynamical equations are solved using a one-step predictor-corrector scheme. The

unit of time is 1, and each step is divided into five substeps.

5.3 Results
5.3.1 Monolayer Fluidisation

An epithelial monolayer can change its topology through several processes, such
as cell division and extrusions [32, 123, 130, 131]. Fluidisation of a tissue through
fluctuating tensions or adhesions at cell-cell junctions relies on cell intercalations
(i.e., T1 transitions) that are able to modify neighbour-neighbour contacts [115, 130,
132]. During a T1 transition, the junction between one pair of cells shrinks and a
new junction forms between another previously unconnected pair of cells. Each of
the two cells that were neighbours before the transition loses one neighbour, while
each of the two cells that are neighbours after the transition gains one.

This process is illustated in Figure 5.1, which highlights four cells in an adhesive
background. In (a), the cells outlined in red are stuck together by a large positive
wi; = +1.0, while all other pairwise adhesions are given by w;; = 0.4. The adhesion
parameter for the red cells is then set to w;; = —10 so that the cells are pushed
apart in (b). The cells transition through the equivalent of a fourfold vertex until
the cell intercalation is completed in (c¢). Note that the topological transition
of the coloured cells is accompanied by additional neighbour rearrangements in

the wider monolayer. This initial assay shows that in our model, assuming a
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(a) (b) (c)

Figure 5.1: A quartet of cells (a) before, (b) during, and (c) after a T1 topological
transition in an adhesive background. The red cells at first attract with w;; > 0 (a) and
then repel with w;; < 0 (b), while the blue cells attract with w;; > 0 to complete the
transition (c). Each cell outlined in red loses a neighbour and each cell outlined in blue
gains a neighbour, for a neighbour change quantity of 4. This process requires a change
in w;; = O(101) and takes O(10%) timesteps to complete, setting a scale for o2 and 7, in
the Ornstein-Uhlenbeck process (5.2). The change in monolayer geometry due to the
highlighted T1 transition is accommodated by the presence of additional rearrangements
in the monolayer.

monolayer with otherwise uniform w;;, a quartet of cells requires a local difference
Aw;; = O(10") to effect a T1 transition. This estimate sets an approximate variance
o2 for the random process in Equation (5.2). In addition, it takes O(10%) timesteps
for the T1 transition illustrated in Figure 5.1 to occur, setting an approximate
relaxation timescale 7, for Equation (5.2).

It has been observed that the migration of cells in dense monolayers requires
coordination between neighbouring cells and the subcellular processes of protrusion,
adhesion, contraction, and retraction that control individual cell motility [19, 133]. Tt
is clear that in order to minimise geometric frustration in the layer, the rearrangement
of cells through the fourfold vertex in Figure 5.1 requires cell rearrangements in
the larger monolayer, via coordination with another T1 transition at an additional
fourfold vertex or vertices. The parameter Jy certainly affects the rate at which the
layer geometry can relax via multiple topological transitions, as Jy acts to rescale
time in the model: the larger its value, the faster any T1 transitions occur.

The parameters v and s, meanwhile, control the cell line tension and cell-cell

repulsion, respectively, and appear to have an effect on the timescale of a T1
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transition in the monolayer. The relative values of these parameters control whether
cells tend to overlap or to deform, and are intimately connected with a rigidity
transition or unjamming in the layer in conjunction with polar activity [67, 134,
135]. However, the absolute values of these parameters also control the behaviour
of the layer: v and k are increased together, the cells become both harder and
more rigid. In this limit, the layer approaches a random close packing of circles
and questions of initial condition and geometry have implications for the possibility
of cell rearrangements, and whether the system is jammed [136].

In addition, the adhesion difference Aw;; used in the assay to obtain a large
negative w;; effects a repulsion that competes not only with x but also with adhesion
mediated by the background w. A larger value of Aw;, as well as a larger background
w, tends to form a larger gap between cells, such as between those indicated in
red in Figure 5.1. In addition, a smaller x can promote T1 transitions not only
by making it easier to open up the gap between cells, but also by allowing cells
to overlap to fill the gap more easily. However, it is possible, especially with a
sufficiently large value of w compared to v, for the layer to relax to a configuration
in which the T1 transition is not resolved.

It is not guaranteed that a given layer geometry can relax at all, and this
observation is connected to the notion of a rigidity transition [67, 134], jamming [136],
and glassy behaviour in epithelial monolayers [133]. However, an investigation into
these topics is beyond the scope of the present Chapter. We use a hexagonal
lattice of cells as an initial condition to control for any possible effects due to
randomly seeding the domain with cells and we set w = 0 to control for the
effects of background adhesion.

We simulate a model tissue with o, = 0.1 and 7,, = 10, below our estimate for
a T1 transition. The resulting monolayer is shown in Figure 5.2 (a): the system,
despite fluctuations in w;j, is solid and remains in a hexagonal lattice. Increasing
o, while keeping 7, fixed reveals a crossover from a solid to a fluid state, whereby
noise in the adhesion free energy functional causes phase-field cells to rearrange.

Figure 5.2 (b) shows a model tissue with o, = 1.0 with 7,, = 103, which allows for
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sufficiently large fluctuations in adhesion to overcome the energy barriers associated
with neighbour exchanges and enables cells to escape from their local neighbourhood

through a series of T1 transition and become motile, resulting in a fluid-like state.

(a) (b)

Figure 5.2: Snapshots of model tissues with (a) o, = 0.1, 7, = 1 x 103 and (b) o, = 1.0,
7, = 1 x 103. The larger amplitude of adhesion fluctuations in (b) permits greater
differences in w;; between different pairs of cells that result in intercalations and diffusive
behaviour.

To quantify the difference in motility between the two cases, we measure the
mean-square displacement averaged over cells
1 N
MSD(t) = |

N =1

I'Z(t + to) — I‘Z‘(to)|2 s (53)

where N is the number of cells and r is the centre-of-mass position of cell i at
time ¢. The initial time is chosen as t, = 2 x 10* to permit the onset of a dynamical
steady state before measuring MSD. As expected, in the solid-like model tissue,
MSD saturates at a small value, as shown in Figure 5.3 (a). In a fluidised layer,
however, the MSD grows linearly in time, as pictured in Figure 5.3 (b).
Moreover, the total number of changes N, (t) in neighbour relations (a proxy
for T1 transitions, which are otherwise difficult to count in the phase-field model),
which is shown in Figure 5.4, also exhibits differences between layers in the solid-like
and fluid-like regimes. Fach cell has a set of neighbours N;(¢) as implemented
in Equation (5.1), which is identified as outlined in Subsection 2.2.4. For every

time t, the cumulative number of neighbour changes is incremented by the size of

the union of set differences (N;(t + At) — N;(t)) U (Ni(t) — N;(t + At)). That is,
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if between two points in time ¢ and t + At, cell j either becomes or stops being
a neighbour of cell 4, then it contributes to the count of neighbour changes. The
neighbour change remains zero in the solid-like tissue but grows linearly in the
fluid-like tissue, revealing a constant rate of neighbour exchange. The presence of
neighbour changes, in conjunction with the diffusive MSD, excludes flocking [67]

as the origin of the measured cell motility.
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Figure 5.3: Mean-square displacement as defined in Equation (5.3) with offset tg =
2 x 10%. (a) The solid phase with Cumulative neighbour changes plotted against time for
the systems has an MSD that saturates around a small value, with flucuations arising
from the changes in w;;. Meanwhile, (b) the fluid phase with o, = 1.0, 7, = 1 x 10% is in
a diffusive regime, where changes in w;; and neighbour exchanges induce cells to migrate
around the domain.

We perform a scan of phase space, varying 7, logarithmically from 10! to 10% and
varying o, linearly from 0.1 to 1.5, which accounts for three orders of magnitude in
the variance. Three metrics are calculated to characterise the solid-fluid crossover
due to adhesion fluctuations, which are illustrated in Figure 5.5 in the 7,-0, phase

1 and

space: the translational diffusion coefficient Dy, neighbour change rate 7,
the sixfold bond-orientational order parameter 1.

The translational diffusion coefficient is calculated as Dgig = MSD(T)/(4T)
where T = 2 x 10° —t is the duration of the simulation minus the offset ¢, = 2 x 104,

as defined in Equation (5.3). The translational diffusion coefficient exhibits two

trends as we scan through phase space: as illustrated in Figure 5.5(a), although
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Figure 5.4: Cumulative neighbour changes N, (t) plotted against time for systems with
(a) 0, = 1.0, 7, = 1 x 103 and (b) 0, = 0.1, 7, = 1 x 103, with the same offset £y = 2 x 10*
that is used to calculate the MSD in Figure 5.3. The solid phase sees no neighbour
changes at all, while there is a constant rate of neighbour changes in the fluid phase.
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Figure 5.5: Heatmaps of (a) the translational diffusion coefficient Dg;g, (b) neighbour
change rate, and (c) final |¢g| in 7,-0,, phase space. There is clearly an optimal region for
cell diffusion and neighbour exchanges: the variance of the random process Equation (5.2)
driving the adhesion free energy functional Equation (5.1) is not the only parameter
controlling the fluidisation of the monolayer, owing to the finite time it takes for a quartet
of cells to rearrange. The transition from high to low |¢g|, indicating a change from
a hexagonal close-pack to a disordered state, matches the region of cell diffusion and
neighbour changes (i.e., tissue fluidisation).

for every 7, Dgqig increases with o, the dependence on 7, is non-monotonic and
there is an optimum 7, that maximises translational diffusion at each . This
is in agreement with what Yamamoto et al. observed in the vertex model [127].

Similarly, we calculate average neighbour change rate as 7,' = N,(T)/T. A
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solid phase exhibits no neighbour rearrangements following the initial annealing
of imperfections, while particles in a fluid phase change neighbours regularly. The

lis plotted as a heatmap in Figure 5.5(b). We observe that for

average rate 7,
sufficiently large 7, and o, neighbour changes occur at finite rate. Just as for the
diffusion coefficient, the dependence on 7, is non-monotonic, so that there is an
optimal region in 7,-0, space that maximises neighbour exchange rate.

Next, the hexatic order of the model tissue is quantified using the sixfold bond-
orientational order parameter 15, famously a feature of the KTHNY theory of
crystal melting in two dimensions [137, 138] that has previously been used to
characterise structure in systems of particles both active and passive [117, 131,
139]. Its magnitude goes from 1 for a hexagonal close-packing to 0 for a disordered
system. It is calculated as
1

¢6j = Nj

> exp(6iby;) (5.4)

kGN]‘

where 7, k index cells, N; denotes both the set of neighbours of cell j and the size of
said set, and ¢ = y/—1 is the imaginary unit. The angle 6}, ; measures the azimuthal
position of the centre of mass of cell 7 with respect to that of cell k. We measure
V6| = [(106;);] the magnitude of the hexatic structure across all cells in a layer. The
ground state of the passive phase-field model is a two-dimensional hexagonal close
pack; the value of |¢4| should go from 1 to 0 as the system crosses over from a solid
to a fluid state. A heatmap of final |¢g| is shown in Figure 5.5(c). As expected, the
mean bond-orientational order parameter changes from 1 to 0 as 7, and o, become
large, indicative of a crossover from a hexagonal close-packing to a disordered state.
This crossover occurs at approximately the same o, and 7, as for the diffusion
coefficient Dg;¢ and the neighbour change rate. Unlike the other metrics, however,
there is no return to hexatic order as 7, grows sufficiently large.

These results taken together confirm the importance of the variance of Equa-
tion (5.2) while emphasising the importance of fluctuation persistence time in the
fluidisation of the phase-field monolayer. As 7, increases, variations in w;; are

persistent enough to enable neighbour rearrangements, but as 7, gets bigger the
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dynamics slows down while the geometry remains disordered. This is because the
dynamics of w;; given by Equation (5.2) approaches a Wiener process as 7,, grows
ever larger. The one-dimensional Wiener process is recurrent: after a sufficiently
long time, any large positive or negative value of w;; will return to zero. However,
the probability distribution of first-passage times is fat-tailed, with f(t) ~ ¢=%/2: it
takes very long times for w;; to return to the mean @ without the drift term [140].
Consequently, the monolayer has pairs of cells that are stuck together and repelled
from one another with large positive and negative values of w;;, which last for
a very long time and prevent translational diffusion and cell intercalations while

remaining spatially disordered.

5.3.2 Velocity Correlations

Finally, we consider the nature of flow in this model. This is achieved by computing
the velocity-velocity correlation and determining its length. Any hydrodynamic
effects will manifest [6, 7] as long-range velocity correlations. The velocity-velocity

correlation is defined as

N (Vz(X + 1), (X) + vy (X 4 1)V, (X)) xt
o (VB ) s o

This function with vectorial argument is further averaged over orientation to obtain

Cy(1r) = (Cy(r))arg(r)- The correlation C,(r) is shown in Figure 5.6, and decays to
zero in both the solid and the fluid monolayer on a lengthscale commensurate with
a cell diameter, where the cell radius is R = 8. Although the monolayer is fluidised

by the adhesion fluctuations, the layer does not show any hydrodynamic behaviour.

5.4 Discussion

We studied a multi-phase field model for an epithelium [67, 68] augmented with
fluctuating pairwise adhesions following an Ornstein-Uhlenbeck process. We show
that adhesion fluctuations result in T1 transition leading to diffusive motion of

cells in the model monolayer. This provides another fluidisation mechanism for
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Figure 5.6: Velocity-velocity correlation function Cy(r) for (a) the solid phase and (b)
the fluid phase. In both cases, the correlation decays to zero on the lengthscale of a cell
diameter. There are no long-range velocity correlations, and therefore no hydrodynamics,
in this system.

phase-field models that does not invoke cell-level polar [67, 139] or nematic [68,
100] activity, which may not be applicable to all epithelia.

Such Ornstein-Uhlenbeck fluctuations have previously been studied as a fluidisa-
tion mechanism in cellular vertex models [54, 126, 127, 132]. Our work validates
these results for a different type of discrete cell-level model and we found the cell
diffusion coefficient to have a non-monotonic dependence on persistence time in
adhesion fluctuation, in agreement with what was reported in vertex models [127].

Fluctuating tensions have proven a useful paradigm in studies of, e.g., budding
in three dimensions [56, 141] and nematic forces with a global direction [129]. In
addition, changes in adherens junctions and the solid-fluid crossover have been
implicated in wound healing and other collective behaviours of epithelia [142, 143].
We, therefore, hope the model proposed here will be a useful starting point in
further studies using phase-field models. In future work, pairwise adhesion terms
could be modified to, for example, also account for catch-bond interactions between
cadherins and the cytoskeleton [14], the length of cell-cell interfaces [144, 145],

respond to local tensions [115], or depend on cell shape [55].



“Why,” said the Dodo, “the best way to explain it is
to do it.”

— Lewis Carroll [1]

Spontaneous Shear Flow in Channel

6.1 Introduction

Chapter 3 discusses the persistent rotational motion of pairs of epithelial cells
in confinement, and Chapters 4 and 5 discuss bulk features of epithelial tissues.
These treatments are well-motivated by results in the literature, but present only a
starting point for investigations into the collective behaviours of bulk epithelia, which
experience different interactions and exhibit different behaviours than individuals
or pairs, and therefore must be described by new physics [27].

Epithelial cells frequently organise in monolayers [12], adhering to each other
through E-cadherin junctions and to the extracellular matrix (ECM) through
integrin proteins. These junctions crosslink an internal cytoskeleton composed
of microtubules and the actomyosin cortex, which distributes stresses across the
entire cell layer [13]. Fluctuations in these junctions are introduced in Chapter 5 to
enable neighbour rearrangements in the monolayer. The cytoskeleton is responsible
for several other behaviours and causes epithelia to migrate collectively, both in
vivo and in vitro [14]. In particular, epithelia confined to a circle break rotational
symmetry to rotate in groups that number O(10') to O(10?) cells [36, 37]. Also,
epithelia confined to a channel can exhibit a spontaneous shear flow [38] that has

been described by active nematohydrodynamics.

89
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Active nematic theories have proven a successful description of epithelial monolay-
ers precisely because epithelial sheets have nematic properties. Cells of various types,
from human melanocytes to Madin-Darby Canine Kidney cells and bacteria, display
nematic order [6, 7]. Although individual epithelial cells migrate as polar agents [13,
19], polar behaviour is suppressed in the bulk and dipolar behaviour emerges.
Contact inhibition of locomotion hinders polar motility [11, 28] and lamellipodia,
protrusions of the actomyosin cortex at the front of a cell, are much smaller in
the bulk than in free cells [14]. The formation of supracellular microtubule and
actomyosin structures supports the creation of system-sized active stresses [13, 14],
and the suppression of focal adhesions by adherens junctions is another mechanism
by which polar activity is diminished [13]. We hypothesise therefore in this Chapter
that the collective behaviours of epithelia are controlled by dipolar activity.

We are interested in the flow of epithelia in confinement, and this Chapter
discusses the flow of an epithelium in a channel in the presence of an active nematic
stress. Two key features that affect epithelial flow in a channel are the width of
the channel and the anchoring of individual cells at an angle to the boundary [7].
In a sufficiently small channel, epithelia exhibit unidirectional flow [146], while
cell sheets in wider channels display shear and oscillatory flow [38, 90]. Confined
monolayers even exhibit vortex chains [146], which give way to active turbulence
in sufficiently large systems [29, 89]. In larger active nematics, the size of vortices
is given by an active length scale ~ \/K/|(|, the square root of the ratio of the
elastic constant to activity in a nematic [7, 87, 147].

In addition, cells have been shown to anchor at an angle to the confining
boundary in experiment. When plated on a fibronectin annulus, cells including
fibroblasts, epithelial cells and endothelial cells, spontaneously break symmetry to
preferentially anchor at an angle with respect to the boundaries of the annulus.
This symmetry-breaking results in an azimuthal shear flow [105]. The spontaneous
shear flow discussed by Duclos et al. is also associated with the anchoring of

cells at the edge of the channel [38].
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A third key feature that affects the fluid behaviour of an epithelial monolayer,
and the focus of this Chapter, is its internal friction. The greatest challenge to
bridging the gap from the cell scale to the continuum has been the formulation of
cell-cell friction in the monolayer; that is, the implementation of bulk and shear
viscosity in agent-based models. Previous work has included viscosity as cell-cell
friction in a different multi-phase field model [148]. Monolayer viscosity has also
been implemented as a frictional force between vertices in the cellular vertex model
[50], and has resulted in flow along a channel [51, 52].

In this Chapter, we seek to obtain flow in a channel of phase-field cells. Thus far,
the multi-phase field model in the overdamped limit has failed to recover system-
scale flow. We choose to simplify the geometry to that of a channel with periodic
boundary conditions along the long axis to investigate the behaviour of phase-field
cells. The system is endowed with with a dipolar stress field in accordance with
the hypothesis that the epithelium is a nematic liquid crystal dominated by dipolar
stresses. Active anchoring is a feature of epithelial nematics, and is a result of the
flow in the system [38, 105]. Therefore in this Chapter we work backwards. First we
impose anchoring by hand in a dynamical regime dominated by substrate friction.
The choice of anchoring results in a plug flow, the velocity of which depends on the
width of the channel. In the second part of this Chapter, we formulate a dynamics
with a Stokesian viscosity term, which when discretised on a lattice manifests as an
internal friction in the monolayer. We dispense entirely with anchoring by hand and
find that for a sufficiently strong internal friction compared to substrate friction,

active anchoring emerges spontaneously along with a persistent shear flow.

6.2 Model with Substrate Friction

The model for the channel follows the development in Chapter 2. The equation of
motion is (2.1). For now, we assume the dynamics are dominated by substrate
friction with the force balance given by Equation (2.2). The passive dynamics are
controlled by four free energy functionals. Three are the same as in Chapter 2:

the Cahn-Hilliard phase separation term (2.4a), the area conservation term (2.4b)
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and the overlap term (2.6a). The adhesion free energy, however, differs, and is
given by Equation (3.1) in Chapter 3.

The description of the dipolar stress density in this channel model is specialised
from the more general description in Subsection 2.1.5 of Chapter 2 through the
choice of 01 in the director dynamics and in the choice of (i and (iner that
control the self-induced and neighbour-neighbour active forces. The cell-level
nematic tensor Q; is constructed according to Equation (2.17) and the active
dipolar forces are defined as in Equation 2.20. In this implementation, we are
concerned only with inter-cellular dipolar forces, so we set (geir; = 0 and Cngeri = ¢
with faipotari = finteri = — 224 CQ - V@;. The dynamics of n; is defined as in
Equation (2.18), with a specialised choice of @ so that n; relaxes towards the long
axis of cell i with timescale J, ! according to Equation (4.1). As described in
Chapter 4 and illustrated in Figure 4.1, the use of the signum of n; - 61”71- allows
n; to relax to the closer of (AiH,Z- and —cAi”m so that the reorientation of the nematic
director has the desired head-tail symmetry.

The channel has confining walls at the top and bottom, and periodic boundary

conditions along the x-axis. The walls are implemented using static phase fields

(bwall(X) = eXp<_y/>\W&ll) + eXp(_(Ly - y)/)\wall)a (61)

with an exponential decay at the top and bottom of the channel, which the cells are
not able to cross due to a repulsive interaction with the walls. These interactions

are given by a free energy density

Rwa
]:rep, wall — Z Z \ L dx ¢?¢3vall' (62)
i

There are no frictional or adhesive interactions with walls, so cells in contact with the
wall are free to slip against it. The model as it stands is unable to flow spontaneously.
Therefore, we include an additional interaction with walls to explicitly reproduce
the anchoring observed in experiment [38, 105].

The key new feature, and difference between this model and that in Chapter 2,

is the anchoring at walls, which has been shown in a continuum model to control
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the nature of steady-state flows in a polar fluid [149]. This is achieved by setting
n; by hand to n; = (cosf,sinf) when the centre of mass of cell i is sufficiently
close to a wall. This distance threshold is set at 2.5R, which implements anchoring
in a single layer of cells nearest to each wall. At the upper wall of the channel,
0 was set to 27/3, while at the lower wall of the channel 6 was set to 7/3. This
geometry is consistent with both bend and splay director profiles, both of which
can result in flow according to faipotari = — 22,4, CQ; - V.

The simulations run for 2 x 10* timesteps. The control parameters for this model
are the width of the channel L, € [52,104], and the strength of the dipolar activity
¢ € [-0.8,0.8]. The width of the channel was chosen to enable the formation of
two to six rows of cells, each of which has R = 8. The choices of value for ( take
the system from strongly contractile, to passive, and then to strongly extensile.
The coefficient of substrate friction is & = 3.0. The free energy densities have
parameters v = 1.4, A = 2.0, p = 120, k = 1.5 and w = 0.4, and the relaxation
in Equation (2.1) is controlled by Jy = 5 x 1073. The lengthscale of the wall is
Awal = 3.0 and the line energy of repulsive interactions with the wall is kyay = 4.0.

There is no adhesion to the wall; that is, wy.n = 0.0.

6.3 Results with Substrate Friction

The behaviour of phase-field cells in the channel exhibits differences in flow and
orientational order according to whether they are extensile or contractile. Variations
in flow and the velocity-velocity correlation length scale for different channel widths

are due to differences in the active length scale for extensile and contractile cells.

6.3.1 Flow

Flow in the channel is quantified by analysing cell displacements. Data are not
recorded for every timestep, but rather on regular intervals At. The average velocity

for each cell is calculated using the centre-of-mass displacement on these intervals

vilt) = A1t<rCOM(t) ~ roou(t — A)). (6.3)
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The value of At is typically At = 250, although for large systems (that is, with
L, Z 100 units) it is set at At = 500. A global velocity field v(x), is constructed

as a weighted average of the cell mean velocity fields as

A
0

v(x,t) = Z\?i(t)gbi(x,t) = v, (%, )i + vy (x, 1)]. (6.4)

Data are analysed for the second half of the simulation, between t = 10* and
t = 2 x 10*%. This is so that the system can evolve from a random initial condition
to a dynamic steady state, which may or may not have a well-defined flow profile.
The global velocity field is used to compute the average of the x-component of

velocity over both time and space:

(02 () = (V2 (%, ) (6.5)
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Figure 6.1: Snapshots at time ¢ = 2 x 10° of the monolayer in a channel of width
L, = 104, for dipolar activities (a) ( = —0.8 and (b) ¢ = +0.8, as well as profiles of
(vg) for each. The cells are marked with rods to indicate their nematic directors n;. (a)
The contractile system exhibits a bend profile across the width of the channel and an
associated plug flow profile in the mean velocity along the channel, (v,). (b) In contrast,
the extensile system displays only small patches of nematic order, as well as a ‘capped-line’
state in which neighbouring cells differ in orientation by 7/2. Flow at the centre of the
channel is weak, and flow at the edges is induced by the anchoring boundary conditions.

The mean velocity along the channel (v,(y)) reveals that contractile cells flow

due to a bend profile that is stabilised by the anchoring, while extensile cells adopt
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local perpendicular ordering and fail to flow. Figure 6.1 depicts representative
snapshots of epithelia in the channel, as well as the average z-velocity (v,), for two
values of activity ¢ = 0.8 in a channel of width L, = 104. The contractile layer
with ¢ = —0.8 adopts a bend profile across the channel and exhibits a plug flow
commensurate with the sign of V - Q, similar to that sketched in Figure 1.4 (a) in
Chapter 1. A bend perturbation decays in a bulk contractile active nematic, but
the bend persists in this system because it is enforced by the anchoring. There
is a velocity to the right at the edge of the channel as the first row of cells in
the bulk slips past the cells on the boundary.

In contrast, the extensile layer with ¢ = 40.6 does not show any system scale
nematic profile, bend, splay or otherwise. There are local patches of nematic order
separated by ‘capped line’ features, where neighbouring cells differ in orientation by
7/2. There is no appreciable flow in the centre of the channel, and the strongest
flow in the system is that induced by the enforced anchoring at the walls.

The presence of flow along the channel prompts investigation into the dependence
of the flow speed on the channel width, as shown in experiment [29, 38, 87, 146].
In addition, the system-scale orientational order exhibited by the contractile cells
permits a scaling argument for flow velocity in terms of channel width. The flow

velocity is defined as the mean of v, in the centre of the channel:

Vflow = <U:C(Ly/2)> (6.6)

and is signed. The flow velocity at the centre of the channel as a function of activity
¢ for different values of channel width L, is shown in Figure 6.2. For contractile
cells, with ¢ < 0, the magnitude of vg,, increases as a function of |¢| and decreases
as L, grows. Extensile cells, however, display different behaviour to contractile cells.
The narrowest channels, with L, = 52, are small enough to force extensile cells into
a splay configuration, which results in low. However, as shown in Figure 6.2, the
direction of the flow shifts for sufficiently wide channels. In addition, any nematic

order or texture disappears into the ‘capped-line’ state illustrated in Figure 6.1 (b).
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Figure 6.2: Flow velocity in the channel centre vgo, graphed as a function of (, for
channel widths between 52 and 104. For contractile cells, the flow is stronger for higher
activity |¢| and narrower channels. Flow is stronger for the narrowest channels when
the cells are extensile, but is very weak and even changes direction for sufficiently wide
channels. This suggests that the widest channels are larger than the active length scale
Vv K/|C] when cells are extensile.

Given a nematic texture with anchoring enforced by hand at the walls of the
channel, as is the case for the contractile systems in this Section, it is straightforward
to rationalise the dependence of the flow velocity on channel width. We treat the
cells in the channel as having a translational symmetry in the = direction. Then,
adopting temporarily the language of active nematohydrodynamics, the free energy
density due to bending in director field n = (cosfg,sinfg) is

2
F = (@m0 + @m)?) (Oﬁ) , (6.7)
which is minimised by dfg/dy = constant; that is, the director angle has a linear
profile from 0y = 7/3 at y = 0 to g = 27/3 at y = L,. The z-component

of the active force is

o0
activew = —CO, Qe = —CI, sin(20) = —zga—j cos(20). (6.8)

For director angles 0y € (7/4,3m/4), we find cos(20p) < 0. In conjunction with
¢ < 0 and a linear profile 90 /0y L, ! we obtain a scaling

factive,a: X Cngl- (69)
resulting also in vgey < C 1Ly_ ! due to the overdamped force balance in Equation (2.2).

The scaling is only approximate, and relies on a linear dependence of g on y, which
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is clearly not always true, as illustrated in Figure 6.1 (a), but helps to explain
the results for ¢ < 0 as shown in Figure 6.2.

Although this model with anchoring implemented by hand results in a uni-
directional flow, there is no suggestion of a transition to bidirectional flows or
other behaviour as the channel width grows [7, 87, 89, 147]. This represents a
qualitative difference between this multi-phase field model and both experimental
epithelial monolayers and numerical active nematohydrodynamic systems. We
attribute this distinction to the lack of any dynamic viscosity, such as appears in
the Stokes equation and in active nematohydrodynamics, in the present formulation
of the multi-phase field model. We account for such a term in the remainder of
this Chapter and obtain a spontaneous shear flow without recourse to artificial

anchoring at the edge of the channel.

6.4 Continuum Dynamics

The very object of using the multi-phase field model is to determine what physics
at the agent level is required to reproduce the results of biological experiments,
and how these phenomena relate to continuum theories. Thus far, the multi-
phase field model has not accounted for viscosity, which appears as a term in
active nematohydrodynamics, and we would like to include it in an improved
description of the dynamics of the phase-field model, with the hope of recovering
spontaneous flow. It is instructive, therefore, to examine how viscosity manifests in
continuum dynamics, is described by other models for epithelia, and is evident in
experiment. A generic feature of the Navier-Stokes equations is the presence

of a viscous stress [73, 74]
Ovise = (Vu+ (Vu)") + vV -ul (6.10)

up to redefinition of the bulk viscosity . In an incompressible fluid, the viscous

stress can be written simply as [7]

Ovise = p(Vu+ (Vu)'). (6.11)
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In the incompressible limit, then, the viscous force is proportional to the Lapla-

cian of the flow
fisc = pV2u (6.12)

and serves to dissipate velocity gradients by exchanging momentum within the flow.
Although viscosity has on occasion been neglected in order to elucidate the nature
of active nematic stresses and instabilities [40], the viscous stress is a necessary
component of fluid systems, especially in the low-Reynolds-number, Stokesian limit.
In addition, viscosity and effective friction due to fluid depth have been shown to
control the behaviour of active flows in the continuum [7, 150].

The multi-phase field model was originally formulated using a force balance at

the substrate enforced for every cell at every lattice site, given by
fvi (X7 t) - fpassive,i (X7 t) + factive,i (X7 t)' (613)

There is no acceleration term here because this is the overdamped limit, in which
dissipation at the substrate dominates inertia. We now extend the force balance
of Equation (6.13) by including a term analogous to that in Equation (6.12) to
put the phase-field dynamics in a viscosity-dominated, low-Reynolds-number limit.
In this case, dissipation still dominates inertia, but now it is dissipation internal

to the monolayer, rather than against the substrate.

6.5 Model with Internal Friction

A starting place for defining cell-cell friction is to write down a schematic Stokesian

force balance with a viscous stress [6, 7]
0= —fVi (Xa t) + gcellv2vi (X7 t) + fpassive,i (Xa t) + factive,i <X7 t) (614)

where it remains to describe the interactions between different cells ¢ and j. The
coefficient &.oy is here the viscosity of the cytoplasm within each cell, and will

turn out also to be the viscosity associated with cell-cell interactions. Following
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the lead of Chiang et al. [148, 151], we write a normalised mean velocity field
for the monolayer as

50, Ovilx. 1)

V1) = > di(x,t)

(6.15)

We must choose some way to distribute the viscous dissipation of the mean
velocity field V onto the cell-level viscosity fields {v;(x,t)}. Therefore we write
an approximate discrete Laplacian on a square lattice using

V2vi(x,t)%h12 Y (VXL - vilx 1) (6.16)

X' EN(x)

where the notation x’ € N(x) denotes the four sites neighbouring site x on the
square lattice, although in the implementation of CELADRO, lattice sites are
indexed by integers rather than coordinates, as described in Subsection 2.2.2 of
Chapter 2. Equation (6.16) has the property that

> di(x, 1) V2vi(x, 1)

S onxt) ~ V*V(x,t) (6.17)

in the sense of the five-point discrete Laplacian. It is through differences with the
mean flow, in Equation (6.16), that the velocity fields of different cells interact
with each other, as well as with themselves. Inserting the approximation of
Equation (6.16) into the Stokesian force balance in Equation (6.14), we obtain
ce i Pj /, t)v, /, t

5211 Z Vi(x,t)—Z]qSJ(X )‘:J(X ) _

h X' €N (x) > ¢i(x', ) (6.18)

fpassive,i (X7 t) + factive,i <X7 t) = fbody,i (X, t)?

Evi(x,t) +

which is a sparse linear system of rank N X Np,ien. Solving this system yields the
full set of velocity fields {v;(x,t)} that are correlated by their frictional interactions.
The system is solved using the Jacobi method [152]. Equation (6.18) is rewritten

as

<f + 4§ceﬂ> Vi(x,t) = fhoayi (X, 1) + 5](;6211 Y. V1) (6.19)

h? x'€N(x)
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and the solution is found iteratively as

Aeen)

2
(5 4 4§ceu>_1 Eeell Z > ¢j(X> t)Vg‘k) (x,1)
h? W oS 2 0ixt)

(6.20)

where the viscosity & of the Stokes equation (6.14) manifests as a coefficient
of dynamic friction for the interactions between different cell-level velocity fields
{vi(x,t)}, as well as for the interaction of each velocity field v;(x,t) with itself.

Equations (6.18) and (6.20) can be cast as matrix equations

Mv, =f, (6.21a)

vt — Gvlb) 4 b (6.21b)

[0}

where o € z,y. The matrix G is related to M by G = D™!(M — D) where
D = diag(£ + 4&een/h?) contains the diagonal entries of M. The iterative scheme
converges because the matrix M is strictly diagonally dominant by row. A matrix
A is strictly diagonally dominant by row iff
Jail > D layl. (6.22)
J#
The diagonal entries of M have

45 cell

[mii| = & + W

(6.23)

while the sums of the absolute values of the off-diagonal entries in row ¢ are

fcell Zj ¢j (X/7 t) 4£C6H
Sl = = ) 6.24
2l =T A S 024

The matrix M has the desired property when &, the substrate friction, is finite.
This implies all the eigenvalues of G have magnitude less than one. In particular,

the eigenvalues Ag of G are bounded by [152]

Ae| < 1= (6.25)
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Therefore, the iterative scheme to solve Equation (6.18) converges given finite
substrate friction.

We use the full Stokesian viscous force calculation of Equation (6.18) to solve
for the flow in a channel, with the aim of recovering shear and other channel-wide
flows. The key control parameter in this problem is & the cell viscosity, which is
set to values ranging from 0.0 to 3.0. The coefficient of substrate friction remains
¢ = 3.0 and the dipolar activity is set to ( = —1.0. The parameter controlling
cell-cell adhesion remains w = 0.4, as in Section 6.2. It must be remarked that the
presence of cell-cell adhesions does not amount to a fluid viscosity. This is because
adhesion is modelled by a free energy functional that only favours the overlap of
cells” interfaces and does not depend on the velocity of one or more interfaces.

In this implementation, the channel has L, = 140 and L, = 70, and the system
contains 42 phase-field cells, each of which is defined on a patch of size Lpaten = 31.
The free energy relaxation parameter is changed to Jy = 1 x 1072 to aid numerical
stability. All other parameters are identical to those in Section 6.2. These simulations

are run for 1 x 10° timesteps, and data were collected every At = 1000 timesteps.

6.6 Results with Internal Friction

In this Section, we are interested in the possibility of the emergence of spontaneous
flow using the Stokesian force balance in Equation (6.18), which motivates our focus
on the control parameter &.;. Therefore we leave investigation into the effect of
activity ¢ or channel width L, to future work, although these parameters individually
and together have also been shown to control the nature of active nematic flows
in a channel [87, 89, 147]. Cell-cell friction mediated by & recovers diagonal
alignment and spontaneous shear flow in the multi-phase field model similar to that
described by Duclos et al. in an epithelial monolayer confined to a channel [38]. The
persistence in time, that is, the duration during which the flow moves in one direction
before reversing, depends on the value of the viscosity &.on. As in Section 6.3, we
create snapshots of the phase-field monolayer and provide graphs of (v,) as a

function of y. In addition, we create kymographs of the flow along the channel over
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time, and quantify the mean nematic director angle 6 as a function of y. Here, all

time-averaged quantities are calculated using the full duration of each simulation.

6.6.1 Flow

In a system of dipolar multi-phase field cells with contractile activity ( = —1.0, the
onset of symmetry-breaking and shear flow depends on the value of the viscosity
&cel- When there is no viscosity, &een, there is no flow, but shear flow sets in above
a threshold &..;. An average flow field is constructed as a weighted average of the
cells’ centre-of-mass displacements according to Equations (6.3), (6.4), and (6.5),
with At = 1000. Note that the average flow field v(x,¢) constructed from the
centre-of-mass displacements is distinct from the normalised mean velocity field
V(x,t) as defined in Equation (6.15). The components v,(x,t) and v,(x,t) can
then be averaged over position, time, or both.

The behaviour of contractile cells in the channel depends on the value of the
internal friction parameter .., and this dependence is illustrated in Figure 6.3
with snapshots of the dynamic steady state as well as kymographs of (v,(y,t)) =
(vz(x,t))z. When the viscosity .. is zero, the steady state exhibits no flow, and
as &cel grows, an oscillatory shear state emerges and then becomes more persistent.

An active system with no internal friction, &..n = 0, has a dynamic steady state
that aligns with the channel, as shown in Figure 6.3 (a). The system evolves to the
steady state via a transient, illustrated in Figure 6.3 (b), but eventually there is
no flow, despite the monolayer’s contractile activity. This system with no internal
friction matches the substrate-friction-dominated model of Section 6.2, with the
difference that here there is no anchoring enforced by hadn at the channel walls.
For small & = 1.0, pictured in Figure 6.3 (c¢) and (d), an oscillatory state emerges
in which a shear flow is established but changes direction on the order of O(10?)
timesteps, and is associated with a reorientaton of the cells around 6g = 7/2. Most
strikingly, as the internal friction increases to &.on = 3.0, the shear flow behaviour
becomes more persistent, on the order of O(10%) timesteps. This is the regime

where & = &, so that internal friction competes with substrate friction. The flow
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is reflected by the kymograph in Figure 6.3 (f). In the dynamic steady state of
the viscous system with persistent shear flow, illustrated in Figure 6.3 (e), the
cells orient at an angle to the channel, as observed in experiment. A difference
between this work and previous experiment, however, is the sign of the shear flow
relative to the orientation of cells in the channel [38, 153].

The kymographs in Figure 6.3 indicate the time evolution of flow along the
channel at different locations y. Moreover, we also quantify the mean velocity
along the channel as a function of y position, exactly as in Section 6.3. Figure 6.4
shows graphs of (v,(y)) for the three cases {n = 0.0, 1.0, 3.0, corresponding to the
dynamic steady states and kymographs illustrated in Figure 6.3. The case with no
internal friction, & = 0.0, shown in Figure 6.4 (a), clearly exhibits no mean flow,
in accord with the lack of flow despite activity, because all the cells align in the
same direction. The oscillating shear flow for the system with &y = 1.0 averages
over time into a weak flow along the channel, as pictured in Figure 6.4 (b). Lastly,
the persistent shear flow for the system with &.op = £ = 3.0 manifests clearly in the
mean velocity (v,)(y), shown in Figure 6.4 (c), with cells at the top of the channel

travelling to the left and those at the bottom travelling to the right.

6.6.2 Oprientation

As formulated in Chapter 2, each cell has a traceless nematic tensor Q;, which
is defined by a director n; = |n;| (cos#;,sin ;). The tissue-level nematic tensor
is constructed as Q(x,t) = >, Q;¢;(x,t) and, equally, the components of Q(x,t)
can be interpreted locally as having a director angle #(x,t). The mean director

angle is calculated as

L (@
boly,t) = 5t <<Qm>x> (6.26)

where the inverse tangent is computed using the function arctan2, which is sensitive
to the signs of its arguments and has a range of all four quadrants. Care must
be taken to consider the branch cut of the inverse tangent: when the cells are

oriented along the z-axis, we choose the branch cut as § = m, while when the cells
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Figure 6.3: Snapshots of the dynamic steady state and kymographs of (v,(y,t)), for
contractile cells in a channel, with ( = —1.0, for several values of the internal friction

coefficient &ce1. (a), (b) When there is no internal friction, & = 0, a transient evolves
into a quiescent steady state in which the cells orient along the channel. This case
is mathematically identical to the model dominated by substrate friction discussed in
Section 6.2, absent anchoring enforced at the channel walls. (c), (d) For finite & = 1.0,
an oscillatory state emerges in which a shear flow reverses direction on the order of O(10%)
timesteps, with associated reorientation of the contractile cells. (e), (f) Finally, for large
el = 3.0, the initial shear flow persists on a timescale O(10%) timesteps, although it
does reverse direction near t = 8 x 10* for a short time. The dynamic steady state of this
system is associated with cell orientations at an angle to the channel, which qualitatively
matches experimental results up to the sign of the activity [38].

are oriented along the y-axis, we set the branch cut at 8 = 0. The director angle

is then averaged over time for the dynamic steady state:

Oo(y) = (Oo(y,1))e. (6.27)
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Figure 6.4: Mean flow along the channel (v,(y)) = (v4(X,t))2+. (a) In the absence of
friction internal to the monolayer, there is no overall flow. (b) When internal friction is
small, &cop = 1.0, the oscillating shear flows average out to a small flow along the channel.
(c) However, when internal friction is larger, ., there is a clear mean shear flow in
the channel. This is qualitatively similar to experimental results for epithelial cells in
confinement [38].
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Figure 6.5: Mean director angle 6o (y) = (0g(y,t))+. (a) The quiescent, zero-flow state
dominates the mean orientation for £..;; = 0.0, in which cells align along the channel. (b)
Oscillations around the vertical result in a mean 6g ~ 7/2 for cells with {1 = 1.0. (c)
Finally, the persistent shear flow for cells with &.o; = 3.0 is reflected in a mean orientation
at a finite angle g ~ 7/8 to the channel. The variation in g around this mean value
results in the shear flow.

Figure 6.5 shows 0 (y) for the three systems, with &1 = 0.0,1.0, and 3.0.
The cells with no internal friction align on average along the channel, with no
variations in fg(y) that can initiate flow. Similarly, when & = 1.0, the cells align
largely around 7/2, although 6 is on average slightly smaller than 7/2 at y = 0
and y = L,, consistent with a bend configuration resulting in a weak flow along
the channel, as shown in Figure 6.4 (b) and discussed in Section 6.3. The most

striking case is that with & = 3.0, which shows a clear sinusoidal variation of
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8o (y) across the channel. Interestingly, the profile of 6y appears to vary on a length
scale incompatible with the channel, as just less than 2 wavelengths of 6 fit in
the channel, and appears to vary as — cos (?gy) The variation in the director
angle sets up a splay profile at the bottom of the channel and a bend profile at
the top, and is possibly analogous to the splay instability in a contractile active
nematic. Per Chapter 2, these director profiles create flow in opposite directions.
We can see this also with a calculation similar to that in Section 6.3. Treating
the system as having a continuous translational symmetry along the channel, the
net active force in the x direction is given by

99,

foctives = —C(V - Q)z = —(0,Qye = —2¢ COS(QQQ)a—y. (6.28)

The director profile in Figure 6.5 (c¢) indicates that cos(26p) > 0. In conjunction
with ¢ < 0, this means the sign of the net force in the x direction matches
the sign of 00y/0y. When the internal friction is {en = 3.0, g is increasing
with y at the bottom of the channel, whereas at the top of the channel, it is
decreasing. We expect a shear flow.

There is still variation of 6 in the centre of the channel, but here the resulting
net forces compete within individual cells — we can expect flow in one direction
or the other as a result of the competition, but passive forces, particularly those
arising from the Cahn-Hilliard and area conservation free energies, prevent a single
cell from shearing the same way a patch of continuum fluid can [154, 155]. The sign
of the shear flow is opposite that shown by Duclos et al. for epithelial cells confined
to a channel [38]. The shear flow arises from the variation in 6y and indeed the
varation in 0 seen here is different to that observed by Duclos et al. However, the
director orientation and flow profile together suggest that the latter experiment uses
extensile epithelial cells [38, 153], which naturally flow in the opposite direction
to contractile cells because of their different sign of (. This prompts a question
about the sign of the activity: therefore we comment on extensile cells in a viscous

monolayer confined to a channel.
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6.6.3 Extensile Activity

For a point of comparison, we also run a short simulation for extensile cells with
¢ = +0.5. A snapshot of the layer, as well as a kymograph of (v,(y,t)), are shown
in Figure 6.6. The extensile cells intercalate readily, as do the extensile cells in
Chapter 4, and form capped-line configurations with a strip of cells parallel to the
channel at the centre of the channel, but it is unclear whether there is a persistent
flow. The time evolution of the system does not exhibit any clear pattern, unlike
the case of contractile cells creating an oscillatory shear flow. It is possible that
the capped-line state amounts to a bend profile, since it appears there are two
regions of nonzero velocity in the negative x-direction, which coincide with the
locations of the nematic patches. Also, the kymograph in Figure 6.6 shows that
these two regions last for the second half of the simulation. It is unclear whether
this is a persistent flow, and to clarify the nature of extensile cells in a viscous
monolayer requires further study with longer simulations.

In any case, the extensile layer also qualitatively fails to match the results of
Duclos et al., particularly because the cells do not align on a diagonal to the channel
axis [38]. The phase-field cells may align more readily with one another if they were
deformed into spindle shapes, as has been observed in wild-type cells [38, 156]. This
could be achieved by implementing extensile intracellular stresses, or through an
additional free energy term that deforms the cells into ellipsoidal shapes [102]. A
further possibility, and one left to further investigation, is that an extensile activity

¢ = +0.5 puts the monolayer already in the active-turbulent regime [7, 87, 147].

6.7 Discussion

The work in this chapter is motivated by spontaneous rotation, laminar and shear
flow as observed in epithelial monolayers [36-38, 105]. Flow along sufficiently narrow
channels, akin to directed migration on micropatterns, is established in monolayers

of contractile phase-field cells by implementing anchoring at the confining walls
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Figure 6.6: (a) Snapshot of a monolayer with ( = 40.5 and & = 3.0, and (b)
kymograph of (v, (y,t)) for extensile cells with ¢ = 0.5 and &,y = 3.0. Although the
layer has nonzero viscosity, no clear flow pattern emerges. The cells arrange in small
nematic regions with other cells oriented perpendicularly, forming a capped-line state. It
is unclear whether the regions of (v;(y)) < 0 in the second half of the simulation represent
a persistent or transient behaviour. To investigate this issue requires further study with
longer simulations.

of the channel, and the magnitude of the velocity is rationalised by scalings with
the magnitude of the activity and the width of the channel.

A substantial drawback of the model in the first half of this chapter is that to
obtain the flow requires the enforcement of anchoring by hand. In the presence
of anchoring, contractile cells exhibit stable orientational order, a bend nematic
texture, and flow. However, the aim is to obtain those behaviours spontaneously.
Therefore, the multi-phase field model is extended to include a Stokesian force
balance in Equation (6.14) that results in a spontaneous shear flow, which becomes
more persistent as the viscosity increases. One drawback of the new approach is
that the results of this model disagree in sign with experimental results, although
the retinal pigment epithelial cells to which we compare are reported to have
extensile activity [38, 153].

Running this improved model with internal friction is computationally expensive.
Any future work will require thresholding to ensure convergence of the Jacobi scheme.
This will necessarily incur additional computing costs, especially for systems with
larger internal friction. This is because the magnitudes of the eigenvalues of the
iteration matrix G are controlled by the ratio /..y as shown in Equation (6.25),
and when the eigenvalues Ag have magnitudes closer to unity, the update in

Equation (6.21) will take more iterations to converge.
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Nevertheless, this improvement to the multi-phase field model opens new avenues
for investigation. Firstly, the proof-of-concept nature of the above results must
be extended to describe wider channels and channels with ratios of substrate to
internal friction £/&.n < 1. Then, equipped with the full Stokesian force balance,
the model could be implemented on an annulus in order to model the results of Wan
et al. [105]. In addition, the model could be implemented in a box in an attempt
to recover vortices, which are a feature of active nematohydrodynamics.

This Chapter has considered only interactions between cells in this improved
model with internal friction, and not the effects of self-induced stresses on cell
shape or nematic ordering, or flow. Intracellular extensile stresses deform cells into
elliptical shapes, as noted in Chapter 4, which could act in this viscous model to
promote the nematic ordering of epithelial cells, whether they interact via extensile
or contractile neighbour-neighbour stresses. Such elongation, whether arising from
intracellular active stresses or an additional free energy term [102], could improve
the correspondence between this model and experiments that use spindle-shaped
cells in the nematic phase, and could enhance the observed flow [38, 156].

Also, a tissue patterned with a region of active contractile cells, in conjunction
with internal friction, could recover primitive streak formation as demonstrated
previously in a continuum model for gastrulation [30, 31]. Finally, the oscillatory
shear flow in this model is reminiscent to an extent of other oscillatory phenomena
observed in epithelia [90] and warrants further investigation, particularly as to how
a combination of activity ¢ and viscosity &..n may define a phase space boundary

between oscillatory and persistent shear flow.
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“The time has come” the Walrus said,
“to talk of many things:
Of shoes—and ships—and sealing-wax—
Of cabbages—and kings—
And why the sea is boiling hot—
And whether pigs have wings”
— Lewis Carroll [2]

Discussion

‘Active matter’ is a wide-ranging topic in physics [3] and epithelial monolayers are
but a small subclass thereof, yet these two-dimensional systems of interacting agents
have a rich and varied phenomenology [8, 9, 12-14]. In Chapter 1, we summarise
the individual and collective behaviours of epithelial cells, from persistent random
walks [22] to wound healing [12-14] and morphogenesis [11] and contextualise
the subsequent Chapters of this thesis. Furthermore, we discuss continuum and
agent-based models of active fluids and epithelia, and introduce the notion of the
multi-phase field model, which is elaborated on in Chapter 2. In this concluding
chapter, we summarise results obtained using a multi-phase field model for epithelia,

and provide an outlook for future research to build on the work in this thesis.

7.1 Summary of Results

In Chapter 3, we present the simplest cases of a multi-phase field model: the
description of a single cell with a rotationally-diffusive active polar force, and the
confinement of two such cells to a circular geometry. The main control parameters
in this study are the strength « of the polar activity and the energy scale w of
the intercellular adhesion. We find three behavioural regimes in a-w phase space:

one in which the rotational diffusion of the polar force causes the system to switch

11
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regularly between clockwise and anti-clockwise rotation, another in which noise
almost entirely prevents any rotational motion in the system, and a third in which
high o and w cause rotation and jamming to persist for all time. The ultimate
behaviour of the system in this regime depends on whether the initial condition is
compatible with rotation or not. With this result in hand, we then suppress polar
activity and study the effects of dipolar stresses in the multi-phase field model.

We find in Chapter 4 that phase-field cells with a mixture of extensile and
contractile particles tend to microphase separate. This phenomenon has also been
observed in experiment [39]. The microphase separation is attributed to differences
in diffusivity between extensile and contractile cells. We also find that a mixture
of extensile and contractile is required for phase separation: extensile-passive and
contractile-passive systems fail to phase separate. Investigation into the energetics
of the system suggests that the microphase separation is not thermodynamic in
origin. This supports the notion that differential diffusion results in the observed
microphase separation, which has also been noted in the literature [117]. A large
part of this Chapter was published as ‘Cell sorting by active forces in a phase-field
model of cell monolayers’ [157]. This work has led to additional research using the
cellular vertex model to understand active phase separation [158].

Although the contractile clusters in Chapter 4 are active, they are not fluid.
This is observed also in the bulk contractile system illustrated in Figure 4.3 (b),
which exhibits nematic alignment but not the splay instability expected of a
continuum active nematic [40, 81]. We seek therefore to recover fluid behaviour
in the multi-phase field model. In Chapter 5, we find that fluctuations in the
parameter controlling pairwise cell-cell adhesion cause an epithelial monolayer to
exhibit diffusive behaviour in the absence of any polar or dipolar active forces.
Although the fluctuations cause diffusion, the lengthscale of the velocity-velocity
correlation remains one cell: there are no long-range correlations that are the
hallmark of fluid behaviour in the continuum. This Chapter is in preparation
for publication as ‘Adhesion-Fluctuation-Mediated Fluidisation of Phase-Field
Epithelial Monolayers’ [159].
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Chapter 6 integrates two projects to investigate the flow of epithelial cells along
a channel. The first part of the Chapter enforces cell orientation at the wall of the
channel to create a stable bend configuration [40]. Although in continuum active
nematics, flow results in anchoring [7], here we enforce anchoring to generate a flow.
The flow velocity scales with the activity ¢ and the channel width L, as ¢ 1L; 1 The
implementation of anchoring results in a flow that is intrinsically artificial, so we
seek to dispense with anchoring and instead develop a description of viscosity to
bring the dynamics of the agent-based multi-phase field model closer to that of a
Stokesian fluid in the low-Reynolds-number regime. In the second part of Chapter 6
we implement a viscosity that manifests as an internal friction and solve the resulting
Stokes equation using the Jacobi method [152]. In narrow channels with internal
friction, a shear flow emerges and becomes more persistent for sufficiently strong
friction. This is the sought-after spontaneous shear flow, which has parallels in
experiment [38]. Results from the first half of this Chapter were presented as the
poster ‘Modelling Motility in Confined Epithelia: From Single-Cell to Collective

Behaviours’ at the summer school Nicolas Cabrera and the conference PhysCell 2022.

7.2 Research Outlook

There are several possibilities to further develop the research in this thesis. The
model for adhesion fluctuations in Chapter 5 could be enhanced to account for
additional features of epithelia, such as catch-bond interactions between membrane
proteins and components of the cytoskeleton. Another clear extension of this work
is to introduce the adhesion fluctuations, discussed in Chapter 5, into systems
with dipolar activity. These fluctuations promote neighbour rearrangements and
translational diffusion, and may have implications for the microphase separation
seen in Chapter 4. As microphase separation between extensile and contractile
cells requires the latter to form solid clusters and to diffuse very slowly, adhesion
fluctuations may destroy the cell sorting. On the other hand, mixtures of contractile

and passive cells fail to sort because there is no diffusion at all, and the promotion of
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neighbour rearrangments via adhesion fluctuations may aid microphase separation
in such mixtures.

The spontaneous shear flow discussed in Chapter 6 has exciting implications
for future research. Not only do the results in the Chapter resemble existing
experimental data in a qualitative sense [38], but the implementation of internal
friction raises the prospect of more closely matching this agent-based multi-phase
field model to active nematohydrodynamics in bulk systems. Additional numerics
should investigate the effects of much larger internal frictions. These simulations
could be used to recover of vortical flows in circular or rectangular confinement,
or the formation of a vortex lattice in yet wider and longer channels [7, 87]. In
Chapter 6 we also observe an oscillatory shear flow for intermediate internal friction.
It is possible that the short period of the oscillation is a result of the finite size
of the system, and that larger systems may exhibit longer-lived oscillations akin
to those observed in cellular nematics [90]. Another straightforward extension
of the model to better match to continuum theory and experiment is to include
intracellular dipolar stresses, which can extend the phase-field cells into spindle
shapes and could enhance the nematic ordering in the model tissue.

There are also rich possibilities also to equip the viscous system of Chapter 6
with a pattern of contractile activity. The patterning of activity in a continuum
system has been shown to form primitive streak and blastopore structures matching
those in chick, and frog gastrulation [30, 31]. It is possible that the multi-phase field
system in a circular geometry with a patch of contractile activity could recapitulate
primitive streak formation and provide a comparison to experimental systems. The
active phase separation observed in Chapter 4 could also have implications for
activity patterning in embryogenesis.

In short, the mechanical phenomena described in this thesis using a multi-phase
field model for epithelia have rich and varied behaviours. These provide a strong
foundation for further research into the collective behaviours of epithelia and can

help to understand morphogenesis and embryogenesis.
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