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ABSTRACT

An Analytical and Experimental Study of Large Strain Soil

Consolidation

Lee, Kuantsai

Linacre College, Oxford

A thesis submitted to the University of Oxford for
the degree of Doctor of Philosophy

Trinity 1979

This thesis 1s concerned with large strain soil
consolidation and a large portion of the work is devoted to
the theoretical development in modelling this phenomenon
An experimental programme based on a specially designed
oedometer is also included.

The governing equations are formulated in Chapter
2, where both the material and the space coordinates are
considered. In space coordinate the problem 1s a moving
boundary problem, and special numerical techniques for the
idealized case of a thin soil layer are developed in Chapter 3.

In Chapter 4 the consolidation of a normally conso-
lidated stratum and a dredged fill are considered with a linear
soil model, and the consolidation of a deposit undergoing
continuous sedimentation is considered in Chapter 5. The
material coordinate is used in the analysis which also includes
the effect of self weight of soil. These problems are again
considered in Chapter 6 and Chapter 7 with a nonlinear soil
model.

A specially designed cedometer for testing very soft
soil is described in Chapter 8, and the experimental results
are discussed in Chapter 9. These are compared with the theo-
retical solutions developed in Chapter 3, and good agreement
hag been obtained.
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1. INTRODUCTION

It 1s well known that Terzaghl and his consolidation
theory brought the fourth dimension - time - into Soil Mechanics
in 1923, The idea of effective stress and the consideration of
its variation during the flow - coupled ~ deformation marked the
birth of modern Soil Mechanics. The theory postulated that soil,
idealized as a fluid saturated skeleton of solid particles, will
deform under an external force field in a time-dependent manner.
This time—-dependent process 1s governed by the compressibility of
the skeleton - which determines the amount of deformation that
will take place - and the permeability of the soil, which deter-
mines how fast the pore water can seep out to allow deformation
to take place. Thus, the theory explains the long term settle-
ment behaviour often observed in engineering structures and provides
a basis for an estimation to be made of the rate as well as the

magnitude of settlement.

There are, inevitably, simplifications which Terzaghi
has wused in constructing his theory. The more obvious ones are
constant compressibility and permeability — and it is doubtful
whether any soil will behave like this when a substantial void
ratio change has occured. Accordingly, a great number of efforts
have been made to improve this by later workers, resulting in
the so-called nonlinear consolidation theories.  However, less
obvious ldealisations in his theory are that the flow and deforma-
tion are unlinked - this has been corrected by the linked theory
( Biot 1935, Sills 1972 ) - and that there is a restriction to
infinitesimal strain. In recent years the small strain restriction
has started attracting attention, and a number of theories have

been proposed. These will be briefly reviewed in later sections.,

This thesis 1s concerned with the large strain consoli-

dation theory, with the study being motivated by both practical



and theoretical demands. With the advent of modern technology,
engineers now have to work with soils so soft that they would
previously have been avoided. As an example, there is now an
ever—-growing consideration of the usage of reclaimed land. In
these areas the soilg are usually so soft that preconsolidation
is necessary to gain enough strength for supporting building
loads. The ability of an engineer to estimate how long the con-
solidation is going to take will be very valuable, and the best
way to acquire such ability, other than experience, is with the
aid of a theorye. Up till now there are only a few large strain
consolidation theories available, and only very simple cases
have been considered in these theories. Further theoretical
development is therefore in demand, and the bulk of this thesis

will be devoted to thise

In this chapter the Terzaghi theory will be described
first, with attention drawn to these assumptions restricting the
theory to the small strain case. Possible ways of lifting the
small strain restrictions will then be discussed in conjunction
with a brief review of some previous worke Finally, the scope

of the present work is outlined at the end of this chapter,

2. A REVIEW OF THE TERZAGHI THEORY

Terzaghi considered a saturated, homogeneous soil
layer of infinite lateral extent with displacement and water
flow occuring vertically, see Figelele When a uniform vertical
loading is applied to this layer an initially uniformly distrib-
uted excess pore water pressure will be set up which causes

water flow towards the drainage boundary.

This outward water flow causes a reduction of the total
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FIG,1.1 (left) A soil layer of infinite lateral extent

FIG.1.2 (right) A soil element with boundaries fixed in space

volume of the soil.s In order to describe this mathematically,
Terzaghi then proceeded to consider a small soil element within the
layer as shown in Figele2. This element has a unit cross sectional
area normal to the direction of flow and is bounded by planes

having fixed space coordinate X and X*dx « The law of mass

conservation requires that the difference between the inward and
outward water flow across this element be compensated by the change

of water volume in this element. Thus :

Ive Vv (1e7)

3% 3¢t

where Ve is the flow velocity and V is the change of water volume
in this element. Eq(1.1) is often referred to as the continuity

equation. However, it should be noted that this equation describes

only half the process. As flow takes place so does deformation, so
there must also be solid particles moving in and out of the element.
Otherwise 1f the total volume of solid particles remained unchanged
in this element there can not be any change of the total volume of

water, since the element has a fixed total volume., Another equation

for the solid phase will be required for a complete description.

This is omitted in the Terzaghi theory.

The next step Terzaghi took is to couple the flow velocity

to the excess pore water pressure gradient by Darcy's law :

x du (1.2)
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(a) drainage from the top (b) drainage from the base

FIG.1.3 Two standard consolidation tests with different

drainage arrangements.

in which &k is the permeability of the soil, or is the unit weight
of water and u is the excess pore water pressure, Again the solid
particle movement is not considered here and the flow velocity is
taken as the absolute velocity rather than the relative velocity

with respect to the solid skeletone. The fact that it is the relative

velocity that should be linked with the excess pore pressure gradient

can be demonstrated by a simple example, Figeled illustrates two
standard consolidation tests with different arrangement for drainage.
In Figele3(a) the base is sealed and no flow can occur across it,
and in Fig.T.}(b) the loading cap is sealed. These undrained faces
are characterized by a zero excess pore pressure gradient, and in
the case of Figele3(a) no flow occurs in the base, In the case of
Fige1s3(b), however, as soon as the consolidation is started the
loading cap will be moved, and so will the pore water and the solid
adjacent to it. In other words, 1in the part near the loading cap
the water can flow without the driving of any excess pore pressure
gradient, and eq(1.3) is violated. However, 1if consideration is

now given to the relative velocity between the pore water and the

skeleton, then in the case of Fig.l.3(a) both the water and solid
pariicles remain sitationary in the base and there is no relative

velocity between these two,. In the case of Fige.1.3(b) both the



water and the solid particles will be moving with the cap in the
same velocity, and again the relative veloclty between these two

18 ZEeTO,

When eq(1,1) and eq(1.2) are combined together, the velo-

city term can be eliminated, which results in an equation :

3t 9 x 0 9 x ) (1'3)

It should be noted that neglecting the solid particle movement in
eq(1e1),(1.2) introduces a certain error in each stage with a
magnitude dependent upon the amount of sirain. However, when

these two equations are combined together these errors happened to

cancel each other , resulting in a correct expression ( Gibson,

England and Hussey 1967).

Having obtained this equation, he then postulated that
because of the one dimensional condition, the change of water
volume equals the strain developed in the element. However, this

18 only true in the case of infinitesimol Lagrangian strain ( the

Lagrangian strain is defined as A1 / lo )e This is because of the

assumption that the element has a fixed space coordinate.

The strain is linked to the effective stress by the coeffi-
cient of compressibility M, , and by further assuming that the

total stress remaing constant the governing equation results

%
<
Q2
N
o

% = C (14)
x Va2
where €, 1is the coefficient of consolidation defined as :
k (1.5)

C =

Voo,
and both the compressibility ™y and the permeability k¥ are assumed

to be as constants in this case.



Terzaghi then applied this governing equation(1.4) to the
so0il layer which is initially bounded by x = 0 and x = hg
and found solutions by satisfying the equation within these fixed
boundariese. It is obvious that as soon as consolidation starts the

whole layer will be compressed, and thus the boundary position will

be changed as consolidation proceeds. To take this into account

the governing equation should be satisfiled in a moving boundary

rather than the fixed, initial boundaries. It is only when the
total compression is very small that satisfying the governing equation
in the initial, fixed boundaries can be used as a reasonable

approximation.

In summary, the restriction of small strain to the Terzaghi

theory is caused by @

(1) Neglecting the movement of solid particles.
(2) Defining strain in an element of a fixed volume.

(3) 1Ignoring the boundary movement as consolidation occurs.

Condition (1) and (2) above can be removed by carefully
formulating the theory and choosing the correct parameter as the
governing variable. The moving boundary nature of the problem,
condition (3), appears to be most difficult and previous workers
have chosen to use some form of material coordinate to transform the

problem into one with a fixed boundary. These will now be described.

3, A BRIEF REVIEW OF SOME PREVIOUS WORK

The small strain restrictions were first removed by McNabb
(1960)s He defined an entirely different coordinate system as :
Meeooolet us define 2 +to be the volume of the skeleton of the clay

bounded by a cylinder S of unit cross sectional area with its axis
in the direction of consolidation, and the two planes <, Z  fixed



relative to the skeletOlNesescessssssese'

(McNabb , 1960, p338, line 16-19 )

An immediate advantage of using this coordinate system is that, by
the fact that the layer always contains the same amount of solid par—
ticles, +the governing equation so formulated need only be satisfied
within a fixed boundary. The problem with solid particle movement
is also overcome as there will be no solid particle moving across

the material boundaries, and he uses the void ratio as the governing
parameter which is directly related to the change of water volume.
The governing equation he derived is : ( note that some notations
have been changed from his original paper in order to confirm with

the notations used in this thesis )

Je 3 k 30! 16
5t - " ez ! ,of(1+e)8z) (1.6)
where e is the void ratio, o' 1is the effective stress and 2 is

the material coordinatee. It should be noted that in this equation

the effect of self weight of soil is not included.

Based on this equation McNabb has examined several cases,
These include a semi-infinite layer and a standard consolidation
test { the thin layer ). In the latter case the effect of secondary
compression is also considered. Approximate solutions, appropriate

for small and large times, have been obtained in most cases,

Three years after McNabb's work Mikasa (1953) proposed a
large strain consolidation theory based on a different approach.
This approach follows closely that of the Terzaghi theory and the
Eulerian strain e ( defined as 41/1 ) is used as the governing
parameter, In his theory also the movement of solid particles has
been omitted. However, as before, +this effect cancels with the

incorrect form of Darcy's law to give the final governing equation,.
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where ¢ has the same definition as eq(1.5). Note that, 1in this
A4
case both the compressibility and the permeability may not necessarily

be taken as constants.

Since this equation is formulated in the space coordinate

the moving boundary nature of the problem must be considered. This

is done by defining a new goveraning parameter & :
X
1.8
. (1.8)
X
o
which he defines as the consolidation ratio. x and X, in the

equation are respectively the locations ( in space ) of a particular
material point in the initial ( undeformed ) and current states.

The consolidation ratio is related to the Bulerian strain ¢ by :

ge = 9t (1.9)
Z

and the current space coordinate X can be transformed to the initial,

undeformed space coordinate X, by :

v = rx (1.10)
o
He can thus reformulate e3(1.7) using & and X, as :
BE _ 23 ac (1.1’[)
R N

and a solution is sought in the initial fixed boundaries ¥, 0

and x = h .
o o



Mikasa also considered the case including the effect of

self weignht of soil with the resulting eguation :

3 o 3 2L dCv 3z
L S g at (3x’
°© © (1.12)
d d¢C
- —EE—( Cvmv( ps pf)) 3 x }

o)
Having obtained these equations he then examined several
cases numerically, including a thin layer and a thick layer, by a

finite difference scheme.

It should be noted fthat although the coordinate X he uses
refers to the space position, 1t is also a type of material coordi-
nate, since reference to a point in space must be traced hack to
its initial undeformed state which the material at this point
previously occupied. The difference between this coordinate X,
and the solid thickness =z wused by McNabb will depend on the initial

distribution of void ratio.

Tnese two approaches by McNabb and Mikasa were later
combined by Gibson, England and Hussey (1967), in which the initial
nndeformed coordinate X was used to derive the continuity equation
of a material element, and the final governing equation was formulated
in the solid thickness z 10 achieve a more compact formulation.
As a very large part of the present work uses this equation, a

detailed derivation of this will be referred to the next chapter.

In their theory, Gibson et. al. comsidered a thin soil
layer, 1i.e. one in which the effect of self weight is not included,
and defined therefrom a new coefficient of consolidation CF .

Tne linear case of a constant CF and a weakly nonlinear case of
a variable CF have been examined in their work analytically and
numerically. The same nonlinear case was later studied by

Poskitt (1969) using the technique of perturbation, and Berry aad

Poskitt (1972) have e-tendsd the consideration to include secondary
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compression effect. The governing equation has been solved numeri-
cally by De Simone and Vigglani (1976) using the finite difference
method and by Monte and Xrizek (1976) using the finite element
method, and in both these cases nonlinear stress-strain and permea-

bility-void ratio relationships have been considered.

4. SCOPE OF PRESENT WORK

The development of large strain consolidation theory up
to the time when the present study commenced was dominated by the
use of the material coordinate and the analysis has concentrated oa
the idealized case of a thin soil layer. In the situation where
the variation of material properties 1n space is required, such as
the distribution of excess pore water pressure, the transformation
from the material to the space coordinate can be difficult. In
such situations a theory based on the space coordinate will be more

suitable.

It is debatable whether the effect of self weight can be
negiected in a theory concerned with large strain. Tne large strain
is mostly likely to occur in a very soft clay, and in such 3z
material the additional stress due to self weight may be appreciable.
There is another type of problem where the consolidation is caused
entirely by the self weignt of the soil, including cases such as
the consolidation of a dredged fill or a deposit uadergoing continuous
deposition. These problems will become more important in the near
future and yet there is no solution available. Tnese are theoretical
developme:its which are not currently available and which the present

work is intended to consider.

There is also a2 lack of laboratory evidence to support
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the theories. The work of McNabb, Mikasa, and Gibson et al. all
pointed out that in a standard consolidation test the settlement of
the specimen will bzhave like /¢ regardless of the magnitude of
strain and the variation of material properties. A well planned
experiment will therefore provide invaluable comparison with the
theories. However, there was no adequate equipment that can
faithfully accomodate a very soft specimen and produce a very large

strain.

In view of these, the scope of the present work is :

(1) To formulate a theory based on the space coordinate and to
develop solution techniques for the thin layer.

(2) To investigate the effect of self weight on the consolidation
behaviour of a stratum and to solve problems using material
coordinate with transformation to space coordinate. In particalar,
these include the consocolidation of a dredged fill wader its own
weignt and the consolidation of a deposit undergoing continuous
sedimentation.

(3) To develop suitable laboratory equipment for testing very soft
specimen to a very large strain.

(4) To compare experimental results with theoretical thin layer

solutions.

The organisation of this thesis follows the same seguence
as (1) to (4) above. In Cnapter 2 governing equations based on
the space and the material coordinates will be dsrived. Numerical
techniquss for solving the sguation Yased on the space coordinate
are dsveloped in Cnapter 3 for the particular case of a thin layer.
Tne next four chapters are concerned with the congolidation including
the effect of self weight using material coordinate and two s02il
models will be developed with several cases examined analytically
and numerically. Finally, in Chapter 8 and 9 a specially developed
oedometer will be described and some experimental results will be

compared with available theoretical solutions.

'
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ABSTRACT

Tne governing equation for the one dimensional consolidation
of soil is developed in this chapter. The soil is assumed to be
saturated, homogeneous and 10 obey a generalized Darcy's law which
takes into account the movement of solid particles. In the
present formalation creep effect of the soil sxeleton under a

sustained loading is not considered.

The theory is formulated first in terms of a space coor—
dinate and then a material coordinate, associated respectively with
the names of Eulerian and Lagrangian. In order that the theory
need not be restricted to small strains the goveraing eguation
derived in the Bulerian coordinate is satisfied in 2 moving region
die to the compression of the soil layer. To complete the formula-
tion another eguation waich describes the boundary movement has also
been derived. Such a problem does not arise in the Lagrangian
coordinate system. Consequently this leads to a more effective
formilation, and the governing egiation 1s ideantical to that of
Cibson, England and Hussey (1957). Finally, comparison is made

between the two formulations at the end of this chapter.
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1. INTRODJCTION

The study of soil consolidation i1s concernsd with the
variation of void ratio and other soilil parameters with time and
space. To understand such a complicated phenomenon it is aecassary
to develop a proper theoretical model such that the actual behaviour
of soil can be predicted and comparisons made. Any deviation of
the predictions from the actual obssrvations will therefore lead
to further refinement of the theoretical model which may eventually
improve the present state of knowledge. This and the following
five chapters are concerned with the construction of theoretical
models : the governing eguation for soll consolidation is derived
in this chapier and the subsegquent chapters will apply this governing
egquation to various so0il models with different initial and boundary

conditions that simulate a wide range of enginesring problems.

In ordsr that the theory is not restricted to the classical
small strain assumnption care must be taken to ensure that a counsistent
space coordinate system 1s used. Tnere are two types of space : the
Eulerian an: the Lagrangian space. Tne Bulerian space 1s az global,
external space and the Lagrangian space 1s a local, interior space.

This is illustrated by the example of a soil layer shown in Fig.2.7.

q

EER IR

g + Ag

IRRER]

|

SN ST TR AR QA AVANENEC 2 SRS A AT/

FIG.,2.] A soil layer (a) before (left) and (b) after (right)

consolidation.
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In Fig.2.1(a) the layer is in an egquilibrium state and it can be
described by elther its thickness in space or the number of solid
particles in it. In Fig.2.7(b) the same layer is consolidated to

a new 3tate of equilibrium, its thickness in space is now differeat
from its original state, Fig.2.1(a), while the namber of solid
particles it contains still remains the same. The thickness is
in fact the coordinate of the soll layer in the Eulerian space,

and the number of solid particles 1s a coordinate in the Lagranglian

space. In this particular example 1t is seen that as the soil

layer undergoes deformation its Hulerian coordinate 1s changing

With the deformation while its Lagranglan coordinate remains invariant.
As a matter of fact deformation can only be defined and obssrved

in the Bulerian space.

The number of solid particles is Just one of the many

possible ways of describing the Lagranglan coordinate. For the
purpose of analysis 1t is better to use the conzept of solid thickness.
A similar concept is very often descibed in texthooks of Soil Mechanics
with the definition of void ratio whereby a soil element is conceptual-
ly divided into its solid and void components, ses Fig.2.2(a).

This conceptual division 1is extended to the soil layer just considered,
see Fig.2.2(b), where it can be seen that this solid thickness also
remains invariant regardless of the amount of deformation that mignt

occur.

@@@)@ (%)
2050228 | h
5 5 O
&@@o%%"@ 1
h
VV v

e Lo

FIG.2.2 (a) left, concept of void ratio

(h) right, concept of the solid thickness of a stratum
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The theory of consolidation can Ye formilated in either
of the two coordinates. The Lagrangian coordinate has the advan-
tage of invariance under deformation. Howsver, in practice
predictions of consolidation zre often required with reference to
fixed points in space where the Bulerian coordinate formulation is
preferable. For this reason both the Eulerian and the Lagrangian

forimalations will be developsd in this chapter.

Whea using the Eulerian formulation it is important to
realise that the position of the soil layer in space 1is changing
as consolidation proceeds. To take this into account the govern-
ing egquation is satisfied in 2 moving region, i.e. that occupied
by the soil layer, so that consistency is observed. It may be
noted that, in the case of infinitely small strain, the boundary
in the Bulerian system is assumed to be fixed at some coordinate
value, and the two formulations are then equivalent. In this
aspect the classical Terzaghi theory and its nonlinear versious
will be inconsistent but approximate only in the small strain

case.

2. PFORMJLATION BASED ON THE EJLERIAN COORDINATE

The Bulerian coordinate is a global, external system, i.e.
1t 1s so defined that ssveral objects in different locations in
space can be located relative to each other. This is the most
commonly used system, When considering the deformation of a
continuum, the formulation is based on a volume element identified
by its position in space. The material that currently occupies
this element will change as deformation occurs. In soil consolida-—
tion the actual region occupied by the soil will change from time

to time as a result of settlement during consolidation. Hence,



FIG.2.3 A soil layer of infinite lateral extent (left) and a volume

element with boundaries fixed in space (right).

the governing equation formulated in this coordinate is valid only
within a moving region. The boundary of this moving region is
part of the gseolutions that are sought. This typs of problem has
been known mathematically as the moving boundary, or the Stefen
problem, in which many different physical problems are included.
Some examples of this are the melting of ice, freezing of water

and solidification of steel ( Ockendon and Hodgkins 1975 ).

Continuity of Solid and Fluid Phase

Consider a saturated, homogeneous soil stratum of infinite
lateral extent where drainage and settlement occur one-dimensionally
and coinzide with the direction of applied stress and gravity.
Within this, define a volume element aABcp fixed in space with unit
crogss sectional area normal to the direction of flow and bounded
by planes X and x +dx , Fig,2.3. The continuity of solid
phase within this element regquires the net volumetric flux of solid
across the boundaries to be equal to the time rate of change of

golid volume within this =lement, 1i.e.

v _(x) - v_{(x+dx) -0 [(1-n)dx] (2.1)
s s 9t

where 1 is the porosity and Vg the apparent velocity of the solid

phase.
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Expanding the term Vv (¥¥dX)  in eq(2.1) and passing to

the limit gypep lead to :

3 3 - (2.2)
S v + 2 (1~ =0
9 x ( s) ot (1-n)

which is the continuity equation of the solid phase.

Tne continuity equation for the fluid phase can be obtained

similarly as

d dn (2.3)

where Ve is the apparent velocity of the fluid phase.

Combining eg(2.2),(2.3) yields a relationship between

the apparent solid and fluid velocities

3 (2.4)
ax (Vs T Ve 7O
or
v + v, = f(t) , 0 < x <s(t) (2.4)a
s f = =

wisre f£(t) is a function of time t , and S(t) is the current
thickness of the stratum. Clearly, the continuity equations

(2.2),(2.3) are also satiafied within this region ¢ <x <s(t)

The Generalized Darcy's Law

The flow of water through the soil is governed by Darcy's

law, wnich is
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(2.9)

where Kk 1s the permeability, U the excess pore water pressure
and 55 and V¢ are, respectively, the true velocity of the solid
and fluid phases. These are related to the apparent velocities

by
(2.6)

and

(2.7)

Eq(2.5) can be written in terms of the apparent velocities v

and vy as

k 1 Ju
Ve~ n(vf+vs) = - (I+e) 3 x (2-8)

where e is the void ratio.

Differentiating both sides of eq(2.8) with respect to x
leads to :

In dn _ 3 k 1 Jdu
3 ¢ + (Vf+v ) == [——— 7=

s" 3x 9 X pf (1+e) 3 x ] (2'9)

which involves the term (Vf+VS) . Three different boundary

conditions can be distinguished :

(a) Drainage from the moving boundary only, TFig.2.4(a)



drained

y undrained y - ‘ - y

(a) (b) (c)

FIG.2.4 Three different arrangements of drainage condition. The lower
graphs show the new variable y in terms of which all three cases

will have the same governing equation.

In thig case consider the fixed (undrained) boundary where

both Vg and Vg are zero. It follows from eq(2.4) that
a

v +v. =0, 0<x <s(t)

and eq(2.9) becomes

3 k 1 du (2.10)

on _ B .k 1 3u
Yt (1+e) 9 x

9 x pf ]

(b) Drainage from the fixed boundary only, Fig.2.4(b).

At the fixed boundary, vy = 0 , and since this is the
only drainage face, the apparent fluid velocity Ve must equal the

settlement rate & .  Therefore, eq(2.4), becomess,

dn . on ad
d t 9 x 3 x

] (2.11)
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This can however be further simplified by defining a new
space variable y such that :
y = s(t) - x

which has the effect of exchanging the two boundaries. Eg(2.11)

in terms of this new variable becomes :

bn _ Dk 1_du , (2.12)
3t 9y 0 s (1+e) 3y

which is identical to eg(2.10). DNote that after this transformation
v will be in the same region as ¥ , 0 <y <s(t) , and the
drainage boundary is now located at y = s(t) . In this sense the

present case is identical to the boundary condition (a).

{c) Drainage from both fixed and moving boundaries, Fig.2.4(c).

Consider again the fixed boundary whiere Vg T 0 and

vf=—W(t) , where w(t) 1is the rate of fluid flow from this

boundary. Thus ;

v + v, = -w(t) , 0 < x = s(t)

dn dn 3 k 1 _du, (2.13)
dt 9 x 3 x pf (1+e) 3 x

A new variable y 1is defined by :

y = x + w(t) , w(0) =0 (2.14)

which will transform the region into one with two moving boundaries

w(t) <y <w(t)+s(t) . Eq(2.13) then reads :

3 n d k 1 _du (2.15)
(1+e) 37
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which is again identical to eq(2.10),(2.12).  Therefore, 1in the

suhsequert analysis it is sufficient to consider eq(2.10) only.

The Goveraning Equation

Eg(2.10) establishes the relationship between the time
rate of change of porosity and the excess pore pressure gradient.

From the principle of effective stress :

(2.16)

where g and o/ are the total and effective stresses and » 1is

the pore water pressure,

p = u +u (2.17)

where u, is the hydrostatic pressure. Hence ;

su 3o _ 3g' __ °U (2.18)

3 X d x 9 X 3 X

The total stress within the soil stratum 1s made up of two components,
that arising from the weignt of soil and that due to the applied

stress g(x,t) . Therefore

30 1 3 q
e = _ +
3 x (1+e) ( Gs e ) pf * 9 x

(2.19)

with x measured against gravity and GS the specific gravity of the
solid particle, this being assumed constant througnout the analysis.

The hydrostatic gradient is

(2.20)

and 1t follows that
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(2.21)

du 3a’ 1 _ L. 0g
3 x d x I+e (ps Of) 9 x

In the absence of secondary time effects, the effective stress will

be a unique function of void ratio, thus

9 x de 9x

3a’ do' d e (2.22)

Substituting eq(2.21),(2.22) into 2q(2.10) leads to a general govern-

ing egquation in terms of the porosity I :

n 3 k do' dn

= -2 —F— (a+e)—— ] - {(G_-1)
de 3 x s
dt 9 x Pr (2.23)
2
da 427 _949 d k 1= dn . k 9°q (1-n)
g [k(1-n) %] === [ o (1-n)1}—— 0y 2

In the case of a thin soil layer the self weight of soil
1s negligible compared with the applied stress ¢ which will be
uniformly distributed within the specimen. In this situation,

eq(2.21) will be replaced by :

Bu 30
9 X 3 X

anl the governing eguation is then :

n 3 k do') 3n
St - 5¥ [(-—5;—(l+e) %) 5% ! (2.24)

’

k do
It 1s interesting to note that the term ~ P, (l+e)a§' is closely

related to the Terzagni's coefficient of consolidation CV when

the definition of the compressibility .m, is such that :

w o .de _ 1 de (2.25)

v do l+e do’

where ¢ is the (Bulerian) strain.
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Therefore, eg(2.24) can be abbreviated as

an 9 dn
- LA 2.26
dt 9 x ( Cv dx ) ( )
with,
c = JT (2.27)
v pf v

Although this equation is of the same form as Terzaghi's, two
important distincitions can be made. Firstly, the dependent
variable is the porosity and variations of permeability and
compressibility are included in the coefficient of consolidation
and need not be restricted to any particular form. Secondly,
the equation will be satisfied within moving boundaries, whose
position depends on the final strain, and will be different for

different applications.

These differences will produce different solutions in
the present case compared with Terzaghi's. When these solutions
are used to interpret the coefficient of consolidation CV from
experimental results then a different value from that obtained

by Terzaghi's solution will result.

The Moving Boundary

The governing equation derived above is satisfied within
a moving region whose boundary location are not yet known and will
emerge as part of the solution. In other words, +the solution
n(x,t) 1s sougnt in the region 0 <x <s(t) where s(t) will depend
on the solution n(x,t) . For a properly posed problem, one or
more equations establishing the depeadence of s(t) on the solution

n(x,t) will be required. To this end, +two different possibilities

are considered :
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(a) Problem with single drainage only.

This includes cases(a),(b) of Fig.2.4. 1In both cases it
has been shown that the drainage boundary can be made to coincide
with the moving boundary. On this boundary, the amount of water
outflow must egual the amount of volume reduction in the soil

Q = AV

This can be shown to be

y U ds

= = t
ol Bx 3t , x = s(t) (2.28)
or :
3
~(G -1) k (1-n) +—-29
s o 9 x
£ (2.29)
1 9n _  ds _
e T O
and for a thin soil layer,
l 93n ds
= = t
v 1-n 3 x dt r X = S(E) (2.30)

this, together with the initial condition :

s(0) = h (2.31)
O

completely defines the problem.

(b) Problem with double drainage.

By a similar argument to the above, 1t can be shown that

f; g; = S Is(tyrw(t)] , x = s(Ow(t)  (2.32)
f
and
_k j%%_ = -g%— , x = w(t) (2.33)
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where it has been pointed out in the previous paragraphs that this
type of problem involves two moving boundaries s(t)+w(t) and
w(t) and requires a seperate equation for each. The transformation
to the porosity » can be carried out in a straigntforward manner

as (a) and will not be reproduced here.

3. FORMULATION BASED ON THE LAGRANGIAV COORDINATE

In contrast to the Eulerian coordinate, the Lagrangian
coordinate is fixed in the material thus forming an internal
system. There are several possible ways of defining such a
system, and in the Introduction section two of these have been
given, The formulation is based on an element identified by the
material contained within it. The actual position in space of
this element will thus be changed as deformation occurs. In other
words, the formulation is aiming at a specific point in the
material and follows its movement in space. This has the advantage
that the governing equation need only be satisfied within a fixed
boundary for most applications. In the following paragraphs the
governing equation will be derived, and it ig seen that this

coincides with that of Gibson, England and Hussey (1967).

The Continuity BEquation

Consider a stratum in which a point is labelled by the
thickness of solid material occupying the space between the point
and any conver.ient datum plane ( McNabb 1960 ). This solid

thickness is related to the space (Eulerian) coordinate by :

dx (2.34)

z(x) = S 1+e
o
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dz 1
or : dx 1+ e (2.35)

A Lagrangian element is defined as one with unit cross sectional

area normal to the direction of flow ( the z or x axis ) and bounded
by planes labelled 2z and z+dz . The fact that this element
always encloses the same amount of solid particles leads automatically
to the continuity of the solid phase. During consolidation the
boundaries of this element move with the same velocity as the
corresponding (true) solid velocity. Consequently the rate of

fluid flow across these boundaries will depend on the relative

velocity between the solid and fluid phase :

This consideration leads to the continuity of the fluid phase :

Jde _ _ 9 o 2.136
9t N A ['n( vf Vs 2 ( 3 )

Combining this with the generalized Darcy's law, eq(2.5), yields :

] (2.37)

The Governing Equation

Bq(2.37) establishes the relationship between the rate

of change of void ratio and the excess pore pressure gradient in

material space. This 1s linked to the total and effective stresses
by :

qu_ _do _ 3¢ U

3z 3z dz 3z (2'38)

Two cases can be considered
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(a) A surface loading which is uniformly distributed in the soil

layer.

In this case

L = - -+
3 x 1re (P T P£ (2.19)
1t follows that :
90 _ B0 dx (o +pe) (2.39)
3z 9 x dz s f
Similarly, +the hydrostatic pore pressure gradient is
Ju Jdu
h h dx _
9z T 9x dz (l+e)pf (2.40)
Hence,
du _ __8¢a’
Er T dz (2.47)
Substituting this into eq(2.37) yields,
e _ _3 ,k 1 dgde d .k de (2.42)
3t ) z( pf Il+e de 3 z ) (os pf) de(pf(l+e)) 3z

which is idsntical to that of Gibson, Bngland and Hussey (1967).

In the case of a thin soil layer, which can be approximated

;. y the equation becomes,

je 3 k 1 ggﬁ) (2.43)
dt 3z pfl+edeaz

k 1 do!
Cp = - I+e de (2.44)
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by which eq(2.43) can be written as :

Ye 9 Je (2.45)

(b) A surface loading which introduces a stress distribution in

the soil layer.

In this case an additional term is added to eq(2.39) as :

3o _ dg (2.46)
Yz —(Qs * pfe) 5z

and eq(2.37) becomes
Je 3 de d k 'P e

dt 3z (Cr3z’ ~ (ps'pf)a‘é[pf(ue) Sz (2.47)

3 kK Jqg )
9z pf(l+e) dz

In most cases the stress distribution 94 will be given as a function
of the space coordinate ¥ and it will be necessary to perform

the transformation from g(x,t) to g(z,t)

4. SOME COMPARISONS BE[IWEEN THE TWO FORMULATIONS

Governing equations for soil consolidation have been
formulated in the Eulerian and the Lagrangian coordinates. In both
cases the formulation is not restricted to small strain, and it can
be shown that these two formulations are in fact identical to each
other. To illustrate this, the simple case of a thin soil layer

1s used as an example where the governing equations are



5n 3 3n
5t - ox 3x / (2.26)

in the Bulerian coordinate, and :

e
e _ 23 .8, (2.45)
in the Lagrangian coordinate,

These two coordinates are related by :

X
z = [ (1-n) dx (2.48)
o
and,
z
x = [ (1+e) dz (2.49)
o
Therefore,
0oz - (2.50)
3 x B (1-n)
and,
X X X
3z 3 n _ 3 9 n _ 3 n
3t f 3t dx = =/ _5}(Cv 3 x )dx = CV 3 X (2.51)
o o
Applying the undrained boundary condition to the last
term :
on - (2.52)
( Cv 3 x ) x=0 0
leads to :
3z _ c 3n_ (2.53)

29
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Hence the left hand side of eq(2.26) becomes :

Yn _ 3R 3R 3z _ d3m = g_ﬁz (2.54)
5t 3¢t T dz ot | At €, (1-1) 6=
where @ xes ¢) = n(x,t) (2.55)

Similarly the right hand side of eq(2.26) becomes,

3 °h
3z (2.56)
acC ~
w, .00 o =42V dn
- (1) ()% (- BT
Equating eq(2.54),(2.56) then yields :
. by BC o .
(1-7)2 Vo322
or:
3 e 3 v de 3 3e
It dz (l+e}232 Jz F 9z

which is eq(2.45).

The transformation from eg(2.45) to eq(2.26) can be done

in evactly the same manner as above and will not be reproduced here,

While being equivalent to each other, there are, however,
significant differences between the two formulations. Taking again
the eample of a thin soil layer where coefficient of consolidation

Cv and CF are related to each other by :

9!
Il

c / (l+e)2
v

and,

0
[l

Cp / (1~n)?



31

Therefore, a linear case in one formulation will correspond to a
highly nonlinear case to the other. The choice between the two
formulations in a particular application is thus dependent on the

behaviour of the soil used.

It is of interest to note that the Eulerian formulation is

associlated with the Eulerian strain ¢

1 -1 n -n
o o

1 1- no

in such a way that the governing equation will remain unchanged

when this is used as the dependent variable to replace the porosity.
This 1s also found in the Lagrangian formulation where the Lagrangian
strain ¢

1 -1 e - e
) o

L 1 T 1+ e
o

can be used as the dependent variable.

Another difference between the two formulations is the
presence of the moving boundary in the Eulerian formulation. For
this reason the Lagrangian formulation will be usually preferred
for its fixed »oundaries. However, as will be shown in the
next chapter, the presence of the moving boundary in the Bulerian
formulation does not impose such complications as might at first
appear. Indeed, very efficient numerical techniques have been
developed especially in the case of a constant CV . These will

be discussed in the next chapter.
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ABSTRACT

The consolidation of a thin soil layer is considered in
this chapter, The emphasis has been placed upon solving the moving
boundary problem which results from the Eulerian formulation. To
this end two numerical methods both using the finite difference
approximation and the Crank-Nicolson method are developed. The
first is the uniformly deforming grid method in which the space
ig discretized into equal grids that will deform uniformly as
settlement occurs. The second is the modified fixed grid Lagrangian
method which allows the boundary to move into the first mesh within
each step as a result of settlement, and uses a special Lagrangian
interpolation formula for unequally spaced data to approximate the

derivatives in the first grid.

To assess the validity of these techniques solutions have
been calculated for the o constant and the Cp constant cases.
In the ¢,, constant case a comparison is made with 2z small time
approximate solution and a numerical solution obtained for the
Lagrangian formulation. In the CF constant case the anlytical
solution obtained by Gibson, BEngland and Hussey (1967) is used to
compare with the numerical solutions. In both cases very good
agreement is obtained with the modified fixed grid Lagrangian
method., Based on this method other solutions have been calculated
for different forms of strain dependence of C, , and the coansolidation
rates have been examined with reference to the c, constant and the CF
constant cases. It is concluded from these results that the large
strain consolidation behaviour of a thin soil layer will depend on
both the final magnitude of strain and the variation of the

coefficient of consolidation Cy with strain.
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1. INTRODUCTION

In the previous chapter, governing equation for large strain
consolidation have been formulated in the Eulerian and the Lagrangian
coordinates. For 2 thin soil layer the equation can be reduced to

a simple diffusion type equation as

dn _ 9 Jn 1
3t T3 x ( Cv dx ) (3 )

for the Bulerian coordinate ¥ , and :

3 e 5 3e
5t - 3z (Crag

) (3.2)

for the Lagrangian coordinate 2z .

There are several occasions where a soil layer can be
regarded as a thin layer, and discussion of the effectiveness of
this simple approximation in dealing with engineering problems
will be deferred until later chapters as general theories are
developed. It is also common practice to use the thin layer theory
to analyse laboratory experiment results. Very often in these
applications solutions corresponding to a step loading are called for,
and for this reason, only this simple type of loading will be
considered here. The numerical techniques can be easily extended

to solve the more complex time dependent type of loading.

In this chapter a thin soil layer is considered with an
initially uniform void ratio e, under an applied loading g .
This loading is suddenly increased to g + Ag and maintained constant
thereafter. The upper surface of this layer is allowed to drain
freely, hence its void ratio will immediately reach the new equili-
brium state e; - The base of this layer is assumed impervious
and thus no drainage can occur across 1t.
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A solution for the linear case ( Cp constant ) of the
Lagrangian formulation eq(3.2) has been obtained by Gibson et. al.

(1967) as :

n
4 (-1) (2n+1)  z
e(z,t) = ey + (emep) & oy sialrm ]
© (3.3)
[ (2n+l)2ﬂ2 i
exp ———-4 o

where Zz, is the solid thickness of the layer and T, 1s a time

factor defined as :

I (3.4)

The degree of gettlement S 1s given by :

h(0) - h(Ty)
h(0) - h(«)

S(To)

(2n+1)? o (3.5)

expl[- 7 To]

w2 (2n+1)2

An interesting property of this Cp constant case is that the
degree of settlement — time factor relationship is strain-invariant

i.e. it is not affected by the actual amount of strain occuring.

2. DEVELOPMENT OF NUMERICAL METHODS

With the advent of modern numerical techniques it is
possible to deal with any nonlinear case of the Lagrangian formulation,
eq(3.2) without great difficulty ( see, for example, Crank (1970)
for finite difference and other semi-analytical methods, and Mitchell
and Ta‘ (1977) for the finite element method ).  However, the

situation is more complicated in the Eulerian formulation because of
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the presence of the moving boundary, and special numerical methods

must be developed for this.

The governing equation and the initial and boundary conditions

in the Bulerian coordinate are :

dn 3 3 n
e T ax (Coax’ s 0SFSS E200 (5.6)
n(x,0) = no
3.7
n(s,t) = n ( )
1
3 n
ax(O’t) =0
s(0) = h (3.8)
o
1 9n ds
v l-nlzf;>(s’t) T dt
Using the parameter f defined as :
n=-n
£f=—21> (3.9)
n_-n
o 1

which 1s a measure of the development of the Eulerian strain during

consolidation, eq(3.6-8) can be simplified to :

3F 5 ) £
3t dx ( € 3x’) r0sxss®), t20 (3.6),
f(x,0) =1

f(s,t) = 0

(3.7)a

2L 0,60 =0

9 x

s(0) = 0

3 _ ds (3.8)

CAax (58 =g #
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where A is the final Lagrangian strain ( defined as Al/lo )

due to the additional loading %2 .

During the last three decades considerable progress has
been made in developing numerical techniques for solving this
type of problem. In fact, more than 20 different methods have
been reported to be successful ( Ockendon and Hodgkins (1975),
Rubinstein ( 1967 )). As it is not possible in the present work to
experiment with all these methods, only those methods which use
the finite difference approximation are consildered. In this
chapter two methods which have been found most satisfactory will
be described and compared. These are respectively the uniformly
deforming grid method ( UDG ) and the modified fixed grid Lagrangian
method ( MFQL ).

The Uniformiy Deforming Grid Method

This method has been used by Murray and Landis (1959) in
the study of heat conduction problems involving melting and freezing.

This uses a transformation of the space variable x 1o

= % .10
y 5 (3.10)

which changes the space domain from 0 < x <s(t) to 0 <y <1

The governing equation in terms of this new variable ¥ thus becomes :

3f' 19 3 ! 3 F!

y

ﬁh
a
N
+

[ORROL

’ 0:; y < 1, t>0 (3 11)

3t 53y v dy 3y

fty,0)

!
[

fli,t) =

|
(=

2
YE ) = 0 (3.12)

s(0) = h
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(R | g
c A —B?(I,t) = S g (3.13)
and, fty,t) = £(x,t) (2.14)

This system is discretized in the space Yy by the finite
difference approximation and the solutions are marched forward
by the Crank-Nicolson method. Detailed formulation of this method
is included in Appendix A of this chapter.

The Modified Fixed Grid Lagrangian Method

This method is developed from the work of Crank and
Gupta (1972a,1972b) , and is essentially a modified version of the
fixed grid Lagrangian method of Crank and Gupta (1972b).

In this method, the layer is divided into m equal segments
(mesh), and finite differences are used to approximate the deriva-
tlves at each node. In the next time level, the boundary is moved
into a new position within the first segment and derivatives in
the node adjaceant to the boundary are approximated by a Lagrangian
formula for unequally spaced points. The solution is marched
forward in time by the Crank-Nicolson method, and with use of
iteration. At the end of each time step the node positions are
readjusted to be equally spaced before moving forward to the next
time increment, and the functional values at the new nodes are
interpolated from the old nodal values by fitting a cubic polynomial

AT A et

The equations resulting from each step of the above
mentioned procedure are produced in Appendix B which also contains
a more detailed description of the method. This method has been
written in a general purpose computer subroutine THIN which is

presented in Appendix C of this chapter.
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3. COMPARISON OF NUMERICAL SOLUTIONS

In order to assess the validity of the numerical technique
developed in the previous section, the calculated solutions are
compared with known solutions or solutions obtained by other methods.
Two cases, C, constant and Cp constant have been used for this

purpose.

Comparison of Solutions, Cvy  constant

In this case define a time factor 7 as :

r =Y (3.19)

x (3.16)
X = 5
@]
(3.17)
f
(o]

from which eq(3.6-8). reduce to the normalized form :

2
SE =T L, osxst , 720 (3.78)
8X2
£(x,0) =1
£(E,T) =0
(%,T) (3.19)
I F
W(O,T) = 0
E(0) = 1
gt (3.20)

9 f
- A aX (ng) = 4ar
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In this section solutions to the above equations by the UDG
and the MFGL methods will be compared with a small time approximate
solution and a numerical solution obtained for the Lagrangian

formulation.

(a) Small time approximate solution

During the early stages of consolidation the behaviour of
the layer approximates to that of a semi-infinite region. A solution
in this case has been obtained by Neumann using similarity methods
( see, for example, Carslaw and Jaeger 1959 ), which in terms of

the degree of settlement is :

S = 8/T (3.21)

with
’ g = 2 exp(—az)
T/ erfc (o) (3.22)

where o 1s the root to the transcendental equation :

A exp(-a?) (3.23)
Vaii erfc(o)

with A the final Lagrangian strain.

It is interesting to note thai as »>0 B> which
ig *he case of the Termaghi theory ( TFox, 1948). Values »f B
corresponding to different final straine A have eer zzlculated and
grven in Table 5.1 . In Crapter 9 this will be used for estimating

from experimen® resuits,

Lgl Numerical solution of the Lagrrnglan Tormulation
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TABLE 2.1 COEFFICIENT B IN THE Cp CONSTANT SMALL TTME
APPROXTNMATE ECLUTION ¢ =g /7T

A 0. 0C C.02 0.04 0.06 0.08
0.0 1.1284 1.1430 1.1580 1.173% 11896
0.1 1.,2083 1.2235 1.2413 1.2597 1.2784
0.2 1.2988 1.2194 1.2409 1.3632 1.3864
0.3 1.4109 1.4263 1.4629 1.4908 1.5200
Dl 1.5506 1.5829 1.5169 1.6528 1.5907
0.5 1.7310 1.7738 1.8792 1.8679 1.9200
C
Je 9 v 3 e
[ A— ) ,0<2z <z ,t>0,,
=“ = = .2
3t 3 (1+e)? dz o (2.24)
e(z,0) = e

—
(V)
Mo
\Ji

N

Je
2€ (0,£) = 0
5, (0st)
Adopting the same time factor as eg(2.19)
Cc t Cc t
v v

7 o=—Y = — (3.25)
h? z2 (I+e )2
o] o o

srd a nermalized solid thicxkaess p

then eq(3.24,25) can be written in terms of a new variable ¢
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as
93g _ 0 [,__4_1_____—2—21,O;‘n;l,T‘_>__0
3T 3n (1-%(1-g))2 " (3.24)
g(m,0) =1
g(1,7) = 0 (3.25)
0 g
<< (0,T) =0
5N (0,7T)
The degree of settlement in this case 1s :
1
s(r) = 1-/g(n,T)dn (3.28)
O

Eq(}.Qé)u ig diccretized in n by the finite differerce
a
rethod and tre resulting 1fferential equations zre integrated in
time by = Variable Step Variable Crder algoriihm, this zlgeriihm
will be described in Chapter 7.  The calculated result for 2=0.4
( i.e. 409 final straiv ) is given in column 2 of Table 3.2.

The first column of this Table is the small time approximate
solutlion, eg(2.21) . It is seex that these two soluticns agree
with esch cther to the fourth decimal place within tle appropriate

range of time factor.

o+
-
o

~ by the UDG meihcd

w2
(@)
j—t
5:4

()

The solutions are calculated in time steps of 0(0.005)
0.01(0.01)0.02(C.02)0.04(0.03)0.10(0.05)0.20(0.1)0.5(0.2)1.5 .

Two discretizatiocns, correspending to 20 mesh  and 40 mesh were
7

v s . S . ~¢ .
calculated with zn errcor beund of 1x107/ and 1x10 respectively.

T Tarle

)

Tre resulis for A=0.4 are snown in cclunn 5,4 2

L

B

cr tie finest discretization used ( 40 mesh )

]

11 is seon that ever

I

a difference betweer thic and the first two sclutions is observed

in the ihird cdecimal place. This rather diszppcinting perfcrmance

of the UDG method may be due partly to the presence of the velocity

term & in the governing equation. This velocity term is obviously
very sencitive to the time step used which may cause error in the

sclutions.
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(d) Solutions by the MFGL method

The solutions are obtained with the same time step as the
UDG method reported above. The first calculation uses 20 mesh and
an error bound of 1X1O_4 , and the result are presented in coiumn
5 of Table 3.2. The agreement between this and the first two
solutions is seen to be within the third decimal place for small
times and to the foruth decimal place for large times. As the errcr
bound in this case is 1x1074 , wnich is the fourth decimal place,
such a clos2 agreement is indeed better than expected. The solutioa
of a finer discretization using 40 mesh and a more rigorous error
bound of 1X1O_6 are given in column 6 of the same Table. It can
be seen that this agrees with the first two solutions to the fourth
decimal place. The computing time required for each cass in the
ICL 1906A machine is approximately 40 seconds for the Lagrangian
formulation, 20 seconds for the UDG method and 15 ssconds for the

MF'GL method.

A : c
Comparison of Solutions, 'F constant

The superiority of the MFGL method over the UDG method is
clearly demonsirated in the above case. Hence in this section
only the solution obtained by the MFGL method will be given and

compared with the exact solution, eg(3.5).

The governing equation follows from eq(3.6-8)s , wusing
a time factor TO waich has already been defined in eq(3.4) :

C c_ t
t F

T = = (3.29)
o 2 2 h2(1-n )?
o] (@]

and the normalized space variable x and & from eg(3.16,17) :

3 f 3 [ 1 3 f
9 TO 3 X

I X
(1+e (1-£))? >0 (3.30)
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—=(0,T ) =0 (3.31)

DF __dt 3.32
- 3% (E'To) dTO ( )

where €. 1s the final Eulerian strain. Tnis is solved by the
MFGL method using 40 mesh and an error bound of 1X1O-6. The
results for 1%, 10%, 20% and 40% final lagrangian strain are compared
with the exact solution, eg(3.5), in Table 3.3. It can be sszen that
in most cases the agresment of the nmumerical solutions with the exact

solution is better than the third decimal place.

TABLE 3.3 COMPARISON OF SOLUTIONS, CF CONSTANT, NUMBERS SHOWN
6
ARE DEGREE OF SETTLEMENT X 10 .

Time oxact Numerical Solutions

Factor| Solution C= 1% = 10% | '=20% | = 40%
0.01 112838 113276 113154 113015 112916
0.03 195447 195652 195576 195369 194882 i
0.06 276395 276572 276450 2176184 275334 |
0.10 355823 356960 355833 356523 355377
0.15 436950 437059 436930 436591 435218
0.25 562233 562308 562162 561740 559764
0.41 705247 703462 703326 702906 700733
0.67 820060 318953 818864 818548 816816
0.81 890147 889473 889408 889202 8388019
1.01 932935 932521 932480 932351 931624
1.41 975004 975403 974833 974734 974508
2.01 994312 994310 994273 994262 994199
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4. T4E EFFECT OF STRAIN ON THE CONSOLIDATION BEHAVIOUR

Having thus established confidence in the numerical
procedure, +this ssction will investigate the influence of strain
o1n the consolidation hehaviour. The MFGL method has been used

to perform all the calculations that will be presented below.

In general, the development of strain during a consolidation
has two effects on its behaviour; the first being the successive
shortening of the drainage path during the consolidation, and the
second is that it causes variations of material properties such as
the permeability and compressibility. When Cv is held constant,
consolidation will be solely dependent on the magnitude of strain .
With larger strain, +the drainage path will be further shortened,
and consolidation is accelerated. This can be seen in the numerical
solution, see Fig.3.2(a). When C,, varies with strain, the conso-
lidation will depend on both the mode of variation and the magnitude
of strain. Considering firstly C, 1ncreasing monotonically with
the ( Eulerian ) strain, which corresponds to a variation above
the C, constant line in Fig.3.1, then as strain develops,
consolidation will be further accelerated. If, on the other hand,
Cy decreases monotonically with strain, the reduction of Cy
will retard the accelerating process due to the shortening of drainage
path that occurs with strain. Eventually there will be one particular
combination where the decreass of €y 1is Jjust enough to cancel the
acceleration due to strain, and a straln-invariant situation results.
This is then the case Cp constant, or CVG¥l+€)Tﬁhich 1s also shown
1w Fig,3.1. Below this curve, the retardation 3ue to the decrease
of Ck, will outweigh the acceleration due to strain, and slower

consolidation occurs with increased strain.

To illustrate these points, a few examples were calculated

with different forms of Cy ( see Fig.3.1) :

Curve 1
c = C (l+g) 2
\74 O



//l
/
//// variation of CV accelerates consolidation
/ 2
/ ////
1 o constant Cy line ( pure strain effect )

FIG.3.1 Variation of the coefficient of consolidation with the

Eulerian starin.

Curve 2 = C_ (1+0.5¢)
v o
Curve 3 = C (1-0.5¢)
v o
. = —3
Curve 4 : v CO (i+g)

where curvel and 2 are situated above the CV constant line, curve 3
lies between the Cy constant and the Cp constant line, while curve
4 1s completely below the Cp constant liue. The solutions are

presented in Fig.}.Z(b—e) where the degree of settlement s is given

28 a function of the common time factor T

T o= - (3.33)

Four different values of the final strailn are considered in each case.
In Fig.3.2(b) where the coefficient of consolidation increases with

the square of the current strain, as in curve 1, +the consolidation

1s very much faster for the larger final strains than for the smaller
values - comparing, for example, A = 0.1 (10%) with X = 0.4 (40%).

A similar effect, though of smaller magnitude, is observed in Fig.3.2(c)
whee CV increases linearly with strain as in curve 2. Fig.3.2(d)
shows that the trend in Fig.3.2(b),(c) is continued for € decreasing

linearly with strain, with the difference between A2 0.1 and A = 0.4



0
(a)
A
sk 0.01
1 1
0 0.5 1.0

T

0
(c)
A ~0.01
S =
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0 0.5 1.0
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0
(d)
A
0.01
sk 0.
0.2
0.4
1 1
0 0.5 1.0 1.5
VT
0
(e)
A 0,01
sk 0.1
0.2
0.4
1 | 1 ]
0 0.5 1.0 1.5
s
FIG.3.2 Deqgree of settlement S as

a function of the common time factor

T for different forms of Cv and

magnitudes of strain.
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now much reduced. In Fig.3.2(e) the reduction of CV with strain
as in curve 4 has a stronger effect on the consolidation rate
than the final strain values and, as predicted, the lowest consoli-

dation rates are associated with the highest values of final strain.

These examples demonstrate the fact that, even for the
simple case of a thin soil layer under a step loading, consolidation
is a very complex strain-dependent behaviour. It can be seen that
the development of strain during consolidation not only changes
the length of drainage path but also causes a change in the coefficient
of consolidation Cv . In such a complicated situation the particular
case of a coustant C offers the advantage of simplicity due to its
strain-invariant property and can therefore be applied as a first
approximation to many engineering problems. The following chapters
will be concerned with the consolidation including the effect of

self weight of this particular case of a constant CF .
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APPENDIX A THE UNIFORMLY DEFORMING GRID METHOD

The governing ejuation (3.11—13) 1s discretized in ¥ by

the finite difference method as

e 1 \ \
S57: % g ( fie1 ” fion !
L 3! + + - -
(a 7 ( Cv 5y ))i (o fi+l (o + o )fi + 0 fi—l)

Ayz

where Ay is the grid spacing and f; 1s the nodal functional value

in node 1 , and the coefficients o and o7 are given by :
+ 1 '
= - +'
a Cv[ 5 ( fi fi+l)]
o = c[Ef 4 )]
v 2 i i-1

Thus, eq(3.11—13) reduce to a system of nonlinear ordinary differen-

tial equations

dr' + .
i 1 o s 1 1 -
= — + =y, 5)f] - (o +o )£}
d 2 +1
t 52 Ayz S 1 Ag 1 52 Agz 1
1 o 5 1 ' .
( 2 Ayz o yi 2Ag)fi—l i=2,3, ¢eu, n
ds A
= - =2Cfl/Ay ' - 1 — £
dt s v 2 ’ fl =0, fn+l = fn—l

and the initial conditions are
£1(0) =1
i

5(0) = ho
This system is integrated by the Crank-Nicolson method, which requires

the solution of a system of nonlinear equations at each tims step,

and 1teration must be applied.
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At present the method of successive approximation is used.
Thus, the starting values for iteration are
(o) _
an+l - an
(o) _
Sn+1 = ©n
. . y (0)
from which the nodal function values fi ntl can be calculated.
’
These are then used to calculate the next iterative values of an+l
and s . This is continued until :
n+1
e G-u' | _G) | G-n]
'f',(J)_f,.J ‘ (3 _ 3
. i,n+l i,n+l1 n+l n+l
max | - ’ s } < 6§
f' (_7) S(j)
i,n+1 n+l
for a successful iteration, or :
j 2

N

whenr the number of iteration exceeds that permitted.

case the current time step is halved and a new iteration started by
using this smaller time step.

In the latter
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APPENDIX B THE MODIFIED FIXED GRID LAGRANGIAN METHOD

The finite difference approximation for an unequally 11+1
svaced node as shown in the figure can be obtalned by using phx
the Lagrangian intervolation formula, the resulting finite 14
difference equation is shown in ea(B.1) in page 53.

Ax

In the present case node i+I1 is the position of the i

rcvinz boundary hence fi+l =0, The expression for other

equally spaced nodes is obtained by setting p = I in this ecuation.

Thus, by using the Crank - Nicolson method and denoting the
node next to the moving boundary by M the following syster of equations

is obtained. ( eq(B.2),eq(B.3), page 53).

This gives M equations for the M+l unknowns £, 41 and p.
I 4

The unknown p is related to the position of the moving boundary s , and

can be calculated from the solutions fi 41 2 by the followins ecuation:
’
= 1 ( s - (M=-1)Ax.)
p Ax. ' Zg41 3

J
ho AX4
with, Sj+l = i1 [ > (rl+2,2+....+2fM_l+fM)
A2

1 1
5(M-1)x £y + 5 = 1]

This system is solved by an iteration similar to the UDC method descri-

bed before., The criteria for terminating the iteration are either

| (n) (n=1) | |
CE =  _(n) (n-1)!
max '{t 1,7+1 i,7+1 l —-—ZLME } <5

;(n) /l (n)
| i, 1 <i<m |

S

or: n >N

or: b <0.5
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4

In the latter two cases the *ire sten At 15 hzlved and the iteration
repeated. The restriction of p < 0.5 is to ensure that within each
step the boundar; does not ove so far as to reduce the accuracy.

At the end of each step the new grid spacing Axi+ is adjusted

1
to be
S,
\ J+1
NX = —
’ J+1 N
snien resultc in a new set of nodes Xi i " The functional wvalues at
3
,]
the new nodes are interpolated “rom the 0old nodal valua: »y Fitting a

cubic polynomial within the old grid as

f(x) = ~, + .,x+ ¥ x2  + u.x3
i 1 i i
M, o= ( £ - fi+l) / 6 Ax,
(P R L
g = 4—£—>(f -f ) - (x +x ) (x + x
; A, YiThier T Vi g, 5 %5er,7 T My, T *i, 55041, 5
i+1,j)
= f, - B.x, , - zZ ., - 3
OLl i le,j Yixl,] lel,j
and the second derivative £, is approximated by
.. { <, , = 45 ;7 AR 1T <1 <=1
fi - f ) f
M-1 M 2
2(—— - ——) / Ax% i=M
ptl p J
The new nodal function value is thus given by
f(x, . Lh= X 22 %3 ,
(341,541 a B e T YT g e T MiTier, 541

and the solution is now ready to march forward to the next time sted

j+2 Ty re-a-t o the same procedure as described.
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- > T > T “‘ o= 2 ‘Y 3= "z oIayM
N.+.N..\HIH\> P N.J_.M.\N..*.H\\y [ ’ 7
([ Ay p, TH . b THLIT+T T+L/T-T74 T+L/T+T%4 re
T 9 ¢ ) F+( 0 + I+ o) \N.+. .H..N -
T+LT-T’4_ P T+L/T+T‘4  p T+L[“
£rr-3 4 LT+ -1 [/7-17 ‘
( S o1/ 5+ [CTEHE Hrsria, v »ﬁsw+w% +
T £
«m\~|H\>o PRS2 AR \ﬁ\ﬂ «m~ﬂuﬂ\> v  L'rt+r'a v L'T-T wx<m £
7= ey Ay BT _ LT I+L1 2v
£ 7/ =PRSS A 3 T (€8
T+ T=0" A
(oI,
T+L‘p’ A ed 4 T+L'H I ’ 2 (T+4) (7+d)
U«Nlmy _ e JEAGE «H+. - >U . I+0p0a  1+d (L T+07 T=i
Z T+ A (d+z)d O Tt til A’ 71+
o)
H.\E\.\w N.\N.-*.E\.\w h\z M.\ 4 ° .F\.
L { ! L/’ a I ‘ ‘7 XV e
[( o+ 0) " M5 -« o B FITHAp ) TRy gy ST By T 29
£ T I F - F) T (¢ 9)
r7+d
_r N.,N..*.L «N.*.&y d
" I-T bD"" ) Hx\wb ]I’N.l , N+N\>UN«NJR@ wa 41
T 7-d 7+dz ¥
T=T’A /A 2d 4 y 7+d) (1+d
[ o+ o) - ] Foo_ g r-ra ¢ I‘a_ 1+ (L ) 7T-T X
(1-d) T+71°4 # [ O aaat o) + TR Vo H«xm\y X @ .
z rla (d+z)d d-T 7 T+T74, r 7 (g2 ()
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APPENDIX C A GENERAL PURPOSEZ SUBROUTINE THIN

SUBROUTINE THIN (FP,F,FO,X,X1,GAMMA,BETA, AWORK,BWORK,CP,COEF, MESH,
ERROR, NTIME,NSTEP, TSTP, STRAIN, FUN , OUTPUT)

This subroutine is written in the ICL1906A Extended Fortran
for the solution of the consolidation of a thin soil layer under a
step loading and is based on the modified fixed grid Lagrangian

method.

This subroutine will calculate the parameter f , defined
in eq(3.9), at time intervals specified by the user. The user
is required to supply a function FUN which gives the value of the
coefficient of consolidation based on the f value given and the
final Bulerian strain. This coefficient should be normalized to
CV/ CO where To is the initial coefficient of consolidation of

the layer.

A subroutine OQUTPUT should also be supplied by the user
which outputs the results in a required format. Both the function
FUN and the subroutine OQUTPUT must be declared by an EXTERIIAL state-—
ment in the main prograrm callirng “he sutroutine THIL,

The parameters used in this subroutine are listed as follows :

(a) Those to be supplied by the user

MESH : an integer, the number of space mesh -ised.

ERROR : the error bound used to control iteration.

NTIME : ar integer, the total numnber of time steps taken.

NSTEP : an integer, the number of substeps required in each time step.

STRAIN : the final Lagrangian strain.

TSTP(NTIME) : a real array, the time steps used to forward the
solution
FUN(A,SNAT) : a function given the coefficient of consolidation

from the solution A and the final Eulerian strain
SNAT.
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QUTPUT(F,X,T,U,MESH) : a subroutine gives the results at the end
of each time step, T is the present time
factor, U is the degree of settlement.

(b) Those required in the subroutine

FP(MESH) :  the solution at the previous time level

F(MESH), FO(MESH) : the present and the previous iterative solutions.

X(MESH),X1(MESH) : the positions of the grids at the present and
the next time level.

GAMMA(MESH) , BETA( MESH) , RWORK ( MESH ) , AWORK( 3, MESH) : working spaces.

COEF(MESH),CP(MBSH) : the coefficient of consolidation at the present
and the previous time level,

This subroutine is written in the single precision algorithm
and experiences indicate that an error bound of 1X1O—6 is sufficient
for most applications. The core storage requirement and run time

depend on the size of discretization and time steps used.

This subroutine is listed in the List of Programs in the

form of a microfiche which can be found in the end of this thesis.
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ABSTRACT

In this chapter the consolidation of a normally consolidated
stratum under a surface loading and a dredged fill under its own
welight are considered. In both cases the effect of self weight is
included in the analysis; and a linear effective stress - voild ratio
and permeability - void ratio relationship has been assumed for the

s01l.

The Lagrangian formulation is used for the governing
equation. With the particular linear soil model assumed, this
reduces to a simple diffusion type equation with a constant coeffi-
clent of counsolidation Cp . Solution 1n most cases can therefore
be referred to standard references. The consolidation of a normally
consolidated stratum is e+-amined and comparison made with the thin
layer theory. An example 1s provided for illustration. Two types
of drainage boundary condition have been considered in the consolida-
tion of a dredged fill. It is found that in the case of an imper-
vious base consolidation of the stratum starts from the undrained

face. This rather unusual behaviour is explained by studying the

dissipation of e.ccess pore water pressure.
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1. INTRODUCTION

The thin layer examined in the previous chapter 1s an
idealized situation. In particular, the effect of self weight
ig ignored in the analysis. In certain applications this can be
used as an effective approximation, and in such cases thes simpli-

city resulting from this idealization 1s really an advantage.

However, there are situations where the effect of self
weight mast be considered. The first type of problem of this kind
is the consolidation of a thick stratum due to surface loading.

In this case it is necessary to consider the effect of self weight
of soil. Some numerical solutions to this type of problem have
been obtained by De Simone and Viggiani (1976). Mikasa (1963)

has also cousidered a similar problem with a surcharge loading and
reported some numerical solutions. Owing to the wide acceptance

of thin layer solution in engineering practice, it will prove
extremely useful to compare the thin layer solution with the solu-
tion taking into account the effect of self weight. However, none

of the previous work have made such a comparison.

The other type of problem where the effect of self weight
has to be considered includes the case of a dredged fill and a
deposit undergoing continuous sedimentation. In these cases
consolidation is caused entirely by the weight of soil, and the
thin layer idealization can wno longer apply to this. To model
this situation correctly a different approach from the thin layer
theory must be taken. The case of a deposit undergoing continuous
sedimentation has been considered by Gibson (1958) under the assump-
tions of small strain and the deposit is accreting at some known
rate. Up to the time of writing no published work is yet available
in the case of large strain and the case of a dredged fill consolidat-

ing under its own weignt.
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There is therefore a demand for a theory which includes
the effect of self weight. Such a theory will be different from
the thin layer theory in that not only the complete governing equa-—
tion (2.23),(2.47) must be used, but also the initial and boundary
conditions will be different. Furthermore, 1in the final equili-
brium condition the void ratio distribution within the stratum will
follow its effective stress distribution by the appropriate effective
stress - void ratio relationship, and the latter distribution will
include in this case a part given by the self weight of the soil.
Thus it is not sufficient to consider only the variation of the
coefficient of consolidation CF or CV when analysing such cases.
Rather, a theoretical soil model with specified effective stress -
void ratio and permsability — void ratio relationships will be
regquired. For this purpose a linear and a nonlinear soil model

have been developed in the present study.

This and the next chapter are concerned with the linear
model ; the nonlinear model will be discussed in Chapter 6 and
Chapter 7. In the analysis the Lagrangian formulation will be
used and the coefficient of consolidation CF has a constant value
in the two models. This offers not only the advantage of simplicity,
but 3lso the results from these two models can be used to compare

with each other and with the thin layer theory.

2. THE LINEAR SOIL MODEL

The choice of a theoretical soil model is very often a
compromise between the conflicting requirements of reality and
simplicity. Although it 1s deslrable that the model should simulate
real soil behaviour as closely as possible, because of the complex

nature of soil, it will be difficult, i1f not impossible, to analyse
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such a model. Furthermore, such a model may tend to be too speci-
fic in that it may describe well the behaviour of one particular

s0il while can not be applied to the others.

For the purpose of theoretical development it is thus
preferrable to start with a simplified model which can later be
extended to a more complex one. Thus, the fundamenrntal behaviour
can be understood without involving complicated analysis, and the
result can be compared to the more complex model from which the

merit of using a complex model can be assessed.

The simplest model is one with a linear effective stress
- void ratio and a linear permeability - void ratio relationship.
Examining the governing equation of consolidation in the Lagrangian

coordinate, eq(2.42) :

de _ 3 k do'3 e _ _.d k 3 e
e - T3z ! o (1te)ded z 1= (e of)de(pf(l+e))az (4.1)

suggests that the easiest way of implementing this would be assuming

that

Kok (1+e) (4.2)
, (4.3)
o = A - g€
where (4.4)
A = ae.
i

and e, 1s the void ratio corresponding to zero effective stress
state. The coefficient of consolidation C has been defined in
F

Chapter 2 as
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k dOI (4'5)
C = - = OLk
F of(l+e) de o

and will be a constant in the present case. Using these relation-

ships, eq(4.71) can be reduced to :

Je c 3 %e (4-6)
3t F 5 52

which is identical to that of a thin layer with a constant CF .

It should be noted, however, that the initial and boundary conditions
in the present case will be different from that of the thin layer
theory. Moreover, the final equilibrium state will also be very

different.

In the final eguilibrium state the stratum is 1n eguilibrium
Wwith 1its self weight and any surface loading that may be present.
To simplify the anlysis the surface loading is assumed to be fully
effective within the stratum, i.e. there will be an equal increment
of stress to all parts of the stratum. Thus, variation of effective
stress in depth will be caused by the weight of the soil only.
When expressed in terms of the Lagrangian coordinate a simple expre-—

ssion results

) (4.7)

where the negative sign indicates that the direction of 2 1is

measured agalnst gravity. Hence,

de _ _de do _ _ 4.8
dz  do' dz 3 (4.8)
where £4.9)
B = 1 (p -of)
S

Eq(4.8) can be integrated to give
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e(z) = e_~-8(z -z) (4.10)

where eS is the void ratio in the surface of the stratum and Zo

is the solid thickness of the stratum. This shows a linear decrease
of void ratio with ( solid ) depth. The relationship between zZs
and the thickness ( measured in space ) of the stratum ho can be
obtained from the transformation formula between the Eulerian

coordinate X and the Lagrangian coordinate =z

z
x(z) = [ (l+e)dz (4.11)
0
as = h o = (l1+e -2z )z (4.12)
o s 2 o o
and, from eq(4.10)
_ - g 2 4.13
x(z) = (l+es BZO)ZO t 5z ( )
Using the normalized coordinate n and X
z (4.14)
n =
z
o
and Y = ; (4.15)
o

then eq(4.12),(4.13) can be combined to give :

[N} kol
=3

(1+e -B8)n +
S

l...
(1 + e, - 58 )

where . (4.17)
B=BZO

Eq(4.16) can be further simplified by using a parameter «'
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L _ _ B _ _ 1 de (4.18)
Y T Tve ) T (ps pf)zo[ l+e do’
S s
as : X = —F r1eyn + 12 g (4.19)
1 -1 2
2
or : , ' (4.20)
no= é,{./[(l—y)z £ 2y (-5 = (1)

This 1s shown in Fig.4.1.

Tn the definition of Y , eq(4.18), the term in the bracket

1 de
“I+eg do’ 1s the compressibility of the soil and (P =PFlZ, ig

the part of the effective siress in the base of the stratum caused
by the weight of the soil. Thus, v’ is the ( Lagrangian ) strain
in the base of the stratum due to 1ts self weight. A larger value
of v 1is associated with a thick, compressible stratum. Conversely,
as Y approaches zero the stress distribution tends to be more

uniform and the stratum approaches the thin layer idealization.

The void ratio distribution in the space coordinate X can

be obtained from the above equations as :

e(x) = (Ite) /[(1-1)? + 2v(1-3x 1 - 1 (4.27)

which is seen to be a function of eg and ¥ . This is shown in
Fig.4.2 which also shows the same distribution in the Lagrangian

coordinate n .

Having established the equilibrium condition regquired
for a normally consolidated stratum, the next section will consider
the consolidation of such a stratum under a surface loading. This
ig followed by a different problem, namely, a dredged fill conso-
lidating from an initially uniform void ratio to the normally conso-

lidated state.
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FIG.4.1 (above) Relationship
between Y and n in a normally

consolidated stratum.

FIG.4.2 (left) Void ratio
distribution in a normally

consolidated stratum.
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FIG.4.3 2 normally consolidated stratum.

3. THE CONSOLIDATION OF A NORMALLY CONSOLIDATED STRATUM UNDER A
SURFACE LOADING

Consider a stratum initially in equilibrium with its self
weight and a surface loading, Fig.4.3. The void ratio distribution

in this stratum is given by eq(4.10) as :

e(z,0) = e_~- B(z - z) (4.10)

S

where all the notations have the same meaning as before.

At the instant ¢t = 0 2an additional loading is applied to
the surface of the stratum. The governing equation for the consoli-

dation is ,

de 3 2e (4.22)

o
fia
N
A
N
~
o+
v
o

and two types of boundary will be considered :

(a) A drained boundary

The soil in this boundary will respond immediately to

the applied loading. Hence :
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Ae in the base (4.23)

i}
D
|
™
N
1

e(0,t)

in the surface (4.24)

i}
®
|
>
o

e(0,t)

where Ae 1s the void ratio change caused by the additional loading.

Furthermore, the final equilibrium state is simply :

(4.25)

e(z,») = e(z,0) - he

{b) An undrained boundary

In this type of boundary there will be no flow across it
( or, more rigorously, the fluid velocity will be the same as the

solid velocity ). Thus

du = 0 (4.26)
J x
Since, u=0-0'-u, (4.27)
hence, g i = __%?; (o -a'-u) =0 (4,28)
p. - P
3¢’ _i_ - ______S____f_ hg
or's ox C ax (O uy) = 1+ e (k.29)

Transform to the lLagrangian coordinate 2

93¢' _ Bo'dx __ 1 3¢ (L4.30)

3z dx dz l+e 0 x
therefore, de _ dedc' _ _ de - = 4, 31
3z  do%Bz do (PP ) T F (k.31

which 1s the required boundary condition.

In the analysis 1t 1s advantageous to use a new parameter

g the void ratic change, defined as :

L.32
gl(z,t) = e(z,0) - e(z,t) ( )
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which measures the amount of void ratio change that has occured since
the start of consolidation. The governing equation in this new

parameter is

2
jig— = C 9 °q , 0 < z < =z t >0 (4‘33)
Jdt F = = =

with the initial condition :
q(z,0) =0 (4.34)
The drainage boundary condition in the new parameter is simply,

g = e (4.35)

and the undrained boundary condition is also simpler :

3q _ de(z,0) _ _3e _, (4.36)
3z Jd z 9z

The use of this new parameter ¢ therefore reduces the
initial and boundary conditions to the standard type, and solutions
to most cases can be obtained from standard references ( see, for
example, Carslaw and Jaeger 1959, Chapter 3 ; also Crank 1975,
Chapter 4 ). For this reason only the double drainage case with a
step loading will be discussed here, the behaviour of the single

drainage case 1s essentially similar.

The solution for the double drainage case with a step

loading is

4 5 sin(nmn)

= -2 2.2
g(n,T) = he [ 1 T & - exp(-n“n<T)]

(4.37)

where 1N is the normalized material coordinate defined in eq(4.714)
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and T 1is the time factor defined as :

r = —L (4.38)

The degree of settlement S 1is defined as :

_ _h(0) - h(T) (4.39)
S = “heo) = n(=)

where h(0) , h(T) and h(®) are respectively the initial, current

and final thickness ( measured in space ) of the stratum. These

can be obtained from eq(4.11) and it is found that

s(m = 1 1 —i- exp(-n’n?m) (4.40)

8
72 n2

n=1, 3,5, «...

This Coincides With the thin layer CF constant Solution, eq(B.S).

It should be noted that although in this case the thin layer theory

predicts correctly the settlement behaviour of the total stratum,

the local settlement behaviour will be different.

To illustrate this, consider the local degree of settlement

7(n,T) , defined as :

x(n,0) - x(n,T) (4.41)
£, x(n,0) - x(n,)
where x(mn,0) , x(n,T) and x(n,®) are respectively the space

coordinates corresponding to n in the initial, current and final
states. This corresponds to the settlement plate measurement in
field practice : as the settlement plate is installed to a fixed
material point, +the actual movement observed therefrom is the change
in space thickness of that material point. Using eq(4.11) the

above equation becomes,
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"
fq(y,T)dy

c_

n (4.42)
fqly,»)dy

O

C(h,T) = —

and by virtue of eq(4.37)

1l - cos(nmn)
n27r2

_ - —p2n2y
z(n,T) = n 41z exp (-n“m“T) (4.43)

n = 3, 5, cen.

1,
This is plotted for n= 0.1(0.1)1.0 in Fig.4.4.

The difference between the thin layer theory and the present
theory can now be examined. In practice the location of a settlement
plate is specified in the space rather than the material coordinate.
Hence, 1in order to predict or compare with theory the local degree
of settlement as measured, a transformation from the space to the
material coordinate is required. Obviously this transformation will
be different for different theories. Consider a settlement plate
installed in the midheight ( refer in position to space ) of the
stratum. According to the thin layer theory the corresponding
material coordinate will be the midlayer ( M= 0.5) because of the
initially uniform void ratio distribution assumed. The predicted
local degree of settlement is shown in Fig.Lk.5 as denoted by y'=0.
According to the present theory, however, this midheight will not
correspond to the midlayer because of the heterogenuity introduced
by the effect of self weight. Rather, +this will depend on the
parameter y'of the stratum, see eq(4.19),(4.20). The predicted
results for Y'= 0.2, 0.5 and 0.8 are also shown in Fig.4.5 for
comparison with the thin layer theory. It can be seen that the thin
layer predicts a faster rate than the present theory. This difference
is most pronounced in the early stages and with larger vy', i.e. a

thick, compressible stratum.
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FIG.4.4 The progress of the local

degree of settlement,

(thin layer)

FIG.4.5 Predicted settlement behaviour
for a settlement plate located in the

midheight of a normally consolidated

stratum.
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FIG.4.6 A dredged fill of initially uniform density.

4. THE CONSOLIDATION OF A DREDGED FILL UNDER ITS OWN WEIGHT

Consider a dredged fill which has been dumped in situ
instantaneously with a uniform void ratio e, Fig.4.6. Immedia—
tely after this stratum will start consolidating to its normally
consolidated state under the action of the self weight of soil.

The governing equation is :

with a uniform initial condition :

e(z,0) = e; (L, huh)

The void ratio in the surface will remain in its initial state because

no further stress will act upon this,

e(zo,t) = e, (L.45)

1

and two types of base will be considered :

{(a) A pervious base

The vold ratio here will immediately reach its final
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equilibrium value, i.e. the normally consolidated state given by :

(4.46)

e(z,»)

il
0]

1
™
-
N

0]

1
N
~

Hence : (4-47)
e(0,t)

i
0]
1
™
N

(b) An impervious base
The boundary condition has been obtained in the previous

section, see eq(4.31).

The above equations can be written in terms of the normal-
ized material coordinate n , the time factor T and the void ratio

change g defined as :

_ .z (4.48)
no= z
o)
c.t (4.49)
T = F
z 2
o
(4.50)
q(n,T) = e, - e(n,T)
Thus;
2
- 2 (4.51)
8n2
a(n,0) = 0 (4.52)
g(1,T) = 0 (4.53)
a(0,T) = Bz for a pervious base (4.54)
dag . .
or 5 a (0,7) = =~ Bzo for an impervious base (4.55)

The two cases of a pervious and an impervious base will now be considered.
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The solution to eq(4.51-54) can be obtained from standard
references ( Carslaw and Jaeger 1959, Crank 1975) as

q(n,T) = Bz [1-n- 2 3 —SiBOAT) b -n2r21)]
o n nrw
(4.56)
The degree of settlement g is :
= - 2.2 -
S(r) = 1-28% exp(-n°m°T) , n=1, 3, 5, ... (4.57)
272
which also coincides with the thin layer solution. It should be

noted however, that the present case is an entirely different process
to that described by the thin layer theory. Hence, this coincidence

should not be considered as a possible application of the thin layer

theory.

The isochrones of the void ratio change are shown in Fig.4.7.

For clarity of presentation this has been normalized by a factor gz
o
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Surface Drain ( Impervious Base )

The equations now comprise eq(2.51-53), eq(2.55), and solu-
tion is obtained using the technique of Laplace transform. The

transformed solution is,

sinh{(1-n) /pl
/ (p)3 cosh Vp

g(n,p) = BZO

(4.58)

Using the standard transformation pair ( Erdelyl 1954, p.258, pair
(5.9.34))

£ sinh{(1-n) /p] }

/p cosh /p (4.59)
) 2n+1 2n+1
= 2 ¢ (-D"sin[ (57 ) (1-n) Jexp[- (<5 1) ?T]
the solution is found as :
(-1)%sin(mm(1-n))
a(n,T) =Rz {I-n - 23 exp(-mzﬂzT)} (4.60)
O n 2.2
m-m
n=20,1, 2, ... m = é(2n+l)
From which follows the degree of settliement :
(-1)"
S(T) =1-471% exp (-m%n2T) (4.61)
m3n3

A small time approximate solution for the degree of settle-
ment can be obtained by considering its Laplace transform ( Carslaw

and Jaeger 1948), which is obtained by integrating eq(4.53) as :

; : (4.62)




wnere S(p) is the laplace trarsform of S(T) ., As P

1 . . .
cosh /p *'EeXP( Vp) and the above equation is approximated by

1
S(p) =2 [ —— = 5
p? p

exp(= /p)] (4.63)

which has the inverse transform

. 4 S . (4.64)
S(T) = 2T + T exp( 4T) 4T erfc( 5 /T')
where T<< 1
4 1
Since in this case, nT exp(-—ym) > 0
and ¢ I
4T erfc/( 2 /T ) > 0
trus eq(4.64) can be further simplified to :
S(T) = 2T (4.65)

which is valid in small value of time factor.

In larger times the first term of the series solution

eq(4.61) can be used as an approximate solution, i.e.

sS(r) =~ 1 - exp(——%— T) (4-66)

A comparison of this small and large time approximate

gcluticns with the exact solution is provided in Table 4.1.

14
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Time Exact Solution Small Time Large Time
Factor Ec(4.61) Solution Bq(4.65) Sclution Eq(4.66)
0.C025 0.0C50CC 0.,005000 0.010457
0.01 0.019999 0.020000 0.023716
0.0225 0.044999 0.045000 0.046877
0.04 £.079992 0.0800C0 C.080669
C.0025 0.124808 C.1250C0 0.124981
0.09 0.178619 0. 180000 0.178650
C.16 0.305673 0.320000 C.20567%
0.36 0.575459 - 0.5754%9
1.0 0.91247T7 - 0.912477
2+25 0.995994 - 0.995594

TABLE 4.1 COMPARISON OF APPROXIMATE SCLUTIONS WITH EXACT SOLUTION

Fig.4.8 shows the isochrones of the void ratic chenge g ,
this agein has been normalized by Bzo fer clarity. An unusual
feature that can te seern frem this is that comnsolidatior of the
stratum starts from the pari near the urndraired base. This can be
explained bty cconsidering the dissipation of excess pcre water pregsure

within the stratum.
Referring to eq(4.27), it is found that in the present case :

_ (4.67)
o-u, = (os—of)(zO—Z)

and, , (PP ¢/ (4.68)
g’ = a(ei—e) = 0q = — 7 q

B

Hence the ercess pore water presgsure :

(-1)"sin (mm(1-n)) exp (-m212T)

= 2 -0 ) %
u (ps pf zo n mzﬂz (4.69)
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FIG.4.8 Isochrones of the
normalized void ratio change,

dredged fill, surface drain.
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FIG.4.9 Isochrones of the
normalized excess pore water
pressure, dredged fill, surface
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FIG.,4.10 Degree of settlement versus the square root of time factor,

dredged fill.

The isochrones are shown in Fig.4.9. It can be seen that the maximum
excess pore water pressure occurs in the base. Therefore, 1n order
that a continuous outward water flow frcm the stratum during consoli-
detion car be maintaired the excess pore water pressure in the base
must be dissipated first. This can be seen in this figure . As a

consequence , an earlier consolidation in this part is observed.

Finelly, the degree of settlement of the present arnd the

double drainage cases are showr in Fig.4.10.
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ABSTRACT

The consolidation accomparnying the fcrnation c¢f a deposit
by cortirntcus sedimentiatior is considered 1n this chapter. In the
sbsence of other external forces, the consolidation 1s caused by
the weight of the scil itself that varies as deposition proceecds.
This process is further complicated ty the change cf the drainage
lergth as the Cepcesit builds up and 1s compressed. Corsequertly
the mathematical model is more ccmplicated thar those treated in the
previoug chapters. Arclytical solutions are thus limited to two

types of depcsition in the presernt stucy.

The first type cf depcsition assumes that the material in
the depcsit is increased in proportionsl to the sguare root of time.
This boundary value prcbler is solvecd elther by the Fourier mehtod,
or alterrnatively by the method of generalized pctertial. The lattier
method yields a system of Voltera eqguetiorn ¢f the second kind, for
which a simple sclution can te obtained in this particular case.

The agreemert between the two solutions is seer to ke very gcod.

The second type ccnsidered is & ccnstarnt rate of depcsition.
The correspcrding bcundary value protlem can be reducec¢ to a singular

integral equetior of the Fredholm itype anc suksequerntly solved.

The present problem is ther linked to thoge treated in the
previous chapters by defining a time factor in a similar manrer.
From this a unique time - setllemert relationship is shown to exist

for each of the two cases ccrsidered.

The consclidation after depcgition has ceased is considerably
simpler as only fixed bcurdaries are involved. Sclutions have been
obtainec¢ bty the Focuier methcd for the constant rate of depositior.
Finally, at the end ¢f this chapter the theory is zprlied tc aralyse

the consclidation with different dumping rate cf a dredged fill.
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.  INTRCDUCTION

In the last chapter the consclidation of a dredged fill

was analysed assuming that all the material was dumped instantanecusly.
This ig an 1dealizatiorn whkich cer crnly be applied to z swall nunter

of engineering problem. A regl filling coperatior, especially if

the area to be ccvered is large, will rnormally itake some considerable
time tc cemplete. During the cperation, the deposit has already
started compressing while the weight of additioral material will cause
further compressior. The cdrainage path 1s increased as more material
is deposited. However, there will alsc be a reduction in drainage
rath as the ceposit is compressed by the rewly depcsited material.
Hence, the ability of the depcsit to consolidete will depend rot only
on 1ts consolidatior. characteristices but will also be influerced by

the depcesition rate.

A similar problem, largely with geological applications
i1s the formatior of seabed by sedimentatior. Arart from the cdifferent
time scale involved, the basic mechanism cf these processes is iden—

tical and can therefore be studied ir the same category.

Within the framework cf the linear soil model, the governing
equratiorn is @
3 e 3 2e

= C P
el
3t F o2 (5.1)

where z 1g the material cocrdinate whichk will be bounded by a time

cdependent domain

0 < z < s(t)

with s(t) defired as the solid thickness at present time t , this

is & measure of the depcesited material.
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The toundary conditior in the surface of the depcsit 1is

e(s,t) = e, (5.3)
1

where €, is the assunec initial state c¢f the soil, i.e. the zero

effective stress state.

The bourndary conditior in the bease of the dercsit deperds

on its drainage conditior, 1l.e.:

gj (0,t) = B for an impervious base (5.4)
and e(0,t) = e, - Bs (t) for a pervious base (5.5)

1
where B8 ras been originally defined in the last chapter as 7 (OS-Of)
(see eq(4.9),eq(4.31)).

Ec(5.1-5) thus corstitute the methematical mcdel for the
presert problem. This is a mcving boundary problem with prescribed
bourdaery movemert, and the ervistence of a sclution with a well
behaved bcundary mcvement  s(t) cen be established by the method
of generalized potertial. A brief descriptior of this is eprended

at the end c¢f this chapter.

It is rcticed thet similar problems have beer attemrpted by
several previous workers ard treated most successfully by Gibsor (1958).
These formulatiors were based on the small strain thecry and the stucies
were restricted to a clay layer accreting in thickness with time.
These are therefore very differert from the presert study. Despite
this, the solutliorns emerging from the presert study are in some

ways strikingly similar to these cbtaired by Gibson (1958).
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2. DEFOSITiON PROPCRTIONAL TO THE SQUARE RCOT OF TINE

Gereral Corsideratior

The first case cornsidered is when the depositior proceeds

in proportior. to the square roct of time, i.e.

ol

s(t) = pt (£.6)

where S(t) is the amount of solid material depcsited up to the time
t anc p 1s a constant. Accordingly, the rate cf depcsitior of the

present case 1s givern by

o8
0}
il
3
t+
]
nl=
N
\n
-
A

It car be seen that initially the depcsitior rate is very large which
apprecaches infinity as t»> 0; and in large times this tecomes very
srall and eventually ceasesg as t>® . Although this particular
depcsitior behaviour is urlikely to occur naturally, it is a pcesible
idealizatior for the cumping cf dredgecd fill, ard ar analytical
sclutior can be obtained which pcssesses certain interesting properties

as will be seer later.

The equatiors describe this situatior are :

de 3 2e 1

Yl CF ; 0 < z < pt t>0 5.8)
3z

2
e(wt’ ) = e, (5.9)
1

e(0,t) = e, - Bpt? for a pervious base (5.10)

i
or : de (0,t) =8 for an impervious bese  (5.11)




It is more conveniert to work with a new variable g defined

as ( see eg(4.50)) :
qlz,t) = e, - e(z,t)

This, as described in the previous chapters, 1s the void ratio change

from 1its initial state.

Using this rew variable eq(£.8-11) will now appear as :

2g q
4. = 0 < < t t >0

3t CF 2 =% =F = (5.8)a

3z
1
g(pt®,t) =0 (5.9)4
2 A
q(0,t) = Bpt2 for a pervious base (5.10)4
ig 0 _
or j;;‘( ) = -8 for an impervious base (5.11)a

This will be solved firstly by the Fourier method arcd ther by the

method cf gerieralized potertial in the following sectiors.

Sclution by the Fourier Method ( Seperatior of Variables )

In this method the mcving boundary s(t)is fixed by the use

cf a rew variable y

1

y = z/pt’ (5.12)

From which the governing equation becomes :

a2

2392

dq 0<y <1 t >0

* y (5.13)

tg*-'-:

i

3 g
t

NG

p



with the kourdary conditions :

g(1,t) =0 (5.14)
g(0,t) = Bpt% for a pervious base (5.15)
’
3 g _ _api? , .
or : _55_(0't) = -Bp for ar impervious base (5.16)

By the methcd of seperatior of variables,

g(y,t) = F(y)G(t)

Sukstituting in eq(5.13) yields twe equations for F(y) and G(t) as:

dc
A (5.17)
—= = AG, (t
t =1 X( )
d2F » dF
, A p- Yy A _ =0
ard " (3 & AR, ) (5.18)
dy F

where the value of A varies for different solutions and the subscript
A derctes the eigernfunctior with respect to A . The sclutior to

eq(5.17) is simply,

A
G,(t) =t (£.19)

In integrating eq(5.18) it is apparent that a solutior can

crly evist for A = 3 , ‘thus:

2 2
acr + p ar - F ) = 0 (5.20)

(y
dgz 2CF dy

This car be writter as:

d%F
dyz

%
fF(vg TF) e (520
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1
where vo= 3P CF (5.21)

The fur.ction :

) = By (5.22)

with arbitrary constant B satisfies eq(5.20) and therefore is a
first solutior. From this the second solution can be constructed

by setting :

F2(9) = Fl(y)u(g)

which yields the following differential equation for u(y) :

d%u 2 v2 . du
(2 42 = 0
dy? 7 * 39 % (5.23)
Let, du
vy =55 (5.24)
ther, )
d 2
Herce,
-2
w(y) =y = exp( -vy?) (5.26)
ard finally,
1 -
u(y) = exp( -v2y2)/y + wiverf (Vy) (5.27)

The seccnd solutior is therefore,

1
Fz(y) = A ( exp( -v2y2) + 7w vyerf(vy)) (5.28)

arcd the ccmplete solutior is obtained from linear superposition :

1
F(y) = A(exp(—vzgz) + ﬂevgerf(vg)) + By (5.29)



Thus a solutior to the partial differential equetion (5.13) is :
1
a(y,t) = [A(exp(-vPy®) + movyerf(vy))+By] t (5 30)

with censtants 2 ;B to be Cdetermined from the boundary ccrditions.

fa} Pervious base
The ccmplete solution 1is determined frem the tcurdary cendi-

tions eq(5.14,15) as

1 1
gly,t) = 8pt§{ exp(-vZy2) + wivyerf(vy) ( )
531

1
-[exp(-v2) + mverf(v)]y }

(b) Impervious lLease
The complete solution is determined from the bcurdary condi-

tions eqg(5.14,16) as

1
qly,t) = Bpt%{ eXP('V292)+1T2\)yerf(\)y) -y } (5_32>

1
exp(—vz) +meverf (v)

Ec(5.31),(5.32) can be writter in terms of the criginal
variables z,t by using the transformetior eq(%5.12). At the mcment,
however, it 1s more interesting to rcrmelize the variable g(y,t)
by dividing it by Bpt% , which is the largest void ratio charge that

can be experienced in the deposgit at current time t . Thus,

q(y,t)
Bpt2 (5.33)

the normalized void ratio change gq(y,t) =

This, for a pervious base is,

1
q . = exp(-vzyz) + w2vyerf(vg)
pervious

. (5.34)
- [exp(—vz) + ﬂ2verf(v)]g
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and for an impervious base :

1
- _ exp(—vzyz) + vgvyerf(vg)

aimpervious - 2 1 7 (5.35)
exp(~-v<) + m2verf (v)

Surprisingly, the g for both pervious snd impervious
bases are functions of y only. In other words, 1f ore attempts
to plot the isochrone for the rormalized void ratio change with the
rormalized space variable y , there is crly ore curve for each
different value ocf v . This 1s shovrn in Fig.5.1. This demcristrates
that the parameter  , defined for é p/C%, will determine the consoli-
dation behsviour during this particular depositior. In its physical

mearing, the parameter p is a measure of the deposition rate, i.e. the

larger it is, the faster the deposition will be. When corbined with
the coefficient of corsclidation Cp , the rew parameter v is a measure
of the relative speed of the two processes. Wrer: the deposition is
faster than the mud can corsolidate, as characterized by a large v ,
very little corsolidatior can cccur. This can be seer in Fig.5.1,

wher v=5 virtually no void ratio charge ccours in the siratun.
Ccnversely, in a very slow depcsitior, which correspornds to a small
value of v , the deposit will be close to its fully corsolidated state.
In Fig.5.1 wkern v=0.25 with a pervious base, the difference from the
fully corsolidatecd state has become so small that it can not be distin-

guished in the drawing.

Ar alternative way of describing the present state of conso-
lidation is to corsider the behaviour of surface settlement. To this

end, a new variable, the degree of settlement is defined as

Degree cof Settlement s(t)

( the settlement that has occured at present, i.e. substract the

presert mud thickress from its fully uncorsclidated thickress )

( the settlemert that would eventually occur if the deposition

suddenly ceased at this mcment )
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This concept, as is i1llustrated in Fig.5.2, is more difficult than
that of the previous chapters. It car be shown that S(t) is given

by this expression :

pt
[ q(y,t)dy
S(t) = i 5 (5.36)
5 Bp°t
and it is fourd that :
: 3
s = Derrv) -2 y( 3, v2) = exp(v?) (5.37)
pervious Y v 2
1
ard, s . = s ./ [exp(-v?) + m2verf(v)](5.38)
impervious pervious
where Y(a,x) is the incomplete CGamma furction defined as :
x
a-1
y(a,x) = [ ¢ exp(-t)dt £.39)
o

whose numerical values are tabulated, see, for instance, Abramowitz

and Stegun (1965).

It can be seer in ea(5.37),(5.38) that for a giver v , the
furctior s(t) has a corstant value. That is, in a particular depo-
sition characterized by v , the degree of settlement remains the
same throughoutl the process. This behaviour has also been observed
by Gibsor (1958) in studying the consolidation of clay accumulating
thickness in propcrtion to the square root of time. It appears that
this partiicular behaviour can be attributed to this particular rate

of the square roct of time.

The ratio of the degree cf settlemert for a pervious and
an lmpervious base is given by’(eXp(-v2)+ﬁ%verf(v))_l in eq(5.38) and is

very cloge to unity for smell values of v .
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The degree of settlenert for differert values of v 1s listed

in the following Table for both pervious anc impervious bases.

v 0.1 0.z C.5 1.0 2.0
Pervious Base C.9970 0.9868 0.v25 0.7468 0.4410
Impervious Base 0.9872 0.9421 0.7457 0.4017 0.1243

Sclution by the Method c¢f Gereralized Potential

{a) Pervious base

The governing equation ard the bcundary conditions are given
by eq(5.8—10)a, to which a solution can te constructed by combining

two dcouble layer potentials (see Arpendix A of this chapter) as

1t

3 2
- = ~2 -y 2 -
g(z,t) = 5 (ﬁCF) g (t~T) z &(t) expl 4CF(t—T)] dt
3 1
t _= 1 3.0
1 ~3 _ Lz _ (z = pt°)
+ 5 (wCF) é (t=T) 2 (z - pt°) ¥(T)exp[ 4CF =) ]dt (5,40)

This satisfies the governing equation (S.8)a for arbitrary functions
o(t) ard Y¥(t) , these are determined from the ktoundary corditions

eq(5.9,10)a.

Svbstituting eq(5.4C) into the toundary conditions eq(5.9)a
and eq(5.10)a, applying a lemra by Holmgren (1902) in the integrals
ut
as 2z>0 ard z>pt® 7respectively, these reduce to a system cf Volterra

equations of the seccrd kind for the two urknown functions :

1 -1t .
@(t) = Bpt2 + T 2.\) f \Y(T) Kl(t,T)dT (/.41)
(o]
-1t -1 ¢t
and Y(t) = w “v Jo(t)K,(t,T)dt + ™ v FY¥(T)K, (t,T)dr (5.42)

o @]
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with the kernel furctions :

1 -
K (t,1) = 1°(t-1) ? exp[-v2t/(t-T)] (5.43)
- -3
K2(t,T) = t2(t-T) 2 exp(—\)2 t/(t-1)] (5-44)
1 1 -2 101
Ky (t,T) = (t? = 12 ) (t-1) 2 exp[-v2 (t°~-1%)2/(t-1)] (5.45)

where the parameter V hasg alreazady beer defined in eq(5.21).

This system can be solved by the methcd of succegsive

approximation, for, letting,

o(t) = T wla (t) (5.46)
n n

vet) = 3 w'b (t) (5.47)
n n
21

W = 7 °v (£.48)

Substituting into eq(5.41),(5.42) ard comparing ccrresponding power

of W , the following expresgsiors for an(t) and bn(t) are obtained :

A=

ao(t) = gpt

bo(t) =0

al(t) = g

b, (t) = i a (T)K,(t,T)dt (5.49)
t t

a2(t) = 2 bl(T)Kl(t,T)dT ’ b2(t) = i bl(T)K3(trT)dT
t

a,(t) = £ bi_l(T)Kl(trT)dT
t t

b.(t) = é a,_;(0K,(t,7)d + g b, (0K (t,r)dy
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Thus, to obtain bl(t),

1t 1 -2
b (t) = Bpt® [ 12(t-1) 2 exp[-v2t/(t-t)]dT (5.50)
(@]

using a new variable U=t/t in the integral, this becomes :

11l -2
bl(t) = Bpt2 [ u?(1-u) 2 exp[—vz/(l—u)]du (5-51)
o

Since the integral now involves only the parameter U and is indepen-—

dent of ¢ , 1t follows that,
1 =
b (t) = ct? (£.52)
where € 1s a constart.

Similar arguments can be applied to the subsequent furctions

a,(t) and b (t) , say,
i i

o1

a,(t) =« ¢t
1

=

b.(t) « ¢ (5.53)
1

i=0,1,2,3,00e0

It follows that the original functiors &(t), V¥(t) , which

are linear superpositions of ai(t) and 'bi(t)’ must therefore te

1
proportiocral to  t°

=

o(t)

il
=]
t

(5.54)

=

Y(t)

Il
3
o+

The constants m;and mM,are determined by substituting eq(5.54) into
the original integral equations (5.41,42). Applicatior of the trans-
formation u=t/t 1in the integrals then yields the simultanecus alge-

braic eqrations :



ml = Bp + wFl(\))m2
(5.55)
m2 = wF2(v)ml + wF3(v)m2
The functions :

1 3
Fl(v) = [ u(l-u) ? exp[-v?u/(1-u)]du

[0}

1, -2 (5.56)
Fyo) = u®(1-u) ¢ exp[-v?/(1-u)]du

@]

1 1 =2 1
F,ov) = f ul(1-u°) (1-u) 2 exp[-vZ(1-u®)?/(1-u)]du

O

can not be related to exact functions at presert. However, mnumerical

schemes are available to integrate these.

Tre solution to the simultanecus equation is given by :

= 82 _
m, = Bp/[1-(w F1F2/(1 wF3))]
wF, (5.57)
= - 2 _
m, = Bp(l_wF3)/[1 (W°F  F o/ (1=wF ) ) ]

and the complete solution to the criginal boundary value problem

follows :

3
1t o -5
g(z,t) = é ml(wCF) 2 i T (t-1) 2 z exp[—zz/(4CF(t-T))]dT
_at o -3 2 1
+ ém2(wCF) °f e (e-1) 2(Z—pT2)eXp[‘(Z'PT )2/(4CF(t-T))]dT

(o]
(5.58)

This can be normalized as before, using the space variable y defined
in eq(5.12) and the rormelized void ratio change ¢ defined in eq(5.33).
After scme maripulatior, including a change of variable in the integrals,

this beccres,



g(y,8) = WF,(y,9)/[162F F,/ (1~6F )]

W2F

2 - :
o, P (y,9)/[1=6°F |F /(1-0F )] (5.59)

This is, as in the last section, a function of y and Vv corly, and

is independent of t . The functions F4 and F are defined by the

integrals,

1 1 3
F (y,v) = f yu®(1-u) 2 exp[-v2y?/(1-u)]du
o]
(5.60)
1 11 —g 1
Fo(yv) = [ (y-u’)u® (1-u) “exp[-vZ(y-u®)2/(1-u)]du
o]

These integrals have been computed using a special Gaussiar quadrature
and the solution obtained from eq(5.59) 1s compared to the gclution

by the Fourier method, eq(5.34), in the following Teble for vV = 1

y | 0.1 0.3 0.5 0.7 0.9

eq(5.34) 0.823831  0.530216  €.309318 0.150517 0.040718
eq(5.59) 0.823831  0.530215  0.309311  0.150517  0.040766

It car be seer that the agreement between these two solutions is very

good.
The degree of settlement is found to be :
-7 1
S(t) = v Tn ¢ {(a=F (v))/[1=02F F,/ (1-0F )]
(5.61)
wF )
+ l—mF3 (F7(v)-F8(v))/[l—w FlFZ/(l-wF3)]}
1, 1
where, o« = [ u’(l-u)du = g
° 1, 1
Fov) = [ u® (1-u) 2exp[-v? /(1-u)]du
°r 1 .
F7(v) = S uz(l-u)2exp[—v2u/(l-u)]du (/-62)

o
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I 1 1
Fo(v) = J u(1-u)expl[-v2 (1-u®)?/(1-u) ]du
o]

Which again demonstrates that the degree of settlement is a furction
of v only and is independernt of ¢ . The integrals in eq(5.62)
have again to be integrated numerically, from which eq{5.61) car be
compared with the solution from the Fourier method, eq(5.37) in the

following Table.

v 0.2 0.5 1.0 2.0
eq(5.37) 0.98€80 0.92256 C.T74682 0.44104
eq(5.61) 0.98688 0.92256 0.74682 0.44104

(b) Impervious base

The governing equation and the boundary conditions in this
case are given by eq(5.8,9.11)a, and the solution can be constructed
from & gingle =znd a double layer potential as :

t

-1 1
g(z,t) = é (mc) T2 [ (1) (t=1) "7 exp[-22/ (4C,(t=7)) ]dr
(o]
1 -1 t 1 '; 1
+ 5 () F L ¥(1)(2-pt°) (t=1) “exp[-(z-pt°)?/(4C (t-T))]dT
o]

(5.63)
Applying the boundary conditiors eq(5.9)a,(5.11)a leads to a system
of Volterra equation of the second kind for ¢(t) and V(&) .
The solution is fourd by following a similar argument as for eq(5.46)

to eq(5.53) and appears as :

d(t) = nl = constant
1 (5.64)
Yie) = n2t§
where,
.
e an2/9u2 1 1 _ 2 "3
nl Bpc/2v</[1 F9(2F10 v Fll)/ﬂ/(l VT F3)]

£.65)
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1 21 1
= Bng/Zvﬁe/(l—vw 2F3)/[1—F9(5F —~2F._ )/

s 10" 11
-1
- F
(1-vw 3)]
with
1 _1
Fov) = [ (1-u) 2expl-v2/(1-u)]du
o
1, —%
FlO(v) = [ u°(l-u) exp[-vzu/(l—u)]du
© (5.66)
1 3 -g
P = w2 (1-u) ° expl[-v2u/(l-u)]du
o
ard F3(V) has already beer defined in eg(5.56).
It will be more ccnvenlernt to write
— 2
ny = my/ 67 (5.67)
and
n! = n2/(8p )
The rcrmalized void ratio change follows as :
- —~1 21
qg(y,v) = niw 2vF12(g,v) + néﬂ 2\)F5(y,\)) (5.68)
where,
1 _1
Fl(uv) = J (1-u) “exp[-v?y®/(l-u)]du (5.69)
o

and F5 is defined in eq(5.6C). This is compared with the Fourier
method solutior eq(5.35) in the following Table for V = 1

y \ 0.0 0.2 0.4 0.6 c.8

eq(5.35) 0.537193  0.358539  0.220923  0.119764  0.048531
eq(5.68) 0.537193  0.358539  $.220923  0.119764  0.048530
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Finally, the degree of settlemeni is found to be :

1

; 1
_ ' 2 v - 2
s(t) = nj g erf[v(l-y) “]Jdy + n, (F, Fg)/(vm”) (5.70)

This is ccmpared in the following Table with the Fourier method

solution eq(5.38).

v | 0.2 0.5 1.0 2.0

eq(5.38) C.94909 0.74295 0.40119 0.12435
eq(5.70) | 0.94912  0.74395  0.40119  0.12425

Numerical values of the functions F to have been

1 F12
tabulated in Apperdix B for further reference. Examination of these
Tables suggeets that, for large values of v , the degree of settle-

mert may be aprroximated to the fifth decimal place by the expression :

1
, =~ we/ov
pervious

S, , = 1/2\)2
impervious

Such expressiorns could also be obtained by considering the behaviour

of eq(5.37,38) as v .

The mcre important case of a constant rate cf deposition

will now be ccngidered in the rest of this chapter.



97

3. DEPCSITION WITH A CCNSTANT RATE

General Ccunsideration

The study of soil undergoing derosition and subsequent

congolidation is relevant to practical questions such as :

(i) Does there exis? an optimum procedure for placing dredged fill
or similar material over a reclaimed area when the main interest is

the time required before this land can be utilized 7

(ii) How will the rate cf deposition and the soil characteristics
affect the state of consclidation at the end of a long period of a

slow deposgition ?

Neither of these questions can be expected to have a simple
answer., However, the study of a constant rate depositior may be
expected to provide valuable information and this will now ke inves-

tigated.

Pervious Base

(a) Development of solution

Assuming the deposition proceeds at a constant rate m
then the material ( solid thickness ) in the deposit at any time t
during the deposition is given by mt . The governing equatior ard

the tcurdary conditions are therefore,

dqg q

= C 0 < mt t> 0 ]
51 r <z sm z (5.71)
g(mt,t) =0 (5.72)
q(0,t) = Bmt (5.73)

A nor-trivial solutiorn which satisfies eq(5.71) and eq(5.73) is,
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3

t 2
[ ot(t=1) 'z exp[~z®/(4C (t=1))]dT  (5,74)
@]

=

l -
ql(z,t) =3 Bm ( wCF)

This is, in terms of the theory of generalized potential, the result
given by considering a source at z =0 with strength Bmt . That
eq(5.74) satisfies the boundary condition (5.73) can be confirmed by

applying the Holmgren's lemma as z > 0.

In order to satisfy the other boundary cordition at z=mt

another sclution has to be sought which must not upset the boundary

conditior at z=0 as well. This can be dorne by considering the

solution,

q2(zlt) = t

ol
O - 8

£(£) {eXp[—(z—E)2/(4CFt)]-eXp[-(Z+€)2/(4CFt)]} dt

(5.75)

This function combines two symmetric ( to the axis z=¢ ) source

distributions at £ -+ ¢, so that these will cancel with each other

at z=0 ;y l.€.

q2(0/t) =0

Superposition of these two solutions leads to,

g(z,t)

ql(z,t) + q2(z,t)

1 -1t 'g
= 3 Bm(nCy) 2 [ 1(t-t) © z exp[-z2/(4C_(t-T))]dT
F o F
1@
+t [ £(8) { exp[~(2z=E)2/(4C t) ]-exp[~(2+£) %/ (4C t) ) tag (5,76)
o

This will be & sclutior to the criginal equations (5.71-73) if the

furictior F£(g) can be =o chcsen that the other boundary condition

eq(5.72) is satisfied.

Her.ce, 1t is required that :
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-1
t “I£(E) {exp[- (mt-£)2/ (4Ct) J-exp[~ (mt+E)?/ (4C t) ] }AE
o

3

t
Frit-t) ‘mt exp[—mztz/(4CF(t—T))]dT =0
(o]

o=

l -
* gPmmCy) (5.77)
After the second integral has beer evaluated using the technique of

change of variable and replacing the terms within the bracket of the

first integral by the identity :

exp[~(x-£)2/(4C_t)] - exp[-(x+£)?/(4Ct)]

~ ) 5 . (5.78)
= 2 exp[-x /(4CFt)]exp[-E /(4CFt)]51nh[x£/(2CFt)]

eq(5.77) then becomes,

-|OO

2t *f £(2)exp[-m?t/ (4C,) Jexp[~E?/(4C t) Isinh[mE/ (2C,) ]dE

© 3

-1 1
= Bm2t2(ﬂCF) 2exp[-m?-t/(/z’CF) - (Bmt+8m3t2/(2CF))erfc[ g (t/CF)z]
(5.79)

which 1s a singular integral equation of the Fredholm type.

This equation can be greatly simplified by adopting the

following change of wvariable :

p= (4th)'l , r=g?
_ _f(g) _. (5.80)
F(r) = 2t 51nh[m€/(2CF)]
after whick it becomes,
- 5
o Lo 23, 2
S F(r)exp(-pr)dr = 32 Bm<p CF
o
3 A
_, 1 2 1 32 2 2 “2
(g Bm(pC,) = + oo Bmp Ca )exp[m=/(16pCe )]
1
erfc[m/(4CFp2)] (5.81)

The right hand side of this equation involves the variable P crly
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and the left hard side is a standard form of the Laplace transform
from the variable r to p , hence stardard Tables car be ccrnsulted

to give, ( Erdelyi 1954 , p26T, pair(5.12,21))

5 5

=

a1 -1 2 -2 1., -3, 2
LUggemn Pc, "p ") = Fyemm "c, “r (5.82)

™

3
-3 1
2 -l—é— Bm(pC,) 2exp[m2/(l6pcl%,)]erfC[m/(4CFp2)]}

1 -3 3 (5-83)
=3 B(rC.) °(l-exp[mr /(ZCF)])
7 5
e 1 3. 22 2 2 2
£ {555 Bm®c,. “p “exp[m®/(16pC,*)Jerfc[m/(4Cp") ]}
1 ) _.-|é —g r -|§ 5'84)
=-§§—Bm T CF S(l-exp(-mx /(2CF)))dx

o

the last integral can be evaluated by a charge of variable followed

by an integratior by parts to give,

1
(1-exp(-mx°/ (2c,)))dx

N

, =2 ! ! ! (5.85)
= r - 8CF m ~ [l=exp(~mr /(2CF))—(mr /2CF)eXp(—mr /2CF)]

From these equations a surprisingly simple expression for F(r) follows,

1
F(r) = - é mrom C exp[-mr2/2CF] (5.86)

and hence the unknown function f(&) 1is,

3

-1
£(g) = é pmg?m = C, ’r1 - coth(mg/2C) ] (5.87)

From which follows the required solution as :
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22

CF 2exp[-z2/(4CFt)]f£2(l—coth(m£/2CF))sinh(zE/2CFt)
o

«©

ol

q(z,t) = 5 ém(nt)”

1
exp(-g2/4th)dg + (mBt + msz2/2cF)erfc[z/2(c t)?] .
5.

1
- mBz(t/wCF)gexp(—z2/4CFt)

The expression can be simplified by evaluating the integral.

This is detailed in Apperdix C cf this chapter. It is found that :

3
173
glz,t) = Bm {(z2/2cF + £) - é (Tt) 2cF 2exp(-z2/4th)
w (5.89)
szcoth(mE/ZCF)sinh(z€/2CFt)exp(—£2/4CFt)dE}
o]

(b) The rormalizecd void ratio charge and the degree of settlement

Eq(5.89) is written in terms of the real variable z, t

To simplify further this expression the rormalized space variable

1s chosen as :

y = z/mt (5.90)

and the normeliged void ratio change 1s chosen as ,

qly,t) = qly,t)/q(0,t) (5.91)

Thus, eq(5.89) becomes,

3
- 1 2, 9 1 "12 24+ /0 )2 (- 2 2t/4C )
qly,t) = 1+ 59 (m t/CF) - 3T (m“t/ ) exp(-y°m P

[ee]

fgzcoth(gmzt/ZCF)sinh(Eymzt/ZCF)exp(-Ezmzt/4CF)dE (5.92)
o)

this suggests a time factor of the form :
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T = mit/c, (5.93)

and hence,

3

o«

Rol=

1

qly,T) = 1 + 5g2T - én" T2exp(-92T/4)fgzcoth(gT/2)sinh(gTy/2)exp(—gZT/4)dg

o

(5.94)

Note that the effect of this time factor is to scale the
real time ty a factor mz/CF . Since m is a measure of the deposi-
tion speed and Cg represents the characteristic of the s?il conso-—
lidation, this parameter is analogous to the factor %ch—§ introdu-
ced in the analysis of the square roct time deposition. In both
cases, therefore, a small change in the consolidatior ckaracteristic
(i.e. a change in.CF ) will have less effect than correspondingly

small charges in rate of deposition, i.e. m or p .

The degree cf settlement in the present case is given by,

-1 -2 mt
S(t) =2 8" (mt)"“ [ q(z,t)dz
o (5.95)

or in the rormelized variables,

-7 1 -
s(r) = 27 [ gq(y,T)dy
o (5.96)

This is evaluated in Appendix C from which it can be shown that

1 1
t2coth(ET/2) { 2erf( éETE) + erf( é(l—g)Tz)

0
-~
=
N
Il
N
+
Wity
1
NI
0 - 8

1 (5.97
- erf( L(1+4£)7%)} af )
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This depends solely or the time factor T which is scaled to the real
time t by a factor m2/CF. Physically, this suggests that the con-
solidation state of a low permeability, soft clay ( which exhibits a
small CF value ) under a slow depositior is similar to that of a

highly permeable stiff clay ( whick is associated with a large Cp

value ) under a fast deposition because the factor mz/CF in both cases

are of comparable magnitude.

(c Some remarks on practical computation

The solutions obtained thus far involve singular integrals
in an infinite region. While this can not be expressed in terms cf
known functions, numerical techniques for this type of integral are

readily applicable.

In the course of the present study three differert techniques

were suggested, these are

(i) Transform into a finite regior by splitting the range ( Squire
1970 ) :

In this method the integral

(o]

Sf(x)dx
o
. . . S ®
is split into : [f(x)dx + [f(x)dx
(o] S

and telescoping both integrals into the range (0,1) by a change of

variable which results in :

1
s [ [f(st) + t °f(s/t)]de (5.98)

o

then a quadrature of the Gaussian type can be applied.
(ii) Application of simple trapezoidal rule ( Geedwin 1949)

In this case the integral is approximsted ty :

ot N
ff(x)dx = Ax g f(nhix) lf(NAx)
o] /

<8 (5.99)
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with a predetermined error bound § . It has been reported ( Gcedwin
1949) that such a method yields high accuracy especlally wher the
integrand is decaying as exp(—xz) , which is approximately the rresert

Casc.

(iii) Combination of simple trapezoidal rule with Romberg's correction

procedure ( Squire 1970) :

The three techniques were compared by some preliminary nume-
rical experiments, of which 20 pcints Gaussian quadrature combined
with 40 points Kronrod quadrature was used in (i) and a simple trape-

zoidal rule using

A _ g.2 T > 1
¥ T o5 T <1
s = 1018

and
was used. The degree of settlement was computed by both methods for

selected values of T . The results are compared in the following

Table :

T 0.2 2.0 20 90

eq(5.98) 0.9683 0.770% 0.3327 0.1585
eq(5.99) 0.9683 0.7709 0.3326 0.1506

Bxcept at large T , +the agreement betweer both methods
appears to be reasonable, while the simple trapezoidal rule is obvious-—
ly more efficient in terms of computing time. In this example the
computing time for the simple trapezoidal rule 1s about £ of the Gau-—

ssian quadrature.

Although at present there 1is no way of judging which of
these two methods is more accurate, the merit of the trapezoidal
rule can be assessed by applying the Romberg correction procedure
and studying 1ts convergency. This 1s dore by evaluating the integral

in eq(5.94), the results is shown in the following Table.



(1) * =0.5
Ay =1.0
Ay =0.5
Ay =C.25

Ay =0.125

(II) x = 0.5
Ay =4.0
Ay =2.0

Ay =1.0

T = 1.0 § - 0.8 x 10714
1.5024161
1.5024173
1.5024170 1.5024170
1.5024170
1.5024170 1.5024170
1.5024170
1.5024170
7= 0.0]1 § = 4.2 x 1077
17.6697672
17.6697672
17.6697672 17.6697672
17.6697672
17.6697672

105

1.5024170

It can be seen that the simple trapezoidal rule is far better

than one would have imagined judging from its crude nature.

In any

event it does not even require the Romberg correction procedure if

a modest subinterval Ay has been chosen properly.

It was therefore

decided to cerry out the computation by this simple technique. The

results are shown in Fig.5.3 for the degree of settlement and in

Mig.5.4 for the isochrores of the normalized void ratio change.
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Impervioug Base

The case of an impervious base can be treated in a similar
manner to that of a pervious bhase. The governing equation and the

boundary conditions are

3qg 3 2¢g

3t - °r oszzmt  tZ20 (5.71)
9z

g(mt,t) =0 (5.72)

39 (p,8) = - (5.100)

9z

The first non-trivial solution to satisfy eq(5.71),(5.100)
can be constructed by considering a simple layer potential acting

at z=20. This 1s giver. by

1 t hl
—- —— 2 -
q (z,t) = B(C /) g (t~t) “exp[-z®/(4C_(t-T))]dT (5.101)

The second solution to be added to this which will not disturb the

condition at ; = p 1s,

1 [ee]
q,(z,t) = t° I£(8) {exp[-(2-£) 2/4C t]+exp[~(z+E) ?/4C t]}dE (5.102)
o

which is a combination of two anti-symmetric source distributions at
t >0 ., By simple differentiation it can be shown that
3 g,

3t

Hence the boundary condition at 250 is not disturbed.

(0,t) = 0

Superposition of these two solutions leads to :
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1
q(z,t) = t ° [(E) lexp[~(2z-E)?/4C t] + exp[-(z+E)?/4C t]}dE
[0}
1 t _a
+ e(cF/Tr)2 I (t-T) 2exp[—zz/(zch(t-T))]dr (5.103)
(@]

This willl be a solutior to the boundary value problem if the function

(&) satisfies the integral equation :

8

£ 2 ff(€){éXp[—(mt-£)2/4CFtJ+ eXp[-(mt+€)2/4CFt]}d€

8}

(5.104)
t

1 21
= - B(CF/“)2 I (t-T) 2exp[-mZtZ/(4cF(t-r)]dT
o]

The integral in the right hand side can be evaluated using

a change of variable followed by an integration by parts to give :

1t 21
B(CF/w)2 [ (t-1) 2exp[-22/(4CF(t-T))]dT
(@]

1 1
_ 2 2 _ z -2 (5.105)
= ZB(CFt/w) exp(-z /4CFt) Bzerfc[ 5 (CFt) ]

From which eq(5.104) reduces to :

[o0)

-

2t"2exp(—m2t/4cF) ff(g)exp(-£2/4CFt)cosh(mg/ZCF)dE
© (5.106)
= -2B(Ct/m) exp(-mzt/4C ) + Bmterfc[ = 3 (CL/t) "2

|_|

Using a change c¢f variable :

1

p=(4c,t)” , r=¢t?
F(r) = 2£(£)E  cosh(mE/2C,) (5.107)
Again a standard form of the Laplace transform is recovered :
© 3
[px)explpridr = L an(c p) exp(n?/ac 2prertein/ac o)
- 3 B(Cm T (5.108)

The inverse transform is not very different from that of the pervious
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base and hence eq(5.81) can be applied which yields the required

solution :

1

o}

rir) = -8 (cm) exp(-mr” /2C,) (5.109)
th _1
. f(g) = - g E(C_m) 2(l—tanh(mg/2C )} (5.110)
2 F F
and finally,
1 z _jé
glz,t) = 2s(th/n)2exp(—z2/4th) - Bzerfel 3 (Cpt) °]

o]

_1
- 5(wth) 2exp(—z2/4CFt) ig(l—tanh(mE/ZCFDcosh(X&/Zth)exp(-E2/4CFt)dE
(5,111}

Part of this integral can be evaluated in the same way as
its counterpart for the pervious base which has already been detailed
in Appendix C, it can be shown that :

(o8]

exp(-z2/4th) fEtanh(mE/2C,) cosh(zE/2C,t)
o]

N

qlz,t) = B(wth)"
exp(—g2/4th)dg - Bz (5.112)

Introducing, as before, the normalized space variable defined in

eq(5.90) and the time factor defined in eq(5.93) the solution row

becomes,

1 (o0
3 1
qy,m) = B(C/mT {(T/7)%exp(-7y°T) gatanh(iT/2) cosh (EyT/2)

exp(-£2r/4)dt - 1y} (5.113)

and herce the normalized void ratio change follows,

[o0]

X
g(y,T) = (T/7)%exp(-y>T/4) [Etanh(ET/2)cosh(EYT/2)exp(~E2T/4)dE - y

° (5.114)
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The cdegree cf settlement is found as

=

_1 % 1 1
S(T) = 2m ° [Etanh(ET/2) [erf(T°(1-E)/2)+erf(T°(1+E)/2)]dE - 1
o]

(5,115)

Again, this 1s evaluated by the simple trapezoidal rule. The results
are shown in Fig.5.5. The isochrones of the normalized void ratio

charge are shown in Fig.5.4.

The other curve appears in Fig.5.5 1s the rormalized void
ratio change for the impervious base. This represents the local
consolidation state there, which can be seen to be faster than the
degree of settlement, which is a measure of the average ccnsolidation
through the layer. It can also be inferred from the isochrones,
Fig.5.4 that that region closest to the impervious base is the most
consolidated part of the deposit. A similar observatior has been
reported in the last chapter with the consolidation of a dredged

fill under its own weight.

4. DISCUSSION OF RESULTS

So far in this chapter two different types of deposition
have been considered. The solutions are expressed in terms of the
normalized void ratio change and the degree of settlement. The
former measures the local variation of the state of consolidation
in the deposit, and the latter is an indication of the average

consolidation state of the deposit.

In the first type of deposition considered, i.e. that which
is proporiional to the square root of time, it is seer that both the

distribution of the normalized void ratio change and the degree of
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settlement remain unchanged during the deposi$ion. These are deter-

3

mined by a parameter Vv , defined as 2pCp , where P is the
proportional constart in the deposition rate and Cp is the coeffi-
cient of consolidation of the soil. The relationship between the

degree of settlement and Vv is shown in Fig.5.6.

In the constant rate of deposition case, a time factor m2t/CF
hags beern defined with m being the proportional canstant of the depo-
sition rate, ard it has been shown that both the normalized void
ratio change and the degree of settlement vary with the time factor,
see Fig.5.3,5.4,5.5. From thess figures it can be seen that the
average consolidation of the deposit decreases with increasing time
factor. Since this time factor is proportional to the square of
the deposition rate m2 and the reciprocal of the coefficient of
consolidation CF , the progress of consclidation in real time is
determined by this proportional ccnstant. In other words, during
this particular process the state of consolidetion of the deposit
will move along the curves in Fig.5.3,5.5, and its actual position
in these curves at a given time will be determined by the ccnstant

mzt/CF wnich 1s a characteristic of the process.

As an example, consider the same soll being deposited at
different speeds m; and m, , the degree of settlement in both cases
after a period of time t will be different as each will then corres-
pond to different time factors m%t/CF and mgt/cp . For the slower
deposition, which is assoclated with smaller m , +the time factor
will also be smaller, and consequently more consolidation can be

achieved.

The two deposition prccesses therefore yield different ccnsc-—
lidation behaviour. In the square root time deposition the state
of corsolidation of the deposit remains unchanged with its actual
magnitude being determined by the parameter v . In the constant
rate of derosition the state of consolidation of the deposit will

decrease as deposition proceeds. In the last chapter it is seen that
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for an instantanecusly dumped dredged fill the state of consolidation
is improved with time. From the three cases it appears that the
progress of consolidation with time in the deposit is dictated by

the mode of deposition.

In the theory of consolidation of an existing stratum treated
in the previous chapters it is seen that the consolidation of such

cases 1s determined by a time factor defined as :

(coefficient of comsolidation of the soil)x(time)
time factor =

(square of the solid thickness of the stratum)

It is possible to modify this definition to include the deposition~
consolidation process treated in this chapter, and such a modified

definition will be

(coefficient of consolidation of the s0il)x(time)
time factor =

(square of the present solid thickness of the deposit)

From which the time factor for an instantaneously dumped dredged fill

is,
: 4 2
= C_t 4
time factor P /zO

For the square root time deposition this is,

1 -
time factor =  C_t/(pth)? = C/p? = (4v2) 1

which will be a constant for a particular process.
For the constant rate of deposition this is,
‘ _ 2 . 2
time factor = CFt/(mt) CF/m t

which 1s the reciprocal of the time factor adopted in the analysis.

With this time factor so defined its relationship with the
degree of settlement for the three caess are given in Fig.5.7. It is

seen that a unique time factor - degree of settlement relationship
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exists in each case, and the state of consolidation improves with
increasing time factor, In this aspect the deposition - consolida-
tion behaviour is similar to the consolidation of an existing stratum
that there exists a unique time factor - state of comnsolidation
relationship, with higher consolidation associated with a larger
time factor. The unexpected behaviour during the square root time
deposition can now be explained as its associated time factor is con-
stant during the deposition, and since this corresponds toa particu-
lar consolidation state, its state of consolidation will thus remain

unchanged.

Referring to Fig.5.7, in the constant rate of deposition
the real time travels in the opposite direction to the time factor.
Hence although the state of consolidation in this case worsens with

time, an improvement is observed with the progress of the time factor.

For the instantaneously dumped dredged fill the real time
travels in the same direction as the time factor. In the square
root time derosition the real time and the time factor are indepen-
dent. The relationship between the real time and the time factor
therefore provideg useful criterion in determining whether during a
particular deposition process the state of consolidation in the deposit
will be improved as deposition proceeds. When the mode of deposition
is such that the time factor obtained will travel in the same direction
as the real time, 1improvement of the consolidation will result as
deposition proceeds. Whenr the time factor iravels in the opposite
direction to the real time, such as the constant rate of deposition,

the state of consolidation worsers as deposition proceeds.
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5. CONSOLIDATION AFTER DEPOSITION BAS TERMINATED

The consolidation of the deposit after deposition has
terminated differs very little from the treatment in the last chapter
of a dredged fill consolidated under its own weight. Here, only
fixed material boundaries are involved and consolidation is due only
to self weight. The difference, however, lies in the initial void
ratio distribution. In the dredged fill case this is uniform whereas
in the present case this distribution 1s determined by the rrevious

deposition condition.

Assuming that the deposition ceased at time tl’ during
which the material (solid thickness) of the deposit is S(tl), and
a void ratio distribution given by g(z) . The governing equation
and boundary conditiors for the subsequent consolidatior, assuming

there 1s no surface loading, will be :

de 3 2e o

= > 409
S E Ca ) 0=<z_és(tl) t=tl (5.721)

9z
e(z,t;) = g(z) 5.122)
5.123
e(s(tl),t) = ei (5 )
ar.d e(0,t) = e; - Bs(t,) for a pervious base (5.124)
Je

or 3z (0/8) =8 for an impervious base  (5.125)

When working in terms of the void ratio change q(z,t) as

defined in eg(5.12), the zbove equations become,

Q
Q

02z 2s(t)) t 2zt (5.121)a

@
(a3
=
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q(z,t)) = f(z) (5.122)a
q(s(t,),t) =0 (5.122)a
and q(0,t) = Bs(t,) for a pervious base (5.124)a
or —%{%-(O,t) = -R for an impervious base (5.125)a

In gereral, this type of equation can be solved by the
Fourier method with, perhaps, some difficulty in evaluating the
Fourier ccefficients. In the present study only the consolidation

after a constant rate of deposition will be considered.

Pervious Rase

Following the terminclogy used in the previous sections the

governing equatior and the irnitial ard boundary conditions are :

3g 3 %q
NE - CF 5 0—_<—z=<IHtl t;—tl 5-126)
9z
a(z,t,) = £(z) (5.727)
gtnt,t) = 0 (5.128)
g(0,t) = Bmt (5.129)
1

where the initial distribution f(2z) can be obtained by replacing t

by t, in eq(5.89).

Let,
T = t -t (5.130)

and normalize the boundary corditions by defining :
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a,(z,t) = B(mt; - 2) (5.131)

and let, 4q(z,£) = g ,(z,t) + q,(z,t) (5.132)

Then eq(5.126-129) can be written dowr for the new variable ¢; with
the simple boundary conditions

82

3 g q
I _ ¢ L 0 <z <mt T> 0
3T FBZZ = = 1 -
ql(z,O) = f(z) - g2(z) 5.133)
ql(O,T) = ql(mtl,r) = 0

The solution is obtained by the Fourier method as,

q,(z,7) = L b sin(nmz/mt;) exp[-(nﬂ/mtl)ZCFr] (5.134)

with the Fourier ccoefficients,

2 Ty
bn = _EE; g (f(x)—q2(x))sin(nﬂx/mtl)dx (5.135)

and the complete solutior is,

ql(z,t) = B{mtl—z) + mil g sin(nwz/mtl)exp[-(nw/mtl)ZCF(t—tl)]
mt | (5.136)
f (f(x)- (mtl—x))sin(nﬂx/mtl)dx
o

where f(x)is, from eq(5.89),

3
f(x) = Bm {( x%/2Cc_ + t_ ) - 1 (Tt )_%C 2exp(-x2/4C t,))
- F 1 2 1 F F1
(5.137)

fgzcoth(mg/2cF)sinh(xg/2thl)exp(—g2/4thl)dg}
(@]
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Using the following chenge cf variable,

n = z/mtl
T = m’t/C
F (5.138)
— 2
Tl = m tl/CF
and, )
TV = (T-Tl)/Tl
eq(5.136) can be witten in the ncrmalized form :
- a(mn,T ) -
qgn,T ) = =1 -m~-22 b sin(nm)exp(-n“T<T )
v Bmtl n n v (5.139)
with the ccefficierts p given by,
n
3
] 1-173 °°
b = [ 2?7 + x - =1 27 “exp(-x2T_/4) [y’cosh(yT./2)
n o 2 1 2 1 1 o 1
(5.140)
sinh(yT,x/2)exp(-y*T,/4)dy}sin(nmx)dx
By the idertity :
(-1)"
J x sin(ntx)dx = -
nm
o
; 1" 20-¢-1)")
[ x?sin(nnx)dx = - -
nm 3..3
o n°w
eq(5.140) can be reduced to
n n
» = - (-1) ( 1 T+ 1) - (1-(-1)")
n nm 2 1 3.3
nw
3 (5.141)
1 -3731°
- 5T 2Tl I Jy cosh(ng/Z)sinh(yTlX/2)exp(-(X2+y2)Tl/4)sin(nnx)dydx
oo

Numerical integration now has to be applied. This was achieved
using the trapezoidal rule for the inrer integral followed by a
special quadrature for the outer integral. The computation become
very tedious for larger values of @ due to the periodic neture cf

the sine function in the integrard. Fertunately, +the series in
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eq(5.139) decays feirly fast and thus only the first few values of P,

will be required.

The degree of settlement is given by,

b
2n-1

_<n=4 D mnT) 22
% T (2n-1) exp(=(2n=-1)“mw TV)

This has been calculated for several differert T,

terms of the crigirnal time factor mzt/CF in Fig.5.8.

Impervious Base

(5.142)

and plotted in

The developmert of a solution for the impervious tase is

essentially parallel to the pervious base case,

krief description will be given here.

and hence orly a

The solution is constructed from a ccsine series given

by

-1

2n
qgl(z,t) = B(mtl—z) + mt g ancos[( 5

1

with the Fcurier ccefficients,

mt 2n-1
a = [ (f(x)—B(mtl—x))cos[( 5 )Wx/mtl]dx

n
o}

and f(x) given by,

o

nol=

f(x) = B(HCFtl)

exp(—y2/4CFtl)dg - Bx

2n~1
)WZ/mtl]eXp[-6—§~—

2
2 c
/ m2t2

(t-t,)]
1 1

F

(5.142)

(5.144)

2
exp(~x /4CFt1)£gtanh(my/ZCF)cosh(xy/2CFtl)

(5.145)
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Introducing the change of variable as in eq(5.138), and writing ir

terms of the normalized void ratio chenge, it is fourd that

- 2n-1 2n-1
q(m,r) =1 -n+ 2% cocosl( ; )ﬂn]eXP[-(~E§-)2ﬂ2TV] (5.146)

where,
2 11
n 2
= (-1 tanh(yT./2)cosh(xyT ., /2)
c, = 1 —mmmgm (T,/™) 2 é ytanh(yT;/2)cosh(xyT,
(5.147)
2n-1
exp[—(x2+y2)Tl/4]cos[( ; ymx dydx
The degree of settlement is found to ke :
g . (-1)" 2n-1.5 o
= - - T T Cw. )
S(T) =1+ 32257 %n exp[-(—5—) ! (5.148)

This has been evaluated using similar algorithms to the pervious béase

case and presernted in Fig.5.8.

6. A THEORETICAL ANATYSIS OF THE CONSOLIDATION DURING AND AFTER
THE FILLING OPERATION OF A IREDGED FILL

In the begining of sectiorn 3 of this chapter it is asked
how the ccefficiert of consolidation and filling speed affect the
censolidation of a dredged fill ard whether there exists an optimum
situation. In the light of the solutions obtained in this chapter
1t 1s now possible to analyse this situatiorn thecretically assuming

the so0il beheves linearly and a constant rate of depositiorn.

It is assumed that an amount of scil MA is to be dumped
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in a filling site, where a 1is the total area of the site. The
unit of M is thus so0lid volume per unit area of the filling site.
Let the ccefficient of consolidation ¢f the scil be a constant derc-
ted by CF , and a reference time is defined as :
= 2
to = M/CF

42
which corresponds to a time factor CFtO/” =1

A reference dumping rate is defined as
m_ = M/to

which is the rate at which the total soil will be dumped in the time

to .

The position in space of the mud surface during and after
the filling car be calculated using the solutions obtained. This
is dcre for several different deposition rateg and the resgulis are
cshown in Fig.5.9 for a pervious and an impervious Lase. In these
figures the ratio shown for the uvrccnsclidated and final thickness
are quite arbitrary. It is seen that the faster the filling the
earlier the total fill reaches full ccnsclidatior. This can be
interpreted on the tasis of Fig.5.7 that, although the state of
consclidatior during a ccnstant rate of depcsition worsers with time,
as sccr as the deposition terminates thern its consolidation will be
governed by a different law giving improved consolidation with time.
Hence, the earlier this transfer takes place the faster will the

stratum reach full ccnsclidatior.

Also shcewn in Fig.5.9 denoted bty m=e are the idealized
situation that the soil is dumped instantanecusly, which is the case
analysed in the previous chapter. The difference tetweer. this anc
the fast depcsition cases is seen to be greater for the pervious
bese case than the impervious bese case. This 1s attributed to the
behaviour close to the base. In the idealized situation this regior
will be subjected to the full loading which in the pervious base

case can immediately drain ard conscolidate. However, if deposition
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occurs over a period of time, the full loading is not rezlized until

the erd of depceitior ard a slower consclidation is resulted.

It can be ncticed from Fig.5.9 that for beth pervious and
impervious bese ccnditions the faster depcsition rates give a ccmpa-—
rable time for the final thickress to be achieved. For the pervious
base, this is true for m ;=5mr, and for the impervious base it is
true for m ;lOmr . Wrer. comparing these curves it should be noted

that the time sceales are different.

It is ccncludecd from the analysis that earlier consolidatiorn
is achieved with a faster depcsition rate. However, there exisis
an optimum speed for each drainage bourdery ceonditior such that a
Figher depositiorn rate does not lead to a substartially increased

rate cf consolidation.
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APFENDIX A A BRIEF DESCRIPTION OF THE METHOD OF GENERALTZED PCTENTTAIL

The application of the methocd of gereralizecd potertial
is to reduce a boundary value problem to an integral equation.

Detailed developnert carn be fourd in Smirncv (1964).

Corsider the partial differential equatior

3 g 3 24

e

- (A1)

[e ¥
(33

where ¢ is defined in the dorwain (X¥,t) ., A principal (singular)

solution for this equation is,

1
2

1
g = —=— ( T(t=1)) “exp[~(t-x)?/(4a’ (t=T))] (£.2)
which correspcrds to a scurce located at the point ¥ = % at the

instant €= T .

Differentiating with respect to € ard adding the constant

2a2 the sclutior corresponding to a dipole 1s obtalned :

3

1 -

qg = Téw_é(t-T) ? (x-)exp[-(t-x)2/ (4a2 (t-1)) ] (A.3)

Multiplying this with some functior ¢(t) and integrating

with respect to T from T =0 to T =t , the resulting function :

3

-

£y -1 ] 2
qg = f-EE* b(T)m °(t-T) (X—E)exp[-(ﬁ—x)/(4a2(t-T))]dT
o]

(A.L)
is agein a solution to eq(A.1) and this correspords to a dipole at

x = ¢ acting from the instart T = O with strength ¢(t) . It car
be proved that :
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q(c+0, t) = &(t) , g(t-0, t) = = ¢(t) (A.5)

this i1s achieved by a change of variable :

=

1 -

a = 5 (x7T) (E-T) (4.6)
a

Corsider rcw the domein in (x,t) as bounded from below

by t=p and at the sides by the two curves 1 anc 12 defined

1
ty : (see Fig.A.1)

= = < (A'6>
x 1l(t) ; X 12(t) ’ 1l(t) = 12(t)
Je
The method of generalized potential
is to ccrsider a source cr dipcle

located along x= ll(t)or x= 1,(t)

pry

acting from ¢ = p with urknown 1 ////

strergth ¢l(t) ) ¢2(t)-

The solution corstructed by a source

( simple layer potertial ) 1s thus

pry

FIG.A.1
;7 -1t _1
q.(x,£) = ——7 ° [ ¢.(1) (t-T) 2exp[-(1,(T)-x)%/4a% (t-1))] dt
i 2a b i i
(A.7)
and a dipole ( dcuble layer pctertial )
3
gy = L2 ; (1) (x= (T))(t-T)_E
q;(x,8) = 5T L b (T (x=1;
(4.8)

exp[—(li(r)~x)2/4a2(t-r)] drt

It cer be shown that the solutions 9;(x,t) thus constructed

1s bounded and is continuous as far as 1i(t). Invoking a lemma by

Helmgren (1902) the integral eq(A.8) has differert limit as (x,t)

terds to the point (XO'tO) or. li :
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1lim

(xot)r(x ) 3B = R A ) a;(%5rt5) (8.9)
O o]

where the positive sign is taken if (x,t) approaching (Xo,to) from
the right of 1  and vice visa.
1

Herce, the toundary value protlem with boundary ccnditions,

lim _ lim B (£.10)
(x,t)> 11 g(x,t) = Wl(t) ’ (x,t)> 12 glx,t) = W2(t)

car. be recuced to integral equations by constructing the solutions
with arbitrary combinations of the pctentials eq(A.7),(4.8). The

case of derived and mixed bourdary conditiors carn be treated similarly.

To demonstrate the existercce c¢f solution correspcnds to
the boundary value problem eg(A.1),(A4.10), a sclution is sought by

combining two dcuble layer pcterntials as :

3

t

1

T L S 4, (T) (x=1,(T)) (t-T)
b1 i i

]
VR

g(x,t) =

&

eXP[-(li(T)-X)2/4a2(t-T)] dt

The urknown strength functiors ¢i(t) have to satisfy the integral

equations obtained from the boundary conditions 3

; -1t -5 (v, ()1, (t))?
wl(t) = ¢1(t) g T § f¢i(r)(1l(t)—1i(T))(t-T) exp[- > ] dr
b da“ (t-T)
3 2
;oo € -5 (1, (T)=1,(t))
w2(t) = —¢2(t) + T § f¢i(r)(12(t)-1i(r))(t-T) exp[- 5 ] dt
b 4a“ (t-1)

The kernel functions in the ebove equations are continuous
ard hence the method of successive aprroximation car be applied to
form a uniformly convergert series sclutior for the urknown functions

9,(6)  aug 9,(t) . A proof of this can be fourd in Smirnov (1964).
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APFENDIX B TABLES OF NUMERICAL VAILUES CI SOME FUNCTIONS

TABIE E-I Numerical values of furction Fl(v) for v = 0.1¢0.1)5.0

3
1 -

Fl(v) = [ y(l-y) 2exp[-v29/(l-y)] dy
O

TABLE bB-11 Numericel values of function F2(v) for v =0.1(0.1)4.0

3
1, -2
Fo(v) = [ y7(1-y ) (1-y) exp[~v?/(1-y)] dy
O

TABLE B-III DNumerical values cf function F3(v) for v =0.1¢(0.1)5.0
3

1 ——

1 1 1
(1-y%) (1-y) Zexp[~v2 (1-y?)2/(1~y)] dy

Fo(v) = Iy
o]

1
2

TABLE B-IV  Numerical values of furction g ¢y) for y =0.1(0.1)4.0
6

1
F6(v) = [ y (l-y) °exp[-v2/(1-y)] dy
o

=

1
2

TABLE B-V Numerical values of funotion,F7(v) for =0.1(0.1)5.0

1 _1
F7(v) = f y2(l—y) 2exp[—vzy/(l—y)] dy
o

TARIE E-VI Numerical valueg of function FS(V) for VvV =0.1(0.1)5.0

1 _1 1
Fo(v) = [y (1-y) Pexp[-v2 (1-y®)?/(1-y)] dy
o]

=

TABLE B-VII DNunerical values of function F9(V) for V = 0.1(0.1)4.0

1
Fo(v) = I (1-y)
o}

=

exp[-v2/(1~y)] dy

TABIE E-VIII Numerical values of function FIO(V) for V =0.1(0.1)5.0

:

Flo(v) = [ yé(l—y) 2eXp[-vzy/(l—y)J dy
o]
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TARLE B-IX  Numerical values of function Fll(\)) for V =0.1(0.1)5.0

3 5
13 3
Fll(v) = [ y“(1-y) “exp[-v?y/(1-y)] dy
@]
l ——
TABLE B-X  Numerical values of function [ erf[v(l-x) °] dx
@]

for v =0,1(0.1)4.0

TABLE E-XI  Numerical values of functior F4(XrV)
for x = 0.1(0.1)0.9, v = 0.1(0,1)1.0(0.2)2,0(0,5)5.0

3
1, -2
F (xv) = xyt(1my) Cexp(-v2x%/(1-y)] ay
o

TARLF B-XI1 DNumerical values of function F5(x,v)
for x = 0.1(0.1)0.9, v =0.1(0.1)1.0(0.2)2.0(0.5)5.0

1 1 '% 1
F5(X,\)) = [ (x~y")y°(1~y) “exp[-vZ(x-y°)2/(1-y)] dy

@]

TABLE B-XIII Numerical values cf function FIZ(X,V)
for x =0.,1(0.1)0.9, v =0,1(0,1)1.0(0.2)2.0(0,5)5.0
1 _1
(x,v) = [ (1-y) “exp[-v’x?/(1-y)] dy
o

F12
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APPENDIX C EVALUATION OF SOVE DEFINITE INTEGRALS IN EQ(5.88), EQ(5.9¢)

C-1 The integral in eq(£.88) is,
3
- 1 -3, 2 2 T2 _ :
I = 5 Bm(mt) CF exp(-z /4th) 26 (1 coth(mE/ZCF))51nh(z£/2CFt)
_r2
3 exp(-§ /4CFt) dg
- 1 ~2, 2 2
= 3 Bm(mt) CF [ Il— exp(~z /4CFt)I2]
where,
I, = [tPexp[-(z-8)?/4c t] dt - [EPexp[-(z+E)%/4cC ¢t] di
o o
1
set, y = (z_g)/(g(th)g) in the first integral
1
and y = (z+g)/(2(th)2) in the secord integral

this leads to :

(o]

1 1
! 2(th)2[z2-4(th)2zg + 4Cth2]exp(—92) dy

~C0

~
1l

- 2 Iy 2(c )P (z2-4(c ) Pay + 4C ty?)exp(-y?) dy
z/(z(th)2)

which can be decompcged as
o0

I

1 1
S 2(CFt)222eXp(-y2) dy = 2(7rCFt)2z2

11 -
*® 1 1 1
I, = S 1 d4(c_t)?zlexp(-y?) dy = 2(wCFt)222erfc[z/(2(CFt)2)]
2/ (2(CLt) ")
—4 -—2 =

Il3 8Cth —iyexp( y<) dy 0

I14 = 16C_tz S 1 yexp(-y2) dy = 8Cth exp(-zz/4CFt)
z/(2(C_t)*?)

and F
2 3

.= sct)?’ s y2exp(-y2)dy = 4ﬂ%(C £)?

15 F p(=y=/dx F

aee OO
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To evaluate the integral,
3

- oo

I, = 16(th)2 S 1 y2exp(-y?) dy
z/(z(th)Z)

ore starts from the idertity,

(e}

1 1
s 1 exp(-y2)dy = ﬂ2erfc[z/(2(CFt)2)]

3 2
z/(2(Ct) ")
herce,
K 2 1 ? z , a 3
Sy exp(-ay®) dy =5 ( S ) erfel 5 (—)°]
F

g/(2(th)2)

Therefore,

<) [e2)

d

I 1 yPexp(-ay®) dy = -—— { S 4 exp(-ay®) dy }
2/ (2(Ct) %) 2/(2(Ct) °)

_3
_ 1 23 z a_ 2 1 -3 2
= za T° erfc/ 5 ( CFt) ] + 4a z(CFt) exp[-az /4CFt]
Put a=1 it then follows that,

® ﬁ% 1 z _1

[ 1 ylexp(-y?) dy = = erfclz/(2(C_t)%)] + = (C_t) 2exp(-z2/4C_t)

3 4 F 4 F F

z/(2(Ct) ")
Combining Ill to I, , it is fourd that :

1

1 1
= 2,2 4 2 _ 2.2 el
Il Q(WCFt) z 4(CFt) T 2(ﬂCFt) z¢exp(~z /4CFt)

ot

3

2 3 2 2
-+ 4(CFt) il erfc[z/(Z(CFt) )]+ 4CtheXp(—z /4CFt)

substituting this into eq(5.88) thus results to eq(5.89).
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C~2 The integral in eq(5.96) is,
1
r = [ sinh(yTn/2)exp(—n2T/4) dn
o
7 1 1
=3 { J exp(-n2T/4 + uTn/2) dn - [ exp(-n?T/4 - yTn/2) dn }
o o)
1,2
let, x = 5 T°(n-y) in the first integral
_ 12
and x = 5 T (nty) in the second integral
Thus,
1 1
1 7% (1-y) /2 T2 (1+y) /2
I = T° exp(sz/4) { 1S exp(-x%)dx - 1 S exp(—xz)dx}
-T%y/2 T°y/2

= T

nol=

1 1 1
exp(y?T/4) { 2erf(T°y/2) + erf(T°(l-y)/2) - erf(T?(1+y)/2)}

from which eq(5.97) follows.
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ARSTEACT

The corsclidatior of a particular ncrnlinear soil mcdel 1is
cor.gidered in this chapter. An exporential stress - void ratio and
a parabolic permeability - veid ratio relatiorships are assumed in
this model, whereby the coefficient of consolidation of the soil CF
remains constant and the governing equatior reduces to a linear one.
The void ratio distributiorn 1n a rormally ccnsolidated stratum which
is ccmposed of such a soil varies norlinearly as a result of the
weight of the soil causing the effective stress to increase with depth.
This variatior of void ratio is best described by a parameter, defined
as the stratum coefficient Y . This parameter is of fundamental

importarce in the presert thecry.

The first part of this chapter is devoted to the ccnsolida-
tion of a normally consolidated stratum under a surface loading.
Analytical ard approximate solutiorns have been obtained with various
drainage conditions in the step loading case. The solutions reveal
that, wher drainage is allowed in both the surface and the base,

a stratum with larger v value will consolidate faster. The diffe-
rence between the solutions with up to a moderate vy (<1 ) and the
thin layer solution of Gibson et.al. (1967) is of the crder of a

few percent. This, however, does not apply equally well to the
glngle cdrain conditions. It is found that a stratum with a surface
drain always consolidates faster thanrn that with a base drain. The
difference in consolidation speed of the two drainage conditions 1is

a result of the nonlinear void ratio distribution in & rormelly
consolidated stratum which calls for differert void ratio changes

in the surface and the base. The consolidation under a time depen—
dent loading is briefly discussed and the general solutior is giver.
These solutions are applied to the aralysis of the particularly
important case of a linear ramp loading in which some charts corsidered

to be cf practical interest are produced.

The consolidation of a dredged fill under its own weight
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is then corsidered in the second part of this chapter. This differs
sigrificantly from that of the first part 1n that no surface loading
ig invelved and the consolidation is caused by the self weight which
creates a stress that increases with depth. Analytical and approxi-—
mate solutions are developed for double drain and surface drain cor-—
ditiorns, and it is found that faster consclidatior is achieved with
larger v ., The dissipation of excess pore water pressure is alsc

analysed in both cases.
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1. INTROTDUCTION TO THE NONLINEAR SOIL. NODEIL

The preceeding chapters have considered a linear soil model
in which simple stress - void ratio ard permeability relationships
are assumed. This simple mcdel has the advantage of reducing the
mathematical complexities involved, although at the cost of adepting
a highly idealigzed material behaviour. When a stratum of sufficient
thickness, or ore which is composed of soft clay is considered,
the soil carn be expected to rehave ncnlinearly during the consolida-
tion. In such cases the reed for a better model that will cope
with the nonlinear nature cf the goil belkaviour becoreg apparent.
This chapter is concerned with such a mcdel, which simulates real
soil bekaviour to a reasonable extent while at the same time keeping

to a minimum the mathematical ccmplexities involved.

In the governing equation of consolidation :

3 e 3 3 e Je ¢
2= = - o
Jt az( CF 3z ) 8 3 z ( )
d k
B= oy -5 ! p(1+e) )
where tcth C}, and B are functions of the void ratio. In the linear
model CF is a corstant and B equals zero. If a nonzero constant

value is assumed for B , then eq(6.7) will be a linear equation and
the effective stress - veid ratio and permeability relationships have

the following ncrnlinear forms

(oe+a, )(1+e) (6.2)

k = 1

Pr

and c 1 (6.3)
g'= 4 - In[ e + ]

a

where o 1s a soil constant giver by :

. (€.4)
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FIG.6.]1] The nonlinear soil

model

and o, and A4 are integration constants. From eq(6.2),al corres—
pords to the permegbility of the soil when the void ratio equals zero,
and herce must alsc equal zero. In practice, however, such a cons-
tart may exist as a result of fitting experimertal data with eq(6.2)
in a specific void ratio range. For the sake of simplicity it will
be assuned that al=0 in the following analysis. It can be proved
that such arn assumption bhas no effect on the consolidation behaviour

of the soil.

The corstant A4 appearing in eq(6.3) is obtained when o'

equals zero, 1l.e.

o (€.5)

where e, is the void ratio of the soil when it is in a no effective
strese siate. In nature this will probably depend on the previous
stress history of the particular soil. And in practice this can be
obtained by fitting experimental data to eq(6.3). It will be seen
later that the actual mzgritude cf this does not affect the consoli-

dation behaviour.

The effective stress — void ratio relationship, eq(6.3),

and the permezbility law, eq(6.2) are shown schematically in Fig.6.1.

In a rormally corsolidated stratum, i.e. one which is in

equilibrium under its own weight, the void ratio distribution must
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be such that the stress — void ratio relationship is satisfied.

From eq(€.3) this is found to be :

R
e(z) = e, expf z ] (6'6)
b CF

where €, 1is the void ratio at the base of the stratum and 2 1is

the material coordinate ( solid thickness ) measured against gravity.
For a stratum with known total solid thickness 2, this equation

can be expressed in terms of the normalized cocrdinate n = z / z,

as @

e(n) = e, exp(yn) (6.7)

where v 1is a dimensionless parameter, called the siratum ccefficient

which is defined as

vy = £ (6.8)

Substituting eq(6.2-4) into this yields :

1 de (6.9)
vy = [( o = Pg ) zo][— s do ]

The first part of this expression (ps—pf)zo 1s the effective stress
exerted on the base of the stratum by the weight of its superimposed
soil, while the second part of this expressior is analogous to the
compressibility. Hence, this stratum coefficient Y 1is a measure
of the strain induced in the base of the stratum by its own weight.
Later in this chapter it will be seen that this parameter is of
fundamental importance in the consolidation of a stratun. It is
therefore useful to record typical values of Y of natural strata.

A direct method is to make use of eq(6.8). This will require the
knowledge cf the soil constant 8 and CF as well as the solid thick-
; and neither of these can be easily inter-

ness of the stratum Zo

preted from published data. Therefore, approximate methods must
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be used. This is to measure the ratio of the void ratios in the
surface and the base of the stratum, and this ratio is related to Y

by virtue of eq(6.7) as :

e

(6.10)

= exp(y)
°p

where es and eb are the void ratio in the surface and the base

respectively.

Eq(6.10) can also be written in terms of the water content,
which is mostly fourd in published data, by assuming that the stratum

is fully saturated. Hence,

w e
S = es = exp(’Y) (6.11)
b b

where W and W, are the water content in the surface ard the base

of the stratum. This equatior. applies only to the theoretical mcdel.
In practice, as a result of nonhomogenuity, desiccation near the
surface and the effect of previous loading, very seldom will a stratum
have its maximun water content near the surface, nor will the minimun
water content occur near the base. Thus, further approximation to

the above equation must be applied.

The mcst sensible approximatior is to measure the ratio of
the maximum to the minimum water content ard use this ratio to replace
wo / W, in eq(6.11). It is expected that this methcd will probably
underestimate the true Y value. In the presert study sever sites
from five case records were examined with results giver in Table 6.1.
It is seen from this Table that the Y so interpreted range from 0.4
to 1.4. According to this the discussion in this chapter will be

cernfined to a range of ¥ from 0.1 to 2.0.

The material ccordinate adcpted in the present analysis is

related to the space coordinate ¥ bty the transformation :
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1.0
- 7
i 7
X o
e_=1 (soft to medium clay)
---=-e_= 2 {soft clay)
——e_= 4 [very soft clay]
0 i ! 1 1 ] L J

FIG.6.2 The relationship between the normalized space and material

coordinates.

F (6
x(z) = [ (1 +e) dz (6.12)
0
wrere x 1s measured in the same dirscition as z ., In 2 noermally

consolidated stratum with the void ratio distribution given by eq(6,7)

the above eguation becomes,

e
S

x(n) = zo’{n + [ exp[-y(1-n)] - exp(-y)]} (6.13)

where the normalized material coordinate N 1s used here for clarity.
The space coordinate can also be normalized to give,

e
S

n + Y [ exp[-v(1-n)] = exp(-v)]
X === = S (6.14)

© 1+ —271 - exo(-y)]

waere hO is the initial thickness (in space ) of the stratum. This

relationship between the normalized space and material coordinate is

shown in Fig.6.2 for different values of y and €, .
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The void ratio distribution in the space coordinate is

obtained by using eq(6.7) in the above equation, thus

e
+ 1 _— + -
Y I’)( ) e e

x = s b (6.15)

which is implicit. This is shown in Fig.6.3 for different values

of v and e . For comparison, Fig.6.4 shows the same distribution
s

in the normalized material coordinate. Note that in this case only

the value of ¥ will be needed to determine the distribution.
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2. MATHEMATICAL FORMULATION OF THE CONSOLIDATION OF THE NONLINEAR
SOIL MODAEL

The governing equation for the consolidation of the nonli-

near model is,

gi - cFaze
3 22

e
—B—a--;-,O;z;zo, t >0 (6.‘\6)

where both CF and B reamin constant during consolidation through-

out the soil. With the normalized material coordinate n

n = -2 (6.17)

and the time factor T

c_ t
r = F (6.18)
z2
o]
eq(6.16) becomes,
2
e _ 3% Yae Co<n <1, T30 (6.19)
aT an 3 M = = =

where vy is the stratum coefficient defined in eq(6.8).

There are two types of soil stratum that will be dealt with

in this chapter :
(a) A normally consolidated stratum subjected to a surface loading.

The stratum is initially in a normally consolidated state
with its void ratio distribution given by eq(6.7). Consolidation
in this case is caused by a loading applied to the surface of the stra-

tum, This loading is assumed to be fully effective within the stratum,
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i.e. it causes an equal amount of stress increment to all parts of

the stratum. The drainage boundary conditions are therefore given

.

oy
in the surface : e(1,T) = e_ - be(l,T) (6.20)
in the base : e(0,7) = e, - Lbe(1,T) exp(-Y) (6.21)

where 0e(1,T) is the void ratio change in the surface caused by the
applied loading. In the undrained boundary where no excess pore

water pressure gradient exists, the condition is given by :

su_ _ ., (6.22)

where y 1is the excess pore water pressure induced by the applied
loading and x is the space coordinate. This equation can be written

in terms of the void ratio e and the normalized material cocordinate

n as @

Q2
0]

= ve (6.23)

@
3

(b) A dredged fill consolidated under its own weight.

In this case a dredged fill of an initially uniform density
1s considered. Consolidation is caused by the weight of the fill

itself, Thus, the initial condition is :

6.
etn,0) = e (6.24)

Since there 1s no loading other than its own weight acting on this

stratum, the void ratio in the surface will remain in its initial

state

e(l1,T) = e, (6.29)



If the stratum were undrelaid by a pervious base, the coadition

there is given by :
e(0,T) = eiexp(—y) (6.26)

In the case of an impervious base the boundary condition is given

by eq(6.23).

In both (a) and (b) it will be convenient to use 2 new

variable g , the void ratio change, defined as :

g(n,T) = e(n,0) - e(n,T) (6.27)

An obvious advantage of using this variable is that a simple initial

condition is achieved

6.28
q(n,0) =0 ( )
while the governing eguation vretains the same form :

g _ 3%  3q (6.29)

37T Imn

3 n?

With this new variable the drainage boundary conditions becoms,

normally consolidated stratum :

q(1,T) = Ae(l,T) (6.20)a
q(0,T) = Ae(0,T) exp(~-vy) (6.21)a
dredged fill
a(1,1) = 0 (6.25)a
(6.26)a
q(o,T) = ei[ 1 - exp(-v)]
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And the undrained boundary conditions are, respectively,

normally consolidated stratum g 7 - vq (6.23)a
n
dredged fill %g.z Ya - ve, (6.30)

A less obvious advantage of using this variable is that
the s=ttlement of a stratum during consolidation can be simply calcu-

lated by :

1
settlement = h(0) - h(T) = z, S qg(n,T)dn (6-31)
0

This 1s obtained since the thickness of the stratum at any time can

be calculated from the transformation equation (6.12) as :

1
h(T) = z_ [ [1+e(nT)]dn (6.32)
0

and the initial thickness of the stratum 1is,

1
h(0) = z_ [ [ 1+ e(n,0)]dn (6.33)
0

and eq(6.31) is obtained by substracting eq(6.32) from eq(6.33).

For the purpose of analysis, 1t is advantageous to use

the degree of settlement defined as :

h(0) - h(T)
sS(r) = (6.34)
h(n) - h(»)

where h(») 1s the thickness of the stratum when consolidation has
completed. The degree of settlement is related to thz void ratio

change by :
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1
IG(UIT)dn
0
ST =77 (6.35)
fq(n,~)dn
0

where q(n,») 1s the total void ratio change that has occured during

the consolidation.

In the following sections the consolidation of the two
different types of stratum will be considered. In both cases this
will require solving the governing equation (6.29) with appropriate
initial and boundary conditions, and this is accomplished by the
Laplace transform method. The governing equation (6.29) has been
known in other fields as the general diffusion, or the Plank-Fokker
equation. This 1s often arised in the theory of stochastic proce-
sses , particularly in subjects such as the diffusion processes,
Brownian motion and random walk., For a brief introductionto these
see Feller (1966) Vol.1 Chapter 1k, p311-337 and Vol.2, Chapter 10,
P.321-336, Some solutions in the cases of a semi~infinite region

and simple boundary conditions can be found in Cox and Miller (1965).
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PART I THE CONSOLIDATION OF A NORMALLY CONSOLIDATED
STRATUM JNDER A SURFACE LOADING

3. DEVELOPMENT OF SOLUTIONS CORRESPONDING TO A STEP LOADING

Tae Double Drainage Boundary

The governing equation is,

2
TP
an n

, T >0 (6.29)

A
=3
A

Initially the stratum is in equilibrium with its own weight and a

surface loading and is described by the equation :

(6.28)
q(n,0) = 0
At the instant 7=¢0 an additional loading is applied to the surface
which causes void ratio change in both the surface and the base of

the stratum as :

q(0,T) = a (6.35)
q(1,T) = b (A.35)
where a=>b exp(-vy) in this case.

ga) The formal solution

The Laplace transform g(n,p) 1o the requlired solution

CI(Y],T) j_S,
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oo}

q(m,p) = [ q(n,T) exp(-pT)dT (6.37)
0

by which the governing equation becomes,

_ d%g da (6.38)
Y an

Tne solution to this 1is,

m 2

7 = T_x Y (6.39)
q Alexp(mln) + A2exp(m2n) , m, =3 +v/( Y, +p)
arnid the constants Al ’ A2 are determined from the boundary condition :

g(0,p) = = (6.40)

P
a(1,p = -2- (6.41)
p
as :
b - a exp(m,)
a, = DA (6.42)
p[ exp(m,) - exp(m,) ]

and L a exp(m,) - b (6.43)

, =

ol eXp(m2) - exp(ml) ]
Y2

Hence, _ ¥ sinh[(n=1) / ( 7 +p)]

a(n,p) = -aexp( sn) 5

psinhy ( g +p)
, y2
¥ sinh[n / ( 4 +p) (6.44)
+ bexp[§(n—l)] 5

psinh Y ( g +p)

Using the standard transformation pair ( Brdelyl 1954 p.259, pair (
5.9.39))
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;Cﬁ{ 1 sinh(x /p) b= sinh(x / (iw)) exp (iwT)

p - iw sinh /p ~ sinh /(iw)
(6.45)

n ,
+ 2 “g (-1) n sin(nrTx) exp(-nznzT)

n2w2 + 1w

the inverse transformation to eq(6.44) is found to be :

{ l-exp[y(n-1)]
I-exn(-v)

nmsin(nmn)
C’(T],T) = a —_—

2
exp[-(n°n? + g )T + gn 7}
2

nn? + g (6.46)

S

(-1)"nwsin(ntn)

2
n-m ]

exp{yn)-1
exp(y)-1

2
exp[-(n?m2 + g )T+ X (n-1)7}

+ 2
B 2

which 1s the required solution. In the present case, appropriate

values of a , b are substituted into the above =guation to yield :

an,m) = b lexply(n-1)] = 2 £ (1 - (-D7exn( L))
| , (6.47)
nmsin(nmn) expl-( n2w2 + g )T+ g” -y ]}
RN

b

where is the void ratio change in the base of the stratum. A new

variable, the local degree of consolidation, defined as :

a(n,T)

f(n,T) = ——————— (6.48)
a(n,»)

can be derived from the solution. The final equilibrium state in

the present case 1is,

q(n,=) b exply(n-1)] (6.49)

£M,T) mrsin(ngn)

1l

n Y
1-2 i [1-(-1)"exp( 5 )]
nzvz + 22 (6-50)

2
exp[-(nzﬂ2 + g )T - gﬂ ]
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The degree of settlement is found from eq(6.47),(6.49) as :

S0 = 1= 2o b L 11-(-1)7exp( )1 —F—— 1

exp(y)-1 2
n?mw? + Z (6-51)

2
exp[-( n?m? + g )T]
It can be seen that both the local degree of consolidation, eq(6.50)
and the degree of gettlement, eq(6.51) are strain - invariant, 1.e.

unaffected by the actual magnituds of the void ratio change.

Strain - invariant solutions have also been obtained in
the thin layer and the linear theory discussed in the previous chapters.
These results, and the solutions that will appear in later sections,
suggest that this is a property associliated with the assumption of a
constant C .

F

Tae stratum coefficient Y has appeared in the solutions
eq(6.50,51) y and different consolidation behaviour will therefore
be expected in strata with different Y values. The limiting case
when Y>> ¢ , which may be a result of either z, > O,i.e. a very thin
stratum, or Pq - Pry l.e. in cases where the weight of the soil is
negligible, 1s therefore equivalent to the thin layer idealization.

Since,

6.52
1im Y 1 (6.52)
Y>0 exp(y) - 1
it follows that
1lim s(T) =1 - —22 ) 1 exu(—mzsz)
Y50 ™S m m2 N (6'53>

m=1,3,5,...

which, as can be expected, agrees with the thin layer solution.
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(€] Approximate solutions

In practical computation 1t 1s sometimes desirable to have
approximate solutions to the ssttlement behaviour in order to obtain
numerical values easily. One possibility of achieving this is to
consider seperately the early and later stages of consolidation, and
the behaviour in the whole time span is approximated by matching the

two solutions.

For tha small time solution consider the Laplace transform

0f the degree of settlement :

1

fa(n,p)dn

0 (6.54)
1

fa(n,»)dn

0

where  g(p) 1s the Laplace transform of s(r) and q(n,p) has been

given in eq(6.44). It follows that

S(p) =

2

Y Y /(L4 p)
S(p) = {[1-exp(~Y)] 572 + [l+exp(Y)] 5
eX,D(Y) -1 2D pztanh /( g + p)
2
, exp( g )V g + p) .
- 5 )
As p?sinh / ( g + p) (6.55)
p - o
¥2
tanh/( -4' + p) > 1
y2
ard sinh/ (3 +p) >

Thus for small + the third term in eg(6.55) can be omitted and the

following approximation results :

2
Y (= +p)

- Y - )] —L
S(p) = oxp (771 {[1-exp(-Y)] 2 + [1+exp(y)] e

1<

b (6.56)
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The inverse transform of the second term 1n the above expression is

obtained from the standard transformation pair (Srdel~i, 1954) as:

2 2
" V( g + p) T exp(- Z t) ¥ T
F{i————3Y = [ ——=—— gt + Y 5 erf( g/t)dt (6.57)
p® 0 /(T t) 0

The first integral is related to the incomplete Gamma function and

can be expressed as ( Lebedev 1965) as :

2 2 1
T exp(- I t) ) 1% ¢ Lp)etk
) dt = 5
P J (nt) v/ k k! (k + 3 ) (6.58)
_ T _ Y2 cesen
= 2/( - ) [ 1 EE'T + ]

Neglecting the higher order terms as T -0 this becomes,

2
T exp(- g t)
S ——at = 2 /¢
0 /(rt)

Iy - ——7—Y2 /(1)3 (6:9)
i 6y

The second integral in eq(6.57) involves the error function in the
_ 4 t ]

integrand which can be approximated by Y( p ) as t >0,

Thus,

T v T t 2 ~T?
(f) erf( 3 /t)dt = 2 y/( =) dt = 37T (6.60)
Therefore,
2
L /(I p) 2
17— = 2/(%) 4 2o /(3 (6.61)
p2
And finally,
S(T) ~ ———X — {2fexp(y)+1] / ( = ) -~ % [exp(y)-1]T 6.6
exp(y)-1 Py T 3 Py (6.62)
V2 3
+ oz [exp(y)+1] V ( =) }
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- 1
Stratum Time Degree of settlement x 104
o Exact Small Time Large Time
Coefficlent Factor Solution Approximation ; Approximation

0.1 0.0001 0230 0226 -
0.0025 1129 1129 -
0.0100 2258 2258 2287
0.0400 4514 4515 4514
0.0900 | 6667 6772 6667
0.1600 8330 9028 8330
0.4990 9936 - 9936

1.0 0.0001 0248 0244 -
0.0025 1209 1209 -
0.0100 2394 2394 2430
0.0400 4699 4700 4699
0.0930 6831 6930 6831
0.1600 8441 9097 8441
0.4900 9945 - 9945

2.0 0.0007 0299 | 0294 -
0.0025 1433 1435 -
0.0100 2773 2773 2829
0.0400 5204 5205 5204
0.0900 7270 7356 7270
0.1600 8729 9285 8729
0.4900 | 9955 - 9955

TABLE 6.2 COMPARISON OF SMALL AND LARGE TIME APPROXIMATE SOLUTIONS
WITH EXACT SOLUTION, NORMALLY CONSOLIDATED STRATUM,
DOUBLE DRAIN

In the later stages of consolidation which associated with
large time factor T, it is seen that the series in the formal solu-
tion eq(6.51) converges very fast as a result of the exponential term
in the series. It can be expected therefore that using the first

few terms in the series will result in an efficient approximation

in this stage.

The small and large time approzimate solutions are compared
with the formal solution in Table 6.2, the first five terms of the
series of eq(6.51) have been used for large time approximate solution

in this case. The agreement is seen to be very good.
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The Single Drainage Boundary

In situations where drainage is only allowed at one of the
two boundaries of the stratum, the progress of consolidation will be
retarded. In the theory of a linear soil model and the thin layer the
actual location of this boundary, whether it is in the surface or the
base, does not affect the settlement rate of the stratum. This is
because identical void ratio changes occur abt both boundaries. In the
present theory, however, the void ratio changes in both boundaries will
be different. Consequently, a difference in the settlement rate is

expected for different locations of the drainage poyundarv. This will be

confirmed in this section by the solutions developed for each case.

(a) Surface drain

The boundary conditions in this case are

qg(1,T) = Ae (6.63)
3g
a—n(o’T) = vyq(0,t) (6.64)

Using the Laplace transform it is found that

— m] Y y Y2
q(n,p) = A, exp(m,;n) + A, exp(mn) , m, =5 VGt
(6.65)
with,
B Ae
a, = (6.66)
of eXp(mZJ—BeXp(ml/ ]
Ae
_ (6.67)
A, =

pl exp(m2)—Bexp(ml) ]
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and B = —"— (6.68)

The Laplace transform of the local degree of consolidation 1s given

by :

Fen,p) = 2P (6.69)
g(n,»)

After some manipulation, this is found to be :

2 2 2
- exp[-%(n=1)] 1V (%+p) coshin /(& +p}] + = sinhn/ (% +p)]}
E(n,p) =

2 2 . 2
p 1y & +p)coshly (% +p)] + L sinnf/ (L +p)1)

(6.70)

The inverse transformation is evaluated in Appendix A from which it

1s found that

(-1)"[ B _cos (8 n) + Y; sin(8_n)J

2
Fr = - _/r2 +..X.
n,T) 1 2 g exp/[ (Bn 7 )T

2 2
2 40 Y
/85 ) Lty

-X (-
5 (n=1)]
(6.71)
where the an are the zeroes of
B cosR +-L sing (6.72)
n n 2 n

The expression for the void ratio change g can be obtained

by

q(n,T) = be exp[y(n-1)] £(n,T) (6.73)



The degree of settlement is found to be :

2 v?
. 2y eXp[~~(Bn +2—)TJ

S0 = -

2 2
2 . X v
(Bn+4)(l+4—11-8 +'—§28)

n n
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(6.74)

The small time approximation to this can be obtained by considering the

behaviour of the Laplace transform, which is

N 1
2 2
pll-exp(~)] /(—g—+ p)cothﬂ/(%'+P) +‘%—

S(p) =

2
As p*>ow, coth/(—g-+ p) > 1

1t follows that

Y 1
S(p) B 72 » p>®
l-exp(-y) pl/(—; + p) +—2—]

Since,

) g/, =Py Y
{ . b= fi—t—=) 7T
P/ (% +p) + 31 5
It follows from eq(6.61) that,
2
. Y S Y 3
S(T) Ty (¥ (7) 3 Tre/T ] T

>

0

(6.75)

(6.76)

(6.77)

(6.78)

In large time an approximate solution can again be obtained
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Time Factor Degree of S?ttlement X 10h _

Exact Small Time Large Time
Solution | Approximation | Approximation

0.0001 0176 0178 -

0.0025 0872 0873 -

0.0100 1707 1707 1811

0.0k%00 3266 3266 3268

0.0900 L683 L683 4683

0.1600 5968 5970 5968

0.2500 7108 7133 7108

0.4900 8790 9130 8790

1.0000 9809 - 9809

TABLE 6.3 COMPARISON OF SMATL AND LARGE TIME APPROXIMATIONS WITH
EXACT SOLUTION, NORMALLY CONSOLIDATED STRATUM, SURFACE
DRAIN,

by taking the first few terms of the series solution, eq(6.Th4).

A comparison of the small and large time approximation ( up to the
third term in the series ) with the exact solotion is shown in Table
6.3 for a typical value of y=1. The agreement is seen to be very

good.

(b) Base drain

The boundary conditions for this case are :

qg(0,T) = Ae exp(-v) (6 79)
2L am = yea,m (6.80)

Using the Laplace transform it is found that
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_ he exp( gn -y ) 2 v2 ¥
g(n,p) = [ /(3 + p)coshl[(1-n)/(y *p )]~ 3
p
' ' Y oY inny o X
sinh[(1-n)/(; +p)11/[ /( 4 +p)coshy/( 4 +p)= 5 sink/( 4 +p)]
(6.81)
and,
Y Y2 Y2 Y Y?

- exp(= zn ) /(4 +p)cosh[(1-n)/( 3 +p)] = 5 sinh[(1-n)/( 4 +P)]
f(n,p) =

Y2 2 2

p /(L +p)costy ( g +p) - g sinhy ( 5 +p)

(6.82)

The inverse transform of this is also evaluated in Appendix A of this

chapter, from which it 1is found that

n Y .
(-1)" [a_cosa_(1-n) - 5 sina_(1-n)] 2
3 _ n n 2 n /el Y - X
f(n,T) = 1 2 1};1 exp[ (an + v )T 2n ]
2 2
Y 2 + X
(OLn * 4 )(OLn 40Ln 20Ln )
(6.83)
and the degree of settlement is :
YZ
2y exp[-(aZ + 7 )T]
s(r) =1 - ——— I (6.84)
Yy o 2 2
exp(') 1 (az 4 '_E ) (1 + Y _ Y )
n 402 202
n n

where the ans are the zeroes of

Y sina (6.85)
n

o_cosa - =
n n 2



i Yy = XCOSX

ML 1

e ,

FIG.6.5 Characteristic roots o of eq(6.85), (top), and Bn of

eq(6.72), (above).
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The locations of this are shown in Fig.6.5, which also shows the locations
of the Bn of the surface draln case. These can be calculated by the
Newton's method. Tt should be noted that for large y the determination
of the first root o, becomes extremely difficult, and a practical upper

0
limit is about y=2 before this difficulty becomes serious.

The small time approximation to the degree of settlement is

obtained by considering its Laplace transform :

1

- Y
S(p) = = 2 2 (6.86)
plexp() =1 X 4 prcotw (3 +p) -

2
As p>e , coth /( E + p) > 1

1t follows that

- Y
S(p) S5 > (6.87)

X -2
pl /( 7 TP -3

The inverse transform of this is, approximately,

21
/T

s(r) = —Y [2/(§)+

3
e /13 ] (6.88)

LV B

-J
T %

It is worth noting that by adding this to the expression for

the surface drain case

- Y T, _x -
Sbase * Ssurface - exp(y)-1 [2(1+exp(Y) )/ ( m ) 2 (exp(y)=1)T
2 1,3
+ ¢ (l+exp(y)) T JT° ] (6.89)
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\
|
!

|
-
i

Time Factor E Degree of ?ettlement X TOA-

i Exact Small Time Large Time

i Solution | Approximation | Approximation
0.0001 ! 0066 0066 -
0.0025 ; 0336 0336 oL82
0.0100 0686 0686 0726
0.0400 i 143h 1434 1435
0,0900 ! 22hT ool T o2kt
0.1600 2 3126 3127 3126
0.2500 ' hoss 4079 4066
0.4900 5968 6210 5968
1.0000 8225 - 8225 B

TABLE 6.4 COMPARISON OF SMALL AND LARGE TIME APPROXIMATIONS WITH THE
EXACT SOLUTION, NORMALLY CONSOLIDATED STRATUM, BASE DRAIN

resulting in the expression for the double drainage case. In other
words, during the early stages the consolidation occurs mostly near
the drained boundaries. Thus summing the two cases of single drainage

in the early stages is equivalent to the double drainage case.

In later stages the solutlon can be approximated by using the
first three terms of the series solution, eq(6.8L4). Table 6.4 shows the
comparison of the small and large time approximations with the exact

solution for a typical value of y=1 . The agreement 1s again very good.

4, DISCUSSION OF SOLUTIONS

The solutions of the consolidation of a normally consolidated
stratum under a step loading have been developed in the previous section.,
In this section particular attention will be paid to the effect of the

stratum coefficient v on the consolidation behaviour of such case.
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——— 7=20 {thin layer)
7=01
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J = 2

FIG.6.7 Variations of the local degree of consolidation,

The Double Drainage Boundary

The progress of the degree of settlement with the square root
of time factor is shown in Fig.6.6. It is seen that a fast consolidation
occurs with increasing values of v. The term fast is used here with
respect to the time factor, and does not imply a similar sense in real
time., It is found that within the range of y considered, the use of
the thin layer solution by Gibson et. al. (1967) gives an approximation

with an error of the order of a few percent.

The variation of the local degree of consolidation in the
stratum at different time factors is shown in Fig.6.7.for different values

of v. Also shown in this figure is that of the thin layer solution, in
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which the isochrones are symmetric to the mid-plane ( n =0.5) as a well
known result, Such symmetry, however, 1s not found in the present
solution as 1t can be seen that the isochrones are skewed with the peak
below the mid-layer. The effect is more pronounced with larger vy .

It can also be seen that the upper part of the stratum is better conso-—
lidated than predicted by the thin layer idealization ( i.e. in the upper
part the isochrones stay to the left of that of the thin layer ) , while
in the lower part the consolidation is less than that of the thin layer,
It can be noticed that the no-flow-planes ( i.e. the plane within the
stratum with no excess pore pressure gradient, which can be seen in the
figure as the peak in the isochrone) are located below the mid-layer,
and move downwards as consolidation proceeds. In the thin layer this
no-flow-plane is fixed to the mid-layer throughout the consolidation.
Detailed drawings of the isochrones for each y are presented in Fig.6.8
from which further evidences to support the above cbservations can be

found.

The Single Drainage Boundary

Fig.6.9 shows the progress of the degree of settlement with the
square root of the time factor for both surface and base drain cases.
In the surface drain the trend is similar to the double drainage case 1n
that faster consolidation is achieved with larger <y .  However, the
opposite is observed in the base drain case where larger Y will produce
a slower consolidation., The thin layer solution is also included in
this figure vhere there is only one solution for both surface and base
drain cases. The difference between this and the present solution is
greater than the double drainage case. It can be seen that the consoli-
dation with base drain is always slower than the thin layer, while the
surface drain will always be faster. This can be linked to the obser-
vation made in the isochrones of the double drainage case where the upper
part of the stratum always consolidates faster and the lower part is
always slower than the thin layer. The difference in the consolidation
rate 1s probably a result of the different magnitudes of the void ratio

changes required and the differences in permeabllity in each boundary.
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The isochrones of the local degree of consolidation for each
case are shown in Fig.6.10 for y = 0.1,1. The thin layer solution has
also been included in this figure as broken lines for comparison,

It 1s seen that the difference between this and the present solution is

larger than in the double drainage case.

The calculation of the solution in the base drain case has been
found difficult for large vy because of the elimination of the first
characteristic root of eq(6.85) mentioned before. This causes the
consolidation to be extremely slow, and an explanation is that in such
situations the void ratio change in the base triggered by the surface
loading is too small to initiate the consolidation of the whole stratum.
This problem is largely theoretical as in practice not only does &
perfect Impervious surface not exist but also it is always possible to

improve the surface drainage condition to accelerate its consolidation,

It is therefore concluded that in the consolidation of a normally
consolidated stratum under a step loading both the consolidation rate
and the variation of the local consolidation state will depend to a
certaln extent on the stratum coefficient vy . In most cases 1t 1s seen
that the stratum will consolidate faster than predicted by the thin layer
or the classical Terzaghi theory. And greater error will result when
these two theories are applied to a thick, soft stratum which is associa-
ted with larger v . In particular, the present theory predicts entirely
different consolidation behaviour in the case of a single drain (either
base or surface) from that predicted by the thin layer or Terzaghi theory.
The very slow consolidation rate of the base drain case in comparison
to the surface drain case indicates the importance of provisions for a
good surface drainage in engineering practice for an earlier consolidation

to be achieved.,
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5. CONSOLIDATION WITH A TIME DEPENDENT LOADING

In practice the actual loading that a soil stratum experiences
will vary with time, and the variation is usually so complicated that
some degree of idealization and approximation must be applied. The step
loading just considered is a highly idealized one, and only in rare
circumstances can a real 1pgding Pe approximated by this.  When the
variation of the surface loading has been estimated or specified, two

approaches can be used

(1) Approximate the loading history by a simple function to which a

“solution can be obtained,

(2) Break the loading history into steps (staircase). Within each step
the consolidation 1s caused by a step loading with an initial condition

determined by the previous stage and a solution can be obtalned,

These two approaches will be treated seperately in this section.
The general solution corresponding to each case is developed first.
These solutions are then applied to the very important case of a linear

ramp loading at the end of this section.

General Solutions

The governing equation of consolidation in the present theory
uses void ratio as the dependent variable., However, 1in common enginee-
ring practice it is the stress boundary condition, i.e. the variation of
surface loading with time, that 1s specified, For the purpose of analy-
sis it 1s necessary to convert this stress boundary condition into a
strain boundary condition by the stress—-strain relationship. In the
present case, once the loading function P(t) is specified the correspon-
ding void ratio function b(t) in the base (assuming free drainage) is
then
(6.90)

[0
b(t) = ey exp[—-E; P(t)]
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This equation is obtained from the stress-strain equation of the nonlinear
model , eq(6.3). A similar expression can also be obtained for the voild

ratio in the surface.

It is seen from eq(6.90) that, a simple loading function may
not result in a simple boundary condition. This point should be borne
in mind when selecting an approximation to the actual loading history in

practice.

(a) The double drainage boundary

The governing equation is,

2
°g _ 87¢ . 2%¢ 0 <n<1, 17 >0 (6.29)
9T 37]2 an -

(N
A

where n 1s the normalized material coordinate and T 1s the time factor.

The initial and boundary conditions are :

q(n,0) =0 (6.28)
a(0,T) = a(T) = e, - b(T) (6,91)
g(1,T) = a(T)exp(y) (6.92)

Applying the Laplace transform to the equation yields

v2
sinh[n vV ( 47 TP

.Y?_
sinh /( Z +p)

G(n,p) = a(p)exp[ g (n+1)]

2
sinh[(n-1)/ ( L +p)]

- a(p)exp( gn ) (6.93)

2
sinh / ( g +p)
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where g and a are respectively the Laplace transform of g and a .
The inverse transform is aided by a standard pair ( Erdelyi 1954) and

the convolution thoerem and it is found that

= n Y ; 2.2 , Y Y
q(n,T) = 2 § nm [I-(~1) exp( 3 )] sin(nmn ) exp[-(n“m¢ + v )T + 5”]
T 2
/ a(t)expl (n?1? + g ) t] dr (6.9k4)
0

It is possible to define the degree of settlement from the final equili-

brium condition g(n,®) :

q(n,») = a(~)exp(yn) (6.95)

where a(») is the final void ratio change in the base.

Hence,
1
fq(n,T)dn 1
- - i ¢ atn,ma (6.96)
S = T Ta)lexpm-11 ) AT ‘
gq(n,m)dn

In the present case,

A 2
exp(y)-1 1

8
o]
3

S(T) =

2
[1-(-1)"exp( 3 ) 1%expr-(n2n2 + L)1

2
exp[(nzTr2 + E )Tjdr (6.97)
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(b) Surface drain

In this case the undrained boundary condition is the same as
the step loading case, see eq(6.6L)., The boundary condition in the surface
is given by eq(6.92). Applying the Laplace transform and the transformed

solution 1s found to be :

G 2 Y v2
_ _ J( g +p) cosh[ry/ ( y; +p)] + 3 sinh[n/ ( y; +p)]
g(n,p) = a(plexp[ L (n+l1)]
2 ¥2 2 2
J( i +p)cosh / ( y +p) + gsinh /o 7] +p)

(6.98)

The inverse transform of part of this expression can be obtained using

the result of the Appendix A as

2 2 2
, VL E +p)cosh[n ¥/ ( g +p)] + % sinh[n V ( E +p) ]
LA 2 2 2 '
Y Y Y oo Y
J( y +p)cosh V( 7 +p) + 3 sinh / ( ] +p)
V¢ Yipycoshin v ¢ Y 4p)1 + ¥ sinhin /¢ Lp)]
_ d —’l{ 1 4 4 2 4 }
-4 ozl
dr p 2 Y2 v . v2
v ( Y] +p)cosh / ( ] +p) + 3 sinh / ( 7 +p)
2, y? Y o
(-1 8+ L) [ BcosBn+ 3L sinBon] 2
=2 n_ 4 Z n 2 n exp[-(é; ) % )1
B+ =L

v
n AT
n n

(6,99)

Therefore, from the convolution theorem,
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2
a2 L X
(=1) " /¢ B + 45 [ 8 ,cos B n +

N1

sin B n ] 2
n exp[- (82 + 1 )71

qn,T) = 2 g

2
Y2, Y
B+ +
n 48 28
T 2
[ a(t)expl[( 82 + % )tldr (6.100)
O o

where has the same meaning as in the step loading case, see eq(6.72).
5, g :

From this, after some manipulation, follows the degree of

settlement

2
- g2 + X
2y B expl-( B_ + 7 )T]

T
s(T) = 5 fa(T) 2
0

24X
2 (=) exp[(Bn + 7 )tldt

l-exp(~Yy) n
o L X .Y
n 48 28
n n

(6.,101)

(c) Base drain

The boundary conditions in this case are given by eq(6.91) and
eq(6.80). The technique used to solve this case is essentially similar
to the previous case and the details will not be duplicated here.

It is found that

(—l)n;/(OL2 + l(2) [ o _cos[a_ (1-n)] - 1 sinfa_(1-n)]]
n 4 n n 2 n

qg(n,T) =2 L

n Y e

-~ 1
n T 2a Za
n n

2 T 2
expl~(a® + L)1+ In 7 5 acvyexpr(ed+ g ytidt  (6.102)
0
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a(t)
2 0 a(«)

2 2
+ =
exp[(an Y ytjldr

(6.103)

The solutions developed in this section will prove useful in
practical applications, and later on this will be applied to the very
important case of a linear ramp loading. There are, however, situations
where a stalrcase will be a better approximation to the real loading
history. An example of such is a staged construction scheme, The

next section is devoted to the solution of such cases.

Consolidation With A Staircase Loading

This situation 1s similar to the step loading case treated
previously except that the initial condition will be a general function

such as

q(n,0) = f(n) (6.104)

And in the drained boundary :

Ae (6.105)

q(o,T)

q(1,T) Ae exp(vy) (6,106)

It is advantageous to use a new variable q, defined as

g,(n,T) = be exp(yn) - a(n,T) (6.107)

The governing equation in terms of this is,
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a2 Yaql (6.109)
3T 5 n? In
with the initial condition :
g,(n,0) = g(n) = heexp(yn) - £(n) (6.109)
and the simplified drainage boundary conditions
q,(0,7) =g, (1,7) = 0 (6.110)a,b

(a) The double drainage boundary

The initial and boundary conditions in this case are given by

eq(6.109,110a,b). It is seen the function :
- ; Y
q,(n,T) I s (T) sin(nmn )exp( 3n ) (6.111)

satisfies the boundary conditions. This also satisfies the governing

equation if the function sn(T) satisfies
d y2 (6.112)

2.2 _
+ - =
a7 Sn (n<m + 7 )sn 0

Hence,

2
sn(T) = bnexp[--(nzvr2 + g )T] (6.113)

and,

: 2.2 , Y5 L
ql(n,T) = g bn51n(nwn)exp[~(n Ll ) + il ] (6.11k)
The coefficients bn can be determined from the initial condition that

- - ; Y
g,(n,0) = g(n) =% b sin(nm)exp( 3n ) (6.115)
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Hence,

1
b =2 [ g(y)sin(nmy)exp(- g y )dy (6,116)
0

And the required solution is,

q(n,T) = Ae exp(yn) - 2 g sin(mrn)exp[—(nzﬂ2 + g )T + gn ]
1
f g(u)sin(nwy)exp(- g y ) dy (6.117)
0
(b) Surface drain
The boundary conditions are given by :
a(l1,T) = he exp(y) (6.106)
3
5 (0,7) = yg(0,T) (6.64)

Adopting the variable g, as in eq(6,107) it is found that

1

3 g

Imn

1

(0,T) = ~ygq; (7.7 (6.118)

Tt 1s seen the function :
- Y
g,(n,T) = % u (T)V_(n)exp( on ) (6.119)

with the eigenfunctions,

- Y .
v (n) = B cos(8 n) + 3 51n(8nn) (6.120)
where,
Y , _
Bncoan + 3 51n8n =0 (6.121)
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satisfies the boundary conditions, eq(6.110b,6.118), It will satisfy

the governing equation if the function un(T) satisfies

2
Ly + (82 + 1) u =0 (6.122)
n n n

Therefore,

u (1) = c_ expl~( B2 + EZ)TJ (6.123)
It follows that
2
q,(n,T) = e v (n) expl-( 82+ L7+ LIng (6,124
From the initial condition,
g(n) = Lc_ V (n) exp( gn ) (6.125)

The “cllowing orthogonal condition for the functions v, can be established

by direct integration :

1 0 m#n

SV 9V _(y)dy = 2 (6.126)
m =" 1 I N -

0 5 ( Bn + v + > ) m=n

From this the coefficlients c, follow :

2 1
c = ; f g(y)V_(y)exp(- gy )dy (6.127)
2 ., ¥,y ©
Bn * 4 * 2

<

and the required solution is,

2
_ - a2 2 Yy L X
g(n,T) = Ae exp(yn) g c, Vh(n) expl[-{( Bn *+ )T + 5N ]

(6.,128)
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{c) Base dralin

The boundary conditions are given by eq(6.110)a and :

3
In

g,(1,7) = yg,(1,7) (6.129)

It 1s seen the function :

- Y

ql(n,T) =z w (T) ¥ _(n) exp( 3n ) (6.130)

where,
- - Y o _

y (n) = o cos[ a (I-n)] - 5 sin[ o (1-n)] (6.131)

and,
Y .- _
a coso - 5 sina =0 (6.132)

satisfies the boundary conditions. It also satisfies the governing

equation 1f the function wn(T) satisfies

d 2 , Y _
~zw (a2t g )w =0 (6.133)
Therefore ’
~ 2 Y (6.134)
wn(T) = dn exp[-( as + y )T]

And the coefficients dn are determined from the initial conditilon :
= Y
g(n) = L d Y (n) exp( sn) (6,135)

and the orthogonal condition of the functions Yn(n) which can be verified

by direct integration :

1

g Ym(y)Yn(y)dy

i

(6.136)
é ( ag + 12X ) m=n
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Hence, 2 1
_ -1 6.137)
d ; [ g(y) Yn(y) exp(- 3y )dy (
A A
n 4 2

And the required solution is,

2
- _ N2
g(n,T) = Ae exp(yn) g dn Yn(n) exp[-( o + v )T +

N1

n J
(6.138)

In the special case of a step loading, i.e. f(n) = 0 , these solutions

eq(6.117,128,138) have been seen to agree with the corresponding
solutions developed in section 3.

An Analysis of the Consolidation Under A Linear Ramp Loading

This section will consider the very important case of a loading
P(t) applied to the surface of a normally consolidated stratum which
increases linearly with time with a slope s' up to the time t=t , i.e.

s't 0 <t < tO
P(t) =

(6.139)
s'to tO <t

The corresponding void ratio change at the base of the stratum, assuming
free drainage, is

0 1
- p— — < <
e. [ 1 exp( s't)] 0 t t
a(t) =

- -
eb[ 1 exp( CF s to)] t0=§At

In order that the solutions in the previous sections can be applied,

the above equations are rewritten in terms of the time factor T as:
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sT 0

[IEN
3
EN
-

P(T) = ° (6.139)a
sT T K<T
o o=
[1-exp(~ = sT)] 0 XT <T
°p P, ="="%
and, a(T) = (6.140)a
a
eb[ 1 - exp(- el sTO)] To <T
F
with a relationship between the coefficients s and s'
s C
st = — I (6.141)
2
%5

Substituting the function a(T) into the solution, eq(6.94,97,100-103)
and making use of the identity :

T 2
J a(t) exp[(nzﬂ2 + E )tldr
0
G Y2 _ o
exp[(nzﬂ2 + =)7] - 1 exp[(nzw2 + = - s)T] - 1
4 4 C
=e 1 _ E }
b 2 2 a
n2n2 4+ 1 n?n2 + 1 - s
4 4 C
F
(6.1k2)

the solution during the loading period 0 <T < TO is found to be

For double drainage boundary :

q,Mm,T) =2, Inm [1~-(-1)"exp( g )J]sin(nmn ) exp( gn ) |

2
[1-exp[~(n?T2 + g )T] -
n?n2 + X —-g—s F

2
I‘12‘ﬂ'2+ g )T]]} (601)43)
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{

n
) n2n2 [1-(~-1)"exp( L )]
Y 2
Sd(T) = a 121; 2
(exp(y) =1)[1~ eXP(--E-STO)] n2n2 + X
F 4
2
___l____[ 1 - ex_p[—(rzzw2 + g )T]
2
2.2 Y
nems + y,
1 o ) Y2
- [exp(=— sT) - exp[-(n°w*+ < )T]]}
o C 4
n2m2 4+ Lo % g F
4 C

F

For surface drain

n+l
_ Y (-1)77" /(82 +
qs(n,T) = 2ebexp[ 2(n+_7.)] g n

(6.14h)

2
) [ B cos(B.n) + % sin(B n)]
I n Il

2

2
{ 1 [ 1~ exp[—( 8§ + g )T]
B2 + 4
p,
1 o >, ¥?
- > [exp(~-5 ST) ~ exp[-(B + 7 ) T]1}
82 + X ——g—s F
n 4 C

F

(6.145)
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82
SS(T) = 2Y o g 2 /{ : 2 f1-
(l-exp(~y)) [l-exp(-~=sT )] 2 L YT,y 2 .Y
€p © Bt 273 By * 4
2 y2 1 o 2 y2
exP[—(Bn t g )T]] = [exp(—7; sT) - exp[—(Bn + g )T1]}
62 » Y9 ¢ F
n 4 C
F

(6.146)

For base drain :

2
(-1)"/ (a2 + L) [0 cos(a_(1-n)) - L sin(a_(1-n))]

- Y
qb(n,T) = 2ebexp( 2n ) g

2
Y Y
PR SIS
“r 7 4a 20,

n n
e ¢ v?
1 - exp[-(a2 + 3 )T] exp(-—sT) - exp[-(a® + % )T]
n 4 C n 4
{ 5 — E 5 }
2 .Y 2 LY _ o
o + y; an + y = s
F
(6.147)
2
o
5,(1) = L
(exp(y)=1) [1~exp(~—=ST ) ] 0 Y2y
o o + = = =
F n 4 2
1 - exp[-(0® + Iz)T] Xp(-——sT) = e [-(a? + l(Z)T]
1% n y exp e s XD an y
F
{ . —_ - }
2 Y 2 Y O
+ —— - o —
an Z un + y CFS

(6,1148)
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In these expressions the subscripts d, s and b are used to
indicate double drainage, surface draln and base drain respectively,

The parameter —%—-appearing in the expressions is related to the stratum
F
coefficient v by :

2 o h (6.149)

where zo( P " pf) is the part of the effective stress in the base
caused by the weight of the soil in the stratum. This 1s related to
the total additional loading sT by a loading factor m defined as

sT, = m [z (p_~pg)] (6.150)

It can therefore be shown that the above solutions will depend on the two
additional parameter m and T, as well as the stratum coefficient v .
The loading factor m 1is a measure of the magnitude of loading and TO

is a measure of the loading speed. Hence, the solutions, eq(6.143-148)
can be rewritten in these parameters, although the resulting expressions
are still rather lengthy and will not be produced here, The degree of
settlement has been calculated for m = 0.1, 1, 2 and TO = 0.05, 0.1, 0.2
0.5 for the double drain, this is shown in Fig.6.11 for vy = 0.1, 1.

The single drainage cases have also been calculated with m = 0.1, 1, 2

and T_ = 0.1, 0.2, 0.5, 1 for y = 1. These are shown in Fig.6.12.

Perhaps the quantity of most interest to the engineer is the
degree of settlement of the stratum at the completion of loading. This

is a function of Yy, m and To as
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]

FIG. 6.11 Consolidation under a linear ramp loading, double drainage.
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n2n? [l—(—l)nexp( g )]2

2y
Sd(TO) = g
(exp(y)~1) [1-exp(~my) ] 2.2 , ¥°
necmw + Z
2 ¥? y?
1 - exp[—-(n T2 + y: )T ] [exp(-my) - eXp[—(nsz2 + = )T ]1
‘' o _ 4 o
o2 2
2.2 , X 2p2 p YT Y
nem< + y nemw<s + Y T
(@]
(6.151)
82
s_(T) = 2y & -
(1-exp(~y) [1-exp(-my) ] 82 4 Y2,
n 4 2
1 ) Y2 2 Y2
> - eXp[-(Bn + y )TO] _ exp(-my) - eXp[—(Bn * 3 )To] )
2 2
2 Y 2 Y. my
Bn + 4 BI’l * 4 T
o]
(6.152)
2
o
b o n 2
(exp(y)-1) [1-exp(-my)] 02 + XX
n 4 2
1 - exp[-(a? + Xz)T ] exp(-my) - exp[-(a® + Xz)T )
,{ p n 4 o) _ p Y p n 4 o] }
2 2
2 .Y 2 LY My
Otn * 4 OLI') * 4 T
(o]
(6.153)

where the subscrivts d, s and b have the same meaning as before.  These

have been calculated and prevared as charts for m= 0.1, 0.5, 1,2
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and y = 0.1, 0.5, 1, 2, These are shown in Fig.6.13 for the double
drain and in Fig.6.14 and Fig.6.15 for the surface drain and base drain
respectively. These chart can be used to estimate the relative magni-
tude of settlement that has been completed at the end of construction
by estimating the stratum coefficient y, the loading factor m and the
loading periecd in terms of the time factor T, and using these values

to interpret the degree of settlement S(To) from these charts.

The consolidation that follows the completion of construction
can be calculated by substituting the solutions at the completion of
construction as the initial condition f(n) of the staircase loading for
which solutions have been developed in this section. This results in

very long expressions and will not be produced here,
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PART II THE CONSOLIDATION OF A DREDGED FILL
UNDER ITS OWN WEIGHT

In this Part a dredged fill of & uniform density is considered,
Consolidation of this is caused by the welight of the soil and proceeds
until the normally consolidated state is achieved, Two cases will be
considered here : the first is the double drainage boundary and the second
is the surface drain. The possibility of a dredged fill with base drain
only is excluded in the present study as 1t is unrealistic to assume an

impervious surface to exist in practice,

6. DEVELOPMENT OF SOLUTIONS

The governing equation and the initial and boundary conditions
have been given in section 2 of this chapter. The technigque of developing
the solutions in this section will be identical to the previous sections

hence only a brief description will be given here.

The Double Drainage Boundary

The governing equation is given by eq(6.29) and the initial
condition is given by eq(6.28). The boundary conditions are given by
eq(6.25a,26a), and it can be shown that the final equilibrium condition

i.e. when the stratum becomes normally consolidated, is
g(n,) = e, [1-exp(y(n-1))] (6.154)
The solution can simply be obtained by substituting the

corresponding values of the boundary conditions into the general solution

for the double drain, eq(6.46), where in this case a = e exp(=y)
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and b = 0, Thus,

1 - expf[y(n-1)] nT sin(nmn)
q(n,T) = e,exp(-y){ -~ 2 3
* 1 - exp(~n)- n 2
' n?q2 + g
y? Y
exp[-(n®n® + 2 )T + n ]} (6.155)

From this and the final equilibrium condition eq(6,154) the degree of

settlement follows,

y(I-exp(-y) [1-(-1)"exp( % )]
2

S(r) =1-2 I 5 o0 z2
n v = 1 + exn(-y) [ — " ]%exp[-(n°m- + y )T]

N1

(6.156)

An approximate solution in the early stages of consolidation can be

obtained by the Laplace transform solution, which is

2 e Y2
S(p) = y(l-exp(-v)) X, /0 % +p) i exp( 3 ) v ( 7 P }
) y+exp(-y)-1 2p? 2 2
p®tanh /( 7 +p) p?sinh / ( i +p)
(6.157)
'Y2 'Y2
As p > >, tanh/(2+p)—>1 and sinh/(2+p)—>°°
Hence,
2
¥
- -y) V(5 +p)
S(p) = Y(l-exp(-y) { A 4 } p > o (6.158)

vrexp(-v)=1 2 2

The inverse transform of this is, agpproximately,
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Degree of Settlement x 10LL

Time Factor

Exact Small Time Large Time
Solution | Approximation | Approximation
0.0001 0195 0195 -
0.0025 0991 0997 -
0.0100 2026 2026 2028
0.0k400 L233 L23k Le32
0.0900 \ 6487 6633 6487
0.1600 8263 - 8263
0.4900 9938 - 9938

TABLE 6.5 COMPARISON OF SMALIL AND LARGE TIME APPROXIMATIONS WITH
EXACT SOLUTION, DREDGED FILL, DOUBLE DRAIN

Y(1l-exp(-vy) ) T Y Y2 1 3
> = lr +L1I—=/(r .
S(T) ot R A S-S s (M Y (6.159)
This is compared with the exact solution in Table6f.5. The large time

approximation which also appears in this Table is obtained by using the

first five terms from the series solution. In this example vy = I.

Surface Drain

The boundary conditions in this case are given by eq(6.25a,30).

Using the technique of Laplace transform it is found that

) v2
sinh{(1-n) / ( ] +p) ]

q(n,p) = e,[l-exp(y(n-1))] - e,exp( Xn )
i i 2 2 2 2

pl'/( g +p)cosh / ( g +p) + gsinh/ (} +p)

(6.160)

The second term is identical to half of the expression of eq(6.70) where the
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inverse transform is obtained in Appendix A, from which it is found

that

(-1)"sinfB_(1-n)] B
n n

- - - - Y
am,T) = e, {(I-exp(y(n-1))) - 2y exp( 5n ) L > 5

2 . 2 . X4
(B + 3 0B + 53+ 5)

2
exp[- (B2 + E )]} (6.161)

And the degree of settlement is,

2
2y2exp( g ) (-1)“e§ exp[- (82 + g )T]
s(r) = 1 + v n (6.162)

n 2 2
Yy-1l+exp(-v) 2 32 Xy3.p2 L XX
/(Bn * g ) (Bn t2*t3)

In this case a simple approximate solution in small time is
not available; however, it is found that the series in the exact
solution eq(6.162) converges rapidly even at small values of time. This
is shown in Table 6.6 for v = 1 calculated to the T1st, 2nd, 3rd, L4th
5th and the LOth term of the series. It can be seen that a reasonable
approximate solution valid for all values of time can be obtained by

truncating the series solution after the third or the fifth term.

Time Factor | Degree of Settlement x 10
1st 2nd 3rd Lth 5th Loth
0.02 -0199 0282 | 0232 0237 0237 0237
0.03 016L 05kk i 0519 0519 0519 0519
0.0k 051k | 0815 | 0801 | 0801 | 0801 | 0801
0.05 0851 1089 1082 1082 1082 1082
0.1 1 2367 2Ll ol ohl1 2Ll okl

0.2 L68T L69L ] L6gl LE9h L69L L69k

TABLE 6.6 CONVERGENCY OF THE SERIES SOLUTION, EQ(6.162).
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7 DISCUSSION OF SOLUTIONS

In the previous section the solutions have been developed
for the void ratio change g and the degree of settlement s .  The
magnitude of strain that will occur when the consolidation is complete
and the stratum becomes normally consolidated can be calculated from

the initial and final void ratio distributions as
initially, e =e
in the normally consolidated state : e = eiexp[y(n—l)]

The actual thickness (measured in space) of the stratum is

1
initially, h(0) = z [ (l+e)dn = (l+ei)zo
0

in the normally consolidated state,

1 e,
h(») = z [ (l+e)dn =[ 1 +—=
(o]
0 Y

(l-eXp(—\())]zO

Hence the strain,

h(0) - h(w) e i
£ = = [ 1 - = (I-exp(-Y))]
h(0) 1+ e Y

which depends on both the initial void ratio e, and the stratum coeffi-
cient vy . Since the degree of settlement depends on the stratum coeffi-
cient only, it follows that this is a strain-invariant solution. In
Fig.6.16 this is plotted against the square root of time factor for the
double drainage boundary. It can be seen that the settlement rate for
larger vy 1is slower in the early stages, becoming faster in the later
stages and eventually achieving full consolidation earlier, This behaviour
is not observed in the case of surface drain, shown in Fig.6.17, where

larger +y will always produce faster consolidation.
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The void ratio change g 1s dependent on both the initial void
ratio e, and the stratum coefficient vy . It is therefore desirable to
use a normalized variable to remove the constraint from e, . One of
the many possibilities is to use the normalized voild ratio change §
defined as the ratio of the void ratio change at any particular point to

the maximum void ratio change that could occur in the stratum, i.e.

q(n,T)
g (n,T) = (6.16L4)
ei[l - exp(-v)]

This can be calculated from eq(6.155,161). The isochrones of this for
the double drain are shown in Fig.6-18. Tt can be seen that the consoli-
dation with larger y in the early stages is not significantly faster

than the small vy cases. This results in a comparable order of settlement,
and hence the degree of settlement, which is the ratio of the current
settlement to the final settlement, 1s smaller for larger Yy in this stage
as has been observed earlier. Further evidences of this can be found in

Fig.6.19 -6,22 where isochrones for vy = 0.1, 1, 2, 5 are presented.

The isochrones for the surface drain are shown in Fig.6.23
where it can be seen that faster consolidation 1s associated with larger
Y . These are shown seperately in Fig.6.24 -6,27 for each value of v.
It is difficult in these cases to Judge the actual progress of consoli-
dation from the positions of the isochrones because of the fact that
the parameter is normalized to the largest void mtio change which will
be different in each case. This is demonstrated by the difference in
the final equilibrium state of each case, which has also shown in the
figures by the curve marked with T = =, This difficulty then led to
the consideration of the dissipation of the excess pore water pressure

in the hope that more information could be obtained therefrom,

The excess pore water pressure u 1s related to the total stress
o , the effective stress ¢' and the hydrostatic pore water pressure uy
by the equation :

u =0 -0' - u (6,165)
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FIG. 6.18 Variations of the normalized void ratio change, dredged fill

double drain.
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T = 0017

FIG.6.23 Variations of the normalized void ratio change, dredged fill

surface drain
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The distribution of the total stress in terms of the material coordinate
Z 1is

z

o

o(z) = [ ( ot pfe)dz (6,166)
z

And the hydrostatic pore water pressure is

zZ
1° (1+e)dz (6.167)

z

uh(z) = Pg

Eq(6.166,167) are obtained by assuming the ground water table remains in

the surface of the fill.

The difference between the total stress and the hydrostatic

pore water pressure is

o-up = (p_ =0,)(z-2) (6.168)

)(z - z) (6.169)

u = (p - ) z (6.170)

and max s Pr o
which occurs at the base of the fill,
When the fill has become normally consolidated :
u=0, 0o'=( o - p_)(z =-2z) (6.171)
Therefore, during the consolidation stage :
u=( o - 000z -2z)- ¢ (6.172)

The effective stress o' can be calculated from the void ratio by the

stress ~ void ratio equation :
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c
o' = a~-( p_ = 0,)—— In(e (6.173)
s £
8
where,
“F
a={( o = p;) ; In(e.) (6.17h)
Therefore,
3 ‘F
u = ( P ™ Pg )(zo—z) - (ps - Pg )—B~—1n(ei) + (ps - P, )?ln(e)
This can be simplified to : (6.175)
u=( p -p.)z [1-n+21S)] (6.176)
s £ o] Y e, *

1

From which the normalized excess pore water pressure can be defined :

- u 1 e
u = =1-n+2=1In(=) (6.177)
Y e,
u 1
max
. . . . . e .
The only unknown inveolved in this expression 1s the term - , which
e,
is 1
e -
e _ 1% _ ;.12 (6.178)
i i €1

which can be calculated from the solution ¢ .

The isochrones of this for the double drain are shown in
Fig.6.28. It is seen that for larger v the dissipation of the excess
pore water pressure is faster near the surface and slower near the basey
this is probably a result of the very low permeability of the soil near
the base., As vy is increased, the void ratio in the base is decreased
exponentially according to the stress - void ratio law. Since the
permeability decreases parabolically with the void ratio, the resulting

permeability can be reduced to such an extent that the dissipation of



FIG,6,28 Variations of the normalized excess pore water pressure,

dredged fill, double drain.
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the excess pore water pressure is greatly retarded with larger v .

In the surface drain case shown in Fig.6.29, however, a different
behaviour is observed. Here the dissipation of the excess pore water
pressure 1s always faster with larger vy . This alsc agrees with the
isochrones observed in the upper region in the double drain case,

More details of the isochrones in each case are presented in Fig.6,19-22

and Fig.6.2L4-27,

Finally, the dissipation of the excess pore water pressure in
the impervious base of the surface drain case 1s plotted against the
square root of time factor in Fig.6.30 for different Yy values. For
most vy values it can be observed from this figure that there is a nearly

linear region during the early stages of consolidation,

The analysis in this Part has been based on a rather unrealis-
tic assumption, that is, the soll is assumed to be dumped on site
instantanecusly so that consolidation starts with an initially uniform
density. In many applications, however, the time delay and the
consolidation that occur during the filling operation can not be neglected.
To account for these a deposition — consolidation situation will be
more appropriate. The next chapter is devoted to such an analysis and

considers the very important case of a constant rate of deposition.
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FIG.6.29 Variations of the normalized excess pore water pressure,

dredged fill , surface drain.
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APPENDIX A  EVALUATING THE INVERSE LAPLACE TRANSFORM OF

1/ (a’+p)cosh[x /(a2+p)] + a sinh[x / (a%+p)]

p /(a2+p)cosh /(a2+p) + a sinh /(a2+p)

According to the inversion theorem ( Carslaw and Jaeger, 1948)
the inverse transform of this is given by
c+io / (a’+p)cosh[x / (a’+p)] + a sinh[x / (a’+p)] exp(pt)

f dp
c—iw /(a2+p)COSb /(a2+p) + a sinh}/(a2+p) p

The integrand is a single-valued function of p and there are poles at

p=0  =and p=-(82 +a%, -(87 +a%), ....

[]
=
0]
+
W
~
|+
w0

EEAEEEER are the zeroes of

XCOSX + asinx

Consider the close contour ABCA shown in R

the figure. AB 1s parellel to the imagi-

nary axis at a distance ¢ from it, in this
+ . .
case c >0 . The circle T has a radius pp—

R equals to (n?m2 + a?), hence this will

not pass through any pole of the integrand.

It can be proved that along the arc BCA

1im /(a2+p)cosh[x /(a2+p)] + a sinh[x /(a2+p)]

Joua

J (a%+p)cosh / (a’+p) + a sinh / (a%+p)
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Thus, as n>° the integral over the arc BCA tends to zero (Carslaw and
Jaeger, 1948). Consequently, the integral can be replaced by the
integral over the closed contour ABCA as n> , By Cauchy's theorem

this is equal to the sum of the residues of the integrand at its pole.

cosh(ax)
cosh(a)

sinh(ax)

The pole at p=0 gives SIinh(a)

and the pole at p =—(B§+a2) gives

/ (a®+p)cosh(x / (a®+p)] + a sinh[x / (a%+p)]

-4 _ 2 2 ; 2
dp [ ¥ (a“+p)cosh [/ (a“+p) + a sinh/ (a“+p)] p = —(8§+ a2)

this 1s

2(-1)"8 [ B cos(8 x) + a sin(B _x)]

exp[~( 82 + a2)t]
/(B2 +a%) [ 82 + a(atl) ] "

Thus the required inverse transform is

. n ,
cosh(ax)i§1nh(ax) (-1) Bn[Bncos(an)iﬁ 51n(8nx)]

- 2%
n

exp[—(8§+a2)t1

cosh(a)+sinh(a) / (82+a%) [B2+a(atl)]
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ABSTRACT

The consolidation of a nonlinear soil during a constant rate
of deposition is considered in this chapter. A new parameter, the
deposition coefficient u , is defined. This is a relative measure of
the soll permeability to the rate of deposition, whose magnitude will

determine the consolidation behaviour of the deposit.

The solutions are obtalned numerically by discretizing in
space using the finite element technique and a special variable step
variable order (VSVO) algorithm for integration in time. Some preli-
minary studies, which also include the finite difference approximation
and the Crank — Nicolson method, indicate that the solution in the
later stages of deposition is very sensitive to the numerical procedure
employed. The reason for this has not been fully established in the
present study.

It is found that for both g pervious and an impervious base
a larger deposition coefficient u will correspond to a better consoli-
dated deposit. The solutions also suggest that as u tends to zero the
present solutions converge to that of the linear soil. The role of u
in the present case 1s therefore com-arable to that of the stratum
coefficient Y in the theory of consolidation of an existing stratum,
Chapter 6. This interesting observation appears to be a characteris-—
tic feature of the nonlinear soil discussed in this and the previous

chapters.
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1. INTRODUCTION

Following the development of the previous chapter, in this
chapter the consolidation during a constant rate of deposition of a
nonlinear soil will be considered. As would be expected, this prob-
lem is of considerably greater difficulty than its linear counterpart

treated in Chapter 5, and numerical techniques will be applied.

The governing equation for the consolidation of the nonlinear

soll is

3 2e - 8 J e
Fazz 3z

=C (7.1)

Q),Q)
o

The stratum is undergoing a continuocus deposition at a constant rate m

and hence the domain of the equation is

0:;'2

A

mt , t >0
On the surface the soll will remain at its 1initial void ratio e,

e(mt,t) = e, (1.2)

The boundary condition in an impervious base 1s given by :

0°  (0,6) = £ e(0,t) (7.3)
3z C
F
and in a pervious base this is,
e(0,t) = e, exp(—<—§——mt) (7.4)
1 C
F
If a time factor T is defined as
2
r = Bt (7.5)

“p
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and a new variable y

T (7.6)

y = z +
CF
then the governing equation (

N BI®

.1) becomes,

ya 322
N (7.7)
dy
where,
&(y,t) = e(z,t) (7.8)
The new equation (7.7) is defined in a moving domain,
v cw < (1+8)1, 1> o0 (7.9)
m = = m =
with the boundary conditions
" B
- = 7
&8( (1+-)T , T ) = e, (7.10)
~, B B i (7.11)
and e( =t , 1) =e, exp(- =1 ) pervious base
m i m
. b2 . 8 I mpervi
or 3y ( mT ,T ) = - &( mT ,T ) impervious base (7.12)

Using the method of generalized potential ( see Appendix A
of Chapter 5 ) eq(7.8-12) can be reduced to a system of Volterra
equations which can be solved by successive approximation. However,
the actual computation of this will require the development of a fairly
sophisticated integration algorithm. For this reason this approach

is not attempt any further at present.

An alternative approach is to define a variable x as

z (7.13)

and the void ratio change g :



q(x,T) e, - e(x,7) (7.14)

e(z,t) (7.15)

where e(x,t)

and T is the time factor already defined in eq(7.5). Eq(7.1-k4) in

terms of the new set of parameters become,

2
g‘%’ -1 3% _%(u-x) gq 0 2x <1, 10
12 3 x2 t x

(7.16)
%_1;15 al(x,t) =20 (7.17)
q(l.t) =0 (7.18)
q(0,t) = 1 - exp(-ut1) pervious base (7.19)
ileg _ . .
% (0,7) = wutlc(0,7r) - 1] impervious base (7.20)

Note that eq(7.17) is an additional initial condition which does not
exist in the original equations. The parameter u appearing in the

equations is the deposition coefficient defined as
_ B
n=oo= (7.21)

This gives the ratio of the soil permeability, which is characterized
by 8 , and the deposition rate m . The product of this with the
time factor T 1s the stratum coefficient y of the deposit at the corre-

sponding time t during deposition, i.e.

B
= (——) mt (7.22)
CF CF
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In the numerical work a new parameter p(x,t) will be used

instead of g, defined as

p(x,t) = q(x,1) = [ 1 - exp[-uT(1l-x)]] (7.23)

and the equations in terms of this will be

2
gp = 123 L0932 L exprut(1-x)]
T 125 %2 B 9 x

(7.24)
lig p(x,T) =0 (7.25)
p(1,7) =0 (7.26)
p(0,T) = 0 pervious base (7.27)
é}%‘(O'T) = ut p(0,T) impervious base (7.28)

This results in a simpler boundary condition and a slightly more com-
plicated governing equation. The choice of either the variable p or
g is therefore an individual preferrence, which alsc depends to a

certain extent on the numerical algorithms available,

In analyzing the solutions, dimensionless parameters related
to the state of consolidation of the deposit will be more useful, and
two parameters have been chosen here. These are the local degree of

consolidation f and the degree of settlement S defined as

£(x,0) present void ratio change

q(x,t)
1 - exp[-ut(l-x)]

= - p(x,T)
= 1 - exp[-nut(1l-x)] x # 1 (7.29)

the required voild ratio change for the fully consolidated state
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1
J p(x,t)dT
s(t) = 1+ 2 ut# 0 (7.30)
1 '?[_-[ 1 - exp(-ut)]

The governing equation will be discretized in space by the
finite element method which results in a system of ordinary differen-—
tial equations. This will be followed by a variable step variable
order algorithm to perform the integration of the equations. These
and the results of some preliminary numerical experiments will be des-—

cribed in the following section.

2. DEVELOPMENT OF NUMERICAL SOLUTIONS

Pinite Element Discretization in Space

The coordinate x , now confined in the domain (0,1) , is
divided into segments of arbitrary length with nodes X,
Let, 0 = X, < x; < ceeees <x =1 (7.31)
a h = - .
an 5 X X: 7 (7.32)

be the nodes and lengths of each segment (element) respectively. The

unknown function p(x,t) at any time t 1s approximated within each ele-

ment by the Hermite piecewise cubic polynomials V(x) and W(x) , l.e.:
p(x,t) = P(x,t) = I [ a (0V,(x) + b (D)w,(x) ] (7.33)
1 i i i i
where
V((x-x.)/h. .) x> x,
Vi(X) - 1 l+]_ 1 (7.3&)

V((x-x.,)/h.) x
1 1

A
=



239

h, W((x-x,)/h. X > x,
00 hl+;((:(x )j;/)l+l) x :t xl (7.34)
1 1 1 i 1
i=0,1,2, ecau, h =h . =1
where,
1 - 3x% + 2x3 0 < x < 1
Vix) = 1 - 3x2 - 2x3 -1 < x <0
0 otherwise
(7.35)
x (1-x)°2 0 £ x <1
W(x) = x (1+x)? -1 < x <0
0 otherwise

The basis functions V(x) and Ww(x) are shown in Fig.7.1l with the
first and second derivatives. It can be seen from eq(T7.33) that ai(T)
is the function value p(x,T) and bi(T) is the first derivative,

d3p

% at the node X, This type of approximation therefore ensures

continuity of the approximate solution to the first derivative.

Since there are (n+l)nodes in the discretization and in each
node two unknowns a, bi are to be determined, the total number of
unknowns 1s 2(n+l) . Two of these can be obtained from the boundary

conditions, this leaves 2n unknowns to be determined,

The 2n unknowns a, bi are determined in the present study
by the collocation method, where the governing equation (T7.2L4) is
satisfied exactly at some specified points. This results in simpler
implementation as well as more efficient computation in comparison
with other methods., In their work Douglas and Dupont (1973) have
shown that had the collocating points being chosen as the Gaussian

points within each element, i.e.

k
+ Xi) + (=1) h,.

1373 ¢ k=12 (7.36)
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FIG.7.] The basis functions V(x) and W(x) and their derivatives
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then this method should yield comparable accuracy with the Galerkin
method, i.e. with a truncation error of O(h“) where h is the length

of the largest element.

Since there are n elements in use, the number of collocating
points is therefore 2n . Satisfying the governing equation at each
point then yields 2n equations for the 2n unknowns. Thus, the gover-—

ning equation is approximated by

.. 3P 132p 1 3P
{ T, oz (umx) 5 + o exp[-ut(1-%)] } (?;l.,k ,T) =0
T 93X
(7.37)
or
as e

in the matrix form, where y is the solution vector of dimension (2n).
A and B are both pentadiagonal matrices of dimension ( 2n x 2n )

whose coefficients are obtained from the finite element collocation via
some pretty heavy algebra. C 1is the coefficient vector. Mternati-

vely, this equation can be written as

dy 4=l %~ ~-1 =
o= AT By o+ AT C (7.39)

~=1 . . . ~
where A 1s the inverse matrix of A .

Note that in the pervious base case the boundary conditions

give
aO(T) = a/(t) =0 (7.40)

and the solution vector y is thus

; = [b ,a, , D]

o 1 b r b1

1 7 eceessey an—l ’ n-1 n
(7.41)
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While in the impervious base case

an(T) = 0 (7.)42)

b (t) = ut a (1) (7.43)
o o

hence the solution vector y

y = [a_ ,a,, bl 7 seee, @

’

» b ] (7.LL)

n-1 n=-1

Accordingly, different arrangements of the matrices A and B will be

required in each case.

Integration in Time

Eq(7.38) or eq(7.39) as derived from the finite element col-
location are both systems of differential equations. The system can

be written as

dy _ =~ , =~
< - f (Y (7.45)

with initial condition :

u(0) =0 (T7.46)
where 0 is the null vector. The solution is therefore
~ -~ T ~
y(t) = y(0) + [ f(t,y)dt (T.47)
0

or, alternatively, a step by step solution :

J+1 - -
f(t,y)dt (7.48)

A A

y(Tj+l) = y(Tj) +
J
which integrates in time with steps (7T,

J+1—Tj). An integration scheme
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which requires the knowledge of %(Ti+l,;) is said to be implicit,
with one example being the Crank - Nicolson method in which the trape-
zoidal rule is used for integration. An implicit scheme possesses
the advantage of stability. Hovever, if this 1s applied to the pre-
sent situation then a great amount of computation will be required in
the inversion of the matrix 2 and the multiplication of matrices.
Furthermore, the advantags associated witn the vanded styuctures o)
“he matrices A2 and B will not be fully utilized. For this reason a
semi-implicit VSVO algorithm is used instead of the fully implicit
methods.,

A detailed description of the VSVO algorithm is given by
Cear (1971) which also lists a general purpose subroutine DIFSUB for
stiff equations. This general purpose subroutine has been implemented
in the NAG library as DO2AEF which is available in the Oxford University

Computing Centre.

Briefly, this algorithm approximates the integrand in eq(T.
418) by a kth order polynomial from a knowledge of intermediate points
that has been obtained in the previous steps. The starting solution
is obtained by a predictor formula which initiates a correction (ite-
rative) process. At the end of each iteration the convergence of the
solution is checked with a prescribed error bound in a mixed sense (
i.,e. both the absolute and the relative errors depends on the magnitude
of the solution . If the solution falls to converge after a predeter-
mined number of cycles of iteration, then either a higher order formula
or a reduced step size is automatically selected by the subroutine

until the error bound is achieved.

During the execution of the subroutine E(T,5) must be eva-
luated given & and f . The major task at this stage of programming
is therefore that of solving a system of simultaneous linear equations,
eq(7.38), 1in which, due to the pentadiagonal structure of the matri-
ces A and B , a very efficient algorithm can be used (von Rosenberg

1969).



ol

The numerical techniques outlined above have been written
in a program which is listed at the end of this thesis. A brief

description of this program is given in Appendix A of this chapter.

Some Preliminery Numerical Experiments

Before the bulk of the computation is commenced, some pre-
liminary experiments with different time steps and element arrangements
are performed to optimize the computing labour and accuracy. For the
purpose of comparison the finite difference approximation and the
Crank - Nicolson method have also been included. A pervious base is
assumed , and a deposition coefficient of u =0.1 is used, with the
time steps so arranged that each step spans an equal interval on a
logrithmatic time scale. The error bound within each step of integra-—
tion ( the local truncation error ) is specified as 1 x 10—6, which

is recommended by the NAG library for a single precision arithmatic.

It has been found that the solution is insensitive to the
actual size of the time step taken provided that the same error bound
is used. The largest possible time step will therefore be preferred
as not only is less computing labour involved but the possibility of
accumulated error with each increment of time step is also reduced.
In general, the present method of assigning the time step has been

found satisfactory.

Thus, each decade of time factor is divided into ten roughly
equal spans on the logrithmatic scale as 1, 1.25, 1.6, 2, 2.5, 3, 4,
5, 6.5, 8 and the integration starts at T=0.001 since a singularity
will occur at T=0 . It has been found that the effect of this start-
ing time on the solution is negligible provided that a reasonably

small magnitude is chosen.

The first type of element used is that of equal length, see
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Fig.7.2(a). The solutions for 10 and 20 such elements are shown in
column 1 and column 2 of TableT.1. It can be seen that these two
give comparable results until 1=100, after which the difference is
magnified rapidly. This is also accompanied by a 'drop', i.e. the
solutions decrease to g minimum value then increase upwards after

which greater difference is found between the solutions.

Comparing the variation of the local degree of consolidation
of the two solutions reveals that the difference between these two
after 1=100 is most noticeable in the upper half of the deposit.

It was therefore decided to allocate more elements in this region and
two possibilities have been considered. The first uses seven elements
in the upper half and three elements in the lower half of the deposit,
this 1s shown in Fig.T7.2(Db). The second method employes convergent
elements such that the ratio of the lengths of adjacent elements is a
constant, i.e. this forms a geometric progression with, in the present
case, the ratio (scale factor) fixed as 0.9, see Fig.T7.2(c). It has
been found that these two arrangements yield solutions which are

almost identical, and the latter is finally chosen for the discussion

and the actual computation.

The solutions of 10 and 20 convergent elements are given in
column 3 and column 4 of TableT.1 respectively. It can be seen that
a considerable improvement has been achieved by using the convergent
element, as column 3, which is the solution for 10 convergent elements,
agrees better with column 2, which is obtained from 20 equal elements,
than column 1, the 10 equal elements solution. Furthermore, no 'drop'
is observed in the 20 convergent elements solution, column L4, wup to

T=1000.

The 'drop' observed in most of the solutions is curious beha-
viour, and Fig.T.3 compares the solutions from three different numeri-

cal procedures with u=0.1 and a pervious base. Curve 1 to 3 are



(a)

(b) (c) ¢

FIG.7.2 Three different methods of allocating elements.

Time Factor Degree of Settlement x 106
1 2 3 4
0.125 979832 979832 979832 979832
0.2 968328 968328 968328 968328
0.5 92615k 926156 926155 926156
1 866676 866683 866681 866683
2 TTHO6T TTLO8T 774980 TTLO87
5 608501 608562 608542 608562
10 470289 L7oko6 470375 Lrok11
20 346923 347158 347091 347161
50 229568 230171 229891 230159
100 175507 176714 175967 176669
200 141379 143685 14204k 143714
500 122839% | 117645 115876 118889
650 133901 113149 114970%* 114345
800 155452 111598% 120213 111295
1000 195964 113892 13597k 108429
TABLE 7.1 COMPARISON OF SOLUTIONS, PERVIOUS BASE,

1 -.10 equal elements 2 -~ 20 equal elements
3 - 10 convergent elements with scale factor 0.9
4 - 20 convergent elements with scale factor 0.9

£

denotes minimum value recorded

ohé
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FIG.7.3 The occurrence of 'drop' in the solutions of different

numerical procedures.

solutions obtained by using the finite difference approximation in
space and the VSVO algorithm with 10, 20 and L0 space grids respvective-
ly. Curve L is obtained by combining a 20 space grid finite diffe-
rence approximation Wwith the Crank - Nicolson method which takes a

time step four times smaller than that of the VSVO algorithm. Curves
5 to 8 correspond to the cases of column 1 to 4 of Table7.1, i.e. the
finite element with VSVO algorithm. All except curve 8, which is
obtained by using 20 convergent elements and the VSVO algorithm, show

a 'drop' before the end of the program t=1000. It appears from this
figure that these curves follow the 'best' solution, curve 8, till some

stage before the seperation and the eventual drop.

Given the same time marching scheme, better agreement between

a solution and curve 8 is associated with improved space discretization
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method. The Crank - Nicolson also appears to be better than the VSVO
algorithm when the finite difference approximation is used for space
discretization. This is probably because in such a case the Crank -
Nicolson does not require an iterative process which results in less

roundoff and accumulsted error as compared with the VSVO algorithm.

At present the cause that leads to the 'drop' has not been
fully understood, and further work will be required. A different
approach, such as solving the integral equation that arises in the
method of generalized potential, will be most advantageous for this

purpose.

The above discussions have been confined to the pervious base.
Similar behaviour has also been observed in the impervious base and

hence it will not be presented here,

Following the preliminary experiments the actual computation
proceeded with the numerical technique developed in this section. In
the following sections the solutions corresponding to a pervious and

an impervious base will be discussed.

3. DEPOSITION ONTO A PERVIOUS BASE

The solutions are obtained by using 20 convergent elements
with a scale factor 0.9. Integration starts at 1=0.001 with each
decade divided into 10 steps and the truncation error in each step is
kept within 1x10_6 by the VSVO subroutine. Computation will proceed
until T=1000 or an increase in the degree of settlement ('drop') is
detected, whichever occurs first. Six cases have been computed with

u, the deposition coefficient, takes the value 0.1, 0.2(0.2)1.0.
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Fig.7.4 shows the relationship between the degree of settle-
ment and the time factor. Also shown in this figure by a broken line
is the solution corresponding to the linear soil developed in Chapter
5. Tt can be seen from this figure that the deposit 1s better conso-
lidated with larger u . This means that, for example, if two soils
having the same coefficient of consolidation CF are deposited at the
same speed m, the more permeable one will have a larger value of U
and hence, according to the solutions, will consolidated faster.

For a given u , the state of consolidation of the deposit, represented
by the degree of settlement , becomes worse with time, i.e. as depo-
sition proceeds the deposit becomes less consolidated. A similar
observation has been made before in the linear soil model, Chapter 5.
Furthermore, the solutions suggest that, as u tends to zero, the
solution of the nonlinear soil will converge to that of the linear

soil.

Except the p=-0.1 and u=0.2 cases the solutions were not
recorded to T=]000 as an increase in the degree of settlement is dete-
cted earlier than this. Every curve in Fig.7.4 is therefore drawn
to the point of increase in the degree of settlement. It can be seen

that with larger u this point is reached earlier.

In section 1 of this chapter it has been pointed out that
the stratum coefficient Y of the deposit is given by the product of
the deposition coefficient u and the time factor T . The maxlimum
value of vy that can be used in the nonlinear soil model would probably
be 10 ( in which case according to the theory the void ratio in the
base of the stratum when this becomes fully consolidated will be 22026
times smaller than the void ratio in the surface ! ). Hence, it
will be meaningless to record the solution to a time factor greater
than that given by the limit ut=10 ., For example, when u=0.1 then
1=100 will be the practical upper limit of the useful solution.

Bearing this in mind and noting that in Fig.T.l4 all curves



Q “uor3TSsodsp jJo
[qV}
o181 uP3SuUOD P Burobispun 3Tsodep e I0F I030BF BwWl3 dY3 SNSISA JUDWSTIIBS JO 891bd( B/ ord
973 "d03oD4 Bwiy
000 | ool ol | XS lo'o
"]
_ - \
- . L
ol >
. S |
go 7 !
\\\\\ ‘
@O il\\ \M
. -
\\\_\\ Kioay} JpdUl| ———-—
p. } —]
\\\\,\\ | M JU8id1}4802
o AR, » \ uoijisodap 84D pajpoIpul il
&\W | staqunu ‘Aloay} JDBUI|UOU ————-
1 27 | dep B i
T A | uoljisodep Bulnp uoi}ppPLOSUOD
Zo — [T |
pr— \ —5
|| X\HH\V aspg shotadad
=2 vo_l\. ~4——— D 0) 8}DJ }UD}SUOD }D uol}isodap -

-~

Juswsijlag jo salbaQ



251

except that of p=l have the 'drop' occuring beyond the pr=10 limit,
this drop that is observed in the solutions is in fact of 1little prac-—

tical consequence,

The variation of the local degree of consolidation for each
of the six cases considered is shown in Fig.T.5(a)-(f). It can be
seen that the deposit has now become less consolidated with continuing
deposition. However, at some stage depending on the deposition
coefficient, the lower part of the deposit begins to be better conso-
lidated ( as the isochrones in this part move towards the right )
while the consolidation state in the upper part is still decreasing.
This is more noticeable in the cases of u=0.2, 0.4 and 0.6 . It can
also be noticed that with increasing uw this 'inflection point' seems
to move upward ( in terms of the material coordinate ). Discussion
of these points will be provided in the next section when considering

the impervious base.

In practical applications these isochrones can be used as a
basis to calculate the void ratio and the excess pore pressure distri-
bution in the deposit. The procedure will follow that outlined in
the previous chapter of the dredged fill case and will not be described

here.



252

z/mt

z/mt

local degree of consolidation

FIG.7.5 Variations of the local degree of consolidation, pervious base
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L. DEPOSITION ONTO AN IMPERVIOUS BASE

The space x is discretized into 20 convergent elements with
scale factor 0.98. This value has been determined from the prelimi-
nary experiments not presented here. Integration in time starts at
1=0.001 with each decade divided into 10 steps and the truncation error
for integration an” the termination criteria are identical to the per-—
vious base case. Six values of u , corresponding to 0.1,0.2(0.2)1.0

have also been considered.

The variation of the degree of settlement with the time fac-
tor is shown in Fig.7.6. It can be noticed that the solutions do
not extend as far as the pervious base case, as a 'drop' has been
detected earlier in the present case, Also included in this figure
as a broken line is the solution of the linear soil, this again appears
to be the limiting solution as u, the deposition coefficient, tends to
ZEero. In the present case the effect of the deposition coefficlent u
on the consolidation of the deposit is similar to that of the pervious

base case, i.e. consolidation improves with larger u .

The variation of the local degree of consolidation at the
impervious base of the deposit with the time factor is shown in Fig.T7.T.
A similar, but earlier drop is observed. This is compared with the
degree of settlement in Fig.7.8(a)-(c¢) for u=0.1, 0.4 and 1.0. This
drop is probably a result of the exponential stress - void ratio rela-
tionship of the nonlinear soil. To illustrate this, a point in the

base of the deposit will be considered.

As deposition proceeds the weight of overburden at this point
is increased, and it will become denser in its fully consolidated
state, i.e. a smaller void ratio. Consequently a larger void ratio
change from its initial state will be required. Because of the expo-

nential stress — void ratio relationship of the nonlinear soil the
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increase ( from its previous state ) of the required void ratio change
will decay exponentially with added deposition. At the same time
this point is undergoing a void ratio change as a result of consolida-

tion caused by its previous and current overburden.

The local degree of consolidation in this point is, accord-
ing to its definition eq(7.29), the ratio of the current void ratio
change to that required in its fully consolidated state due to the
current overburden. Thus, a decrease in the local degree of consoli-
dation means that the rate of current void ratio change is slower
than that of the void ratio change required to achieve full consolida-
tion. This is what has been cbserved in the early stages of deposition.,
However, as the deposit becomes thicker and thicker the increase (rate)

of the required void ratio change decays exponentially while the point
in the base is still consolidating at a rate which may not give an

exponential decrease of void ratio.

Thus, 1t is possible that there might exist a turnover stage
when the deposit has become sufficiently thick and the rate of current
void ratio change becomes faster than that of the required void ratio
change, and an increase in the local degree of consolidation will be

observed after this turnover stage.

The isochrones of the local degree of consolidation are shown
in Fig.7.9(a) to (f). These can be used as a basis to calculate the
void ratio and the excess pore pressure distribution in the deposit.

It should be pointed out, however, that an increase in the local degree
of consolidation at some stage during the deposition does not imply

that the excess pore water pressure will ever be decreased. Because

of the continuous deposition process the excess pore water pressure will

always be increased as deposition proceeds.

Finally, it is interesting to compare the deposition coeffi-

cient u with the stratum coefficient y that appears in the consolidation
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of an existing stratum, Chapter 6. A larger value of both these
coefficients will result in faster consolidation ( using the time fac-~
tor for comparison ). In Chapter 6 it is seen that as y tends to
zero the solution corresponding to the linear soil is recovered.

The numerical solutions developed in this Chapter also suggest a
similar tendency. The presence of, and the strong analogy between,
the two coefficients when compared with the linear soil seems to be

a distinguishing feature of the nonlinear soil, although further

theoretical development will be required for a full Justification.
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APPENDIX A A BRIEF DESCRIPTION OF THE FINITE ELEMENT COMPUTER
PROGRAM

The program 1s based on the algorithms outlined in this chap-
ter to calculate the consolidation of a nonlinear soil during and after

a constant rate of deposition.

There are two versions of this program that are available,
the DEPOSS is written for the case of a pervious base and the DEP0O102
is written for the case of an impervious base. The difference between

these two versions is in the internal setup of the matrices A and B .

In both versions the maln program is supported by T subroutines,

these are

AUX : a subroutine to calculate %(T,§) from given T and ; .

ASSEMBLE : a subroutine to assemble the coefficient matrices A ,B
and C .

BASIS : a subroutine to allocate the collocation points within each

element and to calculate its basis functions Vi, WL

DECOMP : a subroutine to decompose the matrix A into its upper and

lower triangular form.

DO2AEF : a NAG subroutine for solving systems of ordinary differen-
tial equations using the VSVO method.

PRINT : a subroutine for the output of results.

XXLL : a subroutine for calculating the consolidation after deposition
has terminated, this is supported by four functions FO1(GO1)
to Fok(Gok).

Both versions of this program can be found in the List of
Programs in this thesis. Since the program 1s not designed for general
purpose application, the intended user is advised to contact the author

before using this program.
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ABSTRACT

A specially developed oedometer for consolidating a
very soft specimen to a very large strain is described in this
chapter. The basic design differs from the existing devices in
that the loading is applied from underneath the specimen.  This
makes possible a precisely controlled stress, and yet another
advantage is that the specimen can be prepared in situ which mini-

mizes the disturbance.

The various instruments developed inconjunction with
the oedometer are also described, These include a low range con-—
tact stress transducer, a self balancing volume change indicator
and a dropometer which will measure both the volume change and

the rate of volume change of the specimen,

Finally, the mode of operation and testing procedure
are described. The experimental programme and discussion of

results are deferred to the next chapter.
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1., INTRODUCTION

The demand for adequate equipment to perform a consoli-
dation test of very soft soil has been pointed out in Chapter 1
of this thesis. As traditional Soil Mechanics equipment is not
suitable for this purpose, a specially designed oedometer has
been developed in the present study. This will be described in
this chapter and discussion of some of the experiment results

made on this will be presented in the next chapter.

The cedometer has several advantages in use for inves-
tigating soil consolidation characteristics. There 1s a truly
one-dimensional flow and deformation condition in the specimen,
and both the stress and deformation boundary conditions can be
controlled to a close degree. The only disadvantage is that of
the wall friction, which has some uncertain effects on the speci-
men. This friction is a consequence of the mechanical configura-
tion which has to produce a one—-dimensional condition, and 1t

appears that i1t would be impossible to eliminate this entirely.

There have been a number of efforts during the past to
design oedometers for testing very soft soil, Leonard and Alts-
chaeffl (1964)consolidated an artificially sedimented clay by a
piston and weight system in a constant loading rate. Berry and
Poskitt (1972)testedremoulded amorphous granular and fibrous peat
in the Rowe consolidation cell, and the largest strain reported
in that work is of the order of L0%. Monte and Krizek (1976)
used a slurry oedometer to test a particular type of Kaolin ( Hydri-
te 10). The loading stepswere kept sufficlently small and thus
the strain developed within each step is also very small. Although
it 1s essential to provide instrumentation to assess the perfor-
mance of the equipment, no mentionwas made of such instrumentation

by these authors.
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The design of the present oedometer is therefore based

on the following considerations

(1) Tt should be capable of accomodating a very soft specimen.

(2) Tt should cause as little disturbance to the specimen as

possible in the assembly stage.
(3) It should be able to develop large strain in the specimen.

(4) It should give access to various instruments for monitoring

and controlling the stress, strain and other parameters.

2. A BRTEF DESCRIPTION OF THE OEDOMETER AND ITS MODE OF OPERATION

Fig.8.1 shows a schematic diagram of the oedometer.
This comprises a cell, a piston and its bearing, a base and a top
platen. The specimen is confined between the piston and the top
platen as can be seen in this figure. As opposed to the tradi-
tional design, in this oedometer the soil is sedimented into the
cell to produce a very soft specimen and is loaded from underneath

by the piston for least disturbance.

The mode of operation of the cedometer is shown schema-
tically in Fig.8.2. In the initial stage, Fig.8.2(a), the cell
is bolted to the base with the piston seated in the middle. The
piston is instrumented with a contact stress transducer and a pore
pressure probe. It is guided by a ram carrying the signal cables
from the contact stress transducer, and the part of the piston
protruding from the base of the cell has a dial gauge for measu-—
ring the movement of the piston. A plain bush seated in the base

is used to guide the ram for a smooth and linear movement.  The
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FIG.8.1 A schematic diagram of the oedometer.

part of the space in the cell underneath the piston is filled with
water which connects through the base to an external pressure

source used to drive the piston.

After the initial setup, an acrylic tube having the
same internal diameter as the cell is installed on top of the
cell, Fig.8.2(b). The space intended for the specimen is then
filled up with de-aired water, and the soil, in the form of a
dilute suspension, is poured into this using a syringe. This
will take a day or two for the soil particles to settle out of

the suspension and consolidate under their own weight.

The specimen thus formed will protrudeslightly above the
top of the cell, Fig.8.2(c). After removing the acrylic tube,
the specimen is trimmed to be level with the top of the cell, see
Fig.8.2(2). It is then covered with a thin sheet of porous mem-
brane filter, folloved by a sintered disc. Finally, the top
platen is installed and bolted to the base, Fig.8.2(e)
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The specimen end of the top platen is slightly domed to fa-
cilitate dealring which is carried out by flushing water through the
two openings in the platen. Later these two openings are connected

to the back pressure line and a.pressure transducer.

3. THE OEDOMETER

A diagram of the oedometer is shown in Fig.8.3 in which each
part has been numbered for identification, These numbers will be
referred to in brackets when the corresponding parts are described in
the following paragraphs. A photograph of the complete assembly 1is

shown in Fig.8.kL.

The Cell

The cell (1) is made out of a stainless steel tube 4" (101.6
mm) internal diameter with 0.5" (12.7mm) thick wall and 6" (152.Lmm)
high. Three brackets (2) 120O to each other are welded near the lower
end of this, and these are used to bolt the cell onto the base in the
initial setup stage.

The Base

The base (23) is machined from a 1" (25.4mm) thick stalinless
steel plate to an overall diameter of 9" (228.6mm). A 2" (50,8mm)
hole is cut in the centre of this to accommodate the plain bush (16).
Further out there is a concentric groove (3) cut to act as a recess to
accept the cell, an O-ring groove (L) is also provided within this to

seal against the cell pressure, Qutside this groove there are three
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FIG.,8.4 The oedometer
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threaded holes to which the cell can be bolted, and there are also
three larger threaded holes (5) which are used to bolt the top platen
onto the base. Two outlets have been provided in the base, one for
connecting to the cell pressure (6) and the other to the pore pressure
transducer (7). The base is bolted to a main frame which is fixed

to the floor.

The Piston

The piston (9) is machined from a solid block of brass to
give a radial clearance of 0.005" (0.127mm) to the wall of the cell.
Sealing of this piston is achieved by the use of an O~ring (10) which
has a cross—sectional diameter of 0.139" (3.53mm). The O-ring groove
is cut by successive trials till the O-ring just touches the cell in
order to minimize the friction. On the specimen side of the piston
there is a recess (11) 0.625" (15.8Tmm) deep and 2.75" (69.85mm) in
diameter to house the contact stress transducer (12). A clearance
hole 0.25" (6.35mm) in the centre of the recess is drilled through
the piston to provide an outlet for the signal cables from the contact
stress transducer. The bleeding valve (13) is made out of a k.B.A
screw through the piston and sealed by the use of a Downty seal.

The edge of the recess is chamferred 30° to the vertical to accept
the O-ring for sealing the recess against the specimen. Threaded
connections are provided in the cell pressure side for connecting the

ram (14) and the pore pressure probe (15).

The Ram and the Plain Bush

The ram (14) is made of a stainless steel tube of 0.75" (
19.05mm) outside diameter with 0.125" (3.17mm) thick wall and an over—
all length of 8" (203.2mm). This is guided by a plain bush (16)
machined from a solid block of brass. The overall guided length of
the bush is 3" (76.2m) which has been precisely bored to a close
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tolerance. Sealing against the cell pressure is achieved by an O-ring
in the bore(17) and another O-ring {18) pressed between the base of
the bush and the base of the cell, these two parts being jointed
together by four bolts with adjustable position to reduce any possible

misalignment in the assembling stage.

The Top Platen

The top platen (19) is made of a 0.5" (12.7mm) thick, T" (
177.8mm) diameter Perspex disc. The side facing the specimen (20)
is domed 15° to horizontal from & base diameter of 3.5" (88.9mm).
Two outlets are provided here for the initial deairing and connection
to the back pressure (21) and pressure transducer (22) during the

test.

I, INSTRUMENTATTION

The Contact Stress Transducer

(a) The transducer

As shown in Fig.8.5 the transducer has the shape of a wheel
with four thin webs connecting the central hub to the rim, In opera-
tion the hub is bolted to the active face which makes contact with
the specimen, and the rim is fixed to the piston. Each web there-
fore acts as a double cantilever and the force applied to the active
face is sensed by strain gauges in the webs, The present transducer
is machined out of a solid block of dural, and four straln gauges
attached to two opposite webs and wired in a full bridge configuration
have been used. The strain gauges thus wired up are connected to an

external circuit, Fig.8.6 , which provides the nulling and scaling
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dimensional drawing

FIG.8.5 The transducer (above) photograph, (below)
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. . . . 2
functions. These are adjusted to give 10mV output in 100 KN/m~ for

10V excitation.

(b) Assembling and calibrating the transducer

The assembled diagram of the transducer is shown in Fig.8.7T.
The active face (1) is bolted to the transducer (6) to transmit the
force. The rim of the transducer is bolted to the top platen (2)
which is bolted to the piston (7).

To seal the transducer against the specimen, an O-ring (3)
and a specially developed rubber diaphragm (L4) have been used. The
diaphragm is clamped to the active face by a knife edged ring (5),
and to the top platen by the transducer. To prevent the diaphragm
from causing Jamming during the operation, the underside edges of the
active face and the top platen are slightly chamferred, and the gap

between these two parts is filled with silicon grease,

The bleeding valve (8) and the O-ring (9) on the side of the
piston are also shown in this figure. In the top platen there is a
recess to accomodate a sintered disc (10) which serves to transmit the
pore wabter pressure to the Druck transducer, The Druck transducer,
as will be described later, is used to calibrate the contact stress
transducer. One set of calibration result is shown in Fig.8.8, from
which it can be seen that the transducer response is very linear.
However, under a constant pressure its output is found to creep in 24
hours to an order of 1 per cent higher than its initial reading. This

is likely to be a result of the instability of the dural used.

The Pore Pressure Transducer

Two integrated silicon chip pressure transducers manufactured
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by Druck Limited have been used. These can be seen in Fig.8.9. One

of these transducers, the PDCR10, has a range of 0 - 100 KN/m2 and

the combined nonlinearity and hysterisis is less than + 0.1% off best
straight line. The other transducer, the PDCR20, has a range of 0 — 300
KN/m2 and the combined nonlinearity and hysterisis is less than + 0.05%

of f best straight line.

Volume Change Measurement Devices

(a) A self - balancing volume change indicator

Borrowing an early idea from Bishop and Henkel (1962), this
device makes use of the weight of mercury. A tube, partially filled
with mercury, 1s mounted on a circular arc, which is free to rotate
about its centre. VWater passing through the tube displaces the mer-
cury, and the resulting out of balance moment will drive the circular
arc until the balance is restored. The rotation of the circle can

thus be calibrated with the quantity of water flowing through it.

This device is shown schematically in Fig.8.10. The rotating
part consists of a bicycle wheel (1) pivoted on a central shaft.
This is supported on a metal frame (2) through two 0.25" (6.35mm) ball
bearings (3). A S5mm i.d. polyethelene tube (4) to carry the water
and the mercury (5) is wound around the bicycle rim. On both ends it
is connected to smaller tubes (6) of 2mm i.d. by a special Nylon coup-
ling (7). These smaller tubes provide the water inlet and outlet.
The rotation is picked up by a potentiometer (8) fixed to one end of
the bicycle shaft. The potentiometer has a continuous travel of 355
degrees with a quoted accuracy of + 0.075% , about 0.27 degree. The
calculated resolution of the present model, based on the size of

wheel and tube used, 1s of the order of 0.03ml.

The device is calibrated against a standard burette, and the
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results of ten runs are shown in Fig.8.11. The response, as can be
seen, 1s weakly nonlinear; this 1s due to the stiffness of the outgoing
tubes. The repeatability, which is the consistency of the results

in ten runs, is better than 0.5%. This is compatible with the accuracy

of the burette.

(b) The dropometer

In the sel® - balancing volume change indicator the resolution
of the device is dependent upon the total capacity. The dropometer
to be described here has a fixed resolution (accuracy) and a theoreti-
cally infinite capacity. This was originally intended for measuring
volume change, but by using a different electronic circuit this can

also be used for rate of volume change measurement.,

The idea behind this device is that the outward water flow
from the svecimen is used to feed a syringe which has a hyperdemic
needle fitted at its outlet. This flow will therefore come out as
droplets which have a constant volume depending upon the size of the
needle and the surface tension of the water. The size of the droplet
is calibrated by an analytical balance which can measure down to 0.2 mg,
this corresponds to a volume of 0.0002 ml. A set of such calibration
results is shown in Fig.8.12 which shows a mean value of 0.0123 ml and
a standard deviation of 0.0004 ml, This degree of accuracy is indeed

more than adequsate for most Soil Mechanics experiments.

Having thus made the outward water flow come out as droplets,
the total amount of flow equals the total number of droplets and can
be obtained by an optical method.  Furthermore, due to the fact that
the drop size 1s very small, a fairly accurate flow rate (rate of
volume change) can be obtained by measuring the time period between

two drops.
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The actual device used to detect the droplet is a system of
an infra red light source and a sensor arranged as a reflective object
detector. This is obtained as a ready made component from RS Component
Ltd.. In front of this is a reflective metal surface, and the droplet
ig fed through the gap between this surface and the detector. As soon
as a droplet passes through this gap the infra red light beam is blocked,
which is sensed by a circuit emitting a pulse to activate the counting

circuit or the time period measurement circuit.

The operation of the time period measurement circuit is illu-
strated in Fig.8.13. The counter is fed with a 50 Hz clock signal de-
rived from the mains supply. As soon as a droplet is detected, 1.e.
at Aé . Bé or Cé in this figure, the circuit will respond in the

following steps

(1) The counter display is set to the enter mode, i.e. it now erases
the previous display and displays the total number of 50 Hz clock sig-

nals it received during the previous period Até or At% .

(2) After this number is entered in the display, i.e. at AO . BO or
Co , the display is then frozen until the next droplet is detected so
that a manual reading can be taken at this period, say, between AO and

B' or between B' and C' .,
o) o) o)

(3) The counter is reset to zero and starts counting the clock signals.

It can be seen from Fig.8.13 that the actual time period mea-
sured is from A, to B (At%) instead of the true time period of from
AO to BO (At1). The difference is of the order of 100 microseconds.
This is the time required between freezing the display and resetting
the counter. However, this is negligible in comparison with the accu-

racy of the system clock, which is 20 milliseconds for 50 Hz signal.

The corresponding circuit diagram is shown in Fig.8.1k.
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5. MISCELLENEQUS DEVICES

The Pressure System

The initial design of the pressure system uses the self com-—
pensating mercury pot for both the cell pressure and the back pressure
sources. However, 1t was discovered in the preliminary tests that
this is unable to maintain a constant pressure during the early stages
of consolidation because of the very large flow rate required during
this stage. A set of results measured by the contact stress transducer
is shown in Fig.8.15(a). It can be seen that as soon as the drainage
valve is opened and the specimen starts consolidating there is an imme-
diate drop in the stress applied to the specimen due to a similar drop
in the cell pressure source. As the specimen consolidates and the
flow rate is reduced this pressure will gradually rise back to its ini-

tial level,

To.minimize this effect, an oxygen bottle with a pressure
regulator is then used for the cell pressure. The result is shown in
Fig.8.15(b) where it can be seen that a much smaller initial drop and

a faster recovery are achieved.

The Filter

It has been pointed out in a previous work (Lee, 1977) that
the use of a good filter is essential in the consolidation test. The
requirements are that 1t should be permeable enough not to impede the
flow and that it should have a small pore size to avoid clogging during
an experiment, These requirements are achieved by the use of a very
thin plastic membrane with precisely controlled pore size and porosity
manufactured by Minipore Ltd.. The particular type finally chosen 1is
a prefilter which is 0.005" (0.127mm) thin and is made by coating a
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FIG.8.16 The flow restrictor.

very thin layer of plastic membrane filter with 0.2 - 0.45 micron pore

onto an ordinary paper filter.

The Flow Restrictor

The flow restrictor 1s a length of fine bore hyperdemic tube
which has both ends soldered into brass blocks for external connections,
see Fig.8.16. The flow thus passing therefore depends on the diffe-
rential pressure existing between its two ends. This is used in the
vresent study to preconsolidate the specimen to eliminate the distur-—
bances caused during the preparation stage, and this is also used in
a special experiment in which the rate of consolidation is delayed

artificially by connecting this to the drainage line.

6. FINAL ASSEMBLY AND TESTING PROCEDURE

A general layout of the final assembly is shown in Fig.8.17.
The oxygen bottle (7) is used as the pressure source for the cell

pressure., This is regulated by a vpressure regulator (8) and transmitted
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to the cell water by an oxygen-oil-water interface (6). This can be

monitored by the Druck transducer (10) and read out by the DVM,

The back pressure to the specimen is maintained by the self
compensating mercury pot (L) with the dropometer (5) connected in its
outlet. The flow restrictor (2) is connected in parallel to the drai-

nage line from the specimen with a series of on/off valves.

The preparation of the specimen follows that outlined in
section 2 of this chapter. After this has been assembled in the oedo-
meter and connections have made, the drainage line is closed and the
cell pressure is introduced by adjusting the regulator until the requi-
red stress is registered in the contact stress transducer. The speci-
men is then allowed to drain and readings of the contact stress, the
pore water pressure in the undrained and drained faces are taken from
the DVM. The compression of the specimen is monitored by the dial
gauge (3) attached to the ram of the piston and in some experiments
the rate of volume change is monitored by the dropometer, Except for
the preconsolidation stage and the special flow restrictor test, these
readings are taken at intervals appropriate to plotting as the square
root of time in the first three hours. The specimen is then left for
16 to 24 hours before the application of the next loading. The expe-

rimental programme and the results will be discussed in the next chapter.
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ABSTRACT

The results of five step loading tests on Bridgewater Bay
Silt are discussed in this chapter. It is found that the settlement

of the specimen behaves linearly with the square root of time in the

early stages of consolidation. This is used to determine the coeffi-
cient of comnsolidation ¢, and Cp, and the result shows C_ to be
more constant than CF . The analysis of settlement is carried out

by normalizing the settlement by dividing by its final value, and
the time is also normalized to the square of the initial specimen thi-
ckness. This procedure thus atsorbs some of the difference in the
deformation and svecimen thicknesses between these tests, and a com—
parison of these indicates that the behaviour is strain - dependent.
Based on these results it is vpostulated that the particular type of
soil used in this study will be better described by the ¢, constant
model. This postulation is further supported by comparing the theo-—

retical settlement curves with the experimental results,

The stress—strain relationship is then interpreted from the
experimental results using the Cv constant theory. This is compared
with that obtained in a special step loading test having a flow restri-
ctor in the drainage line. The results from this special test are
also used to calculate the permeability and coefficient of consolida-—

tion.,

Finally, based on these experimental findings a scheme for

improving the present oedometer is proposed.
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1. INTRODUCTION

The cedometer and its assoclated instrumentation described
in the previous chapter have been the results of several modifications
based on a number of preliminary experiments in the development stage.
In this chapter the results of five step loading tests made in the
final version of the oedometer will be analysed and discussed. A
special step loading test, incorporating a flow restrictor in the
drainage line, has also been carried out. This will be described

in the later part of this chapter.

The soil used in this study 1s the Bridgewater Bay Silt
recovered from 4" cores obtained in the Bristol Channel by gravity
sampling. The core material is fairly dense and contains a consi-
derable portion of fine sand and coal dust. In order to achieve a
uniform and reproduceable specimen the core material is pretreated by
wet sieving through B.S. no.200 ( 75 microns) sieve to remove the
coarser partcles and heated so as to eliminate the bacteria that exist
in the seabed. The resulting material is bluish-grey with approxima-
tely 30% clay content, it has a specific gravity of 2.665 and a
liquid 1limit of L4L6% and plastic 1limit of 22%. The experimental pro-

gramme and soil characteristics are summarized in Table 9.1.

The scope of the present study is thus limited to one parti-
cular type of soil with a svecial boundary and loading condition, and
only the large strain cases will be considered here, The analysis
and discussion will be mainly concerned with the settlement behaviour
of the specimen, in which a comparison with the theory will be provi-
ded. Measurements of total stress and pore pressure are used for an
indication of the quality of the experiment, and some discussion will
be devoted to the interpretation of the stress—-strain relstionship

from these measurements.
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2. A BRIEF REVIEW OF RELEVENT THEORIES

The oedometer specimen is effectively a thin layer, the con-—
solidation theory of which has been discussed in Chapter 3 of this
thesis and several earlier works are also available, see the review
in Chapter 1. The most important prediction made by the theory is
that the settlement of the specimen is proportional to the square root of
time in the early stages of consolidation regardless of the magnitude
of strain. This is proved theoretically by MeNabb (1960) on the gene-
ral assumption that the effective stress and permeability are functions
of void ratio only, and supported by a large number of analytical and
numerical solutions ( Mikasa (1963), Gibson, England and Hussey (1967)
and Chapter 3 of this thesis).

An essential feature of the thin layer consolidation theory
is its dependence on the coefficient of consolidation. For example,
Chapter 3 shows that the consolidation behaviour of the specimen is
determined to a large extent by the variation of this coefficient and
the final magnitude of strain. Among the solutions developed the most
useful ones are the constant CF and the constant CV cases., The cons-
tant Cp case results in a strain invariant solution, and in the cons-—
tant ¢, case the larger strain case will consolidate faster, where
comparisons are made on the basis of the same time factor. In both
constant CV and constant C, cases approximate analytical expressions
are available for the early settlement behaviour, and these can be
used to obtain the coefficient of consolidation Cv or CF . This will
be discussed in section L4 and a detailed analysis is given in Appendix

A of this chapter.
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3. GENERAL EXPERTMENTAL OBSERVATIONS

A typical experimental result is shown in Fig.9.1. The upper
part of this graph shows the total stress applied to the specimen mea-
sured on the contact stress transducer and the pore pressures in the
drained and undrained faces of the specimen. The lower part of this

graph shows the settlement and rate of settlement of the specimen,

It can be seen from this figure that there is a considerable
variation in the total stress applied to the specimen, despite the
fact that the cell pressure has been maintained falrly constant. This
variation is most likely to be caused by the piston friction. It can
be seen that immediately after the specimen starts consolidating there
is a sudden increase in the total stress which may be a result of the
piston movement causing the friction to be reduced. The total stress
will reach a steady value in a period of two to three hours. However,
at the end of an experiment this total stress will have dropped a few
kilonewtons per square metre from this stabilized value, which is pro-

bably a result of friction build up in the piston as its movement ceases.

The pore water pressure measured in the same face as the con-
tact stress transducer (the undrained face) follows the same pattern
of variation in the early stages. Note that this pore water pressure
starts dissipating at a fairly late stage of the total consolidation.
In the example shown here it can be seen that by the time this occurs
some more than 60% of the total settlement has already taken place.
This suggests that the soll in its very soft state, as is the present
case, can be strained without appreciable effective stress change.

This particular aspect will be further discussed in section 6.

The pore water pressure in the drained face does not drop
immediately to the back pressure level as sooh as the consolidation
starts, see Fig.9.1. This is possibly a result of the hydraulic resis-

tance existing in the back pressure line despite all the connecting
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tubes being kept as short as possible. In the previous chapter a
similar, but more marked effect has been observed in the cell pressure

line when the mercury pot was used as the pressure source,

Despite the fact that the performances of the total stress
and the drainage condition are not ideal, the settlement behaviour of
the specimen correlates well with the theory. The settlement of Fig.
9.1 is plotted against the square root of time in Fig.9.2, and a well
defined initially linear region can be seen in this graph. This is
further supported by the rate of settlement measurement. In Fig.9.3
the rate of settlement as measured in the dropometer is plotted against
the reciprocal of the square root of time and a linear region can again
be observed. This linear property will be used in interpreting the

coefficient of consolidation in the next section.

L. DETERMINATION OF THE COEFFICIENT OF CONSOLIDATION

In order to interpret the experimental result it 1is necessary
to adopt some assumptions regarding the variation of the coefficient
of consolidation C, OF Cp -« Since the assumptions are made before the
actual variation of C, and Cp are known, the most reasonable way would
be assuming that eilther C, Or Cgp remains constant within each step

loading. Hence the values of C, or C, can be interpreted from the

F
initially linear region of the settlement - square root time curve or
the rate of settlement measurement. Detailed description of this

method is given in Appendix A of this chapter.

In the case of interpreting from the settlement measurement,
this method consists of extending the initially linear region of the
settlement — square root time curve to intercept with the final settle-—

ment, see Fig.9.2. The time coordinate of the intercept is denoted
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by ts and the coefficient of consolidation 1s calculated from the

equation

c c. = n2_°% (9.1)

where bo is the initial specimen thickness. The details can be found

in Appendix A.

The method using the rate of settlement curve requires a

slightly more complicated equation as

(9.2)

cc=[2w]2

v, F B

where X is the final (Lagrangian) strain and ¥ 1is the slope of the
linear region in the rate of settlement - reciprocal of square root of
time curve, see Fig.9.3, B 1s a constant whose values are given in

Appendix A.

The calculated CV and CF determined by these methods are
shown in Table 9.71. It can be seen that in the large strain cases
(sL11, sL21, SLL41, SL51 and SL61) there is a very large difference
between the CV and CF values so interpreted. This is because the values
of Ts and 8 used are very different in the two cases with large strain.
In subsequent loading where the strain is fairly small the difference
between CV and CF also becomes smaller for the same reason. It can
be noticed that the Cv constant theory gives in this case more compati-

ble values of CV in subsequent loading than the CF constant theory.

5. TIME - SETTLEMENT BEHAVIOUR

In the present experimental programme specimens of different

thickness have been used with different loadingincrementsS — Thus, in
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tranformed time for five large strain tests.

order to analyse the settlement behaviour the settlement is normalized
by dividing by its final value, which results in the degree of settle-
ment which has been used in the theoretical analysis. The time is
normalized with respect to the square of the initial specimen thickness,
and the result t/hg is then proportional to the time factor which is

defined as CVt/hg in Chapter 3 or CFt/hg by Gibson et.al.{(1967).

The normalized results of the five large strain tests are
plotted in Fig.9.4 where the square root time axis has been used. It
can be seen that regardless of the difference in specimen thickness
and loading increment between each test, the results so normalized
all fall into a fairly narrow band. The slight difference between
these results can be related to the magnitude of strain. The slowest
consolidation, in terms of the normalized time t/hg occurs with SL11

which has the smallest strain (50%), and the fastest consolidation occurs
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with SL671 which has the largest strain (61%). These two cases are
compared in Fig.9.5 for clarity. This behaviour is also supported

by comparing the results of SL21 and SLk1, These two cases have simi-
lar magnitude of strain ( 56,3% for SL21 and 55.7% for SL41 ) and
different specimen thickness ( 27.64mm for SL21 and 32.72mm for SLk1).
Their results, when normalized to take into account the different thi-
ckness and final settlement, are very close to each other. This is

shown in Fig.9.6.

A further comparison between the large and small strain cases
is provided in Fig.9.7 which shows the results of three subsequent load-
ing steps SL21, SL22 and SL23. Here again the normalization procedure

has "een applied to account for the very substantial change in thickness

1 1
te/ho , sec?/cm

I 1
N 100
- 5521 A = 34.3%

- SL22 x = 12.77
—— SL?3 A = = af

FIG.9.7 Normalized results of three subsequent loading steps.
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in between loading steps. The trend that larger strain consolidates

faster ( with respect to t/hé) is clearly demonstrated in this example,
Referring to the theory developed in Chapter 3, the trend suggests

that the CV constant model would be more adequate for the particular

type of soil used in the present programme. The fact that more con-
sistent values of CV have been achieved in the last section also supports

this point of view.

To pursue this discussion further, the theoretical time -
settlement relationship has been calculated using the coefficient of
consolidation CV and CF obtained in the last section. These are shown
in Fig.9.8 in which only the large strain cases are analysed. The
full lines are those calculated by the CV constant theory using the
numerical technique developed in Chapter 3, and the broken lines arec
those obtained from the CF constant theory. It can be seen that
better agreement with experiment is obtained with the c, constant

theory ( although in fact the agreement with CF constant theory is

quite reasonable ).
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6. THE STRESS - STRAIN RELATIONSHIP

The development of effective stress in the undrained face 1is
obtained from the total stress and pore water pressure readings taken
during the experiment.  The corresponding void ratlio can be calculated
from the theory, and the Cy constant theory is used for this purpose
owing to its great success in correlating with the settlement behaviour
as shown in the previous section. The stress - strain relationship
interpreted by this method is shown in Fig.9.9 for the five large strain
cases. There is a slight scattering in between the results because
of the difference between the theory and experiment. However, the
trend shows that the stiffness ( or void ratio ) of the soil changes
considerably in the first ten kilonewtons per square metre, within which
the soil can be deformed without much increase in effective stress.

In general, these results also agree favorably With that obtained by
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the flow restrictor test also shown in this figure, The flow restri-

ctor test will be explained in the next section.

7. CONSOLIDATION WITH FLOW RESTRICTOR

In a previous work (Lee,1977) the effect of an imverfect
filter on the consolidation of an oedometer specimen has been studied
within the framework of small strain Terzaghi theory. An imperfect
filter will act like a flow restrictor in the drainage outlet of the
specimen, As a result, the pore water pressure in the drainage face
of the specimen will be higher than the back pressure level and will
dissipate slowly according to the flow rate. This general statement
can also be applied to the large strain case, and the purpose of intro-
ducing a flow restrictor in the drainage line is to decrease the pore
pressure gradient across the specimen. If the gradient is sufficiently
small, the soil specimen will be almost uniform and measurement made
at one face will be close to the average value obtaining throughout

the thickness.

To 11llustate this, Fig.9.10 shows schematically a specimen
with a flow restrictor connected to the back pressure source. During

the experiment the following parameters are measured

flow |
restrictor back
—L 1 —— v
pressure

Uy

specimen }1 h

TTTTTTT

uj

FIG.9.10 Schematic diagram of the layout of a flow restrictor test.
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(1) outward flow rate from the specimen v

(2) thickness of the specimen h

(3) total stress applied to the specimen o

(L) pore water pressure on the undrained face of the specimen u,
(5) pore water pressure on the drained face of the specimen u,
Accordingly the following parameters can be calculated :

(1) average void ratio of the specimen e

. . . 1
(2) average effective stress 1in the specimen o - 5 (ul+u2)

(3) average hydraulic gradient across the specimen i = (ul-u2)/(hpf)

(4) average vermeability of the specimen k = g
- . h > '
(5) coefficient of consolidation c, = - _E—-(1+e) ZZ
Of
c = - Kk (l+eg) do'
F o_. (1I+e) de

£
The results of an experiment carried out (IF1) are shown in

Fig.9.11. It can be seen that the difference between the pore water
pressures in the undrained and drained face of the specimen is very
small for most of the times. The interpreted stress - strain relation-
ship which has already been shown in Fig.9.9 1s reproduced in greater
details in Fig.9.12. In this figure the data are bounded by an esti-
mated error bound which revresents the error that may have been intro-
duced in assuming that the average effective stress corresponds to the
average void ratio. The interpreted permeability is shown in Fig.9.13,
and the variation of Cv and Cp are shown in Fig.9. 1k, There is a
considerable scatter in the CV and CF values, which is caused by a
similar scatter in the permeability and also to a less extent by the
numerical differentiation process to obtain do'/de. The scatter in
the permeability is likely to be a result of inaccuracies in the pore
pressure and flow rate measurements. At present no attempt has been
made to smooth the data by numerical techniques. However, despite
the scatter of the Cv and CF values, the results suggest that CV ig

more likely than o to have a constant value. This provides a further
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support to the use of the ¢ constant model for this particular type
v

of soil,
Finally, it is noted that there is a difference in the mean

¢, value obtained in this experiment and those obtained from the step

loading tests.

8. CONCLUDING REMARKS

The purpose of the experimental study reported in this chapter
are
(1) To provide an assessment for the theory.
(2) To investigate the consolidation characteristics of a very soft soil

where large strain occurs.

and these two goals have been achieved with some success. In the early
part of this chapter the inadequacy of the present oedometer to produce
an ideal theoretical boundary condition has teen pointed out. Never-
theless the settlement behaviour of the specimen correlates surprisingly
well with the theory, and invaluable information has been obtained in

this study regarding the consolidation characteristics of the soil,

In general, it has been established qualitatively that the
particular type of soil used in the study behaves closely to the ¢
constant model. Further research will be required to confirm thisvat
a quantitative level. This will involve an improvement of the present
oedometer to produce a near ideal boundary condition, and also the
development of a better flow restrictor and new techniques for direct
measurement of soil consolidation characteristics. A proposed scheme
for improving the cedometer is given in the following section, and
other aspects of further development will be discussed in the next

chapter.
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9. FURTHER DEVELOPMENT

The most undesirable feature of the present cedometer is the
variation of the total stress applied to the speciwmen as a result of
piston friction. This can be overcome either by adjustingthe cell
vressure to compensate for the piston friction or by a different mecha-
nical design to eliminate this friction. It 1s proposed that the
latter approach be adopted, and a new piston design will be outlined

below.

Fig.9.15 shows schematically the proposed new design. The
piston can be made of sintered bronze which has an exceptionally good
bearing vroperty and very low friction. In this arrangement the pore
water from the specimen is communicating with the cell chamber, which
is connected to the back pressure source. Since it 1s not required
to seal the piston the only possible source of friction comes from the
scraper ring on top of the piston, and it is possible to design this
ring with suitable material to achieve a very low friction. A further
advantage of this arrangement is that the actual amount of flow commu-
nicating with the back pressure source is very small, and depends on
the size of the ram used, and hence the drainage boundary condition

can be close to ideal.

It is proposed to actuate the piston by an air cylinder using
a bellofram type of seal which has a very low friction. The total
combination thus should give a friction figure much smaller than the
present oedometer. Furthermore, should this very small friction
cause any concern it can easily be compensated by servoing the back

pressure to maintain a truly constant total stress.
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FIG.,9.15 Proposed new oedometer design.

. Specimen

scraper ring

. porous piston
bellofram type air cylinder

. back pressure outlet
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air pressure Inlet
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APPENDIX A DETERMINATION OF THE COEFFICIENT OF CONSOLIDATION FROM
EXPERIMENTAL RESULTS

Tt is known from Chapter 3 that during the early stages of

consolidation the degree of settlement is given approximately by :

s = 87 (a.1)
where S is the degree of settlement, T is the time factor defined as
Cvt/hg or CFt/hg . B i1s a constant which in the CF constant theory
equals 2/(/7) or 1.128L, and in the Cv constant theory this will depend
on the magnitude of strain. Tts numerical value 1s given in Table3.1

and is reproduced graphically in Fig.A.1 here.
The theoretical T_ corresponds to S=I using eq(A.1) is
1 (a.2)
which 1n the CF constant theory equals m/4 or 0.7854 and in the CV

constant theory this can be calculated. This is shown in the following

Table and Fig.A.2 for a quick reference.

A 0.0 0.1 0.2 0.3 0.k 0.5

0.00 0.785L 0.6872 0.5928 0.5023 0.4159 0.3337
0.01 0.7754 0.6776 0.5836 0.4935 0.4075 0.3258
0.02 0.765k 0.6680 0.57hh 0.48h7 0.3991 0.3178
0.03 0.7556 0.6585 0.5652 0.4759 0.3908 0.3099
0.0k 0.7hsT7 0.6490 0.5562 0.L4673 0.3825 0.3031
0.05 0.7359 0.6396 0.5471 0.4586 0.37k43 0.2943
0.06 0.7260 0.6302 0.5380 0.Lk99 0.3661 0.2866
0.07 0.7164 0.6208 0.5291 0.hk1h 0.3579 0.2789
0.08 0.7066 0.611k 0.5201 0.4328 0.3498 0.2713
0.09 0.6969 0.6021 0.5112 0.L2kL3 0.3k17 0.2637

TABLE A.1 NUMERICAL VALUES OF TS
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Having thus determined the theoretical T and the experimental

t  the coefficient of consolidation can be obtained by the following
S

equation
c t CF t
TS = J_S- or —i (A.B)
n? n?
o
. Ak
or c ,c. = KT /t (A1)
v o s s
vhich is ea(9.1).
Diffrentiating eq(A.1) leads to
s _ B 2
ar 2 (A.5)
CV t C'F t
51 T = or
ince, w2 2
o o
and, s = ho - . _ 2
o f f
eq(A.5) can be rearranged to give
dh 1 v
- U 2 (A.6)

where ) is the final (Lagranglan) strain b/h The term on
(@]
the right hand side of eq(A.6) égx JC _is the slope measured in the
\"4

linear portion of the rate of settlement

against the reciprocal

1
of the square root time ¢ 2 curve denoted by v , see Fig.9.3.

Hence, Y = éBX /Cv (A.T)
) _ 2y .o (A.8)
or : CV =0 X ]

which is eq(9.2).
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1. CONTRIBUTION OF THIS THESIS

The Consolidation of a Thin Soil Layer

The thin layer consolidation has been a subject of intensive
research in Soil Mechanics. There has been, however, confusion in
recent years over large strain consolidation theories as several theo-
ries have claimed to be suitable for the case of large strain and yet
the coordinate system has not been specified. The present work, vpar-—
ticularly Chapter 2 and Chapter 3 of this thesis, may help clarify the
situation : that there are two coordinate systems, the space (Eulerian)
and the material (Lagrangian) coordinate; in the former case the
problem is a moving boundary problem and not only rust this be included
in the theoretical framework but also special numerical algorithms must

be applied.

In view of this, this particular piece of the present work
is of considerable importance as it shows how a theory based on the
space coordinates can be formulated as well as how the solution can be
obtained. For practical applications the € constant solution developed
in Chapter 3, especially the small time approximate solution, offers
a new possibility of interpreting oedometer test results. The results
in Chapter 9 show that a more compatible C,, can be obtained by this new
method, Further work will be requlired before this can become accepted
practice, and it suffices to conclude here that the future work will

prove to be fruitful.

The Consolidation of a Normally Consolidated Stratum

The thin layer is an 1dealization of a real soil stratum :

it assumes that the effect of self weight is negligible in comparison
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with that of the consolidation loading. The validity of this assump-
tion must therefore depend on the particular situation involved.
Unfortunately, this point of view is very often overlooked in practice,
and the acceptance of this assumption has become a rule rather than

an exception in current practice. This is partly due to the historical
development of conscolidation theory and partly due to the complications
of teking into account the effect of self weight, for which no such

analysis has previously been available.

Chapter 4 and Chapter € of this thesis therefore contribute
to the present state of knowledge on this particular aspect. The

main contributions are summarized as follows

(1) Whether a stratum can be approximated as a thin layer depends on
its stratum coefficient : the smaller this coefficient 1s, the better

will be the approximation.

(2) There will be a difference in consolidation behaviour between the
double drainage and the single drainage cases. A stratur with a
surface drain will consolidate faster than that with a base drain,

and this is most pronounced in a thick, soft stratum.

(3) Although the thin layer theory might, in circumstances where the
stratum coefficient 1s small, closely approximate the total settlement
behaviour of s real stratum, this is not so when local consolidation
behaviour is concerned. Thus, interpretation of the piezometer or
settlement plate reading may not be satisfactory using the thin layer
theory. In this case a theory including the effect of self weight is

recommended.,

The Consolidation of a Dredged Fill and a Deposit Undergoing Continuous

Sedimentation

These subjects have not been studied in the case of large

strain, so that solutions in this thesis are thus obtained for the
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first time. The most interesting point observed in the consolidation
of a dredged fill is the effect of drainage boundary conditions. The
difference in consolidation rates between the cases with and without a
base drain is larger than one might have expected. It is hoped that
the availability of these solutions will initiate an experimental and
field study, and the provision of a good base drainage condition can

be incorporated into standard practice.

Tn the consolidation of a deposit undergoing continuous sedi-
mentation analytical and numerical solutions have been obtained for the
linear and rnonlinear soil model respectively. Based on these solutions
it 1s now not only possible to explain the consolidation behaviour of a
deposit, Dbut also future predictions can be made. One example of the

application of the solutions is given in Chapter 5.

2. IN CONCLUSION

The contribution of this thesis, as described above, 1s mainly
theoretical. Soil consolidation is a very complicated process : the
complexity is amply demonstrated in the solutions developed in this
thesis.  As such, these solutions would have little practical values
without simplification. In an effort to achieve this, a number of
approximate solutions have been developed and the feasibility of using
a simpler theory - such as the thin layer or the linear soil model -
is extensively discussed in this thesis. Furthermore, the trends
indicated by the solutions have been discussed — which is likely to be
more helopful than the equations to the engineers. For example, the
effect of the location of the drainage boundary on the consolidation

of a stratum has been studied. It can be anticipated, therefore, that
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the gvallability of these solutions to the engineer as a result of the

present study will lead to an improvement of the current practice,

Having achieved these, one might ask what should be done in
the immediate future. The vast amount of theoretical solutions deve-
loped in this thesis calls for an equal amount of experimental and field
work. This has been accomplished to a limited extent in the present
experimental study, and there is still a great deal of work that has
to be done, An outline of some of the possible future developments

will be the subject of the next section.

3. FUTURE WORK

The Oedometer Test

A scheme for improving the present oedometer has been proposed
in Chapter 9. The guthor intends to carry out this improvement in
the near future. Hopefully, this will produce a near ideal step loa-
ding condition so that the result can be compared quantitatively with

the theory.

A prerequisite for a quantitative study is that the stress -
strain and permeability characteristics of the soll must be determined
from direct measurement. The stress - strain characteristic can be
determined either by the step loading test or by the flow restrictor
test. The determination of permeability is more difficult, especially
with very soft clay, and new testing methods will be required. A

sultable method will now be described in the following section.



322

X X X
A | A
_____ — . e
/
| /
\ /
! \ /)
/ \ /
/ \ /
!
/
/ \ /
/ \ /
/ ‘ /
\ !
/ p \ of { €
1 — \ - 1 .
(a) (b) (c) (d)

FIG.10.1 The seepage consolidation test

The Seepage Consolidation Test

The proposed method uses seepage force to consolidate a soil
column, This is 1llustrated by considering a conventional constant
head permeability test as shown in Fig.10.1(a). A soil column with
an initially uniform density is connected at its upper end to a higher
oressure source, and its lower end 1s connected by a tap to a constant
head tank. Referring to Fig.10.1(b), the solid line indicates the
pore water pressure in the soil column before the tap is opened, vwhere
the hydrostatic gradient and the weight of the soil are omitted here
for simplicity. Some time after opening the tap a steady state seepage
will be established in the soil column, and the pore water pressure
in this state is now given schematically by the dotted line of Fig.10.1(b).
The change in pore water pressure causes a corresponding change in effe-
ctive stress ( since the total stresses are unchanged ). Thus, the
process in reaching the final steady state is a consolidation process.

The variation in effective stress and void ratio within the soil column
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is shown schematically in Fig.10.1(c),(d).

The final equilibrium condition depends on the permeability
and the stress - strain characteristics of the soil. Since in this

condition there is a steady state seepage, thus by Darcy's law

k du

Pre dx

= v = constant (10.1)

Knowing the final pore pressure distribution by measurement at points
throughout the column, and the seepage velocity, it 1s then possible

to calculate the permeability within the soil column according to eq(
10.1). If the void ratio distribution can be measured at the same

time then the required permeability - vold ratio relationship is obtained.
Furthermore, referring to Fig.10.1(c), since the effective stress

is uniquely linked to the pore water pressure, the above information

also ylelds the stress — strain characteristic of the soil.

The equipment for performing this experiment is now in itsg
final development stage. The column is built from a four inch dlame-
ter acrylic tube, 500mm high, with 12 pore pressure probes installed
in the side. These probes are connected to manifold blocks which
are in turn connected to a pressure transducer,. The top of the column
will be connected to a pressure regulator, and the base of the column
is connected to a conventional constant head tank. The void ratio
of the soil will be accurately determined using X-ray techniques deve-

loped at Oxford.
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