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Abstract. We review recent results on an exactly solvable model of nonequi-
librium statistical mechanics, specifically the classical rule 54 reversible cellular
automaton and some of its quantum extensions. We discuss the exact micro-
scopic description of nonequilibrium dynamics as well as the equilibrium and
nonequilibrium stationary states. This allows us to obtain a rigorous handle on
the corresponding emergent hydrodynamic description, which is treated as well.
Specifically, we focus on two different paradigms of rule 54 dynamics. Firstly, we
consider a finite chain driven by stochastic boundaries, where we provide exact
matrix product descriptions of the nonequilibrium steady state, most relevant
decay modes, as well as the eigenvector of the tilted Markov chain yielding exact
large deviations for a broad class of local and extensive observables. Secondly,
we treat the explicit dynamics of macro-states on an infinite lattice and discuss
exact closed form results for dynamical structure factor, multi-time-correlation
functions and inhomogeneous quenches. Remarkably, these results prove that the
model, despite its simplicity, behaves like a regular fluid with coexistence of bal-
listic (sound) and diffusive (heat) transport. Finally, we briefly discuss quantum
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interpretation of rule 54 dynamics and explicit results on dynamical spreading
of local operators and operator entanglement.

Keywords: cellular automata, exact results, large deviations in non-equilibrium
systems, thermalization
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1. Introduction

Exactly solved models are a major cornerstone of statistical mechanics and physics in
general. While free (quadratic) models and their perturbations provide some insight, to
achieve realistic statistical physical behaviour found in real materials requires strongly
interacting models of which only several solvable classes are known. The first and most
notable class, in the context of equilibrium physics, are two-dimensional lattice models
related to solutions of the Yang—Baxter equation which give crucial exact information
about the universality classes of statistical systems in two dimensions [1], and relate to
Bethe-ansatz solvable quantum models in one dimension [2-4]. However, for studying
out of equilibrium properties, in particular for time-dependent correlation functions or
quantum quenches, such Yang—Baxter—Bethe solvable models represent a much harder
challenge. Computation of time correlation functions through the so-called form-factor-
expansion is a formidable task, so far accomplished with only partial success in particular
models [5-11]. Nevertheless, integrability techniques resulted in a successful hydrody-
namic approach in such models. The most notable of which is the so-called generalised
hydrodynamics (GHD) [12-14], which has achieved remarkable success in predicting
large space—time scale behaviour of observables in integrable systems.

However, hydrodynamics is not a rigorous theory and in particular it relies on the
assumption of a clear separation of space—time scales. The fact that sub-ballistic cor-
rections generically result in diffusion, as derived within GHD in reference [15] (see
also [16]), could be at least partly attributed to the central assumption behind the
hydrodynamic picture, which is the immediate loss of memory (correlations) in the
quasi-particle scattering processes. It is thus of utmost importance to have at our dis-
posal another type of model—or a class of models—with generic physical behaviour
and for which dynamical physical quantities are accessible by a rigorous analysis free
from assumptions. Within such a class of models we can then achieve the ‘holy grail’ of
nonequilibrium statistical physics, which is to derive macroscopic transport laws from
reversible and deterministic microscopic equations of motion [17].

https://doi.org/10.1088/1742-5468 /ac096b 3
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Indeed, in the last several years it has been recognised that such a model exists and
seemingly belongs to a class distinct from regular Bethe-ansatz solvable models. It is the
rule 54 of the family of reversible cellular automata (RCA54) proposed and classified
in [18]. The model RCA54 can also be understood as a staggered sublattice version of
the model 250R of reversible local automata as classified earlier by Takesue [19], or a
discrete-time deterministic limit of the Fredrickson—Andersen model [20]. It is arguably
the simplest microscopic (deterministic) physical theory in 1 4+ 1 dimensions with strong
local interactions and asymptotically freely propagating excitations— quasi-particles, or
solitons. RCA54 has been proposed to be integrable already in [18] based on mainly
qualitative arguments. The first exact solution, however, came in reference [21], where
the nonequilibrium steady state of the model driven by a pair of chemical baths at the
boundaries was analytically found. This led to many other results, such as generalisation
to larger families of boundary driving [22, 23], diagonalisation of the Markov propagator
[23, 24], and exact large-deviation results in the boundary driven setup [25]. Later,
many properties of the model on an infinite lattice without stochastic boundaries have
been exactly obtained, such as dynamical structure factor and multi-time correlation
functions [26-28]. The model has also been studied in the quantum context [29], and
its simple but non-trivial dynamics was found to provide an ideal setting to study
large-scale properties of the physics of local observables and operator spreading [30-37].
Furthermore, an intriguing connection with the dynamics of TT-deformed conformal
field theories was recently established [38, 39].

In particular, with respect to transport of quasiparticle excitations (or solitons),
rule 54 provides a model of a generic physical fluid with coexistence of ballistic (con-
vective) and diffusive (conductive) transport. Remarkably, unlike typical Bethe-ansatz
solvable systems, this model in many instances allows for fully closed-form solutions
despite being interacting and thus it allows the understanding of the aforementioned
generic transport behaviour on a microscopic level. The purpose of this review is to
provide a comprehensive overview of recent results on the rule 54 model and discuss
their comparison with simple predictions of hydrodynamic theory.

2. Definition of the model and summary of the results covered

We consider deterministic dynamics defined on a 1 4+ 1 dimensional discrete lattice with
space—time points labelled by (z,t) € Z* and a field variable s! taking only binary
values s'. € Zy = {0,1}. We may restrict the dynamics only to a staggered (diamond, or
light-cone) sublattice of Z* of points (z,t) satisfying = + ¢ = 0 (mod 2) and define

Stx+1 = X(Siflv Stxil’ Stx+1) (1)

for some binary function y : Z3 — Z,. Specifically, the function with the binary code 54
reads

sy = X(51,52,83) = 51 + 52 + 53+ s153 (mod 2), (2)

https://doi.org/10.1088/1742-5468 /ac096b 4
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Figure 1. Schematic representation of the time evolution. At time ¢, the sites with
the same parity as ¢t get updated according to the local time-evolution rules (2),
while the rest stay the same.

and can be graphically represented as

et Sevea

where white/black boxes represent field values 0/1, and red-framed boxes correspond to
the updated values at the next time instance. As the graphical representation suggests,
the middle site is changed whenever at least one of the neighbours is black. Dynamics
is generated by two sequences of parallel updates (see figure 1), which in two steps
maps a configuration over a zig-zag saw s’ ! first to s’ and then to s*!, where s’ =
(- st st st - +). An example of a typical trajectory can be seen in figure 2 (ignor-
ing the boundaries for the time being). The dynamics can be interpreted as a gas of
solitons travelling with speeds +1 which scatter pair-wise, while each scattering pro-
duces a time-lag (or shift) of a soliton of one step in time (or space). In particular, the
diagrams in (3) can be interpreted as different possible local configurations of solitonic
dynamics. The first diagram represents empty space, diagrams 2 and 7 show a left mover,
diagrams 4 and 5 represent a right mover, while the rest of the diagrams correspond to
different steps of the scattering event between two oppositely-moving solitons—the two
solitons first merge, temporarily disappear and reappear immediately afterwards (given
by diagrams 6, 3 and 8 respectively).

The key problem discussed in this review is how to achieve the full understanding of
equilibrium and nonequilibrium statistical physics of this model. This goal can be pur-
sued within two paradigms of statistical mechanics. In the first, we consider the system
defined on a finite lattice Z,, of even size n, and we couple the left and the right edge
of the chain to stochastic baths of solitons. After removing the degrees of freedom of
the reservoirs we end up with a perfect Markov chain model, where the cells in the bulk
are updated deterministically, while the cells near the boundaries are evolved stochas-
tically. The set of parameters characterizing the boundary driving uniquely determines
the nonequilibrium stationary state (NESS) that the system approaches at long times.
In section 3 we show how to provide exactly solvable Markovian boundaries and how to

https://doi.org/10.1088/1742-5468 /ac096b 5
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Figure 2. A snapshot of Monte Carlo dynamics of nonequilibrium stochastically
boundary driven deterministic CA, rule 54, for n =80, « =0.9,3 =0.1,7 = 0.4,
d = 0.6 (Bernoulli driving (13) with ¢ =7 =1/2). Time runs downwards. Grey
squares denote occupied environmental cells which are generated by a Bernoulli
shift with probability 1/2, while blue (red) squares are occupied boundary cells
determined via ultralocal Markov chains. Note that the right end is ‘hotter’ than
the left one and that the average (steady-state) soliton current flows to the left.

construct a correlated NESS in terms of the so-called patch-state ansatz. Additionally,
we prove a general ergodicity theorem for the boundary driven setup, which guarantees
the uniqueness and exponential relaxation to the steady state. In section 4 we then
provide a solution to the steady state cancelation mechanism in terms of a simple cubic
algebra whose representation yields a compact matrix product solution to the full steady
state. Remarkably, this form can be extended to subleading eigenvectors of the Markov

https://doi.org/10.1088/1742-5468 /ac096b 6
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propagator and allows us to obtain an essential part of its spectrum, which, in particular,
gives access to the spectral gap characterising the relaxation to the NESS. Moreover,
the same cubic algebra can be further generalised to generate an exact large deviation
(LD) function describing fluctuations (in the steady state) of a large class of spatially
inhomogeneous observables, as elaborated in section 5.

The second main paradigm considers the dynamics of the thermodynamic states of
the system defined on an infinite lattice, or equivalently, the dynamics of local observ-
ables of the large but finite system far from the boundaries. In section 6 we provide a
basic hydrodynamic description of the model using the two elementary local conserved
charges: the densities of left and right movers. In section 7 we provide a space—time
dual description of the model. We start by considering an efficient matrix-product-state
representation of stationary probability distributions of configurations in time, which
determine all multi-time correlations of ultra-local observables, evaluated in equilibrium
thermodynamic states. We then proceed by showing that RCA54 allows for a determin-
istic description also when considering the space-evolution of time-configurations. For
facilitating computations we introduce efficient diagrammatics, akin to quantum circuit
diagrams, which are used to compactly encode a diversity of rather formal algebraic
relations. Arguably the strongest result, elaborated in section 8, is the construction of
an exact time-dependent matrix product ansatz (tMPA) for time evolution of arbitrary
local observables. Although the dimension of tMPA is formally infinite, it effectively
grows only as oct?> when time evolution up to time ¢ is considered. The result allows for
a number of explicit computations, such as the dynamical structure factor (two-point
space—time correlation function) and the time-dependent density profiles following an
inhomogeneous quench. Furthermore, it provides a formal bound on the rate of operator
spreading for the quantum interpretation of the model.

3. Boundary driven cellular automaton and general equilibrium states

We begin by considering the model subject to stochastic boundary driving. The system
is defined on an even number of sites n with instantaneous dynamical variables specified
over a zig-zag saw,

§ — (817 82, 83 LN STL) = (S%, Sg, Sé ceey S’(I)L) E Cn, (4)

where C, = Z;" is the set of all configurations on the lattice of size n. The macroscopic
state of the system p is a probability distribution over the set of all configurations and
can be interpreted as a 2"-dimensional vector

P = (Ps)sec, € <R2)®n7 (5)

with p, > 0 denoting the probability of configuration s. If dynamics were completely
deterministic, such a probabilistic description of a finite system would be redundant.
However, we allow for stochastic updates of boundary pairs of cells (s1, s5), and (s,,_1, S,,)
which cannot be consistently fixed by the deterministic rule (2). We make a minimal
assumption that the stochastic updates of boundary cells are local and Markovian, i.e.

https://doi.org/10.1088/1742-5468 /ac096b 7
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the probability of jumps of s; (or s,) can only depend on cells sy, sy (or s,_1, s,) in the
immediate space—time neighbourhood.

We thus define the time evolution of the state vector p(t¢) starting from some initial
state p(0) as,

p(t) = U'p(0), (6)

where the one-period propagator U (2" x 2" matrix) is factored in two half-time steps,
as shown in figure 3,

U =U,U.. (7)
Each step is now given in terms of parallel updates of even or odd sites

Ue - U123U345 to Un—3 n—2 n—lUR (8)

n—1n>

Uo - U1LQU234U456 to Un—2 n—1ns (9)

where Uj_1j j41 = loi2 @ U ® 1gn-j1, with U being an 8 x 8 matrix, acts non-trivially on
a triple of adjacent sites (j — 1, j,j + 1) and only affects the cell at position j depending
on the values of cells at positions (j — 1,7, j + 1) according to the rule 54. Specifically:

U(t,t’,t”).,(s,s’,s”) - 5t,s5t’,x(s,s’,s”)515”,.9”- (10)
The boundary updates

U{JQ — UL ® ]].27172, U7E{_1 n — ]].27172 ® UR, (11)
are generated in terms of 4 x 4 stochastic matrices acting on the left-most (right-most)
two sites. As U"T are stochastic, i.e. their non-negative matrix elements in each column
add to one, the full propagator U is a stochastic matrix conserving probability (see
figure 3). The boundary matrices have to satisfy the following compatibility conditions

(UL, Uysy] = 0, [Unas, Ush] = 0, (12)

essentially implying that only the boundary cell may get stochastically updated, while
the site next to it (i.e. n — 1 in U}, and 2 in Uj) acts as a control cell, analogously
to the non-central cells in the bulk propagator.

Requiring that the many-body Markov chain process (6) admits an exactly solvable
nonequilibrium steady state (NESS)—an eigenvector p, of eigenvalue 1, Up, = p,—puts
additional constraints to the boundary operators U", UR. A complete classification of
exactly solvable local (two-site) boundaries is composed of two multi-parametric families.
The first is the so-called Bernoulli driving (originally proposed in [21] and generalised
in [22]):

a 1—q; @ 1-d

« 1-— 1-—
Ul — 1_q1L QQL 5 L UR= a4 a3 . L5l (13)
11—« I5; 1—7 )

https://doi.org/10.1088/1742-5468 /ac096b 8
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Figure 3. Tllustration of the stochastic boundary driving (7) with two site boundary
stochastic maps UYR (see equations (8) and (9)). In blue/red we denote the sites
before/after the update.

where
o =C+a—2a, qt=n+y-"217,
@ =C+B—-2(8, ¢ =n+35—2n0.

Each bath is parametrised by a triple of independent parameters: ¢, «, 8 € [0, 1] for the
left boundary, and n,~,d € [0, 1] for the right boundary. They admit a simple interpreta-
tion in terms of a composition of an ultralocal Markov chain (a 2 x 2 stochastic matrix
parametrised by probabilities a, 5 on the left and v, ¢ on the right), and a local rule 54
map centred around the same site, while the value of the imaginary cell inside the bath
is given in terms of a Bernoulli process (with the probability ¢ on the left and 1 on the
right).
Another distinct family is the conditional driving [23]:

(14)

(8] [0 ")/ ’}/
| o B B R_|1=7 1—7~
U'=11_4 - a ,  U'= s s |0 (19
0 1-8 1-8 1—6 1—6

where «, 3,7, € [0, 1] are some driving rates parametrising the left and the right bath.
We refer to this as conditional driving, since in Ul (UR | ) the probability of changing
the site 1 depends only on the state of the neighbouring site 2 (changing the site n
depends only on the state of the site n — 1). For instance, if the site 2 is in state 0 then
the site 1 will be stochastically set to state 0 with the probability « or to state 1 with
the probability 1 — «. On the other hand, if the site 2 is in the state 1, the site 1 will be
set to state 0 or 1 with the probabilities 5 or 1 — 3, respectively. The analogous holds
for UR .

These two classes of boundary driving maintain the integrability of the model, which
may be intuitively understood as a consequence of the fact that they (with some proba-
bilities) create or destroy solitons at the boundaries. We note that the information about

https://doi.org/10.1088/1742-5468 /ac096b 9
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three-site subconfigurations is needed to completely characterize the local particle con-
tent, therefore a minimal matrix product ansatz (MPA) providing such a state should
admit a three-dimensional auxiliary space. This fact will be important in the sections
below, when dealing with solutions to boundary driving.

3.1. Holographic ergodicity

Establishing the existence of a unique NESS and relaxation towards it from an arbitrary
initial probability state vector amounts to showing the following statement [21]:

Theorem 1. The 2" x 2" matriz U, equation (7), is irreducible and aperiodic for generic
values of driving parameters, more precisely, for an open set 0 < «a,f3,7v,0 <1 for
conditional driving (15), and 0 < {, o, 5,1,7,0 < 1 for Bernoulli driving (13).

Proof. According to the Perron—Frobenius theorem [40], a finite, non-negative matrix
U is irreducible, if for any pair of configurations s, s’ € C, there exists a natural number
to € N such that the corresponding matrix element of the tyth power is nonzero,

), , > o. (16)

An irreducible matrix U is aperiodic if for any configuration s € C,,, the greatest common
divisor of the set of recurrence times {¢;} is 1,

ged ({tj eN; [UY],, > 0}) = 1. (17)

Let us first show irreducibility. By the definition of boundary propagators (cf
(13) and (15)), the Markov matrix U connects each configuration s to exactly 4
other configurations s’, which exhibit all the possible configurations of boundary bits,
(s1,s,) €{(0,0),(0,1),(1,0),(1,1)}. This holds for all values of parameters «, 3,7,d
(and (,n), except for the marginal case when some of the parameters are equal to 0
or 1, but this option is excluded by the assumption of the theorem. Let us now take a
sufficiently large positive integer t,, to be determined below, and fix s(ty) = s, s(0) = s.
We shall then construct a walk

5(0) = 5(1) = 5(2) = - - = s(to), (18)

which can be understood as a path through the Markov graph defined by positive
elements of U that connects s and s in ¢, steps and implies [U"], . > 0 (see figure 4 for
a ‘self-contained’ graphic illustration of the idea of proof). We are still free to choose
the values of the boundary cells s;,(t) along the walk ¢ € {1,2,...,¢t) — 1} apart from
the ends. For the first part of the walk t =1,2...¢,, up to some t, < ty, we are fixing
them with the rule

s1(t) = so(t — 1), Sp(t) = sp_1(t —1). (19)

The evolution of the interior values of the cells s,(t) for 1 < x <n and ¢t < ¢, is then
completely specified by the deterministic RCA54, while (19) provide the causal absorbing
boundary conditions. Indeed, each time the boundary cell, say x = 1, gets occupied,

https://doi.org/10.1088/1742-5468 /ac096b 10
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Figure 4. Illustration of the proof of irreducibility and aperiodicity of the Markov
matrix U. Blue and red configurations, s =(1,0,0,1,1,1,1,0,1,0) and s =
(0,0,1,0,1,1,0,0,0,1), are connected with the Markov-graph walk for generic prob-
abilities 0 < a, 8,7, < 1 in at least tg = 15 time steps where the boundary cells
are chosen as indicated by green cells (the boundary conditions are generated by
causal/anti-causal absorbing boundaries in the upper/lower part of the walk). The
values of the boundary cells are thus determined by copying the values of the near-
by bulk cells in the direction of the grey arrows. Consequently [U"e»] > 0 for
any tgp, > 0 (and any other pair of initial/final configurations s, s’ with possibly
different ¢(), which implies irreducibility and aperiodicity of U.

s1(t) = 1, the soliton is absorbed (see figure 4). As the solitons only move ballistically
(at speed 1) and scatter pairwise (with time-lag 1), it is clear that a finite time scale
t, € N exists, surely smaller than n?, after which all the solitons will be absorbed and
we end up in a vacuum configuration s(¢,) = (0,0 --,0).

For the rest of the walk ¢ € {t; + 1,...%} we need to show that alternative boundary
rules exists, which create the configuration s’ out of the vacuum in another ¢t_ =ty — ¢,
steps. This is easily achieved by using time-reversibility of RCAb54 and arguing that
a vacuum configuration is again generated from s’ in some t_ steps if the anti-causal

https://doi.org/10.1088/1742-5468 /ac096b 11
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absorbing boundary conditions are set, which are equivalent to (19) when the time runs
backwards,

s1(t) = so(t + 1), Sp(t) =8, 1(t+1), fort=ty—1,---tg—t_. (20)

The entire walk then connects s to s’ in ¢ty = ¢, + t_ steps and implies [U], . > 0, for
an arbitrary pair s, s’ € C,, with the minimal possible integer t, in generalfdfepending
on the choice of s,s’. This proves irreducibility of (7).

Considering s’ = s, we have just shown that [U?] > 0 for some ¢, = ¢, + ¢_ depend-
ing on s. However, in between annihilating the configuration s in ¢, time steps and then
creating it again in another t_ steps?, we can stay in the vacuum state for an arbitrary
additional number of steps t,,, > 0. In this way the walk is increased by a segment of
teap intermediate vacuum configurations, and we still have a non-zero matrix element,

[UHtsr] > 0. (21)
The greatest common divisor of the set {ty + tyup; tgap € Z4 } is clearly 1, so we have
shown aperiodicity. U

In conclusion, the Perron—Frobenius theorem [40] guarantees that the NESS prob-
ability state vector p,, satisfying the fixed point condition Up, = py, is unique and all
other eigenvalues of U lie strictly inside the unit circle. As a consequence, the Markov
dynamics (6) is ergodic and mizing and an arbitrary initial probability state vector p(0)
converges to NESS exponentially fast in .

3.2. NESS: patch state ansatz

The NESS probability state vector p = p, can be split into even and odd time slice,
satisfying a pair of fixed point equations

p’ = Uep, p="Up" (22)

We shall now explicitly construct the probability state vectors p and p’, by solving
equation (22) in terms of a simple ansatz, which we term a patch state ansatz (PSA)
(illustrated in figure 5).

For either of the two boundary driving families (13) and (15), the NESS solution p,
p’ € R? of the fixed point condition (22) can be written in the form

Psysp, 050 = L818283X82838485X84858687 e X'971—4'9n—35u—25n—1RSM—QSU—ISH7

23)
/ T / / / / (
p517527'”75u - L515253X52535455X54555657 X'97174571735u7257171RSU*Q&L*ISH7

for some rank-4 and rank-3 tensors of strictly positive components X syus Xyus Lsuus

L, ., Rsgu, R.,,, with binary indices s, ', u, v’ € {0, 1}. To uniquely determine the alge-

suu' ss'u?

braic expressions for these tensors in terms of the parameters of the model, one has to
plug the ansatz (23) into the NESS condition (22).

4Note that in general t_ # t, as a generic configuration s is not time-reversal invariant.
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Sp-2

AN -
NP, -

Sp-2

Figure 5. Tllustration of the PSA (23) for NESS probability state vectors p, p’.

First we find a minimal sufficient set of equations that the tensors have to satisfy,
by fixing the normalization and taking into account the gauge symmetry of the ansatz.
The normalization of the PSA (23) can be chosen such that

X()O()O - X(l)o()o - ]-a LO()O - R{)o() = 1. (24)

Clearly Xoooo = X{jy0, Otherwise the probabilities of the vacuum configurations py, |
and pj.., would scale differently with n which is not possible since they are directly
connected by both even and odd propagators, i.e. [Uo](oo...o)(oo...o)a [Ue](oo...o)(oomo) > 0.

Let us now assume the ansatz (23) and write all components of equation (22),
[Uep — P'], = [Uo,p’ — pl, = 0, pertaining to four-cluster configurations in the bulk of
the form® s = (001} s s u, ', 0" %}) for k = 0,1,...,m — 3, which results in the
following two bulk equations:

X(l)oss’Xisqm’lem’OOX(I)OOO - XO()x(Oss/) X (Oss/)s’x(s’uu’)u’XX(s/uu’)u’x(u’()O)OX (u/00)000 (25)
X0000X 00ss' X ssun Xuwoo = X(G()Ox(()Os)X(gx(O()s)9)((59 u)X;)((ss "u)ux (uu! ())X;)((uu 0)00*

Similarly, considering three-cluster configurations near each boundary, s = (v/,s, ¢,
0{"=3}) and s = (0173, 5, s/, u), we obtain a set of four boundary equations,

Ry + R
/ / 1 / 000 001
Ly oo X sw00X 00008000 = Loty (57578 X (v15)x(5/00)0 X x(5/00)000 9 )
/ I / R
LOOOXO(Jss’Rss " LOOOZP(S’_,H)_,(tQt) XO()x(Ost’)t’Rx(Ost’)t/t;
i
(26)
/
Lyss Xss00Rooo = E PU sttty L es0) X (as0)00 000
ot
Ly + L

_ 100 v~/ / !
Looo X000 X 00ss Rssu = X000y (00s) X R

0x(00s)sx(ss'u)* Lsx(ssu)u*

2

5Symbol 0t} denotes 0 repeated k times.
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The total number of 2 x 16+ 4 x 8 —4 = 60 unknowns can be further reduced by
exploiting the following gauge symmetry

—1 / / —1
Xss/tt/ — fss/Xss’tt/ftt’ ) Xss’tt’ — gSS”Xss/tt/gtt’ )
-1 / l -1
Ls/tt’ — Ls’tt’ftt/ ; Ls’tt’ — Ls’tt’gtt/ ) (27)
/ /
Rss’t — fss’Rss’t7 Rs,g/t — gss/Rss/t’

which conserves the patch ansatz (23), as well as the defining equations (25) and (26)
for arbitrary nonzero gauge ‘fields’ f.., g.¢-

While a detailed analysis and explicit expressions for the PSA tensors in terms of
boundary parameters can be found in [21, 22|, here we only discuss a generic solution
form of the bulk part of the equations. Specifically, the bulk equations (25) can be
solved independently (before incorporating boundary conditions), and the solution can
be parametrised uniquely—up to a choice of gauge (27)—in terms of two free (spectral)
parameters &, w

1 1 ¢ 1
o ew w1 w
Clw w fw w

& & & fw

The boundary equations (26) then fix the spectral parameters £, w as functions of the
boundary driving parameters «a, 3,7,0 (and &, 7) (see section 4). The remarkable fact is
that the solutions do not explicitly depend on the system size n, hence it is clear that
such an NESS can only describe ballistic transport (i.e. net soliton current independent
of n).

Xt = Tissy ) (& w)y Xy = Tissy o) (W, &), T(E,w) (28)

3.3. Conserved charges

The 4 x 4 matrix T({,w), defined in equation (28), can be interpreted as a two-
parametric transfer matrix generating the local charges of the RCA54 model. To simplify
the discussion, let us assume periodic boundary conditions, n 4+ 1 = 1, and consider a
steady state vector p(§,w) whose components are given in terms of the transfer matrix
as,

psl%‘g%mvsﬂ (57 CL)) = T(slvsz)‘r(sfi-ﬁ*i) (57 w)T(sfi-ngi)v(sSvsﬁ) (57 CL)) e T(‘S’nfl-,sn)v(sl-,SQ) (57 CL)). (29)

For any pair of positive real parameters £, w > 0, p(&, w) represents the statistical ensem-
ble—state that is invariant under time translation (as well as translationally invariant
in space)

Uep(§,w) =pw,§), Upw,§) =pE w), Up({w)=pw), (30)
whose partition sum is given simply in terms of powers of the transfer matrix as
N (g, w) = tr[T(E W) (31)
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Parameters log&, logw can be interpreted as chemical potentials corresponding to the
conserved numbers of left and right movers, N_ and N,

Ps (€, w) oc NN, (32)

Specifically, the latter can be generated directly from the logarithmic derivatives of the
transfer matrix

n/2
d
N+(§) — d lOg 5 log HT(‘5’2j—1-,52j)%(52j+1-,52j+2)(57w)|f:w:1’
j=1
oo (33)
N_ (§) = d ].Og w ]'Og HT(Sz‘jfl,.SQj),(.92j+1,82j+2) (§7w>|€:w:17
j=1
which can clearly be written as extensive sums of local densities
j d
n/2 nﬂr (ﬁ) = d_gT(Syflvszj)7(5’2,;'+1782,/'+2) )
~ =w=1
Ne=>"nk, ) f (34)
j=1 n’ (§) = @ (59j-1,527),(52j+1,59j+2) {:w:l‘

These are the elementary local charges of RCA54 and will be discussed later in the
context of hydrodynamics of the model. We note that N, by no means represent a
complete set of local charges. Specifically, searching for all local charges with densities
of support size ¢ > 3, we find of the order of Fibonacci number F, = F, { + F; 5 of
trivially conserved charges corresponding to Fy non-interacting unidirectional soliton
configurations. See the discussion in [41] for the details.

4. Matrix product ansatz and Markovian excitations

In this section we will recast and generalise the exact solution for the NESS in terms
of a more standard MPA. From now on we fix the following convention: notation for
row/column vectors in the auxiliary space V, will be Dirac bras/kets. Quantities that
are vectors in physical space will be denoted by bold-face Roman letters as before, e.g.
the probability state vector p(t). The numeral subscript of an operator or vector in the
physical space is the site position in the tensor product physical space (R?)®", which
shall be here considered also as (C?)®", on which it acts nontrivially. The physical space
components will be labelled by a binary index and written in corresponding non-bold
font, e.g. ps,...s,. Matrices (operators that act nontrivially either in auxiliary or physical
space) will be denoted by capital Roman letters.
We are interested in solving the eigenvalue problem for the Markov propagator,

Up = Ap, (35)
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which can be conveniently split into two coupled linear equations for the even and odd
half-steps of the period of time propagation (generalising (22)),

U.p = Arp/, U,p’ = Avp, A = AgAy. (36)

Once we solve this, we have access to the full dynamics of the probabilities at time ¢ in
terms of eigenvalues A; (Ag = 1) and the corresponding eigenvectors p; (assuming that
U is not defective),

2"—1

p(t) = copy + Y _ ;Alp;, (37)
j=1

where ¢; are constants given by the initial probability distribution p(0). Using this
labelling, the eigenvector p, denotes the NESS as it does not decay in time, while the
components along the rest of the eigenvectors p;, j > 1, decay exponentially with the
rate —log|A;|. If all multiplicative rates are bounded away from the unit circle [A;]| < 1,
any initial state p(0) will relax to the NESS. In principle, one may find eigenvalues that
lie on the unit circle, but are not 1. These would correspond to persistently oscillat-
ing eigenvectors analogous to the ones for quantum Markov processes [42-45]. In our
case, however, their existence is prohibited by the Perron—Frobenius theorem (see the
discussion in subsection 3.1).

4.1. NESS: matrix product ansatz

Following [23, 25] we take a staggered MPA for the NESS in the form,
P = <11| WQW%W4WI5 e ;L_3Wn—2|rn—1,n>; (38)
p' = (1| WyW,W; Wi - - W, W, [r)). (39)

We will use this as an ansatz to solve the split eigenvalue equation (36). We require that
the operators Wy, W! and some operator S satisfy the following bulk algebraic relation,

U]ggW]S szg - W]WéWgS (40)
Component-wise the above vector equation reads
Wsswx(s,s’,s”)ws{” = WS’W;’WS’”S7 S, S/, S// S {0, 1} (41)

A representation of this algebra can be found on a three-dimensional auxiliary vector
space V, = C? in terms of matrices

1 0 0 0 & O 1 0 0
VV()(€7W) = f 0 0 ’ W1(€7w) =10 0 1 ) S=10 0 1 ) (42)
1 00 0 0 w 0 1 0

while the other set of auxiliary space matrices W/(&,w) is obtained from W (&, w) by
swapping the parameters,

W€ w) =Wi(w,§), se{0,1}. (43)
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The representation is parametrised in terms of two (so far) free variables ¢ and w, which
(as we argue later) correspond precisely to the variables parametrising the transfer
matrix introduced in (28), therefore we shall refer to them as spectral parameters. We
note that S? = 1, which together with U? = 1 and the bijection between the two sets of
matrices implies a dual bulk relation,

Uis Wi W, WS = WS W, W3, (44)

We now turn to the boundaries. We demand that the spectral parameters &, w,
eigenvalue parameters Ar, Ar and the boundary vectors (L[, (I}, |, |r12), [r}), satisfy the
following set of equations,

Uy (o] = Ap (1| WS, (45)
Uzs (LL| Wo WY = (17,| W3, (46)
Ui|ri2) = Ae W S|ry), (47)
Uss W Wo|ry) = W S|res). (48)
If these equations are satisfied, the pair of states p, p’ written in terms of MPAs (38)
and (39), solves the staggered eigenvalue equations (36). This can be straightforwardly
verified by plugging the MPAs into e.g. the first equation of the set (36), and apply the
appropriate relations to transform p into p/,
Uep =Utos - Un-snan-3Un-3n-20-1Up 1, (L| Wo W5+ - - W, W W, 51, 1,)
= ArU12s - Up—sn—an—s3Un—sn—2n-1 (L [Wo Wy - - - W, /W, W, 'W, ,S|r})
=ArUr23 - Uy span3 (L |WoW5 -+ - W, ;W .SW/ W, 4|r])
= = AgUip3 (1; [ WoW,SW W5 - - - W, _4|1))
= Ag (1}, [WsW W5 - - W,_| 1)) = Agp. (49)

To get to the second line, we apply the boundary propagator UR

1., Which, according
to relation (47), replaces the right boundary vector |r/, ;) with |r,), and at the same
time introduces the delimiter matrix S. We continue by applying the dual bulk relation
(44), which moves S to the left, while the roles of W', and W are exchanged (fourth
line). We finish by absorbing the matrix S at the left and finally change (1;| into (I,|.
The second part of (36) is proven analogously.

Solving the left boundary equations (45) and (46) for &, w and boundary vectors

(ls], (I'y| (given explicitly in appendix A) we obtain
(a+pF—-1)—BAy L = Aula—Ay)
(B-DAL (B-1)

Similarly, solving the right boundary equations (47) and (48) for &, w and the |rl), |rsy)
(again listed in appendix A) we get
_ Ar(y —Ar) (y+6—1)—0Ag

G- YT GonR (51

§= (50)

£
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These and all explicit result below are written for the specific case of conditional driving
(15), while results for the Bernoulli family are obtained fully analogously [23]. Equating
¢ and w from these pairs of equations yields an eigenvalue equation, which expressed in
terms of the eigenvalue A = A Ay reads

A-1) (A +(1—aNA?+B5A —(a+B-1)(y+d—-1)(A+1)) =0. (52)

Importantly, A =1 is always a solution. The corresponding eigenvector is the NESS.
The remainder is a cubic polynomial giving three other eigenvalues corresponding to
three decay modes. These eigenvalues do not depend on the system size n. We refer to
these four eigenvalues as the NESS orbital.

4.2. Markovian excitations

In order to generalise the results from the previous subsection to other eigenvalues
and eigenvectors (decay modes) of the Markov matrix U we will follow the spirit of
the standard coordinate Bethe ansatz (see e.g. [46]) for finding solutions to eigenstates
containing interacting particles. However, we need to adapt it to a coordinate MPA
picture similar to the one used for the asymmetric simple exclusion processes [47]. As
we will see the leading decay modes can be understood in terms of localized particle
excitations of the NESS, the latter being analogous to the vacuum state. The leading
decay modes will thus be a superposition of single-particle excitations.

The leading decay mode is the eigenvector of U corresponding to the eigenvalue Ay
with the real part closest to 1,

min (1 — |R(A;)]) = 1 - [R(A)]. (53)

Apart from the eigenvectors with eigenvalues on the unit circle, it is the most dynam-
ically relevant eigenvector, since it dominates the long-time asymptotic relaxation. In
this subsection, we will provide a compact MPA representation of the eigenvectors cor-
responding to the orbital that contains the leading decay mode. The generalisation to
other orbitals remains an open question, although the complete set of eigenvalues can
be predicted by a simple conjecture.

The starting point is to double the auxiliary space, which now consists of two copies
of the original auxiliary space V! =V, ®V, = C*® V,. We generalise the W operator
to the doubled auxiliary space V. as,

Ws = €11 X W5<£Z,(JJ/2’) + €22 ® Wg(f/Z,OJZ),
W = en @ W.(§2,w/2) + e ® W/(£/2,w2),

where e;; = [0)(j|, 1,7 € {1,2} is the Weyl basis of 2 x 2 matrices. We define a set of
operators ['®) k) -G -Gk ) L/ acting on V!,

k —k
PO — 14 en® c 2"Fy +c z27"F_

(54)

;2" F +c 2z FF!

W =146,

fw—1 Ew—1 ’
k —k el —kov
GB Z 1 4en® ci2"Gy+coz GL7 GW 1 tep® ci 2'Gl + ez C{7
fw—l fw—l
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k —k
KW =14 ene c 2Ky +c z K_,
Ew—1

. c. 2L 4+c 2L
LW = (zey; +2'en) @1+ €19 @ — Jﬁrw 1 ;

(55)

where we introduced the operators Fi'), G(i/), K., Ly that act on V,, i.e. only on a

single copy of the original auxiliary space. The explicit representation of these opera-
tors is given in reference [23] in terms of a four dimensional auxiliary space V, = C*.
Note that unlike the MPA solution corresponding to the NESS orbital, we have so far
been unable to find a three-dimensional representation of auxiliary space operators,
so a four-dimensional single-copy auxiliary space is assumed here. The operators (55)
linearly depend on two complex coefficients c,,c_, and in the inhomogeneous MPA
(introduced below), the complex variable z plays the role of the multiplicative quasi-
momentum of the quasi-particle excitation on top of the NESS, which are created by the
operators (55).
We now introduce the following inhomogeneous (site-dependent) MPA

= <L‘ LOWLSFOWLEOW, - . . F-9W ;,,_3GA(”*4>W,L72 Fain),  (56)
p = <i/12

and p is the eigenvector of U = U.U, (8) and (9) with eigenvalue A = Ay Ag, like before.
The interpretation of z as the momentum of a single excitation should now be clear. Due
to the presence of the off-diagonal nilpotent e;, in the site dependent matrices F*), G*)
these can only create at most one excitation on the NESS in the MPA (56) and (57).
Furthermore, since the site dependent matrices contain both terms with z and 27!, this
MPA is like a standing wave. We deform the bulk relation and its dual, (40) and (44),
to an inhomogeneous form—where a free integer k£ denotes a spatial coordinate—which
our newly introduced operators have to satisfy

FOW,GOW FOW; ... G 9W! KW, S|#),  (57)

Upps K VW, SGPW, FHHIWY, = FE-DW, GO WL K EFHDW S,

(58)
Ups G IOW! F'OW, LEOWLS = LE-DW! SFOW,GHIW,,

where S = 1 ® S. Analogously as before we demand the boundary vectors and the other
parameters to provide a nontrivial solution to a set of generalised boundary equations,

UL <i’12 — AL <il‘ GOW?, (59)

Usos <11 OW,SEOW, = <i’12 KROW,8, (60)
Uy [f12) = FU9WS|#)) (61)

Upys G OW! K OIW,LS 7)) = ARL" VWS [#y3) . (62)
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To understand why p is indeed an eigenvector, let us for clarity consider an example
with fixed n = 8 spin sites,

Uep = UnogUsasUsgr UR <il‘ﬁ(0)W;§F(l)WgG WL EOW. GOW [£15) =

We start by first acting with Ujs3 (note that all the local operators commute, cf (12),
and can be applied in any order), which using (60) creates K (VW3S giving,

Uep = UsisUsgr UR <i’12‘ KOW,8GOW , EOWLGOW [irg) -

The subsequent U’s in U, transfer KOW,S to the penultimate right-hand side via the
bulk relation (58),

= UsnUR <1’12 FOW,GOW, K OW,8GOW |rs) =

Prior to acting with the final U,,_3,,_2,-1, we apply U" 50 it creates F ("_3)\?\7;715' at the
right end,

= Usgy <i’12 FOW,GOW,KOW,8GOWEOW. S |5) =

We then use the top equation (58) for the final U,,_3,-2,-1 to move K0=59W, .S to
the far end into K"3W,_;S and we thus finally obtain the form (57) of p/,

= (I,

The odd-part of the propagator U, acts analogously in reverse, hence we obtain the
second part of the eigenvalue equation,

FOW,GOW,FOW,GIWLKOW,S? i) = p. (63)

U,U.p = U,p’ = ALARp. (64)

Note that for z = 1, ¢, = ¢ = 0, one recovers the NESS bulk relations (40) and (44).
The boundary equations given by (59)—(62) can be solved to obtain the parameters
&, w,z,c,,c € C, together with the eigenvectors and eigenvalues of the first (leading
decay-mode) orbital. Explicitly, from the left boundary equations we obtain

—1)—BA A —A - Af
é-:z(a—i_ﬂ )2/8 L, w = L(OéZ L), i: i L , (65)
(B—1)A; (8—1)z ¢,  2Ma+p-1)
and from the right ones,
_ _ o 4 _4m+2
ngR(fyz AR), w:z(’y+(5 1)25AR’ cr ARz (66)
(6—1)z (6 — 1A c. vy+0-1

where m = 1§ — 2. Pairwise identifying expressions for {, w and c, /c_ from the left and
right boundary equations, we obtain a triple of coupled equations for the unknowns
A, Ag and z. For the details of the solution procedure and the form of the boundary
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vectors we refer the reader to [23]. Using this solution it can be shown that the eigenvalue
of the leading decay mode A; scales with large n as A; =1 — A} /n + O(1/n?), with

1-(a+B-1)y+d-1loglla+f-1)(y+5-1)]

A= 2a+B8—1)(y+0—1)+ay—B5—2

(67)

The 1/n scaling of the gap implies that the relaxation time is proportional to n, which
is consistent with the ballistic transport observed in [21].

Based on these results one can formulate a conjecture for the higher orbital eigenval-
ues [23, 24]. Let p denote the orbital number, 1 < p < m =n/2 — 2. Then the complete
set of eigenvalues A = A AR satisfy the following set of Bethe-like equations,

2o+ —1)—BAL  Ar(yz — Ag)

B-DAL (-1
AL(az — AL) _ Z(’}/ + (5 — 1) — (SAR (68)
(B—1)z (6—DALR 7

(a+ B —1)P(y+ 0 — 1) = (AL Ag)#24m0)+2,

where p =1 corresponds to the first orbital obtained analytically via equations (65)
and (66). The eigenvalue solutions of (68) are shown in figure 6 and agree perfectly
with numerical diagonalization of the Markov matrix U. In contrast to the usual Bethe
ansatz [2], this conjecture implies that we have only one momentum parameter (z) even
for many-particle excitations. This is consistent with the Bethe-ansatz description of
rule 54 proposed in [32], and can intuitively be understood as a consequence of a very
singular dispersion relation, namely all quasi-particles (solitons) move with the same
speed +1. Another many-body effect is a large degeneracy of each eigenvalue in the
orbital p which is conjectured [23] to be exponential, specifically 2771,

Expanding the last equation (68) for p =1 in 1/m (with m = § —2) in the lead-
ing order of 1/n, we get that z becomes unimodular, z = ¢, where the momentum
is restricted to the interval [0, 7). Note that if some eigenvalues ApAg in the n — oo
limit converged to points on the unit circle different from 1, this would imply persistent
oscillations and/or non-decaying fluctuations in time for the model in the thermody-
namic limit. Although one may naively expect that the effect of the boundaries becomes
thermodynamically irrelevant, pushing all eigenvalues to collapse onto the unit circle
(similarly to the closed model studied in sections 6-8), this is not the case. Rather,
we have eigenvalues collapsing onto an algebraic curve (figure 6), which is inside the
unit disk and only tangential to a unit circle at kK = 0 (z = 1). This indicates that the
effect of the boundaries is thermodynamically nontrivial. Note that this implies that
the thermodynamic limit and the long-time limit do not commute. More specifically,
the stationary state is the only asymptotic state for any finite system size n, but with
increasing n the time it takes to reach it diverges.
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IinA

Figure 6. The spectrum of U for n =12 and a =1/2,5=1/3,v=1/5,6 =4/7.
The black crosses show numerical results. The red (p =1), green (p = 2), brown
(p =3), orange (p =4) points are solutions for the pth orbital eigenvalues (68).
The blue squares are the roots of characteristic polynomial for the NESS orbital.
Note that eigenvalues have to be largely degenerate on average as the number of
distinct eigenvalues is 4 + 18 x 8 = 148 o< n?, while the total number of eigenvalues
is 4096 = 2". The dashed grey curve is the unit circle. The blue curve is an algebraic
curve to which the leading decay mode orbital converges in the thermodynamic
limit.

5. Exact large deviations

The Markovian matrix U describes the ensemble averaged dynamics of a stochastic
process. In order to gain further insight into the detailed dynamics of the individual real-
izations of this stochastic process (also referred to as trajectories) we need to go beyond
the ensemble averaged properties. Fortunately there exists an elegant framework [48—50]
for calculating the fluctuations of time-integrated local (or extensive) observables,

~
—
—

n—

OT — [fm(sit+mod(x,2)7 Sit:lm(’d(x+172)) + gm(S§t+2—mod(x,2)7 Sif127m0d(x+l’2)) , (69)

t

Il
o

=1

in the large time 7' limit. The ansatz above encodes arbitrary two-site observables that
are local (and extensive) both in space and time and are parametrised by functions
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f. and g,. Note again that the dynamics is defined on a diamond sublattice = +t =
0(mod2) (see the discussion around equation (1)). This framework is referred to as
large deviations (LDs), also known as full counting statistics. Before we define it, we just
emphasise that the observables of the type (69) depend on the full trajectory realization
(5%, 8%, 8%, -+, 82771, where s’ is an n-point configuration on the tth space-time saw.
For instance, one choice may be the time integrated number of occupied cells f (s, s') =
(s+5)/2, gu(s,5) = 0.

It can be shown [48] that for T'— oo the probability distribution of Or has a LD
form

Pr(O) = (5(O — Op))~py e Ten(Or/T) (70)

where ¢, (x) is called the rate function. This implies that the moment generating function
also has the LD form

Zr(o) = (e"’OT> ~ eltn(o) (71)

The derivatives of the scaled cumulant generating function (SCGF) 6,(c) at o = 0 cor-
respond to the cumulants of Or divided by time. The LD functions may be understood
intuitively as free-energies of the trajectories and are related to rate functions by a
Legendre transform, 6,,(0) = —min, [ocz + ¢, (x)].

In order to compute the SCGF one can show [25, 48] that we can deform the
propagator U with a tilt or counting field o,

U(o) =U,G(0) U, F(o), (72)

where we introduced diagonal matrices

n—1 n—1
Fs,s’<0) - 59,5 H f(sf)swﬂ G§>§’<U) = 59 S,Hggf)srﬂ’ (73)
r=1 r=1
with
f(.%'?l _ e—(rfm(s,s/) and ggi)/ — e—(Tgm(s,s/)' (74)

S,

We then have that 6,(c) =log A(0), where A(o) is the eigenvalue of U(o) with the
largest real part. Therefore, by finding this eigenvalue we have access to Pr(Q) and its
cumulants.

The quantity Or explicitly depends on the various values of the trajectory at all
times, which makes its exact evaluation a formidable task. Remarkably, we can find an
exact solution for its statistics in the long-time limit for arbitrary two-site observables
f.(s,8), g.(s,s). We again take an ansatz similar to the one we used for the NESS in
subsection 4.1. We write an ansatz for the components of the eigenvector of (72) as,

WOWS WS e Y

psly“‘ysn - <l51 59 53 Sp—3 Sp—2

p;17,..75” — <l/ |‘/'9(33)‘/9(44) L. V(n—?)v(n—l)‘ T/ > )

5152 Sn—2 Sn—1 Sn

(75)
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The matrices in the MPA are now site-dependent and we demand that they satisfy the
following inhomogeneous bulk algebra, that is generalised to include the tilt operators
(74), written for even x:

(2=1) p(@) 11/ (z=1) 11/ (@) (a+1) _ (z—1) (:c) (x+1)
9ss s Zs ‘/s/ ‘/;” = Ws Wx(s s, s”)Zs” ’

where Zﬁf) are site dependent matrices generalising the delimiter matrix S from the
homogeneous bulk algebra (42). As before, these matrices admit a three-dimensional
representation,

10 0 10 0 4”00
W = w® o o, V=] o of, 2Z7=1[4" 0 of,
1 00 1 0 0 270 0
0 w” 0 0 o” 0 [ (z) (77)
2 2 0 0 =z
W =10 0 1, V=0 0 1|, g0_|y @ |,
0 0w’ 0 0 o 0 20 o

with the precise values of the coefficients v]( ?) wj(x), 5 @) given in appendix B. We impose

the following set of boundary equations for boundary vectors,

PN WP 28 = (U | VI,
g Pl Z VI = W ),
S O o ) = A2 V), (78)
m,m/=0,1
S UM g Wl = A (L] 2,
m,m'=0,1

where the sub-(super-)scripts on U™" denote the row (column) of the corresponding
matrix elements. If these boundary equations are satisfied, the MPAs solve the following
eigenvector conditions

U.F(o)p = Mr(o)p, U,G(o)p = M(0)p. (79)

We then have that A(o) = Ag(0)AL(0) is the dominant eigenvalue giving the SCGF.
For simplicity we focus on conditional boundary driving (15). The solution to boundary
equations (78) consists of boundary vectors (given in [25]) and a consistency condition
for the NESS orbital, which takes the form of a quartic polynomial,

M — aya, A — wal A\ — Bécai A + nal =0, (80)

with
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w="b,(1-a)(1—-¥8)57 +c.(1—-5)(1-7)¥,
n = (af —apf)(v6 —9)E,

/ﬁ/ /5/
§=b,c,(1—a)(1—p)(1—7)(1-0) (81)
aﬁyé
and where
n—1
ap = H (fg)g)g(%))?
r=1
n/2 (22—1) p(20-1) (20—-1)17/2=1 (22) (2x)
b — H fo1E fl()B 11 ) H 01 f11
" 27 D\? (20-1) (2z) (82)
00 900 r=1 900 f 00
n/2  (2z-1) 27 1) p(22—1)n/2-1
. 901E an fol f10 91
¢, = H 11 :
(2z—1) (2z—1) 2x)
( 900 ) foo r=1 <foo ) 900
and, for o =a+a, B =8+8, v =~v+7,8 =5+,
N f(l)g(l) . f g
o= z?) g)(l—a), B = 11 %0)(1_5)7
Joo 901 01 oo
(83)
- fﬁ”"” ~ fo’{%’f”
7= o 1) (n— 1)(1_7)7 0= n 1) (n— 1)(1_5)
f1o oo foo 910

Crucially, when o = 0 the eigenvalue equation (80) reduces to the eigenvalue equation
for the NESS orbital (52), as expected.

Equation (80) can be solved exactly for arbitrary observables and very large system
sizes n. However, we find remarkable universality in the scaling of all observables in the
thermodynamic limit n — co. As the observables (69) are extensive in the system size
n, we have that the limits

log a,

a:= — lim ———, b:= — lim , c:= — lim
n—oo  No n—oo  No n—oo  No

log b, log ¢,

(84)

exist. The SCGF then takes the following simple form

0,(c) = I(no) + O (1> , (85)

n

where the function ¥(¢) is such that exp[d(s)] is the maximum real root of the polynomial
0= e4[19(<)+§a} — ay e3[19( ¢)+sal

o1 = 0)(1 = 6) e (1~ F)(1 — )] P

e Z)—&—(’sﬂé (s +ga+e (b4c)s <a+ﬂ—1)(’y+5—1) (86)
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Remarkably (85) gives the large system size form of long-time cumulants of Or

k
kd k

lim — (O = (—1) o k. (87)

T—oo T dO‘k " =0

where ((-)) denotes the cumulant. Crucially, for & > 2 we see a divergence for n — oo at
o=0.

We can extract explicitly a universal form from (86) of the first few cumulants. From
k =1 we get the average per unit time,

) 1 ub + ve 1
lim ——(Or) = Ol — 88
Tl—gloTn( r) a+2(u+y)+a’y—ﬂ(5+ (n)’ (88)
while from k£ = 2 we get the corresponding variance per unit time
1 [ 2be(1 = o) + pb® 4 v 3(ub + ve)?
P T O T TS ) Tar =80 T @it v) Ty — BO (89)
2(b+c)(ub+ve)2—ay) 2(ub+ve)’(d+p+v— ory)] +(9(1)7
(2(p+v) + ay — B)? 2(p+v) +ay— Bo)°

where = y(1 — a) + (1 —7) and v = §(1 — ) + (1 — ). The divergence of the vari-
ance (see figure 7) signals a presence of a dynamical phase transition in the statistics of
the trajectories.

More specifically the scaling function for b + ¢ > 0 has the form,

—as + log(ay) + o(1), S — 00,
I(s) = (90)

1 1
—g(b+c+3a)§—|—§ log(Bd) + o(1),  ¢— —oc.

For (b+ ¢) < 0 the asymptotic behaviour is obtained by ¢ — —¢. We deduce that the

SCGF converges to,

1 —ao, o >0,

lim —0,(0) = 1 (91)

e i —g(b+c+3a)a, o <0,

when b+ ¢ > 0 (and the same with o to — ¢ when b+ ¢ < 0). The singularity at o = 0

corresponds to the first-order phase transition. The behaviour should be contrasted with

facilitated models [53] as here there are no fluctuations within each dynamical phase.
In order to demonstrate the phase transition we show in figure 8, alongside the order

parameter as a function of o, typical active and inactive trajectories (on each side of

the transition point o = 0).

6. Hydrodynamics of rule 54

Let us now turn away from the boundary driven setup and consider the dynamics of
the system far from the edges, or equivalently, dynamics of an infinite system defined
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Figure 7. The red curves show SCGF (o) for the time-integrated number of
occupied cells (i.e. f,(s,s') =1(s+¢') and g, = 0) from (69) for n = 10,30, 500.
It approaches the asymptotic form (91) in the thermodynamic limit. The blue
curve is the order parameter limz .. (Or e 791) /(TnZr(0)) = —0'(0) /n, which has
a first-order phase transition between phases ¢ <0 and o > 0. The green sus-
ceptibility curve §”(c)/n diverges as oc n. The inset is the rate function ¢(x)
with © = Op/(Tn). The conditional boundary driving parameters are (o, 3,7,0) =

(1/3,1/8,1/2,2/5).

on 7Z lattice. In this section we start the discussion of the bulk physics by providing
the effective hydrodynamic equations that govern the dynamics on the large scales. The
starting point is the description of macrostates, from which one extracts the information
sufficient to characterize the dynamics on the Euler scale. As an example we provide the
parametrisation of the state after the bipartitioning quench and we finish the section by
discussing diffusive corrections.

6.1. Macroscopic description

We start by introducing n, and n_ to denote densities of left and right movers, given
as

n, = , (92)
where N, for v € {£} are the numbers of particles of both types on the lattice of length

n (cf (33)). To account for the entropic contribution to the macrostate, we introduce n'*
as the total density of ‘slots’ that can be occupied by particles of type v € {£}. In the
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~0'(a)/n

Figure 8. Plot of the order parameter —6'(c)/n (blue curve) for N = 100 showing
typical active and inactive trajectories for various values of o. These are obtained
by weighting the probabilities of trajectories using a Doob transform [51-53]. The
red and orange curve correspond to the respective order parameter for N = 40 and
N — 0. For details see [25]. The observables and parameters are the same as in
figure 7.

context of thermodynamic Bethe ansatz (TBA) [4, 54] (see [55] for a pedagogical review),
n'o corresponds to the total density (i.e. the sum of the densities of particles and holes).
Classically we interpret it as the density of the effective free space in which the particles
with a finite width can move [56, 57]. As a result of the interactions between particles,
the total densities n'®* exhibit a nontrivial dependence on densities n. described by the

following relation,

nt=1-n,+n_,, ve{+ -} (93)
This identity follows from the TBA description of the quantum generalisation of the
model (see [32] for the details). Intuitively, we can motivate it by realizing that two
solitons of the same kind are either separated at least by two sites, or there is an

oppositely moving soliton in between them, as is demonstrated by the following two
diagrams,
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oo m

Solitons of the same kind therefore behave as hard rods with a finite length (hence the
term —n, ), but due to the attractive interaction with the other species (i.e. the shift
after scattering is —2 sites) their total density increases and we obtain the term +n_,.
This is consistent with the effective description in terms of the flea-gas [57], where the
interaction between the particles of the same kind corresponds to the positive jump,
while the scattering of oppositely-moving solitons induces the negative jump.

We restrict the discussion to the simplest class of generalised Gibbs ensembles
(GGE), that are characterized by two chemical potentials, 1, and p_, corresponding to
densities of right and left movers, so that the probability of a configuration s is given
by

pSGE: 1 e H+N+(8)—p-N-_(s) (95)
ZGGE

This GGE is equivalent to the state (29) given by the PSA with periodic boundary
conditions (see section 3.3 for the details), and can be alternatively given in terms of
the MPS (38) if one replaces the left and right boundary vectors with the trace (see the
discussion in section 7.1).

In the large system size limit, the partition function is expressed in terms of the
following phase integral involving densities of particles,

T}LIOI-CI) Zaar = nlirorcl) d?’L+ dn_ e—%(u+n++,u,,n,—s[mr,n,})7 (96)

where the configurational entropy density s[n,,n_| is given by,

snpn]=— 3 <n log (:H) + (0" — n,) log (1 - :H» . (97)

l/€{+7_} v

In the TBA description of the quantum model, this form of entropy density is precisely
the Yang—Yang entropy [32]. From the classical point of view, this form can at first
sight be surprizing as one could naively expect the second term to vanish [56]. However,
the particles in the model do not behave exactly as hard rods, which makes the entropy
density more complicated. One can also verify the validity of (97) independently, without
relying on the TBA description of the quantum model, by studying the partition sum in
finite systems (see appendix C.2 for details). In the thermodynamic limit the expectation
values of densities are given by evaluating this integral using the saddle-point method,
which gives the following relation between n, and pu,

ntt —n, 1+e
—— =&Y, €, = i, + log

o E— 98
n, 1+ecv’ (98)

where €, can be interpreted as a single-particle (quasi-)energy [54]. Additionally, for
later convenience, we introduce filling functions 9, as the ratios between the density
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and the total density,

9, = (99)

tot *
ny,

Note that the GGE is completely determined either by the pair of chemical potentials
{p,, p_}, or by the pair of filling functions {9, 9_}.

Excitations on top of these macrostates do not simply move with velocities 1, but
rather they slow down due to the interactions with other particles, and their velocities
get renormalized into

2n_, v
L, = 1— = ) 1
= < 1+n,+ n_y> 1+29_, 100)

There are many equivalent ways of finding this result: one can derive it from the
definition of the dressed velocity [12, 13] by using the TBA description put forward
in [32]; one can obtain it by using the appropriate result for hard rods [56, 58], or an
appropriate soliton gas [57, 59—61]; or alternatively the dressed velocity can be identified
in terms of expectation values in the GGE [31]. Additionally, the simplicity of the result
allows us to obtain it through an elementary argument introduced in [31]: let us imagine
that we are tracing a right-moving soliton that starts at time ¢ = 0 at position x =0
and at time ¢ it arrives to the position x. The soliton moves with the bare velocity 1
and gets displaced for two sites every time it scatters, therefore t — x = 2my, where mj
is the number of left-movers encountered by the tagged particle. The left-movers are
moving with the dressed velocity v_, therefore the tagged soliton will encounter all the
left-movers that were at time 0 between 0 and z — v_t, which by identifying v, = x/t
gives us,

1—vy = (v —v_)n_, l+v. = (v —v_)ny. (101)

The second relation follows from an analogous procedure involving a tagged left-mover.
Note that an additional factor of  comes from the definition of left/right densities (92).
This set of equations provides exactly the dressed velocities given by (100).

For any choice of the parameters {y,, p_}, the velocities v, are restricted to

| € [5.1] - (102)

The velocity cannot be larger than 1 (or smaller than —1), since the interactions can
only slow the particles down. Alternatively, we can also explain the upper bound by
the fact that the dynamics is given in terms of local mutually-commuting operators (cf
(8) and (9)), which restricts the correlation spreading to the causal light-cone spreading
with the speed 1 (see the upcoming discussion in section 7.4). The lower bound is at
first sight less clear, but can be easily understood when we recall that two consecutive
scatterings of a given soliton should be at least 3 time-steps apart, and therefore its
effective speed cannot drop to 0. An example of a configuration corresponding to the
soliton moving with the smallest velocity is shown in figure 9.
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Figure 9. A trajectory of the slowest right-mover. The red-bordered sites denote
the right-mover that undergoes the largest possible number of scatterings, which
slow it down to the velocity %

6.2. Example: inhomogeneous quench

Now we have all the necessary ingredients to obtain predictions for the dynamics on
the Euler scale. We consider an example of the bipartitioning protocol, where at time
t = 0, the left half of the system is prepared in the state determined by (9%, 9"), while
the state in the right half is (9%, 9%). At long times, the state is locally described by a
GGE parametrised by ¥ ¢ that slowly changes with the ray ( = z/t,

lim 9,(x,t) = 9,.. (103)

x,1—00

x/t=C
The limiting values far from the junction are given by the left and right GGEs,
lim 9, = 9%, lim 9, = O, (104)

(——00 (—0
while for the intermediate values of (, the filling functions satisfy the following
consistency condition [12, 13],

By = {195a v,(¢) > ¢,

(105)
95, v,(¢) <¢.

Here v,(¢) = ﬁ denotes the dressed velocity in the state (U, ¢,7U_.), as given by

equation (100). The consistency condition describes the profile consisting of two steps,
determined by the velocity of left-movers in the state on the right and the velocity of
right-movers on the left,

(9% 9" o
(/19+319—)5 << 1_}_219&7
_ L 9R -
1
R qR
\(19—1—’19—)5 <> 1_{_219}_{

https://doi.org/10.1088/1742-5468 /ac096b 31


https://doi.org/10.1088/1742-5468/ac096b

Rule 54: exactly solvable model of nonequilibrium statistical mechanics

6.3. Diffusive corrections

Hydrodynamics up to the diffusive scale is described by the Navier—Stokes equation for
filling functions ¥, ¢, [15, 62]

00y + 0,000, =Y Dy, 070, + Y Avyy, (0:By,0,) 0:,, (107)
vy vi,v2
(8, 9)?)

The simplicity of the TBA for RCA54 [32] allows us to find the following explicit form
of the coefficients D,, ,,,
27/17/219—1/2(1 — 19—1/2)

Do =459, o120, (108)

Here we obtain an additional factor of 2 w.r.t. the expressions introduced in [31, 32, 62],
due to the convention used in the definition of particle densities (92). The diagonal
coefficients D, , can be understood as the variance of the position of the particle of type
v due to the fluctuations in the particle density in the quasi-stationary state, and agree
with the prediction of [31, 32].

For completeness, we conclude the section by reporting the coefficients A,, ,,,, By, 1,
that characterize the nonlinear term, as given by [62],

(14+ 94 +9-)(0y,0, — 1110,,)
1429, ’
(1+29_,)1 -9, +39,)
(14+29)(1+29)(1— (I +9.)?)
Even thought the expressions are very explicit, we are not able to independently verify

the validity of the quadratic term in the Navier—Stokes equation (107), since it is hard
to solve it to obtain predictions in this limit.

AV1 129} —

(109)

va = DVle

7. Space—time duality: time-states and space dynamics

The starting point of this section are multi-point correlation functions of local one-site
observables at the same spatial coordinate but at different times, while the system is
assumed to be in a stationary state p. Such correlation functions can be interpreted as
expectation values of observables that are ultra-local in space, but extended in time,
and, intuitively, one can imagine to introduce a corresponding probability vector q (to
be defined precisely below), that contains expectation values of all such observables.
The construction of an explicit representation of q can be schematically understood
as a problem of keeping track of solitons that pass through the origin, as shown in
figure 10. Generically, there is no guarantee that this is feasible. However, in the case
of GGEs introduced in the previous section, the solitons that reach the central site
are uncorrelated, which implies an efficient MPA representation of q in terms of 3 x 3
matrices constructed in subsection 7.2.
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SO

Figure 10. Schematic picture of the setup. We are interested in probability distribu-
tion q of configurations (bg, b1, ..., by) at the centre of the chain x = 0 and different
times ¢, while the system is initialized in the equilibrium state p. Intuitively, this
can be understood as keeping track of particles that pass through the origin. Since
they are interacting with each other, this is generally a nontrivial task and the
computational complexity of q might still be exponentially growing with time. In
our case, however, the statistical independence of solitons implies an efficient MPA
representation of q.

The probability distribution q has short-range correlations, therefore a natural ques-
tion that arises is whether it can be interpreted as a fixed-point (steady state) of another
dynamical system, which corresponds to exchanging the roles of space and time in
RCAb4. In subsection 7.3 we show that the evolution in space can indeed be given in
terms of local and deterministic maps, however, their support is bigger than that of the
time-evolution. Equivalently, space evolution can be formulated as a composition of non-
deterministic three-site maps and projectors to a subspace of configurations, as we show
in subsection 7.4, where we also introduce a convenient tensor-network representation of
dynamics that provides an algebraic interpretation of the MPA encoding multi-time cor-
relation functions. We finish the section by a short discussion of the physics of one-site
correlations.

7.1. Stationary states of the closed system

We start by recalling that the NESS introduced in sections 3 and 4 in the absence of
boundary driving (and by assuming periodic boundaries) reduces to a GGE from the
previous section—see the discussion in section 3.3. We will therefore use the parametri-
sation of this class of stationary states in terms of the matrices W(&,w), W'(£,w)
introduced in (42). In particular, for a periodic system of even size n,

1

n
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where the partition function 7, is expressed in terms of the transfer matrix T’
T = (Wo + Wh) (W + W7). (111)

We recall that the chemical potentials associated to the densities of left and right movers
are given by p, = —log§ and u_ = —logw.

In this section we are interested in the large system-size limit, therefore we introduce
the following graphical notation for the asymptotic (i.e. n — oo) probability of finite
block configurations,

P T n/2—k
S = i & (W W, - WL, Tm/2F)

P55

o fr (%) | (112)
.t (WL W, - W TR
p(Q8R) = Jim e e

where the transfer matrix 77 = (W] + W{)(W, + W) is obtained from 7" by the exchange
of parameters &, w. Analogously, the probabilities of configurations with odd block length
can be obtained by summing over the value of the last bit,

tr (W, W2, W, (WG + W) T2 )

S2k—1

PS5 = e |
HQRED) - LA Vo G W)

These asymptotic probabilities can be formulated in a more explicit and convenient form
by diagonalizing T and T". However, the precise form is not essential for the upcoming
discussion, and one can find it in appendix C.1.

These asymptotic probabilities exhibit a nontrivial factorization property: the con-
ditional probability of observing kth bit to be in the state s;, given the configuration
on previous k — 1 sites (s, Sa,...,S,_1) only depends on the last three bits. Similarly,
the conditional probability of s; given the configuration (ss, ss, ..., s;) only depends on
(s1, 89, $3). Explicitly, the following holds,

(G YD) AR s
AR5 (D) AR )

where we remark that this is satisfied independently of parity of the first site and the
length & (i.e. it also holds when all the configurations are flipped upside-down). Note
that this property, although straightforward to prove (the proof is provided in [27, 41]),
is nontrivial and for example does not hold for the stationary state of a related cellular
automaton [63] (rule 201; cf section 9) with otherwise similar properties.

A direct physical consequence of the factorization of asymptotic conditional proba-
bilities is statistical independence of solitons: in the stationary state, the probability of

(113)
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finding a left- (or right-) moving soliton is independent of the positions of other soli-
tons, as long as there is no left-mover (or right-mover) on the neighbouring sites. The
conditional probability p, of observing a left-mover, if we know that the neighbouring
left ray does not contain a left-moving soliton is therefore a well-defined quantity and
can be expressed in terms of asymptotic probabilities as follows,

_rlle) _p®) A+ w(ld-9)
i o N2 s e g ()

where A is the leading eigenvalue of T' = (W, + Wy ) (W + W) (see [27] for the details).
Analogously, the conditional probability of finding a right-mover at a given site, if the
neighbouring ray on the right is empty, is given by

_red) P w(A+E(1-w) (116)

@) T @) T M1+ w) +w(l—Ew)

Note that the set of probabilities (pj, p,) provides an equivalent parametrisation of the
steady state, since the mapping (£, w) — (p;, p,) can be inverted,

(- pO-p)
(1—m)?’ (1—p)%°

Comparing these expressions with the TBA equations (98) and (99) we realize that p,
and p, coincide with the filling functions ¢, and ¥/_, respectively.

(117)

7.2. Time-states

We define time-states as probability distributions of time-configurations, i.e. configura-
tions observed in time (as schematically shown in figure 11), under the assumption that
the system is in a stationary state p. Explicitly, the components of the time-state q,

Qoo by by = Z DPs 51)0758 5171 7'9% 5b275%5b375f U 517!11717'9;;1&1(171—1‘2)’ <118)

§:(57m yS—m+1 7"'7'911171)

where st is the value at site k of the configuration s = ($_,,, S_p11, - *Sm_1) Propagated
for ¢ time steps started from initial data s} = s;, and p, is the asymptotic stationary
probability (in our case given by equations (112) and (113)).

To understand why for RCAb54 the probability distribution q can be explicitly
obtained, we imagine the following setup (schematically illustrated in figure 10): at
time t =0 we pick a random configuration, distributed according to the stationary
probability distribution p, and let it evolve in time, while keeping track only of the
bit at position z =0 or x = 1 (depending on the parity of the time-step, cf figure 11).
Generically, the probability of observing a soliton at time ¢ depends on the full observed
time-configuration. In our case, however, we recall that the solitons in the underlying
stationary state p are statistically independent. This implies that at any time, the prob-
ability of a left (or right) mover reaching the observed site, is constant and given by p,
(or p,), as long as there was no soliton in the previous time-step.
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Figure 11. Example of time evolution. The red strip denotes a configuration of
bits at a fixed time s’, while the orange strip represents an example of a time-
configuration, i.e. a set of bits observed at the same position in consecutive time-
steps. We assume s'=" to be distributed according to a stationary probability
distribution p, while the probabilities of time-configurations s, are given by the
corresponding time-state (probability distribution) q.

Explicitly, the conditional probability of observing a time-configuration
(bo, b1, ..., br_1,br) given the previous configuration (by,...,b._1) therefore depends
only on the last 4 bits, which implies a set of relations analogous to (114),

Qoby--boy, qboby ---boy.
el — f(b2k74a b2]€73a b2]€72a b2]€*1)7 e = f/(b2k737 b2k727 b2k717 b?k)? (119)
Qboby---boj,—» Aboby oy

where f and f' are two yet unknown functions of the last four bits. Conditional prob-
abilities f(’) can be straightforwardly determined by observing that short three-site
time-configurations can be divided into three groups.

(a) A configuration can be inaccessible, i.e. does not appear in a time-configuration s,
corresponding to any initial configuration s=°. To identify them, we only have to
note that the following 4 configurations never appear in the local time-evolution

rules (3),
¢ € v o

The probability of obtaining such configurations is 0, which means that the condi-
tional probabilities f)(0,1,0,s) and f(’)(l, 1,1,s) are not well defined for any s,
while

F9(s,0,1,0) = f"(s,1,1,1) = 0. (121)
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(b) A three-site configuration can have a unique extension into an accessible four-site
configuration,

RIS IR 3 BEGPSIE 3
(

These configurations represent examples, where the other choice to continue
upwards would result in an inaccessible configuration. The corresponding condi-
tional probabilities must therefore be 1,

f9(s,0,1,1) = f(0,1,1,0) =1, s e {0,1}. (123)

122)

(c) A configuration (s, sq, s3) is valid and both (sy, s, s3,0) and (s, s2, 53, 1) are also
valid, in which case the two conditional probabilities are between 0 and 1. Explicitly,
the configurations falling in this class are the following,

TS RS T I REH R

(124)
Here the red arrows show the position in which the previously untracked (left or
right moving) particle should appear for the new bit in the configuration to be equal
to 1. As a consequence of statistical independence of solitons, the configurations on
the bottom all arise with the conditional probability p, or p,, while the probabilities
associated with the top configurations are 1 — p. and 1 — p,. Explicitly,

f(5,0,0,0) = f(1,1,0,0) =1 - p, f(5,0,0,1) = f(1,1,0,1) = p,,
f/(S,0,0,0) = f/(la 17070) =1 - P, f/(370707 1) = f/(la 1707 1) =P

This exhausts all the possible conditional probabilities, which allows us to express
the full probability distribution q as

Qbobyby s = Qoobyby S (D0, D1, Doy D3) (D1, ba, b3, by) -+ f (b, b3, b2, bn1),  (126)

where the last term in the product is f or f’ for even or odd m, respectively. To com-
pletely determine q, we have to take into account the stationarity of the underlying
state p, which implies the following consistency condition for any length m,

qb()bl"'bm—l == Z Qb—Zb—lbObl”'bmfl . (127)
b72>b71€{071}

(125)

This finally provides (up to normalization) the explicit values of g5, and we obtain
an explicit representation of the time-state in a form similar to the patch-state ansatz
introduced in section 3.2.
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The time-state q can be equivalently represented in an MPA form, by encoding the
appropriate factors f(’ ) in the 3 x 3 matrices A,Ef),

l—p. 0 0 0 0
Ay = 0 0 0f, A= |0
1 0 0 0

9 A;(prapl) - As(plapr)a (128)

coF

1
0

and defining the appropriate boundary vectors (L| and |R),

1
1
L=—""1 ql s R)= |1 129
L= ipl mople IR= (129
Using these definitions, the full time-state can be succinctly summarized as,
a=(LIA¢A}A, - Al ||R). (130)

Note that the right boundary vector |R) is the right eigenvector corresponding to the
eigenvalue 1 of both Ay + A; and Aj + A, which immediately gives us access to the
normalization of the state,

D bt = (LI(Ao + A)(Af + A) - (A) + AY)[R) = (LIR) = 1. (131)

7

bo,b1,+,bm -1 m

7.3. Space evolution

The discussion in the previous subsection brings us to a related question. Let us imag-
ine we know that for a given trajectory the time-configuration at position z is equal to
s,. Is it possible to deterministically map it into the neighbouring configuration s,
(schematically represented in figure 12)? In other words: we wish to understand whether
we can define a local and deterministic model in the space-direction, with respect to
which the class of time-states introduced above is stationary. Generally, there is no guar-
antee that the space evolution can be expressed as a composition of local deterministic
maps. In our case, however, we expect this to be possible due to the solitonic description
of the model: the dynamics in space can be again understood as solitons moving in one
of the two directions with a fixed velocity 1, and undergoing pairwise scattering (see e.g.
figure 11). The main difference with respect to the usual dynamics in the time direction,
is the nature of the interaction, which in this case temporarily speeds the particles up,
rather than slowing them down.
We therefore expect that it is possible to find a local deterministic map

¢IZQXZQX"'XZQJ—>ZQ, TEN, (132)
2rt1

that gives the new value for a bit in the middle of the configuration of 2r 4 1 sites,

t _ t—r t—2 t—1 _t t+1 t+r
Sp+1 — qb (Sx/x,p S 19S: 5Sp—19Sz Sx/xfl) . (133)
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§m—1 §:p §.’L’+1

Figure 12. Schematic representation of the mapping between time-configurations.
Evolution in space is analogous to time-evolution (see e.g. figure 1): at each point
x, the bits are updated in rows with the same parity as x, while the others are
unchanged.

Note that x given by (2) is of this form with » = 1. At the moment it is not clear
what the support for the local space-evolution maps should be, but by examining the
time-evolution rules (3), we quickly realize that the support should be larger than three
(i.e. 7 > 2), since e.g. the last two diagrams suggest two different updated values corre-
sponding to the time-configuration (0, 1, 1). Nonetheless, three-site time-configurations
provide a starting point for construction of space-evolution maps with larger support.
Again we realize that three-site configurations can be divided into three types.

(a) As we already noted earlier, time-configurations cannot contain substrings (0, 1,0)
and (1,1,1), as these are forbidden by the dynamic rules. The space map ¢ is
therefore defined on the reduced space consisting only of allowed configurations.

(b) The first four diagrams in equation (3) already provide the deterministic space
updates for three-site configurations (0,0,0), (1,0,0), (1,0,1) and (0,1, 1),

R P

(c) In the case of (0,1,1) and (1, 1,0) one needs more information to be able to find
the updated value of the central bit, since in both cases the transitions to 0 and
to 1 are possible. However, it suffices to extend the configurations for two sites
upwards and downwards to find a deterministic update. To demonstrate it, let us
first focus on (0,1, 1). By avoiding the forbidden configurations, there are only two
ways to extend the time-configuration for two-sites at the bottom, (0,1, 1,0,0) and
(0,1,1,0,1),

3!
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Now we are able to find a unique way to update these five-site configurations, using
the rules we already have. For either one of these configurations the update rules
can be applied to the bottom three sites, after which we try to set the new value at
the top to either 0 and 1 and in both cases, only one of them obeys the restriction
to allowed configurations,

7 update : ' (136)

update
_—

update :

update

Thus we see that to find the updated value of the middle bit in the subconfiguration
(0,1,1), it is sufficient to extend the subconfiguration two sites backwards in time.
Similarly, for (1,1, 0) we have to check the bits two sites forward in time. The rules
for all such subconfigurations can be summarized by the following diagrams,

cyed

where grey squares correspond to the sites that do not influence the updated value
(denoted by red-bordered squares).

Together with the restriction to allowed configurations, diagrams from
equations (134) and (137) completely determine the map ¢, which has in our case
support 7 (i.e. r = 3) and can be summarized as follows,

(51 so=s51=0,
S—1 50 =581 =0,
¢(S—375—275—1780751752783) = 0 S_1 =51 = 17 (138>
S_3 S_1 =8y = ]., S1 = 0,
(53 5125():]., S_1 =1.

Note that ¢(s_3, S 2,8 1, S0, 51, S2, S3) does not depend explicitly on the values s_o, s,
which means that all the maps applied in the same step (see equation (133) and figure 12)
commute. The dynamics in space can be therefore understood as a composition of strictly
local maps, that are in each step applied to all seven-site subconfigurations centred
around the sites labelled by temporal indices of the same parity, and the order in which
they are applied is not important. From this point of view, space-dynamics is, apart
from the larger support of local maps, defined in perfect analogy to the usual evolution
in the time-direction.
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7.4. Circuit representation of dynamics

The staggered structure of time evolution, where each time-step is given in terms of
mutually commuting local updates, implies a natural representation in terms of a (classi-
cal) tensor-network. The motivation for this comes from recent advances in constructing
(typically nonintegrable) solvable models of many-body nonequilibrium dynamics in
terms of quantum circuits, with notable examples being random [64-67] and dual-
unitary circuits [68—73]. These models constitute a family of analytically tractable quan-
tum many-body systems, for which many previously not-accessible out-of-equilibrium
quantities can be obtained exactly. As we show below, RCA54 admits a convenient rep-
resentation in terms of local gates, which allows us to find an equivalent diagrammatic
procedure to recover the results from the previous subsections.

We start by defining two tensors represented by big and small circles, where each
leg can be either in a state s =0 or s =1,

52 S9 S3 E—1
51{?‘% = sy x(51,59,53) s1 A{ = H(;Sj,sjﬂ, k> 2. (139)
Sq Sk j=1

The big circle encodes the deterministic update (2), while the small circle forces each
one of the legs to be in the same state. Using this graphical convention, the local time-
evolution operator (10) can be represented as

U— JVCH (140)

The definition of the smaller tensors immediately implies that two circles sharing a leg
can be combined into one with more legs. In particular, we note the following identity,

i; _ i* _ + (141)

This allows us to combine all the local operators applied at the same time-step into one
horizontal line of small and big balls positioned at sites with the opposite parity,

and U, takes a similar form with exchanged roles of the two tensors. Interchangeably
applying U, and U, we obtain a network consisting of small and big tensors, positioned
at sites with the sum of the two coordinates = + ¢t = 0(mod 2) and = + ¢t = 1(mod 2),
respectively, as is diagrammatically shown in figure 13.

7.4.1. Space dynamics in terms of non-deterministic dual gates. The symmetry of the
tensor-network suggests a natural definition of space evolution in terms of the dual

https://doi.org/10.1088/1742-5468 /ac096b 41


https://doi.org/10.1088/1742-5468/ac096b

Rule 54: exactly solvable model of nonequilibrium statistical mechanics

Figure 13. Circuit representation of RCA54 dynamics. Time-evolution can be
expressed as the tensor-network of small and big tensors positioned at sites where
the sum of space and time coordinate is even and odd respectively. The solid
rectangles denote two instances of U, and U,, while the dashed rectangles show
analogously defined operators in the space direction, U, and U,.

tensor U, defined as,

- 1 1
U 3 E 0 ) (143)

Operators U, and I[]'O, describing the full one-step evolution in space, are in analogy to
U, and U, given in terms of products of U centred around the sites on the dual lattice
with even and odd parity respectively, as is diagrammatically shown in figure 13. One
quickly realizes that U is not deterministic, which is expected, since we know that the
deterministic map has the support 7. To understand how this happens, we define the
following three-site projector to the space of allowed configurations,

- s} shsh
P=—t— PG 5 b (1 _ 531753). (144)
_"—

We note that the local three-site dual operator projects to the same subspace as P,

U=PU=UP, %:ﬁ:&, (145)
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and additionally, P and U commute if they overlap for at most one site, while they do
not commute if the overlap is 2,

-— —

b3 Y 5@ B -

— —

This allows us to show that the evolution in space can be equivalently given in terms of
the operators reduced to the space of allowed configurations,

L0, P.U, P P, Ps PU, P P.U,P.
A Jy A Jy
Tdo LA T4 LA
— AL LT — Aol T , (147)
Tob oD T b
? g ? ¢
U, U, U. U,

where P/, are defined as products of P on even/odd sites (in analogy to Tf]e/o). To get
from the first to the second diagram, we use the relation (145), and to obtain the third
diagram we note that all projectors P commute among themselves. The operators U., U,
are precisely the space-evolution maps on the reduced subspace, and from the previous
subsection we know that they can be expressed as a composition of seven-site determin-
istic maps. One can show this independently by expressing the seven-site deterministic
gates in terms of the non-deterministic gate U squeezed between the relevant projectors,
and then prove that the two descriptions are equivalent by utilizing appropriate local
algebraic relations fulfiled by the gates and projectors. The full construction with the
proof is reported in reference [28].

7.4.2. Tensor-network representation of multi-time correlation functions. To demon-
strate the usefulness of the circuit formulation of RCA54, we return to the multi-time
correlation functions at the same point and show an independent derivation of time-
states. For simplicity we will only consider the maximum-entropy state, but a similar
analysis can be done for a stationary state of the form introduced in subsection 7.1.
Before starting, we recall that by definition the expectation value of an observable
a in a probability distribution on n sites p is a sum over all the configurations of the
products of the probability and the value of the observable in the configurations,

(a), = Z:a(ﬁ)p,_e = (W)™ Ap, w= H , (148)

where we introduced the unnormalized one-site maximum-entropy state w and A is a
2" x 2" diagonal matrix with the values a(s). Note that the maximum entropy state on n
sites corresponds to p = 27"w®". This allows us to introduce the multi-time correlation
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function of one-site observables aj, as,...,a; at timest =0,1,...k — 1 as,

k—1, (149)

77777

where ¢ represents a one-site observable and | = w. For simplicity we will assume that
k = 1(mod2), but the same can be repeated for even k. Note that these correlation
functions can be directly related to time-states q as

a1 ag,,am Z sy - Sz,nHa SJ (150)

51,52,",52m

To reduce the diagrammatic representation of C,, ..., we first note that the local
time-evolution operator U is deterministic and as a consequence the maximum-entropy
state is invariant under it (as well as under its transpose),

104111 o111l (131)

Therefore the circuit (149) can be simplified by removing gates connected to w, which
reduces it to a tilted square shape. Additionally, since the observables are diagonal, they
commute with the small tensor,

oot

and we can recast the circuit in terms of dual gates U as

(153)
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So far we have not taken into account any special property of RCA54 and the computa-
tional complexity of such an object would generally still grow exponentially. However,
we know that in our case the complexity is constant, therefore there must be some
simplification occurring.

If the gates U were deterministic, a relation analogous to (151) would be satisfied
in the space direction and the correlation functions would trivialize. This does not hold
precisely in our case, but the fact that the dual evolution is deterministic on the reduced
subspace suggests that the gates U have some additional structure. In particular, we
find that the following two few-site algebraic relations are fulfiled,

ik 5 -

and since UT = U, an analogous set of left-right flipped identities holds. These relations
are used, together with the projector identity (145), to remove dual gates from the
diagram (153) layer by layer, starting at the edges and working our way inwards. We
are left with only two layers of gates, one on each side of the column of observables,

Oa17a2,...7ak = 57 : k, (155)

at which point the algebraic relations (154) can no longer be applied. Note that here
we implicitly used the fact that observables are diagonal and therefore commute with
projectors P.

By definition (cf (150)) the fully simplified tensor network (155) gives the following
diagrammatic representation of components of the time-state q corresponding to the
maximum entropy state,

o———S5] S1

52 52
53 53
S S
1 4 4
Qs1,52,83,....85, — ? S5 S5 . (156)
0—(])—5k—1 Sk—1

o— Sk Sk

The diagram immediately implies that the Schmidt rank does not grow with time and
can be bounded from above by 4. The equivalence between this object and the corre-
sponding time-state (130) can be straightforwardly shown by explicitly extracting 4 x 4
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matrices and boundary vectors from (156). The details of the proof are reported in refer-
ence (28], together with the generalisation of the circuit representation of the multi-time
correlations to the full class of Gibbs-like stationary states p.

Furthermore, analogous treatment can be straightforwardly recast for the quantum
version of the model [35-37]. The main conceptual difference between the quantum
and classical case is the size of the vector space, which is in the quantum case doubled
(squared in dimensionality), as we are considering density matrices rather than prob-
ability distributions. Despite that, a similar set of few-site algebraic relations can be
formulated, which gives access to objects analogous to (156).

7.5. Correlation functions at one site

The MPA representation of q gives us information about all multi-point correlation
functions. In particular, one can obtain the full probability distribution of gaps between
the consecutive observed particles, which in related stochastic models shows nontrivial
phenomenology [53, 74, 75]. In our case, however, this behaviour is not reproduced, since
the solitons passing through the origin are uncorrelated (see [27] for details).

Another quantity of interest is the one-site dynamic density—density correlation
function

C(0,) = (p(t)p)y — (P(0) (D) (157)

where p denotes the local density of full sites at position x = 0. The correlation function
can be easily expressed in terms of the MPS (130) as,

C(0,8) = (L | A((Ah + AD (Ao + AD)) (A + AD A R) — (LIS R, (158)

where we for simplicity assume even t. Since the matrices AV are finite-dimensional,
the above matrix product can be easily evaluated and shown to be equal to

Lot B2 e
0.9 (Af - Aé) (m+p)? —pc(L+pr+p)) + (Af — Ay ) pipe(p1 + pr) (150)
s (1 +p+pe)2 (A — Ay) ’
where A, are subleading eigenvalues of the transfer matrix (Af + A})(Ao + A1),
1 2
Ay = ) (pl +p— oo =/ (0 +pe— pipy)® — 4p1pr> : (160)

The correlation function decays exponentially for all values of parameters, and further-
more, one can show [35, 36| that the correlations exponentially decay also when we
move away from x = 0 as long as |«/t| < 3. This is compatible with the hydrodynamic
picture, according to which the correlations move with velocity larger than  (cf (102)),
and therefore we cannot observe power-law decay on rays with |z /t| < %
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8. Time-dependent matrix product ansatz

In the previous section we were discussing evolution of an observable restricted to one
spatial coordinate. Here we go one step further and discuss the full time-evolution of
local one-site observables, which is the classical analogue of the Heisenberg picture time-
evolution. In generic systems, this is a hard problem and the computational complexity
typically increases exponentially with time. However, in the case of rule 54 the problem
reduces significantly and the complexity of time-evolution grows quadratically with time.
This is the consequence of the fact that the deterministic time-evolution reduces to the
problem of back-tracking positions of solitons, which can be due to the simplicity of the
interactions done efficiently.

Most of the section is devoted to the construction of the time-dependent matrix-
product state that encodes this procedure, which allows us to find exact density profile
after an inhomogeneous quench and the density—density spatio-temporal correlation
function in the maximum entropy state. We conclude by discussing the quantum general-
isation to non-diagonal observables, which provides a strict bound on operator-spreading
in the quantum version of the model.

8.1. Dynamics of classical observables

We assume the finite chain with periodic boundaries of even length n, and the sites are
labelled by integers in the interval [—n/2 + 1,7n/2], so that the site 0 is at the middle of
the chain. The length of half of the chain n/2 is assumed to be strictly larger than any
finite time ¢ we are considering. Here we use U(t) to denote time-evolution for the first
t time-steps, i.e.

(U,U.)?, t =0 (mod 2),
U(t) = (161)
U.(U,U:) 7, t=1 (mod 2),

and in the first time-step, even sites get updated.

As we already noted in the previous section, classical observables can be understood
as diagonal operators acting on the 2"-dimensional space of (macroscopic) states, so
that the classical analogue of the Heisenberg picture time-evolution is given by

a(t) = U(t) 'al(t), (162)
which in our case reduces to

Uea(t)U,, t=0 (mod 2),

at+1)= {an(t)Uo, t =1 (mod 2). (163)

In the following we will consider the simplest local observable: local density in the centre
of the chain p = p,, where p, denotes the density at the position z,

0 0

I 18n/242—1 ® {0 1:| ® 12— = |1><1|x (164)
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Here we introduced the shorthand symbol |s) (s|,, s = 0,1, for the projector to one of
the local physical states at site z. Additionally, we assume the following notation for the
projector to the configuration (s_,,, S_y41, ..., Sm) on the section [—m, m| of the lattice,

[5m - SmAS—m - S| = |S-m5-ml| - [S-mtrlS-mit| i1 [SmASmly- (165)

Note that p,(t) can be obtained from p(t) by a lattice spatial shift operator 7,

npt)n ", z =0 (mod 2),
pu(t) =

n"lsXsl,n " = |s)Xs],. .- 166
np(t—1n",  x=1(mod 2), [oXsl, [5Xsly+ (166)

Furthermore, p,(t) also gives immediate access to the time-evolved local density of empty
sites p, = |0) (0],, through the relation p,(t) =1 — p,(t). Therefore, assuming that we
know p(t), we are in principle able to express time evolution of any local diagonal
operator, since time evolution of observables is a homomorphism, (AB)(t) = A(t)B(t).

Time evolution is deterministic and local (see e.g. (151)), which implies that at time
t the time-evolved observable acts nontrivially on the section of the chain between —t
and t,

p) =Y c(t)]sXs| (167)

§€Z§t+1

where ¢, (t) are the appropriate coefficients in the basis expansion. By the definition of
time evolution (10) each one of these observables will be mapped into observables with
a (two sites) larger support,

Ue/o |S—t8—t+1 Ce 3t><5—t3—t+1 Co St| Ue/o

/ !/ !/ !/
= E ‘57t7157t57t+1 Tt St5t+1><57t713,t57t+1 ©r 5S4 (168)
s—t-1,5¢+1€{0,1}

s; = x(sj-1,8j, j+1),

where the choice between U, and U, depends on the parity of the time step (cf (163)).
This immediately implies that there are exactly 4' different configurations s, referred
to as accessible configurations, of length 2¢ + 1, for which ¢,(¢) = 1, while the other 4
coefficients are zero. Furthermore, accessible configurations are precisely the ones for
which the site at the origin was full at time ¢ = 0, which means that the configuration s
contains a soliton that was at time ¢ = 0 at the site x = 0. The problem of time-evolution
of local density can be therefore mapped onto the equivalent problem of identifying
solitons in the configuration and backtracking their position in time.

By itself, this realization is not very deep and in principle the complexity of time-
evolution could still grow exponentially with time ¢. However, in our case, the dynamics
of solitons is very simple, which significantly reduces the complexity of the problem. In
particular, for any soliton found in the configuration s = (s_;,s 4.1, - -, &) it is possible
to determine whether or not at time ¢ = 0 it was at the origin by counting the number
of scatterings it was involved in. An example of an accessible configuration is shown in
figure 14. It contains several solitons, among which there is a left-mover (denoted by the
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Figure 14. An example of an accessible configuration (bottom-most saw), with the
full history. The red-bordered sites denote the left-moving soliton that was at t = 0
in the origin. Its position in the configuration is determined by the number of right-
movers it encountered: it scattered three times and each time it got displaced for
one ray (i.e. two sites) towards the middle of the light-cone. Solitons denoted by
yellow and orange edges are examples of right-movers. The yellow soliton scattered
with the red soliton, while the orange soliton is too far from the red one to have
scattered with it.

red colour), that was at time ¢ = 0 at the position x = 0. To show that the red soliton
passed through the origin, one has to identify three right-moving solitons it scattered
with, which are all contained in the part of the configuration to the right of it. However,
one should be careful not to count too many right movers, as, e.g. the orange soliton
never scattered with the red one, which is achieved by keeping track of the left-movers
positioned to the right of the red soliton.

To make this simple idea more precise, we start by splitting the coefficient ¢, () into
the sum of two terms ck(t) and c%(¢), which give 1 when the soliton from the origin
is moving in the left and the right direction respectively. As we will argue later, both
contributions can be efficiently expressed in terms of products of matrices

es(8) = (LM [ X Ve X, - X[ R+ (R [XCLYE X - X RE(), (169)
ck(t) e (t)

where X/ Rt YR ¢ End(V), s € {0, 1} are linear operators over the infinite dimensional
auxiliary Hilbert space V),

V = span {|c,w,n,a)|c,w € Ny, n € {0,1,2}, a € {0,1}}, (170)

and |LY(t)), |RY), |R¥(t)), |L®) boundary vectors from the auxiliary space. Since the
boundary vectors change with time ¢, we refer to the expression (169) as the tMPA. To
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compactly express the matrices, we define the ladder operators ¢/, wt/~ that change
the value of ¢ and w by one,

ct = Z lc+1,w,n,a)c,w,n,al, c =cT,
cw,n,a
(171)
w = Z lc,w+1,n,aXc,w,n,al, w =w',
c,w,n,a
and the projectors
Ceiey = Z |Cla w,n, a><027 w,n, CL| ) Wuwy = Z |C; wy, N, CL><C, wsz, N, CL| )
w,n,a c,n,a
(172)
Ny, n, = Z |Ca w,ny, a}(c, w, Ng, a| ) Agiay = Z |Ca w, n, CL1><C, w,n, a2| .
c,w,a c,,n

We will elaborate on the physical interpretation of the auxiliary space in the next sub-
section. The operators X, Y can be expressed as 3 x 3 matrices acting on the space
spanned by {|n)}2_, as

1 0 0 0 0 O
Xé‘: agy + amc + aj|C W+ 0 0 + a;wyy 1 0 0 s
i 0 0 0 0 O
0 1 [0 0 0
XlL: 0 0 agp+an + anW +apwy (0 0 17,
0 0 apo + agl + anw 0O 0 1
_ - (173)
a()oC W + aHW 0 0 Woo 0 0
Yi=|ape w +anwt + apcw® 0 0| +ay [cTwi+we 0 0f,
apc w +aw’ 0 0] Woo 0 0
[0 age w +awh 0 01 0
YyE=|0 0 agpe W +apctwt | +apwg |0 0 1,
0 0 agpe wh +ajctwt 0 0 1
while the time-dependent boundary vectors are given by
2
(L*(t)| = (0,£,0,0[,  [R*) =) 0,0,n,1). (174)

n=0

The contribution c'(¢) can be obtained from ¢}(t) by taking a transpose, and adding
additional boundary terms (see the discussion at the end of this section for details),
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0O 0 O
T T
X(E{ :XOL—010(301W11+3-11(W10+W21)) 10 0f, X1R :X1L=
0O 0 O
., [0 0 0]
Y =Y} —ajcp(wp+wy) |1 0 0, (L}| = (R"|+(0,1,0,1|+(0,1, 2,1,
_0 0 0_
. (0 0 0]
YVIR :YVIL—aHClo(Wlo—i—Wzl) 0 0 1 s |RR(t)>:|LL(t+1)>
0 0 1

(175)

The structure of these 3 x 3 matrices is very similar to the representation of the cubic
algebra introduced in section 4.1. Indeed, operators XL, Y X fT, XQRT can be understood

as generalisation of W (cf (42)), where the entries are no longer scalars, but rather
more general operators acting on an infinite-dimensional vector space.

Before discussing the construction of tMPAs for ck(¢) and c?(¢), let us remark that
even though the operators xY R, YR are acting on an infinite-dimensional Hilbert
space, we can for every finite ¢ replace them by finite matrices, with the dimension that
scales as O(t?). In particular, the possible values of ¢ and w in definitions of ladder opera-
tors (171) and projectors (172) can be restricted to 0 < ¢, w < t + 1. Note that this is an
exceptional property, since typically one expects the complexity to grow exponentially
with time.

8.1.1. The contribution of left-movers. We start the construction of the matrix-
product representation (169) by discussing the first term c(t). Afterwards we will show
how to adapt the result to obtain also the contribution from the right-movers.

Let us consider a configuration (s_s,s_s11,- -+, 8;) = s € Z3 . To figure out whether
or not cX(t) = 1, we imagine starting at the left-most site of the configuration and moving
towards the right, reading the configuration s site by site. Whenever we encounter a
left-mover, we designate it the test soliton and, aiming to determine whether or not it
originated from the centre, we start counting the solitons on its right. To encode the
soliton counting procedure, we introduce four auxiliary degrees of freedom, |c, w, n, a).

(a) The activation bit, a € {0, 1}, tells us whether we are on the left (a = 0) or the right
(a = 1) side of the test soliton. If the activation bit is turned off, the state splits
into two parts whenever we encounter a left mover. The first part corresponds to
a = 0, describing the situation in which the left mover is not the test soliton, while
the second part represents the opposite case, with a = 1. In any other situation the
activation bit remains unchanged.

(b) The collision counter, ¢ > 0, represents the number of scatterings the test soliton
had to undergo if it passed through the origin. As long as a = 0, the collision
counter increases by 1 every two sites. If a = 1, the collision counter decreases by 1
whenever a right-mover that scattered with the test soliton is encountered. When
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we reach the right edge of the configuration, the value ¢ = 0 tells us that the test
soliton passed through the origin, and ¢ # 0 implies the opposite.

(c¢) The scattering width, w > 0, keeps track of the number of scatterings of the right-
movers encountered after the test soliton. At the left edge the width w is equal
to the time-step t, and every two sites it decreases by 1. Additionally, the width
changes as w — w — 1 whenever a left mover on the right side of the test soliton is
encountered. All the right-moving solitons that we meet after w drops to 0 could
not have scattered with the test soliton.

(d) The occupation counter, n € {0,1,2}, provides additional information about the
particle content needed to appropriately change w and c. Explicitly, n = 0 if the
current site is empty, n = 1 if the site is full and the left neighbour is empty, and
n = 2 if the site and the left neighbour are both occupied.

At the left edge, the collision counter should be 0, and the scattering width is set
to be equal to the time-step t. Furthermore, we start with the activation bit equal to 0
(since we have not yet met any test soliton), and the particle content outside of the light-
cone does not influence the soliton counting, therefore we can without loss of generality
assume n = 0. This implies the following form of the left boundary vector,

<LL(t)| = <07t7070|‘ (176)

The right boundary vector should have nonzero overlap with vectors that correspond
to a test soliton that passed through the origin, which is given by ¢ = w =0 and a = 1,
while n can be arbitrary,

2
(R = "10,0,n,1). (177)
n=0
To construct the matrices that correspond to the procedure summarized above, we
consider 3 regimes.

Left side of the test soliton. Before the test soliton is encountered, the scattering
width decreases by 1 every two sites and at the same time the collision counter should
increase, while n should be appropriately adjusted to keep track of the consecutive full
sites. The left action of the matrices on the sector a = 0 is therefore,

{c,w,n,0| XL ag = (c,w, s min{n + 1,2},0|,

(178)
{(c,w,n,0|Yrag = (c+1,w—1,s-min{n + 1,2},0|.

Encountering the test soliton. Whenever a left-mover is encountered while a = 0,
an additional vector with a = 1 is created. There are 4 configurations corresponding to
this situation. The first two are simpler and represent a situation where a left-mover is
detected while moving uninterrupted,

oW

which can be summarized with the following matrix elements

{c,w,1,0|Xta; = {c,w,2,0|Xta;; = {(c,w,2,1]|. (180)
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The other two configurations describe the soliton encountered while it is scattering,

PaRs

where the grey squares denote the path of the soliton in the previous time-steps. The
corresponding matrix elements are

{c,w,1,0|Xra; = (¢ —1,w,0,1], (c,w,1,0|Yya; = {c,w —1,0,1]|, (182)

where in the first case we note that one scattering already occurred (hence ¢ — 1), while
in the second case the decrease of w is just due to moving to the right. This exhausts
all the subconfigurations in which the bit a can flip (from the left) from 0 to 1.

Right side of the test soliton. Let us first assume w > 0. After the test soliton has
been chosen, the changes of ¢ and w are summarized as:

(a) ¢ — ¢ — 1 if there is a right-mover,
(b) w — w — 1 if there is a left-mover
(¢) w— w — 1 every two sites.

Explicitly, there are two possible configurations of an uninterrupted right-mover

appearing,
S 3 2 (159

which are described by,

(e,w,1,1|Y} = {e,w, 2, 1|V} = (¢ — 1,w —1,2,1], (184)
while the configurations in (179) imply the following,

(e,w,1,1|XT = {c,w, 2, 1| X]' = (c,w —1,2,1]. (185)

The configurations in (181) describe the two scattering solitons, therefore the corre-

sponding matrix elements contain the decrease of both ¢ and w,
(c,w,1,1| Xy = {c—1,w—1,0,1],
(186)
(c,w, 1,11Yy = (1 = 6,0)(c — 1,w — 2,0, 1| + S, 0{c — 1,0,0,1|.

All the remaining configurations do not contain any newly detected solitons,

&N e & (157

therefore ¢ remains constant and w decreases only due to moving two sites to the right,
(c,w,0,1| XY = (c,w, s, 1|, (c,w,2,1| XY = (c,w,0,1],

) ! (188)
(c,w,0,1Y; = (c,w — 1,8, 1], (c,w,2,1Yy = (e,w — 1,0, 1].
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The right-moving solitons encountered after the width drops to 0 could not scatter with
the test soliton, because they were too far. Therefore ¢ should stop decreasing,

(c,0,m,1| X" = (c,0,n,1|Y} = (c,0,5- max{2,n + 1}, 1]. (189)

Combining the matrix elements from equations (178)—(189), we finally recover the

matrices given in (173). This completes the construction of the tMPA corresponding to
c(t).
8.1.2. The contribution of right-movers. The tMPA for c¢?(¢) can be derived in a similar
fashion, by simply reversing the directions of all solitons, which is achieved by exchanging
the roles of the boundary vectors and by transposing the tMPA matrices. Additionally,
we have to exclude all the configurations with a central right-mover that were already
captured by cL(t). These are exactly the configurations where at time ¢ = 0 the soliton
in the origin is in the process of scattering, i.e. their trajectory starts with one of the
following two diagrams,

$ e

In the previous case, these would correspond to the configurations with another scatter-
ing occurring exactly when w = 0. Therefore to exclude them, we have to increase w in
the right boundary vector by 1, while at the same time modify the left boundary vector
to allow for w not dropping to 0,

IR™Mt)) = |L*(t + 1)), (L} = (R*| +(0,1,0,1| 4+ (0,1, 2,1]. (191)

Additionally, it does not suffice to map X SLT — X, v¥ - YR but we have to further

modify them so that the following matrix elements are 0,

anXg1,1,1,0) = X¥1,1,1,1) = X{[1,2,1,1) = 0,
Y1,1,1,1) = Y*1,2,1,1) = 0, (192)
YR, 1,1,1) = YR1,2,1,1) = Y{*1,1,2,1) = YF|1,2,2,1) = 0,

which gives exactly the form summarized in (175).

8.2. Physical applications

The tMPA provides means to study transport in the model. In this subsection, we
provide two examples of physically relevant quantities that can be exactly obtained with
our solution: density profile after a bipartite quench and a dynamical density—density
correlation function. We finish the subsection by suggesting a formal extension of the
tMPA to richer stationary states.

8.2.1. Inhomogeneous quench. Let us consider a particular bipartitioning protocol,
where at time ¢ = 0, a half-infinite chain prepared in the maximum-entropy state is
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joined together with a half-infinite empty chain, so that the initial state is given by,

1 M1 ®@n/2 1 ®@n/2
P = W |:1:| 0%y {0:| . (193)

We wish to obtain the time-dependent profile of the particle density p(x,t), which is
given by the expectation value of p, in the time-evolved inhomogeneous state,

{<p(t>>7,wp, =1,

(194)
(p(t =1))epy T +t=0.

p(z,t) = <p17>p(t) = <p17<_t)>p =

Note that the negative sign in p,(—t) together with the staggering forces a different
convention with respect to (166).
The locality of time-evolution immediately implies that outside of the light-cone

the density profile matches the appropriate boundary values, i.e. p(z < —t,t) = 1 and

2
p(z > t,t) = 0. For intermediate values of x, the expectation value is by definition (see

equation (148) and the discussion around it)

(I = (1)) = D2 le Sl H e H ]

=3 2 a(t), (195)

S_tS—t41 "S-z

where w = [1 1] denotes a (unnormalised) one-site maximum-entropy state. The expec-
tation value is (assuming odd z + ¢, cf (194)) conveniently expressed in terms of the
tMPA as

R")

—2m m t—m
r(m,t) =272 (LM | (X + XD+ ¥8) " X (Y XE)

(196)
(L8 (R 4+ XD OG- 1) XX T B D))
The matrices X/, Y&/ are infinitely dimensional, therefore it is not immediately

clear whether it is possible to evaluate this expression. However, their sparse structure
enables us to find exact form of certain simple matrix elements (see [26] for the details).
In particular, one can prove that r(m,t) takes the following form,

3 1 1 Com_1 [(2m —1—3
r(m,t) = g(sm,t + g((sm,l(st,l + dpn2dia) + Z(sm,?)(StA + g g_g 20721 ( b1 )
2m—t—3 2m—t—3
1 2m —t—3 3 Y
- 2—(2m—t—3) 2 2=y
T3 y +16Z t—m—1 (197)
y=t—m—2 y=0
]_tfmfl m 1 y
- 9—(m=1-y) o
" 2 ( y > ’

where 0, denotes the discrete Heaviside function (i.e. 6,50 = 1 and 6,., = 0).
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Figure 15. Profile after the inhomogeneous quench for ¢ = 100. The grey back-
ground highlights the section of the lightcone z/t > —1/3, in which the profile
consists only of exponentially suppressed oscillations around % (cf (198)). The inset
shows the diffusive scaling of the profile centred around =/t = —1/2, with red circles
and orange dots corresponding to ¢ = 100 and ¢ = 500 respectively. The solid line
represents the asymptotic profile (199).

If m < (2t +1)/3, only the last term remains and r(m,t) greatly simplifies to give
the following density profile for = > —(¢t + 1)/3,

|45
- t+2 1 1 2

This profile consists of a front moving ballistically to the right with velocity 1 and expo-
nentially suppressed oscillations behind it, as can also be seen in figure 15. Additionally,
it exhibits an intuitive physical picture: in this section of the light-cone, all the solitons
are moving to the right with the dressed velocity 1, since the right half of the lattice was
empty at the beginning and there are no left-movers to slow them down. To determine
the left-edge of this section, we note that the right-most left-moving solitons are moving
with the velocity —1/3 (cf figure 9 and the discussion in section 6), therefore the full
section of the lattice between © = —t/3 and = =t is populated only by right-movers
26].

As we increase m (or equivalently, as we move towards the left edge of the lightcone),
we are no longer able to make further simplifications to the expression (197). However,
one can easily find an asymptotic expression that describes p(x,t) on large scale. Using
the Stirling formula it is possible to show that the density profile is well approximated
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by a shifted error function centred around z/t = —1/2, with the width that scales as

Vi,
lim p <—; + ¢V, t) = 112(5 — erf(20)). (199)

On the rays with the constant ( = z/t, the density profile matches the Euler scale

prediction (106): the profile consists of two steps, with their velocities equal to —%

and 1. In the central part, the hydrodynamic prediction is given by the expectation
value of density in the state determined by (9,,9_) = (3,0), and can be shown to be
equal to % using the MPA representation of GGEs (see appendix C). Furthermore,
the diffusive broadening around the left step is compatible with D__ = 1—16, which is
consistent with the expression (108) in the case 9, = % The right-step does not exhibit
any diffusive scaling, since the term D, vanishes for ¥ = 0. The oscillations around
% decay exponentially with the distance from the step and are therefore not detectable

on the hydrodynamic scale.

8.2.2. Dynamical structure factor. We proceed to the second example: the dynamic
density—density correlation function, C'(x,t), evaluated in the maximum-entropy state,

s
Cle.t) = plody, ~ g Pa=2"]1] (200)
———— N~
22410 () 272

where we introduced C (x,t) to denote the rescaled expectation value of the product of
densities. Analogously to r(m,t) defined before, C'(x,t) can be expressed as a simple
sum of matrix products corresponding to the left and right tMPAs,

R")

(1)),
(201)

~ t+

O, t) = (LM [ ((xk + XP) 05 +v0) T XH( + vy (xh + X1) 7

t t—

(L + X O+ 1) TR+ Y (4 X)) T

where we assumed x + ¢ = 0 (mod 2). In the opposite case, we take the advantage of the
identity C(2,?)], 1= moa 2y = C(x,t — 1), and thus reduce it to the previous case. It is
again possible to evaluate these sums, and we obtain the following expression [26],

t—|z|-2

C(x,t)zz“izlm <2 <t_2::_3> - (t_2$_2)>, (202)

m=0

where for simplicity of notation we assume ("ZO) =0 for any k,n € Z.

The correlation profile can be again split into two qualitatively different parts. If
|z| < (t+ 1)/3, the spatial dependence disappears (apart from the staggering) and the
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Figure 16. Dynamical correlation function C(x,t) for ¢ = 100. The grey background
highlights the section of the lightcone |z| /¢ < 1/3, in which the correlation function
decays exponentially and loses the spatial dependence. The inset shows the diffusive
scaling of the right peak, with red circles and orange dots corresponding to t = 100
and ¢t = 500 respectively. The solid line represents the asymptotic profile (204).

correlations reduce to

Cla )] o =277 ((1 + \%) (—1 - i\ﬁ)t + (1 = \%) (—1 + i\ﬁ)t) .
(203)

In this regime, correlations decay exponentially with time, |C(0,t)| ~ 272, and the
above expression exactly matches the infinite temperature result obtained from multi-
time correlation functions in section 7. Furthermore, in this regime C(x,t) is homoge-
neous in space and exponentially suppressed also when one considers the underlying
stationary states to belong to the richer class of two-species GGEs considered in the
previous sections, as a consequence of the minimal velocity of excitations being equal
to 1/3 (cf (102)). This can be proven by generalising the circuit approach outlined in
section 7 [35, 36].

If |z| /t > 1/3, we are left with a binomial sum that cannot be further simplified,
therefore it again makes sense to find the asymptotic shape of the correlation profile. As
is shown in figure 16, the profile consists of two ballistically moving peaks with velocities
i% that spread diffusively. Indeed, one can straightforwardly show

: t 1l e
tggolc(i <§+gﬁ>,t>_—16ﬁe @, (204)
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The result nicely matches the hydrodynamics: the peaks move with dressed veloc-
ities vy = j:% and their diffusive broadening is governed by D,, = 11—6, ve{+, -}
Both quantities are compatible with their predictions given by (100) and (108) in the
maximum-entropy state.

8.2.3. Generalisation to generalised Gibbs states. So far we used the tMPA to express
objects either evaluated in the vacuum state with only empty configuration or in the
simple maximum entropy state, where all configurations are equally likely. However,
the fact that the matrices X2'™, ¥/® have in the space spanned by {In) }n=012 similar

block structure to T/Vs('), allows us to simply expand the tMPA to include the right
probabilities by a simple element-wise multiplication of both sets of matrices, and thus
generalise the approach to the class of GGEs given by (95). To make this point more
precise, let us consider the dynamical correlation function in a state p given by the pair
of parameters (§,w) (corresponding to u, = —log&, p_ = —logw in (95)), which is by
definition expressed as

(Po()pa)y = D s 1 cs(t)p Q@‘Q‘Q@ D IIRCAGE (205)

---------

s (t)

where the state-dependent coefficient ¢’ (¢) is defined as the product of the tMPA coeffi-
cient ¢, (t) and the probability of finite configuration (113). Using the MPA formulation
of these probabilities outlined in appendix C.1, the state-dependent coefficient can be
rewritten as

t) <l/ ‘WéftWLHl e W8/t| T>

206
QU W+ W) (206)

C:*fsffﬂ'”st <t) = CS—t87t+1'~st<

Since both the matrices describing stationary probabilities and the matrices constituting
the tMPA have very similar 3 x 3 block structure (cf (173), (175), and (42)), we can
in analogy to (169) express ci(t) as a sum of the left and right time-dependent matrix

products, by defining the new operators xY R*, vy ® as
*k >k 1
X, =X 0w, YP = Yrow,
XF=xtow: Y =ytow]
and similarly,
¢ * LR| © <T|
N (208)
* * R
RY@) = RN o). R = O

(W5 +Wilr)

Here © denotes the element-wise multiplication, i.e. (ay as as)’ ® (b by by)' =
(a1by ashy Clgbg)T (defined analogously for 3 x 3 matrices). The generalised expressions
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(207), (208) can be understood simply as attaching a weight £ or w to each left or right-
mover that we observe in the soliton-counting procedure. When £ = w = 1 we recover
the original tMPA matrices and vectors (173)—(175). Note that in the case of right-
movers we have to use the transpose of the GGE matrices, and additionally the role of
parameters is swapped. The explicit form of the new set of operators can be found in
[41].

This construction in principle allows us to obtain C(z,t) for the full class of two-
parameter GGEs (space and time translation invariant states) and, by appropriately
choosing parameters, one can also obtain the tMPA formulation of the time-dependent
density profile after a bipartite quench from an arbitrary pair of these GGE states.
However, so far no attempt has been done to evaluate these expressions and obtain
explicit results. Whether or not this is feasible is still an open question.

8.3. Quantum interpretations and operator spreading

Even though we have been discussing RCAb54 in the context of classical dynamics, there
is nothing preventing us from treating it in the quantum setting. Indeed, since the one-
time-step evolution operators U, and U, describe deterministic dynamics, they are also
a special case of unitaries, (U,U,) (U,U,)" = 1. In this respect the model represents one
of the simplest interacting models, in which different measures of operator spreading
can be easily studied [30, 31, 33, 34]. In particular, one such quantity is operator space
entanglement entropy (OSEE), which measures the complexity of simulability of quan-
tum dynamics in the Heisenberg picture [76-79]. In the case of RCA54 the bound of
the rate of OSEE growth with time can be obtained exactly, by generalising the tMPA
introduced above to the time-evolution of quantum (rather than classical) observables
[33].

Time-evolution of a quantum one-site observable a can be split into four contribu-
tions, each one corresponding to a basis operator |s1)(ss|,

o [ ] olt) = U(0'alI() = awll(e) 0401 U(H) + an V(O 010
@0 4 +aU)' [10[ U(#) + anUE)' 11 U().
We immediately note that the diagonal elements,
U KLU = p(t),  UOT0X0]UE) = p(t) = 1 — p(t), (210)

are given by the tMPA introduced in the previous subsections, while one of the off-
diagonal terms can be expressed as the transpose of the other,

_ T

a(t) =U(®) 1(0]U(#) = (U)o U()" = a(t)". (211)
Therefore, the only remaining thing to do is to find an efficient matrix-product
description of o(t) = U(¢)" |0)1]| U(t).

Analogously to the diagonal case, at time ¢ the time-evolved operator o(t) nontriv-
ially acts on the sublattice of length 2¢ + 1 and we can introduce coefficients d, ;(t), such
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that

= ) dy(t) (212)

S EZQHJ

By definition, each one of these terms will be at time ¢ + 1 mapped into four different
operators with support 2(t + 1) 4 1,

Ue/o |S—t8—t+1 C 3t><b—tb—t+1 T bt| Ue/o
= > fscas e sisa)bomab b sy Oty (213)

S—t—1,5t+1

bt-1,b141
where we use the shorthand notation s’, = x(s,_1, 8, $11) and b, = x(b,_1, by, by11). The
deterministic nature of time evolution has direct implications that can be summarised
in the next three points.

(a) The coefficient d,;(t) can be either 0 or 1.
(b) If ¢s(t) = 0, then also ds;(t) = 0 for all b.

(c) If ¢s(t) = 1, there exists a unique configuration b, for which d;,(¢) = 1. In this case,
if the configurations s and b are evolved backwards in time, we will end up in a
central 1 and 0 respectively, while in all intermediate time-steps, the states at the
edges of the two light-cones coincide.

An example illustrating the point (c) is shown in figure 17. In this case, changing the
initial bit from 1 to 0 produces an additional right-mover, therefore s can be mapped
into b by adding the additional soliton and displacing all the quasi-particles that were
affected by it.

More generally, it can be shown that changing 1 to 0 in the initial configuration
can be always understood as adding or removing 1 or 2 solitons, and in all these cases,
there exists a simple deterministic map M, from s to b that accounts for the relevant
displacements of quasi-particles. Furthermore, as was demonstrated in reference [33],
the map M, can be expressed in terms of products of finite-dimensional matrices, with
the size that does not change with time ¢. This immediately implies that the growth
of the complexity of time-evolution is given by the size of operators constituting c(t),
which is O(t?). The growth of OSEE is therefore bounded from above by 2log(t) (up to
a constant factor). Note that this bound need not be saturated, and indeed, there are
recent indications of OSEE increasing as § log ¢ [34].

9. Related exactly solvable models

While, as argued in this review, the RCA54 model allows for a remarkable set of explicit
results on nonequilibrium dynamics and statistical mechanics, an important question is
if similar can be achieved for other, perhaps closely related models.

Similar results have been so far demonstrated in two other (RCA type) deterministic
lattice models. Specifically, in references [63, 80] the rule 201 RCA has been studied,
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Figure 17. An example of two trajectories, starting with 1 and 0 in the centre
and resulting in an accessible pair of configurations s (bottom-most zig-zag line),
b (top-most configuration), for which d; 4 (t) = 1. For convenience we represent one
trajectory on top of the other with time visually pointing in opposite directions.
In both cases, the configurations of bits at the very edges of the light-cone are the
same (suggested by dashed vertical lines), except for the initial site, which is 1 for
s and 0 for b. The sites denoted by the red, yellow and orange colour in both cases
denote the same three solitons, while in the top part the grey sites denote solitons,
whose positions are the same as in the bottom part. To understand how s maps
into b, we note that in this example, changing the initial state from 1 to 0 causes
an additional right-mover to appear (between the yellow and orange soliton), which
causes the displacement of all the solitons that scatter with it.

which can be understood simply as a negation of rule 54, namely with the local rule
modified as

X201(S, S/; SH) =1- X54(S, S/; SH)~ (214)

Both the RCA201 and RCA54 can be interpreted as deterministic variants of kinetically
constrained (or facilitated) models, typically studied in the context of glassy dynamics
[20, 81-84]: the middle bit (cell s') flips whenever the neighbouring bits (cells s, s")
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satisfy a particular condition. In the case of RCA54 the flip occurs when at least one of
s and s” is in the state 1, while in RCA201 the flip happens when both s and s” are in
the state 0, and as such it provides a deterministic classical analogy of the PXP model
[85—88]. It has been shown [63] that the invariant (equilibrium) states and NESS of the
boundary driven setup can again be written in terms of a patch state and MPA with very
similar constituent matrix algebra as for the rule 54. However, at the moment it is still
unclear precisely which other features of RCA54 dynamics remain exactly solvable for
the RCA201, which is left as an open question. Similar explicit results are expected to be
achievable for the free RCA rule 150, x150(s, s, ") = s + s’ + s”(mod 2) (or equivalently,
the flip occurs when exactly one of s, s” is 0 and one 1), which represents a caricature
of non-interacting dynamics in 1 + 1 dimensions.

Another class of related deterministic discrete nonequilibrium dynamics that has
been studied in some detail is the two-species cellular automation describing a syn-
chronous lattice gas of charged point particles with hard-core interaction [89-91]. This
model fundamentally differs from the RCAs of [18] (such as rules 54, 150, 201) in the way
the global time-evolution is defined. In the first time-step, the even pairs of neighbouring
cells are updated using a two-site update rule,

(Sﬁ_l7 SZJ—:—II) = qb(si, Sjﬁz—l—l)? SZ} S {+7 ) 0}7 (215)

while in the second time-step, the update rule is applied to odd pairs of sites, and
the two steps are then periodically repeated. This is analogous to trotterisations of
nearest-neighbour interacting models, or to brickwork circuits. The two-species hardcore
interacting model specified by a self-invertible bijective mapping,

O(+,F) = (+,F), and ¢(s,s') =(s',s) otherwise, (216)

has been shown to display a coexistence of ballistic and diffusive transport (similar to
rule 54) with explicitly calculable diffusion constant and Drude weight [89, 90], explicitly
solvable boundary driven NESS exhibiting a nonequilibrium phase transition [91], but
with a slightly lower complexity of time evolution compared to RCA54: the Schmidt
rank of time-dependent MPA grows as o< ¢ [91] rather than ¢>.

10. Conclusions and perspectives

This review paper provides a coherent overview of a series of explicit results, appearing
over the last five years—most of which were co-contributed by the authors, on dynamics
and nonequilibrium statistical mechanics of a particular interacting reversible cellular
automaton (RCA54). We believe that establishing such a set of explicit results on the
connection between microscopic reversible laws of motion and effectively irreversible
dynamics of macroscopic states is indispensable for the field whose holy grail is to
establish such a connection on a general level [17].

The phenomenology that the model helps to rigorously understand is the emergence
of Fick’s law of diffusive transport, as a leading-order correction to the ballistic motion.
One can thus consider the RCA54 as an exactly solvable example of nonequilibrium
universality class of diffusive transport. However, it has been recently discovered, that
even without any intrinsic sources of noise (or dissipation), one-dimensional systems
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can display other types of super-diffusive (but sub-ballistic) transport, for example in
the presence of integrability and non-abelian global symmetries, spin (charge) transport
seem to follow the scaling of KPZ universality class with dynamical exponent 3/2 (rather
than 2 for the diffusive class) [92-96]. It would be an interesting challenge to look for
minimal solvable models of such anomalous transport within a class of reversible cellular
automata. For instance, one can generalise RCA to multi-colour internal states of non-
empty cells such that it reduces exactly to RCA54 if the colours are disregarded. The
conserved charges of such automata (some of which appear to be integrable) seem to
display superdiffusive transport [97].

A different potentially interesting direction is to study quantum and/or stochastic
deformations of rule 54. Specifically, one can allow for coherent (quantum superposition)
or stochastic mixtures of several local processes which may preserve exact solvability. For
instance, replacing the local (three-site) propagator (10) by a non-permutation matrix
which maps (000) — ugy(000) + u0;(010), (010) — u10(000) + w11 (010) (while all other
processes remain as defined by (10)), where the 2 x 2 mixing matrix w;; is either unitary
or stochastic, one finds evidence of integrability in all such cases [98]. Another kind
of quantum deformation of RCA54, introducing a non-trivial quasiparticle dispersion
relation, was shown to allow for standard coordinate Bethe ansatz treatment [32].

Perhaps the most urgent question regarding RCA54 is how to precisely fit it into
the family of Yang—Baxter solvable models. At the moment it seems that the model can
be interpreted as a (in some sense) degenerate limit of a more complicated integrable
system. One example of the mapping in this direction is the quantum deformation
[32] mentioned above, in the context of which RCA54 is a zero-dispersion limit of a
more general Bethe-ansatz solvable model. Another possibility [99] is to identify it as
a singular limit of a vertex model [100], by first mapping it to a random-tiling model
[101, 102]. However, at the moment it is still not clear what is the best way to fit
everything together. Nonetheless, interpreting RCA54 as a singular limit of a more
generic model, puts it into the same family as other special (but not free) points of
interacting models, such as the ¢ — oo limit of the g-boson model studied in [103, 104],
or the model considered in [105-107], with which it shares some common features. It
would be interesting to understand this connection in more detail.

Another interesting perspective for future research is studying non-stationary
dynamics in the RCA54. More specifically, this would involve the existence of exten-
sive quantities A (sums of local terms) satisfying a Floquet dynamical symmetry [42,
108-110] condition UA = e“A, where w # 0 is real, which would imply persistent
oscillations and absence of relaxation.
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Appendix A. Boundary vectors for the NESS orbital

Here we give the boundary vectors solving the boundary equations for the NESS orbital
for the case of conditional driving (15). The physical-space-components of the right
boundary vectors that satisfy (47) and (48) are given as,

(5 — 1)Ax (y =70 +6—1)Ag
ro) = | (6—=1)¢ |, ri) = —(6 - 1) ,
| (6 — 1)6A% —(0 —1)%A%
Y(6 = 1)Ar ] [ —(6 — D)Ar (v — Ag) ]
|7"00> = 5<’Y+5—5AR—1) s |’I“01> = —(5—1) ('Y+(S—(SAR—1) s (Al)
| (00— 1)0A% —(0 —1)%A%
[6AR (v — Ag) —(v =10 -1DAr
‘7“1()> = 7(5 - 1)AR ) ’7“11> = —(7 - 1)(5 - 1)AR
YAR (v — Ar) —(y = 1)AR (v — Ag)
Similarly, the left boundary vectors solving (45) and (46) are,
[ —BfiAL(a — BAL) (o + B — Ay) !
(lo]= BiAf (AL — a) (a(a+ B — AL — 1) — BBi(AL + 1)) ] ,
| B (042 (B = BiAL)+ 5 (Ai (04 + 52) + 045) +a (51 — 252) Ar+BAL (A — 51))
i —B3A (e + Bi — Av) (@ — BAL) !
(h|=|BiA} (= Ap) (@ +a(B—2) =+ B—(a+ (B—2)8)AL) | ,
BB (a+ BAY) +a(a+ AL [—a—28+ Ay +1])]

<l()0| = —51/\% (@ —=Ap) (a4 B — Ar) (o = BAy,

BAL(a + B1 — AL)? (BAL — o) )] !
(B- DB (a+ B — A (a— BAL) |

] . T
(l=| AL(=(a—Av))(a+ B — Av) (a — BAL) ] ,
|—(a+5)(a—Ap) (a+ 5 — A (a — SAL)

BidL(a+ B — A’ (a—BAY) |
(ol = [ BiAZ (@ — Ap) (@ + By — Ap) (= BAL) |
—BfAL (a4 51— Ap) (o — BAL)

0 T
<l,11’: 0 ] )
(@ —1)(a+ B — AL’ (a — BAL)

where 5, = 3 — 1.

(A.2)
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Appendix B. Explicit form of the representation for the large deviation MPA

The coefficients in (77) are given by the following explicit two-parameter (p, k) form (p
and k play the role of spectral parameters, see reference [25] for details),

(2k)

t
wi™ = b g, wf = kb, w = e,
10
1
e T Y )
U(Zk) . C(k)t(zk) U(Zk) N PC( ) U(Qk) . Kkb¥)
1 =P 10 5 2 T k) 3 = T/(l%k)a
(2k+1) (k) 4(2k) (2k+1) (2k+1) (k) 4(2k) , (2k+1) (2k+1) Pc(k)
Ugy Uy
and
2%—1
2k l 2k 2k)  (2k 2k 2k
o T I R
=1
2k
A2 H % SR (2R, (1) Z§2k+1) NERS
I ) )
=1 Foo (B.2)
2k 2k 2k 2%k—1 2k 2%k—1
Y N e B
z§2k) g%k)’ z§2k) o (2k) g(()%lcfl)’ z§2k) o(2k) g(%k DE
A g e ey 2t
2k - 2k) 2k 2k+1)° 2k - (2k)
z% W ol fg)l ) z% o g)o H) z% o f11
where we introduced
i 1 z 1 i i+1
(i) _ f01 f11 + ol — 9(81 )9§1)9§0+ )
- 7—|—1 - i) (i+1
foo a0 asias
—1) pi (i-1) (4)
(i) __ fnl f n' @ Y9 YGiw
tnn’ — p(i-1) gz) ’ Uy = (i—1) }z) ) (BB)
f n0 f on’/ g n0 gOn’
i—1 1
(2k) 2k+1 (i) _
H Y e = kH_O o@D 5 (28)

and we implicitly assumed the following initial values for f,m,, and gfll,,),,

- ( - (
fgm’l) = fﬁzg’ = ]" gfm’l) = 97(17)1)’ = 1. (B4)
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Appendix C. MPA for generalized Gibbs states

C.1. Asymptotic MPA for finite configurations
We first note that the transfer matrices 7' and 7",

1+éw w &
T=Wot W)W+ W)= | 1+€ €w €],
14w w &w (C.1)

T = (Wy+ W))Wy + W) =T,

have an isolated leading eigenvalue A, which corresponds to the largest solution of the
following cubic equation

N — (1 +3Ew) N — (E+w + &w(l — 3Ew))A — Ew(l — Ew)? = 0. (C.2)

The corresponding left and right leading eigenvectors can be expressed as,

w (A = w)? - &w) wA —Ew+§) 1) = [D]eerns
=] WA=Ew+8 |, IN=|A-&)’-A-¢, (C.3)
Ew (A —éw+w) w(A—&w+w) ) =17 e

where (17" = X1I")|, Ty = X|r")). Since the leading eigenvalue \ is isolated,
the thermodynamic expectation values (112) can be conveniently expressed as finite
products with the leading eigenvectors,

HGRRRD) ==

AR (lr)

(C.4)
(WL W, - W)
QK%)= 2 i —
The probabilities of odd configurations (113) can be expressed analogously,
(W, We, - W, )
p @®0‘0‘® S =R AT o)

(WEW, - W, L Ir)
WEP) = S miivge i
where we use the fact that auxiliary space vectors (W, + W1)|r) and |r') are linearly

dependent, i.e. there exists an o € R so that (W, + W)|r) = a|r’) (and a similar relation
holds for swapped parameters).

C.2. Partition sum

The MPA can be used to obtain the configurational entropy of the state with fixed
numbers of left and right-movers. We start by noting that the partition sum Z, is
expressed in terms of powers of the transfer matrix T'= (W, + Wy) (W) + WY)), Z, =
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tr 7%, which can be obtained recursively by introducing the following parametrisation
of T*,

ay wby, 3
wby, + ¢, wey, ap — C

By requiring T* . T = T"! we obtain a set of recursive relations that ay, by and ¢, have
to satisfy,

ape1 = (1 +&w)ag + (1 + wbp + (1 + w)écy,
b1 = ap + wby + &y, (C.7)
Cri1 = ap + wby + Ewcy.

From here we straightforwardly realize that Z,, can be expressed only in terms of a,,,
Zy = tr T = 3a,j2 — (buj2 + Cujo) = 2a,/0 + (§w — 1)an21, (C.8)

and therefore 75, has to satisfy the same recurrence relation in k as a;., which is obtained
by reducing the set of identities of order one into a single higher-order relation,

Z2k+2 = (1 + 3500)2% + (5 —|— w + fw(l — wa)) Zg(k_l) + fw(fw — 1)222@_2). (Cg)
Now we express Z,, in terms of powers of £ and w,
Z, = Zan/z(l‘, y)Er W, (C.10)
.y

and recast the requirement (C.9) in terms of identities that have to be satisfied for
coefficients o, /o(x,y). It can be then verified that the solution takes the form

e = g erw 0y )(CE) e

where we implicitly assume ay(x,y) =0 for k < +(x — y). Asymptotically, the combi-
natorial term reduces to the configurational entropy introduced in (97),

nlgglo (an/z (gmr, gn,> — e%‘s’[’”’"’*]> = 0. (C.12)
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